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Problem 1: If  
lim

x a
f x and

lim

x a
g x

→ →
( ) ( )  do not ex ist, can 

lim

x a
f x g x

→
+[ ( ) ( )] 

or  
lim

x a
f x g x

→
[ ( ) ( )]  exist ?

(Kumaun 2008)

So lu tion: Yes. If we take f x x g x x( ) sin ( / ), ( ) sin ( / )= = −1 1  when ever x ≠ 0, then 

lim
( )

lim
( )

x
  f x     

x
  g x

→ →0 0
and  do not ex ist but 

lim
[ ( ) ( )]

x  a
  f x g x

→
+  ex ists.

Again if we take f x g x( ) ( )= = 1 for all rational x and f x g x( ) ( )= = − 1 for all

irrational x, then both 
lim

( )
lim

( )
x  a

  f x     
x  a

  g x
→ →

and  do not  exist for any real number 

a but 
lim

[ ( ) ( )]
x a

f x g x
→

 exists for every real number a.

Prob lem 2: If 
lim

x a
f x

→
( ) and 

lim

x a
f x g x

→
+[ ( ) ( )] both ex ist, must 

lim

x a
g x

→
( )

ex ist ?

So lu tion: Yes.

Let 
lim

( )
x a

f x l
→

=   and  
lim

[ ( ) ( )] .
x a

f x g x m
→

+ =

Then
lim

[ ( ) ( ) ( )]
x a

f x g x f x
→

+ −{ }  =
→

+ −
→

lim
[ ( ) ( )]

lim
( )

x a
f x g x

x a
f x

  = −m l.

∴ 
lim

( )
x a

g x m l
→

= −  and thus 
lim

( )
x a

g x
→

 must exist.

Prob lem 3: If 
lim

x a
f x

→
( ) and 

lim

x a
f x g x

→
[ ( ) ( )] both ex ist, must 

lim

x a
g x

→
( ) ex ist ?

So lu tion: No. If we take f x x( ) =  V x ∈ R and g x x( ) sin ( / ),= 1  if x ≠ 0, g ( ) ,0 0=

then 
lim

( )
x

f x
→ 0

 and 
lim

[ ( ) ( )]
x

f x g x
→ 0

  both ex ist but 
lim

( )
x

g x
→ 0

 does not ex ist.
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Prob lem 4: Show that  
lim

x
f x

lim

x a
f x a

→
=

→
−

0
( ) ( ). 

So lu tion: Let 
lim

( ) .
x a

f x a l
→

− =  Then to show that 
lim

( ) .
x

f x l
→

=
0

Take any given ε > 0.

Since  
lim

( ) ,
x a

f x a l
→

− =  therefore there exists δ > 0 such that

0 < − < ⇒ − − < ε| | | ( ) |x a f x a lδ
i e. ., 0 < < ⇒ − < ε| | | ( ) | ,y f y lδ  putt ing x a y− =  

i e. ., 0 0< − < ⇒ − < ε| | | ( ) | .y f y lδ

∴ By the definition of limit, 
lim

( )
y

f y l
→

=
0

 i e. .,  
lim

( ) .
x

f x l
→

=
0

Prob lem 5: Us ing def i ni tion of limit, show that 
lim

x
f x

→
=

0
1( )  when 

f x x if x

if x
( )

.
= + ≠

=




1

0

0

0

2

So lu tion: It is re quired to prove that 
lim

( ) .
x

f x
→

=
0

1

Take any given ε > 0.

If x ≠ 0, then | ( ) | |( ) | | | | | ,f x x x x− = + − = = < ε1 1 12 2 2  provided  | | .x < √ ε

So if  we take δ > 0 such that δ = √ ε, then | ( ) | ,f x − < ε1  whenever  0 0< − <| | .x δ

∴ By definition of limit, 
lim

( ) .
x

f x
→

=
0

1

Problem 6: If f is de fined on R as f x
if x is irrational

if x is rational
( )

,

, ,
= 




2

1

prove that 
lim

x a
f x

→
( ) does not exist for any a ∈ R.

So lu tion: We shall show that there is no real num ber l such that 
lim

( ) .
x a

f x l
→

=

We know that 
lim

( )
x a

f x l
→

=  if for any given ε > 0, there exists δ > 0 such that

| ( ) | ,f x l− < ε  whenever  0 < − <| | .x a δ
We have | ( ) | | |,f x l l− = −2  if x is irrational

and | ( ) | | |,f x l l− = −1  if x is rational.

Now between any two distinct real numbers there lie infinite rational and infinite
irrational numbers. So whatever δ > 0 we take, there are infinite rational and infinite
irrational numbers x such that 0 < − <| |x a δ.
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So whatever δ > 0 we take there are infinite rational numbers x such that 

0 < − <| |x a δ and  | ( ) | | |f x l l− = −1

and there are infinite irrational numbers x such that

0 2< − < − = −| | and| ( ) | | |x a f x l lδ  .

Case 1: Let l ≠ 1. Then 1 0 1 0− ≠ → − >l l| | .

So if we take ε = − >1

2
1 0| | ,l  then whatever δ > 0 we may take, there exist real

numbers x such that 0 1
1

2
1< − < − = − > − = ε| | and| ( ) | | | | |x a f x l l lδ

i e. ., for ε = − >1

2
1 0| | ,l  there ex ists no δ > 0 such that

| ( ) |f x l− < ε when ever 0 < − <| | .x a δ

∴ We cannot have 
lim

( ) ,
x a

f x l
→

=  where l ≠ 1.

Case 2: Let l = 1. Then l l≠ ⇒ − >2 2 0| | . So if we take ε = − >1

2
2 0| | ,l  then

whatever δ > 0 we may take, there exist real numbers x such that 

 0 2
1

2
2< − < − = − > − = ε| | and| ( ) | | | | |x a f x l l lδ

i e. ., for ε = − >1

2
2 0| | ,l  there ex ists no δ > 0 such that

| ( ) |f x l− < ε when ever 0 < − <| | .x a δ

∴  We cannot have 
lim

( ) ,
x a

f x l
→

=  where l = 1.

Thus no real number l can be equal to 
lim

( )
x a

f x
→

 and so 
lim

( )
x a

f x
→

 does not exist.

Prob lem 7: If f is de fined on R as f x
if x is irrational

if x is rational
( )

,

, ,
= 




0

1

prove that 
lim

x a
f x

→
( ) does not exist for any a ∈ R.

So lu tion: Pro ceed ex actly in the same way as in problem 6.

Here | ( ) | | | | |,f x l l l− = − =0  if x is irrational

and | ( ) | | |,f x l l− = −1  if x is rational.

While discussing case 2, when l = 1, take  ε = − = >1

2
0

1

2
0| | | | .l l

Then for ε = >1

2
0| | ,l  there exists no δ > 0 such that 

| ( ) |f x l− < ε when ever 0 < − <| |x a δ .

Prob lem 8:  If x → 0, then does the limit of the fol low ing func tion f ex ist or not ?

f x x( ) ,=  when  x f x< 0; ( ) = 1, when x f x= 0; ( ) = x2, when x > 0.

D-5 



So lu tion: We have f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0+ =
→ +

=
→

+ >  and

suf fi ciently small 

=
→

=
→

=
lim

( )
lim

.
h

f h
h

h
0 0

02

Again  f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0− =
→ −

=
→

− >  and sufficiently small

=
→

− =
→

− =
lim

( )
lim

( ) .
h

f h
h

h
0 0

0

Since  f f( ) ( ) ,0 0 0 0 0+ = − =  therefore 
lim

( )
x

f x
→ 0

 exists and is equal to 0 .

Prob lem 9: Use the for mula 
lim

x

a

x
log a

x

→
− =

0

1
 to find 

lim

x x

x

→
−

+ −
⋅

0

2 1

1 11 2( ) /

So lu tion: We have 
lim

( ) /x x

x

→
−

+ −0

2 1

1 11 2

       =
→

−

+ +
−



 +



















−

lim

.

x

x x

x

0

2 1

1
1

2

1

2

1

2
1

1 2
12

…

, 

expand ( ) /1 1 2+ x  by binomial theorem

       =
→

−

− +

lim

[ ....]x x x

x

0

2 1
1

2

1

8

 =
→

− ⋅
− +

















lim

x x x

x

0

2 1 1
1

2

1

8
…

      = ⋅ =(log ) log .2
1
1

2

2 2   ∵
lim

log
x

a

x
a

x

→
− =











0

1

Prob lem 10: If f x e x( ) ,/= −1  show that at x = 0, the right hand limit is zero while the left

hand limit is + ∞, and thus there is no limit of the func tion at x = 0.

So lu tion: We have f
x

f x( )
lim

( )0 0
0

+ =
→ +

=
→

+ >
lim

( ),
h

f h h
0

0 0

=
→

=
→

−lim
( )

lim /

h
f h

h
e h

0 0
1  =

→
= =

∞
=

∞
lim

.
/h e eh0

1 1 1
0

1
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Again  f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0− =
→ −

=
→

− >

=
→

− =
→

− −lim
( )

lim /( )

h
f h

h
e h

0 0
1  =

→
= = ∞∞lim

./

h
e eh

0
1

Since   f f( ) ( ),0 0 0 0− ≠ +  therefore 
lim

( )
x

f x
→ 0

 does not exist.

Prob lem 11: Give an ex am ple to show that 
lim

x a
f x

→
( ) may ex ist even when the func tion is

not de fined for x a= .

So lu tion: Con sider the func tion f x
x a

x a
( ) = −

−
⋅

2 2

We have f a( ) = 0

0
 which is meaningless and so f x( ) is not defined for x a= .

But 
lim

( )
lim lim ( ) ( )

x a
f x

x a

x a

x a x a

x a x a

x a→
=

→
−
−

=
→

− +
−

2 2

   =
→

+ =
→

lim
( ) . .,

lim
( )

x a
x a a i e

x a
f x2    exists. 

Thus though f x( ) is not defined for x a= , yet 
lim

( )
x a

f x
→

 exists.

Prob lem 12: Let f x
x

x

x

x
( )

,

, .
=

−
≤ <

≤ ≤


3

0 1

1 2

Show that 
lim

x
f x

→ +
=

1
2( ) .  Does the limit of f x( ) at x = 1 exist ? Give reasons for your

answer.

So lu tion: We have

f
x

f x
h

f h h( )
lim

( )
lim

( ),1 0
1 0

1 0+ =
→ +

=
→

+ >

and suf fi ciently small

=
→

− + =
→

− =
lim

( )
lim

( ) .
h

h
h

h
0

3 1
0

2 2{ }

Again   f
x

f x
h

f h( )
lim

( )
lim

( ),1 0
1 0

1− =
→ −

=
→

−  h > 0 and sufficiently small

=
→

−
lim

( )
h

h
0

1     [ and , ( ) ]∵1 1 1− < < =h x f x xwhen

= 1.

Since f f( ) ( ),1 0 1 0− ≠ +  therefore 
lim

( )
x

f x
→ 1

 does not exist.
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 Prob lem 13:  Eval u ate : 
lim

x

x x

x→
− ⋅

0

| |
(Meerut 2001)

So lu tion: Let  f x
x x

x
( )

| |= − ⋅

Then  f
x

f x
h

f h( )
lim

( )
lim

( ),0 0
0 0

0+ =
→ +

=
→

+   h > 0 and sufficiently small

=
→

=
→

− =
→

−lim
( )

lim | | lim

h
f h

h

h h

h h

h h

h0 0 0
[ | | ]∵ h h h> ⇒ =0

=
→

=
→

=
lim lim

.
h h h0

0

0
0 0

Again  f
x

f x
h

f h( )
lim

( )
lim

( ),0 0
0 0

0− =
→ −

=
→

−   h > 0 and sufficiently small

=
→

− =
→

− − −
−

lim
( )

lim | |

h
f h

h

h h

h0 0
 =

→
− −

−
lim

h

h h

h0      
[ | | ( ) ]∵ − < ⇒ − = − − =h h h h0

=
→

−
−

=
→

=
lim lim

.
h

h

h h0

2

0
2 2

Since f f( ) ( ),0 0 0 0− ≠ +  therefore 
lim

( )
x

f x
→ 0

 does not exist.

Prob lem 14: Eval u ate : 
lim

x

sin x

x→
⋅

0

| |

So lu tion: Let  f x
x

x
( )

|sin |= ⋅ 

Then f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0+ =
→ +

=
→

+ >

=
→

=
→

=
→

=
lim

( )
lim |sin | lim sin

.
h

f h
h

h

h h

h

h0 0 0
1

[∵  When h > 0 and is suf fi ciently small, we have sin h > 0]

Again  f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0− =
→ −

=
→

− >

=
→

− =
→

−
−

=
→

−
−

lim
( )

lim |sin ( )| lim | sin |

h
f h

h

h

h h

h

h0 0 0

=
→ −

= −
→

lim |sin | lim |sin |

h

h

h h

h

h0 0
 = −

→
= −

lim sin
.

h

h

h0
1

Since f f( ) ( ),0 0 0 0− ≠ +  there fore 
lim

( )
x

f x
→ 0

 does not ex ist.
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Prob lem 15: Eval u ate : 
lim

x

e

e

x

x→ +
⋅

0 1

1

1

/

/

(Rohilkhand 2005, 08; Meerut 06; Avadh 10)

So lu tion: Let  f x
e

e

x

x
( )

/

/
=

+
⋅

1

1 1

Then   f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0+ =
→ +

=
→

+ >

=
→

=
→ +

=
→ +

lim
( )

lim lim

( / )

/

/ /h
f h

h

e

e h e

h

h h0 0 1 0

1

1 1

1

1 1

=
+

=1

1 0
1.  ∵

lim
/h e eh→

= =
∞

=



∞0

1 1 1
0

1

Again  f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0− =
→ −

=
→

− >

=
→

− =
→ +

=
+

=
−

−
lim

( )
lim

.
/

/h
f h

h

e

e

h

h0 0 1

0

0 1
0

1

1

∵
lim lim/

/h
e

h e

h
h→

=
→

=
∞

=





−
0 0

1 1
01

1

Since f f( ) ( ),0 0 0 0− ≠ +  therefore 
lim

( )
x

f x
→ 0

 does not exist .

Remark: Remember that 
lim

x x→ +
= ∞

0

1
 and 

lim
.

x x→ −
= − ∞

0

1

Prob lem 16: If  f x a x a x a x an n n
n( ) = + + + +− −

0 1
1

2
2
…  then prove that

 
lim

x c
f x f c

→
=( ) ( ).

(Garhwal 2011)

So lu tion: First we shall prove that 
lim

.
x c

x c
→

=

Take any given ε > 0.

Let g x x( ) .=  Then | ( ) | | |g x c x c− = − < ε, provided | | .x c− < ε
So if we take δ > 0 such that δ = ε or δ < ε, then | ( ) | | | ,g x c x c− = − < ε whenever 
0 < − <| | .x c δ  

Thus for any given ε > 0, there exists δ ( )= ε > 0 such that 

| |x c− < ε whenever 0 < − <| | .x c δ

∴
lim

.
x c

x c
→

=

Now we know that if  
lim

( ) ,
lim

( )
x c

x l
x c

x m
→

φ =
→

ψ =   and k ∈ R, then

D-9 



lim
[ ( ) ( )]

lim
( )

lim
( ) ,

x c
x x

x c
x

x c
x l m

→
φ + ψ =

→
φ +

→
ψ = +

lim
( ) .

lim
( )

x c
k x k

x c
x kl

→
φ =

→
φ ={ }

and 
lim

( ) . ( )
lim

( ) .
lim

( ) .
x c

x x
x c

x
x c

x lm
→

φ ψ =
→

φ
→

ψ ={ }

∴ If n ∈ N, then

lim lim lim

x c
x

x c
x

x c
x nn

→
=

→




 →






… times = =( ) ( ) .c c n cn

… times

∴ lim ( ) lim [ ... ]
x c

f x
x c

a x a x a x an n
n n

→
=

→
+ + +−

−0 1
1

1

=
→

+
→

+ +
→

+
→

−
−

lim
( )

lim
( )

lim
( )

lim

x c
a x

x c
a x

x c
a x

x
n n

n0 1
1

1…
c

an

=
→

+
→

+ +
→

+−
−a

x c
x a

x c
x a

x c
x an n

n n0 1
1

1lim lim ... lim

= + + + + =−
−a c a c a c a f cn n

n n0 1
1

1… ( ).

Prob lem 1: Dis cuss the con ti nu ity and dis con ti nu ity of the fol low ing func tions :

( )i f x x x( ) = −3 3  .

( )ii f x x x( ) = + −1.

( )iii f x e x( ) /= −1 .

( )iv f x x( ) sin=  . (Kanpur 2015)

(v) f x
x

( ) cos= 





1
 when x f≠ =0 0 0; ( ) .

(Lucknow 2005)

( )vi f x sin x when x f( ) ( / ) , ( ) .= ≠ =1 0 0 0 (Lucknow 2011)

( )vii f x
sin x

x
when x and f( ) ( ) .= ≠ =0 0 1

(Kanpur 2007; Avadh 08)

( )viii f x
e

e
when x and f

x

x
( ) ( ) .

/

/
= −

+
≠ =

1

1
1

1
0 0 1

(Meerut 2004B; Kumaun 10)

( )ix f x
e

e
when x f

x

x
( ) , ( ) .

/

/
=

+
≠ =

1

11
0 0 0

(Bundelkhand 2011; Lucknow 11)

( )x f x
xe

e
sin

x
when x f

x

x
( ) ( ) , ( ) .

/

/
=

+
+ ≠ =

1

11

1
0 0 0

( )xi f x sin x cos x when x f( ) ( / ) , ( ) .= ≠ =1 0 0 0

D-10
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So lu tion: (i) Here f x x x( ) .= −3 3  The do main f is the whole R. Let c ∈ R.

Then
lim

( )
lim

( )
lim lim

x c
f x

x c
x x

x c
x

x c
x

→
=

→
− =

→
−

→
3 33 3  

   = − =c c f c3 3 ( ).

∴ f x( ) is continuous at every point c of R and thus f x( ) is continuous on the

whole real line.

(ii) Here f x x x x x( ) ( / ).= + = +−1 1

The function f x( ) is not defined at x = 0 and is defined at every other real number.

Thus domain f i e= −R R{ }0 0. ., .

Let   c c∈ ≠R and .0

We have 
lim

( )
lim

( ).
x c

f x
x c

x
x

c
c

f c
→

=
→

+





= + =1 1

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0+ =
→ +

=
→

+ >

=
→

=
→

+





= + ∞ = ∞
lim

( )
lim

h
f h

h
h

h0 0

1
0

and  f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0− =
→ −

=
→

− >

=
→

− =
→

− −





= − − ∞ = − ∞
lim

( )
lim

.
h

f h
h

h
h0 0

1
0

Thus f x( ) has a discontinuity of the second kind at x = 0. In fact it is an infinite

discontinuity.

(iii) Here f x e x( ) ./= −1

The function f x( ) is not defined at x = 0 and is defined at every other real number.

Thus domain f i e= −R R{ }0 0. ., .

Let c c∈ ≠R and .0

We have 
lim

( )
lim

( )./ /

x c
f x

x c
e e f cx c

→
=

→
= =− −1 1

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now   f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0+ =
→ +

=
→

+ >

=
→

=
→

=
→

=
∞

=−lim
( )

lim lim/
/h

f h
h

e
h e

h
h0 0 0

1 1
01

1

and   f
x

f x
h

f h h( )
lim

( )
lim

( ),0 0
0 0

0 0− =
→ −

=
→

− >
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=
→

− =
→

=
→

= ∞− −lim
( )

lim lim
./( ) /

h
f h

h
e

h
eh h

0 0 0
1 1

Thus f x( ) has an infinite discontinuity at x = 0. The discontinuity is not ordinary

but is of the second kind since 
lim

( )
x

f x
→ −0

 does not exist .

(iv)  f x x( ) = sin

We have f x x( ) sin=   V x ∈ R and and domain f = R

Let c ∈ R . 

Then 
lim

( )
x c

f x
→

 =
→

= =
lim

sin sin
x c

x c f 

Hence, f x x( ) sin=  is continuous at x c=
But c is an arbitrary point of R. Hence f x( ) is continuous at all points of R i.e. the

function f x c( ) =  is continuous on the whole real line.

(v) Here f x x( ) cos ( / )= 1  when x f≠ 0 0, ( ) .

Let c c∈ ≠R and .0

We have
lim

( )
lim

cos cos ( ).
x c

f x
x c x c

f c
→

=
→







= 





=1 1

∴   f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x x( ) at = 0.

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>  

  =
→

>
lim

cos ,
h h

h
0

1
0 which does not exist.

As h → 0, the value of cos ( / )1 h  oscillates between +1 and −1, passing through zero
and intermediate values an infinite number of times. Hence there is no definite real
number l to which cos( / )1 h  tends as h tends to zero. Therefore the right hand limit 
f( )0 0+  does not exist.

Again  f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

       =
→ −







 = −

→






lim
cos

lim
cos ,

h h h h0

1

0

1
 which does not ex ist.

Thus both f f( )and ( )0 0 0 0− +  do not exist and so f x( ) has a discontinuity of the

second kind at x = 0.

(vi) Here f x x( ) sin ( / )= 1  when x f≠ =0 0 0, ( ) .

Let c c∈ ≠R and .0

We have
lim

( )
lim

sin sin ( ).
x c

f x
x c x c

f c
→

=
→

= =1 1

∴   f x( ) is con tin u ous at ev ery point c of R if c ≠ 0.
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Now to check the continuity of f x x( )at = 0.

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

=
→
lim

sin ,
h h0

1
 which does not exist.

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

=
→ −







 = −

→
lim

sin
lim

sin ,
h h h h0

1

0

1
 which does not exist.

Thus both f f( )and ( )0 0 0 0− +  do not exist and so f x( ) has a discontinuity of the

second kind at x = 0.

(vii) Here f x
x

x
( )

sin=  when x ≠ 0 and f ( ) .0 1=

Let c c∈ ≠R and .0

We have 
lim

( )
lim sin sin

( ).
x c

f x
x c

x

x

c

c
f c

→
=

→
= =

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x( ) at x = 0.

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>  =
→

=
lim sin

.
h

h

h0
1

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

   =
→

−
−

=
→

=
lim sin ( )

( )

lim sin
.

h

h

h h

h

h0 0
1

Also f ( ) .0 1=

Since f f f( ) ( ) ( ),0 0 0 0 0− = = +  therefore f x( ) is continuous at x = 0.

Hence f x( ) is continuous on the whole real line.

(viii) Here f x
e

e

x

x
( )

/

/
= −

+

1

1
1

1
 when x f≠ =0 0 1and ( ) .

Let c c∈ ≠R and .0

We have
lim

( )
lim

( ).
/

/

/

/x c
f x

x c

e

e

e

e
f c

x

x

c

c→
=

→
−
+

= −
+

=
1

1

1

1
1

1

1

1

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x x( )at = 0 .

We have f
h

f h
h

f h h( )
lim

( )
lim

( ) ,0 0
0

0
0

0+ =
→

+ =
→

>
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     =
→

−
+

=
→

−
+

=
lim lim ( / )

( / )
.

/

/

/

/h

e

e h

e

e

h

h

h

h0

1

1 0

1 1

1 1
1

1

1

1

1

 ∵
lim

/h e h→
=

∞
=



0

1 1
0

1

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

     =
→

−
+

= −
+

= −
−

−
lim

.
/

/h

e

e

h

h0

1

1

0 1

0 1
1

1

1

∵
lim lim/

/h
e

h e

h
h→

=
→

=





−
0 0

1
01

1

Also f ( ) .0 1=

Thus f f f( ) ( ) ( ).0 0 0 0 0− ≠ = +

∴ At x f x= 0, ( ) is discontinuous from the left and is continuous from the right.

Thus f x( ) is discontinuous at x = 0 and the discontinuity is of the first kind because

both the limits f ( )0 0−  and f ( )0 0+  exist. The jump of the function at x = 0 is 

f f i e i e( ) ( ) . ., ( ) . ., .0 0 0 0 1 1 2+ − − − −

(ix) Here  f x
e

e

x

x
( )

/

/
=

+

1

11
 when x f≠ =0 0 0, ( ) .

Let c c∈ ≠R and .0

We have
lim

( )
lim

( ).
/

/

/

/x c
f x

x c

e

e

e

e
f c

x

x

c

c→
=

→ +
=

+
=

1

1

1

11 1

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x( ) at x = 0.

We have f f( ) and ( ) .0 0 1 0 0 0+ = − =
[See Prob lem 15, Com pre hen sive Prob lems 1]

Also f ( ) .0 0=

Thus f f f( ) ( ) ( ).0 0 0 0 0− = ≠ +

∴ At x f x= 0, ( ) is continuous from the left and is discontinuous from the right.

Thus f x( ) has an ordinary discontinuity at x = 0. The jump of the function at x = 0 is 

f f i e i e( ) ( ) . ., . ., .0 0 0 0 1 0 1+ − − −

(x) Here f x
xe

e x

x

x
( ) sin ( )

/

/
=

+
+

1

11

1
 when x f≠ =0 0 0, ( ) . 

Let c c∈ ≠R and .0

We have
lim

( )
lim

sin
/

/x c
f x

x c

xe

e x

x

x→
=

→ +
+













1

11

1
 =

+
+ =c e

e c
f c

c

c

1

11

1/

/
sin ( ).

∴ f x( ) is continuous at every point c of R if c ≠ 0.
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Now to check the continuity of f x( ) at x = 0 .

We have f ( ) .0 0=

Also f
h

f h
h

f h h( )
lim

( )
lim

( ) ,0 0
0

0
0

0+ =
→

+ =
→

>  

=
→ +

+












lim
sin

/

/h

he

e h

h

h0 1

11

1
 =

→ +
+











−

lim
sin

/h

h

e hh0 1

1
1

 =
+

+
→

0

0 1 0

1lim
sin

h h
= +

→
0

0

1lim
sin ,

h h
 

      which does not exist because 
lim

sin ( / )
h

h
→ 0

1  does not exist.

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >  

=
→

−
+

+
−





















−

−
lim ( )

sin
/

/h

h e

e h

h

h0 1

11

1

=
+

−
→

= −
→

0

1 0 0

1
0

0

1lim
sin

lim
sin ,

h h h h
 which does not exist.

Thus both f f( )and ( )0 0 0 0− +  do not exist. It follows that f x( ) is discontinuous

at x = 0 and the discontinuity is of the second kind.

(xi) Here f x x x( ) sin cos ( / )= 1  when x f≠ =0 0 0, ( ) .

Let c c∈ ≠R and .0

We have
lim

( )
lim

sin cos ( / ) sin cos ( / ) ( ).
x c

f x
x c

x x c c f c
→

=
→

= =1 1

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x x( )at = 0.

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

=
→

=
lim

sin cos ( / ) .
h

h h
0

1 0    [See theorem 10, article 3]

∵
lim

sin and|cos ( / )|
h

h h
→

= ≤
 0

0 1 1 0when h i e≠ . .,

cos ( / )1 h is bounded in some de leted neigh bour hood of zero



Again    f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

=
→

− −
lim

sin ( ) cos ( / )
h

h h
0

1  = −
→
lim

sin cos ( / )
h

h h
0

1  = − =0 0.
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Also f ( ) .0 0=

Thus f f f( ) ( ) ( ).0 0 0 0 0− = = +  

Hence the function f x( ) is continuous at x = 0.

Prob lem 2 (i) : Ex am ine at x = 0, the con ti nu ity of  f x
e

e

when x

when x

x

x( )
,

, .

/

/=
−

≠

=










1

1

2

2
1

1

0

0

(Meerut 2008)

So lu tion: We have f ( ) .0 1=

Also f
h

f h( )
lim

( ),0 0
0

0+ =
→

+  where h is + ive and sufficiently small

=
→

=
→ −

lim
( )

lim /

/h
f h

h

e

e

h

h0 0
1

1

1

2

2
 =

→ −−

lim
,

/h
e h0

1

11 2

     dividing the Nr. and Dr. by e h1 2/

=
−

= −1

0 1
1.     ∵

lim lim/

/h
e

h
e

h

h→
=

→
=

∞
=













−
0 0

1 1
01

1

2

2

Again f
h

f h( )
lim

( ),0 0
0

0− =
→

−  where h is + ive  and sufficiently small

=
→

− =
→ −

= −
lim

( )
lim /

/h
f h

h

e

e

h

h0 0
1

1
1

1

2

2
 .

Thus f f f( ) , ( ) , ( )0 0 1 0 1 0 0 1− = − = + = −  .

Since f f f( ) ( ) ( ),0 0 0 0 0− = + ≠  therefore f x( ) is not continuous at x = 0. In fact 

f x( ) has a removable discontinuity at x = 0.

Prob lem 2(ii): If f x
x a

sin
x a

( ) ,=
− −
1 1

 find f a( )+ 0  and f a( ).− 0  Is the func tion

con tin u ous at x a= ?

So lu tion: We have f a
h

f a h h( )
lim

( ),+ =
→

+ >0
0

0

         =
→ + −

⋅
+ −

lim

( )
sin

( )h a h a a h a0

1 1

     =
→
lim

sin ,
h h h0

1 1
 which does not exist.

Again f a
h

f a h h( )
lim

( ) ,− =
→

− >0
0

0
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=
→ − − − −
lim

( )
sin

( )h a h a a h a0

1 1
 =

→
− −













lim
sin

h h h0

1 1

=
→
lim

sin ,
h h h0

1 1
 which does not ex ist.

Thus both f a f a( )and ( )+ −0 0  do not exist and so f x( ) has a discontinuity of the
second kind at x a= .

Prob lem 3: Find out the points of dis con ti nu ity of the fol low ing func tions :

( )i  f x e cos e for x fx x( ) ( ) , ( )/ /= + + ≠ =−2 0 0 01 1 1 .

( )ii  f x for xn n( ) / /= < ≤+1 2 1 2 1 1 2 0 1 2 0 0/ , , , , ( ) .n n and f= =…

So lu tion: (i) Let c c∈ ≠R and .0  We have 

lim
( )

lim
cos

/
/

x c
f x

x c e
e

x
x

→
=

→ +
+













1

2 1
1

    =
+

+ =1

2 1
1

e
e f c

c
c

/
/cos ( ).

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x x( ) .at = 0

We have f ( ) .0 0=

Now f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

=
→ +

+












=
+ ∞

+
→

lim
cos

lim
cos

/
/ /

h e
e

h
e

h
h h

0

1

2

1

2 01
1 1  

= +
→

=
→

0
0 0

1 1lim
cos

lim
cos ./ /

h
e

h
eh h

As h e h→ 0 1, cos /  oscillates between − 1 1and  and so 
lim

cos /

h
e h

→ 0
1  does not exist.

Hence f ( )0 0+  does not exist.

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >  

=
→ +

+










−

−lim
cos

/
/

h e
e

h
h

0

1

2 1
1  

=
+

+ =
+

+
− ∞

− ∞1

2

1

2 0
0

e
ecos cos  = + = ⋅1

2
1

3

2

Since f ( )0 0+  does not exist, f x( ) is discontinuous at x = 0 and discontinuity is of
second kind. It is a kind of mixed discontinuity since the limit on the right does not
exist whereas the limit on the left exists.
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(ii) We have   f x x( ) for= < ≤1
1

2
1,

f x x( ) for= < ≤1

2

1

22
1

2

f x x( ) for= < ≤1

2

1

22 3
1

22

.........................................

.........................................

f x x
n n

( ) for= < ≤
−

1

2

1

21
1

2 1n −

f x x
n n

( ) for= < ≤
+

1

2

1

2 1
1

2n

and so on. Also f ( ) .0 0=  The domain f x( ) [ , ].= 0 1

Obviously f x( ) is continuous at x = 1 and at all points x where

 
1

2

1

2
0 1 2

1n n
x n

+
< < =, , , , .... because in each such interval f x( ) is constant.

Now it remains to check the continuity of f x( ) at x
n

= 1

2
,  n = 1 2 3, , ,… . We consider 

x n= 1 2/ .

We have f f f
n n n n n n

1

2

1

2

1

2
0

1

2

1

2
0

1

2







= −





= +





=, and
−

⋅
1

Since f f
n n

1

2
0

1

2
0−





≠ +





, the function f is discontinuous at x n= 1 2/ ,

n = 1 2 3, , ,… At each such point f x( ) is continuous from the left and is discontinuous

from the right and the discontinuity is of the first kind.

A lit tle con sid er ation shows that 
lim

( ) .
x

f x
→ +

=
0

0

Also f ( ) .0 0=  Since f f( ) ( ),0 0 0+ =  therefore f x( ) is continuous at x = 0. The
question of finding f ( )0 0−  does not arise because f x( ) is not defined for x < 0.

Hence f x( ) is discontinuous at x n
n

= =1

2
1 2 3, , , ,… 

Prob lem 4:  If f x
x

sin
x

for x and f( ) ( ) ,= ≠ =1 1
0 0 0  show that f x( ) is fi nite for ev ery

value of x in the in ter val [ , ]− 1 1  but is not bounded. De ter mine the points of dis con ti nu ity of the

func tion if any.

So lu tion: Let c c∈ − ≠[ , ] and .1 1 0

Then f c
c c

( ) sin= 1 1
 which is finite because both 1/ c and sin ( / )1 c  are definite real

numbers.
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Also f ( )0 0=  which is also finite.

Thus f x( ) is finite for every value of x in the interval [ , ].− 1 1

However f x( ) is not bounded in [ , ]− 1 1 . Take any positive real number k, however
large. Then there exists a real number x lying in ] , [0 1  such that

sin and
1

1
1

x x
k= >  so that 

1 1

x x
ksin .>

∴ f x( ) is not bounded in [ , ].− 1 1

Obviously f x( ) is continuous at every real number c if c ≠ 0.

Also f f( )and ( )0 0 0 0− +  both do not exist and so f x( ) has a discontinuity of the

second kind at x = 0.

Prob lem 5: A func tion f de fined on [ , ]0 1  is given by f x
x if x is rational

x if x is irrational
( )

,

, .
=

−


1

Show that f takes every value between 0 and 1 (both inclusive), but it is continuous only at the

point x = ⋅1

2 (Rohilkhand 2012B)

So lu tion: Let c ∈[ , ].0 1

If c is rational, then f c c( ) .=

If c is irrational, then 1 − c is also irrational  

and 0 1 1 1 0 1< − < − ∈c i e c. ., [ , ].

We have f c c c( ) ( ) .1 1 1− = − − =

Thus f takes every value c in [ , ]0 1 .

Now to show that f is continuous only at the point x = ⋅1

2

Let x0 be any point of [ , ].0 1  For each positive integer n we select a rational number 

an and an irrational number bn, both in [ , ],0 1  such that 

| | / ,| | / .a x n b x nn n− < − <0 01 1  

∴
lim lim

.
n

a x
n

bn n→ ∞
= =

→ ∞0

If f is to be continuous at x0, then we must have

lim
( ) ( )

lim
( ).

n
f a f x

n
f bn n→ ∞

= =
→ ∞0

Now f a an n( ) =  for all n and f b bn n( ) = −1  for all n.

∴ 
lim

( )
lim

n
f a

n
a xn n→ ∞

=
→ ∞

= 0 

and
lim

( )
lim

( ) .
n

f b
n

b xn n→ ∞
=

→ ∞
− = −1 1 0

So for f to be continuous at x0, we must have

x f x x0 0 01= = −( )  i e. .,  x0
1

2
= ⋅

D-19



Thus x = 1

2
 is the only possible point of [0, 1] where f can be continuous.

Now we shall show that f is actually continuous at the point x = 1 2/ . 

We have f ( / )1 2
1

2
= ⋅

Let ε > 0 be given.

Take a positive real number δ = ε1

2
. Then if x is rational, we have

x f x f−

 


< ⇒ − 







 


1

2

1

2
δ ( )  = −


 


< = ε < εx

1

2

1

2
δ

and if x is irrational, we have

x f x f−

 


< ⇒ − 







 


1

2

1

2
δ ( )  = − −


 


( )1

1

2
x = −


 


< = ε < ε.x

1

2

1

2
δ

Thus, we have 

x f x f−

 


< ⇒ − 







 


< ε1

2

1

2
δ ( ) ,

so that f is continuous at x = ⋅1

2

Hence f is continuous only at the point x = 1 2/ .

Prob lem 6: Prove that the func tion f de fined by f x
if x is rational

if x is irrational

( )
,

,

=









1

2
1

3

is discontinuous everywhere.

So lu tion: We shall show that f x( ) is dis con tin u ous at ev ery point a of R .

Take any δ > 0. Then a a− +δ δand  are two distinct real numbers and between two

distinct real numbers there lie infinite rational and infinite irrational numbers. Thus

for every δ > 0, there exist infinite rational and infinite irrational numbers in the open

interval ] , [.a a− +δ δ
∴ For every δ > 0, there exists a point x in ] , [a a− +δ δ  at which

         | ( ) ( )| ,f x f a− = −

 


=1

2

1

3

1

6
 taking x as rational if a is irrational 

or  at which | ( ) ( )| ,f x f a− = −

 


=1

3

1

2

1

6
 taking x as irrational if a is rational.

Thus whatever the point a in R may be, for every δ > 0 there exists a point x in 

] , [a a− +δ δ  at which | ( ) ( )|f x f a− = ⋅1

6

Thus for ε = >1

6
0, there exists no δ > 0 such that 
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| ( ) ( )| ,f x f a− < ε whenever | | . .,x a i e− < δ   whenever  x a a∈ − +] , , [δ δ  .

∴ f x( ) is not continuous at x a= .

Hence f x( ) is discontinuous at every point a of R .

Prob lem 7(i): Show that the func tion f de fined by f x
x e

e
x f

x

x
( ) , , ( )

/

/
=

+
≠ =

1

11
0 0 1 

is not continuous at x = 0 and also show how the discontinuity can be removed.
(Rohilkhand 2006; Lucknow 08; Meerut 11)

So lu tion: We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

 =
→

⋅
+









 =

→
⋅

+








−
lim lim/

/ /h
h

e

e h
h

e

h

h h0 1 0

1

1

1

1 1
 

 = ⋅
+

= ⋅ =0
1

0 1
0 1 0

and     f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

          =
→

− ⋅
+












= ⋅

+
= ⋅ =

−

−
lim

( ) .
/

/h
h

e

e

h

h0 1
0

0

1 0
0 0 0

1

1

Since   f f( ) ( ),0 0 0 0 0− = = +  therefore 
lim

( ) .
x

f x
→

=
0

0

But f
x

f x( )
lim

( ).0 1
0

= ≠
→

 Hence f x( ) is discontinuous at x = 0 and the

discontinuity is removable and can be removed by defining f x( ) as follows :

f x
x e

e
x f

x

x
( ) , , ( ) .

/

/
=

+
≠ =

1

11
0 0 0

Prob lem 7(ii): Show that the func tion f x x x( ) = + −3 2 12  is con tin u ous for x = 2.

So lu tion: We have
lim

( )
lim

( )
x

f x
x

x x
→

=
→

+ −
2 2

3 2 12  

=
→

+
→

−
→

3
2

2
2 2

12lim lim lim

x
x

x
x

x

= ⋅ + ⋅ −3 2 2 2 12    ∵
lim

and
lim

x c
x c

x c
x c

→
=

→
=





2 2

= f ( ).2

Since 
lim

( ) ( ),
x

f x f
→

=
2

2  there fore f x( ) is con tin u ous at x = 2.

D-21



Prob lem 7(iii): Show that the func tion f x x x( ) ( ) /= +1 2 1  , x ≠ 0 and f x e x( ) ,= =2 0 is

con tin u ous at x = 0.

So lu tion: We know that 
lim

( ) /

h
ax ex a

→
+ =

0
1 1 .

∴
lim

( )
lim

( ) ( )/

x
f x

x
x e fx

→
=

→
+ = =

0 0
1 2 01   and  so f x( ) is continuous at x = 0

Prob lem 8: Ex am ine the con ti nu ity of the func tion f x

x if x

x if x

x x if x

x if x

( ) =

− ≤
− < ≤

− < <
+ ≥








2

2

0

5 4 0 1

4 3 1 2

3 4 2




at x and= 0 1 2, . (Meerut 2004, 06B, 07B; Purvanchal 06; 10; Avadh 06;

Lucknow 06; Gorakhpur 15)

So lu tion: (i) Con ti nu ity at x = 0.  We have f ( ) ;0 0 02= − =

           f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >  and is sufficiently small

 =
→

− − =
→

− =
lim

( )
lim

( ) ;
h

h
h

h
0 0

02 2{ }

and   f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>   and is sufficiently small

          =
→

−
lim

( )
h

h
0

5 4            [ ]∵0 1< <h

 = − 4.

Since f f( ) ( )0 0 0 0− ≠ + , the function f x( ) is discontinuous at x = 0. It is

continuous at x = 0 from the left but is discontinuous from the right and the

discontinuity is ordinary.

(ii) Continuity at x = 1. We have f ( ) ;1 5 1 4 1= ⋅ − =

    f
h

f h h( )
lim

( ),1 0
0

1 0− =
→

− >  =
→

− −
lim

( )
h

h
0

5 1 4{ }    [ ]∵0 1 1< − <h

 =
→

− =
lim

( ) ;
h

h
0

1 5 1

and      f
h

f h h( )
lim

( ),1 0
0

1 0+ =
→

+ >  

  =
→

+ − +
lim

[ ( ) ( )]
h

h h
0

4 1 3 12           [ ]∵ 1 1 2< + <h

 =
→

+ + =
lim

( ) .
h

h h
0

4 5 1 12

Thus      f f f( ) ( ) ( )1 0 1 1 0− = = +  and so f x( ) is continuous at x = 1.
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(iii) Continuity at x = 2. We have f ( ) ;2 3 2 4 10= ⋅ + =

    f
h

f h h( )
lim

( ),2 0
0

2 0− =
→

− >  

  =
→

− − −
lim

[ ( ) ( )]
h

h h
0

4 2 3 22          [ ]∵ 1 2 2< − <h

 =
→

− + =
lim

( ) ;
h

h h
0

4 13 10 102

and     f
h

f h h( )
lim

( ),2 0
0

2 0+ =
→

+ >  =
→

+ +
lim

( )
h

h
0

3 2 4{ }   [ ]∵ 2 2+ >h

                 =
→

+ =
lim

( ) .
h

h
0

3 10 10

Since     f f f f x( ) ( ) ( ), ( )2 0 2 2 0− = = +  is continuous at x = 2 .

Prob lem 9(i):  Show that the func tion f x
e

e
x and f

x

x
( ) , ( )

/

/
= −

+
≠ =

1

1
1

1
0 0 0 is

dis con tin u ous at x = 0.

So lu tion: (i) Pro ceed ing as in part (viii) of problem 1, we have f ( )0 0 1+ =  and 

f ( )0 0 1− = − .

Also f ( ) .0 0=  Thus f f( ) ( )0 0 0− ≠  and f f( ) ( )0 0 0+ ≠ .

∴ f x( ) is discontinuous at x = 0 both from the left and from the right.

Hence f x( ) is discontinuous at x = 0 and the discontinuity is ordinary because both

the limits f ( )0 0−  and f ( )0 0+  exist. Here 
lim

( )
x

f x
→ 0

 does not exist because 

f f( ) ( ).0 0 0 0− ≠ +

Prob lem 9(ii): Show that the fol low ing func tion is con tin u ous at x = 0.

f x
sin x

x
x f( ) , , ( ) .= ≠ =

−1
0 0 1

(Agra 2003)

So lu tion: We have 
lim

( )
lim sin

x
f x

x

x

x→
=

→

−

0 0

1

 =
→
lim

sin
,

θ
θ

θ0

putt ing sin− =1 x θ so that x = sin θ
 and θ → 0 as x → 0 

  = =1 0f ( ).
∴ f x( ) is continuous at x = 0.

Prob lem 10: Dis cuss the con ti nu ity of the func tion  f x
e x

( )
/

=
−

1

1 1
 when x ≠ 0 and 

f ( )0 0=  for all val ues of x. (Meerut 2004; Rohilkhand 10B; Lucknow 10)
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So lu tion: Let c c∈ ≠R and .0  

We have 
lim

( )
lim

( ).
/ /x c

f x
x c e e

f c
x c→

=
→ −

=
−

=1

1

1

11 1

∴ f x( ) is con tin u ous at ev ery point c of R if c ≠ 0.

Now to check the continuity of f x x( )at = 0.

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

  =
→ −

=
− ∞

= −
∞

= − =
lim

.
/h e h0

1

1

1

1

1
0 0

1

Again   f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

  =
→ −

=
−

=
−

lim
.

/h e h0

1

1

1

1 0
1

1

Also   f ( ) .0 0=  Thus f f f( ) ( ) ( ).0 0 0 0 0− ≠ = +

∴ f x( ) is discontinuous at x = 0 and the discontinuity is ordinary. The jump of the

function at x = 0 is f f( ) ( )0 0 0 0− − +  i e. ., 1 0− i e. ., 1. The function f x( ) is

continuous at x = 0 from the right but is discontinuous from the left.

Prob lem 11: Prove that the func tion f x
x

x
( )

| |=  for x ≠ 0, f ( )0 0=  is con tin u ous at all

points ex cept x = 0. (Kanpur 2008; Meerut 09; Gorakhpur 11)

So lu tion: If x > 0, then f x
x

x
( ) .= = 1          [ | | ]∵ x x x> ⇒ =0

If x < 0, then f x
x

x
( ) .= − = − 1        [ | | ]∵ x x x< ⇒ = −0

Thus f x

x

x

x

( )

,

,

, .

=
− <

=
>







1 0

0 0

1 0

if

at

if

If x f x i e f x< = −0 1, ( ) . ., ( ) is a constant function and a constant function is
continuous at each point of its domain.

∴ f x( ) is continuous at each point x where x < 0. Similarly f x( ) is continuous at each 
point x where x > 0.

Now to check the continuity of f x x( ) .at = 0

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

 =
→

− = −
lim

h 0
1 1

and similarly f ( ) .0 0 1+ =
Also f ( ) .0 0=
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Since f f( ) ( ),0 0 0 0− ≠ +  therefore 
lim

( )
x

f x
→ 0

 does not exist and so f x( ) is

discontinuous at x = 0.

Since both f ( )0 0−  and f ( )0 0+  exist, therefore the discontinuity is ordinary and

the jump of the function at x = 0 is f f( ) ( )0 0 0 0+ − −  i e. ., 1 1 2− −( ) . ., .i e

Prob lem 12: Test the con ti nu ity of the func tion f x( ) at x = 0 if

f x
e sin x

e
x

x

x
( )

( / )
,

/

/
=

+
≠

1

1
1

1
0 and f x x( ) , .= =0 0

(Meerut 2005)

So lu tion: We have 

f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

=
→ +

⋅ −
















=

−

−
lim

sin .
/

/h

e

e h

h

h0 1

1
0

1

1

∵
lim /

/h

e

e

h

h→ +
=

+
=







−

−0 1

0

1 0
0

1

1
 and |sin ( / )|− ≤1 h 1 when h ≠ 0

 i e h. ., sin ( / )− 1  is bounded in some de leted neigh bour hood of zero



Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

=
→ +

⋅











=

→ +−
lim sin ( / ) lim

/

/ /h

e

e
h

h e

h

h h0 1
1

0

11

1 1 1
1⋅








sin( / )h

which does not ex ist be cause  
lim

/h e h→ +
=

+
=

−0

1

1

1

0 1
1

1
  but   

lim
sin ( / )

h
h

→ 0
1

does not ex ist.

Also f ( ) .0 0=  

Thus f f f( ) ( )and ( )0 0 0 0 0− = +  does not exist.

∴ 
lim

( )
x

f x
→ 0

 does not exist and f x( ) has discontinuity of the second kind at x = 0

from the right.

We observe that f x( ) is continuous at x = 0 from the left.

Prob lem 13: Ex am ine the fol low ing func tion for con ti nu ity at x = 0 and x = 1 :

    f x

x x

x

x
x

( ) =
≤

< ≤

>










2 0

1 0 1
1

1

for

for

for
(Meerut 2001, 03, 04B, 05)
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So lu tion: (i) Con ti nu ity at x = 0

we have f ( )0  = =( )0 02

f
h

f h
h

f h
h

h( ) lim ( ) lim ( ) lim ( )0 0
0

0
0 0

02− = → − = → − = → − =

and f
h

f h
h

f h
h

( ) lim ( ) lim ( ) lim0 0
0

0
0 0

1 1+ = → + = → = → =

Since f ( )0 0−  ≠ f ( )0 0+ , the function f x( ) is discontinuous at x = 0.

(ii) Continuity at x = 0

We have f ( )1 1 1= =

f
h

f h h
h

( ) lim ( ), lim1 0
0

1 0
0

1 1− = → − > = → =

and f
h

f h h( ) lim ( ),1 0
0

1 0+ = → + >  = → +
=

h h0
1

1
1lim

Thus f f f( ) ( ) ( )1 0 1 1 0− = = +  and so f x( )  is continuous at x = 1.

Prob lem 14: Dis cuss the con ti nu ity of the fol low ing func tion at x = 0 :

f x
x x

x x
( )

,

, .
=

≥
− <





cos

cos

0

0

So lu tion: We have f ( ) cos0 0 1= =

f
h

f h
h

f h
h

h( )
lim

( )
lim

( )
lim

cos cos0 0
0

0
0 0

0 1+ =
→

+ =
→

=
→

= =

and f
h

f h( )
lim

( )0 0
0

0− =
→

−   =
→

− =
→

− −
lim

( )
lim

cos( )
h

f h
h

h
0 0

   =
→

− = − = −
lim

cos cos
h

h
0

0 1

Since f f( ) ( )0 0 0 0− ≠ + , the function f x( )  is discontinuous at x = 0 .

Prob lem 15: Test the con ti nu ity of the fol low ing func tions at x = 0 :

( )i  f x x cos x when x f( ) ( / ), , ( ) .= ≠ =1 0 0 0 (Meerut 2007)

( )ii  f x x log x for x f( ) , , ( ) .= > =0 0 0

So lu tion: (i) We have 

f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

 =
→

=
lim

cos ( / ) .
h

h h
0

1 0

[
lim

and|cos ( / )|∵
h

h h
→

= ≤
0

0 1 1 0 1when h i e h≠ . ., cos ( / )

is bounded in some de leted neigh bour hood of zero]

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >
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=
→

− − = −
→

= − =
lim

( ) cos ( / )
lim

cos ( / ) .
h

h h
h

h h
0

1
0

1 0 0

Also f ( ) .0 0=
Thus f f f f x( ) ( ) ( )and ( )0 0 0 0 0− = = + so  is continuous at x = 0.

(ii) We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

       =
→
lim

log
h

h h
0

         [ ]From 0 × ∞

       =
→
lim log

/h

h

h0 1
           From

∞
∞







       =
→ −

= −
→

= − =
lim /

/

lim
.

h

h

h h
h

0

1

1 0
0 0

2

Also  f ( ) .0 0=

Since f x( ) is not defined for x < 0, therefore the question of finding 
lim

( )
x

f x
→ −0

 does 

not arise.

Since f f f x( ) ( )and ( )0 0 0= +  is not defined for x < 0, i e. ., domain f x( ) is [ , [,0 ∞
therefore f x( ) is continuous at x = 0.

Prob lem 16: Dis cuss the na ture of dis con ti nu ity at x = 0 of the func tion f x x x( ) [ ] [ ]= − −
where [ ]x  de notes the in te gral part of x.

So lu tion: We have f ( ) [ ] [ ] [ ] [ ] .0 0 0 0 0 0 0 0= − − = − = − =

Also    f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>  and is sufficiently small

      =
→

− − =
→

− − =
→

=
lim

([ ] [ ])
lim

( )
lim

.
h

h h
h h0 0

0 1
0

1 1{ }

[ [ ] and [ ] ]∵ 0 1 0 1 0 1< < ⇒ = − < − < ⇒ − = −h h h h

Again  f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >  and is sufficiently small

=
→

− − − − =
→

− −
lim

([ ] [ ( )])
lim

([ ] [ ])
h

h h
h

h h
0 0

=
→

− − = −
lim

( ) .
h 0

1 0 1

Since f f( ) ( ),0 0 0 0− ≠ +  therefore 
lim

( )
x

f x
→ 0

 does not exist and so f x( ) is

discontinuous at x = 0.  Also f f( ) ( )0 0 0≠ −  and f f( ) ( )0 0 0≠ +  implies that f x( ) is
discontinuous at x = 0 both from the left and from the right . Since f( )0 0−  and 
f( )0 0+  both exist, therefore the discontinuity is of the first kind and the jump of the
function at x = 0 is f f( ) ( )0 0 0 0+ − −  i e. ., 1 1− −( ) i e. ., 2.
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Prob lem 17: Dis cuss the con ti nu ity of f x x cos x( ) ( / ) ( / ).= 1 1

So lu tion: Let c c∈ ≠R and .0

We have 
lim

( )
lim

cos cos ( ).
x c

f x
x c x x c c

f c
→

=
→

= =1 1 1 1

∴ f x( ) is continuous at every point c of R if c ≠ 0.

Now to check the continuity of f x( ) at x = 0 .

We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

     =
→
lim

cos
h h h0

1 1
       which does not exist.

Again f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

    =
→

− −













=
→

− 





lim
cos

lim
cos

h h h h h h0

1 1

0

1 1






 

    which does not exist.

Thus both f ( )0 0−  and f ( )0 0+  do not exist and so f x( ) has a discontinuity of the

second kind at x = 0.

Prob lem 18: Give an ex am ple of each of the fol low ing types of func tions :

( )i  The function which possesses a limit at x = 1 but is not defined at x = 1. 

( )ii  The function which is neither defined at x = 1 nor has a limit at x = 1.

( )iii  The function which is defined at two points but is nevertheless discontinuous at both the

points.

So lu tion: (i) f x x x f x x x( ) for , ( ) for= > = <2 31 1 .

(ii) f x x x f x x x( ) for , ( ) for .= − < = >2 21 1

(iii) f x x( ) for= ≤0 0
3

2
0, ( ) forf x x x= − < ≤ 1

2
, f x x x( ) for= + > ⋅3

2

1

2

Prob lem 19: In the closed in ter val [ , ]− 1 1  let f be de fined by

f x x sin x for x and f( ) ( / ) ( ) .= ≠ =2 21 0 0 0

In the given interval ( )i  Is the function bounded ? ( )ii  Is it continuous ?

So lu tion:  (i) If x x∈ − ≠[ , ] and ,1 1 0  we have

| ( )| | sin ( / )| | | |sin ( / )|f x x x x x= = ⋅2 2 2 21 1

   = ⋅ ≤| | |sin ( / )|x x2 21 1 1 1⋅ = .

[ |sin ( / )|∵ 1 2x ≤ 1 1and − ≤ x ≤ 1 ⇒ ≤| |x 1]

Also f f( ) | ( )| .0 0 0 0 1= ⇒ = <

Thus | ( )|f x ≤ 1, ∀ x ∈ −[ , ]1 1  and so f is bounded in [ , ].− 1 1
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(ii) Let c c∈ − ≠[ , ] and .1 1 0

We have
lim

( )
lim

sin sin ( ).
x c

f x
x c

x
x

c
c

f c
→

=
→

= =2
2

2
2

1 1

∴ f x( ) is continuous at every point c of [ , ]− 1 1  if c ≠ 0.

Now to check the continuity of f x( ) at x = 0.

We have  f
h

f h( )
lim

( )0 0
0

0− =
→

−  =
→

− >
lim

( ),
h

f h h
0

0

         =
→

−
−













lim
( ) sin

( )h
h

h0

12
2

=
→

=
lim

sin .
h

h
h0

1
02

2

∵
lim

and sin
h

h
h→

= 

 


≤


 0

0
12
2

1 0if h ≠ 


Again       f
h

f h
h

f h( )
lim

( )
lim

( )0 0
0

0
0

+ =
→

+ =
→

 

           =
→

=
lim

sin .
h

h
h0

1
02

2

Also f ( ) .0 0=
Since f f f( ) ( ) ( ),0 0 0 0 0− = = +  therefore f x( ) is continuous at x = 0.

Thus f x( ) is continuous at each point of [ , ]− 1 1  and so it is continuous in [ , ].− 1 1

Multiple Choice Questions

1. We have 
lim | | lim | |

,
x

x

x h

h

h
h

→ +
=

→
>

0 0
0 =

→
=

→
=

lim lim

h

h

h h0 0
1 1

Again, 
lim | | lim | |

,
x

x

x h

h

h
h

→ −
=

→
−
−

>
0 0

0 =
→ −

=
→ −

lim | | lim

h

h

h h

h

h0 0
 =

→
− = −

lim

h 0
1 1.

Since, 
lim | | lim | |

x

x

x x

x

x→ +
≠

→ −0 0
, there fore 

lim | |

x

x

x→ 0
 does not ex ist.

2. We have 
lim lim ! !

x

e

x x

x x

x

x

→
− =

→

+ + +








 −

0

1

0

1
1 2

1
2
…

=
→

+ +



lim ! !

x

x
x

x0

1

1 2
…

 =
→

+ +





=
lim

!x

x

0
1

2
1… .
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3. We have 
lim | | lim | |

( )
,

x

x

x h

h

h
h

→ +
−
−

=
→

+ −
+ −

>
2

2

2 0

2 2

2 2
0

 =
→

=
→

=
→

=
lim | | lim lim

h

h

h h

h

h h0 0 0
1 1.

4. We have 
lim | | lim |( ) |

( )
,

x

x

x h

h

h
h

→ −
−
−

=
→

− −
− −

>
3

3

3 0

3 3

3 3
0

 =
→

−
−

=
→ −

lim | | lim | |

h

h

h h

h

h0 0
 

 =
→ −

=
→

− = −
lim lim

h

h

h h0 0
1 1

5. See Ex am ple 6(ii).

6. We have f K( )0 = ;

f
h

f h( )
lim

( )0 0
0

0+ =
→

+  =
→
lim

( )
h

f h
0

    =
→
lim sin

h

h

h0

5

3
 =

→






5

3 0

5

5

h

h h

h

h

lim sin
 = 5

3

and f
h

f h( )
lim

( )0 0
0

0− =
→

−

    =
→

− =
→

−
−

lim
( )

lim sin ( )

( )h
f h

h

h

h0 0

5

3
 = ⋅5

3

If the given func tion is con tin u ous then 

f f f( ) ( ) ( ).0 0 0 0 0= + = −

∴ K = ⋅5

3

7. See Ex am ple 5(e).

8. See Ex am ple 5(i).

9. See Ex am ple 5(b).

10. See Ex am ple 5(c).

11. Pro ceed as Ex am ple 5(f).

Fill in the Blanks

1. See ar ti cle 7. An al ter na tive def i ni tion of con ti nu ity.

2. We have 
lim lim ( ) ( )

x

x

x x

x x

x→
−

−
=

→
− +

−1

1

1 1

1 1

1

2
 =

→
+ =

lim
( )

x
x

1
1 2

3. We have 
lim sin ( / ) lim sin( / }

/x

x

x x

x

x→
=

→
⋅

0

4

0

1

4

4

4
 =

→
1

4 0

4

4

lim sin ( / )

/x

x

x
 = ⋅ =1

4
1

1

4

4. We have 
lim lim ( ) ( )

( ) ( )

lim

x

x

x x

x x x

x x x→
−
−

=
→

− + +
− +

=
→1

1

1 1

1 1

1 1

3

2

2

1

1

1

3

2

2x x

x

+ +
+

=  .
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5. See Ex am ple 5, part (b).

6. See Ex am ple 5, part (f).

7. If 3 4< <x , then [ ]x = 3. So, if 3 4< <x , then f x x( ) = − 3.

8. We have 
lim

( )
lim

x
f x

x
x

→ −
=

→ −1 1
 = 1      [∵ f x x( ) = , when x < 1]

Also, See Prob lem 13, of Com pre hen sive Prob lems 1.

9. (i) We have f
3

2
2

3

2

1

2






= − =           ∵1
3

2
2< <





(ii) We have 
lim

( )
lim

( )
x

f x
x

x
→ +

=
→ +

−
1 1

2   [∵ f x x( ) = −2 , when 1 2≤ <x ]

   = − =2 1 1

(iii) We have 
lim

( )
lim

( )
x

f x
x

x
→ −

=
→ −

−
2 2

2   [∵ f x x( ) = −2 , when 1 2≤ <x ]

   = − =2 2 0

10. See Prob lem 14 of Com pre hen sive Prob lems 1.

11. See ar ti cle 8, part (i).

12. The func tion f x
x

x
( )

sin=  is de fined for all real num bers x ex cept x = 0. So, do -

main f = −R { }0 .

13. The given func tion f x( )  is de fined for all real num bers x. So, do main f = R.

True or False

1. We have 
lim

( )
lim

x
f x

x
x

→ −
=

→ −0 0
     [∵ f x x( ) =  when x < 0]

Again, 
lim

( )
lim

x
f x

x
x

→ +
=

→ +0 0
2       [∵ f x x( ) = 2 when x > 0]

Since,
lim

( )
lim

( )
x

f x
x

f x
→ −

=
→ +

=
0 0

0,

there fore
lim

( )
x

f x
→

=
0

0.

2. We have 
lim

( )
lim sin

x
f x

x

x

x→
=

→
=

0 0
1

But, f( )0 2=

Since, 
lim

( ) ( )
x

f x f
→

≠
0

0 , there fore f x( ) is dis con tin u ous at x = 0.

3. We have 
lim

( )
lim

( sin )
x

f x
x

x
→ −

=
→ −

−
0 0

  [∵ f x x( ) sin= − , when x < 0]

  = 0

Again,
lim

( )
lim

sin
x

f x
x

x
→ +

=
→ +0 0

     [∵ f x x( ) sin= , when x > 0]
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Since
lim

( )
lim

( )
x

f x
x

f x
→ −

=
→ +

=
0 0

0.

there fore    
lim

( )
x

f x
→

=
0

0.

Also,       f( ) sin0 0 0= = .     [∵ f x x( ) sin= , when x = 0]

Since 
lim

( ) ( )
x

f x f
→

=
0

0 , there fore f x( ) is con tin u ous at x = 0. 

4. The func tion f x
x a

x a
( ) = −

−

2 2
 is not de fined at x a= , but

lim
( )

lim

x a
f x

x a

x a

x a→
=

→
−
−

2 2
 =

→
− +

−
lim ( ) ( )

x a

x a x a

x a

     =
→

+
lim

( )
x a

x a  = 2a, i e. ., 
lim

( )
x a

f x
→

 ex ists.

5. See Prob lem 15, part (i) of Com pre hen sive Prob lems 2.

6. See The o rem 5 af ter ar ti cle 10.

7. We have 
lim

( )
lim sin

x
f x

x

x

x→
=

→
=

0 0
1.

Also, f( )0 1= .

Since,
lim

( ) ( )
x

f x f
→

=
0

0 , there fore f x( ) is con tin u ous at x = 0.

8. We have 
lim

( )
lim

x
f x

x→ −
=

→ −1 1
1      [∵ f x( ) = 1, when x < 1 ]

Again,
lim

( )
lim

( )
x

f x
x

x
→ +

=
→ +

−
1 1

2   [∵ f x x( ) = −2 , when 1 2≤ <x ]

  = − =2 1 1.

Also, f( )1 2 1 1= − = .

Since, 
lim

( ) ( )
lim

( )
x

f x f
x

f x
→ −

=
→ +1

1
1

, therefore f x( ) is con tin u ous at x = 1 . 

9. See Ex am ple 5, part (d).

10. We have 
lim sin lim sin

x

x

x x

x

x→
=

→
⋅

0 0
3

3

3
 =

→
= =3

0

3

3
3

lim sin

x

x

x
3.1 .

11. We have 
lim sin lim sin

x

x

x x

x

x→
=

→
⋅

0

2

0
2

2

2
 =

→
= ⋅ =2

0

2

2
2 1 2

lim sin

x

x

x
.

12. We have 
lim sin lim sin

.
x

x

x x

x

x→
=

→
= ⋅ =

0 2

1

2 0

1

2
1

1

2

❍❍❍
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Prob lem 1: Show that f x x( ) | |,= − ≤1 0 x ≤ 2 is not de riv able at x = 1. Is it con tin u ous in 

[ , ] ?0 2

So lu tion: We have  f x
x x

x x
( )

,

, .
=

− ≤ ≤
− ≤ ≤





1 0 1

1 1 2

when

when

To test f x( ) for differentiability at x = 1 .

We have 

 R f
h

f h f

h h

h

h
′ =

→
+ − =

→
+ − −

( )
lim ( ) ( ) lim ( )

1
0

1 1

0

1 1 0

   =
→

=
→

=
lim lim

;
h

h

h h0 0
1 1

and  L f
h

f h f

h h

h

h
′ =

→
− −

−
=

→
− − −

−
( )

lim ( ) ( ) lim ( )
1

0

1 1

0

1 1 0

   =
→ −

=
→

− = −
lim lim

.
h

h

h h0 0
1 1

Since R f L f′ ≠ ′( ) ( ),1 1  the function f x( ) is not differentiable at x = 1.

To test f x( ) for continuity in [0, 2].

When 0 ≤ x f x x< = −1 1, ( )  which is a polynomial and when 1< ≤x 2 1, ( )f x x= −
which is also a polynomial. 

Now a polynomial function is continuous at each point of its domain. Therefore f x( )
is continuous when x ≤ <0 1 and also when 1 2< ≤x .
Now to check f x( ) for continuity at x = 1.

We have   f
h

f h
h

h( )
lim

( )
lim

( )1 0
0

1
0

1 1− =
→

− =
→

− −{ } =
→

=
lim

,
h

h
0

0

        f
h

f h
h

h( )
lim

( )
lim

( )1 0
0

1
0

1 1+ =
→

+ =
→

+ −{ } =
→

=
lim

h
h

0
0

and       f ( ) .1 0=
Since      f f f f x( ) ( ) ( ), ( )1 0 1 1 0− = = +  is continuous at x = 1.

Thus f x( ) is continuous at each point of [ , ]0 2  and so f x( ) is continuous in [ , ]0 2  .
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Prob lem 2 (i): If f x
x

e
x f

x
( ) , , ( ) ,

/
=

+
≠ =

1
0 0 0

1
 show that f is con tin u ous at x = 0 ,

but f ′ ( )0  does not ex ist. (Lucknow 2005, 10; Gorakhpur 13; Purvanchal 14)

So lu tion: We have  

f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

       =
→

−
+

=
+

=
−

lim
,

/h

h

e h0 1

0

1 0
0

1

          f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

       =
→ +

= ⋅
+ ∞

= ⋅ =
lim

/h

h

e h0 1
0

1

1
0 0 0

1

and f ( ) .0 0=
Since f f f( ) ( ) ( ),0 0 0 0 0− = = +  therefore f x( ) is continuous at x = 0.

We now proceed to find the derivative of f x( ) at x = 0. We have

  R f
h

f h f

h h

f h f

h
h′ =

→
+ − =

→
− >( )

lim ( ) ( ) lim ( ) ( )
,0

0

0 0

0

0
0

            =
→

+
−

=
→ +

=
+ ∞

=
lim lim/

/h

h

e

h h e

h

h0

1
0

0

1

1

1

1
0

1

1

and    L f
h

f h f

h h

f h f

h
h′ =

→
− −

−
=

→
− −

−
>( )

lim ( ) ( ) lim ( ) ( )
,0

0

0 0

0

0
0

       =
→

−
+

−

−

−lim /

h

h

e

h

h

0

1
0

1

        =
→ +

=
+

=
+

=
− − ∞

lim
.

/h e eh0

1

1

1

1

1

1 0
1

1

Since R f L f′ ≠ ′( ) ( ),0 0  the derivative of f x( ) at x = 0 does not exist.

Prob lem 2 (ii): If f x
x e

e

x

x
( )

/

/
=

+

1

11
 for x and f≠ =0 0 0( ) , show that f x( ) is con tin u ous at 

x = 0, but f ′ ( )0  does not ex ist. (Lucknow 2006)

So lu tion: We have f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >

                    =
→

−
+

=
+

=
−

−
lim

,
/

/h

he

e

h

h0 1

0

1 0
0

1

1

      f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>
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     =
→ +

=
→ +

=
+

=
−

lim lim/

/ /h

he

e h

h

e

h

h h0 1 0 1

0

0 1
0

1

1 1

and f ( ) .0 0=
Since f f f f x( ) ( ) ( ), ( )0 0 0 0 0− = = +  is continuous at x = 0.

We now proceed to find the derivative of f x( ) at x = 0.

We have R f
h

f h f

h h

f h f

h
′ =

→
+ − =

→
−

( )
lim ( ) ( ) lim ( ) ( )

0
0

0 0

0

0

        =
→

+
−

=
→ +

lim lim

/

/ /

/h

he

e

h h

e

e

h

h h

h0

1
0

0 1

1

1 1

1

         =
→ +

=
+

=
−

lim
/h e h0

1

1

1

0 1
1

1

and L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

−
+

−

−
=

→ +
=

+
=

−

− −

−
lim lim

/

/ /

/h

h e

e

h h

e

e

h

h h

h0

1
0

0 1

0

1 0

1

1 1

1
0.

Since R f L f′ ≠ ′( ) ( ),0 0  the derivative of f x( ) at x = 0 does not exist.

Prob lem 3: A func tion φ is de fined as fol lows : φ = −( )x x for x ≤ 0, ( )φ =x x for x ≥ 0.

Test the character of the function at x = 0 as regards continuity and differentiability.

So lu tion: We have  φ − =
→

φ − =
→

φ − >( )
lim

( )
lim

( ),0 0
0

0
0

0
h

h
h

h h

=
→

− − =
→

=
lim

( )
lim

h
h

h
h

0 0
0

φ + =
→

φ + =
→

φ =
→

=( )
lim

( )
lim

( )
lim

0 0
0

0
0 0

0
h

h
h

h
h

h

and φ =( ) .0 0

Since φ − = φ = φ + φ( ) ( ) ( ), ( )0 0 0 0 0 x  is continuous at x = 0.

Again R
h

h

h h

h

h
φ′ =

→
φ + − φ =

→
φ − φ

( )
lim ( ) ( ) lim ( ) ( )

0
0

0 0

0

0

 =
→

− =
→

=
lim lim

h

h

h h0

0

0
1 1

and L
h

h

h h

h

h
hφ′ =

→
φ − − φ

−
=

→
φ − − φ

−
>( )

lim ( ) ( ) lim ( ) ( )
,0

0

0 0

0

0
0

 =
→

− − −
−

=
→ −

=
→

− = −
lim ( ) lim lim

.
h

h

h h

h

h h0

0

0 0
1 1

Since R L xφ′ ≠ φ′ φ( ) ( ), ( )0 0  is not differentiable at x = 0.
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Prob lem 4: Show that  the func tion f de fined on R by f x x x x( ) | | | | | |= − + − + −1 2 2 3 3

is continuous but not differentiable at the points 1 2 3, , .and (Bundelkhand 2009)

So lu tion: From the def i ni tion of the func tion f, we have

f x x x x x x( ) ( ) ( )= − + − + − = − ≤1 2 2 3 3 14 6 when 1

f x x x x x( ) ( ) ( )= − + − + − = − ≤1 2 2 3 3 12 4 1when x ≤ 2

f x x x x( ) ( ) ( )= − + − + − = ≤1 2 2 3 3 4 2when x ≤ 3

and f x x x x x x( ) ( ) ( ) .= − + − + − = − ≥1 2 2 3 3 6 14 3when

Continuity of f x( )  at x = 1

We have f ( ) ,1 14 6 8= − =

     f
x

f x
x

x( )
lim

( )
lim

( )1 0
1 1

14 6 8− =
→ −

=
→

− =

and     f
x

f x
x

x( )
lim

( )
lim

( ) .1 0
1 1

12 4 8+ =
→ +

=
→

− =

Since     f f f f x( ) ( ) ( ), ( )1 0 1 1 0− = = +  is continuous at x = 1.

Differentiability of f x x( ) at = 1.

We have        Rf
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

1
0

1 1

      =
→

− + − =
→

− =
→

− = −
lim ( ) lim lim

h

h

h h

h

h h0

12 4 1 8

0

4

0
4 4

and Lf
h

f h f

h
h′ =

→
− −

−
>( )

lim ( ) ( )
,1

0

1 1
0

      =
→

− − −
−

=
→ −

=
→

− = −
lim ( ) lim lim

.
h

h

h h

h

h h0

14 6 1 8

0

6

0
6 6

Since R f L f′ ≠ ′( ) ( ),1 1  the function f is not differentiable at x = 1.

Similarly check f x( ) for continuity and differentiability at x x= =2 3and .at

Prob lem 5: Show that the func tion

f x x x( ) ,= < ≤0 1 = − < ≤x x1 1 2,

has no derivative at x = 1.

So lu tion: We have 

       R f
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

1
0

1 1
 

               =
→

+ − − =
→

− = − ∞
lim ( ) lim

h

h

h h

h

h0

1 1 1

0

1

and         L f
h

f h f

h
h′ =

→
− −

−
>( )

lim ( ) ( )
,1

0

1 1
0 

              =
→

− −
−

=
→

=
lim ( ) lim

h

h

h h0

1 1

0
1 1 .
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Since R f L f′ ≠ ′( ) ( ),1 1  the function f x( ) has no derivative at x = 1.

Remark: Here f f f( ) , ( ) , ( )1 0 1 1 1 1 0 0− = = + =  and so f x( ) is not continuous at 

x = 1 and consequently f x( ) is not differentiable at x = 1.

Prob lem 6: Show that the func tion f x x x( ) ,= − ≥2 1 1 = − <1 1x x,

has no derivative at x = 1.

So lu tion: We have L f
h

f h f

h
h′ =

→
− −

−
>( )

lim ( ) ( )
,1

0

1 1
0

        =
→

− − − −
−

=
→ −

lim ( ) ( ) lim

h

h

h h

h

h0

1 1 1 1

0

                  =
→

− = −
lim

h 0
1 1

and R f
h

f h f

h h

h

h
′ =

→
+ − =

→
+ − − −

( )
lim ( ) ( ) lim ( ) ( )

1
0

1 1

0

1 1 1 12

 =
→

+ =
→

+ =
→

+ =
lim lim ( ) lim

( ) .
h

h h

h h

h h

h h
h

0

2

0

2

0
2 2

2

Since L f R f f x′ ≠ ′( ) ( ), ( )1 1  is not differentiable at x = 1.

Prob lem 7: The fol low ing lim its are de riv a tives of cer tain func tions at a cer tain point.

De ter mine these func tions and the points.

( )i  
lim

x

log x log

x→
−
−2

2

2
( )ii   

lim

h

a h a

h→
√ + − √ ⋅

0

( )

So lu tion: We know that 

f a
x a

f x f a

x a h

f a h f a

h
′ =

→
−
−

=
→

+ − ⋅( )
lim ( ) ( ) lim ( ) ( )

0

(i) The function is f x x( ) log=  and the point is x = 2 .

(ii) The function is f x x( ) = √  and the point is x a= .

Prob lem 8: Let f x x sin x( ) ( )/= −2 4 3  ex cept when x = 0 and f ( ) .0 0=  Prove that f x( )

has zero as a de riv a tive at x = 0.

So lu tion:  We have R f
h

f h f

h
h′ =

→
+ − >( )

lim ( ) ( )
,0

0

0 0
0

   =
→

− =
→

−−lim ( ) ( ) lim sin ( )/

h

f h f

h h

h h

h0

0

0

02 4 3

   =
→

=−lim
sin ( ) ./

h
h h

0
04 3

∵
lim

and|sin ( )|/

h
h h h

→
= ≤ ≠





−
0

0 1 04 3 when
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Again L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
0

0

0 0

     =
→

− −
−

=
→

− − −
−

−lim ( ) ( ) lim ( ) sin ( ) /

h

f h f

h h

h h

h0

0

0

02 4 3{ }

     =
→

− − =−lim
[( ) . sin ( ) ] ,/

h
h h

0
04 3{ }   as before.

Since R f L f′ = ′ =( ) ( ) ,0 0 0  the function f has zero as a derivative at x = 0.

Prob lem 9: A func tion φ is de fined as fol lows :

φ = + ≤( )x x if x1 2 , φ = − >( ) .x x if x5 2

Test the character of the function at x = 2 as regards its continuity and differentiability.

(Avadh 2007)

So lu tion: We have φ = + =( ) ,2 1 2 3

        φ − =
→ −

φ =
→

+ =( )
lim

( )
lim

( )2 0
2 2

1 3
x

x
x

x

and         φ + =
→ +

φ =
→

− =( )
lim

( )
lim

( ) .2 0
2 2

5 3
x

x
x

x

Since φ − = φ = φ +( ) ( ) ( ),2 0 2 2 0  the function φ is continuous at x = 2.

Again  R
h

h

h h

h

h
φ′ =

→
φ + − φ =

→
− + −

( )
lim ( ) ( ) lim ( )

2
0

2 2

0

5 2 3

 =
→

− =
→

− = −
lim lim

h

h

h h0 0
1 1

and           L
h

h

h h

h

h
φ′ =

→
φ − − φ

−
=

→
+ − −

−
( )

lim ( ) ( ) lim ( )
2

0

2 2

0

1 2 3

         =
→

−
−

=
→

=
lim lim

.
h

h

h h0 0
1 1

Since R Lφ′ ≠ φ′( ) ( ),2 2  the function φ is not differentiable at x = 2.

Prob lem 10: Ex am ine the fol low ing curve for con ti nu ity and differentiability at x = 0 and 

x = 1:

y x= 2 for x ≤ 0

y = 1 for x0 < ≤ 1

y x= 1 / for x > 1.

Also draw the graph of the function. (Meerut 2003, 04B, 09B)

So lu tion: Let y f x= ( ). We need to test f x( ) for con ti nu ity and differentiability at

the points x = 0 1and . It is ob vi ously con tin u ous and dif fer en tia ble at all other points.

At x = 0. We have f ( ) ;0 0 02= =  

       f
h

f h
h

f h
h

( )
lim

( )
lim

( )
lim

,0 0
0

0
0 0

1 1+ =
→

+ =
→

=
→

=
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and        f
h

f h
h

f h
h

h( )
lim

( )
lim

( )
lim

( )0 0
0

0
0 0

2− =
→

− =
→

− =
→

−

     =
→

=
lim

.
h

h
0

02

Thus f f f( ) ( ) ( )0 0 0 0 0− = ≠ +  and so the function f x( ) is not continuous at x = 0.
Consequently it is also not differentiable at x = 0.

Here f x( ) is continuous at x = 0 from the left.

At x = 1 . We have f
x

f x
x

( )
lim

( )
lim

,1 0
1 1

1 1− =
→ −

=
→

=   f ( )1 1=

and     f
x

f x
x x

( )
lim

( )
lim

.1 0
1 1

1
1+ =

→ +
=

→
=

Since f f f f x( ) ( ) ( ), ( )1 0 1 1 0− = = +  is continuous at x = 1.

Now L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
1

0

1 1 =
→

−
−

=
→

=
lim lim

h h h0

1 1

0
0 0

and R f
h

f h f

h h

h

h
′ =

→
+ − =

→
+

−
( )

lim ( ) ( ) lim
1

0

1 1

0

1

1
1

 

  =
→

− −
+

lim

( )h

h

h h0

1 1

1
=

→
−
+

= −
lim

.
h h0

1

1
1

Since L f R f f x′ ≠ ′( ) ( ), ( )1 1  is not
 differentiable at x = 1.

The graph of the function consists of the

following curves :

y x x= ≤2 for 0,   (parabola)

y x= < ≤1 0for 1,  (straight line)

y x x= >1 1/ for ,   (rectangular hyperbola).

Prob lem 11: A func tion f x( ) is de fined as fol lows :

     f x x( ) = +1 for x ≤ 0,

     f x x( ) = for x0 1< < ,

     f x x( ) = −2 for 1≤ x ≤ 2,

     f x x x( ) = −3 2 for x > 2 .

Discuss the continuity of f x( ) and the existence of f x′ ( ) at x and= 0 1 2, .

So lu tion: At x = 0. We have f ( ) ,0 1 0 1= + =  

    f
x

f x
x

x( )
lim

( )
lim

( )0 0
0 0

1 1− =
→ −

=
→

+ =
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   f
x

f x
x

x( )
lim

( )
lim

.0 0
0 0

0+ =
→ +

=
→

=

Since f f( ) ( ),0 0 0 0− ≠ +  therefore 
lim

( )
x

f x
→ 0

 does not exist and so f x( ) is not

continuous at x = 0. Consequently f x( ) is also not differentiable at x = 0.

At x = 1. We have f ( ) ,1 2 1 1= − =  

f
x

f x
x

x( )
lim

( )
lim

1 0
1 1

1− =
→ −

=
→

=

and f
x

f x
x

x( )
lim

( )
lim

( ) .1 0
1 1

2 1+ =
→ +

=
→

− =

Since f f f f x( ) ( ) ( ), ( )1 0 1 1 0− = = +  is continuous at x = 1.

Now L f
h

f h f

h h

h

h
′ =

→
− −

−
=

→
− −
−

( )
lim ( ) ( ) lim ( )

1
0

1 1

0

1 1

 =
→

−
−

=
→

=
lim lim

h

h

h h0 0
1 1

and R f
h

f h f

h h

h

h
′ =

→
+ − =

→
− + −

( )
lim ( ) ( ) lim ( )

1
0

1 1

0

2 1 1

  =
→

− =
→

− = −
lim lim

.
h

h

h h0 0
1 1

Since L f R f f x′ ≠ ′( ) ( ), ( )1 1  is not differentiable at x = 1 and so f ′ ( )1  does not exist.

At x = 2. We have f ( ) ,2 2 2 0= − =  

f
x

f x
x

x( )
lim

( )
lim

( )2 0
2 2

2 0− =
→ −

=
→

− =

and f
x

f x
x

x x( )
lim

( )
lim

( ) .2 0
2 2

3 22+ =
→ +

=
→

− =

Since f f f x( ) ( ), ( )2 0 2 0− ≠ +  is not continuous at x = 2 and consequently it is also

not differentiable at x = 2.

Prob lem 12: Dis cuss the con ti nu ity and differentiability of the fol low ing func tion :

f x x for x( ) = < −2 2

f x for( ) = − ≤4 2 x ≤ 2

f x x for x( ) .= >2 2  

Also draw the graph. (Meerut 2007, 10B)

So lu tion: When x f x x< − =2 2, ( )  and when x f x x> =2 2, ( ) . Thus f x( ) is a

poly no mial when x < − 2 or when x > 2 and a poly no mial func tion is con tin u ous as

well as dif fer en tia ble at each point of its do main. So f x( ) is con tin u ous as well as

dif fer en tia ble at ev ery point where x x< − >2 2or .
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Again when − < < =2 2 4x f x i e f x, ( ) . ., ( ) is a constant function. So f x( ) is

continuous  as well as differentiable at every point where − < <2 2x .

Now it remains to check the continuity and differentiability of f x( ) at x = − 2 and 

2.

At x = − 2. We have f ( ) ,− =2 4

f
x

f x
x

x( )
lim

( )
lim

( )− − =
→ − −

=
→ −

= − =2 0
2 2

2 42 2

and f
x

f x
x

( )
lim

( )
lim

.− + =
→ − +

=
→ −

=2 0
2 2

4 4

Since f f f f x( ) ( ) ( ), ( )− − = − = − +2 0 2 2 0  is con tin u ous at x = − 2 .

Now L f
h

f h f

h
h′ − =

→
− − − −

−
>( )

lim ( ) ( )
,2

0

2 2
0

         =
→

− − −
−

=
→

+
−

=
→

+
−

lim ( ) lim lim ( )

h

h

h h

h h

h h

h h

h0

2 4

0

4

0

42 2

         =
→

− + = −
lim

( )
h

h
0

4 4

and R f
h

f h f

h
h′ − =

→
− + − − >( )

lim ( ) ( )
,2

0

2 2
0

   =
→

− =
→

=
lim lim

.
h h h0

4 4

0
0 0

Since L f R f f x′ − ≠ ′ −( ) ( ), ( )2 2  is not differentiable at x = − 2.

At x = 2. Here proceeding as above, 

f f f( ) ( ) ( )2 0 4 2 2 0− = = = +  and so f x( ) is continuous at x = 2.

Again Lf Rf′ = ′ =( ) , ( )2 0 2 4 and thus L f R f′ ≠ ′( ) ( )2 2  

and so f x( ) is not  differentiable at x = 2.

To draw the graph of the function, put y f x= ( ). 

Then the graph of the function consists of the
following curves :

y x= 2 when x < − 2    (a parabola)

y = 4 when − ≤2 x ≤ 2   (a straight
line)

y x= 2 when x > 2   (a parabola).

Prob lem 13: A func tion f x( ) is de fined as fol lows :

f x x for( ) = ≤0 x ≤ 1, f x x for x( ) .= − ≥2 1

Test the character of the function at x = 1 as regards the continuity and differentiability.
(Meerut 2003)
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So lu tion: Pro ceed your self.

Here f f f( ) ( ) ( )1 0 1 1 1 0− = = = +  and so f x( ) is continuous at x = 1.

Again L f ′ =( )1 1 and R f ′ = −( )1 1 and thus L f R f′ ≠ ′( ) ( )1 1  and so f x( ) is not
differentiable at x = 1.

Prob lem 14: Ex am ine the func tion de fined by f x x cos e x fx( ) ( ), , ( )/= ≠ =2 1 0 0 0  with

re gard to ( )i  con ti nu ity ( )ii  differentiability in the in ter val ] , [.− 1 1

So lu tion: If c ∈ −] , [1 1  and c ≠ 0, then
lim

( )
lim

cos ( ) cos ( ) ( )/ /

x c
f x

x c
x e c e f cx c

→
=

→
= =2 1 2 1 .

∴ f x( ) is continuous at every point x c c= ≠if 0.

Again f x x e x e e xx x x′ = − −( ) cos ( ) sin ( ) . . ( / )/ / /2 11 2 1 1 2{ }

 = +2 1 1 1x e e ex x xcos ( ) sin ( )/ / /

which exists at every point x c c= ≠if 0.   

∴ f x( ) is differentiable at every point x c c= ≠if 0.

Continuity of f x x( )at = 0. We have f ( ) ,0 0=

f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0+ =
→

+ =
→

>

         =
→

=
lim

cos ( )/

h
h e h

0
02 1

∵
lim

and
h

h
→

=
 0

02

|cos ( )|/e h1 ≤ 1 when h i e e h≠ 0 1. ., cos ( )/  

is bounded in some de leted neigh bour hood of zero



and f
h

f h
h

f h h( )
lim

( )
lim

( ),0 0
0

0
0

0− =
→

− =
→

− >  

           =
→

− =
→

=− −lim
( ) cos ( )

lim
cos ( ) ,/ /

h
h e

h
h eh h

0 0
02 1 2 1  

as dis cussed above.

Since f f f f x( ) ( ) ( ), ( )0 0 0 0 0− = = +  is continuous at x = 0.

Differentiability of f x( ) at x = 0. We have

R f
h

f h f

h h

f h f

h
h′ =

→
+ − =

→
− >( )

lim ( ) ( ) lim ( ) ( )
,0

0

0 0

0

0
0

 =
→

− =
→

=
lim cos ( ) lim

cos ( )
/

/

h

h e

h h
h e

h
h

0

0

0
0

2 1
1

and L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
0

0

0 0
 =

→
− −

−
>

lim ( ) ( )
,

h

f h f

h
h

0

0
0

 =
→

− −
−

−lim ( ) cos ( )/

h

h e

h

h

0

02 1
 =

→
− =−lim

cos ( ) ./

h
h e h

0
01

D-42



Since L f R f f x′ = ′( ) ( ), ( )0 0  is differentiable at x = 0 and f ′ =( ) .0 0

Thus f x( ) is continuous as well as differentiable throughout R.

Prob lem 15: (i) De fine con ti nu ity and differentiability of a func tion at a given point. If

a func tion pos sesses a fi nite dif fer en tial co ef fi cient at a point, show that it is con tin u ous at

this point. Is the con verse true ? Give ex am ple in sup port of your an swer.

So lu tion: A func tion f x( ) is said to be con tin u ous at a point a of its do main if 

lim
( ) ( ).

x a
f x f a

→
=

For definition of differentiability of a function at a point see article 1.

If a function f x( ) possesses a finite differential coefficient f x′ ( )0  at a point x x= 0 , it
is continuous at x x= 0 . For proof refer theorem 4 of article 5. The converse is not
true.

Consider the function f x x x( ) | |, .= ∈ R

Then  f x
x x

x x
( )

,

, .
=

≥
− ≤





0

0

This function is continuous at x = 0 but is not differentiable at x = 0. For complete
solution see solved example 1 after article 7.

Another example: Consider the function  f x x x x( ) sin ( / ),= ≠1 0 and f ( ) .0 0=

This function is continuous at x = 0 but is not differentiable at x = 0. For complete
solution see article 4.

Prob lem 15: (ii) What do you un der stand by the de riv a tive of a real val ued func tion at the

point b ∈ R ? Ap ply your def i ni tion to dis cuss the de riv a tive of f x x x at x( ) | |, .= ∈ =R 0

So lu tion: Let  I de note the open in ter val ] , [p q  in R and let b I∈ . Then a func tion 

f I: → R is said to be dif fer en tia ble or de riv able at x b=  if
lim ( ) ( )

h

f b h f b

h→
+ −

0
  or  equivalently  

lim ( ) ( )

x b

f x f b

x b→
−
−

exists finitely and this limit, if it exists finitely, is called the differential coefficient or
derivative of f with respect to x at x b=  and is denoted by f b′ ( ).

To discuss the derivative of f x x x( ) | |,= ∈ R at x = 0 see solved example 1 after article 
7.

Prob lem 15 :  (iii) Prove that if a func tion f x( ) pos sesses a fi nite de riv a tive in a closed in ter val 

[ , ],a b  then f x( ) is con tin u ous in [ , ].a b

So lu tion: It is given that f x( ) pos sesses a fi nite de riv a tive at each point of [ , ]a b  and

to prove that f x( ) is con tin u ous in [ , ] . ., ( )a b i e f x  is con tin u ous at each point c of 
[ , ].a b

By hypothesis, f c
x c

f x f c

x c
′ =

→
−
−

( )
lim ( ) ( )

 exists and is finite.
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We can write   f x f c
f x f c

x c
x c x c( ) ( )

( ) ( )
( ), .− = −

−
⋅ − ≠if ...(1)

Taking limit of both sides of (1) as x c→ , we get

lim
( ) ( )

lim ( ) ( )
( )

x c
f x f c

x c

f x f c

x c
x c

→
− =

→
−
−

⋅ −







{ }

  =
→

−
−

⋅
→

−
lim ( ) ( ) lim

( )
x c

f x f c

x c x c
x c  = ′ =f c( ) . .0 0

∴ 
lim

( ) ( )
x c

f x f c
→

− ={ } 0 ⇒ 
lim

( )
lim

( )
x c

f x
x c

f c
→

−
→

= 0

⇒ 
lim

( ) ( )
lim

( ) ( )
x c

f x f c
x c

f x f c
→

− = ⇒
→

=0

⇒ f x( )  is continuous at x c= .

Prob lem 1: (i) State Rolle’s the o rem.
(Kanpur 2005, 08; Lucknow 07)

(ii) Verify Rolle’s theorem when f x e sin x a bx( ) , , .= = =0 π (Gorakhpur 2012)

So lu tion: (i) See article 8.

(ii) The func tion f x e xx( ) sin=  is con tin u ous as well as dif fer en tia ble on the whole 

R. So f x( ) is con tin u ous in [ , ]0 π  and dif fer en tia ble in ] , [.0 π

We have f e f e( ) sin and ( ) sin .0 0 0 00= = = =π ππ

∴ f f( ) ( ).0 = π
Thus f x( ) satisfies all the three conditions of Rolle’s theorem in [ , ].0 π  Therefore
there must exist at least one number, say c, in the open interval ] , [0 π  for which 
f c′ =( ) .0

Now f x e x e x e x xx x x′ = + = +( ) sin cos (sin cos )

     = √
√

+
√







e x xx . . sin cos2
1

2

1

2

    = √ +





⋅2
1

4
. sine xx π

From f x′ =( ) 0 we get sin x +





=1

4
0π  [ ,∵ e x ≠ 0  V x ∈ R]

⇒ x + = ± ±1

4
0 2π π π, , ,… .

Out of these values x = − =π π π1

4

3

4
 lies in the open interval ] , [.0 π  Thus the Rolle’s 

theorem is verified.
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Prob lem 2: Ver ify Rolle’s the o rem for the fol low ing func tions :

( )i f x x x( ) ( ) ( )= − −4 35 4 in the interval [ , ]3 4 .

( )ii f x x x x( ) .= − + −3 26 11 6

( )iii f x x x in( ) [ , ].= − −3 4 2 2 (Kanpur 2007)

( )iv f x e sin x cos x inx( ) ( ) [ / , / ].= − π π4 5 4 (Meerut 2013B)

(v) f x x x in( ) [ , ].= −10 0 102  (Kanpur 2006)

So lu tion: (i) We have f x x x( ) ( ) ( )= − −4 35 4 which is a poly no mial in x of de gree 9 

and a poly no mial func tion is con tin u ous as well as dif fer en tia ble on the whole R. So 
f x( ) is con tin u ous in [ , ]3 4  and dif fer en tia ble in ] , [ .3 4

Also f f( ) and ( )3 0 4 0= =  so that f f( ) ( )3 4= .

Thus all the three conditions of Rolle’s theorem are satisfied so that there is at least
one value of x in the open interval ] , [3 4  where f x′ =( ) .0

Now  f x x x x x′ = − − + − −( ) ( ) ( ) ( ) ( )5 4 3 4 3 44 4 3 5

  = − − − + −( ) ( ) [ ( ) ( )]x x x x3 4 5 3 4 43 4

  = − − −( ) ( ) ( ).x x x3 4 9 313 4

Solving the equation f x′ =( ) ,0 we get x = 3 4 31 9, , / .

Out of these values the value 31 9/  i e. ., 3
4

9
 is a point which lies in the open interval 

] , [3 4  since 3 3
4

9
4< < . Hence the Rolle’s theorem is verified.

(ii) We have f x x x x( ) = − + −3 26 11 6  which is a polynomial in x of degree 3 and

so it is continuous as well as differentiable for all real values of x.

Now f x( ) = 0 gives x x x3 26 11 6 0− + − =

or x x x x x2 1 5 1 6 1 0( ) ( ) ( )− − − + − =

or ( ) ( )x x x− − + =1 5 6 02

or ( ) ( ) ( ) . ., , , .x x x i e x− − − = =1 2 3 0 1 2 3

Thus f f f( ) ( ) ( ).1 0 2 3= = =
If we take the interval [1, 3], then all the three conditions of Rolle’s theorem are
satisfied in this interval. Consequently there is at least one value of x in the open
interval ] , [1 3  for which f x′ =( ) .0

Now f x x x′ = ⇒ − + =( ) 0 3 12 11 02

⇒ x = ± √ − = ± √ = ±
√

⋅12 144 12 11

6

6 3

3
2

1

3

( . )

Since both the points x x= +
√

= −
√

2
1

3
2

1

3
and

lie in the open interval ] , [,1 3  Rolle’s theorem is verified.

D-45



If we take the interval [1, 2], then the point x = − √2 1 3( / ) lies in the open interval 
] , [ and ( )1 2 0f x′ =  at this point. If we take the interval [ , ],2 3  then the point 
x = + √2 1 3( / ) lies in the open interval ] , [2 3  and f x′ =( ) 0 at this point.

(iii) Here f x x x( ) = −3 4  which is a polynomial in x of degree 3 and so it is

continuous and differentiable for every real value of x. Also f f( ) ( ).− = =2 0 2

Thus f x( ) satisfies all the three conditions of Rolle’s theorem in [ , ].− 2 2

∴ there must exist at least one number, say c, in the open interval ] , [− 2 2  for which 
f c′ =( ) .0

Now f x′ =( ) 0 gives 3 4 02x − =

or x = ±
√

= ± ⋅2

3
1 55 (approx).

Both these values lie in the open interval ] , [− 2 2  and thus the Rolle’s theorem is
verified.

(iv) Here f x e x xx( ) (sin cos ).= −

We have f e e
π π ππ π
4 4 4

1

2

1

2
4 4





= −





=
√

−
√







=/ /sin cos 0

and f e e
5

4

5

4

5

4

1

2

1

2
5 4 5 4π π ππ π





= −





= −
√

+
√

/ /sin cos





= 0.

∴ f f( / ) ( / ).π π4 5 4=
The function f x( ) is continuous as well as differentiable for all real values of x and so 
f x( ) is continuous in [ / , / ]π π4 5 4  and differentiable in ] / , / [π π4 5 4  . Thus f x( )
satisfies all the three conditions of Rolle’s theorem in [ / , / ].π π4 5 4

∴ There must exist at least one real number x in the open interval ] / , / [π π4 5 4  at
which f x′ =( ) .0

Now f x e x x e x xx x′ = + + −( ) (cos sin ) (sin cos ) = 2e xx sin .

From f x′ =( ) 0 we get 2 0e xx sin =

or sin x = 0 [∵ e x ≠ 0 V  x ∈ R]

or x = ± ± ±0 2 3, , , ,π π π …
Out of these values x = π lies in the open interval ] / , / [ .π π4 5 4  Thus the Rolle’s
theorem is verified.

(v) Here f x x x( ) = −10 2 which is a polynomial in x of degree 2 and so it is continuous 

and differentiable for every real value of x 

Also f f( ) ( )0 0 10= =
Thus f x( ) satisfies all, the three conditions of Rolle’s theorem in [0, 10].

∴ There must exist at least one number say c in the open interval ] 0, 10 [ for which 
f c′ =( ) 0.

Now f x′ =( ) 0 gives 10 2 0− =x  or x = =10

2
5 this value lies in the open interval ] 0,

10 [ and thus the Rolle’s theorem is verified.
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Prob lem 3: Dis cuss the ap pli ca bil ity of Rolle’s the o rem to the func tion

f x x when( ) ,= + ≤2 1 0 x ≤ 1

   = − < ≤3 1x when x, 2.

So lu tion: Here the func tion f x( ) is de fined in the closed in ter val [ , ].0 2

We have f f( ) , ( )0 0 1 1 2 3 2 12= + = = − =  so that f f( ) ( ).0 2=

When  0 ≤ x f x x< = +1 12, ( )  and when 1< ≤x 2 3, ( )f x x= −  each of which is a

polynomial and a polynomial function is continuous as well as differentiable at each
point of its domain.

So f x( ) is continuous and differentiable at each point x when 0 ≤ x < 1 or when 
1 2< ≤x .

Now to check the continuity and differentiability of f x( ) at x = 1.

We have f ( ) ,1 1 1 22= + =

f
x

f x
x

x( )
lim

( )
lim

( )1 0
1 1

1 22− =
→ −

=
→

+ =

and f
x

f x
x

x( )
lim

( )
lim

( ) .1 0
1 1

3 2+ =
→ +

=
→

− =

Since f f f f x( ) ( ) ( ), ( )1 0 1 1 0− = = +  is continuous at x = 1. Thus f x( ) is continuous 
in the closed interval [ , ].0 2

Now    R f
h

f h f

h h

h

h
′ =

→
+ − =

→
− + −

( )
lim ( ) ( ) lim ( )

1
0

1 1

0

3 1 2{ }

      =
→

− =
→

− = −
lim lim

h

h

h h0 0
1 1

and             L f
h

f h f

h h

h

h
′ =

→
− −

−
=

→
− + −

−
( )

lim ( ) ( ) lim ( )
1

0

1 1

0

1 1 22{ }

      =
→

− +
−

=
→

− −
−

=
→

− =
lim lim ( ) lim

( ) .
h

h h

h h

h h

h h
h

0

2

0

2

0
2 2

2

Since R f L f f x′ ≠ ′( ) ( ), ( )1 1  is not differentiable at x = 1 which is a point of the open 
interval ] , [0 2  .

Thus f x( ) is not differentiable in ] , [ .0 2  

Hence Rolle’s theorem is not applicable to f x( ).

Prob lem 4: Show that be tween any two roots of e cos xx = 1 there ex ists at least one root of 

e sin xx − =1 0.

So lu tion: If x a=  and x b=  are two dis tinct roots of e xx cos = 1, then 

       e aa cos = 1  and  e bb cos = 1 . …(1)

Let f be the function defined as follows :

f x e xx( ) cos= −−  .
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We observe that

 (i) f is continuous in [ , ]a b  as both e x−  and cos x are continuous.

(ii) f x e xx′ = − +−( ) sin  , which exists  V  x a b∈ ] , [ ;  

so  f  is differentiable in ] , [.a b

(iii) f a e a e ea a a( ) cos= − = − =− − − 0 [By (1)]

f b e b e eb b b( ) cos= − = − =− − − 0 [By (1)]

i.e., f a f b( ) ( ) .= = 0

Thus f satisfies all the three conditions of Rolle’s theorem in [ , ]a b . Hence there is at
least one value of x in the open interval ] , [,a b  say c, such that f c′ =( ) 0.

Now f c e c e cc c′ = ⇒ − + = ⇒ − =−( ) sin sin0 0 1 0

⇒ c is a root of the equation e xx sin − =1 0.

Hence between any two roots of the equation e xx cos = 1 there is at least one root of

the equation e xx sin − =1 0.

Prob lem 5: State and prove Rolle’s the o rem. In ter pret it geo met ri cally. Ver ify Rolle’s the o rem
for the func tion

f x x in( ) [ , ].= −2 1 1 (Lucknow 2010)

So lu tion: For the first part of this ques tion re fer article 8.

The function f x x( ) = 2 is continuous as well as differentiable on the whole R. So f x( )

is continuous in [ , ]− 1 1  and differentiable in ] , [.− 1 1

We have f ( )1 1 12= =  and f ( ) ( )− = − =1 1 12  so that f f( ) ( ).− =1 1

Thus f x( ) satisfies all the three conditions of Rolle’s theorem in [ , ].− 1 1  Therefore
there must exist at least one number, say c, in ] , [− 1 1  for which f c′ =( ) .0

Now f x x′ =( ) .2

We have f x x x′ = ⇒ = ⇒ =( ) .0 2 0 0

We observe that the root x = 0 of the equation f x′ =( ) 0 lies in the open interval 
] , [.− 1 1  Hence the Rolle’s theorem is verified.

Prob lem 6: Ver ify the truth of Rolle’s the o rem for the func tion f x x x( ) = − +2 3 2 on the

in ter val [ , ].1 2

So lu tion: The func tion f x x x( ) = − +2 3 2 is a poly no mial in x of de gree 2 and so it

is con tin u ous as well as dif fer en tia ble on the whole R.

∴ f x( )  is continuous in the closed interval [ , ]1 2  and differentiable in the open
interval ] , [1 2  .

We have f ( ) .1 1 3 1 2 02= − + =  and f ( ) .2 2 3 2 2 02= − + =  so that f f( ) ( ).1 2=

Thus f x( ) satisfies all the three conditions of Rolle’s theorem in [ , ]1 2 . Therefore there
must exist at least one point, say c, in ] , [1 2  at which f c′ =( ) 0.
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Now f x x′ = −( ) 2 3. We have f x x x′ = ⇒ − = ⇒ =( ) /0 2 3 0 3 2 . We observe

that the root x = 3 2/  of the equation f x′ =( ) 0 lies in the open interval ] , [1 2  because 

1 3 2 2< </ . Hence the Rolle’s theorem is verified.

Prob lem 7: Does the func tion f x x( ) | |= − 2  sat isfy the con di tions of Rolle’s the o rem in the

in ter val [ , ]1 3  ?  Jus tify your an swer with cor rect rea son ing.

So lu tion: In the in ter val [ , ],1 3  the func tion f x x( ) | |= − 2  is de fined as fol lows :

f x
x x

x x
( )

,

, .
=

− ≤ ≤
− ≤ ≤





2 1 2

2 2 3

We have f ( )1 2 1 1= − =  and f ( )3 3 2 1= − =  and so f f( ) ( ).1 3=
Obviously the function f x( ) is continuous in [ , [1 2  and in ] , ]2 3  because in each of

these intervals it is represented by polynomials. Let us test the continuity of f x( ) at 

x = 2.

We have f ( ) ,2 0=

f
h

f h h( )
lim

( ),2 0
0

2 0− =
→

− >

 =
→

− − =
→

=
lim

( )
lim

h
h

h
h

0
2 2

0
0{ }

and f
h

f h h( )
lim

( ),2 0
0

2 0+ =
→

+ >

 =
→

+ − =
→

=
lim

( )
lim

.
h

h
h

h
0

2 2
0

0{ }

Thus f f f( ) ( ) ( )2 0 2 2 0− = = +  and so f x( ) is continuous at x = 2.

∴ f x( ) is continuous in the closed interval [1, 3].

Now f x( ) is obviously differentiable in [ , [1 2  and in ] , ].2 3  Let us test its

differentiability at x = 2.

We have Rf
h

f h f

h
h′ =

→
+ − >( )

lim ( ) ( )
,2

0

2 2
0

=
→

+ − − =
→

=
→

=
lim ( ) lim lim

h

h

h h

h

h h0

2 2 0

0 0
1 1

{ }

and Lf
h

f h f

h
h′ =

→
− −

−
>( )

lim ( ) ( )
,2

0

2 2
0

=
→

− − −
−

lim ( )

h

h

h0

2 2 0{ }

=
→ −

=
→

− = −
lim lim

.
h

h

h h0 0
1 1

Since R f L f′ ≠ ′( ) ( ),2 2  therefore f x( ) is not differentiable at x = 2.
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Thus f x( ) is not differentiable at x = 2 which is a point in the open interval ] , [ .1 3

Hence out of the three conditions of Rolle’s theorem, f x( ) satisfies the two

conditions that f f f x( ) ( )and ( )1 3=  is continuous in the closed interval [ , ] .1 3  But

it does not satisfy the third condition that f x( ) must be differentiable in the open

interval ] , [1 3  .

Prob lem 8: The func tion f is de fined in [ , ]0 1  as fol lows :

f x( ) = 1  for 0 ≤ x < 1

2

     = 2  for 
1

2
≤ x ≤ 1.

Show that f x( )  satisfies none of the conditions of Rolle’s theorem, yet f x′ =( ) 0 for many
points in [ , ]0 1  .

So lu tion: Here  f f
1

2
0 2

1

2
0 1+





= −





=, .

Since f f
1

2
0

1

2
0+





≠ −





,  f is discontinuous at x = 1

2
 and so it is not differentiable

at x = ⋅1

2
 Also f ( )0 1= , f ( )1 2=  so that f f( ) ( ).0 1≠

Thus all the three conditions of Rolle’s theorem are not satisfied by f in [ , ]0 1 . But f is a

constant function in [ , [ [ , ]0
1

2

1

2
1and in .

Hence f x′ =( ) 0 for many points in [ , ]0 1 . 

Prob lem 9: If a b c+ + = 0, then show that the qua dratic equa tion 3 2 02ax bx c+ + =  has

at least one root in ] , [0 1  .

So lu tion: Con sider the func tion f, de fined by f x ax bx cx d( ) .= + + +3 2  

We have   f d f a b c d d( ) and ( ) ,0 1= = + + + =
because it is given that a b c+ + = 0.

Since the function f x( ) is a polynomial, therefore it is continuous and differentiable

for all real x. Consequently f x( ) is continuous in the closed interval [ , ]0 1  and

differentiable in the open interval ] , [ .0 1  Also f d f( ) ( ).0 1= =
Thus f x( ) satisfies all the three conditions of Rolle’s theorem in [ , ].0 1  Hence there is

at least one value of x in the open interval ] , [0 1  where f x′ =( ) 0 i e. ., 

3 2 02ax bx c+ + = .

Hence the equation 3 2 02ax bx c+ + =  has at least one root in ] , [ .0 1

Prob lem 10: Let 
a

n

a

n

a

n

a
a

n
n

0 1 2 1

1 1 2
0

+
+ +

−
+ … + + =−

. Show that  there ex ists at least

one real x be tween 0 and 1 such that

a x a x an n
n0 1

1 0+ + … + =− . (Lucknow 2009)

D-50



So lu tion: Con sider the func tion, f, de fined by

f x a
x

n
a

x

n
a

x
a x

n n

n n( ) .=
+

+ + … + +
+

−0

1

1 1

2

1 2

Since f x( ) is a polynomial, it is continuous and differentiable for all x. Consequently 

f x( ) is continuous in the closed interval [ , ]0 1  and differentiable in the open interval 

] , [.0 1  

Also f ( )0 0=  and

f
a

n

a

n

a
a

n
n( )1

1 2
00 1 1=

+
+ + … + + =−

 (given)

i.e., f f( ) ( )0 1= .

Thus all the three conditions of Rolle’s theorem are satisfied. Hence there is at least

one value of x in the open interval ] , [0 1  where f x′ =( ) 0

i.e., a x a x a x an n
n n0 1

1
1 0+ + … + + =−

− .

Prob lem 11: If f x

sin x

cos x

tan x

sin

cos

tan

sin

cos

tan

w( ) =














α
α
α

β
β
β

here 0 2< < <α β π / ,

show that f ′ ξ =( ) ,0  where α β< ξ < .

So lu tion: We have 
f x x( ) (cos tan cos tan ) sin= −α β β α  

− − + −(sin tan sin tan ) cos (sin cos sin cos ) tan .α β β α α β β αx x

Obviously f x′ ( ) exists at each point of ] , / [ .0 2π  So f x( ) is continuous in ] , / [0 2π ⋅
Since 0 2< < <α β π / , therefore f x( ) is continuous in [ , ]α β  and f x( ) is differentiable
in ] , [ .α β

Also f ( )

sin

cos

tan

sin

cos

tan

sin

cos

tan

α
α
α
α

α
α
α

β
β
β

=












= 0

and f ( )

sin

cos

tan

sin

cos

tan

sin

cos

tan

β
β
β
β

α
α
α

β
β
β

=












= 0.

∴ f f( ) ( ).α β=
Thus f x( ) satisfies all the three conditions of Rolle’s theorem in [ , ].α β  Hence there
exists at least one real number x in the open interval ] , [α β  at which f x′ =( ) .0

∴ f ′ ξ =( ) 0 where α β< ξ < .

Prob lem 12: Show that there is no real num ber k for which the equa tion x x k3 3 0− + = ,

has two dis tinct roots in ] , [.0 1

So lu tion: Sup pose, if pos si ble, there are two dis tinct roots a, b of the given
equa tion in ] , [0 1  such that 0 1< < <a b . Let

f x x x k( ) .= − +3 3

D-51



Since f x( ) is a polynomial, so it is continuous and differentiable for all values of x i.e, 
f x( ) is continuous in [ , ]a b  and differentiable in ] , [a b . Also, we have f a f b( ) ( ) .= = 0

Thus f satisfies all the three conditions of Rolle’s theorem in [ , ]a b . Hence there is a
value c of x in ] , [a b  such that f c′ =( ) 0. 

Now f x x x′ = ⇒ − = ⇒ = ±( ) 0 3 3 0 12 , which contradicts the fact that a c b< < , as 

0 1< < <a b .

Hence our assumption is wrong. So there cannot be two distinct roots of f x( ) = 0 in 
] , [0 1  for any value of k.

Prob lem 1: State Lagrange’s mean value the o rem.

Test if Lagrange’s mean value theorem holds for the function f x x( ) | |=  in the interval [ , ]−1 1  .

(Kanpur 2010; Rohilkhand 13B)

So lu tion: See ar ti cle 9.

The func tion f x( ) is con tin u ous through out the closed in ter val [ , ]− 1 1  but it is not

dif fer en tia ble at x = 0 which is a point of the open in ter val ] , [ .− 1 1  Thus  f x( ) is not

dif fer en tia ble in ] , [ .− 1 1  Hence Lagrange’s mean value the o rem does not hold for the

func tion f x x( ) | |=  in the in ter val [ , ].− 1 1

Prob lem 2: If f x x( ) /= 1  in [ , ],− 1 1  will the Lagrange’s mean value the o rem be ap pli ca ble to 

f x( ) ? (Meerut 2012B)

So lu tion: The func tion f x x( ) /= 1  is con tin u ous and dif fer en tia ble on R − { }0 . Thus 

it is not con tin u ous and dif fer en tia ble at x = 0.

Since 0 1 1∈ −[ , ], therefore f x( ) is not continuous on [ , ]− 1 1 . Hence Lagrange’s mean

value theorem is not applicable to f x x( ) /= 1  in [ , ].− 1 1

Prob lem 3: Ver ify Lagrange’s mean value the o rem for the func tion

f : [ , ]− →1 1 R given by f x x( ) .= 3

So lu tion: The func tion f x x( ) = 3 is a poly no mial and so it is con tin u ous and

dif fer en tia ble at all x ∈ R. In par tic u lar it is con tin u ous in the closed in ter val [ , ]− 1 1

and dif fer en tia ble in the open in ter val ] , [− 1 1  as is re quired for the ap pli ca tion of

Lagrange’s mean value the o rem.

By Lagrange’s mean value theorem, there must exist at least one value ‘c’ of x lying in

the open interval ] , [− 1 1  such that

f f
f c

( ) ( )

( )
( ).

1 1

1 1

− −
− −

= ′  ...(1)

Let us verify it.

We have f f( ) , ( ) ( ) .1 1 1 1 1 13 3= = − = − = −
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Also f x x′ =( ) 3 2 gives f c c′ =( ) .3 2

Putting these values in (1), we have
1 1

1 1
3 2− −

− −
=( )

( )
c  or c2

1

3
=  or c = ±

√
⋅1

3

As both of these values of c lie in the open interval ] , [− 1 1 , hence both of these are the

required values of c and this verifies Lagrange’s mean value theorem.

Prob lem 4: Find ‘c’ of the mean value the o rem, if f x x x x a b( ) ( ) ( ) ; ,= − − = = ⋅1 2 0
1

2

(Kumaun 2012)

So lu tion: We have f a f( ) ( )= =0 0, 

f b f( ) = 





= −





−





= ⋅1

2

1

2

1

2
1

1

2
2

3

8

∴ 
f b f a

b a

( ) ( )−
−

=
−

−
= ⋅

3

8
0

1

2
0

3

4

Now f x x x x( ) .= − +3 23 2

∴ f x x x′ = − +( ) 3 6 22  gives f c c c′ = − +( ) .3 6 22

Putting these values in Lagrange’s mean value theorem

f b f a

b a
f c

( ) ( )
( )

−
−

= ′ , ( )a c b< < , we get

3

4
3 6 22= − +c c   or  12 24 5 02c c− + = .

∴ c = ± √ × − × × = ± √ −24 24 24 4 12 5

24

24 4 36 15

24

( ) ( )
 = ± √ ⋅1

21

6

Out of these two values of c only 1
21

6
− √

 lies in the open interval ] , [0
1

2
 which is

therefore the required value of c.

Prob lem 5: Find ‘c’ of Mean value the o rem when

( )i f x x x in( ) [ , ]= − − −3 3 2 2 3

( )ii f x x x in( ) [ , ]= + +2 3 4 1 22  

( )iii f x x x in( ) ( ) [ , ]= − 1 1 2 (Meerut 2013B)

( )iv f x x x in( ) ,= − − −





⋅2 3 1
11

7

13

7

So lu tion: (i) We have f x x x a b( ) , , .= − − = − =3 3 2 2 3

∴ f a f( ) ( ) ( ) . ( )= − = − − − − = − + − = −2 2 3 2 2 8 6 2 43

and f b f( ) ( ) . .= = − − =3 3 3 3 2 163
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∴ 
f b f a

b a

( ) ( ) ( )

( )
.

−
−

= − −
− −

= =16 4

3 2

20

5
4

Also f x x′ = −( ) 3 32  gives f c c′ = −( ) .3 32

Putting these values in Lagrange’s mean value theorem
f b f a

b a
f c a c b

( ) ( )
( ), ( ),

−
−

= ′ < <  we get   4 4 32= −c  

or 3 7 02c − =  or c = ± √( / ).7 3

As both these values of c lie in the open interval ] , [,− 2 3  hence both of these are the
required values of c.

(ii) We have f x x x a b( ) , , .= + + = =2 3 4 1 22

∴ f a f b( ) and ( ) .= ⋅ + ⋅ + = = ⋅ + ⋅ + =2 1 3 1 4 9 2 2 3 2 4 182 2

∴ 
f b f a

b a

( ) ( )
.

−
−

= −
−

=18 9

2 1
9

Also f x x′ = +( ) 4 3 gives f c c′ = +( ) .4 3

Putting these values in Lagrange’s mean value theorem
f b f a

b a
f c a c b

( ) ( )
( ), ( ),

−
−

= ′ < <  we get

9 4 3= +c  or c = 3 2/  which lies in the open interval ] , [ .1 2

(iii) We have f x x x a b( ) , , .= − = =2 1 2

∴ f a f b( ) and ( ) .= =0 2

∴ 
f b f a

b a

( ) ( )
.

−
−

= −
−

=2 0

2 1
2

Also f x x′ = −( ) 2 1 gives f c c′ = −( ) .2 1

Putting these values in Lagrange’s mean value theorem
f b f a

b a
f c a c b

( ) ( )
( ), ( ),

−
−

= ′ < <  we get 2 2 1= −c  or c = 3 2/

which lies in the open interval ] , [ .1 2

(iv) We have   f x x x a b( ) , / , / .= − − = − =2 3 1 11 7 13 7

∴ f a f( ) = −





= + − =11

7

121

49

33

7
1

303

49

and f b f( ) = 





= − − = − ⋅13

7

169

49

39

7
1

153

49

∴ 
f b f a

b a

( ) ( ) /

/

−
−

= − = − ⋅456 49

24 7

19

7

Now f x x′ = −( ) ;2 3

∴ f c c′ = −( ) .2 3

From Lagrange’s mean value theorem, we have  2 3 19 7c − = − /  or c = 1 7/ .
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Prob lem 6: Show that any chord of the pa rab ola y Ax Bx C= + +2  is par al lel to the

tan gent at the point whose ab scissa is same as that of the mid dle point of the chord.

So lu tion: Let a and b a b( )<  be the ab scis sae of the ends of the chord and let 

f x Ax Bx C( ) = + +2 . Since f is a poly no mial func tion, f is con tin u ous on  [ , ]a b  and

dif fer en tia ble in ] , [a b . Con se quently by Lagrange’s mean value the o rem there ex ists 
c a b∈ ] , [ such that

f b f a

b a
f c

( ) ( )
( )

−
−

= ′

i.e., Ab Bb C Aa Ba C b a Ac B2 2 2+ + − − − = − +( ) ( ).

    [ ( ) ]∵ f c Ac B′ = +2

On simplification it gives c a b= +1

2
( ) i.e., the abscissa of the point at which the

tangent is parallel to the chord is the same as that of the middle point of the chord.

Prob lem 7: State the con di tions for the va lid ity of the for mula

f x h f x h f x h( ) ( ) ( )+ = + ′ + θ
and investigate how far these conditions are satisfied and whether the result is true, when 

f x x sin x( ) ( / )= 1  (being defined to be zero at x = 0) and x x h< < +0 .

So lu tion: The con di tions for the va lid ity of the given for mula are :

(i) The function f x( ) must be continuous in the closed interval [ , ].x x h+
(ii) The function f x( ) must be differentiable in the open interval ] , [ .x x h+
and  (iii) θ is a real number such that 0 1< <θ .

Now consider the function f x( ) defined as :

f x x x x f( ) sin ( / ) for , ( ) .= ≠ =1 0 0 0

The first condition is satisfied because f x( ) is continuous in the closed interval 
[ , ]x x h+  for x x h< < +0 . Obviously f x( ) is continuous at  every point x c=  if c ≠ 0
and it can be easily shown that f x( ) is continuous at x = 0.

But the second condition is not satisfied  because f x( ) is not differentiable at x = 0
which is a point lying in the open interval ] , [x x h+  for x x h< < +0 . [Show here that 
f x( ) is not differentiable at x = 0].

Hence the result of the given formula is not true for this function f x( ).

Prob lem 8:  Show that x x x3 23 3 2− + +  is  monotonically in creas ing in ev ery in ter val.

So lu tion: Let f x x x x( ) = − + +3 23 3 2.

Then f x x x x′ = − + = −( ) ( )3 6 3 3 12 2.

We observe that f x′ >( ) 0 for every real value of x except 1 where its value is zero.
Hence f x( ) is monotonically increasing in every interval.

Prob lem 9:  Show that log x
x

x
( )1

2

2
+ −

+
 is in creas ing when x > 0.
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So lu tion: Let f x x
x

x
( ) log ( )= + −

+
⋅1

2

2

We have f x
x

x x

x
′ =

+
− + −

+
( )

.( ) .

( )

1

1

2 2 2 1

2 2

    =
+

−
+

= + − +
+ +

1

1

4

2

2 4 1

1 22

2

2x x

x x

x x( )

( ) ( )

( ) ( )

    = + + − −
+ +

=
+ +

⋅4 4 4 4

1 2 1 2

2

2

2

2
x x x

x x

x

x x( ) ( ) ( ) ( )

We observe that f x′ >( ) 0 for all x > 0.

∴ The function f x( ) is monotonically increasing in the interval [ , [ .0 ∞

Hence the function log ( )1
2

2
+ −

+
x

x

x
 is increasing when x > 0.

Prob lem 10: De ter mine the in ter vals in which the func tion

( )x x x x e x4 3 26 17 32 32+ + + + −

is increasing or decreasing.

So lu tion: Let  f x x x x x e x( ) ( ) .= + + + + −4 3 26 17 32 32

Then     f x x x x x e x′ = + + + + − −( ) ( )( )4 3 26 17 32 32  + + + + −( )4 18 34 323 2x x x e x

 = − + − − = − + − −− −e x x x x x e x x xx x( ) ( )4 3 2 3 22 2 2 2

 = − + − + = − + +− −x x x x e x x x x ex x( ) ( ) ( ) ( ) ( ) ( ) .2 1 1 1 1 2

Now f x′ ( ) is positive in the intervals ] , [ and ] , [− −2 1 0 1  and negative in 
] , [, ] , [ and ] , [ .− ∞ − − ∞2 1 0 1  Hence the function f x( ) is monotonically increasing
in the intervals [ , ]− −2 1  and [ , ]0 1  and monotonically decreasing in the intervals 
] , ],− ∞ − 2  [ , ]− 1 0  and [ , [ .1 ∞

Prob lem 11: Use the func tion f x x x( ) /= 1 , x > 0 to de ter mine the big ger of the two num bers 

e π  and π e.

So lu tion: Let f x x x( ) /= 1 . 

Then log ( ) logf x
x

xe= 1
.

Differentiating w.r.t. x, we get  

1 1 1 1
2f x

f x
x x x

xe
( )

( ) log′ = ⋅ −

or [ ]f x
x

x
x

x

e′ = − ⋅( ) log
/1

2
1

For x e f x> ′ <, ( ) .0  [ log ]∵ e x x e> >1 for

∴  f x( ) is a decreasing function of x for x e> .
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Hence π π π π> ⇒ < ⇒ <e f f e e e( ) ( ) / /1 1

⇒ ( ) ( )/ /π ππ π π π π1 1e e e ee e e< ⇒ < ⇒  is bigger than π e.

Prob lem 12: If a b= − ≥1 1,  and f x x( ) /| |= 1  , show that the con di tions of Lagrange’s mean

value the o rem are not sat is fied in the in ter val [ , ]a b , but the con clu sion of the the o rem is true if

and only if b > + √1 2 .

So lu tion: This func tion is not de fined at x = 0. So we take f A( )0 = , where A is

some def i nite real num ber.

Now R f
h

h
A

h h h h
A′ =

→

−
=

→
−





= ∞ × ∞ = ∞( )
lim | | lim

0
0

1

0

1 1

and Lf
h

h
A

h h h h
A′ =

→
−

−

−
=

→
− −





( )
lim | | lim

0
0

1

0

1 1
 = − ∞ × ∞ = − ∞.

Since R f L f′ ≠ ′( ) ( )0 0  so f is not differentiable at x = 0. Thus the conditions of the
mean value theorem are not satisfied in the interval [ , ]a b  which includes the origin.

Again, the conclusion of the mean value theorem is
f b f a

b a
f c

( ) ( )
( )

−
−

= ′  where a c b< < .

If this result is true, we have

1 1 1 1
2| | | |

( )
| |

( )
| |b a

b a
d

dx x
b a

cx c

− = − 







= − −









=





or
1

1 1
1 1

2 2b
b

c

b

c
− = + −









 = − +

( )
| |

or c
b b

b
2

2

1
= +

−
  or  

b b

b
b

2
2

1

+
−

<  [ ]∵ b c2 2>

or b b b+ < −1 2   or  b b2 2 1 0− − >

or ( )b − >1 22   or  ( )b − > √1 2  or  b > + √1 2.

Hence the conclusion of the mean value theorem is true iff b > + √1 2.

Prob lem 13: (a) State Cauchy’s mean value the o rem. (Kanpur 2007)

(b) Verify Cauchy’s mean value theorem for f x sin x( ) ,=  g x cos x in( ) [ / , ].= − π 2 0

(Lucknow 2007)

So lu tion: (a) Cauchy’s Mean Value The o rem : If two func tions f x( ) and g x( ) are

(i) continuous in a closed interval [ , ]a b ,

(ii) differentiable in the open interval ] , [a b ,
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(iii) g x′ ≠( ) 0 for any point of the open interval ] , [a b , then there exists at least one value c of x in 

the open interval ] , [a b , such that
f b f a

g b g a

f c

g c
a c b

( ) ( )

( ) ( )

( )

( )
,

−
−

= ′
′

< < .

Note that here c1 is not necessarily equal to c2 .

(b) Here both the functions f x x( ) sin=  and g x x( ) cos=  are continuous in the closed 
interval [ / , ]− π 2 0  and differentiable in the open interval ] / , [− π 2 0  . Also 
g x x′ = − ≠( ) sin 0 for any point in the open interval ] / , [ .− π 2 0  Hence by Cauchy’s
mean value theorem there exists at least one real number c in the open interval 
] / , [− π 2 0  such that

f f

g g

f c

g c

( ) ( / )

( ) ( / )

( )

( )

0 2

0 2

− −
− −

= ′
′

⋅π
π

 ...(1)

Let us verify it.

We have 
f f

g g

( ) ( / )

( ) ( / )

sin sin ( / )

cos cos (

0 2

0 2

0 2

0

− −
− −

= − −
− −

π
π

π
π / )

.
2

1

1
1= =

Also f x x g x x′ = ′ = −( ) cos , ( ) sin .

∴ f c

g c

c

c
c

′
′

=
−

= −( )

( )

cos

sin
cot .

Putting these values in (1), we get − =cot c 1 or cot c = − 1 whose solution c = − π / 4
lies in the open interval ] / , [ .− π 2 0  Hence Cauchy’s mean value theorem is verified.

Prob lem 14: If f x x g x cos x( ) , ( ) ,= =2  then find the point c ∈ ] , / [0 2π  which gives the

re sult of Cauchy’s mean value the o rem in the in ter val [ , / ]0 2π   for the func tions f x( ) and g x( ).

So lu tion: Both the func tions f x x g x x( ) and ( ) cos= =2  are con tin u ous in the

closed in ter val [ , / ]0 2π  and dif fer en tia ble in the open in ter val ] , / [ .0 2π   Also 
g x x′ = − ≠( ) sin 0 for any point in the open in ter val ] , / [ .0 2π  Hence by Cauchy’s
mean value the o rem there ex ists at least one real num ber c in the open in ter val 
] , / [,0 2π  such that 

f f

g g

f c

g c

( / ) ( )

( / ) ( )

( )

( )

π
π

2 0

2 0

−
−

= ′
′

⋅ ...(1)

We have
f f

g g

( / ) ( )

( / ) ( ) cos cos

π
π

π

π

π2 0

2 0

1

4
0

1

2
0 4

2
2−

−
=

−

−
= − ⋅

Also f x x g x x′ = ′ = −( ) , ( ) sin .2

∴ 
f c

g c

c

c

′
′

=
−

⋅( )

( ) sin

2
 

Putting these values in (1), we get

− = −2

4

2c

csin

π
  or  sin .c

c− =8
0

2π

D-58



Let F c c
c

( ) sin= − ⋅8
2π

We have F
π

π
π

π6

1

2

8

6

1

2

4

3
0

2






= − ⋅ = − >

and F
π

π
π

π2
1

8

2
1

4
0

2






= − ⋅ = − < .

Since F F( / ) and ( / )π π6 2  are of opposite signs, therefore the equation F c( ) = 0 has a
root lying in the open interval ] / , / [π π6 2  and this root of the equation  

sin ( / )c c− =8 02π  is the required value of c.

Prob lem 15:  Show that 
sin sin

cos cos
cot

α β
β α

θ−
−

= , where  0
2

< < < < ⋅α θ β π

So lu tion: Let f x x g x x( ) sin and ( ) cos= = , for x ∈[ , ]α β  where 0 2< < <α β π / .

∴ f x x g x x′ = ′ = −( ) cos and ( ) sin .

Here both the functions f x g x( )and ( ) are continuous in the closed interval [ , ]α β  and
differentiable in the open interval ] , [ .α β  Also g x x′ = − ≠( ) sin 0 for any point in the
open interval ] , [ .α β  Hence by Cauchy’s mean value theorem there exists at least one
real number, say θ, in the open interval ] , [α β  such that

f f

g g

f

g

( ) ( )

( ) ( )

( )

( )

β α
β α

θ
θ

−
−

= ′
′

   ⇒   
sin sin

cos cos

cos

sin
cot

β α
β α

θ
θ

θ−
−

=
−

= −

⇒ sin sin

cos cos
cot ,

α β
β α

θ−
−

=  where 0
2

< < < < ⋅α θ β π

Ex am ple 16: Use Cauchy’s mean value the o rem to eval u ate

lim

x

cos x

log x→













 ⋅

1

1

2
1

π

( / )

So lu tion: Let f x x g x x( ) cos ; ( ) log= 





=1

2
π , a x b= =, 1.

Putting these values in Cauchy’s mean value theorem,
f b f a

g b g a

f c

g c

( ) ( )

( ) ( )

( )

( )
,

−
−

= ′
′

 a c b< < , we get

cos cos

log log

sin

/
,

1

2

1

2
1

1

2

1

2

1
1

π π π π−

−
=

− 





< <
x

x

c

c
x c .

Taking limits as x → 1 which implies that c → 1, we get

lim
cos

log ( / )

lim

x

x

x c→

− 























=
→1

0
1

2

1 1

π − 























1

2

1

2

1

π πsin

( / )

c

c
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or 
lim

cos

log ( / )x

x

x→

− 























= −
1

1

2

1

1

2

π
π as sin

1

2
1π c





→  as c → 1

or 
lim

cos

log ( / )x

x

x→

























= ⋅
1

1

2

1 2

π
π

Prob lem 1:  If f x h f x hf x
h

f x h( ) ( ) ( )
!

( ) ,+ = + ′ + ′ ′ +
2

2
θ   …(1)

find the value of θ as x a→  , f x( ) being ( ) /x a− 5 2. (Lucknow 2010)

So lu tion: We have

f x h x h a( ) ( ) /+ = + − 5 2 

f x x a′ = −( ) ( ) /5

2
3 2, 

f x h x h a′ ′ + = + −( ) ( ) /θ θ15

4
1 2.

Putting these values in (1), we get

( ) ( ) ( ) ( )/ / / /x h a x a h x a x h a
h+ − = − + − + + − ⋅5 2 5 2 3 2 1 2
25

2

15

4 2
θ

!

…(2)

Therefore as x a→ , we get from (2),

    h h
h5 2 1 2
215

4 2
/ /( )

!
= ⋅θ  or θ = 64

225
 .

Prob lem 2: Find θ , if f x h f x hf x
h

f x h( ) ( ) ( )
!

( )+ = + ′ = ′ ′ +
2

2
θ  , 0 1< <θ  , and

(i) f x ax bx cx d( ) = + + +3 2 (ii) f x x( ) = 3.

So lu tion: (i) We have f x ax bx cx d( ) = + + +3 2

∴ f x h a x h b x h c x h d( ) ( ) ( ) ( )+ = + + + + + +3 2  ,

f x ax bx c′ = + +( ) 3 2 , f x ax b′ ′ = +( ) 6 2  ,

so that f x h a x h b′ ′ + = + +( ) ( )θ θ6 2

Substituting these values in the given relation

f x h f x hf x h f x h( ) ( ) ( ) ( / !) ( )+ = + ′ + ′ ′ +2 2 θ  ,
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we get a x h b x h c x h d( ) ( ) ( )+ + + + + +3 2

 = + + + + + + + + +ax bx cx d h ax bx c h a x h b3 2 2 23 2 2 6 2( ) ( / !) { ( ) }θ

…(1)

The relation (1) being an identity in x , letting x → 0 on both sides of (1), we get

ah bh ch d d ch h a h b3 2 2 2 6 2+ + + = + + +( / ) ( )θ

or ah bh cd d d ch a h bh3 2 3 23+ + + = + + +θ

or ah a h3 33= θ  or θ = 1

3
[∵ ah3 0≠ ]

(ii) Proceed as in part (i) of this question. The required value of θ is 
1

3
 .

Prob lem 3: Show that ‘ θ’ (which oc curs in the Lagrange’s mean value the o rem ap proaches the

limit 
1

2
 as ‘ h’ ap proaches zero pro vided that f a′ ′( ) is not zero. It is as sumed that f x′ ′( ) is

con tin u ous.

So lu tion: Since f x′ ′( ) is con tin u ous at x a= , there fore, f a′ ′( ) ex ists. Hence by

Tay lor’s the o rem, we have

f a h f a hf a
h

f a h( ) ( ) ( )
!

( )+ = + ′ + ′ ′ + ′
2

2
θ …(1)

Also by mean value theorem, we get

f a h f a hf a h( ) ( ) ( )+ = + ′ + θ …(2)

Subtracting (2) from (1), we have

0
2

2
= ′ + ′ ′ + ′ − ′ +hf a

h
f a h hf a h( )

!
( ) ( )θ θ

or  f a h f a
h

f a h′ + − ′ = ′ ′ + ′( ) ( ) ( )θ θ
2

…(3)

Further since f ′ is continuous and differentiable, we get by mean value theorem,

f a h f a h f a h′ + = ′ + ′ ′ + ′ ′( ) ( ) ( )θ θ θ θ
or f a h f a h f a h′ + − ′ = ′ ′ + ′ ′( ) ( ) ( )θ θ θ θ …(4)

Thus from (3) and (4), we get

θ θ θ θh f a h
h

f a h′ ′ + ′ ′ = ′ ′ + ′( ) ( )
2

or θ θ
θ θ

= ⋅ ′ ′ + ′
′ ′ + ′ ′

1

2

f a h

f a h

( )

(

Hence lim
( )

( )h

f a

f a→
= ′ ′

′ ′
=

0

1

2

1

2
θ  , provided f a′ ′ ≠( ) 0.

Prob lem 4: Show that the num ber θ which oc curs in the Tay lor’s the o rem with Lagrange’s form of

re main der af ter n terms ap proaches the limit 1 1/ ( )n +  as h → 0 pro vided that f xn( )( )+1  is

con tin u ous and dif fer ent from zero at x a=  .
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So lu tion: Ap ply ing Tay lor’s the o rem with Lagrange’s from of re main der af ter n
terms and ( )n + 1  terms suc ces sively, we get for θ, θ′ ∈ ] , [,0 1

f a h f a h f a
h

n
f a

h

n
f

n
n

n
n( ) ( ) ( )

( )!
( )

!
(( ) ( )+ = + ′ + +

−
+

− −
…

1
1

1
a h+ θ ) 

and f a h f a h f a
h

n
f a

h

n
f

n
n

n
n( ) ( ) ( )

!
( )

( )!
(( ) ( )+ = + ′ + + + +

+
+

…
1

1

1 a h+ ′θ ) .

Sub tract ing these, we have

h f a

n

h

n
f a h

h

n
f a h

n n n
n

n
n

( )
( ) ( )( )

! ( )!
( )

!
( )+

+
+ ′ = +

+ +1
1

1
θ θ  

or f a h f a
h

n
f a hn n n( ) ( ) ( )( ) ( ) ( )+ − =

+
+ ′+θ θ

1

1 …(1)

Applying Lagrange’s mean value theorem to the function f xn( ) ( )  in the interval 

[ , ]a a h+ θ  , we get

f a h f a hf a hn n n( ) ( ) ( )( ) ( ) ( )+ − = + ′ ′+θ θ θθ1  , 0 1< ′ ′ <θ  . …(2)

From (1) and (2), we have

θ θθ θh f a h
h

n
f a hn n( ) ( )( ) ( )+ ++ ′ =

+
+ ′1 1

1

or θ θ

θθ
=

+
+ ′

+ ′ ′

+

+
1

1 1n

f a h

f as h

n

n

( !)

( )
( )

( )
 .

∴ lim
( )

( ) ( )

( )

( )h

n

nn

f a

f a n→

+

+
=

+
=

+0

1

1
1

1

1

1
θ , provided f an( ) ( )+ ≠1 0 .

Multiple Choice Questions

1. The func tion f x x
x x

x x
( ) | |

,

, .
= − =

− ≥
− <





1
1 1

1 1

This func tion is not dif fer en tia ble at x = 1.

2. The func tion f x x( ) | |= + 3  is not dif fer en tia ble at x = −3. 

3. A func tion f x( )  is dif fer en tia ble at x a=  if Rf a Lf a′ = ′( ) ( ). See ar ti cle 1.

4. See Prob lem 9 of Com pre hen sive Prob lems 1.

5. For the function f x x( ) sin=   in [ , ]0 π  , we have f( )0 0=  and f( )π = 0 so that 

f f( ) ( )0 = π . Also f x( ) is continuous in [0, π] and differentiable in ]0, π[. Thus 

f x x( ) sin=  satisfies all the three conditions of Rolle’ theorem in [0, π]. 

6. The func tion f x x( ) sin=  is con tin u ous on the whole R .

We have f x x′ =( ) cos . Out of the given four intervals f x x′ =( ) cos  is positive
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only in 0
2

,
π




 and is positive as well as negative in each of the intervals [ , ]0 π  , 

π π
4

3

4
,




 and 

π π
2

,





⋅ So, out of the four given in ter vals the func tion f x x( ) sin=  is

in creas ing only in 0
2

,
π




 .

7. See Prob lem 5(iii) of Com pre hen sive Prob lems 3.

8. See Prob lem 1(ii) of Com pre hen sive Prob lems 2.

9. See Ex am ple 1.

10. See ar ti cle 14(iv).

Fill in the Blank(s)

1. See ar ti cle 1, def i ni tion of de riv a tive of a func tion at a point.

2. See ar ti cle 1, def i ni tion of right hand de riv a tive of a func tion at a point.

3. See ar ti cle 1, def i ni tion of left hand de riv a tive of a func tion at a point.

4. See ar ti cle 1, def i ni tion of differentiability of a func tion in an open in ter val.

5. See ar ti cle 2.

6. See ar ti cle 4.

7. See Example 1.

8. See ar ti cle 8.

9. See ar ti cle 9, Lagrange’s mean value the o rem.

10. See ar ti cle 11, Cauchy’s mean value the o rem.

11. See ar ti cle 10, the o rem 4.

12. We have lim
( ) ( )

( ).
h

f x h f x

h
f x

→
+ − = ′

0
  If f x x( ) sin ,=  then f x x′ =( ) cos  .

True or False

 1. For ex am ple, the func tion f x x( ) | |=   is con tin u ous at x = 0 but it is not

differentiable at x = 0.

 2. If a func tion f x( ) pos sesses a fi nite de riv a tive f a′( ) at a point x a= , we know

that f x( ) must be con tin u ous at x a=  . See ar ti cle 4.

 3. The given state ment is false. If a func tion f x( )  is dif fer en tia ble at x a=  , we

know that it must be con tin u ous at x a= .

 4. The func tion f x x( ) | |=  is not dif fer en tia ble at x = 0.

 5. For the func tion f x x( ) sin=   in [ ,0 2π] , 
we have f( )0 0= , f( )2 0π =  so that f f( ) ( ).0 2= π
Also f x( ) is continuous in [ , ]0 2π  and differentiable in ] , .0 2π [   Thus f x x( ) sin=
satisfies all the three conditions of Rolle’s theorem in [ ,0 2π]. So Rolle’s theorem

is applicable for f x x( ) sin=  [ , ]0 2π  . 
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6. Rolle’s theorem is not applicable for f x x( ) | |=  in [ , ]−1 1  because f x x( ) | |=  is not

differentiable at x = 0 which is a point in ] , [−1 1 .

7. Lagrange’s mean value theorem is not applicable for f x x( ) | |=  in [ , ]−1 1  because 

f x x( ) | |=  is not differentiable at x = 0 which is a point in [ , [−1 1 .

8. The function f x x( ) sin=  is continuous on the whole R and so also in −





⋅π π
2 2

,

We have f x x′ =( ) cos  which is positive in −





π π
2 2

, . So the function f x x( ) sin=

is increasing in −





π π
2 2

,  .

9. If a b c+ + = 0, then the quadratic equation 3 2 02ax bx c+ + =  has at least one

root in ] , [0 1 . See Problem 9,  of Comprehensive Problems 2.

10. If f is continuous on [ , ]a b  and f x′ ≤( ) 0 in ] , [a b  , then f is decreasing in [ , ]a b  .

See article 10, Theorem 4.

11. If f x x x x( ) = − + +2 15 36 13 2 , then f x x x x x′ = − + = − −( ) ( ) ( )6 30 36 6 2 32  . 

Now, f x( ) is con tin u ous in (2, 3) and f x′ <( ) 0 in ] , [2 3 . so f x( ) is de creas ing 
in [2, 3].

12. If f x x x( ) | | | |= + −1 , then R f ′ =( )0 0. See Example 2.

13. For the function f x x x e x( ) ( ) /= + −2 2, we have f ( )− =2 0 and f ( )0 0= , so that 

f f( ) ( )− =2 0 . Also f x( ) is continuous in [ , ]−2 0  and differentiable in [ , [−2 0 .

Thus f x( ) satisfies all the three con di tions of Rolle’s the o rem in [ , ]−2 0  and so 
Rolle’s the o rem is ap pli ca ble for f x( ) in [ , ]−2 0  .

14. See Problem 5 part (ii) of Comprehensive Problems 3.

We note that the value of c is given by c = ⋅3

2

15. If f x xn( ) = , then lim
( ) ( )

( )
h

nf x h f x

h
f x nx

→
−+ − = ′ =

0

1

16. We have lim
( ) ( )

( )
h

f x f a

x a
f a

→
−
−

= ′
0

.

If f x x( ) cos= , then f x x′ = −( ) sin  so that f a a′ = −( ) sin .

So if f x x( ) cos= , then lim
( ) ( )

sin
x a

f x f a

x a
a

→
−
−

= −

17. We have lim
( ) ( )

( )
x x

f x f x

x x
f x

→

−

−
= ′

0

0

0
0

If f x e x( ) = , then f x e x′ =( )  so that f x e x′ =( )0 0.

So if f x e x( ) = , then lim
( ) ( )

x x

xf x f x

x x
e

→
−
−

=
0

00

0
 and not e x.

❍❍❍
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 Prob lem 1:  If x a t sin t y a cos t= − = +( ) ( ),and 1  prove that

    
d y

d x a
cosec

t2

2
41

4 2
= 





⋅

So lu tion: Pro ceed as in Ex am ple 3.

Prob lem 2:  (i) If y A mx B mx= +sin cos , prove that y m y2
2 0+ = .

  (ii) If y A e Beax ax= + − , show that y a y2
2 0− = .

So lu tion: (i) We have y A mx B mx= +sin cos . ...(1)

Differentiating both sides w.r.t. ‘x’, we get

y Am mx Bm mx1 = −cos sin .

Again y Am mx Bm mx2
2 2= − −sin cos

    = − + = −m A mx B mx m y2 2 1( sin cos ) , ( ).from

∴ y m y2
2 0+ = .

(ii) y Ae Bea x a x= + − ...(1)

Differentiating both sides w.r.t. x, we get

y A e a Be aax ax
1 = + −−. . ( )

Again y a A e a B eax ax
2

2 2= + −

   = + −a Ae Beax ax2 ( ) = a y2

or y a y2
2 0− = .

Prob lem 3: If y eax=  cos bx, prove that y ay a b y2 1
2 22 0− + + =( ) .

Also prove that y ay a b yn n n+ −= − +1
2 2

12 ( ) .
(Lucknow 2007; Kumaun 13)

So lu tion: We have y e bxax= cos ...(1)

Differentiating both sides w.r.t. x, we get

y e b bx ae bxax ax
1 = − +( sin ) cos
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or y b e bx ayax
1 = − +sin ...(2)

Again y b e b bx b ae bx ayax ax
2 1= − − +( cos ) ( ) sin

y b e bx a be bx ayax ax
2

2
1= − − +cos ( sin )

   = − − − + +b y a y ay ay2
1 1( ) [ By using (2)]

   = − + +( )a b y ay2 2
12

or y ay a b y2 1
2 22 0− + + =( ) (1st Proved) ...(3)

Differentiating both sides, w.r.to x n, ( )− 1  times, we get

y ay a b yn n n+ −− + +1
2 2

12 ( ) = 0

or y a y a b yn n n+ −= − +1
2 2

12 ( ) . Proved.

Find the nth dif fer en tial co ef fi cients of:

Prob lem 1: (i) log ax b cx d[( ) ( )].+ +  (Bundelkhand 2008)

(ii) cos cos2 3x x. (Bundelkhand 2001; Kashi 2011)

(iii) cos x cos x cos x2 3 . 

(iv) cos x4 .

So lu tion : (i) Let y ax b cx d= + +log [( ) ( )]  = + + +log ( ) log ( ).ax b cx d

We know that D ax b n a ax bn n n nlog ( ) ( ) ( ) ! ( )+ = − − +− −1 11   

[See result (v) of article 2]

∴    y n a ax bn
n n n= − − +− −( ) ( ) ! ( )1 11 + − − +− −( ) ( ) ! ( )1 11n n nn c cx d

   = − −
+

+
+









 ⋅−( ) ( ) !

( ) ( )
1 11n

n

n

n

n
n

a

ax b

c

cx d

(ii) Let y x x x x= =cos cos ( cos cos )2 3
1

2
2 2 3  = +1

2
5(cos cos )x x

∴ y x n x nn
n= + + +








1

2
5 5

1

2

1

2
cos ( ) cos( )π π

(iii) y x x x x x x= =cos cos cos cos ( cos cos )2 3
1

2
2 2 3

   = + = +1

2
5

1

4
2 5 2 2cos (cos cos ) ( cos cos cos )x x x x x x  

   = + + +1

4
6 4 2 1(cos cos cos ).x x x

∴  y x n x nn
n n= + + +1

4
6 6

1

2
4 4

1

2
{ cos ( ) cos ( )π π + +2 2

1

2
n x ncos ( ) .π }
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(iv) Let y x x x= = = +cos (cos ) [ ( cos )]4 2 2 21

2
1 2

 = + +1

4
1 2 2 22( cos cos )x x

 = + + +1

4
1 2 2

1

2
1 4[ cos ( cos )]x x

 = + +1

4

3

2
2 2

1

2
4( cos cos )x x

 = + +3

8

1

2
2

1

8
4cos cos .x x

Now D ax b a ax b nn ncos ( ) cos ( ).+ = + + 1

2
π

∴ y x n x nn
n n= + ⋅ + + ⋅ +0

1

2
2 2

1

2

1

8
4 4

1

2
cos ( ) cos ( )π π

   = + + +− −2 2
1

2
2 4

1

2
1 2 3n nx n x ncos ( ) cos ( ).π π

Prob lem 2: (i) cos x sin x2 3 . (ii) e cos bxax 3 .

  (iii) e sinbx cos cxax  . (iv) e sin xx2 3 .

So lu tion: (i) Let y x x x x x= = + −cos sin ( cos ) ( sin sin )2 3 1

2
1 2

1

4
3 3

   = − + −1

8
3 3 3 2 3 2( sin sin sin cos sin cos )x x x x x x

     = − + −1

8
3 3

3

2
2 2

1

2
2 3 2[ sin sin ( sin cos ) ( sin cos )]x x x x x x

     = − + − − +1

8
3 3

3

2
3

1

2
5[ sin sin (sin sin ) (sin sin )]x x x x x x

     = − + − − −1

16
6 2 3 3 3 3 5( sin sin sin sin sin sin )x x x x x x

     = + −1

16
2 3 5( sin sin sin ).x x x

Now using the standard formula D ax bn sin ( ),+  we get

y x n x n x nn
n n= + + + − +1

16
2

1

2
3 3

1

2
5 5

1

2
[ sin ( ) sin ( ) sin ( )]π π π .

(ii) Let y e bxax= cos3

 = +







e
bx bxax cos cos3 3

4
[ cos cos cos ]∵ 3 4 33θ θ θ= −

 = +1

4
3

3

4
e bx e bxax ax. cos cos

Differentiating both sides, w.r.t. to x, n times, we get

y D e bx D e bxn
n ax n ax= +1

4
3

3

4
[ cos ] [ cos ]
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   = + +







−1

4
9 3

32 2 2 1( ) cos tan/a b e bx n
b

a
n ax

+ + +







−3

4
2 2 2 1( ) cos tan/a b e bx n

b

a
n ax

(iii) Let y e bx cx e bx cxax ax= =sin cos ( sin cos )
1

2
2

 = + + −1

2
e bx cx bx cxax [sin ( ) sin ( )] 

 = + + −1

2
[ sin ( ) sin ( ) ].e b c x e b c xax ax

Now D e bx cn ax{ }sin ( )+  = + + + −( ) sin tan ( / ) ./a b e bx c n b an ax2 2 2 1{ }

∴ y a b c e b c x n b c an
ax= + + + + +−1

2
2 2 2 1[ ( ) sin ( ) tan ( ) //{ } { }n

  + + − − + −−{ } { }a b c e b c x n b c aax2 2 2 1( ) sin ( ) tan ( ) / ]./n

(iv) Let y e xx= 2 3sin .

We know that sin sin sin .3 3 4 3x x x= −

∴ 4 3 33sin sin sinx x x= −  or sin ( / ) ( sin sin ).3 1 4 3 3x x x= −

∴ y e x xx= −1

4
3 32 [ sin sin ] = −3

4

1

4
32 2e x e xx xsin sin .

∴ y e x nn
n x= + + −3

4
2 1 1 22 2 1 2 2 1[( ) ] sin [ tan ( / )]/

 − + + −1

4
2 3 2 3 22 2 1 2 2 1[( ) ] sin [ tan ( / )]./ n xe x n

Prob lem 3: (i) 
1

1 5 6 2− +x x
. (ii) 

1
2 2x a−

.

(iii) 
x

x x

2

2 2 3( ) ( )
.

+ +
(Kumaun 2014) (iv) 

x

x a x b x c( ) ( ) ( )
.

− − −

So lu tion: (i) Let y
x x x x

=
− +

=
− −

1

6 5 1

1

3 1 2 12 ( ) ( )
 =

−
−

−
2

2 1

3

3 1x x

[On re solv ing into par tial frac tions]

   = − − −− −2 2 1 3 3 11 1( ) ( ) .x x

Now D ax b n a ax bn n n n( ) ( ) ! ( ) .+ = − +− − − −1 11

∴ y n xn
n n n= − − − −2 1 2 2 1 1( ) ! ( ) − − − − −3 1 3 3 1 1( ) ! ( )n n nn x

   = − − − −+ − − + − −( ) ! [ ( ) ( ) ].1 2 2 1 3 3 11 1 1 1n n n n nn x x

(ii) Let y
x a x a x a a x a x a

=
−

=
− +

=
−

−
+











1 1 1

2

1 1
2 2 ( ) ( )
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  = − − + ⋅− −1

2
1 1

a
x a x a[( ) ( ) ]

Then y
a

n x a x an
n n n= − − − +− − − −1

2
1 1 1( ) ! ( ) ( ) .{ }

(iii) Let y x x x= + +2 2 2 3/ [( )( )]

The given fraction is not a proper one. If we divide the numerator by the
denominator, we observe orally that the quotient will be 1 2/ . So let

x

x x

A

x

B

x

2

2 2 3

1

2 2 2 3( ) ( )+ +
≡ +

+
+

+
⋅

Then  A B= − =4 9 2and / .

Hence y
x x

= −
+

+
+

1

2

4

2

9

2 2 3( )
 = − + + +− −1

2
4 2

9

2
2 31 1( ) ( ) .x x

∴ y n xn
n n= − − + − −4 1 2 1( ) ! ( ) + ⋅ − + − −9

2
1 2 2 3 1( ) ! . ( )n n nn x

  = − ⋅
+

−
+













⋅
−

+ +
( ) !

( ) ( )
1

9 2

2 3

4

2

1

1 1
n

n

n n
n

x x

(iv) Let  y
x

x a x b x c
=

− − −( ) ( ) ( )

  =
− − −

+
− − −

+
− − −

a

a b a c x a

b

b a b c x b

c

c a c b x c( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

{on resolving into partial fractions}

  =
− −

− +
− −

− +
− −

− −a

a b a c
x a

b

b a b c
x b

c

c a c b( )( )
( )

( )( )
( )

( )( )
1 1 ( )x c− −1

Now differentiating both sides w. r.to x, n times, we get

  y
a

a b a c
D

x a

b

b a b c
D

x b
n

n n=
− − −









 +

− − −


( ) ( ) ( ) ( ) ( ) ( )

1 1







 +
− − −











c

c a c b
D

x c
n

( ) ( ) ( )

1

   y
a

a b a c

n

x a
n

n

n
=

− −
−
− +( ) ( )

( ) !

( )

1
1
 +

− −
−
− +

b

b a b c

n

x b

n

n( ) ( )

( ) !

( )

1
1
 

+
− −

−
− +

c

c a c b

n

x c

n

n( ) ( )

( ) !

( )

1
1

  y n
a

a b a c x a

b

b a b c x b
n

n
n n

= −
− − −

+
− − −


+ +

( ) !
( ) ( ) ( ) ( ) ( ) ( )

1
1 1





+
− − −





+

c

c a c b x c n( ) ( ) ( ) 1
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Prob lem 4:  
x

x x
n

4

1 2
3

( ) ( )
, .

− −
≥

(Agra 2014)

So lu tion: Let y
x

x x
x x

x

x x
=

− −
= + + + −

− −










4
2

1 2
3 7

15 14

1 2( ) ( ) ( ) ( )
,  

dividing N r  by the Dr

  = + + +
−

−
−









x x

x x
2 3 7

16

2

1

1
, on resolving into partial fractions.

Then   y n x n xn
n n n n= − ⋅ − − − −− − − −16 1 2 1 11 1( ) ! ( ) ( ) ! ( ) , if n > 2

 = − ⋅ − − −− − − −( ) ! [ ( ) ( ) ].1 16 2 11 1n n nn x x

Prob lem 5: (i) tan
x

x
− +

−






 ⋅1 1

1 (Purvanchal 2011)

(ii) tan
x

x

−

−












1

2

2

1( )
.

(Lucknow 2011)

So lu tion: (i) Let y
x

x

x

x
= +

−






 = +

−








= +− − −tan tan
.

tan tan1 1 11

1

1

1 1
1 − 1 x.

Then y x1
21 1= +/( ). Now proceeding as in problem 5(ii), we have

y n n xn
n n= − − φ φ φ =− −( ) ( ) ! sin sin , tan ( / ).1 1 11 1where

(ii) Let y x x x= − =− −tan /( ) tan .1 2 12 1 2{ }

Then y
x x i x i i x i x i

1 2

2

1

2 1 1 1=
+

=
− +

=
−

−
+









( ) ( )

, 

on resolving into partial fractions.

Now differentiating both sides ( )n − 1  times w.r.t. ' 'x  , we have

y
n

i
x i x in

n
n n= − − − − + ⋅

−
− −( ) ( ) !

[( ) ( ) ]
1 11

Putting x r r= φ = φcos and sin ,1  we have

y
n

i
r in

n
n n= − − φ − φ

−
− −( ) ( ) !

[ (cos sin )
1 11

 − φ + φ− −r in n(cos sin ) ]

   = − − φ + φ − φ − φ
−

−( ) ( ) !
[(cos sin ) (cos sin )]

1 11n
nn

i
r n i n n i n

   = − − φ− −2 1 11( ) ( ) ! sinn nn r n

   = − − φ φ = φ− −2 1 1 1 11( ) ( ) ! ( /sin ) sin , /sinn nn n rsince

   = − − φ φ φ =− −2 1 1 11 1( ) ( ) ! sin sin , tan ( / ).n nn n xwhere
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Prob lem 6: If y tan
x

x
= √ + −











− 1

21 1( )
, show that

y n sin sin nn
n n= − −−1

2
1 11( ) ( ) ! ,θ θ where  θ = −cot x1 . 

(Kanpur 2015)

So lu tion: Let y
x

x
= √ + −











⋅−tan

( )1
21 1

 

Put x = φtan . Then

y = √ + φ −
φ













= φ −
φ

− −tan
( tan )

tan
tan

tan
1

2
11 1 1sec

  = − φ
φ

= φ
φ φ

− −tan
cos

sin
tan

sin ( / )

sin ( / ) cos ( / )
1 1

21 2 2

2 2 2
 

  = φ = φ =− −tan tan ( / ) / tan .1 12 2
1

2
x

∴ y x1
21 2 1= +/ ( ) .{ }

Now proceeding as in problem 5(ii), we get

y n n xn
n n= − − =− −1

2
1 11 1( ) ( ) ! sin sin , cot .θ θ θwhere

Prob lem 7: If y x a x= +/ ( ) ,2 2  prove that

  y n a sin cos n where tan a xn
n n n= − φ + φ φ =− − + −( ) ! ( ) , ( / ).1 11 1 1

(Kanpur 2009; Kumaun 13)

So lu tion: We have y
x

a x

x

x ia x ia
=

+
=

− +2 2 ( ) ( )

   =
−

+
+











1

2

1 1

( ) ( )
,

x ia x ia
  on resolving into partial fractions.

Differentiating both sides n times w.r.t. ‘x’, we get

y n x ia n x ian
n n n n= − − + − +− − − −1

2
1 11 1[( ) ! ( ) ( ) ! ( ) ]

    = − − + +− − − −1

2
1 1 1( ) ! [( ) ( ) ].n n nn x ia x ia

Putting x r a r= φ = φcos and sin , we get

y n r in
n n n= − φ − φ− − − −1

2
1 1 1( ) ! [ (cos sin )

+ φ + φ− − − −r in n1 1(cos sin ) ]

   = − + φ + + φ− −1

2
1 1 11( ) ! [ cos ( ) sin ( )n nn r n i n{ }

+ + φ − + φ{ }cos ( ) sin ( ) ]n i n1 1
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  = − + φ− −1

2
1 2 11( ) ! cos ( )n nn r n  

  = − φ + φ = φ− −( ) ! ( /sin ) cos ( ) , /sin1 11n nn a n r asince

  = − φ + φ− − +( ) . ! sin cos ( ) ,1 11 1n n nn a n  where  φ = −tan ( / ).1 a x

Prob lem 8: If y mx cos mx= +sin , show that y m mxn
n n= + −{ }1 1 2 1 2( ) ./

sin

(Meerut 2000, 09B)

So lu tion: Here y mx mx= +sin cos .

∴ y m mx n m mx nn
n n= + + +sin ( ) cos ( )

1

2

1

2
π π

  = + + +m mx n mx nn [ sin ( ) cos ( ) ] /{ }
1

2

1

2
2 1 2π π (Note)

  = + + +m mx n mx nn[sin ( ) cos ( )2 21

2

1

2
π π

  + + +2
1

2

1

2
1 2sin ( ) cos ( )] /mx n mx nπ π

  = + + = + +m mx n m mx nn n[ sin ( )] [ sin ( )]/ /1 2
1

2
1 21 2 1 2π π

  = + −m mxn n[ ( ) sin ],1 1 2  since sin ( ) ( ) sin .n nπ θ θ+ = − 1

Prob lem 9: Prove that the value of the nth dif fer en tial co ef fi cient of x x3 2 1/ ( )−  for x = 0, is

zero if n is even, and is − n ! if n is odd and greater than 1.

So lu tion: Let y
x

x
x

x

x
x

x

x x
=

−
= +

−
= +

− +

3

2 21 1 1 1( ) ( )

  = +
+ −

+ −
− − +

x
x x

1

1 1 1

1

1 1 1( ) ( ) ( ) ( )

  = +
−

+
+

⋅x
x x

1

2 1

1

2 1( ) ( )

∴ When n > 1, we have

y
n

x x
n

n

n n
= −

−
+

+













⋅
+ +

( ) !

( ) ( )

1

2

1

1

1

11 1

Putting x = 0 in the expression for yn , we get

( )
( ) !

( )

( ) !

( )
y

n n
n

n

n

n

n0 1 1

1

2

1

1

1

1

1

2

1

1
= −

−
+













= −
−+ +

+












⋅1

When n is even, ( )
!

( )

!
.y

n n
n 0

2

1

1
1

2
0 0=

−
+







 = ⋅ =

When n is odd, ( )
!
[ ] !.y

n
nn 0

2
1 1= − + = −
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Prob lem 10: If y x= −( )tan 1 2, prove that ( ) ( )x y x x y2 2
2

2
11 2 1 2 0+ + + − = .

So lu tion: Given y x= −(tan )1 2 ...(1)

Differentiating (1) w.r.to x , we have

y x
x

1
1

2
2

1

1
=

+
−tan .    or  ( ) tan1 22

1
1+ = −x y x

On squaring both sides, we get

( ) (tan )1 4 42 2
1
2 1 2+ = =−x y x y ...(2)

Differentiating both sides w.r. to x

2 1 2 1 2 41 2
2 2

1
2 2

1y y x y x x y( ) ( ) .+ + + =

On dividing by 2 1y , we get

( ) ( )1 2 1 22 2
2

2
1+ + + =x y x x y

Prob lem 1: State Leibnitz’s the o rem. 
(Meerut 2005B, 08, 11; Bundelkhand 08; Agra 08)

So lu tion:  See ar ti cle 6.

Prob lem 2: Find the 4th dif fer en tial co ef fi cients of (i) x x ii x x iii e xx3 2 23 2log ; ( ) ; ( )sin sin .

So lu tion: (i) Let y x x= 3 log

Differentiating both sides w.r.to x , 4 times (by Leibnitz's theorem),

we get y D x x4
4 3= ( log )

  = +x D x C D x D x3 4 4
1

3 3( log ) ( ) ( log )

      + +4
2

2 3 2 4
3

3 3C D x D x C D x D x( ) ( log ) ( ) ( log )

  = − + −
x

x
x

x

3
3

4
2

2

3

1 3
4 3

1 2( ) !
( )

( ) !+ − +6 6
1 1 4 61

2
( )

( ) ! ( )
x

x x
        

∵ D x
n

x

n
n

n
log

( ) ( )!= − −











−1 11

  = − + − + =6 24 36 24 6

x x x x x

(ii) Let y x x= 2 3sin

Differentiating w.r.to x, 4 times (by Leibnitz's theorem), we get

 y D x x4
4 2 3= ( sin )

   = + +x D x C Dx D x C D x D x2 4 4
1

2 3 4
2

2 2 23 3 3(sin ) ( )( sin ) ( ) ( sin )
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   = +





+ +





x x x x2 4 33 3
4

2
4 2 3 3

3

2
. sin ( ) sin

π π

+ +





6 2 3 3
2

2
2( ) . sin x

π

∵D ax b a a x b
nn nsin ( ) sin+ = + +













π
2

   = + −3 3 8 3 34 2 3x x x xsin ( cos )− 12 3 32. sin x

    = − −3 3 4 3 6 33 2 3( ) sin cosx x x x

(iii) Let y e xx= 2 2sin

Differentiating w.r.to x, 4 times (by Leibnitz's theorem)

y D e xx
4

4 2 2= ( sin )

   = +e D x C D e D xx x2 4 4
1

2 32 2(sin ) ( ) ( sin )

  + +4
2

2 2 2 4
3

3 22 2C D e D x C D e D xx x( ) ( sin ) ( ) ( sin )

    + 4
4

4 2 2C D e xx( ) sin

   = +





+ +





e x e xx x2 4 2 32 2
4

2
4 2 2 2

3

2
. sin . sin

π π

+ +





+ +





6 4 2 2
2

2
4 8 2 2

2
2 2 2. sin . . sine x e xx xπ π

        + 1 16 22. sine xx

   = − −16 2 64 2 96 22 2 2e x e x e xx x xsin cos sin

  + +64 2 16 22 2e x e xx xcos sin

   = −e xx2 2 64sin ( ) = − 64 22e xx sin .

Prob lem 3: Find the n th dif fer en tial co ef fi cients of:

(i) x e x2 − . (ii) x x3
log . (iii) e xx

log . (iv) x x2 1
tan

− .

So lu tion: (i) Let y x e x= −2

Let u x= 2, v e x= −

D e en x n x( ) ( )− = −1

∴ D y D x en n x( ) ( )= −2

y x D e n D x D en
n x n x= +− − −2 2 1( ) ( ) ( )

   + − − −n n
D x D en x( )

!
( ) ( )

1

2
2 2 2

y x e n x e
n n

en
n x n x n x= − + − + − −− −2 1 11 2 1

1

2
2 1( ) ( )

( )

!
. ( )

   = − − + −( ) [ ( )].1 2 12n xe x nx n n
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(ii)  By Leibnitz’s theorem, we have

D uv D u v C D u Dv C D u D vn n n n n n( ) ( ) . ( ) ( ) ( ) ( )= + + +− −
1

1
2

2 2
…

Taking u x= log  and v x= 3, we find that

D u n xn n n= − −−( ) ( ) ! / ,1 11

D u n xn n n− − −= − −1 2 11 2( ) ( ) ! /  and Dv x= 3 2 ,

D u n xn n n− − −= − −2 3 21 3( ) ( ) ! /   and D v x2 6= ,

D u n xn n n− − −= − −3 4 31 4( ) ( ) ! /   and D v3 6= .

Therefore by Leibnitz’s theorem, we have

D x x
n

x
x C

n

x

n
n

n
n

n

n
( log )

( ) ( ) ! ( ) ( ) !3
1

3
1

2

1

1 1 1 2
3= − − + − −− −

−
x2

+ − − + − −−

−

−

−
n

n

n
n

n

n
C

n

x
x C

n

x
2

3

2 3

4

3

1 3
6

1 4
6

( ) ( ) ! ( ) ( ) !
,

since all other terms be come zero.

= − − − − − − − −
−

−
( ) ( ) !

[( ) ( ) ( ) ( ) ( )
1 4

1 2 3 3 2 3
1

3

n

n

n

x
n n n n n n

  + − − − − −3 1 3 1 2n n n n n n( ) ( ) ( ) ( )]

= − − − − − −− −( ) ( ) ! [( ) ( ) ( )1 4 1 2 31 3n nn x n n n n

+ − − − +3 3 1 2n n n n( ) ( )]

= − − −6 1 4 3( ) ( ) ! .n nn x

(iii) By Leibnitz’s theorem, we have

D e x D e x C D e D xn x n x n n x( log ) ( ) . log ( ) . ( log )= + −
1

1

+ + +−n n x x nC D e D x e D x2
2 2( ) ( log ) log…

= + 





+ −





+e x C e
x

C e
x

C e
x

x n x n x n x. log . .
!

1 2 2 3 3

1 1 2 + …

  + + − −− −
… e n xx n n( ) . ( ) ! .1 11

= + − + −− − −e x C x C x C xx n n n[ log !1
1

2
2

3
32 … 

  + − −− −( ) . ( ) ! ].1 11n nn x

(iv) Let u x= −tan 1  and v x= 2 . Then y uv= .

Differentiating n times by Leibnitz’s theorem, we get

y D uv D u v C D u Dvn
n n n n= = + −( ) ( ) . ( ) .1

1

 + +−n nC D u D v2
2 2( ) . ( ) …

Now D u D x n nn n n n= = − −− −( tan ) ( ) ( ) ! sin sin ,1 11 1 θ θ

where θ = −tan ( / ).1 1 x

Also Dv D x x= =2 2 , D v2 2= = constant and so the third and the higher derivatives

of v all vanish .
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Hence y n n xn
n n= − −−[( ) ( ) ! sin sin ].1 11 2θ θ

+ − − −− −n n nC n n x1
2 11 2 1 2[( ) ( ) ! sin sin ( ) ] .θ θ

+ − − −− −n n nC n n2
3 21 3 2 2[( ) ( ) ! sin sin ( ) ] .θ θ

   = − − − −−( ) ( ) ! [( ) ( ) sin sin1 3 1 21 2n nn n n x nθ θ

 − − −−2 2 11nx n nn( ) sin sin ( )θ θ

    + − −−n n nn( ) sin sin ( ) ],1 22 θ θ  where θ = −tan ( / ).1 1 x

Prob lem 4: If y x e x= 2 , prove that

y n n y n n y n n yn = − − − + − −1

2
1 2

1

2
1 22 1( ) ( ) ( ) ( ) .

(Bundelkhand 2008)

So lu tion: We have y x e x= 2 . ...(1)

Differentiating (1) n times by Leibnitz’s theorem , we get

y e x C e x C en
x n x n x= + +. . .2

1 22 2

   = + + −x e nx e n n ex x x2 2 1( ) . ...(2)

Also differentiating (1) only once w.r.t. x , we have

y e x xex x
1

2 2= +.

or y y xe x
1 2= + . ...(3)

Now differentiating (3) w.r.t. x , we have

y y xe ex x= + +1 2 2  = + − +y y y e x
1 1 2( ) ,

[∵  from (3), y y xe x
1 2− = ]

or y y y e x
2 12 2= − + . ...(4)

Hence substituting for x e x2 , 2 xe x and e x respectively from (1), (3) and (4) in (2), we get

y y n y y n n y y yn = + − + − − +( ) ( ) ( )1 2 1
1

2
1 2

i e. ., y n n y n n y n n yn = − − − + − −1

2
1 2

1

2
1 22 1( ) ( ) ( ) ( ) .

Prob lem 5: Prove that the n th dif fer en tial co ef fi cient of x xn n( )1 −  is equal to

n x
n x

x

n n x

x

n! ( )
( )

. ( )
1 1

1 1

1

1 2 1

2

2

2 2

2 2

2

2
− −

−
+ −

−
−










…


⋅

(Rohilkhand 2007; Kanpur 08)

So lu tion: Let y x xn n= −( )1 ...(1)

Differentiating (1), n times by Leibnitz’s theorem, we get

D-76



y D x x C D x D xn
n n n n n n n= − + −−( ) ( ) ( ) . ( )1 11

1  

+ − +−n n n nC D x D x2
2 2 1( ) . ( ) .....

or    = − + − −−n x n
n

x n xn n! ( )
!

!
. ( )1

1
1 1( 1)

+ − − − − +−n n n
x n n x n( )

!
.

!

!
. ( ) ( ) ( ) .....

1

2 2
1 1 12 2 2

or y nn = ! ( ) .
( )

( )

. ( )
......1 1

1 1

1

1 2 1

2

2

2 2

2 2

2

2
− −

−
+ −

−
−


x

n x

x

n n x

x

n 








⋅

Prob lem 6: Prove that 
d

d x

x

x

n

x
log x

n

n

n

n

n

log





= − − − − − −
+

( ) . ( ) !1
1

1

2

1

3

1
1

…



⋅

So lu tion: We have y x x x x= = −( / ) . log ( ) . log .1 1 ...(1)

Differentiating (1) n times by Leibnitz’s theorem taking x− 1 as first function, we
have

 y
n

x
x C

n

x x
n

n

n
n

n

n
= − + − − ⋅

+

−( ) !
log

( ) ( ) !1 1 1 1
1 1

1

  + − − ⋅ − ⋅
−

−
n

n

n
C

n

x x
2

2

1 2

1 2
1

1( ) ( ) !
( ) + − − ⋅ − − ⋅

−

−
n

n

n
C

n

x x
3

3

2 3

1 3
1 2

1( ) ( ) !
( )( )

 + + ⋅ − −−
…

1 1 11

x

n

x

n

n

( ) ( ) !

 = − + ⋅ − −
+

−

+
( ) !

log
( ) ( ) !1 1 1

1

1

1

n

n

n

n

n

x
x n

n

x
 + − ⋅ − −−

+
n n n

x

n

n

( )

.

( ) ( ) !1

1 2

1 21

1

+ − − ⋅ − −−

+
n n n n

x

n

n

( ) ( )

. .

( ) ( ) !
. .

1 2

1 2 3

1 3
1 2

1

1
+ + − −−

+
…

( ) ( ) !1 11

1

n

n

n

x

 = − − − − − −





⋅
+

( ) !
log

1
1

1

2

1

3

1
1

n

n

n

x
x

n
…

Note: Solve this ques tion also by dif fer en ti at ing (1) n times by Leibnitz's the o rem
tak ing log x as first func tion.

Prob lem 7: If y x xn= log , show that y n xn + =1 ! / .

(Meerut 2001; Bundelkhand 09; Rohilkhand 11B)

So lu tion: We have y x xn= log .

∴ y x x nx xn n
1

11= + −( / ) log  or x y x nx xn n
1 = + log

or x y x n yn
1 = + .

Now differentiating both sides n times and using Leibnitz’s theorem, we get

D y x D x nD yn n n n( )1 = +

or ( ) . ( ) . ( ) !D y x C D y Dx n n yn n n
n1 1

1
1+ = +−
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or y x n y n ny y x nn n n n+ ++ = + =1 11. . ! . !.or

Therefore y n xn + =1 !/ .

Prob lem 8: By form ing in two dif fer ent ways the nth de riv a tive of x n2 , prove that

1
1

1

1 2

1 2

1 2 3

22

2

2 2

2 2

2 2 2

2 2 2
+ + − + − − + =n n n n n n n( )

.

( ) ( )

. .

( )
…

!

( !)n 2
⋅

So lu tion:  Let y x n= 2 , then 

y
n

n n
x

n

n
xn

n n n=
−

⋅ = ⋅−( ) !

( ) !

( ) !

!
.

2

2

22  ...(1)

Again, y x xn n= . . ...(2)

Differentiating (2), n times by Leibnitz’s theorem, we get

y n x C
n

x nx C
n

x n n xn
n n n n n= + + −− −!

!

!
.

!

!
. ( )1

1
2

2 2

1 2
1

   + − − + +−n n n
n

nC
n

x n n n x C x n3
3 3

3
1 2

!

!
. ( ) ( ) . !…

    = + + − + − − +n x
n n n n n nn!

( )

.

( ) ( )

. .
1

1

1

1 2

1 2

1 2 3

2

2

2 2

2 2

2 2 2

2 2 2
…













...(3)

Equating the two values of yn obtained in (1) and (3), we get

1
1

1

1 2

1 2

1 2 3

22

2

2 2

2 2

2 2 2

2 2 2
+ + − + − − + =n n n n n n n( )

.

( ) ( )

. .

( )
…

!

( !)n 2
⋅

Prob lem 9: Prove that

D
x

x
P sin x n Q x n xn nsin

cos





= + + + +{ }( ) ( ) / ,
1

2

1

2
1π π

where P x n n x n n n n xn n n= − − + − − − −− −( ) ( ) ( ) ( ) ...,1 1 2 32 4

and Q nx n n n xn n= − − − +− −1 31 2( ) ( ) .…

So lu tion: Dif fer en ti at ing n times by Leibnitz’s the o rem tak ing sin x as first func tion

and x− 1 as sec ond func tion, we get

D x x x n xn[(sin ). ] [sin( )] . ( )− −= +1 11

2
π

+ + − − −nC x n x1
21

2
1 1[sin ( ) ] [( ) ]{ }π

 + + − − − −nC x n x2
31

2
2 1 2[sin ( ) ] . [( ) ( ) ]{ }π  

     + + − − − − −nC x n x3
41

2
3 1 2 3[sin ( ) ] . [( ) ( ) ( ) ]{ }π

+ + −nC x n4
1

2
4[sin ( ) ].{ }π [( ) ( ) ( ) ( ) ]− − − − +−1 2 3 4 5x …  
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  =
+

+ + +−1

1

1

2

1

2
1

x
x x n nx x n

n
n n[ sin ( ) cos ( )π π

  − − +−n n x x nn( ) sin ( )1
1

2
2 π

− − − +−n n n x x nn( ) ( ) cos ( )1 2
1

2
3 π  

+ − − − + +−n n n n x x nn( ) ( ) ( ) sin ( ) ]1 2 3
1

2
4 π …  

  = − −
+

−1
1

1
2

x
x n n x

n
n n[ ( ){

     + − − − − +−n n n n x x nn( ) ( ) ( ) sin ( )1 2 3
1

2
4
…} π

+ − − − +− −{ }nx n n n xn n1 31 2( ) ( ) … cos ( )]x n+ 1

2
π  

  = + + +
+

1 1

2

1

21x
P x n Q x n

n
[ sin ( ) cos ( )].π π

Prob lem 10: If y e x=
−

tan
1

, prove that

( ) [ ( ) ] ( ) .1 2 1 1 1 02
2 1+ + + − + + =+ +x y n x y n n yn n n

(Avadh 2010; Kanpur 14)

So lu tion: We have y e x=
−tan .

1

Therefore y e
x

y

x

x
1

1

2 2

1

1 1
= ⋅

+
=

+

−tan

( ) ( )

or y x y1
21 0( ) .+ − = ...(1)

Differentiating (1) ( )n + 1 times by Leibnitz’s theorem, we get

y x C y x C y yn
n

n
n

n n+
+

+
+

++ + + − =2
2 1

1 1
1

2 11 2 2 0( ) . .

or ( ) [ ( ) ] ( ) .1 2 1 1 1 02
2 1+ + + − + + =+ +x y n x y n n yn n n

Prob lem 11: If y log x= cos ( ) , prove that

x y n x y n yn n n
2

2 1
22 1 1 0+ ++ + + + =( ) ( ) .

So lu tion: Pro ceed as in Example 13.

Prob lem 12: If y sin x= −( ) ,1 2  prove that ( )1 2 02
2 1− − − =x y x y ,

and ( ) ( )1 2 1 02
2 1

2− − + − =+ +x y x n y n yn n n .

(Meerut 2002; Agra 08; Rohilkhand 09B)

So lu tion: We have y x= −(sin ) .1 2

Therefore y x x1
1 22 1= √ −−(sin ) / ( ),
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or y
x

x

y

x
1
2

1 2

2 2

4

1

4

1
=

−
=

−

−(sin )
, [∵  (sin )− =1 2x y]

or y x y1
2 21 4 0( ) .− − =

Differentiating again, we get

2 1 2 4 01 2
2

1
2

1y y x x y y( )− − − =

or 2 1 2 01 2
2

1y y x x y[ ( ) ] .− − − =

Cancelling 2 1y , since 2 01y ≠ , we get y x y x2
2

11 2 0( ) ,− − − = ...(1)

proving the first result.

Differentiating (1) n times by Leibnitz’s theorem, we get

y x C y x C yn
n

n
n

n+ +− + − + −2
2

1 1 21 2 2( ) . ( ) . ( )

− − =+y x C yn
n

n1 1 1 0. .

or ( ) ( ) .1 2 1 02
2 1

2− − + − =+ +x y n x y n yn n n

Problem13: If y x n= −( )2 1 , prove that

( ) ( ) .x y x y n n yn n n
2

2 11 2 1 0− + − + =+ +

(Kumaun 2003; Rohilkhand 06,11B; Meerut 08; Kashi 2013)

Hence if P
d

dx
xn

n

n
n= −( )2 1 , show that 

d

dx
x

dP

dx
n n Pn

n( ) ( ) .1 1 02−







+ + =

So lu tion: We have y x n= −( )2 1 . There fore y n x xn
1

2 11 2= − −( ) .

or ( ) ( ) .x y n x x nxyn2
1

21 1 2 2− = − = [Replacing ( )x n2 1−  by y ]

or ( ) .x y nxy2
11 2 0− − = ...(1)

Differentiating (1), ( )n + 1  times by Leibnitz’s theorem, we have

D y x n D yxn n+ +− − =1
1

2 11 2 0[ ( )] ( )

or y x n y x
n n

yn n n+ +− + + + + ⋅2
2

11 1 2
1

2
2( ) ( ) .

( )

!
.

− − + =+2 2 1 1 01ny x n n yn n. ( ) .

or ( ) ( ) ,x y xy n n yn n n
2

2 11 2 1 0− + − + =+ + ...(2)

giving the first result. From (2), we get

( ) ( ) .x D y x Dy n n yn n n
2 21 2 1 0− + − + = ...(3)

Putting y
d

dx
x Pn

n

n
n

n= − =( )2 1 , (3) becomes

( ) ( ) ( )x D P x D P n n Pn n n
2 21 2 1 0− + − + =
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or − − + − + =( ) ( ) ( ) ( )1 2 1 02 2x D P x D P n n Pn n n

or − − − + =d

dx
x D P n n Pn n{ }( ) ( ) ( )1 1 02

or
d

dx
x

d

dx
P n n Pn n( ) ( ) .1 1 02−








+ + =

Prob lem 14: If  cos log
− =1( / ) ( / )y b x n n, prove that 

x y n x y n yn n n
2

2 1
22 1 2 0+ ++ + + =( ) .

(Lucknow 2006, 07; Meerut 06B; Rohilkhand 13; Purvanchal 14)

So lu tion: Here cos ( / ) log ( / ) log ( / ) (log log ).− = = = −1 y b x n n x n n x nn

Differentiating both sides with respect to x , we have

−
√ −

=1

1 2 2
1

{ }( / )y b

y

b

n

x

or −
√ −

=y

b y

n

x
1

2 2( )

or y x n b y1
2 2 2 2 2= −( ).

Differentiating again, we get

2 2 21 2
2

1
2 2

1y y x xy n y y+ = −

or y x y x n y2
2

1
2 0+ + = , since 2 01y ≠ . ...(1)

Differentiating (1), n times by Leibnitz’s theorem, we get

y x C y x C y y xn
n

n
n

n n+ + ++ + +2
2

1 1 2 12 2. . ( ) . ( ) .

   + + =n
n nC y n y1

2 0

or x y n xy n yn n n
2

2 1
22 1 2 0+ ++ + + =( ) .

Prob lem 15: If y x x m= + √ +[ ( )]1 2 , prove that ( )1 02
2 1

2+ + − =x y x y m y

and ( ) ( ) ( ) .1 2 1 02
2 1

2 2+ + + + − =+ +x y n x y n m yn n n

(Kanpur 2006; Avadh 09,11; Purvanchal 09; Bundelkhand 14)

So lu tion: Here  y x x m= + √ +[ ( )] .1 2 ...(1)

∴ y m x x
x

x

m
1

2 1
2

1 1
1

2

2

1
= + √ + + ⋅

√ +













−[ ( )] .
( )

  =
√ +

+ √ + =
√ +

m

x
x x

my

x

m

( )
[ ( )]

( )1
1

12
2

2
...(2)

or  y x m y1
2 2 2 21 0( ) .+ − =

Differentiating again, we get

2 1 2 2 01 2
2

1
2 2

1y y x xy m yy( )+ + − =
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or y x xy m y2
2

1
21 0( ) ,+ + − = ...(3)

cancelling 2 2 01 1y y, .since ≠  

Again differentiating (3) n times, we get

y x C xy C y xyn
n

n
n

n n+ + ++ + + +2
2

1 1 2 11 2 2( ) . .

 + − =n
n nC y m y1

2 0.

or y x n xy n m yn n n+ ++ + + + − =2
2

1
2 21 2 1 0( ) ( ) ( ) . ...(4)

Prob lem 16: If y x x= + √ +[ { ( )}]log 1 2 2 , prove that

( ) ( ) .1 2 1 02
2 1

2+ + + + =+ +x y n x y n yn n n

(Agra 2005; Purvanchal 09)

So lu tion: Here y x x= + √ +[ log ( ) ] .{ }1 2 2 …(1)

∴   y x x
x x x

x1
2

2 2
2 1

1

1
1

1

2

1

1
2= + √ + ⋅

+ √ +
⋅ + ⋅

√ +




[ log ( ) ]

( ) ( )
.{ } 









   =
√ +

+ √ +2

1
1

2
2

( )
log ( ) .

x
x x{ } ...(2)

Squaring both sides of (2), we get

( ) [ log ( ) ]1 4 1 42
1
2 2 2+ = + √ + =x y x x y{ } [From (1)]

or ( ) .1 4 02
1
2+ − =x y y

Differentiating again, we get

2 1 2 4 01 2
2

1
2

1y y x x y y( )+ + − =

or     2 1 2 01 2
2

1y y x xy[ ( ) ]+ + − =

or   y x x y2
2

11 2 0( ) ,+ + − = ...(3)

since  y1 0≠ .

Differentiating (3) n times by Leibnitz’s theorem, we get

y x C y x C yn
n

n
n

n+ ++ + +2
2

1 1 21 2 2( ) . . .

 + + =+x y C yn
n

n1 1 1 0.

or ( ) ( ) .1 2 1 02
2 1

2+ + + + =+ +x y n xy n yn n n ...(4)

Prob lem 17: If y sin x x= √ −−( ) / ( )1 21 , prove that

( ) ( ) .1 2 1 02
1

2
1− − + − =+ −x y n xy n yn n n

(Meerut 2007B; Kanpur 10)

So lu tion: We have y x x√ − = −( ) sin .1 2 1

Differentiating both sides, we get
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y x y
x

x x
1

2
2 2

1
1

2

2

1

1

1
√ − + ⋅ −

√ −
=

√ −
( )

( ) ( )

or y x yx1
21 1 0( ) .− − − = ...(1)

Differentiating (1) n times by Leibnitz’s theorem, we get

y x C y x C yn
n

n
n

n+ −− + − + −1
2

1 2 11 2 2( ) ( ) ( )

 − − =−y x C yn
n

n. .1 1 1 0

or ( ) ( ) .1 2 1 02
1

2
1− − + − =+ −x y n xy n yn n n

Prob lem 1: If y x= −
sin

1 , prove that

( ) ( ) ,1 2 1 02
2 1

2− − + − =+ +x y n x y n yn n n

and hence find the value of ( ) .yn 0 (Agra 2005; Lucknow 05; Bundelkhand 11)

So lu tion: We have      y x= −sin .1 ...(1)

∴ y
x

1 2

1

1
=

√ −( )
...(2)

or ( ) .1 1 02
1
2− − =x y ...(3)

Differentiating (3) w.r.t. x, we get

( )1 2 2 02
1 2 1

2− − =x y y x y  or 2 1 01
2

2 1y x y x y[( ) ] .− − =

Cancelling 2 1y , since 2 1y  is not identically equal to zero, we get

( ) .1 02
2 1− − =x y x y ...(4)

Differentiating (4), n times by Leibnitz’s theorem, we get

y x C y x C yn
n

n
n

n+ +− + − + −2
2

1 1 21 2 2( ) . ( ) . ( )

− − =+y x C yn
n

n1 1 1 0. .

or y x n x y n yn n n+ +− − + − =2
2

1
21 2 1 0( ) ( ) . ...(5)

Putting x = 0 in (1), (2) and (4), we get

( )y 0 0= ,  ( )y1 0 1=  and ( ) ( ) . ., ( ) .y y i e y2 0 1 0 2 00 0 0− = =
Also putting x = 0 in (5), we get

( ) ( ) .y n yn n+ =2 0
2

0 ...(6)

(6) is a reduction formula which expresses ( )yn + 2 0  in terms of ( )yn 0 . 

Putting n − 2 in place of n in (6), we get

( ) ( ) ( )y n yn n0
2

2 02= − − = − − −( ) ( ) ( ) .n n yn2 42 2
4 0

[∵  From (6), ( ) ( ) ( )y n yn n− −= −2 0
2

4 04 ]
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Now there arise two cases.

Case I: When n is odd. Putt ing n = 1, 3, 5, ... in (6), we have

( ) ( ) . ,y y3 0
2

1 0
21 1 1= = [∵ ( )y1 0 1= ]

( ) ( ) . . ,y y5 0
2

3 0
2 23 3 1 1= =

( ) ( ) . . . ,y y7 0
2

5 0
2 2 25 5 3 1 1= =  and so on.

Thus if n is odd, we have

( ) ( ) ( ) . . . .y n nn 0
2 2 2 2 22 4 5 3 1 1= − − …

Case II: When n is even. Putt ing n = 2, 4, 6, ... in (6), we have

( ) ( ) ,y y4 0
2

2 02 0= = [∵ ( )y2 0 0= ]

( ) ( ) . , ( ) ( ) ,y y y y6 0
2

4 0
2

8 0
2

6 04 4 0 0 6 0= = = = = and so on.

Thus if n is even, we have ( ) .yn 0 0=

Prob lem 2: Find ( ) ,yn 0  when y log x x= + √ +[ ( )].1 2
(Agra 2005; Rohilkhand 06)

So lu tion: Here y x x= + √ +log [ ( )].1 2 ...(1)

∴ y
x x x

x
x

1 2 2 2

1

1
1

1

2

1

1
2

1

1
=

+ √ +
⋅ + ⋅

√ +
⋅













=
√ +( ) ( ) ( )

...(2)

Squaring both sides of (2), we get ( ) .1 1 02
1
2+ − =x y

Differentiating again, we get

2 1 2 01 2
2

1
2y y x xy( )+ + =  or 2 1 01 2

2
1y y x xy[ ( ) ]+ + =

or y x x y2
2

11 0( ) ,+ + = ...(3)

since y1 0≠ .

Differentiating (3), n times by Leibnitz’s theorem, we get

y x C y x C y y xn
n

n
n

n n+ + ++ + + +2
2

1 1 2 11 2 2( ) . . . .  

     + =n
nC y1 1 0. .

or ( ) ( ) .1 2 1 02
2 1

2+ + + + =+ +x y n xy n yn n n ...(4)

Putting x = 0 in (1), (2), (3) and (4), we have

( ) , ( ) , ( )y y y0 1 0 2 00 1 0= = =  and ( ) ( )y n yn n+ + =2 0
2

0 0

i e. ., ( ) ( ) .y n yn n+ = −2 0
2

0 ...(5)

Putting n − 2 in place of n on both sides of (5), we get

 ( ) ( ) ( )y n yn n0
2

2 02= − − − = − − − − −[ ( ) ] [ ( ) ] ( ) ,n n yn2 42 2
4 0

   since from (5), we have ( ) ( ) ( ) .y n yn n− −= − −2 0
2

4 04
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Now there arise two cases :

Case I: When n is odd, we have

 ( ) [ ( ) ] [ ( ) ] [ ( ) ] [ ] [ ] ( )y n n n yn 0
2 2 2 2 2

1 02 4 6 3 1= − − − − − − − −

  = − − −−( ) ( ) ( ) . ,( ) /1 2 4 3 11 2 2 2 2 2n n n …  since ( ) .y1 0 1=

Case II: When n is even, we have

( ) [ ( ) ] [ ( ) ] ( )y n n yn 0
2 2

2 02 4= − − − − … = =0 02 0, ( ) .since y

Prob lem 3: If y log x x= + √ +[ ( ) ]{ }1 2 2 , prove that ( ) ( ) ,y n yn n+ = −2 0
2

0  hence find 

( ) .yn 0
(Meerut 2005, 09B)

So lu tion: Here y x x= + √ +[ log ( ) ] .{ }1 2 2 …(1)

∴   y x x
x x x

x1
2

2 2
2 1

1

1
1

1

2

1

1
2= + √ + ⋅

+ √ +
⋅ + ⋅

√ +




[ log ( ) ]

( ) ( )
.{ } 









    =
√ +

+ √ +2

1
1

2
2

( )
log ( ) .

x
x x{ } ...(2)

Squaring both sides of (2), we get

( ) [ log ( ) ]1 4 1 42
1
2 2 2+ = + √ + =x y x x y{ } [From (1)]

or ( ) .1 4 02
1
2+ − =x y y

Differentiating again, we get

2 1 2 4 01 2
2

1
2

1y y x x y y( )+ + − =  

or 2 1 2 01 2
2

1y y x xy[ ( ) ]+ + − =

or y x x y2
2

11 2 0( ) ,+ + − = ...(3)

since y1 0≠ .

Differentiating (3) n times by Leibnitz’s theorem, we get

y x C y x C yn
n

n
n

n+ ++ + +2
2

1 1 21 2 2( ) . . .

    + + =+xy C yn
n

n1 1 1 0.

or ( ) ( ) .1 2 1 02
2 1

2+ + + + =+ +x y n xy n yn n n ...(4)

Putting x = 0 in (1), (2), (3) and (4), we get

( ) , ( ) , ( ) ,y y y0 1 0 2 00 0 2= = =  and ( ) ( )y n yn n+ + =2 0
2

0 0

i.e., ( ) ( ) .y n yn n+ = −2 0
2

0 ...(5)

Putting n − 2 in place of n on both sides of (5), we get

( ) ( ) ( )y n yn n0
2

2 02= − − − = − − − − −[ ( ) ] [ ( ) ] ( ) ,n n yn2 42 2
4 0

since from (5), we have ( ) ( ) ( ) .y n yn n− −= − −2 0
2

4 04
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Now there arise two cases :

Case I: When n is odd, we have

( ) [ ( ) ][ ( ) ] ( ) ,y n n yn 0
2 2

1 02 4 0= − − − − =…  since ( ) .y1 0 0=

Case II: When  n is even, we have

( ) [ ( ) ] [ ( ) ] [ ( ) ] [ ] [ ] ( )y n n n yn 0
2 2 2 2 2

2 02 4 6 4 2= − − − − − − − −…

   = − − − −−( ) ( ) ( ) ( ) . . .( ) /1 2 4 6 4 2 22 2 2 2 2 2 2n n n n …

Prob lem 4: If y x= −( )sinh 1 2, prove that 

( ) ( )1 2 1 02
2

2

1

1
2+ + + + =

+

+

+

+
x

d y

dx
n x

d y

dx
n

d y

dx

n

n

n

n

n

n
.

Hence find, at x = 0, the value of ( / ).d y dxn n

So lu tion: Given y x= −( )sinh 1 2 ...(1)

Differentiating both sides w.r.to x, we get

y x
x

1
1

2
2

1

1
=

+

−sinh .  …(2)

or 1 22
1

1+ = −x y xsinh

( ) ( ) ,1 42
1
2 1 2+ = −x y xsinh  squaring both sides

( )1 42
1
2+ =x y y

Again ( ) .1 2 2 42
1 1

2
1+ + =x y y y x y

Dividing by 2 1y , we get

( )1 22
2 1+ + =x y xy ...(3)

Differentiating w.r.to x, n times (by Leibnitz's theorem)

( ) ( )
( )

!
( )1 2

1

2
2 02

2 1 1+ + + − + + =+ + +x y n x y
n n

y xy n yn n n n n

or ( ) ( )1 2 1 02
2 1

2+ + + + =+ +x y n xy n yn n n ...(4)

or ( ) ( )1 2 1 02
2

2

1

1
2+ + + + =

+

+

+

+
x

d y

d x
n x

d y

dx
n

d y

dx

n

n

n

n

n

n

Putting x = 0 in (1), (2), (3) and (4), we get

( ) ,y 0 0= ( ) ,y1 0 0= ( ) ,y2 0 2=
and ( ) ( )y n yn n+ = −2 0

2
0 ...(5)

Putting n = 1 2 3, ,  ......... in eqn. (5)

( )y3 0 0=
( ) ( ) .y y4 0

2
2 0

22 2 2= − ⋅ = −

( )y5 0 0=
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( ) ( )y y6 0
2

4 0
24 4= − = − { }− ⋅2 22

If n is odd: ( )yn 0 0=

If n is even: ( ) ( ) ( ) ( )y n nn

n

0

2

2 2 21 2 4= − − −
−

.....4 2 22 2. .

{By putting  n n= − 2 in eqn. (5)}

Prob lem 5: If y cos m sin x= −( ),1   find  ( ) .yn 0  
(Kumaun 2002)

So lu tion: We have y m x= −cos ( sin ).1 ...(1)

Differentiating, we get 

y m x m x1
1 21= − √ −−[ sin ( sin )] . [ / ( )]. ...(2)

Squaring both sides of (2) and multiplying by ( ),1 2− x  we get

( ) sin ( sin ) [ cos ( sin )]1 12
1
2 2 2 1 2 2 1− = = −− −x y m m x m m x

  = −m y2 21( ).

∴ ( ) .1 02
1
2 2 2 2− + − =x y m y m ...(3)

Differentiating (3), we get

( )1 2 2 2 02
1 2 1

2 2
1− − + =x y y xy m y y

or 2 1 01
2

2 1
2y x y x y m y[( ) ] .− − + =

Cancelling 2 1y , since 2 1y  is not identically equal to zero, we get

( ) .1 02
2 1

2− − + =x y x y m y ...(4)

Differentiating (4), n times by Leibnitz’s theorem, we get

y x C y x C y xyn
n

n
n

n n+ + +− + − + − −2
2

1 1 2 11 2 2( ) ( ) ( )  

   − + =n
n nC y m y1

2 0

or ( ) ( ) ( ) .1 2 1 02
2 1

2 2− − + − − =+ +x y n xy n m yn n n ...(5)

Putting x = 0 in (1), (2) and (4), we get

 ( ) cos , ( ) , ( ) ( )y y y m y0 1 0 2 0
2

00 1 0 0= = = + =

i e. ., ( ) ( )y m y2 0
2

0= −  = − m2.

Also putting x = 0 in (5), we get ( ) ( ) ( ) .y n m yn n+ = −2 0
2 2

0 ...(6)

Putting n − 2 in place of n in the reduction formula (6), we get 

( ) ( ) ( )y n m yn n0
2 2

2 02= − − −{ }

    = − − − − −{ } { }( ) ( ) ( ) ,n m n m yn2 42 2 2 2
4 0  since from (6),

we have ( ) ( ) ( ) .y n m yn n− −= − −2 0
2 2

4 04{ }

Now there arise two cases.
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Case I: When n is odd, we have

( ) ( ) ( ) ( ) ( ) ( )y n m n m m m yn 0
2 2 2 2 2 2 2 2

1 02 4 3 1= − − − − − −{ } { }…

   = 0, since ( ) .y1 0 0=
Case II: When n is even, we have

( ) ( ) ( ) ( ) ( ) ( )y n m n m m m yn 0
2 2 2 2 2 2 2 2

2 02 4 4 2= − − − − − −{ } { }…

= − − − − − − −{ } { }( ) ( ) ( ) ( ) ,n m n m m m m2 4 4 22 2 2 2 2 2 2 2 2
…

since     ( ) .y m2 0
2= −

Prob lem 6: If x
a

y or= 





sin
1

log if y ea x=
−

sin
1

, show that

( ) ,1 02
2 1

2− − − =x y x y a y (Bundelkhand 2007)

( ) ( ) ( ) ,1 2 1 02
2 1

2 2− − + − + =+ +x y x n y n a yn n n

and hence find the value of ( ) .yn 0

(Garhwal 2000, 01; Gorakhpur 05; Rohilkhand 05, 08; Agra 06, 08)

So lu tion: Pro ceed ing as in Ex am ple 13, we have

y ea x=
−sin 1

...(1)

y e a xa x
1

1 21= √ −
−sin . / ( ), ...(2)

( ) ,1 02
2 1

2− − − =x y xy a y  ...(3)

and ( ) ( ) ( ) .1 2 1 02
2 1

2 2− − + − + =+ +x y n xy n a yn n n ...(4)

Putting x = 0 in (1), (2), (3) and (4), we have ( ) , ( ) , ( ) ,y y a y a0 1 0 2 0
21= = =

and ( ) ( ) ( ) .y n a yn n+ = +2 0
2 2

0 ...(5)

Now there arise two cases.

Case I: When n is odd.

Putting n = 1 3 5, , ,… in (5), we have

( ) ( ) ( ) ( ) . ,y a y a a3 0
2 2

1 0
2 21 1= + = +

( ) ( ) ( ) ( ) ( ) . ,y a y a a a5 0
2 2

3 0
2 2 2 23 3 1= + = + +

( ) ( ) ( ) ( ) ( )( ). ,y a y a a a a7 0
2 2

5 0
2 2 2 2 2 25 5 3 1= + = + + +  and so on.

Thus if  n is odd, we have 

( ) [( ) ] ( ) ( ) .y n a a a an 0
2 2 2 2 2 22 3 1= − + + +…

Case II: When n is even.

Putting n = 2 4 6, , ,…… in (5) , we have

( ) ( ) ( ) ( ) . ,y a y a a4 0
2 2

2 0
2 2 22 2= + = +

( ) ( ) ( ) ( ) ( ). ,y a y a a a6 0
2 2

4 0
2 2 2 2 24 4 2= + = + +
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  ( ) ( ) ( ) ( ) ( ) ( ) ,y a y a a a a8 0
2 2

6 0
2 2 2 2 2 2 26 6 4 2= + = + + +  and so on.

Thus if n is even, we have ( ) [( ) ] ( ) ( ) .y n a a a an 0
2 2 2 2 2 2 22 4 2= − + + +…

Prob lem 7:  If y ea x=
−cos 1

, prove that

( ) ( ) ( ) .1 2 1 02
2 1

2 2− − + − + =+ +x y n xy n a yn n n

Hence find the value of yn for x = 0 . (Meerut 2001; Purvanchal 14)

So lu tion: Given y ea x=
−cos 1

...(1)

Differentiating  y e
a

x

a x
1

1

21
= −

−













−cos  = −

−

ay

x1 2
  {From (1)}

or y x a y1
2 2 2 21( )− = , squaring both sides ...(2)

Again differentiating, we get

y x y y x a y y1
2

1 2
2 2

12 2 1 2( ) ( ) .− + − =

or ( )1 02
2 1

2− − − =x y xy a y ...(3)

Differentiating (3), n times by Leibnitz’s theorem, we get

( ) ( )
( )

!
( )1 2

1

2
22

2 1− + − + − −



+ +x y n x y

n n
yn n n

 − + − =+[ ( ) ]xy n y a yn n n1
21 0

or ( ) ( ) ( )1 2 1 02
2 1

2 2− − + − + =+ +x y n xy n a yn n n ...(4)

Putting x = 0 in (1), (2), (3) and (4), we get

( ) /y ea
0

2= π , ( ) /y aea
1 0

2= − π , ( ) ( )y a y2 0
2

0= = a ea2 2π /

( ) ( ) ( )y a n yn n+ = +2 0
2 2

0 ...(5)

If n is odd

Putting n = 1 3 5, , , ...... , ( )n − 2  in(5), we get

n = 1, ( ) ( ) ( ) ( ) /y a y a aea
3 0

2 2
1 0

2 2 21 1= + = − + π

n = 3, ( )y5 0  = + = − + +( ) ( ) ( ) ( ) /3 3 12 2
3 0

2 2 2 2 2a y a a aea π

⋮ ⋮

( ) {( ) } {( ) }y n a n an 0
2 2 2 22 4= − − + − +  .... ( ) ( )/3 12 2 2 2 2+ +a a eaπ

If n is even

Putting n = 2 4 6, , , .... , (n − 2) in ( )5 , we get

n = 2, ( ) ( ) ( ) ( ) /y a y a a ea
4 0

2 2
2 0

2 2 2 22 2= + = + π

n = 4, ( )y6 0 = + = + +( ) ( ) ( ) ( ) /4 4 22 2
4 0

2 2 2 2 2 2a y a a a ea π

⋮ ⋮

( ) {( ) } {( ) }y n a n an 0
2 2 2 22 4= − + − +  ..... ( )22 2+ a a ea2 2π /
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Prob lem 8: If y tan x= − 1 , prove that ( ) ,1 2 02
2 1+ + =x y xy  and hence find the value of all

the de riv a tives of y with re spect to x, when x = 0.  Also show that ( )yn 0  is 0 1, ( ) !n −   or − −( ) !n 1

according as n is of the form 2 4 1p p, +  or 4 3p+  re spec tively.

So lu tion: We have y x= −tan .1  ...(1)

∴ y x1
21 1= +/ ( ), ...(2)

or ( ) .1 1 02
1+ − =x y  ...(3)

Differentiating (3), we get

( ) .1 2 02
2 1+ + =x y xy ...(4)

Differentiating (4), n times by Leibnitz’s theorem, we get

y x n y x
n n

y xy n yn n n n n+ + ++ + + − + + =2
2

1 11 2
1

2
2 2 2 0( ) ( )

( )

!
.

or ( ) ( ) ( ) .1 2 1 1 02
2 1+ + + + + =+ +x y n xy n n yn n n ...(5)

Putting x = 0 in (1), (2) and (4), we get ( ) , ( ) , ( ) .y y y0 1 0 2 00 1 0= = =  

Also putting x = 0 in (5), we get ( ) ( ) ( ) .y n n yn n+ = − +2 0 01{ } ...(6)

Putting n − 2 in place of n in the reduction formula (6), we get

( ) ( ) ( ) ( )y n n yn n0 2 01 2= − − − −{ }

= − − − − − − −[ ( ) ( ) ] [ ( ) ( ) ] ( ) ,{ } { }n n n n yn1 2 3 4 4 0

since from (6), we have

 ( ) ( ) ( ) ( ) .y n n yn n− −= − − −2 0 4 03 4{ }

Now there arise two cases.

Case I: When n is even, we have

( ) [ ( ) ( ) ] [ ( ) ( ) ]y n n n nn 0 1 2 3 4= − − − − − −{ } { }

        … [ ( ) ( )] ( )− 3 2 2 0y = =0 02 0, ( ) .since y

Case II: When n is odd, we have

( ) [ ( ) ( ) ] [ ( ) ( ) ]y n n n nn 0 1 2 3 4= − − − − − −{ } { }

  … [ ( ) ( )] [ ( ) ( )] ( )− −4 3 2 1 1 0y

= − −−( ) ( ) ! ,( ) /1 11 2n n  since ( ) .y1 0 1=

Multiple Choice Questions

 1. We have, y x= log .

∴  y
x

x y x y x y1
1

2
2

3
3

4
1

1 1 2 1 2 3= = = − = − − = − − −− − −, ( ) , ( ) ( ) , ( ) ( )( ) , ,x− ……4

  y n xn
n= − − − …… − − −( ) ( )( ) ( )1 2 3 1{ }  = − −− −( ) ( ) ! .1 11n nn x
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Hence, D x
n

x

n
n

n
log

( ) ( )!= − − ⋅
−1 11

So, (b) is correct answer.

 2. See Ex am ple 3.

 3. Leibnitz’s the o rem is used to find the nth dif fer en tial co ef fi cient of the

product of two functions. So, the correct answer is (c).

 4. See Prob lem 10 of Com pre hen sive Prob lems 3.

 5. See ar ti cle 2, part (vii).

 6. See ar ti cle 2, part (vi).

 7. See Prob lem 7 of Com pre hen sive Prob lems 3.

 8. See article 12 of Chapter 3 (Differentiation).

Fill in the Blank(s)

 1. See ar ti cle 2, part (vii).

 2. See ar ti cle 2, part (iv).

 3. Let y e x e x e x e e xx x x x x= = = − = −sin ( sin ) ( cos ) [ cos2 21

2
2

1

2
1 2

1

2
2 ].

Now D e a en ax n ax= .

Also D e bx c r e bx c nn ax n axcos( ) cos( ),+ = + + φ  where

r a b= +( ) /2 2 1 2 and φ = −tan ( / ).1 b a

 ∴ y e r e x nn
x n x= − +1

2
2[ cos( )],φ

 where r = + =( )1 2 52 2   and  φ = =− −tan tan1 12

1
2 .

 4. See Ex am ple 12.

 5. See Prob lem 17 of Comprehensive Problems 3.

 6. Pro ceed as in Prob lem 1(ii) of Com pre hen sive Prob lems 3.

True or False

 1. We have, D y y D yn
r n r

n r= =+
+ . So, the given state ment is true.

 2. The given state ment is false be cause 

D e bx c r e bx c nn ax n ax{ }sin ( ) sin ( ).+ = + + φ

See article 2 , part (viii).

 3. The given statement is true. In the application of Leibnitz’s theorem, if we take

thefunction, whose derivatives after a certain stage all become zero, as the second

function, then all the remaining terms in the application of Leibnitz’s theorem

will vanish.

❍❍❍
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Prob lem 1: (i) State Maclaurin’s the o rem.

(Meerut 2000; Bundelkhand 01, 06, 08, 11; Agra 07; Kashi 12,13)

(ii) State Taylor’s theorem.

(Bundelkhand 2005, 06, 08, 11; Avadh 09,10,14; Kashi 11,13,14)

So lu tion: (i) Maclaurin’s the o rem : Let f x( ) be a func tion of x which pos sesses con tin u ous

de riv a tives of all or ders in the in ter val[ , ]0 x . As sum ing that f x( ) can be ex panded as an in fi nite

power se ries in x , we have

f x f
x

f
x

f
x

n
f

n
n( ) ( )

!
( )

!
( )

!
( )( )= + ′ + ′ ′ + + +0

1
0

2
0 0

2
… …

(ii) Tay lor’s the o rem: Let f x( ) be a func tion of x which pos sesses con tin u ous de riv a tives of all

or ders in the in ter val [ , ]a a h+ . As sum ing that f a h( )+  can be ex panded as an in fi nite power

se ries in h , we have

f a h f a h f a
h

f a
h

n
f a

n
n( ) ( ) ( )

!
( )

!
( )( )+ = + ′ + ′ ′ + + +

2

2
… …

Prob lem 2(i): Ex pand a x by Maclaurin’s the o rem . (Meerut 2012B)

So lu tion: Let f x a x( ) .=  Then f a( ) ,0 10= =

f x a ax′ =( ) log   so that f a′ =( ) log ,0

f x a ax′ ′ =( ) (log )2 so that f a′ ′ =( ) (log ) ,0 2

f x a ax′ ′ ′ =( ) (log )3  so that f a′ ′ ′ =( ) (log ) ,0 3  and so on.

In general,

f x a an x n( ) (log )=  so that f an n( ) (log ) .0 =

Now by Maclaurin’s theorem, we have

f x f xf
x

f
x

f( ) ( ) ( )
!

( )
!

( )= + ′ + ′ ′ + ′ ′ ′ +0 0
2

0
3

0
2 3

… + +x

n
f

n
n

!
( )0 …

∴ a x a
x

a
x

ax = + + + +1
2 3

2
2

3
3log

!
(log )

!
(log ) …  + +x

n
a

n
n

!
(log ) …
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Prob lem 2(ii): Ex pand tan x  by Maclaurin’s the o rem. (Kanpur 2014, 15)

So lu tion: Let y x y= = =tan . ( ) tan ,Then 0 0 0

y x x y1
2 2 21 1= = + = +sec tan  so that 

( ) ( ) ,y y1 0 0
21 1 0 1= + = + =

y yy2 12=  so that ( ) ( ) ( ) ,y y y2 0 0 1 02 2 0 1 0= = × × =

y y y yy y yy3 1 1 2 1
2

22 2 2 2= + = +  so that ( ) ,y3 0
22 1 0 2= × + =

y y y y y yy y y yy4 1 2 1 2 3 1 2 34 2 2 6 2= + + = +   so that

  ( ) ,y4 0 6 1 0 2 0 2 0= × × + × × =

y y y y y y yy y y y yy5 2
2

1 3 1 3 4 2
2

1 3 46 6 2 2 6 8 2= + + + = + +  

 so that ( ) ,y5 0 0 8 1 2 0 16= + × × + =  and so on.

Now by Maclaurin’s theorem, we have

 y y x y
x

y
x

y= + + +( ) ( )
!
( )

!
( )0 1 0

2

2 0

3

3 0
2 3

+ + +x
y

x
y

4

4 0

5

5 0
4 5!

( )
!
( ) …

∴ tan .
! ! ! !

x x
x x x x= + + ⋅ + ⋅ + ⋅ + ⋅ +0 1
2

0
3

2
4

0
5

16
2 3 4 5

…

   = + + +x
x

x
3

5

3

2

15
… .

Prob lem 2(iii):  Ex pand e x xcos  by Maclaurin’s the o rem.

So lu tion: Let y e x x= cos .  Then ( )y e0
0 1= =

y e x x xx x
1 = −cos ( cos sin )

  = − = − =y x x x y(cos sin ) ( ) .( ) ,so that 1 0 1 1 0 1

y y x x x y x x x2 1 2= − + − −(cos sin ) ( sin cos )

  giving 1.0( ) .( ) ,y2 0 1 1 0 1= − + =
y y x x x y x x x3 2 1 2= − + − −(cos sin ) ( sin cos )

  + − − + − +y x x x y x x x1 2 3( sin cos ) ( cos sin )

or y y x x x y x x x3 2 12 2= − + − −(cos sin ) ( sin cos )

     + − −y x x x( cos sin )3

      so that ( ) .( ) .( ) ,y3 0 1 1 0 0 1 3 2= − + + − = −
y y x x x y x x x4 3 23 2= − + − −(cos sin ) ( sin cos )

+ − − + +3 3 41y x x x y x x x( cos sin ) ( sin cos )  

   giving   ( ) . ( ) . . ( )y4 0 2 1 0 0 3 1 3 0 0 11= − − + + − + + = − ,

y y x x x y x x x5 4 34 2= − + − −(cos sin ) ( sin cos )

+ − + + + + −6 3 4 4 52 1y x x x y x x x y x x x( cos sin ) ( sin cos ) ( cos sin )  

so that   ( ) ( )y5 0 11 3 5 24= − + − + = −6.1. , and so on.
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Substituting these values in Maclaurin’s theorem, we get

e x
x

x
x xx xcos .

!
. ! . ( )

!
. ( )

!
. (= + + + − + − + −1 1

2
1 3 2

4
11

5
24

2
3

4 5
)+ …

 = + + − − − +1
2 3

11

24 5

2 3 4 5
x

x x x x
…

Prob lem 2(iv): Ex pand tan
− 1 x by Maclaurin’s the o rem. Write also the gen eral term.

(Bundelkhand 2001)

So lu tion: Let y x= −tan 1 . Pro ceed ing as in Prob lem 8, Com pre hen sive prob lems 4

of the chap ter  ‘Suc ces sive Dif fer en ti a tion’, we get

( ) , ( ) , ( ) ,y y y0 1 0 2 00 1 0= = =
and ( ) ( ) ( ) .y n n yn n+ = − +2 0 01{ } ...(1)

Putting n = 1 2 3, , ,… in (1), we get

( ) ( . ) ( ) !, ( ) ( . ) ( ) ,y y y y3 0 1 0 4 0 2 02 1 2 3 2 0= − = − = − =
( ) ( . ) ( ) ( . ) . ( !) !,y y5 0 3 04 3 4 3 2 4= − = − − = etc.

Now by Maclaurin’s theorem, we have

      y y x y
x

y
x

y= + + + +( ) ( )
!
( )

!
( )0 1 0

2

2 0

3

3 0
2 3

…

∴ tan .
! !

( !)
!

− = + + ⋅ + ⋅ − + ⋅1
2 3 4

0 1
2

0
3

2
4

0x x
x x x + ⋅ +x5

5
4

!
( !) …

 = − + −x
x x3 5

3 5
…

The general term in this expansion is ( / !) ( ) .x n yn
n 0

So we need the value of ( ) .yn 0  Putting ( )n − 2  in place of n in (1), we get

( ) ( ) ( ) ( )y n n yn n0 2 01 2= − − − −{ }

     = − − − − − − −[ ( ) ( ) ] [ ( ) ( )] ( ) .{ } {n n n n yn1 2 3 4 4 0

Now there arise two cases :

Case I: When n is even, we have

( ) [ ( ) ( ) ] [ ( ) ( ) ] [ ( ) ( )] ( )y n n n n yn 0 21 2 3 4 3 2= − − − − − − −{ } { }… 0

= 0,  since ( ) .y2 0 0=
Case II: When n is odd, we have

( ) [ ( ) ( ) ] [ ( ) ( ) ]y n n n nn 0 1 2 3 4= − − − − − −{ } { }

… [ ( ) ( )] [ ( ) ( )] ( )− −4 3 2 1 1 0y

= − −−( ) ( ) !,( ) /1 11 2n n   since ( ) .y1 0 1=

Thus in the expansion of tan ,− 1 x  the coefficient of xn is 0 if n is even

and is
( ) ( ) !

!

( ) /− −−1 11 2n n

n
i e. ., 

( )( ) /− −1 1 2n

n
 if n is odd.
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∴ tan
( )[( ) ] /

−
− −

−= − + − + + −
−

+1
3 5 7 2 1 1 2

2 1

3 5 7

1

2 1
x x

x x x

n
x

n
n

… …

 = − + + −
−

+−
−

x
x x

n
n

n3
1

2 1

3
1

2 1
… …( )

Prob lem 2(v): Ex pand sec x by Maclaurin’s the o rem .

So lu tion: Let y x= sec . Then ( ) sec ,y 0 0 1= =

y x x1 = sec tan   so that ( ) ,y1 0 1 0 0= × =
y x x x x x x x x2

2 3 2= + = +sec sec sec tan tan sec sec tan

  = + − = − = −sec sec (sec ) sec sec3 2 3 31 2 2x x x x x y y

so that ( ) ,y2 0
32 1 1 1= × − =  

y y y y3
2

1 16= −  so that ( ) ,y3 0 0 0 0= − =

y y y yy y4
2

2 1
2

26 12= + −  so that ( ) ,y4 0
26 1 1 0 1 5= × × + − =  

 and so on.

Now by Maclaurin’s theorem, we have

y y x y
x

y
x

y
x

y= + + + + +( ) ( )
!
( )

!
( )

!
( )0 1 0

2

2 0

3

3 0

4

4 0
2 3 4

…

∴ sec .
! ! !

x x
x x x= + + ⋅ + ⋅ + ⋅ +1 0
2

1
3

0
4

5
2 3 4

…

  = + + +1
2

5

4

2 4x x

! !
…

Prob lem 3(i): Ob tain by Maclaurin’s the o rem the first five terms in the ex pan sion of  esin x.

(Bundelkhand 2007)

So lu tion: Let y e x= sin . Then ( ) ,siny e e0
0 0 1= = =

y e x y xx
1 = =sin cos cos  so that ( ) ( ) cos ,y y1 0 0 0 1 1 1= = × =

y y x y x2 1= −cos sin       so that ( ) ,y2 0 1 1 1 0 1= × − × =

y y x y x y x y x3 2 1 1= − − −cos sin sin cos

   = − −y x y x y x2 12cos sin cos  so that ( ) ,y3 0 1 0 1 0= − − =

y y x y x y x y x4 3 2 13 3= − − +cos sin cos sin  so that

( ) ,y4 0 3= −  and so on.

Now by Maclaurin’s theorem, we have

y y x y
x

y
x

y
x

y= + + + + +( ) ( )
!
( )

!
( )

!
( )0 1 0

2

2 0

3

3 0

4

4 0
2 3 4

…
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∴ e x
x x xxsin .

! ! !
( )= + + ⋅ + ⋅ + ⋅ − +1 1

2
1

3
0

4
3

2 3 4
…

   = + + − +1
2 8

2 4
x

x x
…

Prob lem 3(ii): Ex pand by Maclaurin’s the o rem 
e

e

x

x1 +
 as far as the term x3.

(Meerut 2006B; Lucknow 06)

So lu tion: Let y
e

e

e

e e

x

x

x

x x
=

+
= + −

+
= −

+
⋅

1

1 1

1
1

1

1

Then ( ) ,y
e

e
0

0

01

1

2
=

+
=

y
e

e

e

e e
y y y y

x

x

x

x x1 2
20

1 1

1

1
1= +

+
=

+
⋅

+
= − = −

( )
( )  so that

( ) ,y1 0
1

2

1

4

1

4
= − =

y y yy y2 1 1 2 02
1

4
2

1

2

1

4
0= − = − ⋅ ⋅ =so that ( ) ,

y y y y y3 2 1
2

22 2= − −  so that

   ( ) . ( / ) / ,y3 0
20 2 1 4 0 1 8= − − = −  and so on.

Substituting these values in Maclaurin’s theorem, we get

e

e
x

x xx

x1

1

2

1

4 2
0

3

1

8

2 3

+
= + ⋅ + ⋅ + ⋅ −





+
! !

… = + − +1

2 4

1

48
3x

x …

Prob lem 3(iii): Ob tain by Maclaurin’s the o rem the first five terms in the ex pan sion of 

log sin x( )1 +  . (Meerut 2007; Lucknow 07)

So lu tion: Let y x= +log ( sin ).1  Then ( ) ,y 0 0=

y
x

x
1

1
=

+
cos

sin
 so that ( ) ,y1 0 1=

 y
x x x

x

x

x
2

2

2 2

1

1

1

1
= − + −

+
= − +

+
sin ( sin ) cos

( sin )

( sin )

( sin )

   = −
+

1

1 sin x
 so that ( ) ,y2 0 1= −

y
x

x

x

x x
y y3 2 1 2

1 1

1

1
=

+
=

+
⋅

+
= −cos

( sin )

cos

sin sin
 

     so that ( ) . ( ) ,y3 0 1 1 1= − − =

y y y y4 1 3 2
2= − −  so that ( ) . ( ) ,y4 0

21 1 1 1 1 2= − − − = − − = −
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y y y y y y y y y y y5 1 4 2 3 2 3 1 4 2 32 3= − − − = − −  so that

   ( ) . ( ) . ( ) . ,y5 0 1 2 3 1 1 2 3 5= − − − − = + =  and so on.

Substituting these values in Maclaurin’s theorem, we get

log ( sin ) . ( / !) . ( ) ( / !) .1 0 1 2 1 3 12 3+ = + + − +x x x x  

  + − + +( / !) . ( ) ( / !) .x x4 54 2 5 5 …

 = − + − + +x
x x x x2 3 4 5

2 6 12 24
…

Prob lem 3(iv): Find the first four terms in the expansion, in pow ers of x, of log tan x( )1 +  .

(Rohilkhand 2011B)

So lu tion: Let y x y= + = + =log ( tan ). ( ) log ( tan ) .1 1 0 00Then

Now e xy = +1 tan . Differentiating both sides w.r.t. x, we get

e y xy
1

2= sec . ...(1)

Putting x = 0 on both sides of (1), we get

e y0
1 0 1( ) =  or ( ) .y1 0 1=

Differentiating (1), we get

 e y e y x xy y
1
2

2
22+ = sec tan

or e y y x xy ( ) sec tan .1
2

2
22+ = ...(2)

Putting x = 0 in (2), we get

1 02 0+ =( )y  or ( ) .y2 0 1= −
Differentiating (2), we get

e y y y e y y y x x xy y
1 1

2
2 1 2 3

4 2 22 2 4( ) ( ) sec sec tan+ + + = +

or e y y y y x x xy ( ) sec sec tan .1
3

1 2 3
4 2 23 2 4+ + = + ...(3)

Putting x = 0 in (3), we get

1 3 1 1 23 0+ − + =. . ( ) ( )y  or ( ) .y3 0 4=
Differentiating (3), we get

e y y y y y e y y y y y yy y
1 1

3
1 2 3 1

2
2 2

2
1 3 43 3 3 3( ) ( )+ + + + + +

= + +8 8 84 2 3 4sec tan sec tan sec tanx x x x x x

or e y y y y y y yy ( )1
4

1
2

2 1 3 2
2

46 4 3+ + + +

= +16 84 2 3sec tan sec tan .x x x x ...(4)

Putting x = 0 in (4), we get

1 6 1 1 4 1 4 3 1 02
4 0+ − + + − + =. . ( ) . . . ( ) ( )y

or ( )y4 0 14 0+ =
or ( ) .y4 0 14= −
Now substituting these values in Maclaurin’s theorem, we get 
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log ( tan ) .
!

( )
! !

( )1 0 1
2

1
3

4
4

14
2 3 4

+ = + + ⋅ − + ⋅ + ⋅ − +x x
x x x

…

    = − + − +x x x x
1

2

2

3

7

12
2 3 4

…

Prob lem 4(i): Apply Maclaurin’s theorem to prove that

log sec x x x x= + + +1

2

1

12

1

45
2 4 6

… .

(Garhwal 2002; Lucknow 10; Bundelkhand 11; Rohilkhand 13)

So lu tion: Let y x= log sec . Then ( ) log sec log ,y 0 0 1 0= = =

y
x

x x x1
1= ⋅ =

sec
sec tan tan  so that ( ) ,y1 0 0=

y x x y2
2 2

1
21 1= = + = +sec tan  so that ( ) ( ) ,y y2 0 1 0

21 1= + =

y y y3 1 22=   so that ( ) ( ) ( ) ,y y y3 0 1 0 2 02 0= =

y y y y4 2
2

1 32 2= +   so that ( ) ,y4 0
22 1 0 2= × + =

y y y y y y y y y y y5 2 3 2 3 1 4 2 3 1 44 2 2 6 2= + + = +  so that

    ( ) ,y5 0 6 1 0 2 0 2 0= × × + × × =
y y y y y y y y y y y y y6 3

2
2 4 2 4 1 5 3

2
2 4 1 56 6 2 2 6 8 2= + + + = + +

so that ( ) ,y6 0 0 8 1 2 0 16= + × × + =  and so on.

Now by Maclaurin’s theorem, we have

y y x y
x

y
x

y
x

y= + + + + +( ) ( )
!
( )

!
( )

!
( )0 1 0

2

2 0

3

3 0

4

4 0
2 3 4

…

∴ log sec .
! ! ! !

x x
x x x x= + + ⋅ + ⋅ + ⋅ + ⋅0 0
2

1
3

0
4

2
5

0
2 3 4 5

 + ⋅ +x5

6
16

!
… 

  = + + +x x x2 4 6

2 12 45
…

Prob lem 4(ii): Use Maclaurin’s for mula to show that e sec x x
x xx = + + + +1

2

2

4

3

2 3

! !
…

(Kumaun 2003; Meerut 04; Rohilkhand 08B)

So lu tion: Let y e x yx= =sec . ( ) ,Then 0 1

y e x e x x y y xx x
1 = + = +sec sec tan tan  so that ( ) ,y1 0 1=

y y y x y x2 1 1
2= + +tan sec  so that ( ) ,y2 0 1 0 1 2= + + =

y y y x y x y x x3 2 2 1
2 22 2= + + +tan sec sec tan  so that 

( ) ,y3 0 2 2 4= + =  and so on.

Substituting these values in Maclaurin’s theorem, we get 

e x x
x xx sec
! !

= + + + +1
2

2

4

3

2 3
…
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Prob lem 4(iii): Ex pand sinh x cos x to fifth power of x.

So lu tion: Let y x x y= = = =sinh Then sinhcos , ( ) cos .0 0 0 0 1 0

y x x x x1 = −cosh sinhcos sin ,

Then ( ) cos sin . .y1 0 0 0 0 0 11 0 0 1= − = − =cosh sinh

y x x x x x x x x2 = − − −sinh cosh cosh sinhcos sin sin cos

  = − 2cosh x xsin .

Then ( ) siny2 0 2 0 0 0= − =cosh

y x x x x3 2 2= − −sinh coshsin cos

Then ( ) sin cosy3 0 2 0 0 2 0 0 2= − − = −sinh cosh

y x x x x x x x x4 2 2 2 2= − − + −cosh sinh cosh sinhsin cos sin cos

 = − = −4 4sinh x x ycos

Then ( ) cos .y4 4 0 0 4 0 0= − = − =sinh

y y5 4= −  Then ( ) ( ) .y y5 0 1 04 4 1 4= − = − = −
Now substituting these values in Maclaurin’s theorem, we get 

sinh x x x
x x x x

cos .
! !

( )
! !

( )= + + ⋅ + ⋅ − + ⋅ + ⋅ − +0 1
2

0
3

2
4

0
5

4
2 3 4 5

.....

= − − +x x x
2

3

4

5
3 5

! !
.....

Prob lem 5: Show that

(i) e cos x x
x x x xx = + − − − + +1

2

3

2

4

2

5

2

7

3 2 4 2 5 3 7

! ! ! !
…  + ⋅ +2

4
2n

n
cos

n x

n
/

!

π
…

(Bundelkhand 2014; Agra 14)

(ii) e sin x x x x x sin n
n

xx
n

n= + − − − + +2 3
2

5
22

3

2

5

1

4

2

! !
( )

!

/
… …π

(Meerut 2003; Gorakhpur 06; Lucknow 09, 10; Bundelkhand 2014)

So lu tion: (i) Let y e xx= cos . Then ( ) cos ,y e0
0 0 1= =

y e x e x e x xx x x
1 = − = −cos sin (cos sin )

 so that  ( ) ( ) ,y1 0 1 1 0 1= − =
y e x x e x x e xx x x
2 2= − + − − = −(cos sin ) ( sin cos ) sin

    so that ( ) ,y2 0 0=
y e x e x e x xx x x
3 2 2 2= − − = − +sin cos (sin cos )

    so that  ( ) ,y3 0 2= −
y e x x e x xx x
4 2 2= − + − −(sin cos ) (cos sin ) = − = −4 22e x yx cos

 so that ( ) ,y4 0
22= −  

y y5
2

12= −  so that ( ) ,y5 0
22= −

y y6
2

22= −  so that ( ) ,y6 0 0=
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y y7
2

32= −  so that ( ) ,y7 0
32=   and so on.

In general y x n x nn
n n= + + = +−( ) cos ( tan ) cos ( / )/ /1 1 1 2 42 1 2 π

so that ( ) cos ( )./y nn
n

0
22

1

4
= π

Now by Maclaurin’s theorem, we have

y y x y
x

y
x

n
y

n

n= + + + + +( ) ( )
!
( )

!
( )0 1 0

2

2 0 0
2

… …

  = + + ⋅ + ⋅ − + ⋅ − + ⋅ −1 1
2

0
3

2
4

2
5

2
2 3 4

2
5

2x
x x x x

.
! !

( )
!

( )
!

( )

+ ⋅ + ⋅ + + +x x x

n
n

n
n

6 7
3 2

6
0

7
2 2

1

4! ! !
cos ( )/

… …π  

  = + − − − + + +1
2

3

2

4

2

5

2

7
2

1

4

3 2 4 2 5 3 7
2x

x x x x
n

x

n
n

n

! ! ! !
cos ( )/

… π
!

+ …

(ii) Pro ceed as in part (i).

Prob lem 6: Ap ply Maclaurin’s the o rem to prove that

(i) e bx bx abx
a b b

xax
sin = + + − +2

2 3
33

3 !
… + + +−( )

!
( / )

/a b

n
x n b a

n
n

2 2 2
1

sin tan{ } …

(ii) e bx ax
a b

x
a a b

xax
cos = + + − + − +1

2

3

3

2 2
2

2 2
3( )

!
…

+ + +−( )

!
( / )

/a b

n
x n b a

n
n

2 2 2
1

cos tan{ } …

(Avadh 2011; Kumaun 12)

So lu tion: (i) Let y e bxax= sin . Then ( ) sin ,y e0
0 0 0= =

y ae bx be bx ay be bxax ax ax
1 = + = +sin cos cos

so that ( ) ,y b1 0 =
y ay abe bx b e bxax ax
2 1

2= + −cos sin = − +ay b y abe bxax
1

2 cos  

so that ( ) ,y ab ab ab2 0 0 2= − + =
 y ay b y a be bx ab e bxax ax

3 2
2

1
2 2= − + −cos sin

     = − − +ay b y ab y a be bxax
2

2
1

2 2 cos

so that ( ) ,y a b b a b a b b3 0
2 3 2 2 32 3= − + = −  and so on.

In general,  y a b bx n b an
n= + + −( ) sin tan ( / )/2 2 2 1{ }

so that ( ) ( ) sin tan ( / ) ./y a b n b an
n

0
2 2 2 1= + −{ }

Now by Maclaurin’s theorem, we have
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y y
x

y
x

y
x

y= + ⋅ + +( )
!

( )
!
( )

!
( )0 1 0

2

2 0

3

3 0
1 2 3

   + + +… …
x

n
y

n

n
!
( )0

 = + ⋅ + ⋅ + − +0
1 2

2
3

3
2 3

2 3x
b

x
ab

x
a b b

! !
( )

!
( ) …

+ + +−x

n
a b n b a

n
n

!
( ) sin tan ( / )/2 2 2 1{ } …

 = + + − +bx abx
a b b

x2
2 3

33

3 !
…

    + + +−( )

!
sin tan ( / )

/a b

n
x n b a

n
n

2 2 2
1{ } …

(ii)  Let y e bxax= cos . Then ( ) cos ,y e0
0 0 1= =

y ae bx be bx ay be bxax ax ax
1 = − = −cos sin sin  so that ( ) ,y a1 0 =

y ay abe bx b e bx ay b y abe bxax ax ax
2 1

2
1

2= − − = − −sin cos sin

so that ( ) ,y a b2 0
2 2= −

y ay b y a be bx ab e bxax ax
3 2

2
1

2 2= − − −sin cos

  = − − −ay b y ab y a be bxax
2

2
1

2 2 sin  so that

( ) ( ) ( ),y a a b b a ab a a b3 0
2 2 2 2 2 23= − − − = −  and so on.

In general, y a b bx n b an
n= + + −( ) cos tan ( / )/2 2 2 1{ }  so that 

  ( ) ( ) cos tan ( / ) ./y a b n b an
n

0
2 2 2 1= + −{ }

Substituting these values in Maclaurin’s theorem, we get

e bx ax
a b

x
a a b

xax cos
!

( )

!
= + + − + − +1

2

3

3

2 2
2

2 2
3
…

+ + +−( )

!
cos tan ( / )

/a b

n
x n b a

n
n

2 2 2
1{ } …

Prob lem 7: Show that  e cos x x
x xx cos

sin cos cos cos
α α α α α( )

! !
= + + + +1

2
2

3
3

2 3
…

(Rohilkhand 2007; Avadh 11)

Solution: Putting a b= =cos and sinα α, in the problem 6(ii), we get

( ) (cos sin ) cos ( tan tan ) cos/y n nn
n

0
2 2 2 1= + =−α α α α so that

( ) cos , ( ) cos , ( ) cos ,y y y1 0 2 0 3 02 3= = =α α α  etc.

∴            e xx cos cos ( sin )α α  = + +1 2 22x xcos ( / !) cosα α

  + +( / !) cosx3 3 3α …
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Prob lem 8: (i) Ex pand sin − +1 ( )x h  in pow ers of x as far as the term in x3.

(Garhwal 2003)

(ii) Show that log log( )x h h
x

h

x

h

x

h
+ = + − + −

2

2

3

32 3
…

So lu tion: (i)  First we ob serve that we are to ex pand sin ( )− +1 x h  in as cend ing

pow ers of x.

So let f h h( ) sin= − 1 .  Then f h x h x( ) sin ( ).+ = +− 1

Thus we are to expand f h x( )+  in powers of x. So by Taylor’s theorem, we have

f h x f h xf h
x

f h
x

f h( ) ( ) ( )
!

( )
!

( )+ = + ′ + ′ ′ + ′ ′ ′ +
2 3

2 3
… ...(1)

Now f h h( ) sin= − 1 . Therefore

f h
h

h′ =
√ −

= − −( )
( )

( ) ,/1

1
1

2
2 1 2  f h h h′ ′ = − −( ) ( ) ,/1 2 3 2

  f h h h h h′ ′ ′ = − + − − −− −( ) ( ) ( / ) ( ) ( )/ /1 3 2 1 22 3 2 2 5 2

= − + −− −( ) ( )/ /1 3 12 3 2 2 2 5 2h h h

= − − +−( ) [( ) ]/1 1 32 5 2 2 2h h h = − +−( ) ( ),/1 1 22 5 2 2h h   etc.

Substituting these values in (1), we have

sin ( ) sin ( ) ( / !) ( )/ /− − − −+ = + − + −1 1 2 1 2 2 2 3 21 2 1h x h h x x h h

+ − + +−( / !) ( ) ( )/x h h3 2 5 2 23 1 1 2 … 

(ii)  First we ob serve that we are to ex pand log ( )x h+  in as cend ing pow ers of x. So

let  f h h( ) log= . Then f h x h x( ) log ( ).+ = +

Now proceed as in part (i).

Here f h h f h h f h h( ) log , ( ) / , ( ) / ,= ′ = ′ ′ = −1 1 2  f h h′ ′ ′ =( ) / ,2 3
… etc.

Substituting these values in Taylor’s expansion, we get

log ( ) logh x h
x

h

x

h

x

h
+ = + − + −

2

2

3

32 3
…

Prob lem 9(i): Ex pand tan
− 1 x in pow ers of ( ).x − 1

4
π

(Agra 2001; Garhwal 06)

So lu tion: Let f x x( ) tan .= − 1   Then, we have

tan ( ) [ ( )]− = = + −1 1

4

1

4
x f x f xπ π

[∵ We have to expand f x( ) in powers of ( )x − 1

4
π ]

= + − ′ + − ′ ′ +f x f x f( / ) ( ) ( / )
!
( ) ( / ) ,π π π π π4

1

4
4

1

2

1

4
42

…

on expanding f x[ ( )]
1

4

1

4
π π+ −  by Taylor’s theorem in powers of ( ).x − 1

4
π
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Now f x x( ) tan= − 1  . Therefore

f f x
x

( / ) tan ( / ), ( )π π4 4
1

1

1
2

= ′ =
+

−  

so that f ′ = +( / ) /( / ),π π4 1 1 162

 f x x x′ ′ = − +( ) /( )2 1 2 2 so that f ′ ′ = − +( / ) ( / )π π / π4 2 1 162 2{ } 

and so on.

Substituting these values in the above expansion, we get

tan tan ( / ) ( ) / ( / )− −= + − +1 1 24
1

4
1 16x xπ π π  

− − + +π π π( ) / ( / )x
1

4
4 1 162 2 2{ } …

Prob lem 9(ii): Ex pand sin
1

4
π θ+




 in pow ers of θ .

(Lucknow 2009, 11)

So lu tion: We have f a h f a h f a
h

f a
h

f a( ) ( ) ( )
!

( )
!

( )+ = + ′ + ″ + ′″
2 3

2 3
 ...

putting a = π
4

 and h = θ, we get

f f f f
π θ π θ π θ π θ
4 4 4 2 4

2
+





= 





+ ′ 





+ ″ 





+
! 3 4!

...f ′″ 





+π
 ...(1)

Let f( ) sinθ θ=
Differentiating w.r.to θ, we get

f ′ =( ) cosθ θ
f ″ = −( ) sinθ θ
f ″′ = −( ) cosθ θ

Putting θ π=
4

 , we get

f
π
4

1

2






= , f f′ 





= ″ 





= −π π
4

1

2 4

1

2
, , f ″′ 





= −π
4

1

2

Putting these value in eqn. (1)

f
π θ π θ θ θ
4 4

1

2

1

2 2

1

2

2
+





= +





= + 





+ −


sin
| !




+ −





+θ3

3

1

2| !
…

∴ sin
! !

.....
π θ θ θ θ
4

1

2
1

2 3

2 3
+





= + − − +











⋅
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Prob lem 9(iii): Ex pand 2 7 13 2x x x+ + −  in pow ers of ( ).x − 2

(Meerut 2004B, 05B, 12B; Gorakhpur 06;

Rohilkhand 09; Kanpur 11; Kashi 11; Purvanchal 11)

So lu tion: Let f x x x x( ) .= + + −2 7 13 2

We can write  f x f x( ) [ ( )].= + −2 2

Now expanding f x[ ( )]2 2+ −  by Taylor’s theorem in powers of x − 2, we get

f x f x f x f( ) [ ( )] ( ) ( ) ( )= + − = + − ′2 2 2 2 2

+ − ′ ′ +( / !) ( ) ( )1 2 2 22x f …  ...(1)

Now f x x x x( ) = + + −2 7 13 2  so that f ( ) . . ,2 2 2 7 2 2 1 453 2= + + − =

f x x x′ = + +( ) 6 14 12  so that f ′ =( ) ,2 53

f x x′ ′ = +( ) 12 14 so that f ′ ′ =( )2 38, 

f x′ ′ ′ =( ) 12 so that f ′ ′ ′ =( ) ,2 12

f xiv ( ) = 0 so that f iv ( )2 0= . Obviously f n( )2 0=  when n ≥ 4.

Now substituting these values in (1), we get

f x x
x x

( ) ( ) .
( )

!

( )

!
= + − + − ⋅ + − ⋅45 2 53

2

2
38

2

3
12

2 3

       = + − + − + −45 53 2 19 2 2 22 3( ) ( ) ( ) .x x x

Prob lem 9(iv): Write the value of α , if by Tay lor’s the o rem 

2 7 1 53 2 19 2 2 23 2 2 3x x x x x x+ + − = + − + − + −α ( ) ( ) ( ) .

(Meerut 2001)

So lu tion: Pro ceed as in part (iii). Ans. 45.

Prob lem 9(v): Ex pand log sin x in pow ers of ( )x a− .

(Meerut 2001, 06, 13; Rohilkhand 07B; Kumaun 07; Avadh 10)

So lu tion: Let f x x( ) log sin= . We can write f x f a x a( ) [ ( )]= + − . 

Expanding f a x a[ ( )]+ −  by Taylor’s theorem in powers of ( )x a− , we get

f x f a x a f a x a f a( ) ( ) ( ) ( ) ( / !) ( ) ( )= + − ′ + − ′ ′1 2 2

+ − ′ ′ ′ +( / !) ( ) ( )1 3 3x a f a …  ...(1)

Now f x x( ) log sin .=  Therefore f a a( ) log sin ,=
f x x x x′ = =( ) ( /sin ) . cos cot ,1  giving f a a′ =( ) cot

f x x′ ′ = −( ) cosec2  so that f a a′ ′ = −( ) ,cosec 2

f x x x′ ′ ′ =( ) cot2 2cosec  so that f a a a′ ′ ′ =( ) cot ,2 2cosec

and so on.

Substituting these values in (1), we get
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log sin log sin ( ) cot
( )

!
x a x a a

x a
a= + − − − 2

2

2
cosec   

+ − +( )

!
cot

x a
a a

3
2

3
2 cosec …

Prob lem 10(i):    If y ea x=
−

sin
1

,   show that   

( ) ( ) ( ) .1 2 1 02
2 1

2 2− − + − + =+ +x y n x y n a yn n n

Hence by Maclaurin’s theorem show that 

 e ax
a

x
a a

xa xsin

!

( )

!

−
= + + + + +

1 2
2

2 2
31

2

1

3
…  .

(Kumaun 2008)

Also deduce that  eθ θ θ θ= + + + +1
1

2

2

3
2 3

sin sin sin
! !

…  .
(Agra 2000; Kumaun 03)

Solution: Let y ea x=
−sin 1

. Proceeding as in problem 7 of the Comprehensive

Problems 4 of chapter ‘Successive Differentiation’, we get

y y a y a( ) , ( ) , ( )0 1 0 01 2
2= = =

and y n a yn n+ = +2
2 20 0( ) ( ) ( ). ...(1)

Putting n = 1 2 3 4, , , ,… in (1), we get

y a y a a3
2 2

1
2 20 1 0 1( ) ( ) ( ) ( ) ,= + = +

y a y a a4
2 2

2
2 2 20 2 0 2( ) ( ) ( ) ( ) ,= + = +

y a y a a a5
2 2

3
2 2 2 20 3 0 3 1( ) ( ) ( ) ( ) ( ) ,= + = + +

 y a y a a a6
2 2

4
2 2 2 2 20 4 0 4 2( ) ( ) ( ) ( ) ( ) ,= + = + +  etc.

In general, y
a a a n a n

a a
n( )

( ) ( ) [( ) ] if

( )
0

1 3 2

2

2 2 2 2 2 2

2 2 2
=

+ + − +

+

… is odd

( ) [( ) ] if4 22 2 2 2+ − +





 a n a n… is even .

Substituting these values in Maclaurin’s expansion

y y xy
x

y
x

n
y

n

n= + + + + +( ) ( )
!

( )
!

( ) ,0 0
2

0 01

2

2 … …  we get

e ax
a

x
a a

x
a a

xa xsin

!

( )

!

( )

!

−
= + + + + + + +

1 2
2

2 2
3

2 2 2
41

2

1

3

2

4
…

...(2)

The general term is ( / !) ( )x n yn
n 0 , where yn( )0  is as given above.

Now putting x = sin θ and a = 1 in (2), we get

eθ θ θ θ= + + + +1
1

2

2

3
2 3sin

!
sin

!
sin …
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Prob lem 10(ii):  If  y m x= −sin( ),sin
1  then show that ( ) .1 02

2

2
2− − + =x

d y

dx
x

dy

dx
m y

Hence or otherwise expand sin mθ in powers of sin θ . (Garhwal 2003; Lucknow 08)

So lu tion: Let y m x= −sin ( sin )1 . Pro ceed ing as in Ex am ple 16, af ter ar ti cle 7 of the

chap ter ‘Suc ces sive Dif fer en ti a tion’, we get

 y y m y( ) , ( ) , ( )0 0 0 0 01 2= = = ,

and  y n m yn n+ = −2
2 20 0( ) ( ) ( ). …(1)

Putting n = 1 2 3, , ,… in (1), we get

y m y m m3
2 2

1
2 20 1 0 1( ) ( ) ( ) ( ) ,= − = −

y m y4
2 2

20 2 0 0( ) ( ) ( ) ,= − =

y m y m m m5
2 2

3
2 2 2 20 3 0 3 1( ) ( ) ( ) ( ) ( ) ,= − = − −  etc.

Substituting these values in Maclaurin’s theorem, we get

sin ( sin ) ( ) ( )
!

( )m x y x y
x

y− = + + +1
1

2

20 0
2

0 …

= + − + − − +mx
m m

x
m m m

x
( )

!

( ) ( )

!

1

3

1 3

5

2 2
3

2 2 2 2
5
…

Putting x = sin θ on both sides, we get

sin sin
( )

!
sinm m

m mθ θ θ= + −1

3

2 2
3

+ − − +m m m( ) ( )

!
sin

1 3

5

2 2 2 2
5 θ …

Prob lem 10(iii): If y sin log x x= + +( ),2 2 1  prove that

( ) ( ) ( ) ( ) .x y n x y n yn n n+ + + + + + =+ +1 2 1 1 4 02
2 1

2
(Agra 2002)

Hence or otherwise expand y in ascending powers of x as far as x6.

So lu tion: Here  y x x x= + + = +sin log ( ) sin log ( )2 22 1 1  ...(1)

∴ y x
x

x1
2

2
1

1

1
2 1= + ⋅

+
+[cos log ( ) ]

( )
. ( )

  = + ⋅
+

⋅[cos log ( ) ]x
x

1
2

1
2 ...(2)

Squaring both sides of (2), we get

( ) cos log ( )x y x+ = +1 4 12
1
2 2 2

         = − + = −4 1 1 4 12 2 2[ sin log ( ) ] ( )x y

or ( ) .x y y+ + − =1 4 4 02
1
2 2 ...(3)

Differentiating (3), we get
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( ) ( )x y y x y yy+ + + + =1 2 2 1 8 02
1 2 1

2
1

or 2 1 1 4 01
2

2 1y x y x y y[( ) ( ) ]+ + + + =

or ( ) ( ) ,x y x y y+ + + + =1 1 4 02
2 1 ...(4)

since   2 01y ≠ .

Differentiating (4) n times by Leibnitz’s theorem, we get

( ) . . ( ) . .x y C y x C yn
n

n
n

n+ + + ++ +1 2 1 22
2 1 1 2

+ + + + =+( ) . .x y C y yn
n

n n1 1 4 01 1

or ( ) ( ) ( ) ( ) .x y n x y n yn n n+ + + + + + =+ +1 2 1 1 4 02
2 1

2 ...(5)

Putting x = 0 in (1), (2) and (4), we get

( ) , ( ) , ( ) ( ) ( ) ( ) .y y y y y y0 1 0 2 0 1 0 0 2 00 2 4 0 2= = + + = = −or

Also putting x = 0 in (5), we get

( ) ( ) ( ) ( ) ( )y n y n yn n n+ ++ + + + =2 0 1 0
2

02 1 4 0

or ( ) [( ) ( ) ( ) ( ) ].y n y n yn n n+ += − + + +2 0 1 0
2

02 1 4 ...(6)

Now putting  n = 1, 2, 3, 4 in (6), we get

( ) [ ( ) ( ) ] [ . ( ) . ] ,y y y3 0 2 0 1 03 5 3 2 5 2 4= − + = − − + = −

( ) [ ( ) ( ) ] [ . ( ) . ( )] ,y y y4 0 3 0 2 05 8 5 4 8 2 36= − + = − − + − =

( ) [ ( ) ( ) ] [ . ( ) . ( )] ,y y y5 0 4 0 3 07 13 7 36 13 4 200= − + = − + − = −

and ( ) [ ( ) ( ) ] [ . ( ) . ( )] .y y y6 0 5 0 4 09 20 9 200 20 36 1080= − + = − − + =

Now by Maclaurin’s theorem, we have

y y
x

y
x

y
x

y= + + +( )
!
( )

!
( )

!
( )0 1 0

2

2 0

3

3 0
1 2 3

+ + +x
y

x
y

4

4 0

5

5 0
4 5!

( )
!
( ) …

  = + ⋅ + ⋅ − + ⋅ − + ⋅0
1

2
2

2
1 2 3

4
1 2 3 4

36
2 3 4x x x x

( )
. .

( )
. . .

+ ⋅ − + ⋅ +x x5 6

1 2 3 4 5
200

1 2 3 4 5 6
1080

. . . .
( )

. . . . .
( ) …

  = − − + − + +2
2

3

3

2

5

3

3

2
2 3 4 5 6x x x x x x …

Prob lem 11: By Maclaurin’s the o rem or oth er wise find the ex pan sion of y e x= −sin ( )1  upto

and in clud ing the term in x4 .  Find also the first two non-vanishing terms in the expansion of x as a

series of ascending powers of y.

So lu tion: Let y e x= −sin ( )1 . Then ( ) sin ,y 0 0 0= =
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y e ex x
1 1= −[cos ( )].  so that ( ) (cos ). ,y e1 0

00 1= =

y e e e e y yex x x x x
2

2
1

21 1= − − − = −[cos ( )]. [sin ( )] .

so that ( ) ( ) ( ) ,y y y e2 0 1 0 0
0 1 0 1= − = − =

y y y e y ex x
3 2 1

2 22= − −  so that ( ) ,y3 0 1 1 0 0= − − =

y y y e y e y e yx x x
4 3 2

2
1

2 2
4 04 4 5= − − − = −so that etc( ) , .

Hence by Maclaurin’s theorem, we get

sin ( ) ( ) ( )
!
( )

!
( )e y x y

x
y

x
yx − = + + + +1

2 3
0 1 0

2

2 0

3

3 0 …

   = + + ⋅ + ⋅ + ⋅ − +0 1
2

1
3

0
4

5
2 3 4

x
x x x

.
! ! !

( ) …

   = + − +x x x
1

2

5

24
2 4

…

Sec ond Part: We have

y e x= −sin ( )1  ⇒ e yx − = −1 1sin  ⇒ e yx = + −1 1sin . ...(1)

Differentiating (1) with respect to ‘ y’, we get

e x yx. / ( ),1
21 1= √ −  where x dx dy1 = . ...(2)

From (2), we get ( ) .1 2
1
2 2− = −y x e x

Differentiating it with respect to ‘ y’, we get

( ) ( )1 2 2 22
1 2 1

2 2
1− − = −−y x x y x e xx

or ( ) ,1 2
2 1

2− − = − −y x y x e x  since 2 01x ≠ . ...(3)

From (1), we have x y= + −log( sin ).1 1 ...(4)

Now putting y = 0 in (4), (2) and (3), we get

( ) log( ) ,x 0 1 0 0= + =  e x0
1 0 1 1 0.( ) / ( )= √ −  giving 

( ) ,x1 0 1=   ( ) .x e2 0
0 1= − = − [Note that ( )x y = =0 0]

Hence by Maclaurin's theorem, we get

x x y x y x= + + +( ) ( ) ( / !)( ) ...0 1 0
2

2 02

  = + + − + = − +0 1 2 1
1

2
2 2y y y y. ( / !)( ) ... ...

Prob lem 12: Ex pand log { }1 1− −log x( )  in pow ers of x by Maclaurin’s the o rem as far as the

term x3. (Avadh 2009)

By substituting x x/( )1 +  for x deduce the expansion of log log{ }1 1+ +( )x  as far as the term in 

x3.

So lu tion: Let y x= − −log log ( ) .{ }1 1  Then ( ) .y 0 0=
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Now e xy = − −1 1log ( ). Differentiating, we get

e y xy
1

11= − −( ) . ...(1)

Putting x = 0 in (1), we get ( ) .y1 0 1=

Differentiating (1), we get

e y e y xy y
1
2

2
21+ = − −( )

or e y y xy ( ) ( )1
2

2
21+ = − − ...(2)

Putting x = 0 in (2), we get

1 12 0+ =( )y  or ( ) .y2 0 0=

Differentiating (2), we get

e y y y y xy ( ) ( )1
3

1 2 3
33 2 1+ + = − − ...(3)

Putting x = 0 in (3), we get

1 23 0+ =( )y  or ( ) .y3 0 1=

Substituting these values in Maclaurin’s theorem, we get

log log ( ) .
! !

{ }1 1 0 1
2

0
3

1
2 3

− − = + + ⋅ + ⋅ +x x
x x

…

 = + +x
x3

6
… ...(4)

Now substituting x x/( )1 +  for x on both sides of (4), we get

log log1 1
1 1

1

6 1

3

− −
+

















=
+

+
+







 +x

x

x

x

x

x
…

or log log ( ) ( ) ( / ) ( ){ }1 1 1 1 6 11 3 3+ + = + + + +− −x x x x x …

= + − + − − +







+ + − +x x x x x1 1
1 2

1 2

1

6
1 32 3( )

( ) ( )

.
( ) ,… …{ }

  on expanding by binomial theorem

= − + + + +( ) ( )x x x x2 3 31

6
… …  = − + +x x x2 37

6
…

Prob lem 13:  If y sin x x= √ −−( ) / ( ),1 21  where − < <1 1x  and − < <−π π/ / ,2 21
sin x

prove that ( ) ( ) .1 2 1 02
1

1
2

1

1
− − + − =

+

+

−

−
x

d y

dx
n x

d y

dx
n

d y

dx

n

n

n

n

n

n (Meerut 2007B)

Assuming that y can be expanded in ascending powers of  x  in the form 

a a x a x a xn
n

0 1 2
2+ + + + +… … ,

prove that ( )n a n an n+ =+ −1 1 1 and hence obtain the general term of the expansion.

So lu tion: Here y x x= √ −−(sin ) / ( ).1 21 ...(1)

∴ y x x2 2 1 21( ) (sin ) .− = −
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Differentiating w.r.t. x, we get

2 1 2 2 1 21
2 2 1 2yy x xy x x y( ) (sin ) / ( ) .− − = √ − =−

Since 2 0y ≠ , therefore y x xy1
21 1( )− − =

i e. . y x xy1
21 1 0( ) .− − − = ...(2)

Differentiating (2) n times by Leibnitz’s theorem, we get

y x ny x
n n

yn n n+ −− + − + − −1
2

11 2
1

2
2( ) ( )

( )

!
. ( )

   − − =−xy nyn n 1 0

or ( ) ( ) .1 2 1 02
1

2
1− − + − =+ −x y n xy n yn n n ...(3)

Now putting x = 0 in (1), (2) and (3), we get ( ) , ( )y y0 1 00 1= =   

and ( ) ( ) .y n yn n+ −=1 0
2

1 0 ...(4)

By Maclaurin’s theorem, we have

     y y x y x y x n yn
n= + + + + +( ) ( ) ( / !) ( ) ( / !) ( )0 1 0

2
2 0 02 … …

Also we are given that y a a x a x a xn
n= + + + + +0 1 2

2
… …

Comparing the coefficients of xn in the two expansions for y, we get a y nn n= ( ) / !0

∴
a

a

y

n

y

n

y

y

n

n

n n n

n

+

−

+ − +

−
=

+
÷

−
=1

1

1 0 1 0 1 0

11 1

( )

( ) !

( )

( ) !

( )

( )0

1

1
⋅ −

+
( ) !

( ) !

n

n

   = ⋅
+

n
n n

2 1

1( )
, [From (4)]

   =
+

⋅n

n 1

∴ ( )n a n an n+ =+ −1 1 1 Proved

or a
n

n
an n+ −=

+1 1
1

. ...(5)

Now a y0 0 0= =( ) , a y1 1 0 1= =( ) .

Putting n = 1, 3, 5, ... in (5), 

we get a a2 0
1

2
0= = , a a4 2

3

4
0= = , a a6 4

5

6
0= = , etc.

Thus an = 0 if n is even i.e., a m2 0= .

Again putting n = 2 4 6, , ,… in (5), we get

a a a a a a3 1 5 3 7 5
2

3

2

3

4

5

4

5

2

3

6

7

6

7

4

5

2

3
= = = ⋅ = ⋅ = = ⋅ ⋅, , , etc.

In general, if n is odd, we have  

a
n

n

n

n
n = − ⋅ −

−
⋅ ⋅1 3

2

4

5

2

3
…
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Thus a
m

m

m

m
m2 1

2

2 1

2 2

2 1

4

5

2

3
+ =

+
⋅ −

−
⋅ ⋅…

Prob lem 14: If y e a a x a x a xm x
n

n= = + + + +
−tan ... ,
1

0 1 2
2  prove that

( ) ( )n a n a man n n+ + − =+ −1 11 1 . (Purvanchal 2007)

So lu tion: Given y em x=
−tan 1

...(1)

Differentiating y e
m

x

m x
1

1

21
=

+













−tan ...(2)

or y x my1
21( )+ =

Differentiating again ( )1 22
2 1 1+ + =x y xy my

or ( ) ( )1 2 02
2 1+ + − =x y x m y ...(3)

Differentiating (3) n times by Leibnitz’s theorem, we get

( ) .
( )

!
1 2

1

2
22

2 1+ + + −
+ +x y n x y

n n
yn n n

+ − + =+( ) .2 2 01x m y n yn n ...(4)

Putting x = 0 in all equations, we get

( )y 0 1= , ( )y m1 0 = , ( )y m2 0
2=

and ( ) ( ) ( ) ( )y m y n n yn n n+ += − +2 0 1 0 01 ... (5)

Given y a a x a x a xn
n= + + + + +0 1 2

2 ...... ...... ...(6)

Also from Maclaurin’s Theorem, we get

y y x y
x

y
x

n
y

n

n= + + + + +( ) ( )
!

( ) .....
!

( ) ....0 1 0

2

2 0 0
2

...(7)

Comparing the coefficients of xn in (6) and (7), we get

   a
y

n
n

n=
( )

!

0  or ( ) !y nn 0 =  an

Similarly ( ) ( )!y a nn n+ += +1 0 1 1  and ( ) ( )!y a nn n− −= −1 0 1 1

Also replacing n by n − 1 in (5), we get

  ( ) ( ) ( ) ( )y m y n n yn n n+ −= − −1 0 0 1 01

or a n m n a n n n an n n+ −+ = − − −1 11 1 1( )! ! ( ) ( )!

a n ma n an n n+ −+ = − −1 11 1( ) ( ) .

Prob lem 15: Prove that 

f mx f x m x f x m x f x( ) ( ) ( ) ( ) ( / !) ( ) ( )= + − ′ + − ′ ′1 1 2 1 2 2

+ − ′ ′ ′ +( / !)( ) ( ) ...1 3 1 3 3m x f x

(Meerut 2001; Agra 07; Rohilkhand 13)
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So lu tion: First we ob serve that we are to ex pand f mx( ) in pow ers of ( )m x− 1 .

We can write f mx f x m x( ) ( )= + −{ }.1

Expanding f x m x{ }+ −( )1  in powers of ( )m x− 1  by Taylor’s theorem, we get

 f x m x f x m xf x{ }+ − = + − ′( ) ( ) ( ) ( )1 1

+ − ′ ′ +( / !) ( ) ( )1 2 1 2 2m x f x …

∴ f mx f x m xf x m x f x( ) ( ) ( ) ( ) ( / !) ( ) ( )= + − ′ + − ′ ′ +1 1 2 1 2 2
…

Prob lem 16: Prove that

(i) f
x

x
f x

x

x
f x

x

x
f x

2 2

21 1 1

1

2+









 = −

+
′ +

+
′ ′ −( ) ( )

( ) !
( ) …

(Rohilkhand 2008)

(ii) f x f xf x
x

f x
x

f x( ) ( ) ( )
!

( )
!

( )= + ′ − ′ ′ + ′ ′ ′ −0
2 3

2 3
…

So lu tion: (i) First we ob serve that we are to ex pand f
x

x

2

1 +









 in pow ers of −

+








x

x1
.

We can write f
x

x
f x

x

x

2

1 1+









 = + −

+
















 ⋅

Now expanding f x
x

x
+ −

+


















1
 by Taylor’s theorem in powers of −

+
x

x1
, we get

f
x

x
f x

x

x
f x

x

2

1 1

1

2

1

1+









 = + −

+






 ′ + −

+







( ) ( )
!

 ′ ′ +
2

f x( ) …

  = −
+

′ +
+

′ ′ −f x
x

x
f x

x

x
f x( ) ( )

( ) !
( )

1 1

1

2

2

2
…

(ii) We can write f f x x( ) [ ( )]0 = + − . Now ex pand ing f x x[ ( )]+ −  by Tay lor’s

the o rem in pow ers of − x, we get

f f x x f x x f x( ) [ ( )] ( ) ( ) ( )0 = + − = + − ′  

+ − ′ ′ + − ′ ′ ′ +( )

!
( )

( )

!
( )

x
f x

x
f x

2 3

2 3
…

or f f x xf x
x

f x
x

f x( ) ( ) ( )
!

( )
!

( ) .0
2 3

2 3
= − ′ + ′ ′ − ′ ′ ′ + …

∴  f x f xf x
x

f x
x

f x( ) ( ) ( )
!

( )
!

( ) ,= + ′ − ′ ′ + ′ ′ ′ −0
2 3

2 3
…    by trans po si tion.
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Multiple Choice Questions

1. See Prob lem 9(v) of Com pre hen sive Prob lems 1.

2. Let y
e

e

e

e e
e

x

x

x

x x
x=

+
= + −

+
= −

+
= − + −

1

1 1

1
1

1

1
1 1 1( )

( ) .

Then, y e e
e

e

x x
x

x1
2

2
1

1
= + =

+
−( )

( )
 .

∴ ( )y1 0
1

4
= . [∵  e0 1= ]

Now, by Maclaurin’s the o rem, we have

y y
x

y
x

y= + + +( )
!
( )

!
( )0 1 0

2

2 0
1 2

…

The sec ond term in the ex pan sion = − ⋅ =x
y

x x

1 1

1

4 4
1 0

!
( )

!
 .

3. Let y x= +log ( sin ).1 2  Then ( ) .y 0 0=

Now e xy = +1 2sin .

Differentiating, we get e y x x xy
1 2 2= =sin cos sin .   ...(1)

Putt ing x = 0 in (1), we get e y y0
1 0 1 00 0( ) ( ) .= =or

Dif fer en ti at ing (1), we get e y y xy ( ) cos .1
2

2 2 2+ =    ...(2)

Putt ing x = 0 in (2), we get ( ) .y2 0 2=
Now sub sti tut ing these val ues in Maclaurin’s the o rem, we get

log ( sin ) .
!

1 0 0
2

22
2

+ = + + ⋅ +x x
x

…  .

4. See Prob lem 9(v) of Com pre hen sive Prob lems 1.

5. See Prob lem 9(i) of Com pre hen sive Prob lems 1.

6. See Prob lem 4(ii) of Com pre hen sive Prob lems 1.

7. Like Prob lem 2(v) of Com pre hen sive Prob lems 1.

8. See Prob lem 2(iii) of Com pre hen sive Prob lems 1.

9. Like Prob lem 8(i) of Com pre hen sive Prob lems 1.

10. See Prob lem 9(iii) of Com pre hen sive Prob lems 1.

11. See ar ti cle 2.
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Fill in the Blanks

1. Like Prob lem 2(iv) of Com pre hen sive Prob lems 1.

2. By Maclaurin’s the o rem, 

y y
x

y
x

y
x

y= + + + +( )
!
( )

!
( )

!
( ) ...0 1 0

2

2 0

3

3 0
1 2 3

But, it is given that y x
x x= + + +
3 5

6 24
…

So, com par ing the co ef fi cients of x3 in both the ex pan sions of y, we get

( )

!

y3 0

3

1

6
=  ⇒ ( )y3 0 1=

3. We have 
( )

! !

y3 0

3

2

3
=

∴ ( )y3 0 2= .

4. See Prob lem 8(ii) of Com pre hen sive Prob lems 1.

True or False

1. If y f x= ( ) is to be ex panded by Maclaurin’s the o rem, y must be de fined at 

x = 0. The func tion log x is not de fined at x = 0 be cause log0 = −∞.

2. In the Tay lor’s se ries f a h f a
h

f a
h

f a( ) ( )
!

( )
!

( )+ = + ′ + ′ ′ +
1 2

2
…

if we put a = 0 and h x= , we get  f x f
x

f
x

f( ) ( )
!

( )
!

( )= + ′ + ′ ′ +0
1

0
2

0
2

…

which is Maclaurin’s se ries.

3. See ar ti cle 3.

❍❍❍
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Prob lem 1: State L' Hos pi tal's rule.

So lu tion: If f x( ) and φ( )x  be two func tions of x which can be ex panded by Tay lor’s 

the o rem in the neigh bour hood of x a=  and if f a a( ) ( )= φ = 0 , then

                       lim lim
x a x a

f (x)

(x)
 = 

f (x)

(x)
 

→ →

′
′φ φ

,

provided, the latter limit exists, finite or infinite.

This is generally known as L’ Hospital’s Rule.

Note: If f a f a f an′ = ′ ′ = = =−( ) ( ) ( )…
1 0

and φ′ = φ′ ′ = = φ =−( ) ( ) ( )a a an
…

1 0

but f an( ) and φn a( ) are not both zero, then by repeated application of Hospital’s

rule, we have

lim lim
x a x a→ →φ

=
φ

⋅f x

x

f x

x

n

n

( )

( )

( )

( )

Prob lem 2(i): Eval u ate lim
x→0

sin x

x
.

So lu tion: Here lim
x→0

sin x

x
[From 0/0]

= =
→
lim
x 0 1

1
cos

.
x

Prob lem 2(ii): Eval u ate lim
x→

− ⋅
0 3

x sin x

x
 

So lu tion: Here lim
x→

−
0 3

x x

x

sin
        [Form 0 0/  so we shall ap ply, L’Hospital’s rule]

= −
→
lim
x 0 2

1

3

cos x

x
[Form again 0/0]

=
→
lim
x 0 6

sin x

x
              [Form again 0/0]

= = ⋅
→
lim
x 0 6

1

6

cos x
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Aliter : lim lim
x x→ →

− = − − + −
0 3 0

3 5

3

3 5x x

x

x x x x

x

sin [ ( / !) ( / !) ...]

= − +
→
lim
x 0

3 5

3

6 120( / ) ( / )x x

x

…

= − +








 = ⋅

→
lim
x 0

21

6 120

1

6

x
…

Prob lem 2(iii): Eval u ate lim
x→

−
0

1e

x

x
.

So lu tion: We have lim
x

xe

x→

−
0

1
Form

0

0






= − =
→
lim
x

xe

0

0

1
1.

Prob lem 2(iv): Eval u ate lim
cos

x

x

x→

−
0 2

1
.

(Meerut 2012B)

So lu tion: We have lim
x

x

x→

−
0 2

1 cos
Form

0

0






=
→
lim
x

x

x0 2

sin
Form

0

0






= =
→
lim
x

x

0 2

1

2

cos
.

Prob lem 3(i): Eval u ate lim
x

x x x x

x x x→

− − + −
− + −1

5 3 2

4 3

2 4 9 4

2 2 1

So lu tion: We have

lim
x

x x x x

x x x→

− − + −
− + −1

5 3 2

4 3

2 4 9 4

2 2 1
,            

    [Form 0 0/  so we shall apply L’Hospital’s rule]

= − − +
− +→

lim
x

x x x

x x1

4 2

3 2

5 6 8 9

4 6 2
, [Form again 0 0/ ]

= − −
−→

lim
x

x x

x x1

3

2

20 12 8

12 12
, [Form 0 0/ , ∴ again apply L’Hospital’s rule]

= −
−→

lim
x

x

x1

260 12

24 12

= −
−

= =60 12

24 12

48

12
4.
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Prob lem 3(ii): Eval u ate lim
x

x xa b

x→

−
0

.
(Agra 2003)

So lu tion:  We have lim
x

x xa b

x→

−
0

, [Form 0 0/ ]

= −
→
lim
x

x xa a b b

0 1

log log
, by Hospital's rule

= − =log log log( / ) .a b a b

Prob lem 3(iii): Eval u ate lim
x

log x

log cos x→

−
0

21( )
.

So lu tion: We have lim
x

x

x→

−
0

21log ( )

log cos
,

       [Form 0 0/  so we shall ap ply L’Hospital’s rule]

= − −
−

=
−

⋅






→ →
lim lim
x x

x x

x x x

x

x0

2

0 2

2 1 2

1

/( )

sin / cos tan 


=
−



















 = × =

→ →
lim lim
x xx

x

x0 2 0

2

1
2 1 2

tan
.

Prob lem 3(iv): Eval u ate lim
x

xxe log x

x→

− +
0 2

1( )
,

So lu tion: We have lim
x

xxe x

x→

− +
0 2

1log ( )
,

       [Form 0 0/  so we shall ap ply, Hos pi tal’s rule]

= + − +
→
lim
x

x xxe e x

x0

1 1

2

{ }/( )
, [Form 0/0]

= + + + + = + + + = ⋅
→
lim
x

x x xxe e e x

0

21 1

2

0 1 1 1

2

3

2

{ }/( )

Prob lem 4(i): Eval u ate lim
x

x sin x

tan x→

− ⋅
0 3

So lu tion: We have lim lim
x x

x x

x

x x

x

x

x→ →

− = − ⋅















0 3 0 3

3
sin

tan

sin

tan






(Note)

= − ⋅










→ →
lim lim
x x

x x

x

x

x0 3 0

3
sin

tan
= −

→
lim
x

x x

x0 3

sin
, ∵ lim

x

x

x→
=









0
1

tan

= ⋅1

6
         [Proceeding as in problem 2(ii)]

D-117



Prob lem 4(ii): Eval u ate lim
x

sin x sin x sin x

cos x cos x→

+ −
−

⋅
0

2

2

2 2 2

So lu tion:  We have lim
x

x x x

x x→

+ −
−0

2

2

2 2 2sin sin sin

cos cos
, [Form 0/0]

= + −
− − −→

lim
x

x x x x

x x x0

2 2 4 2

2

cos sin cos cos

sin cos ( sin )

= + −
− +→

lim
x

x x x

x x0

2 2 2 2 2

2

cos sin cos

sin sin
, [Form 0/0]

= − + +
− +

= − + +
− +→

lim
x

x x x

x x0

4 2 4 2 2

2 2

0 4 0

1 2

sin cos sin

cos cos
= 4.

Prob lem 4(iii): Eval u ate lim
x

nx

x→

+ −
0

1 1( )
.

So lu tion: We have lim
x

nx

x→

+ −
0

1 1( )
, [Form 0/0]

= +
→

−
lim
x

nn x

0

11

1

( )
,       [By L’Hospital’s rule]

= n .

Aliter: We have lim lim
x

n

x

x

x

nx
n n

x

x→ →

+ − =
+ + − + −

0 0

2

1 1
1

1

2
1

( )

( )

!
…

= + − +







=
→
lim
x

n
n n

x n
0

1

2

( )

!
.…

Prob lem 4(iv): Eval u ate lim
x

log x

x→ −
⋅

1 1 (Garhwal 2001)

So lu tion:  We have lim
x

x

x→ −1 1

log
[Form 0/0]

= =
→
lim
x

x

1

1

1
1

/
.

Prob lem 5(i): Eval u ate lim
x

x sin xe e

x sin x→

−
−

⋅
0

So lu tion: Here  Nr. = − = −
− + −

e e e ex x x
x

x x

sin ! !

3

3

5

5
…

= −
− + −

e e ex x

x x

. ! !

3

3

5

5
…

     = −e ex z( ),1    where  z
x x= − + −
3 5

3 5! !
…

   = − + + +






















= − + +









e z

z
e z

zx x1 1
2 2

2 2

! !
… …


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   = − − + −








 + − + −









 +e

x x x xx
3 5 3 5

2

3 5

1

2 3 5! ! ! ! !
… … …















   = − − + −












e
x xx
3 5

6 120
…  = − +









 ⋅x e

xx3
21

6 120
…

Also  Denom. = − = − − + −








x x x x

x x
sin

! !

3 5

3 5
…

= − + = − +








 ⋅x x

x
x3 5

3
2

6 120

1

6 120
… …

∴ lim lim
x

x x

x

xe e

x x

x e x

→ →

−
−

= − +
0 0

3 21 6 120sin

sin

. [( / ) ( / ) ...]

[( / ) ( / ) ]x x3 21 6 120− + …

= − +
− +

=
→
lim
x

xe x

x0

2

2

1 6 120

1 6 120

1 6

1

[( / ) ( / ) ...]

( / ) ( / )

/

… /
.

6
1=

Prob lem 5(ii): Eval u ate lim
x

x

x→

− √ −
0

2

2

1 1( )
.

So lu tion: We have lim
x

x

x→

− √ −
0

2

2

1 1( )
,    

     [Form 0 0/  so we shall ap ply, L’Hospital’s rule]

=
− − −

→

−

lim
x

x x

x0

2 1 20
1

2
1 2

2

{ }( ) ( )/

= √ − =
√ −

= ⋅
→ →
lim lim
x x

x x

x x0

2

0 2

1

2

1

2 1

1

2

/ ( )

( )

Prob lem 5(iii): Eval u ate lim
x

tan x x

x tan x→

− ⋅
0 2

(Avadh 2014)

So lu tion: We have  lim lim
x x

x x

x x

x x

x

x

x→ →

− = − ⋅










0 2 0 3

tan

tan

tan

tan
, (Note)

= −
→
lim
x

x x

x0 3

tan
, [Form 0 0/ ]

= −
→
lim
x

x

x0

2

2

1

3

sec
, [Form 0 0/ ]

=
→
lim

sec

x

x x x

x0

2

6

. sec tan
 

= ⋅ ⋅





= ⋅ = ⋅
→
lim
x

x
x

x0

21

3

1

3
1 1

1

3
sec

tan
.
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Prob lem 5(iv): Eval u ate lim
sinx

tan x x

x x→

−
−

⋅
0

So lu tion:  We have lim
x

x x

x x→

−
−0

tan

sin
[Form 0 0/ ]

= −
−→

lim
sec

x

x

x0

2 1

1 cos
[Form 0 0/ ]

=
→
lim
x

x x x

x0

2sec . sec tan

sin
=

→
lim
x

x x

x0

22sec . tan

sin
 [form 0 0/ ]

= +
→
lim

sec

x

x x x

x0

2 2 44 2sec . tan

cos

= + =0 2

1
2.

Prob lem 6(i): Eval u ate lim
cosh log

x

x x x

x→

+ − − +
0 2

1 1{ ( ) }
.

So lu tion: We have lim
x

x x x

x→

+ − − +
0 2

1 1cosh log ( )
Form

0

0






=
+ + + − − − − − +

→
lim
x

x x
x

x x
x

x0

2 4 2 3

2

1
2 4 2 3

1(
! !

... ) ( ... )

=
− + +

→
lim

terms containing and its higherpo

x

xx
x

0

3 4

43 !
( wers)

x2

= −
→
lim  

1

3
+ +terms containing and its higher

3

2x

x

x

x
x

0 4!
powers





= 0 .

Prob lem 6(ii): Eval u ate lim
x

sin x sin x sin x

tan x x→

− +
−

⋅
0

5 7 2 3 3

(Meerut 2001)

So lu tion: We have lim
x

x x x

x x→

− +
−0

5 7 2 3 3sin sin sin

tan
, [Form 0/0]

  =

− +








 − − +












→
lim
x

x
x

x
x

0

3 3
5

3
7 2

2

3!
( )

( )

!
… … + − +













+ + + −

3 3
3

3

1

3

2

15

3

3 5

( )
( )

!

( ...)

x
x

x x x x

…

  =
− + − +

+ +→
lim

higher powers of

x

x x

x x0

3

3 5

5

6

28

3

27

2
1

3

2

15

( )

( ...)
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= − +

+→
lim

terms containing and its higher powers

x

x

0

5
1

3

2

1
(

5
2x + ...)

= − = −5

1 3
15

/
.

Prob lem 6(iii): Eval u ate lim
x

xe log x e

tan x x→

+ −
−

⋅
0

1[ ( ) / ]{ }  

So lu tion: We have lim lim
x

x

x

x
e

x

e

x x

e x

→ →

+ −





−
= + − −

0 0

1

1
log

tan

log ( ) log e

x xtan −
(Note)

= + − −
−→

lim
x

xe x

x x0

1 1log ( )

tan
, [Form 0/0]

=

+ + + + + − − − −








 −

+
→
lim
x

x
x x

x
x x

x
x0

2 3 2 3

3

1
2 3 2 3

1

3

! !
… …

+ +








 −2

15

5x
x…

=
−

→
lim

terms containing and its higher powers

x

x x

0

31

6
( )1+

1

3
3x x( )1+ terms containing and its higher powers

= − ⋅1

2

Prob lem 6(iv): Eval u ate lim
x

x x x x

x→

− −

−1

4 6 5

2 3

3 2

1

/

/

So lu tion: We have lim
x

x x x x

x→

− −

−1

4 6 5

2 3

3 2

1

/

/
Form

0

0






 =
− − + − −

−→

−

−
lim
x

x x x x x x x

x1

4 1 2 3 4
1

5

1 3

1

2
3 2 3 8 3 2

6

5
2

3

( ) ( )/

/

=
− − + − −

−
=

− + −

−

−1
1

2
3 2 3 8 3 2

6

5
2 3

5

2
1

6

5
2 3

1 2( ) ( )

/ /

/

 = × =27

10

3

2

81

20
 .

Prob lem 7(i): Eval u ate lim
cos

x

x

x→ −π / 2 π1

2

.

So lu tion: We have lim
x

x

x→ −π / 2 π
cos

.

2

Form
0

0






= − = − = −
→
lim

x

x

π / 2

πsin
sin .

1 2
1 
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Prob lem 7(ii): Eval u ate lim
x a

x a

x a

a x

x a→

−
−

So lu tion: We have lim
x a

x a

x a

a x

x a→

−
−

Form
0

0






= −
+ −→

−
lim
x a

x a

x

a a a x

x x

log

( log )

1

1 0
 

= −
+

= −
+

−a a a a

a a

a

a

a a

a

log

( log )

( log )

( log )

1

1

1

1
 .

Prob lem 7(iii): Eval u ate lim
x

xx e ex

x→

+ − +
⋅

0

1

2

1
1

2
( ) /

(Agra 2002; Avadh 06; Purvanchal 14)

So lu tion: Here lim
x

xx e ex

x→

+ − +

0

1

2

1
1

2
( )

,

/

[Form 0 0/ ]

=

− + +





− +

→
lim
x

e x x e ex

x0

2

2

1
1

2

11

24

1

2
......

 (See Example 5 after article 3)

= +
→
lim

terms containing higher powers of

x

e x x

0

211 24[( / ) ]

x2

=
→
lim
x

e
0

[( / )11 24 + terms containing x and its higher powers] 

= ( / ) .11 24 e

Prob lem 7(iv): Eval u ate lim
x

x x x

x→

− − ⋅
0

1 2

6

sin . sin

So lu tion: We have lim
x

x x x

x→

− −
0

1 2

6

sin . sin
Form

0

0






= − + −








 + +

→
lim
x x

x
x x

x
x x

0 6

3 5 3 51

3 5

1

2 3

1 3

2 4 5! !
...

.

.
+









 −













... x2

= + −





+ − +





+
→
lim
x x

x x x
0 6

2 4 61 1

6

1

6

3

10

1

36

1

120
...





= +



→

lim higher powers of
x x

x n
0 6

61 1

18
.

= 1

18
 .
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Prob lem 8(i): Eval u ate lim
x

x cos x

x sin x→

+ − ⋅
0

2

3

2 2

So lu tion: We have lim lim
x x

x x

x x

x x

x

x

x→ →

+ − = + − ⋅


0

2

3 0

2

4

3

3

2 2 2 2cos

sin

cos

sin









= 





 ⋅ + −

→ →
lim lim
x x

x

x

x x

x0

3

0

2

4

2 2

sin

cos

= + −
→
lim
x

x x

x0

2

4

2 2cos
, ∵ lim

x

x

x→
=









0
1

sin

= −
→
lim
x

x x

x0 3

2 2

4

sin
,   [By L’Hospital’s rule for the form 0 0/ ]

= −
→
lim
x

x

x0 2

2 2

12

cos
[Form again 0/0]

= =
→ →
lim lim
x x

x

x

x

x0 0

2

24

1

12

sin sin
 = ⋅ = ⋅1

12
1

1

12

Prob lem 8(ii): Eval u ate lim
x

x x cos xe e

x sin x→

−
−

⋅
0 (Kumaun 2012)

So lu tion: We have lim
x

x x xe e

x x→

−
−0

cos

sin
, [Form 0 0/ ]

    = − −
−→

lim
x

x x xe e x x x

x0 1

cos (cos sin )

cos
, by Hospital’s Rule  

     [Form again 0 0/ ]

= − − − − −
→
lim
x

x x x x xe e x x x e x x x

0

2 2cos cos(cos sin ) ( sin cos )

sin
,

x

                         by Hospital’s rule

= − − + +
→
lim
x

x x x x xe e x x x e x x x

0

2 2cos cos(cos sin ) ( sin cos )

sin
,

x

[Form 0 0/ ]

=

− −

− −

→
lim
x

x x x

x x

e e x x x

e x x x

0

3

2

cos

cos

(cos sin )

(cos sin ) (− −

+ − +

+

2

2

sin cos )

(cos sin ) . ( sin cos )cos

c

x x x

e x x x x x x

e

x x

x os ( cos sin )

cos

x x x x

x

3 −

= − − − × × × + × × + × −1 1 1 0 2 1 1 0 1 1 0 1 3 0

1

3( ) ( ) = − + =1 1 3

1
3.
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Prob lem 8(iii): Eval u ate lim
x

cosh x cos x

x sin x→

− ⋅
0 (Meerut 2012)

So lu tion: We have lim
x

x x

x x→

−
0

cosh cos

sin
, Form

0

0







= − ⋅ 













→

lim
x

x x

x

x

x0 2

cosh cos

sin
(Note)

= −
→
lim
x

x x

x0 2

cosh cos
, Form

0

0







= +
→
lim
x

x x

x0 2

sinh sin
, Form

0

0







= + = + =
→
lim
x

x x

0 2

1 1

2
1

cosh cos
.

Prob lem 8(iv): Eval u ate lim
x

sin x a sin x

x→

+
0 2

2
 

So lu tion: We have lim
x

x a x

x→

+
0 2

2sin sin
Form

0

0







= + = ∞ ≠
→
lim f – 2
x

x a x

x
i a

0

2 2

2

cos cos
,

= − − =
→
lim f =2
x

x a x
i a

0

4 2

2
0

sin sin
,

Prob lem 9(i): Eval u ate lim
x

sin x x

x→

−
0

2 2

4

So lu tion: We have lim
x

x x

x→

−
0

2 2

4

sin
Form

0

0







=

− +








 −

→
lim
x

x
x

x

x0

3
2

2

4

3!
...

 =

+








 −













 −

→
lim
x

x
x

x
x

x

x0

2
3

2
3

2

4

3
2

3!
. .

!
...

=
− +





→
lim

higher powers of

x

x x

x0

4

4

2

6  = − 1

3

Prob lem 9(ii): Eval u ate lim
x

sin x sin x

x→

−
⋅

0

1

2

So lu tion: We have lim lim
x x

x x

x

x

x

x

x→

−

→

−
= ⋅









0

1

2 0

1sin sin sin sin

=
→

−
lim
x

x

x0

1sin
, Form

0

0






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    = √ − =
→
lim
x

x

0

21 1

1
1

/ ( )
.

Prob lem 10: Find the val ues of a and b in or der that

lim
x

x a cos x b sin x

x→

+ −
0 3

1( )
 may be equal to 1.

(Meerut 2013B)

So lu tion: We have lim
x

x a x b x

x→

+ −
0 3

1( cos ) sin
, 

      [Form 0 0/  so we shall ap ply Hos pi tal’s rule]

= + − − ⋅
→
lim
x

a x ax x b x

x0 2

1

3

cos sin cos
…(1)

Now the denominator of ( )1 0→  as x → 0. Therefore if the numerator of (1) does not
tend to 0 as x → 0, then the given limit cannot be equal to 1. Hence for the given limit
to be equal to 1 the numerator of (1) must also as→ →0 0x .

∴ 1 0 1+ − = − = −a b a bor . …(2)

Now if 1 0+ − =a b , then (1) takes the form  0 0/ . Hence by applying  L’ Hospital’s
rule to (1), the given limit is equal to

lim
x

a x a x ax x b x

x→

− − − +
0 6

sin sin cos sin

= − + −
→
lim
x

ax x b a x

x0

2

6

cos ( ) sin
, Form

0

0







= − + + −
→
lim
x

a x ax x b a x

0

2

6

cos sin ( ) cos
, [By L’Hospital’s rule]

= − + − = − =a b a b a2

6

3

6
1, (as given)

∴     b a− =3 6 . …(3)

Adding (2) and (3), we have − = = −2 5 5 2a aor / .

∴ b a= + = − + = −1 5 2 1 3 2( / ) / .

Hence a b= − = −5 2 3 2/ , / .

Prob lem 11: Find the val ues of a b c, ,  so that lim
x

x xae b cos x ce

x sin x→

−− + =
0

2.

(Kumaun 2007)
So lu tion: Here the given limit

= − + ⋅
→

−
lim
x

x xae b x ce

x x0

cos

sin
 Form

a b c− +



0

∴  For the given limit to be equal to 2, we must have

a b c− + = 0. …(1)

Now applying L’Hospital’s rule for the form 0 0/ , we have the given limit

= + −
+

⋅
→

−
lim
x

x xae b x ce

x x x0

sin

sin cos
form

a c−



0
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∴ For the given limit to be equal to 2, we must have

a c− = 0. …(2)

Now again applying L’ Hospital’s rule for the form 0 0/ , we have the given limit

= + +
+ −

= + + ⋅
→

−
lim
x

x xae b x ce

x x x x

a b c

0 2

cos

cos cos sin

∴  for the given limit to be equal to 2, we must have

( ) / . ., .a b c i e a b c+ + = + + =2 2 4 …(3)

Solving (1), (2) and (3), we get a b c= = =1 2 1, , .

Prob lem 12: Find the val ues of a, b, c so that lim
x

x a b cos x c sin x

x→

+ − =
0 5

1
( )

.

So lu tion: We have lim
x

x a b x c x

x→

+ −
0 5

( cos ) sin
    

  [Form 0 0/  so we shall apply L’ Hospital’s rule]

= + − −
→
lim
x

a b x bx x c x

x0 5

( cos ) sin cos
...(1)

Now the denominator of ( )1 0→  as x → 0.

But if the numerator of (1) does not tend to zero as x → 0, then the given limit
becomes infinite. Hence for the given limit to be equal to 1, the numerator of (1) must 
→ 0 as x → 0

∴ a b c+ − = 0 ...(2)

Now if a b c+ − = 0, then (1) takes the form  0/0.

Hence by applying L’ Hospital’s rule to (1), the given limit is equal to

lim
x

b c x b x bx x

x→

− − − −
0 320

( ) sin sin cos
Form

0

0







= − − − +
→
lim
x

b c x b x bx x

x0 2

2

60

( ) cos cos sin
[By L’ Hospital’s rule]

= − − +
→
lim
x

b c x bx x

x0 2

3

60

( ) cos sin

∴ For the given limit to be equal to 1, we must have   

− + =3 0b c ...(3)

Now again applying L’ Hospital’s rule for the form 0/0, we have the given limit

= − + +
→
lim
x

b c x b x bx x

x0

3

120

( ) sin sin cos
Form

0

0







= − + −
→
lim
x

b c x b x bx x

0

4

120

( ) cos cos sin
[By L’ Hospital’s rule]

= −5

120

b c
.

∴ For the given limit to be equal to 1, we must have
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5

120
1

b c− = , i e. ., 5 120b c− = ...(4)

Solving (2), (3) and (4), we get a b c= = =120 60 180, , .

Prob lem 1(i): Eval u ate lim
x x

x

e→ ∞

So lu tion: We have lim
x x

x

e→ ∞
[Form ∞ ∞/ ]

= = =
∞

=
→ ∞ ∞
lim
x xe e

1 1 1
0 .

Prob lem 1(ii): Eval u ate lim
x

xe

x→ ∞ 3

So lu tion: We have lim
x

xe

x→ ∞ 3
[Form ∞ ∞/ ]

Apply L' Hospital’s Rule (3 times)

= = = ∞ = ∞
→ ∞

∞
lim
x

xe e

6 6 6
 .

Prob lem 2(i): Eval u ate lim
log

cotx

x

x→

−
1

1( )
.

π

So lu tion: We have lim
x

x

x→

−
1

1log ( )

cot π
[Form ∞ ∞/ ]

=

−
−

−
=

−→ →
lim

cosec
lim

x x

x

x

x

x1 2 1

2
1

1
1π

πsin
 = =

→ −
lim
x

x x

1 1

2
0

sin cos .π π π
 .

Prob lem 2(ii): Eval u ate lim
x x

log x

a
a

→ ∞
>, .1 (Garhwal 2003)

So lu tion: We have lim
x x

x

a→ ∞

log
[Form ∞ ∞/ ]

= =
∞

= × =
→ ∞
lim
x x

x

a a

1 0
0 0 0

/

log
.

Prob lem 3(i): Eval u ate lim
x a x a

log x a

log e e→

−
−

⋅( )

( )

So lu tion: We have lim
x a x a

x a

e e→

−
−

log ( )

log ( )
, [Form ∞ ∞/ ]

= −
−

= −
−→ →

lim lim
x a x a x x a

x a

x

x a

e e e

e e

e x a

1

1

/ ( )

/ ( ) ( )
,

{ }
[Form 0/0]
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=
− +

=
− +→ →

lim lim
x a

x

x x x a

x

x

e

e x a e

e

e x a( ) [( ) ]1
 =

− +
=

→
lim
x a x a

1

1
1.

Prob lem 3(ii): Eval u ate lim
sec

tanx

x

x→ 1

2
3

π
π

.

So lu tion: We have 
lim

x

x

x→ 1

2
3

sec

tan

π
π

Form
∞
∞







=
→

lim

x

x

x x
1

2

3

3

cos

sin .cos

π
π π

Form
0

0







= −
⋅ −→

lim
x

x

x x x x1

2

3 3

3 3 3

sin .

cos . cos sin .sin .

π π
π π π π π π

=
+

1 3

0 1

.

.

π
π

= 3 .

Prob lem 4(i): Eval u ate lim
log

x

x

x→ ∞












( )

.
3

So lu tion: We have lim
x

x

x→ ∞

(log )3
Form

∞
∞







= =
→ ∞ → ∞
lim lim
x x

x
x x

x

3
1

1

3
2

2(log ) .
(log )

= =
→ ∞ → ∞
lim lim
x x

x
x x

x

6
1

1

6
(log )

(log )
 =

⋅
=

∞
=

→ ∞
lim
x

x
6

1

1

6
0 .

Prob lem 4(ii): Eval u ate lim
log

x

x x

x x→ ∞ + +
( )

.
3

21

So lu tion: We have lim
x

x x

x x→ ∞ + +
(log )3

21
Form

∞
∞







=
+

+ +→ ∞
lim
x

x x
x

x

x

. (log ) . (log )3
1

0 1 2

2 3

= +
+→ ∞

lim
x

x x

x

3

1 2

2 3(log ) (log )
Form

∞
∞







=
+

→ ∞
lim
x

x
x

x
x

3
1

3
1

2

2(log ) (log ) .

= +
→ ∞
lim
x

x x

x

3 3

2

2log (log )
Form

∞
∞






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=
+

→ ∞
lim
x

x
x

x
3

1
6

1

2

(log ).
 = +

→ ∞
lim
x

x

x

3 6

2

log
Form

∞
∞







= =
∞

=
→ ∞
lim
x

x

6

2

3
0.

Prob lem 5(i): Eval u ate lim
x

x tan
x→ ∞















⋅1

(Bundelkhand 2001)

So lu tion: We have lim
x

x x
→ ∞

[tan ( / )] . ,1 [Form 0 × ∞]

=
→ ∞
lim
x

x x[tan ( / )] / [ / ],1 1 [form 0 0/ ]

= −
−

= =
→ ∞ → ∞
lim lim
x x

x x

x
x

[( / ) sec ( / )]

[ / ]
sec ( / )

1 1

1
1 1

2 2

2
2 .

Prob lem 5(ii): Eval u ate lim
log tan

log tanx

x

x→
⋅

0

2

3

So lu tion: We have lim
x

x

x→0

2

3

log tan

log tan
Form

∞
∞







=
→
lim
x

x

x

x

x

0

2

2

2 2

2

3 3

3

sec

tan

sec

tan

=
→
lim
x

x x

x x0

2

2

2

3

2 3

3 2

sec .tan

sec .tan

  = +
→
lim
x

x x x x x

0

2 2 2

2

2

3

2 2 2 2 3 2 3 3

2 3

sec tan . tan sec .sec .

sec x x x x x.tan . .tan sec .sec .3 3 2 3 2 22 2+













= +
+







=2

3

0 3

0 2
1. 

Prob lem 6(i): Eval u ate lim
x

log x

tan x→

−
⋅

π

π

2

1

2
( )

So lu tion: We have lim
x

x

x→

−

π

π

2

1

2
log ( )

tan
, Form

∞
∞







=
−

=
−→ →

lim lim
x x

x

x

x

xπ π

π

π2 2 2

21
1

2
1

2

/( )

sec

cos
, Form

0

0






= − = − =
→ →
lim lim

x x

x x
x

π π2 2

2

1
2 0

cos sin
( sin ) .

Prob lem 6(ii): Eval u ate lim
x a

x a

x a

c e

e→

−

−
−

+
[ ]

[ ]
.

/( )

/( )

1

1

1

1

So lu tion: We have lim
x a

x a

x a

c e

e→

−

−
−

+
[ ]

[ ]

/( )

/( )

1

1

1

1
Form

∞
∞






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= − −
− −

=
→

−

−
lim
x a

x a

x a

c e x a

e x a
c

1 2

1 2

1

1

/( )

/( )

{ / ( ) }

{ / ( ) }
 .

Prob lem 7(i): Eval u ate lim
x x x→ −

−
−













⋅
1 2

2

1

1

1 (Garhwal 2002)

So lu tion: We have lim
x x x→ −

−
−











1 2

2

1

1

1
[Form ∞ − ∞]

= − +
−











→

lim
x

x

x1 2

2 1

1

( )

( )
[Form 0/0]

= −
−

= − = − ⋅
→ →
lim lim
x x

x

x x1 2 1

1

1

1

2

1

2

( )

( )
 

Prob lem 7(ii): Eval u ate lim
x

sec x tan x
→

−
π 2

( ) .

So lu tion: We have lim sec
x

x x
→

−
π 2

( tan ) [Form ∞ − ∞]

= −





 = −

→ →
lim lim

x xx

x

x

x

xπ π2 2

1 1

cos

sin

cos

sin

cos
, [Form 0/0]

= −
−

= =
→ →
lim lim

x x

x

x
x

π π2 2
0

cos

sin
cot .

Prob lem 1(i): Eval u ate lim
log logx x

x

x→
−








1

1
.

So lu tion: We have lim
x x

x

x→
−








1

1

log log
[Form ∞ − ∞]

= −







→
lim
x

x

x1

1

log
[Form 0 0/ ]

= − = −
→
lim
x x1

1

1
1

/
 .

Prob lem 1(ii): Eval u ate lim
x

cot x x

x→

− ⋅
0

1( / )

So lu tion: We have lim
x

x x

x→

−
0

1cot ( / )

= −
→
lim
x

x x x

x x0 2

cos sin

sin
, [Form 0 0/ ]

= − ⋅







→
lim
x

x x x

x

x

x0 3

cos sin

sin
= −

→
lim
x

x x x

x0 3

cos sin
, [Form 0 0/ ]
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= − −
→
lim
x

x x x x

x0 23

cos sin cos = − ⋅





= − ⋅ = − ⋅
→
lim
x

x

x0

1

3

1

3
1

1

3

sin

Prob lem 2(i): Eval u ate lim
cosec cot

x

x x

x→

− ⋅
0

So lu tion: We have lim
cosec

x

x x

x→

−
0

cot

= −
→
lim
x

x

x x0

1 cos

sin
[Form 0 0/ ]

= +
+→

lim
x

x

x x x0

0 sin

cos sin
[Form 0 0/ ]

=
− + +

=
→
lim
x

x

x x x x0

1

2

cos

sin cos cos
 .

Ex am ple 2(ii): Eval u ate lim
x xe x→ −

−










0

1

1

1
.

So lu tion: We have lim
x xe x→ −

−










0

1

1

1
, [Form ∞ − ∞]

= − +
−→

lim
x

x

x

x e

x e0

1

1( )
, [Form 0/0]

= −
− +→

lim
x

x

x x

e

e xe0

1

1
, [Form 0/0]

= −
+ +

= − ⋅
→
lim
x

x

x x x

e

e e xe0

1

2

Prob lem 3(i): Eval u ate lim tan sec
x

x x x
→

−



π

π
2 2

.

So lu tion: We have lim
x

x x x
→

−



π

π
2 2

tan sec [Form ∞ ∞/ ]

= −
→
lim

x

x x

xπ

π
2

2

2

sin

cos
[Form 0 0/ ]

= +
−

= −
→
lim

x

x x x

xπ 2

2 2

2
1

cos sin

sin
 .

Prob lem 3(ii): Eval u ate lim
x

x log x
→0

.

So lu tion: We have lim
x

x x
→0

log , [Form 0 × ∞]

=
→
lim
x

x

x0 1

log

/
, [Form ∞ ∞/ ]

=
−

= − =
→ →
lim lim
x x

x

x
x

0 2 0

1

1
0

/

( / )
( ) .
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Prob lem 4(i): Eval u ate lim sin log
x

x x
→0

. .

So lu tion: We have lim
x

x x
→1

sin . log [Form 0 × ∞]

=
→
lim

cosecx

x

x0

log
[Form ∞ ∞/ ]

=
−→

lim
cosecx

x
x x0

1

cot
 = − = =

→
lim

cosx

x

x0

2 0

1
0

sin
.

Prob lem 4(ii): Eval u ate lim
x

xa x
→ ∞

−( ) ./1 1

So lu tion: We have lim
x

xa x
→ ∞

−( )/1 1 [Form 0 × ∞]

= −
→ ∞
lim
x

xa

x

1 1

1

/

/
, [Form 0 0/ ]

= −
−→ ∞

lim
x

xa a x

x

1 2

2

1

1

/ . log . ( / )

/

= = =
→ ∞
lim
x

xa a a a a1 0/ log log log .

Prob lem 5(i): Eval u ate lim
x

x
x

sin
a

→ ∞






⋅2
2 (Agra 2003)

So lu tion: We have lim
x

x
x

a

→ ∞






2
2

sin , [Form ∞ × 0]

=
→ ∞

−

−
lim
x

x

x

asin ( . )
,

2

2
[Form 0 0/ ]

= −
−→ ∞

− −

−
lim
x

x x

x

a a{ }cos ( . ) . . (log ) . ( )

(log ) . ( )

2 2 2 1

2 2 1

= 





= = =
→ ∞
lim
x x

a
a

a a acos cos . .
2

0 1

Prob lem 5(ii): Eval u ate lim sin tan
x

x x
→

− ⋅
π 2

1( )

So lu tion: We have lim
x

x x
→

−
π 2

1( sin ) tan [Form 0 × ∞]

= −
→
lim

x

x

xπ 2

1 sin

cot
[Form 0 0/ ]

= −
−→

lim
cosecx

x

xπ 2 2

cos
 

= = =
→
lim

x
x x

π 2

2 0 1 0cos sin .  .
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Prob lem 6: Eval u ate lim
x

m nx log x
→0

( ) , where m n,  are pos i tive in te gers.

So lu tion: We have lim
x

m nx x
→0

(log ) ,  [Form 0 × ∞]

=
→ −
lim
x

n

m

x

x0

(log )
, [Form ∞ ∞/ ]

=
−

= − ⋅
→

−

− − →

−
lim lim
x

n

m x

nn x x

m x

n

m

x

x0

1

1 0

11(log ) ( / ) (log )
−











m

,

[ / ]Form ∞ ∞ >if n 1

= −





⋅ −
−→

−

− −
lim
x

n

m

n

m

n x x

mx0

2

1

1 1( ) (log ) . ( / )

= − − ⋅
→

−

−
lim
x

n

m

n n

m

x

x0

2
2

2
1

1
( )

( ) (log )
, [Form ∞ ∞/  if n > 2]

= − ⋅ − − ⋅
→

−
lim

upto factors

x

n
n

n nn n n n

m

x

x0
1

1 2
( )

( ) ( ) (log )…

− m
,

   [By re peated ap pli ca tion of the above pro cess]

= − ⋅ = − ⋅ =
→ →
lim lim
x

n
n

m n
n x

mn

m
x

n

m
x

0 0
1 1 0( )

!
( )

!
.

Prob lem 1(i): Eval u ate lim
x

xx
→0

.
(Agra 2002; Kanpur 04)

So lu tion: Let y x
x

x=
→
lim

0
. [Form 00 ]

∴    log log ,y x x
x

=
→
lim

0
 [Form 0 × ∞]

      =
→
lim
x

x

x0 1

log

( / )
, [Form ∞ ∞/ ]

      =
−

= − =
→ →
lim lim
x x

x

x
x

0 2 0

1

1
0

/

( / )
( ) .

∴     y e= =0 1.

Prob lem 1(ii): Eval u ate lim
x

xcos x
→0

1( ) ./

So lu tion: Let y x
x

x=
→
lim

0

1(cos ) ./  [Form  1∞]

∴    log (log cos ),y
x

x
x

= 



→

lim
0

1
[Form ∞ × 0]

       =
→
lim
x

x

x0

log cos
, [Form 0 0/ ]

       = −
→
lim
x

x x

0

1

1

( / cos ) ( sin ) = − =
→
lim
x

x
0

0( tan ) .

∴       y e= =0 1.
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Prob lem 2(i): Evaluate lim
x

xcos x
→0

1 2
( ) ./

(Garhwal 2003)

So lu tion: Let y x
x

x=
→
lim

0

1 2
(cos ) ./ [Form 1∞]

∴     log (log cos ),y
x

x
x

= 



→

lim
0 2

1
[Form ∞ × 0]

    =
→
lim
x

x

x0 2

log cos
, [Form 0 0/ ]

      = −
→
lim
x

x x

x0

1

2

( / cos ) ( sin )
, [By L’ Hospital’s rule]

      = −



→

lim
x

x

x0 2

tan
, [Form 0 0/ ]

      = −







→

lim
x

x

0

2

2

sec
, [By L’ Hospital’s Rule]

      = − ⋅1

2
   

∴       y e= − 1 2/ .

Prob lem 2(ii): Evaluate lim
x

tan xsin x
→ π 2

( ) .
(Garhwal 2003)

So lu tion: Let y x
x

x=
→
lim

π 2
(sin )tan [Form 1∞]

∴ log tan . log sin ,y x x
x

=
→
lim

π 2
[form ∞ × 0]

         =
→
lim

x

x

xπ 2

log sin

cot
, [Form 0 0/ ]

     =
−→

lim
x

x x

xπ 2 2

1( / sin ) cos
,

cosec
[By L’ Hospital’s rule]

    = − =
→
lim

x
x x

π 2
0( sin cos ) .

∴     y e= =0 1.

Prob lem 3(i): Evaluate lim
x

cot xsec x
→ π 2

( ) .

So lu tion: Let y x
x

x=
→
lim

π 2
(sec ) .cot [Form ∞0 ]

∴ log (cot ) . (log ),y x x
x

=
→
lim

π 2
sec [Form 0 × ∞]

          =
→
lim

x

x

xπ 2

log sec

tan
, [Form ∞ ∞/ ]

      =
→
lim

secx

x x x

xπ 2 2

1( /sec ) . sec tan
  =

→
lim

x

x

xπ 2 2

tan

sec
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    = =
→
lim

x
x x

π 2
0(sin cos ) .

∴      y e= =0 1.

Prob lem 3(ii): Evaluate lim
x

tan xtan x
→

⋅
π 4

2( )

So lu tion: Let y x
x

x=
→
lim

π 4

2[(tan ) ]tan  [Form 1∞]

∴     log [(tan ) . (log tan )]y x x
x

=
→
lim

π 4
2 [Form ∞ × 0]

   = 







→

lim
x

x

xπ 4 2

log tan

cot
, [Form 0/0]

   =
−











→

lim
cosecx

x x

xπ 4

2

2

1

2 2

( / tan ) .sec

( )
=

−











→

lim
x

x x

xπ 4

2 2 2

2

sec . sin ( )

tan

  = √
−

= −( ) ( )

.
.

2 1

2 1
1

2 2

∴       y e e= =− 1 1/ .

Prob lem 4(i): Evaluate lim
x a

tan x a
x

a→
−





2
2( / )π

(Rohilkhand 2012)

So lu tion: Let y
x

ax a

x a

= −



→

lim 2
2tan ( / )π

[Form 1∞]

∴  log tan log ,y
x

a

x

ax a
= 





−









→

lim
π
2

2  [Form ∞ × 0]

    = −





























→

lim
x a

x

a

x

a
log cot/2

2

π
 , [form 0 0× ]

    = −





−

















− 
→

−
lim cosec
x a a

x

a

x

a

1
2

2

1
2/

π
 
















π

2a

            = ⋅ ⋅
−







= ⋅
→
lim
x a a

a

x a

x

a

1 2 1

2 2

22

π
π

π{ }( / )
sin

∴       y e= 2 / .π

Prob lem 4(ii): Evaluate lim log

x

xx
→

−−
1

2 1 11( ) / ( )

So lu tion: Let y x
x

x= −
→

−lim
1

2 1 11( ) /log ( ) [Form 00 ]

    log
log( )

log( )
y

x

xx
= −

−→
lim

1

21

1
[Form 

∞
∞

]
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    = −
−

−
−

=
+→ →

lim lim
x x

x
x

x

x

x1

2

1

1

1
2

1

1
1

2

1

( )

( )

or log y = 1

∴ y e e= =1  .

Prob lem 5(i): Evaluate lim
x

xx
→

−
1

1 1/( ).

So lu tion: Let y x
x

x=
→

−lim
1

1 1/( ) [Form 1∞]

log log
log

y
x

x
x

xx x
=

−
=

−→ →
lim lim

1 1

1

1 1
[Form 

0

0
]

     =
−

= −
→
lim
x

x
1

1

1
1.

∴   y e e= =−1 1 / .

Prob lem 5(ii): Evaluate lim
x

m m
m

xa x a x a
→ ∞

−+ + +( ... ) ./
0 1

1 1

So lu tion: Let y a x a x a
x

m m
m

x= + + +
→ ∞

−lim ( ... ) /
0 1

1 1 [Form ∞0 ]

log
log ( ... )

y
a x a x a

xx

m m
m=

+ + +

→ ∞

−
lim 0 1

1

[Form 
∞
∞

]

       =
+ −

+ + +→ ∞

− −

−
lim
x

m m

m m
m

a mx a m x

a x a x a

0
1

1
2

0 1
1

1( ) ...)

...

   =
→ ∞
lim

!

!x

a m

a m x
0

0

[Differentiating ( )m−1  times]

  log y =
∞

=1
0

∴       y e= =0 1 .

Prob lem 6(i): Evaluate lim
x

x
tan x

x→




0

1/

.
(Garhwal 2001, 03)

So lu tion: Let y
x

xx

x

= 





⋅
→
lim

0

1
tan

/

[ form 1∞]

∴     log log
tan

y
x

x

xx
=

→
lim

0

1

      = + + +





















→

lim
x x

x x x

x0

3 51 3 2 15
log

( / ) ( / ) …
,

       [Writ ing the ex pan sion for tan x ]
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  = + + +










→

lim
x x

x x

0

2 41
1

3

2

15
log …  

  = +
→
lim
x x

z
0

1
1log ( ),  where  z

x x= + +
2 4

3

2

15
…

  = − +










→

lim
x x

z
z

0

21

2
… ,     [Expanding log ( )1 + z  ]

  = + +








 − + +











→
lim
x x

x x x x

0

2 4 2 41

3

2

15

1

2 13

2

15
… … +















2

…

  = + −





+










→

lim
x x

x
x

0

2
41

3

2

15

1

18
… = + +











→

lim
x x

x
x

0

2
41

3

7

90
…  

  = + +





=
→
lim
x

x
x

0

3

3

7

90
0… .

∴   y e= =0 1.

Prob lem 6(ii): Evaluate lim
x

x
tan x

x→ +




0

1 3/

.

So lu tion: Pro ceed ing as in prob lem 6(i), we have

log y
x

x
x

x
= + +











→ +

lim
0 3

2
41

3

7

90
…  = + +



→ +

lim
x x

x
0

1

3

7

90
…

     = + ∞.

∴   y e= = ∞∞ .

Prob lem 7(i): Evaluate lim
x

x
sinh x

x→




0

1 2/

.
(Kumaun 2008)

So lu tion: Let y
x

xx

x

= 



→

lim
sinh

0

1 2/

[ Form 1∞]

∴ log log
sinh

.y
x

x

xx
= 












→

lim
0 2

1

Now     sinh ( )
! !

x e e x
x xx x= − = + + +−1

2 3 5

3 5
…

∴     log log
( ! ) ( !)

y
x

x x x

xx
= + + +










→
lim

0 2

3 51 3 5 …

      = + + +










→

lim
x x

x x

0 2

2 41
1

6 120
log …
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      = +
→
lim
x x

z
0 2

1
1log ( ), Where z

x x= + + +












1
6 120

2 4
…

      = − +










→

lim
x x

z
z

0 2

21

2
…

      = + +








 − + +











→
lim
x x

x x x x

0 2

2 4 2 41

6 120

1

2 6 120
… … +















2

…

      = + −





+










→

lim
x x

x
x

0 2

2
41

6

1

120

1

72
…

    log y
x

x
x

x
= − +











→

lim
0 2

2
41

6

1

180
…  

      = − +





=
→
lim
x

x
0

21

6

1

180

1

6
... .

∴     y e= 1 6/ .

Prob lem 7(ii): Evaluate lim
x

x
sin x

x→






⋅
0

1 2/

(Kumaun 2003)

So lu tion: Let y
sin x

xx

x

= 



→

lim
0

1 2/

 [Form 1∞, since lim
sin

x

x

x→
=

0
1]

∴      log log .y
x

sin x

xx
= 



→

lim
0 2

1

     = − + −









→
lim
x x

x x x

x0 2

3 51 3 5
. log

( ! ) ( !) …

    = − + −










→

lim
x x

x x

0 2

2 41
1

3 5
. log

! !
…

     = − − +




















→

lim
x x

x x

0 2

2 41
1

6 120
log …

   = −
→
lim
x x

z
0 2

1
1log ( ), Where z

x x= − +












2 4

6 120
…

     = − − −










→

lim
x x

z
z

0 2

21

2
…

     = − − +








 − − +








→
lim
x x

x x x x

0 2

2 4 2 41

6 120

1

2 6 120
… … −















2

…
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   = − + −








 +











→

lim
x x

x x x

0 2

2 4 41

6 120 72
…

   = − − +










→

lim
x x

x x

0 2

2 41

6 180
… = − − +













= − ⋅
→
lim
x

x

0

21

6 180

1

6
…

∴ y e= −1 6/ .

Prob lem 8(i): Evaluate lim
x

x
cosh x

x→

−



0 2

1 2
2 1( )

.
/

So lu tion: Let y
x

xx

x

= −





⋅
→
lim

0 2

1 2
2 1(cosh )

/

[Form 1∞]

∴ log log
(cosh )

y
x

x

xx
= −






→

lim
0 2 2

1 2 1

      = + + + −




















→
lim
x x x

x x

0 2 2

2 41 2
1

2 4
1log

! !
…

      = + +




















→
lim
x x x

x x

0 2 2

2 41 2

2 24
log …

     = + +




















→

lim
x x

x

0 2

21
1

12
log …

      = +








 − +









 +











→
lim
x x

x x

0 2

2 2
2

1

12

1

2 12
… … …



      = +










→

lim higher powers of
x x

x
x

0 2

21

12

      = +



→

lim terms containing and its higher powers
x

x
0

1

12  = ⋅1

12

∴      y e= 1 12/ .

Prob lem 8(ii): Evaluate lim
log

x

x
x

x→ ∞








1/

.

So lu tion: Let y
x

xx

x

= 



→ ∞

lim log
log

/1

[Form ∞/∞]

∴ log log
log

y
x

x

xx
= 



→ ∞

lim
1

 = −
→ ∞
lim
x

x x

x

log(log ) log

      = − 



→ ∞ → ∞

lim lim
x x

x

x

x

x

log(log ) log
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       =
⋅

−














→ ∞ → ∞

lim lim
x x

x x x

1 1

1

1

1

log
 = −

→ ∞ → ∞
lim lim
x xx x x

1 1

log

or log .y = 0

∴      y e= =0 1 .

Prob lem 9(i): Evaluate lim
x

xtan x
→ ∞

−−( ) ./1

2
1 1π

So lu tion: Let y x
x

x= −
→ ∞

−lim ( tan ) ./1

2
1 1π [Form 00 ]

∴   log log ( tan )y
x

x
x

= 





−
→ ∞

−lim
1 1

2
1π

      =
−

→ ∞

−

lim
x

x

x

log ( tan )
,

1

2
1π

[Form ∞ ∞/ ]

      =
− − +

→ ∞

−

lim
x

x x{ } { }1
1

2
1 1

1

1 2/ ( tan ) . / ( )π

      = − +

−















→ ∞ −

lim
x

x

x

1 1
1

2

2

1

/ ( )

( tan )
,

π
[Form 0/0]

     = +
− +→ ∞

lim
x

x x

x

{ }1 1 2

1 1

2 2

2

/ ( ) .

/ ( )
, [By L’ Hospital’s rule]

     = −
+











→ ∞
lim
x

x

x

2

1 2
, [Form ∞ ∞/ ]

     = −







=
→ ∞
lim
x x

2

2
0.

∴         y e= =0 1.

Prob lem 9(ii): Evaluate lim
x

log xcosec x
→0

1( ) ./

So lu tion: Let y x
x

x=
→
lim cosec

0

1( ) ./log [Form ∞0 ]

∴    log
log

(log ),y
x

x
x

=
→
lim

0

1
cosec [Form ∞ ∞/ ]

      = −
→
lim

cosec cosec

x

x x x

x0

1

1

( / ) ( cot )

/

     = −







→
lim
x

x

x0 tan
, [Form 0/0]
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   = −







 = −

→
lim
x x0 2

1
1

sec
.

∴ y e e= =− 1 1/ .

Prob lem 10: Eval u ate lim
x

x tan
x

→
− ⋅

1
1

2
( ) .

π

So lu tion: We have lim
x

x
x

→
−

1
1

2
( ) . tan ,

π
[Form 0 × ∞]

= −
→
lim
x

x

x1

1

2cot ( / )
,

π
[Form 0 0/ ]

= −

− ⋅→
lim

cosecx x1 2

1

2 2

π π
 = = ⋅

→
lim
x

x

1

22

2

2

π
π

π
sin

Ex am ple 11: Evaluate 
lim

x
sin x tan x

→ 0
( ) . (Kanpur 2015)

So lu tion: Let y
x

x x=
→
lim

(sin ) .tan

0
 [Form 00 ]

∴      log
lim

(tan ) . (log sin ),y
x

x x=
→ 0

[Form 0 × ∞]

      =
→
lim log sin

cot
,

x

x

x0
[Form ∞ ∞/ ]

      =
→ −

lim ( /sin ) cos
,

x

x x

x0

1
2cosec

[Form ∞ ∞/ ]

      =
→

−






















lim sin

tan
,

x

x

x0

2
[Form 0/0]

     =
→

−











=
lim sin cos

sec
.

x

x x

x0

2
0

2

∴     y e= =0 1.

Multiple Choice Questions

 1. We have lim
x

x

x→

−
0 2

1

3

cos
 Form

0

0






=
→
lim
x

x

x0 6

sin
Form

0

0






= =
→
lim
x

x

0 6

1

6

cos
 .
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 2. We have 1 10 = , which is not an indeterminate form.

 3. We have lim
x

x

x→0

log tan

log
Form

∞
∞







= = 









→ →

lim lim
x x

x x

x

x

x x0

2

0 21

1sec /tan

/ tan cos









= × =1 1 1 .

 4. We have ∞ + ∞ = ∞, ∞ = ∞∞ , 0 0∞ = . These are not indeterminate forms. 

But, 1∞ is an indeterminate form.

 5. lim
x

xa x a

x→

− −









0 2

1 log
Form

0

0






= −
→
lim
x

xa a a

x0 2

log log
Form

0

0






= =
→
lim
x

xa a
a

0

2
2

2

1

2

(log )
(log ) .

 6. See Problem 4(iv) of Comprehensive Problems 1.

 7. See Problem 2(ii) of Comprehensive Problems 2.

 8. See Problem 2(i) of Comprehensive Problems 1.

 9. See article 2.

10. See Example 11.

11. See Example 6.

Fill in the Blanks

 1. We have lim
x

ax

bx→0

sin

sin
 Form

0

0






= = ⋅
→
lim
x

a ax

b bx

a

b0

cos

cos

 2. We have lim
x

kx

x→

+
−0

21

1

log ( )

cos
Form

0

0






= + =
+

⋅





=
→ →
lim lim
x x

kx kx

x

k

kx

x

x
k

0

2

0 2

2 1 2

1
2

( )

sin sin
× =1 2k.

 3. We have lim
x

x x

x→ ∞

+
−

2

2

2

5 3
Form

∞
∞







= +
−→ ∞

lim
x

x

x

2 2

6
Form

∞
∞







=
−

= − ⋅
→ ∞
lim
x

2

6

1

3

 4. We have lim
x x

x
→







⋅
1 2

sec log
π

 [ ]Form ∞ × 0
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= 







→
lim
x

x

x1 2

log

cos( / )π
Form

0

0






=
− ⋅ −

= =
→ →
lim lim cosec
x x

x

x x

x

x1 2 1

1

2 2

2

2

/

[sin( / )] ( / )π π π
π 2

π
 .

 5. We have lim
x

x x

x→

−
0 3

tan
 = −

→
lim
x

x

x0

2

2

1

3

sec
 

= − ⋅
→
lim

sec sec

x

x x x

x0

2

6

tan
 = − ⋅ = − × = − ⋅

→
lim

sec

x

x x

x0

2

3

1

3
1

1

3

tan

 6. We have lim
x

x xa b

x→

−









0
 , Form

0

0






= −
→
lim
x

x xa a b b

0 1

log log
      [By L’Hospital’s rule]

= − =log log log ( / ).a b a b

True or False

 1. If lim
x a

f x

x→ φ
( )

( )
 is of the form 

0

0
, then by L’Hospital’s rule, we have 

lim lim
x a x a

f x

x

f x

x→ →φ
= ′

φ′
⋅( )

( )

( )

( )

Thus, 
f x

x

( )

( )φ
  is not dif fer en ti ated as a frac tion. 

The nu mer a tor f x( ) and the de nom i na tor φ( )x  are dif fer en ti ated sep a rately.

 2. We have lim
x a

f x

x→ φ
( )

( )
Form

∞
∞







= φ
→
lim
x a

x

f x

1

1

/ ( )

/ ( )
, which is of the form 

0

0
⋅

Sim i larly, lim
x a

f x

x→ φ
( )

( )
 Form

0

0






= φ
→
lim
x a

x

f x

1

1

/ ( )

/ ( )
, which is of the form 

∞
∞

⋅

 3. We have lim
x a

f x

x→ φ
( )

( )
Form

∞
∞







= ′
φ′→

lim
x a

f x

x

( )

( )
 . 

 4. We have lim
x

xx e
→

+ =
0

11( ) / .

So, lim
x

xx e
ex

x→

+ − +

0

1

2

1
2

( ) /

  is of the form 
0

0
⋅

❍❍❍
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Prob lem 1: Find 
∂
∂
u

x
 and 

∂
∂
u

y
 when u

x

a

y

b
= + −

2

2

2

2
1.

So lu tion: We have  u
x

a

y

b
= + −

2

2

2

2
1     ...(1)

∴ ∂
∂
u

x

x

a
= 2

2
 and 

∂
∂
u

y

y

b
= 2

2

Prob lem 2: Prove that 
∂

∂ ∂
∂

∂ ∂

2 2u

x y

u

y x
=  in each of the fol low ing cases :

(i) u x x y y= + +4 2 2 4 . (ii) u y x= log tan ( / ).

(iii) u
x y

x y
= +

+












log

2 2
. (iv) u x y= .

So lu tion: (i) We have u x x y y= + +4 2 2 4     ...(1)

Differentiating u partially w. r. to x taking y as constant, we have

∴ ∂
∂
u

x
x xy= +4 23 2

Now
∂

∂ ∂
∂

∂
∂
∂

∂
∂

2
3 24 2

u

y x y

u

x y
x xy= 





= +{ } = 4xy

Again differentiating u partially w. r. to y taking x as constant, we have

 
∂
∂
u

y
x y y= +2 42 3

Now
∂

∂ ∂
∂
∂

∂
∂

∂
∂

2
2 32 4

u

x y x

u

y x
x y y= 






 = +{ } = 4xy

Hence
∂

∂ ∂
∂

∂ ∂

2 2u

x y

u

y x
=

(ii) Given u
y

x
= 





log tan                 ...(1)

∴ ∂
∂
u

x y x

y

x

y

x
= −





1 2
2tan( / )

. sec .
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      = − = −y

x
y

x

y

x

y

x
y

x
2 2

2
2

sin . cos . sin
 = − 2 2

2

y

x

y

x
cosec

Hence
∂

∂ ∂
∂
∂

∂
∂

∂
∂

2

2

2 2u

y x y

u

x x y
y

y

x
= 





= − 





cosec

    = − −





2 2 2
2x

y

x
y

y

x

y

x x
cosec 

2
cosec

2
. cot .

Again
∂
∂
u

y y

x

y

x x
= 1 12

tan
. sec .

     = = =2

2

2
2

2 2

x
y

x

y

x
x

y

x
x

y

xsin cos sin
cosec

∴ ∂
∂ ∂

∂
∂

∂
∂

∂
∂

2 2 1 2u

x y x

u

y x x

y

x
= 






 = 





cosec

    = − − −













2

1 1 2 2
2 2x

y

x x

y

x

y

x

y

x
cosec

2
cosec

2
. cot

    = − −





2 2
2x

y

x
y

y

x

y

x x
cosec

2
cosec

2
cot

2
.

Here, we note that 
∂

∂ ∂
∂

∂ ∂

2 2u

x y

u

y x
=

(iii) Given u
x y

x y
= +

+









log

2 2
...(1)

u x y x y= + − +log ( ) log ( )2 2

∴ ∂
∂
u

x x y
x

x y
=

+
−

+
1

2
1

2 2
( )

Hence
∂

∂ ∂
∂
∂

∂
∂

∂
∂

2

2 2

2 1u

y x y

u

x y

x

x y x y
= 





=
+

−
+













    = −
+

+
+

2 2 1
2 2 2 2

x y

x y x y

.

( ) ( )

Again
∂
∂
u

y

y

x y x y
=

+
−

+
2 1

2 2

∴ ∂
∂ ∂

∂
∂

∂
∂

∂
∂

2

2 2

2 1u

x y x

u

y x

y

x y x y
= − 






 =

+
−

+












 = −

+
+

+
2 2 1

2 2 2 2

y x

x y x y

.

( ) ( )

Here, we note that 
∂

∂ ∂
∂

∂ ∂

2 2u

x y

u

y x
=
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(iv) Given u x y=  ...(1)

∴ ∂
∂
u

x
y x y= − 1

Hence
∂

∂ ∂
∂
∂

∂
∂

∂
∂

2
1u

y x y

u

x y
y x y= 





= −( )

= +− −y x x xy y1 1log

Again
∂
∂
u

y
x xy= log

∴ ∂
∂ ∂

∂
∂

∂
∂

∂
∂

2u

x y x

u

y x
x xy= 






 = ( log )  = + −x

x
x y xy y1 1log .

    = +− −x y x xy y1 1 log

Here, we note that 
∂

∂ ∂
∂

∂ ∂

2 2u

x y

u

y x
= .

Prob lem 3: If u sin
x

y
tan

y

x
= +− −1 1 , show that  x

u

x
y

u

y

∂
∂

+ ∂
∂

= 0.
(Kumaun 2012)

So lu tion: Here
∂
∂

=
√ −

⋅ +
+

⋅ −





u

x x y y y x

y

x

1

1

1 1

12 2 2{ }( / ) ( / )
,

[Treating y as constant]

  =
√ −

−
+

⋅1
2 2 2 2( ) ( )y x

y

x y

∴ x
u

x

x

y x

x y

x y

∂
∂

=
√ −

−
+

⋅
( )2 2 2 2

...(1)

Again
∂
∂

=
√ −

−








 +

+
⋅u

y x y

x

y y x x

1

1

1

1

1
2 2 2{ }( / ) ( / )

,

[Treating x as constant]

  = −
√ −

+
+

⋅x

y y x

x

x y( )2 2 2 2

∴ y
u

y

x

y x

x y

x y

∂
∂

= −
√ −

+
+

⋅
( )2 2 2 2

...(2)

Adding (1) and (2), we have x u x y u y( / ) ( / ) .∂ ∂ + ∂ ∂ = 0

Prob lem 4: If u xy f
y

x
= 





, then write the value of the ex pres sion x
u

x
y

u

y

∂
∂

∂
∂

+ .

(Meerut 2001; Kanpur 07)

So lu tion: Given u xy f
y

x
= 





...(1)

∴ ∂
∂
u

x
y x f

y

x

y

x
f

y

x
= ′





−





+ 













.

2
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So, x
u

x
y f

y

x
xy f

y

x

∂
∂

= − ′





+ 





2 ...(2)

And
∂
∂
u

y
x y f

y

x x
f

y

x
= ′





+ 











.
1

∴ y
u

y
y f

y

x
xy f

y

x

∂
∂

= ′





+ 





2 ...(3)

On adding equations (2) and (3), we get

x
u

x
y

u

y
xy f

y

x
u

∂
∂

∂
∂

+ = 





=2 2  .

Prob lem 5: If z f x ay x ay= + + φ −( ) ( ), prove that  ∂ ∂ = ∂ ∂2 2 2 2 2z y a z x/ ( / ) .

(Bundelkhand 2001; Kanpur 05; Meerut 13B)

So lu tion: We have z f x ay x ay= + + φ −( ) ( ) .

∴ ∂ ∂ = ′ + + φ′ −z x f x ay x ay/ ( ) ( ), [Diff. partially w.r.t. ‘x’]

and ∂ ∂ = ′ ′ − + φ′ ′ −2 2z x f x ay x ay/ ( ) ( ) . ...(1)

Again, ∂ ∂ = ′ + − φ′ −z y a f x ay a x ay/ ( ) ( ) .

∴ ∂ ∂ = ′ ′ + + φ′ ′ −2 2 2 2z y a f x ay a x ay/ ( ) ( ) . ...(2)

From (1) and (2), we get 

∂ ∂ = ∂ ∂2 2 2 2 2z y a z x/ ( / ) .

Prob lem 6: If u f r= ( ) where r x y2 2 2= + , show that

∂
∂

+ ∂
∂

= ′ ′ + ′
2

2

2

2

1u

x

u

y
f r

r
f r( ) ( ).

(Meerut 2001; Agra 01; Avadh 04)

So lu tion: Dif fer en ti at ing r x y2 2 2= +  par tially w.r.t. x and y, we get

2 2 2 2r
r

x
x

r

x

x

r
r

r

y
y

r

y

y

r

∂
∂

= ∂
∂

= ∂
∂

= ∂
∂

= ⋅or or;     ...(1)

Now, u f r= ( ). There fore

∂
∂

= ′ ∂
∂

= ′u

x
f r

r

x

x

r
f r{ }( ) ( ), [ From (1)]

and
∂
∂

= ∂
∂

∂
∂







= ∂
∂

⋅ ⋅ ′





2

2

1u

x x

u

x x
x

r
f r( )

= ⋅ ⋅ ′ + ′ − ∂
∂







+ ′ ′ ∂
∂

1
1 1

2r
f r xf r

r

r

x

x

r
f r

r

x
( ) ( ) ( ){ {

= ′ − ⋅ ′ + ′ ′1
2

2

2r
f r

x

r

x

r
f r

x

r
f r( ) ( ) ( ),

[∵ From (1), ∂ ∂ =x r x r/ / ]

= ′ − ′ + ′ ′( / ) ( ) ( / ) ( ) ( / ) ( ).1 2 3 2 2r f r x r f r x r f r     ...(2)

Similarly, by symmetry, we have

∂
∂

= ′ − ′ + ′ ′
2

2

2

3

2

2

1u

y r
f r

y

r
f r

y

r
f r( ) ( ) ( ). ...(3)
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Adding (2) and (3), we get

∂
∂

+ ∂
∂

= ′ − + ′ + + ′ ′
2

2

2

2

2 2

3

2 2

2

2u

x

u

y r
f r

x y

r
f r

x y

r
f r( ) ( ) ( )

      = ′ − ′ + ′ ′( / ) ( ) ( / ) ( ) ( / ) ( ),2 2 3 2 2r f r r r f r r r f r

[∵  r x y2 2 2= + ]

      = ′ − ′ + ′ ′( / ) ( ) ( / ) ( ) ( )2 1r f r r f r f r

      = ′ ′ + ′f r r f r( ) ( / ) ( ).1

Prob lem 7: If z x tan
y

x
y tan

x

y
= −− −2 1 2 1 ,  prove that 

∂
∂ ∂

= −
+

⋅
2 2 2

2 2

z

x y

x y

x y

So lu tion: We have

∂
∂

=
+

⋅ − −
+

⋅ −



−z

y
x

y x x
y

x

y
y

x y

x

y

2
2

1 2
2 2

1

1

1
2

1

1
.

( / )
tan

( / )







   =
+

− +
+

−x

x y
y

x

y

x y

x y

3

2 2
1

2

2 2
2 tan

   = +
+

− = − ⋅− −x x y

x y
y

x

y
x y

x

y

( )
tan tan

2 2

2 2
1 12 2

Now,
∂

∂ ∂
= ∂

∂
∂
∂







 = −

+
⋅ = −

+

2

2

2

2 2
1 2

1

1

1
1

2z

x y x

z

y
y

x y y

y

x y( / )

     = + −
+

= −
+

⋅x y y

x y

x y

x y

2 2 2

2 2

2 2

2 2

2

Prob lem 8: (i) If u ax by x y= + − +2 2 2 2( ) ( ) and a b2 2 1+ =  , prove that 
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ = .

(ii) If u e x y y yx= −( cos sin ) , then show that 
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ = .

(Garhwal 2003)

So lu tion: (i)Given u ax by x y= + − +2 2 2 2( ) ( )                ...(1)

∴ ∂
∂
u

x
ax by a x= + −4 2( )  and 

∂
∂

2

2
24 2

u

x
a= −

Again from (1)   
∂
∂
u

y
ax by b y= + −4 2( )  and 

∂
∂

2

2
24 2

u

y
b= −

Thus
∂
∂

∂
∂

2

2

2

2
2 24 2 4 2

u

x

u

y
a b+ = − + −( ) ( )

   = + −4 42 2( )a b

   = −4 4

  =0 [ ]∵ a b2 2 1+ =
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(ii) Given u e x y y yx= −( cos sin )

∴ ∂
∂
u

x
e x y y y e yx x= − +( cos sin ) cos

∂
∂

2

2
2

u

x
e x y y y e yx x= − +( cos sin ) cos

Again
∂
∂
u

y
e x y y y yx= − − −( sin sin sin )

∴ ∂
∂

2

2

u

y
e x y y y y yx= − − − +( cos cos cos sin )

    = − − −e x y y y e yx x( cos sin ) cos .2

Thus,
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ = .

Prob lem 9: If z x y x y= + +( ) / ( )2 2  , show that

∂
∂

− ∂
∂







 = − ∂

∂
− ∂

∂






 ⋅z

x

z

y

z

x

z

y

2

4 1

(Kumaun 2000; Bundelkhand 11; Kanpur 11; Kashi 12, 13; Avadh 14)

So lu tion: We have z x y x y= + +( ) / ( ).2 2

∴ ∂
∂

= + − +
+

= − +
+

z

x

x y x x y

x y

x y xy

x y

( ) . ( ) .

( ) ( )
,

2 1 22 2

2

2 2

2

and
∂
∂

= + − +
+

= − +
+

⋅z

y

x y y x y

x y

y x xy

x y

( ) ( ) .

( ) ( )

2 1 22 2

2

2 2

2

∴ ∂
∂

− ∂
∂







 = − + − − +

+







z

x

z

y

x y xy y x xy

x y

2 2 2 2 2

2

2 2( ) ( )

( )







2

    = −
+













= −
+









 ⋅2

4
2 2

2

2 2
( )

( )

x y

x y

x y

x y

Also 1 1
2 22 2

2

2 2

2
− ∂

∂
− ∂

∂
= − − +

+
− − +

+
z

x

z

y

x y xy

x y

y x xy

x y( ) ( )

        = + + − + − − + −
+

( )

( )

x y xy x y xy y x xy

x y

2 2 2 2 2 2

2

2 2 2

        = − +
+

= −
+







 ⋅x xy y

x y

x y

x y

2 2

2

2
2

( )

Hence    
∂
∂

− ∂
∂







 = − ∂

∂
− ∂

∂






 ⋅z

x

z

y

z

x

z

y

2

4 1
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Prob lem 10: If u e x y z= , show that ∂ ∂ ∂ ∂ = + +3 2 2 21 3u x y z xyz x y z e x y z/ ( ) .

(Kumaun 2001; Kashi 12; Kanpur 11; Rohilkhand 13)

So lu tion: Here u e x y z= .

∴ ∂ ∂ =u z x y e x y z/ .

Now,
∂
∂ ∂

= ∂
∂

∂
∂







= ∂
∂

= ∂
∂

2 u

y z y

u

z y
x y e x

y
y ex y z x y z( ) ( )

     = + = +x y xz e e e x yz xx y z x y z x y z[ . ] ( ).2

Again
∂

∂ ∂ ∂
= ∂

∂
∂
∂ ∂









 = ∂

∂
+

3 2
2u

x y z x

u

y z x
e x yz xx y z[ ( )]

        = + + +e x z y yz e x yz xx y z x y z( ) ( )2 1 2

        = + + +e xyz x y z xyzx y z [ ]2 1 2 2 2

        = + +e xyz x y zx y z [ ].1 3 2 2 2

Prob lem 11: If x y z cx y z = , show that at x y z= = , ∂ ∂ ∂ = − −2 1z x y x log ex/ ( ) .{ }

(Garhwal 2009; Rohilkhand 13; Bundelkhand 14; Purvanchal 14)

So lu tion: We have x y z cx y z. . = . From this equa tion we ob serve that we can re gard 

z as a func tion of two in de pend ent vari ables x and y.

Taking logarithms of both sides of the given equation, we get

x x y y z z clog log log log .+ + = ...(1)

Now differentiating (1) partially w.r.t. x taking y as constant, we have

x
x

x z
z

z
z

x
⋅ + + ⋅ +





∂
∂

=1
1

1
1 0. log . log .

[Note that z is not a con stant but
 is a func tion of x and y]

∴ ∂
∂

= − +
+

⋅z

x

x

z

( log )

( log )

1

1
...(2)

Similarly differentiating (1) partially w.r.t. y, we have

∂
∂

= − +
+

⋅z

y

y

z

( log )

( log )

1

1
...(3)

Now,
∂
∂ ∂

= ∂
∂

∂
∂







 = ∂

∂
−

+

+


















2 1

1

z

x y x

z

y x

y

z

log

log
[From (3)]

    = − + ⋅ ∂
∂

+ −( log ) [( log ) ]1 1 1y
x

z

    = − + ⋅ − + ⋅ ⋅ ∂
∂







−( log ) ( log )1 1
12y z
z

z

x

    =
+

+
⋅ − +

+
















 ⋅

( log )

( log )

log

log

1

1

1

12

y

z z

x

z
[From (2)]
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Hence, when x y z= = , we have

∂
∂ ∂

= − +
+

2 2

3

1

1

z

x y

x

x x

( log )

( log )

[Putt ing  y z x= =  in the value of ( / )∂ ∂ ∂2z x y ]

    = −
+

= −
+

1

1

1

x x x e x( log ) (log log )
[∵ log e = 1]

    = − = − −1 1

x e x
x e x

log ( )
log ( ) .{ }

Prob lem 12: Show that 
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ =  when

  (i) u e mxmy= cos . (Agra 2014)

 (ii) u x y= +log ( )2 2
(Agra 2014)

(iii) u y x= −tan 1 ( / )

So lu tion : (i) Given u e mxmy= cos  …(1)

∴ ∂
∂
u

x
e mx mmy= −( sin ) .

and
∂
∂

2

2
2u

x
m emy= −  cos mx m u= − 2 [Using (1)]

Again
∂
∂
u

y
me mxmy= cos

and
∂
∂

2u

y
m e mx m umy

2
2 2= =cos [Using (1)]

Thus,
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ =

(ii) Given u x y= +log ( )2 2

∴ ∂
∂
u

x

x

x y
=

+
2

2 2

and
∂
∂

2

2

2 2

2 2 2

2 2 2

2 2 2

2 2 2 2 2 4u

x

x y x x

x y

x y x

x y
= + −

+
= + −

+
( ). .

( ) ( )
= −

+
2 22 2

2 2 2

y x

x y( )

Again
∂
∂
u

y

y

x y
=

+
2

2 2

and
∂
∂

2

2

2 2

2 2 2

2 2 2

2 2 2

2 2 2 2 2 4u

y

x y y y

x y

x y y

x y
= + −

+
= + −

+
( ) .

( ) ( )
= −

+
2 22 2

2 2 2

x y

x y( )

Thus
∂
∂

∂
∂

2

2

2

2

2 2 2 2

2 2 2

2 2 2 2
0

u

x

u

y

y x x y

x y
+ = − + −

+
=

( )
.

(iii) Proceed as in Example 4.

D-151



Prob lem 13: If V x y z= + + −( ) /2 2 2 1 2, show that

(i)  x
V

x
y

V

y
z

V

z
V

∂
∂

∂
∂

∂
∂

+ + = − (ii)  
∂
∂

∂
∂

∂
∂

2

2

2

2

2

2
0

V

x

V

y

V

z
+ + = .

(Kumaun 2008)

So lu tion: (i) Given V x y z= + + −( ) /2 2 2 1 2 

∴ ∂
∂
V

x
x y z x= − + + −1

2
22 2 2 3 2( ) . ( )/ = − + + −x x y z( ) /2 2 2 3 2

∂
∂

2V

x
x x y z x

2
2 2 2 5 23

2
2= + + −. ( ) . ( )/ − + + −1 2 2 2 3 2( ) /x y z

= + + − + +−( ) [ ( )]/x y z x x y z2 2 2 5 2 2 2 2 23 = − −V x y z5 2 2 22( ).

Similarly, by symmetry

∂
∂
V

y
y x y z= − + + −( ) ,/2 2 2 3 2 ∂

∂

2

2
5 2 2 22

V

y
V y x z= − −( ).

∂
∂
V

z
z x y z= − + + −( ) ,/2 2 2 3 2 ∂

∂

2

2
5 2 2 22

V

z
V z x y= − −( ).

∴ x
V

x
y

V

y
z

V

z

∂
∂

∂
∂

∂
∂

+ +

= − + + −x x y z2 2 2 2 3 2( ) / − + + −y x y z2 2 2 2 3 2( ) / − + + −z x y z2 2 2 2 3 2( ) /

= − + + −( ) /x y z2 2 2 3 2 ( )x y z2 2 2+ + = − + + −( ) /x y z2 2 2 1 2 = − V .

Also
∂
∂

∂
∂

∂
∂

2V

x

V

y

V

z2

2

2

2

2
+ +

= − − + − − + − − = =V x y z y x z z x y V5 2 2 2 2 2 2 2 2 2 52 2 2 0 0( ) . .

Prob lem 14: If u tan
xy

x y
=

√ + +
− 1

2 21( )
, show that

∂
∂ ∂

=
+ +

⋅
2

2 2 3 2

1

1

u

x y x y( ) /

So lu tion: We have

∂
∂

=
+

+ +

⋅u

x x y

x y

1

1
1

2 2

2 2

y
x y x x y x

x y
⋅

⋅ √ + + − ⋅ + + −

+ +

−1 1
1

2
1 2

1

2 2 2 2 1 2

2 2

( ) ( ) ( )/

  = + +
+ + +

⋅ ⋅ + + −
+ + + +

1

1

1

1 1

2 2

2 2 2 2

2 2 2

2 2 2

x y

x y x y
y

x y x

x y x

( )

( ) ( y 2 1 2) /

  =
+

+ + + +

y y

x y x y

( )

( ) ( ) ( ) /

1

1 1 1

2

2 2 2 2 1 2
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     =
+ + +

⋅1

1 12 2 2 1 2x

y

x y
.
( ) /

∴ ∂
∂ ∂

= ∂
∂

∂
∂







2 u

x y y

u

x

=
+

⋅
+ + − ⋅ + +

+ +

−
1

1

1 1
1

2
1 2

12

2 2 1 2 2 2 1 2

2 2x

x y y x y y

x y

. ( ) ( ) ./ /

=
+

⋅ + + −
+ + + +

1

1

1

1 12

2 2 2

2 2 2 2 1 2x

x y y

x y x y( ) ( ) /

=
+

⋅ +
+ +

1

1

1

12

2

2 2 3 2x

x

x y( ) /
  =

+ +
⋅1

1 2 2 3 2( ) /x y

Prob lem 15: If 
x

a u

y

b u

z

c u

2

2

2

2

2

2
1

+
+

+
+

+
= , prove that

∂
∂







+ ∂
∂







 + ∂

∂






= ∂
∂

+ ∂
∂

+u

x

u

y

u

z
x

u

x
y

u

y
z

2 2 2

2
∂
∂







 ⋅u

z

(Garhwal 2004; Rohilkhand 11B, 12B)

So lu tion: From the given equa tion we ob serve that u is a func tion of three in de pend ent
vari ables x, y and z. Dif fer en ti at ing the given equa tion par tially w.r.t. ‘x’, we get

2
2

2

2 2

2

2 2

2

2 2

x

a u

x

a u

y

b u

z

c u

u

x+
−

+
+

+
+

+












∂
∂( ) ( ) ( )

= 0.

∴ ∂
∂

= +
+

⋅u

x

x a u

x a u

2 2

2 2 2

/( )

/( )Σ { }

Similarly, by symmetry, we can write the values of ∂ ∂u y/  and ∂ ∂u z/ .

Now,
∂
∂







= +
+

⋅u

x

x a u

x a u

2 2 2 2

2 2 2 2

4 /( )

[ /( ) ]Σ { }

∴ Σ Σ
Σ

( / )
/( )

[ /( ) ]
∂ ∂ = +

+
u x

x a u

x a u

2
2 2 2

2 2 2 2

4 { }

{ }
=

+
4

2 2 2Σ { }x a u/( )
...(1)

Again 2
4 2 2

2 2 2
x

u

x

x a u

x a u

∂
∂

= +
+

⋅/( )

/( )Σ { }

∴ 2
4 42 2

2 2 2 2 2
Σ Σ

Σ Σ
x u x

x a u

x a u x a u
( / )

/( )

/( ) /( )
∂ ∂ = +

+
=

+
{ }

{ } { 2}
⋅ ...(2)

[∵  Σ { }x a u2 2 1/( )+ = , from the given re la tion]

Now from (1) and (2), we have

Σ Σ( / ) ( / ) .∂ ∂ = ∂ ∂u x x u x2 2 { }
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Prob lem 16: If x r cos= θ, y r sin= θ , prove that

(i) 
∂
∂







+ ∂
∂







 =r

x

r

y

2 2

1.

(ii) 
∂
∂

+ ∂
∂

= ∂
∂







+ ∂
∂























2

2

2

2

2 2
1r

x

r

y r

r

x

r

y
.

(Lucknow 2007, 11; Garhwal 11)

So lu tion: (i) We have x r y r= =cos , sin .θ θ

Therefore r x y2 2 2= + . ...(1)

Now 2 2r r x x( / ) ;∂ ∂ = [Diff. (1) partially  w.r.t. ‘x’]

∴ ∂ ∂ =r x x r/ / . ...(2)

Again differentiating (1) partially w.r.t. ‘ y’, we get

2 2r
r

y
y

∂
∂

= ;   ∴ ∂
∂

= ⋅r

y

y

r
...(3)

From (2) and (3), on squaring and adding, we get

∂
∂







+ ∂
∂







 = + = + = =r

x

r

y

x

r

y

r

x y

r

r

r

2 2 2

2

2

2

2 2

2

2

2
1.

(ii) Differentiating (2) partially w.r.t. x, we get

∂
∂

= − ∂ ∂ = −2

2 2 2

1r

x

r x r x

r

r x x r

r

. . / . /
, [Using (2)]

    = − = + − = ⋅r x

r

x y x

r

y

r

2 2

3

2 2 2

3

2

3

( )
...(4)

Differentiating (3) partially w.r.t. y, we get

∂
∂

= − ∂ ∂ = −2

2 2 2

1r

y

r y r y

r

r y y r

r

. . / . /
,     ∵ From (4),

∂
∂

=









r

y

y

r

  = − = + − = ⋅r y

r

x y y

r

x

r

2 2

3

2 2 2

3

2

3

( )
...(5)

Adding (4) and (5), we get

∂
∂

+ ∂
∂

= + = + = ⋅
2

2

2

2

2

3

2

3

2 2

3

1r

x

r

y

y

r

x

r

x y

r r

Also
1 1

2 2 2

2

2

2r

r

x

r

y r

x

r

y

r

∂
∂







+ ∂
∂























= +












 = + = = ⋅x y

r

r

r r

2 2

3

2

3

1

∴ ∂
∂

+ ∂
∂

= ∂
∂







+ ∂
∂























⋅
2

2

2

2

2 2
1r

x

r

y r

r

x

r

y
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Prob lem 17: (i) If u x y y z z x= + +2 2 2 , show that 
∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
x y z+ + = + +( )2.

(ii) If u x y z

x y z

=
1 1 1

2 2 2
 , show that 

∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
+ + = 0

(Rohilkhand 2013B)

So lu tion: (i) Given  u x y y z z x= + +2 2 2  ...(1)

∴ ∂
∂
u

x
xy z= +2 2   

and
∂
∂
u

y
x yz= +2 2 ,

and
∂
∂
u

z
y zx= +2 2

∴ ∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
xy z x yz y zx+ + = + + + + +2 2 22 2 2

     = + + + + +x y z xy yz zx2 2 2 2 2 2  = + +( ) .x y z 2

(ii) We have u x y z

x y z

x y x z x

x y x z x

= = − −
− −

1 1 1 1 0 0

2 2 2 2 2 2 2 2
  
by C C C

C C C
2 2 1

3 3 1

→ −
→ −

;

  = − −
+ +

( ) ( )y x z x x

x y x z x

1 0 0

1 1
2

  = − − + − +( ) ( ) [( ) ( )]y x z x z x y x  

  = − − −( ) ( ) ( )y x z x z y

or u yz xz x z y z xy x y= − + − + −2 2 2 2 2 2

∴ ∂
∂
u

x
z xz y xy= − + + −2 22 2

∂
∂

u

y
z yz xy x= − − + −2 22 2

∂
∂
u

z
yz yz x y= − + −2 2 2 2

Now,
∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
z xz y xy z yz xy+ + = − + + − + − +2 2 22 2 2 2

 − + − + −x yz xz x y2 2 22 2

or
∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
+ + = 0.
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Prob lem 1: State Eu ler’s the o rem on ho mo ge neous func tions. (Bundelkhand 2001)

So lu tion: If u is a ho mo ge neous func tion of x and y of de gree n , then

x
u

x
y

u

y
nu

∂
∂

+ ∂
∂

= .

Prob lem 2: Ver ify Eu ler’s the o rem in the fol low ing cases :

(i) u ax hxy by= + +2 22 ( )ii   u
x x y

x y
= −

+
( )

,
3 3

3 3

( )iii u axy byz czx= + + , (iv)  u x y xn= sin ( / )

( )v u x log y xn= ( / ), ( )vi  u x y= √ +1 2 2/ ( ).

So lu tion: (i) Given u ax hxy by= + +2 22  ...(1)

Here u is a homogeneous function of x and y of degree 2.

Then by Euler’s theorem

x
u

x
y

u

y
u

∂
∂

∂
∂

+ = 2  ...(2)

Now
∂
∂
u

x
ax hy= +2 2 ,

∂
∂
u

y
hx by= +2 2

∴ x
u

x
y

u

y
ax hxy hxy by

∂
∂

∂
∂

+ = + + +2 2 2 22 2 

    = + +2 22 2( )ax hxy by  = 2u

This verifies Euler’s theorem.

(ii) We have u
x x y

x y
= −

+
( )3 3

3 3
 which is obviously a homogeneous function of x and y  of

degree 4 3−  i e. ., 1. Note that each term in the numerator is of degree 4 while each term in
the denominator is of degree 3.

In order to verify Euler’s theorem we are to show that x
u

x
y

u

y
u u

∂
∂

∂
∂

+ = ⋅ =1

Now, log log log( ) log( )u x x y x y= + − − +3 3 3 3 …(1)

Differentiating (1) partially w.r.t. x and y respectively, we get

1 1 3 33

3 3

2

3 3u

u

x x

x

x y

x

x y

∂
∂

= +
−

−
+

…(2)

and
1

0
3 32

3 3

2

3 3u

u

y

y

x y

y

x y

∂
∂

= −
−

−
+

…(3)
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Multiplying (2) by x and (3) by y and adding, we get

1
1

3 33 3

3 3

3 3

3 3u
x

u

x
y

u

y

x y

x y

x y

x y

∂
∂

∂
∂

+





 = + −

−
− +

+
=( ) ( )

1 3 3 1+ − =

∴ x
u

x
y

u

y
u

∂
∂

∂
∂

+ =

This verifies Euler’s theorem.

(iii) Given u axy byz czx= + + ...(1)

Here u is a ho mo ge neous func tion of x y,  and z of de gree 2.

Then by Euler’s theorem

x
u

x
y

u

y
z

u

z
u

∂
∂

∂
∂

∂
∂

+ + = 2 ...(2)

Now,
∂
∂

∂
∂

u

x
ay cz

u

y
ax bz= + = +, , 

∂
∂
u

z
by cx= +

∴ x
u

x
y

u

y
z

u

z

∂
∂

∂
∂

∂
∂

+ + = + + + + +x ay cz y ax bz z by cx( ) ( ) ( )

  = + +2 ( )axy byz czx = 2u.

This verifies Euler’s theorem.

(iv) Given u x
y

x
n= 





sin  ...(1)

Here u is a homogeneous function of x and y of degree n.

Then by Euler’s theorem

x
u

x
y

u

y
nu

∂
∂

∂
∂

+ = ...(2)

Now,
∂
∂
u

x
x

y

x

y

x
n x

y

x
n n= 





−





+ 





−cos sin
2

1

and
∂
∂
u

y
x

y

x x
n= 





cos .
1

∴ x
u

x
y

u

y
n xn∂

∂
∂
∂

+ = sin
y

x





 = nu

This verifies Euler’s theorem.

(v) Here u is a ho mo ge neous func tion of x yand  of de gree n. So by Eu ler’s the o rem

we must have 

x u x y u y nu( / ) ( / ) .∂ ∂ + ∂ ∂ =
Now do the verification yourself.

(vi) Here u
x y x y x

x
y x

=
√ +

=
√ +

= ⋅
√ +

−1 1

1

1

12 2 2
1

2( ) [ ( / ) ] [ ( / ) ]

is a homogeneous function of x yand  of degree − 1. Now proceed yourself.
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Prob lem 3(i): If u tan
x y

x y
= +

−











− 1
3 3

, show that x
u

x
y

u

y
u

∂
∂

+ ∂
∂

= sin 2 .

(Rohilkhand 2012B; Kumaun 15)

So lu tion: We have tan ( ) /( ) ,u x y x y v= + − =3 3 say. Then v is a ho mo ge neous

func tion of x yand  of de gree 3 1 2− i e. ., . There fore by Eu ler’s the o rem, we have

x v x y v y v( / ) ( / ) .∂ ∂ + ∂ ∂ = 2 ...(1)

Now, v u= tan .

∴ ∂
∂

= ∂
∂

v

x
u

u

x
sec2

and
∂
∂

= ∂
∂

⋅v

y
u

u

y
sec2

Putting these values in (1), we get

x u
u

x
y u

u

y
vsec sec2 2 2

∂
∂

+ ∂
∂

=

or x
u

x
y

u

y

v

u

u

u
u u u

∂
∂

+ ∂
∂

= = = =2 2
2 2

2 2sec

tan

sec
sin cos sin .

Prob lem 3(ii): If u
x y

x y
= √ − √

√ + √






−

sin
1 ,  show that  

∂
∂

= − ∂
∂

⋅u

x

y

x

u

y

(Garhwal 2002; Gorakhpur 05)

So lu tion: We have sin ( ) / ( ) ,u x y x y v= √ − √ √ + √ =  say. Then v is a ho mo ge neous

func tion of x yand  of de gree 
1

2

1

2
0− i e. ., .

Therefore by Euler’s theorem, we have

x
v

x
y

v

y
v

∂
∂

+ ∂
∂

= =0 0. . ...(1)

Now, v u= sin .

∴ ∂
∂

= ∂
∂

∂
∂

= ∂
∂

⋅v

x
u

u

x

v

y
u

u

y
cos , cos

Putting these values in (1), we get

x u
u

x
y u

u

y
cos cos

∂
∂

+ ∂
∂

= 0

or cos u x
u

x
y

u

y

∂
∂

+ ∂
∂







 = 0

or x
u

x
y

u

y
u

∂
∂

+ ∂
∂

= ≠0 0, cos .since

Hence,
∂
∂

= − ∂
∂

⋅u

x

y

x

u

y
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Prob lem 4(i): If u sin
x y

x y
= +

√ + √






− 1 , show that x

u

x
y

u

y
tan u

∂
∂

+ ∂
∂

= 1

2
.

(ii) If u
x y

x y
= +

√ + √






−cos 1  , show that x

u

x
y

u

y
u

∂
∂

+ ∂
∂

+ =1

2
0cot  .

(Rohilkhand 2013B)

(iii) If u sin
x y

x y
= +

+











− 1
1 2 1 2

1 3 1 3

/ /

/ /
, show that x

u

x
y

u

y
tan u

∂
∂

+ ∂
∂

= 1

12
.

(Garhwal 2014)

(iv) If u
x y

x y
= +

+
−cot ,

/ /
1

1 2 1 2
 show that x

u

x
y

u

y
u

∂
∂

+ ∂
∂

= − 1

4
2sin .

(Kumaun 2015)

So lu tion: (i) We have  sin ( ) /( ) ,u x y x y v= + √ + √ =  say.

Then v is a homogeneous function of x and y of degree ( )1
1

2
−  i e. . 

1

2
⋅ Applying Euler’s

theorem for v, we have

x v x y v y v( / ) ( / )∂ ∂ + ∂ ∂ = 1

2

or x
x

u y
y

u u
∂
∂

+ ∂
∂

=(sin ) (sin ) sin
1

2
   [∵ v u= sin ]

or x u u x y u u y ucos ( / ) cos ( / ) sin∂ ∂ + ∂ ∂ = 1

2

or x u x y u y u( / ) ( / ) tan .∂ ∂ + ∂ ∂ = 1

2

(ii) Proceed exactly as in part (i).

(iii) Proceed exactly as in part (i).

(iv) Proceed exactly as in part (i).

Prob lem 5(i): If u
x y

x y
= +

+
log

3 3
, show that x

u

x
y

u

y

∂
∂

+ ∂
∂

= 2.

So lu tion: We have e
x y

x y
vu = +

+
=

3 3
, say.

Obviously v x y x y= + +( ) /( )3 3  is a homogeneous function of x yand  of degree 

3 1 2− i e. ., . Therefore by Euler’s theorem, we have

x
v

x
y

v

y
v v

∂
∂

+ ∂
∂

= =2 2.     ...(1)

Now, v e u= .  

∴ ∂
∂

= ∂
∂

v

x
e

u

x
u  and 

∂
∂

= ∂
∂

⋅v

y
e

u

y
u
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Putt ing these val ues in (i), we get

xe
u

x
y e

u

y
eu u u∂

∂
+ ∂

∂
= 2   or  e x

u

x
y

u

y
eu u∂

∂
+ ∂

∂






 = 2

or x
u

x
y

u

y

∂
∂

+ ∂
∂

= 2 .

Prob lem 5(ii): If u
x y

x y
= +

+
log

4 4
, show that x

u

x
y

u

y

∂
∂

∂
∂

+ = 3 .

So lu tion: Given u
x y

x y
= +

+
⋅log

4 4

On taking antilog  e
x y

x y
u = +

+
⋅

4 4

Here eu is a homogeneous function of x and y of degree 3.

Then by Euler’s theorem

x
x

e y
y

e eu u u∂
∂

∂
∂

( ) ( )+ = 3

or x e
u

x
y e

u

y
eu u u∂

∂
∂
∂

+ = 3

or x
u

x
y

u

y

∂
∂

∂
∂

+ = 3

Prob lem 5(iii): If u
x y

x y
= +

+
log

2 2
, show that x

u

x
y

u

y

∂
∂

+ ∂
∂

= 1. 

(Kanpur 2006; Avadh 13)

So lu tion: Pro ceed ex actly as in Problem 5, part (i).

Prob lem 6: Use Eu ler’s the o rem on ho mo ge neous func tions to show that if 

 u
y

x
= 





−tan 1  then x
u

x
y

u

y

∂
∂

∂
∂

+ = 0

So lu tion: We have tanu
y

x
v= = , say

Then v is a homogeneous function of x and y of degree 1 1−  i e. ., 0,

Applying Euler’s theorem for v, we have x
v

x
y

v

y

∂
∂

∂
∂

+ = 0

or x
x

u y
y

u
∂
∂

∂
∂

(tan ) (tan )+ = 0

or x u
u

x
y u

u

y
sec sec2 2 0

∂
∂

∂
∂

+ =

or x
u

x
y

u

y

∂
∂

∂
∂

+ = 0
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Prob lem 7: If u be a ho mo ge neous func tion of x and y of de gree n, show that

(i) x u x y u x y n u x( / ) ( / ) ( ) ( / ).∂ ∂ + ∂ ∂ ∂ = − ∂ ∂2 2 2 1 (Kumaun 2007)

(ii)  x u x y y u y n u y( / ) ( / ) ( ) ( / ).∂ ∂ ∂ + ∂ ∂ = − ∂ ∂2 2 2 1 (Kumaun 2007)

(iii) x
u

x
xy

u

x y
y

u

y
n n u2

2

2

2
2

2

2
2 1

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= −( ) .
(Kumaun 2007)

So lu tion: By Eu ler’s the o rem, we have

x u x y u y nu( / ) ( / )∂ ∂ + ∂ ∂ = ...(1)

Differentiating (1) partially w.r.t. x, we get

x
u

x

u

x
y

u

x y
n

u

x

∂
∂

+ ∂
∂

+ ∂
∂ ∂

= ∂
∂

2

2

2

or x
u

x
y

u

x y
n

u

x

u

x
n

u

x

∂
∂

+ ∂
∂ ∂

= ∂
∂

− ∂
∂

= − ∂
∂

2

2

2
1( ) ...(2)

Similarly, differentiating (1) partially w.r.t. ‘ y’, we get

x
u

x y
y

u

y
n

u

y

∂
∂ ∂

+ ∂
∂

= − ∂
∂

⋅
2 2

2
1( ) ...(3)

Now multiplying (2) by x and (3) by y and adding, we get

x
u

x
xy

u

x y
y

u

y

2
2

2

2
2

2

2
2

∂
∂

+ ∂
∂ ∂

+ ∂
∂

 = − ∂
∂

+ ∂
∂









( )n x

u

x
y

u

y
1

       = − = −( ) ( ) .n nu n n u1 1

Prob lem 8: If u
xy

x y
=

+
 , show that  x

u

x
xy

u

x y
y

u

y

2
2

2

2
2

2

2
2 0

∂
∂

∂
∂ ∂

∂
∂

+ + = .
(Kumaun 2013)

So lu tion: Given u
xy

x y
=

+
...(1)

Here,  u is a ho mo ge neous func tion of x and y of de gree 1

By Eu ler’s the o rem

x
u

x
y

u

y
u

∂
∂

∂
∂

+ = ...(2)

Dif fer en ti at ing (2) par tially w.r.to x, we get

x
u

x

u

x
y

u

x y

u

x

∂
∂

∂
∂

∂
∂ ∂

∂
∂

2

2

2
+ + =

or x
u

x
y

u

x y

∂
∂

∂
∂ ∂

2

2

2
0+ =  ...(3)
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Again differentiating (2) partially w.r.t. y, we get

x
u

y x
y

u

y

u

y

u

y

∂
∂ ∂

∂
∂

∂
∂

∂
∂

2 2

2
+ + =

or x
u

x y
y

u

y

∂
∂ ∂

∂
∂

2 2

2
0+ = ...(4)

Multiplying (3) by x and (4) by y and adding, we get

x
u

x
xy

u

x y
y

u

y

2
2

2

2 2

2
2 0

∂
∂

∂
∂ ∂

∂
∂

+ + =2 .

Prob lem 9: If u x y x y x= φ + ψ( / ) ( / ), prove that

x
u

x
x y

u

x y
y

u

y

2
2

2

2
2

2

2
2 0

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= .
(Kanpur 2008; Kumaun 11)

So lu tion: Let u z z z x y x z y x= + = φ =1 2 1 2, ( / ) and ( / ).where ψ  Ob vi ously z1 is a

ho mo ge neous func tion of x yand  of de gree 1 and z2 is a ho mo ge neous func tion of 
x yand  of de gree zero. Now 

x
u

x
y

u

y
x

x
z z y

y
z z

∂
∂

+ ∂
∂

= ∂
∂

+ + ∂
∂

+( ) ( )1 2 1 2

= ∂
∂

+ ∂
∂







 + ∂

∂
+ ∂

∂






 = +x

z

x
y

z

y
x

z

x
y

z

y
z z1 1 2 2
1 21 0. . .

[By Euler’s theorem]

Thus x u x y u y z( / ) ( / )∂ ∂ + ∂ ∂ = 1 ...(1)

Differentiating (1) partially w.r.t. x yand  respectively, we get

x
u

x

u

x
y

u

x y

z

x

∂
∂

+ ∂
∂

+ ∂
∂ ∂

= ∂
∂

2

2

2
1 , ...(2)

and x
u

x y

u

y
y

u

y

z

y

∂
∂ ∂

+ ∂
∂

+ ∂
∂

= ∂
∂

⋅
2 2

2
1 ...(3)

Multiplying (2) by x and (3) by y and adding, we get

x
u

x
x y

u

x y
y

u

y
x

u

x
y

u

y
x

z

x
y2

2

2

2
2

2

2
12

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

= ∂
∂

+ ∂z

y
1

∂

or x
u

x
x y

u

x y
y

u

y
z z2

2

2

2
2

2

2 1 12 1
∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ = .

[∵  x u x y u y z x z x y z y( / ) ( / ) ( / ) ( / )∂ ∂ + ∂ ∂ = ∂ ∂ + ∂ ∂1 1 1by (1), and

= 1 1. z  by Euler’s theorem]

or x
u

x
x y

u

x y
y

u

y

2
2

2

2
2

2

2
2 0

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= .
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Problem 10: If u sin x y= +− 1 2 2 1 5[( ) ],/  prove that

x
u

x
xy

u

x y
y

u

y
tan u tan u2

2

2

2
2

2

2
22

2

25
2 3

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= −( ).

So lu tion: It is given that  u x y= +−sin [( ) ]./1 2 2 1 5

∴ sin ( ) ,/u x y v= + =2 2 1 5  say.

Obviously v is a homogeneous function of x yand  of degree 2 5/ . Therefore by Euler’s
theorem, we have

x v x y v y v( / ) ( / ) .∂ ∂ + ∂ ∂ = 2

5
...(1)

Now v u= sin .

∴ ∂
∂

= ∂
∂

v

x
u

u

x
cos  and 

∂
∂

= ∂
∂

⋅v

y
u

u

y
cos

Putting these values in (1), we get

x u
u

x
y u

u

y
v ucos cos sin

∂
∂

+ ∂
∂

= =2

5

2

5

or  x
u

x
y

u

y
u

∂
∂

+ ∂
∂

= 2

5
tan . ...(2)

Now differentiating (2) partially w.r.t. x yand  respectively, we get

x
u

x

u

x
y

u

x y
u

u

x

∂
∂

+ ∂
∂

+ ∂
∂ ∂

= ∂
∂

2

2

2
22

5
sec ...(3)

and x
u

x y

u

y
y

u

y
u

u

y

∂
∂ ∂

+ ∂
∂

+ ∂
∂

= ∂
∂

2 2

2
22

5
sec ...(4)

Multiplying (3) by x, (4) by y and adding, we get

x
u

x
xy

u

x y
y

u

y
x

u

x
y

u

y
u x2

2

2

2
2

2

2
22

2

5

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

= ∂
sec

u

x
y

u

y∂
+ ∂

∂








or x
u

x
xy

u

x y
y

u

y
u u u2

2

2

2
2

2

2
22

2

5

2

5

2

5

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ = ⋅tan sec tan [From (2)]

or x
u

x
xy

u

x y
y

u

y
u u2

2

2

2
2

2

2
22

2

5

2

5
1

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= −





tan sec

   = −4

25
2 52tan ( sec )u u

   = + −4

25
2 1 52tan [ ( tan ) ]u u

   = −4

25
2 32tan ( tan ).u u
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Problem 11: If u sin
x y

x y
= +

+













−1
1 3 1 3

1 3 1 2

1 2
/ /

/ /

/

 prove that 

     x
u

x
xy

u

x y
y

u

y

tan u
tan u2

2

2

2
2

2

2
22

144
13

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= +( ).
(Kanpur 2015)

So lu tion: Pro ceed as in Problem 10.

Prob lem 1: Find dy dx/  in the fol low ing :

(i) x y ay x b+ = (ii) ax hxy by2 22 1+ + = . (Kashi 2013)

So lu tion: (i) Let f x y x y ay x b( , ) = + − . 

Then we have f x y( , ) .= 0

∴ dy

dx

f x

f y

yx y y

x x xy

y x

y x
= − ∂ ∂

∂ ∂
= +

+
⋅

−

−
/

/

log

log

1

1

(ii) Let f x y ax hxy by( , ) ≡ + + =2 22 1

then we have
dy

dx

f x

f y
= − ∂ ∂

∂ ∂
⋅/

/
...(1)

Now,
∂
∂
f

x
ax hy= +2 2 ,

∂
∂
f

y
hx by= +2 2 .

Therefore (1) gives

dy

x

ax hy

hx by

ax hy

hx by∂
= − +

+
= − +

+
⋅( ) ( )

( )

2 2

2 2

Prob lem 2: If  √ − + √ − = −( ) ( ) ( )1 12 2x y a x y , prove that

dy

dx

y

x
= √ −

√ −
⋅( )

( )

1

1

2

2

So lu tion: It is given that 

√ − + √ −
−

=( ) ( )
.

1 12 2x y

x y
a

Let f x y
x y

x y
a( , )

( ) ( )
.= √ − + √ −

−
−1 12 2

Then f x y( , ) .= 0

∴ dy

dx

f x

f y
= − ∂ ∂

∂ ∂
/

/
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= −

− − − − √ − + √ −

−

−{ } { }
1

2
1 2 1 1 12 1 2 2 2( ) . ( ) ( ) . ( ) ( )

(

/x x x y x y

x y

y y x y x y

)

( ) . ( ) ( ) ( ) . ( ) ( )/

2

2 1 2 2 21

2
1 2 1 1 1{ } {− − − − − √ − + √ −− }

( )x y− 2

= −

− −
√ −

− √ − − √ −

− −
√ −

+ √

x x y

x
x y

y x y

y

( )

( )
( ) ( )

( )

( )
(

1
1 1

1
1

2
2 2

2
− + √ −x y2 21) ( )

= − √ −
√ −

⋅ − + − − − √ − √ −
− +

( )

( )

( ) ( ) ( )1

1

1 1 12

2

2 2 2 2y

x

x xy x x y

yx y 2 2 2 21 1 1+ √ − √ − + −( ) ( )x y y

= − √ −
√ −

⋅ − − √ − √ −
− + − √ − √

( )

( )

( ) ( )

( )

1

1

1 1 1

1 1

2

2

2 2

2

y

x

xy x y

xy x ( )1 2− y
= √ −

√ −
⋅( )

( )

1

1

2

2

y

x

Prob lem 3: If u sin x y= +( )2 2  , where a x b y c2 2 2 2 2+ = , find du/dx.

So lu tion: We have 
du

dx

u

x

u

y

dy

dx
= ∂

∂
+ ∂

∂
⋅ ⋅     ...(1)

Now, u x y= +sin ( ).2 2

∴ ∂
∂

= +u

x
x x y2 2 2cos ( )

and
∂
∂

= +u

y
y x y2 2 2cos ( ).

Since a x b y c2 2 2 2 2+ = ,

there fore 2 2 02 2a x b y dy dx+ =( / )

or dy dx a x b y/ ( ) /( ).= − 2 2

∴ From (1),
du

dx
x x y y x y a x b y= + − +2 22 2 2 2 2 2cos ( ) [ cos ( )] [( ) / ( )]

     = + −[ cos ( )] [ ( / )].2 12 2 2 2x x y a b

Prob lem 4: If u x y= 4 5, where x t= 2  and y t= 3, find du dt/ .

So lu tion: Given u x y= 4 5 where x t= 2, y t= 3.

We have
du

dt

u

x

dx

dt

u

y

dy

dt
= +∂

∂
∂
∂

. .     ...(1)
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Now,
∂
∂

∂
∂

u

x
x y and

u

y
x y= =4 53 5 4 4.

Also
dx

dt
t= 2  and 

dy

dt
t= 3 2

∴ From (1), we get
du

dt
x y t x y t= +4 2 5 33 5 4 4 2. .

     = +4 2 5 32 3 3 5 2 4 3 4 2( ) ( ) . ( ) ( ) .t t t t t t

     = +8 1522 22t t [ , ]∵ x t y t= =2 3

     = 23 22t

Prob lem 5: If f x y( , ) = 0 and φ =( , )y z 0, show that

∂
∂

⋅ ∂φ
∂

⋅ = ∂
∂

⋅ ∂φ
∂

⋅f

y z

dz

dx

f

x y (Lucknow 2009)

So lu tion: From f x y( , ) = 0, we have 
dy

dx

f x

f y
= − ∂ ∂

∂ ∂
⋅/

/
...(1)

From φ =( , ) ,y z 0  we have 
dz

dy

y

z
= − ∂φ ∂

∂φ ∂
⋅/

/
...(2)

Multiplying the respective sides of (1) and (2), we have

dy

dx

dz

dy

f

x y

f

y z
⋅ = ∂

∂
⋅ ∂φ

∂








∂
∂

⋅ ∂φ
∂







/

or    
dz

dx

f

y z

f

x y
⋅ ∂

∂
⋅ ∂φ

∂
= ∂

∂
⋅ ∂φ

∂
⋅

Prob lem 6 : If u x y= √ +( )2 2  and x y axy a3 3 23 5+ + =  , find the value of 
du

dx
 when 

x a y a= =,  .

So lu tion: Given, u x y= +2 2

We have,
du

dx

u

x

u

y

dy

dx
= + ⋅ ⋅∂

∂
∂
∂

...(1)

Now
∂
∂
u

x
x y x

x

x y
= + =

+

−1

2
22 2 1 2

2 2
( ) .

( )

/

and
∂
∂
u

y
x y y

y

x y
= + =

+
⋅−1

2
22 2 1 2

2 2
( ) .

( )

/

Let f x y x y axy a( , ) = + + =3 3 23 5 .
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Then
dy

dx

f x

f y

x ay

y ax
= − ∂ ∂

∂ ∂
= − +

+
⋅/

/

3 3

3 3

2

2

∴  From (1), we get

du

dx

x

x y

y

x y

x ay

y ax
=

+
+

+
− +

+









 ⋅

2 2 2 2

2

2

3 3

3 3

At x a= , y a=  , we get

du

dx

a

a a

a a

a a
= + − +

+











2 2

3 3

3 32 2

2 2

2 2

α
 = −a

a

a

a2 22 2
 = 0.

Multiple Choice Questions

 1. Here z y ax y ax= + + −tan( ) ( ) /3 2.

∴ ( / ) {sec ( } ( ) ( )/∂ ∂z x y ax a y ax a= + ⋅ + − ⋅ −2 1 23

2

and ( / ) tan( ) sec ( ) ( ) /∂ ∂2 2 2 2 2 1 22
3

4
z x a y ax y ax a y ax= + + + − − .

Again ( / ) sec ( ) ( ) /∂ ∂z y y ax y ax= + + −2 1 23

2

and ( / ) sec ( ) tan ( ) ( ) /∂ ∂2 2 2 1 22
3

4
z y y ax y ax y ax= + + + − − .

Thus, ( / ) ( / )∂ ∂ ∂ ∂2 2 2 2 2 0z x a z y− = .

 2. See article 6.

 3. We have u
x y z

=
√ + +

1
2 2 2( )

 ,

which is a homogeneous function of x, y and z of degree n = − 1.

So, by Euler’s theorem on homogeneous functions, we have

x
u

x
y

u

y
z

u

z
nu u u

∂
∂

∂
∂

∂
∂

+ + = = − = −( ) .1

 4. See article 9.

 5. See Example 4.

 6. See article 6.

 7. See Example 6.

 8. Refer Example 2.
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Fill in the Blanks

 1. We have,  u e mxmy= cos

∴ ∂
∂
u

x
me mxmy= − sin

∂
∂

2

2
2u

x
m e mxmy= − cos

∂
∂
u

y
me mxmy= cos

∂
∂

2

2
2u

y
m e mxmy= cos .

∴ 
∂
∂

∂
∂

2

2

2

2
2 2 0

u

x

u

y
m e mx m e mxmy my+ = − + =cos cos .

 2. We have,   u
x y

x y
= +

+
⋅−tan 1

2 2

∴ ∂
∂
u

x
x y

x y

x x y x y

x y
=

+ +
+











⋅ + − ⋅ +
+

1

1

2 1

2 2
2

2 2

2

( ) ( )

( )
 = + −

+ + +
⋅x xy y

x y x y

2 2

2 2 2 2

2

( ) ( )

 3. See article 5

 4. See article 8.

 5. See Problem 7(i) of Comprehensive Problems 2.

We have, x
u

x
y

u

x y
n

u

x

∂
∂

∂
∂ ∂

∂
∂

2

2

2
1+ = −( )

⇒ x
x

u

x
y

y

u

x
n

u

x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂







+ 





= −( )1

⇒ x
x

u y
y

u n ux x x
∂
∂

∂
∂

( ) ( ) ( ) .+ = −1

 6. See Problem 5 of Comprehensive Problems 1.

 7. See Example 2.

True or False

 1. See article 4.

 2. See Note 2 of article 5.

 3. See article 9.

❍❍❍
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Prob lem 1: If x r cos y r sin= =θ θ, , show that

( )i
∂
∂

=( , )

( , )
,

x y

r
r

θ (Kanpur 2005; Meerut 13B; Kashi 13; Gorakhpur 15)

( )ii
∂
∂

= ⋅( , )

( , )

r

x y r

θ 1

(Kanpur 2005; Meerut 13)

So lu tion: (i) We have

∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂















=
−( , )

( , )

cos

sin

x y

r

x

r
y

r

x

y

r

θ
θ

θ

θ
θ

sin

cos

θ
θr



 




     = + =r r rcos sin .2 2θ θ

(ii) From the given relations, we have  

r x y y x2 2 2= + =and tan / .θ

Now differentiating r x y2 2 2= +  partially w.r.t. x yand , we get

2 2r
r

x
x

∂
∂

=   or  
∂
∂

=r

x

x

r

and 2 2r
r

y
y

∂
∂

=   or  
∂
∂

= ⋅r

y

y

r

Again differentiating tan /θ = y x partially w.r.t. x yand , we get

sec2
2

θ θ⋅ ∂
∂

= −
x

y

x

or
∂
∂

= − = − = −θ
θ θ θx

y

x

y

r

y

r2 2 2 2 2 2sec cos sec

and sec
2 1θ θ⋅ ∂

∂
=

y x
  or  

∂
∂

= = = ⋅ = ⋅θ
θ

θ
y x x

x

r x

x

r

1 1
2

2 2

2 2sec

cos

∴ ∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
−

( , )

( , )

r

x y

r

x

x

r

y

y

x

r

r

r
x

r

y

y

θ
θ θ

2 2

















   = + = + = = ⋅x

r

y

r

x y

r

r

r r

2

3

2

3

2 2

3

2

3

1
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Prob lem 2:  If x u v y v u= + = +( ), ( ),1 1  find the Jacobian of x y,  with re spect to u v, .

(Lucknow 2011; Meerut 13)

So lu tion: We have 
∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂















=
+

+



( , )

( , )

x y

u v

x

u
y

u

x

v
y

v

v

v

u

u

1

1
 




  = + + − = + + + − = + +( ) ( ) .1 1 1 1v u uv u v uv uv u v

Prob lem 3:  If x c cos u cosh v y c sin u sinh v= =, , prove that

∂
∂

= −( , )

( , )
( ) .

x y

u v
c cos u cosh v

1

2
2 22

(Rohilkhand 2013)

So lu tion: We have

∂

∂
=

∂
∂
∂
∂

∂
∂
∂
∂















( , )

( , )

x y

u v

x

u
y

u

x

v
y

v

=
−


 


c u v

c u v

c u v

c u v

sin cosh

cos sinh

cos sinh

sin cosh

    = − −c u v c u v2 2 2 2 2 2sin cosh cos sinh

    = − − + +1

2
1 2 1 22 2 2c u v u v[( cos ) cosh ( cos ) sinh ]

    = − + − −1

2
22 2 2 2 2c v v u v v[cosh sinh cos (cosh sinh )]

    = − − = −1

2
2 2

1

2
2 22 2c v u c u v(cosh cos ) (cos cosh ).

Prob lem 4:  If u
y

x
v

x y

x
= = +2 2 2

2 2
, , find 

∂
∂

⋅( , )

( , )

u v

x y (Meerut 2012)

So lu tion:  We have u
y

x
v

x y

x
= = + ⋅

2 2

2 2 2
and

∴ ∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
−

−

( , )

( , )

u v

x y

u

x
v

x

u

y

v

y

y

x

y

2

22

1

2

2

22x

x

x

y

y

















    = − − −








 = − − + = − ⋅y

x

y

x

y

x

y

x

y

x

y

x

y

x

2

3

2

2

3

3

3

32

1

2 2 2 2 2 2

Prob lem 5: If u x x x1 2 3 1= / , u x x x2 3 1 2= / , u x x x3 1 2 3= / , prove that 

J u u u( , , ) .1 2 3 4= (Kumaun 2011; Bundelkhand 14;
 Purvanchal 14; Gorakhpur 14, 15)
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So lu tion: We have J u u u( , , )1 2 3

=

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

1

1

2

1

3

1

1

2

2

2

3

2

1

3

2

3

u

x

x x

x

x

x

x

x

x

x

x x

x

3

3

2 3

1
2

3

2

2

3

3

1

3 1

2
2

∂























=

−

−

x

x

x

x

x

x

x x

x
1

3

2

1

1

2

1 2

3
2

−























=
−

−
−

1

1
2

2
2

3
2

2 3

2 3

2 3

3 1

3 1

3 1

1 2

1 2

1 2
x x x

x x

x x

x x

x x

x x

x x

x x

x x

x x















=
−

1
0 0 2

2 0 0
1
2

2
2

3
2

1 2

2 3

2 3 3 1 1 2

2

x x x

x x

x x

x x x x x x

R, adding to R

R R
1

3 2andthen to

= ⋅ ⋅ =1
2 2 4

1
2

2
2

3
2 1 2 2 3

2
1

x x x
x x x x x( )  .

Prob lem 6:  If x sin c sin y cos cos= √ − φ = φθ θ( ), ,1 2 2  then show that

∂

∂ φ
= − φ

− + φ

√ − φ

( , )

( , )

[( ) ]

(

x y
sin

c cos c cos

c sinθ

θ1

1

2 2 2 2

2 2 )
⋅

So lu tion: We have 
∂
∂ φ

=

∂
∂
∂
∂

∂
∂φ
∂
∂φ

















( , )

( , )

x y
x

y

x

yθ
θ

θ

 = ∂
∂

⋅ ∂
∂φ

− ∂
∂φ

⋅ ∂
∂

x y x y

θ θ

= √ − φ − φcos ( sin ) . ( cos sin )θ θ1 2 2c

− ⋅ − φ − φ φ − φ−sin ( sin ) .( sin cos ) . ( sin cos )/θ θ1

2
1 22 2 1 2 2c c

= − φ
√ − φ

− φ + φsin

( sin )
[cos ( sin ) sin cos ]

1
1

2 2
2 2 2 2 2 2

c
c cθ θ

= − φ
√ − φ

− φ + −sin

( sin )
[cos cos sin ( cos ) c

1
1

2 2
2 2 2 2 2 2

c
c cθ θ θ os ]2 φ

= − φ
√ − φ

− φ + φ +sin

( sin )
[cos cos (sin cos ) co

1 2 2
2 2 2 2 2 2

c
c cθ θ s ]2 φ

= − φ
√ − φ

− + φsin

( sin )
[cos cos cos ]

1 2 2
2 2 2 2 2

c
c cθ θ

= − φ
√ − φ

− + φsin

( sin )
[( ) cos cos ].

1
1

2 2
2 2 2 2

c
c cθ
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Problem 7: If  u x y z=  ,  v xy yz zx= + +  ,  w x y z= + + ,  compute  
∂
∂

( , , )

( , , )
.

u v w

x y z

(Rohilkhand 2013; Kumaun 14)

Solution: Here 

∂
∂

= + + +( , , )

( , , )

u v w

x y z

yz xz xy

y z x z y x

1 1 1

 =
− −

− − +
y z x x z y xy

z x z y y x

( ) ( )

0 0 1

 
, ,by C C C

C C C
1 1 2

2 2 3

→ −
→ −

 = − − − − −y z x z y x z y z x( )( ) ( )( )

 = − − −( )( )( )z x z y y x

 = − − −( )( )( )x y y z z x .

Prob lem 8: If  y x1 11= − ,    y x x2 1 21= −( ),    y x x x3 1 2 31= −( ), ,…    y x x x xn n n= −−1 2 1 1… ( ), 

prove that J y y y x x xn
n n n

n( , , ..., ) ( ) .1 2 1
1

2
2

11= − − −
−…

(Kumaun 2007, 11; Gorakhpur 12, 14)

So lu tion: Here y1 is a func tion of x1 only, y2 is a func tion of x1, x2 only, y3 is a func tion

of x x x1 2 3, ,  only, ...., and yn is a func tion of x x xn1 2, , , .…

∴  
∂

∂
=( , , , )

( , , , )

...

y y y

x x x

y

x
y

x

y

xn

n

1 2

1 2

1

1

2

1

2

0 0 0

…

…

∂
∂
∂
∂

∂
∂ 2

1 2 3

0 0...

... ... ... ... ...

...
∂
∂

∂
∂

∂
∂

∂
∂

y

x

y

x

y

x

y

x
n n n n

n

= ∂y

x

y

x

y

x

y

x
n

n

1

1

2

2

3

3∂
⋅ ∂

∂
⋅ ∂

∂
… ∂

∂
. .

  = − − − − −( ) . ( ) ( ) ( )1 1 1 2 1 2 3 1x x x x x x xn… …

  = − − −
−( ) .1 1

1
2

2
1

n n n
nx x x…

Prob lem 9: If  y cos x y sin x cos x y sin x sin x cos x1 1 2 1 2 3 1 2 3= = =, , , …, 

y sin x sin x sin x sin x cos xn n n= −1 2 3 1… ,   find the Jacobian of y1, y2 , …, yn with respect to 

x x xn1 2, , , .…

So lu tion: Here y1 is a func tion of x1 only, y2 is a func tion of x1, x2 only, y3 is a func tion

of x x x1 2 3, ,  only, ... and yn is a func tion of x1, x xn2, , .…

∴   
∂
∂

=( , , , )

( , , , )

y y y

x x x
n

n

1 2

1 2

…

…
the principal diagonal term of the determinant

= ∂
∂

⋅ ∂
∂

⋅ ∂
∂

⋅ ⋅ ∂
∂

y

x

y

x

y

x

y

x
n

n

1

1

2

2

3

3

…

D-172



= − − −( sin ) . ( sin sin ) . ( sin sin sin )x x x x x x1 1 2 1 2 3 …

. ( sin sin sin sin )− x x x xn1 2 3 …

= − − −( ) sin sin sin sin .1 1
1

2
2

3
n n n n

nx x x x…

Prob lem 1: If u v x y u v x y3 3 2 2 3 3+ = + + = +, , show that

   
∂
∂

= −
−

⋅( , )

( , ) ( )

u v

x y

y x

uv u v

1

2

2 2

(Kumaun 2002; Garhwal 2003)
So lu tion: The given re la tions can be writ ten as

F u v x y1
3 3 0≡ + − − =

and F u v x y2
2 2 3 3 0≡ + − − = .

Now   
∂
∂

= − ∂
∂

∂
∂

( , )

( , )
( )

( , )

( , )

( , )

( , )
/u v

x y

F F

x y

F F

u v
1 2 1 2 1 2     ...(1)

We have
∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=

−

−

( , )

( , )

F F

x y

F

x
F

x

F

y

F

y

1 2

1

2

1

2

1

3x y2 2

1

3

−

−















= − = −3 3 32 2 2 2y x y x( )

and
∂
∂

=








= − = −( , )

( , )
( )

F F

u v

u

u

v

v
u v uv uv u v1 2

2 2
2 23

2

3

2
6 6 6 .

∴ From (1),
∂
∂

= −
−

= −
−

⋅( , )

( , )

( )

( ) ( )

u v

x y

y x

uv u v

y x

uv u v

3

6

1

2

2 2 2 2

Prob lem 2: If x y z u y z uv z uvw+ + = + = =, , , show that

∂
∂

=( , , )

( , , )
.

x y z

u v w
u v2

(Rohilkhand 2005; Gorakhpur 11; Kashi 14)
So lu tion: The given re la tions can be writ ten as

F x y z u1 0≡ + + − =
F y z uv2 0≡ + − =

and F z uvw3 0≡ − = .

Now
∂
∂

= − ∂
∂

∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/x y z

u v w

F F F

u v w

F F
1 3 1 2 3 1 2 F

x y z
3)

( , , )∂
…(1)

We have
∂

∂
=

−
−
−

−
− −















( , , )

( , , )

F F F

u v w
v

vw

u

uw uv

1 2 3

1 0 0

0

  = − − − = −( ) . ( ) . ( )1 2u uv u v
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and
∂

∂
=













=( , , )

( , , )
.

F F F

x y z
1 2 3

1

0

0

1

1

0

1

1

1

1

∴ From (1),
∂
∂

= − − =( , , )

( , , )
.

x y z

u v w

u v
u v

2
2

1

Prob lem 3: If  u xyz
v x y z

w x y z3 2 2 2 21 1 1 1= = + + = + +, , , prove that

∂
∂

= − − − − + +
+

( , , )

( , , )

( ) ( ) ( ) ( )

(

u v w

x y z

v y z z x x y x y z

u w yz z3 2 x xy+
⋅

)

(Kumaun 2009, 13; Rohilkhand 12B)

So lu tion: The given re la tions can be writ ten as

F u xyz1
3 0≡ − =

F
v x y z

2
1 1 1 1

0≡ − − − =

and F w x y z3
2 2 2 2 0≡ − − − = .

Now
∂
∂

= − ∂
∂

∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/u v w

x y z

F F F

x y z

F F
1 3 1 2 3 1 2 F

u v w
3)

( , , )∂
...(1)

We have
∂

∂
=

∂
∂
∂
∂

∂
∂

∂
∂
∂
∂
∂
∂

( , , )

( , , )

F F F

x y z

F

x
F

x
F

x

F

y

F

y

F

y

1 2 3

1

2

3

1

2

3

∂
∂
∂
∂
∂
∂























F

z
F

z
F

z

1

2

3

=

−

−

−

−

−

−















yz

x

x

zx

y

y

xy

z

z

1

2

1

2

1

2

2 2 2/ / / =















2
1 1 1

2 2 2

2

3

2

3

2

3x y z

x yz

x

y zx

y

z xy

z

=














= −







2
1 1 1

2
1 1 1

3 3 3 3 3 3
xyz

x

x

y

y

z

z
xyz

x

x

y

y

z

z








= − −

−

−

−















−2
1 0 0

3 3 3 3 3

2 1
xyz

x

x

y x

y x

z x

z x

C C C, andby 3 1− C

= − − −
+ + + +









2 1 1

2 2 2 2xyz
y x z x

y xy x z zx x
( ) ( )
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= − − −
+ + − + +









2 1 0

2 2xyz
y x z x

y xy x z y x y z
( ) ( )

( ) ( )
,

by  C C2 1−

= − − − − + +2

xyz
y x z x z y x y z( ) ( ) ( ) ( )

= − − − − + +2

xyz
x y y z z x x y z( ) ( ) ( ) ( ).

Also
∂

∂
= −















= −( , , )

( , , )
/

F F F

u v w

u

v

w

u1 2 3

2

2
3

0

0

0

1

0

0

0

2

6 2 2w v/ .

Hence from (1), 
∂
∂

( , , )

( , , )

u v w

x y z

= − − − − − + + ⋅ −2

6

2

2

( ) ( ) ( ) ( )x y y z z x x y z

xyz

v

u w

= − − − − + + ⋅
+ +

( ) ( ) ( ) ( ) .x y y z z x x y z v

u wxyz

xyz

yz zx xy3 2

∵
1 1 1 1

v x y z
v

xyz

yz zx xy
= + + =

+ +








, so that

= − − − − + +
+ +

⋅v y z z x x y x y z

u w yz zx xy

( ) ( ) ( ) ( )

( )3 2

Prob lem 4: If  u v w x y z3 3 3+ + = + + , u v w x y z2 2 2 3 3 3+ + = + + ,

  u v w x y z+ + = + +2 2 2, then prove that 
∂
∂

= − − −
− − −

⋅( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

u v w

x y z

y z z x x y

u v v w w u

(Purvanchal 2007; Kanpur 12)
So lu tion: The given re la tions can be writ ten as

F u v w x y z1
3 3 3 0≡ + + − − − = ,

F u v w x y z2
2 2 2 3 3 3 0≡ + + − − − = ,

and F u v w x y z3
2 2 2 0≡ + + − − − = .

Now
∂
∂

= − ∂
∂

∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/u v w

x y z

F F F

x y z

F F
1 3 1 2 3 1 2 F

u v w
3)

( , , )∂
…(1)

We have
∂

∂
=

−

−
−

−

−
−

−

−
−





( , , )

( , , )

F F F

x y z
x

x

y

y

z

z

1 2 3 2 2 2

1

3

2

1

3

2

1

3

2








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      = −















=














6

1 1 1

6

1 1 1
2 2 2

2 2 2

x

x

y

y

z

z

x

x

y

y

z

z

      = −

−

−

−















6

1 0 0

2 2 2 2 2

x

x

y x

y x

z x

z x

      = − −
+ +



 


6

1 1
( ) ( )y x z x

y x z x

      = − − − = − − −6 6( ) ( ) ( ) ( ) ( ) ( ).y x z x z y x y y z z x

Also
∂

∂
=















( , , )

( , , )

F F F

u v w

u

u

v

v

w

w1 2 3

2 2 23

2

1

3

2

1

3

2

1

 =














6

1 1 1

2 2 2

u

u

v

v

w

w

       = − − − −6 ( ) ( ) ( ).u v v w w u

Hence from (1), 
∂
∂

= − − − −
− − − −

( , , )

( , , )

( ) ( ) ( )

( ) ( ) (

u v w

x y z

x y y z z x

u v v w w u

6

6 )

       = − − −
− − −

⋅( ) ( ) ( )

( ) ( ) ( )

y z z x x y

u v v w w u

Prob lem 5: Com pute the Jacobian 
∂
∂

( , )

( , )

u v

r θ
 where

u xy v x y x r cos y r sin= = − = =2 2 2, , , .θ θ  

So lu tion: Here we have case of func tions of func tions. Us ing the for mula for

find ing the Jacobian in the case of func tions of func tions, we have
∂
∂

= ∂
∂

⋅ ∂
∂

⋅( , )

( , )

( , )

( , )

( , )

( , )

u v

r

u v

x y

x y

rθ θ
...(1)

Now
∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















( , )

( , )

u v

x y

u

x
v

x

u

y

v

y

=
−



 


= − +

2

2

2

2
4 2 2y

x

x

y
x y( ).

Also
∂
∂

=
∂ ∂
∂ ∂

∂ ∂
∂ ∂



 


=

−( , )

( , )

/

/

/

/

cos

sin

x y

r

x r

y r

x

y

r

θ
θ
θ

θ
θ

sin

cos

θ
θr



 




     = + =r r(cos sin ) .2 2θ θ
Hence from (1),

 
∂
∂

= − + = − = −( , )

( , )
( ) . .

u v

r
x y r r r r

θ
4 4 42 2 2 3

[∵  from x r y r= =cos , sin ,θ θ we have x y r2 2 2+ = ]
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Prob lem 6: If  u x x x x u u x x x1 1 2 3 4 1 2 2 3 4= + + + = + +, ,  u u u x x1 2 3 3 4= + ,

u u u u x1 2 3 4 4= ,  show that   
∂
∂

=( , , , )

( , , , )
.

x x x x

u u u u
u u u1 2 3 4

1 2 3 4
1
3

2
2

3
(Kumaun 2012)

So lu tion: The given re la tions can be writ ten as

F u x x x x1 1 1 2 3 4 0≡ − − − − = , F u u x x x2 1 2 2 3 4 0≡ − − − = ,

F u u u x x3 1 2 3 3 4 0≡ − − =  and  F u u u u x4 1 2 3 4 4 0≡ − = .

Now
∂
∂

= − ∂
∂

( , , , )

( , , , )
( )

( , , , )

(

x x x x

u u u u

F F F F1 2 3 4

1 2 3 4

4 1 2 3 41
u u u u

F F F F

x x x x1 2 3 4

1 2 3 4

1 2 3 4, , , )

( , , , )

( , , , )/ ∂
∂

   …(1)

We have 
∂
∂

=( , , , )

( , , , )

F F F F

u u u u
1 2 3 4

1 2 3 4

the prin ci pal di ag o nal term of the Jacobian 

de ter mi nant

= ∂
∂

⋅ ∂
∂

⋅ ∂
∂

⋅ ∂
∂

= =F

u

F

u

F

u

F

u
u u u u u u u u1

1

2

2

3

3

4

4
1 1 2 1 2 3 1

31. . . 2
2

3u .

Also
∂
∂

=

− −
−

−
−
−

−
−( , , , )

( , , , )

F F F F

x x x x
1 2 3 4

1 2 3 4

1

0

0

0

1

1

0

0

1

1

1

0

1

1

1

1

1
−
−

















=  .

Hence from (1), 
∂
∂

= =( , , , )

( , , , )
.

x x x x

u u u u

u u u
u u u1 2 3 4

1 2 3 4

1
3

2
2

3
1
3

2
2

3
1

Prob lem 7: Given y x x1 1 2 0( ) ,− =  y x x x x2 1
2

1 2 2
2 0( ) ,+ + =  show that

∂
∂

= +

−
⋅( , )

( , )

y y

x x
y y

x x

x x

1 2

1 2
1 2

1 2

1
3

2
3

3

So lu tion: The given re la tions can be writ ten as

F y x x1 1 1 2 0≡ − =( )

and F y x x x x2 2 1
2

1 2 2
2 0≡ + + =( ) .

Now
∂
∂

= − ∂
∂

∂
∂

( , )

( , )
( )

( , )

( , )

( , )

(/y y

x x

F F

x x

F F

y
1 2

1 2

2 1 2

1 2

1 21
1 2, )y

...(1)

We have
∂
∂

=
+

−
+



 


( , )

( , ) ( ) ( )

F F

x x

y

y x x

y

y x x
1 2

1 2

1

2 1 2

2

2 1 22 2

= + + +y y x x x x1 2 1 2 1 22 2( ) = +3 1 2 1 2y y x x( ).

Also
∂
∂

=
−

+ +









 = −( , )

( , )

F F

y y

x x

x x x x
x x1 2

1 2

1 2

1
2

1 2 2
2 1

3
2
3

0

0
.

Hence from (1), 
∂
∂

= +

−
⋅( , )

( , )

( )y y

x x

y y x x

x x

1 2

1 2

1 2 1 2

1
3

2
3

3

D-177



Prob lem 8: If u x r v y r= − = −− −( ) , ( ) ,/ /1 12 1 2 2 1 2  w z r= − −( ) ,/1 2 1 2  where 

r x y z2 2 2 2= + + ,  show that 
∂
∂

= − −( , , )

( , , )
( ) ./u v w

x y z
r1 2 5 2

So lu tion: From the given re la tions, we have

x u r u x y z2 2 2 2 2 2 21 1= − = − − −( ) ( ),

y v x y z2 2 2 2 21= − − −( ) 

and z w x y z2 2 2 2 21= − − −( ).

The above relations can be written as
F x u x y z1

2 2 2 2 21 0≡ − − − − =( ) ,

F y v x y z2
2 2 2 2 21 0≡ − − − − =( ) ,

and F z w x y z3
2 2 2 2 21 0≡ − − − − =( ) .

Now
∂
∂

= − ∂
∂

∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/u v w

x y z

F F F

x y z

F F
1 3 1 2 3 1 2 F

u v w
3)

( , , )∂
...(1)

We have
∂

∂
=

+
+( , , )

( , , )

( )

( )
F F F

x y z

x u

xv

xw

yu

y v

yw

1 2 3

2

2

2

2
2 1

2

2

2

2 1

2 2

2

2

2

2

2

2 1

zu

zv

z w( )+

















=

+

+

+

















8

1

1

1

2

2

2

2

2

2

2

2

2

xyz

u

v

w

u

v

w

u

v

w

= + + + +

+















8 1

1 1

1

1

1

2 2 2 2

2

2

2

2

2

xyz u v w v

w

v

w

v

w

( )

= + + +















8 1

1 0

1

0

0

0

1

2 2 2 2

2

xyz u v w v

w

( )

= + + +8 1 2 2 2xyz u v w( )

= +
−

+
−

+
−













= + + +
8 1

1 1 1
8 1

2

2

2

2

2

2

2 2 2
xyz

x

r

y

r

z

r
xyz

x y z

1 2−











r

= +
−













=
−

⋅8 1
1

8

1

2

2 2
xyz

r

r

xyz

r

D-178



Also
∂

∂
( , , )

( , , )

F F F

u v w
1 2 3 =

− −
− −

− −















2 1

0

0

0

2 1

0

0

0

2 1

2

2

2

u r

v r

w r

( )

( )

( )

      = − −8 1 2 3uvw r( ) .

Hence from (1), 
∂
∂

= −
−

⋅
− −

( , , )

( , , ) ( )

u v w

x y z

xyz

r uvw r

8

1

1

8 12 2 3

  =
−

xyz

uvw r( )1 2 4

  =
− −−

xyz

xyz r r( ) ( )/1 12 3 2 2 4
= − −( ) ./1 2 5 2r

Prob lem 9(a): Find the Jacobian of y y y yn1 2 3, , , ..., , be ing given  y x x1 1 21= −( ),

y x x x y x x x xn n n2 1 2 3 1 1 2 11 1= − = −− −( ) , , ( ),… …   y x x x xn n= 1 2 3 … .

So lu tion: Add ing all the given re la tions, we get y y y xn1 2 1+ + + =… .

 

∂
∂

+ ∂
∂

+ + ∂
∂

=

∂
∂

+ ∂
∂

+ + ∂
∂

=

y

x

y

x

y

x

y

x

y

x

y

x
r

n

r r

n

r

1

1

2

1 1

1 2

1

0

…

… , =










2 3, , ..., .n ...(1)

Now
∂

∂
=

∂
∂
∂
∂

∂
∂

( , , ..., )

( , , ..., )

y y y

x x x

y

x

y

x

y

x

n

n

n

1 2

1 2

1

1

2

1

1

…

∂
∂
∂
∂

∂
∂

∂
∂
∂
∂

∂
∂

∂
∂
∂

y

x

y

x

y

x

y

x

y

x

y

x

y

x

y

n n

n

1

2

2

2

2

1

3

2

3

3

1

… …

…

…

…

…

2

∂

∂
∂

























x

y

x

n

n

n

…

=

∂
∂
∂
∂

∂

∂

∂
∂
∂
∂

∂

∂

∂
∂

− −

y

x

y

x

y

x

y

x

y

x

y

x

y

x

n n

1

1

2

1

1

1

1

2

2

2

1

2

1

1 0

… …

3

2

3

1

3

1

2

1

0 0

∂
∂

∂

∂

∂
∂
∂
∂

∂

∂










− −

y

x

y

x

y

x

y

x

y

x

n

n

n

n

n

…

…

…

…

…

…

…



















,

      add ing R R Rn1 2 1, , ..., −  to Rn and us ing the re la tions (1)
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= −

∂
∂
∂
∂

∂

∂

∂
∂
∂
∂

∂

∂

−

− −

( )1 1

1

2

2

2

1

2

1

3

2

3

1

3

n

n n

y

x

y

x

y

x

y

x

y

x

y

x

… …

∂
∂
∂
∂

∂

∂

∂
∂
∂
∂

∂

∂







− −

y

x

y

x

y

x

y

x

y

x

y

x

n

n

n

n

n

1

4

2

4

1

4

1

2

1

…

…

…

…

…

…

.




















,

    ex pand ing the de ter mi nant along the nth row

= −

∂
∂
∂
∂

∂
∂

∂

∂

∂

−

− −

( )1

0 0 0

0 01

1

2

2

2

2

3

1

2

n

n n

y

x
y

x

y

x

y

x

y

…

…

… … … … …

1

3

1

4

1

∂

∂

∂

∂

∂





















− −

x

y

x

y

x

n n

n

…

= − ⋅ ∂
∂

⋅ ∂
∂

⋅ ∂
∂

⋅ ⋅
∂

∂
− −( )1 1 1

2

2

3

3

4

1n n

n

y

x

y

x

y

x

y

x
…

= − ⋅ − − − −−
−( ) ( ) . ( ) . ( ) . . ( )1 1

1 1 2 1 2 3 1 2 1
n

nx x x x x x x x x… …

= − −− − − − −
−( ) . ( )1 11 1

1
1

2
2

3
3

1
n n n n n

nx x x x…

= − − − − −
−( )1 2 2

1
1

2
2

3
3

1
n n n n

nx x x x…

= − −
−x x xn n

n1
1

2
2

1… .

Prob lem 9(b): If y r cos1 1= θ , y r sin2 1= θ  cos θ2, y r sin sin cos3 1 2 3= …θ θ θ , , 

  y r sin sin sin cosn n n− − −=1 1 2 2 1θ θ θ θ....  and y r sin sin sinn n= −θ θ θ1 2 1… , 

prove that
∂
∂

=
−

− −( , , .... , )

( , , ...., )

y y y

r
r sin sinn

n

n n n1 2

1 1

1 2
1θ θ

θ −
−

3
2 2θ θ..... .sin n

(Kumaun 2010)

So lu tion: If we square and add, we get y y y rn1
2

2
2 2 2+ + + =.... .

∴

and

 

y
y

r
y

y

r
y

y

r
r

y
y

y
y

n
n

k k

1
1

2
2

1
1

2
2

∂
∂

+ ∂
∂

+ + ∂
∂

=

∂
∂

+ ∂
∂

+

....

..
θ θ

.. , , , .... , .+ ∂
∂

= = −










y
y

k nn
n

kθ
0 1 2 1

     …( )1
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Now
∂
∂ −

( , , .... , )

( , , .... , )

y y y

r
n

n

1 2

1 1θ θ
=

∂
∂

∂
∂

∂
∂

∂
∂
∂
∂

∂
∂

∂
∂
∂

y

r

y

r

y

r

y

y

y

y

y

n n

1

2

1

1

2

1

1

1

2

.... ....

θ

θ

θ

θ

2

2

2

1

1

2

1∂

∂
∂

∂
∂
∂

∂

−

−θ

θ

θ

θ
....

....

....

....

....

....

y

y

y

n

n

n

∂
∂

























−

yn

nθ 1

=

∂
∂

∂
∂

∂
∂

∂
∂
∂
∂

∂
∂

− −

1

1

2

1

1

1

2

1

1

1

y

y

r

y

r

y

r

r

y

y

yn
n n

.... ....

θ

θ

θ

0 0

1

2

2

2

1

2

1∂
∂
∂
∂

∂
∂

∂

−

y

y

y

y

n

θ

θ

θ

....

....

....

.....

....

....

∂
∂

∂

∂
∂




























−

−

−

−

θ

θ

θ

n

n

n

n

y

y

1

2

1

1

1

0

....



,

Op er at ing y R y R y R y Rn n n n+ + + + − −( .... )1 1 2 2 1 1  
and us ing the re sults (1)

= − ⋅

∂
∂
∂
∂

∂

∂

∂
∂
∂
∂

∂

−

− −

( )1 1

1

1

2

1

1

1

1

2

2

2
n

n

n n

r

y

y

y

y

y

y

y

θ

θ

θ

θ

θ
… …

1

2

1

1

2

1

1

1∂

∂
∂

∂
∂

∂

∂





















−

−

−

−θ

θ

θ

θ

…

…

…

…

…

y

y

y

n

n

n

n






 ,

[Ex pand ing the de ter mi nant along the nth row]

= − ⋅

∂
∂
∂
∂

∂

∂

∂
∂

∂

∂

−

− −

( )1

0 0

1

1

1

2

1

1

1

2

2

1

2

n

n

n n

r

y

y

y

y

y

y

θ

θ

θ

θ

θ

… …

0

0

0

1

3

1

1

…

…

…

…

…

…

∂

∂

∂

∂







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








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

− −

−

y yn n

nθ θ

= − ⋅ ⋅ ∂
∂

⋅ ∂
∂

⋅ ∂
∂

⋅
∂

∂
− −

−
( )1 1 1

1

2

2

3

3

1

1

n

n

n

n

r

y

y y y y

θ θ θ θ
…

= − ⋅ ⋅ − −−( ) ( sin ) ( sin sin )....1 1
1 1 2

n

n

r

y
r rθ θ θ

.... ( sin sin sin )− −r nθ θ θ1 2 1…  
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= − ⋅ −− − − − −( ) ( ) sin sin .1 11 1 1 1
1

2
2

n

n

n n n nr

y
r θ θ …

. sin sin2
2 1θ θn n− −

= ⋅
− −

− − −r

r
r

n n

n n n

sin sin sin sin
sin sin

θ θ θ θ
θ θ

1 2 2 1

1 1
1

2
2

…

.... sin sin2
2 1θ θn n− −

= − − −
−r n n n

n
1 2

1
3

2 2sin sin .... sin .θ θ θ

Prob lem 10: If λ µ ν, ,  are the roots of the equa tion in k, 
x

a k

y

b k

z

c k+
+

+
+

+
= 1, 

prove that
∂
∂

= − − − −
− − −

⋅( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

x y z

b c c a a bλ µ ν
µ ν ν λ λ µ

So lu tion: The given equa tion in k can be writ ten as

  ( )( )( ) ( )( ) ( )( )a k b k c k x b k c k y c k a k+ + + − + + − + + − + + =z a k b k( )( ) 0

or   k k a b c x y z k ab bc ca x b c3 2+ + + − − − + + + − +( ) ( ){

− + − + + − − − =y c a z a b abc xbc yca zab( ) ( ) .} 0

Since λ µ ν, ,  are the roots of this equation, therefore from theory of equations, we have

λ µ ν+ + = + + − − −x y z a b c

λµ µν νλ+ + = + + − + − + − +ab bc ca x b c y c a z a b( ) ( ) ( )

and λµν = + + −xbc yca zab abc.

The above relations can be written as

F x y z a b c1 0≡ + + − − − + + + =λ µ ν ,

F x b c y c a z a b2 ≡ + + + + + + + +λµ µν νλ ( ) ( ) ( ) − − − =ab bc ca 0

and F xbc yca zab abc3 0≡ − − − + =λµν .

Now
∂
∂

= − ∂
∂

∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/x y z F F F F F

λ µ ν λ µ ν
1 3 1 2 3 1 2 F

x y z
3)

( , , )∂
⋅     ...(1)

We have
∂

∂
= + + +















( , , )

( , , )

F F F1 2 3

1 1 1

λ µ ν
µ ν

µν
λ ν

νλ
µ λ

λµ

= + −
−

−
−















1 0 0

µ ν
µν

λ µ
ν λ µ

λ ν
µ λ ν( ) ( )

= − − 

 


( ) ( )λ µ λ ν

ν µ
1 1

= − − − = − − − −( ) ( ) ( ) ( ) ( ) ( ).λ µ λ ν µ ν λ µ µ ν ν λ
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Also
∂

∂
=

−
+

−

−
+

−

−
+

−












( , , )

( , , )

F F F

x y z
b c

bc

c a

ca

a b

ab

1 2 3

1 1 1




       = + + +












= − − − −

1 1 1

b c

bc

c a

ca

a b

ab

b c c a a b( ) ( ) ( ).

Hence from (1),

∂
∂

= − − − − −
− − − −

( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

x y z

b c c a a bλ µ ν
λ µ µ ν ν λ = − − − −

− − −
⋅( ) ( ) ( )

( ) ( ) ( )

µ ν ν λ λ µ
b c c a a b

Prob lem 11: The roots of the equa tion in λ, ( ) ( ) ( )λ λ λ− + − + − =x y z3 3 3 0

are u v w, , . Prove that 
∂
∂

= − − − −
− − −

⋅( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

u v w

x y z

y z z x x y

v w w u u v
2

(Lucknow 2007; Kumaun 08; Kanpur 10; Gorakhpur 11)

So lu tion: The given equa tion in λ can be writ ten as

3 3 3 03 2 2 2 2 3 3 3λ λ λ− + + + + + − + + =( ) ( ) ( ) .x y z x y z x y z

Since u v w, ,  are the roots of this equation, therefore from theory of equations, we have

u v w x y z+ + = + + , uv vw wu x y z+ + = + +2 2 2,

and uvw x y z= + +1

3
3 3 3( ).

The above relations can be written as

F u v w x y z1 0≡ + + − − − = ,

F uv vw wu x y z2
2 2 2 0≡ + + − − − =

and F uvw x y z3
3 3 31

3
0≡ − + + =( ) .

Now     
∂
∂

= − ∂
∂

∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/u v w

x y z

F F F

x y z

F F
1 3 1 2 3 1 2 F

u v w
3)

( , , )∂
...(1)

We have
∂

∂
=

−
−

−

−
−

−

−
−

−









( , , )

( , , )

F F F

x y z
x

x

y

y

z

z

1 2 3

2 2 2

1

2

1

2

1

2






      = −














2

1 1 1

2 2 2

x

x

y

y

z

z

      = − − − −2 ( ) ( ) ( ).y z z x x y
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Also
∂

∂
= + + +















( , , )

( , , )

F F F

u v w
v w

vw

u w

uw

u v

uv

1 2 3

1 1 1

  = − − − −( ) ( ) ( ).v w w u u v [Refer problem 10]

Hence from (1), 
∂
∂

= − − − − −
− − − −

( , , )

( , , )

( ) ( ) ( )

( ) ( ) (

u v w

x y z

y z z x x y

v w w u u v

2

)

      = − − − −
− − −

⋅2
( ) ( ) ( )

( ) ( ) ( )

y z z x x y

v w w u u v

Prob lem 12: If x y z, ,  are con nected by a func tional re la tion f x y z( , , ) = 0, show that

∂
∂

= ∂
∂





 =

( , )

( , ) .

y z

x z

y

x z const

So lu tion: We have f x y z y( , , ) = ⇒0  is a func tion of x and z.

Also from the equation, z z z= ,  may be regarded as a function of x and z.

∴ ∂
∂

=

∂
∂







∂
∂







∂
= =( , )

( , )

y z

x z

y

x

y

zz xconst. const.
z

x

z

z∂
∂
∂

=
∂
∂







∂
∂





= =

y

x

y

zz xconst. const.
10

∵
∂
∂

= ∂
∂

=





z

x

z

z
0 1,

= ∂
∂





 =

y

x z const.

Prob lem 13(i): Prove that 
∂
∂

× ∂
∂

=( , , )

( , , )

( , , )

( , , )
.

u v w

x y z

x y z

u v w
1

(Kanpur 2008, 09, 11)

So lu tion: Pro ceed as in Ex am ple 4.

Prob lem 13(ii): Prove that

∂
∂

⋅ ∂
∂

( , , , )

( , , , )

( , , , )

( , , ..

y y y

x x x

x x x

y y
n

n

n1 2

1 2

1 2

1 2

…

…

…

., )
.

yn

= 1

So lu tion: Let y f x x x y f x x x

y f x x
n n

n n

1 1 1 2 2 2 1 2

1

= =
=

( , , , ), ( , , , ),

..., ( ,

… …

2, ..., )xn





…(1)

These relations may be put in the form

x F y y yn1 1 1 2= ( , , ..., )

x F y y yn2 2 1 2= ( , , ..., ), ...

x F y y yn n n= ( , , , )1 2 …
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Dif fer en ti at ing the re la tions (1) par tially w.r.t. y y yn1 2, , ..., , we have

1 1

1

1

1

1

2

2

1

1

1

= ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ + ∂
∂

⋅ ∂
∂

= ∂y

x

x

y

y

x

x

y

y

x

x

yn

n... Σ y

x

x

y
y

x

x

y

y

x

x

y

y

x

r

r

n

1

1

1

1

1

2

1

2

2

2

10

∂
⋅ ∂

∂

= ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ + ∂
∂

… ⋅ ∂
∂

= ∂
∂

⋅ ∂
∂

x

y

y

x

x

y
n

r

r

2

1

2

Σ

... ... ... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ... ... ...

0 1

1

1= ∂
∂

⋅ ∂y

x

x

∂
+ ∂

∂
⋅ ∂

∂
+ + ∂

∂
⋅ ∂

∂
= ∂

∂
⋅ ∂

∂





y

y

x

x

y

y

x

x

y

y

x

x

yn n n

n

n r

r

n

1

2

2 1 1… Σ













      …(A)

and sim i lar other re la tions.

Now
∂

∂
⋅ ∂

∂
( , , , )

( , , ..., )

( , , , )

( , ,

y y y

x x x

x x x

y y
n

n

n1 2

1 2

1 2

1 2

… …

… , )yn

=

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

y

x

y

x

y

x
y

x

y

x

y

x

n

n

1

1

1

2

1

2

1

2

2

2

...

...

... ... ... ...

...

...

∂
∂

∂
∂

∂
∂

×

∂
∂

∂
∂

∂
∂

∂

y

x

y

x

y

x

x

y

x

y

x

y
x

n n n

n

n

1 2

1

1

1

2

1

2

1

2

2

2

1 2

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

y

x

y

x

y

x

y

x

y

x

n

n n n

...

... ... ... ...

...
yn

=

∂
∂

⋅ ∂
∂

∂
∂

⋅ ∂
∂

∂
∂

⋅ ∂
∂

∂

Σ Σ Σ

Σ

y

x

x

y

y

x

x

y

y

x

x

y
y
r

r

r

r

r

r

n

1

1

1

2

1

2

...

∂
⋅ ∂

∂
∂
∂

⋅ ∂
∂

∂
∂

⋅ ∂
∂x

x

y

y

x

x

y

y

x

x

yr

r

r

r

r

r

n1

2

2

2Σ Σ...

... ... ... ...

...

,

Σ Σ Σ∂
∂

⋅ ∂
∂

∂
∂

⋅ ∂
∂

∂
∂

⋅ ∂
∂

y

x

x

y

y

x

x

y

y

x

x

y
n

r

r n

r

r n

r

r

n1 2

[Applying row-by-column multiplication]

=

1 0 0

0 1 0

0 0 1

...

...

... ... ... ...

...

,   us ing the re la tions (A)

= 1 .

Prob lem 14: If x y u v and uv xy2 2 2 2 0 0+ + − = + = ,  prove that

 
∂
∂

= −
+

( , )

( , )

u v

x y

x y

u v

2 2

2 2
 .

(Kumaun 2015)

Solution: The given relations can be written as

F x y u v1
2 2 2 2 0≡ + + − =

F uv xy2 0≡ + =
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Now
∂
∂

= −
∂

∂

∂

∂
( , )

( , )
( )

( , )

( , )

( , )

( , )
/u v

x y

F F

x y

F F

u v
1 2 1 2 1 2 …(1)

Here
∂

∂
=

( , )

( , )

F F

x y

x y

y x
1 2 2 2

 = − = −2 2 22 2 2 2x y x y( )

and
∂

∂
=

−( , )

( , )

F F

u v

u v

v u
1 2 2 2

 = + = +2 2 22 2 2 2u v u v( ).

∴ From (1),
∂
∂

= −
+

⋅( , )

( , )

u v

x y

x y

u v

2 2

2 2

Prob lem 1: If u x y z v x y z w xy yz zx= + + = + + = + +2 2 2, , , show that the Jacobian 

∂
∂

( , , )

( , , )

u v w

x y z
 van ishes iden ti cally. Also find the re la tion be tween u, v and w.

(Avadh 2014)

So lu tion: We have 
∂
∂

( , , )

( , , )

u v w

x y z

=
+ + +













=

+ + +












2

1

2

1

2

1 2 1 1 1

x

y z

y

z x

z

x y

x

y z

y

z x

z

x y




=
+ +

+

+ +

+

+ +

+













 +2 1 1 1 1 3

x y z

y z

x y z

z x

x y z

x y

R R, by

= + +
+ + +













=2

1

1

1

1

1

1 0( ) ,x y z

y z z x x y

the first two rows

being identical.

Since the Jacobian of the functions u v w, ,  is zero, therefore these functions are not

independent and there must exist a relation between them.

We have v x y z x y z xy yz zx2 2 2 2 2 2= + + = + + + + +( ) ( ) = +u w2 .

Thus v u w2 2= +  is the required relation between u v w, and .

Prob lem 2: If   u
x y

xy
= +

−1
   and v tan x tan y= +− −1 1 ,  find 

∂
∂

⋅( , )

( , )

u v

x y
 Are u and v func tion ally 

re lated ? If so, find the re la tion ship.
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So lu tion: We have

∂
∂

= − − − +
−

= +
−

u

x

xy y x y

xy

y

xy

1 1

1

1

12

2

2

. ( ) ( ) ( )

( ) ( )
,

∂
∂

= − − − +
−

= +
−

u

y

xy x x y

xy

x

xy

1 1

1

1

12

2

2

. ( ) ( ) ( )

( ) ( )
,

∂
∂

=
+

∂
∂

=
+

⋅v

x x

v

y y

1

1

1

12 2
,

Now  
∂
∂

=
∂ ∂
∂ ∂

∂ ∂
∂ ∂



 


( , )

( , )

/

/

/

/

u v

x y

u x

v x

u y

v y
= ∂

∂
⋅ ∂

∂
− ∂

∂
⋅ ∂

∂
u

x

v

y

u

y

v

x

= +
−

⋅
+

− +
−

⋅
+

1

1

1

1

1

1

1

1

2

2 2

2

2 2

y

xy y

x

xy x( ) ( )
 =

−
−

−
=1

1

1

1
0

2 2( ) ( )
.

xy xy

Since the Jacobian of the functions u v,  is zero, therefore these functions are not
independent and so they must be functionally related.

We have

v x y
x y

xy
u= + = +

−
=− − − −tan tan tan tan .1 1 1 1

1

Thus v u= −tan 1  or tan v u=  is the required relation between u and v.

Prob lem 3: If the func tions u, v, w of three in de pend ent vari ables x, y, z are not in de pend ent,

prove that the Jacobian of u, v, w with re spect to x, y, z van ishes.

So lu tion: Since the func tions u v w, and  are not in de pend ent, there fore there ex ists 

a re la tion be tween them. Let it be

F u v w( , , ) .= 0 ...(1)

Now we are to prove that the Jacobian of u v w, ,  with respect to x y z, ,  must be equal to
zero.

Differentiating (1) partially w.r.t. x y z, , , we get

∂
∂

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂

=F

u

u

x

F

v

v

x

F

w

w

x
0, ...(2)

∂
∂

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂

=F

u

u

y

F

v

v

y

F

w

w

y
0, …(3)

and
∂
∂

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂

=F

u

u

z

F

v

v

z

F

w

w

z
0. ...(4)

Eliminating ∂ ∂ ∂ ∂ ∂ ∂F u F v F w/ , / , /  from (2), (3), (4), we get

∂ ∂
∂ ∂
∂ ∂

∂ ∂
∂ ∂
∂ ∂

∂ ∂
∂ ∂
∂ ∂








u x

u y

u z

v x

v y

v z

w x

w y

w z

/

/

/

/

/

/

/

/

/ 


= 0,

or
∂
∂

=( , , )

( , , )
,

u v w

x y z
0  which proves the required result.
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Prob lem 4: Show that the functions   u x y z v x y z= + − = − +3 2 2,   and 

w x x y z= + −( )2    are not in de pend ent and find the re la tion be tween them.

So lu tion: We have

u x y z v x y z w x xy xz= + − = − + = + −3 2 2 22, , .

∴ ∂
∂

=
+

−
−

−















( , , )

( , , )

u v w

x y z
x y x x

1

1

2 2

2

2

2

1

1

= −
+

−

−

−

−













2

3

1

2 2

1

1

1

1

x y x x

= 0,

the last two col umns be ing iden ti cal.

Since the Jacobian of the functions u v w, ,  is zero, therefore these functions are not 

independent and so there must exist a relation between them.

We have u v x y z x y z2 2 2 23 2 2− = + − − − +( ) ( )

       = + − + − + + − − + −( ) ( )3 2 2 3 2 2x y z x y z x y z x y z

       = + − = + − =4 2 4 2 8 2 8x x y z x x y z w( ) ( ) .

Thus u v w2 2 8− =  is the required relation between u v w, and .

Prob lem 5: Show that the func tions

u x y z v xy yz zx w x y z xyz= + + = + + = + + −, , 3 3 3 3

are not independent. Find the relation between them.

(Meerut 2013B; Kanpur 15)

So lu tion: We have 
∂
∂

( , , )

( , , )

u v w

x y z

= +

−

+

−

+

−















1

3

1

3

1

32 2 2

y z

x yz

z x

y zx

x y

z xy( ) ( ) ( )

= +

−

+

−

+

−















3

1 1

2 2 2

1

y z

x yz

z x

y zx

x y

z xy

= +

−

−
− + +

−
− + +












3

1 0 0

2

y z

x yz

x y

y x x y z

x z

z x x y z( ) ( ) ( ) ( )




,

by C C2 1−  and C C3 1−
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= − − +

− − + + − + +















3

1 0

1

0

1

2

( ) ( )

( ) ( )

x y x z y z

x yz x y z x y z


= 0,

the last two col umns be ing iden ti cal.

Since the Jacobian of the functions u v,  and w is zero, therefore these functions are not
independent and so there must exist a relation between them.

We have w x y z xyz= + + −3 3 3 3

 = + + + + − − −( ) ( )x y z x y z yz zx xy2 2 2

 = + + + + − + +( ) [( ) ( )]x y z x y z yz zx xy2 3

 = − = −u u v u uv( ) .2 33 3

∴ u uv w3 3= +  is the required relation between u v w, and .

Prob lem 6: If u x y z v x y z= + + = − +2 2 3,  and w xy xz yz z= − + −2 4 2 2,  show

that they are not in de pend ent. Find the re la tion be tween u, v and w.
(Lucknow 2009, 11)

So lu tion: We have 
∂
∂

( , , )

( , , )

u v w

x y z

=
−

−
+ − + −















1

1

2

2

2

2 4

1

3

4 4y z x z x y z

=
−

−
− + − + −















1

1

2

0

4

2 4 6

0

2

2 3y z x y z x y z

, 

by C C2 12−  and C C3 1−

= −
− − + − − + −













=2

1

1

2

0

2

2 3

0

2

2 3

0

y z x y z x y z

,

the last two columns being identical.

Since the Jacobian of the functions u v w, ,  is zero, therefore these functions are not
independent and so there must exist a relation between them.

We have u v x y z x y z2 2 2 22 2 3− = + + − − +( ) ( )

       = + + + − + + + − + −( ) ( )x y z x y z x y z x y z2 2 3 2 2 3

       = + − = + −( ) ( ) ( ) ( )2 4 4 2 4 2 2x z y z x z y z

       = − + − =4 2 4 2 42( ) .xy xz yz z w

Therefore u v w2 2 4− =  is the required relation between u v,  and w.

D-189



Prob lem 7: If u
x y

z
v

y z

x
w

y x y z

xz
= + = + = + +

, ,
( )

,  show that u v w, ,  are not in de pend ent

and find the re la tion be tween them.

So lu tion: We have 
∂
∂
( , , )

( , , )

( )u v w

x y z

z
y z

x

y yz

x z

z

x
x y z

xz

= − +
−

− + + +

−1 1

1

2

2

2

2

( )x y

z

x

xy y

xz

+

− −























2

2

2

1

= − +
− + + +

− +

− +





1

2
4 4x z

z

y z

yz y z

z

x

xz x y z

x y

x

xy x y

( )

( ) ( )

( )

( )










 ,

by taking 
1 1 1
2 2 2 2z x x z

, ,  common from first, second and third

= − +
− +

+ +
+ + +

− + +
+1

0

4 4x z

z

y z

yz y z

x y z

z x y x y z

x y z

x( )

( ) ( )( )

( )

y z

y z x x y z

+
− + +















( )( )

by C C C C C C2 2 1 3 3 1→ − → −,

= + + − +
− + +

−

−









( )

( )

( ) ( ) ( )

x y z

x z

z

y z

yz y z z x y y z x

2

4 4

0

1

1

1






= + + −
− + +

−

−















( )

( ) ( ) ( )

x y z

x z
y

yz y x z x y y z x

2

4 4

0 0

1

1

1

by C C zC1 1 3→ +

= + + −
−

− + +


 


( )

( )
( ) ( )

x y z

z x

y

yz x y z x y

2

4 4
1

1

= + +
+ +



 


( )

( ) ( )

x y z

z x
y

z x y z x y

2

4 4

1 1

= 0

∴ The functions are not independent.

Also we have uv
x y y z

xz

y x y z

xz
= + + = + + +( ) ( ) ( )

1

or uv w= + 1,
which is the re quired re la tion.
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Prob lem 8: If u x y z t= + + + , v x y z t= + − − , w xy zt= − , r x y z t= + − −2 2 2 2, 

show that   
∂
∂

=( , , , )

( , , , )

u v w r

x y z t
0   and hence find a relation between u v w, ,  and r.

So lu tion: We have 
∂
∂

( , , , )

( , , , )

u v w r

x y z t

=
−
−

−

−
−

−

















1

1

2

1

1

2

1

1

2

1

1

2

y

x

x

y

t

z

z

t

=
−
−

−

−
−

−

















+

2

1

2

2

1

2

0

1

2

0

1

2

1 2y

x

x

y

t

z

z

t

R R, by

=
−

−

−
−

−

−
−

−

















−

2

1

2

0

0

2

0

1

2

0

1

2

2y

x

x y

y x

t

z

z

t

C C

( )

, by 1

= −
− −

−
−

−

−
−

−













2

0

2

1

2

1

2

x y

x y

t

z

z

t( )

= −
− −

−
−

−
−

−













 −2

0

2

0

2

1

2
2 3x y

x y

z t

t z

z

t

C C

( ) ( )

, by

= − −
− −

−
−

−













2

0

1

2

0

1

2

1

2

( ) ( )x y z t z

t

= 0, the first two columns being identical.

Since the Jacobian of the functions u v w r, , ,  is zero, therefore these functions are not
independent and so there must exist a relation between them.

Now let us find a relation between u v w r, , , . We have

uv x y z t x y z t x y z t= + + + + − − = + − +( ) ( ) ( ) ( )2 2

    = + − − + − = +( ) ( ) .x y z t xy zt r w2 2 2 2 2 2

Hence uv r w= + 2  is the required relation between u v w, ,  and r.

D-191



Prob lem 9: If  f ( )0 0=   and f x
x

′ =
+

( ) ,
1

1 2
 prove with out us ing the method of in te gra tion, that

f x f y f
x y

xy
( ) ( )+ = +

−






 ⋅

1 (Meerut 2012B, 13; Gorakhpur 13, 14)

So lu tion: Let u f x f y v
x y

xy
= + = +

−
⋅( ) ( ),

1

We have
∂
∂

=

′

+
−

′

+
−








( , )

( , )

( )

( )

( )

( )

u v

x y

f x

y

xy

f y

x

xy

1

1

1

1

2

2

2

2








     =
+

+
−

+

+
−

















1

1

1

1

1

1

1

1

2

2

2

2

2

2

x

y

xy

y

x

xy( ) ( )

 =
−

−
−

=1

1

1

1
0

2 2( ) ( )
.

xy xy

Hence there must exist a functional relation between u vand .

Let u v= φ ( ) .

i e. ., f x f y
x y

xy
( ) ( ) .+ = φ +

−








1

Putting   y = 0, we obtain f x x( ) ( ).= φ            [ ( ) ]∵ f 0 0=

Thus the functions f and φ are equal.

Hence f x f y f
x y

xy
( ) ( )+ = +

−






 ⋅

1

Multiple Choice Questions

 1. See Problem 1 of Comprehensive Problems 1.

 2. See Problem 4 of Comprehensive Problems 1 .

 3. We have  
∂
∂

=











( , )

( , )

sin cos
cos

sin

u v

x y

e y e y
y

y

x x

1
 = − =e y e yx xcos cos .0

 4. We have  
∂
∂

=

 


= −( , )

( , )

sin cos

cos sin
sin sin c

u v

x y

y x y

y x x
x y x y os cos .x y

 5. We have  
∂
∂

=
−













( , , )

( , , )

cos sin

sin cos
x y z

r z

r

r
θ

θ θ
θ θ

0

0

0 0 1

 = + =r r( cos sin ) .2 2θ θ
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 6. See article 4.

 7. See Example 4.

 8. See Problem 1 of Comprehensive Problems 1.

Fill in the Blanks

 1. See article 1.

 2. We have 
∂
∂ θ

∂
∂

∂
∂θ

∂
∂

∂
∂θ

( , )

( , )

x y

r

x

r

x

y

r

y
=  =

−
= + =

cos sin

sin cos
cos sin

θ θ
θ θ

θ θ
r

r
r r r2 2

But 
∂
∂ θ

∂ θ
∂

( , )

( , )

( , )

( , )
.

x y

r

r

x y
⋅ = 1

∴ ∂ θ
∂

( , )

( , )

r

x y r
= 1

 .

 3. See Example 4. 

 4. See Problem 2 of Comprehensive Problems 1.

 5. See Problem 7 of Comprehensive Problems 1.

 6. Refer Problem 5 of Comprehensive Problems 1.

 7. See Problem 5 of Comprehensive Problems 1.

True or False

 1. See Problem 5 of Comprehensive Problems 1.

 2. See article 2, Theorem

 3. See Example 1.

 4. We have 
∂
∂

∂
∂

( , , )

( , , )

( , , )

( , , )

u v w

x y z

x y z

u v w
⋅ = 1 .  Refer Example 4.

 5. See article 3.

 6. See Problem 1 of Comprehensive Problems 3.

 7. See Problem 2 of Comprehensive Problems 2.

 8. From article 4 we know that u, v w,  are not independent of each other if 

∂
∂

( , , )

( , , )

u v w

x y z
= 0.

 9. We have uv w
x

y z

y z

x y

x2
2

2

3

2

2

3
=

+












+

−












−

( )

( )

( )

( y

x

)2

2












 = 1.

❍❍❍
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Prob lem 1: Show that in the equiangular spi ral r ae cot= θ α , the tan gent is in clined at a

con stant an gle α to the ra dius vec tor. (Avadh 2014)

So lu tion: The curve is

r ae= θ αcot . ...(1)

∴ 
dr

d
ae r

θ
α αθ α= =cot . cot cot . [∵  From (1), r ae= θ αcot ]

Now tan
/ cot

tan .φ = = = =r
d

dr

r

dr d

r

r

θ
θ α

α

∴ φ = =α  constant.

Prob lem 2:  Find the an gle at which the ra dius vec tor cuts the curve l r e/ = +1 cos θ .

So lu tion: The curve is 
e

r
e= +( cos )1 θ

Taking logarithm, log log log( cos )e r e− = +1 θ

Differentiating,    − = −
+

1

1r

dr

d

e

eθ
θ

θ
( sin )

cos

or           r
d

dr

e

e

θ θ
θ

φ= + =1 cos

sin
tan

Now required angle  φ φ= −tan (tan )1  = 





= +









− −tan tan
cos

sin
.1 1 1

r
d

dr

e

e

θ θ
θ

Prob lem 3: Find the an gle φ for the curve a r a a a rθ = − − −( ) ( / )/2 2 1 2 1cos  .

(Rohilkhand 2013)
So lu tion: Given a r a

a

r
θ = ( α )2 2 1 2 1− − 





⋅−/ cos

Differentiating with respect to θ,  we get

a r a r
dr

d

a

a r

a

r

dr

d
= − +

√ −
−





−1

2
2

1

2 2 1 2
2 2

( )
{ ( / ) }

/

θ θ

or a
d

dr

r

r a

a

r r a

r a

r r a

θ =
√ −

−
√ −

= −
√ −( ) ( ) ( )2 2

2

2 2

2 2

2 2

or r
d

dr

r a

a

θ = √ −( )2 2
 or tan

( )φ = √ − ⋅r a

a

2 2
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∴         cos φ = 1

sec φ
 =

√ +
1

1 2( tan )φ
 =

+ −




















√

1

1
2 2

2

r a

a

 = ⋅a

r

∴     φ = 





−cos .1 a

r

Prob lem 4: If φ be the an gle be tween tan gent to a curve and the ra dius vec tor drawn from the

or i gin of co or di nates to the point of con tact, prove that 

  tan φ = −





+





x
dy

dx
y x y

dy

dx
 . 

So lu tion:  Let P r( , )θ  be any point on

the curve. Then OP is the ra dius
vec tor and PT  is the tan gent to the
curve at P in clined at an an gle ψ to the 
ini tial line OA. 

Now we know if the coordinates of P
be ( , )x y  in the cartesian form, then

y

x

r

r
= =sin

cos
tan

θ
θ

θ  ...(1)

and dy dx/ tan= ψ       ...(2)

Also from the figure it is evident that

         ψ θ φ= +  ... as exterior angle
     = sum of opposite interior angles.

∴ φ ψ θ= −   or  tan tan ( )φ ψ θ= −

or tan
tan tan

tan tan

( / ) ( / )

( / ) ( /
φ ψ θ

ψ θ
= −

+
= −

+1 1

dy dx y x

dy dx y x)
, [From (1) and (2)]

= −





+





x
dy

dx
y x y

dy

dx
. Hence proved

Prob lem 5: Prove 
1
2

2
2

p
u

du

d
= + 








θ
, where u

r
= 1

 and p is the length of per pen dic u lar from pole

to the tan gent of the curve at any point P r( , )θ  . (Bundelkhand 2001)

So lu tion: (i)  Sup pose ON p=   is the

perpendicular from the pole O on the
tan gent at P to the curve.

∴ ∠ =OPN φ.

Hence, from the right-angled triangle ONP, 
we have clearly

p r= sin .φ

(ii) Since tan φ = ⋅r
d

dr

θ
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∴ cot φ
θ

= ⋅1

r

dr

d
...(1)

Now from p r= φsin , we have

1 1
2 2p r

= cosec2 φ = +1
1

2
2

r
( cot )φ  = + 

















1
1

1
2 2

2

r r

dr

dθ
, by (1)

or 
1 1 1
2 2 4

2

p r r

dr

d
= + 



θ

. ...(2)

(iii) Since u
r

= ⋅1

∴  
du

d r

dr

dθ θ
= − 





1
2

  or  
du

d r

dr

dθ θ






= 





2

4

2
1

.

Hence, from equation (2)

1
2

2
2

p
u

du

d
= + 



θ

, where   r
u

= 1
 .

Prob lem 6: Show that the spi rals r a nn n= cos θ and r bn n=  sin nθ in ter sect or thogo nally.

(Garhwal 2000; Agra 03; Kumaun 08, 11)

So lu tion: The curves are    r a nn n= cos θ ...(1)

and       r b nn n= sin θ  ...(2)

Taking logarithm of both sides of (1), we get

n r n a nlog log log cos= + θ

Differentiating,  
n

r

dr

d n
n n

θ θ
θ= −1

cos
.( sin ) .

or  tan ( / ) cot tanθ θ θ π θ1
1

2
= = − = +





r d dr n n

or φ π θ1
1

2
= + n .  ...(3)

Similarly from (2), taking logarithm of both sides, we get

n r n b nlog log log sin= + θ.

Differentiating, 
n

r

dr

d n
n n

θ θ
θ= 1

sin
cos .

or tan ( / ) tanφ θ θ2 = =r d dr n       or      φ θ2 = n  ...(4)

∴  The angle between (1) and (2) 

= −φ φ1 2 = +





−1

2
π θ θn n , from (3) and (4)

= π
2

 i.e., the curves intersect orthogonally.
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Prob lem 7: Show that the car di oids r a= +( )1 cos θ  and r b= −( )1 cos θ  in ter sect at right

an gles. (Meerut 2000; Kanpur 07, 11)

So lu tion: The curves are         

r a= +( cos )1 θ  ...(1)

and r b= −( cos )1 θ  ...(2)

From (1), dr d a/ sinθ θ= − .

∴ tan φ θ
1 = r d

dr
 = +

−
= −a

a

( cos )

sin

cos

sin cos

1
2

1

2

2
1

2

1

2

2
θ

θ

θ

θ θ

or tan cot tanφ θ π θ1
1

2

1

2

1

2
= − = +




  ⇒   θ π θ1

1

2

1

2
= +  .  ...(3)

From (2), dr d b/ sinθ = θ .

∴  tan
( cos )

sin
φ θ θ

θ2
1= = −r d

dr

b

b
  = =2

2
1

2

2
1

2

1

2

2sin

sin
tan

θ

θ θ
θ

cos
1

2

or  θ θ2
1

2
=  . ...(4)

∴ Required angle of intersection 

= −θ θ1 2 = +





−1

2

1

2

1

2
π θ θ, from (3) and (4)

= 1

2
π i.e., curves intersect orthogonally.

Prob lem 8: Show that the curves r a= +( )1 sin θ   and r a= −( )1 sin θ  cut or thogo nally.

So lu tion:  The curves are  r a= +( sin )1 θ  ...(1)

and      r a= −( sin )1 θ  ...(2)

From (1) we get dr d/ θ = a cos θ

∴ tan
( sin )

cos

cos

sin
θ θ θ

θ

π θ

π
1

1
1

1

2
1

2

= = + =
+ −





−

r d

dr

a

a θ





, (Note)

           =
−





−





−




2
1

4

1

2

2
1

4

1

2

1

4

1

2

2cos

sin cos

π θ

π θ π θ


  = −





= − −











=cot tan tan
1

4

1

2

1

2

1

4

1

2

1

4
π θ π π θ π θ+





1

2

or φ π θ1
1

4

1

2
= + ...(3)
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Also from (2),  we get    dr d/ θ = − a cos θ

∴ tan
( sin )

cos

cos

sin
θ θ θ

θ

π θ
2

1
1

1

2
1

2

= = −
−

=
− −





−

r d

dr

a

a π θ−





 , (Note)

 =
−





− −





−


2
1

4

1

2

2
1

4

1

2

1

4

1

2

2sin

sin cos

π θ

π θ π θ


  = − −





= −





⋅tan tan
1

4

1

2

1

2

1

4
π θ θ π  ...(4)

∴      φ θ π.2
1

2

1

4
= −

∴ Required angle of intersection of the curves

= − = +





− −





φ φ π θ θ π1 2
1

4

1

2

1

2

1

4
 , [From (3) and (4)]

= 1

2
π i.e., curves intersect orthogonally.

Prob lem 9: Find the an gle of in ter sec tion of the curves r = +sin cosθ θ and r = 2 sin θ.

(Lucknow 2009)

So lu tion: The curves are r = +sin cosθ θ ...(1)

       r = 2 sin θ ...(2)

From (1), we get 
dr

dθ
θ θ= −cos sin

∴  tan
sin cos

cos sin

tan

tan
tanφ θ θ θ

θ θ
θ
θ

π
1

1

1 4
= = +

−
= +

−
= +r

d

dr
θ





⋅

∴ φ π θ1
4

= + .

Also from (2), we get 
dr

dθ
θ= 2 cos

∴ tan
sin

cos
tan .φ θ θ

θ
θ2

2

2
= = =r

d

dr

∴       φ θ.2 =
∴  Required angle of intersection of the curves

  = − = +





− =φ φ π θ θ π
1 2

4 4
.

Prob lem 10: Show that the curves r = 2 sin θ and r = 2 cos θ  in ter sect at right an gles.

So lu tion: The curves are   r = 2 sin θ ...(1)

and      r = 2 cos .θ  ...(2)

From (1), we get 
dr

dθ
θ= 2cos .
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∴ tan
sin

cos
tan .φ θ θ

θ
θ1

2

2
= = =r

d

dr

Also from (2), we get 
dr

dθ
θ= − 2sin

∴ tan
cos

sin
cot tanφ θ θ

θ
θ = π θ2

2

2 2
= =

−
= − +





r
d

dr

or φ π θ2
2

= +

∴ Required angle of intersection of the curves

φ φ1 2~  = +





− =π θ θ π
2 2

i.e., curves intersect orthogonally.

Prob lem 11: Find the an gle be tween the tan gent and the ra dius vec tor in the case of the curve 

r a nn n= +sec ( )θ α , and prove that this curve is in ter sected by the curve r b nn n= +sec ( )θ β  at

an an gle which is in de pend ent of a and b.

So lu tion: The curves are   r a nn n= +sec ( )θ α ...(1)

and      r b nn n= +sec ( ).θ β ...(2)

From (1), taking logarithm of both sides, we get

n r n a nlog log log sec ( ).= + +θ α

Differentiating,
n

r

dr

d n
n n n

θ θ α
θ α θ α=

+
+ +1

sec ( )
sec ( ) tan ( )

or tan ( / ) cot ( ) tan ( )φ θ θ α π θ α1
1

2
= = + = − +





r d dr n n

or φ π θ α1
1

2
= − +( ).n  ...(3)

Similarly from (2), we can get  φ π θ β2
1

2
= − +( ).n   ...(4)

∴ Angle of intersection of curves (1) and (2) 

= φ φ1 2~ = − +





− +





1

2

1

2
π θ α π θ β( ) ~ ( ) ,n n   from (3) and (4)

= β α~  , which is independent of a and b.

Prob lem 12:  Find the an gle of in ter sec tion be tween the pair of curves r = 6 cos θ and 

r = +2 1( ).cos θ
So lu tion: The given curves are  r = 6 cosθ ...(1)

and   r = +2 1( cos ).θ ...(2)

From (1), we get 
dr

dθ
θ= −6 sin .

∴  tan
cos

sin
cot tanφ θ θ

θ
θ π θ1

6

6 2
= =

−
= − = +





r
d

dr
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or      φ π θ1
2

= + .

Also from (2), we get 
dr

dθ
θ= − 2sin .

∴   tan
( cos )

sin

. cos ( / )

. sin ( /
φ θ θ

θ
θ

θ2

22 1

2

2 2 2

2 2
= = +

−
=

−
r

d

dr 2 2) cos ( / )θ

   = − = +





cot tan
θ π θ
2 2 2

or        θ π θ
2

2 2
= + ⋅

Also at the point of intersection 

6 2 1cos ( cos )θ θ= +   or  6 2 2cos cosθ θ= +   

or  4 2cos θ =   or  cos θ = 1

2
  or  θ π.= 1

3

∴ Required angle = − = +





− +





φ φ π θ π θ1 2
1

2

1

2

1

2
, at θ π= 1

3
 = = 





=1

2

1

2

1

3

1

6
θ π π.

Prob lem 1: Find the po lar subtangent of the el lipse l r e/ = +1 cos θ.

So lu tion: Given  
l

r
e= +1 cos .θ

Taking logarithm log log log ( cos ).l r e− = +1 θ

Differentiating,  − = −
+

1

1r

dr

d

e

eθ
θ

θ
( sin )

cos
  or  r

d

dr

e

e

θ θ
θ

= + ⋅1 cos

sin

∴         Polar subtangent = = 





=
+

+
r

d

dr
r r

d

dr

l

e

e

e
2

1

1θ θ
θ

θ
θcos

.
cos

sin
 = ⋅l

e sin θ

Prob lem 2: For the pa rab ola 2 1a r/ = − cos θ, prove that

  (i) φ π θ= − 1

2
 ,    (ii) p a= cosec

1

2
θ ,

(iii) p ar2 = , (iv) the polar subtangent = 2a cosec θ.

(Lucknow 2006; Purvanchal 14)

So lu tion:   The curve is 

2 1 2
1

2
2a r/ cos sin= − =θ θ  

or  r a= cosec2 1

2
θ. ...(1)

Differentiating, 
dr

d
a

θ
= − θ θ2

1

2

1

2

1

2
cosec2 cot .  = − a cos cot .ec2 1

2

1

2
θ θ  
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(i) ∴  tan
cot

φ θ θ

θ θ
= =

−
r

d

dr

a

a

cosec

cosec

2 1

2
1

2

1

2
2

 = − tan
1

2
θ

or  tan tanφ π θ= −





1

2
  or   φ π θ.= − 1

2
 ...(2)

(ii) p r= sin φ = −





a cosec2 1

2

1

2
θ π θsin  , from (1) and (2)

    = =a acos sin cosec ec2 1

2

1

2

1

2
θ θ θ.

(iii)  p a r a= √[ ( / )], from (1)

or p ar= √( )  or  p ar2 = .

(iv)  polar subtangent = =r
d

dr
a2 2 4 1

2

θ θcosec  . 
1
1

2

1

2
2a cosec θ θcot

= =a a

sin cos sin1

2

1

2

2

θ θ θ
 = 2a cosec θ .

Prob lem 3: For the cardioid r a= −( )1 cos θ  , prove that

(i)  φ θ= 1

2
 , 

(Meerut 2001; Lucknow 11)

(ii)  p a= 2 sin3 1

2
θ ,

(iii) the pedal equation is 2 2 3ap r= , (Meerut 2001; Rohilkhand 12B)

(iv) the polar subtangent = 2 2 22a sin ( / ) tan ( / )θ θ .

So lu tion:  The given curve is  r a= −( cos ).1 θ ...(1)

Differentiating, dr d a/ sin .θ θ=

(i) We have tan
( cos )

sin

sin

sin cos
φ = = − = =r

d

dr

a

a

a

a

θ θ
θ

θ

θ θ

1
2

1

2

2
1

2

1

2

2

tan
θ
2

⋅

∴ φ = θ / .2

(ii) We have p r= sin φ = r sin
θ
2

 = −a ( cos ) sin1
2

θ θ = 2
2 2

2a sin sin
θ θ

 = 2
2

3a sin
θ
 .

(iii) We have p r r= φ =sin sin ( / ).θ 2  [∵   φ = θ /2]

Now from (1), r a a p r= =2
1

2
22 2 2sin ( / ),θ  [ sin ]∵ p r= 1

2
θ

∴   Pedal equation  is  2 2 3ap r= .

(iv) Polar subtangent = = − ⋅r
d

dr
a

a
2 2 21

1θ θ
θ

( cos )
( sin )
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    = =4 2

2 2 2
2

2 2

4
2a

a
sin /

sin / cos
sin tan

θ
θ θ/

θ θ
 .

Prob lem 4: Show that the pedal equa tion

(i)  of the lemniscate r a2 2 2= cos θ  is r a p3 2=  ,

(ii) of the hyperbola r a2 22cos θ =  is pr a= 2,

(iii) of the cosine spiral r an n=  cos n θ is pa rn n= + 1, (Lucknow 2005)

(iv) of the curve r a= θ is p r r a2 4 2 2= +/( ) .

So lu tion: (i) Given   r a2 2 2= cos θ  ...(1)

Differentiating,

2 2 22r
dr

d
a

θ
θ= − sin     or   

dr

d

a

rθ
θ= − ⋅

2 2sin
 ...(2)

∴  
1 1 1
2 2 4

2

p r r

dr

d
= + 



θ

 = +










1 1 2
2 4

4 2

2r r

a

r

sin θ
 , from (2)

    = + − = + −










1
1 2

1
1

2

4

6
2

2

4

6

4

4r

a

r r

a

r

r

a
( cos )θ  , from (1)

    = + − =
41 1

2

4

6 2 6r

a

r r

a

r
  

or  p a r2 4 6=   or  a p r2 3= .

(ii) The given curve is r a2 22cos θ =   or  r a2 2 2= sec .θ ...(1)

Differentiating, 2 2 2 2 2 22 2r dr d a r( / ) sec tan tanθ θ θ θ= =

or dr d r/ tan .θ = θ2  ...(2)

∴ 
1 1 1
2 2 4

2

p r r

dr

d
= + 



θ

 = +1 1
2

2 4
2

r r
r( tan ),θ  from (2)

      = + = =










1
1 2

1
2

1
2

2
2

2
2

2

2

2

r r r

r

a
[ tan ] secθ θ , from (1)

or 1 2 2 4/ /p r a=   or  r p a2 2 4=   or  pr a= 2.

(iii) The given curve is  r a nn n= cos θ .

Taking logarithm, n log r n=   log log cos .a n+ θ  ...(1)

Differentiating,   
n

r

dr

d n
n n

θ θ
θ= −1

cos
( sin )

or   dr d r n/ tan .θ = − θ  ...(2)

∴   
1 1 1
2 2 4

2

p r r

dr

d
= + 



θ

 = +1 1
2 4

2 2

r r
r n( tan )θ , from (2)
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or  
1 1

1
1 1

2 2
2

2
2

2

2

p r
n

r
n

r

a

r

n

n
= + = =









( tan ) (sec ) ,θ θ  from (1)

or   1 2/ p  = +a n r n2 2 2/   or  r pan n+ =1 .

(iv) The given curve is r a= θ. ...(1)

Differentiating, 
dr

d
a

θ
= .

∴ 
1 1 1 1 1
2 2 4

2

2 4
2

p r r

dr

d r r
a= + 





= +
θ

.  = + ⋅r a

r

2 2

4

∴ p r r a2 4 2 2= +/( ).

Prob lem 5: Show that the pedal equation of the conic 
l

r
e= +1 cos θ is

1 1 2
1

2 2
2

p l

l

r
e= − +




.

So lu tion: The curve is    ( / ) cosl r e= +1 θ. …(1)

Differentiating, we get
− = −l

r

dr

d
e

2 θ
θsin      or     

1
2r

dr

d

e

lθ
θ= ⋅sin

 ...(2)

∴  From 
1 1 1
2 2 4

2

p r r

dr

d
= + 



θ

, we get

1 1 1 1
2 2 2

2

2

2 2

2p r r

dr

d r

e

l
= + 





= +
θ

θsin
, [From (2)]

    = + − = + −1
1

1
2

2

2
2

2

2

2

2

2
2

r

e

l r

e

l

e

l
( cos ) cosθ θ

    = + − −





1
2

2

2

2

2

2

r

e

l

e

l

l r

er
,    



∵  From (1) cos θ = − 


l r

er

    = + − − + = + − + −1 1
2

1 1 2 1
2

2

2 2 2
2 2

2

2

2 2 2r

e

l l r
l lr r

r

e

l r lr l
( )

or
1 1 2

1
2 2

2

p l
e

l

r
= + −




 , is the required pedal equation.

Prob lem 6: Show that the pedal equa tion of the spi ral r a n= sech θ is of the

form 
1
2 2p

A

r
B= +  .

So lu tion:  The curve is    r a= sech nθ.  ...(1)

Differentiating, dr d/ θ = − an n nsech tanhθ θ  = − nr ntanh θ. ...(2)

∴ 
1 1 1 1 1
2 2 4

2

2 4
2 2 2

p r r

dr

d r r
n r n= + 





= +
θ

θ( ),tanh  [From (2)]
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  = +( / ) [ ]1 12 2 2r n ntanh θ  = + −( / ) [ ( )]1 1 12 2 2r n nsech θ

or 
1

1
1

1
2 2

2 2 2
2

2 2
2

2p r
n n n

r
n n

r

a
= 1 + − = + −









[( ) ] ( )sech θ












, [From (1)]

     = + − = +( )1 2

2

2

2 2

n

r

n

a

A

r
B, where A n= +1 2 and B n a= − 2 2/ .

Hence the pedal equation of (1) is of the form 
1
2 2p

A

r
B= + .

Prob lem 7:  Show that the pedal equa tion of the cardioid r a= +( )1 cos θ  is r ap3 22= .

So lu tion: Given  r a= +( cos ).1 θ …(1)

Differentiating, we get ( / ) sin .dr d aθ θ= −

∴  tan
( cos )

sin

cos

sin cos
φ θ θ

θ

θ

θ θ
= = +

−
=

−

r d

dr

a

a

1
2

1

2

2
1

2

1

2

2

 = − = +





cot tan
1

2

1

2

1

2
θ π θ

or φ π θ.= +1

2

1

2

Now we know p r= sin φ = +





r sin
1

2

1

2
π θ   

or  p r= cos
1

2
θ  or  p r2 2 2 1

2
= 





cos θ  

or 2 12 2p r= +( cos ),θ  ∵ 1 2
1

2
2+ = 











cos cosθ θ

or 2 2 2p r r a= ( / ), [From (1)]

or   2 2 3ap r= .

Prob lem 8: Show that the pedal equa tion of the astroid x y2 3 2 3/ /+  = a2 3/  is r a p2 2 23= − .

So lu tion: Given curve is x y a2 3 2 3 2 3/ / /+ = .

The parametric equations are

x a t= cos3   ...(1)

and y a t= sin .3 ...(2)

From (1) we get dx dt a t t/ cos sin .= −3 2

From (2) we get dy dt/  = 3 2a t tsin cos .

∴ 
dy

dx

dy dt

dx dt

a t t

a t t
t= =

−
= −/

/

sin cos

cos sin
tan .

3

3

2

2

∴   Equation of the tangent to the given curve at ‘ ’t  is

Y a t t X a t− = − −sin ( tan ) ( cos )3 3

or X t Y a t t a ttan ( cos tan sin ) .+ − + =3 3 0  ...(3)
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∴ p = length of perpendicular from (0, 0) on (3)

   = +
√ +

a t t a t

t

cos tan sin

(tan )

3 3

2 1
 = +a t t t

t

sin (cos sin )

sec

2 2

or p a t t= sin cos .   ...(4)

Also r x y a t a t2 2 2 2 6 2 6= + = +cos sin , from (1) and (2)

    = + − +a t t t t t t2 2 2 3 2 2 2 23[(cos sin ) cos sin (cos sin )] ,

∵  a b a b3 3 3+ = +( )  − +3ab a b( )

or r a t t a p a2 2 2 2 2 2 21 3 1 3= − = −[ cos sin ] [ / ] , [From (4)]

or r a p2 2 23= −  is the required pedal equation.

Prob lem 9: Show that the lo cus of the ex trem ity of the po lar sub nor mal of the curve r f= ( )θ   is 

r f= ′ −





θ π1

2
 .

(Gorakhpur 2006)

Hence show that the locus of the extremity of the polar subnormal of the equiangular spiral 

r aem= θ is another equiangular spiral. (Lucknow 2011)

So lu tion: Let ( , )r θ  be a point on the

curve.

Let the line drawn through O
perpendicular to the radius vector OP
meet the normal at P in G. Let G be 
( , ).r 1 1θ
Then    r OG1 =  = polar subnormal

    = dr d/ θ = ′f ( )θ ,

since           r f= ( )θ
∴          r f1 = ′( )θ                       ...(1)

Also           θ1 = ∠GOA = ° +90 θ

or           θ θ π= −1
1

2
.

∴    From (1),  r f1 1
1

2
= ′ −( ).θ π

∴    Locus of  G ( , )r1 1θ  is  r f= ′ ( ).θ π− 1

2
…(2)

(ii)   Given r aem= θ   

Here f aem( )θ θ=  and f amem′ =( )θ θ.

∴ f ame ame em m m′ − = =− −( ) .( / ) /θ π θ π θ π1

2
2 2

 = kemθ,  where  k ame m= − π /2.

∴    From (2), the required locus  is r kem= θ, which is also an equiangular spiral.
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Prob lem 10: Prove that the nor mal at any point ( , )r θ  to the curve r a nn n= cos θ makes an

an gle ( )n + 1 θ with the ini tial line. (Agra 2002; Kumaun 10)

So lu tion: The given curve is 
r a nn n= cos .θ  ...(1)

Taking logarithm of both sides of (1), we get

n r n a nlog log log cos .= + θ
Differentiating with respect to θ, we get

n

r

dr

d n
n n n n

θ θ
θ θ= + ⋅ − = −0

1

cos
( sin ) tan

or cot tan cot ( ) .φ = = − = +1 1

2r

dr

d
n n

θ
θ π θ

∴ φ = +1

2
π θn .

If ψ is the angle which the tangent at any point ( , )r θ  to the curve (1) makes with the
initial line, then

ψ θ θ π θ π θ= + φ = + + = + +1

2

1

2
1n n( ) .

The slope of the tangent at ( , )r θ

  = = + +





= − +tan tan ( ) cot( )ψ π θ1

2
1 1n n

∴ The slope of the normal to (1) at the point ( , )r θ

  = −
− +

= +1

1
1

cot ( )
tan ( ) .

n
n

θ
θ

Hence the normal to (1) at the point ( , )r θ  makes an angle ( )n + 1 θ with the axis of x i e. .,
with the initial line.

Prob lem 1: Cal cu late ds dx/  for the fol low ing curves :

(i)  y ax2 4=  ; (Lucknow 2009) (ii)  y a x a= cosh ( / ) ;

(iii)  x y a2 3 2 3 2 3/ / /+ = .

So lu tion: (i) The curve is  y a x2 4= . …(1)

Differentiating, 2 y dy dx( / ) = 4a or ( / ) / .dy dx a y= 2

∴ 
ds

dx

dy

dx

a

y

a= + 

















= +








 = +√ √ √1 1

4
1

4
2 2

2

2

4ax









 , [From (1)]

    = √ +{ ( / )}.1 a x

(ii)  The curve is   y a x a= cosh ( / ).

Differentiating, dy dx/  = a x asinh ( / ) ( / ) sinh ( / )1 a x a= .
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∴  
ds

dx

dy

dx

x

a
= + 




















= + 











√ √1 1

2
2sinh = 








cosh .
x

a

(iii) The curve is  x y a2 3 2 3 2 3/ / /+ = . ...(1)

Differentiating, 
2

3

2

3
01 3 1 3x y

dy

dx
− −+ =/ /   or  

dy

dx

y

x
= − 








1 3/

.

∴  
ds

dx

dy

dx

y

x
= + 




















= + 

















√ √1 1

2 2 3/

 = +










√ x y

x

2 3 2 3

2 3

/ /

/

or ds dx a x a x/ ( / ) ( / ) ,/ / /= √ =2 3 2 3 1 3   from (1).

Prob lem 2: Cal cu late ds dt/  for the fol low ing curves :

(i)  x a t y a t t= − = +( cos ), ( sin );1  (ii)  x a t= cos3  , y a t= sin ;3

(iii)  x t y t= =2 2sin , cos  .

So lu tion: (i)  Given  x a t y a t t= − = +( cos ), ( sin )1 .

∴         dx dt a t/ sin= ;  dy dt a t/ ( cos ).= +1

∴          ds dt dx dt dy dt a t a t/ {( / ) } ( / ) } { sin ( cos ) }= √ + = √ + +2 2 2 2 2 21

= √ + + + = √ +a t t t a t{sin cos cos } { ( cos )}2 21 2 2 1

         = √ =a t a t{ ( cos )} cos2 2
1

2
2

1

2
2 .

(ii)  Given      x a t= cos3 , y a t= sin .3

∴      
dx

dt
a t t= − 3 2cos sin , 

dy

dt
a t t= 3 2sin cos .  

∴    
ds

dt

dx

dt

dy

dt
= 





+ 





√ 2 2

 

         = √ +3 2 2a t t t tcos sin (cos sin ) = 3 a t tcos sin  .

(iii)  Given       x t y t= =2 2sin , cos .

∴     
dx

dt
t= 2 cos , 

dy

dt
t= − 2 2sin .

∴     
ds

dt

dx

dt

dy

dt
= 





+ 
















√

2 2

 = √ +2 22 2(cos sin )t t

 = √ +2 42 2 2(cos cos sin )t t t  = √ +2 1 4 2cos ( sin ).t t

Prob lem 3: Cal cu late ds d/ θ for the fol low ing curves :

(i) r = log sin3θ; (ii) r a= −( )1 cos θ  .

So lu tion: (i)  The curve is r = log sin .3θ

Differentiating,    
dr

dθ θ
θ= 1

3
3 3

sin
. cos  = 3 3cot .θ
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∴     
ds

d

dr

d
r r

θ θ
θ= 





+











= √ +√

2
2 2 29 3( cot ).

(ii) The curve is    r a= −( cos ).1 θ

Differentiating ,    
dr

d
a

θ
θ= sin .

∴    
ds

d

dr

d
r a r

θ θ
θ= 





+











= √ +√

2
2 2 2 2( sin ) 

   = √ + −{( sin ( cos ) )}a a2 2 2 21θ θ

= √ +a {( sin cos ) ( sin ) }2
2 2

2
2

2 2 2θ θ θ

= √ +2
2 2 2

2 2a sin (cos sin )
θ θ θ

 = ⋅2
2

a sin
θ

Prob lem 4: For the curve r ae= θ αcot , prove that s r/ = con stant, s be ing mea sured from the

pole. (Lucknow 2008)

So lu tion: The curve is   r ae= θ αcot .

Differentiating, 
dr

d
ae r

θ
α αθ α= =cot . cot cot .

∴  
ds

dt
r

d

dr

r

r
= + 
















= + 













√ 1 1

2 2
θ

αcot






 = √ + =( tan ) sec1 2 α α 

or  ds dr= sec . .α
Integrating,   s r C= +sec ,α  where C is constant of integration.

At the origin r = 0 and s = 0 (given).

∴ 0 0= + C  or  C = 0.
∴ s r= sec α  or  s r/ sec= =α  constant. 

Prob lem 5: In any curve, prove that

(i)  
ds

d

r

pθ
=

2
 (Lucknow 2007, 10) (ii)  

ds

dr

r

r p
=

√ −( )2 2
 .

So lu tion: (i) We know r d ds( / ) sinθ φ=

and p r= sin φ  or  sin /φ = p r.

∴  r
d

ds

p

r

θ =   or  
ds

d

r

pθ
= ⋅

2
 Hence proved

(ii)  We know dr ds/ cos .= φ

∴ 
ds

dr

r

r r
= =

√ −
=

√ −
1 1

1 2 2 2 2cos ( sin ) ( sin )φ φ φ
 (Note)

or 
ds

dr

r

r p
=

√ −
⋅

( )2 2
[ sin ]∵ p r= φ  
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Prob lem 6: For the curve r a nn n= cos θ, prove that a
d r

ds
nrn n2

2

2
2 1 0+ =− .

So lu tion: Note use m n=   or  n m=  .

The curve is    r a mm m= cos .θ

Taking logarithms,  m r m a mlog log log cos .= + θ  ...(1)

Differentiating,   
m

r

dr

d m
m m

θ θ
θ= −1

cos
( sin )

or     
dr

r d
m

θ
θ= − tan  or         

dr

d
r m

θ
θ= − tan . ...(2)

∴     
ds

d

dr

d
r r m r

θ θ
θ= 





+











= √ +√ 2

2 2 2 2( tan ), from (2)

         = √ =( sec ) secr m r m2 2 θ θ

  = −a m mm(cos ) (cos )/θ θ1 1, from (i) r a m m= (cos ) /θ 1

          = =− −a m a mm m m(cos ) (cos )( / ) ( ) /θ θ1 1 1

              = −a m m m(sec )( ) /θ 1       [∵  cos m mθ = ( θ)sec −1] 

or            ds d a m m m/ (sec )( ) /θ = θ − 1 . ...(3)

From (1),      sec m
a

r

m

θ = 





.

∴  From (3),    
ds

d
a

a

r
a

a

r

m m m m

θ
= 
















= 





− −( ) /1 1

or             
ds

d

a

r

m

mθ
= ⋅

− 1
...(4)

∴           
dr

ds

dr

d

d

ds

dr

d

ds

d
= =

θ
θ

θ θ
.  = −

−
r m

a rm m

tan

/

θ
1
 or 

dr

ds
a r mm m= − tan θ .

Differentiating both sides w.r.to s , we get

d r

ds
a mr m

dr

ds
r m m

d

ds
m m m

2

2
1 2= − + +





− − tan . secθ θ θ

     = − +





−m

a
r m

dr

ds
r m

d

dsm
m 1 2tan secθ θ θ

      = − − +












−
−m

a
r

r m

a
r m

r

am
m

m

m

m

m
1

2
2

1tan
sec .

θ θ

      = −mr am m2 1 2   [tan sec ]2 2m mθ θ−

       = − −mr am m2 1 2  [ sec tan ]∵ − + = −2 2 1m mθ θ

or a
d r

ds
mrm m2

2

2
2 1 0+ =− .
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Prob lem 7: For the cycloid x a t= −( )1 cos  , y a t t= +( )sin  , find

(i)  
ds

dt
 (ii)  

ds

dx
(iii)  

ds

dy
⋅

So lu tion:   Given x a t= −( cos )1  ,   y a t t= +( sin )

(i) Proceed as in Problem 2(i).

(ii) 
ds

dx

ds

dt

dy

dt
=  = =2 2 2 2

2 2 2

a t

a t

a t

a t t

cot ( / )

sin

cos ( / )

sin ( / ) cos ( / )
 = cos / .ec t 2

(iii) 
ds

dy

ds

dt

dy

dt
=  =

+
2 2

1

a t

a t

cos ( / )

( cos )
  = =2 2

2 2
2

2

a t

a t
t

cos ( / )

cos ( / )
sec ( / ).

Multiple Choice Questions

1. See Prob lem 3(i) of Com pre hen sive Prob lems 2.

2. See ar ti cle 10.

3. See ar ti cle 17.

4. See ar ti cles 12 and 17.

5. See ar ti cle 17.

6. See Ex am ple 11.

7. The given curve is r ae= θ αcot .

Dif fer en ti at ing w.r. to θ , we get 
dr

d
ae r

θ
α = αθ α= cot cot cot

∴ cot cotφ = 1
θ

α
r

dr

d
=   or  φ α.=

∴ p r= sin .α
8. See Ex am ple 8.

Fill in the Blanks

1. See ar ti cle 9.

2. See ar ti cle 16.

3. See Prob lem 2(i) of Com pre hen sive Prob lems 2.

4. See Prob lem 7(i) of Com pre hen sive Prob lems 3.

5. We have r a2 2 2= cos θ

∴ 2 2 22r
dr

d
a

θ
θ= − sin .
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Now,
ds

d
r

dr

d
r

a

rθ θ
θ= + 





= +2
2

2
4

2
22sin

     = + = = ⋅1
2

1
2 24 4 2 4 2 4 2

2

r
r a

r
a

a

r
sin cos sinθ θ + α θ

6. We know that po lar sub nor mal = ⋅dr

dθ

Given 
d

dr

θ = ⋅7

3

∴ dr

dθ
= ⋅3

7

True or False

1. See ar ti cle 12.

2. See ar ti cle 8.

3. See ar ti cle 17.

4. See ar ti cle 13.

❍❍❍
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Prob lem 1: Find the ra dius of curvature at the point ( , )s ψ  on the fol low ing curves :

(i)   s c= tan ψ (Catenary)  (ii) s a= 8
1

6
2sin ψ (Cardioid)

(iii) s a= 4 sin ψ (Cycloid) (Bundelkhand 2001; Rohilkhand 08; Kashi 11)

(iv) s c= log sec ψ (Tractrix) (Kashi 2012)

So lu tion:  (i) We have s c= tan .ψ

∴ ρ ψ ψ= =ds d c/ .sec2

(ii) We have s a= 8
1

6
2sin .ψ

∴ ρ
ψ

ψ ψ ψ= = = 





ds

d
a

a
8 2

1

6

1

6

1

6

4

3

1

3
. ( sin cos ) . sin .

(iii) We have s a= 4 sin .ψ

∴  ρ ψ ψ= =ds d a/ cos .4

(iv) We have s c= log sec .ψ

∴  ρ = = ⋅ ⋅ =ds

d
c c

ψ ψ
ψ ψ ψ1

sec
sec tan tan .

Prob lem 2: Find the ra dius of cur va ture at the point ( , )x y  on the fol low ing curves :

(i) a y x a2 3 3= −  (ii)    y ax2 4=

(iii) xy c= 2 (iv)   ay x2 3=

(v) y a e ex a x a= + −1

2
( )/ /  

(Agra 2007)

(vi)  y c x c= log sec ( / ) (Kanpur 2007; Purvanchal 09)

(vii)  x y a1 2 1 2 1 2/ / /+ =  

(viii) x y a2 3 2 3 2 3/ / /+ = (Rohilkhand 2009B; Kashi 12)

 (ix)  x ym m+ = 1.

So lu tion:  (i) We have a y x a2 3 3= − .
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∴ dy

dx a
x= 1

3
2

2( ) ; 
d y

dx

x

a

2

2 2
6= ⋅

∴      ρ = + = +[ ( / ) ]

/

[ ( / ) ]

/

/ /1 1 3

6

2 3 2

2 2

2 2 2 3 2

2
dy dx

d y dx

x a

x a

             = + ⋅ = + ⋅( ) ( )/ /a x

a

a

x

a x

a x

4 4 3 2

6

2 4 4 3 2

4
9

6

9

6

(ii)  The given curve is   y ax2 4= . ...( )1

Differentiating (1) w.r.t. x, we get

2 4y
dy

dx
a=   or  

dy

dx

a

y
= ⋅2

∴ d y

dx

d

dx

a

y

a

y

dy

dx

a

y

a

y

a

y

2

2 2 2

2

3
2 2 2 2 4= 






 = − = − ⋅ = − ⋅

Now        ρ =

+ 

















=

+








1 1

4
2 3 2

2 2

2

2

3
dy

dx

d y dx

a

y

/

/

/

/

/

( )

2

2 3

2 2 3 2

3

3

24

4

4−
= − + ⋅

a y

y a

y

y

a

  = − +1

4
4 4

2
2 3 2

a
ax a( ) ,/  [From (1)]

 = − ⋅ + =
√

+1

4
8

2
2

3 2 3 2 3 2

a
a x a

a
x a/ / /. . ( ) ( ) ,

neglecting the − ive sign because ρ is a length.

(iii) We have   xy c y c x= =2 2or /  .

∴    
dy

dx

c

x
= −

2

2
  and  

d y

dx

c

x

2

2

2

3
2= ⋅

∴        ρ = + = +[ ( / ) ]

/

[ ( / )]

/

/ /1 1

2

2 3 2

2 2

4 4 3 2

2 3
dy dx

d y dx

c x

c x
 

     = + = +( ) ( )
,

/ /x c

c x

x x y

c x

4 4 3 2

2 3

4 2 2 3 2

2 32 2
[ ]∵ xy c= 2

   = + =( )
,

/x y

c

r

c

2 2 3 2

2

3

22 2
  where r x y2 2 2= + .

(iv) The equation of the given curve is ay x2 3= . ...( )1

Differentiating (1) w.r.t. x, we get

       2 3 2ay
dy

dx
x=   

or  
dy

dx

x

ay

x

a x a
= =3

2

3

2

2 2

3 1 2( / )
,

/
  [From (1)]

   = √( / ) ./3 2 1 2a x
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Differentiating again, 
d y

dx a
x

a x

2

2
1 2

1 2
3

2

1

2

3

4
=

√
=

√
⋅− /

/.

Now        ρ = + = +
√

[ ( / ) ]

/

( / )}

/ ( )

/ /

/
1 1 9 4

3 4

2 3 2

2 2

3 2

1 2
dy dx

d y dx

x a

ax

{
 

      = + ⋅ √ = + ⋅( ) ( )/

/

/ / /4 9

8

4

3

4 9

6

3 2

3 2

1 2 1 2 3 2a x

a

ax x a x

a

(v)       The curve y a e ex a x a= + −1

2
( )/ /   = ⋅a

x

a
cosh   ...(1)

∴ Differentiating 
dy

dx

x

a
= sinh

and      
d y

dx a

x

a

2

2
1= ⋅cosh

       ρ =

+ 















 =
+





1 1

2 3 2

2

2

2
dy

dx

d y

dx

x

a

/

sinh
3 2

1

/

cosh
a

x

a

     =





 =

a
x

a
x

a

a
x

a

cosh

cosh
cosh

/
2

3 2

2  = y a2 / . [By (1)]

(vi) We have    y c x c= log ( / ).sec

∴ dy

dx

c

x c

x

c

x

c c

x

c
= ⋅ 





⋅ 





⋅ = 
sec( / )

sec tan tan
1 


⋅

Also       d y dx c x c2 2 21/ ( / ) sec ( / ).=

∴   ρ = + = +[ ( / ) ]

/

[ tan ( / )]

( / ) sec

/ /1 1

1

2 3 2

2 2

2 3 2

2
dy dx

d y dx

x c

c ( / )

sec ( / )

sec ( / )x c

c x c

x c
=

3

2
= 





c
x

c
sec .

(vii) The curve is  x y a1 2 1 2 1 2/ / /+ = .  ...(1)

Differentiating,  
1

2

1 1

2

1
0

√
+

√
=

x y

dy

du

or  
dy

dx

y

x
= − √

√
 ...(2)

and      
d y

dx

x
y

dy

dx
y

x

x

2

2

1

2

1

2= −
√

√
− √

√


















 − √ − √





− √









1

2x

x

y

y

x

y

x

      = + + √
√











1

2
1

x

y

x
 = √ + √

√










1

2x

x y

x
 = √1

2x

a

x
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∴    ρ =

+ 















 =

+



 √

1 1
2

2 3 2

2 2

dy

dx

d y dx

y

x
a

x x

/

.

     = + √
√ √

( ) /x y x x

x x a

3 2 2
 = +

√
⋅2 3 2( ) /x y

a

(viii)  The curve is   x y a2 3 2 3 2 3/ / /+ = .  ...(1)

Differentiating  
2

3

2

3
01 3 1 3x y

dy

dx
− −+ =/ /   or  

dy

dx

y

x
= − 




1 3/

and      
d y

dx

x y
dy

dx
y x

x

2

2

1 3 2 3 1 3 2 3

2 3

1

3

1

3= −
−















− −/ / / /

/

     = − −








 −













1

3 2 3

1 3

2 3

1 3

1 3

1 3

2 3x

x

y

y

x

y

x/

/

/

/

/

/

/

     = + +











= ⋅1

3 32 3

2 3 2 3

1 3 2 3

2 3

4 3 1 3x

x y

y x

a

x y/

/ /

/ /

/

/ /

∴           ρ =

+ 















 =

+ 








1 1

2 3 2

2 2

3 2dy

dx

d y dx

y

x

/ /

/









a
x y

2 3
4 3 1 33

/
/ /

    = +( )/ / / / /

/
x y x y

xa

2 3 2 3 3 2 4 3 1 3

2 3
3

    = =3
3

4 3 1 3

2 3
1 3 1 3 1 3a x y

xa
a x y

/ /

/
/ / / .

(ix) The curve is  x ym m+ = 1 .  ...(1)

Differentiating , mx my
dy

dx
m m− −+ =1 1 0

or
dy

dx

x

y

m

= − 







−1

and
d y

dx

y m x x m y
dy

dx

y

m m m m

m

2

2

1 2 1 2

2 2

1 1
= −

− − −







− − − −

−

( ) ( )







      = − − − −












−

− − − − −

−
( )

.
m

y
y x x y

x

ym
m m m m

m

m
1

2 2
1 2 1 2

1

1









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    = − − +










−

− − −( )m

y
y x

x

ym
m m

m1
2 2

1 2
2 2

    = − − +
−

− −( )
[ ]

m

y
y x x

m
m m m1

2 1
2 2 1

    = − − +
−

−( )
[ ]

m

y
y x x

m
m m m1

2 1
2 = − −

−
−( )

.
m

y
x

m
m1

1
2 1

2  . [By (1)]

∴  ρ =

+ 

















1
2 3 2

2 2

dy

dx

d y dx

/

 =

+












− −

−

−

−
−

1

1

2 2

2 2

3 2

2
2 1

x

y

m x
y

m

m

m
m

( / )

( )

    = +

− −

− − −

− −
( )

( )

/

( )
y x y

m x y

m m m

m m

2 2 2 2 3 2 2 1

2 1 31
 = +

−

− −

− −
( )

( )

/x y

m x y

m m

m m

2 2 2 2 3 2

2 21
 .

Prob lem 3(i):  Find the ra dius of cur va ture of the curve y e x=  at the point where it crosses the

y-axis. (Agra 2014)

So lu tion: We have  y e x= .

Therefore dy dx e x/ ,=  and d y dx e x2 2/ .=

∴ ρ at ( , )
[ ( / ) ]

/

( )/ /
x y

dy dx

d y dx

e

e

x

x
= + = + ⋅1 12 3 2

2 2

2 3 2

The curve y e x=  crosses the y-axis ( . .,i e  the straight line x = 0) at the point ( , ).0 1

∴ ρ at ( , )
( ) ( )

.
/ /

0 1
1 1 1

1
2 2

0 3 2

0

3 2
= + = + = √e

e

Prob lem 3(ii): Find the ra dius of cur va ture of curve √ + √ =x y 1 at the point 
1

4

1

4
,




 .

So lu tion: The curve  is

√ + √ =x y 1.  ...(1)

Differentiating, we get

1

2

1

2
0

√
+

√
=

x y

dy

dx
  or      

dy

dx

y

x
= − √

√

and
d y

dx

x
y

dy

dx
y

x

x

2

2

1

2

1

2= −
√

√
− √

√


















      = − √
√

− √
√







 − √

√










1

2x

x

y

y

u

y

x
 = √ + √

√








 =

√
⋅1

2

1

2x

x y

x x x
 [By (1)]
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∴ ρ =

+ 

















1
2 3 2

2 2

dy

dx

d y dx

/

/
 =

+





√
= √ +





1

1 2
2 1

3 2

3 2
y

x
x

x x
y

x

/

/

/
.

At point 
1

4

1

4
, ,





 we have

   ρ = √ +2
1

4

1

4
1 1 3 2. . ( ) /  = 1

2

1

2
23 2. /  =

√
1

2
 .

Prob lem 4(i): Prove that at the point x = 1

2
π  of the curve y sin x sin x= −4 2 ,  ρ = √5 5

4
.

So lu tion: We have y x x= −4 2sin sin .

∴       dy dx x x/ cos cos= −4 2 2  and d y dx x x2 2 4 4 2/ sin sin .= − +

Therefore at x = 1

2
π , we have

dy dx/ cos cos= − =4
1

2
2 2π π   

and d y dx2 2 4
1

2
4 4/ sin sin .= − + = −π π

∴ ρ πat ( / )
( ) /

x = = +
−

2
1 4

4

3 2
 = √( / ),5 5 4  neglecting the – ive sign.

Prob lem 4(ii): Prove that for the curve

s a a a= −





+ =log cot sin sec sec
π ψ ψ ψ ρ ψ
4 2

22 3, ; and hence that 
d y

dx a

2

2
1

2
=  .

(Lucknow 2008)

So lu tion: We have s a a= −





+log cot sin .
π ψ ψ ψ
4 2

2sec

∴            ρ
ψ π ψ

π ψ= =
−

⋅ − −













⋅ −ds

d
a

1
1

4

1

2
4 2

1

2
2

cot ( )
cosec 





          
+ +a asin . sec sec tan cos secψ ψ ψ ψ ψ ψ2 2

             =
− −

+ +a a a

2
1

4

1

2

1

4

1

2

2 2

3
sin ( ) cos ( )

sin

cos cosπ ψ π ψ

ψ
ψ ψ

             =
−

+ +a a a

sin ( )

sin

cos cos1

2

2 2

3π ψ

ψ
ψ ψ

             = + = + =2 2 2
2

2

3 3
2 2 3a a a

a
cos

sin

cos cos
(cos sin ) .

ψ
ψ

ψ ψ
ψ ψ ψsec

or 1 3 2 2/ cos ( / ).ρ ψ= d y dx
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Prob lem 5: In the curve y ae x a= / , prove that ρ θ θ= a sec cosec2 , where

   θ = −tan y a1 ( / ).

So lu tion: We have dy dx a e a e y ax a x a/ ( ) ( / ) / ;/ /= = =1

and   d y dx a dy dx a y a y a2 2 21 1/ ( / ) ( / ) ( / ) ( / ) / .= = =

∴ ρ θ= + = + = +[ ( / )]

/

( ) ( tan )/ / /1 2 2 3 2

2

2 2 3 2 2 2 2 3 2y a

y a

a y

ay

a a

a . tan
,

a θ
 

[∵ Given y a= tan θ]

  = =a asec cot sec .3 2θ θ θ θcosec

Prob lem 6:  Show that the ra dius of cur va ture at a point ( ,a acos sin3 3θ θ) on the curve 

x y a2 3 2 3 2 3/ / /+ =  is 3a sin cosθ θ. (Meerut 2000, 05; Kashi 13)

So lu tion: The given curve is  x y a2 3 2 3 2 3/ / / .+ = ...( )1

The co-ordinates ( , )x y  of any point on (1) may be taken as 

x a= cos ,3 θ  y a= sin ,3 θ where θ is the parameter.

∴ dx d a/ cos sinθ θ θ= − 3 2 and dy d a/ sin cos .θ θ θ= 3 2

Now  
dy

dx

dy d

dx d

a

a
= =

−
= −/

/

sin cos

cos sin
tan .

θ
θ

θ θ
θ θ

θ3

3

2

2

Also
d y

dx

d

dx

dy

dx

d

dx

d

d

d2

2
= 





= − = −







⋅( tan ) ( tan )θ
θ

θ θ
dx

   = − sec . ( / )2 θ θd dx

      = − ⋅
−

sec
cos sin

,2
2

1

3
θ

θ θa
      ∵

dx

d
a

θ
θ θ= −





3 2cos sin

       = − ( / ) sec .1 3 4a θ θcosec

∴  ρ at the point ‘θ ’ = + = +[ ( / ) ]

/

( tan )

( / ) sec

/ /1 1

1 3

2 3 2

2 2

2 3 2

4
dy dx

d y dx a

θ
θ cosec θ

      = =3
3

3

4
a

a
sec

sec
cos sin .

θ
θ θ

θ θ
cosec

But cos /3 θ = x a and sin / .3 θ = y a  Therefore cos ( / ) /θ = x a 1 3 and sin ( / ) ./θ = y a 1 3

Hence ρ at the point ( , )x y  = =3 31 3 1 3 1 3 1 3 1 3a x a y a a x y( / ) ( / ) ./ / / / /

Prob lem 7: In the el lipse ( / ) ( / ) ,x a y b2 2 2 2 1+ =  show that the ra dius of cur va ture at an

end of the ma jor axis is equal to the semi-latus rec tum of the el lipse. (Agra 2001)

So lu tion: The el lipse is  ( / ) ( / ) .x a y b2 2 2 2 1+ =  ...( )1
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Differentiating ,  
2 2

0
2 2
x

a

y

b

dy

dx
+ =   ⇒ dy

dx

b

a

x

y
= − 






 ⋅

2

2

Differentiating again, 
d y

dx

b

a

y x dy dx

y

2

2

2

2 2
1= − −











. ( / )
 = − − −























b

a y
y x

b x

a y

2

2 2

2

2
 

     = − +







 = −









b

a y

a y b x

a y

b

a y

a b

a y

2

2 2

2 2 2 2

2

2

2 2

2 2

2  ,

                [ ∵  From (1), a y b x a b2 2 2 2 2 2+ = ]

         = − b a y4 2 3/ .

∴ ρ at the point ( , )
[ ( / ) ]

/

/
x y

dy dx

d y dx
= +1 2 3 2

2 2
 = + −[ ( / ) ]

/( )
,

/1 2 2 2 3 2

4 2 3
b x a y

b a y
 

neglecting the − ive sign

      = + ⋅( ) /a y b x

a b

4 2 4 2 3 2

4 4

Now the co-ordinates of one end of major axis are ( , ).a 0

∴ [ ]ρ
at ( , )

/[ . ]
a

a b a

a b

b a

a b

b

a
0

4 4 2 3 2

4 4

6 3

4 4

20= + = =  

    = semi latus-rectum of the ellipse.

Prob lem 8:  Prove that for the el lipse 
x

a

y

b

2

2

2

2
1+ = ,  ρ = a b

p
p

2 2

3
,  be ing the per pen dic u lar from

the cen tre upon the tan gent at ( , ).x y

(Garhwal 2002; Meerut 02, 04B, 07; Avadh 05, 09)

So lu tion: Pro ceed ing as in Prob lem 7, we get

ρ at the point ( , )
( ) /

x y
b x a y

a b
= + ⋅

4 2 4 2 3 2

4 4
...( )1

Now the equation of the tangent to the given ellipse at ( , )x y  is

     
Xx

a

Yy

b2 2
1+ = .

∴    p = the length of the perpendicular from the centre ( , )0 0  to the tangent 

     =
√ +

=
√ +

⋅1
2 4 2 4

2 2

4 2 4 2( / / ) ( )x a y b

a b

b x a y

∴         p
a b

b x a y

3
6 6

4 2 4 2 3 2
=

+( ) /
     or   ( ) /b x a y

a b

p

4 2 4 2 3 2
6 6

3
+ = ⋅

∴ Substituting it in (1), we get  ρ = = ⋅a b p

a b

a b

p

6 6 3

4 4

2 2

3
/
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Prob lem 9: If ρ and ρ′ be the ra dii of cur va ture at the ex trem i ties of two con ju gate di am e ters of

an el lipse, prove that { }( ) ( ) ( ) ( )./ / /ρ ρ2 3 2 3 2 3 2 2+ ′ = +ab a b

(Meerut 2001, 03, 04, 06, 11; Bundelkhand 06; Lucknow 07;
Kanpur 11; Rohilkhand 13B; Kashi 14)

So lu tion: Let the equa tion of the el lipse be x a y b2 2 2 2 1/ / .+ = ...( )1

Let CP and CQ be a pair of conjugate semi-diameters of (1), where C is the centre of

the ellipse. Let ‘t ’ be the eccentric angle of the point P. Then by co-ordinate geometry,

the eccentric angle of the point Q is t + 1

2
π .

Now in terms of the eccentric angle ‘t ’ the co-ordinates ( , )x y  of the point P are given

by

x a t= cos   and  y b t= sin .

∴ dx dt a t/ sin ,= −   dy dt b t/ cos .=

Hence 
dy

dx

dy dt

dx dt

b t

a t

b

a
t= =

−
= −/

/

cos

sin
cot .

Also 
d y

dx

d

dx

dy

dx

d

dx

b

a
t

d

dt

b

a
t

2

2
= 





= −





= −


cot cot 










⋅ dt

dx

       = ⋅
−

= −b

a
t

a t

b

a
tcosec cosec2

2
31

sin
.

∴  If ρ be the radius of curvature at the point P i e, . ., at the point ‘t’, we have

ρ =

+ 

















=

+1 1
2 3 2

2 2

2 2

2 2

dy

dx

d y dx

b t

a t

/

/

cos

sin











−

3 2

2 3

/

( / )b a tcosec
 

  = − + ⋅( sin cos ) /a t b t

ab

2 2 2 2 3 2

Neglecting the negative sign, we have

ρ = +( sin cos ) /a t b t

ab

2 2 2 2 3 2
  

or  ab a t b t. ( sin cos ) /ρ = +2 2 2 2 3 2

or         ( ) sin cos ./ /ab a t b t2 3 2 3 2 2 2 2ρ = + ...( )2

If ρ′ be the radius of curvature at the point Q i e, . ., at the point t + 1

2
π, then replacing ρ

by ρ′ and t by t + 1

2
π in (2), we get

( ) sin ( ) cos ( )/ /ab a t b t2 3 2 3 2 2 2 21

2

1

2
ρ π π′ = + + +

       = +a t b t2 2 2 2cos sin . ...( )3

D-220



Adding (2) and (3), we get

( ) ( )/ / / /ab ab a b2 3 2 3 2 3 2 3 2 2ρ ρ+ ′ = +  

or ( ) ( ) ./ / /ab a b2 3 2 3 2 3 2 2ρ ρ+ ′ = +

Prob lem 10: Prove that if  ρ  be the ra dius of cur va ture at any point P on the pa rab ola 

y ax2 4=  and S be its  focus, then ρ2 varies as ( ) .SP 3
(Kumaun 2003)

So lu tion:   We have y ax2 4= .

∴ 2 4y
dy

dx
a=   or 

dy

dx

a

y

a

ax

a

x
= = = √

√
⋅2 2

4 1 2( ) /

Also  
d y

dx

d

dx

dy

dx
a x

a

x

2

2
3 2

3 2
1

2 2
= 





= √ − = − √ ⋅−. ( ) /
/

∴  At any point P x y( , ), we have

ρ = + = − +
− √

[ ( / ) ]

/

[ ( / )]

/( )

/ /

/
1 1

2

2 3 2

2 2

3 2

3 2
dy dx

d y dx

a x

a x
 

    = √ +( / ) ( ) ,/2 3 2a x a  neglecting the − ive sign.

Now the equation of the normal to the given parabola at the point P x y( , ) is

dy

dx
Y y X x( ) ( )− + − = 0 

or 
2

0
a

y
Y y X x( ) ( ) ,− + − = ∵

dy

dx

a

y
=









2

or yX aY xy ay+ = +2 2 . ...( )1

Also directrix of the parabola is X a= − .  ...( )2

Now the co-ordinates of the point of intersection of (1) and (2) are obtained by

solving (1) and (2) for X and Y .

From equations (1) and (2), we get

− + = +ay aY xy ay2 2 ,             [Putting X a= −  in (1)]

or      Y a xy ay y a x a= + = +( / ) ( ) ( / ) ( ).1 2 3 2 3

∴  The point of intersection of the normal and the directrix is [ , ( / ) ( )].− +a y a x a2 3

Therefore the length of the normal intercepted between the curve and the directrix .

= the distance between ( , ) and , ( / ) ( )x y a y a x a{ }− +2 3

= + + − +



















√ ( ) ( )x a y
y

a
x a2

2

2
3

= √ + + + = ⋅ + √ +1

2
4

1

2
42 2 2 2 2 2

a
a x a y x a

a
x a a y[ ( ) ( ) ] ( ) . ( )

= ⋅ + √ +1

2
4 42

a
x a a ax( ) ( ), [∵ y ax2 4= ]

= +( ) / ./ /x a a3 2 1 2
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As already proved, ρ at ( , ) ( ) //x y x a a= + √2 3 2

  = ×2 the part of normal intercepted between the curve and directrix.

The focus S is ( , ).a 0

∴    SP x a y x a ax= √ − + − = √ − +[( ) ( ) ] ( ) ,2 2 20 4{ } [∵ y ax2 4= ]

  = √ + = +{ }( ) .x a x a2

But       ρ =
√

⋅ + =
√

⋅2 23 2 3 2

a
x a

a
SP( ) ( ) ./ /  ρ2 3∝ ( ) .SP

Prob lem 11: If the co-or di nates of a point on a curve be given by the equa tions

      x c y c= + = −sin cos cos cos2 1 2 2 1 2θ θ θ θ( ), ( ) , 

show that the radius of curvature at the point is 4 3c cos θ.

So lu tion: The curve is

x c= +sin ( cos )2 1 2θ θ  ; y c= −cos ( cos ).2 1 2θ θ

Differentiating w.r.to θ , we get

x c′= −sin ( sin )2 2 2θ θ  + +2 2 1 2c cos ( cos )θ θ

 = − + +2 2 2 2 2 22 2c c csin cos cosθ θ θ

       = 2 4c cos θ + 2 2c cos θ
and   y c c′ = − − +2 2 1 2 2 2 2sin ( cos ) cos ( sin )θ θ θ θ

 = − + +2 2 2 2 2 2 2 2c csin sin cos sin cosθ θ θ θ θ
 = −2 4 2 2c csin sin .θ θ

Again differentiating,we get

x c c″ = − −8 4 4 2sin sinθ θ and y c c″ = −8 4 4 2cos cos .θ θ

Now ( ) ( ) cos cosx y c c′ + ′ = +2 2 2 2 2 24 4 4 2θ θ + 8 4 22c cos cosθ θ

+ 4 4 4 22 2 2 2c csin sinθ + θ − 8 4 22c sin sinθ θ

= + + −4 4 8 4 2 4 22 2 2c c c (cos cos sin sin )θ θ θ θ

= +8 8 62 2c c cos θ = + = =8 1 6 8 2 3 16 32 2 2 2 2c c c( cos ) . cos cosθ θ θ

∴      ρ = ′ + ″
′ ″ − ′ ″

[( ) ( ) ] /x y

x y y x

2 2 3 2

             =
+ − −

( cos )

(cos cos ) ( cos cos )

/16 3

2 4 2 4 2 4 2 2

2 2 3 2c

c c c

θ
θ θ θ θ (sin sin )

( ) ( sin sin )

4 2

4 2 4 2

θ θ
θ θ

−
− +c

 =
+ −

64 3

8 2 4 4 2 2 4 2

3 3

2 2 2
c

c

cos

[ cos cos cos cos cos cos

θ
θ − θ θ θ θ 2

2 4 4 2 2 4 2 22 2

θ

θ θ θ θ θ θ+ + − −sin sin sin sin sin sin ]
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=
+ − −

8 3

2 4 2 4 2 1

3c cos

cos cos sin sin

θ
θ θ θ θ

=
+

= =8 3

1 6

8 3

2 3
4 3

3 3

2
c c

c
cos

cos

cos

cos
cos

θ
θ

θ
θ

θ .

Prob lem 12: If the co-or di nates of a point on a curve be given by the equa tions 

x a t b at b= −sin sin ( / ) , y a t b at b= −cos cos ( / )

show that the radius of curvature at the point is 
4

2

ab

a b

a b

b
t

+
−

sin  .

So lu tion: The curve is

              x a t b at b= −sin sin ( / ) ; y a t b at b= −cos cos ( / ).

Differentiating , we get

     x a t b at b
a

b
′ = −cos cos ( / )  = −a t a at bcos cos ( / ) ;

    y a t b at b
a

b
′ = − +sin sin ( / ) .  = − +a t a at bsin sin ( / )

and    x a t
a

b
at b″ = − +sin sin ( / )

2
 ; y a t

a

b

at

b
″ = − + 





⋅cos cos
2

Now ( ) ( ) cos cos ( / ) cos cos ( / )x y a t a at b a t at b′ + ′ = + −2 2 2 2 2 2 22

( )+ + −a t a at b a t at b2 2 2 2 22sin sin / sin sin ( / )

      = + − −





a a a t
at

b
2 2 22 cos

∴ ρ = ′ + ′
′ ″ − ′ ″

[( ) ( ) ] /x y

x y y x

2 2 3 2

 =
− −











−





2 2 12 2
3 2

2

a a
a

b
t

a t
at

b

cos

cos cos

/

− +





− − +





− +cos cos sin sin sint
a

b

at

b
a t

at

b
t

a

b

a2 t

b






 =
− −











− +

( ) cos

cos cos c

/
/

2 1 12 3 2
3 2

2 2

a
a

b
t

a t
a

b
t os cos cos cos sin sin sin

at

b

at

b
t

a

b

at

b
t

a

b
t

at

b
+ − − +


2 2

+ − 


sin sin sin
at

b
t

a

b

at

b
2

 =
√ − −











− − + −


2 2 1 1

1 1

3
3 2

2

a
a

b
t

a
a

b

a

b

a

b

cos

cos

/

 


+ −











t
a

b
tcos 1
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=
√ − −











− −





+ +




2 2 1 1

1 1

3 2
a

a

b
t

a

b

a

b

cos
/


−













cos 1
a

b
t

 =
√ − −











− +





− −

2 2 1 1

1 1 1

3 2
a

a

b
t

a

b

a

b

cos

cos

/













t

 

= − √
+

− −











2 2
1 1

1 2
ab

a b

a

b
tcos

/
 = − √

+
−











2 2
2

1

2
12

1 2
ab

a b

a

b
tsin

/

= −
+

−





4

2

ab

a b

b a

b
tsin  =

+
−





4

2

ab

a b

b a

b
tsin .    [Neglecting the −ive sign]

Prob lem 13(i):  Prove that for the curve s ae x a= / , a s s aρ = −( ) ./2 2 1 2

So lu tion: We have  s ae x a= / .

Therefore  ds dx ae a e s ax a x a/ . / / ./ /= = =1

∴ s a ds dx a= =( / ) .sec ψ         [∵ cos /ψ = dx ds ⇒ sec /ψ = ds dx]

Now  ρ
ψ

ψ ψ ψ= = = √ −ds

d
a ssec tan (sec )2 1  

  = −








 = −√s

s

a

s

a
s a

2

2
2 2 1 21 ( ) ./

Hence       a s s aρ = −( ) ./2 2 1 2

Prob lem 13(ii): Show that for the curve s ay a
y

a
2 8 4 1

2
= = −



√, ρ  .

(Kanpur 2009)

So lu tion: The curve is  s ay2 8= . ...(1)

Differentiating with respect to s, we get   

2 8s a
dy

ds
= .   or  s a

dy

ds
a= =4 4 sin .ψ ...(2)

 ∵
dy

ds
=





sin ψ

∴  ρ = =ds

d
a

ψ
ψ4 cos   = √ −4 1 2a ( sin )ψ

   = √ −4 1 162 2a s a( / ) [By (2)]

   = √ −








4 1

8

16 2
a

ay

a
 [By (1)]

  = √ −





4 1
2

a
y

a
 .

Prob lem 14: Find the ra dius of cur va ture at the or i gin of the following curves

(i) y x x x= − −4 3 24 18   (ii) y x x x= + +3 25 6  .
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So lu tion: (i) Here  dy dx x x x/ ,= − −4 12 363 2  d y dx x x2 2 212 24 36/ .= − −

∴  At ( , ),0 0  dy dx/ = 0 and d y dx2 2 36/ .= −

∴  ρ at ( , )
( / )

/

/
0 0

1 2 3 2

2 2
= +{ }dy dx

d y dx
 at ( , )

( )
,

/
0 0

1 0

36

1

36

3 2
= +

−
=  (numerically)

(ii) The given curve is y x x x= + +6 5 2 3, ...( )1

which obviously passes through the origin.

Let 
dy

dx
p





=
( , )0 0

  and  
d y

dx
q

2

2
0 0









 =

( , )

.

Then by Maclaurin’s expansion, we get for this curve y px qx= + +1

2
2
… ...( )2

Comparing (1) and (2), we get p = 6, q / ,2 5=  i e. ., q = 10.

Hence ρ at the origin = + = + = √( ) ( )/ /1 1 36

10

1

10
37 37

2 3 2 3 2p

q
.

Prob lem 15:  Show that the ra dii of cur va ture of the curve a y x x( )2 2 3− =  at the or i gin are 

± √2 2a .

So lu tion:  The given curve passes through the or i gin. The tan gents at or i gin are 

y x2 2 0− = ,  i e. ., y x= ± . Thus nei ther of the co-or di nate axes is a tan gent at the

or i gin. So we can not ap ply New ton’s for mula for find ing ρ at or i gin. From the

equa tion of the curve, we have

y x
x

a
x

x

a
2 2

3
2 1= + = +





⋅

∴ y x
x

a
x

x

a
= ± +





= ± + ⋅ +





⋅1 1
1

2

1 2/
…   ...( )1

[By binomial theorem]

Let 
dy

dx
p





=
( , )0 0

 and 
d y

dx
q

2

2
0 0









 =

( , )

. 

Then by Maclaurin’s expansion, we get for this curve

y px qx= + +1

2
2
… ...( )2

Comparing (1) and (2), we get p = 1,  q a= 1/ ;  or  p = − 1,  q a= − 1/ .

Now ρ (at or i gin) = + ⋅( ) /1 2 3 2p

q

∴  When p = 1, q a= 1 / , we have ρ ( )at origin = + = √( )

/
( )

/1 1

1
2 2

3 2

a
a 

and when p = 1,  q a= − 1/ ,  we have ρ ( )at the origin = +
−

= − √( )

/
( ) .

/1 1

1
2 2

3 2

a
a  
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Prob lem 1: Find the ra dius of cur va ture at the point ( , )p r  on the fol low ing curves:

(i)  p ar2 = , (Parabola) (ii)   r ap3 22= , (Cardioid)

(iii)  r a p3 2=  , (Lemniscate) (iv)  p
r

r a

2
4

2 2
=

+( )
.

So lu tion: (i) We have  p ar2 = . ...( )1

Differentiating (1) w.r.t. p, we get

2p a
dr

dp
=   or  

dr

dp

p

a
= ⋅2

Now    ρ = = =








r

dr

dp

pr

a

p

a

p

a

2 2 2
, [From (1)]

    = 2 3 2p a/ .

(ii) We have   r ap3 22= . ...( )1

Differentiating (1) w.r.t. p, we have

  3 42r
dr

dp
ap=   or  r

dr

dp

ap

r
= ⋅4

3

∴   ρ = = = √








r

dr

dp

ap

r

a

r

r

a

4

3

4

3 2

3
,  [From (1)]

    = √2

3
2( ).ar

(iii) We have  r a p3 2= . ...( )1

Differentiating (1) w.r.t. p, we get

3 2 2r dr dp a( / ) ;=   ∴  ρ = =r dr dp a r( / ) / .2 3

(iv) The equation of the curve is p r r a2 4 2 2= +/( ). ...( )1

∴        
1 1
2

2 2

4

2

4

2

4 2

2

4p

r a

r

r

r

a

r r

a

r
= + = + = + ⋅

Now differentiating both sides w.r.t. r, we have

− = − − = − ⋅ + ⋅2 2 4
2

2
3 3

2

5

2 2

5p

dp

dr r

a

r

r a

r

∴ dp

dr
p

r a

r
p

r a

r
= + = +3

2 2

5
2 3 2

2 2

5
2 2( )

( )
( )/ (Note)

   =
+











+r

r a

r a

r

4

2 2

3 2 2 2

5
2

/
( )

, [From (1)]
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   = +
+

⋅r r a

r a

( )

( ) /

2 2

2 2 3 2
2

Hence  ρ = = ⋅ +
+

= +
+

⋅r
dr

dp
r

r a

r r a

r a

r a

( )

( )

( )/ /2 2 3 2

2 2

2 2 3 2

2 22 2

Prob lem 2:  Prove that for any curve 
r

sin
d

dρ θ
= φ + φ





1 , where ρ is the ra dius of cur va ture and 

tan r
d

dr
φ = ⋅θ

(Gorakhpur 2004, 05; Lucknow 10)

So lu tion: We know that  ψ θ= + φ. ...(1)

Differentiating (1) w.r.t. s, we get
d

ds

d

ds

d

ds

d

ds

d

d

d

ds

d

ds

d

d

ψ θ θ
θ

θ θ
θ

= + φ = + φ = + φ





⋅1

∴   
1

1
ρ θ

= φ + φ





sin
,

r

d

d
     ∵ρ

ψ
θ= φ =





ds

d
r

d

ds
and sin

or   
r d

dρ θ
= φ + φ





⋅sin 1

Prob lem 3: In the curve p r am m= +1 / ; show that the ra dius of cur va ture var ies in versely as 

the ( )m th− 1  power of the ra dius vec tor.

So lu tion: We have a p rm m= +1. ...( )1

Differentiating (1) w.r.t. p, we get

a m r
dr

dp
m m= + ⋅( )1   

∴  
dr

dp

a

m r

m

m
=

+
⋅

( )1

Now    ρ = =
+

=
+

⋅
−

r
dr

dp

ra

m r

a

m r

m

m

m

m( ) ( )1 1 1

∴   ρ ∝
−

1
1r

i e
m

. ., the radius of curvature varies inversely as the ( )m th− 1  power of the

radius vector.

Prob lem 4 : Find the ra dius of cur va ture at the point ( , )r θ  on each of the fol low ing curves:

(i) r a= cos θ. (Kanpur 2006)

(ii) r a( )1 2+ =cos θ

(iii) r a nn n= cos θ (Rohilkhand 2005; Garhwal 12; Kumaun 15)

(iv) r an n= sin θ (Agra 2006; Rohilkhand 12; Avadh 12)

(v) r a= −( )1 cos θ  (Avadh 2010; Garhwal 11)

(vi) r a2 2 2= cos θ
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So lu tion: (i)  The curve is r a= cos .θ  ...(1)

Differentiating   
dr

dθ
θ= − 4sin     and   

d r

d
a

2

2θ
θ= − cos .

∴   ρ
θ

θ θ

=

+ 

















+ 





−

r
dr

d

r
dr

d
r

d r

d

2
2 3 2

2
2 2

2
2

/

 = +
+ +

( cos sin )

cos sin cos

/a a

a a r a

2 2 2 2 3 2

2 2 2 22

θ θ
θ θ θ

     =
+ +

a

a a a

3

2 2 2 2 2 22cos sin cosθ θ θ

     =
+

= ⋅a

a

a3

2 2 22 2(cos sin )θ θ

(ii)   The given curve is 2 1a r/ cos ,= + θ  ...(1)

which is a parabola with focus as pole.

Proceeding as in the chapter on tangents and normals, we get pedal equation of the
curve as 

p ar2 = . ...(2)

Differentiating (2) w.r.t. p, we get

       2p a dr dp= ( / );  ∴ dr dp p a/ / .= 2

Now  ρ = = = = √r dr dp r p a r a p r a ar( / ) ( / ) ( / ) ( / ) . ( ) ,2 2 2  [From (2)]

   = √( / ) ./2 3 2a r

∴        ρ2 34= ( / ) .a r  

Thus ρ2 3∝ r , where r is the distance of the point from the pole ( . .i e  focus). Hence ρ2

varies as the cube of the focal distance.

(iii) The given curve is r a nn n= cos .θ ...(1)

Taking logarithm and differentiating w.r.t. θ, we get 

   
n

r

dr

d

n n

n
n n

θ
θ

θ
θ= − = −sin

cos
tan    or  

1

r

dr

d
n

θ
θ= − tan .

∴    cot tan cot ( );φ = = − = +1 1

2r

dr

d
n n

θ
θ π θ  so that φ = +1

2
π θn .

Now                   p r r n r n r r an n= φ = + = =sin sin ( ) cos ( / )
1

2
π θ θ  . [From (1)]

∴ The pedal equa tion of (1) is p r an n= +1 / .

∴        
dp

dr a
n r

n
n= +1

1( ) .

Hence                 ρ = = ⋅
+

=
+

⋅
−

r
dr

dp
r

a

n r

a

n r

n

n

n

n( ) ( )1 1 1
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(iv) Proceed exactly as in part (iii).

Ans.  ρ = + −a n rn n/[ ( ) ].1 1

(v) The given curve is r a= −( cos ).1 θ  ...( )1

∴   dr d a/ sinθ θ=   and  d r d a2 2/ cos .θ θ=

Hence          ρ θ
θ θ

= +
+ −

[ ( / ) ]

( / ) ( / )

/r dr d

r dr d r d r d

2 2 3 2

2 2 2 22

   = − +
− + −

[ ( cos ) sin ]

( cos ) sin co

/a a

a a a

2 2 2 2 3 2

2 2 2 2 2
1

1 2

θ θ
θ θ s ( cos )θ θ1 −

   = + − +
+ − +

a

a

2 2 2 3 2

2 2 2
1 2

1 2 2

[ cos cos sin ]

[ cos cos sin

/θ θ θ
θ θ θ − +cos cos ]θ θ2

   = −
−

= √ −a
a

[ ( cos )]

( cos )
( cos )

/
/2 1

3 1

2 2

3
1

3 2
1 2θ

θ
θ   

 = √ √ 





2 2

3
a

r

a
, [From (1)]

   = √2

3
2( ).ar

(vi) The given curve is r a2 2 2= cos .θ ...(1)

Taking logarithm, 2 log r a= +log cos log .2 2θ

Differentiating w.r.t. θ, we get 
2 2 2

2r

dr

dθ
θ

θ
= − ⋅sin

cos

∴   cot tan cot ( );φ = = − = +1
2

1

2
2

r

dr

dθ
θ π θ  so that  φ = +1

2
2π θ.

Now  p r r r r r a= φ = + = =sin sin ( ) cos ( / )
1

2
2 2 2 2π θ θ  . [From (1)]

Hence the pedal equation of the curve (1) is 

a p r2 3= . ...(2)

Differentiating (2) w.r.t. r, we get  

a dp dr r2 23( / ) =   or  ( / ) / .dr dp a r= 2 23

Hence  ρ = = =r dr dp r a r a r( / ) . ( / ) / .2 2 23 3

Prob lem 5:  Form ing the pedal equa tion of the curve θ = − −− −a r a cos a r1 2 2 1 2 1( ) ( / ),/

show that ρ = √ −( ) .r a2 2
(Meerut 2006B, 08; Rohilkhand 06; Kashi 11)

So lu tion: We have  
d

dr a

r

r a a r

a

r

θ = ⋅
√ −

+
√ −

−





1 1

2

2 1

12 2 2 2( ) ( / ){ }

  =
√ −

−
√ −

= −
√ −

= √ − ⋅r

a r a

a

r r a

r a

ar r a

r a

ar( ) ( ) ( )

( )
2 2 2 2

2 2

2 2

2 2
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∴      
dr

d

ar

r aθ
=

√ −
⋅

( )2 2

Now      
1 1 1 1 1 1
2 2 4

2

2 4

2 2

2 2 2

2

2p r r

dr

d r r

a r

r a r

a

r
= + 





= + ⋅
−

= +
θ (r a2 2− )

      = − +
−

=
−

⋅r a a

r r a r a

2 2 2

2 2 2 2 2
1

( )

∴ The pedal equation of the given curve is 
1 1
2 2 2p r a

=
−

  or  p r a2 2 2= − . ...( )1

Differentiating (1) w.r.t. p, we get 2 2p r dr dp= ( / ).

∴         ρ = = = −r dr dp p r a( / ) ( ) ./2 2 1 2 [From (1)]

Prob lem 6:  For the rect an gu lar hy per bola xy c= 2, prove that ρ = r

c

3

22
 , r be ing the cen tral

ra dius vec tor of the point considered.

So lu tion: Given xy c= 2. ...(1)

Changing this equation in to polar form

r r ccos . sinθ θ = 2

or r c2 2cos sinθ θ = . ...(2)

On taking log of both sides

2 log log cos log sinr + +θ θ = log c2.

Differentiating with respect to θ , we get
2

0
r

dr

dθ
θ θ− + =tan cot

or 
2 2 2

r

dr

dθ
θ θ θ θ

θ θ
= − = −

tan cot
sin cos

sin cos

or
1

2

2

2
2

2 2

r

dr

dθ
θ θ

θ θ
θ
θ

θ= − − = − = −(cos sin )

sin cos

cos

sin
cot

or cot cotφ θ= − 2  = −cot ( ).π θ2

∴      φ π θ= − 2

but      p r= sin φ = −r sin ( )π θ2  = r sin 2θ = 2r sin cos θ

or      p r
c

r

c

r
= = ⋅2

22

2

2
.

Differentiating w.r.to r, we get     

dp

dr

c

r
= − 2 2

2
  or  

dr

dp

r

c
= − ⋅

2

22
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∴ ρ = = −r
dr

dp

r

c

3

22
 or ρ = ⋅r

c

3

22
 [Neglecting the −ive sign]

Prob lem 7: Show that at any point on the equiangular spi ral r ae cot= θ α , ρ α= r cosec , and

that it sub tends a right an gle at the pole.

So lu tion: The equa tion of the given curve is 

r ae= θ αcot .  …(1)

Differentiating (1) w.r.t. θ, we have

dr d ae r/ . cot cot .cotθ α αθ α= =

∴ ( / ) / cot1 r dr dθ α=  or cot cotφ = α or φ = α .

Now p r r= φ =sin sin .α  Thus the pedal equation of (1) is p r= sin .α
Therefore dp dr/ sin .= α

Now  ρ
α

α= = =r
dr

dp

r
r

sin
.cosec (First part proved.)

Second part: Let P r( , )θ  be any point on the given curve; PT  is the tangent and PC

is the normal to the curve at P. Let C be the centre of curvature of the point P of the
curve. Then PC = the radius of curvature of the curve  at P r= cosec α. 

Join OP and OC, where O is the pole. Let ∠ =POC β. Then to prove that β = 90o.

We have  ∠ = φ =OPT α, [∵ for this curve φ = α, as already proved]

∴ ∠ = −OPC 90o α, since PC is normal at P

i e. ., perpendicular to the tangent PT .

Now in ∆ OPC, we have 

∠ = − − +OCP 180 90o o{ }( )α β

    = + −( ).90o α β

Hence applying the sine theorem for ∆ OPC, we
get

OP

OCP

PC

sin sin
;

∠
=

β
  

or  
r

sin ( ) sin90o + −
=

α β
ρ

β

or 
r r

cos ( ) sin
,

α β
α

β−
= cosec

          [∵ ρ α= r cosec ]

or sin sin cos ( ) cos cos sin sin ,α β α β α β α β= − = +  [∵   r ≠ 0]

or  cos cosα β = 0 or cos ,β = 0  [∵  cos α ≠ 0]

∴ β = 90o.

Prob lem 8: If ρ ρ1 2,  be the ra dii of cur va ture at the ex trem i ties of any chord of the cardioid 

r a cos= +( )1 θ  which passes through the pole, then show that 

ρ ρ1
2

2
2 216 9+ = a / . (Kanpur 2008)
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So lu tion: The given curve is r a= +( cos ).1 θ  ...( )1

Let PQ be any chord of the curve (1) passing through the pole, and let P be the point 

( , )r1 1θ  and Q be the point ( , ).r2 2θ  Then θ π θ2 1= + .

[Note : To un der stand this point draw the fig ure of a chord pass ing through the pole.]

Since both the points ( , )r1 1θ  and ( , )r2 2θ  lie on the given cardioid (1), therefore

r a1 11= +( cos )θ   and  r a2 21= +( cos )θ  ...( )2

Now let ρ be the radius of curvature of (1) at the point ( , ).r θ  Then proceeding as in
Example 1, after article 9, we get

 ρ = √2

3
2( )ar   or  ρ2 8

9
= ar .

If ρ1 and ρ2 be the radii of curvature at the points P and Q, we have

ρ1
2

1
8

9
= ar   and  ρ2

2
2

8

9
= ar .

∴      ρ ρ θ θ1
2

2
2

1 2 1 2
8

9

8

9
1 1+ = + = + + +a r r a a a( ) [ ( cos ) ( cos )] ,

[From (2)]

    = + + + +( / ) [ cos cos ( )],8 9 1 12
1 1a θ π θ [∵  θ π θ2 1= + ]

    = + + − =( / ) [ cos cos ] ( / ).8 9 1 1 16 92
1 1

2a aθ θ

Prob lem 9:  Show that the ra dius of cur va ture at any point on the curve r a= ±( )1 cos θ  var ies

as square root of the ra dius vec tor.

So lu tion: Proceed as in Problem 4(v).

We get         ρ = √2

3
2ar

or ρ ∝ √ r  where is constant
2

3
2√




a . Hence Proved

Prob lem 10: Find the ra dius of cur va ture of the cardioid r a= −( )1 cos θ  at the pole (or i gin).

So lu tion: Proceed as in Problem 4(v).

We get         p ar= 2

3
2 .

Therefore, at pole (origin)  ( , )r = =0 0θ , we have   ρ = 0.

Prob lem 1: In the pa rab ola x ay2 4=  , prove that the co-or di nates of the cen tre of cur va ture are 

− +










x

a
a

x

a

3

2

2

4
2

3

4
,   .

So lu tion:  We have  x ay2 4=  ...(1)
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Differentiating , 2 4x a
dy

dx
=   ⇒  

dy

dx

x

a
=

2

and 
d y

dx a

2

2
1

2
= ⋅

If ( , )α β  be the centre of curvature for the point ( , )x y , then

α = −

+ 















 = −

+

x

dy

dx

dy

dx

d y

d x

x

x

a

x

a
1

2
1

4

2

2

2

2

2











1

2a

 = − − = − ⋅x x
x

a

x

a

3

2

3

24 4

Also β = +

+ 















 = +

+










y

dy

dx

d y dx
y

x

a
1 1

4
1

2

2 2

2

2

2a

    = + +2
2

2
a y

x

a
 = + +2

4 2

2 2
a

x

a

x

a
 [By (1)]

   = + ⋅2
3

4

2
a

x

a

∴   Centre of curvature is  − +










x

a
a

x

a

3

2

2

4
2

3

4
,  .

Prob lem 2: In the cat e nary y c x c= cosh ( / ) , show that the cen tre of cur va ture ( , )α β  is given by 

α β= − − =x y y c y{( / ) } ,/2 2 1 21 2 .

So lu tion: Given y c
x

c
= ⋅cosh  ...(1)

Differentiating,
dy

dx

x

c
= sinh

and 
d y

dx c

x

c

2

2
1= ⋅cosh

∴  α = −

+ 















 = −

+
x

dy

dx

dy

dx

d y

dx

x

x

c

1
1

2

2

2

2[ ]sinh sinh

cosh

x

c

c

x

c

1

   = − = −x c
x

c
c

x

c
c x y

x

c
sinh cosh sinh

   = − √ −





x y
x

c
cosh2 1  = − √ −









x y

y

c

2

2
1
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and β = +

+ 















 = +

+
y

dy

dx

d y

d x

y

x

c

c

1
1

1

2

2

2

2( )sinh

cosh
x

c

   = + 





= + =y c
x

c
y y ycosh 2 .

∴   Centre of curvature is x y y c y− √ −



( / )2 2 1 2  .

Prob lem 3: For the curve a y x2 3= , show that the cen tre of cur va ture ( , )α β  is given by

α β= −








 = + ⋅x x

a

x

a

a

x2
1

9 5

2 6

4

4

3

2

2
,

So lu tion: Here a y x2 3= ;  

∴  
dy

dx

x

a
= 3 2

2
  and  

d y

dx

x

a

2

2 2
6= ⋅

∴ α = − + = − +








x

dy dx dy dx

d y dx
x x

x

a

[ ( / ) ] ( / )

/

1 1

2
1

92

2 2

4

4  = ⋅ −










x x

a2
1

9 4

4
.

Also  β = + + = + + =y
dy dx

d y dx

x

a

x a

x a

x[ ( / ) ]

/

[ ( / )]

/

1 1 9

6

52

2 2

3

2

4 4

2

3

2 62

2

a

a

x
+ ⋅

∴ The required centre of curvature is

x x

a

x

a

a

x2
1

9 5

2 6

4

4

3

2

2
−









 +























⋅,

Prob lem 4:  Show that the cen tre of cur va ture ( , )α β  at the point de ter mined by ‘t’ on the el lipse 

x a cos t= , y b sin t= , is given by α β= − = − −a b

a
t

a b

b
t

2 2
3

2 2
3cos , sin .

(Lucknow 2007, 10; Kanpur 15)

So lu tion: Dif fer en ti at ing,  
dx

dt
a t= − sin , 

dy

dt
b t= cos .

∴    
dy

dx

dy dt

dx dt

b t

a t

b

a
t= =

−
= −/

/

cos

sin
cot ,

and  
d y

dx

d

dx

dy

dx

d

dt

b

a
t

dt

dx

2

2
= 





= −













cot .

       =
−







 = −b

a
t

a t

b

a
tcosec cosec2

2
31

sin
.

If ( , )α β  be the centre of curvature for the point ‘t ’, then
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α = − +
x

dy dx dy dx

d y dx

[ ( / ) ] ( / )

/

1 2

2 2
   

   = − + −
−

x
b a t b a t

b a t

{ } { }1 2 2 2

2 3
( / ) cot ( / ) cot

( / ) cosec

   = − +a t a a t b t tcos ( / ) ( sin cos ) cos1 2 2 2 2

   =
− −

= −a t t t b t

a

a b

a
t

2 2 2 3 2 2
3(cos sin cos ) cos

cos .

Also       β = +
+

= + +
−

y
dy dx

d y dx
y

b a t

b a

[ ( / ) ]

/

( / ) cot

( / )

1 1
2

2 2

2 2 2

2
{ }

cosec3 t

    = − ⋅ +b t
t

b
a t b tsin

sin
( sin cos )2 2 2   

  = − −1 2 2 2 2 2

b
t b a t b tsin [ sin cos ]

  = − = − −b a

b
t

a b

b
t

2 2
3

2 2
3sin sin .

∴ The required centre of curvature is the point 
a b

a
t

a b

b
t

2 2
3

2 2
3− − −







cos , sin .

Prob lem 5: Prove that the cen tre of cur va ture ( , )α β  for the curve

x t= 3 , y t= −2 6 is  α = − 4

3
3t ,  β = −3

3

2
2t .

So lu tion:  We have x t= 3 , y t= −2 6.

Differentiating
dx

dt

dy

dt
t= =3 2, .

∴ dy

dx

dy dt

dx dt

t= =/

/

2

3
  and  

d y

dx

d

dt

dy

dx

dt

dx

2

2
2

9
= 





=  .

∴ α = −

+ 















 = −

+





x

dy

dx

dy

dx

d y dx
t

t1

3

1
4

9

2

2 2

2

/






2

3

2 9

t

/
 = − 4 33t /

and β = +

+ 















 = − +

+ 





y

dy

dx

d y dx
t

t1

6
1

2

3

2

2 2
2

2

/ 2 9/
  = −3

3

2
2t  .

Prob lem 6: Show that in any curve the chord of cur va ture per pen dic u lar to the ra dius vec tor is 

2 2 2ρ √ −( ) / .r p r

So lu tion: The chord of cur va ture per pen dic u lar to the ra dius vector 
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= φ = √ − φ2 2 1 2ρ ρcos ( sin ) = √ −2 1 2ρ [ ( / ) ],p r [∵ p r= φsin ]

= √ −[ ( )] / .2 2 2ρ r p r

Prob lem 7: Show that the chord of cur va ture through the pole of the equiangular spi ral 

r a e m= θ is 2 r.

So lu tion: We have r a e m= θ . There fore dr d ae m mrm/ . .θ θ= =

∴ tan tan ,φ = = ⋅ = =r
d

dr
r

mr m

θ α1 1
 say. (Note)

∴       φ = α.

Now p r r= φ =sin sin .α  Therefore dp dr/ sin .= α

∴ ρ
α

α= ⋅ = ⋅ =r
dr

dp
r r

1

sin
.cosec

Hence the chord of curvature through the pole = φ2 ρ sin

    = =2 2r rcosec α αsin .

Prob lem 8: Show that the chord of cur va ture, through the pole, for the cardioid, 

r a cos= +( )1 θ is 
4

3
r.

So lu tion: We have  r a= +( cos ) .1 θ

Differentiating,  dr d a/ sin .θ θ= −

∴ tan
( cos )

sin
cot tan ( ) ;φ = = +

−
= − = +r

d

dr

a

a

θ θ
θ

θ π θ1 1

2

1

2

1

2
 

so that φ = +1

2

1

2
π θ .

Now  p r r r= φ = + =sin sin ( ) cos .
1

2

1

2

1

2
π θ θ

∴ 2 2
1

2
12 2 2 2 2 3p r r r r a r a= = + = =( cos ) ( cos ) . ( / ) / .θ θ

Thus 2 2 3p a r=  is the pedal equation of the curve.

Differentiating w.r.t. r, we have 4 3 2ap
dp

dr
r= .

∴ ρ = = ⋅ = ⋅r
dr

dp
r

ap

r

ap

r

4

3

4

32

Hence the chord of curvature through the pole

  = φ = ⋅ ⋅2 2
4

3
ρ sin ,

ap

r

p

r
[∵ p r= φsin ]

  = = ⋅8

3

8

3 2

2

2 2

3ap

r r

r
, [∵ 2 2 3ap r= ]

  = 4 3r / .
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Prob lem 9: Show that the cir cle of cur va ture  at the point ( , )am am2 2   of the pa rab ola y ax2 4=

has for its equa tion

x y am x ax am y a m2 2 2 3 2 46 4 4 3 0+ − − + − = .

So lu tion: We know that the equa tion of the cir cle of cur va ture is

( ) ( )x y− + − =α β ρ2 2 2

where, (α, β) is the centre of curvature of parabola y ax2 4=
and ρ is the radius of curvature.

First find the centre of curvature of parabola y ax2 4=  at x am y am= =2 2, .

Here y ax2 4=    ⇒   2 4y
dy

dx
a=    or   

dy

dx

a

y
= 2

 or 
dy

dx
a x

a

x
= = √ ⋅−1 2 1 2/ /

∴        
d y

dx
a x

2

2
1 2 3 21

2
= − −/ / .

If ( , )α β  be the centre of curvature for the point ( , )x y , then

α = −

+ 















x

dy

dx

dy

dx

d y

dx

1
2

2

2

 = −
+








− √
= + +





√
x

a

x

a

x

x

a

x

x x
a

x

1

1

2

2 1

∴ α = +3 2x a . 

But x am= 2  ⇒  α = +3 22am a

and β = +
+ 





y

dy

dx

d y

d x

1
2

2

2

 = +
+ 





− √
y

a

x

x

a

x

1

1

2

 = − +−2 2 11 2 1 2 1 2 3 2a x a x a x/ / / / ( / ).

∴ β = − √2x
x

a
 .  

Putting x am= 2 ⇒ β = −2 3am .

Also radius of curvature of y ax2 4=  is 

ρ =
√

+2 3 2

a
x a( ) / . 

But x am= 2  ⇒  ρ =
√

+2 2 3 2

a
am a( ) /  =

√
√ +2

12 3 2

a
a a m( ) / = +2 12 3 2a m( ) ./

Putting α β,  and ρ in

( ) ( )x y− + − =α β ρ2 2 2

we get ( ) ( ) { ( ) }/x am a y am a m− − + + = +3 2 2 2 12 2 3 2 2 3 2 2

( ) ( ) ( )x am a y am a m− − + + = +3 2 2 4 12 2 3 2 2 2 3

or           y x am x ax am y a m2 2 2 3 2 46 4 4 3 0+ − − + − = .

D-237



Prob lem 10: If Cx , C y be the chords of cur va ture par al lel to the axes at any point of the curve 

y ae x a= / , prove that

1 1 1

22 2C C a Cx y x
+ = ⋅

(Agra 2007; Rohilkhand 07; Purvanchal 07)

So lu tion: We have, Cx = the chord of cur va ture par al lel to the x-axis

  = = =
√ +

2 2
1

2
1

1 2
ρ ψ ρ

ψ
ρ

ψ
sin

( cot )cosec

  =
√ +

2
1 2

ρ ψ
ψ

tan

( tan )
 = + ⋅

√ +
2

1

1

1
2 3 2

2

1

1
2

( )

( )

/y

y

y

y

  = +2
11

2
1
2y

y
y( ). ...(1)

Here y ae x a= / ; y dy dx e x a
1 = =/ ;/  

and   y d y dx a e x a
2

2 2 1= =/ ( / ) ./

∴ From (1), we get 

C
e

a e
e a ex

x a

x a
x a x a= + = +2

1
1 2 12 2

/

/
/ /

( / )
[ ] ( ).

Again   C y = the chord of curvature parallel to y-axis

          = = =
√ +

2
2 2

1 2
ρ ψ ρ

ψ
ρ

ψ
cos

sec ( tan )

   = + ⋅
√ +

2
1 1

1

1
2 3 2

2 1
2

( )

( )

/y

y y

          = + = + = +2 1 2

1
1

2
11

2

2

2 2( )

( / )
[ ] ( ).

/
/

/
/y

y a e
e

a

e
e

x a
x a

x a
x a

∴   
1 1 1

4 1
1

2 2 2 2 2
2

C C a e
e

x y
x a

x a+ =
+

+
( )

[ ]
/

/   

    =
+

= ⋅1

4 1

1

22 2a e a Cx a
x( )/

Multiple Choice Questions

1. See ar ti cle 7.

2. See ar ti cle 8.

D-238

H O T Qints to bjective ype uestions



3. See ar ti cle 15.

4. See Prob lem 1(i) of Com pre hen sive Prob lems 2.

5. See Ex am ple 4.

6. See Ex am ple 11.

7. See ar ti cle 4.

8. See Prob lem 2(v) of Comprehensive Prob lems 1.

9. See Ex am ple 15.

10. See ar ti cle 10.

11. See Prob lem 13(i) of Com pre hen sive Prob lems 1.

12. See Corollary of ar ti cle 4.

Fill in the Blanks

1. See ar ti cle 4.

2. See Cor ol lary of ar ti cle 4.

3. See ar ti cle 5.

4. See ar ti cle 4

5. See Ex am ple 4.

6. See Ex am ple 3.

7. See Prob lem 2(v) of Com pre hen sive Prob lems 1.

8. See Ex am ple 10.

True or False

1. The circle of curvature of a curve at any point on it is the circle whose centre is the

centre of curvature at that point and radius is radius of curvature at that point. By

the curvature of a circle, we mean the curvature of the curve which is a circle.

2. See ar ti cle 4. Cor ol lary.

3. See ar ti cle 9.

4. See ar ti cle 10.

5. See ar ti cle 8.

❍❍❍
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Prob lem 1: Find the en ve lope of the straight lines ( / ) ( / ) ,x a cos y b sinθ θ+ = 1 the

pa ram e ter be ing θ and in ter pret the re sult geo met ri cally. (Kashi 2012)

So lu tion:  The equa tion of the given fam ily of straight lines is 

( / ) cos ( / ) sin ,x a y bθ θ+ = 1 ...(1)

the parameter being θ.
Differentiating (1) partially with respect to θ, we get

− + =( / ) sin ( / ) cos .x a y bθ θ 0  ...(2)

Eliminating θ between (1) and (2), we get the envelope of the family of straight lines

(1). So squaring and adding (1) and (2), we get

( / ) (cos sin ) ( / ) (sin cos )x a y b2 2 2 2 2 2 2 2 1θ θ θ θ+ + + =

or x a y b2 2 2 2 1/ / ,+ =  ...(3)

which is the required envelope of the family of straight lines (1).

Geometrical interpretation: The equation (3) represents an ellipse whose centre is 

origin. Whatever may be the value of θ, the straight line (1) always touches the ellipse

(3) and the ellipse (3) is also touched at each point by some straight line belonging to

the family (1).

Prob lem 2(i): Find the en ve lope of the straight lines y m x m= +2 21 / , where m is the

pa ram e ter.

So lu tion: The equa tion of the given fam ily of straight lines can be writ ten as

m y m x2 4 1= +   or  m x m y4 2 1 0− + = . ...(1)

The equation (1) is a quadratic in m2. So the required envelope is obtained by

equating to zero the discriminant of (1). Hence the required envelope is

( ) .− − =y x2 4 1 0  or  y x2 4= .

Prob lem 2(ii): Find the en ve lope of the straight lines y mx a m= + √ +( )1 2  , the pa ram e ter

be ing m . (Kumaun 2000)
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So lu tion: Given y mx a m= + +1 2

or ( )y mx− 2 = +a m2 21( )

or y m x mx a a m2 2 2 2 2 224 0+ − − − =

or m x a xym y a2 2 2 2 22 0( )− − + − =

which is a quadratic equation in parameter m . Hence its envelope is B AC2 4=

i e. ., ( ) ( ) ( )− = − −2 42 2 2 2 2xy x a y a

or  4 42 2 2 2 2 2 2 2 4x y x y a y a x a= − − +( )

or a x a y a2 2 2 2 4+ =

or x y a2 2 2+ = .

Prob lem 2(iii): Find the en ve lope of the straight lines y mx am= + 3, the pa ram e ter be ing 

m.

So lu tion: We have  y mx am= + 3.  ...(1)

Differentiating (1) partially w.r.t. ‘m ’, we have

 0 3 2= +x am   or  m x a2 3= − /( ) . ...(2)

From (1), y m x am2 2 2 2= +( )

      = − −( / ) ( / ) ,x a x x3 3 2  substituting for m2 from (2)

      = − 4 273x a/  .

Hence 27 4 02 3ay x+ = , is the required envelope.

Prob lem 2(iv): Find the en ve lope of the fam ily of straight lines y mx amp= + , the

pa ram e ter be ing m.

So lu tion: The equa tion of the given fam ily of straight lines is 

y mx amp= + , ...(1)

the parameter being m.

Differentiating (1) partially with respect to m, we get

 0 1= + −x pamp . ...(2)

Eliminating m between (1) and (2), we get the envelope of the family of straight lines
(1).

From (2),  m
x

pa

p − = − ⋅1  ...(3)

Now the equation (1) can be written as

y m x amp= + −( ).1

Raising both sides to the power p − 1, we get
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y m x amp p p p− − − −= +1 1 1 1( )

or y
x

pa
x a

x

pa

p
p

−
−

= − − ⋅









1
1

,   substituting for mp −1 from (3)

or y
x

pa

x p

p

p
p p

p
− − −

−
= − ⋅ −1

1 1

1
1( )

or ( ) ,p x p ayp p p p− + =− −1 01 1  which is the required envelope.

Prob lem  2(v): Find the en ve lope of the fam ily of straight lines x cosec y cot cθ θ− = , the

pa ram e ter be ing θ.
So lu tion: The equa tion of the given fam ily of straight lines is

x y ccosec θ θ− =cot

or 
x y

c
sin

cos

sinθ
θ

θ
− =

or x y c− =cos sinθ θ
or y c xcos sin ,θ θ+ =  ...(1)

the parameter being θ.

Differentiating (1) partially with respect to θ, we get

− + =y csin cos .θ θ 0  ...(2)

Squaring and adding (1) and (2), we get

y c x2 2 2+ =   or  x y c2 2 2− = ,

which is the required envelope of the given family of straight lines.

Prob lem 2(vi):   Find the en ve lope of the fam ily of straight lines x cos y sin a3 3α α+ = , the 

pa ram e ter be ing α.

So lu tion: Pro ceed as in problem 6 of Comprehensive Problems 1.

The required envelope is a x y x y2 2 2 2 2( )+ =

or
1 1 1
2 2 2x y a

+ = ⋅

Prob lem 3: Find the en ve lope of the fam ily of cir cles

x y ax cos ay sin c a c2 2 2 2 22 2+ − − = >α α , ( )

where α is the parameter, and interpret the result .

So lu tion: The equa tion of the given fam ily of cir cles can be writ ten as

2 2 2 2 2ax ay x y ccos sin .α α+ = + − ...(1)

[Note that we have brought the terms containing cos α and sin α to one side and the
rest of the terms to the other side].

Differentiating (1) partially with respect to α, we get
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− + =2 2 0ax aysin cos .α α ...(2)

Squaring and adding (1) and (2), we get

  4 42 2 2 2 2 2 2 2a x a y x y c+ = + −( )

or ( ) ( ),x y c a x y2 2 2 2 2 2 24+ − = + ...(3)

which is the required envelope.

Interpretation: The equation (3) can be written as

( ) ( ) ( ) .x y a c x y c2 2 2 2 2 2 2 42 2 0+ − + + + =

Solving it as a quadratic in ( ),x y2 2+  we get

x y
a c a c c2 2
2 2 2 2 2 42 2 4 2 4

2
+ = + ± √ + −( ) ( ){ }

    = + ± √ +2 22 2 2 2a c a c a( )

    = + ± √ + +( ) ( )a c a a c a2 2 2 2 22  = √ + ±[ ( ) ] .a c a2 2 2

Therefore the required envelope consists of the two circles 

x y a c a2 2 2 2 2+ = √ + +[ ( ) ]  

and x y a c a2 2 2 2 2+ = √ + −[ ( ) ] .

These are the circles with centre at origin and radii  √ + ±( ) .a c a2 2

Prob lem 4: Find the en ve lope of the fol low ing sys tems of cir cles :

(i) ( ) ,x y− + =α α2 2 4  α being the parameter,

(ii) ( ) ( ) ,x y− + − =α α α2 2 2  where α is the parameter.

(Lucknow 2009; Rohilkhand 13)

(iii) ( )x c− 2 + y2 = R2, where c is the parameter.

So lu tion: (i) We have ( )x y− + =α α2 2 4  or x x y2 2 22 4− + + =α α α

or α α2 2 22 2 0− + + + =( ) ( ) .x x y

This equation is a quadratic in α. Hence the required envelope is

4 2 4 02 2 2( ) .( )x x y+ − + =

or x x x y2 2 24 4 0+ + − − =  or y x2 4 4 0− − = .

(ii) We have   ( ) ( )x y− + − =α α α2 2 2

or x x y y2 2 2 22 2 2− + + − + =α α α α α 

or 2 2 1 02 2 2α α− + + + + =( ) ( ) .x y x y

This equation is a quadratic in α. Hence the required envelope is

4 1 4 2 02 2 2( ) . ( )x y x y+ + − + =

or ( ) ( ) .x y x y+ + = +1 22 2 2
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(iii) The given family of circles is

( )x c y R− + =2 2 2 ...(1)

where c is the parameter.

Differentiating (1) partially with respect ‘c ’, we get

− − =2 0( )x c or   x c− = 0. ...(2)

Eliminating c between (1) and (2), we get the envelope of the family (1).

Putting x c− = 0 in (1), we get y R2 2=  as the required envelope of the family (1).

Hence the envelope of the family (1) consists of the straight lines y R= ± .

Prob lem 4(iv): Find the en ve lope of the fol low ing fam i ly of curves :

y m x m2 2= −( ) , the parameter being m .

So lu tion:  Here     y m x m m x m2 2 2 3= − = −( ) . ...(1)

Differentiating (1) partially w.r.t. the parameter ‘t’, we get

0 2 3 2= −mx m  or m x= 2 3/ .

Substituting this value of t in (1), we get

y x x x x2 2 32 3 2 3 4 27= − =( / ) ( / ) /

or 4 273 2x y= , which is the required envelope.

Prob lem 4(v):  Find the en ve lope of the fam ily of pa rab o las  tx t y a3 2+ = , the pa ram e ter

be ing  t.

So lu tion:  Given t y tx a2 3 0+ − =

which is a quadratic equation in parameter t hence its envelope is B AC2 4=  

        x y a6 4= −. . ( )     or   x ay6 4 0+ =

Prob lem 4(vi): Ob tain the en ve lope of the fam ily of curves given by 

x y

k

2

2

2

2 2
1

α α
+

−
= ,

where α is the parameter. (Kanpur 2008)

So lu tion: The given equa tion is

( / ) /( )x y k2 2 2 2 2 1α α+ − =

or x k x y k2 2 2 2 2 2 2 2 4− + = −α α α α ,

or α α4 2 2 2 2 2 2 0+ − − + =( ) ,y x k x k

which is a quadratic equation in the parameter α2.

∴ The envelope is given by ( )y x k k x2 2 2 2 2 24− − =

or y x k kx2 2 2 2− − = ±
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or y x k kx2 2 2 2= + ±   or  y x k2 2= ±( )

or y x k= ± ±( ).

Hence the required envelope consists of the four straight lines x y k± = ± .

Prob lem 5: Find the en ve lope of the fam ily of curves 

      ( / ) ( / ) / ,a x cos b y sin c a2 2 2θ θ− =

θ be ing the pa ram e ter.

So lu tion: The equa tion of the given fam ily of curves is

( / ) cos ( / ) sin / ,a x b y c a2 2 2θ θ− =  ...(1)

the parameter being θ.
Differentiating (1) partially with respect to θ, we get

− − =( / ) sin ( / ) cos .a x b y2 2 0θ θ ...(2)

Squaring and adding (1) and (2), we get

    
a

x

b

y

c

a

4

2

4

2

4

2
+ = ,

which is the required envelope of the family of curves (1).

Prob lem 6: Find the en ve lope of the fam ily of straight lines

x y an ncos sinθ + θ = , for different values of θ.

So lu tion: The equa tion of the given fam ily of straight lines is

x y an ncos sinθ θ+ = , ...(1)

the parameter being θ.

Differentiating (1) partially with respect to θ, we get

− +− −nx nyn ncos sin sin1 1θ θ θ θcos =0

or 
cos sin

sin cos

n

n
y

x

−

−
=

1

1
θ θ

θ θ
  or  cotn y

x
− =2 θ

or 
1

2cotn
x

y−
=

θ
     or  tan2 − =n x

y
θ

or tan
/( )

/ ( )
θ =

−

−
x

y

n

n

1 2

1 2 2
.

∴ cos
[ ]

/( )

/( ) /( ) /
θ =

+

−

− −
x

x y

n

n n

1 2

2 2 2 2 1 2

and  sin
[ ]

/( )

/( ) /( ) /
θ =

+

−

− −
y

x y

n

n n

1 2

2 2 2 2 1 2
.

Putting the values of cos θ and sin θ in (1), the required envelope of the family of
straight lines (1) is
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x
x

x y
y

y

x

n n

n n

n n

n
.
[ ]

.
[

/( )

/( ) /( )

/( )

/( )

2

2 2 2 2

2

2 2

−

− −

−

−+
+

+ y
a

n n2 2 2/( ) /]−
=

or 
x y

x y
a

n n

n n n

2 2 2 2

2 2 2 2 2

/( ) /( )

/( ) /( ) /[ ]

− −

− −
+

+
=

or [ ]/( ) /( ) ( / )x y an n n2 2 2 2 1 2− − −+ =

[ ]/( ) /( ) ( )/x y an n n2 2 2 2 2 2− − −+ =

or x y an n n2 2 2 2 2 2/( ) /( ) /( )− − −+ = ,

raising both sides to the power 2 2/ ( )− n .

Prob lem 7: Find the en ve lope of the el lipse

 x a sin= −( ),θ α  y b cos= θ,
where α is the parameter. (Kanpur 2009)

So lu tion: The given el lipse is

x a= −sin ( ),θ α  y b= cos ,θ where α is the parameter

or x a= −(sin cos cos sin ),θ α θ α  y b= cos θ

or x a y b y b= √ − −{ }( / ) cos ( / ) sin ,1 2 2 α α  eliminating θ. ...(1)

Differentiating (1) partially w.r.t. the parameter α , we have

 0 1 2 2= − √ − −a y b y b{ }( / ) sin ( / ) cos .α α ...(2)

Squaring and adding (1) and (2), we get

 x a y b y b2 2 2 2 2 21= − +{ }/ / ,

or x a2 2=   or  x a= ±  as the required envelope.

Prob lem 8: Pro jec tiles are fired from a gun with a con stant ini tial ve loc ity V0. Sup pos ing the 

gun can be given any el e va tion and is kept al ways in the same ver ti cal plane, what is the

en ve lope of the pos si ble tra jec to ries, as sum ing their equa tion to be

y x tan
gx

V cos
= −α

α

2

0
2 22

?
(Lucknow 2007, 11)

So lu tion: The given equa tion is

y x gx V= −tan / ( cos ),α α2
0
2 22  

where α is pa ram e ter and V0 is con stant

or y x gx V= −tan ( / ) secα α1

2
2

0
2 2

or y x gx V= − +tan ( / ) ( tan )α α1

2
12

0
2 2

or ( / ) tan tan ( / ) ,
1

2

1

2
02

0
2 2 2

0
2gx V x y gx Vα α− + + =

which is a quadratic equation in tan .α
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∴  The envelope is given by

x gx V y gx V2 2
0
2 2

0
24

1

2

1

2
0− + =( / ) ( / )

or 1 2
1

2
00

2 2
0
2− + =( / ) ( / )g V y gx V

or V g y gx V0
2 2

0
22

1

2
/ / ,= +  multiplying by V g0

2 2/

or V g x V gy0
4 2 2

0
22= + , which is the required envelope.

Prob lem 9: Find the en ve lope of the straight lines

x y lcos sin sin cosα α α α+ = ,

where the parameter is the angle α . Give the geometrical interpretation.

(Avadh 2007, 12; Rohilkhand 2012)

So lu tion: Here x y lcos sin sin cos ,α α α α+ =

or x y lcosec α α+ =sec . (Note) ...(1)

Differentiating (1) partially w.r.t. the parameter α , we have 

x y( cot ) sec tan− + =cosec α α α α 0

or tan / ./ /α = x y1 3 1 3

∴ cosec α α= √ + = √ +( cot ) ( / )/ /1 12 2 3 2 3{ }y x

    = √ +( ) / ,/ / /x y x2 3 2 3 1 3  ...(2)

and sec ( tan ) ( ) / ./ / /α α= √ + = √ +1 2 2 3 2 3 1 3x y y ...(3)

Eliminating α between (1), (2) and (3), we have

x x y

x
y

x y

y
l

( )
.
( )/ / /

/

/ / /

/

2 3 2 3 1 2

1 3

2 3 2 3 1 2

1 3
+ + + =

or ( ) ,/ / ( / )x y l2 3 2 3 3 2+ =  or x y l2 3 2 3 2 3/ / / ,+ =

which is the required envelope.

Geometrical Interpretation: The equation (1) may be written as 
x l y l/ ( sin ) / ( cos ) ,α α+ = 1  which shows that the intercepts on the axes made by
the line are l sin α and l cos .α  Hence the length of the line between the axes is  

√ +( sin cosl l2 2 2 2α α) i e l. .,  which is constant. Hence the result may be interpreted

geometrically as follows :

If a straight line of constant length l slides between the axes, the envelope of the
straight line is the astroid

   x y l2 3 2 3 2 3/ / / .+ =

Prob lem 10: Find the en ve lope of the fam ily of the straight lines 

x cos m y sin m a cos n m nθ θ θ+ = ( ) ,/

where θ is the pa ram e ter.

So lu tion: We have   x m y m a n m ncos sin (cos ) ./θ θ θ+ = ...(1)
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Differentiating (1), partially w.r.t. θ, we have

− + = −−mx m my m a m n n n nm nsin cos ( / ) (cos ) ( sin )( / )θ θ θ θ1

or      − + = − −x m y m a n nm nsin cos (cos ) (sin ).( / )θ θ θ θ1  ...(2)

Squaring and adding (1) and (2), we have

(cos sin ) ( )2 2 2 2m m x yθ θ+ +

= −a n m n2 2 1(cos ) ( / )θ  (cos sin )2 2n nθ θ+

or x y a n m n n2 2 2 2+ = −(cos ) .( )/θ  ...(3)

Multiplying (1) by sin nθ and (2) by cos nθ and adding, we get

− −x m n m n(sin cos cos sin )θ θ θ θ
+ + =y m n m n(cos cos sin sin )θ θ θ θ 0

or    − − + − =x m n y m nsin ( ) cos ( )θ θ 0

or           tan ( ) /m n y x− =θ  ...(4)

Now let ( , )r φ  denote the polar coordinates of the point ( , )x y  so that x r= φcos  and 

y r= φsin . Then from (4), we have tan ( ) tanm n− = φθ  or ( )m n− = φθ  or 

θ = φ −/( ).m n  Substituting the value of θ in (3), we get

( cos sin ) [cos / ( ) ] ( )/r r a n m n m n n2 2 2 2 2 2φ + φ = φ − −
{ }

or r a n m n m n n2 2 2= φ − −[cos / ( ) ] ( )/
{ }

or r a n m nn m n n m n/( ) /( ) cos / ( ) ,− −= φ −{ }

which is the required envelope where ( , )r φ  are the polar coordinates of the point 

( , ).x y

Prob lem 11: Show that the ra dius of cur va ture of the en ve lope of the fam ily of lines 

x cos y sin fα α α+ = ( ) is f f( ) ( ) .α α+ ′ ′
So lu tion: The given equa tion of the fam ily of lines is 

x y fcos sin ( ),α α α+ =  ...(1)

where α is the parameter.

Differentiating (1) partially w.r.t. α, we have

− + = ′x y fsin cos ( ) .α α α  ...(2)

Squaring (1) and (2) and adding, we get

x y f f2 2 2 2+ = + ′{ } { }( ) ( ) ,α α

or r f f2 2 2= + ′{ } { }( ) ( ) ,α α  changing to polars. ...(3)

Now the envelope of the family of lines (1) touches each member of the family (1).

Therefore (1) is a tangent to the envelope of (1).

Hence if p be the length of the perpendicular from the pole (i e. ., origin) upon the

tangent (1) to the envelope of (1), then 

p f= ( ).α  ...(4)

D-248



Therefore (3) may be regarded as the pedal equation of the envelope where α is given

by (4).

Differentiating (4) and (3) w.r.t. ‘p ’, we have

1 = ′f d dp( ) ( / )α α  ...(5)

and 2 2 2r dr dp f f d dp f f d dp( / ) ( ) ( ) .( / ) ( ) ( ). ( / ).= ′ + ′ ′ ′α α α α α α
∴ ρ (i e. ., the radius of curvature of the envelope)

= = ′ 





 + ′ ′ ′ 






r

dr

dp
f f

d

dp
f f

d

dp
( ) ( ) ( ) ( )α α α α α α

= + ′ ′ ′{ } { }f f f d dp( ) ( ) ( ) ( / )α α α α
= + ′ ′f f( ) ( ),α α  from (5).

Alternative method: To find the radius of curvature of the envelope of the given

family of lines we can also proceed as follows :

The equations (1) and (2) are parametric equations of the envelope of the family of

lines (1), the parameter being α.

First we shall solve (1) and (2) for x and y to express x and y as functions of the

parameter α.

Multiplying (1) by cos ,α  (2) by sin α and subtracting, we get

x f f= − ′( ) cos ( ) sin .α α α α  ...(6)

Again multiplying (1) by sin ,α  (2) by cos α and adding, we get

y f f= + ′( ) sin ( ) cos .α α α α  ...(7)

Now from (6),  
dx

d
f f f f

α
α α α α α α α α= ′ − − ′ ′ − ′( ) cos ( ) sin ( ) sin ( ) cos

  = − + ′ ′[ ( ) ( )] sinf fα α α ...(8)

and from (7), 
dy

d
f f f f

α
α α α α α α α α= ′ + + ′ ′ − ′( ) sin ( ) cos ( ) cos ( ) sin  

    = + ′ ′[ ( ) ( )] cos .f fα α α  ...(9)

∴  
dy

dx

dy d

dx d
= = −/

/
cot .

α
α

α

∴ 
d y

dx

d

dx

d

d

d

dx

2

2
= − = − ⋅( cot ) ( cot )α

α
α α

= ⋅ −
+ ′ ′

= −
+ ′ ′

cosec
cosec2

31α
α α α

α
α α[ ( ) ( ) ] sin ( ) ( )f f f f

 .

Now the required radius of curvature ρ

     = + = + ⋅ + ′ ′
−

[ ( / ) ]

/
[ cot ]

( ) ( )/
/1

1
2 3 2

2 2
2 3 2dy dx

d y dx

f fα α α
cosec3 α

     = − + ′ ′[ ( ) ( )].f fα α
Neglecting the negative sign, ρ α α= + ′ ′f f( ) ( ).
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Prob lem 12: If x y k2 3 2 3 2 3/ / /+ =  is the en ve lope of the lines

x a y b/ / ,+ = 1  

then find the necessary relation between a , b and k.

So lu tion: The equa tion of the given fam ily of straight lines is
x

a

y

b
+ = 1, ...(1)

where a and b are parameters.

If the envelope of the family of straight lines (1) is the curve 

x y k2 3 2 3 2 3/ / / ,+ =  ...(2)

then each member of the family of straight lines (1) touches the curve (2).

So to find the necessary relation between a, b and k we have to find the condition that
the straight line (1) touches the curve (2).

The coordinates ( , )x y  of any point on the curve (2) may be taken as

x k= cos ,3 θ y k= sin ,3 θ where θ is a parameter.

We have     dx d k/ cos sinθ θ θ= − 3 2

and dy d k/ sin cos .θ θ θ= 3 2

∴ 
dy

dx

dy d

dx d

k

k
= =

−
/

/

sin cos

cos sin

θ
θ

θ θ
θ θ

3

3

2

2
 = − sin

cos

θ
θ

  = slope of the tangent to the curve (2)

 at the point ( cos , sin ).k k3 3θ θ

∴ The equation of the tangent to the curve (2) at the point ( cos , sin )k k3 3θ θ  is

y k x k− = − −sin
sin

cos
( cos )3 3θ θ

θ
θ

or y k x kcos sin cos sin sin cosθ θ θ θ θ θ− = − +3 3

or x y ksin cos sin cosθ θ θ θ+ =

or 
x

k

y

kcos sin
.

θ θ
+ = 1  ...(3)

Now suppose the straight line (1) touches the curve (2) at the point 

( cos , sin ).k k3 3θ θ  Then (1) and (3) are the equations of the same straight line. So

comparing the coefficients of like terms in (1) and (3), we get

a k= cos ,θ b k= sin .θ

Squar ing and add ing, we get 

a b k2 2 2+ = ,

which is the required relation between a, b and k so  that the line (1) touches the curve
(2).
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Prob lem 13:  Find the en ve lope of the family of curves x sin y cos a2 2 2α α+ = , where α is

the pa ram e ter.

So lu tion: The equa tion of the given fam ily of curves is

x y a2 2 2sin cosα α+ = , …( )1

where α is the parameter.

Differentiating (1) partially with respect to ‘α’, we get

x y2 2 0cos sin .α α− = …( )2

Squaring and adding (1) and (2), we get

x y a4 4 4+ =

which is the required envelope of the family of curves ( )1 .

Prob lem 14:  Find the en ve lope of the fam ily of curves ( ) ( )y c x c− − − =2 32

3
0, where c is

the parameter.

So lu tion: The equa tion of the given fam ily of curves is

( ) ( )y c x c− − − =2 32

3
0, …( )1

where c is the parameter.

Differentiating (1) partially with respect to ‘c ’, we get

2 1
2

3
3 1 02( ) ( ) ( ) ( )y c x c− − − ⋅ − − =

or ( ) ( )y c x c− − − =2 0

or y c x c− = −( )2. ...(2)

Eliminating c between (1) and (2), we get the envelope of the family (1).

Putting y c x c− = −( )2 in (1), we get

( ) ( )x c x c− − − =4 32

3
0

or ( ) [ ] .x c x c− − − =3 2

3
0

∴ x c− = 0    or  x c− = ⋅2

3

Putting x c− = 0 in (2), we get

y c− = 0.

Eliminating c between x c− = 0 and y c− = 0, we get x y= .

Again putting x c− = 2

3
 in (2), we get y c− = 4

9
.

Eliminating c between x c− = 2

3
 and y c− = 4

9
, we get
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x y− = − = ⋅2

3

4

9

2

9

Hence the required envelope of the family of curves (1) consists of the straight lines

x y− = 0  and  x y− = ⋅2

9

Prob lem 1: Find the en ve lope of the cir cles drawn upon the ra dii vec tors of the el lipse 

x a y b2 2 2 2 1/ /+ =  as di am e ter.

So lu tion: Any point on the given el lipse is ( cos , sin ).a bθ θ

So the equation of the circle on the radius vector to this point as diameter is

 ( ) ( cos ) ( ) ( sin )x x a y y b− − + − − =0 0 0θ θ

or  x y ax by2 2 0+ − − =cos sinθ θ

or  ax by x ycos sin .θ θ+ = +2 2  ...(1)

We have to find the envelope of (1) where θ is the parameter.

Differentiating (1) partially w.r.t. θ, we get

− + =ax bysin cos .θ θ 0  ...(2)

Squaring and adding (1) and (2), we get

a x b y x y2 2 2 2 2 2 2+ = +( )  as the required envelope.

Prob lem  2:    Show that the en ve lope of the cir cles whose cen tres lie on the pa rab ola y a x2 4=

and which pass through its ver tex is the cissoid  y a x x2 32 0( )+ + = .

So lu tion: Let any point P on the pa rab ola y ax2 4=  be ( , )at at2 2 .

∴ The centre of the circle is ( , )at at2 2  and it passes through origin (0, 0).

Equation of any circle with centre ( , )− −g f  and passing through the origin is 

x y gx fy2 2 2 2 0+ + + = .

∴  Equation of the circle whose centre is ( , )at at2 2 , and high passes through the origin 

is

x y axt ayt2 2 22 4 0+ − − =  

or 2 4 02 2 2axt ayt x y+ − + =( )

This equation is quadratic in the parameter t. Hence the required envelope is 

( ) . . ( )4 4 2 02 2 2ay ax x y+ + =

or 2 02 3 2ay x xy+ + =     

or    x y x a3 2 2 0+ + =( ) .
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Prob lem 3: Show that the en ve lope of the cir cles whose cen tres lie on the rect an gu lar

hy per bola x y a2 2 2− =  and which pass through the or i gin is the lemniscate r a cos2 24 2= θ.

So lu tion:  Any point on the rect an gu lar hy per bola x y a2 2 2− =  is ( cosh , sinh ) .a aθ θ
Its dis tance from the or i gin is 

√ +( cosh sinh ).a a2 2 2 2θ θ

Therefore the equation of the circle whose centre is the point ( cosh , sinh )a aθ θ  and

which passes through the origin is

( cosh ) ( sinh ) cosh sinhx a y a a a− + − = +θ θ θ θ2 2 2 2 2 2

or x y ax ay2 2 2 2 0+ − − =cosh sinhθ θ

or 2 2 2 2ax ay x ycosh sinh .θ θ+ = +  ...(1)

We are to find the envelope of the family of circles (1), where θ is the parameter.

Differentiating (1) partially with respect to θ, we get

2 2 0ax aysinh cosh .θ θ+ =  ...(2)

Squaring and subtracting (1) and (2), we get

4 42 2 2 2 2 2 2 2 2 2 2a x a y x y(cosh sinh ) (sinh cosh ) ( )θ θ θ θ− + − = +

or 4 42 2 2 2 2 2 2a x a y x y− = +( )     [ cosh sinh ]∵
2 2 1θ θ− =

or 4 2 2 2 2 2 2 2a r r r( cos sin ) ( ) ,θ θ− =  changing to polars

or 4 22 2 4a r rcos θ =

or r a2 24 2= cos ,θ which is the required envelope.

Prob lem 4: Show that the en ve lope of cir cles de scribed on the cen tral ra dii of a rect an gu lar

hy per bola is a lemniscate r a cos2 2 2= θ.

So lu tion: Re ferred to the cen tre as or i gin, let the equa tion of the rect an gu lar

hy per bola be x y a2 2 2− = .

Any point on it is ( cosh , sinh ) .a aφ φ
Then the equation of the circle having ( , )0 0  and ( cosh , sinh )a aφ φ  as the ends of the

diameter is

( ) ( cosh ) ( ) ( sinh )x x a y y a− − φ + − − φ =0 0 0

or ax ay x ycosh sinh .φ + φ = +2 2  ...(1)

Differentiating (1) partially w.r.t. φ, we have

ax aysinh cosh .φ + φ = 0  ...(2)

Squaring (2) and subtracting from the square of (1), we get 

a x a y x y2 2 2 2 2 2 2 2 2 2 2(cosh sinh ) (sinh cosh ) ( )φ − φ + φ − φ = +

or a x y x y2 2 2 2 2 2( ) ( ) ,− = +    [ cosh sinh ]∵
2 2 1φ − φ =
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or a r r r2 2 2 2 2 2 2( cos sin ) ( )θ θ− =    [Changing to polars]

or a r r2 2 42cos θ =

or  r a2 2 2= cos ,θ

which is the required envelope.

Prob lem 5: Show that the en ve lope of the polars of points on the el lipse x h y k2 2 2 2 1/ /+ =

with re spect to the el lipse x a y b2 2 2 2 1/ /+ =  is 
h x

a

k y

b

2 2

4

2 2

4
1+ = .

(Bundelkhand 2011)

So lu tion: Any point on the el lipse x h y k2 2 2 2 1/ /+ =  is

( cos , sin ),h kθ θ
where θ is the parameter. And polar of this point with respect to the ellipse 

x a y b2 2 2 2 1/ /+ =  is

xh

a

yk

b

cos sin
.

θ θ
2 2

1+ = ...(1)

We have to find the envelope of the family (1) where θ is the parameter.

Differentiating (1) partially w.r.t. θ, we have

− + =( / ) sin ( / ) cos .xh a yk b2 2 0θ θ  ...(2)

Squaring and adding (1) and (2), we have

xh

a

yk

b2

2

2

2
1







+ 





=   

or   
x h

a

y k

b

2 2

4

2 2

4
1+ = ,

which is the required envelope.

Prob lem 6:  Show that the en ve lope of the straight line join ing the ex trem i ties of a pair of

con ju gate di am e ters of the el lipse

x a y b2 2 2 2 1/ /+ =  is the ellipse x a y b2 2 2 2 1

2
/ /+ =  .

So lu tion: Let the equa tion of the given el lipse be

x a y b2 2 2 2 1/ /+ =

Let the extremity of a diameter be P a b( cos , sin )θ θ . Then the extremity of the

conjugate diameter is

Q a b i e a bcos , . ., ( sin , c
1

2

1

2
π θ π θ θ+





+













− os )θ  .

∴  Equation of the straight line PQ joining the extremities P and Q is

 y b
b

a
x a− = −

+
−sin

(sin cos )

(cos sin )
( cos )θ θ θ

θ θ
θ
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or ay ab(cos sin ) (sin cos sin )θ θ θ θ θ+ − + 2

= − − −bx ab(sin cos ) (sin cos cos )θ θ θ θ θ2

or ( ) cos ( ) sin (cos sin )ay bx ay bx ab ab+ + + + =θ θ = θ θ2 2  ...(1)

Differentiating (1) partially w.r.t. θ, we have

− + + − =( ) sin ( ) cosay bx ay bxθ θ 0 ...(2)

Squaring and adding (1) and (2), we get

( ) ( )ay bx ay bx a b+ + − =2 2 2 2

or
x

a

y

b

2

2

2

22 2
1

/ /
+ =  ,

which is the required envelope and is a similar ellipse.

Prob lem 7: Find the en ve lopes of cir cles de scribed on the ra dii vec tors of the fol low ing curves

as di am e ters :

(i) l r e cos/ = +1 θ (ii) r a cos3 3 3= θ

(iii)  r cos n an ( / ) .θ =

So lu tion: (i) For fig ure see Ex am ple 3. Let P OP( , )α  be any point on the curve 

l r e/ cos .= +1 θ Then

       l OP e/ cos .= +1 α  ...(1)

Let ( , )r θ  be any point Q on the circle described on OP as diameter. Now from the

figure we have the equation of the circle as

 r OP= −cos ( )θ α
or r l e= + −{ }/( cos ) cos ( ),1 α θ α  [From (1)]

or r e l{ }1 + = +cos (cos cos sin sin )α θ α θ α
or r l re l r( cos ) cos sin sin .θ α θ α− + =  ...(3)

We have to find the envelope of the family of circles (3), where α is the parameter.

Partially differentiating (3) w.r.t. α, we have

− − + =( cos ) sin sin cos .l re lθ α θ α 0 ...(4)

Squaring (3) and (4) and adding, we have

( cos ) sinl re l rθ θ− + =2 2 2 2

or l ler r e l r2 2 2 2 2 2 22cos cos sinθ θ θ− + + =

or l ler r e r2 2 2 22− + =cos ,θ  which is the required envelope.

(ii) The equation of the given curve is 

r a3 3 3= cos .θ  ...(1)

Let ( , )r1 1θ  be any point P on (1).

Then r a1
3 3

13= cos .θ  ...(2)
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Equation of the circle drawn on OP as diameter is

r r= −1 1cos ( ).θ θ     [Proceed as in part (i)]

Substituting for r1 from (2), this equation becomes

r a= −(cos ) cos ( ),/3 1
1 3

1θ θ θ ...(3)

where θ1 is the parameter.

Taking log, log log log cos log cos ( ).r a= + + −1

3
3 1 1θ θ θ

Differentiating partially w.r.t. θ1, we have

        0 0
1

3
3 3 31 1 1 1= + − + − −( sin / cos ) sin ( ) / cos ( )θ θ θ θ θ θ

or tan tan ( )3 1 1θ θ θ= −  i e. ., 3 1 1θ θ θ= −   or  θ θ1 4= / .

Substituting this value of θ1 in (3), we have

        r a a= − ={ } { }cos ( / ) cos ( / ) cos ( / )/ /3 4 4 3 41 3 4 3θ θ θ θ

or         r a3 3 4 3 4= cos ( / ) ,θ  which is the required envelope.

(iii) The given equation is    r n ancos ( / ) .θ = ...(1)

Let ( , )r1 1θ  be any point P on (1); then

r n an
1 1cos ( / ) .θ =  ...(2)

Equation of the circle drawn on OP as diameter is

r r= −1 1cos ( ).θ θ
Substituting for r1 from (2), this equation becomes

        r a nn= −cos ( ) / cos ( / ),θ θ θ1 1  ...(3)

where θ1 is the parameter.

Taking log, 
log log log cos ( ) log cos ( / ).r a n n= + − −θ θ θ1 1

Differentiating partially w.r.t. θ1, we have

        0 0 11

1

1

1
= + −

−
− −


sin ( )

cos ( )
( / )

sin ( / )

cos ( / )

θ θ
θ θ

θ
θ

n n
n

n





or         tan ( ) tan ( / )θ θ θ− + =1 1 0n

or         tan ( ) tan ( / ) tan ( / )θ θ θ θ− = − = −1 1 1n n

or θ θ θ− = −1 1 / n

or  θ θ θ= − = −1 11 1 1( / ) ( ) /n n n

or θ θ1 1= −n n/( ).

Substituting this value of θ1 in (3), we have

  r
n n n

n

a n
n

= − −
−

= − −cos /( )

cos /( )

cos /( )

cos

{ }

{ }

{ }θ θ
θ

θ1

1

1
n nn

a

n{ } { }θ θ/( ) cos /( )−
=

−−1 11

or r n ancos / ( ) ,− − =1 1{ }θ  which is the required envelope.
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Prob lem 8: Find the en ve lopes of the straight lines drawn at right an gles to the ra dii vec tors

of the fol low ing curves through their ex trem i ties .

(i)  r ae= θ αcot , (ii) r a cos nn n= θ, (Lucknow 2009)

(iii) r a b cos= + θ.

So lu tion: (i) The equa tion of the given curve is 

r ae= θ αcot .  ...(1)

Let ( , )r1 1θ  be any point P on (1).            [See fig. of Example 10]

Then r ae1 1= θ αcot , ...(2)

r1 and θ1 being parameters.

Let Q be any point ( , )r θ  on the straight line drawn through P and perpendicular to OP.

From the right angled triangle OPQ, we have

OP OQ POQ= ∠cos

or r r1 1= −cos ( )θ θ

or r aecos ( ) ,cotθ θ θ α− =1 1 ...(3)

substituting for the parameter r1 from (2).

Now (3) is the equation of the straight line through P and perpendicular to OP. We

are to find the envelope of the family of straight lines (3), where θ1 is the parameter.

Taking logarithm of both sides of (3), we get

log log cos ( ) log cot .r a+ − = +θ θ θ α1 1  ...(4)

Differentiating (4) partially with respect to θ1, we get

0
1

1 0
1

1+
−

⋅ − − − = +
cos ( )

[ sin ( )] .( ) cot
θ θ

θ θ α

or tan ( ) cot tan ( ).θ θ α π α− = = −1
1

2

∴ θ θ π α− = −1
1

2
  or θ θ α π1

1

2
= + − .

Substituting this value of θ1  in (3), the required envelope of the family of straight
lines (3) is

r aecos ( )
( ) cot1

2

1

2π α
θ α π α

− =
+ −

or r ae esin .
( ) cot

cotα
α π α θ α=

− 1

2

(ii) The equation of the given curve is 

r a nn n= cos .θ  ...(1)

Let ( , )r1 1θ  be any point P on (1). Then r1 and θ1 are parameters connected by
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r a nn n
1 1= cos .θ  ...(2)

Let Q be any point ( , )r θ  on the straight line drawn through P and perpendicular to OP.
From the right angled triangle OPQ, we have

OP OQ POQ= ∠cos

or r r1 1= −cos ( )θ θ

or         r a n ncos ( ) (cos ) ,/θ θ θ− =1 1
1  ...(3)

substituting for the parameter r1 from (2).

Now (3) is the equation of the straight line through P and perpendicular to OP. We

are to find the envelope of the family of straight lines (3), where θ1 is the parameter.

Taking logarithm of both sides of (3), we get

        log log cos ( ) log ( / ) log cos .r a n n+ − = +θ θ θ1 11  ...(4)

Differentiating (4) partially with respect to θ1, we get

        0
1

0
1

1
1

1

1
+

−
− = + ⋅ −

cos ( )
sin ( )

sin

cosθ θ
θ θ θ

θn

n n

n

or tan ( ) tan tan ( ).θ θ θ θ− = − = −1 1 1n n

∴ θ θ θ− = −1 1n   or  θ θ1 1( )− =n   or  θ θ1 1= −/ ( ).n

Substituting this value of θ1 in (3), the required envelope of the family of straight lines 
(3) is

r
n

a
n

n

n

cos cos

/

θ θ θ−
−









 =

−


















1 1

1

or         r
n n

n
a

n

n

n

cos cos

/
θ θ θ− −

−






 =

−


















1 1

1

or         r
n

n
a

n

n

n

cos cos

/
θ θ

1 1

1

−






 =

−


















or         r a
n

n
a

n

n

n

=
−

















 =

−














−

cos cos

( / )
θ θ

1 1

1 1




−( )/1 n n

or         r a n nn n n n/( ) /( ) cos / ( ) ,1 1 1− −= −{ }θ

raising both sides to the power n n/ ( ) .1 −

(iii) The equation of the given curve is

        r a b= + cos .θ  ...(1)

Let ( , )r1 1θ  be any point P on (1). Then r1 and θ1 are parameters connected by

        r a b1 1= + cos .θ ...(2)

Let Q be any point ( , )r θ  on the straight line drawn through P and perpendicular to OP.
From the right angled triangle OPQ, we have
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        OP OQ POQ= ∠cos   or  r r1 1= −cos ( )θ θ
or r a bcos ( ) cos ,θ θ θ− = +1 1  ...(3)

substituting for the parameter r1 from (2).

Now (3) is the equation of the straight line through P and perpendicular to OP. We
are to find the envelope of the family of straight lines (3), where θ1 is the parameter.

The equation (3) may be written as

r r a bcos cos sin sin cosθ θ θ θ θ1 1 1+ = +
or ( cos ) cos sin sin .r b r aθ θ θ θ− + =1 1 ...(4)

Differentiating (4) partially with respect to θ1, we get

− − + =( cos ) sin sin cos .r b rθ θ θ θ1 1 0  ...(5)

To eliminate θ1, squaring and adding (4) and (5), we get

( cos ) sinr b r aθ θ− + =2 2 2 2

or r br b a2 2 22 0− + − =cos ,θ

which is the required envelope of the family of straight lines (3).

Prob lem 9(i): Find the en ve lope of the straight lines

x a y b/ / ,+ = 1 ...(1)

where the parameters a and b are related by the equation

a b cn n n+ = , c being a constant.  ...(2)

(Garhwal 2003; Gorakhpur 06; Lucknow 06; Kashi 11; Meerut 13B)

So lu tion: Let us re gard a and b as func tions of some other pa ram e ter t.
Dif fer en ti at ing (1) and (2) w.r.t. t, tak ing x and y as con stants, we have

x

a

da

dt

y

b

db

dt2 2
0+ =   and  a

da

dt
b

db

dt
n n− −+ =1 1 0.

Equating the values of 
da dt

db dt

/

/
 obtained from these equations, we have 

( / ) ( / )x a

a

y b

bn n

2

1

2

1− −
=  ...(3)

or
( / ) ( / ) ( / ) ( / )

,
x a

a

y b

b

x a y b

a b cn n n n n
= = +

+
= 1

 from (1) and (2).

 Note :
a

b

c

d

a

b

c

d

a c

b d
= ⇒ = = +

+










Thus a c xn n+ =1  and b c yn n+ =1 .

Substituting in (2), we have

( ) ( )/( ) /( )c x c y cn n n n n n n+ ++ =1 1

or x y cn n n n n n/( ) /( ) /( ),+ + ++ =1 1 1

which is the required equation of the envelope.
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Prob lem 9(ii): Find the en ve lope of the straight line x a y b/ /+ = 1 , where the parameters a

and b are connected by the relation a b c cm n m n= + ,  be ing a con stant.

So lu tion: The equa tion of the given fam ily of straight lines is 

x a y b/ /+ = 1 , ...(1)

where the parameters a and b are connected by the relation

 a b cm n m n= +  ...(2)

Taking log of (2), we get

m a n b m n clog log ( ) log+ = +  ...(3)

Let us regard a and b as functions of some other parameter t.

Differentiating (1) and (3) w.r.t. t taking x and y as constants, we have

− − =x

a

da

dt

y

b

db

dt2 2
0  or  

x

a

da

dt

y

b

db

dt2 2
0+ =  ...(4)

and
m

a

da

dt

n

b

db

dt
. + = 0 …(5)

From (4) and (5) comparing the coefficients of ( / )da dt  and ( / )db dt ; we get

( / )

( / )

( / )

( / )

x a

m a

y b

n b

2 2
=    or   

x a

m

y b

n

x a y b

m n m n

/ / / /= = +
+

=
+
1

. (Note)

∴ a x m n m= +( )/ ,  b y m n n= +( )/ .

Substituting these values of a and b in (2), we get

{ ( ) / } { ( ) / }x m n m y m n n cm m m n n n m n+ × + = +

or ( )m n x y m n cm n m n m n m n+ =+ + ,

which is the required envelope.

Prob lem 9: Find the en ve lope of the fam ily of straight lines

x a y b/ /+ = 1 ,

where the parameters a b,  are connected by the relations 

(iii)  a b c+ = , (Garhwal 2001, 03)

(iv)  a b c2 2 2+ = ,

(v)  ab c= 2, c is a constant.

So lu tion: Given straight line is
x

a

y

b
+ = 1 . ...(1)

Let us regard a and b as function of same other parameter t

Differentiating w.r.t. t, we get
x

a

da

dt

y

b

db

dt2 2
0+ = . ...(2)
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(iii) Given a b c+ =  ...(3)

Differentiating w.r.to t, we get
da

dt

db

dt
+ = 0.  ...(4)

Equating the value of 
da

dt

db

dt
 from equations (2) and (3), we get 

x a y b/ /2 2

1 1
=

or 

x

a
a

y

b
b

x

a

y

b
a b c

= =
+

+
= 1

 [ By (1) and (3)]

Thus a cx2 = , b cy2 =  or a cx= √ , b cy= √ .

Substituting in (3), we have

√ + √ =cx cy c  or  √ + √ = √x y c.

(iv) a b c2 2 2+ =  (Given) ...(5)

Differentiating w.r.t. t, we get

 2 2 0a
da

dt
b

db

dt
+ =     or  a

da

dt
b

db

dt
+ = 0. ...(6)

Equating the value of 
da

dt

db

dt
 from (2) and (4) 

x a

a

y b

a

/ /2 2
=      or  

x

a

a

y

b

b

x

a

y

b

a b c2 2 2 2 2
1= =

+

+
= ⋅

Thus  a c x3 2= , b c y3 2=   or  a c x= ( ) ,/2 1 3  b c y= ( ) ./2 1 3

Substituting in (5), we have

( ) ( )/ /c x c y c2 2 3 2 2 3 2+ =  or x y c2 3 2 3 2 3/ / /+ = .

(v) ab c= 2 (Given) ...(7)

Differentiating w.r. to t

b
da

dt
a

db

dt
+ = 0. ...(8)

Equating the values of 
da

dt

db

dt
 from (2) and (8), we get 

x a

b

y b

a

/ /2 2
=   or  

x a

ab

y b

ab

x a y b

ab c

/ / / /= = + =
2

1

2 2

Thus 2 2c x = a b2   and  2 2 2c y b a=

Hence 4 4c  xy = a b3 3 = c6 [By (7)]

or 4 2xy c= .
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Prob lem 10: Prove that the en ve lope of the el lip ses x a2 2/  + =y b2 2 1/  hav ing the sum of

their semi-axes con stant and equal to c, is the astroid x y a2 3 2 3 2 3/ / /+ = .

So lu tion: Let the equa tion of the fam ily of el lip ses be 

x a y b2 2 2 2 1/ /+ = , ...(1)

where a and b are parameters.

Given that the sum of their semi-axes is equal to c, we have 

a b c+ = .

Let us regard a and b as functions of some other parameter t.

Differentiating (1) and (2) w.r.t. t, we have

 − − =2 2
0

2

3

2

3
x

a

da

dt

y

b

db

dt
. .  

and 
da

dt

db

dt
+ = 0.

Comparing the coefficients of ( / )da dt  and ( / )db dt , we get

x a y b3 3 2 3

1 1

/ /=  i.e., 
x a

a

y b

b

x a y b

a b c

2 2 2 2 2 2 2 2 1/ / / /= = +
+

=

∴ a c x3 2=  and b cy3 2= .

Substituting these values of a and b in (2), we have

c x c y c1 3 2 3 1 3 2 3/ / / /+ =  or x y c2 3 2 3 2 3/ / /+ = . 

Hence the required envelope is the astroid  x y c2 3 2 3 2 3/ / /+ = .

Prob lem 11: Find the en ve lope of a sys tem of con cen tric and co-ax ial el lip ses of con stant

area. (Gorakhpur 2005; Kanpur 10)

So lu tion: Let the equa tion of a sys tem of con cen tric and co ax ial el lip ses be 

 x a y b2 2 2 2 1/ / ,+ =  where a and b are parameters  ...(1)

Also given that the area of each ellipse is constant, we have

 π πab c= 2  or  ab c= 2,  where c is a constant. ...(2)

Let us regard a and b as functions of t.

Differentiating (1) and (2) partially w.r.t. t, we get

 − ⋅ − ⋅ =2 2
0

2

3

2

3
x

a

da

dt

y

b

db

dt
 and b

da

dt
a

db

dt
+ = 0.

Comparing the coefficients of ( / )da dt  and ( / ),db dt  we get

x a

b

y b

a

2 3 2 3/ /=  i e. ., 
x a y b x a y b2 2 2 2 2 2 2 2

1 1 1 1

1

2

/ / / /= = +
+

= ⋅
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∴ 
x

a

y

b

2

2

2

2
1

2
= =

or a x2 22=   and  b y2 22= .

∴  From (2),      2 22 2 4x y c. =  or 4 2 2 4x y c= ,

which is the required envelope.

Prob lem 12: Show that the en ve lope of the fam ily of pa rab o las

 ( / ) ( / ) ,/ /x a y b1 2 1 2 1+ =

under the condition ab c= 2, is a hyperbola whose asymptotes coincide with the axes.

(Garhwal 2000; Kumaun 02)

So lu tion: The given equa tion of the fam ily of pa rab o las is

 ( / ) ( / ) ,/ /x a y b1 2 1 2 1+ = ...(1)

where ab c= 2. ...(2)

Let us regard the parameters a and b as functions of t.

Differentiating (1) and (2) w.r.t. t taking x  and y as constants, we have

 { } { }− + − =x a da dt y b db dt1 2 3 2 1 2 3 22 2 0/ / / //( ) ( / ) /( ) ( / )

i e. .,  ( / ) ( / ) ( / ) ( / )/ / / /x a da dt y b db dt1 2 3 2 1 2 3 2 0+ =  ...(3)

and  b da dt a db dt( / ) ( / ) .+ = 0  ...(4)

Comparing the coefficients of ( / )da dt  and ( / )db dt  from (3) and (4), we have

 
x a

b

y b

a

1 2 3 2 1 2 3 2/ / / // /=   or  ( / ) ( / ) ./ /x a y b1 2 1 2= (Note)

∴  From (1),  ( / ) ( / )/ /x a y b1 2 1 2 1

2
= =

or  x a y b/ /= = 1

4
  or  a x= 4 , b y= 4 .

Substituting these values of a and b in (2), we have

 4 4 2x y c. =   or  16 2xy c= .

Hence the required envelope is a hyperbola 16 2xy c= , whose asymptotes are x = 0, y = 0

i e. ., the coordinate axes.

Prob lem 13:  A straight line of given length slides with its ex trem i ties on two fixed straight

lines  at right an gles. Find the en ve lope of the cir cle drawn on the slid ing line as di am e ter.

So lu tion: Take the two fixed straight lines at right an gles as the co or di nate axes OX
and OY . Let the equa tion of the slid ing line AB be x a/  + =y b/ 1 whose end A re mains 
on the x-axis and B on the y-axis. Thus a and b are the in ter cepts OA and OB of the
line AB on the axes of x and y re spec tively.

We have a b OA OB AB l2 2 2 2 2 2+ = + = = , ...(1)

where l is the given length of the line AB.
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The coordinates of the ends A and B are ( , )a 0  and ( , )0 b  respectively. Hence the
equation of the circle described on the line AB as diameter is

( ) ( ) ( ) ( )x a x y y b− − + − − =0 0 0

or ax by x y+ = +2 2. ...(2)

We have to find the envelope of (2) where the parameters a and b are connected by
(1).

Let us regard a and b as functions of some other parameter t.

Differentiating (1) and (2) w.r.t. t taking x and y as constants, we have

 2 2 0a
da

dt
b

db

dt
+ =   and  x

da

dt
y

db

dt
+ = 0 .

Comparing the coefficients of da dt/  and db dt/  from these, we have 
x

a

y

b
=

or
ax

a

by

b

ax by

a b

x y

l2 2 2 2

2 2

2
= = +

+
= +

. (Note)

∴ a l x x y= +2 2 2/( ),  and  b l y x y= +2 2 2/( ).

Substituting these values of a and b in (1), we have

l x x y l y x y l4 2 2 2 2 4 2 2 2 2 2/( ) / ( )+ + + =

or l x y l x y4 2 2 2 2 2 2( ) ( )+ = +

or ( )x y l2 2 2+ = ,

which is the required envelope and is a circle.

Prob lem 1: Show that the equa tion of the nor mal to the el lipse x a y b2 2 2 2 1/ /+ =  at the

point ( cos , sin )a bθ θ  is 
ax by

a b
cos sin

.
θ θ

− = −2 2  Hence find the evolute of the above ellipse.
(Avadh 2006, 10)

So lu tion: The given el lipse is 

x a y b2 2 2 2 1/ / .+ =  ...(1)

The evolute of the ellipse (1) is the envelope of the family of normals to the ellipse

(1). The coordinates ( , )x y  of any point P on the ellipse (1) may be taken as

x a= cos ,θ y b= sin ,θ where θ is parameter.

We have dx d a/ sin ,θ θ= −  dy d b/ cos .θ θ=

∴ 
dy

dx

dy d

dx d

b

a
= =

−
⋅/

/

cos

sin

θ
θ

θ
θ

∴  Slope of the normal to the ellipse (1) at the point ( cos , sin )a bθ θ

     = − = ⋅dx

dy

a

b

sin

cos

θ
θ
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∴  Equation of the normal to the ellipse (1) at the point ( cos , sin )a bθ θ  is

y b
a

b
x a− = −sin

sin

cos
( cos )θ θ

θ
θ

or by b ax acos sin cos sin sin cosθ θ θ θ θ θ− = −2 2

or ax by a bsin cos ( ) sin cosθ θ θ θ− = −2 2

or  
ax by

a b
cos sin

.
θ θ

− = −2 2 ...(2)

Now the evolute of the ellipse (1) is the envelope of the family (2) of normals to the

ellipse (1), where θ is the parameter.

To find the envelope of the family of straight lines (2), proceed as in Example 2.

Thus the envelope of the family of straight lines (2) is the curve 

( ) ( ) ( ) ,/ / /ax by a b2 3 2 3 2 2 2 3+ = −

which is the required evolute of the ellipse (1).

Prob lem 2: Find the equa tion of the evolute of the pa rab ola y px2 2= .

So lu tion: Equa tion of any nor mal to the pa rab ola y px2 2=  is

y mx pm pm= − − 1

2
3,

where m is the parameter.

Now proceed as in Example 1. The required evolute is 

27 82py =  ( )x p− 3.

Prob lem 3: Show that the evolute of the tractrix x a cos t log tan t= +( ) ,
1

2
 y a sin t=  is

the catenary y a cosh x a= ( / ).

So lu tion: The given tractrix is x a t t= +(cos log tan ),
1

2
 y a t= sin .

Differentiating these equations w.r.t. t, we get

dx

dt
a t

t

t
a t= − +

















= − +sin
sec

tan
sin

sin

1

2

1

2
1

2

1

2

2

1

2

1

2
t tcos

















  = − + = −a t t a t t{ }sin ( /sin ) ( sin ) /sin1 1 2

  = a t tcos / sin2

and
dy

dt
a t= cos .

∴ dy

dx

dy dt

dx dt

a t t

a t
t= = =/

/

cos / sin

cos
tan .

2
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∴ The slope of the normal at the point ‘t ’

= − = −( / ) cot .dx dy t

Hence the equation of the normal at the point ‘t ’ of the tractrix is

y a t t x a t a t− = − − −sin cot ( cos log tan )
1

2

or tan ( sin ) cos log tant y a t x a t a t− + − − =1

2
0

or x y t a t t a t a t+ − − − =tan sin / cos cos log tan2 1

2
0

or x y t a t t t a t+ − + − =tan (sin cos ) / cos log tan2 2 1

2
0

or x y t a t a t+ − − =tan log tan .sec
1

2
0  ...(1)

Now (1) is the equation of the family of normals of the given tractrix, the parameter

being t. The envelope of the family (1) is the evolute of the given tractrix.

Differentiating (1) partially w.r.t. ‘t ’, we have

y t a t t a t tsec sec tan (sec / tan )2 1

2

1

2

1

2
0− − =

or y t a t t a tsec sec tan2 0− − =cosec

or 
y

t

a t

t

a

tcos

sin

cos sin2 2
0− − =

or y t a t tsin (sin cos )− + =2 2 0

or y t asin =   or  y a t= /sin . ...(2)

Substituting this value of y in (1), we have

x a t t a t a t+ − − =tan /sin log tansec
1

2
0

or x a t a t a t+ − − =sec sec log tan
1

2
0

or x a t= log tan
1

2
  or  x a t/ log tan= 1

2

or tan ./1

2
t e x a=  ...(3)

Now from (2), we have

y
a

t

a t

t
= =

+

sin

( tan )

tan

1
1

2

2
1

2

2

    = + = + −1

2

1

2

1

2

1

2
a t t a e ex a x a(cot tan ) ( ),/ /  [From (3)]
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    = a x acosh ( / ) .

Hence the envelope of the family of normals (1) i e. ., the evolute of the given tractrix is 

y a x a= cosh ( / ).

Prob lem 4: Prove that the evolute (i.e., the lo cus of the cen tre of cur va ture ) of the hy per bola 

2 2xy a=  is  ( ) ( ) ./ / /x y x y a+ − − =2 3 2 3 2 32 (Lucknow 2006)

So lu tion: The  given curve is 

xy a c= =2 22/ , (say). ...(1)

The evolute of (1) is the envelope of the normals of (1).

Let P ct c t( , / ) be any point on the hyperbola (1).

Also from (1), differentiating we get dy dx c x/ / .= − 2 2

∴ The slope of the normal to (1) at P

= − = =dx dy x c t/ / .2 2 2

Hence the equation of the normal at P is

y c t t x ct− = −/ ( )2  ...(2)

Differentiating (2) partially w.r.t. t, we get

c t tx ct/ 2 22 3= −   or  2 3 3x ct c t= + / . ...(3)

Substituting this value of x in (2), we get

2 3 3y ct ct= + . ...(4)

Adding (3) and (4), we have 

2 1 3( ) ( / )x y c t t+ = +  ...(5)

Subtracting (4) from (3), we have

2 1 3( ) ( / )x y c t t− = −{ }  ...(6)

Eliminating t from (5) and (6), we have

2 42 3 2 3 2 3 2 3/ / / /[( ) ( ) ] ,x y x y c+ − − =

[Raising (5) and (6) to the power 2 3/  and subtracting]

or ( ) ( ) ( ) ( . / )/ / / /x y x y c a+ − − = = √2 3 2 3 2 3 2 34 4 2

     = √ =( ) ,/ /2 2 22 3 2 3a a

which is the required evolute.

Prob lem 5: Prove that the evolute of the el lip ses b x a y a b2 2 2 2 2 2+ =  is the en ve lope of the 

fam ily of el lip ses given by

a x sec b y cosec a b2 2 4 2 2 4 2 2 2α α+ = −( ) ,

α being the variable parameter. (Lucknow 2007)
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So lu tion: The given el lipse is 

b x a y a b2 2 2 2 2 2+ =  or x a y b2 2 2 2 1/ / .+ =  

The evolute of this ellipse is

( ) ( ) ( )/ / /ax by a b2 3 2 3 2 2 2 3+ = −     [See problem 1]

The given family of ellipses is 

a x b y a b2 2 4 2 2 4 2 2 2sec ( ) ,α α+ = −cosec  ...(1)

where α is the parameter.

Differentiating (1) partially w.r.t. α, we have

4 4 02 2 4 2 2 4a x b ysec cosecα α α αtan cot− =

or 
4 4

0
2 2

5

2 2

5
a x b ysin

cos

cos

sin

α
α

α
α

− =

or a x b y2 2 6 2 2 6 0sin cosα α− =   

or  tan ( / )6 2 2 2 2α = b y a x

or tan ( ) /( ) ./ /α = by ax1 3 1 3

∴ secα = +{ }( ) ( )

( )
,

/ / /

/
by ax

ax

2 3 2 3 1 2

1 3
 

cosecα = + ⋅{ }( ) ( )

( )

/ / /

/
by ax

by

2 3 2 3 1 2

1 3

Substituting these values in (1), we have

  
( ) ( ) ( )

( )

( ) ( ) ( )/ /

/

/ax by ax

ax

by by ax2 2 3 2 3 2

4 3

2 2 3 2{ } {+ + + /

/( )
( )

3 2

4 3
2 2 2}

by
a b= −

or { } { }( ) ( ) ( ) ( ) ( )/ / / /ax by ax by a b2 3 2 3 2 2 3 2 3 2 2 2+ + = −

or { }( ) ( ) ( )/ /ax by a b2 3 2 3 3 2 2 2+ = −

or ( ) ( ) ( )/ / /ax by a b2 3 2 3 2 2 2 3+ = −

which is the envelope of the family of ellipses (1). We see that this envelope is the

same as the evolute of the given ellipse b x a y a b2 2 2 2 2 2+ = .

Prob lem 6: Find the evolute of the curve x y a2 3 2 3 2 3/ / / .+ = (Lucknow 2008)

So lu tion: The given curve is 

x y a2 3 2 3 2 3/ / / .+ =  ...(1)

The evolute of the curve (1) is the envelope of the family of the normals to the curve

(1). The coordinates ( , )x y  of any point P  on the curve (1) may be taken as
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x a= cos ,3 θ y a= sin3 θ , where θ is parameter.

We have dx d a/ cos sin ,θ θ θ= − 3 2  dy d a/ sin cos .θ θ θ= 3 2

∴  Slope of the normal to the curve (1) at the point ( cos , sin )a a3 3θ θ

= − = − = − −dx

dy

dx d

dy d

a

a

/

/

cos sin

sin cos

θ
θ

θ θ
θ θ

3

3

2

2
 = ⋅cos

sin

θ
θ

∴ Equation of the normal to the curve (1) at the point ( cos , sin )a a3 3θ θ  is

y a x a− = −sin
cos

sin
( cos )3 3θ θ

θ
θ

or x y acos sin (cos sin )θ θ θ θ− = −4 4

              = − +a (cos sin ) (cos sin )2 2 2 2θ θ θ θ

or x y acos sin (cos sin ).θ θ θ θ− = −2 2  ...(2)

Now the evolute of the curve (1) is the envelope of the family of straight lines (2),
where θ is parameter.

Differentiating (2) partially with respect to θ , we get

− − = − −x y asin cos ( cos sin sin cos )θ θ θ θ θ θ2 2

or x y asin cos sin cos .θ θ θ θ+ = 4  ...(3)

Now to find the envelope of the family of straight lines (2), we have to eliminate θ
between (2) and (3).

Solving (2) and (3) for x and y, we get

x a= +(cos cos sin )3 23θ θ θ  

and y a= +( sin cos sin ).3 2 3θ θ θ

∴ x y a+ = + + +(cos cos sin cos sin sin )3 2 2 33 3θ θ θ θ θ θ
          = +a (cos sin )θ θ 3

and x y a− = − + −(cos cos sin cos sin sin )3 2 2 33 3θ θ θ θ θ θ

             = −a (cos sin ) .θ θ 3

∴ ( ) ( ) [(cos sin ) (cos sin ) ]/ / /x y x y a+ + − = + + −2 3 2 3 2 3 2 2θ θ θ θ

or ( ) ( ) ,/ / /x y x y a+ + − =2 3 2 3 2 32

which is the required evolute of the curve (1).

Prob lem 7: Show that the evolute of the curve whose pedal equa tion is r a mp2 2 2− =  is the

curve whose pedal equa tion is

r m a mp2 2 21− − =( ) .

So lu tion: Draw fig ure as in ar ti cle 10. The pedal equa tion of the given curve is 

r a mp2 2 2− = .  ...(1)

Differentiating both sides of (1) with respect to p , we have
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2 2r
dr

dp
mp=  .

∴ ρ = =r
dr

dp
mp .  ...(2)

Corresponding to the point ( , )p r  on the given curve (1), let the point on the evolute

be ( , )p r′ ′  the coordinates in each case being expressed in pedal form.

Then r r p′ = + −2 2 2 2ρ ρ

   = + −r m p mpp2 2 2 2 , substituting for ρ from (2)

   = + + −a mp m p mp2 2 2 2 22 , substituting for r2 from (1).

∴ r a m p mp mp m′ − = − = −2 2 2 2 2 2 1( ). ...(3)

Also p r p a mp p′ = − = + −2 2 2 2 2 2

∴ p a m p′ − = −2 2 21( ) . ...(4)

To eliminate p , dividing (3) by (4), we get

r a

p a
m

′ −
′ −

=
2 2

2 2
  or  r a mp ma′ − = ′ −2 2 2 2.

or r m a mp′ − − = ′2 2 21( )

Hence the locus of the point ( , )p r′ ′  is

r m a mp2 2 21− − =( ) .

This is the pedal equation of the evolute of the curve (1).

Problem 8: Prove that the nor mals to a given curve are al ways tan gent lines to its evolute.

So lu tion: We know that the evolute of a given curve is the en ve lope of the fam ily of

nor mals to that curve.

Again we know that the envelope of a family of curves touches each member of the

family.

Hence the normals to a given curve are always tangent lines to its evolute.

Multiple Choice Questions

1. See Ex am ple 1.

2. See Prob lem 1 of Com pre hen sive Problems 1.

3. See Prob lem 2(i) of Com pre hen sive Prob lems 1.

4. See ar ti cle 4.
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5. See ar ti cle 8.

6. See Ex am ple 5.

7. See Prob lem 4(i) of Com pre hen sive Prob lems 1.

8. See Ex am ple 8.

9. See Prob lem 6 of Com pre hen sive Prob lems 3.

10. See ar ti cle 11, The o rem 1.

Fill in the Blanks

1. See work ing rule of ar ti cle 3.

2. See ar ti cle 4.

3. See Prob lem 4(v) of Com pre hen sive Prob lems 1.

True or False

1. See ar ti cle 5.

2. See Prob lem 13  of Com pre hen sive Prob lems 1.

3. The evolute of a curve is the envelope of the normals to that curve. See article 8.

4. See ar ti cle 11.

5. The evolute of an equi-angular spiral is an equi-angular spiral. See Example 15.

❍❍❍
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Prob lem 1:  Find the as ymp totes of the curve  a x b y2 2 2 2 1/ /+ =  .

(Meerut 2007B; Purvanchal 14)

So lu tion:  The curve is

a

x

b

y

2

2

2

2
1+ =   or  a y b x x y2 2 2 2 2 2+ =

or x y a y b x2 2 2 2 2 2 0− − = .

Here the highest power of y is y2 and its coefficient is x a2 2− .

Hence the asymptotes parallel to y-axis are

x a2 2 0− =   i.e,,   x a= ± .

Also the highest power of x is x2 and its coefficient is y b2 2− .

Hence the asymptotes parallel to x-axis are

y b2 2 0− =  i.e., y b= ± .

Prob lem 2:  Find the as ymp totes of the curve  y x a x2 2 2( ) .− =

(Meerut 2010; Rohilkhand 14)

Solution:  Since the given curve is of degree 4, therefore it cannot have more than four 
asymptotes.

Equating to zero the coefficient of the highest power of y (i e. ., of y2) the asymptotes

parallel to y-axis are given by

x a2 2 0− =   i e. .,  x a= ± .

Again equating to zero the coefficient of the highest power of x (i e. ., of x2) the

asymptotes parallel to x-axis are given by

y2 0=

 i e. ,  y = 0, y = 0 (two coincident asymptotes).

Thus all the four asymptotes have been found.

∴  The asymptotes are x a= ± , y = 0.
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Prob lem 3:  Find the as ymp totes of the curve xy a a x2 24 2= −( ).

Solution: The equation of the curve is  xy a x a2 2 34 8 0+ − = .

Since the curve is of degree 3, therefore it cannot have more than three asymptotes.

Equating to zero the coefficient of the highest power of y i e y( . ., )2  the asymptotes

parallel to y-axis are given by x = 0.

Also equating to zero the coefficient of the highest power of x (i e. ., of x2) the

asymptotes parallel to x-axis are given by y a2 24 0+ = , which gives two imaginary

asymptotes.

Thus all the three possible asymptotes of the curve have been found and the only real
asymptotes is x = 0.

Prob lem 4: Find the as ymp totes of the curve x y a x y2 2 2 2 2= +( ).

(Bundelkhand 2001, 05, 08; Garhwal 13)

Solution:  The given curve is of degree 4, so it cannot have more than four asymptotes.

Equating to zero the coefficient of the highest power of y (i e. ., of y2 ) the asymptotes

parallel to y-axis are given by

x a2 2 0− =  

i e. .,  x a= ± .

Again equating to zero the coefficient of the highest power of x (i e. ., of x2) the

asymptotes parallel to x-axis are given by

y a2 2 0− =

i e. ., y a= ± .

Thus all the four asymptotes have been found and they are 

x a= ± , y a= ± .

Prob lem 5:  Find the as ymp totes of the curve y x a x x a2 2 2 2 2 24( ) ( ).− = −

(Meerut 2003, 06; Agra 05; Rohilkhand 05, 06)

So lu tion: The given curve is

y x a x x a2 2 2 2 2 24( ) ( )− = −  

or y x x a y a x2 2 4 2 2 2 24 0− − + = . ...(1)

Since the curve (1) is of degree 4, therefore it cannot have more than four asymptotes.

Equating to zero the coefficient of the highest power of y i e y( . ., )of 2  the asymptotes

parallel to y-axis are given by

x a2 2 0− =  i e. ., x a= ± .   (Two asymptotes)

The coefficient of the highest power of x i e x. ., of  is simply a constant and so there is
no asymptote parallel to x-axis.
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To find the remaining oblique asymptotes, we put y m=  and x = 1 in the highest i e. .,
fourth degree terms in the equation  (1) and we get

φ = −4
2 1( ) .m m

The slopes of the asymptotes are given by the equation

φ =4 0( )m  i e. ., m2 1 0− = .

∴ m = ± 1.

Again putting y m=  and x = 1 in the next highest i e. ., third degree terms, we get

φ =3 0( )m . 

[Note that there are no terms of degree 3 in the equation of the curve and so 
φ =3 0( ) .m ]

Now c is given by the equation 

c m mφ ′ + φ =4 3 0( ) ( )

i e. ., c m( )2 0 0+ =  i e. ., 2 0cm = .

When m c= =1 0, ; and when m = − 1, c = 0.

∴  the asymptotes are   y x= +1 0  and  y x= − +( )1 0

i.e., y x=   and y x= − .

Hence all the four asymptotes of the curve are x a= ± , y x= ± .

Prob lem 6:  Find the as ymp totes of the curve  
x

a

y

b

2

2

2

2
1− = .

(Meerut 2002; Gorakhpur 05; Bundelkhand 11)

So lu tion: The given curve may be written as y
b

a
x a2

2

2
2 2= −( ).

∴ y
b

a
x

a

x
= ± −









1

2

2

1 2/

 

 = ± − − −












b

a
x

a

x

a

x
1

2 8

2

2

4

4
...  ,     (By binomial theorem)

   = ± − − −












b

a
x

a

x

a

x

2 4

32 8
…  .

Hence, by ar ti cle 10, the as ymp totes of the curve are 
y

b

x

a
= ±  .

Prob lem 7:  Find all the as ymp totes of the curve  x y x y xy x y2 2 2 2 1 0− − + + + = .

(Meerut 2007)

So lu tion: The curve is x y x y xy x y2 2 2 2 1− − + + +  = 0 .

Here the highest power of x is x2 and its coefficient is y y2 − . Hence the required

equation of the asymptote parallel to x-axis are

y y2 0− =   i.e., y = 0, y = 1 .
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Also the highest power of y is y2 and its coefficient is x x2 −  . Hence the required

equation of the asymptotes parallel to y-axis are x x2 0− =  i.e., x = 0, x = 1

Prob lem 8: Find the as ymp totes par al lel to the axes of the curve  

x y x y x y2 2 2 2 1 0− − − − + = . (Bundelkhand 2001)

So lu tion: As ymp totes par al lel to x-axis, equat ing the co ef fi cient of high est power of x
to zero

i.e., y2 1 0− =  or  y = ± 1.

Also, asymptotes parallel to y-axis, equating the coefficient of highest power of y to
zero

i.e., x2 1 0− =  or x = ± 1 .

∴   The asymptotes are   x= ± 1 , y = ± 1.

Prob lem 9:   Find the as ymp totes of the curve   

 x y a x y a x y a2 2 2 2 2 3 4 0− + − + + =( ) ( ) .

(Meerut 2001; Garhwal 08)

Show that these asymptotes form a square through two of whose angular points the curve passes. 

So lu tion: Since the curve is of de gree 4, there fore it can not have more than four
as ymp totes.

Equating to zero the coefficient of the highest power of y  (i e. ., of y2), we get the

asymptotes parallel to y-axis as 

x a2 2 0− = , i e. ., x a= ± . 

Also equating to zero the coefficient of the highest power of x (i.e., of x2), we get the
asymptotes parallel to x-axis as 

y a2 2 0− =  i e. ., y a= ± . 

Thus all the four asymptotes of the curve have been found and they are x a= ± , 
y a= ± . These lines form a square whose sides are parallel to the axes each of length 

2a.

The angular points of the square are ( , ),a a  ( , ),a a−  ( , )− a a  and  ( , ).− −a a   It is evident
that the curve passes through two angular points ( , )a a−  and ( , ).− a a

Prob lem 1:  Find all the as ymp totes of the curve

x x y xy y y xy y3 2 2 3 22 2 4 2 1 0+ − − + + + − = . (Meerut 2007)

So lu tion: The given curve is x x y xy y y xy y3 2 2 3 22 2 4 2 1 0+ − − + + + − = .

Let y mx c= +  be an asymptote of this curve.
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Then putting y mx c= + ,  we have

x x mx c3 22+ +( )  − + − +x mx c mx c( ) ( )2 32  + +4 2( )mx c  

+ +2x mx c( ) + + − =( )mx c 1 0

or ( ) ( ) ....1 2 2 2 3 22 3 3 2 2 2+ − − + − − + + +m m m x c mc m c m m x

         + + =.... ..... .0

Equating to zero the coefficient of two highest degree terms in x, we get

1 2 2 02 3+ − − =m m m  ...(1)

and         c mc m c m m− − + + =3 2 02 2

i.e.,             c m m m m( ) .1 3 2 02 2− − + + =  ...(2)

Now, from (1) we have  ( ) ( ) ( )1 1 2 1 0+ + − =m m m

i.e.,            m = − −1 1 1 2, , / [From (2)]

c
m m

m m
= − +

− −
2

1 3

2

2

for         m = − 1,     c = 1

         m = 1,       c = 1

         m = −1 2/ , c = 0.

Hence the asymptotes are

y x= − + 1      or x y+ − =1 0,

y x= + 1 or x y− + =1 0

and y x= − +1

2
0 or x y+ =2 0.

Prob lem 2:  Find the as ymp totes of the curve 

2 2 4 8 4 1 03 2 2 3 2x x y xy y x xy x− − + − + − + =  . (Kumaun 2014)

So lu tion: The curve is 2 2 4 8 4 1 03 2 2 3 2x x y xy y x xy x− − + − + − + = .

Putting x = 1 and y m=   in the highest degree term, we get

φ = − − +3
2 32 2( )m m m m

φ = − − +′
3

21 4 3( ) .m m m

Equating φ =3 0( )m  

2 2 02 3− − + =m m m

or ( ) ( ) .m m2 1 2 0− − =

∴ m = −1 1 2, , .

Putting x = 1, y m=  in the second degree term of the given equation, we get

φ = −2 8 4( ) .m m

Also, we have c
m

m

m

m m
=

−φ

φ
= − −

− −
⋅

′
2

3
2
8 4

3 4 1

( )

( )

( )
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When m = −1, c = 2

m = 1,    c = 2

m = 2,    c = − 4.

The required asymptotes are y x= − + 2; y x= + 2; y x= −2 4 .

Prob lem 3:  Find all the as ymp totes of the curve  

x x y xy y xy y3 2 2 3 22 2 1 0+ − − + − − = . (Bundelkhand 2006)

Solution: The curve is  x x y xy y xy y3 2 2 3 22 2 1 0+ − − + − − = .

Here the highest degree is 3, so putting x = 1 and y m=  in third degree terms, we see
that

φn m m m m( ) = + − −1 2 22 3.

Now, φn m( ) = 0 gives

⇒  1 2 2 02 3+ − − =m m m     ⇒   1 2 2 02 3− + − =m m m

⇒  1 2 1 02 2− + − =m m m( )   ⇒  ( ) ( )1 1 2 02− + =m m

⇒ ( ) ( ) ( )1 1 1 2 0− + + =m m m

⇒ m = 1, − 1, − ⋅1

2

Now, putting x = 1 and y m=  in second degree terms, we see that

φn m m m− = −1 2( ) .

c
m

m
n

n
= − −

′
φ

φ
1( )

( )
 = −

− −
m m

m m

2

22 2 6

when m = 1,     c = 0

when m = − 1,  c = −1

when m = − 1

2
, c = ⋅1

2

Hence, the required asymptotes are :

y x= +1 0. , y x= − −( )1 1 and y x= − +1

2

1

2

y x= , y x= − − 1 and 2 1y x= − + .

Prob lem 4:  Find the as ymp totes of the curve x y xy xy y x2 2 2 3 0+ + + + =  .

(Purvanchal 2006; Kashi 11)

So lu tion: The curve is x y xy xy y x2 2 2 3 0+ + + + = .

Equat ing the co ef fi cient of high est pow ered by y (i e. ., of y2) to zero, the as ymp tote

par al lel to y  axis is x − =1 0.

Similarly equating to zero the coefficient of the highest power of x ( . .,i e  of x2) the

asymptotes parallel to x axis is y = 0.

Now to determine the third asymptote.
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Putting x = 1 and y m=  in the highest degree term we get 

φ = +3
2( ) .m m m

Again from second degree term

φ = +2
2( ) .m m m

Putting φ =3 0( ) ,m  we have m = 0, −1.

Now c
m

m

m m

m
= −

φ

φ ′
= +

+
2

3

2

1 2

( )

( )
.

Hence, when m = 0 ,   c = 0 

    when m = −1 , c = 0.

So, asymptotes are

y = 0, y x= −  .

Thus, the required asymptotes are

x − =1 0, y = 0, y x+ = 0 .

Prob lem 5:  Find all the as ymp totes of the curve

   y xy x y x y xy x y x3 2 2 3 2 25 8 4 3 9 6 2 2 1 0− + − − + − + − + = .

Solution:  Here   φ3
3 25 8 4 0( ) .m m m m= − + − =

Putting φ3 ( )m  = 0, we get

( ) ( )m m− − =1 2 02

or m = 1, 2, 2

and φ2
23 9 6( )m m m= − + −

φ1 2 2( ) .m m= −

For m = 1, c
m

m
= −

′
φ

φ
2

3

( )

( )
  ⇒  c = 0.

Therefore asymptote is y x= . 

For m = 2, we have

c
m

c
m m

2

3 2 1
2 1

0
!

( )
!

( ) ( )φ φ φ″ + ′ + =

or  c c2 3 2 0− + =   or  c = 1 2, .

Hence there are two parallel asymptotes

y x= +2 1 and y x= +2 2

Thus, the required asymptotes are

y x= , y x= +2 1 , y x= +2 2 .

Prob lem 6: Find all the as ymp totes of the curve  2 3 3 12 2x y y x( ) ( )− = − .

So lu tion: The curve is 

2 3 3 12 2x y y x( ) ( )− = − .
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or 2 9 6 3 1 22 2x y y y x x( ) ( )+ − = + −

or 2 3 12 6 18 3 02 2xy yx xy xy x y− − + + − =

or 2 3 6 18 3 02 2xy yx xy x y− − + − = .

This equation is of three degree, it can not have more than three asymptotes.

Equating the coefficient of highest power of y (i.e., of y2) to zero, the asymptotes

parallel to y-axis are given by 2 0x =  i.e,, x = 0.

Again equating to zero the coefficient of the highest power of x i e( . . of x2), the

asymptotes parallel to x-axis are given by

− =3 0y  i.e., y = 0.

Now to determine the third asymptotes putting x = 1, y m= , in given curve, we get

 φ3
22 3( )m m m= −

 φ2 6( ) .m m= −
Putting φ3 0( )m = , we have 2 3 02m m− = .

∴ m = 0, 3 2/ .

We have c
m

m

m

m
= −

′
=

−
⋅φ

φ
2

3

6

4 3

( )

( )

For m = 0,  c = 0.

For m = 3 2/  , c = + 3.

∴   Asymptotes are

y = 0  and  y x= +3

2
3  or  2 3 6y x= + .

Thus, the asymptotes of the given curve are

x = 0, y = 0, 2 3 6y x= + .

Prob lem 7: Find all the as ymp totes of the curve  y x a x a2 3 32( )− = − .

(Bundelkhand 2008)
So lu tion:  The curve is

y x a x a2 3 32( )− = − ...(1)

or xy x ay a2 3 2 32 0− − + =

or x y x y x ay a( ) ( )− + − + =2 02 3 . ...(2)

By (1), equation of asymptote parallel to y-axis is

x a− =2 0. ...(3)

To get the equation (2) asymptotes corresponding to the factor y x− .

Let y x k− =  or y x k= + .

Substituting this value of y in (2), we get

x k x k a x k a( ) ( )2 2 02 3+ − + + =

or 2 2 02 3 2x k a xk k ya a ak( ) ( ) .− + − + − =
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Equating to zero the coefficient of x3, we get

k a− = 0    or    k a= .

Hence corresponding asymptote is y x a− = .

Now to find asymptote corresponding to x y+ ,  let x y k+ =   or  x k y= −  putting in
(2) , we get

k k y( )−  ( )2 y k−  − 2 2ay  + =a3 0.

Equating to zero the coefficient of y2, we get

 k a= − .

Hence the third asymptote is  x y+  = − a.

Thus, the required asymptotes are

x a= 2 , x y a− + = 0 and x y a+ + = 0.

Prob lem 8: Find all the as ymp totes of the curve

  y y x yx x y xy x y x3 2 2 3 2 22 2 6 5 2 2 1 0− − + + − + − + + = .

So lu tion: Putt ing x = 1, y m=  in the high est de gree term, we get

φ3
3 22 2( )m m m m= − − +

and φ3
23 4 1′ = − −( ) .m m m

Equating φ3( )m  to zero, we get

m m m3 22 2 0− − + =

or ( ) ( )m m2 1 2 0− − =    or  m = −1 1 2, , .

Also φ2
21 6 5( ) .m m m= − +

Then c
m

m

m m

m m
= −

′
= − − +

− −
φ

φ
2

3

2

2
1 6 5

3 4 1

( )

( )

( )

when m = −1, c = −2

m = 1, c = 0

m = 2, c = − 3.

∴  The required asymptotes are

y x= − − 2, y x= , y x= −2 3.

Prob lem 9:  Find all the as ymp totes of the curve  ( )x y y y2 2 2 24 0− − + =  .

(Kanpur 2007)

So lu tion: The equa tion is of 4th de gree.

Putting x = 1, y m= , we have

φ4 ( )m   = −( ) .1 2 2m

Similarly φ3 0( )m = , φ2 ( )m   = − 4 2m  and φ1( ) .m m=

Solving φ4 0( )m =  , we get   m = − −1 1 1 1, , , .
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The values of c for repeated values of m are given by

c
m c m m

2

4 3 2
2

0φ φ φ″ + ′ + =( ) ( ) ( )

or 
c

m c m
2

2 2

2
4 12 0 4 0( ) .− + + − =

or c m m2 2 23 1 2 0( ) .− − =

∴ c2 1=  when m = 1  i.e., c = ± 1

and c2 1=  when m = −1 i.e., c = ± 1.

Hence the four asymptotes are 

y x= ± 1, y x= − ± 1 .

Prob lem 10:  Find the as ymp totes of the curve   x x y xy y x y3 2 2 3 3 1 0+ − − − − − = .

(Meerut 2001, 04, 06B; Gorakhpur 06)

So lu tion: The given curve is of de gree 3, so it can not have more than three
as ymp totes.

There are no asymptotes parallel to y-axis because the coefficient of the highest power

of y i e. ., of y3 is merely a constant. Similarly there are no asymptotes parallel to x-axis. 

Now putting y m=  and x = 1 in the highest i e. ., third degree terms in the equation of
the curve, we get

φ = + − −3
2 31( ) .m m m m

The slopes of the asymptotes are given by the equation

φ =3 0( )m   i e. .,  1 02 3+ − − =m m m  or  ( ) ( )1 1 02+ − + =m m m

or     ( ) ( )1 1 02+ − =m m  or  ( ) ( ) .1 1 02+ − =m m

∴ m = − −1 1 1, , .

Again putting y m=  and x = 1 in the second degree terms in the equation of the curve,
we get

φ =2 0( ) ,m  since there are no second degree terms. 

To determine c, we have the equation 

c m mφ ′ + φ =3 2 0( ) ( )   i e. .,  c m m( ) .1 2 3 0 02− − + = ...(1)

For m = 1, the equation (1) gives − =4 0c  or c = 0 and the corresponding asymptote is

y = 1. x + 0 i.e., y x= .

For m = − 1, the equation (1) reduces to the identity c . 0 0=  and thus it fails to give c.
In this case c is to be determined by the equation 

c
m

c
m m

2

3 2 1
2 1

0
!

( )
!

( ) ( ) .φ ′ ′ + φ ′ + φ =

Now putting y m=  and x = 1 in the first degree terms in the equation of the curve, we
get
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φ = − −1 3( ) .m m

So for m = − 1, c is to be given by the equation
1

2
2 6 0 3 02c m c m. ( ) .− − + − − =  

or c m m2 1 3 3 0( ) .+ + + =

Putting m = − 1 in this equation, we get

− + =2 2 02c   or  c2 1=   or c = ± 1. 

∴  The asymptotes corresponding to m = − 1 are

y x= − +1 1  and  y x= − −1 1.

Hence all the three asymptotes of the given curve are 

y x= , y x= − + 1 and y x= − − 1.

Prob lem 11:  Find the as ymp totes of y x y xy y3 2 22 1 0+ + − + = . (Lucknow 2011)

So lu tion:  Putt ing y m x= =and 1 in the third de gree and sec ond de gree terms

sep a rately, we get

φ = + +3
3 22( ) ,m m m m   and  φ =2 0( ) .m

∴  φ ′ = + +3
23 4 1( ) .m m m

Now the slopes of the asymptotes are given by the equation φ =3 0( )m  

i e. ., m m m3 22 0+ + =   i e. .,  m m m( )2 2 1 0+ + =  

i e. ., m m( ) .+ =1 02

∴ m = − −0 1 1, , .

Again, c, is given by the equation

c
m

m m m
= −

φ

φ ′
= −

+ +
⋅2

3
2

0

3 4 1

( )

( )
...(1)

When m = 0, we have c = − =0

1
0, and the corresponding asymptote is 

y x= +0 0.   i e. .,  y = 0.

When m = − 1, the equation (1) gives c = − 0 0/  which is indeterminate form. So the
equation (1) fails to give c when m = − 1. In this case c is to be determined from the
equation

c
m

c
m m

2

3 2 1
2 1

0
!

( )
!

( ) ( ) .φ ′ ′ + φ ′ + φ =

Putting y m=  and x = 1 in the first degree terms of the equation of the curve, we get 
φ = −1 ( ) .m m Also φ ′ ′ = +3 6 4( ) ,m m  φ ′ =2 0( ) .m

Therefore for m = − 1, c is given by the equation
1

2
6 4 0 02c m c m( ) .+ + − =   i e. .,  ( ) .3 2 02m c m+ − =

Putting m = − 1 in this equation, we get
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− + =c2 1 0  or  c2 1=   or  c = ± 1.

Hence y x= − + 1 and y x= − − 1 are two parallel asymptotes corresponding to the
slope m = − 1.

∴ All the three asymptotes of the curve are

y = 0,  y x+ − =1 0 and y x+ + =1 0.

Prob lem 12:  Find the as ymp totes of the curve  x y x y x y2 3 3 2 3 3+ = + .

(Rohilkhand 2007; Kumaun 10)
So lu tion:  The given curve is

x y x y x y2 3 3 2 3 3 0+ − − = ...(1)

The curve (1) is of degree 5, so it cannot have more than five asymptotes. 

The asymptotes parallel to y-axis are given by 

x2 1 0− =   i e. .,  x = ± 1.

The asymptotes parallel to x-axis are given by 

y2 1 0− =   i.e., y = ± 1.

To find the remaining oblique asymptotes, we put y m=  and x = 1 in the highest i.e.,
fifth degree terms in the equation (1) and  we get

φ = +5
3 2( ) .m m m  

The slopes of the asymptotes are given by the equation 

φ =5 0( )m   i e. .,  m m3 2 0+ =   i e. ., m m2 1 0( ) .+ =

∴ m = −0 0 1, , .

Again putting y m=   and x = 1 in the next highest i e. ., fourth degree terms in the
equation (1), we get

φ =4 0( ) .m  [Note that there are no fourth de gree terms
 in the equa tion (1) and so φ =4 0( ) .m ]

Now c is given by the equation 

c m mφ ′ + φ =5 4 0( ) ( )

i e. .,  c m m( ) .3 2 0 02 + + = ...(2)

The asymptotes corresponding to m = 0 are parallel to x-axis and have already been
found and so no need of finding c for m = 0. 

When m = − 1, we have from (2) , c = 0 and so the corresponding asymptote is 
y x= − +1 0 i.e., y x= − .
Hence all the five asymptotes of the given curve are 

x = ± 1, y = ± 1, y x= − .

Prob lem 13:  Find the as ymp totes of the curve  x x y xy x xy3 2 2 22 2 0− + + − + = .

(Garhwal 2010; Kanpur 14)

So lu tion: The given curve is of de gree 3. So it can not have more than three
as ymp totes.
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Equating to zero the coefficient of the highest power of y (i e. ., of y2), we get the

asymptote parallel to y-axis as x = 0. Also there is no asymptote parallel to x-axis

because the coefficient of x2 is merely a constant. 

Now we proceed to find the remaining oblique asymptotes. 

Putting y m=  and x = 1 in the third degree and second degree terms separately, we get

φ = − +3
21 2( )m m m   and φ = −2 1( ) .m m

The slopes of the asymptotes are given by the equation 

φ =3 0( )m   i e. .,  1 2 02− + =m m   i e. .,  ( ) .1 02− =m   

∴ m = 1 1, .

To determine c, we have the equation 

c m mφ ′ + φ =3 2 0( ) ( )   i.e.,  c m m( ) ( ) .− + + − =2 2 1 0  ...(1)

For m = 1, the equation (1) reduces to the identity c . 0 0 0+ =   and thus it fails to give 
c. In this case c is to be determined by the equation 

c
m

c
m m

2

3 2 1
2 1

0
! !

( ) ( ) .φ ′ ′ + φ ′ + φ =

Now φ ′ ′ =3 2( ) ,m  φ ′ = − φ =2 11 0( ) and ( )m m  because there are no first degree terms
in the equation of the curve. So for m = 1, c is to be given by 

1

2
2 1 0 02c c⋅ + ⋅ − + =( ) ( )  i e. ., c c2 0− =   i e. .,  c c( ) .− =1 0  

∴ c = 0 1, . 

Hence y x= + 0 and y x= + 1 are two parallel asymptotes corresponding to the slope 

m = 1. 

∴  The required asymptotes are x = 0, y x=   and y x= + 1. 

Prob lem 14:  Find all the as ymp totes of the curve

   x x y xy y x xy y3 2 2 3 2 25 8 4 3 2 1 0− + − + − + − = .

So lu tion: Putt ing x = 1 , y m=  ; we have

φ3
2 31 5 8 4( )m m m m= − + − .

Similarly           φ2
21 3 2( )m m m= − + , φ1 0( )m = .

Solving φ3 0( )m = , we have

m = ⋅1

2

1

2
,

For m = 1, we have

c
m

m

m m

m m
= −

′
= − − +

− + −
=φ

φ
2

3

2

2
1 3 2

5 16 12
0

( )

( )

( )
.

∴  Asymptote is y x= + 0.
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For  m = 1

2
, we have

c
m c m m

2

3 2 1
2

0φ φ φ″ + ′ + =( ) ( ) ( )

or
c

m c m
2

2
16 24 3 4 0 0( ) ( )− + − + + =

or c m c m2 8 12 3 4 0( ) ( )− + − + =

or c c2 2 0. − =  when m = 1 2/

or c = 0, 1 2/ .

∴  Asymptotes are

y x= +1

2
0, y x= + ⋅1

2

1

2

∴ The required asymptotes are

2 0y x− = , 2 1 0y x− − =  and y x= .

Prob lem 15: Find all the as ymp totes of the curve  ( ) ( )2 3 1 8 2 92x y x y x y− + + = − + .

So lu tion: The as ymp tote cor re spond ing to the lin ear fac tor x y+  is given by

x y
x y

x y
+ = − +

− +
⋅Lim

8 2 9

2 3 1 2( )

When x → ∞ and 
y

x
→ −1

x y+  = Lim 
8 2 9

2 3 1 2
− +
− +

y x x

x y x x

/ /

( / / )
  

or  x y+ = 0.

The asymptotes corresponding to the repeated factor ( )2 3 1 2x y− +  are

2 3 1
8 2 9

x y
x y

x y
− + = ± − +

+








⋅Lim

When x → ∞, 
y

x
→ 2

3
 

2 3 1
8 2 9

1
x y

y x x

y x
− + = ± − +

+
Lim

/ /

/
 

= ± −
+

8 4 3

1 2 3

/

/
 = ± 2.

∴         2 3 3 0x y− + =  and 2 3 1x y− =  .

Hence the asymptotes are 

2 3 1x y− = , 2 3 3 0x y− + = , x y+ = 0.
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Prob lem 1: Find the as ymp totes of the curve 

 ( ) ( ) .x y y x x x y xy y x xy2 2 2 2 3 2 2 3 24 6 5 3 2 3 1 0− − − + + − − + − =

So lu tion: Fac tor iz ing the high est de gree terms, the given equa tion can be re-writ ten

as 

( ) ( ) ( ) ( )x y x y y x y x x x y xy y+ − + − = − − +2 2 6 5 3 23 2 2 3 

   + − +x xy2 3 1.

∴  The asymptotes are parallel to the lines x y+ = 0, x y− = 0, y x+ =2 0 and 
y x− =2 0.

Asymptote parallel to x y+ = 0 is

x y x

y x

x x y xy y x xy

x y y
+ = → ∞

→ −

− − + + − +
−

lim

,

/
( ) (

1

6 5 3 2 3 13 2 2 3 2

+ −











2 2x y x) ( )

,

[∵  m = − 1]

=

− − +

+ − +
lim

( / ) ( / ) ( / )

( / ) ( / ) ( /

6 5 3 2

1 3 1

2 2 3 3

2 3

y x y x y x

x y x x )

( / ) ( / ) ( / )
,

1 2 2− + − +





















y x y x y x

on di vid ing the nu mer a tor and de nom i na tor by x3

= + − −
−

=
−

= −6 5 3 2

2 1 3

6

6
1

. . ( )
.

Hence x y+ + =1 0 is one asymptote of the curve.

The second asymptote parallel to x y− = 0 is

x y x

y x

x x y xy y x xy

x y y
− = → ∞

→

− − + + − +
+ +

lim

,

/
( ) (

1

6 5 3 2 3 13 2 2 3 2

2 2x y x) ( )−













⋅

Taking limits as above, we get x y− = 0 as the second asymptote of the curve.

The third asymptote parallel to y x+ =2 0 is

      y x x

y x

x x y xy y x xy

x y
+ = → ∞

→ −

− − + + − +
−

2

2

6 5 3 2 3 13 2 2 3 2lim

,

/
( ) ( x y y x+ −













⋅
) ( )2

Taking limits as above, we get y x+ = −2 1, as the third asymptote of the curve.

The fourth asymptote parallel to ( )y x− 2  is
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      y x x

y x

x x y xy y x xy

x y x
− = → ∞

→

− − + + − +
−

2

2

6 5 3 2 3 13 2 2 3 2lim

,

/
( ) ( + +













⋅
y y x) ( )2

Taking  limits as above, we get y x− =2 0, as the fourth asymptote of the curve.

Hence the required asymptotes are

x y+ + =1 0, x y− = 0,  2 1 0x y+ + =   and  2 0x y− = .

Prob lem 2:  Find the as ymp totes of the curve ( ) ( ) .y x x y y x x− − − + =2 3 2 0

So lu tion: The given equa tion is of third de gree. So there are at most three
as ymp totes.

Dividing each term by x and taking limits, the asymptotes corresponding to the factor 

( )y x− 2 are given by

( ) ( )

lim

,

/

lim

,

/

y x y x x

y x

y

x
x

y x

x

x
− − − → ∞

→







+ → ∞
→

2 3

1 1

2





= 0

or ( ) ( ) .y x y x− − − + =2 3 2 0

Hence y x− = ± √ −1

2
3 9 8[ ( )] i e. ., = 2, or 1.

Therefore,         y x− = 2 and y x− = 1 are the two asymptotes.

Also equating to zero the coefficient of the highest power of y, we get the asymptote
parallel to y-axis as x = 3.

Hence the required asymptotes are x = 3, y x− = 2 and y x− = 1.

Prob lem 3: Find the as ymp totes of the curve

( ) ( ) ( ) ( ) .y x y x y x y x x y− − + + − + + − =2 3 2 2 2 1 02

(Kanpur 2010; Meerut 12B; Bundelkhand 14; Purvanchal 14)

So lu tion: The as ymp totes cor re spond ing to the fac tor ( )y x− 2 2 are given by

( ) ( )
lim

,
/

y x y x x
y x

y x

y x
− + − → ∞

→

+
−









2 2

2

32  

      + → ∞
→

+ −
−









 =

lim
,

/
x

y x

x y

y x
2

2 2 1
0

or ( ) ( )
lim

,
/

( / )

( / )
y x y x x

y x

y x

y x
− + − → ∞

→

+
−









2 2

2

3

1
2  

    

+ → ∞
→

+ −
−









 =

lim
,

/

( / ) ( / )

( / )
x

y x

y x x

y x
2

2 2 1

1
0
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or ( ) ( )y x y x− + − + =2 5 2 6 02  

i e. ., y x− = − ± √ − = − ±2
1

2
5 25 24

1

2
5 1[ ( )] ( )

i e. ., y x y x− = − + − = − −2
1

2
5 1 2

1

2
5 1( ) and ( ).

∴ y x= −2 2 and y x= −2 3 are the asymptotes corresponding to the factor 

( ) .y x− 2 2

Also the asymptote corresponding to the factor ( )y x−  is

y x
x y x

y x y x x y

y x
− =

→ ∞ →
− + − − − +

−











lim

, /

( ) ( )

( )1

3 2 2 2 1

2 2 


=
→ ∞ →

− + −

− − +lim

, /

( / ) ( / )

( / ) ( / ) (

x y x

y x y x

x y x

1

3 2

2 1 2 12

{ } { }

/ )

( / )

x

y x

2

22{ }−





















= 4, on taking limits.

Hence y x= + 4 is another asymptote of the given curve.

Prob lem 4: Find all the as ymp totes of the curve

( ) ( ) ( ) ( )x y x y y x y x y− − − − − + =2 4 2 8 7 02 .

(Meerut 2005B; Bundelkhand 07)

So lu tion: The curve is  ( ) ( ) ( ) ( )x y x y y x y x y− − − − − + =2 4 2 8 7 02 .

The asymptote corresponding to the factor ( )x y−  is

x y x

y x

− = → ∞
→

lim

,

/ 1

  
4 2 8 7

2 2
y x y x y

x y

( ) ( )

( )

− + +
−

= → ∞
→

lim

x

y x

,

/ 1

  

4 1 2
1

8 7

1 2

y

x

y

x x

y

x

y

x







− 













+ +





− 













2
 = − +

−
= −4 1 1 2 0

1 2 1
4

2
. ( )

[ ( )]
 .

Again the asymptotes corresponding to the factor ( )x y− 2  are

( ) ( )x y x y− − −2 22   

lim

x

y x

→ ∞
→

,

/ /1 2

  
4 y

x y−
  

−
→ ∞

→

lim

x

y x

,

/ /1 2

 
8 7

0
x y

x y

+
−

=

or         ( ) ( ) .x y x y− − − − =2 2 4 23 02

or         x y− = ± + = ±2
1

2
4 16 4 23 2 3 3[ . ]

Hence, the required asymptotes are 

        x y− = − 4  and  x y− = ±2 2 3 3 .
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Prob lem 5:  Find all the as ymp totes of the curve   ( ) ( ) .y a x a x a− − = +2 2 2 4 4

So lu tion: The given curve is

y x a ay x a a x a x a2 2 2 2 2 2 2 2 4 42( ) ( ) ( )− − − + − = +

or  x y x y x ax y a x y a y a2 2 2 2 2 3 42 2 2 0( ) ( ) ( ) .− + − + − + − =

Equating to zero the coefficient of the highest power of y (i e. ., of y2), we get 

x a2 2 0− =  or x a= ±  as the asymptotes parallel to y-axis.

The other asymptotes are 

y x x

y x

ax y a x y a y a

x y x
− = → ∞

→

− − − +
+






lim

,

/

( )

( )1

2 2 22 2 2 2 3 4

2







= → ∞
→

− −

− +lim
,

/

( / ) ( / ) ( / )

( / )
x
y x

a y x a x y x

a y x

1

2 1

2 2

2 2 3

3 3

{ }

a x

y x

4 31

1

( / )

[ ( / )]+





















 = a,

and    y x x
y x

ax y a x y a y a

x y x
+ = → ∞

→ −

− − − +
−





lim
,

/

( )

( )1

2 2 22 2 2 2 3 4

2








= → ∞
→ −

− −

− +lim
,

/

( / ) ( / ) ( / )

( / )
x

y x

a y x a x y x

a y x

1

2 1

2

2 2 3

3 3

{ }

2 1

1

4 3a x

y x

( / )

( / ) −





















 = a.

∴ The required asymptotes are x a= ±  and y x a= ± + .

Prob lem 6: Find the as ymp totes of the curve x y y x( ) ( ) .− = −3 4 13 3

So lu tion: The equa tion of the given curve can be writ ten as

  xy y x y x xy yx xy x y( ) ( ) .− + = − − + −2 2 9 12 15 27 42 2

Here the coefficient of the highest power of y x= .

Therefore x = 0 is an asymptote parallel to y-axis.

Again the coefficient of the highest power of x y= 4 .

Therefore y = 0 is an asymptote parallel to x-axis.

The other asymptotes are given by

y x x
y x

xy yx xy x y

xy y x
− = → ∞

→

− − + −
+




2

2

9 12 15 27 4

2

2 2lim
,

/ ( )






 = 3

2
; 

 i e. ., 2 4 3y x− = ;
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and y x x

y x

xy yx xy x y

xy y x
+ = → ∞

→ −

− − + −
−




2

2

9 12 15 27 4

2

2 2lim

,

/
( )









 = 15

2
  

i e. ., 2 4 15y x+ = .

Prob lem 7:  Find the as ymp totes of the curve

( ) ( ) ( ) .x y x y x y x y x y− + − − + + + =2 2 2 2 210 12 2 0

(Kumaun 2013)
So lu tion: The given curve is 

( ) ( ) ( ) .x y x y x y x y x y− + − − + + + =2 2 2 2 210 12 2 0

The equation of the curve is of fourth degree and so there are at most four

asymptotes. Dividing each term by the coefficient x y2 2+  of ( )x y− 2 and taking

limits, the asymptotes corresponding to the factor ( )x y− 2 are given by

( ) ( )

lim

,

/

x y x y x

y x

x

x y
− − − → ∞

→ +
2

2

2 2
10

1

    + → ∞
→

+ +
+

=
lim

,

/

x

y x

y x y

x y1

12 2
0

2

2 2

or ( ) ( )

lim

,

/ ( / )
x y x y x

y x y x
− − − → ∞

→ +
2

2
10

1

1

1

+ → ∞
→

+ +
+

=
lim

,

/

( / ) ( / ) ( / ) ( / )

( / )
,x

y x

y x x y x x

y x1

12 2 1

1
0

2

2

on di vid ing the Nr. and Dr. by x2

or ( ) ( ) . ( / ) ( / )x y x y− − − + =2 10 1 2 12 2 0

or  ( ) ( )x y x y− − − + =2 5 6 0

i e. ., x y− = ± √ − = ± =5 25 24

2

5 1

2
2

( )
  or 3 

i e. .,  x y− = 2 and x y− = 3.

Again x y x iy x iy2 2+ = + −( ) ( ) implies that the remaining linear factors of the

fourth degree terms in the equation of the curve are imaginary and so the other two
asymptotes are imaginary.

Prob lem 8:   Find all the as ymp totes of the curve 

x x y x y ax x y a y2 2 3 2 3 0( ) ( ) ( )+ − + − − =  . (Kumaun 2011)

So lu tion:  The given equa tion is of fifth de gree. So there are at most five as ymp totes.

Di vid ing each term by the co ef fi cient of ( )x y− 2 and tak ing the lim its, the

as ymp totes cor re spond ing to the fac tor ( )x y− 2 are given by
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( ) ( )x y x y− + −2  

lim

x

y x

→ ∞
→

,

/ 1

  
a

x y+








  

−
→ ∞

→

lim

x

y x

,

/ 1

  
a y

x x y

2 3

2( )+












 = 0

or ( ) ( ) lim
/

/
lim

/

/
x y x y

a x

y x
a

y x

y x
− + −

+






 −

+






2 2
3 2

1 1 
 = 0.

Taking limits, we get 

( ) ( ) .x y x y
a− + − − =2
2

0
2

0  

or  x y
a− = ±
2

 be two asymptotes.

Also the asymptote corresponding to the factor ( )x y+  is

( ) ,
/

x y x
y x

+ = → ∞
→ −

lim

1
 

ax y x a y

x x y

2 2 3

2 2
( )

( )

− +
−












 

  = → ∞
→ −

lim
x

y x
,

/ 1
  

a
y

x x
a

y

x x

y

x

−













+
















− 




1
1 1

1

2
3

3






























⋅
2

Taking limits, we have x y+ = 0 is the asymptote.

Also asymptotes  parallel to y-axis is x a2 2 0− =  or x a= ±  .

Hence, the required asymptotes are x a= ± , x y
a− = ±

√2
, x y+ = 0.

Prob lem 9:  Find all the as ymp totes of the curve ( ) ( ) ( ) .x y x y x y x− + − − + = −1 2 8 1

So lu tion: The given curve may be writ ten as

( ) ( ) ( ) .x y x y x y x y+ − − − − − + =2 2 2 10 2 1 0

The asymptote corresponding to the factor ( )x y+  is

  x y x

y x

x

x y x y
+ = → ∞

→ −

−
− + − −











lim

,

/
( ) ( )

1

8 1

1 2

 = 0.   [Dividing the numerator and the denominator

       by x2 and taking the limits.]

Also the asymptotes corresponding to the factor ( )x y− 2 are given by

( ) ( )
lim

,
/

x y x y x
y x

x y

x y
− − − = → ∞

→

+ −
+









 =2

1

10 2 1
6

i e. ., x y− = ± √ + =1

2
1 1 24 3[ ( )]  or − 2 

i e. .,  y x= − 3  and  y x= + 2 .

∴ The required asymptotes are y x+ = 0, y x= − 3 and y x= + 2.
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Prob lem 10: Find the as ymp totes of the curve

xy x y x y xy x y x y( ) ( ) ( ) .2 2 2 2 2 2 2 24 7 0− − + − + + − =

So lu tion: The given equa tion can be put in the form

[ ( ) ( )] [ ( ) ] .xy x y x y xy x y x y2 2 2 2 2 2 2 24 7 0− − + − + + − =

This equation is of the form F Fn n+ =− 2 0 , where Fn can be broken up into n linear
factors so as to represent n straight lines no two of which are parallel or coincident.

∴ All the asymptotes are given by Fn = 0

or xy x y x y x y x y( ) ( ) ( ) ( ) .− + − + =2 2 0

Then by inspection, the asymptotes are

x = 0, y = 0, x y− = 0, x y+ = 0, x y− =2 0 and x y+ =2 0.

Prob lem 1:  Find the as ymp totes of the curve x y xy xy y x y2 2 2 0− + + + − =  and show

that they cut the curve again in three points which lie on the straight line x y+ = 0.

Solution: The equation of the curve is 

x y xy xy y x y2 2 2 0− + + + − = .

By putting x = 1, y m=   we have

φ3
2( )m m m= − ,  φ3 1 2′ = −( ) .m m

Similarly φ2
2( ) .m m m= +

Also φ3 0( )m =
or m m( )1 0− =   or  m = 0 1, .

Also         c
m

m

m m

m
= −

′
= − +

−
⋅φ

φ
2

3

2

1 2

( )

( )

( )

For         m = 0, c = 0

m = 1, c = 2.

∴ The asymptotes are y = 0, y x= + 2.

Also equating the coefficient of highest power of y to zero, we have x = 1 as the
asymptote.

Thus the required asymptotes are 

x = 1, y = 0, y x= + 2.

Their combined equation is

( ) ( )x y y x− − − =1 2 0

or x y xy xy y y2 2 22 0+ + − + = .

Subtracting this equation from the given equation, we find that the point of
intersection of the curve and asymptote lies on x y+ = 0.
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Prob lem 2:  Show that as ymp totes of the cu bic  

x y xy x y y x y3 32 2 1 0− + − + − + =( ) ( )

cut the curve in three points which lie on the straight line x y− + =1 0.

(Kumaun 2007; Kanpur 09; Avadh 10)

So lu tion: The given curve is

x y xy x y y x y3 32 2 1 0− + − + − + =( ) ( ) . ...(1)

∴ φ = − + − =3
3 21 2 2 0( )m m m m  gives m = − − ⋅1 1

1

2
, ,

Also φ ′ = − + −3
26 2 2( )m m m  and  φ = −2

2( ) .m m m

∴ c
m

m

m m

m m
= − φ

φ ′
= − −

− −
⋅2

3

2

22 2 6

( )

( )

( )

( )

When m = 1, c = 0; when m = − 1, c = − 1; and  when m = − 1

2
,  c = ⋅1

2

∴ The asymptotes of (1) are y x= , y x= − − 1 and  y x= − + ⋅1

2

1

2

Hence the combined equation of the asymptotes of (1) is

( ) ( ) ( )x y x y x y− + + + − =1 2 1 0 

or  x y x y xy xy y x y3 3 2 2 22 2 0− + − + − − + = . ...(2)

Subtracting (2) from (1), we get x y− + =1 0,

which shows that the points of intersection of the curve and its asymptotes lie on the
straight line x y− + =1 0.

Also the three asymptotes cut the cubic in n n( ),− 2  i e. ., 3 3 2 3( )− =  points. As shown
above, these, three points lie on the straight line x y− + =1 0.

Prob lem 3: Find the equa tion of the straight line on which lie the three points of in ter sec tion of 

the curve ( ) ( )x a y y b x+ = +2 2 and its as ymp totes. (Garhwal 2011)

Solution: The given curve is

 ( ) ( )x a y y b x+ = +2 2  or  x y x b xy ay2 2 2 2 0+ − − = .

By putting x = 1, y m= , we have

φ3
2( ) ,m m m= −   φ3 2 1′ = −( )m m

and φ2
2( ) .m am b= −

Also φ3 0( )m = , we get m = 0 1,

∴ c
m

m

am b

m
= −

′
= − −

−
⋅φ

φ
2

3

2

2 1

( )

( )

( )

For m = 0, c b= − .

For m = 1 , c a b= − −( ).

∴ Asymptotes are y b= − , y x a b= − −( ).
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Also equating the coefficient of highest power of y to zero, we have x a+ = 0 as the
asymptotes

Thus the required asymptotes are 

x a+ = 0, y b+ = 0, y x b a= + − .

The combined equation is 

( ) ( ) ( ) .x a y b y x b a+ + − − + = 0

Subtracting this equation from the given equation, we find that the point of
intersection of the curve and asymptotes lie on

a y b b x a2 2( ) ( ).+ = +

Prob lem 4: Show that the eight points of in ter sec tion of the curve

xy x y x y a( )2 2 2 2 2− + + =

and its asymptotes lie on a circle whose centre is at the origin.

Solution: The curve is

xy x y x y a( )2 2 2 2 2− + + =

or x y y x x y a3 3 2 2 2 0− + + − = .

Putting x = 1 , y m= , we have

φ4
3( )m m m= − , φ4

21 3′ = −( )m m

and φ3 0( ) .m =
Also φ4 0( )m = , we get m = 0, 1 1, .−

∴  c
m

m
= −

′
=φ

φ
3

4
0

( )

( )
.

For m = −0 1 1, ,   ⇒  c = 0.
∴  Asymptotes are  y = 0, y x= , y x= − .

The combined equation is

y y x y x( ) ( )− + = 0  or  x y x y3 3 0− = .

Subtracting this equation from given equation we find the point of intersection of the 

curve and the asymptotes lie on

x y a2 2 2+ = .

Prob lem 5:   Show that the four as ymp totes of the curve

 ( ) ( )x y y x x x y xy y x xy2 2 2 2 3 2 2 3 24 6 5 3 2 3 1 0− − + − − + − + − =

cut the curve in eight points which lie on the circle x y2 2 1+ = .

So lu tion: The given curve is

P x y y x x x y xy y≡ − − + − − +( ) ( )2 2 2 2 3 2 2 34 6 5 3 2

 − + − =x xy2 3 1 0. ...(1)

Here φ = − − = − + −4
2 2 2 41 4 4 5( ) ( ) ( ) .m m m m m
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The slopes of the asymptotes are given by the equation

φ = − − =4
2 21 4 0( ) ( ) ( ) .m m m

∴ m = ± ±1 2, .

Also φ = − − +3
2 36 5 3 2( )m m m m  

and φ′ = −( ) .m m m10 4 3

Now c is given by the equation     

c m mφ ′ + φ =4 3 0( ) ( )

i e. .,  c m m m m m( )10 4 6 5 3 2 03 2 3− + − − + =

i e. ., c
m m m

m m
= − − +

−
⋅6 5 3 2

4 10

2 3

3

When m = 1, c = 0; when m = − 1, c = 1;

when   m = 2 , c = 0; and when m = − 2, c = 1.

Thus the asymptotes of the curve (1) are

y x= , y x= − + 1, y x= 2  and y x= − +2 1.

The combined equation of the asymptotes is

( ) ( ) ( ) ( )y x y x y x y x− + − − + − =1 2 2 1 0 

or  [( ) ] [( ) ]y x y x y x y x2 2 2 24 2 0− − + − − + =

or ( ) ( )y x y x y xy x y x y x y2 2 2 2 3 2 2 3 3 24 2 2 4− − − + + − − +

+ − + − − + =xy x y xy xy x2 3 2 24 2 2 0

or Q y x y x x x y xy y≡ − − − + + −( ) ( )2 2 2 2 3 2 2 34 6 5 3 2   

+ − + =y xy x2 23 2 0. ...(2)

Now each asymptote of (1) will cut it in 4 2−  i.e., 2 points. Therefore the four
asymptotes will cut it in 4 2×  i.e., 8 points.

Now taking λ = 1, P Q+ =λ 0 gives x y2 2 1 0+ − =  i e. ., x y2 2 1+ = , which is the

equation of a circle. 

Hence the eight points of intersection of (1) and (2) lie on the circle x y2 2 1+ = .

Prob lem 6:  Show that the eight points of intersection of the curve

   x x y y x y x y4 2 2 4 2 25 4 1 0− + + − + + + =  

and its asymptotes lie on a rectangular hyperbola.

So lu tion: The equa tion of the given curve is

 x x y y x y x y4 2 2 4 2 25 4 1 0− + + − + + + = ...(1)

or  ( ) ( )x y x y x y x y2 2 2 2 2 24 1 0− − + − + + + =

or   ( ) ( ) ( ) ( ) .x y x y x y x y x y x y− + − + + − + + + =2 2 1 02 2

∴ By inspection, the combined equation of the asymptotes of (1) is 

D-295



( ) ( ) ( ) ( )x y x y x y x y− + − + =2 2 0 

or  x x y y4 2 2 46 4 0− + = .  ...(2)

Now each asymptote of (1) will cut it in 4 2−  i e. ., 2 points. Therefore the four

asymptotes will cut it in 4 2×  i e. ., 8 points.

Subtracting (2) from (1), we get

x y x y2 2 1 0− + + + = . ...(3)

The curve (3) passes through the eight points of intersection of (1) and (2). Also the

conic (3) is a rectangular hyperbola because in its equation the sum of the coefficients

of x2 and y2 is zero.

Hence the eight points of intersection of (1) and (2) lie on a rectangular hyperbola.

Prob lem 7: Find the equa tion of the qua dratic curve which has x = 0, y = 0, y x=  and 

y x= −  for as ymp totes and which passes through the point ( , )a b  and cuts its as ymp totes again

in eight points that lie on a cir cle whose cen tre is or i gin and ra dius a.

So lu tion: The com bined equa tion of the as ymp totes is  

xy y x( ) .2 2 0− = ...(1)

The required curve passes through the points of intersection of the asymptotes and

the given circle x y a2 2 2 0+ − = .

Let the equation of the curve be

 xy y x x y a( ) ( ) .2 2 2 2 2 0− + + − =λ ...(2)

Now this curve also passes through the point ( , ).a b

∴  ab b a a b a( ) ( ) ,2 2 2 2 2 0− + + − =λ  

i.e.,  λ = −( / ) ( ) .a b a b2 2

Substituting this value of λ in (2), we have

 bxy y x a a b x y a( ) ( ) ( )2 2 2 2 2 2 2 0− + − + − =

as the required equation of the curve.

Prob lem 8: Find the equa tion of the cu bic which has the same as ymp totes as the curve 

x x y xy y x y3 2 2 36 11 6 1 0− + − + + + =  and which touches the axis of y at the or i gin and 

passes through  the point ( , ).3 2 (Agra 2007)

So lu tion: The given curve is

 ( ) ( ) .x x y xy y x y3 2 2 36 11 6 1 0− + − + + + =

Here  φ = − + −3
2 31 6 11 6( )m m m m  = − − −( ) ( ) ( ).1 1 2 1 3m m m

Therefore  φ =3 0( )m  gives m = ⋅1
1

2

1

3
, ,  

Also φ =2 0( ) .m
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∴  c
m

m
= − φ

φ ′
=2

3
0

( )

( )
, for all the three values of m.

∴  The asymptotes of the given curve are 

y x= ; y x= 1

2
  and  y x= 1

3
.

Hence the combined equation of the asymptotes is

 ( ) ( ) ( ) .x y x y x y− − − =2 3 0  ...(1)

Now the most general equation of any curve, having these asymptotes, is of the form

 ( ) ( ) ( ) ,x y x y x y F− − − + =2 3 01    [See article 12, Cor.]

where F1 is of the first degree in x and y (say F ax by c1 = + + ). 

If the curve ( ) ( ) ( ) ,x y x y x y ax by c− − − + + + =2 3 0  passes through the origin (0,

0), then c = 0 and the equation of the curve becomes

 ( ) ( ) ( ) .x y x y x y ax by− − − + + =2 3 0  ...(2)

Equating to zero, the lowest degree terms in (2), we get ax by+ = 0, as the equation of
the tangent at origin.

But x = 0 i e. ., y-axis is given to be the tangent at origin.

Therefore b = 0 and hence the equation of the curve is

 ( ) ( ) ( )x y x y x y ax− − − + =2 3 0 ...(3)

It passes through the point ( , )3 2 , (given).

∴  ( ) ( ) ( )3 2 3 4 3 6 3 0− − − + =a   

or   a = − 1.

Therefore the required equation of the curve is

 ( ) ( ) ( ) ,x y x y x y x− − − − =2 3 0  [Putting a = − 1 in (3)]

or x x y xy y x3 2 2 36 11 6 0− + − − = .

Prob lem 1: If α be a root of the equa tion f ( ) ,θ = 0  then write the equa tion of as ymp tote of the

po lar curve 1 / (r f= θ) cor re spond ing to the root α . (Meerut 2001)

So lu tion: Let P be any point ( , )r θ  on the curve

1/ ( ).r f= θ ...(1)

As P → ∞, r → ∞ and consequently f ( ) .θ → 0

Let OT  be the perpendicular to the radius vector OP. 

Then OT   (i e. ., the polar subtangent of the curve at P) is given by

OT r
d

dr f
= = −

′
⋅2 1θ

θ( )
       ∵ from ( ), ( )1

1
2

− = ′



r

dr

d
f

θ
θ
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Now let θ α→ .  Then f ( ) .θ → 0         [∵ f ( )α = 0]

Therefore r → ∞, PT → to an asymptote, 

and OT r
d

dr
→ 



 =

2 θ

θ α
 

or   OT
f

→ −
′
1

( )α
 if f ′ ≠( ) .α 0

Also OP and PT   will tend to become parallel, and
the angle OTP will tend to a right angle and OT  will 
tend to OM where OM  is perpendicular to the
asymptote. Hence, the asymptote is the straight
line parallel to the radius vector θ α=  and situated

at a distance r
d

dr
2 θ

θ α




 =

 from O.

Now the polar equation of the straight line, the perpendicular p on which from the
origin makes an angle β with the initial line, is r pcos ( ) .θ β− = [Remember]

Here, for the asymptote, 

p OM r
d

dr f
= = 





= −
′=

2 1θ
αθ α ( )

,

and  β π α α π= − −





= −1

2

1

2
.

Hence the equation of the asymptote is

r
f

cos ( )
( )

{ }θ α π
α

− − = −
′

1

2

1
 i.e., r  (   ) = 

f a)
sin

(
θ α−

′
⋅1

Prob lem 2: Find the as ymp totes of the curve y x= tan .

So lu tion: The curve is    y x= tan . 

 ∴    
dy

dx
x= sec .2

Therefore the tangent at ( , )x y  to the curve is 

  Y x x X x− = −tan sec ( )2

or   Y x x x X xcos tan . cos ( ).2 2− = −  ...(1)

Now as x → π
2

, y → ∞ and the distance of ( , )x y  from the origin tends to infinity.

Therefore taking line  of (1) as x → π
2

 , we have

 y x. 0 0
2

− = −





π
   or   x = ⋅π

2
This is one asymptote.

The other asymptotes are x = ± π
2

, ± 3

2

π
 ± 5

2

π
, .....
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Prob lem 3:  Find the as ymp totes of the curve r m asin θ = . (Meerut 2000, Garhwal 11)

So lu tion: The equa tion of the curve can be writ ten as

 1 1/ ( / ) sin ( ),r a m f= =θ θ  say.

Now f ( )θ = 0 if sin mθ = 0 i e. ., m nθ π=  ( where n is any integer).

∴  θ π α= =( / ) ,n m  say.

Also f a m m′ =( ) ( / ) . cos .θ θ1

∴ f a m m a m m
n

m
′ = = ⋅





( ) ( / ) . cos ( / ) . cosα α π
1 1  = ( / ) . . cos .1 a m nπ

∴ The as ymp totes are r
n

m

a

m n
sin

cos
,θ π

π
−





=

where n is any integer.

Prob lem 4:  Find the as ymp totes of the curve r aθ =  . (Meerut 2008, 12B)

So lu tion: The equa tion of the given curve can be writ ten as 1 / / ( ),r a f= =θ θ  say.

Now f ( )θ = 0 if θ / a = 0  

i e. ., θ α= =0 , say.

Also  f a′ =( ) / ,θ 1  so that f f a′ = ′ =( ) ( ) / ,α 0 1   

or  1 / ( ) .f a′ =α
Now the asymptote corresponding to θ α=  is given by 

r fsin ( ) / ( )θ α α− = ′1

i.e., r asin ( ) ,θ − =0       [∵Here α = 0]

i.e., r asin .θ =

Prob lem 5: Find the as ymp totes of the curve  2 1 2/r = + sin θ. 

So lu tion: The curve is

2
1 2

r
= + sin .θ

∴  
1 1 2

2r
f= + =sin
( )

θ θ  , say.

Now f ( )θ  = 0 i.e., 1 2 0+ =sin θ   ⇒  sin sinθ π= − = −





⋅1

2 6

Also f ′ =( ) cos .θ θ

∴  f ′ = −





= −





= ⋅π π
6 6

3

2
cos

∴    The asymptotes are given by  r sin θ π±





= ⋅
6

2

3

Prob lem 6: Find the as ymp totes of the fol low ing curves :

 (i)  r sin cosθ θ= 2 2 . (ii)  r asin θ θ= cos 2 .
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So lu tion: (i) The equa tion to the curve can be writ ten as
1

2 2r
f= =sin

cos
( ),

θ
θ

θ  say.

Now  f ( )θ = 0 ⇒ =sin θ 0  i e. ., θ π α= =k  (say).

Here k is any integer.

Also f ′ = − − ⋅( )
cos cos sin . ( sin )

cos
θ θ θ θ θ

θ
1

2

2 2 2

22

∴ 
1 2 2

2 2 2

2

f

k

k k k k′
=

+( )

cos ( )

cos . cos sin . sinα
π

π π π π
 = 2

cos
,

kπ
 [∵ cos 2 1k π = ]

        = −2 1/ ( ) .k    [∵ cos ( )k kπ = − 1 ]

∴ The re quired as ymp totes are given by

r k ksin ( ) /( )θ π− = −2 1   or − − = −r k ksin ( ) / ( )π θ 2 1

or − − = −−r k k{ }( ) sin /( )1 2 11 θ   or r sin .θ = 2

(ii)  We have 
1

2r a
f= =sin

cos
( ) (

θ
θ

θ say)

Now f( )θ = 0  ⇒  sin θ = 0  ⇒  θ = 0  or  π  etc.

Also f ′( )θ  = + ⋅a a

a

cos .cos sin . sin .

cos

2 2 2

22 2
θ θ θ θ

θ

∴ f
a

a a
′ = = ⋅( )0

1
2

∴   The asymptotes are given by 

r asin ( )θ − =0    or  r asin .θ =

Prob lem 7: Find the as ymp totes of the fol low ing curves :

 (i)  r acos sinθ θ= (Meerut 2004B; Lucknow 05)

(ii) r sin cosθ θ= 2 .

So lu tion: (i) We have  
1

r a
f= =cot
( )

θ θ  (say).

Now f ( )θ = 0  ⇒  cot 0θ =  ⇒ θ π π= +n
2

 where n = 0 1 2, , , ....

Now f
a

′ = −( ) cosθ θ1
ec2  = − 1

a
 for all the above value of θ.

∴ The asymptotes are given by

r asin θ π−





= −
2

      or     r acos θ =

r asin θ π−





= −3

2
      or     r acos θ = −

and r asin θ π−





= −5

2
     or     r acos θ =
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...   ...   ...   ...

...   ...   ...   ...

...   ...   ...   ...

So asymptotes are  r acos .θ = ±  

(ii)  
1 1

2r
= tan θ = 1

2

sin

cos

θ
θ
 = f ( ) ( ).θ say

Now f ( )θ = 0  ⇒  sin θ = 0  ⇒   θ π.= n

∴ f ′ = = ⋅( ) sec
cos

θ θ
θ

1

2

1

2

2
2

Also f n
n

′ = ⋅( )
cos

π
π

1

2 2

∴  Asymptotes are  r n nsin ( ) cosθ π π− = 2 2

or r n n n(sin cos cos sin ) cosθ π θ π π− = 2 2

or r nsin cosθ π= 2  [ sin ]∵ nπ = 0

or r sin .θ = ± 2

Prob lem 8: Find the as ymp totes of the curve r = +4( ).sec tanθ θ

So lu tion: 
1 1

4

1

4 1r
f=

+
=

+
=

(sec tan )

cos

sin
( ) (

θ θ
θ

θ
θ say).

Now f( )θ = 0  ⇒  cos θ = 0  ⇒  θ π= ⋅
2

Also f ′( )θ  = − + −
+













1

4

1

1 2
( sin ) sin cos . cos

( sin )

θ θ θ θ
θ

 = − +
+

⋅1

4

1

1 2
(sin )

( sin )

θ
θ

∴ f ′ 





= − 





= − ⋅π
2

1

4

1

2

1

8

∴  Asymptote is  r sin θ π−





= −
2

8   or    r cos .θ = 8

Prob lem 9: Find the as ymp totes of the curve r asin 2θ = .

So lu tion: We have  
1 2

r a
f= =sin
( )

θ θ  (say).

Now f( )θ = 0  i.e.,  sin 2θ   ⇒   2θ π= n    ⇒    θ π= ⋅n

2

Also f ′( )θ  = 2
2

a
cos .θ

∴ f
n

a
n′ 





=π π
2

2
cos .

∴   The asymptotes are given by  

r
n a

nsin cosθ π π−





=
2 2

 or r a r asin , cos .θ θ= ± = ±1

2

1

2
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Prob lem 10: Find the as ymp totes of the curve r cos sinθ θ= 4 2  . (Meerut 2005)

So lu tion: We have
1

4 2r
f= =cos

sin
( ) ( ).

θ
θ

θ say

Now f( )θ  = 0  i.e.,  cos θ = 0  i.e.,  θ π= + ⋅( )2 1
2

k

Also f ′ = − − ⋅( )
sin cos sin

sin
θ θ θ θ

θ
4 8

16

3 2

2

∴ f k
k

k
′ +








=
− +








+
( )

sin ( )

sin ( )
2 1

2

4 2 1
2

16 2 1

3

4

π
π

π
2

1

4 2 1
2









= −
+

⋅
sin ( )k

π

∴  The asymptotes are

r k ksin ( ) sin ( )θ π π− +







= − +2 1
2

4 2 1
2

or r k ksin cos ( ) cos sin ( )θ π θ π
2 1

2
2 1

2
+ − +







 = − +4 2 1

2
sin ( )k

π

or r k kcos sin ( ) sin ( )θ π π
2 1

2
4 2 1

2
+ = +

or r cos .θ = 4

Prob lem 11:  Find the as ymp totes of the curve r aθ θ θcos cos= 2 .

So lu tion: The equa tion of the given curve can be writ ten as

1

2r a
f= =θ θ

θ
θcos

cos
( ), say.

∴ f
a

′ = − +





( )
cos . cos . sin cos . sin

cos
θ θ θ θ θ θ θ θ

θ
1 2 2 2

22
{ } 





⋅

Now f ( )θ = 0 ⇒ θ = 0 or cos θ = 0  i e. .,  θ π= + ⋅( ) .2 1
1

2
k

If  θ α= =0  (say), then f a′ =( ) / .α 1

∴    r asin ( )θ − =0  or  r asin θ =  is the corresponding asymptote.

When θ π α= + =( ) .2 1
1

2
k  (say), we have

cos ,α = 0   sin ,2 0α =   sin ( )α = − 1 k 

and cos cos ( ) cos .2 2 1α π π π= + = = −k

∴ f
a

kk

′ =
− − +















( )
{( ) ( ) . }

α
π

1
1 2 1

1

2
1

  = − + ⋅ ⋅+( ) ( )1 2 1
2

1k k
a

π
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The corresponding asymptote is 

r k
a

kk
sin ( )

( ) . ( )
θ π

π
− + ⋅








=
− ++

2 1
2

2

1 2 11
 

or  ( ) cos ( ) ( ) ,− − + =1 2 1 2k r k k a{ }π θ π
or   ( ) cos / ( ) .− = +1 2 2 12k r a kθ π{ }

∴  The re quired as ymp totes are 

r asin θ =   and  r a kcos / ( ) .θ π= +2 2 1{ }

Prob lem 12: Find the as ymp totes of the curve  r e a e( ) ( )θ θ− = +1 1  .

So lu tion: We have 
1 1

1r

e

a e
f= −

+
=

θ

θ
θ

( )
( ) (say).

Now f( )θ = 0 gives eθ − =1 0  or  θ = 0.

Also f ′( )θ  = + − −
+













1 1 1

1 2a

e e e e

e

θ θ θ θ

θ
( ) ( )

( )
 =

+
⋅1 2

1 2a

e

e

θ

θ( )

∴ f
a

′ = ⋅( )0
1

2

Hence the asymptote is  r asin ( )θ − =0 2    or   r asin θ = 2 .

Prob lem 13: Find the as ymp totes of the curve r = ⋅2θ
θsin

So lu tion: We have  
1 = =
r

f
sin

( )
θ

θ
θ

2
 (say).

Now f( )θ = 0  i.e.,  sin θ = 0  ⇒  θ π.= n

Also f ′ = − ⋅( )
cos sinθ θ θ θ

θ
2 2

4 2

∴ f n′( )π  = ⋅cos n

n

π
π2

∴   The asymptote is   

r n
n

n
sin ( )

cos
θ π π

π
− = 2

   or   r n n
n

n
{sin cos cos sin }

cos
θ π θ π π

θ
− = 2

or r n
n

n
sin cos

cos
θ π π

π
= 2

 [ sin ]∵ nθ = 0

or r n nsin cosθ π π2 2=

or r nsin .θ π= 2  [ cos ]∵
2 1nπ =

Prob lem 14:  Find the cir cu lar as ymp tote of the curve r e a e( ) ( ).θ θ− = +1 1

Solution: The given equation is r
a e

e
f= +

−
=( )

( )
( ),

θ

θ
θ1

1
 say.

∴  The cir cu lar as ymp tote is given by  
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r a
e

e
=

→ ∞
+
−

lim
,

θ

θ

θ
1

1
Form

∞
∞







  =
→ ∞

+
−

=
−

−
a

e

e
a

lim
.

θ

θ

θ
1

1

Hence r a=  is the circular asymptote.

Prob lem 15:  Find the cir cu lar as ymp tote of the curve r = + +
+ +

⋅3 2 1

2 1

2

2
θ θ
θ θ

Solution: The given equation is 

r = + +
+ +

3 2 1

2 1 1

2

2
( / ) ( / )

( / ) ( / )
,

θ θ
θ θ

 

dividing numerator and denominator by θ2.

Taking limits when θ → ∞, we see that the circular asymptote is 

r = ⋅3

2

Multiple Choice Questions

1. See Ex am ple 1.

2. Equat ing to zero the co ef fi cient of the high est power of x i e. ., of x2 in the
equa tion of the given curve, the as ymp totes par al lel to x-axis are given by

y2 0=  i e. ., y = 0, y = 0.

3. See Prob lem 5 of Com pre hen sive Prob lems 1.

4. See Ex am ple 3.

5. We know that a closed curve has no as ymp totes.

6. Since the curve is of de gree 4, there fore it has four as ymp totes.

7. See Prob lem 8 of Com pre hen sive Prob lems 5.

8. See Prob lem 5 of Com pre hen sive Prob lems 1.

9. See Prob lem 6(ii) of Com pre hen sive Prob lems 5.

Fill in the Blanks

1. See ar ti cle 7.

2. See ar ti cle 8.

3. See Example 4.

4. See ar ti cle 15.
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5. The cir cu lar as ymp tote of the curve r a( )θ θ2 21 1+ = −  is

  r
a a= −

+
= −

+
=

→ ∞ → ∞
lim lim

[ ( / )]

[ ( / )]
l

θ θ
θ

θ
θ θ
θ θ

2

2

2 2

2 2
1

1

1

1 1
im

( / )

( / )
.

θ
θ
θ→ ∞

−
+

= −
+

=a
a

1

1 1

1 0

1 0

2

2

True or False

1. See ar ti cle 8.

2. The as ymp totes of the given curve par al lel to y-axis are given by x a2 2 0− = .

Thus, x a= ±  are as ymp totes par al lel to y-axis.

3. The equa tion to the curve cane be writ ten as
1 1

1
r a

f= − =( cos ) ( )θ θ , say

Now, f( ) cosθ θ= ⇒ − =1 0 or cosθ = 1 i e. ., θ π= 2k , where k is any in te ger.

Also, f
a

′ =( ) sinθ θ1

∴ f k
a

k′ = =( ) sin( ) .2
1

2 0π π

4. In rough lan guage, an as ymp tote of a curve touches the curve at in fin ity.

5. See ar ti cle 1.

❍❍❍
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Prob lem 1: Show that the points of inflexion upon the curve x y a x y2 2= −( )  or  

( )a x y a x2 2 2+ =  are given by x = 0, x a= ± √3 . (Meerut 2013B; Kanpur 15)

So lu tion: The curve is y a x x a= +2 2 2/( ). Dif fer en ti at ing the equa tion of the curve

w.r.t. x, we get

dy

dx
a

x a x x

x a

a a x

x a
= ⋅ + −

+
= −

+
2

2 2

2 2 2

2 2 2

2 2 2
1 2( ) . .

( )

( )

( )

and 
d y

dx
a

x a x a x x a x

x a

2

2
2

2 2 2 2 2 2 2

2 2
2 2 2= ⋅ + − − − +

+
( ) ( ) ( ) . ( ) .

( )4
 

        = ⋅ − + − −
+

a
x x a x a x

x a

2
2 2 2 2

2 2 3
2 4( ) ( )

( )

        = ⋅ −
+

= −
+

⋅a
x a x

x a

a x x a

x a

2
3 2

2 2 3

2 2 2

2 2 3
2 2 3( )

( )

( )

( )

For the points of inflexion, putting d y dx2 2 0/ = , we have 2 3 02 2 2a x x a( ) .− =   

∴   x = 0  or  ± √3a .

Now 
d y

dx

a x a x a x a x a x3

3

2 2 2 3 2 2 3 2 2 2 22 3 3 3 3= + − − − +[( ) . ( ) ( ) . ( ){ 2
2 2 6

x

x a

} ]

( )+

   = ⋅ + − − −
+

6
2 32

2 2 2 2 3 2

2 2 4
a

x a x a x x a x

x a

( ) ( ) ( )

( )

   = − − +
+

= − −
+

6 2 3 6 32 4 4 4 2 2

2 2 4

2 2 2 4 4

2
a x a x a x

x a

a a x x a

x

[ ]

( )

[ ]

( a2 4)
⋅ .

When x = 0,  d y dx a3 3 26 0/ / ,= − ≠   

when  x a= √3 , d y dx a3 3 23 4 0/ / ,= ≠  

and when x a= − √3 , d y dx a3 3 23 4 0/ / .= ≠

Hence x = 0, ± √3a give us points of inflexion.

From the equation of the curve, we have
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when x = 0, y = 0; when x a= √3 , y a= √( / )3 4

and when x a= − √3 , y a= − √( / ) .3 4

Hence the points of inflexion are

( , ),0 0  √ √





3

3

4
a a,  and − √ − √






 ⋅3

3

4
a a,

Prob lem 2: Find the points of inflexion of the curve y a x x( ) .2 2 3+ =
(Lucknow 2008; Purvanchal 10)

So lu tion: Dif fer en ti at ing the equa tion of the curve w.r.t. x, we get

dy

dx

a x x x x

a x

a x x

a x
= + ⋅ − ⋅

+
= +

+
( )

( ) ( )

2 2 2 3

2 2 2

2 2 4

2 2 2
3 2 3

and 
d y

dx

a x a x x a x x a x x2

2

2 2 2 2 3 2 2 4 2 26 4 3 2 2= + ⋅ + − + ⋅ + ⋅( ) ( ) ( ) ( )

(a x2 2 4+ )

  = + + − −
+

= −x a a x x a x x

a x

a x a x[ ]

( )

( )6 10 4 12 4 2 34 2 2 4 2 2 4

2 2 3

2 2 2

( )a x2 2 3+
⋅

For the points of inflexion, we must have d y dx2 2 0/ .=

∴ 
2 3

0
2 2 2

2 2 3
a x a x

a x

( )

( )

−
+

=   or  2 3 02 2 2a x a x( )− =

i e. ., x = 0  or  x a= ± √3 .    [For the points of inflexion]

Now        
d y

dx
a

a x a x a x x a x3

3
2

2 2 3 2 2 2 3 2 2 2
2

3 3 3 3= ⋅ + − − − +[( ) ( ) ( ) . ( ) . 2
2 2 6

x

a x

]

( )+

   = + − − −
+

6 2 32 2 2 2 2 2 3

2 2 4
a a x a x x a x x

a x

[( ) ( ) ( )]

( )

   = − − +
+

= − +
+

6 6 2 6 62 4 4 2 2 4

2 2 4

2 4 2 2 4

2
a a x a x x

a x

a a a x x

a

( )

( )

( )

( x2 4)
⋅

When x = 0, d y dx a3 3 26 0/ / ,= ≠  when x a d y dx a= √ = − ≠3 3 4 03 3 2, / /   

and  when x a d y dx a= − √ = − ≠3 3 4 03 3 2, / / .

Therefore x = 0, ± √3a give us points of inflexion.

From the equation of the curve, we have

when x = 0, y = 0;  

when x a y a= √ = √3 3 3 4, ( / )  

and  when x a y a= − √ = − √3 3 3 4, ( / ) .

Hence the points of inflexion are

( , ),0 0  ( , / ),√ √3 3 3 4a a  ( , / ).− √ − √3 3 3 4a a

D-307



Prob lem 3: Find the points of inflexion of the curve xy a log y a= 2 ( / ).

So lu tion: The given curve is x a y y a= ( / ) log ( / ).2  ...(1)

Differentiating (1) taking y as independent variable and x dependent variable, we
have

dx

dy

a

y a

a

y y a a

y
= −









 + ⋅ ⋅

2

2

2 1 1
log

/
 = −





a

y

y

a

2

2
1 log ,

and 
d x

dy

a

y y a a

y

a

a

y

2

2

2

2

2

3
1 1

1 2= − ⋅





 + −





− ⋅



/

log





       = − −





⋅a

y

y

a

2

3
3 2 log

For the points of inflexion, putting d x dy2 2 0/ ,=  we have

3 2 0− =log ( / )y a   or  y ae= 3 2/ .

Now 
d x

dy

a

y y a a

y

a

a

y

3

3

2

3

2

4
2

1 1
3 2

3= − ⋅ − ⋅ ⋅





 + −





⋅
/

log  

     = −





⋅a

y

y

a

2

4
5 2 log

When y a e= 3 2/  or log ( / ) / ,y a = 3 2 we have

d x

dy

a

a e a e

3

3

2

4 6 2 6
5 2

3

2

2
0= − ⋅





= ≠ .

Hence y a e= . /3 2  gives a point of inflexion.

From (1), putting y a e= 3 2/ , we have  x
a

a e
a e= ⋅ = −

2

3 2
3 23

2

3

2/
/ .

Hence the point of inflexion is 
3

2
3 2 3 2a e a e−





⋅/ /,

Prob lem 4: Find the points of inflexion of the curve x log y= ( ) .3
(Purvanchal 2009)

So lu tion: Dif fer en ti at ing the given equa tion w.r.t. y, we get

dx

dy
y

y

y

y
= × =3

1 32
2

(log )
(log )

and  
d x

dy

y y y y

y

2

2

2

2
3

2 1= −[ (log ) . / ] (log )

      = − = ⋅ −3
2 3

2
2

2

2
log

[ log ]
log (log )y

y
y

y y

y

     = −−3 22 2y y y[ log (log ) ].
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For the points of inflexion, putting d x dy2 2 0/ ,=  we have

2 02log (log )y y− =  or log [ log ] .y y2 0− =

∴ log y = 0 i e. ., y = 1   or log y = 2  i e. .,  y e= 2 .

Now 
d x

dy
y

y
y

y
y y y

3

3
2 23

2
2

1
2 6= − ⋅







 + − −− ( log ) [ log (log ) ] ( − 3 )

    = − − +−6 1 23 2y y y y[ log log (log ) ] 

  = − +−6 3 13 2y y y[(log ) log ].

When y = 1, d x dy3 3 6 0/ ,= ≠  and  when y e= 2 , 
d x

dy e

3

3 6
6

0= − ≠ .

Hence y = 1, e2  give us the points of inflexion.

From the curve when y = 1, x = 0 and when y e= 2 , x = 8.

Hence the points of inflexion are ( , )0 1  and ( , ).8 2e

Prob lem 5: In ves ti gate the points of inflexion of the curve y x x= − −( ) ( ) .1 24 3

(Agra 2014)

So lu tion: The given curve is 

y x x= − −( ) ( ) .1 24 3  ...(1)

∴ 
dy

dx
x x x x= − − + − −4 1 2 3 1 23 3 4 2( ) ( ) ( ) ( )

             = − − − + −( ) ( ) [ ( ) ( )]x x x x1 2 4 2 3 13 2

    = − − −( ) ( ) ( )x x x1 2 7 113 2

and      
d y

dx
x x x

2

2
2 23 1 2 7 11= − − −( ) ( ) ( )

+ − − − + − −2 1 2 7 11 7 1 23 3 2( ) ( ) ( ) ( ) ( )x x x x x

    = − − − −( ) ( ) [ ( ) ( )x x x x1 2 3 2 7 112  

+ − − + − −2 1 7 11 7 1 2( ) ( ) ( ) ( )]x x x x

    = − − − + + −( ) ( ) [x x x x x x1 2 21 75 66 14 362 2 2  

+ + − +22 7 21 142x x ]

    = − − − +( ) ( ) ( )x x x x1 2 42 132 1022 2  

    = − − − +6 1 2 7 22 172 2( ) ( ) ( ).x x x x

For the points of inflexion of the given curve, we must have

d y dx2 2 0/ =  i e. .,  ( ) ( ) ( ) ,x x x x− − − + =1 2 7 22 17 02 2  which gives

x = 1 2, , 
22 22 4 7 172

14

± √ −[( ) . . ]
 i e. .,  x = 1,  2, 

11 2

7

± √ ⋅
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Thus the given curve may have points of inflexion where

      x = 1,  2, ( ) / .11 2 7± √
Since ( )x − 1  occurs as a factor of second degree in d y dx2 2/ , therefore the sign of 

d y dx2 2/  does not change as x passes through 1. Consequently x = 1 does not give a

point of inflexion. Thus there is a point of undulation at x = 1.

Again each of the factors x − 2, [ ( )]x − + √1

7
11 2  and [ ( )]x − − √1

7
11 2  occurs in first

degree in d y dx2 2/  and so the sign of d y dx2 2/  changes as x passes through each of the

values 2, ( ) /11 2 7+ √  and ( ) / .11 2 7− √  Hence the given curve has points of inflexion at 

x = 2, ( ) / .11 2 7± √

Prob lem 6: Show that ev ery point in which the sine curve  y c sin x a= ( / ) meets the axis of

x is a point of inflexion.

So lu tion: The given curve meets x-axis where y = 0 i e. .,  where

 sin ( / ) sinx a n= =0 π
or x a n/ = π or x an= π, where n is any integer.

Differentiating the given equation of the curve w.r.t. x, we get

dy

dx

c

a

x

a
= cos , 

d y

dx

c

a

x

a

2

2 2
= − ⋅sin

For points of inflexion, putting d y dx2 2 0/ ,=  we have  

sin ( / )x a = 0  i e. .,  x an= π .

Now  
d y

dx

c

a

x

a

3

3 3
= − ⋅cos

When  x an= π, 
d y

dx

c

a
n

c

a

n
3

3 3 3
1 0= − = − − ⋅ ≠cos ( ) .π

Hence the points of inflexion are given by x an= π . These are  the points where the
curve cuts the x-axis.

Prob lem 7: Show that points of inflexion of the curve y x a x b2 2= − −( ) ( ) lie on the

line 3 4x a b+ = . (Agra 2006; Avadh 11; Kashi 12)

So lu tion: The given curve is y x a x b2 2= − −( ) ( )

or  y x a x b= ± − √ −( ) ( ). ...(1)

Differentiating (1) w.r.t. x, we get

dy

dx
x a

x b
x b= ± − ⋅

√ −
+ √ −







( )

( )
( )

1

2
 

           = ± − + −
√ −

= ± − −
√ −

x a x b

x b

x b a

x b

2 2

2

3 2

2( ) ( )
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     = ± − − − −1

2
3 2 1 2( ) .( ) /x b a x b

and      
d y

dx
x b a x b x b

2

2
3 2 1 21

2
3 2

1

2
3= ± − − − − + −− −[( ) .( ) ( ) ( ) . ]/ /

           = ± + −
−

+
−













1

2

2 3

2

3
3 2 1 2

a b x

x b x b( ) ( )/ /

 = ±
√ −

+ −
−

+









1

2

2 3

2
3

( ) ( )x b

a b x

x b
 = ±

√ −
⋅ − +

−
⋅1

2

4 3

2( ) ( )x b

a b x

x b

For the points of inflexion, we must have d y dx2 2 0/ =

i e. ., a b x− + =4 3 0  or  3 4x a b+ = .

Hence the points of inflexion lie on the straight line

3 4x a b+ = .

Prob lem 8: Find the points of inflexion on the curve y x x2 21= +( )  and also ob tain the

equa tions of the inflexional tan gents.

So lu tion: The given curve is  y x x2 21= +( )  (sym me try about x-axis)

or  y x x= ± +( ) ./1 1 2

Let us take  y x x= +( ) ./1 1 2

Then 
dy

dx
x x x x

x

x
= + + = + +−1 1

1

2

1

2

1 2 1 2 1 2
1 2

. ( ) ./ / /
/

 = + + = +2 1

2

3 1

21 2 1 2
x x

x

x

x/ /

and 
d y

dx

x x x

x

x x

x x

x2

2

1 2 1 2

1 2
1

2

3 3 1
1

2 6 3 1

4

3= ⋅
− +

= − − =
−. ( ) .

.

/ /

/
− ⋅1

4 3 2x /

For the points of inflexion of the given curve, we must have d y dx2 2 0/ .=

∴ 
3 1

4
0

3 2
x

x

− =
/

  or  3 1 0x − =   or  x = ⋅1

3

Now there will be points of inflexion where x = 1

3
 if we have

d y dx3 3 0/ ≠  at x = ⋅1

3

We have
d y

dx

x x x

x

3

3

3 2 1 2

3
1

4

3 3 1 3 2= ⋅ − −. ( ) .( / )/ /

  = ⋅ − + = − ≠1

4

3 2 3 1

2

3

8
1 0

1 2

3 5 2
x x x

x x
x

/

/
[ ]

.
( ) , at x = ⋅1

3

∴  The given curve has points of inflexion where x = ⋅1

3
 Putting x = 1

3
 in the equation

of the given curve, we get
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y = ± ⋅ 





= ±
√

⋅4

3

1

3

4

3 3

1 2/

Hence the points of inflexion on the given curve are 
1

3

4

3 3
, ±

√






 ⋅

Now tangents at the points of inflexion are called inflexional tangents.

The equation of the given curve can be written as

y x x x x x x2 2 3 22 1 2= + + = + +( ) .

Differentiating with respect to x, we get

2 3 4 12y
dy

dx
x x= + +   or  

dy

dx

x x

y
= + + ⋅3 4 1

2

2

∴  At the point 
1

3

4

3 3
, ,

√






  

dy

dx
= + +

√
= √( / ) ( / )

.( / )

1 3 4 3 1

2 4 3 3
3

and at the point 
1

3

4

3 3
, ,

−
√







  

dy

dx
= − √3.

∴  Inflexional tangent at the point 
1

3

4

3 3
,

√






 is

y x−
√

= √ −





4

3 3
3

1

3
 or √ − − √ +

√
=3

3

3

4

3 3
0x y

or √ − +
√

=3
1

3 3
0x y    or  9 3 3 1 0x y− √ + =

and inflexional tangent at the point 
1

3

4

3 3
,

−
√







 is

y x+
√

= − √ −





4

3 3
3

1

3
   or √ + +

√
− √ =3

4

3 3

3

3
0x y

or √ + +
√

=3
1

3 3
0x y       or  9 3 3 1 0x y+ √ + = .

Hence the inflexional tangents are 9 3 3 1 0x y± √ + = .

Prob lem 9: Show that or i gin is a point of inflexion of the curve a y xm m− =1.  if m is odd

and greater than 2.

So lu tion: The given curve is 

a y xm m− =1.  or  y x am m= −/ .1  ...(1)

Differentiating (1) w.r.t. x,  we get

dy

dx

m

a
x

m
m= ⋅

−
−

1
1; 

d y

dx

m m

a
x

m
m

2

2 1
21= − ⋅

−
−( )

.

For the points of inflexion, we must have

 d y dx2 2 0/ =
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or
m m

a
x

m
m( )− ⋅ =

−
−1

0
1

2    or  xm − =2 0  

or x = 0, if m> 2.

Also 
d y

dx

m m m

a
x

d y

dx

m

am
m

m

m m

3

3 1
3

1
1 2= − − ⋅ =

−
−

−
( ) ( )

;......;
!

 .

At x = 0, 
d y

dx

d y

dx

d y

dx

m

m

2

2

3

3

1

1
0= = = =

−

−
…  and 

d y

dx

m

m
≠ 0.

Hence there is a point of inflexion at x = 0 (i e. ., at origin) if m is odd and greater than 2
and no point of inflexion if m is even.

Prob lem 10: Show that the ab scis sae of the points of inflexion on the curve y f x2 = ( )

sat isfy the equa tion [ ( )] ( ) ( )f x f x f x′ = ′ ′2 2  .

So lu tion: The curve is y f x2 = ( ), or y f x= [ ( )] ./1 2  ...(1)

Differentiating w.r.t. x, we get

   
dy

dx
f x f x= ⋅ ′−1

2
1 2[ ( )] . ( )/  

and  
d y

dx
f x f x f x f x

2

2
1 21

2

1

2
= ′ ′ + ′ −





− −[ ( ) . ( ) ( ) . ( )/{ } { } 3 2/ . ( )]f x′

       = ′ ′ − ′− −1

2

1

2
1 2 3 2 2[ ( ) ( ) ( ) ( ) ]/ /{ } { } { }f x f x f x f x  

       = ′ ′ −−1

2

1

2
3 2 2{ } { }f x f x f x f x( ) [ ( ) . ( ) ( ) ]./

For the points of inflexion, we must have d y dx2 2 0/ .=

∴ 2 02f x f x f x( ) . ( ) [ ( )]′ ′ − ′ =   

or [ ( )] ( ) . ( ).f x f x f x′ = ′ ′2 2

Prob lem 11: Show that the line join ing the points of inflexion of the curve

y x a x x a2 2( ) ( )− = +  sub tends an an gle of π / 3 at the or i gin.

So lu tion: The given curve is

y
x x a

x a
2

2
= +

−
( )

( )
  or  y

x x a

x a
= ± √ +

√ −
⋅( )

( )
 ...(1)

Differentiating (1) w.r.t. x, we get

dy

dx

x a x x a x a

x x a x
= ±

√ − ⋅ + + +

− √ + ⋅

−( ) . ( ) ( )

( ) (

/ /{ }
1

2
1

2

1 2 1 2

−

−

−a

x a

)

( )

/1 2

  = ± √ − + √ + − √ + √ −
−

[ ( ) ( ) / ( ) ] [ ( ) / ( ) ]

(

x a x a x a x x a x a

x

3 2 2 2{ } { }

a)
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    = ± − + − +
− +

= ± − −( ) ( ) ( )

( ) ( ) (/ /
x a x a x x a

x a x a

x ax a

x

3 2

2 3 2 1 2

2 2

− +a x a) ( )
,

/ /3 2 1 2

and d y

dx

x a x a x a x ax a

x a2

2

3 2 1 2 2 22

3

2= ±

− + − − − −

−

( ) ( ) .[ ] [ ]

[ ( )

/ /

1 2 1 2 3 2 1 2

3

1

2
/ / / /. ( ) ( ) . ( ) ]

( ) .( )

x a x a x a

x a x a

+ + − +

− +

−

    = ± − − − − − +
− +

2 2 4 2

2

2 2 2 2

5 2 3
( ) ( ) ( ) ( )

( ) .( )/
x a x a x ax a x a

x a x a /
,

2

   [On sim pli fi ca tion]

    = ± +
− +

⋅a x a

x a x a

2

5 2 3 2
2( )

( ) .( )/ /

For the points of inflexion, we must have d y dx2 2 0/ .=

∴ x a= − 2 , and hence from (1) , y a= ± √2 3/ .

Hence the points of inflexion are

P a a( , / )− √2 2 3   and  Q a a( , / ).− − √2 2 3

Let the line joining the points of inflexion (i e. ., the line PQ ) subtend an angle θ at the
origin. We have

m1 = slope of OP
a

a
= − √ = − √2 3

2
1 3

/
/  

and m O
a

a
2

2 3

2

1

3
= = √ =

√
⋅slope of

/

∴ tan
( / ) ( / )

( / )

/

/
.θ =

−

+
= √ + √

−
= √ = √

m m

m m

2 1

1 21

1 3 1 3

1 1 3

2 3

2 3
3

∴  θ π= / 3 i e. ., the required angle is π / .3

Prob lem 12: Prove that the curve y
x

x
= −

+
1

1 2
 has three points of inflexion which lie in a

straight line.

So lu tion: The given curve is  

y
x

x
= −

+
⋅1

1 2
 ...(1)

∴ dy

dx

x x x

x

x x

x
= − + − −

+
= − − +

+
1 1 2 1

1

1 2

1

2

2 2

2

2 2
.( ) ( )

( ) ( )

and
d y

dx

x x x x x x

x

2

2

2 2 2 2

2 4
2 2 1 1 2 2 1 2

1
= − + + − − − + +

+
( ) ( ) ( ) . ( ) .

( )

  = + − − − − +
+

2 1 1 2 1 2

1

2 2

2 3
[( ) ( ) ( )]

( )

x x x x x

x
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 = − + − + + −
+

= − + + −
+

2 1 2 4 2

1

2 3 3 1

1

3 2 2 3

2 3

3 2[ ]

( )

[ ]

(

x x x x x x

x

x x x

x2 3)

 = − − − +
+

= − + − +
+

2 3 3 1

1

2 1 3 1

1

3 2

2 3

3

2 3
( )

( )

[( ) ( )]

( )

x x x

x

x x x

x
 

 = − + − + − +
+

2 1 1 3 1

1

2

2 3
[( ) ( ) ( )]

( )

x x x x x

x
  = − + − +

+
⋅2 1 4 1

1

2

2 3
( ) ( )

( )

x x x

x

For the points of inflexion of the given curve, we must have d y dx2 2 0/ .=

∴ ( ) ( ) ,x x x+ − + =1 4 1 02  which gives

x = − 1, 
4 16 4

2

± √ −( )
 i e. ., x = − 1,  2 3± √ .

Now we observe that each of the factors x + 1, x − + √( )2 3  and x − − √( )2 3  occurs in

first degree in d y dx2 2/ . Therefore the sign of d y dx2 2/  changes when x passes through 

each of the values − + √1 2 3,  and 2 3− √ ; or we also conclude that d y dx3 3 0/ ≠  at any

of the points x = − 1, 2 3± √ .

Hence there are points of inflexion where x = − 1, 2 3± √ .

From the equation of the curve, we have

when x = − 1, y = 1

when x = + √2 3, y = − − √
+ + + √

= − − √
+ √

= − ⋅ + √
+ √

1 2 3

1 4 3 4 3

1 3

8 4 3

1

4

1 3

2 3

  = − ⋅ + √ − √
+ √ − √

= − − + √1

4

1 3 2 3

2 3 2 3

1 3

4

( ) ( )

( ) ( )
 = − − √1 3

4

and when x = − √2 3, y = − + √
+ + − √

= − + √
− √

= + √ ⋅1 2 3

1 4 3 2 3

1 3

4 2 3

1 3

4( )

Hence the given curve has three points of inflexion

( , ),− 1 1  2 3
1 3

4
+ √ − √






,  and 2 3

1 3

4
− √ + √






 ⋅,

Let us name these points as A B,  and C respectively.

The slope of the line 

 AB =
− √ −

+ √ +
= ⋅ − √ −

+ √

1

4
1 3 1

2 3 1

1

4

1 3 4

3 3

( )
 = ⋅ − − √

+ √
= −1

4

3 3

3 3

1

4

and the slope of the line

AC =
+ √ −

− √ +
= ⋅ + √ −

− √

1

4
1 3 1

2 3 1

1

4

1 3 4

3 3

( )
 = ⋅ − + √

− √
= − ⋅1

4

3 3

3 3

1

4

Since the slope of the line AB =  the slope of the line AC, therefore the points A B,
and C lie in a straight line.
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Prob lem 13: Show that the points of inflexion on the curve y b e x a= − ( / )2  are given by 

x a= ± √/ .2 (Agra 2005)

So lu tion: The given curve is y b e x a= − 2 2/ . ...(1)

∴ 
dy

dx
b e

x

a
y

x

a

x a= ⋅ −





= ⋅ −





− 2 2 2 2
2 2

/ ,

d y

dx

dy

dx

x

a
y

a
y

x

a

x

a

2

2 2 2 2 2
2 2 2 2= ⋅ −





+ ⋅ − = ⋅ −





⋅ −





− 2
2
y

a

     = −












y
x

a a

4 22

4 2

and
d y

dx

dy

dx

x

a a
y

x

a

3

3

2

4 2 4
4 2 8= −













+ ⋅  = ⋅ −





−












+ ⋅ ⋅y
x

a

x

a a
y

x

a

2 4 2 8
2

2

4 2 4

For the points of inflexion of (1), we must have d y dx2 2 0/ .=

∴   y
x

a a

4 2
0

2

4 2
−













=  or  
4 2

0
2

4 2
x

a a
− =

[ /
∵ y b e x a= − 2 2

can not be zero for any real x]

or x
a2
2

2
=   or  x

a= ±
√

⋅
2

The curve (1) will have points of inflexion where x a= ± √/ ,2 provided d y dx3 3/  is

not zero at these points.

Now for x
a= ±

√2
, we have 

d y

dx
y

a

a3

3 4
0

8

2
0= + ⋅ ⋅ ±

√






≠ .

Hence the points of inflexion of (1) are given by x a= ± √/ .2

Prob lem 14: Show that the points of inflexion of the curve r b n= θ  are given by 

r b n n= − +{ }( ) ./1 2n

So lu tion: Dif fer en ti at ing the given equa tion of the curve w.r.t. θ, we get

dr d nb n/ θ θ= −1 and d r d n n b n2 2 21/ ( ) .θ θ= − −

We know that at the point of inflexion, the radius of curvature is infinite. Hence at
the point of inflexion, we have

r dr d r d r d2 2 22 0+ − =( / ) ( / )θ θ (Note)

or ( ) ( ) ( ) ( ) ,b nb b n n bn n n nθ θ θ θ2 1 2 22 1 0+ − − =− −{ }

sub sti tut ing the val ues of r, dr d/ ,θ d r d2 2/ θ

or b
n n nn2 2
2

2 2
1

2 1
0θ

θ θ
+ − −











=( )
 

D-316



or b n nn2 2 2 2 2 0θ θ− + + =[ ]  giving θ2 1= − +n n( ).

Now from the equation of the curve, we have

r b bn n= =θ θ( ) ./2 2  ...(1)

Putting θ2 1= − +n n( ) in (1), we see that the points of inflexion are given by

r b n n= − +{ }( ) ./1 2n

Prob lem 1: Write down the equa tions to the tan gent at the or i gin for the fol low ing curves :

(i) y a x x a x2 2( ) ( ),− = + (ii) x x y xy y4 3 23 2 0+ + − = ,

(iii) ( )( ) .x y a x b x2 2 22+ − =

So lu tion: (i) The curve is

y a x x a x2 2( ) ( )− = +  or y a y x x a x2 2 2 3 0− − − = .

Equating to zero the lowest degree term in the curve, we get

y a x a2 2 0− =   or   y x2 2=   or   y x= ±

(ii) The curve can be written as

x x y xy y4 3 23 2 0+ + − = .

Equating to zero the lowest degree term in the curve, we get

 2 02xy y− =  or y x y( )2 0− =  or y = 0, y x= 2 .

(iii) The curve can be written as

2 2 02 3 2 3 2ax x ay xy b x− + − − = .

Equating to zero the lowest degree term in the curve, we get

x = 0.

Prob lem 2: For the curve y a x x a x2 2 2 2 2 2( ) ( ) ,+ = −  show that the origin is a node.

So lu tion: Equat ing to zero, the low est de gree terms in the equa tion of the curve, the
tan gents at the or i gin are

a y a x2 2 2 2 0− =   or y x= ± ,

which are real and distinct. Therefore the origin is a node.

Prob lem 3: Show that the or i gin is a conjugate point on the curve 

y x y x y x2 2 4 42 2= + − .

So lu tion: Equat ing to zero, the low est de gree terms in the given curve, the tan gents

at the or i gin are given by y2 0=  i e. ., y = 0, y = 0.

∴ Origin is either a cusp or a conjugate point .

Now the equation of the given curve can be written as
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y x y x x2 2 2 42 2 0− + + =( ) .

Solving it for y, we have

y
x x x x x= + ± √ + −2 2 4 2 2 42 2 8

2

( ) ( ){ }
 

      = + + √ + − ⋅x x x x x2 2 2 4 22 4 4

2

( ) ( )

Now for small values of x ≠ 0, x x4 24 4+ −  is negative.

∴ y is imaginary in the neighbourhood of origin.

Hence origin is a conjugate point.

Prob lem 4: Show that the curve x x y ay3 2 2+ =  has the cusp at the or i gin.

So lu tion: The equa tion of the given curve may be writ ten as

ay x y x2 2 3 0− − = . ...(1)

Equating to zero, the lowest degree terms in (1), the tangents at the origin are y2 0=  

i e. ., y = 0 and y = 0.

∴  Origin is either a cusp or a conjugate point.

Now from (1),  y x x ax a= ± √ +[ ( )] /( ).2 4 34 2

For small values of x ≠ 0, x ax4 34+  has the same sign as 4 3ax , which is +ive when x is

+ive and − ive when x is − ive.

∴  When x is +ive, y has two real values one +ive and the other –ive, whereas y is
imaginary when x is negative.

Hence there is a single cusp of the first kind at the origin on the right side of the
y-axis.

 Prob lem 5: Show that the curve y x a x a3 2 2= − −( ) ( ) has a sin gle cusp of the first spe cies 

at the point ( , ).a 0 (Garhwal 2006)

So lu tion: Here  f x y y x a x a( , ) ( ) ( ) .≡ − − − =3 2 2 0  ...(1)

∴  ( / ) ( ) ( ) ( )∂ ∂ = − − − − −f x x a x a x a2 2 22  

             = − − − = − + −2 3 2 6 10 42 2( ) ( )x a x a x ax a    

and  ( / ) .∂ ∂ =f y y3 2  

Now for double points ( / ) ,∂ ∂ =f x 0  ( / )∂ ∂ =f y 0 and f = 0.

Here ( / )∂ ∂ =f x 0 gives ( ) ( )x a x a− − =3 2 0  or x a= , 2 3a /

and ( / )∂ ∂ =f y 0  gives  y = 0.

Thus ( , )a 0  and ( / , )2 3 0a  are the possible double points.

Out of these only ( , )a 0  satisfies the given curve. Hence ( , )a 0   is the only double point.

Shifting the origin to ( , )a 0  by putting x X a= +  and y Y= + 0 in (1), the equation of
the curve becomes

Y X a a X a a X X a3 2 22 2 2= + − + − = +( ) ( ) ( ). ...(2)
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Now equating to zero, the lowest degree terms in (2), the tangents at the new origin

are given by aX2 0=  i e X X. ., ,= =0 0 are two real coincident tangents at the new

origin. Therefore the new origin may be a cusp or a conjugate point.

Now for the curve (2), the tangent at the origin is X = 0 . Let X p= . Putting X p=  in

(2) and neglecting powers of p greater than 2, we get

ap Y2 3= . ...(3)

From (3), we see that for sufficiently small positive values of Y p,  is real and the two

values of p are of opposite signs. Also for numerically small negative values of Y p,  is

imaginary. Hence for the curve (2) there is a single cusp of the first species at the

origin.

Thus for the given curve the point ( , )a 0  is a single cusp of the first kind.

Prob lem 6(i): Find the position and nature of double points on the curve y x ax3 3 2= + .

(Meerut 2013B)

So lu tion: Pro ceed as in prob lem 5 of this prob lem set. Here for the given curve 

( , )0 0  is the only dou ble point and is a sin gle cusp of the first kind.

Prob lem 6(ii): Find the position and nature of double points of the curve 

y ax x2 2 33 0+ + = .

So lu tion: The curve is

y ax x2 2 33 0+ + = . …(1)

The curve is y ax x2 2 33 0+ + = . …(2)

Here f x y y ax x( , ) ≡ + + =2 2 33 0

∴ ∂
∂

∂
∂

f

x
y ax x

f

y
y= + + =2 6 3 22 ,

Now at a double point f = 0,
∂
∂

f

x
= 0 and 

∂
∂
f

y
= 0

i e. ., 2 6 3 02y ax x+ + = , y = 0.

At y = 0, we have

6 3 02ax x+ =  or x a x( )6 3 0+ =  x x a= = −0 2, .

Thus ( , ), ( , )0 0 2 0− a  are the possible double points.

But out of these only ( , )0 0   satisfies the given equation (1).

Hence (0, 0) is the only double point.

Here 
∂
∂

2

2
6 6

f

x
a x= + , 

∂
∂

2

2
2

f

y
= ,

∂
∂ ∂

2
0

f

x y
= .
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At ( , )0 0 , we have 
∂
∂

2

2
6

f

x
a= , 

∂
∂

∂
∂ ∂

2

2

2
2 0

f

y

f

x y
= =, .

So
∂
∂ ∂

∂
∂

∂
∂

2 2

2

2

2
f

x y

f

x

f

y
< ⋅ ⋅

∴ There is a conjugate point at the origin.

Prob lem 6(iii): Find the position and nature of double points on the curve x y axy3 3 3+ = .

(Meerut 2003, 12B, 13; Agra 06; Rohilkhand 07;
Kumaun 08, 09; Lucknow 11)

So lu tion: Here f x y x y axy( , ) .≡ + − =3 3 3 0  ...(1)

∴ ( / ) ,∂ ∂ = −f x x ay3 32  ( / ) .∂ ∂ = −f y y ax3 32 ...(2)

Now at a double point f = 0, ( / )∂ ∂ =f x 0 and ( / ) .∂ ∂ =f y 0

∴ From (2), by equating each of ∂ ∂f x/  and ∂ ∂f y/  to zero, we get

x ay2 =   and  y ax2 = .

Solving, we get  x x a( )3 3 0− =  or x a= 0 , .

When x = 0, y = 0 and when x a y a= =, .

Out of these points only ( , )0 0  satisfies the equation. f x y( , ) = 0 of the given curve.

Therefore ( , )0 0  is the only double point.

Now equating the lowest degree terms in (1) to zero, we get xy = 0 or x = 0, y = 0 as

the tangents at the origin. These being real and distinct implies that origin is a node.

Prob lem 6(iv): Find the position and nature of the curve x y xy3 3 3+ = , at the or i gin.

(Meerut 2001, 05; Agra 14)

So lu tion: The curve is x y xy3 3 3+ = .

Equating to zero the lowest degree term in the equation of the curve, we get equation
of the tangent at the origin as

3 0xy =  i.e., x y= =0 0,

Since the tangents are real and distinct, the origin is node.

Prob lem 6(v): Find the po si tion and na ture of the dou ble points of the curve 

a y x x a4 2 4 2 22 3= −( ). (Meerut 2007B)

So lu tion: Here  f x y x a x a y( , ) .≡ − − =2 3 06 2 4 4 2  ...(1)

∴ ( / ) ,∂ ∂ = −f x x a x12 125 2 3   ( / ) .∂ ∂ = −f y a y2 4  ...(2)

Now at a double point f = 0, ( / )∂ ∂ =f x 0 and ( / ) .∂ ∂ =f y 0

Here ( / )∂ ∂ =f x 0 gives 12 03 2 2x x a( )− =  or x = 0,  a a, −

and ( / )∂ ∂ =f y 0 gives − =2 04a y   or y = 0.

Thus ( , ),0 0  ( , ), ( , )a a0 0−  are the possible double points.
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But out of these only ( , )0 0  satisfies the given equation (1). Hence ( , )0 0  is the only
double point.

Now equating to zero the lowest degree terms in the equation of the curve we get the

tangents at the origin as a y2 2 0=  i e. ., y = 0, y = 0 are two coincident tangents at the

origin.
Thus the origin may be a cusp or a conjugate point.

Now from (1), y
x

a
x a= ± √ −

2

2
2 22 3( ).

For small values of x ≠ +0, ive or –ive, ( )2 32 2x a−  is – ive i e y. .,  is imaginary. Hence no

portion of the curve lies in the neighbourhood of the origin.

Hence origin is a conjugate point and not a cusp.

Prob lem 6(vi): Find the po si tion and na ture of the dou ble points on the fol low ing curve :

     f x y x y y x( , ) .≡ − − − + =4 3 2 22 3 2 1 0 (Kumaun 2011)

So lu tion: At a dou ble point, we have

( / )∂ ∂ = − =f x x x4 4 03  and ( / ) .∂ ∂ = − − =f y y y6 6 02

These give x x( )2 1 0− =  and y y( )+ =1 0

i e. ., x = 0, ± 1; y = 0, − 1.

Out of these points only ( , ),0 1−  ( , )1 0  and ( , )− 1 0  satisfy the equation of the curve,
which are double points.

Also 
∂
∂

= −
2

2
212 4

f

x
x ,  

∂
∂ ∂

=
2

0
f

x y
,  

∂
∂

= − −
2

2
12 6

f

y
y .

At the point ( , ),0 1−    
∂
∂

= −
2

2
4

f

x
, 

∂
∂ ∂

=
2

0
f

x y
, 

∂
∂

=
2

2
6

f

y
.

∴  
∂
∂ ∂









 > ∂

∂











∂
∂









 ⋅

2 2 2

2

2

2
f

x y

f

x

f

y

The above relation also holds at the points ( , )1 0  and ( , ).− 1 0

Hence there are nodes at the points ( , ),0 1−  ( , )1 0  and ( , ).− 1 0

Prob lem 6(vii): Find the position and nature of or i gin on the curve 

 x y x y4 3 2 22 3 0+ + + = .

(Bundelkhand 2001; Meerut 07; Avadh 13)
So lu tion: The curve is

x y x y4 3 2 22 3 0+ + + = .

Equating to zero the lowest degree term in the equation of the curve, we get equation of
the tangent at the origin as

2 3 02 2x y+ =  i.e., 3 2y i x= ± .

Thus, both the tangents at the origin are imaginary.

Hence, the origin is a conjugate point.
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Prob lem 7: Show that the curve y bx tan x a2 = ( / ) has a node or a con ju gate point at the

or i gin ac cord ing as a and b have like or un like signs.

So lu tion: Here f x y y bx x a( , ) tan ( / ) .≡ − =2 0 ...(1)

At a double point, we must have

 
∂
∂

= − − 





=f

x
b

x

a

b

a
x

x

a
tan sec2 0 and  

∂
∂

= =f

y
y2 0.

These give x = 0, y = 0. Also ( , )0 0  satisfies the given curve. Thus ( , )0 0  is a double
point.

Also 
∂
∂ ∂

=
2

0
f

x y
, 

∂
∂

=
2

2
2

f

y
, at ( , )0 0

and 
∂
∂

= − − − ⋅
2

2
2 2

22

2f

x

b x

a

b

a

x

a

bx

a

x

a

x

a
sec sec sec tan  = − 2 ( / ),b a  at ( , ).0 0

Also we know that (see article 11) the double point will be a node, cusp or conjugate
point according as

∂
∂ ∂









 > = < ∂

∂











∂
∂











2 2 2

2

2

2
f

x y

f

x

f

y
, or ⋅ (Remember)

Here 
∂
∂ ∂









 =

2 2

0
f

x y
  and  

∂
∂











∂
∂









 = − ⋅

2

2

2

2
4

f

x

f

y

b

a

Now  0 4> − b a/  if a and b have like signs

and 0 4< − b a/  if a and b have unlike signs.
∴ Origin is a node or conjugate point according as a and b have like or unlike signs.

Prob lem 8: Prove that the curve y x a x b2 2= − −( ) ( ) has at x a= , a con ju gate point if 

a b a< ,  node if a b>  and a cusp if a b= .

So lu tion: Here f x y x a x b y( , ) ( ) ( ) .≡ − − − =2 2 0  ...(1)

At x a y= =, ;0  there fore the point is  ( , ).a 0

Shifting the origin to ( , )a 0  by putting x X a= +  and y Y= + 0 in (1), the given
equation of the curve changes to 

Y X X a b2 2= + −( ). ...(2)

Equating to zero, the lowest degree terms in (2), the tangents at the new origin are
given by

Y a b X2 2= −( )   or  Y a b X= ± √ −( ) . ...(3)

When b a> , the two tangents given by (3) become imaginary. Hence the new origin 

i e. ., the point ( , )a 0  on the given curve is a conjugate point.

When b a= , the two tangents given by (3) are Y Y= =0 0,  i e. ., they are real and

coincident. Therefore the new origin is a cusp or a conjugate point.

In this case from (2), we get
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Y X2 3=   or  Y X X= ± √ . [ ]∵ a b=

When X is small and +ive, the two values of Y  are real. 

∴  The curve has real branches at the new origin.

∴  The point ( , )a 0  on the given curve is a cusp.

When b a< , the two tangents given by (3) are real and distinct. Hence the new origin 

i e. ., the point ( , )a 0  on the given curve is a node.

Prob lem 9: Ex am ine the curve x x xy y x y3 2 22 2 5 2 0+ + − + − =  for sin gu lar points

and show that it has a cusp of first kind at the point ( , ).− −1 2

So lu tion: Here f x y x x xy y x y( , ) .≡ + + − + − =3 2 22 2 5 2 0 ...(1)

∴ ( / ) ;∂ ∂ = + + +f x x x y3 4 2 52   ( / ) .∂ ∂ = − −f y x y2 2 2

For double points we must have 
∂
∂

=f

x
0 , 

∂
∂

=f

y
0 and f = 0.

Here ∂ ∂ =f x/ 0 gives 3 4 2 5 02x x y+ + + =

and ∂ ∂ =f y/ 0 gives 2 2 2 0x y− − =  or 2 2 2y x= − .

Solving these equations, we get x = − −1 1,  and y = − 2. Thus ( , )− −1 2  is the only
possible double point.

Since ( , )− −1 2  satisfies the equation of the given curve, therefore it is a double point.

Shifting the origin to ( , )− −1 2  (by putting x X= − 1 and y Y= − 2), the equation of
the curve changes to

( ) ( ) ( ) ( ) ( ) ( )X X X Y Y X− + − + − − − − + −1 2 1 2 1 2 2 5 13 2 2  

   − − =2 2 0( )Y

or X X XY Y3 2 22 0− + − =   or  ( )Y X X− =2 3 . ...(2)

Equating to zero the lowest degree terms in (2), the tangents at the new origin are 

( ) . .,Y X i e− =2 0  Y X Y X− = − =0 0,  are two coincident tangents at the new origin.

Therefore the new origin may be a cusp or a conjugate point.

Now the tangent to the curve (2) at the origin is Y X− = 0 .

Let Y X p− = .

Putting Y X p− =  in (2), we get

  p X2 3= . ...(3)

From (3), we see that for sufficiently small positive values of X p,  is real and the two
values of p are of opposite signs. Also for negative values of X p,  is imaginary. Hence
for the curve (2) there is a single cusp of the first kind at the origin.

Hence the point ( , )− −1 2  on the given curve is a single cusp of first species.

Prob lem 10 (i): De ter mine the po si tions and char ac ter of the dou ble points on 

y y x x( ) ( ) .− = − −6 2 92 3
(Rohilkhand 2008, 09)

So lu tion: Here f x y x x y y( , ) ( ) ( ) .≡ − − − − =2 32 6 9 0 ...(1)
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∴  ( / ) ( ) ( ) .∂ ∂ = − + −f x x x x x2 2 3 23 2 2

              = − − + = − −x x x x x x x( ) [ ( ) ] ( ) ( )2 2 2 3 2 5 42 2

and        ( / ) .∂ ∂ = − +f y y2 6

For double points,  ( / ) ,∂ ∂ =f x 0  ( / )∂ ∂ =f y 0 and f = 0.

Here ( / )∂ ∂ =f x 0 gives x = 0 2 4 5, , /  and     ( / )∂ ∂ =f y 0 gives y = 3.

∴ ( , ), ( , )0 3 2 3  and ( / , )4 5 3  are the possible double points.

Out of these only ( , )0 3  and ( , )2 3  satisfy (1) i e. ., these  are the only two double
points on the curve.
Nature of the double point (0, 3) : Shifting the origin to ( , )0 3  by putting x X= + 0

and y Y= + 3, the equation (1) changes to

( ) ( ) ( )Y Y X X+ + − = − −3 3 6 2 92 3  

or  Y X X2 2 39 2 9− = − −( )   or  Y X X2 2 32= −( ) .  ...(2)

Equating to zero, the lowest degree terms in (2), the tangents at the new origin are

given by Y X2 28= − , which are imaginary.

∴ The new origin i e. ., the point ( , )0 3  on the given curve is a conjugate point.

Nature of the double point (2, 3)  : Shifting the origin to ( , )2 3  by putting x X= + 2

and y Y= + 3, the equation (1) changes to

 ( ) ( ) ( )Y Y X X+ + − = + −3 3 6 2 92 3  

or Y X X2 3 22= +( ) . ...(3)

Equating to zero the lowest degree terms in (3), the tangents at the new origin are

given by Y2 0=  or Y Y= =0 0,  which are real and coincident.

∴  The new origin i e. ., the point ( , )2 3  on the given curve is either a cusp or a conjugate 
point.

Now from (3),  Y X X X= ± + √( ) .2

When X is small and +ive,  Y  is real and the values of Y  are of opposite signs. When 
X  is small and –ive, Y  is imaginary. Thus the curve has real branches at the new origin
only on one side of the line X = 0 and the two branches of the curve lie on opposite
sides of their common tangent Y = 0. Hence the new origin i e. ., the point ( , )2 3  on the
curve (1) is a single cusp of the first kind.

Prob lem 10 (ii): De ter mine the position and cha racter of the dou ble points  on the curve 

    ( ) ( ) .x y y− = −2 12 2

 (Meerut 2000, 02; Gorakhpur 05; Rohilkhand 12)

So lu tion: Here    f x y x y y( , ) ( ) ( ) .≡ − − − =2 1 02 2  ...(1)

∴    ( / ) ( )∂ ∂ = −f x x2 2   and  ( / ) ( ) ( ).∂ ∂ = − − − −f y y y y1 2 12

For double points, ∂ ∂ =f x/ ,0  ∂ ∂ =f y/ 0 and f x y( , ) .= 0

Here ( / )∂ ∂ =f x 0 gives  x = 2  and  ( / )∂ ∂ =f y 0 gives y = 1
1

3
, .

Thus ( , )2 1  and ( , )2
1

3
 are the possible double points.
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Out of these only ( , )2 1  satisfies the equation of the curve. Hence ( , )2 1  is the only double
point.

Shifting the origin to ( , )2 1  (by putting x X y Y= + = +2 1, ), the equation of the
curve changes to 

X Y Y2 21= +( ) . ...(2)

Now equating to zero, the lowest degree terms in (2), the tangents at the new origin

are given by Y X2 2=  or Y X= ± . The two tangents being real and distinct, the new

origin is a node. Hence the double point ( , )2 1  is a node.

Prob lem 10(iii):  De ter mine the po si tion and char ac ter of the dou ble points on  the curve

            x y x y x3 2 27 4 15 13 0− − + + − = .

So lu tion: The equa tion of the given curve is

f x y x y x y x( , ) .≡ − − + + − =3 2 27 4 15 13 0  ...(1)

We have ∂ ∂ = − +f x x x/ 3 14 152  and  ∂ ∂ = − +f y y/ .2 4

For the double points,

∂ ∂ =f x/ ,0  ∂ ∂ =f y/ 0  and  f x y( , ) .= 0

Here ∂ ∂ =f x/ 0 gives 3 14 15 02x x− + =
i e. ., 3 9 5 15 02x x x− − + =   

i e. .,  ( ) ( )x x− − =3 3 5 0  i e. .,  x = 3, 5 3/

and ∂ ∂ =f y/ 0 gives − + =2 4 0y   i e. .,  y = 2.

∴ The possible double points are ( , )3 2  and ( / , ).5 3 2  Out of these only ( , )3 2  satisfies
the equation of the curve. Hence ( , )3 2  is the only double point of the given curve.

Nature of the double point (3, 2).

Now  ∂ ∂ = −2 2 6 14f x x/ , ∂ ∂ ∂ =2 0f x y/ , ∂ ∂ = −2 2 2f y/ .

At the point ( , ),3 2  we have    
∂
∂

=
2

2
4

f

x
, 

∂
∂ ∂

=
2

0
f

x y
, 

∂
∂

= −
2

2
2

f

y
.

∴  At the point ( , ),3 2  we have  
∂
∂ ∂









 =

2 2

0
f

x y
 and 

∂
∂

⋅ ∂
∂

= −
2

2

2

2
8

f

x

f

y
. 

Thus at the point ( , ),3 2  we have 
∂
∂ ∂









 > ∂

∂
⋅ ∂

∂
⋅

2 2 2

2

2

2
f

x y

f

x

f

y

Therefore there is a node at the point ( , ).3 2

Alternative method for finding the nature of the double point (3, 2).

Shifting the origin to the point ( , ),3 2  the equation of the curve becomes

( ) ( ) ( ) ( ) ( )x y x y x+ − + − + + + + + − =3 2 7 3 4 2 15 3 13 03 2 2

or x x x y y x x3 2 2 29 27 27 4 4 7 42 63+ + + − − − − − −  

 + + + + − =4 8 15 45 13 0y x  

D-325



or x x y3 2 22 0+ − = . ...(2)

Equating to zero the lowest degree terms in (2), the tangents at the new origin are

y x2 22 0− =   i e. .,  y x2 22=   i e. .,  y x= ± √2. 

Thus there are two real and distinct tangents at the new origin. Therefore the new
origin is a node.

Hence there is a node at the point ( , )3 2  on the given curve.

Prob lem 10 (iv): De ter mine the po si tion and char ac ter of the dou ble points on the curve

y x x a a2 2 0 0− − = >( ) , ( ).

So lu tion: The equa tion of the given curve is 

f x y y x x a( , ) ( ) .≡ − − =2 2 0 …( )1

We have ∂ ∂ = − − − −f x x a x x a/ ( ) ( )2 2  = − − −( ) ( )x a x a3  

and  ∂ ∂ =f y y/ .2

For double points,  ∂ ∂ =f x/ 0, ∂ ∂ =f y/ 0 and f x y( , ) = 0.

Here ∂ ∂ =f x/ 0 gives  ( ) ( ) . . , /x a x a i e x a a− − = =3 0 3

and  ∂ ∂ =f y/ 0 gives  y = 0.

∴   The possible double points are ( , )a 0 , ( / , )a 3 0  .

Out of these only ( , )a 0  satisfies the equation of the curve. Therefore ( , )a 0  is the only
double point on the given curve.

Nature of the double point at ( , 0)a . Shifting the origin to the point ( , )a 0 , the

equation of the curve becomes
y x a x2 2 0− + =( ) . ...( )2

Equating to zero the lowest degree terms in (2), the tangents at the new origin are

y ax2 2 0− =     i e. .,  y ax2 2=   i e. .,  y ax= ± √ .

Thus there are two real and distinct tangents at the new origin. Therefore the new origin
is a node.

Hence there is a node at the point ( , )a 0  on the given curve.

Prob lem 10 (v): De ter mine the po si tion and char ac ter of the dou ble points on the curve 

y x2 3 0− = .

So lu tion: The equa tion of the given curve is 

f x y y x( , ) ≡ − =2 3 0. …( )1

We have ∂ ∂ = −f x x/ 3 2  and ∂ ∂ =f y y/ .2

For double points, ∂ ∂ =f x/ 0, ∂ ∂ =f y/ 0 and f x y( , ) .= 0

∴    The only double point of (1) is (0, 0).

Equating to zero the lowest degree terms in (1), the tangents to (1) at the origin are 

y2 0=   i e. .,  y = 0 and  y = 0.

∴  Origin is either a cusp or a conjugate point.

Now from (1), we have y x= ± √( ).3
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For small values of x ≠ 0 , the values of y are real when x is +ive and are imaginary
when x is −ive.

Also when x is +ive, the two values of y are of opposite signs.

Hence there is a single cusp of the first kind at the origin (0, 0) on the right side of the 
y-axis.

Prob lem 10 (vi): De ter mine the po si tion and char ac ter of the dou ble points on the curve

a y x a x4 2 4 2 2= −( ) .

So lu tion: The equa tion of the given curve is

  f x y a y x a x( , ) ( ) .≡ − − =4 2 4 2 2 0 …( )1

We have   ∂ ∂ = − − +f x x a x x/ ( )4 23 2 2 5  = −2 3 23 2 2x x a( )  

and ∂ ∂ =f y a y/ .2 4

For double points, ∂ ∂ =f x/ 0, ∂ ∂ =f y/ 0 and f x y( , ) .= 0

Here ∂ ∂ =f x/ 0 gives  x = 0, ± √( / )2 3 a and   ∂ ∂ =f y/ 0 gives y = 0.

∴  The possible double points are (0, 0), ( ( / ) , )√ 2 3 0a , ( ( / )− √ 2 3 a,  0).

Out of these only (0, 0) satisfies the equation of the curve. Therefore (0, 0) is the only
double point on the given curve. 

Nature of the double point at (0, 0). Equating to zero the lowest degree terms in
(1), the tangents to (1) at (0, 0) are given by

a y4 2 0=   i e. .,   y = 0 and y = 0.

∴ Origin is either a cusp or a conjugate point.

Now from (1), we have  y
a

a x x= ± √ −1
2

2 4 6( ) = ± √1
2

2 4

a
a x( ),

keeping only the lowest degree terms in x under the radical sign.

For small values of x ≠ 0, the values of y are real both when x is +ive and x is −ive.

Also the two values of y are of opposite signs both when x is +ive and x is −ive.

Hence there is a double cusp of the first kind at (0, 0).

Prob lem 10 (vii): De ter mine the po si tion and char ac ter of the dou ble points on the curve

y x x2 2 29= −( ).

So lu tion: The equa tion of the given curve is

f x y y x x( , ) ( ) .≡ − − =2 2 29 0 …( )1

We have ∂ ∂ = − − +f x x x x/ ( )2 9 22 3  = −2 2 92x x( ) and   ∂ ∂ =f y y/ .2

For double points   ∂ ∂ =f x/ 0, ∂ ∂ =f y/ 0 and f x y( , ) .= 0

Here ∂ ∂ =f x/ 0 gives  x = 0, ± √3 2/  and  ∂ ∂ =f y/ 0 gives  y = 0.

∴ The possible double points are (0, 0), ( / , )3 2 0√ , ( / , ).− √3 2 0  Out of these only 
( , )0 0  satisfies the equation of the curve. Therefore (0, 0) is the only double point on
the given curve.

Equating to zero the lowest degree terms in (1), the tangents to (1) at (0, 0) are
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y x2 29 0− =  i e. ., y x2 29=   i e. .,  y x= ± 3  .

Thus there are two real and distinct tangents at (0, 0). Hence origin is a node on the
given curve.

Prob lem 11: Find the po si tion and na ture of dou ble points on the curve 

x y a y b y2 2 2 2 2= + −( ) ( )

if (i)  b a> , (ii) b a= , (iii)  b a< .

So lu tion: Here f x y x y a y b y( , ) ( ) ( ) .≡ − + − =2 2 2 2 2 0 ...(1)

∴       ( / ) ,∂ ∂ =f x xy2 2

( / ) ( ) ( ) ( ) .∂ ∂ = − + − + +f y x y a y b y y a y2 2 22 2 2 2

For the double points, ( / ) , ( / )∂ ∂ = ∂ ∂ =f x f y0 0 and f = 0.

Now ( / )∂ ∂ =f x 0 gives 2 02xy =  or x y= =0 0,   and ( / )∂ ∂ =f y 0 gives 

2 2 2 02 2 2 2x y a y b y y a y− + − + + =( ) ( ) ( )

or ( ) [ ( ) ( )] ,a y y a y b y+ + − − =2 2 0  when x = 0

or ( ) ( ) .y a y ay b+ + − =2 02 2 ...(2)

∴  When  x y a= = −0,  or y a a b= − ± √ +[ ( )] / .2 28 4

For y f y= ∂ ∂ =0 0, /  gives no value of x.

∴  The possible double points are  ( , ), ( , ( ) / ).0 0 8 42 2− − ± √ +a a a b{ }

Out of these only ( , )0 − a  satisfies the given equation of the curve.

∴ ( , )0 − a  is the only double point on the given curve.

Nature of (0, )− a  : Shifting the origin to ( , )0 − a  by putting x X= + 0 and 

y Y a= −  in (1), the given equation becomes

X Y a a Y a b Y a2 2 2 2 2( ) ( )− = + − − −{ } { }

or ( ) ( )Y aY a X Y b a aY Y2 2 2 2 2 2 22 2− + = − + −  ...(3)

Equating to zero, the lowest degree terms in (3), the tangents at the new origin are
given by

( )a b Y a X2 2 2 2 2 0− + =  or √ − = ±( ) .b a Y aX2 2  ...(4)

When b a> , the two tangents given by (4) are real and distinct.

∴  The new origin is a node. Hence when b a> , the point ( , )0 − a  is a node on the
given curve.

When b a= , the two tangents given by (4) become X X= =0 0,  which are real and

coincident.

∴ The new origin is a cusp or a conjugate point.

Putting b a= , the equation (3) becomes  

( ) ( ).Y aY a X Y aY Y2 2 2 2 22 2− + = − ...(5)
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Now for the curve (5) the tangent at the origin is X = 0, Let X p= . Putting X p=   in
(5), we get

p
aY Y

Y aY a

aY

a

2
3 4

2 2

3

2
2

2

2= −
− +

= , 

neglecting − Y4  in the numerator and Y aY2 2−  in the denominator.

Now for small +ive values of Y p,  is real and the two values of p are of opposite signs.
Also for numerically small negative values of Y p, is imaginary. Thus, in the
neighbourhood of origin the curve lies only on one side of the line Y = 0 and the two
branches of the curve lie on opposite sides of the common tangent X = 0. Hence for
the curve (5) there is a single cusp of the first kind at the origin. Hence  when b a= ,
the point ( , )0 − a  is a single cusp of the first kind on the given curve.

When b a< , the two tangents given by (4) become imaginary. Hence the new origin 

i e. ., the point ( , )0 − a  on the given curve is a conjugate point.

Prob lem 12: Discuss the na ture of dou ble points of the curve 

           ( ) ( ) .x y y x+ = √ − +3 22 2

So lu tion: Here f x y x y y x( , ) ( ) ( ) .≡ + − √ − + =3 22 2 0  ...(1)

∴ ( / ) ( ) ( ),∂ ∂ = + + √ − +f x x y y x3 2 2 22

and ( / ) ( ) ( ).∂ ∂ = + − √ − +f y x y y x3 2 2 22

For double points we must have 
∂
∂

= ∂
∂

=f

x

f

y
0 0,  

and f = 0.

Now ∂ ∂ =f x/ 0 gives 3 2 2 2 02( ) ( )x y y x+ + √ − + =  ...(2)

and ∂ ∂ =f y/ 0 gives 3 2 2 2 02( ) ( ) .x y y x+ − √ − + =  ...(3)

Adding (2) and (3), we get x y+ = 0.

Subtracting (3) from (2), we get y x− + =2 0.

Solving these equations, we get x y= = −1 1, .

Also ( , )1 1−  satisfies the equation of the given curve. Hence ( , )1 1−  is a double
point.
Shifting the origin to ( , ),1 1−  the given equation of the curve reduces to 

( ) ( )X Y Y X+ + − = √ − − − +1 1 2 1 1 23 2  

or  ( ) ( ) .X Y Y X+ = √ −3 22 ...(4)

Equating to zero, the lowest degree terms in (4), the tangents at the new origin 

( , )1 1−  are given by ( ) , . ., ,Y X i e Y X− = − =2 0 0  Y X− = 0 are two real and

coincident tangents at the new origin.

∴ The new origin ( , )1 1−  is either a cusp or a conjugate point. In equation (4), putting 
Y X p i e− = . ., Y p X= + , we get

( )2 23 2X p p+ = √
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or     p p X X p X3 2 2 36 2 12 8 0+ − √ + + =( )

or ( ) .6 2 12 8 02 2 3X p X p X− √ + + =      [neglecting p3  as p→ 0]

∴ p
X X X X

X
= − + √ − − √

− √
12 144 32 6 2

2 6 2

2 4 3{ }( )

( )

  = − ± √ √ −
− √

6 8 2 12

6 2

2 3 4X X X

X

( )

( )

  = − ± √ √
− √

6 8 2

6 2

2 3X X

X

( )

( )
, neglecting − 12 4X .

When X is +ive and small p is real and the two values of p are of opposite signs.

When X is –ive and small p is imaginary.

Thus there is a single cusp of the first kind at the new origin.

Hence on the given curve the double point ( , )1 1−  is a single cusp of the first species.

Prob lem 13: Show that the curve ( ) ( ) ( )xy x x+ + − − =1 1 2 02 3  has a sin gle cusp of

the first spe cies at the point ( , )1 1− .

So lu tion: The given curve is

( ) ( ) ( ) .xy x x+ + − − =1 1 2 02 3
…( )1

The point ( , )1 1−  satisfies the equation (1) and so it lies on (1).

Shifting the origin to ( , )1 1− , the equation (1) becomes

[( ) ( ) ] ( )x y x x+ − + + − =1 1 1 1 02 3  

or [ ( )] ( )xy x y x x− − + − =2 3 1 0

or x y xy x y x y x x2 2 2 32 1 0− − + − + − =( ) ( ) ( ) …( )2

Equating to zero the lowest degree terms in (2), the tangents to (2) at the new origin
are

( )x y− =2 0 i e. ., x y− = 0, x y− = 0.

∴ The new origin is either a cusp or a conjugate point.

In equation (2), putting x y p− =  i e. ., y x p= − , we get

x x p x x p p p x x2 2 2 32 1 0( ) ( ) ( )− − − + + − =

or x x p x p x p xp p x x4 3 2 2 2 2 2 32 2 2 1 0− + − + + + − =( )

or p x x x x p x x2 2 3 2 4 32 1 2 2 2 0( ) ( )+ + − + + − =

or p x x x p x x2 2 2 4 31 2 1 2 0( ) ( ) .+ − + + − =

∴ p
x x x x x x x

x
= + ± √ + − + −

+
2 1 4 1 4 1 2

2 1

2 4 2 2 4 3

2
( ) [ ( ) ( ) ( )]

( )

  = + ± + √ − +
+

2 1 2 1 2

2 1

2 4 4 3

2
x x x x x x

x

( ) ( ) ( )

( )
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      = + ± + √
+

x x x x

x

2 3

2
1 1

1

( ) ( ) ( )

( )
,

keeping only the lowest degree terms in x under the radical sign.

Also p p
x x

x

x

x1 2

4 3

2

3

2
2

1 1
= −

+
= −

+( ) ( )
, 

keeping only the lowest degree terms in x in the numerator.

For small values of x ≠ 0, the values of p are real when x is + ive and are imaginary
when x is −ive.

Also when x is positive, p p
1 2

 is −ive i e. ., the two values of p are of opposite signs.

Hence the new origin on the curve (2) is a single cusp of the first kind.

Hence the given curve (1) has a single cusp of the first species at the point ( , )1 1−  .

Prob lem 1: Trace the curve x y x3 1= + .

So lu tion: The given curve may be writ ten as 

y x x x x= + = +( ) / ( / ) ( / ).1 1 13 2 3

(i) No symmetry.

(ii) The curve does not pass through the origin.

(iii) When y x= = −0 1, ; when x = 0, we do not get any value of y. Hence the curve

cuts the coordinate axes only at the point ( , ).− 1 0

(iv) Asymptotes parallel to x-axis : y = 0 i e. ., x-axis. Asymptotes parallel to y-axis : 

x3 0=  or x = 0 i e. ., y-axis.

 (v) When x is positive, y is positive ; when x y→ ∞ →, ;0  when x → 0 from the
right, y → ∞; when x → 0 from the left, y → − ∞.  At x y= − =1 0, .

When x y< −1,  is positive ; when x y→ − ∞ →, .0

Hence when x > 0, the curve is in the first quadrant, when − < <1 0x , the curve
is in the third quadrant and when x < − 1, the curve is in the second quadrant.

(vi) Special points :

x − ∞ − 2 − 1 − 1

2
− 0

y   0   
1

8
0 − 4 − ∞

x  + 0   1   2  ∞

y  ∞  2   
3

8
 0

Comprehensive Problems 3



Hence the curve is as shown in the figure.

Prob lem 2: Trace the curve x y y y= − − −( ) ( ) ( ).1 2 3

(Purvanchal 2006; Kanpur 09)

So lu tion: (i) The curve is not sym met ri cal about the co or di nate axes or about the
line x y=  or in op po site quad rants.

(ii) The curve does not pass through the origin.

(iii) Taking y as the independent variable, we have

when y x= = −0 6, ; when y x= =1 0, .

When 0 1< <y x,  is negative, as then all the three factors are negative.

When 1 2< <y x,  is positive as one factor is +ive and two are –ive. Also x
becomes zero at y = 2.

When 2 3< <y x,  is negative and x becomes zero at y = 3.

When y x> 3,  is positive. As y x→ ∞ → ∞, .

When y x< 0,  is negative and when y x→ − ∞ → − ∞, .

(iv) When y x→ ± ∞ → ± ∞, . For very large values of y x,  is approximately equal to 

y3 .

Hence there are no linear asymptotes.

(v) When y = 3

2
, x = 3

8
; when y = 5

2
, x = − ⋅3

8

Hence the shape of the curve is as shown in the figure.
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Problem 3: Trace the curve y x x= −( ).2 1 (Garhwal 2002)

So lu tion: (i) There is sym me try in op po site quad rants.
[∵ By putt ing − x for x and − y for y, the equa tion

of the curve re mains un changed]

(ii) The curve passes through ( , ).0 0  Tangent at the origin is y x= − .

(iii) When y x= = ±0 0 1, , ; when x y= =0 0, .

Hence the curve intersects the coordinate axes at the points ( , ), ( , ).0 0 1 0±
From the equation of the curve, dy dx x/ .= −3 12  At ( , ),± 1 0  dy dx/ = 2 i e. .,

tangents at the points ( , )± 1 0  make an angle lying between 60o  and 90o  with

the positive direction of x-axis.

(iv) No asymptotes.

(v) When x lies between 0 and 1, y is negative.

When x y> 1,  is positive and when x y→ ∞ → ∞, .

(vi) Special points :

x 0
1

2
1 2 3 ∞

y 0 − 3

8
0 6 24 ∞

Trace the curve first on the right hand side of the x-axis (i e. ., in I and IV quadrants)
and then by symmetry on the left hand side of the x-axis (i e. ., in II and III quadrants).
The curve is as shown in the figure.

Prob lem 4:  Trace the curve y ax2 4= . (Pa rab ola)

So lu tion: The curve y ax2 4=

(i) The power of y in the equation is even so the curve is symmetric about the
x-axis.

(ii) the curve passes through the origin and the tangent at the origin and the
tangent at the origin are 4 0ax =  i.e., x = 0.

(iii) The curve meets the co-ordinate axes only at the origin .



(iv) The curve has no asymptotes.

(v) For the negative value of x y,  is imaginary

then no part of curve in IIIrd and IV th

quadrant at x → ∞ ⇒ y → ∞.

Taking all these facts into consideration, the
shape of the curve is as shown in figure.

Prob lem 5: Trace the curve xy a a x2 24 2= −( ).  (Witch of Agnesi)

So lu tion: (i) The curve is sym met ri cal about the axis of x.

(ii) The curve does not pass through the origin.

(iii) When y a x= − =0 2 0,  or x a= 2 .

∴  The curve crosses the x-axis at ( , ).2 0a

When x = 0, we do not get any value of y and so the curve does not meet the y-axis.

Shifting the origin to ( , )2 0a  the equation to the curve becomes

( ) ( )x a y a a x a+ = − −2 4 2 22 2  or y x ay a x2 2 22 4 0+ + = . ...(1)

Equating to zero, the lowest degree terms in (1), the equation of tangent at the new
origin is x = 0 i e. ., the new y-axis.

Thus the tangent to the given curve at the point ( , )2 0a  is parallel to y-axis.

(iv) The asymptote of the curve parallel to y-axis is x = 0 i e. ., the y-axis and we note
that the curve has no other real asymptotes.

(v) Solving the equation of the curve for y, we have

y a a x x2 24 2= −{ }( ) / .

When x → 0 from the right y2 → ∞ showing that the line 

x = 0 is an asymptote. When x a y= =2 0, . When 

0 2< <x a y,  is real and so the curve exists in this region.

When x a y> 2 ,  is imaginary and the curve does not exist for 

x a> 2 . When x y< 0,  is again imaginary and so the curve

does not exist in the region where x is –ive. When x

decreases from 2a to 0 2, y  increases from 0 to ∞. Thus the

shape of the curve is as shown in the figure.
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Prob lem 6: Trace the curve x y a x y2 2 2 2 2= +( ). (Gorakhpur 2006)

So lu tion: (i) The curve is sym met ri cal about both the axes.

(ii) The curve passes through the origin.

Equating to zero, the lowest degree
terms of the given curve, the tangents at

the origin are x y2 2 0+ =  or y x2 2= −  

i e. ., two imaginary tangents. Hence ( , )0 0
is a conjugate point i e. ., an isolated point.

(iii) The curve does not meet the
coordinate axes.

(iv) Equating to zero the coefficients of 
highest powers of x and y, the
asymptotes parallel to the coordinate
axes are x a= ±  and y a= ± .

(v) Solving the given equation for y,

we get

y a x x a2 2 2 2 2= −/ ( ).

When 0 2< <x a y,  is negative i e. ., y is imaginary and so the curve does not exist in

this region. When x a→  from the right, y2 → ∞.

When x a y> ,  is real and so the curve exists in this region. When x y a→ ∞ →, 2 2

showing the fact that the lines y a= ±  are asymptotes of the curve.

Similarly, we find that the curve does not exist in the region 0 < <y a. It exists in the

region where y a>  and as y → ∞, x a2 2→  showing the fact that the lines x a= ±  are

asymptotes of the curve. Combining all these facts we see that the shape of the curve
is as shown in the figure.

Prob lem 7: Trace the curve y x x( ) ( ).2 21 1− = +
(Bundelkhand 2001; Garhwal 02, 08, 11, 14; Kashi 11)

So lu tion: We have y x x= + −( ) / ( )2 21 1  

or y x= + −1 2 12/ ( )  

or  y x x= − + −1 2 12 2/( ) .

  (i) The curve is symmetrical about y-axis.

 (ii) The curve does not pass through the origin.

(iii) When y x= 0,  is imaginary; when x y= = −0 1, .

Hence the curve cuts the coordinate axes only at the point ( , ).0 1−
From the equation of the curve, dy dx x x/ /( ) .= − −4 12 2

∴  At the point ( , ), /0 1 0− =dy dx  i e. ., the tangent to the curve at this point is parallel
to the x-axis.



(iv) The curve is y x x( ) .2 21 1 0− − − =

∴  Asymptote parallel to x-axis is  y − =1 0
 or  y = 1.

Asymptotes parallel to y-axis are 

x2 1 0− =   or  x = ± 1.

(v) When 0 1< <x y,  is negative and less
than − 1.

At x y= = −0 1, . When x → 1 from the left, 

y → − ∞ and when x → 1 from the right 
y → ∞.

When x y> 1,  is positive and greater than 1.

Hence when 0 1< <x , the curve is in the
IVth quadrant below the line y = − 1

and when x > 1, the curve is in the Ist
quadrant above the line y = 1.

(iv) Special points :

x = 0 1 2/ 2 3 → ∞

y = − 1  − 5 3/ 5 3/ 5 4/ → 1

∴ The curve is as shown in the figure.

Prob lem 8: Trace the curve y x a a( ) .2 2 34 8+ = (Agra 2008)

So lu tion: We have y a x a= +8 43 2 2/( ). ...(1)

(i) The curve is symmetrical about y-axis.

(ii) The curve does not pass through the origin.

(iii) When y = 0, we get no value of x ;  when x y a= =0 2, .

Hence the curve cuts the coordinate axes only at the point ( , ).0 2a

Shifting the origin to the point ( , )0 2a  the equation of the curve becomes 

( ) ( )y a x a a+ + =2 4 82 2 3   

or  x y a y ax2 2 24 2 0+ + = . 

Equating to zero the lowest degree terms in it, we get the tangent at the new origin as 

4 02a y =  i e. ., y = 0. Thus the new x-axis is tangent at the new origin.

(iv) Asymptote parallel to x-axis is y = 0.

Asymptotes parallel to y-axis are given by x a2 24 0+ =  or x a2 24= −  i e. ., imaginary

asymptotes.

(v) For all values of x y,  is positive i e. ., the curve lies in I and II quadrants. Also y is

greatest when x2  is 0. Thus the greatest value of y is 2a.
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(vi) Special points :

x 0 a 2a → ∞

y 2a 8 5a / a → 0.

First trace the curve on the right hand side of

the y-axis and then by symmetry on its left

hand side. The curve is as shown in the figure.

Prob lem 9: Trace the curve  y x x x2 2 2 21 1( ) ( ).− = +

(Agra 2001; Meerut 07B; Bundelkhand 07, 10)

So lu tion: (i) The given curve is sym met ri cal about both the axes.

(ii) The curve passes through the origin. The tangents at origin are 

y x2 2 0− =   i e. .,  y x= ± .

Since there are two real and distinct tangents at the origin, the origin is a node on the
curve.

(iii) The curve cuts the x-axis where y = 0. Putting y = 0 in the equation of the curve

we get x x2 21 0( ) .+ =  The only real value of x satisfying this equation is x = 0. So the

curve cuts the x-axis only at the origin. Similarly we observe that the curve cuts the
y-axis only at the origin.

(iv) Solving the equation of the curve for y, we get y
x x

x

2
2 2

2
1

1
= +

−
⋅( )

When x y= =0 02,  i e. ., y = 0.  When x y→ → ∞1 2, . 

Therefore x = 1 is an asymptote of the curve. When 0 1 2< <x y,  is positive and so y is

real. 

Therefore the curve exists in this region.

When x y> 1 2,  is negative and so y is imaginary. Therefore the curve does not exist in 

the region where x > 1.

We need not consider the negative values of x as the curve is symmetrical about the
y-axis and so it can be drawn by symmetry in the region where x < 0.

(v) The asymptotes of the curve parallel to y-axis are given by 1 02− =x . Thus x = ± 1

are two asymptotes of the curve.

To find the other asymptotes, if there are any, the equation of the curve can be
written as

y x x x y2 2 4 2 2 0+ + − = .



Putting y m=  and x = 1 in the highest degree 
i e. ., 4 degree terms of the equation of the
curve, we get φ = +4

2 1( ) .m m  The equation 
φ =4 0( )m  i e. ., m2 1 0+ =  gives no real values
of m. So the curve has no other asymptotes.

(vi) In the positive quadrant, we have

y x
x

x

2 2
2

2
1

1
= +

−
, 0 1< <x    or 

y x
x

x
= +

−









 ⋅1

1

2

2

When 0 1< < >x y x, . Therefore the curve lies
above the line y x=  which is tangent at the
origin.

Combining all these facts the shape of the curve is as shown in the figure.

Prob lem 10(i): Trace the curve a y x a x2 2 2 2 2= −( ). (Kumaun 2002; Garhwal 03)

So lu tion: (i) The curve is sym met ri cal about both the axes.

(ii) The curve passes through the origin.

Equating to zero the lowest degree terms in the given equation, tangents at the origin

are given by a y a x2 2 2 2 0− =  or y x= ± . These being real and distinct, origin is a

node.

(iii) When y x a= = ±0 0, ,  i e. ., the curve crosses the x-axis at ( , ), ( , )0 0 0a  and 
( , ).− a 0  When x y= =0 0,  and so the curve meets the y-axis only at the origin.
Shifting the origin to ( , ),a 0  the equation of the curve becomes

a y x a a x a2 2 2 2 2= + − +( ) [ ( ) ] 

or  a y x a ax x2 2 2 22= + − −( ) [ ].

∴ The tangent at the new origin ( , )a 0  is x = 0 i e. ., the new y-axis.

(iv) Solving the equation of the curve for y, we have

y x a x a2 2 2 2 2= −{ }( ) / .

When x y= =0 0,  and when x a y= =, .0
When 0 < <x a y,  is real and so the curve

exists in this region. When x a y> , 2  is

negative or y is imaginary and so the curve
does not exist in the region where x a> .

(v) No asymptotes.

Thus the shape of the curve is as shown in
the figure.
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Prob lem 10(ii): Trace the curve ay x a x2 2= −( ) .

So lu tion: We have x a y x3 2 2 0+ − =( ) . ...(1)

(i) The curve is symmetrical about x-axis.

(ii) The curve passes through ( , ) .0 0

Tangents at the origin are  y x2 2 0− =  or y x= ± .

(iii) When x y= =0 0, ; when y x a= =0 0, , .

Hence the curve cuts the coordinates axes at the points ( , ) ,0 0  ( , ) .a 0

Differentiating (1), 2 2 3 2ay dy dx ax x( / ) .= −

At ( , ) , / ;a dy dx0 = − ∞  

∴ tangent at ( , )a 0  is parallel to y-axis.

(iv) No asymptotes.

(v) From (1), y x x a= ± √ −{ }1 ( / ) .

At x y= =0 0, .

When 0 < <x a y,  is real and is numerically less than x . Hence the curve exists in the

region 0 < <x a and in the first quadrant it lies below the line y x= .

When x a y> ,  is imaginary and therefore

the curve does not lie on the right hand side 

of the line x a= .

When x y< 0 ,  is real and is numerically

greater than x . Hence the curve exists when 

x < 0 and in the third quadrant it lies below

the line y x= .

When x y→ − ∞ → ± ∞, .

First trace the curve in the Ist and IIIrd
quadrants and then by symmetry
about x-axis in IInd and IVth quadrants. The shape is as shown in the figure.

Prob lem 11: Trace the curve a y x a x2 2 3 2= −( ).

So lu tion: (i) The curve is sym met ri cal about x-axis.

(ii) The curve passes through the origin and tangents at the origin are y2 0=  i e. ., 

y y= =0 0, . So a cusp is expected at the origin.

(iii) When y x= =0 0, , 2a i e. ., the curve crosses the x-axis at ( , )0 0  and ( , ).2 0a  When 
x y= =0 0,  and so the curve meets the y-axis only at the origin. Shifting the origin to 
( , ),2 0a  the equation of the curve transforms to

a y x a a x a x x a2 2 3 32 2 2 2= + − − = − +( ) ( ) ( ) .

∴  Tangent at the new origin ( , )2 0a  is x = 0 i e. ., the new y-axis.

(iv) No asymptotes.



(v) Solving for y, the equation of curve is 

y x a x a2 3 22= −( ) / .

When x y= =0 0,  and when x a y= =2 0, . When 

0 2 2< <x a y,  is +ive i e. ., y is real and so the curve exists

in this region.

When x a y> 2 2,  is negative i e. ., y is imaginary and so the

curve does not exist for x a> 2 .

When x y< 0 2,  is negative i e. ., y is imaginary and so the

curve does not exist in the region where x is –ive.

Thus the curve exists only for values of x from x = 0 to x a= 2 .

Thus the shape of the curve is as shown in the figure.

Prob lem 12: Trace the curve y a x x a x2 2 2 2 2 2( ) ( )+ = −

(Agra 2000, 01; Meerut 01, 03, 12; Kumaun 08, 14; Garhwal 10)

or  x x y a x y2 2 2 2 2 2( ) ( ).+ = −  ...(1)

So lu tion: (i) The curve is sym met ri cal about both the axes.

(ii) The curve passes through the origin. The tangents at the origin are y x2 2=  or 

y x= ± . These being real and distinct the origin is a node.

(iii) When y x a= = ±0 0, ,  i e. ., the curve crosses the x-axis at ( , ), ( , )0 0 0a  and 
( , ).− a 0  When x y= =0 0,  and so the curve cuts the y-axis only at the origin.

Shifting the origin to ( , ),a 0  the equation of the curve transforms to

y a x a x a a x a2 2 2 2 2 2{ } { }+ + = + − +( ) ( ) ( )  

or y x ax a x a x ax2 2 2 2 22 2 2( ) ( ) ( ).+ + = + − −  ...(2)

Equating to zero, the lowest degree terms in (2), the tangent at the new origin is given
by x = 0 i e. ., the new y-axis.

(iv) Solving for y, we get y x a x a x2 2 2 2 2 2= − +( ) /( ).

When x y= =0 0,  and when x a y= =, .0  When 0 < <x a, y is real and so the curve
exists in this region.

When x a y> , 2  is negative i e. ., y is imaginary and so the curve does not exist for x a> .

(v) No asymptotes.

Combining all these facts, we see that the shape of the curve is as shown in the figure
of Problem 10 (i).

Prob lem 13: Trace the curve  y x a x a2 2= −( ).    ...(1)

So lu tion: (i) The curve is sym met ri cal about x-axis.

(ii) The curve does not pass through the origin.

(iii) When y x a= =0,  i e. ., the curve crosses the x-axis at ( , ).a 0

When x = 0, we do not get any value of y and so the curve does not meet the y-axis.
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Shifting the origin to ( , )a 0  the equation of the curve transforms to

y x a a x2 2( ) .+ = ...(2)

Equating to zero the lowest degree terms in (2), the tangent at the new origin is x = 0 
i e. ., the new y-axis.

(iv) Equating to zero, the coefficients of highest powers of x and y in (1),  we get 
y a= ±  and x = 0 as the asymptotes parallel to the coordinate axes. Also these are the
only asymptotes of the curve.

(v) From (1), solving for y, we get y a x a x2 2= −( ) / .

When x a y= =, 2 0 and when 0 2< <x a y,  is − ive i e. ., y is imaginary and so the

curve does not exist in this region. When 

x a y> , 2  is +ive i e. ., y is real and so the curve

exists in this region and when x y a→ ∞ →, 2 2

showing that the lines y a= ±  are asymptotes

of the curve. Also when x a> , we observe that 

y a2 2< . When x → 0 (from the left), y2 → ∞

showing that the line x = 0 (on its left side) is

asymptote of the curve. When x y< 0 2,  is

+ive i e. ., y is  real and so the curve exists in

this region and when x y a→ − ∞ →, 2 2

showing that the lines y a= ±  are asymptotes

of the curve. Also when x < 0, we observe that y a2 2> .

Combining all these facts we see that the shape of the curve is as shown in the  figure.

Prob lem 14: Trace the curve 9 32 2ay x x a= −( ) .

So lu tion: We have 

9 3 6 92 2 2 2ay x x a x x ax a= − = − +( ) ( ). ...(1)

(i) The curve is symmetrical about x-axis.

(ii) The curve passes through ( , ).0 0  Tangent at origin is x = 0 i e. ., the y-axis.

(iii) When y x= =0 0,  and 3a; when x y= =0 0, .

Hence the curve cuts the coordinate axes at the points ( , )0 0  and ( , )3 0a .

Transferring the origin to ( , )3 0a  the equation of the curve becomes

9 3 3 32 2ay x a x a a= + + −( ) ( ) ,

   (putting x a+ 3  for x and y + 0 for y)

or 9 32 2ay x a x= +( ) .

Tangents at the new origin are 9 32 2ay ax=  or y x= ± √( / ) .1 3

Hence there is a node at the new origin i e. ., at the point ( , )3 0a  on (1) and the two
branches of the curve cross at this point.



Tangents at ( , )3 0a  are parallel to the lines y x= ± √/ 3 each of which is inclined at an

angle of 30o  to the x-axis.

Again, the curve is 

y x a x a= −( ) /( )./ /3 31 2 1 2

∴ dy dx a x x a x/ /( ) ( ) ( )/ / /= + − −{ } { }1 3 3
1

2
1 2 1 2 1 2  

     = −( ) /( )./ /3 3 6 1 2 1 2x a x a

Therefore at x a dy dx= =, ( / ) 0 i e. ., the tangent to the curve is parallel to the x-axis.

(iv) No asymptotes.

(v) Solving the equation of the curve for y, we have y x x a a2 23 9= −{ }( ) / .

When x y= =0 02,  and when x a y= =3 02, .

When 0 3 2< <x a y,  is +ive i e. ., y is real and so

the curve exists in this region. When x a y> 3 2,

is +ive i e. ., y is real and so the curve exists in

this region and when x → ∞ , y2 → ∞.

When x y< 0 2,  is –ive i e. ., y is imaginary and

so the curve does not exist in the region x < 0 .

Thus the curve does not lie on the left hand

side of the y-axis.

(vi) Special points :

x 0 a 3a 4a 9a  → ∞     

y 0 ± 2

3
a 0 ± 2

3
a ± 6a → ± ∞

The curve is as shown in the figure.

Prob lem 15: Trace the curve y x a x a2 3( ) ( ) .+ = − (Meerut 2004, 06B)

So lu tion: (i) The curve is sym met ri cal about x-axis.

(ii) The curve does not pass through ( , ).0 0

(iii) When x y= 0,  is imaginary, and when x a y= =, .0

The point ( , )a 0  is a single cusp of the first kind.

(iv) Asymptotes parallel to the y-axis is x a+ = 0.

The other asymptotes are 

y x a y x a= − = − +2 2, .
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(v) When x lies between (−a) and 
a y,  is imaginary, 

but for all other values of x y,  is real.

(vi) Special points.

 x − ∞ −a a 3a ∞

 y − ∞ ∞ 0 a 2 ∞

The curve lies above the line 

y x a= − 2  in I quadrant and below

this line in III quadrant, the

approximate shape of the curve is as

shown in the figure .

Prob lem 16: Trace the curve  x y y y2 2 2 21 4= + −( ) ( ).     ...(1)

(Agra 2004)

So lu tion: (i) The curve is  sym met ri cal about y-axis.

(ii) The curve does not pass through ( , ).0 0

(iii) When x y= = − ±0 1 2, , ; when y = 0 we get no value of x.

Hence the curve cuts the coordinate axes at the points ( , ), ( , ).0 1 0 2− ±
Shifting the origin to the point ( , )0 1−  the equation of the curve becomes

x y y y2 2 2 21 1 1 4 1( ) ( ) ( )− = + − − −{ } { } 

or  x y y y y y2 2 2 22 1 3 2( ) ( ).− + = + −

Therefore the tangents at this new origin are x y2 23=  i e. ., y x= ± √( / ) .1 3  Thus the

given curve has a node at the point ( , )0 1−  and the tangents to the two branches of the 

curve at this point make angles ± 1

6
π with x-axis.

Now shifting the origin to the point ( , )0 2  the given equation of the curve becomes

x y y y2 2 2 22 1 2 4 2( ) ( ) ( )+ = + + − +{ } { } 

or  x y y y y y2 2 2 24 4 3 4( ) ( ) ( ).+ + = + − −

Therefore the tangent at this new origin is y = 0. Thus at the point ( , )0 2  on the given
curve the tangent is parallel to x-axis.

Again shifting the origin to the point ( , )0 2−  the given equation of the curve becomes

x y y y2 2 2 22 1 2 4 2( ) ( ) ( )− = + − − −{ } { } 

or x y2 22( )−  = − − +( ) ( ).y y y1 42 2  

Therefore the tangent at this new origin is y = 0. Thus at the point ( , )0 2−  on the
given curve the tangent is parallel to x-axis.

(iv) Asymptotes parallel to x-axis are given by y2 0=  i e. ., x-axis is an asymptote and we 

note that the curve has no other asymptotes.



(v) Solving the equation of the curve for x, we get x y y y2 2 2 21 4= + −{ }( ) ( ) / . 

When y x→ → ∞0 2, . When y x= =2 0, . When 0 2< <y x,  is real and so the curve

exists in this region. When y x> 2,  is imaginary and so the curve does not exist in this
region.

When y x= − =1 0,  and when
y = − 2 again x = 0. When 

− < <2 0y x,  is real and so the curve
exists in this region. But when 
y x< − 2,  is imaginary and so the curve 
does not exist in this region.

Tracing the curve from the above data
the curve is as shown in the figure.

Prob lem 17: Trace the curve y x a x x a x a2 3 2( ) ( ) ( ).+ = − − (Meerut 2005B)

So lu tion: The given curve is y x a x x a x a2 3 2( ) ( ) ( ).+ = − − ...(1)

(i) The curve is symmetrical about the x-axis.

(ii) The curve passes through the origin and the tangent at the origin is x = 0 i e. .,
the y-axis.

(iii) When y x a a= =0 0 2, , , ; when x y= =0 0, . Therefore the curve meets the
x-axis at the points ( , ), ( , ), ( , )0 0 0 2 0a a  and it meets the y-axis only at the origin.

Shifting the origin to the point ( , ),a 0  the equation of the curve becomes 

y x a x a x x a2 4( ) ( ) ( )+ = + −   i e. .,  y x a x x a2 2 24( ) ( ).+ = −

Therefore the tangent at the new origin is x = 0 i e. ., the new y-axis.

Again  shifting the origin to the point ( , )2 0a  the equation of the curve becomes 

y x a x a x a x2 5 2( ) ( ) ( ) .+ = + +

Therefore the tangent at this new origin is x = 0 i e. ., the new y-axis.

(iv) Solving the equation of the curve for y, we have

y
x x a x a

x a
2 2

3
= − −

+
⋅( ) ( )

When x y= =0 02,  and when x a y= =, .2 0  When  0 2< <x a y,  is +ive i e. ., y is real

and so the curve exists in this region and it has a loop between the lines x = 0 and 

x a= . When x a= 2  , y2 0=  and when a x a y< < 2 2,  is –ive i e. ., y is imaginary and so

the curve does not exist in this region.

When x a y> 2 2,  is +ive i e. ., y is real and so the curve exists in this region and when 

x y→ ∞ → ∞, .2

When x a→ − 3  (from the left), y2 → ∞ and so on its left side the line x a= − 3  is an

asymptote of the curve.
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When − < <3 0 2a x y,  is –ive i e. ., y is imaginary and so the curve does not exist in this

region.

When x a y< − 3 2,  is +ive i e. ., y is real and so the curve exists in this region and  when 

x y→ − ∞ → ∞, .2

(v) Asymptotes. The curve has an
asymptote parallel to x-axis i e. ., the line 
x a+ =3 0. Putting y m=  and x = 1 in the
third degree terms in the equation of the

curve, we get φ = −3
2 1( ) .m m  The

equation φ =3 0( )m  gives m2 1 0− =  i e. ., 

m = ± 1. Also φ = +2
23 3( ) .m am a

Now c is given by

c m mφ′ + φ =3 2 0( ) ( )

i e. ., c m am a( ) .2 3 3 02+ + =

When m c a= = −1 3,  and when 

  m c a= − =1 3, .

Hence the oblique asymptotes of the
curve are y x a= − 3  and y x a= − + 3 .

Both these lines pass through the point ( , )3 0a  and they make angles ± 45o  with the

x-axis.

Combining all these facts the shape of the curve is as shown in the above figure. 

Prob lem 18: Trace the curve  a y x a x b a b3 2 4= − − >( ) ( ), .

So lu tion: (i). The curve is sym met ri cal about x-axis.

(ii) The curve does not pass through the origin.

(iii) When y x a b= =0, , ; when x y= 0,  is imaginary.

Hence the curve cuts the coordinate axes at the points ( , )a 0  and ( , ).b 0

Shifting the origin to the point ( , )a 0  the equation of the curve becomes  

a y x x a b3 2 4= + −( ).

Therefore the tangents at this new origin are 

a y3 2 0=  i e. ., y y= =0 0, . 

Thus the new x-axis is tangent at this new origin and this new origin may be a cusp.

Again shifting the origin to the point ( , )b 0  the equation of the curve becomes  

a y x b a x3 2 4= + −( ) .

Therefore the tangent at this new origin is x = 0. Thus the new y-axis is tangent at this 
new origin.

(iv) The curve has no asymptotes.



(v) Solving the equation of the curve for y, we have 

y
x a x b

a

2
4

3
= − − ⋅( ) ( )

When x y= 0,  is imaginary and when 
x b y= =, .0  

When 0 2< <x b y,   is –ive i e. ., y is imaginary

and so the curve does not exist in this region.

When x a y= =, 0 and when b x a y< < ,  is
real and so the curve exists in this region.
When x a y> ,  is real and so the curve exists
in this region and when x y→ ∞ → ∞, .2

When x y< 0 2,  is –ive i e. ., y is imaginary and

so the curve does not exist in this region.

Hence the curve is as shown in the figure.

Prob lem 19: Trace the curve y x x2 2 1( ) .− =     ...(1)

So lu tion: (i) The curve is sym met ri cal about the x-axis.

(ii) The curve passes through the origin. Equating to zero the lowest degree terms
in (1), the equation of tangent at the origin is x = 0 i e. ., y-axis.

(iii) The curve meets the coordinate axes only at ( , ).0 0

(iv) Asymptotes parallel to coordinate axes are obtained by equating to zero the
coefficients of the highest powers of x and y in (1). Thus y y= =0 0,  and x = ± 1
are the asymptotes of the given curve and these are the only asymptotes of the
curve because the curve is of degree 4 and so it cannot have more than four
asymptotes.

(v) Solving the equation of the curve for y,

we have 

y x x2 2 1= −/( )

   = − +x x x/ ( ) ( ) .{ }1 1

When 0 1 2< <x y,  is –ive i e. ., y is imaginary

and so the curve does not exist in this region.
When x y> 1 2,  is +ive i e. ., y is real and so the 

curve exists in this region and when 
x y→ ∞ →, 2 0 showing that the line y = 0 is

an asymptote of the curve. When x → 1 (from the right) y2 → ∞ showing that the line 

x = 1 (on its right side) is an asymptote of the curve. When x → − 1 (but from the
right), y2 → ∞ showing that the line x = − 1 is an asymptote  of the curve.

When − < <1 0 2x y,  is +ive i e. ., y is real and so the curve exists in this region. When 

x y< − 1 2,  is –ive i e. ., y is imaginary and so the curve does not exist in this region.

Combining all these facts we see that the shape of the curve is as shown in the figure.
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Prob lem 20: Trace the curve x x a y a x a x a( ) ( ) ( ).− = − −2 32 2

So lu tion: (i) The curve is sym met ri cal about the axis of x.

(ii) The curve does not pass through  the origin.

(iii) When y x a a= =0 3, , ; when x = 0, we do not get any value of y.

Hence the curve cuts the coordinate axes at the points ( , ),a 0  ( , ).3 0a

Transferring the origin to the points ( , ), ( , )a a0 3 0  respectively, we find that the
tangents at these points are parallel to the y-axis.

(iv) Asymptotes parallel to x-axis : y a y a2 2 0− = = ±or .

Asymptotes parallel to y-axis : x x a x x a( ) , .− = = =2 0 0 2or

(v) Solving the equation of the curve for y, we have

y
a x a x a

x x a
2

2 3

2
= − −

−
⋅( ) ( )

( )

When 0 2< <x a y,  is –ive i e. ., y is imaginary and so the curve does not exist in this

region. When x a y= =, .2 0

When a x a y< < 2 2,  is +ive i e. ., y

is real and so the curve exists in
this region. When x a→ 2  (from

the left), y2 → ∞ showing that on

its left side the line x a= 2  is an
asymptote of the curve. When 

x a y= =3 02,  and when 

2 3 2a x a y< < ,  is –ive and so the

curve does not exist in this region.

When  x a y> 3 2,  is +ive and so

the curve exists in this region.

When x y a→ ∞ →, 2 2  showing

that the lines y a= ±  are

asymptotes of the curve. Also when x a> 3 , we observe that y a2 2< . When x y< 0 2,  is

+ive i e. ., y is real and so the curve exists in this region. When x → 0 (from the left), 

y2 → ∞ and so on its left side the line x = 0 is an asymptote of the curve. When 

x y a→ − ∞ →, 2 2  showing that the lines y a= ±  are asymptotes of the curve. Also

when x < 0, we observe that y a2 2> . Combining all these facts the shape of the curve

is as drawn in the figure.

Prob lem 21: Trace the curve y x a x b x c2 = − − −( ) ( ) ( ), where a b c> > .   …(1)

So lu tion: (i)  The curve is sym met ri cal about x-axis.

(ii) The curve does not pass through the origin.



(iii) From the equation of the curve when y = 0, we get x a b c= , ,  i e. ., the curve
crosses the x-axis at ( , ), ( , )a b0 0  and ( , ).c 0  Again putting x = 0 in the equation of the

curve we get y abc2 = −  which gives imaginary values of y and so the curve does not

cut the  y-axis.

Shifting the origin to ( , )a 0  the equation of the curve transforms to 

y x x a b x a c2 = + − + −( ) ( ). ...(2)

Equating to zero, the lowest degree terms in (2) we find that the tangent at the new
origin is x i e= 0 . ., the new y-axis.  Thus on the given curve the tangent at ( , )a 0  is
parallel to the y-axis.

Similarly the tangents at ( , )b 0  and ( , )c 0  are the lines through them parallel to the
y-axis.

(iv) The curve has no asymptotes.

(v) Solving the equation of the curve for y, we have

y x a x b x c2 = − − −( ) ( ) ( ).

When x c y< , 2  is –ive, i e y. .,  is imaginary and so the curve does not exist in the region 

x c i e< . ., to the left of the line x c= .

When x c y= =, .0

When c x b< <  (where b c> ), y2  is positive i e y. .,  is real and so the curve exists in this

region.

When x b y= =, .0

This implies that there is a loop between 
x c=  and x b= .

When b x a< <  (where a b> ), y2  is

negative i e y. .,  is imaginary and so the
curve does not exist between the lines 
x b=  and x a= . 

At x a y= =, .0  When x a> , y2  is +ive

and so the curve exists in the region x a> .

Also as x y→ ∞ → ∞, .2

(vi) As x dy dx→ ∞ → ∞, ( / )

i e. ., the curve ultimately becomes parallel to y-axis.

Combining all these facts we see that the shape of the curve is as shown in the figure.

Prob lem 1: Trace the curve r a cos= 2 θ. (Cir cle)

So lu tion: We have  r a= 2 cos .θ  ...(1)

Multiplying both sides by r, we have r ar2 2= cos .θ
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Changing to cartesians, we get 

 x y ax2 2 2+ = .     

[ cos ]∵ r x y x r2 2 2= + =and θ

This is the equation of a circle with centre ( , )a 0  and

the radius a. Thus r a= 2 cos θ is the equation  of a

circle passing through the pole and the diameter

through the pole as initial line.

Prob lem 2: Trace the curve r a cos= −( ).1 θ     (Cardioid) 

(Meerut 2001; Lucknow 09)

So lu tion: (i) The curve is sym met ri cal about the ini tial line.

(ii) We have r = 0 when 1 0− =cos θ  or cos θ = 1 or θ = 0. Therefore the line θ = 0 is

tangent to the curve at the pole.

(iii) We have dr d a/ sin .θ θ=

Therefore  cot
sin

( cos )
φ = =

−
1

1r

dr

d

a

aθ
θ

θ
 = cot .

1

2
θ

Now φ = 90o  when  
1

2

1

2
θ π=  i e. ., θ π= . Thus at

the point θ π=  the  tangent to the curve is

perpendicular to the radius vector.

(iv) Table showing corresponding values of θ and r
:

 θ = 0
1

3
π 1

2
π 2

3
π π

 r = 0
1

2
a a 3

2
a 2a

Thus as  θ increases from 0 to π, r also increases
from 0 to 2a.

Hence the curve is as shown in the figure.

Prob lem 3: Trace the curve r a b cos= + θ, when a b> .  (Limacon) 

(Meerut 2000; Agra 01)

So lu tion: (i) The curve is sym met ri cal about the ini tial line.

(ii) We have r = 0 when a b+ =cos θ 0

 i e. .,     θ = −−cos ( / ).1 a b

Since a b> , therefore ( / )a b > 1 and so cos ( / )− −1 a b  gives no real values of θ. Thus in

the given curve, r cannot be equal to zero.

r is maximum when cos θ = 1  i e. ., θ = 0. 



Then  r a b= + .

Also r is minimum when cos θ = − 1 i e. ., θ π= . Then r a b= − , which is positive because 
a b> .

(iii)  
dr

d
b

θ
θ= − sin . When 0 < <θ π θ, /dr d  is throughout negative. Therefore r

decreases continuously as θ increases from 0 to π .

Also  tan
cos

sin
φ = = − + ⋅r

d

dr

a bθ θ
θ

We have φ = 90o  when θ = 0 and π. Therefore at the points θ = 0 and θ π= , the

tangent to the curve is perpendicular to the radius vector.

 (iv) The following table gives the corresponding values of r and θ.

θ 0 π /3 π /2 2 3π / π

r a b+ a b+ 1

2
a a b− 1

2
a b−

The variation of θ from π to 2π need not be considered because of the symmetry about 
the initial line. Hence the curve is as shown in the figure.

Prob lem 4: Trace the curve r a cos2 2 2= θ. (Lemniscate of Bernouli)

(Meerut 2002, 08; Lucknow 05, 11; Agra 07; Kumaun 13)

So lu tion: (i) The curve is sym met ri cal about the ini tial line and it is also sym met ri cal
about the pole.

(ii) When r = =0 2 0, cos θ  or 2
1

2
θ π= ±    

i e. .,  θ π= ± 1

4
.

Therefore the lines θ π= ± 1

4
 are the tangents to the curve at the pole.

When θ = =0, .r a  Also the greatest value of the radius vector of this curve is a.

(iii) Table showing variation of r as θ varies from 0 to π :
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(a – b, π)

θ = π

θ = 
π
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θ = 0
1

6
π 1

4
π 

1

4

3

4
π θ π< < 3

4
π 5

6
π π

r a2 2= 1

2
2a 0 –ive 0

1

2
2a a2

r a= ± ± √a / 2 0 imaginary 0 ± √a / 2 ± a.

Hence the shape of the curve is as shown in the figure.

Prob lem 5: Trace the curve r a sin2 2 2= θ. (Lemniscate)

So lu tion: (i) The given curve is not sym met ri cal about the ini tial line, but it is
sym met ri cal about the pole.

(ii) We have r = 0 when sin 2 0θ =  i e. ., 2 0θ π= ,  i e. ., θ π= 0 2, / .

Thus two consecutive values of θ for which r is zero are 0 and π / .2 Therefore one loop
of the curve lies between the lines  θ = 0 and θ π= /2 and both these lines are tangents
to the curve at the pole.

(iii) r2  is maximum when sin 2 1θ =  i e. ., 2 2θ π= /  i e. ., θ π= /4 . 

When θ π= / ,4 r a2 2=  or r a= ± . 

Thus when 0 2< <θ π / , the greatest value of the radius vector of this curve is a and it
occurs at θ π= / .4

(iv) We have 2 2 22r
dr

d
a

θ
θ= cos   ;  so that 

dr

d

a

rθ
θ= ⋅

2 2cos

∴    cot
cosφ = =1 22

2r

dr

d

a

rθ
θ

   = =a

a

2

2
2

2
2

cos

sin
cot .

θ
θ

θ

When θ π π= φ = =/ , cot cot4
1

2
0 so that φ = 90o.

Thus at the point θ π= / 4 the tangent to the curve is perpendicular to the radius
vector.



(v) When π θ π< <2 2  i e. ., 
1

2
2π θ π θ< < , sin  is < 0.

Thus when 
1

2
2π θ π< < , r  is –ive  i e. ., r is imaginary and so the given curve does not

exist in the region 
1

2
π θ π< < .

Taking into consideration all the above facts the shape of the curve is as shown in the
figure.

Prob lem 6: Trace the curve r a sin= 2θ. (Four leaved rose) (Bundelkhand 2009)

So lu tion: (i) The given curve is nei ther sym met ri cal about the ini tial line nor it is
sym met ri cal about the pole.

(ii) We have r = 0 when sin 2 0θ =  

i e. ., 2 0θ = , π π π π, , ,2 3 4  etc. 

i e. ., θ = 0, π π π π/ , , / ,2 3 2 2  etc.

Thus two consecutive values of θ for which r is zero are 0 and π / .2 Therefore one loop
of the curve lies between the lines θ = 0 and θ π= /2 and both these lines are tangents
to the curve at the pole.

(iii) r is maximum when sin .2 1θ =  Therefore when 0 2< <θ π / , r is maximum when 

2 2θ π= /  i e. ., θ π= / .4 Thus when 0 2< <θ π / , the greatest value of the radius vector of
this curve is a and it occurs at θ π= / .4

(iv) We have 
dr

d
a

θ
θ= 2 2cos . 

∴    cot
cos

sin
cot .φ = = =1 2 2

2
2 2

r

dr

d

a

aθ
θ

θ
θ

When θ π= / ,4 cot cotφ = =2
1

2
0π  so that φ = 90o .

Thus at the point θ π= / 4 the tangent to the curve is perpendicular to the radius
vector.

(v) The following table gives the corresponding values of 2θ θ,  and r.

2θ 0 π
2

π 3

2

π 2 π 5

2

π 3 π 7

2

π 4 π

θ 0 π
4

π
2

3

4

π π 5

4

π 3

2

π 7

4

π 2 π

r 0 a 0 − a 0 a 0 − a 0

We observe that the given curve consists of four similar loops which lie in the regions 
0 2 2 3 2< < < < < <θ π π θ π π θ π/ , / , /   and 3 2 2π θ π/ .< <  
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All these four loops lie within a circle of radius 
a and centre at the pole.

When π θ π/ ,2 < <  we have π θ π< <2 2  so that 
sin 2θ is negative. Thus when π θ π/ ,2 < < r is
− ive and so for these values of θ the points of
the curve lie on the opposite side of the pole.
Similarly when θ takes values between 3 2π /
and 2π , r is again negative and consequently
for these values of θ also the curve lies on the
opposite side of the pole. Taking into
consideration all the above facts the shape of
the curve is as shown in the figure.

Prob lem 7: Trace the curve r a cos= 3θ. (Three leaved rose)

(Avadh 2010; Kashi 13)

So lu tion: (i) The curve is sym met ri cal about the ini tial line.

(ii) We have r = 0 when cos 3 0θ =

i e. ., 3
1

2
θ π= ± , ± 3

2
π, ± 5

2
π, etc. (Note)

or  θ π= ± 1

6
, ± 1

2
π, ± 5

6
π, etc.

Thus the lines θ π= ± 1

6
, ± 1

2
π etc. are the tangents to the curve at the pole.

(iii) Differentiating the equation of the curve, we get ( / ) sin .dr d aθ θ= − 3 3

Therefore cot
cos

( sin ) tan .φ = = ⋅ − = −1 1

3
3 3 3 3

r

dr

d a
a

θ θ
θ θ

Now   φ = 90o, when  tan 3 0θ =     

i e. ., 3 0θ =         π               2π            3π

or θ = 0 
1

3
π 

2

3
π    π.

At all these points the tangent to the curve
is perpendicular to the radius vector. Also at 
each of these points the numerical value of r
is a which is the greatest value of the radius
vector for this curve.

(iv) Table showing corresponding values
of θ and r :

θ = 0
1

6
π 1

3
π 1

2
π 2

3
π 5

6
π π

r a= 0 − a 0 a 0 − a

Hence the curve is as shown in the figure.



Prob lem 8: Trace the curve 
2

1 2
a

r
= + cos θ. (Parabola)

Solution: The given equation of the curve can be written as

r
a=

+
⋅2

1 2cos θ

The given curve is symmetrical about the initial line.

The following table gives the corresponding values
of r and θ.

θ 0 π / 3 π / 2 2 3π / π

cos θ 1 1 2/ 0 −1 2/  − 1

1 + cos θ 2 3 2/ 1 1 2/ 0

r a 4 3a / 2 a 4 a ∞

Hence the curve is as shown in the figure.

Prob lem 9: Trace the curve r cos= +1

2
2 θ . (Meerut 2004B)

So lu tion: The given curve is sym met ri cal about the ini tial line.

In the given equation of the curve r = +1

2
2cos θ putting r = 0, 

we get cos 2
1

2
θ = −  i e. ., 2 2 3θ π= ± /  or ±4 3π /

i e. ., θ π= ± /3  or ±2 3π /  .

The following table gives the corresponding values of r and θ.

 
θ π π π π0 3 2 2 3

3

2
0

1

2
0

3

2

/ / /

r −

The greatest radius vector of the loop lying between θ π= − 1

3
 and θ π= 1

3
 is given by 

θ = 0 and it is equal to 3 2/ . The greatest radius vector of the loop lying between 

θ π= 1

3
 and θ π= 2

3
 is given by θ π= 1

2
 and its absolute value is 

1

2
⋅

Thus we observe that the larger loop lies between θ π= − /3 and θ π= /3 and is

symmetrical about the initial line θ = 0.

Also the smaller loop lies between θ π= /3 and θ π= 2 3/ .
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We first trace the curve from 
θ = 0 to  θ π= . The variation
of θ from π to 2π need not be
considered because of the
symmetry about the initial
line. 

Hence the curve has four
loops and is as shown in the
figure.

Prob lem 10(i): Trace the curve r a cos sec= +( ).θ θ (Lucknow 2007)

So lu tion: We have r a= +(cos ).θ θsec  Mul ti ply ing both sides by r, we get

r a r
r

r
2

2
= +









 ⋅cos

cos
θ

θ

Changing to cartesian form, the equation becomes

x y a x
x y

x
2 2

2 2
+ = + +











( )

 

or  y x a x a x2 2 2( ) ( ).− = −  ...(1)

Now we shall trace the curve (1) by the method we used for tracing the curves whose
cartesian equations were given.

Tracing: (i) The curve is symmetrical about x-axis.

(ii) The curve passes through the origin. Tangents at the origin are given by 

− − =ay ax2 22 0  

or       y x2 22 0+ =

i e. ., the tangents at ( , )0 0  are imaginary and so origin is a conjugate point.

(iii) When y x a= =0 0 2, ,  i e. ., the curve meets the x-axis at the points ( , )0 0  and 

( , )2 0a  out of which ( , )0 0  is an isolated point. When x = 0, y = 0 i e. ., the curve meets
the y-axis only at the origin and that too is an isolated point.

Shifting the origin to ( , )2 0a  the equation of the curve becomes

y x a x a x2 22( ) ( ) ( ).+ = + −

Therefore the tangent at the new origin is x = 0 i e. ., the new y-axis.

(iv) x a=  is an asymptote parallel to y-axis and the curve has no other real
asymptotes.

(v) Solving the equation of the curve for y, we have 

y x a x x a2 2 2= − −{ }( ) / ( ).



 When x y= =0 02, . When 0 2< <x a y,  is –ive i e. ., y is imaginary and so the curve

does not exist in this region. When a x a y< < 2 2,  is +ive i e y. .,  is real and so the curve

exists in this region. When x a→  (from the right ) 

y2 → ∞ showing that the line x a=  (on its right side) is

an asymptote of the curve. When x a y= =2 02,  and

when x a y> 2 2,  is –ive i e y. .,  is imaginary and so the

curve does not exist in the region where x a> 2 .

When x y< 0 2,  is –ive i e y. .,  is imaginary and so the

curve does not exist in this region.

(vi) As x decreases from 2a to a y, 2  increases from 0 to 

∞.

Taking all these facts into consideration, the shape of the curve is as shown in the
figure.

Prob lem 10(ii): Trace the curve r acos sinθ θ= 2 2 .    (Cissoid)

So lu tion: We have r acos sinθ θ= 2 2 . Multiplying both

sides by r2 , we get

r r ar2 2 22( cos ) sinθ θ=

Changing to cartesian form, the equation becomes 

( )x y x ay2 2 22+ =  

or  x xy ay3 2 22+ =

or x y a x3 2 2= −( )

Now, proceed as in Example 19.

The shape of the curve is as shown in the figure.

Prob lem 1: Trace the curve x a t sin t y a cos t t= + = + − ≤ ≤( ), ( ), .1 π π   (Cycloid)

So lu tion: (i) Dif fer en ti at ing, we get  

( / ) ( cos )dx dt a t= +1  and  ( / ) sin .dy dt a t= −

∴ 
dy

dx

dy dt

dx dt

a t

a t

a t t

a
= = −

+
=

−
/

/

sin

( cos )

sin cos

c1

2
1

2

1

2

2 os
tan .

2 1

2

1

2t
t= −

(ii) We have y = 0, when cos t = − 1 i e. ., t = − π π, .  

When t x a dy dx= = = − ∞π π, , / . Thus at the point ( , )aπ 0  the tangent to the curve is
perpendicular to the x-axis. Again when t x a= − = −π π, , dy dx/ .= ∞
(iii) y is maximum when cos t = 1 i e. ., t = 0. 

D-356

Comprehensive Problems 5



D-357

When t x y a= = =0 0 2, ,  and dy dx/ .= 0  Thus at the point ( , )0 2a  the tangent to the
curve is parallel to the x-axis.

(iv) In this curve y cannot be negative. Also no portion of the curve lies in the region 
y a> 2 .

(v) Corresponding values of x y,  and ( / )dy dx  for different values of t are given in the
following table :

t − π − 1

2
π 0 1

2
π π

x − aπ − +a ( )
1

2
1π 0 a ( )

1

2
1π + aπ

y 0 a 2a a 0

dy dx/ ∞ 1 0 − 1 − ∞

From above, ( , )− aπ 0  is a point on the curve
with tangent inclined to x-axis at the angle

ψ π= / .2       [ tan / ]∵ ψ = = ∞dy dx  

Arguing as in Example 30, the curve is
symmetrical about the y-axis.

Hence the shape of the curve is as shown in the 
figure.

Prob lem 2: Trace the curve x a t sin t= −( ) , y a cos t= −( ).1  (Meerut 2005)

So lu tion: The para met ric equa tions of the given cycloid are

    x a t t y a t= − = −( sin ), ( cos ) .1

We have dx dt a t dy dt a t/ ( cos ), / sin .= − =1

∴ 
dy

dx

dy dt

dx dt

a t

a t
= =

−
/

/

sin

( cos )1
 = =

2
1

2

1

2

2
1

2

1

22

sin cos

sin
cot .

t t

t
t

In this curve y = 0 when cos t = 1 i e. ., t = 0 2, .π  

When t = 0, x a y= − = =( sin ) ,0 0 0 0 and dy dx/ cot .= = ∞0  Thus the curve passes
through the point ( , )0 0  and the axis of y is tangent to the curve at this point.

In this curve y is maximum when cos t = − 1 i e. ., t = π. 

When t = π, x a a y a= − = =( sin ) , ,π π π 2   

dy dx/ cot .= =1

2
0π

Thus at the point t = π, whose cartesian
coordinates are ( , ),a aπ 2  the tangent to the curve 
is parallel to x-axis. This curve does not exist in
the region y a> 2 .

In this curve y cannot be –ive because cos t
cannot be greater than 1. Thus one complete
arch of the given cycloid lying between 0 2≤ ≤t π is as shown in the figure.



Prob lem 3: Trace the  curve x a cos t a log tan t= + 1

2

1

2
2 , y a sin t= . (Tractrix)

(Garhwal 2006)

So lu tion: (i) If we put − t in place of t in the equa tion of the curve, we get 

x a t a t= +cos log tan ,
1

2

1

2
2  and  y a t= − sin . 

Thus for every value of x, there are two equal and opposite values of y. Therefore the
curve is symmetrical about the x-axis.

Again if we put π − t in place of t in the equation of the curve, we get

x a t a t a t a t= − + = − −cos log cot cos log tan ,
1

2

1

2

1

2

1

2
2 2   

and  y a t= sin .

Thus for every value of y, there are two equal and opposite values of x. Therefore the
curve is symmetrical about the y-axis.

(ii) Differentiating the equations of the curve w.r.t. ‘t ’, we get

dx

dt
a t a

t
t t= − + ⋅ ⋅sin

tan
( tan )

1

2

1
1

2

2
1

2

1

2

1

22

2sec

  = − + = − +a t
a

t t
a t

a

t
sin

sin cos
sin

sin2
1

2

1

2

 = − =a t

t

a t

t

( sin )

sin

cos

sin
,

1 2 2
 and  dy dt a t/ cos .=

Therefore dy dx t/ tan .=
(iii) We have y = 0 when sin t = 0 i e. ., t = 0. When t x→ → − ∞0, . Thus x → − ∞ when 
y → 0, showing that the line y = 0 is an asymptote of the curve.

(iv)  y is maximum when sin t = 1 i e. ., t = 1

2
π. 

When t = 1

2
π, x = 0, y a=      and    dy dx/ tan .= = ∞1

2
π

Thus the curve passes through the point ( , )0 a  and the tangent at this point is the
y-axis.

(v) In this curve the numerical value
of y cannot be greater than a. Thus the
curve does not exist in the regions y a>
and y a< − . The shape of the curve is as 
shown in the figure. The curve has four
infinite branches and for the branch in
the second quadrant t varies from 0 to 
1

2
π while x varies from − ∞ to 0.
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Multiple Choice Questions

 1. The given curve is x y axy3 3 3 0+ − = , which clearly passes through the origin.

Equating to zero the lowest degree terms i e. ., the second degree terms in the

equation of the curve, the tangents at origin are given by − =3 0axy . Thus, 

x y= =0 0,  are the tangents at the origin.

 2. The equation of the curve  y x= 3  remains unchanged on replacing x by − x and y

by − y. So, the curve is symmetrical in opposite quadrants.

 3. The number of loops in the curve r a n= cos θ is n if n is odd and is 2n if n is even.

Here, n = 2 which is even. So, the number of loops in the given curve = × =2 2 4. 

 4. The equation of the given curve changes on changing the sign of θ, so it is not

symmetrical about the initial line. Again, the equation of the given curve changes

if we put  − r  in place of  r.  So, the given curve is not symmetrical about the pole.

Now, let r,
π α
2

−




 and r,

π α
2

+




 be two points equidistant from the line θ π=

2

and on opposite sides of it.

Putting θ π α= −
2

 in the equation of the given curve r a= sin ,3θ we get

r a= −





sin 3
2

π α  = −





= −a asin cos .
3

2
3 3

π α α …(1)

Again, putting θ π α= +
2

 in the equation of the given curve, we get

r a= +





sin 3
2

π α  = +





= −a asin cos .
3

2
3 3

π α α …(2)

We see that the values of r given by (1) and (2) are the same. It means that if the

point r,
π α
2

−




 lies on the given curve, then its mirror reflection in the line θ π=

2

i e. ., the point r,
π α
2

+




 also lies on it. So, the given curve is symmetrical about

the line θ π= ⋅
2

 

 5. See article 4, corollary .

 6. See Problem 4 of Comprehensive Problems 4.

 7. See Problem 4 of Comprehensive Problems 4.

 8. See article 4, corollary.

 9. See Example 10.

10. See Example 14.

H O T Qints to bjective ype uestions



11. Here n = 5, which is odd. So the number of loops in the given curve is 5. 

12. See Problem 3 of Comprehensive Problems 5.

13. See Problem 3 of Comprehensive Problems 4.

14. See article 8, point (ii).

15. See article 8, point (iii).

Fill in the Blanks

 1. We know that a point ( , )x y  on the curve y f x= ( ) is a point of inflexion if at that

point  
d y

dx

2

2
0=   and  

d y

dx

3

3
0≠ .

 2. See article 8(i).

 3. See Problem 6(iii) of Comprehensive Problems 2.

 4. Since in the equation of the given curve, the powers of x and y both are all even,

therefore the curve is symmetrical about both the axes.

 5. It is given that the equation of the curve r f= ( )θ  does not change by changing the 

sign of θ. It means that if the point ( , )r θ  lies on the curve, then its reflection in the

initial line i e. ., the point ( , )r − θ  also lies on the curve. Hence, the curve is

symmetrical about the initial line.

 6. See Example 23.

True or False

 1. Under the given conditions, the double point is a cusp and not a node.

 2. It is given that the equation of the given curve remains unchanged on changing

the signs of r and θ both. It means that if the point ( , )r θ  lies on the given curve,

then its reflection in the line θ π=
2

 i e. ., the point ( , )− −r θ  also lies on it. So, the

curve is symmetrical about the line θ π= ⋅
2

 3. See article 16 .

 4. See article 2 . 

❍❍❍
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