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Chapter-1

Limits and Continuity

Comprehensive Problems 1

lim lim lim
Problem 1: I d do not exist,
roblem fx—)ﬂf(x) an s g(x) 0 not exis canx_”l [f(x)+g(x)]
or fim [ f(x)g(x)] exist ?
e (Kumaun 2008)
Solution: Yes. If we take f (x)=sin(l1/x), g (x)=-sin(1/x) whenever x #0, then
xlino f(x) and xlino ¢ (x)do not exist but xl:na [ f(x)+ g(x)]exists.

Again if we take f(x)=g(x)=1 for all rational x and f (x)=g(x)=-1 for all
li li

irrational x, then both m f(x) and m g (x)do not exist for any real number

xX—a xX— a

a but fim [ f(x) g (x)]exists for every real number a.
X—a
lim lim . lim
Problem 2: If f(x) and [ f(x)+ g(x)] both exist, must
x—>a x—>a xX—a
exist ?
Solution: Yes.
lim lim
Let =1 d =m.
e s fx) an s [ f(x)+ gx)]=m
lim lim lim
Th - = _
en T @ g - f@l= T @ gwl- T )
=m-1
lim lim .
g (x)=m— 1l and thus g (x) must exist.
x—a x—a
Problem 3: If lim f(x)and lim [ f (x) g (x)]Dboth exist, must fim g (x)exist ?
X—a x—a x—>a

Solution: No. If we take f(x)=x ¥ xeR and g(x)=sin(l/x),if x#0, g(0)=0,
then ™ f(yand M

i
=0 v 0 [ f(x) g (x)] both exist but x:nO g (x) does not exist.
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lim lim
Problem 4:  Show that = —-a).
roblem ow tha s 0 f(x) s f(x—a)
Solution: Let lim f (x—a)=1Then to show that fim fx)=L
xX—>a x—0

Take any given £> 0.

T
Since f (x —a) =1, therefore there exists § > 0 such that
x—a

O<|x—al<d=|f(x—a)-l|l<e
Le., O0<|yl<d=|f(y)-Il<gputtingx—a=y
ie., O0<|y-0l<d=|f(y)-l<=

By the definition of limit, fim f(y)=1 ie, fim
=0

Problem 5:  Using definition of limit, show that lzmo f (x)=1when
xr—

2 .

f<x>={“" A

0 if x=0.

. . lim
Solution: It is required to prove that
X —

F)=1
Take any given > 0.

If x#0, then | £ (x) = 1| = |1 + ) = 1| = |Z| = |xf < & provided |+/< Ve

So if we take §> 0 such that § = Ve then | f (x) - 1|< & whenever 0 < |x-0|<8.

By definition of limit, lim fx)=L
x—0

2, if xis irrational
Problem 6: If fis defined on Ras f (x)= zfx Z,S zrm' o
1, if xis rational,
i
prove that m f (x) does not exist for any a € R.
x—a
T
Solution: 'We shall show that there is no real number [ such that f(x)=1.
x—a

We know that fim f (x)=1if for any given € > 0, there exists 8> 0 such that
x—a

| f(x)—I]<e whenever 0<|x—al|<d
We have | f (x)—1]=|2 —1],if xis irrational
and | f (x)—1I]=1-1],if x is rational.
Now between any two distinct real numbers there lie infinite rational and infinite

irrational numbers. So whatever § > 0 we take, there are infinite rational and infinite
irrational numbers x such that 0 < |x — a|< 8.
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So whatever 8 > O we take there are infinite rational numbers x such that
O<|x—al<d and |[f(x)-I]=|1-1]
and there are infinite irrational numbers x such that
O<|r—al<dand|f (x)-I|=|2-1].
Case 1: Let/#1.Thenl-/#0—|1-1]|>0.

So if we take 8=% [l - {|>0, then whatever §>0 we may take, there exist real
numbers x such that 0 < |x—a|<63nd|f(x)—l|=|l—l|>%|1 -ll=¢
ie., fore= % [ —1|> 0, there exists no 8> 0 such that

| f (x)—[|< ewhenever O < |x —a|<3d.

1
- We cannot have f(x)=1wherel=1.
x—a

Case 2: Let /=1 Then [#2=12-1|>0. So if we take s=%|2—l|>0, then

whatever § > 0 we may take, there exist real numbers x such that

0<|x—a|<83nd|f(x)—l|:|2—l|>%|2—l|:e
i.e.,for8=%|2 —1|> 0, there exists no 8> 0 such that

| f (x)—I|< ewhenever O < |x —a|<§.

1
We cannot have f(x)=1Lwherel=1.
x—a

Thus no real number / can be equal to fim f (x)and so fim f (x)does not exist.
x—a x—a

0, if xis irrational
Problem 7: If fis defined on Ras f(x)=4 ?‘x z.s ”m_ ona
1, if xis rational,
i
prove that m f (x) does not exist for any a € R.
x—a

Solution: Proceed exactly in the same way as in problem 6.
Here | f(x)=1]=10 =1I|=|I],if xis irrational

and | f(x)=1|=]1-1],if xis rational.

While discussing case 2, when [ =1,take &= % [0-1]= % |I]>0.

Then for e = % |I]> 0, there exists no 8> 0 such that

| f (x)—I|< ewhenever O < |x —a|<$§.

Problem 8:  If x — O, then does the limit of the following function f exist or not ?
f(x)=xwhen x<0; f(x)=1Lwhen x=0; f (x)= x2,when x>0.
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Solution: We have f(0+0)= lim x) fim

= O+ h),h>0 d
r—0+ A h—=0 SO+ k), h> an

sufficiently small
lim lim

2
= h) = = =0.
noo TP 50
Again fO0-0)= ™ = "M 0 k), k>0 and sufficiently small
=0 - h—0
lim lim
= —h)= -h)=0.
h—0 A h—0 (=)
Since f(0+0)= f(0-0)=0, therefore fim f (x) exists and is equal to O .
x—
7 X i X
Problem 9:  Use the formula m 471 log a to find fm o 27-1
x—0 x—0 (1+x)1/2—1
lim 2% _1

Solution: We have — 5
x=0 14021

_lim 2¥ _1
x—0 1(1_1)

1+lx+Lx2+... -1

2 1.2
and 1/2 : :
expand (1 + x)"/< by binomial theorem

_lim 2% 1 _lim 2% _1 1
x=0 x[l—1x+....] =0 ERRE N

2 8 2 8

1 o lim 4Y -]

: -1
r50 x5

Problem 10: If f (x)=¢" VX Show that at x =0, the right hand limit is zero while the left

hand limit is + oo, and thus there is no limit of the function at x = 0.

lim
Solution: We h 0+0)=
olution e have f(0 +0) 0+ f(x)
lim
= 0+h),h>0
oo SO
lim lim  _y/,  lim 1 1 1
= h) = = - = =_=0
h—0 S h—0 h—0 J/h o o
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lim lim
Acai 0-0)= = 0-"h),h>0
gain f ( ) 0 - S (x) 0 S ), h>
_ lim Fmy= im e Mmoo yh e
h—0 h—0 h=0

i
Since f (0 —-0)# f (0 + 0), therefore 1m0 f (x) does not exist.
x—

i
Problem 11: Give an example to show that m f (x)may exist even when the function is

x—a
not defined for x = a.
2 - a?
Solution: Consider the function f (x)= .
x—a
We have f (a)= %which is meaningless and so f (x)is not defined for x = a.
But lim ()= lim 2 -2 _lim (x—a)(x+a)
x—a X—>a x-a Xx—a x—a
li li
- m (x+a)=2a ie., m f(x) exists.
x—>a x—a
Thus though f (x)is not defined for x = 4, yet fim f (x) exists.
x—a

. <.
Problem 12: Let f (x)= X 0<x<l
3-x, I<x<2

i
Show that f(x)=2. Does the limit of f (x)at x =1 exist ? Give reasons for your

x—1+
answer.
Solution: We have
lim lim
1+0)= - 1+ 1), h>0
favoy= M pem= N fae s
and sufficiently small
lim lim
- 3—(+h)}= 2-h)=2.
poso BTUEmI=, Ly @k
li li
Again f(1—0)=x_’)”1‘_ f(x):h:“() F(@=h),h>0and sufficiently small
i
=h:“0 (1-h) [1-h<land when x<l, f(x)= 1]

=1.
. lim .
Since f(1-0)# f(1+0), therefore 1 f (x) does not exist.
x—
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lim X — | X |
50 1 (Meerut 2001)

Problem 13: Evaluate :
x

Solution: Let f(x):LM.

x
Then f(0+0):xl‘£+ f(x):hlino F(O+h), h>0and sufficiently small
I . B . B
Mmoo MR B lm kb o =
h—0 h—0 | h—0 §h
_ lim 0_ lim 0-o.
h—-0 h h—0
Again f(O—O)zxin(;_ f(x):hl:no f(O 1), >0 and sufficiently small
_ lim Feh= lim —h—|-h|_ lim  —p-}
h—0 h—0 —h h—0 —h

[v =h<O=hl==(=h)=h]
lim 2 lim

= i = 2:2
h—-0 —-h h—0

Since (0 -0)=# f(0 + 0), therefore lim f (x) does not exist.
x—

lim |sin x|
x—0 X

Problem 14: Evaluate :

Solution: Let f(x):m-

X
Then f(0+0):xl‘>”8+ f(x):hljo FO+h),1>0
_ lim £l = lim  |sin 4| _ lim sinh _
h—0 h—0 h h—0 h

[ When />0 and is sufficiently small, we have sin /> 0]

lim lim

Agai 0-0)= = 0-h),h>0

gain f ( ) s 0 — f(x) o0 f( ), h>
_ lim Fen- lim [sin (= k)| _ lim  |-sin /|
h—0 h—0 —h h—0 -h
_ lim  |sin /| __ lim  |sin /| __ lim sin /i _ _1
h—0 —h h—0 1 =0 h '

Since f(0 -0)# f (0 + 0), therefore hmO f (x) does not exist.
x—
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Problem 15: Evaluate : fim L.
r—=0 J/x
(Rohilkhand 2005, 08; Meerut 06; Avadh 10)

Sol. Let  f(x) e

olution: et X)=———-
RV

lim lim
Th 0+0)= = 0+ h),h>0
en f0+0) x—0+ S h—0 SO+ k), h>

_ lim F )= lim e _ lim 1
h—0 h—=0 J/hi1 h=0 1+(1/51/h)

Ly Lm0 1
1+0 h—0 J/h o
lim lim
Agai 0-0)= = 0-h),h>0
gin fO-0)= 0 f)=, 0 O~k h>
; ; —1/h
_ lim Fehy= lim e _ 0 _o.
h—0 h—=0 ,~Vh 1 0+1

lim —1/n _ lim 1 1
e = —=—=0
h—0 h—=0 J/h

Since (0 -0)# f (0 + 0), therefore hmo f (x) does not exist .
x—

li li
Remark: Remember that LI and 1__ oo,
x>0+ x x—>0-x

Problem 16: If f(x)=agx" + ax” -hy ayx" 24 ay, then prove that

™ fw=re.
x—>¢ (Garhwal 2011)
Solution: First we shall prove that fim x=c.
x—c

Take any given £> 0.
Let g (x) = x. Then |g (x) — ¢| = |x — ¢|< & provided |x — ¢|< &
So if we take 3> 0 such that 3 =eord< g then|g(x)—¢|=|x - ¢ |< g whenever
O<|x=-c|<d.
Thus for any given £> 0, there exists & (= €)> 0 such that

|x —c|< ewhenever 0 <|x—c¢|<3$.

lim
x—c¢

Now we know that if o(x)=1 v (x)=m and k € R, then
x—
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o msv@i= ™ ew+ ™ ywoiem,
X—>C X—>C X—C
I ewy=t ™ o=k
X—C X—C

and m v ™ ew. ™ yweim
xX—c x—c x—c

. If ne N, then

lim lim lim . .
K= X x|...ntimes = (c)(c) ... n times = ¢
x—c x—=c x—c¢

lim f(x)= lim [agx"a; " "'+ +ay,_jx+a,]

X—C X—>C
lim lim _ lim lim

- (ag ™)+ (@ D+ (ay _1 %)+ a,
X—C X—C X—C X—>C

=ay lim ¥"+a; lim xn_1+...+an_1 lim x+a,
x—c r—c x—c

=ay " +ac" Vv ay_y o+ ay,=f (o)

Comprehensive Problems 2

Problem 1: Discuss the continuity and discontinuity of the following functions :

(i) f(x)=x> —3x.
(if) f(x)=x+ 1"}
(iti) f (x)=e" 1/,
(iv) f(x)=sinx. (Kanpur 2015)

(v) f(x)=cos (l)when x#0; f(0)=0.
x (Lucknow 2005)

(vi) f(x)=sin(1/x)when x#0, f(0)=0. (Lucknow 2011)

.. sin x
vii X)=""Zwhen x#0 and f(0)=1.
(wil) f (x) X S (Kanpur 2007; Avadh 08)

A
(viti) f(x)= 7% when x #0 and f(0)=1.
e+l (Meerut 2004B; Kumaun 10)
gl/x
(1) f(x) =~ when x %0, (0)=0.
L+e'” (Bundelkhand 2011; Lucknow 11)
xel/* 1
(x) f(x)= "+ sin(=)whenx#0, f£(0)=0.
1+ ¢/% X

(xi) f(x)=sinxcos (1/x)whenx#0, f(0)=0.




Limits and Continuity

(o1t i,

Solution: (i) Here f (x)= ©> — 3x. The domain fis the whole R. Letce R.
li li - li - li
Then m fx)= m (x‘; -3x)= S R
x—c x—c¢ x—c x—>c

=3 -3c=f(c).
. f(x)is continuous at every point ¢ of R and thus f (x)is continuous on the
whole real line.
(ii) Here F=x+xl=xs/n.
The function f (x)is not defined at x =0 and is defined at every other real number.
Thus domain ~ f=R-{0} ie, Ry.
Let ce Randc #0.

We have fim fx)= lim (x + l) =c+ 1o £ (c).
X—cC X—cC X c
. f (x)is continuous at every point ¢ of Rif ¢ #0.
lim lim
N 0+0)= = 0+h),h>0
ow fO+0)= "0 fw= " O+ Rh>
lim lim 1
= / = / — =0 oo = oo
oo M50 (1+h) !
lim lim
d 0-0)= = 0-"h),h>0
and  fO-0)= 0 fw= " FO-hh>
lim lim 1
= —h)= —h=1)=—0 0 =—co
oo I OW h—>0( ' h)

Thus f (x) has a discontinuity of the second kind at x =0. In fact it is an infinite
discontinuity.

(iii) Here Fx)y=e /¥
The function f (x)is not defined at x =0 and is defined at every other real number.
Thus domain ~ f=R -{0} ie, Rg.

Let ceRandc #0.
We have lim f(x)= lim eV Ve 2 oo,
x—¢ x—c

. f (x)is continuous at every point ¢ of Rif ¢ #0.

lim lim
N 0+0)= = 0+ h),h>0
ow f(0+0) o0+ S ) B0 SO+ h),h>
_ lim F)= lim ~1/h _ lim L:izo
h—0 h—0 h—=0 J/h
and  FO-0)= ™ pyo M0 as0

x—0 -
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lim lim —1/(- lim

= f(=h)= Veh - M

h—0 h—0 h—0

= oo,

Thus f (x)has an infinite discontinuity at x = 0. The discontinuity is not ordinary

1
but is of the second kind since 1r1(1) f (x) does not exist .
x—0-

@iv) f(x)=sinx

We have f(x)=sinx ¥ xe R and and domain f =R
Let ceR.
li li
Then m (x)= "M Sin x = sinc = f
x—c x—c

Hence, f(x)=sinxis continuous at x =¢

But ¢ is an arbitrary point of R. Hence f(x)is continuous at all points of R i.e. the
function f(x)=c is continuous on the whole real line.

(v) Here f(x)=cos (I/x)whenx#0, f(0).

Let ceRandc #0.
li li
We have m fx)= m cos (l) = cos (l) = f(e).
x—c¢ x—oc¢ x c
. f(x)is continuous at every point ¢ of Rif ¢ #0.
Now to check the continuity of f (x) at x=0.
lim lim
We h 0+0)= 0+h)= h), h>0
ehave  fO+0)= " fO+m= " f, k>
lim

= cos 1 , >0 which does not exist.

h—0 h
As 1 — 0, the value of cos (1/) oscillates between +1 and -1, passing through zero
and intermediate values an infinite number of times. Hence there is no definite real
number / to which cos(l /%) tends as /it tends to zero. Therefore the right hand limit
f(0 +0)does not exist.

. lim lim
Again f(O—O):h_>O f(o_h):h—>0 f(=h), h>0
= fim cos LI fim cos (l) ,which does not exist.
h—0 —h h—0 h

Thus both £ (0 —0)and f (0 + 0)do not exist and so f (x)has a discontinuity of the
second kind at x =0.

(vi) Here f(x)=sin(1/x)when x#0, f(0)=0.

Letce Rand ¢ #0.
i T
We have m (x)= m sir\l =sin 1 f(c).
x—c x—c X c

. f(x)is continuous at every point ¢ of Rif ¢ #0.
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Now to check the continuity of f (x)at x =0.
lim lim
We h 0+0)= 0+h)= h), h>0
ehave  fO+0)= MO +m= T F 0, B>
= fim sin 1 ,which does not exist.
h—0 h
lim lim
Agai 0-0)= 0-h)= -h), h>0
gain fo-0= " fo-m= """ fem, h>
= fim sin LI fim sinl,which does not exist.
h—0 - h h—0 h

Thus both £ (0 —0)and f (0 + 0)do not exist and so f (x)has a discontinuity of the
second kind at x = 0.

(vii) Here f(x)= sin ¥ when x#0 and f(0)=1.

X
Let ceRand ¢ #0.
li li i i
We have M py= T SIMXY_SINE gy
xX—c xX—>c x c

. f (x)is continuous at every point ¢ of Rif ¢ #0.

Now to check the continuity of f (x)at x=0.

lim lim lim  sin’k
We he 0+0)= O+ h)= h), h>0= =1.
chave fO+0)=, o SOEI= o SO h>0= % =
lim lim
Agai 0-0)= 0-h)= -h), h>0
gain S ) e 0 fO-=h) hes 0 f(=h), h>

_ lim  sin (- &) _ lim  sink _1
h—0 (=h) >0 1

Also f@O)=1.
Since f(O-0)= f(0)= f(0 +0), therefore f (x)is continuous at x =0.

Hence f (x)is continuous on the whole real line.

P
(viii) Here f(x)= whenx#0and f(0)=1.
Mg
Letce Rand ¢ #0.
li li 1/x _ /e _
We have Mmooy M oe sl e ol e,
x—c x—c Jlx o ey

. f(x)is continuous at every point ¢ of Rif ¢ #0.
Now to check the continuity of f (x)atx=0.

fim FO+h)= hmo Fh), k>0

We h 0+0)=
¢ have SO+0=""0 N
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~ lim I/h -1 lim 1_(1/61/11)_
=50 1/h+l h—0 l+(l/€1/h)'—
lim 1 1
L1y
lim lim
Agai 0-0)= 0-h)= —h),h>0
gain fo-0)=" " fo-m=" " f=n.h>
lim —/h_yp g 1_ 1
h—0 =1/ 0+1
lim  _y/,  lim ]
=0
h—=0 h—0 /h
Also fO)=1L
Thus fO-0)=f0)=f(0+0).

w Atx=0, f(x)is dlscor\tmuous from the left and is continuous from the right.

Thus f (x)is discontinuous at x = 0 and the discontinuity is of the first kind because
both the limits f (0 —0)and f (0 + 0)exist. The jump of the function at x =0 is

FO+0)= F(0=0) ic, 1-(=1) ie,2.

1/x
(ix) Here f(x)=—° whenx=0, f(0)=
l+cl/x
Let ceRandc #0.
: ; 1/x 1/¢
We have fim f(x)= fim g7=g7=f(5)~
x—=c Y= 14/ 14/

. f (x)is continuous at every point ¢ of Rif ¢ # 0.
Now to check the continuity of f (x)at x =0.

We have f(0 +0)=1land f(0-0)=0.

[See Problem 15, Comprehensive Problems 1]
Also f(0)=0.

Thus f(O—O):f )= f(O0+0).
* Atx=0, f(x)is continuous from the left and is discontinuous from the right.

Thus f (x)has an ordinary discontinuity at x = 0. The jump of the function at x =0 is
fO+0)-f(0-0) ie,1-0 ie,l.

e/
(x) Here f(x)=71+sm( Yywhen x 20, f(0
I+ cl/* x
Let ceRandc #0.
li li 1/x 1/¢
We have m (x)= m L+sinl =c¢ +sml=f(c)
x—c x—=c |14 /% x| 14 /¢ ¢

. f(x)is continuous at every point ¢ of Rif ¢ #0.




Limits and Continuity

|_ D-15 _!‘\
Now to check the continuity of f (x)atx=0.
We have f(0)=0.
lim lim
Al 0+0)= 0+h)= h),h>0
5 JO+0) h—0 SO+ h—0 Sy >
— hel + sin L)_ lim J + sin 1
Tho0 |1y T T s o [T
0 lim 1 lim ]
= + sin—=0 + sin —,
0+1 h—-0 h h—0 h
. . lim . .
which does not exist because sin (1/ ) does not exist.
lim lim
Agai 0-0)= 0-h)= -h),h>0
gain fo-0)= " fo-m= """ fnh>
lim [ V(1
= L +sin|—
h—0 14 o V/h -h
=L— fim sinl:O— fim sinl,which does not exist.
1+0 h—0 h h—0 h

Thus both f (0 —0)and f (0 + 0) do not exist. It follows that f (x)is discontinuous
at x =0 and the discontinuity is of the second kind.

(xi) Here f(x)=sinxcos(l/x)whenx=0, f(0)=0.

Let ceRandc #0.
We have fim fx)= lim sinx cos(1/x)=sinc cos(1/c)= f(c).
x—c¢ x—c¢

. f(x)is continuous at every point ¢ of Rif ¢ 0.
Now to check the continuity of f (x)at x =0.

lim lim
We h 0+0)= 0+h)= h),h>0
chave  fO+0)= " fO4m= 00>
lim . .
= p sinh cos(1/h)=0. [See theorem 10, article 3]
h—

T
oo sinfi=0and|cos(1/h)|<1whenh #0 ie.,
h—0

cos (1/h) is bounded in some deleted neighbourhood of Zero}

lim lim
Agai 0-0)= 0-h) = —h), k>0
gain fo-0= " po-m = " f=nns
lim Sy cos(C1/h) == T G cos (1/)= -0 =0,

:h—>0 h—0
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Also f()=0.
Thus fO=-0)=f0)=f(0+0).
Hence the function f (x)is continuous at x = 0.
AV

————, whenx#0

Problem 2 (i) : Examine at x =0, the continuity of  f (x) = - 61/,(2
1, when x =0.

(Meerut 2008)
Solution: We have f(0)=1.

Also fO+0)= hhmO f (0 + I),where )i is + ive and sufficiently small
-
B lim F )= lim gl/hz B lim 1
h—0 h—0 1_61/;,2 h—0 6_1/;,2_1
dividing the Nr. and Dr. by el/hz
S S Lo dime o lime L 1
0-1 h—0 h—0 (A7 oo
i
Again fO-0)=, ”“0 F(0 =), where Jtis + ive and sufficiently small
i
_lim Femy= lim gl/hz _
>0 /Y W_ '
Thus fO-0)=-1, f(0)=1 fO+0)=-1.

Since f(0 -0)= f(0+0)= f(0), therefore f (x)is not continuous at x =0. In fact
f (x) has a removable discontinuity at x = 0.

Problem 2(ii): If f(x)=—sin—\ find f(a+0)and f(a-0).Is the function
a

X—a X —

continuous at x =a ?

Solution: We have f (a+0)= fim Fla+h),h>0
h—0
lim 1 . 1
= - S1In
h—0 (a+h)-a (a+h)—a
= fim lsinl,whic:h does not exist.
h—=0 7 h
i
Again fla-0)y= """ fla-h),h>0

h—0
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lim 1 . 1 lim { 1. ( 1)}
= sin = - —sin|-—
h—=0 (a-h)y-a (a-h)—-a h—-0 h h

= fim 1 sin 1 , which does not exist.
h—=0 h h
Thus both f (a+ 0)and f (a —0)do not exist and so f (x)has a discontinuity of the

second kind at x = a.

Problem 3: Find out the points of discontinuity of the following functions :
() f)=@2+ ) v Y forx 20, £(0)=0.
(i)  f(x)=1/2" f0r1/2n+1 <x<1/2"1n=0,1,2,...and f(0)=0.
Solution: (i) Letce Randc #0.We have
lim lim 1 1/x
= —+
x—c S ) x—=c |:2+gl/x cose

1/¢
=————+cose " = f(c).
2+el/e

. f(x)is continuous at every point ¢ of Rif ¢ #0.

Now to checlk the continuity of f (x)at x =0.

We have f£(0)=0.
lim lim
N 0+0)= 0+h)= h),h>0
ow S ) h—0 S ") h—0 S0, h>
N AL Vi) SR S L
=0 |94 170 240 h—0
T .
=0+ m cosel/h= fim Coscl/h.
h—0 h—0
Ash— 0, cos I/ oscillates between — 1 and 1 and so hhmO cos el/h does not exist.
%
Hence f (0 + 0) does not exist.
lim lim
Agai 0-0)= 0-h)= —h),h>0
gain fo-0= 1" o-n= "0 FEns
= fim 71 +cose_1/h
h—0 |94~ 1/h
=¥+cose_°°: L +COSO=£+1=§<
24 2+0 2 2

Since f (0 + 0) does not exist, f (x)is discontinuous at x =0 and discontinuity is of
second kind. It is a kind of mixed discontinuity since the limit on the right does not
exist whereas the limit on the left exists.
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(ii)) Wehave f(x)=1 for %< x<1,

2 2
1 1 1
fx)= for - <x<
2 93 2?
1 1 1
f(x)_zn—l or ?<xs2n_l
1 1 1
flo=L <Ll

for <x
27[ 2}’! +1 27[
and so on. Also f (0)=0.The domain f (x)=[0,1].

Obviously f (x)is continuous at x =1 and at all points x where

L x< L ,n=0,1,2,....because in each such interval f (x)is constant.
DUy 1 DL
Now it remains to check the continuity of f (x)at x = in ,n=12,3,.... We consider
2
x=1/2"

1 1 1
wetwe () [0t o)
Sincef(% —0)# f(in+ OJ,the function f is discontinuous at x =1/2",
2 2

n=12,3,...At each such point f (x)is continuous from the left and is discontinuous
from the right and the discontinuity is of the first kind.
i
Alittle consideration shows that f(x)=0.
xr—0

Also f(0)=0. Since f(0+0)= f(0), therefore f (x) is continuous at x =0. The
question of finding f (0 —0) does not arise because f (x)is not defined for x<0.

Hence f (x)is discontinuous at x = % n=1223, ..
2

Problem 4:  If f (x)=— sm = for x#0 and f(0)=0,show that f (x)is finite for every

value of x in the interval [— I, 1] but is not bounded. Determine the points of discontinuity of the
Sfunction if any.

Solution: Letce[-1,1]and ¢ #0.

Then f(c)= 1 sinl which is finite because both 1/¢ and sin (1/¢) are definite real

c c
numbers.
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Also f (0)=0 which is also finite.

Thus f (x)is finite for every value of x in the interval [-1,1].

However f (x)is not bounded in [-1,1]. Take any positive real number k, however
large. Then there exists a real number x lying in ]O,1[ such that

sinl=landl>kso thatlsinl>k,
X X X X

f (x)is not bounded in [-1,1].
Obviously f (x)is continuous at every real number ¢ if ¢ # 0.
Also f(0 —0)and f (0 + 0)both do not exist and so f (x) has a discontinuity of the
second kind at x =0.

Problem 5: A function f defined on [0,1]is given by f (x)= - lf * l‘s ifatw;‘ml
1 - x, if x is irrational.
Show that f takes every value between O and 1 (both inclusive), but it is continuous only at the

point x = —-
2 (Rohilkhand 2012B)

Solution: Letce|0,1].

If ¢ is rational, then f (c)=c.

If ¢ is irrational, then 1 — ¢ is also irrational
and O<l-c<l ie,1-ce[0,1].
We have fd-¢c)=1-(1-¢)=c.
Thus f takes every value ¢ in [0, 1]

Now to show that fis continuous only at the point x = % .

Let x( be any point of [0, 1]. For each positive integer n we select a rational number
a, and an irrational number by, both in [0, 1], such that
lay, — xgl<1/n,|by, —xg|l<1/n
lim lim
ay =x0 = by, .
n—> o n—> o

If fis to be continuous at x(), then we must have

lim lim
O fa)= )= b,
Now f (ay) = ay, for all nand f (b,) =1 - b, for all n.
lim lim
S (ay) = = X0
n— oo n—> oo
lim lim
and S (by) = (A =by)=1-xq.
n—> oo n—> oo

So for fto be continuous at x(), we must have

xg = f(xg)=1l-xqg ie, xg=

DN | —
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Thus x = % is the only possible point of [0, 1] where f can be continuous.

Now we shall show that fis actually continuous at the point x=1/2.
We have f(1/2):%-

Let >0 be given.

Take a positive real number § = % €. Then if x is rational, we have

_ Y ~ (=] - Y<s=
x 2|<8:>,f(x) f(ZN |x 2|<8

and if x is irrational, we have

<8:>1f(x)—f(l)!:}(l—x)—%‘ :‘x_f

1
P

Thus, we have

x—%l<6:>’f(x)—f(f)

so that fis continuous at x = %
Hence fis continuous only at the point x=1/2.

, if xis rational
Problem 6: Prove that the function f defined by~ f (x) =

W= N[ —

—,if xis irrational

is discontinuous everywhere.

Solution: We shall show that f (x)is discontinuous at every point a of R .

Take any 8> 0. Then a — § and a + d are two distinct real numbers and between two
distinct real numbers there lie infinite rational and infinite irrational numbers. Thus
for every &> 0, there exist infinite rational and infinite irrational numbers in the open
interval |a —8,a+ 8.

For every 8 > 0, there exists a point xin Ja — 8, a + 8 [ at which

| f(x)= f(a)]= ‘% —% = é , taking x as rational if a is irrational
or at which | f(x)— f(a)|= % - %{ = é , taking x as irrational if a is rational.

Thus whatever the point a in R may be, for every >0 there exists a point x in
la 8 a+5] at which |f(x)—f(a)|:%-

Thus for £ = é> 0, there exists no 8> 0 such that
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| f(x)= f(a)|<e whenever |x —a|<d ie., whenever xe Ja, -8 a+38].
f (x)is not continuous at x = a.
Hence f (x)is discontinuous at every point @ of R .
1/x

Problem 7(i): Show that the function f defined by ~ f (x) = re WAk 0, f(0)=
I+e

is not continuous at x =0 and also show how the discontinuity can be removed.
(Rohilkhand 2006; Lucknow 08; Meerut 11)

lim lim

Solution: We h 0+0)= 0+h)= h),h>0
olution e have f(0 +0) s fO+h) hes 0 fh),h>
lim I/h lim 1
= h- e~
h—0 1+el/h h_>0 c_l/h+l
0.1 —0.1-=0
0+1
lim lim
d 0-0 0-h)= -h),h>0
an S ) s 0 fO=h) s 0 f(=h),h>
; —1/h
gy 0. 0 g0,
h—0 1+ e L/ 1+0

Since  f(0-0)=0= f(0 + 0), therefore fim f(x)=0.
x—0

But f(0)=1= hmo f(x). Hence f(x) is discontinuous at x=0 and the
x—

discontinuity is removable and can be removed by defining f (x) as follows :
1/x

Ve

xXe

Sfx)= x#0, f(0)=

l+e

Problem 7(ii): Show that the function f (x)= 3% + 2x - Lis continuous for x = 2.

Solution: We have

lim lim
= 37 +2x -1

x—2 S x—2 ( ¥=1)
_3 lim 249 lim x_hm 1

x—2 x—2 x—2
=3.22 4291 |: fim x=cand fim x2=c2:|

xX—c xX—c

=f2)

Since f(x)= f(2), therefore f (x)is continuous at x =2.
X =
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Problem 7(iii):  Show that the function f(x) = (1+ 2x)1/x ,x#0and f(x)= cz, x=0is
continuous at x = 0.
I
Solution: We know that (1+ an) /¥ = .
h—0
lim lim

flx)= 1+ 2x)1/x =e¢= f(0) and so f(x)is continuous at x =0

x—0 T x>0

_ if x<0
5x-4 if O0<x<1

4% —3x if l<x<2
Sx+4 if x=22

Problem 8: Examine the continuity of the function  f (x) =

at x=0,1 and 2. (Meerut 2004, 06B, 07B; Purvanchal 06; 10; Avadh 06;
Lucknow 06; Gorakhpur 15)

Solution: (i) Continuity at x=0. We have f(0)=— 0% = 0;

f(O-0)= hlino fO-h)= hlzno f(=h),h>0 and is sufficiently small
li li
= o EmPy= T i) =0;
and fO+0)= hli“O fO+h)= h]inO f(h),h>0 and is sufficiently small
:hlino (5h - 4) [20<h<l]
-_4

Since f(0-0)# f(0+0), the function f(x) is discontinuous at x=0. It is
continuous at x=0 from the left but is discontinuous from the right and the
discontinuity is ordinary.
(ii) Continuity at x=1. Wehave f(1)=5-1-4=1;
Fa—0y= M g gy as0= M suimo4y [0<i-h<l]
h—0 h—0
_ M sy,

h—0
lim
h—0

_ lim
>0

lim

and fl+0)= fd+h),h>0

[4 1+ h2 =30+ h)] [o1<1+h<2]

= @h? +5h+1)=1.
h—

Thus  f(1-0)= f()=f(+0)and so f(x)is continuous at x=1.
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(iii) Continuity at x=2. We have f(2)=3-2+4=10;
lim
2-0)= 2—h),h
f2-0) o 0 f@=h),h>0
M o2 ss@ o) [+ 1<2—h<2]
h—0
_ M 2 Cispt10) =10,
h—
lim lim
d 2+0)= 2+ h),h>0= 32+ h)+4 w2+ h>2
an f(+)h_>0f(+1)> h—>0{(+)+} [+ 2+7h>2]
_ Mg 10y=10,
h—0
Since f(2-0)=f(2)=f(2+0), f(x)is continuous at x =2.

Problem 9(i):  Show that the function f (x) :j;j ;i , x#0 and f(0)=0 is
discontinuous at x = 0.

Solution: (i) Proceeding as in part (viii) of problem 1, we have f(0 +0)=1and
fO-0)=-1

Also f(0)=0. Thus f(0-0)# f(0) and f(O+0)= f(0).

. f(x)is discontinuous at x =0 both from the left and from the right.

Hence f (x)is discontinuous at x =0 and the discontinuity is ordinary because both

1
the limits f(0 —0) and f (0 + 0) exist. Here 1m0 f (x) does not exist because
x—

fO-0)=f(0+0).
Problem 9(ii):  Show that the following function is continuous at x = 0.

._lx

sin
f(X) ) ¥ S f(O) - (Agra 2003)
Solution: We have fim fx)= lim M
xr—0 x—0 x
_lim 0
050 sing’
putting sin"! x=6 so that x=sin®
and 6—>0 as x>0
=1=/(0).

. f(x)is continuous at x =0.

Problem 10: Discuss the continuity of the function — f (x)= #l/x when x #0 and
l-e

£ (0)=0 for all values of x. (Meerut 2004; Rohilkhand 10B; Lucknow 10)
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Solution: Letce Randc¢ #0.
lim lim 1 1
We have x) = I Y
x> ( x—c oMy e S
. f(x)is continuous at every point ¢ of Rif ¢ #0.

Now to check the continuity of f (x)at x =0.

lim lim
We h 0+0)= 0+h)= h),h>0
e have f(0 +0) 50 fO+h) hs0 fh), h>
lim 1 1 1
= = ——_~=-0=0.
h—0 I—EI/h ] - co
lim lim
Agai 0-0)= 0-h)= —h),h>0
gain -/ ( ) h—0 S ) h—0 SRy he>
_lim 1 _
Th0 Uk 1-0
Also f(0)=0.Thus f(0-0)= f(0)= f(0+0).

. f(x)is discontinuous at x = 0 and the discontinuity is ordinary. The jump of the
function at x=0 is f(0-0)— f(0 +0) ie, 1-0ie, 1. The function f(x) is
continuous at x =0 from the right but is discontinuous from the left.

Problem 11: Prove that the function f (x)= Mfor x#0, £(0)=0 is continuous at all
x

points except x = 0. (Kanpur 2008; Meerut 09; Gorakhpur 11)
Solution: Ifx>0,thenf(x):£:1. [vx>0 =|x|=x]
x
If x<0,then  f(x)=_F=-1. [+x<0=|x|=-x]
x
—-Lif x<O
Thus f(x)=40,atx=0
1,if x> 0.
If x<O, f(x)=-1 ie., f(x) is a constant function and a constant function is

continuous at each point of its domain.

. f (x)is continuous at each point x where x < 0. Similarly f (x)is continuous at each
point x where x> 0.

Now to check the continuity of f (x)at x=0.

lim lim
We h 0-0)= 0-h)= -h), h>0
ehave  fO-0)= " fO-= """ Fh), k>
_ lim le—1
h—0

and similarly ~ f(0 +0)=1
Also f(0)=0.
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Since f(0-0)# f(0+0), therefore fim f (x) does not exist and so f(x) is
x—

discontinuous at x = 0.

Since both f (0 —0)and f (0 + 0) exist, therefore the discontinuity is ordinary and

the jump of the function at x=01is f (0 +0) - f(0 -0) ie, 1 - (-1) ie.,2.

Problem 12: Test the continuity of the function f (x)at x=0 if

_ MY sin (1/x)

f(x) ,x#0and f(x)=0,x=0.
1+ /¥
(Meerut 2005)
Solution: We have
lim lim
0-0)= 0-h)= -h),h>0
fo-0= " Fo-n= """ fen.n>

lim e 1/h . 1
= ———-sin|[—-—| } =0.
h—=0 |14k ( h)

. lim g_l/h _ 0
/T (R VT )

=0 and |sin (—1/h)|<1 when 1 #0

ie., sin(=1/h) is bounded in some deleted neighbourhood of zero}

lim lim
0+ h)=
h—0 S ) h—0

| el/h Wi | 1 Wi
= lim {———-sin (1/h)}= lim {———-sin(1/h
h—0 l+el/h h—>0{e_1/h+1 }

e B S )
h—=0 ,~Vh, | 0+1 h—0

Again FO0+0)= F (), h>0

which does not exist because

does not exist.

Also f(0)=0.

Thus f(O-0)= f(0)and f (0 + 0)does not exist.

g hmo f (x) does not exist and f (x) has discontinuity of the second kind at x =0
x—

from the right.

We observe that f (x)is continuous at x =0 from the left.
Problem 13: Examine the following function for continuity at x =0 and x =1:
2 for x<0
f(x)=<1 for O<x<1

l for x>1
X (Meerut 2001, 03, 04B, 05)
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Solution: (i) Continuity at x =0
we have £(0)=(0Y =0
FO=0)= 1M FO—n)=m F =™ - =0
and f(0+0)=}l“gof(0+h):}l”:0f<h):2201=1

Since f (0 —-0)# f (0 + 0), the function f(x)is discontinuous at x =0.
(ii) Continuity at x =0

We have f)=1=1
_ lim _ lim _
f(I—O)—h_)Of(l—h),h>0—h_)o1—1
_ lim _ lim I _
and f(1+0)_h—>0f(l+h)’h>0_h—>01+h_1

Thus f(1-0)= f(I)= f(1+0)and so f(x) is continuous at x =1.
Problem 14: Discuss the continuity of the following function at x =0 :

cos x, x>0
f(x)—{_ cos x,x<0.
Solution: We have f(0)=cos0 =1
lim lim lim
0+0)= 0+h)= h) = h=cos0 =1
f(O+0) heOf( +h) h—>0f(> j s o8 h=cos
lim lim lim
d 0-0)= 0-h) = -h)= - ~h
an S ) h—>0f( ") h—0 S h—0 cos(=h)
= fim —cosh=-cos0=-1
h—0

Since f(0—-0)# f (0 + 0), the function f(x) is discontinuous at x=0 .
Problem 15: Test the continuity of the following functions at x =0 :
(i) f(x)=xcos (1/x),when x#0, f(0)=0. (Meerut 2007)

(i) f(x)=xlogx, for x>0, f(0)=0.
Solution: (i) We have

lim lim
0+0)= 0+h)= h),h>0
f(+)h90 JO+h h—0 J (). >
=L”io hcos (1/h)=0.
lim .
[ h=0and|cos(1/h)|<1when h#0 ie., cos(l/h)
h—0
is bounded in some deleted neighbourhood of zero]
Again £(0-0)= fim FO-h)= fim F(=h), >0

h—0 h—0
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:hlino (—h)cos(—l/h):—hlino Jicos(1/h)y=-0=0.
Also f(0)=0.
Thus f(0-0)=f(0)= f(0+0)and so f (x) is continuous at x = 0.
lim lim
) Wehave £(0+0)= 0+ h)= 1), >0
(i) Wehave f©+0)= """ fo+m= """ 0>
= hI:nO hlog h [From 0 X o]
_ lim  log h [Fromf]
h—=0 1/h —
lim 1/h _ lim he—0=0.

Ths0 12 k0
Also  f(0)=0.

Since f (x)is not defined for x < 0, therefore the question of finding hrg f (x)does
x—

not arise.

Since f(0)= f(0 + 0)and f (x)is not defined for x<0, i.e., domain f (x)is [0, [,
therefore f (x)is continuous at x =0.

Problem 16:  Discuss the nature of discontinuity at x = 0 of the function f (x)=[ x ] - [- x]
where [x ] denotes the integral part of x.

Solution: We have f(0)=[0]-[-0]=[0]-[0]=0-0=0.

Also  f(0+0)= hli“() FO+h)= hlin() f (), h>0 and is sufficiently small
lim lim lim
- W =1[=h])= 0-(-1)}= I=1
h—0 (L] == AD) h—0 { D) h—0

[ O<h<l=[h]=0and -1<-h<0=[-h]=-1]

Again f (0 —0)=hlim0 £ —h):]hmO f(=h),h>0 and is sufficiently small
- h—

lim lim
= —h-[-(=M] = —h]-1[h

hoo (EH=l=GERD= 0 (a1

lim
= -1-0)=-1

h—0 ( )

Since f(0-0)= f(0+0), therefore fim 0 f (x) does not exist and so f(x) is
x—

discontinuous at x =0. Also f(0)# f(0—-0)and f(0)=# f(0+0)implies that f(x)is
discontinuous at x =0 both from the left and from the right . Since f(0-0) and
f(0 +0)both exist, therefore the discontinuity is of the first kind and the jump of the
function at x=01is f(0+0)— f(0-0)ie,1-(-1)ie., 2.
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Problem 17: Discuss the continuity of f (x)=(1/x)cos 1/ x).

Solution: Letce Randc #0.
li li

We have m (x)= m lcoslzlcosl:f(c).
x—c X—=c¢ x X ¢ c

f (x)is continuous at every point ¢ of Rif ¢ #0.

Now to check the continuity of f (x)atx=0.

lim lim
We h 0+0)= 0+h)= h),h>0
ehave fO+0)= """ fO+m= " ,h>
= fim lcosl which does not exist.
h—0 7 h
lim lim
Agai 0-0)= 0-h)= - h),h>0
gamn A ) h—0 S ") h—0 f=h, k>

lim 1 1 lim 1 1
= ——cos|—-—|t= ——cos|—
h—0 h ( h) h—0 h (h)

which does not exist.

Thus both £ (0 —0)and f (0 + 0)do not exist and so f (x) has a discontinuity of the
second kind at x =0.

Problem 18:  Give an example of each of the following types of functions :
(i)  The function which possesses a limit at x =1 but is not defined at x =1.
(i) The function which is neither defined at x =1 nor has a limit at x =1.
(iii)  The function which is defined at two points but is nevertheless discontinuous at both the
points.
Solution: (i) f(x)=x forx>1, f(x)=x> for x<1.
(i) f(x)=—2% forx<l, f(x)=2> forx>1.
1

(iii) f(x)=0forxSO,f(x):%—xfor0<xSE,f(x)=%+x for x>%-

Problem 19: In the closed interval [—1,1] let f be defined by
f(x):x2 sin(l/xz)farx;to and f(0)=0.
In the given interval (i) Is the function bounded ? (ii) Is it continuous ?
Solution: (i) If xe[-1,1]and x # 0, we have
|f ()| = 12 sin (1/o2)] =[] [sin (1/ %)
=|xf - Jsin(1/22)]<1-1=1.
[ ]sin (1/72)|<1and - 1< x<1 = |4 <1]

Also f(0)=0=]f(0)|=0<1.
Thus | f (x)|<1, Vxe[-11]and so fisboundedin[-11].
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(ii) Letce[-11]andc #0.
lim lim .1 2 .1
We h = 2 sin = o= (o).
e have e f(x) e smx2 c smc2 fe)
. f (x)is continuous at every point ¢ of [~ 1,1]if ¢ 0.
Now to check the continuity of f (x)at x=0.
lim lim
We h, 0-0)= 0-h)= -h),h>0
chave  fO-0)= " FO-m= """ >
Jme Rl L L a1
h—0 —n?| h—0 2
lim 7% =0 and sinL <lifh=0
h—0 W2
lim lim
Agai 0+0)= 0+h)= ]
gain fo+0)= M soem= "0 fm)
= fim hzsinizo.
h—0 72
Also f(0)=0.

Since f(0 -0)= f(0)= f (0 + 0), therefore f (x)is continuous at x =0.

Thus f (x)is continuous at each point of [ 1,1] and so it is continuous in [-1,1].

@nts to Objective Type Questions

Multiple Choice Questions

1. We have lim M: lim M 502 lim E: lim _
x—=0+ x h—=0 ] h—0h h—0
Again, lim u: lim M,h>0: lim M: lim L: lim le-L
x—>0-x h—>0 -h h—-0-h h—>0-h h—>0
li i li
Since, m Mqﬁ fim M therefore m Mdoes not exist.
r—=0+ x xr—0- x xr—0 x
) B ) (I+IXI+A22‘+...)—1
2. We have fim ¢ —1: fim i i
x—0 X xr—=0 X

. (%+5+) i
= S LI L (l+f‘+...)=l.

T x50 X T x50
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3. We have fim |x—2|: fim M,h>0
¥—>2+ x-2 h—>02+h)-2
_lim jp|_ lim p lim -
"h=0h h—=O0h h—o0
4. We have fim lx=3]_ fim 7|(3_h)_3|,h>0
x—>3- x-3 h—>0 B3-h)-3
_ lim |- hl _ lim M
h—0 - h—>0-h
_ lim . lim 1]
T h—>0-h k-0 B
5. See Example 6(ii).
6. Wehave f(0)=K;
lim lim
0+0)= 0+h)= h
fO+0)= " poem= M p
_ lim sindh _ 5h lim (sinShJZE
h—0 3 3hh—=0\ 5k 3
lim
d 0-0)= 0-h
an S ) h—>0f( )
_ lim Flohy = lim sin5(-h) _ 5
h—0 h—0 3(-h) 3

If the given function is continuous then
fO)=f(0+0)= f(0-0).
K=>.
3

7. See Example 5(e).

*

(
See Example 5(i).
9. See Example 5(b).
10. See Example 5(c).
11. Proceed as Example 5(f).

Fill in the Blanks

1. See article 7. An alternative definition of continuity.

lim X2_1= lim (x—1)(x+1)_ lim

2. We have = (x+1)=2
xr—>1 x-1 x->1 x—1 x—1

3. Wehave M sin(x/4)_ lim 1 sin(r/4} 1 lmosin(x/4)_ 1, _1
x—0 X xr—04 x/4 4 x—0 x/4 4

L
4 Wehave M O =1 lim (-1 +x4D) _ lim 2 4xsl 3
=1 2 1 x=1 (x=D(x+]) r—>1 x+1 2
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5. See Example 5, part (b).
6. See Example 5, part (f).
7. If3<x<4, then[x]=3. So, if 3<x<4, then f(x)=x-3.
li li
8. We have x_‘)“; ROE x_‘)”; x=l [+ f(x)= x, when r<1]
Also, See Problem 13, of Comprehensive Problems 1.
9. (i)Wehavef(§]=2—§=l [-.-1<§<2]
2 2 2 2
(ii) We have fim x)= fim 2-x) [+ f(x)=2—-x, whenl< x<2]
x— 1+ x— 1+
=2-1=1
(iii) We have i“; fw= i”; C@-x) [ fx)=2-x whenl<x<2]
=2-2=0
10. See Problem 14 of Comprehensive Problems 1.
11. See article 8, part (i).
12. The function f(x)= S 5 defined for all real numbers x except ¥ =0. So, do-
x
main f=R-{0}
13. The given function f(x) is defined for all real numbers x. So, domain f = R.
True or False
1. We havexin(l)_f(x)zxin;_x [+ f(x)=xwhen x< 0]
lim lim
Again, = 2+ f(x) = % when x>0
gain x_)0+f(x) Fes 04 [ f(x) when x> 0]
lim lim
Si R = =0,
e x%O—ﬂx} xr—0+ S
lim
theref =0.
erefore s flx)
2. We have fim flx)= fim sine =1
xr—0 r—0 x
But, f0)=2
T
Since, 1m0 f(x)# f(0), therefore f(x)is discontinuous at x =0.
x—
li li
3. Wehave _‘)”(‘) flo)= x_‘)”(‘) (-siny) [+ f(x) = —sinx, when x< 0]
=0
lim lim
Again, = i = sinx, why >0
gain f(x) rs 04+ sinx [+ f(x) =sinx, when x> 0]
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lim lim
Si = =0
e x%O—ﬂx} xr—0+ S
lim
theref =0.
erefore £s0 fx)
Also, f(0)=sin0 =0. [+ f(x) =sinx, when x = 0]
Since fim f(x)= f(0), therefore f(x)is continuous at x =0.
x—0
_ 2
The function f(x)= is not defined at x = a4, but
x—a
lim = lim xz—azz lim (x—a)(x+a)
X—a X—>ad x-—a X—a X—a
= fim (x+a)=2a, ie, fim f(x) exists.
x—>a x—a

See Problem 15, part (i) of Comprehensive Problems 2.
See Theorem 5 after article 10.

lim lim sinx
We have =
X

D = TSy,

Tx>0 x
Also, flO)=1
lim

Since, f(x)= f(0), therefore f(x)is continuous at x=0.
x—0

We have fim (x)= fim 1 [ f(x)=1, whenx<1]
x—1- x—1-

Again, i“l‘+ fo= i“; 2-x) [+ f(x)=2—-x when 1< x<2]

=2-1=1
Also, fy=2-1=1
Since, ; 1_1)rr; B flx)y= f(Q1) . irrll+ f(x), therefore f(x)is continuous at x=1.

See Example 5, part (d).

We have fim sinx _ fim 3.sin3x: fim Sin3x=3.l=3.
xr—0 x x—0 3x xr—0 3y
li i li i li i

We have m s1n2x= m 2.sm2x= m sm2x=2‘l=2‘
r—0 x xr—0 2x r—0 2x

We have ™ siny _ 1 lim sine 1,1
r—>0 2x 2x-0 x 2 2

OO0
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Differentiability

Comprehensive Problems 1

Problem 1: Show that f (x)=|x—1|,0 < x<2is not derivable at x =1.Is it continuous in
[0,2]?

- <x<
Solution: We have f (x)= {1 % when 0<r<l

x—1, when 1<x<2.

To test f(x)for differentiability at x =1.

We have
Rpray= Mmoo flel-fO)_ limo (e k-1-0
h—0 h h—0 h
_lim B lim 1.
k>0 n k-0
and Lf ()= lim — fa-m-f@O_ lim 1-1-hH-0
h—0 -h h—0 — I
_lim ko lim -
N h—0 _7]1_ h—=0 - .

Since R f"(1)# L f’ (1), the function f (x)is not differentiable at x =1.

To test f (x)for continuity in [0, 2].

When O < x<1, f(x)=1- xwhich is a polynomial and when 1< x<2, f(x)=x-1
which is also a polynomial.

Now a polynomial function is continuous at each point of its domain. Therefore f (x)
is continuous when r<0 <1 and also whenl< x<2.
Now to check f(x)for continuity at x =1.

lim lim lim

Wehave f(1-0)= hes 0 fd-h)= s 0 {(1-(1-h)}= hes 0 h=0,
lim lim lim
f(1+0)_h—>() f(1+h)_h—>() {(I+h)-1}= b0 h=0
and f@=0.

Since fA-0)=f1)=f(1+0), f(x)is continuous at x =1.
Thus f (x)is continuous at each point of [0, 2] and so f (x)is continuous in [0, 2].
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Problem 2 (i): If f(x)= Ll/x ,x#0, f(0)=0,show that fis continuous at x =0 ,
I+e
but £’ (0)does not exist. (Lucknow 2005, 10; Gorakhpur 13; Purvanchal 14)
Solution: We have
lim lim
0-0)= 0-h)= -h),h>0
S ) P S ) e 0 S (=h), h>
lim —h 0
= T =0,
h—=0 140 140
lim lim
0+0)= 0+ h)= h),h>0
fo+0)= M foen= " fi.n>
lim h 1 —0.0=0

- -0.
h -0 1+ el/h ]+ o
and f(0)=0.
Since f(0 -0)= f(0)= f (0 + 0), therefore f (x)is continuous at x =0.
We now proceed to find the derivative of f (x)at x=0. We have

R froy= M SOERFO_ N f0=fO) o

h—0 h h—0 h
h
I
_lim 14 R _lim | T
T 0 h h—o0 14 T+
and L f'(0)= fim JO=I-f0)_ fim 7f(_h)_f(0),h>0
h—0 —h h—0 —h
-h
L
_lim 140 U/h
T h—>0 —h
lim 1 1 1

T o0 11 e 140
Since R f"(0)#L f’(0), the derivative of f (x)at x =0 does not exist.

1/x
Problem 2 (ii): If f (x)= Ll/xforx =0 and f(0)=0,showthat f (x)is continuous at
I+e

x=0,but f’(0)does not exist. (Lucknow 2006)
lim lim
Solution: We h 0-0)= 0-h)= -h),h>0
olution e have f( ) s 0 f( ) s f(=h),h>
lim —hg_l/h 0
= = = =0,
h—0 I+3_l/h 1+0
fo+0= " roem= " ruaso

h—0 h—0
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lim hgl/h lim h 0
- _he v -0
h=0 1y k=0 Uk p 0+1
and f(0)=0.
Since f(O-0)=f(0)= £ +0), f(x)is continuous at x = 0.
We now proceed to find the derivative of f (x)atx=0.
We have R f7(0)= fim Q lim M
h—0 h h—0 h
nel/h
_ lim 1+ gl/h _ lim gl/h
 h—>0 h X
lim 1 1

T ho0 Uk 041

and
h—0 - h h—0 —h
h e 1/h o
_ lim 1+ g_l/h _ lim g_l/h _ 0 -0
T >0 —h Tho0 4. Uh 140

Since R f"(0)# L f’(0), the derivative of f (x)at x =0 does not exist.
Problem 3: A function ¢ is defined as follows : ¢ (x) = — x for x<0, ¢ (x) = x for x> 0.
Test the character of the function at x =0 as regards continuity and differentiability.

li li
Solution: Wehave 6(0-0)= " 60O -h)= " 6(=h),h>0

h—0 h—0

_ lim Ceh)= lim h=0

h—0 h—0
lim lim lim
0+0)= 0+h)= h) = h=0
PO+0I= Lo 0OF= L0 W=y L0
and 6(0)=0.
Since 00 -0)=0(0)=0d(0 +0), ¢ (x)is continuous at x =0.
Again Ro'©) M 00+m=0(0)_ lm  9()-0()
h—0 h h—0 h

B lim h=0 _ lim 121
T h>0 b k>0

Ly~ ™ 00=m=-00)_ lm o=mn-00) ,

and =
h—0 -h h—0 -h
_ lim —(=h)-0 _ lim ho lim L]
T h>0 “h k>0 —h ko0 C

Since R¢" (0) # Lo’ (0), ¢ () is not differentiable at x =0.
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Problem4: Show that the function fdefinedonRby f (x)=|x-1|+2|x-2]|+3|x-3]|

is continuous but not differentiable at the points 1,2, and 3. (Bundelkhand 2009)
Solution: From the definition of the function f, we have

fx)=1-x+22-x)+338-x)=14-6x  when ¥<1

fx)=x-1+22-x)+3B-x)=12-4x when 1<x<2
f)=x-1+2(x-2)+3C-x)=4 when 2< x<3
and f(x)=x-1+2(x-2)+3(x-3)=6x-14  when x>3.
Continuity of f (x) atx=1
We have f(1)=14-6=8§,
lim lim
1-0)= = 14 - 6x)=8
S1-0) o] S ) e x)
lim lim
d 1+0)= = 12-4x)=8.
an S+0) r—1+ S x—1 ( *)
Since f1-0)=f1)=f(1+0), f(x)is continuous at x =1.
Differentiability of f(x)at x=1.
We have Rf"(1)= lim 7f(l+h)_f(l)
h—0 h
_ lim 12-4(1+h)-8 _ lim —4h _ lim C4=_4
h—0 h h—0 | h—0
and Lf’(l): lim M’h>0
h—0 —h
_ lim 14—6(1—11)—8: lim ﬁ: lim -6
) .y h=0 -h h—>0 '

Since R f’(1)# L f’(1), the function f is not differentiable at x = L.
Similarly check f (x)for continuity and differentiability at x =2 and at x = 3.

Problem 5:  Show that the function
f(x)=x0<x<l=x-11<x<2
has no derivative at x = 1.

Solution: We have

R f ()= lim JA+h)-f0)

 h—>0 h
_lim (em-l-1_ limo -1
h—0 h h—0 J
and A0 N A Ut D AU R
h—0 —h

lim (I-h)-1_ lim

~—t = 1=1.
h—0 -h h—0
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Since R f"(1)#L f’ ), the function f (x)has no derivative at x=1.

Remark: Here f(1-0)=1 f(1)=1 f(1+0)=0 and so f (x)is not continuous at
x =1 and consequently f (x)is not differentiable at x = 1.

Problem 6: Show that the function f (x)= 2 -lLxzl=1-xx<l

has no derivative at x = 1.

Solution: Wehave L f’(1 fim MJDO
T 0 -h
_lim1-q-m-@-1_ lm p
h—0 —h h—=0 —h
_ lim -1
h—0
and R fraye M 0o fO)_ tm o e 10
h—0 h h—0 h

_lim g2 42k lim p(h+2) _ lim
h—>0 h  h—0 h h—0

Since L f"(1)#R f’ (1), f (x)is not differentiable at x=1.

Problem 7: The following limits are derivatives of certain functions at a certain point.
Determine these functions and the points.

lim  log x — log 2 (if) lim  N(a+h)-a

(i)
x—2 x=2 h—0 h

Solution: We know that

Flay= ™ SO fla)_ i farh) - fa),

x—a Xx—a h—0 h
(i) The function is f (x)=log xand the pointisx=2.
(i) The function is f (x) = xand the pointis x=a.

Problem 8: Let f (x) = 2 sin ( 4/3 ) except when x =0 and f(0) = 0. Prove that f (x)

has zero as a derivative at x = 0.

Solution: We have R f’ (0 /hmo M,}DO
h—
_lim fy- o) lim EsingmB3) -0
h—0 h h—0 h
lim

Jsin (b~ 43y = 0.
h—0

lim h =0 and |sin (h 4/3 )|< 1 when h#0
h—0
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Again L f(0)= hli;no Mh_f(o)
_ dim o f(=h)-f(0) _ lim (—h)2 Sin{(—h)_4/3}_0
_h—)() —h _h—>0 —h
- [(=h).sin { (- h)_4/3}] =0, as before.
h—0

Since R f"(0)=L f’(0)=0,the function f has zero as a derivative at x =0.
Problem 9: A function ¢ is defined as follows :
o(x)=1+xif x<2,¢(x)=5—-xif x>2
Test the character of the function at x = 2 as regards its continuity and differentiability.
(Avadh 2007)

Solution: We have ¢ (2)=1+2=3,
lim lim
0(2-0)= o (x)= (I+x)=3
x—2 - x—2
and 6@+0)= M = M s g
x—2+ x—2

Since $ (2 -0)=0(2)=d (2 + 0), the function ¢ is continuous at x = 2.

lim
Re@= h—0

lim
- h—0

lim
N

lim

- h—0

Again

and

L¢'(2)

02+h)-0(2)_ lim  5-@2+h)-3
h h—0 h

—h_ limo

h h—0

02-m-9¢@2)_ lim  1+@2-h)-3
—h h—0 —h

-h_ lim -1

“h k>0

Since R ¢” (2) # L ¢’ (2), the function ¢ is not differentiable at x = 2.
Problem 10: Examine the following curve for continuity and differentiability at x =0 and

x=1:

yzxz for  x<0

=1

Also draw the graph of the function.
Solution:

for
y=1/x for

O<x<l1
x> 1
(Meerut 2003, 04B, 09B)

Let y = f(x). We need to test f (x) for continuity and differentiability at

the points x = 0 and 1. It is obviously continuous and differentiable at all other points.
At x=0. We have f(0)=0% =0;

lim

h—0

S0 +0)=

FO+h)= fim F(h)= =1,

-0 h—0
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lim lim lim 9
d 0-0)= 0—h)= = _
an JO=0)= ) g JO=M=) o FED= 1o &N
_ fimoe
h—0

Thus £(0-0)= f(0)# f (0 + 0)and so the function f (x)is not continuous at x =0.
Consequently it is also not differentiable at x = 0.

Here f (x)is continuous at x =0 from the left.

lim lim
Atx=1.Weh 1-0)= = 1=1, =1
X e have f( ) rs]— flx) v 1 f@
lim lim 1
d 1+0)= = —=1.
an f1+0) r—1+ S r—1 x

Since f(1-0)= f(1)= f(1+0), f(x)is continuous at x =1.
lim FA-n)- £ lim 1-1 lim

Now L fr(1 A S A S A = 0=0
h—>0 —h h—>0 —h h—0
L
and Rp= M fO+h-f@_ lim 1+h
h—0 h h—0 h

_lim 1-1-h _ lim -1
=0 h(l+h) h—0 I+

Since L f"(1)#R f’(1), f (x)is not
differentiable at x = 1.

The graph of the function consists of the
following curves :

y= 2 for x<0, (parabola)

y=1 for 0<x<], (straight line)
y=1/x for x>1, (rectangular hyperbola).

Problem 11: A function f (x)is deﬁned as follows :

fx)=1+ for  x<0,
fx)=x Jor O<x<l],
fx)=2- for 1<x<2,
f(x)=3x x2 for  x>2.
Discuss the continuity of f (x)and the existence of f’ (x)at x=0,1 and 2.

Solution: At x=0. Wehave f(0)=1+0=1,
f0-0)=

i“g_ fx)= fim 2
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lim lim
0+0)= = =0
JO+0) xr—0+ S ) x—0 *
Since (0 -0)# f (0 + 0), therefore hmo f (x) does not exist and so f (x)is not
x—

continuous at x = 0. Consequently f (x)is also not differentiable at x = 0.
Atx=1 Wehave f(1)=2-1=],

li li
fa-0= " fw= M as
li li
and fA+0)= xi>ml+ fx)= lel 2-n=1.
Since f{1-0)=f(1)= f(1+0), f(x)is continuous at x=1.
Now L= m fA=h-f@)_ lim o d-k-1
h—0 —h h—0 _n
lim -5 lim -1

T h50 —h h50

_ lim SA+h) - fQ)_ lim  2-1+n)-1
h—0 h h—0 h

3 lim -h_ lim

T b0 h o k>0

Since L f’(1)#R f’ (1), f (x)is not differentiable at x = 1and so f * (1) does not exist.

Atx=2. Wehave f(2)=2-2=0,

and R f" (1)

“1=-1.

lim lim

f(2_0): xr—2 - f( )= x—2 @-x=0
and F2+0)= xl_i)”;Jr Fx)= ;1“2 Br-2)=2.

Since f(2-0)# f(2+0), f(x)is not continuous at x = 2 and consequently it is also
not differentiable at x = 2.

Problem 12:  Discuss the continuity and differentiability of the following function :
f(x):x2 for x<-2
fx)=4 for —2<x<2
F)=2 for x>2.
Also draw the graph. (Meerut 2007, 10B)
Solution: When x<-2, f(x)=  and when x> 2, f(x)= +*. Thus f(x)is a

polynomial when x< -2 or when x>2 and a polynomial function is continuous as
well as differentiable at each point of its domain. So f (x) is continuous as well as
differentiable at every point where x< —2 or x> 2.
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Again when —-2<x<2, f(x)=4 ie., f(x) is a constant function. So f(x) is

continuous as well as differentiable at every point where -2< x<2.

Now it remains to check the continuity and differentiability of f (x)at x=-2and
2.

Atx=-2. We have f(-2)=4,

lim lim

-2-0)= = A =(-2)P =4
A ) x—>—2—f(x) x— -2 =2)
lim lim
d -2+0)= = 4=4
an f=2+0) x—>—2+f(x) x— -2
Since f(=2-0)=f(-2)= f(-=2+0), f(x)is continuous at x = — 2.
Now Lpray= M fE2-0-fE2) g
h—0 -h
_lim (22 -4 lim 4hei? _ lim k@ h)
h—0 - h—>0 —h h—>0 —h
- I iy=a
h—0
and R f'(-2)= fim f(_2+h)_f(_2),h>0
h—0 h

lim 4-4 lim
T 0k k>0
Since L f"(-2)#R f’(-2), f(x)is not differentiable at x = — 2.
At x =2. Here proceeding as above,
f@2-0)=4=f(2)=f(2+0)and so f(x)is continuous at x = 2.
Again Lf " (2)=0,Rf"(2)=4and thus L f"(2)#R f'(2)

0=0.

and so f (x)is not differentiable at x =2. ¥
To draw the graph of the function, put y = f (x). pogd yex?
Then the graph of the function consists of the
following curves : i 1
I Ll

y=  when x< -2 (a parabola) : J

y=4when-2<x<2 (astraight ; : ~
line) x==2 |0 y=?2 ¥

y= % when x> 2 (a parabola).

Problem 13: A function f (x)is defined as follows :
f(x)=x for 0<x<l, f(x)=2-x for x2L

Test the character of the function at x =1 as regards the continuity and differentiability.
(Meerut 2003)
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Solution: Proceed yourself.

Here f(1-0)=1= f ()= f(1+0)and so f (x)is continuous at x =1L

Again L f’(I)=1and R f’(I)=-1and thus L f"(I)2R f’(l) and so f (x) is not
differentiable at x =1.

Problem 14: Examine the function defined by f (x)= b cos ( 1/“'C), x#0, f(0)=0 with
regard to (i) continuity (ii) differentiability in the mterml ]-LI1[.
Solution: Ifce |-1,1[andc #0, then

xh;nc fx)= Xh;nc )(24305(.91/)C)=c2 cos ( l/c = f(c).

. f(x)is continuous at every point x = ¢ if ¢ #0.
Again f’(x):Zxcos(el/x)—)c2 { Sin(el/x)}.el/x .(—1/)(2)

=2 x cos (el/x) + ¥ gin (cl/x)
which exists at every point x = ¢ if ¢ 20.
. f(x)is differentiable at every point x =¢ if ¢ 0.

Continuity of f (x)at x =0. We have f (0)=

lim lim
0+0)= 0+h)= h),h>0
fo+0)= M foen= " f.n>
= lim " Cos(el/h)z() lim % =0 and
h—0 h—0
| cos (el/h) |<1 when 20 ie., cos (el/h)
is bounded in some deleted neighbourhood of zero}
lim lim
d 0-0)= 0-h)= —h),h>0
an fo-0)= " po-m= " fnhs
li li
= M CnPcos @ y= M w2 cos (7= 0
h—0 h—0

as discussed above.
Since f(0 -0)= f(0)= f(0+0), f(x)is continuous at x =0.
Differentiability of f (x)at x =0. We have

Rf )= ™  fO+M)-f(O)_ lim M’bo

h—0 h h—0
= fim M: fim hcos(l/h)=
h—0 h h—0
and Lf )= lim £ —m) - f(0) _ lim SEN=F0) 450
h—0 - h h—0 —h
_ lim P eose -0 lim

h—0 —h T h—>0
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Since L f"(0)=R f’(0), f (x)is differentiable at x=0 and f’(0)=0.
Thus f (x)is continuous as well as differentiable throughout R.

Problem 15: (i) Define continuity and differentiability of a function at a given point. If
a function possesses a finite differential coefficient at a point, show that it is continuous at
this point. Is the converse true ? Give example in support of your answer.

Solution: A function f (x)is said to be continuous at a point a of its domain if

S (@)= f(a).

X—a

lim

For definition of differentiability of a function at a point see article 1.

If a function f (x)possesses a finite differential coefficient f’ (xy)at a point x = xy , it
is continuous at x = x . For proof refer theorem 4 of article 5. The converse is not
true.

Consider the function f (x)=|x|, xe R

x, x>0
Th = ’
o S {— x, x<0.

This function is continuous at x =0 but is not differentiable at x =0. For complete
solution see solved example 1 after article 7.
Another example: Consider the function f(x)=xsin(1/x),x#0 and f(0)=0.

This function is continuous at x =0 but is not differentiable at x =0. For complete
solution see article 4.

Problem 15:  (ii) What do you understand by the derivative of a real valued function at the
point b € R ? Apply your definition to discuss the derivative of f (x)=]|x|,xe Ratx=0.

Solution: Let I denote the open interval ] p, 4 [ in R and let b € I. Then a function
f:I — Ris said to be differentiable or derivable at x = b if
lim  fb+h)- f(b) lim — f (x) - f (b)
x

hes 0 p or equivalently N "

exists finitely and this limit, if it exists finitely, is called the differential coefficient or
derivative of f with respect to x at x = b and is denoted by f’ (b).

To discuss the derivative of f (x)=|x
7.

, xe Ratx =0 see solved example 1 after article

Problem 15 : (iii) Prove that if a function f (x)possesses a finite derivative in a closed interval
[a,b],then f (x)is continuous in [a, b].
Solution: It is given that f (x)possesses a finite derivative at each point of [a, b]and
to prove that f (x)is continuous in [a, b] ie., f (x)is continuous at each point ¢ of
[a, b].

lim

By hypothesis, f(c)= S ¥) = F€) exists and is finite.
xo¢ x—c
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We can write  f (x)— f(c)= S = fle), (x=c¢),if x#c...(1)

X—=c

Taking limit of both sides of (1) as x — ¢, we get

M@ fen= {f"‘>‘f‘”>-<x—c)}

X—C X—>C X—cC
J M S I pre.0 =0,
X—C X—C X—C
lim lim lim
X—)C{f<X)_f(C)}:0 = X—C f(X)_ X—>C f(C)ZO
- m - fo=0= "™ fm=r0
X—C X—C

= f(x) is continuous at x =c.

Comprehensive Problems 2

Problem 1: (i) State Rolle’s theorem.
(Kanpur 2005, 08; Lucknow 07)

(ii) Verify Rolle’s theorem when f(x)=e¢ * sinx,a=0,b = . (Gorakhpur 2012)
Solution: (i) See article 8.
(ii) The function f (x)=e¢ * sin xis continuous as well as differentiable on the whole
R. So f (x)is continuous in [0, 7] and differentiable in ]O, = [.
We have f(O):eOsinO=Oandf(n):e"sinnzO.

f0)=f(m).

Thus f (x) satisfies all the three conditions of Rolle’s theorem in [ O,  ]. Therefore
there must exist at least one number, say ¢, in the open interval ]0, n[ for which

£ (c)=0.

Now fr(x)=e¥sinx+e* cosx=e " (sinx+ cosx)
1 . 1
:ex.\/Z.(—smx+—cosx)
V2 V2

=\/2.exsin(x+l7t)~
4

From f’(x)=0wegetsin(x+in)=() [ e*#0, VxeR]
= x+in:0,in,i2n,....
Out of these values x = T — i = % nlies in the open interval ] 0, m [. Thus the Rolle’s

theorem is verified.
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Problem 2:  Verify Rolle’s theorem for the following functions :
() f(x)=(x—4) (x-3)* in the interval [3,4].
(i) f=2-62+11x-6.
(i) f)=x> —4xin][-22]. (Kanpur 2007)
(i) f(x)=e” (sinx—cos x) in[n/4,51/4]. (Meerut 2013B)
(v)  f(x)=10x -+ in[0,10]. (Kanpur 2006)
Solution: (i) We have f (x)=(x - 4) (x 3)4 which is a polynomial in x of degree 9

and a polynomial functlon is continuous as well as differentiable on the whole R. So
f (x)is continuous in [3, 4] and differentiable in ] 3,4 [ .

Also f(3)=0and f(4)=0so that f(3)= f(4).
Thus all the three conditions of Rolle’s theorem are satisfied so that there is at least
one value of x in the open interval ]3,4 [ where f’(x)=0.

Now Fr)=5@-4} (-3 +4(x =37 (x—4p
=(x-3P (-4 [5(x-3)+4(x-4)]
=(x=3) (x—4)* 9x-31).

Solving the equation f’(x)=0, we get x=3,4,31/9.

Out of these values the value 31/9 i.e., 3 g is a point which lies in the open interval
13,4 [ since3<3 % < 4. Hence the Rolle’s theorem is verified.

(il) We have f (x)= > — 6% +11x—6 which is a polynomial in x of degree 3 and
so it is continuous as well as differentiable for all real values of x.
Now f (x) =0 gives 262 +11lx-6=0

or 2 (x-1)-5x(x-1)+6(x-1)=0

or (x=1)(:% -5x+6)=

or (x=1)(x=2)(x=3)=0 ie., x=1,2,3.
Thus SM=0=f2)=f0)

If we take the interval [1, 3], then all the three conditions of Rolle’s theorem are
satisfied in this interval. Consequently there is at least one value of x in the open
interval |1, 3 [ for which £’ (x)=0.

Now F(x)=0 =32 —12x+11=0
- _12£V(144-12.1) _6£N3 _, 1
6 3 V3

Since both the points x =2 + L oandx=2-1

V3 3

lie in the open interval ]1, 3 [, Rolle’s theorem is verified.




Kaiefa's Differential Calculus

y ‘r D-46J

If we take the interval [1, 2], then the point x =2 — (1/43) lies in the open interval
]L,2[and f’(x)=0 at this point. If we take the interval [2,3], then the point
x=2+ (1/V3)lies in the open interval ]2,3 [ and f’(x) =0 at this point.

(iii) Here f(x):x3 —4 x which is a polynomial in x of degree 3 and so it is
continuous and differentiable for every real value of x. Also f(-2)=0 = f(2).

Thus f (x) satisfies all the three conditions of Rolle’s theorem in [- 2, 2].

. there must exist at least one number, say ¢, in the open interval | - 2,2 [ for which

f’ (¢)=0.

Now f’(x):Ogives3x2—4:0

2
or x=1 — =41.55 (approx).

73 (approx)
Both these values lie in the open interval | —2,2 [ and thus the Rolle’s theorem is
verified.
(iv) Here f(x)=e " (sinx - cos x).
We have ﬁ):gn/él |:sir1£—cos£:|=en/4 [L—L]:O

f 4 4 4 V2 N2
and f(Sl):L,Sn/él |:sir15—n—cos‘s—n]zesn/4 [—L+le:0
4 4 4 V2 A2

. f(n/4)= f(5n/4).

The function f (x)is continuous as well as differentiable for all real values of x and so
f (x) is continuous in [n/4,5n/4] and differentiable in | 7©/4,5n/4[ . Thus f (x)
satisfies all the three conditions of Rolle’s theorem in [ 7 /4,57 /4].

. There must exist at least one real number x in the open interval | ©/4,5n/4 [ at
which f (x)=0.

Now f/(x)=¢ ¥ (cos x +sinx)+e " (sinx - cos x)=2¢ ¥ sin x.

From f’(x)=0 we get 2¢ * sin x=0

or sinx=0 [v e'#20V xeR]
or x=0,+ m,+2n,+3m, ...

Out of these values x = « lies in the open interval | n/4,5n/4[. Thus the Rolle’s
theorem is verified.

(v) Here f(x)=10x— % whichis a polynomial in x of degree 2 and so it is continuous
and differentiable for every real value of x

Also f0)=0= f(10)

Thus f(x)satisfies all, the three conditions of Rolle’s theorem in [0, 10].

. There must exist at least one number say ¢ in the open interval ] 0, 10 [ for which
S (e)=0.

Now f’(x)=0 gives10 —2x=0 or x =§ =5 this value lies in the open interval ] 0,

10 [ and thus the Rolle’s theorem is verified.
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Problem 3: Discuss the applicability of Rolle’s theorem to the function
-2y 1, when0 < x<1

=3 —x,whenl< x<2.
Solution: Here the function f (x)is defined in the closed interval [0, 2].

We have £(0)=0% +1=1, f(2)=3-2=1so that £ (0)= f(2).

When 0<x<l, f(x)=2+* +1 and when 1< x<2, f(x)=3
polynomial and a polynomial function is continuous as well as differentiable at each
point of its domain.

So f(x) is continuous and differentiable at each point x when O < x<1 or when
l<x<2.

— x each of which is a

Now to check the continuity and differentiability of f (x)at x=1
We have f(1)=12+1—2,
lim lim
1-0)= = ){2 1)=2
fa-o= M pw= M F e
lim lim
d 1+0)= = 3—-x)=2
an Sa+0) xr—1+ A x—1 G-»
Since f(1-0)= f(1)= f(1+0), f (x)is continuous at x = 1. Thus f (x)is continuous
in the Closed mterva [0,2].
Now R f'( L O SO _ lim  {3-(1+h)}-2
T 0 h h—0 h
3 lim —_h lim 1o
b0 h k>0 B
and Lfr()= lim — fA-m)-fQ)_ lim  ((@-h*+1}-2
h—0 —h h—0 —h
_ o lim —2p4p _ lim —p2-h)_ lim @—ny=2.
h—0 —h h—0 —h h—0
SinceR f’(1)#L f’(l), f (x)is not differentiable at x = I which is a point of the open

interval 0,2 [ .

Thus f (x)

is not differentiable in 0,2 .

Hence Rolle’s theorem is not applicable to f (x)

Problem 4:  Show that between any two roots of e

eVsinx—-1=0.

Solution:

a

e“ cosa=1 and

If x = a and x = b are two distinct roots of ¢ *

e? cosh=1. (1)

Y cos x =1there exists at least one root of

" cos x =1, then

Let f be the function defined as follows :

f)=e

x—COSX.
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We observe that
(i) fis continuous in [a, b] as both ¢~ * and cos x are continuous.
(i) f’(x)=-¢" ¥ +sinx, which exists ¥ xe Ja,b[;
so f is differentiable in ]a, b [.
(ili) f(a)=e " —cosa=e¢ “—e =0 [By ()]
f(b):e_b—cosb:e_b—e_bzo [By (1)]
ie, f(a)= f(b)=0.

Thus f satisfies all the three conditions of Rolle’s theorem in [4, b]. Hence there is at
least one value of x in the open interval ]a, b[, say ¢, such that f’(c)=0.

Now fe)=0=-¢"C+sinc=0=¢"sinc-1=0
=  cis aroot of the equation ¢ * sin x — 1 =0.

Hence between any two roots of the equation ¢ * cos x =1 there is at least one root of

the equation ¢ * sin x —1=0.

Problem 5: State and prove Rolle’s theorem. Interpret it geometrically. Verify Rolle’s theorem
for the function

=2 in[-11]. (Lucknow 2010)
Solution: For the first part of this question refer article 8.
The function f (x) = 2 is continuous as well as differentiable on the whole R. So f(x)
is continuous in [-1,1] and differentiable in | -1, 1[.
We have f(1)=12 =land f(-1)=(-1)* =lsothat f(-1)= £ (I).
Thus f (x) satisfies all the three conditions of Rolle’s theorem in [—-1,1]. Therefore
there must exist at least one number, say ¢, in | -1, 1[ for which f’(c)=0.
Now fr(x)=2x
We have f(x)=0=22x=0=x=0.
We observe that the root x =0 of the equation f’(x)=0 lies in the open interval
]1-1,1[. Hence the Rolle’s theorem is verified.

Problem 6: Verify the truth of Rolle’s theorem for the function f (x)= P =3x+2on the
interval [1,2].

Solution: The function f (x)= 2 _3x+2isa polynomial in x of degree 2 and so it
is continuous as well as differentiable on the whole R.

. f(x) is continuous in the closed interval [I,2] and differentiable in the open
interval 1,2 .

Wehave f(1)=12 =3.1+2=0and f(2)=2% -3.2+2=0so that f(I)= f(2).

Thus f (x)satisfies all the three conditions of Rolle’s theorem in [1, 2]. Therefore there
must exist at least one point, say ¢, in ]1,2 [ at which f’(¢)=0.
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Now f’(x)=2x-3. We have f'(x)=0 = 2x-3=0 = x=3/2. We observe
that the root x = 3 /2 of the equation f’ (x) =0 lies in the open interval ] 1, 2 [ because
1<3/2<2. Hence the Rolle’s theorem is verified.

Problem 7: Does the function f (x)=|x — 2 |satisfy the conditions of Rolle’s theorem in the

interval [1,3]7? Justify your answer with correct reasoning.
Solution: In the interval [1, 3], the function f (x)=|x — 2 |is defined as follows :

f(x)={2_x’ 1<x<2

x—2, 2<x<3.
Wehave f(1)=2-1=1land f(3)=3-2=1andso f(1)= f(3).
Obviously the function f (x)is continuous in [ 1,2 [ and in ]2, 3] because in each of
these intervals it is represented by polynomials. Let us test the continuity of f (x)at
x=2.
We have f(2)=0,
lim

2-0)= 2-h),h
f@-0)= " @i h>0
_ lim (2-@2-h))= lim h=0
h—0 h—0
lim
d 2+4+0)= 2+ h),h>0
an f2+0) hes 0 f@+n),h>
= a2y ™ s
h—0 h—0

Thus f(2-0)= f(2)= f(2+0)and so f (x)is continuous at x = 2.

. f(x)is continuous in the closed interval [1, 3].

Now f(x) is obviously differentiable in [1,2[ and in ]2,3]. Let us test its
differentiability at x = 2.

We have Rf"(2)= fim M,Iwo
h—0 h
_ fimo(@+-2y-0_ fm o h_ lmo,
h—0 h h—0 h h—0
and Lf’(2)= lim M,h>0
h—0 —h
_ lim o 2-2-m}-0
h—0 _h
_ lim B lim -
>0 —h k>0 T

Since R f’'(2)#L f’(2),therefore f (x)is not differentiable at x =2.
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Thus f (x)is not differentiable at x =2 which is a point in the open interval ]1,3[.
Hence out of the three conditions of Rolle’s theorem, f (x) satisfies the two
conditions that f (1)= f(3)and f (x)is continuous in the closed interval [ 1,3 ]. But
it does not satisfy the third condition that f (x) must be differentiable in the open
interval ]1,3[ .

Problem 8:  The function f is defined in [0,1] as follows :
fx)=1 forOSx<%
1
=2 for —<x<L
f 2
Show that f (x) satisfies none of the conditions of Rolle’s theorem, yet f’(x)=0 for many

points in [0,1].
Solution: Here f (é + 0) =2, f (% - O) =1L

Since f (é + O) = f (% - 0) , fis discontinuous at x = %and so it is not differentiable

atx=%-Alsof(0):l,f(l)=2sothatf(0)¢f(1)~

Thus all the three conditions of Rolle’s theorem are not satisfied by fin [0, 1]. But fis a

constant function in [0,%[ and in [% 1
Hence f’(x)=0 for many points in [0, 1].

Problem 9: Ifa+ b+ ¢ =0,then show that the quadratic equation 3a + 2bx + ¢ =0 has
at least one root in 10,1 .

Solution: Consider the function f, defined by f (x)= ad + b + o+ d
Wehave f(O)=dand f(l)=a+b+c+d=d,

because it is given thata + b + ¢ =0.

Since the function f (x)is a polynomial, therefore it is continuous and differentiable
for all real x. Consequently f(x) is continuous in the closed interval [0,1] and
differentiable in the open interval ]0,1[.Also f (0)=d= f(1).

Thus f (x)satisfies all the three conditions of Rolle’s theorem in [0, 1]. Hence there is
at least one value of x in the open interval ]O,1[ where f’(x)=0 ie.,
3a + 2hx + ¢ =0.

Hence the equation 3ax® + 2bx + ¢ = 0 has at least one root in 10,170.

- Ay
Problem 10: Let-®0_ 4 @2 =L 0 — 0. Showthat there exists at least
n+l n n-1 2

one real x between O and 1 such that

-1
ax"+a x" "+ +a,=0. (Lucknow 2009)
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Solution: Consider the function, f, defined by
ol n
f(x)=ag +a —+ ..t a, ] —+ax
n+1 n 2

Since f (x)is a polynomial, it is continuous and differentiable for all x. Consequently
f (x)is continuous in the closed interval [0, 1] and differentiable in the open interval
10,17.
Also f(0)=0 and

Fy="%0_ ;a4 Pl ~0 (given)

n+l n 2

ie., fO)=fQ1)
Thus all the three conditions of Rolle’s theorem are satisfied. Hence there is at least
one value of x in the open interval ]0,1[ where f’ (x)=0

ie., aox"+a1xn_1+...+an_1x+ﬂn:0.
sinx  sino  sinP
Problem 11: If f (x)=|cos x coso. cosP| whereO<o<B<m/2,

tan x  tano.  tanf

show that £ (&) =0, where o< &< p.
Solution: We have
f(x)=(cos o tan P — cos B tan a) sin x
—(sino tan  —sin P tan o) cos x + (sina cos f —sin B cos o) tan x.
Obviously f” (x)exists at each point of ]0, /2 [.So f (x)is continuousin ]0, /2 -
Since 0 < o< B < m /2, therefore f (x)is continuous in [o, B]and f (x)is differentiable

inJo,B.

sino.  sina  sinf
Also f(o)=|coso cosa cosP|=0
[tano.  tano  tanf

sinf  sina  sinf

and f(B)=|cosp cosa cosP|=0.
tanf} tana tanf
S @)= f(B).

Thus f (x) satisfies all the three conditions of Rolle’s theorem in [0, B]. Hence there
exists at least one real number x in the open interval Jo, B [ at which f’(x)=0.

f7(&)=0 wherea< &<p.

Problem 12:  Show that there is no real number k for which the equation P -3r+ k=0,
has two distinct roots in 10, 1[.

Solution: Suppose, if possible, there are two distinct roots a, b of the given
equation in |0, I[ such that0 <a<bh <1 Let

f(x):x3 -3x+ k.
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Since f (x)is a polynomial, so it is continuous and differentiable for all values of x i.e,
f (x)is continuous in [4, b]and differentiable in Ja, b[. Also, we have f (a) = f (b)=0.
Thus f satisfies all the three conditions of Rolle’s theorem in [4, b]. Hence there is a
value ¢ of ¥ in ]a, b[ such that ' (c)=0.

Now f”(x)=0 :>3x2 —3=0 = x == 1, which contradicts the fact that a<c< b, as
O<a<b<l.

Hence our assumption is wrong. So there cannot be two distinct roots of f (x)=0 in
10, I[ for any value of k.

Comprehensive Problems 3

Problem 1: State Lagrange’s mean value theorem.
Test if Lagrange’s mean value theorem holds for the function f(x) = |x|in the interval [-1,1].

(KKanpur 2010; Rohillkkhand 13B)
Solution: See article 9.

The function f (x)is continuous throughout the closed interval [-1,1] but it is not

differentiable at x = O which is a point of the open interval |- 1,1[.Thus f (x)is not
differentiable in ] - 1,1[ . Hence Lagrange’s mean value theorem does not hold for the
function f (x)=|x|in the interval [-1,1].

Problem 2: If f (x)=1/xin[-1,1],will the Lagrange’s mean value theorem be applicable to
fx)? (Meerut 2012B)

Solution: The function f (x) =1/ xis continuous and differentiable on R — {0 }. Thus
it is not continuous and differentiable at x = 0.

Since O € [-1,1], therefore f (x)is not continuous on [- 1,1]. Hence Lagrange’s mean
value theorem is not applicable to f (x)=1/xin[-1,1].

Problem 3: Verify Lagrange’s mean value theorem for the function
fil=L1]—> Rgiven by f(x)= o
Solution: The function f(x)= © s a polynomial and so it is continuous and

differentiable at all xe R. In particular it is continuous in the closed interval [-1,1]
and differentiable in the open interval ]—1,1[ as is required for the application of
Lagrange’s mean value theorem.
By Lagrange’s mean value theorem, there must exist at least one value ‘¢’ of x lying in
the open interval ] —1,1[ such that
FO-FED_ oy I

e ()
Let us verify it.
We have FM=1B =1 f(-)=(-1> =—1.
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Also f(x)= 32 gives f'(c)= 3c2.
Putting these values in (1), we have
1:2:32362 or 2 =%orc:i \jig
As both of these values of ¢ lie in the open interval ] — 1,1 [, hence both of these are the

required values of ¢ and this verifies Lagrange’s mean value theorem.
Problem 4:  Find ‘c’ of the mean value theorem, if f(x)=x(x—-1)(x-2);a=0,b= %

(Kumaun 2012)

Solution: We have f (a)= f(0
s0=1(3)=5(

,_v
e

o N | —
|

—

N————

oumm

N | —
|

N}

N—_——
1]

co| w

3
fh)=f@)_g " _3,
b—a 1_0 4
2
Now f(x)=x3 ~342 4 9.

Fr(x)=32% —6x+ 2 gives £ (c)=3c> — 6 + 2.
Putting these values in Lagrange’s mean value theorem

M = f'(c), (a<c<b) we get
—a

%:352 —6c+2 or 1262 —24¢ +5=0.

24 24 6

CZ24i\/(24><24—4><12><5) 2414\/(36—15):1+ V21

Out of these two values of ¢ only 1 - % lies in the open interval ]0,% [ which is

therefore the required value of c.

Problem 5:  Find ‘c’ of Mean value theorem when
() fx)=x> -3xr-2in[-2,3]

(i) f(x)=22>+3x+4in[l,2]
(i) f(x)=x(x-1)in[l,2] (Meerut 2013B)

iv) fx)=x2—3x—lin[—7 -

Solution: (i) We havef()c):x3 -3x-2,a=-2,b=3.
f(a):f(—Z):(—2)3 -3.(-2)-2=-8+6-2=-4
and Fb)=f(3)=3-3.3-2=16
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S) = fla) _16-(=4)_20 _,
b-a 3-(=2) 5

Also f (x)=3x2 - 3 gives f’(c)=362 -3

Putting these values in Lagrange’s mean value theorem

M:f’(c),(a<c<h),weget 4=4c7% -3
—a

or 32 —7=0o0rc=%(7/3).
As both these values of ¢ lie in the open interval ] — 2, 3 [, hence both of these are the
required values of c.
(i) Wehave f(x)=2x> +3x+4a=1b=2.
)=

Fa)=2-12 +3.1+4=9and f(h))=2-2> +3-2+4=18
[0 fw 1829
b— 2-1
Also f’(x)=4x+ 3 gives f'(c)=4c+ 3.
Putting these values in Lagrange’s mean value theorem
S b))~ fa)_
b—a

f(c),(a<c<b), we get

9=4 +30rc=3/2 which lies in the open interval |1, 2.
(iii) We have f xz—xu—lb 2.

fa Oandf
f)-f(a)_2- 022.
b—a 2-1

Also f"(x)=2x—1lgives f'(c)=2c -1
Putting these values in Lagrange’s mean value theorem

M:f'(c),(a<c<h),weget2:2c—10rc=3/2
—a

which lies in the open interval J1,2[.
(iv) Wehave f(x)=x% -3x-la=-11/7,h=13/7.

_ (1) _121,33 | _303
f(“)_f( 7) 29 7 -l 49
_ o(13)_169 39 153
and f(b)_f(7) 0 7 T
f(b)= fla) _-456/49 _ 19
bh-a 24/7 7
Now fi(x)=2x-3;
: f(c)=2c-3.

From Lagrange’s mean value theorem, we have 2¢ -3 =-19/7orc=1/7.
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Problem 6: Show that any chord of the parabola y = A + Br+ Cis parallel to the
tangent at the point whose abscissa is same as that of the middle point of the chord.

Solution: Let a and b (a<b) be the abscissae of the ends of the chord and let
fx)= AP + Br+ C. Since fis a polynomial function, fis continuous on [a, b] and

differentiable in Ja, b[. Consequently by Lagrange’s mean value theorem there exists
¢ € la, b [ such that

b)- f(a ,
[y
ie., Ab? + Bb+ C = Aa®> — Ba—-C=(b - a) (2Ac + B).
[ f’(c)=2 Ac+ B]
On simplification it gives ¢ = % (a+ b) ie., the abscissa of the point at which the

tangent is parallel to the chord is the same as that of the middle point of the chord.

Problem 7: State the conditions for the validity of the formula
fx+h)y=f(x)+h f'(x+06h)
and investigate how far these conditions are satisfied and whether the result is true, when
f (x) = xsin (1/ x) (being defined to be zero at x =0)and x<0 < x + h.
Solution: The conditions for the validity of the given formula are :
(i) The function f (x) must be continuous in the closed interval [x, x + }].
(ii) The function f (x) must be differentiable in the open interval Jx, x + [ .
and (iii) ©is a real number such that 0 <6< 1.
Now consider the function f (x)defined as :
f(x)=xsin(1/x)forx=#0, f£(0)=0.
The first condition is satisfied because f (x) is continuous in the closed interval

[x, x + 1] for x< 0 < x + 1. Obviously f (x)is continuous at every point x =¢ if ¢ #0
and it can be easily shown that f (x)is continuous at x = 0.

But the second condition is not satlsﬁed because f (x)is not differentiable at x =0
which is a point lying in the open interval | x, x + i [ for x <0 < x + 1. [Show here that
f (x)is not differentiable at x=0].

Hence the result of the given formula is not true for this function f (x)

Problem 8: Show that x> — 3x% + 3x + 2is monotonically increasing in every interval.
Solution: Let f(x)= = -32 +3x+ 2

Then Fr(x)=3¢ —6x+3=3(x-17.

We observe that f(x)>0 for every real value of x except 1 where its value is zero.

Hence f (x)is monotomcally increasing in every interval.

Problem 9:  Show that log (1 + x) - Y s increasing when x> 0.

+ X
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Solution: Let f(x)=log (1+ x)- 2x
2+ x
We have fr(x)= I 2@2+x)-2x.1
I+ x 2+ xf
_ 1 4 _@e+x-40+w
I+x 2422  (1+0@Q2+ 7P
_Avdxt P —4-4x_ 2 .
I+0)@2+x7 (+x0)2+ )

We observe that f’(x)>0 for all x> 0.
. The function f (x)is monotonically increasing in the interval [ 0, e [ .

Hence the function log (I + x) — 22 Y s increasing when x> 0.
x

Problem 10: Determine the intervals in which the function
a6 41774 +32x+32) e F

is increasing or decreasing.

Solution: Let f(x)=(x* +6x° +172% +32x+32)e *.

Then £ =163 41722 + 320+ 32)(— e %)+ (425 + 1822 + 34x+32) ¢~
e 2l R 2= xR H22 - 2)
=—x(x+2)(x-Dx+De Y =x1-0)1+x)2+x)e *.

Now f’(x) is positive in the intervals ]-2,-1[and ]O,1[ and negative in

]—e,—2[,]-10[and ]1, e [ .Hence the function f (x)is monotonically increasing

in the intervals [ —2,—1] and [0, 1] and monotonically decreasing in the intervals

]—e,=2],[-LO Jand[L e [.

Problem 11: Use the function f (x) = A x>0 to determine the bigger of the two numbers

e ™ and ¢

Solution: Let f(x)=x/*.

Then log f(x)= 1 log , x.
x

Differentiating w.r.t. x, we get

o=t 11
mf (X)_X P )glogex
’ xl/x
or f(x)= 2 [l—logex]-
For x>e, f7(x)<0. [v log , x>1for x> e]

f (x)is a decreasing function of x for x> e.
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1/n 1/e

Hence n>e = f(n)< f(e) > n'7<e

(nl/n)en<(€1/e)en T

= = nf<e = ¢Tis bigger than = €

Problem 12: Ifa=-1,b>1land f (x)=1/|x|, show that the conditions of Lagrange’s mean
value theorem are not satisfied in the interval [a, b, but the conclusion of the theorem is true if
and only if b>1+ 2.

Solution: This function is not defined at x =0. So we take f(0)= A, where A is

some definite real number.

1A
Now Rf/(0)= fim L= lim l(l—A)zooXoozoo
h—0 h h—0 h\h
pomA
and froy= "™ kEa o dim _l(l_A):_wa:_ool
h—=0 - h—=0 nh\h

Since R f’(0)#L f’(0)sofis not differentiable at x = 0. Thus the conditions of the
mean value theorem are not satisfied in the interval [a, b] which includes the origin.

Again, the conclusion of the mean value theorem is

w:f’(c)wherea<c<b.
-a

If this result is true, we have

1 1 d 1 1
L, S R —(h-—a)d-
TR “){mﬂ}m ( “){ |c|2}

1 1 b+l
or L=+ |- _—
b [|cFJ ¢
2 2
or Ezzb +h or b +b<b2 ['.'b2>02]
b1 b1
or b+l<b®>—b or b*-2b-150
or b-1%>2 or (bh-1)>V2 or b>1++2

Hence the conclusion of the mean value theorem is true iff b> 1+ V2.

Problem 13: (a) State Cauchy’s mean value theorem. (Kanpur 2007)
(b) Verify Cauchy’s mean value theorem for f (x) = sin x, g (x)=cos xin[- n/2,0].

(Lucknow 2007)
Solution: (a) Cauchy’s Mean Value Theorem : If two functions f (x)and g (x)are
(i) continuous in a closed interval [a, b],

(ii)  differentiable in the open interval la, b| ,
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(iii) g (x) # O for any point of the open interval a, b[, then there exists at least one value ¢ of x in
the open interval 1 a, b |, such that

SO @_S©) eoey,

gh)=gla) g()

Note that here ¢] is not necessarily equal to ¢9 .

(b) Here both the functions f (x) =sin xand g (x) = cos x are continuous in the closed
interval [- m/2,0] and differentiable in the open interval ]-m/2,0[ . Also
¢ (x) = —sin x #0 for any point in the open interval ] - n /2,0 [ . Hence by Cauchy’s
mean value theorem there exists at least one real number ¢ in the open interval
1= 7n/2,0 [ such that
FO) - f1/2)_ fe) ()
§0)-g(=n/2)  g(e)

Let us verify it.

‘We have f(o)—f(—n/z):SinO—sin(—Tt/2) :1:1
g(0)—g(=mn/2) cosO—cos(-m/2) 1
Also f/(x)=cos x, ¢ (x)=—sinx.
’ S (e) _ cosc =—cotec.
g (c) =—sinc
Putting these values in (1), we get — cot ¢ =1 or cot ¢ = — 1 whose solution ¢ = - 1 /4

lies in the open interval | — ©/2,0 [ . Hence Cauchy’s mean value theorem is verified.

Problem 14: If f(x)= 2, g (x) = cos x, then find the point ¢ € 10, n/2 [ which gives the
result of Cauchy’s mean value theorem in the interval [0, 1t /2] for the functions f (x)and g (x).
Solution: Both the functions f(x)= ¥ and g(x)=cos x are continuous in the

closed interval [0, n/2] and differentiable in the open interval ]0O, n/2[. Also
¢ (x)=—sinx #0 for any point in the open interval ]O, /2 [ . Hence by Cauchy’s
mean value theorem there exists at least one real number ¢ in the open interval
10, ©/2 [, such that

f(m/2)= fO)_ f'(c), (1)
g(n/2)-g©) g ()
l1|:2 -0 2
We have S(®/2)=fO)__ 4 =T

g(n/2)-g(0) cos%n—cosO 4

Also fr(x)=2x g (x)=-sinx.
S 2
g (c) —sinc

Putting these values in (1), we get

2¢ 2 .
-——=-—- or sinc-—
sin ¢ 4 P
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Let F(c):sinc—&~
2
T
We have F(E):l—i.ﬁzl_i>o
6) 2 2 6 2 3=n
and F(ﬁ):l_i’.ﬁzl_ﬁ<0.
2 2 2 T

Since F (n/6)and F (7/2) are of opposite signs, therefore the equation F (¢) =0 has a
root lying in the open interval |m/6, n/2[ and this root of the equation
sin¢ — (8¢ / n ) =0 is the required value of c.

sino — sin 3

Problem 15: Show that =cot®, where 0 <a<B<f< g .

cos B — cos o
Solution: Let f(x)=sinxand g(x)=cosx, forxe[o,B]whereO<a<f< m/2.
f’(x)=cosx and g (x)=—sinx.
Here both the functions f (x)and g (x)are continuous in the closed interval [o, ] and
differentiable in the open interval J o, B[ . Also g’(x) = —sin x # 0 for any point in the

open interval ] o, B [ . Hence by Cauchy’s mean value theorem there exists at least one
real number, say 6, in the open interval | o, B [ such that

SB) - fl)_ f6) R sinf —sino. _ cos @ ot
gPB)-gl) g®) cosPB—coso  —sin®

sino —sin 3

= :cote,where0<(x<9<ﬁ<§n~

cosf — cosa

Example 16: Use Cauchy’s mean value theorem to evaluate
i cos Lx
m 2 )
x—=>1| log(1/x)
Solution: Let f(x)=cos (% TU() ;g(v)=log x,a=xb=1

Putting these values in Cauchy’s mean value theorem,
S )= f(a) = f, (C),a<c<b, we get
gh)—gla) ¢ )

1 . (1
cosln—cosfnx —Ensm(i e
2 2 _
= ,x<c<l

log 1 —log x /¢

Taking limits as x — 1 which implies that ¢ — 1, we get

(3™ o (5 )
0 —cos|— mx ——_msin | = me
lim 2 lim 2 2

1) dog(1/x) [ e—1 (1/c)
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1
i |2 ")

or —— :—lnassin(lnc)alascal
x—1 log (1/x) 2 2

cos (l n:x)
lim 2

or A QL

x—=1| log(1/x) 2

Comprehensive Problems 4
2

Problem 1: If f(x+h)= f(x)+ hf’(x +7f”(x+6h), (1)
find the value of ® as x — a, f(x)being (x—a)5 2, (Lucknow 2010)
Solution: We have

flx+h)y=(x+h- ﬂ)S/Z

, 5
fo=3 -

f(x+ 911):1?(x+ Oh—a)l/z.

Putting these values in (1), we get

)5 /2 _

(x+h—-a =(x—a

2
P22 =+ (v on—a)2.
2 4
Therefore as x — a, we get from (2),

B2 - (eh)l /2 I 64

—orf=

4 21 225"

2
Problem 2: Find 0, if f(x+h)= f(x)+ hf’(x)= % f(x+06h),0<6<1, and

(i) f)=a + b + o+ d (ii) f(x)=

Solution: (i) We have f(x)= ad + b+t d
flx+h)=a(x+ h)3 +b(x+ 11)2 +ce(x+h)+d,
Fr(x)=3a +bx+ ¢, f’(x)=6ar+2b

so that f(x+6h)=06a (x+6h)+2b
Substituting these values in the given relation

Fle+ )= f(x)+ hf'(x) + (K2 /21) £/ (x+0h),
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we get alx+ 11)3 + b(x+ 11)2 +ce(x+h)+d
—ac + b v et d+h (3ax® + 2bx+¢) + (W% /21) {6a (x+ Oh) + 2b}
(1)
The relation (1) being an identity in x, letting x — O on both sides of (1), we get
al® + b + ch+d =d+ch+ (h2 /2) (6a6h + 2b)
or al® + b + cd+d = d+ ch + 3a6l> + bl

or al® =3a0l3 or 6= é [ al’ # 0]

(ii) Proceed as in part (i) of this question. The required value of 0 is é .
Problem 3: Show that 6 (which occurs in the Lagrange’s mean value theorem approaches the
limit % as “ I’ approaches zero provided that f’’(a) is not zero. It is assumed that f’’(x)is

continuous.
Solution: Since f’’(x)is continuous at x = a, therefore, f’’(a) exists. Hence by

Taylor’s theorem, we have

fla+h)= f(a)+ hf'(a f”(ﬂ+6’h) (1)
Also by mean value theorem, we get
fla+h)= f(a)+ hf’(a+ 6h) ...(2)
Subtracting (2) from (1), we have
2
0=hf"(a)+ % f(a+0"h)—hf’(a+6h)

or fa+06h)— f'(a)= f”(a+9’h) ...(3)

Further since f’is continuous and dlfferentiable, we get by mean value theorem,
f(a+0h)= f'(a)+Oh f"(a+0""6h)
or f(a+0h)— f'(a)=0h f"" (a+0"6h) . (4)
Thus from (3) and (4), we get
Oh f'" (a+0" 6h)= g f(a+0"h)
1 f"(a+6"h)
2 f"(a+0""0h

Hence lim 0=1 Sl 1 , provided f"’(a)#0.
h=0 2 f'(a) 2

or 0=

Problem 4: Show that the number®which occurs in the Taylor’s theorem with Lagrange’s form of
remainder after n terms approaches the limit 1/ (n+1) as h — O provided that JA” * I)(x) is

continuous and different from zero at x =a .
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Solution: Applying Taylor’s theorem with Lagrange’s from of remainder after n
terms and (n+ 1) terms successively, we get for6,0” € ]0, 1],

n-1 n
fa+hy= fla)+ hfra)+ o+ T fmD gy 00 gy
(n—I)! n!
and flath)= fla)+h f/(a W0 gy WL (0D gy

n! (n +1)!
Subtracting these, we have

hnf(n) @, i f(n+1) (a+0h)= hnf (a+06h)
n! (n+1)!

or f(n) (a_'_eh)_j{n) (a)= h f(n+1 (a+0h) (1)

n+1

Applying Lagrange’s mean value theorem to the function f<") (x) in the interval
[a,a + 6l], we get
£ (a+0m)— [ (a)y=6n" Y (a+ 007h), 0<07<1. (2)
From (1) and (2), we have
9hf<”+1) (a+60h)= nh f('H'1 (a+6h)
1 ") v en
n+l f(n +1) (as + 060" 1h) .

im0 1 £ _
K—0 n+l fOr+Dg (n+ )

or 0=

, provided f n+1) (a)#0 .

@nts to Objective Type Questions

Multiple Choice Questions

x—1Lx>1

1. The function f(x)=|x-1|= {
x,x<l.

This function is not differentiable at x =1.

The function f(x)=|x+ 3|is not differentiable at x = -3.

A function f(x) is differentiable at x = a if Rf’(a) = Lf’(a). See article 1.

See Problem 9 of Comprehensive Problems 1.

For the function f(x) =sinx in [0, ©] , we have f(0)=0 and f(n)=0 so that
f(O) = f(m). Also f(x)is continuous in [0, ] and differentiable in ]O, n[. Thus
f(x) =sinx satisfies all the three conditions of Rolle” theorem in [0, =].

M

6. The function f(x)=sinxis continuous on the whole R .

We have f’(x) = cosx. Out of the given four intervals f’(x)= cosxis positive




Differentiability

*

10.

—_
—_ O

ja—
N

WP NS RN =

063 I,
only in |:0, g] and is positive as well as negative in each of the intervals [0, ],

|:£ 37n:| and [5 n] So, out of the four given intervals the function f(x) = sinxis

4 4

increasing only in [O, gjl .

See Problem 5(iii) of Comprehensive Problems 3.
See Problem 1(ii) of Comprehensive Problems 2.
See Example 1.

See article 14(iv).

Fill in the Blank(s)

See article 1, definition of derivative of a function at a point.

See article 1, definition of right hand derivative of a function at a point.
See article 1, definition of left hand derivative of a function at a point.
See article 1, definition of differentiability of a function in an open interval.
See article 2.

See article 4.

See Example 1.

See article 8.

See article 9, Lagrange’s mean value theorem.

See article 11, Cauchy’s mean value theorem.

See article 10, theorem 4.
We have lim S+ - fx) _ f/(x). If f(x)=sinx, thenf’(x)= cosx.

=0 h
True or False
For example, the function f(x) = |x| is continuous at x = 0 but it is not
differentiable at x = 0.
If a function f(x) possesses a finite derivative f’(a)at a point x = a, we know
that f(x) must be continuous at x = a . See article 4.
The given statement is false. If a function f(x) is differentiable at x =a , we
know that it must be continuous at x = 4.
The function f(x)=|x|is not differentiable at x =0.
For the function f(x)=sinx in[0,2n],
we have f(0)=0, f(2m)=0 so that f(0)= f(2m).
Also f(x)is continuous in [0, 2n]and differentiable in ]0, 2n [. Thus f(x) =sinx
satisfies all the three conditions of Rolle’s theorem in [0, 2t]. So Rolle’s theorem
is applicable for f(x)=sinx[0,2x].




e
6.

10.

11.

12.
13.

14.

15.

16.

17.
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Rolle’s theorem is not applicable for f(x)=|x|in[-1,1]because f(x)=x|is not
differentiable at x = 0 which is a point in ]—1 1[.

Lagrange’s mean value theorem is not applicable for f(x) = |x|in [-1,1]because
Jf(x) =1x|is not differentiable at x = 0 which is a point in [-1, I[.

The function f(x)=sinxis continuous on the whole R and so also in [—g, g] -

i

Wehave f’(x) = cosxwhich is positive in] —5 g |: So the function f(x) =sinx

. L [ T n]
is increasing in | ——, = .

2 2
If a+b+c¢ =0, then the quadratic equation 3ax® + 2bx+ ¢ =0 has at least one
root in ]0,1[. See Problem 9, of Comprehensive Problems 2.
If fis continuous on [a,b]and f’(x)<0in Ja, b [, then fisdecreasingin [a,b].
See article 10, Theorem 4.
If f(x)=2x> =152 +36x + I, then f'(x) =63 —30x + 36 = 6(x—2) (x—3).
Now, f(x)is continuous in (2, 3) and f’(x)<01in ]2,3[. so f(x)is decreasing
in [2, 3].
If f(x)=]|x|+ |x-]|, then R f’(0)=0. See Example 2.
For the function f(x)= x(x+2) E—x/Z’ we have f(-2)=0and f(0)=0, so that
f(=2)= f(0). Also f(x)is continuous in [-2,0]and differentiable in [-2, O[.

Thus f(x) satisfies all the three conditions of Rolle’s theorem in [-2,0] and so
Rolle’s theorem is applicable for f(x)in[-2,0].

See Problem 5 part (ii) of Comprehensive Problems 3.

We note that the value of ¢ is given by ¢ = %

If f(x)=1", then lim Soex )= fo) f(x)=mx" -1

h—0 h
We have lim W = f'(a).

If f(x)=cosx, then f’(x)=—sinxso that f’(a) = —sina.
So if f(x)=cosx, then lim S = fla)__ sina

x—a X—a
We have lim sz’(xo)
X1 xX—x(
If f(x)=e", then f’(x)=¢" so that f’(xy)=¢0.

Soif f(x)=e¢", then lim S = fo) ¢'0 and not ¢*.
XKy X—XxQ

00O
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Successive Differentiation

Comprehensive Problems 1

Problem 1: If x=a (t—sint)and y =a(1+ cos t),prove that

2

u = L 505554 (E)
AP 4a 2

Solution: Proceed as in Example 3.

Problem 2: (i) If y = A sin mx + B cos mx, prove that y + mzy:O.

(i) If y = Ae™ + Be™ “ show that yy —a’y =0.
Solution: (i) We have y = A sinmx + B cos mx. (1)
Differentiating both sides w.r.t. “x’, we get
¥ =Amcos mx — Bmsin mx.
Again Yo =- Am? sin mx = Bm? cos mx
=—m? (A sin mx + B cos mx) = — mzy, from (1).
Yo + m2y =0.
(ii) y=Ae® + Be " (1)
Differentiating both sides w.r.t. x, we get
y1=Ae™ . a+ Be™™  (-a)
Again yy=d? Ae™ + A Be ™
=a*(Ae™ + Be™)=d’y

or V9 — aZy =0.
Problem 3: If y = ¢™ cos bx, prove that yy — 2ay; + (a® + b2)y =0.

2 2
Also prove that y,, =2 ap, = (a” +b%) yy 1. (Lucknow 2007; Kumaun 13)

Solution: We have y =™ coshx (1)

Differentiating both sides w.r.t. x, we get

1 =™ (=bsinbx) + ae™ cos bx
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s ss
or 1 =—he™ sinbx + ay ~(2)
Again J9 =—=be™ (b cos bx) — b (ae™)sin bx + ay
g = — b?e™ coshx — a (be™ sin bx) + ay |

=—b2y—a(—y1+ay)+ayl [ By using (2)]

=—(a + bz)y+2ayl
or Y9 —2ay; + (@ + hz)y =0 (1st Proved) ...(3)
Differentiating both sides, w.r.to x, (n —1) times, we get

Pur1 =207 + (@ + 1) =0

or Vi1 =2ay, - (@ + %) In-1- Proved.

Comprehensive Problems 2

Find the n* differential coefficients of:

Problem 1: (i) log [(ax+ D) (cx + d)]. (Bundelkhand 2008)
(ii)  cos 2x cos 3x. (Bundelkhand 2001; Kashi 2011)
(iii) cosx cos 2x cos 3x.

(iv) cos*x.

Solution : (i) Let y =log [(ax + b) (cx + d)] =log (ax + b) + log (cx + d).
We know that D" log (ax + b)=(-1)"~ Ym=1)1a" (ax+ b) ="
[See result (v) of article 2]
=" =) a (ax+ b) T+ () L= e (ex+ d) T

:(_1)"1(;1—1)![ @ ]

(ax+ b)Y (cx+d)"

(ii) Let y=cos2x cos3x=%(2 cos2x cos3x) = %(cosSx + Cosx)
In= 1 {5" cos (5x+ln )+ cos(x+ 1, n)}
2 2 2

(i) y =cosx cos2x cos3x = % cosx (2 cos2x cos3x)

= — cos x (cosSx + cosx)= 1 (2 cosx cosSx + 2 cos? X)

A= N —

(cos6x + cos 4x+ cos2x+1).

= % (6" cos (6x + % nw)+ 4" cos (4x + %nn) + 2" cos (2x + %nn)}.
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(iv) Let y= cost x = (cos2 x)2 = [% (I+ COSZX)]2

1+ 2 cos2x+ cos? 2x)

[1+2 C052x+%(1 + cos 4x) ]

(g + 2 cos2x + 1 cos 4x)
2 2
+

CO WO W [ — | — | —

l cos 2x + l cos 4x.
2 8

Now D" cos (ax+ b)=a" Cos(ax+b+%nn).

., =0 +%-2" cos (2x + ln:t)+ é-él" cos (4x + %nn)

+ 2211—3

=2""1 cos (2x + %nn) cos (4x + %nn).

Problem 2: (i) cos® x sin® x. (ii) ¢ “cos> bx.
(iii) e sinbx cos cx . (iv) ¢**sin’x.

Solution: (i) Let y= cos? xsin® x = é 1+ cos 2x) i (3sin x —sin3x)

(3 sinx —sin3x + 3sinx cos2x — sin3x cos2x)

[3 sinx —sin3x + % (2 sinx cos2x) — % (2sin3x cos2x) |

Co|— CO|— 0o —

[3sinx —sin3x + ; (sin3x —sinx) — é (sin5x + sinx) |

(6sin x — 2sin3x + 3sin3x — 3sinx — sin5x — sinx)

‘ »-.\»_
—
(@)}

(2sinx + sin3x —sin5x).

1
Now using the standard formula D" sin (ax + b), we get

1 . 1 "o 1 no. 1
=_—[2sin(x+ —nmw)+ 3"sin Bx+ —nw) - 5" sin (5x + —nm)].
In 16[ ( 7 ) ( 3 ) ( 3 )]

(o)

(ii) Let y=e* cos> bx
_ eax{cos 3bx + 3 cos bx}

1 [+ cos36=4 cos’0 -3 cos6 |

-1 e™. cos 3bx + éc’“ cos bx
4 4

Differentiating both sides, w.r.t. to x, n times, we get

yn — % Dn [eﬂ,\’ cos 3bX] + %D}I [eax Ccos bx]
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A ose)

= l( 2+ 9h2 )2 ™ cos {3bx+ ntan ! %}
4 a
+ §( 2+ B2y e cos {bx +ntan! é}
4 a
(iii) Let y = e“sin bx cos cx = % e™ (2sinbx cos cx)
= % e™ [sin (bx + cx) + sin (bx — cx)]
= % [¢™ sin (b + ¢) x + ¢™ sin (b - ¢) x].
Now D" {e™ sin (bx + ¢)} = (a® + b*Y"2 ¢ sin {bx + ¢ + ntan ~ ' (b /a))}.

ynzé[{uz+(b+5)2}"/2e‘LYsin{(b+c)x+ntanfl(b+c)/a}

+{a® + (b= cP V2 e™sin{(h-c)x+ntan" ' (b-c)/a}].
(iv) Let y= > sin’ x.
We know that sin 3x = 3sinx — 4sin> .
4sin> x = 3sinx —sin3x or sin’x= (1/4) (3sinx —sin3x).

2 2

yzlezx [3sinx—sin3x]:§e *sinx— L ¢2%in3x,
4 4 4

Y= % (22 + ) 21> sin [x + ntan ~ ' (1/2)]
- % (2% +32)277 ¥ sin [2x + ntan ~ ' (3/2)].

1 1

Problem 3: (i) m (ii) SR
(iii) L (Kumaun 2014) (iv) ol .
(x+2)2x+3) (x—a)(x=b)(x—c)
1 1 2 3

Solution: (i) Let y=

62 —5r+1 (Gr-1)@r—1) 2r—1 3x-1
[On resolving into partial fractions]
=2@x-1)"1-3@x-1""
Now D" (ax+b) " =(=1)"" nta" (ax+ b) "1
I =2 (=1 nl2" 2x -1 o3 -1y 13" By —1) !
Gl A PARR VT IR L € P DR

.. 1 1 1 1 1
Let = = =_ —
(i) Le J 2_4?2 (x—a)(x+a) 2a [x—a X+ a:|




Successive Differentiation

| D-69 l;\
SRR CRIN
Then In= e G A=) ek ) Y,
2a
(iii) Let y =2 /[(x+2)2x+3)]

The given fraction is not a proper one. If we divide the numerator by the
denominator, we observe orally that the quotient will be 1/2. So let

e _1. A B
(x+2)2x+3) 2 x+2 2x+3
Then A=-4and B=9/2.
Hence o4 L 9 L ey 2@yl
2 x+2 2Q2x+3) 2 2
yn=—4(—1)"n!(x+2)_"_l+g-(—l)”n!.2"(2x+3)_”_1
n—1
1y |92 . 4 s
@x+3"1 (x4 2yt
iv) Let = *
(i) J (x=a)(x=hb)(x-c¢)
a b c

(@-b)(a-c)(x—a) (b-a)(b-c)(x—b)  (c—a)(c—b)(x—c)
{on resolving into partial fractions}
a

=% (x-a)l+ b (x=by ' (x—e)!

(a=b)(a=c) (b—a)(b—c) (c=a)(c=b)

Now differentiating both sides w. r.to x, n times, we get

e a ,,[ 1 ]+ b D,,[ 1 ]
(@a=b)(a—c) [(x=a)] (b—a)(b-c) [(x=D)

+ ¢ p| 1
(c—a)(c=b) (x=¢)
a (=1)"* n! . b (=1)" n!

C(a-b)(a-c) (x—ay"tt (b-a)(b—-c) (x-p)y"*!
¢ (=1)" n!
(c—a)(c—b) (x—cy'*T
a b
+
(@a-b)y(@a—c)(x—ay"™'  (b—a)y(b-c)(x—by""!

+

4

+
(€—a)(c—b)(x—cy*!
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4

Problem 4: xi, n3.
(x-1)(x-2) (Agra 2014)
4
Solution: Let y:xiz x2+3x+7+M ,
(xr=1)(x-2) (x=D)(x-2)
dividing N” by the D"
=2+ 3x+ 7+ 16 1 ,on resolving into partial fractions.
g p
x—2 x-1
Then Pp=16 (=1l (x=2) "1 (=1 (-1 T i > 2

(=116 (x=2)""" o (x-1""" 1.

Problem 5: (i) tan~ ! (l + x)‘

I-x (Purvanchal 2011)
(ii) tan_l{ 2x } .
(1-2%) (Lucknow 2011)
Solution: (i) Let y= tan” ! Lt x) tan” ! LR tan” ' 1+ tan” 'x.
1-x 1-1.x
Then y1=1/0+ ). Now proceeding as in problem 5(ii), we have
In=(= 1"~ (n = 1) Isin” ¢'sin 1 ¢, where ¢ = tan ~ ! (1/x).
(ii) Let y=tan71{2x/(l—x2)}=2 tan ! x.
2 2 I 1 1
Then = — = =_ — )
N 2 o+ d) i[x—i x+i:|

onresolving into partial fractions.
Now differentiating both sides (1 — 1) times w.r.t. 'x', we have
- -1y . -
o= ED D ey ()1,
Putting x = r cos ¢ and 1 = r sin ¢, we have
(G UE]:

Jp=—t—— T [r " (cos ¢ —isin ) 7"
i

—7 7" (cos ¢+ isin ¢) "]
n—1
:M 7~ [(cos no + isin nd) — (cos nd — isin nd) ]
i
=2(=1""Vm=1)1r"sin np
=2(=1)""Y(n=1)1(1/sin ¢) ~" sin no, since r =1/sin¢

=2(=1""Y(n=1)Isin" ¢sin no, where ¢=tan ' (1/x).
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N1+ #)-1

Problem 6: If y = tan -1 {
x

} . show that

1 n—1 .n . 1
=— (-1 n—1)!sin" 0 sin n6, where 0 =cot ™" x.
MgV (Kanpur 2015)
Solution: Let  y=tan~ 1 {W}
x

Put x = tan ¢. Then
ot [ Yt )= 1)y sec o1
tan ¢ tan ¢
“1l-coso_ o1 2sin’ (0/2)
sin ¢ 2sin (¢/2) cos (¢/2)

=tan ! tam((I)/Z)=(|)/2=%tan_1 x.

= tan

Jp=1/{2 0+ 22},

Now proceeding as in problem 5(ii), we get

= % (=1Y"~ 1 (n = 1) I'sin” @ sin n6, where 8 = cot ~ ! x.

Problem 7: If y=x/ (@ + ) , prove that

Jp=(=1) nla =" Vsin"* Lo cos (n+ 1) ¢, where & = tan = (a / x).

(Kanpur 2009; Kumaun 13)
X

x j—
A+ 2 (x—ia)(x+ia)

Solution: We have y =

-1 L, 1 , on resolving into partial fractions.
2 (x—ia) (x+ia)

Differentiating both sides 7 times w.r.t. ‘x’, we get

=g LD ml= i) 1 (i)

=%(—1)" W [(r—ia) ™"V (xt ia) "1,
Putting x = r cos ¢ and a = r sin ¢, we get
T :é(—l)" ! [r ="V cos o —ising) "}
+7r " cos o+ ising) "]

(=1 nlr =" {cos (n+1) 0+ isin(n+1) 0}

DN | —

+{cos(m+1)o—isin(n+1)0o}]
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(1" nlr " 12cos(n+1)¢

1Y nl(a/sin®) ="~ ! cos (n + 1) ¢, since r = a/sin ¢

n+1

“1nla =" Vsin"* ! ¢ cos (n+ 1) ¢, where ¢=tan ! (a/x).

Problem 8: If y = sin mx + cos mx, show that y, =m" {1+ (= 1)" sin 2mx}'?.
(Meerut 2000, 09B)
Solution: Here y =sinmx + cos mx.

P =m" sin (mx + %nn)+ m’” cos (mx + %nn)
=m" [{sin (mx + %nn)+ cos (mx + %nn)}z]l/2 (Note)
2 (

=m" [sin® (mx + %nn)+ cos® (mx + %nn)

+2sin(mx+%n1t)<:os(mx+%nn)]l/2
=m" [1+ sin2 (mx + %nn)]l/2 =m" [1 + sin 2mx + nm)]'?
=m" [1+ (= 1)'sin 2mx], since sin (n7 + 8) = (= 1)" sin 6.

Problem 9: Prove that the value of the nth differential coefficient of 2/ -1 Vor x=0,is

zero if n is even, and is — n ! if n is odd and greater than 1.

3
Solution: Let y= Yoyr Y s X
@ -1 @ -1 (x=1)(x+1)
1 -1

=x+ +

I+ (x=1) (—1-1)(x+1)
1 1
=x+ + .

2(x-1) 2(x+1)
. When n> 1, we have
yn:(—l)”nl[ L, 1 ]
2 [(e-1th (w1
Putting x = 0 in the expression for y, , we get

S T
2

+ 2=

(J/n)()= (_l)n+l 1

—

—
|
—
|
—
N |~—,
S
=

—

—

|

—

NI
£}

n

—
+
—

[

When 7 is even, ( y,,)o :n!|:(11+11|:n1.0:0_

~

When 7 is odd, (_yn)oz—%![l+l]:—n!.
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Problem 10: If y = (tan™'x), prove that (P + 1)2)/2 +2x (2 + )y -2=0.
Solution: Given y = (tam_1 x)2 (1)

Differentiating (1) w.r.to x, we have

1

yp=2tan" x. or (l+x2)y1=2tan_1x

I+
On squaring both sides, we get
1+ 12)2y12 =4(tan_1x)2 =4y ..(2)
Differentiating both sides w.r. to x
2y L+ 2P+ 2 2(1+ 2).2x=4y,
On dividing by 2 y;, we get
A+ 2Py +2x(1+ )y =2

Comprehensive Problems 3

Problem 1: State Leibnitz’s theorem.
(Meerut 2005B, 08, 11; Bundelkhand 08; Agra 08)

Solution: See article 6.
Problem 2: Find the4" differential coefficients of (i) P log x; (if) + sin 3x; (i) e Ssin2x.
Solution: (i) Let y = s log x
Differentiating both sides w.r.to x, 4 times (by Leibnitz's theorem),
we get V4 = D* (3 log x)
=3D*(log x)+ ¢ (Dx®) (D3 log x)
+ 4G (D23 ) (D? logx)+ 1C; (D3x3) D (log x)

o e 2
{ D" 10gX= (_l)n_l (”_1)!}

xn

3 (-1 31 1402 (-1)221+ 6(61) -ntn L 4(6)

6 24 36 24 6

=4+ 2=
x x x X x

(i) Let y= + sin3x

Differentiating w.r.to x, 4 times (by Leibnitz's theorem), we get

4 =D* (Psin3x)
= D (sin3x)+ * C| (D )(D?sin3x)+ 1 C, (D?¥?) (D?sin3x)
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o)
=.3%sin (3x+ 42—E)+ 4 (2x)3 sin (3x+ 3?1;)

+6(2).32 sm(Sx + 27“)

{ D' sin (ax+ b)=d" sin (ax i b+ %)}

=3*+ sin3x + 8x 3> (- cos3x)— 12.3% sin 3x

=33 (3x2—4)sir13x ~ 6> xcos3x
(iii) Let y= ¢>* sin 2x
Differentiating w.r.to x, 4 times (by Leibnitz's theorem)

4 = D* (¢*¥ sin2x)
= e?* D*(sin 2x) + *C (D ¢**) (D? sin 2x)
+ 4Gy (D) (DPsin2x) + 1G5 (D3 ¢**) (D sin 2x)
+ 4, (D* ¢*¥)sin2x
=¢>*. 2% sin (2)( + 42—71) +4.22%23 sin (2)( + 32—n)

+6.4¢24 92 sm(2x+22 )+4 8 ¢2% . 2sm(2x+§)

+1.16 ¢2 sin 2x
=16 62" sin 2x — 64 ¢** cos 2x — 96 ¢>* sin 2x
+ 64 ¢2* cos 2x + 16 ¢ sin 2x

= ¢2¥sin 2x (-64)=-64 ¢** sin 2.

Problem 3:  Find the n®" differential coefficients of:
(i) e, (ii) x3 log x.  (iii) ¢“logx. (i) X tan” ' x.
Solution: (i) Let y = e
Let u=x%rv=c"*
D" (e™")=(=1)"e*
D" (y)=D" (& ¢™)
= D" (e + n (D) (D" e —x)

11 - 1 szz Dn—2 e—,\’)
21

n(n-1)
21

Y= (=1 e+ n2x (-1 et 4 2(-1y""te*

=(=1)" e [ =2nx+n(n-1)].
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(ii) By Leibnitz’s theorem, we have

D" (uv) = (D" u) v +"C (D"~ Lu) (Dv)+ "Cy (D" =2 u) (D? v) + ...
Taking u =log xand v = x3, we find that

D'u =(-1Y""V(n-1)1/2",

D' u=(=1y""2 (n-2)1/¥""'  and Dv =34,

D' 2 u=(=1Y""3(n=3)1/x""? and D?v =6x,

D" 3 u=(-1Y""*(n-4)1/x""3 and D*v=6.
Therefore by Leibnitz’s theorem, we have

D (Plog ry= CVTL0=DY s g D' (n=2)1g

! xn—l
(1'% (n-3)! (-1y'"* (n-4)!
+ nC2 T’6x+ nC3 T@
X X
since all other terms become zero.
(-1 (n—-4)!

=~ < T (n=-1)(n=-2)(n=-3)-3n(n-2)(n-3)
xnf3

+3n(n=-1)(n=-3)-n(n-1)(n-2)]
(=1 Y= =1y (n=2)(n=3=-n)
+3n(n-3)(n-1-n+2)]
=6(=1Y' (n-4)1>7".
(iii) By Leibnitz’s theorem, we have
D" (e*log x)=(D" ¢").log x+ "C; (D" ! e').(Dlog x)
+"C, (D"=2 ¢y (D? log x)+ ...+ ¢* D" log x

(1 1 21
=¢*. log x+ "C} e*.(7)+ "Gy ex(——)+ "Cyet 4
x e P

N A G ) Lk ¢ N
=¢*[log x+ "Cyx 1 ="Cy x 2+ "Gy 21073
+ (=1 (=),
(iv) Let u = tan”'x and v = £ Then y =uv.
Differentiating n times by Leibnitz’s theorem, we get
Yp=D" (uv)=(D"u). v+ "C, (D" u). Dy
+1"Cy (D" u) (D) + ...
Now D"u=D"(tan ' x)=(=1)""1(n=1)!sin” Osin 10,
where 0=tan" ! (1/x).
Also Dv = D¥* =2x, D?v =2 = constant and so the third and the higher derivatives

of v all vanish .
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A(>7)

Hence yn:[(—1)"_1(n—l)!sinnesinne]. x2

+'Cy [(=1)" "2 (n-2)!sin" ' @sin(n-1)0].2x

+ Gy (=173 (n=3)!sin" "2 @sin (1 -2)0].2

(=1 (n=3)1[(n-1)(n—2)+ sin” O sin 10

—2nx(n—-2)sin” "' @sin(n-1)0

+n(n-1)sin" "2 @sin (n—2)0], where 8 = tan™ ! (1/x).

Problem 4: If y = e, prove that

1 1
yn=§n(n—l)y2—n(n—2>y1+§(n—l)(n—2)y~

(Bundellkkhand 2008)

Solution: We have y=x*¢".

Differentiating (1) n times by Leibnitz’s theorem , we get
Jp=e 2+ "Cy e 20+ "Gy et 2

=P+ 2nxe + n(n-1)e".

Also differentiating (1) only once w.r.t. x, we have
y =t + 2xe”

or =y +2x".

Now differentiating (3) w.r.t. x, we have

y=y1+2xet +2e = yr+ (- p)+ 2e7,

(1)

[+ from (3), y; — y =2xe"]

or V=21 — y+2™.

(4)

Hence substituting forx?e*,2xe *ande ™ respectively from (1), (3) and (4) in (2), we get

1
yn=y+n<y1—y)+5n(n—l)(yz—2y1+y>

; 1 1
ie., _ynzin(n—l)yz -n(n-2) y +§(n—l)(n—2)y.

Problem 5: Prove that the n'" differential coefficient of x" (1 — x)" is equal to

n!(l—x)”{l—nz S UL Vs —}

Pl-x 1222 (1-x?

(Rohilkhand 2007; Kanpur 08)

Solution: Let y=ux"(1-x)"

Differentiating (1), n times by Leibnitz’s theorem, we get

(1)
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yn — (ann)(l _ x)}l + I1C1 (Dn—l xﬂ).D (1 _ x)n
+1C, (D" ). D (-0 +
n!

or =n!(1—x)"+nl—"x.n(l—x)”_l(—l)

n(n=1) nl o _ =212
BT ¥ .onm-1)A=-x)""=(-1yY+ ...
! 2

or Jp=n!l-x)" l—ﬁ. SR U s s .

2 (I-x) 1222 (1-xp
Problem 6: Prove that L(logx)=(—1) '(n)![lagx—l—l—l—...—l]-

Ay X xn+l 2 3 n

Solution: We have y=(1/x).log xz(x_l).log X. (1)

Differentiating (1) n times by Leibnitz’s theorem taking x~ I as first function, we
have

—1Y'n! 1y Y- 1
*y”:(xn)-i-l logx+”C1 4( ) xn( );
17" 2(n-2)! 1 s (=173 (n=3)! 1
g, EVT 0=y b e, GITTT (=30 gy gy L
e (=D(=2)-
R BN D VR O]
h X o
_(=1)y'n! _(—I)"_I(n—l)! n(n—l)_(—l)"_l(n—Z)!
- xn+l logx+n n+1 + 1.2 Xn+l
n(n=1)(n=2) (1)1 (n-3)! (=1L n=1)
+ T3 E .1.2+...+T
_(_1)”"! 1 _1_1_1_ _1 .
—7)(”“ og x 5 g ;

Note: Solve this question also by differentiating (1) n times by Leibnitz's theorem
taking log x as first function.

Problem 7: If y = x" log x, show that y, . =n!/x.
(Meerut 2001; Bundelkhand 09; Rohilkhand 11B)

Solution: We have y=1"log x.
yr=x"(1/x)+n""Vlog x or xy; ="+ m' log x

or xyp=x"+ny.

Now differentiating both sides n times and using Leibnitz’s theorem, we get
D" ( y1x)=D"x"+ nD"y

or (D" ;). x+"C (D"~ y).(Dx)=nl+ny,
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or Il - X+ nyy I=nltny, or  y,, p.x=nl

Therefore V1 =nlx

Problem 8: By forming in two different ways the n™ derivative of 2" prove that

1+’L+ 1)Z 2 (n=1Y (n-2 _(@n)!
12 12 22 12,2232 (n!y
Solution: Let y—xZ" then
= O (1
I (Zn—n) oy &
Again, y=x"x" .(2)

Differentiating (2), n times by Leibnitz’s theorem, we get
| _ | _
yn:n!x"+”Cl%x.nx" 1+"C2%)(2.n(n—l)x" 2

|
+ "Gy %xg.n(n—l)(n—Z)x"_3 +...+"C, X" n!

=n!x" l+ﬁ+n2(n_l)2+n2(n_1)2(n_2)2+... -(3)
12 12,92 12,92 32

Equating the two values of y, obtained in (1) and (3), we get

. n—l)2 2 (=17 (n-27

I+;+’ L= @ml
12 12,22 12.22.3% (n1y

Problem 9: Prove that

D"(w):{Psin(x+énn)+ Qcos(x+%n1r)}/x"+l,
x

where P=x"—nn-1)xX""24+nn=-1)(n=2)(n=3)x""4% -,
and Q=n""'—n(n-1)(n-2)+""3+
Solution: Differentiating n times by Leibnitz’s theorem taking sin x as first function

and x~ ! as second function, we get

D”[(sinx).x_l]=[sin(x+%nn)].(x_])
+ "Cl[sin{x+%(n—I)n}][(—l)x_Z]
+ G, [sin {x + %(;4—2) T [(=1)(=2) 3]
+ "G [Siﬂ{x+%("—3) T =D (=2)(=3)x*]

+ "Cy [sin{x+ %(11—4) n}].[(—l)(—2)(—3)(—4)x_5]+
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(o7 I,
= xn1+l[x”sin(x+énn)+ nx"ilcos(x+%nn)
—n(n—l)x”_zsin(x+énn)
—n(n-1)(n-2)x""3 cos(x+%nn)
+n(n-1)(n-2)n-3)x""*sin(x+ %nn)+ ]
1

=— (" —n(n—1)x" "2
X

+n(n=1)(n-2) (n—3)x"_4 —...}sin(x+%nn)
+ i o= (n=2)""3+ .} COS(X+%HTC)]

1 . 1 1
—W[Psm(x+§nn)+ Qcos(x+§n‘rt)].

-1
Problem 10: If y =¢"" *, prove that

(1+xz)yn+2+[2(n+1)x—1]yn+1+n(n+l)yn:0.

(Avadh 2010; Kanpur 14)
1

Solution: We have y=¢%0 ¥,

—1 1
Theref —etan” " x, =_J
e e 1+72) (1+42)
or _yl(l+x2)—y=0, (1)

Differentiating (1) (7 + 1) times by Leibnitz’s theorem, we get
In+2 (I+ x2)+ H+IC1 In+1 2x+ H+IC2 yn'z_yn-H =0

or (]+x2)yn+2+[2(n+l)x—1]yn+]+(”+1)’U}n=0'

Problem 11: If y = cos (log x), prove that
P ypeo+ Cnt D xy, 1+ 02 +1) y,=0.
Solution: Proceed as in Example 13.

Problem 12: If y = (sin”! x)z,prove that (1 - xz)yz -xy —-2=0,

and(l—xz)y,HQ -x@2n+1) y,.1 - n2_yn =0.

(Meerut 2002; Agra 08; Rohilkhand 09B)
Solution: We have y= (sin_lx)Z.
Therefore B! =2 (sin” L x)/N(1 - #),
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A os0)

2_4(sir171x)2 _ 4y

or = 2 2 [ (sin_lx)2=y]
or 2 (1-2)-4y=0.
Differentiating again, we get
2719y (1= ) =2xp =4y, =0
or 291 [y (1= ) = xp; 2] =0.
Cancelling 2 y;, since 2 y; #0, we get yy (l—xz)—yl x-2=0, (1)

proving the first result.
Differentiating (1) n times by Leibnitz’s theorem, we get

Inaa (=) + "Cryy 1 (= 220)+ "Gy yy (= 2)
= Ius1- %= "Cp py  1=0
or (1= %) pyan = 20+ 1) xp, 4y =1 3, =0.
Problem13: If y = (#-1Y, prove that

(XZ D) yyso+2xpy,,—n(n+l1) y,=0.
(Kumaun 2003; Rohilkhand 06,11B; Meerut 08; Kashi 2013)

Henccian:;T';(xz—l)", show that ‘i{(l-xz)dlj:}+n(n+1>13n=0.

Solution: We have y = (x* —1Y". Therefore J1=n (2 -1y Lox

or (& 1) yy=n(Z -1)".2x=2nry [Replacing (x* —1)" by y]
or (& =1)y; = 2my = 0. (1)

Differentiating (1), (# + 1) times by Leibnitz’s theorem, we have
D" p (2 =) =20 D" ( px)=0

o J/nJrZ(XZ—1)+(n+l)yn+1.2x+(VH'})n.

J/n~2

—2ny,,q.-x=2n(n+1) y,.1=0

or (X2_l)yn+2+2)97n+1_n(n+1))7n:07 (2)
giving the first result. From (2), we get
(¥ -1)D?y, +2x Dy, —n(n+1) y,=0. .(3)

n

Putting y, = 4 (X =1Y" =P,, (3) becomes

dx"

(X =1)D?*P, + 2xD(P,))—n(n+1)P, =0




Successive Differentiation

| D81 _la\
or —(1-2)D*(P)+2xD(P,)—n(n+1)P, =0
or 1= 2)DBY = n (4 1) B =0
dx
or d{(l—x2)dP,,}+n(n+l)Pn:0.
dx dx

Problem 14: If cos™'( y/b)=log (x/n)", prove that
P ypeo ¥ Cn+ 1)y, + 200y, =0.
(Lucknow 2006, 07; Meerut 06B; Rohilkhand 13; Purvanchal 14)
Solution: Here cos™ 1(y/b) =log (x/n)" = nlog (x/n)=n (log x - log n).

Differentiating both sides with respect to x , we have

_ 1 Ji_n
V(1= (2 /p*)) b x
J/l _n
or - 1 @ =_
N - %) ¥
or y12x2 = (B - y2 )-

Differentiating again, we get

2 2
2 )10 + 2017 = =20 y
or y2x2+y1x+n2y=0,since 2y, 20. (1)

Differentiating (1), n times by Leibnitz’s theorem, we get
Tna2-  "Cyy 1 (20)+ "Gy (2)+ Pyg- X
+"Cy yy + 12y, =0
or xzy,1+2+(2n+l))g/n+1+2n2y,,=0.

Problem 15: If y =[x+ (1+ )", prove that (1 + ) yy + xy; =y =0

and (1+X2)yn+2+(2n+l)xyn+l+(n2_mz)yn =0.
(Kanpur 2006; Avadh 09,11; Purvanchal 09; Bundelkhand 14)

Solution: Here y =[x+ V(1+ )" (1)
_ m—1 1.27)(
yr=mx+ V(1 + 22)] .[1+2 v(1+x2)]
= M N+ A=Y (2
x/(1+;2)[x+ (0] V1 + 22) =
or y12(1+x2)—n12y2=0,

Differentiating again, we get
2y (4 )+ 297 =208y =0
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or yy 1+ 22)+ xp; =l y =0, (3)

cancelling 2 yy, since 2 y; #0.
Again differentiating (3) n times, we get

T2 (I+ x2)+ "CL 2,1+ "G 2+ Wy
+ HCl'yn_sz]n:()
or Jpro U+ 2)+ @n+1) 1,1+ (7 =) , =0. (4
Problem 16: If y =[log {x+ (1+ 2N E, prove that

1+ ) yppo+@n+1)xp, ., + 1wy, =0.
(Agra 2005; Purvanchal 09)

Solution: Here y=[log {x+ \/(l+);)}]2. (1)
=[21 i+ 2 el L
=l log Lre e o] x+\/(1+x2){+2 Va2
2
== 1 V(1 + 22)). (2
e ) og {x+ N1+ x7)} (2)
Squaring both sides of (2), we get
(1+2) 2 =4llog {x+ V(1 + 2)F =4y [From (1)]
or (I+ xz)y12—4y=0.

Differentiating again, we get

21 (1+ )+ 2xp2 =4y, =0
or 2y [y (14 22)+ 09 —2]=0
or Jy I+ )+ xp, -2=0, .(3)
since  y; #0.
Differentiating (3) n times by Leibnitz’s theorem, we get

Ppao(+22)+"C. 1.2+ "Cy y, .2

+xy,.1+"Cl y, . 1=0

or U+ ) ypeg+ Cn+ 1), + iy, =0. .(4)

Problem 17: If y = (sin~ L x)/N(1 -2, prove that
(l_xz)yn+l - @n+1)w, _”2yn—l =0.
(Meerut 2007B; Kanpur 10)
Solution: We have y~(1 - xz) =sin” !x.

Differentiating both sides, we get
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Ji-2ye p b m2e ]
I S N
or (=)= px=1=0. (1)

Differentiating (1) n times by Leibnitz’s theorem, we get
Iurt (1= 2) + "Gy yy (= 20)+ "Cy -1 (=2)

—JIn- X nCl.yn—l~1:O
or (1—)(2)}/,1+1—(2n+l))g},l—n2y”_1=0.

Comprehensive Problems 4

Problem 1: If y =sin™'x, prove that
(1- Xz)yn+2 -Cn+ Dy, - "2J7n =0,

and hence find the value of ( y,,)q - (Agra 2005; Lucknow 05; Bundellkhand 11)
Solution: We have y =sin" 'x. (1)
1
=7 -(2)
V(1= 2)
or (1-2) yp? =1=0. (3)

Differentiating (3) w.r.t. x, we get

(1) 2y 95 =2ep* =0 or 2y [(1-) yy - xp;1=0.
Cancelling 2 yy , since 2 yj is not identically equal to zero, we get

(1= %) yy = xy =0. (4)
Differentiating (4), n times by Leibnitz’s theorem, we get

Iua (L= )+ "Cpyy (= 20)+ "Gy iy (=2)

= Iua1-¥="Cyy 1=0

or y,,+2(1—x2)—(2n+1)xyn+l—nzyn:O. ..(5)
Putting x =0 in (1), (2) and (4), we get

(7)o =0, (y1)o=1 and (y2)g =0 (y1)o =0ie,(y2)9 =0.
Also putting x =0 in (5), we get

(Fn+2)0 =1 (Fado- (6)
(6) is a reduction formula which expresses (_y, . 9)¢ in terms of ( y,, ).
Putting 7 — 2 in place of n in (6), we get
(7)o = (=27 (pu_2)o=(n=27 (1 =47 ( yy_4)o-
[+ From (6), (yy—2)0 =(n =47 (140}
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Now there arise two cases.
Case I: When n is odd. Puttingn =1, 3, 5, ... in (6), we have

(13)0 =F(y1)o =11, [+ (Do =11
(15)0 =3°(73) =321,
(77)0 =5%(ys)o =52.3%.12.1, and s0 on.
Thus if nis odd, we have
(p)o =m=20 (n-4y ...52.32 1.1,
Case II: When n is even. Puttingn=2, 4, 6, ... in (6), we have
(720 =2%()0 =0, [+ (U)o =0]
(16)0 =4 (4)0 =4°.0 =0, ()0 =6"(J6)o =0, and s0 on.
Thus if nis even, we have ( y,)o =0.

Problem 2: Find ( y,)q,when y =log[x+ V(I + xz)]. (Agra 2005; Rohilkhand 06)

Solution: Here y=log [x+ V(1 + xz)]. (1)

1 1 1 1

. S D I 3 (2
v+ V(1 + ) " V(1 + ) ! V(1 + ) @

J1

Squaring both sides of (2), we get (1 + xz) y12 -1=0.
Differentiating again, we get

2p100 (14 22)+ 29 =0 or 251 [ (1+ %)+ 91 ]=0
or y2(1+x2)+ xy; =0, .(3)
since 71 #20.
Differentiating (3), n times by Leibnitz’s theorem, we get

Ine2 A+ )+ "CL yy 1 26+ "Gy gy 24 gy ¥

+"Cy.y,.1=0

or I+ 22) pypo +Cn+ D) xp, .+ 1y, =0. .(4)
Putting x =0 in (1), (2), (3) and (4), we have

(70 =0(51)0 =L(12)0 =0 and (42)0 + 7 (Ju)o =0
ie. (us2)0 == 7 (Judo- ()
Putting n — 2 in place of n on both sides of (5), we get

(n)o == =27 (ry_2)o=1= (=27 1[= (1= 4P 1 (-1 o

since from (5), we have (y,_9)o = —(n—-4y (Pn_4)o-
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Now there arise two cases :
Case I: When n is odd, we have

(o == (=2 1= (=4 1[- (n =6 1[-3*1[- 21 ()0
=102 2y -4y ...3%.1%, since ( yy)o = 1.
Case II: When 7 is even, we have

(7)o == (=2 1[~(n=47]...()2)0 =0, since (yy )y =0.

Problem 3: If y =[log {x+ (1 + xz)}]z,prmie that (p,.9)0 =— nz(y,,)o ,hence find

(o -
(Meerut 2005, 09B)
Solution: Here y=[log {x+ \/(l+x2)}]2. (1)
ylz[Zlog{x+\/(I+x2)}]~m- 1 %-mlx
:ﬁlog{x+ V(1+ 2)). (2)
Squaring both sides of (2), we get
1+ 2) p=4llog {x+ N1+ )P =4y [From (1)]
or (1+x2)y12—4y=0.
Differentiating again, we get
2109 (L+ )+ 209 =4, =0
or 271 [yp (14 )+ 9y =2]=0
or Jy I+ )+ xp, -2=0, .(3)
since y; #0.

Differentiating (3) ntimes by Leibnitz’s theorem, we get
In+2 I+ X2)+ ”Cl I+ 2x+ nCZ In 2

+a,0+"Cl y, . 1=0
or I+ 22) pyon+Cn+ D) xp, .+ 1y, =0. .(4)
Putting x =0 in (1), (2), (3) and (4), we get
()0 =0,(1)0 =0,(y2)0 =2, and (yu12)0 + 7 (yu)o =0
ie, (Ju+2)0 == (In)o- (5)

Putting n — 2 in place of n on both sides of (5), we get
()0 == 01 =2F (yu-2)0 == 1= 27 1[= 01 =47 1 (Ju—4)o,

since from (5), we have (y,_9)g =—-(n — 4y (n—4a)o-
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Now there arise two cases :
Case I: When n is odd, we have
(7)o =[= (=27 ][~ (=47 ]...(y1)o =0, since (1) =0.
Case II: When n is even, we have
(7)o =[= (=27 ][~ (n =471 [ n—6>2 21(12)o
=022 o n-4P (-6 ..42.22.2.

Problem 4: If y = (sinh™ x ¥, prove that

dn+2 dn+l

n
Y @ns Y240 g,
dxn+2 dX n+1 dxn

Hence find, at x =0, the value of (d" y / dx").

(1+ )

Solution: Given y = (sinh™'x)? (1)
Differentiating both sides w.r.to x, we get

B! =2sinh_1x.71 ...(2)

+1

or 1+ 2 yI:ZSinhflx

(1+ 2 J/12 =4 (sinh ! x)?, squaring both sides

(1+2)yP =4y
Again (1+ 2 2)’)’1+J’12-2XZ4J’I
Dividing by 2 y;, we get

1+ ) yy + 19, =2 (3)
Differentiating w.r.to x, n times (by Leibnitz's theorem)

-1

1+ x2) Inp2 ¥ 1 2x) py 4 + “ (112' ) @) yn+ 1+ 01y, =0

or (1+ ) ) Vpyo + Cn+1)xp, |+ nzyn =0 ..(4)
n+2 n+ 1 n
or 1+x2d J’+2n+1)d 24 g
+2 Ay n+1 A"

Putting x =0 in (1), (2), (3) and (4), we get

()0 =0, (7)o =0, (12)0 =2,
and (Fn+2)o == (7)o (5)
Puttingn=1,2,3 ......... in eqn. (5)

(r3)0 =0

(140 ==2%(yp)g = -2%2
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(76)0 =—4(a)g = -4 {-22.2}
If n is odd: (yu)o =0

If nis even: ()0 =(-1) 2 (n=27 (n—4y...4>.2°2

D87 I,

{By putting n=n-2in eqn. (5)}

Problem 5: If y =cos (msin~ "x), find ( y,)q

Solution: We have y = cos (msin~ ! X).
Differentiating, we get

g1 =[=sin (msin ' )] [m/N (1= 2)].
Squaring both sides of (2) and multiplying by (1 - ), we get

(I—XZ)J/IZ = p sin®(msin ' x) = n? [1 = cos® (msin ~ ' x)]
=o' (1= %)
(1—)(2))112 + mzyz —n? =0.
Differentiating (3), we get
(=) 2y1pp =209 + 208 yy =
or 271 10=2) o =y + 02 y]=0
Cancelling 2 y|, since 2 y| is not identically equal to zero, we get
(l—xz)yQ - Xy +mzy:0.
Differentiating (4), n times by Leibnitz’s theorem, we get
Insn (L= 2)+ "Cyyay (=200 +"Cy 3y (=2) = Wy
nClJ’n + 1y =0
or (1=22) pyso—@n+ )y, -0 =)y
Putting x =0 in (1), (2) and (4), we get
(1)g =cos0=1,(y1)g =0,(ya)g +n(y)g =0
ie., ()0 =—n12 :—m2
Also putting x =0 in (5), we get  (y,,.9)0 = (i =) ( ) (o

Putting n — 2 in place of nin the reduction formula (6), we get

(w)o =1 =27 =0} (u_2)o

(Kumaun 2002)
(1)

(2)

={(n=27 =P} {(n—4P -t} ( (7,-4)0, since from (6),

we have (yy—2)o ={(n— 4 ”’2} (Fn-4)o-

Now there arise two cases.
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Case I: When n is odd, we have
()o =10 =27 =0} ((n=4F =0} .. (3 =) (P = 0P) (1)
=0, since (y;)y =0.
Case II: When # is even, we have
(2n)o = {(n =27 = n*} {(n =4 —mz} @ =) (2% =) (12)o
=—{(n- 2 n12}{11— mz} 42 rr12 22—n12)rr12,

since (1)o =—nt.
. —1
Problem 6: If x =sin (llogy ) orif y=e*"" Y show that
a
Y 2
(1-%) yy —xy; -’y =0, (Bundelkhand 2007)

(I=2) yyag —xCn+ 1)y, 1 -0 +a®)p, =0,

and hence find the value of ( y,,)
(Garhwal 2000, 01; Gorakhpur 05; Rohillkkhand 05, 08; Agra 06, 08)

Solution: Proceeding as in Example 13, we have

o—1
y:gtlslﬂ X (1)
yp=etsin ﬂ/\/(l—xz) (2)
(1= %) yy — 1y -’y =0, (3)
and (1- xzy,1+2—(2n+1xyn+1 n2+a =0. ..(4)

)
)
Putting x =0 in (1), (2), (3) and (4), we have (y) :L(J’l>0 =a,(J))o =d,
and (Fus2)o =0 +a®) ()0 .(5)
Now there arise two cases.
Case I: When n is odd.
Puttingn=1,3,5,...in (5), we have

(3)0 = (P +a) () = (P + ). a,

(75)0 =3+ ) (13)0 =(3* + @) (I + a°) . a,

(7)o =%+ d®) (y5)g = (5% + a®) (3 + a®)(1* + a®). a,and soon.
Thus if nis odd, we have

(o =ln=27+a>1..3* + ) (1> + &) a
Case II: When 7 is even.
Putting n=2,4,6,......in (5) , we have

(74)0 = (2% + @) ()o = (2> + a*). %,

(J6)o =& + @) (a)o =& + ) (2> + ). 4,
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(1)0 = (6% + a®) (yg)g = (6° + a®) (4> + a*) (2% + a®) a®, and s0 on.

Thus if 1 is even, we have ( y,)o = [(11—2)2 + ﬂz]...(42 + a2)(22 + az)az.

-1
Problem 7: If y =¢*“ Y prove that
(I—X2)Jln+2—(2n+l))g]n+1—(}12+a2)yn:O,

Hence find the value of y, for x=0 . (Meerut 2001; Purvanchal 14)
-1 R
Solution: Given y=¢%“ 1 (1)
-1 _ _
Differentiating  y; =¢ 4 ¥ L {From (1)}
B-21] Ji-2
or y12 (1-2)= a2y2, squaring both sides -(2)

Again differentiating, we get

I (=20 + 2y 95 (1= 3P =a” 2y
or (l—xz)yz—zgzl—azy=0 ..(3)
Differentiating (3), n times by Leibnitz’s theorem, we get

(=2 gz nc20 1 ) (2,
~ [t + 1)y )=y =0

or (1= %) Yuso =@+ 1), = 0F + ) y, =0 (4)
Putting x =0 in (1), (2), (3) and (4), we get

(7)o =™, (y)o == ae™?, (yy)g =a*(p)g =a* ™"

(Jus2)o =@ + ) (o (5)
If n is odd
Puttingn=1,3,5, ...... ,(n=2)in(5), we get

n=1,(y3)o =(* +a) () == (I* + &) ac"™?

n=3,(r5)o :(32 +a2)(y3)0 :_(32 +a2)(12 +ﬂ2)ﬂeﬂn/2
(yn)() =— {(Vl—2)2+a2} {(n_4)2+ﬂ2}““(32 +a2)(12 +a2 €an/2)
If n is even
Putting n=2,4,6, ..., (n —2) in (5), we get
n=2,(y4)0 :(22 +ﬂ2)(y2)0 :(22 +ﬂ2)ﬂ2€ﬂ1t/2
n:4,(_)76)0 :(42 +a2)(y4)0 :(42 +{l2)(22 +ﬂ2)d2€ﬂn/2

(I)o ={n=2Y + a3 {(n—-4Y + @} ... (22 +d®)a®e ™2
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Problem 8: If y = tan ~ lx,prm/e that (1+ ¢ Vo + 2xy; =0,and hence find the value of all

the derivatives of ywith respect to x,when x = 0. Also show that ( y, )y isO, (n—1) Lor— (n—1)!
according as n is of the form 2p, 4p+ 1 or 4p+ 3 respectively.

Solution: Wehave y=tan Ty, (1)
=10+ ), (2)
or (1+ ) y;-1=0. (3)
Differentiating (3), we get
(1+ ) yy + 219, = 0. ..(4)

Differentiating (4), n times by Leibnitz’s theorem, we get

' iy
Insn L+ x£)+n)’n+l 2x) + nn ' )J’n‘2+2)g’n+1 +2ny, =0

c

or U+ ) ypeg +2m+1) 1y, +n(n+1) y, =0. .(5)

Putting x =0 in (1), (2) and (4), we get () =0,(y1)o =L (J9)g =0.
Also putting ¥ =0 in (5), we get (y,,9)0 =—{(n+1n}(y,)o- ..(6)
Putting 7 — 2 in place of 7 in the reduction formula (6), we get
(U)o =—{n=-1)(n=2)}(y,_2)0
=[-{n=1)m=2)}[-{(n=3)(n =4} (y,-4)0>
since from (6), we have
(Fn=2)o =—{n=3)(n=4)}(y,_4)0-
Now there arise two cases.
Case I: When 7 is even, we have
(D)o =[={(n=1)(n =2} [-{(n=3) (n - 4)}]
=) @)](y2)9 =0, since(yy)g =0.
Case II: When n is odd, we have
(o = [= 100 =1) (1 =2} ][~ {(n = 3) (n - 4)}]
=@ =)Mo
=(=1)=D2 (i —1)1, since (1) = 1.

@nts to Objective Type Questions

Multiple Choice Questions
1. We have, y =log x.

S| %X‘l,yz = (-2 py = (=) (=2) x>,y = (=) (-2)(=3) x .,
I = (1) (=2)(=3) ...... (==} x " == m-1)1a
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%

Dot [,

Hence, D" log x = w

So, (b) is correct answer.

See Example 3.

Leibnitz’s theorem is used to find the nth differential coefficient of the
product of two functions. So, the correct answer is (c).

See Problem 10 of Comprehensive Problems 3.

See article 2, part (vii).

See article 2, part (vi).

See Problem 7 of Comprehensive Problems 3.

See article 12 of Chapter 3 (Differentiation).

Fill in the Blank(s)

See article 2, part (vii).

See article 2, part (iv).

e*(1 - cos2x)=

Let y=e¥sin’x = %e"(Zsin2 x) = [e* — e¥cos2x].

N | —

1
2
Now D"¢™ = a"e™.

Also D"¢™ cos(bx + ¢) = r"*e¢™ cos(bx + ¢ + nd), where

r=(a®+b*)"? and ¢ = tan™1(b / a).

1
2
where r = \f(lz +22) =5 and ¢= tanﬁl% =tan"'2.

yu=—[e*—r"e*cos(2x+ no)],

See Example 12.
See Problem 17 of Comprehensive Problems 3.

Proceed as in Problem 1(ii) of Comprehensive Problems 3.

True or False
We have, D" y, = y,,. = D" y. So, the given statement is true.

The given statement is false because
D" {e™ sin (bx + ¢)} = r""¢™ sin (bx + ¢ + nd).

See article 2 , part (viii).
The given statement is true. In the application of Leibnitz’s theorem, if we take
thefunction, whose derivatives after a certain stage all become zero, as the second
function, then all the remaining terms in the application of Leibnitz’s theorem
will vanish.

000
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Expansions of Functions

Comprehensive Problems 1

Problem 1: (i) State Maclaurin’s theorem.
(Meerut 2000; Bundelkhand 01, 06, 08, 11; Agra 07; Kashi 12,13)

(ii) State Taylor’s theorem.
(Bundelkhand 2005, 06, 08, 11; Avadh 09,10,14; Kashi 11,13,14)
Solution: (i) Maclaurin’s theorem : Let f(x)be a function of x which possesses continuous

derivatives of all orders in the interval [0, x |. Assuming that f (x)can be expanded as an infinite
power series in x , we have

f(x):f(0>+if'(0)+ﬁf"<0)+ ...+Lnf<">(0)+
1! 2 n!

(ii) Taylor’s theorem: Let f (x)be a function of x which possesses continuous derivatives of all

orders in the interval [a, a + h]. Assuming that f(a + h)can be expanded as an infinite power
series in h , we have

2 n
f(a+h):f(u)+hf’(a)+%f”(u)+ ot )y

n!

Problem 2(i): Expand a* by Maclaurin’s theorem . (Meerut 2012B)
Solution: Let  f(x)=a*. Then f(0)=a" =1,

f'(x)=a*loga  sothat f’(0)=loga,

F(x)=a* (log a)* so that f"(0) = (log a),

f(x)=a" (log a)3 so that  f"’(0) = (log a)g, and so on.
In general,

f"(x)=a" (log a)" sothat f"(0)=(loga)".
Now by Maclaurin’s theorem, we have

XZ

3 n
Fx)= fO)+ 5 0)+ 2 £70)+ 2 f770)+ .+ F10)+ ...
21 31 nl

- - - n
a* =1+ xloga+;(log ay +%(log ap + ... +X—|(log a)t + ...
! ! n!
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Problem 2(ii): Expand tan x by Maclaurin’s theorem. (Kanpur 2014, 15)
Solution: Let y=tanx. Then (y), =tan0 =0,
B4 =sec?x =1+ tan’x =1+ yz so that
(il =1+ (yh* =1+0=1

Yo =2ypysothat(yy)y =2 (y)y (1) =2x0x1=0,
3 =210 +2yy2=2y12+2yy2 so that ( y3) =2><12+0=2,

Y4 =410+ 2100 +2)p3 =619 + 2 yp3 so that
(y4) =6x1x0+2x0x2=0,

2 2
D5 =610+ 613+ 2113+ 2304 =69" + 813+ 254
so that (y5)) =0 +8x1x2+ 0 =16,and so on.

Now by Maclaurin’s theorem, we have

y=o+x(yo + ;(J’z)o + ;(J@)o

o X
+Z(J’4)0 +§(J’5)0 +o
tanx:0+x.l+é-0+£-2+L-O+£-l6+.4.
21 3! 4 5!

3
st D20y
3 15
Problem 2(iii): Expand ¢* “°® ¥ by Maclaurin’s theorem.
Solution: Let y=¢"“"*. Then (y)g =0 =1
J1=¢
= y (cos x — xsin x)so that (y;)y =1.(1-0)=1,
p9 =y (cos x — xsin x) + p (=2 sin x — x cos x)
giving ( 9 ) =1.(1-0)+1.0 =1,

YCOSX (cos x — xsin x)

y3 = y9 (cos x — xsinx) + y (=2 sinx — x cosx)
+ y1 (=2sinx — x cos x)+ y (=3 cos x + xsin x)
or V3 = Jo (cos x — xsinx) + 2 y; (=2 sin x — x cos x)
+ y (=3 cos x — xsin x)
so that (y3)g =1.(1-0) + 0+ 1.(-3)=-2,
Y4 = y3 (cos x — xsin x) + 3 yy (=2 sin x — x cosx)
+ 3y (=3 cosx—uxsinx)+ y(4sinx+ x cos x)
giving (y4)0=—-2.(1-0)+0+3.1.(-3+0)+0=-11,
5 = Y4 (cosx—uxsinx) + 4 y3 (=2sinx — xcosx)
+6 y9 (=3 cosx+ xsinx) + 4 yy(4sinx+ xcosx)+ y(5cosx— xsinx)
so that (75)0 =-11+6.1.(-3)+5 = -24, and s0 on.
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Substituting these values in Maclaurin’s theorem, we get
Z 4
eFOST — 14 x 14 ﬁ.1+ E31(=2)+ (-1 + i.(—24)+
21 4! 5!
1 P SR P
=l+r+ - -+

2 3 24 5
Problem 2(iv): Expand tan™ ! x by Maclaurin’s theorem. Write also the general term.
(Bundelkhand 2001)
Solution: Let y =tan™ Mx. Proceeding as in Problem 8, Comprehensive problems 4
of the chapter ‘Successive Differentiation’, we get
()0 =0,(y1)o =L(2)0 =0,
and (Fns2)o == {0+ 1) n}(yu)o- (1)
Putting n=1,2,3, ... in (1), we get
(1300 ==@2.D(1)o==2L(r1)0 ==3-2) (1) =0,
(J5)o=-(4.3)(r3)0 =-(4.3). (=2 =4l etc.
Now by Maclaurin’s theorem, we have

'S s
)’:(J’)o+X(J’1)o+;(y2)o+§(y3)o+
3 4
tan"lx=0+ x. 1+£ 0+, -2+ =—
21 3! 41
P
R S
3 5
The general term in this expansion is (x"" /1) ( y, ).

-0+

i

@+ ...

=x—

So we need the value of ( y,)( . Putting (n — 2) in place of nin (1), we get
(o =-{n=-1)(n=-2)y,-2)o
= (= (=1 =231 [= (1= 3) (1= 4)] (4o
Now there arise two cases :
Case I: When 7 is even, we have
(In)o =[-{n=1)(n-2)}
=0, since ( y9)q =
Case II: When ris odd, we have
(o =[-tn=1)(n=2)}][-{(n=3)(n-4)}]
=@ GI=-@) Mo
= (=)= D2 (- 1)1, since ( yy)g =1.

H=Am=3) (n=4)}]..[- 3) @)1 ()2)o
0.

Thus in the expansion of tan™ !x, the coefficient of x” is 0 if 1 is even

\m=D2 =12
V2 et 1)

n! n

and is if nis odd.
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3 7 @D -1]/2
tanflx:x—xiq-i_xi_}_.__+(1)—X2n71+m
3 5 7 2n—-1
3 n—-1
S VI
3 2n-1

Problem 2(v): Expand sec x by Maclaurin’s theorem .
Solution: Let  y =sec x. Then ( y)y =sec0 =1,

yp =secx tan x so that ( y;)g =1x0 =0,
g =secxsec® X + secx tan x tanx = sec> x + sec.x tan” x

=sec> x + secx(sec2x—1)=2sech—secx=2y3 -y
so that (_yy )y —2xB-1=]
73 =65" 1 = yyso that ( y3)g =0 -0 =0,

V4 =6y2y2+12yy12—y2 sothat(y4)0=6><12><1+0—1=5,

and so on.
Now by Maclaurin’s theorem, we have
_ 2 pe o
y=()o +x(ro +;(J/2)0 +;(J/3)0 +;(J’4)0 +o
2 3 4
secr=l+x.0+ 1+ .0+ 5+ .
21 31 4
4
:1+ﬁ+5L
21 41

Problem 3(i): Obtain by Maclaurin’s theorem the first five terms in the expansion of ¢~
(Bundelkhand 2007)
Solution: Let y=¢""* Then ( y), =m0 =0 =1,

sin x

yp=c cos x= y cos x so that ( y;)g =(y)g cosO=1x1=],

y9g=yrcosx— ysinxy  sothat( yy)g=1x1-1x0=1
J3 = P9 COS X — yySin x— yjsinx— y cosx
= yy cos x— 2y sinx— ycosx sothat( y3)y =1-0-1=0,
Y4 = y3 cosx =3y sinx—3y cosx+ ysinx so that
(y4)0 =—3, and so on.

Now by Maclaurin’s theorem, we have
2 K s
7 =0+ (o + 37 (2o + 57 (s)o + 7 (ado + -
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: A
PR 1+ﬁ 1+£ 0+7 ( 3)+
21 31
Xz X4
=l+x+—-"—+
2 8

X
as far as the term o

Problem 3(ii): Expand by Maclaurin’s theorem -
I+e

(Meerut 2006B; Lucknow 06)

Solution: Let y= et T+et -1 1- [
I+e*  1+¢" 1+e*
O
Then (J’)0=Iieo=§,
J’l:O+(1+e:x)2=1ixng1+1€X=y(l—y)=y—y2 so that
(1o :é—i=i’
J’2=J’1—2J’)’150that(y2)o=%-2%%=0,

2
y3 =9 —2y" =2 yyy sothat
(y3)0 =0-2.(1/4% =0 =-1/8, and so0 on.

Substituting these values in Maclaurin’s theorem, we get
eF 1 1 & pe ( 1) 1 x
=—+x -4+ —0+—-=|+...==+=

I+¢* 2 4 21 31 2 4

Problem 3(iii): Obtain by Maclaurin’s theorem the first five terms in the expansion of

log (1 + sin x). (Meerut 2007; Lucknow 07)
Solution: Let  y =log (1 + sin x). Then ( y)y =0,
71 = %Y that ( y)g =1,
I+ sinx
:—sinx(1+sinx)—c052x:—(l+sinx)
(I + sin x)2 (1+ sin x)2
D that ( y9)g =-1,
I+ sinx
g = cosx _ COsX 1 =
3 (1+sinx)2 l+sinx I+sinx 172
so that ( yg)o =-1.(-1)=],

D4 == yy3 - yo° sothat (py)g=-1.1- (-1} =-1-1=-2,
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V5 == 104 — Vo3 =203 == y1J4 —3yoy3 so that
(75)0==1.(=2)=3.(=1).1=2+ 3 =5,and so on.
Substituting these values in Maclaurin’s theorem, we get
log (I1+sinx) =0+ x.1+ (2 /21). (=) + (x> /31).1
+ (4N =2+ (/5054 .
P
- -+t
2 6

=X

12 24

Problem 3(iv): Find the first four terms in the expansion, in powers of x,of log (1 + tan x).
(Rohilkkhand 2011B)
Solution: Let y =log (1 + tan x). Then ( y)y =log (1+ tan0)=0.
Nowe? =1+ tan x. Differentiating both sides w.r.t. x, we get
ey, = sec” x. (1)
Putting x = 0 on both sides of (1), we get
& (o =1 or (o =1

Differentiating (1), we get
¢!y + e yy =2 sec® x tan x

2 x tan x. ..(2)

or cy(y12+y2)=256c
Putting x =0 in (2), we get

I+ ()0 =0 or (yg)g=-1
Differentiating (2), we get

e’ (y12 + ) +ed Qoo+ y3)=2sec4x+4seczxtan2x
or e (y + 319 + y3)=2sect x + 4sec” x tan” x. (3)
Putting x =0 in (3), we get

L+3.1.(=1)+(y3)0 =2 or (y3)p=4
Differentiating (3), we get
3 2 2
ey (o +3y1a + y3)+ ¢! BTy + 3907 + 313 + y4)

=8sect xtan x + 8 sec? x tan> x + 8 sec?

or (it + 607y + 4pys + 300" + 9g)
=16sec? x tan x + 8 sec” x tan> x. ..(4)

X tan x

Putting x =0 in (4), we get
1+6.14(—1)+4.144+3.(—1)2+(y4)0 =0
or (y4)p +14=0

or (y4)o =—-14
Now substituting these values in Maclaurin’s theorem, we get
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2 o P
log (1 + tar\x)—O+1.I+2—!-(—1)+§»4+4—!-(—14)+
=x—lx2+gx3—lx4
2 3

Problem 4(i): Apply Maclaurin’s theorem to prove that
log sec x = — xz+ll2 o I)56+

(Garhwal 2002; Lucknow 10; Bundelkhand 11; Rohilkhand 13)
Solution: Let y =log sec x. Then ( y), =log sec0 =log 1 =0,

-SeC x tan x = tan x so that(_]/l)() =0

J1=
sec x

y2=56c2x=1+tar12x=1+ ylz so that ( 9 ) =l+(y1)02=1,

y3=2y1y9 sothat( y3)g =2(y1)o ()2)0 =0
B2 =2y22 +2y1p3 sothat( yy)g =2><12+0=2,
Vs =40003 + 2093+ 27104 =09 93 + 2174 so that
(75)0 =6x1x0+2x0x2=0,
V6= 675"+ 63504 + 23534 + 23175 =675" + 83534 + 23175
sothat ( yg)g =0+ 8x1x2+0=16, and so on.

Now by Maclaurin’s theorem, we have
_ i o S
7=+ ¥ (ro + 55 (02)o + 55 (r3)o + 55 (D)o +

4o ) i X X

logsecx=0+x.0+ -1+ 0+ 2+ 0+ 16+,
21 5! 6!

3! 41
P A
=" 4+ 4+
2 12 45
27 4
Problem 4(ii): Use Maclaurin’s formula to show that e¢*sec x=1+ x + N + a1 +

(Kumaun 2003; Meerut 04; Rohilkhand 08B)
Solution: Let y=e¢*secx. Then( y)g =1,

yr=¢‘secx+e'secxtanx= y+ ytanxso that( y)y =1
Jo =y + ytanx+ yseczx so that () =1+0+1=2,

J3=J9+ yptanx+ 2y sec2x+2ysec2xtanx so that
(73)p =2+ 2=4,and so on.
Substituting these values in Maclaurin’s theorem, we get

27 41
e SECA—1+X+?+—

31
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Problem 4(iii): Expand sinhx cos x to fifth power of x.
Solution: Let y=sinh x cosx, Then (), =sinh 0 cos 0=0.1=0
y1=cosh x cosx—sinh x sinx,
Then (1)9 =cosh 0 cosO—sinh 0 sin0=1.1-0.0=1
9 =sinh x cosx—cosh x sinx—cosh x sinx—sinh x cosx

=—2cosh xsinx.

Then (79)p =—2cosh 0 sin0=0
y3=—2sinh x sinx—2cosh x cosx
Then (73)p =—2sinh 0 sin0 -2 cosh 0 cosO = -2

y4 =—2cosh xsinx—2sinh x cosx+2cosh x sinx—2sinh x cosx
=—4sinh x cosx=—4y
Then (74 )==4sinh 0 cos0=-4.0=0

Js==4y Then (ys)y==-4(y)=-41=-4
Now substituting these values in Maclaurin’s theorem, we get

3 4
sinhxcosx=0+x.l+£~0+X—~(—2)+X—~O+£-(—4)+ .....
21 3! 41 5!
-2 B3 A5,
3! 5!
Problem 5: Show that
: 2 4 2 3.7 n
(i) e"'cosx:1+x—72x3—2x _2;{5+2x do 2P M
3! 41 5! 7! 4 n!
(Bundellkkhand 2014; Agra 14)
2 n/2
(i) exsinx=x+x2—£x3—2—x5—...+sin(lmt)2 X+
31 51 4 n!

(Meerut 2003; Goralkhpur 06; Lucknow 09, 10; Bundelkhand 2014)
Solution: (i) Let y =¢* cosx.Then ( y)y = ¥ cos0 =1,
yp=¢*cos x—¢*sinx=e" (cos x—sin x)
sothat ( )y =1(1-0)=1,
g =e* (cos x —sin x) + ¢* (= sin x — cos x) = — 2¢" sin x
so that ( y9)o =0,
3 =—2¢"sin x - 2¢* cos x=—2¢" (sin x + cos x)

sothat ( y3)g =—2,

Y4 =—2¢" (sin x + cos x) — 2¢" (cos x —sin x) = — 4¢” Cosx=—22y

so that ( y4)g =-22
y5 ==2yy sothat ( y5)g =—2%,
Ve =—22y2 so that ( yg)o =0,
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In general =0+ 12 cos (x + n tan™ 1) = 2" cos (x + nm /4)

y7 = —22y3 so that ( y7) =23, and so on.

so that ( y, ) =92"2 cos (inn).

Now by Maclaurin’s theorem, we have
n

7=+ x (b +§<y2>o ot S (e

4 . .
=l+x.l+£»0+£-(—2)+ L-(—22)+£-(—22)
21 3! 41
6 7 n
+ X 0+ 234 4 X gn2 cos(lnn)+
6! 71 nl 4
2 .4 2 3.7 n
=I+x—£—2 2 0 L2y +...+2"/2cos(lnn)x—+...
31 41 5! 7! 4 n!

(i) Proceed as in part (i).

Problem 6: Apply Maclaurin’s theorem to prove that

_ 13 2 p2\n/2
m P Mxnsin (ntan~ (b /a)}+ ...

(i) e sinbx = bx+ ab® + :
n:

2 2\ .
a —3b )x3
3!
(ﬂ2+h2)n/2
n!

+ ..

2 2 .
(i) ¢™ coshr=1+ar+2 ;h 2+ Al

+ X" cos {ntan™ V(b /a)} + ...

(Avadh 2011; Kumaun 12)
Solution: (i) Let y = ¢™ sin bx. Then ( y)( = ¥ sin0=0,
1 = ae™ sin by + be™ cos bx = ay + be™ cos bx
so that ( y1)g =0,
oy =ay) + abe™ cos bx — b?e™sin by = ap; — b’ y + abe™ cos bx
so that ( yy)g =ab -0 + ab = 2ab,

3 = ayy — B> y; + a’be™ cos bx — ab®e™ sin by
= apy — b? yy — ab® y + a®be™ cos bx
so that (1) = 2a°h - b* + a’b = 3a’h — b3, and so on.
In general, In = (a2 + b )”/2 sin {bx + n tan~ ! (b/a)}
so that (o = (@ + B>y sin(ntan™ ' (b /a)).

Now by Maclaurin’s theorem, we have
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y=(1)o +1£!'()’1)0 +;(J’2)0 +§(J’3)0

n
X

+ o+ (o + -
n!

:0+l-b+ﬁ-(zah>+£(3azh-b3)+.4.
1! 21 31
n
+ L'(aZ + b2y sin (ntan” ' (b/a)} + ...
n!
. 2013 .
:bx+ubf+wx3+...
2 2\n/2
+%xn sin {ntan” ! (b/a)} + ...
n!
(ii) Let y=e¢™ cos bx. Then ( )¢ =¥ cos0 =1,

1 = ae™ cos bx — be™ sin bx = ay — be™ sin bx so that ( y;)y =4,
oy = ay; — abe™ sin bx — b?e™ cos by = ap; — b” y — abe™ sin bx
so that () =a> — b7,
3 =ayy — by, — a®be™ sin by — ab® ™ cos bx
= apy — b” y; — ab® y — a®be™ sin br so that

(r3)g =a (uz —bz)—bza —ab’ =a (u2 —3b2),and SO on.
In general, Y= (@ + b*)"2 cos (bx + ntan~ ' (b/a)} so that

(n)o = (@ + b*)'"2 cos (ntan™ ' (b/a)).
Substituting these values in Maclaurin’s theorem, we get
- b 24 a(a2—3h2) 3

31
(@ + p*)"
n!

e coshr=1+ ar+ + ...

+ ¥ cos {ntan” ! (b/a)} + ...

Problem7:  Showthat ¢*“* * cos (x sin o) =1+ x cos o + 57 20 + 37 30+ ...

(Rohilkkhand 2007; Avadh 11)
Solution: Putting a = cos o and b = sin a, in the problem 6(ii), we get

n/2

(yn)o = (cos2 o + sin’ o)’ cos (n tan~ ! tan o) = cos no. so that

(1o = cosau(y)g = 03 20 ( y3)g = cos 3o, ete.
excosocCos(xsin(x):1+xcosoc+(x2/2!)c0520c

+ (X2 /3 1) cos 3 + ...
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Problem 8: (i) Expand sin™ ' (x+ h)in powers of x as far as the term in .
(Garhwal 2003)
P

(ii) Show that log (x + h)=logh+ * -+ *__ .
hoooi? 3p3

Solution: (i) First we observe that we are to expand sinﬁl(x+ h) in ascending
powers of x.
So let f(h)y=sin"' b Then f(h+ x)=sin" (ki + x).

Thus we are to expand f( + x)in powers of x. So by Taylor’s theorem, we have

2
Flhi+x)=f(h)+ xf’(h)+%f"(h)+ gf”'(hw (1)

Now f (h)= sin™ ! h. Therefore

) s i 5" A=12y20 ey =n -1ty 32,

Frriy = =132 4 h(=3/2) (1= K2R (- 2h)

=(1=12) 32 4312 (1= 12y P2

=(1=12)2 [ =1y + 312 1= (1= 1Y 22 (1+ 217), etc.
Substituting these values in (1), we have

sin” i+ x)=sin U (1= 1) RPes (P2 n-n?y 3R

+(EBNA=-yP a2+

(ii) First we observe that we are to expand log (x + ) in ascending powers of x. So
let f(h)=1log h. Then f (h+ x)=1log (h + x).

Now proceed as in part (i).

Here Fhy=logh, f*(hy=1/h, f"" (hy==1/1% f"" (h)y=2/1, ... etc.
Substituting these values in Taylor’s expansion, we get
3
log(h+x)=10gh+f—i+l—,—..,
b2 3K
. _ . 1

Problem 9(i): Expand t L xin powers of (x — = m).

®: Ewp “ in powers of (x 4 ) (Agra 2001; Garhwal 06)

Solution: Let f(x)=tan” Ix. Then, we have

1 1 1
tan” ‘x= f(x)= fl-n+(x—= T
S(x) f[4 ( ) )]

)]

[~ We have to expand f(x)in powers of (x —

=f(n/4)+(x—i n)f’(n/4)+2i!(x—i a2 f (/) +

1
4

o

on expanding f [i n + (x — — m)] by Taylor’s theorem in powers of (x — =~ m).

| —
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Now f(x)=tan~ !y . Therefore
f(m/4)=tan"(n/4), ' (x)=

1
1+ &
so that f’(mn/4)=1/(1+ n /16),
£ (x)==2x/(1+ ) sothat £ (n/4)=- n/{2(1+ n° /16)’}
and so on.

Substituting these values in the above expansion, we get
tan™ ' x = tan™! (m/4)+ (x—% m)/(l+ n /16)

- L R+ 2167+

N

Problem 9(ii): Expand sin (1 T+ 6) in powers of .
4 (Lucknow 2009, 11)
2 3
Solution: We have f (a+ h)= f(a)+ h f'(a)+ 1 f7(a)+ %f”’(a)

putting a = g and /1 =0, we get

HG) B (25 )30

Let f(8) =sind

Differentiating w.r.to 6, we get
f(8)=cos®
f7(0)=—-sin®

f”(®)=—cos6
Putting 6 = g , we get
) 522 ()

Putting these value in eqn. (1)

50 5o0) o) 51




Kaiefa's Differential Calculus

Ao
Problem 9(iii): Expand 203 + 72 + x—1lin powers of (x —2).

(Meerut 2004B, 05B, 12B; Gorakhpur 06;
Rohilkkhand 09; Kanpur 11; Kashi 11; Purvanchal 11)

Solution: Let  f(x)=2x> + 7 + x—1.
We can write  f(x)= f[2+ (x-2)].
Now expanding f [2 + (x — 2)] by Taylor’s theorem in powers of x — 2, we get

f)=f2+(x=2)]=f@2)+(x=2) f'(2)

+(1/21) (x =27 f72)+ ... (1)

Now F()=2 +7¢ + x—1 sothat f(2)=223+7.2%+2-1=45,

f/(x)=6x +14x+1 sothat f’(2)=53,

f7'(x)=12x + 14 so that f’’(2)=38,

£/ (x)=12 so that f*""(2)=12,

7 (x)=0 so that f (2)=0. Obviously f*(2)=0 when n>4.
Now substituting these values in (1), we get
(x—2) x-2)

31

=45+53(x=2)+19 (x =27 + 2 (x - 2)°.

384 12

Flx)=45+ (x-2).53+

Problem 9(iv): Write the value of o, if by Taylor’s theorem

205+ 78 + x—1=0+53(x=2)+ 19 (x=2) + 2(x-2)’.
(Meerut 2001)
Solution: Proceed as in part (iii). Ans. 45.

Problem 9(v): Expand log sin x in powers of (x — a).
(Meerut 2001, 06, 13; Rohilkhand 07B; Kumaun 07; Avadh 10)
Solution: Let f (x)=log sin x. We can write f (x)= f[a+ (x—a)]
Expanding f [a + (x — a)] by Taylor’s theorem in powers of (x — a), we get
fx)=fa)+ (x—a) f'(a)+ (1/2 D (x - a) £ (a)
+(1/30) (x—a) f(a)+ ... (1)
Now f (x) = log sin x. Therefore f (a)=log sin a,
f(x)=(1/sin x). cos x = cot x, giving f’(a)=cota
f(x)=- cosec’x so that f (a) = — cosec 24,
£ (x) =2 cosec 2x cotx so that 7 (a)=2 cosec” a cot a,

andsoon.
Substituting these values in (1), we get
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log sin x = log sina + (x — a) cot a — cosec“a

(x—a)2 9
21

(x—a) 2

+ 2 cosec” acota+ ...

o—1
Problem 10(i): If y=¢**" %, show that

(A=) pyi9 = @1 xp, ., -0+ a*) y, =0.
Hence by Maclaurin’s theorem show that
e”Sin_I’Y—l+ﬂx+ﬂ2x2+ +ﬂ2>x3+....

31
(Kumaun 2008)

Also deduce that ¢® =1+ sin 0 + L' sin? 0 + 2 sin> 0+ ... .

(Agra 2000; Kumaun 03)

sin~— 1 ¢
Solution: Let y=¢""" % Proceeding as in problem 7 of the Comprehensive

Problems 4 of chapter ‘Successive Differentiation’, we get
y0)=1 y (0)=a, yy (0)=0a’
and Ypeo 0)= 02 + %) y, 0). (1)
Puttingn=1,2,3,4,...in (1), we get
73 <0>=<12+a2>y1< >:<12+a2>
4 (0)=@2% +d) py (0)= (2% + a®) d®,
_ (22 _ (92 2 2
y5(0)=(3 +a? )yg( )=(3 +a Y(I* +a”)a,
V6 (0)=(# + a®) yy (0)= 4 +a) (2% + a®) a, etc.
a(Z+a) (32 +a®) . [(n=-27 +a®]if nis odd
In general, Ju(0) = ‘
(22 + az)(42 + az) ...[(11—2)2 + az] if nis even .

Substituting these values in Maclaurin’s expansion

n

y=y0)+ 1 (0)+£'y2 )+ ...+L'yn(0)+...,weget

X2+ﬂ(12+a )X3+a2(22+ﬂ2)x4+
31 41

-
eI ey T
21

The general term is (x" /n!) y, (0), where y,(0)is as given above.
Now putting x =sin® and a =1in (2), we get

ee=1+sin6+isin29+ gsin36+
21 3!
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Problem 10(ii): If y = sin(m sin” ! Xx), then show that (1—);)%— x%+ mzy =0.

Hence or otherwise expand sin m® in powers of sin 6. (Garhwal 2003; Lucknow 08)
Solution: Let y =sin (m sin” ! x). Proceeding as in Example 16, after article 7 of the
chapter ‘Successive Differentiation’, we get

7(0)=0, y (0)=m, y, (0)=0,
and Tnr2 0)=0 =0t y, 0). (1)
Putting n=1,2,3,...in (1), we get

3 (0)=(2 =n?) y )= (1> =) m,

74 (0)=(2* =) 3y (0)=0,

75 0)=(3* = 1) y3 (0)= (3% =) (1> = w*) m, etc.

Substituting these values in Maclaurin’s theorem, we get

sin(msin_l x)=y(0)+x (0)+§y2 0)+...

m(lz—mz)x3+ m(lz—mz)(SZ—mZ)xs .

=mx +
3! 51
Putting x = sin 6 on both sides, we get
2
sian:msine+%_‘mz)singe
2 2
+m(1 _,,,2)(3 _mz)sin56+...

5!
Problem 10(iii): If y = sin log (2 + 2+ 1), prove that

(x+ 1y, 0+ Cn+ D) (x+1) y, .+ (P +4) y, =0. (Agra 2002)

Hence or otherwise expand y in ascending powers of x as far as O

Solution: Here y =sin log (x2 + 2x + 1) =sin log (x + l)2 (1)
=[cos log (x + 1] _2(x+1)
7 & (x+ 1y
= [cos log (x+ 1] —2—. (2)
x+1

Squaring both sides of (2), we get
(x+ 1)2y12 =4 cos® log (x + 1)2
=4[1-sin’log (x + 1 ]=4(1- y?)
or (x+1P p2 +4)* —4=0. .(3)
Differentiating (3), we get
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(x+ 12 2y 9 +2(x+ 1) p> + 8 =0
or 29 [(x+1P py + (x+1) py +4y]=
or (x+l)2y2+(x+l)y1+4y=0, ...(4)

since 2y, #0.
Differentiating (4) n times by Leibnitz’s theorem, we get
(412 ypi0+ "Cl g 2(x+ 1)+ "Cy . py 2
+(x+D) y, 1+ "C.y, 1+4y,=0
or (x + 1)2yn+2 +@n+D)(x+1) y,q + (}12 +4)y,=0. ..(5)

Putting x =0 in (1), (2) and (4), we get

()0 =0,(1)o =2(r2)o + (y1)o +4 ) =0o0r () =-2
Also putting x =0 in (5), we get

(Jn+2)0 + @+ 1) (Do + 07 +4) (7)o =0

or (Fuv2)o ==[@n+1)(puy o + 07 +4) (o - (6)

Now putting n=1,2, 3, 4 in (6), we get
(3)0 ==1[3(r)o +5(o
(ya)o=-15(r3)o +8()o
(75)0 ==17(p4)o +13(y3)

and (¥6)o==19(r5)0 +20( 40
Now by Maclaurin’s theorem, we have

I==3.(=2)+5.2]=-4,
I==[5.(=4)+8.(-2)]=36,
0l=-17.(36)+13.(-4)] = - 200,
1=-19.(-200) + 20 .(36)] =1080.

y=(r)o +%(J’1)o +;(J’2)o +==(3)o

=2x- 2 - 7x +%x4—§x5+§x6+...

Problem 11: By Maclaurin’s theorem or otherwise find the expansion of y = sin (¢* — 1) upto

and including the term in «*. Find also the first two non-vanishing terms in the expansion of xas a
series of ascending powers of y.

Solution: Let y =sin (¢ * —1). Then ( y)g =sin0 =0,
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g1 =[cos (¢* =1)].¢* so that ( y;)o = (cos 0).¢% =1,
7y =[cos (" =1)].e* = [sin (e* = )]. ™ = y; — ye**
so that ( yy)o =( 11)o —( p)g ® =1-0=1,

Y3=DJ2 =1 62"'—2ye2)‘ so that ( y3)g =1-1-0=0,

Y4 = y3 — pp et =4y e?F —4ye® sothat () =- 5, etc.

Hence by Maclaurin’s theorem, we get
3

sin(e* =1)=(p)g +x(y)o + = ()0 '(J’S)O+

ey
XZ X3 X4

=0+x. 1+ —1+—0+—-(=5)+...
21 3

Second Part: We have
y=sin(e*=1) = e -l=sinly = ¢ =l+sin”'y. (1)
Differentiating (1) with respect to ‘ y’, we get
e* x =1/~ y*), where x| = dv/dy. (2)
From (2), we get (1-y )x12 =¢ 2%,
Differentiating it with respect to ‘ y’, we get
(1- yz )21 % —2yx]2 =e _ZX(—le)
or (1- y*)x — yx = —e ¥ since 2x 20. (3)
From (1), we have x = log(1+sin_1y). ...(4)
Now putting y =0 in (4), (2) and (3), we get
(x) = log(1+0)=0,¢".(x)y =1/ (1-0) giving
() =1, () =—® =—1. [Note that (x) ,_o =0]
Hence by Maclaurin's theorem, we get
= () + y0ng + (77 /2D () + -
—0+ pl+ (2 /20 (=)t . = y—%yz .

Problem 12: Expand log {1 — log (1 — x)}in powers of x by Maclaurin’s theorem as far as the
term x°. (Avadh 2009)

By substituting x /(1 + x)forxdeduce the expansion of log {1 + log (1 + x) }Yas far as the term in

Solution: Let y =log {1 -log (1-x)}.Then( y)y =0.
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Now ¢ =1-log (I - x). Differentiating, we get

edy=(1-x L (1)
Putting x =0 in (1), we get ( y;)o =1
Differentiating (1), we get

eyy12 +edyy=(1- x)_2
or el (yf + pa)=(1-x)? (2)
Putting x =0 in (2), we get

I+ (p9)g =1 or (y3) =0.
Differentiating (2), we get

eV + 3y + yy)=2(1-x)3 .(3)
Putting x =0 in (3), we get

L+ (pg)o =2 or (p3)g =1
Substituting these values in Maclaurin’s theorem, we get

P e
log {1-log (1-x)}=0+ x. l+2— 0+% 1+ ..

31
be
=x+—+.. ..(4
X+ = (4)
Now substituting x/(1 + x) for x on both sides of (4), we get
3
log 41 -log |1 - ol ST S ) +
I+ x I1+x 6{1+x

or log{l+log(1+x)}:x(l+x) +(1/6) 2 1+ x)7 3+ ...

:x{l+(—l)x+( 2) 2y } 6x {1+ (=3)x+..},

I.

on expanding by binomial theorem

—12+x3+...)+(éx3+..‘):x—x2+£x3+,‘.

Problem 13: If y = (sin” ' x)/N(1 = ), where = 1< x<land - ©/2 < sin” ' x< /2,
n+1 n— 1

prove that 1- xz) Ty Cn+1)x d" V2 d =0.
A" A" A T (Meerut 2007B)

Assuming that y can be expanded in ascending powers of x in the form
dy + apx+ apx” + o+ a4

prove that (n+ 1) a, , | =n a, _y and hence obtain the general term of the expansion.
Solution: Here y = (sinf ! x)/\/(l - xz) (1)
: y2 1- (sin™ x)z




Kaiefa's Differential Calculus

o119
Differentiating w.r.t. x, we get

2y (1= ) = 2xp” =2 (sin” L) /N1 = ) =2y,
Since 2y # 0, therefore y; (1 - xz) -y =1
ie. (=)= xp—1=0. (2)
Differentiating (2) n times by Leibnitz’s theorem, we get

In+1 (1_X2)+nyn (_Zx)+ n(gl_l) yn—l'(_2)

-, —ny,_1=0
or (=) yy1 —Cu+ Dy, =iy, =0. (3)

Now putting x =0 in (1), (2) and (3), we get ( y)o =0,( y1)g =1
and (Jus1)o =7 (n_Do- . (4)
By Maclaurin’s theorem, we have

y=(o+ (1o + (P20 () + oo+ (/1) (yp)o + -
Also we are given that y =ay + ajx+ azxz +ot+a) +

Comparing the coefficients of x” in the two expansions for y, we get a, = (,)y /n!

”n+1:(yn+l)() +(yn—l)0 (In+1)o (n-1)!

Ay -1 (n+D! (=Dt (yy-1)o (r+1D!

=n"- , From (4
n(n+1) [ @]
_ n
n+1
(m+a,, =na,_, Proved
or Ayl = . Ay —1- ..(5)
n+1
Now ay =(p)o =0,a;=(y1)o =1
Putting n=1,3,5,..in (5),
we get azzlao=0,a4=§a2=0,a6=§a4=0,etc.
2 4 6
Thus a, =0if nis even i.e., ay,, =0.

Again putting n=2,4,6,...in (5), we get

a :%g :g a :é.g :é

37373575 85
In general, if 7 is odd, we have
:n—l.n—3

a
n
n n-2

42
g
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Thus g1 = 2m  2m-2 %

2.
Im+1 2m-1""5 3

-1
Problem 14: If y = ™™ ¥ =g + ayx + ayx® + ... + a,x", prove that

(m+Da, +n-1)a,_;=ma, (Purvanchal 2007)
Solution: Given y=¢" tan~!x (1)
Differentiating  y; = ¢™ tan”! X[ m :| (2)
1+
or yp(I+ )= my

Differentiating again (I + ) 9+ 2xp1=my;
or 1+ 22) yy+ 2x—m) y; =0 .(3)

Differentiating (3) n times by Leibnitz’s theorem, we get

n(n-1)
2

(1+X2)yn+2+n'2xyn+l+ 2)771

+@2x—m) y, 1 +ny,.2=0 ..(4)
Putting x = 0 in all equations, we get
(Do =L (7)o =m (ya)g =n?

and (Fns2)o =m(Vyy)o —nn+1)(yu)o ..(5)
Given Y=dy +apx a4 o+ a) ..(6)

Also from Maclaurin’s Theorem, we get

=)o +x(y)o + ; (12)0 + oot %un)o +o (7)

Comparing the coefficients of x" in (6) and (7), we get

(J’n)()

ay =
n!

or (yy)o =nlay,

Similarly (Fpe1)o =y 1 (m+ D) and  (y,_1)g =a,_1 (n=1)!
Also replacing n by n —1in (5), we get

(Dn+1)o =m(yn)o = =1n(y,_1)o
or a, g (m+D=mnla, —nn-1)(n-1)la,_,

|

Problem 15: Prove that
Fm)= fx)+m=1)xf’(x)+ 1/21) (m=1P & f " (x)
+(1/3)(m-1y f’f"’
(Meerut 2001; Agra 07; Rohilkhand 13)

(n+1)=ma, —(n—-1)a, _;.
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Solution: First we observe that we are to expand f (mx)in powers of (m —1) x.
We can write  f (mx)= f{x+ (m-1)x}.
Expanding f {x+ (m—1) x} in powers of (m — 1) x by Taylor’s theorem, we get
flx+(m-)x}=f(x)+ (m—-1) xf" (x)
+(1/20) (=17 2 f7(x)+ ...

Fmx)= f(x)+ m=1)xf (x)+ 1/2) (m =17 2 [ (x)

Problem 16: Prove that

2
(i) f[l)‘2 )=f<x>—1" @+ 2i -
T tx + x) (Rohilkhand 2008)
f

(i) f(x)=[f0)+ #’(X)—?f”

243 x) _

in powers of | — .
+ x 1+ x

L
31

Solution: (i) Firstweobserve thatwe are to expand f (1

We can write f(lf—zx]:f[x-'-(_ljxj].

Now expanding f |:x + (— lxj] by Taylor’s theorem in powers of — 1 T we get
+ x +x
Ll I x , 1 LY
f{1+x}_f(l)+(_l+x]f (X)+2!(_1+XJ fre
_ _ X ’ Xz i 12 _
R T e P

(ii) We can write f(0)= f[x+ (- x)] Now expanding f[x+ (- x)] by Taylor’s
theorem in powers of — x, we get

SO)=flx+(=0)]=f )+ (=x) f(x)

3
(‘2’?2 £y S ey g

31
or FO)= FW - @ - s
fx)=fO)+ " (x)== f7(x)+ = f"7(x)— ..., bytransposition.
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10.

@nts to Objective Type Questions

Multiple Choice Questions

See Problem 9(v) of Comprehensive Problems 1.
e (1+eh)-1 1

Let = = =1- =1-(1+¢%)L.
J 1+¢* 1+¢* 1+¢*
X
Then, y =(+e")y2ef= ¢
1+ ")
1
(1o =7

Now, by Maclaurin’s theorem, we have
S
7 =00 * 5 (Do * 5 (2o + -
The second term in the expansion = % (o —

Let y =log (1 + sin’ x). Then ( y), =0.

Now e? =1+sin’ x.

Differentiating, we get ¢ p; =2sin x cos x =sin 2 x.
Putting x =0 in (1), we get & (y1)0 =0or( y1)y =0.
Differentiating (1), we get ¢ ()’12 + y9)=2cos2 x
Putting x =0 in (2), we get  ( y9)y =2.

Now substituting these values in Maclaurin’s theorem, we get

10g(1+sir12 x)=0+x.0+é'-2+... .

See Problem 9(v) of Comprehensive Problems 1.
See Problem 9(
See Problem 4(ii) of Comprehensive Problems 1.

i) of Comprehensive Problems 1.

Like Problem 2(v) of Comprehensive Problems 1.
See Problem 2(iii) of Comprehensive Problems 1.
Like Problem 8(i) of Comprehensive Problems 1.
See Problem 9(iii) of Comprehensive Problems 1.

See article 2.

D113y,
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Fill in the Blanks

1. Like Problem 2(iv) of Comprehensive Problems 1.

2. By Maclaurin’s theorem,

_ x & o
7 =00)+ o+ 5, (O2)o + 5 (3)o + -
But, it is given that y =x+ — + i +...
6 24
So, comparing the coefficients of 2 in both the expansions of y, we get
(3)o _1
=_ =( - =1
s g Wso
3. We have (13)o -2
3! 3!
(r3)0 =2.

0=
4. See Problem 8(ii) of Comprehensive Problems 1.

True or False
1. If y = f(x)is to be expanded by Maclaurin’s theorem, y must be defined at
x =0. The function log x is not defined at x = 0 because log0 = —ce.
2
2. In the Taylor’s series f(a+h)= f(a)+ h f(a)+ ];—' fra)+ ...

1!
. x ’ 'xz 124
if we puta=0 and /i = x, we get f(x)= f(0)+ ﬂf 0)+ jf 0)+ ...
which is Maclaurin’s series.
3. See article 3.
O00




Chapter-6

Indeterminate Forms

Comprehensive Problems 1

Problem 1: State L' Hospital's rule.
Solution: If f (x)and ¢(x)be two functions of x which can be expanded by Taylor’s
theorem in the neighbourhood of x =a and if f (a)=¢(a)=0, then

lim fe) _ lim '@

x—>a ¢(x) x—oa q)’(x)’

provided, the latter limit exists, finite or infinite.

This is generally known as L™ Hospital’s Rule.

Note: 1f flay=f@)y=...= f" Ya)=0

and O (@)= 0" (a)=...=¢" "1 (a)=0

but f"(a) and ¢"(a) are not both zero, then by repeated application of Hospital’s
rule, we have

x=a 0 (x) x—oa ¢ (x)
Problem 2(i): Evaluate lim w
—0 x

Solution: Here lim % [From 0/0]
-0  x

= lim £%% -]
-0 1 ’

Problem 2(ii): Evaluate lim *— Sin x

x—0 x3

Solution: Here lim X =S¥ [FormO /0 sowe shall apply, L'Hospital’s rule]

x—0 X

[Form again 0/0]

[Form again 0/0]
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X —sinx

o x—[x= (B3N (P /5 -]
Aliter: iy —5—= lim} 2
im (3 /6) = (X /120) + ...
=0 x3

i [ b 1
=lm|--——+..|==
=06 120 6

et -1
x

Problem 2(iii): Evaluate lim
x—0

, . oef -1 0
Solution: We have lim [Form 6]

-0 x

= lim £ -0
-0 1

=1

1 — cosx
¥ (Meerut 2012B)

Problem 2(iv): Evaluate lim
x—0

Solution: We have lim I - cosx |:F0rm 9]
x—0 0
= lim ﬂ [Form 9]
=0 2x 0
iy oL
=0 2 2

Problem 3(i): Evaluate lim x —42)(5 4 +9x-4
=1 A28 v ox -]

Solution: We have
i X -2 4 +9x—4
1m 3

e G |

’

[Form 0 /0 so we shall apply L'Hospital’s rule]
568 — 6% -8x+9

=lim ~——— _— ~° [Form again 0 /0]
=1 453 62 42 8
3
= lim 29¥" ~12¢-8 , [Form 0/0, .. again apply L'Hospital’s rule]
=1 122 ~12x
iy 605 —12
= |lim -~
x—1 24x-12
_00-12_48_,

24-12 12
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a* - b*
Problem 3(ii): Evaluate lim .
r=0 X (Agra 2003)
“.\’ _ bx
Solution: We have lim , [Form 0 /0]
x—0 X

— lim @ loga—b"logh
x—0 1 ,

by Hospital's rule

=loga—logh =log(a/bh).

Problem 3(iii): Evaluate lim 1€ 0=
=0 log cos x

Solution: We have lim M,
=0 log cos x

[Form 0 /0 so we shall apply L'Hospital’s rule]
o= /(1-) 2 x
=lim =22V " /= |im | 2 _

x>0 —sinx/cosx x>0 |]_ 2 tanwx

:(Iim 2 ][hm x ]zlezz.
X—)OI_XZ =0 tan x

X
Problem 3(iv): Evaluate lim w7
X 2
X
Solution: We have lim w,
x—0 2

[Form 0 /0 so we shall apply, Hospital’s rule]

i e et -1/ + )
x—0 2x

, [Form 0/0]

— lim xex+e”+e’(+{I/(I+x)2}:0+1+1+1
=0 2 2

_3.
2

Problem 4(i): Evaluate lim *— ng ap
=0 tan® x

3
Solution: We have lim L;nx = lim JXZS Y (Note)
=0 tan’ x >0 v tan x

3
= lim 27 m ad = lim m, -+ lim =1
x—0 X =0 | tan x x—0 ¥ x—0 tan x
1

= 8 [Proceeding as in problem 2(ii)]
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sin2x + 2 sin* x — 2 sin x

Problem 4(ii): Evaluate lim >
= C0S X — c0S” X
i -2 .
g . + -
Solution: We have lim SIn2¥+2sin”x . 2sin x
=0 COS X — COS™ x

’

- lim 2 cos2x + 4 sin x cos x —2 cos x

=0 —sin x — 2 cos x (- sin x)
. 2c0os2x+ 2sin2x—2 cos x
= lim - - ,
=0 —sin x + sin 2x
- lim —4sin2x+4cos2x+2sinx _-0+4+0 _
¥—0 —cos x+ 2 cos2x -1+2

7
Problem 4(iii): Evaluate lim I+ -1
x—0 X

n
Solution: We have lim M’
x—0 X

~ i O Xyl
x—=0 1 '

=n.

[Form 0/0]

[Form 0/0]

[Form 0/0]

[By L'Hospital’s rule]

l+nx+%x2+...—

n
Aliter: We have lim (I+x) -1 =
x—0 X x—0 X

= lim {n+ n(;;—l) X+ ..}zn.

x—0

l
Problem 4(iv): Evaluate lim %*

—1x—1

1
Solution: We have lim o8 ¥
=1 x—=1
= lim I/J =1.

-1 1

. e o esinx
Problem 5(i): Evaluate lim

=0 x—sinx

P
; N ) x—flq.;,
Solution: Here Nr.=e¢* — MY =¥ _p, 3! L
3
=¢" (1-¢%), where z:—L+£_

31 51 7
2 2
=e"|:l—(1+z+z+...}}:—e"'{z+z+...
21 21

(Garhwal 2001)

[Form 0/0]
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6 120 6 120

—

ER
- 4+

31 5!

B2 a1 )
R

Also  Denom. = x —sin x=x —

6 120 6

XY B e Y [(1/6) - (2 /120) +

lim = lim

-]

=0 x—sinx x>0 B [(1/6)- (¥ /120)+
FL(1/6) = (#/120)+ ...] _1/6

= lim =—-—=1.
=0 (1/6) - (+* /120) + 1/6
Problem 5(ii): Evaluate lim Ll_xz)
x—0 XZ
Solution: We have lim M
x—0 XZ

-]

[Form O /0 so we shall apply, L'Hospital’s rule]

1 9.
0—1{; (1= )12 (-20))
= lim 2
x—0 2x
fim 2NA=F) 1 1
x—0 2x x—0 2\/(1_)(2) 2
Problem 5(iii): Evaluate lim fanx = x.
=0 ¥ tan x
Solution: We have lim tanx-x_ lim tanx—x  x R
=0 Ptanx 10 © tan x
~ i AN X - x
x—0 x3 '
- lim sec2x—l
=0 32
- lim 2sec x.secx tan x
x—0 6x
= lim (l~S€C2X' tan x J=l~1.l=l-
x—0 X 3 3

(Avadh 2014)

(Note)

[Form 0 /0]

[Form 0 /0]
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Problem 5(iv): Evaluate lim "%
x—0 X — sinx

Solution: We have lim M [Form0 /0]
x—0 x—sinx
. sec?r—1
= lim >—~ ~ [FormO /O]
x—0 1 - cosx
2
= lim 2sec x.sec x tan x - lim 2sec ‘x. tan x [form 0 /0]
x—0 sin x x—=0 sin x
= lim 4sec” x. tan® x + 2sectx
x—0 cos x
=0+2=2
1
Problem 6(i): Evaluate lim {cosh x + log (1= x) — 1+ *}
x—0 X2
Solution: We have lim S0Sh ¥+ 1og (1- ) -1+ x [Form 9]
x—0 2 0
2 4 3
(1+L+L...)+(—x—ﬁ—i—...)—1+x
= lim 21 41 2 3
x—0 2
24 - -
-+ 4+ + (terms containing xand its higher powers)
= lim —3 2!
x—0 XZ
= lim |: Ly l + terms containing x and its higher powers]
x—0 XZ
=0.

BRBERIGEE), Evoluate iim O S ¥~ 7sin2x+3sin3x

=0 tan x — x (Meerut 2001)
Solution: We have lim Ssin x—7sin2x + 3 sin 3x , [Form 0/0]
x—0 tan x — x
9.3 3
5 x—£+ e | =7 4(2x) - (2) + ...+ 340C8x) - (3x) + ...
i 31 31 3!
= lim
x—0 (x + ; Z XS + .
© (- > + 28 _27 + higher powers of x)
= lim 6 3 2
x—0 (lx3+£x5+...)
3 15
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— 5 + terms containing x and its higher powers

= lim
=0 (l+ 3)(2 +..)
3 15
—_ 2 __1s
1/3

X
Problem 6(iii): Evaluate lim Le” + log {1 x)/e} ],

=0 tan x — x
e* + log (1 - x) .
Solution: We have lim — ~ 7/ _ |jm ¢ +tlog(I-x)—loge (Note)
x—0 tan x — x x—0 tan x — x
X
- fim ¢ tlogd-n-1 [Form 0/0]
=0 tanx — x
R 2 9
+x+§+§+ et —x—?—g—... -1
= lin(l) . . 3
)H x+£+2—+...—x
3 15
- é © (1+ terms containing x and its higher powers) 1
= lim =—_.
=0 L v (1+ terms containing x and its higher powers) 2

_ 9.4 _ 6/5
Problem 6(iv): Evaluate lim XW X
x—1 1— XZB

[on 04 _ 6/5
Solution: We have lim w [Form %]

x—1 1_)(2/3

1
xé(3x—2x4 1232853 )4 f 3x—24* —ng

= lim
r—1 _gx—l/3
3
I g o012 o — 6 -5 6
:15(3 2) (3-8)++/3-2 §:7+1 §:2lx§:81
-2/3 -2/3 1 2 2
Problem 7(i): Evaluate lim o x|
x—>7n/2 x_l P
2
Solution: Wehave lim 9% [Form 9]
on/2 T 0
2
= lim - _gin T

‘

x—>m/2
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. R
Problem 7(ii): Evaluate lim

x—a x' —g

a

, . oat=x" 0

Solution: We have lim Form —
X—>a x —aﬂ O

~ fim a*loga—a x4

r=a x*(I+logx)-0

a—1

_a"loga—aa""" _(loga-1)

a*(1+loga) (loga+l)

(1+x)1/x—e+%ex

Problem 7(iii): Evaluate lim

=0 xl

(Agra 2002; Avadh 06; Purvanchal 14)

(1+ x)l/x—e+lex
Solution: Here lim 2 [Form 0 /0]
x—0 XZ
elil—l +£x2+ ...... ] —e+ —ex
i 2 24
= lim
x—0 XZ

(See Example 5 after article 3)

- lim ¢ [(11/24)  + terms containing higher powers of x]
x—0 xz

= lin(1) e [(11/24) + terms containing x and its higher powers]
X—>
=(11/24)e.

. .
Problem 7(iv): Evaluate lim M

x—0 x6
. . -1 :
Solution: We have lim M [Formg]
x—0 x6 0
| B3 9 13 132
= lim — P S | I L A e
x>0 O 3! 5! 23 245
3

=1imL A2+x4(l—l)+x6( —L+L)+...]
=0 40 | 6 6 10 36 12
1

= lim — | x°. % + higher powers of n:|

x—0 xG L
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Problem 8(i): Evaluate lim X A+2c08x-2
x—

X sin3x
_ _ 3
Solution: We have lim x2+2c703$x2 = lim 2 +2 c;)s x=2 )‘3
x>0 xsin” x =0 X sin” x
3
- lim [_* .]imx2+2cosx—2
=0 {sinx) x>0 o

. P +2cosx—2 .
= lim ———~ = - lim =1
=0 & =0 sinx
= lim 2x=2sinx , [By L’Hospital’s rule for the form 0 /0]
x—0 4)(3
= lim 2-2cosx [Form again 0/0]
x—0 ]2)(2
. 2sinx 1 .. sinx_ 1 1
=lim=>~—"""=_"Jlim >~——"=—-]=—-
=0 24x 12 x»0 «x 12 12
X Xcos x
Problem 8(ii): Evaluate lim ¢ —°¢ _ .
x>0 x = sin x (Kumaun 2012)
X XCOoSs x
Solution: We have lim & —¢ [Form 0 /0]
=0  x-—sinx
X _ ,XCOS X o
= lim & ~°¢ (cos x = xsin x) , by Hospital’s Rule
=0 I -cosx
[Form again 0 /0]
—im ¥ — ¢S ¥ (cos x — xsin x)2 — e¥ 5 ¥ (= 2sin x — x cos x)
x—0 sin x '
by Hospital’s rule
— lim ¢ ¥ _ ST (cos x — xsinx)? + ¥ (2sin x + x cos x)
x—=0 sin x '
[Form 0 /0]
e’ — ¢ ¥ (cos x — xsin x)°
—2¢ ¥ ¥ (cos x — xsin x) (— 2 sin x — x cos x)
+ ¢ " ¥ (cos x — xsin x).(2sin x + x cos x)
 lim + ¢ %Y (3 cos x — xsin x)
=0 cos x

:l—l(l—O)g’—2><1><1><0+1><1><O+1><(3—0):I—I+3:3
I 1 '
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Problem 8(iii): Evaluate lim coshx = cos x.

=0 xsinx (Meerut 2012)
Solution: We have lim cosh x - cos x , [Form 9]
x—=0 xsin x 0
= lim cosh x — cos x Ax (Note)
x—0 ,\2 s x
. cosh x—cos x 0
= lim —/—/~ _—7"7 Form —
x—0 2 0
. sinh x+ sin x 0
=lim >—~"> "~ Form =
x—=0 2x 0
- lim cosh x + Cosx=1+l=1
>0 2 2

sin 2x+a sinx

x2

Problem 8(iv): Evaluate lim
x—0

Solution: We have lim sin2x + asinx [Form 9]
x—0 2 0
= lim 2cos2x+a cos x o ifar—2
x—0 2x
= lim — 4 sin2x—asin x ~0.ifa=2
x—0 2
Problem 9(i): Evaluate lim sin -
x—0 x4
.2
Solution: We have lim M [Form 9]
x—0 x4 0
2
2 3 3
3 9 X
x ) ) R
1 [x_31+ )—f ) lJ’[gl) Y
= lim = l1mm
x—0 x4 x—0 x4
o [— 2, higher powers of x] 1
= lim 6 =—_
x—0 X4 3

sin xsin” b x

x2

. - . -1 .
, . sinxsin” ' x . sin” " x sinx
Solution: We have lim , = lim .
x— 2 x—0 X X

Problem 9(ii): Evaluate lim
x—0

=1
= lim M, [Form g]

x—0 X




Indeterminate Forms

D125l

IN1-2)

= lim =1.

x—0 1

Problem 10: Find the values of a and b in order that

x(1+ acos x)—Dbsinx

lim may be equal to 1.
=0 P (Meerut 2013B)
Solution: We have lim (1+ a cos x) — b sin x ,
x—0 x3

[Form 0 /0 so we shall apply Hospital’s rule]

. 1+ acosx—axsinx—b cosx
= lim .
x—0 3)(2

Now the denominator of (1) = 0 as x — 0. Therefore if the numerator of (1) does not
tend to 0 as x — 0, then the given limit cannot be equal to 1. Hence for the given limit
to be equal to 1 the numerator of (1) must also — 0 as x — 0.
. l+a-b=0 or a-b=-1 ...(2)
Now if 1+ a — b =0, then (1) takes the form 0 /0. Hence by applying L" Hospital’s
rule to (1), the given limit is equal to

—asinx—asin x —ax cos x + b sin x

(1)

lim

x—0 6x

= i " cos x+ (b = 2a)sin x ’ [Form 9]
x—0 6x

= i —A4cosx+ axsin x + (b — 2a) cos x [By L'Hospital’s rule]
=0 6

:—a+b—2u:b—3a:l7 (as given)

6 6
b-3a=06. ...(3)

Adding (2) and (3), we have —2a=5 or a=-5/2.
b=a+1=(-5/2)+1=-3/2.
Hence a=-5/2, b=-3/2

X - X
Problem 11: Find the values of a, b, ¢ so that lim ac” —boosxtee” " 2.
x—0 X sin x

(Kumaun 2007)

Solution: Here the given limit
. ae*—bcosx+ce * a-b+c
= lim . Form —— —
x—0 xsin x

For the given limit to be equal to 2, we must have
a-b+c=0. (1)
Now applying L’'Hospital’s rule for the form 0 /0, we have the given limit

. ae*+bsinxy—ce " a-c
= lim - . form
=0 sin x+ x cos x 0
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For the given limit to be equal to 2, we must have
a-c=0. (2)

Now again applying L’ Hospital’s rule for the form O /0, we have the given limit

X

. ae*+ b cos x + ce” a+b+c
= lim = .

x—=0 cos x + cos x — xsin x 2

for the given limit to be equal to 2, we must have
(a+b+¢)/2=2 ie, a+b+c=4. ...(3)
Solving (1), (2) and (3), we geta=1, b =2, ¢ =1.

Problem 12: Find the values of a, b, ¢ so that lirr(,) x(a+ beosx)—csinx _ 1.
X—

°

Solution: We have lim * (a+bcosx)—csinx

x—0 xi
[Form 0 /0 so we shall apply L” Hospital’s rule]

_ (a+ b cos x)—bxsinx—c cos x
=0 ?

Now the denominator of (1) » 0 as x — 0.

(1)

But if the numerator of (1) does not tend to zero as x — 0, then the given limit
becomes infinite. Hence for the given limit to be equal to 1, the numerator of (1) must
—0asx—0

a+b-c=0 ..(2)
Now ifa + b — ¢ =0, then (1) takes the form 0/0.
Hence by applying L” Hospital’s rule to (1), the given limit is equal to

lim — (b —c)sin x — b sin x — bx cos x [Formg]

=0 20 1

_ )}g% —(2b —=c¢) cos x();) izcos X+ bxsin x [By L' Hospital’s rule]

- lim —(8b —c¢)cos x+ bxsin x
=0 60 22

For the given limit to be equal to 1, we must have
-3b+¢=0 .(3)
Now again applying L’ Hospital’s rule for the form 0/0, we have the given limit

- lim (3b —¢)sin x + b sin x + bx cos x [Form 9]
x—0 120 x

- lim (4b —c¢)cos x+ b cos x — bxsin x [By L' Hospital’s rule]
=0 120

_Sh-c¢

S 120

For the given limit to be equal to 1, we must have
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Sh—c _

120
Solving (2), (3) and (4), we get a =120, b =60, ¢ =180.

1, ie, 5h-c¢=120 ...(4)

Comprehensive Problems 2

Problem 1(i): Evaluate lim 2

x—oo gV
Solution: We have lim —* [Form oo /oo
X—> o0 gx
I S
e p¥ g™ o

X
Problem 1(ii): Evaluate lim <

X—o y
E)(
Solution: We have lim — [Form oo /eo]

e B
Apply L' Hospital’s Rule (3 times)

X =

Problem 2(i): Evaluate lim M_

=1 cot v

log (1-x)

Solution: We have lim [Form oo /eo]

r—=1  cotmx

-1
— .2 .
—lim _l=x ST g 2sinecos . T_o
x—1 —COSCC2TUC =1 1—-x x—1 -1
50 . logx
Problem 2(ii): Evaluate lim s a>1. (Garhwal 2003)
X—oo g
Solution: We have lim log x [Form oo /eo]
X—> 00 ax
= lim /-0 _oxo0=0.

e gt loga oo

Problem 3(i): Evaluate lim log(x~a)

x=a log (e ¥ — )

log (x — a)

Solution: We have lim —o~ =/ | [Form oo /eo]
x=a Jog (¢¥ —e)
X a
—lim M=)y, e me [Form 0/0]

x=a(l/(e* —eM)}e* xoace’ (x—a)
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o e* o e* . 1 B
= lim - = lim =lim ——— =1
x=saet (x—a)+ e xsae[(x—a)+1] xsax—a+l
Problem 3(ii): Evaluate lim Senx
s ltan3 mx
1. (o)
Solution: We have 1ml _seeny |:Form —]
== tan3 mx oo
_ lim cos3 mx [ 0]
= | — 27" Form =
=3 sin3 m x.cos mx 0
-k —sin3nx.3 7
= lim
rslcos3mx3m-cosmx—sin3 wxsinmxr
2
_13= _3
O+l.m
3
Problem 4(i): Evaluate lim {(log x) }
X—> o0 x
. . (log x)3 oo
Solution: We have lim ~—5 =" [Form 7]
XY—yeo X oo
1
3(log x).~ )
- lim — Xy oUog X
X—> o0 1 X—> o0 X
6(Iogx)l 6(1 ) 6.1 6
=lim — X =1lim 98 *) — lim r="=0.
X—> 00 X—> o0 X x—o 1 I
3
Problem 4(ii): Evaluate lim m.
Yoo [+ x +
, . x(log x)3 oo
Solution: We have lim —~—& = |:Form —]
reo |4 x4 X oo
x. 3(log x)Zl + (log x)3
= lim X
X—> 00 0+1+2x
y 3
- lim 3(log xf + (log x) |:F0rm f]
x—> o0 1+2x oo
3(log x) 1 + 3(log x)z.l
= lim X X
X o0 2
2
— lim 3 log x + 3 (log x) |:F0rm f]
x—> o0 2x oo
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3=+ 6 (log x).~
= lim X X = lim 3+06log x [Formi]
X—> o0 X o0 2x oo
6
= lim x=3 0.
x—e 2 oo
Problem 5(i): Evaluate lim {x tan (1 )}
x—> o0 x

(Bundelkhand 2001)
Solution: We have lim [tan (1/x)]. x,

[Form O x o]
X—> o0

= lim [tan (1/x)]/[1/x], [form 0/0]

- 2
= lim [(-1/) sec (1/)] = lim sec” (1/x)=1.
e [- 1/)(2] X— o0
Problem 5(ii): Evaluate lim log tan2x
=0 log tan 3x

Solution: We have lim log tan2x

|:Form ijl
-0 log tan 3x )
2sec? 2x
. tan2x .2 sec?2x.tan3x
= lim — = lim R P
=0 3sec*3x +—=0 3 sec”3x.tan 2x
tan 3x

— lim 2 2sec?2x tan2x.2 tan3x + sec?2x.sec? 3x.3 _ 2[0 + 3] _
=0 3| 2sec? 3x.tan 3x.3.tan2x + sec23x.sec? 2x.2 30+2

log (x — l )
Problem 6(i): Evaluate lim 2 .

Y= 7/2 tan x
log (x — 1 ) -
Solution: We have lim — 2 R |:F0rm —]
x—>1/2 tan x oo
1
L 1/()(_5“)_ cos” x 0
= lim — <% = lim , Form —
XA)TE/Z SCCZ X X*)TC/2 x— l T 0

. —2cos xsinx
lim = ——~-" "~ =
x> /2 |

¢ [el/(x—a) -1]
Problem 6(ii): Evaluate lim —-— -
x—a [cl/()f—ﬂ) +1]

¢ [Bl/(x—a) -1] -
Solution: We have lim = - ~~ |:F0rm —]
x—a [51/(’5*“) + 1]
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x—oa V(- ﬂ){ 1/(x— a>2}

Problem 7(i): Evaluate lim [2 _ :|
=l 1wl (Garhwal 2002)
Solution: We have lim l'2 ! :| [Form o — oo]
x—1 XZ -1 x-
- lim [ (x+1) ] [Form 0/0]
x—1

= lim (1= li L__ L
x—)l(xz_]) x—>l 2x 2

Problem 7(ii): Evaluate lim (sec x — tan x).

x—>m/2
Solution: We have lim (sec x — tan x) [Form oo — o]
x— /2
= lim |1 oSNy, Dosine [Form 0/0]
r—mn/2{cosx cosx x—>n/2 CcoS X

. —cosx .
lim — == lim cotx=0.
r—>n/2 —sinx  x—mn/2

Comprehensive Problems 3

Problem 1(i): Evaluate lim ( ! _x)_

x—1 log X log X
Solution: We have lim 1 __« [Form o — oo]
x—1 1ng 1ng
- lim [ 1=F [Form 0/0]
x—=1 logx
= lim il -1
—11/x
Problem 1(ii): Evaluate lim cot x = (1/x)
=0 X
Solution: We have lim <°t*~(1/%)
x—0 X
= ljm XS Tsmx [Form 0 /0]

=0 Csiny

- lim [xcosx—sinx_ X J:hmxcosx—sinx [Form 0 /0]

=0 2 sinx ) x—=0 » ’
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_ ... COSX—XSINX—COSX _ .. I sinx)_ 1 ,_ 1
= lim . = lim |- —- =—_.l=-_
x—0 32 -0\ 3 x 3 3
Problem 2(i): Evaluate lim cosecx — cot ¥,
x—0 X
Solution: We have lim SO5€C¥ — cotx
x—0 X
= lim 1= cosx [Form 0 /0]
x—=0 xsinx
= lim O *sinx [Form 0 /0]
r—0 X cos x+sinx
- lim cos x _1
r—0 —xsinx+ cos x+cosx 2
Example 2(ii): Evaluate lim |: L I].
=0 | ¢ x —1 X
Solution: We have lim L1 , [Form eo — o]
=0t -1 x
X
— lim 2=¢"*+1 [Form 0/0]
=0 x(e*-1)
l-¢*
=lim — | [Form 0/0]
X X
=0 ¢ — 1+ xe
= lim — e’ =— l
=0 eF et et 2
Problem 3(i): Evaluate lim (x tan x— = sec x).
x—>1/2 2
Solution: We have lim (x tan x— = sec x) [Form oo /oo]
x—>m/2 2
= lim ZXSinr-m [Form 0 /0]
r—>n/2  2cosx
= lim 2xcosx+2sinx _ -1
x— /2 —2sinx
Problem 3(ii): Evaluate lirrf) x log x.
X—
Solution: We have lirr(m) x log x, [Form 0 x ]
X—>
= 111% l;)/ﬁ [Form oo /o]
x— x
= lim / = lim (-x)=0
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Problem 4(i): Evaluate lim sin x. log x.
x—0

Solution: We have lim1 sinx. log x [Form 0 x ]
X—>

log x

lim
x—0 cosec x

1
=lim — X = = lim -
x—0 —cosec x cot x x—0 cosx

[Form oo /eo]

Problem 4(ii): Evaluate lim (al/x -1)x.

X—> oo

Solution: We have lim (a'/* —1)x [Form O x o]
X—> o0

lim
X—> 00 1/)(

lim al/x.log a.(-1/+)
x> e -1/

1/x

[Form 0 /0]

= lim a loga:uo log a=log a.

x—> o0

x—> o0

Problem 5(i): Evaluate lim 2% sin (i)
2% (Agra 2003)

Solution: We have lim 2% sin (%), [Form eo x 0]
2

X—> o0

B —x
= fim $N@-277) [Form 0 /0]

I Lcos (a.27)}.a.27" (log2).(-1)
x>0 27" (log 2). (- 1)

. a
= lim acos|— |=acosO=a.l=a.
X—> o0 X

Problem 5(ii): Evaluate lim (1-sin x)tan x-
x—>m/2

Solution: We have lim (1-sinx) tanx [Form 0 x ]
x—w/2

1—sinx

Il
ET.‘

[Form 0 /0]
x—>mn/2 cotx

—COSx

Il
,é'T.‘

>1/2 _cosec” x

= lim cosxsin?x=0.1=0.
x— /2
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Problem 6: Evaluate lirré x™ (log x)", where m, n are positive integers.
X—
Solution: We have lirr(\) x™ (log x)", [Form 0 X oo]
X—>

= lim M [Form oo /eo]

’

=0
g 00 o )
x—0 _mx7m71 x—0 m x_m
9 [Form oo /oo if n>1]
= lim (_ ﬁ). (n—1)(log x)"~* . (1/x)
x—0 m —mx~ " 1
. -1) (log x)"~? :
:xh_r)r(l) (—1) n(:zn2 ),(ogxifzn 7 [Form oo /oo if 1> 2]
n—n
. _1n'n(n—I)(n—2)...uptonfactors'(Iogx) ’
50 cb m'" x "
[By repeated application of the above process]
— lim (=1 2 = <1 L im 7 = 0.
x—0 m" m" x>0

Comprehensive Problems 4

Problem 1(i): Evaluate lim x*.

-0 (Agra 2002; Kanpur 04)
Solution: Let y= lim x*. [Form 0°]
x—0
log y = lim xlog x, [Form 0 X oo]
=0
= lim 1ng, [Form oo / oo]
=0 (1/x)
= lim L/x = lim (-x)=0
=0 (=1/4%) >0
y= =1
Problem 1(ii): Evaluate lim (cos x)/*.
x—0
Solution: Let y = lim (cos x)l/x. [Form 17]
x—0
log y = lim (l) (log cos x), [Form « x 0]
x—0 \x
— lim l0g cos ¥ [Form 0 /0]
x—0 X
= fim (/€05 ) (=SINX) _ i an x) =0,
x—0 1 x—0

0 1.
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Problem 2(i): Evaluate lim (cos x)
x—0

)1/)52.

e
Solution: Let y = lim (cos x
x—0

log y= g’% (é) (log cos x),
. log cos x
= lim 98 oS ¥
B0 2

(1/cos x) (—sin x)

= lim ~~—>~/* > 7
x—0 2x
li (— tan x
= lim ,
x—0 2x
- 1im | = sec?x
x—0 2 '
__1
2
y=e 12,

Problem 2(ii): Evaluate lim  (sin x)""*,

x—>m/2
Solution: Let y= lim (sin x)®¥"~*
x—m/2

log y= lim tanx.log sin x,
x—m/2
lim log sin x
r—>n/2 cotx
lim (1/sin x) ;:()s X
r>m/2  — cosec” x
= lim (-sinxcosx)=0.
x—>m/2

y:eo =1

Problem 3(i): Evaluate lim (sec x)°*.

x—>m/2
Solution: Let y= lim (sec x)°' %
x—m/2

log y= lim (cot x).(log sec x),
x—>7/2
log secx

= lim
x—>n/2 tan x

lim 9

(1/secx).secxtanx _

x> /2 sec”x

(Garhwal 2003)
[Form 17]

[Form oo x 0]

[Form 0 /0]

[By L’ Hospital’s rule]
[Form 0 /0]

[By L’ Hospital’s Rule]

(Garhwal 2003)
[Form 17°]

[form e x 0]
[Form 0 /0]

[By L’ Hospital’s rule]

[Form ooo]
[Form O x ]
[Form oo / o]

tan x
2

1o /2 sec” x
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= lim (sin x cos x)=0.
x—m/2
y= =1
Problem 3(ii): Evaluate lim (tan x)™"'%*.
x> /4
Solution: Let y= lim [(tan x)®" 21 [Form 1%°]
x—> /4
log y = hm [(tan 2x). (log tan x)] [Form oo x 0]
log tan x , [Form 0/0]
x—>n/4 cot 2x

Jf—> ”/4 2 cosec? 2x) x> 7/4 —2tanx

_ (2P ay |
-2.1 ‘
y=c P=1/e.
X tan (mx/2a)
Problem 4(i): Evaluate lim (2 - 7)
x—=a a (Rohilkhand 2012)
¥ tan (mr/2a)
Solution: Let y= lim (2 - 7) [Form 17]
X—a a
log y = lim tan( )[log (2 - E)] [Form oo x 0]
x—a 2a a

= lim Hlog ( )} / cot (;‘;)} : [form 0 x 0]
) G

1 2a 1 . 2( ) 2
=lim--=2._ —  sin ==
x—saa n {2-(x/a)} 2a) =w
y:ez/n.

Problem 4(ii): Evaluate lim1 (1 — % yM/leg (1=2)
X—>

Solution: Let  y = lim (I - %y /log (1= [Form 0°]
X—>

log y = lim M [Form 2]

x—1 log(l-x) oo
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= lim XZ = lim 2x
—>1 1 (_1) —1x+1
1-
or log y=1
y= =,
Problem 5(i): Evaluate lim x"/(1=9.
x—1
Solution: Let y= lirn1 KHMI=9 [Form 1%°]
X—>
log y = hm —— log x = lim log x [Form 9]
1 1-x x—>11-x 0
1
=lim £ =-1
-1 -1
y= el=1/e
Problem 5(ii): Evaluate Xlim (ag X" + alxm_l+ ot am)l/x.
Solution: Let y= xh_)m (ag X" + apx" N 4 ay)V [Form oo ]
1 o mfl+ 4 -
log y = lim 0 (dp 1" + a1 x ) [Form —]
X oo x oo
im ag mx"™" Ly ay (m=1)x"" 2...)
= lim
e g x™ + ap™ Ly . +a,
|
= lim % [Differentiating (m—1) times]
X—> o0 () m! x
log y= 1 =0
y= =1,

1/x
Problem 6(i): Evaluate lim (mﬂ) .
x—0 X

(Garhwal 2001, 03)

[ form 1%°]

2 /15)+

tan x}/*
Solution: Let y= lin?)( ) .
X— X
logy:)}gn Xlog a;\x
—11m|: log{ (x /3)+
=0 | x

pranes)|

[Writing the expansion for tan x |
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L] 2ot
=lim ~log |1+ >+ ="+ ..
=0 x 3 15
= lim llog(l+z), where z—x2 +2L+
=0 x 15

lim
x—0

2
li L2 24 (2 24
m — + —+ |- =] =+ —+ ... + ...
—0 x| 3 15 213 15
= liml £+(£—L)x4+.., = lim I £+lx4+...
=0 x| 3 15 1 -0 x| 3 90

8
[x+lx3 + ...]:O.
3 90

[Expanding log (1 + z) ]

Il
=

1

[N

I

‘N

[N}

+
%}

|
,é..

x—0

/6

BRBIERIGEE), Evaluate lim (t“” X)

x—0+ X

Solution: Proceeding as in problem 6(i), we have

log y= lim 13|:x2+7x4+...]: lim [L+lx+...:|

0+ | 3 90 —0+[3x 90
= + oo,
y = Em = oo,
; 14
Problem 7(i):  Evaluate lim (W) .
=0 * (Kumaun 2008)
: /¢
Solution: Let y= lim (m) Form 1]
x—0 X
log = lim | 5 log {m}
-0 [ 2 x
3
Now b= ey 2L
2 31 51
3
log y = llmleog{ (/31)+ <x'5/51>+..}
x
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4
=1imL,log(l+z), Wherez=1+£+x— + ...
x>0 2 6 120
= lim LFz—i+
=0 2 2

-0 2|6 180
= lim |:£—L ]= 1
—0[6 180 6
y= el
sin x s
Problem 7(ii): Evaluate lim (7) . (Kumaun 2003)
x—0 X
. . sinx s o . . sinx
Solution: Let y= lim | —= [Form 1%, since lim —==1]
=0\ x =0 x

lo = lim Llo sinx
&J =0 XZ & '

X

= lim %.log {x_(x3/3!)+ (J’S/S !)—...}

x—0

I
I:
=]
Y

S

o)
| o——
I
VY
o

I
ol =
)

o‘ -
+
N——
—_

i
=
=)
—
Qo

oQ

=
=
|
N
=

4
Where z :ﬁ—L + ...
6 120

Il
o
-
L3
e —
|
[N}
|
M‘NM
|
| S |

I
I:
3=
Ho| —
VY
NS

|
ol =
o‘ -
;/

|
N | —
—
NS
|
ol =
c‘ -
\_/l\)
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- 1 P P
=lim = |-+ |- +
x>0 2 6 120 72
R ) SN ey S B S I
x>0 2 6 180 0| 6 180 6
y:efl/(’.

1/x
Problem 8(i): Evaluate lim [M] .

x—0 X2
1/
Solution: Let y= lir]r(1J [sz_l)] . [Form 1°°]
X— X

2

lim E log 2
x—0 x2 XZ
2
2
1+

lim Llog { ﬁ+é+ )}
x>0 2 ~|12 24

XZ
)};rr(\))(zlog[ E+ J:|

limL £+ _1 £+ 2+
—0 212 ) 2|12 7

lim —- [xz + higher powers of x]
x—0 ;2

lim [L + terms containing xand its higher powers] L
=01

=2

1/x
Problem 8(ii): Evaluate lim {laﬂ} .

x—oo | X
log x\/*
Solution: Let y = lim log (i) [Form oo/oo]
x>0 x

log y= lim 1 log (log x) lim log(log x)—log x
X—> o0

X—>oo X X X

X—> 00 X X

— lim loglogx) . (log x)
X—> 00
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.1
— lim =
Yoo X

plp1s0
1 1

- lim Jogx ¥ _
X—> 00 l X—> oo

= lim
r—ee xlogx

e e

log y=0.

or
y:eozl.

Problem 9(i): Evaluate lim (l - tan~ L)/,
x—o0 2
Py— T I -1 _\1/x 0
Solution: Let y= lim (-~ m—tan "x)"'". [Form 0"]
x>0 2
1 . 1 1 _1
og y= lim | ~|log (= m — tan
x—oo \ X 2
IX)
[Form oo / oo]

x)

log (l T —tan”

)

Lot =1/ + £2))

[Form 0/0]

lim M , [By L” Hospital’s rule]
—1/(1+ )

[Form oo / oo]

Il
5.

Il
5

Problem 9(ii): Evaluate lim (cosec x)"/"8 .
x—0
s, [Form oo

Solution: Let y = lim (cosec x)
x—0
[Form oo / o]

0

(log cosec x),

lo = lim
5 -0 log x
(1/cosec x) (- cosec x cot x)

= lim
x—=0 1/x
[Form 0/0]

. - X
= lim ,
x—0 (tan x]
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Problem 10: Evaluate lim (1 - x). tan ——-
x—1

Solution: We have lim (1 - x).tan ——,
x—1
I-x
m-———:
x—1 cot(mx/2)

. -1 2 . omx
s
-1 _ T COSCCZ Y oaxsln 2

Example 11: Evaluate lim (sin x)M "%,
x—0
lim
Solution: Let - : tan x
ion et y 0 (sin x)
lim

1 = t _(log sin x),
BIV= . o (tan x). (log sin x)

lim log sin x
r—0 cotux

lim ~(1/sin x) cos x

,
x>0 _cosec? x

_lim sin® x
x—0 tanx ||’

lim [— 2 sin x cos x] -0

x—0 sec? x

= lim Zsin” == =

2,

T

141l

[Form 0 x o]

[Form 0 /0]

(Kanpur 2015)

[Form 0°]
[Form O X ]
[Form eo / eo]

[Form eo / o]

[Form 0/0]

@nts to Objective Type Questions

Multiple Choice Questions
1. We have lim 1= cosx
x—0 3)(2
= lim sin
=0 6x
i 051
=0 6 6




y ‘iD-l 42J

2.
3.
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We have 1V = 1, which is not an indeterminate form.

We have lim logtﬂ [Form f]
=0 logx )

2
= lim SCCTX/ANY ( : )( ! ) =Ix1=1.
r—0 1/x 0 |\tanx /) cos? x

We have oo + 00 = 00, 0™ = 00, 0 = 0. These are not indeterminate forms.

But, 17 is an indeterminate form.

x—0 2 0

X
= lim M [Form 9]
=0 2x 0
X
= lim M = l (logﬂ)z.
x—0 2 2
See Problem 4(iv) of Comprehensive Problems 1.
See Problem 2(ii) of Comprehensive Problems 2.
See Problem 2(i) of Comprehensive Problems 1.
See article 2.
See Example 11.
See Example 6.
Fill in the Blanks
We have lim 3% Form —
=0 sinbx L J
= Jim 4cosax _a.
x—0 bcosbx b
We have lim M Form 0
r—0 l—cosx L |
= lim M: lim ( 2k .L):Qk“:zk,
x—0 sinx =0 ]+ kxz sinx
We have lim &+ 2 |:F0rm i]
x> 5357 00
= lim 2042 [Form i]
x—oo —6X oo
li 2 1
= lim =— =—-—_
x>0 —6 3

We have lim (Sec ﬂ) -log x [Form oo x 0]

r—1 2x
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= lim loi |:F0rm 9]
x—1\ cos(m/2x) 0
. 1/x o 2x T2
= lim = lim == cosec — == .
=1 [sin(n/2x)]- (-n/22%) x>l = 2x T

2
5. We have lim r-otanx lim 1—sec”x
-0 53 =0 32

. —2sec x-sec xtanx . sec’x tanx 1 1
= lim = lim - . =—_-xl= -
x—0 6x x—0 3 X 3 3
X X
6. We have lim |:a b :|, [Form 9]
x—0 X 0

X X
= lim a’loga—b"logh [By L'Hospital’s rule]
x—0 1
=loga—logh =log (a/b).
True or False
1. If !im M is of the form 9, then by L’Hospital’s rule, we have
X—a q)(x O

lim f(x) _ lim f/'(x).
X—a ¢(.X) X—a q)l(x)

Thus, % is not differentiated as a fraction.
x

The numerator f(x)and the denominator ¢(x) are differentiated separately.

2. We have lim % |:F0rm i]
X—a X oo
1

= lim /9 (x), which is of the form 9
x—al/ f(x) 0

Similarly, lim M [Form 9]
x—a O(x) 0

= lim M, which is of the form =
x—al/ f(x) oo

3.  We have lim M [Form i]
x—a ¢ (x)
— 1im L)
x—a ¢ (x)
4. We have lim (1+x)!/* =¢.
x—0
I+ 0¥ —e+ 0
So, lim 2 5 of the form 6

x—0 XZ

ex

00O




Chapter-7

Partial Differentiation

Comprehensive Problems 1

Y 2
Problem 1: Find % and % when u :éz +2 1

ox dy a 2

p 2
Solution: We have u= é+ J_

&
w_2a w2y
a4 v b
Problem 2: Prove that u = u in each of the following cases :
ardy  dyox
(i) u=xt +x2y2+ y4. (i)  u=logtan(y/x).
2
(iii) uzlog{m}. (iv) u=x’'.
X+ y

Solution: (i) We have u=x* + XZJ/Z + J’4

Differentiating u partially w. r. to x taking y as constant, we have

%=4x3+2xyz
x

Now Gl :i(@):i{4x3+2)972}:4w
dyox dy\ox/) 9y

Again differentiating u partially w. r. to y taking x as constant, we have

%=2x2y+4y3
P

Pu _d(ou)_2 3

No =2 M=% pPly+r4aydi=4
" wy awly) a o TTHIEHY

Hence P = o

axdy dy ox
(ii) Given u =log tan (l)

x
%zé,secu_(_l)
or tan( y/x) X 2

(1)
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= —J -2y =—27,J}cose(:2l
Zsind . cos 2 xz.sin2—y & ¥
x x x
Hence Pu =i(%)=—£i (y cosec 27)/)
dy ox dy \ox ¥ Iy x
= —g[cosec Zl—y cosec 27] cot Q% ]
2 x x X x
Again ou =#.sec2l.l
Y tan xox
x
= 2 = 22 :gcoseC—y
2xsin? cos L xsin2f ¥ x
x x x
Pu 9 (ou 23[1 2y]
=_— | = |=22|=cosec ==
oxdy ox\dy) oxlx x
1 2y 1 2y 2y (-2y
=2|—— cosec== — — cosec ==. cot == | =L
[ 2 X x x x (XZ
:—l[coseczl—ycoseczlcot 27)/2]
2 x x X x
Here, we note that Gl = ?u
ordy dy ox
2
(iii) Given  u=log (’M] (1)
X+ y
u =log (x2+y2)—log (x+ y)
Ju | 1
—= 2x) -
ox X2+y2( ) X+ y
u ou _8(814)_8 2x 1
ence =—|=|=— -
dy ox dy \ox ay,‘2+y2 X+ y

_ 2x.2y + 1
@+ PP (e )
ou_ 2y 1
P+ xty
azuz_a(au):a 2y 1 |_=2p2x 1
ady  a\dy) |2+ x+y| P+ P (e+ )
azu:a%
dar dy  dy ox

Again

Here, we note that
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Aprse

(iv) Given u=x’ (1)
aM y—l
ox I
Hence Pu :i(%):i(y 71
dyox dy\ox/) dJy
:yx)’_l log x + P
Again g—;z ¥ log x
Pu _ 0 ()9 (Iiggry = L4 logr. pad]
ardy oxr\dy) ox x
=iy log x
Here, we note that u = aZu
ardy  Jy dx
Problem 3: 1fu=sin‘1£+tan_ll,showﬂmt x%+ %:0.
y x ox e (Kumaun 2012)
ou 1

Solution: Here — =

L, (l)
o N{U-(x/pPr v 1+ (p/xf U2

[Treating y as constant]

= 1 - J
VP =2) (P4 )7
M___ X Y (1
a2 2 v
. ou 1 X 1 1
Again e [ I
’ W V{l—(x/y)z}[ yz] Lt (p/xf =
[Treating x as constant]
= X + X .
NP2 Py
u _ x xy (2)

—= +
TN 2y
Adding (1) and (2), we have x (du/dx)+ y (du/dy)=0.

Problem 4: Ifu=1xy f (l) , then write the value of the expression x%+ y %
x ax ay
(Meerut 2001; Kanpur 07)
Solution: Given u=uxy f (l) (1)
x

) )
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D147}
b ()
w S
yg—;—y s (%)Haif(%) -(3)

On adding equations (2) and (3), we get
Ju Ju
—+y—=2 2u .
RPERE > v f ( ) u
Problem 5: If z = f (x+ ay)+ ¢ (x — ay), prove that 622/8)/2 =a® (azz/axz).

(Bundelkhand 2001; Kanpur 05; Meerut 13B)
Solution: We have z= f(x+ay)+ ¢ (x —ay).

doz/ox = f'(x+ ay)+ ¢’ (x —ay), [Diff. partially w.r.t. x’]
and azz/axzzf"(x—uy)+ 0" (x—ay). (1)
Again, 0z/dy =a f'(x+ay)—ad’ (x—ay).

Pz =d f (x+ ap)+ a> " (x—ay). (2)

From (1) and (2), we get

Pz/% =d® (Pz/).

Problem 6: If u= f (r)where 2=+ yz show that
Fu Fu_
A A
X
Y (Meerut 2001; Agra 01; Avadh 04)

Solution: Differentiating r?=x?+ y 2 partially w.r.t. xand y, we get

2rg:2x or izi; ri:Zy or i:l- (1)
ox o r ay Jy r

Now, u = f (r). Therefore

@={f'<>}ﬂ=ff'<r>, [ From (1)]
ox r
8214_8 Jdu 0 | Y
and i ) R LA
1.1 Lo e
S R ] e RV O
1 2

B YYRIE B STRINE Sy
MG R MG G

[+ From (1), ox/dr=x/r]
=(U/r) f )= (23 Fre)+ (2 ) £, (2)
Similarly, by symmetry, we have

&zlf'() Lo fro+ L £, (3)

8)127’ r r
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Ao

Adding (2) and (3), w
& u

ox 2

Problem 7: If z = 2 tan !

Solution: We have
0z

¥

x2+y2 y

_x(x*+p?

Now,
ox dy

X +J/

Pz

get

AP YRC

)62+y2 e
o’
=@2/r) ' (r

x +y
A
~(P IR frr r2/r ) £ (r),

[ r2=x2+y2]

=@/r) frr)-
=f" i+ A/

/r) f(r)
r) f(r).
o Pz

=, prove that

+f70)

A=y
ox dy x2+y2

tan

J
7—y2
X

1 1 x 92 1 X
——=2ytan -y — -
L+ (p/xf 7 L+ (x/ yy ( yz]

3 2
X -1 X ny

-2 ytan 5
x“+y

—2ytan_l !

5 12x—2ytan_
J

N%‘k

a(&J=1_2y12.1=1_§J’2
ox  dy I+ x/yy > x“+y
2 2 2

_x"+y -2y _x2—y2
XZ + JIZ X2 + J}z
Problem 8: (i)Ifu=2 (ax + by ~-(P+ y yanda® + b =1 pzovethat&+ ai;‘_o
Iy
(ii) If u = ¢*(x cos y — ysin y), then show thﬂt—+ 82; 0.
o’y (Garhwal 2003)
Solution: (i)Given u=2 (ax+ by — (¥ + y°) (1)
a——4(M+ by)a —2x and — o =4a> -2
ox 0
. Pu_yp
gain from (1) — =4(ax+ by)b -2y and o7 =4b
oy
Thus Pu, M_ (da® = 2) + (4h%—2)
22
=4(a® +1%)-4
=4-4
=0 [ a®+ 1% =1]
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(ii) Given u=e* (xcos y— ysiny)
?zcx(x cos y — ysin y)+e*cos y
x
Fu _ .
—— =¢" (xcos y— ysin y)+ 2e* cos y
P
Again %—e (=xsin y —sin y — ysin y)
»
Pu_ o« .
—5 = (=x cos y—cos y—cos y+ ysin y)
&y
=—¢" (xcos y— ysiny)—2¢"cos .
Thus, &+ az—;{:OA
o Iy

Problem 9: If z = (x2 + yZ)/(x+ »), show that

2

9z 9z _4f;_ 9z _9z)
ar  Jy ar  Jy

(KKumaun 2000; Bundelkhand 11; Kanpur 11; Kashi 12, 13; Avadh 14)

Solution: We have z = (,\2 + yz)/(x+ 7).

aiz(x+y x2+y )L—y +2xy
ox x+y)z (x+y)
and 0z _(x+ )2 y- xz+y yZ—A +2xp
9y (/\+y)2 (x+ yy
_7 -7 +29)- ()" - ¥ +29)
ax aJ/ x+y)2
2
2 :4[)(_)7] .
x+y)2 X+ y
Also _ai_aizl_%—y +2)g/_y2—x2+2)g/
oax 9y (x+ yy (x+ yy
:(x2+y2+2)gz)—x2+y2—2)gl—y2+x2—2)97
(x+ y)
2
:x2—2w+y2:(x—yJ.
(x+ p) X+ y

2
Hence ai—ai =4 l_ai_ai .
ox Jy ax dy
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Problem 10: If u=¢*7%, show that 9°u/dxdy 0z = (1 + 3xyz + & y°z>) e * V2.
(Kumaun 2001; Kashi 12; Kanpur 11; Rohillkkhand 13)
Solution: Here u=¢*77.
u/dz=xye )=

Now, azu=i(%)=i(xyexyz)=xi(ye'U/Z)
yor wl\az) &
=x[y.xze ™ e eV = V(P yz + x).
3 .
Again I u _9d o u :i[gxyz(_xzyz_'_x)]
odxdydz ox|dyodz | dx

=e’U/z(2xzy+1)+yze“’z(x2yz+x)
=exyz[2)g/z+l+x2yzzz+)g;z]
=esz[l+3zyz+x2yzz2].

Problem 11: If x*y 7z % = ¢, show that at x= y =z, & z /dx dy = — {x log (ex)}™ .

(Garhwal 2009; Rohilkhand 13; Bundellkkhand 14; Purvanchal 14)
Solution: Wehavex ™. y” .z % = c. From this equation we observe that we can regard
z as a function of two independent variables x and y.
Taking logarithms of both sides of the given equation, we get
xlog x+ ylog y+ zlog z =log c. (1)
Now differentiating (1) partially w.r.t. x taking y as constant, we have
oz

x-£+1.logx+|:z-£+1.logzjl—:0.
x z ox

[Note that z is not a constant but
is a function of x and y]

dz _ _(I+1logx) (2)

o (1+logz)

Similarly differentiating (1) partially w.r.t. y, we have

9z __(L+log y). +(3)
dy (I+ log z)
o Pz _0 (az): k) [_ [“logy ]] [From (3)]
oxdy oxl\dy) o 1+ log z
:—(1+logy)'i[(1+10gz)_l]
ox 3
. I -2 10
=—(1+ log y) [ I+ log z) - Bx]
_ (1+ log y) ‘|:_ (l+log x]] [From (2)]
z (1 + log z ) I+ log z
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Hence, when x = y =z, we have

Pz _ (I+logx)2

dx Jy x 1+ log x)3
[Putting y =z =x in the value of (9°z/dx dy)]

1

1

xlog (e x)
’u

Pu

Problem 12: Show that — + 5= 0 when

ax’
(i) u=¢"Y cos mx.
(ii) u = log (Z+ y*)
(iii) u = tan™! (y/x)

&y

Solution: (i) Given u=¢"Y cosmx

=—{xlog (e x)}” .

_x(l+10gx) _x(loge+10gx)

1

D151l

[wloge=1]

(Agra 2014)
(Agra 2014)

(D)

[Using (1)]

[Using (1)]

o+ 77

(P PP

Pu_ (P4 y)2-2y.2y 27 +2y° —4y° 27 -2y

()2_‘_ J}2)2

- (X2+ yz)z

o _ e" (=sin mx) . m
ox
and & = —ne" cos mx = —nfu
o’
Again o _ me"” cos mx
ol
2
and CaLd =" cos mx = nfu
ay2
Thus, Pu, 32,” =0
o o
(ii) Given u =log (x2 + yz)
w_ 2
ox xz + y2
and Pu_ (P4 y)2-2x2x 2242y -4 2y -2
o’ 2+ P
. ou 2y
Again — =
5 Ly
and
ayZ ()2 4 )72 )2
Thus Pu, Pu_2y" =27 427 =2y

0.

9

(iii) Proceed as in Example 4.

@+ 77




Kaiefa's Differential Calculus

/—lD-152
Problem 13: IfV = (2 + y2 + 22V 12 show that

WiV y ()&+32‘2/+82‘2/ 0.

y o Yt oz (Kumaun 2008)
Solution: (i) GivenV = (x2 + J/z + 22 )_1/2

aav %(;{2 + y2+ 22)_3/2 (2x)= x2 + y +z )_3/2
X

a)ﬁi+y

IV 324 2+ 2202 ) -1 (2 + y2+ 2238

=P+ P23 - (P )=V @ -2,
Similarly, by symmetry

» P

W2 a2V _ys o222
0z 32>

LV, Vv

ox ay oz
C R (P4 e 22 Xz+y2+zz)—3/2_ 224 24 230

—(x2+y2+22 —372 x2+y + 27 x2+y +z)_1/2=—V.

N PR% azv P
SO + +

e 92

=V 2x2— 2o voyr -2 -2 - ) =v0=0.
Problem 14: Ifu:mn_l%,shaw that

NI+ x%+ y9)
J
8214: 1

ox Jy (l+x2+y2)3/2'

Solution: We have

1.v(1+x2+yz)—x%(nxhy?)—lﬂ(—zx)

Ju 1 -

o I+ X2y2 l+x2+y2
I+)52+_y2
1+X2+J72 o (1+X2+)]2)—X2

= J
1+x2+y2+x2y2 (l+x2+y2)(1+x2+y2)1/2

y+y?)
I+ x2)1+ p2)A+x2+ )2




Fartial Differentiation

|_D-155I]~ﬁ.\
N J .
1+ x2 (I+xz+yz)l/2

82»::@(@)
ardy Jdy \ox

1.+ x

1 _
2+y2)1/2_y,§(1+x2+y2) 12 9y

1+)62+y2

_ 1 ) l+x2+y2—y2
U+ x?+ yhya+ a2+ p2)2

1 1+x? _ 1 .
2)3/2 (1+X2+)72)3/2

(l+x2+y

2 2
Problem 15: If 2)52 + 2] + 22 =1, prove that
a+u b +u ¢ +u

2 2 2
(27 (2] (2 —2x2e4 2002 20).
ox a9y oz ox ay oz
(Garhwal 2004; Rohilkhand 11B, 12B)

Solution: From the given equation we observe that «is a function of three independent
variables x, y and z. Differentiating the given equation partially w.r.t. ‘x’, we get

2 iy + yz + = o 0.
A ru (@ +up (B rul (P ruf| o
w_ 2x/(@ +u)
dx Z{xz/(ﬂ2 + u)z}
Similarly, by symmetry, we can write the values of du/dy and ou/oz.
Now, (%)2 _ A2/@ e
(2 (2 /(a® + uf )

ox

2,9 9
(9u/a 2 _ AT (/@ +u)f) 4
ol [(Z(2/(a® +ul}P (P /(@ + u))

2
Again 2x%=m.
ox Z{xz/(a2+u)2}
2
9% 1 (qu/an) = L@+ 1) 4 : (2)

S/ +ul) {2/ + )
[- = (¥ /(a2 + u) } =1, from the given relation]
Now from (1) and (2), we have
> (du/ax) =23 {x (Ju/ax) )
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Problem 16: If x=rcos 6, y=rsin®, prove that
2 2
(i) (ﬂ) [ =t
ox ay

N E)Zr_l arY ar2
()axlaf{(a) (ay”

Solution: (i) We have x=rcos6, y =rsiné.

(Lucknow 2007, 11; Garhwal 11)

Therefore =y yz. (1)
Now 2r (dr/ox)=2x; [Diff. (1) partially w.r.t. ‘x’]
o dar/ox=x/r. ..(2)
Again differentiating (1) partially w.r.t. “ y’, we get
0oy L LD (3)
¥ » T

From (2) and (3), on squaring and adding, we get
92 2
(2] (2 BRI o
ox a)/ 1‘2 12 1‘2 12
(ii) Differentiating (2) partially w.r.t. x, we get
o r_r.d-x.or/ox _r-—x.x/r

@2y ;
PP (P AP_ P "
r3 r3 ]”3
Differentiating (3) partially w.r.t. y, we get
&:’F'I_J{'ar/ay=r_y{’y/r, [ From(4),ar=y]
ayz 7 rz ay 7
kN B 5
3 3 3 ..(9)
r r r

Adding (4) and (5), we get
PP R PP L
a’ ayz PR P r

2
Also 2 (&) + ﬁ
r|\ox d
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P ou  du  du V)
roblem 17: (t)Ifu—x2y+yz+z X, show that — + — + —=(x+ y+z).
ax Jdy oz
I 1 1
(i) Iffu=|x y z ,showthat% ou +%—O
2 92 o Iy oz
;2 oz 4 .
(Rohilkhand 2013B)
Solution: (i) Given u=x2y+yzz+zzx (1)
%:2@;_'_22
ox
and %zxz+2yz,
P
u_ 9
and — ="+ 2z
oz
%+%+%=2@7+22+xz+2y2+y2+22x
ox Jdy oz
=P+ PP+ 2229+ 2yz+2ze=(x+ y +z).
J v+ 2y J
I 1 1 1 0 0
(ii) Wehave wu=|x y z|=|x y-x z-x by G- G -Gy
2 yz 2 |2 y2—12 2_2 G -G -G
1 0 0
=(y-x)(z-x)|x 1 1
y+x z+x
== (E-0)[E+x)-(y+x)]
=(y-0)(z-x)(z-y)
or u:yzz—xzz+xzz—yzz+)g;2—x2y
%=—22+2xz+y2—2)g/
ox
ou 2 2
—=—z"=2yz+2xy -
9y
ou 2
—=2yz -2yz+x -
oz
Now, % % %— 2 +2xz+y 2xy+z —2yz+2xp
dx Jy oz
—x2+2yz—2xz+x2—
or ou % %—0

8x dy oz
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Comprehensive Problems 2

Problem 1: State Euler’s theorem on homogeneous functions. (Bundelkhand 2001)
Solution: If u is a homogeneous function of x and y of degree 1, then
PN y -
ox dy
Problem 2: Verify Euler’s theorem in the following cases :
(i) u=al+ 2uy+ by? Gy w=XC -0
24yl
(iii) u=axy + byz + czx, (iv) u=x"sin(p/x)
(v) wu=x"log(y/x), i) u=1/N(* + y).
Solution: (i) Given u=ar’* + 2y + by’ (1)

Here u is a homogeneous function of x and y of degree 2.

Then by Euler’s theorem

X—+ y—=2u 2
3 J’ay (2)
ou ou
Now — =2ax+ 2hy, — =2hx + 2by
ox ady
x%+)/%:2ax2 +2h)g/+2h)g/+2byz
ox ay

=2 (a + 2y + by*)=2u

This verifies Euler’s theorem.

(ii) We have u = B 7)) which is obviously a homogeneous function of xand y of
¥+ y
degree4 —3i.c, 1. Note that each term in the numerator is of degree 4 while each term in
the denominator is of degree 3.
ou du

In order to verify Euler’s theorem we are to show that x Ew + ya— =lu=u
x )’
Now, loguzlogx+log(x3—yg)—log(x3+y3) (1)
Differentiating (1) partially w.r.t. x and y respectively, we get
3 2
Low_ 1, 3¢  3x L(2)
u ox X x3 —y3 _)(3 + y3
2 2
and Louw_o_ 37 _ 3y (3

Ma)/ xg—yB x3+y3
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Multiplying (2) by x and (3) by y and adding, we get
3 3 3 3
l(x%yau]zu R N0 I P N T
X -y Sy

This verifies Euler’s theorem.

(iii) Given u =axy + byz + czx (1)
Here u is a homogeneous function of x, y and z of degree 2.
Then by Euler’s theorem

Ju Ju Ju
=+ 2 =2u (2
ax yay oz )
Now, %:ay+cz,%:m+bz, %:by+cx
ox ady Jz

x% + y% + z% =x(ay+ cz)+ y(ax+ bz)+ z (by+ cx)
ox dy oz
=2 (axy + byz + czx) = 2u.
This verifies Euler’s theorem.
(iv) Given u=x"sin (l) (1)
x
Here u is a homogeneous function of x and y of degree n.

Then by Euler’s theorem
ou ou

AT (2
xax y@y nu (2)
Now, ? = 1" cos (l) (— %) + nx"Lsin (l)
x x X
and ? =" cos (l) . 1
)y x) x
,\? + y% =nx" sin (l): nu
)y X

This verifies Euler’s theorem.

(v) Here u is a homogeneous function of xand y of degree n. So by Euler’s theorem
we must have
x (du/ox)+ y (du/dy)=nu.

Now do the verification yourself.

1 1 'y 1

VP + yz): N[+ (y/xP] - V[ + (p/x)]

is a homogeneous function of xand y of degree — 1. Now proceed yourself.

(vi) Here u=
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Problem 3(i): If u = tan B S\, show that x ou +y o sin 2u.
x—y ox Iy

(Rohilkhand 2012B; Kumaun 15)
Solution: We have tanu = (x3 + y3 )/(x = y)=w,say. Then v is a homogeneous
function of xand y of degree 3 —1 i.e., 2. Therefore by Euler’s theorem, we have

x(dv/ox)+ y(dv/dy)=2v. (1)
Now, v = tan u.
av 2 du
— =sec” u—
ox ox
and i=sec2 u%
P P
Putting these values in (1), we get
xsec” u%+ ysec2 u%:ZV
ox 9y
du Ju 2v 2 tanu . .
or Xty —=—F—= 3 =2sin u cos u =sin 2u.
ox W secu sec” u

Problem 3Gii): Ifu = sin~ (Y=Y o that % —_ 2 .
Ve+y ox x dy

(Garhwal 2002; Goralkhpur 05)
Solution: We have sinu = (\x - \/y) /(N x+ \/y) =, say. Then v is a homogeneous

function of x and y of degree % - % ie., 0.

Therefore by Euler’s theorem, we have

av o

r—+y—=0.r=0. (1
> yay (1)
Now, vy =sin u.
av ou v ou
— =COSU— ,—=COSU—-
ox ax dy ay
Putting these values in (1), we get
xcosu%+ycosu%:0
ox Iy
or cos u x%+y% =0
ox Jay
or x%+ y%=0,sincecosu¢0,
ox dy
Hence, ou__you,

ox x Jdy
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Problem 4(i): Ifu:sin_1 XH T show thatx%+y%:lmn u.
Nx++y ox ay 2
(ii)Ifu:cos._1 Iy ,shawthatx%+ y%+lcotu=0.
Vx++y ox ay 2
(Rohilkhand 2013B)
1/2 1/2
(iii) IfuzsirfI (W],showthatxau+ y%:Ltanu.
Py a T 12 (Garhwal 2014)
(iv) Ifu:cotflﬁiy,showthatx%+y%z—lsinbt.
w172 +J71/2 o oy

(Kumaun 2015)
Solution: (i) We have sinu = (x+ y)/(\/x + \/y) =, say.

Then v is a homogeneous function of x and y of degree (1 — %) ie. % - Applying Euler’s

theorem for v, we have
1

x(dv/ox)+ y(dv/dy)= B v
9 . d . I . .
or X —(sinu)+ y— (sinu)==sinu v =sinu
™ (sinu)+ y > (sin u) 3 [ ]
or xcosu(au/ax)+ycosu(au/ay):%sinu
or * (3u/x) + y(au/ay)=%tan "
(ii) Proceed exactly as in part (i).
(iii) Proceed exactly as in part (i).
(iv) Proceed exactly as in part (i).
3 3
Problem 5(i): If u = log 2V show that x% + o _ 2.
X+ y ox ay

3 3
Solution: We have ¢ "= T _ say.
X+ y

Obviously v = (x3 + y3)/(x+ ) is a homogeneous function of xand y of degree

3 —1lie., 2. Therefore by Euler’s theorem, we have

x%+ yg—;:Z.V:ZV (1)
Now, v=ech
BV:guau and o _ oy ou

o a Y ¥y
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Putting these values in (i), we get

a Iy a7 dy
Ju ou
or X—+ y—=2.
ox J dy
Ayt ou Ju
Problem 5(ii): If u=1log* Y show that x& + y?* =3,
X+ y ox ay
X4 + 4
Solution: Given u = log rry .
X+ y
4 4
On taking antilog ¢" = rry
X+ y

Here ¢" is a homogeneous function of x and y of degree 3.

Then by Euler’s theorem

a u a u u
x—(e")+ p—(e")=3e
aX( ) Jfay( )
or xe”%+ye"ﬂ=35”
ox dy
ou , ou
or X—+y—=3
ax oy
2
Problem 5(iii): If u= log@,show tlmtx%+ y%=l,
x+y ox ay

(Kanpur 2006; Avadh 13)
Solution: Proceed exactly as in Problem 5, part (i).

Problem 6: Use Euler’s theorem on homogeneous functions to show that if

u=tan"! (l)then x%+ y ou =0
ox

x 9

Solution: We have tanu =2 =, say
x

Then v is a homogeneous function of x and y of degree1-1i.ec.,0,

Applying Euler’s theorem for v, we have x Cid +y o 0
ox dy

d d _
or X — (tanu) + y —(tanu)=0

ax Iy
or xseczu%+ysec2u%:0

ox dy

or x ou + o _ 0

ox dy
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Problem 7: If u be a homogeneous function of x and y of degree n, show that
(i) x(@u/ax?)+ y (@u/ov o) =(n~1) (ou/ax). (Kumaun 2007)
(ii) x (Pu/dx )+ y (Pu/y?)=(n—1)(9u/ ). (Kumaun 2007)
(iii)xz—;+2)g/ az u +y2 &:n(n—l)u
o dv Jy o’ (Kumaun 2007)

Solution: By Euler’s theorem, we have

x (Ju/ox)+ y (ou/dy)=nu (1)
Differentiating (1) partially w.r.t. x, we get

xazu_'_au_‘_ alu_iau

w2 o yaxay ox

or P O R T B (2)
o2 ax dy o or ox
Similarly, differentiating (1) partially w.r.t. ‘', we get
xazuq_yazru:(n—l)%- ..(3)
w9’ &

Now multiplying (2) by x and (3) by y and adding, we get
xz?ju 82u+y282u_(n_1)|: Ju E)u}

=(m-Dnu=nn-1)u

Problem 8: Ifuzi,showthat xza%l+2)g/ o +y2ﬁ=
d

Xty dv gy ¥ (Kumaun 2013)
Solution: Given u=—Y_ (1)
X+ v

Here, uis a homogeneous function of x and y of degree 1

By Euler’s theorem

P y (2
ox

Differentiating (2) partially w.r.to x, we get

x& % iy %u _ou
o oxrdy ox
82u o u

W2y




Kaiefa's Differential Calculus

Aprs

Again differentiating (2) partially w.r.t. y, we get
p ou + 82u+8u_8u

ya 92y
X o + y& =0 ..(4)
ox dy ayZ
Multiplying (3) by x and (4) by y and adding, we get
XZ ﬁ + 2 azu + 2 ﬁ =
A’ ox 9y 3y’

or

Problem 9: Ifu=x¢(y/x)+ y(y/x),prove that
A2&+2xy ] +y2&= .
o’ dr Jy 8J72 (Kanpur 2008; Kumaun 11)
Solution: Let u=z| + zy,where zy =x ¢ (y/x)and zy =y (y/x). Obviously z; is a
homogeneous function of xand y of degree 1 and z9 is a homogeneous function of
xand y of degree zero. Now
ou ou

X —+ y—zxi(zl+zz)+ yi(zl+22)
ax ay ox dy

= x%+yﬁ + xaﬁ+yaﬁ =1.z21+0.z9.
ax ay

[By Euler’s theorem]
Thus x(Ju/ox)+ y (ou/dy) =z, (1)
Differentiating (1) partially w.r.t. xand y respectively, we get
x & Loy v o u = %
W2 ox oxady  ox
x o u +%+yaz, _ %
vy v oy
Multiplying (2) by xand (3) by y and adding, we get

(2)

and

x2782”+2xy o u +y282u+x%+y%=xﬁ+y%
o’ ox Jy 3y’ ox Iy ox oy
or xzﬂ+2xy82u+y282u+zlzl.zl
o ox dy ?

[ x(Qu/adx)+ y (du/dy)=z| by (1), and x (dz| /dx)+ y (dz| /dy)
=1.z; by Euler’s theorem]

or —+2xy + —=0.
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Problem 10: If u =sin”! (2 + y2 l/5],[91‘01/1‘: that
2
xzaZM 2)gzalu sz:lmnu(Zmnzu—%.
Py oxdy o> 25
Solution: It is given that u =sin~ [(x2 + yZ)l/S].
sin u = (x2 + y2)1/5 =,say.

Obviously v is a homogeneous function of x and y of degree 2 /5. Therefore by Euler’s
theorem, we have

(3w /o) + y(BV/@/)z% (D)
Now v =sin u.
v Ju v Ju
— =cosu— and —=cosu—-
ox ax ay ay
Putting these values in (1), we get
ou ou 2 2 .
XCOSU—+ pcosu——==-pv==sinu
ox b 5 5
Ju u 2
or x—+ y—="tanu (2
5 )

Now differentiating (2) partially w.r.t. xand y respectively, we get

2
82u +y ou =%sec2 u% ...(3)
axz axdy 5 ox
and X P +%+)7827‘”=gsec2 u% ...(4)
wy et 5 W

Multiplying (3) by x, (4) by y and adding, we get
xzazu Bzu 2&4_ ou u_2 9 (Bu au)

X —+ yp—="sec”u|lx—+
ay Tt  Ta Y s x Ty
&

or Xzazu y2&+gtanu:gsec2u-gtanu [From (2)]
2 xay e 5 5

or X282u+2)g]82u y2&—gtanu(%sec2u—l)
o’ oxdy ayZ 5 5

=itanu(2sec2 u—>5)
25

=4 fanul2 (1 + tan® 0) - 5]
25

-4 tan u (2 tan? u — 3).
25
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1/ 1/3

] . +y
Problem 11: Ifu=sin~ |:/3+l/2
J

xzazu alu zﬁ:mnu
o)

12
} prove that

(13 + tar’ u).
2
v <oy o 144 (Kanpur 2015)

Solution: Proceed as in Problem 10.

Comprehensive Problems 3

Problem 1: Find dy/dx in the following:

i ' +y'=d (i) a®+2hy+bh” =1 (Kashi 2013)
Solution: (i) Let f(x, p)=x7 + y x_ b
Then we have  f (x, y)=0
dy__ /e ylog y
dx 9 /dy xylogx+)g;x’l

(ii) Let F(x, p)=ad + 2y + by? =1

then we have =2 =-— of /ox (1)
dx of /dy

Now, LU 2ax + 2hy, I 2hx + 2by.
ox dy

Therefore (1) gives
dl:_ (2ax+2hy):_ (ax + hy)
ox 2hx + 2by (hx + by)

Problem 2: If\/l—x )+\/(I— Ny=a(x- ) prove that

Solution: It is given that

Vi -xH+ V- y?)

=da.

-y
Let f(x,y):d(l—x2)+d(l—ﬁ)_%
x-y
Then f(x y)=0.
_9f/ox

& of /oy
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{5 (=) = 220) (= ) =L (VA= x) V= 5 2))

- (x—y)

%(I—ﬁr”z.(—zy)}(x—y)—<—1>.{v<1—x2>+d<1—y2>}
(x— yy
=X =) a2y NI p2
T (=x2)=~(1- p?)
IO a2 - 2
T RACER AU

_ A=y —x? - -x?) NP - y?)
VU -x2) = e+ 2+ NA-x2NA- p2)+1- p?

Nu-p?) w-1-Na=ANa- Pt _Na-p?)
\/(I—xZ) _)g,+1_\/(1_x2)\/(1—y2) \/(1—)(2)

Problem 3: If u=sin (x> + y*), where i ¥ + b* y* = ¢, find du/dx.

Solution: We have@=%+ ou dy. (1)
ax oy dx
Now, u =sin (xZ + y2).
%=2xcos()¢'2 + yz)
ox
and %:2ycos(x2+y2).
o
Since 7+ yz =,
therefore 2a% x+ 20 y (dy /dx)=0
or dy/dx = - (a® x)/(b* ).

- From (1), %zzxcos(;?+y2>—[2ycos<x2+y2)][(a2 x) /(B )]

=[2xcos (2 + y*)][1 - (a®/b*)].

Problem 4: If u = x4y5, where x = t* and y= tg,ﬁnd du/dt.

Solution: Given u = x* ys where x = £, y= £3.

We have du _ou dv ou dy (1)
A o dt
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Now, o _ 4x3y5. and ou
ox dy
Also @:2t and dl:?yt2
dt dt

. From (1), we get

5ty

4305 2005 )t 342

dt

=4 (223 26+ 5 (2 (3 362

=8122 41522
=23¢22

Problem 5: If f (x, y)=0and ¢ (y,z)=0, show that

o 99 dz _df 99,

I oz de ox I

Solution: From f (x, y)=0, we have b

dx

From ¢( y,z)=0,we haved—z __ 90/

dy 20/ 0z

Multiplying the respective sides of (1) and (2), we have

@.M:(@’.M’)/(@f.aq’
dy oz

ar dy
dz of 00 _df 99

or A

dx dy dz odx 9y

Problem 6 : Ifuz\/(x2 + yz)and O+ y3 +3axy=5u2

X=a,y=a.

Solution: Given, u = W

We have, @:%.F%dl
dv  ox 9y dx

Now %zl(xz + yz)_l/z.2x=
ox 2

and %zl(xz + y2)71/2.2y:
ay 2

s

o [y

)

X

o+ )

J

NEE y2).

Let f(x,y)=x3+_y3+3mg/=5a2.

(Lucknow 2009)
(1)

(2)

, find the value of% when
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Then dl:_af/Bx:_3x2+3ay.
dx of /oy 3y2 + 3ax
From (1), we get
du _ x + y [_ 32 + 3ay J
dx \/f+y2 \/x2+y2 307 + 3ax
At x=a, y=a,we get
M:a+a(3a+3a] a -0
T el v v e
@nts to Objective Type Questions
Multiple Choice Questions
1. Here z=tan(y+ax)+(y—ax)3/2
(3z/0x) = {sec® (y+axt-a+= (J/ ﬂx)w “(—a)
and (Pz/0) = 2a° tan( y+ax)sec (p+ax)+ = uzy axy 2,
Again (az/ay)zsec (y+ax)+§(y—ax)l/2
and (822/8)72)=2$6c2(y+ax)tan(y+ax)+%(y—ax)_l/2,
Thus,  (%z/a?)-a*(0%z/9y*)=0.
2. See article 6.
1
3. Wehave u=—._--_ |
\/()2 + yz + 22)
which is a homogeneous function of x, y and z of degree n=—1.
So, by Euler’s theorem on homogeneous functions, we have
x%+ y%+z%=nu=(—l)u:—u.
ax ady oz

See article 9.
See Example 4.
See article 6.
See Example 6.

e A

Refer Example 2.
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Fill in the Blanks

m
1. We have, u=¢"Y cosmx

%:_ me"? sin mx & = — e cosmx
ox o’
% =me"™ cosmx 827; = ne"Y cosmy.
v )
ﬁ 82u — nie™ cosmx+ nie"” cosmx = 0.
o’
p 2
2. We have, u=tan"! @
X+ y
ou 1 2x(x+ y)- xz+y xz+2)g/ y
o (x2+y2] x+y)2 x+y)2+ x2+y)
I+
X+ y

3. See article 5
See article 8.
5. See Problem 7(i) of Comprehensive Problems 2.

ou ou —(n- ou

b

We have, guy =
e X et oy %
0 (du 0 (ou)_ ou
= X — +y—|=—|=n-1)—=
ax Lax dy \ox ox
d d
= x*(”,\’)"'yi(ux):(n_l)ur
ox ay

See Problem 5 of Comprehensive Problems 1.

7. See Example 2.

True or False
. See article 4.
2. See Note 2 of article 5.
3. See article 9.
OO0
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Jacobians

Comprehensive Problems 1

Problem 1: If x=r cos 6, y =r sin®,show that

,0) (Kanpur 2005; Meerut 13B; Kashi 13; Goralhpur 15)
0)

(Kanpur 2005; Meerut 13)
Solution: (i) We have

oxr  ox
d(x, y) _|or o8| _|cos®  —rsind
9(r,8) Iy " |sin® rcos 0
or 90

=rcos® 0+ rsin’ 0=r.
(ii) From the given relations, we have
=i+ y2 and tan6= y/x
Now differentiating P =+ y2 partially w.r.t. xand y, we get

2rg=2x or Q:E
x o r
and 2rﬁ:2y or i:l.
¥ »
Again differentiating tan 6 = y /x partially w.r.t. xand y, we get
2, 00 y
sec”0- — =— =
ox #
or @:— J = - J :—l
ox 2 sec? 0 2 cos? Gse02 0 2
. 2 2
and Secze.@:l or %:#:M:L.l:i.
y X By xsec29 X 12 X r2
or or x b
20,0 |ax || 7 7
d(x, y) |00 | x
x| [Z P2
N T
T3 3 3 3
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Problem 2: If x=u(1+v), y=v (1+ u),find the Jacobian of x, y with respect to u, v.
(Lucknow 2011; Meerut 13)

o
Solution: We have d(x ) _jou  ov|_ L+ u
d(uv) |y I v 1+u

u v

=(l+v)J+uw)-w=l+u+v+uw—-—uw=1+u+v.
Problem 3: If x = ¢ cos u cosh v, y = c sin u sinh v, prove that

9y _1 2 (cos 2u — cosh 2v) .
o(u,v) 2 (Rohilkhand 2013)

Solution: We have
a(x, ») ox ox

5 =lou or _|—csinucoshv ccosusinhv'
@, 7) y Y _| ¢ cosusinh v ¢sinucoshv |
ou ar

2 2 2

= — ¢ sin® u cosh? v — ¢% cos® usinh? v

=- % 2 [(1 = cos 2u) cosh? v + (1+ cos 2u) sinh? V]

=- % 2 [Cosh2 v+ sinh? v — cos 2u ((:osh2 p — sinh? 7)]
=- % & (cosh 2 v — cos 2u) = % A (cos 2u — cosh 2v).

2 z 2
Problem 4: Ifu=" y= X 40" gy 0067)
= 2x 9 (% y) (Meerut 2012)

2 2
Solution: We have u=2"_andv=2+2_.

2x 2 2x
u  ou I
d(u,v) _| ox C)4 2

2 B
e X
a(x,y) |9 » l_)i i

Yl |2 g2 x
NN 2 SN IS AN S A
202 x (2 24

Problem 5: Ifuy = xy x3 /%,y = X3 X1/ Xy, u3 = x| X / X3, prove that

J (uy, up, u3) =4 (Kumaun 2011; Bundelkhand 14;
Purvanchal 14; Gorakhpur 14, 15)




Jacobians

Solution: We have | (uy, uy, u3)

du oy dwl | BB g
arp  dvy  adwg x12 x
_ oy Bﬁ duy _| = X3 Xy
Bxl BXZ aX3 X9 XZZ
dug % dug X X
axl 8x2 8x3 X3 X3
1 BRVAS] BX R
S5 5 | 2B T84 RICY)
1 A2 13 o X3 Bxp — X
1 O O 2){1)(2
= ﬁ 2X2X3 0 0
T2y my - ax
1 2
=ﬁ~(2x1x2 2xy x5 x)=4.
Xy Yo X3

171l

X
X
Bl
5
XX

X32

, adding Ry to Ry
andthen R3 to Ry

Problem 6: If x = sin® (1 - & sin’ 0), y = cos O cos O, then show that

d(x, y) — sino [a —cz)cos2 0 + % cos? 0] _
a(9,¢) N - & sin’ 0)
ox ox
Solution: Wehavea(x’y): ED aiq) _Or 9 _d P
00,0) |9y d| 00 o 99 06

|06 90 |
=cos0V(1 - ¢ sin’ 0) . (— cos O sin )

—sin®- % 1- ¢ sin? o) 1/2.(— 2¢% sin 0 cos §). (—sin O cos 0)

sin ¢

=" T [cos2 0( - 2 sin® 0) + 2 sin” 0 cos® )

N - & sin? 0)
__ sin ¢ 20 _
V(1 - 2 sin’ 0) [cos ‘

sin ¢

2

=" ° [c0326 —¢? cos’® (sir\2 o+ cos” 0)+ ¢

V(1 = ¢? sin® ¢)

sin ¢

=—7[c0s26—02 cos?0 + ¢

N - ¢ sin’ o)
sin ¢

cos? 0 sin’ o+ 2 (1- cos® 0) cos? 0]

2 cos? 0]

2 cos” 0]

Lk Sa— —cz)c0529+ ¢ cos® 0].

V(I - & sin? 0)
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Problem 7: If u=xyz, v=xy+ pz+zt, w=x+ y+z, compute M

a(x, y,z)
(Rohilkhand 2013; Kumaun 14)
Solution: Here
yz xz xy

=|y+z x+z y+x
(% 7,2) 1 1 1

9 (u, v, w)

yiz-x) x(z-y)
= zZ—X Z—y J/+X
0 0 1

5 by CI%CI—Cz,
C2—>Q—C3

=y =Dz - ) -2z = p)z )
=(z-x0)(Ez-y)(r-x
= (= p)(y-2)(z ~x)
Problem 8: If y =1-x, yy=x;(1-x%), y3=x10(l-x3), ..., y,=x1% ...x,_1(I-x,),
prove that J (1, py » o pu) = (=" 5" "1 "2 x, ).
(Kumaun 2007, 11; Gorakhpur 12, 14)
Solution: Here y) is afunction of xj only, y, is a function of x|, ) only, y3 is a function

of x,x,x3 only, ..., and y, is a function of x|, x, ..., x,,.
Yoo 0 .0
Bxl
P2
Z2 220 .. 0
CAGVJEIVL IREI /1) N o M ™ L W ) WV
d (X], X5 ey X) a)q BXZ aX3 ox,,
av  dvy dxg ox,,

=(-D.(—x) (- xxm) ... (—xmag ... x, )
-1 -2

= (— I)n Xln in e Xy
Problem 9: If y| =cos x; , yy = sin x| cos Xy, y3 = sin x| sin x, cos x3,...,
Yy, = Sin Xy Sin Xy Sin X3 ... sin X, _ cos X, find the Jacobian of yy, yy ,..., y, with respect to
X] , Xz, cees Xy
Solution: Here y, is a function of x only, ys is a function of x|,y only, s isa function
of x1, ¥y, x3 only, ... and y, is a function of x|, xy, ..., x;,.

O o ) the principal diagonal term of the determinant
0 (xp, X, ..., Xy)

) ) W) )

8x1 BXZ 8x3 axn




Jacobians

|D-175jl\
= (—sin xy). (= sin xy sin xy ) . (= sin x sin & sin x3) ...

. (= sin xy sin xy sin x5 ...sin x,,)

= (= 1)"sin" x; sin" "1 x sin” =2 X3 ...sin x,.

Comprehensive Problems 2

Problem 1: 1f143+V3=X+ );,142+V2 = +y3,sh0wthat
a(u,V)zl yz—xz .

d(x, p) 2uv(u-v) (Kumaun 2002; Garhwal 2003)
Solution: The given relations can be written as
Flzu3+v3—x—y:0
and FQEM2+V2—)(3—)/3=O.
Now or) _(pdih) /a (A, 5) (1)
a(x, y) a(x, y) (u,v)
o R 1 o
We have 788(?7 F2)> = ;; E)ai =
%y 92 92 9
| ax a)] | —3)(2 —3y |
=352 =372 =3 (- )
7 2
and 9FB)_ 3 3v = 612y — 6ur® = 6uy (u—=v).
d(u,v) 2u 2v

o(x, y) O6uv(u—v) 2 uv(u-v)

. From (1), 8(u,v)_3(y2—x2):l J/Z_xz .

Problem 2: If x+ y + z=u, y + z =uv,z = uvw, show that
a(x7y7z): V.

9 (u, v, w) (Rohilkhand 2005; Gorakhpur 11; Kashi 14)
Solution: The given relations can be written as
F=x+y+z-u=0

E=y+z-u=0

and FE=z-uw=0.
Now d(x, y,z) _ =(- 1)3a(FlF2F3 /aFlF2F3 (1)
d (u, v, w) d (u, v, w) d(x, y,z)
-1 0 0
We have M: -v —u 0
o (u, v, w)
—vw —uw —ur

=(=D.(~u). (~w)y=—1»
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1
and a(FlyF’pFii): 0 1

I(x y2) [0 0 1]

. From (1), gif{’i}’;))z—_ulzvzuzv.

Problem 3: If ¥ =z, L =L Lyl W2 20 02 022 prove that
z

v ox y
d(uv,w) _-v(y-z)(z-x)(x—y)(x+ y+2z)
d(x, y,z) 3u2W(yz+zx+)gi)

(Kumaun 2009, 13; Rohilkhand 12B)

Solution: The given relations can be written as

Flzu?’—)g;z:()
P
v x y oz
and F3—W2 & -yt -2 =0
Now o(u,v,w) _ (1)33F11:2F3/3F1FZFS)
3 (x, y,2) a(x, y,z) 1 0w v, mw)
woM
ox C)4 0z
Wenwe  20nBE)_ | 9 9k
9 (x, y,2) ox Iy dz
B op B
ox @ oz
-y mm o -y fyz pa Ly
=\1/2 1/ 172 =x222 ! ! !
—9x _2)} -2z .y X3 y3 23
N R
== 11 1 1l |=——"1| x b z
2 z
v Pe ]3 23 v 2 J’j 2
1 0 0
:_i X y-x z-x |,by G - Ciand G - C;
Z «
R 3 y3_x3 S_3
2 ! !

=_E(y—X)(Z—X) y2+?9/+x2 2tz P




Jacobians

D-175Wn,
9 1 0
- _= —X)(z—x - 9 ?
)g/z(y )( )y2+)g/+xl (z=p)(x+ y+2z)
by Cz—cl
2
=— = (y-x0)z-x)(z-p)(x+ y+2z)
)g/Z
2
== (=) (-2 -0+ y+a).
)g]Z
32 0 0
Ao AL B) 1 12 0 | ——elw /it
d (u, v, w) |0 0 2w|
Hence from (1), 9 (v, w)
a(x, y,z)
26—t yra) 0
xyz 6M2W
G-ty ayz
3uzmyz Jz oty
|: l:l+i+l,sothatv— el
v ox gy oz yz+zx+ ay

-2 p)(xt y+z)
3uzw(yz+zx+)gi)

Problem 4: Ifu3+V3+W3=x+y+z, u2+V2+w2=x3+y3+23,

A rw) _(y-2)(z-2)(x-p)

o(x, y,z) (u—v)(w—w)(w—u)
(Purvanchal 2007; Kanpur 12)

U+ v+ w=x + yZ + 22, then prove that

Solution: The given relations can be written as
Flsu3 +05 4w -x—-y-z=0,

I:Zsu2+vz+w2—)(3—y3—23=0,

and ngu+v+w—x2—y2—22:0.
Now ;’EZ;’Z)) 139;‘(?1);1;2/:‘3 /a FZ?;;) (1)
-1 -1 -1
We have M: -3y —3y2 -32%
(% 7,2) |-20 -2y -2z
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——6| 1 yl 2 =6|x y z
x b z 2 yl 72
1 0 0
=6|x y-x z—x
|J; y2—); 22—x2|
1 1
=6(y—x)(z—x)| '

=6(y-0(E-x)(z-y)=6(x=y)(y-2)(z-x).

3> 3 3w 1 1 1
Also M: 2Qu 2y 2w |=6|u v w
o (u, v, w) 1 1 1 2 2 W2
=—6(w—-v)(v—w)(w-u).
9 (u, v, w) 6(x-y)(y-2z)(z-x)

Hence from (1),

d(x, y,z) -6 (w—v)(v—w)(w-—u)

d (u,v)

Problem 5: Compute the Jacobian ——=—" where
d(r,0)

u=2)g/,V=)2 —yz,x:rcos(-),yzrsine.

Solution: Here we have case of functions of functions. Using the formula for
finding the Jacobian in the case of functions of functions, we have

d(wr) _d(mr) 9d(x y). ()
d(r,0) d(x, y) 9(r,0)
ou ou
Now a(u’V): ox ay :|2_,V 2X|:_4(x2+y2)
I(xy) | o) |2x =2y
ox Iy
Also a(x, y) _ dx/or ox /00 _ cos 0 —rsin®
d(r,0) |dy/or dy /06| [sin® 7 cosO

=r (cos2 0 + sin’ 0)=r.
Hence from (1),

<5}
~

(u,v

- =—4(x2+y2)r=—4r2.r=—4r3.
T,

5}
=

[+ from x=rcos®, y=rsin6, we have &+ y2 =12]




Jacobians

1770,

Problem 6: If up = x| + Xy + X3 + Xy, Uiy = Xy + X3 + Xy, Ujlyliy = X3 + Xy,

Uz Uy = x4, show that

d (Xl, X, X3, X4 ) _ 14131422143.

9 (uy, o , U3, 1y ) (Kumaun 2012)

Solution: The given relations can be written as

Now

We have

Also

Hence from

0 (xy, X, X, X, Uy Uy U 3 9
(1), 900 2, 3, ) _ 17t 5 =y

F=suyy-x-»n-x3-x=0 E=swuwy-x—-—x3-x =0,
F =wuug —x3 — x4 =0 and  E, = wuguguy — x4 =0.
d(x, %9, %3, %) _ OBy, B, ) /a (b, by, b3, Fy)

9 (uy, 1, U3, 1y ) 9 (g, uy, g, ug )0 (x, Xy, 23, 34)
3 (Fi. Fy, Fy Fy)

a(ul,uz u3,u4)

(1)

= the principal diagonal term of the Jacobian

determinant
O ok oF ory

aul au2 8u3 8u4

=L ouwuy. . mupug = u13u22u3.

-1 -1 -1
-1 -1 -1
0 -1 -1
0 0 -1

Jd(h, B, B, F) _
9 (x1, Xy, x3, Xy )

S O O —~

w

2

1y u3.
9 (uy, uy, u3, uy ) 1 25

Problem 7: Given y; (x) — x,)=0, yy (x12 + XXy + xz 2)=0, show that

9L _3, 4, SR
3

a(xl’XZ) Xl — Xy

Solution: The given relations can be written as

and

Now

We have

Also

Hence from (1),

0, B) _

3(F,B) _|n-x 0

F=y1(xq-x)=0
E =y (x12 + X%y + x22)=0.
0 gn) (o) )/ IFB) ()
9 (¥, %) 9 (2, x9) " 9 (1 y2)

‘ J1 )
o(x, %) |0 @rp+x) gy (x+2x)

=102 (+ 20 + 20 + ) =310y (4 + x).

)=ﬁ—§
2 2 :
(L) | 0 oy am+ x|

9 (1, ) _ 30100 (v + 1)

d (x1, %) 13 - ng
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Problem 8: Ifu=x(1- rz)fl/z,v =y(1- r2)71/27 w=z(1- rz)fl/z,where

- )72 + 22, show that M:(l_#)—SQ.
a(x, y,z)

Solution: From the given relations, we have
Pt (1-P) = (1- 2 - y* - 2%),
[

and z2=w2(1—%—y2—22).

The above relatlons can be written as

=2 - (1-F -y -2%)=0,
hey? P02 P e

and F3Ez2—w2(l—x2—y2—zz):0.
Now oW nw) _ )33F1’:2F3/3F1F2F3 (1)
d(x, y,z) d(x, y,z) d (u, v, w)
2x l+u2 2yu2 22
We have b, B k) _ 2xv 2y (1+V2) 2207
(% ,2) 2 2 2
|2x1/v 2 yw 22(1+W)|
1+ s s
=8xyz v 1+ v
| W2 W2 1+1/\72|
1 1 1
=8)g/z(1+u2+v2+1/\72) v 1+ 17 v
W2 1ew?|
1 0 0
=8)gzz(1+u2+v2+w2) V2 1 0
w? 0 1

=8)g}z(l+u2+V2+W2)

2 y 2.2
:8)@:[1+ X2’2+ y + = ]:8xyz|:l+%+y +Z:|
- 1 1

_ - 2 =8)gzz.
5 P+1_#] I




Jacobians

TN
“2u(1- %) 0 0
Also I B k) _ 0 —2v (1- /%) 0
d (u, v, w) 0 0 o -2
=—8urw (1 - 2)3.
d(u,v,w) _  8Sxpz 1
H f 1), =- :
ence from (1) 35 7, 2) 12 “Bum (-2
- vz
uvw(l—r2)4
vz =(1-r~)2

Sz (=232 a2
Problem 9(a): Find the Jacobian of y\, yo, y3,..., Vy, being given yy=x (1 - 1),

yy=xx (l-x), ..., y,_1=x% ...x,_1(l-x,), y,=x %13 .. 1,
Solution: Adding all the given relations, we get  y; + yo + ...+ y,, = 1.

%+ayfz+...+%:l

o oy x|
DLV Vg o093 (1)
ox; ox, ox;
P I Iy
axl 8X2 aX3 3Xn
3 ) Yy Py Yy Iy
Now O V2o In) o Ay Ay ax,

9 (x), ¥y, ..., X,)

ar  dvy drg ax,,
axl sz aX3 an
oxy oxy oxg ox,,
aJ’nfl aJ/nfl a)’nfl aynfl
axy o, oy ax,,
1 0 0 =0

adding R|, Ry, ..., R, _| to R;, and using the relations (1)
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ax, oxg oy ax,,
¥ W i)
=1 ey am Ay T ooy |,
ayn—l ayn—l aJ’n—l aynfl
oxy ox3 o o,

expanding the determinant along the nth row

L 0o - 0
E)xZ
Dy Dy 0 0

= (_ l)n - aX2 Bx3
a)ln—l 3)’;1—1 a.yn—l ayn—l
ax, a3 oy ax,,

:(_1)Il—lay[a)/2a)}3 .a)/n—l

8x2 8x3 8x4 an

== ) () (- ) e (- Ty X, )

:(_1)1171%_1)1171)[171—1 x2n—2 x3n—3 X,

:(_1)2)1—2 xlnfl x21172 X31173 X

n—1 X n—2

9 X

=X n—1

1
Problem 9(b): If y; =71 cos 0], yy =rsin®) cos 0y, yg =r sin0; siny cos 3, ...,

V1] =T Sin0y sin®y ....sin0,_o cos 0, _1 and y, =rsin0 sinby ...sin0,_,
prove that I gy ) o=l =2 By sin" > 0y ... 5in0,_o.

8 (V, 91, ceens 9,1_1)
(Kumaun 2010)

Solution: If we square and add, we get y12 + y22 ot ynz =/

2 ) 3
P gy Pk, Doy

or or or (1)
ayl 8)72 ayn
o s L 4+ =0, k=1,2,....,n—-1

and )1 20, J2 T In 99,




Jacobians

D-181/M,
D !
or 861 892 86,1,1
5 Y2 Iy I )
Now I LIy ) |\ 5 B9, 38, T 06,
a(r’el,““,e”_l) e cees cees seee
ar 861 892 aen_l
L) W W)
ar 861 892 89"_1
Py Y Py I
| a}’ 891 392 86”_1
o a.... a.... a.... ,,,,, a....
V-1 Dn-1 Dn-1 . Dn-l
E)r 89] 862 aen_]
r 0 0 0
Operating y, R, + ( yy Ry + y9 Ry + ...+ 3,1 R,_1)
and using the results (1)
»n o ow W
8, 8, 98,1
¥ Y D
=1yt | ol 99 99,1,
‘yn
ayn -1 ayn -1 ayn -1
20, 00y 99, _;
[Expanding the determinant along the nth row]
/A 0 - 0
26,
P2 P
S B TR 0
In
a)}n—l a}’n—l ayn—l aJ}n—l
381 392 893 aen_ 1

=(—1)n_1- oW 9y s Wy -1

Ju 00 06y 0083 00,

—(=rsin®)) (= rsinB; sinh,y)....

e (=7sinB siN Oy ...5in6, _|)
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=(_1)n—1 .L(_I)"_l A= gin 1 0, sinn—2 0. ...

sin? 6, _9sin@, _|

= . . . " lsin" 1o sin 2 6,
7sin By sinQy ...sin6,, 9 sin6,

.sin? 6, _9sin0, _

=7 Lsin"=2 9, sin" "3 0, ....sin 0, 5.

Problem 10: If A, 1, v are the roots of the equation in k, LI S | R
a+k b+k c+k

0% pz)__M=-v)(V=-AA-p),

prove that
d (A, 1, V) (b=c)(c—a)(a-h)

Solution: The given equation in k can be written as
(a+k)Yb+k)(c+k)=x(b+k)(c+k)— y(c+k)a+k)-z(a+k)(b+k)=0
or B+k>@a+b+c—x—y—z)+kiab+bc+ca—x(b+c)
-y (c+a)—z(a+ D)+ abc — xbe — yea — zab =0.
Since A, i, vare the roots of this equation, therefore from theory of equations, we have
A+u+v=x+y+z-a-b-c
MAu+Vi=ab+bc+ca-xb+c)— y(c+a)—z(a+D)
and M = xbe + yea + zab — abe.

The above relations can be written as
F=A+u+v-x—y-z+a+b+c=0,

E=M+uw+vVvA+x(b+c)+ y(c+a)+z(a+b)—ab—bc—ca=0

and F; = My — xbe — yea — zab + abe = 0.
Now 9(%%2):( 1)38 (B B, F?) /a<FlF2F3) (1)
CAUNTRY 9 (A1, v (% ,2)
1 1
We have W: U+ v A+ vV n+ A
1 v) [y VA AL
1 0 0 1 1
=({L+v A—u A=v |=(A=-p)(A-vV) }
Voo

Y vA-p)  p(r-v)

=A-WA =V -V)==A-p)M-v)(V-2).




Jacobians

D-183M,
-1 -1 -1
Also M: b+c¢ c+a a+b
(% y,2) - be —ca —ab |
1 1 1
=|b+c¢ c+a a+b|l==0h-c)(c—a)(a-Dh).
be ca ab |

Hence from (1),
o yz) _ _ —A-m)E=-v)(v-R) _ Wm-Vv)(v-AA-p)

9 (A1, v) —(b=c)(c—a)(a-Dh) (b=c¢)(c—a)(a-Db)

Problem 11: The roots of the equation in A, (A — X+ (A y)3 + A=z =0

are u, v, w. Prove that 9 (u, v, w) =-2 (y-2)z-0(x=y)
a(x, y,z) (v =w)(w—u)(u-vr)
(Lucknow 2007; Kumaun 08; Kanpur 10; Goralhpur 11)
Solution: The given equation in A can be written as
38 -3 (x+ prz) 430 (P + P +22) (P + P+ =0.
Sinceu, v, ware the roots of this equation, therefore from theory of equations, we have

u+v+w=x+ y+z, uv+vw+wu:x2+y2+z2,

and uvw = é (x3 + y3 + z3).

The above relations can be written as
F=u+v+w-x-y-z=0,

FZEuV+VW+wu—x2—y2—22=O

and FgEMVW—l(XerJ’g*‘Z%:O'
Now Awrw) 1)3”1’:2% /aFleF3 (D)
3 (x, y,2) a(x p,2) 1 9w r,m)
-1 -1 -1
We have M: - 2x -2y -2z
d(x, y,2) ) ) 2
X v z

1 1 1
=-2x y z

=-2(y-z)(z-x)(x-y).
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1 1 1
Also I,k B) v+ w u+mw u+v
d (u, v, w)
| vw uw uv |
=—w-w)(w-—u)(u-r). [Refer problem 10]

Hence from (1), g(u,v,w) - =2(-2)E-0)(x-y)

(x, y,2) —w=mw)y(w—-—u)(u-vr)

D),

(v =w)(w—u)(u=-v)

Problem 12: If x, y, z are connected by a functional relation f (x, y,z)=0, show that

(3
d(x,z) o Jz = const.

Solution: We have f (x, y,z)=0 = yis a function of x and z.

Also from the equation, z = z, z may be regarded as a function of x and z.

(3 e (3)
d ()77 z) - A Jz=const. 0z Jx = const.

d(x,z) Jz oz
ox 0z

) @)
=|\ax J; = const. 0z ) = const. . a =0, a? -

0 1
- (31)

X /7 = const

Problem 13(i): Prove that d (, v, ) X d(x p2) 1.
o(x, y,z) 0 (wv,w) (Kanpur 2008, 09, 11)

Solution: Proceed as in Example 4.
Problem 13(ii): Prove that

D1 2y ) DO, )
9 (X1, X e 0) 3 (D1s Vs ems I)

Solution: Let  y, = fi (x, 0, ..., %), 00 = fo (X, %, ..., &), ..(1)
o I = o (71 0 ) }
These relations may be put in the form
1 =5 (yy 0250 In)
Y =F (1, v, In)s -

Yy =By (71, D25 o0 )




Jacobians

D-185(M,
Differentiating the relations (1) partially w.r.t. y|, y9,..., y,, we have
T ) W N WL R S v
dq oy 9 Iy Iy Iy
0=P1.9u I 09 Iy dy _ gy 0%
oy dyy oy Iy ax, dyy 9 Iy (A
0=P1.9 I % Iy Oy I Iy
o Iy, A dyy ax, Iy . 9y |
and similar other relations.
Now 9()’1’)’2,--”)’;1)_ a(xl’x27“'7x)1)
9 (¥, 500, Xy) O (P12 eoes )
I Y Iyy| |dq Iy oxy

I R T I T PR
V2 Y2 D2 (¥ 0y M
aXl axZ o, ayl 8)12 ayn
LT I T

orp oy a, | [y Iy

a9y AR ) AT 2
B zayiai zayJaﬁ Zayizﬂx,.
G ax. dyy oy |
sVu % U By U
ox, a)’l ox, ayZ ox, a)’n
[Applying row-by-column multiplication]
1 0 0
0o 1 .. . .
= , using the relations (A)
0 0 1
=1.

Problem 14: Ifx2+y2+u2—172 =0 and uv+xy =0, prove that
d () _ e —yz
(%) i +17 (Kumaun 2015)

Solution: The given relations can be written as

F, Ex2+y2+u2—1/2 =0

Fy=uv+xy=0
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d (Fy, F. d(Fy, F
Now d(wr) _ 22 2)/ (F1, Fy) ()
d(x, ) d(x, ) d (u,v)
d (Fy, F;
Here M: 2x 2y =2x2—2y2=2(x2—y2)
d(vy) |y x
d(F, F -
and Mz 2u =2y =2M2+2V2=2(M2+V2).
d (u, v) v u
2
From (1), 20 _2-y%
6(x,y) M2+V2

Comprehensive Problems 3

Problem 1: Ifu=x2 + y2 +22r=x+ y+z,w=xy+ yz+ zt, showthatthe Jacobian

9wy, w) vanishes identically. Also find the relation between u,v and w.
T (Avadh 2014)
Solution: We have 2(7%)
9 (x, y,2)
2x 2)’ 2z N I .
| y+z z+x X+ | | y+:z z+x X+ y |

=2 1 1 1 ,ble+R3
| y+z z+x r+ |
1 1 1
=2(x+y+2z)| 1 1 1 |=0, the first two rows
| y+z z+x  x+ being identical.

Since the Jacobian of the functions u, v, w is zero, therefore these functions are not
independent and there must exist a relation between them.

We have v2:(x+y+z)2:x2+y2+z2+2(;g;+yz+zx):u+2w.
Thus v? = u + 2w is the required relation between u, v and w.

** D andv = tan” " x + tan” 1y,ﬁndM -Areu and v functionally

I-y a(x, y)
related ? If so, find the relationship.

Problem 2: If u=




Jacobians

1670,

Solution: We have

u_1.(1l-y)—(-p)(x+y)_ 1+ )
o (- ) (1-xpp
W _1.(-yp)-(—x)(x+y)_ 1+2
W (1) -y

w_o 1w 1

a1+ P 1+ y2

d(u,v) |ou/ox ou/dy| ou v u ov

a(x, y) | ov/ox av/ay}_""’_ '

I A RS C o SN S D |
I-wf 1+y* (-wP 1+ -y -9y

Since the Jacobian of the functions u, v is zero, therefore these functions are not

independent and so they must be functionally related.

We have

Now

o dy Iy or

_ _ _ =+ _
v =tan”'x+ tan ly:tan PXT) — tan~lu.
1 -y

Thus » = tan™ ! uor tan v = u is the required relation between u and v.

Problem 3: If the functions u, v, w of three independent variables x, y, z are not independent,
prove that the Jacobian of u, v, w with respect to x, y, z vanishes.

Solution: Since the functions u, v and w are not independent, therefore there exists
a relation between them. Let it be
F (u,v,w)=0. (1)

Now we are to prove that the Jacobian of u, v, w with respect to x, y, z must be equal to
zero.

Differentiating (1) partially w.r.t. x, y, z, we get

oF ou OoF dv  OF ow
- T+ T+ 2 =0, (2)
Ju ox Jdv dx  Jdw ox
OF ou  OF ov  OF dw _ (3)
ou dy dv dy Iw 9y
Ot O o0 OF v "
Ju 0z Jdv 0z Ow 0z

and

Eliminating oF / du, OF / dv, oF / dw from (2), (3), (4), we get
ou/dx Jdv /ox ow/dx
du/dy  dv/dy  dw/9dy|=0,
ou/oz av/oz ow/dz

9 (u, v, w)

d(x, y,z)

or =0, which proves the required result.
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Problem 4: Show that the functions u=3x+2y -z, v=x-2y+z and

w=x(x+2y—z) arenot independent and find the relation between them.
Solution: We have
u=3x+2y—z,v=x—2y+z,w:x2 + 2xp — xz.

1 2 -1

a(u,v,w): 1 _9 1

I 7:2) 2x+2y  2x -x
3 -1 -1

=-2 1 1 1/=0,
|2x+2y -x - x|

the last two columns being identical.

Since the Jacobian of the functions u, v, w is zero, therefore these functions are not
independent and so there must exist a relation between them.

We have u2—V2=(3x+2y—z)2—(x—2y+z)2
=Cx+2y-z+x-2y+z)CBx+2y-z-x+2y-z)
=4x(2x+4y-2z)=8x(x+2y—-2z)=8m

Thus u> — v”> = 8w is the required relation between u, v and w.

Problem 5: Show that the functions
u=x+y+z,V:,x_'y+yz+zx,w:x3 +y3+z3 -3xyz

are not independent. Find the relation between them.
(Meerut 2013B; Kanpur 15)

Solution: We have 9(67:%)
d(x, y,z)
1 1 |
=| y+z R oy

132 -02) 30%-2) 3¢ -

1 1 1

=3| y+z z+x x+y

Jg—yz y2—zx z2—)g/

1 0 0

=3| y+z x—y X—z ,
)g_yz (y-x(x+y+z) (z-x)(x+ y+2z)

byC2 _Cl andC3 _Cl
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1 0 0
=3(x-y)(x-2z)| y+z 1 1 =0,
x2—yz —(x+ y+2z) -(x+ y+2z)

the last two columns being identical.

Since the Jacobian of the functions u, v and w is zero, therefore these functions are not
independent and so there must exist a relation between them.

We have w=x3+y3+z3—3)g;z
=(x+y+z)(x2+y2+zz—yz—zx—)g/)
=(x+y+z)[(x+y+z)2—3(yz+zx+)g/)]
=u(u2—3V)=u3—3uV.

" 1> =3uv + wis the required relation between u, v and w.

Problem 6: Ifu=x+2y+z,v=x-2y+3zand w=2xy—xz+4yz—222, show

that they are not independent. Find the relation between u, v and w.
(Lucknow 2009, 11)

Solution: We have g("i”w))

X, y,z
1 2 1
= 1 -2 3
2y-z 2x+ 4z -x+4y-4z
1 0 0
= 1 -4 2 ,
2y-z 2x -4y + 6z —x+2y-3z|
by G —2C) and G5 - C;
1 0 0
=-2 1 2 2 =0,
2y-z -x+2y-3z -x+2y-3z

the last two columns being identical.

Since the Jacobian of the functions u, v, w is zero, therefore these functions are not
independent and so there must exist a relation between them.

We have 142—1}2:(x+2y+z)2—(x—2y+3z)2
=(x+2y+z+x-2y+3z)(x+2y+z-x+2y-3z2)
=Q2x+4z)(4dy-22)=4(x+22)2y -z)
:4(2)91—xz+4yz—222)=4w.

Therefore 1? — v> = 4w is the required relation between u, v and w.
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Problem 7: Ifu = D = SEE s Jirt y+ Z), show that u,v,w are not independent
z x xz

and find the relation between them.

1 1 —(x+)
z z 22
Solution: We have Awrw) _| _(y +rz) 1 1
d(x, y,2) _— X X
—y2+yz X+2y+z _)g]_yz
Pz = xz2
| z z —(x+y)
== —(y+z) X X
vz | —yz(y+2) xz(x+2y+z) —xp(x+ )|
. I 1 1 . .
by taking —,—, common from first, second and third
YR
z 0 —(x+ y+2z)
= 414 —(y+z) X+ y+z X+ y+z
vz | —yz(y+2) zZ(x+ p)(x+ y+z) JE=x)(x+ y+z)|
bYC2—>C2—C17C3ﬁC3—C1
. z 0 -1
_ (x+y+z)z 1 )
=24 -(y+2)
vz —yz(y+2z) z(x+ y) y(z—x)
0 0 -1
(x4 +z)2
- x{z4 - ! !
—yz(y + x) z(x+ y) y(z—-x)
by Cl—)C1+ZC3
:(x+y+z)2(_1)’ -y 1 !
4 —yz(x+y)  z(x+y)
:(x+y+z)2y 1 1 ‘
A z(x+y)  z(x+y)
=0
.. The functions are not independent.
Also we have W:(x+y)(y+z):y(x+y+z)+l
xz xz
or uv =w+1,

which is the required relation.
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Problem 8: Ifu=x+y+z+t,V=x+y—z—t,w=)g/—zt,r=x2+y2—z2—t2,

show that M =0 and hence find a relation between u, v, w and r.
o(x, y,z,1)
Solution: We have 20677 1)
a(x, y,z,t)
1 1 1 1
_| ! 1 -1 —1
R X —t -z
2x 2y -2z -2t
2 2 0 0
= 1 1 -1 -1 by R, + Ry
J x —t -z
2x 2y -2z -2t
2 0 0 0
_|! 0 -1 -1 e
J x-y B
2x  2(y-x) -2z -2t
0 —1 —1
=2 x-y -t -z
-2(x-y) -2z -2t
0 0 _1
=2 X_J/ z—-t -z ’byCZ_C3
-2(x=) 2(t-z) — 9t
0 0 -1
=2(x-y)z-t)| 1 1 _.

-2 -2 -2

=0, the first two columns being identical.

Since the Jacobian of the functions u, v, w, r is zero, therefore these functions are not

independent and so there must exist a relation between them.

Now let us find a relation between u, v, w, r. We have
w=x+y+z+t)(x+ y-z-t)=(x+ y)z —(z+ t)2

:(x2 +J/2 - Z2 —t2)+2()g/—zt)=r+2w.

Hence uv = r + 2w is the required relation between u, v, w and .
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Problem 9: If £(0)=0 and f'(x)= 1)(2 prove without using the method of integration, that
1+

£x)+ f<y>=f("+ y)
=) (Meerut 2012B, 13; Gorakhpur 13, 14)
Solution: Letu= f (x)+ f(y),v=x+ J.
1= xy
[ () f ()
We have I(wy) _ 1+y2 1+ 2
a(x, y) 5
I-wy  (-w)
1 1
I+ 12 I+ y2 1 1 0
R 1+2 | (-gP (-wP
I-wy  (-w)
Hence there must exist a functional relation between u and ».
Let u=06(r).
ie., Fx)+ f(y)=0 [W)
1-
Putting y =0, we obtain f (x)=¢ (x). [ f(0)=0]

Thus the functions f and ¢ are equal.

f(x)+f(y>=f(x+y

Hence

1y

@nts to Objective Type Questions

Multiple Choice Questions

1. See Problem 1 of Comprehensive Problems 1.
2. See Problem 4 of Comprehensive Problems 1 .
e*siny ¢”*cosy
3. We have 2U6¥) _ 1 cosy |=e'cosy—etcosy=0.
d(x, y) | Sn
v
4. We have 9 ) =| Sy xc?sJ; | =sinxsin y —x ycosx cos y.
d(x, y) | ycosx sinx |
cos® -rsin® O
5. We have 9(x y,2) sin@ rcos® O =r(c0329 + sin29)=r.
a(r,0,z

| O

0

L
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See article 4.

See Example 4.
See Problem 1 of Comprehensive Problems 1.

Fill in the Blanks

See article 1.
ox ox

We have I(x ) _ or 98 |_

a(r,8) |y I

cos® —rsind .
= rcos29+ rsmze =r

sin®  rcos6

Jor 90
But I(xy) 9(n0) _
d(r,6) d(x, y)
a(r,6) _ 1
a(x, y) r

See Example 4.

See Problem 2 of Comprehensive Problems 1.
See Problem 7 of Comprehensive Problems 1.
Refer Problem 5 of Comprehensive Problems 1.
See Problem 5 of Comprehensive Problems 1.

True or False

See Problem 5 of Comprehensive Problems 1.

See article 2, Theorem

See Example 1.

We have d (u, v,w) ) d(x, y,z)
o(x, y,z) 0(u,v,w)

=1. Refer Example 4.

See article 3.
See Problem 1 of Comprehensive Problems 3.
See Problem 2 of Comprehensive Problems 2.

From article 4 we know that u, v, w are not independent of each other if
d (u, v, w)
d(x, y,z)

We have urw? = 3.7 2(p+2) | |- p) =1
20+2) | |3(x-p)? x2

=0.

OO0
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Tangents and Normals

Comprehensive Problems 1

Problem 1: Show that in the equiangular spiral r = ae bt o i, tangent is inclined at a

constant angle o, to the radius vector. (Avadh 2014)
Solution: The curve is
r=ae 90t (1)
Z—g =a¢ 2% coto =7 coto. [+ From (1), r = ae #°t %]
Now tan(]):rde:L—L:tanoc

dr dr/d® rcota
¢ = o = constant.
Problem 2: Find the angle at which the radius vector cuts the curve [/r =1+ ecos 0.

Solution: The curve is & = (1+ ecos0)
r

Taking logarithm, log ¢ —log r =log(l1+ ¢cos 0)

Differentiating, _ (-esin®)
r dG I+e¢cos0
or A8 Lt ecosb_ .y (o
d" esin ©
Now required angle ¢ = tan~! (tan ¢) = tan_l(r@) O 1+ ¢ cos® .
dr esin®

Problem 3: Find the angle ¢ for the curve a® = (12 e )1/2 —acos! (alr).

(Rohilkhand 2013)
Solution: Given a6 = (r2 - a2)1/2 —acos! (ﬂ)
;

Differentiating with respect to 8, we get

L2 p2yingdr a a\dr
T e T as? ( ,2)49
de _ r @ _ P —a®
or a— = - 5 G 5 — - 5
dr NP -a®) NG -db) NP -
or r@:@or tanq):M.

dr a a
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coso= L - 1 _ 1 a
p

sec ¢ V(1 + tan’ ) - \/{1+ [rl _ﬂz]}
2
(1)=cos_1 (ﬁ)

Problem 4: If ¢ be the angle between tangent to a curve and the radius vector drawn from the

origin of coordinates to the point of contact, prove that

L dl)
tan ¢ (xdx y)/(x+ydx.

Solution: Let P(r,0)be any point on
the curve. Then OP is the radius
vector and PT is the tangent to the
curve at P inclined at an angle y to the
initial line OA.

Now we know if the coordinates of P
be (x, y)in the cartesian form, then

J_rsing tan® ...(1)
X 1rcos@
and dy Jdx = tan y ..(2)

Also from the figure it is evident that
Yy =0+ ¢ ... as exterior angle
= sum of opposite interior angles.
O=y-6 or tan ¢ = tan (y — 0)
tan y —tan® _ (dy/dx)—(y/x)

or tan ¢ = , [From (1) and (2)]
I+ tany tan® 1+ (dy/dx)(y/x)
= (x% - y)/(x + y%) Hence proved

2
Problem 5: Prove# =i’ + (;lg) , where u = Lona pis the length of perpendicular from pole
r

to the tangent of the curve at any point P (r,0). (Bundelkhand 2001)
Solution: (i) Suppose ON =p is the
perpendicular from the pole O on the P(x, 6)
tangent at P to the curve. r ¢

ZOPN = ¢.
Hence, from the right-angled triangle ONP, (O k X
we have clearly

p=rsing.
(ii) Since tan ¢ = r@~
dr N
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Ldr
cot p=-—— (1
o= TS (1)

Now from p = rsin ¢, we have

2
%cosec ¢—7(1+ cot? 0) = L{l+rlz((h) },by(l)

7

b 8]

(iiii) Since u=--
() -5 (%]

e li)

o 2\de

Hence, from equation (2)
1 du Y 1
7,=u2 +(—) , where r=-.
pz de u

Problem 6: Show that the spirals r'* = a" cos n® and r"* = b" sin n® intersect orthogonally.
(Garhwal 2000; Agra 03; Kumaun 08, 11)
Solution: The curves are " = a" cos n6 (1)

and 7' =b"sin n@ (2)

or

»\

Taking logarithm of both sides of (1), we get

nlog r=nlog a + log cos n®
ndr 1

Differentiating, —— = ———.(-sin n6).n
rdd cosnb
or tan @) =7 (d0/dr) = — cot n6 = tan (% T+ ne)
or o = %TC + n6. ...(3)

Similarly from (2), taking logarithm of both sides, we get
nlogr =mnlogh + log sin n6.

Differentiating, — ﬂ =

rdd sinnd
or tan Oy =7 (d0/dr)=tann® or ¢y =10 ...(4)

cosnb.n

The angle between (1) and (2)
=0 -0 = (% T+ ne) — 16, from (3) and (4)

=T i.e., the curves intersect orthogonally.

N
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Problem 7: Show that the cardioids r = a (1 + cos 0) and r = b (1 — cos ) intersect at right

angles. (Meerut 2000; Kanpur 07, 11)
Solution: The curves are

r=a (1 + cos0) (1)
and r=>b(l-cos) (2)
From (1), dr/d® = — a sin6.

21
_rd® _a(l+ cos®) _ 2 cos 56
tan ¢ = —= - = I I
d — asin® 2 sin —0cos —0
2 2
1 1 1 1 1
or tan¢; =—cot—O=tan| -+ -0 |= 6 =—7n+ 0. ...(3)
2 2 2 2 2
From (2), dr/d® =Dsin6.
.21
2 sin”~0
tan%z'ie:h(]_.cose) =2 I 2 I :tanle
dr bsin® 2sin -0 cos—0
2 2
1

or =-0. (4

) 2 (4)

Required angle of intersection

—0,-6) = G n+ %e) - %e, from (3) and (4)

T i.e., curves intersect orthogonally.

N | —

Problem 8: Show that the curves r = a (1 + sin©) and r = a (1 — sin 0) cut orthogonally.
Solution: The curves are r =a (1 + sin8) (1)
and r=a(l—sin0) ..(2)
From (1) we get dr/d® = a cos 6

1
. 1 + cos (775 - 9)
tan @ = rdd _ a(l+sin6) _ 2 (Note)

dr acos @ sin (% _— 6)

2 cos? (111:—16)
_ 4 2
2 sin (ln —19) cos (ln—le)
4 2 4 2
=cot(ln—le)=tan ln—(ln—le) = tan (ln+ 19)
4 2 2 4 2 4 2
1

1
0 =_m+ -0 ..(3
r i} 25 (3)
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Also from (2), we get dr/d6=—a cos®

1 - cos (l - 9)
tan 6y = rdd _a(l-sinb) _ 2 (Note)

dr —a cos® —sin (%n—e)

2 sin® (ln—le)
_ 4 2
—2sin (ln —19) cos (ln—le)
4 2 4 2

=—tan (ln—le)ztan (le—ln) ..(4)
4 2 2 4
1 1
=—0-—m.
b2 2 4
Required angle of intersection of the curves
=0 —%:(%n+%6)—(%6—%n), [From (3) and (4)]

1 . .
= P T i.e., curves intersect orthogonally.

Problem 9: Find the angle of intersection of the curves r = sin® + cos © and r =2 sin 6.
(Lucknow 2009)
Solution: The curves are r=sin6 + cos 0 (1)
r=2sin0 ..(2)

From (1), we get % =c0s 0 —sin O

tan¢ =r—=

d® sin®+ cos® 1+ tan® (n )
r—— = = =tan|—+0 |
dr  cos®—sin® 1-tan®

T
=—+0.
01

Also from (2), we get % =2cos0

tan¢2=r@=M=tan9,
dr 2 cos®

) =6.
Required angle of intersection of the curves

- —_g="
=07 — (4+6) 0 e

Problem 10: Show that the curves r =2 sin © and r =2 cos © intersect at right angles.
Solution: The curves are r =2 sin6 (1)
and r=2cos6. .(2)

dr
From (1), we get — =2c0s0.
(1), we g 1
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de _ 2sin® _

tan ¢; =7 —
% dr 2 cos®

Also from (2), we get % =—2sin®

tan@zr@= 2cos 6 :—Coteztan(g+9J

dr —2sin®
or ¢2:§+6

Required angle of intersection of the curves

¢1~¢z=(g+9)—e=g

i.e., curves intersect orthogonally.

Problem 11: Find the angle between the tangent and the radius vector in the case of the curve
" =a" sec (n® + o), and prove that this curve is intersected by the curve " = b"sec (n + B)at
an angle which is independent of a and b.

Solution: The curves are 7" = a” sec (10 + o) (1)
and ' =D" sec (n0 + B). (2)
From (1), taking logarithm of both sides, we get

nlog r = nlog a + log sec (16 + o).
ndr _

Differentiating, —— = —————sec (10 + o) tan (10 + o) 1
rdd sec (n6+ o)
or tan ¢; = r(d8/dr) = cot (n6 + o) = tan [% T — (16 + a)]
or o :%n—(n9+(x). (3)
Similarly from (2), we can get ¢, = %n — (10 +PB). (4)

. Angle of intersection of curves (1) and (2)
=¢; ~ 0= [%n —(n0+ (x)] ~[%n —(n0 + B)], from (3) and (4)
=B ~o., which is independent of 2 and b.

Problem 12: Find the angle of intersection between the pair of curves r =6 cos © and
r=2(+ cos 9).

Solution: The given curves are 7 =6 cos@ (1)
and r=2(1+ cos0). .(2)

dr .
From (1), we get — = —65in0.
(1), we g 1

tan ¢ = r@ _ 6cos® _ —cotf = tan (E + 6)
dr  —6sin@ 2
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b4
or =_+0.
o 5

Also from (2), we get % =—2sin6.

A0 2 (1+ coso) 2.2 cos” (8/2)

tan ¢y =r—= =
dr — 2sin® —2.25in (06/2) cos (6/2)
:—cotgztan(£+ g)
2 2 2
or 6y = Ty 9.
2 2

Also at the point of intersection

6cos0=2(1+ cos9) or 6cos0=2+2cosH

or 4 cos0=2 or cosG:l or Gzln.

2 3
Required angle = ¢; — ¢y =(%n+9)—(%n+%GJ,atG:%n:%G: l(ln): ! TT.

Comprehensive Problems 2

Problem 1: Find the polar subtangent of the ellipse [ /1 =1+ ¢ cos 6.
Solution: Given L 1+ ¢ cos®.
r
Taking logarithm log I — log r =log (1 + ¢ cos 0).
_ldr _ (—esin®) or r@:l+ecose_
rdd 1+ e¢cos6 dr esin®
Ao - d4e

Polar subtangent = P r( —) = ! . I+ ¢ cosd = P
dr dr 1+ ecos6  ¢sind esin®

Differentiating,

Problem 2: For the parabola 2a/r =1 — cos 6, prove that
. 1 g 1
i)o=m—- -6, ii) p=a cosec —0,
()¢ ) (ii) p 3
(iii) pz =ar, (iv) the polar subtangent = 2a cosec 6.
(Lucknow 2006; Purvanchal 14)

Solution:  The curve is

2a/r=1- cos 0 =2 sin’ l9

or r = a cosec” %9. (1)

1
2

1

Differentiating, % = - 2a cosec? %9 cot —0.~ = — a cosec? le cot —6.

N | —
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21
) ' 16 a cosec 59 1
i - tanp=r—= I I =-tan—0
ar _ 4 cosec? 26 cot ~0 2
2 2
or tanq):tan(n—%e) or ¢= n—,le. ..(2)

(i) p=rsing=a cosec? %6 sin (Tt - %9) , from (1) and (2)

=a cos ec2 lG sin l6 =a cos ecle.
2 2 2

(iii) p=a[V(r/a)], from (1)
or p=(ar) or pz =ar.

o

(iv) polar subtangent = I
a cosec® ~0 cot —0
2 2

Problem 3: For the cardioid r = a (1 — cos 0), prove that

; 1
(i) =6,
2 (Meerut 2001; Lucknow 11)

(i) p=2a sin’ %9,

(iii) the pedal equation is 2ap” = 1, (Meerut 2001; Rohilkhand 12B)
(iv) the polar subtangent = 2a sin’ (0/2) tan (6/2).
Solution: The given curveis r=a (1 - cos9). (1)

Differentiating, dr/d6 = a sin 6.
21

2asin® — 0
(i) We have tanq):r@:a(l—cose): 2 =tang-
dr asin® 2asin L6 cos L 6 2
2
0=6/2.
(ii) Wehave p=rsin¢=r sing =a (1 — cosB)sin o 2a sin” 9sir\g =2a sin3§ .
2 2 2 2 2
(iii) We have p=rsin¢=rsin(0/2). [ 6=6/2]
Now from (1), r=2asin2%9:2a(pz/r2), [ pzrsinée]

Pedal equation is 2ﬂp2 =7

(iv) Polar subtangent = 2 46 _ u2(1 - cose)2 _—
dr (asin ©)
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20
= 25?1(\272% = 2asin’ g tang .
Problem 4: Show that the pedal equation
(i) of the lemniscate P = cs20 isr =d ?,
(ii) of the hyperbola Peos 20 = a is pr= a2,
(iii) of the cosine spiral r" = a" cos n®is pa" = "+,
(iv) of the curve r = a O is p2 = r4/(72+ aZ)
Solution: (i) Given 7 = a? cos 20
Differentiating,

9 .
Zrﬂ = —24%sin20 or ﬂ =_Z sin26
do o

dae

(Lucknow 2005)

(1)

2 4 . 2
1=1+1(m)=1+1(awuw}mM@)
4

1, 1 at
= —(l—cos 20)= —+ —|1-— |, from (1)
2 ERC) S
a1 at
2T
or p2a4:r6 or 2p—r

(ii) The given curve is 12cos 20 = or = a” sec 20.

Differentiating, 2r (dr/d6) = 24” sec 20 tan 20 = 217 tan 20

or dr/de = r tan 20. .(2)
11 1 (drY 1
= = | =—+ — (rtan” 20), f
p2 ,2 + (de) ’2 (1 an’ ), from (2)

2

7’2 a

2 2
or I/p2=r2/ﬂ4 or r2p2=a4 or pr=ﬂ2.
(iii) The given curve is " = a" cos n@.
Taking logarithm, nlogr =n log a + log cos n®.

n dr 1

2
2
= i+ tan220] = Lsec20 = 1(’,] , from (1)

Differentiating, — — = (=sinnB) n
r d® cosnd
or dr/de = — rtan n8. .(2)
1 1 dr 1 r2
=== —| == tan” 70), from
R (de) e from @)
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1 1 9 a 5
or —=—(1+ tan"n0) = sec n0)=—|— |, from (1)
R ;2 2 ( ]
or VU =dn/?"*2 or A= pat
(iv) The given curveis r = a®. (1)

Differentiating, dar_ a.
de

Problem 5: Show that the pedal equation of the conic L 1+ ecos Ois

;
1 21 2)
— = 1+¢
2 ll(r
Solution: The curveis (I/r)=1+ ¢ cos®. (1)
Differentiating, we get
1 dr . 1 dr _esin®
— — =-—¢sin® or ——= . (2
/2 de 2 de l @
2
1 1 1 (dr
From — = — + — | — | , we get
;A (G6) e
2 2.2
1 1 1 dr 1 e”sin“ 0
=y =t 7 From (2
72 (pie) =2+ % [From (2)]
1 6‘2 2 1 e2 2 92
=+ (l-cos“0)=—+ ~ ——-cos"0
? ol S
2 2 2
:i+g——e—(l_7r) ) - From (1) cos 6 = l—r]
22 2\ er er
1.2 1 1.2 1.2 1
=+ ———( _21,.+rl):7+7_7+7_7
A S SR A S
1 1 l

or — =

Problem 6 Show that the pedal equation of the spiral r=asechn® is of the

form = ="+ B.
p2 r2
Solution: The curveis r=asechn®. (1)
Differentiating, dr/d6 = — ansech n6 tanh n6 = — nr tanh n6. .(2)
2

1 1 1 (dr 1 1 2.2 )
=+ | = | =—+ —(nr° tanh® n0), From (2
. (%) =5+ ¢ ) [From (2)]
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=(1/7)[1+ n* tanh® n0]= (1/72) [1 + > (1 — sech? 10)]
. . . . 5 2
or 1o i[(1+ nz)—nzsechz no] = L 1+ nz)—nz ’—2 , [From (1)]
;o P a
2
= (1+n2)—n—:é+B,whereA:1+ "2 andB:—nz/ﬂz.
2 27
Hence the pedal equation of (1) is of the form R % + B.
Problem 7: Show that the pedal equation of the cardioid r = a (1 + cos ) is P = Zapz.
Solution: Given r=a (1 + cos0). (1)
Differentiating, we get (dr/d®) = — asin 6.
91
tanq)=@=a(l+cose)= 2 cos 59
dr —asin® 9 lgeasle
2 2
= — cot l9 =tan (ln + 19)
2 2 2
1 1
or =—_m+ —0.
¢ 2 2
Now we know p=rsin ¢ =rsin (%n + %9)
or p=r Cosle or pZ =7 cos® (16)
2 2
or 2p2 =7 (14 cos®), [ 1+ cos®=2 cos® (%9)]
or 2172 =7 (r/a), [From (1)]
or 2ap2 =
Problem 8: Show that the pedal equation of the astroid 2B 4 y2/3 =a?Bis? =a® -3 p2
Solution: Given curve is ¥ + y2/3 =a*B.
The parametric equations are
Xx=acos’t (1)
and y=a sin> ¢. ..(2)
From (1) we get dx/dt =—-3a cos” tsin t.
From (2) we get dy/dt =3a sin ¢ cos t.
. 9
dy _dy/dt _ 3asin"tcost — tant

de de/dt  _34 cos® tsint

. Equation of the tangent to the given curve at ‘¢ "is

Y—asin3t:(—tant)(X—acos3t)

3

or Xtant+Y —(acos’ ttant +a sin® t)=0. ..(3)
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p =length of perpendicular from (0, 0) on (3)
_a cos>ttant + asin’t _asint (cos2 t + sin” t)
B V(tan® ¢+ 1) - sect
or p=asint cos t. ...(4)
Also =2 y2= a* cost + a® sin® ¢, from (1) and (2)

= a® [(cos® t+ sin’ t)® — 3 cos” tsin” ¢ (cos” ¢ + sin” £)],

@+ =(a+b)-3ab(a+b)

or P =a® [1-3 cos® tsin’ t] = a®[l - 37 /a’], [From (4)]
or P =d -3 pz is the required pedal equation.
Problem 9:  Show that the locus of the extremity of the polar subnormal of the curver = f (8) is
r=f’ (6 -= n).
2 (Gorakhpur 2006)
Hence show that the locus of the extremity of the polar subnormal of the equiangular spiral
r = ae™® is another equiangular spiral. (Lucknow 2011)

Solution: Let (r,8) be a point on the i
curve.
Let the line drawn through O G (1}, 6)

perpendicular to the radius vector OP

meet the normal at P in G. Let G be

(r1,8y).

Then 71 = OG = polar subnormal
=dr/do= f'(6),

P (1, 0)

since r=f(0)
r = f'6) -()
Also 0, = ZGOA=90°+ 6
or e:el—ln.
2

From (1), r| = (8 - %n).
1

Locus of G(ry,07)is r=f’(6—5ﬂ:). ...(2)
(ii) Given r=ac™®
Here £(0)= ae™®  and £7(8) = ame™®.

f’(e—%n)z ame™ O~ = gym® =2

= ke™® where k = ame "™ /2,

From (2), the required locus is r = ke"®, which is also an equiangular spiral.
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Problem 10:  Prove that the normal at any point (r,0)to the curve r " = a” cos n® makes an

angle (n + 1) © with the initial line. (Agra 2002; Kumaun 10)
Solution: The given curve is
r" =a" cosnb. (1)

Taking logarithm of both sides of (1), we get
nlog r =nlog a + log cos nb.
Differentiating with respect to 6, we get

Eﬂ=0+ ! - (= nsinnB)=—n tan nd
r do cos 16
or cot¢:lﬂ:—tann9:cot(ln+ne).
r de 2
1
=_ 1+ nb.
¢ 2

If y is the angle which the tangent at any point (r,0) to the curve (1) makes with the
initial line, then

y=0+ ¢=G+%n+ n@:% n+ (n+1)6.
The slope of the tangent at (r,0)

=tan\y:tan[%n+(11+1)9]=—c0t(n+1)

.. The slope of the normal to (1) at the point (r,0)
:—;ztan(n+l)9.
—cot(n+1)6
Hence the normal to (1) at the point (7, ) makes an angle (r + 1) @ with the axis of x i.e.,
with the initial line.

Comprehensive Problems 3

Problem 1: Calculate ds/dx for the following curves :

(i) y2 =4ax; (Lucknow 2009) (ii) y =acosh (x/a);
(iii) PP+ B =B,
Solution: (i) The curve is y2 =4ax. (1)

Differentiating, 2y (dy/dx)=4a or (dy/dx)=2a/y.
ds _ dy 2 _ 4q4° _ 4q4°
dx_\/[u(dx)]_\/(nyz)_\/(nm . [From(1)]
=V{l+ (a/x)}.
(ii) The curveis y=a cosh(x/a).

Differentiating, dy/dx = asinh (x/a)(1/a)=sinh (x/a).
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d )’ ,
oo \/ 1+ {l} = \/ [I + sinhz{fH = cosh {E}
dx dx a a
(iii) The curve is 2B+ y2/3 =aB. (1)
1/3
Differentiating, 2,18 2y B 0 or b__ {l} .
3 dx dx x
2/3
@_\/n{dy} \/1+{1} N LSt
dx dx x S
or ds /dx =N (P /) By =(a/x)', from (1).
Problem 2: Calculate ds/dt for the following curves :
(i) x=a(l-cost), y=al(t+sint); (ii) x=a cos>t, y=a sin® ¢;

(iti) x=2sint, y = cos 2t.
Solution: (i) Given x=a (1 - cost), y =a (t+sint).
dx/dt =asint; dy/dt=a (1 + cost).
ds/dt = {(dv/dtY} + (dy /dtY} =N {a®sin® t + a® (1 + cost)’}
=a\/{sin2 t+ 1+ cos® t+2cos t=av{2 (1+ cost)}
—a\/{2(2cos )} 2a coslt
2 2

3 i3

(ii) Given X=acos’t, p=asin’t.
de_ 3a cos” tsint, b 3a sin t cost.
dt dt

2 2
i) - ()
At dt dt
=3 a costsin t\/(coszt+ sin’ t)y=3 acostsint.
(iii) Given x =2sint, y = cos 2t.

@:ZCost,dl:—Zsinzt.
dt

dt

R PR

2

—b/(cos t + 4 cos® tsin® t) = 2cost\/(l+4sm t).

Problem 3: Calculate ds /a6 for the following curves :

(i) r=log sin30; (ii) r=a(l-cos9).
Solution: (i) The curve is r = log sin36.
Differentiating, dr_ 1 .3cos 30 =3 cot 36.

40 sin30
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jse:\/{(de) +%} V(9 cot230 + 2).

(ii) The curveis r=a(l - cosb).

o209

Differentiating , % = sin®.

m:¢{)+#} V sinte+ )

dae d4e
= \/{(aZ sin0 + a> 1- cosG)Z)}
=av {2 sir\gcosg)Z 281I1 7)2 }

=2a siln9 \/(COSZ§+ sinzg):Z asin 9
2 2 2 2

Ocot o

Problem 4: For the curve r = ae , prove that s /r = constant, s being measured from the

pole. (Lucknow 2008)
Solution: The curveis 7= ae® <t

ecot o

Differentiating, ZG .coto =7 coto.

2 2
ds \/{1+(rde)}:{1+( il )}:\/(I+tan20c):secoc
dt dr rcot o

or ds = sec o..dr.

Integrating, s =rsec o+ C,where C is constant of integration.
At the origin r =0 and s =0 (given).
: 0=0+C or C=0.

s =rseco or s/r =seco, = constant.

Problem 5:  In any curve, prove that

(i) ds :f (Lucknow 2007, 10) (n) .
ae p ,2 p2>
Solution: (i) We know r (d6/ds) = sin ¢
and p=rsin¢ or sino=p/r.
r@ P B i Hence proved

ds r ae p
(i1) We know  dr/ds = cos ¢.

ds 1 1 r

ds _ _ _ Not

dr coso (- sin? ) \/(rz -2 sin? )] (ot
or é='7 [ p=rsing]

dr NG - )
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Problem 6: For the curve ' = a"cos n®, prove that a®" *-- &r + Pl
ds”
Solution: Note use m=n or n=m.
The curve is " =a" cos m8.
Taking logarithms, m log r = m log a + log cos m6. (1)
Differentiating, mdr_ 1 (— msin m0)
rd® cosm@
or . =— tanm0 or dar = —r tan m0. ..(2)
rd® dae

2
% = \/{(Z;) + 12} = \/(12 tan® m® + 12),from (2)

= (P sec® m0) = r sec mO

= a (cos m8)'/™ (cos me)fl, from (i) r = a (cos m@) /™
=a (cos mO) ™M =1 = 4 (cosm@) (1=7)/m
= a (sec mo)"—D/m [+ cos mO = (sec mO)” ']
or ds /d0 = a (sec mo)" D/, .(3)
a m
From (1), sec m = (7) .
7
ds 2\ (= 1) /m A\ 1
From (3), Z=a {() } =a (,)
o r r
m
or ds _ a” (4
Ao - 1
ﬂ:ﬂ.@:ﬂ ds _ —r tanm® or dar_ —a"™™ tan m0 .
ds 4o ds de/ do g/ m] ds

Differentiating both sides w.r.to s , we get

2

ar__ a [mr’”_ L'y tan m9ﬂ+ 7 msec? m@ @]

ds? ds ds
= m=l [tan mGZ + rsec” m@ d9:|

a" B ds

= -1 |:_ P tan? mo pm=l :|

+ 7 sec? mo .
a?ﬂ ﬂm aﬂl

_ erm— l/ﬂ2m

= —mrzm_l/aZm [ —sec? mo + tan’ mo =—1]

[tan2 mo — sec” mo|

a2m d2 r2m -1_
ds?

or
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Problem 7: For the cycloid x=a (1 —cos t), y=a(t+ sint), find

. ds
(i) dil’

o ds
(ii) I

oo ds
(iii) @

Solution: Given x=a(l—-cost), y=a(t+sint)

)

Suk W=

NSk 0=

Proceed as in Problem 2(i).
ds _ds /dy _ 2a cot(t/2)

2 a cos (t/2)

= cosec t/2.

asin t

a(l + cost)

2a cos” (t/2)

2asin (¢/2) cos (t/2)

=sec (t/2).

@nts to Objective Type Questions

Multiple Choice Questions

See Problem 3(i) of Comprehensive Problems 2.

See article 10.

See article 17.

See articles 12 and 17.

See article 17.

See Example 11.

The given curve is r = ae 9%

Differentiating w.r. to 6, we get
ﬂ _ ﬂeecnta

de

cota = rcoto

cotp = 1ﬂ = cota or
rde
p = rsino.

See Example 8.
Fill in the Blanks

See article 9.
See article 16.

o=o.

See Problem 2(i) of Comprehensive Problems 2.

See Problem 7(i) of Comprehensive Problems 3.

We have 2 = a? c0s20

24" _ 92 6in%0,
e
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2 4
Now, ds _ \/rz + (ﬂ) = [?+ % sin®20
ae Aae P2

- - 2
= l \/r4 +a*sin® 20 =1\/a4 cos2 20+ ot sin?20 = “.
r r r

We know that polar subnormal = Z—;

Given @:z
dr 3
ar_3
de 7

True or False
See article 12.
See article 8.
See article 17.
See article 13.
000
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Curvature

Comprehensive Problems 1

Problem 1: Find the radius of curvature at the point (s, ) on the following curves :

(i) s =ctany (Catenary) (ii)s=8a sin’ %\y(Cardioid)
(iii) s = 4a sin y (Cycloid) (Bundelkhand 2001; Rohilkhand 08; Kashi 11)
(iv) s = ¢ log sec y (Tractrix) (Kashi 2012)

Solution: (i) We have s = ¢ tan .
p=ds/dy=c sec? 2
(ii) We have s=8a sin? é \V4

p:ﬁz&z.(2sin£\|/coslw).lz(@)sinl\u
dy 6 6 6 3 3
(iii) We have s =4asin .
. p=ds/dy=4a cos y.
(iv) We have s =c log secy.

ds 1

p=——=c-——-sec y tan y=c tan y.
dy secy

Problem 2: Find the radius of curvature at the point (x, y)on the following curves :

(i) dy=2-a (i) y* =4ax
(iii) xp=c* () @ =2
1 x/a —x/a
v =—a(e"+e
@ y=gal ) (Agra 2007)
(vi) y=clog sec (x/c) (Kanpur 2007; Purvanchal 09)
(vii) A2 +J]1/2 L2
(viii) 273 + 23 =23 (Rohilkhand 2009B; Kashi 12)

(ix) M+ y"=1

Solution: (i) We have azy =0 a3,
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BN

a
_ [+ (dp /e P21+ 32 /2P P
d2y/dx2 6x/a’

_@ v otP? 2@t rotp?

'O

a® 6x 6a* x
(ii) Thegiven curveis y2 = 4ax. ()
Differentiating (1) w.r.t. x, we get

dy dy
2y 2 =4a or
Ve

Now o- IR P Vb o e
2/ dl _42, 3 3 2
v/ 4a” / y J 4a

[From (1)]

X+ a)g/z,
neglecting the — ive sign becausepis alength.
y =2 /x.
b E g Py 2
e 2 w8
_ [ty /P P2 e (et PP
2y )dé 2% /3
_ e AP @ +x2y ° S
23 ' [+ =c
2c 22y
XZ +J7 3/2 3

= 77 —2 where 12 = 1> +y2.
2 ¢ 2¢

(iii) We have )g/zcz or

)

(iv) The equation of the given curve is ay ()
Differentiating (1) w.r.t. x, we get

@;%:3);2

o dy 32 342

e 2@)] = oy (x3 /ﬂ)l/z ’ [FI'Om (1)]
=(3/2Va) /2.
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. . . d2y 31 —1/2 3
Differentiating again, — < = — — x = 2> .
BRI Tola2t T A7

Now oot (dy /e PP _ (14 (9x/4a))37

A y ) d’ 3/(@Var’?)

_@a+ 9022 aad? A2 ga v oxp?
8a>/? 3 6a
1 x/a —x/a X
V) Thecurvey:Ea(e +e ) =acosh =- (1)
a

Differentiating b sinh *
dx a

2
ay 1 x
and — < =_cosh=-
W aa
w2 3/2
24
{I + (E) } (1 + sinh2 f)
a
p: =
dzy lcoshE
A a4
3/2
a (cosh2 1)
:7h§=acosh2§=y2/u. [By (1)]
cosh =
a

(vi) Wehave y=clogsec(x/c).

b_ ¢ .sec(").tan(i).l:mn(i).
dx  sec(x/c) ¢ c) ¢ c

Also dzy/dx2 =(1/c)sec2 (x/c).

dzy/dxz 1/¢) sec? (x/c) sec? (x/c)

(vii) The curve is A2 4 yl/z =d72.

oo [1 + (@//M)Z]g/z [l+ tar\2 (X/C)]3/2 _ (,‘SCC3 (X/C)_C sec (E)

c

(1)
Differentiating, L + 114 =0
x 2+ ydu
or %=— H (2)
Vet by, ]
and Py 2Ny dr x| 1 dl(-vl)-w
A X 2x| vy X X
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3/2
2
dy
I e
= = Y 2xVx
. 2
2 i Ja
_ (x+ y)3/2 2x\/x:2 (x+ y)?’/z _
xVxVa Va
(viii) The curveis x*° + *73 = 4?5, (1)
1/3
Differentiating gx_l/3 + %y_1/3 dl =0 or dl — (l)
3 3 dx dx x
A3 1 o-2/3dy - 1/3 1 -2/3
and dZJZ_ 3] dx 7 3
p 27
_ 1 A3 _y1/3 B J,I/3
3,273 ]2/3 A3 23
. 1 x2/3+y2/3 _ 23 .
3,273 J71/3)(2/3 3x4/3y1/3
3/2
2 3/2
] )
o 4/3 1/3
p= = 3x*7y
2 yldd 273
:(152/3 +J72/3>3/2 3,473 y1/3
xa?3
4/3 1/3
3ax 1/3 1/3 1/3
_ 2/)3’ —34783 1/ J?/ )
xa
(ix) The curve is x™ + y™ =1. (1)
Differentiating , mx"" -1y my™ -1 % =0
m—1
or d_ (X)
dx J
- - - —2.d
d2 ym l(m—l)xm 2 o l( —I)ym 2 ay
and = 2m—2 =
s y

T om -2 m—1

_—(m—1)|: m=l m=2 _ m-1 ym—E.{—Xm_l
J J

H
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_—(m—l)I: m—lxm—Z 4 X2m_2:|

J}2m—2 ¥
—(m-1 _ _
_ ZT:Zn_l)[ymxm 2+X2m 1]
J
=_(2rzl__11) "+ e M2 =‘(2’;‘_11)x’"‘2 1. [By (1)]
J J
2 3/2 2m-2 (/2)
1+(l) 1+ 3 5
p= de _ J "o 2m —1
& y/ ~(m=1)a" 2
(y2m—2 +x2m—2)3/2 J]2m—1 (XZm—Z +y2m—2)3/2
= _(}'H—I)Xm_z y(ﬂl—l)g B (l—m)xm_2 ym—2

Problem 3(i): Find the radius of curvature of the curve y = e * at the point where it crosses the

y-axis. (Agra 2014)
Solution: We have y=e¢ *.
Therefore dy/dx=ex,andd2y/ﬂlx2=ex.
23/2 2x\3/2
Pat(x,y)z[lJr(‘;J’/d")]3 (e
d y/dxz e’

The curve y =e¢ " crosses the y-axis (i.c., the straight line x =0) at the point (0, 1).

0,3/2 3/
pat (0,1)= 1+ “’0> DT oy

4

Problem 3(ii): Find the radius of curvature of curve N x + \ y = Lat the point (i, i)

Solution: The curve is
Vi+Vy=1 (1)
Differentiating, we get

L+Ldl:0 or i:_ﬁ
2Vx 2V pdx dx Vx
1 4 1
VoD Ny o
and dzy:_ 2y dx y2\/x

e x

_ L (Nx (V) Ay _1 \/x+\/y= 1
- 2)({\/)/( \/u] \/x:| 2x[ Vx :| 2xVx By (D]
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At point (l l) ,we have
4 4

s

Problem4(i): Provethat at the point x = % nofthecurve y =4 sin x — sin 2x,p = 1

Solution: We have y =4sin x —sin 2x.
dy/dx=4cosx -2 costanddzy/dx2 =—4sin x + 4sin 2x.

Therefore at x:% 7, we have
dy/dx=4cos% n—-2cosm=2

and dzy/dxzz—4sin%n+4sinn:—4.

pat(x=m/2)=

3/2
% = (5 5/4), neglecting the — ive sign.

Problem 4(ii): Prove that for the curve
Ty . 2 1
s=alog cot| = — X |+ a sin v sec” v, =2ﬂS€C sand hence that =_.
g ( P 2) yseeTy, p v dxz %
(Lucknow 2008)
Solution: We have s = a log cot (g - %) + asin wsec2 .

p:ﬁ:ﬂ% —COSCC2(£—Y) (—l)
dy el 4 2 2
co (4 2\1/)

+ asin y.2secysecy tan y + a cos \ysec2 "
a 24 sin? v a

- T 1 L T oy sy

2sin(— t—=wy)cos(—m—— cos cos

( P ) cos ( Pl V)
.2

_ : a + 2a s? v, 4

sin (5 - V) cos” cos Y
_ 2a 2“ sint” V- 2;1 (cos2 v+ sin? y) =2a sec> .

cos cos’ Yy  cos’y

or I/pzcosg\u(dzy/dxZ .
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Problem 5:  In the curve y = ae %, prove that p=a sec® 0 cosec 0, where
0=tan ! (y/a).

Solution: We have dJ//dXza(ex/“)(l/a)ze x/a = y/a

and 2 y/dd =(1/a)(dy/dv)=(1/a)(y/a)= y/a*.
_ 1+ (J/2 /ﬂZ)]3/2 _ (ﬂ2 + J/2)3/2 =( 2 + ﬂ2 tan2 9)3/2
y/ﬂz ay a.atan®

[ Given y = a tan 6]
=asec> 0 cot 0 = a sec” § cosec 6.

Problem 6: Show that the radius of curvature at a point (a cos> 6, a sin> ) on the curve
PB4y = a3 is 3a sin 6 cos B (Meerut 2000, 05; Kashi 13)
Solution: The given curve is 253+ y2/3 =a®3. (1)
The co-ordinates (x, y) of any point on (1) may be taken as

x=acos> 6, y=a sin> 6, where 0 is the parameter.

dx/d® = — 3a cos” O sin © and dy/de =3a sin” © cos 6.

dy _dy/de _ 3asin® 6 cos 0

Now = = 5 =—tan®6.
Ay dx/d® 34 cos® 0sin@
2
Also d—yzi(d-y):i(—tane)z{i(—tane)}'@
A2 de\de) dx do dx
= —sec? 0.(d0/dx)
=—sec26~+, [ é:—E}acos2(9sin9:|
—3a cos” 6sin® o

=—(1/3a) sec? 0 cosec 6.
[+ /e P2 (1t an® 02
dzy/dxz (1/3a) sect @ cosec 6
3asec> @

sec4 0 cosec 6

p at the point ‘0’

=3a cos 0sin 6.

But cos3 O0=x/aand sin3 6=y /a. Therefore cos 6 = (x/a)l/3 1/3.

)1/3 (

andsin®=(y/a)

Hence p at the point (x, y)=3a (x/a y/a)1/3 =343 A3 yl/g.

Problem 7:  In the ellipse (x2 / a? )+ ( y2 /b> ) =1,show that the radius of curvature at an
end of the major axis is equal to the semi-latus rectum of the ellipse. (Agra 2001)

Solution: The ellipse is (x2 /a2)+ (y2 /b2 )=1 ()
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; 2
Differentiating , Z; 25’ Ay =0 = Ay __ % (x)
a b= dx dx a \J
2 2 2
Differentiating again, d J - _ h2 J.l- x2(dy/dx) - Zb 5|V |- LZ d
dxz a y a“y aty

__ b2 azyz + bz,xl __ b2 a2b2
ﬂZ )72 a2 y a2 )’2 a2 y ?

[~ From (1), a> y* + B> % = a®b?]

=—pt /a2y3
. [+ y /e PR (- e/ P
. pat the point (x, y) = =
P 7 dzy/dxz b4/(a2y3)

neglecting the — ive sign
_ (“4)/2 n b4x2)3/2 .
at pt
Now the co-ordinates of one end of major axis are (a,0).
[0+t P2 108 2

p = = =
[ ]at (@.0) at b Ayt oa

= semi latus-rectum of the ellipse.
2 y b . ) ;
Problem 8: Prove that for the ellzpse i =1, p=——45—, pbeing the perpendicular from

» P
the centre upon the tangent at (x, y).
(Garhwal 2002; Meerut 02, 04B, 07; Avadh 05, 09)
Solution: Proceeding as in Problem 7, we get

4 4 2.3/2
pat the point (x, y) = (b Z +a I (D)

at pt
Now the equation of the tangent to the given ellipse at (x, y)is
X Yy _
az b

p = the length of the perpendicular from the centre (0,0) to the tangent

_ 1 _ b _
V2t v 2ty Nt +aty?)
6 16 6
3 a’ b 4 4 23/2 b
= or (b 2 +a ) -
4 W2l 2P JE
AP

Substituting it in (1), we get p=———"F =
apt ;73
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Problem 9:  Ifpand p’ be the radii of curvature at the extremities of two conjugate diameters of
an ellipse, prove that  ((pY/> + (923} (ab2/® = (a® + b*).

(Meerut 2001, 03, 04, 06, 11; Bundelkhand 06; Lucknow 07;
Kanpur 11; Rohilkhand 13B; Kashi 14)

Solution: Let the equation of the ellipse be 2+ y2 /B =1 ()
Let CP and CQ be a pair of conjugate semi-diameters of (1), where C is the centre of
the ellipse. Let ‘¢’ be the eccentric angle of the point P. Then by co-ordinate geometry,

the eccentric angle of the point Qis t + % T.

Now in terms of the eccentric angle ‘¢’ the co-ordinates (x, y) of the point P are given
by
x=acost and y=Dhbsint

dx/dt=—asint, dy/dt=1D cos t.
dy _dy/dt _ bcost b

Hence == " ="""" =—_cott
dv  dx/dt —asint a
2
Also d—y:i(dl):i(—écott):{i(—écott‘)}»ﬂ
a2 delde) dx\ a dt\ a dx
:écoseczt- ! :—icosecg t.
a —asint a2

If p be the radius of curvature at the point P, i.e., at the point ‘’, we have

3/2 3/2
1+(dy)2 1+b2 cos? ¢
dx az sim2 t

d2y/dx2 - (—b/az) cosec ¢
__ (a2 sin® £ + b% cos? t)3/2 )
ab
Neglecting the negative sign, we have
(a2 sin® £ + b% cos® t)?’/2
p =
ab

or ab.p= (u2 sin? ¢+ b% cos® 1,‘)?’/2
or (ah)z/3 p2/3 = a? sin? t + b2 cos? t. (2)

If p’ be the radius of curvature at the point Q, i.c., at the point ¢ + % ©, then replacing p
by p”and tby ¢ + % min (2), we get

(b3 o 213 = & sin® (% m+ )+ b2 cos? (é T+ t)

=a® cos® t+ % sin? t. ..(3)
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Adding (2) and (3), we get

(ab)2/3 p2/3 ab)2/3 $2/3 _ a2+ 2

or (ab)z/g(p2/3+p’2/3)=a + b2,

Problem 10: Prove that if p be the radius of curvature at any point P on the parabola
y2 =4ax and S be its focus, then p2 varies as (SP)g. (Kumaun 2003)

Solution: We have y2 =4ax.
@ _
2 =4a or ~="=_"__ =
r

2
Also dyzi(dl):\/g.(_l)x_g/2:_\/ﬂ.
dx dy \ dx

At any point P (x, y), we have
[+ /P P2 1+ (/0P
A2y —~Na/@2?)

=@2/Na)(x+ u)3 /2, neglecting the — ive sign.

Now the equation of the normal to the given parabola at the point P (x, y)is
Dy e (x-n=0

dx
or 20y~ y)+ (X -x)=0, [ ’f’)’zz“]
y & y
or X + 2aY = xy + 2ay. (1)
Also directrix of the parabolais X = — a. (2)

Now the co-ordinates of the point of intersection of (1) and (2) are obtained by
solving (1) and (2) for X and Y.

From equations (1) and (2), we get
—ay + 2aY = xy + 2ay, [Putting X = —ain (1)]
or Y =(1/2a) (xy + 3ay) = (y/2a) (x + 3a).
The point of intersection of the normal and the directrix is [ a, ( y /2a) (x + 3a)].
Therefore the length of the normal intercepted between the curve and the directrix .

= the distance between (x, y)and {— a4, (y /2a) (x + 3a)}

:\/|:(x+u)2 + {y—%(x+ 3a)}2]

=i\/[4u2 (x+a)2+y2 (x+a)2]=i~(x+ﬂ).\/(4a2+y2)
2a 2a

=2i (x+ a)V (4a? + 4a), [ y? = dax]
a

=(x+ >3/2 /ﬂl/z
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As already proved, pat (x, y)=2 (x + ﬂ)3/2 /Na

=2 x the part of normal intercepted between the curve and directrix.
The focus S is (a,0).

SP:‘/[(X— ) (y - O)2 \/{ (x— a) + 4ax}, [ y2 = 4ax]
=V {(x+ af }=X+a
But p:%.(xﬂ,ﬁ/z > (SPP2. o« (SPP.

Problem 11: If the co-ordinates of a point on a curve be given by the equations
x=csin20(1+ cos 20), y =c cos 26 (1 — cos 20),
show that the radius of curvature at the point is 4c cos 36.
Solution: The curve is
x=c¢sin20 (1 + cos20); y=c cos26(1-cos26).
Differentiating w.r.to 6 , we get
x’=¢sin26 (-2sin 20) + 2 ¢ cos 20 (1 + cos 20)
= —2¢5sin®20 + 2¢ cos 20 + 2¢ cos” 20
2c¢ cos40+ 2 ¢ cos 20
and y'==2¢5sin26 (1 - cos 20) + ¢ cos 26 (2sin 26)
—2¢sin20 + 2 ¢sin20c0s26 + 2 sin 20 cos26
=2csin 40 — 2¢ sin 26.
Again differentiating,we get
x”=-8c¢sin40 —4csin20 and y” =8¢ cos40 —4 ¢ cos 26.
Now (x')2 + (y')2 =4c? cos® 40 + 4¢% cos® 20+ 8 ¢ cos 46 cos 20

+4c%sin% 40 + 4¢% sin” 26— 8 ¢% sin405in20
=4c% + 4% + 82 (cos46 cos 26 — sin46 sin 26)
=8¢% + 8¢2 cos 66 = 8¢% (14 cos66) = 8¢%.2c0s% 30 =16¢% cos® 30

LR s (PP
xlyll_y/xl/

(1 6¢% cos 39)3 /2
2¢ (cos 40 + cos20) 4c (2cos40 — cos20) — 2¢(sin40 — sin20)
— (4c¢) (25in46 + sin20)

_ 64c> cos® 30
8c? [ 2.cos® 46 — cos40 cos20 + 2 cos40 cos 26 — cos 220

+2sin® 40 + sin40sin26 — 2 sin 40 sin26 — sin’ 20]
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_ 8¢ cos3 30
2 + cos40 cos260 —sin406sin26 — 1

_8¢ cos339_ 8¢ cos>30

= =4c¢ cos 36.
1+ cos68  2cos230

Problem 12: If the co-ordinates of a point on a curve be given by the equations
x=asint—bsin(at/b), y =acos t — b cos (at/b)

show that the radius of curvature at the point is dab sin 4~ b
a+b 2b

t.

Solution: The curve is
x = asint — b sin (at/b); y = acost —b cos (at/bh).
Differentiating , we get

x’=acost—b cos (at/b)g =a cost —a cos (at/h);
y'=—asint+ bsin (at/b). % =—a sin t + asin (at/b)
2 2
and x”=—asint + %sin (at/b); y”=—acost+ %cos (ﬂ—t)

’)2 = a? cos® t + a? cos® (at/b) - 24% cos t cos (at/h)

Now (x’)2 +(y
+ a2 sin® t + a sin’ (at/b) - 242 sint sin (at/b)
=a® + a® - 2a* cos (t—%t)
_ [(XI)Q + (y/)2 ]3/2
xly// _ y’x/l

3/2
[2a2 - 2a2 cos (1 - %) t:r
a2 (COSf— cos ﬂ—t) (— cos t+ a Ccos a—t)—az (— sint+ ﬂ—t) (—sint+ a sin”—t)
b b b b b b
3/2
(2a% Y12 [1 — cos (1 - Z)tT

y y a at at a 2 at .2 a . .at
ﬂl [— COSZ t+ ZCOSf COS — + COS—COSt — — COSZ —— Sll’l2 t+ Zsmtsm Z

+ sin ﬂlsint _a sin2 ﬂl]
b b b

3/2
242 a3 [I—cos(l—%) t:r
u2 —l—ﬁ+ﬁcos(l—a)t+ cos(l—ﬁ)t
b b b b
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3 /2 3/2
242a [l—cos (l ) :l 242a [l—cos (l—g)t]
I G R (7 G [ U]
b b b
1/2 1/2
= 2\/2ub[ CO&(] )] = 2\/2ub [25in2l(l—ﬁ)t]
a+b 2 b
S sin (b a)t= dab sin (b_“ )t. [Neglecting the —ive sign]
a+b 2b a+b 2b
Problem 13(i): Prove that for the curve s = ae x/”,apzs (32 — a? )I/ZA
Solution: We have s =ac */7.
Therefore ds/dv=ae " 1ja=¢*% =5 /a.
s=a(ds/dx)=asec . [wcosy=dx/ds = secy=ds/dx]
Now p=£=asecwtan\|{=S\/(sec2\y—l)
dy
:s‘\/ ﬁ_l :i(sz_a2)l/2
a2 a '
Hence ap=s (s2 — a? )1/2.

Problem 13(ii): Show that for the curve 2= 8ay,p=4a \/(l - l) .

2a (Kanpur 2009)
Solution: The curve is s% = 8ay. (1)
Differentiating with respect to s, we get
2s :8a.dl or s :4adl:4a siny. ..(2)
ds ds
[ Y —sin w]
s
ds .2
p=""=4acos y =4aV(l —sin” )
dy
=4aV(l - s2/1642) [By (2)]
8a
=4a|1- Y [By ()]
[ 16a2]
=4a \/(l - l) :
2a

Problem 14: Find the radius of curvature at the origin of the following curves
(i) y:x4—4x3—18x2 (ii)y:x3+5x2+6x.




Curvature

D-225(M,
Solution: (i) Here dy /dv=4x> — 12> —36x,d%y / d =122 - 24x - 36.
At(0,0), dy/dx=0 and &%y /d* = -36.
3/2 3/2
pat(0,0)= M at (0,0) = a+0y7= _ 1 , (numerically)
Py -36 36

(ii) The given curveis y = 6x + 57 + xg, (1)
which obviously passes through the origin.

2
Let (dl) =p and (dy) =q.
dr) 0,0 ) o 0

Then by Maclaurin’s expansion, we get for this curve y = px + % qx2 +...0 (2

Comparing (1) and (2), we get p=6,q/2 =5,i.c., q=10.
3/2 26)3/2
1+ 2P? 436972 1 oo o
q 10 10

Hence p at the origin =

Problem 15: Show that the radii of curvature of the curve a (yz " )= 2 at the origin are
+2av2.

Solution: The given curve passes through the origin. The tangents at origin are
yz -2 =0, ic, y =% x. Thus neither of the co-ordinate axes is a tangent at the

origin. So we cannot apply Newton’s formula for finding p at origin. From the
equation of the curve, we have

y2:x2+§=x2(l+f)-

a
|2 I x
y:ix(1+f) :ix(l+f‘7+...)~ ()
a 2 a
[By binomial theorem]
2
Let (dl) = pand(d yJ =q.
d)( (0, 0) dxz (0’ 0)
Then by Maclaurin’s expansion, we get for this curve
y=px+%qx2+... .(2)
Comparing (1) and (2), we get p=1, g=1/a; or p=-1,g=-1/a.
3/2
Now p (at origin) = %
q
3/2
When p=1,4 =1/a,we have p(at origin):(l-‘_%z(Z V2)a
a
(1+17372

and when p=1, g =—-1/a, we have p(at the origin) = =-(2V2)a.

—1/a
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Comprehensive Problems 2

Problem 1: Find the radius of curvature at the point ( p, r)on the following curves:
(i) P =ar, (Parabola) (i) = Zapz (Cardioid)
(iii) P = p, (Lemniscate) (iv) pz =
#+a
Solution: (1) We have pz =ar. (D)
Differentiating (1) w.r.t. p, we get
dpma® o 20
dp dp a
Now p rd;’_Zpr_2p(pZ} [From (1)]
dp a al a
=2p° /d®.
(ii) We have I =2ap2. ()
Differentiating (1) w.r.t. p,we have
372 ﬂ=4up or rﬂzﬂ-
dp dp 3r
p= ;Z_‘*S"r”_;ljv(i], [From (1)]
2
=3 v (2ar)
(iii) We have P = a? p. (D)
Differentiating (1) w.r.t. p, we get
372 (dr/dp)=a®; - p=r(dr /dp) =a? /3.
(iv) The equation of the curve is pz = r4 ). (D)
L:ﬁ1£:ﬁ+ﬁ:L+ﬁ.
2 A A A2
Now differentiating both sides w.r.t. r, we have
2dp _2 £:_2.72+2a2_
p dr PP r
%: P (* 152612) — (PP (? 4;52612) (Note)
:( : )3/2 rage) [From (1)]
Z ER
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72 + 2a

(2 )5/2

dr _ (P 4P _ (PP
Hence p=r—=r 5

dp r2 + 2a” P+ 2a

Problem 2: Prove that for any curve T = sin ¢ (1 + j—g) ,where pis the radius of curvature and
P

de
tano=r ; (Gorakhpur 2004, 05; Lucknow 10)

Solution: We know that y=0+ 0. (1)

Differentiating (1) w.r.t. s, we get
dy _do  do_do @@=@(1+d¢).

ds ds ds ds dods ds 40
L 51n¢(1+d¢) '.‘pzﬁ and sinq):r@
p r Ao dy ds
or I —sin 0] (1 + @)
p de

m+l/ﬂm

Problem 3: Inthecurvep=r ;show that the radius of curvature varies inversely as

the (m — l)th power of the radius vector.
Solution: We have a” p=r" +1 (D

Differentiating (1) w.r.t. p,we get

a=m+1)r" dr|
dp
dr a™
dip - (m+1)r™
Now - @ _ ra ™ _ "

dp (m+1)r™ (m+l)rm_l

)th power of the

1 . . .
Lpe— ke, the radius of curvature varies inversely as the (m —
m—
radius vector.

Problem 4 : Find the radius of curvature at the point (r,8) on each of the following curves:

(i) r=acos6. (Kanpur 2006)
(ii) r(1+ cos 0)=2a

(i) 1" = a"cos n® (Rohilkhand 2005; Garhwal 12; Kumaun 15)
(iv) " =d"sin® (Agra 2006; Rohilkhand 12; Avadh 12)
(v) r=a(l-cos0) (Avadh 2010; Garhwal 11)

(vi) % = a® cos 20
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Solution: (i) The curveisr =a cos 9. (1)

2
Differentiating L% =—4sin® and ﬂ =—acos0.

A6”

9 3/2
- (ﬂ)
d6 (a2 cos® 0 + a2 sin? 6)3/2

'2 +2(dr)2 _r&_a2c0s26+2a2sin29+m cos 0
Ao 46”
3

_ a
% cos” 0 + 24 sin” 0 + a> cos> 0
= o’ =4
24% (COS2 0 + sin’ 8) 2
(ii) The given curveis2a/r =1+ cos®, (1)

which is a parabola with focus as pole.

Proceeding as in the chapter on tangents and normals, we get pedal equation of the

curve as
P =ar (2)
Differentiating (2) w.r.t. p, we get
2p=a(dr/dp); .. dr/dp=2p/a.

Now p=r(dr/dp)=r(2p/a)=2r/a)p=2r/a). v (ar), [From (2)]
=2/ a)R2,
p2 :(4/ﬂ)r3.

Thus p2 o< r3, where r is the distance of the point from the pole (i.c. focus). Hence p2
varies as the cube of the focal distance.
(iii) The given curve is r " = a” cos n6. (1)

Taking logarithm and differentiating w.r.t. 8, we get

Eﬂ:M:—ntanne or lﬂz—tannﬂ.
r do cos n6 r do
1dr 1 1
cot p=—-——=—tann0 = cot (= ™+ nB); so that o== 1w+ no.
rde 2 2
Now p:rsin¢=rSin(%n+nB):rcosnG:r(r "ya). [From (1)]
. The pedal equation of (1) is p=r n+lygn
dp _ 1 (m+1)r"
di' ﬂn
. n n
Hence p:rﬂ:r- =
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(iv) Proceed exactly as in part (iii).
Ans. p=a’/[(n+1)r"" 1.
(v) Thegivencurveisr=a (1 - cos®). (1)
dr/d8=asin® and d? r/de* =a cos.
Hence = [’2 + (d”/de)2 ]3 .
2 + 2 (dr/dey — r (d*r/de?)
_ [a2 (1= cos 9)2 + a2 sin’ 9]3/2
2 (I - cos 9)2 + 24 sin® 0 — a® cos 0 (1 - cos6)
_ [1+Cos 0 -2 cos B + sin’ 6]5/Z
a [l+ cos® 02 cos 6+ 2sin 0 — cos O + cos> 0]
3/2
_a[2(l-cosB)] =2\/2ﬂ(1—cose)l/2
3 (1 - cosH) 3
:2“,,\/(1), [Erom (1)]
3 a
2
=2 (2ar).
3 (2ar)
(vi) The given curve is % = a® cos 26. (1)

Taking logarithm, 2 log r = log cos 20 + 2 log a.

Differentiating w.r.t. 6, we get 2dr__2sin26

r do cos 20

cot(j)—lﬁ tzm29—cot(1 T+ 20); so that ¢:ln+29.
r do 2 2
Now pzrsinq):rsin(%n+29)=rcos26=r(r2/a2). [From (1)]
Hence the pedal equation of the curve (1) is
2 p=r. (2)

Differentiating (2) w.r.t. r, we get
2 (dp/dry=37> or (dr/dp)=d> /3.
Hence p=r(dr/dp)=r.(a®> /37)=d® /3.

2)1/2

Problem 5: Forming the pedal equation of the curve 6 = al (r2 -a —cos™! (alr),

2
show that p =N (? - a®). (Meerut 2006B, 08; Rohilkhand 06; Kashi 11)

. e 1 1 2r 1 a
Solution: We have — =—-.— N
dra 2902 -2 \/{l—a/r)}( rz)

r a B - a? \/(rz—a2).

a2 -2y NP -d®) V(- ar
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dr ar
46 v (12 - ﬂz)
Now e
g2 Alde) 2 A 22
N
r2 (r2 - a2 ) 72 - a2
". The pedal equation of the given curve is
LR or pZ =7 -

P

Differentiating (1) w.r.t. p,we get 2p =2r (dr / dp).

()

p=r(dr/dp)=p=(> - a®)/2. [From (1)]
2 s
Problem 6: For the rectangular hyperbola xy = ¢, prove that p = 5 7 being the central
2c

radius vector of the point considered.
Solution: Given xy = 2. (1)
Changing this equation in to polar form

rcos®.rsin@=c?
or 7% cos Bsind = . ..(2)
On taking log of both sides

2 log r + log cos® + log sin® = log 2.
Differentiating with respect to 8, we get

24r tan® + cot 6 =0

7 de

L2 2

or 247 _ tang - cotg =S8 =Cos0

r de sin6 cosO

2 2

or ldr _ _(cos”0 —sin e):—coszez—cotZG

7 do 2 sin6 cosO sin26
or cot ¢ = — cot 20 = cot (T — 20).
- o0=m—20
but p=rsin ¢=rsin (7 - 20)=rsin 20 = 2r sin cos 6
or p= 2r & = ﬁ .

T

Differentiating w.r.to r, we get

dp _ 2% dr >

= or i R
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dr 3 s
p=r—=-—75 or p=—7- [Neglecting the —ive sign]
dp  2¢ 2¢
Problem 7: Show that at any point on the equiangular spiral r = ae 0t o p = cosec o, and
that it subtends a right angle at the pole.
Solution: The equation of the given curve is
r= MO cot o ( 1 )

Differentiating (1) w.r.t. 8, we have
dr/do = ac® % cota=rcota.

(I/r)dr/dé = coto or cot b=cotaordp=o.
Now p = rsin ¢ = r sin o. Thus the pedal equation of (1) is p=rsino.

Therefore dp/dr =sin a.
Now p=r dar_ —— =7 cosec O. (First part proved.)
dp sino

Second part: Let P (r,0) be any point on the given curve; PT is the tangent and PC

is the normal to the curve at P. Let C be the centre of curvature of the point P of the
curve. Then PC = the radius of curvature of the curve at P =r cosec o.

Join OP and OC, where O is the pole. Let £ POC = . Then to prove that  =90°.
We have ZOPT =¢=0, [ for this curve ¢ = a, as already proved]
£ OPC =90° - q, since PC is normal at P
i.e., perpendicular to the tangent PT.
Now in A OPC, we have
ZOCP =180° — {(90° —a) + B}

=(90° + o - B).
Hence applying the sine theorem for A OPC, we 4
get ¢ £
orP _ rC R
sin £OCP  sinB’ it "
or d =P 0 T X
sin (90° + o —B) sinP
r r cosec o
or = [+ p=rcosec o
cos (o —B) sin B
or sino sin B = cos (o0 — ) = cos o cos B + sina sin 3, [ r=0]
or cosocosPf=0orcosP=0, [+ cosa #0]
B =90°.

Problem 8: Ifpy, po be the radii of curvature at the extremities of any chord of the cardioid
r=a (1 + cos ©) which passes through the pole, then show that

2., 2 2
pI~ +p2” =16a” /9. (Kanpur 2008)




Kaiefa's Differential Calculus

A2z

Solution: The given curveis r=a(l+ cos9). (1)

Let PQ be any chord of the curve (1) passing through the pole, and let P be the point

(r1,01) and Q be the point (1 ,89 ). Then 69 =+ 6] .

[Note : To understand this point draw the figure of a chord passing through the pole.]

Since both the points (1,01 ) and (19 ,69 ) lie on the given cardioid (1), therefore
rp=a(l+cosBy) and r9 =a(l+ cosby) ..(2)

Now let p be the radius of curvature of (1) at the point (r,0). Then proceeding as in

Example 1, after article 9, we get

2 2 _8
=2+ (ar) or =_ar.
p=3 1V (2ar) =y
If p; and py be the radii of curvature at the points P and Q, we have
2_8 2_8
=_ar; and =—arg .
P1 9“1 P2 9 2

2

p12 +p° = a(r1+r2)=§a[a(l+ cosO)+a(l+ cos6y)],

8
9
[From (2)]

=(8a% /9)[1+ cos® + 1+ cos(m+6)], [~6 =n+6]
= (842 /9)[1+ cos @] + 1 - cos 8 ]= (164> /9).

Problem 9: Show that the radius of curvature at any point on the curver = a (1 £ cos 8)varies

as square root of the radius vector.

Solution: Proceed as in Problem 4(v).

We get = % N2ar
or poc\r {where %\/ 2a is constant. Hence Proved

Problem 10: Find the radius of curvature of the cardioidr = a (1 — cos 0)at the pole (origin).
Solution: Proceed as in Problem 4(v).

We get p= %«/Zar.

Therefore, at pole (origin) (r=0,6=0), we have p=0.

Comprehensive Problems 3

Problem 1: In the parabola 2= 4ay, prove that the co-ordinates of the centre of curvature are

Solution: Wehave 1 = 4ay (1)
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Differentiating , 2x = 4a dl = dl =
dx dx  2a
2
acy 1
and L=
A2 2a
If (o, B) be the centre of curvature for the point (x, y), then
2
Dl (9) LR I
dx dx 2a 4a® PR
o=x— =X — =X—X-—-——-= .
dzy 1 4a*  4d®
) 2a
2 2
1+ dl 1+ o
dx 44°
Also B=y+ - = y+
& y/d 1
2a
2 2 2
=2a+ y+ > =2a+ +1_ By (1
ay2a ﬂ4u 2a [By (1]
=2a + ﬁ
4a
3 .
Centre of curvature is | -~ 2a + % .
4[,12 4a

Problem 2: In the catenary y = c cosh (x/c), show that the centre of curvature (o, B)is given by
oa=x-y (/) -2 =2y

Solution: Given y =c¢ cosh f (1)
Differentiating, dl =sinh ¥
dx c
2
ay 1 x
and — = cosh = -
M2 ¢ c
L (DY | @
ae ) | [1+ sinh? Hsinh *
o=x- o =x- I ¢ c
ay Zcosh X
12 c ¢
= x—csinh X¢ cosh X¢ = x—ysir\hE
c c c

2
=x—y\/(cosh2j—l)=x—y\/(i}2—IJ
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2
dy
| 5 [1 + (a) :| 1+ sinh? f)
an =y+ =y+
5127)7 I cosh X
A’ ¢ ¢

:y+ccosh(§):y+y:2y.

~. Centre of curvature is(x - \/(y2/02 - 1)2)}) .

Problem 3:  For the curve azy = x3,shaw that the centre of curvature (o, B) is given by

2 6x.
Solution: Here a* y=x3;
2
d_3¢ g Py _6x
de g2 P
I 0 TS W W SO Y IR PP
> =x-— I+74 = 1——4 .
Py dé 2 a 2 a
Also po s L (/A7) % MIEIO.70) B
d);/dxz 6x/u 2a 6x

" The required centre of curvature is
X 9x* 50 a?
==, | =+ — .
2 ﬂ4 2@2 6x
Problem 4: Show that the centre of curvature (o, B) at the point determined by ‘t” on the ellipse

2 42 ; 2 42
X =acos t,y=hsin1‘,l‘sgi1/enbyoc:gCos3 t,B:—%sin?’ t.
a

(Lucknow 2007, 10; Kanpur 15)

= —asint,dlzbcost.
dt

dy _dy/dt _ bcost b

Solution: Differentiating, d@

=2 =_ " =-Tcott,
dv  dx/dt —asint a
2
and Lyzi(dl):{i(—écott)}.ﬁ
a2 de \dx dt\ a dx
=écosec2t l :—icosecgt.
a —asint az

If (0., B) be the centre of curvature for the point ‘¢’, then
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o=y L (dy /deP ) (dy /o)
&y dé

L 1+ (% /a®) cot® t ) {~ (b/a) cot t }

—(b /a2 ) cosec> ¢

=acost—(l/a) (a2 sin® £ + b% cos® t)cost
2 2 2 3 2 .2
a” (cost—sin” tcost)—b" cos® t 44 _ ) 3

= = cos” t.
a a
2
Also B:JH.M: +{1+(l72/512)cot2t}
d2J7/dx2 —(h/ﬂz)cosec3t

=bsint—517nt-( 2 sin t + b% cos> t)

sint[b2 —a? sin? t - b* cos t]

SRS

2 2 2 42
= 4 singtz—ﬂ b singt.

2 - p? 3 2 - b2 . 3 J

" The required centre of curvature is the point [
a

Problem 5: Prove that the centre of curvature (o, B) for the curve

¥=3ty=£2 -6 is a=-T3 p=32-3.
7 3 P

Solution: We have x=3t, y = £ -6

Differentiating @ =3, dl =2t.
dt 7 dt
dy _dylde_2 g diy:i(ﬂ)ﬁ:%
dv  de/dt 3 a2 dt\de)de 9
1+(@) & 1,472
) | 3t 2 )3 483 /3
=X— = —
&y ) d 2/9
2
] e
and B=y+ 5 = -6+ 3 :31’2—§
&>y /d 2/9 2

Problem 6:  Show that in any curve the chord of curvature perpendicular to the radius vector is

2p\/(r2 —p2)/r.

Solution: The chord of curvature perpendicular to the radius vector
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=2pcosp=2p (I —sin® ¢)=2p\/[1—(p/r)2], [ p=rsin¢]
=[2pV(? —Pz)]/r.

Problem 7: Show that the chord of curvature through the pole of the equiangular spiral

r=ae™%is2r
Solution: We have r=ae ™9 . Therefore dr/d0 = ae™® . m=mr.

tan ¢ =r @ =r- i = 1 = tan q, say. (Note)

dr mr m

o b=o.
Now p = rsin ¢ = r sin o.. Therefore dp/ dr = sin o.

p—r~£=r~ =1 cosec o..

dp sin o

Hence the chord of curvature through the pole =2 psin ¢
=2rcosecosino=2r.

Problem 8: Show that the chord of curvature, through the pole, for the cardioid,

r=a(l+cos0)is %r.

Solution: We have r=a(1+ cos0).
Differentiating, dr/d6=—asin®.

tanq):rﬁzwz—cotleztan(l1'c+le);
dr —asin® 2 2 2
so that ¢=ln+19.
2 2
Now pzrsinq):rsin(ln+19):rcosle.
2 2 2

2p2 = 2 cos® é(-)):r2 1+ cosS):r2 .(r/a):r3 /a.
Thus 2 pz a=r is the pedal equation of the curve.
Differentiating w.r.t. r, we have 4ap Z—p =372
r

_pdr_, Aap _dap.
P rdp ' 32 3r

Hence the chord of curvature through the pole

zzpsinq):z.%.g, [+ p=rsin 0]
3 .
:%:i.L [ 2ap” = 1]
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Problem 9: Show that the circle of curvature at the point (arr12 , 2am) of the parabola yz =4ax
has for its equation
2+ y2 — bantx — 4ax + 4am3y —3a%ni* =0.
Solution: We know that the equation of the circle of curvature is
(x=af +(y -pF =p"

where, (o, B) is the centre of curvature of parabola yz =4ax
and p is the radius of curvature.
First find the centre of curvature of parabola y2 =4arat x=ant?, y =2am.
Ay _ N2 12 4

x

or

Here y2=4mf = Zydlzéla or dl:2£
dx dx

J
2
&y __ 112312

A 2

If (0, B) be the centre of curvature for the point (x, y), then

2{14—(&;};)2})(\/?({1-'—1}x+2x(l+ﬂ)

o=x-
&y _Lya x
12 2x x
o o =3x+ 2a
But x=ant = o = 3an? + 2a
2
1+(dl) l+(ﬁ)
and B:]++:)’+ X) _9ql/2,1/2 —2a_1/2x3/2(1+ﬂ/x).
ay ix/f
dx2 2x x
B=-2xVL.

Putting x = ant = B= ~2anp.
Also radius of curvature of yz =4ax is

pzl(x+ a)3/2.
Va

But x =an? = pzé(am2 + a)3/2 =%a\/a(m2 + 1)3/2 =2a(mz+ 1)3/2.
Putting o, B and p in
(x=a)® + (- By =p*
we get (x—3am2 —251)2 +(y+ Qant )2 =1{2a (m2 + 1)3/2}2
(x=3an? —2a)> + (y + 2an’ \* = 4a> (n?> +1)°

or yz + 32— banx — dax + 4am3y —3a%ni* =0.
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Problem 10: IfC, ,C ybe the chords of curvature parallel to the axes at any point of the curve

/a prove that

1 . 1 |
C ¢ 2aCy
(Agra 2007; Rohillkkhand 07; Purvanchal 07)

y=ae?

Solution: We have, C, = the chord of curvature parallel to the x-axis

=2psiny=2p ! =2p !

cosecy V(1 + cot® )
_g,  tany :2(1+J712)3/2 !
V(1 + tan? ) 3 N1+ )
2
=2 1+ p2). (1)
J2
Here y=ae x/”;)qzﬂb//dx:ex/“;
and y2=d2y/dx2:(l/a)ex/”.
From (1), we get
x/a
Co= 270 14+ 2V 20014 2/,
(1/a)ye */a
Again Cy = the chord of curvature parallel to y-axis
=2pcosy= 2p _ 2p
2
secy V(1 + tan” )
72 Y1+ p2)
< 2
S22 gy 2layn 20 gy 2oday
72 (1/a)e ¥/ ¢ ¥4
1 1 1 2 x/a
+ = [1+e ]
Ce? Cyp? 4a® (L4 21y
1 I

T4 (4 2% 2C,
@nts to Objective Type Questions

Multiple Choice Questions
1. See article 7.
2. See article 8.
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See article 15.

See Problem 1(i) of Comprehensive Problems 2.
See Example 4.

See Example 11.

See article 4.

See Problem 2(v) of Comprehensive Problems 1.
See Example 15.

See article 10.

See Problem 13(i) of Comprehensive Problems 1.
See Corollary of article 4.

Fill in the Blanks

See article 4.

See Corollary of article 4.

See article 5.

See article 4

See Example 4.

See Example 3.

See Problem 2(v) of Comprehensive Problems 1.

See Example 10.

True or False
The circle of curvature of a curve at any point on it is the circle whose centre is the
centre of curvature at that point and radius is radius of curvature at that point. By
the curvature of a circle, we mean the curvature of the curve which is a circle.

See article 4. Corollary.

See article 9.

See article 10.

See article 8.

000




Chapter-11

Envelopes, Evolutes and Involutes

Comprehensive Problems 1

Problem 1: Find the envelope of the straight lines (x/a)cos ©+ (y/b)sin®=1, the
parameter being © and interpret the result geometrically. (Kashi 2012)
Solution: The equation of the given family of straight lines is

(x/a)cos®+ (y/b)sin®=1, (1)
the parameter being 6.
Differentiating (1) partially with respect to 6, we get

—(x/a)sin®+ (y/b)cos6=0. .(2)
Eliminating 6 between (1) and (2), we get the envelope of the family of straight lines
(1). So squaring and adding (1) and (2), we get

(x2 /az)(cos2 0 + sin 0) + (y2 /b2)(sin2 0+ cos> 0)=1
or 2/a+ =1, - (3)
which is the required envelope of the family of straight lines (1).
Geometrical interpretation: The equation (3) represents an ellipse whose centre is
origin. Whatever may be the value of 6, the straight line (1) always touches the ellipse
(3) and the ellipse (3) is also touched at each point by some straight line belonging to
the family (1).
Problem 2(i): Find the envelope of the straight lines y = nPx+ 1/, where m is the
parameter.
Solution: The equation of the given family of straight lines can be written as

m2y=m4x+l or m4x—mzy+I:O. (1)
The equation (1) is a quadratic in n?. So the required envelope is obtained by
equating to zero the discriminant of (1). Hence the required envelope is

(—y)2 -4x.1=0 or y2 =4x.

Problem 2(ii): Find the envelope of the straight lines y = mx + aN (1 + ), the parameter
being m. (Kumaun 2000)
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Solution: Given y =mx + a1 + n

or (y—mx)2=a2(l+n12)

or y2+mzx2—24mx—a2—a2m2:0

or mz(xz—az)—2)gzm+y2—a2=0

which is a quadratic equation in parameter m . Hence its envelope is B? =4AC
ic, (292 =402 - &) () —a?)

or 4x2y2:4(x2y2—a2y2—a2x2+a4)

or 2P+ uzyz =gt

or 2 y2 =

Problem 2(iii): Find the envelope of the straight lines y = mx + ant>, the parameter being
m.
Solution: We have y=mx+ ant. (1)
Differentiating (1) partially w.r.t. ‘m’, we have
0=x+3an® or nt=-x/(3a). (2)

From (1), yzzmz(x+ m;12)2

=(—x/3a)(x— x/3)2, substituting for e from (2)

=—4:%/27a.
Hence 27@/2 +4x° =0, is the required envelope.

Problem 2(iv): Find the envelope of the family of straight lines y = mx+ amP, the
parameter being m.
Solution: The equation of the given family of straight lines is

y=mx+ amb, (1)
the parameter being m.
Differentiating (1) partially with respect to m, we get

O=x+ pamp_l. ..(2)
Eliminating m between (1) and (2), we get the envelope of the family of straight lines
(1).

From (2), mP =1 =—pi;- (3)

Now the equation (1) can be written as
y=m(x+am? 7).

Raising both sides to the power p -1, we get
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p-1
or p? oo v [x —a- x:| , substituting for m? ~ ! from (3)
pa pa
1 -1
or yp_l x T (p-1P
pa pP !
or (p-1F Ly Poayl I'=0, which is the required envelope.

Problem 2(v): Find the envelope of the family of straight lines x cosec © — y cot 6 = ¢, the
parameter being 6.
Solution: The equation of the given family of straight lines is

xcosecO®— ycotO=c

X cos 6
or —yizc

sin© sin ©
or X— ycos@=csin®
or ycosO+csind=x, (1)

the parameter being 6.
Differentiating (1) partially with respect to 6, we get

— pysin®+ ¢ cos0=0. ..(2)
Squaring and adding (1) and (2), we get

y2 + =2 or ¥ —y2 =c2,

which is the required envelope of the given family of straight lines.

Problem 2(vi): Find the envelope of the family of straight lines x cos> o+ y sin> o= a ,the
parameter being o.
Solution: Proceed as in problem 6 of Comprehensive Problems 1.
The required envelope is e (x2 + y2 )= xzyz
or 1,1 1
s ]2 &2
Problem 3:  Find the envelope of the family of circles

2 (@ >e?)

2+ yz = 2ax cos o, — 2ay sino.= ¢
where o is the parameter, and interpret the result .
Solution: The equation of the given family of circles can be written as

2axcosa+2aysina:x2+y2—c2. (1)
[Note that we have brought the terms containing cos o and sin o to one side and the
rest of the terms to the other side].

Differentiating (1) partially with respect to o, we get
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—2axsin o + 2ay cos o. = 0. ..(2)
Squaring and adding (1) and (2), we get

4a® P + 4u2y2 = (x2 + yz — 2 )2
or 2+ y2 =P =4d® (P + 5P, (3)
which is the required envelope.
Interpretation: The equation (3) can be written as

(P + 2P 22 + ) (P + y)+ ct =0

Solving it as a quadratic in (x2 + 7 ), we get

242 _2@ + AV + 2P -4t
2
=2a% + ¢% +2a \/(6‘2 + a2)
:(a2 + cz)iZa\/(az + 52)+ e :[\/(a2 +L‘2)i a]z.
Therefore the required envelope consists of the two circles
& +y2 =[\/(a2 + ¢ +a]2
and 2+ y ﬂ + 2 —a]z

These are the circles with centre at origin and radii V (a2 +c2 )£ a.

Problem 4:  Find the envelope of the following systems of circles :
(i) (x — (x)z + yz = 4o, 00 being the parameter,

(i) (x — oc)2 +(y - oc)z = 201, where o, is the parameter.
(Lucknow 2009; Rohilkhand 13)

(iii) (x — 5)2 + y R where c is the parameter.

Solution: (i) We have (x - (x)2 + yz =door ¥ — 200+ o + y2 =

or — 200 (x+ 2) + x2 + y

This equation is a quadratic in o. Hence the requlred envelope is
4427 —4.(2%+ yH)=

or x2+4x+4—x2—y2=00ry2—4x—4=0.

(i) Wehave (x—a) +(y-a)f =20

or x2—2ocx+(x2+y2—2ocy+oc2:20c

or 202 =2 (x+ y+ Do+ (P2 + %)=

This equation is a quadratic in o. Hence the required envelope is
4(x+ y+ 1P -4202 + )=

or (x+y+1)2:2(x2+y2).
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(iii) The given family of circles is

(x=cf + y* =R (1)
where ¢ is the parameter.
Differentiating (1) partially with respect ‘¢ ’, we get

-2(x-¢)=0 or x—c=0. ..(2)
Eliminating ¢ between (1) and (2), we get the envelope of the family (1).

2 _ p2

Putting x — ¢ =0 in (1), we get y as the required envelope of the family (1).

Hence the envelope of the family (1) consists of the straight lines y =+ R.
Problem 4(iv): Find the envelope of the following family of curves :
J/2 =i (x — m), the parameter being m .
Solution: Here y2 = i (x—m)= nex— . (1)
Differentiating (1) partially w.r.t. the parameter ‘', we get
0=2mx—3n® or m=2x/3.
Substituting this value of ¢in (1), we get
2 = (2x/37 (x—2x/3) =42 /27
or 43 =27 yz,which is the required envelope.

Problem 4(v): Find the envelope of the family of parabolas 0+ £ y = a, the parameter
being t.

Solution: Given tzy +t0 —a=0

which is a quadratic equation in parameter ¢ hence its envelope is B> =4AC

x6=4.y,(—a) or x6+4ay:0

Problem 4(vi): Obtain the envelope of the family of curves given by
2.2
+

o? kK —o?

where o is the parameter. (Kanpur 2008)

=1,

Solution: The given equation is
(2 /o?)+ y* /(K —0?)=1
or P S y20c2 = k%2 —(x4,
or 0c4+0c2(y2—x2—k2)+x2k2=0,
which is a quadratic equation in the parameter o?.
The envelope is given by ( y2 - )2 = 4k% 2
or y2—x2—k2:i2kx
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or y2=x2+k212kx or y2=(xik)2

or y=x(xxk).

Hence the required envelope consists of the four straight lines x + y =+ k.

Problem 5: Find the envelope of the family of curves
(az /x)cos © — (b2 /y)sin®= ¢ /a,
0 being the parameter.
Solution: The equation of the given family of curves is
(az/x)cose—(bz/y)sin9=c2 /a, (1)
the parameter being 6.
Differentiating (1) partially with respect to 6, we get
—(a? /x)sin® — (b / y) cos 0 =0. (2)
Squaring and adding (1) and (2), we get
P
Iz y2 a’
which is the required envelope of the family of curves (1).
Problem 6: Find the envelope of the family of straight lines
xcos O + y sin"@ = a, for different values of 6.
Solution: The equation of the given family of straight lines is
xcos"8+ ysin"@=aq, (1)
the parameter being 6.
Differentiating (1) partially with respect to 8, we get

— i cos” 719 sing + ny sin 710 cos 0 =0

cos” ~1osing _y

or — == or cot""2g=2L
sin" '@ cos® X x
or %:1 or tanz_nezi
cot" "0 y
e =
or tan® = W
Xl/(2 -n)
cos 0=
[XZ/(Z -n )72/(2 —n)]l/2
1/2 —n)
and sin@ = J

[XZ/(Z —I’l) + y2/(2 - n)]1/2.

Putting the values of cos8 and sin 6 in (1), the required envelope of the family of
straight lines (1) is
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xn/(Z —n) J/n/(2 - n)
. TCETIIETE - CRTINEICERITe =
2=, 2/ -

or [Xz/(2 -n) + J’Z/(Z —n)]n/Z =a

or L2/ =)y 202 =0l =) _
[X2/(2 - J72/(2 —;1)](2 -2 _,

or 212 =) 200 =) _ 2/ =),

raising both sides to the power2 /(2 - n).

Problem 7: Find the envelope of the ellipse
x=asin(®—-o), y=>bcos 6,
where o is the parameter. (Kanpur 2009)
Solution: ~ The given ellipse is
x=asin(0—o), y =b cos 6, where a is the parameter
or x=a(sin®coso - cosOsina), y=>bcosH
or ,rzzz{\/(l—y2 /h2)cosoc—(y/b)sinoc},eliminatinge. (1)
Differentiating (1) partially w.r.t. the parameter o, we have
O=a{—\/(1—y2/h2)sinoc—(y/b)cosot}. ..(2)
Squaring and adding (1) and (2), we get
2 =d {I—y2 /b +y2 /b2y,

or ?=a® or x==aasthe required envelope.

Problem 8:  Projectiles are fired from a gun with a constant initial velocity V(y. Supposing the

gun can be given any elevation and is kept always in the same vertical plane, what is the
envelope of the possible trajectories, assuming their equation to be

y=xtano - 7
2Vp”™ cos” o (Lucknow 2007, 11)
Solution: The given equation is

y=xtana— g /(2Vy? cos® a),

where o is parameter and Vj is constant

or y:xtana—(%gxz/vg)seCQ(x
or y:xtan(x—(%gxz/\/oz)(l+tan2 o)
or (%gxz/Voz)tanz(x—xtanoc+(y+%gx2/vo2):0,

which is a quadratic equation in tan o.
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The envelope is given by

X2—4(%g"2/VO2)(]+%g"2/V02)=0

or 1= @e/M”) (7 + 3 o V") =0
or V()2 [2g=p+ % gxz /Voz, multiplying by V()2 /2g
or V04 = g2x2 + 2V02 gy, which is the required envelope.

Problem 9:  Find the envelope of the straight lines
X coso + ysina =1 sinacosa,

where the parameter is the angle o. . Give the geometrical interpretation.
(Avadh 2007, 12; Rohilkhand 2012)

Solution: Here x coso+ ysino =1[sino coso,
or xcosec o + yseco=1. (Note) ...(1)
Differentiating (1) partially w.r.t. the parameter o., we have

X (= cosec o cot o) + y seco tan o, =0

or tanocle/g/yl/g.
cosec ov = V(1 + cot? o) =V{l + (y2/3 /xz/g)}
and secoo=V(1 + tan? a):\/(x2/3 + y2/3)/y1/3. ...(3)

Eliminating oo between (1), (2) and (3), we have

X(XZ/S +J3,2/3)1/2 +y.(x2/3 +ly§/3)l/z _
W/ ‘ y /

(x2/3 +y2/3)<3/2)=l, or )\2/3 +J/2/3 212/37

[

or

which is the required envelope.

Geometrical Interpretation: The equation (1) may be written as

x/(I'sina)+ y /(I coso)=1,which shows that the intercepts on the axes made by
the line are /' sin o and [ cos o.. Hence the length of the line between the axes is

V (12 sin o+ 12 cos” o) i.e., [ which is constant. Hence the result may be interpreted

geometrically as follows :

If a straight line of constant length [ slides between the axes, the envelope of the
straight line is the astroid
2134 23 _2h3

Problem 10:  Find the envelope of the family of the straight lines
X cos mO+ y sin m0 = a (cos ny"/",
where 0 is the parameter.

Solution: We have x cosm6+ ysinm6=a (cos ne)’"/”. (1)
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Differentiating (1), partially w.r.t. 6, we have

— mx sin m0 + my cos mO = a (m/ n) (cos ne)(’”/”> -1 (= nsin n0)

or — xsinmO + y cos mO = —a (cos ne)(’”/”)‘l (sin n0). ..(2)
Squaring and adding (1) and (2), we have

(cos2 mo + sin’ me) (x2 + yz)

= (cos ne)2 (m/n=1) (cos2 10 + sin’ 1)

or 2+ y2 = a? (cos ne)z(’" —nin, ...(3)
Multiplying (1) by sin 76 and (2) by cos 76 and adding, we get

— x (sin m6 cos n® — cos m6 sin 1)

+ y (cos mB cos n® + sin mO sin n6) =0

or —xsin(m—-n)0+ ycos(m—n)0=0
or tan(m—-n)0= y/x ..(4)
Now let (r, ¢) denote the polar coordinates of the point (x, y) so that x =r cos ¢ and
y=rsin¢g. Then from (4), we have tan(m—-n)@=tan¢ or (m—-n)6=¢ or
6 = ¢/(m—n). Substituting the value of 8 in (3), we get

(r2 cos” o+ 7 sin? 0)= a [cos{nd/(m—n) }]2 (m —n)/n
or = a? [cos {nd/(m—n) }]2 (m=m/n
or , n/(m—n) _ an/(m —n) cos{nd/(m-n)},
which is the required envelope where (r, ¢) are the polar coordinates of the point
(x p).
Problem 11: Show that the radius of curvature of the envelope of the family of lines

xcos o+ ysino=f(a)is f(o)+ f7 (o).

Solution: The given equation of the family of lines is

xcoso+ ysino= f(a), (1)
where o is the parameter.
Differentiating (1) partially w.r.t. o, we have

—xsina+ ycosa= f' (o). ..(2)
Squaring (1) and (2) and adding, we get

Pyt = (@) + @)
or P = {f (o) 2o+ {f () }2,Changing to polars. .(3)
Now the envelope of the family of lines (1) touches each member of the family (1).
Therefore (1) is a tangent to the envelope of (1).

Hence if p be the length of the perpendicular from the pole (i.c., origin) upon the
tangent (1) to the envelope of (1), then

p=f(@. (4)
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Therefore (3) may be regarded as the pedal equation of the envelope where o is given
by (4).
Differentiating (4) and (3) w.r.t. ‘p’, we have

1:ﬂ<wmu@> (5)
and r(dr/dp)=2f (o) f (o) .(dou/dp) + 2 f" (o) £ (ox). (dov/dp).
. p (i.e., the radius of curvature of the envelope)

d , " d
5] w3
dp

={f(a +f"(0€) {f " (o) (dou/dp) }

= f(a)+ [’ (o), from (5).
Alternative method: To find the radius of curvature of the envelope of the given
family of lines we can also proceed as follows :

The equations (1) and (2) are parametric equations of the envelope of the family of
lines (1), the parameter being o.

First we shall solve (1) and (2) for x and y to express x and y as functions of the
parameter o.

Multiplying (1) by cos o, (2) by sin o and subtracting, we get

x= f(a)cosa— f’(a)sino. ...(6)
Again multiplying (1) by sin o, (2) by cos o and adding, we get
y=f(o)sino+ f’ (o) coso. (7)

Now from (6), %—f’(a)cosoc—f(oc)sinoc—f”(oc)sinoc—f’((x)cosoc

[ flo)+ f” (o)]sino ...(8)
and from (7), jl:f'(oc)sin(x+f(oc)costx+f”(a)cosoc—f’(oc)sinoc

o

=[ f(o)+ £ (@)] cosc (9)
dl:d)’/da:—cota.
dx  dv/do
Py _d, _d da
?—a( cotoc)—%( coto) —
=coseC20c- -1 _ —cosec3 o

[f @)+ f7 (@) ]sine f(o)+ £ (a0)

Now the required radius of curvature p

[y /PP 0 s fle)t f @)
dzy / d [ cot (1]3 — cosec> o

—[f @)+ f7 ()]
Neglecting the negative sign, p= f (o) + f*" (o1)
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Problem 12: Ifxz/3 + y2/3 = k273 is the envelope of the lines
x/a+ y/b=1,

then find the necessary relation between a ,b and k.

Solution: The equation of the given family of straight lines is

Yo J_
T4+ 2L =1, (1
s (1)

where @ and b are parameters.

If the envelope of the family of straight lines (1) is the curve
213 4 213 4213 @)

then each member of the family of straight lines (1) touches the curve (2).

So to find the necessary relation between a,b and k we have to find the condition that
the straight line (1) touches the curve (2).

The coordinates (x, y) of any point on the curve (2) may be taken as
x=kcos> 6, y=k sin> 6, where 8 is a parameter.

We have dx/d0 = -3k cos® Osin 0

and dy /de =3k sin” © cos 0.

dy _dy/de _ 3k sin® © cos 0 __sin®
dv  dv/d8  _3k cos® 9sin®  cos@

= slope of the tangent to the curve (2)
at the point (k cos’ 6, k sin> 0).

.. The equation of the tangent to the curve (2) at the point (k cos> 6, k sin> 0) is

y—ksingez—sme(x—kcosge)
cos 6
or ycose—ksin3ecosez—xsin6+ksin9c0539
or xsin®+ y cosO=ksin6 cos6
or SN, .(3)

kcos® ksin®
Now suppose the straight line (1) touches the curve (2) at the point
(k cos’ 0, k sin> 0). Then (1) and (3) are the equations of the same straight line. So
comparing the coefficients of like terms in (1) and (3), we get

a=k cos®,b=ksin6.
Squaring and adding, we get

2+ b =1,
which is the required relation between a,b and k so that the line (1) touches the curve

(2).
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Problem 13: Find the envelope of the family of curves 2 sino+ yz cos o = a”, where o is

the parameter.
Solution: The equation of the given family of curves is

xzsinoz+y2 cosoc=a2, (1)
where o is the parameter.

Differentiating (1) partially with respect to ‘o, we get

2 Cosoc—y2 sino =0. ...(2)
Squaring and adding (1) and (2), we get
L

which is the required envelope of the family of curves (1).

2

Problem 14: Find the envelope of the family of curves (y —¢)” — % (x— 6)3 =0, where c is

the parameter.

Solution: The equation of the given family of curves is

(y—£)2—§(x—c)3:0, ()

where ¢ is the parameter.

Differentiating (1) partially with respect to ‘c’, we get
2
2y =) D=5 3= (-1 =0

or (y—c)—(x—c)Z:O
or y—c:(x—c)2. ..(2)
Eliminating ¢ between (1) and (2), we get the envelope of the family (1).

Putting y — ¢ = (x - c)2 in (1), we get

(x—c)4—§(x—c)3 ~0

P r—c-2]=
or (x=c) [x-¢ 3] 0.

x—c=0 or x—c=g‘
3
Putting x — ¢ =0 in (2), we get
y—-c=0.
Eliminating ¢ between x —¢ =0 and y —¢ =0, we get x = y.
Again putting x — ¢ :éin (2), we gety—c=%.

Eliminating ¢ between x — ¢ = % and y —¢= g,we get
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Hence the required envelope of the family of curves (1) consists of the straight lines
x—y=0 and x—y=%‘

Comprehensive Problems 2

Problem 1: Find the envelope of the circles drawn upon the radii vectors of the ellipse
2/ + yz /b? =1as diameter.
Solution: Any point on the given ellipse is (a cos 6, b sin 0).

So the equation of the circle on the radius vector to this point as diameter is
(x=0)(x—acos®)+ (y-0)( y—bsin6)=0

or x2+_y2—uxcos9—bysin9=0

or uxcos9+bysir16=x2+y2. (1)

We have to find the envelope of (1) where 0 is the parameter.
Differentiating (1) partially w.r.t. 6, we get

—axsin® + by cos 8 =0. -(2)
Squaring and adding (1) and (2), we get

P+ h2 2 = x2 + y 2 as the required envelope.

Problem 2: Show that the envelope of the circles whose centres lie on the parabola y2 =4ax
and which pass through its vertex is the cissoid yz (2a + x) + 2 =0.
Solution: Let any point P on the parabola yz =4axbe (atz, 2at).
The centre of the circle is (atz, 2at) and it passes through origin (0, 0).
Equation of any circle with centre (—g,— f)and passing through the origin is
2 +y2 +2gr+2fy=0.
Equation of the circle whose centre is (at2 , 2at), and high passes through the origin
is
2+ y2 — 2axt* —4ayt =0
or 2axt® + 4ayt—(x2 + yz)—
This equation is quadratic in the parameter . Hence the required envelope is
(4ay) + 4.2ax. (2 + %)=
or 2ay2+x3+)g/2:0

or 4 yz (x+ 2a)=0.
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Problem 3: Show that the envelope of the circles whose centres liec on the rectangular
hyperbola 2 - yz = a® and which pass through the origin is the lemniscate % = 4a” cos 26.

Solution: Any point on the rectangular hyperbola 2 - yz =d® is (a cosh 6, asinh 9).

Its distance from the origin is
\/(az cosh? 6 + a2 sinh? 0).
Therefore the equation of the circle whose centre is the point (a cosh 6, a sinh 6) and
which passes through the origin is
(x — a cosh 9)2 + (y —asinh 9)2 = a* cosh? 0+ a® sinh? @
or 2+ yz —2ax cosh © — 2ay sinh 8 =0
or 2ax cosh @ + 2ay sinh 0= + yz. (1)

We are to find the envelope of the family of circles (1), where 8 is the parameter.
Differentiating (1) partially with respect to 6, we get

2ax sinh 6 + 2ay cosh 6 =0. -(2)
Squaring and subtracting (1) and (2), we get

4a? 2 (Cosh2 0 — sinh? 0)+ 4a2y2 (sirlh2 0 — cosh? 0)= (x2 + y2 )2

or 402~ 4a2y2 = (x2 + y2 )2 [ cosh? 6 — sinh? 6 = 1]
or 4a® (12 cos® 0 — 12 sin’ 0)= (r2 )2,Changing to polars

or 4a*r* cos 20 = r*

or ¥ =44 cos 20, which is the required envelope.

Problem 4: Show that the envelope of circles described on the central radii of a rectangular
hyperbola is a lemniscate P =a® cos 20.

Solution: Referred to the centre as origin, let the equation of the rectangular
hyperbola be 2 - yz =d.
Any point on it is (a cosh ¢, a sinh ¢).

Then the equation of the circle having (0,0) and (a cosh ¢, a sinh ¢) as the ends of the
diameter is

(x=0)(x—acosh¢)+ (y—-0)(y—asinh¢)=0
or ax cosh ¢ + aysinh¢:x2+y2. (1)
Differentiating (1) partially w.r.t. ¢, we have

ax sinh ¢ + ay cosh ¢ =0. .(2)
Squaring (2) and subtracting from the square of (1), we get

P (cosh2 <I)—simh2 o)+ azyz (sinh2 o - cosh? 0)= (xz + yz )2
or a (x2 —)72):()62 + yz)z, [ cosh? ¢—sinh2 o=1]
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or a2 (r2 cos® 6 — 12 sin’ 0)= (72 )2 [Changing to polars]
or 2 cos 20 =t
or 1'2 = a2 cos 20,

which is the required envelope.

Problem 5:  Show that the envelope of the polars of points on the ellipse 20+ yz /K =1
2 2 2
s e :2 + o~ 1

with respect to the ellipse 2 /a® + y2 /b =1i A .
b (Bundelkhand 2011)

Solution:  Any point on the ellipse 2+ yz /K =1is
(h cos ©, k sin 0),
where 6 is the parameter. And polar of this point with respect to the ellipse
2 la + y? b =1is
xhcos® | yksin® _
5 T 7 L. (1)

a
We have to find the envelope of the family (1) where 8 is the parameter.
Differentiating (1) partially w.r.t. 6, we have

— (xh/a®)sin® + (yk /b*) cos 6 = 0. (2)

Squaring and adding (1) and (2), we have

(mf%ﬂfﬂ
a2 b2

2 2,2
2 + k -1,
4 b4

or
a

which is the required envelope.
Problem 6: Show that the envelope of the straight line joining the extremities of a pair of
conjugate diameters of the ellipse

;(z/a2 + y2/b2 =11is the ellipse )\”z/u2 + )72/172 -1

N |

Solution: Let the equation of the given ellipse be

2 la® + )/2/192 =1
Let the extremity of a diameter be P(a cos6,bsin6). Then the extremity of the
conjugate diameter is

Q {ﬂ cos (% T+ 6), b (é T+ 9)} Le., (—asin®, b cosd).

Equation of the straight line PQ joining the extremities P and Qis
b (sin® — cos 0)

(x—a cos0)
a(cos + sin 0)

y—bsin®=
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or ay (cos® + sin®) — ab (sinB cos6 + sin? 0)

= bx (sin® — cos0) — ab (sin6 cosO — cos® 0)

or (ay + bx) cos® + (ay + bx)sin® = ab (Cos2 0 + sin 0) =ab (1)
Differentiating (1) partially w.r.t. 6, we have

— (ay + bx)sin® + (ay — bx) cos =0 ..(2)
Squaring and adding (1) and (2), we get

(ay + be)? + (ay — bx)? = a®b?

2

or i + %/7 =1

a2 b2

which is the required envelope and is a similar ellipse.

Problem 7: Find the envelopes of circles described on the radii vectors of the following curves
as diameters :

(i) l/r=1+ecos® (ii)l’3=ﬂ3 cos 30

(iii) rcos™ (0/n) = a.

Solution: (i) For figure see Example 3. Let P (OP, o) be any point on the curve
I/r=1+ e cos 6. Then

[/OP =1+ ¢ cosa. (1)

Let (r,0) be any point Q on the circle described on OP as diameter. Now from the
figure we have the equation of the circle as

r=0P cos (8—-a)

or r={l/(1+¢ecosa)}cos(®—a), [From (1)]
or r{l+ecosa}=1(cosOcosa + sinOsino)
or r(l cos®—re)coso+ IsinBsino =r. ..(3)

We have to find the envelope of the family of circles (3), where o is the parameter.
Partially differentiating (3) w.r.t. o, we have

— (I cos®—re)sina + [sinB cosa =0. ...(4)
Squaring (3) and (4) and adding, we have

(I cos®— re)2 + 12 sin 9=r2
or 12 cos® 02 ler cos 0+ 1% ¢ + 1 sin® 0 = 1>
or 12 = 2ler cos 0 + 12 ¢ =12, which is the required envelope.
(ii) The equation of the given curve is

P = a3 cos 36. (1)
Let (1, 6] ) be any point P on (1).
Then rlg =a> cos 36 . ..(2)
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Equation of the circle drawn on OP as diameter is

r=r] cos (0—6r). [Proceed as in part (i)]
Substituting for | from (2), this equation becomes

r:ﬂ(cos361)l/3 cos (8 —-6)), ...(3)
where 6] is the parameter.

Taking log, log r =log a + % log cos 36 + log cos (6 — 6] ).

Differentiating partially w.r.t. 6, we have
0=0+ %(—35in391 / cos 30]) + sin (0 — 61 )/ cos (6 — 6 )

or tan30) =tan (0 —6])ie., 30 =0-6;, or 0 =0/4
Substituting this value of 8] in (3), we have
r =a {cos (39/4)}1/3 cos(0—06/4)=a{cos(30/4) }4/3

or = a3 cost (36 /4), which is the required envelope.

(iii) The given equationis 7 cos” (8/n)=a. (1)
Let (r1,01) be any point P on (1); then

71 cos” 8] /n)=a. (2)
Equation of the circle drawn on OP as diameter is

r=r] cos(0—0p).
Substituting for | from (2), this equation becomes

r=acos(®-0)/cos" 0 /n), ..(3)
where 6] is the parameter.

Taking log,
log r =log a + log cos (6 — 6] ) — 1 log cos (6] /n).

Differentiating partially w.r.t. 8], we have
0=0+ sin (6 —0)) —n{—(l/n) sin (6 /n)}

cos (8 —6]) cos (6] /n)

or tan (6 —0))+ tan (8] /n)=0

or tan (6 —0)) =— tan (8] /n) = tan (— 0] /n)

or 0-6=-6y/n

or 0=0 (1-1/n)=0 (n-1)/n

or 6y =n6/(n-1).

Substituting this value of 8] in (3), we have

r=ncos{e—ne/(n—l)}=ﬂcos{—6/(n—1)}: a
cos {(8/(n-1)} cos (0/(n-1)} cos” 1 8/(n-1)}

or rcos" 1 {0/(n=1)} = a which is the required envelope.
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Problem 8: Find the envelopes of the straight lines drawn at right angles to the radii vectors
of the following curves through their extremities .

(i) r=a ot (ii) r"=a" cos n6, (Lucknow 2009)
(iii) r=a+ b cos 6.

Solution: (i) The equation of the given curve is

r=ae® Ot (1)
Let (r1,0] ) be any point P on (1). [See fig. of Example 10]
Then n = ae®1 ot «© ..(2)

r] and 8] being parameters.

Let Qbe any point (r, 8) on the straight line drawn through P and perpendicular to OP.
From the right angled triangle OPQ, we have

OP = 0Q cos £ POQ
or 1 =rcos (0—0p)
or 7 cOs (9—91)=aeel cot o ..(3)
substituting for the parameter r| from (2).

Now (3) is the equation of the straight line through P and perpendicular to OP. We
are to find the envelope of the family of straight lines (3), where 6] is the parameter.

Taking logarithm of both sides of (3), we get

log r + log cos (8 — 6] ) =log a + ] cot . ...(4)
Differentiating (4) partially with respect to 6], we get
1 .
04— [-sin(®—-6])].(-1)=0 + cota
oogy @l
or tan(e—el)zcot(xztan(%n—(x),

e—elzén—oc or 61:6+oc—én.

Substituting this value of 6] in (3), the required envelope of the family of straight
lines (3) is
1 (9+0c—ln)cot(x
rcos(in—oc)zae 2

((x—ln)cotoz

or rsino = ae (O cot o,
(ii) The equation of the given curve is
r "t =a" cos nb. (1)

Let (r1,61) be any point P on (1). Then r] and 6] are parameters connected by
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r"t = a" cos n@). .(2)

Let Qbe any point (r, 0) on the straight line drawn through P and perpendicular to OP.
From the right angled triangle OPQ, we have
OP = OQcos £ POQ
or rp=rcos(®-0])
or rcos(0—01)=a(cos nel)l/”, ..(3)

substituting for the parameter r| from (2).

Now (3) is the equation of the straight line through P and perpendicular to OP. We
are to find the envelope of the family of straight lines (3), where 6] is the parameter.
Taking logarithm of both sides of (3), we get
log r + log cos (8 — 6] ) = log a + (1/n) log cos 1. ...(4)

Differentiating (4) partially with respect to ], we get

L Gine-e)=0+ L. 71sinn0

cos (8 —6]) n  cos n
or tan (6 — 6] ) = — tan n0] = tan (— n6y).
o 6-0=—-n8p or O (l-n)=06 or 6 =06/(1-n).
Substituting this value of 8] in (3), the required envelope of the family of straight lines

(3) is
1/n
0 no
7 cos|6— =a|cos
[ 1—n:| |: (I—nﬂ
1/n
no
=a|cos
(25 (25
1/n
no no
or r cos =a|cos
(l—n) |: (I—n]:|
|: ( 0 ):|(l/n)—l |: ( i ]:|(l —-n/n
or r=aljcos =a|cos
1-n 1-n

or A=) = A=) o6 100/ (1= n) ),

0—nb—n

or 7 Cos
1-n

raising both sides to the power /(1 —n).

(iii) The equation of the given curve is
r=a+ b cos®. (1)
Let (1,6 ) be any point P on (1). Then r| and 6] are parameters connected by
rp=a+bcos0y. ..(2)
Let Qbe any point (r,8) on the straight line drawn through P and perpendicular to OP.
From the right angled triangle OPQ, we have




Envelopes, Evolutes and Involutes

D-259 W,
OP = 0Q cos ZPOQ  or rp=rcos(®-0p)
or rcos(®—01)=a+ b cosby, ..(3)

substituting for the parameter r| from (2).

Now (3) is the equation of the straight line through P and perpendicular to OP. We
are to find the envelope of the family of straight lines (3), where 6] is the parameter.

The equation (3) may be written as

7 cos®cos O + rsin®sin® =a+ b cos
or (rcos®—Db)cos6) + rsin®sinf =a. ...(4)
Differentiating (4) partially with respect to 8], we get

—(rcos®—Db)sin0 + rsin6 cos O =0. ..(5)
To eliminate 6], squaring and adding (4) and (5), we get

(r cos® — b)2 + 72 sin® 0 = a?
or r2—2brcose+b2—u2=0,

which is the required envelope of the family of straight lines (3).

Problem 9(i):  Find the envelope of the straight lines

x/a+ y/b=1, (1)
where the parameters a and b are related by the equation

a" + b" =", ¢ being a constant. ..(2)

(Garhwal 2003; Gorakhpur 06; Lucknow 06; Kashi 11; Meerut 13B)

Solution: Let us regard a and b as functions of some other parameter ¢t
Differentiating (1) and (2) w.r.t. t, taking x and y as constants, we have
l@+ldh:0 and an_1@+bn_l@=0.

2 de 2 dt de dt
Equating the values of % obtained from these equations, we have
t

(x/a®) _(y/b*)

“n—l bn—l

or (x/a) _(y/b) _ (x/a)+ (y/b) :i,from (1) and (2).
a" B Aty " n
Note;E:£2£:£:ﬂ+c
b d b d b+d
Thus a”+1 — " yand bn+1 — N y

Substituting in (2), we have
(Cnx)n/(n +1) : (Cny)n/(n +1) _ L

or cn/(n +1)

xn/(n +1) + Jjn/(n +1)

which is the required equation of the envelope.
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Problem 9(ii): Find the envelope of the straight line x/a + y/b =1, where the parameters a

m+n

and b are connected by the relation a"p =¢ , ¢ being a constant.

Solution: The equation of the given family of straight lines is

x/a+ y/b=1, (1)
where the parameters 2 and b are connected by the relation
ﬂmbn — Cm +n (2)

Taking log of (2), we get
mlog a+ nlog b= (m+ n)log c ..(3)
Let us regard @ and b as functions of some other parameter .

Differentiating (1) and (3) w.r.t. t taking x and y as constants, we have
xda_ydb_oorxda ydb _

_rah_Jyar_ T S 0] ..(4

2 de 2 de 2dr o p2ode )

and mda ndb_ .05
a dt bdt

From (4) and (5) comparing the coefficients of (da/dt) and (db/dt), we get
(x/az) (y/bz) or ﬂ:M:x/zl+y/b: 1

. (Note)
(m/a) (n/b) m n m+n m+n

a=x(m+n)/m, b=y (m+n)/n
Substituting these values of @ and b in (2), we get
{x}ﬂ (’7[ + n)ﬂ‘l/}nlﬂ} X {yn (m + n)n /nn} — c}ﬂ +n

or (m + n)m + nxmyn — mmnncm + n7

which is the required envelope.

Problem 9: Find the envelope of the family of straight lines
x/a+ y/b=1,
where the parameters a, b are connected by the relations
(iii) a+ b =g (Garhwal 2001, 03)
(iv) a®+b> =2,
(v) ab= 6‘2,6 is a constant.

Solution: Given straight line is

roJ_
Z4+ 2 =1 (1
i (1)

Let us regard a and b as function of same other parameter ¢

Differentiating w.r.t. t, we get
x da _ ydb
4+ = =0. (2
2 odt p2 de @)
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(iii) Given a+b=c ..(3)
Differentiating w.r.to ¢, we get
da  db _ (4)
e dt
E . da /db .
quating the value of = from equations (2) and (3), we get
x/a2 _ )//b2
1 1
r o Jy
or a_b_a b_1 [By (1) and (3)]
a b a+b ¢
Thus a2=cx,h2=cy or a=\/cx,h=\/cy.
Substituting in (3), we have
Vex+Vegp=c or Vx++Vyp=+c
(iv) a® + b* = c? (Given) (5)
Differentiating w.r.t. t, we get
2a@+2h@=0 or a@+h@= . ...(6)
dt dt dt dt
. da /db
Equating the value of — /== from (2) and (4)
dt/ de
oy Jy
o g 4o a b L
a a 2 2 A2 2
Thus @ = czx, » = czy or a= (czx)1/3,b = (02)/)1/3
Substituting in (5), we have
(62){)2/3 + (£2y)2/3 =% or 283 +y2/3 =273,
() ab=c* (Given) A7)
Differentiating w.r. to ¢
b@+ a@:O. ..(8)
dt dt
E . da /db
quating the values of A from (2) and (8), we get
g xla_ /b _xlax plb_ 1
b a ab ab 2ab 902
Thus 2¢%x =a®h and 262)} =1’
Hence 4¢* xp= ap3 =0 [By (7)]

or 4xy = 2.
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Problem 10: Prove that the envelope of the ellipses 2/ + yz /h =1 having the sum of

2/3 _ 213

their semi-axes constant and equal to c, is the astroid 23+ y a

Solution: Let the equation of the family of ellipses be
2la + Y22 =1, (1)
where a and b are parameters.
Given that the sum of their semi-axes is equal to ¢, we have
a+b=c
Let us regard 2 and b as functions of some other parameter ¢.
Differentiating (1) and (2) w.r.t. ¢, we have
L2 da 257 M,
o de > dt
and da + b _ 0.
dt dt
Comparing the coefficients of (da/dt) and (db/dt), we get
L ST AP Tl oL e b
1 1 a b a+b
a> =ci® and b° :cyz.

-1
¢

Substituting these values of a and b in (2), we have
01/3)(2/3 " Cl/3y2/3 =corx2/3 " ]2/3 2/3

=C .

/3_ 203

Hence the required envelope is the astroid 234 yz c

Problem 11: Find the envelope of a system of concentric and co-axial ellipses of constant

area. (Goralkhpur 2005; Kanpur 10)
Solution: Let the equation of a system of concentric and coaxial ellipses be

2 /a2 + y2 /b2 =1, where a and b are parameters (1)
Also given that the area of each ellipse is constant, we have

nab=mnc?  or ab= 62, where ¢ is a constant. ..(2)

Let us regard 2 and b as functions of ¢.
Differentiating (1) and (2) partially w.r.t. ¢, we get
y 2
22 da 297 A g pda g
S de 3 dt dt dt

Comparing the coefficients of (da / dt) and (db / dt), we get

L VAP U L s S b s 8
b T ) )

a 1 1+1 2
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@ 2
or 2 =27 and h2:2y2.

From (2), 252 .2y2 =4 or 4x2y2 = 54,
which is the required envelope.

Problem 12: Show that the envelope of the family of parabolas
(/a4 (y/p)? =1,
under the condition ab = ¢ is a hyperbola whose asymptotes coincide with the axes.
(Garhwal 2000; Kumaun 02)
Solution: The given equation of the family of parabolas is
(e/a) 2+ (/)2 =1, D)

where ab = 2. ..(2)

Let us regard the parameters a and b as functions of ¢.
Differentiating (1) and (2) w.r.t. t taking x and y as constants, we have

-2 10a32) Y (dasde) + = y1% 1632y (db 1 dey =0
ie., (A2 a3 (da/dt) + (52 15372 (db 1dt) =0 (3)
and b (da/dt)+ a(db/dt)=0. .(4)
Comparing the coefficients of (da / dt) and (db / dt) from (3) and (4), we have

/2 ,.3/2 1/2 ,13/2 o >
? IO YT o a2 =) (Note)
a
From (1), (x/a)/? =( y/b)/? :%
or x/azy/b:i or a=4xb=4y.

Substituting these values of @ and b in (2), we have

4x.4y =c® or 16xy =c2.
Hence the required envelope is a hyperbolal 6xy = ¢ whose asymptotesarex =0, y =0
i.c., the coordinate axes.

Problem 13: A straight line of given length slides with its extremities on two fixed straight
lines at right angles. Find the envelope of the circle drawn on the sliding line as diameter.
Solution: Take the two fixed straight lines at right angles as the coordinate axes OX
and OY'. Let the equation of the sliding line ABbe x/a+ y/b =1whose end A remains
on the x-axis and B on the y-axis. Thus a and b are the intercepts OA and OB of the
line AB on the axes of x and y respectively.

We have @+ b2 =0A% + OB2 = AB% = 12, (1)

where [ is the given length of the line AB.
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The coordinates of the ends A and B are (4,0) and (0, b) respectively. Hence the
equation of the circle described on the line AB as diameter is

(x=a)(x=0)+(y-0)(y-b)=0
or ax+by=x2 + y2. -(2)
We have to find the envelope of (2) where the parameters a and b are connected by
(1.
Let us regard a and b as functions of some other parameter ¢.

Differentiating (1) and (2) w.r.t. t taking x and y as constants, we have

Za@+2b@=0 and x@+ y@=0.
dt dt dt dt

Comparing the coefficients of da/dt and db/dt from these, we have ro
a

S

ax_by_ax+hy_x2+y2. (Note)

or ==

A A

ﬂ:lzx/(x2 + y2), and b:lzy/(x2 + y2).
Substituting these values of a and b in (1), we have

P22+ 2P+ P2 (24 PP =P
or B2+ ) =22 + 2P
or (x2 + y2)= l2,

which is the required envelope and is a circle.

Comprehensive Problems 3

Problem 1: Show that the equation of the normal to the ellipse xl /a2 + y2 /h2 =lat the

point (a cos 6, b sin 0)is L bi =a -1 .Hence find the evolute of the above ellipse.
cos® sin6 (Avadh 2006, 10)

Solution: The given ellipse is

2/a + yIn =1, (1)
The evolute of the ellipse (1) is the envelope of the family of normals to the ellipse
(1). The coordinates (x, y)of any point P on the ellipse (1) may be taken as

x=a cos6, y=Dbsin®, where 6 is parameter.

We have dx/d6 = — asin6,dy/d6 =b cos®@.
dy _dy/d® _ bcos®

dc  dx/d® —asin®

Slope of the normal to the ellipse (1) at the point (a cos 6, b sin 6)
_dx _asin®
dy b cos®
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Equation of the normal to the ellipse (1) at the point (a cos 6, b sin 8) is

y—-bsin®= @sin® (x —a cos ©)
cos 0
or Iaycose—b2 sin @ cos O = ar sin 6 — a” sin O cos
or axsine—bycose=(u2—b2)sin6cose
or - —biza2 ey ..(2)

cosO sin6

Now the evolute of the ellipse (1) is the envelope of the family (2) of normals to the
ellipse (1), where 6 is the parameter.

To find the envelope of the family of straight lines (2), proceed as in Example 2.

Thus the envelope of the family of straight lines (2) is the curve

which is the required evolute of the ellipse (1).
Problem 2: Find the equation of the evolute of the parabola y2 =2px.
Solution: Equation of any normal to the parabola y2 =2pxis
13
y=me = pi= g pi,

where m is the parameter.
Now proceed as in Example 1. The required evolute is
27py2 =8(x- p)3A

Problem 3: Show that the evolute of the tractrix x = a (cos t + log tan % t), y=asintis

the catenary y = a cosh (x/a).

Solution: The given tractrix is x = a (cos t + log tané t), y=asint.

Differentiating these equations w.r.t. ¢, we get

lsr:c2 l1,‘
dx . . 1
—=a —smt‘+71 =a<q—sint + I
dt tan—t 2sin=tcos—t
2 2 2

=a{-sint+ (I/sint)}=a(l — sin? t)/sin t
= a cos t/sint

and dl =a cost.
dt

dy _dy/dt _ acos® t/sin t
dx  dx/dt acos t

=tant.
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" The slope of the normal at the point ‘¢’
=—(dx/dy)=—cott

Hence the equation of the normal at the point ‘¢’ of the tractrix is

y—asint=—cott(x—acost—alog tan%t)

or tant(y—asint)+x—ﬂcost—alogtan%tzo
or x+ytant—asin2 t/cost—acost—alogtan%tzO
or x+ytantf—a(s.ir\2tf+cos2 t)/cost—alogtan%t:O
1
or x+ytant—asect—alogtangtzo. (1)

Now (1) is the equation of the family of normals of the given tractrix, the parameter
being t. The envelope of the family (1) is the evolute of the given tractrix.

Differentiating (1) partially w.r.t. ‘t’, we have

ysec2 t—asecttant — l1/1(seclt/tanlt) =0
2 2 2

or ysec2 t—asecttant —acosect =0
or y2 _ﬂSI;lt_ ‘a -0
cos“ ¢ cos”t sInt
. .2 2
or ysint—a(sin® t+ cos” t)=0
or ysint=a or y=a/sint. ..(2)

Substituting this value of y in (1), we have

X+ atant/sint—asect—alog tan%t:O

or x+asect—asect—alogtan%t=0
1 1

or x=ﬂlogtan§t or x/azlogtanit
or taml t=e¢ ¥/ ..(3)

2
Now from (2), we have

a(1+tan2£t)
y="4 = 2
sin ¢ 2 tan Lt
2

a(cot% - tan% t):éu (¢ /4 4 o= ¥ay, [From (3)]

-1
2
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=a cosh (x/a).
Hence the envelope of the family of normals (1) i.e., the evolute of the given tractrix is

y =acosh(x/a).

Problem 4: Prove that the evolute (i.e., the locus of the centre of curvature ) of the hyperbola

2 =a’is (x+ pP - (x- P =247, (Lucknow 2006)
Solution: The given curve is
)g/=a2/2=02,(say), (1)

The evolute of (1) is the envelope of the normals of (1).
Let P (ct, ¢ /t) be any point on the hyperbola (1).
Also from (1), differentiating we get dy /dx = - 2 /2
. The slope of the normal to (1) at P
——dv/dy =2/ = ¢

Hence the equation of the normal at P is

yoc/t=£ (x—ct) (2)
Differentiating (2) partially w.r.t. t, we get

¢/ =23 or 2x=3ct+c/t. (3)
Substituting this value of xin (2), we get

2y =3ct+ ot (4)
Adding (3) and (4), we have

2(x+ p)=c(t+1/t) (5)
Subtracting (4) from (3), we have

2(x—y)=c{(d/)-t} ..(6)
Eliminating ¢ from (5) and (6), we have

92/3 [(x+ ])2/3 —(x— )7)2/3] :462/3’

[Raising (5) and (6) to the power 2 /3 and subtracting]

or (x+ P — (o= pP2B = @23 =4 a/N2p23
=@2V2aP =243,
which is the required evolute.
Problem 5:  Prove that the evolute of the ellipses VP + d yz =a® b isthe envelope of the
family of ellipses given by
i sect o+ b2y2 cosec o = (ﬂz gy )2,

o being the variable parameter. (Lucknow 2007)
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Solution: The given ellipse is

» 2 +a2y2 =a’b? or ¥ /d® +y2 /B =1
The evolute of this ellipse is

(ax)z/3 + (by)2/3 = ((/l2 - 172)2/3 [See problem 1]
The given family of ellipses is

i sect o+ b2y2 cosect o = (u2 — b2 )2, (1)
where o is the parameter.
Differentiating (1) partially w.r.t. o, we have
4a® ¥ sec? o tan o — 46% y2 cosec? o cot o =0
or 4% sino B 4b2y2 coso _
cos® o sin® o
or @ sin® o - bzyz cos® o =0
or tan® o = y /a x2
or tanocz(y)l/3 /(ax)l/g.
2/3 2/3,1/2
seco = ()" + (167;) ) ,
(ax)
2/3 2/3,1/2
coseco, = ()™ + (Iwé) e
(by)!/
Substituting these values in (1), we have
(ax by)2/3 2/3} (lD’) 2/3 )2/3 9 h2)2
(ﬂx)4/3 (17)7)4/3

or (@ P+ iy PBP (@ 4 P = (@ - 1P
or (@3 + P3P = (2 — 2P
or (ax)2/3+(by)2/3 =(a2—h2)2/3

which is the envelope of the family of ellipses (1). We see that this envelope is the
same as the evolute of the given ellipse VP + a yz = b
Problem 6: Find the evolute of the curve 2534 _)/2 3= a2, (Lucknow 2008)

Solution: The given curve is
2B 2B =2 (1)

The evolute of the curve (1) is the envelope of the family of the normals to the curve
(1). The coordinates (x, y)of any point P on the curve (1) may be taken as
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x=acos> 6, y=a sin> @ , where 0 is parameter.
We have dx/d0=-3a cos2 0sin6,dy /d6 =3a si]n2 0 cos 6.

Slope of the normal to the curve (1) at the point (a cosd 0,a sin° 0)

_ @: dx/dez —3acoszesin9:4:ose'

dy dy /d® 3asin® B cos®  sin®

Equation of the normal to the curve (1) at the point (a cos> 6, asin> 0)is

y—asin3 0= COse(x—acosg 0)
sin©
o 4 .4
or X cos®— ysin®=a(cos” ©—sin" 0)
=a (c052 0 — sin® 0) (COS2 0 + sin’ 0)
or xcosG—ysinG:a(cos2 0 — sin? 0). ..(2)

Now the evolute of the curve (1) is the envelope of the family of straight lines (2),
where 0 is parameter.

Differentiating (2) partially with respect to 6, we get
—xsin®— ycos®=a(—2cos®sin®—2sinb cos 0)
or xsin®+ y cos® =4asin® cos 6. ..(3)

Now to find the envelope of the family of straight lines (2), we have to eliminate 6
between (2) and (3).

Solving (2) and (3) for x and y, we get
x=a (cos3 0+ 3 cos 0 sin’ 0)
and y=a(3sin®d cos® 0 + sin> 0).

X+ y=a cos> 0+ 3 cos® 0sin B + 3 cos Osin O + sin> 0)
3
)

(
a (cos® + sin O

a(cos 0 -3 cosZ Bsin® + 3 cos Bsin® 6 — sin> 0)
(

and x—y
=a cose—sme)
)2/3 =23 [(

(x+ )/)2/3 +(x=-y c0s 0 + sin8) + (cos 8 — sin 6)* |
2/3 _ 9203

or (x+ y)2/3+(x—_y)
which is the required evolute of the curve (1).

Problem 7:  Show that the evolute of the curve whose pedal equation is P = mp2 is the

curve whose pedal equation is
P (I = m) mpz

Solution: Draw flgure as in article 10. The pedal equation of the given curve is

— mp2 (1)

Differentiating both sides of (1) with respect to p, we have
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dr
2r— =2mp.
dp 4
dr
=r_—_—=mp. (2
p i p (2)

Corresponding to the point (p, r) on the given curve (1), let the point on the evolute
be (p’,r”) the coordinates in each case being expressed in pedal form.

Then =2y p2 - 2pp

=7+ mz[ﬂ2 — 2mpp , substituting for p from (2)

=a® + mp2 + n12p2 —Zmpz, substituting for # from (1).
- 2wl ) —mpp =mp (m—-1). (3)
Also P Pl amp P

p'2 - a? :(m—l)pz. ...(4)
To eliminate p, dividing (3) by (4), we get

22

12 uzzm or r’z—azzmp'z—maz.

pe—a
or P (1 —=m) W = mp’2

Hence the locus of the point (p’ r’)is
P (I- = mpz

This is the pedal equation of the evolute of the curve (1).

Problem 8: Prove that the normals to a given curve are always tangent lines to its evolute.

Solution: We know that the evolute of a given curve is the envelope of the family of
normals to that curve.

Again we know that the envelope of a family of curves touches each member of the
family.

Hence the normals to a given curve are always tangent lines to its evolute.
@nts to Objective Type Questions

Multiple Choice Questions

See Example 1.

See Problem 1 of Comprehensive Problems 1.
See Problem 2(i) of Comprehensive Problems 1.

DWW N

See article 4.
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See article 8.
See Example 5.

See Problem 4(i) of Comprehensive Problems 1.

See Example 8.

° PN M

See Problem 6 of Comprehensive Problems 3.
10. See article 11, Theorem 1.

Fill in the Blanks
1. See working rule of article 3.
2. See article 4.
3. See Problem 4(v) of Comprehensive Problems 1.

True or False

See article 5.

See Problem 13 of Comprehensive Problems 1.

The evolute of a curve is the envelope of the normals to that curve. See article 8.

See article 11.

G W N =

The evolute of an equi-angular spiral is an equi-angular spiral. See Example 15.

000
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Asymptotes

Comprehensive Problems 1

Problem 1: Find the asymptotes of the curve /2 + b y2 =1.
(Meerut 2007B; Purvanchal 14)
Solution: The curve is
2 2
a +L:1 or a2y2+b2X2=X2y2

P

or x2y2—azy2—b2x2:0.
Here the highest power of y is y2 and its coefficient is ¥ — 2.
Hence the asymptotes parallel to y-axis are

xz —a2 =0 ie, x=%a.
Also the highest power of x is 2 and its coefficient is _y2 —
Hence the asymptotes parallel to r-axis are

yz —b2 =0ie, y==%b.
Problem 2: Find the asymptotes of the curve y2 & - )
(Meerut 2010; Rohilkhand 14)

Solution: Since the given curve is of degree 4, therefore it cannot have more than four
asymptotes.

=X

Equating to zero the coefficient of the highest power of y (i.e., of yz) the asymptotes
parallel to y-axis are given by
P -a®=0 ie, r=*a
Again equating to zero the coefficient of the highest power of x (ic., of xz) the
asymptotes parallel to x-axis are given by
»* =0
ie, y=0,y=0 (two coincident asymptotes).
Thus all the four asymptotes have been found.
. The asymptotes are x =+ a, y =0.
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Problem 3: Find the asymptotes of the curve Ay2 = 4a° (2a - x).

Solution: The equation of the curve is 1312 +4a’x-8a> =0.

Since the curve is of degree 3, therefore it cannot have more than three asymptotes.
Equating to zero the coefficient of the highest power of y (i.e., yz) the asymptotes
parallel to y-axis are given by x = 0.

Also equating to zero the coefficient of the highest power of x (ie., of xz) the

2 +4a2

asymptotes parallel to x-axis are given by y =0, which gives two imaginary
asymptotes.
Thus all the three possible asymptotes of the curve have been found and the only real
asymptotes is x = 0.
Problem 4: Find the asymptotes of the curve x2y2 = (,x2 + yz ).
(Bundelkhand 2001, 05, 08; Garhwal 13)
Solution: The given curve is of degree 4, so it cannot have more than four asymptotes.
Equating to zero the coefficient of the highest power of y (i.e., of y2 ) the asymptotes
parallel to y-axis are given by
2 - =0
ie., X==%a.
Again equating to zero the coefficient of the highest power of x (ic., of xz) the
asymptotes parallel to x-axis are given by
o0
ie., y=%fa
Thus all the four asymptotes have been found and they are
x=%ta,y==*a
Problem 5: Find the asymptotes of the curve yz (x2 e )= s (x2 - 4a” ).
(Meerut 2003, 06; Agra 05; Rohilkhand 05, 06)
Solution: The given curve is
P2 (P —d) =2 (P —4d)
or _)/sz—x4—a2 y2+4a2x2:0. (1)
Since the curve (1) is of degree 4, therefore it cannot have more than four asymptotes.
Equating to zero the coefficient of the highest power of y (i.c., of yz ) the asymptotes
parallel to y-axis are given by
—a® =0ic,x=%a. (Two asymptotes)
The coefficient of the highest power of x i.e., of xis simply a constant and so there is
no asymptote parallel to x-axis.
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To find the remaining oblique asymptotes, we put y =mand x =1in the highest i.c.,
fourth degree terms in the equation (1) and we get

o (m)=m2 -1

The slopes of the asymptotes are given by the equation
04 (m)=0 ic, n? -1=0.

o m==+1.

Again putting y = mand x =1in the next highest i.c., third degree terms, we get
03 (m) =0.

[Note that there are no terms of degree 3 in the equation of the curve and so

03 (m)=0]

Now ¢ is given by the equation
¢ o047 (m)+ 03 (m) =0

ie., c@2my+0=0 ie, 2em=0.

Whenm=1,c=0;and whenm=-1,¢ =0.

. the asymptotesare y=1x+0 and y=(-1)x+0

ie., y=x and y=-x

Hence all the four asymptotes of the curve are x =+ a, y =+ x.

2 2
Problem 6: Find the asymptotes of the curve ~ RS |

22
a b
(Meerut 2002; Goralkhpur 05; Bundelkhand 11)
o _ 1P 2
Solution: The given curve may be written as y~ = - (x2 —a”).
a
1/2
y= + kx 1 - i
a &
2 4
== b xll-2_— L4 - |, (By binomial theorem)
a 27 8¢

Hence, by article 10, the asymptotes of the curve are % ==

Q=

Problem 7: Find all the asymptotes of the curve x2y2 - xzy - )9/2 +x+ y+1=0.
(Meerut 2007)

Solution: The curve isxzy2 —xzy—)g/z +x+ y+1=0.

Here the highest power of x is 2 and its coefficient is y2 — y. Hence the required

equation of the asymptote parallel to x-axis are

yz—yzo ie, y=0,y=1.




Asymptotes

D275 W,
Also the highest power of y is yz and its coefficient is ¥* — x . Hence the required

equation of the asymptotes parallel to y-axis are 2 —x=0ic,x=0x=1
Problem 8: Find the asymptotes parallel to the axes of the curve

2 2

Py - -y —x-y+l=0. (Bundelkhand 2001)
Solution: Asymptotes parallel to x-axis, equating the coefficient of highest power of x
to zero
ic., y2—1=00r y==x1L
Also, asymptotes parallel to y-axis, equating the coefficient of highest power of y to
Zero
ie., x2—1=00rx:il.

. The asymptotes are x==x1, p==%1
Problem 9:  Find the asymptotes of the curve

x2y2 e (x2 + y2)—a3 (x+ py)+ at=o.

(Meerut 2001; Garhwal 08)
Show that these asymptotes form a square through two of whose angular points the curve passes.
Solution: Since the curve is of degree 4, therefore it cannot have more than four
asymptotes.
Equating to zero the coefficient of the highest power of y (ic., of yz), we get the
asymptotes parallel to y-axis as

xz —a2 =0,ie,x=%a.

Also equating to zero the coefficient of the highest power of x (i.c., of 2 ), we get the

asymptotes parallel to x-axis as

y2 e =0ie,y=%a

Thus all the four asymptotes of the curve have been found and they are x =+ g,
y == a. These lines form a square whose sides are parallel to the axes each of length
2a.

The angular points of the square are (4, a),(a, — a),(— a,a)and (- a, — a). Itis evident
that the curve passes through two angular points (a, — a) and (- a, a).

Comprehensive Problems 2

Problem 1: Find all the asymptotes of the curve
. ; 9 . 9
P2y -t =2y% +4y7 4 2+ y-1=0. (Meerut 2007)
Solution: The given curve is O+ 2x2y - @22 - 2y3 + 4y2 +2xy+ y—-1=0.

Let y = mx + ¢ be an asymptote of this curve.
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Then putting y = mx + ¢, we have
O+ 252 (mx + ¢) —x(mx+c)2 -2 (mx + 0)3 + 4 (mx + c)z

+2x(mx+c)+ (mx+¢)—-1=0

or 1+ 2m- 7r12 2 x +2 5—mc—3mzc+2mz+m x2+

+ ot =0
Equating to zero the coefficient of two highest degree terms in x, we get

1+ 2m—n —2m =0 ..(1)

and ¢ —me —3nlc+ 2 + m=
ie., ¢ (L= m—3m?)+ 20 + m=0. (2)
Now, from (1) we have (1 + m) (1 + 2m) (1 —m)=0
ie., m=-11,-1/2 [From (2)]
= W+ m
1—m—3nf
for m=-1, c¢=1
m=1, c=1
m=-1/2,¢=0
Hence the asymptotes are
y=-x+1 or x+ y-1=0,
y=x+1 or x—y+1=0
and y:—%x+0 or x+2y=0.

Problem 2: Find the asymptotes of the curve

3 2 3
20 -2 y-207 + 3> 4 + 8y —4xr+1=0. (Kumaun 2014)
Solution: The curve is 2x° — A2y —2)9/2 + y3 —4 + Sxy—4x+1=0.
Putting x =1 and y = m in the highest degree term, we get

03 (m) =2 m-2nf + >
(|>£g (m)=-1 —4m+ 3ni.

Equating 03(m)=0
2—m=2nf +m> =0

or (n =1) (m=2)=0.
m=-112.

Putting x =1, y = min the second degree term of the given equation, we get
09 (m) =8m—4.

—02 (M) —(8m—4)
d)é (m) 3n —4m—1

Also, we have ¢ =
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When m=-1,c¢=2
m=1, ¢=2
m=2, c=-4.

The required asymptotes are y=—x+2; y=x+2; y=2x—-4.
Problem 3: Find all the asymptotes of the curve

Pr2ly-w? -2+ -y -1=0. (Bundelkhand 2006)
Py is 3 422 2 3 2 _q_
Solution: The curve is x> +2x" y —xy” =2y + xp — y~ -1=0.

Here the highest degree is 3, so putting x =1 and y = min third degree terms, we see
that

Oy (m)y=1+2m— e — 2.
Now, ¢,,(m) =0 gives

= L+ 2m—nf —2m5 =0 = l-n +2m-2m=0
- L—n? +2m(1=n?)=0 = (I—nZ)(1+2m)=0
= I=m)yd+m)d+2m)=0

= m:L—l,—l-

Now, putting x =1 and y = min second degree terms, we see that
Oy —1(m)=m- .
Oy —1(m) _ = m
0’ (m) 2 —2m — 6n

c=-

when m=1, ¢=0
when m=-1, c=-1
when mz—l,c=l-

2 2

Hence, the required asymptotes are :

1 1
=1.x+0, x—land y=——x+ —
J =1 IEmgrtsg

y=x, y=—x-land2y=-x+1

Problem 4: Find the asymptotes of the curve x2y + )972 +xy+ yz +3x=0.
(Purvanchal 2006; Kashi 11)

Solution: The curve is xzy + @/2 + Xy + y2 +3x=0.

Equating the coefficient of highest powered by y (i.e., of yz) to zero, the asymptote

parallel to y axisis x—1=0.

Similarly equating to zero the coefficient of the highest power of x (i.c., of xz) the

asymptotes parallel to x axis is y =0.

Now to determine the third asymptote.
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Putting x =1 and y = min the highest degree term we get
03(m)=m+ .

Again from second degree term

= m+ 0.

Putting ¢3(m) =0, we have m=0, —1.
2 (m) _m+ e
03’(m)  1+2m '

Now c=-

Hence, when m=0, ¢=0
when m=-1,¢=0.
So, asymptotes are
=0, y=-
Thus, the required asymptotes are
x-1=0, y=0, y+x=0.

Problem 5: Find all the asymptotes of the curve
33 =507 + 82 y—4r° =357 + 9y — 6% + 2y —2x + 1 =0.
Solution: Here ¢3(m)= m —5Sn +8m—4=0.
Putting ¢3 (m)=0, we get
(m—1)(m—2)* =0

or m=1,2,2
and do (m) = —3n +9m-6
O (m)=2m—2.
For m=1, —¢2(m) c=0.
43 (m)

Therefore asymptote is y = x.

For m =2, we have
oy + £ dym) + 0y (m) =
21 1! !

or 62—36+2=0 or c=12.

Hence there are two parallel asymptotes
y=2x+1land y=2x+2

Thus, the required asymptotes are
y=xy=2x+1, y=2x+2.

Problem 6: Find all the asymptotes of the curve 2x (y — 3) z =3y (x- l)2

Solution: The curve is
2x(y -3 =3y (x—17.
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or 2x ()2 +9-6p)=3y (% +1-2x)
or 2)972—3yx2—12)gl+6jg/+18x—3y=0
or 2)972—3yx2—6yg/+18x—3y=0.

This equation is of three degree, it can not have more than three asymptotes.
Equating the coefficient of highest power of y (i.c., of yz) to zero, the asymptotes
parallel to y-axis are given by 2x =0 i.¢,, x =0.
Again equating to zero the coefficient of the highest power of x (i.e. of 12), the
asymptotes parallel to x-axis are given by

-3y=0iec, y=0.
Now to determine the third asymptotes putting x =1, y = m, in given curve, we get

03 (m) = 2 — 3m

0 (m)=—06m.
Putting ¢3 (m) =0, we have 2 —3m=0.
. m=0,3/2.
We have c=- b (m) __6m
03'(m) 4m-3
For m=0, ¢=0.
For m=3/2,¢c=+3.

.~ Asymptotes are

y=0 and y=%x+3 or 2y=3x+6.

Thus, the asymptotes of the given curve are
¥x=0,y=0,2y=3x+6.
Problem 7: Find all the asymptotes of the curve yz (x—=2a)= -,

, (Bundelkhand 2008)
Solution: The curve is

Y (x=2a)=x - a° (1)
or )972—x3—2ay2+a3=0
or x(y—x)(y+x)—2ay2+a3:0. .(2)

By (1), equation of asymptote parallel to y-axis is
x—2a=0. ..(3)
To get the equation (2) asymptotes corresponding to the factor y — x.
Let y-x=k or y=x+k.
Substituting this value of yin (2), we get
xk @x+k)=2a(x+ kP2 +a> =0

or 22 (k= a)+ xk (k — ya)+ a> - 2ak* =0.
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Equating to zero the coefficient of x3, we get
k—-a=0 or k=a.

Hence corresponding asymptote is y — x =a.

Now to find asymptote corresponding to x + y, let x+ y =k or x =k — y putting in
(2) , we get

k (k- )2y —k)-2ap® + a5 =0.
Equating to zero the coefficient of yz , we get
k=-a.
Hence the third asymptote is x + y=—a.
Thus, the required asymptotes are
x=2a,x— y+a=0andx+ y+a=0.
Problem 8: Find all the asymptotes of the curve
y3 —2y2x—yx2 +22° +y2 —6)gz+5x2—2y+2x+1=0.
Solution: Putting x =1, y = min the highest degree term, we get
(I)3(m)=m3 o —m+ 2
and 037 (m) =30 —4m—1.
Equating ¢3(m) to zero, we get
m =2 —m+2=0

or P 1) (m-2)=0 or m=—11,2.
Also ¢2(m)=1—6m+5mz,
Then C:_¢2(m):—(1—6m+5mz)
03" (m) Sn —dm—1
when m=—1,¢c=-2
m=1,¢=0
m=2,¢c=-3.

The required asymptotes are
y=—x=2,p=x y=2x-3.

Problem 9: Find all the asymptotes of the curve (x2 - yz )2 - 4y2 +y=0.
(Kanpur 2007)
Solution: The equation is of 4th degree.
Putting x =1, y = m, we have
04 (m) = (1= ).
Similarly ¢3(m)=0, ¢ (m) =— 4nf and o1 (m) = m.
Solving ¢4 (m)=0,weget m=11-1,-1.
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The values of ¢ for repeated values of m are given by

2
%¢4"<m> +c93”(m) + ¢g (m)=0
2

or %(—4+l2mz)+ .0 —4n? =0

or ¢ B —1) - 20 =0.
02=1whenm=l ie,c==*1

and Ezzlwhenm:—li.e.,c:il.
Hence the four asymptotes are

y=xtl, y=-x=*1.

Problem 10: Find the asymptotes of the curve o+ xzy - )972 - y3 -3x-y-1=0.

(Meerut 2001, 04, 06B; Goralhpur 06)
Solution: The given curve is of degree 3, so it cannot have more than three
asymptotes.
There are no asymptotes parallel to y-axis because the coefficient of the highest power
ofyi.c.,ofy3 is merely a constant. Similarly there are no asymptotes parallel to x-axis.

Now putting y = m and x =11in the highest i.c., third degree terms in the equation of
the curve, we get

03 (m)=1+ m—nt —no.
The slopes of the asymptotes are given by the equation
03 (m)=0 ie, 1+m—nP —m> =0 or (1+m)—n? (1+m)=0

or I+m)(1=-n?)=0 or (I+mP (1-m)=0.

m=1,-1,-1.
Again putting y = mand x = lin the second degree terms in the equation of the curve,
we get

09 (m) =0, since there are no second degree terms.

To determine ¢, we have the equation
co3” (m)+ o9 (m)=0 ic., c(1-2m—3n?)+0=0. (1)

For m =1,the equation (1) gives — 4c = 0 or¢ = 0 and the corresponding asymptote is

y=Lx+0ie, y=x
For m = -1, the equation (1) reduces to the identity ¢ .0 =0 and thus it fails to give c.
In this case ¢ is to be determined by the equation

2

c ’ c ’

5 937 0m)+ 7 027 (m) + 01 (m) =0.
Now putting y = mand x = lin the first degree terms in the equation of the curve, we
get
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oy (m)=—3-m.
So for m=—1,¢ is to be given by the equation

%cz.(—2—6m)+0.c—3—m=0

or ¢ (1+3m)+ 3+ m=0.
Putting m = — 1 in this equation, we get
22 +2=0 or Z=1 or c=%1
The asymptotes corresponding to m = — 1 are
y=-1lx+1 and y=-1x-1
Hence all the three asymptotes of the given curve are
y=x,y=—x+land y=—x-1
Problem 11: Find the asymptotes ofy3 + 22 v+ 2)9/2 -7+1=0. (Lucknow 2011)
Solution: Putting y =mand x=1 in the third degree and second degree terms
separately, we get
03 (m) = i+ m+ 21112, and  ¢9 (m)=0.

03’ (m) = 3n + 4m+ 1.

Now the slopes of the asymptotes are given by the equation ¢3 (m) =0

ie., m3 +2m2 +m=0 e, m(m2 +2m+1)=0
., m(m+17 =0.
m=0,-1,-1
Again, ¢, is given by the equation
_ b2 (m) 0

03°(m) 30l + 4m+ 1
When m =0, we have ¢ = — % =0, and the corresponding asymptote is

y=0.x+0 e, y=0.
When m = -1, the equation (1) gives ¢ = -0 /0 which is indeterminate form. So the
equation (1) fails to give ¢ when m = —1. In this case ¢ is to be determined from the

equation
2

70377 0m)+ 09" 0m) + 61 () =00
Putting y = mand x =1 in the first degree terms of the equation of the curve, we get
o1 (m)=—m.Also ¢3"" (m)=6m+ 4, o (m)=0.
Therefore for m = —1,¢ is given by the equation

%2 m+4)+c.0-m=0 ic, (3m+2)c®—m=0.

Putting m = — 1 in this equation, we get
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~241=0 or %=1 or c=¢%lL
Hence y=—-x+1and y=-x—1are two parallel asymptotes corresponding to the
slope m=—1.
. All the three asymptotes of the curve are
=0, y+x-1=0and y+ x+1=0.

Problem 12: Find the asymptotes of the curve x2y3 + x3y2 =+ yg.

(Rohilkhand 2007; Kumaun 10)
Solution: The given curve is

x2y3+x3y2—x3—y3=() (1)
The curve (1) is of degree 5, so it cannot have more than five asymptotes.
The asymptotes parallel to y-axis are given by

2120 e, x=zl.
The asymptotes parallel to x-axis are given by

y2 -1=0 e, y==%1.
To find the remaining oblique asymptotes, we put y = mand x =1in the highest i.e.,
fifth degree terms in the equation (1) and we get

o5 (m) = n + .
The slopes of the asymptotes are given by the equation

05 (m)=0 e, m + =0 Le., e (m+1)=0.

o m=0,0,-1.
Again putting y =m and x =1 in the next highest ie., fourth degree terms in the
equation (1), we get

04 (m)=0. [Note that there are no fourth degree terms

in the equation (1) and so ¢4 (m)=0]

Now ¢ is given by the equation

¢ 05" (m)+ 04 (m)=0
., ¢ (3 +2m)+ 0 =0. (2)
The asymptotes corresponding to m =0 are parallel to x-axis and have already been
found and so no need of finding ¢ for m = 0.
When m=-1, we have from (2) , ¢ =0 and so the corresponding asymptote is
y=—lx+0ie, y=—1x
Hence all the five asymptotes of the given curve are

x=x1, y=x1 y=-x
| - 3 92 2,2 o
Problem 13: Find the asymptotes of the curve x> —2x° y + xy~ + x+2=0.

(Garhwal 2010; Kanpur 14)

Solution: The given curve is of degree 3. So it cannot have more than three
asymptotes.
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Equating to zero the coefficient of the highest power of y (ie., of y2), we get the
asymptote parallel to y-axis as x =0. Also there is no asymptote parallel to x-axis
because the coefficient of ¥ is merely a constant.

Now we proceed to find the remaining oblique asymptotes.

Putting y = mand x = 1in the third degree and second degree terms separately, we get

03 (m)=1—2m+m2 and 69 (m)=1-m.

The slopes of the asymptotes are given by the equation
03 (m)=0 ic, 1-2m+n? =0 ic, (1-mP=0.

m=1,1.
To determine ¢, we have the equation
co3"(m)+ 69 (m)=0 ie, c(-2+2m)+ 1-m)=0. (1)

For m = 1,the equation (1) reduces to the identity ¢ .0 + 0 =0 and thus it fails to give

¢. In this case ¢ is to be determined by the equation
2
c ’ 4 ’
54)3 m+ ﬁ¢2 (m)+ 1 (m) =0.

Now ¢3”" (m)=2,¢9" (m)=—1and ¢; (m)=0 because there are no first degree terms
in the equation of the curve. So for m =1,¢ is to be given by

%cz-(2)+c-(—l) +0=0 ic, ¢ -¢c=0 ic, c(c—1) =0.

c=0, 1.

Hence y =x+ 0and y = x + l are two parallel asymptotes corresponding to the slope
m=1.

. The required asymptotes are x=0, y=x and y=x+1.
Problem 14: Find all the asymptotes of the curve
-5 y+ 807 —4y° + 2 -3 +2y° —1=0.
Solution: Putting x =1, y = m; we have
03(m)=1-5m+8nP —4n.
Similarly 0o(m)=1-3m+ 2m2, ¢1(m)=0.

Solving ¢35 (m) =0, we have
11
2°2

For m =1, we have
_p(m) _ —(1=3m+20) 0
03°(m)  —5+16m—12n

Asymptote is y = x + 0.

Cc =
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For m:é,we have

62

74)3"(m)+ ¢ 4’(m)+ ¢1 (m)=0

62
or 7(16—24m)+c(—3+4m)+0=O
or (8 -12m)+ ¢ (=3 +4m)=0
or 2.2~ ¢ =0 when m=1/2
or c=0,1/2.

Asymptotes are

=lx+0 =lx+l.
) Ty

" The required asymptotes are
2y-x=0,2y-x-1=0and y=x
Problem 15: Find all the asymptotes of the curve (2x -3y + 1)2 (x+ y)=8x =2y +09.

Solution: The asymptote corresponding to the linear factor x + y is given by

X+ y :Lim78x—2y A 92 .
(2x =3y + 1)
When x— e and 2 — -1
x
¥+ y=Lim 8-2y/x+ 9/){2
x(2-3y/x+1/x)
or x+ y=0.
The asymptotes corresponding to the repeated factor (2x -3 y + l)2 are

2x_3y+1=i\/um{8x_2)’+9}
X+)7

Whenx—)oo,l—)g
x 3

2r-3y+1=4 Lim8=22/x+9/x
I+ y/x
-1 8-4/3
1+2/3
2x-3y+3=0and2x-3y=1.
Hence the asymptotes are
2x=3y=1,2x-3y+3=0,x+ y=0.

=+2.

T
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Comprehensive Problems 3

Problem 1: Find the asymptotes of the curve
= ) —42)-6° + 52 y+ 397 —2y° - 2 + 31 - 1=0.
Solution: Factorizing the highest degree terms, the given equation can be re-written
as
(x+ y)(x—y)(y+2x)(y—2x)=6x3 —5x2y—3yg/2 +2y3
+2 - Sxy + 1.
o The asymptotes are parallel to the lines x+ y=0, x— y=0, y+2xr=0 and
y-2x=0.
Asymptote parallel to x + y =0 is

lim
2,53
= i -5y -3y +22y +x22—3)g/+1 7
/x> -1 (=) +20)(y - 2%)

=5/ =3 1)+ 2(7 /P
+(1/0)=3 (/) + /)
(- y/x)2+ p/x)(- 2+y/x

= lim

on dividing the numerator and denominator by e

Hence x + y + 1 =0 is one asymptote of the curve.
The second asymptote parallel to x — y =0 is

lim
{6;;3 —52 = 35% + 295 + —3)g;+1].

X—Jy= X—> oo -
i1 (x+ y)(y+2x)(y-2x)

Taking limits as above, we get x — y =0 as the second asymptote of the curve.

The third asymptote parallel to y + 2x =0 is

lim
JH2r= x> 6x3—5x2y—3)g/2+2y3+x2—3)91+1_
J]/X—)—Z (X—J’)(x"'y)()’_zx)

Taking limits as above, we get y + 2x = — I, as the third asymptote of the curve.

The fourth asymptote parallel to ( y — 2x) is
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lim

65 —5x2y—3)912 +2y3 + 22 -3y +1]
(x=p)(x+ p)(y+2x)

Yy —2x= x> oo,
y/x—2
Taking limits as above, we get y —2x =0, as the fourth asymptote of the curve.
Hence the required asymptotes are
¥+ y+1=0, x-—y=0,2x+ y+1=0 and 2x- y=0.
)2

Problem 2: Find the asymptotes of the curve (y —x)” x =3y (y—x)+2x=0.

Solution: The given equation is of third degree. So there are at most three
asymptotes.
Dividing each term by x and taking limits, the asymptotes corresponding to the factor

(y- x)Z are given by
lim lim

(y—x)z—B(y—x) xooeo, (L] + x> e (g)=0
y/x—1 * y/x—1

or (y—x)z—?)(y—x)+2:0.
Hence y—xzé[Si V(9 = 8)]ie,=20rl
Therefore, y—-x=2and y - x=1are the two asymptotes.

Also equating to zero the coefficient of the highest power of y, we get the asymptote
parallel to y-axis as x = 3.

Hence the required asymptotes are x=3, y—x=2and y-x=1
Problem 3: Find the asymptotes of the curve

(y=x)(y=2xP + (p+3x)(y—2x)+2x+ 2y —1=0.
(Kanpur 2010; Meerut 12B; Bundelkhand 14; Purvanchal 14)

Solution: The asymptotes corresponding to the factor (y — 2){)2 are given by

)
(p=20P +(7=25) x3o, [”3"]
ylx—2 LI TF

li -
. x:}m& {2x+2_y 1:|:0
y/x—2 J=r
i
or (y—2x7 + (y -2 Xi)moo7 [(J’ﬁx)Jrf]
ylx=2 (7 /x)=

lim [2 +2(y/x) - (l/x)]zo

t x— oo,
y/x—2 (/x)-1
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or (=22 +5(y-2x)+6=0

ie., y—2x=%[—5i\/(25—24)]:%(—511)

ic, y—2x:%(—5+1) and y—2x:%(—5—1).

w p=2x-2 and y=2x-3 are the asymptotes corresponding to the factor
(y—2x?.
Also the asymptote corresponding to the factor ( y — x)is

3 lim -(y+30)(y-2x)-2x-2y+1
y-x=
x>0, y/x—1 (y_2x)2
~{(y/x)+ 3} {(y/x)=2)
_ lim —2(1/x)-2(p/2)+ (/%)
X oo p/xo1 {((y/x)-2)

=4, on taking limits.
Hence y = x + 4 is another asymptote of the given curve.
Problem 4: Find all the asymptotes of the curve
(x=2y7 (x= y) =4y (x=2y) - (8x+7y)=0.
(Meerut 2005B; Bundellkkhand 07)
Solution: The curve is (x - 2)/)2 (x—y)-4y(x-2y)-8x+7y)=0.
The asymptote corresponding to the factor (x— y)is

lim

¥ y= x>, 4y (x=2y)+ 8x+7y)

y/x—1 (X—2)’)2
= xl_i)moo 4(%){1_2(%)%%(“ 7%):4.1 (1-2)+0_ ,
y/x—;l {1_2(17)}2 -2 0P

Again the asymptotes corresponding to the factor (x — 2 y) are
lim — lim
(X—Zy)z—(x—2y) X—> oo, Ay x> oo, 8x+7y:()

yix=12" ") yixs1p T

or (x=2pP —(x-2y).4-23=0
or x—2y:%[4i4/16+4.23]=2i3\/§

Hence, the required asymptotes are
¥x—y=—4and x-2y=2+3J3.
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Problem 5: Find all the asymptotes of the curve (y — u)2 (x2 - a? )= &t at
Solution: The given curve is

P -2y (8 -+ d (P - d?)=at
or x2(y—x)(y+x)—2ax2y+u2(x2—y2)+2a3y—2a4:0.
Equating to zero the coefficient of the highest power of y (ic., of y2), we get
2 —a® =0orx=1 aas the asymptotes parallel to y-axis.

The other asymptotes are

Jy-Xx= X oo,

T
" l:Zaxzy—a2(x2—y2)—2a3y+2a4:|

pixsl 2 (y+ )
2a (y/x)-a ((1/x)= (5% 1))
i xl_i>m _2,43(y/x3)+2a4(l/x3) _
J’/x—>71 [+ (/0 |
and yt+x= ximm |:2ﬂxzy_a2(xz_y2)_2a3y+2ﬂ4:|
ylxo 1 e (y-n
2a(}7/x)—a2 {(1/X)—(J’2/X3)}
_ ximw, —20 (p/)+2at /)|
y/x— -1 (/x) -1

. The required asymptotes are xy=+ aand y=+* x+ a.

Problem 6: Find the asymptotes of the curve x (y — 3)3 =4y (x- 1)3.
Solution: The equation of the given curve can be written as

W (p=2x)(y+25) =907 =12 —15x + 27x - 4.
Here the coefficient of the highest power of y = x.
Therefore x =0 is an asymptote parallel to y-axis.
Again the coefficient of the highest power of x =4 y.
Therefore y =0 is an asymptote parallel to x-axis.
The other asymptotes are given by

lim  Tow?2 12 — 151 + 27x— 4y

V=2X= x5 oo,
y/xo9 xy (y+ 2x)

=3,
e

ie., 2y -4x=3;
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lim 9
and Jr2e xme, |2 —12p2 ~ 154+ 27x -4y ]| _15
y/x— -2 w(y—2x) 2

ie., 2y +4x=15.

Problem 7: Find the asymptotes of the curve
(x= P (2 + y2) =10 (x— p) 2 + 1292 + 2x+ y=0.
(Kumaun 2013)
Solution: The given curve is
(x—y)2 (,\2 + yz)—lO(x—y)xz + 12)72 +2x+ y=0.

The equation of the curve is of fourth degree and so there are at most four
2
)

asymptotes. Dividing each term by the coefficient 2+ yz of (x— y)y* and taking

limits, the asymptotes corresponding to the factor (x — y)2 are given by
lim
(1= P =10 (x=y) 1oy oy
2y
y/x—1
lim 9
b orsee, 2V A2xty
2+ P
y/x—1 J
lim
2 1
or (P 10 (= y) xme, —
y/x—>1 L+ (y /)
lim )2
b x e 12 (y/x +(2/x)+2(y/x)(l/x):0’
Plxos L+ (y/)
on dividing the Nr. and Dr. by b
or (x= p =10 (x— ). (1/2)+ (12/2)=0
or (x—y)Z—S(x—y)+6:0
i x_yzsﬂ(25—24):5¢1:2 or3
2 2
ie., x—y=2andx- y=3.

Again 2+ yz =(x+ip)(x —iy) implies that the remaining linear factors of the

fourth degree terms in the equation of the curve are imaginary and so the other two
asymptotes are imaginary.
Problem 8: Find all the aspmptotes of the curve
3 2.3

(x+ ) (r= P +a (x—y)-a®y3 =0. (Kumaun 2011)
Solution: The given equation is of fifth degree. So there are at most five asymptotes.
Dividing each term by the coefficient of (x - y)z and taking the limits, the
2
)

asymptotes corresponding to the factor (x — y)~ are given by
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lim — lim
2 3
(x_)’)2+(X—)7) X —> oo, [ﬂ] X —> oo, |:y]:0
( )

y/x—1 y/x—=1 X2“‘+J’
3
or (x— y)z (x = y)lim alx ~ lim o M =0.
1+ y/x 1+ y/x
Taking limits, we get .
2 @
(x=y) +(x—y).0—7=0
or x— y=+ -2 be two asymptotes.

V2

Also the asymptote corresponding to the factor (x + y)is

lim |:ax2 y-x) +uy ]

(X+y)= X —> oo,
2 (x- )

w02 ()0

= X oo,

e s

Taking limits, we have x + y =0 is the asymptote.

Also asymptotes parallel to y-axis is Z-a?=0orx==*a.

Hence, the required asymptotes are y=+a, x — y ==+ A+ r=0.

V2

Problem 9: Find all the asymptotes of the curve (x — y + 1) (x — y =2) (x+ y)=8x -1

Solution: The given curve may be written as
(x+ p) (= pP = (% = y*)=10x -2y + 1=0.
The asymptote corresponding to the factor (x + y)is

lim
|: 8x—1 :|
X+ y= x> oo - i 3
Jlxo—1 LFmyED=y=2)
=0. [Dividing the numerator and the denominator

by  and taking the limits. ]
Also the asymptotes corresponding to the factor (x — y)l are given by

lim
(= P = (1= y)= 1o o, F0x+2y—1]:6

y/x—1 x+y
ie, x—y—éuida+24ﬂ:3or—2
Le., y=x-3 and y=x+2.

. The required asymptotes are y + x=0, y=x-3and y=x+ 2




Kaiefa's Differential Calculus

Ao

Problem 10:  Find the asymptotes of the curve
w (& -y -4yP)+ (P - )+ P+ P -7 =0
Solution: The given equation can be put in the form
Lo (& = ) (& =4)" )]+ [ (2 = %)+ 2+ 57 = T7]=0.
This equation is of the form F,, + F, _9 =0, where F, can be broken up into 7 linear
factors so as to represent n straight lines no two of which are parallel or coincident.
. All the asymptotes are given by F, =0
or x(x—p)(x+ y)(x=2yp)(x+2y)=0.
Then by inspection, the asymptotes are
¥=0,y=0,x—y=0,x+ y=0,x-2y=0and x+ 2y =0.

Comprehensive Problems 4

Problem 1: Find the asymptotes of the curve xzy - )g/z + 1y + yz + x— y =0 and show
that they cut the curve again in three points which lie on the straight line x + y =0.
Solution: The equation of the curve is

x2y —Jg/2+)g/+y2+x—y=0.
By putting x =1, y = m we have

03 (m)=m—ni, ¢3’(m)=1-2m.

Similarly Oo (m)=m+ .

Also ¢3(m)=0

or m(l-m)=0 or m=0,1.

. oo b0 _ = (n+ ).
037 (m) 1-2m

For m=0,c=0

m=1,¢=2.
. The asymptotes are y =0, y=x+ 2.

Also equating the coefficient of highest power of y to zero, we have x=1 as the
asymptote.

Thus the required asymptotes are
x=1 y=0, y=x+2.
Their combined equation is
(x=1)y(y-x-2)=0
or x2y+xy+xyz—2y+y2=0.
Subtracting this equation from the given equation, we find that the point of
intersection of the curve and asymptote lies on x + y =0.
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Problem 2: Show that asymptotes of the cubic

o —2y3 +xQ2x—y)+ y(x—y)+1=0
cut the curve in three points which lie on the straight line x — y +1=0.

(Kumaun 2007; Kanpur 09; Avadh 10)

Solution: The given curve is

=23 4 @r— y)+ plr— y)+1=0. (1)

03 (m):l—2m3 + 2m — i =0 gives m:l,—l,—%~
Also (|>3’(m)=—6m2 +2-2m and ¢9 (m)=m—mz,
_oam__ (menf)

B (m) (2 -2m-6nt)

Cc =

-1
2
11

. The asymptotes of (1) are y=x, p=-x—-1 and y=—§x+§-

Whenm=1,¢=0;whenm=-1,¢c=-1; and whenmz—%, c

Hence the combined equation of the asymptotes of (1) is
(x=p)(x+y+1)(x+2y-1)=0

or x3—2y3+2x2y—)g;2+xy—y2—x+y=0. ..(2)

Subtracting (2) from (1), we get x— y+1=0,

which shows that the points of intersection of the curve and its asymptotes lie on the
straight line x — y +1=0.

Also the three asymptotes cut the cubic inn (n —2),i.e.,3 (3 — 2) = 3 points. As shown
above, these, three points lie on the straight line x — y + 1=0.
Problem 3: Find the equation of the straight line on which lie the three points of intersection of
2 = (y+ b)x2 and its asymptotes. (Garhwal 2011)
Solution: The given curve is

(x+a)y2:(_y+b)x2 or x2y+x2h—)giz—ay2=0.
By putting x =1, y = m, we have

03 (m) = e — m, ¢3’(m)=2m—1
and 09 (m) = an — b.
Also ¢3(m)=0, we get m=0,1

po b (m_ (@ =b).

¢3 " (m) 2m -1

For m=0,c=-bh.
For m=1,c=-(a-h).
. Asymptotes are y=—b, y=x—(a—Db).

the curve (x + a) y
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Also equating the coefficient of highest power of y to zero, we have x + a =0 as the
asymptotes

Thus the required asymptotes are
x+a=0,y+b=0,y=x+b-a.
The combined equation is
(x+a)(y+Db)(y—-x-Db+a)=0.
Subtracting this equation from the given equation, we find that the point of
intersection of the curve and asymptotes lie on

@ (y + b)=b> (x+ a).

Problem 4: Show that the eight points of intersection of the curve
)g/(xz—y2)+x2 +y2 = a?
and its asymptotes lie on a circle whose centre is at the origin.

Solution: The curve is

W (& =y Py =
or x?’y—y3x+x2+y2—a2=0.
Putting x =1, y = m, we have

04 (m)=m—ni>, o' (m)=1-3

and ¢3(m) =0.
Also ¢4(m)=0, we get m=0,1,-1.
om0 () _
04" (m)

For m=0,1,-1 = ¢=0.
Asymptotes are y =0, y=x, y=—x.

The combined equation is
V(=) (y+x)=0 or xgy—xygzo,

Subtracting this equation from given equation we find the point of intersection of the
curve and the asymptotes lie on

2+ y2 =d.
Problem 5:  Show that the four asymptotes of the curve
- 22 -a)r 683 =52 y-302+23 -2 4+ 3y -1=0

cut the curve in eight points which lie on the circle 2+ y2 =1
Solution: The given curve is

P=(Z - ) —4P)+ 65 -5y - 3192 +2)°
-2+ 3y -1=0. (1)
Here 04 (m)=(1-n) (n® —4)= -4+ 502 — ni.
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The slopes of the asymptotes are given by the equation

04 (m)=(1-n) (n? —4) =
- m==+1+2.
Also 03 (m)=6—5m—3nf +2 m>
and q)’(m)=10m—4m3.
Now ¢ is given by the equation

¢ 0g” (m) + ¢3 (m)=0
ie., c(10m—4n>)+ 6 —Sm—3n + 2nm° =0
. 6 5m—3n + 2m>
ie., = 3

4m” —10m

Whenm=1,c=0;whenm=-1¢=1;
when m=2,c=0;and when m=-2,c=1.
Thus the asymptotes of the curve (1) are

y=x,y=—x+1 y=2xand y=-2x+ 1.
The combined equation of the asymptotes is

(y-x)(y+x-1)(y-2x)(y+2x-1)=0
or [(yz—xz)—y+x 2 4x2 -y +2x]=0
or (yz—xz)(y2—4)\2)—y +2)g] +,\2y—2x3—y3+4x2y

+Jg/2 — 423 +y2 —2)97—)92+2x2 =0
or Qz(y2—xz)(y2—4x2)—6x3+5x2y+3)972—2y3
+ )% =3+ 22 =0. (2)

Now each asymptote of (1) will cut it in 4 -2 i.c., 2 points. Therefore the four
asymptotes will cut it in4 x 2 i.e., 8 points.

Now taking A =1, P+ AQ =0 gives xz + yz -1=0 ie., XZ + y2 =1, which is the
equation of a circle.

Hence the eight points of intersection of (1) and (2) lie on the circle 2 yz =

Problem 6: Show that the eight points of intersection of the curve
o5 yz +4y4+x2 —y2 +x+ y+1=0
and its asymptotes lie on a rectangular hyperbola.

Solution: The equation of the given curve is

Aos PP aayt e 2o 2 a s yal=0 (1)
or (xz—yz)(x2—4y2)+x2—y2+x+y+1=0
or (x—y)(x+y)(x—2y)(x+2y)+x2—y2+x+y+l:0.

By inspection, the combined equation of the asymptotes of (1) is
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(x=p)(x+ y)(x=2y)(x+2y)=0
or o6’ y? + 4yt =0. (2)
Now each asymptote of (1) will cut it in 4 -2 ie., 2 points. Therefore the four
asymptotes will cut it in 4 x 2 i.e., 8 points.
Subtracting (2) from (1), we get

2 -y +x+ y+1=0. (3)
The curve (3) passes through the eight points of intersection of (1) and (2). Also the
conic (3) is a rectangular hyperbola because in its equation the sum of the coefficients

of ¥ and y2 is zero.

Hence the eight points of intersection of (1) and (2) lie on a rectangular hyperbola.

Problem 7: Find the equation of the quadratic curve which has x=0, y =0, y =x and
y = — xfor asymptotes and which passes through the point (a, b) and cuts its asymptotes again
in eight points that lie on a circle whose centre is origin and radius a.
Solution: The combined equation of the asymptotes is

v (y* =) =0. (1)
The required curve passes through the points of intersection of the asymptotes and
the given circle 2+ y2 —a®=0.
Let the equation of the curve be

(P2 -2 (P + y* —a?)=0. (2)
Now this curve also passes through the point (4, ).

ab (2 — )+ A (@ + b - a?)=0,
e, A=(a/b)(a® - b%).
Substituting this value of A in (2), we have

by (Y2 =)+ a(@® - (2 + y* —a?)=0
as the required equation of the curve.

Problem 8: Find the equation of the cubic which has the same asymptotes as the curve
O - 6x2y + 11)9/2 - 6y3 + x+ y + 1 =0 and which touches the axis of y at the origin and
passes through the point (3,2). (Agra 2007)
Solution: The given curve is

(B =62y + 1192 —65°)+ (x+ y)+1=0.
Here 03 (m)=1—6m+ 11n —6m> = (1 —m) (1 - 2m) (1 - 3m).
1

Therefore ¢3 (m)=0 givesm=1, '3

N | —

Also do (m)=0.
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o2 (m)

c=-"12 "7 =, for all the three values of m.

43" (m)
The asymptotes of the given curve are
1 1
=x; y=—x and =_x
J J=5 J=3

Hence the combined equation of the asymptotes is

(x=py)(x=2y)(x=3y)=0. (1)
Now the most general equation of any curve, having these asymptotes, is of the form
(x=y)(x=2y)(x=3y)+ F| =0, [See article 12, Cor.|

where FJ is of the first degree in x and y (say F| = ax + by + ¢).

If the curve (x — y) (x=2y)(x =3 y)+ ar + by + ¢ =0, passes through the origin (0,

0), then ¢ =0 and the equation of the curve becomes
(x=p)(x=2p)(x=3p)+ax+ by =0. ..(2)

Equating to zero, the lowest degree terms in (2), we get ax + by =0, as the equation of

the tangent at origin.

But x =0 ie., y-axis is given to be the tangent at origin.
Therefore b =0 and hence the equation of the curve is
(x=p)(x=2p)(x=3yp)+ax=0 ...(3)
It passes through the point (3, 2), (given).
: 3-2)3-4)3-6)+3a =0
or a=-1
Therefore the required equation of the curve is
(x=y)(x=2p)(x=3y)-x=0, [Putting a = —1in (3)]
or x3—6x2y+11)972—6y3—x:0.

Comprehensive Problems 5

Problem 1: If o.be a root of the equation f (0) =0, then write the equation of asymptote of the
polar curve 1/ r = f(0) corresponding to the root o.. (Meerut 2001)

Solution: Let P be any point (r,0) on the curve

1/r=f). (1)

As P — oo, — o and consequently £ (6)— 0.

Let OT be the perpendicular to the radius vector OP.
Then OT (i.c., the polar subtangent of the curve at P) is given by
240 1

: ar
dr— f(6)

OT = [ from (1), - % =f (e)]
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Now let ® — o.. Then f(8) -0 . [ f(o)=0]
Therefore r — oo, PT — to an asymptote,
2 do
and oT — —
0=

dr

I .
or OT - ———if f' (&) #0.
S @)
Also OP and PT will tend to become parallel, and
the angle OTP will tend to a right angle and OT will
tend to OM where OM is perpendicular to the
asymptote. Hence, the asymptote is the straight
line parallel to the radius vector 8 = o and situated
at a distance (12 @) from O.
6=o

dr

Now the polar equation of the straight line, the perpendicular p on which from the

origin makes an angle B with the initial line, is r cos (6 — B) = p. [Remember]
Here, for the asymptote,
p= OM = (7'2 @) =— ,l ,

rjg=o  f'(a)

and B:—(ln—a):(x—ln.
2 2

Hence the equation of the asymptote is

1 1 1

ie, rsin (8- o) =

(@) fla)

Problem 2: Find the asymptotes of the curve y = tanx.

rcos{G—(a—En)}z—

Solution: The curve is  y = tanu.
b sec? x.
dx
Therefore the tangent at (x, y)to the curve is
Y - tanx = sec? x (X —x)
or Ycoszx—tanx.cos2x=(X—x). (1)

Now as x — g, y — oo and the distance of (x, ) from the origin tends to infinity.

Therefore taking line of (1) as x — g , we have

.0-0= x—ﬁ) or x=-—-
7 0-0=(=3

This is one asymptote.

The other asymptotes are x = %
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Problem 3: Find the asymptotes of the curve r sin m8 = a. (Meerut 2000, Garhwal 11)

Solution: The equation of the curve can be written as
1/r=(1/a)sinmb = f (), say.

Now f(8) =0 if sin m0 =0 i.e., m0 = nm ( where 7 is any integer).

0 = (nm/m) =0, say.

Also fr©)=(1/a).mcosm.

f’(oc)z(l/a).mcosmoc:(1/a).mcos(m-ﬂ):(l/a).m.cosnn.
m
. The asymptotes are r sin (9 - ﬂ) S
m)  mcosnm
where 1 is any integer.
Problem 4: Find the asymptotes of the curve r0=a . (Meerut 2008, 12B)
Solution: The equation of the given curve can be written as 1/r=6/a = f(0), say.
Now f®)=0if6/a=0
ie., 0=0 =aq, say.
Also f'®)=1/a,so that f’(a)= f"(0)=1/a,
or 1/ f" (o) =a.

Now the asymptote corresponding to 6 = o is given by
rsin(@-a)=1/f"(o)
ie., rsin(@0-0)=a, [ Here o0 = 0]

ie., rsin@=a.
Problem 5: Find the asymptotes of the curve 2/r =1+ 2 sin 6.

Solution: The curve is

g=1+25ine.

,

1=1+2sme:f((-)),say,

r 2
Now f©)=0ie,1+2sin6=0 = sinOz—%zsin(—g)»
Also f7(8) = cos 6.

) )8
2

The asymptotes are given by rsin |0 * E) ==
ymp g Y ( 6 Ne}

Problem 6: Find the asymptotes of the following curves :
(i) rsin® =2 cos26. (ii) rsin© = a cos 26.
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Solution: (i) The equation to the curve can be written as
1 sin©

- = = f(0),say.
r 2 cos20 f®),say
Now f(©)=0=sin6=0 ic.,0=kn=o (say).
Here k is any integer.
Also f’(e):l COSZQCOSO—S;HO.(—ZSIDZQ)'
2 cos” 20
2 .
L 2 cos” (2km) __ 2 [ cos 2k m=1]
f’ (o) cos2km. cos km+ 2 sin kn.sin 2kn cos kn
=2/(- I)k. [ coskm = (- l)k]

" The required asymptotes are given by
rsin(@—kn)=2/(-1F or —rsin(kn-0)=2/(- )k

or —r{(—l)k_lsin6}=2/(—l)k or rsinf=2.
(ii) We have 1_ sinb = f(8) (say)

r  acos20
Now fe)=0 = sin6=0 = ©6=0 or m etc.

Jrony _ @ €COS 20 .c0s0 + sin© . asin 20 . 2
Also fe)= 75 .

a“ cos” 20
1
0)y="4 =1.
S0)=" =

. The asymptotes are given by
rsin(0—-0)=a or rsin®=a.
Problem 7: Find the asymptotes of the following curves :
(i) rcos®=asin® (Meerut 2004B; Lucknow 05)
(ii) r sin © = 2 cos 6.

Solution: (i) We have 1 _cot®
-

= f(6) (say).
Now fO)=0 = cotb=0 = 9:nn+gwheren:0,l,2,....

Now f’(0)=— lcos ec?9=— 1 for all the above value of 6.
a a

. The asymptotes are given by
. T
rmn(e—f):—a or rcosb=a

=—a or rcosf@=-a

and 7 sin (6 - =-a or rcos@=a
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So asymptotes are 7 cos® == a.

.. 1 1 1 sin6
ii) ~=_tan@=_— 0) (say).
(&) r 2 2 cos® =/ @) say)
Now f®=0 = sin6=0 = O=unn.
, 1 2 1
f7(0)=—sec®0= :
2 2cos26
Also f’(nn):%-
2cos” nm

Asymptotes are 7sin (0 — nn) =2 cos® nm

or 7 (sin® cosnm — cosO sinnm) =2 cos® nn
or rsin® =2cos nw [sinnn=0]
or rsin® =+ 2.

Problem 8: Find the asymptotes of the curve r = 4(sec® + tan 0).

Solution: 1 I _1 cos® = f(0) (say).
r 4(secO+ tan®) 4 1+sind
Now f@)=0 = cos6=0 = S:g-
Also f10)= 11— (L +sin6)sind — ;ose .cosb|_ 1 (sin6 + I; )
4 (1 + sin®) 4 (1 + sindY
G-
4\2 8
Asymptote is 7 sin ( ) rcos®=8.

Problem 9: Find the asymptotes of the curve r sin 20 = a.

Solution: We have I_sin26 _ £(®) (say).
r a
Now f©)=0 iec, sin20 = 20=nnw = e_”zi
Also fe)= %COSZO.
a
f’ (ﬂ) = %Cos nw.
2 a

The asymptotes are given by

—_

rsin(e—ﬂ)zﬁcosnn or rsin6= 1a rcos®9=+—a.
2 2 2

[\3
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Problem 10: Find the asymptotes of the curve r cos © = 4 5in0 . (Meerut 2005)
Solution: We have
1 0
~= S0 = £() (say).
7 4sin”6
Now F0)=0 ie, cos®=0 ie, ©=(2k+ 1)3
. 3 24
Also f’(O):_4sm (-)—82cos 0sind
16sin” 6
—45in> {(2k + 1)5} |
f’{(2k+1)£}= 2] __ ;
21 16sint {(Zk + 1)3} Asin 2k +1) 7
The asymptotes are
rsin{ 2k +1) E} —4sin(2k+ 1) Z
2 2
. n . T . T
or r {sme cos (2k + 1)5 — cosOsin (2k + 1)5}: —4sin 2k + 1)E
or rcosesin(2k+I)g—4sin(2k+l)g
or rcos0=4.
Problem 11: Find the asymptotes of the curve 10 cos 6 = a cos 26.
Solution: The equation of the given curve can be written as
1_6coso
—= = f(0), say.
r acos20 f6),say
f’(e):l Cos29.{cose—e.si;6}+29cose,sin29 )
a cos” 20
Now F©)=0 = 0=0 or cos0=0 ic, e=(2k+1)%n
If 0=0 =oa (say), then f'(a)=1/a.

rsin(®@-0)=a or rsin®=ais the corresponding asymptote.

When 6 = 2k + 1) % T =0 (say), we have

cosa, =0, sin20 =0, sino = (- l)k
and cos 200 = cos (2km + m)=cos m=—1.

{1t (2k+l)én}

’ _1 _(_ k+1 i
f (06)—; 1 =D @+ D) o
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The corresponding asymptote is

. 2a
rsin {6 — (2k + I)-E}:
{ 2/ ot @+ ) n
or (= 1Y 7 {cos (kn — 0)) 2k + 1) T = 24,

or (12K 1 cos @ = 2a/{(2k + 1) m).
The required asymptotes are
rsin®@=a and rcos0=2a/{(2k + 1) m}.

Problem 12: Find the asymptotes of the curve r (ge -l)=a (ee +1).
0

SBHIEER We have . = 597_1 = f(0) (say).
roae’+1)
Now f©)=0 givesee—1=0 or 8=0.
0,0 6 ,,0 0
Also f’(G):l e’ (e +Ie)—€2(€ -Di_1 626’ .
a @ +1) a (9417
1
"0)= .
fo=5
Hence the asymptote is rsin(0-0)=2a or rsin6=_2a.
Problem 13: Find the asymptotes of the curve r = 2766
sin
Solution: We have L % = f(0) (say).
r
Now f@)=0 e, sin6=0 = 6=nm

_ 20 cos® —2sinf

Also f(e)
46
, cos nm
nm) = .
A 2nm
The asymptote is
rsin (0 — nm) = 2nm or r {sin6 cosnm — cosO sinnn} = 2nm
COS nm cosnd
or rsin® cosnm = 2nm [sinn®=0]
Cos nm
or rsin @ cos” nm = 2nm
or rsin® = 2nm. [ cos® nm = 1]

Problem 14: Find the circular asymptote of the curve r (ee -1)=a (ee +1).
ae o, 1)

Solution: The given equationis r= 5
(7 =1

= f(0), say.

The circular asymptote is given by
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lim %41 [ w]
r=a -, Form —
0— o 6’9—1 oo
lim 14,79
=a —_—=a.

B> [0

Hence r = a is the circular asymptote.

Problem 15: Find the circular asymptote of the curve r = M .
2% +0+1
Solution: The given equation is
_3+(2/0)+ (1/6°)
2+ (1/0) + 1/92

dividing numerator and denominator by 0.

Taking limits when 6 — oo, we see that the circular asymptote is

3

r=2.

2
@nts to Objective Type Questions

Multiple Choice Questions
See Example 1.
2. Equating to zero the coefficient of the highest power of xi.e., of # in the
e%uatlon of the given curve, the asymptotes parallel to x-axis are given by
=0ic,y=0,y=0.
See Problem 5 of Comprehensive Problems 1.
See Example 3.
We know that a closed curve has no asymptotes.
Since the curve is of degree 4, therefore it has four asymptotes.
See Problem 8 of Comprehensive Problems 5.

See Problem 5 of Comprehensive Problems 1.

PN R®

See Problem 6(ii) of Comprehensive Problems 5.

Fill in the Blanks
See article 7.

See article 8.

See Example 4.

See article 15.

AW N
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5. The circular asymptote of the curve r (62 +1)= a6® —1is
a—1/6%) 1-

r= lim ﬂez_l: lim 92[“_(1/92)]: lim — >~ /=
0> 02 +1 05002 [1+(1/6%)] 61+ (1/6%) 1+

(=

=da.

(=]

True or False
See article 8.

2. The asymptotes of the given curve parallel to y-axis are given by 2 - =0.
Thus, x = £a are asymptotes parallel to y-axis.

3. The equation to the curve cane be written as

Lo L 1-cose) = f(6), say
A a

Now, f(®)==1-cos8 =0 or cos® =11iec.,0 = 2km, where k is any integer.
Also, f(e)= lsine
a
F/(2kn) = Lsin(@kn) 0.
a

4. In rough language, an asymptote of a curve touches the curve at infinity.
5. See article I.
000




Chapter-13

Singular Points : Curve Tracing

Comprehensive Problems 1

Prahlem I1: Show that the points of inflexion upon the curve & y=a2 (x—y) or
(a* + %) y=a’xaregiven by x=0,x==% a3, (Meerut 2013B; Kanpur 15)

Solution: The curve is y = x /( 2+ d ). Differentiating the equation of the curve

W.I.t. x, we get

dl: x2+a d=x.2x a2(a2—x2)
dx xz+a (x2+a2)2
& xz+a —2x) - x2 xz+a
_ 2 (P d)—dx (@ - )
()\"2+512)3
_ﬂz (x 342 x)_2a2x(x2—3a2)
x2+a (,\'2+a2)3

For the points of inflexion, putting dz_y/dxz =0, we have 2a°x (¥ —3a”)=0.
x=0 or ++3a.
By 288 [P+ P .3 =3d")- (=303 . (> + P Y 2x} ]

Now ?_ (x2+a
6ﬂ2.(x2+a2)(x2—a2)—2x(x3—3a2x)
2+
:6a2[x4—a4—2x4+3a2x2]:6a 3:12)(2 Aot
()(2+a2)4 )(2+1/1)

When x=0,  dp/d =-6/a* 0,
when x=v3a, & y/d> =3/4a® %0,
and when x:—\/3a,d3y/dx3 =3/4a® #0.

Hence x = 0,+ V34 give us points of inflexion.

From the equation of the curve, we have
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when ¥=0, y =0;when x =34, y = (V3/4)a
and when x:—\/3a,y=—(\/3/4)a.

Hence the points of inflexion are

(0,0),(%301,V3 a] and (_ V3a, - V%).
4 4

Problem 2:  Find the points of inflexion of the curve  y (@ +P)=x.
(Lucknow 2008; Purvanchal 10)
Solution: Differentiating the equation of the curve w.r.t. x, we get

dy _(a* + %) 3¢ -0 2x _3aP 4 o

dv @+ 2P (@t 2P
and Py @+ PP 65+ 45°) - Ba* P +2h) 2 + P) 2
A (@ + A\
_ x[6a4 +1022 + 4x* — 124254 —4x4]=2a2x(3u2 —xz).
@ + 2y @ +2)

For the points of inflexion, we must have d2y /dé =0.
24 x (3a2 e )
(@ + )

ie., r=0 or x=%3a. [For the points of inflexion]

=0 or 2a%xB3a%-2)=0

diy:zﬂgi[(% + 2P 3a® -32) - Bty - ). 3 + AV . 2x]
dr (@ + )
_6a® [(a* + ) (@ —P) =22 B x = 2P)]
(@ + )

_6a2 (ﬂ4 -t —6d P +2x4)_6a2 (a4 6 + x4).

@ + 2 @ + 2\
Whenx:O,d3y/dx3 =6/ﬂ2 #0, whenx:\/3ﬂ,d3y/dx3 =—3/4a2 #0
and whenx=—\/3a,d3y/dx3 =—3/4a® 0.

Now

Therefore x =0, % V3a give us points of inflexion.
From the equation of the curve, we have
when x=0, y =0;
when x = V3a, =3 \3/4)a
and when x=-+3a, y=-(3V3/4)a
Hence the points of inflexion are
(0,0),(N3a,3 V3a/4),(—V3a, -3 V3a/4).
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Problem 3: Find the points of inflexion of the curve xy = e log (y /a).
Solution: The given curve is x = (az /y)log (y/a). (1)
Differentiating (1) taking y as independent variable and x dependent variable, we
have
2 y 2 2
@: Llog — +L. 1 l:L(I_logl)7
dy 2 a) y ylaa
2 2 2
and L,xza—, _ bt +(I—logl) —2.4
o' P\ ylaa a v’
—_“ _ J .
=-— (3 2 log ;)
J
For the points of inflexion, putting dzx/dy2 =0, we have
3-2log (y/a)=0 or y =a’?.
3 2 2
Now dgz—ﬂg-(—l ! -IJ+(3—210gy)-3“4
d yila a al y
2
a
:—4(5 -2 log %)
J
When y=a 53/2 or log (y/a)=3/2,we have
Pr_ & 3)_ 2
= 5-2-2 = #0.
dy® e ( 2) e
Hence y=a 32 gives a point of inflexion.
2
; _ . 3/2 _ a 3_3 -3/
From (1), putting y =a¢”’“, we have x—m B gae .

Hence the point of inflexion is (% ae 37?2 a3 )

Problem 4: Find the points of inflexion of the curve  x = (log y)g. (Purvanchal 2009)

Solution: Differentiating the given equation w.r.t. y, we get

2
ﬁ—S(logy)z xlzm
dy y y
and &x _3 [2(og y).1/ y]-(log 7Y
&y y?

2
:310§y[2_10gy]:3'210gy—2(10g_y)
J J

=3y~% [21og y - (log y)*].




Singular Points : Curve Tracing

(D309 i,
For the points of inflexion, putting dzx/dy2 =0, we have
210gy—(logy)2 =0 or log y[2-log y]=0.
log y=0iec,y=1 or log y=2 e, y=ez.
Pr_o of 2 -
Now i=3y 2[ - (21log y)- ]+[2logy (log yP1(-6y7%)
dy J J
=6y~> [1-log y~2log y+ (log y)’]
=657 [(log y)* =3 log y +1].
3
When y=1,d%x/d® =620, and  when y=¢2, 42 ==0 40,
dy e

Hence y =1, ¢ give us the points of inflexion.
From the curve when y =1,x =0 and when y = , x=8
Hence the points of inflexion are (0, 1) and (8, 2 ).
Problem 5: Investigate the points of inflexion of the curve y = (x — 1 (x-2)3.
(Agra 2014)

Solution: The given curve is
y=(x=1} (x-2). (1)
%:4(;(-1)3 (x=2P +3(x -1 (x=20

=(x-1° (=27 [4(x=2)+ 3 (x = 1)]
=(x =17 (x=27 (7x-11)

and =3 (x—17 (x =27 (7x-11)

#y
A
+2(x =17 (x=2)Tx=11)+ 7 (x=1)° (x = 2)?
(=12 (x=2)[3 (x=2)(7x—11)
+2(x-D)Tx-11)+7(x-1)(x-2)]
=(x =1 (x=2)[214% — 75x + 66 + 14¢* —36x
+22+ 77 —21x + 14]
=(x =17 (x—2) (424 —132x + 102)
=6(x—17 (x=2) (7% —22x+17).
For the points of inflexion of the given curve, we must have
P yld® =0 e, (x=17 (x—2) (7% —22x + 17) =0, which gives
22 £4[(22)2 —4.7.17) 11+ 2

x=1, 2, ie, x=1, 2,
14
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Thus the given curve may have points of inflexion where

r=1,2,01+2)/7.
Since (x —1) occurs as a factor of second degree in P v/ A, therefore the sign of
dzy/dx2 does not change as x passes through 1. Consequently x =1 does not give a
point of inflexion. Thus there is a point of undulation at x =1.
Again each of the factors x —2,[ x — % A1++2)]and [ x - % (11 =+2)] occurs in first

degree in dZy/d)c2 and so the sign ofdzy/ﬂlx2 changes as x passes through each of the
values 2, (11 + V2)/7 and (11 — V2)/7. Hence the given curve has points of inflexion at
r=211+2)/7.
Problem 6:  Show that every point in which the sine curve  y = ¢ sin (x / a) meets the axis of
x is a point of inflexion.
Solution: The given curve meets y-axis where y =0 ie., where

sin(x/a)=0 =sin nn
or x/a=nn or x=anm,wherenis any integer.

Differentiating the given equation of the curve w.r.t. x, we get

dx - ; a de - u2 a .
For points of inflexion, putting dzy/dxz =0, we have

sin(x/a)=0 ie., x=anm.

Now L == COoS -

> a a
¢13y c no ¢
When X=anm,—g-=— —cosnn=—(-1)"- — #0.
i a a

Hence the points of inflexion are given by x = ann . These are the points where the
curve cuts the x-axis.

Problem 7: Show that points of inflexion of the curve yz =(x—ay (x—b) lic on the
line 3x + a =4b. (Agra 2006; Avadh 11; Kashi 12)
Solution: The given curve is y2 =(x- a)2 (x=D)

or y=%(x—a)J(x-b). (1)
Differentiating (1

~

w.r.t. x, we get

—t|(w-a) — 1 -
—i[(x T b)]
_ Y¥—a+2x-2b _ 3x-2b-a
o 2V(x=b) " 2(x-b)

=&
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5(3x 2b —a) .(x— by /2
2
and %:i%[(Sx—Zb—a) (—%)(x—b)_wz (= by 23]
—4l|a+t2b-3x 3
- 1 a+2b—- 3x+3 - 1 ~a—4b+3x
2V(x=b)| 2(x-b) 2V(x=b) 2(x-b)
For the points of inflexion, we must have ﬂlzy/dx2 =0
ie., a-4b+3x=0 or 3x+a=4b.
Hence the points of inflexion lie on the straight line
3x+ a=4b.

Problem 8: Find the points of inflexion on the curve y2 = x (x+1)> and also obtain the
equations of the inflexional tangents.

Solution: The given curve is y2 = x(x+ 1) (symmetry about x-axis)

or y=i(x+l))}/2.

Let us take yz(x+l)xl/2.

dy 1/2 1 —1/2 2 x+1l _ 2x+x+1_ 3x+1
Then ~L=l.x""+(x+1).—x =472 4 = =
dv el PV A VRPN V)
. /2 _ 12
and dzy:l 3.4 3x+1)2 _6x-3x-1_3x-1
a2 X 4y . 2 43/2
For the points of inflexion of the given curve, we must have & y /dé =0.
3x-1 _ o _1_
W—O or 3x-1=0 or x_§

Now there will be points of inflexion where x = é if we have

Ayl £0 at x %
We have &_l 3..07% - (Bx 1).(3/2)x1/2
a4 3
/2
13 P e -3xe1) 3 - 9s0.atr- L.
4 2.x 8);/2 3

The given curve has points of inflexion where x = § Putting x = 3 in the equation

of the given curve, we get
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Hence the points of inflexion on the given curve are (1 + 3 il/3)

Now tangents at the points of inflexion are called inflexional tangents.
The equation of the given curve can be written as

yz =x(x2 +2x+l)=x3 +22 +
Differentiating with respect to x, we get

2y W 52y ariy o W30 tdvsl
dx dx

2y
At the point 1 4 dy _/3)+@/3)+1_ 5
37343 2.(4/33)
and at the point | — I —4 -3,
343)

Inflexional tangent at the point (l 33)

y—i:\/?)(x—é) or V3x- y- \/3+ 4

343 3\/3
or \/3x—y+%=0 or 9x-3V3 y+1=0
1 4 ;
and inflexional tangent at the point ( \/3]
J+ i:—\/ii()c—l) or \/3x+y+i—ﬁ:
N 3 3v3 3
or V3x+ y+ L =0 or 9r+3V3y+1=0.

343

Hence the inflexional tangents are 9x + 3V3 y + 1=0.

Problem 9:  Show that origin is a point of inflexion of the curve a” ~
and greater than 2.

Solution: The given curve is
m—1 m m/am—l

.y=x" or y=ux

w.r.t. x, we get

IS

Differentiating (1
m - ld)] m(m —1). m—2
A I dXZ " -1 :

For the points of inflexion, we must have

dZy/dxz =0

&\@“ =

y=x"ifmis odd
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or m(,:ljll)~ m=2_ or =2 -0
a
or x=0,if m>2.
Also djyzm(m—l)(m—2).xmfg_ A"y m!
tixg am—l """" A" m—1
2 3 m—1 m
At w=0, YLy A _gand Y 0.
dx2 dx3 dxm—l

Hence there is a point of inflexion at x = 0 (i.e., at origin) if mis odd and greater than 2
and no point of inflexion if m is even.

Problem 10: Show that the abscissae of the points of inflexion on the curve y2 = f(x)
satisfy the equation [ f’ (x)]2 =2f(x) f" (x).

Solution: The curve is y2 = f(x),or y=[ f(x)]l/z. (1)
Differentiating w.r.t. x, we get

YL o2 prw

dx
and %ﬂ: [{f(x)}‘1/2~f"(x)+f’(X).(—%){f(x)}‘3/2~f’(X>]

— N = o= N

[ f (x) )12 f”(x)—%{f(X) 320 (0]
F@OY32 L. f7 @ -2 P

) 2

For the points of inflexion, we must have d2y /dé =0.

- 2f (). f* =1 f (F =0

or L @F =21 (). 1" .

Problem 11: Show that the line joining the points of inflexion of the curve
y2 (x—a)=2> (x+ a)subtends an angle of m /3 at the origin.

Solution: The given curve is
2=r2(x+a) :+X\/(X+a). 1
y TR or y==% Tor—a) (1)

Differentiating (1) w.r.t. x, we get
\/(x—a).{x-%(x+ u)_l/2 + (x + u)l/z}

-1/2

—xV(x+a) = (x—a)

&
1l
I+
N | —

(x—a)
[N(x—a)Bx+2a)/{2V(x+ a)}] =[x V(x + a)/{2V(x - a)}]

(x—a)

1]
I+
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:+(x—a)(3x+2a)—x(x+a):+ & —ax—a?
20—l x+a)? T (w-aP? (e )
(x—a)3/2 (x+ a)1/2 [2x - x2 ax — a*
o 2y, E (x—a)”z.(xm)”Z +(r—ap’?, ;(x+a) 12
* (x—a)3 (x+a)

22 -a®)2x—a)- (* —ax—a® ) (42 + 20)

==
2(){—a5/2 (x+ a)3/2

[On simplification]
e (x+ 2a)

=z : YO
(x—a)s/Z (x+ a)j/2

For the points of inflexion, we must have dzy/dxz =0.
x =—2a,and hence from (1) , y =+ 2a /3.

Hence the points of inflexion are

P(-2a,2a/V3) and Q(-2a,-2a/3).
Let the line joining the points of inflexion (i.c., the line PQ ) subtend an angle 6 at the
origin. We have

my = slope of OP = _2;/\/3 -1/43
a
and mz:slopeofo—za/\/3 L
2a V3
tano= "2 "M :(I/\/3)+(I/\/3):2/\/3:\/3.
1+ mymoy 1-(1/3) 2/3

6 =1 /3 iec.,the required angle is /3.

Problem 12:  Prove that the curve  y = 11 _); has three points of inflexion which lie in a
+
straight line.
Solution:  The given curve is
l-x
Lz (1)
dy _ 1.0+ 2)-2x(l-x)_-1-2x+ 2
dx (1+)¢2)2 1L+ 2P
and Py 24200+ 2P —(-1-2x+).2(1+ ). 2x
& 1+ 2
[(I+ x2 2x(=1-2x+ X2

I+x2
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2142 - 420442 2] _2[-2° +372 +3x-1]
1+ 2 1+
=202 =32 3x+1) _-2[(° + 1) -3x(x+1)]
1+ 2y 2+ 17

[+ D) (2 —x+ D =3x(x+1)] =2 (x+ 1) (2 —4x+1)

2 +1) 2 + 17

For the points of inflexion of the given curve, we must have dzy/dx2 =0.
(x+1) (& —4x + 1) =0, which gives
_ 4 V(16 —-4)
’ 2

Now we observ(e thatleach of the factors x + Lx—(2+ V3)and x — (2 — ¥3) occurs in
first degree in & y /d® . Therefore the sign of & y /d? changes when x passes through

x= ie,x=-1,2++3.

each of the values — 1,2 + V3 and 2 — V3; or we also conclude that dBy/zixg #0 at any
of the points x = —1,2 + V3.
Hence there are points of inflexion where x = 1,2 £ V3.

From the equation of the curve, we have

when x=-1y=1
1-2-43 -1-+3 1 1++V3
h =2+13, y= = —_ .Y
when T 34443 8+443 4 2443
__ 1 (1+4V3)@2-¥3) _ -1+V3_ 1-43
4 2+V3)2-13) 4 4
1-2+43  _ —1+4V3 _1+4V3

and when x=2-3, y=

1+4+3-2V3 42-43) 4

Hence the given curve has three points of inflexion
-1, 1),(2 +3, %) and (2 3,1 +4V3]~

Let us name these points as A, B and C respectively.

The slope of the line

Li-vs)-1

1-V¥3-4 1 -3-43_ 1

1
24V3+1 4 3+V3 4 3+V3 4
and the slope of the line
1
P L L N PR C BT RGO PRI
2-V3+1 4 3-V3 4 3-43 4

Since the slope of the line AB = the slope of the line AC, therefore the points A, B
and C lie in a straight line.
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2
Problem 13: Show that the points of inflexion on the curve y =b e~ /™" are given by
r=+a/V2 (Agra 2005)
2 /a® )

Solution: The given curveis y=be~

d)] 7)[2/”2 —2){) - 2x
=he "=y =1,
&t 2 )02

(1)

dzydy(z) E g:y.(—zxj.(—zx) 2y
12 dr 2 2 2 2 2
|2
ﬂ4 ﬂ2
and Ly _dp|42_ 2 W.&f:y.(—h)@?_z Ly 8
e de| gt 2 at e at 2 at

For the points of inflexion of (1), we must have g y Jd =0.

4¢ 2 4@ 2
|- =0 or -5 =0
[ A ] at
2742
[ y=be cannot be zero for any real x]
. 2
or XZ = L or xr== l

2 V2
The curve (1) will have points of inflexion where x = + a /2, provided & v/ A s

not zero at these points.
& 8 a
Nowforxzil,wehave S0+ ~—~(i—)¢0,
V2 A’ R R

Hence the points of inflexion of (1) are given by x =+ a/V2.

Problem 14: Show that the points of inflexion of the curve r = b® " are given by
r=b{-n(m+1)y"2.

Solution: Differentiating the given equation of the curve w.r.t. 8, we get

dr/d8=nb 0" " and d%r/d6* =n(n—-1)b0" 2.
We know that at the point of inflexion, the radius of curvature is infinite. Hence at
the point of inflexion, we have

P+ 2 (dr/ A8y —r(d®r/de)=0 (Note)
or B +2 (b0 "V — (0™ (n(n-1)b0" "2} =0,

substituting the values of r, dr/d6, dzr/ A6*

or pre?n |:1 + % _n (:2_ 1):| =0
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or p g2n—2 [62+n2+n]=0giving62:—n(n+l).
Now from the equation of the curve, we have
r=00"=h )2 (1)

Puttinge2 =—n(n+1)in (1), we see that the points of inflexion are given by
r=b{—n(n+1) 2.

Comprehensive Problems 2

Problem 1: Write down the equations to the tangent at the origin for the following curves :
(i) Y (a-x)=+(a+ x), (i) 435y + 29 - 92 =0,
(iii) (Z + y*)(2a-x)=bx.
Solution: (i) The curve is
yz(a—x):xz(a+x) or yza—yzx—xzﬂ—xg =0.
Equating to zero the lowest degree term in the curve, we get
J/Zﬂ—xza:O or yzzxz or y==*x
(ii) The curve can be written as
x4+3x3y+2)gz—y2 =0.
Equating to zero the lowest degree term in the curve, we get
2)g/—y2 =0 or y2x-y)=0 or y=0,y=2x
(iii) The curve can be written as
20 - 3 +2ay2 —)913 — K x=0.
Equating to zero the lowest degree term in the curve, we get
x=0.
Problem 2:  For the curve yz (a2 + )= P (a2 g ), show that the origin is a node.

Solution: Equating to zero, the lowest degree terms in the equation of the curve, the
tangents at the origin are

a2y2 —a*Z =0 or y=%ux,
which are real and distinct. Therefore the origin is a node.
Problem 3: Show that the origin is a conjugate point on the curve
J/Z :2x2y+ x4y—2x4.
Solution: Equating to zero, the lowest degree terms in the given curve, the tangents
at the origin are given by yZ =0ie,y=0,y=0.
Origin is either a cusp or a conjugate point .

Now the equation of the given curve can be written as
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P -2 y2+P)+244 =0
Solving it for y, we have
P2+ )Nt 2+ 2P -8t
2
AP+ 2+ AN 4?4
2

Now for small values of x #0, x* + 4 x> —4is negative.

.y is imaginary in the neighbourhood of origin.
Hence origin is a conjugate point.

Problem 4:  Show that the curve x> + xzy = ﬂy2 has the cusp at the origin.

Solution: The equation of the given curve may be written as
ayz—xzy—x3=(). (1)
Equating to zero, the lowest degree terms in (1), the tangents at the origin are y2 =0
ie., y=0and y=0.
Origin is either a cusp or a conjugate point.
Now from (1), y=[+* = V(x* + 4a)]/(2a).
For small values of x # 0, +* + 447 has the same sign as da ,which is +ive when x is
+ive and — ive when x is — ive.
When xis +ive, y has two real values one +ive and the other —ive, whereas y is
imaginary when x is negative.
Hence there is a single cusp of the first kind at the origin on the right side of the
_y-axis.
Problem 5:  Show that the curve y3 =(x— a)z (2x — a) has a single cusp of the first species
at the point (a,0). (Garhwal 2006)
Solution: Here f(x, y)= y3 —(x— a)2 (2x—a)=0. (1)
(O /ox)=—2x—a) -2 (x—a)2x—a)
=-2(x-a)B3x-2a)=— 622 + 10axr — 4a>

and (3f/8y)=3y2A

Now for double points (d9f /dx) =0, (df /dy) =0 and f =0.

Here (of /ox)=0 gives (x —a) Bx—2a)=0 orx=a,2a/3
and (of /dy)=0 gives y=0.

Thus (4,0) and (2a4/3,0) are the possible double points.
Out of these only (4, 0 ) satisfies the given curve. Hence (4, 0) is the only double point.
Shifting the origin to (4,0) by puttingx= X + aand y =Y + 0 in (1), the equation of
the curve becomes

Y3=(X+a-al 2X+2a-a)=X2 2X + a). (2)
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Now equating to zero, the lowest degree terms in (2), the tangents at the new origin
are given by aX? =0 ie, X =0, X =0 are two real coincident tangents at the new
origin. Therefore the new origin may be a cusp or a conjugate point.

Now for the curve (2), the tangent at the origin is X =0 . Let X = p. Putting X = pin
(2) and neglecting powers of p greater than 2, we get

af =Y3, .(3)
From (3), we see that for sufficiently small positive values of Y, pis real and the two
values of p are of opposite signs. Also for numerically small negative values of Y, pis
imaginary. Hence for the curve (2) there is a single cusp of the first species at the
origin.
Thus for the given curve the point (4,0)is a single cusp of the first kind.
Problem 6(i): Find the position and nature of double points on the curve y3 = +al.

(Meerut 2013B)

Solution: Proceed as in problem 5 of this problem set. Here for the given curve

(0,0) is the only double point and is a single cusp of the first kind.

Problem 6(ii): Find the position and nature of double points of the curve
y2 +3a’ + 2 =0.

Solution: The curve is

32 +3a’ + £ =0. (1)
The curve is y2 +3a? + 1 =0. ...(2)
Here f(x,y)syz +3a’ + 10 =0

%=2y+6ax+3x2,g—f=

Now at a double point f=0,

3—{ =0 and % =0
Le., 2y+6ax+3x2=0, y=0.
At y =0, we have

6ax +3x> =0 or x(6a+3x)=0 x=0,x=-2a.
Thus (0,0), (—2a,0) are the possible double points.
But out of these only (0,0) satisfies the given equation (1).
Hence (0, 0) is the only double point.

2
Here aZf =6a + 6x, 82f 2, af =0.

= a? ox dy
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At (0,0), we have aai2f=6a,?;{=2,§£/:0.
’r TIPS

So 8x8y<y @;72

. There is a conjugate point at the origin.

Problem 6(iii): Find the position and nature of double points on the curve o+ y3 = 3axy.

(Meerut 2003, 12B, 13; Agra 06; Rohilkhand 07;
Kumaun 08, 09; Lucknow 11)

Solution: Here f (x, y)= gt y3 - 3axy =0. (1)
(9f /0x) = 3> = 3ay ,(9f /ay) = 3 y* - 3ax. (2)
Now at a double point f =0, (df /dr)=0 and (df /dy) =0.
From (2), by equating each of df /dx and df /dy to zero, we get
2= ay and y2 = ax.
Solving, we get x (x3 - )=0orx=0,a
When x=0, y=0and whenx =4, y=a.
Out of these points only (0, 0) satisfies the equation. f (x, y)=0 of the given curve.
Therefore (0,0) is the only double point.
Now equating the lowest degree terms in (1) to zero, we get xp =0 orx =0, y =0 as
the tangents at the origin. These being real and distinct implies that origin is a node.

Problem 6(iv): Find the position and nature of the curve el y3 =3uxy, at the origin.
(Meerut 2001, 05; Agra 14)
Solution: The curve is x> + y3 =3xy.
Equating to zero the lowest degree term in the equation of the curve, we get equation
of the tangent at the origin as
Sxp=0 ie, x=0,y=0
Since the tangents are real and distinct, the origin is node.

Problem 6(v): Find the position and nature of the double points of the curve

aty? =t @ -34%). (Meerut 2007B)
Solution: Here f(x,y)52x6 — 3425t —a4y2 =0. (1)
(Of /o) =12x° —12a% &>, (I /oy) = — 2a” y. (2)
Now at a double point f=0,(df/dr) =0 and (df /dy) =0.
Here (9f /x) =0 gives 12> (¥ —a®)=0o0rx=0, a,—a
and (8f/8y)=0gives—2a4_y20 or y=0.

Thus (0,0),(a,0), (- a,0) are the possible double points.
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But out of these only (0,0) satisfies the given equation (1). Hence (0,0) is the only
double point.

Now equating to zero the lowest degree terms in the equation of the curve we get the
tangents at the origin as e y2 =01ie., y =0, y =0 are two coincident tangents at the

origin.
Thus the origin may be a cusp or a conjugate point.

Now from (1), y:iéz\/(sz —3u2).
a

For small values of x # 0, +ive or —ive, (24> — 3> )is —ive iic., _y is imaginary. Hence no
portion of the curve lies in the neighbourhood of the origin.

Hence origin is a conjugate point and not a cusp.

Problem 6(vi): Find the position and nature of the double points on the following curve :
flop=at—2y° =3y* —2 +1=0. (Kumaun 2011)
Solution: At a double point, we have
(Of /o) = 4x> —4x=0 and (I /dy) =67 — 6y =0.
These give x(x2—1)=0andy(y+l)=0
ie., x=0,£L y=0,-1

Out of these points only (0,—1),(1,0) and (- 1,0) satisfy the equation of the curve,
which are double points.

2 2
Also ﬂ:12x2—4,ﬂ:0,¥:—12y—6.
a ox Jy Iy

2 2 2
At the point (0, - 1), J ,f=—4, f :O,ﬂzd
n? ady P

(&3 ()
ox dy o ) oy?

The above relation also holds at the points (1,0) and (- 1,0).
Hence there are nodes at the points (0,—-1),(I1, 0)and (-1,0).

Problem 6(vii): Find the position and nature of origin on the curve
o +y3 + 222 +3y2 =0.

(Bundelkkhand 2001; Meerut 07; Avadh 13)
Solution: The curve is

o +y3 + 24 +3y2 =0.
Equating to zero the lowest degree term in the equation of the curve, we get equation of
the tangent at the origin as

2% +3y2 =0 ie, \/gyzii 2 x.
Thus, both the tangents at the origin are imaginary.

Hence, the origin is a conjugate point.
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Problem 7: Show that the curve y2 = bx tan (x / a) has a node or a conjugate point at the
origin according as a and b have like or unlike signs.

Solution: Here f (x, y)= y2 —bx tan (x/a)=0. (1)
At a double point, we must have

%z—btani—éxseg (£)=Oand izZyzOA
ax a a a dy

These give x=0, y =0. Also (0,0) satisfies the given curve. Thus (0,0) is a double

point.

Also 82f :O,ﬁzlat(0,0)
awdy P

and ﬂ=—ésec2E—ksecz5—2—bxsec£-tanE:—Z(b/a),at(O,O).
o 2 a a a 2 a a

Also we know that (see article 11) the double point will be a node, cusp or conjugate
point according as

2y 2 2 \(Pf N .
EO R
2
Here 82f =0 and BZJ ﬁ = _45.
or dy P ayz a

Now 0> —4b/aif aand b have like signs

and 0<-4b/aif aand b have unlike signs.
Origin is a node or conjugate point according as 2 and b have like or unlike signs.

Problem 8: Prove that the curve yZ =(x—af (x=b)has at x=a,a conjugate point if
a<b,anodeifa>bandacuspifa=D.
Solution: Here f (x, y)=(x - a)2 (x=b)- yz =0. (1)
At x = a, y =0; therefore the point is (a,0).
Shifting the origin to (4,0) by putting x= X+ a and y=Y + 0 in (1), the given
equation of the curve changes to

Y2 =X? (X +a-b). (2)
Equating to zero, the lowest degree terms in (2), the tangents at the new origin are
given by

Y2=(a-b)X*> or Y=t\(a-bh)X ~(3)
When b > 4, the two tangents given by (3) become imaginary. Hence the new origin
i.e., the point (a,0) on the given curve is a conjugate point.
When b = 4, the two tangents given by (3) are Y =0,Y =0 ie., they are real and
coincident. Therefore the new origin is a cusp or a conjugate point.
In this case from (2), we get
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Y2=X> or Y=%XVX [a=b]
When X is small and +ive, the two values of Y are real.
The curve has real branches at the new origin.
The point (a,0) on the given curve is a cusp.
When b < g, the two tangents given by (3) are real and distinct. Hence the new origin

i.c., the point (4,0) on the given curve is a node.

Problem 9: Examine the curve x°> + 25> + 2xp - yz + 5x -2y =0 for singular points
and show that it has a cusp of first kind at the point (-1, -2).
Solution: Here f (x, y)= 2422+ 2xy - yz +5x-2y=0. (1)
(f /0x) =32 +4x+2y+5; (f /dy)=2x-2y -2
For double points we must have [ 0 % =0and f=0.
ox ay
Here dof /ox =0 give53x2 +4x+2y+5=0
and of /dy =0 gives2x -2y -2=0o0r2y=2x-2
Solving these equations, we get x=—-1,-1and y =-2. Thus (-1, -2)is the only
possible double point.
Since (- 1, — 2) satisfies the equation of the given curve, therefore it is a double point.
Shifting the origin to (-1, - 2) (by putting x= X -l and y =Y —2), the equation of
the curve changes to
(X=1P +2(X -1 +2(X-1)(Y =2) - (Y =2 +5(X - 1)
-2(Y -2)=0
o

or X X2 +2XY -Y2=0 or (Y-XP=X. 2)

Equating to zero the lowest degree terms in (2), the tangents at the new origin are
(Y - X)2 =0ie,Y -—X=0,Y - X =0 are two coincident tangents at the new origin.

Therefore the new origin may be a cusp or a conjugate point.
Now the tangent to the curve (2) at the originisY — X =0 .

Let Y -X=p
Putting Y — X =pin (2), we get
7 =X .(3)

From (3), we see that for sufficiently small positive values of X, pis real and the two
values of p are of opposite signs. Also for negative values of X, pis imaginary. Hence
for the curve (2) there is a single cusp of the first kind at the origin.

Hence the point (-1, — 2) on the given curve is a single cusp of first species.
Problem 10 (i): Determine the positions and character of the double points on

7 (r=6)=+" (x-2)° -9, (Rohilkhand 2008, 09)
Solution: Here f(x, )=+ (x=2)> = y(y-6)-9=0. (1)
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(Of /ox)=2x (x=2)° + 3 (x=2)> . ¥
=x(x=2P [2(x=2)+3x]=x (x-2)> 5x—4)
and (of /dy)=—=2y+6.
For double points, (df/dx)=0,(df /dy)=0 and f=0.
Here (of /ax)=0givesx=0,2,4/5 and (df/dy)=0 gives y =3.

0,3),(2,3)and (4 /5, 3) are the possible double points.

Out of these only (0, 3) and (2, 3) satisfy (1) i.e., these are the only two double
points on the curve.
Nature of the double point (0, 3) :  Shifting the origin to (0, 3) by puttingx = X + 0

and y =Y + 3, the equation (1) changes to

(Y +3)(Y +3-6)=X> (X-2) -9
or Y2 -9=X2(X-2°-9 or Y?=Xx%(x-2). (2)
Equating to zero, the lowest degree terms in (2), the tangents at the new origin are
given by Y 2__ 8X 2,WhiCh are imaginary.
. The new origin i.e., the point (0, 3) on the given curve is a conjugate point.
Nature of the double point (2, 3) : Shifting the origin to (2, 3) by putting x = X + 2
and y =Y + 3, the equation (1) changes to

(Y +3)(Y +3-6)=(X+27 X> -
or Y2 = X3 (X +22. (3)
Equating to zero the lowest degree terms in (3), the tangents at the new origin are
given by Y2 =0 orY =0,Y =0 which are real and coincident.

The new origin i.c., the point (2, 3) on the given curve is either a cusp or a conjugate

point.
Now from (3), Y =+ X (X +2)VX.
When X is small and +ive, Y is real and the values of Y are of opposite signs. When
X is small and —ive, Y is imaginary. Thus the curve has real branches at the new origin
only on one side of the line X =0 and the two branches of the curve lie on opposite

sides of their common tangent Y = 0. Hence the new origin i.c., the point (2, 3) on the
curve (1) is a single cusp of the first kind.

Problem 10 (ii): Determine the position and character of the double points on the curve
(x=27 =y (y-17.
(Meerut 2000, 02; Gorakhpur 05; Rohilkhand 12)
Solution: Here f(x, y)=(x- 2)2 y(y )2 =0. (1)
(f /ox) =2 (x—2) and (3f /dy) = (y 12 =2y (y-1).
For double points, df /ox = 0 af/By Oand f(x, y)=

Here (9f / ox) =()g1ves x=2 and (Jf/9y) :Oglvesyzl,g.

—

Thus (2,1) and (2, 3 ) are the possible double points.
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Out of these only (2, 1) satisfies the equation of the curve. Hence (2,1)is the only double
point.

Shifting the origin to (2,1) (by putting x=X + 2, y =Y + 1), the equation of the
curve changes to
X2 =@y +DHY?Z2 (2)

Now equating to zero, the lowest degree terms in (2), the tangents at the new origin
are given by Y’ 2_- X2 orY =+ X.The two tangents being real and distinct, the new

origin is a node. Hence the double point (2,1) is a node.
Problem 10(iii): Determine the position and character of the double points on the curve
2 - —7% +4y+15r-13=0.
Solution: The equation of the given curve is
Flx, p)=x3 =y -7 +4p+15r—13=0. (1)
We have 8f/8x=3x2—14x+15 and Jof /dy=—-2y+4

For the double points,
of /ox=0,9f/dy=0 and f(x, y)=0.

Here of /ox =0 gives 3¢ —14x+15=0

ie., 327 —9x=5x+15=0

ie., (x=3)Bx=5)=0 ie, x=3,5/3
and of /dy=0gives—2y+4=0 ic, y=2

" The possible double points are (3,2) and (5 /3, 2). Out of these only (3, 2) satisfies
the equation of the curve. Hence (3, 2) is the only double point of the given curve.

Nature of the double point (3, 2).
Now P flad =6x—14,8 f/axrdy=0,0"f/* y=-2

2
At the point (3, 2), we have ﬂ:4, 82f :O,%:—Z
oy g

2
2 2 2
At the point (3,2), we have I f =0 andL-u:—S.
ox dy a9

—

2
Thus at the point (3,2), we have ﬁ ﬁ . 827{
awdy ) ol oy

Therefore there is a node at the point (3,2).
Alternative method for finding the nature of the double point (3, 2).

Shifting the origin to the point (3, 2), the equation of the curve becomes
(x+3° —(p+27 =7 (x+37 +4(yp+2)+15(x+3)-13=0
or O 497 +27x+27 - y* —4y—4-7 —42x - 63
+4y+8+15x+45-13=0
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or O+ 242 —yz =0. ..(2)

Equating to zero the lowest degree terms in (2), the tangents at the new origin are
yz 27 =0 e, yz =27 e, y=1txV2

Thus there are two real and distinct tangents at the new origin. Therefore the new

origin is a node.

Hence there is a node at the point (3,2) on the given curve.

Problem 10 (iv): Determine the position and character of the double points on the curve

VY —x(x—a) =0,(a>0).

Solution: The equation of the given curve is

f(x, y)=y* —x(x—a) =0. ()
We have 8f/8x=—(x—u)2—2x(x—a):—(x—a)(3x—a)
and o /dy=2y.
For double points, df /dx =0, df /dy =0 and f (x, y)=0.
Here df /ox=0gives (x—a)(Bx—a)=0iex=a,a/3
and df /dy =0 gives y =0.

. The possible double points are (a,0), (a/3,0).
Out of these only (4, 0) satisfies the equation of the curve. Therefore (a,0)1is the only
double point on the given curve.
Nature of the double point at (a, 0). Shifting the origin to the point (4,0), the
equation of the curve becomes
J2 —(x+a) @ =0. - (2)
Equating to zero the lowest degree terms in (2), the tangents at the new origin are
yz —a =0 e, yz —a’ e, y=xtar.
Thus there are two real and distinct tangents at the new origin. Therefore the new origin
is a node.

Hence there is a node at the point (a,0) on the given curve.

Problem 10 (v): Determine the position and character of the double points on the curve
2 3

y°-x =0.
Solution: The equation of the given curve is

fxy)=y* -2 =0 )
We have af/ax:—sz and of /dy =2 y.

For double points, df /ox =0, df /dy =0 and f (x, y)=0.
The only double point of (1) is (0, 0).
Equating to zero the lowest degree terms in (1), the tangents to (1) at the origin are
y2 =0 ie, y=0and y=0.
Origin is either a cusp or a conjugate point.
Now from (1), we have y =+ \/(xg ).
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For small values of x #0 , the values of y are real when x is +ive and are imaginary
when x is —ive.

Also when x is +ive, the two values of y are of opposite signs.
Hence there is a single cusp of the first kind at the origin (0, 0) on the right side of the
_y-axis.

Problem 10 (vi): Determine the position and character of the double points on the curve
a4y2 =x4 (az —xz).

Solution: The equation of the given curve is

fy)=dy? ot (@ -2)=0. (1)
We have I /ar=—-40 (a® — 2)+ 20 =22 (38 - 24°)
and o 1y =24 y.

For double points, df /dx =0, d9f /dy =0 and f (x, y)=0.
Here df /ax=0 gives x=0,2V(2/3)a and df/Jy =0 gives y =0.
The possible double points are (0, 0), (V(2/3) a,0), (~=V(2/3) a, 0).
Out of these only (0, 0) satisfies the equation of the curve. Therefore (0, 0) is the only
double point on the given curve.

Nature of the double point at (0, 0). Equating to zero the lowest degree terms in
(1), the tangents to (1) at (0, 0) are given by

a4y2 =0 ie, y=0 and y=0.

Origin is either a cusp or a conjugate point.
Now from (1), we have y =% L \/(a2x4 - x6): * L \/(a2x4 ),
P P

keeping only the lowest degree terms in x under the radical sign.
For small values of x # 0, the values of y are real both when x is +ive and x is —ive.

Also the two values of y are of opposite signs both when x is +ive and x is —ive.
Hence there is a double cusp of the first kind at (0, 0).

Problem 10 (vii): Determine the position and character of the double points on the curve
= 9-2)

Solution: The equation of the given curve is

Flxy)= 97 -2 (9-)=0. (1)
We have I /ox=-2x(9—x)+2: =2x (2 —9)and o /Iy =27.
For double points 9f /dx=0, df /dp =0 and f (x, y)=0.
Here df /ox =0 gives x=0,%3/V2 and df /9y =0 gives y =0.

. The possible double points are (0, 0), (3 /N2,0), (=3/42,0). Out of these only
(0,0) satisfies the equation of the curve. Therefore (0, 0) is the only double point on
the given curve.

Equating to zero the lowest degree terms in (1), the tangents to (1) at (0, 0) are
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yz -9 =0 e, y2:9x2 ie, y==*3x.

Thus there are two real and distinct tangents at (0, 0). Hence origin is a node on the
given curve.

Problem 11: Find the position and nature of double points on the curve
2yt =ta+ P 07 - 57
if (i) b>a, (i) b=a, (iii) b<a.
r— _2,2 2 2 2\
Solution: Here f(x, y)=x"y° —(a+ y)y (b* — y*)=0. (1)
(@ /x) =297,
(O /) =22y =2(a+ ) = y*) + 2y (a+ p).
For the double points, (df /dx) =0, (df /dy) =0 and f =0.

Now (df /ox)=0 givesZ;g;z =0orx=0, y=0 and (9f/dy) =0 gives
28y =2(a+ y)(b* = y*)+ 2y (a+ yy =0

or (a+y)[y(u+y)—(b2—J/Z)]:O,whenx:O

or (y+a)2y* +ap-b>)=0. (2)

When x=0, y=—aor y=[-az \/(a2 + 8b2)]/4.
For y =0, df /dy =0 gives no value of x.
The possible double points are (0, - a),(0,{-a* \/(u2 + 8172) 1/4).
Out of these only (0, — a) satisfies the given equation of the curve.
. (0, —a)is the only double point on the given curve.
Nature of (0, —a) : Shifting the origin to (0,-a) by putting x=X+ 0 and
y =Y —ain (1), the given equation becomes
X2 (Y —aP ={a+Y —aP (B> —(Y —a})
or (Y2 —2aY + a®) X2 =Y? (1 - a® +2aY -Y?) .(3)
Equating to zero, the lowest degree terms in (3), the tangents at the new origin are
given by
@ -1 Y2 +a® X2 =0orV(b? —a®)Y =+ aX. .(4)
When b > 4, the two tangents given by (4) are real and distinct.
The new origin is a node. Hence when b > 4, the point (0, — a) is a node on the
given curve.
When b = a, the two tangents given by (4) become X =0, X =0 which are real and
coincident.
. The new origin is a cusp or a conjugate point.
Putting b = 4, the equation (3) becomes
(Y2 —2aY + a®) X* =Y? (2aY =Y ?). .(5)




Singular Points : Curve Tracing

(D320,

Now for the curve (5) the tangent at the origin is X =0, Let X = p. Putting X = p in
(5), we get
2o 2aY3 -yt 24y
Y2 ~2aY + a® 2

neglecting — Y% in the numerator and Y2 — 2 4Y in the denominator.

Now for small +ive values of Y, pis real and the two values of pare of opposite signs.
Also for numerically small negative values of Y, pis imaginary. Thus, in the
neighbourhood of origin the curve lies only on one side of the line Y = 0 and the two
branches of the curve lie on opposite sides of the common tangent X =0. Hence for
the curve (5) there is a single cusp of the first kind at the origin. Hence when b =g,
the point (0, — a) is a single cusp of the first kind on the given curve.

When b < a, the two tangents given by (4) become imaginary. Hence the new origin

i.e., the point (0, — ) on the given curve is a conjugate point.

Problem 12: Discuss the nature of double points of the curve
(x+ pP =V2(y-x+27

Solution: Here f(x, p)=(x+ ) —V2(y—x+27 =0. (1)
(f /ox) =3 (x+ p)P +2V2(y—x+2),

and (3f/3y)=3(x+y)2—2\/2(y—x+2).

For double points we must have%zO,%zO

and f=0.

Now df /ax =0 gives 3 (x + y)2 +2\/2(y—x+2)=0 ..(2)

and 9f /9y =0 gives3 (x+ pf —2V2(y—x+2)=0. (3)

Adding (2) and (3), we get x + y =0.

Subtracting (3) from (2), we get y —x+2=0.

Solving these equations, we get x=1, y = - 1.

Also (1, - 1) satisfies the equation of the given curve. Hence (1, - 1) is a double

point.
Shifting the origin to (I, — 1), the given equation of the curve reduces to

(X+1+Y =17 =N2(Y =1- X -1+2)
or (X+Y)P =N2(y - X7 (4)
Equating to zero, the lowest degree terms in (4), the tangents at the new origin
(I, = 1) are given by (Y - X)2 =0,ie.,Y — X=0,Y — X =0 are two real and
coincident tangents at the new origin.
. The new origin (I, — 1)is either a cusp or a conjugate point. In equation (4), putting
Y - X=pic,Y =p+ X, we get

@X + py =N2p7
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or P+ (6X -N2)+ 12X p+8X3 =0
or (6X —=2) # +12X% p+8X3 =0. [neglecting p* as p— 0]

_-12X% + V44x? -32X3 (6X —2))
2(6X —V2)
_-6X* £N(8V2X° —12x%)
(6X —2)
—6X2 +N(8V2X3) .
= 6X_V2) ,neglecting 12x4,

When X is +ive and small pis real and the two values of p are of opposite signs.

When X is —ive and small pis imaginary.
Thus there is a single cusp of the first kind at the new origin.
Hence on the given curve the double point (I, — 1) is a single cusp of the first species.

Problem 13:  Show that the curve (xy + I)2 + (v - 1)3 (x=2)=0 has a single cusp of
the first species at the point (1, —1).
Solution: The given curve is

(p + 1P + (x=1)° (x=2)=0. (1)
The point (1, —1) satisfies the equation (1) and so it lies on (1).
Shifting the origin to (I, —1), the equation (1) becomes

[(x+D(y-D+12 + 2 (x-1)=0
or [y-(x= )P+ (x=1)=0
or xzy —2xp(x = p)+ (x - _y) ( -1)=0 ...(2)
Equating to zero the lowest degree terms in (2), the tangents to (2) at the new origin
are

(x—y)2 =0 ie, x—y=0,x—y=0.
. The new origin is either a cusp or a conjugate point.

In equation (2), putting x — y = pi.ec, y =x— p, we get

xz(x—p)2—2x(x— p2+,r°’

or x4—2x3p+x2p2 2x2p+2xp2 pz+x3 x—=1)=
or P2 +2x+ 1) =28 +22) p+ 244 =3 =0
or pz(v+1 22 (x+1) p+2x -8 =0.
2 (e DV e+ 1 4 1P @0 - )
2 (x+ 1y

_22 (D 20+ DVEE - 24t + )
2(x + 1)
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:xz(x+1)i(x+1)wx3>7

(x+ l)2
keeping only the lowest degree terms in x under the radical sign.
2t - 3 _—
Also pb = = )
P20 v 12 (412

keeping only the lowest degree terms in x in the numerator.

For small values of x # 0, the values of p are real when x is + ive and are imaginary
when x is —ive.

Also when x is positive, 3 is —ive i.e., the two values of p are of opposite signs.
Hence the new origin on the curve (2) is a single cusp of the first kind.

Hence the given curve (1) has a single cusp of the first species at the point (1, -1).

Comprehensive Problems 3

Problem 1: Trace the curve x3y =x+1

Solution: The given curve may be written as
y=(x+D)/P =1/2)+ 115
(i) No symmetry.
(ii) The curve does not pass through the origin.
(iii) When y =0, x = — I; when x = 0, we do not get any value of y. Hence the curve
cuts the coordinate axes only at the point (—1,0).
(iv) Asymptotes parallel to x-axis : y =0 ie., x-axis. Asymptotes parallel to y-axis :
x> =0 or x=0ic., y-axis.
(v) When x is positive, y is positive ; when x— e, y — 0; when x — 0 from the
right, y — eo; when x — 0 from the left, y - — 0. Atx=-1, y=0.
When x< -1, y is positive ; when x — — e, y — 0.

Hence when x> 0, the curve is in the first quadrant, when — 1 < x <0, the curve
is in the third quadrant and when x < — I, the curve is in the second quadrant.

(vi) Special points :

X —e -2 -1 1 -0
9
o L 0.4 -
J 8
xr +0 1 2 )
3
J 8
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Hence the curve is as shown in the figure.

i

Problem 2: Trace the curve x=(y —1)(y —2)(y - 3).

(Purvanchal 2006; Kanpur 09)

Solution: (i) The curve is not symmetrical about the coordinate axes or about the
line x = y or in opposite quadrants.

(ii)
(iii)

(iv)

The curve does not pass through the origin.

Taking y as the independent variable, we have

when y=0,x=-6;when y=1,x=0.

When O < y <1, xis negative, as then all the three factors are negative.

When 1< y<2,xis positive as one factor is +ive and two are —ive. Also x
becomes zero at y =2.

When 2 < y < 3, xis negative and x becomes zero at y = 3.

When y > 3, xis positive. As y — oo, x — oo

When y <0, xis negative and when y — —co, x — — oo,

When y — + oo, x — % o For very large values of y, xis approximately equal to
v

Hence there are no linear asymptotes.

3 3 5 3
When y==,x==;when y== ,x=-=-
J 2 8 J 2 8

Hence the shape of the curve is as shown in the figure.

1" s
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Problem 3: Trace the curve y = x (x2 -1). (Garhwal 2002)
Solution: (i) There is symmetry in opposite quadrants.
[ By putting — x for x and — y for y, the equation
of the curve remains unchanged]
(ii) The curve passes through (0,0). Tangent at the origin is y = — x.
(iii) When y=0,x=0,%= Lwhenx=0, y =0.
Hence the curve intersects the coordinate axes at the points (0,0), (£ 1,0).
From the equation of the curve, dy /dr=3x> —1. At (£1,0), dy/dx=2 ie.,
tangents at the points (t 1,0) make an angle lying between 60° and 90° with
the positive direction of x-axis.
(iv) No asymptotes.
(v) When x lies between O and 1, y is negative.
When x> 1, yis positive and when x — oo, y — oo,
(vi) Special points :

X 0

ow NI

Trace the curve first on the right hand side of the x-axis (i.c., in I and IV quadrants)
and then by symmetry on the left hand side of the x-axis (i.c.,in Il and III quadrants).
The curve is as shown in the figure.

b
R
\\‘\ﬁ
\:"‘.
(=1, O) S
V] (L, o ¥

¥

Problem 4: Trace the curve y2 =4ax. (Parabola)
Solution: The curve y2 = 4ax

(i) The power of y in the equation is even so the curve is symmetric about the
X-axis.

(ii) the curve passes through the origin and the tangent at the origin and the
tangent at the origin are 4ax =0 i.e., x =0.

(iii) The curve meets the co-ordinate axes only at the origin .
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(iv) The curve has no asymptotes.
(v) For the negative value of x, yis imaginarﬁr Wk
then no part of curve in ' and vt
quadrant at x — co = y — o,
Taking all these facts into consideration, the
shape of the curve is as shown in figure.

L 4

Yoo

Problem 5: Trace the curve )912 =4a® 2a - x).  (Witch of Agnesi)

Solution: (i) The curve is symmetrical about the axis of x.

(ii) The curve does not pass through the origin.
(iii) When y =0,2a —x=0orx=2a.
The curve crosses the x-axis at (24,0).
When x = 0,we do not get any value of y and so the curve does not meet the y-axis.
Shifting the origin to (24, 0) the equation to the curve becomes
(x+ 2a) yz =44 (2a — x—=2a) or yzx + 2@/2 +4a’x =0. (1)
Equating to zero, the lowest degree terms in (1), the equation of tangent at the new
origin is x =0 i.c., the new y-axis.
Thus the tangent to the given curve at the point (2a,0) is parallel to y-axis.

(iv) The asymptote of the curve parallel to y-axis is x =0 ie., the y-axis and we note
that the curve has no other real asymptotes.
(v) Solving the equation of the curve for y, we have

yz = {4112 (2a-x)}/x
When x— 0 from the right y2 — oo showing that the line o
x=0 is an asymptote. When x=2a, y=0. When
0 < x<2a, yis real and so the curve exists in this region.

When x> 2a, yisimaginary and the curve does not exist for :{ _—

x>2a. When x<0, y is again imaginary and so the curve
does not exist in the region where x is —ive. When x x 9 X

decreases from 2a to 0O, y2 increases from O to e. Thus the

shape of the curve is as shown in the figure.
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Problem 6: Trace the curve ¥ yz = ()rZ + yz ). (Gorakhpur 2006)

Solution: (i) The curve is symmetrical about both the axes.
(ii) The curve passes through the origin.

Equating to zero, the lowest degree ¥
terms of the given curve, the tangents at
the origin are 2+ yz =0or yz =— 2
i.e., two imaginary tangents. Hence (0,0)
is a conjugate point i.e., an isolated point.
(i) The curve does not meet the ' |  x=a
coordinate axes.

(iv) Equating to zero the coefficients of |
highest powers of x and y, the !
asymptotes parallel to the coordinate |
axesare x=*aand y=%a. :

i

(v) Solving the given equation for y, v
we get

y2 =a?2 /(P - ).
When O < x<a, y2 is negative ie., y is imaginary and so the curve does not exist in

this region. When x — a from the right, yz — oo,

When x> a, y is real and so the curve exists in this region. When x — oo, y2 >a’

showing the fact that the lines y =+ a are asymptotes of the curve.
Similarly, we find that the curve does not exist in the region 0 < y < a.It exists in the
region where y>aand as y — oo, 2o showing the fact that the lines x = + a are

asymptotes of the curve. Combining all these facts we see that the shape of the curve
is as shown in the figure.

Problem 7: Trace the curve y ()c2 -1)= (x2 +1).
(Bundelkhand 2001; Garhwal 02, 08, 11, 14; Kashi 11)

Solution: We have y = (x2 + 1)/()(2 -1)
or y=1+2/(-1)
or y=—1+22/(F -1).

(i) The curve is symmetrical about y-axis.

(ii) The curve does not pass through the origin.
(iii) When y =0, xis imaginary; when x =0, y = -1
Hence the curve cuts the coordinate axes only at the point (0, —1).
From the equation of the curve, dy /dx = - 4x /(¥ - 17

At the point (0, — 1), dy / dx = 0 i.e., the tangent to the curve at this point is parallel
to the x-axis.
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(iv) The curve isy(x2 —1)—)(2 -1=0.

Asymptote parallel to x-axisis y —1=0 ¥

or y=1I P

Asymptotes parallel to y-axis are :

2 -1=0 or x=%1 :

(v)  When 0 < x<1, y is negative and less :

than - 1. o

Atx =0, y =-1.When x — I from the left, o : 17 :
1
1

y——o and when x—1 from the right :;‘,— Col-n
Y > oo,

When x> 1, yis positive and greater than 1.
Hence when 0 < x<1, the curve is in the
IVth quadrant below the line y = -1

and when x>1, the curve is in the Ist
quadrant above the line y =1. vy

(iv) Special points :
x= 0 1/2 2 3 — o
y= -1 =5/3 5/3 5/4 -1

. The curve is as shown in the figure.

Problem 8: Trace the curve y (¥ +4a®)=8d>. (Agra 2008)
Solution: We have y = 8a3 /()c2 + 4a> ). (1)

(i) The curve is symmetrical about y-axis.
(ii) The curve does not pass through the origin.
(iii) When y =0, we get no value of x; when x=0, y =2a.
Hence the curve cuts the coordinate axes only at the point (0, 2a).

Shifting the origin to the point (0, 2a) the equation of the curve becomes
(y +2a) (¥ + 4a”) = 84>
or x2y+4a2y+2w(2=0.
Equating to zero the lowest degree terms in it, we get the tangent at the new origin as
4a” y =0 ie., y =0.Thus the new x-axis is tangent at the new origin.
(iv) Asymptote parallel to x-axis is y = 0.
Asymptotes parallel to y-axis are given by 2 +4a> =0 or ¥ =—4d’ ic., imaginary
asymptotes.

(v) For all values of x, y is positive ie., the curve lies in I and II quadrants. Also y is
greatest when 2 is 0. Thus the greatest value of y is 2a.
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(vi) Special points :

Y
X 0 a 2a — oo {Za, 1)
v 2a 8a/5 a — 0. /\
< = 5
First trace the curve on the right hand side of
¥y

the y-axis and then by symmetry on its left
hand side. The curve is as shown in the figure.

Problem 9: Trace the curve y2 1- i )= e 1+ P ).
(Agra 2001; Meerut 07B; Bundellkkhand 07, 10)

Solution: (i) The given curve is symmetrical about both the axes.

(ii) The curve passes through the origin. The tangents at origin are
yz -2 =0 ie, y=%ux
Since there are two real and distinct tangents at the origin, the origin is a node on the

curve.

(iii) The curve cuts the x-axis where y =0.Putting y =0 in the equation of the curve
we get e I+ 2 ) =0.The only real value of x satisfying this equation is x = 0. So the

curve cuts the x-axis only at the origin. Similarly we observe that the curve cuts the
_y-axis only at the origin.
21+ 2
1- 22

(iv) Solving the equation of the curve for y, we get yz =

When x:O,y2 =0ie., y=0. Whenx— 1, y2 — oo,

Therefore x =1is an asymptote of the curve. When0 < x<1, yz is positive and so y is
real.

Therefore the curve exists in this region.

When x>1, y2 is negative and so y is imaginary. Therefore the curve does not exist in
the region where x>1.

We need not consider the negative values of x as the curve is symmetrical about the
y-axis and so it can be drawn by symmetry in the region where x < 0.

(v) The asymptotes of the curve parallel to y-axis are given by 1 — 2 =0.Thusx==1

are two asymptotes of the curve.
To find the other asymptotes, if there are any, the equation of the curve can be

written as
y2)2+x4+)2—y2=0.
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Putting y = m and x =1 in the highest degree
ie., 4 degree terms of the equation of the
curve, we get ¢4 (m)= n? + 1. The equation
04 (m)=0 ie., m3 + 1 =0 gives no real values
of m. So the curve has no other asymptotes.
(vi) In the positive quadrant, we have
2 _ 2 1+ 2
g 1- 2

-y 1+ )
Y 1- 42

When O < x<1, y> x. Therefore the curve lies
above the line y = x which is tangent at the
origin.

B 4

,0<x<l or

Combining all these facts the shape of the curve is as shown in the figure.

Problem 10(i): Trace the curve a2y2 =2 (a® - ). (Kumaun 2002; Garhwal 03)

Solution: (i) The curve is symmetrical about both the axes.
(ii) The curve passes through the origin.
Equating to zero the lowest degree terms in the given equation, tangents at the origin
are given by a® y* —a® #* =0 or y == x. These being real and disti
given by a” y© —a =0 or y =1 x. These being real and distinct, origin is a
node.
(iii) When p=0,x=0,%a ie., the curve crosses the x-axis at (0,0),(a,0) and
(=a,0). When x=0, y=0 and so the curve meets the y-axis only at the origin.
Shifting the origin to (a,0), the equation of the curve becomes
@ y? =(x+af [ —(x+af]
or a2y2:(x+a)2 [—Zux—xz].
The tangent at the new origin (a,0)is x =0 ie., the new y-axis.

(iv) Solving the equation of the curve for y, we have
P2 =2 (@ -2 )

When x=0, y=0 and when x=4, y=0. o
When O < x<a, y is real and so the curve

exists in this region. When x> g, yz is b
negative or y is imaginary and so the curve !

does not exist in the region where x> a. -a, ) ¥

(v) No asymptotes. ! » -

Thus the shape of the curve is as shown in ; .
the figure.
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Problem 10(ii): Trace the curve ay2 = (a—x).
Solution: We have ¥ + a ( y2 e )=0. (1)
(i) The curve is symmetrical about x-axis.
(ii) The curve passes through (0,0).
Tangents at the origin are y2 - =0or y=tx.
(iii) Whenx=0, y=0;when y=0,x=0,a.
Hence the curve cuts the coordinates axes at the points (0,0),(a,0).
Differentiating (1), 2ay (dy / dx) = 2ax — 342,
At (a,0),dy /dx=— oo ;
tangent at (a,0)is parallel to y-axis.
(iv) No asymptotes.
(v) From (1), y=+ x V{1 - (x/a)).
Atx=0,y=0.
WhenO < x<a, yis real and is numerically less than x . Hence the curve exists in the
region 0 < x < a and in the first quadrant it lies below the line y = x.

When x>a, y is imaginary and therefore b .
the curve does not lie on the right hand side . P
of the linex=a. 3 7

When x<0, y is real and is numerically . O
i

greater than x . Hence the curve exists when }‘{:
x¥< 0 and in the third quadrant it lies below . - |
the line y = x. N "'.;‘\.\ '
When x — —eo, y— £ oo, {,’ "L“'

First trace the curve in the Ist and Illrd
quadrants and then by symmetry
about x-axis in IInd and IVth quadrants. The shape is as shown in the figure.

Problem 11: Trace the curve a* y2 = (2a - x).

Solution: (i) The curve is symmetrical about x-axis.

(ii) The curve passes through the origin and tangents at the origin are y2 =0ie,
y =0, y=0.50 a cusp is expected at the origin.

(iii) When y =0, x =0,2ai.c., the curve crosses the x-axis at (0,0) and (24,0). When
x=0, y =0 and so the curve meets the y-axis only at the origin. Shifting the origin to
(2a,0), the equation of the curve transforms to

a2y2 =(x+ 2»1)3 2a-x-2a)=—x(x+ 2a)3.
Tangent at the new origin (24,0)is x =0 i.e., the new y-axis.
(iv) No asymptotes.
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(v) Solving for y, the equation of curve is
y2 = (2a - x)/a*. Y

When x=0, y=0 and when x=24, y=0. When i
0<x<2a, y2 is +ive ie., y is real and so the curve exists i

)

in this region.
[

sy

When x> 2a, yz is negative i.e., y is imaginary and so the

curve does not exist for x> 2a. !

When x<0, _)/2 is negative i.e., y is imaginary and so the
curve does not exist in the region where x is —ive.

Thus the curve exists only for values of x from x =0 to x = 2a.
Thus the shape of the curve is as shown in the figure.

Problem 12: Trace the curve yz (az + 2 )= e (az - )2)

(Agra 2000, 01; Meerut 01, 03, 12; Kumaun 08, 14; Garhwal 10)
or 2P =A@ - )
Solution: (i) The curve is symmetrical about both the axes.
(ii) The curve passes through the origin. The tangents at the origin are yz =+ or
y ==+ x. These being real and distinct the origin is a node.
(iii) When y=0,x=0,% a ie., the curve crosses the x-axis at (0,0),(s,0) and
(—a,0). When x =0, y =0 and so the curve cuts the y-axis only at the origin.
Shifting the origin to (a,0), the equation of the curve transforms to

y2 {az + (x+ a)2}=(x+ a)z {a2 —(x+ a)z}

or y2 (x2 + 2ax + 2a2):(x+ a)2 (—)c2 — 2ax). ..(2)
Equating to zero, the lowest degree terms in (2), the tangent at the new origin is given
by x =0 ie., the new y-axis.
(iv) Solving for y, we get yz =7 (a2 - )(2)/(ﬂ2 + xz)
When x=0, y=0 and when x=a, y =0. When O < x< 4, y is real and so the curve
exists in this region.

When x> a, yZ is negative i.¢., y is imaginary and so the curve does not exist for x> a.

(v)  No asymptotes.

Combining all these facts, we see that the shape of the curve is as shown in the figure
of Problem 10 (i).

Problem 13: Trace the curve yzx = (x—a). (1)

Solution: (i) The curve is symmetrical about x-axis.
(ii) The curve does not pass through the origin.
(iii) When y =0, x = ai.e., the curve crosses the x-axis at (4,0).

When x = 0,we do not get any value of y and so the curve does not meet the y-axis.




Singular Foints : Curve Tracing

D-341)) A\
Shifting the origin to (a,0) the equation of the curve transforms to

7
Equating to zero the lowest degree terms in (2), the tangent at the new origin is x =0
ie., the new yp-axis.

X+ a)zazx. ..(2)

(iv) Equating to zero, the coefficients of highest powers of x and y in (1), we get
y =% aand x =0 as the asymptotes parallel to the coordinate axes. Also these are the
only asymptotes of the curve.
2

(

(v) From (1), solving for y, we get y2 =a” (x—a)/x

When x = gq, yz =0 and whenO< x<a, yz is —ive ie., y is imaginary and so the

curve does not exist in this region. When AY

]

2 . .. . o

x>a, y° is +ive ie., y is real and so the curve 3o
. . . . »
exists in this region and when x — oo, yz S i
1

]

showing that the lines y =  a are asymptotes
of the curve. Also when x> a, we observe that :
LY
X
I

yz < a®.When x— 0 (from the left), yz — oo 7 @ 0)

showing that the line x =0 (on its left side) is :
asymptote of the curve. When x<0, yz s mo e == de

Iy=-a
+ive ie., y is real and so the curve exists in !

I
this region and when x— —oo, yz >a’ 4 i

I

showing that the lines y = £ a are asymptotes

of the curve. Also when x < 0, we observe that yz >a’.

Combining all these facts we see that the shape of the curve is as shown in the figure.

Problem 14: Trace the curve 9@/2 =x(x— 3a)2.
Solution: We have

9ay® = x (x - 3a) = x (> — 6ax + 9a). (1)
(i) The curve is symmetrical about x-axis.
(ii) The curve passes through (0,0). Tangent at origin is x = 0 i.e., the y-axis.
(iii) When y =0, x =0 and 34; when x =0, y =0.
Hence the curve cuts the coordinate axes at the points (0,0) and (34,0).
Transferring the origin to (34, 0) the equation of the curve becomes

9ay® = (x + 3a) (x + 3a - 3a),

(putting x + 3a for x and y + O for y)

or 9@/2 =(xr+ 3a)x2.
Tangents at the new origin are 9@/2 =3a or y=%1/V3)x

Hence there is a node at the new origin ic., at the point (34,0) on (1) and the two
branches of the curve cross at this point.
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Tangents at (34,0) are parallel to the lines y = £ x/¥3 each of which is inclined at an
angle of 30° to the x-axis.

Again, the curve is

7 =(x=3a) 472 /3472,
dy /dv ={1/(3a" )} (/% + (x—3a)(% 12y

=Bx- Sa)/(6xl/2 a? ).
Therefore at x = a, (dy / dx) = 0 i.c., the tangent to the curve is parallel to the x-axis.
(iv) No asymptotes.

(v) Solving the equation of the curve for y, we have J}Z ={x(x— Sa)2 }/9a.

When x=0, 3 =0 and when x=3a, > =0. ¥
WhenO < x< 3a, yz is +ive i.e., y is real and so
the curve exists in this region. When x> 3a, y2 ~ & ot

is +ive ie., y is real and so the curve exists in N *
this region and when x — oo, y2 — oo,

=R

[ ;
When x<0, _y2 is —ive ie., y is imaginary and < 3a
so the curve does not exist in the region x<0 . - .
Thus the curve does not lie on the left hand : N
side of the y-axis.

(vi) Special points :
x 0 3a 4a 9a — o

y 0 +Zq 0

wWiN D
I+
W N

The curve is as shown in the figure.

Problem 15:  Trace the curve yz (x+a)=(x—a). (Meerut 2004, 06B)

Solution: (i) The curve is symmetrical about x-axis.

(ii) The curve does not pass through (0,0).

(iii) When x =0, y is imaginary, and when x =a, y =0.
The point (a,0) is a single cusp of the first kind.
(iv) Asymptotes parallel to the y-axisis x+ a=0.

The other asymptotes are
y=x-2a,y=—x+2a.
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(v)  When x lies between (—a) and g
a, y is imaginary,
but for all other values of x, y is real.
(vi) Special points.

X —oo -a a 3a oo

)} — 00 oo 0 ﬂ\/i oo

The curve lies above the line

y=x-2a in I quadrant and below

this line in II quadrant, the
approximate shape of the curve is as

shown in the figure .

Problem 16: Trace the curve ¥ y2 =+ y)Z 4 - yz ). (1)
(Agra 2004)

Solution: (i) The curve is symmetrical about y-axis.

(ii) The curve does not pass through (0,0).

(iii) When x =0, y = -1, % 2; when y =0 we get no value of x.

Hence the curve cuts the coordinate axes at the points (0, — 1), (0, £ 2).

Shifting the origin to the point (0, — 1) the equation of the curve becomes

F(y=1P = (s (y=DF (4= (y-17)

or 2 -2p+ )= 3+2y- ).

Therefore the tangents at this new origin are 2= 3y2 ie,y=% (1/N3) x. Thus the

given curve has a node at the point (0, — 1) and the tangents to the two branches of the

curve at this point make angles + 3 n with x-axis.

Now shifting the origin to the point (0, 2) the given equation of the curve becomes
Z (2P =+ (2P (4= (y+27)

or 2 rayr =06+ yF -7 -4y

Therefore the tangent at this new origin is y = 0. Thus at the point (0, 2) on the given

curve the tangent is parallel to x-axis.

Again shifting the origin to the point (0, — 2) the given equation of the curve becomes
Z(y=2F =1+ (=28 (4= (=27}

or 2 (=2 =(=17 (- 5 +49).

Therefore the tangent at this new origin is y =0. Thus at the point (0, —2) on the

given curve the tangent is parallel to x-axis.

(iv) Asymptotes parallel to x-axis are given by y2 =0 .., x-axis is an asymptote and we

note that the curve has no other asymptotes.
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(v) Solving the equation of the curve for x, we get 2= {d+ y)2 4 - y2 ) }/y2.

When y — 0, ¥ = . When 7=2,x=0.When 0 < y<2,xis real and so the curve
exists in this region. When y > 2, xis imaginary and so the curve does not exist in this
region. ¥
When y=-1Lx=0 and when 0.7

y=-2 again x=0. When ==
—-2< y<0,xis real and so the curve /\
exists in this region. But when (]

y < -2, xis imaginary and so the curve - ;
does not exist in this region. ©,-1

Tracing the curve from the above data : |~ .

the curve is as shown in the figure. {0, -2

Problem 17: Trace the curve yz (x+3a)=x(x—a)(x-2a). (Meerut 2005B)
Solution: The given curve is yz (x+3a)=x(x—a)(x—2a). (1)

(i) The curve is symmetrical about the x-axis.
(ii) The curve passes through the origin and the tangent at the origin is x =0 ie.,
the y-axis.
(iii) When y =0, x =0, 4, 2a; when x =0, y =0. Therefore the curve meets the
x-axis at the points (0,0), (4,0), (24,0) and it meets the y-axis only at the origin.
Shifting the origin to the point (4,0), the equation of the curve becomes

7
Therefore the tangent at the new origin is x = 0 i.c., the new y-axis.

x+4a)=(x+a)x(x—a) ie., y2 (x+4a):x(x2 —ll2).

Again shifting the origin to the point (24,0) the equation of the curve becomes
7
Therefore the tangent at this new origin is x =0 i.e., the new y-axis.

X+ 5a)=(x+2a)(x+a)x.

(iv) Solving the equation of the curve for y, we have
2 _ x(x—a)(x-2a)
y = .
X+ 3a

When x =0, yz =0 and when x =g, _y2 =0.When O<x<a, yz is +ive ie., y is real
and so the curve exists in this region and it has a loop between the lines x =0 and
x=a.When x=2a, y2 =0 and when a < x< 2a, yz is —ive i.e., y is imaginary and so
the curve does not exist in this region.
When x> 2a, y2 is +ive ie., y is real and so the curve exists in this region and when
X — oo, y2 — oo,
When x — — 3a (from the left), y2 — oo and so on its left side the line x = — 3a is an

asymptote of the curve.
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When -3a<x<0, y2 is —ive i.e., y is imaginary and so the curve does not exist in this
region.

When x< - 3a, y2 is +ive ie., yis real and so the curve exists in this region and when
X¥— — oo, y2 — oo,

(v) Asymptotes. The curve has an
asymptote parallel to x-axis ie., the line >
x+ 3a =0.Putting y =mand x =1in the
third degree terms in the equation of the
curve, we get ¢3 (m)= n? —1. The

¥a

equation ¢3 (m)=0 gives n —1=0 ie.,
m==x 1. Also ¢g (7n)=3an12 + 3a.

Now ¢ is given by
¢ 0’3 (m)+ oo (m)=0

ie., ¢ (2m)+ 3ant + 3a =0.
When m =1, ¢ = — 3a and when

m=-1,c=3a. -
Hence the oblique asymptotes of the //I
curve are y=x-3a and y=-x+3a.

Both these lines pass through the point (34,0) and they make angles + 45° with the
X-axis.

Combining all these facts the shape of the curve is as shown in the above figure.

Problem 18: Trace the curve a3y2 =(x- a)4 (x=D),a>D.

Solution: (i). The curve is symmetrical about x-axis.
(ii) The curve does not pass through the origin.
(iii) When y =0, x = a, b; when x =0, y is imaginary.
Hence the curve cuts the coordinate axes at the points (4,0) and (5,0).
Shifting the origin to the point (a,0) the equation of the curve becomes
agyz =i (x+a-D).
Therefore the tangents at this new origin are
a3y2 =0iec,y=0, y=0.
Thus the new x-axis is tangent at this new origin and this new origin may be a cusp.
Again shifting the origin to the point (b, 0) the equation of the curve becomes
)4

a3y2 =(x+b-a) x

Therefore the tangent at this new origin is x = 0. Thus the new y-axis is tangent at this
new origin.
(iv) The curve has no asymptotes.
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(v) Solving the equation of the curve for y, we have

2 _(r—a)f! (=),
A B
a
When x=0, y is imaginary and when
x=b, y=0.
When 0 < x< b, y2 is —ive ie., y is imaginary
and so the curve does not exist in this region.

When x=4, y=0 and when b<x<a, y is
real and so the curve exists in this region.
When x>a, y is real and so the curve exists
in this region and when x — oo, y — oo,

When x<0, y is —ive ie., y is imaginary and
so the curve does not exist in this region.
Hence the curve is as shown in the figure.

Problem 19: Trace the curve yz 2 - 1)=

Solution: (i) The curve is symmetrical about the x-axis.

(1)

(ii) The curve passes through the origin. Equating to zero the lowest degree terms
in (1), the equation of tangent at the origin is x =0 ie., y-axis.

(iii) The curve meets the coordinate axes only at (0,0).

(iv) Asymptotes parallel to coordinate axes are obtained by equating to zero the
coefficients of the highest powers of xand yin (1). Thus y =0, y=0and x==*1
are the asymptotes of the given curve and these are the only asymptotes of the
curve because the curve is of degree 4 and so it cannot have more than four

asymptotes.
(v) Solving the equation of the curve for y,
we have

2 =x/(# -1)

=x/{(x=1)(x+1)}

When 0 < x<1, y2 is —ive i.e., y is imaginary
and so the Curve does not exist in this region.
When x> 1, y is +ive i.e., yis real and so the

curve ex1sts in this region and when
X —> oo, y — 0 showing that the line y =0 is

—
'
Il

=

Y

—

L

]
1
]
1
I
]
i
1
1
|
]
|
1
|

an asymptote of the curve. When x — 1 (from the right) y2 — e showing that the line

x =1 (on its right side) is an asymptote of the curve. When x — -1 (but from the
right), y2 — oo showing that the line x = — 1 is an asymptote of the curve.

When -1< x<0, y2 is +ive ie., y is real and so the curve exists in this region. When

r<-1, yl is —ive ie., y is imaginary and so the curve does not exist in this region.

Combining all these facts we see that the shape of the curve is as shown in the figure.
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Problem 20: Trace the curve x (x — 2a) y2 = (x—a)(x—3a).

Solution: (i) The curve is symmetrical about the axis of x.
(ii) The curve does not pass through the origin.
(iii) When y =0, x = a, 3a; when x = 0, we do not get any value of y.
Hence the curve cuts the coordinate axes at the points (4,0),(34,0).
Transferring the origin to the points (4,0),(34,0) respectively, we find that the
tangents at these points are parallel to the y-axis.
(iv) Asymptotes parallel to x-axis : yZ —a> =0 or y=ta.
Asymptotes parallel to y-axis : x (x —2a)=0 or x=0, x = 2a.
(v) Solving the equation of the curve for y,we have
9 _a® (x—a)(x—3a)
N x(x—2a)
When O < x<a, y2 is —ive ie., y is imaginary and so the curve does not exist in this

region. When x = 4, yz =0.

9. MY
When a< x<2a, y© is +ive ie., y |
is real and so the curve exists in :
this region. When x— 2a (from !
the left), yz — oo showing that on :
I

its left side the line x=2a is an
asymptote of the curve. When
x =3a, yz =0 and when

i

2a

[

[

[

o [

2a < x<3a, y2 is —ive and so the i
[

curve does not exist in this region. _ | 1 T s
When x> 3a, yz is +ive and so

the curve exists in this region.
When x— oo, y2 - showing

[
|
[
[
|
that the lines y=+%a are '
asymptotes of the curve. Also when x > 3a, we observe that y2 <a® . Whenx<0, yz is

+ive ie., yis real and so the curve exists in this region. When x — O (from the left),
y2 — oo and so on its left side the line x =0 is an asymptote of the curve. When

X— —oo, y2 > d® showing that the lines y = a are asymptotes of the curve. Also
when x < 0, we observe that y2 >a. Combining all these facts the shape of the curve

is as drawn in the figure.
Problem 21: Trace the curve y2 =(x—a)(x=Db)(x—c), wherea>bh> c. ..(1)

Solution: (i) The curve is symmetrical about x-axis.

(ii)  The curve does not pass through the origin.
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(iii) From the equation of the curve when y =0, we get x=a4,b,¢ ic., the curve
crosses the x-axis at (a,0), (b,0) and (¢, 0). Again putting x =0 in the equation of the
curve we get yz = — abc which gives imaginary values of y and so the curve does not
cut the y-axis.
Shifting the origin to (a,0) the equation of the curve transforms to

P =x(x+a-b)(x+a-c). (2)

Equating to zero, the lowest degree terms in (2) we find that the tangent at the new
origin is x =0 ie., the new y-axis. Thus on the given curve the tangent at (4,0) is
parallel to the y-axis.
Similarly the tangents at (b,0) and (¢, 0) are the lines through them parallel to the
y-axis.
(iv) The curve has no asymptotes.
(v)  Solving the equation of the curve for y, we have

J;z =(x—a)(x—Db)(x—c).
When x< ¢, yz is —ive, i.e., y is imaginary and so the curve does not exist in the region
x<c ie.,to the left of the line x = ¢.
When x=¢, y =0.
When ¢ < x< b (where b > ¢), y2 is positive ie., y is real and so the curve exists in this
region.
When x=b, y =0. ¥

This implies that there is a loop between
x=cand x=h.

When b<x<a (where a>Db), yz is

negative ie., y is imaginary and so the

curve does not exist between the lines f r.‘I B 2 ;

x=band x=a. | Ir

At x=a, y=0. When x> g, y2 is +ive ) !

and so the curve exists in the region x> a .

Also as x — oo, yz — oo,

(Vi) Asx— oo, (dy /dx)— oo

i.e., the curve ultimately becomes parallel to y-axis.

Combining all these facts we see that the shape of the curve is as shown in the figure.
Comprehensive Problems 4

Problem 1: Trace the curve r =2a cos 0. (Circle)

Solution: We have r =2a cos 6. (1)

Multiplying both sides by r, we have = 2ar cos 6.
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Changing to cartesians, we get
2+ y2 =2ax.
[ =t yz and x =71 cos 0] o

-y

This is the equation of a circle with centre (a,0) and
the radius a. Thus r = 2a cos @ is the equation of a
circle passing through the pole and the diameter
through the pole as initial line.

Problem 2: Trace the curve r = a (1 — cos 0). (Cardioid)

(Meerut 2001; Lucknow 09)
Solution: (i) The curve is symmetrical about the initial line.
(ii) We have r =0 when 1 — cos 8 =0 or cos 6 =1 or 8 =0. Therefore the line 6 =0 is
tangent to the curve at the pole.
(iii) We have  dr/d® = asin 6.

Therefore cot o= Ldr_ _asin _ cot 1 0.

rdo a(l- cos6) 2

Now ¢ =90° when %6:% nie.,0=m Thus at

»Y
the point 6=m the tangent to the curve is
perpendicular to the radius vector. \
[
(iv) Table showing corresponding values of @ and r = ¢ u=n
: ] X
1 1 2
=0 -= . “n T
3 2 3 ' )
r=0 L a “a 3 a 2a
2 2

Thus as 6 increases from O to , r also increases
from O to 2a.

Hence the curve is as shown in the figure.

Problem 3: Trace the curve r = a + b cos 0, when a > b. (Limacon)
(Meerut 2000; Agra 01)
Solution: (i) The curve is symmetrical about the initial line.
(ii) We have r =0 whena + b cos6=0
Le., 0=cos! (—alb).
Since a > b, therefore (a/b)>1 and so cos ™! (= a/b) gives no real values of 6. Thus in

the given curve, r cannot be equal to zero.

r is maximum when cos8=1 ic.,0=0.
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Then r=a+b.
Also ris minimum when cos 8 = —1i.¢.,0 = n . Then r = a — b, which is positive because
a>bh.

(i) j—; =—bsin6. When 0<0< m,dr/d6 is throughout negative. Therefore r

decreases continuously as 6 increases from O to w.

Also tan¢:r@:_7a+bcose_
dr sin @

We have ¢=90° when 8=0 and 7. Therefore at the points =0 and 8 = =, the
tangent to the curve is perpendicular to the radius vector.

(iv) The following table gives the corresponding values of r and 6.

0 0 n/3 n/2 2n/3 T
1 1
r b + =D -—b -
7 a+ a 3 a a 3 a-b
Yap="
2
I I
1 1
] ]
(a=b, m) (a+b,0)
= 0=nm | O |6=0 X
l l
I I
v

The variation of 8 from 7 to 21 need not be considered because of the symmetry about
the initial line. Hence the curve is as shown in the figure.

Problem 4:  Trace the curve r* = a® cos 26. (Lemniscate of Bernouli)
(Meerut 2002, 08; Lucknow 05, 11; Agra 07; Kumaun 13)

Solution: (i) The curve is symmetrical about the initial line and it is also symmetrical
about the pole.

(ii) When r=0,cos20=0 or 29:i%n
ie., 0=+ l .
4
Therefore the lines 6 = + %n are the tangents to the curve at the pole.

When 0 =0, r = a. Also the greatest value of the radius vector of this curve is a.

(iii) Table showing variation of r as 6 varies from O to 7 :
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0=0 l1t ln lrc<9<§1r §rc En T
6 4 4 4 4 6
=g L2 0 —ive 0 L2 a2
2 2
r=ta *a/VN2 0 imaginary 0 +a/N2 * a.
Hence the shape of the curve is as shown in the figure.
¥
=T
~ ’-{]_4
% r
P g
Vi el L
i [ B
# ™
I _\‘.E
9=3

Problem 5:  Trace the curve > = a” sin 26. (Lemniscate)

Solution: (i) The given curve is not symmetrical about the initial line, but it is
symmetrical about the pole.

(i) We have r =0 whensin20=01i¢.,20 =0, nie.,0=0, n/2.

Thus two consecutive values of 6 for which r is zero are 0 and /2. Therefore one loop
of the curve lies between the lines 8 =0 and® = /2 and both these lines are tangents
to the curve at the pole.

(iii) # is maximum when sin 20 = 1 ie,20=m/2ie,0=mn/4.
When 6 = 1r/4,r2 =2 orr==*a.
Thus when 0 <8< ©n/2, the greatest value of the radius vector of this curve is 4 and it

occurs at 0 = /4.

(iv) We have 2r % =24% cos 20 ; so that

ﬂzaZ cos 20
o r
2
cotd):lﬂ:a cos 20
r de 2
2
:7a2c0529:cot2e‘ »
a“ sin 20 =

When 6 = n/4,c0t¢:cot% 7 =0 so that ¢ =90°.

Thus at the point 8 = n /4 the tangent to the curve is perpendicular to the radius
vector.
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(v) When n<29<2ni.e.,%n<e< 7T, sin 20is < 0.

Thus when ~ <0< w7 is —ive ie.,r is imaginary and so the given curve does not
2
exist in the region %TE <f<m

Taking into consideration all the above facts the shape of the curve is as shown in the
figure.

Problem 6:  Trace the curve r = a sin20.  (Four leaved rose) (Bundelkhand 2009)

Solution: (i) The given curve is neither symmetrical about the initial line nor it is
symmetrical about the pole.

(ii) We have r =0 when sin 20 =0
ic., 20=0, 7,27, 37, 47 etc.
ie., 0=0,n/2, m,3n/2, 27 etc.

Thus two consecutive values of 6 for which r is zero are 0 and /2. Therefore one loop
of the curve lies between the lines 8 =0 and 6 = n/2 and both these lines are tangents
to the curve at the pole.

(iii) r is maximum when sin 20 = 1. Therefore when 0 <6< ©/2, r is maximum when
20=mn/2iec.,0 = n/4 Thus when 0 <6< 1/2, the greatest value of the radius vector of
this curve is @ and it occurs at 8 = © /4.

(iv) We have % =2a cos 20.

C0t¢=lﬂzw=2 cot 26.

rdo  asin20
When6=n/4,cot¢=2c0t%n:Osothat¢=90°.

Thus at the point 8 = © /4 the tangent to the curve is perpendicular to the radius
vector.

(v) The following table gives the corresponding values of 26,6 and r.

20 0 T T 3n 2n Sn 3n n 4n
2 2 2 2

0 o = ® 3¢ g >Or 3n 7n  2g
4 2 4 4 2 4

r 0 a 0 —a 0 a 0 —a 0

We observe that the given curve consists of four similar loops which lie in the regions
0<6<m/2, n/2<0<m nm<O<3n/2 and 3n/2<6<2m.
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All these four loops lie within a circle of radius 1

a and centre at the pole. d=s
5

%

When ©n/2 <0< 1, we have ©<20< 27 so that
sin 20 is negative. Thus when n/2<6< m,r is 23
—ive and so for these values of 6 the points of )

. o g=r g=0
the curve lie on the opposite side of the pole.
Similarly when 6 takes values between 3m/2 &
and 27, r is again negative and consequently

for these values of 6 also the curve lies on the s S gl
. . . . = O 4

opposite side of the pole. Taking into =73

consideration all the above facts the shape of i

the curve is as shown in the figure. b=

Problem 7: Trace the curve r = a cos 36.  (Three leaved rose)
(Avadh 2010; Kashi 13)

Solution: (i) The curve is symmetrical about the initial line.
(ii) We have r =0 when cos 36 =0

ie., 30== 1 Tt 3 T+ > , etc. (Note)
2 2 2

or G:iln,iln,ién,etc
6 2 6

Thus the lines 8 = £ % m, + L 7 ete. are the tangents to the curve at the pole.

N

(iii) Differentiating the equation of the curve, we get (dr/d6) = — 3a sin 36.

Therefore cot ¢ = Ldr_ ! -(—3asin30)=-3 tan 30.
rd® acos36
Now ¢=90°, when tan36=0
ic., 30=0 b 27 3n
or 6=0 1 T 2 b .
3 3

At all these points the tangent to the curve
is perpendicular to the radius vector. Also at
each of these points the numerical value of
is a which is the greatest value of the radius
vector for this curve.

(iv) Table showing corresponding values
of@andr:

r=a 0 —a 0 a 0 —a !

Hence the curve is as shown in the figure.
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Problem 8: Trace the curve 2a _ 1+ cos 26.  (Parabola)
.

Solution: The given equation of the curve can be written as
_ 2a
1+ cos 20

The given curve is symmetrical about the initial line.

The following table gives the corresponding values (4&17_2375) (2 T )
ar,=
of r and 6.

0 0 n/3 n/2 2n/3 b
cos 0 1 1/2 0 -1/2 -1
1+ cos® 2 3/2 1 1/2 0

I

I

r a 4a/3 2a 4a ) '

Hence the curve is as shown in the figure.

Problem 9:  Trace the curve r = é +cos26. (Meerut 2004B)

Solution: The given curve is symmetrical about the initial line.

In the given equation of the curve r = % + cos 20 putting r =0,

we get C0529=—%i.6.,29=i2ﬂ?/3 or+4n/3

ie., 0=+mn/3 or *£2n/3.

The following table gives the corresponding values of r and 6.

6

r

n/3 n/2 2n/3

0 _1 0
2

N w S
Wy

The greatest radius vector of the loop lying between 6 = — é nand 0 = % © is given by

6=0 and it is equal to 3/2. The greatest radius vector of the loop lying between

0= 1 mand 0= g T is given by 6 = 1 7 and its absolute value is L
3 3 2 2

Thus we observe that the larger loop lies between 6 =-n/3 and 6= n/3 and is
symmetrical about the initial line 8 = 0.

Also the smaller loop lies between 6 = n/3 and 6 =2n/3.
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We first trace the curve from yae=E
0=0 to 0= m The variation
of 8 from m to 27 need not be it Pl

considered because of the % i

symmetry about the initial " !

line. ) 3/2 =0
Hence the curve has four X
loops and is as shown in the 5
figure. A A

Problem 10(i): Trace the curve r = a (cos 6 + sec 9). (Lucknow 2007)
Solution: We have r = a (cos 6 + sec 8). Multiplying both sides by r, we get

r2:a 7 cos O + ’2 .
7 cos 0

Changing to cartesian form, the equation becomes

. . 2
xl+y2=a{x+(xz+y )}
X

or 3y (x—a)=x (2a-x). (1)
Now we shall trace the curve (1) by the method we used for tracing the curves whose
cartesian equations were given.
Tracing: (i) The curve is symmetrical about x-axis.
(ii) The curve passes through the origin. Tangents at the origin are given by
- ay2 —2a¢ =0
or yz +2¢7 =0
ie., the tangents at (0,0) are imaginary and so origin is a conjugate point.
(iii) When y =0,x=0,2a ie., the curve meets the r-axis at the points (0,0) and

(2a,0) out of which (0,0) is an isolated point. When x =0, y =0 ie., the curve meets
the y-axis only at the origin and that too is an isolated point.

Shifting the origin to (2a,0) the equation of the curve becomes
2
Al

Therefore the tangent at the new origin is x = 0 i.c., the new y-axis.

x+a)=(xr+ 2a)2 (= x).

(iv) x=a is an asymptote parallel to y-axis and the curve has no other real
asymptotes.

(v) Solving the equation of the curve for y,we have

V=2 Qa-x)}/(x—a).




Kaiefa's Differential Calculus

;! D-356
When x =0, y2 =0.WhenO < x<a, y2 is —ive ie., y is imaginary and so the curve
does not exist in this region. When a < x < 2a, y2 is +ive ie., y is real and so the curve
exists in this region. When x— a (from the right ) ra
yz — oo showing that the line x = a (on its right side) is 2

an asymptote of the curve. When x =24, y2 =0 and =

when x> 24, yz is —ive ie., y is imaginary and so the

¥ |0

When x<0, y2 is —ive i.e., y is imaginary and so the

L]
1
1
1
1
1
1
curve does not exist in the region where x> 2a. .- 1 i
]
1
. . . . 1
curve does not exist in this region. i
1
1
]

(vi) As xdecreases from 24 to a, yz increases from O to

oo, ¥iw

Taking all these facts into consideration, the shape of the curve is as shown in the
figure.

Problem 10(ii): Trace the curve r cos © = 2a sin’e. (Cissoid)

i
Solution: We have rcos® = 2asin” 6. Multiplying both X |
sides by 2, we get ¢
2 (rcos®) = 2ar” sin® 0 : &
i
Changing to cartesian form, the equation becomes : 4
(2 + yz )x=2ay2 < 3 g >
2 2 " ! x
or o+ Xy~ =2ay i
I
or = yZ (2a-x) i
1
Now, proceed as in Example 19. N '
The shape of the curve is as shown in the figure. v
Comprehensive Problems 5
Problem 1: Tracethecurvex=a(t+ sint), y=a(l+cost),-n<t< m. (Cycloid)

Solution: (i) Differentiating, we get
(dx/dty=a(l+ cost) and (dy/dt)=-asint.

—2asinltcoslt 1
= =—tan —ft.
2

24 cos l t
2

dy _dy/dt _ —asint
dc dv/dt a(l+ cost)

(ii) Wehave y =0,whencost=-1lie,t=-m, @
When ¢ = m, x = an, dy / dx = — e . Thus at the point (am, 0) the tangent to the curve is
perpendicular to the x-axis. Again when t = — 1, x = — an,dy / dx = oo.

(iif)  y is maximum when cos t =1lie., ¢ =0.
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When t=0,x=0, y =2a and dy /dx = 0. Thus at the point (0, 2a) the tangent to the
curve is parallel to the x-axis.

(iv) Inthis curve y cannot be negative. Also no portion of the curve lies in the region
y>2a.

(v) Corresponding values of x, y and (dy /dx) for different values of ¢ are given in the
following table :

t - 1 . 0 ln T
2 2
_ 1 0 1
x an  _g(=m+1 a(=m+1 an
( 5 ) (2 )
¥ 0 a 2a a 0
dy/dx oo 1 0 ~1 —
From above, (—am,0) is a point on the curve ra
with tangent inclined to x-axis at the angle ¥ =1
y=mn/2. [stany=dy/dx=co] | = = :
Arguing as in Example 30, the curve is ! e !
symmetrical about the y-axis. g 5 an - -
Hence the shape of the curve is as shown in the PR A
figure.
Problem 2:  Trace the curve x =a (t —sint), y =a (1 - cos t). (Meerut 2005)

Solution: The parametric equations of the given cycloid are
x=a(t—sint), y=a(l-cost).
We have de/dt=a(1-cost),dy/dt=asint.

25in1tcoslt
dy _dy/dt _  asint _ 92 Ezcotlt

dv  de/dt  a(l-cost) ZSinzét

In this curve y =0 when cos t=1lie,t=0,2m.

When t=0,x=a(0 -sin0)=0, y =0 and dy / dr = cot O = . Thus the curve passes
through the point (0,0) and the axis of y is tangent to the curve at this point.

In this curve y is maximum when cos t = —1lie., = m.

When t=mn,x=a(n-sinn)=an, y=2a,

dy/dx=cotl1t:0. v
2 =

t=n

Thus at the point ¢=m, whose cartesian B am, 2a)
coordinates are (am, 2a), the tangent to the curve
is parallel to x-axis. This curve does not exist in

the region y >2a.

({0, 0

. . oli=0 M
In this curve y cannot be —ive because cos ¢ !

cannot be greater than 1. Thus one complete
arch of the given cycloid lying between O < ¢< 2 is as shown in the figure.

=

e
B
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Problem 3: Trace the curve x =a cos t + %a log tan 5t ,y=asint (Tractrix)

(Garhwal 2006)

Solution: (i) If we put — ¢ in place of ¢ in the equation of the curve, we get
x=acost+ %alog tan’ %t, and y=-asint.

Thus for every value of x, there are two equal and opposite values of y. Therefore the

curve is symmetrical about the x-axis.

Again if we put m — ¢ in place of ¢ in the equation of the curve, we get

21 9 1

X=—acost+ lulog cot 7t=—acost—lalog tan” —t,
2 2 2 2

and y=asint
Thus for every value of y, there are two equal and opposite values of x. Therefore the
curve is symmetrical about the y-axis.

(ii) Differentiating the equations of the curve w.r.t. ‘¢, we get

ﬂz—usint+la ! I -(Ztar\{ltsec:Z{lt)-rl
dt 2 tan? Lt 2 2° 2
2
=—asint+ a =—asint+
1 sint

2sin —t cos —t
2 2

_u(l—sin2 1‘)_ﬂcos2 t

, and dy/dt=a cost.

sin t sin t
Therefore dy / dv = tan t.

(iii) We have y =0 whensin t =0 ie.,t =0.Whent — 0, x — — eo. Thus x — — e> when
y — 0, showing that the line y =0 is an asymptote of the curve.

(iv) yismaximumwhensint=li.e.,t=%n.
When tzén,xzo,yza and dy/dxztan%nzoo.

Thus the curve passes through the point (0, ) and the tangent at this point is the
y-axis.

(v) In this curve the numerical value ¥
of y cannot be greater than a. Thus the Pl =
curve does not exist in the regions y >a
and y < — a. The shape of the curve is as
shown in the figure. The curve has four

4 ¥
infinite branches and for the branch in
the second quadrant ¢ varies from O to
%n while x varies from — o t0 0.

rd—00. ]

¥
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@nts to Objective Type Questions

Multiple Choice Questions

The given curve is o y3 — 3axy = 0, which clearly passes through the origin.

Equating to zero the lowest degree terms ie., the second degree terms in the
equation of the curve, the tangents at origin are given by —3axy =0. Thus,
x=0, y =0 are the tangents at the origin.

The equation of the curve y = > remains unchanged on replacing xby —rand y
by — y. So, the curve is symmetrical in opposite quadrants.

The number of loops in the curve r = a cos n0isnifnis odd andis2nif nis even.
Here,n = 2whichis even. So, the number of loopsin the given curve=2 x 2 = 4.
The equation of the given curve changes on changing the sign of 6, so it is not
symmetrical about the initial line. Again, the equation of the given curve changes
ifwe put —r in place of r. So, the given curve is not symmetrical about the pole.

Now, let (r, g - oc) and (r, g + oc) be two points equidistant from the line 6 = g
and on opposite sides of it.
Putting 6 = g — o in the equation of the given curve r = a sin 36, we get
r=ﬂsin3(E—oc)=ﬂsin(3—n—30c):—ﬂcos3oc. (1)
2 2
Again, putting 6 = g + o in the equation of the given curve, we get
r:ﬂsin3(g+oc)=asin(32—n+30():—51(:0530(. ...(2)

We see that the values of r given by (1) and (2) are the same. It means that if the

oint| r, T _ o |lies on the given curve, then its mirror reflection in the line® = n
P 2 £ 2

i.e., the point (r, g + oc) also lies on it. So, the given curve is symmetrical about
the lineo=".
2

See article 4, corollary .

See Problem 4 of Comprehensive Problems 4.
See Problem 4 of Comprehensive Problems 4.
See article 4, corollary.

See Example 10.

See Example 14.
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11.
12.
13.
14.
15.

Kaiefa's Differential Calculus

Here n =5, which is odd. So the number of loops in the given curve is 5.
See Problem 3 of Comprehensive Problems 5.

See Problem 3 of Comprehensive Problems 4.

See article 8, point (ii).

See article 8, point (iii).

Fill in the Blanks
We know that a point(x, y)onthecurve y = f (x)isapoint of inflexion if at that

& y_ & y
point —=~ =0 and —% #0.

s e

See article 8(i).
See Problem 6(iii) of Comprehensive Problems 2.
Since in the equation of the given curve, the powers of xand y both are all even,
therefore the curve is symmetrical about both the axes.
Itis given that the equation of the curver = f (8)does not change by changing the
sign of 6. It means that if the point (7, 6)lies on the curve, then its reflection in the
initial line i.e., the point (r,—0) also lies on the curve. Hence, the curve is
symmetrical about the initial line.

See Example 23.

True or False
Under the given conditions, the double point is a cusp and not a node.
It is given that the equation of the given curve remains unchanged on changing

the signs of r and 6 both. It means that if the point (r, 6) lies on the given curve,

then its reflection in the line 6 = g i.e., the point (—r, —0) also lies on it. So, the

curve is symmetrical about the line 6 = g
See article 16 .
See article 2 .

00O
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