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Preface

This book on Linear Algebra has been specially written according to the latest
Syllabus to meet the requirements of B.A. and B.Sc. Semester-V Students of all
colleges affiliated to Kumaun University.

The subject matter has been discussed in such a simple way that the students will find
no difficulty to understand it. The proofs of various theorems and examples have been
given with minute details. Each chapter of this book contains complete theory and a fairly
large number of solved examples. Sufficient problems have also been selected from various
university examination papers. At the end of each chapter an exercise containing objective
questions hasbeen given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care, might
have been there.

The authors, in general, hope that the present book will be warmly received by the
students and teachers. We shall indeed be very thankful to our colleagues for their
recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam Rastogi,
Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of KRISHNA
Prakashan Media (P) Ltd., Meerut for bringing out this book in the present nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is
meant. Suggestions for the improvement of the book are always welcome.

— Authors
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Linear Transformations

I Linear Transformation or Vector Space Homomorphism

(Garhwal 2010)

efinition: LetU (F )andV (F )betwo vector spaces over the same field F. A linear
Dtransformation from U into V is a function T from U into V such that
T (a0 + bB)=aT (o) + bT (B) ..(1)
Sorall o, B in U and for all a,b in F.

The condition (1) is also called linearity property. It can be easily seen that the
condition (1) is equivalent to the condition

T (a0 +B)=aT (o) +T (B)
for all o, B in U and all scalars a in F.

Linear Operator: Definition: Let V (F ) be a vector space. A linear operator on'V is a
Sunction T from V into V' such that

T (ac. + bB) =aT (o) + DT (PB)
forall o, in V and for all a,b in F. (Kumaun 2014)

Thus T is a linear operator on V' if T is a linear transformation from V into V itself.
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Hlustration 1: The function
T:V3 (R)—> Vs (R)
definedbyT (a,b,c) = (a,b) ¥ a, b, ¢ € Risalinear transformation from V3 (R)into Vo (R).
Let o= (a;,by,e1),p=(az,by,c0) € V3 (R).
If a,b e R, then
T (ac+bB) =T [a(ay,by,c1) + b (ay, by, c5)]
=T (aay + bay, aby + Dby, acy + bcy)
= (aay + bay, aby + bby) [ By def. of T ]
= (aay, aby) + (bay, bby)
=a(a,by)+b(ay, by)
=aT (a;,by,c;)+ bT (ay,by,c9)
=aT (o) + bT (B).
T is a linear transformation from V3 (R) into V5 (R).
Hlustration 2: LetV (F )be the vector space of all m X nmatrices over the field F.Let Pbe a
Sfixedm x m matrixover F, and let Q be a fixed n x nmatrixover F.The correspondenceT from'V/
into V' defined by
T (A)=PAQ ¥ AeV
is a linear operator on V.

If Aisanm x nmatrix over the field F,then PAQ is also an m x n matrix over the field F.
Therefore T is a function from V into V.Now let A, Be V and a,b € F. Then

T (aA+DbB)= P (aA+bB)Q [ By def. of T |
= (aPA + bPB) Q =a PAQ + b PBQ
=aT (A)+bT (B).
T is a linear transformation from V into V. Thus T is a linear operator on V.

Illustration 3: Let V (F) be the vector space of all polynomials over the field F. Let

f(¥)=ay +a x+ay x> +...+a, x" €V bea polynomial of degree n in the indeterminate x.
Let us define
Df(x)=a+2ay x+...+na, x" " Vifn>1
and D f (x)=0if f (x)is a constant polynomial.
Then the correspondence D from 'V into V' is a linear operator on V.

If f (x)is a polynomial over the field F,then Df (x)as defined above is also a polynomial
over the field F. Thusif f (x) e V,then Df (x) € V. Therefore Dis a function from V into
V.
Also if f(x),g(x)eV anda,be F,then
Dla f (x)+bg ()] =a Df (x)+ b Dg (x).
D is a linear transformation from V into V.
The operator D on V is called the differentiation operator. It should be noted that for

polynomials the definition of differentiation can be given purely algebraically, and
does not require the usual theory of limiting processes.
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Hlustration 4: Let V (R) be the vector space of all continuous functions from R into R. If

f €V and we define T by
(Tf) ()=, f O dt ¥ xeR,

then T is a linear transformation from V into V.
If f is real valued continuous function, then 7f, as defined above, is also a real valued

continuous function. Thus
feV =1feV.

Also the operation of integration satisfies the linearity property. Therefore T is a linear
transformation from V into V.

2 Some Particular Transformations

1. Zero Transformation: LetU (F )and V' (F )be two vector spaces. The function T ,from

U into V defined by
T (o) =0 (zero vector of V') ¥oeU

is a linear transformation from U into V.
Leto,e U and a,b € F. Then ao. + b € U.
We have T (ao + bB) =0 [By def. of T ]
=a0+b0=aT (a)+bT (B).
T is a linear transformation from U into V. It is called zero transformation and
we shall in future denote it by 0.

2. Identity Operator: LetV (F )bea vector space. The function I from 'V into V' defined by
I (0) =a Vo€V is a linear transformation from V into V.

Ifo,BeV and a,b e F,then ao + b € V and we have
I (a0 + bB) = ao + bB [By def. of I ]
=al (o) + bl (B).
I is alinear transformation from V' into V. The transformation / is called identity
operator on V' and we shall always denote it by I.

3. Negative of a Linear Transformation: Let U (F )and V' (F ) be two vector spaces.
Let T be a linear transformation from U into V. The correspondence —T' defined by

-T)Y)=—=[T ()] ¥ aaelU
is a linear transformation from U into V. (Garhwal 2008)
Since T (0)e V = —T (a)e V,therefore — T is a function from U into V.
Leto,Be U and a,b € F. Then ao + bp € U and we have

(=T ) (ao.+ bB) =— [T (ao. + bP)] [ By def. of - T ]

=—[aT (o) + bT (B)]

[+ T is a linear transformation]
[T ()]+b[-T(B)]
[(T)al+b[(-T)B]

a
a
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— T is alinear transformation from U into V. The linear transformation — T is called
the negative of the linear transformation 7T'.

5 Properties of Linear Transformations.

Theorem: Let T be a linear transformation from a vector space U (F) into a vector space

V (F). Then

(i) T (0)=0where 0 on the left hand side is zero vector of U and 0 on the right hand side is
zero vector of V.

(ii) T(o)=-T () V¥ aueU.

(iii) T (—-B)=T ()-T (B)V o,peU.

(iv) T (qog +ag oy +...+a,o,)=al (o) +ayT (0g) +...+a,l (o,)

where 04,0 ,... o, e Uandaj,ay ,...,a,€F.
Proof: (i) Letae U.ThenT (o) e V. We have
T@+0=T (o) [+ 0is zero vector of V and T (x)e V']
=T (o +0) [+~ 0 is zero vector of U |
=T (o) + T (0) [+~ T is a linear transformation]|

Now in the vector space V, we have
T@+0=T (o) +T (0)
= 0=T (0), by left cancellation law for addition in V.
Note: WhenwewriteT (0) = 0, there should be no confusion about the vector 0. Here
T is a function from U into V. Therefore if 0 € U, then its image underT" ic., T (0)e V.
Thus in T (0) = 0, the zero on the right hand side is zero vector of V.
(ii) Wehave T[o+(—a)]=T (@) +T (- ) [~ T is a linear transformation]
But Tlo+(-o)]=T (0)=0eV. [By (i)]
Thus in V', we have
To+T (-0)=0 = T(o)=-T (o).
(i) Wehave T (o -B)=

Tlo+(=B)]=T (o) + T (- B) [~ T islinear]
=T () +[-T (B)] [By (ii)]
=T (o)=T (B).

(iv) We shall prove the result by induction on n, the number of vectors in the linear
combination ajoy +ay 09 +...+a, o, .
Suppose T (moy +ay 09 +...+a,_10,_1)=a; T (o) +ay T (cty)
+.ota, T (o,_)- (1)

Then T (qjoy +ag 09 +...+a, a,)

=[T (@qoy +ay Oy +...+a,_10,_1)+a,o,]

=T (moy +ay 09 +...+a,_j10,_1)+a, T (o,

=l T (oy)+ay T (0g)+...+a, T (o, )] +a,T (o) [By (1]

=ay T (o) +ay T (og)+...+a,_1 T (0,_1)+a, T (o,).
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Now the proof is complete by induction since the result is true when the number of
vectors in the linear combination is 1.

Note: On account of this property sometimes we say that a linear transformation
preserves linear combinations.

4 Range and Null Space of a Linear Transformation

Range of a Linear Transformation: (Kumaun 2007, 14; Gorakhpur 15)
Definition: Let U (F )andV (F ) be two vector spaces and let T be a linear transformation
Sfrom U into V. Then the range of T written as R (T") is the set of all vectors B in V' such that
B=T (o) for some o in U.
Thus the range of T is the image set of U under T" i.c.,
Range (T )={T (a)e V :ae U}.
Theorem 1: IfU (F )andV (F )are two vector spaces and T is a linear transformation from
U into V, then range of T is a subspace of V. (Kumaun 2009; Gorakhpur 14)
Proof: Obviously R (T ) is a non-empty subset of V.
Let B;,B9 € R(T ). Then there exist vectors 0,09 in U such that
T (oq) =PBr. T (o) = Bo-
Let a, b be any elements of the field F. We have
aPy + by =aT (o) +b T (09)
=T (aoy + boy) [ T is a linear transformation]
Now U is a vector space. Therefore o, 09 € U and
a,be F = aoy +boy eU.
Consequently T (aoy + boy) = aPy +bBy € R(T).
Thus a,b e F and B;,By € R(T') = af; + Py € R(T ).
Therefore R (T") is a subspace of V.
Null space of Linear Transformation: (Kumaun 2007, 14; Gorakhpur 15)
Definition: Let U (F )andV (F ) be two vector spaces and let T be a linear transformation
Srom U into V. Then the null space of T written as N (T') is the set of all vectors o.in U such that
T (o) = 0 (zero vector of V). Thus
N(T)={oeU:T (a)=0eV }.
If we regard the linear transformation 7 from U into V' as a vector space homomorphism
of U into V, then the null space of T is also called the kernel of T'.
Theorem 2: IfU (F )andV (F )are two vector spaces and 1" is a linear transformation from
U into V, then the kernel of T or the null space of T is a subspace of U.
(Goralkhpur 2014)
Proof: Let N(T)={aeU:T (0)=0eV }.
Since T (0) = 0 € V, therefore at least 0 N (T).
Thus N (T ) is a non-empty subset of U.
Letoy,09 € N (T ). ThenT (0y)=0and T (09) = 0.
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Leta,b e F. Then aoy + boy € U and
T (aoy +boy)=aT (o) +b T (09) [~ T is a linear transformation|
=a0+h0=0+0=0eV.
. aoy +boy € N (T).
Thusa,b e Fandoy,09 € N (T)= aoy +boy € N (T ). Therefore N (T )is asubspace
of U.

5 Rank and Nullity of a Linear Transformation

(Goralkhpur 2010; Garhwal 10B)
Theorem 1: LetT be a linear transformation from a vector space U (F ) into a vector space
V (F). If U is finite dimensional, then the range of T is a finite dimensional subspace of V.
Proof: Since U is finite dimensional, therefore there exists a finite subset of U, say
{oy, 0 ,...,0,} which spans U.
Let B € range of T'. Then there exists o in U such that T (o) = .

NowoeU = 3Ia,ay,...,a, € F such that

o=moy +day Oy +...+a, o,
= T (@)=T (moy +ay 0y +...+ a, o)
= B=ay T (oy)+ay T (0g)+...+a,T (o). ..(1)
Now the vectors T (o), T (0t9),..., T (o,,) are in the range of T'.If B is any vector in the
range of T, then from (1), we see that B can be expressed as a linear combination of
T (o), T (0),..., T (o).
Therefore range of T is spanned by the vectors

T (o), T (09),..., T (ar,).
Hence range of T is finite dimensional.
Now we are in a position to define ranlk and nullity of a linear transformation.

Rank and Nullity of a Linear Transformation:
(Garhwal 2007, 10; Goralhpur 2012)

Definition: Let T be a linear transformation from a vector space U (F ) into a vector space
V' (F)withU as finite dimensional. The rank of T denoted by p (T )is the dimension of the range
of T ie.,

p(T)=dim R(T).
The nullity of T denoted by v (T ) is the dimension of the null space of T i.c.,

v(T)=dim N (T).
Theorem 2: Let U and V' be vector spaces over the field F and let T be a linear transformation
Sfrom U into V. Suppose that U is finite dimensional. Then

rank (T ) + nullity (T ) = dim U.

(Gorakhpur 2010, 12; Kumaun 13, 14)

Proof: Let N be the null space of T. Then N is a subspace of U. Since U is finite
dimensional, therefore N is finite dimensional. Let dim N = nullity (T") = k and let
{oy, 0 ,...,0} be a basis for N.
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Since {0, 09 ,...,04} is alinearly independent subset of U, therefore we can extend it to
form a basis of U. Let dim U = n and let
{o, 00 ,..., 0 0 41 »--n 500y}
be a basis for U.
The vectors T (oq),T (0t),..., T (o), T (0t 41),..., T (o,,) are in the range of T. We
claim that {T" (ot 1), T (0tg 49),..., T (0,,)} is a basis for the range of T.
(i)  First we shall prove that the vectors
T (o 41),T (0 19),..., T (o) span the range of T'.
Let B € range of T". Then there exists oo € U such that
T (o) =B.
NowoeU = 3Ja,ay,...,a, € F such that
o =a0] +dg Oy +...+a, 0,

= T(oc)zT(a10q+a2 (0% +...+anoc,,)

U

B=ayT (o) +...+a; T (o) +ap T ppp)+...+a, T (o,
= B=ars1 T (@ 41) +ago T (O 12) +...+a, T (1)
[+ o0 ,...,00€N = T (07)=0,..., T (0t;) = 0]
the vectors T" (0t 4 1),..., T (o,,) span the range of T'.
(ii) Now we shall show that the wvectors T (0ix1),..., T (ar,) are linearly
independent.
Let ¢; 41,...,¢, € F be such that
¢t T (@) +o4c, T () =0

= T (i Qg +-tc,o,)=0

U

Chy1 04 +...+c,0,€null space of T ie., N
= Ck+1(xk+]+...+L‘nOLn=hIOL]+b2 (o5)) +...+kaCk
for some by,by ,...,bp € F

[+ Each vector in N can be expressed as a linear
combination of the vectors o,...,0; forming a basis of N |

= boy +...+ b0 —Ccpy Oy == €, 0, =0
= h=..=b=cy=...=¢,=0
[+ 04,09 ,...,0 0 41,...,0,, are linearly
independent, being a basis for U ]
= the vectors T (0 41),..., T (o,,) are linearly independent.
The vectors T (0t 4 1),..., T (0,,) form a basis of range of T'.
rank T' = dim of range of T =n — k.
rank (I") + nullity (I" ) =(n = k) + k = n =dim U.
Note:1f in place of the vector space V, we take the vector space U i.e.,if T is a linear

transformation on an n-dimensional vector space U, even then as a special case of the
above theorem,
p(T)+v(T)=n.
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Example 1: Show that the mapping T : V3 (R) - V, (R) defined as
T (a,a9,a3) = (Ba; —2ay + as,a; —3ay — 2a3) (Kumaun 2015)
is a linear transformation from V3 (R) into Vo (R).
Solution: Let o= (aj,a9,a3),p =y, hy,b3)e V3 (R).
Then T (@)=T (@,a9,a3) = (3ay —2ay + ag,a; —3ay —2as)
and T (B)=(3b —2by + b3, by —3by —2b3).
Also let a,b € R. Then aa. + bp € V3 (R). We have
T (ac.+bB) =T [a(ay,ay,a3) + b (b, by, b3)]
=T (aa; + bby, aay + bby, aas + bb3)
= (3 (aa; + bby) — 2 (aay + bby) + aas + bbs,
aay + bby — 3 (aay + bby) — 2 (aas + bb3))
=(a Ba; —2ay +a3) + b (3 —2by + by),
a(ay —3ay —2a3)+b (by —3by —2D3))
=a (3a —2ay +ag,a; —3ay —2ag)
+b (3by —2by + b3, by —3by —2b3)
=aT (a)+bT B).
Hence T is a linear transformation from V3 (R) into V5 (R).

Example 2:  Show that the mapping T : Vo (R) — V3 (R) defined as

T (a,b)=(a+b,a—-Db,b)
is a linear transformation from Vo (R) into V3 (R). Find the range, rank, null-space and nullity

of T. (Kumaun 2009, 13; Gorakhpur 12, 14)
Solution: Leto = (a,bh)),p=(ay,by)e Vy (R).

Then T (o) =T (ay,by) = (ay + by, ay = by, by)

and T (B)=(ay +by,ay — by, by).

Also let a,b e R.

Then ao.+bBeVy (R)

and T (ao+bB)=T [a (a;, b))+ D (ay,by)]

=T (aay + bay, aby + bby)
= (am + bay + aby + bby, aay + bay — ab; — bby, aby + bby)
=(alay + b1 +Dlay +Dbyl,alay — b ] +blay —by],aby + bby)
=a(m +b,aq —b,b)+Db(ay +Dby,ay — Dby, by)
=aTl (o) + DT (B).
T is a linear transformation from V5 (R) into V3 (R).

Now {(1,0), (0, 1)} is a basis for V5 (R).

We have T1,0)=(1+0,1-0,0)=(1,1,0)

and TO,1)=0+1,0-1,1)=(,-1,1).
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The vectors T (1,0),T (0,1) span the range of T'.

Thus the range of T"is the subspace of V3 (R) spanned by the vectors(l,1,0), (I, - 1,1).

Now the vectors (1,1,0), (1, - 1,1) € V3 (R) are linearly independent because if x, y € R,
then

x(1,1,0)+ y (1,-1,1)=(0,0,0)

= (x+ y,x=y,7)=(0,0,0)
= x+y=0,x-y=0,y=0 = x=0,y=0.

The vectors (1,1,0), (I, - L 1) form a basis for the range of T'.
Hence, rank 7" = dim of range of T = 2.
Nullity of T = dim of V5 (R) —rank T =2 -2=0.
Null space of T" must be the zero subspace of V5 (R).
Otherwise, (a, ) € null space of T
= T (a,b)=(0,0,0) = (a+b,a-b,b)=(0,0,0)
= a+b=0,a-b=0,b=0 = a=0,b=0.
(0,0) is the only element of V5 (R) which belongs to the null space of T'.
Null space of T is the zero subspace of V (R).

Example 3:  LetV be the vector space of all n x nmatrices over the field F and let B be a fixed

nx nmatriv. If T (A)= AB - BA ¥ A€V, verify that T is a linear transformation from V'
intoV. (Kumaun 2013)

Solution: 1f AeV, then T (A)= AB—- BAeV because AB - BA is alsoan nxn

matrix over the field F. Thus T is a function from V into V.

Let A, AyeVanda,beF.
Then aAy +DbAy eV
and T(ﬂAl+bA2)=(ﬂA1+hA2)B—B(ﬂAI+bA2)

=aA|B + bAy B — aBA| — bBAy
=a (A B-BA)+b(AB-BAy)
=aT (A) +bT (Ay).
T is a linear transformation from V into V.
Example 4: Let V be an n-dimensional vector space over the field F and let T be a linear
transformation from V into V' such that the range and null space of T are identical. Prove that nis
even. Give an example of such a linear transformation.

Solution: Let N be the null space of T. Then N is also the range of T'.

Now p(T)+v(T)=dimV

ie., dim of range of T' + dim of null space of T'=dim V =n

ie., 2dim N =n [ range of T = null space of T =N ]
ie., nis even.

Example of such a transformation:
Let T : V5 (R) > V5 (R) be defined by
T (a,b)=(b,0) ¥ a,beR.
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Let o= (a;,h),p=(ay,by)eVy (R)and let x, ye R.
Then T (ot yB) =T (x (. by) + y (a2, b))

=T (xa; + yay, xby + yby) = (xby + yby,0)
= (x1,0) + (b, 0) = x (b,0) + y (b5, 0)
= 2T (ay. ) + yT (az.by) = 2T (@) + T (B).
T is a linear transformation from V5 (R) into V5 (R).
Now {(1,0), (0, 1)} is a basis of V5 (R).
We have T (1,0)=(0,0) and T (0,1) =(1,0).
Thus the range of T" is the subspace of V5 (R)spanned by the vectors(0,0)and (1,0).The
vector (0,0) can be omitted from this spanning set because it is zero vector. Therefore
the range of T is the subspace of V5 (R) spanned by the vector (1,0). Thus the range of
T={a(,0):aeR}={(a,0):ae R}.
Now let (a,b) € N (the null space of T').
Then (a,b)e N = T (a,b)=(0,0) = (b,0)=(0,0) = b=0.
Null space of T' = {(a,0):a € R}.
Thus range of T = null space of T'.
Also we observe that dim V5 (R) =2 which is even.
Example5: LetV be avector space and T a linear transformation from V' into V. Prove that
the following two statements about T’ are equivalent :
(i) The intersection of the range of T and the null space of T is the zero subspace of
Voie, R(T)n N (T)={0}.
(i) T[T ()]=0 = T (a)=0.
Solution: First we shall show that (i) = (ii).
We have T[T (@]=0 = T (@eN(T)
= T@)eR(T)nNnN(T) [ aeV = T (@)eR(T)]
= T (o) = 0 because R (T") n N (T )={0}.
Now we shall show that (ii) = (i).
Leta#0andae R(T )N N (T).
Thenoe R(T )andae N (T).

Since e N (T'), therefore T (at) = 0. (1)
Alsooe R(T) = 3 BeV such thatT (B) =o.
Now T(B)=o = T[T (B)]=T (@)=0 [From (1)]

Thus 3 Be V such that T [T (B)]=0butT (B)=a = 0.

This contradicts the given hypothesis (ii).

Therefore there exists noove R(T ) n N (T ) such that o # 0.

Hence R(T)n N (T )=1{0}.

Example 6: Consider the basis S = {oy, 0 ,03} of R> where
oy =(1,1,1),09 =(1,1,0),05 =(1,0,0).

Express (2 ,—3,5) in terms of the basis o, 0 ,03.
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Let T :R® — R? be defined as T (0y) = (1,0), T (0t9) = 2, = 1), T (03) = (4,3).
Find T (2,-3,5). (Meerut 2003)
Solution: Let (2,-3,5)=aoy + boy + cog
=a(l,1,)+b (1,1,0)+ ¢ (1,0,0).
Then a+b+c=2,a+b=-3,a=>5.
Solving these equations, we get
a=5b=-8,c=5.
. (2,-3,5) =504 — 8oy +5043.
Now T 2,-3,5=T (504 — 8aiy +5013)
=5T (o) — 8T (09) + 5T (ai3)
[~ T is a linear transformation |
=5(00)-82,-)+54,3)
=(5,0)-(16,-8)+(20,15)
=(9,23).

@mprehensive Exercise 1

1. Show that the mapping T": V3 (R) — V5 (R) defined as
T (ay,a9,a3) = (@ — ag,a — as)

is a linear transformation.

2. Showthat the mappingT :R3 5 R? defined asT (x, y,z)=(z,x + y)islinear.
(Goralhpur 2013)

3. Show that the following functions are linear :

(i) T:R?— R? defined by T (a,b) = (b, a)

(ii) T:R? —R? defined by T (a,b) = (a + b, a)

(iii) T :R3 — R defined by T (a,b,¢) = 2a — 3b + 4c.
4. Show that the following mappings T are not linear :

(i T :R% 5 R defined by T (x, y)=uxy;

(i) T:R% - R? defined by T (x, y) = (1+ x, p); (Kumaun 2008)
(iii) T:R3 - R? defined by T (x, y,z) = (| x|,0);
(iv) T:R* > R defined by T (x, y) =| x = y|. (Kumaun 2010)

5. Show that the mapping T :R2 - R3 defined as
T (a,b)=(a-Db,b —a,—a)
is a linear transformation from R? into R>. Find the range, rank, null space and
nullity of T'. (Gorakhpur 2010, 11)
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Let F be the field of complex numbers and let T" be the function from F 3 into F3
defined by
T(XI,XZ,Xg) = (Xl — X9 +2X3,2X1 + X9 — X3,— X — 2X2).
Verify that T is a linear transformation. Describe the null space of T.
(Meerut 2002; Garhwal 07; Kumaun 09)

Let F be the field of complex numbers and let T" be the function from F 3 into F3
defined by

T (a,b,c)=(a—Db+2c,2a+h,—a—-2b+2c).
Show that T is a linear transformation. Find also the rank and the nullity of T'.
Let T :R3 — R3 be the linear transformation defined by :

T (x,p,2)=(x+2y—z,y+z,x+ y—2z).

Find a basis and the dimension of (i) the range of T (ii) the null space of T
(Garhwal 2011)

Let T : V4 (R) = V3 (R) be a linear transformation defined by
T (a,b,c,d)y=(a—b+c+d,a+2c—d,a+b+3c-3d).

Then obtain the basis and dimension of the range space of 7" and null space of T".

Let V' be the vector space of polynomials in x over R. Let D:V — V be the

differential operator : D (f) = % - Find the image (i.c. range) and kernel of D.

LetV be the vector space of n X nmatrices over the field F and let Ebe an arbitrary
matrix in V. Let T : V' — V be defined as

T (A)= AE+ EA, AeV.
Show that T is linear.

1 -1
Let V be the vector space of 2 x 2 matrices over R and let M = |: 9 9 ] - Let

T :V — V be the linear function defined by T' (A) = MA for Ae V . Find a basis
and the dimension of
(i) the kernel of T and (i) the range of T.

1 2
Let V' be the vector space of 2 x 2 matrices over R and let M = |: 0 3 ] - Let

T :V — V be the linear transformation defined by T (A) = AM — MA. Find a
basis and the dimension of the kernel of T'.
Let V be the space of n x I matrices over a field F and let W be the space of m x 1
matrices over F. Let A be a fixed m x n matrix over F and let T be the linear
transformation from V into W defined by T (X)) = AX.
Prove that T is the zero transformation if and only if A is the zero matrix.
Let U (F) and V (F) be two vector spaces and let T},Ty be two linear
transformations from U to V. Let x, y be two given elements of F. Then the
mapping T defined as

T)=xTy ()+ y T () Voe U

is a linear transformation from U into V.
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Answers 1

5. Null space of T ={0} ; nullity of T' =0, rank T =2
The set {(I,- 1, - 1),(= 1,1,0)} is a basis set for R (T)
6. Null space of T ={0}
7. RankT =2 ; nullity of T =1
8. (i) {(1,0,D,2,L1)}is abasis of R(T)and dim. R (T)=2
(i) {@3,-LD}isabasisof N (T)and dim N (T)=1
9. {(1,L1),(0,1,2)}is a basis of R(T) and dim. R (T") =2
{(1,2,0,1),(2,1,-1,0)} is a basis of N (T') and dim. N (T)=2
10. The image of D is the whole space V

The kernel of D is the set of constant polynomials

(1 0 0 1
12. { 1 0:| , {O 1]} is a basis of the kernel T" and dim (kernel T') = 2

[ 1o]f[0 17]. _ .
{__2 O:|’|:0 _2:”1saba51sforR(T)andd1mR(T)_2

(1 -1 10
13. { 0 0 :|, |:O 1}} is a basis of the kernel of T and dim (kernel T') = 2

06 Linear Transformations as Vectors

Let L (U, V) be the set of all linear transformations from a vector space U (F ) into a
vector space V (F ). Sometimes we denote this set by Hom (U, V). Now we want to
impose a vector space structure on the set L (U, V') over the same field F. For this
purpose we shall have to suitably define addition in L (U, V') and scalar multiplication
in L(U,V ) over F.
Algebra of Linear Transformations:
Theorem 1: Let U and V be vector spaces over the field F. Let T and T, be linear
transformations from U into V. The function T} + Ty defined by

(T +T) @ =T; @) +T (@) ¥oe U
is a linear transformation from U into V. If ¢ is any element of F, the function (cT )defined by

(T )(@)=cT () VYoeU
is a linear transformation from U into V. The set L (U, V") of all linear transformations from U
into 'V ,together with the addition and scalar multiplication defined above is a vector space over the
field F.
Proof: Suppose T} and T; are linear transformations from U into V' and we define
T + T as follows :
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N +TH)e)=T (@) +Ty () ¥ aeU. (1)
Since Tj (o) + T (o) € V/, therefore T} + 15 is a function from U into V.
Leta,be F and o, € U. Then
(T +T) (ao + bP) =T} (ac. + bB) + Ty (act + bPB) [By (D]
=[aTy (@) + Ty (B)] + [aTy (@) + 5Ty (B)]
[ =T} and T5 are linear transformations]
=al[li ()+ T @)]+b [T (B)+T5 (B)] [+ V is a vector space]
—a(Ty +Ty) () + b (T, + Ty) (B) [By (1)]
Ty +T5 is a linear transformation from U into V. Thus
T, I, e LWUYV) =T +T,e LU,V).
Therefore L (U, V") is closed with respect to addition defined in it.
AgainletT € L (U,V )and ¢ € F. Let us define ¢T" as follows :
(cT)(@)=cT (o) ¥ aeU. ..(2)
Since ¢T (a) € V, therefore ¢T is a function from U into V.
Leta,b e F and o, € U. Then

(cT ) (aoe +bPB)=cT (ao + bP) [By (2)]
=c [aT (o) + T (B)] [+~ T is a linear transformation]
=c[aT (@)]+¢ [bT (B)]=(ca) T (o) + (cb) T (B)

(c
=(ac) T (@) +(be) T (B) =a[cT ()] +b [T (B)]
=al(T) @]+ [(T)(B)]-
¢T is a linear transformation from U into V. Thus
TeLU,V)andce F = ¢T € L({U,V).
Therefore L (U, V') is closed with respect to scalar multiplication defined in it.
Associativity of addition in L (U, V):
Let 1},T, , 73 L (U,V ).lf a.e U, then

[y + (T + T3)1 () =T} (o) + (T +T3) (o)
[By (1) ie., by def. of addition in L (U,V )]
=T (o) +[T3 (o) + T3 (o) ] [By (1)]

= [T} (&) + T3 (o) ] + T3 (o)\

[ - Addition in V is associative]
=N +T3) () + T3 (o) [By (1)]
=T + 1) + T3] (o) [By (1)]
T+ Iy +T3)= (T +13) + T3
[By def. of equality of two functions]

Commutativity of additionin L (U, V): LetT},T, € L (U,V ).Ifo.is any element of
U, then

(11 +T3) () =Ty (o) + T3 (o) [By (1)]
=Ty @)+ Ty (@) [+ Addition in V is commutative]
= (T +Th) (@) [By (D)]

T +T, =T, +T; [By def. of equality of two functions]
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Existence of additive identity in L (U, V): Let 0 be the zero function from U into
Vo ie.,

0(@)=0eV V ael.
ThenO e L (U,V).If T e LU,V )and o e U,we have

O+T)(@=0)+T (@ [By (1)]
=0+T (o) [By def. of 0 ]
=T (o) [0 being additive identity in V']

0+T=TVTeLUV).
. 0 is the additive identity in L (U, V).

Existence of additive inverse of each element in L (U, V):

Let T e L(U,V).Letus define — T as follows :
(-T))==T () ¥ ae U.
Then -TeLUV).

If o e U, we have
(T +T)()=(-=T)()+T (o) [By def. of addition in LU,V )]

=—T () +T (o) [Bydef.of—T]
=0eV
=0 () [By def. of 0 |

~T+T=0foreveryT e L(U,V).
Thus each element in L (U, V') possesses additive inverse.
Therefore L (U,V ) is an abelian group with respect to addition defined in it.
Further we make the following observations :
(i) Letce Fand 1},1y € L (U,V ).If 0. is any element in U, we have

[e (T +Ty)] (o) =c [(17 +Ty) (o) ] [By (2) ie., by def. of scalar
multiplication in L (U,V )]

¢ [Ty (o) + T ()] [By (1)]

=cT} (o) + cT5 (o) [ ceF and T (o), T (0)e V

which is a vector space]

=(Th) (@) + (cTy) (@) [By (2)]
= (cTy +cT3) (@) [By (1)]

o c( +Ty)=cTy +cT5.

(i) Leta,be FandT e L(U,V ).Ifae U, we have

[(a+D)T J(0)=(a+h)T (o) [By (2)]
=aTl (o) +bT (o) [+ V is a vector space]
=(aT ) (o) + (BT") (o) [By (2)]
=@T +bT) (o) [By (D)]

. (a+b)T =aT +DT.
(iii) Leta,be FandT e L(U,V ).Ifae U, we have
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[(ab) T ] (o) = (ab) T (o) [By (2)]
al[bT (o) ] [+ V isa vector space]
al(bT ) (o] [By (2)]
=[a (bT )] (o) [By (2)]

. (ab)T =a (bT).
(iv) Letle FandT e L (U,V ).If e U, we have
(IT) (o) =1T (o) [By (2)]
=T (o) [~V is a vector space]
. IT=T.
Hence L (U, V') is a vector space over the field F.
Note: If in place of the vector space V,we take U, then we observe that the set of all

linear operators on U forms a vector space with respect to addition and scalar
multiplication defined as above.
Dimension of L (U, V): Now we shall prove that if U (F) and V (F) are finite
dimensional, then the vector space of linear transformations from U into V is also finite
dimensional. For this purpose we shall require an important result which we prove in
the following theorem :
Theorem 2: Let U be a finite dimensional vector space over the field F and let
B = {04,009 ,...,0,}bean ordered basis for U.Let V be a vector space over the same field F and let
Bi..., B, be any vectors in V. Then there exists a unique linear transformation T from U into V/
such that

T (o;)=B;,i=L2,....n

Proof: Existence of T:

Let aeU.
Since B = {oy, 0 ,...,0,}isabasis forU,therefore there exist unique scalars x, xy ..., x,
such that

O = X0 + Xy Olg +...+ X, 0, .
For this vector o, let us define

T (o) = 1Py +xp Py +... 4 1, By -
Obviously T (o) as defined above is a unique element of V. Therefore T is a
well-defined rule for associating with each vector o in U a unique vector T (or) in V.
Thus T is a function from U into V.
The unique representation of a; € U as a linear combination of the vectors belonging
to the basis B is

o; =00y +00p +...+1o; +00; ) +...+ 00, .
Therefore according to our definition of 7', we have

T (o) =0B; +0By +...+1B; +0B; 11 +...+ 0B,
ie., T (o) =B;,i=12,....n
Now to show that T is a linear transformation.
Leta,be F and o, e U. Let




Linear Transformations

(19 Iy
o=x0y +...+x,0, and B=yo+...+ y,0,.
Then T (ao+DbB)=T [a (xoq +...+ x,0,) + b ( yjog +...+ y, 0,)]
=T [(ax; + byy) oy +...+ (ax, + by,) a,,]
= (ax; +byy) By +...+ (ax, + by,) B, [By def. of T" ]
=aqPBr+...+x,B)+b (i B+ yuBy)
=aT (o) + bT (B) [By def. of T" ]

T is alinear transformation from U into V. Thus there exists a linear transformation
T from U into V such that

T (0)=B;,i=L2,...,n

Uniqueness of T: Let T " be a linear transformation from U into V' such that
T (o;)=B;,i=L2,....,n.
For the vector oo = xjo +... + x,, o, € U, we have
T (0)=T" (xoy +...+ x, 0,)
=T " (o) +...+x, T (o)

[+ T’ is a linear transformation]

=5 B +...+x,B, [By def. of T ’]
=T (o). [By def. of T ]
Thus T ()=T () VaeU.
: T'=T.

This shows the uniqueness of T'.

Note: From this theorem we conclude that if T is a linear transformation from a finite
dimensional vector space U (F )into avector space V' (F ),thenT is completely defined
if we mention under 1" the images of the elements of a basis set of U.If S and T" are two
linear transformations from U into V such that

S (a;) =T (0,;) ¥ 0,; belonging to a basis of U, then

S@)=T (@) YaeU, ie., S=T.
Thus two linear transformations from U into V are equal if they agree on a basis of U.

Theorem 3: Let U be an n-dimensional vector space over the field F, and let 'V be an
m-dimensional vector space over F. Then the vector space L (U, V") of all linear transformations
Sfrom U into 'V is finite dimensional and is of dimension mn.

Proof: Let B={04,0,...,0,}and B" = {B;,B5 ,...,B,,} be ordered bases for U and
V respectively. By theorem 2, there exists a unique linear transformation T;; from U
into V such that

Ty (o) =By, Ty (02)=0,..., Ty (o) =0
where B1,0,...,0 are vectors in V.

In fact, for each pair of integers ( p,q) with 1< p< m and 1< g < n, there exists a unique
linear transformation T, from U into V' such that

T B 0, if i#gq
1z (O(.j) = pr if l=q
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ie., Ty, (@) =38, By, (1)
where §;, € F is Kronecker delta i.e.,8;, =lif i=q and §;, =0 if i# .

Since pcan be any of L2 ,...,m and q any of 1,2 ,..., n, there are mn such qu’s. Let B
denote the set of these mn transformations T,,’s. We shall show that By is a basis for
LWU,V).

(i)  First we shall show that L (U, V") is a linear span of Bj.

Let T e LU,V ).Since T (o) € V and any element in V' is a linear combination of
B1,By ,---,B,, , therefore

T (o) =ayy By +agy Bo +.oo 4y By s
for some a1,4a94,...,4a,, € F.In fact for each ;,1< i< n,

m
T (o) =m; By +ag; Py +...+ ay; By =p§1 ayi By -.-(2)
. m n
Now consider S = pZZI 42:1 Apg qu.

Obviously S is a linear combination of elements of B, which is a subset of L (U,V").
Since L (U,V) is a vector space, therefore Se L(U,V') ie., S is also a linear
transformation from U into V. We shall show that S =T.

Let us compute S (or;) where o; is any vector in the basis B of U. We have

m o n m n

m n
= pZ: L ay, Siq Bp [From (1)]

[On summing with respect to q. Remember

that 8;, =1 when g =i and §;, =0 when g #i]

=T (o). [From (2)]

Thus S (0;) =T (o;) ¥V ;€ B. Therefore S and T agree on a basis of U. So we must

have S =T. Thus T is also a linear combination of the elements of B;. Therefore
L (U,V )is alinear span of B;.

(ii)  Now we shall show that B, is linearly independent. For b,,,’s € F, let
m

n ~
> X b, T, =0iec,zerovector of L(U,V)

po1 go1 P
m n ~
= 2_1 Z_lbqupq (0;)=0(0;) Vo;e B
r=Lq=
m n ~
= X X bpq TP‘I (0;)=0eV [~ O is zero transformation]
p=1 q=1
m n m
= pzzl,,zzlbp‘l 85, B,=0 = pEIhPfBPZO
= hliBI+b2iB2 +...+bmi[.))m=0,1SiSl/l
= b;=0,by;=0,...,b,; =0,1<i<n

[~ B1,B2,....B, are linearly independent]
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= by, =0 where < psmandI<g<n
= B is linearly independent. Therefore Bj is a basis of L (U, V).
dim L (U,V )= number of elements in B, = mn.

Corollary:  The vector space L (U, U ) of all linear operators on an n-dimensional vector space

U is of dimension "

Note: SupposeU (F )is ann-dimensional vector space and V' (F )is anm-dimensional

vector space. IfU # {0} and V' # {0}, then n > land m > 1. Therefore L (U, V' ) does not just

consist of the element 0, because dimension of L (U,V )is mn>1.

T Product of Linear Transformations

Theorem 1:  LetU,V and W be vector spaces over the field F .Let T be a linear transformation
from U into V and S a linear transformation from V into W. Then the composite function ST
(called product of linear transformations) defined by

(ST)()=S[T ()] YaeU

is a linear transformation from U into W. (Kumaun 2007)
Proof:T is a function from U into V and S is a function from V into W.

So aelU = T (@)eV.

Further ToeV = S[T (w)]eW.

Thus (ST ) (a)e W.
Therefore ST is a function from U into W. Now to show that ST 1is a linear
transformation from U into W.

Let a,be Fandao ,BeU.Then
(ST ) (aoe+bB) =S [T (ao.+ bB)] [By def. of product of two functions]

=S [aT (o) +bT (B)] [+ T is a linear transformation]
=aS [T ()] + DS [T (B)] [+~ S is a linear transformation]
=a (ST ) (a)+b (ST ) (B).

Hence ST is a linear transformation from U into W.
Note: IfT and S are linear operators on a vector space V' (F ), then both the products
ST aswell asTS exist and each is alinear operator on V.However, in general TS # ST as

is obvious from the following examples.

Theorem2: LetV (F )beavectorspaceand A, B, Chelinear transformationson' V. Then

(i) A0=0=0 A (i) Al = A=1IA

(iii) A(BC)=(AB)C (iv) A(B+C)= AB+ AC

(v) (A+B)C=AC+ BC (Kumaun 2011)
(vi) ¢ (AB)=(cA)B= A(cB)wherec is any element of F. (KKumaun 2008, 11)

Proof: Just for the sake of convenience we first mention here our definitions of
addition, scalar multiplication and product of linear transformations :
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(A+B) (@)= A0)+ B (@) ()
(cA) () =cA (o) (2
(AB) ()= A[B (a)] ~(3)

Y oeVandVce F.
Now we shall prove the above results.
(i) Wehave VaeV,(A0) (@)= A[0 (0)] [By (3)]

0 is zero transformation ]
A0=0. [By def. of equality of two functions]
Similarly we can show that 0A=0.

(il) WehaveVaeV, (Al )(a)=A[l (0]

= A (o) [~ [ isidentity transformation|
Al = A.

Slmllarly we can show that I A= A.
(iii) WehaveVYaeV, [A(BC)](a)= A[(BC) (o)] [By (3)]
=A[B(C(a))] [By (3)]
=(AB)[C ()] [By (3)]
=[(AB) C (). [By (3)]

o A(BC)=(AB)C.

(iv) Wehave YaeV,[AB+C)](w)=A[(B+C)(0)] [By (3)]
= A[B (o) + C ()] [By (1)]

=A[B(o)]+ A[C ()] [+ Aisalinear
transformation and B (o), C () e V' ]
=(AB) (@) + (AC) (@) [By (3)]
=(AB+ AC) (o) [By (1)]
. A(B+C)=AB+ AC.
(v) Wehave ¥ aeV, [(A+B)Cl(@)=(A+B)[C(o)]

[By (3)]
=A[C ()] + B[C ()] [By (1) since C (o) e V']
=(AC) (o) +(BC) (o) [By (3)]
=(AC+ BC) (o) [By (1)]

. (A+B)C=AC+ BC.
(vi) Wehave YoeV, [c(AB)](@)=c[(AB) (o] [By (2)]
=c[A(B(a))] [By (3)]
=(cA)[B ()] [By (2) since B(o)e V']
=[(cA) B] (o) [By (3)]

- ¢ (AB)=(cA)B.
Again [c (AB)] (@) =¢ [(AB) (a)] [By (2)]
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= ¢ [A(B(@)] [By (3)]
=AlcB(0)]
[~ Ais alinear transformation and B (o) € V' ]
=AllB) ()] [By (2)]
=[A(cB)] (o) [By (3)]
c(AB)=A(cB).
Illustrative Examl)les
Example 7: Let Ty and T, be linear operators on R? defined as follows :
Ty (g, %) =(x , ;)  and Ty (x, xp) = (x,0).
Show that T\T, # T, T,. (KKumaun 2013)
Solution: We have
(LTy) (x, x0) =T4 [T (3, 29)]
=T (x,0), [By def. of T |
=(0,x). [By def. of T1]
Also Ty Th) (v, x9) =Ty [T} (3, %2) ], [By def. of T5T;]
=T (x ,x7), [By def. of T1]
=(xy,0). [By def. of T5 ]

Thus we see that (T1Ty) (x1, x9) # (15 11) (31, x9) ¥ (17, %9) € R%.

Hence by the definition of equality of two mappings, we have 11Ty # T,1;.
Example 8:Let S (R) be the vector space of all polynomial functions in x with coefficients as
elements of the field R of real numbers. Let D and T be two linear operators on V' defined by

D(f W)= ) ()
and T (f (x)):jo"f (x) dx (2)
Sorevery f (x)eV

Then show that DT =1 (identity operator) and TD # 1.
Solution: Let f (x)=ay +ax+ayx’ +...€ V.

We have (DT)(f () =DI[T (f (x))]
= D[I;f (x) dx]z D[IJ(@O +a1x+a2x2 +...)dx]

X
=D|:a0x+ﬂ—1x2+a—2x3+...] d|:a0x+—1x2+ ]
2 3 0 dx

—a0+a1x+a2x2+ =f)=1[f(x)]
Thus we have (DT)[f( )] I[f (x)] Vf ye V. Therefore DT =1.
Now (ITD) f (x)=T [D f (x)]
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=T[;(% +a; x+ay e +...)]=T(ﬂ1 +2ay x +...)
x

=jgml+2@x+uqu=mlx+@f2+mﬁ

=ax+ apx’ ..
# f (x) unless ay = 0.
Thus 3 f (x)e V such that (TD ) [ f (x)]# 1 [ f (x)].
TD =1.
Hence TD = DT,
showing that product of linear operators is not in general commutative.

Example9: LetV (R)be the vector space of all polynomials in x with coefficients in the field R.
Let D and T be two linear transformations on'V defined as

D[f(x)]:%f(x)Vf(x)eV and T f(x)]=xf @)V f(x)eV.

Then show that DT = TD.
Solution: We have

(DT)[ f ()] =DIT ( f (x))]
=Dl f (9] =4 s f (9]
~f @ W (1)
Also (TD)[ f ()] =T [D(f<x>>]=T[d%<f<x>>]
=x%f(x). (2)

From (1) and (2), we see that 3 f (x) € V such that
(DT )(fx)=ID)(f(x)) = DI =#TD.

Also we see that
(DT =TD)(f (x))=(DT )(f (x)-TD)(f (x))
=]

=f ) =1(fx).
DT -TD=1.

8 Ring of Linear Operators on a Vector Space

Ring: Definition: A non-empty set R with two binary operations, to be denoted additively
and multiplicatively, is called a ring if the following postulates are satisfied :
Ry. Ris closed with respect to addition i.c.,
a+be RM a,be R.
Ry. (a+b)y+c=a+b+c)Vab,ce R
Ry.a+b=b+aVabeR

Ry. Fan element O (called zero element) in R such that
O+a=a¥ ae R
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Rs. ae R = 3—ae Rsuch that
(—a)+a=0.
Ry. Ris closed with respect to multiplication i.e.,
abe R, ¥ a,be R
R;. (ab)c =a (bc) ¥ a,b,c e R.
Rg. Multiplication is distributive with respect to addition, i.e.,
alb+c)=ab+ac and (a+b)c=ac+bc¥ a,b,ceR.
Ring with unity element: Definition:
If in a ring R there exists an element 1€ R such that
la=a=alV ae R,
then Ris called a ring with unity element. The element 1 is called the unity element of the
ring.
Theorem: Theset L (V,V )ofall linear transformations from a vector space V' (F ) into itself
is a ring with unity element with respect to addition and multiplication of linear transformations
defined as below :
S+T)@)=S()+T (o)
and (ST))=S[T ()] ¥ S, TeL(V,V) and YoeV.
Proof: The studentsshould themselves write the complete proof of this theorem. We
have proved all the steps here and there. They should show here that all the ring
postulates are satisfied in the set L (V,V ). The transformation 0 will act as the zero

element and the identity transformation I will act as the unity element of this ring.

0] Alge]ara or Linear Algebra

(Garhwal 2006, 12)
Definition: Let F be a field. A vector space V over F is called a linear algebra over F if there is
defined an additional operation in V called multiplication of vectors and satisfying the
following postulates :
I. ofpeV ¥ oBeV
2. o(Bv)=0@R)y V¥V a.pyeV
3. a(B+ry)=aB+oyand (w+B)y=0y+By V o.B,yeV.
4. c@PB)=(ca)Bp=a(cP) ¥ a,feVandceF.
If there is an element 1 in V such that
lo=a=0lV aeV,
then we call V alinear algebra with identity over F. Also 1 is then called the identity
of V. The algebra V' is Commutative if
of =Ba ¥ o,peV.
Theorem: Let V (F) be a vector space. The vector space L (V,V ) over F of all linear
transformations from 'V into V' is a linear algebra with identity with respect to the product of linear
transformations as the multiplication composition in L (V, V).
Proof: The students should write the complete proof here. All the necessary steps
have been proved here and there.
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10 Polg nomials

Let T be a linear transformation on a vector space V (F ). Then T' T is also a linear
transformation on V. We shall write T ! = T and T 2 = T T Since the product of linear

transformations is an associative operation, therefore if m is a positive integer, we shall
define

T" =T TT ... uptom times.
Obviously T™ is a linear transformation on V.
Also we define T? =1 (identity transformation).
If m and n are non-negative integers, it can be easily seen that
T"T" =T"*" and (T")"=T™".
The set L (V, V') of all linear transformations on V' is a vector space over the field F.If
ap ,ap,...,a, € F,then
p(TYy=ayl +aT +ay T? +...+a, T"e L(V,V)
ie.,p (T )isalsoalinear transformation on V because it is a linear combination over F of

elements of L (V,V ). We call p(T") as a polynomial in linear transformation T'. The
polynomials in a linear transformation behave like ordinary polynomials.

11 Invertible Linear Transformations

(Garhwal 2006)

Definition: LetU andV bevector spaces over the field F .Let T be a linear transformation from
U into V such that T is one-one onto. Then T is called invertible.
If T is a function from U into V, then T is said to be 1-1 if

o0 eUandoy #oy = T (oy) =T (09).
In other words T is said to be 1-1 if

o0 eUandT (oy)=T (0g) = 0y =0ly.
Further T is said to be onto if

BeV = FJoaeU suchthatT (o) =p.
If T is one-one and onto, then we define a function from V into U, called the inverse of T’
and denoted by T~ as follows :
Let B be any vector in V. Since T is onto, therefore

BeV = JoaeU such that T (o) = .
Also o determined in this way is a unique element of U because T is one-one and
therefore

og,ceUandogza = B=T (@) =T (o).
We define 77! (PB) to be o.. Thus

T~':V = U such that

T (B =a & T (@)=
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The function T ! is itself one-one and onto. In the following theorem, we shall prove
that T~! is a linear transformation from V into U.

Theorem 1:Let U and V' be vector spaces over the field F and let T be a linear transformation

from U into V. If T is one-one and onto, then the inverse function T~ is a linear transformation
Sfrom V into U.

Proof: Letf;,By €V anda,be F.
Since T is one-one and onto, therefore there exist unique vectors o, oy € U such that
T (oy) =By, T (o) =Bo-
By definition of T-! ,we have
T (B)=ou, T (By) = 0.
Now aay + boy € U and we have by linearity of T,
T (aoy + boy)=aT (o) + DT (o)
=af; +bPyeV.
by def. of T_l,we have
T71 (aBy +bBy) = aoy + bay
=aT™ (B)+bT ™" (By).
T is a linear transformation from V into U.
Theorem 2: Let T be an invertible linear transformation on a vector space V (F ). Then

T T=1=TT" (Kumaun 2013)
Proof: Leto be any element of V" and let T (o) = B. Then
T~ (B) =0
We have T (o) =B = T (@)]=T 7 (B)
= T'T)Y=a = T Ty =1 (o)
= T'T=1

Let B be any element of V. Since T is onto, therefore Be V' = Jo.e V such that
T (@)=B.Then T7! (B) =

Now T (B)=a = T[T PI=T @)

= (T T ") (B)=B = T T (B)=B=1(B)

= TT'=1.

Theorem 3: If A, B and C are linear transformations on a vector space V' (F ) such that
AB=CA=1,

then Ais invertible and A~' = B = C. (Kumaun 2011)

Proof: In order to show that A is invertible, we are to show that A is one-one and
onto.

(i) A is one-one:
Let oy,09 € V. Then
Aloy) = Al(oay)
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= ClA(y)]=ClAlp)] = (CA)(y)=(CA) (o)
= I (oq)=1 (09) = o =0.

A is one-one.
(ii) A is onto:
Let B be any element of V. Since B is a linear transformation on V, therefore B () e V.
Let B (B) =o. Then

B(B)= o = A[B(B)]= A
= (AB)(B) = A() = I'(B)=A()[~ AB=1]
= B=A(a).
Thus BeV = Joa eV such that A (o) =p.

A is onto.

Since A is one-one and onto therefore A is invertible i.e., A1 exists.

(iii) Now we shall show that A'=B=C.

We have AB=1 = AN AB)y=A"1T
= (A1 AyB= A" = IB=A"!

= B=Al.

Again CA=1 = (CA) A =471
= C(AAH=A"! = Cl=A"

= C=A"

Hence the theorem.
Theorem 4:  The necessary and sufficient condition for a linear transformation A on a vector
space V' (F') to be invertible is that there exists a linear transformation B on V' such that
AB =1 = BA.
Proof: The condition is necessary. For proof see theorem 2.
The condition is sufficient: For proof see theorem 3. Take B in place of C.
Also we note that B= A™' and A= B™L.

Theorem 5: Uniqueness of inverse: Let Abe an invertible linear transformation on a
vector space V (F ). Then A possesses unique inverse.

Proof: Let B and C be two inverses of A. Then

AB=1=BA
and AC=1=CA.
We have C(AB)=CI =C. (1)
Also (CA) B=1IB = B. ... (2)

Since product of linear transformations is associative, therefore from (1) and (2), we
get
C(AB)=(CA) B
= C = B.
Hence the inverse of A is unique.
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Theorem 6: Let V' (F ) be a vector space and let A, B be linear transformations on V. Then
show that
(i) If Aand B are invertible, then AB is invertible and
-1 -1 4-1

(AB)" =B~ A™. (Kumaun 2007)
(ii)  If Alis invertible and a #0 € F,then aA is invertible and

(@A)~ = st

a

(iii)  If Ais invertible, then A~Vis invertible and (A_l)_1 = A
Proof: (i) We have

(B AN (AB)=B"' [AT1 (AB)]= B (A7 A) B]

=B UB)=B' B=1.

Also (AB) (B Ah=A[BB A H=A1BB™) A7
=AUIAY=AAT" =1
Thus (AB)(B™' A hy=1=(B" A (AB).

By theorem 3, AB is invertible and (AB)_1 =B Al
(ii)  We have (aA) (l A*‘) =a [A (l Al )] =a [l (AA’l)]

a a a

a
Also (l A*IJ (aA) = 1 [A! (aA)] = 1 [a (A" A)]
a a a
_ (l a) (A" Ay=11 =1
a
Thus (aA) (l A*l) =I= (l A*‘) (aA).
a a
by theorem 3, aA is invertible and (aA)_1 = l AL
a

(iii) Since A is invertible, therefore
AAt=1=A"" A
By theorem 3, A~lis invertible and A = (A_1 )_].

12 Singular and Non-singular Transformations

(Garhwal 2006, 07; Kumaun 07, 09)
Definition: Let T be a linear transformation from a vector space U (F ) into a vector space
V (F ). ThenT is said to be non-singular if the null space of T (i.e.,ker T ) consists of the zero
vector alone i.e., if
ceUandT (0)=0 = a=0.
If there exists a vector 0 = o.€ U such that T (o) = 0, then T is said to be singular.
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Theorem 1: LetT be a linear transformation from a vector space U (F ) into a vector space
V (F ). Then T is non-singular if and only if T is one-one. (KKumaun 2007, 09)
Proof: Given that T is non-singular. Then to prove that T is one-one.

Let a,09 € U. Then

T (o)=T (o
T (o)~ T (0
T (o —09)=0

o —oy =0 [~ T is non-singular]

LUl

oy =0y.
T is one-one.
Conversely let T be one-one. We know that T (0) = 0. Since 1" is one-one, therefore
oeUandT ()=0=T (0) = o =0.
Thus the null space of T" consists of zero vector alone. Therefore T is non-singular.

Theorem 2: Let T be a linear transformation from U into V. Then T is non-singular if and
onlyif T carries each linearly independent subset of U onto a linearly independent subset of V.
Proof: First suppose that T" is non-singular.
Let B={o,09,...,0,}
be a linearly independent subset of U. Then image of B under T is the subset B " of V'
given by

B’ ={(T (0),T (@3),.... T (@,)}.

To prove that B’ is linearly independent.

Let ay,ay ,...,a,€ F

and let aT (o) +...+a,T (a,)=0

= T (qoy +...+a,0,)=0 [ T is linear|
= amoy +...+a,o0,=0 [~ T is non-singular]
= a;=0,i=12,...,n [+ o,...,0, are linearly independent]

Thus the image of B under T  is linearly independent.
Conversely suppose that T' carries independent subsets onto independent subsets.
Then to prove that T is non-singular.
Leto.# 0 € U. Then the set S = {0} consisting of the one non-zero vector o. is linearly
independent. The image of S under T is the set

S ={T (a)}.
It is given that S’ is also linearly independent. Therefore T (o) # 0 because the set
consisting of zero vector alone is linearly dependent. Thus

0xaelU = T (a)#0.
This shows that the null space of T consists of the zero vector alone.

Therefore T' is non-singular.
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Theorem 3: Let U and V be finite dimensional vector spaces over the field F such that dim
U =dim V_.IfT is a linear transformation from U into V', the following are equivalent.
(i) T is invertible.
(ii) T is non-singular.
(iii)  The range of T is V.
(iv) If{oy,...,o) is any basis for U, then

{T (oy),..., T (o)} is a basis for V.
(v)  There is some basis {o,..., o} for U such that

{T (oy),..., T (o)} is a basis for V.
Proof: (1) = ().
If T is invertible, then T is one-one. Therefore T" is non-singular.
(ii) = ().
Let T be non-singular. Let {oy,...,0o,} be a basis for U. Then {ay,...,0,} is a linearly
independent subset of U. Since T is non-singular therefore {T" (o),..., T (ot,,)} is a
linearly independent subset of V' and it contains n vectors. Since dim V' is also 7,
therefore this set of vectors is a basis for V. Now let B be any vector in V. Then there
exist scalars aj,...,a, € F such that

B=ayT (o) +...+a, T (o,)=T (a0 +...+a,0,)
which shows that B is in the range of T" because
moy +...+a,a,eU.

Thus every vector in V' is in the range of T'.
Hence range of T'is V.
(iii) = (iv).
Now suppose that range of T is V' i.e., T is onto. If {o,..., 0} is any basis for U, then

the vectors T (oy),..., T (o) span the range of 7" which is equal to V. Thus the vectors
T (0y),..., T (ot,,) which are 7 in number span V' whose dimension is also 7.
Therefore {T (0y),...,T (o,)} must be a basis set for V.
@iv) = (v).
Since U is finite dimensional, therefore there exists a basis for U. Let {o,...,0,} be a
basis for U. Then {T (oy),..., T (a,)} is a basis for V' as it is given in (iv).
(v) = ().
Suppose there is some basis {0 ..., 0, } for U such that {T (a),..., T (o) }is a basis for
V. The vectors {T (oy),..., T (o,,) } span the range of T". Also they span V. Therefore the
range of T must be all of V' i.e., T is onto.
Ifoo=c¢; og +...+¢, 0, is in the null space of T, then

T(rog+...4+4¢c,0,)=0
= ol (o)+...+¢,T (0,)=0

U

¢;=0,1<i<nbecause T (0y),..., T (ar,) are linearly independent
= a=0.

T is non-singular and consequently T" is one-one. Hence T is invertible.
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Illustrative Examl)les

Example 10: Describe explicitly the linear transformation T : R* — R* such that
T (2,3)=(4,5)and T (1,0) = (0,0).
Solution: First we shall show that the set {(2,3),(,0)} is a basis of R%. For linear

independence of this set let
a(2,3)+ b (1,0)=(0,0),where a,b € R.

Then (2a + b,3a) =(0,0)
= 2a+b=0,3a=0
= a=0,b=0.

Hence the set {(2,3), (1,0)} is linearly independent.
Now we shall show that the set {(2,3),(1,0)} spans R%. Let (x1,x9) € R? and let
(x,x9)=a (2,3)+ b (1,0)=(2a + b,3a).
Then 2a + b = x;,3a = xy. Therefore
=2 )= 3y —2x)

3 3
(1, %) =" (2,3)

a

3x —2x
+%(L0). (1)

From the relation (1) we see that the set {(2,3), (1,0)} spans R?.Hence this set is a basis
for R.

Now let (11, x9 ) be any member of R”.Then we are to find a formula for T (x;, xy) under
the conditions that T (2,3) = (4,5),T (1,0)=(0,0).

We have T(xl,x2)=T[’;2(2,3)+3"1_32"2(1,0)],by(1)

3x —2xy T

- ’%2 T 2,3)+ (1,0), by linearity of T

=Q(4,5)+3X]—2X2
3 3

_(m 5&)
373

Example 11: Describe explicitly a linear transformation from V3 (R)into V3 (R) which has

0,0)

its range the subspace spanned by (1,0,-1) and (1,2,2).
Solution: The set B={(1,0,0),(0,1,0),(0,0,1)} is a basis for V5 (R).
Also {(1,0,-1),(1,2,2),(0,0,0) is a subset of V3 (R). It should be noted that in this

subset the number of vectors has been taken the same as is the number of vectors in the
set B.

There exists a unique linear transformation T' from V3 (R) into V3 (R) such that
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T (1,0,0)=(1,0,-1),

and T (0,1,0)=(1,2,2), ...(1)
T (0,0,1)=(0,0,0).

Now the vectorsT (1,0,0),7 (0,1,0),T (0,0, 1) span the range of T". In other words the

vectors

(L,0,-1),(2,2),(0,0,0)
span the range of T'. Thus the range of T" is the subspace of V3 (R) spanned by the set
{(1,0,-1),(1,2,2) because the zero vector (0,0, 0) can be omitted from the spanning set.
Therefore T defined in (1) is the required transformation.

Now let us find an explicit expression for . Let (a, b, ¢) be any element of V3 (R).Then
we can write

(a,b,c)

, (L0,0)+ b (0,L,0) + ¢ (0,0,1).
T (a,b,c)

T (1,0,0) + 5T (0,1,0) +¢T (0,0,1)

a1,0,-1)+b(1,2,2)+¢(0,0,0) [From (1)]
=(a+b,2b,2b — a).

Example 12:Let T be a linear operator on V3 (R) defined by

a
a

T (a,b,c)=Ba,a-b,2a+b+c) ¥ (a,b,c)e V3 (R).
Is T invertible ? If so, find a rule for T = like the one which defines T.
Solution: Let us see that T is one-one or not.
Let o =(a;,by,c1),B=(az,by,c2)€ V3 (R).

Then T ()=T (B)

= T (ay,by,c1) =T (ag , by ,c9)

= Bay,a — by, 2a1 + by +¢1)=Bay ,ay — by ,2a9 + Dby +¢9)
= Sa; =3ay ;a1 — by =ay — by ,2a; + by +¢; =2ay + Dby + ¢y
= a =ay b =by ,c;=¢y .

T is one-one.
Now T is a linear transformation on a finite dimensional vector space V3 (R) whose
dimension is 3. Since T is one-one, therefore T must be onto also and thus T is
invertible.

IfT (a,b,¢) = (p.q,r), then T 7 (p,q,7) = (a,b,c).

Now T (a,b,c)=(p.q,r)

= Ba,a-b,2a+b+c)=(p,q,r)

= p=3a,q=a-b,r=2a+b+c

— a:g,bzg—q,c:r—2a—b=r—23—p—§+q=r—l9+q-

3’3

is the rule which defines T~

7! (p,q,r)=(p p—q,r—p+q) ¥ (p.q.7)e Vs (R)
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Example 13: A linear transformation T is defined on Vo (C) by
T (a,b) = (0a + Bb, ya + 3b),
where o, B, 7,8 are fixed elements of C. Prove that T is invertible if and only ifad — B v #0.

Solution: The vector space Vy (C) is of dimension 2. Therefore T is a linear

transformation on a finite-dimensional vector space. T will be invertible if and only if
the null space of T consists of zero vector alone. The zero vector of the space Vy (C)is the
ordered pair (0,0). Thus T is invertible

iff T (x, y)=(0,0) = x=0,y=0
ie., iff (@ x +By,yx+3)=(0,0) = x=0,y=0
ie., iffox+Py=0,yx+3 =0 = x=0, y=0.
Now the necessary and sufficient condition for the equationsox + By =0,yx + 3y =0 to
have the only solution x =0, y =0 is that

a B
Yy o
Hence T is invertible iff ad -y #0.

#0 .

Example 14: Find two lincar operators T and S on Vo (R) such that

TS =0 but ST #0. (Kumaun 2009, 14)
Solution: Consider the linear transformations T and S on V5 (R) defined by
T (a,b)=(a,0) ¥ (a,b)e V5 (R)
and S (a,b)=(0,a) ¥ (a,b)e V5 (R).
We have (IS ) (a,b)=T [S (a,D)]

= =

- TS =0.
Again (ST )(a,b)=S [T (a,b)]

=S (a,0)=(0,a)

#0 (a,b) ¥ (a,b) e V5 (R).
Thus ST #0.

Example 15:  Let V be a vector space over the field F and T a linear operatoron V. If T % = 0,
what can_you say about the relation of the range of T to the null space of T’ ? Give an example of a

linear operator T on Vo (R) such that T 220 butT #0.
Solution: We have T2 =0

= Tz(a):ﬁ(a)VaeV
= T[T (0)]=0 YaeV
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= T (o) € null space of T Y ae V.
But T (o) € range of T Y oe V.

T2=0 = range of T'  null space of T'.

For the second part of the question, consider the linear transformation 7" on V5 (R)
defined by

T (a,b) =(0,a) ¥ (a,b)e Vy (R).
Then obviously T #0.
We have (ﬂ b)

T[T (a,b)]=T (0,a) = (0,0)
0 (a,b) ¥ (a,b) € Vs (R).
0.

T2

Example 16: If T :U — V is a linear transformation and U is finite dimensional, show

that U and range of T have the same dimension iff T" is non-singular. Determine all non-singular
linear transformations
T:V, (R)—> V3 (R).

Solution: We know that

dim U = rank (T ) + nullity (T")

= dim of range of T" + dim of null space of T.

dim U = dim of range of T’
1ff dim of null space of T is zero
ie., iff null space of T consists of zero vector alone
ie., iff T is non-singular.
LetT be alinear transformation from V; (R)into V3 (R).ThenT will be non-singular iff

dim of V4 (R) = dim of range of T'.
Now dim V, (R) =4 and dim of range of T' < 3 because range of T" c V3 (R).

dim V, (R) cannot be equal to dim of range of T'.

Hence T cannot be non-singular. Thus there can be no non-singular linear
transformation from V4 (R) into V3 (R).

Example 17: If A and B are linear transformations (on the same vector space), then a
necessary and sufficient condition that both A and B be invertible is that both AB and BA be
invertible.
Solution: Let Aand Bbe two invertible linear transformations on a vector space V.
We have (AB) (B A™hy=1=(B" A (AB).

AB is invertible.
Also we have

(BA) (A" By=1=(A"" B! (BA).
BA is also invertible.

Thus the condition is necessary.
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Conversely, let AB and BA be both invertible. Then AB and BA are both one-one and
onto.
First we shall show that A is invertible.
A is one-one:S
Letoy,09 € V. Then
Aloy) = Aloy)
B[A(oy)]=B[Ao)]
(BA) (0y) = (BA) (i)

o =0y . [~ BAis one-one]

Lol

A is one-one.
A is onto:
Let B € V. Since AB is onto, therefore there exists . € V such that

(AB) (o) =P
= A[B (a)]=B.
ThusBeV = I B(a)e V such that A[B (a)]=.

A is onto.
A is invertible.

Interchanging the roles played by AB and BA in the above proof, we can prove that B
is invertible.

Example 18: If Ais a linear transformation on a vector space V such that
A’ — A+1=0,

then Ais invertible.

Solution: 1f A> - A+1 = 6 then

A2 - A=-1.
First we shall prove that A is one-one Let oy, 0 € V.
Then Aoy) = A(oy) (1)
= A[A()]=A[A ()]
= A% (o) = A% (0p) (2
= A% (o) = Aoy) = A* (o) — A (o) [From (2) and (1)]
= (A% = A) (o) = (A* = A) (o)
= (1) (o) =(~1I) (o)
= — I (o)== I (02)]
= -0 =—09 = 0 =09y.

A is one-one.
Now to prove that A is onto.

Letaoe V. Then
oa—A)eV.
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We have Al - A(@)]= A () - A (@)
=(A-A) ()
=1 (o) [wA2-A=-1 = A-A*=1]
= .

ThusoeV = 3 oo— A(a)e V such that
Ao — A(@)] =0
A is onto.
Hence A is invertible.

Example 19: Let V be a finite dimensional vector space and T be a linear operator on V.
Suppose that rank (T?) = rank (T ). Prove that the range and null space of T are disjoint i.e.,
have only the zero vector in common.

Solution: We have
dim V' = rank (T") + nullity (7)
and dim V' = rank (T2 ) + nullity (T2 )-

Since rank (T ) = rank (TZ), therefore we get

nullity (T ) = nullity (T ?)

ie., dim of null space of T = dim of null space of T2,
Now T (o) =0

= T[T ()]=T (0)

= T2 (a)=0.

o e null space of T' = o € null space of T’ 2.

null space of T' ¢ null space of T’ =
But null space of T" and null space of T’ 2 are both subspaces of V and have the same
dimension.

null space of T' = null space of T2
null space of T2 c null space of T’
ie., T?(©)=0 = T ()=0.

range and null space of T" are disjoint. [See Example 1 after article 5 |

Example 20:Let V be a finite dimensional vector space over the field F.
Let {oy,09,...,0,) and {By,Bs,...,B,} be two ordered bases for V. Show that there exists a
unique invertible linear transformation T on 'V such that

T (o;) =B;,1<i<n. (Kumaun 2015)
Solution: We have proved in one of the previous theorems that there exists a
unique linear transformation T on V such that T (o;) =B;,1< i< n.

Here we are to show that T is invertible. Since V' is finite dimensional therefore in order
to prove that T is invertible, it is sufficient to prove that T is non-singular.
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Let aeV

and T ()= 0.

Let o=a0 +...+a, o, where a,...,a, € F.

We have T (0)=0

= T (mog +...+a,o,)=0

= al (oy)+...+a, T (o,)=0

= qPr+...+a,B,=0

= a; =0 for each 1< i< [~ Bi....,B, are linearly independent]
= o=0.

T is non-singular because null space of T consists of zero vector alone.

Hence T is invertible.

@mprehensive Exercise 2

Describe explicitly the linear transformation T from F? to F? such that
T (¢)=(a,b),T (&) = (¢, d) where ¢ = (1,0),¢y =(0,1). (Kumaun 2008)
Find a linear transformation T :R? — R? such that T (L0)=(,1) and

T (0,1) = (= 1,2). Prove that T' maps the square with vertices (0,0), (1,0), (1, 1) and
(0,1) into a parallelogram.

Let T:R?> R be the linear transformation for which T (L)=3 and
T(0,)=-2.Find T (a,b).

Describe explicitly a linear transformation from V3 (R) into V (R) which has its
range the subspace spanned by the vectors (,2,0,-4),(2,0,-1,-3).

Find a linear mapping T :R3 — R* whose image is generated by (I, - 1,2,3) and
(2,3,-10).

Let F be any field and let T" be a linear operator on F? defined by
T (a,b) = (a + b, a). Show that T is invertible and find a rule for T~ ! like the one

which defines T'.
Show that the operator T on R3 defined by T (x, y,z)=(x+z,x—2z, ) is
invertible and find similar rule defining T
Let T be a linear operator on V3 (R) defined by
T (a,b,c)=Ba,a-b,2a+b+c) ¥ (a,b,c)e V3 (R).

Prove that (T2 —I)(T - 3I)=0. (Kumaun 2011)
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Let T and U be the linear operators on R? defined by T (a,b) = (b,a) and

U (a,b) = (a,0). Give rules like the one defining T" and U for each of the linear
transformation (U + T),UT,TU, T2, U2,

Let T be the (unique) linear operator on C3 for which
T (1,0,0)=(1,0,1), T (0,1,0)=(0,11),T (0,0,1) = (;1,0).
Show that T is not invertible.

Show that if two linear transformations of a finite dimensional vector space
coincide on a basis of that vector space, then they are identical.

If T is a linear transformation on a finite dimensional vector space V such that
range (') is a proper subset of V, show that there exists a non-zero elementa. in
V with T (o) = 0.

Let T :R3 = R3 be defined as T (a,b,c¢)=1(0,a,b). Show that

N 2.0 3_A
T#0,T°#0 but T° =0. (Kumaun 2008)

Let T be a linear transformation from a vector space U into a vector space V'
with Ker T # 0. Show that there exist vectors o and oy in U such that oy # oy
and Toy =Toy. (Kumaun 2008)

Let T be a linear transformation from V3 (R) into V5 (R), and let S be a linear
transformation from V5 (R) into V3 (R). Prove that the transformation ST is not

invertible.

Let A and B be linear transformations on a finite dimensional vector space V'
and let AB = I. Then A and B are both invertible and A~' = B. Give an example

to show that this is false when V is not finite dimensional.

If A and B are linear transformations (on the same vector space) and if AB =1,
then Ais called a left inverse of B and B is called a right inverse of A. Prove that
if A has exactly one right inverse, say B, then A is invertible.

Prove that the set of invertible linear operators on a vector space V' with the
operation of composition forms a group. Check if this group is commutative.

Let V and W be vector spaces over the field F and let U be an isomorphism of V'
onto W. Prove that T — UTU ! is an isomorphism of L (V,V)onto L (W, W).

If {oy,..., 04} and {By,...Bx} are linearly independent sets of vectors in a finite
dimensional vector space V, then there exists an invertible linear
transformation T on V' such that

T (o;) =B i=1....k.
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\ Answers 2
L. T (xj, %)= a+xyc,xq b+ xyd)
2. T (n,x)=(x - x5, +2x9)
3. T (a,b)=5a-2b
4. T (a,b,c)=(a+2b,2a —b,—4a —3D)
5. T (a,b,c)=(a+2b,—a+3b,2a—b,3a)
6. T~ (pa)=(gp-1)
7. T7! (x,y,z):(lx+ly,z,lx—ly)

27 277727 2
9. (U+T)(a,b)=(a+b,a);(UT)(a,b)=(b,0);(TU)(a,b)=(0,a)
T? (a,b) = (a,b);U* (a,b) = (a,0)

18. Not commutative

15 Isomorphism

Definition: Let U (F )and V (F ) be two Vector spaces. Then a mapping
f:U->V

is called an isomorphism of U onto V, if

(i)  f is one-one,

(ii)  f is onto,
(iii) f(ao+bB)=af (a)+bf (B)Vabe F,oBeU.

Also then the two vector spaces U and V' are said to be isomorphic and symbolically we write
U(F)=zV (F).

Thevectorspace V' (F)isalso called the isomorphicimage of the vectorspaceU (F ).

If fisahomomorphismof U (F )into V' (F ),then f will become an isomorphism of U

into V if f is one-one. Also in addition if f is onto V, then f will become an

isomorphism of U onto V.

14 Theorems on Isomorphism

Theorem 1:  Two finite dimensional vector spaces over the same field are isomorphic if and only
if they are of the same dimension.
Proof: First suppose that U (F ) and V' (F ) are two finite dimensional vector spaces
each of dimension n. Then to prove that

U(F)=V (F).
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Let the sets of vectors
{og,09 ,...,0) and  {B},Bo,.... B}
be the bases of U and V' respectively.
Any vector o. € U can be uniquely expressed as
O = a0 + dg0ly +...+a, o, .
Let f:U eV be defined by
f@=aBy+ayPy+...+a,B,.

Since in the expression of o as a linear combination of oy,0, ,...,a, the scalars
a,as ,...,a, are unique, therefore the mapping f is well defined

ie., f (o) is a unique element of V.
f is one-one: We have
flaog+ayoy+...+a,0,)=f(boy+byoy+...+b,0,)

= a By +ag Bo +...+ayBy=b By + Dby Bo +...+ Db, By
= (@ —b)By +(ag —by)By +...4+(a, - D,) B, =0 [zero vector of V' |
= -b =0,a9 —by =0,...,a, — b, =0, because

B1.Bs ,....B, are linearly independent
= blvﬂZ _bZ yeees Ay hn
= altx1+a2 o9 +...+a,,an:b10cl+b2 oy +...+b,0,.

f is one-one.

fis onto V: If ay By +ay By +...+a, B, is any element of V, then 3 an element
Moy +ay Oy +...+ a, o, € U such that

flaoy +ay oy +...+a,0,)=a B +ay By +...+4a,B,.

fisonto V.
f is a linear transformation: We have
fla(aog +ay oy +...+a,0,)+b (boy +by oy +...+Db,0,)]
= f [(aa; + bb1 oy + (aay +bby) 0oy +...+ (aa, + bb,) o]
= (aa + bby) By + (aay + bby) By +...+ (aa, + bb,) B,
=a(a By +ay Py +...4a,B,)+b b By +by By +...+D,B,)
=af (qoy +ay oy +...+a,0,)+bf (boy +by oy +...+D,0,).
f is a linear transformation.
Hence f is an isomorphism of U onto V.
U=V.
Conversely, letU (F )andV (F )be twoisomorphic finite dimensional vector spaces.
Then to prove that dim U = dim V.

LetdimU =n.LetS ={oy,09 ,...,0,}beabasis of U.If f is anisomorphismof U onto V,
we shall show that

S ={f (), f (©2),.... f ()

is a basis of V. Then V will also be of dimension n.
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First we shall show that S " is linearly independent.

Let ap f (o) +ay fog)+...+a, f(a,) =0 [zero vector of V' |
= faqoy +ay oy +...+a,0,)=0" [+ f is a linear transformation]
= a0y +dg Oy +...+a, o, =0

[+ f is one-one and f (0)=0" where 0 is zero vector of U ]
= @ =0,a9 =0,...,a,=0,
since o, 0 ,...,0, are linearly independent.
S’ is linearly independent.
Now to prove that L (S”)=V. For this we shall prove that any vector f € V' can be

expressed as a linear combination of the vectors of the set S’. Since f is onto V,
therefore B € V' = there exists o€ U such that f (o) = .

Let 261a1+62a2+...+6 oy .
Then B f f €10+ Oy +.. +Cnan)
_le 0(1 +02f OCZ "'+cnf(an)

Thus B is a linear combination of the vectors of S”.
Hence V=L(S").
S’ is a basis of V. Since S’ contains n vectors, therefore dim V = n.

Note: While proving the converse, we have proved that if f is an isomorphism of U onto

V., then f maps a basis of U onto a basis of V.

Theorem 2: Every n-dimensional vector space V' (F ) is isomorphic to V,, (F ).
(Gorakhpur 2014)

Proof: Let {0y,09,...,0,} be any basis of V (F). Then every vector a.e V' can be
uniquely expressed as

o=aoy +ay0Oy +...+a,0,,a;€F.
The ordered n-tuple (a1, a9,...,a,) e V, (F )
Let f:V (F)— V,(F)be defined by f (o) = (a1, a9,...,a,).
Since in the expression of o as a linear combmatlon of oy, 0,...,0, the scalars
ay,as,...,a, are unique, therefore f (o) is a unique element of V,, (F ) and thus the
mapping f is well defined.

fisone-one: Leto=a0y +ay oy +...+a,0,

and B=boy +byoy+...+b,0,

be any two elements of V. We have

S )=/ (B)

flaqoy+ay0y +...+a,0,)=f oy +byoy +...+b,0,)
(ay,a9 ,...,a,)= (b, by ,...,D,)

ay=b,ay=by,...,a,=Db,

o=

f is one-one.

L v
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fisontoV, (F): Let (a,ay,...,a,) be any element of V,, (F ). Then there exists an
element qoy + ay oy +...+a, 0, €V (F ) such that
f (ﬂl()(.l +tdg 0o +...+4a, O(.n) = (611,612,... ,ﬂn).
fisontoV, (F).

f is a linear transformation: If 4,b € F and o.,Be V (F ), we have

f (ao+ bB)
=fla(@mog +ay oy +...+a,0,)+b (bog +byoy +...+b,0,)]
= f [(aay + bby) oy + (aay + bby) 09 +...+ (aa, + bb,) o]
= (aay + bby,aay + bby ,...,aa, + bb,)
=(aay,aay ,...,aa,) + (bby,bb, ,...,bb,)
=a(ay,ay ,...,a,)+b (b,by ,....b,)
=af (qog +aydy +...+a,0,)+bf (boy +byoy +...+b,0,)
=af (@) +bf(B).

f is a linear transformation.

f is an isomorphism of V' (F ) onto V,, (F).

Hence V (F)=V, (F).

Illustrative Examl)les

Example21: LetV (R)be the vector space of all complex numbers a + ib over the field of reals R
and let T be a mapping from V' (R) to V5 (R) defined as

T (a+ib)=(a,b).
Show that T is an isomorphism. (Meerut 2003)
Solution: T is one-one: Let

oa=a+ib,B=c+id
be any two members of V' (R). Then a,b,c,d e R.
We have T ()=T (B)

= (a,b)=(c,d) [+ T (a)=(a,b)]
= a=c,b=d

= a+ib=c+id

= o =p.

T is one-one.
T is onto: Let (a,b) be an arbitrary member of V5 (R).Then Ja vectora +ib € V (R)
such that T (a + ib) = (a,b). Hence T is onto.
T is alinear transformation: Leto =a +ib, = ¢ + id be any two members of V' (R)
and ki, ky be any two elements of the field R. Then
kjoo + ko B=ki (a+ib) +ky (¢ +id)
=(ka +ky ¢) +i(kh + ko d).
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We have
T (ko + ko B) = (kya + ko ¢, kib + ky d ), by definition of T
= (kya, ky b) + (kg ¢, ko d)
=k (a,b)+ky (c,d)
=kT (a+ib)+ky T (c +id) [by definition of T ]
=kT (o) + kT (B).
Hence T is a linear transformation.

Hence T is an isomorphism.

Example 22: If V is a finite dimensional vector space and f is an isomorphism of V into 'V,
prove that f must map V onto V.
Solution: LetV (F)be afinite dimensional vector space of dimension n.Let f be an

isomorphismof V into Vi.c., f is alinear transformation and f is one-one. To prove that
f isonto V.

Let S ={oy,09,...,0,} be a basis of V. We shall first prove that

S'={f (), f (@2),.... f (o)}

isalsoabasisof V.We claim that S”islinearly independent. The proofis as follows :

Let ap f(og)+ay fog)+...+a, f(a,)=0 [zero vector of V' |
= f@oy +ay oy +...+a,0,)=0 [+ f is linear transformation]
= Moy +as Oy +...+a,o,=0 [+ f is one-one and f (0)=0]
= m =0,a9 =0,...,a,=0,

since 0,0y ,..., 0, are linearly independent.

S’ is linearly independent.

Now V is of dimension 7 and S’ is a linearly independent subset of V' containing »
vectors. Therefore S” must be a basis of V. Therefore each vector in V' can be expressed
as a linear combination of the vectors belonging to S”.

Now we shall show that f is onto V.Leto be any element of V. Then there exist scalars
€1,¢9 ,...,¢, such that
=0 f (o) + ¢ f () +...+ ¢, f (a,)
= f (CI o] +Co Oy +...1tCy (Xn).
Nowe oy +¢9 09 +...+ ¢, 0, €V and the f-image of this element is a.. Therefore f is
onto V. Hence f is an isomorphism of V onto V.

Example 23: IfV is finite dimensional and f is a homomorphism of V onto V' prove that f
must be one-one, and so, an isomorphism.
Solution: LetV (F )be a finite dimensional vector space of dimension . Let f be a

homomorphismofV ontoV ie., fisalineartransformationand fisontoV.To prove
that f is one-one.

Let S ={o,09,...,0,}) be a basis of V.

We shall first prove that
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ST =A{f (u), f (©@2),...., f (o)}
is also a basis of V. We claim that L (S”) = V. The proof is as follows :

Letabe any element of V.We shall show thato can be expressed as alinear combination
of f (o), f (0tn),..., f (on,). Since f is onto V,thereforeo. € V' implies that there exists
BeV such that f (B)=o. Now B can be expressed as a linear combination of
04,09 ,...,0, . Let

B=ajoy +ay oy +...+a,0,.
Then o= f(B)=f (moy +ay oy +...+a,0,)

=ay f(oy)+ay fog)+...+a, f(o,).

Thus o has been expressed as a linear combination of

f ((xl)7f (062),... vf (an)~
Therefore L (S")=V.
Since V' is of dimension 7 and S” is a subset of V' containing n vectors and L (S”) =V,
therefore S” must be a basis of V. Therefore each vectorin V can be expressed as a linear
combination of the vectors belonging to S” and S” is linearly independent.
Nowwe shall show that f is one-one. Let yand§ be any two elements of V such that

Y=C0p+Cy 09 +...4C,0,, d0=d 0 +dy oy +...+d,0,.

We have
fn=s©
= f oy +cg 09 +...+c,0,)=f (doy +dy 09 +...+d, 0,)
= o f o) +eg flog)+..4e, flo)=d floy)+dy flog)+...
+d, f (0,)
= (e —dy) f o)+ (co —dy) f (o) +...+ (¢, = dy) [ (a,) =0
= ¢ —d =0,¢9 —dy =0,...,¢c,, —d, =0, since
f (o), f (ag),..., f (o) are linearly independent
= 61=d1,62 Zdz,...,andn
= v =29.

f is one-one.

f is an isomorphism of V onto V.

Example 24: If f :U — V is an isomorphism of the vector space U into the vector space V,
then a set of vectors { f (o), f (0),..., f (o)} is linearly independent if and only if the set
{oy,009,...,0,} is linearly independent.
Solution: U (F)andV (F ) are two vector spaces over the same field F and f is an
isomorphism of U into V i.e., f :U — V such that f is 1-1 and

flao+bB)=af (a)+bf (B)Vabe FandVo,peU.

Let {oy,09,...,0,} be a subset of U. First suppose that the vectors o, 0,...,0., are
linearly independent. Then to show that the vectors

f o), f(og),..., f(a,)

are also linearly independent.
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We have

ap f (o) +ag f(og)+...+a,f (o,)=0", where aj,ay,...,a, € F
= f (qoy +agay +...+a0,)=0" [ f is a linear transformation]
= f (o + agoy +...+ a,0,) = f (0) [+ f (0)=0"]
= Moy + astly +...+ a0, =0 [ fis 1-1]
= a =0,a9 =0,...,a, =0

since the vectors o, 0, ..., 0, are linearly independent.
Hence the vectors f (o), f (0t9),..., f (o) are also linearly independent.
Conversely suppose that the vectors

£ @), f @), f (@)
are linearly independent. Then to show that the vectors oy, 0,..., o, are also linearly
independent.

We have

a oy +ay 0y +...+a, o, =0, where a,a9,...,a, € F

= f(a10q+a2 (0% +...+aroc,.)=f(0)
= a f (o) +ay f(og)+...+a, f(a,)=

[+ f is a linear transformation]
= a =0,a9 =0,...,a, =0

Since the vectors f (o), f (0t9),..., f (o) are linearly independent.

Hence the vectors 0,0 ,..., 0, are also linearly independent.

@mprehensive Exercise 3

1. LetT :Vy R)— V5 (R)be defined as T (ay, b)) = (b, ay).
Show that T is an isomorphism.

2. V (F) and W (F) are two finite dimensional vector spaces such that dim
V =dim W.If f is an isomorphism of V into W, prove that f must map V into
Ww. (Meerut 2002, 03; Garhwal 10B; Kumaun 14)

3. If f:(U— V)is an isomorphism of the vector space U into the vector space V,
then a set of vectors f (o), f (0t3),..., f (o) is linearly dependent in V' if and
only if the set ay,ay,...a, is linearly dependent in U.

4. Give an example of a one-one linear transformation of an infinite dimensional
vector space which is not an isomorphism.

5. If fis an isomorphism of a vector space V onto a vector space W, prove that f
maps a basis of V onto a basis of W.

6. Prove that a finite dimensional vector space V (R) with dimension V =n is
isomorphic to R”.
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Objective Type Questions
S

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1. IfU (F)andV (F)are two vector spaces and T is a linear transformation from U
into V, then range of T is a subspace of
(a) U (b)y V
(¢ UuV (d) none of these

2. LetT be a linear transformation from a vector space U (F ) into a vector space
V (F ) with U as finite dimensional. The rank of T is the dimension of the
(a) range of T (b) null space of T
(c) vector space U (d) vector space V

3. Let U be an n-dimensional vector space over the field F, and let V' be an
m-dimensional vector space over F. Then the vector space L (U, V") of all linear
transformations from U into V' is finite dimensional and is of dimension
(a) m (b) n

(c) mn (d) none of these

4. If T:Vy5 (R)> V3 (R) defined as T (a,b)=(a+b,a-b,b) is a linear
transformation, then nullity of T is
(a) O (b) 1
(c) 2 (d) none of these
(Kumaun 2015)

5. IfT isalinear transformation from a vector space V into a vector space W, then
the condition for T 7! to be a linear transformation from W to V is

(a) T should be one-one (b) T should be onto
(¢) T should be one-one and onto (d) none of these

6. Let F be any field and let T be a linear operator on F 2 defined by
T (a,b)=(a+b,a). Then T 7 (a,b) =
(a) (b,a—D) (b) (a—b,b)
(c) (a,a+D) (d) none of these
(Kumaun 2014)

7. If T is a linear transformation T (a, b) = (oa + Bb, ya + yb), the T is invertible if
(a) ap —y6=0 (b) afp —y8 =0
(c) a0 -Py=0 (d) a6 =By =0 (Kumaun 2015)
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Let V (F) be a vector space and let 71,75 be linear Transformations on V. If T}
and T, are invertible then

() () =T, Iy (b) (W)™ =T T

() ()™ =T, '[! (d) (M)~ =[7',7"

If the mapping f:U — V is a linear transformation from the vector space U(V)
to the vector space V' (U), then:
(a) f-o)=f(o) (b) f-=0)=~f()

() f(-a)==% f(o) (d) none of these
(Kumaun 2007)

Which of the following function T:R? - R? is not linear ?
(a) T (a,b)=(b,a) (b) T (a,b)=(a+bh,a)
(¢) T (a,b)=(a,a+Dh) (d) T (a,b)=(10+a,b)
(Kumaun 2010)
Let T: U — V be a linear transformation then:
(a) T(0)=0 (b) T(~o)=-T(a), e U

(¢) T@-B)=T@)-TP) VY a,pelU (d) all above
(Kumaun 2014)

Which of the following function is linear ?
(a) T:R? = R? such that T (a,b)=(b,a)
(b) T:R? - R? such that T(x,y)=xy
(¢) T:R? > R? such that T (x,
( (

x,y)=>0+x,y)
d) T:R? - R? such that T (x y

)=lx+yl

IfT:VoR)— V3(R)is a linear transformation defined by

T (x,y)=(x+y,x—y,y) then nullity of T is

(a) O (b) 1

(c) 2 (d) 3

If T is a linear transformation T : Vg — Wg and { v|,1,,...,v,} is a basis for Vg
then {T'(v;), T (ry),...,T (v,)} will be a basis for W if following is true

(a) T is one-one (b) T is onto

(¢) T is one-one and onto (d) none of above

If A,B and C are linear transformations on a vector space V(F) such that
AB=CA=1,then

(a) A is invertible and Al=B=C

(b) B is invertible and B l=C

(c) C is invertible and c'=B

(d) A,B and C are invertible and A™'=B7!=C"!
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Let T be a linear transformation from a vector space U(F) into a vector space
V(F).Then T is non-singular if and only if :

(a) T is one-one onto (b) T is one-one
(c) T is onto (d) none of these

T is a linear transformation on an n-dimensional vector space V (F) such that
range and null spaces of T are identical. Then

(a) n=0 (b) n>0

(c) n is prime (d) n is even

If linear transformation T :V — W is invertible then :

(@) T()=T(B) = a=P (b) T(a)=T(B) = a=p

() T)=T(B) & TT ()P (d) none of these

Let T and T’y be linear operators on R? defined as follows:

T1(x,x0)=(xg,%), To(x,%) = (x2,0). Then (I1T9)(x ,x9) =

(a) (x1,0) (b) (x3,0)

(©) (0,x3) (d) (0,xy)

T is non singular iff

(a) nullity (I')#0 (b) nullity (I')=0

(¢) rank (T)=0 (d) nullity (T') =rank(T")

Fill in the Blank(s)
Fill in the blanks *...... 7 so that the following statements are complete and
correct.
Let V' (F)be avector space. A linear operator on V is a function 7" from V' into V'
such that T (ac. + bp) =...... for all o, in V and for all a,b in F.
IfU (F)and V (F )are two vector spaces and T is a linear transformation from U
into V, then the kernel of T is a subspace of ...... .
Let U and V be vector spaces over the field F and let T be a linear transformation
from U into V. Suppose that U is finite dimensional. Then

rank (T") + nullity (") =.......
Let V' be an n-dimensional vector space over the field F and let T be a linear
transformation from V' into V such that the range and null space of T  are
identical. Then nis ...... .

The vector space of all linear operators on an n-dimensional vector space U is of
dimension ...... .

LetV (F )beavectorspaceandlet A, Bbelinear transformationson V. If Aand B
are invertible then AB is invertible and (AB)_1 =
A linear operator T on R’ defined by T (x, y)=(ax + by,cx + dy) will be

invertible iff ...... .
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True or False
Write “I'” for true and ‘F’ for false statement.

1. LetU (F)andV (F ) be two vector spaces and let T be a linear transformation
from U into V. Then the null space of T" is the set of all vectors o. in U such that
T (o) =0

2. The function T:R*>— R? defined by T (a,b)=(1+a,b) is a linear
transformation.

3. Twolinear transformations fromU into V are equalif they agree on a basis of U.

4. For two linear operators T and S on R2,TS -0 —» ST =0.

5. IfSandT are linear operators on a vector space U, then

(S+T )Y =S2+2ST+T?2.

6. The identity operator on a vector space is always invertible.

N
\ Answers

Multiple Choice Questions

1. (b) 2. (a) 3. (o) 4. (a) 5. (o)
6. (a) 7. (d) 8. () 9. (b) 10. (d)
11. (d) 12. (a) 13. (a) 14. () 15. (a)
16. (c) 17. (d) 18. (a) 19. (d) 20. (b)
Fill in the Blank(s)
1. aT (o) +bT (B) 2. U 3. dim U
4. even 5. un? 6. B Al
7. ad—Dbc#0
True or False
1. F 2. F 3. T 4. F 5. F
6. T
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Chapter ;_

Matrices and

Linear Transformations

1 Matrix

Definition: Let F be any field. A set of mn elements of F arranged in the form of a
rectangular array having mrows and ncolumns is called an m x nmatrixover the field F.

An m x n matrix is usually written as

apy ayg ... ayy,
A= agsy agyg ... A9y, )
Al A2 - Ay

In a compact form the above matrix is represented by A =[a;;],, x ,, . The element a;; is
called the (i, j)th element of the matrix A. In this element the first suffix i will always
denote the number of row in which this element occurs.

If in a matrix A the number of rows is equal to the number of columns and is equal to ,
then Ais called a square matrix of order n and the elements a;; for whichi = j constitute

its principal diagonal.
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Unit matrix: A square matrix each of whose diagonal elements is equal to 1 and each of whose
non-diagonal elements is equal to zero is called a unit matrix or an identity matrix. We shall
denote it by I. Thus if I is unit matrix of ordern, then I =[], , where 8, is Kronecker
delta.

Diagonal matrix: A square matrixis said to be a diagonal matrix if all the elements lying above
and below the principal diagonal are equal to 0. For example,

0O 0 00
0 2+i 0 O
0O 0 00
0 0 05

is a diagonal matrix of order 4 over the field of complex numbers.

Null matrix: The m x n matrix whose elements are all zero is called the null matrix or
(zero matrix) of the type m x n.

Equality of two matrices: Definition:
Let A= [“ij]m xnand B = [bjk]m xn - Then
A= Bif a;; = by for each pair of subscripts iand ;.
Addition of two matrices: Definition:
Let A=lalyxn>B=[bjlyx,-Then we define
A+ B= [(’Zij + bi/’]mxn .
Multiplication of a matrix by a scalar: Definition:
Let A=lajlyxpandae F ie., abe ascalar. Then we define
aA = [““ij]m XM
Multiplication of two matrices: Definition:
Let A=[ajlyxn»B=1[bjtlyxpie, thenumberof columnsin the matrix Ais
equal to the number of rows in the matrix B. Then we define

n
AB = [ 'El aj; b;’k:| ie., ABis an m x p matrix whose (i,k)th
/= mxp

n
element is equal to ]EI ajj by

If Aand B are both square matrices of order n,then both the products AB and BA exist
but in general AB # BA.

Transpose of a matrix: Definition:

Let A={[a;],x, - The nxm matrix AT obtained by interchanging the rows and

columns of A is called the transpose of A. Thus Al = [Dijlysm -where by = aj; i.c., the

jiv
(i j)th element of AT is the (J, )" element of A.If Aisanm x nmatrix and Bis an 7 x 4
matrix, it can be shown that (AB)T = BT AT The transpose of a matrix A is also

denoted by A’ or by A’.
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Determinant of a square matrix: Let P, denote the group of all permutations of
degreenontheset{l,2,...,n}. If0 € P, ,then® (i) will denote the image of iunder6. The
symbol (- 1)® for6 e P, will mean +1 if @is an even permutation and — 1 if 6 is an odd
permutation.

Definition: Let A =[a;],x,.Then the determinant of A, written as det A or| A|or

| @ij l1ix  is the element

(=% a0 a262) - ey in F.
0el,

The number of terms in this summation is n ! because there are n ! permutations in the
set P, .

We shall often use the notation

ayy ... apy
agy ... dgy
Ayl - Apy

for the determinant of the matrix [, , -
The following properties of determinants are worth to be noted :

(i)  The determinant of a unit matrix is always equal to 1.
(ii)  The determinant of a null matrix is always equal to O.
(i) If A={[a;l,xn, B=1bjlyx,,then det (AB) = (det A) (det B).
Cofactors: Definition: Let A = [a;],, . We define
Ajj = cofactor of a;; in A
=(=1*. [Determinant of the matrix of order n — 1 obtained
by deleting the row and column of A passing through a;].
It should be noted that
.znl ay Ay=0 if k=]
i=
or =det A if k=]
Adjoint of a square matrix: Definition: Let A = [a;],x, -
The n x n matrix which is the transpose of the matrix of cofactors of A is called the
adjoint of A and is denoted by adj A.
It should be remembered that
A (adj A) = (adj A) A= (det A) I
where [ is the unit matrix of order n.
Inverse of a square matrix: Definition: Let Abe a square matrix of order n.If there
exists a square matrix B of order n such that
AB=1I=BA
then A is said to be invertible and B is called the inverse of A.

Also we write B= A™!.
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The following results should be remembered :
(i)  The necessary and sufficient condition for a square matrix A to be invertible is
that det A#0.

(i) If Ais invertible, then A lis unique and

_ 1
Al = dj. A).
detA<aJ )

(iii) If A and B are invertible square matrices of order n, then AB is also invertible
and (AB) ' =B A7,

(iv) If Ais invertible, so is A~ and (A™H)7! = A.

Elementary row operations on a matrix:
Definition: Let A be an m x n matrix over the field F. The following three operations
are called elementary row operations :
(1) multiplication of any row of A by a non-zero element ¢ of F.
(2) addition to the elements of any row of A the corresponding elements of any
other row of A multiplied by any element a in F.
(3) interchange of two rows of A.
Row equivalent matrices: Definition: If Aand Barem x nmatrices over the field F,
then Bis said to be row equivalent to Aif B can be obtained from Aby a finite sequence
of elementary row operations. It can be easily seen that the relation of being row
equivalent is an equivalence relation in the set of all m x n matrices over F.
Row reduced Echelon matrix:
Definition:
An m x n matrix R is called a row reduced echelon matrix if :
(1)  Every row of R which has all its entries O occurs below every row which has a
non-zero entry.
(2)  The first non-zero entry in each non-zero row is equal to 1.
(3) If the first non-zero entry in row iappears in column k; , then all other entries in
column k; are zero.
(4) If r is the number of non-zero rows, then
ki <ky <...<k,
(i.e.,the first non-zero entry in rowi is to the left of the first non-zero entry in rowi + 1).
Row and column rank of a matrix:
Definition: Let A =[a;],, x, be anm x nmatrix over the field F. The row vectors of A
are the vectors ay,...,a, € V, (F ) defined by
o; =(ay,ay ,...,a;,),1<i<m.
The row space of Ais the subspace of V,, (F ) spanned by these vectors. The row rank
of Ais the dimension of the row space of A.

The column vectors of A are the vectors By,...,B, € V,, (F) defined by

[3/-:(all-,azj,...,amj),lSjS n.
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The column space of A is the subspace of V,, (F ) spanned by these vectors. The

column ranlk of A is the dimension of the column space of A.

The following two results are to be remembered:

(1) Row equivalent matrices have the same row space.

(2) If Ris anon-zero row reduced Echelon matrix, then the non-zero row vectors of
R are linearly independent and therefore they form a basis for the row space of
R.

In order to find the row rank of a matrix A, we should reduce it to row reduced Echelon

matrix R by elementary row operations. The number of non-zero rows in Rwill give us

the row rank of A.

2 Representation of Transformations by Matrices

Matrix of a linear transformation: Let U be an n-dimensional vector space over the
field F and let V' be an m-dimensional vector space over F. Let
B={ay,...,0) and B’={B,...,B,)

be ordered bases for U and V respectively. Suppose T is a linear transformation from U
into V. We know that T is completely determined by its action on the vectors a,;
belonging to a basis for U.Each of the nvectors T (o) is uniquely expressible as a linear
combination of By,...,B,, because T (@)eV and these m vectors form a basis for V. Let
forj=12,..,n,

m
T (o) =ay; By +agj By +...+ ay; By = ,21 ;i B -
i=

The scalars ay;, ay; ,..., ay,; are the coordinates of T (o;) in the ordered basis B’. The
m x nmatrix whose j th column(j=12,...,n) consists of these coordinates is called the

matrix of the linear transformation T relative to the pair of ordered bases B and
B’. We shall denote it by the symbol [T ; B; B’ ] or simply by [T ] if the bases are
understood. Thus

[T ]=[T';B;B"]
= matrix of T relative to the ordered bases B and B’
= [ﬂij]m Xn
where T((x]«): %Jn aljBi,foreachj:I,Z,...,n.

i=1 (1)
The coordinates of T' (o)) in the ordered basis B * form the first column of this matrix,
the coordinates of T' (0.9 ) in the ordered basis B * form the second column of this matrix

and so on.

The m x nmatrix [a;],, x , completely determines the linear transformation T" through

the formulae givenin (1). Therefore the matrix[a;;],, « , represents the transformation
T.

Note: LetT bealinear transformation from an n-dimensional vector space V' (F )into

itself. Then in order to represent T' by a matrix, it is most convenient to use the same
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ordered basis in each case, i.c., to take B = B ’. The representing matrix will then be
called the matrix of T relative to the ordered basis B and will be denoted by [T"; B Jor
sometimes also by [T ] .
Thus if B ={oy,...,0,} is an ordered basis for V, then
[T g or [T ; B]=matrix of T relative to the ordered basis B
= [ﬂij]nxn )

n
where T (o)) = z aja;, foreach j=12,.. n

Illustrative Examl)les

Example 1: Let T be a linear transformation on the vector space Vo (F) defined by
T (a,b)=(a,0).
Write the matrix of T relative to the standard ordered basis of Vo (F ).
Solution: Let B = {0y,05} be the standard ordered basis for Vy (F ). Then
oy =(1,0),09 =(0,1).
We have T (o) =T (1,0)=(1,0).
Now let us express T' (0;) as a linear combination of vectors in B. We have

T (o) =(L,0)=1(,0)+0 (0,1) =10y + 00ty
Thus 1,0 are the coordinates of T (o) with respect to the ordered basis B. These
coordinates will form the first column of matrix of T relative to ordered basis B.
Again T (09)=T (0,1)=(0,0)=0 (1,0)+0 (0,1).
Thus 0,0 are the coordinates of T' (0ty) and will form second column of matrix of T
relative to ordered basis B.

Thus matrix of T relative to ordered basis B

1 0
=[T]g or [T;B]z[o O:|'

Example2: LetV (R)bethevector space of all polynomials in x with coefficients in Rof the form

f(x)=a0x0+a1x+a2x2+u3 e

i.e., the space of polynomials of degree three or less. The differentiation operator D is a linear
transformation on V. The set

B ={ay,...,04} where o = xo,oc2 = ag = xz,(x4 =5
is an ordered basis for V.. Write the matrix of D relative to the ordered basis B.
Solution: We have

D()=Dx")=0=0+"+0x" +0% + 03

=00y + 009 + 003 + 0oy
D(ay)=D ()= =1 +0x' + 042 +04°

:l(X] +0(XZ +OO€3 +00€4
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D(o3)=D (x*)=2x" =020 + 24" +04* + 047

=00y + 209 + 003 + 00y
D(ay) =D (*)=3+" =0x" + 04! +34% + 0.3

= 00(1 + 0(12 + 30(.3 + 0(14.
the matrix of D relative to the ordered basis B
0 1

)

)
S O N O
S w o <O

4 x4.

Theorem 1: Let U be an n-dimensional vector space over the field F and let V' be an
m-dimensional vector space over F.Let B and B’ be ordered bases for U and V respectively. Then
corresponding to every matrix [a;;],, « , of mn scalars belonging to F there corresponds a unique
linear transformation T from U into V such that

[T;B;B,]:[ai/’]mX;z'

Proof: Let B={0,09 ,...,0,} and  B’'={B;,By,....B,.)
m m m

Now ,21 ay B, '21 ap Biww,zl iy Bi
1= 1= 1=

are vectors belonging to V because each of them is a linear combination of the vectors

m
belonging to a basis for VIt should be noted that the vector X a;; B; has been obtained
i=1

with the help of the j ™ column of the matrix (@il scn -

Since B is a basis for U, therefore by the theorem 2 of article 6 of chapter 'Linear
Transformations' there exists a unique linear transformation7 from U into V such that

T (o) = g a; B; where j=12,...,n (1)
] 1Y
=

By our definition of matrix of a linear transformation , we have from (1)

[T;B;B ,]:[“ij]mxn~
Note: If we take V = U, then in place of B’, we also take B.In that case the above
theorem will run as :

Let V' be an n-dimensional vector space over the field F and B be an ordered basis or co-ordinate
system for V. Then corresponding to every matrix [a;],  , of n? scalars belonging to F there

corresponds a unique linear transformation T from V into V' such that

[T > B] or [T ]B = [“ij]nxn .
Explicit expression for a linear transformation in terms of its matrix: Now our
aim is to establish a formula which will give us the image of any vector under a linear
transformation T  in terms of its matrix.
Theorem 2: Let T be a linear transformation _from an n-dimensional vector space U into an
m-dimensional vector space V and let B and B’ be ordered bases for U and V respectively. If Ais
the matrix of T relative to B and B’ then ¥ o.€ U, we have




Kaisdra's T.B. Linear Algebra

M58

[T ()]p = Alop
where o] is the co-ordinate matrix of o with respect to ordered basis B and [T (o)]g - is
co-ordinate matrix of T (o) € V' with respect to B’ .

Proof: Let B={o,09,...,00 ,}

and B ={B,B2 -, B}

Then A:[T;B;B,]:[”lij]mxn7

where T (o)) = T a;Bi,j=12,....n (D)
i=1

If o= x0q +...+ x, 0, is a vector in U, then

T(oc):T[ s x-oc]-)

=1’

n

= X 5T (o)
j=1 [+ T is a linear transformation]
n m

= X X/' z ﬂl'/' Bi [From (l)]
j=1 7 i=1
m n

= 2 2 ﬂl'j x/ Bl" (2)
i=1 j=1

The co-ordinate matrix of T' (o) with respect to ordered basis B “is anm x Imatrix. From
(2), we see that the i entry of this column matrix [T (o) ] -

n
=2 a
j=1

Y

if
i.e., the coefficient of B; in the linear combination (2) for T" (o).

If X is the co-ordinate matrix [o] g of oo with respect to ordered basis B,then X isann x 1
matrix. The product AX will be an 7 x Imatrix. The i entry of this column matrix AX

will be

[T (@)]p-=AX=Aloalg =[T;B;B"][a]p .
Note: If we take U =V, then the above result will be

[T ()]p =[T ]p [o]p -
Matrices of Identity and Zero transformations:

Theorem 3: Let V' (F ) be an n-dimensional vector space and B be any ordered basis for V.
If I be the identity transformation and O be the zero transformation on 'V, then

(i) [U;Bl=1 (unit matrix of order n) and (Kumaun 2007)

~

(ii) [0; B )= null matrix of the type n x n. (Kumaun 2007)
Proof: Let B = {oy,09 ,...,0,}
(i)  We have I(ocj):(xj,j:I,Z,...,n
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Ooy +...+1o; + 004y +...+ 00,

n
I §;; a; , where §; is Kronecker delta.
i=1

By def. of matrix of a linear transformation , we have

[I;B]=[8;lyx,=1 ie,unit matrix of order n.
(i) Wehave 0 (0))=0,j=12,....n

=00y + 009y +...+ 00,

n

= Z o](x whereeacho =0.

By def. of matrix of a linear transformation, we have

[O B =[0j];x, = null matrix of the type n x n.

Matrix of the Sum of Linear Transformation :

Theorem 4: LetT and S be linear transformations from an n-dimensional vector space U into
an m-dimensional vector space V and let Band B’ be ordered bases for U and V respectively. Then

(i) [T+S;B;B']=[T;B;B’']+[S;B;B’]

(ii) [T ;B;B’]=c [T ;B;B’]wherec is any scalar.
Proof: Let B={oy,09 ,...,0 ,}and B"={B},B9 ,....B,. -
Let [a;],, x » be the matrix of T relative to B, B”. Then

(/)_Zﬂz/ﬁw =12,.
Also let [bij]m « » be the matrix of S relative to B, B’. Then
m
S (a/) = 21 bl] Bl ,j = 1,27.“ .
i=

(i)  We have
T+S)()=T(a)+S (), j=L2,....n

Il
u M3

m
“1} Bl + Z hz/ Bl EI (ﬂij + bl}) Bi :

matrix of T + S relative to B, B’ —[a +b,/]m><n
= [ ij]m xnt [bzl]mxn )
o [T+S;B;B']:[T;B;B']+[S;B;B'].
(ii) We have (cT)(oc]-)ch( ~) j=L2,.

=c 2 ﬂl] Bl_ Z (CHII)B

[¢T ; B; B’ ]=matrix of ¢T relative to B, B’
Z[C”ij]mxrtzc [”ij]mxrtzc [T ;B; B’ ].
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Matrix of the Product of Linear Transformation :
Theorem 5: Let U,V and W be finite dimensional vector spaces over the field F ; let T be a
linear transformation from U into V and S a linear transformation from V into W. Further let
B, B’ and B "’ be ordered bases for spaces U, V and W respectively. If Ais the matrix of T relative
to the pair B, B’ and D is the matrix of S relative to the pair B’ , B’ then the matrix of the
composite transformation ST relative to the pair B, B is the product matrix C = DA.
Proof: Let dim U =n,dim V =m and dim W = p. Further let

B={ay, 0y ,...,0,}5 B ={B,Bo ,....B,} and B"" ={y;,vo,....,7p}
LetA=1[a; i1y sn» D =drilpxm and C =[cg ], x,, - Then

m
T((X]): El ﬂij Bi,j:l,z,...,n, (I)
i=
p .
S(B) = kzildki Yi, i=L2,...,m. (2)
4
and (ST)((x/-)szlck,- Y j=12,...,n ...(3)

We have (ST)(oc]-)zS[T (oc]-)], j=L2,...,n

m
=S (151 aj; Bi) [From (1)]
= igl ajj S (B [~ S is linear]
m 4
= X ay X dy g [From (2)]
i=1 7 k=1
14 m
=5 (121 di “1]) Vi .(4)

Therefore from (3) and (4), we have

m
ijzAz dkiai]-,j=l,2,...,n;k=1,2,...,p.
i=1

m
[ij]p xn= [iEI dki ai/:|

p Xn

= [dyilp xm [ajjlmxn by def. of product of two matrices.
Thus C = DA.

Note: 1f U=V =W, then the statement and proof of the above theorem will be as
follows :

Let'V be an n-dimensional vector space over the field F ; let T and S be linear transformations of V.
Further let Bbe an ordered basis for V. If Ais the matrixof T relativeto B, and Dis the matrix of S
relative to B,then the matrix of the composite transformation ST relative to Bis the product matrix

C=DA ie, [ST13=[S1g[T 13 .
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Proof: Let B ={oy,09 ,...,0,}
Let A= [{’ii/']nxn , D= [dki]nxn and C = [ij]nxn .

n
Then T(a/):,E’l ﬂl'/' (Xi,j=1,2,...,n,
n
S((X.l'): k21 dkiak, i:1,2,...,n,

n
and (ST)((xj):kElck/ak,]:1,2,...,n.

We have (ST ) (o)) =S T (o))]

n n d
= 2 Z i A | Oy .
k=1\i=1 8
from (3) and (4), we have
n
Ck] = iE] dkl ﬂi]'.

n
[ij]nxn = |:i§1 dyi ﬂij:| =[dy ilixn [“ij]nxn .

nxn

C= DA.

Theorem 6: Let U be an n-dimensional vector space over the field F and let 'V be an
m-dimensional vector space over F.For each pair of ordered bases B, B’ for U and V respectively,
the function which assigns to a linear transformation T its matrix relative to B, B’ is an
isomorphism between the space L (U, V') and the space of all m x n matrices over the field F.

Proof: Let B = {oy,...,0,} and B = {By,...,B,,}-

Let M be the vector space of all m x n matrices over the field F. Let
v:L(U,V)— M such that
vy )=[T;B;B"] ¥vTeLU,V).

Let Ty, Ty € L(U,V );and let
[Ty ;B; B" ] =[ajlyxn and [Ty ; B; B” 1= [byjly s -

m

Then Y—i((x])zzl ﬂijBi,j=l,2,...,n
i=
m

and T2 ((X])=21 bl] Bi,j=l,2,...,n.
i=

To prove that y is one-one:

We have v (1) =y (Iy)

= [1,;B;B"=[1,;B;B"]
= [“ij]m xn = [bij]m X1

= a,-]»=hl-j fori=1,...,mandj=1...,n

[By def. of y]




Kaisdra's T.B. Linear Algebra

A L-62.|
m m
= '21 a; B = 2 ij Bi forj=1..
= Ty (o) =Ty (@) for j = 1
= T =T, [~ 1y and T, agree on a basis for U |

v is one-one.
v is onto:
Let[c;ilyy x n € M.Then there exists alinear transformationT from Uinto V' such that

m
T()= 2 cjBnj=12...n

We have [T§B;B']:[Cij]m><n = W(T):[Ci]‘]mxn'
v is onto.

v is a linear transformation:

Ifa,b e F,then

v (aly +b1y)=[aly +bT5 ; B; B’ [By def. of y]
=[aly;B;B |+[bT;;B;B"] [By theorem 4]
=al[l};B;B" |+b[1Ty;B;B] [By theorem 4]

=ay (11) + by (1), by def. of y.
v is a linear transformation.
Hence v is an isomorphism from L (U, V ) onto M.
Note: It should be noted that in the above theorem if U — V/, then y also preserves
products and [ ie.,
v (1 Ty)=wv (Th) v (T2)
and v (I')=1 ie., unit matrix.
Theorem 7: Let T be a linear operator on an n-dimensional vector space V' and let B be an

ordered basis for V. Prove that T is invertible iff [T g is an invertible matrix. Also if T is
invertible, then

(T =T 15",
i.c., the matrix of T~ relative to B is the inverse of the matrix of T relative to B.
Proof: Let T be invertible. Then T~! exists and we have

T T=1=TT"

(T Tlp=U1p=[TT "]
= (T (T lp=1=[T g [T

[T g is invertible and ([T |g)~ - [T_I]B .

=

=
Conversely, let[T" |z be aninvertible matrix. Let [T |z = A.LetC = A" andlet S be the

linear transformation of V' such that
[Slp=C.
We have CA=]=AC
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[Slg[T]p=1=[T1p[S1p
[ST]p=[1p=[TS I
ST=1=TS

T is invertible.

Lue Ul

5 Change of Basis

Suppose V' is an n-dimensional vector space over the field F.Let B and B’ be two

ordered bases for V. If o is any vector in V/, then we are now interested to know
what is the relation between its coordinates with respect to B and its
coordinates with respect to B”. (Garhwal 2010)

Theorem 1: Let V' (F ) be an n-dimensional vector space and let B and B * be two ordered bases
SforV . Then there is a unique necessarily invertible, n x nmatrix Awith entries in F such that

(1) [olg=Alalg (Garhwal 2008)

(2) [olg = Al [o]g for every vector auin V.

Proof: Let B = {oy,09 ,...,0,} and B ={B,By ,....B,}-

Then there exists a unique linear transformation 7" from V' into V' such that
T()=B;, j=L2,....n ..(1)

Since T maps a basis B onto a basis B ”,therefore T" is necessarily invertible. The matrix

of T relative to B ie., [T ]g will be a unique n x n matrix with elements in F. Also this
matrix will be invertible because T is invertible.

Let [T']p=A= [“ij]nx;r
Then T(ocj):gl 4 0 j =12, (2
i=

Let xi, x ..., x, be the coordinates of o with respect to B and y,, yo ,..., y, be the
coordinates of o with respect to B’. Then

n
o= Bl + )2 B2 +~"+yan:j§1)]ij
n
=X y,T(OL]») [From (1)]
=1
n n
=Xy X a;o; [From (2)]
j=177 =1
n n
:l§1 ]Elﬂl/y/ (X‘l"
n n
Also a:l‘El X; O . S xi:]'EI (/li}' _);/

because the expression for o as a linear combination of elements of B is unique.

Now o] is a column matrix of the type n x 1. Also[a]g - is a column matrix of the type
n x L. The product matrix A [o]g- will also be of the type n x 1.
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The i entry of [o]g = x; = 4)%1 aj yj= it entry of Ala]g.
j=

[o]p = Alolp =  Allalg=A" Alolp
- Alolg=1lolg = A l'[alg=[olp

Note: The matrix A =[T ] is called the transition matrix from B to B ’. It expresses
the coordinates of each vector in V relative to B in terms of its coordinates relative to
B’.
How to write the transition matrix from one basis to another ?
Let B={oy,0y,...,0,} and B’ ={B;,Bs,...,B,} be two ordered bases for the
n-dimensional vectorspace V' (F ).Let Abe the transition matrix from the basis B to the
basis B”.Let T be the linear transformation from V into V which maps the basis B onto
the basis B . Then Ais the matrix of T relative to B i.e., A=[T |g .Soin order to find
the matrix A,we should first express each vector in the basis B " as a linear combination
over F of the vectors in B. Thus we write the relations

Br=ajjoy+ay g +...+a,0,

Bo =mp oy +dgy 0y +...+a,p 0,

Bu=a, 04 +day, 0y +...4+a,,0,
Then the matrix A = [a;],, , i.e., A s the transpose of the matrix of coefficients in the
above relations. Thus

a] 42 .. Aay

dagy dgy ... dgy
A:

Ay Ay - Ay

Now suppose o is any vector in V. If [a] is the coordinate matrix of o relative to the
basis B and [o]- its coordinate matrix relative to the basis B ” then

[olg = Alogs and [og = A" [a]p .

Theorem 2: Let B={ay,...,0,} and B ={By,...,B,} be two ordered bases for an

n
n-dimensional vector space V (F ) If (xy,..., x,))is an ordered set of nscalars, let . = T x; o; and
i=1

n
B=Z x;B;.
i=1
Then show that T (o) =B, where T is the linear operator on V' defined by
T ((xl) =Bi , i= 1,2,...,”.
Proof: We have T (o) =T

—
I M=

n
i (xl) =X 5T (o) [ T is linear]




Matrices and Linear Transformations

| L65 (I,

Similarity:

Similarity of matrices: Definition: Let Aand B be square matrices of order nover the field
F.Then Bis said to be similar to Aifthere exists an n x ninvertible square matrix Cwith elements
in F such that

-1

B=C"AC. (Gorakhpur 2010)

Theorem 3: The relation of similarity is an equivalence relation in the set of all n X n matrices
over the field F. (Kumaun 2010, 11)

Proof: If Aand Bare twon X nmatrices over the field F,then Bis said to be similar to A
if there exists an n x n invertible matrix C over F such that

B=C7AC.
Reflexive: Let Abeanyn x nmatrixover F.We canwrite A=1 -1 Al ,wherelisnxn
unit matrix over F.
Ais similar to A because I is definitely invertible.

Symmetric: Let Abe similar to B. Then there exists an n x n invertible matrix P over
F such that

A=r7'BP
= PAP™ = p(P7'BP) P!
= PAP'=B =  B=PAP™!
= B=(P~ 7t Ap~!
[ P is invertible means P! is invertible and (P_I)_I =P
= B is similar to A.

Transitive: Let A be similar to B and B be similar to C. Then
A=P7'BP and B=Q7'CQ,
where P and Q are invertible n X n matrices over F.
We have A=rP'BP=P' Q7 'cQ)P
=r'Qhcwr)
=(QP)"' C(Qp) [ Pand Q are invertible means QP is
invertible and (QP)_l = P_IQ_I]

A'is similar to C.
Hence similarity is an equivalence relation on the set of n x nmatrices over the field F.

Theorem 4: Similar matrices have the same determinant.

Proof: Let B be similar to A. Then there exists an invertible matrix C such that
B=C1AC

det B=det (CTAC) = det B=(det C™) (det A)(det C)

det B =(det C™") (det C) (det A)

det B =(det C'C) (det A)

det B=(det ] )(det A) = det B=1(det A) = det B=det A.

G v
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Similarity of linear transformations: Definition: Let A and B be linear
transformations on a vector space V' (F). Then B is said to be similar to A if there exists an
invertible linear transformation C on'V such that

B=CAC™.
Theorem 5: The relation of similarity is an equivalence relation in the set of all linear
transformations on a vector space V (F).

Proof: If Aand B are two linear transformations on the vector space V' (F ), then B is
said to be similar to Aif there exists an invertible linear transformation C on V such that

B=CAC™.
Reflexive: Let A be any linear transformation on V. We can write
A=IAI 7,
where [ is identity transformation on V.
A'is similar to A because I is definitely invertible.

Symmetric: Let A be similar to B. Then there exists an invertible linear
transformation P on V such that

A= PBP!
rtap=prtpBP Y P
Pl'AP=B = B=P"'AP
B=rlAa@ !

L

B is similar to A.
Transitive: Let A be similar to B and B be similar to C.
Then A=PBP7!,

and B=QCQ™,

where P and Q are invertible linear transformations on V.
We have A=PBP~' =P @QcqQty p!
=(PQ)C(Q'PH=(PQ)C(PQ)™".

A is similar to C.

Hence similarity is an equivalence relation on the set of all linear transformations on
V (F).

Theorem 6: Let T be a linear operator on an n-dimensional vector space V' (F )and let B and
B’ be two ordered bases for V. Then the matrix of T relative to B’ is similar to the matrix of T
relative to B.

Proof:Let B = {0,059 ,...,0,}and B" = {B,...,B,}
Let A=a;j];x, be the matrix of T' relative to B
and C =1¢; jlxn be the matrix of T" relative to B”.

Then T(a,.);ﬁl a5 0 = 12,00, (1)
i=
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n
and T(Bj)ziEICijBi,jzl,z,...,n. (2)

Let S be the linear operator on V' defined by

S)=B;j=12,..,n ...(3)
Since S maps a basis B onto a basis B ’, therefore S is necessarily invertible. Let P be the
matrix of S relative to B. Then P is also an invertible matrix.

It P =[p; jluxnthen
n
S(aj):iEI P, j=12,...n ...(4)
Wehave T (B)=TI[S (@) [From (3)]

n
=T (kEl pk] OCkJ

[From (4), on replacing i by k which is immaterial]

=X py T (o)
k=1"" [+ T is linear]
= kgl Pkj 51 a;. O [From (1), on replacing j by k]
= i=
n n
=z (ka”ik ij)ai- - (5)
Also T ([3]-) = kgl Ckj B [From (2), on replacing i by k |
n
= X S () [From (3)]
n n
= Azl Ckj ‘21 Pik O [From (4), on replacing j by & ]
. P
n n
=i§1 k2=1 Pik Ckj | % - ...(6)

From (5) and (6), we have

n n n n

151 (kz_l aik Pk;) o; = 151 (IEI Pik ij) Q;
n n

= kél aik Prj = IEI Pik Ckj

U

[“ik]n X1 [ pkj]n xn = [ pik]n X1 [ij]n X n
[By def. of matrix multiplication]

AP = PC
PlAP=pPlpC [~ P! exists]
P'AP=IC = P'AP=C

L

C is similar to A.
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Note: Suppose B and B’ are two ordered bases for an n-dimensional vector space
V (F). LetT be alinear operator on V. Suppose Ais the matrixof T relative to Band C
is the matrix of T relative to B”. If Pis the transition matrix from the basis B to the basis
B’,then C= P! AP.

This result will enable us to find the matrix of T  relative to the basis B “when we already
knew the matrix of T relative to the basis B.

Theorem 7: LetV be an n-dimensional vector space over the field F and Ty and Ty be two linear
operators on'V If there exist two ordered bases Band B’ for V such that [T\ |g = [T5 |g+,then show
that T is similar to Tj.

Proof: Let B={oy,...,a,}and B" = {B},...,B,}.

Let [Tl =[T2]pr= A= [“ij]nxn'
Then Tl(oc]-)zg1 aj oy, j=12,....n, (1)
i=
and TZ(BI)=,§1 ﬂl»jﬁi,j=l,2,...,n. (2)
Let S be the linear operator on V' defined by
S()=B;j=12,...,n ..(3)
Since S maps a basis of V' onto a basis of V, therefore S is invertible.
We have T, (B;) =T, [S (OL]-)] [From (3)]
=(T15S5) (o)) ..(4)
n
Also T, (B))= IEI a;j B; [From (2)]
n
= X a5 () [From (3)]
i=
n
= S( L a oc,) [~ S is linear]
i=1
=S [T (@))] [From (1)]
= (ST)) (@)). (5

From (4) and (5), we have
(1,S) (ocj) =(ST)) (ocj),j =12,...,n.
Since Ty S and ST; agree on a basis for V, therefore we have

T,S = STy
= T,ss7'=s1iS7! = T,/ =s1;57!
= T, =ST;s™! = Ty is similar to Tj.

Determinant of a linear transformation on a finite dimensional vector
space: LetT be alinear operator on an n-dimensional vector space V' (F ). If Band B’
are two ordered bases for V, then [T |g and [T |p-

are similar matrices. Also similar matrices have the same determinant. This enables us
to make the following definition :
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Definition: Let T be a linear operator on an n-dimensional vector space V (F ). Then the
determinant of T is the determinant of the matrix of T relative to any ordered basis for V.

By the above discussion the determinant of 7" as defined by us will be a unique element
of F and thus our definition is sensible.
Scalar Transformation: Definition: Let V' (F )beavector space. A linear transformation
T on'V is said to be a scalar transformation of V' if

T (@)=ca ¥ aeV,
where ¢ is a fixed scalar in F.
Also then we write T' = ¢ and we say that the linear transformation T  is equal to the
scalar c.

Also obviously if the linear transformation T is equal to the scalar¢,thenwe have T = ¢I,
where [ is the identity transformation on V.

Trace of a Matrix: Definition: Let Abea square matrixof order nover afield F. The sum of
the elements of A lying along the principal diagonal is called the trace of A. We shall write the trace
of Aas trace A. Thus if A =[a;],x, ,then

n
trA= X a;=a; +agy +...+ay,,
i=1l

(Kumaun 2008)

In the following two theorems we have given some fundamental properties of the trace
function.

Theorem 8: Let A and B be two square matrices of order n over a field F and . € F. Then
i) oAA=AtrA,; (Kumaun 2008)
(ii) tr(A+B)=tr A+tr B;

(iii) ¢r (AB) =tr (BA).

Proof: Let A =[a;],x, and B=[b;l,x,

(i) We have  AA =[Aay],«, , by def. of multiplication of a matrix by a scalar.

n n
tl’(}\, A)=i21 Mﬁ=7y‘Zlaii=7utrA.
= i=

(i) Wehave A+ B =a; + bjjl,

tr(A+B):'§1(ﬂl‘i+bii): aii+§bii=trA+trB.
i=

1 i=1

ﬁsz

(iii) We have AB =[¢; ], x, where ¢;; = 2 a,k by -

Also BA = [djj],, %, where d;; = 2 biy. ay; -
n n n
Now tr (AB ) = 21 Cii = Zl z aik bkl
= = =
n n
= kzl X ay by, [Interchanging the order of
=li=1

summation in the last sum]
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n
—kZI[Z by a lka 2 dy
=di| +dyy +...+d,, =tr (BA).
Theorem 9: Similar matrices have the same trace.

Proof: Suppose A and B are two similar matrices. Then there exists an invertible
matrix C such that B=C™" AC.

Let C1A=D.
Then tr B=tr (DC)
=tr (CD) [By theorem 8]

=tr (CCT' A=t (JA) =tr A

Trace of alinear transformation on a finite dimensional vector space: Let7T bea
linear operator on an n-dimensional vector space V' (F ).If B and B are two ordered
bases for V,then [T ]z and [T |p-

are similar matrices. Also similar matrices have the same trace. This enables us to make
the following definition.

Definition of trace of a linear transformation. Let T be a linear operator on an

n-dimensional vector space V- (F ). Then the trace of T is the trace of the matrix of T relative to any
ordered basis for V.

By the above discussion the trace of T  as defined by us will be a unique element of F and
thus our definition is sensible.

lllustrative Exam[)les

Example 3: Find the matrix of the linear transformation T on V3 (R) defined as
T (a,b,c)=(2b + ¢c,a — 4b, 3a), with respect to the ordered basis B and also with respect to the
ordered basis B’ where
(i) B=1{(10,0),(0,1,0),(0,0,1)}
(it) B’={({11),(,10),(,0,0)}.
Solution: (i) We have
T (1,0,0)=(0,1,3)=0 (1,0,0)+1(0,1,0) + 3 (0,0,1)

T (0,1,0)=(2,-4,0)=2(1,0,0)-4(0,1,0) + 0 (0,0,1)

(

and T(0,0,1)=(1,0,0)=1(1,0,0)+0 (0,1,0)+0 (0,0,1).
by def. of matrix of T" with respect to B, we have
0o 2 1
[Tlp=|1 -4 O
3 00

Note: In order to find the matrix of T relative to the standard ordered basis B, it is
sufficient to compute T (1,0,0),T (0,1,0) and T (0,0,1). There is no need of further
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expressing these vectors as linear combinations of (1,0,0),(0,1,0) and (0,0,1).

Obviously the co-ordinates of the vectorsT (1,0,0),7 (0,1,0)andT (0,0, ) respectively
constitute the first, second and third columns of the matrix [T |z .

(ii) WehaveT (LL,1)=(3,-3,3).
Now our aim is to express (3, — 3,3) as a linear combination of vectors in B”.
Let (a,b,c)=x1LD)+ y (1,L0)+z(10,0)
=(x+y+z,x+ y,x).

Then X+ y+z=a,x+y=bx=c
ie., x=c,y=b-c,z=a-D. ...(1)
Puttinga =3,b =-3,and ¢ =3 in (1), we get

x=3,y=-6andz =6.
. TLL)=(3,-3,3)=3(1L,1)-6(110)+6(1,0,0).
Also T (1,1,0)=(2,-3,3).
Putting a=2,b=-3andc=31in (1), we get

T ((L0)=2,-3,3)=3(1L1)-6(1,0)+5(1,0,0).
Finally, T (1,0,0)=(0,1,3).
Puttinga =0,b =land ¢ =3 in (1), we get

T (1,0,0)=(0,1,3)=3(,1,1)-2(1,0,0) - 1(1,0,0).

3 3 3
Tlg =| -6 -6 -2
6 5 -l

Example 4: Let T be the linear operator on R’ defined by
T (x,x9,x3)=0Cx +x3,— 28 +x9 ,— X +2x9 +4x3).
What is the matrix of T in the ordered basis {0, 0 03} where
oy =(0,1),09 =(-L2,1) and as=2,L1)?
Solution: By def. of T, we have
T (oq)=T (1,0,1)=(4,-2,3).
Now our aim is to express (4, — 2, 3) as a linear combination of the vectors in the basis
B ={oy,09 ,03}. Let
(a,b,c)=x0y + yoy + z0g
=x1LO0, )+ y(-L2,)+z(2,1])
=(x—y+2z2,2y+z,x+ y+2).

Then X—y+2z=a,2y+z=bhx+y+z=c
Solving these equations, we have
xz—a—3b+567y=b+c—u,Z=h—c+a. ()
4 4 2

Puttinga =4,b=—-2,¢ =3 in (1), we get
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17 3 1
x=77 :—7,22—7
4 4 2
17 3 1
T =L oy -2y — = 0.
(04) 2T %2 5%
Also T(9)=T (-1,2,1)=(-2,4,9).
Puttinga=-2,bh=4,c =9 in (1), we get
PR
IS AR
35 15 7
Tg)="—"0 +—0l9g——0
(o) 1+ %250
Finally T (03)=T (2,1,1)=(7,-3,4).
Puttinga=7,b=-3,c =4in (1), we get
11 3
x=—,yp=—=—,z=0
2 2
11 3
T (0g)=—o0y — =0y + 00
(o3) g 1T 5% 3
1735 11
4 4 2
3 15 3
T =|-= i R
[T Ig 2 1 2
L7 0
2 2

Example 5: Let T be a linear operator on R® defined by
T (2, %9 ,x3)=Cx +x3,—2x + X9 ,— X +2x9 +4x3).

Prove that T is invertible and find a_formula for T -

Solution: Suppose B is the standard ordered basis for R>. Then
B={(1,0,0),(0,1,0),(0,0,1)}.

Let A=[T ]gi.e. let Abethe matrix of T with respect to B.First we shall compute A.

We have
T (,0,0)=3,-2,-1),T (0,1,0)=(0,1,2) and T (0,0,1) =(1,0,4).

30 1
A=[T]g=|-2 1 0
-1 2 4
NowT will be invertible if the matrix [T | isinvertible. [See theorem 7 of article 2]
30 1
We have det A=| Al=|-2 1 0
-1 2 4

=3@-0)+1(-4+1)=9.

Since det A # 0,therefore the matrix Ais invertible and consequently T is invertible.
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Now we shall compute the matrix A~!. For this let us first find adj. A
The cofactors of the elements of the first row of A are
1 0 -2 0|]-2 1] . 48 -3
2 47| -1 4| -1 2| M BOT
The cofactors of the elements of the second row of A are
0 1 3 1 3 0] 213 -6
Tl2 4|14l T o1 2] M T
The cofactors of the elements of the third row of A are
0 1 3 1 3 0] . L-23
1ol |-2 o] |-2 1| " T
4 8 -3
Adj. A = transpose of the matrix| 2 13 -6
-1 -2 3
4 2 -1
= 8 13 -2
-3 -6 3
. . 4 2 -1
Al = aAdiA=gl 8 13 =2
< 3 6 3
Now [T_I]B =([T ]B)_1 =A" [See theorem 7 of article 2]
We shall now find a formula for T ™! Leto = (a,b,c)be any vector belonging to R3.Then
[T~ ()15 =T 15 [0l [See Note of Theorem 2, article 2]
4 2 -1][a
= 1 8 13 -2 11|b
9
|-3 -6 3
[ 4a+2b-¢
- é 8a +13b - 2
| —3a—6b+3c

Since B is the standard ordered basis for R3,
T o)=T"(ab,c)

:é(4u+2b—c,8a+13b—2c,—3a—6b +30).

Example 6: Let T be the linear operator on R’ defined by

T (XI,XQ ,X3)=(3XI +X3,—2X1 + X0 ,— X +2X2 +4X3).
(Kumaun 2014)

(i) What is the matrix of T in the standard ordered basis B for R ?

(ii) Find the transition matrix P from the ordered basis B to the ordered basis B = {0y, 09 , 013}
whereoy = (1,0,1),009 = (- 1,2,1),and o5 = (2,1,1). Hence find the matrix of T relative to the

ordered basis B’ .
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Solution: (i) Let A=[T ]g . Then
30 1

A=[-2 1 0| [For calculation work see Example 5]
-1 2 4

(ii) Since Bis the standard ordered basis, therefore the transition matrix P from B to B’
can be immediately written as

1 -1 2
P=/0 2 1]
1 1 1
-1
Now [I']gr=P " [T ]p P. [See note of theorem 6, article 3]
In order to compute the matrix P _I,We find that det P = —4.
| . 1 3 -5
Therefore p! =d PAdj.P=—Z 1 -1 -1}
et 9 2 2
| 1 3 -5 30 111 -1 2
[T]B»:—Z I -1 -1{|-2 1 0|0 2 1

-2 -2 2|-12 4|1 11
2 -7 -190[1 -1 2]

=—% 6 -3 -3llo 2 1
“4 2 61 11
17 -35 -2

=-i 3 _15 6

2 14 0
1735 0
i 4 2
|3 o 3
i 1 2
I A
D)

[Note that this result tallies with that of Example 4.]

Example 7: Let T be a linear operator on R® defined by : T (x, y)=(2yp,3x— y).

Find the matrix representation of T relative to the basis {(1,3),(2,5) }.
(Kumaun 2011, 15)

Solution: Letoy =(1,3)and oy =(2,5). By def. of T, we have

T (o)=T(3)=2.3,3.1-3)=(6,0)
and T(y)=T(2,5)=(2.53.2-5)=(10,1).
Now our aim is to express the vectors T (o) and T (ot 9 ) as linear combinations of the
vectors in the basis {0, o }.
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Let (a,b)=pog +q0.9 =p(,3)+q(2,5)=(p+2q4,3p+5q).
Then p+2q=a,3p+5q=D>.
Solving these equations, we get
p=-5a+2b,q=3a-b.
Puttinga =6,b =0 in (1), we get p=-30,4 =18.
- T (o) =(6,0)=—-300y +18a .
Again puttinga =10,b =1in (1), we get
p=-48,q=29.
T (ot9)=(10,1)=—-480y + 29 5.

..(3)

From the relations (2) and (3), we see that the matrix of T relative to the basis

, [—30 —48]
{Otl,(XQ}lS= .

18 29

Example 8: Consider the vector space V (R) of all 2 x 2 matrices over the field R of real

numbers. Let T be the linear transformation on V' that sends each matrix X onto AX, where

11
A= [1 1:| . Find the matrix of T with respect to the ordered basis B ={o,0y,03,04} for V

where

J1o [0 1] oo [0 o0
“lo o2 Tlo o BT o™ o 1|

Solution: We have

11
ool

9%,
“Ho ol
0
0

S —

1 17[0 0
T(O‘3)=[1 1}[1 0
(U070 17,0 0], [0 0
- [o 0]+ 0 0} [1 0]+ [o 1}’
11770 07 [0 1
and T(a‘*):[l 1}[0 1]2[0 1}

ol 3fs oot o) )
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—_ O - O

Example 9:  If the matrix of a linear transformation T on Vo (C),with respect to the ordered

11
basis B = {(1,0),(0,1)} is [1 1:| , what is the matrix of T with respect to the ordered basis

B'={11,1-D}?
Solution: Let us first define T explicitly. It is given that

11
[T]g =[1 J-

s T (1,0)=130,0)+1(0,)=(11),
and T©O,)=110)+10,)=(1).
If (a,b) e V5 (C), then we can write (a,b) =a (1,0)+ b (0,1).
T (a,b)=aT (1,0)+bT (0,1)
=al)+b @1
=(a+Db,a+b).
This is the explicit expression for T'.
Now let us find the matrix of T" with respect to B”.
We have T (L) =(2,2).

Let 22)=xLD)+yd-D=x+p,x-y).
Then x+y=2x-y=2

= x=2,y=0.

. 2,2)=20,1H+0(1,-1).

Also T (,-1)=(0,0)

—0(LY)+0 (L—1).
20
[T]B'=[O 0]

Note: If P is the transition matrix from the basis B to the basis B 7, then

P I 1
=11 1l
We can compute [T |- by using the formula
[T g =P " [T g P.
Example 10: Show that the vectors o = (1,0,-1),009 =(1,2,1),03 =(0,-3,2) form a

basis for R’ .Express each of the standard basis vectors as a linear combination ofou , o 9 , 0l3.

(Kumaun 2015)
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Solution: Let a,b,c be scalars i.e., real numbers such that

aoy +boy +cog =0

ie., al,0,-1)+b(12,1)+c¢(0,-3,2)=(0,0,0)
ie., (@a+b+0c,0a+2b—-3c,—a+b+2c)=(0,0,0)
a+b+0c=0)
ie., Qa+2b-3c=0,
—a+b+2c=0]
The coefficient matrix A of these equations is
1 1 0]
A=| 0 2 -3|
-1 1 2]
1 1 O
We have det A=|Al=] 0 2 -3/
-1 1 2
=14+3)-1(0-3)
=7+3=10.

| 1f77_|! A

Since det A # 0, therefore the matrix A is non-singular and rank A = 3 i.c.,equal to the
number of unknowns a,b,¢. Hence a =0,b=0,¢ =0 is the only solution of the
equations (1). Therefore the vectors o, 0 , 03 are linearly independent over R. Since

dim R® = 3, therefore the set {0y, oty , 03 }containing three linearly independent vectors

forms a basis for R>.
Now let B = {¢], &5 , ¢3} be the standard ordered basis for R3.
Then g =(,0,0),¢e =(0,1,0),e3 =(0,0,1).
Let B’ ={oy,0 9,03}
We have oy =(L0,-1)=1¢ +0e¢ —leg
oy =1,2,1)=1¢ +2¢ +1eg
o3 =(0,-3,2)=0¢ — 3¢y +2¢3.

If P is the transition matrix from the basis B to the basis B, then

11 O
P={0 2 -3
-1 1 2

Let us find the matrix P~!. For this let us first find Adj. P.

The cofactors of the elements of the first row of P are

2 -3 0 3770 2] .,
12 -1 2 -1 e

The cofactors of the elements of the second row of P are

10 10 11
120

, —

1 9 11 e, —2,2,-2.
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The cofactors of the elements of the third row of P are
1 0 I Of]1 1], 339
2 -3/ |0 =3[0 2[""T >

73 2 7 -2 -3
Adj P = transpose of the matrix|-2 2 -2|{=(3 2 3|
-3 3 2] (2 -2 2

. | 7 -2 -3
P‘1=dtPAde=53 2 3
© 2 -2 2

Now g =1le +0¢ +0e¢3.

Coordinate matrix of ¢ relative to the basis B
1

0
Co-ordinate matrix of ¢ relative to the basis B’
1
=lalg =P |0
0
[7 -2 -3][1
:% 3 2 3]|0
2 -2 2][0
| 71 17/10
=—/|3|=[3/10|-
10
2] |2/10
¢ =l(x +—o0y+-—o0
T10 0 10 2 10
0 0
Also ey Ig=|1| and [e3]p =|0]-
0 1
0 0
[eo]gr=P 1| and [e3]g =P 'O
0 1
L L
Th o lpr=—| 2|, [ealpr=—| 3|
us le2]p 0 les 1 T
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Example 11: Let Abe an m x nmatrix with real entries. Prove that A = 0 (null matrix) if and
only if trace (A*A)=0.
Solution: Let A=[a;],x, -

Then A! = [bij]nxm , where bii =dji -

Now A’ A is a matrix of the type n X n.
Let A'A = [¢ij]ixn - Then

¢;; = the sum of the products of the corresponding elements of
the i row of A" and the i column of A
=Dby ay; + by ag; +...+ by, ay,;
=ap T ag; Ayt dyy g Ay [~ byj=aj]

_ . 2 2 2
=ay; +ﬂ2i +...+llml‘ .

¢ n n 9 9 9
Now trace (A'A)= X2 ¢; = X {a +ay{ +...+a,}
i=1 i=1

= the sum of the squares of all the elements of A.
Now the elements of A are all real numbers.

Therefore trace (A'A)=0

= the sum of the squares of all the elements of A is zero
= each element of A is zero

= Ais a null matrix.

Conversely if Aisanull matrix, then A* Ais also a null matrix and so trace (A A) = 0.

Hence trace (A'A) =0 iff A=0.

Example 12:  Show that the only matrix similar to the identity matrix I is I itself.
Solution: The identity matrix/ is invertible and we can write ] = I =1 I. Therefore I

is similar to.Furtherlet Bbe amatrix similar tol.Then there exists an invertible matrix
P such that

B=P7lp
= B=r7'p [~ P'1=P"
= B=1I.

Hence the only matrix similar to [ is I itself.

Example 13: If T and S are similar linear transformations on a finite dimensional vector
space V (F ), then det T = det S.
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Solution: Since T and S are similar, therefore there exists an invertible linear
transformation P on V such that T = PSP™!,

Therefore det T =det (PSP™') = (det P) (det S ) (det P7")
= (det P) (det P! (det S)
= [det (PP™")] (det )

=(detI)(detS)
=]1(det S)=det S.

@mprehensive FExercise 1

1. LetV=R3andT:V - V be a linear mapping defined by

T (x,p,z)=(x+z,-2x+ y,—x+2y+2z).
What is matrix of T relative to the basis B ={(1,0,1),(-111),(0,L,1)} ?
2. Find matrix representation of linear mapping T’ R3S R3 given by
T (x, y,z)=(z, y +z,x+ y + z) relative to the basis
B={(1,0,0),(-L2,1),2,LD}. (Goralhpur 2010)
3. Find the coordinates of the vector (2,1,3,4) of R* relative to the basis vectors
o =(1,1,0,0),09 =(,0,L1),03 =(2,0,0,2),04 =(0,0,2,2).
4. LetT be the linear operator on R? defined by
T (x, y)=@x-2y,2x+ y).
Compute the matrix of T relative to the basis {oy,09} where o) =(1,1),
oy =(—10). (Kumaun 2008)
5. LetT be the linear operator on R? defined by
T (x,y)=0@x-2y,2x+ y).
(i) What is the matrix of T in the standard ordered basis B for R? ?
(ii) Find the transition matrix P from the ordered basis B to the ordered basis
B’ ={oy,09} where oy =(L,1),09 =(—1,0). Hence find the matrix of T
relative to the ordered basis B’.
6. LetT be the linear operator on R? defined by
T (a,b)=(a,0).
Write the matrix of T in the standard ordered basis B={(1,0),(0,1)}.If
B’ ={(,1),(2,1)} is another ordered basis for R3, find the transition matrix P

from the basis B to the basis B’. Hence find the matrix of T relative to the basis
B’.
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10.

11.

12.

13.

14.
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The matrix of a linear transformation T" on V3 (C) relative to the basis

B={(1,0,0),(0,1,0),(0,0,1)} is

0O 1 1
I 0 -1].
-1 -1 0

What is the matrix of T relative to the basis
B’ ={0,1,-1),(L,-L1),(-1,0,1)}?
Find the matrix relative to the basis

(2 2 1) (I 2 2) (2 1 2)
(xlz A o 7(x2= P R 7(x3= ) Ao
33 3 33 3 333

of R3, of the linear transformation T :R3 — R3 whose matrix relative to the

standard ordered basis is
2.0 0
0 4 0
0 0 3

Find the matrix representation of the linear mappings relative to the usual bases
forR”.

(i) T:R3—R?defined by T (x, y,z) = (2x —4 y +9z,5x +3 y — 2z).

(i) T :R — R? defined by T (x) = (3x,5x).

(iii) T :R3 - R3 defined by T (x, y,2) = (x, ,0).

(iv) T:R3 - R3 defined by T (x, p,2) = (z, y +z,x + y +2).

Let B={(1,0),(0,1)} and B’={(1,2),(2,3)} be any two bases of R? and
T (x,y)=@2x=3yp,x+ y).

(i) Find the transition matrices P and Q from B to B’ and from B’ to B
respectively.

(ii) Verify that [a]g = P [o]g- ¥ 0. e R?
(iii) Verify that P~V [Tz P =[T]p..
Let V be the space of all 2 x 2 matrices over the field F and let P be a fixed 2 x 2
matrix over F. Let T be the linear operator on V' defined by
T (A)=PAVY AeV.
Prove that trace (T') = 2 trace (P).

1 2
Let V be the space of 2 x 2 matrices over R and let M = {3 4:| .

Let T be the linear operator on V defined by T'(A) = MA. Find the trace of T'.
Find the trace of the operator T" on R3 defined by
T (x, y,z)=(ay x+ayy +asz,byx + by y + b3z, cix + ¢y y + c32).

Show that the only matrix similar to the zero matrix is the zero matrix itself.
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S =N
O
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w
/N
—
=
N | —
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s o [4 2 L1 =173 -2
- 0 [2 1] (“)[1 0][1 2}
- 10 Py [l 2

- s = [o 0} [1 1] [ ]B"[ 1 2}

1 0 -4
7. [Tlg=|0 0 -2

0 0 -3

3 =2/3 -2/3

8. 1-2/3 10/3 0
-2/3 0

2 I3
ik s-z] o5
10 0
()| 0 1 @iv)| O
0 0 1
. 2 -3 2
S

12. trace (T)=10

S O O
[

13. trace (T)=a; + by +c3
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@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).
1. LetT be a linear transformation on the vector space Vy (F ) defined by
T (a,b)=(a,0).
The matrix of T relative to the ordered basis {(1,0), (0,1)} of V5 (F ) is

10 L0
@)[0 0} ()[0 0}

0 0 oo
<c>[l O} <>[O 1]

2. The transition matrix P from the standard ordered basis to the ordered basis

{(L1),(-10)}is
o[
o) o)

11
@ |y o

0 1 1 0
(C)[1 O} (d) [0 1}
3. Let V be the vector space of 2 x 2 matrices over R and let
1 2

M=y 4l
Let T be the linear operator on V' defined by

T (A) = MA.
Then the trace of T is
(a) 5 (b) 10
(¢) O (d) none of these.

4. LetT be alinear operator on R? defined by T'(a,b) = (b ,a). Then the matrix of T
with respect to basis { ¢; = (1,0)and ¢y =(0,])} :

10 10
@ o Y] ® | o

11 0 1
@ o o @\ ]
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Fill in the Blank(s)
Fill in the blanks *...... 7 so that the following statements are complete and
correct.

1. IfT is alinear operator on R? defined by

T(xvy)z(x_y’y)7
then Tz(x,y): .......

2. Let Abe asquare matrix of order n over a field F. The sum of the elements of A
lying along the principal diagonal is called the ...... of A.

3. LetT and S be similar linear operators on the finite dimensional vector space
V (F), thendet (T)...... det (S).

4. LetV (F)bean n-dimensional vector space and B be any ordered basis for V. If
be the identity transformation on V,then [l ; B]=.......

5. LetT be alinear operator on an n-dimensional vector space V' (F ) and let B and
B’ be two ordered bases for V. Then the matrix of T relative to B’ is ...... to the
matrix of T relative to B.

True or False
Write T for true and “F’ for false statement.

1. The relation of similarity is an equivalence relation in the set of all linear
transformations on a vector space V (F ).

2. Similar matrices have the same trace.

T

(A
_Answers

Multiple Choice Questions
1. (a) 2. (b) 3. (b) 4. (a)

Fill in the Blank(s)

1. (x-2y,y) 2. trace 3. =
unit matrix of order n 5. similar

True or False
1. T 2. T
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Linear Functionals and Dual Space

1 LinearFunctionals

(Kumaun 2015)
Let V (F ) be a vector space. We know that the field F can be regarded as a vector
space over F. This is the vector space F (F )or F 1. We shall simply denote it by F.A

linear transformation from V into F is called a linear functional on V. We shall now
give independent definition of a linear functional.
Linear Functionals: Definition: LetV (F)be a vector space. A function f fromV into
F is said to be a linear functional on V' if

f(ao+DbB)=af (0)+bf (B) Ya,be Fand ¥V o,peV.
If f is alinear functional on V' (F ), then f (o) is in F for each o belonging to V. Since
f (o) is a scalar, therefore a linear functional on V' is a scalar valued function.

Illustration 1: LetV, (F)be the vector space of ordered n-tuples of the elements of
the field F.
Let xi,x9 ,..., x,, be n field elements of F.If
o=(aay,...,a,) eV, (F),
let f be a function from V), (F) into F defined by
fo)=xa; +x9ag +...+x,a, .
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LetB = (b, by ,...,b,) eV, (F).If a,b € F,we have
f(ao+bB)= fla(ay,...,a,) +D (by,...,Dy,)]
= f (aay + bby,...,aa, + bb,)
=x (aq + bby) +... + x,, (aa,, + bb),)
=a(xay+...+x,a,)+b(xy by +...+ x, by,)
= af (@,ecry) + bf (e by) = af @)+ 1 (B)
f is a linear functional on V,, (F).
Hlustration 2: Now we shall give a very important example of a linear functional.

We shall prove that the trace function is a linear functional on the space of all n x nmatrices over
a field F.

Let n be a positive integer and F a field. Let V (F ) be the vector space of all nx n

matrices over F.If A ={[a;]; « , €V, then the trace of Ais the scalar
n

trA=aj| +agg +...+ay, = '21 aj .
i=
Thus the trace of A is the scalar obtained by adding the elements of A lying along the
principal diagonal.
The trace function is a linear functional on V' because if
a,be Fand A={a;ly x, ,B=[bjjlyx, €V, then
tr (@A +bB) =1tr (a [“ij]n xnth [bij]n x n) =1 ([‘mz‘j + bbij]n xn)

(
n

= X (aa; +Dbby)=a Z a”+h Z bj;
i=1 i=1

=a(rt A)+b(u B).
Hlustration 3:Now we shall give another important example of a linear functional.
Let 'V be a finite-dimensional vector space over the field F and let B be an ordered basis for V. The

Sfunction f; which assigns to each vectorovin' V' the i

coordinate of o.relative to the ordered basis B
is a linear functional on' V.
Let B={oy,09 ,...,04)}.
If o=a0 +ayay +...+a, 0, eV, then by definition of f;,we have
Jilo)=a;.
Similarly if B = bjoy +...+ b, o, € V, then f; (B) =
If a,be F,we have
Silao+DbB) = fila(@oy +...+ a, o) + b (hoy +...+ by o) ]
= fi [(ag +bb1 oy +...+ (aan + bby,) 0]
=aa; + bb; = af; (o +be
Hence f; is a linear functional on V.

Illustration 4: Let V be the vector space of polynomials in x over R.Let T : V — R be the

integral operator defined by T ( f _[ f (x)dx. Then T is linear and hence it is a linear

Sfunctional on' V.
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2  Some Particular Linear Functionals

1. Zero Functional: Let V be a vector space over the field F. The function f from'V into F
defined by
f(a)=0 (zeroof F) Vo.e V
is a linear functional on' V.
Proof: Leta,B e ¥ and a,b e F. We have
f (a0 +bB)=0 [By def. of f ]
=a0 + b0 =af (o) +bf (B)
f is a linear functional on V. It is called the zero functional and we shall in future

denote it by 0

2. Negative of a Linear Functional: Let V' be a vector space over the field F. Let f be a
linear functional on 'V . The correspondence — f defined by

=f))==-[f()] YaeV
is a linear functional on' V. (Kumaun 2013)
Proof: Since f (a)e F = — f (o) € F, therefore — f is a function from V into F.
Leta,be F ando,B e V. Then

(- f)(aoc+b[3 fa(x+h[3 [By def. of — f |
- laf (o) + bf [- f is a linear functional]
f f B

f =)

— f is a linear functional on V.
Properties of a Linear Functional:
Theorem 1: Let f be a linear functional on a vector space V' (F ). Then
(i)  f (0) =0 where 0 on the left hand side is zero vector of V', and O on the right hand side is
zero element of F.

(ii) fo)=— f (o) YaeV.
Proof: (i) Leto.e V. Then f (oc)e F
We have fa)+0=f(a [+ O is zero element of F |
=f(a+0) [+ 0 is zero element of V|
= f(o)+ f(0) [ f is a linear functional]

Now F is a field. Therefore
S @) +0=f(0)+ f(0)

= £ (0) =0, by left cancellation law for addition in F.
(ii) We have flo+(-o)]=f () + f (-a) [~ f is a linear functional]
But flo+(=a)]=f(0)=0 [By (i)]

Thus in F, we have
f@)+f(=a)=0
= fla==f @
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D  Dual Spaces

(Goralchpur 2015)
Let V'’ be the set of all linear functionals on a vector space V' (F ).Sometimes we denote
thisset by V' " Now our aim is to impose a vector space structure on the set V" over the
same field F. For this purpose we shall have to suitably define addition in V'’ and scalar
multiplication in V'’ over F.
Theorem: Let V' be a vector space over the field F.Let fi and fo be linear functionals on V. The
Sfunction fi + fo defined by
(fi+fo)@)=fi @)+ fo (@) VaeV
is a linear functional on V' If ¢ is any element of F, the function c¢f defined by
Cf) ) =cf () V aeV
is a linear functionalon' V. The set V'’ of all linear functionals on V', together with the addition and
scalar multiplication defined as above is a vector space over the field F.
Proof: Suppose f andf2 are linear functionalson V and we define f] + fy asfollows:
(fi+f2)@)=h @)+ fr@VaeV. (1)
Since f] (o) + fo (o) € F, therefore fi + fo is a function from V into F.
Leta,be F and o, e V. Then
(fi+ fo) a0+ bB) = fi (ace+ D) + fi (ace-+ bp) [By (1)]
= [afy @)+ bfy (B)]+ [afy (@) + Bfy (B)]
[ fi and fy are linear functionals]
—alfi @)+ fo @1+D1fi (B)+ fy (B)]
—a[(fi+ f)@1+DI(fi+ ) (B [By ()]
( fi + fo) is a linear functional on V. Thus
fi, foeV = fi+ foeV’.
Therefore V'’ is closed with respect to addition defined in it.
Again let f € V" and ¢ € F.Let us define ¢ f as follows :
(cf))=cf (o) V¥ aeV. .(2)
Since ¢ f (ar) € F, therefore ¢f is a function from V into F.
Leta,be F and o ,B e V. Then

(cf)(ao+DbB)=cf (ao + bP) [By (2)]
=claf (o +bf (B)] [+ f islinear functional]
=c[af (@)]+c[bf (B)] [~ Fis a field]
= (ca )f(0€)+(d7)f(3)
= (ac) f (@) + (be) f (B)
=ale f(a)]+b[vf(ﬁ)]
=allcf)@)]+b[f)(B)]

¢ f is a linear functional on V. Thus
feV' and ceF = cfeV’.
Therefore V' ” is closed with respect to scalar multiplication defined in it.
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Associativity of addition in V.
Let fi, fo, f3eV’. Ifoe V, then

LA+ o+ f3)1(@) = fi )+ (f2 + f3) (@) [By (1)]

= /i@ +[f2 o +f3 ()] [By (1)]

=[ fi @)+ fo ()] + f3 (o) [+ addition in F is associative]

=(fit fo) @)+ f3 (@ [By (1)]

=[(A+ f2)+ f5] (0c [By (1)]

N+Cfa+ f3)=(A+ fo)+ f3

[By def. of equality of two functions]

Commutativity of addition in V": Let f, fo € V *. If o is any element of V, then

(S + f2) (@)= fi (@) + fo (o) [By (D)]
= fo () + f1 (@) [ Addition in F is commutative]
=(fa+ /1) (@) [By (1)]

fitha=fath
Existence of additive identity in V" Let0 be the zero linear functional in Vi.c.,
0()=0 V aeV.

Then 66V’.IffeV’andoceV,We have

(0+ £)(©@)=0()+ f (@) [By (1)]
=0+ f (o) [By def. of 0 |
= f (o) [0 being additive identity in F ]

0+ f=fVfeV.
. 6 is the additive identity in V' *.
Existence of additive inverse of each element in V:

Let f € V’.Let us define — f as follows :

f))==f (o) ¥ aeV.
Then - feV’.Ifoe V,we have

f+f)e=0-f))+ f (@ [By (1)]
== f () + f (@) [By def. of - f ]
=0
=0 () [By def. of 0 |

—f+f=6 for every feV’.

Thus each element in V'’ possesses additive inverse. Therefore V'’ is an abelian group
with respect to addition defined in it.
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Further we make the following observations :

(i) Letce Fand f], fy e V' . If ais any element in V', we have

c(fi+ f)l)=c[(fi+ fo) )] [By (2)]
=c[ fil)+ fo ()] [By (1)]
=cfr (@) +cfy (@)
=(cfi) (@) + (¢ f2) (@) [By (2)]
=(ch +efz) (@) [By (D]

c(fi+ fo)=ch+cfo
(i) Leta,be FandfeV’ If ooe V, we have

[(a+Db) fl()=(a+Dh) f (o) [By (2)]
=af (o) + bf (o) [ Fis afield]
=(af ) (o) + (bf ) (o) [By (2)]
=(af +1f ) (@) [By (1)]
i (a+b) f=af +bf.
(iii) Leta,be Fand feV’.IfaeV,we have
[(ab) £ 1(@) = (ab) f (@) [By (2)]
=a[bf (0)] [+ multiplication in F is associative]
=al(bf) ()] [By (2)]
= [a (bf )] (@) [By (2)]
. b) f=a(bf ).
(iv) Let 1 be the multiplicative identity of F and f eV’ . Ifa.e V,we have
(1f ) @ =1f (@ [By (2)]
= f (o) [ Fis afield]
1f = f.

Hence V'’ is a vector space over the field F.

Dual Space:

Definition: LetV be a vector space over the field F. Then the set V' “ of all linear functionals on
V' is also a vector space over the field F. The vector space V'’ is called the dual space of V.

Sometimes V * and V' are also used to denote the dual space of V. The dual space of V' is
also called the conjugate space of V.

4 Dual Bases

Theorem 1: Let V' be an n-dimensional vector space over the field F and let B = {0, ..., 0.} be

anordered basis for V.. If {x|,..., x, }is any ordered set of nscalars, then there exists a unique linear
functional f on'V such that

fla)=x;,i=L2,...,n
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Proof: Existence of f. LetoeV.
Since B ={aj,0 9 ,...,0,} is a basis for V, therefore there exist unique scalars
ay ,ay ,...,a, such that
o= a0y +...+ a, 0.
For this vector o, let us define f (o) = ajx; +... + a;, x,.

Obviously f (o) as defined above is a unique element of F. Therefore f is a well-defined
rule for associating with each vector o in V' a unique scalar f (o) in F. Thus f is a
function from V into F.

The unique representation ofa; € V as alinear combination of the vectors belonging to
the basis B is
o; =00y +009 +...+10; +00; , | +...4 00, .
Therefore according to our definition of f,we have
f;)=0x+0x) +...+1x; +0x; . | +...+0uxy,
ie., flo)=x;,i=L2,.. ,n
Now to show that f is a linear functional.
Let a,be Fanda,BeV.Also let
o=aoy +...+a,0,,and B=hoy +...+ b, 0.
Then f(ao+bB)= f la(aoy +...4 a, 0,) +Db (boy +...+ by, 0a,)]
= f [(aay + bby) oy + ...+ (aa, + bb,) 0]
= (aay + bb)) x| +... + (aa, + bb,) x,, [By def. of f ]
=a(ax +...+a, x,)+b (byxy +...+ by, x,)
=af (o) +bf (B).
-~ fis alinear functional on V.
Thus there exists a linear functional f on V such that f (o;) = x;,i=12,...,n.
Uniqueness of f: Let g be a linear functional on V' such that
glo)=x;,i=12,... n
For any vector o. = aj0 +...+ a, o, € V,we have
g ()= g (@moy +...+ ay o)

=ay g(a1)+~--+an g((xn) [ giS linear]
=apx +...+a, x, [By def. of g]
= f (o). [By def. of f]

Thus ga)=f () V aeV.
' =/
This shows the uniqueness of f.
Remarlk: From this theorem we conclude that if f is a linear functional on a finite
dimensional vector space V,then f is completely determined if we mention under f the
images of the elements of a basis set of V.If f and gare two linear functionals on V' such
that f (o;) = g (0;) for all o; belonging to a basis of V, then

f=g@) ¥V oeV ic, f=g
Thus two linear functionals of V' are equal if they agree on a basis of V.
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Theorem 2: LetV be an n-dimensional vector space over the field F and let B = {ay,..., o, }bea

basis for V. Then there is a uniquely determined basis B" = {f},..., f,,} for V" such that

Ji (o) =8;;. Consequently the dual space of an n-dimensional space is n-dimensional.
(Goralhpur 2015)

The basis B’ is called the dual basis of B.

Proof: B ={oy,...,a,}isan ordered basis for V. Therefore by theorem 1, there exists a
unique linear functional f; on V such that

fl (al) = Lfl (o 2) :O:---’fl (an) =0
where {1,0,...,0} is an ordered set of n scalars.

Infact, foreachi=12,..., n there exists aunique linear functional f;onV such that
0 if i#j
Jila)=

1 if i=j
ie., fi (OC]')=81']', (1)
where §;; € F is Kronecker delta ie.,8;; =lif i=jand §; =0 if i # ).
Let B"={ f{,..., f;,}. Then B’ is a subset of V'’ containing n distinct elements of V. We
shall show that B’ is a basis for V.

First we shall show that B’ is linearly independent.

Let L‘lfl+6‘2 f2 +...+cCy fn=0

- (] fi+.tey f)(@)=0() YaeV

= o A +...4+¢c, fr@)=0VaecV [ 0()=0]
n

= ‘Z]Cifi((x)zo YoeV
1=
n

= 'Zlc,-f,- ((xj)=0,j=1,2,...,n [Putting(x=ocj where j=12,...,n]
1=
n

= ) 0,8,/—0,]—1,2, N
i=1

= cj=0,j=1,2,...,n

= fi> fo 5o, f are linearly independent.

In the second place, we shall show that the linear span of B’ is equal to V".
Let f be anyelement of V’. Thelinear functional f will be completely determined if we
define it on a basis for V. So let

flay)=a;,i=L2,...,n ...(2)
We shall show that

n
f=ﬂ1ﬁ+...+ﬂn fn=‘21ﬂifi.
i=

We know that two linear functionals on V' are equal if they agree on a basis of V. So let
o€ B where j=1,...,n. Then
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n n
X oa; fi|loy)= I a; f; ()
i=1 i=1
n
= X a; 811 [From(l)]
i=1
=aj, [On summing with respect to i and
remembering that §;; =1 when i=
and §;; =0 when i# ]
= f (o) [From (2)]
n
Thus |:Z a; fl:| (O(.])=f(0(.]) VO{.]'EB.
i=1

n
Therefore f = X a; f;. Thus every element f in V'’ can be expressed as a linear
i=1

combination of fi,..., f;, .
V'’ = linear span of B”. Hence B’ is a basis for V"’.
Now dim V’ = number of distinct elements in B” = n.
Corollary: IfV is an n-dimensional vector space over the field F ,then'V is isomorphic to its dual
space V.
Proof: We have dim V' = dim V =n.
V' is isomorphic to V.
Theorem 3: LetV bean n-dimensional vector space over the field F and let B = {0y, ..., 0, } be

abasisforV. Let B’ ={ fi,..., f,}bethe dual basis of B. Then for each linear functional f on'V,
we have

n
f= 2 )
and for each vector o in V' we have

n
o=z Ji (@) a.
Proof: Since B’ is dual basis of B, therefore
filoy) =38 . (1)
If f is a linear functional on V/, then f e V"’ for which B’ is basis. Therefore f can be
expressed as a linear combination of fi,..., f; .

Let f=§lc,-f,'.
Then f<oc,->=[é_“1 c,-fiJ<oc,->=élc,- fi(@))
= g c,-8,-]- [From(l)]
i=1

=c1~,j=l,2,...,n.
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n
f=i§lf((xi)fi-
Now let o be any vector in V. Let
o= X0y + ...+ Xy, Oy ..(2)
n n
Then fi ((X,)Zfl' b X]' a]' FI'OI’II(Z),(X: z X]' (x]'
j=1 j=1
n
:jz_:lxj Ji (o) [ f;is linear functional]
n
= X ¥ 8,7 [From (1)]
j=1
=Xj.
o= filoy +...+ f, (o) o,
n
=z Ji)a;.

Important: It should be noted that if B = {a,...,0,,} is an ordered basis for V' and
B’ ={fi,..., f,,} isthe dual basis, then f;is precisely the function which assigns to each
vector o in V the i coordinate of o relative to the ordered basis B.

Theorem 4: LetV be an n-dimensional vector space over the field F Ifouis a non-zero vectorin'V.,
there exists a linear functional f on'V such that f (o) #0.
Proof: Since o # 0, therefore {0} is a linearly independent subset of V. So it can be
extended to form a basis for V. Thus there exists a basis B = {0.,...,a,,} for V such that
o =0l
If B={f,,..., f,,} is the dual basis, then

h@)=fi(og)=1#0.
Thus there exists linear functional f; such that

fi (@) =0.
Corollary: Let V be an n-dimensional vector space over the field F.If

f(a)=0¥ feV’, theno=0.
Proof: Supposea. # 0. Then there is alinear functional f onV such that f (o) # 0. This
contradicts the hypothesis that

f@)=0 ¥ feV’.
Hence we must have o = 0.
Theorem 5: LetV be an n-dimensional vector space over the field F If o, B are any two different
vectors in V, then there exists a linear functional f on'V such that f (o) # f (P).
Proof: We have oo #3 = a - #0.
Now o — B is a non-zero vector in V. Therefore by theorem 4, there exists a linear
functional f on V such that

fa-p=0 = [fl)-fB=#0 = f)=f(B)

Hence the result.
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5 Reﬂexivitg ( Second Dual Space or Bi-dual Space or
Double Dual Space )

Second dual space (or Bi-dual space): We know that every vector space V possesses
a dual space V'’ consisting of all linear functionals on V.Now V" is also a vector space.

Therefore it will also possess a dual space (V”)’ consisting of all linear functionalson V.
This dual space of V” is called the Second dual space or Bi-dual space of V and for the
sake of simplicity we shall denote it by V"".
If V is finite-dimensional, then

dim V =dim V' =dim V"’
showing that they are isomorphic to each other.
Natural Isomorphism:
Theorem 1: LetV be a finite dimensional vector space over the field F. Ifovis any vectorin'V the
Sfunction Ly on V'’ defined by

Ly (f)=f( ¥ feV’
is a linear functional on V" ie., Lo, € V''.
Also the mapping oo = Ly, is an isomorphism of V onto V'’ .
Proof: If oe V and feV’, then f (o) is a unique element of F. Therefore the
correspondence L, defined by

Ly (f)=f(a) ¥ feV’ (1)
is a function from V"’ into F.
Leta,be F and f,geV’, then

o (af +bg)=(af + hg [From (1)]
=(af ) ( g) (o)
=af (a)+ b g (o)
[By scalar multiplication of linear functionals]
=alLy (f)I+b[Ly (9] [From (1)]

Therefore L is a linear functional on V" and thus L, e V’’.

Now let y be the function from V into V' *” defined by
y@)=Ly ¥V aeV.

vy is one-one: If o ,B eV, then

v (@)= v (B)
Ly=Ly = Ly (f)=Lg(f) ¥ feV’
f)=f(B) V¥ feV’ [From (1)]

f@-f(B)=0 ¥ feV’
flo-B)=0 ¥ fev’
a—-BF=0
[+ By theorem 4 of article 4, if oo —f #0, then 3 a linear

functional f on V such that f (oo —B)=#0. Here we have
f@-B)=0 V¥ feV’and so o.—f must be 0]

AR
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= o =p.
y is one-one.
v is a linear transformation:
Leta,be Fand o ,B e V. Then
V(a0 +bP) =L,y 4 bB [By def. of y]
For every f e V’,we have
Lao, + bp (f)=f (ao.+bB)
= af @)+ f (P) [From (1)]
=aly (f)+bLy (f) [From (1)]
= (aLq) (£ )+ (bLy) ( f)=(aLy +bLyg) (f).
- Lyg + pp =alo +bLg =ay (@) +b y ().
Thus vy (ao + bB)=ay (o) + by (B).
yis alinear transformation from Vinto V" .We have dim V = dim V"’ . Therefore y
is one-one implies that y must also be onto.

Hence y is an isomorphism of V onto V’".

Note: The correspondence oo — L, as defined in the above theorem is called the
natural correspondence between V and V"’ It is important to note that the above
theorem shows not only that V and V'’ are isomorphic—this much is obvious from the
fact that they have the same dimension — but that the natural correspondence is an
isomorphism. This property of vector spaces is called reflexivity. Thus in the above
theorem we have proved that every finite-dimensional vector space is reflexive.
In future we shall identify V" with V' through the natural isomorphism o <> L. We
shall say that the element Lof V'’ ”is the same as the elementoof Viff L = L i.c.,iff
L(f)=f() ¥V feV"
It will be in this sense that we shall regard V' " = V.
Theorem 2: LetV be a finite dimensional vector space over the field F.If Lis a linear functional
on the dual space V" of V', then there is a unique vector ovin'V such that
L(f)=fl) ¥ feV.
Proof: This theorem is an immediate corollary of theorem 1. We should first prove
theorem 1. Then we should conclude like this :
The correspondence oo — L is a one-to-one correspondence between V' and V.
Thereforeif L € V'’ there exists aunique vectorain V' such that L = L i.e.,such that

L(f)=f() ¥ feV".
Theorem 3: Let V be a finite dimensional vector space over the field F.Each basis for V' is the
dual of some basis for V.
Proof: Let B ={ f], fy ,..., f,,} be a basis for V.
Then there exists a dual basis (B")" ={L;, L9 ,..., L,} for V'’ such that
L ( f)=38;. (1)

By previous theorem, for each i there is a vector a; in V' such that
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Li=1Ly, Wherelﬂl_(f):f(oti) vV feV’. .. (2)
The correspondencea <» L is an isomorphism of V onto V””.Under an isomorphism
abasis is mapped onto a basis. Therefore B = {0,,...,a,,} isabasis for V because it is the
image set of a basis for V'’ under the above isomorphism.
Putting f =fj in (2), we get

fie) =Ly, (f))=Li(f})

= 8,7 : [From (1)]

B"={fi,..., fu}is the dual of the basis B.

Hence the result.

Theorem 4: LetV be afinite dimensional vector space over the field F.Let B be a basis for V and
B’ be the dual basis of B. Then show that

B’ =(B") =B. (Kumaun 2007)
Proof: Let B ={qy,...,0a,} be a basis for V,
B’ ={fi...., fu} be the dual basis of B in V"’

and B’ =(B") ={L,..., L,} be the dual basis of Bin V"".
Then fi (OL/-) = 81‘/‘7

and Li(fj)=8i]~,i=1,...,n;j=l,...,n.

If o € V, then there exists L, € V'’ such that

L (f)=f(@ V feV".
Taking o; in place of o, we see that for each j=1,...,n,
Ly, (fj)=fj (@) =8; = Li ( f;).
Thus Ly, and L; agree on a basis for V' *. Therefore Ly =1L;.
If we identify V”"with V through the natural isomorphism o <» L ,then we consider
L, as the same element as a.

So Lizlai=oc,-vvherei=1,2,...,n.
Thus B’ =B.

lllustrative Examl)les

Example 1: Find the dual basis of the basis set

B=1{(1-13),(0,1,-1),(0,3,-2)} for V3 (R).
(Kumaun 2008, 09, 11, 13)

Solution: Letoy =(1,-13),09 =(0,1,-1),a3 =(0,3,-2).
Then B ={oy,09 ,03}
If B’ ={f1, fo, f3}is dual basis of B, then
Nloa) =1 fi (@) =0, fi (@3) =0,
f2 (@) =0, fy (@2) =1 f5 (a3) =0,
and f3 () =0, f3(@2) =0, f3 (a3) = L




Kaisfrs's T.B. Linear Algebra

;"|E..
Now to find explicit expressions for f}, fy , f3.
Let (a,b,c) € V3 (R).
Let (a,b,e)=x(1,-13)+ y(0,1,-1)+2z(0,3,-2) (1)
= X0y + yoiy + 203 .

Then f (a,b,c)=x, fy (a,b,¢) =y, and f3 (a,b,c)=z.
Now to find the values of x, y,z .
From (1), we have

Xx=a,-x+ y+3z=03x—- y-2z=c.
Solving these equations, we have

x=a,y=7a—-2b—-3c,z=b+c¢—2a.
Hence fi(a,b,e)=a, fy(a,b,c)=7a—-2b-3c,
and f3(a,b,c)==2a+D +ec.
Therefore B"={ f|, fo, f3}is a dual basis of B where f}, fo, f3 are as defined above.
Example 2: The vectorsog = (1,1,1),0 9 = (1,1,-1), and oy = (1, - 1,—1) form a basis of
V3 (O). If { i, fo , f3}is the dual basis and if o.=(0,1,0), find f; (o), fo (o) and f3 (ct).
Solution: Leto = a0y + ay oy +ag og . Then

S =ap, fo (@) =ay, f3 (@) =as .
Now o = a0 + ag Oy + as Oig
0,1,0)=ay (1,1, 1) +ay (1,1,- 1) + a3 (1,-1,-1)
0,1,0) = (a) + a9y +ag,a +ay —ag,a; — ay — as)
ay+ay+ag3=0,a +ay —ag=la —ay —ag =0
a1 =0,a9 =l,a3 =—l~

2 2
1

S1(@)=0, fy ((X)Z%,fg ((x):_i.

“© Ul

Example 3: If f is a non-zero linear functional on a vector space V' and if x is an arbitrary
scalar, does there necessarily exist a vector o.in 'V such that f (o) = x?

Solution: f is anon-zero linear functional on V. Therefore there must be some non-zero
vector B in V such that

f (B) =y where y is a non-zero element of F.

If x is any element of F, then
x=(p =0 f(B)
= f[(xy B [~ f is linear functional]
Thus there exists oo = ()g/_l) B eV such that f (o) = x.

Note 1: If fisanon-zerolinear functionalon V' (F),then f is necessarily a function

from V onto F.
Note 2: In some books f (o) is written as [0, f ].
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Example 4: Prove that if f is a linear functional on an n-dimensional vector space V (F ), then
the set of all those vectors o for which f (o) = 0 is a subspace of V', what is the dimension of that
subspace ?
Solution: Let N ={aeV:f (n)=0}
N is not empty because at least 0 € N. Remember that
f(0)=0.
Let o,fe N.Then f (a)=0, f (B)=0.
If a,be F,we have
f (ao+ bB) = af (o) + bf (B) =a0 + b0 =0.

. ao+Dbpe N.
Thus a,be F and a,peN
= ao+DbBe N.

N is a subspace of V. This subspace N is the null space of f.
We know that dim V' = dim IN + dim (range of f ).

(i) If f is zero linear functional, then range of f consists of zero element of F alone.
Therefore dim (range of f ) =0 in this case.
In this case, we have
dimV =dim N +0
= n=dim N.
(ii) If £ is anon-zero linear functional on V,then f is onto F.So range of f consists of
all F in this case. The dimension of the vector space F”is 1.
In this case we have
dimV =dim N +1
= dim N =n-1

Example 5: LetV be a vector space over the field F.Let f be a non-zero linear functional on' V/

and let N be the null space of f.Fix avectoroyy in'V which is not in N . Prove that for each o.in V/
there is a scalar ¢ and a vector B in N such that o. = coy + B. Prove that ¢ and B are unique.

Solution: Since f isanon-zero linear functional on V,therefore there exists anon-zero
vector 0 in V such that f (o) # 0. Consequently oy ¢ N.Let f (o) =y #0.

Let o be any element of V and let f (o) = x.

We have fl)=x

= f@=0y ™y [+ 0#ypeF = y ! exists]
= f(oc)zcywhereczxy_leF

= f)=cflog)

= f )= f(cog) [+ f is a linear functional]
= f@)=f(coy)=0

= fl—-coy)=0

= o-cogeN
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= o —cog =P for some B e N.
= o=cog +p.

If possible, let
o=c"og + B wherec’e Fand B’ e N.

Then  cog eB=clog ()
= (c=cog +(B-P")=
= Slle=c)og+(B-PB")]=f(0)
= (c=c") flag)+ f(B-B")=0
= (c=c) flog)=0

[ BB eN =p-BeN and thus f (B-p")=0]
= (c=¢)=0 [ f (00) is a non-zero element of F |

c=c".

Puttingc =¢”in (1), we get cog +B=cog +p° = PB=Pp’.
Hence ¢ and B are unique.
Example 6: If f and garein V' such that f (o) =0 = g (o) = 0,prove that g = kf for some
ke F.
Solution: Itisgiventhat f (o) =0 = g (o) = 0. Therefore ifa.belongs to the null space
of f,thena also belongs to the null space of g. Thus null space of f is a subset of the null
space of g.

) If fiszero linear functional, then null space of f isequal to V. Therefore in this case

V is a subset of null space of g.Hence null space of gisequal to V.So gis also zero linear
functional. Hence we have

g=k f ¥V keF.
(ii) Let f be non-zero linear functional on V. Then there exists a non-zero vectorog € V
such that f (o) = y where y is a non-zero element of F.
Let k= 8%0) () -

S (o)
If aoeV,then we can write

o =c 0y + P where c € F and B € null space of f.
Wehave  g(@)=g(cog +B)=cglog)+ g (B)

=g (o)
[~ Be null space of f = f(B)=0 and so g(B)=0]
Also k f) )=k f (@ —kfcoco+B>
=klef (09)+ /(B
=ke f (o) [~ f(B)=0]
(@)

Thus g (o) =
. g=
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10.

@mprehensive Exercise 1

Let f :R? 5 R and g :R? 5 R be the linear functionals defined by

f(x,p)=x+2yand g(x, y)=3x— y.
Find (i) f + g (ii) 4 f (iii)) 2f - 5¢.

Let f :RZ 5 R and g :R% 5 R be the linear functionals defined by
fx,y,z)=2x-3y+zand g(x, y,z)=4x -2y + 3z.

Find (i) f + g (i) 3f (iii) 2f - 5¢.

Find the dual basis of the basis set {(2,1), (3,1)} for RZ.

Find the dual basis of the basis set
B=1{(1,0,0),(0,1,0),(0,0,1)} for V3 (R). (Gorakhpur 2013)

Find the dual basis of the basis set
B={(1-2,3),,-11),2,-4,7)} of V3(R). (Kumaun 2010)

IfB={(-LL1),(L-L1,L-1)}isabasisof V3 (R), then find the dual basis of B.
(Kumaun 2011, 15)

Let V be the vector space of polynomials over R of degree<1 i.c.,
V={a+bx:abeR}.
Let ¢; and ¢y be linear functionals on V' defined by

2
N=[) fdvand o[f (1= f () dv
Find the basis { f], fo} of V which is dual to {¢, o9 }.

Let V be the vector space of polynomials over R of degree< 2. Let ¢;, ¢9 and ¢3 be
the linear functionals on V' defined by

= [0 S de 0 1f W= 0,6, [f (9]= £ O)

Here f (x)=a + bx + o’ € V and f7 (x) denotes the derivative of f (x). Find the
basis { fj (x), fo (x), f3 (x)} of V which is dual to {¢;, ¢9, d3}.

Prove that every finite dimensional vector space V' is isomorphic to its second
sk
conjugate space V- under an isomorphism which is independent of the choice of

a basis in V.

Define a non-zero linear functional f on C3 such that f(a)=0= f (B) where

o=(,1,1)and B (1,1, 1).
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\ Answers 1
1. (i) 4x+y (ii) 4x + 8y (i) —13x+9y
2. (i) 6x-5y+4z (if) 6x -9y +3z (iii) —16x +4 y - 13z
3. B'={f, fot where f (a,b)=3b—a, fy (a,b)=a—-2b
4. B ={f}, fo, f3} where f, (a,b,c)=a, fo (a,b,c)=b, f3 (a,b,c) =c
5. B ={f1, fo, f3} where fj (a,b,c)=—-3a—-5b—-2c, fy (a,b,c) =2a + D,

fa(a,b,c)=a+2b+c

6. B'={fi. fy. fyh where fi (a.b.c) =5 (b +0), fy (@.b.c) = (a-+0)

N | —

f3(a,b,e)=—(a+Dh)

N | —

7. f(0=2-2xf (X)=—%+x
8. AW=3r-2 2 0=t et P fy (=13 4

10.  f (a,b,c)=x(a—b), where x is any non-zero scalar.

6 Aunihilators

(Kumaun 2008)
Definition:IfV is a vector space over the field F and S is a subset of V', the annihilator of S is the
set S° of all linear functionals f on'V such that

f(a)=0 ¥ aeSs.
Sometimes A (S ) is also used to denote the annihilator of S.
Thus SO ={feV’':f(@=0 YaeS}

It should be noted that we have defined the annihilator of S which is simply a subset of
V. S should not necessarily be a subspace of V.

If S = zero subspace of V, then sO—y.
If S=V,thenS” =v0 = zero subspace of V.

If V is finite dimensional and S contains a non-zero vector, then SO 2V Ifozae S,

then there is a linear functional f on V such that f (o) # 0. Thus there is f € V'’ such
that f ¢ SV Therefore S = V",

Theorem 1: If S is any subset of a vector space V (F ), then sV isa subspace of V' .
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Proof: First we see that S” is a non-empty subset of V' ” because at least 0 € sY.

We have 0 (0)=0 Vo€ S.

Letf,geSO. Then f (a)=0VaeS, and g(0)=0VoaeS.

If a,b € F, then
(af +bg) (@) = (af ) (@) + (bg) (0) = af (@) + bg (@) = aO + b0 = 0.
af +hge SV,

Thusu,beFandf,geSO = af+bgeSO.

sYisa subspace of V.

Dimension of Annihilator:

Theorem 2: LetV be a finite dimensional vector space over the field F ,and let W be a subspace of
V. Then

dim W + dim W9 = dim V.
Proof: If W is zero subspace of V, then wbl v,
dim W0 =dim V' =dim V.
Also in this case dim W =0. Hence the result.
Similarly the result is obvious when W = V.
Let us now suppose that W' is a proper subspace of V.
Let dim V =n,and dim W = m where O < m < n.

Let B) = {a,...,0,,}be abasis for W.Since Bj is alinearly independent subset of V" also,
therefore it can be extended to form a basis for V.Let B = {0 ,..., 0 ,, ,0 ,,, 4 |,-..,0, }be
a basis for V.

Let B ={f,.... fmu» fm+1----» fnybe the dual basis of B. Then B’is a basis for V"’ such
that fi (OL])=8U .
We claim that S = { f,, 4 1,-.., f} is a basis for wo.

Since S c B’ therefore S islinearly independent because B’is linearly independent. So
S will be a basis for W0, if W is equal to the subspace of V ” spanned by S i.c., if

w9 =L(S).
First we shall show that WO < L(S).Let f e W?. Then fe V’.So let

f=élxifi- ...(1)

Now feW? = f(@=0 ¥ oaeW

= S (j)=0foreachj=1....,m [ oy,...,0, are in W]

= ( g XifiJ((X,]‘)=O [From(l)]

i=1
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n n

= > x,-fi((x]-)=0 = > xl-Si]-=0
i=1 i=1

= xj:OforeaChj:l,...,m

Putting x; =0,xy =0,...,x,, =0 in (1), we get

f:xm+lfm+l t.o Xy fn
= a linear combination of the elements of S.

feL(s)
Thus feW? = feL(sS
wo cL(S).
Now we shall show that L (S)c W 0
Let ge L (S ). Then gis a linear combination of f,,, |,..., f;; . Let

n

g=, X | Tk S -(2)
=m+1

Let oo.e W.Then a is a linear combination of ay,...,a,, . Let

m
(X=b§1L']'OC]'. (3)
m
We have = (E C-OL-J [From (3)]
m
= Z /g o) [ gis linear functional]
> From (2
= Z i z A o rom
RIS ) [From (2)]
n m n 8
= 2 Ci Z oi)= X c; z ;
Z1 e kS @) L, Ik
m
='Zlc]-O ['.'Skj=Oifk¢jwhichissof0reach
]:
k=m+1,...,nand for each j=1,...,m]
=0.

Thus g (o) =0 ¥ e W. Therefore ge W °.
Thus ge L(S) = geWO.
L(S)cw?.
Hence WO:L(S)andSisabasis for WY,
dimW © =n—m=dimV - dim W
or dim V = dim W + dim WP,
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Corollary: If V is finite-dimensional and W is a subspace of V', then W’ is isomorphic to
viwe,
Proof: Let dim V =n and dim W =m . W is dual space of W,
o) dim W’ =dim W =m.
Now dim V//WY = dim V"’ — dim W°

=dimV - (dimV —dim W )=dim W = m.

Since dim W’ =dim V’/ w , therefore
w=v//wo.

Annihilator of an Annihilator: Let V' be a vector space over the field F.If S is any

subset of V, then S 0isa subspace of V. By definition of an annihilator, we have

SO0 =89 —qLev i L(f)=0 ¥ fes'}

Obviously 590 s a subspace of V’’. But if V is finite dimensional, then we have
identified V'’ with V' through the natural isomorphism o <> L. Therefore we may
regard S asa subspace of V. Thus

SO —foeV:f@=0¥ fes}
Theorem 3: Let V be a finite dimensional vector space over the field F and let W be a subspace of
V. Then W =w.

Proof: We have
WO=(feV' f)=0 ¥ aeW} (1)

and WO —foeV:f)=0¥ few} (2)
Letooe W.Then from (1), f (@)=0 ¥ fe WY and so from (2),ae w0,

aeW = aew?,

Thus W c W Now W is a subspace of V' and W9 s also a subspace of V. Since
W c w0 , therefore W' is a subspace of w0

Now dim W +dim W 9 =dim V. [By theorem (2)]
Applying the same theorem for vector space V' ” and its subspace W 0, we get
dimW O +dim W % =dim V' =dim V.
dim W =dim V —dim W ¢ =dim V - [dim V - dim W 90
=dim w 9.
Since W is a subspace of W 00 4nd dim W = dim W Oo,therefore w=w 90,
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{ Hyperspace

Definition : Let V' be an n dimensional vector space, then any subspace of dimension (n — 1) is
called a hyperspace. These are also called hyperspaces or subspaces of codimension 1.

Ahyperspace of V' can be represented as the null space of a non zero linear functional on

V.
Let f be a non-zero functional on an n dimensional vector space V.

Since f is alinear transformation from V" into the scalar field F, therefore range of fisa
non-zero subspace of F.

dim F =1and rank f =1.
By nullity theorem, we have
= nullity f =dimV —rank f
=n-1.
Thus nullspace of f is a hyperspace of V.

Remark: IfUisak-dimensional subspace of an n-dimensional vector space V ,then U is
the intersection of (n — k) hyperspaces in V.

Illustrative Examl)les

Example 7: If S| and Sy are two subsets of a vector space V' such that S| < Sy, then

0 0
show that Sy” < S~ (IKumaun 2008)

Solution: Let feS,°.

Then f(a)=0 YoeS,
= fla)=0¥Vacs, [ S e5]
= feSlo.

S0 80,

Example 8: Let V' be a vector space over the field F.If S is any subset of V., then show that
$Y =),

Solution: We know that S < L (S).

[L(S)° csY. (D)
Now let £ e S?. Then f (@)=0 ¥ o€ .

n
If B is any element of L (S ), then B = ‘2] x; o; where each o; € S.
=
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We have f(B)= é x; f (a;) =0, since each f (a;) =0.
Thus F(B)=0 ¥ BeL(S).
: fe@s)’.
Therefore SO < (L(S))° (2)

From (1) and (2), we conclude that S © = (L (S))°.

Example 9: LetV be a finite-dimensional vector space over the field F.If S is any subset of V.,
then S = L (S).

Solution:We have S = (L (5))°. [See Example 8]
S90 = (L (5 ). (1)
But V' is finite-dimensional and L (S) is a subspace of V. Therefore by theorem 3,

(LSNP =L(S).

- from (1), we have SO~ (S).

Example 10: Let W and Wy be subspaces of a finite dimensional vector space V.
(i) Prove that (W) + Wy )0 = VVIO N WZO- (Kumaun 2011, 13)
(i) Prove that Wy o Wy)? = W0 + w0, (Kumaun 2013)
Solution: (i) First we shall prove that
W0 A0 < (W + W,
Let fe W nW,0 . Then fe W, few,".
Suppose a. is any vector in W} + Wy . Then
o=oy +0 9 whereog e Wy, o9 e Wy .
We have fe)=flog+ag)=f o)+ f(a)
=0+0 [~ ogeW and feW = f(y)=0
and similarly f (09) =0]
=0.
Thus f@)=0 YaeW +Ws.
feW+Wy).
W0 A W0 < (W + W), (1)
Now we shall prove that
Wy +Wo)? e W0 A .
We have WicW+W,.
W+ Wy)) e w0, (2)
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Similarly, Wy c W) + W, .

W + Wy c Wyl .(3)
From (2) and (3), we have

W+ W)Y cw® A wyl. .(4)

From (1) and (4), we have

W+ Wy)? =W A wy.
(ii) Letus use the result (a) for the vector space V “in place of the vector space V. Thus
replacing W by VVIO and W, by WQO in (a), we get

WO + w5010 = W20 A W00

= W+ W00 =W A W, [+ WY =W ete]
= WO+ W0)00 = Wy A wy)°
= W+ Wo0 = (W W),

Example 11: If W and Wy are subspaces of a vector space V,and if V. =W, @ Wy , then
v =w ew,".
Solution: To prove that V' = Wl e Wzo,we are to prove that
i) W AWy’ =0}
and (ii)) V'= VVIO + W20 ie.,each f eV ’can be written as f] + f
where fie VVIO , fo € WZO.
(i)  First to prove that VVIO N WZO = {6 b
Let feVVlO N WZO.
Then fe W° and feW,°.
If o is any vector in V, then, V' being the direct sum of Wj and W5 , we can write
o =0y + 09 where oy € W, ag e Wy .
We have f )= f (o +0ay)

= f(oy)+ f (09) [+ f is linear functional]
=0+0 [ feW? and oye W, = f(0g)=0
and similarly f (o9)=0]
=0.
Thus f (@)=0 YoeV.

f=0.
W AW =01,
(ii)  Now to prove that V' = VVlO + W20.
Let feV’.
If o€ V, then o can be uniquely written as
o =0y + 09 where o € Wi, 09 € Wy.
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For each f,let us define two functions f; and fy from V into F such that

JSr@)= fi(og +ag) = f (ag) (1)
and So @)= fo (oy +ag) = f (o). (2)
First we shall show that f; is a linear functional on V. Let a,be F and
o=0y +09,B =P +PBy €V whereoy,B; € W) and a 9,B9 € Wy. Then

Si(ao+bB)= fila(ou +og)+b (B +Bo)l
= fi [(aoy + bBy) + (aoy + bBy)]

=f(ﬂ(X2+b[.))2) [ ﬂOLl+bB1€M/l,ﬂ(X2+bB2€W2]
=af (o 9)+bf (B9y) [+ f is linear functional]
=afy (o) + bfy (B) [From (1)]

/i is linear functional on V' ie., fieV ’.
Now we shall show that f; € VVIO.

Let o be any vector in W. Then oy is also in V. We can write

oy =0y + 0,where oy € Wj,0e Wy .

From (1), we have f] (o) = £} (o +0)= f (0)=0.

Thus f] (o) =0V o3 e W.

few.
Similarly we can show that f5 is a linear functional on V and f; € WQO.
Now we claim that f = fj + fy .
Let o be any element in V. Let oo =0y + 0o 9 , where o) € Wi, 09 € Wy .
Then (it fo)@)=fi(e)+ fo (@)= flog)+ f(og)  [From (1) and (2)]

=f (o) + f(og)= f (o +0g)
[+ f is linear functional]

=f (@)
Thus (A+fo) @)= f (@) VYaeV
Y f=h+fa
Thus feV’' = f=fi+f, where fieW, f;ew,.
V=W + Wy
Hence v:i=w @Wzo.

8 Invariant Direct-Sum Decompositions

LetT be alinear operator on a vector space V (F). If S is a non-empty subset of V', then
by T (S) we mean the set of those elements of V' which are images under T" of the
elements in S. Thus

TS)={T (@)eV:aeS}
Obviously T' (S) c V. We call it the image of S under T'.




Kaisfrs's T.B. Linear Algebra

}.-J|‘1,1 10,

Invariance: Definition. LetV beavector space and T a linear operatoron V. If W isa
subspace of V', we say that W is invariant under T if

aeW = T (w)eW.
Illustration 1: If T is any linear operator on' V ,then V. is invariant under T .If oo € V., then
T (o) € V because T is a linear operator on V. Thus V' is invariant under T .
The zero subspace of V' is also invariant under T". The zero subspace contains only one
vector ie.,0 and we know that 7" (0) = 0 which is in zero subspace.
Hlustration 2: LetV (F)bethevector spaceof all polynomials in x over the field F and let D be
the differentiation operator on' V. Let W be the subspace of V' consisting of all polynomials of
degree not greater than n.
If f(x)eW, then D[ f (x)]Je W because differentiation operator D is degree
decreasing. Therefore W is invariant under D.
Let W be a subspace of the vector space V' and let W be invariant under the linear
operator T on V i.e.,let

aeW = T (w)eW.
We know that W itself is a vector space. If we ignore the fact that T is defined outside
W ,then we may regard T  as a linear operator on W.Thus the linear operator T induces
a linear operator Ty, on the vector space W defined by

Ty ()=T (o) ¥ ooe W.
It should be noted that Ty, is quite a different object from T" because the domain of
Ty is W while the domain of T is V.
Invariance can be considered for several linear transformations also. Thus W is in-
variant under a set of linear transformations if it is invariant under each member of
the set.

O Matrix Interpretation of Invariance

Let V be a finite dimensional vector space over the field F andlet T" be alinear operator
onV. Suppose V has a subspace W which is invariant under T'. Then we can choose
suitable ordered basis B for V so that the matrix of 7" with respect to B takes some
particular simple form.

Let By = {ay,...,0,,} be an ordered basis for W where dim W = m. We can extend B to
form a basis for V. Let

B={0y,...,04; , O, 4 [,---,04}
be an ordered basis for V where dim V' =n.

Let A ={aj], x » be the matrix of T with respect to the ordered basis B. Then
n
T((Xl')=i§][lij o, j=l,2,...,n. (1)
If1< j< m,then o; isin W.But W is invariant under I". Therefore if 1< j < m,then T (ocj)

isin W and so it can be expressed as alinear combination of the vectorsa,..., o, ,which
form a basis for W. This means that
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m
T((X}‘)Z > (/l,'/‘ oci,lSjSm. (2)
i=1

In otherwordsin the relation (1), the scalars a;j are allzeroifl< j<mandm + 1< i< n.

Therefore the matrix A takes the simple form
M C
o o]
where M is anm x m matrix, Cis an m X (n — m) matrix, O is the null matrix of the type
(n—m)xmand D is an (n — m) x (n — m) matrix.
From the relation (2) it is obvious that the matrix M is nothing but the matrix of
the induced operator Ty, on W relative to the ordered basis By for W.

10 Reducibility

Definition: Let Wy and Wy be two subspaces of a vector space V and let T be a linear
operator on' V.. Then T is said to be reduced by the pair Wy, Wo) if
i) V=W eWw,
(ii) ~ both Wy and Wy are invariant under T .
It should be noted that if a subspace W) of V' is invariant under T', then there are many
ways of finding a subspace Wy of V' such that V = W; @ W, ,but it is not necessary that
some Wy will also be invariant under T In other words among the collection of all
subspaces invariant under 7" we may not be able to select any two other than V and the
zero subspace with the property that V' is their direct sum .
The definition of reducibility can be extended to more than two subspaces. Thus let W, ..., W) be
k subspaces of a vector space V' and let T be a linear operator on' V. Then T is said to be reduced by
Wh.. . W) if

(i) 'V is the direct sum of the subspaces Wy,..., W,
and (ii) Each of the subspaces W; is invariant under T

11 Direct Sum of Linear Operators

Definition: Suppose T is a linear operator on the vector space V. Let
V=Wwe..oW
be a direct sum decomposition of V' in which each subspace W; is invariant under 7T'.
ThenT induces alinear operator1; on each W; by restricting its domain from V to W; .If
o € V, then there exist unique vectors ay,..., o with o; in W; such that
oL=0y +...+ 0

= T ()=T (o4 +...+04)
= T ©)=T (o) +...+ T (o) [ T is linear]
= T (o)=T (o) +...+ T} (o)) [ If o; € Wj, then by def. of

Ti7 we have T (OLZ') = Ti (OC,‘)]
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Thus we can find the action of T on V with the help of independent action of the
operators T; on the subspaces W;. In such situation we say that the operator T  is the
direct sum of the operators Tj,..., T}. It should be noted carefully that T is a
linear operator on V, while the T; are linear operators on the various subspaces

W.

i

12 Matrix Representation of Reducibility

If T is alinear operator on a finite dimensional vector space V and is reduced by the pair
(W}, W), then by choosing a suitable basis B for V', we can give a particularly simple
form to the matrix of T" with respect to B.
LetdimV = nanddim W, = m.Thendim W, = n — msince V is the direct sum of W} and
Wy .
Let B ={oy,...,0,,} be a basis for W} and By ={a,,  1,...,0,,} be a basis for Wy . Then
B =By U By ={0y,...,0,,,0,, ; |,...,0,} is a basis for V.
It can be easily seen, as in the case of invariance, that
M @

[T]p =[ o N ]
where M is an m x m matrix, N is an (n — m) X (n — m) matrix and O are null matrices of
suitable sizes.
Alsoif T} and T are linear operators induced by T on W} and W, respectively, then

M = [TI]BI ,and N = [Tz]B2 .

lllustrative Examl)les

Example 12: IfT is a linear operator on a vector space V- and if W is any subspace of V,
then T (W) is a subspace of V. Also W is invariant under T iff T (W) c W.
Solution: 'We have, by definition
T W)={T (0):00e W}.
Since 0 W and T (0) = 0, therefore T (W) is not empty because at least 0 T (W).

NowletT (o), T (0i9)be any two elements of T (W) where oy, o 9 are any two elements
of W.

If a,b e F, then
aT (o) + DT (09) =T (aoy + boy), because T is linear.
But W is a subspace of V.
Therefore oy,090 € W and a,b € F = aoy + bay € W. Consequently
T (aoy +bagy)eT (W).
Thus a,be F and T (o), T (09)eT (W)
= aT (o) +bT (0g) e T (W).
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T (W) is a subspace of V.
Second Part: Suppose W is invariant under T'.
Let T (o) be any element of T (W) where o.e W.
Since oo € W and W is invariant under T, therefore
T@eW.ThusT (a)eT (W) = T ()e W.
Therefore TW)cW.
Conversely suppose that T (W) c W.
ThenT (0)e W ¥ o.e W.Therefore W is invariant under T.

Example 13: If T is any linear operator on a vector space V. ,then the range of T and the null

space of T are both invariant under T .

Solution: Let N (T) be the null space of T. Then
NT)={aeV:T (o) =0}

IfBe N (T),thenT (B)=0€e N (T) because N (T') is a subspace.

N (T) is invariant under T'.

Again let R (T') be the range of T. Then
R(T)={T ()eV:0eV}.

Since R (T) is a subset of V, therefore e R(T') = Be V.

Now BeV = T B)e R(T).

ThusBe R(T) = T (B)e R(T). Therefore R (T) is invariant under 7.

Example 14: Give an example of a linear transformation T on a finite-dimensional vector
space V' such that V' and the zero subspace are the only subspaces invariant under T .

Solution: LetT be the linear operator on V; (R)which is represented in the standard
ordered basis by the matrix

0 -1

1 o]
Let W be a proper subspace of V5 (R) which is invariant under 7". Then W must be of

dimension 1. Let W be the subspace spanned by some non-zero vector o.. Nowa e W
and W is invariant under T. Therefore T (o) e W.

T (o) = ca for some ¢ € R

= T (o) = ¢l (o) where [ is identity operator on V'

= [T -cl](o)=0

= T — ¢l is singular [~ a=0]
= T — ¢l is not invertible.

If B denotes the standard ordered basis for V5 (R), then

[T —clg=[Tlg—-cll]p

o E R
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—C -1 —C -1 9
Now det 1 = =¢“ +1#0 for any real number c.

- 1 -¢

-c -1
[ Cl c:| ie., [T —cl]p is invertible.

Consequently T" — ¢l is invertible which is contradictory to the result that T" — ¢I is not
invertible.

Hence no proper subspace W of V5 (R) can be invariant under T'.

13 The Adjoint or the Transpose of a Linear

Transformation

In order to bring some simplicity in our work we shall introduce a few changes in
our notation of writing the image of an element of a vector space under a linear
transformation and that under alinear functional. If T'is alinear transformation on
a vector space V and o€ V, then in place of writing T' (o) we shall simply write
To ie., weshall omitthe brackets. Thus Tawill mean the image ofocunder T.1f T}

and T, are two linear transformations of V, then in our new notation T} T, o will
stand for T} [T, (o)].

Let f be alinear functional on V. Ifa. € V, then in place of writing f (o) we shall write
[oe, f ] Thisisthe square brackets notation to write the image of a vector under a linear
functional. Thus [oc, f ]will stand for f (o). Ifa,b € F and o, € V, then in this new
notation the linearity property of f
i, f (a0 +B) = af (@) +bf (B)
will be written as

l[aa +bB, f]=alo, f1+DIB, f 1.
Alsoif f and g are two linear functionals on V and a, b € F,then the property defining
addition and scalar multiplication of linear functionals i.e., the property

(af +bg) (o) = af (o) + bg (o
will be written as

[oe,af +bgl=alo, f]1+b]a, gl

Note that in this new notation, we get
o, fl1=f(o),[a, gl=g@).

Theorem 1: LerU andV be vector spaces over the field F. For each linear transformation T
from U into 'V, there is a unique linear transformation T ’ from 'V " into U * such that

[T (e]) =g [T ()] (in old notation)
or o, T g]l=[To, gl (in new notation)
Sorevery gin' V" and o, in U.
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The linear transformation 7" is called the adjoint or the transpose or the dual of T'.In
some books it is denoted by T* or by T
Proof: T isalinear transformation from U to V. U " is the dual space of U and V “is
the dual space of V. Suppose ge V " ic., gis a linear functional on V. Let us define
f@=¢g[T ()] ¥ acU ..(1)
Then f is a function from U into F. We see that f is nothing but the product or
composite of the two functions T and g where T :U — V and g:V — F.Since both T’
and g are linear therefore f is also linear. Thus f is a linear functional on
U iec, feU’. Inthis way T provides us with a rule T’ which associates with each
functional g on V' a linear functional

f=T"(g onU,defined by (1).
Thus T 7:V’'— U’ such that

T (g=f ¥V geV '’ where f(0)=g[T ()] V¥ aeU.
Putting f =T "( g) in(l),weseethat T’ isafunctionfromV “into U "such that

[T (9] )=g¢IT (@]
or in square brackets notation

o, T gl=[Ta, g] ¥ geV’ and ¥ aeU. ...(2)
Now we shall show that T’ is a linear transformation from V “intoU ".Let g, gp € V'’
anda,be F.

Then we are to prove that
T ' (ag +bgy)=aT " g +bT " g ...(3)
where T g stands for T ( g;) and T’ g9 stands for T’ ( g9).

We see that both the sides of (3) are elements of U “i.e.,both are linear functionalsonU.
So if o is any element of U, we have

[oo, T (ag + bgy)] =T, agy + bgy] [From (2) because ag; + bgy € V ’]
=[To ,ag ]+ [To,bg] [By def. of addition in V 7]
=alTo, gl+b[la, &)
[by def. of scalar multiplication in V ”]
=alo, T gl+bloy, T g] [From (2)]
=[a,aT’ g]+[o,bT " g]
[By def. of scalar multiplication in U ’.
Note that T " g, T " g eU "]
=lo, al' " g +bT " go] [By addition in U ']
Thus ¥ o e U, we have
[0, T " (agy + bgo) ] =[ov, aT” g +bT " go].
T ' (ag +bgy)=aTl " g +bT " gy  [By def. of equality of two functions]
Hence T ’ is a linear transformation from V' “into U .

Now let us show that T is uniquely determined for a given T'. If possible, let T} be a
linear transformation from V' ”into U ” such that

o, 7 gl=[To, g] ¥ geV andaeU. ...(4)
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Then from (2) and (4), we get
oo, 1] gl=[a, T gl Voe U ¥ geV’

= Tyg=T" gV¥ geV’
= h=T".

T ’ is uniquely determined for each T". Hence the theorem.
Note: If T isalinear transformation on the vector space V/, then in the proof of the
above theorem we should simply replace U by V.

Theorem2: If T isalinear transformation from a vector space U into a vector space V , then

(i) the annihilator of the range of T is equal to the null space of T ' i.e.,
(R =N (T").
If in addition U and V' are finite dimensional, then
(ii) p(r")=p(T)
and  (iii) the range of T " is the annihilator of the null space of T i.e.,
R(T ) =[N (@),
Proof : (i) If ge V7, then by definition of T ”, we have
o, T gl=[Ta, g] YaeU. (1)
Let ge N (I' ”) which is a subspace of V *. Then

T’ g = 0 where 0 is zero element of U’ i.e., 0 is zero functional on U. Therefore from

(1), we get

[To, g]=[0,0] V¥ aeU
- [Ta., g]=0 ¥ aeU [+0()=0V acU]
= g(B)=0 VBeR(T) [RT)={BeV:B=T (o) for some o.e U}]
= ge[R(T).

N(T ") [R(T).
Now let ge [R(T )]0 which is a subspace of V' *. Then
g(P)=0 ¥ peR(T)

= [Ta, g]=0 ¥ aeU [ MaeU,Tae R(T)]
= [, T ¢g]=0 ¥ aeU [From (1)]
= T’ g=6 (zero functionalonU) = geN (I'").

[R(T)’ =N (T").
Hence [R(T)H]" =N (T").

(ii) Suppose U and V are finite dimensional. Let dim U=un, dim V =m. Let
r=p (T) = the dimension of R (T).
Now R (T') is a subspace of V. Therefore

dim R(T) +dim [R (T)]0 =dim V. [See Th. 2 of article 6]
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dim [R(T)]° =dim V —dim R (T)
=dimV -r=m-r.

By part (i) of this theorem [R (T’ )]O =N (T").
- dim N (T ")=m—-r = nullityof T "=m—r.
But T’ is a linear transformation from V' " into U ’.

p(T")+v(T’)=dim V"’
or p(T")y=dimV " —v(T")

=dim V —nullity of T"=m—-(m—-r)=r.

p(T)=pT")=r.
(iii) T ”is a linear transformation from V' “into U . Therefore R (I' ") is a subspace of
U’ Also[N (T )]0 isasubspace of U’ because N (T")is a subspace of U.First we shall

show that R(T ")c [N (T ).

Let feR(T’).
Then f=T" gforsome geV ".
If o is any vector in N (1), then To, = 0.
We have
loo, fI=[o, T’ gl=[To, g]=[0, g]=0
Thus fa)=0 V¥ aeN (T).
Therefore f e [N (T)]°.
R(T ") c[N (1)
= R (T ") is a subspace of [N (T)]O.
Now dim N (T) +dim [N (T)]0 =dim U. [Theorem 2 of article 6]

dim [N (T)]° =dim U —dim N (T)
=dim R(T) [+ dim U =dim R(T) +dim N (T)]
=p(I) =p(I"")=dim R(T"").
Thus dim R(T ’)=dim [N (T)]°
and R(T ") <N (D).
R(T ") =[N ().
Note: IfT isalinear transformation on avector space V,then in the proof of the above

theorem we should replace U by V' and m by n.

Theorem 3: LetU andV be finite-dimensional vector spaces over the field F.Let Bbe an ordered
basis for U with dual basis B " ,and let By be an ordered basis for V with dual basis By". LetT bea
linear transformation from U into V. Let A be the matrix of T relative to B, By and let C be the
matrixof T “relativeto By, B’. Then C= A’ i.c.,the matrix Cis the transpose of the matrix A.
Proof : Let dim U =n,dim V =m.

Let B={ay,...,0, B"={fi,..., fu},
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By ={B,....Buwt, B =1 g1, &
Now T is a linear transformation from U into V and T ’ is that from V " into U *. The
matrix A of T relative to B, B; will be of the type m x n. If A=[ajj], x , then by

definition
m
T (o)) or simply Tot; = 'Zlaii Bi,j=L2..,n (D
i=

The matrix Cof T “relative to By ", B”will be of the type n x m.If C={c;;]; » . thenby
definition

n
T’ (g)orsimplyT’ g = ‘Zlciifi i=L2,...,m ... (2)
j=

NowT ’ giisanelementof U’ ie., T’ g;is alinear functional on U. If f is any linear
functional on U, then we know that

f= j’Z:ZI f (oc/-) f}' . [See theorem 3, article 4]
Applying this formula for T * g; in place of f,we get
T'gi=j'z_’l{<T'gi><a,->}f,-. ~(3)
Now let us find (T" " g;) (ocj).
We have (T gi)(ej)=g T (o)) [By def. of T ]
s [k g ey Bk] [From (1), replacing the suffix i
by k which is immaterial]
= k’Z: % 8i (Br) [ g is linear]
:kgl% 8y [+ g e B’ which is dual basis of B;]
=aj

[On summing with respect to k and remembering
that 8;; =1 when k =i and 8;; =0 when k #i]
Putting this value of (T" " g;) (o ]-) in (3), we get

m
T’glzjélall f] (4)

Since fi,..., f, are linearly independent, therefore from (2) and (4), we get
Cji = ﬂi]’ .

Hence by definition of transpose of a matrix, we have
C=A".

Note: IfT is alinear transformation on a finite-dimensional vector space V, then in

the above theorem we put U = V and m = n. Also according to our convention we take
B} = B.The students should write the complete proof themselves.
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Theorem 4: Let Abe any m x nmatrix over the field F. Then the row rank of Ais equal to the
column rank of A.
Proof : Let A =[a;lyx,-Let
B={ay,...,a,and By ={By,....B,}
be the standard ordered bases for V,, (F ) and V,,, (F ) respectively. Let T  be the linear
transformation from V), (F ) into V), (F ) whose matrix is A relative to ordered bases B
and By. Then obviously the vectorsT (o),..., T (a,)are nothing but the columnvectors
of the matrix A.Also these vectors span the range of T becausea , ..., o, form a basis for
the domain of T i.e., V,, (F).
the range of T" = the column space of A
= the dimension of the range of T" = the dimension of the column space of A
= p (T )=the column rank of A. (1)
If T’ is the adjoint of the linear transformation T', then the matrix of T" " relative to the
dual bases B;” and B’ is the matrix A' which is the transpose of the matrix A. The
columns of the matrix A” are nothing but the rows of the matrix A. By the same
reasoning as given in proving the result (1), we have
p (T ") = the column rank of A'

= the row rank of A ...(2)
Sincep (I')=p (T' ), therefore from (1) and (2), we get the result that
the column rank of A = the row rank of A.

Theorem 5 :  Prove the following properties of adjoints of linear operators on a vector space
V(F):

(i) 0=0;
I'=1

(i) "=T; (Kumaun 2007, 09)
(iii) (1 +T5) =N'+Ty"; (Kumaun 2010)
(iv) (h'1y)=Ty"T; (Kumaun 2007, 09, 10)
(v) (aT ) =aT "whereae F;

i) (T 7Yy =@ ")y"Vif T is invertible ;

(vii) (T ") =T""=T if V is finite-dimensional.

Proof: (i) If 0 is the zero transformation on V,then by the definition of the adjoint

of a linear transformation, we have

[(x,a’ g]:[aoc,g]foreveryginv’andocinV

~

= for every gin V”’ [0()=0 ¥ ae V]
=0 [~ g(0)=0]
[, 0] Y oeV [Here 0V’ and 0 (o)) = 0]

:[oc,(A) gl vV geV’and aeV

[Here 0 is the zero transformation on V' |
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Thus we have
[a,a’g]:[oc,(A) glforall ginV 7andoin V.
0'=0.
(ii) If I is the identity transformation on V/, then by the definition of the adjoint of a
linear transformation, we have
oo, 17 g]=[lo, g] for every gin V' " and o in V/
=lo, g] forevery ginV ’andoin V' [ T(@)=0a ¥ oaeV]
=lo,Ig] forevery ginV ’andoin V'
[Here I is the identity operator on V']
I'=1.
(iii) If T}, T are linear operators on V,then T} + T is also a linear operator on V. By the
definition of adjoint, we have
[oo, (T} +T5) gl=[(T} +Ty) o, glforevery ginV “and ovin V/
=[ho+Tyo,g]

[By def. of addition of linear transformations]

=[Tyo, gl+[1T5 o, g] [By linearity property of g]
=lo, i gl+lo, Ty g] [By def. of adjoint]
=lo, T} g+ 1y gl [By def. of addition of linear

functionals. Note that T\" g, Ty ¢ are
elements of V7]

=lo,("+15") gl

Thus we have

o, (I} +T5) gl=la, (I}’ +T5") gl forevery gin V "and ain V.

(M +Ty) g=(+Ty') g ¥ geV"

(Tl + T2), = Tl, + Tz,.
(iv) If T}, Ty are linear operators on V,then T} Ty is also a linear operator on V. By the
definition of adjoint, we have

lo, (T 1) gl=[(I1 Ty)a, g] forevery ginV “andoin V'
(1) Ty, gl

[By def. of product of linear transformations]

=Ty o, g [By def. of adjoint]
=lo, Ty 1 g] [By def. of adjoint]

Thus we have
oo, (11 Ty) gl=la,Ty" T} gl forevery ginV “and acin V.
(L T =T5"T,".
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Note: This is called the reversal law for the adjoint of the product of two linear
transformations.
(v) IfT is a linear operator on V and a € F,then aT is also a linear operator on V. By
the definition of the adjoint, we have
o, (aT ) gl=[(aT ), gl forevery ginV "andoin V
=[a (Ta), g] [By def. of scalar multiplication of a

linear transformation]
=alla,g] [+ gis linear]
[o, T 7 g] [By def. of adjoint]

=a
=lo,a(T' " g)] [By def. of scalar multiplication in V *.
Note that T " ge V']

=lo, (aT ") g}
[By def. of scalar multiplication of T"” by «]

(aT ) =aT".
(vi) Suppose T is an invertible linear operator on V. If T ~! is the inverse of T, we
have

TAr=1=TT""
= (T Ty=1"=TT "y
= T (T _1) =1=(T _I)’ T’ [Using results (ii) and (iv)]

T ’is invertible and (T ")~ = (T ~y.
(vii) V is a finite dimensional vector space. T  is a linear operator on V,T ’ is a linear
operatoron V “and (I' ") or T "’ is a linear operator on V *. We have identified V "’
with V' through natural isomorphism o <» L, whereooe V and L, € V' *".Here L is a
linear functional on V' “ and is such that
L (9=g@V geV . (1)
Through this natural isomorphism we shall take o. = L, and thus T" ” will be regarded
as a linear operator on V.
Now T’ is a linear operator on V' ’. Therefore by the definition of adjoint, we have
LT " " Lyl=1gT ") L,]=[T"g Ly|forevery geV "andoe V.
Now T’ g is an element of V' *. Therefore from (1), we have
(17 ¢ Lyl=[o, T" gl
[Note that from (1), Ly, (T " g)=(T "' g)a]
=[To, gl [By def. of adjoint]
Again T "’ Ly is an element of V *’. Therefore from (1), we have

LeT " Lyl=[B, glwhereBeV and BT 7" L,

under natural isomorphism
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=[T"o,¢g] [+ B=T"" L, =T" o when we regard

T '’ as linear operator on V in place of V "]

Thus, we have

[To, g]l=[T""o, g]forevery ginV “and a.in V

gTa)=g(T " o) forevery ginV "and o in V'

gToa—-T " a)=0 forevery ginV "and a.in V'

To—T " o=0foreveryoinV

(T-T’")o=0foreveryo inV

T-T""=0
T=T".

L

lllustrative Examl)les

Example 15: Let f be the linear functional on R’ defined by f (x, y)=2x -5 y.Foreach
linear mapping
T:R} > Rzﬁnd [T7( f)](x, y,z), where
(i) T(xpz)=(x=-y,y+2z),
(ii) T (x,y,z)=(x+ y+2z,2x+ y),
(iii) T (x, y,z)=(x+ »,0).
Solution: By definition of the transpose mapping,
T'(f)=foT ie, [T'(f)]a=f[T ]foreveryoaeR3

@ [T ()@ yz)=fIT (xp2)]

=f@—-yp,y+2)=2(x-y)-5(y+z)=2x-7y-5z.
(i) [T (1> y.2)=fIT (v 7,2)]

=f(x+y+2z,2x+ y)

=2 (x+ y+2z)=5Q2x+ y)=—8x—3y +4z.

(i) [T ()] y,2)=fIT (v, p,2)]
=f(x+750)=2(x+y)-5.0=2x+2y.

Example 16: If Aand B are similar linear transformations on a vector space V., then so also
are A and B’ .

Solution: Aissimilar to Bmeans that there exists an invertible linear transformation
C on V such that

A=CBC ™!
= A=(CBC 7y
= A=cClyBc.
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Now C is invertible implies that C’ is also invertible and
(CI) —1 — (C _I)/‘
A/:(CI)_IBICI : CIAI(CI)_IZBI
[Multiplying on right by (C ')_l and on left by C’]
= B’is similar to A

= A’ and B’ are similar.

Example 17: LetV beafinite dimensional vector space over the field F.Show that T — T "is
an isomorphism of L (V,V )Yonto L(V ",V 7).
Solution: Let dimV =n.

Then dimV '’'=n.
Also dim L(V,V)=n?,dim L(V ",V ") =1
Let vw:L(V,V )= L(V ', V) such that

y(T)=T"¥ TeL(V,V).

(i) w is linear transformation:

Let a,be Fand T}, Ty € L (V,V ). Then
vy (aly + bTy) = (al} + b1y) [By def. of y]
=aTy) + (bTy) [ (A+B) =A"+ B"]
=aTy + DTy’ [ (ad)" = aA’]
=ay (I1) + by (1) [By def. of ]
v is a linear transformation from L (V,V )into L(V ",V ’).

(i) y is one-one:

Let T, T, e L(V,V).

Then v (1) =y (Iy)

= =Ty

= I =Ty

= h=T [V is finite-dimensional]

v is one-one.
(iii) v is onto:
We have dim L(V,V )=dim L(V ",V )=
Since yis alinear transformation from L (V,V )into L (V ’,V ”)therefore y is one-one
implies that y must be onto.

Hence y is an isomorphism of L (V,V )onto L(V 7,V ’).

Example 18: If Aand Bare linear transformations on an n-dimensional vector space' V., then
prove that

(i) p(AB)

>
(ii) v (AB)< (B). (Sylvester’s law of nullity)
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Solution: (i) Firstwe shall prove, thatifT isalinear transformationonV and W, is an
h-dimensional subspace of V, then the dimension of T (W})is2h —v (T").

Since V is finite-dimensional, therefore the subspace W) will possess complement. Let
V=W, & W, .Then

dim Wy =n—-h=k (say).
Since V' =W, + W, , therefore

T (V)=T (W) +T (W), as can be easily seen.

dim T (V) =dim [T (W) +T (Wy)]

<dim T (W) +dim T (Ws)
[+ Thedimensionofasumis < the sum of the dimensions]

But T (V)= the range of T'.
dimT (V)=p(T).
Thus dimT W) +dim T (Ws)2p (T ). ..(1)
Now T (W5) is a subspace of W, . Therefore
dim Wy >dim T (W5). ...(2)
From (1) and (2), we get
dim T (W) +dim Wy 2p (T')
= dim T (Wy)zp (T') —dim Wy
= dimT W)= n- ( )—k [ p(T)+v(T)=n]
= dimT W)zn-k-v(T)
= dimT W)z h - ( ). ...(3)
Now taking T'= Aand W} = B (V ) in (3), we get
dim A[B(V)]=dim B(V ) -v (A)
= dim (AB) (V )2p(B)-vVv(A) [* B (V)= therange of B |
= p(AB)2p(B)—[n-p(A)]
= p(AB)2p(A)+p(B)—n
(i) Wehave p(AB)+vVv(AB)=n.
: p(AB)=n-vVv(AB).
But p(AB)=p(A)+p(B)-n.
n—v(AB)2p(A)+p(B)—n
V(AB)<[n—p(A)]+[n-p(B)]
= v(AB)<Vv(A)+Vv(B) [ p(A)+Vv(A)=n]

@mprehensive Exercise 2

1. Let V be a finite dimensional vector space over the field F. If W} and W, are
subspaces of V, then VVIO = WZO ift W =W,.
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If Wi and W, are subspaces of a finite-dimensional vector space V' and if
V=W & W, then

(i) W)’ is isomorphic to WQO. (ii) Wy’ is isomorphic to VVIO.

Let W be the subspace of R3 spanned by (1,1,0) and (0,1,1). Find a basis of the
annihilator of W.

Let W be the subspace of R* spanned by (1,2,-3,4),(1,3,-2,6) and (1,4, - 1, 8).
Find a basis of the annihilator of W.

If the set S = {W;} is the collection of subspaces of a vector space V' which are
invariant under 7', then show that W = ? W; is also invariant under T'.
Prove that the subspace spanned by two subspaces each of which is invariant

under some linear operator T, is itself invariant under T'.

Let V be avector space over the field F,and let T be a linear operator on V and let
f (¢)be a polynomial in the indeterminate t over the field F.If W is the null space
of the operator f (T'),then W is invariant under T'.

Let T be the linear operator on R2,the matrix of which in the standard ordered
basis is

A I -1
=1, 5 |
(a)  Prove that the only subspaces of R? invariant under T are R? and the zero
subspace.
(b) IfUisthelinear operator on c? ,the matrix of which in the standard ordered

basis is A, show that U has one dimensional invariant subspaces.

Let T be the linear operator on R2, the matrix of which in the standard ordered

2 1
0 2]
If W) is the subspace of R, spanned by the vector (1, 0),prove that Wj is invariant

under 7.
Show that the space generated by (1,1,1) and (1, 2, 1) is an invariant subspace of R3

basis is

under T', where T (x, y,z)=(x+ y—z, x+ y,x+ y—2z).

If Aand B are linear transformations on a finite-dimensional vector space V,then
prove that

(i) p(A+B)<p(A)+p(B)

(i) p(AB)<min {p (A),p (B)}.

(iii) If B is invertible, then p (AB) =p (BA) =p (A).
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Answers 2

3. Basisis{f (x, y,z)=x—-y+2z}
4. Basisis{ f], fo} where f| (x, y,z,w)=5x— y+2z, fo (x, y,z,w)=2y—-w

Pt

( Objective Type Questions
Ly

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (¢) and (d).

1. Let V be an n-dimensional vector space over the field F. The dimension of the
dual space of V is

(a) (b)
(c) ln (d) none of these
2 (Kumaun 2014)

2. If the dual basis of the basis set B ={(1,0,0),(0,1,0),(0,0,1)} for V3 (R) is
B'={f1 f2» f3} then
(a) fila,b,c)=a, fy(a,b,c)=Db, f3(a,b,c)=c
(b) fi(a,b,c)=Db, fy(a,b,c)=c, f3(a,b,c)=a
() fila,b,c)=c, fy(a,b,c)=a, f3(a,b,c)=D
(d) None of these.

3. If V(F)is avector space and f be a linear functional from V' — F, then

(a) £(0)=0 (b) f(0)20
(c) £(0)=0 (d) £0)=0
4. IfV (F)is a vector space and f is a linear functional from V' — F, then
(@ f=x=f() (b) f=x)==-f ()
© f=0==f (d) f=x0=f (%)

5. Let V be a vector space over a field F. A linear functional on V is a linear
mapping from
(a) F into V (b) V into F
(¢) V into itself (d) none of these

6. If S is any subset of a vector space V (F ), then S Oisa subspace of

(a) V (b) v*
(c) V7 (d) none of these.
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Let V be a finite dimensional vector space over the field F.If S is any subset of V,
then SY° =

(a) S (b) L(S)
(c) [L(S )]O (d) none of these.

Let V(F)be avector space over the field F. Then the set V'’ of all linear functional
on V is also a vector space over the field F. The vector space V" is called :

(a) Dual space of V (b) Null space of V
(c) Subspace of V (d) none of these

Let V be a finite dimensional vector space of dimension n. If V" is the dual space of
V then dimension of V'’ will be:
(a) n? (b) 2n

(c) ) (d) n

Let V' (F)be avectorspace. Afunction f fromV to F which satisfies the condition
flaoa+bB)=af(a)+bfB) Va,be Fando,feV is called :
(a) linear transformation (b) linear operator

(¢) linear functional (d) none of these

If W} and Wy are subspaces of a vector space V (F) and Wy < W] then
(2) W0 e Wy (b) W% > Wy?
(c) VVIO = W2O (d) none of these

If S° denote the annihilator of subspace S of vector space V (F), then :

(a) dim S +dim S® <dim V/ b) If S=v,sY=v0
(c) If S is the zero subspace of V, then sO=v
(d) S s

Let { fi, fo} be the dual basis for the basis set {(2,1),(3,1)} for RZ. Then:

(a) fila,b)y=3b—-a, fo(a,b)=a-2b

(b) fila,by=a-3b, fola,b)=a—2b

(c) fita,by=a-3b, fo(a,b)=2b—a

(d) fita,b)y=a-3b, fola,b)=a+2b

If W} and W, are subspaces of a vector space V' (F), then (W] N W2)0 =
(@) W% uWy? (b) W0 ~ Wyl

(©) W%+ w0 (d) (W) + Wy)°
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Fill in the Blank(s)

Fill in the blanks *...... 7 so that the following statements are complete and
correct.

1. LetV beavector space over the field F.The dual space of V is also called the ......
space of V.

2. If V is an n-dimensional vector space over the field F, then V'is ...... to its dual
space V7.

3. Let V be a finite dimensional vector space over the field F, and let W be a
subspace of V. Then dim W + dim W O ...

4. LetV beafinite dimensional vector space over the field FF and let W be a subspace
of V.Then W % = ...
True or False
Write ‘T for true and “F’ for false statement.

1. LetV (F)beavectorspace. Alinear functional on V is a vector valued function.

2. Every finite dimensional vector space is not reflexive.

3. IfV (F)is avector space, then mapping f:V — F: f () =0, then f is a linear
functional.

4. If V is finite-dimensional and W is a subspace of V' then W’ is isomorphic to
vw O

5. IfT is alinear transformation from a vector space U into a vector space V' then
p(T")#p(T).

\ Answers

Multiple Choice Questions

1. (a) 2. (a) 3. (a) 4. (b) 5. (b)

6. (b) 7. (b) 8. (a) 9. (d) 10. (o)

11. (b) 12. (b) 13. (a) 14. (o)

Fill in the Blank(s)

1. conjugate 2. isomorphic 3. dim V 4. W
True or False

1. F 2. F 3. T 4. T 5. F
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Eigenvalues and Eigenvectors

1 Matric Polynomials

Definition: An expression of the form
FM)=Ag+ AL+ Aoh? + .+ A, (AL A A",

where Ay, Ay, Ay, ..., A, are all square matrices of the same order, is called a Matric
polynomial of degree m provided A, is not a null matrix. The spmbol A is called
indeterminate. If the order of each of the matric coefficients Ay, Ay, ..., A,, is n, then we
say that the matric polynomial is n-rowed. According to this definition of a matric
polynomial, each square matrix can be expressed as a matric polynomial with zero
degree. For example, if A be any square matrix, we can write

A =2A

Equality of Polynomials: Two matric polynomials are equal iff (if and only if), the
coefficients of the like powers of A are the same.
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Theorem: Every square matrix whose elements are ordinary polynomials in A, can essentially be
expressed as a matric polynomial in A of degree m, where m is the highest power of N occurring in
any element of the matrix. We shall illustrate this theorem by the following example.

Consider the matrix

1+20 + 332 22 4- 60
A= 1+ 344202 1-2A +4)°
2 -3% +2)° 5 6

in which the highest power of A occurring in any element is 3. Rewriting each element
as a cubic in A, supplying missing coefficients with zeros, we get

1+2.2+3.22+0.22  0+0A+1.22+0.2°
A=[1+02+022+1.23  3+0r+422+0.23
2.3 A+022+2.23 5401 +0.2%2+0.2°

4-6.0+0.22+0.2°
-2 2+02%2 +4.23
6+0.0+0.2%2 +0.2°

Obviously A can be written as the matric polynomial

1 0 4 2 0 -6 3 1 0 0 0 0
A=[1 3 1[+2 0 0 =2(+2%0 4 o|+23|1 o0
2 5 6 -3 0 0 0O 0 O 2 0 0

? Characteristic Values and Characteristic
Vectors of a Matrix

Let A = [a;],,x , be a given n-rowed square matrix. Let

be a column vector. Consider the vector equation
AX = AX. (1)
where A is a scalar (i.e., number).

Itis obvious that the zero vector X = O is a solution of (1) for any value of A. Now let us
see whether there exist scalars A and non-zero vectors X which satisfy (1).

If T denotes the unit matrix of order 1, then the equation (1) may be written as




Eigenvalues and Eigenvectors

|u151_!l A

AX = MX
or (A-A)X=0. -(2)
The matrix equation (2) represents the following system of » homogeneous equations
in 7 unknowns :

(] — M) +apoxy +...+ap,x, =0 |

ag1x + (agg —A) X9 +...+a9,x,=0

.(3)

agx +apxy +... +(a,, —A)x,=0
The coefficient matrix of the equations (3) is A — AL The necessary and sufficient
condition for equations (3) to possess a non-zero solution (X #O) is that the
coefficient matrix A — Al should be of rank less than the number of unknowns n. But
this will be so if and only if the matrix A — ALis singular i.e.,if and only if| A — AI| = 0.
Thus the scalars A for which

|A-=M|=0

are of special importance.

Definitions: (Lucknow 2009; Gorakhpur 11)

Let A ={[a;l,xn be any n-rowed square matrix and A an indeterminate. The matrix
A — Ml is called the characteristic matrix of A where Iis the unit matrix of order n.

Also the determinant

ary - A a9 ary,
agy a9 -\ ag
|A—AM|= "
ayl a2 Ayp — A

which is an ordinary polynomial in A of degree n, is called the characteristic
polynomial of A. The equation| A — M| = O is called the characteristicequation of A
and the roots of this equation are called the characteristic roots or characteristic
values or eigenvalues or latent roots or proper values of the matrix A. The set of the
eigenvalues of A is called the spectrum of A.

If A is a characteristic root of the matrix A, then

|A-AIl=0

and the matrix A — Mis singular. Therefore there exists anon-zero vector X such that
(A-A)X=0

or AX =X,

Characteristic vectors. Definition: IfA is a characteristic root of an n x nmatrix A, then
a non-zero vector X such that AX = AX is called a characteristic vector or eigenvector of A
corresponding to the characteristic root A. (Lucknow 2009)
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3 Certain Relations between Characteristic Roots and

Characteristic Vectors

Theorem 1: A isacharacteristic root of a matrix A if and only if there exists a non-zero vector X
such that AX = AX.

Proof: Suppose A is a characteristic root of the matrix A. Then|A — AI| =0 and the
matrix A — Al is singular. Therefore, the matrix equation (A — AI) X = O possesses a
non-zero solution ie., there exists a non-zero vector X such that (A — AI)X =0 or
AX =AX.

Conversely suppose there exists a non-zero vector X such that AX=2AX
ie,(A—M)X=0. Since the matrix equation (A — AI) X =O possesses a non-zero
solution, therefore the coefficient matrix A — AI must be singular ie.,|A —AI|=0.
Hence A is a characteristic root of the matrix A.

Theorem 2: If X is a characteristic vector of a matrix A corresponding to the characteristic
value A, then kX is also a characteristic vector of A corresponding to the same characteristic value
A. Here k is any non-zero scalar.
Proof: Suppose X is a characteristic vector of A corresponding to the characteristic
value A. Then X # O and AX = AX.
If k is any non-zero scalar, then k x = O. Also

A (KX) = k(AX) = k(AX) = A (kX).
Now kX is a non-zero vector such that A(kX) = A(kX). Hence kX is a characteristic
vector of A corresponding to the characteristic value A. Thus corresponding to a
characteristic value A, there corresponds more than one characteristic vectors.

Theorem 3: IfXisa characteristic vector of a matrix A, then X cannot correspond to more than
one characteristic values of A.

Proof: Let X be a characteristic vector of a matrix A corresponding to two
characteristic values A| and A9. Then AX = A;X and AX = A9X. Therefore

MX =2AX
= (A —k9)X=0
= A=Ay =0 [ X#0O]
= A =2A9.

Hence the result.

4 Nature of the Characteristic Roots of Special Types of

Matrices

Theorem 1: The characteristic roots of a Hermitian matrix are real.

(Kumaun 2010, 11, 13; Meerut 11; Lucknow 05, 11)
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Proof: Suppose A is a Hermitian matrix, A a characteristic root of Aand X a
corresponding eigenvector. Then

AX = AX. (1)
Premultiplying both sides of (1) by X 9 we get
x%Ax = ax°x. . (2)

Taking conjugate transpose of both sides of (2), we get
x%Ax)% = ax®x)®
or XOA%(X)® = TX°(x9)°
or x%ax = ax%x ..(3)
[(x%?=XandA®=A A being Hermitian |
From (2) and (3), we have
AxOx = ax%x
or (r -20)Xx =0.
But X is not a zero vector, therefore x%Xx 2 0.
Hence A — A = 0,so that A = A and consequently A is real.

Corollary 1: The characteristic roots of a real symmetric matrix are all real.
If the elements of a Hermitian matrix A are all real, then A is a real symmetric matrix.
Thus a real symmetric matrix is Hermitian and therefore the result follows.
Corollary 2: The characteristic roots of a skew-Hermitian matrix are either pure imaginary or
zero. (Lucknow 2010)
Suppose A is a skew-Hermitian matrix. Then iA is Hermitian. Let A be a characteristic
root of A. Then

AX =X
or (IA)X = (L)X
From this it follows that iA is a characteristic root of iA which is Hermitian. Hence iA is
real. Therefore either A must be zero or pure imaginary.
Corollary 3: The characteristic roots of a real skew-symmetric matrix are either pure
imaginary or zero, for every such matrix is skew-Hermitian.

Theorem 2: The characteristic roots of a unitary matrix are of unit modulus.

Proof: Suppose A is a unitary matrix. Then APA =1L

Let A be a characteristic root of A and X a corresponding eigenvector. Then

AX = AX. (1)
Taking conjugate transpose of both sides of (1), we get

(AX)° = (X)°
or x%A% =ax8. (2)
From (1) and (2), we have
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(X°A%)(AX) = Mx°Xx
or x%(A%A) x = mx®x [~ A%A=1]
or x°Ix = amx®x
or XX = mx°®x
or XXM -1 =0. ..(3)
Since XX # O, therefore, (3) gives
A -1=0
or LA =1
or | A |2 =1

Corollary: The characteristic roots of an orthogonal matrix are of unit modulus.

We know that if the elements of a unitary matrix A are all real, then A is said to be an
orthogonal matrix. Hence the result follows.

9 The Process of Finding the Eigenvalues and Eigenvectors
of a Matrix

Let A = [a;;],,x , be a square matrix of order n. First we should write the characteristic
equation of the matrix A i.¢.,the equation| A — M| = 0. This equation will be of degree n
inA. So it will have nroots. These nroots will give us the eigenvalues of the matrix A. If
A1 is an eigenvalue of A, then the corresponding eigenvectors of A will be given by the
non-zero vectors

X=[x,x9,...,x,]
satisfying the equation AX = 1;X
or (A-MDX=0.

Illustrative Exam])les

Example 1: Determine the characteristic roots of the matrix

0 1 2
A={1 0 -Ij
2 -1 0 (Meerut 2010)
Solution: The characteristic matrix of A
=A-M
0 1 2 1 0 O

=1 0 -l|-20 1 O
2 -1 0 0O 0 1
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0-2 1 2
= 1 0-2 -1
2 -1 0-2
It should be noted that in order to obtain the characteristic matrix of a matrix A, we
should simply subtract A from each of its principal diagonal elements.

The characteristic polynomial of A

=|A - M|
12
=l 1 -» -1
2 -1 -

= A2 =D = I(=A +2) + 2(=1+ 21)
=B N +A—2-2+40

=- +60 -4
The characteristic equation of A is
|A-AM|=0
ie., 2 —6h+4=0
ie., A =2)(A% +21 -2)=0.

The roots of this equation are A =2, -1+ /3.
Hence the characteristic roots of the matrix A are 2, — 1 + /3.
a h g
Example 2: Determine the eigenvalues of the matriv A={0 b 0}
0 ¢ ¢

(Kumaun 2007; Kanpur 09; Meerut 10B)

Solution: Here |[A — AM|=| 0O b-x 0
0 c c—A
=(@a-A)b-A)(c-1r).
The characteristic equation of A is
|A-=AIl=0
Le., (@a=A)(b-A)(c—-2)=0.
The roots of this equation are A = a, b, c. Hence the eigenvalues of A are a,b,c.

Example 3: Determine the eigenvalues and eigenvectors of the matrix

_[5 4}
1 2] (Bundelkhand 2006)

Solution: The characteristic equation of A is
|A-AM|=0
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S-a 4
=0
he ‘ 1 2—7»‘
ic., G-2)(2-1)-4=0
ie., A2 —7h+6=0.

The roots of this equation are A| =6, A9 = L. Therefore the eigenvalues of A are 6,
1.

A
X2
non-zero solutions of the equation

(A-6)X=0 or [516 24-}6“2]{8]
S

-1 4 X 0 .
or 0 0 =lol applying Ry — Ry + R;.

X9

The eigenvectors X = [ } of A corresponding to the eigenvalue 6 are given by the

The coefficient matrix of these equations is of rank 1. Therefore these equations have
2 —1lie., 1 linearly independent solution. These equations reduce to the single
equation —x; +4xy =0. Obviously x =4,x =1 is a solution of this equation.

4
Therefore X; = l:

) ] is an eigenvector of A corresponding to the eigenvalue 6. The set of

all eigenvectors of A corresponding to the eigenvalue 6 is given by ¢; X where ¢| is any
non-zero scalar.
The eigenvectors X of A corresponding to the eigenvalue 1 are given by the non-zero

solutions of the equation

(A-1)X=0
4 4][n] [0
o 11w |70
or 4x +4x9 =0, x +x9 =0.

I
From these x; = — xy.Let us take x; =1, xp =— 1 Then X, = [ 1:| is an eigenvector of A

corresponding to the eigenvalue 1. Every non-zero multiple of the vector X, is an
eigenvector of A corresponding to the eigenvalue 1.

Example 4: Determine the characteristic roots and the corresponding characteristic vectors of

the matrix
8 -6 2
A=|-6 7 4|
2 -4 3 (Purvanchal 2010; Bundelkhand 08;

Rohilkhand 05; Agra 07; Kanpur 09; Avadh 05)
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Solution: The characteristic equation of the matrix A is

|A-AI=0

8§-1 -6 2
ie., -6 7-A -41=0

2 -4 3-1

or B=M{T7-1CB-21)-16} +6{-6C-A)+8 +2{24-2(7-A)} =0
or AP —182% +454 =0
or AL =3) (A -15)=0.

Hence the characteristic roots of A are 0, 3, 15.

The eigenvectors X = [x1, x5, x3]” of A corresponding to the eigenvalue O are given by
the non-zero solutions of the equation

(A-0DX=0
[ 8 -6 2 X] 0
or -6 7 —4||{x|=]0

2 -4 3 X3 0

2 -4 3 X1 0

or -6 7 —4||x|=[0],by R «— Rg

8 -6 2||x]| [0

2 -4 3|[x] [0

.or 0 -5 5 Xo | = 0 7byR2_>R2 +3R1,R3%R3—4R1
0 10 -10|[x3| [0

2 —4 3]y [0

-5 5 X | = 0 ,by R3 — R3 +2R2.

0 0flx]| [0

o

or

)

The coefficient matrix of these equations is of rank 2. Therefore these equations have
3 — 2 =llinearly independent solution. Thus there is only one linearly independent
eigenvector corresponding to the eigenvalue 0. These equations can be written as

2)(1 —4)(2 + 3)(3 :0,— 5X2 +5X3 =0.
From the last equation, we get xy = x3. Let ustake xy =1, x3 = 1. Then the first equation

gives x = % Therefore X = [% 1 1] is an eigenvector of A corresponding to the

eigenvalue 0. If ¢ is any non-zero scalar, then ¢X] is also an eigenvector of A
corresponding to the eigenvalue 0.
The eigenvectors of A corresponding to the eigenvalue 3 are given by the non-zero
solutions of the equation

(A-3DX=0
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5 -6 2][x] [O]
or 6 4 —4[[x|=|0
2 -4 0f|x] 0]
1 =2 =2][x] [0]
or -6 4 -4 Xo | = 0 ,by Rl - Rl + Rz
| 2 4 O0]|x]| |O]
-1 =2 2]y [0]
or 0 16 8 X9 ={0 ,byRQ—)R2—6I{l,R3%R3 +2Rl
0 -8 —4]|xs] (0]
-1 =2 2]y ] [0
or 0 16 8 X9 ={0 ,byR3%R3+%R2.
0 0 oflx] [0

The coefficient matrix of these equations is of rank 2. Therefore these equations have
3 — 2 =1linearly independent solution. These equations can be written as

—x; —2x9) —2x3 =0,16x9 +8x3 =0.
From the second equation we get xy = — %)@ .Letustake x3 =4, xy = — 2. Then the first

equation gives x; = — 4. Therefore Xy =[-4 -2 4]’

is an eigenvector of A corresponding to the eigenvalue 3. Every non-zero multiple of
the Xy is an eigenvector of A corresponding to the eigenvalue 3.

The eigenvectors of A corresponding to the eigenvalue 15 are given by the non-zero

solutions of the equation

(A-151)X=0
(8 15 -6 2 X 0
or -6 7-15 -4 ||lx =0
L 2 -4 3-15 X3 0
——7 —6 2— X 0
or -6 -8 —4{ |x =10
| 2 4 -12] |x 0
(-1 2 6|[x 0
or -6 -8 —41ix(={0,byR - R -Ry
| 2 -4 -12][xs 0
——1 2 6 X1 0
or 0 -20 -40||x[=|0|, by Ry - Ry —6R,,-
| 0 0 Oflw] [0]  Ry— Ry +2R.

The coefficient matrix of these equations is of rank 2. Therefore these equations have
3 — 2 =llinearly independent solution. These equations can be written as
—X +2X2 + 6X3 =O, - 20)(2 —4OX3 =0.
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The last equation gives xy = — 2x3.Let us take x3 =1, xy) = — 2. Then the first equation
gives x; = 2. Therefore

X3=[2 -2 1)
is an eigenvector of A corresponding to the eigenvalue 15. If k is any non-zero scalar,
then kX3 is also an eigenvector of A corresponding to the eigenvalue 15.

Example 5: Determine the characteristic roots and the corresponding characteristic vectors of

the matrix
6 -2 2
A=|-2 3 -1
2 -1 3 (Meerut 2006B, 09; Purvanchal 07)
Solution: The characteristic equation of A is
|A—AI=0
(62 -2 2]
or -2 3-A -1 |=0
| 2 -1 3-A]
(62 -2 0 ]
or -2 3-A 2-A|=0,byG - G +CG
L 2 -1 A
[6 -2 -2 0]
or 2-2 2 3-1 1|=0
| 2 -1 1]
6-2% -2 0
or 2-2] 4 4-1 0|=0,byR >R -Rg
| 2 -1 1]
or A
or 2-1) (2 -101 +16) =
or 2-MA-2)(A-8)=0

Therefore the characteristic roots of A are given by A =2,2,8.

The characteristic vectors of A corresponding to the characteristic root 8 are given by
the non-zero solutions of the equation

(A-8)X=0
[6-8 -2 2 |y 0
or -2 3-8 —1{{x|= 0
| 2 -1 - 81| x3
(-2 -2 2][x 0
or -2 =5 -l||xn|=|0
| 2 -1 5[ 0
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(-2 -2 21[x 1 [0]
or 0 -3 -3 X9 :O,byR2—>R2—R1,R3—>R3+R1
| 0 -3 3]||x]| |O]
(-2 -2 21{x 1 [O]
or 0 -3 -3 Xo | = 0 ,bng—)Rg—RQ.
| O 0 Of[xs] |0

The coefficient matrix of these equations is of rank 2. Therefore these equations
possess 3 — 2 =l linearly independent solution. These equations can be written as
—2)(1 = 2)(2 + 2X3 = O,

—3x9 —3x3 =0.
The last equation gives xy = — x3. Let us take x3 =1, xp = — 1. Then the first equation
2
gives x; =2. Therefore X; ={—-1 | is an eigenvector of A corresponding to the

1
eigenvalue 8. Every non-zero multiple of X is an eigenvector of A corresponding to
the eigenvalue 8.

The eigenvectors of A corresponding to the eigenvalue 2 are given by the non-zero
solutions of the equation

(A-2)X=0
[ 4 -2 2]|[x] [O]
or -2 I —1f{x =0
| 2 -1 1f|x] [O]
[-2 1 -1]{x ] [O]
or 4 -2 2||x|=|0]|,by R «—> Ry
| 2 -1 1|x] [O]
-2 1 -I][x 0
or 0 0 Offx|=(0],byRy = Ry +2R, R > R3 + Ry.
0 0 Of|lxs 0

The coefficient matrix of these equations is of rank 1. Therefore these equations
possess3 — 1 =2linearly independent solutions. We see that these equations reduce to
the single equation

—2x +x —x3 =0.

-1 1
Obviously Xy =| 0 |, X3 = 2
2 0

are two linearly independent solutions of this equation. Therefore Xy and X3 are two
linearly independent eigenvectors of A corresponding to the eigenvalue 2. If ¢}, ¢y are
scalars not both equal to zero, then ¢;Xy +¢9Xg gives all the eigenvectors of A
corresponding to the eigenvalue 2.
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Example 6: Show that O is a characteristic root of a matrix if and only if the matrix is singular.

Solution: We have 0 is an eigenvalue of A = A =0 satisfies the equation
|A-Al|=0 =|A|=0 = A is singular.

Conversely, A is singular = |A|=0

= A =0 satisfies the equation|A — AI| =0

= 0 is an eigenvalue of A.

Example 7: If A, ......... , Ay, are the eigenvalues of A, then show that k\y,..., kN, are the
eigenvalues of kA.

Solution: Ifk =0, then kA = Oand each eigenvalue of Ois 0. ThusOA,....,0A , are the
eigenvalues of kA if A, ..., A, are the eigenvalues of A.
So let us suppose that k #0.
We have | kA — MI| = k(A = AD) |

=k"|A =M. [ |[kB|=k"|B|]

if k 20, then |kA — AkI| =0 if and only if |A — AMI| =0

i.e., kM is an eigenvalue of kA if and only if X is an eigenvalue of A.
Thus kAp,...., kA, are the eigenvalues of kA if A|,..., A, are eigenvalues of A.
Example 8: If A is non-singular, prove that the eigenvalues of A~ are the reciprocals of the
eigenvalues of A.

Solution: Let A be an eigenvalue of A and X be a corresponding eigenvector. Then

AX =2AX
= X=A"1x)=rA"'X)
= % X=A"'Xx [- Ais non-singular = A #0]
= A'x=dx
A

I, . - . L
= 7 isan eigenvalue of A Vand X is a corresponding eigenvector.

Conversely suppose that k is an eigenvalue of AL Since A is non-singular = A lis

non-singular and (A_1 )_1 = A, therefore, it follows from the first part of this question
that % is an eigenvalue of A. Thus each eigenvalue of A~ !is equal to the reciprocal of
some eigenvalue of A.

Hence the eigenvalues of A lare nothingbut the reciprocals of the eigenvalues of A.
Example 9: If the characteristic roots of A are Ay, Ao,... N, , then the characteristic roots of
A are A\E N2, 02 (Kumaun 2008)

Solution: Let A be a characteristic root of the matrix A. Then there exists a non-zero
vector X such that
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AX = AX
= A (AX) = A (AX)
= A%X =\ (AX)
= A’X =2 (AX) [- AX = A X]
= A%X = 2%X. (1)

Since X is a non-zero vector, therefore from the relation (1) it is obvious that A isa
characteristic root of the matrix AZ. Therefore if A 1,---»A, are the characteristic roots

of A, then klz yeres 7»,,2 are the characteristic roots of AZ.
Example 10: The characteristic roots of an idempotent matrix are either zero or unity.
Solution: Let Abeanidempotent matrix so that A2 = A.Let A be a characteristic root

of the matrix A. Then there exists a non-zero vector X such that

AX = AX (1)
= A (AX) = A (AX)
= A%X =) (AX)
= AX = A (AX) [+ A? = A and AX = AX]
= AX = °X. (2)
From (1) and (2), we get

A2 X =X
or (kz -AM)X=0
or A2 -r=0 [- X#O]
or A-1)=0.

A =0 or A=1L

Hence the characteristic roots of an idempotent matrix are either zero or unity.

Example 11: The product of the characteristic roots of a square matrix of order nis equal to the
determinant of the matrix.

Solution: Let A = [4; 1,xn be a square matrix of order n. Then the characteristic

polynomial f (A) of A is given by

S ) =|A - M|
a1 -\ a9 ary,
_ a9 agyg — A agy,
ayl o) Ayn — A

=DV g M A2 4 ], say.

If Ay, X9,..., A, are the characteristic roots of A, then A;, Xo,..., A, are the roots of the
equation | A — M| =0.
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|A—AM|= (=)' [V +pA" ey M2+ 4]
=(=D"A=A) A =2X9)... (M = 1Ay). ..(1)
Putting A =0 on both sides of (1), we get
[A]= (1" (=41) (= A9)...(= A,)
=(=D"(=D"A A9 .. A,
=(=1D>" A Aoy,
=X Ay . A,
Hence A Ao A, =|Al
Example 12: Any two characteristic vectors corresponding to two distinct characteristic roots
of a:
(i) Hermitian,  (ii) Real symmetric, ~ (iii) Unitary matrix are orthogonal.
Solution : (i) A is Hermitian:
We have A% = A

Also, we have
AXI = 7L1 Xl and AX2 = 7\,2 X2

or M Xle (Xze)e =%y Xle Xy; [A; is real = kle =]
or MXIG Xy = Ay Xle X,
or (M1 = 19) X' Xy =O.

Since A} — Ay #0, we have
0
X] X2 =0.
= X and X, are orthogonal with respect to each other.

(ii) Ais real symmetric: The real symmetric matrix is always Hermitian, so the result

follows at once from (i).

(iii) A is unitary: We have APA=1

Now, AX) =1 X) and AXy = A9 Xy,

where A1, A are characteristic roots of a unitary matrix which must be uni-modular
ie., MAp =1 Aohy =1

Now, AXy =219Xy

= (AX5)® = (AXy)°

= X26 A% = 7_p2 A26

= X,? A% AX; =1y X0 4 X =R Ay X0 X

Again A%A = I, hence we get
0 e 0
X,” X; = hoky Xy X

= (1—%2 }\,I)X2e XIZO.
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But XQ 7\.1751;501—%2 }\,1750.
This implies that X2e X; =0 = X and X are orthogonal.

Example 13: Show that the two matrices A, C~'AC have the same characteristic roots.

(Lucknow 2005, 07)
Solution: Let B=C 'AC.

Then B-A=C'AC-M
=c'Ac-ca1C [~ c'anc=xrc'c=M)
=c'a-ac
|B- | =|C"||A-M][C|
=|A -l
=|A-M||C |
=|A - M||1]
=|A - M.

Thus the two matrices A and B have the same characteristic determinants and hence
the same characteristic equations and the same characteristic roots.

6 The Cayley-Hamilton Theorem

Every square matrix satisfies its characteristic equation i.e., if for a square matrix A of ordern,
|A—AM|= (=)' [V + gl +ao)" "2+ +a,),
then the matrix equation X"+ ;X" '+ ;X" 2 + a3X" 3 + .4, J=0
is satisfied by X = Aie, A" + A" + A" "2+ +a,1=0.
(Meerut 2000, 03, 05B, 06B, 09B, 10B; Rohilkhand 05, 08; Agra 07;
Avadh 05; Purvanchal 08; Lucknow 08, 09)
Proof: Since the elementsof A — Alare at most of the first degree in A, the elements of

Adj (A —Al) are ordinary polynomials in A of degree n—1 or less. Therefore Adj
(A — A) can be written as a matrix polynomial in A, given by

Adj(A-AD)=BA" L+ BA 2 4. +B, y A +B,_|,
where By, By, ..., B, _1 are matrices of the type n x n whose elements are functions of
a;’s.
Now (A—-AD) Adj.(A-A)=|A - AI| L [ A.AdjA=]A|L,]]
: (A=A BoM" '+ B2 +...+B, 9L +B,_))

=D g g, L

Comparing coefficients of like powers of A on both sides, we get
-IBy =(-D)"1L,
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ABO - IBI = (—1)”6111,
ABl - IB2 = (—I)Hﬂzl,
AB,_| = (_1)” a,l
Pre-multiplying these successively by A”, A”~!_ Tand adding, we get
O=(1)"[A"+a A" + A%+ +a,]]
Thus A+ A" A" 4 va, A+ ad=0. (1)

Corollary 1: If A be a non-singular matrix, then |A|#0. Also |A|=(-1)" 4, and
therefore a,, # 0.
Pre-multiplying (1) by A_I, we get
A e g A A 3 v, T+a,AT =0
or Al =—1/a) A" + A" + a1
Corollary 2: Ifmbe a positive integer such that m > n, then multiplying the result (1)
by A" ™", we get
A"+ @ A" v a, A" =0,
showing that any positive integral power A™ (m > n) of Aislinearly expressible in terms

of those of lower order.

Illustrative Examrles

2 -1 1
Example 14: Find the characteristic equation of thematrixA =| -1 2 —1|andverify that
1 -1 2

it is satisfied by A and hence obtain A",

(Meerut 2002, 05; Bundelkhand 05, 08, 10, 11;
Kanpur 10; Lucknow 05,11; Gorakhpur 15; Kumaun 15)

Solution: We have

JA-M|=| -1 2-1 -1
| -1 2-a
—@2-MIC-A D+ H-12 -2+ 1} +H{1-2-10)}
=2-MB-4r+ )+ A=)+ -]
=3 +6)% -9 +4.

the characteristic equation of the matrix A is
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A3 60 +9%0 —4=0.

We are now to verify that

A3 —6A% +9A —4I=0. (1)
1 0 0 2 -1 1
We have I=10 1 O],A=|-1 2 =1,
0 0 1 1 -1 2
6 -5 5
A=AxA=[-5 6 -5|
5 -5 6
22 21 21
Al =A%A=|-21 22 -21|
21 -21 22

Now we can verify that
A% —6A% +9A - 41

22 21 21 6 -5 5
=|-21 22 -21|-6|-5 6 -5
21 =21 22 5 -5 6

0 0
0 O0f.
0 0

Il
S O O

Multiplying (1) by AL we get
A2 —6A+91-4A7' = 0.
A7l :%(AZ —6A +9I)
Now A% —6A +91
[ 6 -5 5 -12 6 -6 9 0 O
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3 -1
A=t 3
4
-1 1 3
1 0 2
Example 15: Obtain the characteristic equation of the matrix A ={0 2 l|and verify that
2 0 3

it is satisfied by A and hence find its inverse.

(Meerut 2001, 10B; Bundelkhand 09, 11;
Kanpur 07; Kumaun 07; Purvanchal 10; Lucknow 07, 10; Goralhpur 12)

Solution: We have

1-2 0 2

|[A-All=| 0 2-A

2 0 3-2
I-M)2-2)B=-1)+2[0-22-2)]
C-M[I-A)B~-1r)-4]
@2 -n) A —4r -1
—(A3—60% +7h +2).

the characteristic equation of A is
A —60% +7A+2=0. (1)
By the Cayley-Hamilton theorem

A’ —6A%* +7A+21=0. (2)

Verification of (2). We have
1 0 2] [I
A =10 2 1[x|0
2 0 3] |2

S NN O

w - N
Il

S

—

w

Also AS=A . A”

(1 0 2] [5 O
=0 2 1|x|2
2 0 3] |8
(21 0 34
=12 8 23|.

34 0 55
Now A3 —6A% +7A +2I

21 0 34 5 0 8 1 0 2 1 0 0

=[12 8 23|-6|2 4 S5[{+7]0 2 1{+2{0 1 0

34 0 55 8 0 13 2 0 3 0 0 1

I

o
—
o v ™
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[21 0 34] [30 O 48 7 0 141 |2 0 O
=[12 231-112 24 30|+|0 14 7|+|/0 2 O

34 0 55| |48 O 78 14 0 21| ([0 O 2

oe]

30 0 48] [30 0O 48
=112 24 30(-(12 24 30
48 O 78| |48 O 78

0 0 0
-0 0 of|=o0
0 0 0

Hence Cayley-Hamilton theorem is verified. Now we shall compute A~

Multiplying (2) by A™!, we get

AZ —6A +71+2A ' = 0.

A7l =—%(A2 —6A +21)

oN|— O
Lol =1

0 c =b
Example 16: Show that the matrixA=|—-c 0 a |satisfies Cayley-Hamilton theorem.
b —a 0] (Meerut 2006B; Kumaun 09)
Solution: We have
0-2A c -b
[A-Al|=| —-c 0-2x a
b —-a 0-A
=A% +a%) = c(ch —ab) - b (ac + b))
= -3 @ +b* + ).
The characteristic equation of the matrix A is
A h (@ b +c%)=0.
We are to verify that
A+ @ +b* +*)A=0.
0 c -b 0 c -b
We have Al=|-c 0 a|lx|- 0 a
b -a 0 b -a 0
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[ o2 2 ab ac |
= ab 2 - be
ac be b —4?
A3 =A%A
[ 2 2 ab ac | 0 ¢ b
= ab % - be X |—c 0 a
L ac be R b -a 0
0 3~ b2 —de b + b3 + b
=| 3 +dlc+ b 0 —ab* —ac® - a°
—be® — b3 - b ac® +ab?* + a° 0
0 c b
=—(ﬂ2+b2+62) —c 0 a
b -a 0

:—(az + b7 +02)A.

A3 +(a2 +b? +c2)A=—(a2 + b2 +c2)A+(a2 + b2 +c2)A

=0A=0.
Hence A satisfies Cayley-Hamilton theorem.
I 2 0
Example 17: Find the characteristic equation of thematrix A =2 =1 O |and hence find
0o 0 -1
AL (Rohilkhand 2009, 10; Kumaun 11, 14)
Solution: The characteristic equation of the matrix A is
|A-AL=0
-2 2 0
or 2 -1-2 0 |=0
0 0 -1-A
or I-M)(=1=-A)(-1-A)=2[2(-1-Q)]=0
or I-2)A+1)? +4(1+1)=0
or I=M)(1+2% +2%) +4+4L =0
or T+20 + 0% = =207 =27 +4 444 =0
or 3 -2 4+50+5=0
or A A% -50-5=0. (1)

Now by Cayley-Hamilton theorem the matrix A must satisfy its characteristic
equation (1). Therefore we have
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A3+ A% —5A-51=0

or 51=A% + A% -5A (2)

Pre-multiplying both sides of (2) by A~", we have

SATTI=ATA3 1 ATTAZ 547 1A

or 5A7 =A% + A -5
or A_lzsl(A2+A—SI) ..(3)
1 2 1 2 0] ][5 0 0
Now A’=|2 -1 ofl2 -1 ol=lo 5 of.
o o0 -Ilflo o -1l {0 0 1
5 0 0] 1 2 0]([5 0 0
AZ+A-5I=(0 5 Of+|2 -1 -lo 5 o0
o o 1l ]lo o -1l1]0 0 5
1 2 0
=2 -1 o0
0 0 -5
1 2 0
Hence from (3), A =% 2 -1 0].
0 0 -5

Example 18: State Cayley-Hamilton theorem. Use it to express 2A4° —3A* + A% —41asa

3 1
linear polynomial inA, when A =|: | 2].

(Lucknow 2005)
Solution: Statement of Cayley-Hamilton Theorem. Every square matrix satisfies
its characteristic equation.

Now let us find the characteristic equation of the matrix A. We have

3-A 1
A-Mi=|" T =6 @)+
=22 —5L+7.
The characteristic equation of A is|A — AI|=0 i.c, is
A2 50 +7=0 (1)
By Cayley-Hamilton theorem,the matrix A must satisfy (1). Therefore we have
A? —5A+71=0. (2

From (2), we get
A? =5A-71 .. (3)

Multiplying both sides of (3) by A, we get
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A3 =5A% —7A ..(4)

At =5A3 —7A .05

and A’ =5A% —7A3 ...(6)

Now 24° —3A% + A% —41=2 (5A% —7A%) - 3A% + A% — 41

[Substituting for A> from (6)]
=7A% —14A3 + A? —41

=7 (5A% —7A%) - 14A% + A% — 41 [By (5)]
=21A% —48A% — 41
=21(5A% —7A) — 48A% — 41 [By (4)]
=57A% —147A - 41
=57 (5A —71) - 147A — 41 [By (3)]

=138A - 4031, which is a linear polynomial in A.

Tl Diagonalization of Square Matrices with Distinct Eigen
Values

Similarity of Matrices: Definition: Let A and B be square matrices of order n. Then B is

said to be similar to A if there exists a non-singular matrix P such that

B=P'AP.
Theorem 1: Similarity of matrices is an equivalence relation.
Theorem 2: Similar matrices have the same determinant.
Theorem 3: Similar matrices have the same characteristic polynomial and hence the same
eigenvalues. If X is an eigenvector of A corresponding to the eigenvalue )\ , then P~™'X is an
eigenvector of B corresponding to the eigenvalue A, where

B=P'AP.
Corollary: If A is similar to a diagonal matrix D , the diagonal elements of Dare the eigenvalues
of A.
Diagonalizable matrix: Definition: A matrix A is said to be diagonalizable if it is similar
to a diagonal matrix.
Thus a matrix A is diagonalizable if there exists an invertible matrix P such that
P'AP = Dwhere D is a diagonal matrix. Also the matrix Pis then said to diagonalize A

or transform A to diagonal form.

Theorem 1: Ann x nmatrixis diagonalizable if and only if it possesses n linearly independent
eigenvectors.

Proof: Suppose A is diagonalizable. Then A is similar to a diagonal matrix D = dia.
[A1,A9,...,A,]. Therefore there exists an invertible matrix P = [Xj, X,..., X, ] such that
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P'AP=D
ie., AP =PD
ie., AIX X, X, ] = X1 X sy X, ] dia [A, Mg e Ay ]
ie, [AX|,AX,...,AX, | = [ X}, A9 X0 ..., A, X,,]
ie., AX] =4 X], AXy =219Xy,...,AX,, = A, X,.

Therefore X,X, X, are eigenvectors of A corresponding to the eigenvalues
A, Ag,..., A, respectively. Since the matrix P is non-singular, therefore its column

vectors Xy, X,,...,X, are linearly independent. Hence A possesses n linearly

n
independent eigenvectors.
Conversely, suppose that A possesses n linearly independent eigenvectors
X, Xp,...,X,, and let A[,Ag,...,A, be the corresponding eigenvalues. Then
AX) = A X, AXy = 49Xy,...,AX,, = 1,X,,.
Let P=[X|,X>,...,X, ] and D=dia. [A{,Aq,...,A,,].
Then AP =[X|,Xy,....X, ] =[AX|,AXy,...,AX, ]

=M X, A9Xs 0 A, X

=[X,Xy,...,X,, ] dia. [A,Ag,..., A, ] = PD.
Since the column vectors X;,Xo,...,X,, of the matrix P are linearly independent,
therefore X is invertible and X! exists.
Therefore AP =PD

= P'AP=P 'PD

= P 'AP=D

= A is similar to a diagonal matrix D
= A is diagonalizable.

Remark: In the proof of the above theorem we have shown that if A is diagonalizable
and P diagonalizes A, then

M 0 .. 0

0 A .. O
PlAP = 2 -D

0 0 .. 2,

ifand only if the jth column of P is an eigenvector of A corresponding to the eigenvalue
k]- of A,(j=12,...,n). The diagonal elements of D are the eigenvalues of A and they

occur in the same order as is the order of their corresponding eigenvectors in the

column vectors of P.
Theorem 2: Ifthe eigenvalues of an n x n matrix are all distinct then it is always similar to a
diagonal matrix.

Proof: Let A be a square matrix of order n and suppose it has 1 distinct eigenvalues
A Ag,....,A,. We know that eigenvectors of a matrix corresponding to distinct
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eigenvalues are linearly independent. Therefore A has n linearly independent
eigenvectors and so it is similar to a diagonal matrix

D =dia. [A},Ag,...,A,].
Corollary: Two n x n matrices with the same set of n distinct eigenvalues are similar.
Proof: Suppose A and B are two n X n matrices with the same set of n distinct
eigenvalues Ay,A9,...,A,.Let D= dia.[A},A9,...,A,]. Then both A and B are similar to
D. Now A is similar to D and D is similar to B implies that A is similar to B.

Note that the relation of similarity is transitive.

Theorem 3: The necessary and sufficient condition for a square matrix to be similar to a
diagonal matrix is that the geometric multiplicity of each of its eigenvalues coincides with the
algebraic multiplicity.
Proof: The condition is necessary. Suppose A is similar to a diagonal matrix D = dia.
[A,A9,...,A,]. Then Ay,A9,...,A, are the eigenvalues of A and there exists a
non-singular matrix P such that

P 'AP=D.
Let oo be an eigenvalue of A of algebraic multiplicity k. Then exactly k among
A1, Ag,..., A, are equal to o.
Let m = rank (A — al). Then the system of equations

(A-a) X=0
have 5 —m linearly independent solutions and so n—m will be the geometric
multiplicity of .. We are to prove that k = n — m. We know that the rank of a matrix
does not change on multiplication by a non-singular matrix. Therefore

rank (A —ol) = rank [P_1 (A —aDP]

rank [P_IAP —al]

rank [D — ol] = rank dia. [A| — o, Ay — t,...,A,, — 0]
=n — k, since exactly k elements of dia. [A] — o, A9 —0t,..., A, — ]

are equal to zero.
Thus rank (A — o) = m = n — k. Therefore k =n — m.
Thus there are exactly k linearly independent eigenvectors corresponding to the
eigenvalue o.
The condition is sufficient. Suppose that the geometric multiplicity of each
eigenvalue of Ais equal to its algebraic multiplicity. LetA,..., A, be the set of pdistinct
eigenvalues of A with respective multiplicities 5 e Ty We have

N+..+rn=n

To prove that A is diagonalizable.
G CGa o Gyl

et D)
Cu. G e Gy
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be linearly independent sets of eigenvectors corresponding to the eigenvalues
A b
independent. Let

(ﬂl 1G + apo C]2 +...+ ﬂ]rl C]r1)+"' + (ﬂplcpl +...+ ﬂprpcprp) =0 (2)

respectively. We claim that the n vectors given in (1) are linearly

The relation (3) may be written as

X|+Xp+...+X, =0, ..(3)
where X, X, Xp denote the vectors written within brackets in (2) i.e.,

Xp=a Gy +...+a, Gy and so on.
Now Xjis alinear combination of eigenvectors of A corresponding to the eigenvalue .
Therefore if X; # O,then X| is also an eigenvector of A corresponding to the eigenvalue
Al
Similarly we can speak for Xy Xp
In case some one of X|,..., Xp is not zero, then the relation (3) implies that a system of
eigenvectors of A corresponding to distinct eigenvalues of A is linearly dependent. But
this is not possible. Hence each of the vectors X, Xy...,X,, must be zero.
Since  Gj,Cyp,...,Ciyis a set of linearly independent vectors, therefore
O=X,=a; Gy +...+a, Cp implies that

ap :0,...,511,,1 =0.
Similarly we can show that each of the scalars in relation (2) is zero. Therefore the n
vectors give in (1) are linearly independent. Thus A has n linearly independent
eigenvectors. So it is similar to a diagonal matrix.

[llustrative Examlales

Example 19: Show that the rank of every matrix similar to A is the same as that of A.

Solution: Let Bbe amatrixsimilarto A. Then there exists a non-singular matrix Psuch
that B = P'AP. We know that the rank of a matrix does not change on multiplication

by a non-singular matrix.

Therefore, rank (P_IAP) =rank A = rank B = rank A.

Example 20: 1f Ube a unitary matrix such that vlAu= diag[Ay,..., N, ], showthat Ay,..., A,

are the eigenvalues of A.

Solution: Let diag[Ay,...,A,]=D. Since Uis unitary, therefore w=u"' So
vAu=D=U'AU=D.

Thus A is similar to the diagonal matrix D. But similar matrices have the same
eigenvalues and eigenvalues of D are its diagonal elements. Therefore A},..., A, are the
eigenvalues of A.

Example 21: Prove that if A is similar to a diagonal matrix, then AT s similar to A.
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Solution: Suppose A is similar to a diagonal matrix D. Then there exists a non-singular
matrix P such that

Pl AP=D
= A=PDP!
= AT =pp )l = YT D Pl
= AT ="y pp’ [ D is diagonal = DT =D]
= AT is similar to D
= Dis similar to A .

Finally A is similar to D and D is similar to AT implies that A is similar to Al

Example 22: Show that a non-zero matrix is nilpotent if and only if all its eigenvalues are equal
to zero.

Solution: Suppose A # 0 and A is nilpotent. Then
A" =0, for some positive integer r

the polynomial A" annihilates A
the minimal polynomial m(X) of A divides A"

m(L) is of the type A°, where s is some positive integer

0 is the only root of m(})
0 is the only eigenvalue of A

Lo v v vl

all eigenvalues of A are zero.
Conversely, each eigenvalue of A =0

= characteristic equation of A is A" =0
= A" =0,since A satisfies its characteristic equation
= A s nilpotent.

Note: A non-zero matrix A is said to be nilpotent, if for some positive integer r,

A" =0.
1 2 -2
Example 23: A square matrix A is defined by A=| 1 2
-1 -1 0

Find the modal matrix P and the resulting diagonal matrix D of A.
Solution: The characteristic equation of A is
I-x 2 -2
1 2-) 1 |=0
-1 -1 0-%
or A=) (20 + 22 + D) =2(= A+ 1) =2(=14+2-2)=0
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or (- +DA =1 +@r —4) =
or (-2 +DA+D(L -3) =

The roots of this equation are 1,—1, 3.

The eigenvectors X of A corresponding to the eigenvalue 1 are given by the equation

(A-1DX =0
or (A-DX=0
0 2 =2|x
or 1 1 | y| =
I S | i
[0 2 -2][x] [O]
or I 1 I{|y|=|0|, by R - R3 + Ry
0 0 Oflz] |0]

The coefficient matrix of these equations is of rank 2. So these equations have 1
linearly independent solution. These equations can be written as
Ox+2y-22=0,x+y+2z=0
From these, we get y =z =1, say. Then x =-2.
-2
Therefore X; =| 1|is an eigenvector of A corresponding to the eigenvalue 1.
1

Now the eigenvectors of A corresponding to the eigenvalues —1 are given by

(A+)X=0
2 2 =2][x| |0
ie., 1 3 || y|=|0
»—1 -1 Iz| |0
[2 -21[ x
or =|0|,by Rg > 2R3 + R
0 0

The coefficient matrix of these equations is of rank 2. So these equations have 1
linearly independent solution.
These equations can be written as
2x+2y-22=0,x+3y+2=0
-2
Let us take z=-1, then y =land x = — 2. Therefore, Xy =| 1
-1

is an eigenvector of A corresponding to the eigenvalue -1

Now the eigenvectors of A corresponding to the eigenvalue 3 are given by
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(A-3D)X=0
-2 2 2|« 0
ie., 1 -1 Lily| =|0
-1 -1 =3||z] [0
-2 2 =2][x] [0
or -1 -1 =3||y|=|0|,R &Ry
1 o-1 1f[z] o

Similarly, we have x =2, y=lz=-1
2
Therefore X3 =| 1
-1
is an eigenvector of A corresponding to the eigenvalue 3.

Let modal matrix

-4 -4
L LA | B S
P| 8
-2 -4 0
The matrix P will transform A to diagonal form D which is given by the relation
1 0 O
P'AP=|0 -1 0|=D.
0O 0 3
8§ -8 -2
Example 24: Show that the matrix A =14 -3 -2
3 -4 1

is diagonalizable. Also find the transforming matrix and diagonal matrix.

Solution: The characteristic equation of A is

8—-A -8 -2
4 -3-A -2 |=0
3 -4 I-A

I-»  —-1+Xx -1+2
or 4 -3-A -2 |=0, applying R — (R + Rg)
-4 1-2
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1 -1 -1
or I-2) |4 -3-12 =2 |=0
3 -4 1-2
10 0
or I-2)4 1-2 2 |=0,applying G +G,C5 + G
3 -1 4-2a
or (I=M)[1=2)4=1)+2]=0
or 1= =51 +6)=0
or I-2M)A -2)(A=3)=0.

The roots of this equation are 1, 2, 3.

Since the eigenvalues of the matrix A are all distinct, therefore A is similar to a diagonal

matrix. Since the algebraic multiplicity of each eigenvalue of Ais 1, therefore there will

be one and only one linearly independent eigenvector of A corresponding to each

eigenvalue of A.

The eigenvectors X of A corresponding to the eigenvalue 1 are given by the equation

(A-ID)X=0 or (A-DX=0

7 -8 =2|[x 0

or 4 -4 -2|x|=|0

3 -4 0f|lx]| |0

7 -8 =2][x] [O]

or -3 4  0||x|=|0|,by Ry > Ry - R
3 -4  0flxg] |O

7 -8 -2]|[x 0
or -3 4 Oflx (=10
0 0 0|3 0

,bng—)R3+R2_

The matrix of coefficients of these equations has rank 2. Therefore these equations

have only one linearly independent solution as it should have been because the

algebraic multiplicity of the eigenvalue 1 is 1. Note that the geometric multiplicity

cannot exceed the algebraic multiplicity. The above equations can be written as

7x —8xy —2x3 =0, —3x +4x =0. From the last equation, we get xy =4, xy =3.
4

Then the first gives x3 = 2. Therefore X| =|3|is an eigenvector of A corresponding to

2

the eigenvalue 1.
The eigenvectors X of A corresponding to the eigenvalue 2 are given by the equation
(A-2)X=0
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(6 -8 =2][x] [O
or 4 -5 =2|lxn|=|0
3 -4 0]
[ 6 -8 -2][x] [O
or -2 3  Oflx|=|0|, applying R, - R; - R,
[0 0 0flx] [0 Ry — Ry —21R1.

These equations can be writtenas6x; — 8xy —2x3 =0, — 2x; + 3xy = 0. From these, we
getx; =3,xp =2,x3 =1

3
Therefore Xy =|2|is an eigenvector of A corresponding to the eigenvalue 2.

1

The eigenvectors X of A corresponding to the eigenvalue 3 are given by the equation
(A-3D)X=0
5 -8 -2l[x] [0
or 4 -6 -2||x|=|0
3 -4 -2||x]| |0
5 -8 =2l[xn]| [0
or -1 2  O|lx|=|0]|,applying R, - Ry - R,
0 0 Ollx| |0 R - R3+ R - 2Ry.

These equations can be written as
Sx —8x9 —2x3 =0, —x +2x =0.

From these, we get xj =2,xp =1, x3 = 1.

2
X3 =|1|is an eigenvector of A corresponding to the eigenvalue 3.
1
Let P=[X; Xy X5]
4 3 2
=3 2 1}
2 1 1

The columns of P are linearly independent eigenvectors of A corresponding to the
eigenvalues 1, 2, 3 respectively. The matrix P will transform A to diagonal form D
which is given by the relation

1

0 O
PlAP={0 2 0|=D
0 0 3
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@mprehensive Exercise 1

State Cayley-Hamilton theorem.

(Bundelkhand 2005; Agra 05; Lucknow 07; Gorakhpur 11)

1 2 3
(ii) Find the characteristic roots of the matrix A=|{0 -4 2|
o o0 7
(Meerut 2009 B; Gorakhpur 10)
2. (i) Ifa+b+c=0,find the characteristic roots of the matrix
(a ¢ b
A=|c b a|
,b a ¢ (Kumaun 2008; Kanpur 07, 08)
(i) Prove that the matrices :
(0 a b 0 b a
A=ja 0 c¢jandB=|b 0 ¢
b ¢ 0

a ¢ O
have same characteristic equation.

(Rohillkkhand 2007; Purvanchal 06; Agra 05)
(iii) Verify that the matrices

0 h g O f h 0o g f
A={h 0 f|,B=|f 0 g]|C g 0 h
g f O h g O f B 0

have the same characteristic equation

B (f2+ )N -2fh=0.

I 1
Verify Cayley-Hamilton theorem for matrix A, where A = [ 1:| .

(Rohilkhand 2011)
Verify that the matrix A satisfies its characteristic equation, where
|: 1

2
1 3|

Express A —4A° +8A* —12A3 +14A2 as a linear polynomial in A.

(Gorakhpur 2014)
1 2
(iii) Determine the characteristic roots for the matrix
2 1] (Kumaun 2014)
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1 4
Find the characteristic roots of the matrix A = 9 3 and verify Cayley-

Hamilton theorem for this matrix. Find the inverse of the matrix A and also
express A° —4A* —7A3 +11A% — A 101 as a linear polynomial in A.

(Gorakhpur 2011)
I 2 1
Verify that the matrix A=|0 1 —1]satisfies its characteristic equation and
3 -1 1
compute AL (Purvanchal 2009)
1 1 3
Find the characteristic roots of the matrix A=| 5 2 6|and verify
-2 -1 -3
Cayley-Hamilton theorem. (Agra 2008; Bundellhand 11; Meerut 09B)
Determine the eigenvalues and eigenvectors of the matrix
I 0 -2
A= 0 0 0].
-2 0 4 (Kumaun 2008)

2 2 1
Show that the matrix A=|1 3 Ifsatisfies Cayley-Hamilton theorem.
122

Also determine the characteristic roots (i.e., latent roots) and the corresponding
characteristic vectors of the matrix A. (Meerut 2007)
0

0 1
Verify Cayley-Hamilton theorem for the matrix A=| 3 1 0}
-2 1 4

Hence or otherwise evaluate A~!.
(Meerut 2003, 09; Avadh 05; Kumaun 11)

1 3 7
Find the characteristic equation of the matrix A=|4 2 3|and show that
0 2 1

it is satisfied by A. Hence obtain the inverse of the given matrix A.

1 2 1
Verify that the matrix A=|-1 0 3| satisfies its own characteristic
2 -1 1

equation. Isit true of every square matrix? State the theorem that applies here.
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12.  Verify Cayley-Hamilton theorem for the following matrix :
I 0 2
A={0 -1 1j.
0 10 (Avadh 2008)
13. Find the characteristic roots and the characteristic spaces of the matrix
1 2 3
0 2 3.
0 0 2 (Meerut 2005; Rohilkhand 07)
14. Show that the characteristic roots of a triangular matrix are just the diagonal
elements of the matrix. (Gorakhpur 2011)
15. Let A and B be n-rowed square matrices and let A be non-singular. Show that
the matrices A~'B and BA™! have the same eigenvalues.
16. If A and B are non-singular matrices of order 1, show that the matrices AB and
BA are similar.
17. A and B are two 1 x n matrices with the same set of n distinct eigenvalues.
Show that there exist two matrices P and Q (one of them non-singular) such that
A = PQ, B=QP.
18. Prove that a non-zero nilpotent matrix cannot be similar to a diagonal matrix.
4 1
19. Find a matrix P which diagonalizes the matrix A= {2 3:|. Verify that
P! AP =D, where D is the diagonal matrix.
I -1 2
20. Reduce the matrix A =|0 2 —I|to diagonal form.
0 0 3
| Answers 1
3 1/2
1. (i) 1,-4,7 2. (i) K=O,i{5(a2 + b? +c‘2)}
3. (ii) —4A + 5L (iii) -1,3
1[-3 4
4. 5,-1,—
512 -
5. Characteristic equation is 2B -32 -1+9=0

0O 3 3
3 2 -1
3 -7 -1
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All the characteristic roots are zero.
Eigenvalues are 5,0,0. Corresponding to the eigenvalue 2 an eigenvector is
[1,0,-2]. Two linearly independent eigenvectors corresponding to the
eigenvalue O are [2,0,1]" and [0,1,0]’
5, 1, 1. Corresponding to the characteristic root 5 a characteristic vector is
[1,L1)". Two linearly independent characteristic vectors corresponding to the
characteristic root 1 are [1,0,-1]"and [1, 1, - 3]’

4 1 -1
-12 2 3

5 0 0

Al=

U] —

4 11 =5
23— 42 —13% —40 =0; A =$ 4 1 925
8§ -2 —10

Characteristic roots are 1, 2, 2. Corresponding to the characteristic root 1 a
characteristic vector is [1,0,0]". Corresponding to the characteristic root 2 a
characteristic vector is [2,1,0]". The characteristic space corresponding to the
characteristic root 1 consists of the vector ¢ [1,0,0]’, where ¢ is any scalar.
Similarly for the other characteristic space

2,5. Corresponding to the characteristic root 2 a characteristic vectoris [l, — 2]".

Corresponding to the characteristic root 5 a characteristic vector is [1,1]".

| |

1, 2, 3 corresponding to the characteristic root 1 a characteristic vector is
[1,0,0]". Corresponding to the characteristic root 2 a characteristic vector is
[1,-L0]". Corresponding to the characteristic root 3 a characteristic vector is
[3,-2,2]".

@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

If A is a characteristic root of a matrix A, then a characteristic root of A lis
(a) 1/ (b) &

(c) W (d)1/2*>  (Bundelkhand 2001)
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a h g
2. The eigenvalues of the matrix A=[{0 b 0]are
0 ¢ ¢
(@) a,h, g (b) a,h,c
(c) a, gc (d) a,b,c (Kanpur 2009, 11)

3. IfAisacharacteristicroot of the matrix A, then a characteristic root of the matrix

A+ klLis
(a) A (b) k+ 2
(c) k—=A (d) none of these (Agra 2007)
3 1
4. The characteristic equation of A = [_ 1 2} is
(a) B> =50 +7=0 (b) A2 =31 +7=0
(¢) A2 —20+7=0 (d) none of these
(Bundelkhand 2007)

5. At least one characteristic root of every singular matrix is :

(a) 1 (b) -1

(¢) O (d) none of these
6. IfAisanon-singular matrix, then the relationship between the eigen value of A
and A7 is
(a) they are same (b) they are equal but opposite
(c) reciprocal to each other (d) none of these
(Garhwal 2012)
8 -6 2
7. If matrix A =| -6 7 =4 |, then the characteristic roots of A are
2 -4 3
(a) 0,3,14 (b) 3,5,15
(c) 0,5,15 (d) none of these
(Garhwal 2013)
8. If A be the matrix,
1 2 3
A={0 -4 2|,
0 0o 7
then its characteristic roots are
(a) 1,-5,7 (b) 1,-4,7
(c) -1,4,7 (d) 1,4,-7

(Garhwal 2014)
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9.  The characteristic equation of A = [ | i} is
(a) A2 =31+7=0 (b) A2 =41 +5=0
() A2 +21=0 (d) A2 +30L+7=0
10. The characteristic equation of A = [i i:| is
(a) A% —2A (b) A2 +21=0
(c) ¥ =0 (d) A2=1
Fill in the Blank(s)
Fill in the blanks “......... ", s0 that the following statements are complete and correct.
1. If A is any n-rowed square matrix and A an indeterminate, then the equation
|A — AIl =0 is called the ......... of A and the roots of this equation are called the
......... of the matrix A.
2. If A is a characteristic root of an n X n matrix A, then a non-zero vector X such
that AX = AXiscalleda......... of A corresponding to the characteristic root A.
3. The characteristic roots of a Hermitian matrix are ......... (Avadh 2005)
4. Thecharacteristic roots of a skew-Hermitian matrix are either-......... Or.........
5. The matrices A and A’ have the ......... eigenvalues. (Agra 2008)
6. If Aj,eeeeees ,A, are the eigenvalues of A, then kAj,......... kL, are the
eigenvalues of ......... (Lucknow 2011)
7. Ifthe characteristicroots of Aare Ay, Ag,......... , A, then the characteristic roots
- are A Ao Dy
8. LEvery square matrix ..... its characteristic equation. (Meerut 2001)
I 0 2
9. The characteristic equation of the matrix A={0 -1 1 |is....... .
0 I 0
True or False
Write “T” for true and °F for false statement.
1. The characteristic roots of a real symmetric matrix are all real.
2. Thecharacteristic roots of a real skew-symmetric matrix are all pure imaginary.
3. The characteristic roots of a unitary matrix are of unit modulus.
4. The characteristic roots of a diagonal matrix are just the diagonal elements of

the matrix.




Ksisdes's T.B. Linear Algebra

L166
5. Two matrices A and C"'AC do not have the same characteristic roots.
6. Cayley-Hamilton theorem states that ‘Every square matrix satisfies its
characteristic equation’. (Rohilkhand 2006)
3 1 .
7. The characteristic equation of A = [ 1 2] is 22 -3%+7=0.
(Meerut 2003; Kumaun 08)
@n swers
Multiple Choice Questions
1. (a) 2. (d) 3. (b) 4. (a) 5. (o)
6. (o 7. (d) 8. (b) 9. (b) 10. (a)
Fill in the Blank(s)
1. characteristic equations; characteristic roots
2. characteristic vector 3. real 4. pure imaginary; zero
5. same 6. kA 7. A® 8. satisfies
9. 2 -20+1=0
True or False
1. T 2. F 3. T 4. T 5. F
6. T 7. F




Bilinear and Quadratic Forms

1  External Direct Product of Two Vector Spaces

Suppose U and V are two vector spaces over the same field F. Let
W=UxV ie, W={(,p):0eU,BeV}.
If (o, By ) and (0 , By ) are two elements in W, then we define their equality as follows
(04, Br) = (02 ,B2) if oy =0y and By =P -
Also we define the sum of (0o,B;) and (o ,B9) as follows :
(ou,Br) + (g ,B2) = (o + 09, By +B2).
If ¢ is any element in F and (o, B) is any element in W, then we define scalar
multiplication in W as follows :
¢ (o, B) = (cor, cB).
It can be easily shown that with respect to addition and scalar multiplication as defined
above, W is a vector space over the field F. We call W as the external direct product of
the vector spaces U and V' and we shall write W =U @ V.
Now we shall consider some special type of scalar-valued functions on W known as

bilinear forms.
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Q Bilinear Forms

Definition: Let U and V' be two vector spaces over the same field F. A bilinear form on
W =U @ V is a function f from W into F, which assigns to each element (o ,B) in W a scalar
f (o, B) in such a way that

S (aoy +boy,B)=af (og,B) + 1 f (02,B)
and S lo,aBy +bBy)=af (o.Br)+Db f (0nBo)-
Here f (o,B) is an element of F.It denotes the image of (o, B) under the function f.
Thus a bilinear form on W is a function from W into F which is linear as a function of
either of its arguments when the other is fixed.
If U =V, then in place of saying that f is a bilinear form on W =U @ V/, we shall
simply say that f is a bilinear form on V.
Thus if 'V is a vector space over the field F, then a bilinear form on V' is a_function f,which
assigns to each ordered pair of vectors o, B in V' a scalar f (o ,B) in F,and which satisfies

f(ﬂ()(l +b0€2,|3):(lf (0(1,[3)4‘17][ ((XZ:B)
and S (o aBy +bBy)=af (o.By)+bf (@B).

Illustrative Examl)les

Example 1:  Suppose 'V is a vector space over the field F.Let Ly, Ly be linear functionals on'V'.
Let f be a function from 'V x V into F defined as

S (e,B)=1L (@) Ly (B).
Then f is a bilinear form on'V. (Kumaun 2008)
Solution: Ifo,fe V,then L (o), Lo (P) are scalars. We have
S (aoy +boy,B) =L (aoy +boy) Ly (B)
=[aly (o) +bL (ag)] L (B)
=aly (0q) Ly (B) +bL (o) Ly (B)
=af (oy,B) +bf (0 ,B).
Also S, aPy +DbBy) =1L (o) Ly (aBy + bBy)
=L ()[aLy (By)+bLy (B2)]
=aly (o) Ly (By) +b L (o) Ly (B2)
=af (o) +bf (@)
Hence f is a bilinear form on V.

Example 2:Suppose V' is a vector space over the field F.Let T be a linear operator on'V and f a
bilinear form on V. Suppose g is a function from V x'V into F defined as

g,p)=f (Ta,TP).
Then g is a bilinear form on V.
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Solution: We have g (aoy + boy,B)= f (T (aoy +boy),T B)
= f (aToy +bToy , T B)
=af (Toy, TB)+bf (Tay,TP)
=ag(o,p)+bg(ay,B).

Also g (o, aPy +bPy) = f (To, T (aBy +bBy))
= f (To,aT By +bT By)
=af (To,TBy)+bf (To,T By)
=ag(o,pBy)+bgoBs).

Hence g is a bilinear form on V.

3 Bilinear Form as Vectors

Suppose U and V are two vector spaces over the field F. Let L (U,V, F) denote the set
of all bilinear forms on U x V. We can impose a vector space structure on L (U,V, F)
over the field F. For this purpose we define addition and scalar multiplication in
L(U,V,F) as follows :

Addition of bilinear forms: Suppose f, g are two bilinear forms on U x V. Then
we define their sum as follows :

(f +(a.B)=f(a,p)+g(o,p).
It can be easily seen that f + g is also a bilinear form on U x V. We have
(f + @(aay +bay, B) = f (aoy +boy,B)+ g(aoy +bay, B)

=laf(oq,B)+bf(on,B)l+[ag(og,B)+bg(ay,p)]
=alf (o, B)+g(ay,B)+D[f (ay,B)+g(og,B)]
=al(f+ g oy, B)+b[(f+g)(ay,B)]

Similarly, we can show that

(f + &)@, aB+bBy) =al(f + ) (o, B+ [(f+&) (e, By)].

Hence f + gis a bilinear form on U x V.

Thus L(U,V,F)is closed with respect to addition defined on it.

Scalar multiplication of bilinear forms. Suppose f is a bilinear form on U x V

and ¢ is a scalar.

Then we define ¢ f as follows :

(cf)(a,B)=cf(a,B) ¥ (a,B)eUxV.

Obviously ¢ f is a function from U x V into F. We have
(ef)(aay +boy, B)=cf (aoy +boy, B)
=claf(oy,B)+bf(oy,P)]
=caf (o, B)+chf (ag,B)
=alcf (o, B)l+blcf(oy,B)]
=al(cf)(oq, B)I+b[(cf)(ag,B)]
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Similarly, we can show that

(f)o, aBy+bBy)=al(cf)(o,Br)]+b[(cf)(a,Ba)].
Therefore ¢ f is also a bilinear form on U x V.
Thus L(U,V,F)is closed with respect to scalar multiplication defined on it.

Important: It can be easily seen that the set of all bilinear forms on U x V' is a vector space
over the field F with respect to addition and scalar multiplication just defined above.

The bilinear from 0 will act as the zero vector of this space. The bilinear form — f will
act as the additive inverse of the vector f.

Theorem 1: If U is an n-dimensional vector space with basis {oy,...,o,}, if V is an
m-dimensional vector space with basis {By,...,B,}, and if {a;} is any set of nm scalars
(i=1...,n; j=1...,m}, then there is one and only one bilinear form f on U @ V such that
S (0, B)) = ay for all iand j.

n m
Proof: Letoc:‘):l x;o;€eUand B = 'Zlyj BieV.
i= j=

Let us define a function f from U x V into F such that

n

f@B)= 2 5y (1)

We shall show that f is a bilinear form on U x V.

Leta,b e F and let oy, 09 € U.
n n

Let o =2 a0,09 =2 ba,;.
i=1 i=1
noom
Then fl,p)= 2 ]El a; Jj 4j
nom
and f ((12 ,B) = Zl ]El bi _)}1 ﬂi}' .
i=1j=
n n n
Also aoy + baz =a 21 a; o; +b 21 hi o; = 21 (ﬂﬂl’ + bbl) ;.
1= 1= i=
noom
S (aoy +boy,B) = IEI ]El (aa; + bb;) y; a;

n m n m bb
= X Xaa pia;+ X X PV ag
21 j=1 z)’; ij Pl j:l z)’; ij
n m b n m b
=a X X a pia;+b X X b; y:a;
izlj:l 1,)7/ ij P l,y] ij

=af (04,B) +f (o, B).

Similarly, we can prove that if a,b € F,and ;,B5 € V, then

S (e,aBy +bBy)=af (o,B)+bf (o Bo).

Therefore f is a bilinear form on U x V.
Now o; =00y +...+00c;_; +10; + 00 41 +...+ Ocr,,
and [3,-=0[31+...+0[3/-,1+1B}-+0[3j+1+...+0[3m.
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Therefore from (1), we have
S (o ’Bj):“ij-
Thus there exists a bilinear form f on U x V such that
S (o Bj)=ay.
Now to show that f is unique.
Let g be a bilinear form on U x V such that g (o Bj)=a;. ..(2)
Ifo= £1 x;o; beinU and P = ‘gl »jBjbeinV, then
i= j=
n m
go,B)=¢ E X0 X B;
i= j=
n m
= Zl L ox;p;g,B)) [+ gis a bilinear form]
i=1j=1
n m
=X X X );a; [From (2)]
i=1j=1
- f(@.B). [From (1]
By the equality of two functions, we have
g=/
Thus f is unique.
4  Matrix of a Bilinear Form
Definition: Let V be a finite-dimensional vector space and let B = {ay,..., 0.} be an ordered

basis for V If f is a bilinear form on V', the matrix of f in the ordered basis Bisthen x n
matrix A = [a;], ., such that

f(ui’aj)zﬂi/', i=L...,n; j=l,...,n.
We shall denote this matrix Aby | f g .

5 Rank of a Bilinear Form

Definition: The rank of a bilinear form is defined as the rank of the matrix of the form in any

ordered basis.

Let us describe all bilinear forms on a finite-dimensional vector space V' of
dimension 7.

n n
If o= zEI x;0,and B = /EI Jj o) are vectors in V,then

n n n n
S (@, )=f(i21 X; O 5 ,E] J’ja;‘)=£li§1 Xy f (o ,0)
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noon ,
= iEI /EI X = X" AY,
where X and Y are coordinate matrices of o and B in the ordered basis B and X" is the
transpose of the matrix X. Thus

SeB)=[olg"A[B]s
From the definition of the matrix of a bilinear form, we note that if f is a bilinear form
on an n-dimensional vector space V over the field F and Bis an ordered basis of V', then
there exists a unique 7 X n matrix A = [ai]« 1ix » Over the field F such that

A=[f]lp.
Conversely, if A =[a;; ],,, be an n x n matrix over the field F, then from theorem I,
we see that there exists a unique bilinear form f on V such that

[f]B :[ai‘ ]nxn'

n
Ifa= Z xo;, =X yl o are vectors in V, then the bilinear form f is defined as
1 j=

iz
noon
f (a,B)= 121 121 X Y i
=X"AY, (1)
where X, Y are the coordinate matrices of o, B in the ordered basis B.Hence the bilinear

forms on V are precisely those obtained from an n x n matrix as in (1).

Illustrative Examlales

Example 3: Let f be the bilinear form on Vo (R) defined by

S (s ), (g, p2)) = 3 1 + %0 o -
Find the matrix of f in the ordered basis

B={(L-1.0L} of V5 (R
Solution: Let B = {ocl,(xz}
where o =(1-1),09 =(,1).

We have =f(L-D,4-1))=-1-1=-2,
=/ (4=1,LY)=-1+1=0,
=/ (LD, (1-1)=1-1=0,

0‘210(‘2) f((171)7(l’1)):l+1:2
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0 Degenerate and Non-degenerate Bilinear Forms

Definitions: A bilinear form f on a vector space V' is called degenerate if
(i) for each non-zeroovin V', f(o,B)=0 forallinV and
(ii) for each non-zeroBin V', f(o,B)=0 foralloinV.

Abilinear form is called non-degenerate if it is not degenerate. In other words a bilinear
form f on a vector space V is called non-degenerate if

(i) foreach O zoeV, thereisa BinV such that f (o,B)#0 and
(ii) for each O #B eV, there is an o in 'V such that f (o ,B)#0.

[  Symmetric Bilinear Form

Definition: Let f be a bilinear form of the vector space V. Then f is said to be symmetric if
f(a,B)= f(B,a) for all vectors ao.,p inV.

Theorem: If'V is a finite-dimensional vector space, then a bilinear form f on'V' is symmetric if
and only if its matrix A in some (or every) ordered basis is symmetric, i.e., A" = A.

Proof: Let Bbe an ordered basis for V.. Let o, B be any two vectorsin V. Let X, Y be
the coordinate matrices of the vectors o and B respectively in the ordered basis B. If
f is a bilinear form on V" and A is the matrix of f in the ordered basis B, then

Sf(o,p)=X"AY,
and fB,a)=Y"AX
-~ f will be symmetric if and only if
X'AY =Y'AX

for all column matrices X and Y.
Now X’ AY is alx 1 matrix , therefore we have
X'AY =(X'AY)Y =Y A (XY =Y" A’ X.
- f will be symmetric if and only if
Y’ A’ X =Y’ AX for all column matrices X and Y
ie., A=A
ie., Aissymmetric.

Hence the theorem.

8 Quadratic Form Associated with the Bilinear Form

Definition : Let f be a bilinear form on a vector space V over the field F. Then the quadratic
form on V associated with the bilinear form f is the function q from V into F defined by

q(o)= f(o,0) foralloinV.
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Theorem 1: Let V' be a vector space over the field F whose characteristic is not equal to
2 ie, 1+1#0. Then every symmetric bilinear form on V' is uniquely determined by the
corresponding quadratic form. (Kumaun 2008)

Proof: Let f be a symmetric bilinear form on V' and g4 be the quadratic form on V
associated with f.Forallo , P in V, we have

qoo+B)=f(au+B,a+P)
=flo,a+B)+ f(B,o+P)
f0°0¢+f0t[3+fl30€+fl3l3
=q(o)+ f(o, B)+ f(a,B)+q(B)
= ( )+ (L+D) f (o, B)+4q(B)
(I+1) f(o,B)=q(a+B)—q (o) —q(B). (1)
Thus f (o, B)is uniquely determined by 4 with the help of the polarization identity

(1) provided 1 +1#0 ie. F is not of characteristic 2.
Note : If F is a subfield of the complex numbers the symmetric bilinear form fis
completely determined by its associated quadratic form according to the polarization
identity
fl@.B)=; a(@+B)- 1 a(a-p).
As in theorem 1, we have
2f (0, B)=q (e +B) -4 () = 4 (B)- (1)
Also qlo-B)= foa-B,a-B)= f(o, 0-p)~-f(B,o-P)
=f(o, o) = flo,B)=f(B, o)+ f(B,B)
=q(a)+q(B)=2f(a,B).
2f (o, B)=q (o) +q(B) — q(c—B). -{2)

= f o, B)=

Theorem 2: Let V' be a finite-dimensional vector space over a subfield of the complex numbers,
and let f be a symmetric bilinear form on V. Then there is an ordered basis for V in which f is
represented by a diagonal matrix. (Kumaun 2008)

Proof : In order to prove the theorem we should find an ordered basis
B={ay,...,a,} for V such that f (o =0 fori=#j.

If f =0 orn=1,the theorem is obv1ously true. Solet us suppose that f #0and n > 1.

If f (o, o) =0 foreveryo inV, then g (o) = O for every o in V where g is the quadratic
form associated ~with  f. Therefore from the polarization identity

fa, B):% q(oc+B)—% ¢ (0~B) we see that f (o, B) =0 forall o, Bin V and thus

f =0 which is a contradiction. Therefore, there must be a vector o in V' such that

S oy, 0q)=¢(0y)#0.




Bilinear and Quadratic Forms

|1,175_|_l \

Let W] be the one-dimensional subspace of V' spanned by the vector o and let Wy be
the set of all vector § in V' such that f (o, B) =0. Obviously W, is a subspace of V.
Now we claim that V =W & W,. We shall first prove our claim.

First we show that W} and W, are disjoint.
Letye W, N W,. Thenye W and ye W,.

Butye W, = y=co, for some scalar c.

Also yeW, = f(oy,v)=0

= Sf oy, cop)=0

= cf(og,00)=0

- c=0 [~ f(oy,0q)#0]
= vy=00,=0.

W, and W, are disjoint.
Now we shall show that V =W, + W,.
Let v be any vector in V. Since f (o, 04) %0, so put

(’Y’(xl)
B=Y—7f 0.
floy, o)
Thus f(0€17ﬁ)=f[0€1’7—jw0¢1)
Sflog, o)
_ _ S (v, o)
S o, v) 7]((0(170(1) S (o, o)
_f((xl’Y)_f(Y7al)
=f(og,v)=f(og,7) [ f is symmetric]
=0.
B e W, by definition of W,.
Also by definition of W; the vector M oy is in W;.
Y ! flog, o) !
Y:Mal_’_ﬁem_'_%.
S oy, o)
Hence V= Wl +W2.
V=W eWw,.

So dimW, =dimV —dimW, =n-1.
Now let gbe the restriction of f from V toW,. Then gis a symmetric bilinear form on
W, and dim W, is less than dim V..

Now we may assume by induction that W5 has a basis { oy ,...,0,, } such that
ga,a)=0, i#j(iz2,j=22)
= f(oci,oc]-)zo, i#j(iz2,j22) [ g is restriction of f |
Now by definition of W;, we have
f((xi,ocj):O for j=2,3,...,n.
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Since { oy } is a basis for W) and V = W} @ W, , therefore { oy ,0 ,...,0,, } is a basis for
V such that

S @;,0)=0 for i=j.
Corollary :  Let F be a subfield of the complex numbers, and let Abe a symmetric n x nmatrix
over F. Then there is an invertible n x n matrix P over F such that P’ AP is diagonal.

Proof: Let V be a finite dimensional vector space over the field F and let B be an

ordered basis for V. Let f be the bilinear form on V such that [ f ]z = A.Since Ais a

symmetric matrix, therefore the bilinear form f is also symmetric. Therefore by the

above theorem there exists an ordered basis B” of V' such that [ f ]g- is a diagonal

matrix. If Pis the transition matrix from B to B’, then P is an invertible matrix and
[f1p = PAP

ie. P’APisa diagonal matrix.

0 Skew~sq mmetric Bilinear Forms

Definition : Let f be a bilinear form on the vector space V. Then f is said to be
skew-symmetric if f(o,B)=—f(B,o) forall vectors o, B inV.

Theorem 1: Every bilinear form on the vector space V over a subfield F of the complex numbers

can be uniquely expressed as the sum of a symmetric and skew -symmetric bilinear forms.
(Kumaun 2007, 09)

Proof : Let f be a bilinear form on a vector space V. Let

gl B)=5 [/ (@B)+f (B (1)

h(@B)= [f (@.B)- f (B.a)]

forall o, Bin V.

Then it can be easily seen that both g and / are bilinear forms on V. We have

g(Ba) =3 [ (Boo)+ f (a.B)]= glor)

(2)

g is symmetric.

Also H(B.o) = [f(B.a)- f(oB)]=-
= h(a,B).

h is skew-symmetric.
Adding (1) and (2), we get
glo,B)+n(a,p)=f(o,B)
= (g+h)(o,B)=f(a,p) forall o,Bin V.
: g+h=f.
Now suppose that f = f| + f, where f] is symmetric and f, is skew-symmetric.

Then fo.B)=(f+ fo)(o,B)

[f(a.B)=f(B,a)]

N | —
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or f(oB)=fi(o,B)+ folo,B). -+(3)
Also S Bo)=(fi + o) (Bo)
or f(Bo)=fi(Bo)+ faB,o)
or S (B.o)=fi(o,B) = folo,B). o (4)

[~ fi is symmetric and f) is skew-symmetric |

Adding (3) and (4), we get
F(0B)+ f(B.o) =2f(cB)
i. fl(cx,B>=% [f(0,B)+ £ (B0)]= gla,B).

fi=¢

Subtracting (4) from (3) , we get

FloB)= f (Ba)=2f(a.p)
fola By =3 [F(on)= f (Bo)]=h(aB).

fo=h
Thus the resolution f = ¢+ is unique.

Theorem 2: If V' is a finite-dimensional vector space, then a bilinear form f on V is
skew-symmetric if and only if its matrix A in some (or every) ordered basis is skew-symmetric,
ie., A’=-A.

Proof : Let Bbe an ordered basis for V. Let o,  be any two vectorsin V.Let X, Y be
co-ordinate matrices for the vectors o and B respectively in the ordered basis B. If f
is a bilinear form on V' and A is the matrix of f in the ordered basis B, then

S(a,B)=X"AY,
and fB,a)=Y"AX
s f will be skew-symmetric if and only if
X'AY =-Y’'AX
for all column matrices X and Y.
Now X’ AY is alx 1 matrix , therefore we have
X'AY =(X'AY)Y =Y A (XY =Y" A’ X.
o f will be skew-symmetric if and only if
Y’A’ X =-Y’AX for all column matrices X and Y
ie., A =-—

ie., Aisskew-symmetric.

10 Bilinear Form Corresponding to a Given Matrix

Bilinear Form. Definition: Let V,, and V,, be two vector spaces over the same field F and let
A =[aly xn be an m x n matrix over the field F.
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% M

*2 J2
Let X =|...|and Y =| ... | be any two elements of V,, and V,, respectively so that

xm yl‘l

X = the transpose of the column matrix X
=[x Xy e Xy

and YT=[y1 D TP ) B

Then an expression of the form

T m n
i=1j=1
is called a bilinear form over the field F corresponding to the matrix A.

It should be noted that b (X, Y) is an element of the field F and b (X, Y) is a mapping
from

VyuxV,— F.

The matrix A is called the matrix of the bilinear form (1) and the rank of the matrix A
is called the rank of the bilinear form (1).

It should be noted that the coefficient of the product x; y;in (1) is the element a;; of
the matrix A which occurs in the i th row and the j th column.

The bilinear form (1) is said to be symmetric if its matrix A is a symmetric matrix.

If the field F is the real field R, then the bilinear form (1) is said to be a real bilinear
form. Thus in a real bilinear form b (X,Y ) assumes real values.

If the vectors X and Y belong to the same vector space V,, over a field F, then A is a
square matrix and X AY is called a bilinear form on the vector space V,, over the field
F.
In order to show that b (X,Y ) = xTAY given by (1) is a bilinear form, first we show
that the mapping b (X,Y ) is a linear mapping from V,, — F.
Let X, X5 be any two elements of V,, and a,,  be any two elements of the field F and
let the vector Y be fixed. Then
b (0X; +BXy,Y ) =(o X; +BX9)r AY
=@ X, +pX,1)AY
=a X" AY +BX," AY
=ab (X, Y )+Bb (Xy,Y).
The mapping b (X,Y ) is a linear mapping from V,, — F.
Now we show that the mapping b (X, Y ) is a linear mapping from V,, — F.

Let Y|, Yy be any two elements of V, and ., B be any two elements of the field F and let
the vector X be fixed. Then
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b (X,aY; +BYy) = XT A (Y] +BYy)
—a XTAY, +pxTAY,
=ob (X, Y))+Bb (X, Yy).
The mapping b (X,Y ) is a linear mapping from V,, —» F.

Hence, b (X,Y) = XTAY = 'gl 'gl a; X; yjis a bilinear form.
i=l j=

Example of a real bilinear form

5 3 17|N
Let b(X,Y) =[x x] 7 4 9|2
J3

=50 1 +30 yo + 0 y3+7x y1+4xy yo +9x y3.
Then b (X,Y ) is an example of a real bilinear form.

5 1
The matrix [

7 4 9 } is the matrix of this bilinear form. The rank of this matrix is 2

and so the rank of this bilinear form is 2.

Equivalent Matrices. Definition: Let A and B be two m x n matrices over the same field
F. The matrix A is said to be equivalent to the matrix B if there exist non-singular matrices P and
Q of orders m and n respectively such that

B=rP'AQ.
Equivalent Bilinear Forms. Definition: Let V,, and V,, be two vector spaces over the same
field F and let A and D be two m x n matrices over the field F.
The Dbilinear form b(X,Y )= XTAY is said to be equivalent to the bilinear form
b(U,V)= u’ DV, where X and U are in V,,, ,Y and V are in 'V, if there exist non-singular
matrices B and C of orders m and n respectively such that
D=B"AC
i.e., the matrices A and D are equivalent.
Thus, the bilinear form b (U, V') equivalent to the bilinear » (X, Y ) is given by
b(U,V)=U" B'AC)V=U"T DV,
whereD =B! ACandBandC are non-singular matrices of orders m and n respectively.

The transformations of vectors yielding these equivalent bilinear forms are
X=BU, Y=CV.
The matrices B and C are called the transformation matrices yielding these equivalent
bilinear forms.
Equivalent Canonical form of a given bilinear form.
Let V,, and V,, be two vector spaces over the same field F and let A be an m x n matrix
over the field F.
Let b(X,Y)=X" AY,
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where x! = [ x» . ox,l

YTz[yl V2 )7;1]
be a given bilinear form over the field F.

If the matrix A is of rank r, then there exist non-singular matrices P and Q of orders m
and n respectively such that

o)
riAQ =|/
Q oo}

is in the normal form.
If we transform the vectors X and Y to U and V by the transformations
X =PU, Y =QV,
then the bilinear form b (U, V') equivalent to the bilinear form b (X, Y) is given by

T T or [ O
»(U,v)=UT PTAQ)V=U [o O]V

=up Vv tUy V9 +. UV,

where U=[uu ... u, T and V=[n vy ... "
The bilinear form b (U, V) =1 1 +...+ u, v, is called the equivalent canonical form or
the equivalent normal form of the bilinear form

b (X, Y )=XTAY.
Congruent Matrices. Definition: A square matrixB of order nover a field F is said to be
congruent to another square matrix A of order n over F, if there exists a non-singular matrix P
over F such that

B =PTAP.

Cogradient Transformations. Definition. Let X and Y be vectors belonging to the
same vector space V., over a field F and let A be a square matrix of order n over F.Let

b (X, Y)=X"AY
be a bilinear form on the vector space V,, over F.

Let B be a non-singular matrix of order n and let the vectors X and Y be transformed to the vectors
U and V by the transformations

X=BU, Y =BV.
Then the bilinear form b (X, Y ) transforms to the equivalent bilinear form
b U,v)=U" B'AB)Vv=U" DV,
where D =BT AB and U and V are both n-vectors.
The bilinear form UT DV is said to be congruent to the bilinear form XTAY. Under such

circumstances when X and Y are subjected to the same transformation X = BU and Y =BV, we
say that X and Y are transformed cogradiently.

Here, the matrix A is congruent to B because D = BTAB, where B is non- singular.
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[llustrative Examl)les

Example 4:  Find the matrix A of each of the following bilinear forms b (X,Y ) = xTAY.

() 3xon+x o —2x y1+3x yo —3x 3
(i) 2x y1+x yo +x y3+3x y1 —2x) y3+x3 yo —5x3 y3
Which of the above forms is symmetric ?

Solution: (i) The element ajj of the matrix A is the coefficient of x; y jin the

given bilinear form.
A 3 1 -3
12 3 oFf
The matrix A is not a symmetric matrix. So the given bilinear form is not symmetric.

(ii) The element a;; of the matrix A which occurs in the i th row and the jth column is
the coefficient of x; y; in the given bilinear form.

2 1 1
A=|13 0 -2|.
0O 1 -5

The matrix A is not symmetric. So the given bilinear form is not symmetric.

Example 5: Transform the bilinear form XTAY 1o the equivalent canonical form where

2 11
A=|4 2 2|
1 2 2
Solution: We write A =13 Alg ie.,
[2 1T 1] 10 O [1 0 0]
4 2 2|=/0 1 O0|A|O0 10
|12 2] [0 0 1 0 0 1

Performing R <> Rg ,we get

122] 700 1] [10 0
42 2/=[0 10[Al0 10|
2 1 1] [100] |00 1

Performing Ry — Ry —4R;, Ry — Ry — 2Ry, we get
1 2 2] [0 O 1 1
0 -6 6(=|0 1 -4|A
|0 -3 -3] 1 0 -2

Performing G, —» C, - 2C, C3 —» C3 —2C;, we get
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I 0 O 0 0 1 1 -2 -2
0 -6 -6{=(0 1 -4{A|0 1 O
0 -3 -3 1 0 -2 0O 0 1

Performing Ry — — é Ry ,R3 — — é R3 ,we get

(1 0 0] 0o o0 1] [1 -2 =2
0 1 1l=| 0 —% % Al0 1 0
1 2
0o 1 1] |-+ 0o 2| [0 o 1]
Performing Ry — Ry — Ry , we get
(10 0] [ 0 o 1] [1 -2 =27
01 1|=| 0 —16 % Al0O 1 0
1 1
00 o0f |-+ Lto] [o o 1]
Performing C3 — C3 — G, , we get
(10017 [ 0o o 1] 1 -2 0
010:0-%%1401-1
1 1
000 |-+ Lo] [0 o0 1
0o o -1+
o Lo
PTAQ =| 2 hereP =10 -+ L
Q o O:l,were 0 3 G
12 0
3
1 -2 0
and Q=0 I -1}
0 0 0

Hence if the vectors X =[x xy  x3 " andY = 1 V2 U3 |"" are transformed to

T

the vectors U=[y u M3]T and V=[n n»n ] respectively by the

transformations
X=PU, Y =QV,

then the bilinear form

2 11
[a x x4 2 20
I 2 2||rs
transforms to the equivalent canonical form
1 0 0|[n
[ty wy wug]| O 1 O [|m|=uyny +uyry.
0 0 Of|r
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I  Quadratic Forms

n n

Definition: An expression of the form 2 2 a;; X; xj,where a;;

i ij s are elements of a field F, is

called a quadratic form in the n Varmbles X5 X9 e , X,, over the field F.

Real Quadratic Form. Definition. An expression of the form
n n
X X a;xxj,
i=lj=1 ¥ 4
where a; i "sareall real numbers, is called a real quadratic form in the n variables x|, xy ..., x,,.
For example,

(i) 222+ 7xyp +5 y2 is a real quadratic form in the two variables x and y.

(i) 24* - yz +222 -2 yz —4zv + 6xy is a real quadratic form in the three variables
x, yand z.

(i) )qz —2x22 +4x32 —4x42 —2x X +3x x4 +4x9 ¥3 —5x3 x4 is a real quadratic

form in the four variables x|, xy , x3 and x4 .

Theorem: Every quadratic form over a field F in n variables x;, xo ,...... , X, can be expressed
in the form X’ BX where
T
X=[X1,X2, ...... ,Xn]

is a column vector and B is a symmetric matrix of order n over the field F.
n n

Proof: LetlEl Ela,/ X X}, ..()
=)

be a quadratic form over the field F in the n variables x, xy ,...... X,

In (1) itis assumed that x; Xp=X % Then the total coefficient of x; x;jin (1)is @+ aj;

Let us assign half of this coefficient to xjj and half to Xji . Thus we define another set of

scalars bj; , such that by; = a;; and by; = b, 1 (a] +aj),i# j. Then we have

n n n n

X X oa;xxi=X X bixx;.
i=1j=1 77" 2

Let B = [hij ]ixn - Then B is a symmetric matrix of order n over the field F since
bij=bj

1

2
Let X=|..| - ThenX” or X’=[x x ... X, ]

xn

Now X BX is a matrix of the type I x 1. It can be easily seen that the single element of

n n
this matrixis X X by x; x; . If we identify a I x Imatrix with its single element i.c., if
i=1 i
]
we regard a 1 x I matrix equal to its single element, then we have
n n n n

x'Bx =3 bex] X X oa; i Xi Xj.
i=1j=1 i=1j=1

Hence the result.
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12 Matrixofa Quadratic Form

n n

Definition: If¢= X X a; x; x; is a quadratic form in n variables xi, xy ,...... , X, , then
i=1j=1

i
there exists a unique symmetric matrix B of order n such that o=XIBX where

X=[x x ... x,,]T, The symmetric matrix Bis called the matrix of the quadratic form

n n
2 X a

X X; .
i=lj=1

it

Since every quadratic form can always be so written that matrix of its coefficients is a

symmetric matrix, therefore we shall be considering quadratic forms which are so
adjusted that the coefficient matrix is symmetric.

15 Quadratic Form Corresponding to a Symmetric
Matrix

Let A =[a;; |,,x, be a symmetric matrix over the field F and let

T
X=[x x ... X,

n n
be a column vector. Then X! AX determines a unique quadraticform £ X a

X; x;in
i=1j=1

ij j
n variables x, x9 ,...... , X, over the field F.

Thus we have seen that there exists a one-to-one correspondence between the set of all
quadratic forms in n variables over a field F and the set of all n-rowed symmetric
matrices over F.

14 Quadratic Form Corresponding to any Given

Square Matrix
!
X2
Definition: Let X =| ... |be any n-vector in the vector space V,, over a field F so that
xn
T
X =[x x ... x,l

Let A ={[aj], %, be any given square matrix of order n over the field F. Then any polynomial of
the form

n n
q(xl,x2,...,x,1):XTAX: > X oa

Xl' X
i=lj=1

i

is called a quadratic form of order n over F in the n variables xy,xy ,..., %, .
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We can always find a unique symmletric matrix B = [b;], 5, of order n such that
X"AX =X"BX . We have b =b); = 5@

Discriminant of a quadratic form. Singular and Non-singular Quadratic
forms. By the discriminant of a quadratic form XTAX, we mean det A. The
quadratic form XT AX is said to be non-singular if det A # 0,and it is said to be singular
if det A =0.

lllustrative Examl)les

Example 6:  Write down the matrix of each of the following quadratic forms and verify that they
can be written as matrix products XT AX :

(i) x> —18x xy +51°.

(ii) xlz +2){22 —5x32 — X Xy +4xy x3 —3x3 x7.

Solution: (i) The given quadratic form can be written as
X X —9)(1 X9 —9)(2 X1 +5X2 X9 .

I -9
Let A be the matrix of this quadratic form. Then A = |: 9 s } .

Let X=|:;q:|~Then X'=[x x]
2

1 -9

We have XA =[x x2]|:_9 5

:| = [Xl - 9)(2 —9X1 +5X2] .
X
X'AX =[x —9% —9x +5x9] .
2
=x (1 —9x%9) + x (-9 +5x9) = x12 —-9x X9 —9x9 X + 5x22
= X12 -1 8)(1 X9 + 5)(22.
(ii)  The given quadratic form can be written as

1 3 1 3

XX ==X Xy —— X X3 —— X9 X +2x9 X9 +2X9 X3 —— X3 X
2 2 2 2

+2)C3 X9 —5)(3 X3 .

Let A be the matrix of this quadratic form. Then

Obviously A is a symmetric matrix.
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X
Let X=|xp[-Then X" =[x x5 x3].
X3
1 3
I -3 -3
We have X'A =[x x x3] —% 2 2
3
-5 2 -5
1 3 1 3
=[x — =Xy — = x —— X +2x) +2x — =X +2x —5x].
[x 52 5% 5 M 9 3 5 9 3]
M
X'AX =[x —lx —§x —lx +2x9 +2x —ix +2x9 —5x3] [ x
1 2 2 9 3 9 1 2 3 9 1 2 3 21-
3
=X1(X1—%X2—%X3)+X2 (—%XI-FZXQ +2X3)

3
+ X3 (—§X1+2X2—5X3)
2 1 2 3
=X — =X Xg —— X X3 —— X9 X} +2X97 +2X9 X3 — — Xa X
1 ) 142 9 143 9 2 Al 2 2 13 9 3 Al
+2X3 X2—5X32
_ .2 2 2
=17 +2x7-5x3" — X9 +4x9x3 —3x31].

Example 7:  Obtain the matrices corresponding to the following quadratic forms :
(i) x2+2y2+322+4)g;+5yz+6zx.
(ii)  a® +by* + 2 + 2 fyz + 2 gzx + 2y,

(Kumaun 2008)

Solution: (i) The given quadratic form can be written as

e +2xp +3xz +2yx+2y2 +%yz +3zx+§zy+322.
If A is the matrix of this quadratic form, then

2
A=2 2 ,which is a symmetric matrix of order 3.
5

wl\J\mw

2
(ii) The given quadratic form can be written as
ax’ + hy + gz +hyx+by2 + fz + gzx+fzy+czz.
If A is the matrix of this quadratic form, then
a h g
A=lh b f
& S o«
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Example 8:  Write down the quadratic forms corresponding to the following matrices :
0 123

N I 12
(i) ()], o
3 4

U1 W W

4
5
6

Solution: (1) LetX=[x 1 13 ]T and A denote the given symmetric matrix. Then

XTAX is the quadratic form corresponding to this matrix. We have

05 -1
XTA=[y » x»]| 5 1 6
-1 6 2

=[5x —x3 Sx+x +6x3 —x +06xy+2x3].
XTAX =X (5)(2 - X3) + X9 (SXI + X9 + 6)(3) + X3 (— X+ 6X2 +2X3)
:x22 +2X32 +10x ¥ —2x x3 +12x9 x5 .
(i) LetX=[x x x3 x4 ]T and A denote the given symmetric matrix. Then

XTAX is the quadratic form corresponding to this matrix. We have

0 1
XTA=[X1 Xy X3 X4] b2
2 3

3 4

G W W
N G

N}

=[xy +2x3 +3x4 N +2x9 +3x3 +4xy 2x +3x9 +4x3 +5xy
3x +4x9 +5x3 + 6x4]
XTAX = xy (ry + 205 +3x) + %9 (1 + 219 + 33 +4xy)
+x3 (21 +3x9 +4x3 +5x4) + x4 Bxp +4x9 +5x3 +6xy)
=2x)” +4x37 + 6147 +2x X9 +4x X3+ 61 14

+6X2 X3 +8X2 X4 +10 X3 X4.

@mprehensive Exercise 1

1. Which of the following functions f, defined on vectors o = (x,x9) and
B=(y, yo)in R2, are bilinear forms ?

1) f(B)=x yo— X » (Kumaun 2007, 08, 09, 12)

(i) f (©.B)=(y —y)* +x0p5 - (Kumaun 2007, 08, 09)
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Find the matrix A of each of the following bilinear forms b (X, Y) = XTAY.
() =5xp —xyy +2x0 ) — x3 91 +3x3 9

(i) 4xy +x yo + 091 —2x9 yo —4xy y3 —4x3 g +7x3 y3 -

Which of the above forms is symmetric ?

Determine the transformation matrices P and Q so that the bilinear form

XTAY =3y + 3y +201 73 + X1 + 25y + 3% 3 — X395 — X373
is equivalent to a canonical form.
Obtain the matrices corresponding to the following quadratic forms
(i) ar® + 2hxy + byz (1) 2x1x9 + 6x1x3 — 4x9x3.
(iii) x7 + 57— 732 (iv) 202 = 7w+ 4xy 09 — 61y x5,
Obtain the matrices corresponding to the following quadratic forms :
(i) aq 1x12+ ﬂ22x22 + ﬂ33)€32 +2a190 %9 + 2a93X9 X3 + 2a31x3X.
(ii) x?- 2x22 + 4x32 —4xf- 2x1X9 + 3xx3 +4xyxg — Sx3x4.
(i) xpxp + xox3 + X347 + X Xg + XoXy + X3Xy.
(iv) x12 —2X9X3 — X3Xy4.
) dyx?+ dyxy’+ doyxsd + dyxf + dsxs .
Find the matrix of the quadratic form
x12— 2x22— 3X32+ 4x1x9 + 61773 — 89 x3.

and verify that it can be written as a matrix product X’AX.

Write down the quadratic forms corresponding to the following symmetric
matrices :

1 2 3
(iy 12 0 3 (ii) diag.[M, Ao, ...... -
3 3 1
Write down the quadratic form corresponding to the matrix
0 a b ¢
a 0 I m
b I 0 p
c m p O
Write down the quadratic form associated with the matrix
2 1 2
B=|-3 -3 -1
4 1 3

Rewrite the matrix A of the form so that it is symmetric.
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PR
\ Answers 1

1. (i) f isa bilinear form on R?

(ii) f is not a bilinear form on R?

[-5 -1
2. (i) A=| 2 0| The given bilinear form is not symmetric.
| -1 3
(4 1 0
(ii) A=| 1 -2 -4 [-The given bilinear form is symmetric.
|0 -4 7
1 -1 -1 1 -1 -1
3. P={0 1 1|,Q=|0 1 -1
0 0 1 0 0 I
fu h [0 1 3
4. (i) I b:| g |1 o0 -2
- 13 -2 O
(1.0 0 2 2 0
(i) |O 5 O (iv) {2 O -3
|0 0 -7 0 -3 -7
i 1 -1 0 3]
s o aqr 42 43] i) 1 -2 2 0
. 1 ayg  dgo  a9s 11 0 9 4 _%
L 431 d23 433 3 5
7 0 -3 4]
[0 L L1 10 0 0]
1l o L L 0 0 -1 0
(i) | ¢+ | 2 2 (iv) 1
R o o -1 3
lz 7 2 0 00 -5 0

V) dlag [dl,dz,d3,d4,d5]

1 2 3
2 -2 -4
3 4 -3

i) 12+ xf+4xx +6x05 + 6xy13

11) 7\.])(]2 + 7\.2)(22 + ... + 7\,}1)(%
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8. 2anjxy +2bxyx3 + 2ex) x4 + 209 x3 + 2mxy xy + 2px3xy

9. 2x12 - 3x22 + 3x32— 2x1x9 + 6x7x3

2 -1 3
A=|-1 -3 0
3 0 3

@jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

1. Let f be the bilinear form on Vj (R) defined by
fA(x,1).(x,p9)} =5 y; + 1 po. Then then matrix of f in the ordered
basis B={(1,-1), (1,1)} of V5(R)is

2 0 -2 0
@ o o) ®| % |
2 0 0 2
(C)[O _2] (d)[_2 O}
2. Let f be a bilinear form of the vector space V. Then f is said to be
symmetric if ...... for all vectors o, fin V.
(@) flo,B)=f(B, ) (b) fle,B)==f(B, o)
(© fl,B)=f(=B, -0 (d) flo, B)=~f(o, B)
3. The matrix corresponding to the following quadratic form ax? + 2hxy + byz is
h a a h
(a)[h b] (b)[h b]
a b a h
) [h h] (d)[b h]

n n

4. An expression of the form X ¥ a;x; y;, where a;/'s are elements of a field F, is
i=1 j=I

I
called a:

(a) real quadratic form in x|,xy,...,x,

(b) quadratic form in xj,x9,...,x,
(c) bilinear form in xj,x9,...,x,
(

d) diagonal form in xj,x9,..., X
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The matrix of quadratic form xlz —18xx9 + 5x22 is

1 -9 1 -18
@ | 5] o5 |

1 5
(c) [—18 O:| (d) none of these

Fill in the Blank(s)
Fill in the blanks “...... " s0 that the following statements are complete and correct.
If the bilinear form
b(X,Y )=XTAY =23y +xp0 =2 71 +3%95 =313,
then the matrix A=.......
The bilinear formb (X,Y )= X T AY issaidtobea symmetric bilinear form if the

matrix Aisa ...... matrix.

n n

An expression of the form £ X a4
i=1j=1

x: x;,where a;.’s are elements of a field F,is

ij ri ) ij
called a ...... in the n variables x;, x, ,..., x,, over the field F.

There exists a one-to-one correspondence between the set of all quadratic forms
in n variables over a field F and the set of all n-rowed ...... matrices over F.

True or False
Write “T” for true and “F’ for false statement.
The bilinear form
3uy+ 0y + X —2 Xy —4xy y3 —4x3 9 +3x3 3
is symmetric.
The matrix corresponding to the quadratic form
dl)qz + d2X22 + d3X32 + d4X42
is a diagonal matrix.

Every real quadratic form over a field F in n variables xj, x5 ,...,x, can be
expressed in the form X’B Xwhere X’ =[x, x9 ,..., x,,] is acolumn vector and Bis
a skew-symmetric matrix of order n over the field F.

P

({
Answers

e

Multiple Choice Questions

(b) 2. (a) 3. (b) 4. (b) 5. (a)
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Fill in the Blank(s)
1 2 1 -3 9 i
193 o . symmetric
3. quadratic form 4. symmetric

True or False
1. T 2. T 3. F
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