












1  Linear Transformation or Vector Space Homomorphism

(Garhwal 2010)

D
efinition: Let U F( ) and V F( ) be two vector spaces over the same field F.  A linear 

transformation from U into V is a function T from U into V such that

T a b aT bT( ) ( ) ( )α β α β+ = + …(1)

for all α β,  in U and for all a b,  in F.

The condition (1) is also called linearity property. It can be easily seen that the

condition (1) is equivalent to the condition

T a aT T( ) ( ) ( )α β α β+ = +
for all α β,  in U and all scalars a in F.

Linear Operator: Definition: Let V F( ) be a vector space. A linear operator on V is a

function T from V into V such that

T a b aT bT( ) ( ) ( )α β α β+ = +
for all α β,  in V and for all a b,  in F. (Kumaun 2014)

Thus T  is a linear operator on V  if T  is a linear transformation from V  into V  itself.
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Illustration 1: The func tion

T V V: ( ) ( )3 2R R→
defined by T a b c a b a b c( , , ) ( , ) , ,= ∈V R is a linear transformation from V3 ( )R  into V2 ( ).R

Let  α β= = ∈( , , ), ( , , ) ( ).a b c a b c V1 1 1 2 2 2 3 R

If a b, ,∈ R  then

    T a b T a a b c b a b c( ) [ ( , , ) ( , , )]α β+ = +1 1 1 2 2 2

           = + + +T aa ba ab bb ac bc( , , )1 2 1 2 1 2

           = + +( , )aa ba ab bb1 2 1 2    [ By def. of T  ]

           = +( , ) ( , )aa ab ba bb1 1 2 2

           = +a a b b a b( , ) ( , )1 1 2 2

           = +aT a b c bT a b c( , , ) ( , , )1 1 1 2 2 2

           = +aT bT( ) ( ).α β
∴ T  is a lin ear trans for ma tion from V3 ( )R  into V2 ( ).R

Il lus tra tion 2: Let V F( ) be the vec tor space of all m n×  ma tri ces over the field F. Let P be a

fixed m m×   ma trix over F,  and let Q be a fixed n n×  ma trix over F. The cor re spon dence T from V

into V de fined by 

T A PAQ A V( ) = ∈V

is a linear operator on V .

If A is an m n×  matrix over the field F, then PAQ is also an m n×  matrix over the field F.

Therefore T  is a function from V  into V . Now let A B V, ∈  and a b F, .∈  Then

     T aA bB P aA bB Q( ) ( )+ = + [ By def. of T  ]

          = + = +( )aPA bPB Q a PAQ b PBQ

= +aT A bT B( ) ( ).

∴ T  is a linear transformation from V  into V . Thus T  is a linear operator on V .

Il lus tra tion 3: Let V F( ) be the vec tor space of all poly no mi als over the field F. Let 

f x a a x a x a x Vn
n( ) = + + + … + ∈0 1 2

2  be a poly no mial of de gree n in the in de ter mi nate x.

Let us de fine

D f x a a x na xn
n( ) = + + … + −

1 2
12  if n > 1

and D f x( ) = 0 if f x( ) is a con stant poly no mial.

Then the correspondence D from V into V is a linear operator on V .

If f x( ) is a polynomial over the field F, then Df x( ) as defined above is also a polynomial 

over the field F. Thus if f x V( ) ,∈  then Df x V( ) .∈  Therefore D is a function from V  into 

V .

Also if f x g x V( ), ( ) ∈  and a b F, ,∈  then

D a f x bg x a Df x b Dg x[ ( ) ( )] ( ) ( ).+ = +
∴ D is a lin ear trans for ma tion from V  into V .

The operator D on V  is called the differentiation operator. It should be noted that for

polynomials the definition of differentiation can be given purely algebraically, and

does not require the usual theory of limiting processes.
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Il lus tra tion 4: Let V ( )R  be the vec tor space of all con tin u ous func tions from R into R. If 

f V∈  and we de fine T by

( ) ( ) ( ) ,Tf x f t dt x
x

= ∈∫ V R
0

then T is a linear transformation from V into V .

If f  is real valued continuous function, then Tf , as defined above, is also a real valued

continuous function. Thus

f V Tf V∈ ⇒ ∈ .

Also the operation of integration satisfies the linearity property. Therefore T  is a linear

transformation from V  into V .

2  Some Particular Transformations

1. Zero Transformation: Let U F( ) and V F( ) be two vector spaces. The function T , from 

U into V defined by

T ( )α = 0 (zero vec tor of V ) V α ∈U

is a linear transformation from U into V .

Let α β, ∈U and a b F, .∈  Then a b Uα β+ ∈ .

We have T a b( )α β+ = 0 [By def. of T  ]

       = + = +a b aT bT0 0 ( ) ( ).α β
∴ T  is a linear transformation from U into V . It is called zero transformation and

we shall in future denote it by 0
^

.

2. Identity Operator: Let V F( ) be a vector space. The function I from V into V defined by 

I V( )α α α= ∈V  is a linear transformation from V into V .

If α β, ∈V  and a b F, ,∈  then a b Vα β+ ∈  and we have

I a b a b( )α β α β+ = +  [By def. of I  ]

          = +aI bI( ) ( ).α β
∴ I  is a linear transformation from V  into V . The transformation I  is called identity

operator on V  and we shall always denote it by I .

3. Negative of a Linear Transformation: Let U F( ) and V F( ) be two vector spaces.

Let T be a linear transformation from U into V . The correspondence − T defined by

( ) ( ) [ ( )]− = − ∈T T Uα α αV

is a linear transformation from U into V . (Garhwal 2008)

Since T V T V( ) ( ) ,α α∈ ⇒ − ∈  therefore − T  is a function from U into V .

Let α β, ∈U and a b F, .∈  Then a b Uα β+ ∈  and we have

( ) ( ) [ ( )]− + = − +T a b T a bα β α β [ By def. of − T  ]

    = − +[ ( ) ( )]aT bTα β
  [∵ T  is a lin ear trans for ma tion]

    = − + −a T b T[ ( )] [ ( )]α β
   = − + −a T b T[( ) ] [( ) ].α β
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∴ − T  is a linear transformation from U into V . The linear transformation − T  is called

the negative of the linear transformation T .

3  Properties of Linear Transformations.

Theorem: Let T be a linear transformation from a vector space U F( ) into a vector space 

V F( ).. Then

(i) T ( )0 0=  where 0 on the left hand side is zero vector of U and 0 on the right hand side is

zero vector of V .

(ii) T T U( ) ( ) .− = − ∈α α αV

(iii) T T T U( ) ( ) ( ) , .α β α β α β− = − ∈V

(iv) T a a a a T a T a Tn n n n( ) ( ) ( ) ( )1 1 2 2 1 1 2 2α α α α α α+ + … + = + + … +
where α α α1 2, ,… ∈n U and a a a Fn1 2, , , .… ∈
Proof: (i) Let α ∈U. Then T V( ) .α ∈  We have

T T( ) ( )α α+ =0 [∵ 0 is zero vec tor of V  and T V( ) ]α ∈

        = +T ( )α 0 [∵ 0 is zero vec tor of U ]

        = +T T( ) ( )α 0 [∵ T  is a lin ear trans for ma tion]

Now in the vector space V , we have

T T T( ) ( ) ( )α α+ = +0 0

⇒ 0 0= T ( ), by left can cel la tion law for ad di tion in V .

Note: When we write T ( )0 0= , there should be no con fu sion about the vec tor 0. Here 

T  is a func tion from U into V . There fore if 0 ∈U, then its im age un der T i e T V. ., ( ) .0 ∈
Thus in T ( )0 0,=  the zero on the right hand side is zero vec tor of V .

(ii) We have T T T[ ( )] ( ) ( )α α α α+ − = + − [∵ T  is a lin ear trans for ma tion]

But T T V[ ( )] ( ) .α α+ − = = ∈0 0 [By (i)]

Thus in V , we have

T T( ) ( )α α+ − = 0  ⇒  T T( ) ( ).− = −α α
(iii) We have   T T( ) [ ( )]α β α β− = + −  = + −T T( ) ( )α β [∵ T  is lin ear]

            = + −T T( ) [ ( )]α β [By (ii)]

            = −T T( ) ( ).α β
(iv) We shall prove the result by induction on n, the number of vectors in the linear

combination a a an n1 1 2 2α α α+ + … + . 

Sup pose T a a a a T a Tn n( ) ( ) ( )1 1 2 2 1 1 1 1 2 2α α α α α+ + … + = +− −

+ … + − −a Tn n1 1( ).α …(1)

Then T a a an n( )1 1 2 2α α α+ + … +
= + + … + +− −[ ( ) ]T a a a an n n n1 1 2 2 1 1α α α α
= + + … + +− −T a a a a Tn n n n( ) ( )1 1 2 2 1 1α α α α
= + + … + +− −[ ( ) ( ) ( )] ( )a T a T a T a Tn n n n1 1 2 2 1 1α α α α [By (1)]

= + + … + +− −a T a T a T a Tn n n n1 1 2 2 1 1( ) ( ) ( ) ( ).α α α α
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Now the proof is complete by induction since the result is true when the number of

vectors in the linear combination is 1.

Note: On ac count of this prop erty some times we say that a lin ear trans for ma tion

pre serves lin ear com bi na tions.

4  Range and Null Space of a Linear Transformation

Range of a Linear Transformation: (Kumaun 2007, 14; Gorakhpur 15)

Definition: Let U F( ) and V F( ) be two vector spaces and let T be a linear transformation

from U into V . Then the range of T written as R T( ) is the set of all vectors β in V such that 

β α= T ( ) for some α in U.

Thus the range of T  is the image set of U under T i e. .,

Range ( ) ( ) : .T T V U= ∈ ∈{ }α α
Theorem 1: If U F( ) and V F( ) are two vector spaces and T is a linear transformation from 

U into V, then range of T is a subspace of V. (Kumaun 2009; Gorakhpur 14)

Proof: Ob vi ously R T( ) is a non-empty sub set of V .

Let β β1 2, ( ).∈ R T  Then there exist vectors α α1 2,  in U such that 

T T( ) , ( ) .α β α β1 1 2 2= =
Let a, b be any elements of the field F. We have

a b a T b Tβ β α α1 2 1 2+ = +( ) ( )

          = +T a b( )α α1 2   [∵ T  is a lin ear trans for ma tion]

Now U is a vector space. Therefore α α1 2, ∈U and 

a b F a b U, .∈ ⇒ + ∈α α1 2

Consequently T a b a b R T( ) ( ).α α β β1 2 1 2+ = + ∈
Thus a b F, ∈  and β β β β1 2 1 2, ( ) ( )∈ ⇒ + ∈R T a b R T .

Therefore R T( ) is a subspace of V .

Null space of Linear Transformation: (Kumaun 2007, 14; Gorakhpur 15)

Definition: Let U F( ) and V F( ) be two vector spaces and let T be a linear transformation

from U into V. Then the null space of T written as N T( ) is the set of all vectors α in U such that 

T ( )α = 0 (zero vector of V). Thus

N T U T V( ) : ( ) .= ∈ = ∈{ }α α 0

If we regard the linear transformation T  from U into V  as a vector space homomorphism 

of U into V , then the null space of T  is also called the kernel of T .

Theorem 2: If U F( ) and V F( ) are two vector spaces and T is a linear transformation from 

U into V, then the kernel of T or the null space of T is a subspace of U.

(Gorakhpur 2014)

Proof: Let N T U T V( ) : ( ) .= ∈ = ∈{ }α α 0

Since T V( ) ,0 0= ∈  therefore at least 0 ∈ N T( ).

Thus N T( ) is a non-empty subset of U.

Let α α1 2, ( )∈ N T . Then T ( )α1 = 0 and T ( )α2 = 0.
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Let a b F, ∈ . Then a b Uα α1 2+ ∈  and

T a b a T b T( ) ( ) ( )α α α α1 2 1 2+ = + [∵ T  is a lin ear trans for ma tion]

  = + = ∈a b + = V0 0 0 0 0 .

∴    a b N Tα α1 2+ ∈ ( ).

Thus a b F, ∈  and α α α α1 2 1 2, ( ) ( ).∈ ⇒ + ∈N T a b N T  Therefore N T( ) is a subspace

of U.

5 Rank and Nullity of a Linear Transformation

(Gorakhpur 2010; Garhwal 10B)

Theorem 1: Let T be a linear transformation from a vector space U F( ) into a vector space 

V F( ).  If U is finite dimensional, then the range of T is a finite dimensional subspace of V .

Proof: Since U is finite dimensional, therefore there exists a finite subset of U, say 

{ }α α α1 2, , ,… n  which spans U.

Let β ∈ range of T . Then there exists α in U such that T ( ) .α β=
Now α ∈ ⇒ ∃ … ∈U a a a Fn1 2, , ,  such that

α α α α= + + … +a a an n1 1 2 2

⇒ T T a a an n( ) ( )α α α α= + + … +1 1 2 2

⇒ β α α α= + + … +a T a T a Tn n1 1 2 2( ) ( ) ( ). …(1)

Now the vectors T T T n( ), ( ), , ( )α α α1 2 …  are in the range of T . If β is any vector in the

range of T , then from (1), we see that β can be expressed as a linear combination of 

T T T n( ), ( ), , ( )α α α1 2 … .

Therefore range of T  is spanned by the vectors

T T T n( ), ( ), , ( ).α α α1 2 …
Hence range of T  is finite dimensional.

Now we are in a position to define rank and nullity of a linear transformation.

Rank and Nullity of a Linear Transformation: 
(Garhwal 2007, 10; Gorakhpur 2012)

Definition:  Let T be a linear transformation from a vector space U F( ) into a vector space 

V F( ) with U as finite dimensional. The rank of T denoted by ρ ( )T  is the dimension of the range

of T i e. .,

ρ ( ) ( ).T dim R T=
The nullity of T denoted by ν ( )T  is the dimension of the null space of T i e. .,

ν =( ) ( ).T dim N T

Theorem 2: Let U and V be vector spaces over the field F and let T be a linear transformation

from U into V . Suppose that U is finite dimensional. Then

rank T nullity T dim U( ) ( ) .+ =
(Gorakhpur 2010, 12; Kumaun 13, 14)

Proof: Let N  be the null space of T . Then N  is a subspace of U. Since U is finite

dimensional, therefore N  is finite dimensional. Let dim N = nullity ( )T k=  and let 

{ }α α α1 2, , ,… k  be a basis for N .
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Since { }α α α1 2, , ,… k  is a linearly independent subset of U, therefore we can extend it to

form a basis of U. Let dim U n=  and let 

{ }α α α α α1 2 1, , , , , ,… …+k k n

be a basis for U.

The vectors T T T T Tk k n( ), ( ), , ( ), ( ), , ( )α α α α α1 2 1… …+  are in the range of T . We

claim that { }T T Tk k n( ), ( ), , ( )α α α+ + …1 2  is a basis for the range of T .

(i) First we shall prove that the vec tors

T T Tk k n( ), ( ), , ( )α α α+ + …1 2  span the range of T .

Let β ∈ range of T . Then there ex ists α ∈U such that

T ( ) .α β=
Now α ∈ ⇒ ∃ … ∈U a a a Fn1 2, , ,  such that

α α α α= + + … +a a an n1 1 2 2

⇒ T T a a an n( ) ( )α α α α= + + … +1 1 2 2

⇒ β α α α α= + … + + + … ++ +a T a T a T a Tk k k k n n1 1 1 1( ) ( ) ( ) ( )

⇒      β α α α= + + … ++ + + +a T a T a Tk k k k n n1 1 2 2( ) ( ) ( )

              [ , , , ( ) , , ( ) ]∵ α α α α α1 2 1… ∈ ⇒ = … =k kN T T0 0

∴ the vec tors T Tk n( ), , ( )α α+ …1  span the range of T .

(ii) Now we shall show that the vectors T Tk n( ), , ( )α α+ …1  are linearly

independent.

Let c c Fk n+ … ∈1, ,  be such that

c T c Tk k n n+ + + … + =1 1( ) ( )α α 0

⇒ T c ck k n n( )+ + + … + =1 1α α 0

⇒ c ck k n n+ + + … + ∈1 1α α  null space of T i e N. .,

⇒ c c b b bk k n n k k+ + + … + = + + … +1 1 1 1 2 2α α α α α
for some b b b Fk1 2, , ,… ∈

           [∵ Each vec tor in N  can be ex pressed as a lin ear
 com bi na tion of the vec tors α α1, ,… k form ing a ba sis of N  ]

⇒ b b c ck k k k n n1 1 1 1α α α α+ … + − − … − =+ + 0

⇒ b b c ck k n1 1 0= … = = = … = =+
[ , , , , , ,∵ α α α α α1 2 1… …+k k n are lin early

in de pend ent, be ing a ba sis for U ]

⇒ the vec tors T Tk n( ), , ( )α α+ …1  are lin early in de pend ent.

∴ The vec tors T Tk n( ), , ( )α α+ …1  form a ba sis of range of T .

∴ rank T = dim of range of T n k= − .

∴ rank ( )T + nul lity ( ) ( ) dim .T n k k n U= − + = =
Note: If in place of the vec tor space V , we take the vec tor space U i e. ., if T  is a lin ear

trans for ma tion on an n-di men sional vec tor space U, even then as a spe cial case of the

above theorem,

ρ ( ) ( ) .T T n+ ν =
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Ex am ple 1: Show that the map ping T V V: ( ) ( )3 2R R→  de fined as 

T a a a a a a a a a( , , ) ( , )1 2 3 1 2 3 1 2 33 2 3 2= − + − − (Kumaun 2015)

is a linear transformation from V3 ( )R  into V2 ( ).R

So lu tion: Let  α β= = ∈( , , ), ( , , ) ( ).a a a b b b V1 2 3 1 2 3 3 R

Then T T a a a a a a a a a( ) ( , , ) ( , )α = = − + − −1 2 3 1 2 3 1 2 33 2 3 2

and T b b b b b b( ) ( , )β = − + − −3 2 3 21 2 3 1 2 3 .

Also let a b, .∈ R  Then a b Vα β+ ∈ 3 ( )R . We have 

T a b T a a a a b b b b( ) [ ( , , ) ( , , )]α β+ = +1 2 3 1 2 3

           = + + +T aa bb aa bb aa bb( , , )1 1 2 2 3 3

           = + − + + +( ( ) ( ) ,3 21 1 2 2 3 3aa bb aa bb aa bb

aa bb aa bb aa bb1 1 2 2 3 33 2+ − + − +( ) ( ))

           = − + + − +( ( ) ( ),a a a a b b b b3 2 3 21 2 3 1 2 3

  a a a a b b b b( ) ( ))1 2 3 1 2 33 2 3 2− − + − −
           = − + − −a a a a a a a( , )3 2 3 21 2 3 1 2 3

 + − + − −b b b b b b b( , )3 2 3 21 2 3 1 2 3

           = +aT bT( ) ( ).α β
Hence T  is a linear transformation from V3( )R  into V2( ).R

Ex am ple 2: Show that the map ping T V V: ( ) ( )2 3R R→  de fined as 

T a b a b a b b( , ) ( , , )= + −
is  a  linear transformation from V2( )R   into V3( ).R   Find the range, rank, null-space and nullity 

of T. (Kumaun 2009, 13; Gorakhpur 12, 14)

So lu tion: Let α β= = ∈( , ), ( , ) ( )a b a b V1 1 2 2 2 R .

Then T T a b a b a b b( ) ( , ) ( , , )α = = + −1 1 1 1 1 1 1

and T a b a b b( ) ( , , ).β = + −2 2 2 2 2

Also let a b, .∈ R

Then a b Vα β+ ∈ 2 ( )R  

and T a b T a a b b a b( ) [ ( , ) ( , )]α β+ = +1 1 2 2

= + +T aa ba ab bb( , )1 2 1 2

= + + + + − − +( , , )aa ba ab bb aa ba ab bb ab bb1 2 1 2 1 2 1 2 1 2

= + + + − + − +( [ ] [ ], [ ] [ ], )a a b b a b a a b b a b ab bb1 1 2 2 1 1 2 2 1 2

= + − + + −a a b a b b b a b a b b( , , ) ( , , )1 1 1 1 1 2 2 2 2 2

= +aT bT( ) ( ).α β
∴ T  is a lin ear trans for ma tion from V2 ( )R  into V3 ( ).R

Now { }( , ), ( , )1 0 0 1  is a basis for V2 ( )R .

We have T ( , ) ( , , ) ( , , )1 0 1 0 1 0 0 1 1 0= + − =
and T ( , ) ( , , ) ( , , ).0 1 0 1 0 1 1 1 1 1= + − = −
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The vectors  T T( , ), ( , )1 0 0 1  span the range of T .

Thus the range of T  is the subspace of V3 ( )R  spanned by the vectors ( , , ), ( , , ).1 1 0 1 1 1−
Now the vectors ( , , ), ( , , ) ( )1 1 0 1 1 1 3− ∈V R  are linearly independent because if x y, ,∈ R

then

x y( , , ) ( , , ) ( , , )1 1 0 1 1 1 0 0 0+ − =
⇒ ( , , ) ( , , )x y x y y+ − = 0 0 0

⇒ x y x y y x y+ = − = = ⇒ = =0 0 0 0 0, , , .

∴ The vec tors ( , , ), ( , , )11 0 1 11−  form a ba sis for the range of T .

Hence, rank T = dim of range of T = 2.

Nullity of T = dim of V2 ( )R − rank T = − =2 2 0.

∴ Null space of T  must be the zero subspace of V2 ( )R .

Oth er wise, ( , )a b ∈ null space of T

⇒ T a b( , ) ( , , )= 0 0 0      ⇒  ( , , ) ( , , )a b a b b+ − = 0 0 0

⇒ a b a b b+ = − = =0 0 0, ,   ⇒  a b= =0 0, .

∴ ( , )0 0  is the only el e ment of V2 ( )R  which be longs to the null space of T .

∴ Null space of T  is the zero subspace of V2 ( ).R

Ex am ple 3: Let V be the vec tor space of all n n×  ma tri ces over the field F and let B be a fixed 

n n×  ma trix. If T A AB BA A V( ) ,= − ∈V  verify that T is a linear transformation from V

into V . (Kumaun 2013)

So lu tion: If A V∈ ,  then  T A AB BA V( ) = − ∈   because AB BA−   is also an  n n×

ma trix over the field F. Thus T  is a func tion from V  into V .

Let A A V1 2, ∈  and a b F, .∈  

Then  aA bA V1 2+ ∈
and     T aA bA aA bA B B aA bA( ) ( ) ( )1 2 1 2 1 2+ = + − +

  = + − −aA B bA B aBA bBA1 2 1 2

  = − + −a A B BA b A B BA( ) ( )1 1 2 2

       = +aT A bT A( ) ( ).1 2

∴ T  is a linear transformation from V  into V .

Ex am ple 4: Let V be an n-di men sional vec tor space over the field F and let T be a lin ear

trans for ma tion from V into V such that the range and null space of  T are iden ti cal. Prove that n is 

even. Give an ex am ple of such a lin ear trans for ma tion.

So lu tion: Let N  be the null space of T . Then N  is also the range of T .

Now ρ ( ) ( ) dimT T V+ ν =
i e. ., dim of range of T + dim of null space of T = dim V n=
i e. ., 2 dim N n=  [∵ range of T = null space of T N= ]

i e. ., n is even.

Example of such a transformation:

Let T V V: ( ) ( )2 2R R→  be defined by

T a b b a b( , ) ( , ) , .= ∈0 V R
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Let α β= = ∈( , ), ( , ) ( )a b a b V1 1 2 2 2 R  and let x y, .∈ R

Then T x y T x a b y a b( ) ( ( , ) ( , ))α β+ = +1 1 2 2

           = + + = +T xa ya xb yb xb yb( , ) ( , )1 2 1 2 1 2 0

           = + = +( , ) ( , ) ( , ) ( , )xb yb x b y b1 2 1 20 0 0 0

           = + = +xT a b yT a b xT yT( , ) ( , ) ( ) ( ).1 1 2 2 α β
∴ T  is a lin ear trans for ma tion from V2 ( )R  into V2 ( ).R

Now { }( , ), ( , )1 0 0 1  is a basis of V2 ( ).R

We have T ( , ) ( , )1 0 0 0=  and T ( , ) ( , ).0 1 1 0=
Thus the range of T  is the subspace of V2 ( )R  spanned by the vectors ( , )0 0  and ( , ).1 0  The

vector ( , )0 0  can be omitted from this spanning set because it is zero vector. Therefore

the range of T  is the subspace of V2 ( )R  spanned by the vector ( , ).1 0  Thus the range of  

T a a a a= ∈ = ∈{ } { }( , ) : ( , ) : .1 0 0R R

Now let ( , )a b N∈  (the null space of T ).

Then ( , ) ( , ) ( , ) ( , ) ( , ) .a b N T a b b b∈ ⇒ = ⇒ = ⇒ =0 0 0 0 0 0

∴ Null space of T a a= ∈{ }( , ) : .0 R

Thus range of T = null space of T .

Also we observe that dim V2 2( )R =  which is even.

Ex am ple 5: Let V be a vec tor space and T a lin ear trans for ma tion from V into V .  Prove that

the fol low ing two state ments about T are equiv a lent :

(i) The intersection of the range of T and the null space of T is the zero subspace of 

V i e R T N T. ., ( ) ( ) .∩ = { }0

(ii) T T T[ ( )] ( ) .α α= ⇒ =0 0

So lu tion: First we shall show that (i) (ii)⇒ .

We have T T T N T[ ( )] ( ) ( )α α= ⇒ ∈0

⇒ T R T N T( ) ( ) ( )α ∈ ∩    [ ( ) ( )]∵ α α∈ ⇒ ∈V T R T

⇒ T ( )α = 0 be cause R T N T( ) ( ) .∩ = { }0

Now we shall show that (ii) (i).⇒
Let α ≠ 0 and α ∈ ∩R T N T( ) ( ).

Then α ∈ R T( ) and α ∈ N T( ).

Since α ∈ N T( ), there fore T ( ) .α = 0 …(1)

Also α β∈ ⇒ ∃ ∈R T V( )  such that T ( ) .β α=
Now T ( )β α=   ⇒  T T T[ ( )] ( )β α= = 0 [From (1)]

Thus ∃ ∈β V  such that T T[ ( )]β = 0 but T .( )β α= ≠ 0

This contradicts the given hypothesis (ii).

Therefore there exists no α ∈ ∩R T N T( ) ( ) such that α ≠ 0.

Hence R T N T( ) ( ) .∩ = { }0

Ex am ple 6: Con sider the ba sis S = { }α α α1 2 3, ,   of  R3 where

α α α1 2 31 1 1 1 1 0 1 0 0= = =( , , ), ( , , ), ( , , ).

Express ( , , )2 3 5−  in terms of the basis α α α1 2 3, , .
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Let T : R R3 2→  be defined as T T T( ) ( , ), ( ) ( , ), ( ) ( , ).α α α1 2 31 0 2 1 4 3= = − =

Find  T ( , , ).2 3 5− (Meerut 2003)

So lu tion: Let ( , , )2 3 5 1 2 3− = + +a b cα α α

          = + +a b c( , , ) ( , , ) ( , , ).1 1 1 1 1 0 1 0 0

Then a b c a b a+ + = + = − =2 3 5, , .

Solving these equations, we get

a b c= = − =5 8 5, , .

∴ ( , , ) .2 3 5 5 8 51 2 3− = − +α α α
Now T T( , , ) ( )2 3 5 5 8 51 2 3− = − +α α α  

           = − +5 8 51 2 3T T T( ) ( ) ( )α α α
           [∵ T  is a lin ear trans for ma tion]

             = − − +5 1 0 8 2 1 5 4 3( , ) ( , ) ( , )

                   = − − +( , ) ( , ) ( , )5 0 16 8 20 15

             = ( , ).9 23

 1. Show that the map ping T V V: 3 2(R) (R)→  de fined as

T a a a a a a a( , , ) ( , )1 2 3 1 2 1 3= − −
is a lin ear trans for ma tion.

 2. Show that the mapping T :R R3 2→  defined as T x y z z x y( , , ) ( , )= +  is linear.

(Gorakhpur 2013)

 3. Show that the fol low ing func tions are lin ear :

(i) T :  R R2 2→  de fined by T a b b a( , ) ( , )=

(ii) T :R R2 2→  de fined by T a b a b a( , ) ( , )= +

(iii) T :R R3 →  de fined by T a b c a b c( , , ) = − +2 3 4 .

 4. Show that the fol low ing mappings T  are not lin ear :

(i) T :R R2 →  de fined by T x y xy( , ) ;=

(ii) T :R R2 2→  de fined by T x y x y( , ) ( , )= +1 ; (Kumaun 2008)

(iii) T :R R3 2→  de fined by T x y z x( , , ) (| |, ) ;= 0

(iv) T :R R2 →  de fined by T x y x y( , ) | |.= − (Kumaun 2010)

 5. Show that the map ping T :R R2 3→  de fined as

T a b a b b a a( , ) ( , , )= − − −
is a linear transformation from R2 into R3 . Find the range, rank, null space and

nullity of T . (Gorakhpur 2010, 11)
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 6. Let F be the field of complex numbers and let T  be the function from F3 into F3

defined by  

T x x x x x x x x x x x( , , ) ( , , ).1 2 3 1 2 3 1 2 3 1 22 2 2= − + + − − −
Ver ify that T  is a lin ear trans for ma tion. De scribe the null space of T .

(Meerut 2002; Garhwal 07; Kumaun 09)

 7. Let F be the field of complex numbers and let T  be the function from F3 into F3

defined by

T a b c a b c a b a b c( , , ) ( , , )= − + + − − +2 2 2 2 .

Show that T  is a linear transformation. Find also the rank and the nullity of T .

 8. Let T :R R3 3→  be the lin ear trans for ma tion de fined by :

T x y z x y z y z x y z( , , ) ( , , )= + − + + −2 2 .

Find a basis and the dimension of (i) the range of T  (ii) the null space of T .
(Garhwal 2011)

 9. Let T V V: 4 3(R) (R)→  be a lin ear trans for ma tion de fined by

T a b c d a b c d a c d a b c d( , , , ) ( , , )= − + + + − + + −2 3 3 .

Then obtain the basis and dimension of the range space of  T  and null space of T .

10. Let V  be the vector space of polynomials in x over R . Let D V V: →  be the

differential operator : D f
df

dx
( ) = ⋅ Find the image (i e. . range) and kernel of D.

11. Let V  be the vector space of n n×  matrices over the field F and let E be an arbitrary 

matrix in V . Let T V V: →  be defined as 

T A AE EA A V( ) , .= + ∈  

Show that T  is lin ear.

12. Let V  be the vector space of 2 2×  matrices over R and let M =
−

−








 ⋅

1 1

2 2
 Let 

T V V: →  be the linear function defined by T A MA( ) =  for A V∈  . Find a basis

and the dimension of 

(i) the ker nel of T  and (ii) the range of T .

13. Let V  be the vector space of 2 2×  matrices over R and let M = 







 ⋅

1 2

0 3
 Let 

T V V: →  be the linear transformation defined by T A AM MA( ) = − . Find a

basis and the dimension of the kernel of T .

14. Let V  be the space of n × 1 matrices over a field F and let W be the space of m × 1

matrices over F. Let A be a fixed m n×  matrix over F and let T  be the linear

transformation from V  into W defined by T X AX( ) = .

Prove that T  is the zero transformation if and only if A is the zero matrix.

15. Let U F( ) and V F( ) be two vector spaces and let T T1 2,  be two linear

transformations from U to V . Let x y,  be two given elements of F. Then the

mapping T  defined as 

T x T y T U( ) ( ) ( )α α α α= + ∈1 2 V  

is a lin ear trans for ma tion from U into V .

L-14



 5. Null space of T = { }0  ; nul lity of T = 0, rank T = 2

The set {( , , ), ( , , )}1 1 1 11 0− − −  is a ba sis set for R T( )

 6. Null space of T = { }0

 7. Rank T = 2 ; nul lity of T = 1

 8. (i) {( , , ), ( , , )}1 0 1 2 11  is a ba sis of R T( ) and dim. R T( ) = 2

(ii) {( , , )}3 11−  is a ba sis of N T( ) and dim N T( ) = 1

 9. {( , , ), ( , , )}111 0 1 2  is a ba sis of R T( ) and dim. R T( ) = 2

{( , , , ), ( , , , )}1 2 0 1 2 1 1 0−  is a ba sis of N T( ) and dim. N T( ) = 2

10. The im age of D is the whole space V

The ker nel of D is the set of con stant poly no mi als

12.
1 0

1 0

0 1

0 1





























,  is a ba sis of the ker nel T  and dim (ker nel T) = 2

1 0

2 0

0 1

0 2−








 −



















,  is a ba sis for R T( ) and dim R T( ) = 2

13.
1 1

0 0

1 0

0 1

−



























,  is a ba sis of the ker nel of T  and dim (ker nel T) = 2

6 Linear Transformations as Vectors

Let L U V( , ) be the set of all linear transformations from a vector space U F( ) into a

vector space V F( ). Sometimes we denote this set by Hom ( , ).U V   Now we want to

impose a vector space structure on the set L U V( , ) over the same field F. For this

purpose we shall have to suitably define addition in L U V( , ) and scalar multiplication

in L U V( , ) over F.

Algebra of Linear Transformations:

Theorem 1: Let U and V be vector spaces over the field F. Let T1 and T2 be linear

transformations from U into V . The function T T1 2+  defined by

( ) ( ) ( ) ( )T T T T U1 2 1 2+ = + ∈α α α αV

is a linear transformation from U into V .  If c is any element of F,  the function ( )cT  defined by

( ) ( ) ( )cT cT Uα α α= ∈V

is a linear transformation from U into V . The set L U V( , ) of all linear transformations from U

into V , together with the addition and scalar multiplication defined above is a vector space over the

field F.

Proof: Suppose T1 and T2 are linear transformations from U into V  and we define 

T T1 2+  as follows :
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( ) ( ) ( ) ( ) .T T T T U1 2 1 2+ = + ∈α α α αV …(1)

Since T T V1 2( ) ( ) ,α α+ ∈  there fore T T1 2+  is a func tion from U into V .

Let a b F, ∈  and α β, .∈U  Then

( ) ( ) ( ) ( )T T a b T a b T a b1 2 1 2+ + = + + +α β α β α β [By (1)]

= + + +[ ( ) ( )] [ ( ) ( )]aT bT aT bT1 1 2 2α β α β
[ ∵ T1 and T2 are lin ear trans for ma tions]

= + + +a T T b T T[ ( ) ( )] [ ( ) ( )]1 2 1 2α α β β [∵ V  is a vec tor space]

= + + +a T T b T T( ) ( ) ( ) ( )1 2 1 2α β [By (1)]

∴ T T1 2+  is a lin ear trans for ma tion from U into V . Thus

T T L U V T T L U V1 2 1 2, ( , ) ( , ).∈ ⇒ + ∈
Therefore L U V( , ) is closed with respect to addition defined in it.

Again let T L U V∈ ( , ) and c F∈ . Let us define cT  as follows :

( ) ( ) ( ) .cT cT Uα α α= ∈V …(2)

Since cT V( ) ,α ∈  therefore cT  is a function from U into V .

Let a b F, ∈  and α β, .∈U  Then

( ) ( ) ( )cT a b cT a bα β α β+ = + [By (2)]

= +c aT bT[ ( ) ( )]α β  [∵ T  is a lin ear trans for ma tion]

= + = +c aT c bT ca T cb T[ ( )] [ ( )] ( ) ( ) ( ) ( )α β α β
= + = +( ) ( ) ( ) ( ) [ ( )] [ ( )]ac T bc T a cT b cTα β α β
= +a cT b cT[( ) ( )] [( ) ( )].α β

∴  cT  is a lin ear trans for ma tion from U into V . Thus

T L U V∈ ( , ) and c F cT L U V∈ ⇒ ∈ ( , ).

Therefore L U V( , ) is closed with respect to scalar multiplication defined in it.

Associativity of addition in L U V( , ):

Let  T T T L U V1 2 3, , ( , ).∈  If α ∈U, then 

[ ( )] ( ) ( ) ( ) ( )T T T T T T1 2 3 1 2 3+ + = + +α α α
[By (1) i e. ., by def. of ad di tion in L U V( , )]

  = + +T T T1 2 3( ) [ ( ) ( )]α α α [By (1)]

  = + +[ ( ) ( )] ( )T T T1 2 3α α α \

     [∵ Ad di tion in V  is as so cia tive]

  = + +( ) ( ) ( )T T T1 2 3α α [By (1)]

             = + +[( ) ] ( )T T T1 2 3 α [By (1)]

∴ T T T T T T1 2 3 1 2 3+ + = + +( ) ( )       

[By def. of equal ity of two func tions]

Commutativity of addition in L U V( , ): Let T T L U V1 2, ( , ).∈  If α is any element of 

U, then

( ) ( ) ( ) ( )T T T T1 2 1 2+ = +α α α [By (1)]

           = +T T2 1( ) ( )α α [∵ Ad di tion in V  is com mu ta tive]

           = +( ) ( )T T2 1 α [By (1)]

∴  T T T T1 2 2 1+ = +    [By def. of equal ity of two func tions]
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Existence of additive identity in L U V( , ):  Let 0
^

 be the zero function from U  into 

V i e. .,

0
^

( ) .α α= ∈ ∈0 V UV

Then 0
^

( , ).∈ L U V  If T L U V∈ ( , ) and α ∈U, we have

( ) ( ) ( ) ( )
^ ^
0 0+ = +T Tα α α [By (1)]

          = +0 T ( )α  [By def. of 0
^

]

          = T ( )α [0 be ing ad di tive iden tity in V  ]

∴ 0
^

( , ).+ = ∈T T T L U VV

∴ 0
^

  is the ad di tive iden tity in L U V( , ).

Existence of additive inverse of each element in L U V( , ):

Let T L U V∈ ( , ). Let us define − T  as follows :

( ) ( ) ( ) .− = − ∈T T Uα α αV

Then  − ∈T L U V( , ). 

If α ∈U, we have

    ( ) ( ) ( ) ( ) ( )− + = − +T T T Tα α α [By def. of ad di tion in L U V( , )]

 = − +T T( ) ( )α α [By def. of − T  ]
     = ∈0 V

 = 0
^

( )α  [By def. of 0
^

 ]

∴ − + =T T 0
^

 for ev ery T L U V∈ ( , ).

Thus each element in L U V( , ) possesses additive inverse.

Therefore L U V( , ) is an abelian group with respect to addition defined in it.

Further we make the following observations :

(i) Let c F∈  and T T L U V1 2, ( , ).∈  If α is any element in U, we have

    [ ( )] ( ) [( ) ( )]c T T c T T1 2 1 2+ = +α α [By (2) i e. ., by def. of sca lar
mul ti pli ca tion in L U V( , )]

           = +c T T[ ( ) ( )]1 2α α [By (1)]

           = +cT cT1 2( ) ( )α α [ and ( ), ( )∵ c F T T V∈ ∈1 2α α
which is a vec tor space]

           = +( ) ( ) ( ) ( )cT cT1 2α α [By (2)]

           = +( ) ( )cT cT1 2 α [By (1)]

∴ c T T cT cT( ) .1 2 1 2+ = +
(ii) Let a b F, ∈  and T L U V∈ ( , ). If α ∈U, we have

[( ) ] ( ) ( ) ( )a b T a b T+ = +α α [By (2)]

  = +aT bT( ) ( )α α      [∵ V  is a vec tor space]

  = +( ) ( ) ( ) ( )aT bTα α [By (2)]

   = +( ) ( )aT bT α [By (1)]

∴         ( ) .a b T aT bT+ = +
(iii) Let a b F, ∈  and T L U V∈ ( , ). If α ∈U, we have
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   [( ) ] ( ) ( ) ( )ab T ab Tα α= [By (2)]

  = a bT[ ( )]α       [∵ V  is a vec tor space]

  = a bT[( ) ( )]α [By (2)]

  = [ ( )] ( )a bT α [By (2)]

∴        ( ) ( ).ab T a bT=
(iv) Let 1∈ F and T L U V∈ ( , ). If α ∈U, we have

( ) ( ) ( )1 1T Tα α= [By (2)]

     = T ( )α         [∵V  is a vec tor space]

∴ 1T T= .

Hence L U V( , ) is a vector space over the field F.

Note: If in place of the vec tor space V , we take U, then we ob serve that the set of all

lin ear op er a tors on U forms a vec tor space with re spect to ad di tion and sca lar

mul ti pli ca tion de fined as above.

Dimension of L U V( , ): Now we shall prove that if U F( ) and V F( ) are finite

dimensional, then the vector space of linear transformations from U into V  is also finite

dimensional. For this purpose we shall require an important result which we prove in

the following theorem :

Theorem 2: Let U be a finite dimensional vector space over the field F and let 

B n= …{ }α α α1 2, , ,  be an ordered basis for U. Let V be a vector space over the same field F and let 

β β1, ,… n be any vectors in V . Then there exists a unique linear transformation T from U into V

such that

T i ni i( ) , , , , .α β= = …1 2

Proof: Existence of T:

Let α ∈U.

Since B n= …{ }α α α1 2, , ,  is a basis for U, therefore there exist unique scalars x x xn1 2, , ,…
such that

α α α α= + + … +x x xn n1 1 2 2 .

For this vector α, let us define

T x x xn n( ) .α β β β= + + … +1 1 2 2

Obviously T ( )α  as defined above is a unique element of V . Therefore T  is a

well-defined rule for associating with each vector α in U a unique vector T ( )α  in V .

Thus T  is a function from U into V .

The unique representation of α i U∈  as a linear combination of the vectors belonging

to the basis B is

α α α α α αi i i n= + + … + + + … ++0 0 1 0 01 2 1 .

Therefore according to our definition of T , we have

T i i i n( )α β β β β β= + + … + + + … ++0 0 1 0 01 2 1

i e. ., T i ni i( ) , , , , .α β= = …1 2

Now to show that T  is a linear transformation.

Let a b F, ∈  and α β, .∈U  Let 
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α α α= + … +x xn n1 1  and β α α= + … +y yn n1 1 .

Then T a b T a x x b y yn n n n( ) [ ( ) ( )]α β α α α α+ = + … + + + … +1 1 1 1

           = + + … + +T ax by ax byn n n[( ) ( ) ]1 1 1α α
           = + + … + +( ) ( )ax by ax byn n n1 1 1β β [By def. of T  ]

           = + … + + + … +a x x b y yn n n n( ) ( )1 1 1 1β β β β
           = +aT bT( ) ( )α β [By def. of T ]

∴ T  is a linear transformation from U into V . Thus there exists a linear transformation 

T  from U into V  such that

T i ni i( ) , , , , .α β= = …1 2

Uniqueness of T: Let T ′ be a linear transformation from U into V  such that

T i ni i′ = = …( ) , , , , .α β 1 2

For the vector α α α= + … + ∈x x Un n1 1 , we have

T T x xn n′ = ′ + … +( ) ( )α α α1 1

      = ′ + … + ′x T x Tn n1 1( ) ( )α α
[∵ T ′ is a lin ear trans for ma tion]

      = + … +x xn n1 1β β [By def. of T ′]
      = T ( ).α [By def. of T  ]

Thus    T T U′ = ∈( ) ( ) .α α αV

∴          T T′ = .

This shows the unique ness of T .

Note: From this the o rem we con clude that if T  is a lin ear trans for ma tion from a fi nite

di men sional vec tor space U F( ) into a vec tor space V F( ), then T  is com pletely de fined

if we men tion un der T  the im ages of the el e ments of a ba sis set of U. If S and T  are two

lin ear trans for ma tions from U into V  such that

S Ti i i( ) ( )α α α= V  be long ing to a ba sis of U, then

S T U i e S T( ) ( ) , . ., .α α α= ∈ =V

Thus two linear transformations from U into V are equal if they agree on a basis of U.

Theorem 3: Let U be an n-dimensional vector space over the field F, and let V be an

m-dimensional vector space over F. Then the vector space L U V( , ) of all linear transformations

from U into V is finite dimensional and is of dimension mn.

Proof: Let   B n= …{ }α α α1 2, , ,  and B m′ = …{ }β β β1 2, , ,  be ordered bases for U and 

V  respectively. By theorem 2, there exists a unique linear transformation T11 from U

into V  such that

T T T n11 1 1 11 2 11( ) , ( ) , , ( )α β α α= = … =0 0

where β1, , ,0 0…  are vec tors in V .

In fact, for each pair of integers ( , )p q  with 1≤ ≤p m and 1≤ ≤q n, there exists a unique

linear transformation Tpq  from U into V  such that

T
i q

i qpq i
p

( )
,

,

if

if
α

β
=

≠
=





0
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i e. ., Tpq i iq p( ) ,α δ β= …(1)

where δiq F∈  is Kronecker delta i e. ., δiq = 1 if i q=  and δiq = 0 if i q≠ .

Since p can be any of 1 2, , ,… m and q any of 1 2, , , ,… n  there are mn such   Tpq ’s. Let B1

denote the set of these mn transformations Tpq ’s. We shall show that B1 is a basis for 

L U V( , ).

(i) First we shall show that L U V( , ) is a lin ear span of B1.

Let T L U V∈ ( , ). Since T V( )α1 ∈  and any element in V  is a linear combination of 

β β β1 2, , , ,… m  therefore

T a a am m( ) ,α β β β1 11 1 21 2 1= + + … +
for some a a a Fm11 21 1, , , .… ∈  In fact for each i i n, ,1≤ ≤

T a a a ai i i mi m
p

m

pi p( )α β β β β= + + … + =
=

1 1 2 2
1

Σ …(2)

Now con sider S a T
p

m

q

n

pq pq=
= =
Σ Σ

1 1
.

Obviously S is a linear combination of elements of B1 which is a subset of L U V( , ).

Since L U V( , ) is a vector space, therefore S L U V∈ ( , ) i e. ., S is also a linear

transformation from U into V . We shall show that S T= .

Let us compute S i( )α  where α i is any vector in the basis B of U. We have

S a T a Ti
p

m

q

n

pq pq i
p

m

q

n

pq pq( ) ( ) (α α=








 =

= = = =
Σ Σ Σ Σ

1 1 1 1
α i)

     =
= =
Σ Σ

p

m

q

n

pq iq pa
1 1

δ β [From (1)]

      =
=
Σ

p

m

pi pa
1

β  
[On sum ming with re spect to q. Re mem ber

that δiq = 1 when q i=  and δiq = 0 when q i≠ ]

      = T i( ).α [From (2)]

Thus S T Bi i i( ) ( ) .α α α= ∈V  Therefore S and T  agree on a basis of U. So we must

have S T= . Thus T  is also a linear combination of the elements of B1. Therefore 

L U V( , ) is a linear span of B1.

(ii) Now we shall show that B1 is lin early in de pend ent. For bpq ’s ∈ F, let

Σ Σ
p

m

q

n

pq pqb T
= =

=
1 1

0
^

 i e. ., zero vec tor of L U V( , )

⇒ Σ Σ
p

m

q

n

pq pq i i ib T B
= =









 = ∈

1 1
( ) ( )

^α α α0 V

⇒   Σ Σ
p

m

q

n

pq pq ib T V
= =

= ∈
1 1

( )α 0      [
^

∵ 0 is zero trans for ma tion]

⇒   Σ Σ
p

m

q

n

pq iq pb
= =

=
1 1

δ β 0   ⇒  Σ
p

m

pi pb
=

=
1

β 0

⇒ b b b i ni i mi m1 1 2 2 1β β β+ + … + = ≤ ≤0,

⇒ b b b i ni i mi1 20 0 0 1= = … = ≤ ≤, , , ,

[ , , ,∵ β β β1 2 … m are lin early in de pend ent]
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⇒ bpq = 0 where 1≤ ≤p m and 1≤ ≤q n

⇒ B1 is lin early in de pend ent. There fore B1 is a ba sis of L U V( , ).

∴ dim L U V( , ) = num ber of el e ments in B1 = mn.

Corollary: The vector space L U U( , ) of all linear operators on an n-dimensional vector space 

U is of dimension n2 .

Note: Sup pose U F( ) is an n-di men sional vec tor space and V F( ) is an m-di men sional

vec tor space. If U ≠ { }0  and V ≠ { }0 , then n ≥ 1 and m ≥ 1. There fore L U V( , ) does not just

con sist of the el e ment 0
^

,  be cause di men sion of L U V( , ) is mn ≥ 1.

7  Product of Linear Transformations

Theorem 1: Let U V,  and W be vector spaces over the field F. Let T be a linear transformation

from U into V and S a linear transformation from V into W. Then the composite function ST

(called product of linear transformations) defined by

( ) ( ) [ ( )]ST S T Uα α α= ∈V

is a linear transformation from U into W. (Kumaun 2007)

Proof: T  is a function from U into V  and S is a function from V  into W.

So α α∈ ⇒ ∈U T V( ) . 

Fur ther T V S T W( ) [ ( )] .α α∈ ⇒ ∈  

Thus ( ) ( ) .ST Wα ∈
Therefore ST  is a function from U into W. Now to show that ST  is a linear

transformation from U into W.

Let a b F, ∈  and α β, .∈U  Then

( ) ( ) [ ( )]ST a b S T a bα β α β+ = + [By def. of prod uct of two func tions]

      = +S aT bT[ ( ) ( )]α β [∵ T  is a lin ear trans for ma tion]

      = +aS T bS T[ ( )] [ ( )]α β [∵ S is a lin ear trans for ma tion]

      = +a ST b ST( ) ( ) ( ) ( ).α β
Hence ST  is a linear transformation from U into W.

Note: If T  and S are lin ear op er a tors on a vec tor space V F( ), then both the prod ucts 

ST  as well as TS ex ist and each is a lin ear op er a tor on V . How ever, in gen eral TS ST≠  as

is ob vi ous from the fol low ing ex am ples.

Theorem 2: Let V F( ) be a vector space and A B C, ,  be linear transformations on V . Then

(i) A A0 0 0
^ ^ ^= = (ii) AI A IA= =

(iii) A BC AB C( ) ( )= (iv) A B C AB AC( )+ = +
(v) ( )A B C AC BC+ = + (Kumaun 2011)

(vi) c AB cA B A cB( ) ( ) ( )= =  where c is any el e ment of F. (Kumaun 2008, 11)

Proof: Just for the sake of convenience we first mention here our definitions of

addition, scalar multiplication and product of linear transformations :
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( ) ( ) ( ) ( )A B A B+ = +α α α …(1)

( ) ( ) ( )c A c Aα α= …(2)

( ) ( ) [ ( )]AB A Bα α= …(3)

V α ∈V  and V c F∈ .

Now we shall prove the above results.

(i) We have V α ∈V , ( ) ( ) [ ( )]
^ ^

A A0 0α α= [By (3)]

      = A ( )0 [
^

∵ 0 is zero trans for ma tion]

      = =0 0
^

( ).α

∴ A 0 0
^ ^

.= [By def. of equal ity of two func tions]

Similarly we can show that 0 0
^ ^

.A =

(ii) We have V α ∈V ,  ( ) ( ) [ ( )]AI A Iα α=
                 = A ( )α     [∵ I  is iden tity trans for ma tion]

∴ AI A= .

Similarly we can show that I A A= .

(iii) We have V α ∈V ,  [ ( )] ( ) [( ) ( )]A BC A BCα α= [By (3)]

          = A B C[ ( ( ))]α [By (3)]

          = ( ) [ ( )]AB C α [By (3)]

          = [( ) ] ( ).AB C α [By (3)]

∴ A BC AB C( ) ( ) .=
(iv) We have  V α ∈V , [ ( )] ( ) [( ) ( )]A B C A B C+ = +α α [By (3)]

   = +A B C[ ( ) ( )]α α [By (1)]

   = +A B A C[ ( )] [ ( )]α α  [∵ A is a lin ear

trans for ma tion and B C V( ), ( )α α ∈  ]

   = +( ) ( ) ( ) ( )AB ACα α [By (3)]

   = +( ) ( )AB AC α [By (1)]

∴ A B C AB AC( ) .+ = +
(v) We have  V α ∈V ,  [( ) ] ( ) ( ) [ ( )]A B C A B C+ = +α α [By (3)]

        = +A C B C[ ( )] [ ( )]α α [By (1) since C V( ) ]α ∈
        = +( ) ( ) ( ) ( )AC BCα α [By (3)]

        = +( ) ( )AC BC α [By (1)]

∴        ( ) .A B C AC BC+ = +
(vi) We have  V α ∈V ,  [ ( )] ( ) [( ) ( )]c AB c ABα α= [By (2)]

                     = c A B[ ( ( ))]α [By (3)]

                     = ( ) [ ( )]c A B α      [By (2) since B V( ) ]α ∈

                     = [( ) ] ( )c A B α [By (3)]

∴         c AB c A B( ) ( ) .=
Again [ ( )] ( ) [( ) ( )]c AB c ABα α= [By (2)]
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        = c A B[ ( ( ))]α [By (3)]

        = A c B[ ( )]α
        [∵ A is a lin ear trans for ma tion and B V( ) ]α ∈

        = A c B[( ) ( )]α [By (2)]

        = [ ( )] ( ).A c B α [By (3)]

∴       c AB A c B( ) ( ).=

Ex am ple 7: Let T1 and T2 be lin ear op er a tors on R2 de fined as fol lows :

T x x x x1 1 2 2 1( , ) ( , )=        and T x x x2 1 2 1 0( , ) ( , ).=
Show that T T T T1 2 2 1≠ . (Kumaun 2013)

So lu tion: We have

   ( ) ( , ) [ ( , )]T T x x T T x x1 2 1 2 1 2 1 2=
 = T x1 1 0( , ), [By def. of T2]

  = ( , ).0 1x [By def. of T1]

Also       ( ) ( , ) [ ( , )],T T x x T T x x2 1 1 2 2 1 1 2= [By def. of T T2 1]

 = T x x2 2 1( , ), [By def. of T1]

 = ( , ).x2 0 [By def. of T2]

Thus we see that ( ) ( , ) ( ) ( , ) ( , ) .T T x x T T x x x x1 2 1 2 2 1 1 2 1 2
2≠ ∈V R

Hence by the definition of equality of two mappings, we have T T T T1 2 2 1≠ .

Ex am ple 8: Let S ( )R  be the vec tor space of all poly no mial func tions in x with co ef fi cients as

el e ments of the field R of real num bers. Let D and T be two lin ear op er a tors on V defined by

D f x
d

dx
f x( ( )) ( )= …(1)

and T f x f x dx
x

( ( )) ( )= ∫0
…(2)

for every f x V( ) .∈
Then show that DT I=  (identity operator) and TD I≠ .

So lu tion: Let f x a a x a x V( ) .= + + + …∈0 1 2
2

We have ( ) ( ( )) [ ( ( ))]DT f x D T f x=

= 





= + + +



∫ ∫D f x dx D a a x a x dx

x x
( ) ( ...)

0 0 1 2
2

0

= + + + …





= + + …





D a x
a

x
a

x
d

dx
a x

a
x

x

0
1 2 2 3

0
0

1 2

2 3 2

= + + + … = =a a x a x f x I f x0 1 2
2 ( ) [ ( )].

Thus we have ( ) [ ( )] [ ( )] ( ) .DT f x I f x f x V= ∈V  Therefore DT I= .

Now  ( ) ( ) [ ( )]TD f x T D f x=
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= + + + …





= + + …T
d

dx
a a x a x T a a x( ) ( )0 1 2

2
1 22

= + + = + +∫ ( ...) [ ]a a x dx a x a x xx

1 2 1 2
2

00
2 …

= + + …a x a x1 2
2

≠ f x( ) un less a0 0= .

Thus ∃ ∈f x V( )  such that ( ) [ ( )] [ ( )].TD f x I f x≠
∴ TD I≠ .

Hence TD DT≠ ,

showing that product of linear operators is not in general commutative.

Ex am ple 9: Let V ( )R  be the vec tor space of all poly no mi als in x with co ef fi cients in the field R.

Let D and T be two lin ear trans for ma tions on V de fined as

D f x
d

dx
f x f x V[ ( )] ( ) ( )= ∈V    and  T f x x f x f x V[ ( )] ( ) ( ) .= ∈V

Then show that   DT TD≠ .

So lu tion: We have

( ) [ ( )] [ ( ( ))]DT f x D T f x=  

  = =D x f x
d

dx
x f x[ ( )] [ ( )]

           = +f x x
d

dx
f x( ) ( ). …(1)

Also    ( ) [ ( )] [ ( ( ))]TD f x T D f x=  = 





T
d

dx
f x( ( ))

          = x
d

dx
f x( ). …(2)

From (1) and (2), we see that ∃ ∈f x V( )  such that

( ) ( ( )) ( ) ( ( ))DT f x TD f x≠   ⇒  DT TD≠ .

Also we see that

( ) ( ( )) ( ) ( ( )) ( ) ( ( ))DT TD f x DT f x TD f x− = −
        = =f x I f x( ) ( ( )).

∴ DT TD I− = .

8  Ring of Linear Operators on a Vector Space

Ring: Definition: A non-empty set R with two binary operations, to be denoted additively

and multiplicatively, is called a ring if the following postulates are satisfied :

R1. R is closed with re spect to ad di tion i e. .,

a b R a b R+ ∈ ∈V  , .

R2 . ( ) ( ) , , .a b c a b c a b c R+ + = + + ∈V

R3 . a b b a a b R+ = + ∈V , .

R4 . ∃ an el e ment 0 (called zero el e ment) in R such that

0 + = ∈a a a RV .

L-24



R5 . a R a R∈ ⇒ ∃ − ∈  such that

( ) .− + =a a 0

R6 . R is closed with re spect to mul ti pli ca tion i e. ., 

ab R a b R∈ ∈, ,V

R7. ( ) ( ) , , .ab c a bc a b c R= ∈V

R8 . Mul ti pli ca tion is dis trib u tive with re spect to ad di tion, i e. ., 

a b c ab ac( )+ = +     and   ( ) , , .a b c ac bc a b c R+ = + ∈V

Ring with unity element: Definition:

If in a ring R there exists an element 1∈ R such that

1 1a a a a R= = ∈V ,

then R is called a ring with unity element. The element 1 is called the unity element of the

ring.

Theorem: The set L V V( , ) of all linear transformations from a vector space V F( ) into itself

is a ring with unity element with respect to addition and multiplication of linear transformations

defined as below :

( ) ( ) ( ) ( )S T S T+ = +α α α
and ( ) ( ) [ ( )] , ( , )ST S T S T L V Vα α= ∈V  and  V α ∈V .

Proof: The students should themselves write the complete proof of this theorem. We

have proved all the steps here and there. They should show here that all the ring

postulates are satisfied in the set L V V( , ). The transformation 0
^

 will act as the zero

element and the identity transformation I  will act as the unity element of this ring.

9  Algebra or Linear Algebra

(Garhwal 2006, 12)

Definition: Let F be a field. A vector space V over F is called a linear algebra over F if there is

defined an additional operation in V called multiplication of vectors and satisfying the

following postulates :

1. αβ α β∈ ∈V VV ,

2. α β γ αβ γ α β γ( ) ( ) , ,= ∈V V

3. α β γ α β α γ( )+ = +  and ( ) , , .α β γ α γ β γ α β γ+ = + ∈V V

4. c c c V( ) ( ) ( ) ,α β α β α β α β= = ∈V  and c F∈ .

If there is an element 1 in V  such that

1 1α α α α= = ∈V V ,

then we call V  a linear algebra with identity over F.  Also 1 is then called the identity

of V . The algebra V  is Commutative if

αβ βα α β= ∈V , .V

Theorem: Let V F( ) be a vector space. The vector space L V V( , ) over F of all linear

transformations from V into V is a linear algebra with identity with respect to the product of linear

transformations as the multiplication composition in L V V( , ).

 Proof: The students should write the complete proof here. All the necessary steps

have been proved here and there.
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10  Polynomials

Let T  be a linear transformation on a vector space V F( ). Then T T  is also a linear

transformation on V . We shall write T T1 =  and T T T2 = . Since the product of linear

transformations is an associative operation, therefore if m is a positive integer, we shall

define

T T T Tm = … upto m times.

Obviously T m is a linear transformation on V .

Also we define T I0 =  (identity transformation).

If m and n are non-negative integers, it can be easily seen that

T T Tm n m n= +  and ( ) .T Tm n mn=

The set L V V( , ) of all linear transformations on V  is a vector space over the field F. If 

a a a Fn0 1, , , ,… ∈  then

p T a I a T a T a T L V Vn
n( ) ( , )= + + + … + ∈0 1 2

2

i e. ., p T( ) is also a linear transformation on V  because it is a linear combination over F of

elements of L V V( , ). We call p T( ) as a polynomial in linear transformation T . The

polynomials in a linear transformation behave like ordinary polynomials.

11  Invertible Linear Transformations

(Garhwal 2006)

Definition: Let U and V be vector spaces over the field F. Let T be a linear transformation from 

U into V such that T is one-one onto. Then T is called invertible.

If T  is a function from U into V , then T  is said to be 1-1 if

α α1 2, ∈U and α α α α1 2 1 2≠ ⇒ ≠T T( ) ( ).

In other words T  is said to be 1-1 if

α α1 2, ∈U and T T( ) ( ) .α α α α1 2 1 2= ⇒ =
Fur ther T  is said to be onto if

β α∈ ⇒ ∃ ∈V U such that T ( ) .α β=
If T  is one-one and onto, then we define a function from V  into U, called the inverse of T

and denoted by T −1 as follows :

Let β be any vec tor in V . Since T  is onto, there fore

β α∈ ⇒ ∃ ∈V U such that T ( ) .α β=
Also α determined in this way is a unique element of U because T  is one-one and

therefore

α α0 , ∈U and α α β α α0 0≠ ⇒ = ≠T T( ) ( ).

We de fine T −1 ( )β  to be α . Thus

T V U− ⇒1 :  such that

T T− = ⇔� =1 ( ) ( ) .β α α β
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The function T −1 is itself one-one and onto. In the following theorem, we shall prove

that T −1 is a linear transformation from V  into U.

Theorem 1: Let U and V be vector spaces over the field F and let T be a linear transformation

from U into V. If T is one-one and onto, then the inverse function T −1 is a linear transformation

from V into U.

Proof: Let β β1 2, ∈V  and a b F, .∈
Since T  is one-one and onto, therefore there exist unique vectors α α1 2, ∈U such that 

T T( ) , ( ) .α β α β1 1 2 2= =  

By definition of T −1, we have 

T T− −= =1
1 1

1
2 2( ) , ( ) .β α β α

Now a b Uα α1 2+ ∈  and we have by linearity of T ,

T a b aT bT( ) ( ) ( )α α α α1 2 1 2+ = +
             = + ∈a b Vβ β1 2 .

∴ by def. of T −1, we have

T a b a b− + = +1
1 2 1 2( )β β α α

    = +− −aT bT1
1

1
2( ) ( ).β β

∴ T −1 is a lin ear trans for ma tion from V  into U.

Theorem 2: Let T be an invertible linear transformation on a vector space V F( ). Then

T T I T T− −= =1 1. (Kumaun 2013)

Proof: Let α be any element of V  and let T ( ) .α β=  Then

T − =1 ( ) .β α

We have  T ( )α β=       ⇒   T T T− −=1 1[ ( )] ( )α β        

⇒ ( ) ( )T T− =1 α α   ⇒   ( ) ( ) ( )T T I− =1 α α         

⇒ T T I− =1 .

Let β be any element of V . Since T  is onto, therefore β α∈ ⇒ ∃ ∈V V  such that 

T ( ) .α β=  Then T − =1 ( ) .β α

Now T − =1 ( )β α     ⇒   T T T[ ( )] ( )− =1 β α

⇒ ( ) ( )T T − =1 β β    ⇒    ( ) ( ) ( )T T I− = =1 β β β

⇒ T T I− =1 .

Theorem 3: If A B,  and C are linear transformations on a vector space V F( ) such that

AB CA I= = ,

then A is invertible and A B C− = =1 . (Kumaun 2011)

Proof: In order to show that A is invertible, we are to show that A is one-one and

onto.

(i) A is one-one:

Let α α1 2, .∈V  Then

A A( ) ( )α α1 2=
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⇒ C A C A[ ( )] [ ( )]α α1 2=   ⇒  ( ) ( ) ( ) ( )CA CAα α1 2=
⇒ I I( ) ( )α α1 2=       ⇒   α α1 2= .

∴ A is one-one.

(ii) A is onto:

Let β be any element of V . Since B is a linear transformation on V , therefore B V( ) .β ∈
Let B ( ) .β α=  Then

B ( )β α=         ⇒   A B A[ ( )] ( )β α=
⇒ ( ) ( ) ( )AB Aβ α=      ⇒   I A( ) ( )β α= [ ]∵ AB I=
⇒ β α= A ( ).

Thus  β α∈ ⇒ ∃ ∈V V  such that A ( ) .α β=
∴ A is onto.

Since A is one-one and onto therefore A is invertible i e. ., A−1 exists.

(iii) Now we shall show that A B C− = =1 .

We have AB I=          ⇒   A AB A I− −=1 1( )  

⇒ ( )A A B A− −=1 1     ⇒   IB A= −1 

⇒ B A= −1.        

Again  CA I=          ⇒   ( )CA A IA− −=1 1 

⇒ C AA A( )− −=1 1     ⇒   CI A= −1 

⇒ C A= −1.

Hence the theorem.

Theorem 4: The necessary and sufficient condition for a linear transformation A on a vector

space V F( ) to be invertible is that there exists a linear transformation B on V such that

AB I BA= = .

Proof: The condition is necessary. For proof see theorem 2.

The condition is sufficient: For proof see theorem 3. Take B in place of C.

Also we note that B A= −1 and A B= −1.

Theorem 5: Uniqueness of inverse: Let A be an invertible linear transformation on a

vector space V F( ). Then A possesses unique inverse.

Proof: Let B and C be two inverses of A. Then

AB I BA= =   

and  AC I CA= = .

We have C AB CI C( ) .= = …(1)

Also  ( ) .CA B IB B= = …(2)

Since product of linear transformations is associative, therefore from (1) and (2), we

get

C AB CA B( ) ( )=   

⇒  C B= .

Hence the inverse of A is unique.
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Theorem 6: Let V F( ) be a vector space and let A B,  be linear transformations on V . Then

show that

(i) If A and B are in vert ible, then AB is in vert ible and

( ) .AB B A− − −=1 1 1
(Kumaun 2007)

(ii) If A is in vert ible and a F≠ ∈0 , then aA is in vert ible and

( ) .aA
a

A− −=1 11

(iii) If A is in vert ible, then A−1 is in vert ible and ( ) .A A− − =1 1

Proof: (i) We have

( ) ( ) [ ( )]B A AB B A AB− − − −=1 1 1 1  = − −B A A B1 1[( ) ]

                        = −B IB1 ( ) = =−B B I1 .

Also ( ) ( ) [ ( )]AB B A A B B A− − − −=1 1 1 1  = − −A BB A[( ) ]1 1

                     = −A IA( )1  = =−AA I1 .

Thus ( ) ( ) ( ) ( ).AB B A I B A AB− − − −= =1 1 1 1

∴ By the o rem 3, AB is in vert ible and ( ) .AB B A− − −=1 1 1

(ii) We have  ( )aA
a

A a A
a

A
1 11 1− −





= 










 = 





−a
a

AA
1 1( )

  = 





= =−a
a

AA I I
1

11( ) .

Also                
1 11 1

a
A aA

a
A aA− −





=( ) [ ( )] = −1 1

a
a A A[ ( )]

               = 





−1 1

a
a A A( ) = =1I I .

Thus          ( ) ( ).aA
a

A I
a

A aA
1 11 1− −





= = 





∴ by the o rem 3, aA is in vert ible and ( ) .aA
a

A− −=1 11

(iii) Since A is in vert ible, there fore

AA I A A− −= =1 1 .

∴ By the o rem 3, A−1 is in vert ible and A A= − −( ) .1 1

12  Singular and Non-singular Transformations

(Garhwal 2006, 07; Kumaun 07, 09)

Definition: Let T be a linear transformation from a vector space U F( ) into a vector space 

V F( ). Then T is said to be non-singular if the null space of T (i e. ., ker T ) consists of the zero

vector alone i e. ., if

α ∈U and T ( ) .α α= ⇒ =0 0

If there exists a vector 0 ≠ ∈α U such that T ( ) ,α = 0  then T is said to be singular.
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Theorem 1: Let T be a linear transformation from a vector space U F( ) into a vector space 

V F( ). Then T is non-singular if and only if T is one-one. (Kumaun 2007, 09)

Proof: Given that T  is non-singular. Then to prove that T  is one-one.

Let α α1 2, .∈U  Then

T T( ) ( )α α1 2=
⇒ T T( ) ( )α α1 2− = 0 

⇒ T ( )α α1 2− = 0

⇒ α α1 2− = 0       [∵ T  is non-sin gu lar]

⇒ α α1 2= .

∴ T  is one-one.

Conversely let T  be one-one. We know that T ( ) .0 0=  Since T  is one-one, therefore

α ∈U and T T( ) ( ) .α α= = ⇒ =0 0 0  

Thus the null space of T  consists of zero vector alone. Therefore T  is non-singular.

Theorem 2: Let T be a linear transformation from U into V. Then T is non-singular if and

only if  T carries each linearly independent subset of U onto a linearly independent subset of V.

Proof: First suppose that T  is non-singular.

Let B n= …{ }α α α1 2, , ,

be a linearly independent subset of U. Then image of B under T  is the subset B ′ of V

given by

B T T T n′ = …{ }( ), ( ), , ( ) .α α α1 2

To prove that B ′ is linearly independent.

Let a a a Fn1 2, , ,… ∈  

and let a T a Tn n1 1( ) ( )α α+ … + = 0

⇒ T a an n( )1 1α α+ … + = 0        [∵ T  is lin ear]

⇒ a an n1 1α α+ … + = 0 [∵ T  is non-sin gu lar]

⇒ a i ni = = …0 1 2, , , ,  [ , ,∵ α α1 … n are lin early in de pend ent]

Thus the image of B under T  is linearly independent.

Conversely suppose that T  carries independent subsets onto independent subsets.

Then to prove that T  is non-singular.

Let α ≠ ∈0 U. Then the set S = { }α  consisting of the one non-zero vector α is linearly

independent. The image of S under T  is the set

S T′ = { }( ) .α
It is given that S ′ is also linearly independent. Therefore T ( )α ≠ 0 because the set

consisting of zero vector alone is linearly dependent. Thus

0 0≠ ∈ ⇒ ≠α αU T ( ) .

This shows that the null space of T  consists of the zero vector alone. 

Therefore T  is non-singular.
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Theorem 3: Let U and V be finite dimensional vector spaces over the field F such that dim

U = dim V . If T is a linear transformation from U into V , the following are equivalent.

(i) T is in vert ible.

(ii) T is non-sin gu lar.

(iii) The range of T is V .

(iv) If { }α α1, ,… n  is any ba sis for U, then

{ }T T n( ), , ( )α α1 …  is a ba sis for V .

(v) There is some ba sis { }α α1, ,… n  for U such that 

{ }T T n( ), , ( )α α1 …  is a ba sis for V .

Proof: (i) (ii)⇒ .

If T  is invertible, then T  is one-one. Therefore T  is non-singular.

(ii) (iii).⇒
Let T  be non-singular. Let { }α α1, ,… n  be a basis for U. Then { }α α1, ,… n  is a linearly

independent subset of U. Since T  is non-singular therefore { }T T n( ), , ( )α α1 …  is a

linearly independent subset of V  and it contains n vectors. Since dim V  is also n,

therefore this set of vectors is a basis for V . Now let β be any vector in V . Then there

exist scalars a a Fn1, ,… ∈  such that

β α α= + … +a T a Tn n1 1( ) ( ) = + … +T a an n( )1 1α α

which shows that β is in the range of T  be cause

a a Un n1 1α α+ … + ∈ .

Thus ev ery vec tor in V  is in the range of T . 

Hence range of T  is V .

(iii) (iv).⇒
Now suppose that range of T  is V i e T. .,  is onto. If { }α α1, ,… n  is any basis for U, then

the vectors T T n( ), , ( )α α1 …  span the range of T  which is equal to V . Thus the vectors 

T T n( ), , ( )α α1 …  which are n in number span V  whose dimension is also n. 

Therefore { }T T n( ), , ( )α α1 …  must be a basis set for V .

(iv) (v).⇒
Since U is finite dimensional, therefore there exists a basis for U. Let { }α α1, ,… n  be a

basis for U. Then { }T T n( ), , ( )α α1 …  is a basis for V  as it is given in (iv).

(v) (i).⇒
Suppose there is some basis { }α α1, ,… n  for U such that { }T T n( ), , ( )α α1 …  is a basis for 

V . The vectors { }T T n( ), , ( )α α1 …  span the range of T . Also they span V . Therefore the

range of T  must be all of V i e T. .,  is onto.

If α α α= + … +c cn n1 1  is in the null space of T , then

T c cn n( )1 1α α+ … + = 0  

⇒  c T c Tn n1 1( ) ( )α α+ … + = 0

⇒ c i ni = ≤ ≤0 1,  be cause T T n( ), , ( )α α1 …  are lin early in de pend ent

⇒ α = 0.

∴ T  is non-sin gu lar and con se quently T  is one-one. Hence T  is in vert ible.
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Ex am ple 10: De scribe ex plic itly the lin ear trans for ma tion T : R R2 2→  such that

T ( , ) ( , )2 3 4 5=  and T ( , ) ( , ).1 0 0 0=
So lu tion: First we shall show that the set { }( , ), ( , )2 3 1 0  is a ba sis of R2 . For lin ear

in de pend ence of this set let

a b( , ) ( , ) ( , ),2 3 1 0 0 0+ =  where a b, .∈ R

Then ( , ) ( , )2 3 0 0a b a+ =
⇒ 2 0 3 0a b a+ = =,

⇒ a b= =0 0, .

Hence the set { }( , ), ( , )2 3 1 0  is linearly independent.

Now we shall show that the set { }( , ), ( , )2 3 1 0  spans R2 . Let ( , )x x1 2
2∈ R  and let 

( , ) ( , ) ( , ) ( , ).x x a b a b a1 2 2 3 1 0 2 3= + = +
Then 2 31 2a b x a x+ = =, . Therefore

a
x

b
x x

= =
−

⋅2 1 2

3

3 2

3
,

∴ ( , ) ( , ) ( , ).x x
x x x

1 2
2 1 2

3
2 3

3 2

3
1 0= +

−
             …(1)

From the relation (1) we see that the set { }( , ), ( , )2 3 1 0  spans R2 . Hence this set is a basis

for R2 .

Now let ( , )x x1 2  be any member of R2 . Then we are to find a formula for T x x( , )1 2  under

the conditions that T ( , ) ( , ),2 3 4 5=  T ( , ) ( , ).1 0 0 0=

We have   T x x T
x x x

( , ) ( , ) ( , ) ,1 2
2 1 2

3
2 3

3 2

3
1 0= +

−





 by (1)

        = +
−x

T
x x

T2 1 2

3
2 3

3 2

3
1 0( , ) ( , ), by lin ear ity of T

        = +
−x x x2 1 2

3
4 5

3 2

3
0 0( , ) ( , ) 

         = 





⋅4

3

5

3
2 2x x

,

Ex am ple 11: De scribe ex plic itly a lin ear trans for ma tion from V3 ( )R  into V3 ( )R  which has

its range the subspace spanned by ( , , )1 0 1−  and ( , , ).1 2 2

So lu tion: The set B = { }( , , ), ( , , ), ( , , )1 0 0 0 1 0 0 0 1  is a ba sis for V3 ( ).R

Also { }( , , ), ( , , ), ( , , )1 0 1 1 2 2 0 0 0−  is a subset of V3 ( ).R  It should be noted that in this

subset the number of vectors has been taken the same as is the number of vectors in the

set B.

There exists a unique linear transformation T  from V3 ( )R  into V3 ( )R  such that
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and

T

T

T

( , , ) ( , , ),

( , , ) ( , , ),

( , , ) ( , ,

1 0 0 1 0 1

0 1 0 1 2 2

0 0 1 0 0 0

= −
=
= ).







…(1)

Now the vectors T T T( , , ), ( , , ), ( , , )1 0 0 0 1 0 0 0 1 span the range of T . In other words the

vectors

( , , ), ( , , ), ( , , )1 0 1 1 2 2 0 0 0−
span the range of T . Thus the range of T  is the subspace of V3 ( )R  spanned by the set 

{ }( , , ), ( , , )1 0 1 1 2 2−  because the zero vector ( , , )0 0 0  can be omitted from the spanning set.

Therefore T  defined in (1) is the required transformation.

Now let us find an explicit expression for T . Let ( , , )a b c  be any element of V3 ( ).R  Then

we can write

  ( , , ) ( , , ) ( , , ) ( , , ).a b c a b c= + +1 0 0 0 1 0 0 0 1

∴ T a b c aT bT cT( , , ) ( , , ) ( , , ) ( , , )= + +1 0 0 0 1 0 0 0 1

        = − + +a b c( , , ) ( , , ) ( , , )1 0 1 1 2 2 0 0 0 [From (1)]

        = + −( , , ).a b b b a2 2

Ex am ple 12: Let T be a lin ear op er a tor on V3 ( )R  de fined by

T a b c a a b a b c a b c V( , , ) ( , , ) ( , , ) ( ).= − + + ∈3 2 3V R

Is T invertible ? If so, find a rule for T −1 like the one which defines T .

So lu tion: Let us see that T  is one-one or not.

Let α β= = ∈( , , ), ( , , ) ( ).a b c a b c V1 1 1 2 2 2 3 R

Then T T( ) ( )α β=
⇒ T a b c T a b c( , , ) ( , , )1 1 1 2 2 2=
⇒ ( , , ) ( , , )3 2 3 21 1 1 1 1 1 2 2 2 2 2 2a a b a b c a a b a b c− + + = − + +
⇒ 3 3 2 21 2 1 1 2 2 1 1 1 2 2 2a a a b a b a b c a b c= − = − + + = + +, ,

⇒ a a b b c c1 2 1 2 1 2= = =, , .

∴ T  is one-one.

Now T  is a linear transformation on a finite dimensional vector space V3 ( )R  whose

dimension is 3. Since T  is one-one, therefore T  must be onto also and thus T  is

invertible.

If T a b c p q r( , , ) ( , , ),=  then T p q r a b c− =1 ( , , ) ( , , ).

Now T a b c p q r( , , ) ( , , )=

⇒ ( , , ) ( , , )3 2a a b a b c p q r− + + =

⇒ p a q a b r a b c= = − = + +3 2, ,

⇒ a
p

b
p

q c r a b r
p p

q r p q= = − = − − = − − + = − +
3 3

2
2

3 3
, , .

∴ T p q r
p p

q r p q p q r V− = − − +





∈1
3

3 3
( , , ) , , ( , , ) ( )V R

is the rule which defines T −1.
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Ex am ple 13: A lin ear trans for ma tion T is de fined on V2 ( )C  by 

T a b a b a b( , ) ( , ),= + +α β γ δ
where α β γ δ, , ,  are fixed elements of C. Prove that T is invertible if and only if αδ β γ− ≠ 0.

So lu tion: The vec tor space V2 ( )C  is of di men sion 2. There fore T  is a lin ear

trans for ma tion on a fi nite-di men sional vec tor space. T  will be in vert ible if and only if

the null space of T  con sists of zero vec tor alone. The zero vec tor of the space V2 ( )C  is the 

or dered pair ( , ).0 0  Thus T  is invertible

iff T x y x y( , ) ( , ) ,= ⇒ = =0 0 0 0

i e. ., iff ( , ) ( , ) ,α β γ δx y x y x y+ + = ⇒ = =0 0 0 0

i e. ., iff α β γ δx y x y x y+ = + = ⇒ = =0 0 0 0, , .

Now the necessary and sufficient condition for the equations α βx y+ = 0, γ δx y+ = 0 to

have the only solution x y= =0 0,  is that

α β
γ δ

≠ 0 .

Hence T  is invertible iff  αδ β γ− ≠ 0.

Ex am ple 14: Find two lin ear op er a tors T and S on V2 ( )R  such that

TS but ST= ≠0 0
^ ^

. (Kumaun 2009, 14)
So lu tion: Con sider the lin ear trans for ma tions T  and S on V2 ( )R  de fined by

T a b a a b V( , ) ( , ) ( , ) ( )= ∈0 2V R

and S a b a a b V( , ) ( , ) ( , ) ( ).= ∈0 2V R

We have ( ) ( , ) [ ( , )]TS a b T S a b=
      = =T a( , ) ( , )0 0 0

          = ∈0
^

( , ) ( , ) ( ).a b a b VV 2 R

∴ TS = 0
^

.

Again     ( ) ( , ) [ ( , )]ST a b S T a b=
      = =S a a( , ) ( , )0 0

          ≠ ∈0
^

( , ) ( , ) ( ).a b a b VV 2 R

Thus ST ≠ 0
^

.

Ex am ple 15: Let V be a vec tor space over the field F and T a lin ear op er a tor on V .  If T 2 = 0
^

,

what can you say about the re la tion of the range of T to the null space of T ? Give an ex am ple of a

lin ear op er a tor T on V2 ( )R  such that T 2 = 0
^

  but T ≠ 0
^

.

So lu tion: We have T 2 = 0
^

  

⇒  T V2 ( ) ( )
^α α α= ∈0 V

⇒ T T V[ ( )]α α= ∈0 V  
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⇒  T ( )α ∈ null space of T VV α ∈ .

But T ( )α ∈ range of T VV α ∈ .

∴ T 2 = ⇒0
^

range of T ⊆ null space of T .

For the second part of the question, consider the linear transformation T  on V2 ( )R

defined by

T a b a a b V( , ) ( , ) ( , ) ( ).= ∈0 2V R

Then ob vi ously T ≠ 0
^

.

We have   T a b T T a b2 ( , ) [ ( , )]=  = =T a( , ) ( , )0 0 0

         = ∈0
^

( , ) ( , ) ( ).a b a b VV 2 R

∴      T 2 = 0
^

.

Ex am ple 16: If  T U V: →  is a lin ear trans for ma tion and U is fi nite di men sional, show

that U and range of T have the same di men sion iff T is non-sin gu lar. De ter mine all non-sin gu lar

lin ear transformations

T V V: ( ) ( ).4 3R R→

So lu tion: We know that

dim U = rank ( )T + nul lity ( )T

       =  dim of range of T + dim of null space of T .

∴ dim U = dim of range of T

iff dim of null space of T  is zero

i e. ., iff null space of T  con sists of zero vec tor alone

i e. ., iff T  is non-sin gu lar.

Let T  be a linear transformation from V4 ( )R  into V3 ( ).R  Then T  will be non-singular iff

dim of V4 ( )R = dim of range of T .

Now dim V4 4( )R =  and dim of range of T ≤ 3 because range of T V⊆ 3 ( ).R

∴ dim V4 ( )R  can not be equal to dim of range of T .

Hence T  cannot be non-singular. Thus there can be no non-singular linear

transformation from V4 ( )R  into V3 ( ).R

Ex am ple 17: If A and B are lin ear trans for ma tions (on the same vec tor space), then a

nec es sary and suf fi cient con di tion that both A and B be in vert ible is that both AB and BA be

in vert ible.

So lu tion: Let A and B be two in vert ible lin ear trans for ma tions on a vec tor space V .

We have ( ) ( ) ( ) ( ).AB B A I B A AB− − − −= =1 1 1 1

∴ AB is in vert ible.

Also we have 

( ) ( ) ( ) ( ).BA A B I A B BA− − − −= =1 1 1 1

∴ BA is also in vert ible.

Thus the condition is necessary.
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Conversely, let AB and BA be both invertible. Then AB and BA are both one-one and

onto.

First we shall show that A is invertible.

A is one-one:S 

Let α α1 2, .∈V  Then

A A( ) ( )α α1 2=     

⇒ B A B A[ ( )] [ ( )]α α1 2=
⇒ ( ) ( ) ( ) ( )BA BAα α1 2=     

⇒ α α1 2= . [∵ BA is one-one]

∴ A is one-one.

A is onto:

Let β ∈V . Since AB is onto, therefore there exists α ∈V  such that

( ) ( )AB α β=   

⇒  A B[ ( )] .α β=
Thus β α∈ ⇒ ∃ ∈V B V( )  such that A B[ ( )] .α β=
∴ A is onto.

∴ A is in vert ible.

Interchanging the roles played by AB and BA in the above proof, we can prove that B

is invertible.

Ex am ple 18: If A is a lin ear trans for ma tion on a vec tor space V such that

A A I2 − + = 0
^

,

then A is invertible.

So lu tion: If A A I2 − + = 0
^

,  then 

A A I2 − = − .

First we shall prove that A is one-one Let α α1 2, .∈V  

Then A A( ) ( )α α1 2= …(1)

⇒ A A A A[ ( )] [ ( )]α α1 2=
⇒ A A2

1
2

2( ) ( )α α= …(2)

⇒ A A A A2
1 1

2
2 2( ) ( ) ( ) ( )α α α α− = − [From (2) and (1)]

⇒ ( ) ( ) ( ) ( )A A A A2
1

2
2− = −α α

⇒ ( ) ( ) ( ) ( )− = −I Iα α1 2

⇒ − = −[ ( )] [ ( )]I Iα α1 2

⇒ − = − ⇒ =α α α α1 2 1 2 .

∴ A is one-one.

Now to prove that A is onto.

Let α ∈V .  Then 

α α− ∈A V( ) .
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We have A A A A[ ( )] ( ) ( )α α α α− = − 2  

 = −( ) ( )A A2 α

             = I ( )α [ ]∵ A A I A A I2 2− = − ⇒ − =

             = α .

Thus α α α∈ ⇒ ∃ − ∈V A V( )  such that 

A A[ ( )] .α α α− =

∴ A is onto.

Hence A is invertible.

Ex am ple 19: Let V be a fi nite di men sional vec tor space and T be a lin ear op er a tor on V .

Sup pose that rank ( ) ( ).T rank T2 =   Prove that the range and null space of T are dis joint i e. .,

have only the zero vec tor in com mon.

So lu tion: We have

dim V = rank ( )T + nul lity ( )T  

and dim V = rank ( )T2 + nul lity ( ).T2

Since rank ( )T = rank ( ),T2  there fore we get 

nul lity ( )T = nul lity ( )T 2

i e. ., dim of null space of T = dim of null space of T2 .

Now T ( )α = 0

⇒ T T T[ ( )] ( )α = 0

⇒ T2 ( ) .α = 0

∴ α ∈ null space of T ⇒ ∈α  null space of T 2 .

∴ null space of T ⊆ null space of T 2 .

But null space of T  and null space of T 2 are both subspaces of V  and have the same

dimension.

∴ null space of T = null space of T2 .

∴ null space of T2 ⊆ null space of T

i e. ., T T2 ( ) ( ) .α α= ⇒ =0 0

∴ range and null space of T  are dis joint. [See Ex am ple 1 af ter ar ti cle 5 ]

Ex am ple 20: Let V be a fi nite di men sional vec tor space over the field F.

Let { } { }α α α β β β1 2 1 2, , , , , ,… …n nand  be two ordered bases for V . Show that there exists a

unique invertible linear transformation T on V such that

T i ni i( ) , .α β= ≤ ≤1 (Kumaun 2015)

So lu tion: We have proved in one of the pre vi ous the o rems that there ex ists a

unique lin ear trans for ma tion T  on V  such that T i ni i( ) , .α β= ≤ ≤1

Here we are to show that T  is invertible. Since V  is finite dimensional therefore in order

to prove that T  is invertible, it is sufficient to prove that T  is non-singular.
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Let α ∈V

and T ( ) .α = 0

Let α α α= + … +a an n1 1  where a a Fn1, , .… ∈

We have T ( )α = 0

⇒ T a an n( )1 1α α+ … + = 0 

⇒ a T a Tn n1 1( ) ( )α α+ … + = 0

⇒ a an n1 1β β+ … + = 0

⇒ ai = 0 for each 1≤ ≤i n  [ , ,∵ β β1 … n are lin early in de pend ent]

⇒ α = 0.

∴ T  is non-sin gu lar be cause null space of T  con sists of zero vec tor alone. 

Hence T  is invertible.

 1. Describe explicitly the linear transformation T  from F2 to F2 such that 

T e a b T e c d( ) ( , ), ( ) ( , )1 2= =  where e e1 21 0 0 1= =( , ), ( , ). (Kumaun 2008)

 2. Find a linear transformation T :R R2 2→  such that T ( , ) ( , )1 0 11=  and 

T ( , ) ( , )0 1 1 2= − . Prove that T  maps the square with vertices ( , ), ( , ), ( , )0 0 1 0 11 and 

( , )0 1 into a parallelogram.

 3. Let T :R R2 →  be the linear transformation for which T ( , )11 3=  and 

T ( , ) .0 1 2= −  Find T a b( , ).

 4. Describe explicitly a linear transformation from V3 (R) into V4 (R) which has its 

range the subspace spanned by the vectors ( , , , ), ( , , , )1 2 0 4 2 0 1 3− − − .

 5. Find a linear mapping T :R R3 4→  whose image is generated by ( , , , )1 12 3−  and 

( , , , )2 3 1 0− .

 6. Let F be any field and let T  be a linear operator on F2 defined by 

T a b a b a( , ) ( , )= + . Show that T  is invertible and find a rule for T −1 like the one

which defines T .

 7. Show that the operator T  on R3 defined by T x y z x z x z y( , , ) ( , , )= + −  is

invertible and find similar rule defining T −1.

 8. Let T  be a lin ear op er a tor on V3 ( )R  de fined by

T a b c a a b a b c a b c V( , , ) ( , , ) ( , , ) ( ).= − + + ∈3 2 3V R

Prove that  ( ) ( )
^

T I T I2 3− − = 0. (Kumaun 2011)
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 9. Let T  and U be the linear operators on R2 defined by T a b b a( , ) ( , )=  and 

U a b a( , ) ( , )= 0 . Give rules like the one defining T  and U for each of the linear

transformation ( ), , , ,U T UT TU T U+ 2 2 .

10. Let T  be the (unique) lin ear op er a tor on C3 for which

T i( , , ) ( , , ),1 0 0 1 0=   T T i( , , ) ( , , ), ( , , ) ( , , )0 1 0 0 11 0 0 1 1 0= = .

Show that T  is not in vert ible.

11. Show that if two linear transformations of a finite dimensional vector space

coincide on a basis of that vector space, then they are identical.

12. If T  is a linear transformation on a finite dimensional vector space V  such that

range ( )T  is a proper subset of V , show that there exists a non-zero element α  in 

V  with T ( )α = 0.

13. Let T :R R3 3→  be de fined as T a b c a b( , , ) ( , , ).= 0  Show that

T T≠ ≠0 0
^ ^

, 2   but  T3 = 0
^

. (Kumaun 2008)

14. Let T  be a linear transformation from a vector space U into a vector space V
with Ker T ≠ 0. Show that there exist vectors α1 and α2 in U such that α α1 2≠
and  T Tα α1 2= . (Kumaun 2008)

15. Let T  be a linear transformation from V3 (R) into V2 (R), and let S be a linear

transformation from V2 (R) into V3 (R). Prove that the transformation ST  is not

invertible.

16. Let A and B be linear transformations on a finite dimensional vector space V

and let AB I= . Then A and B are both invertible and A B− =1 . Give an example

to show  that this is false when V  is not finite dimensional.

17. If A and B are linear transformations (on the same vector space) and if AB I= ,

then A is called a left inverse of B and B is called a right inverse of A. Prove that

if A has exactly one right inverse, say B, then A is invertible.

18. Prove that the set of invertible linear operators on a vector space V  with the 

operation of composition forms a group. Check if this group is commutative.

19. Let V  and W be vector spaces over the field F and let U be an isomorphism of V

onto W. Prove that T UTU→ −1 is an isomorphism of L V V( , ) onto L W W( , ).

20. If { , , }α α1 … k  and { , }β β1 … k  are linearly independent sets of vectors in a finite

dimensional vector space V , then there exists an invertible linear

transformation T  on V  such that 

T i ki i( ) , , ,α β= = 1… .
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 1. T x x x a x c x b x d( , ) ( , )1 2 1 2 1 2= + +     

 2. T x x x x x x( , ) ( , )1 2 1 2 1 22= − +

 3. T a b a b( , ) = −5 2                     

 4.  T a b c a b a b a b( , , ) ( , , )= + − − −2 2 4 3

 5. T a b c a b a b a b a( , , ) ( , , , )= + − + −2 3 2 3      

 6. T p q q p q− = −1 ( , ) ( , )               

 7. T x y z x y z x y− = + −





1 1

2

1

2

1

2

1

2
( , , ) , ,

 9. ( ) ( , ) ( , ) ; ( ) ( , ) ( , ) ; ( ) ( , ) ( , )U T a b a b a UT a b b TU a b a+ = + = =0 0

T a b a b U a b a2 2 0( , ) ( , ) ; ( , ) ( , )= =

18. Not com mu ta tive

13  Isomorphism

Definition: Let U F( ) and V F( ) be two Vector spaces. Then a mapping

f U V: →
is called an isomorphism of U onto V, if

(i) f  is one-one,

(ii) f  is onto,

(iii) f a b a f b f a b F U( ) ( ) ( ) , , , .α β α β α β+ = + ∈ ∈V

Also then the two vector spaces U and V are said to be isomorphic and symbolically we write 

U F V F( ) ( ).≅
The vector space V F( ) is also called the isomorphic image of the vector space U F( ).

If f  is a homomorphism of  U F( ) into V F( ), then f  will become an isomorphism of U

into V  if f  is one-one. Also in addition if f  is onto V , then f  will become an

isomorphism of U onto V .

14  Theorems  on Isomorphism

Theorem 1: Two finite dimensional vector spaces over the same field are isomorphic if and only

if they are of the same dimension.

Proof: First suppose that U F( ) and V F( ) are two finite dimensional vector spaces

each of dimension n. Then to prove that

U F V F( ) ( )≅ .
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Let the sets of vectors

{ }α α α1 2, , ,… n  and { }β β β1 2, , ,… n

be the bases of U and V  respectively.

Any vector α ∈U can be uniquely expressed as

α α α α= + + … +a a an n1 1 2 2 .

Let f U V: ∈  be defined by

f a a an n( ) .α β β β= + + … +1 1 2 2

Since in the expression of α as a linear combination of α α α1 2, , ,… n the scalars 

a a an1 2, , ,…  are unique, therefore the mapping f  is well defined

i e. ., f ( )α  is a unique element of V .

f  is one-one: We have

f a a a f b b bn n n n( ) ( )1 1 2 2 1 1 2 2α α α α α α+ + … + = + + … +
⇒ a a a b b bn n n n1 1 2 2 1 1 2 2β β β β β β+ + … + = + + … +
⇒ ( ) ( ) ( )a b a b a bn n n1 1 1 2 2 2− + − + … + − = ′β β β 0 [zero vec tor of V  ]

⇒ a b a b a bn n1 1 2 20 0 0− = − = … − =, , , , be cause

β β β1 2, , ,… n are lin early in de pend ent

⇒ a b a b a bn n1 1 2 2= = … =, , ,

⇒ a a a b b bn n n n1 1 2 2 1 1 2 2α α α α α α+ + … + = + + … + .

∴ f  is one-one.

f  is onto V: If a a an n1 1 2 2β β β+ + … +  is any element of V , then ∃ an element 

a a a Un n1 1 2 2α α α+ + … + ∈  such that

f a a a a a an n n n( ) .1 1 2 2 1 1 2 2α α α β β β+ + … + = + + … +

∴ f  is onto V .

f  is a linear transformation: We have

f a a a a b b b bn n n n[ ( ) ( )]1 1 2 2 1 1 2 2α α α α α α+ + … + + + + … +
  = + + + + … + +f aa bb aa bb aa bbn n n[( ) ( ) ( ) ]1 1 1 2 2 2α α α
  = + + + + … + +( ) ( ) ( )aa bb aa bb aa bbn n n1 1 1 2 2 2β β β
  = + + … + + + + … +a a a a b b b bn n n n( ) ( )1 1 2 2 1 1 2 2β β β β β β

  = + + … + + + + … +a f a a a b f b b bn n n n( ) ( ).1 1 2 2 1 1 2 2α α α α α α
∴ f  is a linear transformation.

Hence f  is an isomorphism of U onto V .

∴ U V≅ .

Conversely, let U F( ) and V F( ) be two isomorphic finite dimensional vector spaces.

Then to prove that dim U = dim V .

Let dim U n= . Let S n= …{ }α α α1 2, , ,  be a basis of U. If f  is an isomorphism of U onto V ,

we shall show that

S f f f n′ = …{ }( ), ( ), , ( )α α α1 2

is a basis of V . Then V  will also be of dimension n.
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First we shall show that S ′ is linearly independent.

Let a f a f a fn n1 1 2 2( ) ( ) ( )α α α+ + … + = ′0  [zero vec tor of V  ]

⇒ f a a an n( )1 1 2 2α α α+ + … + = ′0  [∵ f  is a lin ear trans for ma tion]

⇒ a a an n1 1 2 2α α α+ + … + = 0

 [∵ f  is one-one and f ( )0 0= ′ where 0 is zero vec tor of U ]

⇒ a a an1 20 0 0= = … =, , , , 

since α α α1 2, , ,… n are lin early in de pend ent.

∴ S ′ is lin early in de pend ent.

Now to prove that L S V( ) .′ =  For this we shall prove that any vector β ∈V  can be

expressed as a linear combination of the vectors of the set S ′ . Since f  is onto V ,

therefore β ∈ ⇒V there exists α ∈U such that f ( ) .α β=
Let α α α α= + + … +c c cn n1 1 2 2 .

Then  β α α α α= = + + … +f f c c cn n( ) ( )1 1 2 2

  = + + … +c f c f c fn n1 1 2 2( ) ( ) ( ).α α α
Thus β is a linear combination of the vectors of S ′ .
Hence V L S= ′( ).

∴ S ′ is a basis of V . Since S ′ contains n vectors, therefore dim V n= .

Note: While prov ing the con verse, we have proved that if f  is an isomorphism of U onto 

V, then f  maps a ba sis of U onto a ba sis of V .

Theorem 2: Every n-dimensional vector space V F( ) is isomorphic to V Fn ( ).

(Gorakhpur 2014)

Proof: Let { }α α α1 2, , ,… n  be any basis of V F( ). Then every vector α ∈V  can be

uniquely expressed as

α α α α= + + … + ∈a a a a Fn n i1 1 2 2 , .

The ordered n-tuple ( , , , ) ( ).a a a V Fn n1 2 … ∈
Let f V F V Fn: ( ) ( )→  be defined by f a a an( ) ( , , , ).α = …1 2

Since in the expression of α as a linear combination of α α α1 2, , ,… n the scalars 

a a an1 2, , ,…  are unique, therefore f ( )α  is a unique element of V Fn ( ) and thus the

mapping f  is well defined.

f  is one-one: Let α α α α= + + … +a a an n1 1 2 2

and β α α α= + + … +b b bn n1 1 2 2

be any two elements of V . We have

f f( ) ( )α β=
⇒ f a a a f b b bn n n n( ) ( )1 1 2 2 1 1 2 2α α α α α α+ + … + = + + … +
⇒ ( , , , ) ( , , , )a a a b b bn n1 2 1 2… = …
⇒ a b a b a bn n1 1 2 2= = … =, , ,

⇒ α β= .

∴ f  is one-one.
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f  is onto V Fn ( ): Let ( , , , )a a an1 2 …  be any element of V Fn ( ). Then there exists an

element a a a V Fn n1 1 2 2α α α+ + … + ∈ ( ) such that

f a a a a a an n n( ) ( , , , ).1 1 2 2 1 2α α α+ + … + = …
∴ f  is onto V Fn ( ).

f  is a linear transformation: If a b F, ∈  and α β, ( ),∈V F  we have

   f a b( )α β+
   = + + … + + + + … +f a a a a b b b bn n n n[ ( ) ( )]1 1 2 2 1 1 2 2α α α α α α
   = + + + + … + +f aa bb aa bb aa bbn n n[( ) ( ) ( ) ]1 1 1 2 2 2α α α
   = + + … +( , , , )aa bb aa bb aa bbn n1 1 2 2

   = … + …( , , , ) ( , , , )aa aa aa bb bb bbn n1 2 1 2

   = … + …a a a a b b b bn n( , , , ) ( , , , )1 2 1 2

   = + + … + + + + … +a f a a a b f b b bn n n n( ) ( )1 1 2 2 1 1 2 2α α α α α α
   = +a f b f( ) ( ).α β

∴ f  is a linear transformation.

∴ f  is an isomorphism of V F( ) onto V Fn ( ).

Hence V F V Fn( ) ( ).≅

Ex am ple 21: Let V ( )R  be the vec tor space of all com plex num bers a ib+  over the field of reals R

and let T be a map ping from V ( )R  to V2 ( )R  de fined as 

T a ib a b( ) ( , ).+ =
Show that T is an isomorphism. (Meerut 2003)

So lu tion: T is one-one: Let

α β= + = +a ib c id,

be any two members of V ( )R . Then a b c d, , , .∈ R

We have   T T( ) ( )α β=
⇒ ( , ) ( , )a b c d=  [ ( ) ( , )]∵ T a bα =

⇒ a c b d= =,

⇒ a ib c id+ = +
⇒ α β= .

∴ T  is one-one.

T is onto: Let ( , )a b  be an arbitrary member of V2 ( ).R  Then ∃ a vector a ib V+ ∈ ( )R

such that T a ib a b( ) ( , ).+ =  Hence T  is onto.

T is a linear transformation: Let α β= + = +a ib c id,  be any two members of V ( )R

and k k1 2,  be any two elements of the field R. Then

k k k a ib k c id1 2 1 2α β+ = + + +( ) ( )

          = + + +( ) ( ).k a k c i k b k d1 2 1 2
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We have

T k k k a k c k b k d( ) ( , ),1 2 1 2 1 2α β+ = + +  by def i ni tion of T

 = +( , ) ( , )k a k b k c k d1 1 2 2

 = +k a b k c d1 2( , ) ( , )

 = + + +k T a ib k T c id1 2( ) ( ) [by def i ni tion of T  ]

 = +k T k T1 2( ) ( ).α β
Hence T  is a linear transformation.

Hence T  is an isomorphism.

Ex am ple 22: If  V is a fi nite di men sional vec tor space and f  is an isomorphism of V into V ,

prove that f  must map V onto V .

So lu tion: Let V F( ) be a fi nite di men sional vec tor space of di men sion n. Let f  be an

isomorphism of V  into V  i e. ., f  is a lin ear trans for ma tion and f  is one-one. To prove that 

f   is onto V .

Let S n= …{ }α α α1 2, , ,  be a basis of V .  We shall first prove that

S f f f n′ = …{ }( ), ( ), , ( )α α α1 2

is also a basis of V . We claim that S ′ is linearly independent. The proof is as follows :

Let a f a f a fn n1 1 2 2( ) ( ) ( )α α α+ + … + = 0 [zero vec tor of V  ]

⇒ f a a an n( )1 1 2 2α α α+ + … + = 0 [∵ f  is lin ear trans for ma tion]

⇒ a a an n1 1 2 2α α α+ + … + = 0 [∵ f  is one-one and f ( ) ]0 0=
⇒ a a an1 20 0 0= = … =, , , ,

since α α α1 2, , ,… n are lin early in de pend ent.

∴ S ′ is linearly independent.

Now V  is of dimension n and S ′ is a linearly independent subset of V  containing n

vectors. Therefore S ′ must be a basis of V . Therefore each vector in V  can be expressed

as a linear combination of the vectors belonging to S ′ .
Now we shall show that f  is onto V . Let α be any element of V . Then there exist scalars 

c c cn1 2, , ,…  such that

α α α α= + + … +c f c f c fn n1 1 2 2( ) ( ) ( )

    = + + … +f c c cn n( ).1 1 2 2α α α
Now c c c Vn n1 1 2 2α α α+ + … + ∈  and the f -image of this element is α. Therefore f  is

onto V . Hence f  is an isomorphism of V  onto V .

Ex am ple 23: If V is fi nite di men sional and f  is a homo morph ism of  V onto V prove that f

must be one-one, and so, an isomorphism.

So lu tion: Let V F( ) be a fi nite di men sional vec tor space of di men sion n. Let f  be a

homo morph ism of V  onto V i e f. .,  is a lin ear trans for ma tion and f  is onto V . To prove 

that f  is one-one.

Let    S n= …{ }α α α1 2, , ,  be a ba sis of V . 

We shall first prove that 
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S f f f n′ = …{ }( ), ( ), , ( )α α α1 2

is also a basis of V . We claim that L S V( ) .′ =  The proof is as follows :

Let α be any element of V . We shall show that α can be expressed as a linear combination 

of f f f n( ), ( ), , ( )α α α1 2 … . Since f  is onto V , therefore α ∈V   implies that there exists 

β ∈V  such that f ( ) .β α=  Now β can be expressed as a linear combination of 

α α α1 2, , ,… n . Let

β α α α= + + … +a a an n1 1 2 2 .

Then α β α α α= = + + … +f f a a an n( ) ( )1 1 2 2

  = + + … +a f a f a fn n1 1 2 2( ) ( ) ( ).α α α
Thus α has been expressed as a linear combination of

f f f n( ), ( ), , ( ).α α α1 2 …
There fore L S V( ) .′ =
Since V  is of dimension n and S ′ is a subset of V  containing n vectors and L S V( ) ,′ =
therefore S ′ must be a basis of V . Therefore each vector in V  can be expressed as a linear

combination of the vectors belonging to S ′ and S ′ is linearly independent.

Now we shall show that f  is one-one. Let γ and δ be any two elements of V  such that

γ α α α δ α α α= + + … + = + + … +c c c d d dn n n n1 1 2 2 1 1 2 2, .

We have

f f( ) ( )γ δ=
⇒ f c c c f d d dn n n n( ) ( )1 1 2 2 1 1 2 2α α α α α α+ + … + = + + … +
⇒ c f c f c f d f d fn n1 1 2 2 1 1 2 2( ) ( ) ( ) ( ) ( )α α α α α+ + … + = + + …

     + d fn n( )α
⇒ ( ) ( ) ( ) ( ) ( ) ( )c d f c d f c d fn n n1 1 1 2 2 2− + − + … + − =α α α 0

⇒ c d c d c dn n1 1 2 20 0 0− = − = … − =, , , , since

   f f f n( ), ( ), , ( )α α α1 2 …  are lin early in de pend ent

⇒ c d c d c dn n1 1 2 2= = … =, , ,

⇒ γ δ= .

∴ f  is one-one.

∴ f  is an isomorphism of V  onto V .

Ex am ple 24: If f U V: →  is an isomorphism of the vec tor space U into the vec tor space V ,

then a set of vec tors { }f f f r( ), ( ), , ( )α α α1 2 …  is lin early in de pend ent if and only if the set 

{ }α α α1 2, , ,… r  is lin early in de pend ent.

So lu tion: U F( ) and V F( ) are two vec tor spaces over the same field F and f  is an

isomorphism of U into V  i e. ., f U V: →  such that f  is 1-1 and 

f a b a f b f a b F( ) ( ) ( ) ,α β α β+ = + ∈V  and V α β, .∈U

Let  { }α α α1 2, , ,… r  be a subset of U. First suppose that the vectors α α α1 2, , ,… r  are

linearly independent. Then to show that the vectors 

f f f r( ), ( ), , ( )α α α1 2 …
are also linearly independent.
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We have  

a f a f a fr r1 1 2 2( ) ( ) ( ) ,α α α+ + + = ′… 0   where  a a a Fr1 2, , ..., ∈
⇒ f a a ar r( )1 1 2 2α α α+ + + = ′… 0 [∵ f  is a lin ear trans for ma tion]

⇒ f a a a fr r( ) ( )1 1 2 2α α α+ + + =… 0 [ ( ) ]∵ f 0 0= ′

⇒ a a ar r1 1 2 2α α α+ + + =… 0 [∵ f  is 1-1]

⇒ a a ar1 20 0 0= = =, , ,…

since the vectors α α α1 2, , ,… r  are linearly independent.

Hence the vectors f f f r( ), ( ) , , ( )α α α1 2 …  are also linearly independent.

Conversely suppose that the vectors 

f f f r( ), ( ), , ( )α α α1 2 …
are linearly independent. Then to show that the vectors α α α1 2, , ,… r  are also linearly

independent.

We have

a a ar r1 1 2 2α α α+ + … + = 0, where a a a Fr1 2, , ,… ∈
⇒ f a a a fr r( ) ( )1 1 2 2α α α+ + … + = 0

⇒ a f a f a fr r1 1 2 2( ) ( ) ( )α α α+ + … + = ′0

[∵ f  is a lin ear trans for ma tion]

⇒ a a ar1 20 0 0= = … =, , ,

Since the vectors f f f r( ), ( ), , ( )α α α1 2 …  are linearly independent.

Hence the vec tors α α α1 2, , ,… r  are also lin early in de pend ent.

 1. Let T V V: ( ) ( )2 2R R→  be defined as T a b b a( , ) ( , )1 1 1 1= .

Show that T  is an isomorphism.

 2. V F( ) and W F( ) are two finite dimensional vector spaces such that dim 

V W= dim . If f  is an isomorphism of V  into W,  prove that f  must map V  into

W. (Meerut 2002, 03; Garhwal 10B; Kumaun 14)

 3. If f U V: ( )→  is an isomorphism of the vector space U into the vector space V ,

then a set of vectors f f f r( ), ( ), , ( )α α α1 2 …  is linearly dependent in V  if and

only if the set α α α1 2, ,… r  is linearly dependent in U.

 4. Give an example of a one-one linear transformation of an infinite dimensional

vector space which is not an isomorphism.

 5. If f  is an isomorphism of a vector space V  onto a vector space W,  prove that f

maps a basis of V  onto a basis of W.

 6. Prove that a finite dimensional vector space V ( )R  with dimension V n=  is

isomorphic to R n.
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. If U F( ) and V F( ) are two vector spaces and T  is a linear transformation from U

into V , then range of T  is a subspace of

(a) U (b) V

(c) U V∪ (d) none of these

 2. Let T  be a linear transformation from a vector space U F( ) into a vector space 

V F( ) with U as finite dimensional. The rank of T  is the dimension of the

(a) range of T (b) null space of T

(c) vec tor space U (d) vec tor space V

 3. Let U be an n-dimensional vector space over the field F, and let V  be an

m-dimensional vector space over F. Then the vector space L U V( , ) of all linear

transformations from U into V  is finite dimensional and is of dimension 

(a) m (b) n

(c) mn (d) none of these

 4. If T V V: ( ) ( )2 3R R→  defined as T a b a b a b b( , ) ( , , )= + −  is a linear

transformation, then nullity of T  is

(a) 0 (b) 1

(c) 2 (d) none of these
(Kumaun 2015)

 5. If T  is a linear transformation from a vector space V  into a vector space W, then

the condition for T −1 to be a linear transformation from W to V  is

(a) T  should be one-one (b) T  should be onto

(c) T  should be one-one and onto (d) none of these

 6. Let F be any field and let T  be a linear operator on F 2 defined by 

T a b a b a( , ) ( , ).= +  Then  T a b− =1 ( , )

(a) ( , )b a b− (b) ( , )a b b−
(c) ( , )a a b+ (d) none of these

(Kumaun 2014)

 7. If T  is a lin ear trans for ma tion T a b a b a b( , ) ( , )= + +α β γ γ , the T  is in vert ible if

(a) αβ γδ− = 0 (b) αβ γδ− ≠ 0

(c) αδ βγ− = 0 (d) αδ βγ− ≠ 0 (Kumaun 2015)
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 8. Let V F( ) be a vector space and let T T1 2,  be linear Transformations on V . If T1

and T2 are invertible then

(a) ( )T T T T1 2
1

2 1
1− −= (b) ( )T T T T1 2

1
1 2

1− −=

(c) ( )T T T T1 2
1

2
1

1
1− − −= (d) ( )T T T T1 2

1
1

1
2

1− − −= .

 9. If the mapping f U V: →  is a linear transformation from the vector space U V( )

to the vector space V U( ), then:

(a) f f( ) ( )− =α α (b) f f( ) ( )− = −α α
(c) f f( ) ( )− = ±α α (d) none of these 

(Kumaun 2007)

10. Which of the following function T :R R2 2→  is not linear ?

(a) T a b b a( , ) ( , )= (b) T a b a b a( , ) ( , )= +
(c) T a b a a b( , ) ( , )= + (d) T a b a b( , ) ( , )= +1

(Kumaun 2010)

11. Let T U V: →  be a linear transformation then:

(a) T( )0 0= (b) T T U( ) ( ),− = − ∈α α α
(c) T T T U( ) ( ) ( ) ,α β α β α β− = − ∀ ∈ (d) all above 

(Kumaun 2014)

12. Which of the following function is linear ?

(a) T :R R2 2→  such that T a b b a( , ) ( , )=

(b) T :R R2 2→  such that T x y x y( , ) =

(c) T :R R2 2→  such that T x y x y( , ) ( , )= +1

(d) T :R R2 2→  such that T x y x y( , ) | |= +

13. If T V V: ( ) ( )2 3R R→  is a linear transformation defined by

 T x y x y x y y( , ) ( , , )= + − , then nullity of T  is 

(a) 0 (b) 1

(c) 2 (d) 3

14. If T  is a linear transformation T V WF F: →  and { , , , }v v vn1 2 …  is a basis for VF

then { ( ), ( ), , ( )}T v T v T vn1 2 …  will be a basis for WF  if following is true 

(a) T  is one-one (b) T  is onto 

(c) T  is  one-one and onto (d) none of above

15. If A B,  and C are linear transformations on a vector space V F( ) such that 

AB C A I= =  , then 

(a) A is in vert ible and A B C− = =1

(b) B is in vert ible and B C− =1

(c) C is in vert ible and C B− =1

(d) A B,  and C are in vert ible and A B C− − −= =1 1 1

L-48



16. Let T  be a linear transformation from a vector space  U F( ) into a vector space 

V F( ) . Then T  is non-singular if and only if :

(a) T  is one-one onto (b) T  is one-one

(c) T  is onto (d) none of these 

17. T  is a linear transformation on an n-dimensional vector space V F( ) such that

range and null spaces of T  are identical. Then

(a) n = 0 (b) n > 0

(c) n is prime (d) n is even

18. If linear transformation T V W: →  is invertible then :

(a) T T( ) ( )α β α β= ⇔ = (b) T T( ) ( )α β α β= ⇔ ≠
(c) T T TT( ) ( ) ( )α β α β= ⇔ ≠−1 (d) none of these

19. Let T1 and T2 be linear operators on R2 defined as follows:

T x x x x T x x x1 1 2 2 1 2 1 2 2 0( , ) ( , ), ( , ) ( , )= = . Then ( )( , )T T x x1 2 1 2 =
(a) ( , )x1 0 (b) ( , )x2 0

(c) ( , )0 2x (d) ( , )0 1x

20. T  is non singular iff

(a) nul lity ( )T ≠ 0 (b) nul lity ( )T = 0

(c) rank ( )T = 0 (d) nul lity ( )T = rank ( )T

Fill in the Blank(s)

Fill in the blanks ‘‘……’’ so that the following statements are complete and 

correct.

 1. Let V F( ) be a vector space. A linear operator on V  is a function T  from V  into V

such that T a b( )α β+ = …… for all α β,  in V  and for all a b,  in F. 

 2. If U F( ) and V F( ) are two vector spaces and T  is a linear transformation from U

into V , then the kernel of T  is a subspace of …… .

 3. Let U and V  be vector spaces over the field F and let T  be a linear transformation

from U into V . Suppose that U is finite dimensional. Then

rank ( )T + nul lity ( ) .T = ……
 4. Let V  be an n-dimensional vector space over the field F and let T  be a linear

transformation from V  into V  such that the range and null space of T  are

identical. Then n is …… .

 5. The vector space of all linear operators on an n-dimensional vector space U is of

dimension …… .

 6. Let V F( ) be a vector space and let A B,  be linear transformations on V . If A and B

are invertible then AB is invertible and ( ) .AB − = ……1

 7. A linear operator T  on R2 defined by T x y ax by cx dy( , ) ( , )= + +  will be

invertible iff …… .
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True or False

Write ‘T’ for true and ‘F’ for false state ment.

 1. Let U F( ) and V F( ) be two vector spaces and let T  be a linear transformation

from U into V . Then the null space of T  is the set of all vectors α in U such that 

T ( ) .α α=

 2. The function T : R R2 2→  defined by T a b a b( , ) ( , )= +1  is a linear

transformation.

 3. Two linear transformations from U into V  are equal if they agree on a basis of U.

 4. For two lin ear op er a tors T  and S on R2 ,
^ ^

TS ST= → =0 0 .

 5. If S and T  are lin ear op er a tors on a vec tor space U, then

( ) .S T S ST T+ = + +2 2 22

 6. The identity operator on a vector space is always invertible.

Multiple Choice Questions

 1. (b)  2. (a)  3. (c)  4. (a)  5. (c)

 6. (a)  7. (d)  8. (c)  9. (b) 10. (d)

11. (d) 12. (a) 13. (a) 14. (c) 15. (a)

16. (c) 17. (d) 18. (a) 19. (d) 20. (b)

Fill in the Blank(s)

 1. aT bT( ) ( )α β+  2. U  3. dim U

 4. even  5. n2  6.  B A− −1 1

 7. ad bc− ≠ 0

True or False

 1. F  2. F  3. T  4. F  5. F

 6. T

¨
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1  Matrix

D
efinition: Let F be any field. A set of mn elements of F arranged in the form of a

rectangular array having m rows and n columns is called an m n×  matrix over the field F.

An m n×  ma trix is usu ally writ ten as

A

a a a

a a a

a a a

n

n

m m mn

=

11 12 1

21 22 2

1 2

...

...

... ... ... ...

...



















⋅

In a compact form the above matrix is represented by A aij m n= ×[ ] . The element aij is

called the ( , )i j th element of the matrix A. In this element the first suffix i will always

denote the number of row in which this element occurs.

If in a matrix A the number of rows is equal to the number of columns and is equal to n,

then A is called a square matrix of order n and the elements aij for which i j=  constitute

its principal diagonal. 
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Unit matrix: A square matrix each of whose diagonal elements is equal to 1 and each of whose

non-diagonal elements is equal to zero is called a unit matrix or an identity matrix. We shall

denote it by I . Thus if I  is unit matrix of order n, then I ij n n= ×[ ]δ  where δij is Kronecker

delta.

Diagonal matrix: A square matrix is said to be a diagonal matrix if all the elements lying above

and below the principal diagonal are equal to 0. For example,

0 0 0 0

0 2 0 0

0 0 0 0

0 0 0 5

+


















i

is a diagonal matrix of order 4 over the field of complex numbers.

Null matrix: The m n×  matrix whose elements are all zero is called the null matrix or

(zero matrix) of the type m n× .

Equality of two matrices: Definition:

Let A aij m n= ×[ ]  and B b jk m n= ×[ ] . Then

A B=  if a bij ij=  for each pair of sub scripts i and j.

Addition of two matrices: Definition:

Let A a B bij m n ij m n= =× ×[ ] , [ ] . Then we define

A B a bij ij m n+ = + ×[ ] .

Multiplication of a matrix by a scalar: Definition:

Let A aij m n= ×[ ]  and a F i e a∈ . .,  be a scalar. Then we define

aA aaij m n= ×[ ] .

Multiplication of two matrices: Definition:

Let A a B bij m n jk n p= =× ×[ ] , [ ]  i e. .,  the number of columns in the matrix A is 

equal to the number of rows in the matrix B. Then we define

AB a b
j

n

ij jk
m p

=








= ×

Σ
1

      i e. .,  AB is an m p×  ma trix whose ( , )i k th

                el e ment is equal to Σ
j

n

ij jka b
=1

.

If A and B are both square matrices of order n, then both the products AB and BA exist

but in general AB BA≠ .

Transpose of a matrix: Definition:

Let A aij m n= ×[ ] . The n m×  matrix AT  obtained by interchanging the rows and

columns of A is called the transpose of A. Thus A bT
ij n m= ×[ ] , where b aij ji= , i e. ., the 

( , )i j th element of AT  is the ( , )j i th element of A. If A is an m n×  matrix and B is an  n p×

matrix, it can be shown that ( ) .AB B AT T T=  The transpose of a matrix A is also

denoted by At or by A′ .
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Determinant of a square matrix: Let Pn denote the group of all permutations of

degree n on the set { }1 2, , , .… n   If θ ∈ Pn , then θ ( )i  will denote the image of i under θ. The

symbol ( )− 1 θ for θ ∈ Pn will  mean  + 1  if  θ is an  even permutation and − 1  if  θ  is an odd

permutation.

Definition: Let A aij n n= ×[ ] . Then the determinant of A, written as det A or | |A  or 

| |aij n n×  is the element

Σ� − …
∈θ

θ
θ θ θ

P
n n

n

a a a( ) ( ) ( ) ( )1 1 1 2 2  in F.

The number of terms in this summation is n ! because there are n ! permutations in the

set Pn .

We shall often use the notation

a a

a a

a a

n

n

n nn

11 1

21 2

1

...

...

... ... ...

... ... ...

...





















for the determinant of the matrix [ ] .aij n n×
The fol low ing prop er ties of de ter mi nants are worth to be noted :

(i) The de ter mi nant of a unit ma trix is al ways equal to 1.

(ii) The de ter mi nant of a null ma trix is al ways equal to 0.

(iii) If A a B bij n n ij n n= =× ×[ ] , [ ] , then det ( ) ( ) ( ).AB A B= det det

Cofactors: Definition: Let A aij n n= ×[ ] . We define

Aij = co fac tor of aij in A

   = − +( ) .1 i j    [De ter mi nant of the ma trix of or der n − 1 ob tained

by de let ing the row and col umn of A pass ing through aij].

It should be noted that

Σ� = ≠
=i

n

ik ija A k j
1

0 if

or       = =det if .A k j

Adjoint of a square matrix: Definition: Let A aij n n= ×[ ] .

The n n×  matrix which is the transpose of the matrix of cofactors of A is called the

adjoint of A and is denoted by adj A.

It should be remembered that

A A A A A I( ) ( ) ( )adj adj det= =
where I  is the unit ma trix of or der n.

Inverse of a square matrix: Definition: Let A be a square matrix of order n. If there

exists a square matrix B of order n such that

AB I BA= =
then A is said to be invertible and B is called the inverse of A.

Also we write B A= −1.
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The following results should be remembered :

(i) The necessary and sufficient condition for a square matrix A to be invertible is

that det A ≠ 0.

(ii) If A is invertible, then A−1 is unique and

A
A

A− =1 1

det
adj.( ).

(iii) If A and B are invertible square matrices of order n, then AB is also invertible

and ( ) .AB B A− − −=1 1 1

(iv) If A is invertible, so is A−1 and ( ) .A A− − =1 1

Elementary row operations on a matrix:

Definition: Let A be an m n×  matrix over the field F. The following three operations

are called elementary row operations :

(1) multiplication of any row of A by a non-zero element c of F.

(2) addition to the elements of any row of A the corresponding elements of any

other row of A multiplied by any element a in F.

(3) interchange of two rows of A.

Row equivalent matrices: Definition: If A and B are m n×  matrices over the field F,

then B is said to be row equivalent to A if B can be obtained from A by a finite sequence

of elementary row operations. It can be easily seen that the relation of being row

equivalent is an equivalence relation in the set of all m n×  matrices over F.

Row reduced Echelon matrix: 

Definition:

An m n×  matrix R is called a row reduced echelon matrix if :

(1) Every row of R which has all its entries 0 occurs below every row which has a

non-zero entry.

(2) The first non-zero entry in each non-zero row is equal to 1.

(3) If the first non-zero entry in row i appears in column ki , then all other entries in

column ki are zero.

(4) If r is the number of non-zero rows, then

k k kr1 2< < …<
(i e. ., the first non-zero entry in row i  is to the left of the first non-zero entry in row i + 1).

Row and col umn rank of a ma trix:

Definition: Let A aij m n= ×[ ]  be an m n×  matrix over the field F. The row vectors of A

are the vectors α α1, , ( )… ∈m nV F  defined by 

α i i i ina a a i m= … ≤ ≤( , , , ), .1 2 1

The row space of A is the subspace of V Fn ( ) spanned by these vectors. The row rank

of A is the dimension of the row space of A.

The col umn vec tors of A are the vec tors β β1, , ( )… ∈n mV F  de fined by

β j j j mja a a j n= … ≤ ≤( , , , ), .1 2 1
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The column space of A is the subspace of V Fm ( ) spanned by these vectors. The

column rank of A is the dimension of the column space of A.

The fol low ing two re sults are to be re mem bered:

(1) Row equivalent matrices have the same row space.

(2) If R is a non-zero row reduced Echelon matrix, then the non-zero row vectors of 

R are linearly independent and therefore they form a basis for the row space of 

R.

In order to find the row rank of a matrix A, we should reduce it to row reduced Echelon

matrix R by elementary row operations. The number of non-zero rows in R will give us

the row rank of A.

2  Rep re sen ta tion of Trans for ma tions by Matrices

Matrix of a linear transformation: Let U be an n-dimensional vector space over the

field F and let V  be an m-dimensional vector space over F. Let

B Bn m= … ′ = …{ } { }α α β β1 1, , and , ,

be ordered bases for U and V  respectively. Suppose T  is a linear transformation from U

into V . We know that T  is completely determined by its action on the vectors α j

belonging to a basis for U. Each of the n vectors T j( )α  is uniquely expressible as a linear

combination of β β1, ,… m because T Vj( )α ∈  and these m vectors form a basis for V . Let

for j n= …1 2, , , ,

T a a a aj j j mj m
i

m

ij i( ) .α β β β β= + + … + = �
=

1 1 2 2
1

Σ

The scalars a a aj j mj1 2, , ,…  are the coordinates of T j( )α  in the ordered basis B ′ . The 

m n×  matrix whose j th column ( , , , )j n= …1 2  consists of these coordinates is called the

matrix of the linear transformation T relative to the pair of ordered bases B and 

B ′. We shall denote it by the symbol [ ; ; ]T B B ′  or simply by [ ]T  if the bases are

understood. Thus

[ ] [ ; ; ]T T B B= ′
    = ma trix of T  rel a tive to the or dered bases B and B ′
    = ×[ ]aij m n

where T aj
i

m

ij i( ) ,α β= �
=
Σ

1
 for each j n= …1 2, , , .

…(1)

The coordinates of T ( )α1  in the ordered basis B ′ form the first column of this matrix,

the coordinates of T ( )α2  in the ordered basis B ′ form the second column of this matrix

and so on.

The m n×  matrix [ ]aij m n×  completely determines the linear transformation T  through

the  formulae given in (1). Therefore the matrix [ ]aij m n×  represents the transformation 

T .

Note: Let T  be a lin ear trans for ma tion from an n-di men sional vec tor space V F( ) into

it self. Then in or der to rep re sent T  by a ma trix, it is most con ve nient to use the same
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or dered ba sis in each case, i e. ., to take B B= ′ . The rep re sent ing ma trix will then be

called the ma trix of T rel a tive to the or dered ba sis B and will be de noted by [ ; ]T B  or 

some times also by [ ] .T B  

Thus if B n= …{ }α α1, ,  is an ordered basis for V , then

[ ]T B  or [ ; ]T B = ma trix of T  rel a tive to the or dered ba sis B

       = ×[ ] ,aij n n

where T aj
i

n

ij i( ) ,α α= �
=
Σ

1
 for each j n= …1 2, , , .

Ex am ple 1: Let T be a lin ear trans for ma tion on the vec tor space V F2 ( ) de fined by 

T a b a( , ) ( , ).= 0

Write the matrix of T relative to the standard ordered basis of V F2 ( ).

So lu tion: Let B = { }α α1 2,  be the stan dard or dered ba sis for V F2 ( ). Then 

α α1 21 0 0 1= =( , ), ( , ).

We have  T T( ) ( , ) ( , ).α1 1 0 1 0= =
Now let us express T ( )α1  as a linear combination of vectors in B. We have

T ( ) ( , ) ( , ) ( , ) .α α α1 1 21 0 1 1 0 0 0 1 1 0= = + = +
Thus 1 0,  are the coordinates of T ( )α1  with respect to the ordered basis B. These

coordinates will form the first column of matrix of T  relative to ordered basis B.

Again T T( ) ( , ) ( , ) ( , ) ( , ).α 2 0 1 0 0 0 1 0 0 0 1= = = +
Thus 0 0,  are the coordinates of T ( )α2  and will form second column of matrix of T

relative to ordered basis B.

Thus matrix of T  relative to ordered basis B

= [ ]T B  or [ ; ]T B =










1 0

0 0
 .

Ex am ple 2: Let V ( )R  be the vec tor space of all poly no mi als in x with co ef fi cients in R of the form

f x a x a x a x a x( ) = + + +0
0

1 2
2

3
3

i e. ., the space of polynomials of degree three or less. The differentiation operator D is a linear

transformation on V . The set

B = …{ }α α1 4, ,  where α α α α1
0

2
1

3
2

4
3= = = =x x x x, , ,

is an ordered basis for V . Write the matrix of D relative to the ordered basis B.

So lu tion: We have

 D D x x x x x( ) ( )α1
0 0 1 2 30 0 0 0 0= = = + + +

               = + + +0 0 0 01 2 3 4α α α α
 D D x x x x x x( ) ( )α2

1 0 0 1 2 31 0 0 0= = = + + +

               = + + +1 0 0 01 2 3 4α α α α
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D D x x x x x x( ) ( )α3
2 1 0 1 2 32 0 2 0 0= = = + + +

               = + + +0 2 0 01 2 3 4α α α α
D D x x x x x x( ) ( )α4

3 2 0 1 2 33 0 0 3 0= = = + + +

               = + + +0 0 3 01 2 3 4α α α α .

∴ the ma trix of D rel a tive to the or dered ba sis B

    = =



















×

[ ; ]

.

D B

0 1 0 0

0 0 2 0

0 0 0 3

0 0 0 0
4 4

Theorem 1: Let U be an n-dimensional vector space over the field F and let V be an

m-dimensional vector space over F. Let B and B ′ be ordered bases for U and V respectively. Then

corresponding to every matrix [ ]aij m n×  of mn scalars belonging to F there corresponds a unique

linear transformation T from U into V such that

[ ; ; ] [ ] .T B B aij m n′ = ×

Proof: Let B n= …{ }α α α1 2, , ,        and     B m′ = …{ }β β β1 2, , , .

Now Σ Σ Σ� � … �
= = =i

m

i i
i

m

i i
i

m

in ia a a
1

1
1

2
1

β β β, , ,

are vectors belonging to V  because each of them is a linear combination of the vectors

belonging to a basis for V . It should be noted that the vector �
=
Σ

i

m

ij ia
1

β  has been obtained

with the help of the j th column of the matrix [ ] .aij m n×

Since B is a basis for U, therefore by the theorem 2 of article 6 of chapter 'Linear

Transformations' there exists a unique linear transformation T  from U into V  such that

T aj
i

m

ij i( )α β= �
=
Σ

1
 where j n= …1 2, , , . …(1)

By our def i ni tion of ma trix of a lin ear trans for ma tion , we have from (1)

[ ; ; ] [ ] .T B B aij m n′ = ×

Note: If we take V U= , then in place of B ′ , we also take B. In that case the above

the o rem will run as :

Let V be an n-dimensional vector space over the field F and B be an ordered basis or co-ordinate

system for V . Then corresponding to every matrix [ ]aij n n×  of n2 scalars belonging to F there

corresponds a unique linear transformation T from V into V such that

[ ; ]T B  or [ ] [ ] .T aB ij n n= ×
Explicit expression for a linear transformation in terms of its matrix: Now our

aim is to establish a formula which will give us the image of any vector under a linear

transformation T  in terms of its matrix.

Theorem 2: Let T be a linear transformation from an n-dimensional vector space U into an

m-dimensional vector space V and let B and B ′ be ordered bases for U and V respectively. If A is

the matrix of T relative to B and B ′ then V α ∈U, we have
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[ ( )] [ ]T AB Bα α′ =
where [ ]α B  is the co-ordinate matrix of α with respect to ordered basis B and [ ( )]T Bα ′ is

co-ordinate matrix of T V( )α ∈  with respect to B ′ .
Proof: Let B n= …{ }α α α1 2, , ,  

and B m′ = …{ }β β β1 2, , , .

Then     A T B B aij m n= ′ = ×[ ; ; ] [ ] ,

where T a j nj
i

m

ij i( ) , , , , .α β= � = …
=
Σ

1
1 2 …(1)

If α α α= + … +x xn n1 1  is a vector in U, then

T T x
j

n

j j( )α α= �










=
Σ

1

        = �
=
Σ
j

n

j jx T
1

( )α   
[∵ T  is a lin ear trans for ma tion]

        = � �
= =
Σ Σ
j

n

j
i

m

ij ix a
1 1

β [From (1)]

         = � �










= =
Σ Σ

i

m

j

n

ij j ia x
1 1

β . …(2)

The co-ordinate matrix of T ( )α  with respect to ordered basis B ′ is an m × 1 matrix. From 

(2), we see that the ith entry of this column matrix [ ( )]T Bα ′

     = �
=
Σ
j

n

ij ja x
1

i e. ., the coefficient of β i in the linear combination (2) for T ( ).α
If X is the co-ordinate matrix [ ]α B  of α with respect to ordered basis B, then X is an n × 1

matrix. The product AX will be an m × 1 matrix. The ith entry of this column matrix AX

will be

          = �
=
Σ
j

n

ij ja x
1

.

∴ [ ( )] [ ] [ ; ; ] [ ] .T AX A T B BB B Bα α α′ = = = ′

Note: If we take U V= , then the above re sult will be

[ ( )] [ ] [ ] .T TB B Bα α=
Matrices of Identity and Zero transformations:

Theorem 3: Let V F( ) be an n-dimensional vector space and B be any ordered basis for V . 

If I be the identity transformation and 0
^

 be the zero transformation on V , then

(i) [ ; ]I B I=   (unit ma trix of or der n) and (Kumaun 2007)

(ii) [ ; ]
^
0 B = null ma trix of the type n n× . (Kumaun 2007)

Proof: Let B n= …{ }α α α1 2, , , .

(i) We have  I j nj j( ) , , , ,α α= = …1 2
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       = + … + + + … ++0 1 0 01 1α α α αj j n

       = �
=
Σ

i

n

ij i
1

δ α , where  δij is Kronecker delta.

∴ By def. of ma trix of a lin ear trans for ma tion , we have

[ ; ] [ ] . .,I B I i eij n n= =×δ  unit ma trix of or der n.

(ii) We have  0
^

( ) , , , ,α j j n= = …0 1 2

           = + + … +0 0 01 2α α αn

        =
=
Σ

i

n

ij io
1

α , where each oij = 0.

∴ By def. of ma trix of a lin ear trans for ma tion, we have

[ ; ] [ ]
^
0 B oij n n= =× null ma trix of the type n n× .

Ma trix of the Sum of Lin ear Trans for ma tion :

Theorem 4: Let T and S be linear transformations from an n-dimensional vector space U into

an m-dimensional vector space V and let B and B ′ be ordered bases for U and V respectively. Then

(i) [ ; ; ] [ ; ; ] [ ; ; ]T S B B T B B S B B+ ′ = ′ + ′

(ii) [ ; ; ] [ ; ; ]cT B B c T B B′ = ′  where c is any sca lar.

Proof: Let B n= …{ }α α α1 2, , ,  and B m′ = …{ }β β β1 2, , , .

Let [ ]aij m n×  be the matrix of T  relative to B B, ′. Then

T a j nj
i

m

ij i( ) , , , , .α β= � = …
=
Σ

1
1 2

Also let [ ]bij m n×  be the matrix of S relative to B B, ′. Then

S b j nj
i

m

ij i( ) , , , , .α β= � = …
=
Σ

1
1 2

(i) We have

( ) ( ) ( ) ( ), , , ,T S T S j nj j j+ = + = …α α α 1 2

= � + � = � +
= = =
Σ Σ Σ

i

m

ij i
i

m

ij i
i

m

ij ij ia b a b
1 1 1

β β β( ) .

∴ ma trix of T S+  rel a tive to B B a bij ij m n, [ ]′ = + ×

    = +× ×[ ] [ ] ,a bij m n ij m n

∴ [ ; ; ] [ ; ; ] [ ; ; ].T S B B T B B S B B+ ′ = ′ + ′
(ii) We have  ( ) ( ) ( ), , , ,cT cT j nj jα α= = …1 2

        = � = �
= =

c a ca
i

m

ij i
i

m

ij iΣ Σ
1 1

β β( ) .

∴       [ ; ; ]cT B B ′ = ma trix of cT  rel a tive to B B, ′

            = = = ′× ×[ ] [ ] [ ; ; ].ca c a c T B Bi j m n i j m n
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Ma trix of the Prod uct of Lin ear Trans for ma tion :

Theorem 5: Let U V,  and W be finite dimensional vector spaces over the field F ;  let T be a

linear transformation from U into V and S a linear transformation from V into W.  Further let 

B B, ′ and B ′ ′ be ordered bases for spaces U V,  and W respectively. If A is the matrix of T relative

to the pair B B, ′ and D is the matrix of S relative to the pair B B′ ′ ′,  then the matrix of the

composite transformation ST relative to the pair B B, ′ ′ is the product matrix C DA= .

Proof: Let dim U n= , dim V m=  and dim W p= . Further let

B Bn m= … ′ = …{ } { }α α α β β β1 2 1 2, , , , , , ,   and B p′ ′ = …{ }γ γ γ1 2, , , .

Let A a D di j m n k i p m= =× ×[ ] , [ ]  and C ck j p n= ×[ ] . Then

T a j nj
i

m

ij i( ) , , , , ,α β= � = …
=
Σ

1
1 2 …(1)

S d i mi
k

p

ki k( ) , , , , .β γ= � = …
=
Σ

1
1 2 …(2)

and ( ) ( ) , , , , .ST c j nj
k

p

kj kα γ= = …
=
Σ

1
1 2 …(3)

We have     ( ) ( ) [ ( )], , , ,ST S T j nj jα α= = …1 2

         =








=
S a

i

m

ij iΣ
1

β [From (1)]

         =
=
Σ

i

m

ij ia S
1

( )β  [∵ S is lin ear]

         = �
= =
Σ Σ

i

m

ij
k

p

ki ka d
1 1

γ [From (2)]

         =








= =
Σ Σ

k

p

i

m

ki ij kd a
1 1

γ . …(4)

Therefore from (3) and (4), we have

c d a j n k pkj
i

m

ki ij= = … = …
=
Σ

1
1 2 1 2, , , , ; , , , .

∴ [ ]c d akj p n
i

m

ki ij
p n

×
= ×

=








Σ

1

        = × ×[ ] [ ] ,d aki p m ij m n  by def. of prod uct of two ma tri ces.

Thus C DA= .

Note: If U V W= = , then the state ment and proof of the above the o rem will be as

fol lows :

Let V be an n-dimensional vector space over the field F ;  let T and S be linear transformations of V .

Further let B be an ordered basis for V .  If A is the matrix of  T relative to B,  and D is the matrix of S

relative to B, then the matrix of the composite transformation ST relative to B is the product matrix

C DA i e ST S TB B B= =. ., [ ] [ ] [ ] .



Proof: Let B n= …{ }α α α1 2, , , .

Let  A a D dij n n ki n n= =× ×[ ] , [ ]  and C ckj n n= ×[ ] . 

Then T a j nj
i

n

ij i( ) , , , , ,α α= = …
=
Σ

1
1 2 …(1)

S d i ni
k

n

ki k( ) , , , , ,α α= = …
=
Σ

1
1 2 …(2)

and ( ) ( ) , , , , .ST c j nj
k

n

kj kα α= = …
=
Σ

1
1 2 …(3)

We have ( ) ( ) [ ( )]ST S Tj jα α=

         =






 = =

= = = =
S a a S a d

i

n

ij i
i

n

ij i
i

n

ij
k

n

kiΣ Σ Σ Σ
1 1 1 1

α α α( ) k

         =








= =
Σ Σ

k

n

i

n

ki ij kd a
1 1

α . …(4)

∴ from (3) and (4), we have

c d akj
i

n

ki ij=
=
Σ

1
.

∴ [ ] [ ] [ ] .c d a d akj n n
i

n

ki ij
n n

k i n n i j n n×
= ×

× ×=








 =Σ

1

∴ C DA= .

Theorem 6: Let U be an n-dimensional vector space over the field F and let V be an

m-dimensional vector space over F. For each pair of ordered bases B B, ′ for U and V respectively,

the function which assigns to a linear transformation T its matrix relative to B, B ′ is an

isomorphism between the space L U V( , ) and the space of all m n×  matrices over the field F.

Proof: Let B n= …{ }α α1, ,  and B m′ = …{ }β β1, , .

Let M be the vector space of all m n×  matrices over the field F. Let

ψ →: ( , )L U V M such that

ψ = ′ ∈( ) [ ; ; ] ( , ).T T B B T L U VV

Let T T L U V1 2, ( , ) ;∈  and let

[ ; ; ] [ ]T B B aij m n1 ′ = ×  and [ ; ; ] [ ] .T B B bij m n2 ′ = ×

Then T a j nj
i

m

ij i1
1

1 2( ) , , , ,α β= = …
=
Σ

and T b j nj
i

m

ij i2
1

1 2( ) , , , , .α β= = …
=
Σ

To prove that ψ is one-one:

We have ψ = ψ( ) ( )T T1 2

⇒   [ ; ; ] [ ; ; ]T B B T B B1 2′ = ′ [By def. of ψ]

⇒ [ ] [ ]a bij m n ij m n× ×=
⇒ a bij ij=  for i m= …1, ,  and j n= …1, ,
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⇒ Σ Σ
i

m

ij i
i

m

ij ia b
= =

=
1 1

β β  for j n= …1, ,

⇒ T Tj j1 2( ) ( )α α=  for j n= …1, ,

⇒ T T1 2= [∵ T1 and T2 agree on a ba sis for U ]

∴ ψ is one-one.

ψ is onto:

Let [ ] .c Mij m n× ∈  Then there exists a linear transformation T  from U into V  such that

T c j nj
i

m

ij i( ) , , , , .α β= = …
=
Σ

1
1 2

We have [ ; ; ] [ ]T B B c ij m n′ = ×   ⇒  ψ = ×( ) [ ] .T cij m n

∴ ψ is onto.

ψ is a lin ear trans for ma tion:

If a b F, ,∈  then

ψ + = + ′( ) [ ; ; ]aT bT aT bT B B1 2 1 2 [By def. of ψ]

  = ′ + ′[ ; ; ] [ ; ; ]aT B B bT B B1 2 [By the o rem 4]

  = ′ + ′a T B B b T B B[ ; ; ] [ ; ; ]1 2 [By the o rem 4]

  = ψ + ψa T b T( ) ( ),1 2  by def. of ψ.

∴ ψ is a lin ear trans for ma tion.

Hence ψ is an isomorphism from L U V( , ) onto M.

Note: It should be noted that in the above the o rem if U V→ , then ψ also pre serves

prod ucts and I  i e. .,

ψ = ψ ψ( ) ( ) ( )T T T T1 2 1 2

and ψ =( ) . .,I I i e unit ma trix.

Theorem 7: Let T be a linear operator on an n-dimensional vector space V and let B be an

ordered basis for V . Prove that T is invertible iff  [ ]T B  is an invertible matrix. Also if T is

invertible, then

[ ] [ ] ,T TB B
− −=1 1

i e. ., the matrix of T −1 relative to B is the inverse of the matrix of T relative to B.

Proof: Let T  be invertible. Then T −1 exists and we have

T T I T T− −= =1 1  

⇒  [ ] [ ] [ ]T T I T TB B B
− −= =1 1

⇒ [ ] [ ] [ ] [ ]T T I T TB B B B
− −= =1 1

⇒ [ ]T B  is in vert ible and ([ ] ) [ ] .T TB B
− −=1 1

Conversely, let [ ]T B  be an invertible matrix. Let [ ] .T AB =  Let C A= −1 and let S be the

linear transformation of V  such that

[ ] .S CB =
We have C A I AC= =
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⇒ [ ] [ ] [ ] [ ]S T I T SB B B B= =   

⇒  [ ] [ ] [ ]ST I TSB B B= =
⇒ ST I TS= =   

⇒  T  is in vert ible.

3  Change of Basis

Sup pose V  is an n-di men sional vec tor space over the field F. Let B and B ′ be two

or dered bases for V . If α is any vec tor in V , then we are now in ter ested to know

what is the re la tion be tween its co or di nates with re spect to B and its 

co or di nates with re spect to B ′ . (Garhwal 2010)

Theorem 1: Let V F( ) be an n-dimensional vector space and let B and B ′ be two ordered bases

for V . Then there is a unique necessarily invertible, n n×  matrix A with entries in F such that

(1) [ ] [ ]α αB BA= ′ (Garhwal 2008)

(2) [ ] [ ]α αB BA′
−= 1  for ev ery vec tor α in V .

Proof: Let B Bn n= … ′ = …{ } { }α α α β β β1 2 1 2, , , and , , , .

Then there exists a unique linear transformation T  from V  into V  such that

T j nj j( ) , , , , .α β= = …1 2 …(1)

Since T  maps a basis B onto a basis B ′ , therefore T  is necessarily invertible. The matrix

of T  relative to B  i e. .,  [ ]T B  will be a unique n n×  matrix with elements in F. Also this

matrix will be invertible because T  is invertible.

Let  [ ] [ ] .T A aB ij n n= = ×  

Then T a j nj
i

n

ij i( ) , , , , .α α= = …
=
Σ

1
1 2 …(2)

Let x x xn1 2, , ,…  be the coordinates of α with respect to B and y y yn1 2, , ,…  be the

coordinates of α with respect to B′. Then

α β β β β= + + … + =
=

y y y yn n
j

n

j j1 1 2 2
1

Σ

  =
=
Σ

j

n

jy T
j1

( )α [From (1)]

  =
= =
Σ Σ

j

n

j
i

n

ij iy a
1 1

α [From (2)]

  =








= =
Σ Σ

i

n

j

n

ij j ia y
1 1

α .

Also α α=
=
Σ

i

n

i ix
1

.    ∴  x a yi
j

n

ij j=
=
Σ

1

because the expression for α as a linear combination of elements of B is unique.

Now [ ]α B  is a column matrix of the type n × 1.  Also [ ]α B ′ is a column matrix of the type 

n × 1. The product matrix A B[ ]α ′ will also be of the type n × 1.
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The ith entry of [ ]α B i
j

n

ij jx a y= =
=
Σ

1
 = ith entry of A B[ ] .α ′

∴ [ ] [ ]α αB BA= ′ ⇒  A A AB B
− −

′=1 1[ ] [ ]α α

⇒ A IB B
− =1 [ ] [ ]α α ⇒  A B B

−
′=1 [ ] [ ] .α α

Note: The ma trix A T B= [ ]  is called the tran si tion ma trix from B to B ′. It ex presses

the co or di nates of each vec tor in V  rel a tive to B in terms of its co or di nates rel a tive to 

B ′ .
How to write the transition matrix from one basis to another ?

Let B Bn n= … ′ = …{ } { }α α α β β β1 2 1 2, , , and , , ,  be two ordered bases for the

n-dimensional vector space V F( ). Let A be the transition matrix from the basis B to the

basis B′ . Let T  be the linear transformation from V  into V  which maps the basis B onto

the basis B ′ . Then A is the matrix of T  relative to B i e A T B. ., [ ] .=  So in order to find

the matrix A, we should first express each vector in the basis B ′ as a linear combination

over F of the vectors in B. Thus we write the relations

β α α α1 11 1 21 2 1= + + … +a a an n

β α α α2 12 1 22 2 2= + + … +a a an n

…   …   …   …  …

…   …   …   …  …

β α α αn n n nn na a a= + + … +1 1 2 2 .

Then the matrix A aij n n= ×[ ]  i e. ., A is the transpose of the matrix of coefficients in the

above relations. Thus

A

a a a

a a a
n

n

=

11 12 1

21 22 2

...

...

... ... ... ...

... ... ... ...

a a an n nn1 2 ...























⋅

Now suppose α is any vector in V . If [ ]α B  is the coordinate matrix of α relative to the

basis B and [ ]α B ′ its coordinate matrix relative to the basis B ′ then

[ ] [ ]α αB BA= ′ and [ ] [ ] .α αB BA′
−= 1

Theorem 2: Let B n= …{ }α α1, ,  and B n′ = …{ }β β1, ,  be two ordered bases for an

n-dimensional vector space V F( ). If ( , , )x xn1 …  is an ordered set of n scalars, let  α α= �
=
Σ

i

n

i ix
1

  and  

β β=
=
Σ

i

n

i ix
1

.

Then show that T ( ) ,α β=  where T is the linear operator on V defined by

T i ni i( ) , , , , .α β= = …1 2

Proof: We have T T x
i

n

i i( )α α=








=
Σ

1
 =

=
Σ

i

n

i ix T
1

( )α    [∵ T  is lin ear]

        = =
=
Σ

i

n

i ix
1

β β.
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Similarity:

Similarity of matrices: Definition: Let A and B be square matrices of order n over the field 

F. Then B is said to be similar to A if there exists an n n×  invertible square matrix C with elements

in F such that

B C AC= −1 . (Gorakhpur 2010)

Theorem 3: The relation of similarity is an equivalence relation in the set of all n n×  matrices

over the field F. (Kumaun 2010, 11)

Proof: If A and B are two n n×  matrices over the field F, then B is said to be similar to A

if there exists an n n×  invertible matrix C over F such that

B C AC= −1 .

Reflexive: Let A be any n n×  matrix over F. We can write A I AI= −1 , where I  is n n×

unit matrix over F.

∴ A is sim i lar to A be cause I  is def i nitely in vert ible.

Symmetric: Let A be similar to B. Then there exists an n n×  invertible matrix P over 

F such that

A P BP= −1

⇒  PAP P P BP P− − −=1 1 1( )

⇒ PAP B− =1   ⇒  B PAP= −1

⇒ B P AP= − − −( )1 1 1

     [∵ P is in vert ible means P−1 is in vert ible and ( ) ]P P− − =1 1

⇒ B is sim i lar to A.

Transitive: Let A be similar to B and B be similar to C. Then

A P BP= −1  and B Q CQ= −1 ,

where P and Q are invertible n n×  matrices over F.

We have    A P BP P Q CQ P= =− − −1 1 1( )

   = − −( ) ( )P Q C QP1 1

       = −( ) ( )QP C QP1           [∵ P and Q are in vert ible means QP is

 in vert ible and ( ) ]QP P Q− − −=1 1 1

∴ A is sim i lar to C.

Hence similarity is an equivalence relation on the set of n n×  matrices over the field F.

Theorem 4: Similar matrices have the same determinant.

Proof: Let B be similar to A. Then there exists an invertible matrix C such that

B C AC= −1

⇒ det B = det ( ) ( ) ( ) ( )C AC B C A C− −⇒ =1 1det det det det

⇒ det B C C A= −( ) ( ) ( )det det det1

⇒ det det detB C C A= −( ) ( )1

⇒ det B I A B A B A= ⇒ = ⇒ =( ) ( ) ( ) .det det det det det det1
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Similarity of linear transformations: Definition: Let A and B be linear

transformations on a vector space V F( ). Then B is said to be similar to A if there exists an

invertible linear transformation C on V such that

B CAC= −1.

Theorem 5: The relation of similarity is an equivalence relation in the set of all linear

transformations on a vector space V F( ).

Proof: If A and B are two linear transformations on the vector space V F( ), then B is

said to be similar to A if there exists an invertible linear transformation C on V  such that

B CAC= −1.

Re flex ive: Let A be any lin ear trans for ma tion on V . We can write

A IAI= −1,

where I  is identity transformation on V .

∴ A is sim i lar to A be cause I  is def i nitely in vert ible.

Symmetric: Let A be similar to B. Then there exists an invertible linear

transformation P on V  such that

A PBP= −1

⇒ P AP P PBP P− − −=1 1 1( )

⇒ P AP B B P AP− −= ⇒ =1 1

⇒ B P A P= − − −1 1 1( )

⇒ B is sim i lar to A.

Tran si tive: Let A be sim i lar to B and B be sim i lar to C.

Then A PBP= −1,

and B QCQ= −1,

where P and Q are invertible linear transformations on V .

We have  A PBP P QCQ P= =− − −1 1 1( )

         = =− − −( ) ( ) ( ) ( ) .PQ C Q P PQ C PQ1 1 1

∴ A is sim i lar to C.

Hence similarity is an equivalence relation on the set of all linear transformations on 

V F( ).

Theorem 6: Let T be a linear operator on an n-dimensional vector space V F( ) and let B and 

B′ be two ordered bases for V . Then the matrix of T relative to B′ is similar to the matrix of T

relative to B.

Proof: Let B n= …{ }α α α1 2, , ,  and B n′ = …{ }β β1, , .

Let A ai j n n= ×[ ]  be the ma trix of T  rel a tive to B

and C c i j n n= ×[ ]  be the ma trix of T  rel a tive to B ′ . 

Then T a j nj
i

n

ij i( ) , , , ,α α= = …
=
Σ

1
1 2 …(1)
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and T c j nj
i

n

ij i( ) , , , , .β β= = …
=
Σ

1
1 2  …(2)

Let S be the linear operator on V  defined by

S j nj j( ) , , , , .α β= = …1 2 …(3)

Since S maps a basis B onto a basis B ′, therefore S is necessarily invertible. Let P be the

matrix of S relative to B. Then P is also an invertible matrix.

If P pi j n n= ×[ ] , then

S p j nj
i

n

ij i( ) , , , ,α α= = …
=
Σ

1
1 2 …(4)

We have     T T Sj j( ) [ ( )]β α= [From (3)]

          =








=
T p

k

n

kj kΣ
1

α

[From (4), on re plac ing i by k which is im ma te rial]

         =
=
Σ

k

n

kj kp T
1

( )α   
[∵ T  is lin ear]

         =
= =
Σ Σ

k

n

kj
i

n

ik ip a
1 1

α     [From (1), on re plac ing j by k]

          =








= =
Σ Σ

i

n

k

n

ik kj ia p
1 1

α . …(5)

Also T cj
k

n

kj k( )β β=
=
Σ

1
   [From (2), on re plac ing i by k ]

                =
=
Σ

k

n

kj kc S
1

( )α [From (3)]

          =
= =
Σ Σ

k

n

kj
i

n

ik ic p
1 1

α    [From (4), on re plac ing j by k ]

          = �










= =
Σ Σ

i

n

k

n

ik kj ip c
1 1

α . …(6)

From (5) and (6), we have

Σ Σ Σ Σ
i

n

k

n

ik kj i
i

n

k

n

ik kj ia p p c
= = = =

�








 =









1 1 1 1
α α

⇒ Σ Σ
k

n

ik kj
k

n

ik kja p p c
= =

=
1 1

⇒ [ ] [ ] [ ] [ ]a p p cik n n kj n n ik n n kj n n× × × ×=
[By def. of ma trix mul ti pli ca tion]

⇒ AP PC=
⇒ P AP P PC− −=1 1 [∵ P−1 ex ists]

⇒ P AP IC P AP C− −= ⇒ =1 1

⇒ C is sim i lar to A.
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Note: Sup pose B and B′ are two or dered bases for an n-di men sional vec tor space 

V F( ).  Let T  be a lin ear op er a tor on V .  Suppose A is the ma trix of T  rel a tive to B and C

is the ma trix of T  rel a tive to B′ .  If P is the tran si tion ma trix from the ba sis B to the ba sis 

B′ , then C P AP= −1 .

This result will enable us to find the matrix of T  relative to the basis B ′ when we already

knew the matrix of T  relative to the basis B.

Theorem 7: Let V be an n-dimensional vector space over the field F and T1 and T2 be two linear

operators on V . If there exist two ordered bases B and B ′ for V such that [ ] [ ] ,T TB B1 2= ′  then show

that T2 is similar to T1.

Proof: Let B n= …{ }α α1, ,  and B n′ = …{ }β β1, , .

Let [ ] [ ] [ ] .T T A aB B ij n n1 2= = =′ ×  

Then T a j nj
i

n

ij i1
1

1 2( ) , , , , ,α α= = …
=
Σ …(1)

and T a j nj
i

n

ij i2
1

1 2( ) , , , , .β β= = …
=
Σ …(2)

Let S be the linear operator on V  defined by

S j nj j( ) , , , , .α β= = …1 2 …(3)

Since S maps a basis of V  onto a basis of V , therefore S is invertible.

We have T T Sj j2 2( ) [ ( )]β α= [From (3)]

       = ( ) ( ).T S j2 α …(4)

Also T aj
i

n

i j i2
1

( )β β=
=
Σ [From (2)]

        =
=
Σ

i

n

i j ia S
1

( )α [From (3)]

         =








=
S a

i

n

i j iΣ
1

α       [∵ S is lin ear]

        = S T j[ ( )]1 α [From (1)]

        = ( ) ( ).ST j1 α …(5)

From (4) and (5), we have

( ) ( ) ( ) ( ), , , , .T S ST j nj j2 1 1 2α α= = …
Since T S2  and ST1 agree on a basis for V , therefore we have 

T S ST2 1=
⇒ T SS ST S2

1
1

1− −=   ⇒   T I ST S2 1
1= −

⇒ T ST S2 1
1= −        ⇒   T2 is sim i lar to T1.

Determinant of a linear transformation on a finite dimensional vector

space: Let T  be a linear operator on an n-dimensional vector space V F( ).  If B and B′
are two ordered bases for V , then [ ]T B  and [ ]T B ′

are similar matrices. Also similar matrices have the same determinant. This enables us

to make the following definition :
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Definition: Let T be a linear operator on an n-dimensional vector space V F( ). Then the

determinant of T is the determinant of the matrix of T relative to any ordered basis for V .

By the above discussion the determinant of T  as defined by us will be a unique element

of F and thus our definition is sensible.

Scalar Transformation: Definition: Let V F( ) be a vector space. A linear transformation 

T on V is said to be a scalar transformation of V if 

T c V( ) ,α α α= ∈V

where c is a fixed scalar in F.

Also then we write T c=  and we say that the linear transformation T  is equal to the

scalar c.

Also obviously if the linear transformation T  is equal to the scalar c, then we have T cI= ,

where I  is the identity transformation on V .

Trace of a Matrix: Definition: Let A be a square matrix of order n over a field F. The sum of

the elements of A lying along the principal diagonal is called the trace of A. We shall write the trace

of A as trace A. Thus if A aij n n= ×[ ] , then

tr A a a a a
i

n

ii nn= = + + … +
=
Σ

1
11 22 .

(Kumaun 2008)

In the following two theorems we have given some fundamental properties of the trace

function.

Theorem 8: Let A and B be two square matrices of order n over a field F and λ ∈ F. Then

(i) tr A tr A( ) ;λ λ= (Kumaun 2008)

(ii) tr A B tr A tr B( ) ;+ = +
(iii) tr AB tr BA( ) ( ).=
Proof: Let A a B bij n n ij n n= =× ×[ ] and [ ] .

(i) We have λ λA aij n n= ×[ ] , by def. of mul ti pli ca tion of a ma trix by a sca lar.

∴ tr ( ) .λ λ λ λA a a A
i

n

ii
i

n

ii= = � =
= =
Σ Σ

1 1
tr

(ii) We have A B a bij ij n n+ = + ×[ ] .

∴ tr ( ) ( ) .A B a b a b A B
i

n

ii ii
i

n

ii
i

n

ii+ = + = + = +
= = =
Σ Σ Σ

1 1 1
tr tr

(iii) We have AB c i j n n= ×[ ]  where c a bij
k

n

i k k j=
=
Σ

1
.

Also BA dij n n= ×[ ]  where d b aij
k

n

ik kj=
=
Σ

1
.

Now tr ( )AB c a b
i

n

ii
i

n

k

n

ik ki= =








= = =
Σ Σ Σ

1 1 1

          = �
= =
Σ Σ

k

n

i

n

ik kia b
1 1

,    [In ter chang ing the or der of

   sum ma tion in the last sum]
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          =






 =

= = =
Σ Σ Σ

k

n

i

n

ki ik
k

n

kkb a d
1 1 1

          = + + … + =d d d BAnn11 22 tr ( ).

Theorem 9: Similar matrices have the same trace.

Proof: Suppose A and B are two similar matrices. Then there exists an invertible

matrix C such that B C AC= −1 .

Let C A D− =1 .

Then tr B DC= tr ( )

     = tr ( )CD [By the o rem 8]

    = = =−tr tr tr( ) ( ) .CC A IA A1

Trace of a linear transformation on a finite dimensional vector space: Let T  be a

linear operator on an n-dimensional vector space V F( ). If B and B′ are two ordered

bases for V , then [ ] and [ ]T TB B ′

are similar matrices. Also similar matrices have the same trace. This enables us to make

the following definition.

Definition of trace of a linear transformation. Let T be a linear operator on an

n-dimensional vector space V F( ). Then the trace of T is the trace of the matrix of T relative to any

ordered basis for V .

By the above discussion the trace of T  as defined by us will be a unique element of F and

thus our definition is sensible.

Ex am ple 3: Find the ma trix of the lin ear trans for ma tion T on V3 ( )R  de fined as 

T a b c b c a b a( , , ) ( , , ),= + −2 4 3  with re spect to the or dered ba sis B and also with re spect to the

or dered ba sis B ′ where

(i) B = { }( , , ), ( , , ), ( , , )1 0 0 0 1 0 0 0 1

(ii)  B′ = { }( , , ), ( , , ), ( , , ) .111 11 0 1 0 0

So lu tion: (i) We have

T ( , , ) ( , , ) ( , , ) ( , , ) ( , , )1 0 0 0 1 3 0 1 0 0 1 0 1 0 3 0 0 1= = + +
T ( , , ) ( , , ) ( , , ) ( , , ) ( , , )0 1 0 2 4 0 2 1 0 0 4 0 1 0 0 0 0 1= − = − +

and T ( , , ) ( , , ) ( , , ) ( , , ) ( , , ).0 0 1 1 0 0 1 1 0 0 0 0 1 0 0 0 0 1= = + +
∴ by def. of ma trix of T  with re spect to B, we have

[ ]T B = −
















0 2 1

1 4 0

3 0 0

 .

Note: In or der to find the ma trix of T  rel a tive to the stan dard or dered ba sis B, it is

suf fi cient to com pute T T( , , ), ( , , )1 0 0 0 1 0  and T ( , , ).0 0 1  There is no need of fur ther
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ex press ing these vec tors as lin ear com bi na tions of ( , , ), ( , , )1 0 0 0 1 0  and ( , , ).0 0 1

Ob vi ously the co-or di nates of the vec tors T T( , , ), ( , , )1 0 0 0 1 0  and T ( , , )0 0 1 re spec tively 

con sti tute the first, sec ond and third col umns of the matrix [ ] .T B

(ii) We have T ( , , ) ( , , ).111 3 3 3= −
Now our aim is to express ( , , )3 3 3−  as a linear combination of vectors in B′ . 
Let ( , , ) ( , , ) ( , , ) ( , , )a b c x y z= + +111 11 0 1 0 0

       = + + +( , , ).x y z x y x

Then x y z a x y b x c+ + = + = =, ,

i e. ., x c y b c z a b= = − = −, , . …(1)

Putting a b= = −3 3, , and c = 3 in (1), we get

x y= = −3 6,  and z = 6.

∴ T ( , , ) ( , , ) ( , , ) ( , , ) ( , , ).111 3 3 3 3 111 6 11 0 6 1 0 0= − = − +
Also T ( , , ) ( , , ).11 0 2 3 3= −
Putting a b= = −2 3,  and c = 3 in (1), we get

T ( , , ) ( , , ) ( , , ) ( , , ) ( , , ).11 0 2 3 3 3 111 6 11 0 5 1 0 0= − = − +
Fi nally, T ( , , ) ( , , ).1 0 0 0 1 3=
Putt ing a b= =0 1,  and c = 3 in (1), we get

T ( , , ) ( , , ) ( , , ) ( , , ) ( , , ).1 0 0 0 1 3 3 111 2 1 0 0 1 1 0 0= = − −

∴ [ ]T B ′ = − − −
−

















3 3 3

6 6 2

6 5 1

 .

Ex am ple 4: Let T be the lin ear op er a tor on R3 de fined by

T x x x x x x x x x x( , , ) ( , , ).1 2 3 1 3 1 2 1 2 33 2 2 4= + − + − + +
What is the matrix of T in the ordered basis { }α α α1 2 3, ,  where 

α α α1 2 31 0 1 1 2 1 2 11= = − =( , , ), ( , , ) ( , , ) ?and

So lu tion: By def. of T , we have

T T( ) ( , , ) ( , , ).α1 1 0 1 4 2 3= = −
Now our aim is to express ( , , )4 2 3−  as a linear combination of the vectors in the basis 

B = { }α α α1 2 3, , . Let

( , , )a b c x y z= + +α α α1 2 3

           = + − +x y z( , , ) ( , , ) ( , , )1 0 1 1 2 1 2 11

         = − + + + +( , , ).x y z y z x y z2 2

Then x y z a y z b x y z c− + = + = + + =2 2, , .

Solving these equations, we have

x
a b c

y
b c a

z
b c a

=
− − +

=
+ −

=
− +

⋅
3 5

4 4 2
, , …(1)

Putting a b c= = − =4 2 3, ,  in (1), we get
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x y z= = − = − ⋅17

4

3

4

1

2
, ,

∴ T ( ) .α α α α1 1 2 3
17

4

3

4

1

2
= − −

Also T T( ) ( , , ) ( , , ).α 2 1 2 1 2 4 9= − = −
Putt ing a b c= − = =2 4 9, ,  in (1), we get 

x y z= = =
−

⋅35

4

15

4

7

2
, ,

∴ T ( ) .α α α α2 1 2 3
35

4

15

4

7

2
= + −

Fi nally T T( ) ( , , ) ( , , ).α3 2 11 7 3 4= = −  

Putt ing a b c= = − =7 3 4, ,  in (1), we get 

x y z= = − =11

2

3

2
0, , . 

∴ T ( ) .α α α α3 1 2 3
11

2

3

2
0= − +

∴ [ ]T B = − −

− −























⋅

17

4

35

4

11

2
3

4

15

4

3

2
1

2

7

2
0

Ex am ple 5: Let T be a lin ear op er a tor on R3 de fined by 

T x x x x x x x x x x( , , ) ( , , ).1 2 3 1 3 1 2 1 2 33 2 2 4= + − + − + +
Prove that T is invertible and find a formula for T −1.

So lu tion: Sup pose B is the stan dard or dered ba sis for R3 . Then 

B = { }( , , ), ( , , ), ( , , ) .1 0 0 0 1 0 0 0 1

Let A T B= [ ]  i e. ., let A be the matrix of T  with respect to B. First we shall compute A. 

We have

T T( , , ) ( , , ), ( , , ) ( , , )1 0 0 3 2 1 0 1 0 0 1 2= − − =  and T ( , , ) ( , , ).0 0 1 1 0 4=

∴ A T B= = −
−

















⋅[ ]

3 0 1

2 1 0

1 2 4

Now T  will be invertible if the matrix [ ]T B  is invertible.              [See theorem 7 of article 2]

We have det A A= = −
−















| |

3 0 1

2 1 0

1 2 4

 

= − + − + =3 4 0 1 4 1 9( ) ( ) .

Since det A ≠ 0, therefore the matrix A is invertible and consequently T  is invertible.
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Now we shall compute the matrix A−1. For this let us first find adj. A.

The cofactors of the elements of the first row of A are

1 0

2 4

2 0

1 4

2 1

1 2
4 8 3



 


 −

−
−



 




−
−



 


 −, , . ., , , .i e

The co factors of the el e ments of the sec ond row of A are

−

 




−


 


 −

−


 


 −

0 1

2 4

3 1

1 4

3 0

1 2
2 13 6, , . ., , , .i e

The cofactors of the elements of the third row of A are

0 1

1 0

3 1

2 0

3 0

2 1
1 2 3



 


 −

−


 




−


 


 − −, , . ., , , .i e

∴ Adj. A = trans pose of the ma trix 

4 8 3

2 13 6

1 2 3

−
−

− −
















 

       =
−
−

− −

















⋅
4 2 1

8 13 2

3 6 3

∴ A
A

A− = =
−
−

− −

















1 1 1

9

4 2 1

8 13 2

3 6 3
det

.Adj .

Now [ ] ([ ] ) .T T AB B
− − −= =1 1 1    [See the o rem 7 of ar ti cle 2]

We shall now find a formula for T −1. Let α = ( , , )a b c  be any vector belonging to R3 . Then

[ ( )] [ ] [ ]T TB B B
− −=1 1α α      [See Note of The o rem 2, ar ti cle 2]

                   =
−
−

− −

















1

9

4 2 1

8 13 2

3 6 3

  

a

b

c

















      =
+ −

+ −
− − +

















1

9

4 2

8 13 2

3 6 3

a b c

a b c

a b c

Since B is the standard ordered basis for R3 ,

∴ T T a b c− −=1 1( ) ( , , )α

        = + − + − − − +1

9
4 2 8 13 2 3 6 3( , , ).a b c a b c a b c

Ex am ple 6: Let T be the lin ear op er a tor on R3 de fined by

T x x x x x x x x x x( , , ) ( , , ).1 2 3 1 3 1 2 1 2 33 2 2 4= + − + − + +
(i)   What is the matrix of T in the standard ordered basis B for R3 ? (Kumaun 2014)

(ii) Find the transition matrix P from the ordered basis B to the ordered basis B′ = { }α α α1 2 3, ,

where α α1 21 0 1 1 2 1= = −( , , ), ( , , ), and α3 2 11= ( , , ).  Hence find the matrix of T relative to the

ordered basis B ′ .
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So lu tion: (i) Let A T B= [ ] . Then

A = −
−

















⋅
3 0 1

2 1 0

1 2 4

      [For cal cu la tion work see Ex am ple 5]

(ii) Since B is the standard ordered basis, therefore the transition matrix P from B to B′
can be immediately written as

P =
−















⋅
1 1 2

0 2 1

1 1 1

Now [ ] [ ] .T P T PB B′
−= 1

[See note of the o rem 6, ar ti cle 3]

In order to compute the matrix P −1, we find that det P = − 4.

There fore P
P

P− = = −
−

− −
− −

















1 1 1

4

1 3 5

1 1 1

2 2 2
det

Adj. .

∴  [ ]T B ′ = −
−

− −
− −

















−
−










1

4

1 3 5

1 1 1

2 2 2

3 0 1

2 1 0

1 2 4 





−















1 1 2

0 2 1

1 1 1

            = −
− −
− −

−

















−















1

4

2 7 19

6 3 3

4 2 6

1 1 2

0 2 1

1 1 1

          = −
− − −

−
















1

4

17 35 22

3 15 6

2 14 0

 

   = − −

− −























⋅

17

4

35

4

11

2
3

4

15

4

3

2
1

2

7

2
0

[Note that this re sult tal lies with that of Ex am ple 4.]

Ex am ple 7: Let T be a lin ear op er a tor on R2 de fined by : T x y y x y( , ) ( , ).= −2 3

Find the matrix representation of T relative to the basis { }( , ), ( , ) .1 3 2 5
(Kumaun 2011, 15)

So lu tion: Let α1 1 3= ( , ) and α 2 2 5= ( , ). By def. of T , we have

T T( ) ( , ) ( . , . ) ( , )α1 1 3 2 3 3 1 3 6 0= = − =
and T T( ) ( , ) ( . , . ) ( , ).α 2 2 5 2 5 3 2 5 10 1= = − =
Now our aim is to express the vectors T ( )α1  and T ( )α 2  as linear combinations of the

vectors in the basis { }α α1 2, .
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Let ( , ) ( , ) ( , ) ( , ).a b p q p q p q p q= + = + = + +α α1 2 1 3 2 5 2 3 5

Then p q a p q b+ = + =2 3 5, .

Solving these equations, we get

p a b q a b= − + = −5 2 3, . …(1)

Putting a b= =6 0,  in (1), we get p q= − =30 18, .

∴ T ( ) ( , ) .α α α1 1 26 0 30 18= = − + …(2)

Again putting a b= =10 1,  in (1), we get

p q= − =48 29, .

∴ T ( ) ( , ) .α α α2 1 210 1 48 29= = − + …(3)

From the re la tions (2) and (3), we see that the ma trix of T  rel a tive to the ba sis 

{ }α α1 2,  is =
− −









30 48

18 29
.

Ex am ple 8: Con sider the vec tor space V ( )R  of all 2 2×  ma tri ces over the field R of real

num bers. Let T be the lin ear trans for ma tion on V that sends each ma trix X onto AX, where 

A =










1 1

1 1
. Find the ma trix of T with re spect to the or dered ba sis B = { , , , }α α α α1 2 3 4  for V

where

α α α α1 2 3 4

1 0

0 0

0 1

0 0

0 0

1 0

0 0

0 1
=









 =









 =









 =


, , ,







 ⋅

So lu tion: We have

T ( )α1

1 1

1 1

1 0

0 0

1 0

1 0
=



















 =











      =








 +









 +









 +









1

1 0

0 0
0

0 1

0 0
1

0 0

1 0
0

0 0

0 1
 ,

     T ( )α2

1 1

1 1

0 1

0 0

0 1

0 1
=



















 =











      =








 +









 +









 +









0

1 0

0 0
1

0 1

0 0
0

0 0

1 0
1

0 0

0 1

     T ( )α3

1 1

1 1

0 0

1 0

1 0

1 0
=



















 =











      =








 +









 +









 +









1

1 0

0 0
0

0 1

0 0
1

0 0

1 0
0

0 0

0 1
,

and     T ( )α4

1 1

1 1

0 0

0 1

0 1

0 1
=



















 =











     =








 +









 +









 +









0

1 0

0 0
1

0 1

0 0
0

0 0

1 0
1

0 0

0 1
.
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∴   [ ]T B =



















⋅

1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 1

Ex am ple 9: If the ma trix of a lin ear trans for ma tion T on V2 ( ),C  with re spect to the or dered

ba sis B = { }( , ), ( , )1 0 0 1  is 
1 1

1 1









 , what is the ma trix of T with re spect to the or dered ba sis 

B ′ = −{ }( , ), ( , ) ?11 1 1

So lu tion: Let us first de fine T  ex plic itly. It is given that

[ ] .T B =










1 1

1 1

∴      T ( , ) ( , ) ( , ) ( , ),1 0 1 1 0 1 0 1 11= + =  

and T ( , ) ( , ) ( , ) ( , ).0 1 1 1 0 1 0 1 11= + =
If  ( , ) ( ),a b V∈ 2 C  then we can write ( , ) ( , ) ( , ).a b a b= +1 0 0 1

∴ T a b aT bT( , ) ( , ) ( , )= +1 0 0 1

       = +a b( , ) ( , )11 11

    = + +( , ).a b a b

This is the explicit expression for T .

Now let us find the matrix of T  with respect to B′ .
We have T ( , ) ( , ).11 2 2=
Let ( , ) ( , ) ( , ) ( , ).2 2 11 1 1= + − = + −x y x y x y

Then x y x y+ = − =2 2,

⇒ x y= =2 0, .

∴ ( , ) ( , ) ( , ).2 2 2 11 0 1 1= + −
Also T ( , ) ( , )1 1 0 0− =

     = + −0 11 0 1 1( , ) ( , ).

∴ [ ]T B ′ =








 ⋅

2 0

0 0

Note: If P is the tran si tion ma trix from the ba sis B to the ba sis B ′ , then 

P =
−









 ⋅

1 1

1 1

We can compute [ ]T B ′ by using the formula 

[ ] [ ] .T P T PB B′
−= 1

Ex am ple 10: Show that the vec tors α α α1 2 31 0 1 1 2 1 0 3 2= − = = −( , , ), ( , , ), ( , , ) form a

ba sis for R3 . Ex press each of the stan dard ba sis vec tors as a lin ear com bi na tion of α α α1 2 3, , .

(Kumaun 2015)
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So lu tion: Let a b c, ,  be sca lars i e. ., real num bers such that

a b cα α α1 2 3+ + = 0

i e. ., a b c( , , ) ( , , ) ( , , ) ( , , )1 0 1 1 2 1 0 3 2 0 0 0− + + − =
i e. ., ( , , ) ( , , )a b c a b c a b c+ + + − − + + =0 0 2 3 2 0 0 0

i e. .,

a b c

a b c

a b c

+ + =
+ − =

− + + =








0 0

0 2 3 0

2 0

,

,

.

…(1)

The coefficient matrix A of these equations is

A = −
−

















⋅
1 1 0

0 2 3

1 1 2

We have det A A= = −
−















⋅| |

1 1 0

0 2 3

1 1 2

      = + − −1 4 3 1 0 3( ) ( )

   = + =7 3 10.

Since det A ≠ 0, therefore the matrix A is non-singular and rank A = 3 i e. ., equal to the

number of unknowns a b c, , . Hence a b c= = =0 0 0, ,  is the only solution of the

equations (1). Therefore the vectors α α α1 2 3, ,  are linearly independent over R. Since

dim R3 3= , therefore the set { }α α α1 2 3, ,  containing three linearly independent vectors

forms a basis for R3 .

Now let B e e e= { }1 2 3, ,  be the standard ordered basis for R3 . 

Then   e e e1 2 31 0 0 0 1 0 0 0 1= = =( , , ), ( , , ), ( , , ). 

Let    B′ = { }α α α1 2 3, , .

We have    α1 1 2 31 0 1 1 0 1= − = + −( , , ) e e e

   α2 1 2 31 2 1 1 2 1= = + +( , , ) e e e

   α3 1 2 30 3 2 0 3 2= − = − +( , , ) .e e e

If P is the transition matrix from the basis B to the basis B′ , then 

P = −
−

















⋅
1 1 0

0 2 3

1 1 2

Let us find the matrix P−1. For this let us first find Adj. P.

The cofactors of the elements of the first row of P are

2 3

1 2

0 3

1 2

0 2

1 1

−







 −

−
−









 −









, , ,  i e. ., 7 3 2, , .

The cofactors of the elements of the second row of P are

−








 −

−
−

1 0

1 2

1 0

1 2

1 1

1 1
, ,   i e. .,  − −2 2 2, , .
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The cofactors of the elements of the third row of P are

1 0

2 3

1 0

0 3

1 1

0 2−
−

−
, , , i e. , − 3 3 2, ,

∴ Adj P = trans pose of the ma trix 

7 3 2

2 2 2

3 3 2

− −
−
















 =

− −

−

















⋅
7 2 3

3 2 3

2 2 2

∴  P
P

P− = =
− −

−

















⋅1 1 1

10

7 2 3

3 2 3

2 2 2
det

Adj

Now     e e e e1 1 2 31 0 0= + + .

∴ Co or di nate ma trix of e1 rel a tive to the ba sis B 

 =
















⋅
1

0

0

∴ Co-or di nate ma trix of e1 rel a tive to the ba sis B ′

 = =
















′
−[ ]e PB1
1

1

0

0

 =
− −

−

































1

10

7 2 3

3 2 3

2 2 2

1

0

0

 =
















=
















⋅1

10

7

3

2

7 10

3 10

2 10

/

/

/

∴ e1 1 2 3
7

10

3

10

2

10
= + +α α α .

Also [ ] and [ ]e eB B2 3

0

1

0

0

0

1

=
















=
















⋅

∴ [ ]e PB2
1

0

1

0
′

−=
















 and  [ ]e PB3
1

0

0

1
′

−=
















⋅

Thus [ ] , [ ]e eB B2 3
1

10

2

2

2

1

10

3

3

2
′ ′=

−

−

















=
−















⋅
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∴ e2 1 2 3
2

10

2

10

2

10
= − + −α α α

and e3 1 2 3
3

10

3

10

2

10
= − + +α α α .

Ex am ple 11:  Let A be an m n×  ma trix with real en tries. Prove that A = 0 (null ma trix) if and

only if trace ( ) .A At = 0

So lu tion: Let A aij m n= ×[ ] . 

Then A bt
ij n m= ×[ ] , where b aij ji= . 

Now A At  is a matrix of the type n n× .

Let A A ct
ij n n= ×[ ] . Then

            c ii = the sum of the prod ucts of the cor re spond ing el e ments of

the ith row of At and the ith col umn of A

                         = + + … +b a b a b ai i i i im mi1 1 2 2

                         = + + … +a a a a a ai i i i m i m i1 1 2 2  [ ]∵ b aij ji=
                         = + + … +a a ai i mi1

2
2

2 2 .

Now trace ( )A A ct

i

n

ii=
=
Σ

1
 = + + … +

=
Σ

i

n

i i mia a a
1

1
2

2
2 2{ }

        = the sum of the squares of all the el e ments of A.

Now the elements of A are all real numbers. 

Therefore trace ( )A At = 0

⇒ the sum of the squares of all the elements of A is zero 

⇒ each element of A is zero 

⇒ A is a null matrix.

Conversely if A is a null matrix, then A At  is also a null matrix and so trace ( ) .A At = 0

Hence trace ( ) .A A At = =0 0iff

Ex am ple 12: Show that the only ma trix sim i lar to the iden tity ma trix I is I it self.

So lu tion: The iden tity ma trix I  is in vert ible and we can write I I I I= −1 .  There fore I

is sim i lar to I . Fur ther let B be a ma trix sim i lar to I . Then there ex ists an in vert ible ma trix 

P such that

B P IP= −1   

⇒  B P P= −1 [ ]∵ P I P− −=1 1

⇒ B I= .

Hence the only matrix similar to I  is I  itself.

Ex am ple 13: If  T and S are sim i lar lin ear trans for ma tions on a fi nite di men sional vec tor

space V F( ), then det T det S= .
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So lu tion: Since T  and S are sim i lar, there fore there ex ists an in vert ible lin ear

trans for ma tion P on V  such that T PSP= −1.

Therefore det  T PSP P S P= =− −det ( ) (det ) (det ) (det )1 1

  = −(det ) (det ) (det )P P S1

  = −[det ( )] (det )PP S1

  = (det ) (det )I S

  = =1(det ) det .S S

 1. Let V = R3 and T V V: →  be a lin ear map ping de fined by

T x y z x z x y x y z( , , ) ( , , )= + − + − + +2 2 .

What is ma trix of T  rel a tive to the ba sis B = −{( , , ), ( , , ),( , , )}1 0 1 111 0 11  ?

 2. Find ma trix rep re sen ta tion of lin ear map ping T :R R3 3→  given by

T x y z z y z x y z( , , ) ( , , )= + + +  rel a tive to the ba sis

B = −{( , , ), ( , , ), ( , , )}.1 0 1 1 2 1 2 11 (Gorakhpur 2010)

 3. Find the coordinates of the vector ( , , , )2 1 3 4  of R4 relative to the basis vectors

α α α α1 2 3 411 0 0 1 0 11 2 0 0 2 0 0 2 2= = = =( , , , ), ( , , , ), ( , , , ), ( , , , ).

 4. Let T  be the lin ear op er a tor on R2 de fined by

T x y x y x y( , ) ( , )= − +4 2 2 .

Compute the matrix of T  relative to the basis { , }α α1 2  where α1 11= ( , ),

α2 1 0= −( , ). (Kumaun 2008)

 5. Let T  be the lin ear op er a tor on R2 de fined by

T x y x y x y( , ) ( , )= − +4 2 2 .

(i)  What is the ma trix of T  in the stan dard or dered ba sis B for R2 ?

(ii) Find the transition matrix P from the ordered basis B to the ordered basis 

B ′ = { , }α α1 2  where α α1 211 1 0= = −( , ), ( , ). Hence find the matrix of T

relative to the ordered  basis B′.
 6. Let T  be the linear operator on R2 defined by 

T a b a( , ) ( , )= 0 . 

Write the matrix of T  in the standard ordered basis B = {( , ), ( , )}1 0 0 1 .If 

B ′ = {( , ), ( , )}11 2 1  is another ordered basis for R3 , find the transition matrix P

from the basis B to the basis B ′. Hence find the matrix of T  relative to the basis

B ′.
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 7. The ma trix of a lin ear trans for ma tion T  on V3 ( )C  rel a tive to the ba sis

B = {( , , ), ( , , ), ( , , )}1 0 0 0 1 0 0 0 1  is 

0 1 1

1 0 1

1 1 0

−
− −
















 .

What is the ma trix of T   rel a tive to the ba sis

B′ = − − −{( , , ), ( , , ), ( , , )}0 1 1 1 11 1 0 1 ?

 8. Find the ma trix rel a tive to the ba sis

α α α1 2 3
2

3

2

3

1

3

1

3

2

3

2

3

2

3

1

3

2= −





= − −





= −, , , , , , , ,
3







of R3 , of the linear transformation T :R R3 3→  whose matrix relative to the

standard ordered basis is 

2 0 0

0 4 0

0 0 3

















⋅

 9. Find the matrix representation of the linear mappings relative to the usual bases

for R n.

(i) T :R R3 2→  de fined by T x y z x y z x y z( , , ) ( , )= − + + −2 4 9 5 3 2 .

(ii) T :R R2→  de fined by T x x x( ) ( , ).= 3 5

(iii) T :R R3 3→  de fined by T x y z x y( , , ) ( , , )= 0 .

(iv) T :R R3 3→  de fined by T x y z z y z x y z( , , ) ( , , ).= + + +

10. Let B = {( , ),( , )}1 0 0 1  and B′ = {( , ), ( , )}1 2 2 3  be any two bases of R2 and 

T x y x y x y( , ) ( , )= − +2 3 .

(i) Find the transition matrices P and Q from B to B′ and from B′ to B

respectively.

(ii) Ver ify that [ ] [ ]α α αB BP= ∈′ V R2

(iii) Ver ify that P T P TB B
−

′=1 [ ] [ ] .

11. Let V  be the space of all 2 2×  matrices over the field F and let P be a fixed 2 2×
matrix over F. Let T  be the linear operator on V  defined by

T A PA A V( ) ,= ∈V . 

Prove that trace ( )T = 2 trace ( )P .

12. Let V  be the space of 2 2×  ma tri ces over R  and let M =








 ⋅

1 2

3 4

Let T  be the lin ear op er a tor on V  de fined by T A MA( ) = . Find the trace of T .

13. Find the trace of the op er a tor T  on R3 de fined by

T x y z a x a y a z b x b y b z c x c y c z( , , ) ( , , )= + + + + + +1 2 3 1 2 3 1 2 3 .

14. Show that the only ma trix sim i lar to the zero ma trix is the zero ma trix  it self.

L-81



 1.

2 1 2

0 1 1

2 2 0−

















 2. 

3

2
0

13

4
1

2
1

5

4

0 1
1

2
−























 3. 1 0
1

2

3

2
, , ,





 4. 
3 2

1 2

−









 5. (i)
4 2

2 1

−







 (ii) 

1 1

1 0

3 2

1 2

−









−







;

 6. [ ] ; ; [ ]T P TB B=








 =









 =

− −







′

1 0

0 0

1 2

1 1

1 2

1 2

 7. [ ]T B ′ =
−
−
−

















1 0 4

0 0 2

0 0 3

 8.  

3 2 3 2 3

2 3 10 3 0

2 3 0 8 3

− −
−
−

















/ /

/ /

/ /

 9. (i)
2 4 9

5 3 2

−
−









 (ii) 

3

5











(iii) 

1 0 0

0 1 0

0 0 0

















(iv) 

0 0 1

0 1 1

1 1 1

















10. (i) P Q=








 =

−
−











1 2

2 3

3 2

2 1
;

12. trace ( )T = 10

13. trace ( )T a b c= + +1 2 3
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. Let T  be a linear transformation on the vector space V F2 ( ) defined by 

T a b a( , ) ( , ).= 0

The matrix of T  relative to the ordered basis { }( , ), ( , )1 0 0 1  of V F2 ( ) is

(a)
1 0

0 0









  (b)

0 1

0 0











(c)
0 0

1 0









 (d) 

0 0

0 1









 .

 2. The transition matrix P from the standard ordered basis to the ordered basis 

{ }( , ), ( , )11 1 0−  is

(a)
1 1

1 0−








 (b) 

1 1

1 0

−









(c)
0 1

1 0









 (d) 

1 0

0 1









 .

 3. Let V  be the vector space of 2 2×  matrices over R and let 

M = 
1 2

3 4









.

Let  T  be the linear operator on V  defined by 

T A MA( ) .=  

Then the trace of  T  is

(a) 5 (b) 10

(c) 0 (d) none of these.

 4. Let T  be a linear operator on R2 defined by T a b b a( , ) ( , )= . Then the matrix of T

with respect to basis { ( , ) ( , )}e e1 21 0 0 1= =and  :

(a)
1 0

0 1









 (b)

1 0

1 0











(c)
1 1

0 0









 (d)

0 1

1 0










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Fill in the Blank(s)

Fill in the blanks ‘‘……’’ so that the following statements are complete and 

correct.

 1. If T  is a lin ear op er a tor on R2 de fined by

T x y x y y( , ) ( , )= − , 

then T x y2 ( , ) .= ……

 2. Let A be a square matrix of order n over a field F. The sum of the elements of A

lying along the principal diagonal is called the …… of A.

 3. Let T  and S be similar linear operators on the finite dimensional vector space 

V F( ), then det ( ) det ( ).T S……

 4. Let V F( ) be an n-dimensional vector space and B be any ordered basis for V . If I

be the identity transformation on V , then [ ; ] .I B = ……
 5. Let T  be a linear operator on an n-dimensional vector space V F( ) and let B and 

B′ be two ordered bases for V . Then the matrix of T  relative to B′ is …… to the

matrix of T  relative to B.

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. The relation of similarity is an equivalence relation in the set of all linear

transformations on a vector space V F( ).

 2. Similar matrices have the same trace.

Multiple Choice Questions

 1. (a)  2. (b)  3. (b)  4. (a)

Fill in the Blank(s)

 1. ( , )x y y− 2  2. trace  3. =

 4. unit ma trix of or der n  5. sim i lar

True or False

 1. T  2. T

¨
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1  Linear Functionals

(Kumaun 2015)

L
et V F( ) be a vector space. We know that the field F can be regarded as a vector

space over F. This is the vector space F F( ) or F 1. We shall simply denote it by F. A

linear transformation from V  into F is called a linear functional on V . We shall now

give independent definition of a linear functional.

Linear Functionals: Definition: Let V F( ) be a vector space. A function f  from V into 

F is said to be a linear functional on V if

f a b af bf a b F( ) ( ) ( ) ,α β α β+ = + ∈V  and V α β, .∈V

If f  is a linear functional on V F( ), then f ( )α  is in F for each α belonging to V . Since 

f ( )α  is a scalar, therefore a linear functional on V  is a scalar valued function.

Il lus tra tion 1: Let V Fn ( ) be the vec tor space of or dered n-tuples of the el e ments of

the field F.

Let x x xn1 2, , ,…  be n field elements of F. If

α = … ∈( , , , ) ( ),a a a V Fn n1 2

let f  be a function from V Fn ( ) into F defined by

f x a x a x an n( ) .α = + + … +1 1 2 2
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Let β = … ∈( , , , ) ( ).b b b V Fn n1 2  If a b F, ,∈  we have

f a b f a a a b b bn n( ) [ ( , , ) ( , , )]α β+ = … + …1 1

        = + … +f aa bb aa bbn n( , , )1 1

        = + + … + +x aa bb x aa bbn n n1 1 1( ) ( )

        = + … + + + … +a x a x a b x b x bn n n n( ) ( )1 1 1 1

        = … + …af a a bf b bn n( , , ) ( , , )1 1  = +af bf( ) ( ).α β
∴ f  is a lin ear func tional on V Fn ( ).

Il lus tra tion 2: Now we shall give a very im por tant ex am ple of a lin ear func tional.

We shall prove that the trace function is a linear functional on the space of all n n×  matrices over

a field F.

Let n be a positive integer and F a field. Let V F( ) be the vector space of all n n×
matrices over F. If A a Vij n n= ∈×[ ] , then the trace of A is the scalar

tr A a a a ann
i

n

ii= + + … + = �
=

11 22
1

Σ .

Thus the trace of A is the scalar obtained by adding the elements of A lying along the

principal diagonal.

The trace function is a linear functional on V  because if

a b F, ∈  and A a B b Vij n n ij n n= = ∈× ×[ ] , [ ] , then

tr tr tr( ) ( [ ] [ ] ) ([ ]aA bB a a b b aa bbij n n ij n n ij ij n+ = + = +× × × n )

      = + = + �
= = =
Σ Σ Σ

i

n

ii ii
i

n

ii
i

n

iiaa bb a a b b
1 1 1

( )

      = +a A b B( ) ( ).tr tr

Il lus tra tion 3: Now we shall give an other im por tant ex am ple of a lin ear func tional.

Let V be a finite-dimensional vector space over the field F and let B be an ordered basis for V . The

function fi which assigns to each vector α in V the ith coordinate of α relative to the ordered basis B

is a linear functional on V .

Let B n= …{ }α α α1 2, , , .

If α α α α= + + … + ∈a a a Vn n1 1 2 2 , then by def i ni tion of fi , we have

f ai i( ) .α =
Similarly if β α α= + … + ∈b b Vn n1 1 , then f bi i( ) .β =
If a b F, ,∈  we have

f a b f a a a b b bi i n n n n( ) [ ( ) ( )]α β α α α α+ = + … + + + … +1 1 1 1

      = + + … + +f aa bb aa bbi n n n[( ) ( ) ]1 1 1α α
      = + = +aa bb af bfi i i i( ) ( ).α β

Hence fi is a linear functional on V .

Il lus tra tion 4: Let V be the vec tor space of poly no mi als in x over R. Let T V: → R be the

in te gral op er a tor de fined by T f x f x dx( ( )) ( ) .= ∫ 0

1
 Then T is lin ear and hence it is a lin ear

func tional on V . 
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2  Some Particular Linear Functionals

1. Zero Functional: Let V be a vector space over the field F.  The function f  from V into F

defined by

f ( )α = 0 (zero of F) V α ∈V

is a lin ear func tional on V .

Proof: Let α β, ∈ V and a b F, .∈  We have

f a b( )α β+ = 0  [By def. of f  ]

                   = + = +a b af bf0 0 ( ) ( ).α β
∴ f  is a linear functional on V . It is called the zero functional and we shall in future

denote it by 0
^

2. Negative of a Linear Functional: Let V be a vector space over the field F. Let f  be a

linear functional on V . The correspondence − f  defined by

( ) ( ) [ ( )]− = − ∈f f Vα α αV

is a linear functional on V . (Kumaun 2013)

Proof: Since f F f F( ) ( ) ,α α∈ ⇒ − ∈   therefore − f  is a func tion from V  into F.

Let a b F, ∈  and α β, .∈V  Then

( ) ( ) [ ( )]− + = − +f a b f a bα β α β [By def. of − f ]

    = − +[ ( ) ( )]af bfα β [∵ f  is a lin ear func tional]

  = − + −a f b f[ ( )] [ ( )]α β
    = − + −a f b f[( ) ( )] [( ) ( )].α β

∴ − f  is a lin ear func tional on V .

Properties of a Linear Functional:

Theorem 1: Let f  be a linear functional on a vector space V F( ). Then

(i) f ( )0 = 0 where 0 on the left hand side is zero vector of V ,  and 0 on the right hand side is

zero element of F.

(ii) f f V( ) ( ) .− = − ∈α α αV

Proof: (i) Let α ∈V . Then f F( ) .α ∈
We have f f( ) ( )α α+ =0 [∵ 0 is zero el e ment of F ]

         = +f ( )α 0 [∵ 0 is zero el e ment of V ]

         = +f f( ) ( )α 0 [∵ f  is a lin ear func tional]

Now F is a field. Therefore

f f f( ) ( ) ( )α α+ = +0 0

⇒ f ( ) ,0 = 0  by left can cel la tion law for ad di tion in F.

(ii) We have f f f[ ( )] ( ) ( )α α α α+ − = + − [∵ f  is a lin ear func tional]

But f f[ ( )] ( )α α+ − = =0 0 [By (i)]

Thus in F, we have

f f( ) ( )α α+ − = 0

⇒ f f( ) ( ).− = −α α
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3  Dual Spaces

(Gorakhpur 2015)

Let V ′ be the set of all linear functionals on a vector space V F( ). Sometimes we denote

this set by V *. Now our aim is to impose a vector space structure on the set V ′ over the

same field F. For this purpose we shall have to suitably define addition in V ′ and scalar

multiplication in V ′ over F.

Theorem: Let V be a vector space over the field F. Let f1 and f2 be linear functionals on V . The

function f f1 2+  defined by

( ) ( ) ( ) ( )f f f f V1 2 1 2+ = + ∈α α α αV

is a lin ear func tional on V . If c is any el e ment of F, the func tion cf  de fined by

( ) ( ) ( )c f c f Vα α α= ∈V

is a linear functional on V . The set V ′ of all linear functionals on V ,  together with the addition and

scalar multiplication defined as above is a vector space over the field F.

Proof: Suppose f1 and f2 are linear functionals on V  and we define f f1 2+  as follows :

( ) ( ) ( ) ( ) .f f f f V1 2 1 2+ = + ∈α α α αV …(1)

Since f f F1 2( ) ( ) ,α α+ ∈  therefore f f1 2+  is a function from V  into F.

Let a b F V, and , .∈ ∈α β  Then

( ) ( ) ( ) ( )f f a b f a b f a b1 2 1 2+ + = + + +α β α β α β [By (1)]

      = + + +[ ( ) ( )] [ ( ) ( )]af bf af bf1 1 2 2α β α β
[ and∵ f f1 2 are lin ear functionals]

   = + + +a f f b f f[ ( ) ( )] [ ( ) ( )]1 2 1 2α α β β
   = + + +a f f b f f[( ) ( )] [( ) ( )]1 2 1 2α β [By (1)]

∴ ( )f f1 2+  is a lin ear func tional on V . Thus

f f V f f V1 2 1 2, .∈ ′ ⇒ + ∈ ′
Therefore V ′ is closed with respect to addition defined in it.

Again let f V∈ ′ and c F∈ . Let us define c f  as follows :

( ) ( ) ( ) .c f c f Vα α α= ∈V …(2)

Since c f F( ) ,α ∈  therefore cf  is a function from V  into F.

Let a b F, ∈  and α β, .∈V  Then

( ) ( ) ( )c f a b c f a bα β α β+ = + [By (2)]

  = +c af bf[ ( ) ( )]α β [∵ f  is lin ear func tional]

  = +c af c bf[ ( )] [ ( )]α β [∵ F is a field]

  = +( ) ( ) ( ) ( )ca f cb fα β
  = +( ) ( ) ( ) ( )ac f bc fα β
  = +a c f b c f[ ( )] [ ( )]α β
  = +a c f b c f[( ) ( )] [( ) ( )].α β

∴ c f  is a lin ear func tional on V . Thus

f V c F c f V∈ ′ ∈ ⇒ ∈ ′and .

Therefore V ′ is closed with respect to scalar multiplication defined in it.
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Associativity of addition in V ′.
Let  f f f V1 2 3, , .∈ ′   If α ∈V , then

[ ( )] ( ) ( ) ( ) ( )f f f f f f1 2 3 1 2 3+ + = + +α α α [By (1)]

= + +f f f1 2 3( ) [ ( ) ( )]α α α [By (1)]

= + +[ ( ) ( )] ( )f f f1 2 3α α α        [∵ ad di tion in F is as so cia tive]

= + +( ) ( ) ( )f f f1 2 3α α [By (1)]

= + +[( ) ] ( )f f f1 2 3 α [By (1)]

∴ f f f f f f1 2 3 1 2 3+ + = + +( ) ( )
[By def. of equal ity of two func tions]

Commutativity of addition in V ′: Let f f V1 2, .∈ ′   If α is any element of V ,  then

( ) ( ) ( ) ( )f f f f1 2 1 2+ = +α α α [By (1)]

        = +f f2 1( ) ( )α α  [∵  Ad di tion in F is com mu ta tive]

        = +( ) ( )f f2 1 α [By (1)]

∴ f f f f1 2 2 1+ = + .

Existence  of  additive  identity  in  V ′: Let 0
^

 be the zero linear functional in V  i e. .,

0
^

( ) .α α= ∈0 V V

Then  0
^

.∈ ′V  If f V∈ ′ and α ∈V , we have

( ) ( ) ( ) ( )
^ ^
0 0+ = +f fα α α [By (1)]

       = +0 f ( )α [By def. of 0
^

]

       = f ( )α  [0 be ing ad di tive iden tity in F ]

∴ 0
^

.+ = ∈ ′f f f VV

∴ 0
^

 is the ad di tive iden tity in V ′ .

Existence of additive inverse of each element in V ′:

Let f V∈ ′ . Let us de fine − f  as fol lows :

( ) ( ) ( ) .− = − ∈f f Vα α αV

Then − ∈ ′f V . If α ∈V , we have

( ) ( ) ( ) ( ) ( )− + = − +f f f fα α α [By (1)]

 = − +f f( ) ( )α α [By def. of − f ]

 = 0

  = 0
^

( )α  [By def. of 0
^

]

∴ − + =f f 0
^

  for ev ery f V∈ ′ .

Thus each element in V ′ possesses additive inverse. Therefore V ′ is an abelian group

with respect to addition defined in it.
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Further we make the following observations :

(i) Let c F∈  and f f V1 2, .∈ ′  If α is any el e ment in V , we have

[ ( )] ( ) [( ) ( )]c f f c f f1 2 1 2+ = +α α [By (2)]

   = +c f f[ ( ) ( )]1 2α α [By (1)]

   = +c f c f1 2( ) ( )α α
   = +( ) ( ) ( ) ( )c f c f1 2α α [By (2)]

   = +( ) ( )c f c f1 2 α [By (1)]

∴ c f f c f c f( ) .1 2 1 2+ = +
(ii) Let a b F, ∈  and f V∈ ′ . If α ∈V , we have

[( ) ] ( ) ( ) ( )a b f a b f+ = +α α [By (2)]

     = +af bf( ) ( )α α [∵ F is a field]

  = +( ) ( ) ( ) ( )af bfα α [By (2)]

  = +( ) ( )af bf α [By (1)]

∴ ( ) .a b f af bf+ = +
(iii) Let a b F, ∈  and f V∈ ′ . If α ∈V , we have

[( ) ] ( ) ( ) ( )ab f ab fα α= [By (2)]

      = a bf[ ( )]α  [∵ mul ti pli ca tion in F is as so cia tive]

      = a bf[( ) ( )]α [By (2)]

      = [ ( )] ( )a bf α [By (2)]

∴ ( ) ( ).ab f a bf=
(iv) Let 1 be the multiplicative identity of F and f V∈ ′ . If α ∈V , we have

( ) ( ) ( )1 1f fα α= [By (2)]

        = f ( )α [∵ F is a field]

∴ 1 f f= .

Hence V ′ is a vector space over the field F.

Dual Space:

Definition: Let V be a vector space over the field F. Then the set V ′ of all linear functionals on 

V is also a vector space over the field F. The vector space V ′ is called the dual space of V .

Sometimes V * and V
^

 are also used to denote the dual space of V . The dual space of V  is

also called the conjugate space of V .

4  Dual Bases

Theorem 1: Let V be an n-dimensional vector space over the field F and let B n= …{ }α α1, ,  be

an ordered basis for V .   If { }x xn1, ,…  is any ordered set of n scalars, then there exists a unique linear

functional f  on V such that 

f x i ni i( ) , , , , .α = = …1 2
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Proof: Existence of f . Let α ∈V .

Since B n= …{ }α α α1 2, , ,  is a basis for V , therefore there exist unique scalars 

a a an1 2, , ,…  such that

α α α= + … +a an n1 1 .

For this vector α, let us define f a x a xn n( ) .α = + … +1 1

Obviously f ( )α  as defined above is a unique element of F. Therefore f  is a well-defined

rule for associating with each vector α in V  a unique scalar f ( )α  in F. Thus f  is a

function from V  into F.

The unique representation of α i V∈  as a linear combination of the vectors belonging to

the basis B is

α α α α α αi i i n= + + … + + + …++0 0 1 0 01 2 1 .

Therefore according to our definition of f , we have

f x x x x xi i i n( )α = + + … + + + … ++0 0 1 0 01 2 1

i e. ., f x i ni i( ) , , , , .α = = …1 2

Now to show that f  is a linear functional.

Let a b F, ∈  and α β, .∈V  Also let 

α α α= + … +a an n1 1 , and β α α= + … +b bn n1 1 . 

Then f a b f a a a b b bn n n n( ) [ ( ) ( )]α β α α α α+ = + …+ + + … +1 1 1 1

            = + + … + +f aa bb aa bbn n n[( ) ( ) ]1 1 1α α
            = + + … + +( ) ( )aa bb x aa bb xn n n1 1 1 [By def. of f ]

            = + … + + + … +a a x a x b b x b xn n n n( ) ( )1 1 1 1

           = +af bf( ) ( ).α β
∴ f  is a linear functional on V . 

Thus there exists a linear functional f  on V  such that f x i ni i( ) , , , , .α = = …1 2

Uniqueness of f : Let g be a linear functional on V  such that

g x i ni i( ) , , , , .α = = …1 2

For any vec tor α α α= + … + ∈a a Vn n1 1 , we have

g g a an n( ) ( )α α α= + … +1 1

     = + … +a g a gn n1 1( ) ( )α α        [∵ g is lin ear]

     = + … +a x a xn n1 1 [By def. of g]

     = f ( ).α [By def. of f ]

Thus g f V( ) ( ) .α α α= ∈V

∴ g f= .

This shows the uniqueness of f .

Remark: From this theorem we conclude that if f  is a linear functional on a finite

dimensional vector space V , then f  is completely determined if we mention under f  the 

images of the elements of a basis set of V . If f  and g are two linear functionals on V  such

that f gi i( ) ( )α α=  for all α i belonging to a basis of V , then 

f g V i e f g( ) ( ) . ., .α α α= ∈ =V

Thus two linear functionals of V  are equal if they agree on a basis of V .
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Theorem 2: Let V be an n-dimensional vector space over the field F and let B n= …{ }α α1, ,  be a 

basis for V . Then there is a uniquely determined basis B f fn′ = …{ }1, ,  for V ′ such that 

fi j ij( ) .α δ=  Consequently the dual space of an n-dimensional space is n-dimensional.

(Gorakhpur 2015)

The basis B ′ is called the dual basis of B. 

Proof: B n= …{ }α α1, ,  is an ordered basis for V .  Therefore by theorem 1, there exists a

unique linear functional f1 on V  such that 

f f f n1 1 1 2 11 0 0( ) , ( ) , , ( )α α α= = … =
where { }1 0 0, , ,…  is an or dered set of n sca lars.

In fact, for each i n= …1 2, , ,   there exists a unique linear functional fi on V  such that

f
i j

i ji j( )
if

if
α =

≠
=





0

1

i e. ., fi j ij( ) ,α δ= …(1)

where δij F∈  is Kronecker delta i e. ., δij = 1 if i j=  and δij = 0 if i j≠ .

Let B f fn′ = …{ }1, , . Then B′ is a subset of V ′ containing n distinct elements of V ′ . We

shall show that B′ is a basis for V ′ .

First we shall show that B′ is lin early in de pend ent.

Let c f c f c fn n1 1 2 2+ + … + = 0
^

⇒ ( ) ( ) ( )
^

c f c f Vn n1 1 + … + = ∈α α α0 V

⇒ c f c f Vn n1 1 0( ) ( )α α α+ … + = ∈V [ ( ) ]
^

∵ 0 α = 0

⇒ Σ
i

n

i ic f V
=

= ∈
1

0( )α αV

⇒ Σ
i

n

i i jc f j n
=

= = …
1

0 1 2( ) , , , ,α     [Putt ing α α= j where j n= …1 2, , , ]

⇒ Σ
i

n

i ijc j n
=

= = …
1

0 1 2δ , , , ,

⇒ c j nj = = …0 1 2, , , ,

⇒ f f fn1 2, , ,…  are lin early in de pend ent.

In the second place, we shall show that the linear span of B′ is equal to V ′ .
Let f  be any element of V ′ . The linear functional f  will be completely determined if we 

define it on a basis for V . So let

f a i ni i( ) , , , , .α = = …1 2 …(2)

We shall show that 

f a f a f a fn n
i

n

i i= + … + = �
=

1 1
1

Σ .

We know that two linear functionals on V  are equal if they agree on a basis of V . So let 

α j B∈  where j n= …1, , . Then
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Σ Σ
i

n

i i j
i

n

i i ja f a f
= =









 = �

1 1
( ) ( )α α

  =
=
Σ

i

n

i ija
1

δ [From (1)]

   = aj, [On sum ming with re spect to i and

re mem ber ing that δij = 1 when i j=
and δij = 0 when i j≠ ]

   = f j( )α [From (2)]

Thus Σ
i

n

i i j j ja f f B
=









 = ∈

1
( ) ( ) .α α αV

Therefore f a f
i

n

i i=
=
Σ

1
. Thus every element f  in V ′ can be expressed as a linear

combination of f fn1, , .…
∴ V ′ = lin ear span of B′ . Hence B′ is a ba sis for V ′ .
Now dim V ′ =  number of distinct elements in B n′ = .

Corollary: If V is an n-dimensional vector space over the field F, then V is isomorphic to its dual

space V ′ .
Proof: We have dim V ′ =  dim V n= .

∴ V  is iso mor phic to V ′ .
Theorem 3: Let V be an n-dimensional vector space over the field F and let B n= …{ }α α1, ,   be

a basis for V .   Let B f fn′ = …{ }1, ,  be the dual basis of B. Then for each linear functional f  on V ,

we have

f f f
i

n

i i=
=
Σ

1
( )α

and for each vec tor α in V we have

α α α=
=
Σ

i

n

i if
1

( ) .

Proof: Since B′ is dual basis of B, therefore

fi j ij( ) .α δ= …(1)

If f  is a linear functional on V , then f V∈ ′ for which B′ is basis. Therefore f  can be

expressed as a linear combination of f fn1, , .…  

Let f c f
i

n

i i=
=
Σ

1
.

Then f c f c fj
i

n

i i j
i

n

i i j( ) ( ) ( )α α α= �








 =

= =
Σ Σ

1 1

      =
=
Σ

i

n

i ijc
1

δ [From (1)]

      = = …c j nj, , , , .1 2
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∴ f f f
i

n

i i=
=
Σ

1
( ) .α

Now let α be any vec tor in V . Let

α α α= + … +x xn n1 1 . …(2)

Then     f f xi i
j

n

j j( )α α= �










=
Σ

1
         From ( ),2

1
α α=









=

Σ
j

n

j jx

      =
=
Σ

j

n

j i jx f
1

( )α        [∵ fi is lin ear func tional]

      =
=
Σ

j

n

j ijx
1

δ [From (1)]

     = xi .

∴   α α α α α= + … +f fn n1 1( ) ( )

         =
=
Σ

i

n

i if
1

( ) .α α

Important: It should be noted that if B n= …{ }α α1, ,  is an ordered basis for V  and 

B f fn′ = …{ }1, ,   is the dual basis, then fi is precisely the function which assigns to each

vector α in V  the ith  coordinate of α relative to the ordered basis B.

Theorem 4: Let V be an n-dimensional vector space over the field F. If α is a non-zero vector in V ,

there exists a linear functional f  on V such that f ( ) .α ≠ 0

Proof: Since α ≠ 0, therefore { }α  is a linearly independent subset of V . So it can be

extended to form a basis for V . Thus there exists a basis B n= …{ }α α1, ,  for V  such that 

α α1 = .

If B f fn′ = …{ }1, ,  is the dual ba sis, then

f f1 1 1 1 0( ) ( ) .α α= = ≠
Thus there exists linear functional f1 such that

f1 0( ) .α ≠
Corollary: Let V be an n-dimensional vector space over the field F. If 

f f V( ) ,α = ∈ ′0 V  then α = 0.

Proof: Suppose α ≠ 0.  Then there is a linear functional f  on V  such that f ( )α ≠ 0. This

contradicts the hypothesis that

f f V( ) .α = ∈ ′0 V

Hence we must have α = 0.

Theorem 5: Let V be an n-dimensional vector space over the field F. If α β,  are any two different

vectors in V , then there exists a linear functional f  on V such that f f( ) ( ).α β≠
Proof: We have α β α β≠ ⇒ − ≠ 0.

Now α β−  is a non-zero vector in V . Therefore by theorem 4, there exists a linear

functional f  on V  such that

f ( )α β− ≠ 0  ⇒  f f( ) ( )α β− ≠ 0  ⇒  f f( ) ( )α β≠
Hence the result.
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5  Reflexivity ( Second Dual Space or Bi-dual Space or 

Double Dual Space )

Second dual space (or Bi-dual space): We know that every vector space V  possesses

a dual space V ′ consisting of all linear functionals on V . Now V ′ is also a vector space.

Therefore it will also possess a dual space ( )V ′ ′ consisting of all linear functionals on V ′.
This dual space of V ′  is called the Second dual space or Bi-dual space of V  and for the

sake of simplicity we shall denote it by V ′ ′ .
If V  is finite-dimensional, then

dim V = dim V ′ = dim V ′ ′
showing that they are isomorphic to each other.

Natural Isomorphism:

Theorem 1: Let V be a finite dimensional vector space over the field F.  If α is any vector in V , the

function Lα  on V ′ defined by

L f f f Vα α( ) ( )= ∈ ′V

is a linear functional on V ′ i.e., L Vα ∈ ′ ′ .
Also the mapping α α⇒ L  is an isomorphism of V onto V ′ ′ .
Proof: If α ∈V  and f V∈ ′ , then f ( )α  is a unique element of F. Therefore the

correspondence Lα  defined by

L f f f Vα α( ) ( )= ∈ ′V …(1)

is a function from V ′ into F.

Let a b F f g V, and , ,∈ ∈ ′  then

L af bg af bgα α( ) ( ) ( )+ = + [From (1)]

      = +( ) ( ) ( ) ( )af bgα α
      = +a f b g( ) ( )α α

[By sca lar mul ti pli ca tion of lin ear functionals]

      = +a L f b L g[ ( )] [ ( )].α α [From (1)]

Therefore Lα  is a linear functional on V ′ and thus L Vα ∈ ′ ′ .
Now let ψ be the function from V  into V ′ ′ defined by

ψ = ∈( ) .α ααL VV

ψ is one-one: If α β, ,∈V  then

ψ = ψ( ) ( )α β
⇒ L Lα β=  ⇒  L f L f f Vα β( ) ( )= ∈ ′V

⇒ f f f V( ) ( )α β= ∈ ′V [From (1)]

⇒ f f f V( ) ( )α β− = ∈ ′0 V  

⇒ f f V( )α β− = ∈ ′0 V

⇒ α β− = 0    

[∵ By the o rem 4 of ar ti cle 4, if α β− ≠ 0, then ∃ a lin ear

func tional f  on V  such that f ( ) .α β− ≠ 0  Here we have
f f V( )α β− = ∈ ′0 V  and so α β−  must be 0]
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⇒ α β= .

∴ ψ is one-one.

ψ is a linear transformation:

Let a b F, ∈  and α β, .∈V  Then

ψ + = +( )a b La bα β α β  [By def. of ψ]

For every f V∈ ′ , we have

L f f a ba bα β α β+ = +( ) ( )

 = +af bf( ) ( )α β [From (1)]

 = +aL f bL fα β( ) ( ) [From (1)]

 = + = +( ) ( ) ( ) ( ) ( ) ( ).aL f bL f aL bL fα β α β
∴ L aL bL a ba bα β α β α β+ = + = ψ + ψ( ) ( ).

Thus ψ + = ψ + ψ( ) ( ) ( ).a b a bα β α β
∴ ψ is a linear transformation from V  into V ′ ′ . We have dim V V= ′ ′dim . Therefore ψ
is one-one implies that ψ must also be onto.

Hence ψ is an isomorphism of V  onto V ′ ′ .

Note: The cor re spon dence α α→ L  as de fined in the above the o rem is called the

nat u ral cor re spon dence be tween V  and V ′ ′ . It is im por tant to note that the above

the o rem shows not only that V  and V ′ ′ are iso mor phic—this much is ob vi ous from the

fact that they have the same di men sion — but that the nat u ral cor re spon dence is an

isomorphism. This prop erty of vec tor spaces is called re flex ivi ty. Thus in the above

the o rem we have proved that ev ery fi nite-di men sional vec tor space is re flex ive.

In future we shall identify V ′ ′ with V  through the natural isomorphism α α↔ L . We

shall say that the element L of  V ′ ′ is the same as the element α of V  iff L L= α  i e. ., iff

L f f f V( ) ( ) .= ∈ ′α V

It will be in this sense that we shall regard V V′ ′ = .

Theorem 2: Let V be a finite dimensional vector space over the field F. If L is a linear functional

on the dual space V ′ of V , then there is a unique vector α in V such that

L f f f V( ) ( ) .= ∈ ′α V

Proof: This theorem is an immediate corollary of theorem 1. We should first prove

theorem 1. Then we should conclude like this :

The correspondence α α→ L  is a one-to-one correspondence between V  and V ′ ′.
Therefore if L V∈ ′ ′ , there exists a unique vector α in V  such that L L= α  i e. ., such that

L f f f V( ) ( ) .= ∈ ′α V

Theorem 3: Let V be a finite dimensional vector space over the field F. Each basis for V ′ is the

dual of some basis for V .

Proof: Let B f f fn′ = …{ }1 2, , ,  be a basis for V . 

Then there exists a dual basis ( ) , , ,B L L Ln′ ′ = …{ }1 2  for V ′ ′ such that

L fi j ij( ) .= δ …(1)

By previous theorem, for each i there is a vector α i in V  such that 
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L Li i
= α  where L f f f V

i iα α( ) ( ) .= ∈ ′V …(2)

The correspondence α α↔ L  is an isomorphism of V  onto V ′ ′ . Under an isomorphism

a basis is mapped onto a basis. Therefore B n= …{ }α α1, ,   is a basis for V  because it is the

image set of a basis for V ′ ′ under the above isomorphism.

Putting f f j=  in (2), we get

f L f L fj i j i ji
( ) ( ) ( )α α= =

      = δij . [From (1)]

∴ B f fn′ = …{ }1, ,  is the dual of the ba sis B.

Hence the result.

Theorem 4: Let V be a finite dimensional vector space over the field F. Let B be a basis for V and 

B′ be the dual basis of B. Then show that

B B B′ ′ = ′ ′ =( ) . (Kumaun 2007)

Proof: Let B n= …{ }α α1, ,  be a ba sis for V ,

B f fn′ = …{ }1, ,  be the dual ba sis of B in V ′
and B B L Ln′ ′ = ′ ′ = …( ) , ,{ }1  be the dual ba sis of B in V ′ ′ . 
Then fi j ij( ) ,α δ=
and L f i n j ni j ij( ) , , , ; , , .= = … = …δ 1 1

If α ∈V , then there ex ists L Vα ∈ ′ ′ such that

L f f f Vα α( ) ( ) .= ∈ ′V

Tak ing α i in place of α , we see that for each j n= …1, , ,

L f f L f
i j j i ij i jα α δ( ) ( ) ( ).= = =

Thus L
iα  and Li agree on a ba sis for V ′ .  There fore L L

i iα = .

If we identify V ′ ′ with V  through the natural isomorphism  α α↔ L , then we consider 

Lα  as the same element as α.

So L Li ii
= =α α  where i n= …1 2, , , .

Thus B B′ ′ = .

Ex am ple 1: Find the dual ba sis of the ba sis set

B = − − −{ }( , , ), ( , , ), ( , , )1 1 3 0 1 1 0 3 2  for V3 ( ).R
(Kumaun 2008, 09, 11, 13)

So lu tion: Let α α α1 2 31 1 3 0 1 1 0 3 2= − = − = −( , , ), ( , , ), ( , , ).

Then B = { }α α α1 2 3, , .

If B f f f′ = { }1 2 3, ,  is dual ba sis of B, then

f f f1 1 1 2 1 31 0 0( ) , ( ) , ( ) ,α α α= = =
f f f2 1 2 2 2 30 1 0( ) , ( ) , ( ) ,α α α= = =

and f f f3 1 3 2 3 30 0 1( ) , ( ) , ( ) .α α α= = =
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Now to find explicit expressions for f f f1 2 3, , .

Let ( , , ) ( ).a b c V∈ 3 R

Let ( , , ) ( , , ) ( , , ) ( , , )a b c x y z= − + − + −1 1 3 0 1 1 0 3 2 …(1)

      = + +x y zα α α1 2 3 .

Then f a b c x f a b c y f a b c z1 2 3( , , ) , ( , , ) , and ( , , ) .= = =
Now to find the val ues of x y z, , .

From (1), we have

x a x y z b x y z c= − + + = − − =, , .3 3 2

Solv ing these equa tions, we have

x a y a b c z b c a= = − − = + −, , .7 2 3 2

Hence f a b c a f a b c a b c1 2 7 2 3( , , ) , ( , , ) ,= = − −
and f a b c a b c3 2( , , ) .= − + +
Therefore B f f f′ = { }1 2 3, ,  is a dual basis of B where f f f1 2 3, ,  are as defined above.

Ex am ple 2: The vec tors α α1 21 1 1 1 1 1= = −( , , ), ( , , ),  and α3 1 1 1= − −( , , )  form a ba sis of 

V3 ( ).C   If { }f f f1 2 3, ,  is the dual ba sis and if  α = ( , , ),0 1 0   find f f1 2( ), ( )α α  and f3 ( ).α

So lu tion: Let α α α α= + +a a a1 1 2 2 3 3 . Then

f a f a f a1 1 2 2 3 3( ) , ( ) , ( ) .α α α= = =
Now α α α α= + +a a a1 1 2 2 3 3

⇒ ( , , ) ( , , ) ( , , ) ( , , )0 1 0 1 1 1 1 1 1 1 1 11 2 3= + − + − −a a a

⇒ ( , , ) ( , , )0 1 0 1 2 3 1 2 3 1 2 3= + + + − − −a a a a a a a a a

⇒ a a a a a a a a a1 2 3 1 2 3 1 2 30 1 0+ + = + − = − − =, ,

⇒ a a a1 2 30
1

2

1

2
= = = − ⋅, ,

∴ f f f1 2 30
1

2

1

2
( ) , ( ) , ( )α α α= = = − ⋅

Ex am ple 3: If f  is a non-zero lin ear func tional on a vec tor space V and if x is an ar bi trary

sca lar, does there nec es sar ily ex ist a vec tor α in V such that f x( ) ?α =

So lu tion: f  is a non-zero lin ear func tional on V . There fore there must be some non-zero 

vec tor β in V  such that

f y( )β =  where y is a non-zero el e ment of F.

If x is any element of F, then

x xy y xy f= =− −( ) ( ) ( )1 1 β

  = −f xy[( ) ]1 β       [∵ f  is lin ear func tional]

Thus there exists α β= ∈−( )xy V1  such that f x( ) .α =

Note 1: If f  is a non-zero lin ear func tional on V F( ), then f  is nec es sar ily a func tion

from V  onto F.

Note 2: In some books f ( )α  is writ ten as [ , ].α f
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Ex am ple 4: Prove that if f  is a lin ear func tional on an n-di men sional vec tor space V F( ), then

the set of all those vec tors α for which f ( )α = 0 is a subspace of  V , what is the di men sion of that

subspace ?

So lu tion: Let N V f= ∈ ={ }α α: ( ) .0

N  is not empty because at least 0 ∈ N . Remember that

f ( ) .0 = 0

Let α β, .∈ N  Then f f( ) , ( ) .α β= =0 0

If  a b F, ,∈  we have

f a b af bf a b( ) ( ) ( ) .α β α β+ = + = + =0 0 0

∴ a b Nα β+ ∈ .

Thus a b F N, and ,∈ ∈α β  

⇒ a b Nα β+ ∈ .

∴ N  is a subspace of V . This subspace N  is the null space of f .

We know that dim V = dim N + dim (range of f  ).

(i) If f  is zero linear functional, then range of f  consists of zero element of F alone.

Therefore dim (range of f  ) = 0 in this case.

∴ In this case, we have

dim V N= +dim 0

⇒ n N= dim .

(ii) If f  is a non-zero linear functional on V , then f  is onto F. So range of f  consists of

all F in this case. The dimension of the vector space F ′ is 1.

∴ In this case we have

dim dimV N= + 1

⇒ dim .N n= − 1

Ex am ple 5:  Let V be a vec tor space over the field F. Let f  be a non-zero lin ear func tional on V

and let N be the null space of f . Fix a vec tor α0  in V which is not in N . Prove that for each α in V

there is a sca lar c and a vec tor β in N such that α α β= +c 0 .  Prove that c and β are unique.

So lu tion: Since f  is a non-zero lin ear func tional on V , there fore there ex ists a non-zero

vec tor α0  in V  such that f ( ) .α0 0≠  Con se quently α0 ∉N . Let f y( ) .α0 0= ≠
Let α be any element of V  and let f x( ) .α =
We have f x( )α =

⇒ f x y y( ) ( )α = −1
[∵ 0 1≠ ∈ ⇒ −y F y  ex ists]

⇒ f cy( )α =  where c x y F= ∈−1

⇒ f c f( ) ( )α α= 0

⇒ f f c( ) ( )α α= 0   [∵ f  is a lin ear func tional]

⇒ f f c( ) ( )α α− =0 0

⇒ f c( )α α− =0 0

⇒ α α− ∈c N0

L-99



⇒ α α β− =c 0  for some β ∈ N .

⇒ α α β= +c 0 .

If possible, let

α α β= ′ + ′c 0  where c F′ ∈  and β′ ∈ N .

Then c cα β α β0 0+ = ′ + ′ …(1)

⇒ ( ) ( )c c− ′ + − ′ =α β β0 0

⇒ f c c f[( ) ( )] ( )− ′ + − ′ =α β β0 0

⇒ ( ) ( ) ( )c c f f− ′ + − ′ =α β β0 0

⇒ ( ) ( )c c f− ′ =α0 0

[ ,∵ β β β β′ ∈ ⇒ − ′ ∈N N  and thus f ( ) ]β β− ′ = 0

⇒ ( )c c− ′ = 0     [ ( )∵ f α0  is a non-zero el e ment of F ]

c c= ′ .
Putt ing c c= ′ in (1), we get c cα β α β0 0+ = + ′ ⇒ β β= ′ .
Hence c and β are unique.

Ex am ple 6: If f  and g are in V ′ such that f g( ) ( ) ,α α= ⇒ =0 0  prove that g kf=  for some 

k F∈ .

So lu tion: It is given that f g( ) ( ) .α α= ⇒ =0 0  There fore if α be longs to the null space 

of f , then α also be longs to the null space of g. Thus null space of f  is a sub set of the null

space of g.

(i) If f  is zero linear functional, then null space of f  is equal to V . Therefore in this case 

V  is a subset of null space of g. Hence null space of g is equal to V . So g is also zero linear

functional. Hence we have

g k f k F= ∈V .

(ii) Let f  be non-zero linear functional on V . Then there exists a non-zero vector α0 ∈V

such that f y( )α0 =  where y is a non-zero element of F.

Let k
g

f
= ⋅

( )

( )

α
α

0

0

If  α ∈V , then we can write

α α β= +c 0  where c F∈  and β ∈ null space of f .

We have g g c cg g( ) ( ) ( ) ( )α α β α β= + = +0 0

     = cg ( )α0
[∵ β ∈ null space of f f⇒ =( )β 0 and so g ( ) ]β = 0

Also ( ) ( ) ( ) ( )k f k f k f cα α α β= = +0

      = +k cf f[ ( ) ( )]α β0

      = kc f ( )α0   [ ( ) ]∵ f β = 0

      = =
g

f
cf cg

( )

( )
( ) ( ).

α
α

α α0

0
0 0

Thus g k f V( ) ( ) ( ) .α α α= ∈V

∴ g k f= .
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 1. Let f :R R2 →  and g :R R2 →  be the lin ear functionals de fined by 

f x y x y( , ) = + 2  and g x y x y( , ) = −3 . 

Find (i) f g+ (ii) 4 f  (iii) 2 5f g− .

 2. Let f :R R2 →  and g :R R2 →  be the lin ear functionals de fined by 

f x y z( , , ) = − +2 3x y zand g x y z x y z( , , ) = − +4 2 3 . 

Find (i) f g+   (ii) 3 f  (iii) 2 5f g− .

 3. Find the dual ba sis of the ba sis set {( , ), ( , )}2 1 3 1  for R2.

 4. Find the dual ba sis of the ba sis set

B = {( , , ), ( , , ), ( , , )}1 0 0 0 1 0 0 0 1  for V3 (R). (Gorakhpur 2013)

 5. Find the dual ba sis of the ba sis set

B = − − −{( , , ), ( , , ), ( , , )}1 2 3 1 11 2 4 7  of V3(R). (Kumaun 2010)

 6. If B = − − −{( , , ), ( , , ), ( , , )}111 1 11 11 1  is a basis of V3 (R), then find the dual basis of B.
(Kumaun 2011, 15)

 7. Let V  be the vector space of polynomials over R of degree ≤ 1 i e. .,

V a bx a b= + ∈{ : , }R .

Let φ1 and φ2 be lin ear functionals on V  de fined by

φ = ∫1 0

1
[ ( )] ( )f x f x dx and φ = ∫2 0

2
[ ( )] ( )f x f x dx.

Find the ba sis { , }f f1 2  of V  which is dual to { , }φ φ1 2 .

 8. Let V  be the vector space of polynomials over R of degree ≤ 2. Let φ φ1 2,  and φ3 be

the linear functionals on V  defined by

φ = φ = ′ φ =∫1 2 30

1
1 0[ ( )] ( ) , [ ( )] ( ), [ ( )] ( )f x f x dx f x f f x f .

Here f x a bx cx V( ) = + + ∈2  and f x′ ( ) denotes the derivative of f x( ). Find the

basis { ( ), ( ), ( )}f x f x f x1 2 3  of V  which is dual to { , , }φ φ φ1 2 3 .

 9. Prove that every finite dimensional vector space V  is isomorphic to its second

conjugate space V** under an isomorphism which is independent of the choice of

a basis in V .

10. Define a non-zero linear functional f  on C3 such that f f( ) ( )α β= =0  where 

α = ( , , )1 1 1  and β ( , , )1 1 1− .
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 1. (i) 4x y+ (ii) 4 8x y+ (iii)  − +13 9x y

 2. (i) 6 5 4x y z− + (ii)  6 9 3x y z− + (iii) − + −16 4 13x y z

 3. B f f′ = { , }1 2  where f a b b a f a b a b1 23 2( , ) , ( , )= − = −

 4. B f f f′ = { , , }1 2 3  where f a b c a f a b c b f a b c c1 2 3( , , ) , ( , , ) , ( , , )= = =

 5. B f f f′ = { , , }1 2 3  where f a b c a b c f a b c a b1 23 5 2 2( , , ) , ( , , )= − − − = + ,

f a b c a b c3 2( , , ) = + +

 6. B f f f′ = { , , }1 2 3 , where f a b c b c f a b c a c1 2
1

2

1

2
( , , ) ( ), ( , , ) ( )= + = + ,

f a b c a b3
1

2
( , , ) ( )= +

 7. f x x f x x1 22 2
1

2
( ) , ( )= − = − +

 8. f x x x f x x x f x x x1
2

2
2

3
23

3

2

1

2

3

4
1 3

3

2
( ) , ( ) , ( )= − = − + = − +

10. f a b c x a b( , , ) ( ),= −  where x is any non-zero sca lar.

6  Annihilators

(Kumaun 2008)

Definition: If V is a vector space over the field F and S is a subset of V , the annihilator of S is the

set S0  of all linear functionals f  on V such that 

f S( ) .α α= ∈0 V

Sometimes A S( ) is also used to denote the annihilator of S.

Thus S f V f S0 0= ∈ ′ = ∈{ }: ( ) .α αV

It should be noted that we have defined the annihilator of S which is simply a subset of 

V S.  should not necessarily be a subspace of V .

If S = zero subspace of V , then S V0 = ′ .

If S V= , then S V0 0= = zero subspace of V ′ .

If V  is finite dimensional and S contains a non-zero vector, then S V0 ≠ ′. If 0 ≠ ∈α S,

then there is a linear functional f  on V  such that f ( ) .α ≠ 0  Thus there is f V∈ ′ such

that f S∉ 0 . Therefore S V0 ≠ ′ .

Theorem 1: If S is any subset of a vector space V F( ), then S0  is a subspace of V ′ .
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Proof: First we see that S0  is a non-empty subset of V ′ because at least   0
^

.∈ S0  

We have 0
^

( ) .α α= ∈0 V S

Let f g S, .∈ 0   Then f S( ) ,α α= ∈0 V  and g S( ) .α α= ∈0 V

If a b F, ,∈  then

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .af bg af bg af bg a b+ = + = + = + =α α α α α 0 0 0

∴ af bg S+ ∈ 0 .

Thus a b F, ∈  and f g S, ∈ 0  ⇒ af bg S+ ∈ 0 .

∴ S0  is a subspace of V ′ .

Dimension of Annihilator:

Theorem 2: Let V be a finite dimensional vector space over the field F, and let W be a subspace of 

V . Then

dim W dim W dim V+ =0 .

Proof: If W is zero subspace of V , then W V0 = ′ .

∴ dim W V V0 = ′ =dim dim .

Also in this case dim W = 0. Hence the result.

Similarly the result is obvious when W V= .

Let us now suppose that W is a proper subspace of V . 

Let dim V n= , and dim W m=  where 0 < <m n.

Let B m1 1= …{ }α α, ,  be a basis for W. Since B1 is a linearly independent subset of V  also,

therefore it can be extended to form a basis for V . Let B m m n= … …+{ }α α α α1 1, , , , ,  be 

a basis for V .

Let B f f f fm m n′ = … …+{ }1 1, , , , ,  be the dual basis of B. Then B′ is a basis for V ′ such

that fi j ij( ) .α δ=

We claim that S f fm n= …+{ }1, ,  is a basis for W0 .

Since S B⊂� ′ , therefore S is linearly independent because B′ is linearly independent. So 

S will be a basis for W0 , if W0  is equal to the subspace of V ′ spanned by S i e. ., if 

W L S0 = ( ).

First we shall show that W L S0 ⊆ ( ). Let f W∈ 0 .  Then f V∈ ′ . So let

f x f
i

n

i i=
=
Σ

1
. …(1)

Now f W∈ 0  ⇒ f W( )α α= ∈0 V

⇒ f j( )α = 0 for each j m= …1, , [ , ,∵ α α1 … m are in W ]

⇒ Σ
i

n

i i jx f
=







 =

1
0( )α [From (1)]
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⇒ Σ
i

n

i i jx f
=

=
1

0( )α  ⇒ Σ
i

n

i ijx
=

=
1

0δ

⇒ x j = 0 for each j m= …1, , .

Putting x x xm1 20 0 0= = … =, , ,  in (1), we get

f x f x fm m n n= + … ++ +1 1

     = a lin ear com bi na tion of the el e ments of S.

∴ f L S∈ ( ).

Thus f W∈ 0   ⇒ f L S∈ ( ).

∴ W L S0 ⊆ ( ).

Now we shall show that L S W( ) .⊆ 0

Let g L S∈ ( ). Then g is a linear combination of  f fm n+ …1, , .  Let

g y f
k m

n

k k=
= +

Σ
1

. …(2)

Let α ∈W. Then α is a linear combination of α α1, , .… m  Let

α α=
=
Σ

j

m

j jc
1

. …(3)

We have g g c
j

m

j j( )α α=








=
Σ

1
[From (3)]

     =
=
Σ

j

m

j jc g
1

( )α      [∵ g is lin ear func tional]

     =








= = +
Σ Σ

j

m

j
k m

n

k k jc y f
1 1

( )α [From (2)]

     = = �
= = + = = +
Σ Σ Σ Σ

j

m

j
k m

n

k k j
j

m

j
k m

n

k kjc y f c y
1 1 1 1

( )α δ

     =
=
Σ

j

m

jc
1

0           [∵δkj = 0 if k j≠  which is so for each

                     k m n= + …1, ,  and for each j m= …1, , ]

           = 0.

Thus g W( ) .α α= ∈0 V   Therefore g W∈ 0 .

Thus g L S∈ ( ) ⇒ g W∈ 0 .

∴ L S W( ) .⊆ 0

Hence W L S0 = ( ) and S is a basis for W0 .

∴ dim W n m0 = − = dim V − dim W

or dim dim dimV W W= + 0 .
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Corollary: If  V is finite-dimensional and W is a subspace of V ,  then W ′ is isomorphic to 

V W′ / .0

Proof: Let dim V n=  and dim W m= .  W ′ is dual space of W, 

so dim W W m′ = =dim .

Now dim V W V W′ = ′ −/ 0 0dim dim

= − − = =dim dim dim dimV V W W m( ) .

Since dim W V W′ = ′dim / ,0  there fore 

W V W′ ≅ ′ / .0

Annihilator of an Annihilator: Let V  be a vector space over the field F. If S is any

subset of V , then S 0  is a subspace of V ′ . By definition of an annihilator, we have

( ) : ( ) .S S L V L f f S0 0 00 00= = ∈ ′ ′ = ∈{ }V

Obviously S00  is a subspace of V ′ ′ . But if V  is finite dimensional, then we have

identified V ′ ′ with V  through the natural isomorphism α α↔ L . Therefore we may

regard S00  as a subspace of V . Thus

S V f f S00 00= ∈ = ∈{ }α α: ( ) .V

Theorem 3: Let V be a finite dimensional vector space over the field F and let W be a subspace of 

V . Then W W00 = .

Proof: We have

W f V f W0 0= ∈ ′ = ∈{ }: ( )α αV …(1)

and W V f f W00 00= ∈ = ∈{ }α α: ( ) .V …(2)

Let α ∈W. Then from (1), f f W( )α = ∈0 0V  and so from (2), α ∈W00 .

∴ α α∈ ⇒ ∈W W00 .

Thus W W⊆ 00 . Now W is a subspace of V  and W00  is also a subspace of V . Since 

W W⊆ 00 , therefore W is a subspace of W00 .

Now dim W W V+ =dim dim .0 [By the o rem (2)]

Applying the same theorem for vector space V ′ and its subspace W 0 , we get

dim dim dim dim .W W V V0 00+ = ′ =

∴ dim dim dim dim [dim dim ]W V W V V W= − = − −0 00

     = dim .W 00

Since W is a subspace of W 00  and dim W = dim W 00 , therefore W W= 00 .
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7  Hyperspace

Definition : Let V be an n di men sional vec tor space, then any subspace of di men sion ( )n − 1  is

called a hyperspace. These are also called hyperspaces or subspaces of codimension 1.

A hyperspace of V  can be represented as the null space of a non zero linear functional on 

V .

Let f  be a non-zero functional on an n dimensional vector space V .

Since f  is a linear transformation from V  into the scalar field F, therefore range of f  is a

non-zero subspace of F.

∴ dim F = 1 and rank f = 1.

By nullity theorem, we have 

⇔ nullity  f V f= −dim rank

= −n 1.

Thus nullspace of f  is a hyperspace of V .

Remark : If U is a k-dimensional subspace of an n-dimensional vector space V , then U is 

the intersection of ( )n k−  hyperspaces in V .

Ex am ple 7: If S1 and S2 are two sub sets of a vec tor space V such that S S1 2⊆ ,  then

show that S S2
0

1
0⊆ . (Kumaun 2008)

So lu tion: Let f S∈ 2
0 . 

Then f S( )α α= ∈0 2V

⇒ f S( )α α= ∈0 1V  [ ]∵ S S1 2⊆

⇒ f S∈ 1
0 .

∴ S S2
0

1
0⊆ .

Ex am ple 8: Let V be a vec tor space over the field F. If S is any sub set of V , then show that 

S L S0 0= [ ( )] .

So lu tion: We know that S L S⊆ ( ).

∴ [ ( )] .L S S0 0⊆ …(1)

Now let f S∈ 0 . Then f S( ) .α α= ∈0 V

If β is any element of L S( ), then β α=
=
Σ

i

n

i ix
1

 where each α i S∈ .
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We have  f x f
i

n

i i( ) ( )β α=
=
Σ

1
 = 0, since each f i( ) .α = 0

Thus f L S( ) ( ).β β= ∈0 V

∴ f L S∈( ( )) .0

There fore S L S0 0⊆ ( ( )) …(2)

From (1) and (2), we conclude that S L S0 0= ( ( )) .

Ex am ple 9: Let V be a fi nite-di men sional vec tor space over the field F. If S is any sub set of V ,

then S L S00 = ( ).

So lu tion: We have S L S0 0= ( ( )) . [See Ex am ple 8]

∴ S L S00 00= ( ( )) . …(1)

But V  is finite-dimensional and L S( ) is a subspace of V .  Therefore by theorem 3,

( ( )) ( ).L S L S00 =

∴ from (1), we have S L S00 = ( ).

Ex am ple 10: Let W1 and W2 be subspaces of a fi nite di men sional vec tor space V .

(i) Prove that ( ) .W W W W1 2
0

1
0

2
0+ = ∩ (Kumaun 2011, 13)

(ii) Prove that ( ) .W W W W1 2
0

1
0

2
0∩ = + (Kumaun 2013)

So lu tion: (i) First we shall prove that

W W W W1
0

2
0

1 2
0∩ ⊆ +( ) .

Let  f W W∈ ∩1
0

2
0 . Then f W f W∈ ∈1

0
2
0, .

Suppose α is any vector in W W1 2+ . Then

α α α= +1 2 where α α1 1 2 2∈ ∈W W, .

We have f f( ) ( )α α α= +1 2  = +f f( ) ( )α α1 2

     = +0 0 [ and ( )∵ α α1 1 1
0

1 0∈ ∈ ⇒ =W f W f

and sim i larly f ( ) ]α2 0=
     = 0.

Thus f W W( ) .α α= ∈ +0 1 2V

∴ f W W∈ +( ) .1 2
0

∴ W W W W1
0

2
0

1 2
0∩ ⊆ +( ) . …(1)

Now we shall prove that

( ) .W W W W1 2
0

1
0

2
0+ ⊆ ∩

We have W W W1 1 2⊆ + .

∴ ( ) .W W W1 2
0

1
0+ ⊆ …(2)
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Sim i larly, W W W2 1 2⊆ + .

∴ ( ) .W W W1 2
0

2
0+ ⊆ …(3)

From (2) and (3), we have

( ) .W W W W1 2
0

1
0

2
0+ ⊆ ∩ …(4)

From (1) and (4), we have

( ) .W W W W1 2
0

1
0

2
0+ = ∩

(ii) Let us use the result (a) for the vector space V ′ in place of the vector space V . Thus

replacing W1 by W1
0  and W2 by W2

0  in (a), we get

( )W W W W1
0

2
0 0

1
00

2
00+ = ∩

⇒ ( )W W W W1
0

2
0 0

1 2+ = ∩            [ ]∵ W W1
00

1= etc.

⇒ ( ) ( )W W W W1
0

2
0 00

1 2
0+ = ∩

⇒ W W W W1
0

2
0

1 2
0+ = ∩( ) .

Ex am ple 11: If W1 and W2 are subspaces of a vec tor space V , and if V W W= ⊕1 2 , then 

V W W′ = ⊕1
0

2
0 .

So lu tion: To prove that V W W′ = ⊕1
0

2
0 , we are to prove that 

(i) W W1
0

2
0∩ = { }0

^

and (ii) V W W′ = +1
0

2
0  i e. ., each f V∈ ′ can be writ ten as f f1 2+  

where f W f W1 1
0

2 2
0∈ ∈, .

(i) First to prove that W W1
0

2
0∩ = { }0

^
.

Let f W W∈ ∩1
0

2
0 .  

Then f W∈ 1
0  and f W∈ 2

0 .

If α is any vector in V , then, V  being the direct sum of W1 and W2 , we can write

α α α= +1 2 where α α1 1 2 2∈ ∈W W, .

We have   f f( ) ( )α α α= +1 2

     = +f f( ) ( )α α1 2 [∵ f  is lin ear func tional]

     = +0 0 [∵ f W∈ 1
0  and α α1 1 1 0∈ ⇒ =W f ( )

and sim i larly f ( ) ]α2 0=
     = 0.

Thus f V( ) .α α= ∈0 V

∴ f = 0
^

.

∴ W W1
0

2
0∩ = { }0

^
.

(ii) Now to prove that V W W′ = +1
0

2
0 .

Let f V∈ ′ .
If α ∈V , then α can be uniquely written as

α α α= +1 2 where α α1 1 2 2∈ ∈W W, .
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For each f , let us define two functions f1 and f2 from V  into F such that

f f f1 1 1 2 2( ) ( ) ( )α α α α= + = …(1)

and f f f2 2 1 2 1( ) ( ) ( ).α α α α= + = …(2)

First we shall show that f1 is a linear functional on V . Let a b F, ∈  and 

α α α β β β= + = + ∈1 2 1 2, V  where α β1 1 1, ∈W  and α 2, β2 2∈W . Then

f a b f a b1 1 1 2 1 2( ) [ ( ) ( )]α β α α β β+ = + + +
  = + + +f a b a b1 1 1 2 2[( ) ( )]α β α β
  = +f a b( )α β2 2 [ , ]∵ a b W a b Wα β α β1 1 1 2 2 2+ ∈ + ∈

   = +af bf( ) ( )α β2 2 [∵ f  is lin ear func tional]

   = +af bf1 1( ) ( )α β [From (1)]

∴ f1 is lin ear func tional on V i e f V. ., .1 ∈ ′
Now we shall show that f W1 1

0∈ .

Let α1 be any vector in W1. Then α1 is also in V . We can write

α α1 1= + 0, where α1 1 2∈ ∈W W, .0

∴ From (1), we have f f f1 1 1 1 0( ) ( ) ( ) .α α= + = =0 0

Thus f W1 1 1 10( ) .α α= ∈V

∴ f W1 1
0∈ .

Similarly we can show that f2 is a linear functional on V  and f W2 2
0∈ .

Now we claim that f f f= +1 2 .

Let α be any element in V . Let α α α= +1 2 , where α α1 1 2 2∈ ∈W W, .

Then ( ) ( ) ( ) ( )f f f f1 2 1 2+ = +α α α  = +f f( ) ( )α α2 1     [From (1) and (2)]

       = +f f( ) ( )α α1 2  = +f ( )α α1 2

[∵ f  is lin ear func tional]

                 = f ( ).α
Thus ( ) ( ) ( ) .f f f V1 2+ = ∈α α αV

∴ f f f= +1 2.

Thus f V∈ ′ ⇒ f f f= +1 2 where f W f W1 1
0

2 2
0∈ ∈, .

∴ V W W′ = +1
0

2
0 .

Hence V W W′ = ⊕1
0

2
0 .

8  Invariant Direct-Sum Decompositions

Let T  be a linear operator on a vector space V F( ). If S is a non-empty subset of V , then

by T S( ) we mean the set of those elements of V  which are images under T  of the

elements in S. Thus

T S T V S( ) ( ) : .= ∈ ∈{ }α α
Obviously T S V( ) .⊆  We call it the image of S under T . 
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Invariance : Definition. Let V be a vector space and T a linear operator on V .  If  W  is a

subspace of V , we say that W is invariant under T if 

α α∈ ⇒ ∈W T W( ) .

Illustration 1: If  T is any linear operator on V , then V is invariant under T . If α ∈V , then 

T V( )α ∈  because T is a linear operator on V . Thus V is invariant under T .

The zero subspace of V  is also invariant under T . The zero subspace contains only one

vector i e. ., 0 and we know that T ( )0 0=  which is in zero subspace.

Illustration  2: Let V F( ) be the vector space of all polynomials in x over the field F and let D be 

the differentiation operator on V .   Let W  be the subspace of  V  consisting of all polynomials of

degree not greater than n.

If f x W( ) ,∈  then D f x W[ ( )] ∈  because differentiation operator D is degree

decreasing. Therefore W is invariant under D.

Let W be a subspace of the vector space V  and let W be invariant under the linear

operator T  on V  i e. ., let

α α∈ ⇒ ∈W T W( ) .

We know that W itself is a vector space. If we ignore the fact that T  is defined outside 

W, then we may regard T  as a linear operator on W. Thus the linear operator T  induces 

a linear operator TW  on the vector space W defined by

T T WW ( ) ( ) .α α α= ∈V

It should be noted that TW  is quite a different object from T  because the domain of 

TW  is W while the domain of T  is V .

Invariance can be con sid ered for sev eral lin ear trans for ma tions also. Thus W is in -

vari ant un der a set of lin ear trans for ma tions if it is in vari ant un der each mem ber of 

the set.

9  Matrix Interpretation of Invariance

Let V  be a finite dimensional vector space over the field F and let T  be a linear operator

on V .  Suppose V  has a subspace W which is invariant under T .  Then we can choose

suitable ordered basis B  for V  so that the matrix of T  with respect to B takes some

particular simple form.

Let B m1 1= …{ }α α, ,  be an ordered basis for W where dim W m= . We can extend B1 to

form a basis for V . Let

B m m n= … …+{ }α α α α1 1, , , , ,

be an ordered basis for V  where dim V n= .

Let A aij n n= ×[ ]  be the matrix of T  with respect to the ordered basis B. Then

T a j nj
i

n

i j i( ) , , , , .α α= = …
=
Σ

1
1 2 …(1)

If 1≤ ≤j m, then α j is in W. But W is invariant under T . Therefore if 1≤ ≤j m, then T j( )α
is in W and so it can be expressed as a linear combination of the vectors α α1, , ,… m  which 

form a basis for W. This means that
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T a j mj
i

m

i j i( ) , .α α= ≤ ≤
=
Σ

1
1 …(2)

In other words in the relation (1), the scalars ai j are all zero if 1≤ ≤j m and m i n+ ≤ ≤1 .

Therefore the matrix A takes the simple form

A
M

O

C

D
= 





where M is an m m×  matrix, C is an m n m× −( ) matrix, O is the null matrix of the type 

( )n m m− ×  and D is an ( ) ( )n m n m− × −  matrix.

From the re la tion (2) it is ob vi ous that the ma trix M is noth ing but the ma trix of

the in duced op er a tor TW  on W rel a tive to the or dered ba sis B1 for W.

10  Reducibility 

Definition: Let W1 and W2 be two subspaces of a vector space V and let T be a linear

operator on V . Then T is said to be reduced by the pair ( , )W W1 2  if

(i) V W W= ⊕1 2,

(ii) both W1 and W2 are in vari ant un der T .

It should be noted that if a subspace W1 of V  is invariant under T , then there are many

ways of finding a subspace W2 of V  such that V W W= ⊕1 2 , but it is not necessary that

some W2 will also be invariant under T . In other words among the collection of all

subspaces invariant under T  we may not be able to select any two other than V  and the

zero subspace with the property that V  is their direct sum .

The definition of reducibility can be extended to more than two subspaces. Thus let W Wk1, ,…  be 

k subspaces of a vector space V and let T be a linear operator on V . Then T is said to be reduced by

( , , )W Wk1 …  if

(i) V is the direct sum of the subspaces W Wk1, , ,…
and (ii) Each of the subspaces Wi is invariant under T .

11  Direct Sum of Linear Operators

Definition: Suppose T  is a linear operator on the vector space V . Let

V W Wk= ⊕ … ⊕1

be a direct sum decomposition of V  in which each subspace Wi is invariant under T .

Then T  induces a linear operator Ti on each Wi by restricting its domain from V  to Wi . If 

α ∈V , then there exist unique vectors α α1, ,… k  with α i in Wi such that

α α α= + … +1 k

⇒ T T k( ) ( )α α α= + … +1

⇒ T T T k( ) ( ) ( )α α α= + … +1 [∵ T  is lin ear]

⇒ T T Tk k( ) ( ) ( )α α α= + … +1 1  [ ,∵ If α i iW∈  then by def. of

Ti, we have T Ti i i( ) ( )]α α=
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Thus we can find the action of T  on V  with the help of independent action of the

operators Ti on the subspaces Wi. In such situation we say that the operator T  is the

direct sum of the operators T ,  , T .k1 …  It should be noted carefully that T is a

linear operator on V, while the Ti are linear operators on the various subspaces 

Wi.

12  Matrix Representation of Reducibility 

If  T  is a linear operator on a finite dimensional vector space V  and is reduced by the pair 

( , )W W1 2 , then by choosing a suitable basis B for V , we can give a particularly simple

form to the matrix of T  with respect to B.

Let dim V n=  and dim W m1 = . Then dim W n m2 = −  since V  is the direct sum of W1 and 

W2 .

Let B m1 1= …{ }α α, ,  be a basis for W1 and B m n2 1= …+{ }α α, ,  be a basis for W2 . Then 

B B B m m n= ∪ = … …+1 2 1 1{ }α α α α, , , , ,  is a basis for V .

It can be easily seen, as in the case of invariance, that

[ ]T
M

O

O

NB = 





where M is an m m×  matrix, N  is an ( ) ( )n m n m− × −  matrix and O are null matrices of

suitable sizes.

Also if  T1 and T2 are linear operators induced by T  on W1 and W2 respectively, then

M T N TB B= =[ ] , and [ ] .1 21 2

Ex am ple 12: If T is a lin ear op er a tor on a vec tor space V and if W is any subspace of V ,

then T W( ) is a subspace of V . Also W is in vari ant un der T iff  T W W( ) .⊆
So lu tion: We have, by def i ni tion

T W T W( ) ( ) : .= ∈{ }α α
Since 0 ∈W and T ( )0 0,=  therefore T W( ) is not empty because at least 0 ∈T W( ).

Now let T T( ), ( )α α1 2  be any two elements of T W( ) where α α1 2,  are any two elements

of W.

If a b F, ,∈  then

 aT bT T a b( ) ( ) ( ),α α α α1 2 1 2+ = +  be cause T  is lin ear.

But W is a subspace of V . 

Therefore α α1 2, ∈W and a b F a b W, .∈ ⇒ + ∈α α1 2  Consequently

T a b T W( ) ( ).α α1 2+ ∈  

Thus a b F T T T W, and ( ), ( ) ( )∈ ∈α α1 2

⇒ aT bT T W( ) ( ) ( ).α α1 2+ ∈
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∴ T W( ) is a subspace of V .

Second Part: Suppose W is invariant under T .

Let T ( )α  be any element of T W( ) where α ∈W.

Since α ∈W and W is invariant under T , therefore

T W( ) .α ∈  Thus T T W T W( ) ( ) ( ) .α α∈ ⇒ ∈
There fore T W W( ) .⊆
Conversely suppose that T W W( ) .⊆
Then T W W( ) .α α∈ ∈V  Therefore W is invariant under T .

Ex am ple 13: If  T is any lin ear op er a tor on a vec tor space V , then the range of  T and the null

space of T are both in vari ant un der T .

So lu tion: Let N T( ) be the null space of T . Then

N T V T( ) : ( ) .= ∈ ={ }α α 0

If β ∈ N T( ), then T N T( ) ( )β = ∈0  because N T( ) is a subspace.

∴ N T( ) is invariant under T .

Again let R T( ) be the range of T . Then

R T T V V( ) ( ) : .= ∈ ∈{ }α α
Since R T( ) is a subset of V , therefore β β∈ ⇒ ∈R T V( ) .

Now β β∈ ⇒ ∈V T R T( ) ( ).

Thus β β∈ ⇒ ∈R T T R T( ) ( ) ( ). Therefore R T( ) is invariant under T .

Ex am ple 14: Give an ex am ple of a lin ear trans for ma tion T on a fi nite-di men sional vec tor

space V such that V and the zero subspace are the only subspaces in vari ant un der T .

So lu tion: Let T  be the lin ear op er a tor on V2 ( )R  which is rep re sented in the stan dard 

or dered ba sis by the ma trix

0

1

1

0

−





⋅

Let W be a proper subspace of V2 ( )R  which is invariant under T . Then W must be of

dimension 1. Let W be the subspace spanned by some non-zero vector α. Now α ∈W

and W is invariant under T . Therefore T W( ) .α ∈
∴ T c( )α α=  for some c ∈ R

⇒ T cI( ) ( )α α=  where I  is iden tity op er a tor on V

⇒ [ ] ( )T cI− =α 0

⇒ T cI−  is sin gu lar [ ]∵ α ≠ 0

⇒ T cI−  is not in vert ible.

If B denotes the standard ordered basis for V2 ( ),R  then

[ ] [ ] [ ]T cI T c IB B B− = −

       =
−





− 





=
− −

−






⋅
0

1

1

0

1

0

0

1 1

1
c

c

c
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Now det 
− −

−






=
− −

−


 


= + ≠

c

c

c

c
c

1

1

1

1
1 02   for any real number c.

∴
− −

−






−
c

c
i e T cI B1

1
. ., [ ]  is invertible.

Consequently T cI−  is invertible which is contradictory to the result that T cI−  is not

invertible.

Hence no proper subspace W of V2 ( )R  can be in vari ant un der T .

13  The Adjoint or the Transpose of a Linear 

 Transformation

In order to bring some simplicity in our work we shall introduce a few changes in

our notation of writing the image of an element of a vector space under a linear

transformation and that under a linear functional. If T is a linear transformation on 

a vector space V and α ∈V, then in place of writing T ( )α  we shall simply write 

T i eα . ., we shall omit the brackets. Thus Tα will mean the image of α under T. If T1

and T2  are two linear transformations of V, then in our new notation T T1 2 α will

stand for T T1 2[ ( )].α

Let f  be a linear functional on V . If α ∈V , then in place of writing f ( )α  we shall write 

[ , ]α f . This is the square brackets notation to write the image of a vector under a linear

functional. Thus [ , ]α f  will stand for f ( )α . If a b F, ∈  and α β, ,∈V  then in this new

notation the linearity property of f

i e. ., f a b af bf( ) ( ) ( )α β α β+ = +
will be written as 

[ , ] [ , ] [ , ].a b f a f b fα β α β+ = +
Also if f  and g are two linear functionals on V  and a b F, ,∈  then the property defining

addition and scalar multiplication of linear functionals i e. ., the property

( ) ( ) ( ) ( )af bg af bg+ = +α α α
will be written as 

[ , ] [ , ] [ , ].α α αaf bg a f b g+ = +
Note that in this new notation, we get

[ , ] ( ), [ , ] ( ).α α α αf f g g= =

Theorem 1: Let U and V be vector spaces over the field F. For each linear transformation T

from U into V , there is a unique linear transformation T ′ from V ′ into U ′ such that

[ ( )] ( ) [ ( )]T g g T′ =α α (in old no ta tion)

or [ , ] [ , ]α αT g T g′ = (in new no ta tion)

for every g in V ′ and α in U.
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The linear transformation T ′ is called the adjoint or the transpose or the dual of T . In

some books it is denoted by T t or by T*.

Proof : T  is a linear transformation from U to V .  U ′ is the dual space of U and V ′ is
the dual space of V .  Suppose g V∈ ′ i e. ., g is a linear functional on V .  Let us define

f g T U( ) [ ( )]α α α= ∈V …(1)

Then f  is a function from U into F. We see that f  is nothing but the product or

composite of the two functions T  and g where T U V: →  and g V F: .→  Since both T

and g are linear therefore f  is also linear. Thus f  is a linear functional on 

U i e f U. ., .∈ ′  In this way T  provides us with a rule T ′  which associates with each

functional g on V  a linear functional

f T g= ′ ( ) on U, de fined by (1).

Thus T V U′ ′ → ′:  such that

T g f g V′ = ∈ ′( ) V   where f g T U( ) [ ( )] .α α α= ∈V

Putting f T g= ′ ( )  in (1), we see that T ′  is a function from V ′ into U ′ such that

[ ( )] ( ) [ ( )]T g g T′ =α α
or in square brackets notation 

[ , ] [ , ]α αT g T g′ =  V Vg V U∈ ′ ∈and .α …(2)

Now we shall show that T ′ is a linear transformation from V ′ into U ′ . Let g g V1 2, ∈ ′
and a b F, .∈
Then we are to prove that

T ag bg aT g bT g′ + = ′ + ′( )1 2 1 2 …(3)

where T g′ 1 stands for T g′ ( )1  and T g′ 2 stands for T g′ ( ).2

We see that both the sides of (3) are elements of U ′ i e. ., both are linear functionals on U.

So if α is any element of U, we have

 [ , ( )] [ , ]α αT ag bg T ag bg′ + = +1 2 1 2      [From (2) be cause ag bg V1 2+ ∈ ′ ]
            = +[ , ] [ , ]T ag T bgα α1 2 [By def. of ad di tion in V ′ ]

      = +a T g b Ta g[ , ] [ , ]α 1 2

[by def. of sca lar mul ti pli ca tion in V ′ ]

          = ′ + ′a T g b T g[ , ] [ , ]α α1 1 2      [From (2)]

          = ′ + ′[ , ] [ , ]α αaT g bT g1 2

[By def. of sca lar mul ti pli ca tion in U ′ .

Note that T g T g U′ ′ ∈ ′1 2, ]

     = ′ + ′[ , ]α aT g bT g1 2  [By ad di tion in U ′]
Thus V α ∈U, we have

[ , ( )] [ , ].α αT ag bg aT g bT g′ + = ′ + ′1 2 1 2

∴ T ag bg aT g bT g′ + = ′ + ′( )1 2 1 2    [By def. of equal ity of two func tions]

Hence T ′ is a linear transformation from V ′ into U ′ .
Now let us show that T ′  is uniquely determined for a given T .  If possible, let T1 be a

linear transformation from V ′ into U ′ such that

[ , ] [ , ]α αT g T g g V1 = ∈ ′V  and α ∈U. …(4)
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Then from (2) and (4), we get

[ , ] [ , ] ,α α αT g T g U g V1 = ′ ∈ ∈ ′V V

⇒  T g T g g V1 = ′ ∈ ′V  

⇒ T T1 = ′ .
∴ T ′ is uniquely de ter mined for each T . Hence the the o rem.

Note: If T  is a lin ear trans for ma tion on the vec tor space V , then in the proof of the

above the o rem we should sim ply re place U by V .

Theorem 2 : If T is a linear transformation from a vector space U into a vector space V ,  then

(i) the annihilator of the range of T is equal to the null space of T i e′ . .,

[ ( )] ( ) .R T N T0 = ′

If in addition U and V are finite dimensional, then

(ii) ρ ρ( ) ( )T T′ =
and (iii) the range of T ′ is the an ni hi la tor of the null space of T i e. .,

R T N T( ) [ ( )] .′ = 0

Proof : (i) If g V∈ ′, then by definition of T ′ , we have

[ , ] [ , ] .α α αT g T g U′ = ∈V …(1)

Let g N T∈ ′( ) which is a subspace of V ′ . Then

T g′ = 0
^

 where 0
^

 is zero element of U i e′ . ., 0
^

 is zero functional on U. Therefore from

(1), we get

[ , ] [ , ]
^

T g Uα α α= ∈0 V

⇒ [ , ]T g Uα α= ∈0 V            [ ( ) ]
^

∵ 0 α α= ∈0 V U

⇒ g R T( ) ( )β β= ∈0 V  [ ( ) : ( )∵ R T V T= ∈ β ={β α  for some α ∈U }]

⇒ g R T∈[ ( )] .0

∴ N T R T( ) [ ( )] .′ ⊆ 0

Now let g R T∈[ ( )]0  which is a subspace of V ′ . Then

g R T( ) ( )β β= ∈0 V

⇒ [ , ]T g Uα α= ∈0 V                     [ , ( )]∵ V α α∈ ∈U T R T

⇒ [ , ]α αT g U′ = ∈0 V      [From (1)]

⇒ T g′ = 0
^

 (zero func tional on U ) ⇒ g N T∈ ′( ).

∴ [ ( )] ( ).R T N T0 ⊆ ′

Hence [ ( )] ( ).R T N T0 = ′

(ii) Suppose U and V  are finite dimensional. Let dim U n= , dim V m= . Let

r T= =ρ ( ) the dimension of R T( ).

Now R T( ) is a subspace of V . Therefore

dim R T R T V( ) [ ( )] .+ =dim dim0        [See Th. 2 of ar ti cle 6]

L-116



∴ dim [ ( )] ( )R T V R T0 = −dim dim  

 = − = −dim V r m r.

By part (i) of this theorem [ ( )] ( ).R T N T0 = ′

∴ dim N T m r( )′ = −  ⇒ nul lity of T m r′ = − .

But T ′ is a linear transformation from V ′ into U ′ .
∴ ρ ν( ) ( )T T V′ + ′ = ′dim

or ρ ν( ) ( )T V T′ = ′ − ′dim

           = − ′ = − − =dim nullityV T m m r rof ( ) .

∴ ρ ρ( ) ( ) .T T r= ′ =
(iii) T ′ is a linear transformation from V ′ into U ′.  Therefore R T( )′  is a subspace of 

U ′. Also [ ( )]N T 0  is a subspace of U ′  because N T( ) is a subspace of U. First we shall

show that R T N T( ) [ ( )] .′ ⊆ 0

Let f R T∈ ′( ). 

Then f T g= ′  for some g V∈ ′ .
If α is any vector in N T( ), then Tα = 0. 

We have

[ , ] [ , ] [ , ] [ , ] .α α αf T g T g g= ′ = = =0 0

Thus f N T( ) ( ).α α= ∈0 V  

There fore f N T∈[ ( )] .0

∴ R T N T( ) [ ( )]′ ⊆ 0   

⇒  R T( )′  is a subspace of [ ( )] .N T 0

Now dim N T N T U( ) [ ( )] .+ =dim dim0      [The o rem 2 of ar ti cle 6]

∴ dim [ ( )] ( )N T U N T0 = −dim dim

= dim R T( )     [ ( ) ( )]∵ dim dim dimU R T N T= +
  = ρ ( )T  = ′ = ′ρ ( ) ( ).T R Tdim

Thus dim R T N T( ) [ ( )]′ = dim 0  

and R T N T( ) [ ( )] .′ ⊆ 0

∴ R T N T( ) [ ( )] .′ = 0

Note: If T  is a lin ear trans for ma tion on a vec tor space V , then in the proof of the above

the o rem we should re place U by V  and m by n.

Theorem 3: Let U and V be finite-dimensional vector spaces over the field F. Let B be an ordered

basis for U with dual basis B ′ , and let B1 be an ordered basis for V with dual basis B1′.  Let T be a

linear transformation from U into V .  Let A be the matrix of T relative to B B, 1 and let C be the

matrix of T ′ relative to B B1′ ′, .  Then C A= ′  i e. ., the matrix C is the transpose of the matrix A.

Proof : Let dim U n= , dim V m= .

Let B B f fn n= ′ ={ {α α1 1,... , }, ,... , },
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B B g gm1 1 1 1= ′ ={ { }β β, ... , }, , ... , .

Now T  is a linear transformation from U into V  and T ′ is that from V ′ into U ′ . The

matrix A of T  relative to B B, 1 will be of the type m n× . If A aij m n= ×[ ] , then by

definition

T j( )α  or sim ply T a j nj
i

m

ij iα β= =
=
Σ

1
1 2, , ..., . …(1)

The matrix C of T ′ relative to B B1′ ′,  will be of the type n m× . If C c ji n m= ×[ ] ,  then by

definition

T gi′ ( ) or sim ply T g c f i mi
j

n

j i j′ = =
=
Σ

1
1 2, , , ... , …(2)

Now T gi′  is an element of U i e T gi′ ′. .,  is a linear functional on U.  If f  is any linear

functional on U, then we know that

f f f
j

n

j j=
=
Σ

1
( ) .α                  [See the o rem 3, ar ti cle 4]

Applying this formula for T gi′  in place of f , we get

T g T g fi
j

n

i j j′ = ′
=
Σ

1
{( ) ( )} .α …(3)

Now let us find ( ) ( ).T gi j′ α  

We have ( ) ( ) ( )T g g Ti j i j′ =α α    [By def. of T ′ ]

= Σ








=
g ai

k

m

k j k
1

β        [From (1), re plac ing the suf fix i

       by k which is im ma te rial]

= Σ
=k

m

kj i ka g
1

( )β [∵ gi is lin ear]

= Σ
=k

m

kj ika
1

δ        [∵ g Bi ∈ ′1  which is dual ba sis of B1]

= ai j  

[On sum ming with re spect to k and re mem ber ing

that δik = 1 when k i=  and δik = 0 when k i≠ ]

Putting this value of ( ) ( )T gi j′ α  in (3), we get

T g a fi
j

m

ij j′ = Σ
= 1

. …(4)

Since f fn1, ... ,  are linearly independent, therefore from (2) and (4), we get

c aji ij= .

Hence by definition of transpose of a matrix, we have 

C A= ′ .

Note: If T  is a lin ear trans for ma tion on a fi nite-di men sional vec tor space V , then in

the above the o rem we put U V=  and m n= . Also ac cord ing to our con ven tion we take 

B B1 = . The stu dents should write the com plete proof them selves.
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Theorem 4: Let A be any m n×  matrix over the field F. Then the row rank of A is equal to the

column rank of A.

Proof : Let A aij m n= ×[ ] . Let

B Bn m= ={ {α α β β1 1 1, ... , } and , ... , }

be the standard ordered bases for V Fn ( ) and V Fm ( ) respectively. Let T  be the linear

transformation from V Fn ( ) into V Fm ( ) whose matrix is A relative to ordered bases B

and B1. Then obviously the vectors T T an( ), ... , ( )α1  are nothing but the column vectors 

of the matrix A. Also these vectors span the range of T  because α α1 ,..., n form a basis for

the domain of T i e V Fn. ., ( ).

∴  the range of T = the col umn space of A

⇒  the di men sion of the range of T = the di men sion of the col umn space of A

⇒  ρ ( )T = the col umn rank of A. …(1)

If T ′ is the adjoint of the linear transformation T , then the matrix of T ′ relative to the

dual bases B1′ and B ′ is the matrix A' which is the transpose of the matrix A. The

columns of the matrix A′ are nothing but the rows of the matrix A. By the same

reasoning as given in proving the result (1), we have

ρ ( )T ′ = the col umn rank of A'

    = the row rank of A …(2)

Since ρ ρ( ) ( ),T T= ′  therefore from (1) and (2), we get the result that

the col umn rank of A = the row rank of A.

Theorem 5 : Prove the following properties of adjoints of linear operators on a vector space 

V F( ) :

(i) 0
^ ^

;′ = 0

(ii) I I′ = ; (Kumaun 2007, 09)

(iii) ( ) ;T T T T1 2 1 2+ ′ = ′+ ′ (Kumaun 2010)

(iv) ( ) ;T T T T1 2 2 1′ = ′ ′ (Kumaun 2007, 09, 10)

(v) ( )aT aT′ = ′ where a F∈ ;

(vi) ( ) ( )T T− −′ = ′1 1 if T is in vert ible ;

(vii) ( )T T T′ ′ = ′ ′ =  if V is fi nite-di men sional.

Proof : (i) If 0
^

 is the zero transformation on V , then by the definition of the adjoint

of a linear transformation, we have

[ , ] [ , ]
^ ^α α0 0′ =g g  for ev ery g in V ′ and α in V

     = for ev ery g in V ′                        [ ( ) ]
^

∵0 0α α= ∈V V

        = 0     [ ( ) ]∵ g 0 = 0

            = ∈[ , ]
^α α0 V V       [Here 0

^∈ ′V  and 0
^

( ) ]α = 0

            = ∈ ′ ∈[ , ] and
^α α0 g g V VV

   [Here 0
^

 is the zero trans for ma tion on V ′ ]
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Thus we have

[ , ] [ , ]
^ ^α α0 0′ =g g  for all g in V ′ and α in V .

∴    0 0
^ ^

.′ =

(ii) If I  is the identity transformation on V , then by the definition of the adjoint of a

linear transformation, we have

[ , ] [ , ]α αI g I g′ =  for ev ery g in V ′ and α in V

     = [ , ]α g  for ev ery g in V ′ and α in V      [ ( ) ]∵ I Vα α α= ∈V

     = [ , ]α Ig   for ev ery g in V ′ and α in V

[Here I  is the iden tity op er a tor on V ' ]

∴ I I′ = .

(iii) If T T1 2,  are linear operators on V , then T T1 2+  is also a linear operator on V . By the 

definition of adjoint, we have

 [ , ( ) ] [( ) , ]α αT T g T T g1 2 1 2+ ′ = +  for ev ery g in V ′ and α in V

= +[ , ]T T g1 2α α

[By def. of ad di tion of lin ear trans for ma tions]

= +[ , ] [ , ]T g T g1 2α α     [By lin ear ity prop erty of g]

= ′ + ′[ , ] [ , ]α αT g T g1 2        [By def. of adjoint]

= ′ + ′[ , ]α T g T g1 2 [By def. of ad di tion of lin ear
functionals. Note that T g T g1 2′ ′,  are

el e ments of V ′ ]

= ′ + ′[ , ( ) ].α T T g1 2

Thus we have

[ , ( ) ] [ , ( ) ]α T T g a T T g1 2 1 2+ ′ = ′ + ′  for ev ery g in V ′ and α in V .

∴ ( ) ( ) .T T g T T g g V1 2 1 2+ ′ = + ′ ∈ ′V

∴ ( ) .T T T T1 2 1 2+ ′ = ′ + ′

(iv) If T T1 2,  are linear operators on V , then T T1 2 is also a linear operator on V . By the

definition of adjoint, we have

[ , ( ) ] [( ) , ]α αT T g T T g1 2 1 2′ =   for ev ery g in V ′ and α in V

 = [( ) , ]T T g1 2 α

[By def. of prod uct of lin ear trans for ma tions]

 = ′[ , ]T T g2 1α [By def. of adjoint]

 = ′ ′[ , ]α T T g2 1 [By def. of adjoint]

Thus we have

[ , ( ) ] [ , ]α T T g a T T g1 2 2 1′ = ′ ′  for ev ery g in V ′ and α in V .

∴          ( ) .T T T T1 2 2 1′ = ′ ′
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Note: This is called the re ver sal law for the adjoint of the prod uct of two lin ear

trans for ma tions.

(v)  If T  is a linear operator on V  and a F∈ , then aT  is also a linear operator on V . By

the definition of the adjoint, we have

 [ , ( ) ] [( ) , ]α αaT g aT g′ =  for ev ery g in V ′ and α in V

= [ ( ), ]a T gα [By def. of sca lar mul ti pli ca tion of a
lin ear trans for ma tion]

= a T g[ , ]α                [∵ g is lin ear]

= ′a T g[ , ]α [By def. of adjoint]

   = ′[ , ( )]α a T g   [By def. of sca lar mul ti pli ca tion in V ′ .
Note that T g V′ ∈ ′ ]

   = ′[ , ( ) ]α aT g  

 [By def. of sca lar mul ti pli ca tion of T ′ by a]

∴ ( ) .aT aT′ = ′

(vi) Suppose T  is an invertible linear operator on V . If T −1 is the inverse of T ,  we

have 

T T I T T− −= =1 1

⇒ ( ) ( )T T I T T− −′ = ′ = ′1 1

⇒ T T I T T′ = = ′ ′− −( ) ( )1 1         [Us ing re sults (ii) and (iv)]

∴ T ′ is in vert ible and  ( ) ( ) .T T′ = ′− −1 1

(vii) V  is a finite dimensional vector space. T  is a linear operator on V T, ′ is a linear

operator on V ′ and ( )T ′ ′ or T ′ ′ is a linear operator on V ′ ′ . We have identified V ′ ′
with V  through natural isomorphism α α↔ L  where α ∈V  and L Vα ∈ ′ ′ . Here Lα  is a

linear functional on V ′ and is such that

L g g g Vα α( ) ( ) .= ∀ ∈ ′ …(1)

Through this natural isomorphism we shall take α α= L  and thus T ′ ′ will be regarded

as a linear operator on V .

Now T ′ is a linear operator on V ′ . Therefore by the definition of adjoint, we have

[ , ] [ , ( ) ] [ , ]g T L g T L T g L′ ′ = ′ ′ = ′α α α  for ev ery g V∈ ′ and α ∈V .

Now T g′  is an element of V ′ . Therefore from (1), we have

[ , ] [ , ]T g L T g′ = ′α α  

  [Note that from (1),  L T g T gα α( ) ( )′ = ′ ]

                 = [ , ].T gα [By def. of adjoint]

Again T L′ ′ α  is an element of V ′ ′ . Therefore from (1), we have 

[ , ] [ , ]g T L g′ ′ =α β  where β β α∈ ↔ ′ ′V T Land  
un der nat u ral isomorphism
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    = ′ ′[ , ]T gα    [∵ β αα= ′ ′ = ′ ′T L T  when we regard

T ′ ′ as lin ear op er a tor on V  in place of V ′ ′ ]
Thus, we have

[ , ] [ , ]T g T gα α= ′ ′  for ev ery g in V ′ and α in V

⇒ g T g T( ) ( )α α= ′ ′  for ev ery g in V ′ and α in V

⇒ g T T( )α α− ′ ′ = 0 for ev ery g in V ′ and α in V

⇒ T Tα α− ′ ′ = 0 for ev ery α in V

⇒ ( )T T− ′ ′ =α 0 for ev ery α in V

⇒ T T− ′ ′ = 0
^

 

⇒ T T= ′ ′ .

Ex am ple 15: Let f  be the lin ear func tional on R2 de fined by f x y x y( , ) .= −2 5  For each

lin ear map ping 

T : R R3 2→  find [ ( )] ( , , ),T f x y z′  where

(i) T x y z x y y z( , , ) ( , ),= − +
(ii) T x y z x y z x y( , , ) ( , ),= + + +2 2

(iii) T x y z x y( , , ) ( , ).= + 0

So lu tion: By def i ni tion of the trans pose map ping,

T f f o T i e T f f T′ = ′ =( ) . ., [ ( )] [ ( )]α α  for ev ery α ∈ R3.

(i) [ ( )] ( , , ) [ ( , , )]T f x y z f T x y z′ =

             = − + = − − + = − −f x y y z x y y z x y z( , ) ( ) ( ) .2 5 2 7 5

(ii) [ ( )] ( , , ) [ ( , , )]T f x y z f T x y z′ =

            = + + +f x y z x y( , )2 2

            = + + − + = − − +2 2 5 2 8 3 4( ) ( ) .x y z x y x y z

(iii) [ ( )] ( , , ) [ ( , , )]T f x y z f T x y z′ =

            = + = + − = +f x y x y x y( , ) ( ) . .0 2 5 0 2 2

Ex am ple 16: If A and B are sim i lar lin ear trans for ma tions on a vec tor space V , then so also

are A′ and B′ .

So lu tion: A is sim i lar to B means that there ex ists an in vert ible lin ear trans for ma tion 

C on V  such that

A CBC= −1  

⇒   A CBC= ′−( )1          

⇒ A C B C′ = ′ ′ ′−( ) .1  
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Now C is invertible implies that C ′ is also invertible and

( ) ( ) .C C′ = ′− −1 1

∴ A C B C′ = ′ ′ ′−( ) 1     ⇒     C A C B′ ′ ′ = ′−( ) 1  

     [Mul ti ply ing on right by ( )C ′ −1 and on left by C ′ ]

⇒ B ′ is sim i lar to A′   
⇒ A′ and B ′ are sim i lar.

Ex am ple  17: Let V be a fi nite di men sional vec tor space over the field F. Show that T T→ ′ is

an isomorphism of L V V( , ) onto L V V( , ).′ ′

So lu tion: Let dim V n= . 

Then  dim V n′ = .

Also dim L V V n( , ) ,= 2  dim L V V n( , ) .′ ′ = 2

Let ψ → ′ ′: ( , ) ( , )L V V L V V  such that

 ψ = ′ ∈( ) ( , ).T T T L V VV

(i) ψ is lin ear trans for ma tion:

Let a b F, ∈  and T T L V V1 2, ( , ).∈  Then

ψ + = + ′( ) ( )aT bT aT bT1 2 1 2  [By def. of ψ]

  = ′ + ′( ) ( )aT bT1 2                                 [ ( ) ]∵ A B A B+ ′ = ′ + ′
  = ′ + ′aT bT1 2                [ ( ) ]∵ aA aA′ = ′

  = ψ + ψa T b T( ) ( )1 2 [By def. of ψ]

∴ ψ is a lin ear trans for ma tion from L V V( , ) into L V V( , ).′ ′
(ii) ψ is one-one:

Let T T L V V1 2, ( , ).∈  

Then ψ = ψ( ) ( )T T1 2   

⇒ T T1 2′ = ′
⇒ T T1 2′ ′ = ′ ′    

⇒  T T1 2=    [∵V  is fi nite-di men sional]

∴ ψ is one-one.

(iii) ψ is onto:

We have dim L V V L V V n( , ) ( , ) .= ′ ′ =dim 2

Since ψ is a linear transformation from L V V( , ) into L V V( , )′ ′  therefore ψ is one-one

implies that ψ must be onto.

Hence ψ is an isomorphism of L V V( , ) onto L V V( , ).′ ′

Ex am ple 18: If A and B are lin ear trans for ma tions on an n-di men sional vec tor space V ,  then

prove that

(i) ρ ρ ρ( ) ( ) ( ) .AB A B n≥ + −
(ii) ν ν ν( ) ( ) ( ).AB A B≤ + (Sylvester’s law of nul lity)
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So lu tion: (i) First we shall prove, that if T  is a lin ear trans for ma tion on V  and W1 is an 

h-di men sional subspace of V , then the di men sion of T W( )1  is ≥ −h Tν ( ).

Since V  is finite-dimensional, therefore the subspace W1 will possess complement. Let 

V W W= ⊕1 2 . Then

dim W n h k2 = − = (say).

Since V W W= +1 2 , therefore

T V T W T W( ) ( ) ( ),= +1 2  as can be eas ily seen.

∴ dim T V T W T W( ) [ ( ) ( )]= +dim 1 2

≤ +dim dimT W T W( ) ( )1 2

  [∵ The dimension of a sum is   ≤  the sum of the dimensions]

But T V( ) = the range of T .

∴ dim T V T( ) ( ).= ρ
Thus dim T W T W T( ) ( ) ( ).1 2+ ≥dim ρ …(1)

Now T W( )2  is a subspace of W2 . There fore

dim W T W2 2≥ dim ( ). …(2)

From (1) and (2), we get

dim T W W T( ) ( )1 2+ ≥dim ρ
⇒ dim T W T W( ) ( )1 2≥ −ρ dim

⇒ dim T W n T k( ) ( )1 ≥ − −ν           [ ( ) ( ) ]∵ ρ νT T n+ =
⇒ dim T W n k T( ) ( )1 ≥ − − ν
⇒ dim T W h T( ) ( ).1 ≥ − ν …(3)

Now taking T A=  and W B V1 = ( ) in (3), we get

dim A B V B V A[ ( )] ( ) ( )≥ −dim ν
⇒ dim ( ) ( ) ( ) ( )AB V B A≥ −ρ ν            [ ( )∵ B V = the range of B ]

⇒ ρ ρ ρ( ) ( ) [ ( )]AB B n A≥ − −
⇒ ρ ρ ρ( ) ( ) ( ) .AB A B n≥ + −
(ii) We have ρ ν( ) ( ) .AB AB n+ =
∴ ρ ν( ) ( ).AB n AB= −
But ρ ρ ρ( ) ( ) ( ) .AB A B n≥ + −
∴ n v AB A B n− ≥ + −( ) ( ) ( )ρ ρ
⇒ ν ρ ρ( ) [ ( )] [ ( )]AB n A n B≤ − + −
⇒ ν ν ν( ) ( ) ( )AB A B≤ +                                                  [ ( ) ( ) ]∵ ρ νA A n+ =

 1. Let V  be a finite dimensional vector space over the field F. If W1 and W2 are

subspaces of V , then W W1
0

2
0=  iff W W1 2= .
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 2. If W1 and W2 are subspaces of a finite-dimensional vector space V  and if 

V W W= ⊕1 2, then

(i) W1′ is iso mor phic to W2
0 .   (ii)  W2 ′ is iso mor phic to W1

0 .

 3. Let W be the subspace of R3 spanned by ( , , )11 0  and ( , , )0 11. Find a basis of the

annihilator of W.

 4. Let W be the subspace of R4 spanned by ( , , , ), ( , , , )1 2 3 4 1 3 2 6− −  and ( , , , )1 4 1 8− .

Find a basis of the annihilator of W.

 5. If the set S Wi= { } is the collection of subspaces of a vector space V  which are

invariant under T , then show that W W
i i= ∩  is also invariant under T .

 6. Prove that the subspace spanned by two subspaces each of which is invariant

under some linear operator T , is itself invariant under T .

 7. Let V  be a vector space over the field F, and let T  be a linear operator on V  and let 

f t( ) be a polynomial in the indeterminate t over the field F. If W is the null space

of the operator f T( ), then W is invariant under T .

 8. Let T  be the linear operator on R2, the matrix of which in the standard ordered

basis is

A =
−





⋅
1

2

1

2

(a) Prove that the only subspaces of R2 invariant under T  are R2 and the zero

subspace.

(b) If U is the linear operator on C2, the matrix of which in the standard ordered

basis is A,  show that U has one dimensional invariant subspaces.

 9. Let T  be the linear operator on R2, the matrix of which in the standard ordered

basis is

  
2

0

1

2







⋅

If W1 is the subspace of R2, spanned by the vector ( , ),1 0  prove that W1 is invariant

under T .

10. Show that the space generated by ( , , )111  and ( , , )1 2 1  is an invariant subspace of R3

under T , where  T x y z x y z x y x y z( , , ) ( , , ).= + − + + −

11. If A and B are linear transformations on a finite-dimensional vector space V , then

prove that

(i) ρ ρ ρ( ) ( ) ( )A B A B+ ≤ +
(ii) ρ ρ ρ( ) ( ), ( ) .AB A B≤ min { }

(iii) If B is in vert ible, then ρ ρ ρ( ) ( ) ( ).AB BA A= =
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 3. Ba sis is { ( , , ) }f x y z x y z= − +
 4. Ba sis is { , }f f1 2  where f x y z w x y z f x y z w y w1 25 2( , , , ) , ( , , , )= − + = −

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. Let V  be an n-dimensional vector space over the field F. The dimension of the

dual space of V  is

(a) n (b) n2

(c)
1

2
n (d) none of these

(Kumaun 2014)

 2. If the dual basis of the basis set B = { }( , , ), ( , , ), ( , , )1 0 0 0 1 0 0 0 1  for V3 ( )R  is 

B f f f′ = { }1 2 3, , , then

(a) f a b c a f a b c b f a b c c1 2 3( , , ) , ( , , ) , ( , , )= = =
(b) f a b c b f a b c c f a b c a1 2 3( , , ) , ( , , ) , ( , , )= = =
(c) f a b c c f a b c a f a b c b1 2 3( , , ) , ( , , ) , ( , , )= = =
(d) None of these.

 3. If  V F( ) is a vector space and f  be a linear functional from V F→ , then

(a) f ( )0 = 0 (b) f ( )0 ≠ 0

(c) f ( )0 = 0 (d) f ( )0 ≠ 0

 4. If V F( ) is a vector space and f  is a linear functional from V F→ , then

(a) f x f x( ) ( )− = (b) f x f x( ) ( )− = −
(c) f x f x( ) ( )− ≠ − (d) f x f x( ) ( )− ≠

 5. Let V  be a vector space over a field F. A linear functional on V  is a linear

mapping from

(a) F into V (b) V  into F

(c) V  into it self (d) none of these

 6. If S is any subset of a vector space V F( ), then S 0  is a subspace of 

(a) V (b) V ′
(c) V ′ ′ (d) none of these.
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 7. Let V  be a finite dimensional vector space over the field F. If S is any subset of V ,

then S00 =

(a) S (b) L S( )

(c) [ ( )]L S 0 (d) none of these.

 8. Let V F( ) be a vector space over the field F. Then the set ′V  of all linear functional

on V  is also a vector space over the field F. The vector space ′V  is called :

(a) Dual space of V (b) Null space of V

(c) Subspace of V (d) none of these

 9. Let V  be a finite dimensional vector space of dimension n. If ′V  is the dual space of 

V  then dimension of ′V  will be:

(a) n2 (b) 2n

(c)
n

2
(d) n

10. Let V F( ) be a vector space. A function f  from V  to F which satisfies the condition

f a b a f b f a b F( ) ( ) ( ) ,α β α β+ = + ∀ ∈  and α β, ∈V  is called :

(a) lin ear trans for ma tion (b) lin ear op er a tor 

(c) lin ear func tional (d) none of these

11. If W1 and W2 are subspaces of a vector space V F( ) and W W2 1⊂  then 

(a) W W1
0

2
0⊂ (b) W W1

0
2
0⊃

(c) W W1
0

2
0= (d) none of these

12. If S0  denote the annihilator of subspace S of vector space V F( ), then :

(a) dim dim dimS S V+ <0 (b) If S V S V= =, 0 0

(c) If S is the zero subspace of V , then S V0 =

(d) S S⊂ 0 0

13. Let { , }f f1 2  be the dual basis for the basis set {( , ),( , )}2 1 3 1  for R2. Then:

(a) f a b b a f a b a b1 23 2( , ) , ( , )= − = −
(b) f a b a b f a b a b1 23 2( , ) , ( , )= − = −
(c) f a b a b f a b b a1 23 2( , ) , ( , )= − = −
(d) f a b a b f a b a b1 23 2( , ) , ( , )= − = +

14. If W1 and W2 are subspaces of a vector space V F( ), then ( )W W1 2
0∩ =

(a) W W1
0

2
0∪ (b) W W1

0
2
0∩

(c) W W1
0

2
0+ (d) ( )W W1 2

0+
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Fill in the Blank(s)

Fill in the blanks ‘‘……’’ so that the following statements are complete and 

correct.

 1. Let V  be a vector space over the field F. The dual space of V  is also called the ……

space of V .

 2. If V  is an n-dimensional vector space over the field F,  then V  is …… to its dual

space V ′ .
 3. Let V  be a finite dimensional vector space over the field F, and let W be a

subspace of V . Then dim dimW W+ = ……0 .

 4. Let V  be a finite dimensional vector space over the field F and let W be a subspace

of V . Then W 00 = …… .

True or False

Write ‘T’ for true and ‘F’ for false state ment.

 1. Let V F( ) be a vector space. A linear functional on V  is a vector valued function.

 2. Ev ery fi nite di men sional vec tor space is not re flex ive.

 3. If V F( ) is a vector space, then mapping f V F f: : ( )→ =α 0, then f  is a linear

functional.

 4. If V  is finite-dimensional and W is a subspace of V  then W ′ is isomorphic to 

V W′ / .0

 5. If T  is a linear transformation from a vector space U into a vector space V  then 

ρ ρ( ) ( ).′ ≠T T

Multiple Choice Questions

 1. (a)  2. (a)  3. (a)  4. (b)  5. (b)

 6. (b)  7. (b)  8. (a)  9. (d) 10. (c)

11. (b) 12. (b) 13. (a) 14. (c)

Fill in the Blank(s)

 1. con ju gate  2. iso mor phic  3. dim V  4. W

True or False

 1. F  2. F  3. T  4. T  5. F

¨
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1  Matric Polynomials 

D
efinition: An expression of the form

F m
m

m
m( ) ,λ λ λ λ λ= + + + + +−

−A A A A A0 1 2
2

1
1…

where A A A A0 1 2, , , ..., m are all square matrices of the same order, is called a Matric

polynomial of degree m provided A m is not a null matrix. The symbol λ is called

indeterminate. If the order of each of the matric coefficients A A A0 1, , ,… m is n, then we

say that the matric polynomial is n-rowed. According to this definition of a matric

polynomial, each square matrix can be expressed as a matric polynomial with zero

degree. For example, if A be any square matrix, we can write 

A = λ0A.

Equal ity of Poly no mi als: Two matric poly no mi als are equal iff (if and only if), the

co ef fi cients of the like pow ers of λ are the same.
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Theorem: Every square matrix whose elements are ordinary polynomials in λ, can essentially be 

expressed as a matric polynomial in λ of degree m, where m is the highest power of λ occurring in

any element of the matrix. We shall illustrate this theorem by the following example.

Consider the matrix

A =

+ + −

+ + − +

− +










1 2 3 4 6

1 3 4 1 2 4

2 3 2 5 6

2 2

3 2 3

3

λ λ λ λ

λ λ λ λ

λ λ 






in which the highest power of λ occurring in any element is 3. Rewriting each element

as a cubic in λ, supplying missing coefficients with zeros, we get

A =

+ + +

+ + +

− + +

+1 2 3 0

1 0 0 1

2 3 0 2

0 02 3

2 3

2 3

. . .

. . .

. . .

λ λ λ

λ λ λ

λ λ λ

. . .

. . .

. . .

λ λ λ

λ λ λ

λ λ λ

+ +

+ + +

+ + +










1 0

3 0 4 0

5 0 0 0

2 3

2 3

2 3

     

4 6 0 0

1 2 0 4

6 0 0 0

2 3

2 3

2 3

− + +

− + +

+ + +









. . .

. . .

. . .

λ λ λ

λ λ λ

λ λ λ 

Obviously A can be written as the matric polynomial

    A =
















+

−

−

−

















+
1

1

2

0

3

5

4

1

6

2 0 6

0 0 2

3 0 0

3 1
2λ λ

0

0 4 0

0 0 0

0 0 0

1 0 4

2 0 0

3

















+
















λ .

2 Characteristic Values and Characteristic

Vectors of a Matrix 

Let A = ×[ ]aij n n be a given n-rowed square matrix. Let

A =























x

x

xn

1

2

…

…

be a column vector. Consider the vector equation

AX X= λ . ..(1)

where λ is a scalar (i.e., number).

It is obvious that the zero vector X = O is a solution of (1) for any value of λ. Now let us

see whether there exist scalars λ and non-zero vectors X which satisfy (1).

If I denotes the unit matrix of order n, then the equation (1) may be written as
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AX IX= λ
or ( )A I X .− =λ O ...(2)

The matrix equation (2) represents the following system of n homogeneous equations

in n unknowns :

( )

( )

a x a x a x

a x a x a x

n n

n n

11 1 12 2 1

21 1 22 2 2

0

0

− + + + =

+ − + + =

λ

λ

…

…

… … … … … … … …

…a x a x a xn n nn n1 1 2 2 0+ + + − =









( )λ

 ...(3)

The coefficient matrix of the equations (3) is A I− λ . The necessary and sufficient

condition for equations (3) to possess a non-zero solution ( )X ≠ O  is that the

coefficient matrix A I− λ  should be of rank less than the number of unknowns n. But

this will be so if and only if the matrix A I− λ  is singular i e. ., if and only if | |A I− =λ 0.

Thus the scalars λ for which

| |A I− =λ 0

are of special importance.

Definitions: (Lucknow 2009; Gorakhpur 11)

Let A = ×[ ]aij n n be any n-rowed square matrix and λ an indeterminate. The matrix 

A I− λ  is called the characteristic matrix of A where I is the unit matrix of order n.

Also the determinant

| |

...

...

... ... ... ...
A I− =

−

−
λ

λ

λ

a a a

a a a

a

n

n

n

11 12 1

21 22 2

1 a an nn2 ... − λ

,

which is an ordinary polynomial in λ of degree n, is called the characteristic

polynomial of A. The equation | |A I− =λ 0 is called the characteristic equation of A

and the roots of this equation are called the characteristic roots or characteristic

values or eigenvalues or latent roots or proper values of the matrix A. The set of the 

eigenvalues of A is called the spectrum of A.

If λ is a characteristic root of the matrix A, then

| |A I− =λ 0

and the matrix A I− λ  is singular. Therefore there exists a non-zero vector X such that

( )A I X− =λ O  

or  AX X= λ .

Characteristic vectors. Definition: If λ is a characteristic root of an n n×  matrix A, then

a non-zero vector X such that AX X= λ  is called a characteristic vector or eigenvector of A

corresponding to the characteristic root λ. (Lucknow 2009)
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3 Certain Relations between Characteristic Roots and

Characteristic Vectors

Theorem 1: λ is a characteristic root of a matrix A if and only if there exists a non-zero vector X

such that AX X= λ .

Proof: Suppose λ is a characteristic root of the matrix A. Then | |A I− =λ 0 and the

matrix A I− λ  is singular. Therefore, the matrix equation ( )A I X− =λ O possesses a

non-zero solution i e. ., there exists a non-zero vector X such that ( )A I X O− =λ  or 

AX X.= λ

Conversely suppose there exists a non-zero vector X such that AX X= λ  

i e. ., ( )A I X O− =λ . Since the matrix equation ( )A I X− =λ O possesses a non-zero

solution, therefore the coefficient matrix A I− λ  must be singular i e. ., | |A I − =λ 0.

Hence λ is a characteristic root of the matrix A.

Theorem 2: If X is a characteristic vector of a matrix A corresponding to the characteristic

value λ, then kX is also a characteristic vector of A corresponding to the same characteristic value 

λ. Here k is any non-zero scalar.

Proof: Suppose X is a characteristic vector of A corresponding to the characteristic

value λ. Then X ≠ O and AX X= λ .

If k is any non-zero scalar, then k x ≠ O. Also

A ( X AX X Xk ) ( ) ( ) ( ).= = =k k kλ λ
Now kX is a non-zero vector such that A X X( ) ( )k k= λ . Hence kX is a characteristic

vector of A corresponding to the characteristic value λ. Thus corresponding to a

characteristic value λ, there corresponds more than one characteristic vectors.

Theorem 3: If X is a characteristic vector of a matrix A, then X cannot correspond to more than

one characteristic values of A.

Proof: Let X be a characteristic vector of a matrix A corresponding to two

characteristic values λ λ1 2and . Then AX X= λ1  and AX X= λ2 . Therefore

λ λ1 2X X=
⇒ ( )λ λ1 2− =X O

⇒ λ λ1 2 0− =  [ ]∵ X ≠ O

⇒ λ λ1 2= .

Hence the re sult.

4 Nature of the Characteristic Roots of Special Types of

Matrices

Theorem 1: The characteristic roots of a Hermitian matrix are real.

(Kumaun 2010, 11, 13; Meerut 11; Lucknow 05, 11)
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Proof: Suppose A is a Hermitian matrix, λ a characteristic root of A Xand  a

corresponding eigenvector. Then

AX X= λ . ...(1)

Premultiplying both sides of (1) by X θ, we get

X AX X Xθ θλ= . ...(2)

Taking conjugate transpose of both sides of (2), we get

( ) ( )X AX X Xθ θ θ θλ=

or X A X X Xθ θ θ θ θ θ θλ( ) ( )=

or X AX X Xθ θλ= ...(3)

     [ ∵( )X Xθ θ =  and A A Aθ = ,  being Hermitian]

From (2) and (3), we have

λ λθ θX X X X=

or ( )λ λ θ− =X X O.

But X is not a zero vector, therefore X Xθ ≠ O.

Hence λ λ− = 0, so that λ λ=  and consequently λ is real.

Corollary 1: The characteristic roots of a real symmetric matrix are all real.

If the elements of a Hermitian matrix A are all real, then A is a real symmetric matrix.

Thus a real symmetric matrix is Hermitian and therefore the result follows.

Corollary 2: The characteristic roots of a skew-Hermitian matrix are either pure imaginary or

zero. (Lucknow 2010)

Suppose A is a skew-Hermitian matrix. Then iA is Hermitian. Let λ be a characteristic

root of A. Then

AX X= λ
or ( ) ( )i iA X X.= λ
From this it follows that iλ is a characteristic root of iA which is Hermitian. Hence iλ is

real. Therefore either λ must be zero or pure imaginary.

Corollary 3: The characteristic roots of a real skew-symmetric matrix are either pure

imaginary or zero, for every such matrix is skew-Hermitian.

Theorem 2: The characteristic roots of a unitary matrix are of unit modulus.

Proof: Suppose A is a unitary matrix. Then A A I.θ =

Let λ be a characteristic root of A Xand  a corresponding eigenvector. Then

AX X= λ . ...(1)

Taking conjugate transpose of both sides of (1), we get

( ( )AX) Xθ θλ=

or X A Xθ θ θλ= . ...(2)

From (1) and (2), we have
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( )( )X θ θ θλλA AX X X=

or X A A X X Xθ θ θλλ( ) =  [∵ A A Iθ =  ]

or X X X Xθ θλλI =

or X X X Xθ θλλ=

or X Xθ λλ( ) .− =1 O ...(3)

Since X Xθ ≠ O, therefore, (3) gives

λλ − =1 0

or λ λ = 1

or | | .λ 2 1=

Corollary: The characteristic roots of an orthogonal matrix are of unit modulus.

We know that if the elements of a unitary matrix A are all real, then A is said to be an

orthogonal matrix. Hence the result follows.

5 The Process of Finding the Eigenvalues and Eigenvectors

of a Matrix

Let A = ×[ ]aij n n be a square matrix of order n. First we should write the characteristic

equation of the matrix A i e. ., the equation | |A I− =λ 0. This equation will be of degree n

in λ. So it will have n roots. These n roots will give us the eigenvalues of the matrix A. If 

λ1 is an eigenvalue of A, then the corresponding eigenvectors of A will be given by the

non-zero vectors

X = ′[ , , ..., ]x x xn1 2

satisfying the equation AX X= λ1

or ( )A I X O.− =λ1

Ex am ple 1: De ter mine the char ac ter is tic roots of the ma trix

A =
−

−
















0

1

2

1

0

1

2

1

0

.

(Meerut 2010)

So lu tion: The char ac ter is tic ma trix of A

      = −A Iλ

      = −

−

















−
















0 1 2

1 0 1

2 1 0

1 0 0

0 1 0

0 0 1

λ
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    =

−

− −

− −

















0 1 2

1 0 1

2 1 0

λ

λ

λ

 .

It should be noted that in order to obtain the characteristic matrix of a matrix A, we

should simply subtract λ from each of its principal diagonal elements.

The characteristic polynomial of A

    = −| |A Iλ

    =
−

−
−

−
−















λ
λ

λ
1

2

1

1

2

1

    = − − − − + + − +λ λ λ λ( ) ( ) ( )2 1 1 2 2 1 2

    = − + + − − +λ λ λ λ3 2 2 4

    = − + −λ λ3 6 4.

∴ The characteristic equation of A is

| |A I− =λ 0

i e. ., λ λ3 6 4 0− + =

i e. ., ( )( ) .λ λ λ− + − =2 2 2 02

The roots of this equation are λ = − ±2 1 3, .

Hence the characteristic roots of the matrix A are 2 1 3, .− ±

Ex am ple 2: De ter mine the eigenvalues of the ma trix A =
















a h

b

c

g

c

0

0

0 .

(Kumaun 2007; Kanpur 09; Meerut 10B)

So lu tion: Here | |A I− =
−

−
−















λ
λ

λ
λ

a h

b

c

g

c

0

0

0  

        = − − −( )( ) ( ) .a b cλ λ λ
The characteristic equation of A is

| |A I− =λ 0

i e. ., ( )( )( )a b c− − − =λ λ λ 0.

The roots of this equation are λ = a b c, , . Hence the eigenvalues of A are a b c, , .

Ex am ple 3: De ter mine the eigenvalues and eigenvectors of the ma trix

A = 





5

1

4

2
.

(Bundelkhand 2006)

So lu tion: The char ac ter is tic equa tion of A is

| |A I− =λ 0
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i e. ., 
5

1

4

2
0

−
−




 


=

λ
λ

i e. ., ( ) ( )5 2 4 0− − − =λ λ
i e. ., λ λ2 7 6 0− + = .

The roots of this equa tion are λ λ1 26 1= =, . There fore the eigenvalues of A are 6,

1.

The eigenvectors X = 





x

x
1

2
 of A corresponding to the eigenvalue 6 are given by the

non-zero solutions of the equation

( )A I X O− =6   or  
5 6

1

4

2 6

0

0
1

2

−
−













= 





x

x

or 
−

−











= 











1

1

4

4

0

0
1

2

x

x

or 
−











= 





1

0

4

0

0

0
1

2

x

x
, ap ply ing R R R2 2 1→ + .

The coefficient matrix of these equations is of rank 1. Therefore these equations have 

2 1−  i e. ., 1 linearly independent solution. These equations reduce to the single

equation − + =x x1 24 0. Obviously x x1 24 1= =,  is a solution of this equation.

Therefore X1

4

1
= 




 is an eigenvector of A corresponding to the eigenvalue 6. The set of

all eigenvectors of A corresponding to the eigenvalue 6 is given by c1 1X  where c1 is any

non-zero scalar.

The eigenvectors X of A corresponding to the eigenvalue 1 are given by the non-zero

solutions of the equation

( )A I X O− =1

or 
4

1

4

1

0

0
1

2













= 





x

x

or 4 4 01 2x x+ = ,   x x1 2 0+ = .

From these x x1 2= − . Let us take x x1 21 1= = −, . Then X2

1

1
=

−





 is an eigenvector of A

corresponding to the eigenvalue 1. Every non-zero multiple of the vector X2 is an

eigenvector of A corresponding to the eigenvalue 1.

Ex am ple 4: De ter mine the char ac ter is tic roots and the cor re spond ing char ac ter is tic vec tors of

the ma trix

A = −
−

−
−

















8

6

2

6

7

4

2

4

3

.

(Purvanchal 2010; Bundelkhand 08;

Rohilkhand 05; Agra 07; Kanpur 09; Avadh 05)
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So lu tion: The char ac ter is tic equa tion of the ma trix A is

| |A I− =λ 0

i e. ., 

8

6

2

6

7

4

2

4

3

0

−
−

−
−
−

−
−















=
λ

λ
λ

or   ( ){( )( ) } { ( ) } { ( ) }8 7 3 16 6 6 3 8 2 24 2 7 0− − − − + − − + + − − =λ λ λ λ λ
or   λ λ λ3 218 45 0− + =

or   λ λ λ( ) ( )− − =3 15 0.

Hence the characteristic roots of A are 0, 3, 15.

The eigenvectors X = ′[ , , ]x x x1 2 3  of A corresponding to the eigenvalue 0 are given by

the non-zero solutions of the equation

( )A 0I X O− =

or 

8

6

2

6

7

4

2

4

3

0

0

0

1

2

3

−
−

−
−

































=












x

x

x





or 

2

6

8

4

7

6

3

4

2

0

0

0

1

2

3

−
−

−
−

































=












x

x

x





, by R R1 3←→

.or

2

0

0

4

5

10

3

5

10

0

0

0

1

2

3

−
−

−

































=








x

x

x 





, by R R R R R R2 2 1 3 3 13 4→ + → −,

or  

2

0

0

4

5

0

3

5

0

0

0

0

1

2

3

−
−

































=















x

x

x 
, by R R R3 3 22→ + .

The coefficient matrix of these equations is of rank 2. Therefore these equations have 

3 2 1− =  linearly independent solution. Thus there is only one linearly independent

eigenvector corresponding to the eigenvalue 0. These equations can be written as

2 4 3 0 5 5 01 2 3 2 3x x x x x− + = − + =, .

From the last equation, we get x x2 3= . Let us take x x2 31 1= =, . Then the first equation

gives x1
1

2
= . Therefore X1

1

2
1 1= 





′
 is an eigenvector of A corresponding to the

eigenvalue 0. If c1 is any non-zero scalar, then c1 1X  is also an eigenvector of A

corresponding to the eigenvalue 0.

The eigenvectors of A corresponding to the eigenvalue 3 are given by the non-zero

solutions of the equation

( )A I X O− =3
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or 

5

6

2

6

4

4

2

4

0

0

0

0

1

2

3

−
−

−
−

































=












x

x

x





or 

−
−

−

−

−
−

































=








1

6

2

2

4

4

2

4

0

0

0

0

1

2

3

x

x

x









, by R R R1 1 2→ +

or 

− − −

− −

































=








1 2 2

0 16 8

0 8 4

0

0

0

1

2

3

x

x

x








, by R R R2 2 16→ − , R R R3 3 12→ +

or 

− − −































=












1 2 2

0 16 8

0 0 0

0

0

0

1

2

3

x

x

x




, by R R R3 3 2

1

2
→ + .

The coefficient matrix of these equations is of rank 2. Therefore these equations have 

3 2 1− =  linearly independent solution. These equations can be written as

− − − = + =x x x x x1 2 3 2 32 2 0 16 8 0, .

From the second equation we get x x2 3
1

2
= − . Let us take x x3 24 2= = −, . Then the first

equation gives x1 4= − . Therefore X2 4 2 4= − − ′[ ]  

is an eigenvector of A corresponding to the eigenvalue 3. Every non-zero multiple of

the X2 is an eigenvector of A corresponding to the eigenvalue 3.

The eigenvectors of A corresponding to the eigenvalue 15 are given by the non-zero

solutions of the equation

( )A I X O− =15

or 

8 15

6

2

6

7 15

4

2

4

3 15

01

2

3

−
−

−
−
−

−
−

































=
x

x

x

0

0

















or 

−
−

−
−
−

−
−

































=





7

6

2

6

8

4

2

4

12

0

0

0

1

2

3

x

x

x











or 

−
− −

−
−

−

































=







1

6

2

2

8

4

6

4

12

0

0

0

1

2

3

x

x

x 








, by R R R1 1 2→ −

or 

−
− −

































1

0

0

2

20

0

6

40

0

1

2

3

x

x

x

 =
















0

0

0

, by R R R

R R R

2 2 1

3 3 1

6

2

→ −

→ +

,

.

 .

The coefficient matrix of these equations is of rank 2. Therefore these equations have 

3 2 1− =  linearly independent solution. These equations can be written as

− + + = − − =x x x x x1 2 3 2 32 6 0 20 40 0, .
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The last equation gives x x2 32= − . Let us take x x3 21 2= = −, . Then the first equation

gives x1 2= . Therefore

X3 2 2 1= − ′[ ]

is an eigenvector of A corresponding to the eigenvalue 15. If k is any non-zero scalar,

then kX3 is also an eigenvector of A corresponding to the eigenvalue 15.

Ex am ple 5: De ter mine the char ac ter is tic roots and the cor re spond ing char ac ter is tic vec tors of

the ma trix

A = −
−

−
−

















6

2

2

2

3

1

2

1

3

.

(Meerut 2006B, 09; Purvanchal 07)

So lu tion: The char ac ter is tic equa tion of A is

|A I|− =λ 0

or 

6 2 2

2 3 1

2 3

0

− −

− − −

−

















=

λ

λ

−1 λ

or 

6 2 0

2 3 2

2 2

0

− −

− − −

−

















=

λ

λ λ

−1 λ

, by C C C3 3 2→ +

or ( )2

6 2 0

2 3 1

2 1

0−

− −

− −
















=λ

λ

λ

−1

or ( )2

6 2 0

4 4 0

2 1

0−

− −

− −
















=λ

λ

λ

−1

, by R R R2 2 3→ −

or ( ) [( ) ( ) ]2 6 4 8 0− − − − =λ λ λ
or ( ) ( )2 10 16 02− − + =λ λ λ

or ( ) ( ) ( ) .2 2 8 0− − − =λ λ λ
Therefore the characteristic roots of A are given by λ = 2 2 8, , .

The characteristic vectors of A corresponding to the characteristic root 8 are given by

the non-zero solutions of the equation

( )A I X O− =8

or 

6 8

2

2

2

3 8

1

2

1

3 8

0

0

0

1

2

3

−
−

−
−
−

−
−

































=
x

x

x 













or 

−
−

−
−
−

−
−

































=







2

2

2

2

5

1

2

1

5

0

0

0

1

2

3

x

x

x 








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or

− −
−
−

−
−

































=








2

0

0

2

3

3

2

3

3

0

0

0

1

2

3

x

x

x








, by R R R R R R2 2 1 3 3 1→ − → +,

or 

− −
− −

































=












2

0

0

2

3

0

2

3

0

0

0

0

1

2

3

x

x

x




 , by R R R3 3 2→ − .

The coefficient matrix of these equations is of rank 2. Therefore these equations

possess 3 2 1− =  linearly independent solution. These equations can be written as

− − + =2 2 2 01 2 3x x x ,

      − − =3 3 02 3x x .

The last equation gives x x2 3= − . Let us take x x3 21 1= = −, . Then the first equation

gives x1 2= . Therefore X1

2

1

1

= −















 is an eigenvector of A corresponding to the

eigenvalue 8. Every non-zero multiple of X1 is an eigenvector of A corresponding to

the eigenvalue 8.

The eigenvectors of A corresponding to the eigenvalue 2 are given by the non-zero

solutions of the equation

( )A I X O− =2

or 

4

2

2

2

1

1

2

1

1

0

0

0

1

2

3

−
−

−
−

































=












x

x

x





or 

−
−
−

−































=












2

4

2

1

2

1

1

2

1

0

0

0

1

2

3

x

x

x




 , by R R1 2←→

or  

− −































=















2

0

0

1

0

0

1

0

0

0

0

0

1

2

3

x

x

x 
 , by R R R2 2 12→ + , R R R3 3 1→ + .

The coefficient matrix of these equations is of rank 1. Therefore these equations

possess 3 1 2− =  linearly independent solutions. We see that these equations reduce to

the single equation

− + − =2 01 2 3x x x .

Ob vi ously X2

1

0

2

=
−














,  X3

1

2

0

=
















are two linearly independent solutions of this equation. Therefore X X2 3and  are two

linearly independent eigenvectors of A corresponding to the eigenvalue 2. If c c1 2,  are

scalars not both equal to zero, then c c1 2 2 3X X+  gives all the eigenvectors of A

corresponding to the eigenvalue 2.
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Ex am ple 6:  Show that 0 is a char ac ter is tic root of a ma trix if and only if the ma trix is sin gu lar.

So lu tion:  We have 0 is an eigenvalue of A ⇒ λ = 0 sat is fies the equa tion

| |A I− =λ 0 ⇒ | |A = 0 ⇒ A is sin gu lar.

Conversely, A is singular ⇒ | |A = 0

⇒ λ = 0 sat is fies the equa tion | |A I− =λ 0 

⇒ 0 is an eigenvalue of A.

Ex am ple 7: If λ λ1, ........., n are the eigenvalues of A, then show that k k nλ λ1, ...,  are the

eigenvalues of kA.

So lu tion: If k = 0, then kA O=  and each eigenvalue of O is 0. Thus 0 01λ λ, ...., n are the

eigenvalues of kA if λ λ1, ..., n are the eigenval ues of A.

So let us suppose that k ≠ 0.

We have | | | ( )|k k kA I A I− = −λ λ  

           = −kn| |.A Iλ [ | | | |]∵ k knB B=

∴  if k ≠ 0, then | |k kA I− =λ 0 if and only if | |A I− =λ 0

i e. .,  kλ is an eigenvalue of kA if and only if λ is an eigenvalue of A.

Thus k k nλ λ1, ....,  are the eigenvalues of kA if λ λ1, ..., n are eigenvalues of A.

Ex am ple 8:  If A is non-sin gu lar, prove that the eigenvalues of A−1 are the re cip ro cals of the

eigenvalues of A.

So lu tion: Let λ be an eigenvalue of A and X be a cor re spond ing eigenvector. Then

AX X= λ  

⇒ X A X)= −1 (λ  = −λ( )A X1

⇒ 
1 1

λ
X A X= −     [∵  A is non-sin gu lar ⇒ λ ≠ 0]

⇒ A X X− =1 1

λ
 

⇒ 
1

λ
 is an eigenvalue of A−1 and X is a cor re spond ing eigenvector.

Conversely suppose that k is an eigenvalue of A−1. Since A is non-singular ⇒ A−1 is

non-singular and ( )A A− − =1 1 , therefore, it follows from the first part of this question

that 
1

k
 is an eigenvalue of A. Thus each eigenvalue of A−1 is equal to the reciprocal of

some eigenvalue of A.

Hence the eigenvalues of A−1 are nothing but the reciprocals of the eigenvalues of A.

Ex am ple 9: If the char ac ter is tic roots of A are λ λ λ1 2, ,… n , then the char ac ter is tic roots of

A2 are λ λ λ1
2

2
2 2, , , .… n  (Kumaun 2008)

So lu tion: Let λ be a char ac ter is tic root of the ma trix A. Then there ex ists a non-zero

vec tor X such that 
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AX X= λ  

⇒ A X A X( ) ( )A = λ  

⇒ A X AX2 = λ ( )

⇒ A X X2 = λ λ( )      [∵ AX X= λ ]

⇒ A X X2 2= λ . …(1)

Since X  is a non-zero vector, therefore from the relation (1) it is obvious that λ2 is a

characteristic root of the matrix A2 . Therefore if λ λ1, ,… n are the characteristic roots

of A, then λ λ1
2 2

, ,… n  are the characteristic roots of A2 .

Ex am ple 10: The char ac ter is tic roots of an idempotent ma trix are ei ther zero or unity. 

So lu tion:  Let  A be an idempotent ma trix so that A A2 = . Let λ be a char ac ter is tic root

of the ma trix A. Then there ex ists a non-zero vec tor X such that 

AX X= λ …(1)

⇒ A AX A X( ) ( )= λ  

⇒ A X AX2 = λ ( ) 

⇒ AX X= λ λ( )          [∵ A A AX X2 = =and λ ]

⇒ AX X= λ2 . ...(2)

From (1)  and (2), we get

 λ λ2 X X=  

or ( )λ λ2 − =X O 

or λ λ2 0− =     [∵   X O≠ ]

or λ λ( ) .− =1 0

 ∴ λ = 0 or λ = 1.

Hence the characteristic roots of an idempotent matrix  are either zero or unity. 

Ex am ple 11: The prod uct of the char ac ter is tic roots of a square ma trix of or der n is equal to the

de ter mi nant of  the ma trix. 

So lu tion: Let A = ×[ ]aij n n be a square ma trix of or der n. Then the char ac ter is tic

poly no mial f ( )λ  of A  is given by  

f ( ) | |λ λ= −A I

     =

− …

− …

… … … …

… −

a a a

a a a

a a a

n

n

n n nn

11 12 1

22 22 2

1 2

λ

λ

λ

     = − + + + …+− −( ) [ ],1 1
1

2
2n n n n

np p pλ λ λ  say. 

If λ λ λ1 2, , ,… n are the characteristic roots of A, then λ λ λ1 2, , ,… n are the roots  of the

equation | |A I− =λ 0.
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∴  | | ( ) [ ]A I− = − + + + … +− −λ λ λ λ1 1
1

2
2n n n n

np p p

        = − − − … −( ) ( ) ( ) ( ).1 1 2
n

nλ λ λ λ λ λ …(1)

 Putting λ = 0 on both sides of (1), we get 

| | ( ) ( ) ( ) ( )A = − − − … −1 1 2
n

nλ λ λ  

   = − − …( ) ( )1 1 1 2
n n

nλ λ λ

   = − …( )12
1 2

n
nλ λ λ

   = …λ λ λ1 2 n

Hence λ λ λ1 2 … =n | |A .

Ex am ple 12:  Any two char ac ter is tic vec tors cor re spond ing to two dis tinct char ac ter is tic roots

of a:

(i)  Hermitian, (ii) Real symmetric, (iii) Unitary matrix are orthogonal. 

So lu tion : (i) A is Hermitian: 

We have A Aθ = .

Also, we have

 AX X1 1= λ1 and AX X2 2 2= λ

or λ λθ θ θ θ
1 1 2 2 1 2X X X X( ) = ;                    [λ1 is real ⇒ λ λθ

1 1= ]

or λ λθ θ
1 1 2 2 2X X X X1=  

or ( ) .λ λ θ
1 2 1 2− =X X O  

Since  λ λ1 2 0− ≠ ,  we have 

X X O1 2
θ = .

⇒  X1 and X2 are orthogonal with respect to each other. 

(ii) A is real symmetric: The real sym met ric ma trix is al ways Hermitian, so the re sult

fol lows at once from (i). 

(iii) A is unitary: We have A A Iθ = .

Now, AX X1 1 1= λ and AX X2 2 2= λ ,

where λ λ1 2,  are characteristic roots of a unitary matrix which must be uni-modular 

i e. ., λ λ λ λ1 1 2 21 1= =, .

Now, AX X2 2 2= λ
⇒ ( ) ( )AX X2 2 2

θ θλ=

⇒ X A2 2 2
θ θ θλA =

⇒ X A AX X X X X2 1 2 2 1 1 2 1 2 1
θ θ θ θλ λ λ λ= =

Again A A Iθ = ,  hence we get 

X X X X2 1 2 1 2 1
θ θλ λ=  

⇒ ( )1 2 1 2 1− =λ λ θ
X X O.
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But λ λ2 1 1≠ ; so 1 02 1− ≠λ λ .

This implies that X X O2 1
θ =  ⇒ X1 and X2 are orthogonal. 

Ex am ple 13: Show that the two ma tri ces A, C AC−1  have the same char ac ter is tic roots.

(Lucknow 2005, 07)

So lu tion:   Let B AC.= −C 1  

Then B I C AC I− = −−λ λ1

          = −− −C AC C IC1 1λ       [∵   C I C C C I− −= =1 1( ) ]λ λ λ

      = −−C A I C1( ) .λ

∴  | | | || || |B I C A I C− = −−λ λ1

         = − −| || || |A I C Cλ 1

        = − −| || |A I C Cλ 1

         = −| || |A I Iλ
        = −| |.A Iλ

Thus the two matrices A Band  have the same characteristic determinants and hence

the same characteristic equations and the same characteristic roots.

6 The Cayley-Hamilton Theorem

Every square matrix satisfies its characteristic equation i.e., if for a square matrix A of order n,

| | ( ) [ ],A I− = − + + + +− −λ λ λ λ1 1
1

2
2n n n n

na a a…

then the matrix equation X X X X I On n n n
na a a a+ + + + =− − −

1
1

2
2

3
3 …

is satisfied by X A= i e. ., A A A I On n n
na a a+ + + + =− −

1
1

2
2 … .

(Meerut 2000, 03, 05B, 06B, 09B, 10B; Rohilkhand 05, 08; Agra 07;
Avadh 05; Purvanchal 08; Lucknow 08, 09)

Proof: Since the elements of A I− λ  are at most of the first degree in λ, the elements of

Adj ( )A I− λ  are ordinary polynomials in λ of degree n − 1 or less. Therefore Adj 

( )A I− λ  can be written as a matrix polynomial in λ, given by

 Adj( )A I B B B B− = + + + +− −
− −λ λ λ λ0

1
1

2
2 1

n n
n n… ,

where B B B0 1 1, , ..., n −  are matrices of the type n n×  whose elements are functions of

aij’s.

Now ( ) ( ) | |A I A I A I I.− − = −λ λ λAdj.          [∵  A A | A I. | |Adj = n  ]

∴  ( ) ( )A I B B B B− + + + +− −
− −λ λ λ λ0

1
1

2
2 1

n n
n n…

          = − + + +−( ) [ ]1 1
1n n n

na a .λ λ … I

Comparing coefficients of like powers of λ on both sides, we get

− = −IB I0 1( ) ,n
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AB IB I0 1 11− = −( ) ,na

AB IB I1 2 21− = −( ) ,na

..................................

..................................

AB I.n
n

na− = −1 1( )

Pre-multiplying these successively by A A In n, , ...,−1  and adding, we get

O A A A I= − + + + +− −( ) [ ]1 1
1

2
2n n n n

na a a… .

Thus A A A A I On n n
n na a a a+ + + + + =− −

−1
1

2
2

1… .  ...(1)

Corollary 1: If A be a non-singular matrix, then | | .A ≠ 0  Also | | ( )A = −1 n
na  and

therefore an ≠ 0.

Pre-multiplying (1) by A−1, we get

A A A I A On n n
n na a a a− − −

−
−+ + + + + =1

1
2

2
3

1
1…

or A A A I− − −
−= − + + +1 1

1
2

11( / ) [ ].a a an
n n

n…

Corollary 2: If m be a positive integer such that m n≥ , then multiplying the result (1)

by Am n− , we get

A A A Om m
n

m na a+ + + =− −
1

1 … ,

showing that any positive integral power Am m n( )≥  of A is linearly expressible in terms 

of those of lower order.

Ex am ple 14: Find the char ac ter is tic equa tion of the ma trix A = −
−

−
−

















2

1

1

1

2

1

1

1

2

 and ver ify that 

it is sat is fied by A and hence ob tain A−1.

(Meerut 2002, 05; Bundelkhand 05, 08, 10, 11;
Kanpur 10; Lucknow 05,11; Gorakhpur 15; Kumaun 15)

So lu tion: We have 

| A I− =
−
−

−
−
−

−
−















λ
λ

λ
λ

|

2

1

1

1

2

1

1

1

2

         = − − − + − − + + − −( ){( ) } { ( ) } { ( )}2 2 1 1 1 2 1 1 1 22λ λ λ λ

        = − − + + − + −( ) ( ) ( ) ( )2 3 4 1 12λ λ λ λ λ

        = − + − +λ λ λ3 26 9 4.

∴ the char ac ter is tic equa tion of the ma trix A is 
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λ λ λ3 26 9 4 0− + − = .

We are now to ver ify that

A A A I O3 26 9 4− + − = . ...(1)

We have I =
















1 0 0

0 1 0

0 0 1

, A =

−

− −

−

















2 1 1

1 2 1

1 1 2

,

A A A2

6 5 5

5 6 5

5 5 6

= × =

−

− −

−
















, 

A A A3 2

22 21 21

21 22 21

21 21 22

= =

−

− −

−
















.

Now we can ver ify that 

A A 9A 43 26− + − I

      =

−

− −

−

















−

−

− −

−





22 21 21

21 22 21

21 21 22

6

6 5 5

5 6 5

5 5 6













+

−

− −

−

















−
















9

2 1 1

1 2 1

1 1 2

4

1 0 0

0 1 0

0 0 1

     =
















0 0 0

0 0 0

0 0 0

.

Multiplying (1) by A−1, we get 

A A I A O.2 16 9 4− + − =−

∴  A − = − +1 21

4
6 9( )A A I

Now   A A I2 6 9− +

     =

−

− −

−

















+

− −

−

− −














6 5 5

5 6 5

5 5 6

12 6 6

6 12 6

6 6 12




+
















9 0 0

0 9 0

0 0 9

     =

−

−

















3 1 1

1 3 1

1 1 3

.
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∴  A− =

−

−

















1 1

4

3 1 1

1 3 1

1 1 3

.

Ex am ple 15: Ob tain the char ac ter is tic equa tion of the ma trix A =

1 0 2

0 2 1

2 0 3
















 and ver ify that

it is sat is fied by A and hence find its in verse.

(Meerut 2001, 10B; Bundelkhand 09, 11;
Kanpur 07; Kumaun 07; Purvanchal 10; Lucknow 07, 10; Gorakhpur 12)

So lu tion: We have

| |A I− =

−

−

−

















λ

λ

λ

0 λ

1 0 2

0 2 1

2 3

        = − − − + − −( )( ) ( ) [ ( )]1 2 3 2 0 2 2λ λ λ λ
        = − − − −( ) [( ) ( ) ]2 1 3 4λ λ λ
        = − − −( ) [ ]2 4 12λ λ λ

        = − − + +( ).λ λ λ3 26 7 2

∴ the char ac ter is tic equa tion of A is

λ λ λ3 26 7 2 0− + + = .  …(1)

By the Cayley-Ham il ton the o rem

A A A I O3 26 7 2− + + = . ...(2)

Verification of (2).  We have

A2

1 0 2

0 2 1

2 0 3

1 0 2

0 2 1

2 0 3

5 0 8

2 4 5

8

=
















×
















=

0 13
















 .

Also A A3 2= A .

    =
















×
















1 0 2

0 2 1

2 0 3

5 0 8

2 4 5

8 0 13

    =
















21 0 34

12 8 23

34 0 55

.

Now A A A I3 26 7 2− + +

      =
















−
















+

21 0 34

12 8 23

34 0 55

6

5 0 8

2 4 5

8 0 13

7

1 0 2

0 2 1

2 0 3

2

1 0 0

0 1 0

0 0 1

















+















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 =
















−












21 0 34

12 8 23

34 0 55

30 0 48

12 24 30

48 0 78





+
















+
















7 0 14

0 14 7

14 0 21

2 0 0

0 2 0

0 0 2

 =
















−








30 0 48

12 24 30

48 0 78

30 0 48

12 24 30

48 0 78





 =
















=

0 0 0

0 0 0

0 0 0

O.

Hence Cayley-Hamilton theorem is verified. Now we shall compute A−1.

Multiplying (2) by A−1, we get 

A A I A O2 16 7 2− + + =− .

∴ A A A I− = − − +1 21

2
6 2( ) 

     =

−

−

−

















3 0 2

1
1

2

1

2
2 0 1

.

Ex am ple 16: Show that the ma trix A =

−

−

−

















0

0

0

c b

c a

b a

 sat is fies Cayley-Hamilton the o rem. 

(Meerut 2006B; Kumaun 09)

So lu tion: We have 

| |A I− =

− −

− −

− −

















λ

λ

λ

λ

0

0

0

c b

c a

b a

        = − + − − − +λ λ λ λ( ) ( ) ( )2 2a c c ab b ac b

          = − − + +λ λ3 2 2 2( ).a b c

∴ The characteristic equation of the matrix A  is 

λ λ3 2 2 2 0+ + + =( ) .a b c

We are to verify that 

A A O3 2 2 2+ + + =( )a b c .

We have A2

0

0

0

0

0

0

=

−

−

−

















×

−

−

−

















c b

c a

b a

c b

c a

b a
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    =

− −

− −

− −



















c b ab ac

ab c a bc

ac bc b a

2 2

2 2

2 2

 .

∴ A A A3 2=

    =

− −

− −

− −



















×

−

−

c b ab ac

ab c a bc

ac bc b a

c b

c

2 2

2 2

2 2

0

0

0

a

b a−

















   =

− − − + +

+ + − − −

− −

0

0

3 2 2 2 3 2

3 2 2 2 2 3

2

c b c a c bc b a b

c a c b c ab ac a

bc b a b ac ab a3 2 2 2 3 0− + +



















   = − + +

−

−

−

















( )a b c

c b

c a

b a

2 2 2

0

0

0

   = − + +( ) .a b c2 2 2 A

∴   A A A A3 2 2 2 2 2 2 2 2 2+ + + = − + + + + +( ) ( ) ( )a b c a b c a b c

        = =0A O.

Hence A satisfies Cayley-Hamilton theorem. 

Ex am ple 17: Find the char ac ter is tic equa tion of the ma trix A = −

−

















1 2 0

2 1 0

0 0 1

 and hence find 

A−1. (Rohilkhand 2009, 10; Kumaun 11, 14)

So lu tion: The char ac ter is tic equa tion of the ma trix A is 

| |A I− =λ 0

or 

1 2 0

2 1

1

0

−

− −

− −

















=

λ

λ 0

0 0 λ

 

or ( )( ) ( ) [ ( )]1 1 1 2 2 1 0− − − − − − − − =λ λ λ λ
or ( ) ( ) ( )1 1 4 1 02− + + + =λ λ λ

or ( )( )1 1 2 4 4 02− + + + + =λ λ λ λ

or 1 2 2 4 4 02 2 3+ + − − − + + =λ λ λ λ λ λ

or − − + + =λ λ λ3 2 5 5 0

or λ λ λ3 2 5 5 0+ − − = . ...(1)

Now by Cayley-Hamilton theorem the matrix A must satisfy its characteristic

equation (1). Therefore we have

 L-149



A A A I O3 + 5 5 =2 − −

or 5 53 2I = + −A A A ...(2)

Pre-multiplying both sides of (2) by A−1 , we have 

5 51 1 3 1 2 1A I A A A A A A− − − −= + −

or 5 51 2A A A I− = + −

or A A A I− = + −1 21

5
5( ) …(3)

Now A2

1 2 0

2 1 0

0 0 1

1 2 0

2 1 0

0 0 1

5 0 0

0= −

−

















−

−

















= 5 0

0 0 1
















.

∴       A A I2 5+ − =
















+ −

−

















−

5 0 0

0 5 0

0 0 1

1 2 0

2 1 0

0 0 1

5 0 0

0 5 0

0 0 5

















= −

−

















1 2 0

2 1 0

0 0 5

.

Hence from (3),     A− = −

−

















1 1

5

1 2 0

2 1 0

0 0 5

.

Ex am ple 18: State Cayley-Ham il ton the o rem. Use it to ex press 2 3 45 4 2A A A I− + −  as a

lin ear poly no mial inA, when A =
−











3 1

1 2
.

(Lucknow 2005)

So lu tion: State ment of Cayley-Ham il ton The o rem. Ev ery square ma trix sat is fies

its char ac ter is tic equa tion. 

Now let us find the characteristic equation of the matrix A. We have 

| |A I− =
−

− −
λ

λ

λ

3 1

1 2
 = − − +( ) ( )3 2 1λ λ

         = − +λ λ2 5 7.

The characteristic equation of A is | |A I− =λ 0 i.e., is

λ λ2 5 7 0− + = ...(1)

By Cayley-Hamilton theorem,the matrix A must satisfy (1). Therefore we have 

A A I O2 5 7− + = . …(2)

From ( )2 , we get 

A A I2 5 7= − … (3)

Multiplying both sides of (3) by A, we get 
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A A A3 25 7= − …(4)

∴  A A A4 3 25 7= − …(5)

and A A A5 4 35 7= − …(6)

Now 2 3 4 2 5 7 3 45 4 4 3 4 2A A I A A A A I− + − = − − + −A2 ( )

              [Sub sti tut ing for A5  from (6)]

= − + −7 14 44 3 2A A A I

= − − + −7 5 7 14 43 2 3 2( )A A A A I  [By (5)]

= − −21 48 43 2A A I

= − − −21 5 7 48 42 2( )A A A I [By (4)]

= − −57 147 42A A I

= − − −57 5 7 147 4( )A I A I [By (3)]

= −138 403A I, which is a lin ear poly no mial in A.

7 Diagonalization of Square Matrices with Distinct Eigen

Values

Similarity of Matrices: Definition: Let A and B be square matrices of order n. Then B is

said to be similar to A if there exists a non-singular matrix P such that

B = P AP–1 .

Theorem 1: Similarity of matrices is an equivalence relation.

Theorem 2: Similar matrices have the same determinant.

Theorem 3: Similar matrices have the same characteristic polynomial and hence the same

eigenvalues. If X is an eigenvector of A corresponding to the eigenvalue λ , then P X–1  is an

eigenvector of B corresponding to the eigenvalue λ, where

B = P AP.–1

Corollary: If A is similar to a diagonal matrix D ,  the diagonal elements of D are the eigenvalues

of A. 

Diagonalizable matrix: Definition: A matrix A is said to be diagonalizable if it is similar

to a diagonal matrix. 

Thus a matrix A is diagonalizable if there exists an invertible matrix P such that 

P AP = D-1  where D  is a diagonal matrix. Also the matrix P is then said to diagonalize A

or transform A to diagonal form.

Theorem 1: An n n×  matrix is diagonalizable if and only if it possesses n linearly independent

eigenvectors. 

Proof: Suppose A is diagonalizable. Then A is similar to a diagonal matrix D = dia. 

[ , , , ].λ λ λ1 2 … n  Therefore there exists an invertible matrix P [X , X , , X= …1 2 n] such that 
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P AP = D−1   

i e. ., AP = PD 

i e. .,  A[X , X , , X [X , X , , X1 2 1 2… = …n n] ] dia.[ , , , ]λ λ λ1 2 … n

i e. ,  [ , , , ]AX AX AX1 2 … n  = …[ , , , ]λ λ λ1 2 2X X X1 n n

i e. .,  AX X AX1 1 1 2= λ ,  = … =λ λ2 2X AX X, , .n n n

Therefore X X X,1 2, ,… n are eigenvectors of A corresponding to the eigenvalues 

λ λ λ1 2, , ,… n respectively. Since the matrix P is non-singular, therefore its column

vectors X X X1 2, , ,… n are linearly independent. Hence A possesses n linearly

independent eigenvectors. 

Conversely, suppose that A possesses n linearly independent eigenvectors 

X , X , , X1 2 … n and let λ λ λ1 2, , ,… n be the corresponding eigenvalues. Then 

AX X AX X AX X1 1 1 2 2 2= = … =λ λ λ, , , .n n n

Let P X , X X= …[ , , ]1 2 n  and D = dia. [ , ,..., ].λ λ λ1 2 n

Then AP X= …[ , , , ]1 2X Xn  = …[ , , , ]AX AX AX1 2 n

     = …[ , , , ]λ λ λ1 1 2 2X X Xn n

     = …[ , , , ]X X X1 2 n  dia. [ , , , ]λ λ λ1 2 … =n PD.

Since the column vectors X X X1 2, , ,… n of the matrix P are linearly independent,

therefore X is invertible and X−1 exists. 

There fore AP PD=   

⇒  P AP P PD− −=1 1

⇒ P AP D− =1

⇒ A is sim i lar to a di ag o nal ma trix D

⇒ A is diagonalizable. 

Remark: In the proof of the above theorem we have shown that if A is diagonalizable

and P diagonalizes A, then 

P AP− =

…

…

… … … …

…





















1

1

2

0 0

0 0

0 0

λ

λ

λ n

= D

if and only if the jth column of P  is an eigenvector of A corresponding to the eigenvalue 

λ j of A, ( , , , ).j n= …12  The diagonal elements of D are the eigenvalues of A and they

occur in the same order as is the order of their corresponding eigenvectors in the

column vectors of P. 

Theorem 2: If the eigenvalues of an n n×  matrix are all distinct then it is always similar to a

diagonal matrix. 

Proof: Let A be a square matrix of order n and suppose it has n distinct eigenvalues 

λ λ λ1 2, ,. , .… n  We know that eigenvectors of a matrix corresponding to distinct
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eigenvalues are linearly independent. Therefore A has n linearly independent

eigenvectors and so it is similar to a diagonal matrix

D = dia. [ , , , ].λ λ λ1 2 … n

Corollary: Two n n×   matrices with the same set of n distinct eigenvalues are similar. 

Proof: Suppose A and B are two n n×  matrices with the same set of n distinct

eigenvalues λ λ λ1 2, , , .… n  Let D =  dia. [ , , , ].λ λ λ1 2 … n  Then both A and B are similar to 

D. Now A is similar to D and D is similar to B implies that A is similar to B. 

Note that the relation of similarity is transitive. 

Theorem 3: The necessary and sufficient condition for a square matrix to be similar to a

diagonal matrix is that the geometric multiplicity of each of its eigenvalues coincides with the

algebraic multiplicity. 

Proof: The condition is necessary. Suppose A is similar to a diagonal matrix D = dia. 

[ , , , ].λ λ λ1 2 … n  Then λ λ λ1 2, , ,… n are the eigenvalues of A and there exists a

non-singular matrix P such that 

P AP = D−1 .

Let α be an eigenvalue of A of algebraic multiplicity k. Then exactly k among 

λ λ λ1 2, , , ,… n  are equal to α. 

Let m = rank (A I).− α  Then the system of equations  

(A I) X = O− α
have n m− linearly independent solutions and so n m−  will be the geometric

multiplicity of α . We are to prove that k n m= − . We know that the rank of a matrix

does not change on multiplication by a non-singular matrix. Therefore

rank (A I)− α =  rank [P (A I)P]− −1 α

=  rank [ ]P AP I− −1 α

=  rank [ ]D I− =α rank dia. [ , , ]λ α, λ α λ α1 2− − … −n

= n k− , since ex actly k el e ments of dia. [ , , , ]λ α λ α λ α1 2− − … −n  

  are equal to zero.

Thus rank (A I)− = = −α m n k. Therefore k n m= − .

Thus there are exactly k linearly independent eigenvectors corresponding to the

eigenvalue α.

The condition is sufficient. Suppose that the geometric multiplicity of each

eigenvalue of A is equal to its algebraic multiplicity. Let λ λ1, ,… p be the set of p distinct

eigenvalues of A with respective multiplicities r rp1, , .…  We have 

r r np1 + … + = .

To prove that A is diagonalizable. 

Let 

C C C

C C C

11 12 1

1 2

1
, , ,

, , ,

…

… … … …

… … … …

…













r

p p prp

...(1)
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be linearly independent sets of eigenvectors corresponding to the eigenvalues 

λ λ1, ,… p respectively. We claim that the n vectors given in (1) are linearly

independent. Let 

  ( )a a a r r11 11 12 12 1 11 1
C C+ + … +C  + … + + … + =( )a ap p pr prp p1 1C C O …( )2

The relation (3) may be written as 

X X X O1 2+ + … + =p , ...(3)

where X X X1 2, , ,… p denote the vectors written within brackets in (2) i e. ., 

X1 = + … +a a r r11 11 1 11 1
C C , and so on. 

Now X1is a linear combination of eigenvectors of A corresponding to the eigenvalue λ1.

Therefore if X O1 ≠ , then X1 is also an eigenvector of A corresponding to the eigenvalue 

λ1.

Similarly we can speak for X X2 , , .… p  

In case some one of X X1, ,… p is not zero, then the relation (3) implies that a system of

eigenvectors of A corresponding to distinct eigenvalues of A is linearly dependent. But

this is not possible. Hence each of the vectors X X X1 2, ,… p must be zero. 

Since C C C11 12 1 1
, , ,… r is a set of linearly independent vectors, therefore 

O X C C= = + +1 11 11 1 11 1
a a r r…  implies that 

a a r11 10 0
1

= … =, , .

Similarly we can show that each of the scalars in relation (2) is zero.  Therefore the n

vectors give in (1) are linearly independent. Thus A has n linearly independent

eigenvectors. So it is similar to a diagonal matrix.

Ex am ple 19: Show that the rank of ev ery ma trix sim i lar to A is the same as that of A. 

So lu tion: Let B be a ma trix sim i lar to A. Then there ex ists a non-sin gu lar ma trix P such

that B P AP.= −1  We know that the rank of a ma trix does not change on mul ti pli ca tion

by a non-sin gu lar matrix. 

There fore, rank ( )P AP− =1 rank A ⇒ rank B = rank A .
 

Ex am ple 20: If U be a uni tary ma trix such that U AUθ = diag [ , , ],λ λ1 … n   show that λ λ1, ,… n

are the eigenvalues of A.

So lu tion: Let diag [ , , ]λ λ1 … =n D. Since U is uni tary, there fore U Uθ = −1. So 

U AU D U AU D.θ = ⇒ =−1

Thus A is similar to the diagonal matrix D. But similar matrices have the same

eigenvalues and eigenvalues of D are its diagonal elements. Therefore λ λ1, ,… n are the

eigenvalues of A. 

Ex am ple 21: Prove that if A is sim i lar to a di ag o nal ma trix, then AT  is sim i lar to A. 
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So lu tion: Sup pose A is sim i lar to a di ag o nal ma trix D. Then there ex ists a non-sin gu lar

ma trix P such that 

P AP D− =1   

⇒  A P D P= −1

⇒ A P D P P D PT T T T T= =− −( ) ( )1 1

⇒ A P D PT T T= −( ) 1     [∵  D is di ag o nal ⇒ =D DT ]

⇒ AT  is sim i lar to D 

⇒ D is sim i lar to AT .

Finally A is similar to D and D is similar to AT  implies that A is similar to AT .

Ex am ple 22:  Show that a non-zero ma trix is nilpotent if and only if all its eigenvalues are equal

to zero. 

So lu tion: Sup pose A O≠  and A is nilpotent. Then 

A Or = , for some pos i tive in te ger r 

⇒ the poly no mial λr  an ni hi lates A

⇒ the min i mal poly no mial m( )λ  of A di vides λr

⇒ m( )λ  is of the type λs, where s is some pos i tive in te ger 

⇒ 0 is the only root of m( )λ  

⇒ 0 is the only eigenvalue of A 

⇒ all eigenvalues of A are zero. 

Conversely, each eigenvalue of A = 0 

⇒ char ac ter is tic equa tion of A is λn = 0

⇒ A On = , since A sat is fies its char ac ter is tic equa tion 

⇒ A is nilpotent. 

Note: A non-zero matrix A is said to be nilpotent, if for some positive integer r, 

A O.r =

Ex am ple 23: A square ma trix A is de fined by A =

−

− −

















1 2 2

1 2 1

1 1 0

.

Find the modal matrix P and the resulting diagonal matrix D of A.

So lu tion: The char ac ter is tic equa tion of A is 

1 2 2

1 2

0

0

− −

−

−

=

λ

λ 1

−1 −1 λ

or ( )( ) ( )1 2 1 2 12− − + + − − +λ λ λ λ − − + − =2 1 2 0( )λ
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or ( )( ) ( )− + − + − =λ λ λ1 1 4 4 02

or ( )( )( )− + + − =λ λ λ1 1 3 0

The roots of this equation are 1 1 3, , .−  

The eigenvectors X of A corresponding to the eigenvalue 1 are given by the equation 

( )A I− 1  X = O    

or     ( )A I X O− =

or  

0 2 2

1 1 1

1 1 1

0

0

0

−

− − −

































=
















x

y

z

or 

0 2 2

1 1 1

0 0 0

0

0

0

−































=
















x

y

z

, by R R R3 3 1→ +

The coefficient matrix of these equations is of rank 2. So these equations have 1

linearly independent solution. These equations can be written as 

0 2 2 0x y z+ − =  , x y z+ + = 0

From these, we get y z= = 1, say. Then x = − 2.

Therefore X1

2

1

1

=

−














 is an eigenvector of A corresponding to the eigenvalue 1. 

Now the eigenvectors of A corresponding to the eigenvalues −1 are given by

( )A I X O+ =   

i e. .,   

2 2 2

1 3 1

1 1 1

0

0

0

−

− −

































=
















x

y

z

or 

2 2 2

1 3 1

0 0 0

0

0

0

−































=
















x

y

z

 , by R R R3 3 12→ +

The coefficient matrix of these equations is of rank 2. So these equations have 1

linearly independent solution. 

These equations can be written as 

2 2 2 0x y z+ − =  , x y z+ + =3 0 

Let us take  z = − 1 , then y = 1 and x = − 2. Therefore,  X2

2

1

1

=

−

−
















 

is an eigenvector of A corresponding to the eigenvalue −1. 

Now the eigenvectors of A corresponding to the eigenvalue 3 are given by 
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( )A I X O− =3

i e. ., 

− −

−

− − −

































=













2 2 2

1 1 1

1 1 3

0

0

0

x

y

z




or 

− −

− − −

−

































=













2 2 2

1 1 3

1 1 1

0

0

0

x

y

z



 , R R2 3↔

Similarly, we have x y z= = = −2 1 1, , .

There fore X3

2

1

1

=

−
















 

is an eigenvector of A corresponding to the eigenvalue 3. 

Let modal matrix  

P X X X= =

− −

−

















[ , , ]1 2 3

2 2 2

1 1 1

1 1 1

∴  P− = = −

− −

− −

















1 1

8

0 4 4

2 0 4

2 4 0

AdjP

P| |
 .

The matrix P will transform A to diagonal form D which is given by the relation

P A P− = −
















1

1 0 0

0 1 0

0 0 3

= D .

Ex am ple 24: Show that the ma trix A =

− −

− −

−

















8 8 2

4 3 2

3 4 1

 

is diagonalizable. Also find the transforming matrix and diagonal matrix. 

So lu tion: The char ac ter is tic equa tion of A is 

8 8 2

4 3

1

0

− − −

− −

−

=

λ

λ −2

3 −4 λ

or 

1 1 1

4 3

1

0

− − + − +

− −

−

=

λ λ λ

λ −2

3 −4 λ

 , ap ply ing R R R1 2 3− +( )
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or ( )1− λ   

1 1 1

4 3

1

0

− −

− −

−

=λ −2

3 − 4 λ

or  ( )1− λ  

1 0 0

4 1

4

0−

−

=λ 2

3 −1 λ

 , ap ply ing C C C C2 1 3 1+ +,

or ( )[( )( ) ]1 1 4 2 0− − − + =λ λ λ
or ( )( )1 5 6 02− − + =λ λ λ  

or ( )( )( )1 2 3 0− − − =λ λ λ .

The roots of this equation are 1, 2, 3. 

Since the eigenvalues of the matrix A are all distinct, therefore A is similar to a diagonal 

matrix. Since the algebraic multiplicity of each eigenvalue of A is 1, therefore there will 

be one and only one linearly independent eigenvector of A corresponding to each

eigenvalue of A.

The eigenvectors X of A corresponding to the eigenvalue 1 are given by the equation 

( )A I X O− =1   or  ( )A I X O− =  

or 

7 8 2

4 4 2

3 4 0

0

0

0

1

2

3

− −

− −

−

































=








x

x

x 





or 

7 8 2

3 4 0

3 4 0

0

0

0

1

2

3

− −

−

−

































=












x

x

x




, by R R R2 2 1→ −

or  

7 8 2

3 4 0

0 0 0

0

0

0

1

2

3

− −

−
































=













x

x

x



, by R R R3 3 2→ + .

The matrix of coefficients of these equations has rank 2. Therefore these equations

have only one linearly independent solution as it should have been because the

algebraic multiplicity of the eigenvalue 1 is 1. Note that the geometric multiplicity

cannot exceed the algebraic multiplicity. The above equations can be written as 

7 8 2 0 3 4 01 2 3 1 2x x x x x− − = − + =, . From the last equation, we get x x1 24 3= =, .

Then the first gives x3 2= . Therefore X1

4

3

2

=















 is an eigenvector of A corresponding to

the eigenvalue 1. 

The eigenvectors X of A corresponding to the eigenvalue 2 are given by the equation 

( )A I X O− =2
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or  

6 8 2

4 5 2

3 4 1

0

0

0

1

2

3

− −

− −

− −

































=








x

x

x









or 

6 8 2

2 3 0

0 0 0

0

0

0

1

2

3

− −

−
































=













x

x

x



 ,  ap ply ing R R R

R R R

2 3 1

3 3 1
1

2

→ −

→ −

,

.

  

These equations can be written as 6 8 2 01 2 3x x x− − = , − + =2 3 01 2x x . From these, we 

get x x x1 2 33 2 1= = =, , . 

Therefore X2

3

2

1

=















 is an eigenvector of A corresponding to the eigenvalue 2. 

The eigenvectors X of A corresponding to the eigenvalue 3 are given by the equation 

( )A I X O− =3

or 

5 8 2

4 6 2

3 4 2

0

0

0

1

2

3

− −

− −

− −

































=








x

x

x









or 

5 8 2

1 2 0

0 0 0

0

0

0

1

2

3

− −

−
































=













x

x

x



 , ap ply ing R R R

R R R R

2 2 1

3 3 1 22

→ −

→ + −

,

.

These equations can be written as 

5 8 2 0 2 01 2 3 1 2x x x x x− − = − + =, .

From these, we get x x x1 2 32 1 1= = =, , .

∴      X3

2

1

1

=















 is an eigenvector of A cor re spond ing to the eigenvalue 3.

Let P X X X= [ ]1 2 3

 =
















4 3 2

3 2 1

2 1 1

.

The columns of P are linearly independent eigenvectors of A corresponding to the

eigenvalues 1, 2, 3 respectively. The matrix P will transform A to diagonal form D

which is given by the relation 

P A P D− =
















=1

1 0 0

0 2 0

0 0 3

.
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 1. (i) State Cayley-Ham il ton the o rem. 

(Bundelkhand 2005; Agra 05; Lucknow 07; Gorakhpur 11)

 (ii) Find the char ac ter is tic roots of the ma trix A = −
















1

0

0

2

4

0

3

2

7

.

(Meerut 2009 B; Gorakhpur 10)

 2. (i) If a b c+ + = 0, find the char ac ter is tic roots of the ma trix

A =
















a c b

c b a

b a c

.

(Kumaun 2008; Kanpur 07, 08)

 (ii) Prove that the ma tri ces : 

A =
















0

0

0

a b

a c

b c

 and B =
















0

0

0

b a

b c

a c

  

have same char ac ter is tic equa tion. 

(Rohilkhand 2007; Purvanchal 06; Agra 05)

(iii) Verify that the matrices 

 A B C=
















=
















=
0

0

0

0

0

0

0

h

g

h

f

g

f f

h

f

g

h

g g

f

g

, , 0

0h

f

h

















have the same char ac ter is tic equa tion

λ λ3 2 2 2 2 0− + + − =( ) .f g h fgh

 3. (i) Verify Cayley-Hamilton theorem for matrix A, where A =










1 1

1 1
 .

(Rohilkhand 2011)

(ii) Ver ify that the ma trix A sat is fies its char ac ter is tic equa tion, where

A =
−







1

1

2

3
 .

  Express A A A A A6 5 4 3 24 8 12 14− + − +  as a linear polynomial in A.

(Gorakhpur 2014)

(iii) De ter mine the char ac ter is tic roots for the ma trix 
1

2

2

1





 (Kumaun 2014)
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 4. Find the characteristic roots of the matrix A = 





1

2

4

3
 and verify Cayley-

Hamilton theorem for this matrix. Find the inverse of the matrix A and also

express A A A A A I5 4 3 24 7 11 10− − + − −  as a linear polynomial in A . 

(Gorakhpur 2011)

 5. Verify that the matrix A =
−

−
















1

0

3

2

1

1

1

1

1

 satisfies its characteristic equation and

compute A −1. (Purvanchal 2009)

 6. Find the char ac ter is tic roots of the ma trix A =
− − −

















1

5

2

1

2

1

3

6

3

 and ver ify

Cayley-Ham il ton the o rem. (Agra 2008; Bundelkhand 11; Meerut 09B)

 7. De ter mine the eigenvalues and eigenvectors of the ma trix 

A =

1

0

2

0

0

0

2

0

4−

−














 .

(Kumaun 2008)

 8. Show that the ma trix A =
















2

1

1

2

3

2

1

1

2

 sat is fies Cayley-Ham il ton the o rem.

Also determine the characteristic roots (i e. .,  latent roots) and the corresponding 

characteristic vectors of the matrix A. (Meerut 2007)

 9. Ver ify Cayley-Ham il ton the o rem for the ma trix A =
−

















0

3

2

0

1

1

1

0

4

.

Hence or oth er wise eval u ate A−1.

(Meerut 2003, 09; Avadh 05; Kumaun 11)

10. Find the char ac ter is tic equa tion of the ma trix A =
















1

4

0

3

2

2

7

3

1

 and show that

it is sat is fied by A. Hence ob tain the in verse of the given ma trix A.

11. Verify that the matrix A = −
−

















1

1

2

2

0

1

1

3

1

 satisfies its own characteristic

 equation. Is it true of every square matrix? State the theorem that applies here.
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12. Ver ify Cayley-Ham il ton the o rem for the fol low ing ma trix :

A = −
















1

0

0

0

1

1

2

1

0

 .

(Avadh 2008)

13. Find the char ac ter is tic roots and the char ac ter is tic spaces of the matrix

1

0

0

2

2

0

3

3

2
















 .

(Meerut 2005; Rohilkhand 07)

14. Show that the characteristic roots of a triangular matrix are just the diagonal

elements of the matrix. (Gorakhpur 2011)

15. Let A and B be n-rowed square matrices and let A be non-singular. Show that

the matrices A B−1  and BA−1 have the same eigenvalues. 

16. If A and B are non-singular matrices of order n, show that the matrices AB and 

BA are similar. 

17. A and B are two n n×  matrices with the same set of n distinct eigenvalues.

Show that there exist two matrices P and Q (one of them non-singular) such that

A PQ B QP= =, .

18. Prove that a non-zero nilpotent matrix cannot be similar to a diagonal matrix. 

19. Find a matrix P which diagonalizes the matrix A =










4 1

2 3
. Verify that

P AP D− =1 ,  where D is the diagonal matrix.

20. Reduce the matrix A =

−

−
















1 1 2

0 2 1

0 0 3

 to diagonal form. 

 1. (ii) 1, –4, 7  2.  (i)  λ = ± + +





0
3

2
2 2 2

1 2

, ( )
/

a b c

 3. (ii) − +4 5A I. (iii) −1 3,

 4.  5 1
1

5

3 4

2 1
, ;−

−

−










 5. Characteristic equation is λ λ λ3 23 9 0− − + =

        A− =
−

−
−

















1 1

9

0

3

3

3

2

7

3

1

1
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 6. All the characteristic roots are zero.

 7. Eigenvalues are 5 0 0, , . Corresponding to the eigenvalue 2 an eigenvector is 

[ , , ]1 0 2− ′. Two linearly independent eigenvectors corresponding to the

eigenvalue 0 are [ , , ]2 0 1 ′ and [ , , ]0 1 0 ′

 8. 5, 1, 1. Corresponding to the characteristic root 5 a characteristic vector is

[ , , ]111 ′. Two linearly independent characteristic vectors corresponding to the

characteristic root 1 are [ , , ] and [ , , ]1 0 1 11 3− ′ − ′

 9.    A− = −
−















1 1

5

4

12

5

1

2

0

1

3

0

10.   λ λ λ3 24 13 40 0− − − = ; A− =
−
−

−

−

−

















1 1

40

4

4

8

11

1

2

5

25

10

13. Characteristic roots are 1, 2, 2. Corresponding to the characteristic root 1 a

characteristic vector is [ , , ]1 0 0 ′. Corresponding to the characteristic root 2 a

characteristic vector is [ , , ] .2 1 0 ′  The characteristic space corresponding to the

characteristic root 1 consists of the vector c [ , , ]1 0 0 ′, where c is any scalar.

Similarly for the other characteristic space

19. 2,5. Corresponding to the characteristic root 2 a characteristic vector is [ , ]1 2− ′.
Corresponding to the characteristic root 5 a characteristic vector is [ , ] .1 1 ′  

P =
1

2

1

1−










20. 1, 2, 3 corresponding to the characteristic root 1 a characteristic vector is 

[ , , ] .1 0 0 ′  Corresponding to the characteristic root 2 a characteristic vector is 

[ , , ]1 1 0− ′. Corresponding to the characteristic root 3 a characteristic vector is 

[ , , ]3 2 2− ′.

Mul ti ple Choice Ques tions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. If λ is a characteristic root of a matrix A, then a characteristic root of A−1 is 

(a) 1 / λ (b) λ
(c) λ2 (d) 1 2/ λ (Bundelkhand 2001)
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 2.  The eigenvalues of the ma trix A =
















a h

b

c

g

c

0

0

0  are

(a) a h g, ,  (b) a h c, ,

(c) a g c, ,  (d) a b c, , (Kanpur 2009, 11)

 3. If λ is a characteristic root of the matrix A, then a characteristic root of the matrix 

A I+ k  is

(a) λ (b) k + λ
(c) k − λ (d) none of these (Agra 2007)

 4.  The char ac ter is tic equa tion of A =
−







3

1

1

2
 is

(a) λ λ2 5 7 0− + =  (b) λ λ2 3 7 0− + =

(c) λ λ2 2 7 0− + =  (d) none of these

(Bundelkhand 2007)

 5. At least one characteristic root of every singular matrix is :

(a) 1 (b) −1

(c) 0 (d) none of these 

 6. If A  is a non-singular matrix, then the relationship between the eigen value of A

and A −1 is :

(a) they are same (b) they are equal but op po site 

(c) re cip ro cal to each other (d) none of these

 (Garhwal 2012)

 7. If ma trix A =

−

− −

−

















8 6 2

6 7 4

2 4 3

, then the char ac ter is tic roots of A  are 

(a) 0 3 14, , (b) 3 5 15, ,

(c) 0 5 15, , (d) none of these
(Garhwal 2013)

 8. If A  be the ma trix, 

A = −
















1 2 3

0 4 2

0 0 7

,

then its char ac ter is tic roots are

(a) 1 5 7, ,− (b) 1 4 7, ,−
(c) −1 4 7, , (d) 1 4 7, ,−

(Garhwal 2014)
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 9. The char ac ter is tic equa tion of A =
−











1 2

1 3
 is 

(a) λ λ + 72 3 0− = (b) λ λ +2 4 5 0− =

(c) λ λ2 2 0+ = (d) λ λ + 72 3 0+ =

10. The char ac ter is tic equa tion of A =










1 1

1 1
 is

(a) λ λ2 2− (b) λ λ2 2 0+ =

(c) λ2 0= (d) λ2 1=

Fill in the Blank(s)

Fill in the blanks  ‘‘.........’’, so that the following statements are complete and correct.

 1. If A is any n-rowed square matrix and λ an indeterminate, then the equation 

| |A I− =λ 0 is called the ......... of A and the roots of this equation are called the

......... of the matrix A.

 2. If λ is a characteristic root of an n n×  matrix A, then a non-zero vector X such

that AX X= λ  is called a ......... of A corresponding to the characteristic root λ.

 3. The char ac ter is tic roots of a Hermitian ma trix are ......... (Avadh 2005)

 4. The characteristic roots of a skew-Hermitian matrix are either ......... or .........

 5. The ma tri ces A Aand ′ have the ......... eigenvalues. (Agra 2008)

 6. If λ λ1, ........., n are the eigenvalues of A, then k k nλ λ1, .........,  are the

eigenvalues of .........  (Lucknow 2011)

 7. If the characteristic roots of A are λ λ λ1 2, , ........., ,n  then the characteristic roots

of ......... are λ λ λ1
2

2
2 2

, , ........., .n

 8.   Every square matrix ..... its characteristic equation. (Meerut 2001)

 9.   The characteristic equation of the matrix A = −
















1

0

0

0

1

1

2

1

0

 is ......... .

True or False

Write ‘T’ for true and ‘F’  for false state ment.

 1. The characteristic roots of a real symmetric matrix are all real.

 2. The characteristic roots of a real skew-symmetric matrix are all pure imaginary.

 3. The characteristic roots of a unitary matrix are of unit modulus.

 4. The characteristic roots of a diagonal matrix are just the diagonal elements of

the matrix.
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 5. Two matrices A C ACand −1  do not have the same characteristic roots.

 6. Cayley-Hamilton theorem states that ‘Every square matrix satisfies its

characteristic equation’. (Rohilkhand 2006)

 7. The char ac ter is tic equa tion of A =
−







3

1

1

2
  is   λ λ2 3 7 0− + = .

(Meerut 2003; Kumaun 08)

Mul ti ple Choice Ques tions

 1. (a)  2. (d)  3. (b)  4. (a)  5. (c)

 6. (c)  7. (d)  8. (b)  9. (b) 10. (a)

Fill in the Blank(s)

 1. char ac ter is tic equa tions; char ac ter is tic roots

 2. char ac ter is tic vec tor 3. real  4. pure imag i nary; zero

 5. same  6. kA 7. A2  8. sat is fies

 9. λ λ3 2 1 0− + =  

True or False

 1. T  2. F 3. T  4. T  5. F

 6. T  7. F

o
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1  External Direct Product of Two Vector Spaces

Suppose U and V  are two vector spaces over the same field F. Let 

W U V i e W U V= × = ∈ ∈. ., ( , ) : ,{ }α β α β .

If ( , )α β1 1  and ( , )α β2 2  are two elements in W, then we define their equality as follows :

( , ) ( , )α β α β1 1 2 2=  if α α1 2=  and β β1 2= .

Also we define the sum of ( , ) and ( , )α β α β1 1 2 2  as follows :

( , ) ( , ) ( , ).α β α β α α β β1 1 2 2 1 2 1 2+ = + +
If c is any element in F and ( , )α β  is any element in W, then we define scalar

multiplication in W as follows :

c c c( , ) ( , ).α β α β=
It can be easily shown that with respect to addition and scalar multiplication as defined

above, W is a vector space over the field F. We call W as the external direct product of

the vector spaces U and V  and we shall write W U V= ⊕ .

Now we shall consider some special type of scalar-valued functions on W known as

bilinear forms.
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2  Bilinear Forms

Definition: Let U and V be two vector spaces over the same field F. A bilinear form on 

W U V= ⊕  is a function f  from W into F, which assigns to each element ( , )α β  in W a scalar 

f ( , )α β  in such a way that

f a b a f b f( , ) ( , ) ( , )α α β α β α β1 2 1 2+ = +

and f a b a f b f( , ) ( , ) ( , ).α β β α β α β1 2 1 2+ = +
Here f ( , )α β  is an element of F. It denotes the image of ( , )α β  under the function f .

Thus a bilinear form on W is a function from W into F which is linear as a function of

either of its arguments when the other is fixed.

If U V= , then in place of saying that f  is a bilinear form on W U V= ⊕ , we shall

simply say that f  is a bilinear form on V .

Thus if  V is a vector space over the field F, then a bilinear form on V is a function f , which

assigns to each ordered pair of vectors α β,  in V a scalar f ( , )α β  in F, and which satisfies

f a b a f b f( , ) ( , ) ( , )α α β α β α β1 2 1 2+ = +
and f a b a f b f( , ) ( , ) ( , ).α β β α β α β1 2 1 2+ = +

Ex am ple 1: Sup pose V is a vec tor space over the field F. Let L L1 2,  be lin ear functionals on V .

Let f  be a func tion from V V×  into F de fined as

f L L( , ) ( ) ( ).α β α β= 1 2

Then f  is a bilinear form on V . (Kumaun 2008)

So lu tion: If α β, ,∈V  then L L1 2( ), ( )α β  are sca lars. We have

f a b L a b L( , ) ( ) ( )α α β α α β1 2 1 1 2 2+ = +

= +[ ( ) ( )] ( )a L b L L1 1 1 2 2α α β

= +aL L bL L1 1 2 1 2 2( ) ( ) ( ) ( )α β α β

= +af bf( , ) ( , ).α β α β1 2

Also       f a b L L a b( , ) ( ) ( )α β β α β β1 2 1 2 1 2+ = +

= +L a L b L1 2 1 2 2( ) [ ( ) ( )]α β β

= +aL L b L L1 2 1 1 2 2( ) ( ) ( ) ( )α β α β

= +a f b f( , ) ( , ).α β α β1 2

Hence f  is a bilinear form on V .

Ex am ple 2: Sup pose V is a vec tor space over the field F. Let T be a lin ear op er a tor on V and f  a

bilinear form on V . Sup pose g is a func tion from V V×  into F de fined as

g f T T( , ) ( , ).α β α β=
Then g is a bilinear form on V .
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So lu tion: We have  g a b f T a b T( , ) ( ( ), )α α β α α β1 2 1 2+ = +

= +f aT bT T( , )α α β1 2

= +a f T T b f T T( , ) ( , )α β α β1 2

= +a g b g( , ) ( , ).α β α β1 2

Also              g a b f T T a b( , ) ( , ( ))α β β α β β1 2 1 2+ = +

= +f T aT bT( , )α β β1 2

= +a f T T b f T T( , ) ( , )α β α β1 2

= +a g b g( , ) ( , ).α β α β1 2

Hence g is a bilinear form on V .

3  Bilinear Form as Vectors

Suppose U and V  are two vector spaces over the field F. Let L U V F( , , ) denote the set

of all bilinear forms on U V× . We can impose a vector space structure on L U V F( , , )

over the field F. For this purpose we define addition and scalar multiplication in 

L U V F( , , ) as follows :

Addition of bilinear forms: Suppose f g,  are two bilinear forms on U V× . Then

we define their sum as follows :

( )( , ) ( , ) ( , ).f g f g+ = +α β α β α β
It can be easily seen that f g+  is also a bilinear form on U V× . We have 

 ( )( , ) ( , ) ( , )f g a b f a b g a b+ + = + + +α α β α α β α α β1 2 1 2 1 2

= + + +[ ( , ) ( , )] [ ( , ) ( , )]a f b f a g b gα β α β α β α β1 2 1 2

= + + +a f g b f g[ ( , ) ( , )] [ ( , ) ( , )]α β α β α β α β1 1 2 2

= + + +a f g b f g[( )( , )] [( )( , )].α β α β1 2

Similarly, we can show that 

( )( , ) [( )( , )] [( )( , )].f g a b a f g b f g+ + = + + +α β β α β α β1 2 1 2

Hence f g+  is a bilinear form on U V× .

Thus L U V F( , , ) is closed with respect to addition defined on it.

Scalar multiplication of bilinear forms. Suppose f  is a bilinear form on U V×  

and c is a scalar.

Then we define c f  as follows :

( )( , ) ( , ) ( , ) .c f c f U Vα β α β α β= ∈ ×V

Ob vi ously c f  is a func tion from U V×  into F. We have 

( )( , ) ( , )c f a b c f a bα α β α α β1 2 1 2+ = +

    = +c a f b f[ ( , ) ( , )]α β α β1 2

    = +c a f c b f( , ) ( , )α β α β1 2

    = +a c f b c f[ ( , )] [ ( , )]α β α β1 2

    = +a c f b c f[ ( )( , )] [( )( , )]α β α β1 2 .
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Similarly, we can show that 

( )( , ) [ ( )( , )] [( )( , )].c f a b a c f b c fα β β α β α β1 2 1 2+ = +

Therefore c f  is also a bilinear form on U V× .

Thus L U V F( , , ) is closed with respect to scalar multiplication defined on it.

Important: It can be eas ily seen that the set of all bilinear forms on U V×  is a vec tor space

over the field F with re spect to ad di tion and sca lar mul ti pli ca tion just de fined above.

The bilinear from  0  will act as the zero vector of this space. The bilinear form − f  will

act as the additive inverse of the vector f .

Theorem 1: If U is an n-dimensional vector space with basis { }α α1, , ,… n  if V is an

m-dimensional vector space with basis { }β β1, , ,… m  and if { }aij  is any set of nm scalars 

( , , ; , , ,i n j m= … = …1 1 } then there is one and only one bilinear form f  on U V⊕  such that 

f ai j ij( , )α β =  for all i and j.

Proof: Let α α β β= ∈ = ∈
= =
Σ Σ

i

n

i i
j

m

j jx U y V
1 1

and .

Let us define a function f  from U V×  into F such that

f x y a
i

n

j

m

i j ij( , ) .α β =
= =
Σ Σ

1 1
…(1)

We shall show that f  is a bilinear form on U V× .

Let a b F, ∈  and let α α1 2, .∈U

Let α α α α1
1

2
1

= =
= =
Σ Σ

i

n

i i
i

n

i ia b, .

Then f a y a
i

n

j

m

i j ij( , )α β1
1 1

=
= =
Σ Σ  

and f b y a
i

n

j

m

i j ij( , ) .α β2
1 1

= �
= =
Σ Σ

Also   a b a a b b aa bb
i

n

i i
i

n

i i
i

n

i i iα α α α α1 2
1 1 1

+ = + = +
= = =
Σ Σ Σ ( ) .

∴  f a b aa bb y a
i

n

j

m

i i j ij( , ) ( )α α β1 2
1 1

+ = +
= =
Σ Σ

   = � + �
= = = =
Σ Σ Σ Σ

i

n

j

m

i j ij
i

n

j

m

i j ijaa y a bb y a
1 1 1 1

   = � + �
= = = =

a a y a b b y a
i

n

j

m

i j ij
i

n

j

m

i j ijΣ Σ Σ Σ
1 1 1 1

   = +af bf( , ) ( , ).α β α β1 2

Similarly, we can prove that if a b F, ,∈  and β β1 2, ,∈V  then 

f a b a f b f( , ) ( , ) ( , ).α β β α β α β1 2 1 2+ = +
Therefore f  is a bilinear form on U V× .

Now α α α α α αi i i i n= + … + + + + … +− +0 0 1 0 01 1 1

and β β β β β βj j j j m= + … + + + + … +− +0 0 1 0 01 1 1 .
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Therefore from (1), we have

f ai j ij( , ) .α β =
Thus there exists a bilinear form f  on U V×  such that

f ai j ij( , ) .α β =
Now to show that f  is unique.

Let g be a bilinear form on U V×  such that g ai j ij( , ) .α β = …(2)

If α α=
=
Σ

i

n

i ix
1

 be in U and β β=
=
Σ

j

m

j jy
1

 be in V , then

g g x y
i

n

i i
j

m

j j( , ) ,α β α β= � �








= =
Σ Σ

1 1

       = �
= =
Σ Σ

i

n

j

m

i j i jx y g
1 1

( , )α β   [∵ g is a bilinear form]

       = �
= =
Σ Σ

i

n

j

m

i j ijx y a
1 1

[From (2)]

       = f ( , ).α β [From (1)]

∴ By the equal ity of two func tions, we have

  g f= .

Thus f  is unique.

4  Matrix of a Bilinear Form

Definition: Let V be a finite-dimensional vector space and let B n= …{ }α α1, ,  be an ordered

basis for V . If f  is a bilinear form on V , the matrix of f  in the ordered basis B is the n n×
matrix A = ×[ ]aij n n such that

f a i n j ni j ij( , ) , , , ; , , .α α = = … = …1 1

We shall denote this matrix A by [ ] .f B

5  Rank of a Bilinear Form

Definition: The rank of a bilinear form is defined as the rank of the matrix of the form in any

ordered basis.

Let us describe all bilinear forms on a finite-dimensional vector space V  of

dimension n.

If α α β α= =
= =
Σ Σ

i

n

i i
j

n

j jx y
1 1

,and  are vec tors in V , then

f f x y
i

n

i i
j

n

j j( , ) ,α β α α= �








= =
Σ Σ

1 1
 = �

= =
Σ Σ

i

n

j

n

i j i jx y f
1 1

( , )α α
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       = � = ′
= =
Σ Σ

i

n

j

n

i j ijx y a
1 1

X AY ,

where X and Y are coordinate matrices of α and β in the ordered basis B and X ′ is the

transpose of the matrix X. Thus

f B B( , ) [ ] [ ] .α β α β= ′ A

From the definition of the matrix of a bilinear form, we note that if f  is a bilinear form

on an n-dimensional vector space V  over the field F and B is an ordered basis of V , then 

there exists a unique n n×  matrix A = ×[ ]aij n n over the field F such that

A = [ ] .f B

Conversely, if A = ×[ ]aij n n be an n n×  matrix over the field F, then from theorem 1,

we see that there exists a unique bilinear form f  on V  such that

[ ] [ ] .f aB ij n n= ×

If α α β α= =
= =
Σ Σ

i

n

i i
j

n

j jx y
1 1

,  are vec tors in V , then the bilinear form f  is de fined as

f x y a
i

n

j

n

i j ij( , )α β =
= =
Σ Σ

1 1

       = ′X AY, …(1)

where X, Y are the coordinate matrices of α β,  in the ordered basis B. Hence the bilinear

forms on V  are precisely those obtained from an n n×  matrix as in (1).

Ex am ple 3: Let f  be the bilinear form on V2 ( )R  de fined by

f x y x y x y x y(( , ), ( , )) .1 1 2 2 1 1 2 2= +

Find the ma trix of f  in the or dered ba sis

B of V= −{ }( , ), ( , ) ( ).1 1 11 2 R

So lu tion: Let B = { }α α1 2,

where α α1 21 1 11= − =( , ), ( , ).

We have f f( , ) (( , ), ( , )) ,α α1 1 1 1 1 1 1 1 2= − − = − − = −

f f( , ) (( , ), ( , )) ,α α1 2 1 1 11 1 1 0= − = − + =

f f( , ) (( , ), ( , )) ,α α2 1 11 1 1 1 1 0= − = − =

f f( , ) (( , ), ( , )) .α α2 2 11 11 1 1 2= = + =

∴ [ ]f B =
−





2 0

0 2
 .
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6  Degenerate and Non-degenerate Bilinear Forms

Definitions: A bilinear form f  on a vec tor space V is called de gen er ate if 

(i) for each non-zero α in V f, ( , )α β = 0  for all β in V and

(ii) for each non-zero β in V f, ( , )α β = 0  for all α in V.

A bilinear form is called non-degenerate if it is not degenerate. In other words a bilinear 

form f  on a vec tor space V is called non-de gen er ate if 

(i) for each 0 ≠ ∈α V ,  there is a  β in V such that f ( , )α β ≠ 0 and 

(ii) for each 0 ≠ ∈β V ,  there is an  α in V such that f ( , )α β ≠ 0.

7  Symmetric Bilinear Form

Definition: Let f  be a bilinear form of the vec tor space V . Then f  is said to be sym met ric if 

f f( , ) ( , )α β β α=  for all vec tors α β,  in V .

Theorem: If V is a fi nite-di men sional vec tor space, then a bilinear form f  on V is sym met ric if

and only if its ma trix A in some (or ev ery) or dered ba sis is sym met ric, i e. ., ′ =A A .

Proof: Let B be an ordered basis for V .  Let α β,  be any two vectors in V .  Let X Y,  be 

the coordinate matrices of the vectors α βand  respectively in the ordered basis B. If 

f  is a bilinear form on V  and A  is the matrix of f  in the ordered basis B , then 

f X AY( , ) ,α β = ′

and f Y AX( , )β α = ′

∴ f  will be symmetric if and only if 

′ = ′X AY Y AX

for all column matrices X and Y .

Now ′X AY  is a 1 1×   matrix , therefore we have 

′ = ′ ′ = ′ ′ ′ ′ = ′ ′X AY X AY Y A X Y A X( ) ( ) .

∴ f  will be symmetric if and only if 

′ ′ = ′Y A X Y AX for all column matrices X Yand

i e. ., ′ =A A

i e. ., A is symmetric.

Hence the the o rem.

8  Quadratic Form Associated with the Bilinear Form

Definition : Let f  be a bilinear form on a vec tor space V over the field F. Then the qua dratic 

form on V as so ci ated with the bilinear form f  is the func tion q from V into F de fined by

q f( ) ( , )α α α=  for all α in V .
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Theorem 1: Let V be a vec tor space over the field F whose char ac ter is tic is not equal to 

2 1 1 0i e. ., .+ ≠   Then ev ery sym met ric bilinear form on V is uniquely de ter mined by the

cor re spond ing qua dratic form. (Kumaun 2008)

Proof: Let f  be a symmetric bilinear form on V  and q be the quadratic form on V

associated with f . For all α , β in V ,  we have 

 q f( ) ( , )α β α β α β+ = + +

  = + + +f f( , ) ( , )α α β β α β

  = + + +f f f f( , ) ( , ) ( , ) ( , )α α α β β α β β

  = + + +q f f q( ) ( , ) ( , ) ( )α α β α β β

  = + + +q f q( ) ( ) ( , ) ( )α α β β1 1

∴ ( ) ( , ) ( ) ( ) ( ).1 1+ = + − −f q q qα β α β α β …(1)

Thus f ( , )α β  is uniquely determined by q with the help of the polarization identity

(1) provided 1 1 0+ ≠ i e F. .  is not of characteristic 2.

Note : If F is a subfield of the complex numbers the symmetric bilinear form f is

completely determined by its associated quadratic form according to the polarization

identity

 f q q( , ) ( ) ( ).α β α β α β= + − −1

4

1

4

As in theorem 1, we have 

2 f q q q( , ) ( ) ( ) ( ).α β α β α β= + − − …(1)

Also  q f( ) ( , )α β α β α β− = − −  = − − −f f( , ) ( , )α α β β α β
= − − +f f f f( , ) ( , ) ( , ) ( , )α α α β β α β β

= + −q q f( ) ( ) ( , ).α β α β2

∴ 2 f q q q( , ) ( ) ( ) ( ).α β α β α β= + − − …(2)

Adding (1) and (2) , we get 

4 f q q( , ) ( ) ( )α β α β α β= + − −

⇒   f q q( , ) ( ) ( ).α β α β α β= + − −1

4

1

4

Theorem 2: Let V be a fi nite-di men sional vec tor space over a subfield of the com plex num bers,

and let f  be a sym met ric bilinear form on V. Then there is an or dered ba sis for V in which f  is

rep re sented by a di ag o nal ma trix. (Kumaun 2008)

Proof : In order to prove the theorem, we should find an ordered basis 

B n= { , , }α α1 …  for V  such that f i j( , )α α = 0 for i j≠ .

If f = $0 or n = 1, the theorem is obviously true. So let us suppose that f ≠ $0 and  n > 1.

If f ( , )α α = 0 for every α  in V , then q ( )α = 0 for every α in V  where q is the quadratic

form associated with f . Therefore from the polarization identity 

f q q( , ) ( ) ( )α β α β α β= + − −1

4

1

4
 we see that f ( , )α β = 0 for all α β,  in V  and thus 

f = 0 which is a contradiction. Therefore, there must be a vector α1 in V  such that 

f q( , ) ( )α α α1 1 1 0= ≠ .
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Let W1 be the one-dimensional subspace of V  spanned by the vector α1 and let W2 be

the set of all vector β in V  such that f ( , ) .α β1 0=   Obviously W2 is a subspace of V .

Now we claim that V W W= ⊕1 2 .  We shall first prove our claim.

First we show that W1 and W2 are disjoint.

Let γ ∈W W1 2∩ .  Then γ ∈W1 and γ ∈W2 .

But γ γ α∈ ⇒ =W c1 1 for some scalar c.

Also   γ α γ∈ ⇒ =W f2 1 0( , )

⇒    f c( , )α α1 1 0=

⇒ c f ( , )α α1 1 0=

⇒    c = 0 [ ( , ) ]∵ f α α1 1 0≠

⇒ γ α= =0 01 .

∴ W1 and W2 are disjoint.

Now we shall show that V W W= +1 2 .

Let γ be any vector in V .  Since f ( , )α α1 1 0≠ , so put

β γ
γ α

α α
α= −

f

f

( , )

( , )
.1

1 1
1

Thus  f f
f

f
( , ) ,

( , )

( , )
α β α γ

γ α
α α

α1 1
1

1 1
1= −









= −f
f

f
f( , )

( , )

( , )
( , )α γ

γ α
α α

α α1
1

1 1
1 1

= −f f( , ) ( , )α γ γ α1 1

= −f f( , ) ( , )α γ α γ1 1 [ ∵ f  is sym met ric]

= 0.

∴ β ∈W2  by definition of W2 . 

Also by definition of W1 the vector  
f

f

( , )

( , )

γ α
α α

α1

1 1
1 is in W1.

∴ γ
γ α

α α
α β= + ∈ +

f

f
W W

( , )

( , )
.1

1 1
1 1 2

Hence V W W= +1 2.

∴ V W W= ⊕1 2.

So dim dim dim .W V W n2 1 1= − = −
Now let g be the restriction of f  from V  to W2 .  Then g is a symmetric bilinear form on 

W2 and dimW2 is less than dimV . 

Now we may assume by induction that W2 has a basis { , , }α α2 … n  such that

g i j i ji j( , ) , ( , )α α = ≠ ≥ ≥0 2 2

⇒ f i j i ji j( , ) , ( , )α α = ≠ ≥ ≥0 2 2 [ ∵ g is re stric tion of f  ]

Now by definition of W2 , we have 

f j ni j( , ) , , , .α α = =0 2 3for …
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Since { }α1  is a basis for W1 and V W W= ⊕1 2 , therefore { , , , }α α α1 2 … n  is a basis for 

V  such that 

f i j( , )α α = 0  for  i j≠ .

Corollary : Let F be a subfield of the com plex num bers, and let A be a sym met ric n n×  ma trix 

over F.  Then there is an in vert ible n n×  ma trix P over F such that ′P AP is di ag o nal.

Proof: Let V  be a finite dimensional vector space over the field F and let B be an

ordered basis for V . Let f  be the bilinear form on V  such that [ ] .f AB =  Since A is a

symmetric matrix, therefore the bilinear form f  is also symmetric. Therefore by the

above theorem there exists an ordered basis ′B  of V  such that [ ]f B ′ is a diagonal

matrix. If P is the transition matrix from B to ′B , then P is an invertible matrix and 

[ ]f P A PB ′ = ′

i e. .  ′P A P is a diagonal matrix.

9  Skew-symmetric Bilinear Forms

Definition : Let f  be a bilinear form on the vec tor space V .  Then f  is said to be

skew-sym met ric if f f( , ) ( , )α β β α= −   for all vec tors α β,  in V .

Theorem 1: Ev ery bilinear form on the vec tor space V over a subfield F of the com plex num bers

can be uniquely ex pressed as the sum of a sym met ric and skew -sym met ric bilinear forms.
(Kumaun 2007, 09)

Proof : Let f  be a bilinear form on a vector space V . Let 

g f f( , ) [ ( , ) ( , )]α β α β β α= +1

2 …(1)

h f f( , ) [ ( , ) ( , )]α β α β β α= −1

2 …(2)

for all α β,  in V .

Then it can be easily seen that both g and h are bilinear forms on V .  We have 

g f f g( , ) [ ( , ) ( , )] ( , ).β α β α α β α β= + =1

2

∴ g is symmetric.

Also h f f f f( , ) [ ( , ) ( , )] [ ( , ) ( , )]β α β α α β α β β α= − = − −1

2

1

2

  = − h ( , ).α β

∴ h is skew-symmetric.

Adding (1) and (2), we get

g h f( , ) ( , ) ( , )α β α β α β+ =

⇒ ( )( , ) ( , )g h f+ =α β α β   for all α β,  in V .

∴ g h f+ = .

Now suppose that f f f= +1 2 where f1 is symmetric and f2 is skew-symmetric.

Then f f f( , ) ( )( , )α β α β= +1 2
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or f f f( , ) ( , ) ( , ).α β α β α β= +1 2 …(3)

Also f f f( , ) ( )( , )β α β α= +1 2

or f f f( , ) ( , ) ( , )β α β α β α= +1 2

or f f f( , ) ( , ) ( , ).β α α β α β= −1 2 …(4)

[ ∵ f1 is sym met ric and f2 is skew-sym met ric ]

Adding (3) and (4), we get

f f f( , ) ( , ) ( , )α β β α α β+ = 2 1

i e. . f f f1
1

2
( , ) [ ( , ) ( , )]α β α β β α= +  = g ( , ).α β

∴  f g1 = .

Subtracting (4) from (3) , we get 

f f f( , ) ( , ) ( , )α β β α α β− = 2 2

i e. . f f f h2
1

2
( , ) [ ( , ) ( , )] ( , ).α β α β β α α β= − =

∴  f h2 = .

Thus the resolution f g h= +  is unique.

Theorem 2: If V is a fi nite-di men sional vec tor space, then a bilinear form f  on V is

skew-sym met ric if and only if its ma trix A in some (or ev ery) or dered ba sis is skew-sym met ric, 

i e. ., .′ = −A A

Proof : Let B be an ordered basis for V . Let α β,  be any two vectors in V . Let X Y,  be

co-ordinate matrices for the vectors α βand  respectively in the ordered basis B.  If f

is a bilinear form on V  and A is the matrix of f  in the ordered basis B, then

f X AY( , ) ,α β = ′

and f Y AX( , )β α = ′

∴ f  will be skew-symmetric if and only if 

′ = − ′X AY Y AX

for all column matrices X and Y .

Now ′X AY  is a 1 1×   matrix , therefore we have 

′ = ′ ′ = ′ ′ ′ ′ = ′ ′X AY X AY Y A X Y A X( ) ( ) .

∴ f  will be skew-symmetric if and only if 

′ ′ = − ′Y A X Y AX for all column matrices X Yand

i e. ., ′ = −A A

i e. ., A is skew-sym met ric.

10   Bilinear Form Corresponding to a Given Matrix

Bilinear Form. Definition: Let Vm and Vn be two vector spaces over the same field F and let 

A = ×[ ]aij m n be an m n×  matrix over the field F.
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Let X =























x

x

xm

1

2

...

...

 and Y =























y

y

yn

1

2

...

...

  be any two elements of Vm and Vn respectively so that 

     XT = the transpose of the column matrix X

     = … …[ ]x x xm1 2

and   YT
ny y y= … …[ ].1 2

Then an expression of the form 

b a x yT

i

m

j

n

ij i j( , )X Y X AY= =
= =
Σ Σ

1 1
 …(1)

is called a bilinear form over the field F corresponding to the matrix A .

It should be noted that b ( , )X Y  is an element of the field F and b (X, Y) is a mapping

from 

V V Fm n× → .

The matrix A is called the matrix of the bilinear form (1) and the rank of the matrix A

is called the rank of the bilinear form (1).

It should be noted that the coefficient of the product x yi j in (1) is the element aij of

the matrix A which occurs in the i th row and the j th column.

The bilinear form (1) is said to be symmetric if its matrix A is a symmetric matrix.

If the field F is the real field R, then the bilinear form (1) is said to be a real bilinear

form. Thus in a real bilinear form b ( , )X Y  assumes real values. 

If the vectors X and Y belong to the same vector space Vn over a field F, then A  is a

square matrix and X AYT  is called a bilinear form on the vector space Vn over the field 

F.

In order to show that b T( , )X Y X AY=  given by (1) is a bilinear form, first we show

that the mapping b ( , )X Y  is a linear mapping from V Fm → . 

Let X X1 2,  be any two elements of Vm and α β,  be any two elements of the field F and

let the vector Y  be fixed. Then 

b Y T( , ) ( )α β α βX X X X AY1 2 1 2+ = +

     = +( )α βX X AY1 2
T T

     = +α βX AY X AY1 2
T T

     = +α βb b( , ) ( , ).X Y X Y1 2

∴ The mapping b ( , )X Y  is a linear mapping from V Fm → .

Now we show that the mapping b ( , )X Y  is a linear mapping from V Fn → . 

Let Y Y1 2,  be any two elements of Vn and α β,  be any two elements of the field F and let

the vector X be fixed. Then
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b T( , ) ( )X Y Y X A Y Yα β α β1 2 1 2+ = +

    = +α βX AY X AYT T
1 2

    = +α βb b( , ) ( , ).X Y X Y1 2

∴ The mapping b ( , )X Y  is a linear mapping from V Fn → .

Hence, b a x yT

i

m

j

n

ij i j( , )X Y X AY= =
= =
Σ Σ

1 1
 is a bilinear form.

Example of a real bilinear form

Let b x x

y

y

y

( , ) [ ]X Y = 





















1 2

1

2

3

5 3 1

7 4 9

        = + + + + +5 3 7 4 91 1 1 2 1 3 2 1 2 2 2 3x y x y x y x y x y x y .

Then b ( , )X Y  is an example of a real bilinear form. 

The matrix  
5 3 1

7 4 9






 is the matrix of this bilinear form. The rank of this matrix is 2

and so the rank of this bilinear form is 2.

Equivalent Matrices. Definition: Let A  and B be two m n×  matrices over the same field

F. The matrix A  is said to be equivalent to the matrix B if there exist non-singular matrices P and 

Q  of orders m and n respectively such that

 B P AQ= T .

Equivalent Bilinear Forms. Definition: Let Vm and Vn be two vector spaces over the same 

field F and let A  and D be two m n×  matrices over the field F.

The bilinear form b T( , )X Y X AY=  is said to be equivalent to the bilinear form 

b V T( , ) ,U U DV=  where X and U are in V Ym ,  and V are in Vn if there exist non-singular

matrices B and C of orders m and n respectively such that

D B AC= T

i e. ., the matrices A  and D are equivalent.

Thus, the bilinear form b ( , )U V  equivalent to the bilinear b ( , )X Y  is given by

b T T T( , ) ( ) ,U V U B AC V U DV= =

where D B AC= T  and B and C are non-singular matrices of orders m and n respectively.

The transformations of vectors yielding these equivalent bilinear forms are

X BU Y CV= =, .

The matrices B and C are called the transformation matrices yielding these equivalent

bilinear forms.

Equivalent Canonical form of a given bilinear form.

Let Vm and Vn be two vector spaces over the same field F and let A be an m n×  matrix

over the field F.

Let b T( , ) ,X Y X AY=
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where XT
mx x x= …[ ],1 2

YT
ny y y= …[ ]1 2

be a given bilinear form over the field F.

If the matrix A  is of rank r, then there exist non-singular matrices P and Q  of orders m

and n respectively such that

P AQ
I O

O O
T r= 





is in the nor mal form.

If we trans form the vec tors X and Y  to U and V by the trans for ma tions 

X PU Y QV= =, ,

then the bilinear form b ( , )U V  equivalent to the bilinear form b (X, Y) is given by

b T T T r
( , ) ( )U V U P AQ V U

I O

O O
V= = 





        = + + … +u v u v u vr r1 1 2 2 ,

where     U V= … = …[ ] and [ ] .u u u v v vm
T

n
T

1 2 1 2

The bilinear form b u v u vr r( , )U V = + … +1 1  is called the equivalent canonical form or

the equivalent normal form of the bilinear form

b T( , ) .X Y X AY=

Congruent Matrices. Definition: A square matrix B of order n over a field F is said to be

congruent to another square matrix A  of order n over F, if there exists a non-singular matrix P

over F such that 

B P AP= T .

Cogradient Transformations. Definition. Let X and Y be vectors belonging to the

same vector space Vn over a field F and let A  be a square matrix of order n over F. Let

b T( , )X Y X AY=

be a bilinear form on the vector space Vn over F.

Let B be a non-singular matrix of order n and let the vectors X and Y be transformed to the vectors 

U and V by the transformations

X BU Y BV= =, .

Then the bilinear form b ( , )X Y  transforms to the equivalent bilinear form

b T T T( , ) ( ) ,U V U B AB V U DV= =

where D B AB= T  and U and V are both n-vectors.

The bilinear form U DVT  is said to be congruent to the bilinear form X AYT . Under such

circumstances when X and Y are subjected to the same transformation X BU=  and Y BV= , we

say that X and Y are transformed cogradiently.

Here, the matrix A  is congruent to B because D B AB= T , where B is non- singular.
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Ex am ple 4: Find the ma trix A  of each of the fol low ing bilinear forms b T( , ) .X Y X AY=

(i) 3 2 3 31 1 1 2 2 1 2 2 1 3x y x y x y x y x y+ − + −

(ii) 2 3 2 51 1 1 2 1 3 2 1 2 3 3 2 3 3x y x y x y x y x y x y x y+ + + − + −
Which of the above forms is symmetric ?

So lu tion: (i) The el e ment aij of the ma trix A  is the co ef fi cient of x yi j in the

given bilinear form.

∴ A =
−

−






3 1 3

2 3 0
.

The matrix A  is not a symmetric matrix. So the given bilinear form is not symmetric.

(ii) The element aij of the matrix A  which occurs in the i th row and the jth column is

the coefficient of x yi j in the given bilinear form.

∴ A = −
−

















2 1 1

3 0 2

0 1 5

.

The matrix A is not symmetric. So the given bilinear form is not symmetric.

Ex am ple 5: Trans form the bilinear form X AYT  to the equiv a lent ca non i cal form where

A =
















2 1 1

4 2 2

1 2 2

.

So lu tion: We write A I AI= 3 3 i e. .,

2 1 1

4 2 2

1 2 2

1 0 0

0 1 0

0 0 1

1 0 0

0 1 0

0 0 1

















=

















A















⋅

Per form ing R R1 3↔ , we get

1 2 2

4 2 2

2 1 1

0 0 1

0 1 0

1 0 0

1 0 0

0 1 0

0 0 1

















=

















A















⋅

Per form ing R R R R R R2 2 1 3 3 14 2→ − → −, , we get

1 2 2

0 6 6

0 3 3

0 0 1

0 1 4

1 0 2

1 0 0

0− −
− −

















= −
−

















A 1 0

0 0 1

















⋅

Per form ing C C C C C C2 2 1 3 3 12 2→ − → −, , we get
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1 0 0

0 6 6

0 3 3

0 0 1

0 1 4

1 0 2

1 2

− −
− −

















= −
−

















− −
A

2

0 1 0

0 0 1

















⋅

Per form ing R R R R2 2 3 3
1

6

1

3
→ − → −, , we get

1 0 0

0 1 1

0 1 1

0 0 1

0

0

1 2
1
6

2
3

1
3

2
3

















= −
−

















− −
A

2

0 1 0

0 0 1

















⋅

Per form ing R R R3 3 2→ − , we get 

1 0 0

0 1 1

0 0 0

0 0 1

0

0

1 2
1
6

2
3

1
3

1
6

















= −
−

















− −
A

2

0 1 0

0 0 1

















⋅

Per form ing C C C3 3 2→ − , we get

1 0 0

0 1 0

0 0 0

0 0 1

0

0

1 2 0
1
6

2
3

1
3

1
6

















= −
−

















−
A 0 1 1

0 0 1

−
















⋅

∴ P AQ
I O

O O
T = 





2
, where P =

−

−





















0 0
1

3

0
1

6

1

6

1
2

3
0

and Q =
−

−
















⋅
1 2 0

0 1 1

0 0 0

Hence if the vectors X = [ ]x x x T
1 2 3  and Y = [ ]y y y T

1 2 3  are transformed to

the vectors U = [ ]u u u T
1 2 3  and V = [ ]v v v T

1 2 3  respectively by the

transformations

X PU Y QV= =, , 

then the bilinear form

[ ]x x x

y

y

y
1 2 3

1

2

3

2 1 1

4 2 2

1 2 2

































trans forms to the equiv a lent ca non i cal form

[ ]u u u

v

v

v

u v u1 2 3

1

2

3

1 1

1 0 0

0 1 0

0 0 0

































= + 2 2v .
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11   Quadratic Forms

Definition: An expression of the form Σ Σ
i

n

j

n

ij i ja x x
= =1 1

, where aij’s are elements of a field F, is

called a quadratic form in the n variables x x xn1 2, , ,……  over the field F.

Real Qua dratic Form. Def i ni tion. An ex pres sion of the form

Σ Σ
i

n

j

n

ij i ja x x
= =1 1

,

where a sij'  are all real numbers, is called a real quadratic form in the n variables x x xn1 2, , , .…  

For example,

(i) 2 7 52 2x xy y+ +  is a real quadratic form in the two variables x and y.

(ii) 2 2 2 4 62 2 2x y z yz zx xy− + − − +  is a real quadratic form in the three variables 

x y,  and z.

(iii) x x x x x x x x x x x x1
2

2
2

3
2

4
2

1 2 1 4 2 3 3 42 4 4 2 3 4 5− + − − + + −  is a real quadratic

form in the four variables x x x1 2 3, ,  and x4 .

Theorem: Every quadratic form over a field F in n variables x x xn1 2, , ,……  can be expressed

in the form X BX′  where

X = ……[ , , , ]x x xn
T

1 2

is a col umn vec tor and B is a sym met ric ma trix of or der n over the field F.

Proof: Let Σ Σ
i

n

j

n

ij i ja x x
= =

�
1 1

, …( )1

be a quadratic form over the field F in the n variables x x xn1 2, , ,……  .

In (1) it is assumed that x x x xi j j i= . Then the total coefficient of x xi j in (1) is a aij ji+ .

Let us assign half of this coefficient to xij and half to x ji . Thus we define another set of

scalars bij , such that b aii ii=  and b b a a i jij ji ij ji= = + ≠1

2
( ), . Then we have

Σ Σ Σ Σ
i

n

j

n

ij i j
i

n

j

n

ij i ja x x b x x
= = = =

= �
1 1 1 1

.

Let B = ×[ ] .bij n n  Then B is a sym met ric ma trix of or der n over the field F since 

b bij ji= .

Let X =























⋅

x

x

xn

1

2

...

...

  Then X XT or ′ = ……[ ].x x xn1 2

Now X BXT  is a matrix of the type 1 1× . It can be easily seen that the single element of

this matrix is Σ Σ
i

n

j

n

ij i jb x x
= =

�
1 1

. If we identify a 1 1×  matrix with its single element i e. ., if

we regard a 1 1×  matrix equal to its single element, then we have

X BXT = � =
= = = =
Σ Σ Σ Σ

i

n

j

n

ij i j
i

n

j

n

ij i jb x x a x x
1 1 1 1

.

Hence the result.
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12   Matrix of a Quadratic Form

Definition: If φ =
= =
Σ Σ

i

n

j

n

ij i ja x x
1 1

 is a quadratic form in n variables x x xn1 2, , , ,……  then

there exists a unique symmetric matrix B of order n such that φ = X BXT  where 

X = ……[ ]x x xn
T

1 2 . The symmetric matrix B is called the matrix of the quadratic form 

Σ Σ
i

n

j

n

ij i ja x x
= =1 1

 .

Since every quadratic form can always be so written that matrix of its coefficients is a

symmetric matrix, therefore we shall be considering quadratic forms which are so

adjusted that the coefficient matrix is symmetric.

13  Quadratic  Form Corresponding to a Symmetric 

 Matrix

Let A = ×[ ]aij n n be a symmetric matrix over the field F and let 

X = ……[ ]x x xn
T

1 2

be a column vector. Then X AXT  determines a unique quadratic form Σ Σ�
= =i

n

j

n

ij i ja x x
1 1

 in 

n variables x x xn1 2, , ,……  over the field F.

Thus we have seen that there exists a one-to-one correspondence between the set of all 

quadratic forms in n variables over a field F and the set of all n-rowed symmetric

matrices over F.

14  Quadratic Form Corresponding to any Given

 Square Matrix

Def i ni tion: Let  X =























x

x

xn

1

2

...

...

 be any n-vec tor in the vec tor space Vn over a field F so that

 XT
nx x x= …[ ].1 2

Let A = ×[ ]aij n n be any given square matrix of order n over the field F. Then any polynomial of
the form

 q x x x a x xn
T

i

n

j

n

ij i j( , , , )1 2
1 1

… = = �
= =

X AX Σ Σ

is called a quadratic form of order n over F in the n variables x x xn1 2, , , .…
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We can always find a unique symmetric matrix B bij n n= ×[ ]  of order n such that 

X AX X BXT T= .  We have b b a aij ji ij ji= = +1

2
( ).

Discriminant of a quadratic form. Singular and Non-singular Quadratic

forms. By the discriminant of a quadratic form X AXT , we mean det A . The

quadratic form X AXT  is said to be non-singular if det A ≠ 0, and it is said to be singular

if det A = 0.

Ex am ple 6: Write down the ma trix of each of the fol low ing qua dratic forms and ver ify that they

can be writ ten as ma trix prod ucts X AXT  :

(i) x x x x1
2

1 2 2
218 5− + .

(ii)   x x x x x x x x x1
2

2
2

3
2

1 2 2 3 3 12 5 4 3+ − − + − .

So lu tion: (i) The given qua dratic form can be writ ten as 

x x x x x x x x1 1 1 2 2 1 2 29 9 5− − + .

Let A be the matrix of this quadratic form. Then A =
−

−






⋅
1 9

9 5

Let X = 





⋅
x

x
1

2
 Then X ′ = ⋅[ ]x x1 2

We have  X A′ =
−

−






= − − +[ ] [ ]x x x x x x1 2 1 2 1 2

1 9

9 5
9 9 5  .

∴     X AX′ = − − + 





[ ]x x x x
x

x1 2 1 2
1

2
9 9 5

      = − + − +x x x x x x1 1 2 2 1 29 9 5( ) ( ) = − − +x x x x x x1
2

1 2 2 1 2
29 9 5

      = − +x x x x1
2

1 2 2
218 5 .

(ii) The given qua dratic form can be writ ten as

x x x x x x x x x x x x x x1 1 1 2 1 3 2 1 2 2 2 3 3 1
1

2

3

2

1

2
2 2

3

2
− − − + + −

+ −2 53 2 3 3x x x x . 

Let A be the matrix of this quadratic form. Then

A =
− −

−
− −

















⋅
1

2 2

2 5

1
2

3
2

1
2
3
2

Obviously A is a symmetric matrix.
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Let X =
















⋅
x

x

x

1

2

3

 Then X ′ = [ ]x x x1 2 3 .

We have X A′ =
− −

−
− −

















[ ]x x x1 2 3

1
2

3
2

1
2
3
2

1

2 2

2 5

 = − − − + + − + −[ ].x x x x x x x x x1 2 3 1 2 3 1 2 3
1

2

3

2

1

2
2 2

3

2
2 5

∴    X AX′ = − − − + +[x x x x x x1 2 3 1 2 3
1

2

3

2

1

2
2 2    − + −

















3

2
2 51 2 3

1

2

3

x x x

x

x

x

]  .

 = − − + − + +x x x x x x x x1 1 2 3 2 1 2 3
1

2

3

2

1

2
2 2( ) ( )

 + − + −x x x x3 1 2 3
3

2
2 5( )

 = − − − + + −x x x x x x x x x x x x1
2

1 2 1 3 2 1 2
2

2 3 3 1
1

2

3

2

1

2
2 2

3

2

 + −2 53 2 3
2x x x

 = + − − + −x x x x x x x x x1
2

2
2

3
2

1 2 2 3 3 12 5 4 3 .

Ex am ple 7: Ob tain the ma tri ces cor re spond ing to the fol low ing qua dratic forms :

(i) x y z xy yz zx2 2 22 3 4 5 6+ + + + + .

(ii) ax by cz fyz gzx hxy2 2 2 2 2 2+ + + + + . (Kumaun 2008)

So lu tion: (i) The given qua dratic form can be writ ten as

x xy xz yx y yz zx zy z2 2 22 3 2 2
5

2
3

5

2
3+ + + + + + + + .

∴ If A is the ma trix of this qua dratic form, then

A =























1 2 3

2 2
5

2

3
5

2
3

, which is a sym met ric ma trix of or der 3.

(ii) The given qua dratic form can be writ ten as

ax hxy gxz hyx by fyz gzx fzy cz2 2 2+ + + + + + + + .

∴ If A is the ma trix of this qua dratic form, then

A =
















⋅
a

h

g

h

b

f

g

f

c
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Ex am ple 8: Write down the qua dratic forms cor re spond ing to the fol low ing ma tri ces :

(i)

0 5 1

5 1 6

1 6 2

−

−

















(ii) 

0 1 2 3

1 2 3 4

2 3 4 5

3 4 5 6



















⋅

So lu tion: (i) Let X = [ ]x x x T
1 2 3  and A de note the given sym met ric ma trix. Then 

X AXT  is the qua dratic form cor re spond ing to this ma trix. We have

X AT =
−

−

















[ ]x x x1 2 3

0 5 1

5 1 6

1 6 2

          = − + + − + +[ ].5 5 6 6 22 3 1 2 3 1 2 3x x x x x x x x

∴      X AXT = − + + + + − +x x x x x x x x x x1 2 3 2 1 2 3 3 1 25 5 6 6( ) ( ) (  + 2 3x )

          = + + − +x x x x x x x x2
2

3
2

1 2 1 3 2 32 10 2 12 .

(ii) Let X = [ ]x x x x T
1 2 3 4  and A denote the given symmetric matrix. Then 

X AXT  is the quadratic form corresponding to this matrix. We have

X AT =



















[ ]x x x x1 2 3 4

0 1 2 3

1 2 3 4

2 3 4 5

3 4 5 6

 

     = + + + + + + + +[x x x x x x x x x x x2 3 4 1 2 3 4 1 2 3 42 3 2 3 4 2 3 4 5

3 4 5 61 2 3 4x x x x+ + + ]

∴      X AXT = + + + + + +x x x x x x x x x1 2 3 4 2 1 2 3 42 3 2 3 4( ) ( )

+ + + + + + + +x x x x x x x x x x3 1 2 3 4 4 1 2 3 42 3 4 5 3 4 5 6( ) ( )

             = + + + + +2 4 6 2 4 62
2

3
2

4
2

1 2 1 3 1 4x x x x x x x x x

 + + +6 8 102 3 2 4 3 4x x x x x x .

 1. Which of the following functions f , defined on vectors α = ( , )x x1 2  and 
β = ( , )y y1 2  in R2 , are bilinear forms ?

(i) f x y x y( , )α β = −1 2 2 1 (Kumaun 2007, 08, 09, 12)

(ii) f x y x y( , ) ( )α β = − + ⋅1 1
2

2 2 (Kumaun 2007, 08, 09)
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 2. Find the matrix A  of each of the following bilinear forms b T( , ) .X Y X AY=

(i) − − + − +5 2 31 1 1 2 2 1 3 1 3 2x y x y x y x y x y

(ii) 4 2 4 4 71 1 1 2 2 1 2 2 2 3 3 2 3 3x y x y x y x y x y x y x y+ + − − − + ⋅

Which of the above forms is sym met ric ?

 3. De ter mine the trans for ma tion ma tri ces P and Q  so that the bilinear form

X AYT x y x y x y x y x y x y x y x y= + + + + + − −1 1 1 2 1 3 2 1 2 2 2 3 3 2 3 32 2 3

is equiv a lent to a canonical form.

 4. Ob tain the ma tri ces cor re spond ing to the fol low ing qua dratic forms

(i) ax hxy by2 22+ + (ii) 2 6 41 2 1 3 2 3x x x x x x+ − .

(iii) x x x1
2

2
2

3
25 7+ − (iv) 2 7 4 61

2
3
2

1 2 2 3x x x x x x− + − .

 5. Ob tain the ma tri ces cor re spond ing to the fol low ing qua dratic forms :

(i) a x a x a x a x x a x x a x x11 1
2

22 2
2

33 3
2

12 1 2 23 2 3 31 3 12 2 2+ + + + + .

(ii) x x x x x x x x x x x x1
2

2
2

3
2

4
2

1 2 1 3 2 3 3 42 4 4 2 3 4 5− + − − + + − .

(iii) x x x x x x x x x x x x1 2 2 3 3 1 1 4 2 4 3 4+ + + + + .

(iv) x x x x x1
2

2 3 3 42− − .

(v) d x d x d x d x d x1 1
2

2 2
2

3 3
2

4 4
2

5 5
2+ + + + .

 6. Find the ma trix of the qua dratic form

x x x x x x x x x1
2

2
2

3
2

1 2 1 3 2 32 3 4 6 8− − + + − .

and ver ify that it can be writ ten as a ma trix prod uct X AX.′
 7. Write down the quadratic forms corresponding to the following symmetric

matrices :

(i)

1 2 3

2 0 3

3 3 1

















(ii)  diag n. [ , , ......, ]λ λ λ1 2

 8. Write down the qua dratic form cor re spond ing to the ma trix

0

0

0

0

a b c

a l m

b l p

c m p



















⋅

 9. Write down the qua dratic form as so ci ated with the ma trix

B = − − −
















2 1 2

3 3 1

4 1 3

 .

Re write the ma trix A of the form so that it is sym met ric.
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 1. (i) f  is a bilinear form on R2

(ii) f  is not a bilinear form on R2

 2. (i) A =
− −

−

















⋅
5 1

2 0

1 3

 The given bilinear form is not sym met ric.

(ii) A = − −
−

















⋅
4 1 0

1 2 4

0 4 7

 The given bilinear form is sym met ric.

 3. P Q=
− −















=
− −

−
















1 1 1

0 1 1

0 0 1

1 1 1

0 1 1

0 0 1

,

 4. (i)
a h

h b







(ii) 

0 1 3

1 0 2

3 2 0

−
−

















(iii)

1 0 0

0 5 0

0 0 7−

















(iv)  

2 2 0

2 0 3

0 3 7

−
− −

















 5. (i)

a a a

a a a

a a a

11 12 31

12 22 23

31 23 33

















⋅ (ii)  

1 1 0

1 2 2 0

0 2 4

0 4

3
2

5
2

3
2

5
2

−
− −

−
− −



















(iii)

0

0

0

0

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2



















(iv)  

1 0 0 0

0 0 1 0

0 1 0

0 0 0

1
2

1
2

−
− −

−



















(v) diag. [ , , , , ]d d d d d1 2 3 4 5

 6.

1 2 3

2 2 4

3 4 3

− −
− −

















 7. (i) x x x x x x x x1
2

3
2

1 2 1 3 2 34 6 6+ + + +

(ii) λ λ λ1 1
2

2 2
2 2x x xn n+ + +.....
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 8. 2 2 2 2 2 21 2 1 3 1 4 2 3 2 4 3 4ax x bx x cx x lx x mx x px x+ + + + +

 9. 2 3 3 2 61
2

2
2

3
2

1 2 1 3x x x x x x x− + − +

A =
−

− −
















2 1 3

1 3 0

3 0 3

Multiple Choice Questions

In di cate the cor rect an swer for each ques tion by writ ing the cor re spond ing let ter from 

(a), (b), (c) and (d).

 1. Let f  be the bilinear form on V R2( ) de fined by 

f x y x y x y x y{( , ),( , )}1 1 2 2 1 1 2 2= + . Then then ma trix of f  in the or dered 

ba sis  B = −{( , ), ( , )}1 1 1 1   of V R2( ) is 

(a)
2 0

0 2







(b)
−





2 0

0 2

(c)
2 0

0 2−






(d)
0 2

2 0−






 2. Let f  be a bilinear form of the vector space V . Then f  is said to be 

sym met ric if …… for all vectors  α β,  in V .

(a) f f( , ) ( , )α β β α= (b) f f( , ) ( , )α β β α= −
(c) f f( , ) ( , )α β β α= − − (d) f f( , ) ( , )α β α β= −

 3.   The matrix corresponding to the following quadratic form a x hxy by2 22+ +  is

(a)
h a

h b







(b)
a h

h b







(c)
a b

h h







(d)
a h

b h







 4. An expression of the form ∑ ∑
= =i

n

j

n

ij i ja x y
1 1

 , where a ij' s are elements of a field F, is

called a:

(a) real qua dratic form in x x x n1 2, , ,…

(b) qua dratic form in x x x n1 2, , ,…

(c) bilinear form in x x x n1 2, , ,…

(d) di ag o nal form in x x x n1 2, , ,…

O T Qbjective ype uestions



 5. The matrix of quadratic form x x x x1
2

1 2 2
2

18 5− +  is :

(a)
1 9

9 5

−
−







(b)
1 18

5 0

−





(c)
1 5

18 0−






(d) none of these

Fill in the Blank(s)

Fill in the blanks ‘‘……’’ so that the following statements are complete and correct.

 1. If the bilinear form

b X Y X AY x y x y x y x y x yT( , ) ,= = + − + −2 2 3 31 1 1 2 2 1 2 2 1 3

then the ma trix A = …… .

 2. The bilinear form b X Y X AYT( , ) =  is said to be a symmetric bilinear form if the

matrix A is a …… matrix.

 3. An expression of the form Σ Σ
i

n

j

n

ij i ja x x
= =1 1

, where aij’s are elements of a field F, is

called a …… in the n variables x x xn1 2, , ,…  over the field F.

 4. There exists a one-to-one correspondence between the set of all quadratic forms
in n variables over a field F and the set of all n-rowed …… matrices over F.

True or False

Write ‘T’ for true and ‘F’ for false state ment.

 1. The bilinear form

3 2 4 4 31 1 1 2 2 1 2 2 2 3 3 2 3 3x y x y x y x y x y x y x y+ + − − − +

is sym met ric.

 2. The matrix corresponding to the quadratic form 

d x d x d x d x1 1
2

2 2
2

3 3
2

4 4
2+ + +

is a di ag o nal ma trix.

 3. Every real quadratic form over a field F in n variables x x xn1 2, , ,…  can be
expressed in the form X X′B  where X′ = … ′[ , , , ]x x xn1 2  is a column vector and B is 
a skew-symmetric matrix of order n over the field F.

Multiple Choice Questions

 1. (b)  2. (a)  3. (b)  4. (b)  5. (a)
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Fill in the Blank(s)

 1.
2 1 3

2 3 0

−
−







 2. sym met ric

 3. qua dratic form  4. sym met ric

True or False

 1. T  2. T  3. F

¨
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