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Preface

This book on REAL ANALYSIS has been specially written according to the
Latest Syllabus to meet the requirements of the B.A. and B.Sc. Part-II
Students of all colleges affiliated toD.D.U. Gorakhpur University, Gorakhpur
& Shri Siddhartha University, Siddharth Nagarin U.P..

The subject matter has been discussed in such a simple way that the students
will find no difficulty to understand it. The proofs of various theorems and
examples have been given with minute details. Each chapter of this book contains
complete theory and a fairly large number of solved examples. Sufficient
problems have also been selected from various university examination papers. At

the end of each chapter an exercise containing objective questions has been given.

We have tried our best to keep the book free from misprints. The authors
shall be grateful to the readers who point out errors and omissions which, inspite
of all care, might have been there.

The authors, in general, hope that the present book will be warmly received
by the students and teachers. We shall indeed be very thankful to our colleagues

for their recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi (M.D.),
Mr. Sugam Rastogi (Executive Director), Mrs. Kanupriya Rastogi (Director) and
entire team of KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out
this book in the present nice form.

The authors will feel amply rewarded if the book serves the purpose for which

it is meant. Suggestions for the improvement of the book are always welcome.

— Authors



Syllabus

Real Analysis

D.D.U. Gorakhpur University, Gorakhpur &
Shri Siddharth University, Siddharth Nagar

B.A./B.Sc. I"Y Year

Section-A

Dedekind’s definition of real numbers Addition, subtraction and multiplication of
real numbers. Section of sets of real numbers. Lower and upper bounds. Supremum
and infimum of the subsets of R. Completeness of R. (2 questions)

Definition of a sequence. Theorems on limits of sequences. Bounded and monotonic
sequences. Convergence of a sequence. Cauchy’s convergence criteria. Completeness
of R. Bolzano Weierstrass criteria. Limit superior and limit inferior.

Convergence of a series. Series of non-negative terms. The number "e" as an irrational
number. Comparison test. Cauchy’s n'" root test. Ratio test. Raabe’s test.
Logarithmic, De Morgan and Bertrand’s tests. Alternating series. Leibnitz test.

Absolute and conditional convergences. (2 questions)

Section-B

Continuous functions and their properties. Classification of discontinuities.
Sequential continuity and limits. Uniform convergence. Differentiability, Chain rule
of differentiability.

Rolle’s theorem. Lagrange’s and Cauchy’s mean value theorems. Darboux theorem.
Indeterminate forms. (2 questions)

Riemann integral. Integrability of continuous and monotonic functions. The
fundamental theorem of Integral Calculus. Mean Value theorems of Integral calculus.
Riemann- Stiltjes integration.

Improper integrals and their convergence Comparison tests. (2 questions)
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Real Number System

(Axiomatic Study of Real Numbers)

1 Introduction

he real number system is the foundation on which the whole branch of

mathematics known as ‘Real Analysis’ rests. The beauty of this mathematical
system lies in the fact that for many important abstract mathematical systems the
structure of real number system serves as amodel. Its knowledge is absolutely necessary
for any worthwhile student of mathematics. We shall here make a formal description of
the real number system with axioms, definitions of some terms and statements of some
theorems. There are different ways of introducing the real number system. We shall
consider the real numbers as undefined objects satisfying certain axioms. These axioms
will characterize the real number system.
We assume that the reader is familiar with the real numbers and the binary
composition of addition and multiplication possessing a number of properties and the
manner of dealing with inequalities involving real numbers. We shall select those
properties as axioms concerning the real number system from which all the other
properties of the real numbers can be proved. The axioms are divided into three
categories :

(1)  Field axioms, (2) Order axioms and
(3)  Completeness axiom.
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2 Field Axioms

Let R be the set of real numbers having at least two distinct elements equipped with two
fundamental algebraic operations called addition and multiplication and denoted by
‘+” and ‘. respectively. These operations satisfy the following axioms:

Aj. The set Ris closed with respect to addition i.e.,a + b is a unique real number for
any two real numbers a and b. (Gorakhpur 2013)
Ay. Addition is associative, i.c.,
(a+b)y+c=a+b+c) ¥ ab,ceR.
Ag. Addition is commutative i.e.,a+b=b+a ¥ a,beR.
A 4. There exists an element O in R such that0 +a=a ¥ aeR.
As. To each element a in R there exists an element —a in R such that —a + a =0.
M. The set R is closed with respect to multiplication ie., a.b is a unique real
number for any two real numbers a and b.
M,. Multiplication is associative ie.,
a.(b.cy=(a.b).c ¥ a,b,ceR.
Mj. Multiplication is commutative ie.,
a.b=b.a ¥ ab,ceR.
My. There exists an element namely 1# 0 in R such that
l.a=a ¥ aeR.

Ms;. To each element a # 0 in R there exists an element 1/a in R such that

l~a:l.
a

The real number 1/ a is also denoted by al,

Distributive law: Multiplication is distributive with respect to addition i.c,
a.b+c)=a.b+a.c ¥ a,b,ceR.

Because of the above properties the algebraic structure (R, +, .) is called a field. As a

matter of fact any mathematical system satisfying the above axioms is called a

field. Thus we may speak of the field Q of rational numbers or the field C of

complex numbers.

The real number O is the identity element for addition and the number —a is the
additive inverse of the real number 4 and is usually called the negative of a. The real
number 1 is the identity element for multiplication and the real number1/ a or alis

the multiplicative inverse of the real number 4 and is usually called the reciprocal of a.

3 Subtraction and Division in R

Definition 1: The difference between two real numbers a and b is defined by a + (— b) and is
denoted by a — b.

The operation of finding the difference is called subtraction.

Definition 2: The quotient of a real number a by a real number b (b # 0) is defined by
a .b_l, and is denoted by
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The operation of finding quotient is called division.

Some Remarks: 1. In generala —b#b—aanda/b#b/a.

2.
3.

Division by 0 is not allowed.

Though a / b has meaning, b / a may not be defined.

4 Some Properties of Real Numbers

We shall state some important consequences of the field properties of real numbers.

p—
N

13.
14.
15.
16.
17.
18.
19.

20.

21.

22.

— ot
— O N0 ® NS W =

There exists a unique identity element for addition in R.  (Goralhpur 2013)
There exists a unique additive inverse for each element in R.
a+b=a+c=b=c.

a+b=a=0b=0.

a+b=0=b=-a.

—(—a)=a.

There exists a unique identity element for multiplication in R.

There exists a unique multiplicative inverse for each non-zero element in R.
a#0,a.b=a.c=b=c.

az0,a.b=a=b=1

az0,a.b=1=b=1/a.
1

(1/a)
a.0=0¥%aeR.
az0,b#0 =a.b#0.
a.b=0<a=0 or b=0.
a.(-b)=-(a.b)and (—a).b=—-(a.b).
(—a).(=b)=a.b.
(-D).a=-a.
—(a+b)=—a-Dh.
1

—:(i).(l),aio,h 0.
a.b \a) \b

If a and b are any two real numbers, then the equation x + 4 = b has a unique
solution x=[b + (—a)]=b —ain R.

a#z0 =

If a,b are any real numbers and a # 0, then the equation ax =) has a unique
solutionx=(1/a).b=5b/ain R.

D Integral Powers of a Real Number

Let aeR.

If n is a positive integer, we define a=a.a.a...atonfactors. In particular,
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alza,a2 =a.a,a3 —a.a.a=a*.aand so on.

We define a” = 1.
If nis a positive integer, then —  is a negative integer. For a # 0,we definea™ = (@"!
where (a")~! is the multiplicative inverse of a” in R.

We are free to write (a~1)" or ()" in place of a™.

6 The Order Axioms

The order relation ‘greater than’ (>) between pairs of real numbers satisfies the following

axioms :
O;. For any two real numbers a4, b one and only one of the following is true :
a>b,a=hb,b>a.

It is known as the law of trichotomy.

Oy. Fora,b,ceR,a>b,b>c = a>c.Itis known as the law of transitivity.

Og3. For all real numbers a,b and c,a>b = a+c>Db+c. It is known as monotone
property for addition.

Oy4. For all real numbers a,b and ¢,a>b and ¢ >0 = ac > be. It is known as monotone
property for multiplication.

Because of these properties the field of real numbers is an ordered field.

The system Q of all rational numbers is an ordered field while the system C of all

complex numbers is a field which is not ordered.

7 Some More Definitions

We define some other relations in terms of the relation ‘greater than” on the real
numbers.
1. The order relation ‘less than’ (<) between the real numbers a and b is defined as
a<b ifb>a.
2. Avreal number a is said to be greater than or equal to b (a > D) if either a> b
or a=Dh.
3. Areal number a is said to be less than or equal to b (a < b) if either a < b or
a=h.
4. A real number 4 is said to be positive if 2> 0.
5. Areal number a is said to be negative if 2 <O0.
The sets of all positive real numbers and all negative real numbers are denoted
by R* and R respectively.
Hence R=R* U {0} UR"

Some properties of order relation
1. For each real number 4, one and only one of the following holds :
a>0,a=0, —a>0.
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2. For each real number a, one and only one of the following holds :
a<0,a=0,-a<0.
3. (i) aeR*"e@a>0andaecR™ < a<0.

(ii) aeRT,beR™ = a>b ic every positive number is greater than every

negative number.
4. ahbeR"=a+beRTandabeR"iec,

a>0,b>0=a+bh>0and ab>0.
a,hbeR =a+beR andabeR™.

6. a<b andb<c=ua<ec.

7. a<b&sa+c<b+eo,
a<bandc<0 = ac>bc.

8., <0 -4>0,a>0-a<0.

9. a>hea-b>0,a<bhea-b<0.

10. a>bo-a<-b.

11. a>0 <:>l>0.
a

12. (i)a>b>0:>l>l>0.
b a

(ii)0<a<b:>l>l~
a b

13. az20=4>>0.In particular 1> 0.
14. a>b>0 =>a2>h2,a<h<0 = a> b2

The relations ‘>’ and ‘<’ are known as the weak inequalities while the relations ‘>’
and ‘<’ are known as the strict inequalities.

8 The Extended Real Number System ~ Finite and Infinite
Sets

It is often convenient to extend the system of the real numbers by the addition of two
elements e and — . The enlarged set is called the set of extended real numbers. We
preserve the original order in R and define the use of eo and — e in combination with real

numbers by the symbols +, —, x , +,<,> as follows :
If a is any real number, then
— <A< oo, d+oo=o00+a=—(g+0c0=00;
A—oo=—o00+g=—c0—(g=—o0,;

a_g.= o if a>0
— = t— = o0 X = X oo =
’ ‘= —o if a<0.

Further 00 X 00 = (— 00) X (= 00) = 00 + 00 = oo,
)

oo)((_oo +(—oo)>(<>o=—oo—oo=—oo.
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The following combinations remain meaningless.

oo
oo—o<>7—<x>+oo,0)(o<>7<x>>(07—.

Finite and Infinite Sets: A set is said to be finite if it consists of a specific number of
distinct elements, i.e., if in counting the distinct members of the set, the counting
process can come to an end. Otherwise, a set is infinite.

Ilustrations: 1. Let A be the set of the days of the week. Then A is finite.

2. Let B={L3,57,9,.... } be the set of odd natural numbers. Then B is
infinite.

3.  The set Q of rational numbers is an infinite set.

4. Let D={x:xis a river on earth}. Although it is difficult to count the number
of rivers on the earth, D is still a finite set. If we ever count the number of rivers
on the earth, the counting process will definitely come to an end.

5. The set of all points in a plane is an infinite set.

O Some Important Subsets of R

1. The set of natural numbers:
Inductive set: Definition: A subset S of R is called an inductive set if
(i) leS and (ii) peS=p+leS.
For example R itself is an inductive set.
The set N of natural numbers is the smallest inductive subset of R.
By inductive hypothesis,le N = 1+ 1le Nandisdenotedby2. Now 2e N =2 +1eN
and is denoted by 3. Continuing in this way, we have
N={123,4,5,...}
The set of natural numbers is also called the set of positive integers and is also denoted
byZ™.

Principle of Mathematical Induction

A proposition P (m) is true for all m € N provided :

(i) P (l)is true ie., the proposition is true when m =1, and

(if) ¥ keN, P (k)is true implies P (k + 1) is true i.e, if the proposition is true for any
k € N then it is also true for k +1e N .

The natural numbers form a limited system because the algebraic operations on N do
not satisfy the field axioms A4, A5 and Ms.

2. Integers: The subset of R containing all the natural numbers, their additive inverses
i.e.,negatives and the additive identity i.e.,0, is called the set of integers and is denoted
by Z or 1.

Thus Z=A.,-3,-2,-10,1,2,3,...}

Hence NcZcR.

The algebraic operations on Z do not satisfy the field axiom Ms.
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3. Rational numbers: The set of rational numbers contains all the real numbers of the

form p / q, where p, q are integers and g # 0. It is denoted by Q. Thus
Q={p/q:pgeZ,q+0} (Gorakhpur 2015)

It should be noted that every integer is a rational number but the converse is not true.

. . . 5 . .
For example, 5 is an integer and we can write 5 = 1 and so 5 is also a rational number.

2. . .
On the other hand 3 is a rational number but not an integer.

Hence NcZcQ cR.

The system (Q , +,.) is an ordered field.

4. Irrational numbers: Any real number which is not rational, is called an irratio-
nal number. The set R — Q is the set of irrational numbers. (Gorakhpur 2010)

[llustrative Examlales \

Example 1: Show that \ 2 is irrational.
Solution: Suppose there is a rational number p / ¢, where g #0, whose square is 2.

Suppose also that p and 4 do not have 2 as a common factor because if such a factor
exists then it can be cancelled.

Now (p/q)2=2:>p2=2q2.
Since g is an integer, so is q2 and 2q2. Therefore pz is an integer divisible by 2.

Now 2 is a prime integer and 2 is a divisor of pz ie., pp.

2 must be a divisor of p.
[Note that if a prime number a is a divisor of bc, where b and ¢ are integers, then a must
be a divisor of b or a must be a divisor of ¢].

Since 2 is a factor of p, let p=2n = pz =4’
Now pz =4’ = 2q2 =4’ = q2 =21® = 2 is a factor of q2

= 2 is a factor of 4.

Thus we conclude that p and ¢ have 2 as a common factor which is contrary to our
hypothesis. Therefore there exists no rational number whose square is 2. Hence we
cannot put ¥2 in the form p/q. This shows that ¥2 is not rational. Hence v2 is
irrational.

Example 2: Prove that no positive integer other than a square number has a square root within
the set of rational number.

Solution: Let m be a positive integer which is not the square of any integer. We are to
prove that there exists no rational number x such that 2 =m.

Suppose there is a rational number p / ¢ whose square is m. Suppose also that pand g are
positive integers relatively prime to each other because if p and g have any common
factor then it can be cancelled.
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Now (p/q)2=m=>p2=mq2.

Let a be any prime factor of 4.

Then a is a divisor of pz

= a is a divisor of pp = a is a divisor of p.

Thus a is a prime number which is a common factor of p and 4 and so p and g4 are not

relatively prime which contradicts our assumption. Therefore no prime number can be
a factor of g and so ¢ must be equal to 1. Then

2 =m

i.e.,m is the square of the integer p. This contradicts the hypothesis that m is not the
square of any integer. Hence there exists no rational number p / g whose square is m.

Example 3: Show that <8 is not a rational number.

Solution: If possible, let +/8 be the rational number p/q, where g #0 and p,q are
positive integers prime to each other.

Now 2</8<3.

. 2<p/q<3=2q<p<3q=0<p-2q<q.

Thus p — 24 s a positive integer less than g,so that (v/8) (p — 2q)i.e.,(p/ q) (p — 2q) is not
an integer.

But (x/g)(p—2q)=§(p—2q> p; 2p—é2 q—2p=8q-2p,

which is an integer. Thus we arrive at a contradiction.

Hence +/8 is not a rational number.

10 Intervals

Interval: Definition: A subset S of R is called an interval if a,beS,
xeR,a<x<bh=xeS.
If @ and b are any two real numbers such that 4 < b, then the set {xe R :a<x< b} is
called an open interval and is denoted by | a, b [ or by (4, b). Here both the end points a
and b do not belong to the interval. If to the open interval | a,b [, we add the real
numbers 4 and b, we get the closed interval [, b].
Thus [a,b] ={ xe R :a < x< b}. It should be noted that

[a,b]={a} U ]a,b[ v {b}.
Ifa=Db,then]a,a|= D and [a,a]={a}.
In the case of the closed interval [4, b] both the end pointsa and b belong to the interval.
Out of the two end point a and b, a is known as the left end point whreas b is known as
the right end point.
The sets {xeR:a<x<h} and { xeR:a<x<bh} are called the semi-open or
semi-closed intervals and are denoted respectively by the symbols | a, b ] and [a, b [ or
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by the symbols (4, /] and [a, b). The interval [a, b [ is called a right half open interval
and the interval | a, b ] is called a left half open interval.

The sets la,o[={xeR:x>a}
and |—,a[={xeR:x<a}

are called open rays.

The sets [a,00c[={xeR :x2a}
and ]-,al={xeR:x<a}
are called closed rays.
Since R={x:x<0}u{x:x>0}
=]=2,0]U[0, e[,
therefore we can write R in the form of an open interval as
R=]-o0,00].

Length of an interval: For each interval whose end points are any real numbers a and b
such that a < b, the length of the interval is b — a. Obviously the length of each of the
intervals |a,b[,[a,b],[la,b[ and ]a,b ] is b —a. These intervals are called finite
intervals because the length of each of them is finite. The intervals
Ja, oo ,[a,oo[,] —o0,a,]—o,aland | — oo, oo [ are called infinite intervals because the
length of each of them is infinite.

11 Finite and Infinite Subsets of R

A subset S of R is said to be finite if either it is empty or there exists a one-to-one mapping from the
set {1,2,...,n} onto the set S for some natural number n.
A subset S of R which is not finite is called infinite.
Illustrations: 1. The sets N, Z, Q, R are infinite.
2. The set {e,m,V2} is a finite set because from the set {1, 2, 3} onto the set
{e,m,V2} many one-to-one mappings exist. One such mapping is 1- ¢,

25 m,3—> V2.
3. The set l,l,i,...,L is a finite set.

4. The set of all primes less than 10190 is a finite set.

5. Ifa,beR and a<b, then all the intervals | a,b [,[a,b],[a,b [, ]a,b], ] —o,a[,
] —oo,al, Ja,e [, [a,[ are infinite subsets of R. It should be noted that the
interval ] a, b [ is called a finite interval in the sense that its length b — a is finite
though as a subset of R it is an infinite subset of R.

IQ Absolute Value (MOdLllLlS O{ a Real Number )

, s defined as follows :

Definition: If xe R, then its absolute value, denoted by | x

B x, if x20,
|| = —x, if x<O0.
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It should be observed that| x| is defined for every xe R.Alsoa =b =| a| =| b| but
| a| =| b| does not necessarily imply that a = b. For example, | =5| =| 5| =5 but
-5#5.

Also it is easy to see that| x| =0 < x=0.

From the definition of | x|, it is obvious that| x| = - x if x<0. For, if x =0, we have
| x] =0 and -0 =0.

Theorem 1: Forevery xeR,

(i) | x|=0. (i) | x| = max.{- x, x}.
(iii) | x|=x. (iv) x=-|x]|.
() | x| =] ~x]. i) | 2P =" =]~ x|

Proof: (i) If xeR, then by the law of trichotomy, one and exactly one of the
following is true :

x>0,x=0,x<0.
If x2 0, then by the definition of | x|, we have

| x| =x=0. (1)
Again if x <0, then by the definition of | x|, we have
| x| ==x>0. .(2)

Note that if x<O i.e., xis — ive, then — x>0 i.e.,— x is + I've.
From (1) and (2), we conclude that
| x|[20 ¥ xeR.
(if) If x=0, then by the definition of | x|, we have
| x| =x, and x> - x.
Again if x <0, then by the definition of | x|, we have
| x| ==x, and — x> x.
Thus in either case, | x| is the greater of the two numbers x and — x.
Hence | x| =max.{x,—x} ¥ xeR.
(iii) If x>0, then by the definition of | x|, we have
| x| = x>
Again if ¥ <0, then by the definition of | x|, we have

| x| =—x>x [Note that if x is — I've, then — x is
+ I've and so — x> x].

Thus in either case, we have | x| x.
Hence | x|2x V¥ xeR.
(iv) If x>0, then by the definition of | x|, we have
| x| =x. But| x|2—| x| andsox>—| x]|.
Again if ¥<0, then| x| =—-xand so
— x| ==(x) ie x=—] x|.
Thus in either case, we have x> —| x]|.

(v) We have| x| =max.{x,— x}, as proved in (ii).
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| — x| =max.{— x,— (- x)} = max. {— x,x} =| x]|.
The students should prove this result by direct application of the definition of| x|.
(vi) If x>0, then| x| =xand so| x|2 =2
Again if x<0, then| x| =—xand so| x|2 =(—x)2 =+
Thus in either case, we have | x| 2=
| x|2 =x> V¥ reR.
Applying this result, we have
=2 =0 =2
Hence |x|2=x2=|—x|2VxeR.
Theorem 2: For all x, y e R prove that
@) lawl=lx|.yl. G)|x+y|<|x]+|y]. (The triangle inequality)
(i) [x=y|= || x| =] Il
Proof: (i) Wehave | w|®=(w)*=x"y* =] x|* | p|*=(| x| .| yI)*.
|l == x|y
But |xy| and| x| .| y| are both non-negative.
So rejecting the — I've sign which is inadmissible, we have

|l =l x| rl.
(ii) Wehave|x+y|2=(x+y)2=x2+y2+2)g/

<4yt + 2]yl [~ o] 2]
=| x? +| y1*+2] x| .|y Co ) =1 %]yl
=(| x| +] y %

Thus lx+ p|2<(] x| +] y])? (1)

Since|x+ y| and| x| +| y| are both non-negative, therefore from (1), we have
lx+yl<l x|+ yl.
(ili) We have| x|=|(x— y)+ y|
<|x— y| +| y|, by the triangle inequality.
| x| =1 yl<lx=Jl. (1)
Again | y|=1(y - )+ x|

<|ly-x| +]| x|, by the triangle inequality.
|yl =1 xl<]y-xl
or (I x[=1y]) <lx = yl,since| y —x[=]x- y|. -(2)

From (1) and (2), we see that

|x = ylzmax.{([x|=|y D, (I x[-[y])}
ie., |x=ylz[lx|-[ ¥l
Theorem 3: (i) If x, € be real numbers and €> 0, then

|x|<eeo —-e<x<e.
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(ii) Ifx, y, € be real numbers and >0 , then
|x—yl<e & y-e<x< y+e.
Proof: (i) We have|x|< &< max. {x,— x}<e
o —x<eand x<eg
& x>—¢gand x<e
S —e<X<E.

(i) Wehave |x— y|l<eeo max.{(x— y),—(x— y)i<e
©-(x—y)<eand x - y<e
©x—y>—candx— y<e
&x>yp-—eand x< y+¢€
& y-e<x< y+e

[llustrative Examl)les

Example 4:  For any real numbers x and y, show that

lx=yl< Ixl+]yl
Solution: We have|x— y|=|x+ (- y)|
<lx|+|-pl, by the triangle inequality
=[x|+[yl]. [ 1= ol=rl]
|x—y|<|x|+]|y] ¥ x, yeR.
| x|

l=,y¢0.

Example 5: Prove thm‘! ]
J

*
J

2 2
Solution: We have‘ £| = [ LS ] = %
Lyl Ny )

N Ely
R

2

=(lxl) |
|7
E3mmEil
ARG

But1 X ! and ||x| are both non-negative.
J J

Therefore rejecting the — I've sign which is inadmissible, we have

’1‘_IXI.

Ly | 1l
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Example 6: Ifke R" and | x - y| < ke ¥ >0, then prove that x = y.

Solution: If possible,let x # y. Then|x — y|>0 and so takinge = i |x— y|>0and

applying the given result that
|x— yl<ke¥e>0,

1
h - k-—|x-
we have |x—yl< 2k|x 7|
ie | x - |<l|x— |
yl<glr-y

which is not possible.

Hence our initial assumption is wrong and we must have x = y.

@mprehensive Exercise 1

1. For any real numbers x and y, show that
lx+ylz|[x|=| Il
2. Ifx, y, z are any real numbers, then prove that

lx+yp+z|<|x|+]|y|+]|z].
3. If x,x9,..., x, be any real numbers, then prove that

(1) |qg+x+..+x,]<|ql+]xl+...+]x,].

(i) |xxg x| =lx [ x| X, ]
4.  Ifx be any real number not equal to zero, then prove that
Il 1
x| x|

931

For any a,b € R, prove that
(i) |la-b|=0=a=h. (ii)Ja=Db|=|b-al

6. Provethata<x<b <:>| x—%(u+b)| %(b—u);a,x,be R.
7. Show that there is no rational number whose square is 3.

x(l—(—))‘<1
I+6x |

*

If 0<6<1,|x|<l,sh0wthat!

13 Bounded Sets - Bounclecl dl’ld Ul’ll‘)OL’ll’ldeCI SLI]:)SGtS O{
Real Num]aers

1. Aggregate: Definition: A non-empty subset S of R is called an aggregate.
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For example, the set of all positive integers Ztisan aggregate. If S = {1,2,3},then Sisan

aggregate. The null set & is not an aggregate.

Boundedness of subsets of R

2. Upper bound of a subset of R:

Definition: Let S be a subset of real numbers. If there exists a real number u, such that
x<u ¥ xeS,

then u is called an upper bound of S.

If there exists an upper bound for a set S, then the set S is said to be bounded above.

Itis not necessary that a set S should be bounded above. If there exists no real number
such that x< u ¥ x € S,then the set S is said to be not bounded above or unbounded
above. Thus a set S is unbounded above if however large a real number z we may take,
there exists at least one x € S such that x> u.

For example, the set of positive integers Z1 ={1,2,3,4,...} is not bounded above while
the set of negative integers

Z"={.,-3,-2,-1)
is bounded above and — lis an upper bound. The set of negative real numbers is also
bounded above, 0 being an upper bound.

If u is an upper bound of a set S, then every real number greater than u is also an upper
bound of S. Thus if a set S is bounded above, then the set of all such numbers that are
upper bounds of S is infinite.

3. Least upper bound or supremum or suprema: (Gorakhpur 2012, 15)

Definition: If's is an upper bound of a subset S of R and any real number less than s is not an
upper bound of S, then s is called theleast upper bound (1.u.b) or supremum (sup) of S.

Thus if a set S is bounded above and if the set of all upper bounds of S has a smallest
member, say s, then s is called the least upper bound or the supremum of the set S.

If a real number s is the supremum of a subset S of real numbers, then for every e> 0,
there exists a real number x € S such that

s—e<x< s

Example7:  Provethat the greatest member of a set, if it exists, is the supremum (g.Lb. ) of the set.
Solution: Let gbe the greatest member of the set S. Thenx< g, ¥ xe Sandso gisan
upper bound of S.

Also nonumber less than g can be an upper bound of S.For if y be any number less than
g, there exists at least one member g of S which is greater than y.

Thus g is the least of all the upper bounds of S i.e., g is the supremum of S.

4. Lower bound of a subset of R:

As we have defined an upper bound of a set, in the same way we can also define a lower
bound of a set.
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Definition: Let S be a subset of real numbers. If there exists a real number v, such that
x> v¥xes,
then v is called a lower bound of S.
If there exists a lower bound for a set S, then the set S is said to be bounded below.
It is not necessary that a set should be bounded below. If there exists no real number v
suchthatx>v ¥V xe S,thenthesetS issaid to be not bounded below or unbounded
below. Thus a set S is unbounded below if however small a real number v we may take,
there exists at least one x € S such that x < ».
For example, the set of negative integers
Z"={.,-3,-2,-1}
is not bounded below while the set of positive integers Zt=1{12,3,...} is bounded

below and 1 is a lower bound. The set of positive real numbers R" is also bounded
below, O being a lower bound.
If v is a lower bound of a set S, then every real number smaller than » is also a lower
bound of S. Thus if a set S is bounded below, then the set of all such real numbers that
are lower bounds of S is infinite.
5. Greatest lower bound or infimum or infima:
Definition: Iftisa lower bound of a subset S of R and any real number greater than t is not a
lower bound of S, then tis called the greatest lower bound (g.1.b.) or infimum (inf.) of S.
(Kanpur 2011; Gorakhpur 15)
Thus if a set S is bounded below and if the set of all lower bounds of S has a greatest
member, say ¢, thentis called the greatest lower bound or the infimum of the set S.
If a real number ¢ is the infimum of a subset of S of real numbers, then for every e> 0,
there exists a real number x € S such that
t<x<t+e
Note: Supremum is defined only for the subsets of R which are bounded above and
infimum for the subsets which are bounded below.
Exercise: Provethat the smallest member of a set, if it exists, is the infimum (g.1.b.) of the set.
6. Bounded subsets of real numbers:
Definition: A subset S of real numbers is said to be bounded, if it is bounded above as well as
bounded below.
Thus a set S is bounded if and only if there exist two real numbers u, » such that
r<x<u ¥V xeS
or S c[vu] ie.,
S is a subset of the closed interval [, u].
It can be easily seen that a set S is bounded if and only if there exists a positive real
number k such that
| x|<k forall xeS.
Unbounded set of real numbers

Definition: A subset S of R is said to be unbounded if it is not bounded above or not bounded
below.
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Afinite subset of Ris always bounded. The subsets Q, Z and Z *of Rare not bounded.

The openinterval | 3,5 [ is abounded subset of R, 5 being an upper bound and 3 alower
bound.

The null set @ is bounded but it neither possesses supremum nor infimum.
The null set & is bounded above because if « is any real number, then u is an upper

bound for &. Obviously the condition x < u for all x € @is vacuously satisfied because &
has no elements.

Thus every real number is an upper bound for &. Since the set of all real numbers has no
smallest member, therefore sup & does not exist.

Alsowe observe that @is bounded below. In fact every real number is a lower bound for
@. Since the set of all real numbers has no greatest member, therefore inf & does not
exist.

7. Greatest and least members of a subset of R:
If the supremum of a subset S of Ris a member of S, then we say that S attains its supremum and
this supremum is called the greatest member of S.
If the infimum of a subset of S of R is a member of S, then we say that S attains its infimum and
this infimum is called the least member of S.
The greatest member of aset S, if it exists, is the supremum of S. But the supremum of S
need not be the greatest member of S unless S attains this supremum.
For example if S is the open interval

12,3[ie,S={x:2<x<3},
thensup S =3 andinfS = 2.Note that 3 is an upper bound for S and no real number less
than 3 is an upper bound for S. Similarly 2 is a lower bound for S and no real number
greater than 2 is a lower bound for S. Since 2 ¢ S and 3 ¢ S, therefore S has no least
member and no greatest member.
On the other hand if Aisthe closed interval [2,3]ie.,A={x:2<x<3},thensup A=3
and inf A = 2. Here both the infimum and the supremum i.e.,2 and 3 are members of A
and so 2 is the least member of A and 3 is the greatest member of A.

8. Bounded and unbounded intervals:

Boundedintervals: Ifa and b are any real numbers such thatb > a,then the intervals
la,b[,[a,b],[a,b[and ] a,b] are called bounded intervals because each of them is a
bounded subset of R.

If Sy =]a,b|[, then sup S; =b and inf S; = a. Here both aand b do not belong to
S} and so 57 has no least member and no greatest member.

If S9 =[a,b],thensup Sy = bandinfSy = a.Here botha and b are members of Sy and so
a is the least member of Sy and b is its greatest member.

If Sg =[a,b [,thensup S3 = b and inf S3 = a.Here a € S3 and is the least member of S
but b ¢ S3 and so S3 has no greatest member.




Real Number System

If Sy =]a,b ], thensup Sy = b andinf S, = a.Hereb € S4 and is the greatest member of

S4 buta ¢ S, and so S4 has no least member.

Unbounded intervals: If a is any real number, then the intervals

Ja, o [,[a,o[,] —oo,a[and | — o, a] are called unbounded intervals because each of

them is not a bounded subset of R. The set R = | — e, = [ is also an unbounded interval.

It is neither bounded above nor bounded below.

If S} =] a, e [,then S| isnot bounded above and so the question of sup S| does not arise.

However S; is bounded below and inf S; = a. Since a ¢ Sy, therefore S| has no least

member.

Similarly we can discuss the cases of the other three unbounded intervals mentioned

above.

9. Some important observations about supremum and infimum of a subset of R

if they exist:

(i) A non-empty finite subset of R is always bounded and has its greatest member
as its supremum and its smallest member as its infimum.

(i)  Supremum and infimum of a bounded subset of R are unique.

(iii) Inthe case of a singleton set S = {a}, 4 € R, supremum and infimum coincide. In
this case a is both sup S and inf S.

(iv) Supremum and infimum of a bounded set need not necessarily belong to the
set.

(v) Even in the case of an infinite bounded subset of R supremum and infimum
may both belong to the set. For example, if S is the closed interval [4, 9], then S
is an infinite subset of R and sup S =9 and inf S =4 are both members of S.

(vi) Ifsand ¢ are the supremum and the infimum of a non-empty subset S of R, then
t<s.

14 Some Properties of Supremum and Infimum

Theorem 1. Uniqueness of the supremum.
The supremum of a set S < R, if it exists, is unique. (Gorakhpur 2012)

Proof: Let S be a non-empty subset of R which is bounded above. If possible let
s; and sy be two suprema of S. Then to show that s; = sy.

Since both s; and sy are suprema of S, therefore they are upper bounds of S.

Now s; is a supremum and sy is an upper bound of S

= 1< 89, (1)
Similarly sy is a supremum and s; is an upper bound of S

= $9 < 8. ..(2)
From (1) and (2), we have s;} s9 and sy $ ;. Therefore by the law of trichotomy, we
have s; =s9.

Theorem 2: Uniqueness of the infimum.

The infimum of a set S c R, if it exists, is unique. (Gorakhpur 2014)
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Proof: Let S be a non-empty subset of R which is bounded below. If possible let
i and & be two infima of S. Then to show that f = ty.

Since both # and #) are infima of S, therefore they are lower bounds of S.

Now # is an infimum and #; is a lower bound of S

=h21. (1)
Similarly ¢ is an infimum and ¢ is a lower bound of S
=24 -(2)

From (1) and (2), we have ¢ = t9.
Theorem 3: A characteristic property of supremum . (Gorakhpur 2013)
If S be a non-empty subset of R, then a real number s is the supremum for S if and only if
(i) x<s forallxeS,
and (ii) for each positive real number €, there exists a real number x € S such that x> s — €.
Proof. The ‘only if part’ i.c., the given conditions are necessary for s to be the
supremum of S.
Let s be the supremum for S. Then since s is an upper bound for S, we have
x<s ¥xel.
Again take any real number e > 0.Thens — e< s and so s — € cannot be an upper bound
for S sinceitisless than the supremum. Hence there must exist some x € S such that
x>s—¢
Hence the conditions are necessary.
The ‘if part’ i.c., the given conditions are sufficient for s to be the supremum of S.
Let the conditions (i) and (ii) hold. Then to show that
s=sup S
By condition (i) s is an upper bound for S. Now s will be the supremum of S if we show
that no real number less than s can be an upper bound for S.

Lets”be any real number less thans, thens — s”> 0. Now if we takee = s — s” > 0,then by
the given condition (ii) there exists x € S such thatx > s — ei.c., x> s — (s — 8" )ie, x> s,
showing that s” is not an upper bound for S. Thus we see that s is an upper bound for S
and no real numberless thansis an upper bound for S. Hence sis the supremum of S.

This completes the proof of the theorem.

Theorem 4: A characterization of infimum.

If S be a non-empty subset of R, then a real number t is the infimum for S if and only if
(i) x=tforallxes,

and (ii) for each real number € > 0, there exists a real number x € S such that x <t + &

Proof: The ‘only if part’ i.c., the given conditions are necessary for ¢ to be the
infimum of S.

Let t be the infimum for S. Then since t is a lower bound for S, we have
x>t VxeS.

Again take any real numbere> 0. Thent + > tand so ¢ + ecannot be alower bound for
S since it is greater than the greatest lower bound (i.e.,inf) t of S. Thus we see that tis a




Real Number System

20 N

lower bound for S and no real number greater than ¢ is a lower bound for S. Hence there
must exist some x € S such that x< t + €.

Hence the conditions are necessary.

The ‘if part’ i.e., the given conditions are sufficient for ¢ to be the infimum of S.
Let the conditions (i) and (ii) hold. Then to show that ¢ = inf S.

By condition (i) ¢ is a lower bound for S.

Now t will be the infimum (i.c., g.1.b.) of S if we show that no real number greater than ¢
can be a lower bound for S.

Lett”be any real number greater than¢, thent” — t > 0.Now if we takee = ¢ — > 0,then
by the given condition (ii) there exists xe S such that x<t +eie, x<t+(t' —t)ie.,
x<t’,showingthatt’is not alower bound for S. Thus we see that t is alower bound for S
and no real number greater than ¢ is a lower bound for S. Hence ¢ is the g.1.b. i.e., the
infimum of S.

This completes the proof of the theorem.

[llustrative Examl)les

Example 8: Prove that the set R™ of positive real numbers is not bounded above.

Solution: The set R* of positive real numbers is not bounded above. For, suppose that
R™ is bounded above and u is an upper bound.
Since e R and u is an upper bound for R*, therefore,

1< u, which means u > 0.

u+1>0 and consequently u + 1€ R™.
Thus there exists u +1e R" such that u + 1> an upper bound u of R*. But this is a
contradiction because if u is an upper bound for R*, then we must have x < u for all xin
R".
Hence u is not an upper bound of R™ and so R is not bounded above.
Example 9:  Let S be a non-empty bounded subset of R such that sup S = inf S. What can be
said about the set S ?
Solution: Letsup S =inf S =u.

Then u is an upper bound as well as a lower bound for S.
x<u forall xeS (1)
and x>u forall xeS. .. (2)
From (1) and (2), we have x = u for all x € S i.e., u is the only element in S i.c., S is the
singleton {u}.
if sup S =inf S, then S is a singleton set.
Example 10: If uis an upper bound of a set S cR and ue S, then u = sup S.

Solution: If possible, let s be sup S.
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Since s is sup S, therefore s is an upper bound for S.

o ueS = u<s. (1)
Also u is an upper bound of S and s is the Lu.b. of S
=s<u ..(2)

From (1) and (2), we have s = u.

Hence sup S =u.

Example 11: Show that every non-empty finite subset of R is bounded.

Solution: LetS be anon-empty finite subset of R. Then there are only a finite number
of elements in S and so by the properties of the order relation in R out of these elements

one element a € S shall be the smallest element of S and one element b € S shall be the
greatest element of S.

Thuswe havea< x< b ¥ xe §.Hence the set S is bounded.
Example 12:  Find the supremum and infimum of the singleton

{2} cR.
Solution: For {2} cR, we find that the set of upper bounds of {2} is given by
{reR :x2>2} and 2 being the least of these upper bounds, we have, sup {2} = 2.
Again the set of lower bounds of {2} is given by

{reR:x< 2}
and 2 being the greatest of these lower bounds, we have
inf{2}=2.
Hence sup {2} =2 =<inf{2}.

Example 13:  Find the g.1.b. and Lu.b. of the set
S={xeZ P <25}
Solution: Writing in tabular form, we have
S={-5-4,-3,-2,-10,1,2,3,4,5}.
Here S is a finite subset of R. The smallest member of S is — 5 and so it is a lower bound
for S. All real numbers less than — 5 are also lower bounds for S. Thus the set of all lower

bounds of the set S is the set {x : x € Rand x < — 5}. Since — 5 is the greatest of all these
lower bounds of S, therefore g.I.b. of S = -5.

Similarly the greatest member of S is 5 and so it is an upper bound for S. Since an upper
bound 5 of the set S is a member of the set S, therefore it is the supremum of S. Hence
sup S =5.
Example 14: Give examples to show that
(i) every infinite set need not be bounded.
(ii) every subset of an unbounded set is not necessarily unbounded.
Solution: (i) Consider the infinite set S ={xe R:2<x<3}.Then S is a bounded
subset of R, 2 being a lower bound and 3 an upper bound for S.
Again consider the set of integers

Z={.,-3,-2,-10,12,3,..}.
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The set Z is an infinite subset of R and is not bounded. It is neither bounded above nor
bounded below.

(ii) The set of integers Z is unbounded but its subset S = {1,2,3}is bounded. We see
that 1 is a lower bound and 3 an upper bound for S.

Example 15:  Give an example each of a bounded set which contains its
(i)  gl.b. but does not contain its l.u.b.
(i) Lu.b. but does not contain its g.Lb.
Solution: (i) Consider the set S ={x:xe Rand 2<x<5}. We have gl.b. of S =2
which is a member of S and L.u.b. of S =5 which is not a member of S.
(ii) Considertheset A={x:xe Rand 3<x<7}. Wehaveglb.of A=3and3 ¢ A
Also l.ub.of A=7and 7€ A.
Example 16: A, B are sets such that ae A,be B = a<b.Show that
Lub. A< g.lb.B.
Solution: Letlub. A=sand glb. B=t.
To show that s<t.
Suppose if possible s> t.
Since L.u.b. A=s and t < s, therefore there exists x € A such that x> ¢.
Now g.l.b. B=tand x>t = there exists y € Bsuch that y < x.

Thus there exists x € Aand y € Bsuch that x> y which is against the hypothesis that
ac AAbe B = a<h.

Hence our initial assumption s> ¢ is wrong and we must have s < t.

Example 17: Find the supremum and infimum, if they exist, of the following sets:

(i) {l:neN} (ii){er:xzn,neN}
n n+1
(Goralhpur 2011)

3 4 5 . P n

(ili) 3-2,—=,——=,—=,...¢" (iv) the set of positive integers Z

23 4
(_l)n
(r) {x:x=(-1)"nmneN}. (vi) 41+ neNyp-
n

(Goralhpur 2010)

Solution: (i) LetS = {l ‘ne N}
n

e sz{l,l,l,l,..}-
234

The set S is bounded above, 1 being an upper bound for S.Note that we have x < Ifor all
xeS§.

Since 1 € S, therefore any number less than 1 is not an upper bound for S.
sup S =1 Also we observe that I € S.

Again 0 is a lower bound for S because x>0 for all xe S.
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Any real number greater than O cannot be a lower bound for S as shown below :
Let v> 0. However small »> 0 may be, there exists n € Nsuch that1/n<».

Thus there exists 1/ ne S such thatl/n< .

Therefore v is not a lower bound for S.

Thus Ois alower bound for S and no real number greater than O can be alower bound for

S.
glb.of Sie.,inf S =0. Here we observe that O ¢ 5.

(ii)) Let S= " _neN :{l,g,§,é,...}~
n+1 2345

The set S is bounded below, % being a lower bound for S. Since % € S,therefore any real

number greater than % cannot be a lower bound for S.

glb.of Sie, infS = % - We observe that % eS.

. n
Since

| <1 ¥ ne N, therefore 1 is an upper bound for S. Any real number less than 1
n+

cannot be an upper bound for S as shown below.
Let u be any real number < 1. We shall show that there exists some x e S such that

x> u Le.,there exists some n € Nsuch thatn / (n+1)> u.

We have —" :(n+l)—1:1_ ! .
n+l n+l n+l

Now u<1=1-u>0.However small ] — u>0 may be, there exists n e N such that
l<1—u = ! <l-u L <l
n 1+n l+n n

=1-

>u=
1+ n n+1

> Uu.

. n
Thus there exists 7 € Nsuch that

] > nand hence #cannot be an upper bound for S.
n+

Thus 1 is an upper bound for S and no real number less than 1 can be an upper bound
for S.

sup S =1 We observe that1¢ S.
(iii) Let 5={_2,-7,_7,_f,,,,

We have inf S=-2¢€¢ S
and supS=-1¢S8.
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(iv) Wehave Z* ={1,2,3,...}.
The set Z™" is bounded below, 1 being a lower bound for Z". Sincele Z*, therefore no
real number greater than 1 can be a lower bound for Z™.
infzt=1
But the set Z* is not bounded above.
There is no real number u such that
y<uforall xe Z*.
Since the set Z* is not bounded above, therefore sup Z" has no meaning.
(v) Let S={x:x=(-D"nneN})
={-12,-3,4,-5,6,...}
={.,-5-3,-12,4,6,...}.

Here the set S is not bounded above and so sup S cannot be discussed. Also S is not
bounded below and so inf S has no meaning.

(vi) Let S:{l+(_l)n:neN}

2’34567 89
02468 2m-2
1’35779 7 2n—-1

,..areincreasing and tendingto 1.

}“F579 2%1}.
O
2
3

The improper fractions beginning with % are decreasing and tending to 1.

We have inf S =0 andsupS:%-

@mprehensive Exercise 2

1. Let S={xeR:x=n+3,neN}. Show that S is bounded below but not above.
Find the g.l.b. of S.

2. Which of the following sets are bounded below, which are bounded above, and
which are bounded neither below nor above ?

(i) {-1,-2,-3,-4,-5,...}. (i) {L2,3,4,5,...}.
i) (22.2,...2 o pp (1) (1) ()
(i) {2,27,27,...,2"7,...} (iv) {1,4,(4) \3) g Jl

(v) {x:x=(—l)”l,neN} (vi) {x:x=(-2)",neN}.
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Find the supremum and infimum, if they exist, of the following sets.
(i) {x:x=1+(1/n),neN} (i) {x:x=1-(1/n),ne N}
(iii) {xreR:=5<x<3}. (iv) {xeR:x=2"neN}.

1

(v) {n+l,n+%,n+§,...}. (vi) {3,4,12,20}.

(vii) {—l,—l,—l,—l,...} (Viii){m+l:m,neN}~
2 3 4 n

(ix) {i:neZ,nq&O}- (x) {3n+2:neN}-
5n 2n+1

Given an example of anon-emptybounded subset S of R, whose supremum and
infimum both belong to R - S.

Prove that the set R™ of negative real numbers is not bounded below.
Prove that the set of all real numbers R is not bounded.
Find the l.u.b. for the following sets :
(i) @L2]ul3,8). (ii) The empty set.
1 1 1

(iii) {11:+—,11:+7,7t+7,..}-

2 4 8
Find the L.u.b. and the g.1.b. of the set

S = 2n+l :ne Ny .

3n+2
Find g.1.b. and L.u.b. of the following sets S :
=1)"
n

(i) S={reQ:x=

,ne N}L

(ii) S:{xe Q:x:(—l)n(i—i),neN}-

(iii) S={(l—i)sinnzn,neN}~

(iv) S:{xe Q:x:(—l)”(l—4),neN}-

n n

Give an example of a set which is :

(i) bounded above but not below (Gorakhpur 2015)
(iii) bounded below but not above

(iii) neither bounded above nor bounded below (Gorakhpur 2013)
(

iv) both bounded above and below.

If A # @ isbounded below and — A denotes the set of all — x for whichxe A,
then prove that — A=, that — A is bounded above, and that
—sup (- A) = inf A

If A0, B and x< y, Vxe Aand ¥ ye B,then prove that :

(i) sup A<y, ¥ yeB (ii) sup A<inf B.




Real Number System

(R27In

13. If Bo A(# ) and B is bounded, then sup B>sup A>inf A>inf B.

@swers 2
1. InfS =4

2. (i) Bounded above but not bounded below.

(ii) Bounded below but not bounded above.

(iii) Bounded below but not bounded above.

(iv) Bounded below as well as bounded above. The L.u.b. of the set = land the g.Lb.
= 0. Here the L.u.b. is a member of the set while the g.1.b. does not belong to the

set.

(v) Bounded below as well as bounded above. Here the l.u.b. of the set = % and the

glb. = —1and both the lL.u.b. and the g.1.b. are members of the set.
(vi) Neither bounded below nor bounded above.
3. (i) Sup=2,inf=1. (ii) Sup = 1, inf = 0.
(iii) Sup = 3, inf = - 5.

=

(iv) Inf = 2, sup does not exist.

(vi) Sup = 20, inf = 3.

(vii) Sup = 0, inf = - 1. (viii) Inf = 1, sup does not exist.
(ix) Sup = 1/5, inf = - 1/5. (x) Sup = 5/3.inf = 3/2

4. S={x:xeRand2<x<3}ic, S=theopen interval |2,3[

(v) Sup=mn+linf=m

7. () 8 (i) No. (iii) n+%

8. Lub.=2.andglb.=>
3 5

9. (i) g.l.b.=—1andl.u.b.=%

(ii) glb.=-7/4and Lub. = 15/4
(iii) glb.=-landlLub. =3
(iv) glb.=-3/2andlub. =3
10. (i) The set of negative integers
(ii) The set of positive integers
(
(

iii) The set of rational numbers

iv) The setSz{l:ne N}
n

15 Completeness

Completeness of a system S of numbers with respect to boundedness is defined as
follows :

Definition: A system S of numbers is said to be complete if every non-empty subset of S,
which is bounded above has a member of S for its supremum. (Gorakhpur 2012)
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For example, the set Z of all integers is complete with respect to boundedness.

Let S be any non-empty subset of Z which is bounded above. Then S must possess a
greatest integer. For, if S does not possess a greatest integer, then however great an
integer u we may take, there exists an integer x € S such that x > # and so S cannot be
bounded above. But this is a contradiction. Hence S must contain a greatest integer, say
s.

Thens e S and x < sV x € S.Sosisan upper bound for S and no integerless thanscan be
an upper bound for S.

supS=s€eS.
Hence for any non-empty subset S of integers which is bounded above, the sup S is an element of S.

Thus every non-empty subset of Z which is bounded above has a member of Z for its
supremum. Therefore the set Z of all integers is complete with respect to boundedness.

16 Order-Completeness Axiom for Real Numbers
(Completeness Property of R)

Every non-empty subset of real numbers which is bounded above has a supremum.
This property of real numbers is known as order-completeness or simply completeness.

Roughly speaking, this axiom means that R (regarded as a set of points on aline) has no
holes in it. If S is any non-empty subset of R which is bounded above, then the set of all
upper bounds of S must have a smallest member i.e. S must possess the supremum
which is a member of R.

The set of rational numbers Qdoes not satisfy the order completeness axiom as we shall
show later. Thus it is the completeness property which enables us to distinguish
between the set Qof rational numbers and the set R of real numbers. Both the sets Qand
R form ordered fields. The field R possesses the completeness property while the field Q
does not possess it.

The set R thus satisfies (1) Field axioms (2) Order axioms and (3) Completeness axiom
and hence R is a complete ordered field.

Complete ordered field

Definition: An ordered field F is said to be a complete ordered field if every non-empty
subset S of F which is bounded above has an element of F for its supremum.

The field R of real numbers is a complete ordered field while the field Q of rational
numbers is an ordered field but is not complete.

In fact, it is a characterisation of the set R of real numbers that it is a complete ordered field.
An ordered field F is complete if and only if it is the field of real numbers. Thus we may
define the real numbers as the elements which form a complete ordered field. This is a
characteristic property of real numbers.

The following theorem asserts the existence of the infimum of any non-empty subset of
R which is bounded below.
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Theorem 1:  Any non-empty subset of real numbers which is bounded below has an infimum.
Proof: LetS cRand S #@.
Let S be bounded below. Then to show that S has an infimum.
Let us denote by T the set of negatives of the members of S i.c.,
T={-x:xeS}
or T ={y:yeRand y=-xforsome x e S}.
First we shall show that T is bounded above.

Since S is bounded below, therefore let v be a lower bound for S so that
x=2v V¥ xeS
= -x<-v VY xe$

= y<-vV¥yeT. [+ yeT = y=-x for some xeS§]
Thus — v is an upper bound for T" and so T" is bounded above.
by the completeness axiom, 7" has the supremum, say ¢.
We shall show that — ¢ is the infimum of S i.e., — ¢ is the greatest lower bound of S.
Since ¢ is an upper bound of T, therefore — ¢ is a lower bound of S.
Let w be any lower bound of S. Then — w is an upper bound of T'.
Now — w is an upper bound of T" and t is the supremum of T'.
t<—w
= —tzw.
Thus — t is a lower bound of S and if w is any lower bound of S, then w < — ¢.
Hence — ¢t is the greatest lower bound of S i.e.,— t =inf S.
Hence the theorem.
Theorem 2: The set N of natural numbers is not bounded above.
Proof. If possible, let N be bounded above.

Sincel e N, therefore N # &. Thus Nis a non-empty subset of Rwhich is bounded above.
Therefore by order-completeness property N must have supremum, say, s.

Then ¥<s V¥ xeN

= (x+h<s ¥ xeN [+ xeN = x+1eN]
= x< s-1VxeN

=  s—lis an upper bound of N.

But s — I< s and we have assumed that s is the supremum of N. Thus we get an upper

bound of Nwhich is less than the supremum of N. But this contradicts the fact that s is
the supremum of N.

Hence N is not bounded above.

Theorem 3:  The set Q of rational numbers is not order-complete i.c., the ordered field of
rational numbers is not a complete ordered field. (Kanpur 2009; Gorakhpur 13)
Proof: We shall show that there exists a non-empty subset of Q which is bounded
above but which does not have any rational number for its supremum.
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Let us consider the set S of all those positive rational numbers whose squares are less
than 2 ie., let

S={x:xe Q+and0<x2<2}.
Sincele S,therefore S is non-empty. Also S is bounded above, 2 being an upper bound
for S. Note that 22 =4>2 and so re Q* and ¥> <2 = x< 2.

Thus S is a non-empty subset of Qwhich is bounded above. We shall show that S does
not have any rational number a as its least upper bound. The following cases arise :

Case I: a<0.Since every member of S is positive, therefore, a cannot be an upper
bound of S and so it cannot be the supremum for S.

CaseIl: 4>0 and O<a®<2.

Let pott3a (1)
3+ 2a
4+43aY 2 _o
Then pr 2= ) 2= L= (2)
3+2a 3 + 2a)
9,2 _ 2
i g 4t3a__4-2a _2Q-d)) 3

3424 T 33724 3+2a

Since a is a positive rational number, it follows from (1) that b is also a positive rational
number. Also, since a” < 2, from (2) we find that b? < 2 and from (3) we find that b > a.

Thus b is a positive rational number such that 0 < b* <2andso by the definition of the

set S, we have b € S. Also, since b > a, therefore a cannot be an upper bound for S.

Case III: >0 and 4” =2. This is not possible because we know that there is no
rational number whose square is 2.
Case IV: a>0 and a°>2.

4 +3a
+2a

Let us take b =

,as we have taken in case II. But now a? being> 2, from (1), (2)

and (3) we see that b is a positive rational number such that b? > 2 and b < a which

means that 2 < b% < a?.

If y be any arbitrary member of S, then we have

0<y2<2<l72<a2
ie., O<y<b<a.
This shows that both aand b are upper bounds for S and that a cannot be the
supremum for S because b is an upper bound for S which is less than a.
Since, by the law of trichotomy, the possibilities discussed above are mutually exclusive
and exhaustive, therefore, it follows that if a is any rational number, then 4 cannot be
the least upper bound of S.

Hence the system of rational numbers does not satisfy order completeness property.
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17 Axchimedean Property of Real Numbers

The order-completeness property of real numbers has important consequences. The
most important of them is the following Archimedean property of real numbers.

Theorem 1: Let a be any real number and b any positive real number. Then there exists a
positive integer n such that
nb > a.

Proof: If a<0, the theorem is obvious because then for every positive integer n we
havenb > a.[Notethatn>0,b>0 = nb > 0andsoifa <0, thenwe havenb > a].So now
let a be> 0.
In this case assume that there exists no positive integer n such that nb > a.
Then we have nb<a ¥ neN
It means that a is an upper bound of the non-empty subset S of R given by

S ={b,2b,3b,4b,...} ={nb:ne N}.
. by the completeness property of R, S must have the supremum, say s.
Then nb < s for all ne Nand so

(m+l)b<sforallneN [ neN=n+1eN]
ie., nb+b<sfoallneN ie, nb< s—bforallneN.

s — b is an upper bound of S.

Since b > 0, therefore s — b < s.
It means that we have an upper bound for S which is less than the supremum s of S. But
this contradicts the definition of the supremum.
Hence our initial assumption is wrong and so there must exist some positive integer n
such that

nb>a.

Archimedean ordered field
Definition: An ordered field F is said to be an Archimedean ordered field if ¥ x, y € F, y>0,
there exists some n € N such that ny > x.
For example, the field R of real numbers is an Archimedean ordered field.
Corollary 1:  For every real number a there exists a positive integer n such that
n>a.
Proof: Since 1 is a positive real number, therefore by the Archimedean property of real
numbers, for every real number 4, there exists a positive integer n such that
nl>a ie, n>a.
Corollary 2:  For any positive real number x, there exists a positive integer n such that
1/n<ux

Proof: By Archimedean property of real numbers, for every positive real number x,
there exists a positive integer 7 such that

nx> 1. [Note that we have taken b =xand a=1
in the result of theorem 1]
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Since 1> 0, therefore dividing both sides of the inequality nx > I by 1, we have
x>1/nie, 1/ n<ux.
Theorem 2: For any real number x, there exist two integers m and n such that
m< x<n.
Proof: Since 1 is a positive real number, therefore by the Archimedean property of
real numbers, for every real number x, there exists a positive integer n such that
nl>x ie, n>ux. (1)
Now x € R = — x € R. Therefore by the result (1), there exists a positive integer m such
that
m>—-x ie, —m<Ax. ..(2)
Since — my is also an integer, therefore setting — m; = m, we see from (1) and (2) that
there exist two integers m and n such that
m< x<n
Hence the theorem is proved.
Theorem 3:  For any real number x, there exists a unique integer n such that
n<x<n+l
Proof: Consider theset S={y:yeZ and y<x}.
Then S is a non-empty subset of integers and is bounded above by x. Therefore S has its
supremum, say 7, in Z. This 7 is the greatest integer belonging to the set S.
Thus there exists a greatest integer n such that n < x.
Then n + 1 being > n, we have n + 1> x. Hence there exists an integer » such that
n<x<n+l
The uniqueness of the integer n satisfying the inequality
n<x<n+l
follows from the fact that the supremum of a set which is bounded above is unique.
Note: If x is any real number, then we have just shown that there exists one and only
one integer n such that n < x < n + 1. The integer n is called the integral part of x and is
denoted by[x]. Alsox — [x]is called the fractional part of x and is always non-negative.
Corollary: For any x € R, there exists a unique integer n such that
x—l<n<x
Theorem 4: For any x € R there exists a unique integer n such that
x—1<n<ux
Proof: For any x € R, we know that there exist two integers n and ny such that
ny < x<m.
Now let n be the largest integer among ny,ny + 1,1y +2,..., m such that n < x. Then

n+l>x
or n2x-1
or x—=1<n.

Thus we have n< xand x = 1< n.
Combining these two inequalities, we have

x—=I1<n<ux
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18 Real Line R (Representation of Real Numbers as Points
on a Straight Line)

The geometric representation of real numbers is suggestive and profitably useful to
understand more clearly certain properties of real numbers.

Consider any straight line. Take a point O on it. The line is divided into two parts. The
portion of the line to the right of O is called the positive part and the portion of the line
to theleft of Ois called the negative part. Let Abe any point on the positive part. Let the
points O and A represent the numbers O and 1 respectively.

Taking OA as unit, we can associate with each real number, exactly one point on the
line. Represent the positive real numbers by points to the right of O and the negative
real numbers by points to the left of O. Also, each point on the line corresponds to one
and only one real number. The line representing the real numbers is called the real line
R. Thus we talk of a real number as a point of the real line R.

Dedikind-Cantor axiom: To every real number there corresponds a unique point on a
directed line and conversely, to every point on a directed line there corresponds a unique real
number.

We can say that there is a one-to-one correspondence between the real numbers and the
points of a directed line. That is why the directed line is called the real line or real axis
and a real number is called a point of the real line.

Note: 1f a,b e R,a<b,then the point a lies to the left of the point b.

If a,b € R,a> b, then the point a lies to the right of the point b.

The negative numbers lie to the left of O and the positive numbers lie to the right of O.

If a,b,c € R and a < ¢ < b, then the point ¢ lies between the points 4 and b.

If a,b € R, then |a — b| is called the distance between the points a4 and b.

19 The Denseness Property of The Real Number System

Theorem 1:  Between any two distinct real numbers there always lies a rational number and
therefore infinitely many rational numbers. (Kanpur 2009)
Proof: Letaand b be any two distinct real numbers and let a < b so that b —a> 0.
Since b — a > 0, therefore by the Archimedean property of real numbers, there exists a
positive integer n such that

nb-a)y>1 ie nb>na+l (1)
Also there exists a unique integer m such that

m—1<na<m
so that na +1=m> na. .. (2)
From (1) and (2), we have

nb>na +12m> na.

This gives na < m < nb
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m
or a<—<bh.
n

Since m and n are integers and n # 0, therefore m / n is a rational number. If we denote
m / n by r, then we have

a<r<hb
and thus there exists a rational number r lying between a and b.
Repeating the above argument for a and r and r and b, we get rational numbers say
r; and r9 such that

a<n<r and r<r<bhb.
Combining these, we get a<r <r<ry<b.
Continuing to proceed in this way we get infinitely many rational numbers between
any two distinct real numbers a and b.
Theorem 2:  Between any two distinct real numbers there always lies an irrational number and
therefore infinitely many irrational numbers.
Proof: Letaand b be any two distinct real numbers and let a < b so that b —a> 0.
Let o be any positive irrational number. Since b — a > 0, therefore by the Archimedean
property of real numbers, there exists a positive integer n such that

nb—a)>o
. o
ie., bh—a>=
n
. o
ie., bh>a+=-
n

But since o. is positive, we have

o o
a+—>a+—>a.
n 2n

Hence b>a+%sa+ Lsa (1)
n 2n

o o o L. . . .
Now (u + —) - (u + 2—) = o which is an irrational number, o being an irrational
n n n

o o . .
number. It means that both the numbersa + —anda + o cannot be rational otherwise
n n

their difference will be a rational number. So at least one of these two numbers is
irrational. Let us denote it by x. Then from (1), we have

a<x<b
and thus there exists an irrational number x lying between 4 and b.
Repeating the above argument for 2 and x and x and b, we get irrational numbers say
x1 and x9 such that

a<y<x and x<uxy<b.
Combining these, we get

a<x <x<xy<b.
Continuing to proceed in this way we get infinitely many irrational numbers between
any two distinct real numbers 2 and b.
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Theorem 3: Between any two distinct real numbers, there lie an infinite number of real
numbers.

The proof follows from any of the two theorems 1 and 2 above.

@)mprehensive Exercise 3

1. Assuming as order-completeness axiom for real numbers that every non-empty
subset of real numbers which is bounded below has an infimum, prove that
every non-empty subset of real numbers which is bounded above has a
supremum.

2. Ifa and b are any real numbers and a > ], then prove that there exists a positive
integer n such that 4" > b.

3. Show that the set S of all those positive rational numbers whose square is less
than 3 is a non-empty subset of the set Q of all rational numbers, which is
bounded above. Show also that S has no rational number for its supremum.

3+2a |

+a

{ Hint. Proceed as in theorem 3 of article 6. Take b =

4. Prove that the system Q of rational numbers has the Archimedean property i.c.,
is an Archimedean ordered field.

20 Neighbourhood of a Point

Definition: A subset N of R is said to be a neighbourhood of a point p € R if there exists a
real number €> O such that

lp—-ep+e[cN.
Since pelp-ep+eland ] p—¢gp+e[c N,

therefore if N is a neighbourhood of p, we must have pe N.

Thus N cR is a neighbourhood of a point pe R if there exists an open interval
contained in N whose centre is the point p.

For example, if N be the closed interval [3, 5], then N is a neighbourhood of the point

4 € [3,5] because € = i is a positive real number such that

]4—1,4+1[c[3,5].
TR

We shall use the abbreviated form ‘nbd’ or ‘nhd’ for the word neighbourhood.
Theorem 1: A characterisation of neighbourhood i.e., an equivalent definition
of neighbourhood.

A subset N of R is a neighbourhood of a point p € R if and only if there exists an open interval
] a, b [containing p and contained in N i.c., if and only if there exists an open interval | a, b [ such
that pela,b[cN.
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Proof: ‘Only if’ part: First suppose that N is a nbd of p. Then by our definition of nbd
of a point, there exists a positive real number € such that
lp-¢ep+e[cN.
Now | p— ¢, p+ €[ is an open interval containing p and contained in N. Thus if N is a
nbd of p, then there exists an open interval | p— €, p+ €[ such that
pelp-—¢ep+e[cN.
‘If ” part. Conversely suppose there exists an open interval | a4, b [ such that
pela,b|cN.
Then to prove that N is a nbd of p.
Let us take a positive real number e equal to (or even less than) the minimum of the two
positive real numbers p—a and b — p.
Then €> 0 is such that
e<p-aand e<hb-p e, a<p-eand b=2p+e
ie., as<p-e<p<p+esh
ie., lp-ep+elclab[cN.
Thus there exists € > 0 such that
pelp-¢ep+e[cN.
Hence N is a nbd of p.
e-neighbourhood of p. From the above theorem we conclude that if p is any real
number, then any open interval I containing p is a neighbourhood of p and
consequently all supersets of I are also neighbourhoods of p.
However, for any positive real number €, | p — €, p + €[ is an open interval containing p
and consequently it is a neighbourhood of p. It is a symmetric nbd of p. We often use this
form of nbd of p and call it an e-neighbourhood of p and denote it by N ( p, €) or by
N¢ ( p)- We refer to e as the radius of N ( p, €) and the point pitself is the mid-point or
the centre of N (p, ). It is evident that
xe N (p,e)ifflx - p|<e
Thus N (pe)ic,enbdof p={x:xeRand|x - p|<eg}
={rx:xeRand p—e<x<p+el=]p-¢p+el.
Geometrically speaking an e-nbd of pis the set of all the points on the real line which are
within € distance of p on either side of it.

Deleted neighbourhood of p.  If from anbd of a point p, the point pitselfis deleted or
excluded, then we get a deleted neighbourhood of p. Thus if IN is a nbd of a point p,
then the set N — { p} is a deleted nbd of p. (Kanpur 2010)

A symmetric deleted nbd of a point p will be of the form
Ilp-ep+el-{p},

where € is any positive real number.

We shall denote it by N @ ( p ¢).

Thus an e-nbd of pis a set of the form
{reR:|x-p|<e}
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and a deleted symmetric nbd of pis a set of the form
{reR:0<|x-p|<e}).
Precisely speaking a symmetric deleted nbd of pis the union of two bounded intervals
Ip—epland Jpp+el.
Theorem 2: A non-empty subset A of Ris a nbd of p e Rif and only if there exists a positive
integer n such that

] p—l,p+l|:cA.
n n
Proof: Letanon-emptysubset Aof Rbeanbd ofapoint pe R.Then there existse> 0
such that
pelp-ep+e[c A

Now given any positive real number €, we can always choose a positive integer 7 so large
that I/n<e

But I/n<e=p+1/n)<p+e
Also l/n<e = —-1/n>-¢
= p—-1/n)>p-=«
p—e<p-(A/m<p+A/n)<p+e
: ) ir
= p——,p+—|Clp-gp+el.
n nl

Hence if A is a nbd of p, there exists a positive integer n such that

p—l,p+l c A
n nl

Conversely suppose there exists a positive integer n such that
- 1 T
p——.p + -1 c A

Then A is a nbd of p becauseJ p— —,p+ l { is an open interval containing p and
n

contained in A.
Hence the theorem.

[llustrative Examl)les

Example 18: Any open interval is a nbd of each of its points.
Solution: Let]a,b[be any open interval and x be any arbitrary point of | 4, b [. Then

to show that ] a,b [ is a nbd of x.

If we take € as the minimum of the two positive numbers x — a and b — x, then > 0 is
such that

xelx—gx+e[c]ab].
Hence | a,b [ is a nbd of x.
Since x is an arbitrary point of ] a, b [, therefore we conclude that any open interval is a
nbd of each of its points.
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Example 19: A closed interval [a, b]is a nbd of each of its points except the two end points a and
b.
Solution: Letxe]a,b].

Take e=min{x—a,b — x}.
Then e<x—a = as<x—¢
and e<h-x = x+e<bh.

o asx—-e<x+esh.
Thus &> 0 is such that
xelx—gx+e[c]ab|c]a,b].
[a,b]isanbd of xe ]a,b .
la,b] is a nbd of each point of | a, b [.
Again [a,b] is not a nbd of a € [a, b]. For if we take any positive real number ¢, then
la—¢a+¢e| & [ab] Notethatifxe |a—¢a+¢e[anda — e< x<a,thenx ¢[a,b]and
therefore |a — €,a + €[ & [a, b]. Thus there exists no € > 0 such that
la-¢a+¢e[c|a,b].
Hence [4, b] is not a nbd of a.
Similarly [a, b]is not a nbd of b € [a, b]. For if we take any positive real number €, then
1b—¢b+¢e[&|ab]. Notethatifxe |b—¢e,b+¢e[andb< x<b + ¢, thenx ¢[a,b]and
so|b—¢b+¢el[&[ab]¥e>0.Hence[a,b]is not a nbd of b.

Example 20:  The set of rational numbers Q is not a nbd of any of its points.
Solution: Letpe Q. Forany positive real numbere, p — eand p + eare two distinct real
numbers and we know that between any two distinct real numbers there lie infinite
irrational numbers which are not members of Q.
lp-ep+e[zQ Ve>0.

Qs not a nbd of p.
Since p is an arbitrary point of Q, therefore Q is not a nbd of any of its points.
Example 21: I it true that the null set & is a nbd of each of its points ?

Solution: Yes. The null set @is anbd of each of its points because there is no point at
all in @ and so there is no point in & of which it is not a nbd.

Example 22:  Show that a non-empty finite set cannot be a nbd of any of its points.
Solution: Let S be any non-empty finite set and let x € S. Then for any positive real
number g, the open interval | x — &, x + €[ is an infinite set i.e., it contains an infinite

number of distinct elements and so it cannot be a subset of a finite set S. Thus there
exists no € >0 such that

Jx—¢gx+e[cS.
S is not a nbd of x and hence S is not a nbd of any of its points.
Example 23: Show that the set Z." of all positive integers is not a nbd of any of its points.
Or
Show that the set N of all natural numbers is not a neighbourhood of any of its points.
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Solution: Let xe Z*. Then

Jx-ex+e[cZ” Ve>0. [Give argument as in Ex. 20]

Hence Z* is not a nbd of any xe Z*.

Example 24:  Show that the set R of all real numbers is a nbd of each of its points.

Solution: Let x € R. Then for every positive real number €, we have
relx—-gx+e[cR.

Hence R is a nbd of every x € R.

Example 25:  Show that any set S cannot be a nbd of any point of the set R — S.

Solution: let xeR-S. ThenxgS.

Since ¥ e>0,xe ] x — ¢, x + €[, therefore
Jx—egx+e[zS Ve>0.
Hence S is not a nbd of any re R - S.
Example 26:  Which of the following subsets of R are nbds of 3 ? Give reasons.
(i) 124[; @it) 2,4 [; (i) ]12,4];  (iv) [2,4]

» 13,71[; wi)13,51; i) [3,6[  (viii) [2,4]—{3 i}

Solution: (i) Since ]2,4[ is an open interval and 3 €]2,4[, therefore ]2,4[isa
nbd of 3.
(if) Since 3 € the open interval | 2, 4[ which is a subset of [2,4[, therefore [2,4] is a
nbd of 3.
(iii) Since 3 €]2,4[ < ]2,4], therefore | 2,4] is a nbd of 3.
(iv) Since there exists an open interval | 2,4[ such that
3e]2,4[ c[2,4],
therefore [2,4] is a nbd of 3.
(v) Since 3 ¢] 3,7 [, therefore ] 3,7 [ cannot be a nbd of 3.
(vi) Since 3 ¢]3,5], therefore | 3,5] is not a nbd of 3.
(vii) [3, 6 [ is not a nbd of 3 € [3,6 [ because
13-¢3+¢e[2[3,6[Ve>0.

(viii) [2,4] - {3 i} is a nbd of 3 since there exists an open interval] 3 - é , 3+ é [

such that
1 1 1
3e]3-=,3+— 2,41-{3-).
S = +5[C([ ] {4})

Example 27: Let I, = ]— 1 I+ l[ be an open interval for each ne N, the set of natural
n n

numbers. Find ™ 1, andshow that it is a nbd of each of its points with the exception of two points.
n=1

Solution: First we shall show that
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A 1,=1[0,1].
n=1
We have xe[0,]] = 0<x<1
= x>—l and x<1+l forallne N
n n
= xe1—l,l+lrforallneN
Il
= xe :: I,.
n=1
0,1]c ~ I, (1)
n=1

Again let xe :1 I,ie,xel,¥ neN Then to show that xe[0,1]. If possible let
n=

xe[0,1].
Then either x>1or x<O0.

If x>1, let x=1+b where b >0. Then there exists m e N such that 1/ m< b so that

I+(1/m)y<l+b or 1+b>1+(1/m). But then x=1+be]—l,l+i[ which

m m
contradicts our assumption that xe I,, ¥ ne N.

Similarly if x < 0,let x = — b where b > 0. Then there exists m € N such thatl/m < b or
—1/m>-Db.Butthenx=-5 e] —i,l+lr
J m m

which contradicts our assumption that

xel,¥neN

if xe :2.1 I,,, then definitely x € [0, 1],
n=

s0 that A 1,01, (2)

From (1) and (2), we conclude that

Now [0, 1] is a closed interval. It is a nbd of each of its points except its end points O
and 1.

21 Properties of Neighbourhoods

Theorem 1: On the real line R, for each point p € R, there exists at least one nbd of p.

Proof: If pe R, then R is always a nbd of p because for each £> 0, we have
pelp-¢ep+e[cR.

Theorem 2: If N is a nbd of any point pe R, then pe N.

Proof: If N isanbd of pe R, then by the definition of a nbd of a point, there exists
€> 0 such that
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pelp-ep+e[cN.
Hence if N is a nbd of p, then pe N.
Theorem 3:  Any superset of a nbd of a point is also a nbd of that point.
Proof: Let N be a nbd of a point pe R.
Then there exists € > 0 such that
pelp-¢ep+e[cN. (1)
If M o N, then from (1) it follows that
pelp-ep+e[cNc M,
so that M is also a nbd of p.
Theorem 4: The intersection of two nbds of a point is also a nbd of that point.
Proof: Let M, N be twonbdsofapoint p. Then there existg; > 0 and gy > 0 such that
Ip-e,pralcM,
and lp—e,p+e[cN.
Take € =min {g], &}. Then
lp-ep+re[c]p-¢g,pteg[cM,
and lp-ep+e[c]p-e,p+e[cN.
It follows that | p—¢,p+ e[ c M n N and consequently M n N is a nbd of p.
Theorem 5: On the real line R foreach point p € R and each nbd N of p, there exists a nbd M
of p such that M < N and M is a nbd of each of its points.
Proof: Since N is a nbd of p, therefore there exists € >0 such that
pelp—¢ep+e[cN.
Let M =]p—¢ p+el Thenas] p—¢ p+elisan open interval containing p, so it is a
nbd of p and also a nbd of each of its points.
Hence there existsanbd M of psuch that M ¢ N and M isanbd of each ofits points.

22 Some More Theorems on Neighbourhoods

Theorem 1: Ifa and b are any two distinct real numbers, then there exist neighbourhoods of a
and b which are disjoint. (This is known as Haousdorff property.)

Proof: Takee= % | b — a|.- Then the nbd N (a, €)of a and the nbd N (b, €) of b are such

that no real number exists which is a member of both these nbds.
Theorem 2: Letabeany pointofthenbd N ( p, €). Then there exists a nbd of a which is entirely
contained in N ( p, €).
Proof: ae N (pe) = |p—al|<esothat

e—|p—al|>0.
Choose a positive real number § such that

d<e—|p—al. (1)
We shall show that the nbd N (a,8) of a is entirely contained in N (p,¢) ic.,
N (a,8) c N (p,e).
Let xe N (a,d). Then
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|x—a|<d<e—|p—al,by (). .(2)

Now lx=pl=lr-a)+@-pl<ix—al+la-p|
<e-|p-al+|a-p| by (2)
=e

Thus | x — p| < € which implies that xe N (p, ¢).

xeN (a,8) = xe N (p¢).

Hence N (a,8) c N (p,e¢).

Theorem 3:  Let a denote any point of the intersection M of the nbds N (ay, €))and N (ay, €)
of aj and ay . Then there exists a nbd of a which is entirely contained in M.

Proof: Since M =N (ay,g) N N (a9, &), therefore
aeM = aeN (a;,g) and ae N (ag,€9)
= |la—a;|<g and |a—ay|<eg
= g —|la-aq|>0
and & —|a—ay|>0.
Let & denote the minimum of the two positive real numbers
g —|la—a and & —|a—ay]|.
We shall show that the e-nbd of a i.e. N (4, €) is entirely contained in M.
Let xe N (a,¢). Then
|x—al<e<g —|a-—aqa|. (1)
Now lx—a|=|(x-a)+(a—a)]
lx—al+|a-a|
<g —la—a|+[a-a| by(l)
=g .
Thus | x — a; | < g which implies that xe N (ay, ).
xeN (a,e) = xe N (ay,¢g).

N (a,€) c N (a,g). ..(2)
Similarly we can show that
N (a,e) c N (ay, ). ..(3)

From (2) and (3), we have

N (a,e) c N (a1,&) "N (ag,€9)
= N (a,e) c M.
Hence the result.

@mprehensive Exercise 4

1. Show that the closed interval [1, 3] is a nbd of 2 but not of any of its end points
land 3.
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Show that the set Z of all integers is not a nbd of any of its points.
3. Give an example of each of the following :

(i) aset which is a nbd of each of its points.

(ii) a set which is not a nbd of any of its points.

(iii) asetwhichisanbd ofeach ofits pointswith the exception of two points.

(iv) a set which is a nbd of each of its points with the exception of one point.
4. Show that a set N cR is a nbd of a point pe R if and only if there exists a

positive rational number r such that

lp-r,p+r[cN.

5. Show that the intersection of the family of all neighbourhoods of an arbitrary
point x € R is the singleton {x}.

[Hint. If y be a point different from x, and e=|x— y|, then obviously
]x —¢ x+¢[is anbd of x that does not contain y.
6. Show that the set S =]2,3[ U ]5,6[is a nbd of each of its points.

7. IfI= Sl I,,,where each I, is an open interval, then show that I is a nbd of each
n=

of its points.
8. Istheset A={1,2,3,4}anbd of 2 ?
9. Is Qthe set of rational numbers a nbd of the point 4 ?

10. Show that the right half open interval [ 2,3 [ is a nbd of each of its points except
that of 2.

11.  Show that the set of all irrational numbers is not a nbd of any of its points.

23 Adherent Points and Limit Points (or Cluster Points) of
a Set

Adherent point: Definition: A point pe R is said to be an adherent point of a set
A c R ifevery neighbourhood of p contains a point of A. The set of all adherent points of A is called
the adherence of A and is denoted by Adh A.

From the above definition it is obvious that every point of A is an adherent point of
Aie,Ac Adh A.

Limit point or Limiting point or Cluster point
Definition: A point p e R is said to be a limit point (or an accumulation point or a
cluster pointor a condensation point) ofa set A R ifevery neighbourhood of p contains a
point of A distinct from p. (Kanpur 2012)
Thus p will be a limit point of A if and only if for each £> 0, the open interval | p—¢,p+¢|
contains a point of A other than p.
Symbolically, a point pe R will be a limit point of a subset A of R iff

(NN A)—{p}#Q forevery nbd N of p
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or (N —{p})n A= D forevery nbd N of p

or N N (A-{p}) =D forevery nbd N of p

or (Jp-ep+re[n A)—{p} =D forevery e>0.

From the definitions of a limit point and an adherent point of a set A c R, it is obvious

that every limit point of Ais also an adherent point of A but the converse is not always

true. For example 1 is an adherent point of the set {1, % , 3i , i . } but it is not a limit

point of this set.

A limit point of a set A may or may not belong to A.

Closed set: Definition: A set A c R issaid to be a closed set if it contains all its limit
points.

In order to show that a point pis not a limit point of a set A, it is enough to show that
there exists a neighbourhood N of p, such that either N " A={p}orN n A=T.In
otherwords a point pwill not be a limit point of a set Aif there exists some open interval
I containing pwhich contains no points of Aother than porif there exists areal number
€> 0 such that the open interval | p — €, p + €[ contains no points of A other than p.

Isolated point: Definition: A pointa e Aissaid to be an isolated pointof A ifit is not
alimit point of A i.c., if there exists a nbd of a which contains no points of A other than a itself. A set

A is called a discrete set if all its points are isolated points.
111

For example all the points of the set A = {l, 2°3°%

,} are its isolated points and so it

is a discrete set.

It should be noted that each point of a set A is either an isolated point of A or a limit

point of A.

A dense-in-itself set and a perfect set: Definition: A subset A of R is said to be

dense-in-itself if it possesses no isolated points i.e., every point of A is a limit point of A. Further

a set A is called a perfect set if it is dense-in-itself and if it contains all its limit points.
(Kanpur 2012)

Some important characterisations of limit points or equivalent definitions of a

limit point.

Theorem 1: A point pe R is a limit point of a set A < R ifand only if every neighbourhood of

p contains infinitely many points of A.

Proof: First suppose that every nbd of p contains infinitely many points of A. Then

obviously every nbd of p contains a point of A which is different from p, and

consequently, pis a limit point of A.

Conversely suppose that p is a limit point of A. Then to prove that every nbd of p

contains infinitely many points of A.

Suppose there exists anbd N of pwhich contains only finitely many points of A. Then
there exists € > 0 such that the open interval ] p — €, p + € [ contains only finitely many
points of A. If pis the only point of Awhichis containedin] p— ¢, p+ €[, then pisnota
limit point of A.If ] p — €, p + € [ contains points of A other than palso, then since their
number has been assumed to be finite, let they be py, p, ..., p,. Out of these n points of
Alet p, be the point which is nearest to p and let| p, — p| = ¢, so that,
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g =min{|p -pLlp-pl.lp-pl
Then the real number g >0 is such that the open interval | p — g, p + g [ contains no
points of Aotherthan p. Thus there exists anbd of pwhich contains no points of Aother
than p and so pis not a limit point of A.
Thus if there exists anbd N of pwhich contains only finitely many points of A, then pis
not a limit point of A. But this contradicts the hypothesis that pis a limit point of A.
Hence if pis alimit point of A, then every nbd of pmust contain infinitely many points
of A.
Note: The above characterisation of a limit point will be very useful to solve some
problems.
Theorem2: A point pe R is alimitpointofaset A R ifffor each neighbourhood N of p,
(ANN)-{p}#@.
Proof: First suppose that pis a limit point of A. Let N be any nbd of p. Then there
exists € > 0 such that
pelp—¢ep+e[cN. (1)
Since pis a limit point of A, therefore the open interval | p — €, p+ € [ must contain a
point of A other than p.
(An]p-¢gp+el)-{p}zD
= (AN N)—{p}=D, from (1).
if pis a limit point of A, then for each nbd N of p,
(ANN)-{p}= Q.
Conversely suppose that for every nbd N of p, we have
(ANN)-{p}= Q.
Then to prove that pis a limit point of A.
Take any positive real numbere. Then] p — €, p + € [isanbd of pand so by hypothesis
(Jp-—ep+re[mA)-{p}zD
ie. ] p— € p+ e[ contains a point of A other than p.
Thus for every € > 0, the open interval | p — €, p + €[ contains a point of A other than p.
Hence p must be a limit point of A .

Some more theorems on limit points

Theorem 3:  If a non-empty subset S of R which is bounded above has no maximum member,
then its supremum is a limit point of the set S.

Proof: Let S be a non-empty subset of R which is bounded above. Then by the
order-completeness property of real numbers, S has a supremum in R.

Let sup S =u.

Since S has no maximum member, therefore u ¢ S.

Take any positive real number €. Since sup S = u, therefore u — € cannot be an upper
bound for S and so there exists x € S such that x>u —e.

Since u + €>wu and u is sup S, therefore u + € is also an upper bound for S and so
xeS=x<u+e
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Thus for every €> 0, there exists x € S such that
U—e<x<iu+Ee
Since u ¢ S, therefore x # u.

everye-nbd] u — €, u + € [of ucontains a point x of S which is different from z. Hence
u is a limit point of S.

Theorem 4: If a non-empty subset S of R which is bounded below has no minimum member,
then its infimum is a limit point of the set S.

Proof: Let S be a non-empty subset of R which is bounded below. Then by the
order-completeness property of real numbers, S has an infimum in R.

Let inf S =v.

Since S has no minimum member, therefore v ¢ S.

Take €> 0. Since inf S = », therefore v + € cannot be a lower bound for S and so there

exists x € S such that xy<v + €.

Since v — e<vand vis inf S, therefore v — ¢ is also a lower bound for S and so
xeS=>x>v-=¢

Thus for every € > 0, there exists x € S such that
P—e<X<V+E.

Since v ¢ S, therefore x # v.
every enbd | v — &, v + €[ of v contains a point x of S which is different from ».
Hence v is a limit point of S.

24 Derived Sets

Definition: Theset of all limit points of a set A R is called the derived set of A and is denoted
by D (A)or by A

Thus D (A)={x:xisa limit pointof A}.

Again the derived set of D (A) is called the second derived set of A and is denoted by D? (A) orby
A’ In general, the nth derived set of A is denoted by D ") (A) or by A,

It can be easily seen that Adh A= AU D (A).

Also it can be easily seen that if a set A is finite, then A has no limit point and
consequently D (A) = @.

Definition. A set is said to be of first species if it has only a finite number of derived sets. It is
said to be of second species if the number of its derived sets is infinite.

Note that if a set is of first species, then its last derived set must be empty.

Aset whose nth derived set is a finite set so that its (n + l)th derived set is empty is called
a set of nth order.
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[llustrative Examlales \

Example 28:  Find the derived set of the set Q of all rational numbers.
Solution: We shall show that every real number is a limit point of the set Q.

Let pbe any real number and let e > O be given. Then p — € and p + eare two distinct real
numbers and we know that between two distinct real numbers there lie infinitely many
rational numbers. Therefore for every > 0, the open interval | p — €, p + € [ contains at
least one point of Q other than p. Hence p is a limit point of Q.
Since pis an arbitrary real number, therefore every real number is a limit point of Q.
Hence the set of the limit points of Q is the set of all real numbers R.

D(Q=R
Example 29:  Find the limiting points of the set of irrational numbers.
Solution: We shall show that every real number is a limit point of the set R — Q of
irrational numbers.
Let pe R and £> 0 be given. Then between two distinct real numbers p—eand p+ ¢
there lie infinitely many irrational numbers. Therefore for every € > 0, the open interval
] p—¢ p+e| contains at least one point of the set of irrational numbers which is
distinct from p. Hence every real number p is a limit point of the set of irrational
numbers i.e., D (R — Q) = R.
Example 30:  Show that every point of the set R of real numbers is a limit point of R.
Solution: Let pe R. Then for every £> 0, the open interval | p— ¢, p+ €[ contains
infinitely many real numbers. So for every €>0, the open interval | p—g p+e|

contains at least one point of the set R which is distinct from p. Hence every real
number pis a limit point of Rie., D (R)=R.

Note: We have D (Q)=R,D? (Q)=D (R)=R, D> (Q)=R, D* (Q)=R and so on.
Thus for every positive integer , DY (Q) = R. Therefore the number of derived sets of
the set Q is infinite and so the set Q is of the second species.

Since each point of the set Qis its limit point, therefore the set Q has no isolated point.
Hence the set Qis dense-in-itself. But the set Qis not perfect because it does not contain
all its limit points. We have D (Q)=R ¢ Q.

Example 31: Show that the set N of natural numbers has no limit points.

Solution: Let pbe any real number. The open interval} p- i P+ i [whose length is

%contains at the most one natural number. Thus] p — i P+ i [is anbd of pwhich does

not contain infinitely many points of the set N. Hence p is not a limit point of N.

Thus no real number pis a limit point of Ni.e., D (N) = &.
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Note: Since no point of the set Nis a limit point of N, therefore all the points of Nare
isolated points. Hence Nis a discrete set.

Example 32:  Show that the set Z of all integers has no limit points.

Solution: Proceed asin Ex. 30 and show that no real number pis alimit point of the set
Z. Hence D (Z) = @.

Alternative Solution: We shall show that every real number pis not a limit point of
the set Z.

(i) Ifpe Z,then:| p—%,p+%[ﬁz={[ﬂ}-

(ii) IfpeZ ie., if pisareal number which is not an integer then for some integer j,
wehavej< p< j+LThus] j,j+ 1[isanbd of pwhich does not contain any point of Z.

From (i) and (ii), we see that whatever real number pwe may take, there exists anbd of p
which does not contain any point of Z other than p. Hence pis not a limit point of Z.
Thus every real number p is not a limit point of Z and so Z has no limit points
ie., D(Z)=@.

Note: Since D (Z) =@ c Z, therefore the set Z is a closed set.

Example 33:  Show that a finite set has no limit points. (Kanpur 2009)
Solution: Let S be any finite set. We shall show that every real number pis not a limit
point of the set S.

Since the set S is finite, therefore if we take any real number € > 0, the open interval

] p— & p+ €[ contains only finitely many points of the set S. Thus] p — €, p + € [isanbd
of pwhich does not contain infinitely many points of S and so pis not a limit point of S.

Thus every real number pis not a limit point of S and so a finite set S has no limit points
i.e., the derived set of a finite set is empty.

Note 1: 1f S is a finite set, then D (S) = & S. Hence every finite set is a closed set.

Note2: Thenull set @hasno limit pointsi.e.,the derived set of the null set is the null
set.

Thus D (&) = & < & and so the null set & is a closed set.

Example 34: Find the limit points of the open interval ]0,1].

Solution: Let S=]0,1[.

First we shall show that every point of the closed interval [0, 1] is alimit point of S.

Let p be any point of [0, 1] and € be any positive real number. Then the open interval
] p— & p+ e[ contains infinitely many points of S = ] 0,1 [ and so it contains at least one
point of | 0,1[ other than p. Hence pis a limit point of ] O, 1[.

Now we shall show thatif p ¢[0,1] i.e., if p<O orif p>1,then pis not a limit point of

10,1[.

Suppose p ¢ [0, 1].If we take a positive real number € such that €is less than the distance
of the point p from each of the end points O and 1 of the closed interval [0, 1] i.e.,gis
less than each of the positive real numbers|p— 0| and|p—1|, then the open interval
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1 p— ¢ p+ e[doesnot contain any point of the set S = | 0,1[and consequently pisnot a
limit point of S.

Thusif p [0, 1], then pis not a limit point of ] 0, 1[and if p € [0, 1], then pis a limit point
of ] 0, 1 [. Hence pin a limit point of ] 0, 1 [ iff pe [0,1].

- D (]0,1[)=10,1].

Note: Here we see that the points O and 1 do not belong to ]0,1[, but they are limit
points of | 0, 1 [. The set ] O, 1 [ is dense-in-itself but is not perfect.

Example 35:  Find the limit points of the closed interval [0, 1].

Solution: Let S =10,1].

Proceeding exactly as in Ex. 33, we can show that a real number pis a limit point of [0, 1]
iff pe0,1].
D ([0,1]) =[0,1].

Note 1: Since each point of [0, 1] is its limit point, therefore the set [0, 1] is
dense-in-itself. Also no point outside [0, 1] is a limit point of [0, 1] i.e.,[0, 1] contains
all its limit points and therefore [0, 1] is also a closed set. Since the set [0, 1] is
dense-in-itself and is also closed, therefore it is a perfect set.
Also if S =[0,1], then D (S)=S, D? (S)= S, and so on. Thus D" (S) =S for every
positive integer n. Therefore the closed interval S =[0,1] is a set of second species.
Note 2: Proceeding exactly as in Ex. 33, we can show that

D([0,1[)=1[0,1] and D(]0,1])=][0,1].
Example 36: Find the set of the limit points of the set

11 1
S={1/n:neN}={L—-,—,...,—,...}.
{1/n:neN}={ 273 B }

Solution: We shall show that the set S ={1/n:ne N} has only one limit point,
namely 0.
First, we show that O is a limit point of S.

Let £>0 be given. Then by Archimedean property of real numbers there exists a
positive integer m such that 1 / m < g, so that

-e<0<l/m<e.
- for every £> 0, the open interval ] — €, € [ contains a point of S other than 0, namely
1/ m. Therefore O is a limit point of S.

Now we shall show that no real number p other than O can be a limit point of S. The

following cases arise :

(i) p<0.The open interval ] p—1,0 [ is a nbd of pwhich contains no point of S and
consequently p is not a limit point of S.

(ii) p> L The open interval ]I, p + 1[ is a nbd of pwhich contains no point of S and so
pis not a limit point of S.

(ili) O<p<lbutpeS.Inthiscasel/ p>landl/ pisnot an integer. Therefore there

exists a positive integer m such that

. 1
m<—<m+l1 ie., <p<—-

% m+1 m
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Thus] 1 ,l {is anbd of pwhich contains no point of S and so pis not a limit point
m+1" m

of S.

(iv) p=1 The open interval | 21 ,2| is a nbd of 1 which contains no point of S other

than 1 and so 1 is not a limit point of S.
1
m+1"m-1

(v)p#land pe S.If p=1/ m,where m € Nand m ¢l,then} {isanbdof p

which contains no point of S other than p and so pis not a limit point of S.

Hence no real number other than 0 is a limit point of S. Therefore O is the only limit
point of S.

We have D (S)={0}. Also D? S)=D{0}=02.

. the set S is of the first species and of first order.

Here we observe that the limit point O of S is not a point of the set S and so the set S is
not closed.

Example 37:  Find the limit points of the set

S = " :ne N} = l,g,ﬁ,..., " eerp "
n+1 2 3 4 n+1

Solution: We shall show that the given set S has only one limit point, namely 1.

First we show that 1 is a limit point of S.

We observe that " :(n+1)—121_ [
n+1 n+l1 n+l1

Let €> 0 be given. By Archimedean property of real numbers there exists a positive
integer m such that

m>1/¢ or m+1>l
€
1 1
or <e or - >-—g
m+1 m+1
or 1- ! >]-¢ or >]l-¢
m+ m+1
or l-e< <l+e
m+1

for every £> 0, the open interval |1 — €,1+ €[ contains a point of S other than I,
namely m / (m +1). Therefore 1 is a limit point of S.
Now we shall show that no real number p other than 1 can be a limit point of S . The
following cases arise :
(i)  p>LTheopeninterval]l, p+1[is anbd of pwhich contains no point of S and so
pis not a limit point of S.
(ii) p<land peS.In this case let xy be the point of S which is nearest to p. If we
choose a positive real number € such that e <|p — xg|, then the open interval
] p— ¢ p+ €[ contains no point of S and so pis not a limit point of S.
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(iii) p<land peS.

Let =" ,where n e N.
n+1
Since l<%<§<...,i.e., " <n7+1forallneN,
2 3 4 n+l (m+1)+1

therefore the open interval

1 n-1 n+l [

J (11—1)+I’(11+1)+1[
isanbd of n / (n + 1) which contains no point of S other thann / (n + 1) and so pis not a
limit point of S.

Hence no real number other than 1 is a limit point of S. Therefore 1 is the only limit
point of S.
We have D (S)={l}.
Note: Since the only limit point of S is I which is not a point of the set S, therefore
each point of S is an isolated point and so the set S is a discrete set.
Example 38: Find the derived set of the set

S:{l+l:meN,ne N}~

m n

Solution: 'To find the derived set of S i.e., to find the set of all limit points of S, we
proceed as follows :

ICeep m fixed and vary n. Then as n gets bigger, 1 / n gets nearer to O so that1/m +1/n
gets nearer tol / mand consequentlyl/ m is alimit point of S. Since m is any member of
N, therefore all the points of the set {1 / m : m € N} are limit points of the given set S.

Againvary bothmandnsothatl / m +1/ ngets nearer and nearer to O and consequently
0 is also a limit point of S. Thus

D(S):{l:meN}u{O}.

m

1 1 oL .
Note that{ —:me N} and {— ne N} are the same sets so that it is immaterial if we
m n

keep n fixed and vary m.
Here D? (S)={0}, sothat D> (S)=@.

The set S is therefore of the first species and of second order.

25 Existence of Limit Points of a Set

Bolzano-Weierstrass Theorem

We have seen that a finite set has no limit points. Also we have observed that an infinite
set may or may not have a limit point. For example the infinite set Nof natural numbers
has no limit point whereas the infinite set S = {1/ n:n € N} has O as its limit point. We
observe that the set S is bounded. Now we shall give a theorem which gives us a set of
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sufficient conditions for a set to have a limit point. This theorem is known as
Bolzano-Weierstrass theorem and it is one of the most important theorems of Real
Analysis.

Bolzano-Weierstrass Theorem: Every infinite bounded set of real numbers has a limit
point. (Kanpur 2009; Gorakhpur 13)

Proof. LetS be an infinite bounded set of real numbers and let  and k be its infimum
and supremum respectively. Note that both & and k exist by order-completeness
property of real numbers.

Let us define a set I as follows :

Arealnumber xbelongs to H iff it exceeds at most a finite number of members of S ie.,
H = {x:xe R and the number of elements of S which are less than x is finite}.
Since h = inf S, therefore x> h, V¥ xe S.

h exceeds no member of S and so by our definition of H,h e H.Thus H # &.
Also no number greater than k is in H. For lety >k = sup S. Then x< y,¥ xe S.
Therefore y exceeds all the members of S which are infinite because S is an infinite set.
Therefore if y >k, then by our definition of H, y ¢ H.

- the set H is bounded above with k as an upper bound.

Thus H is a non-empty subset of R bounded above by k. Hence by order-completeness
property, H must have a supremum in R.

Let sup H = p. We shall show that pis a limit point of S.

Let > 0 be given.

Since sup H = p,therefore p — e cannot be an upper bound for H. Therefore there exists
xe Hsuchthat x>p—¢ ic, p—e<u.

Since x e H, therefore, it exceeds at most a finite number of members of S and
consequently p — € also exceeds at most a finite number of members of S.

Again since p =sup H, p + ecannot belong to H and so p + e exceeds an infinite number
of members of S.

Now p — e exceeds only a finite number of members of S and p + € exceeds an infinite
number of members of S. It means that the nbd | p — €, p+ €[ of p contains infinitely
many points of S.

Since ¢ is arbitrary, therefore every e-nbd of p contains infinitely many points of S.
Hence pis a limit point of S. This proves the theorem.

Remark: The conditions in the above theorem are only sufficient conditions for a set
S to have a limit point. These conditions are not necessary for a set S to have a limit
point. Even an infinite unbounded set may have a limit point. For example the set Q of
rational numbers is unbounded and still it has limit points. We know that every real
number is a limit point of the set Q.




Real Number System

26 Some Theorems on Derived Sets

Theorem 1: If & be the empty set, then its derived set D (&) = &.

Proof: If pbe any point of R,then Ris anbd of pand R " & =@ i.c., R contains no
point of @because the empty set @has no points at all. Therefore pis not a limit point of
@. Thus no point of R is a limit point of & and hence

D (@) =@.
Theorem 2: If A and B are any subsets of R, then
AcB= D (A)c D (B).
Proof: It is given that A c B.
Let xe D (A)i.c.,let x be any limit point of A. Then
xe D(A)= everynbd N of x contains a point of A other than x
= every nbd NN of x contains a point of B other than x [ B> A]
= xis a limit point of B
= xe D (B).
~AcB = D(A) cD(B).
Theorem 3: If A and B are any subsets of R, then
D(An B)c D(A)n D(B).

Proof. We know that Ac B= D (A) c D (B). [See theorem 2 above.]
Now AnBc Aand An Bc B.

D(An B)c D(A)and D(An B)c D (B).

Hence D (An B)c D(A)n D (B).

Theorem 4. If A and B are any subsets of R, then
D(Au B)=D(A)u D (B).
Proof: We know that Ac B= D (A) c D (B).

Now AcAuB and Bc Au B.
D(A)c D(Au B) and D(B)c D(Au B).
. D(A)u D(B)yc D(Au B). (1)
Now we shall show that D (AU B) c D (A) u D (B).
Let xe D (A U B). Then to show that xe D (A) u D (B).

For this we shall show that x ¢ D (A)u D (B)=x¢ D (AU B).
Supposex ¢ D (A)u D (B). Thenx ¢ D (A)andx ¢ D (B) i.e., xis neither alimit point
of A nor a limit point of B.

there exists anbd N of x which contains no point of A other than xand there exists
anbd M of x which contains no point of B other than x.
Since the intersection of two nbds of x is also a nbd of x, therefore N n M is anbd of x
which contains no point of A other than x and no point of B other than x i.c., which
contains no point of AU B other than x. Consequently x is not a limit point of
AUB ie,xeD(Au B).
Thus xeD(A)uD(B)=xe¢D(Au B).
xe D(Au B)=xe D (A)u D(B).
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- D(Au B)c D(A)u D (B). .(2)
From (1) and (2), we conclude that
D(Au B)=D (A)u D (B).
Theorem 5: If A be any subset of R, then
xe D(A)=xe D(A-{x}).
Proof: We have xe D (A) = x is a limit of point A

= every nbd N of x contains a point of A other than x

= every nbd IN of x contains a point of A — {x} other than x
= x is a limit point of A —{x}

= xe D(A-{x}).

o D (A) € D(A-{x}).

Theorem 6: The derived set of any bounded set is again a bounded set.
Proof. Let S be a bounded set.

Then there exist s, k € R such that S c [I, k].

We shall show that no member of the derived set D (S) can be less than / or greater than
k.

Let p< h. Then we shall show that p cannot be a limit point of S.

Let e=h— p,sothate>0. Alsothen h=p+e.

Since & is a lower bound for S, therefore xe S = x> h

ie., reS=uxdpte [~ h=p+e]
~.€>0 is such that the open interval | p— €, p+ €[ contains no point of S.

-~ if p< h, then pis not a limit point of S.

Similarly we can show that if p> k, then pis not a limit point of S.

- all the limit points of S lie in the closed interval [/, k].

Hence D (S) c [h, k] i.e., D(S) is bounded.

Theorem 7:  Every bounded infinite set has the greatest and the smallest limit points i.e., the
derived set of any infinite bounded set attains its bounds.

Proof: Let S be an infinite bounded set. Since S is bounded, therefore there exist
h,k € R such that S < [h, k].
Now S c [, k] = D (S) < D ([h,k]).
But the derived set of the closed interval [I, k] is [k, k] i.e., D ([h, k])=[h, k].
= D(S) c[h,k],so that D (S) is bounded.
Since S is an infinite bounded set, therefore by Bolzano-Weierstrass theorem, S has at
least one limit point and so D (S) # @.
Thus D (S) is a non-empty bounded subset of R.
by order-completeness property of R, D (S) has infimum as well as supremum in
R.
Let inf D (S)=pand sup D (S)=¢.
We shall show that both pand gbelongto D (S) i.e.,both pand g arelimit points of S.
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Let £> 0 be given.

Now p=inf of D (S)= there exists some xe D (S)

such that p<x<p+e

p-e<x<p+e

xelp-gp+el

] p—¢ p+elisanbd of some xe D (S)

] p—¢ p+elisanbd of x which is a limit point of S

L se i

] p— & p+ €[ contains infinitely many points of S.

Thus for every e > 0,the openinterval ] p — €, p + € [ contains infinitely many points of S
and consequently p is a limit point of S.

Similarly we can show that g is also a limit point of S.

Thus both pand ¢q ie.,the infand sup of D (S)belong to D (S).So pis the smallest and
q the greatest member of D (S).

. the set S has smallest and greatest limit points.

Definition:  The smallest and the greatest limit points of an infinite bounded set S, as they do
exist by the above theorem, are called the lower limit (limit inferior) and the upper limit
(limit superior) of S respectively.

We usually denote these limits by ~p=lim Sand g=1im S.

Not that lim S <1lim S.

21 Iuterior of a Set

Interior point of aset: Definition: Let S be a subset of R. A point p € S is said to be an
interior point of S if there exists anbd | p — €, p + € [of pwhich is entirely contained in S i.e. if there
exists €> 0 such that

lp-ep+e[cS. (Kanpur 2012)

Interior of a set: Definition
If Sis a subset of R, then the set of all interior points of S is called the interior of S and is denoted by
S° or int (S). Obviously S° c S.

Illustrations:
1. Every point of an open interval is an interior point of the interval.
Let S denote the open interval | a,b [ and let pe S so that a< p< b. If we take
e=min{p—a,b — p}then >0 is such that | p—¢, p+ e[ = S. Therefore pis an
interior point of S.
2. Every point of a closed interval except the end points of the interval is an interior point of
the interval.
Let S denote the closed interval [a, b].
We have a € S. There exists no > 0 such that
la—-ga+e[cS.
Hence a is not an interior point of S.
Similarly b is also not an interior point of S.
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But every point pe ] a,b [ is an interior point of [a,b] as can be easily shown.
Hence if S = [a,b],then S® =]a,b [.

3. Let S denote the set of rational numbers Q. Then S° = @.

If pe Q, then every nbd of p contains irrationals also. So there exists no €>0
such that | p— €, p+ € [ Q. Therefore p is not an interior point of Q. Hence Q
has no interior points so that Q° = @.

In a similar manner we can show that if S = Z*, then S° = @. Also Z° = &.
4. If S denotes the set of real numbers R, then S° = R because every real number is

an interior point of R.

28 Open Sets

Definition: Let S be a subset of R. Then S is said to be open if every point of S is an interior
point of S.

The following two characterizations of an open set immediately follow from its

definition.
(i) AsetSisopeniff S°=S
(if) A set S is open iff it contains a neighbourhood of each of its points.
Illustrations:
1. Every open interval is an open set, but the converse is not true.
Let S denote the open interval | a,b [. Let pe S so thata< p<b.
Take e =min{p—a,b — p}. Then > 0 is such that
lp-ep+e[cS.
Thus to each pe S, there exists € >0 such that
lp-ep+e[cS
i.e.,S contains a nbd of each of its points.
Hence every open interval is an open set.

The converse need not be true i.e.,an open set need not be an open interval. For example, if
S=]2,3[uU]5,7[,then S is an open set but S is not an open interval.

2. A closed or semi-closed interval is not an open set.

Let S denote the closed interval[a, b]. We have a € S, but there exists no € > 0 such that
la—¢a+¢e[ cS. Thus S does not contain a nbd of the point a € S.Hence S is not an
open set.

Similarly, if S =[ a,b [, then S is not open because 2 € S and there exists no € > 0 such
that Ja—¢ga+¢e[cS.

Also if S =]a,b],then S is not open because b € S and there exists no > 0 such that
1b-¢b+e[cS.
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3. Every non-empty finite set is not an open set.

Let S denote any non-empty finite subset of R. If pe S, then for every e > 0, the open
interval | p — €, p + €[ contains infinitely many points of Rand so | p — €, p + € [ cannot
be a subset of a finite set S. Thus there exists no nbd of pwhich is contained in S. Hence
S is not an open set.

4. The set of rational numbers Q is not an open set.
We have Q° = &, so that Q° # Q. Hence Q is not an open set.

5. The set of all real numbers R and the empty set & are open.

The set R of all real numbers is an open set. If pe R, then for every e>0, we have
] p—¢ p+e[ < RThusRcontainsaneighbourhood of each of its points. Hence Ris an
open set.

Now we show that the null set & is an open set.

Since @ has no points the condition that & contains a neighbourhood of each of its
points is vacuously satisfied. Hence & is open.

Some important properties of open sets

Theorem 1:  The union of an arbitrary family of open sets is open.

Proof: Let {G, : )\ € A}beanarbitrary family of open sets. Here A is an index set and
is such that for every A € A, G,_is an open set.

Let G = U {Gy : A € A}. Thenin order to show that G is an open set, we shall show that
every point of G is an interior point of G.

Let pe G. Since G is the union of the family {G, }, therefore pe G, for some A € A.

Since G, is an open set and pe G, , therefore there must exist some £> 0 such that
]p—¢ p+e[c G, cG. Note that G is the union of the family {G; }.

Thus ] p—¢ p+e[ < G and so pis an interior point of G.
Since every point of G is an interior point of G, therefore G is an open set.
Hence the union of an arbitrary family of open sets is an open set.

Note: In particular the union of two open sets is an open set.

Theorem 2:  The intersection of a finite collection of open sets is an open set.
(Kanpur 2009)

n
Proof: Let G= N G; where each G; is an open set.
i=1

If G =@, then G is an open set and the proof is complete. So let G # &.

Let pe G. Then pe G; foreachi=12,...,n.

Since each G; is an open set, therefore foreveryi=1,2,..., n,there existsg; > 0 such that
]p_£i7p+£i [C Gi'

Let e=min[g},¢€,..., &,

Then lp-ep+telc]p-¢,p+e|cG,foreachi

= ]p—e,p+£[c‘r<1Gi
1=
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= lp-ep+elcCG
= pis an interior point of G.

Thus every point p of G is an interior point of G and so G is an open set.
Hence a finite intersection of open sets is an open set.

Remark: The intersection of an infinite collection of open sets is not
necessarily an open set. The following example supports this statement.

Let G,=1-1/nl/n[,neN

Then each G,, is an open set because every open interval is an open set.

Now G,= A ]—=1/n,1/ n[={0}which is not open because there exists noe>0
n=1 n=1

such that | —g,e[ < {0}.
Hence the intersection of an infinite collection of open sets is not necessarily an open
set.

20 Closed Sets

Definition: Let Fbeasubset of R. Then Fis said to be closed if its complement F’is open.
Note that F'=R-F={x:xeR and x¢ F}. (Kanpur 2010)

Illustrations:

1. Every closed interval is a closed set.

Let F=la,b]. Then F'=]—,a[ U |b,e]|.

Here] - o,a [ and ]5, [are both open sets and we know that the union of two open
sets is also an open set.

. F’=]—oc0,a[ U]b,e[is an open set. Hence by definition F is closed.

2. The right half open interval [a, b | is not closed.

Let F=la,b[. Then F' =] —oc,al U[b,|.

Obviously F’is not an open set because b € F” and b is not an interior point of F”.Note
that there exists noe>0 such that |b —¢e, b +e[ < F’.

Since F’ is not open, therefore F is not closed.

Remark: Similarly we can show that every open interval ] a, b [ is not a closed set and
the left half open interval ] a,b | is also not a closed set.

3. Every singleton set in R is closed.

Let F ={a}. Then F’ =] - oo, a [ U ] a,ec [ which is open being the union of two open
sets. Hence by definition F is closed.

4. The set Q of all rationals is not closed.

We have Q" = R — Q = the set of all irrational numbers.

The set Q" is not open because if pe Q’, then for every £>0 the open interval
] p— & p+ €[ contains rational numbers also and so isnot asubset of Q". Thusif pe Q”,
then pis not an interior point of Q" and so Q" is not open. Hence Q is not closed.
5. The set of all real numbers R and the null set & are closed.
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We have R’ = @. Since & is open, therefore R” is open. Hence R is closed.
Again & = R. Since R is open, therefore @ is open. Hence & is closed.

Some important properties of closed sets
Theorem 1: The union of a finite collection of closed sets is closed.

n
Proof: Let F, F,..., F, be n closed sets. Then to prove that v Fis closed.

Since each F: (i=1,2,...,n) is a closed set, therefore each F.” is an open set.
1 1 p

By theorem 2 of article 28, we know that the intersection of a finite collection of open
sets is open.

n
;-
'ml F;” is open.
1=

n n
But by De Morgan’s law[ v F,] =n F.

n n
[ U F] is an open set. Hence by definition of a closed set, U F; is a
i=1 i=1

closed set.
Theorem 2:  The intersection of an arbitrary collection of closed sets is closed.
Proof: Let{F, :A € A}beanarbitrary family of closed sets. Here A is an index set and
is such that for every A € A, F; is a closed set.
Now to prove that n { F, }is a closed set. Since each F)_is a closed set, therefore each F, ’
is an open set.
By theorem 1 of article 28, we know that the union of an arbitrary family of open sets is
open.

U{F :AeA}isopen.
But by De Morgan’s law, [N {F) :A e A}]"=uU {F A e A}

[N {F) :AeA}]’is an open set.
Hence N { F) : A € A} is a closed set.
Example 39:  Every finite subset of R is a closed set.
Solution: LetF ={aj,ay,...,a, }be afinite subset of R. Then to prove that Fis closed.
We know that every singleton in Ris a closed set. Also the union of a finite collection of
closed sets is closed. The set F can be expressed as the union of z singletons i.e.,we can
write

F={aq}u{a}u..ua,.
Hence F is a closed set.
Example 40:  Give examples to show that the union of an infinite collection of closed sets is not
necessarily closed.
Solution: Let F,=[1/n,1],ne N

Then each F;, is a closed set in R because each closed interval is a closed set.
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Now U { F,:ne N}
1 1 1
_{l}u[E,I]u[g,l]u[z,l]u...—]o,l].

Since ] 0, 1 ] is not a closed set in R, therefore it follows that the union of an infinite
collection of closed sets is not necessarily closed.

As an other illustration consider the set Q of all rational numbers.
We can write Q=uU {r}lLreQ
Since each singleton set in R is closed, therefore Q is expressed as an infinite union of

closed sets. But we know that Qis not closed since its complement Q”is not open. Hence
it follows that an infinite union of closed sets is not necessarily closed.

30 Closureof a Set

Definition: Let A be any subset of R. Then the closure of A is defined as the smallest closed set
containing A and is denoted by A or cl (A).

The following two results are quite obvious :
(i) A is the intersection of the family of all closed sets containing A.
(i) Ais closed iff A= A.

Some theorems connecting closed sets and limit points
Theorem 1: A characterization of closed sets. Let A be a subset of R. Then A is
closed iff D (A) c A i.e., Ais closed iff A contains all its limit points.

Proof: Let Abe closed so that A”is open. If D (A) = &,then obviously D (A) ¢ A.So
let D (A) # @.Letpe D (A) ie.let pbealimit point of A. Wewish toshowthat pe A.
Suppose, if possible, p ¢ A. Then pe A”and, since A”isopen, there exists € > 0 such that
Jp—¢ep+e[c A .Consequently | p—¢,p+e[n A=Dic,] p—¢ p+ e[ contains no
point of A,contradicting the fact that pis alimit point of A.Hence we musthave pe A.
Thus if A is closed, then D (A) c A.

Conversely, we assume that D (A) c A ie., A contains all its limit points. Then we
wish to show that A is closed. By definition A will be closed if A”is open.

Let pe A”.Then p¢ A,and so p ¢ D (A) because by hypothesis D (A) c A.

Now p ¢ D (A) = pis not a limit point of A

=  there exists €>0 such that | p— €, p+ €[ contains no point of A other than p
= there exists £> 0 such that | p— €, p+ €[ contains no point of A because p¢ A
=  there exists e>0 such that [ p—¢,p+e[c A",

Thus A’ contains a neighbourhood of each of its points and so A”is open. Hence Ais
closed.

Illustrations:

1. Every finite set is closed. Note that a finite set has no limit points and so the
condition that a finite set contains all its limit points is vacuously satisfied.
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2. The set of all rational numbers Q is not closed because D (Q)=R is not
contained in Q.

Theorem 2: Let A be any subset of R. Then D (A) is a closed set.

Proof: In order to prove that D (A)is closed we shall show that D (A) contains all its
limit points. [Refer theorem 1 above.]

Let pbe any limit point of D (A).Then every e-nbd of p contains infinitely many points
of D (A) and since each point of D (A) is a limit point of A, every e-nbd of p must
contain infinitely many points of A.Thus, pis also a limit point of Aandso pe D (A).
Therefore D (A) contains all its limit points and so D (A) is closed.

Theorem 3:  Let A be any subset of R. Then A= AU D (A) i.c., Aisthesetofall adherent
points of A.

Proof: We shall first prove that A U D (A) is a closed set.

Let pbe any limit point of A U D (A). Then either pis alimit point of A or a limit point
of D (A).If pis alimit point of A,then pe D (A).If pis alimit point of D (A),then since
D (A)is closed, pe D (A).So in either case pe D (A) and surely then pe AU D (A).
Thus A U D (A) contains all its limit points and hence A U D (A) is closed.

Now AU D (A) is a closed set containing A, and since A is the smallest closed set
containing A, we have

Ac Au D (A). (1)

Also Ac A = DA cD(A). ..(2)
[Refer theorem 2 of article 26]

Since A is closed, we have D ( A) c A. .(3)
[Refer theorem 1 of article 30]

from (2) and (3), we have D (A) c A.
Moreover, Ac A, and D(A)c A = AuD(A)c A. ..(4)
- from (1) and (4), we have A= AU D (A).
Illustration 1: 1If A=]1,2[,then D (A)=][1,2].
. A=AuD(A)=]12[uUll,2]=]1,2].
Illustration 2: 1f Z. is the set of all integers, thenZ =Z U D(Z)=Z L @ =Z.

Ilustration 3: 1f Q is the set of all rational numbers, then

Q=QuUD(Q=QUR=R
Illustration 4: Consider the finite set A={1,3,7}. We have

A=AUD(A)=AuD=A

[llustrative ExamI)les

Example 41:  Show that the union of two closed sets is also a closed set.
Solution: Let Fy, Fy be two closed sets. Then to prove that F| U F is also a closed set

ie., (F1 U Fy) is an open set.




Krishea's T.B. Real Analysis

A g:,[@]

Since both F; and Fy are closed sets, therefore both F;”and F5” are open sets. But the
intersection of two open sets is an open set.

F” n Fy’ is an open set

= (F) v F9)’ is an open set
[ by De Morgan's law (F] U Fy) = F|" N Fy’]
= F; U Fy is a closed set.

Example 42:  Show that the union of two open sets is an open set.

Solution: Let Gy, Gy be two open sets. Then to prove that G = G| U Gy is also an

open set.

In order to show that G is an open set, we shall show that every point of G is an interior
point of G.

Let pe G =Gy U Gy. Then pe G, for some ne {1,2}.

Since each G,,is an open set and p € G, , therefore there must exist some € > 0 such that
lp—¢ p+elc G, cG. Note that G ¢ G and Gy c G.

Thus | p—¢,p+e[ c G and so pis an interior point of G.

Since every point of G is an interior point of G, therefore G is an open set. Hence the
union of two open sets is an open set.

31 Countability of Sets

Denumerable Sets. Definition

A set A is said to be denumerable (or countably infinite) if there exists a one-to-one
correspondence between the set A and the set N of natural numbers i.e., if there exists a one-one
mapping from the set N of natural numbers onto the set A.

Example: Considertheset A={1/2,2/3,3/4,....}.Then Aisdenumerable because
the mapping f :N= A defined by

S =

= VYneN
n+1

is bijective i.e., one-one and onto.

32 Countable and Uncountable Sets

Definition: A set which is either finite or denumerable is called a countable set.

Thus aset Ais countable & Ais finite or there exists aone-one mapping f of Nonto A.
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A set which is neither finite nor denumerable is said to be uncountable or
non-denumerable.

Thus there are many sizes of infinite sets. The smallest size is called countable.

Example 43:  The set Z of all integers is countable i.e., there exists a one-one onto map between
the set of integers and the set of natural numbers.
Solution: Let N denote the set of natural numbers and Z denote the set of integers.
Consider the mapping f :N— Z defined by

f=@r-1/2 when r is odd and

fry=-r/2 when r is even.
fisone-one. Wehave f(1)=0,f2)=-1LfQ3)=Lf#)=-2,f05)=2,
and so on.

Thus we easily observe that under the mapping f distinct elements of N have distinct
f-images in Z. Therefore f is one-one.

fisonto. Let yeZ.If y>0, then
2y+leN and fC2y+D)={Cy+D)-1}/2=y.
Again if y<0,then—2yeN and f(-2y)={-(-2y)}/2= y.
Thus y € Z = there exists some element x € N such that f (x) = y. Therefore f is
onto.

Thus the mapping f gives us a one-to-one correspondence between Nand Z.Hence Z is
denumerable.

Theorem 1: Every subset of a countable set is countable.
Proof: Let A be any countable set and let B ¢ A.If B is finite, there is nothing to
prove.

Therefore we suppose that Ais aninfinite countable set and Bis an infinite subset of A.

Since Ais countably infinite i.e.,denumerable, therefore we can write A as an infinite
sequence

<Ay, a9,as3,...,0,,....> .
Letry be the smallest positive integer such thata,, € B.Againletn) be the next smallest
positive integer such that np > n; and a,, € B and so on.

Then B ={ay,ay,,...}.

Obviously the mapping f :N— B such that
S k)= Ay,
is one-one and onto.
Hence B is countable.
Theorem 2:  Every superset of an uncountable set is uncountable.

Proof: Let A be an uncountable set and B> A. Then to prove that B is also
uncountable.

Suppose B is countable. Since A c B, therefore A must be countable which is against
our hypothesis.

Hence B must be uncountable.
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Theorem 3:  Union of a finite number of countable sets is countable.
Proof: Let Aj and Ay be two countable sets. The members of Aj and A9 can be
arranged in a definite order. Thus we can write

A] = {X],Xz,X3,...}
and Ag ={y1, y2, ¥3,---}
Since subsets of countable sets are countable, therefore we can assume that A and Ay
have no common members. For if A; and Ay have common members, we can take
subsets of Aj and Aj so that they have no common members.
~.Theset A U Ay is the same as if the union of A} and Ay is taken without having any
common member.
Let us write  Aj U A9 ={zy,29,23,...},
where 29,1 =X 29, = Vpn=123,.....
Then we find that every member of A} U Ay occupies a definite place in this
arrangement.

A} U Ajg is countable.
Repeating the above argument with a finite number of countable sets, we conclude that

the union of a finite number of countable sets is countable.

Theorem 4: The union of a countable family of countable sets is countable.
(Kanpur 2010)

Proof: Let{ A,}be acountable family of sets such that each A, is countable. We may
enumerate, the elements of each A,,n=1,2,3,...in an array as follows :

A a —  ap a3 = A4 A5 e
v /' 7 /'

Ay azl a3 asy A5 eeeenn.n.
|~ / -

Ag asy ass A35 ceeennnn

/ /

Ay agy ayq AYS e
| /

As asy ass asy A5 cevennnn

If we run out of elements in any set, i.c.,if any of the sets is finite, we just put down x's in
the spot where an element should go. In the above array a;; stands for the j th element of
theithset. Let us define the height of the elementa;; tobe i+ j. With this definition, the
height of 4 | is 2. Similarly a; 9, a9 are the only elements of height 3. There are exactly n
elements namely a,;, a(, _1)2, ..., a, of height n + 1. Therefore we arrange the elements
of U A, according to their height as follows :

ay;
a1, 412 5
asy,a29,a13 ;
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41,432,423, 414 ;

Al Ay —1) 25+ Ay 5

From the above scheme it is evident thata,, is the gth element of (p + ¢ — I)throw. Thus
all the elements of U A, have been arranged in an infinite sequence as

{ay,a01,a19,a31, a2, 413,441,439, a23, A1 4.}
In fact, the map f:U A, —> N

defined by f (“pq) = (r+q _2)2(17"'@ - 1) ‘g

gives an enumeration of U A,

Hence the union of a countable family of countable sets is countable.
Theorem 5: The set N x Nis countable. (Kanpur 2011)

Proof: Wehave Nx N= {(m,n):m,ne N}.To prove that N x Nis countable. We may
arrange the set Nx N as shown below :

L) = 1,2) (1,3) = (1, 4) ..

We observe that in the above arrangement every member of N x Nis placed in a definite
position such that no member escapes. For example the member (i, j)of N x Noccursin
the ith row and in the j th column.

Hence the set N x N is countable.

33 Dedikind’s Theorem or Dedikind'’s Axiom
or Dedikind’s Propertg of Real Numbers

Let L and U be two subsets of R such that
(i) L+#Q,U= (iec., each set has at least one element)

(it) Lu U =R (ie., each real number is either in L or in U) and

(i) xe L, yeU = x< y (ie, each member of L is smaller than each member of U);
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then the subset L has the greatest member or the subset U has the smallest member i.e., there exists
o € R such that

r<a=xel,y>a = yel.

In the following theorem we shall establish the equivalence between the
Order-completeness property and Dedikind’s theorem.

Theorem: To prove that Order-completeness axiom < Dedikind’s theorem.
Proof: First we shall prove that
Completeness axiom = Dedikind’s axiom.
Let L and U be two subsets of R such that
(i) Lx@Q,U=#Q (i) LoU=R
and (ili) xe L, yeU = x< y.
Then we wish to prove that there exists o € R such that
¥<a= xel, y>a= yel.
From (i), L+ @.
Also U=#@,solet yeU.
Then from (iii), we have
x<y, ¥ xelL
. y is an upper bound for L.

Thus L is a non-empty subset of R which is bounded above. So by order-completeness
property of real numbers, L must have its supremum in R.

Let sup L =o.
We shall show that o € R is such that
r<o= xel y>a= yel.
Let y>o.
Then y ¢ L because o = sup L.
But from (ii), every real number is either in L or in U.
So yel=yelU.
Thus y>o = yel.

Again let x < o.. Since o = sup L, therefore x cannot be an upper bound for L. So there
existsz € Lsuchthatz > x ie,x<z.Nowfrom (iii),ze Landx<z = x¢U = xe L.

Thus x<a=xel.
there exists o € R such that
r<oo= xelLand y>a= yeU.
Hence completeness axiom = Dedikind’s axiom.
Now we shall prove that
Dedikind’s axiom = Completeness axiom.
Let S be a non-empty subset of R which is bounded above.
Then we have to prove that S has its supremum in R.

Since S is bounded above, therefore let # be an upper bound for S i.e.,
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x<u,¥ xe 8.

Let U ={s:se Rand s is an upper bound for S }.

Since u is an upper bound for S, therefore u € U and so
U#d. Let L=R-U.
Then Scland Lz@. Also LoU=(R-U)uU=R.

Now let xelL, yeU.
Then x # y because by definition of L, L and U are disjoint.
Also we cannot have x> y. Because if x> y, then

yeU = yis an upper bound for S

= x is also an upper bound for S [ x> y]
= x € U, by definition of U

= xelLnU [* xe L]
= L n U # &, which is a contradiction.

xel yeU= x<y.
by Dedikind’s axiom, there exists o € R such that
r<a=xel,y>a= yel.
Now we shall show that o = sup S.
If y>a,then ye U and so y ¢ L because L and U are disjoint.
Thus if y> o, then y cannot be in L and hence can also not be in S because S c L.
Thus no real number y > o isin S.
o is an upper bound for S i.e.,
x<o, ¥ xeS.
Now let B < o.. Then
B<o=PBel =PeU
= B is not an upper bound for S.
Thusois anupper bound for S and no real numberf < o.can be an upper bound for S.
o=supS.
Hence Dedikind’s axiom = Completeness axiom.

@mprehensive Exercise 5

1. Give an example of a set which has

(i) no limit point (iii) exactly one limit point

(iii) exactly two limit points  (iv) an infinite number of limit points

(v) every point of the set as its limit point.
2. Give an example of a set having the numbers 1 and — 1 as the only limit points.
3. Find the derived set of the set of points in the open interval ] a, b [.
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10.
11.

12.
13.

14.

15.

16.
17.

18.

19.

20.

21.
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If a and b are real numbers such that b > a,then show that the derived set of each
of the intervals |a,b [, ]a,b ], [a,b[ and [a, b] is the interval [a, D].

Show that the derived set of the open interval | 2, 3 [ is the closed interval [2, 3].
Show that the derived set of the closed interval [3,5] is the closed interval [3,5]
itself. Hence show that the closed interval [3,5] is a set of second species.

Let S =R — {1/ n:ne N}. Show that each point of R is a limit point of S.

Let S = { 3+ 1 ne N} . Show that the only limit point of S is 3.
n

If A” denotes the derived set of A, then find a set A such that

VANA=@. (i)A=A" (i) A’c A. (iVIA < A",

Find the derived set of the set S ={1,3,7,11}.

Give an example of two subsets A and B of R such that

D(An B)#D(A)n D (B).

Show that a point p € Ris alimit point of a set S < Riiff for each positive integer
n, the open interval | p—1/n, p+1/ n[ contains a point of S other than p.
Show that a point pe R is a limit point of a set S R iff for each positive
rational numberr, |p-r,p+r[nS-{p}=Q.

Find the derived set of each of the following sets :

(i) The open ray ] a, oo [. (ii) The open ray | — e, a [.
(iii) {1+37": neN}. (iv) {l—ézneN :
n
. . . 1 I 1 1
Find the limit points of the set {L— L1—,-1—,1—, If,...} .
2 23
Find the limit points of the set S = { St 2 }

_ n
If S= {1 + =1 :n is a natural number} , find the limit points of thesetS.
n

_ n
Show that the set S = {l + ( 2’11) :nisa positive integer} is bounded.

Show that 1is a limit point of S. Are there any other limit points of S ?
(a) Prove that every infinite bounded set of real numbers has at least one limit

point. (Kanpur 2011)
(b) Verify the converse of the above theorem in case of the set

S-= {1,1 351 7,1,9,...} :
2 4 6 8

Choose the correct answer :
If S is closed, then the complement (relative to any open set containing S) of S is
(A) open (B) closed (C) neither open nor closed.

Give examples for the sets (a) which are neither open nor closed
(b) which are both open and closed.
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22. Prove that a set is closed iff its complement is open.
It is given that a set S is not closed, does it imply that it is an open set ? Justify
this by giving examples. (Kanpur 2010)
@swers 5
1. (i) The set of positive integers z* (ii) The set {1/n:neZ*}
(iii) The set l,—l,g,—g,i,—ﬁ,..., n R —n A
2 23 34 4 n+1 n+1
Note that 1 and — 1 are the only limit points of this set
(iv) The open interval ]1,2 [ (v) The closed interval [2, 5]
2. The set given in part (iii) of Ex. 27
3.  The closed interval [a, b]
9. (i) The set A ={1,l,l,l,... ,l}
23 4 n
(i)  The closed interval [3,4]
2 3 4
(iii) The set A =40, 1 , (l) ,(l) ,(l) yoe
2 \2)\2) \2
(iv) The open interval ]0O,1[
10.  The empty set & 11. Take A =[0,1[,B=11,2]
14. (i) The closed ray [a, o[ (ii) The closed ray | — oo, a]
(iii) The singleton {1} (iv) The singleton {1}
15. land-1 16. 3
2
17. 1 20. (B)
21. (a) (i) The set of rational numbers Q
(ii) The right half open interval [2, 3]
(iii) The left half open interval ]2, 3 ]
(b) Set @ and R are both and closed
@)jective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).
1. Forallx, y eR, the triangle inequality is

@) [x+yl=<|x|+]y] (b) [xy|=[x[[ ]
(© [x=yl=lx[+] ] (d) [x+yl=[x]+]r].
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2.

10.

11.

12.

13.
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“To every real number there corresponds a unique point on a directed line and
conversely, to every point on a directed line there corresponds a unique real
number”. This is known as:

(a) Cauchy’s axiom (b) Weierstrass axiom

(¢) Dedikind-Cantor axiom (d) Cantor’s axiom

If a and b are any two real numbers such that a<b, then the set
{xeR:a<x<b}isknown as :

(a) right-half open interval (b) open interval

(c) left-half open interval (d) closed interval.

The set{ x:xe R,a< x<b} is known as :

(a) open interval (b) left-half open interval
(c) closed interval (d) none of these.

Which of the following sets is bounded below but not bounded above ?
(a) N (b) Z

() Q (d) R

Let a be any real number and b any positive real number. Then there exists a
positive integer n such that

(@) nb=a (b) nb>a

(c) nb<a (d) nb<a.

The least upper bound of the set {% :neN } is

(a) 1 (b) -1

(¢c) O (d) none of these.

The greatest lower bound of the set of positive even integers is

(a) O (b) 2

(c) 1 (d) none of these.

The least upper bound of the set { x:x=1-(1/n),ne N} is

(a) O (b) -1

(c) 1 (d) none of these.

The set S ={ x:2 < x<4} is such that it contains

(a) glb. but not Lu.b. (b) glb. and Lu.b.

(¢) Lu.b. but not g.lb. (d) none of these.
Which of the following set is nbd of each of its points ?

(a) Set N of natural numbers (b) Set Q of rational numbers
(c) Set Z of integers (d) open interval ]a,b[.

Neighbourhood of 21 is the set

1 1 1
(a) ]0,5[ (b) [—575]
(¢) R (d) none of these.
Derived set of the set Q of all rational numbers is
(@) Q (b) R

(c) Z (d) none of these.
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14. The set of all rational numbers is
(a) closed (b) open
(c) neither open nor closed (d) none of these.
15. The set of all integers is
(a) countable (b) uncountable
(c) finite (d) none of these.
16. The set of all real numbers is
(a) closed (b) open
(c) both open and closed (d) none of these.
17. The union of infinite number of open sets is
(a) an open set (b) a closed set
(c) need not be an open set (d) none of these.
18. If A and B are any subsets of R, then Ac B =
(a) D(A)c D(B) (b) D(A)> D (B)
(c) D(A)=D (B) (d) none of these.
19. Every singleton set in R is
(a) open (b) closed
(c) neither open nor closed (d) none of these.
20. If S denotes the set of real numbers R, then S°=
(a) Q (b) Z
(¢) R (d) none of these.
Fill in the Blank(s)
Fill in the blanks “............. 77 s0 that the following statements are complete and correct.
1. IfS be any subset of the set R of real numbers and if there exists a real number u,
such that x<u¥xeS, thenuiscalledan ......... of S.
2. Every non-empty set of real numbers which is bounded above has its ......... in
R.
3. Ifaand b are any real numbers and a > I, then there exists a positive integer n
such thata” .......... b.

4. Any..... interval is a nbd of each of its points.

5. The set of all limit points of a set A c R is called the ......... of A.

6. If S is a finite set, then D (S)=...... .

7. Let F be asubset of R. Then F is said to be closed if its complement Fis ..........
8. Ais the intersection of the family of all closed sets containing .........

9. Every... of a countable set is countable.
10. For any two real numbers 4,5 one and only one of the following is true

a>b,a=hb,a<bh.
It is known as the law of .........

True or False
Write “T” for true and “F’ for false statement.
1. The field of real numbers is an ordered field.
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2. There is no rational number whose square is 3.
3. Forally, yeR,|x+ y|2]||x|-| yll.
4. The set R* of positive real numbers is bounded above.
5. Between any two distinct real numbers, there lie an infinite number of real
numbers.
6. A closed interval [a, b] is a nbd of each of its points.
7. The intersection of two nbds of a point need not be a nbd of that point.
8. Every point of the set R of real numbers is a limit point of R.
9. Every open interval is not an open set.
10. Union of a finite number of countable sets is not countable.
11. The intersection of an infinite collection of open sets is an open set.
12. If A and B are any subsets of R, then D (AU B)= D (A)u D (B).
@n Sswers
Multiple Choice Questions
1. (a) 2. (o) 3. (b) 4. (c) 5. (a)
6. (b) 7. (a) 8. (b) 9. (c) 10. (a)
1. (d) 12. (c) 13. (b) 14. (c) 15. (a)
16. () 17. (a) 18. (a) 19. (b) 20. (c)
Fill in the Blank(s)
1.  upper bound 2. supremum 3. > 4. open
5.  derived set 6. ¢ 7. open 8. A 9. subset
10.  trichotomy
True or False
1. T 2. T 3. T 4. F 5. T
6. F 7. F 8. T 9. F 10. F
11. F 12. T
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Sequences

1 Introduction

n the present chapter we shall study a special class of functions, namely sequences.
The study of sequences plays an important role in Analysis.

2  Sequence

Definition: Let S be any non-empty set. A function whose domain is the set Nof natural numbers
and whose range is a subset of S, is called a sequence in the set S.

In other words a sequence in a set S is a rule which assigns to each natural number a
unique element of S.

Real Sequence: A sequence whose range is a subset of R is called a real sequence or a
sequence of real numbers.

In this chapter we shall study only real sequences. Therefore the term sequence will be
used to denote a real sequence.

If sis a sequence, then the image s (1) of n € Nis usually denoted by s,,. It is customary to
denote the sequence s by the symbol< s, > or by {s,,}. The image s, of n is called the nth
term of the sequence.
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A sequence can be described in several different ways.

1.

Listing in order, the first few elements of a sequence, till the rule for writing
down different elements becomes clear. For example, <1, 8, 27, 64, ... > is the
sequence whose nth term is n.

Defining a sequence by a formula for its nth term. For example, the sequence
<1,8,27,64,...> can also be written as < 1,8,....,n3,...> or as <1 :ne N> or
simply as < n .

Defining a sequence by a Recursion formula i.e. by a rule which expresses the nth
term in terms of the (n — I)th term. For example, let

ay=La, .y =3a,,foralln>1

These relations define a sequence whose nth term is 3"~ L

Illustrations:
1 . 1 1 1
1. <—>isthesequence<l,—,—,...,—,..>.
n 23 n
. 1 2 3 4 n
2. < > is the sequence< —,=,=,—,.., >
n+1 2345 n+1
3. < (=1)"/n>isthese uence<—ll Ll >
. q 5T
4. Letsg=Lsy=land s, 9=5,,1+s,foralln>1

From the above formula, s3 =59 + 5y =2,
S4 =83 +59 =3,55 =s4 +s3 =5 and so on.
<s,>=<1123,5,....>

Range of a sequence: The set of all distinct terms of a sequence is called its range.

The range of a sequence < s,, > = the set {sy, sy ,...}.

Illustration 1: The range of the sequence < (—1)"" > = {- 1,1}, a finite set.

Hlustration 2: The range of the sequence

l :{l:neN},
n n

is an infinite set.

Constant sequence: A sequence < s,,> defined by s, = a for all n € Nis called a constant
sequence.

The sequence < s,> =< a,a,a,...> is a constant sequence.

Its range = the singleton {a} is a finite set.

Equality of two sequences: Two sequences< s, >and< t,,>are said to be equal if s, = ¢, ¥

neN.

5 Operations on Sequences

Since sequences of real numbers are real valued functions, we define the sum,
difference, product etc. of two sequences as follows :
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Let <s,>,<t,> be two sequences. Then the sequences having nth terms
Sy +t,,8, —ty,and s, ¢, are respectively called the sum, difference and product of the
sequences <s,> and <t,> These sequences are denoted by <s,+¢,>,
<s, —t,>and <s, t, > respectively.

Ift,, # O for all n € N, then the sequence whose nth termis1/ t, is known as the reciprocal
of the sequence < t,> and is denoted by <1/ t,,>. Also the sequence whose nth term is
s, / t, is called the quotient of the sequence< s, > by the sequence< ¢, >and it is denoted
by<s, /t,>.

If ¢ € R, then the sequence having nth term cs,, is called the scalar multiple of < s, > by c.
This sequence is denoted by < ¢s,, >.

4 Subsequences and Order Preservation

Subsequence: Let <s,> be any sequence. If <ny,ny ,...,ny ,...> be a strictly increasing
sequence of positive integers i.e., i> j = n; > nj, then the sequence

Sy oSy s Sy e
is called a subsequence of < s, >.
From the condition i> j = n; > n; , we conclude that the order of the various terms in
the subsequence is the same as it is in the sequence.

Illustrations:
1. Let<s,>=<10,10,L,0,...>0e,5=Lsp =0,53 =154 =0,...... .
Take m =1,ny =3,n3 =5,..... Then < n, > is a sequence of positive integers such that

nm<ng<ng<....

Hence <1 L1,...>is a subsequence of < s, >.

Similarly if we take n =2,ny =4,n3 =6,..., then the sequence <0,0,0,...> is also a
subsequence of < s;,>.

2. The sequence of primes <2,3,5,7,11,...> is a subsequence of the sequence of
natural numbers<1,2,3,4,..... >,

3. The sequence < 72,32,152,112,192,...> is not a subsequence of the sequence
<12,2%2 32,42 >

Heren =7,ny =3,n3 =15,n4 =11,n5 =19.But < 7,3,15,11, 19, ... > is not a strictly
increasing sequence of positive integers.

Order Preservation: Consider the sequence

1R g 0
IR IE S B

There can be found many sequences contained in this sequence, for example the
sequences

111
a s g

and et L©)
2747816
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Now to see if the order of the original sequence is preserved we need to examine the
subscripts of the terms of the sequences under consideration.

Let the sequence given in (1) be denoted by {a,},-| . Then the sequence given by (2)
can be denoted by {az w el -

Here we say that the order of the terms of sequence (1) is preserved in the sequence (2)
as the sequence of subscripts {2"}5 1 is strictly increasing.

A sequence is not only a countably infinite set, instead it is defined as a countably
infinite set expressed in a specific order.

A sequence is said to be contained in another if the order of the terms is preserved.

I 1 11 . . . .
The sequence 1°2°8°¢ is not considered to be contained as sequence, in the
sequence (1) even though it is contained as a subset.

5 Bouncled Seq uences

(Kanpur 2008)

Definition 1: A sequence< s, > is said to be bounded above if the range set of < s,, > is bounded
above i.e., if there exists a real number ky such that

s, < ky forallne N
The number £ is called an upper bound of the sequence < s,,>.
Definition 2: A sequence< s, > is said to be bounded below if the range set of < s,, > is bounded
below i.c., if there exists a real number ko such that

sy ko forallnmeN.
The number k9 is called a lower bound of the sequence < s,,>.
Definition 3: A sequence< s, > is said to be bounded if the range set of < s,, > is both bounded
above and bounded below i.c., if there exist two real numbers ky and ko such that

kg <s5,<kj forallne N.
Equivalently, a sequence< s,, >is bounded if and only if there exists a real number K > 0
such that

|'s,|< K forall ne N.
It is not necessary that a sequence be bounded above or bounded below.
A sequence <s,> is said to be unbounded if it is either unbounded below or
unbounded above.
Definition 4:  The least number say, M, if it exists, of the set of the upper bounds of < s,,> is
called the least upper bound (l.u.b.) or the supremum (sup) of the sequence < s,,>.
The greatest number say, m, if it exists, of the set of the lower bounds of < s,, > is called the greatest
lower bound (g.L.b.) or the infimum (inf.) of the sequence < s,, >.
Note 1: Iftherange of asequenceisa finite set , then the sequence is bounded because
a finite set is always bounded.

Note 2: Every subsequence of a bounded sequence is bounded.
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Illustrations:

1. The sequence < ! > is bounded since I 1 I <IforallneN.
n n

" <l1forallneN.

2. The sequence < & e is bounded since % <

n+ n+1

3. The sequence< (- )" > is bounded since | (- 1)|< I for all n e N. In fact| (- )"| =1
for all ne N.
The sequence < (—1)"" / n> is bounded since | (- 1) / n|<1for all ne N.
The sequence < s, > defined by s, =1+ (= 1) for all ne N, is bounded since the
range set of the sequence is {0, 2}, which is a finite set.

2

6. The sequence < n” > is bounded below by 1 but not bounded above.

7. The sequence < — > > is bounded above by — I but not bounded below.

8. Thesequence< s, > =< (—1)" n>is neither bounded below nor bounded above.
For any positive real number K, there exists a positive integer 2m such that 2m > K. It
gives that sy, > K. Hence < s,, > is not bounded above.

Similarly it can be shown that < s, > is not bounded below.
Theorem: A sequence < s, > is bounded iff there exist me N, [ € R and a > 0 such that
| s, —l|<aforall n>m.

Proof: Let<s,>beaboundedsequence. Then there exist two realnumberskj, k9 such
that kj<s,<ky forallne N

= kl_M<sn_kl+k2<k2_k1+k2 ¥ ne N
2 2 2
= kl_k2<sn_kl+k2<k2_kl V¥ neN
2 2 9
= —a<s,—Il<a ¥ neN where ZZM and a:k22;k1
= |s,—Il|l<a¥neN
= s, —l|<a ¥ n>m,where m=1eN,le Rand a>0.

Conversely, let there exist /€ R,a >0 and m € N such that s, — I| < a for all n>m.

This gives [ —a < s, <[+ a for all n>m.

Choose k; = min {s;,89 ,...,8,, 1,/ —a}.
Then k; <, , for all ne N.
Again choose ky = max {s},s9 ,...,8, _1,[+a}.

Then s, < kg for all ne N.
k1 <5,< k9 forallme N.
Hence < s, > is a bounded sequence.

Note: In view of the above theorem we conclude that a sequence is bounded even if
ki <5, < kg for n > m. However in such a case it is not necessary that kj is a lower bound
and ky is an upper bound of the sequence < s, >.
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6 Convergent Sequences

Definition: A sequence< s, >is said to converge to a number I, if for any given € > O there exists
a positive integer m such that
|s, — | <eforall nzm.
The number 1 is called the limit of the sequence < s,,> and we write s, — [ as n— o or
lim

0 —s oo Sn = lorsimply lims, =1.

(Goralchpur 2011)
The positive integer m depends on the value of €.
The phrase ‘|s, — [| < e for all > m ~ expresses the fact that the absolute value of the
difference between s, and / can be made less than & from some stage onwards
ie.,l—e<s, <[+ efrom some stage onwards.
The truth of the statement that the sequence <s,> converges to / depends upon
showing that all except a finite number of terms of the sequence must lie in the open
interval |/ —¢,l+ €[, whatever €>0 we take. If we can find even one & for which
infinitely many terms of the sequence lie outside |/ — ¢,/ + €[ , the sequence will not
converge to /. The number of terms lying outside |/ — €, + € [ depends upon €. The
smaller the g, the larger the number of terms which lie outside | [ — ¢,/ + €[
From the above discussion, we conclude that ‘a sequence converges to l iff it lies ultimately in
each open interval around ',
Theorem 1: If <s,> is a sequence of non-negative numbers such that lims, =1, then
[20.
Proof: Suppose, if possible, /< 0. Then — /> 0.
Since lim s, =1, fore = — (I / 2)> 0, there exists m € Nsuch that| s, - [|< -1/ 2 for all
nzm.

In particular, |s,, — [|<-1/2

[ l
i.c., I[+—<s,<l-—
Le 5 <Sm 3
ie, sp<l/2 or s,<0,because by assumption /< 0.

But by hypothesis we have s, >0 because it is given that s, >0 for all n.

Hence our assumption is wrong. So we must have /> 0.

Remark: In the above proof € can be taken any positive real number such that0 < e <
-l saye=—lore=-1/2ore=-1/3etc.

Note 1: A negative number cannot be the limit of a sequence of non-negative
numbers.

2. Iflims, =/and /<O then there exists a positive integer m such that s, <0 for all
nzm.

3. Asequence < s, > is called a null sequence if lim s, = 0.

Theorem 2: A sequence cannot converge to more than one limit i.e., the limit of a sequence is
unique. (Goralchpur 2011)
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Proof: If possible, suppose a sequence < s, > converges to two distinct numbers
land [’. Since [ # [, therefore |I—1"|> 0.

Let e=%|l—l’|,thene>0.

Now < s, > converges to [ = there exists m; € N such that
|'s, —I|<eforall n=m. (1)
Similarly < s, > converges to [ “ — there exists my € N such that

|s,—1"|<eforalln=my . .(2)

Let m =max {my, my}.
Then (1) and (2) hold for all n > m.
We have for all n>m
(=11 =1 (5= D) = 5y = 1)< sy = ] +] 5~ ]
<ege+e=2e=|l-1].
Thus|l/ - 1’| <|I-1"|, whichis absurd. Hence our initial assumption that [ # [” is wrong
and we must have /=" ic., the limit of a sequence is unique.

Note: After taking € = 21 |/ —1’], we can also give the following argument :

Since < s, > converges to both [ and [, therefore it lies ultimately in both the intervals
Jl—¢gl+e[ and ]I’—¢,1" +¢[. This is impossible since these two intervals have no
real number in common. Hence our assumption is wrong and thus the sequence cannot
converge to more than one limit.
Theorem 3: If< s, > converges to I, then any subsequence of < s, > also converges to l.
Proof: Let<s, > be any subsequence of<s,>. Then by definition of subsequence,
n,ny ..., Ny ,....are positive integers such that

N <y <..<NHp<....
Now m =1 = m 2k (byinduction).
Since< s, >convergesto/, sogivene > 0, there exists a positive integerm such that

|sp — | < eforall k>m.
For k>m we have ni 2 k> m.

|5, — | < € for all = m.

<, > converges to L.
Corollary: All subsequences of a convergent sequence converge to the same limit.
Proof: By theorem 3, any subsequence of a sequence converges to the same limit as
the limit of the sequence and by theorem 2, the limit of a sequence is unique. This
shows that all subsequences of a convergent sequence have the same limit.

Note: 'Toshow thatagiven sequence isnot convergent it is enough to show that two of
its subsequences converge to different limits.

Illustration: The sequence < (— 1) > is not convergent.

The two subsequences < 1, 1, 1, .... > and <—-1,-1,—1,...> of the given sequence
converge respectively to 1 and — 1 which are different.
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Theorem 4: If the subsequences < sy, _| > and < s9,,> of the sequence < s,, > converge to the
same limit I, then the sequence < s,,> converges to I.
Proof: Let e>0 be given. Then, since lim sy, _; =/, there exists m € N such that
|s9,_1—1ll<e ¥n=m.
Similarly lim sy, = = for >0, there exists my € N such that

|9, —ll<e ¥n=2my.
Let m = max. {my, my}.
Then |$9,,_1—I|<eand|sy, - I|<e¥n2m.

|s,—l|<e ¥n=22m-1
Hence < s,,> converges to [.

Theorem 5:  Every convergent sequence is bounded.
(Kanpur 2008; Gorakhpur 10, 13, 14)

Proof: Let< s,>be a sequence which converges to [. Take € = 1. Then there exists a
positive integer m such that

|'s, —1|<1, forall n=m,

ie., I-l<s,<l+1 forall n>m.
Let k=min.{s],89 ,.c..., 8, _ 1, L — 1},
and K =max.{s,89 ,...c.., S, —1, [ +1}.

k<s, <K forallme N
Hence the sequence < s,, > is bounded.
Note: The converse of the above theorem need not be true. That is, a bounded

sequence need not be convergent. For example, the sequence< (- 1)" > isbounded but is

not convergent. (Gorakhpur 2013, 15)

[llustrative Exam])les \

Example 1:  Show that the sequence <1/ n> has the limit 0.

. . 1 1 . 1
Solution: For any given £> 0, we have |— - OI <ewhen —< gie,whenn>—-
n n I3

Let us choose a positive integer m > 1/ €. Then for all n> m, we have

[Lool=telce
| n | " n"m

1 . 1 ..
< —> converges to 0 ie.,< —> has the limit 0.
n n

Example 2: If s, =k (e R) is a constant sequence, then lim s, =k .
Solution: We have|s, —k|=|k—-k|=0 forallne N.

Given any €>0,|s, —k|=0<eforall n
ie, |s,—kl<eforallnzm=1
Hence  lims, =k%.




Sequences

(81 ) \
Example 3:  The sequence < s,,> where s,, =1/ 2" converges to 0.
Solution: We have |s,-0]= %

Forany8>0,|sn—0|<eif2in<e

ie, if g5 1 i.e.,ifn>M,
€ log 2

Let us choose a positive integer m > (log 1) / log 2.
€

Then for alln=m,|s, -0 |<e.
< s, > converges to 0.

Example 4:  Show that the sequence < s,,> defined by s, = r " converges to zero if |r|<1.

Solution: If| r|< ], thenwecanwrite|r|= ﬁ ,where /i > 0. Since i > 0, therefore
+

I+ 1" =1+ nh+ W+ ...+ 0" =1+ nh forall n.

n(n-1)
2

1 < 1

NOW|sn—0|=|r"|=|r|"= S——, V¥
(1+h)” 1+ nh

Let €> 0 be given. Then|s, -0 |< e if ! <si.e.,ifn>(l—l)/h.
1+ nh €

If we take a positive integer m > (l - 1)/ h, then foralln>2m, |s,-0|<e.
e

Hence < s, > converges to zero.

Sn+1
Example 5: Let < s,,> be a sequence such that s, # 0 for any n, and — =~ 5 I Prove that if
Sn
|I|<1, then s, — O.
Solution: Since| I| <], hence there exists gy > 0 such that
| I|+eg=h<l
Sn+1
Now 222 =5 [ = there exists a positive integer m such that
STI
Sn+1
' nr —l‘<£0 for all n > m.
| s |
Sn+1 Su+1 | Sn+1
We have \”*‘:‘(”* —l)+ls'"+ _z|+|1|,
| Sn | | Sn | Sn
<gy+| |, forall n=m
N 1 ‘
ie., | " |<h, for all n > m. (1)
Sn

Replacing n by m,m +1,...,n — 1 successively in (1) and multiplying the corresponding
sides of the resulting n — m inequalities, we get
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| Sm | |sm+1| |sn—l|
or Smal Sm+2 S| g
| Sm Smo+1 Sn—1|
or [s,| <" (lhszzl),for all n>m. (2)

Again, since 0 < 11 < 1, therefore, 1" — 0 and hence, given £> 0, there exists a positive

integer 77 such that
|| < W™ ells,,|, forall n=m.
Let us choose a positive integer p such that p> max. {m, m}.
From (2) and (3), we get
|'s,|< e foralln>p.
Hence s, — 0.

2n —2|<;foralln2m.

Example 6: Find an m € N such that’
[n+3 |

1 |2n—2n—6| 1
- = <

Solution: We have‘ 2n ittt Pt
5 | n+3 | 5

|n+
6 | n+3

<— =
n+3 5 6

—2}<

= >5 = n>27.

If we take a positive integer m > 27, we have

’ 2n
| n+3

—2|<51,f0ralln2m.

Hence for e =1/ 5, the required least value of m =28.

In fact, we can find m € N for each £ > 0 such that

’ 2n —2|<8f0rall;12m.
| n+3
lim 2 _ 2.
n+3
2% +1
Example 7:  Show that the sequence < s,, > where s, = 21 ¥ neN converges to 1.
-

Solution: Let e> 0 be given.

2
We have |sn—l|=‘2n2+l—1|=| 22 |= 22 <egifn> (2+8)-
|2n° =1 | |2n" -1| 2n" -1 2e

2+¢
2¢

If we choose a positive integer m > ( ) , then for all n>m, | s, —1 |< €.

lims, =1

(3)
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Example 8:  Show that the sequence < s, > where s,, = % has the limit 3.
n+5n

Solution: Let e> 0 be given.

) 3n 3 _|3n—3n—15nl/2 1511/2

We have I A—— =
|n+5n1/2 | | n+5u'/2 | n+5u?
1/2
which is less than 157 = 11—?2 .
n n
1/2
Thus Ll/zwillbe<sif%<si.e.ifn>%-
n+5n n €

PR 225
If we choose a positive integer m > =5~ , then|s, — 3| < e for all n2 m.
€

lim
Hence s, =3.
n— oo

Example 9:  Prove that lim(1/n? )=0, p>0.

Solution: Let e>0 be given.

N 1 1
We have |——0 <gem>—<e =>nl>=
| n? | n? €

N

=n>|—| -

€

By Archimedean property, for (1/ g)l/l € Rthereexistsa positive integer m > (1 / )P 1f

we choose m > (1/ e)l/p, then we have

IL—O|<8f0ralln2m.
| P |

Hence lim % =0, when p>0.
n

Example 10: Show that the sequence < s,,>, where s, = (- 1)" “Lyn, converges to 0.

Solution: Wehaves, = 1 ifnisodd, s, = - lifn is even. The sequences< sy,, _ >and
n n
< 89, > are subsequences of < s, >.
<s >—<1ll >, < s >—<—l SR >
2n—1 7315:---- ’ 2In 2, 4, 6, .
But < 1,3l,51,...> and < 21,41,%,...> are subsequences of the sequence <1/ n> which

converges to 0.
< $9,_1>and < s9,,> both converge to the same limit O.
Hence < s, > converges to 0.
[By theorem 4, article 6]

Alternative Solution: Take any given £> 0.
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n-1
=D ):l<£ifn>l~
n | n €

Wehave|sn—0|:|sn|:l

Now by Archimedean property of real numbers, for a given real numberl / e there exists
a positive integer m such that m>1/¢eorl/m<e.

Then for all n > m, we have

1 1
|s,—0]=—<—<e
n m
Hence < s, > converges to zero.

Example 11:  Show that lim =1,

Solution: Let "\ n =1+ h, , where 1,>0.

n:(1+hn)":1+nhn+%hn2+...+h,,"
>n(n—l) hn2 for all n, since /,> 0.
2
hp < 2 forn>2 ie |h,)< 2 forn>2.
n-1 -1

Let >0 be given. Then |/, < 2 < ¢, provided 2 <¢ i.e.n>%+l.
n-1 n-—1 €

If we choose m € N such that m > % + 1, then we have
€

|hl<e¥nzm

ie. |"Nn—1|<e ¥n=m.
lim " n=1
Example 12:  Show that the sequence < s,, > defined by

sp={N(m+1) =V n},¥ ne Nis convergent.
Solution: We haves, =V (n+1)-Vn

(Nm+1) + n
(N +1) +\ n}
_ 1 < 1 _ 1 <L
Vou+)+Vn Nn+Vn 2Vn n

=(Nn+1)—Vn}

) 1
be sy <
Let £> 0 be given. Then|sn—0|<L<s,provided\/n>l i.e.,n>i-

\Vn € s

If m is a positive integer greater than 1/ g2, then

|s, — 0| < e for all n> m.
Hence lims, =0.

Example 13:  Show that the sequence< s, >wheres,, = sin nm®and0is a rational number such

that 0 <0 <1, is not convergent.
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Solution: Let® =L, where pand g areintegers. Since0 < 0 < ,we musthaveq > 2 . For
n=q,2q,3q,..., the terms of < s, > are sin np,sin 2np, sin 3mp, ..., i.e., 0, 0, O, ..... Thus
< s, > contains a subsequence < 0, 0, 0, ...> which converges to 0. Now for n =g +1,
2q +1,3q +1, ... the terms of < 5, > are

sin (np+np),sin (2np+np],sin (3np+np],....
q q q

ie, (=17 sin (np / q), (= )P sin (mp / q), (= D> sin (zp / q),....
All these terms have absolute value sin(mp/¢q) and do not tend to zero since
O<mp/q<m. [~ O<p/g<l]].

Thus the sequence < s, > contains a subsequence whose limit is O and a subsequence
which (may or may not converge but certainly) does not have the limit zero. Hence we
conclude that the given sequence is not convergent. [See corollary to theorem 3]

Remark: The sequence < sin 716 > obviously converges to O for8 =0 or 6 = 1.

T Divergent Sequences

Definition 1: A sequence< s,,> is said to diverge to + oo if for any given k > O (however large) ,
there exists m € N such that s, > k for all n > m.

If <5, > diverges to infinity, we write s, — e as # — oo or lim s, = + o.
Definition 2: A sequence < s,, > is said to diverge to — oo if for any given k <O (however
small), there exists m € N such that s, < k for all n> m.
If < 5, > diverges to minus infinity, we write
Sy—> —casn— o or lims,=—oo.

A sequence is said to be a divergent sequence if it diverges to either + oo or — oo.
Llustrations:

1. <2,4,6,....,2n,...> diverges to + co.

2. <3,3%,3%,....,3" ...> diverges to + co.

3. <n i, , x>, x> 1, diverges to + co.

4. <-2,-4,-6,....,—2n,...> diverges to — .

5. <-3,-32,-3%,..,-3" > diverges to — .

6. <—x,— ¥, — x5, —x" > x>] diverges to — oo,

8 Oscillatory Sequences

Definition: A sequence< s, > is said to be an oscillatory sequence if it is neither convergent nor
divergent.

An oscillatory sequence is said to oscillate finitely or infinitely according as it is bounded or
unbounded.
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Illustrations:

1. The sequence < (- 1)" > oscillates finitely.
2. The sequence < (- 1)"" n> oscillates infinitely.

Theorem 1: Ifasequence< s, >diverges to infinity then any subsequence of < s,, > also diverges
to infinity.
Proof: Let<s, >beanysubsequenceof thesequence< s, >. Then by the definition of
a subsequence <ny,ny ,....., 1 ,.....> is a strictly increasing sequence of positive
integers. This implies 7y > 1 = n;, > k (by induction).
Take any given positive real number k.
Now< s, > diverges to o = for k| > O there exists m € Nsuch thats, > k foralln>mi.e.,
sp> kY k=m.
For k> m,we have np 2 k> mie.,n = m.

Sy, > ky for all ng = m.

< sy, > diverges to infinity.

Note: Ifsy, _| > 0 asn— e and sy, — e as n— oo, then s, — oo as n — oo,

Theorem 2: Ifs,>0 forallne N, then

1
Sy—>asn— o & ——0asn— o
s}’l
Proof: Lets, — « asn— .
Lete> 0 be given. Sinces,, — ccasn — oo, hence forl / € > 0 there existsm € Nsuch that
sy>1/¢eforalln=m
! u
= —<eV¥nzm= l—I<eV¥nzm [s,>0]

Sn S}’l

|t
S

1

—0|<sVn2m = ——>0asn— oo,
S

n n

1
Conversely, let —— 0 as n— co.
S}‘l

Take any given k > 0.

Nowl—>0 as n— oo = for 1/ k >0 there exists m € N such that
S}’l

'i—0|<lforalln2m
lsp | k
1 1
= —<—¥nzm=s,>k ¥ n2m
s,k
= S, —> o0 as 1 —> oo,

Theorem 3: If the sequences < s,,>, < t,, > diverge to infinity then < s, + t,>and < s, t, >
diverge to infinity.
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Proof: Take any given k > 0.The sequence< s,, > diverges to infinity = fork > 0,there
exists my € Nsuch that s, > k ¥ n > my. Again, the sequence < ¢, > diverges to infinity =
for 1> 0, there exists my € Nsuch that ¢, >1V¥n2>my .
Take m = max. {my, my}.

s, +ty,>k+1>k ¥nz2m and s,t,>k.l=k ¥nz2m

Both < s, + t,>and < s, ¢, > diverge to infinity.
Theorem 4: If<s, > diverges to infinity and < t,,> is bounded then < s, + t,,> diverges to
infinity.
Proof: The sequence < ¢, > is bounded = there exists kj > 0 such that

[tl<k ¥neN

The sequence < s, > diverges to infinity = for k>0 there exists m e N such that
s>k +k ¥nzm.

For all n> m, we have
Spt tn 25, = |ty [ x=—[x]]
>k+k -k =k
Thus for k > 0, there exists m € N such that s, + ¢, > k for all n> m.
Hence < s, + t,, > diverges to infinity.

Corollary: If< s, >diverges to infinity and < t,, >converges then< s, + t,, > diverges to infinity.

[llustrative Examl)les \

Example 14:  Prove that the sequence < n V' > where p> 0 diverges to infinity.

Solution: Lets,=n". Thens,>0 forallnasne Nand p>0.

1 1 .
The sequence < — > =< — > exists.
Sn nt

. 1
Since we know that — — 0 as n — oo,
n

nP — ocoasn— oo,

Hence < n 7 > diverges to .

Example 15:  Show that the sequence < log 1 > diverges to — eo.
n
Solution: Let s, =log L Take any given k <0.
n

Thens, <k if logl<k ie., if —log n<k
n

ie., if log n>—ki.e.,ifn>e_k.

If we take m € N such that m> ¢~ *, then sy, <k forall n=m.

Hence s5,— —ocasn— oo,

Example 16: If< t,> diverges to oo and s, > t,, ¥ n, then <s,,> diverges to eo.
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e
Solution: Take any given k > 0.

Since < t,, > diverges to oo, therefore, for k > 0 there exists m € N such that
t,>k forall n>m
= s, >k for all n=m. [vs,>t, ¥ neN]

Hence < s, > diverges to .

0 Alge]ora of Convergent Sequences

Theorem 1: Iflims, =landlimt, =1"thenlim (s, + t,) = [ + | ". In other words the limit of
the sum of two convergent sequences is the sum of their limits.
Proof: Take any given £> 0.

Since lim s,, = [, therefore for a given positive real number € / 2 there exists m € Nsuch
that

|s, —I|<e/2forall n=m,.
Similarly, sincelim ¢, = [ * ,there exists my € Nsuch that|t, —["|< e/ 2 foralln=my .
Let m = max. {m, my}. Then
|s,—Il|<e/2and|t,—1"|<e/2forall n=m.
for all n = m, we have
[ (5 +8) =+ 1) | = (55 = 1) + (6, = 17)|

;)€ E
<|s, =1+t -1 |<§+§:£.

Thus for any given &> 0, there exists a positive integer m such that

(s, +t,)—(+1")|<eforall n=m.
The sequence < s,, + t,, > is convergent and
lim (s, +t,)=1+1"=lims, + lim t,.
Note: The converse of the above theorem need not be true.
Let s,=(-D"andt,=(-1"*"
Thens, +t,= (=" + (="t = (= )" [1+ (= 1)]=0.
Hence the sequence< s, + t,,>converges to 0, while< s, >and< ¢, > oscillate finitely.
Theorem 2: If lim s, =1land ¢ € R, then lim (cs,) = cl.
Proof: If ¢ =0, the theorem is obvious because then lim (cs,) =0 =0 .1

Let ¢ # 0. Take any given £> 0.

Sincelim s,, = [, hence for a given positive real numbere/| ¢ |, there exists m € Nsuch that

|Sn—l|<ﬁfora11n2m.
¢

Now for all n > m, we have
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€
|Csn_d|=|C(Sn_l)|=|c||5n_l|<|cl'm=£-
lim (es;,) = cl.
Theorem 3: If lims,=land limt, =1, then lim (s, — t,)=1-1".
Proof: By theorem 2,
lim (- t,)=lim[(-) ¢, ]=(-DI1"==1".
We have lim (s, — ¢,,) = lim [s,, + (- £;,) ] = lim s, + lim (- ¢,,),  [by theorem 1]

=l-1".

Corollary: If<s, >and< t,>are convergent sequences such that s, < t,, for all n € Nand lim
sy=Llimt,=1", thenl<1’.
Proof: By theorem 3, we have lim (t, —s,) =’ — [. By hypothesis ¢, — 5,20 for all
ne N. Hence I’ = >0, by theorem 1 of article 6. Thus [">lie., [<]’.
Theorem 4: If lim s, =0 and the sequence < t,,> is bounded then

lim (s, t,,) =0.
Proof: The sequence < t,,> is bounded = there exists k € R* such that

|t,|<k ¥ neN
Take any given £> 0.

Since lim s, = 0, therefore for a given positive real number € / k there exists m € Nsuch

that| s, O|—|sn|<k V2 m.

Now for all n > m, we have
€
|Sntn_o|=|Sntnlzlsnlltn|<i'k=8~

Thus for any given &> 0, there exists m € N such that|s, t, — 0 |< e for all n> m.
Hence  lim (s, ¢,)=0.
Theorem 5: If lim s, =1and lim t,, =1’, then lim (s,t,) =1l".
Proof: Let &> 0 be given. We have
Is,t, =" =|s,t, = It,+1t, =" |=t, (s, =)+ 1(t,—1")]
S|tn(sn_l)l"'ll(tn_l,)l
=\t s, =+t =17 (1)
Since the sequence< t,, > is convergent, therefore it is bounded i.¢. there exists a positive
real number k such that
|t,|<kforallne N

Since the sequences < s,>and < t,,> are convergent, therefore there exist positive
integers my and my , such that

|s,,—l|<%forall n= my (2)
, €
and [t,—1 |<mforalln2m2 . ..(3)

Let m = max.{my,my}. From (1), (2) and (3), we have for all n>m
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€ € € €
t,-l'|<k - —+|l| ——————<-+—-==¢
o tu = 1<k S ey 27 2
Hence lim (s, t,)=11".
Note 1: In the inequality (3) we have taken (|/|+1). Had we not done so, this

inequality would have failed in case / = 0. Hence to include this case also we used this
device.

Note 2: The converse of the above theorem need not be true.

Let sp=(=D" and £, =(-1""1.

Then Spty= (=) (=1 =Pt oo

Thus< s, t,, >is a constant sequence and converges to — Iwhile< s, > and < ¢, > oscillate
finitely.

Theorem 6: Iflims, =land [ # 0, then there exists a positive number k and a positive integer

m, such that | s, |> k forall n> m.

Proof: Letuschoosee= % | 7]. Thene> 0, since ! # 0. Since lim s,, = [, therefore there

must exist a positive integer m, such that |s, —[|< e forall n>m.
We can write [I=1-5,+s5,.
=1 (= s54) + s,
S|=s,|+]s,|<e+]|s,]| forall n=m.

|s,|>|1]|—¢foralln>m

or |sn|>|l|—%|l|=%|l|foralanm.

Thus we have found a positive number k = % | /| and a positive integer n, such that

| s, |>k foralln>m.

Theorem 7: Iflimt,=1",1"#0andt,#0 ¥n, then lim(1/¢,)=1/1".

|1 T|_1r=nl

[en U] Tl 0] - (1)

Proof: We have

Since I” # 0, therefore by theorem 6, there exists a positive number k and a positive
integer my, such that
[t,|>k or L<l for all n> my. .(2)
| l1| k
Take any given > 0.
Since lim ¢, = [, therefore for a given positive real number k |/”| €, there exists ny € N
such that

[t,—1"|<k|l"|e forall n=my . ..(3)
Let m = max.{my,my}. From (1), (2) and (3), we have
|1_1]_ 11

———I<——-k[l"|eforalln=m
[ t, 17| |17 k
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l’|< ¢ for all n> m.
Hence Hm (1/¢t,)=1/1".
Theorem 8: Iflim s, =land limt,=1"(#0),t,#0 for all n, then
lim (s, /t,)=1/1".
Proof: Since t, #0 V nand I’ #0, therefore, by theorem 7, lim (1/¢t,)=1/1".

Le., !

w‘,_l

Now lim | 22| = lim Sy 1. (lim s,,) lim 1 [by theorem 5, article 9]
tn tn ti’l
R S
A
Hence limizizw.

t, 17 limzg,
Theorem 9: Squeeze Theorem (Sandwich Theorem): If<s,> <t,>and < u,>
are three sequences such that
(i) for some positive integer k, s, < u, < t, forn>k,
(ii) lims,=lim¢, =1,  then limu, =1
Proof: Let e>0 be given.

Since lim s, = [, therefore, there exists m; € N such that

s, — | < eforall n>m

ie., l—e<s,<l+¢e foralln=m.

Similarly lim ¢, = [, therefore, there exists my € N such that
|t, — | < e for all n> my

Le., [—e<t,<l+e foralln=my .

Let m = max. {my, my ,k}. Then, for n> m, we have

l—e<s,<u,<t,<l+e

or l—e<u,<l+e
Thus |, — 1| < € forall n=m.
Hence lim u, = 1.

Corollary: If <s,> and <t,> are two sequences such that|s,|<|t,|¥n>k wherek e N
and lim t,, =0, then lim s, = 0.

Proof: Limt¢,=0 = lim|¢,|=0and lim (-|¢,])=0

We have |[s,|<|¢t,| ¥n=k

= < s, <t ¥n>k.

Hence by Sandwich theorem, lim s, = 0.

Note: 1If |s,|< alt,| ¥n=k where k € Nand o is a positive real number, then

lim¢,=0 = lims,=0.
cos nm

For example, let s, =
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Al ro2 |
Then [s,] = |cos nn| 1 [+ —1<cosnm<]
T 1T
|sn|S| 1 and hm— 0.
| nl
Hence  lims, =lim COSTIT _
n
Theorem 10: (Cauchy’s first theorem on limits)
lim lim
If . se=l then St At E Sy
n (Goralchpur 2015)
Proof: Define a sequence < ¢, > such that
s,=l+t,¥ neN.
limt,=0
and Sl+SZ+"'+SI1=1+tl+t2+"'+tn. (1)

n n
In order to prove the theorem we wish to show that
im g+t +...+1,

71— oo » =0.

Lete> 0 begiven. Sincelim t,, = 0, therefore, there exists a positive integer m, such that
[t,-0|=|t,|<e/2 ¥ n=m. ..(2)
Also, since every convergent sequence is bounded, hence there exists a real number
k>0 such that
[t l<k¥neN ..(3)
Now for all n> m, we have

|+t +... 41, ’ ity +.. +tm+tm+l+tm+2+"'+tn|

<|t1|+|t2|+...+|tm|+|tm+l|+|tnz+2|+~--+|tn|

n n
Mk nom e [From (2) and (3)]
n n 2
mk €
<— 4= ..(4
m_—_— (4)
| Ogn_m<11
| )
If m is fixed, then—k<lsf >M
n 2 €
e 2mk
Let us choose a positive integer p>=——- Then
€
L .(5)
n 2

Let M = max. {m, p}. From (4) and (5), we have
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IM’< Vs M.

E:
2

[NCRING

| n

 +t)+...+1¢

Thus lim % =0 and consequently (1) gives

n

. St +8 +...+S§
llml 2 n

=1

n
Note: The converse of the above theorem need not be true.

Consider the sequence < s, > where s, = (- 1)"".

For this sequence,
s |+8 +...+8 . |
w:(), if nis even, and =-—,if nis odd.

n n
S| +8 +.. .+ Sy,

lim =0, but < s, > is not convergent.

n
Theorem 11: (Cauchy’s second theorem on limits). If<s, > is a sequence such that
$,>0 for all n and lim s, = I, then lim (s; s ... s) =1

Proof: Let us define a sequence < ¢,, > such that
t, =log s, for all n.
Since lim s, =/, therefore lim ¢, = log /.
By Cauchy’s first theorem on limits, we have
R ol 7 N s o 7
lim LT "2 n
n

ie., lim log s; +log s9 +...+log s, _

=log I

log I

n

ie., lim log (s sy ... s,l)l/"

=log I

and hence, lim (s sy ...s,)"/" = 1.

Note: While proving this theorem, we have used the following fact :
lims, =1/ lim log s, = log [,

provided s, >0 for all n and /> 0.

Theorem 12: If <s,> is a sequence such that s,>0 for all ne N and

Sn+1 .
lim 2 =1, then lim "™ s, =1

Sn

Proof: Let us define a sequence < ¢,,> such that

N § N
=51, 1t Zl, i3 Zi,..., tn:i““_
S 52 Sp—1
Bty . t,=s,.
. Su+l . N .
Also lim =l=lim—"-=[=lim¢,=1
Sn Sp—1

Since s,,> 0 for all n, hence ¢,> 0 for all n.
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Thus we have a sequence < £, > such that ¢,>0 for all # and lim ¢, = L.
Hence by theorem 11 of article 9 , we have lim (4 fy ... £,)!/" = I

ie., lim (s,)!/" = 1.
Theorem 13: (Cesaro’s theorem)
Iflims, =l and lim t, = 1", then

Sty + 898, 1 +...+85, 4 3

n
Proof: Lets,=1[+ x,and|x,| = X, Thenlim x, =0 and hence lim X, = 0. Therefore
by theorem 10 of article 9, we have

lim & (X, + Xy +...+ X,) = 0.

n
1
Now — (S ty+sSo b1+ S, 1)
n
[ |
=;(t1 + 1y +...+tn)+;(x1 bi+Xo by +...+x, 1), (1)
on substituting for s, s ,...,s, .

Now the sequence < ¢,, > is convergent and every convergent sequence is bounded.
Therefore there exists a positive real number £, such that
[t <k ¥n.

1
OSIZ (q ty+x9 by +...+ X, tl)I

1
S;[|Xl|-|tn|+|XZI-|tn—l|"'-“"'lxnl'l t1|]
k
<;(IX1|+|X2|+-.-+|XHI)
k
=— X1+ X9 +..+ X))
n

— 0, since k is fixed for all n.

lim 1 (vt + x9t, 1 +...+ x, 1) =0, by Sandwich theorem.
n

Now since lim ¢, = I, we have by theorem 10 of article 9,
liml(tl tig +ott,)=1".
n

Hence finally, we get from (1)

.1 ,
hm—(sltn+s2 by _1+... 5y, t1)=ll .
n

Note: Theorems of article 9 provide an easier method for evaluating the limits of
sequences than the method for evaluating these limits directly by definition. Later on
we shall illustrate the use of the theorems of this section to evaluate the limits of
sequences.
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10 Monotonic Sequences

Definition 1: A sequence <s,> is said to be monotonically increasing (or
non-decreasing), if s, < s, .1 for all ni.e., s, < s, for n<m.

Definition 2: A sequence < s,,> is said to be strictly increasing if s, < s, , 1 for all ne N.
Definition 3: A sequence <s,> is said to be monotonically  decreasing (or
non-increasing) if s, 2 s, .| forall ni.e., s,>s,, for n<m.

Definition 4: A sequence < s,,> is said to be strictly decreasing if s,,> s, .| for allne N

Definition 5: A sequence < s,, > is said to be monotonic if it is either monotonically increasing
or monotonically decreasing.

Illustrations:
1. The sequence<1,2,3,...,n,...> is strictly increasing.

2. <2,2,4,4,6,6,...> is monotonically increasing.

. . . .
3. <——>1is strlctly mcreasimng.
n

4. <1, l , l , l ,...> is strictly decreasing.
2 34
1 111 . . .
5. <L =,=,=,—,...>is monotonically decreasing.
3’355
6. <-2,-4,-6,-8,...> is strictly decreasing.
7. <0,1,0,1,0,1...>is not monotonic.
8. <-2,2,-4,4,-6,6,...> is not monotonic.
11 1 . .
9. <],-—-,=,——,...>is not monotonic.
3'5 7

Note: If <s,>is a sequence of positive terms, then <, > is increasing & <1/ s, > is
decreasing.

Theorem 1: (Monotone convergence theorem). Every bounded monotonically
increasing sequence converges. (Goralchpur 2011, 13)

Proof: Let< s, > be a bounded monotonically increasing sequence.

LetS = {s,,: 7€ N } be the range of the sequence< s,,>. Then S is a non-empty set which
is bounded above. Hence by the completeness axiom for R, there exists a number
I=sup S. We shall show that < s, > converges to /.

Let >0 be given. Then/ — e </, so that [ — e is not an upper bound of S. Hence there
exists a positive integer m such that s,, > [ — €. Since < s,, > is monotonically increasing,
therefore,

Sy 28, >1—¢eforall n=m. (1)
Also, since [ is the supremum of S, therefore,

sy<l<l+eforall n. ...(2)
From (1) and (2), we get [ —e<s,<[+eforalln>m

ic., |s, — | < eforall n=m.
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o lims, =1
Corollary 1:  Every bounded monotonically decreasing sequence converges.

Proof: Let <s,> be a bounded monotonically decreasing sequence. Define a

sequence< t,>such thatt, = —s, ,foralln € N. Then< ¢,, > is a bounded monotonically

increasing sequence and hence by the above theorem, it converges. If lim t,, = [, then

lims,=lim (-¢,)=-lim¢,=-1

Note: We can prove this result independently by taking infimum of the set S.

Corollary 2:  Every bounded monotonic sequence converges. (Kanpur 2012)

Proof: In order to prove this theorem we are to prove the following two results.

(i) Every bounded monotonically increasing sequence is convergent. (Give
complete proof of theorem 1)

(ii) Every bounded monotonically decreasing sequence is convergent. (Deduce it
from the result of theorem 1 as deduced in corollary 1)

Theorem 2: A non-decreasing (i.c., monotonically increasing) sequence which is not bounded

above diverges to infinity.

Proof: Let<s,> be a non-decreasing sequence which is not bounded above.
Take any real number k > 0.
Now < s, > is not bounded above = there exists m € N such that s, > k.
Also < s, > is non-decreasing = s,, 2 s,, for n> m.
sy 28, >kforn>m or s,>kforn>m.
Hence < s, > diverges to infinity.

Theorem 3: A non-increasing (i.e., monotonically decreasing) sequence which is not bounded
below diverges to minus infinity.

Proof: Let< s, > be a non-increasing sequence which is not bounded below.
Take any real number k <0.
Now < s,,> is not bounded below = there exists m € N such that s, < k.
Also < s, > is non-increasing = s, < s, for n> m.
$, <8, <k forn>m or s,<kforn>m.
Hence < s, > diverges to — oo.
Theorem 4: Every sequence has a monotonic subsequence.
Proof: Considerthesequenceay =< s, >. Letay, ay ,as ,...denote the subsequences
<89 ,83,84 ,...>,<83,84,85 ,...2,<84,85 ,86 5---> ... YeSpCCtiVCly.
There arise two different cases.

(i) Each of the sequences 4 ,a;,ay ,... has a greatest term. Let s, .5, »Sg 0o
denote the greatest terms of ag ,ay,ay ,... respectively.

Then n <ny <ng <...and Sy 2 Sy 2 Sy 2
Consequently < Sy > Sy Sy o> 18 @ monotonically decreasing subsequence of < s, >.

(ii) Atleast one of the sequences a ,aj, ay ,...has no greatest term. Suppose a,,
has no greatest term. Then each term of a,, is ultimately followed by some term of a,,
that exceeds it. For, if there is a term of a,, which exceeds all the terms following it, then
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it can be exceeded by finitely many terms at the most and hence, a,, must have a
greatest term. Nows,, , | is the first term of a,,,. Let s, be the first term of ,, exceeding

S+ 1> Sy the first term of a,, that follows Sy and exceeds it, Siy the first term of a,, that

follows S and exceeds it, and so on.

Thus < s, 41,5, » S, Sy, »---> is a monotonically increasing subsequence of <'s, >.

Note: Inthe above proof, we have used the concept of a greatest term of a sequence.

A term s of a sequence < s,,> is said to be a greatest term of < s,,> if s, < sy for all n.

It is not necessary for a sequence to have a greatest term; e.g., the sequence<1,3,5,...>

has no greatest term. Also, it is not necessary that a greatest term of a sequence be

unique; e.g., for the sequence <s,> defined by s,=(-1)"" ! each of the terms

s1,83 ,85 ,...1s a greatest term.

If<s, >beasubsequenceof <s, >, S be a greatest term of <, >ands,, be a greatest

term of < s, >, thens, <s,, ,becauses, isalsoatermof<s, >, ands,, is a greatest term
n }117 m }117 n m

of <5,,>.

11 Limit Points of a Sequence

Definition: A real number p is said to be a limit point (or a cluster point) of a sequence< s,, > if

every neighbourhood of p contains infinite number of terms of the sequence.
(Goralhpur 2012)

Since every open interval | p—¢, p+¢€[,e> 0, is a neighbourhood of p and also every

neighbourhood of p contains an open interval | p — €, p + € [for some &> O, therefore we

can say that a real number p is a limit point of a sequence < s,, > iff given any €> 0,

sp€ ] p—¢ p+e| for infinitely many values of n i.c., |s, — p|< € for infinitely many

values of .

It can be easily seen that areal number p is a limit point of a sequence< s,, > iff given any

neighbourhood NN of p and m € Nwe can find k € Nsuch that k > m and s € N.

Remarks: 1. Limit point of a sequence is different from the limit of a sequence. The

limit of a sequence is alimit point of the sequence, while a limit point of a sequence need

not be the limit of the sequence.

2. Limit point of a sequence need not be a term of the sequence.

3. Ifs, =1for infinitely many values of n then [ is a limit point of <s,, >.

4. A real number p is not a limit point of <s,> if there exists even one
neighbourhood of p containing finite number of terms of the sequence.

Ilustrations:

1. The sequence < (- 1)"”>has 1 and — I as limit points. Here s, = — 1, if  is odd and

s, =1, if n is even. Any neighbourhood of — 1 will contain all the odd terms of the

sequence hence — L is a limit point.

Similarly any neighbourhood of 1 will contain all the even terms of the sequence, so 1 is

a limit point.

2. The sequence < 1 > has only one limit point, namely 0.
n
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. . 1
Given £> 0, there exists m € N such that —< ¢.
m
1 1 . 1
For n>m 0<—-<—<¢ e, —e<0<—<eforalln>m.
n m n

Hence 1 € ] — g e[foralln 2 m. Thus every e-nhd of O contains infinitely many points of
n

the sequence. Hence O is a limit point of this sequence.

3. The sequence<1,2,3,...,n,...> has no limit point.

Let pe R. Whatever € we take, the neighbourhood | p — €, p + €[ of p contains at the
most a finite number of terms of this sequence. Hence p is not a limit point of this
sequence.

Theorem 1: Iflis a limit point of the range of a sequence < s,,>, then | is a limit point of the
sequence < s, >.

Proof: Let S be the range set of the sequence < s, >. Since / is a limit point of S,
therefore, every nhd. of [ contains infinite number of distinct elements of the set S. But
each element of the set S is a term of the sequence< s, >. Hence every nhd of / contains
infinite number of terms of the sequence < s, >. Thus [ is a limit point of the sequence
<S8y >.

Note 1: The converse of the above theorem need not be true.

Consider the sequence < s, > where s, = 1 + (= 1)".

We have s, =0, if n is odd and s, =2, if n is even.

0, 2 are limit points of the sequence< s,, >. But the range of this sequence is the set
{0,2}, which is a finite set.
Now a finite set has no limit points, hence the range of < s,, > has no limit points.
Note 2: If a sequence has all its terms distinct, then the limit points of the sequence
and the limit points of the range set are same.
Theorem 2: Ifs, — [, then [ is the only limit point of < s, >.

Proof: First we shall show that [ is a limit point of < 5, >. Let £> 0 be given. Since
s, — 1, therefore, there exists a positive integer m such that

|s,—Il|<eforalln=m
ie., s, — [| < € for infinitely many values of .
This shows that / is a limit point of < s,,>.
Now we shall show that if I” be any limit point of < s,, >, then we must have [” = .
Let >0 be arbitrary. Since [ is the limit of < s, >, therefore, there exists a positive
integer p such that

|s,—l|<e/2forallnzp. ~..(1)
Since !” is a limit point of < s, >, therefore, there must exist a positive integer 4 > p such
that ls; =1"l<e/2. .(2)
Puttingn=g¢in (1),|s, —I|<e/2. ...(3)
Now [I=1"]=|(sg =1") = (sg = DI<]sg = "] +]s5 =1

<e/2+¢/2, from (2) and (3)
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ie., [I-1"|<e¢.

Since ¢ is arbitrary, hence we must have |/ -["|=0 ie., [=1".

Note: The converse of the above theorem need not be true; i.e., a sequence having only
one limit point may not converge.

Consider the sequence < s, >, where s, is given by

’

n
n, if nisodd.

| S
—, ifniseven;
Sy =

There is only one limit point of <s,>, namely 0, and yet the sequence does not
converge.

Theorem 3: (Bolzano-Weierstrass Theorem for sequences): Every bounded
sequence has at least one limit point.

Proof: Let<s,>beabounded sequence and S be its range set. Then S = {s,, :n e N}.
Since the sequence < s, > is bounded, therefore, S is a bounded set.

Case I: Let S be a finite set. Then for infinitely many indices 7, s, = p, where p is
some real number. Obviously p is a limit point of <s,, >.

Casell: LetSbeaninfinite set. Since S is bounded, by Bolzano-Weierstrass theorem
for sets of real numbers, S has a limit point, say p. Hence every nbd of p contains
infinitely many distinct points of S or every nbd of p contains infinitely many terms of
the sequence < s,,> and consequently p is a limit point of the sequence < s,, >.
Corollary 1: IfF is a closed and bounded set of real numbers, then every sequence in F has a
limit point in F.

Proof: Let<s,>be asequencein F. Then < s, >is bounded and hence, it has a limit
point, say p. Also pe F, since p cannot belongtoR — F. If pe R — F, then R — F is an
open set containing p. Thus it is a neighbourhood of p that contains no term of the
sequence< s, >and hence we get a contradiction to the fact that p is a limit point of the
sequence < s, >.

Corollary 2: If 1 is a closed interval, then every sequence in I has a limit point in I.

Proof: Since every closed interval is a closed and bounded set, hence the result
follows from corollary 1.

We have proved earlier that every convergent sequence is bounded and also it has only
one limit point. Now we shall prove the converse.

Theorem4: Ifasequence< s, >is bounded and has only one limit point, say I, then s, — L.
Proof: Since< s, >is bounded, so it has at least one limit point. But /is the only limit
point of <s,>. Hence, for any €>0, |/ — ¢,/ + €[ contains s, for all except a finite
number of values of ».
Let sy, 5 Sy Sy e Sm, be the finite number of terms of the sequence < s, > that lie
outside | I —¢,1+ g[.
If m —1=max.{my,my rees Ty J,thens,e|l—¢ l+e[ Vn=m.
Hence for any €> 0, there exists m € N such that

|s,—ll<e ¥nzm.
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the sequence < s,, > converges to [.
Theorem 5: A real number p is a limit point of a sequence< s,, > iff there exists a subsequence of
<8y, > converging to p.
Proof: First, let p be a limit point of a sequence < s, >.
We shall use the result that a real number p is a limit point of a sequence < s,, > if given
any €>0 and any positive integer m, there exists a positive integer k > m such that
srelp-ep+el.
By choosing € = 1 and m = 1, there must exist a positive integer » > 1, such that
sy, = pI<L (1)

. 1 . e
Choosing € = 7 m = ny, there must exist a positive integer ny > 5y, such that

1
|5)12_p|<§' ..(2)

Continuing in this way, we can inductively define a subsequence<s,, , s, ,..., 8, ,...>

1
such that |snk -pl< .

In fact, if we assume thats,, , s, ,...,s,, have been obtained, by choosing

£€=——,m=ny,
k+1 k

we can get a positive integer ny , | > iy such that
|snk+1 _p|<m'
But s, has already been obtained. Thus the construction of <, > is complete by
induction.
We now claim that the sequence < s, R In fact, for any e> 0, we can choose a
positive integerj, such thatl / j < & For this choice of j, we get| s, — p|<1/j<eVk=].
This shows that the sequence <, >— p.
Conversely, let< s, >be a subsequence of < 5, > converging to p. We have to show that
p is a limit point of < s, >.
Since s, — p, therefore, given any &> 0 there exists positive integer j such that
sy, —pl<eforallkz].
Thus every neighbourhood of p contains infinitely many terms of <s,, >i.c., infinitely
many terms of < s, > and consequently p is a limit point of < s,,>.
Theorem 6:  The set of limit points of a bounded sequence is bounded.
Proof: Let<s,>be a bounded sequence. Then there exist kj, ky € R such that
ky <s,<ky forallme N
ie.,s,&]—ook [ands, ¢]ky e [foranyn. Henceif /e Rand/ | — oo, kj [ U | kg 00|,
then /is not a limit point of the sequence. Thus if / € R is a limit point of the sequence,
then [ € [k}, ko |. Consequently the set of limit points of < s, > is bounded.
Theorem 7: Every bounded sequence has the greatest and the least limit points.
Proof: Let<s,> be a bounded sequence. Then the set L of limit points of <, > is
bounded.
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Now L # @ and L is bounded, hence by completeness axiom the set L has infimum and
supremum.
If inf L = u and sup L = », then we have to show that u,ve L.
Fore>0,] v —¢,v+ ¢[ is a neighbourhood of v.
Since v = sup L, therefore, there exists some x € L such that

v—e<x<v<v+e ie, xelv—gv+egl
or ] v —¢ v +e[is a neighbourhood of x.
Sincexisalimit point of< s, >, hence ] v — €, v + € [ contains infinite number of terms of

the sequence. It holds for every e > 0. Thus every neighbourhood of v contains infinite
number of terms of the sequence < s,,>.

v is a limit point of the sequence < s, >.
ve L

Similarly, we can show that u e L.

12 Cauchy Sequences

Cauchy Convergence Criterion for Sequences:

In this section we shall establish an important criterion, known as Cauchy Convergence
Criterion, which will help us to decide whether a sequence is convergent or divergent
without knowing its limit or limit point. It involves only the elements of the sequence to
which we wish to apply it.

Definition: A sequence< s, > is said to be a Cauchy sequence if given € > O there exists m € N
such that

|sy —spul<eforallnzm

or |$n+ p = Sul < & for all n=m and every p=0
or IS +p = Sml< €forall p=0
or |sp = syl < eforallp, q=m. (Gorakhpur 2012)

Remark: |5, — s, < eforall p, g = m means thats, and s are arbitrarily close together

for large values of p and .

Illustrations:
1. < 1,1,1,...,1,...> is a Cauchy sequence.
23 n

Let the given sequence be < s, >, where s, =1/ n.
Take any given £> 0.

If n>m, then

m-—n n—m n—m

I 1 1
|5n_sm|:‘*_*‘: -
n m nm n m

nm

I . 1
If we take m € Nsuch that m> ~ ie¢, —< ¢, then
€ m
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I 1

|$y—Sul=|———|<&¥ n2m.
m

Hence the given sequence is a Cauchy sequence.
2. The sequence < n’ > is not a Cauchy sequence.

If n> m, then W —m? = (n—m)(n+m)>2m>1], for any value of m. Taking € =1, we

cannot find a positive integer m such that | n - m2| <eforall n=m.

Theorem 1: If<s,> is a Cauchy sequence, then < s, > is bounded.

(Kanpur 2008; Gorakhpur 14)
Proof: Let <s,> be a Cauchy sequence. For € =1, there exists m € N such that
|s,, — sl <1foralln=m

ie., —l<s,<s, +1forall n>m.
Let kl:mm.{sl,52,...,sm_l,sm—l}
and ko = max. {s,89 ,...,8, 1,5, + 1}

ki <s,< kg for all me N.
Hence < s,,> is bounded.
Note: The converse of the above theorem need not be true. The sequence< (- 1) > is
bounded but is not a Cauchy sequence. (Gorakhpur 2014)
Theorem2: (Cauchy Convergence Criterion): A sequence converges ifand only ifit is
a Cauchy sequence.
Proof: First, let <s, > be a convergent sequence which converges to, say, /.
Since s, — [, therefore, for given € >0 there must exist m € N such that
|s,—Ill<e/2¥n2m.
In particular, |s,, —I|<e/2.
Now IS, =Sl =G, =D = (s = D5, =1 +18, = 1]
<s/2+£/2foralln2m.
Thus |s, — s,,| < € ¥ n> m, showing that < s, > is a Cauchy sequence.

Conversely, let <s,> be a Cauchy sequence. Then <s,> is bounded. By

Bolzano-Weierstrass theorem, < s, >has alimit point, say /. We shall show thats,, — .

Let > 0 be given. Since < s, > is a Cauchy sequence, there exists m € N such that
|$y—sul<e/3¥n=m.

Since [ is a limit point of < s, >, therefore every nbd of / contains infinite terms of the

. . 1 1 o
sequence< s, >. In particular the open interval | [ — 3 g1+ 3 € [ contains infinite terms

of < s,> . Hence there exists a positive integer k > m such that
| | R
l—§£<sk<l+§e e, |sp—1|<e/3.

Now [$y =1 =105 =) + (S —sp) + (k= D
S|sn_sm|+|sm_Sk|""|5k_l|
<e/3+¢e/3+¢e/3foralln=m.

Thus s, — [| < € for all n>m.

< s, > converges to [.
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15 Limit Superior and Limit Inferior of a Sequence

Let < s, > be a sequence which is bounded above. Then, for each fixed n € N, the set
{$,,8,41,..-} is bounded above and hence it must have a supremum. Let
Sp=sup {8, ,Sy+1,---}-

Since (s, 41,8, 49 ,...}isasubsetof{s,,s, .| ,...}, therefore, it is obvious that s, > 5, , |.
Thus the sequence< 5, >is a monotonically decreasing sequence and consequently, it
either converges or else it diverges to — eo.
Similarly, if the sequence <s,,> is bounded below, then the set {s,,,s, ,1,...} has an
infimum. Let s, = inf {s,,s,,1,...}, then the sequence <s,> is monotonically
increasing and hence it either converges or diverges to oo.
KCeeping these notations in mind we now define limit superior and limit inferior.
Definition 1: Let < s, > be a sequence of real numbers which is bounded above and let

Sp=sup {8y, Sy 415}
If <5, > converges we define the limit superior of < s, > by

lim sups,= lim 5,

n—> oo n— e
If <5, > diverges to — oo, we write lim sup s, = — oo
n—> oo

If a sequence < s,,> is not bounded above, we write
lim  sups, =eo
n— oo

Definition 2:  Let < s,,> be a sequence of real numbers which is bounded below and let

Su=1nf {8y, 8y 4150}
If < s, > converges we define the limit inferior of < s, > by

lim lim
inf s, = Sy -
n— oo N —> oo —
. . lim
If <5, > diverges to e, we write | infs, = oo,

If a sequence < s,,> is not bounded below, we write
lim

inf §,, = — oo,

n— oo n

Note 1: The notations lims, and lim s, are also used for lim sup s, and lim inf s,,
respectively. In future, we shall use these notations.

Note 2: The limit superior and the limit inferior are also called the upper limit and
the lower limit of < s,, > respectively.

Note 3: We have lim s, = inf (5,5 ,...,5,,...}

and lim s, =sup {s;,89,...,5,...}.

Illustrations:

1.  Let<s,> be the sequence defined by s, =(-1)"¥ne N
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Itis bounded above by 1 and bounded below by — 1. For this sequence, s, = lands,, = — 1
forallne N.
Hence lim s, = 1 and lim s, = — 1.
2. Let<s,>bethe sequence defined bys, = — n¥ n e N. Itis bounded above by —1but
it is not bounded below.

S,=sup{-n,-n-1..}=-n
Since s, — — woasn — o, hence lims,, = — «. Also, since< s,, > is not bounded below, by
definition lim s, = — eo. Thus in this sequence both the limit superior and the limit
inferior are — oo.
3. Let<s,>be the sequence defined by s,, =n ¥ n e N. It is bounded below but not
bounded above.

sy=inf{m,n+1...} =n.
Since s, — o as 11— oo, hence lim s, = o.
Also, since< s, > is not bounded above, by definition lim s,, = . Thus in this sequence
both the limit superior and the limit inferior are eo.

4. Let<s,> be the sequence defined by s, = (- 1)" (l+l)~
n
Then <sn>:<—2,§,—é,§,—§,z, >,
2 34 56
In this case ’1=§,’2=§,’3=E,’4=§,’5=—etc
2 2 4 4
and 1:—2,32:—i,s = é,s =—_etc
Hence msnzinf{§,i,z,..} =1
2°4°6
4 6
and lims,=sup<—2,——,——,...t =—1
sy =sop 246,

Theorem 1: If <s,> is a convergent sequence of real numbers and if lim s, = I, then
lims, = lim s, = . Conversely, if

lims, = lims, =€ R,
lim

hen < s,, > is convergent an
then < s,,> is convergent a dn_Mo

Sp=1-
Proof: First suppose that the sequence < s,, > converges with lim s, = [. Let €> 0 be
given. Since s, — [, therefore, we can find a positive integer m, such that
|s, —I|<eforallm=m
ie., l—e<s,<l+eforall n=m.
This inequality shows that for all n > m, [ + eis an upper bound of {s,, , s, 1,...}and [ — €
is not an upper bound of {s,,, s, 1,...}.
Since 5, ={s,,8,41 ...}, it follows that
[—e<5,;<l+enz2m.
Taking limits as n — oo, we get
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im
l-e< ,  Sisl+e

Since ¢ is arbitrary, it follows that lim s, = I.
Similarly, we can show that lim s, = /.

Thus lims, = lims, = /.
Conversely, let lim s, = lim s, = L.

lim

Since = 5, , given any £> 0, there exists 7 € N such that

|y —1ll<e forn=m e, l—e<s,<l+¢e forn=m.
The definition of s, then gives that

sp<l+e forn=my. (1)

fim Sn, there exists my € N such that

Similarly, since [ = H— ool

|s, — | < eforn=my
which implies as above that s, > [ —eforn=my . ..(2)
Let m = max. {my, my}. Then from (1) and (2) we find that

|s, —I|<eforn=m.
This proves that the sequence < s, > converges and that

lim ]

n— oo Sn =k
Similar results hold good for divergent sequences. Below we state them without proof.
Theorem 2: A sequence < s,,> diverges to + oo iff ~ lims,, = lims,, = co.
Theorem 3: A sequence < s,,> diverges to — o iff ~ lims, = lim s, = — oo.
Theorem 4: If< s, >and< t,>are bounded sequences of real numbers such that s, < t,, for all
neN, then lims, < limt, and lims, < lim¢t,.

Proof: Sinces, <t, , therefore it is easy to see that

5,<t, ands,<t,,

where §,,,, ,5,, t, have their usual meanings as defined earlier.

Then we have from the corollary to theorem 3 of article 9,
lims,<lim¢, and lims,< lim¢,

or lims,<lim¢, and lims,<lim¢,.

Theorem 5:  If<s, > and < t,,> are bounded sequences of real numbers, then

(i) lim(s, + t,) < lims, + lim ¢, ; (ii) im (s, + t,;) = lim s, + lim ¢, .
Proof: Lets,={s,,8,4+1,...}, and ,, =sup { £, £, 1 1,...}.

Then sp<8,,(k=n), t<t,,(k=n).

sp+ 4 <5, + t, fork > n.

Thus s, + ¢, is an upper bound for {s,, + t,,, 8, 41 + t; 4 1,---}-

Hence (s, +6,) =sup{ s, +tSys1 +tyslr--dS< Sy + 1

lim (s, + ¢,) < lim (5, + t,) = lim 5, + lim ¢,
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ie., lim (s, + t,,) < lim s, + lim ¢,,.

Thus the result (i) has been proved. Similarly (ii) can be proved.

Note: It can be shown that there exist sequences for which the inequalities in the
above theorem are strict inequalities.

Let s,=(-1)", neNandt,=(-1""  neN

Then s, +t, =0, ne N. Here lim s, = 1 = lim ¢, and lim (s,, + t,,) = 0.

Hence, in this case lim (s, + £,,) < lim s, + lim ¢, -

14 Nested Interval Theorem

or Cantor's Intersection Theorem

Definition: A sequence of sets < A,> is called a nested sequence of sets if
Ao Ayo.... Ay A 1D

Theorem: Foreachne N, letl, = a,,b,|bea (non-empty) closed and bounded interval on

(b, —a,)=0.Then

. ., lim . m
R, such that< I,,>is a nested sequence with s o (lengthof1,)i.c., H s oo

N 1, contains precisely one point.
n=1 (Gorakhpur 2014)

Proof: Since < I, > is nested, we have

I,o51,, forallneN
ie., la,,b,] > a, +1,b, 1] forallme N. (1)
It follows from (1) thata,<a, ,1<b,,. 1 <Db, ¥ neN
This shows that the sequence < a,,> is a monotonically increasing sequence bounded
above by by, and < b,, > is a monotonically decreasing sequence bounded below by 4.
Hence, < a,,> and < b,, >, both converge.

li lim
;mw (lengthof I,)= . (b, —a,)=0

Now we have
lim lim

= N oo Dn= o An=1 (say).

Since a monotonically increasing bounded sequence converges to its supremum, it

follows that [ is the supremum of the range set of the sequence <a,>. Also, a

monotonically decreasing bounded sequence converges to its infimum, hence /is the

infimum of the range set of the sequence < b,, >.

Thus a, <1< b, ¥n. Hence, [€ 1, for all n. It follows that /e :l I,
n=

Clearly no [’ # [ can belong to :1 I,
n=

Forletl’ e mlln,thenOSII'—1|S|bn—“n| V.
n=
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Since | b,, — a,| = O, hence we get |l —[|=0i.c, "=

Hence n consists of exactly one point.
n=1

[llustrative Examl)les

Example 17: Show that the sequence < s,,> defined by

1 1 1
+ +...+ ,
n+l n+2 n+n

Sy =

converges.
Solution: We have

1 1 1 1 1 1
Sp4l — Sy = + +...+ - + +.o+—
n+2 n+3 2n+2 n+l n+2 2n
1 N | T
2n+1 2n+2 n+1 2n+1 2n+2

>0 for all n.

Hence, the sequence < s, > is monotonically increasing.

Now |s,l=s —L+ ! +.o.+ ! <1+ +l(u to 1 terms)
Tl o n+2 7 m+n o on T om P
:n~l:1
n
ie., s, < 1for all n.

Hence, the sequence < s, > is bounded.
Since < s,, > is a bounded, monotonically increasing sequence, hence it converges.
Example 18: Show that the sequence < s,,> defined by the relation

1 1

qzl%:l+i+4—+m+
1 21 (n=1)!

(n=2), converges.

Solution: We haves, .| —s,= i' >0 for all n.
n!

Hence, the sequence < s, > is monotonically increasing.

Now, we shall show that < s, > is bounded.

Forn>2,n!=1.2.3...ncontains(n — l)factors each of which is greater than or equal to
2. Hence n!>2" " 'foralln=2.

iS sforalln>2.
nl 2n—1
Thus sn=l+l+l+i+...+ !
1M 2! 31 n-1!
1 |
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n—1
()
:l+271 <3, foralln=2.
(-
2
Also s =2<3.
2<s,<3forallneN
iec., < s, > is bounded.

Since <s,,> is a bounded, monotonically increasing sequence, consequently, it
converges.

li n
Example 19:  Show that ;moo (l + l) exists and lies between 2 and 3.
n

n
Solution: Here s, = (1 + l) -Obviously s; = 2.
n

By the binomial theorem, we get

nn=1) 1 nmn-1)mn-2) 1 1

1
sy=l+n.—+ ettt L+ —

n 21

n
:1+1+i(l—l)+i(l—1)(l—%)+...
21 n) 3! n n
+1(1—1)(1—2)...(1—"_1). (1)
n! n n n
1 1 1 1 2
Similarly, =]+1+—|1- +—1- 1- +
R e 2!( n+l] 3!( n+l]( n+lJ
L S P | PN (8
(n+1)! n+1 n+1 n+l
>l+l+l(l—l)+i(l—l)(l—z)+...
21 n) 3! n n
+1(1—1)(1—2)...(1—"_1)~
n! n n n

[~ each term on the R.H.S. of 5, , | is > the corresponding term on the R.H.S. of 5, and
moreover the number of terms in the expansion of s, , j isn + 2 i.e.,one more than the

number of terms n + 1 in the expansion of s,, |
Sy+1> 8, forallmeN.

Hence, the sequence < s, > is monotonically increasing.
s, 285 =2,¥ neN

From (1), we see that

1 1
Sp<l+l+—+—+...+—
21 31 n!

<1+1+%+i+...+ ! [See Ex. 18]

22 2}’!—1




Sequences

109,
1
-
=1+ 21n<1+ 1=3,f0ralln.
1-— 1-—
2 2

Thus 2<s,< 3, for all n.
Hence the sequence < s, > is bounded.

Since <s,,> is a bounded, monotonically increasing sequence, consequently, it

lim

converges i.c., s, exists and lim s, = sup <, >.

n—> oo

i
Now2<s,<3foralln=2< ;moc s, < 3, which shows that the limit lies between 2
and 3.
n
Note: The actual value of the lim (l + l) is defined to be equal to e. Hence ¢ lies
n

between 2 and 3. Taking limit of both sides of (1) as 7n — oo, we see that

_lim | 1y | I 1 1 1

€—n%°o (‘f‘;) = +i+i+a+...+ﬁ+...°°.
1

Example 20:  Prove that < s,, > is convergent where s, =2 — —— .
2)1 -1

Solution: We have

1 1 1 1
Syl —sn=(2—2n)—(2—2n_1)=2n_1—2n>0f0ralln.

Hence, the sequence < s, > is monotonically increasing.

< 2 for all n. [ L > 0:|
2}1—1

Also, s, =2 -

2}1—1

< s, > is bounded above.

Since< s, >is abounded above, monotonically increasing sequence, hence it converges.

lim lim 1
We have I T (2_2;11):2'
Example 21:  Show that the sequence < s,,> defined by
1 2s,+1

5 = 5 Spel = ¥ ne Nis convergent. Also find its limit.

2sn+1 V¥ neN

Solution: We have s; = 21 and s, .| =

First applying mathematical induction we shall show that

Sye1>S, ¥ neN
1

2.(—) +1
2.5 +1 2 2

We have $9 3 3 3

$9 > 8.
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Now assume as our induction hypothesis that s,, , | > s, for some positive integer n.
Then Sus1>S = 28,41>28, = 25,1 +1>25,+1
23n+1 +1 2Sn+1
= 3 > 3 = Su+2>Sn+l-

Thus s9 > sy and if s, .| >, ,thens, 19> 5,41
by induction s, 1 >s, ¥ ne N
Thus the sequence < s, > is monotonic increasing.
Now we shall show that the sequence < s,, > is also bounded above.

We have s,,.|>s, ¥ neN
2s,+1
= —L__>5, ¥neN = 2s,+1>3s, ¥ neN
3 n n n
= sy<l ¥mneN
the sequence < s, > is bounded above by 1.
Since the sequence < s, > is monotonic increasing and bounded above, therefore by

monotone convergence theorem < $; > converges to its supremum.

lim lim
Let o =L Then = " s,41=L
Now sn+1=25”+I=>Iimsn+1=limM
= l:%:l:””:lﬂ

. 1 .
Hence s, » L. We have inf<s,>=5 =— and sup<s,>=1lims, =1
2

Example 22: Show that the sequence < s,,> defined by
5= V2 S+l = \/(2 Sn)

converges to 2.

Solution: We have sy = (2V2).

Since 1<V2 = 2<2V2 = J2<vV(2V2),
S <8y .
Let us suppose that s, <s,, ;1
Then V2s,)<V2su11) = Spal<Smao
Hence, by mathematical induction, we have
$, <S8, 41 forallneN
i.e., <s,>is monotonically increasing.
Also, we have s| = V2<2.
Let us suppose that s, <2. Then ¥ (2s,,) <V (2.2) =2 =, ;] <2.
Hence, by mathematical induction, we have s, <2 for allne N
ie., <s,>is bounded above by 2.
Thus <s,,> is a monotonically increasing sequence bounded above by 2, hence, it
converges.
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lim im
Let n_}@sn:l.Thenn_)ooan:l.
Now Sus1 =V (2s,) = lims, | =lim(2s,)
= I=N@2) = 1(1-2)=0 = [=0,2.
But 5,25 =V2¥ neN = 5,-V2>0V neN

lim (s, —V2)>0 ie.,lims,>V2.
Hence [ cannot be zero. Therefore [ = 2.

Example 23:  Show that the sequence <s,> defined by s =1land s, .1 =V (2 +5,),¥

n € Nis monotonically increasing and bounded. Also find its limit.

Solution: We have s; =land (s, |)> =2 +5,, ¥ ne N.

S2=\/3,83=\/(2+\/3), ......
Now 1<V3 = §5<s9.

Let us suppose that s, <s,, . 1. Then V(2 +5,,) <V (2 +5,, 1)

= Sm+1<Sm+2.
Hence, by mathematical induction, we have
$; <S8, 4 forallneN

i.e., <s,>is monotonically increasing.

Again, Spse1>8, = \/(2+sn)>sn

= 2+5,-57>0 = (2-5,)(1+5)>0

= 2-s5,>0 [+ 1+s,>0]
or $,<2 ¥ neN.

Hence < s, > is bounded.

Thus< s, > is a monotonically increasing sequence bounded above by 2; consequently
it converges.

Let lim s, = I Then lims, | =1

Now Spp1=V@2+s,) = lims,,.;=limV@2+s,)
= I=N2+1) = P-1-2=0 = (+)(-2)=0
= [=-12.

But / cannot be — I since all terms of the sequence are positive. Hence [ = 2.

Note: If a sequence < s, > is monotonically increasing then there is no need to show
that < s,,> has a lower bound because s; is always its lower bound.

Similarly, for a monotonically decreasing sequence there is no need to find an upper
bound, because s; will always be its upper bound.

Example 24:  Show that the sequence < s,, > defined by

4 + 3s, "

,neN
3+2s,

si=Ls, 1=

is convergent and find its limit.
Solution: We observe that all the terms of the given sequence are positive.
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First by mathematical induction we shall show that

S 41>, ¥ neN
Wehave Sl:l,szzﬂzﬂzz
3+2s 3421 5

S9 >8]
Now assume as our induction hypothesis that for some positive integer ,

Su+1> Sy (1)
4+3Sn+1 _4+3sn
3+2s,,1 3+2s,
(4+35,,1) (3+25) — (4 +35) B+25,,1)

(3+2S;1+l)(3+25n)

Then Si+2 =S+l =

N -8
- nal = on >0, by (1).
(3 +2Sn+1) (3 +2sn)

Sn+2 > Su+l.
Thus s9 > s and if s, .| > s, , then we have also s, . 9 >, 4 1.

by mathematical inductions, ,>s,,V¥ ne N
Thus the sequence < s, > is monotonic increasing.

Now we shall show that the sequence < s,, > is also bounded above.

1
22s,+3)’

N | —

3
35, +4 _§(2sn+3)—

We have = =
v TS, 43 25,43

_3_
2

showing that s, 1< ; ¥ neN.

Also S1=1<§~
2

3 . 3
Thus s, < 5’ ¥ n € N. Therefore the sequence < s,, > is bounded above by 5
Since the sequence < s, > is monotonic increasing and bounded above, therefore by

monotone convergence theorem it converges to its supremum.
Let lim s, =[. Then lims, | =1

Now Sn+1=4+33n . lims,l+1=4+3leS”
3+2s, 3+2lims,
= =443l P=2 = I=++2.
3+21

Since all terms of the sequence are positive so / cannot be negative. Hence / = V2. We
have inf<s,>=s =land sup<s,>=lims, =V2.

Example 25: A sequence < s,,> of positive terms is defined by

3+ 20 YneN
2+, ’

S]Zk>0;5n+1=

Show that the sequence converges to a limit independent of k and find the limit.
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3+25,
2+s5,

Solution: We have sy =k>0, and s, | = , V¥ neN

Then s9 > 0,53 >0 and so on.
Therefore the terms of the sequence are all positive.
Now first by mathematical induction we shall show that

Sps1>S, V¥ neN

We have S9 — 8§ = 3212;1 —5 = 3212: k= 32_+kk2 >0 if 0<k<V3.
Thus s9 > s ifO<k<3.
Now assume as our induction hypothesis that for some positive integer n,
Syl > Sy (1)
Then Sn+2_8n+]:3+25n+1_3+2$n

245,41 2+,

Su+1 = S
- >0, by (1).
2 +s,)2+s,41)

Sn+2 2 S+l
Thus s9 > s and if 5, | > 5, , then we have also s, .9 > s, ;1.

by induction s, , 1 >s,, ¥ ne N
Thus the sequence < s, > is monotonic increasing.

Now we shall show that the sequence < s,, > is also bounded above.

We have Sps1>8, ¥ neN
3+2s 3+2s

= s, = % —5,>0
2+s, 2+,
3-5,2

= 2T 50 = 3-5250 = 52<3
2+s,

= sn<\/3,VneN.

<s,> is bounded above by V3.
Thus < s,, > is a bounded monotonically increasing sequence. Hence it converges.
Let lims,=1

Then lims, | =1

Now Gg =2 L iy, =2 lim
2+s, 2 +lims,
- L S DY
2+1

But / cannot be negative because the terms of the sequence < s, > are all positive.

Hence ! = v 3 which is independent of k.
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Example 26:  If uy, n are given unequal numbers and

1
ani(”n—l +Vn—1)’ Vn:\/(un—l Vn—l)7 where nz2,

prove that (i) u, decreases, and v, increases as n increases,
(i) <wu,>,<v,> are both convergent and have the same limit , where u>v>0, and
1
1 =§(u+v)andvl = (uv).
1

Solution: Sinceu>v>0,u = 5 (u+v)and v, =V (uv), therefore, u and v} are positive

and » > 1 since A M. > G.M.

Vp<up <y [uy = 1 (i + 1) so that »,uy ,1 are in A.P.]

2
and n <y <u [+ m = (u 1) so that v, ,1q are in G.P.]
Since uy is the A.M. and ry is the G.M. of u; and v, therefore, we have uy > vy
Hence as above, we get
vy <uz <uy and 1y < vg3 <up , and so on.
Thus vy <1y <13 <..<..<ug<uy <u.

Therefore the sequences <u,> and <v,> are monotonically decreasing and
monotonically increasing respectively. Obviously both are bounded so that they are
convergent.

Now we have to show that < u, > and < v,,> have the same limits.

Let lim u#, = A and lim v, = B.
Now ”nzi(”n—l +v,-1) = lim Mn:hm%(”n—l +vy-1)
or A:l

5 (A+B) e, A=B.
Example 27: If xi, xy are + ive and x,, .o = (x,,, | . X,,), prove that the sequences

X\, X3, X5 ,...and Xy , X4 ,Xg ,... are one an increasing and the other a decreasing sequence and

show that their common limit is (x1x22 )1/ 3,

Solution: Let x; > x5 . Then since x3 =V (xpx]), we have
x> x3> X9,
and since x3 > x9 , we have x3 > x4 > x9 . [ xy =V (x319)]
Similarly, we have
X3 > X35> Xy ;X5 > X > Xy
X5 > X7> Xg 5 X7 > Xg > Xg ;
and so on.
Thus X9 < Xy < Xg <...<...< X5 < X3 < XK.
Hence < x1, x3 , x5 ,...> is monotonic decreasing and
< X9 Xy, XG>
is monotonic increasing and both being bounded, are convergent.
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Let lim x,, = A, if n is even and lim x,, = B, if n is odd.

Now Xn+2 :\/(xn+l'xn):>lim Xn+2 :lim\/(xn+l ).
o B=+(A.B)or A= B, if n is odd
and A=+ (B.A)or A= B, if n is even.

Hence in either case A = B.

X 1

X9 29

X _ 4

29 X3.

X _A5 4 3
29 X4

. X
In a like manner, =% =

X2
or lim (x, ¥ x, 1) =V (x92)
e, AA =N (n?) or A= (qn?)'.

Example 28:  If k is positive and o, — B are the positive and negative roots ofx2 -x—-k=0,
prove that if u, = (k + u, _) and u; > 0, then u, — o.
Solution: Since u; is positive, hence by virtue of the relation

wy =\ (k +u,_1), ty ,u3 ,...,1U,,... are all positive.
Thus u,>0,¥ neN
We have un2 - unz_l =(k+u,_1)—(k+uwu,_9)=u,_| —u,_o so that u,>or<u,_;
according as u,, ;> or <u,_o and hence < u,> is a monotonic sequence, it is an
increasing or a decreasing sequence according as uy > or < .
Now ¥ —x—k=(xr-0)(x+p) (1)

2

= w” = — k= —o) (g +p). (2)
Let 1 > o.. Then from (2), we have

M12 —u - k>0
= w+k<u? =N +k)<y = w<u.
Hence in this case < u,, > is a decreasing sequence.
Since u,,>0,¥ ne N, therefore < u,, > is bounded below by 0.
Thus < u,, > is a monotonically decreasing sequence and is bounded below and hence
< u, > is convergent.
Again let u; < o. Then from (2), we have

w? - —k<0 = wy+k>u’ = N +k)>u = >y,
Hence is this case < u,,> is an increasing sequence.

Now unzzun_l +k<u,+k, [ uy— 1 <yl
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ie., unz —u,—k<0 or (1, —a) (u, +B) <0, using (1).

o U, <. [+ u,>0 and B>0 = u,+p>0]
Thus in this case u,, <o, ¥ ne N.

Hence in this case < u,, > is a monotonically increasing sequence and is bounded above
by o and so < u,, > is convergent.

Thus < u,, > is convergent whether u; > or <o.
Let lim u, = 1.
Now (= 00) (s +B) = w2~ 1y — k= (1, 1 + k)~ —k =10, 1 — 1.
Taking limits, we get (I—a) (I +B)=1-1=0.
This gives [=o or [=-p.
Since the terms of the sequence < u,, > are all positive, so its limit cannot be negative.
Therefore we cannot have / = — B. Therefore we must have / = o.
In case u; = o, then from (2), we have
u12 —u —k=0=>u =\ (uy +k)=u.
Now repeatedly using the relation

22
Uy — Uy = Uyp_1 — U2

we observe that ug = uy ,uy = ug ,u5 = uy ,and so on.

Thus in this case u,, = =0, ¥ ne N

So in this case also the sequence < u,, > converges to o.

Hence in all cases < u, > converges to a which is the positive root of the equation
2 —x—k=0.

Example 29:  Show that the sequence < s,,> defined by

Sy =1+l +l +...+ldoes not converge.
2 3 n

Solution: We shall show that the given sequence is not a Cauchy sequence. For this

. 1 . .
we shall show that if we take e = o) > 0,then there exists no positive integer m such that

|s,—sul<e ¥ n=>m.

Whatever positive integer m may be, if we take n = 2m, then n> m and we have

|5n - Sml :|S2m - Sml

1 1 1 1 1 1
I+ —+....+—+ +oot— -+ =+ +—
2 m m+1 2m 2 m

1 1 1
+ o+

“m+l om+2 7 2m

1 1 1
> —+—+ —+....upto m terms
2m  2m  2m

1 1
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. 1 T
Thusifwe takee = o) ,then whatever positive integer m we take, we have n = 2m > mand
1 .
|5n - Sml =|52m - Sml > 5 Le., |Sn - Sm| > &
. 1 . .
In this way for e = o) >0, there exists no positive integer m such that

|sy —Spul<e¥n=m.
the given sequence is not a Cauchy sequence.
Hence by Cauchy convergence criterion < s, > is not convergent.
Example 30: If<s, > be a sequence of positive numbers such that
1

Sy :E(Sn_l +58,_9 ) foralln>2,
then show that < s,,> converges and find lim s,,.
Solution: In case s; = sy , it can be easily seen that s, =5 for all n, therefore <, >
converges to s;. Now we consider the case s; # .
We first find that

|5n_sn—1|: l(Sn—l‘{'sn—2>_5n—l :l|sn—1_5n—2|
2 2
1 1 1
=§’*|5n—2—Sn—3|=27|5n—2—3n—3|
2;1—2|SZ si|, forn>2. (1)

Now for n > m, we have
Isn_sml=|(Sn_sn—l)+(sn—l _Sn—2)+“'+(sm+1 _Sm)l
S|Sn_sn—l|"'|sn—l _Sn—2|+~--+|sm+l _Sml

1 1 1
(2n 5 72]1 ..t e )|s2—s1| by (1)
_ L (10 1
—2m_1 +§+27+..+W |S2—SI|
1
<72m_2IS2—S1I- (2)

{ “§+G)2+---+(§)”1<2}

1
Lete> 0 be given. We can choose a positive integer m such that —— o 5| so — s |<e For

this value of m, we have from (2)
|s,, — Sl < € for n>m.
Hence < s,, > is a Cauchy sequence and therefore by Cauchy’s convergence criterion it

converges.

Let lim s, = [. Putting n = 3,4,...,k in the relation s, = % (8,1 +8,_9), we get
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1
Sk=§(sk—1 + Sk —2)-

Adding the corresponding sides of the relations in (3), we get

| 1
S+ —8p_1=—(s +289).
kT Sk 2(1 2)

Proceeding to the limit as k — oo, we get

%1:%(s1+2sQ) e, l=%(s1+252).
Example 31: Let < u,,> be a sequence and s, = u) + uy +...+ 1, .

If t, =|w| +|uo| +...+|uy| foreachn e Nand< t,>is a Cauchy sequence, then< s, >is also a
Cauchy sequence.

Solution: Let >0 be given. Since < t,, > is a Cauchy sequence, therefore, for given

€> 0 there exists m € N such that
[t, —tul<e¥ n2m

= [0 o1+t 4ol +oo +|uyl<e¥n2m.

But |”m+l|+|”m+2|+"'+|”n|2|um+l LI R P
[ty 41 + Uy 10+ FUl<eV¥nzm

or |sy —Spul<e¥n=m.

Hence < s, > is a Cauchy sequence.

sin (nmt / 3)

n

Solution: (i) We have \/(n hl 1) = \/(1 + i) <1+ 1.
n n 2n

2
.. (1+i) =1+l+i>l+l .
2n no 4n? n

Example 32: Find (i) lim (" +1) (if) lim
n

Since 1 + l > 1, hence (l + l) > 1
n n

1< (n+l)<l+lforallneN.
n 2n

But lim I =1and lim (l + L) =1
2n

Hence, by Sandwich theorem, lim (n * 1) =1

n

(ii) Lets,=sin(nn/3),t,=1/n
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1,
We have —ISsin%Slfor allne N.

s <s,>is a bounded sequence.

Also lim ¢, = lim 0.

1
\n
Hence by theorem 4 of article 9, lim (s, t,) =0 i.e., lim M
n
LD S
(n+ 1)2 (n+ 2)2 (n+ n)2
1 1 1
5 5+t 5
n+1)” (n+2) (n + ny

=0.

Example 33:  Show that lim

Solution: Let s,=

+
+

For 1< m < n,we have (n+1)23(n+m)2s(n+n)
1 5> 1 ;> 1
m+1)* (m+m)y* (n+n

or .
)2
Putting m =1,2,...,n and adding the corresponding sides of the n inequalities thus
obtained, we get
n n
528,22 -
(n+ 1)2 ! (n+ n)Z
n n n
ie., ——<§,<———<— forallneN
4n ! (n+ l)z n’
1

. 1
ie., <s,<—forallmeN.
n

But lim -~ = 0 and lim + =0,
4n n

Hence, by Sandwich theorem, lim s, = 0.
Example 34: Ifr>0, show that lim r'/" = 1.

Solution: Case 1: Whenr>1

Let s,=r""—1Thens,>O0, for all n.

1 1
Now sp=r"—ler =145, r=(01+s,)"
= r=l+ns,+...+s, ' 21+ns,forallneN
r—1
= —<s,¥neN
n

-1
0<snSr— ¥ neN
n

Hence, by Sandwich theorem, lim s, =0 i.e., lim (rl/” -1)=0 or lim pm_

Case 2: Whenr=1.

1/n 1/

In this case r /" =1 ¥ n and hence < r

Case 3: WhenO<r<l

"> converges to 1.

7 1/n

Since —> I, therefore, by Case 1, lim (7) =lie, lim——=1.
. - R
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By theorem 7 of article 9, lim A,

2n—1

-Then lim s,, = lim !
n-1 2n-1

n

Example 35: Show that liml(l+;+...+ ! ):O

Solution: Lets, =

By Cauchy’s first theorem on limits, lim

1
oIn-1’

liml 1+l+l+...+ ! =0
n 3 5 2n-1

Since si=1 s =

yeeer Sy

W | —

Example 36: Prove that lim A+212 4318 4 4t/ =1.

n

1" Then we know that lim

Solution: Lets,=n
Hence, by Cauchy’s first theorem on limits,

liml(sl +59 +...+s,)=1
n

or lim L (422 438 4 4alim=
n

2 3
Example 37: Prove that lim (g) (é) (é) (n +l
1J\2) \3 n

0.

n

n n
Solution: Lets, = (n i l) = (1 + l) . Then lim s, =e.
n

n

Clearly s,,> 0 for all n.

Hence, by theorem 11 of article 9, lim (s; 59 ... s

n+1l

Since s —g s —(3)2 s —(4)3 s —(
1 1’2 9 )93 3 IERRIS] 1

| G)CT (&) -2 ] -

Example 38:  Show that

. . n

(7) th:{L

(i) lim [{n+1) (n+2)...cn+m)}" /n] =4/ e.
n n+1

Solution: (i) Letsn:n—,thenan:%.
n! (n+1)!

n
Sy n+1 n

Sivl _ ()" _(n+1)"_(1+

n

1

n

S| +8 +...+8y,

l/nzL

)n]un

=e.

)n
’

:O-

(Goralhpur 2012)
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Also s, >0 for all ne N.

Hence by theorem 12 of article 9, we have

s n
lim s,/ = lim 2L lim (l+l) =e
n

Si‘l
ie lim — =
o (n!>1/n_
(i) Let S,=m+)(n+2)...(n+n)/n"
s n
Then n+l 2 @n+1)) n ,
Sy, (n+l) \n+l
s
so that lim ntl =lim 2(2n+1)_ 1 :4.l:é.
Sy n+l ( 1)” e e
1+ —
n

Also s, >0 for all me N.
Hence by theorem 12 of article 9, we have
lim s,/ =lim [{1+1) (n+2)...00+ n}/ /n] =4/ e.

C
Example 39: If p>0 and c is real, then find the lim ———— s .
TP

Solution: Let k be an integer such that k> ¢, k> 0.

We have, for n> 2k
o k_nm=Do=k+D) poak pk
I+p)">"Cp" = ol P >27 m

[ n>2k:>(n—r+l)>gf0rr=l,2,...,k:|

k
or 0< ! <2k kA,forn>2k
(L+p" n"p
c k |
o< ERL L s ok, (1)

d+p" p* n

Since k — ¢ > 0, therefore, - 0 asn— oo.

nk-

Hence from (1) (o moat

ence from (1), we ge —=0.

g n— oo (1 + p)n
Example 40: The usual definition of e is given by ¢ = 2 i . Show that e is irrational.
=0n!
. 1 1 1
Solution: Let s,=1+—+—+—+...+—-
11 21 31 n!

Then e—s,= ! + ! + ! + e

m+D!l +2)! (n+3)!
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1 1 1
< 1+ +
m+ D! n+l (m+ 172
R e
m+D! L nn)
n+1
Thus 0<e—sn<L~ (1)
n(nl)

Let, if possible, ¢ be rational. Then ¢ can be put in the form p /g where p and g are
positive integers.

From (1) , we have0<e—sq<7

q7(71)

or 0<(q)(e—sy)<— -(2)
q

Now (q!)sq:(q!){l+l+21!+...+;!}

is an integer. Also, by our assumption ¢(g!) is an integer. It follows that
e(q!)=s;(q!)=q'(e-s,)isaninteger. Sinceq > 1, therefore, (2) shows the existence of
an integer between 0 and 1 which is absurd. Hence our initial assumption is wrong. Soe
is irrational.

@mprehensive Exercise 1

1. Write a formula or formulae for the nth term s, for each of the following
sequences :

(a) 1,-4,9,-16,25,-36,... (by 1,0,1,0,1,0,..
() 1,3,06,10,15, ..

2. Which of the sequences (a), (b), (c) in the above problem are subsequences of
the sequence < s, > defined by s, =n?

3. Find whether the following sequences are bounded above or below :

(i) < (G > (ii) <2"> (iii) < n !>,
n

4. Are the sequences < s,, > defined as follows, bounded ?

1\ n

(i) s,=1+ ) (ii) s, = (1+ 1)
n n

I 1 1

(iii) sn—l+ﬂ+2—!+...+ﬁ~

(iv) s, =L if n is divisible by 3 and s, =0, otherwise.
5. Use the definition of the limit of a sequence to show that the limit of the
sequence < s, > where s, =2n/ (n+3),is 2.
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Yy
R-123/\ A
Show that the sequence < s, > where s, = n / (n + 1) converges to 1.

If the sequence < s, > converges to [, then prove that the sequence| s, | converges
to|/].

Show by considering the sequence < s, = (- 1) > that<| s, |> may converge but
<, > may not.

If lim s, =!ands, < m for all ne N, prove that /< m.

Let < s, > be a sequence such that < s,> > converges to zero. Is it necessary that

< s, > should converge to zero ?

2n
Ifsnzil/2

, prove that < s, > is convergent.
n+4n

n
If s, = — , prove that<s,>— 0.
271

If < 5, > converges to [ (# 0), prove that < (- 1) s, > oscillates.

If <5, > diverges and ¢ (= 0) € R, prove that < ¢s,, > diverges.

Show that the sequence < 1 + (— )" n> oscillates infinitely.

Show that < s, > converges to ¢, where s, is

o (7w () (-l

n
Show that the sequence < s,, >, where s, = (l + —) , converges to e2.
n

3
nw =2n+1
Ifs, = ————-—,prove that lims, =1
TS ) P | P n
_ 4 _
IfS;zzw,prove that lim s, = 3.

o +2)(n° +1)
n2+3n+5

Prove that the sequence < —
2n° +5n+7

1
> converges to 3

no.
Prove that the sequence <5, > where 5, = ———is convergent.
n” +1

Show that the sequence < s, > defined by

1 1
s, = + +...+ converges to 1.
N2 +) N +2) N (n? +n) 5
1 1 1 1

Prove that lim + +...+ =—

LQ#+D V(@2n? +2) VQ%+m}'w
Show that lim l Tt l et 1 T =0,A>1L

n+Dr (m+2) )

A sequence < s,,> is defined as follows :
si=a>0,s,,1 = {(ab® +5,2)/ (a+)}L,b>an=1

Show that< s, > is a bounded monotonically increasing sequence and lim s,, = b.
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26.

27.

28.

29.

30.

31.

32.

33.
34.

35.
36.

37.

38.
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1/n
|
Prove that lim (3}1)3. =27.

nl/n
Prove that lim l:(n ) } = 1

n (4

(i) Let < s, > be a sequence defined as follows :
NI =§;Sn+l =2—l,)121.
2 Sy
Show that < s, > is monotonic and bounded. Find the limit of the sequence.
(ii) Show that the sequence < s, > defined by the formula s; =1, s, , 1 = (3s,,)
converges to 3.
If< s, >is asequence such thats, >0 ands, . <ks,foralln>2mandO0<k<Lm
being a fixed positive integer, then lim s, = 0.
Prove that if x b number, then "
rove that if x be any real number, then = ﬁ=0.

If s, =14 4+ ! h Also find

S, =1+ 3 + 3—2 +...+ 3—” prove that <s, > converges . so findsup<s, >
and inf< s, >.
What do you understand by a monotonic sequence ? Prove that the sequence

2n-7
<s,>, where s, = ,is
3n+1
(i) monotonic increasing (i) bounded above.

(iii) bounded below.
Also show that the sequence <s,> is convergent and find sup <s,, > and inf
<S8y >.

1 1 1
If sy)=—+—+—+...+
1.2 2.3 3-4 n(n+1l)

convergent. Find also sup <s,,> and inf< s, >.

, prove that <s,> is increasing and

Ifs, =1+ % +..+ 1 log n, prove that <s,> is decreasing and bounded.
n

Test the sequence < s,,>, defined by s, = (- 1)" 1, for limit points.

Find the limit points of the sequence < s, > defined by
s, =(=1)" (l + l) :
n

State and prove Cauchy’s general principle of convergence for real sequences.

n+
Hence prove that the sequence < s, >, where s, =
n

converges.

Show, by applying Cauchy’s convergence criterion, that the sequence <s, >
defined by
11
Sp=l+—+—-+..+
3 5 2n-1

does not converge.
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39. If the sequence < s, > converges and if < t,, > is a sequence such that
|tn_ tm|s |Sn_sm|7
for all positive integers m and , then prove that < ¢, > converges.
40. If <s,> is a Cauchy sequence of real numbers which has a subsequence
converging to [, prove that < s, > itself converges to L.
41. Show that lim [(n!) (a / n)"] =0 or + e according as a < ¢ or a > ¢, where a is any
non-negative real number.
2u, 1 Uy _
42, If O<u <uy andun=M
Uy 1+ Uy _2
(i.e., u, is the harmonic mean of u,, _ and u,, _5), show that
lim w, =3up uy / (2w + ).
43. If the sequences <s,> and <t,> converge to zero and if <¢,> is a strictly
decreasing sequence so that ¢, .| <t, ¥ ne N, then
Iy b= ths1
provided that the limit on the right exists, whether finite or infinite.
44. Ifs, = IL ,where a, 5,, are positive, show that the sequence < s,, > tends to a
+8,-1
definite limit I, the positive root of the equation Zrx=a
45. Prove that the set of limit points of every sequence is a closed set.
@swers 1
1. (a) sn:(—l)n_ln2 (b) s, =lifnisodd,s, =0 if nis even,
n(n+1
() s = %
2. (o).
3. (i) Bounded above as well as bounded below
(ii) Bounded below but not above
(iii) Bounded below but not above
4. (i) Yes (ii) Yes (iii) Yes (iv) Yes
10.  Yes 28. (i) 1
35. No limit point 36. I and -1
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@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1. Every bounded monotonically increasing sequence converges to
(a) its supremum (b) its infimum

(c) O (d) 1

2. If<s,>is a sequence of non-negative numbers such that lim s, = /, then
(a) I<O (b) >0
(c) 20 (d) I=1

3. Every subsequence of a convergent sequence is

(a) divergent (b) convergent
(c) may be convergent or divergent (d) oscillatory
S5n .
4. The sequence < s, > where s, = —— =7 has the limit
n+3n
(a) 3 (b) 1
1
c) — d) 5
(c) 3 (d)

5. The sequence<],—LL-11-1,...>has
(a) no limit point
(b) only one limit point
(c) two limit points
(d) an infinite number of limit points

n+3
6. The sequence < s, >, where s, = (1 + —) , converges to
n

(a) ¢ (b) ¢
(c) e+3 (d) e?+3
7. Ifs,=1+i4 ) L then th i
. Sy = +§+27+"'+27’t en the sequence <, > is
(a) unbounded (b) convergent

(c) divergent (d) oscillatory
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The sequence < s, >, where s, = 321 converges to

(a) 1 (b) 3

(c) -1 (d) 0

Every Cauchy sequence is

(a) oscillatory (b) divergent
(¢) unbounded (d) convergent

lim .
The value of the limit 1 (1+272 438 4 M is equal to
®n

(a) 1 (b) O
(c) 2 (d) 3
Every convergent sequence is :
(a) oscillatory (b) unbounded
(¢c) bounded (d) oscillates finitely
(Rohilkhand 2011)
Fill In The Blank(s)
Fill in the blanks “...... 7 so that the following statements are complete and correct.

The range of the sequence < (-1)" > is the set ... .
The sequence <1/ n> converges to ... .

Ifs, = Zln for all ne N, then

(i) sup <s,> = ... and (ii) inf <s,>=....

no_.
The supremum of the sequence < [0S

n+ (Rohilkhand 2012)
The nth term of the sequence<1,— 11— 1...>is ... .
If the subsequences < s9,, | > and < s9,, > of the sequence < s, > converge to the

same limit /, then fim Sy =....
n—

J lim
Ifs,=nNmnthen o~ s,=....

The sequence<—-2,-4,-06,...,—2n,...> diverges to ... .

If lim s, =7and lim ¢, =", then lim (s,, £,,) =....
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10.

11.

12.

13.

14.

15.

10.

11.
12.

13.

Krishea's T.B. Real Analysis

lim lim 459 +...+
_ 1 $9 Sn_
It, . sp=0Lthen o T T

Every bounded monotonic sequence is ... .

Wordn+7
The sequence < —; > converges to ... .
3n"+5n-9
1 n+2 lim
Ifs,1=(1+;) ythen | o s, =....
J J lim
Ifs,=N(m+)—-~Nnthen = "s,=...
1\ lim
Ifsn:(l+;J sthen | o (s sy s =

True or False
Write “T” for true and “F’ for false statement.

The sequence<?2,-2,2,-2,2,-2,...>is bounded.

The sequence<1,—1, 1,-1, 1,—1,...> is convergent.

The sequence < 3,-3,3,-3,3,-3,...> is a Cauchy sequence.
Every Cauchy sequence is always convergent.

Every subsequence of a divergent sequence is always divergent.

Asequence< s, >is said to converge to anumber /,if for any given € > O there exists
a positive integer m such that|s, — I|> € for all n > m.

lim
If a sequence < s,, > is convergent, then s, is unique.
n— oo

Every convergent sequence is always bounded.

Every bounded sequence is always convergent.

1 .
,ees—,...>1s a Cauchy sequence.
n

The sequence < 1,

N

’

W —

’

N | —

Iflims,=7land lim ¢, =1",then lim (s, + ¢,) =1+ [".
Every bounded monotonically decreasing sequence converges to its infimum.

A monotonically decreasing sequence which is not bounded below diverges to
minus infinity.
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14.  Amonotonically increasing sequence which is not bounded above is a convergent
sequence.
15. Every bounded sequence has at least one limit point.
16. The sequence<1,—1,1,—1...> has no limit points.
17. Ifasequence< s, >isconvergent, thenit may or may not be a Cauchy sequence.
18. The sequence < s, >, where s, =1+ 21 + 31 +ot ! ,is a Cauchy sequence.
n
19. The sequence < s, >, where s, =1+ 1 + L +...+ ,is a convergent
1 21 (n—=1)!
sequence.
20. If a sequence < s, > is convergent, then the sequence < |s,|> is also convergent.
21. If a sequence <|s,|> is convergent, then the sequence < s,, > is also convergent.
22. 'The sequence < s, >, where s, = ﬁ ,converges to 0.
n
23. meawmw<MZWMR%=@+—)memmkdmmmme
n
24. The sequence<],—11,—11,—1,...>is a monotonic sequence.
25. The sequence < s,, >, where s, =3 — 3}17_1 ,converges to 2 .
(:2%}15\V(3r5
Multiple Choice Questions
1. (a) 2. (0 3. (b) 4. (d) 5. (¢
6. (b) 7. (b) 8. (a) 9. (d) 10. (a)
11. (¢
Fill in the Blank(s)
1. (L-1) 2.0 3. (i) %(n)o 4. 1 5. (-1t 1
6. I 7.1 8. —o 9. I’ 10. [
11.  convergent 12. é 13. ¢ 14. 0 15. ¢
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True or False

1. T 2. F 3. F 4. T 5. T

6. F 7. T 8. T 9. F 10. T

11. T 12. T 13. T 14. F 15. T

16. F 17. F 18. F 19. T 20. T
21. F 22. T 23. T 24. F 25. F
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Infinite Series

1 Infinite Series

An expression of the form wy + uy +...+ u, +... in which every term is followed by

another according to some definite law is called a series.

The series is called a finite series, if the number of terms is finite. Symbolically, the

n
finite series u + uy +...+ u, having n terms is denoted by X u, .
r=1

The series is called an infinite series, if the number of terms is infinite. Symbolically, the

infinite series i + up +...+ u, +...is denoted by X u, or simply by X u,,.
n=1

Since we are going to deal with infinite series only, therefore we shall simply use the
term ‘series’ to denote an infinite series.
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2 Convergence and Diver8e11ce of Series

Convergent Series : (Goralkhpur 2011; Kashi 14)
A series X u,, is said to be convergent if S,, , the sum of its first n terms, tends to a definite finite limit
S as n tends to infinity.

We write S= lim S,

n— oo
The finite limit S to which S,, tends is called the sum of the series.
Divergent Series: A series X u,, is said to be divergent if S,,, the sum of its first n terms, tends
to either + oo or — o as n tends to infinity,

ie., if lim S, =oc0o0r— .
n—> oo

Oscillatory Series: A series  u,, is said to be an oscillatory series if S,,, the sum of its first n
terms, neither tends to a definite finite limit nor to + oo or — oo as n tends to .
The series is said to oscillate finitely, if the value of S,, as n — oo fluctuates within a finite
range. It is said to oscillate infinitely, if S, tends to infinity and its sign is alternately
positive and negative.
Sequence of Partial Sums of a Series :
If S,, denotes the sum of the first n terms of the series X 1, so that

S,=u +uy +...+u,,
then S, is called the partial sum of the first n terms of the series and the sequence
<S,>=<8,5,...,5,,...>is called the sequence of partial sums of the given series.
We can define the convergent, divergent and oscillatory series in terms of the sequence
of partial sums.
Definition: A series T u,, is said to be convergent, divergent or oscillatory according as the
sequence < S,, > of its partial sums is convergent, divergent or oscillatory.
Ifthe sequence< S,, > of partial sums of a series T u, converges to S then S is said to be the sum of the
series X U,.

Note: Since the limits for infinite series will be taken as n — o, so throughout this

chapter we shall write lim as ‘lim” only.

Hlustration 1: e

The series 1 + 2 + (2)2 +...+ (2)” 1 +...1s convergent.
3 \3 3

Here the given series is a geometric series with common ratio 2 /3 < 1.

C1L{1-@2/3)"}

T 1-@2/3)

Now, lim S, =1lim3{1-(2/3)"}= 3(1-0) [+ 2/3<]]

=3, a definite finite number.

Consequently the given series is convergent.

Hlustration 2:

The series 1 +2 + 3 +...+ n +...is divergent.

=3{1-2/3)"}-
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Here, S,,:1+2+3+...+n:%n(n+l).
limSnzlim2ll1(n+l)=oo.

Consequently the given series is divergent.
Illustration 3:
The series 2 —2 +2 — 2 + ... is oscillatory.
Here, S, =0 if n is even,
=2,if n is odd.
Therefore, the sequence< S,, > of partial sums of the series, and consequently the given
series, is oscillatory.
Below we give some results which will be found useful and can be easily proved.
1. The nature of a series remains unaltered if
(i) the signs of all the terms are changed;
(ii) a finite number of terms are added or omitted;
(iii) each term of the series is multiplied or divided by the same fixed
number ¢ which is not zero.

2. If £ u, converges to A and X v, converges to B, then X (u, + v,) converges
to A+ B.

3. If Zu, converges to A and ¢ € R, then X ¢ u,, converges to ¢ A.

4. If X u, converges to A and X v, converges to B and p, g € R, then X ( pu,, + qv,,)
converges to pA + gB.

5. If Zu, diverges and ¢ € R,¢ #0, then X cu,, diverges.

6. If Xu, and Xy, are two divergent series having all terms positive, then
% (u, + v,) also diverges.

5 A Necessanj Condition for Convergence

For a series T u,, to be convergent, it is necessary that limu, = 0.

Or  For every convergent series X u,, we must have lim u,, =0. (Gorakhpur 2010, 13)
Let the series X u,, be convergent. Let S, denote the sum of n terms of the series X u,,.
Then Sp=u+u +...+uyand S, | =u +uy +... 1w, .

u,=S,-S,_1. (1)
Since the series X u,, is convergent, therefore, S,, and S,, _; both will tend to the same
finite limit, say S, as n — eo.
Taking limits of both sides of (1), we get

limu,=limS,-limS,_;=5-5=0.
Hence for a convergent series, it is necessary that lim u, = 0.
Note: Itistobe noted that the above condition is only necessary but not sufficient for

a series to be convergent i.e., if lim u,, =0, then the series X #, may or may not be
convergent. (Goralchpur 2010, 13)
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For example, consider the series
1+ L + L +— ! .+ L +.
V2 T3 TNa T
Here u,, = \/L ,s0 that lim u,, = lim T =0. But the series does not converge as shown
n n
below.
We have S, =1+ — L, sttty L_n_y

B I e P P A P P

ie.,S,> \ 1, which tends to infinity as n tends to infinity. Hence the series is divergent.

2 3
Again  consider the geometric series %+(§1) +(2l) +..., for which

n
lim u, = lim (5) =0 and the series is convergent.

Thus if u, — 0, we cannot say anything about the behaviour of the series but if u,, does
not tend to zero, the series definitely does not converge. The more useful form of the
above test is as follows:

If a series X u,, be such that u,, does not tend to zero as n tends to infinity, then the series does not
converge.

4 Cauchg 's General Principle of Convergence for Series

Sometimes it is either impossible or difficult to find the sequence of partial sums of a
given series and yet we want to know whether the series converges or not. Now we shall
establish a fundamental principle, for dealing with the convergence of such series,
known as Cauchy’s general principle of convergence.

Theorem: A necessary and sufficient condition for a series X u,, to converge is that for each

e> 0, there exists a positive integer m, such that
[ty 41 + Uy 4o +...+uy|<eforalln>m
Or [ty 41 + 1ty 4o +...+uy|<eforallqg=p=m
Or [ty 11 + Uy 40+t sy | < eforall n=m, p>0.
Proof: Let< S, >bethe sequence of partial sums of the series X u,, . The series X u,, will
converge, iff the sequence < S, > of its partial sums converges. By Cauchy’s general
principle of convergence for sequences, we know that a necessary and sufficient
condition for the convergence of< S, >isthat foreache > 0, there exists m € Nsuch that
|S, = S,l<eforalln>m
ie., | s 41 + Uy 10 +...+ 1, < eforall n>m.
Hence the result.

Illustrative Examl)les

Example 1: Discuss the convergence of a geometric series. (Gorakhpur 2015)

Solution: Consider the geometric series




Infinite Series

{R—lsslh}&t
a+ar+a’ +ac +. . +ax N4 e
Let S, be the sum of first n terms of the series (1).
_n n_
Snzwifx<land5n=Mifx>L

Case I: When|x|<lie, -l<x<l

If |x|<] then x" = 0 as n — o.

lim S, = lim A=) _a(0=0) _ a
n 1—x l—x 1-x’

which is a definite finite number and therefore the series is convergent.

Case II: Whenx=1
If x =1, then each term of the series (1) is a.
S,=a+a+...ton terms = na.
lim S, = e or — e according as a is positive or negative. Hence the series is
divergent.

Case III: When x> 1
If x> 1, then "' — o0 as 1 — oo,

a(x" -1

lim S, = lim 1
x —_—

= oo Or — o0 according as a > or <O0.

Hence the series is divergent.

Case IV: Whenx=-1

If x = -1, then the series (1) becomes a—a+a—-a+.....

The sum of n terms of the series is a or 0 according as 7 is odd or even.
Hence the series is an oscillatory series, the oscillation being finite.
Case V: Whenx<-1

If x<—-1 then — x> 1

Let r = — x, then 7>l and so 7" — o as 1 — oo.
_ n _(_ n
Now Sn:a(l x):a{l (-n"} [+ x=—r]
1-x 1-(-7r)
n _n
= M or M ,according as n is odd or even.
1+7r 1+7r

in this caselim §,,is e or — ec according asz is odd or even, provided a > 0 and ifa < 0
the results are reversed.

Therefore in this case the series is an oscillatory series, the oscillation being infinite.

Hence a geometric series whose common ratio is x is convergent if | x| <1, divergent if x> 1and

oscillatory if x< — 1.
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Example 2:  Prove that the series X L - converges to ;
Lyl
{6
: 111 4 |1, 1
Solution: HereS,l=—+—2+—3+...+ — = =—|1l-—
4 4 4 U 3U 4
4
1imsn=11m1(1_i):l. BRT—
307973 T

1 1
the sequence < S,,> converges to 3 and hence X u,, converges to 3

Example 3:  Test the convergence of the series

log, 2 + logg + loge + loge

Solution: Here, S, =log,2+log, % + log, g +...+ log, (n hl 1)
n

34 n+l
loge{Z 33", }:loge(n+l).

lim S, = lim log (n + 1) = log e = co.
Hence the given series is divergent.

Example 4:  Show that the series

1 2 n
J@+@+...+ /{2<n+1)}+
does not converge.
-II/Z
\2n+1 \/2 n+1 \/2 1 l/n)J '
1

Iim u,=—=0
n—s e N2

Solution: Here,

Hence the given series does not converge.

Example 5: Show that the series 3. 1 does not converge.
n

Solution: Let the given series converge. Then fore = i by Cauchy’s general principle of

convergence, we can find a positive integer m such that

1 1 1 1
+ +...+—<—forall n>m.
m+l m+2 n 4

Taking n = 2m, we see that
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1 1 1 1 1 1
+ fot+—= + ot —
m+l m+2 n m+l m+2 2m
| 1
m.—=—.
2m 2

Thus we get a contradiction. Hence the given series does not converge.

5  Series of Positive Terms

(or Series of Non-negative Terms)

If X u,, is a series of positive terms then u,, >0 for all ne N.

The important aspect of this series is that its sequence of partial sums is increasing.
We have S, =u; +uy +...+u, thenS,-S,_|=u,.

Since u,, > 0 foralln, thereforewe get S, — S,,_; >0 foralln, i, S,> S, _; forallni..,
the sequence < §,,> is a monotonically increasing sequence.

Now a monotonic sequence can either converge or diverge but cannot oscillate. Hence,
we have only two possibilities for a series of positive terms, either the series converges or
it diverges.

We give some fundamental results for series of positive terms.

Theorem 1: A series T u,, of positive terms converges iff there exists a number K such that
u +uy +...+u, < K for all n.
Proof: First, suppose that there exists a number K such that
u+uy +...+u, <K, ¥n ie, S,<K, ¥ n
This shows that the sequence< S,, > of partial sums of the series X u,, is bounded above.
Also, the sequence < S, > is an increasing sequence, since the series X u,, is of positive
terms. We know that every bounded monotonic sequence converges. Therefore< S, >
converges and hence X u, converges.
Conversely, we assume that X u,, converges. Then, the sequence< S,, > of partial sums of
the series converges. We know that every convergent sequence is bounded. Therefore
< §,,>is bounded and hence there exist real numbers k and K such thatk < S,, < K, for
all n.
It gives S, < K ie., up + uy +...+ u, < K, for all n.
Note: In the light of the above theorem, we conclude that to show that a series of
positive terms converges, it is sufficient to show that the sequence of its partial sums is
bounded. On the other hand, to show that a series of positive terms diverges, we have to
show that the sequence of its partial sums is not bounded, i.c., for any real number A,
there exists a positive integer m such that S,, > A.
Theorem 2: A series of positive terms is divergent if each term after a fixed stage is greater than
some fixed positive number.
Proof: Let each term of the series be greater than a fixed positive number. We can
assume so because the convergence or divergence of the series is not affected by
omitting a finite number of terms.




Krishea's T.B. Real Analysis

PLED

So let X u,, be the given series of positive terms and let u,, > k (a fixed positive number)
for all n.

Now S, =u +uy +...+ u,> nk.
But lim 7k = oo.
lim S, = oo.

Hence the series X u,, is divergent.
Corollary: A series of positive terms is divergent if lim u,, > 0.

Proof: Letlim u, = [,where /> 0. Then for a givene> 0, there exists a positive integer
m such that

|u,—Il|<e foralln>m
ie., l—e<u,<l+e¢, forall n=m.

Let I — e=a. Then a is a fixed positive number because € can be taken as small as we

please. For example take € = % l.

Thus u,, > a for all n> m. Hence the given series is divergent.

Theorem 3:  If each term of a series = u,, of positive terms, does not exceed the corresponding
term of a convergent series T v, of positive terms, then T u,, is convergent.

While, if each term of X u,, exceeds (or equals) the corresponding term of a divergent series of
positive terms, then X u,, is divergent.

Proof: Let u, <, for all n.
LetS,,andS,,” be the sums of first # terms of the two series £ u,,and X v, respectively.
Then S,,=u +uy +...+u,and S,/ =v + vy +...+ v,
Since u,<wv, ¥V n,therefore, S,<S,’ .
But X v, is convergent, therefore S,,” — S’ (a finite quantity) as n — oo.
lim S, < S’ (a finite quantity).
S, itself tends to a finite limit as n — .
Hence the series X u, is convergent.
Now if u, > v, for all n, then S,,>2 S,,".
But X v, is divergent, therefore S,”— e as n— e and hence S, — e as n— oco.
Consequently X u, is divergent.

6 The Auxilian] Series X 1/ 1’

The infinite series

L. 1 1 1 1
2—ie, —+—+—+...+—+...
n? Vo2r 37 n?
is convergent if p>land divergent if p<1.  (umaun 2001; Avadh 05; Kanpur 07;
Kashi 13; Rohillkkhand 14; Agra 14)
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Proof: Case I: Let p> L Since the terms of the given series are all positive, we can
group them as we like. Hence we write the given series

1 1 1 1 (1 1) (1 1 1 1)
—_—t—+t— 4. =t —+— |+t —+ — + —
P oor 3P v \or " 3p 40 5P gl 7P
+(L+i+...+i)+... (1)
8 9! 157
Now since p> 1,

3>2=3>20 =1/3V <1/2P,

LT ror
or 3¢ 2P 2P
1 I 2

or —F—<—
or 3¢ 2F

- 1 1 1 I 1 1 1 1 4
Similartly —+ —+ —+—<—+ —+—+—=—,
40 5P G 7P 4P 4P 4P 4P 4P
1 1 1 8
—+— ..+t —<—,
8y 9P 157 8¢
and so on.
Thus we observe that on being grouped as mentioned in (1), the given series is term by
term
1 2 4 8
<—+—+—+—+
2P 4P gP
But the series on the R.H.S. of the above inequality is a geometric series and is
convergent since its common ratiois2 /2 ¥ =1/2F ~!'which s less than 1 as p> L Thus
the given series on being grouped asin (1) is term by term less than a convergent series.
Consequently the given series is convergent when p> L

Case II: Let p=1 Then we group terms of the given series as

I 1 1
I+=—+=—+—+
2 3 4
:1+—+(—+1)+(l 1.1 1) (l 1 +L)+ (2)
2 3 4 5 6 7 8 9 10 16
Now as3<4, so L or l+l>l+l
3 4 3 4 4 4
I 1.2 . I 1_1
or —+->= e, —+-—>—.
3 4 4 3 4 2
o 1 1 1 1_1 1 1 1 4 1
Similarly, >t —=
56 7 8 8 8 8 8 8 2
I 1 11
—+—+...+—>—,and so on.
9 10 16 2
Thus we observe that on being grouped as in (2), the given series is term by term
>1+l+i+l+....
2 2 2 ..(3)

The series on the R.H.S. of (3) is divergent as the sum of the first # terms of the series
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=l+(n-1)- % = % (n + 1), which tends to infinity as 7 — o

Thus the given series on being grouped as in (2) is term by term greater than a divergent
series.

Consequently the given series is divergent when p=1.
Case III: Let p<1 Then

i>lforn:2,3,4,....
n  n

In this case the given series
I 1 1 1
—+—+—+—+
172r 3P 4F

is term by term greater than the series

l+l+—+l+....,

which is a divergent series, as proved in case II.
Consequently the given series is divergent when p< 1
Hence the proof is complete.

Now we shall give some tests to know whether the given series of positive terms is
convergent or divergent without actually finding out the sum of its n terms.

T Comparison Test

Theorem: First form: Let X u, and X v, be two series of positive terms such that u,, < Kv,, for
all n, where Kis a fixed positive number. Then if X v, converges, so does X u,,, and if X u,, diverges,
then X v, also diverges. (Gorakhpur 2010)
Proof: Since u, < Kv, for all n,

utu+..+u,<KWm+m+..+v,), ¥ n (1)
Now if X v, converges, then there must exist a positive real number A, such that

N+ +..+r,<A Vo ..(2)
From (1) and (2), we get

u+uy +...+u,<KA ¥V n
Thus the sequence of partial sums of the series £ u,, is bounded above and hence X u,
converges.
To prove the other result, we assume that X u, diverges. Then for any positive real
number B, there must exist a positive integer m such that

up +uy +...+ u,> BK, for all n>m. ...(3)
From (1) and (3), we get

n+ vy +...+v,> B, forall n>m.
Hence the series X v, diverges.

Second form: Let X u, and X v, be two series of positive terms and let k and K be positive real
numbers such that
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kv, < u, < Kv,, for all n.
Then the series T u,, and X v, converge or diverge together.

Proof: From kv, < u, < Ky, , for all n, we get

kv,<u, or wv,< (%) u,, for all n.

Now applying the result proved in the first form of the comparison test, we conclude
that

(i) if Z u, converges, then X v, also converges.

(ii) if £ v, diverges, then X u, also diverges.

Again, applying the result of the first form of the comparison test for the inequality
u, < Kv,, we conclude that

(iii) if v, converges, then X u,, also converges.

(iv) if £ u, diverges, then X v, also diverges.

The desired result now follows from (i), (ii), (iii) and (iv).

Third form: Let X u,, and T v, be two series of positive terms and let K be a positive number
such that w, < Kv, for all n>m, m being a fixed positive integer. Then if the series X v, be
convergent, then the series X u,, is also convergent and if the series X u,, is divergent, then the series,
X v, is also divergent.

Proof: The above result follows from the result of the first form of the comparison test
because the convergence or the divergence of a series remains unaffected by omitting a
finite number of terms of the series.

Fourth form: Let X u, and T v, be two series of positive terms and let k and K be positive real
numbers such that kv, < u,, < Kv,, for all n > m, m being a fixed positive integer. Then the series
> u,, and T v, converge or diverge together.

Proof: Since the omission of a finite number of terms of a series has no effect on its
convergence or divergence, therefore,

(i) the series u) +uy +... and the series u,, .| +u, , o +... converge or diverge

together ; and

(ii) the series » +1 +... and the series v, .| + v, ;9 +... converge or diverge

together.

Again, kv, <u, < Ky, foralln>m = kv, 4 <wuy . < Kvy o forall pe N,
therefore, by the result of the second form of the comparison test, we have

(iii) theseriesu,, ;1 +u,, . o +...and the seriesv,, , | + v, ;o +...converge or diverge
together.

Hence from (i), (ii) and (iii), we conclude that the series X u,, and X v, converge or
diverge together.

Fifth form: (Important from the point of view of application to the solution of
problems): Let X u, and X v, be two series of positive terms such that

lim 2=/ (finite and non-zero);
n—> oo Vn
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then both the series converge or diverge together i.c., the two series X u, and T v, are either both
convergent or both divergent.

Proof: We have Hn > 0 for all n, therefore
V}’l

. u .
lim 2>0 e, [>0.
n— e Vy

Since I # 0 (given), therefore, /> 0.

Choose € >0 in such a way that [ —e> 0.

. u .
Now lim — =/ = there exists m € N such that
n— e Vy
Mﬂ
[—e< < ]+eg forall n>m. (1)
”

n

Since v,>0 ¥ n, hence multiplying (1) throughout by »,, we get
(l-e)v,<u,<(l+¢)v, forall n>m. ...(2)

Nowif X v, is convergent thenX (/ + €) v, is also convergent. In this case from (2), we see

that X u,, is term by term less than a convergent series = (I + €) v, except possibly for a

finite number of terms. Therefore the series X u, is also convergent.

Again if X v, is divergent then X (I — €) v, is also divergent. In this case from (2), we see

that X u,, is term by term greater than a divergent series X (/ — €) v, except possibly for a

finite number of terms. Therefore the series X u,, is also divergent.

Hence the series X u,, and X v, converge or diverge together.

Sixth form: Let X u,, and X v, be two series of positive terms such that

u v
—> - foralln=m.

Uy +1 Vp+1

Then X v, converges = X u,, converges and X u, diverges = X v, diverges.

u v
Proof: We have —"—> " for all n > m.
Uy 41 Vn+1

Puttingn=m+1, m+2,...,n —1in the above inequality, we get

U +1 Vi +1 U +2  Vm+2 Uy -1 Py -1
> > ) s > .

Un+2 Vm+2 Um+3 Vm+3 Uy Y
Multiplying the corresponding sides of these inequalities, we get

U +1  Vm+1
> , for all n>m,

ull Vﬂ

U +1

ie., u, < v, for all n> m.

Vi +1

Now the result follows from the third form.
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Note 1: From the point of view of applications, the third and the fifth forms of the

comparison test are the most useful.

Note2: The geometric series X in and the auxiliary series £ ipwill play a prominent
r n

role for comparison.

Working rule for applying comparison test:

Thev,-method: Comparison testisusually applied when the nth termu,, of the given
series X u,, contains the powers of n only which may be positive or negative, integral or
fractional. The auxiliary series = (1/ n”) is chosen as the series X v,,. From article 6, we

know that £ (1/ ") is convergent if p>1and divergent if p< 1.
Now the question arises that how to choose v, ? For applying comparison test, it is

necessary that lim —% should be finite and non-zero. It will be so if we take

Vn

v, = , where p and q are respectively the highest indices of 7 in the denominator
q

nt =
and numerator of u, when it is in the form of a fraction. If u,, can be expanded in
ascending powers of 1/, then to get v, we should retain only the lowest power of 1/ n.
After making a proper choice of v, ,we find lim (,, / v,) which should come out to be
finite and non-zero. Then the series X u,, and X v, are either both convergent or both
divergent. The whole procedure will be clear from the examples that follow article 8.

lllustrative Examrles

Example 6: Test for convergence the series

Solution: Since n" > 2" for all n> 2, therefore, Ln < 2l .
n

1 1
Here u,=—-Letv,=—-
n n
n 2
Since u,, < v, foralln> 2 and X v, is a convergent series (a geometric series with common

.1 . . .
ratio 5), therefore, by the comparison test, the given series converges.

Example 7:  Test for convergence the series whose nth terms are

(i) J”

e +1

(Kumaun 2002; Kanpur 06; Meerut 13B; Agra 14)

(2”2 _ 1)1/3
(3n> +2n+5)/4
L
(1+ )1

(ii) (Kanpur 2009; Meerut 13)

(iii)
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Solution: (i)

Take

Vi
Here u, = 5 .
n-+1
oo 1
n n2 n3/2’

1

i.e., the auxiliary series is X v, = X =77

Now

Since the auxiliary series v, =X (1/n

n

2
lim 22 = lim ;/n 220 = lim 2"
v, n- +1

=lim 5o = 1, which is finite and non-zero.

1+ (1/n2)

3/2) is convergent (p: %> I) , therefore, by

comparison test the given series X u,, is also convergent.

(ii) Here

lim

Y- (2}12 _ 1)1/3 B }12/3 (2 _ 1/’12)1/3
n +4in+ n + n- + n
B 1 . (2_1/”2)1/3 .
2 3+2/u +5/ )4
b 1
n= T2
v B+2/n +5 /)4
W ol3
2= I—M,which is finite and non-zero.
Vﬂ 3

Hence, by comparison test, X u,, and X v, are either both convergent or both divergent.

But the auxiliary series X v, is divergent because p=1/12<1 Hence X u, is also

divergent.

(iii) Here

Take

Now

non-zero.

u, = n
"+
p =]
n nq - nq -r
lim =2 = lim 7P =1im b 1, which is finite and
” (n+ 1)1 (+1/n

Therefore, by comparison test, £ u, and X v, are either both convergent or both

divergent.

But the auxiliary series Zv, =X

is convergent if g — p>lie. if p—q+1<0 and

n

divergent if g — p<lie if p—q+1>0.
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Hence by comparison test the given series X u, is convergent if p— ¢ +1<0 and
divergent if p— g +1=0.

Example 8:  Test for convergence the series whose nth terms are

. 1
(i)
1+1/n (Avadh 2012)
. .1
(it)  sin—
n (Kanpur 2012; Gorakhpur 14)
(iii) tan~! L.
n (Kanpur 2008)
Solution: (i) Hereu, = L
1+1/n
We have, lim u,= lim ; =1, which is > 0.
n— oo n— e 14+ (1/n)

the given series is divergent.

(ii) Here,un:sinl:l_i%_,_i
n n 3ly> 5

ST

Take v, =1/n, since the lowest power of 1/n in u, is 1/n. The auxiliary series

v, =2 (1/n)is divergent as here p=1.

Now lim 2 = Jim 1—l~i2+i~i4—... =],

vy 31 n 5! n

which is finite and non-zero.

Hence by comparison test the given series is divergent.

(iii) Here, u, = tan~! (1): 1 %+% —.. ctan tr=x-to 42—
n) n 3n° Sn 3 5

The lowest power of 1/ n in u, is 1/ n. Therefore, to apply the comparison test, the

auxiliary series is taken as X v, =X (1/n).

Now, lim Hn _ lim (1 - % + % - ) =1, which is finite and non-zero.
vy, 3n®  Sn
But the auxiliary series £ v, = X (1/n) is divergent as here p=1
Hence by comparison test the given series is divergent.
Example 9:  Test the convergence of the series
2 3 4 5
+—+—+—+

Vooor 3 4r (Kumaun 2000; Avadh 10)
1
Solution: Here u, = "T2 Take v, = n_ 1
n? -
LUy n+1 -1 . 1
Now lim =2 = lim | —— . n? =lim|l+—|=],
vy np n

which is finite and non-zero.
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Hence by comparison test X u,, and X v, are either both convergent or both divergent.

But the auxiliary seriesX v, =X is convergentif p — 1> li.e., p> 2, and divergent if

nt =1
p—1<lie if p<2.
Hence the given series X u,, is convergent if p>2 and divergent if p< 2.
Example 10:  Test the convergence of the following series

2 o3 44
(i) 1+i2+2—3+3—4 4—5
2237 4 5 (Avadh 2014)
1 2 3

1 + + +...
() vz 1v293 "1+374

Solution: (i) Omitting the first term, if the given series is denoted by X u,, then

1 22 33 44: nn
n n
Here, u, = nil -Take v, = —= l
(n + l)ﬂ + nn + n
u n"
Now lim = =lim {—————.n
Vn (n+1)}1+
i ]
=lim ! =1, lim(l+l) =e
A+1/n) . (1+1/m)| e n

which is finite and non-zero.

But the auxiliary series X v, = X (1/n) is divergent as here p = I. Hence by comparison
test the given series is divergent.
n

il Here, uw,=—"—.
(i) " lenVm+))

[—

Now lim % = fim{—— " 12
1+ nV(n+1)

=lim 373 1 =1, which is finite and non-zero.
1/ w2+ (1+1/n)

Since the auxiliary series X v, = X (1/ nl/ 2) is divergent as here p = 1/2 < 1, therefore, by
comparison test the given series is divergent.

Example 11:  Test the following series for convergence whose nth terms are given by

i) P+ —n (Meerut 2013)

A 4
(it) N " +1) =N (" =D. (Kanpur 2006; Avadh 06, 14; Meerut 13B; Kashi 14)
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Solution: (i) Here,u,= (> + D3 —n=H"3 1+1/n3)13 —n
[ 1(1
[ 1y2 ] 11 3(3_1) I |
=n{(l+’ﬁ) —lJzn[l+~nS+ Y n—6+ —lJ
R S SN
302 9

Taking the lowest power of 1/n in u,, the auxiliary series is given by

S, =3 (1/n%).

Now limbt”:lim{(lz—15+...).n2}=lim(l—13+...)=1,
Uy 3n In 3 9y 3

which is finite and non-zero.
Since the auxiliary series X v, =% (1/ n?) is convergent as here p=2> 1, therefore by

comparison test the given series X u,, is also convergent.
.. _ \/ 4 _ \/ 4 _
(ii) Here u, =N " +1) (n* =1

=i [(1+1/nM2 = -1/ w2

2o ] 1 1 }1 1 1
=" (23 —+ +. . |l=—Ft+t—x+....
L {2n4 1612 J n? 8n0

The lowest power of 1/ nin u, is1/ n? . Therefore to apply the comparison test we take

the auxiliary series as Zv, =X 1/ n”, which is convergent as p=2> 1.
Now lim 2 = Jim r{12+110+}nz1
Vn L n 8n J

=lim {l + 8% + } =1, which is finite and non-zero.
n

Therefore, by comparison test, X u,, and X v, converge or diverge together. Since X v, is
convergent, therefore, X u, is also convergent.

Alternate solution: We have u, =V (n* +1) =V (n* = 1)
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Ar1ss
CNEr )N DTN @t )+ ot - D)
Vot + )+ o* -
_ eten-et-n 2
Vot +D+Ner -) Vet + )+t -
L 2 .
2 N[+ A/ V= 1/ 0]
1
Tal -
ake vy 2
Then n _ 2 .

vy N[+ A/ 1]+ V1= 1/n)]

. u PR
lim — =1which is finite and non-zero.
n— oo Vy

Hence by comparison test X u,, and X v, are either both convergent or both divergent.

1 1
But forv, = —=—,p=2>1
n n2 np p

X v, is convergent and hence X u, is also convergent.

Example 12:  Test for convergence of the following series :

n
oy 1 ® 1 ® 1 (n+2
i Y - (il 2 — i) X —|—.
() n=1 n<ﬂ+b/n) () n=12" 43" ( ) n=1 n3 (Vl+3)
1 1
Solution: (i) Here, u, = = . Lety,=—
) e la +Db/n) nu.nb/n "
Now lim 2 = lim %,n“ =lim (%/)
Vy I’lﬂ.n n n n
=1imézi r lim nl/nzﬂ
W ST

=1, which is finite and non-zero.
We know that £y, = X (1/n") is convergent if a > 1 and divergent if a < 1

Hence by comparison test the given series X u,,is convergent ifa > land divergentifa < 1.
1 1

n n '
BRI E
3
1

We know that £ v, =X (1/3") is a geometric series with common ratio 1 /3 <1,

(i) Here, U, =

Take v,

hence it is convergent.

Now lim 2 = lim ! =1, [~ lim 7" =0,0<r<]1]

Vn 1+ (g)n
3

which is finite and non-zero.
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Hence by comparison test the given series X u,, is convergent.
n
1 (n+2
iii) Here, u,=—&|—-] -
( ) n n3 (n + 3]
Take v, = % -ThenZv, =% % is convergent as p=3> L
n n
n n
" " n”(l+g) (1+%)
n n
Now anlg(mj . 3:(n+2J = n: "
v, n \n+3 n+3 nn(l+§) (I+§)
n n
X n
We know that lim (l + —) =¢".
n
lim Y2 = - = 1 , which is finite and non-zero.
1% € 4
n
Hence by comparison test, Z u,, is convergent.
Example 13:  Test for convergence the series
! + 2 + 3 + 4 +
14270 14272 14273 1427% 7
Solution: Here, u, = S
1+27"
lim u, = lim LI
1 n
1+ (—)
2
which is > 0. Also X u,, is a series of positive terms.
Hence the given series X u,, is divergent.
@mprehensive Exercise 1
Test for convergence the following series :
V) JL L S SR S
23 3-4 5 5-6
(ii) 1.2 . 3-4 . 5-6
2 42 2 2 2 Q2 T
3747 5767 778 (Kumaun 2002; Meerut 12B)
3 5
(iii) + + +o
1.2.3 2.3-4 3-4.5 (Avadh 2011; Meerut 12)
(iv) (I1+a)(1+Db) N 2+a)2+D) N B+a)3+b) .

1.2.3 2.3.4 3.4.5
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. 1 1 1
0 a3 PV ea T
(i) \/2—I+\/3—l+\/4—1+\/5—1+
P-1 4£2-1 5°-1 6-1
(i) 1+ 11/100 + 11/100 + 11/100 """
2.2 3.3 4.4
1
3. ii B
2 [n +2) () 2 @n-1n*
1 1
(i) 3. (Wsm ) (iv) 3, cos (Kanpur 2007)
4. (i) TNm+)-nl. (i) =[N +1)-n].
(i) T[N +1)-Vnl]. (iv) T[Nt +1) -2

0 (@)

(if)

1. i) Convergent
iii) Convergent

2. i) Divergent
iii) Convergent
Convergent

iii) Convergent
i) Divergent
iii) Convergent

(
(
(
(
3. (i)
(
(
(
(
(

i) Divergent

The series whose nth term is

@nswers 1

I .1
—sin —-

n n (Kanpur 2005)

(ii)

(iv) Divergent

Convergent

(ii) Convergent

ii) Convergent if p>1, divergent if p<1

(iv)

ii)  Divergent

Divergent

Convergent

ii)  Convergent

8 Cauchy 's Root Test

Theorem 1:
(i)
(iii)

2 u,, converges, if [ <1;

Let X u,, be a series of positive terms such that lim u,l/ "=1 Then

(it) X u, diverges, if > 1;

the test fails and the series may either converge or diverge, if [ =1.

(Here ul/™ stands for positive nth root of u,).

(Kumaun 2001; Kanpur 04, 07; Avadh 06; Meerut 12; Gorakhpur 13)
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1/n

Proof: Since u,>0, for all n, and (u,)’" stands for positive nth root of u,,

lim 1/ = 1> 0.

1/n

Since lim w,/" =1, therefore for £> 0 there exists a positive integer m, such that
|ul/" — 1| <&, for all n> m,

ie., l—e< u}z/"< I +¢, forall n>m,

ic., (I-¢e)'<u,<(+¢)" forall n>m. (1)

(i) Letl<l

Choose €¢>0, such thatr=[1+e< 1

ThenO</<r<lL

From (1), we get u, < (I+¢)" foralln>m i.e., u,<r" for all n>m.

Since X r" is a geometric series with common ratio r less than unity, £ r” is convergent.
Therefore, by comparison test, X u,, is convergent.

(i) Let/>1

Choose €¢>0, such thatr=7-¢>1

From (1), we get (I — €)' < u, foralln>m iec., u,>r" for all n>m.

Since X r" is a geometric series with common ratio greater than unity, = " is divergent.
Therefore, by comparison test, X u,, is divergent.
(iii) Let/=1

Consider the series X u,, where u,, =1/ n.

1/n
Then " = (l) ,so that lim «/" =1.  [Note that lim '/ =1].
n

Since X (1/ n) diverges, hence, we observe that if

lim u}/” = 1, the series X u, may diverge.

Now, consider the series X u,, where u,, =1/ .
. . 1/n _
In this case also, lim u,/" = 1.

Since X (1/ n?) converges, hence, we observe that if lim uf/ " =1, the series T u, may

converge.
Thus the above two examples show that Cauchy’s root test fails to decide the nature of
the series when /=1

Note 1: In general the Root test is used when powers are involved.

Another form of Cauchy’s Root Test: The root test can also be stated in the form
given below :

A series X u,, of positive terms is convergent if for every value of n > m, m being finite, (un)l "M i less
than a fixed number which is less than unity.

The series is divergent if(un)l/” > 1 for every value of n> m.
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Proof: Case 1: Given (un)l/" <r, ¥n2m where ris a fixed positive number such
that r<1

u, <" for all n>m.
Since X r" is a geometric series with common ratio r less than unity, £ r” is convergent.
Therefore, by comparison test, X u,, is convergent.
Case 2:  Given (,)/"> 1LV n>m.

u, 2L,V nzm.

Omitting the first m — 1 terms of the series because it will not affect the convergence or

divergence of the series, we have

u,21,¥neN
= Sy=uy+...+u,2n = lm S, =e
= the series is divergent.
Theorem 2: Let X u, be a series of positive terms such that ul/" — oo as n— oo, Then X u,
diverges.
Proof: Letr> 1. Since u}/ " — e asn — oo, therefore, there exists a positive integer m

such that u}/">r foralln=m = wu,>r"foralln>m.

For r> 1, the geometric series = r” is divergent.

Hence, by comparison test, X u,, is divergent.

Some important limits to be remembered:

1. lim #/"=1

n—> oo

9. lim 1987 _.

n— o N
o\
3. lim (1+—) =¢".
1= oo n

12
4. lim (1 + E) =1,if pis finite i.e., if pis a fixed real number.
= oo n

n+p
5. lim (1+5) = ¢*,if pis finite.

n—> oo n

-1 )
agn? +an? " +agn? "+ +a, | n+a,

-1 -2
no oo by nl + b ="+ by 177+t by _ymt by,

~ lim Lot a (/n) +ay A/n? +...]
n—ee 0l [hy + by (1/m)+by (1/n)f +...]
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ap / bo, if p=q

=:0,ifg>p
oo, if p>¢q and ap >0,y > 0.

Illustrative Examlales

Example 14: Assuming that 1" = lasn — oo, show by applying Cauchy’s nth root test that

the series = (/" - 1)

" converges.
n=1
Solution: Here, u, = (n"/" - 1)".

ML/n _ nl/n _1

lim /"= lim '/"-1)=0<1L
n—> oo n—> oo

Hence, by Cauchy’s root test, the given series converges.
Example 15: Test the convergence of the following series

l—}’l2 xn
(i) 2(1+7) (i) = =—
n n!
P23 33 43 n
(iii) §+3—2+3—3+3—4+...+§+
—i?

Solution: (i) Hereu, = (1 + 1)
n

—n
u},/n = (1 + %) :

lim /" = lim ! :l<1.

(1]

Hence by Cauchy’s root test the given series is convergent.
n

[ 2<e<3]

(ii) Here unzx—~
n!
1/n _ X
Mn n_(n!)l/n '
r 1 o 4]
lim /" = lim xl/ lim nl/ 21 =lim (n )1/ X
(m!) " ()" n (m) " n
[ ] i NI
=lim || - Ao limE | lim | 2 -
[n! nJ n [ nl J

=¢.0=0<1

Hence by Cauchy’s root test, the given series is convergent.
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3
(iii) Here u, =L
3}’!
i _ 3/11.
ﬂ 3

lim ul M — lim —

Hence by Cauchy’s root test the given series is convergent.

Example 16: Test the convergence of the series

-1 -2 -3
22 9 33 3 44 4
21 T8 2) TlsrTs) ¢

L3 Ly itim3 2 Loy
3 3

(Kumaun 2001; Meerut 13B)

[(n+1) ! n+ﬂ_n
Solution: Here u,, = l e

n

-1 -1
Un ln+l el n+l] (n+l)_1[(n+l)" }
1y, = -1
n n
-1

lim /" = (1+0)"! (e 1)—1=L1<1.
e_

Hence by Cauchy’s root test the given series is convergent.
n

Example 17:  Test for convergence £ 37"~ 1"

3~ 31 if niseven

Solution: Here u,=3"""0 " _
3=" 3 if nisodd.

[3_1.3_1/"=l- ! , if niseven

/n _ 3 31/’1
n U al/n_ 1 a1y
37°.3 n=§-3 ", if nisodd.
lim 1}/ = Lo
3
Hence by Cauchy’s root test the given series is convergent.
n
Example 18:  Test for convergence = ( +;J 1 (x>0).
n+

1
Solution: Here u, = (n i ] X
n+2

[ 2<e<3]

[ lim /" =1ifa> 0]

(Meerut2013)
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SR
n+2
f(Hl) 1
lim u}l/"zlimi nox|=ux

\&}

()]

By Cauchy’s root test, X u, converges if x <1and X u,, diverges if x> 1.

=

n
For x =1, the test fails. When x =1, u,, = [n * IJ .

n+2
n
(+2)
n
lim u, = lim —= §=1>0.
1+%) “ o
n

The series X u,, diverges when x = 1.
Hence the given series converges if x <1and diverges if x> 1.

Example 19:  Test for convergence =

n

(log n)
Solution: Here u, = 1 .
(log n)"
M}/n = ! —
log n
lim u}l/" =lim L 0, which is < 1.
log n

Hence by Cauchy’s root test the given series is convergent.

@mprehensive Exercise 2

Test for convergence the following series :

1
1. (i) e
) pl+U/n (Kanpur 2008; Avadh 12)

N
(ii) 2 (l+;)
"
2. (i) ( " J
2 n+l (Avadh 2013; Kashi 14)
| _113/2
(ii) z (H—W)
3. (i) 2+§x+éx2+ix3+...,wherex>0.
273 4
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— 4n+3

n=1
2 32 43 4 (n+1)"

4 TR A N T
2 23 34 n}’l+1

. X Xz X3
5. (i) 1+§+3—2+4—3

(i) x+2¢% +3x° +4x* +....

(iii) 2l+(§) ( ) x2+( ) B4 ee x>0,
@nswers 2

i) Divergent (ii) Divergent

+...00, x>0.

(

(i) Convergent (ii) Convergent
3. (i) Convergent if x<1and divergent if x>1

(ii) Convergent if x <1 and divergent if x>1
Convergent if x <1 and divergent if x > 1
(i) Convergent
(ii) Convergent if x <1 and divergent if x>1
(iii) Convergent if x <1 and divergent if x>1

O D’ Alembert’s Ratio Test

(Avadh 2003, 05; Kanpur 05; Gorakhpur 11; Meerut 12B; Kashi 14)

u
Theorem 1:  Let X u,, be a series of positive terms such that lim — L= 1 Then
Uy
(i) X u, converges if <1 (if) X uy, diverges if [> 1

and (iii)  the test fails to decide the nature of the series if [ = 1.

Proof: Since u,,> 0, for all n, therefore

Uy +1 Uy +1

>0 = lim =1>0.
ul‘l M}’l
. RS . .
Since lim = [, therefore, for €> 0, there exists a positive integer m such that
un

Uy +1 ‘

'n —ll<eg foralln=>m

|y |
. Uy 41
ie., [—¢e< <l+e¢ forall n=m.

Uy




Infinite Series

R-157 W,

Putting n = m, m +1,..., n — lin succession in the above inequality and multiplying the
corresponding sides of the (n — m) inequalities thus obtained, we get

(l—£)”7’"<ﬂ<(l+s)"7’"foralln>m
Mm
ie., [—e)' M y < (l+e)"—"m forall n>m. (1
(-0 U (1)
() Leti<l
Choose €¢>0 such thatr =7+ e< 1L

Then O<l<r<l

From (1), we get u, < (:’)’;) 7" for all n>m

. u
ie, uy<or"foralln>mwhereo=—"eR".
r

Since X r" is a geometric series with common ratio less than unity, = r" is convergent.
Hence by comparison test, X u, is convergent.

(i) Let/>1

Choose €> 0 such that r =/ —-¢e> 1.

u
From (1), we get = < u,, forall n>m

r
. w/ _ Uy +
ie, u,>pr", foralln> mwhere[_’)——me R™.

’

Since X r" is a geometric series with common ratio greater than unity, £ " is divergent.
Therefore, by comparison test, X u,, is divergent.
(iii) Let /=1

Consider the series X u,, where u,, = 1/n?.

Uy 41 _

Here lim = lim — " 5 = lim 5 =1
Uy (n+1) (1 " l)

Since the series £ (1/n%) converges, we observe that if /=1, the series may be

convergent.
Now, consider the series X u,,, where u,, =1/ n.

u
Here  lim L o lim -/ = lim - =1.

uy, n+1l l+l

n

Since the series £ (1/n)diverges, we observe that if/ = 1, the series may be divergent.
Thus the above two examples show that the test fails to decide the nature when/ = L.

Note 1: Taking the reciprocals, the ratio test can also be stated in the form given

below.
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The series X u,, of positive terms is convergent if lim <L

> L and divergent if lim
Uy +1 Uy +1

If lim M 1, the test fails.
Uy +1

We shall usually apply the ratio test in this form which will in the later part of this
chapter be more convenient for further investigation in case the ratio test fails.

The ratio test is generally applied when the nth term of the series involves factorials,

products of several factors, or combinations of powers and factorials.

Another form of D’ Alembert’s Ratio Test: The ratio test can also be stated in the
form given below :

An infinite series of positive terms is convergent if from and after some term the ratio of each term to
the preceding term is less than a fixed number which is less than unity.

The series is divergent if the above ratio is greater than or equal to unity.

Proof: Case 1: It is given that

u
LH<rforalln2m, (1)
ul‘l

where r is a fixed positive number such that r <1
To prove X u, is convergent.

Putting n=m,m +1,...,n —lin succession in (1) and multiplying the corresponding

sides of the n — m inequalities thus obtained, we get

U +1 Um+2 Um+3 u _
. . n <l”n m
U Uy +1 U +2 Uy -1
u — u
= B yy < =% "
U r
n U +
= uy <our’, for all n>m where o= =€ R".

B
Since X r" is a geometric series with common ratio less than unity, X r" is convergent.
Hence by comparison test, X u, is also convergent.

Case 2: It is given that

u
24 Y for all n= m. ..(2)

Ml‘l
Putting n=m,m +1,...,n —1in succession in (2) and multiplying the corresponding
sides of the n — m inequalities thus obtained, we get

u
—2L>1 = u,>u, forall n>m.
u

m

Omitting the first m terms of the series because it will not affect the convergence or

divergence of the series, we have
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u, 2 u, forallne N
= S,=u + ...+ u,2nu,
= lim S, =
= the series is divergent.

U +1
Theorem 2: Let X u,, be a series of positive terms such that B s coasn—> oo Then S u,

un
diverges.
. 1 . .
Proof: Since — coasn — oo, therefore, there exists a positive integer m such that
Mn
Uy 1 .
>2forallnzm ie, wu,,|>2u,forall n=m.
un

Replacingnbym,m +1,m +2,...,n — land multiplying the (n — m)inequalities, we get
u,>2"~" u, foralln>m

. u
ie., u,> | 42" for all n> m.
27)‘!
Since the geometric series X 2" diverges, hence, by comparison test X u, diverges.
Note: In a similar manner it can be proved that X u, is convergent if

lim
n—> o Uy 4]

10 Remarks on the Ratio Test

It should be noted that D’ Alembert ’s ratio test does not tell us anything about the convergence of the

series X u,, if we only know that ——>1¥ n.
un +1
1 u, 1
If u,, = —,then —*— =1+ — > I for all n while the series X u,, is divergent. Also, for the
n Uy 41 n
convergence of the series X u,, it is not necessary that —*— should have a definite limit.

”n +1
For a change in the order of the terms of a series of positive terms may affect the value of

. u . .
lim —— but it does not affect the convergence of the series.
Uy +1

For example, let us consider the series
I+ x+2% +x° +...where 0 < x<1 (1)

Changing the order of terms, the series becomes

x+1+x3+x2+x5+x4+... (2)

Since the series (1) is convergent, therefore, the series (2) is also convergent. But in the
series (2), the ratio u,, / u,, , | is alternately x and 1/ x> and consequently lim (u,,/u,, ;1)

is not definite.
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In comparison with Cauchy’s root test, D’Alembert’s ratio test is more useful since it is
easier to apply than the root test because generally u,, / u,, , 1 is a simpler fraction than
u,. However the root test is stronger than the ratio test. To be more precise,
whenever the ratio test indicates the nature of the series, the root test does too. But
sometimes the ratio test does not apply while the root test succeeds.

lllustrative Examl)les

Example 20:  Test for convergence the following series :
2r 3P 4p
+—+—+

(i) I+t
S (Bundellkkhand 2006)
() 2Dy
1+2 1422 1423 7
np
Solution: (i) Here hy=—"
n!
y _ (P
n+l )1
w, _nf (m+D!_ m+hn?  m+l

Now . :
Upp1 nl m+)? m+)P  A+1/n)

u . n+l
n_ = lim = oo,
Uy +1 A+1/nf¥

lim

which is > 1 for all values of p.

Hence by ratio test the series X u,, is convergent.
n .

1+2"

_on+l
Mn+l_1+2n+l'

(ii) Here u,=

0, no Le2ntl oy onr g ontl

NOW = . =
Upe1 1427 nm+l 20(A+1/2" . n(1+1/n)

2(+1/2"+h
(1+1/2")(1+1/n)

lim Hn =2 . (1+0) =2, which is> 1.
Upor . (1+0)(1+0)

Therefore, by ratio test, the given series converges.

Example 21:  Test for convergence the series whose nth term is

3 n
n’ +a n! 2" -1
(i) , (ii) —, (Purvanchal 2014) (iii) .
2" +a n" 3 -1
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3 3
7 . n +a n+1) +a
Solution: (i) Hereu,=——, u,,| = %
"4 2" +a

u,, wra 2"l yg

Uyl 2"+a (n+1)7> +a

o (wa/nd). 2" Qs a/2m
2" +a /2" . {A+1/n)> +a/n}

A+a/nyA+a/2"h
Ata/2%(A+1/nd+a/n3)
W, (1+0)(1+0)
hir1  (1+0) {1407 +0}

Now lim =2, which is > 1.

Therefore, by ratio test the given series converges.
(n+1)!

" n!
(i) Hereu, = o so thatu, .| = m

’/ln _i! (n+l)n+l_(n+l)n+l_(l+l)n
upet 0" (D Wt (nt ) n)’

lim

n
= lim (l + l) =¢, which is > 1.
n

Uy +1

Therefore, by ratio test the given series converges.

2n_1 2n+1 1
(iii) Here U, = (3” s Up 41 = 3n+1 1

2" _ ] 3n+l 2n 1/211 ( _1/311>

3/1 _ 2n+l 3}1 1/3}1 n( _ 1/2}1)
(1-1/2"M@3-1/3"
1/3n 1/2n

lim 1 — ( ) which is > L
Uy 41 2

Therefore, by ratio test the given series converges.

Now

ey
i

Example 22:  Show that the series
+(x+1+ (@ +1) (20 +1) N (@+1) 2o +1) Ba + 1)

B+1 B+DH@B+D) B+HEB+DEP+D)
converges if B> o> 0 and diverges ifo 2B >0 [o.>0,5>0].

Solution: Here,




Krishea's T.B. Real Analysis

Ar102)
y =(OL+1)(20L+1) ...... [m=Do+1]
T BHDEBAD . [(m=D)B+]1]]
<o that Mn+1=(oa+l)(20a+1) ...... [(n=Do+1] (no+1)
B+DE2R+1...... [(m=DB+1] B+
Now u, =nB+l=B+1/n.
u,r1 no+l a+l/n
m Y i [3+I/n=E.
Uy 41 oa+l/n o

Hence by ratio test the series is convergent if E > lie., if p>o>0,divergentif E <l ie.,
o o
ifa.>B >0, and the test fails ifE =lie, iff=o0.
o

When B =0, then the given series becomes

I+1+1+.......

S,, = the sum of n terms of this series = n.
Since lim S,, = o, hence the series is divergent.
Thus the given series is convergent if B > o.> 0 and divergent if > > 0.
Example 23:  Test for convergence the following series :
2
2

Solution: (i) Hereu,=2n-)x""Lu, .| =@n+1) "

(i) 1+3x+58% +7° +.. (ii)1+212+ +....

w, @n-Dx""1 @-1/n 1

Uy 41 @2n+1) x" 2+1/n) x

lim M -2 1_ 1
U] 2 x x

Hence by ratio test the series is convergent if 1/ x> li.c. if

I>x or x<l,
the series is divergent if 1/ x < 1,i.e. if x> 1 and the test fails if 1/ x =1lie if x =1
When x =1, then the given series becomes

1+3+5+7+...

S,, = sum of n terms of this series = g (1+2n—1)=n

Since lim S, = o, hence this series is divergent.
Thus the given series converges if x < 1 and diverges if x> 1.

n—1 P
(i) Here u, = ———, so thatu, ;| =— -
n (m+1)
w, "1 (n + 1) 12 1
-T2 o ]
Uyl M X n) o x
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2
limizlim(l+l) l=i
T n X x

Hence by ratio test the series converges if 1/ x> li.e. if x < 1, diverges if 1/ x < li.e. if x> 1
and the test fails if 1/ x=1ie if x=1

Whenx = L,thenu, =1/ . Weknowthat 1/ " )is convergent because here p =2 > 1.
Thus the given series converges if x <1 and diverges if x> 1.

Example 24:  Test for convergence the series whose nth term is

. 1 - a
(1) n -n’ (”) n n’
X+ x X +a
. 1 W xn+1
Solution: Here u, = T x2”+1’un+l —m‘
w, 1 20D g 22
R el x

Now (u,, / u,, . 1) can be found only if we know that

x<l or x>1.

Let x<l.
2n+2
Then lim Chim | L
Uy +1 X2n+l X
1 [~ limx?"*2 =0 = lim X" if x< ]
X

Butifx<] thenl/x>1
if x <1, we have lim (u, / u,, , 1) > land hence by ratio test the series converges in this
case.

Now let x> 1

x2n+2 +1 1_] ) rX2n+2 (1+1/x2n+2) 1_]
2n —|=1lim 2n 2n T
el x DN (S VRSO B

r
Then lim —n =lim[

=x [+* im1/x2"*2 =0 if x> 1]

if x>1, we have lim (1, /u,,|)=x i.e. >1 and hence by ratio test the series is

convergent in this case also.
L 1
Again, if x =1, then u,, = —=—,
1+1 2

. . 1 1 1
i.e., the series becomes — + —+ — +...
2 2 2
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S, =sum of its n terms = 21 .

Since lim S, = o, hence, the series is divergent if x = L.

Thus the given series is convergent if x> 1 or x <l and divergent if x = 1.

a" un+1
(ii) Here Uy =—— Uy 1= :
n Yt n xn+1_kan+1
w, a” xn+1+an+l _xn+1+an+l
Uy 41 PO an+1 a(xn_i_ﬂn)
Let x>a.
n+1 n+l n+1 n+1
. u .X +a . X 1+ (a/x
Then lim —2— = lim =lim [+ (a/x) ]
Uy 1] a(x"+a" ax [1+ (a / x)"]
1
Cox[l+@@/ )" x .
:hm—M:—,whlchls>lasx>a.
a [l+@/x)"] a

Hence by ratio test the given series converges if x > a.
Let x< a.

n+1 n+1 n+l1
Then lim M g 4 QOS] A /aT ]

7 a.a"[1+(x/a)"] [1+ (x/a)"

the ratio test fails in this case.
n . a}‘l
n n = llm n n
X +a a’ [+ (x/a)"

But in this case, lim u,, = lim =1, which is > 0.

the given series diverges if x < a.

Now, if x = a, the series is 21 + 21 +...,which diverges.

Hence the given series is convergent if x > a and divergent if x < a.
Example 25:  Test for convergence the following series
1+XZ-|-X4+)C6+...
241 342 443 544 (Gorakhpur 2013)

(i)

2 _

(ii) rro2 83 B nTlx"#...
577100 17 w41 (Avadh 2012)

2n=2 2

7,1,{ -

)N T 2N+ )

w, "2 mA)Nm+)  (1+2/n) (Hl)

Solution: (i) Hereu, =

w, .1 (m+D)Vn 2 (1+1/n)
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R
uppp 1 152 X

by ratio test the given series is convergent if1/ > lie. Jif < 1, divergentif1/ <l

ie., if ¥* > 1and the test fails if x* = 1.

When ¥% =1, we have un:¥-
n+D)Vn
1
Take o= .
" nAn
lim 2 = lim nin = lim 1 =]
v, (m+D\n (I+1/n)

which is finite and non-zero. Hence by comparison test X u,, and X v, are either both

convergent or both divergent.
Since Xy, =X 1/ n32)is convergent as p=3/2> 1, therefore the given series is also

convergent if =1

Thus the given series is convergent if <land divergent if 2> 1

-1, n+1?% -1
XUy 41 =

n+1'
n +1 n+1)7% +1

(i) Here  u,= X

1, =n2—1x,1 m+)*+1 1
U1 nt+1 (m+1)? -1 x !

_I—l/n2 1+2/n+2 /1 1

_I+l/nzl 1+2/n X
lim 1 -1
Up+1 X

by ratio test the given series is convergent if1/ x > li.e., if x < I, divergent if1 / x < li.e.,

if x>1and the test fails if x =L

n’ -1 _1-1/n°

Whenx=Lu,=——= o
T 1+1/nz
1-1/n
lim u, = lim 7/’12 =1, which is > 0.
1+1/n

the given series is divergent if x = L.

Thus the given series is convergent if x < I and divergent if x> 1.
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@mprehensive Exercise 3

Test for convergence the following series :

3 n
1. () gy 30 40 (ntl)x
8 27 "
(KKumaun 2003; Kanpur 11; Meerut 12,12B)
X2 X3 )C4
il + + +..... L x>0
i 241 342 443
3
(iii) 1+£+£+X—+...,x>0.
I 2! 3!
.22 22.32 324
2. + + +
1! 2! 3!
3 n

(Goralchpur 2012)

xX+n
8. ) 2 af\/n (if) %

9. Test for convergence the series whose 7 th term is

P+ 2"

(i) o (ii) ]

(iii) _n_ x" (x>0) (iv) -1 X" (x>0)
\/ (n2 +1) w41
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n-11\ , L 3"-2
A (x>0 vi) ——«x ,(x>0).
(v) [ngH] ( ) (vi) 1 ( )
n
(vii) %,x>0,a>0.
X +a

@HSWGIS 3

1. (i) Convergent if ¥<1and divergent if x> 1
(ii) Convergent if x<1and divergent if x> 1
(iii) Convergent for all real values of x

2. Convergent

3. (i) Convergent if x<1and divergent if x> 1
(ii) Convergent if x <1and divergent if x>1
4. Convergent if x<1 and divergent if x>1
5. Convergent 6. (i) Divergent (ii) Convergent
7. i)  Convergent (ii) Convergent if x<1and divergent if x>1
8. (i) Convergent if x<1and divergent if x>1 (ii) Divergent
9. (i) Convergent (ii) Convergent

v

~

(

(

(

(iii) Convergent if x <1 and divergent if x>1
( Convergent if x <1 and divergent if x>1

(v) Convergent if x <1and divergent if x>1

(vi) Convergent if x <1 and divergent if x>1

(vii) Convergent if x < a and divergent if x2 a

10.  Convergent if x <1 and divergent if x> 1

In case x =1, then convergent if p>1 and divergent if p<1.

11 Cauchy 's Condensation Test

(Avadh 2012)
Theorem: Ifthe function f (n)is positive for all positive integral values of n and continually
decreases as n increases, then the two infinite series
fO+f@Q+fO)+...+ f(n)+...
and af@+a* f@)+a® f @)+ +a" f@a) ..

are either both convergent or both divergent, a being a positive integer greater than unity.
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Proof: The terms in the series £ f (n) can be arranged as

f )+ f Q)+ fO)+...+ fla))
+{f@a+h)+f@a+2)+...+ f (a

+{f(a+1+fa+2 +f

A (S @ D)+ f @+ 2+ f @ : (1)
The terms in the (m + 1) th group are
1
f@"+h+ f@"+2)+..+ f@"* (2)

The number of terms in this group is (am L _a™ie, a™ (a-1).Also f(@" *1)is the

smallest term in this group since the terms go on decreasmg.
f(ﬂm+l)+f ﬂm_'_z +f m+1 (ﬂ—l)f(ﬂm+1)

or F@"+0)+ f@"+2)+...+ f @ 1{a”“rlf(a”“rl)}. ..(3)
a
Putting m =0, 1,2, 3,.. successively in (3), we have
f(2)+f(3)+...+f(a)>a—_l{af(a)}
fla+h)+ f@+2)+...+ f (a _1{a2f(a2)}

F@@+)+ f@+2) 4.+ f(a _l{a3f(a3)}

Adding all the above inequalities, we get
fo-f (>l f ).

This shows that if the series £ a” f (a”) is divergent, so also is the series £ f (n

Again, each term of the (m + 1) th group given by (2) isless than f (a™).Hence, we have

F@"+0)+ f(@am+2)+ f a"*h

f + f(a ...+f(am)=am (a=1) f (a™)
ie. f@+)+ f(a"+2)+ +f a™ =D {a” f @) 4
Puttingm=0,1,2,3,... successwely in (4), we have
SR+ [+t [ (a ﬂ—l{f 1)}
f(a+l+f (a+2)+ +f a—l){ﬂf(a)}
f@+h)+ f@+2)+..+ f@)<@-1{a® f(a*))

Adding all these inequalities, we get
Sf0)-f ()<= f()+@-DZa" f(a

This shows that if £ a” f (a ") is convergent, so also is = f (n).
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Note: For the validity of the above theorem it is sufficient if f (n) be positive and

constantly decreases for values of n greater than a fixed positive integer r.

12 The Auxiliary Series ZL

n(logn)’

Theorem: The series
1 1 1

+ + ot +...
2 (log 2’ 3 (log 3)¥

n (log n)?
is convergent if p> land divergent if p< L

Proof: Case 1: Let p<0.

Then ¥2 1 for all n> 2.
n(logn)f  n

Since the series X (1/n) is divergent, therefore by comparison test £ _ is also
n (log n)f
divergent.

Case 2: Let p>0.Let f ()= —

n (log n)l

Obviously f (1n)>0 for all n> 2.

Now the given series £ S X f (n).

n (log n)?
Since < n (log n) > is an increasing sequence, therefore < f (n)> is a decreasing
sequence. Hence by Cauchy’s condensation test given in article 11, the series X f (n) is

convergentor divergent according as the series £ a” f (a”)is convergent or divergent.

a” 1 1 1

Now a' f(a") =

a4 (log a"}Y (nloga)t (log a)f a

Since

oz a7 is a constant, hence the series £a" f (a”) is convergent or divergent
oga

according as the series £ (1/ n ) is convergent or divergent. But the series £ 1/ n? is
convergent if p>1and divergent if p<1.

Hence by Cauchy’s condensation test the given series is also convergent if p> 1 and
divergent if p< 1.

lllustrative Examlales

Example 26:  Test the convergence of the following series :

! + ! + ! +... (i1) log2+log3+log4+m
log2 log3 log4 2 3 4
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1 1 1

(i) + +...+ +...

(log2)P  (log 3)¥ (log n)?
Solution: (i) Here f (n) = I ! >0 foralln>2.Also f (n)decreases continually asn
og n
increases.
an n

Now a" f (a") =

= = ,a being taken as some positive integer > 1.
log (a") nloga

Consider the series = a” f (a")=X {a" / (nlog a)} = Z v, (say).

n n+1

Herevnzn?)?,sothatvnﬂszl)ibga~
Vn :"+1.l:(1+l).l.
Vil nooa n) a
limizlwhich is <las by our choice a > L
Vpyl 4

by ratio test the series £ v, =X a” f (a") is divergent.

Consequently by Cauchy’s condensation test the given series

f(n)= 10; 7 + 10; 3 +..., is also divergent.
(ii) Here f(n)= log n >0 forall n>2.

n
Also f (n) decreases continually as n increases.
log a”

n no_ n
Now a”" f (a")=a (n

) =nlog a, a being taken as some + ive integer > L.
a

Now the series T a” f (a)=Z (nloga)=loga.Zn
g g

is divergent because the series X 7 is divergent.

log n

Hence by Cauchy’s condensation test the given series X f (n)=ZX is also

n
divergent.

(iii) If p<O, the given series is obviously divergent. So let us consider the case when

p>0.Here f (n) = p>0foralln22.

(log n)

Also f (n) decreases continually as 7 increases.

ﬂn an

Now a”" f (a") = = ,a being taken > L.
(log a™! P (log a)?

a n

Consider the series £ a" f (a") =% ——————— =X, say.
n? (log a)?
n n+1

Here v -4 so that v L —
o (log a)f ' el (n+1)? (loga)?
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v, a” (n+1? (log a)? _(1 l)p. .
Vusl (log a) P an+1 n a
limizlwhich is<lasa>L
Vpyl 4

by ratio test the series Zv, =Xa" f (a”) is divergent.

Therefore by Cauchy’s condensation test the given series X f (n) is also divergent.

Example 27:  Test for convergence the following series

o U2’ (e3P e (g
: = e
(if) 1 N 1 1

b+
2 log 2! (3 log 3)” (n log n)f

Solution: (i) Here we can take the first term of the series as

(log 1)* -
2 because log 1=0.
. (log n)2
i, = nth term of the series = —25——= f (n), say.
n

It is positive for all n> 2 and decreases continually as 1 increases.

(a") = a" (log a'y _a" n (log ay’ B n (log a
N N C S

a being taken to be a +ive integer > 1.

Consider the series Ta” f (a")=X{ n? (log ay /a")= v, (say).

)2

Now a”

’

2 2 2 2
n” (log a) (n+1) (log a)
Here v, = 7%% N o Hg .

v, n (log ay’ a'*l a

Tyl " e+l (oga? (1+1/n)?

v . a . .
=lim 5 = a> 1 since by our choice a > 1.

Uy +1 (I+1/n

lim

by ratio test the series X v, is convergent.
Hence by Cauchy’s condensation test the given series X f (n) is also convergent.

(ii) If p<0, obviously the given series is divergent. So it remains to discuss the case

when p>0.
When p> 0, we have f (n) = _ >0 forall n 2 2 and it decreases continually as »
(nlog n)f
increases.
a" 1
Now a f(a") = , a to be taken > 1.

(a" log a")? RN (log a)!
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CaseI: Let p>1 Thena"(? "D>lasa>1.

1 1 1
a f(a") = < — (1
S @) a0 yp (log a)f  (log a)l n? )

Now 1/ (log a)? is a fixed positive real number and the series = (1/ n? ) is convergent
because p> 1.
Hence from (1), by comparison test (second form) given in article 7, the series

T a" f (a")is convergent.

Now by Cauchy’s condensation test it follows that the given series X f (n) is also

convergent.
Case I Let p<1 Thena" (P "V<lasa>1
1 1
a'f(a" = - ..(2)
f (log a)t n?

Nowl/ (log a)! is a fixed +ive real number and the series £(1/ n”) is divergent, p being
<L
Hence from (2), by comparison test the series = a” f (a") is divergent.

Now by Cauchy’s condensation test it follows that the given series X f (n) is also
divergent.

Hence the given series is convergent if p>1and divergent if p< L

15 Raabe’s Test

Theorem: The series X u,, of positive terms is convergent or divergent according as

1im{n (L{"—IJ } >lor<l.
Mn+1 (Gorakhpur 2014)

Proof: Case I: Letlim<n M —1| %=k, where k> 1.
Uy +1

Choose a number p such that k> p> 1.

Compare the series X u,, with the auxiliary series X v, =X " ,which is convergent since
n

p>1

By article 7, sixth form of comparison test, X u,, is convergent if after some particular
term

u 1%

n n

>
Up+1 Vil

u,, 1/n? (n+1)p ( l)p
or > = = 1+7
Uy +1 1/(7’l+l)p n n
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_ p(p=1 1
=l+p.—+ 31 n—2+..
or n| -t >p+p(p_l)-l+... ..(1)
Uy 41 2' n

If n be taken sufficiently large the L.H.S and R.H.S. of (1) respectively approach k and p.
Alsokis greater than p. Therefore (1) is satisfied for sufficiently large values of n. Hence
X u,, is convergent if

lim 4 | M > 1
Uy +1

Case II: Let lim {n [ U _ J } =] where I< L

Uy +1

Choose a number p such that /< p< 1
Compare the series X u,, with the auxiliary series £ v, = X (1/ n”) which is divergent
since p< 1.

The series X u, is divergent if after some particular term

L<i, [By article 7, sixth form of comparison test]
Uy +1 Vp+l
or n i—1<p+p(p_l).l+...
T 21 n ...(2)

(Proceeding as in case I)

If n be taken sufficiently large the L.H.S. and R.H.S. of (2) respectively approach / and
p.Alsol< p. Thus (2) is satisfied for sufficiently large values of n. Hence X u,,is divergent

if
lim dn |2 1|l
Uy 41

However, if lim n [ U _ IJ =], the Raabe’s test fails.

Uy +1

Note: Rabbe’s test is to be applied when D’Alembert’s ratio test fails.

lllustrative Examl)les

Example 28:  Test the convergence of the series

| v oo
(i) = ey (i) T
3.5.7....(2n+1) n=
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nlx"
Solution: (i) Hereu,= ————
3.5.7...2n+1)
| n+l1
so that Uy o1 = (n+1)lx .
3.5.7..C2n+1)(2n+3)
|
Now ty _@n+3) ml 2n+3 1 _(2+43/n) 1
u,r1 m@+h! x n+l «x 1+1/n ) x

7 . [(2+3/n) 1 2
lim =lim =
Uy 41 I+1/n) x «x

Hence by D’ Alembert’s ratio test the series converges if = > li.c., if x < 2 and diverges if
X

2 /x<lie., if x>2 and the test fails when 2 /x =1i.e., when x = 2.

In case x =2, we apply Raabe’s test.

When )(:2,L=2n+3
Upp1 2 (n+1)

u, 2n+3 n 1

n —1|=n —1|= = .
Uy 41 2n+2 2m+1) 20+1/n)

fimon | 1| =lim =1y

Uy 41 2(0+1/n) 2

Hence by Raabe’s test X u,, is divergent if x = 2.

Thus the given series X u,, is convergent if x <2 and divergent if x > 2.

1 1
(if) Flere o 1+logn 1 1+ log (n+1)
Now u, =l+log(n+l)
7 1+ log n
_d+log {n(1+1/n)} 1+logn+log(1+1/n)
- I+logn - I+ log n
_log (e +log (I+1/m) 1 log (1+1/ )
log (en) log (en)
1 (I 1 1 )
=1+ —_—_——t ...
log em)\n 24> 34°
1 1
=1+

nlog (en)  2n” log (en)

lim —2— =1, and so the ratio test fails.
Uy +1

Now we apply Raabe’s test. We have
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limn |- —1|=limn ! -— ! +...
Uy ] n 10g (f,’l’l) on log (gn)
=lim L ! +...|=0<L
log (en)  2nlog (en)
Hence by Raabe’s test the given series is divergent.
Example 29:  Test the convergence of the series
" PPt Pst9 Pst9tast
42 42 & 4 82122 42 82122167 T (Meerut 2013)
(if) 1+§x+ 3.6 2o 3.6.9 N 3.6.9.12 .
7 7.10 7.10.13 7.10.13.16 (Meerut 2013B)
2 =2 g2 2
. . 5797 ... (4n - 3)
Solution: (i) Here u,=—— -
42 82 127 (dn)
[Note that the nth term of the sequence 12, 52, 92,... is
{1+ m=D4) ic, (4n - 3)
and the nth term of the sequence
42 82122 is{4+(n-1)4) ic, @dn)’ .
2 <2 o2 ) 2
Then 14n+1=12.5 2.9 ..2....(4n 32) .(4n+l)2 ‘
4° .87 127 ... (4ny* .(4n+4)
2 2
Now My (4n + 4)2 _(d+4 / n)2 .
Uy+1  (@n+1) “4+1/n)
lim U _ 1, so that the ratio test fails.
Uy +1
Now we apply Raabe’s test. We have
2
lim 7| —2 —1|=lim n M—l =limn w
Uy 41 4n+1) (4n+1)
= — ,which is > 1.

. |24+15/n| 24 3
= ]l1m 72 = 7 =
(4 +1/n) 4= 2
Hence by Raabe’s test the series is convergent.
(if) Omitting the first term of the series, we have

nth term of the sequence 3, 6,9, ...is3+ (n—1)3 =3n

and nth term of the sequence 7, 10, 13, ...is7+ (n—1)3 =3n+4.

’

Uy =
7.10.13.....3n+4)

3.6.9...... 3n.(3n+3) Ll

d _
. DT TI0 03 B+ 4) Bn 4 7)
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wy _(3n+7) 1 _(3+7/n) 1
u,y1 \3n+3) x \3+3/n) x

w, . (3+7/n) 1 31 1
lim =lim =2 =
Up+1 3+3/n) x 3 x «x

Hence by ratio test, the series is convergent if 1/x> li.c., if x<1, divergent

if 1/x<li.e., if x>1and the test failsif 1/ x=1ie., if x=1
Ifx=1 thenizﬂ.
U, 1 3n+3

Now we apply Raabe’s test. We have

lim 72 |- —1|=1lim n 3n+7_1 =lim An
Uy 1] 3n+3 3n+3

4 :i which is > L.
3+3/n 3

=lim

Hence the series is convergent when x =1.
Thus the given series is convergent if x <1and divergent if x> L
Example 30: Test for convergence the following series
aa+]) a(a+1)(a+2)
+ +
1.2 1.2.3

l+a+

Solution: Leaving the first term, we have
y _a(@a+D)(a+2)...(a+n-1)

" 1.2.3...n '
and  then unH:u(a+l)(a+2)...(a+n—1)(a+n).
1.2.3...n(n+1)
u, n+l 1+1/n

n

Now = = .
U,p1 a+n a/n+l

. u . .
lim —%— =1, so that the ratio test fails.
Uy +1

Now we apply Raabe’s test. We have

limn[u”—ljzlimn[nJrl— ]
Up +1 a+n
=1imn(l—a)zhm (I-a)
a+n l+a/n

Hence by Raabe’s test, the given series is convergent if 1 — a > li.e., if a < 0, divergent if
l-a<lie.,ifa>0 and the test fails if | —a =1i.e.,ifa =0.

In case a =0, the given series becomes 1+0 +0 +0 +...

The sum of n terms of this series is always 1. Therefore the series is convergentifa = 0.
Thus the given series is convergent if 4 <0 and divergent if 2> 0.
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@mprehensive Exercise 4

Test for convergence the following series :

1 1.3 2 1.3.5x3+

1. I+ —-x+—
2 2.4 2.4.6
L2 135 o4 13579
2. 1+—--— —+ =+
2 4 246 8 2.4.6.8.10 12
2 2 42 2 42 2
3. +2— 44 2.4 O+ 246 P
3.4 3.4.5.6 3.4.5.6.7.8 (Kanpur 2014)
3 5 7
4. (i) 1+1+l~x—+1'—x—+1'35x—
12 138 1354
(i) =+ —+—"—+ —+...
123 245 2.4.67 (Gorakhpur 2012, 14)
a1 132 135 S
(ili) =+ —+—-—+ —+...,x>0
1 2 3 2 5 2.4.6 7
a a(a+2 a(a+2)(a+4)
a+3 (a+3)(a+)5) (@a+3)(@+5)(a+7)
4.7.....C8n+1) ,
6. .
z 1.2..
7. Apply Cauchy’s condensation test to discuss the convergence of the series
; 1
n=2nlog n (log log n) ¥
@nswers A
1. Convergent if x <1 and divergent if x> 1
2. Convergent if Z<land divergent if 21
3. Convergent if # <land divergent if 21
4. (i) Convergent if ¥ <land divergent if Z>1

(ii) Convergent if Z <land divergent if 21

(iii) Convergent if x <1 and divergent if x> 1
Convergent if x<1and divergent if x> 1

Convergent if x <1/3 and divergent if x>1/3

Convergent if p> 1 and divergent if p<1
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14 Logarithmic Test

Theorem: The series T u,, of positive terms is convergent or divergent according as

Uy

lim {7 log >lor<l

Uy +1

Proof: First suppose that

lim {n log U } =k, where k > 1.
Uy +1

Choose a number p such that k> p> 1.

Compare the given series with the auxiliary series X v, where v, =1/ n, which is

convergent as p> 1.

The series X u,, is convergent if after some particular term

ey T [By article 7, sixth form of comparison test.]
Upyl  Vn+l
14 r
or u, >(n+1) =(l+l)
Uyy1  nt n
or log —1 5 10 (1+1)p—plo (1+1)—p[1—1+1— :|
g”n+l s n & n no2m? 3ws
u 14 14
or nlog —"—>p—-—+ L — |
gun+1 F 2n 3p? (1)

If nis taken sufficiently large the L.H.S. and R.H.S. of (1) respectively approach k and p.
Also k> p.

Thus (1) is satisfied for sufficiently large values of n. Hence the series X u,, is convergent

if
lim {7 log I ls .
Uy +1

Similarly, it can be proved that X u,, is divergent if

lim {n log M } <1l
Uy +1

[The procedure of proof will be the same as given in the proof of Raabe’s test]

However, if lim {n log U } =1, the test fails.

Uy +1

Note: This test is an alternative to Raabe’s test and is to be applied when
D’Alembert’s ratio test fails and when either
un

. LUy . .
(i)  moccurs as an exponent in —— so that it is not convenient to find -1

Uy +1 Uy +1
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(if) taking logarithm of —Mn_ makes the evaluation of limits easier.
Uy +1
Illustrative Examl)les
Example 31: Test for convergence the series
2 2 88 st
I+ —+ + + +.o
20 3l 4! 5! (Kashi 2013; Avadhl4)
n-1 n
Solution: Here u,="—— "' u, | = (n+1) X",
n! m+1)!
Now u,, :n”_l (11+1)"1:n"_1(n+1).1
S N R Vi n+)"  x
n—1
_fm A 1 1
n+1 X (1+1/n)”‘1x
=;.(1+1/n).l.
(1+1/n)" x
Uy 41 A+1/n)" x| ex

by ratio test the series X u,, converges if 1/ ex>li.c, if x<1/e¢,

diverges if 1/ ex<li.e., if x>1/¢ and the test fails if 1 / ex =1ie. if x=1/¢.

Now if x =1/¢, 1 = cd+1/n - Applying log test, we get
Uy (1+1/n)"

lim | n log = lim [ n log M
Uy +1 (1+1/n)"

=limn[loge+log 1+1/n)—nlog (1+1/n)]

) e no 2n 35

Therefore the series X u,, converges when x =1/e.
Hence the given series is convergent if x<1/¢ and divergent if x>1/e.
Example 32:  Test for convergence the series
2 3
(a+x) . (a+2x) N (a+3x)
1! 21 31

(a + nx)" [a+(n+l)x]”+1.

Solution: Here u, = Sy =
n! (n+1)!
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w, _(a+mx)" (n+1)! _ (a+m)" (n+1)
Uper  n! [a+ @AD" [+ ) a]t !

mx)"(a/mx+1"n(1+1/n)

Now

_(n+1)11+1 n+1 [a/(n+1)x+1]ll+1
1 LAt a/ )t L+ 1/ )
" A/ M a/ e+ ) 1!
n
1)
1 n
_;. " n+l
o) [t
n n+l
a/x li n
limi:l ¢ S (1+£) =c*
Uy 41 X e M n— oo n
_ 1
ex

Hence by ratio test the given series is convergentif 1/¢ x> 1 i.c.,if x<1/e¢, divergent if
1/ex<lice., if x>1/¢and the test fails if 1 /ex=1i.e., ifx=1/e.
u

n
(1+m J
If x=1/¢, n_ - "

un+1 1 n ae el
(1+—) 1+
n n+l

Applying logarithmic test, we get

3)
n
n n+1
(1+1) {I+a€}
n n+1
=limn[logc+nlog (1+eﬂ)—nlog (l+ ) (n+1) log (l+m’ )]
n n+1
=limn|l+n|% ﬁ+ﬁ_ —n(1—1+1— )
noo2a? 3u> no2n® 3n
2 2
—m+n - __da -
n+l 2m+))
. ca® 1)1 Ca’ S 1)1
=limn||- +- =+ + -~ =+
2 2)n 2m+]) 3 3n

. & a? 1 Aa® Sad —1
=lim||- +— |+ + +...
2 2 2(0+1/n) 3n

! J: lim 7 log

Uy +1

lim [n log
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2 2
_6’27“+ ! +62a=;,whichis<1.

2 2 2
the series is divergent if x =1/e.

Thus the given series is convergent if x <1/ ¢ and divergent if x>1/e.

@mprehensive Exercise 5

Test for convergence the following series :

1. o (log 2)7 +x° (log 3)7 + x* (log 4)1 +...

1 1 1
2. + ot ——+
(log2)? (log3)? (log n) ¥
. 22 B8 4t Y
3. (1) x+ + +...
21 3! 41 5! (Gorakhpur 2013)
Lo 2202 338 4t Y
(i) 1+ + + + +...
21 3! 4| 5!
I ! ! !
4. 1+Lx+2—2')f2 +3—3'x3 +4—4'x4 +...
2 3 4 5 (Kanpur 2014)

@HSWG_IS S5

1. Convergent if x <1 and divergent if x>1
2. Divergent for all values of p
3. (i) Convergent if x<1/¢ and divergent if x>1/¢

(ii) Convergent if x < 1/¢ and divergent if x>1/e
4.  Convergent if x < ¢ and divergent if x> ¢

15 De Morgan’s and Bertrand’s Test

Theorem: The series X u,, of positive terms is convergent or divergent according as

lim|dn| -2 —1|-1 logn|>lor<l
Up+1

Proof: Let lim|dn |- —1]|-1 log n| =k, where k> 1.
Uy 41
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Take a number p such that k> p>1

Compare the series X u,, with the auxiliary series X v, where v,, = L ,which is
n (log n)?

convergent as p> l.
The series X u,, is convergent if after some particular term

Hy i, [By article 7, sixth from of comparison test|
Up+1 Vil
ie., U ! “(n+1){log (n+1)}P, v, = B
uy 41 n(log n)? n (log n)?
e, u, >(n+l) [log {n (1+1/ n)} 4
Uy 4] n log n
e, Uy (1 N l) Vlog n+log (1+1/ n) | P
Uy 41 n)| log n
Vlo n+ L + 17
ie., My > (1 + l) 8 n ot
Uy 41 n log n
r r
ie., ﬂ>(l+l) 1+ L - 21 +...
Uy 41 n)|  mlogn  2n° log n
ie., “n >(1+l) I+p+...:|
T n nlog n
ie., L>1+l+ Py
Uy 41 n  nlogn
ie., n ﬂ—l >1+ P +...
Uy +1 log n
ie., n | 1{-1> P +
Uy +1 log n
ie., n| - _1f-1 log n> p + terms containing n or log n
Uy +1
in the denominator. ..(1)

Now as n becomes sufficiently large the L.H.S. and R.H.S. of (1) respectively approach
k and p. Also k > p.
Thus (1) is satisfied for sufficiently large values of n.

Hence the series X u,, is convergent if

lim [4n]| 2 _1|-1 log n|>1.
Uy +1

Similarly, it can be proved as in the case of Raabe’s test that X u,, is divergent if
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lim [{n| 2 _1|=1 log n|<1.
Uy +1

Note: This test is to be applied when both D" Alembert’s ratio test and Raabe’s test
fail.

R-185 i,

16 An Alternative to Bertrand’s Test

Theorem: The series X u,, of positive terms is convergent or divergent according as

lim || 7 log U _q logn|>lor<l
Up+1

Proof: Let Ilim [(n log e 1] log n] =k, where k> 1.

Uy +1

Take a number p such that k> p>1

Compare the given series X u,, with the auxiliary series = v, where v, = ﬁ ,which
n (log n

is convergent since p> L. The series X u,, is convergent if after some particular term
u v . . .
—1—> by article 7, sixth form of comparison test
Uy+1  Pn+l

i.c. &>l+l+ Py . . .
Iy | n nlogn [Proceeding as in article 15]
ie. log el > log <1+ l+ P ..
1
T n nlogn
2
ie. logiun >(1+ b +...)—1(1+ b +] +...
u,.1 \n nlogn 2{n nlogn
ie. nlogu”>n|:l+ 4 —12+...:|
Uy o1 n nlogn 2n
ie. nlogL>1+ 4 —i+
7 logn 2n
ie., n log LI PO . 1 +
Uy 4] logn 2n
ie., (nlog M —1]logn>p—;{1ogn}+... (D)
Up+1 n

Now as n becomes sufficiently large the L.H.S. and R.H.S. of (1) respectively approach
kandp. Alsok > p. Thus (1) is satisfied for sufficiently large values of n. Hence the series
X u,, is convergent if




Krishea's T.B. Real Analysis

k184

lim {n log —*— - 1} log n|>1.
un+l

Similarly, it can be proved that X u,, is divergent if

lim {7 log —* -1} log n|< L
Uy +1

Note: This test is to be applied when the log test of article 14 fails i.c., when

=land also lim n log o
Uy +1 Uy 41

lim

lllustrative Examlales

Example 33:  Test for convergence the following series :
PoP.3r P35t

+...

92 2 42 2 42 /2
2 2% 4 27.47.6 (Bundelkhand 2014)
(if) LB oa@+DB(B+D o al+D@+2)B(B+D(B+2) 3
l.y L.2.y(y+)) 1.2.3.y(y+D)(y+2)
2 a2 _
Solution: (i) Here unzl 23 7 - (21 l) oL
2° .4 (2n)

1?.3% . (2n—1) 2n+1)7 o
22 4% 20 @n+2)

u,  (2n+2) l_{2+2/n}2.

and Up+1=

—

Uy, 41 (2n+1)2 x |2+1/n

2
7 . 242/n| 1 221 1
lim —— = lim === ==
Uy 4 2+1/n x| 24 x x
by ratio test the given series X u,, is convergent if1/ x> li.e., x < 1, divergent if 1 / x < 1
i.e., x>1land the test fails if1/x =1lie, x=1

=

When x =1, we have
_@2n+2)?

i1 (2n+ 1)

{un } {(2n+2)2 } n@n+3)  4+3/n

na—2t——-1t=n 72—1 = 5 = 5
Uy 41 @Cn+1) 2n+1) 2+1/n)

limn{ o _l}:hm(él-|-3/n:4:

un

1y | 2+1/n)? 27

Raabe’s test also fails when x =1 and so we shall now apply De Morgan’s test.
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Now nl M —1:”(4“2)—1: """12-
7 @n+1) 2n+1)
lim [dn| 2 _1|-1 log n
Uy +1
=lim L_Iz log n|=lim —l—l/};‘logn
2n+1) 2+1/n) n
=2l 0=0<1 [Note thatliml"g"=o]
2 n

by De Morgan’s test X u,, is divergent when x = 1.
Hence the given series X u,, is convergent if x <1 and divergent if x> 1

(ii) Omitting the first term, we have
:(x((x+l)(oc+2)...(0c+n—l)[3(B+1)(B+2) ...... B+n-1 o

n 4

L2..n.y(y+)(y+2)...(y+n-1

(x((x+l)...(0c+n—l)(oc+n)[3(B+1)...(B+n—l)([3+n)an
1L.2..n(n+D).y(y+D)...(y+n=0D(y+n) '

Uy +1=

Now U, :(n+1)(y+n).l:(l+1/n)(y/n+l).l.
U, p1 @+n)B+n) x (@/n+)PB/n+1) x
lim M u . l = lso that by ratio test the series is convergent ifl / x> lie., x <1

Uy 4] 1 ox ox
and divergent if 1 / x <li.e., x>l and the test fails if 1 / x =li.e., x =1
When x =1, we have
u, (n+D)(y+n _ ;12+(y+1);1+y
ypp1 @+n)B+n) 0+ (o +PB)n+ap

2
n[ u, _I]:n|i;21 +(y+Dn+y 1
n

Uy 4] +(@+B)n+of

_n{(y+l-a-p)n+(y-op))

n2+(a+B)n+aB

(y+1-0-B)+(y—oB)/n_
1+ (0 +PB)/n+opB/n?

llmn[ un —l]:Y+1_a—B:’Y+l_a_B.

Uy +1 1

if x=1, then by Raabe’s test, the series is convergent if y+1-o—-p>11ic., if
v> o+ B, divergentify + 1 —o — B < lie, ify <o + B, and the test failsify + o - B =1
ie,ify=o+p.
When y =0 + 3, we have
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" u, 1 :n{n+0c+B—(x[3}.
n2+(oc+[3)n+oc[3

Uy +1

Now we shall apply De Morgan’s test.

We have
. w, | Jlo nn+o+B-of) B
lim Hn ( IJ 1} log ] lim H T, P ntob 1} log ]

Uy +1

zlim|:2 —opn —ap -1ogn:|
n” + (o +B)n+of

i —af (1+1/n) log n
1+ (+B)/n+oaB/n> n

[Note that lim log n = 0:|
n

=¥~0=o,whichis<1.

- by De-Morgan’s test the series is divergent if v =o. + .
Thus the given series is convergent if x < 1, divergent if x> I and for x =1, the series is

convergent if y> o + B and divergent if y <o + f.

Example 34:  Test for convergence the series

ne (1.3Y (135}
P|l=] +] == +| === +
2 2.4 2.4.6

Solution: Omitting the first term 17, we have
o 1.3.5.....2n =117
2460207

— 14
and then W, 41 = 1.3.5..@n-)@2n+D|"
2.4.6...2n) 21 +2)

u, :(211+2)p:(1+1/an.

Now _—
2n+1 1+1/2n

Up+1
. uy, ? . . .
lim =|-] =li.e., the ratio test fails.
Uy +1
Now we apply logarithmic test.
14 14
We have log e/ log nr2) log xl/m
7 2n+1 1+1/2n

=pllog 1+1/n)—log A+1/2n)]
1 1 1

111
=pll-———+—=—- || —- + -
g Kn 2n* 33 ) [Zn 2.2%w%  3.2%w ﬂ

gttt
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e 1)
2n 8w* 240
nlogu”—pl:l—3+ 7 ]
Uy 4+ 1 2 8n 24n* T
lim n log M~ P o that the seriesis convergentif p /2> lie, if p> 2, divergent if

Up+1
p/2<li.e., if p<2 and the test fails if p/2 =1li.c., if p=2.
If p=2, we have

U, 1 3 7 3 7
nlog —4—=2{—-—+ 2—...:1——+ o
Uy 41 2 8n  24n 4n  12n

lim [(n log ﬁ - IJ log n] =lim H— 43—” + 127n2 - } .log n]

= lim {—§+L—...}~log" ={—§} .0 =0, which is< 1.
4 12n n 4

Hence by Alternative to Bertrand’s test given in article 16, the series is divergent when
p=2
Thus the given series is convergent if p>2 and divergent if p<2.

@mprehensive Exercise 6

Test for convergence the following series :
22 224 22 46

1. 1+3—2+32.52 +32.52.72 +...

(Kashi 2013; Meerut 13)
?ooP3? 23252
— + + — +...
22 224 2% 4767 (Kumaun 2003)
ﬁ+u(a+l)+a(a+l)(a+2)
b bb+1) bh+1)(h+2)

a(l—-a) (+a)a(l-a)@2-a) (2+a)(l+a)a(l—a)(2—a)(3—a)+

4. 1+ 2 + 252 + Z 52 32

2 2 2
514 % . o (o + 1 o (o + 1) (o +2) 3

o
1.8 L.2B(B+1) 1.2.3B(B+D(B+2)
{ | }2/3 { 1.3 }2/3 { 135 }2/3
6. {— +9— +— +
2.4 2.4.6 2.4.6.8

7. x+x1+1/2+x1+1/2 +1/3+xl+1/2 +1/3+1/4+...
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@n swers 6
1. Divergent 2. Divergent
3. Convergent if b — a>1and divergent if b —a <1
4. Divergent
5. Convergent if x <1, divergent if x> 1and when x = I then

convergent if B> 20 and divergent if <2 a
Divergent

7. Convergent if x<1/¢ and divergent if x>1/¢

17 Summary of Tests

Let the given series of positive terms be X u,,. Then to test the series for convergence we

proceed as follows :

1. Find lim u,: (a) If lim », >0, the series is divergent.
(b) If lim u, =0, then the series may or may not be convergent. In this case
we apply further tests to decide the nature of the series.

2. Iflim u, = 0 and u, can be arranged as an algebraic fraction in 7, then usually
comparison test should be applied.

3. If n occurs as an exponent in u, and lim (un)l/ " can be easily evaluated, then

Cauchy’s root test should be applied.
4.  Cauchy’s condensation test is generally applied when u, involves log .

In case all the above tests are not applicable then we adopt the following
scheme of testing in the given order.

, , . . . . u .
5. D’ Alembert’s ratio test: For this we find lim —%—. The series is
Uy +1

convergent or divergent according as this limit is>1lor <1 In case this limit is
equal to 1 (‘unity), this test fails. Then we proceed to apply either test 6 (a) or 6
(b) or 6(c) given below depending upon the nature of u, and u,, / u,, , ;.
6. (a) Comparison test: In some cases when D’ Alembert’s ratio test fails,
the convergence of the series may be decided by comparison test.

(b) Raabe’s test: For this we find lim n [ n_ _ 1]. The series is

Uy +1

convergent or divergent according as this limit is> lor< 1. In case the limit is
equal to 1, this test fails and we apply test 7 (a).
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(c) Logarithmic test: If “n__1 cannot be evaluated easily while
Up+1

log M can be easily evaluated then we apply logarithmic test. Here we
Up+1

find lim | 7 log —— |. If this limit > I, the series is convergent and if this limit
Uy +1

<1, the seriesis divergent. In case the limit= 1, this test fails and we apply test
7 (b).
7. (a) De Morgan’s and Bertrand’s test:

Uy

Find lim [ n -1|-1; log n

Uy +1

The series is convergent or divergent according as this limit is>1or< 1
Note: When this test is applied, we shall generally find that the limit
comes out to be equal to zero and since O < 1, the series is divergent.

(b) Alternative to Bertrand’s test:

To apply this test we find lim | | n log g log n
Uy +1

The series is convergent or divergent according as this limit is > lor< 1

18 Kummer's Test

Theorem: Let X u, and X (1/d,) be two series of positive terms and let

vy = dy ([ wy 1) = dyy 4y - Then

(i) if a fixed positive number k can be found so that after a certain stage, say for n=m,
v, 2k, the series, X u,, is convergent;

(ii) ifv, <0 forn>mand X (1/ d,,) is divergent, X u,, is divergent.

Proof: (i) From the condition given in the statement of the theorem for X u,, to be

convergent, we have for n> m, where m is a fixed +ive integer,

ul‘l

v,2k>0 ie, d, —d, 12k
Uy +1
Le., dy = dlyy oy Uy 2 Kuy 4 (1)
[Note that u, ;| is positive]
Replacing n by m, m +1,m +2,...,n — lin succession in (1), we get

dm Uy — dm +1 Uy 12 k U +1,

dm+l U +1 _dm+2 ”m+22kum+2’

dy 1 Uy -1 = dy 2 K 1y,
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Adding the corresponding sides of these inequalities, we get
g Uy = doy Uy 2k (g 41+ Uy 40 + .4 Uy)

1
or uﬂl+1 + um +2 +...+ ”ns E(dﬂ’lulﬂ - dﬂ un) [.‘. k >0]
1
or Uy 41+ Uy 49 +...+un<zdmum ...(2)
1
or S,-S,.< T d i,

where S, =u+...+uy, +uy 1+ AU, =S, iy, ) et
1 .
or S,<S,, + T d,1,,, using (2).

Since S, is less than a fixed number, hence the series X u,, is convergent.

(i) We have v, <0 for n>m (given)

u

ic., d, l—d, 1<0fornzm
Uy +1
ie., du, <d, 1w, 41, forn=m.
Putting n=m,m +1,m +2,...,n — 1 in succession, we have
dmum < dm F1Up +1S dm +2 U2 S < dn”n
ie., du,, < du,
or un 2 (dm“m) / dl’l

Now d,,u,, is a fixed number and the series X (1/4,,) is divergent (given), hence, by
comparison test the series X u,, is also divergent.

19 Gauss's Test

Theorem: Let X u,, be a series of positive terms and u,, / u,, . | can be expressed in the form

u a b
— =1+ —+-2,

Up+1 n b

where p> land|b,, | < afixed number k or (in particular) b,, tends to a finite limit asn — oo,

then X u,, converges if a > land diverges if a < 1.

Proof: It is given that

u a b, . u b
——=lt+ =+ e, n|——-l|l=a+—"T+-
Up+1 nnf Up+1 n
. u
limn|—2—-1|=a. [ p>land|b,|< k]
Uy +1

Hence by Raabe’s test X u,, converges ifa > land divergesifa < 1. The test failsifa = land
then we apply Kummer’s test to find the convergence of X u,,.

When a =1, we have

u 1 b
— =1+ -+
| non
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1 1
+ +..+
2log2 3log3 nlog n

for all n> 2 in Kummer’s test. Then we have
Ml‘l

Since the series +...1is divergent, we take d,, = n log n

Vn:dn TR

Uy +1

=(nlogn).(1+1+}€Z)—(n+l)log(n+l)

n

=n(l+l)10gn+ b"l log n—(n+1)log (n+1)
n nl —

b
=(n+l){logn—log(n+l)}+np’i1 log n

— n bn
_(n+1)10g(n+1]+nl7‘1 log n

=(n+1)log(1— ! J+logn b,

nal) ar -1
1 1 log n
=(n+1)|- - |+ —2D
(n )l nil 2 (e 12 } 1
1 log n
=|-1- — |+ === D (1
|: 2(}1+1) :| np—l n ( )
. logn .
Now llmﬁ:O as p>land < b, > is a bounded sequence because |, | < k.
n
1im[111‘;g_’1‘-bn]:o- (2)

Hence taking limit when n — oo, we get from (1) with the help of (2)

lim v, = — 140 = - I, which shows that after a certain stage v, <0. Also X (1/4d,) i.e.,
X (I/nlog n) is divergent. Hence by Kummer’s test the series X u, is divergent.

Thus the series X u,, is convergent if 2> 1 and divergent if a < 1.

20 Cauchy ~Maclaurin’s Integral Test

Improper integrals: Integrals of the form ch f (x) dx where ae R are called
a
improper integrals.

Let F(t):j: F(x)dxforas<t< oo

li o
If ; ;m F (t) exists and is equal to / € R, the improper integral J f (x) dx is said to
[eS) a

converge to [, otherwise it is called a divergent integral.
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Theorem: Let f (x)be a non-negative monotonically decreasing integrable function on [1, o|.

Then the series < f n) and the improper zntegml.[ f (x) dx converge or diverge together i.e.,

n=

theseries X f (n)converges or diverges according as the integral J‘Iw f (x) dxtends to a finite limit

or diverges to o as n— oo.

Proof: Since f (x) is non-negative on [l, e[ , therefore
f(x)=0 Vxxl

i.e., the series Z f (n) is of non-negative terms.
n=1

For any x € [1, e[, we can find n e Nsuch that < x<n +1

Since f is monotonically decreasing on [1, e[, therefore, we have
fmzf@=zfm+]l)if n<x<n+1l

J~:+1f( )dx>jn+1f( )dx>j}1+1f(n+1)dx

n+1

or SOz f ez f ) - (1)
Putting n=12,...,(n —1) in (1) in succession and then adding all the results, we get

F)+f @ +..+ fn-D= j fx dx+j F(x)dx+.. +j (x) dx

2f(2)+f(3)+...+f(n). (2)
Let spy=f(M+f@Q)+...+ f(n
and =] F dx+j foydes o+ [" F@de= [ f

Then (2) can be written as
sp—f(mzI,zs, f(l)
or —fm=I,-s,2- f
or fm<s,-I1,<f(1 ...(3)
The result (3) is true for all ne N.

Letu,=s,—1,forallne N
Now Uyl = Uy =Syl L) =G =1)=(Sps1 =8 — U111 -1,)

= f o= " F (0 de<0, using (1),

U, y1<u, forallme N
i.e.,, <u,>isamonotonically decreasing sequence.
Alsoby (3),u,> f (n) 20 foralln and hence< u,, >is bounded below. Thus the sequence

< u, > is convergent i.e., < u,, > tends to a finite limit as 7 — eo.
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Since s, = u,, + I,,and < u,, > is convergent, it follows that the sequences< s, >and< I,, >
converge or diverge together. Consequently the series X f (1) and the integral

jlm f (x) dx converge or diverge together.

Note: TheseriesX f (n)and the integralj - f (x) dx converge or diverge together for
a

a>l

lllustrative Examlales

Example 35:  Test the convergence of the series
2 P32 PR.32s5?
LS S ot
22 224 2246
12.32.5%...2n -1
22 4% .6%...2n)
3252 2= ) @n+ 1)
22 4% 6%...2n7 (2n+2)°

w, _ (@n+2)*
U1 (2n+ 1)

Solution: Here, u,=

and Up+1 =

Now

. u
lim ——=1.
Uy 41

Hence D’Alembert’s ratio test fails. Now we apply Raabe’s test. We have

2
limn[u”—lleimn{M_l}:hmnmn"Lg)zl

1+ ©2n + 1) 2n + 1)

i.e. Raabe’s test also fails. Now we apply Gauss test. We can write

2 -2
“n :(I+l) (I+L)
Uy, 41 n 2n
=(l+2+12)(1—2.l+3.12—...)
n n 2n 4n

1 1 1 1 1
=1+———2+...=1+—+—2 -——+...
no 4n n o on 4

a, b 1
=1+ —+— where b, > — —asn— oo
n n 4

Since a =1, hence by Gauss’s test, the series X u,, is divergent.

Example 36: Test for convergence the series
22 22.4% 2246

1+3—2+32.52 +32.52.72 +.
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Solution: Here, u, =

2242 6%......2n-2)* 2n)?
325272 en-12 2n+ 12

ty _ o @t 1
Uy 41 2n)*

and Up+1 =

lim = 1so that ratio test fails.

Now we apply Raabe’s test. We have

2
limn |22 _1|=lim » M— =1imn(4’712+1)=1.
Uy 4| 4n 4n

Hence Raabe’s test also fails. Now we apply Gauss test. We can write

2
wy, _4n +3n+1:l+l+%:l+g+ﬁ.
Uy 1] 4n n o 4n nnb
Herea=1b,=-— p 2> 1. Consequently the series is divergent by Gauss’s test.

Example 37:  Show by Cauchy’s integral test that the series
z 1

> R
n=2n(logn)?
converges if p> land diverges if O < p<1.

Solution: Let f (x)= b , p>0 and xe[2,[. Then f (x)>0 and is
x (log x) ¥
monotonically decreasing for 2< x< oo,
Let J
2 x log x)P
1 —p n
Then I, = {((wgix)} , when p =1

= [(log m =7 ~ (log 2)' 7]

and when p=1, we have I, =[loglog x]/ = log log n — log log 2.
Hence when n — oo, we have

B v = if p<1, and  =— —(log2) ! P if
n_)ooj.zfx =0, if p<1, an —gog if .

Thus the integral I; f (x) dx converges if p>1and diverges if 0 < p< 1.

Hence by Cauchy’s integral test the series

- = I
z n)= X _
n:2f( ) n=2n(log n)?

converges if p>1and diverges if 0 < p< 1L
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Example 38:  Show by integral test that the series = ip ( p>0) converges if p>1and di-
n

verges if 0 < p< 1. (Agra 2014)
Solution: Let f (x)= L ,p>0and x e [Loof.
x?

Then f (x)>0 and is monotomcally decreasing on [ 1, e [.

Let I,= -[l x—pdx: lepdx
1-p
_Jn —L, if p=1
“yl-p 1-p

log n, if p=1L

Now, when 7 — oo, 11! 7V =

1_1 —0if p>1, n' 7P = o if p<land log n— eo.

fim 1 if p>1 and lim I, = o if p< 1,
PN Ve T p_1p> and lim [, =< if p

Thus the integral J. f (x) dx converges if p>1 and diverges if p<1 and hence by

Cauchy’s integral test the series X ip is convergent if p> 1 and divergent if p<1.
n

i
Example 39: Show that o (l + 1 + 1 +...+ L log n) exists.
n—> oo 2 3 n

Solution: Let f (x)= 1 where 1< x < oo,
x

Then f (x)>0 and monotonically decreasing on [1, eo[.

Takes,=f (1)+ f 2 +...+fn=l+2l+...+l,
n
and J-nf J-n 1 = log n.

Then proceeding as in article 20 and thus here using condition (3) of article 20, we
get

fm<s,—1,< f(1)foralln, or O<%S5n—lnglforalln.

This shows that the sequence < s,, — I,, > is bounded below.

Also as shown in article 20, <s, —I,,> is a monotonically decreasing sequence and
hence it converges.

We call the limit of this sequence Euler’s constant and denote it by y which is0 - 577
approximately.

Hence lim {1 + % +...+ L log n} exists and is equal to v, where v is called Euler’s
n

constant.
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@mprehensive Exercise 7

1. Apply integral test to check the convergence of the following series :

A | 2 1 oy 2 n
1 . —, i) X s i) ¥ ——F-
() n=1 n ( ) n=1 (n+l)2 ( )n:l (n2+])2
2. Apply Cauchy’s integral test to prove the convergence of the series
1 1 1
(i) = , (ii) = , (iii) ¥ ——-
n” +1 n(n+1) n (n2—1)

3. If f (x)is positive and monotonically decreasing when x > I, then prove that the
sequence whose nth term is

SO+ f@ 4t f) = [ f () ds

converges to a finite limit.

@HSWG_IS 7

1. (i) Divergent (ii) Convergent (iii) Convergent

21 Alternating Series

So far we have mainly dealt with series of positive terms. We have seen that a series of
positive terms either converges or diverges and cannot oscillate. But a series which
contains an infinite number of positive and an infinite number of negative terms may
either converge or diverge or oscillate.

Alternating Series: Definition: A series whose terms are alternately positive and negative
is called an alternating series. Thus an alternating series is of the form

wo—uy +uz — 1y + .+ (=D,
where u,, > 0 for all n. It is denoted as

oo

(= l)n -l Uy -
n=1
The following are some examples of an alternating series.
I 1 1
) I-ot -t
W 2 3 4
-1
iy 1-344.5,6 7, D" (4]
4 6 8 10 12 I
(i) 1- 2 3 _ 4
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Theorem: Alternating Series Test (Leibnitz’s Test): An infinite series
= (= 1"~V w, in which the terms are alternately positive and negative is convergent if each term is
numerically less than the preceding term and lim u, = 0.
Symbolically, the alternating series
w —uy +ug — 1y +...+ (= 0" "V, 4., (w,>0 for all n)

converges if

(i) w1 Su,forallnie, wm>uy>u3>uy>...
and  (ii) limu,=0 ie.,u,— 0 asn— .
Proof: Let S, =u —uy +u3 —ug +...+ (= 1) "L, s0 that < S, > is the sequence of
partial sums of the given series.
We shall prove the theorem in two steps.

(i) First we shall prove that the subsequences< Sy ,,>and < Sy,, , | > of the sequence
< S, > converge to the same limit, say S.

We have SZn:”l_MZ +...t+ Uy, 1 — Uy
and Sop42 =W — Uy oo F Uy | = Uy F Uy ] Uy
Souro —Sou=uy, 1 — Uy, o =0forallnbecauseitisgiventhatu, , | < u,foralln.
S9, 1928y, forall n and so the sequence < Sy,, > is monotonically increasing.
Again for all n,
Son=m —[(ug —ug) + (ug —us) +...+ (uy _ o =ty 1) + thg]
=1 — some positive number because uy — u3,..., Uy, _9 — Uy, _1, U9,

are all positive
<u.

Thus Sy, < 1 for all n and so the sequence < Sy, > is bounded above.

Since the sequence< Sy, >is monotonically increasing and bounded above, therefore it

converges. Let lim Sy ,, = S.

Now Sou+1=So,+ 1, 41
lim Sy, ;1 =lim Sy, + lim uy,, , |
=5+0 [ limu, =0]
=S.

the sequence < Sy,, , | > also converges to S.
Thus the subsequences < Sy, > and < Sy, . | > of the sequence < S,, > converge to the
same limit S.
(ii) Now we shall show that the sequence < S,, > also converges to S.
Let €>0 be given. Since the sequences < Sy, > and < Sy,, , | > both converge to S,
therefore there exist +ive integers 7 and my such that

| Sy, — S|<eforall n=m

and | Sos1—S|<eforallnzmy.
Let m = max (my,my).

Then |S,—S|<eforall n=2m.
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the sequence < S, > converges to S.

Hence the given series X (- 1)" -1 1, CONVErges.

Note 1: The above test is equally applicable to the series £ (= 1)" 1, u, >0 for all n,
provided both the conditions (i) and (ii) are satisfied.
Note 2: If in the case of an alternating series

Uy — Uy +u3 —Ug +...... (u,,> 0 for all n),
the terms continually decrease, we cannot say that the series is convergent unless
lim u,, = 0. Because iflim u,, # 0, thenlim Sy, andlim S,,, , | will differ and so the series
will not be convergent. Such a series is an oscillatory series.

For example, consider the series

Here the terms are alternately positive and negative and each term is numerically less

than the preceding term because

2>§>é>i> .......

2 3 4

. . on+
But here lim u, =lim
n

! = lim (l + l) =1#0. Hence the given series is not
n

convergent. As a matter of fact it is an oscillatory series.

Illustrative Examl)les

Example 40:  Show that the series 1 — 1 + L + ... converges.
2 3 4 (Avadh 2012)

Solution: 'The given series is an alternating series
w =ty +u3 — g +...+ (= 0" ", ., (1, >0 forall n).

Here u, =1/ n>0 for all n.

We have un+1—un=L—l=n_n_1= -1 <0 for all n.
n+l n nm+l) nn+)

Thus u,, 1 < u, for all n i.e., each term is numerically less than the preceding term.

Also lim u,, = lim L 0.
n

Hence by Leibnitz’s test for alternating series, the given series is convergent.

Example 41:  Show that the following series are convergent.
(i) 17P-27P+37F —  _when p>0.

(if) L + !
x+1 x+2 x+3

— ... except when x is a negative integer.
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Solution: (i) The given series is an alternating series
w —uy +u3 — 1y + ...+ (= 0" "V, ., (w,> 0 for all n).
Here u,, =1/ n” >0 for all n.
. 11 _ 1
Also since p>0, we have —> —> —>
voo2r 3
Thus u,, 1 < u, for all n.
Also lim un:limip:O,since p>0.
n
Hence by alternating series test the given series is convergent for p> 0.

(ii) The given series is
1 1 1
p— + p—
x+1 x+2 x+3

..., X is not a —ive integer.

If x> —1, then the terms are alternately positive and negative from the beginning. If
x < —1, excluding —ive integers, then the terms are ultimately alternating in sign.
Since the removal of a finite number of terms does not affect the convergence of the
series, therefore we may assume the series to be alternating in sign in both the cases.
Obviously i > uy > ug > uy >...i.e., each term of the series is numerically less than the

preceding term.
1
X+n

=0.

Also lim u, = lim

Hence by alternating series test, the given series is convergent.

@mprehensive Exercise 8

1. Examine the convergence of the series

1 1 1 1
—— e —— ——— ...

1.2 3.4 5.6 7.8

2. Show that the series
log 2 B log 3 N log4_
22 32 4

3. Examine the convergence of the series

.. converges.

1 1 1
o0 I+ —+—+...+—
T (- 2 3 n
n=1 n

4. Test the convergence of the series

oo 1 (_1)n+1 .
nEl [n+ \/n ]
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@nswers 38
1. Convergent 3. Convergent 4. Divergent

22  Absolute Convergence and Conditional Convergence

(Meerut 2012B)
Absolutely Convergent Series:

Definition: A series Zu,, is said to be absolutely convergent if the series I |u,| is
convergent.

If X u,, is a series of positive terms, then X u,, and X | u,| are the same series and so if X u,, is
convergent, it is also absolutely convergent. Hence for a series of positive terms the
concepts of convergence and absolute convergence are the same.

But if a series X u,, contains an infinite number of positive and an infinite number of
negative terms, then X u, is absolutely convergent only if the series X | u,| obtained from
% u,, by making all its terms positive is convergent.

For example the series

Eun=1—1+iz—i3+...
2 2 2
is absolutely convergent. Here we see that the series

1 1 1
E|un|=l+§+2—2+2—3+...

is an infinite geometric series of positive terms with common ratio Ewhlch is<land so

it is convergent. Hence the given series X u,, is absolutely convergent.

Non-absolutely convergent or semi-convergent or conditionally convergent
series:

Definition: A series X u,, is said to be semi-convergent or conditionally conver-

gent or non-absolutely convergent if T u,, is convergent but X | u,, | is divergent.

For example, consider the series

Eun=1—1+l—l+
2 3 4

Itis an alternating series in which each term is numerically less than the preceding term

andlim u, = lim (I/n) = 0. Hence by alternating series test, X u, is a convergent series.

But the seriesZ|un|=l+§1+%+i+...is the series = (1/n?), for p=1, and we

know that it is divergent. Thus here X u,, is convergent while X | ,| is divergent.
Hence X u, is a semi-convergent or conditionally convergent or non-absolutely
convergent series.
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Tests for absolute convergence: To test the absolute convergence of the series X u,,,
we have to simply test the convergence of the series X | u, | which is a series of positive
terms. Hence the various tests given for the series of positive terms are precisely the
tests which we are to apply to check the absolute convergence of the series X u,,. We
have to simply replace u, by| u, | in these tests. For example by Cauchy’s root test, the

series X u, is absolutely convergent if lim |, |I/ "< 1- Similarly by D’Alembert’s ratio

test the series X u,, is absolutely convergent if

limﬂzlimi>l.

|”n+l| Uy +1

Similarly comparison test or other tests may be used.

However these tests cannot give any information about the conditional convergence of
the series.

25 Some Important Theorems on Absolutely Convergent

Series

Theorem 1: Every absolutely convergent series is convergent but the converse is not necessarily
true i.e., convergence need not imply absolute convergence.

Theorem 2: In an absolutely convergent series, the series formed by its positive terms alone is
convergent and the series formed by its negative terms alone is convergent.

Theorem 3: Re-arrangement of terms of an absolutely convergent series:

Ifthe terms of an absolutely convergent series are re-arranged the series remains convergent and its
sum unaltered.

Or  The sum of an absolutely convergent series is independent of the order of terms.

lllustrative Examl)les

Example 42:  Show that the series
11,1t 1,
VIV2 V3 V4

is conditionally convergent.

(Meerut 2012)

Solution: 'The given series is an alternating series

w —uy +u3 — ..+ (=" "L, + . (u,> 0 forall n).
Here u, = L> 0 for all n.
n
Also for all n, NV (n+1)>\n
| |
= m<W = u, . <u,foralln.
Again lim unzlimizo.

n
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Hence by Leibnitz’s test, the given series X [(—1)" A n] is convergent.
-1
Now X % =X \/L is divergent because X (1/ n?) is divergent if p<1and here
n n
_1
P=3

Hence the given series is semi-convergent or conditionally convergent.

Example 43: Examine the convergence and absolute convergence of the series
; (_ l)n +1 n

> (Kashi 2013)
n=1 " +1

Solution: Obviously the given series is an alternating series
u —uy +ug —ug +...,u,>0 for all n.

Here u, = %> 0 for all n.
n+1

— 2_
Also Uy — Uy = n+21 - 2” =— " n+21 <0 for all n.
m+1)*+1 n+1 (+D)[(n+D)” +1]

Thus u,, ;| < u, forall n.
n 1
Again lim u, = lim = lim =0
& " n +1 n[l+(1/n%)]

Hence by Leibnitz’s test, the given series converges.

Now we shall test the given series for absolute convergence.

Consider the series X u,,” of positive terms, where
R 1

u,’ = = = .
" Wl | R+l a1+ (1))
Takev, = 1 “Then lim 22 = lim % = Iwhich s finite and non-zero. Hence by
n y I+ 1/n%)

comparison test Zu,,” and X v, are either both convergent or both divergent. But for
v,, p=1so that £ v, is divergent. Hence X u,,” is divergent.

Hence the given series is not absolutely convergent .., it is conditionally convergent.

Example 44:  Show that the series = (— 1)" [V (n2 + 1) — n] is conditionally convergent.

Solution: The given series is an alternating series = (— )" u,, u,,> 0 for all n.
N + )= n] [N (i + 1) + n]
\ (112 +1)+n

Here un:\/(n2+l)—n:

n? 41— n? 1

TN N e

Obviously u,,> 0 for all n.

Also u, ;1 < u, for all n.
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! =lim !
N + 1)+ n[(1+1/n2)2 41

Again lim u, = lim =0-

Hence by Leibnitz’s test, the given series is convergent.
Now let X u,,” denote the series obtained from the given series by making all its terms
positive i.e.,

w, = (=" (NG + ) —n} =N +1) - n

We shall apply comparison test to check the convergence of X u,,’.
1 1

We have w, =N (> +1)—n= = .

" N + ) +n n[(1+1/ 02 471
Take v, = 1 Then 2 = 12 72 .

n vy [+ 1/ %) 2 +1]
lim % = lim 12 7 =1 which is finite and non-zero.
vy [A+1/n%)"2 +1]

Hence by comparison test X u,,” and X v, are either both convergent or both divergent.
But for v,, p=1and so X, is divergent. Therefore X u,,” is also divergent.

Hence the given series converges conditionally.

Example 45:  Show that the exponential series

x P2 x0

I+ =—+—+—=—+
1 20 31
converges absolutely for all values of x.

Solution: Let the given series be X u,, so that

n—1 n
Uy = and“n+1=7

(n-1! nl

g

n=D1 "

Now |Mn| — Uy

|un+1|

Mn+]‘

lim ] =1lim = = + o, whatever (x #0) may be.

[t 411 | x
Therefore, by D’Alembert’s ratio test, the series Z |u,| converges for all x (except for
x=0).
For x =0, the series X|u,| obviously converges.
Hence the given series X u,, converges absolutely for all values of x i.e., for all xe R.
Note: The sum of this series is denoted by ¢*.
Also since X u,, converges, we must have

limu,=0 ie, lim (x"/n!)=0.
Nn— oo
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S
Example 46: Show that the series x—?+?—... converges if and only if
-l<x<1

Solution: Let the given series be X u,,. Then

n_]XZn—l nx2n+l

=(-1 d =(=1 .
Uy ( ) m_1 an Uy 11 ( )2n+1
u, _211+I.i
Uyp1| 2n-1 x2
Now lim |- | = lim Mi :%
n—> oo Uy 4] @-1/n 2| x

by D’Alembert’s ratio test, X|u,| converges if 1/ P >lie, ¥ <lie,

x|<land
diverges if| x | > 1. Since every absolutely convergent series is convergent, therefore the
given series X u,, converges when |x|<1lie, -1<x<1l

When x =, the series X u,, becomes

which converges by Leibnitz’s test for alternating series.

When x = -1, the series X u,, becomes

(111)
P
3°5 7

which is again convergent by Leibnitz’s test.
When x >l or when x < — 1, obviously #,, does not tend to zero as n — . So the series
% u,, does not converge when
| x|>1
Hence the given series converges iff — 1< x< 1.

Example 47:  Show that the binomial series

n(;;!—l)xz+m+n(n—l)...(n—r+l) .

1+ nx + X+
r!

is absolutely convergent when | x| < 1.
Solution: Omitting the first term of the given series, let u, denote the r th term of the

resulting series.

Then

u,.

r+1 1 _(d+1/7)
u,,1 n—-r x (n/r-1

L
X

u

_L+l/r 1

wp ot n/r =11 x|

7

Uy

—Lwhichis>lif|x|<l.

lim =
| x|

n— oo

Uy 41
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The series X |u,| converges if |x|<1 i.ec., the given series is absolutely convergent

when |x|<L

Example 48:  Show that a series of positive terms, if convergent, is absolutely convergent. Prove

that the series

2sin X +4sint +8sin >+ ...
3 9 27

converges absolutely for all finite values of x.
Solution: First part: Let Zu, be a convergent series of positive terms. Since

u, >0 = |u,| = u,, therefore the series X|u,| = X u, is also convergent and hence the
series X u, is absolutely convergent.

Second part: Let the given series be denoted by X u,,. Then
,=2"sin (x /3" and u, , | =2"* ' sin (x/3"*1).
u, I . n 1
——=—sin(x/3") ——————
Uyl 2 ( ) Sin(X/3n+l)
_ 1 sin(x/3") x/3"+1 _
2 x/3"  sin(x/3"h

To test the convergence of the series  |u,|, we have

i ‘_§ sin (x /3") | x/3"+! .
wyot| 27 x/3" | Jsin(x/3" Y
s n
lim || = 3 for all finite values of x, because lim M =1
n— oo | Uy 41 n—e x/3"
Since lim |—2| > 1 for all finite values of x, therefore by ratio test, the series = |u,|
Uy +1

converges for all finite values of x. Hence the series X u,, converges absolutely for all
finite values of x.

Example 49:  Discuss the convergence of the logarithmic series

3 n
x—ﬁ+x——...+(—l)”‘lx—+...
2 3 n
2 3 4
Solution: Let Zu,1=x——+x——L+
2 3 4

The series X u,, is absolutely convergent if the series X | ,, | is convergent. To discuss the

O on+l

n+1

convergence of X | u, | we shall apply ratio test.
ul‘l
We have — 1=

n+l 1 ( 1) 1
Uy +1 n |x| n |x|

Jim || =lim|:(l+1)~l]=1.
Uy 4 1 n) |x|| |x]|

So by ratio test, the series X |u,| is convergent if 1/|x|>1 ie.,|x|<] ie. —l<x<L

n x
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the given series is absolutely convergent and hence also convergent if - 1< x < li.e., if
|x|<1
1 1

When x =1, the given series is 1 - l+ ———+
2 3 4

which converges by Leibnitz’s test but converges conditionally.

When x = -1, the given series is — (1 + 21 + % + i + ) which diverges to — .

When x>1lor x<—1li.e.,|x|>] obviously lim u, # 0 and so the series X u,, does not
converge.

Hence the given series is convergent if — 1< x <1 For|x|<lie, — 1< x <1, it converges
absolutely.

@mprehensive Exercise 9

1. Test for convergence the following series :
I 1 1 1 L1 |

(i) 1-—+——-—+... (ii) - - +...
1121 31 log2 log3 log4 log5

11 Lo (-1t

lm ot —— ... b :
(i) 92 g2 2" ™z Vnm+1) (n+2)]
) Z(—I)"_l(n+l)’

2n

(Vi)l— ! + 1 - ! +..,x>0,a>0.

X x+a x+2a x+3a

(vii) log (%) —log (%) + log (g) —log (g) +...
(viii) log (%) - log (g) + log (g) - log (i) +.

2. Test the absolute convergence or conditional convergence of the following

series :
() l-x+22-x>+... O<x<l)
i +- L L Lo (0

v or T3 g
1 1 1

i) 1— + — +...

) 1= 52 "3v3 " ava

4 6
(iv) 1—7.+;‘T!

+...

_r
6!
1 1

et

5.6 7.8
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(vi) l—l+l—l+i—...

2 4 8 16 (Meerut 2012B)
wi) = (- )" e R, (viii) = (= 1)" COSV”“ , acR

n nNn

-1 2
gz C () Ty

2n+3 n+1)!

L2 1 O 1] 1 1

xi) X (=1)"sin—- xii) T (=)' | =+ .
(i) n=1( ) n ( )n=1( ) lnz (nﬁ-Dz]

Show that the series % )" W+ ) =V n]is semi-convergent.
n=1

(_ 1)}1—1
(N n+ \/a)2

2 2 2
Show that the series (l) _| L3 + 13.5) _
2 2.4 2.4.6

is conditionally convergent.

Show that the series b
n=1

is semi-convergent.

Test the series
1 1 1
+

- -...,p>0
2(log2)? 3(log3)? 4(log4)?
for convergence and absolute convergence.
Test for convergence the following series :
g 2 * _ 1 1
R | i i) = (-pr-l PR S
W F,6eD 2" 45 - Ve N m+1)

Show that the series 1-2+3 -4 +5—-6+... oscillates infinitely.

Discuss the convergence including absolute convergence of the series
1-2x+3x% 407 +...

Show that the series % - % + iz ——5 +... converges conditionally.
¥ 2 3 4
) 3 e
Show that the series % - (2n ) is absolutely convergent.
n=1 n

Define absolute convergence. Show that the series
1 1 1 1 1 1 1 1

-+ +
2 4 3P ¢ 8 @n-1° @n-2° @4n)?

is absolutely convergent.

Prove that the series

a->b J2 (a—=D)(a-2D) 3. (a—=D)(a—2D)(a-3b) L4
21 3! 41

z +

+...

is absolutely convergent if |z | < ﬁ .
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@nswers 9

i) Convergent (ii)  Convergent (iii) Convergent
iv) Convergent (v)  Oscillate (vi) Convergent
vii) Convergent (viii) Convergent

i) Absolutely convergent
ii) Absolutely convergent if p> 1 and conditionally convergent if 0 < p<1
iii) Absolutely convergent

iv) Absolutely convergent for all x € R

(

@i

(

(

(

(

(

(v) Absolutely convergent
(vi) Absolutely convergent
(vii) Absolutely convergent
(viii) Absolutely convergent
(ix) Conditionally convergent
(x) Absolutely convergent
(xi) Semi-convergent

(xii) Absolutely convergent

Absolutely convergent if p>1and semi-convergent if 0 < p<1

(i) Absolutely convergent (ii) Absolutely convergent

Absolutely convergent if | x| <1

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (c) and (d).

. 1. .
The series X — Is convergent if

n
(a) p<l (b) p=1
(c) p>1 (d) none of these
The series = un of positive terms is convergent if
(a) lim un "<l (b) lim un ">1
n— oo n— oo

(¢) lim —%

im <1 (d) lim {n[ U —1]}<1
n—> o Uy 4] n—> o Uy +1
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If u,, denotes the nth term of the series
P32 P35
2T )5-1-22 2 & *% +...,then
(a) lim " =y (b) fim M= L

n— oo Uy 4] n—e Uy X
(©) lim -2 (d) lim -1

n—> oo Uy 4] n— oo Uy 4] X

. I .
The series & 73 is
(a) convergent (b) divergent
(c) oscillatory (d) none of these
The seriesl—l+l—l+l—l+ .. s
2 3 4 5 6
(a) divergent (b) oscillatory
(c) convergent (d) absolutely convergent
1 1 1
The series | — — + — — — +...1s
22 32 42
(a) absolutely convergent (b) oscillatory
(c) divergent (d) semi-convergent
ot 1
The series = (1" *! —is
n =1( ) n
(a) divergent (b) absolutely convergent
(c) semi-convergent (d) oscillatory
Fill in the Blank(s)
Fill in the blanks “...... 7 so that the following statements are complete and correct.
For every convergent series X u,, we must have lim u,=....
The infinite geometric series a + ax + a? +a 477
is convergent if and only if | x|<....
The series = ip is divergent if p<....
n
2 3 4
The nth term of the series i2+ 2—3+ 3—4+4—5 +...,1s ... .
22 32 4% 5
u
Let X u, be a series of positive terms such that lim — L)
n— e Uy

Then X u,, converges if ... .

Let X u, be a series of positive terms such that lim —*— =1
1= o0 Uy 4 ]

Then X u,, diverges if ... .




Krishea's T.B. Real Analysis

A g,[@]

7. If u, denotes the nth term of the series
1 N e N o N 10
2N1 32 4V3 544

+...,thenu,=....

8. If u, denotes the nth term of the series

. u
14+3x 4522 +7x° +...00,then lim —2—=....
n— oo Uy 4 |

9. The nth term of the series
1 1.2 1.2.3 1.2.3.4
—+ 4 +
3 3.5 3.5.7 3.5.7.9

10. If u, denotes the nth term of the series

| S D S I oy,
St o a5t 2+...,then lim =....
24 22.4¢ 22 .4°.6 n—> oo Uy 4

11. A series X u, is said to be semi-convergent if ... .

12. A series X u, is said to be absolutely convergent if ... .

13. Aseries in which the terms are alternately positive and negative is called an ... .
14. An infinite series £ (-1 ~! 1, in which the terms are alternately positive and

negative is convergent if each term is numerically less than the preceding term
and lim u,=....

— oo
15. The series X u, of positive terms is divergent if  lim {n [u” - IJ} <....
n— oo Uy 41

True or False

Write “I”” for true and “F’ for false statement.
1. A series X u, of positive terms is divergent if lim u,>0.
2. Aseries X u, is convergent if lim u,=0. e
3. Aseries X u, of positive terms is z:oonvergent if lim /" =1

n—> oo

4. Aseries T u, of positive terms is divergent if lim —2-<1
n—> o Uy 4]

5. The seriesl+i2+i2+
24 3

6. The series 1+ 1 + 1 + 1 +...1s divergent.
2 3 4

4—2 +...is divergent.

. g 1. ..
7. The series X cos — is divergent.
n=1 n

oo

. 1.
8. Theseries X sin—is convergent.
n=1 n
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9. The series whose nth term is ;/ " . is convergent.
ne o+
10. The series whose nth term is L is convergent.
1+ (1/n)
oo n—1
11. The series X is absolutely convergent.
n=1 (n—-1)!
12. The series 1o + Ao +...1s absolutely convergent
‘ VI N2 N3 N4 yeomversent
13. The series 0201 ="' (n2 +1) — n] is semi-convergent.
n=
14. The series B + B +...1s divergent.
1.2 3.4 56 7.8 (Purvanchal 2014)
15. The series 1 — 1 + 1.1 +...1s semi-convergent.
1 20 31
16. The series ; ﬂ is absolutely convergent
. n:l(\/n+\/a)2 Y gent-
17. Every absolutely convergent series is convergent.
18. Every convergent series is absolutely convergent.
19. The series oZal(—l)" sin 1 is convergent but is not absolutely convergent.
"= n
20. The series ! + ! + ! +...1s divergent
' VI+V2 " V243 V344 T sent
21. The series £ [\ (n +1) — V] is convergent.
22. The series T [V (n4 +1) - > ] is convergent.
23. The series £ [V (n> +1) — ¥ #° ] is divergent.
1 1
24. The series 1 — + - +...1s absolutely convergent.
242 343 444 yeonvers
] 1 1 2 1\
25. The series (l + I) + (1 + 5) +...+ (l + —) +...1s convergent.
n
26. The infinite series of positive terms is always convergent or divergent and is
never an oscillatory series.
| 1 1 1
27. The series 1+ — + — + — +... + — +... is divergent.
V2 N3 V4 Vn 8
28. Let X u, be an infinite series having all terms positive and let lim M=,

n—> o Uy 4]

If I> 1, then X u,, is divergent.
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10.
12.
14.

11.
16.
21.
26.

@HSWG_I'S

Multiple Choice Questions

() 2.
(a) 7.

Fill in the Blank(s)

0 2.
<1 7.
1 11.

T |uy, | is convergent

0 15.

True or False

~ N NN

2.
7.
12.
17.
22.
27.

(a) 3. (d) 4. (b) 5. (o)
(c)
n
1 3.1 4. — " 5.0<l
m+ 1"

212 g 1 0 1.2.3.4...n
(n+1)Vn T ©3.5.7.9...2n+1)
T uy, is convergent but X |u,, | is divergent

13. alternating series

1

F 3. F 4. T 5. F
T 8. F 9. T 10. F
F 13. T 14. F 15. F
T 18. F 19. T 20. T
T 23. F 24. T 25. F
T 28. F
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Limits And Continuity

1 Definitions

onstant: A symbol which retains the same value throughout a set of
mathematical operations is called a constant.

Variable: A variable is a quantity, or a symbol representing a number, which is
capable of assuming different values.

Continuous Variable: A continuous variable is one which can take all the
numerical values between two given numbers.

Independent Variable: An independent variable is one which may take up any
arbitrary value that may be assigned to it.

Dependent Variable: Adependentvariable is a symbol which can assume its value
as a result of some other variable taking some assigned value.

Domain of A Variable: Ifwe give the independent variable.xonly those values which
lie between x = a and x = b, then all these numerical values taken collectively will be
called domain or interval of the variable. The domain is said to be closed if a and b are
included init and is denoted by the symbol[a, b]. An open domain is denoted by |a, b[ or
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by (a,b). Similarly the symbols [a,b [ and ] 4, ] stand for semi-open domains. These
semi-open domains are also denoted by [4, /) and (4, b] respectively.

Function: Ify depends uponxin such a manner that for every value of xin its domain
of variation there corresponds a definite (i.c., a unique) value of y, then y is said to be a
single-valued function of x and is denoted by y = f (x), f denoting the kind of
dependence or relationship that exists between x and y.
This relationship is often called functional relation and f (x7), f (x2),..., f (x,)
are called functional values of f (x) for x = xy, x9,..., x, respectively.
Note: The essential thing about the definition of a function is that for each value of x
there must correspond a definite value of f (x). We must be in possession of a set of
rules which determine for each value of x in a certain interval, a definite value of the
function. These rules may take the shape of a single compact formula such as
f (x) =sin xor anumber of such formulae that apply to different parts of the domain of
x, for example

f(x)=sinx for 0<x<m/2

fx)=x for m/2<x<my;- (1)

f (x)=cosx for x>m.

In the first case f (x) = sin xis defined for values of x in any interval. In the second case
f (x) given by (1) is defined in the interval [0, [.
The above definition of a function of x brings about
(1) idea of the dependence of the function on x
(2) idea of definiteness of the values of the function for each value of x
(3) idea of single valuedness of the function
(4) idea of the domain of the variable x.
We are accustomed to think that every function is capable of graphical representation.
Majority of functions are certainly capable of graphical representation but there are
some functions which cannot be represented by a graph. The function defined as
follows is such a function :

f (x) =0 when x is rational, f (x)=1when x is irrational.
Set-theoretic definition of a function: LetA and B be two given sets. Suppose there
exists a correspondence denoted by f, which associates to each member of A a unique
member of B. Then f'is called a function or a mapping from A to B.
The mapping fof A to B is denoted by f : A— B. The set A is called the domain of the
function f, and B is called the co-domain of f. The element y € Bwhich the mapping f
associates to an element x € Ais denoted by f (x) and is called the f-image of x or the
value of the function fforx. Each element of A has a unique image and each element of
B need not appear as the image of an element in A. We define the range of fto consist of
those elements in B which appear as the image of at least one element in A.
Equality of two functions: Two functionsfandgof A — Bare said to be equal if and
onlyif f (x)= g(x) V xe Aand we write f = g. For two unequal mappings from A to
B, there must exist at least one element x € A such that f (x) = g (x).
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Constant function: A function f : A— Bis called a constant function if the same
element b € B is assigned to every element in A.

Real valued function: Ifboth A and B are the sets of real numbers, then f : A — Bis
called a real valued function of a real variable.

Single-valued and multiple-valued functions: If y has only one definite value
when a definite value is given tox then y is called a single-valued function of x. When
yhasmore than one value for avalue ofy, itis called amultiple-valued function of x.
Odd and Even functions: A function is said to be odd if it changes sign when the
sign of the variable is changed i.c., if f (- x)=— f (x).

A function is said to be even if its sign does not change when the sign of the variable is
changed i.c., if f (—x)= f (x).

Bounded and unbounded functions: If for all values of xin a given interval, f (x)is
never greater than some fixed number M, the number M is said to be an upper bound
for fin that interval, whereas if f (x)is never less than some number m then m is called a
lower bound for fin that interval. If both upper and lower bounds of a function are
finite, the function is said to be bounded otherwise it is said to be unbounded.

By a supremum of fin an interval we mean the least of all the upper bounds of fin that
interval. Similarly an infimum of f is the greatest of all the lower bounds of fin the
interval.

A rational integral function, or a polynomial, is a function of the form

ag X +a X"+ a, ) x+a,

where ag, ay,...,a, are constants and # is a positive integer or zero.
A rational function is defined as the quotient of one polynomial by another. For
example,
7x+4 . .
—5 . is arational function.
2x° +3x+6

An Algebraical Function: An algebraical function is a function which can be
expressed as the root of an equation of the form

P A YT e A Y+ A+ A =0
where Ay, Ay,..., A, are rational functions of x. In particular a rational function is also
algebraical.
ATranscendental Function: A transcendental functionisa function which is not
algebraical. Trigonometrical, exponential and logarithmic functions are examples of
transcendental functions.
Monotonic functions: The function y= f (x) is said to be monotonically
increasing if corresponding to an increase in the value of x in a certain interval I in
which the function f (x) is defined, the value of y never decreases i.c.,

n>x = f(x)=f(n) ¥ xq,xnel
Similarly the function f (x) is monotonically decreasing if

n>x = f ()< f(rn) Yi,xnel
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Also f is said to be strictly increasing iff x> x = f (x)> f (xo) and strictly
decreasing iff xy >x = f (1)< f (x0).

The function f defined by f (x)=sinx is monotonically increasing in the interval
0<x< % n and monotonically decreasing in the interval 5" <x<m

Explicit and implicit functions: A function is said to be explicit when expressed

1

directly in terms of the independent variable or variables e.g., y =sin™" x + log x.

If the function cannot be expressed directly in terms of the independent variable or

variables, the function is said to be implicit e.g., the equation x” + y* = a expresses y as

an implicit function of x.

Sum, Difference, Product and Quotient of two functions. Let f, ¢ be two
functions with domains Dy and D, . If D = D; n Dy, then D is common to the domains
of fand g.

The sum function f + gis defined as( f+ g) (x)=f (x)+ g(x) Yxe D.
If ¢ € R, the function ¢f is defined as (¢f ) (x) =¢ f (x) ¥ xe Dy.

The difference function f — gis defined as ( f — ¢) (x) = f (x) — g (x) Vxe D.
The product function fg is defined as ( fg) (x) = f (x) g (x) Y xe D.

The reciprocal function 1/g of the function g is defined as

(IJ(x): ! ¥ xe Dy and g (x) 20.
g g (x)

The quotient function f/ g is defined as ( f ] (x) = S ((X)) ¥Yxe Dand g(x)#0.
§ §x

2 Limits

Consider the function y = (x2 — 1)/ (x = 1). The value of this function at x = 1is of the

form O / O which is meaningless. In this case we cannot divide the numerator by the
denominator since x — lis zero. Now suppose x is not actually equal to 1 but very nearly
equal to 1. Then x —1is not equal to zero. Hence in this case we can divide the
numerator by the denominator.

21

x-1

=x+1L

Ifxislittle greater than 1, then the value of y will be greater than 2 and as x gets nearer to
1, y comes nearer to 2. Now the difference between y and 2 is
2 _ 2
e I_2=x2 2041 _(@=1
x—1 x—1 x—1

-1

This difference (x — 1) can be made as small as we please by letting x tend to 1.
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Thus we see that when x has a fixed value 1, the value of y is meaningless but when x
tendsto 1,y tends to 2 and we say that the limit of y is 2 whenx tends to 1. Thus we write

as
i 12 1y /(e -1]=2
Jim 2 /e =2,
Definition of limit: (Bundellkhand 2006; Purvanchal 10; Kashi 14)

Let fbe a function defined on some neighbourhood of a point a except possibly at a itself. Then a real
number lis said to be the limit of fas x approaches a if for any arbitrarily chosen positive number €,
however small but not zero, there exists a corresponding number 8 greater than zero such that

|f () -ll<e
JSor all values of x for which O <|x — a| <8, where | x — a| means the absolute value of x —a
without any regard to sign.

h : lim -
In symbols, we then write P f)=1

We have to negate the above definition in order to show that fdoes not approach / as x

approaches a.

If it is not true that for every > 0, there is some 8 > 0 such that
O<|x—al<d=]|f(x)-l|<e,

then there must exist an € > 0, such that for every > 0, there is some x for which
O<|x—al<dbut| f(x)-1I] ¢ &

This means that in order to show that f does not approach [ as x approaches 4, it is

sufficient to produce an £>0 such that for each §>0 there is some x satisfying
O<|x—a|<dand]|f (x)-I]|>e

Note 1: Itisnotatallnecessary for xli—r>na f (x)toexistthatfbedefined atx = a.

It is enough that for some 8> 0, f be defined whenever O <|x —a|< 8.

Note2: If N be a neighbourhood of a,then N ~ {a} is called a deleted neighbourhood
of a.

Note3: Ifafunction f hasafinite limit at a point a, then by the definition of the limit
of a function a deleted neighbourhood of a exists on which f is bounded.

Now we shall prove a theorem which is the foundation on which the definition of limit
rests. If this theorem were not true, the definition of limit would have been useless.
Theorem: If lim =1 and lim =m, then l=mi.e.,if lim

fx%af(x) n x%af(x) m en mi.e lfx%a f )
exists, then it is unique.

Proof: Suppose, if possible, [ # m. Let us take & = % |l —m| Then e>0.

Since xh_r:‘ﬂ f (x) =1, for a given £> 0, there exists & > 0 such that

| f (x)—I|< ewhenever O <|x—a|<§. (1)
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Again since xli—>mu f (x) =m, for a given € > 0, there exists &, > 0 such that

| f (x) —m|<ewhenever O <|x—a|<$,. .. (2)
If we choose § = min. {§},8,}, then 0 < | x — a|< § implies that both 0 <|x — a|< § and
0 <|x —a|<dy hold, and hence, we have

| f (x)—I|<eand]| f (x) —m|< ewhenever O <|x —a|<3d.
This implies that if 0 <|x — a| <3, then

=l =1 f @)= m)— (f @)= D] f @)= m|+] f () 1]

<ege+e=2¢e=|l-m]|

ie., |l —m|<|l—m|, which is absurd and so our assumption is wrong.

Hence, I=mi.ec., lim x) is unique.
X—a f® q

5 Algebra Of Limits

Now we shall give some theorems on limits of functions which are similar to those of
limits of sequences.

Theorem 1: If lim f (x)=1=#0,then there exist numbers k >0 and &> 0 such that
X—a

| f (x)|>k whenever O <|x—al|<38.
Also then  lim ! —1-
x—a f [

Proof: Lete= b | []. Then €> 0, because I #0.

Since xh;na f (x) =1, therefore, given € >0, there exists & > 0 such that

|f ) —I| < e, whenever O <|x — a|<3d. (1)

Now|[l|=|I-f (x)+ f ()[<[l= f ()| +]| f (x)
<e+|f (x)], whenever O <|x — a|< 3§, from (1).
Whenever0<‘x—u‘<6, we have

1 1
>|l|-e=|l|-=|l|==|{]>0.
£ @11 =e=111= 211 = 1]
Thus taking k :%ooloo>0,we get| f (x)|>k whenever O <|x —a|<38.

This proves the first part of the theorem.

Second part: Now to prove that lim 1L _1
x—)af(x) I
We have ’ ! —Hz‘l_ ‘ 1= f ...(3)
lf) L feo ] 1 If |
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By first part of this theorem there exist numbers k >0 and ; > 0 such that

| f (¥)|>kie.,

<% whenever 0 <|x—a|<¥. ...(4)

|f (0]

Let ¢’ >0 be given.

Since lim f (x) =1, therefore, given €’ > 0, there exists &y > 0 such that
x—a

| f (x)=I|<k|!] & whenever O <|x —a|<$,. ..(5)
Let 8 = min. {§;,89}. Then from (3), (4) and (5), we have

l—l’<1~k|l|8’~]1whenever0<|x—a|<5

|f () 1] |1
=¢.
Thus for given € > 0, there exists § > 0 such that
! —1’<£’Whenever0<|x—a|<8.
|f () 1]
Hence, lim L _1
x>0 f(0)

Theorem 2:  The limit of a sum is equal to the sum of the limits.

: lim _ lim _
Proof: Let s f(x)=1 and s g (x)=m.

lim -
We have to show that s {((f+o@})=1+m.

Let > 0 be given. Since li_r>na f (x) =1, therefore, there exists § > 0 such that
x

|f(x)—l|<%swhenever0<|x—a|<51.

lim

Again since
—a

g (x) = m, therefore, there exists §, > 0 such that

|g(x)—m|<%£whenever0<|x—a|<82.
If we take 8 = min. {3;,89}, thenO <|x —a|<$
= bothO<|x—-a|<d and O <|x—a|<d, hold,

and consequently if O < eox — ge0 < §, then both|f(x)—l|<%£and|g(x)—m|<%8

are true.
Now if O <|x — a|< 3, then

|(f + 8 ) =T+m)[=]f (x) =1+ g (x)—m]

5|f(x)—l|+|g(x)—m|<%s+%£=e.

Thus |( f + g) (x) — (I + m)|< e whenever 0 <|x — a| <.
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lim t hm .y
s ( f + g (x) exists and (f+o@=l+m.

The above result can be extended to any finite number of functions.

In the same way, we can prove that hm f g (@) =1—m.

Theorem 3:  The limit of a product is equal to the product of the limits.
(Goralhpur 2015)

Proof: Using the notations of theorem 2, we have to prove that

li _
; _r)“ﬂ (fo) (x) =

Let &>0 be given.
Now [(fg) () = Im| =] f (x) g (x) = Ig (x) + Ig (x) = Im|
S| f () g () = lg () [ +]Ig (x) = Im|
=l g f @) =1 +[I]] g (x) = m]. (1)

(x)
lima g (x) = m, therefore g (x) is bounded in some deleted neighbourhood of

Since
x = a. Hence there existsk > 0 and§; > O such that| g (x) | < k wheneverO < | x — a|<§;.

Since 1im =land lim = m, therefore, ding t i 0,
ince "% f(x)=Ilan P g (x) = m, therefore, corresponding to any given € >

we can find positive numbers &, and 83 such that | f (x) -1/ |<i whenever

O<|x—al<dy

and |g(x)—m|<ﬁwhenever0<|x—a|<83.
If we take § = min. {§;,9,, 83}, then from (1), we get
I3 € £ € [ || 1
-1 ke — 4+l ——— <=+ = 1
() ) =tml< kol 5y <2 %2 BT

=¢ wheneverO<|x—al|<3d.
Thus for e> 0, we have §> 0 such that|(fg) (x) — Im|< e
whenever O <|x —a|<3d.

lim = lim ; hm
P ( fo) (x) = fx ) exists and (fo)(x

The above theorem can evidently be extended to any finite number of functions.

Theorem 4:  The limit of a quotient is equal to the quotient of the limits provided the limit of the
denominator is not zero.

Proof: Let Hm =/ and lim = m#0.
ro0 ex_>ﬂf(x) an x_)ﬂg(x) m#

Now O L0 o) (1]
|g(x) m| g(x) m m mj|
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LD e L1 -0
|m g (x) |
S V)] R T B T (1)
Im[| g (x)] ||

Since xli—r>na f(x)=1 therefore there exists a deleted neighbourhood
Ja —38;,a + 9 [ — {a} of the point x = # in which the function f isbounded. Let K > 0 be
such that

| f (x)|< K whenever O <|x —a|<3§.
lim

Again since g (x) #0 for all x in the domain of g and g (x)=m #0, therefore

there exist numbers k >0 and §, > 0 such that

lg(x)|>k ie.,

<l whenever O <|x —a|<dy.
lg ()] &

[See theorem 1 of article 3]
Let & =min (§;,0,).
The inequality (1) can then be written as

FACO LN P S PRI S ) ~(2)
lg(x) m| k|m] [m|

for all x such that O <|x —a|<d’.

Now take any given > 0.

Since lim f(x)=1land lim g (x) =m, we can find positive numbers 83 and 8,

xX—a xX—a
such that
|f(x)—l|<|m|-§whenever0<|x—a|<83
and |g(x)—m|<M-EwheneverO<|x—a|<84.
K 2
Take 8 = min {8”,93,84}. Then from (2), we get
’f(x)—i‘<E+E=8,Whenever0<|x—a|<6.
lg(x) m| 2 2
lim /(%) exists
x—a g(x)
and lim S _ tim [ S (x):i,ifm;tO.
x—>agx) x—al g m

Alternative Proof:

lim exists and equals L
x—ag (x) m

Now lim [f)<x>= fim {f(x)- 1 }

Since m # 0, therefore, by theorem 1 of article 3,

x—oal g xX—a g(x)
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{ lim f(x } { lim 1} [By theorem 3 of article 3]
Xx—a x—a g(x)
it
m m

Theorem 5: Let f be defined on D and let f (x)20 for all xe D.

I lim ists. th lim >
If P f (x) exists, then x—)uf(x) 0

Proof: that 1im =1 li tive.

roof: Suppose tha P f (x)=1land [is negative

Taking € = — 21 [, we can find a positive number § > O such that
| f (x)—l|<—%lwhenever0<|x—a|<8.

It gives that %<f <é<0whenever0<|x al<a.

This is a contradiction since we are given that f (x) > 0 for all x e D. Hence / cannot be
negative.

Consequently xli—r>na fx)=0

Corollary: Let f be defined on D and let f (x)> 0 for all xe D.

I hm ts, then 1M £ (x)>0.
f f ) exists, en f(x

Proof: Since f (x)>0 — f (x) =0, therefore nowwe can apply theorem 5, article 3.

Theorem 6: Let fand g be defined on D and let f (x)2 g (x) for all xe D. Then

lim f ()= lim g (x), provided these limits exist.

x—a x—a
Proof: Let lim lim =m.
roo e f SR g(x)=m

Let us define a function 1 by 1 (x) = f (x) = g (x) ¥ xe D. Then, we have
(i) h(x)20 VxeD.

(i) M j(y)existsand 1M j(x)=1-m.
x—a x—a

(iii) lim (x)20, by theorem 5 of article 3.
¥r—a
Thus, from (ii) and (iii), we get

. : lim
—m> >
[-m=0ie,l>2m, iec., N f(x) 2 s g (x).

Corollary: Let f (x)> g (x)for all xe D. Then xlina f(x)= xli—r>na g (x), provided

these limits exist.




Limits and Continuity

(R223]n,

Theorem 7: Let f, g and h be defined on D and let f (x) 2 g (x) 2 h(x) for all x.

Let lim = lim
X—a f X—a (X)

The lim exists, and lim — lim = lim )
" x—)ag(x) S, an X—a §) X—a s X—a (%)

Proof: lim _ lim -1
ro0 Letx_>ﬂf(x) x—>ah(x) /

Then corresponding to any given € > 0, we can find positive numbers&; and§, such that

| f (x)—I|< ewhenever 0 <|x—a|<§
ie., [—e< f(x)<!+ewheneverO<|x—a|<d (1)
and l—e<h(x)<l+ewheneverO<|x—a|<d,. ... (2)
Choosing d to be smaller than 51 and &9 , we see from (1) and (2) that

[—e<h(x) x)< f (x)< !+ ewhenever O <|x—a|<3$.
Thus l-e<g(x )<l+swhenever0<|x—a|<8
or | g (x) - I|< e whenever O <|x —a|<8.

lim ; lim —
Hence s g (x) exists andx_)ﬂ g(x)=1L

. lim _ 11m —

Theorem 8: If e f(x)=1 thcn |f Y =11

(Goralhpur 2010)
Proof: We have| f (x) - {|2]| f (x)|—1!I]|, for all x. (1)

[ lp=ql=llpl=1qll]
Let £> 0 be given.

Since li“ f (x) =1, therefore, given >0, there exists a number § > 0 such that
x>a

| f (x)—I|< ewhenever O <|x—a|<3d. ..(2)
From (1) and (2), we get || f (x)|—|!||< &€ whenever O <|x —a|<3.

Consequently xlinu | £ (x)] exists and xh_l:‘a | £ ()] =|1].

Theorem 9:  Ifthereisanumberd> O such that h (x) = O wheneverO <|x — a| <, then

lim 5 () =0
x—>a
Proof: Foranye> 0, the numberd >0, given in the hypothesis of the theorem is such
that
h (x) =0 whenever O <|x —a|<d

or | (x) —0]=0<¢ewhenever 0 <|x—a|<3d.
Hence lim (x)=0.
x—a

Corollary: If there is a number &> O such that f (x) = g (x) whenever O <|x —a|< 3§, then

lim — lim
xX—a S x—a g ().
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Proof: Let us define a function /& by setting / (x) = f (x) — g (x) for all x.
Then /i (x) =0 whenever O <|x — a|<d.
Now, apply theorem 9 of article 3.

Note: The above corollary has deep implications. It asserts that the concept of limit is
a ‘local” one. If two functions agree on some neighbourhood of a point a, then they
cannot approach different limits as x approaches a.

Theorem 10: If xh_r>nﬂ f(x)=0and g (x)is bounded in some deleted neighbourhood of

lim —
a, then P f(x) gx)=0.

Proof: Since g (x) is bounded in some deleted neighbourhood of 4, therefore there
exist numbers k >0 and & > O such that

| ¢ (x)| <k whenever O <|x —a|<§,. (1)

Now take any given €> 0.
Since Xli_I:‘a f (x) =0, therefore there exists §, > 0 such that
|f(x)—0|=|f(x)|<§ whenever 0 <|x — a|< 3 .(2)

Now take 8 = min (§;,8,). Then for all x such that 0 <|x — a|<§, we have
|f () g (x) =0l =] f (x) g (¥)]
=\ f (x)|.|g(x)|<%k = ¢, using (1) and (2).

H lim -0.

ence P fx) gx)=0
Ilustration: We have M rgin (1/x)=0

x—0

lim

because B x=0and|sin(1/x)|<1forallx #0 ie.,sin(1/ x)is bounded in some

deleted neighbourhood of zero.

4 Right Hand and Left Hand Limits

(Bundelkhand 2008)

Definition: (Right-hand limit): A function fis said to approach | as x approaches a from
right (or from above) if corresponding to an arbitrary positive number €, there exists a positive
number & such that | f (x) — 1| < € whenever a< x<a + 8.

: : lim _ _
Itlswrlttenasx%ﬂjLo f@x)=lor f(a+0)=1L

Working Rule for Finding the Right Hand Limit (R.H.L.):

“Puta + hforxin f (x)where/ is + ive and very very small and make s approach zero”.
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In short, we have f (a +0) = hlino fla+h).

Definition: (Left-hand limit): A function fis said to approach | as x approaches a from the
left (or from below) if corresponding to an arbitrary positive number €, there exists a positive
number & such that | f (x) — I| < & whenever a =3 < x < a.

; ; lim _ _0) =
Itlswrlttenasx_)a_of(x)—l or fa-0)=L

Working Rule for Finding the Left Hand Limit (L.H.L.):

“Puta — hforxin f (x)wherek is + ive and very very small and make & approach zero.”

In this case, we have f (¢ —0)= hlino fa—h)-

Note: If both right hand limit and left hand limit of f as x — a, exist and are equal in

value, their common value, evidently, will be the limit of fas x — a. If, however, either
or both of these limits do not exist, the limit of f as x — a does not exist. Even if both
these limits exist but are not equal in value then also the limit of fas ¥ — a does not exist.

5 LimitsAsx— +°<>(— 00)

Definition: A function fis said to approach | as x becomes positively infinite, if corresponding to
each €> 0, there exists 8> O such that | f (x) — [ < & whenever x 2 8.

Then we write im f)=10 or f(x)>lasx— oo

X oo
Definition: A function fis said to approach [ as x becomes negatively infinite, if corresponding
to each €> 0 there exists 8> O such that | f (x) — [| < & whenever x < — 8.

Then we write _l)im fx)=0 or f(x)>lasx— —oo.
X — oo

Note 1: The results on the limits of sum, product and quotient of functions also hold
good here provided that in these cases [ + m, Im, [ / m are defined.

Note2: 1f lim f (x) =l exists, lim £ (x)does not exist (as a finite real number),
X —> oo X —> oo

even then 1M f (x) g (x) can exist. Similar is the case as x — — oo
X—> oo

0 Infinite Limits

Definition: A function f is said to approach + o as x approaches a, if corresponding to any
€> 0, there exists 8> 0 such that f (x)> € whenever O <|x —a|<3d.

Then we write 1im f(x)=eo or f (x)tends to e as x tends to a.
x—a
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Definition: A function f is said to approach — s as x approaches a, if corresponding to any
e> 0, there exists 8> 0 such that

f (x)< — e whenever O <|x —a|<3d.

Then we write  1im f(x)=—c or f(x)tends to — o as x tends to a.
xX—a

Illustrative Examl)les

Example 1: Let f be the function given by f (x) = < - , X # 4.
x—a

Usi definition show thar 11m =2a.
sing (g,0) definition show that e f(x)=2a
Solution: Let £>0 be given. In order to show that

lim _
x—a S (x)=2a,

we have to show that for any given > 0, there exists a number 6 > 0 such that

| f (x) —2a| < e whenever O <|x —a|<3d.
2o
X—a

Ifx;ta,then|f(x)—2a|:} —2@}:|(x+a)—2a| [ x#a]
=|x-al.
| f(x)—2a|<e if|x—al|<e
Choosing a number § such that 0 <3< ¢, we have

| f (x) —2a| < ewhenever O <|x —a|<3d.

H lim =2a.
ence PN ﬂf (x)=2a

Example 2:  Using (¢,8) definition show that 1im (x sin 1) =0-
x—0 x

(Goralkhpur 2011; Meerut 12, 13; Rohilkkhand 13B)

lim
Solution: Let e>0 be given. In order to show that (x sin 1) =0,
r—0 X

we have to show that for any given > 0, there exists a number 6 > 0 such that

xsinl—() < ewhenever 0 <|x-0|<3.
x

Now xsinl—() =|x||sinl|S|x|,because|sinl|SI.
x 7 x| I

1
xsin — — 0} < e whenever | x| < &.
x

Choosing a number & such that 0 <&<¢, we have

xsinl—0|<Swhenever0<|x|<6.
x
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lim xsinlzo.

Hence
-0 X

Example3: Showby (e, 8)method that the functionf, definedon R ~{0} by f (x) =sin (1/ x)
whenever x # 0, does not tend to O as x tends to 0. (Meerut 2013B)

Solution: In orderto show thatsin (1 / x)doesnot tend to O asxtends to 0, takee = 21 .

By Archimedean property of real numbers for any 8 > 0 there exists a positive integer n
such that

1 . 1
n>-— ie., o> —-
o nm
O<L<L<L<6.
@n+)wm 2nm  nm
2

Take x=——— Then0O<|x-0]<3.
dn+Drn

Also, |sin (1/x)—0|=]|sin 2nn +§17t) |=1>e
Thus we have shown that there exists an € > O,namely% , such that for every § > O there

is an x ,where 7 is a positive integer such that 2 < 61 such that
dn+Dm J

[:(4n+1)n
O0<|x-0|<dand|sin(I1/x)-0|>e.

Hence sin (1/ x) does not tend to O as x tends to 0.

Example 4:  Show that lim [¥=2]
x—2 X -

does not exist.

Solution: Let f (x)=|x-2|/(x-2)-

We have the right hand limit i.c.,

_ lim _ lim M
Jex0= S Crn= 0 avioa)
_ lim ﬁz lim j_7.
h—0h h—0 ’
and the left hand limit i.c.,
_oy= lim _pyo lim [2-h=2]
fe O)_h—>0f(2 h)_h—>0(2—h—2)

lim |_h|_ lim L

h—=0 - h—>0—}

— ]im —1==1
h—0 ’

Since f (2+0)# f (2-0), hence lim ¥ =2 does not exist.
x—=2 X —
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Example 5:  Evaluate the following limits if they exist :
(@) lim x2+3x+2.
x— 2 x—2
Solution: Here the right hand limit i.c.,
lim @+h)? +3Q+h)+2

_ i _
f@+0)= M r@rm=

h—0 2+h-2
_ dim 1247t i (g )
N i o0 +7+h
and the left hand limit i.e.,
2
_0y= lim v lim @7 +3@2-h)+2
f@-0)= 10 fe-h= 10 e
2
_ dim 12=27hH R gim (_12+7 h)
h—0 —h h—0 h

Since f (2+0)# f (2-0), hence xli_r;nz f (x) does not exist.
lim 1/x
(b) m (1+y)

Solution: Here the right hand limit i.c.,

f(o +0):hlino f(0+h):hliﬂo f(h):hlimo( +h)l/h

o ), 20,
_ dim oy,
ool TR "t 1.2

3 |
A e

_ lim 1+l+l'(l_h)_,_I'(I_h)(l_Zh)_,_m
h—0 1! 21 3!
I 1
=l+—+—+—+...0=c
21 31
Similarly, the left hand limit i.c.,
llm _ lim _py= lm gyt
FO=0)= I po-m= Im = moaon =
Thus both f (0 +0) and f (0 —0) exist and are equal to e.
lim 1/x _
Hence o0 I+x)"" =e
(©) lim Sinx '
x>0 x (Bundelkhand 2008; Kanpur 09)

sin x

Solution: Let f (x)=
x
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_ lim _ lim _ lim sinh
Here f(o+0)_h—>()f(0+h)_h—>0f(h)_h—>0 P
3 5
b o
_ lim 3t 5! _ lim 1_h7+h7_ -1
h— 0 h h—=0( 31 51 7))
S _0)= lim _ 7 = lim _
Similarly £ (0 -0) P f(O-h) I 0 f(=h)
_ lim sin(—h)_ lim sin’% 1
h—0 —h h—=0 1
Since  f(0+0)=f(0-0)=1 hence lim % _y
X —> X
() lim sinx.
Y=< x (Bundelkhand 2008)
.. lim SINY _ lim . : _
Solution: i x o0 ysin(l/ y), putting x =1/ y.
Let f(y)=ysin(l/ y):
FO+0)= 1 F 0+ 1)
_ lim _ lim :
_heof(h)_h—>0hsm(l/h)
=0 x a finite quantity lying between — l and 1
=0.
Similarly, £(O-0)= himo FO=h
_ lim _7y- lim _ in (—
_h—>0f( h) h—>0( h)sin (— 1/ h)
_ lim ; —
_h_>0hsm(1/h)_0
Since fO+0)=f (0 -0)=0, therefore
lim lim Sinx

Oysm(l/y):O e ey =0.

-
lim 1
(e) sm -
x=0 (Kanpur 2010)
Solution: Let f (x)=sin(1/ x).

Here f(©+0)= 1M f@+m= lm rgy= lim s ;

Ash — 0, thevalue of sin (1/ /1) oscillates between + 1 and - 1, passing through zero and
intermediate values an infinite number of times. Hence there is no definite number to
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which sin (1/ /) tends as /i tends to zero. Therefore the right hand limit f (0 + 0) does
not exist.

Similarly the left hand limit f (0 —0) also does not exist. Thus xlino sin (1 / x) does

not exist.
lim a -1
(f) Y0 « (Meerut 2003; Lucknow 08; Kanpur 10)
Solution: Let [ (x)= a Xx_l
3 1+xloga+()c2 /2!)(loga)2 +...—1

X

x[logu+%x(log u)2 +...]

X
h [log a+— J (log ay + }
Here  f(0+0)= lim 7= lim ] = log a.
1

hm _ lim AN
Also f0O-0)= f h) = —>Of( h) =log a.

. X —
Since fO+0)=f (0 -0)=log a, therefore xlino a -1 =log a.
x

lim 1 i/«
®) xr—0 x ¢

Solution: Let f(x):l.el/x.
x

Then f(0+0)= lim f(()_,.h):hlino f(h)= lim A

h—0 h—>0h

= ,since both1/ % and ¢/" tend to o as i — 0.

Also f(o_o):hlinof(o_h) hm f h:)TIO ;[e—l/h
_ lim -1 _ lim -1
h=0 pt’" =0 1 1 1
{1+ -+ -+
ho 21 )
_ lim -1 _

h—=0 h+1+(1/2h)+

Since fO+0)= f (0 -0), therefore lim 1 /¥ does not exist.
x—>0 x
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(h) lim (l+x)n—l.
x—0 X
n_
Let f(x)zw.
x
llm lim d+h)
Then  f(©+0)=lim sy = lim S50
1+ nh+ (n_l)h2+...—1
_ lim 2!
h—0 h
[ n(n—1) 1
h 71 h+...J
_ lim
h—0 h
lim [, n0=D, ]
—hﬁotn+ ' h+...J—n.
_0)= lim _ 1y~ lim _7y— lim (I-h)" -1
Also JO=0=, 0 S O=M= 50 M=% —h
Vencm+ 0D Oy
_ lim 2! -
h—0 " '

Since f (0 +0)

B _0)y— lim =
=f(0-0)=n, thereforex_>0 f ()

. llm xm_ﬂm
(l) X—a xX—a
Solution: Let f (x):x —4
x—a
_ lim _ lim @+m)"-a"
Then f(a+0)—h%0f(a+h)—h_>0 Py ——
[ m ]
a” (l+ﬁ) —J
_ lim L a
h—0 h
_ dim a" [y, B mOm
Th—0 ) b AT a’
_ lim mrﬂ m (m _l) h 1
h—>0 |ﬂ+ J
hm _ lim (“_h)m_”m_
Also f(a-0)= f =150 4 a
. _ —0) = M-l lim _
Since f(a+0)= f(a—0)=ma ,hencex%ﬂf(x)

a 1
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Example 6:  Find the right hand and the left hand limits in the following cases and discuss the
existence of the limit in each case :
(i) lim 2" -8 .

122 x-2 7

1/
(ii) lim ¢ X_l.
J(—)Ogl/x+]7

(Meerut 2003; Kanpur 11; Gorakhpur 12; Rohilkhand 14)

(iii) xlino f (x) where f (x) is defined as

fx)=x,when x>0 f (x)=0, when x=0; f (x)=—x, when x<O0.
(Purvanchal 2008)
_27 -8

Solution: (i) Let f (x)=
x-2

lim 2@+h)* -8
Th>0 2+h-2

lim 2@ +4h+h?) -8 iy 8h+ 20
h—0 h Th=0

We have f (2+0)=h1in0 F@+h)

_ lim h@+2h) iy (8 +2h)=8.

“h—0 h h—0

_ lim 2@2-h?*-38

Again f(z"o)zhlinof(%h)‘h%o 2-h-2

lim 2@ —4h+1%) =8 iy - 8h+ 20

h—0 —h Tho0 —h
_ lim —AB=21) _ im g9y
= m ZRECZ L lim (-2 =8,
. 2_
Since  f(2+0)=f (2-0)=8, therefore lim 2xiexists and is equal to 8.
x—2 xy-2
1/x
e’" -1
ii) Let X)=——"
i) Let (9=

Here the right hand limit, i.e.,

, . im A/
_ lim _ lim _ ¢
SO0 =, 0 SO =0 S W=y o am

Again the left hand limit, i.e.,

) . lim o~V _q
_oy= lim —py= Hm ey L

B hm (l/el/h)_l 0 _1

- = -1
h=0@/d™M+1 0+1
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Si 0+0)# f(0-0),h lim d ist.
ince FO+0)= f( ), hence ¥ 0 5 1] oes not exist
(iii) We have the right hand limit i.e., f (0 +0)
= lim f (O +h), where I is + ive but sufficiently small
h—0
_ lim _ lim .. - i
_h—>0f(h)_h—>0 h, [ h>0and f (x)=xif x>0]
Also, the left hand limit, i.e., f (0 —0)
_ lim _ . . . .
=10 f (O =h), where I is + ive but sufficiently small
_ lim f(—h)= lim —(=h)
h—0 h—0 [+ —h<Oand f (x)=-xif x<0]
_ lim _
T h—>0 h=0.

Thus both the limits f (0 +0) and f (0 - 0) exist and are equal to zero.

Hence Hm x) exists and is equal to zero.
x—=0 S q

x if x is rational
Example 7: Let f (x)=

—x if x is irrational.

Show that M £ (x) exists only when a =0.
¥—=a (Purvanchal 2007)
Solution: Casel. If ais a non-zero rational number.

In this case f (a —0) = hlino fla—h)

_ lim _ lim _,_
h—>0(a h) o h—0 (@~ h),
according as (a — /) is rational or irrational
=a or -—ali.c., isnotunique.

f (a—0)does not exist. .. li_I:‘ﬂ f (x) does not exist.
. _ ; _0)= lim _ 73 = lim _
Case II: Ifa=0. In thiscase f (0 -0) o0 fO-h) ho 0 f(=h

_ lim ,_ lim : _ 7 ; ot
=150 (=h) or P h, according as — /i is rational or irrational

=0.
Again f (0 +0)= hli—I>nO FO+h)= hli_r)no F(h)

= hli“ 0 h or hlino (=), according as & is rational or irrational

=0.
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Since f (0 +0)=f(0-0)=0, hence xliﬂO f (x) exists and is equal to zero.

Case IIl. If a is an irrational number.

In this case f (a -0)= hlinO fla=h)

_ lim _ lim _ ., _
—h_>0(a h) orh_>0 (a—h),

according as (a — /i) is rational or irrational
=a or —a i.e., is not unique.

_ . . lim .
f (a—0) does not exist. .. g f (x) does not exist.

Thus we see that 1M f (x) exists only when a = 0.
xX—a

Example 8:  Discuss the existence of the limit of the function f defined as
f@=Lifx<ly f(x)=2-xif l<x<2; f(x)=2,ifx=2

at x =land x = 2.

Solution: Atx =1 We have

f1+0)= hlinO f (L+h), where h is + ive and sufficiently small

= lim [2—(1+h)]=hlim (U=h)=1

" h—0 -0

_0)= lim _ 7y~ lim _
and f1-0) h—)Of(l h) P (H=1
Since fd+0)=f(1-0)=1 hence Iii)nlf (x) exists and is equal to 1.

x
— _ lim _ lim —9.

Atx=2. Wehave f(2+0) h—>0f(2+h) h%O(Z) 2;

_0)= lim _my - lim (9 _ _ lim 5 _
and f@2-0) h—)Of(z h) h—>0[2 2-h] h—>0h 0.
Since f@2+0)= f (2-0), hence x]i_r)“z f (x) does not exist.

1

E . lim =+ oo lim
xample 9:  If o f () , then prove that B

—)af(x)

Solution: Let ~lim =+ oo,
olution e x—>af(x) +

Let £> 0 be given. If g =1/ ¢, then g > 0.

Since lim f (x) = oo, therefore for g > 0, there exists 8 > 0 such that
xX—a

<iwhenever0<|x—a|<8

f (x)>¢ wheneverO<|x—a|<3d ie,
S @) g
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ie., < <ewheneverO<|x—-a|<d [ e=1/g]
f
ie, —€< ! <ewheneverO<|x—a|<d
S )

ie, ! —O’<ewhenever0<|x—a|<6.

| f@)

lim 1 _

x—a f(x)

Similarly it can be proved that im _° __0 when lim f(x)=—co.

—>af X—a

sin [x]

[x]

Example 10: If f (x)= ,x]#0and f (x)=0, [x]=0,

where [x] denotes the greatest integer less than or equal to x, then find xh::‘ 0 f (x)

(Kanpur 2010)

P _ lim _ lim
Solution: Here f (0 +0)= fO+h)= -0 S (h)

h—0

= i . -
= im0 [+ [h]=0]

=0.

Also f0-0)= lim o O=m= 10 f

T sin [— /] o
_hino R [« [-h]=-12£0]
_ lim sin(=1) sin(-1)

>0 (1) = C =sinl1=#0.

Since f (0 +0) # f (0 —0), therefore xlino f (x) does not exist.

@mprehensive Problems 1

1. If lim d lm do not exist,
P f (x)an P g (x) do not exist, can

Hm e+ g ()] or 1M [ £ (x) g ()] exist ?

¥—=a x—=>a (Kumaun 2008)
2. If lim d fim )] both exist, must m ist ?
s f (x) an [ f (x) + g (x)] both exist, mus P g (x) exis

CIf lim lim h exi lim ist ?
3 Pk f (x)and s [ f (x) g (x)] both exist, mustx_) p g (x) exist
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4. h h lim _ lim —a).
Show that D0 f () P f(x—a)
. if x#0
5. Usingdefinition of limit, show thatxlino f (x)=1where f (x) = {I +0x2 ZZ i _o.
6. If f is defined on R 2 if x is irrational
’ [ is defined on R as f (x) = 1, ifxisrational,
that lim d t exist f R.
prove that =" f (x) does not exist for any a €
2 Iffis defined on R 0, if x is irrational
’ is defined on R as f (x) = 1, if xis rational,
rove that 1M d t exist f R.
prove that =" f (x) does not exist for any a €
8. Ifx— 0, then does the limit of the following function f exist or not ?
f (x)=x,when x<O0; f (x)=Lwhenx=0; f (x)= +*, when x> 0.
. X — . X —
9. Use the formula lim ¢ I log a to find lim 27121
x— X x>0 (1+x)? -1
10. If f (x)=¢" /¥ 'showthat at x = 0, the right hand limit is zero while the left hand
limit is + oo, and thus there is no limit of the function at x =0.
lim lim
I1. Provethat S, f (= ,50_0f .
12.  Give an example to show that lim f (x) may exist even when the function
X—a
is not defined for x = a.
13, Let e O0<x<l
A e R
Show that B 1_1:1} N f (x)=2. Does the limit of f (x)atx =1lexist ? Give reasons
for your answer.
14. Evaluate; him X710
-obvaluate: Ty T (Meerut 2001)
15. Evaluate: lim Isin x|
-0 X
. el/){
16. Evaluate : hmo T
¥=0 41 (Meerut 2006; Rohilkhand 05, 08; Avadh 10)
17. If f (x) = apx" + apx" ™ + ayx” 72

+...+a, then prove that xh_n)lc F@)=f ().

(Garhwal 2011)
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@nswers 1

1. Yes. If we take f(x)=sin(l/x), g (x)=—sin(1/x) whenever x#0, then

xlinO f(x) and xlinO g (x) do not exist but hm [ f(x)+ g (x)] exists.

Again if we take f(x)=g(x)=1 for all rational xandf x)=g(x)=-1 for all

irrational x, then both lim f(x) and lim g (x) do not exist for any real
x—a x—a

number a but im [ £(x) g (x)] exists for every real number a.

x—a
2. Yes.
3. No. If we take f(x)=xVuxe Randg(x):sin(l/x), if x#0, g(0)=0, then
lim f(x) and hm [ f(x)g(x)] both exist but hmO g (x) does not exist.
x—
8. Yes; lim  f(y 9. 2log2. 13. Does not exist.
x—0

14. Right hand limit is O and left hand limit is 2 and so the limit does not exist.
15.  Does not exist because the right hand limit is I and the left hand limit is —1.

16. The limit does not exist because the right hand limit is 1 and the left hand limit
is 0.

T Continuity

(Purvanchal 2010, 11; Gorakhpur 11; Avadh 14)
The intuitive concept of continuity is derived from geometrical considerations. If the
graph of the function y = f (x) is a continuous curve, it is natural to call the function
continuous. This requires that there should be no sudden changes in the value of the
function. A small change in x should produce only a small change in y. Moreover for the
graph to be a continuous running curve, it should possess a definite direction at each
point.
But the continuity as defined in pure analysis is quite distinct from the intuitive or the
geometrical concept of the term. Sometimes drawing a graph is difficult. We now give
the arithmetical definition of continuity given by Cauchy.

Cauchy’s definition of continuity.
A real valued function f defined on an open interval I is said to be continuous at a € 1 iff for any
arbitrarily chosen positive number € , however small, we can find a corresponding number 8> 0
such that
| f (x)— f (a)| < € whenever | x — a| <. (1)
(Bundellchand 2010; Kanpur 11)

We say that f is a continuous function if it is continuous at every x € I.
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In other words, fis continuous at 4 if for any given €> 0, we can find a &> 0 such that
|x—al<d=]|f(x)- f(a)|<e

This means that the function fwill be continuous at x = aif the difference between f (a)

and the value of f (x) at any point in the interval Ja — 8, a + 8] can be made less than a

pre-assigned positive number e. Note that we choose & after we have chosen e.

A geometrical interpretation of the above definition is immediate. Corresponding to
any pre-assigned positive number g, we can determine an interval of width 28 about the
point x=a (see the figure) such that for any point x lying in the interval
Ja—8,a+39[, f (x) is confined to lie between

f(a)—eand f (a)+¢.
The inequality (1) may be written in the form of an equality as f (x) = f (a) + n, where
[n|<e

v/
fla)+e

fia)
Ao -2

0 @-d «a a+d X

Note 1: Forafunction f (x)tobe continuous at x = 4, itisnecessary that lim f (x)

Xx—a
must exist.

Note2: | f(x)- f ()| = f (a)-e< f (1)< fla)+e

and |x—al|<d=a-d<x<a+?d

Note 3: The function must be defined at the point of continuity.
Note 4: The value of § depends upon the values of € and a.
Note 5: The interval I may be of any one of the forms :
]ﬂ,b[,] - b [7]a7°°|:7] - oo[
An alternative definition of continuity of a Function At a Point: A function fis said

to be continuous at a € I iff lim f (x)exists, is finite and is equal to f (a)otherwise the function
x—a

is discontinuous at x = a.
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This definition of continuity follows immediately from the definition of limit and the
definition of continuity. Thus a function f is said to be continuous at a, if

f(a+0)=f (a—0)= f (a). This is a working formula for testing the continuity of a

function at a given point. (Bundelkhand 2008, 10; Kashi 12)

Polynomial Function:
Theorem 1: A polynomial function is always a continuous function.

Proof: If f (x)=ap x" +a; x" !

+...+a,_1 x+a,is a polynomial in x of degree n,
then by the above definition it can be easily seen that f (x)is continuous forall x € R.
If ¢ be any real number, then

lim  f ()= lm {agx"+a "'+ . +a,_ | x+a,)

x—c¢ x—c¢
=ay lim x"+aq lim '+ . . +a,_; lim x+ lim a,
r—c¢ r—c¢ x—c x—c
—apc"va " ta,_c+a, o lim ox=¢

X—C

=/ ().

Since lim f (x)= f (c), therefore f (x)is continuous at x =c.
X—c

Thus f (x)is continuous at every real numberc and so f (x)iscontinuous forall.x € R.

Thus remember that a polynomial function f (x) is always continuous at each
point of its domain.

Continuity from left and continuity from right:

Let fbe a function defined on an open interval I and let a € 1. We say that fis continuous from the

1
left at a if B _)1:1 0 f (x)exists and is equal to f (a). Similarly fis said to be continuous from

the right at a if ~ lim  f (x) exists and is equal to f (a).
x—=a+0

From the above definitions it is clear that for a function f to be continuous at a, it is
necessary as well as sufficient that fbe continuous from the left as well as from the right
at a.

Continuous function: A function f is said to be a continuous function if it is continuous at
each point of its domain.

Continuity in an open interval: A function fis said to be continuous in the open
interval |a, b[ if it is continuous at each point of the interval. (Bundellchand 2009)

Continuity in a closed interval: Let fbe a function defined on the closed interval
[a,b].Wesay that f is continuous ata if it is continuous from the right ata and also thatf
is continuous at b if it is continuous from the left at b. Further, f is said to be continuous
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on the closed interval[a, b], if (i) itis continuous from the right at 4, (ii) continuous from
the left at b and (iii) continuous on the open interval ]a, b[.

Thus if a function f is defined on the closed interval [a, b], then

(i) it is continuous at the left end point a if f (a)= f (a +0)

ie, f@= lim f (%)
x—a+0
(ii) it is continuous at the right end point b if f (b) = f (b -0)
ie., (b)= lim (x)
4 x—>b-0 /

and (iii) it is continuous at an interior point ¢ of [a,b]i.c.,atce]a,b|

if f—=0)=f(c)=f(c+0)
e, if lim f@x)=f()=lim f (x).

x—>c¢-0 x—c+0

8 Discontinuity

Definition: Ifa function is not continuous at a point, then it is said to be discontinuous at that
point and the point is called a point of discontinuity of this function.

Types of Discontinuity:
(i) Removable discontinuity: (Meerut 2011; Avadh 14)

Afunctionfis said to have aremovable discontinuity atapointa if lim f (x)existsbut

is not equal to f (a)i.c., if r—a

f@a+0)=f(a-0)= f (a)

The function can be made continuous by defining it in such a way that

lim f (x)=f (a).

X—a

(ii) Discontinuity of the first kind or ordinary discontinuity:

(Meerut 2010B)
A function fis said to have a discontinuity of the first kind or ordinary discontinuity at a if
f (a+0)and f (a —0)both exist but are not equal. The point a is said to be a point of
discontinuity from the left or right according as f (a—-0)# f (a)= f (a+0) or

fla=0)=f(a)# f (a+0).
(iii) Discontinuity of the second kind: (Meerut 2003, 10B)

A function f is said to have a discontinuity of the second kind, at a if none of the limits
f(a+0)and f (a-0)exist. The point a is said to be a point of discontinuity of the
second kind from the left or right according as f (a —0) or f (a +0) does not exist.

(iv) Mixed discontinuity: (Meerut 2012B)

Afunctionfis said to have a mixed discontinuity ata, if fhas a discontinuity of second kind
onone side of a and on the other side a discontinuity of first kind or may be continuous.
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(v) Infinite discontinuity:
A function f1is said to have an infinite discontinuity at a if f (a +0)or f (a —0)is+ e or

— 0. Obviously, if fhas a discontinuity at 4 and is unbounded in every neighbourhood
of a, then fis said to have an infinite discontinuity at a.

O Jump of a Function at a Point

If both f (a+0)and f (a — 0)exist, then the jump in the function at a is defined as the
non-negative difference f (a+0)~ f(a—0). A function having a finite number of
jumps in a given interval is called piecewise continuous.

10 Algebra of Continuous Functions

Theorem 1: Let fand g be defined on an interval L If f and g are continuous at a € I, then
f + g is also continuous at a.
Theorem 2:  Let fand g be defined on an interval I. If fand g are continuous at a € I, then fg is
continuous at a.
Theorem 3: If fis continuous at a point a and ¢ € R, then cf is continuous at a.
Theorem 4: Let fand g be defined on an interval I, and let g (a) # 0. If fand g are continuous
atacel, then f/ gis continuous at a .
Theorem 5: If fis continuous at a then | f | is also continuous at a.
Note: 'The converse is not true. For example, if

f (x)=-1Lfor x<aand f (x)=1for x>a then

lim | f(x)|=1=]|f (a)], but lim f (x) does not exist.
x—a X—a

Thus | fis continuous at @ while f is not continuous at a.

[llustrative ExamI)les

Example 11:  Test the following functions for continuity :

(i) f)=xsin(l/x),x20, f(0)=0atx=0. (Kanpur 2005; Avadh 08;
Meerut 09B; Purvanchal 09; Kashi 12; Rohilkhand 14; Gorakhpur 12, 14)
Also draw the graph of the function. (Lucknow 2007)

(ii) £ (x)=2" when x 20, £ (0)=0 at x=0.
(iii) f(x)=1/(0=-¢%), x=0, f(0)=0atx=0.
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Solution: (i) Here f (0+0)= lim f©O+h),h>0
h—0

= lim f(h)= lim hsinlz().
h—0 h—0 h

l lim /=0 and <l1for all =0 ie., sin(l/h)

h—0

!
sin —
h

is bounded in some deleted neighbourhood of zero:|

Similarly f (0 -0)= lim f (O -h),h>0
h—=0

~ lim  f(-k)= lim ehnm(]ﬁ]

h—0 h—0

= lim /isin l =0, as before.
h—0
Also f(0)=0. Thus f(0-0)=f(0)=f(0+0).
the function f (x)is continuous at x = 0. To draw the graph of the function we put
y=r M.
Sothe graph of the functionisthecurve y=xsin(1/x),x#0and y =0whenx=0.

Y b
If we put — x in place of x, the equation of
q\ /ﬁ

this curve does not change and so this curve
is symmetrical about the y-axis and it is
sufficient to draw the graph when x> 0. N P

N e
Also r‘\ 4\

| f (0| =xsin(1/x)| = x| -|sin (1/x)] V/‘ Jx\j
. - ™
<|x|. [~ |sin(1/x)|<1]

for all x the curve y=uxsin(1/x) lies s N

B

between the lines y =xand y =—x.

Excluding origin the curve meets the y-axis Y N

at the points where

sinl:O i.e., where l:1t,2rc,31t,...z'.e.,wherex:i,i,i,.
X X T 2n 3%

Also y =xat the pointswheresinl=l ie., lzﬁs—ng—n
X x 2 2 2
2 2 2

L., X=—,—,—,.
T S5t 97

and y =-—xat the pointswheresinl:—l ie., 1231,71,.
X x 2 2
. 2 2

ie, x=— , — .
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We have dy:sin1+x(cosl)(—1):sin1—1cos-
dx X X ¥ X x X

So at the points where sin (1 / x) =1, we have cos (1/x)=0 and dy / dx =1li.e., at these
points the curve touches the straight line y = . Similarly at the points where
sin (1 / x) = — 1, the curve touches the straight line y = — x.

Also lim xsinl [Form e x 0]
X —> oo X

- gm0/ meg

X — oo l/X 0

= lim ?,puttinglzesothateaoasx%<><>
X

=L
Thus y — las x — e and so the straight line y =1is an asymptote of the curve.

Although the function is continuous at the origin, yet the graph of the function in the
vicinity of the origin cannot be drawn, since the function oscillates infinitely often in
any interval containing the origin.

From the graph it is clear that the function makes an infinite number of oscillations in
the neighbourhood of x = 0. The oscillations, however, go on diminishing in length as
x— 0.

Note 1: If we are to check the continuity of f (x)at any point x = ¢,where ¢ # 0, then
we see that

lim f(x)= lim xsinl:csinl:f(c)
x> x—c X c

and so f (x)is continuous at x =c.
Thus f (x)iscontinuousforallxe R ie., f (x)iscontinuousonthewholerealline.
Note 2: 1f we take f (0) =2, the function becomes discontinuous at x =0 and has a

removable discontinuity at x = 0.
(ii) Here f(0+0)= lim f(©+h)= lim 2/"=2"=

h—0 h—0
FO=-0)= lim fO-h= lim 27" =27==0 and f(0)=0.
h—0 h—0

Since f (0 +0) # f (0 —0), therefore the function is discontinuous at the origin.

It has an infinite discontinuity there.

1
iii) Here 0+0)= lim 0O+h)= lim —~=
(iii) FO+0)= lim fO = lim

1
O -0)= lim O-h = lim ——
/ o h—01-¢/"
Since f (0 +0) = f (0 —0), hence f (x)is discontinuous at x = 0 and has discontinuity
of the first kind. This function has ajump of one unitat Osince f (0 +0)— f (0 -0)=1

L

=0.
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Example 12:  Consider the function fdefined by f (x) = x — [ x |,wherex is a positive variable

and [ x | denotes the integral part of x and show that it is discontinuous for integral values of x and
continuous for all others. Draw its graph.

Solution: From the definition of the function f (x), we have
fx)=x—-(m-1) for n—l<x<mn,
fx)=0 for x =n,
fx)=x-n for n< x<n+1, where n is an integer.
We shall test the function f (x) for continuity at x = n.
We have f (n)=0;
fm+0)= lim fm+h)= lim {n+h)-n} [n<n+h<n+]]
h—0 h—0
= lim h=0;
h—0
and fm=0)= lim f@m-h)= lim {n-h)—@n-1)
h—0 h—0
[vn=l<n-h<n]
= lim (1-h)=1
h—0

Since f (n+0)# f (n—0), the function f (x) is discontinuous at x =n. Thus f (x) is
discontinuous for all integral values of x. It is obviously continuous for all other values
of x.

YJ\

Olz=0 z=1 5=2 x¥=3

Since x is a positive variable, putting n=1,2,3,4,5,... we see that the graph of f (x)
consists of the following straight lines :

y=x when O < x<1, y=0when x =1
y=x-1 when l< x< 2, y=0when x=2
y=x-2 when2< x< 3, y=0whenx=3
y=x-3 when3<x<4, y =0 when x =4 and so on.

The graph of the function thus obtained is shown by thick lines from x =0 to x =4.
From the graph it is evident that :

(i) The function is discontinuous for all integral values of x but continuous for
other values of x.
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(ii) The function is bounded between O and I in every domain which includes an
integer.

(iii) The lower bound O is attained but the upper bound 1 is not attained since
f (x) # 1 for any value of x.

Example 13: Show that the function f (x)=[x]+ [— x] has removable discontinuity for
integral values of x. (Kanpur 2009)
Solution: Weobservethat f (x) =0,whenxisanintegerand f (x) =— 1, whenxisnot
aninteger. Hence if nis any integer, we have f (n —0)= f (n +0)=-1land f (n) =0. So
the function f (x) has a removable discontinuity at x = n, where 7 is an integer.
Example 14: Let y = E (x), where E (x) denotes the integral part of x. Prove that the function is
discontinuous where x has an integral value. Also draw the graph.

Solution: From the definition of E (x), we have

X -1 for n-1<x<n,

E(x)=n
E(x)=n for n<x<n+l
E(x)y=n+1for n+l<x<n+2,
and so on where 7 is an integer.

We consider x = n.

Then E(n)=n, Em—-0)=n—-1land E(n+0)=n.

Since E (n +0) # E (n — 0), the function E (x)is discontinuous at x = ni.e.,whenx has an
integral value.

Evidently it is continuous for all other values of x.

To draw the graph, we putn=...,-4,-3,-2,-1,0,1,2,3,4,..., so that

y=—4 when -4<x<-3,

y=-3 when -3<x<-2,

y=-2, when —-2<x<-1,

y=-1, when -1<x<0,

y=0, when 0<x<l

y =], when 1<x<2

y=2, when 2<x<3

y=3, when 3<x<4

y =4, when 4< x<5 and so on.

The graph is shown by thick lines.
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(-4 -3 2 -1 ojo 1, 2) 3 4, X
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I I —l - -2 | I | |
| I | I | I | |
| — [ - -3 | l | |
[ I | [ | I [ |
e | [ - -4 | [ I |
I I I I | I | |
Example 15:  Show that the function ¢ defined as
0 for x=0
% -x for O<x<—
1 1
X)= —_— - = —
0 (x) 2 Jor ’; 2
) for 5 <x<l
1 for x=1

has three points of discontinuity which you are required to find. Also draw the graph of the function.
(Rohillhand 2009; Avadh 10, 13)

Solution: Here the domain of the function ¢ (x) is the closed interval [0, 1].
When O < x< 21 , 0 (x) = 21 — x which is a polynomial in x of degree 1. We know that a

polynomial function is continuous at each point of its domain and so ¢ () is continuous

at each point of the open interval 0 < x < %
Again when 2i <x<lo(x)= % — x which is also a polynomial in x and so ¢ (x) is also

. . . 1
continuous at each point of the open interval ) <x<l

. . . o 1
Now it remains to test the function ¢ (x) for continuity at x =0, o) and L

(i) Forx=0,we have ¢ (0) =0,
1

60+0)= lim 6O+h) = lim ()= lim G-h):z

h—0 h—0 h—0

Since ¢ (0)# ¢ (0 +0), the function ¢ (x) is discontinuous at x=0 and the
discontinuity is ordinary.
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(ii) Forx=21,we haveq)(zl):zl,

q)(l-o): lim q)(l—h): lim [1—(1—11)},
2 h—0 \2 h—o [2 \2

[Note that O < l -h< l:l
2 2

= lim h=0.
h—0

Since ¢ (% - 0) £0 (%) , the function ¢ (x) is discontinuous from the left at x =1/ 2.

1 1
Again d(=+0)= lim o(=+h),h>0
§ 27 50"
= lim [3—(l+h):| [ l<l+h<1]
h>0 |2 \2 2 2
= lim (l—h)—l;tq)(l)—L
h—0 2) 2

Thus the function ¢ (x) is discontinuous from the right also at x = % .

In this way ¢ (x) has discontinuity of the first kind i.e., ordinary discontinuity at x = 1

and the jump of the function at x =1/ 2 is ¢(%+O)—¢(%—O)i.e.,l—0 ie., L

(ili) Forx =1, we have ¢ (1)=1,
d1-0)= lim o(-h)
h—0

= lim [3/2)-(-h)], [Note that l<1-h<1]
h—0 2

= lim (l+h)=l
h—0 \2 2
Since ¢ () # ¢ (1 - 0), ¢ (x)isdiscontinuous at x = land the discontinuity is ordinary.
Hence the function ¢ (x) has three points of

. o 1 Y4
discontinuity at x =0, 3 and 1.
| |

The graph of the function consists of the point I I
(0,0); the segment of the line y = 21 - x, : 2y R l 4.1)

1 (11 NG, |
O<x< 3 ;the point R ;the segment of the | *)

3 | o IR
line y == —x, —<x<Land the point (I, I). AN V17

2 2 = | |
Thus the graph is as shown in the figure. From * [ [
the graph we observe that the function is {0,0) | | N
discontinuous at x =0, 1 and 1. 0 r=1 o X

2 2




Kaisfea's T.B. Real Analysis

218
Example 16: Determine the values of a, b, ¢ for which the function
sin (a+1) x + sin x for x<0
x
S 0= Ve for %=0
(x+ bx23/2 -x for >0

is continuous at x = 0.
(h + bh2)1/2 _ h1/2

Solution: Here f(0+0)= lim f (O +h)= lim

h—0 h—0 b2
1
1/2 {1+ =Dbh+..}-1
= fim TEPVTAL g, T2 -
=0 bh h—0 bh 2

which is independent of b and so b may have any real value except 0.

sin (a + 1) (= &) +sin (= /)

Again f (0 -0)= limo f(O-h)= lim

h— h—0 (=h)
~ lim sin(a+1)h+sinh
h—0 h
2 sin (lu + l) hcos (ah / 2)
= lim 2
h=0 h
= lim M(ﬂ+2)cos(ah/2)=a+2.

h—0 {a+2)/2}h

For continuity at x =0, we have f (0 +0)= f (0 -0)= f (0)

ie., l=a+2=c. c=landﬂ=—§~
2 2 2

Example 17: A function f (x) is defined as follows :

(x2 /a)—a, when x<a
fx)= 0, when x=a
a—(a®/x), When x>a.

Prove that the function f (x) is continuous at x = a.
(Bundelkhand 2007; Avadh 09; Rohilkhand 13)
Solution: 'We have

2
f(ﬂ+0)=hlin0f(a+h)= lim [a— a :l

h—0

[ f (x)=ﬂ—(a2 / x) for x> a]
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[+ f(x)=(x*/a) - afor x<a]
=[®/a)-al=a-a=0.
Also, we have f (a) =
Since f (a+0)= f (a—0) = f (a), therefore f (x)is continuous at x = a.

Example 18: Examine the function defined below for continuity at x =a :

f )= ! cosec[ ! J,xia
x—a x—a

and f(x)=0,x=a. (Avadh 2004; Lucknow 08)
Solution: Wehave f(a+0)= lim f(a+h)
h—0
. 1 .
= lim cosec = Iim ————
h—>0 a+th—a a+h—a J—0 hsin(1/h)
=+ oo, since isin(1/h)— 0 ash— 0.
1 1
0)= 1 )=l
fa-0)= hinO f(a hinO ﬂ_h_acosec(a_h_“J

S TSN (LS S, (A S
h—0 |l sin{=(1/m}| h—0 hsin(l/h)
=+ oo, since sin(1/ h)— 0 ash— 0.

Also, we have f (a) =

Since f (a+0)= f (a —0) # f (a), the function f (x)is discontinuous at x = a, having
an infinite discontinuity of the second kind.

Example 19:  Examine the function defined below for continuity at x =0 :

sznz ax

f )= 2 forx#0, f (x)=1for x=0.

(Lucknow 2006, 07; Meerut 10)

Solution: We have f (0) =
sin? ah
haO n?

fO+0)= lim  fO+h)= lim f (i

. 2
= lim (smah) .a2:l.a2:a2;
h—0 ah




Kaisfea's T.B. Real Analysis

[r-250)
and fO=-0)= lim fO-h= lim f(=h)= lim sin® (= ah)
h—0 h—0 o0  (=h)?
.2
— lim stah:az
h—0 h

Since £ (0 +0)= f (0 -0)# £ (0).

Hence f (x)is discontinuous at x = 0.

Example 20: A function f (x)is defined as follows :
f)=l+xifx<2and f (x)=5-xifx>2.
Is the function continuous at x =2 ? (Meerut 2002, 06; Lucknow 09)
Solution: Here f (2)=1+20r5-2=3;
f@2+0)= hlimo f (2 +h), where I is + ive and sufficiently small
-

= lim [5-@2+h)], [“2+h>2and f (x)=5—xif x>2]
h—0

= lim (3-h)=3;
h—0
lim

and f(2_0)=h—>0

f (2 —=h), where I is + ive and sufficiently small
= lim [1+@2-h)],
h—0 [+2-h<2and f (x)=1+xif x<2]

= lim (3-h)=3.
h—0

Thus f(2+0)=f(2-0)=f (2). Hence the function f (x)is continuous at x = 2.

Example 21:  Discuss the continuity of the function f (x) defined as follows:

f (x):xzforx<—2, fx)y=4for-2<x<2, f (x):x2forx>2.
Solution: We shall test the continuity of f (x) only at the points x=—-2 and 2.
Obviously it is continuous at all other points.

At x=-2. Wehave f (-2)=4;

f(=2+40)= lim f(-2+h)= lim 4=4;
h—0 h—0

f(=2-0)= lim f(=2-h)= lim (-2-h),
h—0 h—0 ['.'—2—h<—2]

=4.
Since f (-=2+0)= f (-2-0)= f (- 2), the function is continuous at x = — 2.

At x=2. Wehave f (2)=4;
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F@+0)= lim f@+h)= lim 2+h)?=4;
h—0 h—0

(2-0)= lim @2-h)= lim 4=4.
f h—0 f h—0

Since f (2+0)= f (2-0)= f (2), the function is continuous at x = 2.

@mprehensive Exercise 2

1. Discuss the continuity and discontinuity of the following functions :
(i) f@)=x -3x
(i) f(x)=x+x""!
(i) f )=
(
(
(

iv) f (x)=sinux.

v) f(x)=cos(l/x)whenx=0, f (0)=0. (Lucknow 2003)
vi) f(x)=sin(1/x)whenx=0, f (0)=0. (Lucknow 2011)
sin x
ii = h #z0and f (0)=1.
(Vi) f () whenr#0and f(0) (Kanpur 2007; Avadh 08)
A |
(viii) f (x)=TWhenx¢O and f (0)=1.
e’ " +1 (Meerut 2004B; Kumaun 10)
gl/x
(ix) f (x):il/xwhenxio,f 0)=0.
I+e (Lucknow 2011; Bundelkhand 11)
xel/¥
(x) f(x)=71/+sin(l/x)whenx¢0,f(0)=0.
I+e¢"/*

(xi) f (x)=sinxcos(/x)whenx=0, f (0)=0.

cl/x2
) ) o ————, whenx=#0
2. (i) Examine at x =0, the continuity of  f (x)= 1— el/xz
1, whenx =0.

(Meerut 2008)

r .1
sin
X—a x-—a

(ii) If f (x)= ,find f (a+0)and f (a-0).

Is the function continuous at x =a ?




A2

3.
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Find out the points of discontinuity of the following functions :

i) f=@2+ A1 4 cos e/ for x#0, f(0)=0.

(i) f(x)=1/2" for1/2" 1 < x<1/2" 1=0,1,2,...and f(0)=0.

If f(x)= 1 sin 1 for x 20 and f (0) =0,show that f (x)is finite for every value
X x

of x in the interval [-L1] but is not bounded. Determine the points of

discontinuity of the function if any.

A function f defined on [0, 1] is given by
S ) ={

X, if x is rational
1— x, if x is irrational.
Show that f takes every value between O and 1 (both inclusive), but it is

continuous only at the point x = L
2 (Rohilkhand 2012B)

l , if xis rational
Prove that the function f defined by f (x) = 21
3 if x is irrational
is discontinuous everywhere.
1/x
(i) Show that the function f defined by f (x)= Ix ¢ 7 0, f(0)=1is
+e

not continuous at x =0 and also show how the discontinuity can be
removed. (Rohilkhand 2006; Lucknow 08; Meerut 11)
(ii) Show that the function f (x) = 3x% +2x - lis continuous for x = 2.

(iii) Show that the function f (x)=(1+ 20 x 20,
and f (x)= ¢, x =0 is continuous at x = 0.

_— if x<0
S5¥x—-4 if O<x<l1
47% 3x if 1<x<?2
3x+4 ifx>2

Examine the continuity of the function f (x) =

at x=0,land 2. (Meerut 2004, 06B, 07B; Lucknow 06; Avadh 06;

Purvanchal 06, 10; Gorakhpur 15)
(i) Show that the function
M1
f(x)= T ,x#0 and f (0)=0 is discontinuous at x =0.

(ii) Show that the following function is continuous at x =0 :

F=S"F L0, F0)=1.
X
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14.

15.

16.

17.
18.
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Discuss the continuity of the function  f (x)= ;1/ when x¥=0 and
|
f (0) =0 for all values of x. (Lucknow 2010)
Prove that the function f (x) = Ll forx #0, f (0) =0 is continuous at all points
x
except x =0. (Kanpur 2008; Meerut 09; Gorakhpur 11)
Test the continuity of the function f (x) at x =0 if
1/x
f (x)anl(/lx/x),xio and f (x)=0,x=0.
l+e (Meerut 2005)
Examine the following function for continuity at x =0 and at x = I:
> for x<0
f@x)=11 forO<x<l
1/ x for x>1. (Meerut 2001,03, 04B, 05)
Discuss the continuity of the following function at x =0 :
| cosx, x >0
f = —cos x, x<O0.
Test the continuity of the following functions at x =0 :

(i) f(x)=xcos(1/x),whenx=0, f (0)=0. (Meerut 2007)
(ii) f (x)=xlog x,for x>0, f (0)=0.

Discuss the nature of discontinuity at x =0 of the function f (x)=[x]—[- x]
where [x | denotes the integral part of x.

Discuss the continuity of f (x)=(1/ x)cos (1/ x).

Give an example of each of the following types of functions :

(i) The function which possesses a limit at x =1 but is not defined at x =1
(i) The function which is neither defined at x = I nor has a limit at x = 1.

(iii) The function which is defined at two points but is nevertheless
discontinuous at both the points.

In the closed interval [- 1, 1] let f be defined by
f(x)=x2 Sin(l/xz)forxio and f (0)=0.

In the given interval (i) Is the function bounded ? (ii) Is it continuous ?

@nswers 2

i) Continuous for all x ii) Discontinuous at x=0

i iv) Continuous for all x
vi) Discontinuous at 0

viii) Discontinuous at O

iii) Discontinuous at x =0
v) Discontinuous at x=0
vii) Continuous for all x

( (
( (
( (
( (




Az

Kaisfua's T.B. Real Analysis

(ix) Discontinuous at 0 (x) Discontinuous at 0
(xi) Continuous for all x

2. No, it has a discontinuity of second kind. Here both f(a+ 0) and f(a—-0)
do not exit
3. (i) Discontinuous at x=0
(i) Discontinuous at x=1/2"=123,...
4. Discontinuous at 0
8. Continuous at x=1,2 and discontinuous at x =0
10.  Discontinuous only at x=0 and the discontinuity is ordinary
12.  Discontinuity of the second kind at x=0
13. Discontinuous at x=0 and continuous at x =1
14. Discontinuous at x=0
15. (i) Continuous (i) Continuous
16. Discontinuity of the first kind
17.  Continuous for all x, except at x =0 where it has discontinuity of the second
kind
18. (i) f(x)=4 for x>1, f(x)=x° for x<I
(il) f(x)=-2 for x<I, f(x)=2* for x>1
(iii) f(x)=0 for x<O0, f(x):%—x for O<x£%, f(x)=%+ x for x>%
19. (i) Yes (ii) Yes
@jective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (¢) and (d).
1 lim | ¥| is equal to
x>0 oy d
(a) 1 (b) -1
(c) 2 (d) The limit does not exist
lim e” .
2. is equal to
r—->0 x d
(a) O (b) 1
(c) -1 (d) 2
i -2
3. lim ~|x =2 is equal to

r—=2+ x-2
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lim |x-3] .
1
¥ 3 oo is equal to
(a) -1 (b) 3
(c) -3 (d) 1 (Meerut 2003)
fim & is equal to
=0+ J/x d
(a) -1 (b) 1
(c) O (d) 2
SINST i 20
The value of K for which f (x) = Sx
K ,if x=0
is continuous at x = 0, shall be
(a) 1/3 (b) 3/5
() O (d) 5/3 (Kumaun 2008)
The value of fim sin 1 shall be
n—0 n
(a) 1 (b) -1
(c) O (d) non-existent (Kumaun 2009)
. m_ _m
The value of lim v 7 —a” shall be
X—a X—a
(a) mx m -1 (b) a m =1
(c) ma™! (d) x”1 (Kumaun 2011)
Fill in the Blank(s)
Fill in the blanks “...... 7, so that the following statements are complete and correct.
A function f (x) is continuous at a point x =a if xli—r>na f)=....

(Bundelkhand 2008; Kumaun 14)
lim x2-1
xr—=1 x-1
lim  sin(x/4)
x—0 X

lim xg—l_

xﬁl ﬁ_ .......
lim 1/x
1 =
x%0(+ﬂ

Iim 4%—1

x—0 X
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7.

10.

11.

12.

13.
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If f (x) = x —[x], where [x] denotes the greatest integer less than or equal to x,
then f(x)=...... Jfor3<x<4.

Let Nk ,0<x<l1
etf ()= 3—x, 1<x<2.
lim
Thenx_)l_ fx)=....
1 , r<l1
Let f(x)=42-x, I<x<2
2 , x>2.
. 3
Then (i) f(§)= ......
.. lim
(ii) P fx)=... and
lim

(iii) 9 fx)=.... (Meerut 2003)

lim [sinx|
x—0 - X

. . o .o lim .
Afunction f (x)hasaremovable discontinuity atx =a if f (x)exists but
x—a

is not equal to ...... .

The domain of the function f (x) = L N .
x
sin x 20
The domain of the function f (x)=4{ x
1 ,x=0

is ...... .

True or False
Write “T7 for true and “F’ for false statement.
x, when x<0
If f(x)=< 1, when x=0
x2, when x>0,

lim
thenx% 0 f (x)=0.
sin x
The function f (x)=4 «x
2 , x=0

,x#0

is continuous at x = 0.




Limits and Continuity

R-257|ln,

sinx, x>0

3. The functi =
e function f (x) {—sinx <0
is continuous at x =0.
4. For xli—r>na f (x) to exist, the function f (x) must be defined at x = a.
5 The functi B xcos(1/x), x#0
. e function f (x) = 0 =0
is discontinuous at x =0.
6. If a function f is continuous at a, then| f|is also continuous at a.
sin x 0
7. The function f (x)=1{ x
1 , x=0
is continuous at x =0.
1 , r<1
8. The function f (x)=42-x, I<x<2
2 , x=>2
is discontinuous at x = 1.
9. lim —sinx_ L
X —> oo X
10. lim sin3x -1
x—0 X
pp, fmosinZr_,
r—>0 x
192. lim sinx _ 1
x—>0 2x 2
@HSWCI’S
Multiple Choice Questions
1. (d) 2. (b) 3. (b) 4. (a) 5. (b)
6. (d) 7. (d) 8. (o)
Fill in the Blank(s)
1 3
1. 2. 2 3. = 4. = 5
@) 4 2 ‘
6. log.a 7. x-3 8. 1 9. (i) % (i) 1 (i) 0
10. -1 11.  f(a) 12. R-{0} 13. R
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A>3

True or False

1. T 2. F 3. T 4. F 5. F
6. T 7. T 8. F 9. F 10. F
11. T 12. T




Differentiability

1 Definitions

Derivative at a Point. (Bundelkhand 2010)

Let I denote the open interval |a, b in R and let x¢ € 1. Then a function f :1 — Ris said to be
differentiable (or derivable) at x iff

lim S (o + 1) = f (o) or equivalently 7f ) = f (%)
h—0 h rY=>X  x-x

exists finitely and this limit, if it exists finitely, is called the differential coefficient or
derivative of fwith respect to x at x = xy .

It is denoted by f ' (xp) or by D f (xg).
Progressive and regressive derivatives.

The progressive derivative of f at x = x; is given by

im0 +h)—f(xo)7h>0.
h—0 h
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It is also called the right hand differential coefficient of fat x = x and is denoted by
R f 7 (x9) or by f’ (xg +0).
The regressive derivative of f at x = x; is given by
lim f (X() _h)_f (XO) ,h>0.
h—0 —h

It is also called the left hand differential coefficient of f at x = xy and is denoted by
L f’" (x9) or by f’ (x9 —0).
It is obvious that fis derivable at xq iff L f’ (xy) and R f”’ (xy) both exist and are equal.

Remark: If f (x)=ag x " +a; x "1 +...+a,_| x+ay,isapolynomial in x of degree

n, then f (x) is differentiable at every point a of R.
Differentiability in an interval: (Meerut 2003)
Open interval |a, b[. A function f :la,b [— Ris said to be differentiable in la, b| iff it is
differentiable at every point of a, b|.
Closed interval ] a, b[ A function f :[a,b]— R is said to be differentiable in [a, b] iff
R f 7 (a)exists, L f ' (b) exists and f is differentiable at every point of la, b|.
Derivative of a function: (Gorakhpur 2010)
Letfbe a function whose domain is an interval I. If I} be the set of all those pointsxof I at
which fis differentiablei.c., f 7 (x)exists and if I} # &, we get another function f “with
domainIy. Itis called the first derzmtzve of f (or simply the derivative of f). Similarly 2nd,
3rd, ..., nth derivatives of f are defined and are denoted by f’’, "’ ,...,f(”)
respectively.
Note: The derivative of a function at a point and the derivative of a function are two
different but related concepts. The derivative of f at a point 4 is a number while the
derivative of fis a function. However, very often the term derivative of f is used to
denote both number and function and it is left to the context to distinguish what is
intended.
An alternate definition of differentiability:
Letfbe a function defined on an interval I and let a be an interior point of I. Then, by the
definition of f ' (a), assuming it to exist, we have

Fa= tim S0 @

X—a X—a

i.e., f’(a)exists if for a glven e> 0, there exists a > 0 such that

) S

X—a

—f'(a)|<swhenever0<|x—a|<8

or equivalently

€la-08,a+d[= f'(a)—¢e<
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2  Geometrical Mea11i118 of a Derivative

We take two neighbouring points P [a, f (a)] and Q [a + &, f (a + )] on the curve
y=r M.

Let the chord PQ and the tangent at P meet the x-axis in L and T respectively. Let
ZQ LX =0 and £ PTX =wy. Draw PN and QM L to OX and PH 1 to QM.

Then PH=NM=0OM -ON =a+h—-a=h,
and QH=QM - MH =QM - PN = f (a+h)— f (a).
g @ _ fath) - f @
PH h (1)

As h— 0, the point Q moving
along the curve approaches the
point P, the chord PQ
approaches the tangent line TP
as its limiting position and the
angleo.approaches the angle y.

Hence taking limits as 1 — 0,
the equation (1) gives

tany = f ' (a). /
Hence f ’(a) is the tangent of hJ
the angle which the tangent line T

to the curve y= f (x) at the
point P [a, f (a)] makes with x-axis.

5 Meaning of the Sign of Derivative

Let £ (c)> 0 where ¢ is an interior point of the domain of the function f ; then

i 0= FO_ 00

X—C X—cC

If £>0 be any number < f ”(¢), there exists 8> 0 such that

|x—c|< 6:>rf(x)_f(c)—f’(c)r<e

X—cC
ie., xelc=08,c+d],x#c¢
= we]f'(c)-e,f'(c)m[ (1)

Since € was chosen smaller than f ’ (¢), we conclude from (1) that

S )= f©)

X—=c

We then have, f (x)— f (c)>0 whenc<x<c¢+9§

>0 whenxe[c—90,¢c+8],x#c.




Kaisfea's T.B. Real Analysis

AlF252)

and f(x)—f()<0whenc—6<x<c
Thus we have shown that if f”(c)> 0, there exists a neighbourhood [¢ —8,¢ + 8] of ¢
such that

fx)>f() VYxele,c+d]and f (x)< f(c) Vxelc—dc[
If f7(c)<0,itcanbe 51mllarly shown that there exists a nelghbourhood [c =8,¢ +d]ofc
such that

f@)>f() ¥Yxelc-08,cland f (x)< f(c) Vxelc,c+35]

Similarly, it can be shown for the end pointsa and b that there exist intervals Ja,a + 8 ]
and [b — §, b[ such that

fr@a)>0= f(x)> f(a) ¥ xe]a,a+3]
ff@<0=fx)< f(a) ¥ xela,a+3]
frh)>0= f(x)< f(h) ¥ xe[b-3,b]
and frh)<0= f(x)> f () ¥ xe[b-3§Db]

4 A Necessary Condition for the Existence of a

Finite Derivative

Theorem 1. Continuity is a necessary but not a sufficient condition for the existence of a finite

derivative. (Kanpur 2007, 12; Meerut 10, 10B, 11; Avadh 10; Kashi 14;

Gorakhpur 13, 14)

Proof: Let f be differentiable at x; . Then lim S W= f (o) exists and equals
X— X X=X

f(x)—f(xo)(

X — X

f " (x9).- Now, we can write f (x) — f (x) = x—xp), if x# xp .

Taking limits as x — xy , we get

lim [f ()= f (x)]= lim {f(x)—f(x()) (x—xo)}

X=Xy X=Xy X=X
= im LS00 s ) £ (x).0=0,
X = Xp X =10 X = X
so that lim  f(x)=f (xp).
X = X

Hence f is continuous at xy. Thus continuity is a necessary condition for
differentiability but it is not a sufficient condition for the existence of a finite
derivative. The following example illustrates this fact :

Let f (x)=xsin(I1/x),x=0 and f (0)=0. (Gorakhpur 2014)

This function is continuous at x = 0 but not differentiable at x =0.
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Since lim f (x)= lim xsinl=0=f(0), therefore the function f (x) is
x—0 x—0 X

continuous at x =0.

Now R f’©)= tim LOXN=SO_ SB-FO
h—0 h h—0 h
= lim M: lim sin ,
h—0 h h—0 h

which does not exist. Similarly L f” (0) does not exist.

Thus f (x) is not differentiable at x = 0, though it is continuous there.

5 Algebra of Derivatives

Now we shall establish some fundamental theorems regarding the differentiability of
the sum, product and quotient of differentiable functions.

Theorem 1: Ifa function fis differentiable at a point x¢ and c is any real number, then the
Sfunction ¢ f is also differentiable at xy and (¢ f )’ (xg)=c [ (xp).

Proof: By the definition of f * (xy), we have

f(x)_f(x()):f'(xo).

lim
X = X X =X
Now lim (cf)(x)—(cf)(xo): lim M
X = X X =10 X = X X = Xp
= lim {uf(x)_f(x())}zc. lim MZC}”(}@).
X=Xy X=X X = X X =X

Hence ¢f is differentiable at xy and (¢ f )’ (xg)=¢ f " (xp)-
Theorem 2: Let fand gbedefined on an interval 1. If fand g are differentiable at x € I, then so
also is f + gand

(f+8) (0)=f"(x0)+ ¢ (x)

Proof: Since f and g are differentiable at xj, therefore

im LS ey (1)
X=X X=X
and lim S0 =€E0)_ oy (2)

X = Xo X=X
Now i S O@=(f+ ¢ (o)
X — X X =X

o LA g@I-1f () + g ()]

X— x X=X
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C i [L® = fG0) g0 )
X — X X — Xy X =Xy
= gim LS00 £ -g(o)
X = Xp X=X X — Xy X=X

as the limit of a sum is equal to the sum of the limits
= f " (x) + g (xp), using (1) and (2).
Hence f + g is differentiable at xy and
(f+8) ()= f"(x)+ g (x0)
Theorem 3:  Let fand gbe defined on an interval 1. If fand g are differentiable at xo € I, then so

also is fg and - ( fg)" (x0) = f " (x0) & (x0) + f (x0) &" (x0)-
Proof: Since f and g are differentiable at x; , we have

tim LSOO oy (1)
X = X X =X
im g () - g(xo) _
and tox am 8 G0 G
Now i D@ =(R) o) _ () g0~ [ (x0) g (x0)
X — X X=X X = X X = Xq
_ L g0 = f (x0) g0+ f (o) § () - f (x0) g (%0)
X — X X = X
= gim | LS () fo@@M
X = xp =10 X = Xp
= lim S )= ] (%) lim g(x)+ f (x9). lim &)~ g (%)
X = Xp X=X X=X X=Xy X =X
=f " (x0) g (x0) + f (x0) & (x0), ;
using (1), (2) and the fact that x;mxo g2 (%) =g (x)

Note that g (x)is differentiable at x = x implies that g (x)is continuous at xy and so

lim g (x)= g (xp).
X — X

Hence fg is differentiable at xo and ( fg)" (x9) = f " (x0 ) g (x0) + f (x0) & (xp).
Theorem 4: Iffis differentiable at xy and f (xq) # O ,then the functionl/ f is differentiable
at sg and (1/ f Y (x0) =~ f " (x0) /L f (x0) ).

Proof: Since fis differentiable at x , therefore

lim M:f’(xo). (1)

X — Xy X=X




Differentiability

R-265]) N
Since fis differentiable at x; , it is continuous at x; , therefore

lim [ (x)= f (xp)#0. .. (2)
X = X

Also, since f (xg) # 0, hence, f (1) # 0 in some neighbourhood N of x;; . Now, we have
forxre N

1 1

lim SO fo) _ lim {_f(X)—f(xo) 11 }
=X =% X=X r=Xo S @) f ()
o SWSG0) 1

xoxy XY x—xy S f ()

’ 1 1 .

== f (xo)'f(xo)-f(xo),usmg(l)and (2)
== 7 (x0) / L f (x0))*.

Hence 1/ f is differentiable at xy and (1/ f )" (xg)=— f "(x9) / { f (xo)}2.

Theorem 5:  Let fand g be defined on an interval I. If fand g are differentiable at xo € I, and
g (x9) 20, then the function f / g is differentiable at x and
(f ) ) = L£00) /7 00) = f (50) & (10)]
0)= 9
g [g (x0)]

Proof: Use theorems 3 and 4 of article 5.

0 The Chain Rule of Differentiability

Theorem 1. Letfand gbefunctions such that the range of fis contained in the domain of g. Iffis

differentiable at xy and g is differentiable at f (x),then g o f is differentiable at xy , and
(gof) (xo)=g (f () f ' (x)

Proof: Let y= f (x)and yg = f (xp).

Since fis differentiable at x; , we have

f(x)—f(xo)zf,(x())

lim
X=X X=X
or f @)= f o)== [ f (x0)+ A ()] (1)

where A (x) > 0 as x — xp.
Further since g is differentiable at y , we have
g(y) =g ( o)

lim =g (o)
y—=>y0 V= Jo
or g(y)=g(yo)=(y-yo) g (o) +u ()] .(2)

where u(y)—0as y— yg.
Now (gof)()=(gof)(x)=g(f(x))-¢g(f (x0)=¢g(y)-¢g(r)
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=(y-20)[¢ (yo)+1 ()], by (2)
=[f ()= fx)]g (yo)+u ()]
=(x=x0) [ f () +A()][g (yo)+ur ()] by (1)

Thus if x # xp, then

(gof)(x)=(go f)(x)

X =X

=[ g (yo)+u (][ f () +rA®)].  ...(3)

Alsofbeing differentiable at x ,is continuous at xy and hence asx — x , f (x) = f (xp)

ie, y— yo.

Consequently i ( y) > 0 asx— xy and A (x) > 0 as x — xp .

Taking the limits as x — x , we get from (3)
lim (g0S)@~-(gof)(x)

X=Xy X=X

=g (yo)- [ (xo).

Hence the function gof is differentiable at xy and ( gof ) (xp) = g" ( f (x0)) f " (x0)-

I Derivative of the Inverse Function

Theorem: If f be a continuous one-to-one function defined on an interval and let f be
differentiable at xy , with f ’ (xy) %0, then the inverse of the function fis differentiable at f (xg)
and its derivative at f (xg)is1/ f 7 (

Proof: Before proving the theorem we remind that if the domain of fbe X and its
range be Y, then the inverse function g of fusually denoted by f ~ Vis the function with
domain Y and range X such that f (x)= y & g(y)=x. Also g exists if f is one-one.

Let y=f(x and yg=f (x9).
Since fis differentiable at x; , we have

lim f(x)_f(x()):f'(x())
X=X X=X
or f 0= f (0)=(x=30) [ f* (x0) +A(x)] (1)

where A (x) > 0 as x = x. Further, we have
g(y)—g(yo)=x—1xy , by definition of g.
g-¢g() _x-x _  x-x _ 1 by (1).
J=Jo y=yo f®=fo) [ (x)+rx
It can be easily seen that if y — yq ,then x — xg .

In fact, f is continuous at x, implies that g= f ~!is continuous at f (xg) = yo and
consequently
g(y)= g(yo)as y— ypie, x—=xgas y— Jo,
sothat A (x) > 0as y— yg .
lim ¢ (p)-g(p)_ 1lim 1 1
J=2Jo U= I 0 f o)+ A () f (%)
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1 , _ 1 '
Py O SVel=mrs

or g ()=

lllustrative Examl)les

Example 1:  Provethat the function f (x) =|x|is continuous at x = 0, but not differentiable at

x=0 where | x| means the numerical value or the absolute value of x.
(Rohilkhand 2007; Bundelkhand 08; Meerut 13B; Avadh 11)

Also draw the graph of the function.
Solution: We have f (0)=|0|=0,

lim lim lim lim

f(0+0):h%0f(0+h):h—>0f(h):h—>0|h|:h%OhZO
lim lim
and FO-00= " FO-m= " fEh
lim lim

“hool M=y =0
SO)=70+0)=7(0-0).

Hence f (x) is continuous at x =0.

Also, we have Rf ’(0) = hlin() w - hlinO M

lim |k|-0 lim . ..
= hDs0 o0 Z,(h being positive)

B lim =1
Th—>0
li —h) - li —h) -
and L=, SOBFO)_ Im fCH- 7O

= hlino # = hlino —Lh , (h being positive)
lim
Ths0
Since R f 7 (0)# L £’ (0), the function f (x)is not differentiable at x = 0.
To draw the graph of the function f (x) =|x]|.
x, x=20

-x, x<0.

I=-1

We have f (x) = {

Let y = f (x). Then the graph of the function consists of the following straight lines :
y=ux, x>0
y=—x x<0.
The graph is as shown in the figure. From the graph we observe that the function is
continuous at the point O i.e.,at the point x = O but it is not differentiable at this point.
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The tangent to the curve at the point O from g " A

the right is the straight line OA and from the
left is the straight line OB. Thus the tangent to a *

the curve at O does not exist and so the - 3
function is not differentiable at O.

€

Mo

Example 2:  Show that the function f (x)=|x|+|x —1| is not differentiable at x =0 and
xr=1L (Meerut 2005B, 08; Kashi 14)
Solution: We first observe that if x< 0, then

|x|==xand|x-1|=|l-x|=1-x ;
if 0<x<l then|x|=x and|x-1|=|l-x|=1-x;
and if x>, then|x|=xand|x-1|=x-1

the function f (x) is given by

1-2x, if x<O
flx) =11, ifO<x<l1
2x -1, if x>1
_ sy M £+ k) - f(0)
Atx=0. Wehave R f (0)_h—>0+
_lim (- £ ) _ lim 1-1 »
_h%OT_h_)()T,asf(x)—llfOSxSl
B lim 0-0
“h>0 7
sy M f (0 =h) = £ (0)
and Lf (O)_heO_—h
_lim f(R-f ) lm [-2(h)-1
" h—>0 iy “h>0 _ I
=1-2x,ifx<0
lim 2h lim 9 9 [ f X, if x< 0]

“Th>0_h h—>0
R f7(0)= L f’(0), so the given function is not differentiable at x = 0.
At x =1. We have
lim fA+n)-f@O lim [20+h)-1 -1

RITM=4 40 I “h—0 I
o lim 242p-1-1 lim 2 lim 9.9
“ho0 h k>0 h k07 7
, lim fA=h)-f(1) Iim 1-1 lim
and Lf (1)_h—>0 —h _h—>0—7h_h%OO_O

R f7(1)#L f’(l), so the given function f (x) is not differentiable at x =1.
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Example 3: Let f (x) be an even function. If {7 (0) exists, find its value. (Kanpur 2010)

Solution: f (x)is an even function, so f (—x)= f (x) V.

FrOexists =R £/ ©O)=L f(0)= £ (0).
ook p oy £ (- F©)
Now — f/O)=Rf 0=, ; >0
_lim o f k- fO) e
= LRSS0 [ f ()= f @)
L m SRS O o
“Thoo T on D HSO=-f70)

2/70)=0 = f'(0)=

_{ -1, -2<x<0

Example 4: Let f (x)= r-l 0 <x<2 and g(x)=f (|x])+]|f (x)|. Test the

differentiability of g (x -2,2[.
Solution: When—2£x£0,|x|=—xandwhen0<x£2,|x|=
Now -2<x20 = |x|=-
= fUxDh=f(x)=-x-1 [+0<—x<2]
S h B x—=1 O<x<2
owe have f (|x|)= ol —2<x<0
I, -2<x<0
and | f(x)]=9-x+1 O<x<1
x—1, I<x<2-
- X, -2<x<0
g=fUx)+f @] O, O<x<l

2x =2, l<x<2.
We see that g (x) is differentiable ¥ x € | — 2,2 [, except possibly at x =0 and 1.

Ly ™ g0-N-gO)_lm gh-g0)

K0k Tho0
Iim } -0 )
h—)O —h -0
lim ¢ +h)-g@©) lim 0-0
£ (0) = 80+ =-g0)_ 0-0_
RgO=) 0 7 o0 5 Y
Since L ¢ (0)#R ¢’ (0), g (x) is not differentiable at x = 0.
li _ li
Again Rg ()=, gt -g)_ Hm 2(+m)-2-0_,

h—=0 h h—0 h
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M7=

lim g(1-h)-g(1) lim 0-0

L ll: ——————————————————— — ’ 1‘
&=, 0 “h hoo —p S0 REM

g is not differentiable at x = 1.

Example 5:  Suppose the function f satisfies the conditions :
@) flary)=fOf(nVxy
3 3 ~ lim 3
(i) f(x)-l+xg(x)whe;ex_)0g(x)—
Show that the derivative f ' (x) exists and f ' (x)= f (x) for all x.

Solution: Putting & for y in the first Condltlon, we have

fx+dr)=f(x) f S x).

Then fx+8x)— f(x)=f(x) f@x)— f (x
o fla+d) - f(x)_ SOLf@)-1]
& N &
= W by given condition (ii)
=f(x) g@x).
li _ li
oo LRSS T @ g6 =f (.1
li
{."er—to g(&)zl}

f 7 (x)=f (x).Since f (x)exists, f’(x) also exists.

Example 6:  Show that the function f given by f (x)=x tan™ ' (1/ x)forx #0and f (0) =

is continuous but not differentiable at x = 0. (Purvanchal 2008; Lucknow 11;
Bundelkhand 12; Meerut 13)

Solution: Since ™ = M an L 20 = £ (0),therefore the functi
olution: mcex_>of(x)—x_>0xan o = f (0),therefore the function f
is continuous at x =0.
sy M fO+Rh) - f0) _ lim £ (k) - f(0)
Now Rf (0)_h—>0 h T h—>0 h
lim htan~'(1/h)-0 lim _1(1)
= = tan —
h—0 h h—0 h
:tan_loo:n
2
, im fO-h-f©0)_ lim f(h-f(©0)
and Ly 0= h—0 iy T h—0 —h

o dlim —ptan! (- 1/ k) -
=) iy
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= fim tan™! (—l)——tan_1 w=— L.
T h—0 h)~ 2

Since R f 7 (0)# L f(0), f is not differentiable at x = 0.

Example 7:  Investigate the following function from the point of view of its differentiability. Does
the differential coefficient of the function exist at x =0 and x =17

[ -x F  x<0
f(x)= i 2 if 0<x<l
3 .
Poxsl B>l (Meerut 2006)
Solution: We check the function f (x)for differentiability at x = 0 and x = lonly. For

other values of x, obviously f (x)is differentiable because it is a polynomial function. It
can be seen that f (x) is continuous at ¥ =0 and x = L

m fO-W-f@©)_ lm -©0-kH-0_

Now Lf 7 (0) = —_1

T h>0 —h >0 —h
sy M fO+R) - f©)_ lim 0+’ -0
and REO=) o™ “hso w

L f7(0)# R f’(0), the function is not differentiable at x = 0.
Em  f-m-f(1)  lim 1-n?-1

=0.

Again LFrm=, 0 “h “hs0 —n
lim -2k +4*  lim
“ho0  —n Thoo@TM=2
I _ I 3 _
i Ry M S0eR = f ) tim g e+l

"h—>0 I “h—>0 I

im 2% +3K% +43  lim 5 ,
S0 a0 @3 =2=Lf ().
Hence f 7 (1) exists i.e., the function is differentiable at x =1

x-1
Example 8: Find f* (1) if f(x)={2+" —7x+5
-1/3, when x =1
_ lime f e - £ (1)
" h—0 h

. 1+h-1 (-1)/
= lim 5 = h
h—=0|20+h)*-70+h)+5 3
Clim 3h4 204k -7+ k) +5
h=0 3n[20+h?-70+h)+5]
lim 252 lim 9 9

Tho 035 (—3h+2k%) h—>0-9+6k 9

, when x #1

Solution: We have f (1)
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Example9:  Test the continuity and differentiability in — oo < x < oo, of the following function :
f)=1 in —eo<x<0
=1+sinx in 0Sx<2ln

1\ 1
=2+(x——n) in —m<x< oo,
2 2 (Avadh 2009)

Solution: Weshalltest f (x)for continuity and differentiabilityatx =0 andn / 2. Itis
obviously continuous as well as differentiable at all other points.

(i) Continuity and differentiability of f (x) atx =0

We have f©O)=1+sin0 =1
Oo_lim Oh_lim h_liml = 1
FO+0)= T FO =, fOy=, " esink) =1
d Oo_lim Oh_lim h—liml—l
o JO=0=) ol 0= o/ =) ot=t
Since f©O)=f(0+0)=f(0-0), f (x)is continuous at x =0.
sy HMfO+h) - f(0)  lm £ ()~ f(0)
Now RO 0™ Thso T w
_lim (I+sink) - (I+sin0)  lim sinh_l_
T h—>0 h Th>0 h
sy Im fO=m) - f0) lim f(=h)- f(0)
and FEOS 0T T o
B lim 1-(1+sin0) lim i_ lim 00
h—>0 —h “h>0-hp h—>0
Since R f 7 (0)# L f7(0), f (x) is not differentiable at x = 0.
(ii) Continuity and differentiability of f (x)at x = % .
1 11 ¥
We have f(—n)=2+(—n—fn) =2;
2 2 2
1 O_Iim 1 h_1imF2 1 hlﬂ
f(§n+ )_h—>0f(§n+ )_h—>0[ +{(2n+ )_QE}J
_h—>0( +h)=2;
d 1 O_Iim 1 h—liml'l P
an f(i“_ )_h—>0f(§n_ )_h—>0[ ”m(in_ )]
lim

=h_>0(l+cosh)=l+1=2.
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Since f(ln)—f(ln+0)—f(ln—0) f is continuous atx—ln
2 2 2 ' 2
1 1
—n+h|-flom
R (e
oW f (5“)‘14%0 I
2 1 1 2
2+{—n+h——n} - 2+(—n——n)
_lim 2
>0 h
_ lim 2+h2_2: lim h=0:
h—0 h h—0
1 1
PRV WA ity wed o
an f (Qn)_h—>0 =
Lsin(Ln—n)-2
_ lim M TR I _lim —T+cosh
" h—>0 —h h>0 -

_ fim T-cosh _ lim 2sin® (h/2)
“h—>0 B h—>0 h

lim [sin (h/2) .
_h%0|:h/2.sm(h/2) =1x0=0.
Since R f7(0)=L f’(0), f (x)is differentiable at x:%n.

Example 10: If f (x)= x> sin(1/ x), for x#0 and f (0)=0, then show that f (x) is
continuous and differentiable everywhere and that f ' (0) = 0. Also show that the function f * (x)

has a discontinuity of second kind at the origin. (Meerut 2006B; Avadh 06;
Kumaun 12; Kanpur 14)
Solution: We have £ (0 +0)= "™ (0 +h2sin——= "™ p2gnl_g,
olution: e have f (0 + )_h—>0( +h) mnm—h_)() sz_ ;
0-0)= lim 0= lim ;
f(_ )_h%O f(_)_h_)o f(_i)
lim 5 lim , 1
_heo(_h) sm(—l/h)——h_>0h smﬁ—O.

f(O+0)=f(0-0)=f(0),so the function is continuous at x = 0.

I - I -
Now Rf'(o)zhinof(mhh) f(O)zhinof(h)hf(O)

lim p%sin(1/h)-0 lim |
N 2 = o eing =0
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sy M fO-m)-f©) lim f(-h)- f(0)
and O 0T o T o
_lim (= R?sin(=1/k)-0  lim ]
=10 7 _h_>0hsmz—0.
Thus R f7(0)=L f’(0) implies that f (x) is differentiable at x =0 and f "(0) =0.

For all other values of x, f (x) is easily seen to be continuous and differentiable.

Now f’(x)=2xsinl—cosiatx¢0andf’(0):0_
X X
0r0= ™ proem="" fru
frO+0)= g frO+h= 0 f )
lim 1 1
= (2 )i sin — — cos —), which does not exist.
h—0 h h

Similarly it can be shown that f (0 —0) does not exist.

Hence f “is discontinuous at the origin. Since both the limits f * (0 —0)and f * (0 +0)
do not exist, therefore the discontinuity is of the second kind.

Example 11: A function fis defined by~ f (x)=x¥ cos (1/ x),x#0; f (0)=0.

What conditions should be imposed on p so that f may be
(i)  continuous at x =0 (ii) differentiable at x =0 ?
Solution: 'We have

lim lim
f(0+0)=h—>0 f(0+h)=h_)0[(0+h)pcos{1/(0+h)}]
_ M s (1 1
=150 cos (1/ h) (1)
lim lim
and f(O—O):h_>O f(O—h):h_)O[(O—h)pcos{l/(O—h)}]
_ M P cos 2
_hao(_ YyP cos(1/h). ...(2)

Now if the function f (x)is to be continuous at x =0, then
SO+0)=f©0)=0=7f(0-0)
i.e., the limits given in (1) and (2) must both tend to zero.

This is possible only if p> 0, which is the required condition.
li - li -
Now R/ ™ SOER-fO)_ m f)-f0)

" h—>0 h T h—>0 h
lim pPcos(1/h)-0  lim _1 1
= S S A r -
P ? P h cosh ...(3)
li —h) - li AN - —
and Lf0)= im £ O-h)-f(©) lim (—h)Pcos(-1/h)-0

=0 —h T h—>0 iy
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lim

=00 =0 ? kP~ Veos(1/h). -(4)

Now if f ’ (x)exists at x =0 then we must have R f “ (0) = L f ’ (0) and this is possible
only if p—1>0i.e., p>1which gives Rf " (0)=0 =L f " (0). Hence in order that f is
differentiable at x =0, p must be greater than 1.

Example 12:  For a real number y, let | y] denote the greatest integer less than or equal to y.
Then if  f (x

_ tan (m[x—m])

5 , show that f’ (x) exists for all x.
I+ x]
Solution: From the definition of[ y], we see that[x — nt]is an integer for all values of x.

Then r (x — 7) is an integral multiple of w and so tan (x [x — w]) =0 ¥ x. Since [x]is an
integer so 1+ [x]* # 0 for anyx. Thus f (x) =0 forallxi.e., f (x)is a constant function
and soitis continuous and differentiablei.c., f ” (x)exists ¥ xandisequalto zero.

Example 13: Determine the set of all points where the function f (x)=x/(1+]|x]|) is

differentiable.
Solution: Since|x|=x,x>0,|x|=-x,x<0,|x|=0,x=0,
F)=—" x<0; f(x)=0,x=0; f (x)=——,x>0.
-x I+ x
We h Oo_lim 0 h_lim I Iim } 0.
¢ nave SO+ )_h—>0f( N )_h—>0f() h=>01+h
OO_lim 0 I_lim I Iim -}
SO0 g SO = o/ W= o1 T
Since f(O+0)=f(0)=f(0-0)=0sothefunctioniscontinuousatx = 0.
sy M fO-m)-fO) lim f(-h)-f(0)
- lim [-h/(A+h)] -0 lim ] .
T h—>0 —h Th01+h
R f o lim £ O+h)-fF©) lim [B/A+1)] -0
" h—>0 h “h—>0 h -

Since L f”(0)=R f ’(0), so the function is differentiable at x =0. It is obviously
differentiable for all other real values of x. Hence it is differentiable in the interval

]—oo,oo[.
Example 14: Let f (x) =7 (x) {1+ xsin(1/x)} for x>0, f 0
f()=—\/( x) {1+ xsin(1/x)} for x<O.

Show that f * (x) exists everywhere and is finite except at x = 0 where its value is + oo.

Solution: We have
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sy HM fO+h) - f(0)  lim £ ()~ f(0)
RITO=4 50 h “h—>0 h
_im Nh) {1+ hsin(1/h)} -0
" h—>0 h
i L U ysin (/)= o040 =
NENINTE )=
sy HMfO ) - f(0) _ lim £ (-h)- f(0)
and Lf (0)_h—>0——h_h%0f
—\/[—(—h)]|:l+(—h)sinl] -0
B lim —h
“h—>0 —h
lim 1 1
h_>0|:\/h+(\/h)smh:| oo+ 0 = oo,
Since. R f’(0)=L f " (0)=c, = f’'(0)=0o.
We have f'(x):2\1/X+2\/x51n§ \/—lxcoslforx>0
Dy 3y psinto 1 1
and fx)= TV )+2\/( x)smx \/(_x>cosxf0rx<0.

Hence f ’ (a)is finite for all a # 0.
Example 15:  Draw the graph of the function y =|x — 1| +|x — 2| in the interval [0, 3] and

discuss the continuity and differentiability of the function in this interval.
(Garhwal 2008; Meerut 07B, 09; Gorakhpur 12)

Solution: From the given definition of the function, we have
y=l-x+2-x=3-2x when x<lI
y=x-1+2-x=1 when 1<x<2
y=x-l+x-2=2x-3 when x>2.
Thus the graph consists of the segments of the three straight lines y =3 —2x, y =land
y =2x — 3 corresponding to the intervals [0, 1], [1, 2], [2, 3] respectively. The graph of the
function for the interval [0, 3] is as given in the figure.

The graph shows that the function is continuous

throughout the interval but is not differentiable at rs
x =1,2 because the slopes at these points are different 3 @.3)
on the left and right hand sides. oL
To test it analytically, we write y = f (x). Then
fx)=3-2x when x<1 1F D 21
=1 when 1<x<2
=2x-3 when x>2. Olo I1 é é b
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This function is obviously continuous and differentiable at all points of the interval
[0, 3] except possibly at x =land at x =2.
At x =1, we have f (1)=1;

1—0)= ™ 3ioasmi=nfas0= ™ ()=
Since f@-0)=f(1+0)= f (1), fis continuous at x = L
. , oy Hmo f@+h) - f(1)  lim 1-1
Again R f (1)_h—>07_h—>07_0
,on Aime fd-h)y— f(1)  lim 3-2(0-h)-1_
and L= 0™ — im0 n %
Since R f7(1)#L f’(1), fis not differentiable at x = L
At x =2, we have f (2)=1;
2-0)= ™ ot 0= ™ p@an-31-1
Fe-0= " O=Lfe+0= " 2@+h-3]=1
Since f@2-0)=f2+0)= f (2),fis continuous at x = 2.
. Lo im f@eny- @) lim 2Q+h)-3-1_
Again Rf (2)_h%0T_h—>OT_2
i lim f @y f @) lim o1-1_
and Lr@=,0 .y Y
Since Rf7@2)=L f’(2), fis not differentiable at x =2.

Example 16:  Show that the function f :R — R defined by
f(x):x{l+%sinlogx2}x;thndf(O):O
is everpwhere continuous but has no differential coefficient at the origin. ~ (Garhwal 2009)

Solution: Obviously the function f (x) is continuous at every point of R except

possibly at x =0. We test at x =0. Given f (0)=0.

FO+0)= ™ fom= ™ r(o+h){1+lsinlo (o+h)2}1
Ji= 0 h—0| 3708 |
= fim [ + (h / 3) sin log h2]=0 +0 x a finite quantity = 0.
h—0

[+ sin log 2 oscillates between —1 and +1 as /i — 0]

Similarly we can show that f (0 —0)=0.
Hence fis continuous at x = 0.
O+ h) {1+lsmlog © +h)2} ~0
lim 3
“h0 h
lim
“h0

Now R f7(0)
{1 + é sin log hz}, which does not exist since sin log I

oscillates between —land 1 as h — 0.
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_ L 2l
i © h){l+3smlog © h)} 0
h—0 -h
lim | ]

2
=150 Ll +— sm log h J which does not exist as above.

Lf0)=

Hence f has no differential coefficient at x =0.

1/x  —1/x

4 [4
Example 17: Let f (x)=x v,
4 f( 6,l/x_f_e—l/)c

x#0; £ (0)=

Show that f (x) is continuous but not derivable at x =0.(Meerut 2005; Purvanchal 07;
Kanpur 08; Lucknow 09; Gorakhpur 10; Bundelkhand 14)

Solution: We have f (0) =

0+0)= im 0+ 1= lim = lim hgl/h—e_l/h
JOTO=) oS OI=) 0l W=y 0t =
lim 1-,2Mm 1/
_heohmi—z/h’ dividing the Nr. and Dr. by ¢
=0xﬂ=0x1=o;
1+0
d 0—-0)< lim 0 - < lim P
an f(_ )_h—>0f(_)_h—>0f(_)

m VS VU R VM

= -h——= R —
N S VA B VA R N VI T
_hm _h€_2/h—1_0><0—1_
“h=0 6’_2/]1+1_ 0+1
Since f (0 +0)= f (0 —0) = f (0), the function is continuous at x = 0.

Lo M FO+m=£O)_ lm £ ()= £ (0)
Now R O= 0™ % Thso

B hm [_ gl/h_g—l/h _]/ hm 1 2/]1 1 0
“h—>0 el/h+€_1/h N l+e 27k~ 1+0

lm fO-0)-f@O)_ lm fh-f0)
h—0 —h h—0 —h

lim L;l/h _ cl/h
“hs0 |:(_h)€—1/h LA -0 /(‘ h)

3 hm 3—2/11 1 0_1
Tho0 2 0+1

=1

and Lf’0)=

Since R f“(0)# L f 7 (0), the function is not derivable at x = 0.
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Example 18: Let f (x)=¢" 1/ sin(1/ x) when x #0 and f (0)=0. Show that at every
point f has a differential coefficient and this is continuous at x = 0. (Avadh 2006)
Solution: We test differentiability at x = 0.

lim V% sin(/h) -0 lim sin(1/h)

R f7(0)= = il kA4
SO h—0 h h—0 hel/hz

_ lim sin (1/h) lim in (L/h)

T h—>0 1 1 h—>0h+1 ii_f_

_ a finite quantity lying between —land +1 _ 0
Similarly Lf =
Since R f7(0)=L f (0) =0, hence the function f (x) is differentiable at x =0 and
f70)=0.

If x is any point other than zero, then

Frm=@/23) eV sin(1/x) - (1752 eV cos (1/ %)

— @/ )sin (/1) —cos 1/ 0} 1/ 2) (/) ()
N ’OO—lim ’Oh—lim 2 .1 1 1
ow fro+0)=, o fO+ )_h—>0(hsmh_Cosh)hzgl/h2
_lim [2sin(1/ k) cos (1/h)
>0 w3 A7 w2 M
’ 1
_lim 2sin (1/ h) cos (1/ 1) I
“h—>0 -
3,1, 1 20y Ly 1 |
_h (1+h2+2'h +] h {1+h2+2'h4 JJ

_ some finite quantity some finite quantity 0

oo oo

Similarly f“(0 —0)=0. Hence f ’is continuous at x =0.

@mprehensive Exercise 1

1. Show that f (x)=|x—1|,0<x<2is not derivable at x =1. Is it continuous in
[0,2]?

2. (a) If f(x)= x#0, f (0)=0, show that f is continuous at

X
t‘/,l/x

x=0, butf ’(0) does not exist. ~ (Lucknow 2005, 10; Gorakhpur 13)
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¥ el/x
) If f(x)= | — 7 forx=0and f (0) =0, show that f (x) is continuous at
+
x=0,but f’(0)does not exist. (Lucknow 2006)

3. A function ¢ is defined as follows :
0(x)=—xforx<0,¢ (x)=xforx>0.
Test the character of the function at x=0 as regards continuity and
differentiability.
4. Show that the function f defined on R by
f@)=lx=-1]+2|x=2|+3|x-3]
is continuous but not differentiable at the points 1,2, and 3.
(Bundellkkhand 2009)
5. Show that the function f (x)=x,0<x<1
x—11l<x<2

has no derivative at x =L
6. Show that the function f (x)= P -lx2l

=l-xx<l
has no derivative at x =1
7. The following limits are derivatives of certain functions at a certain point.
Determine these functions and the points.
(0 lim  Jog x —log 2 lim  N@+h) -a .

x—2 x—2 (if) h—0 h

8. Let f (x) =i sin ( 4/3 ) except when x =0 and f (0) =0. Prove that f (x) has
zero as a derivative at x =0.

9. Afunction ¢is defined as: ¢ (x)=1+xif x<2, 0 (x)=5-xif x>2.

Test the character of the function at x=2 as regards its continuity and
differentiability. (Avadh 2007)

10. Examine the following curve for continuity and differentiability :

y= ¥ for x<0

y=1 for O<x<l1
y=1/x for x>L

Also draw the graph of the function. (Meerut 2003, 04B, 09B)
11. A function f (x) is defined as follows :
f)=1+x for x<0,
(¥)=x for O<x<],
fx)=2-x for 1<x<2,
(x) -2 for x>2.

Discuss the continuity of f (x) and the existence of f *(x) at x=0,land 2.
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13.

14.

15.

[R2a

Discuss the continuity and differentiability of the following function :
f(x):x2 for x<=2
f(x)=4 for -2<x<2
f(x):x2 for x>2.
Also draw the graph. (Meerut 2007, 10B)
A function f (x)is defined as follows :
f)=xfor0<x<l, f(x)=2-x for x21

Test the character of the function at x=1 as regards the continuity and

differentiability. (Meerut 2003)

Examine the function defined by f (x) = ¥ cos (el/x), x#0, f(0)=0 with

regard to (i) continuity (ii) differentiability in the interval ] - L 1[.

(a) Define continuity and differentiability of a function at a given point. If a
function possesses a finite differential coefficient at a point, show that it is
continuous at this point. Is the converse true ? Give example in support of
your answer.

(b) What do you understand by the derivative of a real valued function at the
point beR? Apply your definition to discuss the derivative of
fx)=|x|,xeRatx=0.

(c) Prove that if a function f (x) possesses a finite derivative in a closed
interval [a, b], then f (x) is continuous in [a, b].

10.

11.

12.
13.
14.

@nswers 1
Yes

Continuous at x =0 but not differentiable at x=0
(i) The function is log x and the point is x=2
(if) The function is Y x and the point is x=a
Continuous but not differentiable at x =2

Discontinuous and non-differentiable at x =0, continuous and non-differentiable
at x=1

Discontinuous and non-differentiable at x =0,2 and continuous but not
differentiable at x=1

Continuous but not differentiable at x=-2,2
Continuous but non-differentiable at x =1

Continuous and differentiable throughout R
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8 ROHG,S Theorem

If a function f (x)is such that

(i)  f (x)is continuous in the closed interval [a, D],

(if)  f ' (x) exists for every point in the open interval la, b|,
(iii)  f (a)= f (D), then there exists at least one value of x, say ¢, where a < ¢ < b, such that

f 7 ()=0. (Lucknow 2007; Purvanchal 07; Kanpur 08, 12; Meerut 12B;
Kashi 13, 14; Gorakhpur 12, 13, 14; Avadh 08, 11, 14)

Proof: Since f is continuous on [4,b], it is bounded on [a,b]. Let M and m be the
supremum and infimum of f respectively in the closed interval [a, b].
Now either M =m or M # m.
If M = m, then fis a constant function over [a, b] and consequently f * (x) = O forallxin
[a,b]. Hence the theorem is proved in this case.
If M # m, then at least one of the numbers M and m must be different from the equal
values f (a) and f (b). For the sake of definiteness, let M # f (a)
Since every continuous function on a closed interval attains its supremum, therefore,
there exists a real number ¢ in [a, b] such that f (¢) = M. Also, since f (a) = M # f (b)
therefore, ¢ is different from both 4 and b. This implies thatc €] a,b [.
Now f (c¢) is the supremum of f on [, b], therefore,

f)< fe) ¥ xinla,b]. (1)

In particular, for all positive real numbers /& such that ¢ — I lies in [a, b],

Sle=m<f(c)

- Sle=-m-fl) >0. (2)
—h
Since f ’ (x)exists at each point of] a, b [,and hence, in particular f ’ (c) exists, so taking
hmltash—)O,( ) gives L f7(c)=0. ...(3)
Similarly, from (1), forall positive real numbers/: such thatc + &liesin[a, b], we have
Sle+hs fe)
By the same argument as above, we get
Rf 7 (¢)<0. ...(4)
Since f’ (c) exists, hence, L " (¢c)=f"(c)=R f ' (c). ...(5)

From (3), (4) and (5) we conclude that f " (¢)=0.
In the same manner we can consider the case M = f (a) # m.

Note 1: There may be more than one point like ¢ at which f ” (x) vanishes.

Note 2: Rolle’s theorem will not hold good
(i) if f (x)is discontinuous at some point in the interval a < x<b,
or (i) if f 7 ( does not exist at some point in the interval a<x<b,

or (iii) if f(a)=f®
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Note 3: It can be seen that the conditions of Rolle’s theorem are not necessary for
f 7 (x)tovanish at some pointin] a,b [. For example, f (x) =cos (1/ x)is discontinuous
atx =0 in the interval[ — I, 2] but f ’ (x) vanishes at an infinite number of points in the
interval.

Geometrical interpretation of Rolle’s Theorem: (Gorakhpur 2015)

Suppose the function f (x) is not constant and satisfies the conditions of Rolle’s
theorem in the interval [, b]. Then its geometrical interpretation is that the curve
representing the graph of the function fmust have a tangent parallel to x-axis, at least at
one point between a and b.

Algebraical interpretation of Rolle’s Theorem:

Rolle’s theorem leads to a very important result 44
in the theory of equations, when C

fa)=fb)=0 and f:[a,b]>R is a

polynomial function f (x). Here a and b are the A i B
roots of the equation f (x)=0. Since a '
polynomial function f (x) is continuous and
differentiable at every point of its domain and we

1

|

1
have taken f (a) = f (b), therefore, all the three 0 4
conditions of Rolle’s theorem are satisfied and

X

f= T3 IS

consequently there exists a pointc € | a,b [such that f * (¢c) =0i.e., ifa and b are any two
roots of the polynomial equation f (x) =0, then there exists at least one root of the equation
f 7 (x) =0 which lies between a and b.

[llustrative Examl)les \

)2 3 in the

Example 19: Discuss the applicability of Rolle’s theorem for f (x)=2+ (x —
interval [0,2]. (Meerut 2012)
Solution: Wehave f (x)=2 + (x - )>/>. Here f (0) =3 = f (2), which shows that the
third condition of Rolle’s theorem is satisfied.

Since f (x) is an algebraic function of x, it is continuous in the closed interval [0, 2].

Thus the first condition of Rolle’s theorem is satisfied.

Now £ (x) [l /(x— )1/3] We see that for x =1, f * (x) is not finite while x = lis a

point of the open interval O < x < 2. Thus the second condition of Rolle’s theorem is not
satisfied.

Hence the Rolle’s theorem is not applicable for the function f (x) =2 + (x — l)2 3 inthe
interval [0, 2].
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Example 20:  Discuss the applicability of Rolle’s theorem in the interval [— 1,1] to the function

S () =|xl.

Solution: Given f (x)=|x|.Here f (-1)=|-1|=1 f () =|l| =1 sothat f (- 1)= f (I).
Further the function f (x)is continuous throughout the closed interval [- 1, 1] but it is
not differentiable at x = 0 which is a point of the open interval | — 1, 1[. Thus the second

condition of Rolle’s theorem is not satisfied. Hence the Rolle’s theorem is not
applicable here.

Example 21: Are the conditions of Rolle’s theorem satisfied in the case of the following
Sfunctions ?

(i) f(x):xzinZSxS& (i) fx)=cos(1/x)in-1<x<],

(iii)  f (x)=tanxin0<x< T

Solution: (i) Thefunction f (x)= +? is continuous and differentiable in the interval
[2,3]. Also f (2)=4and f (3) =9, so that f (2) = f (3).

Thus the first two conditions of Rolle’s theorem are satisfied and the third condition is
not satisfied.

(ii) The function f (x) =cos (1/ x)is discontinuous at x = 0 and consequently is not
differentiable there. Thus the first two conditions of Rolle’s theorem are not satisfied.
Here f (-1)=cos(-1l)=cosl and f (1)=cosl Thus f (=1)= f (1) i.e., the third
condition is satisfied.

(iii) The function f (x) = tan xis not continuous at x = 7 / 2 and consequently is not
differentiable there. Thus the first two conditions of Rolle’s theorem are not satisfied
here.

Further f (0)=tan0=0 and f (nr)=tanm=0. Thus f (0)= f (n) ie., the third
condition is satisfied.

Example 22:  Discuss the applicability of Rolle’s theorem to f (x) = log [ sk, ah} in the

(a+h)x
interval [a,b],0<a<b. (Lucknow 2008, 11; Rohilkhand 14)
2
Solution: Here f (a)=log |:(2 :52} =log1=0,
[ b2 +ab |
d b)=1 =log 1=0.
R Iy
Thus f(a)=f (b)=0.
,on Hme f e+ )= f (x)
Also R f (x)_h%OT

im 1 [ (c+n)?+ab 2 +ab ]
= —|log -—~——t - log
h—0 h[ (a+Db)(x+h) (a+b)xJ
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R285W,
_ lim 1'10 (P +2xh+h%+ab)(a+b)x
B0 7|8 @by e+ h) (2 + ab)
~lim 1’10 (P25t vab) x|
“ho0 n| e 2 +ab x+hJ
S| [P PEL UL S
Thoo n| BV T T 2w & xJ
Clim 1 [2xh+ il n 0
“ho0 Wl Ze g it
I 9
[ log (1+y)=y—§y +}
__2x 1
¥ tab x
, , im [ f(x=h)- f ()]
Again L f'()= " f —)h f(x)J

_lime o [2ee i (R
h—=0 (-h)| % +ab x

replacing i by — & in (1)
_ 2x 1
P tab x
Since R f " (x)=L f ' (x), f (x)is differentiable for all values of x in [, b]. This implies
that f (x)is also continuous for all values of x in [a, b]. Thus all the three conditions of
Rolle’s theorem are satisfied. Hence f *(x) =0 for at least one value of x in the open

interval ]a, b|.
2x 1

Now ffx)=0= 3 -—=0
x“ +ab x

or 22— (2 +ab)=0

or 2 =ab or x = (ab),

which being the geometric mean of 4 and b lies in the open interval ] a, b[. Hence the
Rolle’s theorem is verified.
Remark: In this question to find f ’ (x), we can also proceed as follows :
We have
f (x)=log (x2 +ab) —log (a + b) — log x.
2x 1

SO

Obviously f ’ (x) exists for all values of x in [a,b] .
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Example 23: Verijﬁ; Rolle’s theorem in the case of the functions

(i) f)=22"+x" —4x-2, (Lucknow 2009)

(i) fx)=

(iii)  f (x)=
[a,D].

Solution: (1) Since f (x) is a rational integral function of x, therefore, it is

=sin xin [0, ],

—a)" (x = b)", where m and n are +ive integers, and x lies in the interval

continuous and differentiable for all real values of x. Thus the first two conditions of
Rolle’s theorem are satisfied in any interval.

Here f(0)=0 gives 2> + x> —4x-2=0

or (x2—2)(2x+1)=0i.e.,x=i\/2,—%
1

Thus f(\/2)_f(—\/2)_f(—§)_0.

If we take the interval [— V2,4 2], then all the three conditions of Rolle’s theorem are
satisfied in this interval. Consequently there is at least one value of x in the open interval

1=~2,V2[ for which £’ (x) =

Now F0)=0=26x*+2x-4=0=3+x-2=0

or Bx=-2)(x+1)=0 or x=-12/3 ie, f'(-)=f"(2/3)=
Since both the points x =—1land x =2/ 3 lie in the open interval ] - V2,7 2[, Rolle’s
theorem is verified.

(ii) The function f (x)=sin x is continuous and differentiable in [0, rt].

Also f (0)=0 = f (n). Thus all the three conditions of Rolle’s theorem are satisfied.

Hence f ’ (x) =0 for at least one value of x in the open interval 0, xt [.

Now fr(x)=0=cosx=0=ux= +—,i3—n_5—n,....
2 2 2

Since x = m / 2 lies in the open interval ]0, [, the Rolle’s theorem is verified.
(iii) We have f (x)=(x—a)" (x—D)".

As m and n are positive integers, (x — a)"” and (x — b)" are polynomials in x on being
expanded by binomial theorem. Hence f (x) is also a polynomial in x. Consequently
f (x)is continuous and differentiable in the closed interval[a, b]. Also f (a) = f (b) =0.
Thus all the three conditions of Rolle’s theorem are satisfied so that there is at least one
value of x in the open interval Ja, b[ where f ’(x)=0.

Now f’(x)=(x-a)"n(x-=b""1+mx—-a)" "' (x-h)"

Solving the equation f ’ (x) =0, we get x = a, b, (na + mb) / (m + n)

Out of these values the value (na + mb) / (m + n)is a point which lies in the open interval

Ja, b[, since it divides the interval |a, b[ internally in the ratio m : n. Hence the Rolle’s
theorem is verified.
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Example 24:  Verify Rolle’s theorem for
f (x)=x(x+3) e 2 in[-3,0]. (Gorakhpur 2015)

Solution: We have f (x (x+3)e ¥

Fr()=@x+3)e " + (¥ +3x) e_x/z.(— %J

= ¥2 [2x+3—%(x2 +3x)]=—2l( 2 _y—6)e Y2,

which exists for every value of x in the interval [- 3,0]. Hence f (x) s differentiable and
so also continuous in the interval [- 3,0]. Also f (-=3)= f (0)=0.

Thus all the three conditions of Rolle’s theorem are satisfied. So f” (x) =0 for at least
one value of x lying in the open interval | - 3,0][.

Now fr0=0 =~ 2 -x=6) 220 or ¥ -x-6=0

or (x=3)(x+2)=0 or x=3,-2.

Since thevalue x = — 2liesin the openinterval ] — 3,0[,the Rolle’s theorem is verified.
Example 25:  If the functions f, g, h are continuous on |a, b and twice differentiable on |a, b|,
prove that there exist 2; n € ]a b[ such that

| f(a 1 | f@ f'©€ f" W]
)g(a ] Oe-ay@-h)|g@ g ¢ M
| hi(a h(b) h(c | | @) W (@©) (|
where a< ¢ < Db.
Solution: Consider the function F defined by
| f@ f®) f@®] |fﬂ S ) o)
0= g@ g x( ) L s RN
| 7t (a) h(b) (x) | |h a) h(b) (c)]

We have F (a)=F (b) = F (¢) =0. The function F satisfies the conditions of Rolle’s
theorem on [a,c] and [¢, b]. Hence, we get

F’(xq)=0=F"(x9)wherea< xy<candc¢<xy<bh.
Again, applying Rolle’s theorem for F ’ (x) on [x|, x9 ], we get

F’7"(m)=0, where x <n< xy .

Now F '’ (1) =0

|f @ f@®) 7 ) |f @ f®) fO)]
= )g(a) gy g m‘gw) g (D) g(ﬁ)‘ (1)
|h(a)  hb) h(w |h(a)  h(b)  h(c)]

Again, let ¢ be the function defined by
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f@ f@ £ - @ F) o)
bW =@ ¢ g"(”)‘(c_a)@_b —slg@ g0 g0l
(@) k) W] |ha h(b) hc)|

Then ¢ (a) =0 and using (1), we have ¢ (b) =0.
Therefore applying Rolle’s theorem for ¢ on [a, b], we have ¢’ (§) =0 where a<§<b

If @ f7©&) fm ) |f (@) f f©|
i, fs@ @O grm|= o ms e@ g0 gl
|(a)  HW©E KW W] |[h(a) (D) hic)|
@mprehensive Exercise 2
1. (i) State Rolle’s Theorem. (Kanpur 2005; Lucknow 07)

(i) Verify Rolle’s theorem when f (x) =¢* sinx,a=0,b = .
(Goralhpur 2012)

2. Verify Rolle’s theorem for the following functions :
(i) f(x)=(x-4 (x-3)* in the interval [3,4].
(i) f)=x2>-6+"+1lr—6.
(iii) f (x)=x> —4xin[-2,2].
(iv) f(x)=e" (sinx—cosx) in[n/4,5n /4] (Meerut 2013B)
(v) f (x)=10x=x"in [0, 10]. (Kanpur 2006)
3. Discuss the applicability of Rolle’s theorem to the function
f () = ¥ +1L,when0<x<1
=3 —-x,whenl< x<2.
4. Show that between any two roots of ¢* cos x =1 there exists at least one root of
¢*sinx—1=0.
5. State and prove Rolle’s theorem. Interpret it geometrically. Verify Rolle’s
theorem for the function f (x) = +% in [-L1]. (Lucknow 2010)

6. Verify the truth of Rolle’s theorem for the function f (x) = x> —3x+2 on the
interval [1,2].
7. Does the function f (x) =|x — 2| satisfy the conditions of Rolle’s theorem in the

interval [1, 3] ? Justify your answer with correct reasoning.
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8. The function f is defined in [0, 1] as follows :
fx)=1 forOSx<%

=2 forleSL
2

Show that f (x) satisfies none of the conditions of Rolle’s theorem, yet
f (x) =0 for many points in [0, 1].
9. Ifa+b+c=0,then show that the quadratic equation 3ax® + 2bx + ¢ =0 has at
least one root in ]O,1] .
ay -1

a a a - .
10. Let =9 +5L4 %2 4 4 """ 44 =0. Show that there exists at least one
n+l n n-1 2

real x between 0 and 1 such thatag x "+ a4 x "' +...+a,=0.
(Lucknow 2009)
|sinx sino sinf |
11. Iff(x):‘cosx cos o cosB| where O <a<B<n/2,
[tanx tano tanp|
show that f " (§) =0, where o< § < B.
12. Show that there is no real number k for which the equation
x> = 3x+k =0, has two distinct roots in 10, 11.

@nswers 2

3. The given function is not differentiable at x=1 and so Rolle’s theorem is not

applicable to the given function in the interval [0, 2].
7. The function does not satisfy the third condition that f(x) must be differentiable
in the open interval |1, 3[.

0 Lagrange’s Mean Value Theorem

Theorem: If a function f (x)is (Lucknow 2006, 09; Avadh 07, 12, 14;
Meerut 12; Kanpur 11; Rohilkhand 12, 12B;
Gorakhpur 10, 12, 14; Kashi 14)

(i) continuous in a closed interval [a, b,

and (ii) differentiable in the open interval la, b [i.e., a < x < b, then there exists at least one value
‘¢’ of x lying in the open interval la, b| such that

FO-S@ g
—a
Proof: Consider the function ¢ (x) defined by ¢ (x) = f (x) + Ax, ..(1)

where A is a constant to be chosen such that ¢ (a) = ¢ (b)
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ie., fa)+ Aa=f (b)+ Ab
or A SO F@) (2)

b—a
(i)  Now the function fis given to be continuous on [4, b] and the mapping x — Axis
continuous on [a, b], therefore ¢ is continuous on [a, b].
(if) Also, since fis given to be differentiable on ]a, [ and the mapping x — Ax is
differentiable on |a, b[, therefore, ¢ is differentiable on Ja, b|.
(iii) By our choice of A, we have ¢ (a) = ¢ (D).
From (i), (ii) and (iii), we find that ¢ satisfies all the conditions of Rolle’s theorem on
[, b]. Hence there exists at least one point, say x = ¢, of the open interval ]a, b[, such that

¢ (c)=0.

But =f’(x)+ A, from (1).
¢<)=0 f’()+A .
or f)y=- f —f from (2).
h—a

This proves the theorem. It is usually known as the ‘First Mean Value Theorem of
Differential Calculus’.
Another form of Lagrange’s mean value theorem:
Ifin the above theorem, we take b = a + &, then anumberc, lying between a and b can be
written as ¢ = a + 0h, where 0 is some real number such that 0 <6< 1.
Now Lagrange’s theorem can be stated as follows :
If f be defined and continuous on [a, a + hland differentiableon a, a + h|, then there exists a point
¢ =a+6h(0<0<])in the open interval |a, a + h| such that

—f(a+hh)—f(a) = f ' (a+6h)
or f(a+h)—- f(a)=hf (a+6h).

Geometrical interpretation of the mean value theorem:
(Gorakhpur 2012, 14)

Let y—f ) and let ACB be the graph of

y = f (x)in [a,D]. The coordinates of the pomtA rt B
are (a, f (a)) and those of B are (b, f (b)). If the A .
chord AB makes an angle o with the x—axis, then C
tan o, = SO~ fa)
bh—a
- @), ‘
by Lagrange’s mean value theorem where 0 ¢ ¢ b X

a<c<bh.

Thus Lagrange’s mean value theorem says that there is some point ¢ in Ja, b[ such that
the tangent to the curve at this point is parallel to the chord joining the points on the
graph with abscissae a4 and b.
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10 Some Important Deductions from the Mean
Value Theorem
Theorem 1: Ifafunction fis continuous on|a, b], differentiable on |a, bl and if f * (x) =0 for

all x in |a,b[ ,then f (x) has a constant value throughout [a, b].

Proof: Let ¢ be any point of ]a, b]. Then the function f is continuous on [a,c] and
differentiable on ]a,c[. Thus f satisfies all the conditions of Lagrange’s mean value
theorem on [a,c]. Consequently there exists a real number d between a4 and ¢
ie., a<d<c such that

f©)=fla)=(c—a)f’(d).

But by hypothesis f’ (x) =0 throughout the interval ]a,b[, therefore, in particular
f7(d)=0 and hence f (¢)— f (a)=0 or f (c)= f (a). Since ¢ is any point of ]a, b],
therefore, it gives that f (x)= f (a) ¥ x in ]a,b]. Thus f (x) has a constant value
throughout [a, b].
Theorem 2: If f (x) and ¢ (x) are functions continuous on |a, b and differentiable on la, b|
andif f 7 ( (x)throughout the interval la, b, then f (x)and ¢ (x)differ only by a constant.
Proof: C0n51der the function F (x) = f (x) — ¢ (x). Throughout the interval ]a, b[, we
have

F’'(x)=f"(x)—¢"(x)=0, because [’ (x)=0¢"(x).
Consequently, from theorem 1, we get

F (x) = constant or f (x)— ¢ (x) = constant.
Theorem 3: If f ' (x) =k for each point x of [a,b], k being a constant, then

fx)=kx+CV¥xela,b], where Cis a constant.
Proof: Consider the interval [a, x] such that [a, x] lies in the interval [a,b] i.c.,
la,x] < [a,b]. Since f ' (x) exists ¥ x € [a,b], fis differentiable on [a, b] and hence on
[4,x] and consequently continuous on [a, x]. Thus f satisfies all the conditions of
Lagrange’s mean value theorem on[a, x]and hence there is a pointc € ]a, x[ such that

S @)= f@)=@&-a)f’ ().
But by hypothesis f’(x)=k ¥ xe[a,b], therefore, in particular f ' (c)=k as
a<c<x<bie,a<c<bh.

Hence f (x)— f(a)=(x—a)kor f (x)=k x+ f (a) — ak

or f():kx+thereC=f a) — ak is a constant.

Theorem4: Iffiscontinuouson|a,bland [’ (x) 2 Oin]a, b[ ,then fis increasingin|a, b].
Proof: Let x; and xy be any two distinct points of [4,b] such that x; < xy . Then f
satisfies the conditions of the Lagrange’s mean value theorem in [xj, ¥y |. Consequently
there exists a number ¢ such that x < ¢ < xy ,and

S w) = f )= -x)f ).
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Now xp —x;>0 and f"(¢)20 (as f " (x)20 ¥ xe]a,b[ and ¢ is a point of |a, b[),
therefore

fr)—f)20ie, f ()< f (x).

Thus n<x=f ()< f () ¥V x,x€lab]
Hence fis an increasing function in the interval [a, b].

Similarly, we can prove that if f (x)<0 in ]a, b[, then fis decreasing in [a, b].
Corollary: Iffiscontinuouson|a,b], then fis strictly increasing or strictly decreasing on [a, b]
according as

f(x)>00r<0 inla,bl

11 Cauchg ’S Mean Value Theorem

(Kanpur 2007; Lucknow 10; Avadh 12; Rohilkhand 14)
Theorem: If two functions f (x) and g (x) are
(i)  continuous in a closed interval [a, b],
(i)  differentiable in the open interval la, b[ ,
(iii) g’ (x) =0 for any point of the open interval |a, b(, then there exists at least one value c of x in
the open interval ]a, b|, such that

)~ f(@) _ f(©
gb)-g(a) g ()

Proof: First we observe that as a consequence of condition (iii), g (b) — g (a) # 0. For

a<c<hb.

if g(b)— g(a)=0i.., g(b)= g (a), then the function g (x) satisfies all the conditions of
Rolle’s theorem in [a, b] and consequently there is some x in ]a, b[ for which g’ (x) =0,
thus contradicting the hypothesis that g’ (x) # 0 for any point of ]a, b[.

Now consider the function F (x) defined on [a, b], by setting

F(x)=f (1) + Ag(v), (D)

where A is a constant to be chosen such that F (a) = F (b)

ie, f(a)+ Ag (@)= f () + Ag (b)

or A=l @ (2)
gb)-ga)

Since g (b) — g (a) 20, therefore A is a definite real number.

(i) Now fand g are continuous on [a, b], therefore, F is also continuous on [a, b].

(if) Again, since f and g are differentiable on ]a, b[, therefore F is also differentiable
on |a,b|.

(iii) By our choice of A, F (a) = F (b).

Thus the function F (x) satisfies the conditions of Rolle’s theorem in the interval [4, b].

Consequently there exists, at least one value, say ¢, of x in the open interval a, b[ such
that F " (¢) =0.
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But (x)=f 7 (x)+ Ag' (x), from(l)
F/©)=0= f'(0)+ A (0)=
or a2l .(3)
g ()

From (2) and (3), we get

fO) - f@)_f©)

gb) =gl g
Another form: If b=a+h, thena+06h=a when6=0and a+06h=>b when0=1
Therefore, if 0 <0<, then a + 6k means some value between a and b. So putting

b=a+handc=a+0h, the result of the above theorem can be written as
Slash) = f(@ _ faroh) o o
gla+h)—g(a) g (a+6h)

Note 1: If we take g (x) = x for allxin [a, b], then Cauchy’s mean value theorem gives

Lagrange’s mean value theorem as a particular case. For g(x)=x means

g)=b,g(a)=a, g (x)=1and so g’ (¢) =1 Putting these values in Cauchy’s mean

value theorem, we get Lagrange’s mean value theorem. Thus Cauchy’s mean value

theorem is more general than Lagrange’s mean value theorem.

Note 2: Cauchy’s mean value theorem cannot be obtained by applying Lagrange’s

mean value theorem to the functions f and g.

For applying Lagrange’s mean value theorem to f (x) and g (x) separately, we get
f)-f@=0-a)f (c),wherea<c<b

and gh)—g@=>b-a)g’(cy),wherea<cy <bh.

Dividing, we have S o) - fa) = f (@) .

gb)—ga) g (c2)

Note that here ¢ is not necessarily equal to ¢y .

[llustrative Exam])les \

Example 26: If [ (x)=(x—-1)(x—=2)(x=3) and a =0, b =4, find ‘¢’ using Lagrange’s
mean value theorem. (Lucknow 2006, 07, 11; Rohilkhand 14)
Solution: We have
F@=(x-D(x-2)(x=3)=x —64 +11x 6.
f(a)=f©)==6and f (b)= f (4)=6.

fO)~fl@)_6-(-6)_12 _
b—a 4-0 4

Also £’ (x)=3x> —12x +11gives £’ (c)=3¢? —12¢ +11.

Putting these values in Lagrange’s mean value theorem
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M—f ), (a<c<b), we get
b—a
3=3¢2-12c+11 or 3¢>-12c+8=0
+ —
or 6212_J(144 96):2i2d3_

6 3
As both of these values of ¢ lie in the open interval ]0,4[, hence both of these are the
required values of c.

Example 27: Let f :]0,1] — R be defined by
Fx)=(x=1%+2 ¥xel0,1].
Find the equation of the tangent to the graph of this curve which is parallel to the chord joining the
points (0,3) and (1,2) of the curve.
Solution: Since f (x)is a polynomial function, therefore it is continuous on [0, 1] and

differentiable in ]O, I[.Hence, by Lagrange’s mean value theorem, there is somec € |0, 1]
such that

FW=LO 5o

1
or 213 f () or —1=f"().
Now f’ (x)=2 (x 1) gives f " (¢c) =2 (c - I).

Thus2(c—l)=—1i,g,,c=%.

s fe)= Z so that the point of contact of the tangent is (%%) and its slope is

f 7 (¢) = -1 Hence the equation of the required tangent is

_2=_1(x_l)
STy 2

or 4x+4y=1L
Example 28:  Compute the value of © in the first mean value theorem
Fx+h)y=f @) +hf " (x+6h), if f(x)=ar> +bx+c.
Solution: Here f (x)=ax® + by +c.
F+=a(x+h’+b(x+h)+c,
fr(x)=2ax+Db, f’(x+6h)=2a(x+06h)+D.
Substituting all these values in the Lagrange’s mean value theorem, we get
a(x+h? +b(x+h) +c=ar® +br+c+h[2a(x+6h) +b) (1)
The relation (1) being identically true for all values of x, hence when x — 0, we have

ah® +bh+c=c+h[2a0h +b]
or al® =2a0l%  or 0=1/2.
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Example29: A function f (x)is continuous in the closed interval [0, 1) and differentiable in the
open interval 10,1[, prove that

f ()= f)— f (), whereO < x <1
Solution: Here a =0, b =1so that

f )= f@)_ fN)-f©)
b—a 1-0

=)~ £ (0).

If we take ¢ = x, and substitute these values in the result of Lagrange’s mean value
theorem, we get

f )= f©0)=f"(x) whereO < x <.
This is a particular case of Lagrange’s mean value theorem. Students can give an
independent proof of this.

Example 30: Separate the intervals in which the polynomial
2x3 —15x% +36x + s increasing or decreasing.
Solution: We have f (x) = 23 1542 +36x +1
f’(x):6x2 -30x+36=6(x—-2)(x-3).
Now f 7 (x)>0 for x<2 or for x> 3,
f/(x)<0for2<x<3,and f ' (x)=0 forx=2,3.
Thus f  (x) is +ivein the intervals] — o, 2[ and |3, e[ and negative in the interval ]2, 3[.

Hence fis monotonically increasing in the intervals | — e, 2 |,[ 3, o [ and monotonically
decreasing in the interval [2,3].

Example 31:  Show that

L<lag(l+x)<xf0rx>0.

1+ x (Bundelkhand 2011)
Solution: Let f (x)=log (1+ x) S
I+x
f(0)=0.
, 1 1.d+x)—x.1 1 1 X
Then = Lrooxd 1 1 x
I+x (I+ x) I+x (1+x) (I+x)

We observe that f’(x)>0 for x>0. Hence f (x) is monotonically increasing in the
interval [0, e[. Therefore

£ (x)> f£(0)forx>0ie, {log (1+x)—1f}>0 for x>0
X

Y forx>0. (D)

log (1+ x)>
ie og (I+x) e

Again, let ¢ (x)=x—log (I1+ x).
: ¢ (0)=0.
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I o
I+x I+x

Then o (x)=1-

We observe that ¢ ” (x) >0 for x> 0. Hence ¢ (x) is monotonically increasing in the
interval [0, e[. Therefore

¢ (x)> 6 (0) forx>0ie,[x—log 1+ x)]>0 forx>0
ie., x> log (1+ x) for x> 0. ...(2)
From (1) and (2), we get

<log 1+ x)<xforx>0.
I+x

Example 32:  Verify Cauchy’s mean value theorem for the functions 2 and x> in the interval
[1,2]. (Avadh 2013)

Solution: Let f (x)= ¥ and g(x) = ¥, Then f (x) and g (x) are continuous in the
closed interval[l, 2] and differentiable in the open interval |1, 2[. Also g’ (x) = 3x% #0 for

any point in the open interval | 1, 2 [. Hence by Cauchy’s mean value theorem there
exists at least one real number ¢ in the open interval ]1, 2[, such that

f@-f)_f@) e
g@)-g(l) g’ ()
Now f@-f)_4-1_3
¢@-g(l) 8-1 7
(%)

Also f7(x)=2x, g (x =342
frle) _ 2
g ) 3¢

the open interval ]I, 2[. Hence Cauchy’s mean value theorem is verified.

-2 -Putting these values in (1), we get§ -2 orc = Ewhich liesin
3¢ 7 3¢ 9

— X

Example 33:  If in the Cauchy’s mean value theorem, we write f (x)=¢ * and g (x)=¢" ",

show that ‘c’ is the arithmetic mean between a and b.

FO)-f@ ="

Solution: Here =— =—¢'e =—¢ ,
gh)y—gla) 7 —-¢"
’ X ’ C
and S S _ so that f ) =L __ 2
g -t g -e¢

Putting these values in Cauchy’s mean value theorem, we get

=2 or 2c=a+b or c:%(a+b).

Thus ¢ is the arithmetic mean between a and b.

Example 34: If in the Cauchy’s mean value theorem, we write

(i)  f ()= xand g(x)=1/x, then cis the geometric mean between a and b,
(Rohilkhand 2014)
and if

(i) f(x)=1/ ¥ and g (x)=1/x, then c is the harmonic mean between a and b.
(Rohilkhand 2005)
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Solution: (i) Here fB) - fa) = ALIhL =— (ab),
gb)y—ga (1/Nb)-(1/a)
L 172
and f’(x): Ex sothatf,(c):—c_l/zz—c
g/ (X) _lx73/2 gl (C) 6_3/2 .
2

Putting these values in Cauchy’s mean value theorem, we get
—~N(@b)y=-c or ¢=\(ab)
i.e., ¢ is the geometric mean between a and b.

fb) = fla)_(/b*)-(/a®) _a+b

(ii) Here =
gb)-ga  A/b)-(1/a)  ab
, 5.-3 , 5 .-3
and f,(x): 2x2 sothatf,(c): 202 _2
g (x) -x g () —c” c
Putting these values in Cauchy’s mean value theorem, we get
a+b 2 2ab
== or ¢=
ab ¢ a+b

i.e., ¢ is the harmonic mean between a and b.

@mprehensive Exercise 3

1. State Lagrange’s mean value theorem. Test if Lagrange’s mean value theorem

holds for the function f (x) =|x|in the interval [-11].
(Kanpur 2010; Rohilkhand 13B)

2. If f (x)=1/xin[-11], will the Lagrange’s mean value theorem be applicable to
f(x)? (Meerut 2012B)
3. Verify Lagrange’s mean value theorem for the function
f:[-L1]— Rgiven by f (x)= .
4. Find ‘¢’ of the mean value theorem, if

f(x)=x(x—l)(x—2);a=0,b=21.

5. Find ‘¢’ of Mean value theorem when
(i) f)=x>-3r-2in[-2,3]
(i) f(x)=2+>+3x+4in[L2]

(iii) f (x)=x(x=1)in[L2] (Meerut 2013B)

(iv) f<x>=x2-3x_1m[_g,§].




&
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Show that any chord of the parabola y = A¥® + Br+ Cis parallel to the tangent

at the point whose abscissa is same as that of the middle point of the chord.

7. If f"’(c) exists for all points in [a,b] and f©)=f) = f (blj —f ) where
c—a —-c
a<c¢<b, then there is a number & such thata< &< b and f’"(§) =0.
8. State the conditions for the validity of the formula
fx+h)y=f@)+hf’ (x+6h)
and investigate how far these conditions are satisfied and whether the result is
true, when f (x) = xsin (1/ x) (being defined to be zero at x =0)
and x<0<x+h.
9. (a) Show that =34 +3x+2is monotonically increasing in every interval.
(b) Show that log (1 + x) - 22 s increasing when x> 0.
+x
10. Determine the intervals in which the function
60 41722 +32x+32) ¢ F
is increasing or decreasing.

11. Use the function f (x) = A/* x>0 to determine the bigger of the two numbers
e"and ‘.

12. Ifa=-Lb21land f (x)=1/|x|, show that the conditions of Lagrange’s mean
value theorem are not satisfied in the interval [a, b] , but the conclusion of the
theorem is true if and only if b > 1+ V2.

13. State Cauchy’s mean value theorem. (Kanpur 2007)
Verify Cauchy’s mean value theorem for f (x) =sin x, g (x) =cos x in [- n / 2,0].

(Lucknow 2007)

14. If f (x)= K2, g (x) = cos x,then find the point ¢ € ] 0, ® /2 [ which gives the result
of Cauchy’s mean value theorem in the interval [0, &t / 2] for the functions f (x)
and g (x).

15. Showthatw=cote, where 0<0c<9<[3<£~

cos B —cosa 2
r(:os 1 T x1
16. Use Cauchy’s mean value theorem to evaluate lim |[—=——|-
x— 1Llog (I/X)J
@n swers 3
1. The mean value theorem does not hold since the given function is not
differentiable at x=0
2. not applicable 4. 1—@

6




Differentiability
(R299n,

5. (i) £V (7/3) (i) 3/2 (iii) 3/2 (iv) 1/7
Condition of differentiability is not satisfied in x<0 < x+ /i since f(x) is
non-differentiable at x=0.

10. Increasing in the intervals [-2,—1] and [0,1] and decreasing in the intervals
]=o0,=2[,[-L0] and [I, o[ .

11. " is bigger than n‘.

14. Root of the equation sinc¢ — (8¢ / n )=0 in the open interval ] m/6, ©/2[.

16. m/2.

12 Tag lor's Theorem with Lagrange’s form of

Remainder After n Terms

Theorem: If f (x) is a single-valued function of x such that
(i) all the derivatives of f (x)upto (n —1) th are continuous in a< x<a+h,

(i) f ") (x) exists in a< x<a+ h, then

’ h2 ’ 7
Sla+h)y=f(a)+h f (ﬂ)+;f (a) +
n-1 "7~ n
+ﬁf (=1) (u)+h—'f ") (4 + 6h), where 0 <0< 1.
n-1)! n!
Proof: Consider the function ¢ defined by
’ + ] - 2 ’ 7’
¢uo=fug+m+h—xyf(w+917;;97f () + ...
_oan—1
(ﬂ+h x) f(n_l)(x)+é(ﬂ+h—x)n,
(n=1! n!
where A is a constant to be suitably chosen.
We choose A such that ¢ (a) = ¢ (a + h).
h2 n -1 A
Now O@)=f@+h fr@)+T [ @+ + F 0D @@y + 2,
! (n=1! n!
and d(a+h)=f(a+h).
Hence A is given by
h2 B -1 B
fM+M=f@+M%@+gf”MHM+———fW“H@+—A
! (n=1)! n!

Now, by hypothesis, all the functions

F @, f @ f @)y £ 7D ()
are continuous in the closed interval [a, 4 + ] and differentiable in the open interval
la,a + h.
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Further (a+h—x),(a+h - x) /2),...,(a+h-x)"/n! all being polynomials, are
continuous in the closed interval [a,a + h] and differentiable in the open interval
la,a + h[. Also A is a constant.

¢ (x) is continuous in the closed interval [a,a + & and differentiable in the open
interval |a,a + h.
By our choice of A, ¢ (a) = ¢ (a + ). Hence ¢ (x) satisfies all the conditions of Rolle’s

theorem.

Consequently ¢ * (a +0h) =0, where 0 <6< 1.
Now Y )=f" @) -f ' W+@+h-x)f """ (x)-(a+h-x) f" (x)

ath=o""1 o .
TR TR Ay

since other terms cancel in pairs.

¢’ (a +6h) =0 gives

[a+h—(a+6n)]" !
n-=1!

[ £ (a+6h)— A]=0

n-1 n-1
or %[f@(meh)-m:o
(n—1)!

or FO@+on)-A=0 or A= f " (a+0h).

[+ h#0,0-0)#0as0<0<1]
Putting this value of A in (1), we get

2
f(a+h)=f(a)+hf’(a)+g—!f”(a)+...

h"~

(n-1) (n)
+( l)'f (a)+ f (a + 6h).

This is Taylor’s development of f (4 + /) in ascending integral powers of /. The

(n + Dth term — h f () (a + 6h) is called Lagrange’s form of remainder after n terms
n!

in Taylor’s expansion of f (a + h).

Note: Ifwetaken = I, we see that Lagrange’s mean value theorem is a particular case of

the above theorem.
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Corollary. (Maclaurin’s development):

If we take the interval [0, x] instead of [a,a + I, so that changing 2 to O and s tox in
Taylor’s theorem, we get

2 Xt
f(x)=f(0)+xf/(0+af”(0)+

+ E—
(n-1)!

which is known as Maclaurin’s theorem or Maclaurin’s development of f (x)inthe

£ Do) + = f(”)(ex)

interval [0, x] with Lagrange’s form of remainder > | f ) (Bx) after n terms.
n!

15 Tag lor's Theorem with Cauchg’s Form of Remainder

Theorem: If f (x) is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n — \th are continuous in a< x<a+ I,

(it) f ) (x) exists in a< x< a+h, then

Farh=f@hf @+ @ e
21 T
LM (1-0)""1 £ O (a+0h), whereO <0< 1.
(n—1)!

Proof: Consider the function ¢ defined by
(a+h- x)2

O)=f ) +a+h=x) f )+ —7

£ )+

(a+h-x"""

D] FU D) @+ h-x) A
n— !

where A is a constant to be suitably chosen. We choose A such that ¢ (a) = ¢ (a + h).

Now 0@ = f (@ +h f( ’jf (u)+...+(zn__ll)!f(”_l)(a)+hA,
and Oa+h)=f(a+h).
Hence A is given by

Fla+h)y=f@)+h f'( s f”(a)+...+£f<"‘1>(a)+hA.

(n=1!
(1)
As explained earlier in article 12, it can be easily seen that ¢ (x) satisfies all the
conditions of Rolle’s theorem. Consequently
¢ (a+6h)=0, where 0 <0< 1.
(a+h-x)"!

Now ¢ (x) = D]

f ") (x) = A, since other terms cancel in pairs.
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[a+h—(a+6h)]" !
o’ (a +6h) =0 gives D F O @+ren)y - A=0
n— !

hn—l
T

or A 1-0)""1 £ (a+0n).

Putting this value of A in (1), we get

2 n-1

f(a+h)= f(a)+hf (a) +h—f”(a) +...+h7f("‘l) (a)
21 (n-1!
+(n’inl)!(1 - 0)" 1 £ (a + on).

n

The (n+1)th term
(n=1!

(1-0)""! £ " (a+0h) is called Cauchy’s form of
y

remainder after n terms in the Taylor’s expansion of f (a + /) in ascending integral
powers of /.

Corollary. (Maclaurin’s development with Cauchy’s form of remainder):

If we change a to O and /i to x in the above result, we get

f(x)—f(0)+xf’(0)+ﬁf”(0)+ +L_1f("*1)(0)
) 2! T m=1)!
L _o\n-1 ¢(n)
+(1’l—1)!(1 9) f (ex)7

which is Maclaurin’s theorem with Cauchy’s form of remainder. The (n + I)th term

¥ n

(n-1)!

Maclaurin’s development of f (x) in the interval [0, x].

(1-0)y" ! f ™ (0 x) is known as Cauchy’s form of remainder after n terms in

14 Expansions of Some Basic Functions

(i) Expansion of e*.

Let fx)=e¢”.

Then f(")(x):ex ¥ ne N, ¥xeRso that
FP0)= =1 ¥ neN

Now Maclaurin’s expansion of f (x) with Lagrange’s form of remainder is

2 n-1
S@O=fO4xf O+ 5 SO+t o f OV O+ R
where R, = LT £ (ox),0<0<1.

n!
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[R—Z’)OZ’)]L\%\
xn xn
Now lim R,= lim  f® @)= lim =8+
n—> oo n— oo N: n— oo 1!
n ! 1
=% lim =87 x0=0. [ -+ lim - 0|
n— oo n! | noen! |

Thus f ) (x)existsin[0, x]foreachn € Nand R, — 0 asn — ooi.c., all the conditions of
Maclaurin’s series expansion are satisfied.

Hence ¥ xe R the expansion of ¢ * is

3 n

Tolex+ o+t
21 31 n!

(ii) Expansion of sin x.
Let f (x)=sin x.
Then f(")(x)zsin(x+%nn)\fneN,VxeR
so that f (")(O)zsin(%nn) ¥ neN

(”)(O) B 0, if n is even,
or STOY= =02 i is odd,

The Maclaurin’s expansion of f (x) with Lagrange’s form of remainder is

- Ve pr "N e
J@=f0)+f70)+ 57 70+ 4 f 0)+ R,

(n-=1)!
x" nmw
where —f —sin(9x+—), 0<06<1
n! n! 2
n n
Now |R|:‘x—' (Gx+nn)‘=‘x 'sin(@x+n)'_‘x .
| n! 2)] |[n| 2 )7 | nY
li n [ n 1
lim | R,|< m ‘x— =0 lim =0
n—> oo n—eo|nl| n—> oo 1!
or lim R,=0.
n—> oo

Thus all the conditions of Maclaurin’s series expansion are satisfied. Hence the
expansion of sin x is

3 5 7 2n-1

sinx=r-To+ -l S
31750 71 @n-1)!

+...
(iii) Expansion of cos x.
Proceed as above. In this case we get

X
-+
4! o!

cosx=1-

e
S
=N
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(iv) Expansion of log, (1 + x).

Let fx)=log,(l+x), (-l<x<l).

Then FO) =" n-D11+x)" ¥ neN,
so that f(")(O)z(—l)"_l(n—l)! ¥ neN.

The Maclaurin’s expansion of f (x) with Lagrange’s form of remainder is

2 n—1
F@=fO) +xf O+ fO) +..+ —— f "=D0)+R,
21 (n—-1)!
where anx—;: f(”)(ex),0<9<l
n'
B el UE IR |
ol (+er) |1+ 6x

In order to show that R, — 0 as n — e , we consider two cases :
Casel: 0<x<I.
Since 0 £ x<1 and 0 <0< 1, therefore x <1+ 0x

n -1
J =0. Also lim =D
n—> oo n

and hence lim ( =0.

71— oo 1+9x

Thus, in this case, lim R,=0.
. 71— oo

CaseII: -1<x<0.
In this case it will not be convenient to show that Lagrange’s form of remainder R, — 0
as n— oo because x / (1 + 6x) may not be numerically less than unity. Therefore we use

the Cauchy’s form of remainder. We have

x}’l

—!

xn

- (n_l)'(l—e)"—l(— D' -Dla+en™

n-1
==l -6 L 0<e<.
1+ 6x 1+6x

(1 _ e)n - 1 f (n) (ex)

Rn = (n

NowasO<8<land -1< x< O , we have

n-1
0<1_e<1,sothat lim 1-6 =0.
1+6x J— oo \1+0x

Also, lim x"=0as—1<x<0.
h— o

Thus, in this case also R, — 0 as n— oo,

Hence, f (x)satisfiesall the conditions of Maclaurin’s series expansion for— 1< x < 1.
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EELN

Therefore, for — 1< x <1, we get

3 4 n
log‘g(l+x)=x—7+)%—XZ+...+(—1)”_1 %+
(v) Expansion of (1 + x)™.
Let fx)=1+x)", ¥ xeR.
Then FO@W=mm-)(m=2)...m=n+)(1+x""" ¥ neN.

Now we consider two cases :
Case I: If m is a positive integer.
In this case, we notice that forn>m, f <">(x) =0. So all the terms after the (m + )th
term vanish and so the expansion consists of finite number of terms in the form
2 m
S@=FO)+x frO)+ 5 f 7O+t T £ 0),
! m!
Case II: If m is a fraction or a negative integer.
In this case, let | x| < 1.
We have
FOD=mm-m=2)...m-n+)A+x" " x#-1

Here, we use Maclaurin’s expansion with Cauchy’s form of remainder. Thus, we have

n—1

2
F@=f O +xf O+ 35 f 7O ot e f VO 4 R,
! (n-1!
where an( "nl)'(l-e)”lf @O x),0<0<1
n— !
x " n-1 m-n
:(n_l)!(l—e) mm=1...m-n+1)(1+06x)
(1-6)'"! (agayn-l M =Dlm=ntD)
1+6x ' (n=1! '
If _m(m—l)...(m—n+l).xn’ then “n+1:m—n.x

a, =
" (n-=1! a, n

(on simplification).

a
lim 2o gim (ﬂ—l)x:(O—l)x:—x.
n— oo Ay Nn—> oo\ 1

o lim .
This gives a, =0, since |—x|=|x|<l
71— o

Further 0<0<1=0<1-0<1+06x
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B li B n-1
sothat1 0 < I'which gives " (1 9) =0.

I1+0x n—oo | 1+0x

Hence in this case lim R, =0. Thus f (x) satisfies the conditions of Maclaurin’s

. . (o)
SEries expansion. n—

Therefore for — 1< x< 1, we have

(l+x)’"=1+mx+7m(m'_l)~x2 +—m<m_l)<m_2)-x3

3!

+...

[llustrative Examl)les

Example 35: Prove that

sin ax = ax —

a3x3 aS XS an—lxn—l . (n—l )
+ sm T

—...+
31 51 (n—1! 2

a' . nT
+ sinla®x+—|-
n! 2

Solution: Let f (x)=sin ax.

Then f’(x)=acosax=asin(ax+%n)
’7 2 | 2 . 1
f/(x)=a COS(ﬂx+§TC)=ﬂ sm(ax+2~§1t)

f“'(x)=a3 cos (ux+2%n):u3 sin(ax+3%n)

f(”_l)(x)=a"_lsin(ﬂx+n7_ln)

and f(") (x) = a”" sin (ﬂx+nz—n)

so that f(") (6x)za"sin(u9x+nz—n)-
f(0)=Sin0=0,f’(0)=asin%n=a, F'70)=a’sinn =0,
f’”(o):ﬂgSinBZi:—ag,fiV(0)=a4sin2n=O,
fV(0)=ﬂssin52—n=a5, ......... ,

f =1 0)=a" ! sinnT_ln.
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Putting these values in

’ x2 r 7 xg 7’7
S)=f0)+xf (0)+;f (0)+§f ) +......
ol X
+ FUV0) + 2 @), we get
(n=-1)! n
3 5
sinax=0+m+0—x—a3+0+x—a5+...
3! 5!
n—1 _ n
+2 a"sin” n+x—a"sin(uex+ﬂ)
(n=1! 2 n! 2
. L P p gl (n—l)
or SIN ax = xa — + —...+ Sin T
3! 5! (n-1)! 2

anxn . nm
+ sin a9x+7 .

n!
’ XZ ’ 7
Example 36: If f (x)=f O)+x f (O)+;f (6x),
! (1)
find the value of ® as x — 1, f (x) being (1 - 02, (Lucknow 2009)
Solution: Here f (x)= (1—x)5/2.
, 5
frw=- -0
and f”(x)z%(l—x)l/z.
Thus f(0)=1,f’(0)=-%,f”(ex)=%(1—ex)l/2.
Putting these values in (1), we get
(1-x)"? =1—5x+ﬁx§(1—ex)”2.
2 21 4
Therefore as x — 1, we have
0=1-24+ L. q g2
2 21 4
or G-02 =% o 1-9=L0 o e=2.
5 25 25

Example 37: Assuming the derivatives which occur are continuous, apply the mean value
theorem to prove that

O (x)=F"{f ()} f " (x)where ¢ (x) = F { f (x)}.
Solution: Let f (x)=tso that ¢ (x)= F (¢).
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lim ¢ (x+h) -6 (x)  lim F{f(x+h)}-F{f ()}

Now q)(X)=h—>OT_h—>O h
li ’ -
_ im F{f@x)+h f (x+00)}-F{f (x O<9<1)
h—0 h
[vf(x+h)=f(x)+h f’(x+6; h), by mean value theorem]
_lim F(c+ H)-F(r) o,
—hﬁof,whereH—hf (x+61h)
_ lim HF’(t+6y H)
T h—>0 h
[~ F(t+ H)=F (t)+ HF ' (t + 6o H), by mean value theorem]
o lim hf (x40 h)F[t+69 h f/(x+6 )]
T h—>0 h
=S« =FE{f)f ()

Note: This example gives an alternatlve proof of the chain rule.

@mprehensive Exercise 4

L I f(cahy=f ) +hfr( hzf"(x+9h)

find the value of 8 as x — 4, f (x) being (x — ay’?. (Lucknow 2010)

2. Find 6, if
2
Flahy=f ()b ( +h—f”(x+eh),0<6<l,and

() f@=ar® +b? +ax+d (i) f@x)=x.

3. Show that ‘0’ (which occurs in the Lagrange’s mean value theorem) approaches

the limit % as ‘h” approaches zero provided that f *” (a) is not zero. It is assumed

that £’/ (x) is continuous.

4. Show that the number 8 which occurs in the Taylor’s theorem with Lagrange’s
form of remainder after n terms approaches the limit1/ (n + 1) as i — O provided
that f (2 +1) (x) is continuous and different from zero at x = a.

@nswers 4

o1
225

W | —
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@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).
1. The function f (x)=|x —1|is not differentiable at

(a) x=0 (b) x=-1
(c) x=1 (d) x=2
2. The function f (x) =|x + 3| is not differentiable at
(a) x=3 (b) x=-3
(¢) x=0 (d) x=1
3. A function f (x) is differentiable at x=a if
(a) Rf'(a)=Lf ") (b) R f'(a)=0
(© Lf"@)=0 @) Rf@#Lf (@

4. A function ¢ (x) is defined as follows :
o(x)=1+x if x<2
O(x)=5—x if x>2.
Then
a) 0 (x)
b) ¢ (x)is differentiable at every point of R
c) 0(x)

d) ¢ (x) is differentiable at x =2 but is not continuous at x =2 .

x) is continuous but not differentiable at x = 2
x) is neither continuous nor differentiable at x =2

(
(
(
(

5. Out of the following four functions tell the function for which the conditions of
Rolle’s theorem are satisfied.

(a) f(x)=|x]in [-11] (b)f(x)z)c2 in 2<x<3
(¢) f(x)=sinx in [0, n] (d) f(x)=tanx in 0<x<n
6. The function f (x)=sin x is increasing in the interval
[0 ™|
(a) [O,TC] (b) LO,EJ
[t 3m] aol® .l
(© 144 | @ 127" (Kumaun 2014)

7. The value of ‘¢’ of Lagrange’s mean value theorem for f (x)=x (x —1)in[l,2]is
given by
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8. The value of ‘¢’ of Rolle’s theorem for the function f (x)=¢ * sinx in [0, nt] is
given by
3n
(a) ¢=

() ¢=

9. The function f (x)=|x]|at x =0 shall be
(a) differentiable

[\J‘?—‘ 4;‘

b) continuous but not differentiable

(
(c) discontinuous
(

d) none of these (Kumaun 2009)

Fill in the Blank(s)
Fill in the blanks “...... 7 so that the following statements are complete and correct.

1. A function f (x)is said to be differentiable at x = a if

lim  f ().

X—a X—a

exists.

2. The right hand derivative of f (x)at x = a is given by
li -
im  fa+h)- f(a) >0,
h—0 .
provided the limit exists.
3. The left hand derivative of f (x) at x = a is given by
lim £ (a—h) - f (a)
h N O — y h > O,
provided the limit exists.
4. A function f :]a,b[ — R is said to be differentiable in |a, b[ if and only if it is

differentiable at every pointin ... .

5. Ifafunction f (x)is differentiable at x = a,then f ’(a)is the tangent of the angle
which the tangent line to the curve y = f (x)at the point P (4, f (1)) makes with

6. Continuity is a necessary but not a ... condition for the existence of a finite
derivative.

7. The function f (x) =|x]|is differentiable at every point of R except at x =....
If a function f (x)is such that
(i) £ (x)is continuous in the closed interval [a, b],
(if) f ’(x) exists for every point in the open interval |a, b[,

(iii) f (a) = f (b), then there exists at least one value of x,say ¢, where a < ¢ < b,
such that f " (¢)=0.

The above theorem is known as ... .




Differentiability

10.

11.
12.

w N

P NN e

10.
11.
12.
13.

LN

If a function f (x) is
(i) continuous in the closed interval [a, b], and

(ii) differentiable in the open interval |a,b[ ie.,a < x < b, then there exists at
least one value ‘¢’ of x lying in the open interval ]a, b[ such that

fb) - f (@) _
b—a
If two functions f (x) and g (x) are
(i) continuous in a closed interval [a, b]
(ii) differentiable in the open interval Ja, b[ , and
(iii) g’ (x) # 0 for any point of the open interval Ja, b[, then there exists at least
one value ¢ of x in the open interval ]a, b[, such that

fh)-f@_f@)
g )
If f is continuous in [a,b] and f "(x)20 in ]a,b[, then f is ... in[a,D].
If f (x) =sin x, then

lim  f () - f ()
h—0 h

True or False

Write “T” for true and °F’ for false statement.

If a function f (x) is continuous at x = a, it must also be differentiable at x = a.
If a function f (x) is differentiable at x = a, it must be continuous at x = 4.

If a function f (x) is differentiable at x = a, it may or may not be continuous at
x=a.

The function f (x) =|x|is differentiable at every point of R.

Rolle’s theorem is applicable for f (x) =sin xin [0, 2 xt].

Rolle’s theorem is applicable for f (x) =|x|in[-L1].

Lagrange’s mean value theorem is applicable for f (x)=|x|in [-11].

[ m «]

The function f (x) =sin x is increasing in L_ 5 §J :

If a+b+c =0, then the quadratic equation 3ax® +2 bx + ¢ =0 has no root in
10,1

If f is continuous on [4,b] and f " (x) <0 in Ja, b[, then f is increasing in [a, b].
The function f (x) =2 =15 +36x+1is decreasing in the interval [2,3].
Let f (x)=|x|+|x—1|.Then R f "(0)=0.

Rolle’s theorem is not applicable for the function f (x)=x (x+2
[-2,0].

ye /2 in
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14.

15.
16.

17.

Kaisfua's T.B. Real Analysis

The value of ‘¢’ of Lagrange’s mean value theorem for the function

f()c)=2x2 +3x+4in[L2]is givenbyc:%.

If f(x)= " then lim M -

h—0 h -
If f (x)=cos x,then lim f(x)_f(ﬂ)=—sina.
X—a X—a

If f(x)=¢", then lim Mze".
X — X X=X

O\

11.
16.

@HSWGIS

Multiple Choice Questions
(c) 2. (b) 3. (a) 4. (a) 5.
(b) 7. (b 8. (a) 9. (b)

Fill in the Blank(s)

f (a) 2. h 3. —h 4. Ja [ 5.
sufficient 7. 0 8. Rolle’s theorem 9.
gb)—-g(a) 11. increasing 12. cosx

True or False

F 2. T 3. F 4. F 5.
F 7. F 8. T 9. F 10.
T 12. T 13. F 14. F 15.
T 17. F

the x-axis

S )

T
F
T
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More About Continuity and
Darboux Theorem

In the present chapter we shall study the sequential continuity, boundedness and
intermediate value properties of continuous functions, uniform continuity,
Meaning of sign of derivative and Darboux theorem.

1 Criteria for Continuity or Equivalent Definitions

of Continuity

Theorem 1: (Heine’s definition of continuity). Sequential Continuity: The
necessary and sufficient condition for a function fdefined on I < R to be continuous at a € I is that
for each sequence < a,, > in I which converges to a, we have

lim  f(a,)=f (a) .

1= oo

Proof: The condition is necessary: Let f be continuous at 4 and let < a,,> be a

sequence in [ such that lim a,=a .
1—> oo

Let € be any positive number. Since fis continuous at 4, therefore, for a given >0, we
can find a number 6 > 0 such that

| f (x)— f (a)| < e whenever | x — a| < 3. (1)
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Also, since lim a, = a, therefore, there exists a positive integer m such that
n— o

|a, —a|<d whenever n> m. ..(2)
Setting x = a,, in (1), we get

| f (a,) — f (a)| < e whenever |a, — a|<3d. ..(3)
From (2) and (3), we get

| f (a,) — f (a)| < e whenever n > m.

lim  f(a,) = f(a).

n—> oo
Hence the condition is necessary.
The condition is sufficient:

Suppose for every sequence < a,,> in I converging to a, we have

lim  f(a,) = f(a) .

n— oo

Then we have to show that fis continuous at a.

Let us suppose thatfis not continuous ata. Then there exists an e > O such that for every
8> 0 there is an x such that|x —a|<d but| f (x) - f (a)| 2 &

If we take & =1/ n, we find that for each positive integer 1, there is an a,, such that
|a,—a|<1l/nbut | f (a,)— f (a)]|=e.

Then lim a,=a ,but f (a,) does not converge to f (a)i.c.,
n—> oo

lim  f (a,) # f (a).

n— oo

But this is a contradiction. Hence f must be continuous at x = a.

Illustrative Examlales

Example 1: A function f defined on [0, 1] is given by

X, if x is rational

f<x>={

Show that ftakes every value between O and 1 (both inclusive), but it is continuous only at the point

1 - x, if x is irrational .

x=—-

2
Solution: Letce|0,]1].

If ¢ is rational, then f (c) =c.
If ¢ is irrational, then 1 — ¢ is also irrational
and O<l-c<lie,l-cel0,]1].

Wehave f(l-¢)=1-(1-¢)=c.
Thus f takes every value ¢ in [0, 1].
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Now to show that f is continuous only at the point x = —

Let x be any point of [0, I]. For each positive integer n'we select a rational number a,, and
an irrational number b,,, both in [0, 1], such that

|a, — xp| <1/ n,|b, —xp| <1/ n.

lim a,=x = lim b,
n— oo n—> oo

If f is to be continuous at x; , then we must have

lim  f(a,)=f (xp)= lim f(b,)
n—> oo

n— oo
Now f (a,) = a,, for all n and f (b,) =1- b, for all n.
: lim  f(a,)= lim a,=x
n—> oo n— oo
and lim f ()= lim (1-b,)=1-x.
n— oo N — oo
So for f to be continuous at x, we must have
1

xo=f(x)=1-x ie, 0=y

Thus x = % is the only possible point of [0, 1] where f can be continuous.

Now we shall show that f is actually continuous at the point x =1/ 2.

Wehavef(l/2)=%v

Let £> 0 be given.

.. 1 . .
Take a positive real number § = ) €. Then if x is rational, we have

L PP IR 0 N N |
x 2|<8:|f(x) f()| |x |<8 e<e

and if x is irrational, we have

Thus, we have

. . 1
so that f is continuous at x = 3

Hence f is continuous only at the point x =1/ 2.

Example 2: Let f be a function defined on 10,1] by setting f (x) =0 when x is irrational and

f (x) =1/ q when x is a rational number of the form p / q where p and q are positive integers
having no factor in common. Show that fis continuous at each irrational point and discontinuous
at each rational point.
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Solution: First,leta = p / q¢be anyrational numberin]0,1[, where p and g are positive

integers having no factor in common. For each positive integer 1, we choose a positive
irrational number x,, such that|x, — a| <1/ n. Then the sequence < x,, > converges to a.
Also it is given that f (x,) =0 for each n, so that lim f (x,)=0# f (a) , since
11— oo

f@=f(p/g=1/q%0.

It follows from the preceding theorem that f is not continuous at a rational point.
Next, leth be anirrational numberin ] 0,1[so that f (b) = 0. Lete > 0 be given. Choose a
positive integer n such that 1/ n < €. Evidently there can be only a finite number of
rational numbers p / qin]0,1[ such that g < n. Hence, we can find a number > 0 such
that no rational number in |5 —8,b + 0] < ]0, ][ ) has its denominator less than n.

Thus we have shown that

[x=bl<3=|f (W) f B)]=If W)]=0<s (1)
if x is irrational
and |x=b|<d=|f(x)= f )| =]|f (x)|<1/n<e, .. (2)

if x is rational.
From (1) and (2), it follows that | f (x) — f (b)|< € whenever|x — b|< 8.
Hence f'is continuous at b.
Theorem 2: A function f : R — Riscontinuous iff for every open set G in R, the inverse image
f -1 (G) is an open set in R.
Proof: The ‘only if’ part: Let f be continuous and let G be any open set in R. If
f “1(G)is empty, then it is open. If f ~1(G) is not empty, letae f ~1(G) . Then
f (a)e G. Since G is an open set containing f (a), therefore, there exists an £> 0 such
that

1f(@a)-¢ fla)+e[cG.
Now fis continuous at 4, so we can find a number § > 0 such that
|x—al<d=|f(x)-fla)|<e

ie., xela-06,a+d[=f(x)e]l f(a)—¢ f(a)+e[cC
or xela-8,a+d8[= f(x)eCG
= re f 1 (G)

Hence]a-8,a+d[c f -1 (G). Thus f -1 (G)is aneighbourhood of 4. Since a is any
point of f ~1(G), therefore, it follows that f LG is open.
The ‘if’ part: Let the inverse image f “1(G)of every open set G be open. To show

that f is continuous. Consider any point a€ R. Let &>0 be given. Then
] f(a)—¢ f(a)+¢€[ is an open set containing f () and hence by hypothesis
f -1 (1f (a)—¢, f (a) + €[) is an open set containing a. Consequently, we can find a

number & > 0 such that

la=8,a+8[c f V(] f(@~-¢g f(a)+€[),so that
fa-8a+3])c] f(a)—e, f(a)+el
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Thus, for any given £> 0 we have found a number § > O such that
xela-08,a+d[= f(x)e] f(a)—¢ f (a)+
|x—a|<d=|f(x)- f (a)]|<e.

This shows that fis continuous at a. Since a is any point of R, hence, f is continuous on
R.

Theorem 3: A function f : R — Riscontinuous on Riff for every closed set Hin R, f ~ L)
is closed in R.

Proof: First, let f be continuous and let H be any closed set in R. Then R ~H is an
opensetinR, so that by the preceding theorem, f ~ (R ~H)isan opensetinR. Since

f ®R~H) =R~f "' (H

hence it follows that R ~f ~! (H) is an open set in R and consequently f ~! (H)is a
closed set in R.

Conversely, let f ~ ! (H)be closed for every closed set H. To show that fis continuous.
Let G be any open set in R. Then R~ G is a closed set in R and hence by hypothesis
f -1 (R ~G) is a closed set in R.

Since f 7" R~G)=R~ f _1 ), therefore, this means that R ~f - (G)is a closed
setinRandhence f 7" (G)isanopensetinR. Thus f ~ ! (G)isopenin Rwhenever G is

open in R. Therefore fis continuous by the preceding theorem.

2 Algebra of Continuous Functions

Theorem 1: Let fand g be defined on an interval I. If f and g are continuous at a € 1, then
f + g is also continuous at a.
Proof: Let< a,>be any sequence in I converging to a. Since f and g are both con-
tinuous at a € I, therefore

lim f(a,) = f(a)and lim g (a,)= g (a).

N — oo N —> oo
We have, lim (f+g(a,)= lim {f(a,)+ g(a,)
n— oo Nn—> oo
= lim f(a,)+ lim g(a,)
n— oo N —> oo
=fl@)+gla)=(f+ga),

which shows that f + g is continuous at a.

Aliter: Since both f and g are continuous at a, therefore
f(a)= lim f(x)and g(a)= lim g (x)
x—a x—a
Now lim (f+g &)= lim {f(x)+ g(x)
x—a

roa [- by def. of the function

f+gwehave (f+ g (x)=f(x)+ g(x)]
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= lim f(x)+ lim g(x)
x—a x—a

[~ limit of a sum = sum of the
limits provided both the limits exist]

=fla)+g@=(f+ga).

Since lim ( f+ g)(x)=( f + g) (a), therefore f + gis continuous at a.
x—a

Theorem 2:  Let fand g be defined on an interval I. If fand g are continuous at a € I, then fg is
continuous at a.

Proof: Let< a, > be any sequence in I converging to a. Since f and g are both
continuous at a € I, therefore,

lim  f(a,)=f(a) and lim g (a,)= g (a).

N — oo N —> oo
We have, lim ( fg)(a,)= lim {f (a,) g(a,)}
n—y oo n— oo

= lim f(a,). lim g(a,)
1—> oo —> oo
=fla). g(a)=(fg)(a),
which shows that f g is continuous at a.

Alternative Proof: Since both f and g are continuous at 4, therefore

f@= lim f(x) and g(a)= lim g(x).
Xx—a x—a

Now lim  (fg) (x)= lim f(x).g(x)
x—a x—a [- by def. of the function fg,

we have (fg) (x)= f (x) g (x) ]

= lim f(x). lim g(x)
X—a X—a

[+ limit of a product = product of
the limits provided both the limits exist]

= [ () g(a)=(fg) (a).

Since lim ( fg)(x)=(fg) (a), therefore fgis continuous at a.
x—a

Theorem 3: If fis continuous at a point a and ¢ € R, then cf is continuous at a.

Proof: Let < a,> be any sequence in I converging to a. Since f is continuous at a,

therefore
lim  f (a,) = f (a).
nn—> oo
We have, lim (¢cf)(a,)= lim c¢f(a,)=c lim f(a,)
n—> oo n—> oo 1n—> oo

=cf(a)=(cf)a),

which shows that ¢f is continuous at a.
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Alternative Proof: Since f is continuous at 4, therefore  f (a) = xli_x)nﬂ f (x).
Now im (cf)(x)= lim c¢f (x)
X—a X—a

[ by def. of the function ¢f, we have
(ef)x)=cf ()]
=c lim f(x)=cf (a)=(cf)((a).

X—a

Since lim (¢ f ) (x)=(cf ) (a), therefore ¢ f is continuous at a.
n—> oo

Theorem 4: Let fand g be defined on an interval I, and let g (a) # 0. If fand g are continuous
atael, then f/ gis continuous at a .

Proof: Let< a, > be any sequence in I converging to a.

Since f and g are continuous at a, therefore

lim  f(a,)=f(a) and lim g(a,) = g(a).

n— oo n—> oo

Also, since g (a) # 0, therefore, there exists a positive integer m such that g (a,) #0,
whenever n > m.

We have, lim (f/g(a,)= lim {f(a,)/ g(a,}
n— oo N —> oo
= lim f(a,)/ lim g(a,)
n— oo 1 — oo

—f@/g@=(f/ Q@
which shows that f / g is continuous at a.
Aliter: Since both f and g are continuous at a, therefore
f@= lim f(x)and g(a)= lim g(x)

x—a x—a
Since g (a) #0 and g (x)iscontinuous at x = a, therefore there exists a neighbourhood

of a at each point of which g (x) #0.

Now lim (fJ W= lim £
x—a \§ x—>a &) [~ by def. of the function f/ g we

have (f / g)(x)= f(x)/ g(x)]

lim £ (x)
_x—>a

lim g (x)
r—a [~ limit of a quotient = quotient of
the limits provided both the limits exist
and the limit of the denominator is not zero]

_f@_( 1),
g (a) (g]()'

Since lim (f) (x)= (f) (a), therefore i is continuous at a.
x—a \§ g 8
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Theorem 5: If fis continuous at a then| f | is also continuous at a.

Proof: Let< a,>be any sequence in I converging to a. Since f is continuous at a,

therefore
lim f(“n)zf(“)
n— oo
Now im | fl@)= lim |f(a)|=| lim f ()

n—> o n—> oo |n— oo |

=| f (a)| =] f| (a), showing that| f |is continuous at a.
Aliter: Itis given that f is continuous ata. To prove that| f |isalso continuous ata.
Take any given €> 0.

Since f is continuous at a, therefore there exists 8> 0 such that

| f (x)— f(a)]|< e whenever|x—a|<38. (1)
Now if x and y are any real numbers, we know that

Il x[=|yll<]x= yl.

f =1 f@ll<]|f (x)=f(a) -(2)

From (1) and (2), we have
[| f (x)| =] f (a)|| <& whenever|x —a|<d
= [| f1(x)—| f] (a)|< &, whenever | x — a| <.
[~ by def. of the function| f |, we have | f|(x) =| f (x)]]
Thus for any given £> 0, there exists > 0 such that
[| f1(x)—]f]|(a)]|<e, whenever|x—a|<38.

by definition of continuity of a function at a point, the function| f|is continuous at
a.

Note: The converse is not true. For example, if
f (x)=-1for x<aand f (x)=1for x> a then

lim | f(x)|=1=]|f (a)], but lim f (x) does not exist.
x—a xX—a

Thus| f]is continuous at 4 while f is not continuous at a.

Theorem 6:  Let fand g be defined on an interval 1. If both fand g are continuous at a € 1, then
the functions max. { f, g} and min. { f, g} are both continuous at a.

Proof: Wehavemax{f,g}Z%(erg)+%|f‘g

’

. 1 1
min. {f’g}zg(f"‘ g)—§|f_ gl
The theorem now follows from theorems 1, 3, 5, of article 2.

Theorem 7: Let fand g be defined on intervals I and ] respectively and let f (I) < J. If fis
continuous ata € I and gis continuous at f (a), then the composite map g o fis continuous ata.

Proof: Let< a,> be any sequence in I converging to a. Then< f (a,) > converges to
f (a), f being continuous ata. Again, since f (I )  J,hence< f (a,)>isasequencein J.
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Now g being continuous at f (a) and < f (a,)> 1s a sequence in ] Convergmg to f (a
therefore < g(f(a,))> converges to g( f (a) <(go f)(a,)> converges to
(go f)(

Thus<an>aa:>< (go f)(a,)>—(go f)(
Hence g o fis continuous at a.

5 DBoundedness and Intermediate Value Properties

of Continuous Functions

Theorem 1: (Borel’s Theorem) If fis a continuous function on the closed interval [a, b],
then the interval can always be divided up into a finite number of subintervals such that, given
e>0,| f (x))— f (x9)| < & where x; and xo are any two points in the same sub-interval.
Proof: Let us assume that the theorem is false. Then for any mode of sub-division,
there must be at least one of the subintervals for which the theorem is false. Let us
divide[a, b]into two equal parts. Let ¢ be the point of division. Then the theorem must
be false in at least one of the two parts. Suppose it is false in [¢, b]. Renaming the interval
[¢,b]as|ay, by ], we divide [ay, by ]into two equal parts. Again, the theorem must be false in
at least one of these two parts. Continuing this process of repeated bisection
indefinitely, we get a sequence of closed intervals

lay, by, a9 . b9 ],...,|a,,Db,],... such that

a<ay<ag<..La,<..<bh,<..<hy<h<h, ..(1)

1 1 1
bl_al:i(b_ﬂ)7b2_“2:i(bl_“l):?(b_ﬂ)’ ...... ,
|
bn ay 27 (b - “) (2)
and the theorem is false for each interval [a,,, D,,]. ...(3)

From (1), we find that the sequence < a,, > is increasing and bounded above by b and
<b,> is decreasing and bounded below by a. Hence both <a,> and <b,> are
convergent. So there exist [}, /) € R such that lim a,, = [ and lim b, = k.

. 1 .1
From (2), lim (bn—an):11m2—n(h—a):(b—a) hmz—n:(b—a).o =0

iec., lim b, —lima,=0ie, b - =0ie, b =].
Now h =sup<a,>,
<a,>being an increasing and bounded above sequence
=inf<b,>,
<b,> being a decreasing and bounded below sequence.
a,<hand [ <D, ie, a, <} <bh, ¥neN
= ash<h z.e.,e1thera<ll<bora:llorb:ll.
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Case I: a < [} < b. Since f is continuous in [4, b], it is also continuous at x = /. Then
for given €> 0, there exists a § >0 such that

|f(x)—f(ll)|<%£, whenever | x — [j| < d.

Now we can choose 1 so large that the interval[a,, , b,,|lies completely inside the interval
14 -8, +3].
Hence if x; and xy are any two points in [a,,, b,,], then
|f )= f ) <e/2,]f (x)-fHh)|<e/2.

Now |f )= f Gl =1f ()= f )+ f ()= f (x2)]

<If @)= f W+ @)= f ()l

<e/2+¢/2=¢ = the result is true in [a, , b,,].
This is a contradiction to the fact (3) and so our initial assumption that the theorem is
not true is wrong. Hence the theorem must be true.

Similarly we can prove the cases for j =a or | =b.

Note: The possibility j = aorl} = b shows that the interval considered in the theorem
must be closed so that fis continuous at /.

Theorem 2: (Boundedness Theoxem) If a function f (x) is continuous in a closed
interval [a,b], then it is bounded in that interval.

Proof: By the above theorem, for a given € >0, we can sub-divide the interval [a, b]
into a finite number of sub-intervals say [a = ag , a1 ],[a;, a9 ]....,[a,, _, a,, = b]such that

|f ()= f (wm)l<e (1)
for any two points xj,xy in the same sub-interval. Let x be any point in the first
sub-interval [a, 41 ]. Then by (1), we have, ¥ x € [a, a1 ]

| f(x)— f(a)|<eie, f(a)—e< f(x)< f (a)+e ..(2)
In particular, for x =ay, | f (a1) - f (a)|<e. ...(3)
Again Yxela,al,| f(x)— f(a)]|<e. ...(4)
: ¥ xelap,ay], we have
| f )= f@|=1f )= f(a)+ f (@)= f(a)]
<f W= f @)+ 1 @)= f @
<e+¢g, from (3) and (4)
=2e
Thus ¥ x € [a],as],we have| f (x) — f (a)]|<2e
ie., fla)-2e< f(x)< f (a)+2e. ..(5)

From (2) and (5), we see that all the values of f (x) in the first two sub-intervals lie
between
fa)—2eand f (a)+2e.
Proceeding in the same way, we can show that ¥ x € [a, _1,a, = b], we have
f@-ne< f(x)< f(a)+ne.
Hence all the values of f (x) in the interval [a,b] will lie between f (a) —n e and
f(a)+ne
Thus f (x) is bounded in [4, b].
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Note: Abounded function in [a, b] need not be continuous in [a, b]. For example, the

function
f(x)=sin(l/x)forx=0, f (0)=
is bounded in [0, 1] but not continuous in [0, 1] since it is discontinuous at x = 0.
Theorem 3: (The Mostest Theorem) If a function f (x) is continuous in [a, b], then it
attains its supremum and infimum at least once in |a, b).
Proof: Since f (x)is continuousin[a, b], f (x)isboundedin[a, b]. Let M and m be the
supremum and infimum of f in [a, b] respectively. We shall show that f attains its
supremum M atleast once in thisinterval. Let, if possible, f (x)doesnot attain M, then
fx)#M Vxelab] ie, M- f(x)20Vxela,b]
Now, M, being a constant, is always a continuous function and f is given to be
continuous in [a,b].
M — f (x)is also continuous in [a, D]
= b is also continuous in [a, b].
M~ f (x) [ M- f(x)20Vxe[ab]]
Consequentlyl / {M — f (x)}isboundedin[a, b]. Let G € R, beitsupperboundin|a, b]

so that ¥ x e [a,b]
1 1

mst.c., M—f(x)ZE ie, fx)sM-(1/G)<M
ie., M —(1/ G)< M is also an upper bound of f.
But this contradicts the fact that M is the supremum of fin[a, b]. Hence f (x) = M forat
least one value of xin[a, b]. Similarly we can show that fattains its infimum at least once
in[a,b].
Theorem 4: If fis continuous at x = xo where f (xy) #0, then a positivc number & can be
Sfound such that f (x) has the same sign as f (xo) for every value of x in | xo — 8, xo + 8.
Proof: Since fis continuous at x = x , hence for a given € > 0, we can find a number
8> 0 such that | f (x) — f (x9)|< &, whenever|x — xp| <
ie., f (xg)—e< f(x)< f (x9) + & whenever xy —d< x< xy + 6.
Now f(x0)¢0=>|f(x0)|>0.
If we choose € such that O < e<| f (x) |, we see that f (xy) — eand f (xy) + € have the
samesignas f (xp). Itimplies that f (x)hasthe samesignas f (1) forallxin the interval
] X0 — 5, Xo + ) [

Theorem 5: ((Bolzano’s Theorem)) Iffis continuous in [a,b]and f (a)and f (b) have
opposite signs, then there is at least one value of x for which f (x) vanishes.
Proof: For definiteness, let f (a)<0 and f (b)>0. Consider a subset S of [a,b]
defined as follows :

S={x:a<x<band f (x)<O}.
Then S # &, since ae S, f (a) being < 0. By definition, b is an upper bound of S. It

follows that S has a supremum, say u, by the completeness property of real numbers.
Obviously a < u < b. Now, we shall show that f (u) =
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StepI:  First we shall show thatu # a. Since f (a) <0, we can find a positive number
such that  f (x) <0 whenevera< x<a +3d.
It follows that [a4,4 + §[ S and hence the supremum of S must be greater than or equal
toa +3d.
R u>a+die, u#a.
Step II: We shall show that u # b In fact, since f (b)> 0, therefore, there exists a
positive number 8; such that f (x)>0 whenever b — 8 < x< b.
It gives that b — §; is an upper bound of S, and hence

u=supS<hb-98 <b ie,u<bh.
Step III:  We shall show that f (1) $0 . Sincea < u < b, therefore, if f (u)> 0, then we
can find a positive number &y such that f (x)>0 whenever

U—0y<x<u+dy.
Also, since u = sup S, there exists xy € S such that u — 8y < xy < u. This means that
f (x9)>0.
Again, xy € S = f (xy) <0, bydefinition of S. This contradiction implies that f (u) $0
StepIV:  We shall show that f (1) 40 . Since if f (u) <0, then we can find a positive
number 33 such that u + 83 <b and f (x)<0 whenever U—93<x<u+9d3.
If x; is any point such that u < x; < u + 85 , then f (1) < 0. But this is a contradiction to
the fact that u is the supremum of all those points of [a, b] for which f is negative.
Consequently f (1) 40 .
It follows from steps III and IV that f (u) =

Theorem 6: (The Intermediate Value Theorem) If a function fis continuous in the
closed interval [a,b], then f (x) must take at least once all values between f (a) and f (b)

Proof: Let f (a)<d< f (b). Let us define a function F such that

F(x)=f (x)—d.
Sincefis continuous in the closed interval[a, b], F must also be continuous in[a, b]. Also
F(a)<0 and F (b)>0 i.e., F (a) and F (b) are of opposite signs. It follows that there
exists xq in Ja, b[ such that F (xg) =0 i.c., f (xg)—d=0 or f (x9) =
Since d is any value between f (a) and f (b) it follows that f takes all values between
f (a) and f (b) at least once.
The converse of the above theorem is not true. For example, let fbe the function defined
as  f(x)=sin(l/x),x#0and f (0) =
In the interval [-2 / =,2 / =] this function takes all values between f (-2 /m) and
f (2 /m)i.e., between —land 1 an infinite number of times as x varies from — 2 / & to
2 / m, but this function is not continuousin[— 2 / ©,2 / n]asitis discontinuous at.x = 0.
Corollary 1:  Let f be continuous on |a,b] and let k € [m, M] where m = inf f and
M =sup f onla,b) Then there exists ¢ € [a,b] such that f (c) =
Proof: Since fis continuous on[a, b] and every function defined and continuous on a
closed interval attains its supremum and infimum, therefore, there exist xy, xy € [a, D]
such that

m= f (x)and M = f (x9).
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If x; = x9, then fis a constant function on [4, 5] and the result follows.

Let x; < x9. Then [x], x9] € [a, ] and fis continuous on [x, xy |.

Hence by the above theorem there exists ¢ € [}, x9] < [a, b] such that f (c) = k.
Similarly we can prove the result if x; > xy.

Corollary 2:  Let f be continuous on |a,b]. Then f ([a,b]) =[m, M], where m = inf f
and M = sup f on [a,b] and thus f ([a,D]) is a closed set.

Proof: By Corollary 1, f takes all values between m and M and hence
[m, M] c f (la,b]). Since every value of f on [a,b] lies between m and M, hence,

f (la,b]) < [m, M]. Thus f ([a,b]) =[m, M]which is a closed set because every closed
interval is a closed set.

4 Uniform Continuity

Let a function f be continuous for every value of x in [a, b]. It means that if x; € [a, b],
then, givene> 0, there existsd > 0, such that| f (x) — f (xg)| < ewhenever| x — xp| < 3.
The number 8 will depend upon x; as well as € and so we may write it symbolically as
3 (&, xp). For some functions it may happen that given £> 0 the same § serves for all
Xg € [a,b] in the condition of continuity. Such functions are called uniformly
continuous on [a, b].

Definition: A function fdefined on an interval I is said to be uniformly continuous on I if given
e> 0, thereexistsa 8> Osuchthat| f (x)— f ( y)|<ewhenever|x — y| <3, wherex,yareinl.
(Meerut 2001)
It should be noted carefully that uniform continuity is a property associated with an
interval and not with a single point. The concept of continuity is local in character
whereas the concept of uniform continuity is global in character.
Note: Afunctionfisnot uniformly continuous on I, if there exists some € > 0 forwhich
no 8> 0 serves i.e., for any 8> 0, there exist x, y € I such that| f (x) - f (y)|= € and
|x— y|<d.
The following two theorems express the relation between continuity and uniform
continuity. The first one gives that uniform continuity always implies continuity. The
second one gives a sufficient condition under which continuity implies uniform
continuity.
Theorem 1: If fis uniformly continuous on an interval 1, then it is continuous on 1.

Proof: Let xy be any point of I and let € > 0 be given. Since fis uniformly continuous
on I, therefore, given £> 0, there exists a 3> 0 such that

f (x)— f (y)|< ewhenever|x— y|<8 ¥x, yinl.
Taking y = xy , we have in particular,
| f (x) = f (x9) | < e whenever | x — x| <8 ¥xin L.
This means that fis continuous at x; .
Since xy is an arbitrary point of I, therefore f is continuous at every point of I.
Hence fis continuous on 1.
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Theorem 2: A function which is continuous in a closed and bounded interval I = [a, D] is
uniformly continuous in [a,b]

Proof: Takeany givene > 0.By theorem I of article 3, the interval[4, ] can be divided
up into sub-intervals [a, x1], [ x|, X9 |,...,[x,, _1, b] such that for any two points ., B in the

same sub-interval, we have | f (o) — f (B)|< 3 €. (1)

Let & be a positive number which does not exceed the least of the numbers

X —a, Xy —Xp,...,b —x,_1.

X1 X2 Xp-1 Xy Are1 Fp-1

Let &, nbe any two points in [a, b] such that| & —n[} &

If these two points are in the same sub-interval, then by (1), we have

1@ f <y

If & m do not lie in the same sub-interval, then surely they lie one in each of the two
consecutive intervals. Let x,. be the point of division such thatx, _j < &< x. <m<x, ;|-
Then we have

| f @ =fI=]f©)=f @)+ f )= f 0]
<IfF@=f )+ f ()= f (]

1 1
<—eg+—¢e=¢ by (1)
28+ y (1)

Thus we have shown that, given € > 0, there exists 8> 0 such that

| f (&) — f (n)|<ewhenever|& -n|<d, VY& nina,b].
Hence fis uniformly continuous in [a, b].

Illustrative Examl)les

Example 3:  Give an example to show that a function continuous in an open interval may fail to
be uniformly continuous in the interval.

Solution: Consider the function f defined on the open interval ]0,1[ as follows :
f)=1/x¥xe]0,1].
First we shall show that f is continuousin]0,1[ ie., f is continuous at each point ¢ in

10,17 .

Wehave lim f()= lim 1=1=f() .
xX—=c xX—>ckX €

So f (x)iscontinuous at each pointcin] 0,1 [and hence f (x)iscontinuousin]0,1[.

Now we shall show that f (x) is not uniformly continuous in ]0,1].




More About Continuity and Darboux Theorem N
fR-527]h A

For any 8 > 0, we can find a positive integer m such that1/m <8.

Letxy=1/mandxy =1/2m. ThenO < x <land 0 < xy <1so that x,x €]0,1].

‘We have |X1—X2|=|l—ilzli|zi<l<8
|m 2m| |2m| 2m  m
|1 1' 1
and |f(xl)_f(x2)|=|;l—g|=|Yn—2m|=|—m|=m>§~
[~ m is a +ive integer]

Thusifwetakee = % > 0,thenwhat everd > 0 we try there exist x|, xp € ] 0,1 [such that

1
| % = xo|<dbut| f (x) - f (x2)|>8=§'
In this way for € :%> 0, there exists no 8> 0 such that

| f (x)) — f (x9)]| < e whenever | x| — x9| < 3,17, x9 €]0,1[.

Hence f (x) =1/ x is not uniformly continuous in ] 0,1[ .

Example 4:  Prove that the function f defined on R as  f (x) = sin ! , ¥ x>0
x

is continuous but not uniformly continuous on R™.

Solution: Let a be any positive real number.

We have f@-0)= lim f(a—h)= lim sin =sinl,
n—0 n—0 a—h a
1
f@+0)= lim f(a+h)= lim sin =sin —-
h— 0 h—0 a+h a
Also f (a) =sin L
a
Since f(a+0)=f(a—0)= f (a), f is continuous at a.
But a is an arbitrary point of R, so fis continuous on R.
It remains to show that f is not uniformly continuous on R*.
We shall show that no & works for € = % :
. 1 1 2
Let § be any positive number. Take xj = — ,xp = = R
nm nm+(n/2) @Cn+l)=n
where 7 is a positive integer such that x; — xy = o2 <d-

nm (2n+)=w
(We can always choose such a positive integer n for each positive 8.)
Now |x — x| <dbut| f (x) — f (x)|=]|sin nn —sin%(2n+l) nl=1>¢.
This shows that for this choice of €, we are unable to find & > O such that
| f (1) = f (x9)]| < e whenever | x; — x9| <8, ¥ x,x e R

Hence f is not uniformly continuous on R*.
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Example 5: Show that the function f defined by f (x)= 3, s uniformly continuous in
[-2,2].
Solution: Let x|, xy € [-2,2]. We have
| f () = £ () =1 = x| =1 (xy = 31) (57 + 1% + xpxy) |
<|x = x| (1] * + |0 +]x] 22}
<12|xp — x|
[ox,xme[-2,2]= |x|<2and | x| <2]
| f (x) = f (x)|< e whenever | xy — xj|<e/12.
Thus given € > 0, there exists d = € /12 such that
| f (x0) — f (x)| < e whenvever | xg — x1|<d ¥ x,x9 € [-2,2].
Hence f (x) is uniformly continuous in [-2,2].
Example6: Let f : R — Rgivenby f (x) = 2. Show that fis not uniformly continuous on R.
Solution: Lete> 0 be given. The function f (x)will be uniformly continuous on R if
we are able to find 8> 0 such that

a0 Ry —x[<d=|f (v)- f(n)]<e (1)
The function f (x) will not be uniformly continuous on R if we produce some € > 0 for
whichnodworksi.c.,forwhich forevery > 0, there exist 11, xo € Rsuch that|x — x9|< 8

but| f (n) = f (x)[z&.
So here we shall show that for some given € > 0, there exists nod > 0 which satisfies the
condition (1).
By the axiom of Archimedes, foranyd > 0, there exists a positive integer n such that
nd® > e .(2)

If we take x; = nd and xy =n6+%6,then|x1 —x2|=%8<5,
but | f ()= f(x2)|=|n% = 2% =[x - x| [x + x|
=16(2n6+15)=n52 18256 by 2).
2 2 4

Hence for these two points xj, xo ,we would always have| f (x;) — f (x9)|> €, whatever
&> 0 we take. This contradicts (1). Hence f'is not uniformly continuous on R.

Example 7: In the closed interval [— 1,1] let f be defined by
f (x):x2 sin(l/xz)forx;to and f (0)=0.

In the given interval (i) Is the function bounded ? (ii) Is it continuous ? (iii) Is it uniformly
continuous ?

Solution: (i) If xe[-11]and x # 0, we have
| f (0] =]2" sin (1/ x%)| =] | -]sin (1/ +%)
=|xP Jsin(1/ %) |<1-1=1
[ ]sin(1/x*)|<land - 1< x<1=|x|<]]
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Also f(0)=0=]f(0)|=0<1
Thus| f (x)|<L ¥ xe[-11]and so f is bounded in [-1,1].
(ii)) Letce[-L1]and ¢ #0.

1

We have lim f (x)= lim xzsinizc2 sin—2=f(c).
xX—c x—c e c

f (x) is continuous at every point ¢ of [- L 1] if ¢ # 0.
Now to check the continuity of f (x) at x=0.
We have fO-0)= lim fO-h)= lim f(=h),h>0
h—0 h—0

= lim (—h)2 sin ;2 = lim K? sin%zo.
(=h) h

h—0 h—0
[ 2 | 1
s lim h* =0 and!sin 2 <lifh=0
h—0 |
Again 0+0)= lim O +h)= lim (h)
& f h—0 f h—>0f
= lim K% sini2=0.
h—0 h

Also f(©0)=0.
Since f (0 -0)= f (0)= f (0 +0), therefore f (x)is continuous at x =0.
Thus f (x) is continuous at each point of [-1,1] and so it is continuous in [— L 1].

(iii) Since f is continuous in the closed interval [- L 1], therefore it is also uniformly
continuous in [— L 1].

Example 8:  Prove that if f and g are bounded and uniformly continuous on an interval I, then
the product function fg is also uniformly continuous on 1. Is boundedness of each function necessary
for the uniform continuity of the product ? If not so, give a counter example.

Solution: It is given that the functions fand g are bounded and uniformly
continuous on I.
To prove that fg is also uniformly continuous on I.
Since f is bounded on I, therefore there exists k; > 0 such that
| f(x)|<k,Vxel. (1)

Again g is also bounded on I and so there exists kg > 0 such that
lg(x)|S ko, ¥xel. ..(2)
Now take any given £> 0.

Since f is uniformly continuous on I, therefore there exists 8; > O such that

€
If(x)-f(y)|<%,

whenever | x — y|< ), where x, yel. ..(3)
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Again g is also uniformly continuous on I and so there exists 8y > 0 such that

lg()-g(p)]<—

’

2k

whenever |x — y|<8y, wherex, yel. .. (4)
Take 8 = mini (§;,89). Then from (3) and (4), we have
€
|f(x)_f(])|<%

I
d - —, ..(5
an | g (x) g(y)|<2k1 (5)

whenever |x — y|<§,where x, yel.
Now 8> 0 is such that if v, y e [ and |x — y| <9, then

I(f@-(fonI=If@)gx)-f () gl
= fg@=f() gD+ f(y)g)-f(y) gl

=[(f @)= f () g@+1{g@ =g f (Dl
<|f@=fNlg@I+g@ =gl f(y
%k2+2k1 ki, usmg()()and()

=5, "¢

Thus for any given £> 0, there exists 8> 0 such that
[(fa)(x)=(fg(y)|<e whenever|x— y|<dwherex, yel.
Hence f g is uniformly continuous on I.

Second part: Boundedness of each function is not necessary for the uniform
continuity of the product as is obvious from the following examples.

Example Let f:R— Rand g:R — R be defined by

fx)=x,¥rxeRand g(x)=L,V¥xeR
Here both the functions f and g are uniformly continuous on R. The function f is not
bounded. But the product function f g = f is uniformly continuous on R.

Example Consider the functions f and g defined on [0, e [ by
f)=g)=Vxr,¥xel0,e].

Both the functions f and g are not bounded. The product function f g is given by
(fo)=x,¥xel0,ef

which is obviously uniformly continuous on [0, e [.

Example 9:  Find the points of discontinuity of the function f :R — R defined by

m— e | 11— oo

fx)=lim { lim (cosm!nx)z”}.
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Solution: Let x be a rational number, say p / g, where p, ¢ are integers prime to each

other. Choosing m sufficiently large, m | m x can be made an integral multiple of wso that
cos (m!mx)==+1
lim (cos m !nx)z” = lim (+ 1)2;1 -1
n— oo 7 — oo

Hence f (x) =1, when x is rational.

If x is irrational, then for any integral value of m, cos m | © x will always lie between — 1

and + 1.

2n

(cos m ! mx)*" = (rm)2" where | 7;,,| < 1, for a fixed value of m.

)2 n

Hence f (x)= lim lim (r,,)*" =0, when x is irrational.

M—> o0 71— oo

Since f (x)is 1 for rational values of x and O for irrational values of x, f is totally
discontinuous i.e., discontinuous for every value of x. This is so because at any point a
(rational or irrational) the limits f (a +0) as well as f (a —0) do not exist. Note that
there are infinite number of rational and infinite number of irrational points in any
neighbourhood ] a — hi,a + I [ of a, however small 1 may be and at these points the
functional values differ widely.

Here f(a+0)=1 f(a+0)=0, f(a-0)=1 f(a-0)=0.

Hence there is a discontinuity of second kind at every point.

Example 10:  Show that the function f :R — R defined by

sin® (n!mx)
S (nlmx)+ |

fx)y=lim [ lim

n—oo| t—0 sin
is equal to O when x is rational and to 1 when x is irrational. Hence show that the function is totally
discontinuous.
Solution: Letx be a rational number say p / 4, where p, g are integers prime to each
other. By taking n sufficiently large, n | mx can be made an integral multiple of 7 so that

sin (n!nr)=0.

Hence f (x)= lim
f(x) S

=0, when x is rational.

2

If x is irrational, then O < sin’ (nlmx)<lL

1
Hence (x)= lim  lim
f n— t_>01+t2/sin2(n!nx)
1

=——=1, when x is irrational.
1+0

Thus f (x)=0 when x is rational and 1 when x is irrational. Hence f is totally
discontinuous.
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Example 11: Show that the function f :R — R defined by

F@)= lim (+sinmx) -1

t— oo (I+sinmx) +1
is discontinuous at the points x =0,1,2,...,n,...
Solution: TForx=0,1,2,3,...,n,...we have sinw x=0, so that at these values of
1+0) -1

X, x)= lim ———=0
S n—s oo (1+0) +1

Now if 2m < x<2m +1 (m being an integer), then sin my is positive. Hence for such
values of x, we have

TP 1
- - t 1-—
f (@)= lim (1”11“”) ===l [-.-l=o}
t>eo ]y = 4 =
(1 + sin 1)’ oo

Again if 2m + 1< x<2m + 2, sin mr is negative and so

lim (1+sin @)’ =0.
t— oo

0-1

=——=-1
0+1

Hence for such values of x, f (x)

From the values of f (x) mentioned above, we observe that

(i)  ifxis an even integer, then
f()=0, f(x+0)=land f (x-0)=-1

and (ii) if x is an odd integer, then
fx)=0,f(x+0)=-1land f (x-0)=L

Hence f has discontinuities of the first kind at
x=0,L2,...,n,...

Example 12:  Let a function f :R — R satisfy the equation
fx+y)=f()+ f(y), ¥ x, ye R Show that

(i) Iffis continuous at the point x = a, then it is continuous for all x e R .

(ii) Iffis continuous then f (x) = kx, for some constant k.

Solution: (i) Let fbe continuous at the point x = a.

We have f(a+0)=hlin0f(a+h)=hlino [ f(a)+ f (W],

by definition of f
= lim @l f )= f @)+ lim f ().

Since fis continuous at 4, we have f (a)= f (a +0)

= f@=f@s+ tim f (@)= tim - f (=0 (1)

Similarly ~ f(a)=f(a—-0)= lim f (- h)=0. .(2)

h— 0
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Now let o be any real number. We shall show that fis continuous at o.
We have f@+0)= lim f(oa+h)= lim [f()+ f (h)]
h—0 h—0

—hlino f (o) + hlino f (h)= f (o), using (1).

Similarly, using (2) we have f (& —0)= f (o).
Thus f+0)=f(-0)=f (o).
Hence f is continuous at x = a.. Since o is arbitrary so fis continuous for all x € R.
(ii) Here we consider the following cases :
Case I: Let x=0. Since f (x+x)= f (x)+ f (x), we have

fO)=f0+0)=f(@©O)+ f(O)andso f (0)=
Hence f (x) = kx for every constant k in this case.
Case II:  Let x be any positive integer. Then

f)=fd+1+...xtimes)= f (1)+ f (1) +... x times

=xf (1)=ky,where k = f (1) i.c., a constant.

Case III: Let x be any negative integer. Put x = — y so that y is a positive integer.

Now 0= f(0), by Case I
=f=0=fN+fD)

: fEn==f)

Hence fx)==f(y)=—y f (1),by Case II

= kv, where k = f (1) i.e., a constant.
CaselV: Letxbeanyrational number. Putx = p / gwhere gis a positive integer and p
is any integer, positive, negative or zero.

Now f(q.p) f(p+p+ qtlmesJ
q 9 4

:f[pj+f[pj+...qtimes.
q q
F(n=af (”]

q

But f ( p) = kp, by previous cases.

Hence qf(pJ:kp or f[p):kp
q q q
or  f (x)=kx, in this case also.
CaseV: Finally letxbe any real number. Let< x,, > be a sequence of rational numbers
converging to x. Since f'is continuous at x, the sequence < f (x,,) > converges to f (x)
Thus, we have
lim x,=x and lim f (x,)=f (x)
n— o Nn—> oo
Since x,, is a rational number, we have by case 1V,
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f (x) = koxy.
lim f(x,)= lim kr,=k lim x,=ke
n—> oo n—> oo n—> oo
or f (x) = kx.
Hence f(x)=kr, ¥ xeR

D Meaning of the Sign of Derivative

Let f’(c)> 0 where ¢ is an interior point of the domain of the function f; then
lim M:f’(g)>0.

xX—c xXr—=c
If £>0 be any number < f” (c), there exists 8> 0 such that

c]<8 = M_f'(g)

| x — <eg
X—=c
ie., xelc—-0,c+d],x#c
= we]f@)-e,f’(wm[ (1)

Since € was chosen smaller than f”(¢) we conclude from (1) that

M>Owhenxe[c—8,c +9],x #c¢.
x—c
We then have, f (x) - f (¢)>0 whenc<x<c¢+9
and f(x)—f()<0whenc—6<x<c

Thus we have shown that if f’(c)> 0, there exists a neighbourhood [¢ —§,¢ + 8] of ¢
such that

f@)>f)VYxele,c+d[and f (x)< f(c)V¥xelc—-d,c].

If f7(c)<0,itcan be similarly shown that there exists a neighbourhood ] ¢ -8, ¢ + 8[ of
¢ such that

f)> f)¥xele-3d,cland f (x)< f (c)¥xe]c,c+8].
Similarly, it can be shown for the end points 2 and b that there exist intervals,
la,a+38] and [ b —3,b | such that
"@)>0= f(x)>
"(a)<0 = f ()<
"h)>0= f ()<
"h)<0 = f(x)>

(@)¥xela,a+d]
(a)¥xela,a+d]
b)¥xel[b-6,b]
()

and h)yMxel[b-8Db]

=
=

6 Intermediate value Theorem for Derivatives or

Dar]aoux Theorem

Theorem: If fisfinitely differentiable in a closed interval [a, bland f” (a), f' (b)areofopposite
signs, then there exists at least one point ¢ € | a,b [ such that f’ (¢) = 0.(Goralkhpur 2011)
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E=N

Proof : For definiteness, suppose that f’(a)>0 and f’(b)<0. Then there exist
intervals | a,a + I ] and [b — &, b[, I being positive such that
f)> fa)¥xela,a+h]
f(x) f)V¥xelb-hb|.
Further f being finitely differentiable, is continuous in[4, b]and hence it is bounded on
[a,b] and attains its supremum and infimum at least once in [a, ] .
Thus if M be the least upper bound of f in [a, b], then there exists ¢ € [a, b] such that
f (¢)= M. Itis clear from (1) and (2) that the upper bound is not attained at the end
pointsa and b so that ¢ € ]a,b[. We shall prove that f’ (c) =
If £”(c)>0, then there exists an interval ] ¢,c + h], >0, such that
f@)>f)=MV¥xe]c,c+h],
whichis not possible since M is the least upper bound of the function f(x)in[a, b].
If £7(c) <0, then there exists an interval [¢c — &, ¢ [,/ >0 such that
f)>f)=M ¥ xelc—-hc],
which is again not possible for the same reason as mentioned earlier.
Hence we conclude that f’(c)=0.
Corollary 1: If f is finitely differentiable on [a,b] and f'(a) # f’ (b)and k is any number
lying between f’ (a)and f’(b),then there exists at least one pointc € | a, b [ such that ' (c) = k.
In other words ' (x) takes every value intermediate between f’ (a) and f’(b)
Proof: Letk be any real number lying between f” (a)and f” (b). Define a function ¢ by
¢ (x) = f (x) — kx. Since f and kx both are finitely differentiable in [a, 5], ¢ is also finitely
differentiable in [a, b] .
We have ¢’ (x) = f’ (x) —k¥xela,b]
Hence ¢'(a) = f' (a)—k and ¢" (b ):f’ (b) — k.

Since k lies between f” (a)and f” (b (a)and ¢’ (b) are of opposite signs. Hence by the
above theorem, there exists at least one pomt cof]a,b[such that ¢’ (¢)=0
or fre)=k=0 or f'(c

Corollary 2: If f is finitely dzﬂerentmble on [a,b]and f’(x)#0 for any xela,b |, then
[ (x)retains the same sign, positive or negative in | a, b [i.e., f’ (x)is either positive or negative
for all values of xe | a,b [ .

Proof : If possible, let x; and xy be two distinct elements of | a,b [ and let f” (x1) and
f’ (x9) be of opposite signs. Then by the above theorem, there existsc € | a, b [ such that
f7(¢) =0 which contradicts the fact that f"(x)#0¥xe]a,b[. Hence f’(x) must
retain the same sign in ] a,b [.

Corollary 3: If f is finitely differentiable on I = |a, b), then the range f (I)of f’on 1is cither
an interval or a singleton.

Proof: Let f’(I)= Jandlet p;, p» be two distinct elements of /. Then there exist two

distinct elements xj, x9 of I such that f” (x1) = pyand f” (x9) = p». Suppose that x; < xy .
Then

[x, 0] c[a,b].




A q@]

Krishea's T.B. Real Analysis

Let pbe any real number lying between py and py. Then, by the above corollary 1, there
exists ¢ € | xj,x9[ < [a,b] such that f’(c)=p. Hence pe J. This shows that every
number lying between p and p belongs to J. Hence ] is an interval.

If J does not contain at least two distinct elements, then obviously it is a singleton.

10.

11.

12.

@mprehensive Exercise 1

Let f be the function defined on [-1, 1] by

f (x) = x, if x is irrational, f (x)=0, if x is rational.
Show that f'is continuous only at x = 0.
Let f :R — R be such that

f(x)=x whenxis irrational

=—x when x is rational.

Show that f (x) is continuous only at x =0.
Show that the function f defined on R by

f (x)=1 when x is rational , f (x)=-1 when x is irrational

is discontinuous at every point of R.
Show that f:R— R given by f (x)= > is continuous but not uniformly

continuous on R.

Explain fully uniform continuity and discuss the uniform continuity of the
function f (x) = Z ¥xeR in]O,1[.

Let f:]-L1[ — [0,1] be a function defined by f (x)= K. Using definition
show that fis uniformly continuous on its domain.

Show that the function f (x)=1/x,x>0 is continuous in (0,1) but not
uniformly continuous.

Define uniform continuity and show that the function

fx)= ¥ +3xxe [- L, 1] is uniformly continuous in [- 1, 1].

Show that a function which is continuous in a closed interval is bounded in that
interval. Verify the theorem for

_ SR
f (x)=cosx in| 27t,2n].

Give an example to show that a function continuous on an open interval need
not be bounded on that interval.

If the function fis continuous in the closed interval [a, b] , prove that it attains
its least upper bound and greatest lower bound in [a, b]. Verify the theorem for
the function f (x) =sin xin [0, 2x].

If fis continuous in [4,b] and f (a). f (b) < 0,show that f (¢) =0 for at least one
cela,b].
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13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

|_JR-557T_!D A

Let f be continuous on [a, b] and suppose that f (x) =0 for every rational x in
[a,b]. Prove that f (x) =0 for all x in [a, b].

If a function is continuous on a closed interval [a, b] , then it attains its bounds
at least once in [a, b]. Give an example of a function which is continuous and
bounded, and attains its supremum but does not attain its infimum.

Prove that the identity mapping of any interval I is uniformly continuous on I.
Show that the function f :R — R defined by

1

f (x) = 1+ el/sin (n! 1)

can be made discontinuous at any rational point in the interval [0, 1] by a proper
choice of n.
If f:R— R is a continuous function and satisfies the relation
fx+y)=f (&) f(p),¥ x, ye R, theneither f (x)=0 ¥V xeR
or there exists an 4 >0 such that
f(x)=a*,¥ xeR
Show that a function fis continuous at a iff for e > 0 there exists > 0 such that
x,X€la-8a+d[=|f (x)- f(n)|<s

Let f and g be continuous on [a, b] and let f (a)< g (a) but f (b)> g (b) . Prove
that f (¢c)= g(c) for somece|a,b|.
Let f:R — R be continuous and let f be zero on a dense set (i.e., a set whose
intersection with every interval is non-empty). Then f is identically zero.
Determine the discontinuities of the function f:R — R defined by
@)= lim {1+sin(n / x)}" —I’
n— oo {I+sin(n/x)}" +1

x<lL

Find the type of discontinuity at x =1 for the function

f(x)= lim ’

x
n— oo 1+ x"e*

Show that the function

n+2 _
o)= lim 2 cos x
1 —> oo in +1
does not vanish anywhere in the interval [0, 2] though ¢ (0) and ¢ (2) differ in
sign. Discuss the continuity of the function at x = 1.
Examine for continuity the function f defined by

XM
f ()= lim w(ogxgﬁ)
n— oo 1+1" 2

at x =1 Explain why the function f does not vanish anywhere in [0, 7 /2]
although f (0). f (n/2)<0.
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D
@swers 1

5. Uniformly continuous in ]0,1[

19.  Discontinuity of the first kind at x=1

21.  f has a discontinuity of second kind at x =0 and ordinary discontinuous at
11

x=1-,—,..
23
22. Discontinuous of the first kind
24. Discontinuous at x=1

@jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (¢) and (d).

1. The necessary and sufficient condition for a function f defined onI < R to be

continuous at a € [ is that for each sequence < a,, > in I which converges to a, we
have lim f (a,) =

11— oo
(a) f(a) (b) f*(a)
() f(a) (d) none of these

2. The function f defined on [-1,1] by
f (x) = x, if x is irrational
f (x)=0, if x is rational.
is continuous at x =
(a) O (b) 1
(c) =11 (d) none of these

x}’l

3. Atx=], the function f (x)= lim ———
n— oo l+x"e*

a) is continuous

b) has discontinuity of first kind

¢) has discontinuity of second kind

o~ o~~~

d) is uniformly continuous.
4. For all real values of x, the function f (x) = ¥ s

(a) continuous (b) discontinuous
(c) uniformly continuous (d) not uniformly continuous.
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In the interval [- 1] the function f defined by f (x) = ¥ sin 1/ xz) for x #0
and f (0)=0is

(a) bounded (b) uniformly continuous

(¢) unbounded (d) none of these

Fill in the Blank(s)

Fill in the blanks “...... 7, so that the following statements are complete and correct.

If f and g are continuous atae I then f + gis......... at a.

If a function f(x) is continuous in a closed interval [a,b], it is ......... in that
interval.

If £ is continuous in a closed and bounded interval I, it is ......... on [.

The function f:R— R defined by

1+ sin )t — 1
Flx)= %
t— oo (I+sinmr)” +1

1S oennn.. at the points x=0,1,2,...
The function f (x) = s continuous in [-2,2] .
The function f defined on R as f(x)=sin—, ¥ x>0 is........ but
not ......... on R*
X on s
The function f(x)= lim ¢-xrsmx O0O<x< E) iS ... at x =
Nn— oo 1+ xn 2

True or False

Write “17 for true and “F’ for false statement.

If a function f (x)is continuous in a closed interval [a, b], then it is bounded in
[a,b].

If a function f (x) is uniformly continuous in an interval I, then it is also
continuous in I.

If a function f (x) is continuous in an open interval I, then it is also uniformly
continuous in /.

If a function f (x)is continuous in a closed interval[a, b],then it is also uniformly
continuous in [a, b].

If a function f is continuous at 4, then| f | is also continuous at a.
A function continuous on an open interval is bounded on that interval.

The function f (x) = ¥ +3x,xe[-11]is uniformly continuous in this interval.

The function f(x)= K is uniformly continuous on ] 0, 1[.

x, if xis rational

A function defined on [0,1] and given by f(x) = {1 v if ris irrational

L . 1
is discontinuous at x = 5 .
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Multiple Choice Questions
(c) 2. (a) 3. (b)

Fill in the Blank(s)

continuous

uniformly continuous
discontinuous

continuous, uniformly continuous

True or False

T 2. T 3. F
F 7. T 8. T

@HSWGI’S

>

(a), (d) 5. (a), (b)

bounded

uniformly
discontinuous
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The Riemann Integral

1 Introduction

In elementary treatments, the process of integration is generally introduced as the
inverse of differentiation. If F’ (x) = f (x) for all x belonging to the domain of the
function f, F is called an integral of the given function f.

Historically, however, the subject of integral arose in connection with the problem of
finding areas of plane regions in which the area of a plane region is calculated as the
limit of a sum. This notion of integral as summation is based on geometrical concepts.

A German mathematician G.F.B. Riemann gave the first rigorous arithmetic treatment
of definite integral free from geometrical concepts. Riemann’s definition covered only
bounded functions. It was Cauchy who extended this definition to unbounded
functions. Later on early in the twentieth century Lebesgue introduced the integral on a
firm foundation with many refinements and generalisations.

In the present chapter we shall study the Riemann integral of real valued, bounded
functions defined on some closed interval.
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? Partitions and Riemann Sums

Definition 1: Let I =[a,b] be a closed and bounded interval. Then by a partition (or a
dissection or a net) of I we mean a finite set of real numbers P = {x , 1y, ...., x,, _1, X} having
the property that a = xy < x <...< X, _1 < x,=D.
The closed sub-intervals

Iy =[x, m] Ao =[x, v ], Ly = [2, 1, 2]
determined by P constitute the segments of the partition.
By changing the set of points, the partition can be changed. Thus there can be an
infinite number of partitions of the interval [a, b]. The family of all partitions of [a, b]
shall be denoted by P [a, b].
We write A x, =x, —x, _1 for r=1,2,...,n so that A x, is the length of the segment
[+, _1, %-]. The norm (or mesh) of a partition P is the greatest of the lengths of the
segments of a partition P and it is denoted by || P||. Thus

|| P||=max.(Ax,:r=12,...,n).
Sometimes the norm of a partition P is also denoted by p (P).
Definition 2: A partition P is called a refinement of another partition P or we say that r
is finer than P iff P’ Pie, if every point of P is used in the construction of r.
If P= R U P, then P" is called the common refinement of the given two partitions
B and P, .
Definition 3: Let f be a bounded function defined on a bounded interval [a,b]. Also let
P={a=xy,x,...,x, = Db} be any partition of [a, b]. Also let m, and M, be the infimum and
supremum respectively of the function fonl, , forr=12,... nie,

my=inf { f (x):x, _1<x<x,)
and M, =sup{ f (x):x, 1 Sx<x.}.
Let us now form two sums

n n
L(P,f)=Z mAx,andU (P, f)= ZerAxr.
r=1 r=

Then L (P, f)is called the lower Riemann sum (or lower Darboux sum) of f on [a, D]
with respect to the partition P and U (P, f ) is called the upper Riemann sum (or upper
Darboux sum) of f on [a,b] with respect to the partition P.

In brief, we shall refer to these sums as the lower and upper R-sums of f with respect to P.
Obviously L (P, f)<U (P, f).

Theorem 1: Let f be a bounded function defined on [a, bland let mand M be the infimum and
supremum of f (x)in [a,b]. Then for any partition P of [a,b], we have

mb-a)s L(P, f)SU(PP, f)SM (b -a). (Garhwal 2008)
Proof: Let P={a=xy,x,....,x,=b} be any partition of [a4,b]. Then
I, =[x, _1,x.],r=12,...,nare the subintervals of [a, b]. Let m,. and M, be the infimum
and supremum of f (x)in [x, _1, x,]. Then for every value of r, we have

m<m, <M. <M
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Now

Similarly

Also

mAx, < mAx, <M, Ax,<MAux,
n n
r=1 _r

n n

X mAx,=m X Ax,.=m
r=1 r=1 r

M=

! (=X _1)

=m(x —xy+X —x +...+x,—X,_])
=m(x,— x9)=m (b —a).

n

Zl MA x, =M (b — a).

=

n
z

r=1

Hence, from (1), we conclude that

mb-a)<L(P, f)<U(P, f)<SM (b -a) ¥ Pe PJab].

It follows that the sets of upper sums and lower sums are bounded.
Theorem 2: If f :[a,b]— Ris a bounded function, then

U(P.~ f)=-L(P.f) and L(P,~ f)==U (P, [).
Proof: Let P ={a=xy,x,...,x,=b}be any partition of [, b]. Let M, and m, be the
supremum and infimum of fin I, .
Now f is bounded on [4,b] = — f is bounded on [a, b].
Again M, ,m, are supremum and infimum of f in I,

=

We have

Also

—m, ,— M, are supremum and infimum of — fin I, .

n n
Y mAx, <X mAx,<X M, Ax,< X MAx,.
r=1 r=1 =1

n
m,Ax,=L(P,f) and r}Z_lM,Axr=U(P,f).

R343h,
[+ Ax >0]
(1)

(Meerut 2012)

Uwp,-f)= g (= m,) A x,, by definition of upper R-sum

r=1

n
=— Zlm,,Axrz—L(P,f).
7y =

1
LP,-f)= il (= M,) A x, , by definition of lower R-sum
=

n
== L M, Ax=-U(P.f).
7=

Theorem 3:  Let f beabounded function defined ona, bland let P be a partition of[a, b]. If P’
is a refinement of P, then

Proof: Let

and

L(P", f)=L(P,f)andU (P, f)<U (P, f).
P={a=xy,x,% ,....;X _1,%,..., %, =D}

£
P =f{a=xy,x,% ,....,% _|, VI, Xy ,..., X, =D},

so that P has one more partition point y than P.

Let m, and M, be the infimum and supremum of f in[x, _y, x,]. Let M,", M,”" be the
suprema of f in [x._y, ][y, %] and m,”,m,”” be the infima of f in
[x, _1, 1. [ 1, x,] respectively.

Then M, 2 M,”,M,”" and m, <m,”,m,””".
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*
Since the rth subinterval only of P is split into two more subintervals of P and the
*
remaining subintervals are identical in P and P, therefore, we have

UP,f)=U(P,f)
=M, (= xp 1) =AM, (1 =% —1) + M7 (% = 1)}
But M, (1 =X 1)+ M, (x5 = 1) S My (1 = X 1) + My (%, = 1)
=M, (x, —x,_1).
It gives U(P,f)—U(P*,f)Z M, (x, —x, )= M, (x, —x, _1)=0
ie, U(P, f)zU(P, f) or UP,f)SU(P, f).
If P* contains pmore partition points than P then repeating ptimes the above argument

we can show that

U P, f)sU (P, f) (1)
In a similar manner we can show that

L(P", f)2L(P,f). (2)
Note: We know that for any partition P,

L(P",f)sU(P", f). ~(3)

Thus from (1), (2) and (3), we get
L(P,f)SL(P,f)sU(P, f)sU(P,f).
Theorem 4: If B and Py be any two partitions of |a, b] then
UR.f)2L(B,. f).
Proof: Let P=1 u P . Then P is the common refinement of both the partitions
B and B, . Therefore by the theorem 3 above, we get

L(B.f)SL(P.f)and U (P, f)<U (B, f).

But we have L (P, f)<U (P, f).

Thus  L(B,f)SL(P,f)SU(P,f)<U (R, f).

It follows that L (P, f)<SU (R, f) or U (R, f )2 L(P, f),that is, every upper
sum for f is greater than or equal to every lower sum for f.

Theorem 5:  Let f, gbe bounded functions defined on [a, b]and let P be any partition of [a, b].
Then

L(P.f+@2L(P.f)+L(Pg)
and UL, f+9sU(L, f)+U(P,y).
Proof: Let P ={a=xy,x),% ,...,%,=Db}be any partition of [, b]. Since f and g are
bounded functions on [a,b], f + g is also bounded on [a, b].
Let m,”, M, be the infimum and supremum of f on I, ,
m,””, M,”” be the infimum and supremum of gon I,
and m, , M, be the infimum and supremum of f + gon I, .
By definition of infimum we find that
f)zm , gx)2m, " ¥xel,
= f+gxzm +m' " ¥xel,
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(R-345]in,

= (f+o9Wzm +m " VMxel,
= m,” +m,”” is a lower bound of f + gon I, .
But m, is the greatest lower bound of f + gon I, .

4 ’ 7’ ’ ’ 7’
mezm +m." " =m. Ax,2m  Ax. +m." " Ax,

n n n

= X mAx,2 X m Ax+ X m/  Ax,
r=1 r=1 r=1

= L(P,f+g=L(P,f)+L(P,g.

Similarly we can prove the other result.

5 Lower and Upper Riemann Integrals

(Purvanchal 2009, 12)
Let f be a real valued bounded function defined on [4, b]. We know that the set of all
numbers L (P, f ) with respect to all possible partitions P of [, b] is bounded above by
M (b — a) and hence there exists a supremum of L (P, f). The lower Riemann
integral (lower R-integral) of f over [a,b] is the supremum of L (P, f ) over all
partitions P € P [a,b]. It is denoted by

[ f s

Similarly the set of numbers U (P, f )is bounded below by m (b — a) and so it possesses
an infimum. The upper Riemann integral (upper R-integral) of f over [a,b]is the
infimum of U (P, f ) over all partitions P € P [a,b]. It is denoted by

4
jﬂ f (x) dx.

Thus be (x) dx =sup {L (P, f):Pis a partition of [a,b]}
4

and L f (x)dx=inf {U (P, f ): P is a partition of [a,b]}.

We denote the lower and upper integrals of f simply by
b =b
1 ) f  and jﬂ f.
Since L (P,— f)=-U(P, f)and U (P,— f)=— L (P, f), it gives that
b T I b
Joh=L amd Jen==[ s

Theorem 1:  The lower R-integral cannot exceed the upper R-integral, i.e.,

b —=b
[r<]r .
Ya a (Purvanchal 2007, 09; Rohilkhand 11)

Proof: If P and P, are any two partitions of [a, b], then by theorem4 of article 2,
we have

LR, f)sU(B, f). (1)

First, keeping P fixed and taking the supremum over all partitions B, (1) gives
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A )
b
[reuwy, f). (2)
La
Now taking infimum over all partitions P , (2) gives
b —=b
1af = '[” f

Theorem2: (DarbouxTheorem): Let f beabounded function defined on|a,b]. Then to
every €> 0, there corresponds &> 0 such that

U(P,f)<jf+e and L(P,f)>jf_g
a <a
for all partitions P with|| P||< 8.

Proof: Let €>0 be given. Since f f is the infimum of U (P, f )and_[ f is the
a =a

supremumof L (P, f)forall partitions P, therefore, for givene> O there exist partitions
B and P, such that

<b
U(Pl,f)<jaf+e (1)

and L(Pz,f)>1zf—s . (2)

Let 1 be the common refinement of /4 and P,. Thenby theorem 3 of article 7.2, we get

U, f)sU(R, fland L(Bs, f)=2 LB, f). -(3)
Therefore, from (1), (2) and (3), we get

U(P,f)<Lbf+s and L(P.f)> [ f-¢

for all partitions P of [a,b] with || P||< 3, where d =|| 5]|> 0.
Corollary: If f is bounded on [a,b] and P is a partition of [a, b], then

Iy
l , =
[| Pl|—0 ‘a
. lim U (P <b
@ pjjso VPI=]
b
Proof: (i) Since I f is the supremum of L (P, f) for all partitions P, therefore we
Ya
have
b
L(P,f)sjf. (1)
Ya
Using the above theorem, we see that for every €> 0, there is a § > 0 such that
b
L(P,f)>jf—s (2)
‘a

for all partitions P with || P||<d.
From (1) and (2), we get

['f-e<cefrs | f<[ fee




The Riemann Integral

(SN

or [ f-e<Lppr<] fee

By definition of limit, this implies that

lim

b
1Pl LPSI=] S

1
(ii) Since j f is the infimum of U (P, f ) for all partitions P, therefore we have

a

=b
U(P,f)z_[ﬂ 7. (3)
Using the above theorem, we see that for every e> 0, there is a > 0 such that
—=b
U(P,f)<_[ﬂ f+e (4)

for all partitions P with || P||< 8.
From (3) and (4), we get

Lbng(P,f)<I:} f+e
=b =b
or jﬂf—a<U<P,f)<jﬂf+e.

By definition of limit, this implies that
lim

—=b
R

4  R-Integrability

(Purvanchal 2012)
Definition: Let f bea bounded function defined on the bounded interval [a, b] ,then f is called
Riemann integrable (or simply R-integrable) on |a, b]iff

b =b
[, =11
b
and their common value is called the R-integral of f on [a,b] and is denoted by J‘ f.
a

The class of all bounded functions f which are Riemann integrable on [, b]is denoted
byR [a,b]. The numbersa and b are called the lower and upper limits of integration
respectively.

b =b
If L f# Jﬂf then f is not Riemann integrable on [a, b].

Note 1: The concept of integrability of a function over an interval as introduced here
is subject to two very important limitations, viz.

(i)  The function is bounded.

(if) The interval of integration is finite ie. neither of the end points is infinite.
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Note 2: It is not necessary that every bounded function is integrable i.c. there may
exist a bounded function f for which

b —=b
LfiLf.
b
Note 3: 'The statement that_[ f exists indicates that the function f is bounded and
a

integrable over [a, b].

D Aunother Definition of Riemann Integral

A function f defined on |a, b]is said to be Riemann integrable over |a, b]iff for every > O there
exists a 8> 0 and a number I such that for every partition

P={a=xy,x,...,x,=b}
with || P||< & and for every choice of €, € [x, _1, x,],

| 5 |
E E X, x,,_l)—1|<e.

In such a case I is said to be Riemann integral of f over [a,b]i.ec,

b
IszMW
Theorem:  Definitions of article 4 and article 5 are equivalent.

Proof: (i) Let f be integrable according to definition of article 4. Then f is bounded
and we have

Kfzﬁf:ﬁf. ()

Let €>0 be given. Then by Darboux theorem, there exists >0 such that for every
partition P with || P||<3,

>sz—s=iff—e. (2)

and Uuyﬁ<ﬁj4s=ﬁf+a (3
If &, is any point of the interval [x, _j, x,], then

L(P.f)s £ fE)AxSUPf) ()

From (2), (3) and (4), we conclude that for every partition P with || P||<&,

[l -e< 2 feran<[ fue

ie., {é f( &,)Axr—J':f'«s
| 5 1
or | Ef &) Ax, —1l<e wherel = J. f.

r
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- f is Riemann integrable according to the definition of article 5.

Thus the definition of article 4 = the definition of article 5.

(ii) Let f be integrable according to the definition of article 5.

Then for € = 1> 0 there exists 3 > 0 and a number I such that for every partition P with
|| P||<8 and for every choice of &, € [x, _1, x,],

' FE) A, —1|<1 i, lélf(gr)m,.lquﬂ. ()

We have to show that f is bounded on[a, b]and the lower and upper integrals of f over
[a, D] are equal.

Suppose f is not bounded on [a,5], then f must not be bounded in at least one
subinterval of P, say, [x,, _1, x,,]. Hence there exists a point §,,, € [x,, _|, x,,,] such that
f (§,,) is infinite.

n
Now, to form thesum X f (§,) A x, we have to choose points £, in each subinterval
r=1
[+, _, x,]. Choose that §,, in the interval [x,, _1, x,,,] for which f (§,,) is infinite.
n
Inthatcase} 2 fE)Ax, 1>|I|+l,
r=1
which is a contradiction to (1). Hence f is bounded on [a, b].

Again, by definition of article 7.5, for any > 0 there exists >0 and a number I € R
such that for every partition P of [a,b] with || P||< & and for every choice of

& elx 1%

n ‘ 1

2 x,—Il<—¢

= | 2

ie I—le< X fE)Ax <I+le (2)
€., 5 €< L ; ’ e
Letm, , M, be the infimum and supremum of f on[x, _1, x,], so that there exist points

o, B, € [x, _1, %] such that

€ €
M, - d +
F o> My = o E and £ (B<my+ ot
s A S M A s & A
r=lf(ar) xr>r=l r xr_r:l (b—ﬂ) Xy
n n e
and rElf(B)Ax,< Z m,Ax,+ r§12(b )Axr
{
ie. ilf(a,.)Ax,.>U(P,f)-§ ~(3)
r =
and Elf([sr)Axr<L(P,f)+§ (4)
=

Now from (2) and (3), we get
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1 1
I+§E>U(P,f)—§£ .(5)
and from (2) and (4), we get
1 1
I—§e<L(P,f)+§£ ...(6)
ie., I+e>U(P,f)and I —e<L(P, f) (7)
But L(P,f)glzfg ijsU(P,f). .(8)
From (7) and (8), we get
b —=b
1—s<jfsjaf<1+e .(9)
or OS.ij—jbf<2£ or OSij—thSO,
as €> 0 is arbitrary
b b o b
or jﬂ f—Llf:O ic., L f:L f. ..(10)

- f is Riemann integrable according to the definition of article 4. Now from (9) and
(10), we have

b
I—8<L f<I+e
. . . b
Since ¢ is arbitrary, I =J' f.
a

Thus the definition of article 5 = the definition of article 4.

Hence the two definitions of article 4 and article 5 are equivalent.

6 Riemann’s Necessary and Sufficient Condition

for R-Integrability

Oscillatory sum: With usual notations, we have

n n
L(P,.f)= X mAx U(P.f)= T M Ax .
r= r=

Let o, = M, — m, so that ®, is the oscillation of f on [x, _|,x,].

n n
U@, f)-L(P,f)= = (M,-m)Ax,= % o,Ax,.
.

=1 r=1
n
The sum Zl o, A x, is called the oscillatory sum for the function f corresponding
r =
to the partition P and is denoted by o (P, f).
Theorem: A necessary and sufficient condition for R-integrability of a bounded function
f :la,b] — Rover[a, b]is that for every € > O ,there exists a partition P of [a, b]such that for P
and all its refinements
0<U (P, f)-L(P, f)<e (Rohilkhand 2009; Gorakhpur 14, 15)
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Proof: The condition is necessary. Let f € R[a,b] so that

b 4

Lf:jﬂf. (1)

By Darboux theorem, for any €> 0, there exists > 0 such that for all partitions P of
[a,b] with || P]| <,

b
U(P,f)<ja f+§ (2)

and L(P,f)>be—§- (3

Adding the inequalities (2) and (3), we get
b € b €
U(P,f)+Lf—§<L(P,f)+L fy
In view of (1), this gives
U, f)<L(P, f)+eie, UL, f)-L(P, f)<e .(4)
Since U (P, f )= L (P, f), the inequality (4) can be written as
O<SU(P, f)-L(P, f)<e
Hence the condition is necessary.

The conditionis sufficient: Letforeverye> 0, there exists a partition P of[a, b]such
that for P and all its refinements,

0<U(P, f)-L(P, f)<e .(5)

By the definition of upper and lower integrals, we have

—b b
J fSU(P,f)andezL(P,f)

or -[" fs-Lp).
,[; b
L f—LfsU(P,f)—L(P,f)<g ..(6)
—=b —=b
or jﬂ f—_[ﬂ f<e
Since > 0 is arbitrary,
7b b
jﬂ f—Llfso. A7)

Also we know that the lower Riemann integral can never exceed the upper Riemann
integral

ic., ij—f;f >0. (8
From (7) and (8), we get

[T r=0 o [r=]"s

i.e., the function f is Riemann integrable over [a, b].
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Note: Another statement of the above theorem: A necessary and sufficient condition
for a bounded function f to be integrable over [a, b]is that for each € > O , there exists a partition P
of [a, b] such that the oscillatory sum o (P, f )< e

or limo (P, f)=0 as|| P|| tends to zero.

[llustrative Examl)les

Example 1:  Show that if f is defined on [a,b] by
f )=k ¥ xela,b]

b
where k is a constant, then f € R|a,b] and J "k=k (b —a). (Gorakhpur 2015)
a

Solution: Obviously the given function is bounded over [a, b].

Let P={a=1xy,x,% ,...,%,=b} be any partition of [a, b]. Then for any subinterval
[x, _1,x.],we have m, =k, M, = k.

Now, U(P, f)= 'z’erAx,= §lkAx,,=k S Ax,
r= r= r=
=k[A x+A xp+...+A x,]
=k [(x —x0)+ (3 —x) +... 4 (= x, 1))
=k (x,—x9) =k (b —a)
and LD f)= flm,,Ax,; §kAx,,=k(b—a).
= =
Hence If infU (P, f)=inf{k (b—-a)=k (b-a)
and Jf:supL(P,f):sup{k(b—a)}:k(b—a).
‘a
—b b
Thus '[af=Llf=k(b—a).
Hence feRabland [ f=k(b-a).
a

1 =1
Example2: Let f (x)=xon[0,1]. Calculate j( xdy and J x dx by dissecting [0, 1] into n
)

equal parts and hence show that f € R[0,1].
(Purvanchal 2011; Garhwal 12; Meerut 12)

-1
Solution: Let P = { lg,...,r—,l,...,ﬁzl}-Here
non non n
mr=—1,M,,=landAx,,ziforr=1,2,...,n
n n n
Now, we have
n noy—] n
L(P.f)= % mAx= 3 d -lziz T (-1
= =1 n n n r=
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1 m-1).n n-1
— [+2+3+...+(n-1 =
n2[ +(n-1)] 72 2
n n r 1 1 n
and U, f)= Z MrAxrz L —-=— X r
= r=ln n np* r=1
1 nn+l) n+l
— [1+2+3+.. = =
112[ ol 2 n? 2n
Hence by Corollary 1, theorem 2 of article 3, we get
J‘I It lim L, f)= i n-1 1
X dy = ,f)=lim =—
0 [| P||— 0O N— oo 2n 2
-1 lim n+l 1
d dx = U, f)= i -
. Jorte=y pys V= im0
. 1 7 1 1
Since L)f =Jof,feR[O,l]andJ.0xdx:§

Example 3: Let f (x) = 2 on [0,a],a>0. Show that f € R|0,a] and find JZ f.

(Rohillkkhand 2010; Gorakhpur 14)
Solution: LetP = {O 4 2—“ ...,M ,M = a} be the partition of [0, 2] obtained
n’ n n n
by dissecting [0, 4] into 1 equal parts. Then
Ax,=a/nr=12,...,n
(r-Da m:| .

Also I, = rth subinterval = [ ,
n n

Since f (x) = ¥ is an increasing function in [0, a],

(r—l)zoz2 r2a2
m,=-——— and M, or=12,...,n.
r nZ 2
2
n n —_
Now L(P,f)= £ mAx,= X %.ﬁ
r=1 r=1 n n
3 3 _ _
S AU RICES
n’ r=1 n 6
a lim lim a°(, 1 1y
jx%zx: L(P, f)= —(1——)(2——J:—~
J0 Nn—> o n— o0 6 n n 3
)
Again U, f)= S M M, Ax, = > rp21 A
r=1 r=1 n n
3, 3
a3 rzz%‘n(n+1)(2n+l)‘
n’ r=1 n 6
™ 2 lim lim & 1 N 4
j X dy = U, f)= f(1+7)(2+7)=7-
0 n—> co n—o 6 n n 3
_ 3
. a _[a a 9 _a
Since Jof—jof,feR[O,a] and on dx_?.
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Example4: Ifafunctionfis definedon[0,a],a>0Dby f (x) = 3, then show that fis Riemann
4

‘ a _a

integrable on [0, a] and -[0 f(x)de= ”

Solution: Let P = {0 ,E , 2—” e, (n-Da ,E = a} be the partition of [0, a] obtained

n n n n

by dissecting [0, a] into n equal parts. Then

I, =r th sub-interval = |:(r—l)a m:|

’

n n

and A x, = length ofI,:ﬁ,r:LZ,...,n.
n
Let m, and M, be respectively the infimum and supremum of f in [, .

Since f (x) = ¥ is an increasing function in [0, 4], therefore

L33 33
mr:% and Mrzlg or=L2,...,n.
n n
n n r _n3 43 1 4
Now L(P,f)=% mAx,= X [(r 2 N P NS
r=1 r=1 n n nt r=1
4 4 2 4 2
a3 .3 3. da (n—l)n] a ( 1)
=—[I+2°+..+(n=-1)]=—" =—|1-—
n4[ =17 n [ 2 4 n
4 2 4
a lim lim a 1 a
dx L (P = 2 12 =22
[ fwac= "0 Lppy= T 4( n) a
n n [,3,3 ] 4 5
Again UM, f)= X M, Ax,= X [’g .EJ:% s 3
r=1 r= n n nt r=1
4 4 2 4 2
=4 B8 +n3)=—4-rn(nHﬂ =a—(l+l)
n n L 2 J 4 n
™ lim lim a* NS
- U - 4 (2] =22,
fof() n—> eo (> n—> oo 4(+n) 4

-a
Since IZ f= J}) f, f is Riemann integrable on [0, 2] and

4
a (4 3 —L.
jo S de= [ de="

Example 5:  Let f be the function defined on [0,1] by
O  when x is irrational,

=1,

when x is rational.

1 -1
Calculatej f and -[O f and hence show that f ¢ R[0,]1].
=0 (Purvanchal 2008, 09; Garhwal 11; Rohilkhand 11)
Solution: First, we observe that f is bounded, for evidently

0< f(x)<l ¥xel0,1].
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Let P be any partition of [0, 1]. Then for any subinterval [x, _y, x,.] of P, we have m, =0
and M, =1, because every subinterval will contain rational as well as irrational
numbers. Note that rational as well as irrational points are everywhere dense.

It follows that

n n
L(P,f)= % mAx =3 0.A5=0
;=

r=1

and U, f)=

I M=

n
M, Ax,= X 1.Ax, =
1 r=1

M=

. Ax. =1L

r
=l

1 li li
Iof=n;mw L(P,f)=0 and j0f=ni“w U(P, f)=1

Since ﬁ) f iﬁf’ we have f ¢ R[0,1].

Example 6: Give an example of a bounded function which is not R-integrable over [0, 1].

(Garhwal 2006, 09)
Solution: See example 5 above. As another example, consider the function f defined

on [0,1] as follows :
R

Evidently f is bounded on [0, 1].

If P is any partition of [0,1], then for any subinterval [x, _i,x, ] of P, we have
m,=-land M, =Lr=12,...,n

1 when x is rational

—1 when x is irrational.

n n
L(P, f)= ZlmrAxrz Zl—l.Axrz—l.
r r=

I M=

A x,
r=1

=—1.1-0)=-1.1=-1,
UP.f)=

M=

n
M,Ax, =1L X A x=1.(1-0)=L
1 r=1

Hence [ f= ™ 1(pf)=-1, Tof=n1i“w U, f)=1

1 =l
Thus L) f# -[0 f and consequently f ¢ R [0,1].

2
Example 7:  Show that f (x) = sin x is integrable on {0, % n} and J.(;t/ sinxdy =1

Solution: Let P = 0,L,%,...,(r_l)n,ﬂ,m,ﬂ:“
2n 2n 2n 2n 2n 2

—

be the partition of [0, & / 2] obtained by dissecting [0, — m]into nequal parts. The length

(=D m]
L 2n 72nJ

\&}

of each subinterval = n / 2n and the r th subinterval [, =

Since f (x)=sin x is increasing in [O,% 7], we have
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py £|:I_K-556]
S| .
mr:sin(r hn and M, =sin * r=12,..n.
n 2n
Now U, f)= 2 M, Ax, = % (sinﬂ).i
r=1 2n) 2n
11:[. T . 2 . nn]
= [sin — +8in =—— +...+sin —| -
2n n 2n 2n
We know that
sin(a+7d)sin%d
sina+sin(a+d)+...+sin{fa+n-1)d}= - .
sin (d / 2)
sin(n+n_l-n)sinm] lsin(nJrl)n-sinE
N 2n 2 2n 4nl_ 9p 4n 4
U= . - L
n sin — sin —
4n 4n
n.(nn)l n{.n T n.n}
—.sin| — 4+ — |- —— sin — cos — + €cos — sin —
_2n 4 4n) N2 _22n 4 4n 4 4n
) sin - ) sin(i)
4n 4n
T 1 ( ) n( 1 )
cot—+l cot — +1}-
T 9N N2 4n 4n 4n
Similarly, we can find that
T T
L(P,f)=—|cot—-1]
. f) 4n(co 4n )
/2 lim im =
N = L(P,f)= t——1
oW IO /= n— oo P.f)= —>°°4n(04n )
— Ilm (TC/4I/[) _ hm lzl_oz

r_. lim tan® ]

|00 o ]
and I:/z —nli_r>n°° (P, f)= s o In(cot%+l)zl.
Since j”/zf [ ffeR[ ] nd [ f=1

Example 8: Let f (x) be a function defined on | i ] by

cos x, if x is rational
f )=

“sin x, if x is irrational .
Show that f is not Riemann integrable over {0% n} :

Solution: Consider the partition
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0, = 2%,

{ n 2n (r-DHm rm nm n}
4n 40777 4An 4n 7 4n 4

1

obtained by dissecting [0, 1 T J into n equal parts.

Then for any subinterval [ —D= m] r=12,...,n we have

hr and M, —cos(ﬁ_l)n T

=g] ’A = —
M =S n 4n r 4n
Hence L(P,f)= Z m. A x, = g sm(r_l)n-i
=1 r=1 4n 4n
rsm—+ .+sin (=D}
an | an |
. (n n-2 n) . nm
sin [ — + | sin—
P 4n 2 4 8n
Cdn sini
8n [summing up the series]
=7(n/8n) ~2$ir12E
sin (1 / 8n) 8
n —
and U, f)= Z M, Ax,= X COS(r hr =
=1 r=1 4n 4n
lcosO+cos—+ S+ os(n_l)Tﬂ
an | ]
(n—l n) . |
cos - sin —
n 2 4n 8n
An sinl
8n [summing up the series]
:7.(7“8”) -2cos(n_1)n-sin£~
sin (1 / 8n) 8n 8
T/4 lim lim
H = L P, = L P7
ence 10 f 1P|l 0 (P, f) H s oo P, f)
= lim Mﬂsian:ZsinZE:(l—cosE)
n— oo sin (mw / 8n) 8 8 4
1
:1—7
V2
/A4 lim
d = U (P
an Jo f=u 5L U@
li _
_im (mt / 8n) 9 (n l)TC. .
n— o sin (1 / 8n) 8n
T
= m 7(7”8”) ~2cosﬁ(l—l) sinE
n—> e sin (n / 8n) 8 n 8

T, T .
=2 cos — sin — = sin
8 8

A
<
G
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A=
=n/4
Since LT;M f# .[(1: f, f is not Riemann integrable over [(), %} .

Example 9: Let f be a function on

—

0, 1] defined by

L
2

Show that f & RI0, 1 and find [ f.

0 if x=

Solution: Obviously f (x)is bounded in [0, 1] since
0< f(x)<1V xel0,1]

Let P be a partition of [0, I such that the point%belongs tothe openinterval | x; _y, xg[ .

Then we have (with usual notations)
m,=M,=1forr=1,2,...,n

and r#s,mg=0,M;=1
Now UL, f)-L(P,f)
n
= rél(Mr_mr)Axr + (Mg —my) (xg — x5 _1)
7 #S

S (=1 (=2, )+ (1=0) (1, — 1, _)

r=1

=X, —Xg_q - (1)

Lete > 0 be given. Then we choose a partition P such that the p01nt§ isaninterior point

of one of the subintervals whose length is less than €. Then, it follows from (1) that
U, f)-L(P, [f)<e
Hence, by theorem of article 7.6, f € R[0,1].

. 1 o S T
Now to find jO f, it is enough to find J f or jof
=0

=l
We calculate J.O f.For any partition P, we have

= length of the interval [0,1] =1

—1 3
Hence -[sznh_r:‘mU(P,f):L

Thus feR[O,l]andJ;f:ﬁ)f:L
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Example 10: If f (x)=x+ e for rational values of x in the interval [0,2] and
f(x)= P for irrational values of x in the same interval, evaluate the upper and the lower
Riemann integrals of f over [0,2]. (Purvanchal 2007)
Solution: We have x+x2 - xz +x3 =x—x =x(1—x2)

so that (x+12) = (% +1°) ifO<x<l

and <0 ifl<x<?2.

If P is any partition of [0, 2], then any subinterval of P, however small it may be, will
contain rational as well as irrational points.

With usual notations, we have for all values of r
Mr=x+x2, if O<x<l
=¥ +2°, 0f l<x<2
and m,.=x2+x3, if O<x<l

:x+x2, if lI<x<2.

Hence ij(x)ﬂzjé (x+x2)dx+L2(x2+x3)dx

1 2
X2 X3 X3 X4

=+ | |
2 3 0 3 4

1

(1 1) (8 16) (l I) 83 11
=[=+=|-0+|[-+— |- |+ |=—=6—
2 3 3 4 3 4) 12 12

and J.(Z)f(x)dxzj‘; (x2+x3)dx+j12 (v + %) d
[.3

S oA 12 81”
EREY R PRy

3 4 0 2 3 !

1 4 8 1 1 53 45

1
37423 T 3T T
Example11: Findthe upper and lower R-integrals for the function f defined on [0,1]as follows:
f ()= {\/ (1- xZ) , if xis rational
(I-x),  if xisirrational .
Solution: Here we have
(=) =(-x?=2x-222=2x(1-1)>0 ¥xe]0,]
ie., V1-2)>(1-x) ¥Yxe]Ol[.
With usual notations, we have for all values of r
M, = (1- xz) and m, = (1 - x).

1
Hence J;f:jol (l—x)dx={x—x22} =]-
B 0
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4 g}[k%]

and f f= J' [%x\/(l—x2)+%sin—1x]

1r_
2 2
L
Thus [ f= j f. 1t follows that f ¢ R [0, 1],

T  Some Classes of Integrable Functions

Integrability of Continuous Functions: (Garhwal 2007;
Purvanchal 07; 08, 10; Rohilkhand 11; Gorakhpur 10, 13, 15)

Theorem 1: If f is continuous on [a,b],then f € Rla,b].

Proof: Since f is continuous on [a,b], f is bounded on [a,b]. Also since f is
continuous on a closed and bounded interval [4, b], f is uniformly continuous on [a, b].
Hence for any given £> 0, there exists a § >0 such that for all points x*,x " ” of [a, b]

VCRENICUIESS

whenever|x”—x "’ |<3. (1)
a

Let P={a=xy,x,...,x,=b}be a partition of [a, ] with

|| P||<é.
Since f is continuous on[x, _, x,]it attains its infimum m, and supremum M, at some
points ¢, and d,. of [x, _1, x,.] respectively so that

m, = f(¢c,)and M, = f (d,). -(2)
Since | ¢, — d, | < §, therefore from (1), we get

| f(er) = f(d)[<e/(b-a)

But | f (Cr) - f (dr) | = f (dr> - f (Cr) [ f (d)) 2 f (Cr)]
=M, —m,.
Thus M, —-m.<e/(b-a),r=L2,....n
Now for the partition P of [a, b], we have
oUW, f)-L(P,f)= 2 M, —m,)A x,

Hence by theorem of article 6, f is R-integrable over [a, ],

ie., feRla,b].

Note: There exist functions which are integrable but not continuous. So, continuity is
a sufficient condition but not necessary for integrability.

Integrability of Monotonic Functions:

Theorem 2: If f is monotonic on [a,b], then f € Ra,b].
(Garhwal 2007; Purvanchal 08, 12; Rohilkhand 10)
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Proof: Suppose f is monotonic increasing on [a, b].

Then f@< f(x)<f () ¥V xela,b]

. f is bounded on [4,b] and mff = f(a),sup f=f (b)

Lete>0 begiven and P={a=uxy,x,xy,...,Xx, = b} be apartition of [a, b] with|| P||<
e/[f ()~ f(@+1].

Ifm, and M, be theinfandsup of f onl, ,thenm, = f (x, _1)and M, = f (x,) because

f is monotonic increasing on [a, b].

Hence UP,f)-L(P, f)= (M, —m,) A x,

1

‘
M=

= 3 [0 =f o] A

r=1

IN

n €
El [f ()= f (Xr—l)]'w

= T [ f()-f(x_D]

=———————[f)—f o)+ f(x)-f)+..

<&
It follows from the theorem of article 7.6 that f € R[a,b].

If fis monotonic decreasing on [, b], then — f is monotonic increasing on [4, b] and so

- feR[a,b].
b =b
[ -fode=] - f s

e, —j”f(x)dx}ff(x)dx

or j f(x) dx j f(x
e., [ is R-integrable on [a,b].

Hence if f is monotonic on [4,b], f € R [a,b].

Note: 1f we had taken f (b) — f (a) instead of f (b) — f (a) +1, the proof would not
havebeenvalidwhen f (b) — f (a) = 0i.c.,when f isaconstant function. Itis toinclude
this case that we have used this artifice.

Theorem 3:  If the set of points of discontinuity of a bounded function f defined on [a, b] is

finite, then f € R|a,b]. (Garhwal 2012)
Proof: Since f is discontinuous on [, b], the supremum M and the infimum mof f in
[a,b] are not equal i.e., M —m = 0.
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Let { cl,cz,...,cp} be the finite set of points of discontinuity of f in [a,b], where
1<y <...<c,.Lete>0 be given. We enclose the points ¢y, ¢y ..., ¢, respectively in p
mutually disjoint intervals

[ﬂl,bl],[ﬂ2 ’b2]7'~~7[ﬂp )bp] (1)
such that the sum of their lengths is< e /2 (M — m).
Now f is continuous on each of the subintervals

[ﬂ,ﬂl],[bl,ﬂz],[bQ,ﬂg],...,[bp,b]. (2)
Consequently, there exist partitions P.,r=1L2,...,p+1 respectively, of the

subintervals in (2) such that, using theorem 1 of article 7,

£
w(Pr’f)<2(p+l)

forr=12,...,p+1L

Now consider the partition P of [a, b] defined by
P=u (P :r=12,...,p+1}
The subintervals of P can be divided into two groups :
(i) all the subintervals of P, ,r=12,...,p+1
(ii) all the subintervals given in (1).
Corresponding to these two groups of subintervals we have two contributions to the
oscillatory sum (P, f).

The total contribution to the oscillatory sum @ (P, f) of the subintervals in (i) is

€ _&
RTT IS AR

Also since the oscillation of f in each of the subintervals in (ii) is< M — m, the total
contribution to the oscillatory sum @ (P, f ) of the subintervals in (ii) is
< L . (M — m) =_.
2 (M —m) 2
for the partition P of [a,b], we have
o(P, f)i<e/2+e/2=¢
Thus for each € > 0 there exists a partition P of [a, b] such that
0o (P, f)<e
Hence f € R [a,b], by theorem of article 6.
Theorem 4:  If the set of points of discontinuity of a bounded function f defined on [a,b] has
only a finite number of limit points then f € R[a,b].
Proof: Since f is discontinuous on [, b], the supremum M and the infimummof f in
[a,b] are not equal i.e, M —m #0.

Let {ay,09,... ,(xp} be the finite set of limit points of the set of the points of
discontinuity of f in[a,b], whereoy <oy <...< oy - Let €> 0 be given. We enclose the
points oy, 0 ... o respectively in p mutually disjoint intervals

[al,hl},[az,bz],...,[ap,bp] (1)
such that the sum of their lengths is< e /2 (M — m).

In each of the remaining p + I subintervals
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la,a], [y, a1, by a3, [by D] -(2)
f has only a finite number of points of discontinuity because none of these p+1
sub-intervals contains a limit point of the set of points of discontinuity of f.

Hence, by the previous theorem, there exist partitions P, ,r =1,2,..., p + I respectively
of the subintervals in (2) such that

€
(D(Pr’f)<2(p+1)

Now consider the partition P of [, )] determined by
P=0U{P.:r=L2,...,p+I1}L

The subintervals of P can be divided into two groups :

(i) all the subintervals of P, ,r=12,...,p+1

forr=12,...,p+1L

(ii) all the subintervals given in (1).

The total contribution to the oscillatory sum (P, /) of the subintervals in (i) is
<{e/2(p+D}(p+Dh=¢/2

Also since the oscillation of f in each of the subintervals in (ii) is< M — m, the total

contribution to the oscillatory sum o (P, f ) of the subintervals in (ii) is

<{e/2(M-m)}.(M-m)=¢/2.

Thus for any €> 0, there exists a partition P of [a, b] such that
o(P, f)i<e/2+e/2=¢

Hence, by theorem of article 6, f € R [a,b].

[llustrative Examl)les

Example 12: A function f is defined on [0,1] by

F)=1/2" for1/2" < x<1/2"n=0,1,2,....
and f (0)=0. Show that f € R[0,1] and calculate the value of

_[g () dt

where x lies between 1/ 2™ and 1/ 2™ ~ 1. (Garhwal 2007)

Solution: Here, for n=12,3,..., we have f (i +O) = L and f (L—O) =L,
9 2}1—1 on o

which shows that the function f (x) is discontinuous at x=1/2", n=1,2,3,....

Alsoforn:O,f(zin)zf(l)zl

and f (ZL" - O) =1so that f (x) is continuous at x = ZLO =1L
Thus the points of discontinuity of f are
1 1 1 1

5,272,273,...,?,...
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Since the set of these points of discontinuity of f has only one limiting point at x =0, it
follows from theorem 4 of article 7 that f € R[0,1].

X P 1/2™M 1/21n+]
Now -[0 f(t)dtzjl/zm f+ 1/2m+l f+ 1/2111+2 f+
B X 1 1/2”1 1 1/2m+] 1
= hjom 2,,17_1“‘_[1/2””1 ﬁ+j1/2’”+2 W"‘

1 1 1 1 1
2m—l x_ﬁ +27 ﬁ_2m+l

1 [ 1 1 ]

+2m+l L2m+l _2m+2J+"'
1 [ 1] 1 1 1
_2mfl Lx_ﬁJ +22m+1 +22m+3 +22m+5 to
B X l +1/22m+1
- -1 —1

2711 2211’1 l—l
4
(Summing up the infinite G.P.)
X 1 1 X 1

:zm—l _227;1—1 +3 22m—1 =2m—1 _3 22m—2’

Example 13:  Let the function f be defined on [0,1] as follows :

<x£l, r=12,3,...
r+1 r

f (x)=2rx when

1
Prove that f is R-integrable in [0,1] and evaluate -[0 f (x)dx.

(Rohilkkhand 2010; Gorakhpur 13)
Solution: The given function f is not defined for x = 0. We may, however, define f at

this point in any manner we like provided f remains bounded.

Here f(x)=2x when 21< r<1
S (x)=4x when l<x<l
3 2
1 1
f)=20-Nx when Sex<——
r r—1
1 1
f(X)=2KX when < x<Z=
r+1 2

For r=2,3,4,..., we have

f(iJrO):hlinO 2(V—I)G+h)=2——
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d Loo)= "™ or(L i)z
an F(=0)= 2 2 -0)-2
Since f (l + O) #f (l - O) , f is not continuous at x =1/ r.
r r

lim
Also f (1)=2and f (1 =150 2 (I-h)=2, so that f is continuous at x = L.
Thus the given function f is not continuous at x=1/r, r=2,3,4,... and the set of
points of discontinuity% , % , i ,...of fhasonly one limit point at x = 0.Consequently,
by theorem 4 of article 7, the given function is R-integrable.

1 1/2 1/3 1/n
Now J.l/(n+l) f(x dr = 1/2 f J.l f J.l “'+J.l/(n+l) f
n 1/r
_r§1j1/<r+1> f (1)

1/r _ 1/r 1/r
We have L/("H) f () dx_-[l/(rﬂ) 2rx dx = rx2 1/(r+1

1 1
B [ (2
g r (r+1)2 @)

Puttingr =1,2,..., nin (2) and then adding the partial integrals, in view of (1), we have

1 R (11 1o
ey S 0= =2] w2l o -]

N [1 1]
n|— - -
[nz (n+1)ZJ
i, 1.1
222 32 42 7 2 412
L 1/n
= 2 _— =
r:lr2 (1+)Z
n
Letting n tend to infinity, we get
oo 2
J 1 _Ozz% L
0 1 r 1 r 6

Example 14: A function f is defined on [0,1] by
f)=1/nforl/(n+)<x<1/nn=123,....and f (0)=
Prove that f € R[0,1] and evaluate J-ol f (x) dx

Solution: It canbe easily seen that the points of discontinuity of f are2l é i

Since the set of points of discontinuity of f has only one limit point at x = 0, it follows
from theorem 4 of article 7 that f € R[0,1].

Now as in the previous example,
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n—>oeo =1 J1/r+1) r n—>e p=1 r\r r+l
lim F( 1) 1(1 1) 1(1 |
= [—— |+ == |+...+
n—> oo [ 2 2\2 3 n\n n+lJ
lim ( 1 1 1) 1 1 1 1
= I+ 5+ —|-|=+=+——
n—> oo 92 g2 n?- 2 23 34 n.(n+1)

2
. 1 1 B
v the series 1 + — + ...+ — +...converges to Y3
n

Example 15:  Let a function f be defined on [0,1] as follows :

If xisirrational let f (x) =0 ,if x is a rational number p / q in its lowest terms, let f (x)=1/¢,
1

also let f (0)= f (1) =0.Show that f is integrable over [0,1] and -[0 f (x)dx=0.

Solution: Evidently, the function f is bounded on [0, 1]. Let e > O be given. Then there

exist only a finite number of fractions 1 such that 1 > ; ,for 1 > g iffg < 2 and e being
q q q €

given, = is finite. We enclose these exceptional points, in order, in mutually disjoint
e

closed intervals

[ﬂ17b1:l7[a2 ,b2],...,[ﬂm,bm] (1)
such that the sum of their lengths is less than € / 2. On the remaining sub-intervals
[bo =0, a1, (b1, ag],[by s as ..., by » gy 1 =1] -(2)

at each point the value of fis<e/2.

Itis obvious that the oscillation of f in each of the subintervals (1) cannot exceed 1 and
the oscillation of f in each of the sub-intervals (2) is less than € /2. Thus for the
partition

P={0= bO “l’bl’“2 b27 mrbmfbm+l_1}

we have, o(P,f)=U(L, f)- P,f
S 1 -a)+ T £ b)
< (b, —a.)+ ~ (a
21 r 7 220 2 r+1
1
.z (b, _“r)<§’r§0(“1+l hr)<1J
Thus for a given £> 0 there exists a partition P such that o (P, f )< e

Hence feR[0,1].
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Also since for every partition P, L (P, f)=0, we have

by £=1,£=0

8 Algebra of Integrable Functions

b
Definition: Ifb < a, we df:ﬁnej f to be — J: f provided that f € Ra,Db].
a

Also by definition, we write rl f=0.
a

Theorem 1: Let f € R|a, h] and let m, M be bounds of f on [a,b]. Then

b—a) j Fx)dc<sM b -a) ifb>a,
—a) J f@)dezM(b-a)if h<a. (Purvanchal 2008)
Proof: Ifa = b,theresultistrivial. Letb > a. Then by theorem I of article 7.2, we have
for all partitions P of [a, b],

mb-a)< L(P, f)sU Pf YS M (b - a)
or mb-a)<L(P, f)sM )
or m (b —a)<supL (P f —a)
or m (b — a)SJ f<M(-a)
or m-as [" MO -a) [IZf:j:f]

Now let b < a so that a > b. Hence, as proved above we get
< j “ F<M(a-b)
= —m (b —a) J f <=M (b - a), by the definition mentioned above

- m(b—a)= j F=M(b-a).

Corollary 1: Let fe R| a b]. Then there exists a number W lying between the bounds

m and M of f such that j Fx)de=p (b -a). (Purvanchal 2011)

This result is known as the first mean value theorem of integral calculus.

Corollary 2:  Let f be continuous on [a,b]. Then there exists a point ¢ € |a, b] such that

[ f@de=0-a)f @

Proof: Since f is continuous, f € R [a,b]. Therefore, by Corollary 1, there exists a
number u lying between m and M, such that

@ de=pb-a).
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Now f being continuous on [, b], so it takes every value between its bounds m and M
i.e, in particular it takes the value u lying between m and M. Consequently there is a
point ¢ € [a,b] such that f (¢) =n and hence

b
[ f@de=b-a)f ).
Corollary 3: Let f € R|a,b] and let K be a number such that
| f ()| KV xela,b].
Then ‘ Jﬂ f (x)dx

<K|b-al.
(Purvanchal 2010)

Proof: The result is trivial when a = b. Let m, M be the bounds of f on [a,b].
Let b > a. We have, for all x € [a, D]
| f()|sK=>-KS f(0)sK = —K<ms f(x)sM<K

= ~K®B-a)<m b -a) j F@)desM(b-a)s K(b-a)

= <K (b - a). (1)

Now let b < a so that a > b.
Then we get from (1) that

jh“f(x) <K(@a-b)= }jf

- Lb f () dv|< K (a-b). (2)

dx|< K (a-Db)

Hence, from (1) and (2), we get

b
[ fxde|<K|b-al.
a

Corollary 4: Let f e Ra,b]landlet f (x)20 ¥ xe[a,b]. Then
_[f dx>01fb>uundj F () de<0ifb<a.

Proof: Since f (x)=0 V x € [a,b], hence, m>0.
If b 2 a, then from the first result of the above theorem, we get

J‘ fx)ydezm(b—-a)=0
and if b < a, then from the second result of the above theorem, we get

j Fx)de<m (b -a)<0. [+m=0and b—a<0]
Corollary 5: Let f, g€ Rla,b] Then
j f(x j g drif b>a
f 2 g a

b

j f(x dx<j g drif b<a.

Proof: We have
fzg=1f@-gx)]=20¥ xela,b]
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o [/ 1f@-g@1dr=0 or <0
according as b>a or b<a by Corollary 4,

[j fx j ]>0 or <0

b b
= J‘ fx dx>j (x) dx or J.af(x)dxs.[ g (x)dx
according as b >a orb < a.
Theorem 2: IffeR [a,b]and K € R, then KfeR[a,b]und
ij x) dv = 1<j f(x

Proof: If K =0, the theorem is obvious. Suppose that K # 0. Since f € R[a,b], f is
bounded on [a, /] and

jf ) d = jf dx:_[jf(x)dx. ()

We know that | K f|=| K || f|, so that Kf is bounded on [4, D].

Let P={a=xy,x,..., X, =Db}beany partition of [a, b] and m, and M, be the infimum
and supremum of f in[x, _,x,].

Casel: Let K>O0.Then K m, and K M, are the inf and sup of K fin[x, _},x,]. So
we have

l

b
J. Kf(x)dx:sup[gleFAxr}
Ya y =

=b
=K ja f (x)dx, using (1)

n
:K.inf|:ZlM,ﬂAx,.:|:inf[ X KM, Axr]
=

r=1
~['K f () de

Thus [ K £ dx=Ij K f (x) dr

Hence Kf € R [a, b].
Also from (2), we have

ij dejf

= ij ) dx = 1<j fx [ feR[abland K f € R{[a,b]]

Casell: Let K<0.Then K M, and K m, respectively denote the inf and sup of K f
in[ x,_y,x.]. We have

b
[ Kf(x)dx:sup[ §1 K M, Axr}
Ya r =
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:Kinf|: > MrAxr},as K<0

_1<j f(x)de= 1<j fx (3)

=K su rZ m Axi:infr g Km Ax1,asK<O
p r 7 T r
= | |

r=1
<b
= jﬂ K f (x)dx
b —=b

Thus in this case, j K f (x)dc= jﬂ K f (x)dx
Hence Kf € R [a, b]. Also from (3), we have

j K f (x)dc=K j fx
= j K f (x)dx = 1<j f(x [ feR[a,b]land Kf € R[a,b]]

Theorem 3: Leta<c<b. Then f € Rla,bliff f € R|a,cland f € R [c,b]. Ineithercase

b ¢ b
[, fac=] f@de+ [ f o) (Gorakhpur 2015)

Proof: Obviously f is bounded on [4,c¢] and [¢, b] iff f is bounded on [a, b].
Let f € Ra,b]. Then for a given > 0, there is a partition P of [a, b] such that

UL, f)-L(P, f)<e (1)
LetP =P U {c¢}. Then Plis also a partition of [4, b]and itis arefinement of P so that
UP,f)-L(P,f)sUP, f)-L(P, f)<e (2)

Let B and P, be the partitions of [a,c] and [c, b] respectively such that P = Bub.
Then
U@ f)=L(P f)=[U®R.f)+U (P f)]
—[L(R, f)+ LR, f)]
=[UMR, f)-LA, HI+UR, f)-L(B, f)]
<eg, by (2).
Sinceeachof (U (B, f)—- L (B, f)]and [U (B, f)—- L(P, f)]is20,each of themis
less than e.

Hence f € R[a,c]and f e R][c,b]
Also U (P, f)=U (R, f)+U (B, f)

= infU(P", f)=infU (R, f)+infU (B, f)
= _[f ) dr = jf dx+j fx
= jf ) dy = jf dx+'[cf(x)dx

[ feR]|ab], feRla,c], fe Rlc,D]]
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Conversely, let f € R[a,c]and f e Rc,b].
Then given e > 0, there exist partitions | and B of[a, c]and[c, b]respectively such that
UR,f)-L(R, f)<e/2

and UMP,f)-L(B,f)<e/2.
LetP:Plupz,thenPis partition Of[ﬂ b].
Now U@, f)=LP,f)=lUR,[I+UDR, f)] [L (B, f)+ LB, f)]

—[U(H,f)—L(be)] Uy, f)=-L(,f)]
<e/2+e/2=¢
Hence f e R [a,b]. The remaining part of the theorem can be proved as before.
Theorem 4: If f, g€ Rla,b]then f £ ge Rla,b]
b b b
and [ If@tgWlde=] f@de]" ¢@)de

Proof: Since f, g€ R[a,b], for a given € > 0, there exist partitions I and P, of[a, b]
such that

U(H,f)—L(H,f)“/Z} (1)

and U(PZ’g)_L(&’g)<8/2
Let P=F u P, ,then P isacommon refinement of /| and P and it is a partition of
[a,b]. We have
U@, f+g-L(PPf+g)
= U(P’f)+U(P’g)]_[L(P7f)+L(P7g)]7
[by theorem 5, article 2]

=V f) =L, fHI+U(PL, ¢~ L(P,g)]
<e/2+e/2=e,by().
Since UP, f+9-L(P,f+g<¢e f+geR]|ab].

Again, by the second definition of Riemann integrability, f, g€ R [a,b] = for every
€> 0 there exists a > 0 such that for every partition P of [a, ] with || P ||< & and for
every choice of §, € [x, _1, x,],

élf@rmxr—jff()dx{<e/2 2)
and éilg(g,,)Ax,,—Lb g(x)dx’<8/2 -(3)

From (2) and (3), we get

IS G+ el Ax—[j Fydes[ g dx]}m

Since € > 0 is arbitrary,
[ 1@+ g@la=]" fder[ g

Similarly we can prove the result for the difference f — g of the functions f and g.
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Lemma: Let f be a bounded function with bounds m and M defined on [a,b]. Then the
oscillation M — m of f on [a,b]is the supremum of the set

{1 f @ =f(»]:x yelabl}
of numbers.
Theorem 5: If f e R|a,b], ge Rla,b], then fge Rla,b].

(Garhwal 2010; Purvanchal 10; Bundelkhand 11)

Proof: Since f, ge Ra,b], they are bounded on [a, b].
So there exists a positive real number M such that

| f)|sMand|g(x)|sM ¥ xela,b].
It follows that| f (x) g (x)|< M?> ¥ xe[a,b].

Thus fg is bounded on [a, b].
Again f, g€ U [a,b] = for a given £> 0, there exist partitions /} and P, of [a,}] such
that
UR,f)-LA, f)<e/2M
and UWPB,9-L(P,g<e/2M.
Let P=PF v P ={a=xy,x,..., x, = b} so that P is refinement of both I} and P, . It
follows by theorem 3 of article 2 that
U(P,f)—L(P,f)<8/2M}

and U(P, g)-L(P, g)<e/2M -

Letm, , M, ;m,”, M,”and m,””, M, be respectively the bounds of fg, f and gin the
r th interval I, =[x, _1, x,]. Then for all

x,ye[x,_l x,], we have

[ (fo) ()= (fo) (x I-If —f(x (x)|, by the def. of fg
=|g(y f(y—f +f ]|
<lg(If (- fx |+|f IIg g(x)l
SMIf(y)-f@|+M|g(y —g(x)l -(2)

Taking suprema of both sides of (2), we have by the lemma given above
M, -m.<MM,"—m. )+ MM, —m,"")

n
= X (M, -m)Ax,

r=1

SMéI(M,.’ 2 ) A X, +Mr§l(M,”—m,”)Axr
or U(P, fo) = L(P, fg)
UL, f)=L(P, )]+ M[U(P, g~ L(P,g)]
<M (e/2M)+ M (e/2M ), by (1)
=e/2+e/2=¢.
Hence fge R [a,b] by theorem of article 6.

Corollary: If f € R[a,b] then f*> e R [a,b]
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Theorem 6: If f € R|a,b]then| f|e Rla,b]. (Purvanchal 2008)
Show that Lb £ () dr sj: | £ (0)]dr

Proof: Since f € R[a,b], f isbounded on [4, b]so that there exists a positive number

k such that| f (x)|<k ¥ xela,b]ie| f (x)| is bounded on [a,b].

Again, since f € R [a,b], for given £> 0 there exists a partition P of [a, )] such that
UL, f)-L(P, f)<e (1)

Letm, , M, and m,”, M, be the bounds of | f |and f respectively in [x, _, x,]. Then

for all x, y € [x, _1, x,], we have

f|f<y>|—|f<x>||s|f<y>—f<x>| )

Taking suprema of both sides of (2), we have by the lemma mentioned above
(M, —m,)<(M," —=m,")

n

=

= _§I(Mr_mr)Axr < %1 (Mr,_mr,)Axr
= U@lfD=-LP|fHsUP, f)=-L(P, f)
<g by (I).

Hence| f|e Ra,b].
Now.let  fi (9= (1f W+ f ()

and fr @)= U1 @)= f

Then | f =A@+ fo (x); f ()= fi (¥) = fa (x
Since f} (x >Oandf2 x)=0 Vxe[ub] Wehave

_[fl dx>0andj fo () dx=0.

Hence, we get

| ] =| [ A -] o ar

x)dx‘
_j A dx+J' fo (x
=L[fl )+ fo ()] de = jlf
Thus < Jj | £ ()] de

Note: The converse of the above theorem need not be true. Consider the function f
defined on [0, 1] by
f )= {

1 when x is rational
—1 when x is irrational.
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We have seen earlier that f ¢ R[0,1].

But| f|e R[0,1]. For, we have| f (x)| =1 ¥ x € [0,1] and we know that every constant
function is R-integrable.

O Fundamental Theorem of Integral Calculus

(Meerut 2012)
In this section we shall establish the close relationship between the derivative and the
integral in a rigorous manner. In fact, we shall prove that integration and
differentiation are, in a certain sense, inverse operations.

Integral function: Let f € R [a,b]. We define a new real valued function F with
domain [a, b] by setting
f%@:ijfupma<xshF@ﬁ=0

The function F is called an integral function or an indefinite integral of the
integrable function f. The function F is well defined on [a,b], as f € R [a, x] where
a< x<b and the condition F (a) =0 is consistent with our previous definition that

a
szu
Primitive: Definition: A differentiable function ¢ defined on [a, b]such that its derivative
& equals a given function f on|a, b]is called a primitive or anti-derivativeof f on|a, b].
If ¢ is a primitive of f then ¢ + ¢ will also be a primitive of f where ¢ is any constant.
Hence the primitive of a function is not unique.
Theorem 1: Let f € Ra,b] Then the function F defined on [a,b] by
X
F@sz@ﬁ

is continuous on [a, b].
Proof: Since f € R [a,b], f isbounded on [a, b]. It follows that there exists a positive
number M such that
| f()|<M ¥ tela,b].
Let a< x< y<b. Then we have

[FO)=FWI=| [} f@d-[ o

a

J

SRR ACE S NACT I P RS

a

= _[y S dt‘ [by theorem 3 of article 8]
X

SM|y-x| [by Cor. 3 of theorem 1 of article 8]
=M (y-x). (1)
Let > 0 be given. Then, if| y — x|< e/ M, we conclude from (1) that
|F(y)-F(l<e
Thus given €> 0, there exists 8 (= €/ M )> 0 such that
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| F(y)—- F (x)|<ewhenever| y —x|<dVx, yela,b].
Consequently the function F is uniformly continuous on [4, b] and hence continuous
on [a,b].

Note: The above theorem can also be stated as follows :

The integral of an integrable function is continuous.

Theorem 2: Let f be continuous on [a, b] and let
¥) = j: f(6)dt V¥ xela,b)

Then F'(x)= f (x) Yxela,b]. (Gorakhpur 2015)
Proof: Let x € [a,b] be fixed. Choose /i #0 such that
x+hela,b].
Then, we have
x+h x
F(x+h) - :jﬂ )dt—j F(t)de

Jx+lz J- f

Z‘[:L"'h

Since f iscontinuouson|a, b]there exists anumberc in the interval[x, x + 1], such that

Q

¢+ ]
F o f@dt=h f (c). [By Cor. 2 of theorem 1, article 8]
X
We see that if 1 — O, then ¢ — x.
Thus F(x+h)—-F(x)=h f(c)
lim F(x+h)—F(x) lim
- =0 I WERAL
_ lim

o xf (¢) = f (x),as f is continuous.

Hence, we get F’ (x)= f (x) V x€[a,b].
Note: 'The following theorem is an improvement on the above theorem for only the
R-integrability of f and the continuity of f at the point x; is assumed.
Theorem 3: Let f e Ra,b]and let f be continuous at x € [a, b].
If F(x):j:f(t) dt,a< x<b, then
F" (x) = f (x0).

Proof: Since f is continuous at x , for given €> 0, there exists a 8> 0 such that

| f (o +h) = f(xo)l<e (1)
provided |h|<danda<xy+h<Db.

Wehave  F(xg +h)~ F (xp)= [ e de— [ f @t

Zj:() +h £ de
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and ;Z) +h f(x)dt= f (xg) . [(xg + 1) — = f (xp).
Now ’F(xo +h}/z—F(x0)_f(x0)|
_|l xg +h L |
Ly Sl [0 f o)t
_I;IJ'XO - f )]dt’~ @)

By virtue of (1) and (2), we get on using Cor. 3 of theorem 1 of article 8

[F oM =F o) r o yle L6 e for all h with [ 7]<5.

| I | "1 h]
Since £> 0 is arbitrary, we have
lim  F(xp+h) - F (x) _
h—)O h _f(xo)
ie., F 7 (xg) = f (xp).

Theorem 4: (Fundamental theorem of Integral Calculus): Let f be a continuous
Sfunction on [a,b] and let ¢ be a differentiable function on [a, b] such that ¢" (x) = f (x) for all
xela,b) Then

[} fyde=00)- o)
Proof: Let F (x J f (t) dt. Then by theorem 2 of article 7.9, we have
F’'(x)=f (x) ¥ xela,b]. (1)
By hypothesis, ¢ (x) = f (x) ¥ x € [a,b]. ..(2)

From (1) and (2), we have ¥ xe€[a,b],
F'(x)=¢"(x) or F’'(x)-0¢"(x)=0

= (F-0)(x)=0 = (F-¢)(x)=c for someceR

= Fx)-o@)=c

Thus Fx)=0(x)+¢ ¥ xela,b]

Now F ()= F(a)=[0()+c]=[0(a)+c]=0(b)-0(a). -(3)
Also F(a)= j: f(®)dt=0and F (b) = j £ (6) dt.

Putting these values in (3), we get

[ fwd=o00)-0@
or [ fwdc=o00)- 0.

Note: The following theorem is an improvement on the above theorem since only the
R-integrability of f is assumed. In fact theorem 4 is a corollary of theorem 5.
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Theorem 5: (Fundamental theorem of Integral Calculus): Let f € R[a,b]and
let ¢ be a differentiable function on [a,b] such that ¢ (x)= f (x) for all x [a,b]. Then

b
J, f@dr=0()-¢ . (Garhwal 2006, 07, 09, 11; Rohilkhand 11, 12)
Proof: Let P={a=uxy,x,% ,...,x,=b} be any partition of [a,b]. Now ¢ is
differentiable on [a, b] implies that ¢ is differentiable on each subinterval [x, _y, x,].

Hence by the mean value theorem of differential calculus, we find that there exists &, in
[x, _1,x-],r=12,...,n, such that

¢(xr)_¢(xr—l):(xr _xr—l)q), (‘t:r):(q))’ (‘t:r)-Axr

or 0 (5) =0 (5 1) = f (&) Ax, [0 (&) = f &)
or T oG- Dl= = fE) A, (1)
Now E 1005) = 0 0y 1)1 =0 (1) = 0 (30) + 0 (1) = 0 (x) + ..

r=1

et ¢ (xn) - q)(xn—l)
=0 (x,) = 0 (x0) =0 (b) - ¢ (a).
It follows from (1) that
o)~ 0(@)=

7

1

E fE)Ax (2)
Taking limit as|| P||— 0,

weget 00 -0@=] f(dy

sincer’él f(g,)Ax,,tendstoj: F (@) dras|| P|[— 0.

The result of the above theorem is usually written in the form
h ’
[ o @de=00)-0@).

Note: Some authors call theorem 2 or theorem 3 as the first fundamental theorem
and the theorem 4 or theorem 5 as the second fundamental theorem of integral
calculus.

10 Mean Value Theorems of Integral Calculus

Theorem 1: (First Mean Value Theorem): Let f € R [a, b] Then there exists a number
lying between the bounds m and M of f such that

b
, f @ dc=p@-a).
Moreover if f is continuous, then
b
L f@de=b=a)flc)ascsh. (Purvanchal 2012)

Proof: See Cor. 1 and Cor. 2 of theorem 1 of article 8.
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Theorem 2: (Second Mean Value Theorem): Let
feR[a,b] and ge R|a,b],

and gx)200r<0V xe|a,b]

Then there exists a number W with m < W < M such that

b b
[ f@ewde=p| ¢ dr
where m, M are the bounds of f on [a, b].

Proof: First let g( N20V¥xe [a b]. (Purvanchal 2012)
Then x)< f(x) g(x)< Mg (x) ¥ x€a,b].
If follows from Cor. 5 of themem 1 of article 8 that
b
m J g(x)dx< j f(x) g(x)dx< MJ g (x) dx
or j x) de > j F) g de=M j x) dx

according asa< b orazb.

Hence there exists a number p with m <pu < M such that
j F) gx)de=p j x) d.
Now let gx)<0 Vxela,b].

Then -gx)20V xela,b].
Hence by the above result for some pu € [m, M|, we have

[ forgwiac=p [ - g1
or [/ fgde=n [ g

Corollary: If, in addition to the conditions of the theorem, f is continuous as well, then
there exists & € |a, b] such that

[} fwewa=f@] g

Proof: Sincefis continuous on [4, b], it takes every value between m and M. Hence by

the above theorem there exists a point § € [a, b] such that
b b
[[ f@egwar=F@] g

Theorem 3: (Bonnet’s Mean Value Theorem): Let g € R [a, b]and let f be monotonic

and non-negative on [a, b). Then for some & or n€ [a, b]

[ f 0 gwdi=f @] g0
o [ f 0 gde=f o) jjg<x>dx

according as f is monotonically non-increasing or non-decreasing on [a, b).
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Proof: If a=b, the result is trivial. Let b>a and let f be non-negative and
monotonically non-increasing on [a, b].
Let P={a=xy,x,...... X, =h}
be any partition of [4, b]. Let m, , M,. be the bounds of g on [x, _| , x,.]and &, any point
on|[x,_y,x, ]. Then
mA x5 < g (8) A xS M,A ,

and m.A x, < j o g<MAx, .

fr-1 [Theorem 1 of article 8]

On summing for each r =1,2,..., p< n, we get

P 14
Em,Ax % gE&)Ax < ZM,.A)(, (1)
P
and Zm, A x, <j g< ZMAx, .(2)

Then (1) and (2) give

| |
X 4
[ e-ZeE)an

n
S%(Mr—mr)Ax,.:U(P,g)—L(P,g)

<

(Mr - mr) A x,

._‘M*g

= (P, g). (3)

[Note thatifb < a,the inequalities (1) and (2) are reversed but (3) remains the same].

Now by theorem 1 of article 9, J. j g is continuous on [a, b] and hence is bounded on
la, b]. Let m, M be its bounds on [a, b]. Then (3) gives
14
_0‘)(1)7f‘)S %g(&}’)Ax}’SM+O)(P7f)

Using Abel’s lemma*,we get

f@in-o P, 1< £ €) g &) oy
<F@IM-0® f)]. (4)

Since f is monotonic, we have f € R [a, b].

%
Abel’s Lemma. If » > >...>2v,>0 and numbers i, us ,...,u, and kj, ky are such

that

n n
k< Zl u, < ko ,then kymy < El u, v, < komy.
= =

In our case, u,=g(&,)Ax, andv, = f (§,).
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Also g€ Rla,b].

Hence fee Rla,b].

Now feRlab]= o(P,f)—>0as||P||—0.

Hence (4) gives f (a) m < J: fe< f (a) M.

b
Thus [ f=f @n

a
where u lies between the bounds m, M of the continuous function

X

L gonla,b].
Hence '[x g must take the value p at some point & € [a, b]
a

so that u= 3 g (x) dx.
a

Therefore _[j fx) gx)de=f (a) LE" g (x) dx.

If fis monotonically non-decreasing on [4, b], then it is monotonically non-increasing
on [b, a] and so as above, we get

_[j fe=f(b) J-; g for some ne [a,b]
or L k=r o J) g
[[Fogm=fm] ¢

n

Theorem 4: Weierstrass’s (Second) Mean Value Theorem.
Let ge R [a,b] and let f be bounded and monotonic on [a, b].

b 4 b
Then [ f=f@[ ¢+s0)] ¢
Proof: Weassume thatfis monotonically non-increasingon [a, b]. Then f (x) — f (b)
is monotonically non-increasing and non-negative on [4, b]. Hence by the Bonnet’s
theorem (theorem 3 of article 10), there exists some & € [4, b] such that

[[1F@-f 0 gde=[f@-f 0] g0x)de

a

or [[ @ ewac—5m ] g
= f @[ g de—f 1) ] g(x)de
or [ f@ewde=7 @] gwace 0[] gds=[ g ar]

—f @7 g@dre £ 0)[] g0

Now let f be monotonically non-decreasing on [a, b]. Then — f is monotonically
non-increasing on [a, b]. Hence by the above result, we have
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[l f@lg@de=[- f @]] g(x)dm—f(b)]jé’g(x)dx

or J‘: fx) gx)de=f (a) J‘g

a

gx)de+ f(b) J; ¢ (x) dx as before.

Remark: Note that the condition that fis monotone on [4, b] cannot be dropped in
the above theorem. Consider, for example, the functions f (x) =cos x and g (x) = 2

and the interval [- © / 2,7t / 2]. In this case

F(=5)05, swase s (5) 77 g

B LANES y Tn2 o9 .
_cos(—i)‘[_n/zxlﬂlx+cos§‘[‘2 x“ dv=0.
n/2

But J‘ ¥ cos x dr> 0.
-1/2

Thus the theorem does not hold.

[llustrative Examlales

2 .
Example 16: Compute jl 3 dx.

Solution: Let f (x)= 3, 1<x<2. Then f is continuous on [L,2]. Moreover, if
0(x)=x*/4(1<x<2), then ¢’ (x)=x> = f (x),(IS x<2).
Hence by the fundamental theorem of integral calculus, we have
2 2t 1t s

Ji P dr=0@-0()="7 - =7
Example17: (i) Taking f (x) = x, g (x) = ¢*, verify the second mean value theorem in [ 1, 1].
[Theorem 2 of article 10].
(ii) Also verify Bonnet’s mean value theorem in [ 1, 1] for the functions

f(x)=¢" and g(x)=ux.
Solution: (i) Since fand g are continuous on [— 1, 1], we have

f.ge R[-11].

Also g (x)>0 for all xe[-1, 1]. Hence the conditions of theorem 2 of article 10 are
satisfied. Now

J.il f(x) g(x)dx=J‘il xe* dy = [xe* — "', _2. (1)
e

1

and r g(x)dx='|‘il exdx=[ex]l_1=e—e_1=32_l.

4

Since fis continuous on [— 1, 1], it takes every value between f (-1)=—1land f (1) =1
Letp =2/(e2 —1). Sincee>2, we have A>4=6 13 sothatO <p < 1.
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It follows that there is a point & in [- 1, 1] such that
f©=2/(-D.

Accordingly, we have

/@)

1 2 Z-1 2
R b

From (1) and (2), we have
J.il f(x)g(x)dx:f(g)J'il g (x) dx.

Thus the second mean value theorem is verified.
(ii) Since g (x) = x is continuous on [-1, 1], we have

ge R[-11].

Also f (x) = ¢* is monotonically non-decreasing and positive on [- 1, 1]. Hence all the

conditions of the Bonnet’s mean value themem are satisfied. As in (i), we have
1
j LS j Yrde=2

Now j:] g(x)dx:_[ ¥ dy =

We choose n such that

2 & —4
) e =

Also it is easy to see that 0 < <1, where n=

e
2
\/(62 -4)
—

For this value of m, we then have
1 1
[ f@ewd=f0 ] gwde

Hence Bonnet’s mean value theorem is verified.

Example 18: Show that the Bonnet’s mean value theorem does not hold on [-1, 1] for
f@)=g@=x"
Solution: 'The function f (x)= +% is not monotonic on [- L, 1] since for the interval

[- L, O]it is non-increasing and for [0, 1] it is non-decreasing. Thus the conditions of
the Bonnet’s mean value theorem are not satisfied and hence the theorem does not hold
n[-1 1].

Example 19:  Prove Bonnet’s form of the second mean value theorem that if f * is continuous

and of constant sign, cmdf (b) has the same sign as f (a)— f (b), then
b
L Fx) g dr=f(a j x) dr
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where & lies between a and b. Show that if ¢ > p> 0, then
IEEES
Jr x T p
Solution: Let | : g(O)dt=F (x)

sothat  F’(x)= g (x).
Then J.:f(x)g(x)dx:J‘lff(x)F’(x)dx
S f@F@E-[ 70 F () de
[Integrating by parts]
—fWFO)-[" P @F@d [ F@=0]
= f D F®)~F(x) || f () dr [asx<h]

[by Cor. of theorem article 10]

=f ) F(b)-F(x)[ f ()= f (a)] (1)
= f (a).u where p lies between F (xg) and F (b).

Since F is continuous, there exists a point & between x and b such that
3
n=F@E=[fa
b £
It follows thatj fx)g)de=f (u)j g (x) dx.
a a

Writing f (x)=1/x, g (x) =sinx, we find

q sinx 108 .
—dx=— dx,(p< &<
I, = pfp sinx dv, (p<&<q)
g 1
=—[—Cosx]p =—[cos p—cos E].

Hence Ijq wdx|= (cosp—cos&)’<g-
r x| | »

Remark: From (1), we get
[ f (0 g @) dv= f (@) F () + f () [F 5) ~ F (x0)]

@[ gwderf 0[] g - gods]

S @[ gWdse f W s

which is the theorem 4 of article 10.
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@)mprehensive Exercise 1
1. (i) Letf (x)=x(0<x<]I). Let P be the partition {O,?l) ,; ,1} of [0, 1]. Compute
U (P, f yand L (P, ).
(if) Let f (x) =x (0 < x<3). Let P be the partition {0,1,2,3} of [0, 3]. Compute

10.

U (P, f and L(P,f).
Show by definition that jé v = é

Let f (x)=x" 172 on [1,4]. Consider the partition obtained by dividing [1,4] into
4
n equal parts and hence show that J.l V2 =2,
If f(x)=cosxV¥xel0,n/2], show that f is integrable on [0,m /2] and
2
jon/ cos xdr=1.

2
Show that f (x) =3x + lis integrable on [1,2] and J.l Bx+1)dx= %

Give an example to prove that a bounded function need not be R-integrable.

Give an example of a discontinuous function which is R-integrable on [0, 1].

Let f be defined on [0,1] by f(x) = Ll , when
n+

! <x£l,n=1,2,3,...
n+1 n

and f)=1,x=0.
1
Then, show that f is Riemann integrable on [0, 1] and IO fx)yde==—-1.

A function f(x)is defined on [0, 1] as follows :

n 1
— , wh <x< =12,3,...
f(x)_n 2wenn ] X n(n )

and f(x)=1,when x=0.

R, 1 1
Show that f(x) is R-integrable on [0,1] and IO f (x)dx = 3 (Garhwal 2008)
Let a function f(x) be defined on [0, 1] as follows :

1 1 1
f(x)ZF,When 7r<x<ar7_1,

forr=1,2,3,...where a is an integer greater than 1. Show that J. f () dx exists

and is equal to
a+l
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11. Calculate the values of upper and lower integrals for the function f defined on
[0,2] as follows :
f(x)= x> when x is rational
and f(x)= x> when x is irrational.
12. Let f (x) be a function bounded on [a, b] and let I} and P, be two partitions of
[a,b] such that B < P, . Then prove that
UMR, f)-LB, fH2UB, f)= LB, f).
@swers 1
LG UPp=2, L=
(i) u,f)=6, L(P f)=
11.  Upper integral = g’ lower integral = 31
@bjective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), () and (d).
1. Let f be abounded function defined on[a, b]and let P be a partition of [a, b].If r
is a refinement of P, then
(@) L(P, f)<L(P,f) (b) U(P", f)<U (P, f)
() UP", f)=U (P, f) (d) L(P, f)=U(P,f).
2. Let f, gbebounded functions defined on[a, b]and let P be any partition of [a, b].
Then
(a) U(P, f+g<sU(, f) +UP,g
(b) (Pf+g>UP,f )+ U (P
(© UM, f+g=U(p f)+U(P
(d) L(P, f+g<L(Pf) +LP,g).
3. Let f be a bounded function defined on the bounded interval [a, b]. Then f is

Riemann integrable on [a, b] if and only if

—=b —=b
o [ =] s o r=] s
o [ r= s @[ r+] r=o
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4.

10.

11.

12.
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If fis Riemann integrable on [a, b], then

@ [ f@ad=["17 @l
o) |[7 fael= "1 f o)
@ |7 F@al==["1 5@l

@ [ f del<["1f (0)]dv

Fill in the Blank(s)

Fill in the blanks “...... ” so that the following statements are complete and correct.

Let! =[a,b]be aclosed and bounded interval. Then by a partition of I we mean a
set of real numbers P = {xy , 1 ,..., %, _1 ,x,} having the property that ...... .

Let Pand P be two partitions of a closed and bounded interval [, b]. Then Pis
called a refinement of P if ...... .

Lgt B and P be two partitions of a closed and bounded interval [a,b]. If
P =P u P, then P is called the ...... of A and B .

Let f be a bounded function defined on a bounded interval [a,b]. If
corresponding to any partition P of[a, b], L (P, f )is the lower Riemann sum of f
on [a,b] and U (P, f) is the upper Riemann sum of f on [4,b], then
L(P,f).... U(P,f).

Let f be abounded function defined on[a, b]and let P be a partition of [4, b].If P’

is a refinement of P, then L (P*,f) ...... L(P,f).

If B and P, be any two partitions of [a,b],then U (1, f)...... L(P,f).
Let f be a real valued bounded function defined on [4, b]. The lower Riemann
integral of f over [a,b]is the ...... of L (P, f ) over all partitions P e P [a,b].

Let f be a real valued bounded function defined on [a, b]. The upper Riemann
integral of f over [a,b]is the ...... of U (P, f) over all partitions P e P [a,b].

Let f be a real valued bounded function defined on [a,b]. Then the lower
Riemann integral of f over [a,b] cannot ...... the upper Riemann integral of f
over [a, b].

Let f be a bounded function defined on the bounded interval [a, b]. Then f is
b
called Riemann integrable on [a, b] if j f=.
=a

A necessary and sufficient condition for Riemann integrability of a bounded
function f :[a,b] — Rover|[a, b]is that for every e > O, there exists a partition P’ of
[a, b] such that for P and all its refinements

OSU (P, f)-L(P, f)<.......
Let f be Riemann integrable on[a, b]and let ¢ be a differentiable functionon|a, b]

such that ¢’ (x) = f (x) for all x € [a, b]. Then J: fx)de=.......
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12.

13.

14.
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True or False

Write “T” for true and °F’ for false statement.

Every continuous function defined on [a, b] is Riemann integrable on [a, b].
Every bounded function f defined on [4, /] is Riemann integrable on [a, b].

If a function f is discontinuous on[a, b],then f cannot be Riemann integrable on
[a,b].
If a function f is monotonic on [a, b], then f is Riemann integrable on [a, b].

If f is Riemann integrable on [4,b], then | f| may or may not be Riemann
integrable on [a, b].

If a function f is Riemann integrable on [a, b], then the function F defined on
[a,b] by

X
F(x):jﬂ f(t)dt
is uniformly continuous on [a, b].

Let f be continuous on [a,b] and let F (x)=J-x f(t)dt¥xela,b].
a

Then  F'(x)=f (x) Vxe|a,b].
Let f be a continuous function on [a, b] and let ¢ be a differentiable function on
[a,b] such that ¢" (x) = f (x) for all x € [a,b]. Then

[V fwd=ow-o0).

Let f be a bounded function defined on [a,b], where b > a, and let m be the
infimum of f (x) in[a,b]. Then for any partition P of [a, b], we have

mb—-a)2L(P,f).
If f:[a,b] - R is a bounded function, then

L(P,- f)=-U(P,f). *
Let f be abounded function defined on[a, b]and let P be a partition of [, b].If P
is a refinement of P, then

U (P, f)zU (P, f).
Let f be a bounded function defined on [4, b]. Then

b =b
I[] f - J'LI f
Let f be a continuous function defined on [4, b]. Then
b =b
[ =], 1

Let f be abounded function defined on [4, b].If the set of points of discontinuity
of f on [a,b] is finite, then

=l
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Multiple Choice Questions

1. (b) 2. (a) 3. (c) 4. (d)
Fill in the Blank(s)
1. a=xy<x<..<x_1<x,=bh 2. P oP
3.  common refinement 4. < 5 =
6. > 7. supremum 8. infimum
—b
9. exceed 10. J. f 11. ¢
a

12. ¢(b) - ¢ (a)

True or False

1. T 2. F 3. F 4. T 5. F
6. T 7. T 8. F 9. F 10. T
11. F 12. F 13. T 14. T




{ Chapter )

(8 N

The Riemann-Stieltjes Integral

I A Generalization of the Riemann Integral

n the preceding chapter we have seen that the definitions of Riemann integral are
founded on finite sums of the form

n n n
E m, Ax,, 21 M, Ax, or Zl f(E)Ax,.
B r=

r=1 r=

If in the above sums we introduce Ag, = g (x,) — g (x, _1) in place of A x,, where gis a
more or less an arbitrary function, then a generalization of the Riemann integral is
achieved which reduces to the Riemann case in the particular case g (x) = x. It was
Thomas Jan Stieltjes who gave a generalization of Riemann integral. In the present
chapter we shall not discuss the Stieltjes integrals as such but only a sort of special case
thereof known as Riemann-Stieltjes integral in some detail.

2  Some Definitions

For convenience we repeat some definitions again here although we have given them
in the preceding chapter.
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Partition: Definition. By a partition of a closed interval I = [a, b]we mean a finite set of
real numbers
P={xy,x,...,%,_1, %, } having the property that
a=xy<x<..<Xx,_|<x,=bh.
The closed sub-intervals
Iy =[xg, q ],y =[x, v ], Iy =[x, 1, 1]
determined by P constitute the segments of the partition.

We write A x, = x, —x, _j for r =12,...,n, so that Ax, is the length of the segment
[x, _1, x,]. The norm of a partition P is the greatest of the lengths of the segments of a
partition P and it is denoted by || P||. Thus

[| P||=max.(A x,:r=12,...,n).
A partition Pis called a refinement of another partition P or we say that Plis finer than Piff
P o Pie, if every point of P is used in the construction ofP*.

IfP" = B U Py,then P iscalled the common refinement of the given two partitions B and P,.

By anintermediate partition of P, wemeanaset Q = {&},&o,..., §,}of at most npoints having
the property that x, 1 < §,.< x, forr=12,...,n.

According to this definition, two consecutive points of Q can be identical. Thus, it may
happen that £, _; =&, = x, for some value of r. But three or more points cannot

coincide.

5 Lower and Upper Riemann-Stieltjes Sums

Let f be abounded real valued function defined on [a, b]and let g be a monotonically
non-decreasing (real valued) function on [a,b]. We shall write

Agy =g (%) = g (x—1)
corresponding to each partition P = {xy, xy,..., x,} of [a,b].
Note that Ag, >0 since g is monotonically non-decreasing on [a, b]. Also, we define
m, = inf {f (x):x,_1<x<x},
M, =sup{ f(x):x,3<x<x,},
m=inf{ f(x):a<x<bh}, M =sup{ f(x):a< x<b}.

Let us now form the two sums
n n
L(P, f,g= rél m, Ag.and U (P, f, g) = rél M, Ag,.

These two numbers are called the lower and upper Riemann Stieltjes Sums (or in
brief lower and upper RS sums) respectively, of f with respect to gand corresponding
to the partition P.
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In case g (x) = x, these reduce to the lower and upper Riemann sums defined in the
preceding chapter.

Obviously L(P, f,9<U(P, f, g), for any partition P.
If P* is a refinement of P, then

L(P,f,9)<L(F", [ g) (1)
and U (P, f,9<U(P, f,g) (2)
For any partitions 1, I, of [a,b], we have

L(R. f,9<U (P, f.g). (3)

The results (1), (2) and (3) can be proved similarly as proved in the preceding chapter
with x's replaced by g (x)’s and A x, by A g, etc.

4 The Lowerand Upper Riemann-Stieltjes Integrals

(Gorakhpur 2010)
Definition: Let f beabounded function and ganon-decreasing function defined on[a, b)].
The lower Riemann-Stieltjes integral of f relative to g over [a,b] is the supremum of
L (P, f, g) over all partitions P of [a,b]. It is denoted by

ff@vrffM@w)

The upper Riemann-Stieltjes integral of f relative to g over [a,b] is the infimum of
U (P, f, g) over all partitions P of [a,b].]t is denoted by

[ rae o [ 5 wigen,

Theorem: Let f be a bounded function and g a non-decreasing function on [a,b]. Then the
lower RS-integral of f relative to g cannot exceed the upper RS-integral

ie., ﬁf@gﬁf@

(Gorakhpur 2010)
Proof: If B and P are any two partitions of [a, b] then by (3) of article 3, we get
LR, f, <UD, f, g (1)
First, keeping P, fixed and taking the supremum over all partitions A, (1) gives
b
[ rag=uw. f.o -(2)

—a

Now taking infimum over all partitions P , (2) gives
—=b

ﬂf@st@
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5 The Riemann-Stieltjes Integral

Definition: Let f be a bounded function and g a non-decreasing function on [a,b]. Then f is
called Riemann-Stieltjes integrable (or simply RS-integrable) on [a, b] relative to g iff
—b

b
J fdg =_f fdg
4 a
and their common value is called the RS-integral of f on|a, b]relative to gand is denoted by
b b
[ rag o [°fdgt.
a a
[ is called the Integrand and g the Integrator. (Gorakhpur 2012)

The class of all RS-integrable functions relative to g over [a,b] is denoted by
RS ([a, b], g) or simply by RS (g).

From the above definition, it is obvious that quite apart from conditions which might
be necessary to the existence of an RS-integral, the integrand f must be bounded and
the integrator g non-decreasing.

As in the case of Riemann integral, we define
b a a
J fdg:—J; fdg forb<aandj fdg =0.
a 0 a

If g (x) = x, then the lower and upper RS-integrals reduce respectively to the lower and
upper R-integrals. Hence the RS-integral of f relative to xis the same as the R-integral

of f.
Note: The integral depends on f, g,aand b and not on the so-called variable of

integration
) b b
[T fwdew=]" f (e,
a a
So omitting the variable of integration we shall prefer to write

b b
'[ f dg in place ofj f (x)dg (x).

0 Necessary and Sufficient Condition for RS-Integrability

Theorem: Let f be a bounded and ga non-decreasing function on [a,b]. Then f € RS (g)if
and only if for every €> O there exists a partition P of [a,b] such that

U, f,e)-L(P, f,g<e (Gorakhpur 2012)
Proof: The condition is necessary (Only if part).
Let f € RS (g) so that
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b =b

Jﬂ S dg=L S dg. (1)

b
Since J f dg is the supremum of L (P, f, g) over all partitions P, there exists a
—a

partition I such that

b £
[ rag<rn.ro+5

—=b
Similarly sinceJ f dgisthe infimum of U (P, f, g)over all partitions P, there exists a

a

partition P such that
=b
€
U fo<] Sy

If P =1 v B, then P is the common refinement of i} and P . It follows from (1) and
(2) of article 3 that

b
[ rag<rer.so+s -(2)

and U(P,f,g)<Jb fdg+§- (3)

Adding the inequalities (2) and (3), we get
b —=b

[ fag+u@fo<re o] sdgre.

—a
In view of (1), this gives

UL, f,9<L(P, f,g+eie, UL, f,g9)—-L(P, f,g<e
Hence the condition is necessary.
The condition is sufficient (if part).

Let for every > 0, there exists a partition P of [a, ] such that

UL, f,9-L(P, f,9<k= ..(4)
By the definition of upper and lower RS-integrals, we have
—=b

b
[ ragsu.figamd [ fdg=LP.f.0)

b =b
ie., L(P,f, g)s_[ fdgsL fdg<U (P, f, g). .(5)

It follows from (4) and (5) that

[ fae -] raesupso-Lirfip<e

—a

=1

or L}fdg—izfdg<s.
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Since € > 0 is arbitrary, we have '[ fdg= '[ f dgi.e, the function f is RS-integrable

a “a
with respect to g.

Note: It is worth while to observe that the details of the proof of this theorem are
exactly similar to those of the corresponding theorem for R-integrals given in the
preceding chapter. In fact most of the elementary properties of R-integrals remain
valid for RS-integrals with their corresponding proofs exactly similar except for the
notation used for the two types of integrals.

lllustrative Examl)les

Example 1: Let f be a constant function on [a, b]defined by f (x) =k and ga monotonically
b b
non-decreasing function on|a, b]. Prove that J. fdgexists and.[ fdg=k[g®)- ga)].
a a
(Meerut 2004)

Solution:  Obviously the given function 1is bounded over [a,b]. Let
P={a=xy,x,x,...,x,=b} be any partition of [a,b]. Then for any sub-interval
[x,_1, x.], we have

m. =k, M, =k.

Now UP.f.9)= 2 kg =k = [g0x)- g 5]
=k[gq)—gx)+ gxr)-g)+...+ g(x,) - g(x,_1)]
=k[g(x,)—go)]=k[g®) - gla)]

and L(P.f.g)= 3 kag =k[g0)- g
—b

[ fdg=intU P, f.g)=infk g 0)- ¢ @)
=k[gh)-g(a)]
b
and [ fdg=sup L(P, f.0)=sup k[gh) - g@] =k [g () - g @]

_h —<b b
Since j fdg =j f dg, the integral L f dg exists
—a

a

b
and [" rde=kiew)-g @)

Example2: Iffis non-negative and integrable function with respect to o.on [a,b]and if ois an

increasing function on [a,b], then show that

jbfdazo.
a
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Solution: Let m be the infimum on [a, b].
Wehave m=0 (1)
{ f(x)=20,V xea,b]}
b
and j fdouz mob) - oa)). (2)
a

Since o is an increasing function on [4, b], therefore we have

o(b) —afa)=0. ...(3)
From (1) and (3), we have

mloub) —oa)] = 0.

Hence, from (2), we conclude

jbfdazo.
a

T TheRS-integral as a Limit of Sums

b
So far RS-integralJ f dgisdefined by means of thesums L (P, f, g)and U (P, f, g).
a

The numbers m,., M, which appear in these sums are not necessarily values of f. Now

b
we shall define I f dgasthelimit of a sequence of sums in which m,., M, are replaced
a

by values of f.

Definition: Let f be a bounded and g a non-decreasing function on |a,b]. Let
P={a=xy,x,...,x, =D} be a partition of |a,b] and Q ={§|,&,,...,&,} an intermediate
partition of P so that

X, _1S&.Sx, forr=12,...,n
Then the number

RS (P,Q, f, g)= é] /(&) Agy

is defined as the Riemann-Stieltjes sum (or RS-sum) of f relative to g on [a,b] and
corresponding to the partition P and the intermediate partition Q.

We say that lim RS (P,Q, f,g)=1
P]|—0

iff, for every €> 0 , there exists a 8> 0 such that
| RS (P,Q, f, g) — I | < € whenever || P|| <.

b
The following theorem gives J f dg as the limit of sums.
a

Theorem 1: If ”Plﬁm 0 RS (P,Q, f, g) exists, then f e RS (g)on [a,b]and
-

b
li RS (P,Q, f, ¢) = dg.
m RS (P.Q.f9) _[ﬂfg
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Proof: Suppose that

. n
lim RS (P,Q, f. 8= lim 5 f(€,) Ag, exists and is equal to I.
[IP||—0 [P|->0r=1

Let £> 0 be given.
Then by the above definition, there exists >0 such that

|RS(P,Q,f,g)—I|<%s whenever|| P||<3

= I—%s<RS(P,Q,f,g)<I+is whenever|| P||< (1)

Choosingone such P, letting the points &, range over the intervals[x, _1, x,]and taking
the infimum and supremum of the numbers RS (P, Q, f, ¢)thus obtained, we get from

(1)
I—%esL(P,f,g)SU(P,f,g)SI+%£. ..(2)
It follows that

U(P,f,g)SI+isand—L(P,f,g)S—I+is.

Adding these relations, we get

U, f,g)-L(P, f g)<—e<e.

DN | —

Consequently f e RS (9.

It follows that lower and upper RS-integrals are equal

b —=b b
ie., j fdg=Lfdg=L f dg.
b —=b
But L(P,f,g)sj fdgsjﬂfdgsU(P,f,g).
b
LP.f.g)<| fdg<UP.f.g). (3)

From (2) and (3), we get

I—lesj.bfdggl+le
4 a 4

- ‘I-Li]fdg

Sls<s.
4

Since €> 0 is arbitrary, we have
b
1 =J fdg
a

b
lim RS (P,Q, f, ¢)= do.
or IPlo0 (P,Q, f, 2 Lf 4
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Hlustration 1: Let f be an arbitrary function and g = k, a constant function on [a,b]. Then

for any partition P and intermediate partition Q of P, we have

T fE) A=

n

S E&Ig ) —gly)l= X f&)[k-k]=0.

M™M=

jbfdk=o.

Thus any function f on|a,b]is RS-integrable relative to constant integrator and the value of
integral is zero.

Hlustration 2: Let f =k be a constant function on [a,b] and let g be any monotonically

increasing function on [a, b]. Then for any partition P and an intermediate partition Q of P, we
have

M=

f &) A= T KIg() - ()]

r=1

[g(q)— g () + g(x)— g(x)+...+ g(x,) — g (x,-1)]

k
kg (xy) = g (o)1 =k[g ()= g(a)].

It gives that

b n
= i = -
J, ko= Jim 5 fE) g =k l(0) - g@) 1)

b
For k =1, we have I dg= g (b)- g (a).
a
b
k[ dg=klg ()= g (@) (2)
a
From (1) and (2), we get the formula

jjkdg=k_[jdg.

Note: Compare the solution of this example with that of the example of article 5.

Theorem 2: If f is continuous and g is monotonically non-decreasing on |a,b] then
f € RS (). Moreover, to every €> 0, there corresponds a 8> 0 such that

n b
Z 6 g - L S dg

<E€

for every partition P ={a=xy,x,...,x,=b} with || P||<8 and for every intermediate
partition Q ={§,&y,...,E,}of P,

. b
ie. lim RS (P,Q.f. 9= fdg
I7]]—0 a (Gorakhpur 2014)

Proof: Let €>0 be given. Choose n> 0 such that
nlgh)-gal<e (1)
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The function f is uniformly continuous on [, b] since it is continuous on the closed
and bounded interval [a, b]. It follows that there exists a 8> 0 such that

v,yelabllx-yl<d=|f()-f(y)|<n -(2)
Let P ={a=xy,x,....,x, =b} be a partition with || P|| <.

The function f is continuous on each sub-interval [x, _, x, ] as it is continuous on|[a, b]
and hence it attains the bounds m,, M, on [x._j,x,.],ie, there exist points
¢,d e[x,_y,x,] such that

fle)y=m., f(d)=
From (2), we have

| f(d) = f()]<n
= M, -m.<n, r=,2,....n
Hence U (P, f, g)— L(P, f, g)

= E (Mr - mr) Agr < ﬂr§1 Agr = anl [g (xr) - g(xr—l)]

r=1

=nlg)-go)+gln)-gly)+...+ g(x) - g(x,_1)]
=nlg(x,) - gxo)l=nlg ®) - g(a)]l<e by (I).

Thus U, f,g)-L(P, f, g<e .(3)
Hence f e RS (g). It follows that

f, / dg=]: / dg=Jj S dg. -.(4)

This proves the first part of the theorem.
To prove the remaining part of the theorem, we get from (3), for all Pwith|| P|| <

—b
U(P,f,g)—8<L(P,f,g):>L fdg—e<L(P,f, g

= jjfdg—.«x L(P, f, ¢), using (4).

Again U(P,f,g)<L(P,f,g)+s:>U(P,f,g)<Ibfdg+e

- U(P,f,g)<.[jfdg+e, using (4).

Thus J.:fdg—s<L(P,f, <U (P, f, g)<jjfdg+e. (5)
Also L(P,f,e)<RS (P,Q, f,9)<U (P, f, o). ..(6)

It follows from (5) and (6) that

b b
[ fag-e<rs.Qrio<] fig+e
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or RS(RQﬂg)—jjfdg <e
or lim RS (P,Q. f, )= " fe
[I1P]—0 a

Theorem 3: Let f € RS (g).and let gbecontinuouson|a, b]. Then with the usual notations,

b
lim RS (P,Q, f, g)=L fdg.

I7]|—0 (Gorakhpur 2011)
Proof: Let f e RS (g).so that
b T b
J fdg=J fdg=J S dg. (1)
“a a a

Let £> 0 be given.
=b
Since J f dg is the infimum of U (P, f, g), there exists a partition P" such that

a

—=b
U(P*,f,g)<L fﬂlg+§

% b e .
or U (P, f, g)<L f dg-+ 2 using (1) (2)

Set M =sup{| f(x)|:asx<bh}.
The function g is uniformly continuous on [4, b] since it is continuous on the closed
and bounded interval [a, b]. It follows that there exists a §; > 0 such that

£
2pM

[x—pyl<d =]g®)-g(p< -.(3)

where p is the number of sub-intervals into which [a,b] is divided by PIf

P ={a=xy,x,...,x, =D} be any partition with || P|| <3 then (3) gives

€
Agr=g) =gy )< r=12..n .(4)

[Note that since g is monotonically non-decreasing,
lg () =g _D)=8 ()= g1l
Now we divide the subintervals of P into two groups :
(i) those which are contained in a subinterval of P’ and
(ii) thosewhich containin theirinterior one or more points of sub-division of r.

The contribution of the subintervals (i) to the sum U (P, f, g) obviously does not
exceed U (P*, f, g while the number of sub-intervals (ii) in P does not exceed p -1,

and hence their contribution to U (P, f, g) does not exceed ( p — 1) kM where

k =max. {Ag,,r=12,...,n}.
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Thus UP, f,)<U(P, f,9)+(p=1) kM. ..(5)
Alsoby (4), we get k<2pM' ...(6)
Now combining (5) with (2) and (6), we get
U(P,fvg)<_fbfdg+£+(p—1)M =
“ 2 2pM

b e e (b
<L fdg+§+§—J‘ﬂ fdg+e
Thus for all partitions P with || P||<§,
b
U(p, f, g)<J.ﬂ Sfdg+e A7)

Similarly, it can be shown that there exists a 89 > 0 such that for all partitions P with
I PlI<8y,

b
L(P.f.9)> ] fdg-e (8)
Let 8 = min {§;,85}. Then (7) and (8) hold for every P with || P||<8§. Obviously

RS (P,Q,f,g)<jffdg+sand RS (P,Q,f,g)>ijdg—£

b b

e, J' fdg—a<RS(P,Q,f,g)<j fdg+e
a a

for all partitions P with || P||<8.

b
RS (P,Q, f.g) = L fdg.

It gives lim
|IP]|—0

Thus the theorem is established.

8 Some Classes of RS-integrable Functions

Theorem 1: Let f be continuous and g monotonically non-decreasing on |a,b]. Then
feRS (9.
Proof: See the first part of theorem 2 of article 7.

Theorem 2: Let f be monotonicon|a,bland let g be continuous and non-decreasing on [a, b].
Then f e RS (9.

Proof: Let e>0 be given. Since g is continuous on [a,b] so it will take all values
between g (a) and g (b). Also g is monotonically non-decreasing on [a, b]. Hence for
any positive integer n, there exists a partition P = {a = xy, x1,..., x, = b} of [a, b] such
that
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n

Agr = g(xr)_ g(xr—l):

T

Let us assume that f be monotonically increasing on [a, b].

If m, and M, be the inf. and sup. of f on I, then
m, = f (%, 1), M, = f (x;).

Hence U (P, f,g)—L(P, f,g) =

1

(Mr - mr) Ag,

< ¢, taking n sufficiently large.
Hence f e RS (9.

O Algebra of RS-integrable Functions

Theorem 1: Let f € RS (g) on [a,b] Then
b
mlg®) - g@)s | fdg<M[g)- g (@]

where m, M are the bounds of f on [a,D].

Proof: Let P={a=uxy,x,..., x, =D} be any partition of [a,b]. Thenl, =[x, _y,x,],

r=12,...,n are the subintervals of [a,b]. Let m, and M, be the infimum and

supremum of f (x) in [x,_j, x,]. Then for every value of r, we have

m<m, <M, <M

N m Ag, < m, Ag, < M, Ag, < M Ag, [ Ag > 0]
= él mAg, < r’z; m, Ag, < él M, Ag, < él M Ag,
= mlgh)—g@]<L(P,f,9)<U(P, f, <M [gh)-g@] ..(1)
But L(P,f, g)SszngIffdgsU(P,f, ¢ (2)
Then from (1) and (2), we have

mlgh) - g (@< jb f dg Ib fdg< Mg ()~ ¢ @] )
Also f e RS (g) so that

fb f dg=If f dg=f: S dg ~(4)
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If follows from (3) and (4) that

b
mig®)-g@)s | fdg<Mgh)-g @)

Corollary 1:  Let f € RS (g Then there exists anumberu lying between the bounds
m and M of f such that

b
[ Fdg=nte0)-g@)

Corollary 2:  Let f be continuous on [a,b]. Then there exists a point ¢ € [a, b] such that
[ 7 de=r@150)- g1

Proof: By corollary 1, we have
[ fde=nigm- gl

Now f being continuous on [a,b], so it takes every value between its bounds
mand M i.e, in particular it takes the value i lying between m and M. Consequently
there is a point ¢ € [a, b] such that f (c) =u and hence

b
[ fde=r@etr- gl
Corollary 3: Let f € RS (g) and let K be a number such that | f (x)| < KV x € [a,b].

b
Then Uﬂ fdgl<Klg)- g @]

Proof. We have, for all x € [a, D],
| f(SK=-K< f(x)<K

= —K<m< f()s M<K
= —K<m<m < f()<SM, < M<K
= —K<m <M, <K.

Now proceeding as in the above theorem, we have

b
~KlgW)-g@I<[ " fdg<K[g®)- g @)

b
[" ragsxie®-g@n

Corollary 4: Let f € RS () and let f (x)20V x€la,b]. Then
b
j fdg>0.
a

Proof: Since f (x)20 V x2[a,b], hence, m20.
Also gb)-g@=0.
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Hence by the above theorem, we get
b
[ Fdgzmigm)- @120,
a
Corollary 5: Let fi, fo € RS (g onla,b]and fi (x)< fy (x)on [a,b], then
b b
J Ji ngj fo dg.
a a
Proof: We have f| (x)< fy (x)V x€[a,b]
= f2(x)—f1 (x)20V xe|a,b]
b
= @Ak g>0wj Jo () dg ~ j Ji (1) dg=0

= Lb fo ngLb N dg, i.c’.,L Ji dg SL So dg.

Theorem2: Let f e RS (g)onla,b] Thencf € RS (g)on|a,b]forevery constant c and
b b
J (Cf)dg=CJ f dg.
a a

Proof: Ifc =0, the theoremisobvious. Suppose thatc #0. Since f € RS (g)on|a, b],
we have

1ifdg=jjfdg=ﬁfdg- (1)

Let €>0 be given. Since f is RS-integrable over [a,b], there exists a partition
P ={a=xy,x,...,x, =D} such that

€
U(P,f,g)—L(P,f,g)<;~ .(2)
If m, and M, be the infimum and supremum of f in[x, _;, x,]and ¢ > O then ¢m, and
¢M, are the inf. and sup. of ¢f in [x, _, x,].

Hence for the same partition P of [a, b], we have

U (P.f . @)=cU (P, f. ) -(3)
and L(P,cf,g)=cL(P, f, 9 .. (4)
Now UL, = L(P.of,g)=cU(P, f,g)-L(P, f,¢]

c.£=¢gby(2) .(5)

c

If ¢ <0, let ¢ =—d where d > 0. Then we have
U (P, df.g)=—dL (P, f.g) (6)
and L(P,—df,g9)=—dU (P, f, g . (7)

Using the relations (6) and (7) and proceeding as above it can be easily seen that the
inequality (5) holds for ¢ < 0. Thus for a given > 0, there exists a partition P of [a, b]
such that
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a0y
(P,ef, g) = L(P,cf, g)<

Hence, for every constant ¢,c¢f € RS (g) on [a, b].
It follows that

iiq’dg=fq‘dg=qu‘dg- -(8)

To prove the second part, taking infimum of both sides of (3) over all partitions P of
la,b], we get forc>0
=b =b

L (of ) dg = L f dg.
Using (1) and (8), this gives
b b
[ ehrdg=c| s
If ¢ <0,(c =-d), we have
b =b =b
[ =] wrac=] andg
= inf fU (P~ df, g) = inf [ dL (P, f, ¢)]
b b
=(cd)sup L(P. f.)=(=d) [ fdg=c [ fdg

b b

Hence J. (¢f)dg=c J f dg, for every constant c.
a a

Corollary. If fe RS (g, then sois— f and

[[cpa=- ra

Theorem 3: Let fi, f) € RS (g) on [a,b].
Then fi+ foe RS(g onla,b]

d ! d, ! d, ! d,
o -[a (St f2) g_L h g+L Jo dg. (Goralkhpur 2011)

Proof: Since fj, fo € RS (g on [a,b], for a given €>0, there exist partitions
B and P, of [a,b] such that

U fi- L fig<ye (1)

and U<Pz,fz,g)—L<Pz,fz,g><§s )

Let P = B u B. Then P is a common refinement of I and P and it is a partition of
[a,b]. Both the inequalities (1) and (2) hold for P also. Thus

U P fi )= L(P. i< 58U (P fo. 0~ L(P fo <z (3)
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If f=fi+ fo and P is a partition of [a, b] then we have
L(P, f, 82 L(P, fi,8)+ L(P, f,8)
and UL, f,9)sU L, f, ) +U(P, fo,8)
From (4) and (5), we get
L(P, f1,8)+L(P, fo, )< L(P, f,0)<U(P, f,g)
SU, f1, ) +U (P, f2, 8)
= UP, f,8)-L(P, [,g)<U (P, /,8)+U (P, f2,8)

-L(P, f1,9)

< 213+2le=s,by (3).

Hence f = fi + fo € RS (g on [a,b].

Again from (3), we have

b 3
U o< s

b £
and U(P,fz,g)<L fo dg+§.

Thus we have
—=b

b
[ fde=] fdgsU®.f.0<U P fr0+UP fo. )

b € b c
<J.u A dg+§+J.u o dg+§, by (6) and (7)

b b
~[ hde+| prdgee
a a
Since £> 0 is arbitrary, it follows that

_[jfdgﬁfjfl dg+Lb fodg

- L(P, f2,8)

.(8)

Since f;, fo were any RS-integrable functions, replacing them by — £} and — f; in (8),

we get

[[crw=]" ch-mas] cpas] i
or —ijng—Ujfl dg+J: f dg:|
or ijdgzjjﬁngrjjfzdg

It follows from (8) and (9) that

J:fdg=jjﬁdg+_[:fz dg
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or Jj(ﬁ+f2)dg=fjﬁdg+jjfzdg-

Corollary 1: If fi, fo € RS (9 onla,b]thensoisc; fi +co fo wherecy,co are constants
and

b b b
'[ (a0 fite f2)dg=51j Srdg+ey f So dg.
a a a
The result follows from theorems 2 and 3.
) b b b
In particular J (A —f2)dg=j f dg—f fy dg.
a a a
Corollary 2: If fj (x)< fo (x)on[a,b]
b b
then .[ fi (%) ngI fo (x) dg.
a a

Theorem 4: Let f e RS (g) and f € RS (gy) on[a,b]. Then
feRS (g + g)onla,b]

b b b
and J fd(g1+g2)=J. fdg1+J‘ S dgy
a a a
If f € RS (g and c is a constant then f € RS (cg)
b b
and J fdg)=c J f dg.
a a

Hence if f is RS-integrable relative to each of the functions g and gy on [a,b] then f is
RS-integrable relative to ¢) g + ¢o g , where ¢y and ¢y are constants. Moreover,

b b b
J fdeg +e £2)=€1J fdg1+fzj S dgs.
a a a

Proof: Itisleft as an exercise for the reader. It is similar to other theorems preceding
this theorem.

Theorem 5: If f € RS (g)on[a,blanda<c <bthen f € RS (g)onla,c], f € RS (gon
[¢,b] and

Jf S dg:f: S dg+ff dg.

Proof: Lete> 0 begiven. Since f € RS (g) on[a, b], there exists a partition P of [a, D]
such that

o (P, f,8)=U(P, f,g)=L(P, f,g)<e (1)
If B and P, be the sets of those points of P which constitute the partitions of [a, c]and
[¢, b] respectively then the inequality (1) gives

o(B,f, g<eando (P, f, g)<e
Hence f € RS (g)on [a,c]and f e RS (g) on[c,b].
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me Lol el s
[ w=] fa=[ s -3)

and |1 =] rae=['r e @)

Now if P, and P, are any partitions of [a,c¢] and [, b] respectively then B, U P is a
partition of [a, b]. It contains subintervals of I together with those of P,.

b
LB S0+ LB fo)=L(RU B f.g) < fdg

b

or LB, f.o)+ LB, g)sj f dg, using (2).
a

Keeping P, fixed and taking the supremum over all B, we get

IZfdg+L(Ib7f,g)S_[jfdg

¢ b
or J fdg+L(15'2,f,g)Sj f dg, using (3).
a a
Now taking supremum over all P, and using (4), we get
c b b
J' fdg+_[ fdgs_[ f dg. .(5)
a C a
—=b
Again URf.0+U (B fo=UR VB f02] fd
a
b
or UR,f,9)+U (B f9)2 | fdg, using (2).

Keeping P, fixed and taking the infimum over all 1, we get

'T: fdg+U<Pz,f,g)2jjfdg

c b
or J fdg+U(Pz,f,g)z_[ f dg, using (3).
a a
Now taking infimum over all P, and using (4), we get
c b b
j fdg+j fdgz_[ fdg ..(6)
a c a
It follows from (5) and (6) that

Jj Sdg+ Lbf dg = Jf S g

b d
Corollary: If J. f dg exists and if [¢,d] < [a, b] then J. f dg exists also.
a c
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Theorem 6: Let fe RS (g on [a,b], let m=inf f and M =sup f on |a,b] and
let ¢ :[m, M]— R be continuous. Then the composite function h = ¢o f € RS (g) on [a, b].

Proof: Lete> 0 begiven. The function ¢is uniformly continuous on [m, M]since it is

continuous on a closed and bounded interval [m, M]. Therefore there exists a §; >0

that

X yelmM]x=pl<d =[6(x)-0(y)l<e

(1)

Let 8 = min (§;,&). Now f e RS (g on [a,b] implies that for 8% >0, there exists a

partition

of [a,b]suchthat U (P, f, g)— L (P, f, g)<&
Let m, =inf f, M, =sup fonl, =[x,_,x,]

PR

and m, = inf h, M: =suphonl,.

Now divide the numbers 1,2, ..., n into two groups Aand B
such that A={i:M;—m;<8},B={i: M; —m; 28}
Thenre Aand x, | <x< y<x,

| f @)= f ()< M, = m, <5<

1o (f () =0 (f (»)|<e using (1)

[(90of ) (x) - (90f ) () |<e
[h(x)=h(y)l<e

* *
|M,,—m,|S£

L

From this it follows that

z (M:—m:)AgrS e X Ag
reA

reA
n
<e Zl Ag,
=e[g(b)- g ()]
Againre B= M, —m, 234. It follows that

n
6 X Ag. < X (M,-m)Ag, < L (M, —m,)A g,
reB reB r=1

=U (P, f,e)- L(P, f, <& ,by(2)

= X Ag.<d<e
reB
Take K=sup{|¢p(x)|:m<x< M}

We have U (P, h, g) — L (P, h, g)

= X My -m)Ag+ = (M,—m)Ag
reA reB
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<e[gh)- g(ﬂ)]+r§B2KAgr

<elgh)-g@]+2Ke=¢[gb)- g(a)+2K].
Since [g(b)— g(a)+2K] is constant and e>0 is arbitrary, we conclude that
h=¢of € RS (g on[a,b].
Deduction 1: If f € RS (g)on|a,blandcisaconstant thencf € RS (g)on|a, bland

b b
j of dg=c j f dg.
a a
Proof: Define ¢ (t)=ct so that ¢ ( f (x)) =¢f (x). Hence by the above theorem
¢f € RS (g onla, b].

Using the definition of upper and lower integrals, we get
=b
—=b CJ. f dg,ifc>0
j o dg=1 "}
. cJ. fdg,ifc<O.
—a

The bars may be removed since f and ¢f are RS-integrable. Thus for every constantc,
we have

b b
j cfdg:cj f dg.
a a
Deduction 2: If fe RS (g on[a,b]then| f|€ RS (g onla,b], and

NI

b b
Proof: If f f dg=0, leave it as it is but if f f dg <0 multiply it by — 1 to malke it
a a
> 0. This means that we choose either ¢ =1 or —1to make
b
¢ I fdg=0.
a

Then we have
b b b
‘J. fdg’:cj fdgzj ¢f dg, by deduction 1
a a a
b
<| " 1f14. (o =% £l 1]
Hence

[ ras|<f 1714

Deduction 3: If f € RS (g) on [a,b] then f 2eRS (g) on [a,b].
Proof: Define ¢ () = t* so that ¢ ( f (x)) = f 2 (x).
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Also ¢(t):t2 is continuous on [m, M]. Hence by the above theorem,

fzeRS(g) onla, b].

Theorem 7: If f and y e RS (g on |a,b] then
fwyeRS(g)onla, bl
Proof: It follows from the identity

f\v=%[(f+w)2—(f—w)2]

and the preceding results.

10 ARelation between R-integral and RS-integral

We have seen that Riemann integral is a special case of Riemann-Stieltjes integral. But
under certain conditions a simple relationship exists between them.

Theorem: Let f be R-integrable on [a,b] and let g be a monotonically non-decreasing
function on [a, b] such that its derivative g’ is R-integrable on [a,b]. Then f € RS (g)on|a,b]
and

[[ra=]" 7wy wa ()

i.e., RS-integral of f relative to g on [a,b] is equal to the R-integral of fg" on [a,b]
(Goralchpur 2012)
Proof: Since f € R [a,b], ¢’e R[a,b]so fg’€ R [a,b] and hence right hand side of
(A) is meaningful.
Again f € R [a,b] = fisboundedon|a, b]so that forsome constant M >0, we have
| flsM (1)

Let €>0 be given. Since fg" is R-integrable, there exists §; >0 such that for all
partitions P with || P||<§; and for all &, with x, _; <&, < x,, we have

b
SfE) S EIAL | f|<e (2)

Again since g’ is R-integrable, there exists 89 >0 such that for all partitions P with
|| P||< &y and &, € [x, _1,x,], we have

b
‘E g &) Ax, —L gl<e ..(3)

Varying &, in (3), it is easy to see that

Z|g &) —g (n)|Ay, <2e ..(4)
lf“ P||<82 and Far Ny € [xr—bxr]-
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Choose & = min {§;,8,}. Let P be a partition with || P||<&and &, € [x,_|, x,]. Using
mean value theorem of differential calculus, there exists pointn, € [x, _}, x,. ]such that
Agr =4 (xr) -8 (xr—l) = g, (nr) (xr - xr—l) = g, (n;) Ax

Thus, we have

x f E”” Ag” =2 f &r Ax
=X f(& ﬂr)—g(i)]Ax,wz FE) e E) A,
Hence ‘Zf (&,) Ag, — L o
b
‘Zf S EENAG I fE) S EIAs - R

<X |f(E.»))|| g/(nr)_ gl(E.yr)ler+

b
EfE) ¢ E)axs -]

< M2¢e+e¢ using (1), (2) and (4)
=2M+])e

b
Itfollows that_ | llllm S f(E)A ,=J fo (5
a

b
Since J fo'exists = lim X f (§,) Ag, exists, it follows from theorem 1 of article 7
a

that

b
lim 5 fE)Ag, = d (6
m s fEag =] (6)

Hence from (5) and (6), we get

[[rae=[" 7w wa

lllustrative Examr)les

Example 3: Let f (x)=x, g (x)= K.

1
Does J dg exist 2 If it exists, find its value.
0 S i i (Meerut 2004, 08)

Solution: Here f is a continuous function and g is a non-decreasing function on [0, 1].

1
Hence, by theorem 2 of article 7 J f dg exists.
0

To find its value, consider the partition
P={0,1/n2/n,..., r/m,..., n/n=1}
and the intermediate partition Q={1/n,2/n,...,n/n=1}
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M1z
Now PQfg—Zlf ) Ag;
F=
n r r—1 L P (r—1)2
= Y — — |- - -
B B O R R
1 n n l 1 n
= — 2 2 - = -5 2 - = Z
nj r=1 (@r ) n3 r=1 ' n3 r=1 :
_2 (n+1)(2n+l)_i'n(n+l)
8 6 n 2
1 4n® +3n-1
=—22n" +3n+1)-3n-3
6n2[ ( ) ] 61>

[ fa= m RS (P.Q.f0

IPlI—0
- lim l(4+i—i):l(4+0—0):—
n— o 6 2n 6n 6

Example 4: Let I =[0,1] and let f,o.:1 — R be functions such that f(x)=o(x)= X2 . Then

|
find the value ofJ. 2 .
0

Solution: Let P = {O l Z ..,E = 1} be the partition of [0,1] obtained by dissecting
}’l n n
[0,1] into n equal parts. Then
I, =rth sub-interval = |:r_—171]
non
Let M, and m, be respectively the supremum and infimum of f in[,.
2
Then M, = sup f(x) =L
xel, n
2
and m, = inf f(x) 1)
xel, n

I/l2 nz I’lz
n rop?o2r-1
Now U(P, fo)= £ M, Ao, = = .20
r=1 r=ln n
n n
=i4{2 TP -x 12}
n r=1 r=1
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(R413[M,
_1], P+ nm+)@u+ )| 36 +4n® -1
wt | 4 6 6n
! 3 +4n® -1 1
do=inf U (p, f,0) = lim ——— =—
.[Of m (pf ) n;mm 6;13 2
n
Again L(P, f,a)= 2 m.Ao.,
n — 2 —_
_ (r 21) .(2r2 1)
r=l n n
I n 3 n 2
=— 123 (-1} + = (r-1
n4{ -0z >}
=i4{2 (n—l)2 n2+(n—l)-n-(2n—l)}
n 4 6
300 -4 41
on°
1 . 3 4,2
J' fdo=sup L(P, f,a)= lim 3”;43””:1_
J0 n—> oo 6n 2
Th 'rdo=] fdo=l)
us o= o=—.
[ fda=] fia=3
1 1 9 1
Hencej f da exists and the value of_[ 2y =3
0 0
Alternative Method 1: Consider the partition
P:{O,l,g,...,i,...ﬁzl} andtheintermediatepartitionQ:{l,g,...,ﬁzl}.
non noon non n
n
Now RS (P,Q, f,a) = Zlf(ﬁr)Aocr
r=
n 2 2
_ ZZV—I[(L) _(r—l)]
r=1 2n n n
1 Z 3 1 (3 n) 1 1
- (-3)-2)
4n* r= @r-1 n " 2) 2 2n°
1fa= lim RS (P,Q, f,a) = lim l(l_L)zl,
0 IP[|—0 o2\ 21%) 2
1
Hence_[ xzdxzzl-
0 2

Alternative Method 2: By using theorem of article 10, we get

a2 T Fal
jo =f0 (zx)dxzzjoxdxﬂ[z}o:—.
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2

Example 5:  Find the value of.[ xgd(|x|5 ).
-1

Solution: Using theorem of article 10, we have
2

Jz x3d(|x|5)=J0 x3d(—x5)+'[ xgd(xs)
-1 -1

0

:—5_[_01 x7dx+5j02x7dx

g1 87?
— s ] a5 =2 4160,
8, 8| 8

0

@mprehensive Exercise 1

1. Prove that if g is an increasing function on [a,b] and if f is non-negative and
integrable with respect to g on [a, b], then

J':’ fdg=0.

2. Let g be increasing and f non-negative and integrable relative to g on [a,b].
Prove that if a< ¢ <d < b then

f fdg< f fdg.

3. Let g:[a,b] - R be monotonic increasing on [a, 5] and continuous at x” where
a< x’<b.Define f :[a,b] — R as follows :

Flx) = {0 when x # x’

1 when x=x’

b
Prove that f e RS (g)on[a,b]and J. fdg=0.
a

4. Evaluate the following integrals :

2 . 2 .
(i) JO 2 (ii) IO [x] di?

@nswers 1
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@Jjective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1. Let f be abounded function and g a non-decreasing function on [a, b]. Then f is
Riemann-Stieltjes integrable on [4, b] relative to g if and only if

@ [ ra=] ras W [ pie] sie=o
@ [ ra=] ra @[ ra<] ri

2. Let f be abounded function andg be a monotonically non-decreasing function
on [a,b]. If P * is a refinement of P, then

(a) U(P", f,e)2U(P, f, g) (b) U(P", f,e)=U(P, f. ¢
(€) L(P", f,)<L(P, f,g) (d) L(P", f, 9)=U(P, £, g)

3. Let f be a bounded function and ¢ a non-decreasing function on [a,b]. Let
feRS(g)and f(x)20V x€e[a,b]

b b
@ [ fdg=0 (b) | fdg<0
(c) Ib fdg=0 (d) None of these

4. Let f be a bounded function and g a non-decreasing function on [a,b]. Let

fi, foe RS(g)onla,b]and fi(x)< fo(x) on [a,b], then

b b b b
@ [ fde<| fodg o) [ fide=] fodg
© [ fidee | fodg=0 @ [ fde-[ o=
Fill in the Blank(s)
Fill in the blanks “...... 7 s0 that the following statements are complete and correct.

1. Let f beabounded and g anon-decreasing function on[a, b]. Then f € RS (g)if
and only if for every € > 0 there exists a partition P of [a, b] such that

U, f,9-L(P, f, 8- €.
2. Let f be abounded and g a non-decreasing function on [4, b]. Let f € RS (g) on

b
la,b]. Then ¢f € RS (g) on [a, b] for every constant ¢ and L (¢ frdg=...... .

3. Let f be a bounded and g a non-decreasing function on [4,b]. If f € RS (g) on
la,b] and a<c<b then fe RS(g) on [a,c], feRS(g) on [c,b] and

ijdg= ...... .
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If fe RS (g)onla,b]then|f|e RS (g) on[a,b]and

True or False

Write “17 for true and °F’ for false statement.
Let f be abounded function and g a non-decreasing function on [a, b]. Then the
lower RS-integral of f relative to g cannot exceed the upper RS-integral.

Let f be continuous and g monotonically non-decreasing on [a,b]. Then
Let f be monotonic on [a,b] and let ¢ be continuous and non-decreasing on

. b b
If f € RS(g), then so is (= f) andJ.ﬂ (—f)dg=Ju f dg.

Let f be R-integrable on [a,b] and let ¢ be a monotonically non-decreasing
function on [a,b] such that its derivative g’ is R-integrable on [a,b]. Then

b b
f e RS(g)on[a,b] and j fdg# J f(x) g’ (x)dx.

@HSWGIS

(a) 2. (b 3. (o) 4. (a)

1.
2.

S ¢RS(g).
3.

[a,b]. Then f e RS (g).
4.
5.

Multiple Choice Questions
1.

Fill in the Blank(s)
1.

b c b
< 2. cj fdg 3. J'fdg+J' fdg 4. <
a a c

True or False
T 2. F 3. T 4. F 5. F




Convergence of Improper Integrals

1  Some Definitions

1. Infinite Interval: The interval whose length (range) is infinite is said to be an
infinite interval. Thus the intervals (a,e0), (—eo,b) and (— e, ) are infinite
intervals.

2. Bounded Functions: A function f (x)is said to be bounded over the interval I if
there exist two real numbers a and b (b > a) such that

a< f(x)<bforallxel.
Afunction f (x)is said to be unbounded at a point, if it becomes infinite at that point.
Thus the function

S @=x/{x-1)x=-2)}
is unbounded at each of the points x =land x =2.
3. Monotonic functions: A real valued function f defined on an interval I is said
to be monotonically increasing if

x»>y=f@)>f(y) V¥ xyel
and monotonically decreasing if

x>y=fx)< f(y)Vx yel.
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A function f defined on an interval I is said to be a monotonic function if it is either
monotonically decreasing or monotonically increasing on /.

For example the function f defined by f (x) = sin x is monotonically increasing in the

. 1 . . .
interval 0 < x < 5 n and monotonically decreasing in the interval 5 n<x< T

b
4. Proper Integral: The definite integral J f (x) dx is said to be a proper integral if
a

the range of integration is finite and the integrand f (x) is bounded. The integral
1 sinx

2
J-On/ sin x dx is a proper integral. Also J-O

dx is an example of a proper integral
x
i sin x
because ™ =1
x—0 X

b
5. Improper Integrals: The definite integral j f (x) dx is said to be an improper
a

integral if (i) the interval (a,b) is not finite (i.c., is infinite) and the function f (x) is
bounded over this interval; or (ii) the interval (a, b) is finite and f (x)is not bounded over
this interval; or (iii) neither the interval (4, b) is finite nor f (x) is bounded over it.

6. Improper integrals of the first kind or infinite integrals: A definite integral
b

J f (x) dx in which the range of integration is infinite (i.e., either b = e ora = — e or
a

both) and the integrand f (x)is bounded, is called an improper integral of the first kind

or an infinite integral. Thus Jom
1

— is an improper integral of the first kind since the
+x

upper limit of integration is infinite and the integrand 1/ (1 + x2) isbounded. Similarly

0 :
J_ ¢ * dris an example of an improper integral of the first kind because here the lower

L o o e . . . s
limit of integration is infinite. Also I —— isanimproperintegral of the first kind.

1+ ¥

In case the interval (a, b)isinfinite and the integrand f (x) is bounded, we define

@ [T f@a= "1 fway

X —> oo

provided that the limit exists finitelyi.e., the limit is equal to a definite real number.

b lim b
i dx = d
@ [ fwd= """ [0 f@d
provided that the limit exists finitely.
e _ Ilm c hm Xy
i) |~ fode= T j_xl foydee L0 f @

provided that both these limits exist finitely.
b

7. Improperintegrals of the second kind: A definite integralj f (x) dxinwhich
a

the range of integration is finite but the integrand f (x) is unbounded at one or more
points of the interval a < x < b, is called an improper integral of the second kind.
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Thus j b de
0 (x=2)(x-3)
1
and JO xiz dx are improper integrals of the second kind.

In the case of the definite integral

[} f(0de

if the range of integration (a, b) is finite and the integrand f (x) is unbounded at one
or more points of the given interval, we define the value of the integral as follows :

(i) If f (x)isunbounded atx = bonlyi.c.,if f (x) - e as x — bonly, thenwe define

[} f@ac= "1 pa

e—0

provided that the limit exists finitely. Here € is a small positive number.

(ii) If f (x) > eoas x — a only, then we define

[ r@ae= "0 @

e—>0 Ja+e

provided that the limit exists finitely.

(iii) If f (x) = eoas x — ¢ only, where a < ¢ < b, then we define

_ lim e-e lim (b
[ r@a= 0 @ T p s

provided that both these limits exist finitely.

(iv) If f (x)is unbounded at both the points a and b of the interval (4,b) and is
bounded at each other point of this interval, we write

[} foyae=[" fdes ['f (de

where a < ¢ < b and the value of the integral exists only if each of the integrals on the
right hand side exists.

2 Convergence of Improper Integrals

When the limit of an improper integral as defined above, is a definite finite number, we
say that the given integral is convergent and the value of the integral is equal to the
value of that limit. When the limitis ec or— oo, the integral is said to be divergent i.c.,the
value of the integral does not exist.

In case the limit is neither a definite number nor e or — e, the integral is said to be
oscillatory and in this case also the value of the integral does not exist i.¢.,the integral is

not convergent. We can define the convergence of the infinite integral J. f (x) dx as

follows :
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Definition: The integral J-oo f (x) dx is said to converge to the value I, if for any arbitrarily
a

chosen positive number €, however small but not zero, there exists a corresponding positive number
N such that

“:f(x)dx—l

Similarly we can define the convergence of an integral, when the lower limit is infinite,

< efor all values of b= N.

or when the integrand becomes infinite at the upper or lower limit.

[llustrative Examl)les

Example 1: Discuss the convergence of the following integrals by evaluating them
. o dx .. e dx

(l) J‘I W: (ll) Jll X3/2 :

Solution: (i) We have

oy lim x dx
— = ——  (By def.
-[1 Vx X%WL \/x’(y et)
X

lim R lim |:X1/2]

Txo e Jl x—ee |1/2]

= hm oy 9w
X — oo

Thus the limit does not exist finitely and therefore the given integral is divergent (i.e.,
the integral does not exist).
(i) We have
J“’ dr  lim x o dx
1

X3/2 _x_> oo J1 x3/2 ’ (BY dﬁf)

X
_ limo v -3, lim 21 dim [_2]"
X — oo JI X —> oo —1/2l X — oo
T
- [—l+2]=2.
X — oo \x

Thus the limit exists and is unique and finite; therefore the given integral is convergent
and its value is 2.

Example 2:  Test the convergence of JON ¢ " de, (m>0).

Solution: 'We have jow eV dy = xlin Ooo ¢ dy, (by def.)

qx
— lim ﬂ — lim _l(efmx_l)
X—> oo —m o X —> oo m
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Thus the limit exists and is unique and finite, therefore the given integral is convergent.

Example 3: Test the convergence of J- ﬂ .
¥ +4a®
Solution: We have [ ;Laidxz = lim J da dx , (By def.)
0 x* +4a X_>°°Ox+2;,1

. . X
- [lim |:4u L tan~! l:| =g [lim [tan_l l]
X —> o0 2a 2aly X —> o0 2a ]y

=g, lim [tan‘ll—o]zz.[tan o]=2. "
X — oo 2a 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

0 0 ;
Example 4:  Test the convergence of (i) _[_ e * dx ; (ii) J_ e " dv.

0 i 0
Solution: (i) We haveJ‘ exﬂlx:xh_r>n ¢*dx, (By def.)
— o0 oo J—x
lim 10 lim —x
= = 1— =1— =L
S o= et y=p-o)

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

0 li 0
(i)  We have J e V= ; ;m J‘ ¢ " dx, (By def.)
SN oo J—x
Iim | % 0 lim 0 .
= =— [/ —e" ] = oo
X—> oo | =] X —> oo
X

Thus the limit does not exist finitely and therefore the given integral is divergent(i.e.,

the integral does not exist).
dx

1+ 22 . .
(Kanpur 2008; Gorakhpur 11)

Example 5:  Test the convergence of jio

Solution: We have

R L
—eo J+x2 e Ity 0 I+ux
lim (0 dx lim x dx
= >+ —
x>0 dox 42 x>0 JO 4 42

= lim [ta]n_1 x]g <t lim [tan
X —> oo X —> oo

-1 _qx

xp

im0 _tan U 9]+ ™ [tan~! x-0]

X — oo X — oo

-(-n/2)+n/2=m.
Thus the limit exists and is unique and finite; therefore the given integral is convergent.

1
Example 6: Evaluate J A
0 Nx (Gorakhpur 2010)
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Solution: Inthe givenintegral, theintegrandl / v xbecomes infinite at the lower limit

x =0. Therefore we have

I dx lim ! dx lim 1
= —_— = 2
-[0 Vx €20 Jo+e |y s—>0[\/x]8
lim
= T 2-2Ve=2

Hence the given integral is convergent and its value is 2.

1
Example 7: Evaluate JO e

V(- x)
Solution: Here the integrand i.c.,1/ V(1 - x) becomes unbounded i.c., infinite at the

upper limit (ie., x =1).
J‘l de  _ lim pl-e  dr
0N1-x) &€—0Jo V(- x)

_ lim _al-eo limo _
—8_)0[ 21 )l 8—)0[ 2Ve+2]=2,

which is a definite real number. Hence the given integral is convergent and its value is 2.

1
Example 8: Evaluate J i; .

-1 X
Solution: Here the integrand becomes infinite at x =0 and —1<0 < 1.

J‘l dx _ lim *E@Jr lim 1 dx

-1 2 e50J-1 2 g50)e 2
_ lim |:_ 1:|_F’+ lim |:_ I:II
e=>0[ x]_| &0 xlg

lim |1 lim 1
= ——1{+ -1+— -
e—0 |:s ] s’—>0[ s’]

Since both the limits do not exist finitely, therefore the integral does not exist and is

divergent.

@mprehensive Exercise 1

Evaluate the following integrals and discuss their convergence :

o dx o dx o
1. jl = 2. j3 T 3. jo A dx.
'[Ooo (1:{;)2/3 5. j_om sinh x dx; 6. J_Ow cosh x dx.
oo o o dx
7. J.O cos x dx 8. J_m e~ ¥ dy. 9. J._w m
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1 dx 1 dx 1 dx

10. — 11. . 12. —y

.[o x3 .[o 1—x .[_1 x2/3

(Goralchpur 2011)
@swers 1

1. oo, divergent 2. 1, convergent 3. oo, divergent
4. oo, divergent 5. — oo, divergent 6. oo, divergent
7. Oscillates and so not convergent
8. o, divergent 9. m, convergent 10. o, divergent
11. o, divergent 12. 6, convergent

D Tests for Convergence of Improper Integrals of

the First Kind

To test the convergence of improper integrals in which the range of integration is infinite and the
integrand is bounded.

If an integral of the form I f (x)dx or j f (x) dx cannot be actually integrated,

its convergence is determined with the help of the following tests :

4 Comparison Test

(Meerut 2012)
Let f (x) and g (x)be two functions which are bounded and integmble in the interval (a, o). Also

let g (x) be positive and | f (x)|< g (x) when x2a. Then, if J x) dx is convergent,

J-; f (x) dx is also convergent.

Similarly if| f (x)|2 g (x) for all values of x greater than some number xo > a and ro g (x) dxis
a
divergent , then j f (x) dx is also divergent.

Alternative form of the above comparison test:

o lm WEC))

X —> oo g(x)

is a definite number, other than zero, the integrals J‘ f (x)dx and

J © g (x) dx either both converge or both diverge.

Note: While applying comparison test, we generally take g (x)= in i e,J ” ﬁn is
X ax

generally taken as the comparison integral.
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Theorem: The comparison integral J - ﬁn where a >0, is convergent when n>1 and
ax

divergent when n< 1.
Proof: By the definition of an improper integral, we have

xn_x—)oo a x" X— o Ja

. 1-nl*
lim |:x} Jifn=1

J'°° dx _ lim *odv _ lim Y dy
a

T x> |1-n
a
lim xl—n al—n
= — . (1)
X—>oo | l=n 1-n

If n > 1, then 1 - n is negative and so n — l is positive.
Therefore in this case
. _ . 1 1
lim  1-»n_ lim -1_o
X —> o X —> o yx n-1 oo
Hence from (1), we have

1-n
Jifn> 1.
1

o

a xn n—

Hence the given integral is convergent when n> 1.

If n < 1, then 1 - n is positive and so lim A= e
X — oo
o (x
from (1), we have_[ —— = oo,
a y "

Hence the given integral is divergent when n < 1.

When n =1, we have

o dx et dx _ lim x dx _ lim X
-[a xn_'[ﬂ x X— oo Jda X_X—>°°[10gx]ﬂ
lim
s e [log x —log a] og a
Hence the given integral is divergent when n =1

_[ B ﬁ converges when 7> 1 and diverges when n< 1.
a n

In other words J “

ﬁ converges if and only if n> 1.
a y

[llustrative Examl)les

Example 9:  Test the convergence of the integral

°©  C0S mx
jo 7. dx.
ta (Rohilkhand 2011)
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COS mx 1
Solution: Here f (x)=———- Let ¢(x)= .
AR e R LS gy
Obviously g (x) is positive in the interval (0, o).
COS mx | cos mx | .
We have (x)| | < , since |cos mx|< 1
R v [ e Rl |
Thus| f (x)[< g (x) when x> 0.
. COS MMX dv .
by comparison test, 5 dx is convergent if j 5 is convergent.
¥ ta ¥ ta
. . X
But _[ - dx 5 = lim - dx 5 = lim [l tan~ ! £j|
0 P4a? x> =0 2142 x> = |a alg
X—> oo |a a a 2
= a definite real number.
is convergent.
I 0 xz +a? 8

Hence [~ Losmy dx is also convergent.

Zid

Example 10: Test the convergence of the integral
o sin’x
x2
Solution: Let a>0. Then we can write

.9 .9 .9
o SIn” X a SN~ x © SINn” X
j 7dx='[ 7dx+J‘ dx.
0 0 42 a 2

x
lim sin® x . sin x | .
= |, therefore the integrand 2 is bounded throughout the finite

-0 42

interval (0, a).

dx.

Since

a sin”x . .
So J 5— dx is a proper integral and we need to check the convergence of the
x

integral J. -
a

sm2 X 1

—z - Take g(x)= )(2

Obviously g (x) is positive in the interval (4, co).

Here f (x

2 .2
sin“x| sinx_ 1 . .
We have| f (x)| =] ——; < o, sincesin® x<1.

¥ 2

x x

o sin®x . oo dy
.. by comparison test, J dx is convergent 1ff — is convergent.
x2 a x2
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But the comparison integral _[ —5- is convergent because here n =2 which is > 1.
a

xz

dx is convergent.

o Sll’12 X

xz

oo siln2 X
Hence J. 5
0 X

dx is convergent.

Example 11:  Show that the integral j ” converges, where a> 0.
a

xV(1+12)
1
x\/ 1+){2

Then f (x)is bounded in the interval (a, ). Take g (x) =1/ +*. Then g (x)is positive in

Solution: Let f (x

the interval (a, «). We have

1| 1
Va+2)| 2/ 2y

IfWH—

1 .
< —, since
x2

%<1
Vil+(1/x%))

: o . o dx,
.. by comparison test, J‘ is convergent if J ? 1s convergent.
a a

xV(1+22)
o o dx . o
But the comparison integral Jﬂ z is convergent because here n = 2 which is > 1.

oo dx

Hmmeh NV (1+ %)

is also convergent.

1 1

Alternative Method: Here f (x) NI XZ) - P V{1 (I/xz)}
4 +

Take g (x) = xzi
lim  f(x) _ lim 1

We h = -
e have X0 g(x) X— e \/{1+(1/x2)}

=1, which is finite and non-zero.

Therefore _[ ” f (x)dx and _[; g (x) dx either both converge or both diverge. But

j X) dx = J‘ 1s convergent because here n = 2 which is > 1.

Hence .[H f (x)dxie., j; M

dx is also convergent.

_y Sinx .
X (Kanpur 2011)

Example 12:  Test the convergence of J-Om ¢

Solution: We can write

o _ . sinx _, Sinx o _ . Sinx
J‘ e dx —J. * dx+j e dx .
0 0 . 1 X
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lim _y sinx
e
x—=0 X

Since ~x S ¥

= |, therefore the integrand ¢ is bounded throughout

_y Sinx

1
the finite interval (0,1). So -[() e dx is a proper integral and therefore it is

X
o sin x

dx only.

convergent. Thus we need to check the convergence of L

_y sinx

Let f (x)=¢ -Then f (x)is bounded in the interval (I, o).
x

Take g (x)=¢ *. Then g (x) is positive in the interval (1, ).
We have

—x S0 =:fz_x.|sinx|-l
X

|f(x)|=‘e

x
—x . . |

< e Y, since|sinx|<land —<1L
x

Thus| f (x)|< g (x) throughout the interval (1, ).

by comparison test j f (x) dx is convergent if j (x) dx is convergent.

X — oo JI X —> oo

o oo 1 o 1'
J swae= [ e raes BT vaes T8 ey

Now

_ lim [—e_x+e_1]=0+€_1=l/c,
X —> o0

which is a definite finite number. Hence Jl g (x) dx is convergent.

J. f (x) dx is also convergent.

_y¢ Sinx

Hence -[O e dx is convergent because the sum of two convergent integrals is

X

also convergent.

Example 13:  Show that the integral j(;o e v dx is convergent.

(Rohilkhand 2010; Meerut 12)
Solution: We have

j: e_xzdx:_[ol e_xz dx+'[1°° e_"'z dx.

Obv10uslyj dx is a proper integral because here the interval of integration (0, I)

2

is finite and the integrand ¢~ * is bounded throughout this interval. Therefore this

integral is convergent. So we need to check the convergence of jl e dx only.

Let f (x)=¢" XZ . Take g (x)=xe” "2 so that g (x) is positive throughout the interval
(I, ). We have
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2
| f(x)|=e" Sxe_xz, since x> 1.
Thus| f (x)| < g (x) throughout the interval (I, e).

o 2 I R
by comparison test L e "'z dx is convergent if L xe” ¥ dx is convergent.

Now j;oxe_ < dx = h_r)n lx xe~ xldx
X co

_ lim _lg_xzx
X —> o 2 1

fim (—167)2 +lcfl)
2

Txo e |2
I L. ..
= 3 ¢, which is a definite number.
= _ XZ . o _ xz .
J.l xe~ ' dxis convergent and so L ¢~ dx is also convergent.

o R -
Hence the given integral J.o ¢~ " dxis also convergent as it is the sum of two convergent

integrals.

O Thep-Test

(Goralkhpur 2012)
Let f (x) be bounded and integrable in the interval (a, o) where a > 0.

Ifthereis anumberp > 1, such thutx li’)” M f (x)exists, thenj - f (x) dxisconvergent.
oo a
Ifthere is a number < 1, such that B li’)n M f (x)exists and is non-zero, then J. - f (x) dx
[} a

o . o lim ;
is divergent and the same is true if x M f(x)is + oo or — oo,
X —> oo

While applying the p-test, the value of u is usually taken to be equal to the highest
power of x in the denominator of the integrand minus the highest power of x in the
numerator of the integrand.

[llustrative Examlales

Example 14: Examine the convergence of Lm %
7 (L+ ) (Gorakhpur 2012)
1 1

Solution: Let X)= =
S K73 (l+x1/2) K173yl /2 {1+(I/x1/2)}

1
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Obviously f (x) is bounded in the interval (I, o).
Take n =§—0 =§-Wehave

6 6

lim n lim  5/6 1
Y= oo X f(x) ¥ — oo x5/6 {1+(1/x1/2)}
— lim 1

which is finite and non-zero. Sincepu = % ie.,< 1, it follows from thep-test that the given

integral is divergent.

Example 15:  Examine the convergence of J.: (IXdX)g
+x
(Rohilkkhand 2011; Purvanchal 11)

Solution: Let a>0. Then we have

= +
1+x)° 70 (1+x)°

Joo x dx a  xdx J-oo xdr
0 “ ()

The first integral on the right hand side is convergent because it is a proper integral. We
observe that in this integral the range of integration (0, a) is finite and the integrand

x/(1+x)3 is bounded throughout the interval (0,a). So we need to check the

convergence of [ only.
& J a (1+ x)3 Y
Let f (x)= al 3 -Then f (x)is bounded in the interval (a, o).
1+ x)
Takeu =3 —1=2.Then
lim M f ()= lim X _ lim 1 _
X e x> T 4y x> a1/ 0P

which exists i.e., is equal to a definite real number.

= x
Since pu =2 i.e.,> 1, therefore by p-test the integral J. 3 is convergent.
a

I+ x)
o xdx .. .
Hence J 3 is also convergent because it is the sum of two convergent integrals.
0 I+ x)
. = dx
Example 16: Examine the convergence of '[ ——— 1, Wherea>1.
a x (log x)"*

Solution: Letlog x =t so that (1/ x)dx = dt.
[ _ & [ L
a x(log x)n+1 - log a ¢n+1
Let f@=1/t"*h
Then f (¢) is bounded in the interval (log a, ).
Takep =(m+1) -0 =n+1 Then
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. . tn+l .
lim M f ()= lim _ dimo
t— oo t—oo ¢l oo

which is finite and non-zero.

Therefore by p-test, the given integral is convergent if
u>lie,n+1>lie,n>0

and divergent if p <lie,n+1<lie,n<0.

n—1

Example 17:  Show that the integral Lw x ¢ " dx is convergent.

Solution: Let f (x)=x" L Then f (x)isboundedin the interval (], e=). We have

lim im %" gim ghrn=l
x f(x)= —_— = -
X —> oo X —> oo e’ X—> oo
I+x+—+...
|
=0 for all values of u and n.

Taking u > 1, we see by p-test that the integral J.l Tl e

is convergent for all values of n.

m

Example 18:  Test the convergence of the integral J.Om o2 dx,
+

where m and n are positive integers.
(Purvanchal 2007; Rohillhand 12; Gorakhpur 13, 15)

Solution: Leta>0. We have
w2 a me w  2Mm
I '[ '[ 1+ xz”

The first integral on the right hand side is a proper integral and so it is convergent.
o m

Therefore the given integral is convergent or divergent according as J‘ ————dxis
a 14 2"

1+ 12" 0 14 52"

convergent or divergent.

- 2m
To test the convergence of j dx, let us take p =2n — 2m.
a 42"
We have
im oy 2" lim 2n-2m A
X — = X . —2;’,
e e AL+ (1 M)
lim 1

x—= e 14+ (1/ 22"
which is finite and non-zero.
byu-test, the given integral is convergent ifu > li.e.,if 2n — 2m > Iwhich is possible if
n> msince m and n are positive integers. Also by l1-test, the given integral is divergent if
w<lie.,if2n—2m<lie.,if n< m since n and m are positive integers.
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6 Abel’s Test for the Convergence of Integral of a Product

IfJ‘oc f (x) dx converges and ¢ (x) is bounded and monotonic for x > a, then Jm S (%) & (x) dris
., a

convergent. (Rohillkhand 2008, 11; Purvanchal 07, 10, 11; Kanpur 12;
Gorakhpur 14, 15)

[llustrative Examrles \

cos

);
(Rohillkkhand 2009; Gorakhpur 15)

and ¢ (x)=1-¢"*.

Example 19: Test the convergence of J: (I-¢) ol dx, when a > 0.

Solution: Let f (x)= €os x

cos x 1
<—as|cos x| <1

R

. o ] . . % COS
Since j ?dx is convergent, therefore by comparison test J 2
a a

We have

convergent.
Again ¢ (x) =1— ¢~ * is monotonic increasing and bounded function for x> a.

CoS x

x2
Example 20:  Test the convergence of J T
a

Hence by Abel’s test J‘ - (I-¢ %) dx is convergent.
a

_ ¢ Sinx

x2

dx, where a> 0.

Solution: Let £ (x)=""% and ¢ (x) = ¢~ *.
sin x 1 o ]

Since < — and —dx is convergent, therefore by comparison test
212 I 0 2 & y p

o sinx .
J‘ dx is also convergent.
a 42

Again ¢ is monotonic decreasing and bounded function for x> a.

_y Sinx

Hence by Abel’s test J‘ T 2 dx is convergent.
a

T Dirichlet’s test for the Convergence of Integral
of a Product

If f (x) be bounded and monotonic in the interval a < x < oo and if l_z)m f (x)=0,then the

integral J f (x) ¢ (x) dx converges provided } J. o (x is bounded as x takes all finite

values. (Purvanchal 2012)




Krisbans's T.B. Real Analysis

Alrs32

[llustrative Examl)les

Example 21:  Test the convergence of the integral
J‘ e dx, where a > 0.
a x (Garhwal 2006, 09)

Solution: Let f(x)= \/L and ¢ (x) =sin x.
x

Now L is bounded and monotonic decreasing for all x> a and lim 1 =0.
X x— oo x

Also

jx o (x) ﬂlx} =} '[x sin x dx} =|COS a—cos x|£ 2, for all finite values of x.
a a

[Note that the value of cos x lies between —1 and 1].

is bounded for all finite values of x.

[Towar

sin x

Vi
Example 22:  Show that J: sin x> dx is convergent.

Hence by Dirichlet’s test the integral j ”
a

dx is convergent.

(Agra 2012)
o 1 .
Solution: We have JO sin 1% dv = _[0 sin 1% dx + Jl sin 12 dx.

1
But JO sin 2% dr is a proper integral and hence convergent.

Now it remains to test the convergence of .[1 sin x2 dv. We can write

J‘w sin x> dx=J‘w 2x.(sinx2).idx.
1 1 2x

Let f (x)=$ and ¢ () = 2x sin 2.

The function f (x) =2L is bounded and monotonic decreasing for all x>1 and
x

lim L:O.
X—> o0 2y

X X .
Also }J-l (])(x)dx‘:_’.1 2 xsin x% dx

=] cos 1> — cos ¥* | <2, for all finite values of x.

is bounded for all finite values of x.

e
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Hence by Dirichlet’s test
o ] . . o .
J.l 2—.(sm x2)2x dx z.e.,J.l sin 2 dv is convergent.
x
Since the sum of two convergent integrals is convergent, therefore the integral

IO sin x2 dx is convergent.

Example 23:  Show that the integral J-(:o ey

dx is convergent.

(Garhwal 2007; Purvanchal 10, 12)

. o Sin X a sin x sin x
Solution: We have -[O dx = JO dx + j dx, where a > 0.
X X

lim  sinx a sin x
Since =1, the integral J. dx is a proper integral and hence
xr—>0 x 0
convergent.
e« sinx
Now to test the convergence of _[ dx .

x
Let f(x)=1/xand ¢ (x) =sinx.

The function f (x)=1/x is bounded and monotonic decreasing for all x>a and

lim 1 _ 0.
X— oo x
X X
Also j o (x) dx‘ :‘ J‘ sinx dx | =|cos a —cos x| < 2, for all finite values of x.
a a
J ! ¢ (x) dx | is bounded for all finite values of x.
a
Hence by Dirichlet’s test the integral j 7Y s convergent.
a X
Since the sum of two convergent integrals is convergent, therefore JOOO s ¥ dx is
x
convergent.
Example 24:  Prove that j = cos o = cos e dx is convergent where a > 0.
a X (Rohilkhand 2011)

Solution: We have
o0 cosooc—cosBxd J-oo cos o J-oo cosBxdx

a X

The function f(x)=1/x is bounded and monotonic decreasing for all

r>gand 1M l:O.
X —> oo x
X
Also J. Cosoocdx‘ ‘ (sinox —sinoa) | < ——-
“ lo

} '[ * cos o dx | is bounded for all finite values of x.
a
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Similarly is bounded for all finite values of x.

j: cos B dx

by Dirichlet’s test both the integrals

= cosow cos Bx
J and [

a

dx are convergent.

Hence the given integral is convergent.

Example 25:  Show that the integral

‘[ T a0 convergent.
0 X (Kanpur 2009; Garhwal 10)

Solution: We have

) sin x _ . Sinx o _ . Sinx
'[ i — j e dy + e dx, where o> 0.

x o x
. i gy SINX . o sin
Since M - arSINY I, the 1ntegralj —ac S isa proper integral and hence
x—0 X 0
convergent.

Now it remains to test the convergence of
— ax

Jwe_“xsmxdx. Let f(x)=g and ¢ (x) = sin x.
o X X
Obviously the function f (x)= lﬂx is bounded and monotonic decreasing for all
xe
lim lim L _
x2aand f(x =0.
X —> o0 x> oo x e

Moreover

Jax o (x) dx‘ = ‘ jax sin x dx‘ =|cos a0 — cos x |< 2, for all finite values of x.

[, owas

by Dirichlet’s test J‘a

is bounded for all finite values of x.

—ar Sinx
' —= dx is convergent.
x
, . . o _grSinX
Since the sum of two convergent integrals is convergent, therefore J-O e ——dxis
x

Convergent.

8 Absolute Convergence

Theinfinite integral J f (x) dxis said to be absolutely convergent if the zntegmlj f(x)]dx
is convergent.
If the integralJ- - f (x) dx is absolutely convergent, it is necessarily convergent. But if
a
the integralj - f (x) dxis convergent, it is not necessarily absolutely convergent. Thus
a

absolute convergence gives a sufficient but not a necessary condition for the
convergence of an infinite integral.
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[llustrative Examl)les \

Example 26:  Show that J Y v s absolutely convergent.
Solution: The integral j sin x dx will be absolutely convergent if J sm4x dx is
x
convergent.
Let f (x sin x . Then f (x)is bounded in the interval (I, e). We have
sinx| |sinx |
X)= = ,since |sin x| < L
f ( R 4 N 4 4 | |
.. by comparison test, j f (x) dx is convergent if J 14 dx is convergent. But the

X

S ] . e
comparison integral Jl — dx is convergent because here n =4 which is> 1.
x

Hence Loo f (x) dx is convergent and so the given integral is absolutely convergent.

Example 27:  Show that-[ Lm);dx converges absolutely.
a +x (Garhwal 2008)
Solution: The integral jw sin mx dx  will be absolutely convergent if
0 4212
e | sin mx
jO m dx is convergent.
sin mx

Let f (x .Then f (x)is bounded in the interval (0, ). We have

iErT|

sinmx)_|sinmx|
e I e

S )=

,since | sin mx | < 1.

. by comparison test, j f (x) dx is convergent if f - ! 2 dx is convergent.

+

But J‘OM

a
dx _hm J-X [ tan71 x]
R +x2 X — oo
lim 1 i
B 2

tan~ ——O] l
X —> oo a a

a
which is a definite real number.

o dr . o . .
J oz is convergent. Hence -[0 f (x) dxis also convergent and so the given
ac +

integral is absolutely convergent.
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Example 28:  Show that the integral J.Ooo e ¥ cos mx dx converges absolutely.

Solution: 'The integral JOOO e~ Ycosmxdry will be absolutely convergent if

jow | ¢~ * cos mx|dx is convergent.
Let f (x)=|e” * cos mx|.Then f (x)is bounded in the interval (0, «). We have
f(x)=|e " cosmx|=e*|cos mx|

<e ¥, since|cos mx| <1

by comparison test, J f (x) dx is convergent if J ~ ' dx is convergent.
oo X oo
But I &% dp= UM i * dp= 1M e 1
0 X —> oo JO X — oo
lim

= [-e~ ' +1]=1, which is a definite real number.
X—> oo

JO ¢~ " dx is convergent.

Hence J f (x) dx is convergent and so the given integral is absolutely convergent.

O Testsfor Convergence of Improper Integrals of

The Second Kind

Now we shall make a study of the tests for the convergence of a definite integral of the

b
type L f (x) dx in which the range of integration is finite and the integrand f (x) is

unbounded at one or more points of the given interval [4, b]. It is sufficient to consider
the casewhen f (x)becomes unbounded at x = 2 and bounded for all other values of xin
the interval [a, b]. In this case we have

[/ feac= "1

e—0 Ja+e

In the articles to follow we give a few important tests for the convergence of the above
integral.

10 Comparison Test

b

Consider the improper integral J‘ f (x) dx, where the range of integration (a,b) is finite and
a

f (x) is unbounded only at x = a. Let g (x) be positive in the interval (a + €,b) and

| f(x in the interval (a +¢€,b). Then _[ f (x)dx is convergent lfj x)dx is

convergent.
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Similarly if | f (x)|2 g (x) for all values of x in the interval (a + €,b), then J f (x)dx is

divergent provided j g (x) dx is divergent.

Alternative form of the above comparison test:

1 lim S is a definite number, other than zero, the integrals j f (x)dx and
x—a g(x)

b
J‘ g (x) dx either both converge or both diverge.
a

Note: While applying the above comparison test, we generally take

g(x) = ie., J. d is generally taken as the comparison integral.
a) a (x- a)n

b x
Theorem: The comparison integral '[ —is convergent when n < land divergent when
a

¥ —
n>1L (Purvanchal 2011; Gorakhpur 13)
Proof: We have
J‘b d}( — 11m b _ llm b (x_a)—ndx
a (x—a)' €0 Ja+e ) g0 Ja+e
lim -n+l
= ,ifn#l
e—>0 I—n
a+ €
B llm (b—(/l) 11_ 1—)1 - (1)
e—>0 1-n 1-n
. s lim 1-n
If n < 1, then 1 - n is positive and so £ 0 € = 0. Therefore from (1), we have
1-n
b _
J dr =(h 4) Jifn< 1
a (x—a)n 1-n

Hence the given integral converges when n < 1.

Ifn > 1, then1 — nis negative and son — lis positive. Therefore in this case, from (1), we
have

Ib de  Lim |[(h-a) " ) 1
a (x—a)" €—0 l-n (n-1e"!
Hence the given integral diverges when n> 1.
When n =1, we have
J- b dx _ '[ b dx hm b dx

a (x _ a)n =

a (x—a)_e—)o a+e x—g

lim lim

[logx—)]” . = o llog (b —a)~ log e]

g0 €

=00 [ log 0 = — oo]
Hence the given integral diverges when n = 1.
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[llustrative Examl)les

Example 29:  Show that the integral j !

dx .
———— 1§ convergent.
0 L3 1+ xz) g

Solution: Inthe givenintegral, the integrand f (x) = 1/3; isunbounded at the
OB 1+ 2

lower limit of integration x = 0.
Take g (x)=1/x/3.

Then lim f (%) 1

= =1, which is finite and non-zero.
=0 gx) x>0 1442

by comparison test

jo dxandj x) dx

1
either both converge or both diverge. But the comparison integral -[0 % is
x

convergent because here n=1/3 which is less than 1. Hence the integral

1 dx i al
jO W is also convergent.
dx

Example 30: Test the convergence of the integral J _—

v ( x - l)
Solution: In the given integral the integrand f (x) =1/ ( —1)isunbounded at the
lower limit of integration x = 1.
Take g0 =1/3(* -1).
Then lim f (x) _ lim Zl{ N2 -l = lim 21

x=1 gx) x>l |Nx* -1 x=1 G2 +))

=1/ 2, which is finite and non-zero.
Therefore by comparison test,

jf f(0dr and jlz ¢ (x) dy

are either both convergent or both divergent.

2 2 dx lim 2 dx
But -[1 g(x)dx=.[l v (x? Te0 Jise V(-1
= M log (x+ 3 (2 ~ 17

_lim 2
=0 [log 2+ 3)—log {1+e+(e° +¢e)}]

=log (2+3), which is a definite real number.
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2
L g (x) dx is convergent.

2 1
Hence ———— dx is also convergent.
J Vit -1 8
1
Example 31: Show that the integral fo T v is divergent.
x

sec x .
is unbounded at the lower

Solution: In the given integral the integrand f (x) =

limit of integration x =0. Take g (x)=1/x.

Then lim f (X) — lim {SCC * .x} = lim Sec x = L
r—=0 g@x) x—0 X -

which is finite and non-zero.

Therefore, by comparison test, I f (x) dx and j x)dx either both converge or

both diverge. But the comparison integral J() — dx is divergent because here n = 1.
x

. . I secx
Hence the given integral _[0

1
Example 32:  Show that JO x "~V e % dx is convergent if n> 0.

1 ;
Solution: If n>1, then J-O x"~1¢™ % dx is a proper integral because the integrand

fx)y=x" =1 ¢~ % is bounded in the interval (0,1). So the given integral is convergent

when > L

If0 < n< L theintegrand f (x)=x" =1 ¢~ *isunbounded at x = 0. Take g(x) =

n—l

lim  f(x) _
Thenx—)O gx) x>0

% =1, which is finite and non-zero.

- by comparison test, j f (x)dx and j x) dx either both converge or both
diverge.
1
! (' n-1 . _ lim I -1, lim [x”
put JO g(x)dx—JO * dx_e—)O € o dx_s—>0 |:n
€
3 n
= 811_1)110 [1 - 8:| = 1 ,which is a definite real number.
n n

1
J.() g (x) dx is convergent.
1 n-1 —x ;
Hence J.() X ¢~ " dx is also convergent.

Example 33:  Show that the integral j(;o x Ve % dx is convergent if n> 0.

(Garhwal 2006)
Solution: We have
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J.Om Pt e_xdx:jol Pt e_xdx+j1oc e g

1

Let I = jo

Ve Y dy and I :-[l ey

The integral Iy is convergent for all values of .
[For proof see Ex. 17 after article 5]
Also the integral I} is convergent if n>0. [For proof see Ex. 32 above]

Hence the given integral is convergent if 7n>0 because then it is the sum of two
convergent integrals.

I The-Test

Let f (x) be unbounded at x = a and be bounded and integrable in the arbitrary interval
(a+gb), whereO <e<b —a. If there is a number W between O and 1 such that

lim o\ ; b
s a0 (x—a)™ f (x)exists, then L f (x) dx

is convergent.

If there is a number w>1 such that  lim  (x—a)" f (x) exists and is non-zero, then
x—a+0

b
J f (x) dx is divergent and the same is true if
a
lim _ u 4o e
240 (x—a)™ f(x)=+0c or .

In case f (x)is unbounded at x = b, we should find

b= f (),

lim
x—=b-0

the other conditions of the test remaining the same.

[llustrative ExamFles

Example 34: Prove that the integral ! Lwnver es.
v o V{x(1-x)} * (Garhwal 2009, 12)

Solution: In the given integral the integrand f (x)=1/ {x (1-x)} is unbounded

both at x =0 and at x =L If 0 < a < 1, we can write
1 dx a dx 1 dx
R el +I
0 N{x(-x} 70 V{x(d-x} Ja J{x(1-x)
In the integral I} the integrand f (x)is unbounded at the lower limit of integration.x = 0
and in the integral Iy the integrand f (x)is unbounded at the upper limit of integration

}=Il + 15 ,say.

x=1

To test the convergence of I;. Takeu = % - We have
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lim flx lim 12 1 _ lim 1

x—=0 N Vix(I-x) x>0 J1-x)
=li.e, the limit exists.
Since 0 <p < 21 , therefore by p-test I is convergent.

To test the convergence of Iy Takep = % -We have
lim lim 1/2 1
I—x)® . = 1— R
vo1— U795 S 0= S (=9 V{x (- x)
lim I lim I |

Txo1-0 Vr e50 V(i-¢)
Hence by p-test I is convergent since O <p < L.

Thus the given integral is the sum of two convergent integrals. Hence the given integral
itself is convergent.

Example 35: Test the convergence of J. log x '
0 N@2-x) (Agra 2012)
Solution: Let f (x)= Vl(;’g ol | ~Then f (x) is unbounded both at x =0 and x = 2. If
- X

0 <a<2,we can write

J-2 log x dx:jﬂ log x dx+J-2 log x

dx =1y + I ,say.

0 V@2-x) 0 \V@2-u) a \(@2-rx)
To test the convergence of I;. We have

lim _lim w, logx | _ .

0 " f(x =50 {x \/(x—2)} 0ifu>0.

Therefore taking u between 0 and 1, it follows by pi-test that I; is convergent.

To test the convergence of I.

Take u:%-We have
lim lim 12 logux
2 —x) M, = 9 _ -
xs2-0@ TN S M=y YT T,
lim lim
520 log x = Olog(2—€)
= log 2.

by u-test Iy is convergent because O <p < 1.
Hence the given integral is also convergent, it being the sum of two convergent
integrals.

1
Example 36:  Test the convergence of J.O xP 7l gy
Solution: Let f (x)=xV Ll

1
and I=jo e gy
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If p>1, f (x)is bounded throughout the interval (0,1) and so I is a proper integral and

hence it is convergent if p> 1.

If p<], f (x)is unbounded at x = 0. In this case, we have

lim u _ lim R L e lim  g+p-1 -«
rs0 " S ) o e xs0 " ‘

=lif u+p-1=0ie,u=1-p
So by u-test when O <p <lie,0< p<], the given integral is convergent and when
u>lie., p<0, the given integral is divergent.

Hence I is convergent if p> 0 and is divergent if p< 0.

12 Abel’s Test

b b
Iff f (x) dx converges and ¢ (x) is bounded and monotonic fora < x < b, then.[ f(x) o (x)dx
a a

converges.

15 Dirichlet's Test

b
If J‘ e f (x) dx be bounded and ¢ (x) be bounded and monotonic on the interval a< x< b,
a

b
converging to zero as x tends to a, then J f (%) & (x) dx converges.
a

lllustrative Exam])les

2
Example 37:  Test the convergence of J On/ % dx.
x

Solution: Whenn <0, the given integral is a proper integral and hence convergent.

When 1> 0, the integrand becomes unbounded at x =0.

cos x
Let f )= o
x
lim u _ lim —-n R _
Then 0 f(x)—x_>0 M cos x=1ifu =n.

Hence by p-test it follows that the given integral is convergent when O < n<1, and
divergent when n > 1.

From the above discussion we conclude that the given integral is convergent when n < 1,
and divergent when n> 1.

2
Example 38:  Show that the integral fon/ log sin x dx converges.

(Meerut 2012; Rohilkhand 12)
Solution: 'The only point of infinite discontinuity of the integrand is x = 0.
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Now xlino M log sin x, when p >0
_ lim log sin x , [form f]
X —> O x_“' )
_ lim cot x
- X —> O — u x_u -1
_ _ 4 orm —
xr—=0 p tanx 0

~lim 1 (m+Dat ‘Hospital’
=20 _E‘ﬁ, [by L’'Hospital’s rule]

=0,ifu>0.
Takingu between O and 1, it follows fromp-test that the given integral is convergent.
Example 39: Discuss the convergence of the integral

1 n-1
.[o ¥ dog xdv o vanchal 2009; Garhwal 12)

Solution: (i) Since linO x" log x =0 where r > 0, the integral is a proper integral,
x

when n> 1.
(ii) When n =1, we have

1 _lim ¢l _lim 41
jo log xde=_"" L log wde= """ [xlogx 1],

lim
=00 [-1-¢eloge+e]=—-1

the integral is convergent if 7 = L.
(iii) Letn<land f (x)=x""! log x.

lim n _ lim n+n-1
Then 0 " f(x)—x_>0 X log x
=0 if u>1-n (1)
and =—oc if u<l-n ..(2)

Hence when O < 1 < 1, we can choose i between O and 1 and satisfying (1). The integral
is therefore convergent by p-test when O < n< 1.

Again when 1 <0, we can take p = land satisfying (2). Hence by u-test the integral is
divergent when n<0.

Therefore from (i), (ii) and (iii), we conclude that the given integral is convergent when
n>0 and divergent when n<0.

Example 40:  Discuss the convergence or divergence of the integral

oo xa—l

0 I+x (Garhwal 2006, 11)
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Solution: Let f(x)= ] -If b> 0, we can write
+x
w -1 p 41 w a1
_[ al = £ dx+J il
0 J+x 0 1+x b 1+x
=11 +1y, say.

Leta > 1. Then f (x)is bounded throughout the interval (0, b) and so the integral I is a
proper integral and hence it is convergent. To test the convergence of the infinite
integral I in this case, we have
lim W F ()= lim x”.ﬂz lim el
X —> oo X —> oo l+x x—>e  x+1
=lLifu+a-1=1 ie, ifu=2-a
which is <1 since a2 1.
Hence by p-test Iy is divergent.
the given integral is divergent if a > 1.
Let a < 1. Then in the interval (0,5), f (x) is unbounded only at x =0. Also f (x) is
bounded throughout the interval (b, e). Therefore in this case I} is an improper integral
of the second kind and Iy is an improper integral of the first kind. To test the
convergence of Iy, we have
lim r4-1  lim yu+a-l

oy _ LA
x>0 x+l =0 x+l ifu+a-1=0 ie,

ifu=1-a.
If we take O < a < 1, then we have O < i < land so by uu-test I} is convergent. If we takea <
0, then pu = 1 and so by u-test I is divergent.
To test the convergence of Iy when a <1, we have
lim xa—l lim xu+a+1

el = ——=lifu+a-1=lie,
X—> oo x+1 x> e x+1

if u =2 —a which is >1 since a< 1.
Hence by p-test I is convergent if a < 1.
Thus Iy is convergent if a <1. Butl]isconvergentifO < a < landisdivergentifa < 0.
the given integral is convergent if O < a <1and is divergent if a<0.

Hence the given integral is convergent if O < a <1and is divergent if a > 1or if 4 <0.

Example 41:  Discuss the convergence of the Beta function

Lo _oan-1
_[0 X (1-x) . (Purvanchal 2007, 12; Kanpur 12)

Solution: Let f(x)=x""1(1-x""1.
The following different cases arise :

(i)  When m and n are both >1, the integrand f (x) is bounded throughout the
interval (0,1) and so the given integral is a proper integral and is convergent.
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(i) When m and n are both <1, the integrand f (x) becomes infinite both at x =0
and at x = 1. In this case we take 0 < a < I and we write

1
J'O xm—l (l_x)n—ldx:‘[oa xm_l(l—x)n_ldx
1
+J' xm—l(l_x)n—ldx
a

= Il + 12 ,say.
In the case of the integral I}, the interval of integration is (0, 4) and so the integrand is
unbounded at x =0 only. To test the convergence of I, we have

lim u im  u m-1 n-1
. = . 1-
x—0 ) x>0 vt 1=»

:xlino xu+m—l (I—x)"_l
=lLifu+m-1=0ic,ifpu=1-m.
If we takeO < m < LwehaveO < < landsobyp-test ] is convergent. If we take m <0,
we have u > 1 and so by u-test I is divergent.
Again in the case of the integral I, the interval of integration is (a,1) and so the
integrand is unbounded at x =1 only. To test the convergence of Iy , we have

TN L 0 I B L B

xr—>1-0 Tx—o1-0
_ lim _ u+n-1_m-1
Txo1-0 - *

=eli_r>n0 {1_(1_8)}u+n—1 (1_8)111—1

=€h_r>n0 8p.1+n—1 (I—e)m_l

=1, ifu+n-1=0ie,ifu=1-n
If we take O <n<1, wehaveO < <landsobyp-test Iy isconvergent. If we taken <0,
we have u > 1 and so by pu-test Iy is divergent.
Thus if mand n are both <I, the given integral is convergent only if
O<m<land O<n<l.
(iii) Whenm < landn> 1, theintegrand f (x)isunbounded only at x = 0. In this case by
u-test, the given integral is convergent if O < m <1and is divergent if m <0.
Again if m>1and n <1, the integrand f (x) is unbounded only at x = 1. In this case by
u-test, the given integral is convergent if 0 < n <1and is divergent if n<0.
Hence from (i), (ii) and (iii) it follows that the given integral is convergent if both
mand n are >0 and divergent otherwise.

Example 42:  Discuss the convergence of the Gamma function
_[ B
0
(KKanpur 2008; Garhwal 10; Purvanchal 08, 11, 12; Rohillhand 10, 11)
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Solution: We can write
o 1 o
J. x ol e_xdx:J. x"_le_xdx+‘[ x e gy
0 0 1
=11 + 1o, say.
Let us first discuss the convergence of .
Let F)=x""le ™,
Ifn>1, f (x)is bounded throughout the interval [0, 1] and so I is a proper integral and
hence it is convergent if > L
If n<1, f (x)is unbounded at x = 0. In this case we have
lim _ lim n-l,—x_ lim o pen-1 -
rs0 " S xr—0 o r0 " ¢
=l,ifu+n-1=0ie,u=1-n.
Sobyu-testwhenO < <lie.,0 <n <], theintegral I} is convergent and whenp > li.e.n
<0, the integral I} is divergent.
Iy is convergent if n>0 and is divergent if n<0.

Now let us discuss the convergence of the integral Iy . The function f (x)=x "~ Lo ¥is

bounded for all values of x in the interval (I, ). We have

lim M f ()= im "N lim PR

X —> oo X —> oo e’ - X—> oo
I+x+—+..
21
=0 for all values of u and n.
Taking 1L > 1, we see by p-test that the integral

Iy = jlw ey s convergent for all values of 7.

Hence the given integral is convergent if n> 0 and is divergent if n<0.

@mprehensive Exercise 2

.2
1. Show that the integral ‘[n Su;z i

2. Test the convergence of the following integrals:
'[ €os x.
0 l + 5
(Purvanchal 2010; Bundelkhand 11; Rohillkkhand 12; Gorakhpur 12)
o sin x
——dx
XZ
(i J- o Sinmx

2 +a (Garhwal 2008)

dx is convergent.
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Ra47lin

. i x3
1) o
o dx
(v) T3
.[1 \/(x3 +1) (Gorakhpur 2012, 15)
;e
_ A
V(@ —x-1)
e dx
(viii) Iz m

v

() '[0 (1+x)°

dx

(vii) j;

o 32
&) JO (b2x2+c)dx

3. Show that the following integrals are convergent:
O [7 G [T

0 (@ + 22 0 (I+x)Vx

B2

where b > a.

4. Test the convergence of j: N 4) ’
a

S
5. Show that the integral j "1 e™* dy is convergent, where a > 0.
a

6. Test the convergence of the following integrals:

. 1 dx .. 1 dx
0, 2 (1+22) @, (x+ D)V (1-5?)

...\ [T/2 cosx . n/4 1
(iii) -[0 2 dx (iv) -[O mdx

(Agra 2012)

W) J~n/2 smxdx-

0 x1+n

7. Test the convergence of the following integrals :
. oo dx .. = dx
i) —_—— ii -
0 Jy B+ A7) @ s w1+ 2)
1/2
o X o X
(iii) ———dx (iv) ——— sin x dx.
‘[ 0 244 '[ 0 1447
8. Examine the convergence of the integral J‘Ow S;g% dx.

(=] 2
9. Show that the integral jo e’ ¥ cos bx dx is absolutely convergent.
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@swers 2

2. (i) Convergent (ii) Convergent
(iii) Convergent (iv) Divergent
(v) Convergent (vi) Convergent
(vii) Divergent (viii) Divergent
(ix) Divergent (x) Divergent

4.  Divergent

6. (i) Divergent (ii) Convergent

(iii) Divergent (iv) Convergent

(v) Convergent if n<1 and divergent if n>1

(vi) Convergent
7. (i) Divergent

(iii) Divergent
8.  Convergent

(ii) Divergent
(iv) Convergent

@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (c) and (d).

1. The integral j — ,where a >0, is convergent when

(a) n=1
(¢) n<1

(b) n<1
(d) n>1
(Garhwal 2009; Rohilkhand 11)

b
2. The integral j is convergent when
a n

(b) n>1
(d) n=1 (Garhwal 2006, 10, 11)

1
3. The integral J-O x " =1 (- x)" 1 dv is convergent when

(a) m>0
(¢) m>0,n>0

(b) n>0
(d) m=0,n>1

n-1

4. The integral j: X eV dris divergent when

(b) n>1

1
(d) n—g
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R-449)) A
1n2 x
The integral J dx,a>0
(a) convergent (b) divergent
(c) uniformly convergent (d) none of these

(Rohilkkhand 2012)

Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.

b
The definite integral '[ f (x)dxis said tobe a ...... if the range of integration
a

(a,b) is finite and the integrand f (x) is bounded over (4, b).

b
The definite integralj f (x) dx is said to be an improper integral if the interval
a

(a,b) is finite and f (x)is not ...... over this interval.

The definite integral '[ f (x) dx is said to be an ...... if the interval (a, b) is not

finite and f (x) is bounded over (a, b).

A definite integral J f (x) dx in which the range of integration (a, b) is finite but

the integrand f (x) is unbounded at one or more points of the interval a < x< b,

is called an improper integral of the ...... kind.
The integral j N AZ is an improper integral of the ...... kind.
0 1+x
. 4 dx . . . .
The integral J. —————is an improper integral of the ...... kind.
- 2) (x=3)
The integral j —,where a >0, is convergent when ...... .

The integral J . is divergent when ...... .
a

(x —a)

The integral j: ¢ ¥ dv is convergent if ... .

1
The integral jO " ha—p Varis convergent if both m and n are > ......

True or False
Write “T7 for true and “F’ for false statement.

The integral j;

is divergent.

(x - 2)*
The integral jO cos x dx is convergent.
1+ xz (Garhwal 2012)
The integral j —,where a >0, is convergent when n< 1.

The integral J o is divergent when n < L.
a
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}"lfl_&-lLSO
1
5. The integral JO 3(ldxx2) is convergent.
x> (1+
6. The integral jg xl/gg):xz)is convergent.
. oo dx .
7. The mtegralj1 m1s convergent.
X~ +

8. The integral J‘; is convergent.

oA
V(i -1

@HSWGIS

Multiple Choice Questions
L. (d) 2. (a) 3. (o) 4. (o) 5. (a)

Fill in the Blank(s)

1. proper integral 2. bounded
. improper integral of the first kind 4. second 5. first
6. second 7. n>1 8. nzl 9. n>0 10. O

True or False

1. F 2. T .
6. T 7. T 8. F

w
!
S
!
(9,1
!




Indeterminate Forms

1 Indeterminate Forms

he form 0/0 has got no definite value. For if we write 0/0 = y, then the equation
0 y =0 reduces to an identity in y, ie., it is true for all values of y. We cannot
cancel O from both sides. Therefore the form 0/0 is meaningless.

Now suppose lim ¢ (x) =0 and lim y (x)=0.
X—a X—a

lim ¢ (x)

Then we cannot write lim ¢ (x) - Xza
x=ay (x)  lim y(x)
X—a

because in that case lim ¢ () takes the form 0/0 which is meaningless. It, however,
x—a\y (x)
doesnotmean thatif lim Mtakes the form 0/0, then the limit itself does not exist.
x—a (x)
) lim (x* - a?)
For example, lim a takes the form 0/0 if we write it as L
x=sa X—a lim (x —a)

X—a
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a2

—_— 2 —_—
But, we have lim ? ~ lim Goar+a = lim (x + a) = 2a and thus the limit
X—>a X—a xX—a (x—ﬂ) xX—a

exists.

Here it should not be confused that we have made an attempt to find the value of 0/0.
We have simply evaluated the limit of a function which is the quotient of two
functions such that if we take their limits separately, then the combination takes the
form 0/0.

The form 0/0 is an indeterminate form. It has no definite value. The other

0

indeterminate forms are oo / o0, 00 — o0, 0 X o0, 1°,0°, . In this chapter we shall

discuss methods which enable us to evaluate the limits of indeterminate forms.

2 The Form 0/ 0 (L’ Hospital’s Rule)

Suppose ¢ (x) and y (x) are functions which can be expanded by Taylor’s theorem in the
neighbourhood of x = a. Also let ¢ (a) =0, and y (a) =0. Then

lim o _ lim LGN

r=say(x) x—oay’ (x)

We have, by Taylor’s theorem, lim ¢ (x)
x—)a\l!(x)
2
xX—a
¢(a)+(x—a)¢’(a)+%¢"(a)+...+R]
= lim —
x—a ’ (x_u) 7’
w(a)+(x—a)\|f(a)+T\p (@) +...+ Ry
1
where _ 'ﬂ) o {a+6 (x—a)},0<0, <1,
n!
(x—a)" )
and Ry = — Vv {a+6y) (x—a)},0<6y <.
n!

But, by hypothesis, ¢ (@) =0 and y (a) = 0.

+

0(a) + (x —a) ¢’(a)
Therefore, lim %: lim o
X—=a X xX—=a —_
v W)+ (- @)y + L

+

Dividing the numerator and denominator by x — a, we have

’ - i i i — ’’
fim 2 o’ (a) + (x a){12!¢ (a)+:l))!(x a) (a)+..}
x—=ay(x) x—a \p'(ﬂ)+(x—a){2_!w"(a)+§(x_ﬂ)w,,,(a)+”}
O’ (a)

’

= , if ¢’ (a) and y ’ (a) are not both zero
v’ (a)
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= lim LAC) .
x—a y'(x)
This proves the theorem which is generally known as L’Hospital’s Rule.
It can be easily seen that if ¢ (a), ¢ (a),..... 07" V(@) and v’ (a)
v (@),...,w "7V () are all zero, but ¢ (a) and y" (a) are not both zero, then

fim 200 _ iy 800

m .
roay(x) xoay (")(x)

The theorem of this article is true even if x tends to e or —  instead of a4, i.e., if

lim ¢ (x)=0, lim y (x)=0.
X — oo X— oo

im 28 iy £

roey(x) roey’ (1)

Writing x =1/ y, we have as x — o, y — 0.

then

L 0 e/ )
¥oey(x)  yo0y(l/ y)
’ _2
= lim ¢ (l/y)yi, by L'Hospital’s rule
70w 1/ y)y
i D) 0@
720y (1) ) xo e y(x)

Note 1: L’'Hospital’s rule implies
00 _ 00

lim ——==
x—at Y (x) x—a Y (X)
Note2: While applying L’Hospital’s rule we are not to differentiate % by the rule
v (x

for finding the differential coefficient of the quotient of two functions. But we are to
differentiate the numerator and denominator separately.

Note 3: Important: Before applying L'Hospital’s rule we must satisfy ourselves
that the form is 0/0. Sometimes it happens that at some stage the resulting function is
not indeterminate of the type 0/0 and we still apply L'Hospital’s rule which is not
justified in that case. This is a fairly common error.

D Method of Expansion (Algel)raic Methods)

In many cases the limit of an indeterminate form can be easily obtained by using some

well known algebraic and trigonometrical expansions. We can also make use of some
well-known limits in order to solve the problems or to shorten the work. The following
expansions should be remembered :
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(n—l)x2+n(n—l)(n—2)x3+
|

L. (l+x)"=l+nx+n
31

2. (-0 ' =l+x+2+5+. | x|<1

x XZ 2 xS 3
3. a =l+xloga+§(logﬂ) +;(logﬂ) +...
2 3
4. F=ltr+i+ i 4
21 31
. P
5. sinx=x-—+=7-
31 5!
4
6. cosx=1-—+2 _
21 41
3
7. tanx=x+x—+lx5+...
3 15
2 3 4
8. lo 1+x=x—x—+x——x—+..., x|<1
g (1+x) TS TG | x|
3 4
9. log (1-x)=— x+ﬁ+"—+"_+...,|x|<1
2 3 4
3 5
10. sin_1x=x+x—+3i+
6 40
3 5
11, tan ' w=x-2 41
3 5
3 5
12. sinhx=x+2 + 2 +...
31 51
2 4
13. coshx=1+2+2 4+ .
21 4]

Also remember that

log 1=0,log ¢ =1,log co = 0o;log 0 = — eo.

Sometimes the use of the following limits shortens the work :
sin x

) lim =1, (i) lim cosx=1,
xr—0 x xr—0
i) lim S0 Gv) lim (1+x)/% =,
r—=0 x xr—0
X
") lim 1+ m0)/* =¢", (vi) lim (1+l) =e,
xr—0 X —> oo X

(vii) lim (1+ﬁ) e

X—> oo X
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Illustrative Examl)les
X _ - X _
Example 1: Evaluate lim i 2 log 1+ )
r—>0 X Sin x
X _ — X _
Solution: We have lim &—¢ 2 log 1+ ) |:f0rm 9}
x—0 xsin x 0
X et - 12
= lim (+x) rform 91
r—0 sinx+ xcosx L OJ
X _ X + %
T I+ x) :1_“2:2:1.
r—0 cosx+cosx—xsinx 1+1-0 2
sinx—x+ l x3
Example 2:  Evaluate  lim 6
x—0 x5
. 1 3
sinx—x+—x - -
Solution: We have lim = 6 , form —
x—0 X L 0_
cosx—1+ l ¥ - -
= lim —42 form —
x—0 S5x L 0]
= lim Lx;—x form —
xr—=0 20x i
. —cosx+1 i ]
= lim ———— form —
=0 60x 0]
= lim St X form —
r—0 120x L i
cosx 1

lim =
r—0 120 120

Example 3: Evaluate lim xcos x —log (1+x)

xr—0 x2

xcos x — log (1+ x)
2

Solution: We have lim
x—0

X
X2 X4 X2 X3
x| l-=—4+—— |- x =4+ —=—— ..
20 41 23

:I.
30 2
2
Y33y
= lim 2 62
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Mr-156)
. 1 5 - . 1
= lim [=—=ux+ terms containing higher powers of x|=—-
x—0 6 2
1/2
. X7 tan x
Evample 4: - Evaluate i =57 (Rohilkhand 2005; Kanpur 07)

Solution: Here it should be noted that we cannot apply Hospital's rule since K72

cannot be expanded by Taylor's theorem in the neighbourhood of x = 0. However, we

can get the result by the use of algebraic methods. We thus have

lim Xl/z tan x
x>0 (¢¥ - 1)3/2

o /2

_ lim tan x
o0 [{14x+ (2 /2) +... =127
- lim xl/z tan x
50 [x+ (2 /2) + . P2
- lim xl/2 tan x
50 X2 1+ (x/2) 4 ... P2
. sinx 1 1
= lim .

r—>0 x cosx X 3/2
(l+2—+...)

=1 |: lim 22~ 1 and lim cosx = l.}
-0 x x—0
1/x _
Example 5: Evaluate  lim A0~ -c
x=0 X (Kashi 2013; Rohilkhand 13)
1+ x)'/* -

)1/,\’

Solution: Here lim is of the form % because lim (1+ x)'* = e. First we

x—0 X x—0

)I/X

shall obtain an expansion for (1 + x)"'* in ascending powers of x.

Lety:(l+x)1/“’.Then
2 3 2
logyzélog(1+x)=§[x—x—+x——...)=l—§+%—...

=1+z, wherez=—(x/2)+ (x> /3) -

=¢ { 1- % + g + é +% + terms containing powers of higher than 3 }
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:erl—lx+£x2+ ...... 1
| 27 "2 |
1 11
1x ejl—=x+—x"+...... } —e
Now lim (1+x)—e= lim 2 24
x—0 X x—0 X
1 11 ]
el—=—x+—x" +.....
_ 2 24
= lim
x—0 X
= lim er——+£x ...... _]=—l€
x>0 24 172
@mprehensive Exercise 1
1. State L” Hospital’s rule.
Evaluate the following limits :
sin x X —sinx
2. (1 lim i) lim ——
( ) r—0 x ( ) x—0 xj
er -1 1-cos x
iii) i iv) lim —=2=.
(1 ) xl—r>n0 X ( V) xl—r>n0 xz
(Meerut 2012B)
5 3 _ X _px
3. (i) lim 2 f" ;”2”" 4 (i) lim ©“—2
x—1 X =2x" +2x-1 x—0 X (Agra2003)
(iif) lim 28 U=+¥) (iv) lim X —080TY 1°§ i+,
x—0 log cos x x>0 X
X —sinx
4. (1 lim
) x>0 tan> x
(i) lim sin 2x + 2 sin® x — 2 sin x
x—=0 COS X — cos® x
n_
(i) lim P71 (iv) lim 8%
x>0 ¥=0 ¥ =1 (Garhwal 2001)
T L =N (=)
5. | lim —————
@ xl—r>n0 X —sinx (if) xl—% 2
(i) lim 2RX= Y
10 & tan x (Avadh 2014)
(iv) lim tanx-x

x—0 x—sinx
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6. Q) Xll_r)no {cosh x + logxgl —x)—1+x}

.. . 5sinx—7sin2x +3sin3x
(i) lim
x—0 tan x — x

¢ +log (1_ x)
(iii) lim ——~ ¢/
x>0 tanx-—x

7. () lim =27
x> m/2 x—ln
2
1/x 1
I+ x) —e+§ex
i) lim .
( )x—>0 xz
(iv) Tim sinx.sin ' x — ¥2
xr—0 x6
42 -2
8. () lim 2120172
x—0 xsin® x
hx—
(iii) Tim cos x' CcoS X
x>0 xsin x
(iv) lim sin2x + asin x
x—0 xz
.2 2
sin” x —
9. i lim ————
() xr—0 x4

(Meerut 2001)

x\/(3x—2x4)—x6/5 .

N

(IV) xl—>rnl | x2 3
X a

i) lim =2

roax¥ —g®

(Avadh 2006; Purvanchal 14)

. ) ot _ pr sy
(i) lim -
x=0 x-sinx

(Meerut 2012)

. . -1

Sin x Sin X

(i) lim ————.
2

xr—0

x(I+acosx)—bsinx

10. Find the values of 2 and b in order that lim 3 , may be
xr—0 X
equal to 1. (Meerut 2013B)
11. Find the values of a, b, ¢ so that lim ac_ —b C(?S rre | 2.
r—0 xsin x
12. Find the values of a,b and ¢ so that lim Xa + b cos ;C) oot L
xr—0 X
@HSWQ rs 1

2. (i) 1 (i) 1/6 (iii) 1 (v) 172

3. () 4 (i) log (a/b) (iii) 2 (iv)  3/2

4. () 1/6 (i) 4 (iii) n (v) 1

5. () 1 (ii) % (iii)  1/3 (v) 2

6. () 0 (i) -15 (iii) —% (iv) 81/20
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7. ) -1 (i) Joga-l Gii) 11e/24  (v) 1/18
loga+1
8. (i) 1/12 (i) 3 (i) 1
(iv) Infinite if a¥ -2 and 0 if a=—-2
9. (i) —é (i) 1 10. a=-5/2,bh=-3/2
11. a=10b=2¢c=1 12. a=120, b =60, ¢ =180
oo
4 T].’le FOYITJ. -
oo
Suppose lim ¢ (x) =oco and lim Y (x) = eo.
X—a X—a
Then lim M = lim M
x—)aw(x) r—>a Y (x)
We have lim ¢ ) = lim Ly ) [Form 0/0]
r=ay(x) x—a 1/¢(x)
-~y (x)
2
= x]gnﬂ [jqu’x())]c) [by L’'Hospital’s rule]
[o(x)
2
i @ .{¢(x>} i
|0 v |
, 2
Thus, lim ¢ ) = lim W} ) {hm d)(x)} (1)
rsay(x) x—oa ¢ (x) |x—a y(x)
Now suppose lim 00 _ A .(2)

xr—a Y (x)
Then three cases arise.
Case 1 : A is neither zero nor infinite. In this case dividing both sides of (1) by 22, we
get

A= lim v or A= lim M

r—=a ¢'(x) x—a y'(x)

Case Il : A =0. In this case adding 1 to each side of equation (2), we get

A+1= lim MH: lim MH

x—a | Y (x)
i S )y W)
x—a  Y(x) r—oa v (x)

<]

{by case I, since form is Zand A +1# 0}
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sMr-460,
= lim ¢’ (x) +1
xX—a l|!'(x)
Therefore A= lim ¢’ (x)
X—a \p' (X)
Case III : A = . In this case, we have
1 oy Ly (x)
=1 =1 b I1
0 5w 00 rou o (0 [by case I1]

Therefore lim

Hence in every case in which lim ¢ (x) =0 and lim y (x) = e, we get
X—a X—a

lim 0 () _ lim ¢ (1)

rsay(x) xoay’(x)
Note 1: By writing x =1/ y, we can show as in article 2 that the proposition of this
article is also true when x — oo or — e in place of a.

Note 2: Obviously the proposition of this article is true when one or both the limits
are — oo,

Important : We have seen that in both cases when the form is oo / e or 0/0 the rule
of evaluating the limit by differentiating the numerator and denominator separately
holds good. Also we can easily convert the form o / e to the form 0/0 and vice-versa.
Therefore at every stage we should note carefully that which form will be more suitable
to evaluate the limit most quickly. Moreover in some cases it will be necessary to
convert the form o / e to the form 0/0, otherwise the process of differentiating the
numerator and the denominator would never terminate.

Illustrative Examl)les

Example 6: Evaluate lim log .
x=>0 cot x (Agra 2014; Purvanchal 14)
Solution: We have, lim log , [form oo / o]
r—0 cotx
= lim 1/x2 , [form oo / oo]
xr—0 —cosec” x
— g1 2
= lim 21 [form 0/0]
x—0 X
-2sinxcosx —-2x0x1 _

= lim 0.

x—0 1 1




Indeterminate Forms

R461|N A
Example 7: Evaluate lim log sin 2 .
pes x>0 log sin x (Agra 2001)
Solution: We have lim M , [form o / o]
x>0 logsinx
~ lim (I/sin ?x) (2 cos 2x) ~ lim 2cot 2x , [form f]
x—0 (1/sin x) cos x x—0 cotux oo
_ lim 20t [form 0/0]
r—0 tan2x
. 2sec® x
= lim P
¥—0 2sec” 2x [By L’ Hospital’s rule]

=1.

log log (1 - K2)

Example 8: Evaluate [lim —=—S——~. .
P 30 " log log cos x (Kumaun 2000; Avadh 13)

2
Solution: We have, lim M [form oo / ]

+—0 log logcos x

1 1
. (= 2x
. log (1-+%) 1-4° (-22)
= lim i T
=0 (=sinw)
log cos x cos x
~9 lim X cos x210g cos x ,
x>0 sinx.(I-x%)log (1-x7)
_9 lim —* . lim cosx .o log cos x
xr—=0 sinx x—0 1—x2 x—0 log (l—xz)
—2x1Ix1x lim bgc—os’;, [form 0/0]
x—0 log (1-x7)
! -(=sin x) | . L2
=2 lim <20 —9x—.lim [t 1 o
x—0 1‘ ‘(—ZX) 2 x>0 X CcoS x
1- 5
@mprehensive Exercise 2
Evaluate the following limits :
. . ox .. . er
L () lim — (i) lim —-
X—> o0 ¢” X— o0 X
2. () lim80=Y (i) lim IOgX",ml

x—>1 cotmux X—> oo g




Krisea's T.B. Real Analysis

5]

3.0 () lim 28079 (i) lim ——
x—alog (e* —e") L tan3mx
2
3 3
4. (i) lim {—(log %) } i) lim L0 Y X)z '
X0 X r—oeo I+ x+x
5. (1) lim x taml
x—> 0 X (Bundelkhand 2001)
(i) Tim log tan2x
x—0 log tan 3x
log (x ! n) 1/(x—a)
i x—a) _
6. () lim ——27 (i) lim C{f/(x_—ﬂ)”
x—> /2 tan x r—a {e +1}
7. (i) lim { 22 - ;}
ol |xm -1 x-1 (Garhwal 2002)
(i) lim (sec x — tan x).
x> /2

@nswers 2

1. (@ 0 (i) o 2. () 0 i) 0
3. () 1 (i) 3 4. (@) 0 (i) 0
5. () 1 (i) 1 6. (i) 0 (i) ¢
7. () —% (i) 0
5 The FOYI’I’I 0 —00
This form can be easily reduced to the form o or =
Suppose lim ¢ (x) = oo and lim y(x)=eco.
X—a X—a
Then lim {¢(x) =y (x)} [form oo — o]
X—a

:lim{ L — L }
x=al|ll/ o) 1/y(x)

LS O
i Y00

, which is of the form %
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lllustrative Examlales
Example 9:  Evaluate  lim (sec X - I» J :
r—=m/2 1-sin x
Solution: We have lim (sec X - 1. ] , [form oo — o]
x—w/2 I-sinx
P P i BN e LR P o0
x—>n/2\cosx l-sinx) x-mn/2 cosx(l—smx)J

. —COS X +sin x 1
lim J

x—n/2 | —sin x (1 -sin x) + cos x (- cos x)

. sin x —cos x 1 1
= llm - - 2 2 = = o0,
x> m/2 | —sin x +sin” x —cos” x -1+1
. 1 1
Example 10: Evaluate lim el
¥=0 sin (Garhwal 2000, 02)
. . 1 1

Solution: We have lim - = [form oo — oo]

x—=0\x sin” x

sin? x — x>

lim ——————, form 0/0
r>0 ¥ sin® x [ ]

Il
..3..

« - .
——— + terms containing higher powers of x

Il
é.

r=0  x? + terms containing higher powers of x

2 .. .
—— + terms containing powers of x only in the numerator

= lim

x—>0 1+ terms containing powers of x only in the numerator
-2 1

3! 3

0 TheForm 0xoo

This form can be easily reduced to the form %or to the form g

oo

Suppose lim ¢ (x) =0 and lim y(x)=oo.

X—a X—a
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Then lim ¢ (x)-y(x) [formO X o]
= lim & [form 0/0]

()
= }im fo) [formeo / o]

o {x}

We shall reduce the formO x o to the form 0/0 oree / e according to our convenience.

lllustrative Examlales

Example 11: Evaluate  lim_x log sin x.

x—0
Solution: We have, limo xlog sinx [form O X o]
xX—>
~ lim log sin x [form oo/c]
¥r—=0 1/x

(I/sinx)-cos x

XEFO —1/x7 [form ]
. —x’cosx
= lim ———
x—0 sinx
~ lim xzsmx—2xcosx20.
x>0 cos x
@mprehensive Exercise 3
Evaluate the following limits:
1 ¥ cot x ——
1. (i) lim - (ii)  lim | ——X|.
x—1\logx log x x=0 x
. . cosec x —cot x .. . 1 1
2. (i) lim (—) (i) lim - —)
x—0 X x=0le =1 x
T
3. (i li t -= i) i log x.
(i) X_l)rTrtl/z (x an x 7 sec x) (ii) xino xlog x
4. (i) lim sinx.log x (i) lim x (/" =1).

x—0 X—> o




Indeterminate Forms

R465N%,
5. () lim 2%sin-—

X—>e0 2 (Agra 2003)

(i)  lim (I-sinx)tanwx .
x—>m/2

6. lim x" (log x)", where m and n are positive integers.

xr—0
@HSWGIS 3

7 TheForms1~,0°,00°

Suppose lim [ ¢ (x)]¥ @) takes any one of these three forms.

X—a

Then let y = lim [6(x)]Y ™.
X—a

Taking logarithm of both sides, we get

log y=lim w(x).log ¢ (x).
X—a

Now in any of the above three cases, log y takes the form0 x eewhich cna be evaluated

by the process of article 6.

Illustrative Examl)les

2.
Example 12:  Evaluate lim (cos x)* *.
x>0 (Kumaun 2001; Bundelkhand 14)
2
Solution: Let y= lirrb (cos x)°t ™ ¥, [form 17]
X—
log y = lim0 (cot2 x) . (log cos x), [form o x 0]
X —>
_ fim 298¢0 ¥ [form 0/0]

x—=0 tanzx '

= lim ((/cos v) . (= sin ) , [by L’ Hospital’s rule]

r—0 2 tan x.sec? x

. —tan x . -1 1
= lim —————= lim ==
x—0 2tanx.sec x +r—0 2sec” x 2
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y:e_l/z.
Example 13:  Evaluate lim (l+£) .
X —> oo X
a X
Solution: Let y = lim (1+—) : [form 17]
X —> o0 X
log y = lim {x log (1+£)}, [form e x 0]
X —> oo X
~ Jim Jogll*(@/0}b [form 0 /0]
X—> o0 1/x
g W@/ N ca/?) e
X oo - /XZ t—>ee 1+ (a/x)
y=é

8 Compound FOYI’I’IS

Suppose a function is the product of two or more factors the limit of each of which
can be easily found. Then the limit of the entire function will be equal to the prod-
uct of the limits of the factors provided that the product is not in itself an indeter-
minate form. A similar rule is applicable in the case of a sum, difference, quotient

or power.

lllustrative ExamI)les

Example 14: Evaluate lz OL———log l+x)].
Solution: We have lim ri——log 1+x1
xr—0|x J
. x—log (1+x)
= lim —=~——= f 0/0
250 2 Horm 0701
Lo I-{1/d+x} . I+x-1
= lim ——" = |im ———
x—0 2x x=02x (1+ x)

. 1 1
lim —-
x=02(0+x) 2

1/x
Example 15:  Evaluate lim (mn x) .
x—0

(Garhwal 2001; Agra 03;
Kumaun 03; Kashi 14; Purvanchal 14)

tan x)'/ 2
Solution: Let y = lim ( )
x—0 X




Indeterminate Forms

log y = lim ilo (tanx): lim ilo rl x+£+1x5+
gy 7 108 2 glx T J

x—0 x X x—0

i 15 3 15
= lim
x—0 )c2
~— + terms containing higher powrs of x
= lim -3
x—0 )(2
= lim [L + terms containin, f ly in th ]
= g powers of x only 1n the numerator
xr—0 [3 J
_L
3
y= /3.
@mprehensive Exercise 4
Evaluate the following limits:
1. (i) lim x*
xr—0 (Agra 2002; Kanpur 04)
(i) lim (cos x)'/*.
x—0
2. (i) lim (cos x)l/x2
r—=0 (Garhwal 2003)
(i)  lim (sinx)®"*,
x—>m/2
3. (i) lim (sec x)°t*
x> m/2
(i) lim (tan x)@"2*
x> n/4
¥ tan (m x/2a)
4. (i) lim ( - —)
r—al a (Rohilkhand 2012)

(i) lim (1 - x2)/log1=2),
xr—1

5. (i) lim /0=

x—1

(i) Lim (ap x" +a x" '+ +a,)
X—>
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x (Garhwal 2001, 03)
3
_ (tanx)}"*
(i) lim
x—0 X
. 1/x
7 (i) lim (smh x)
x—=0 X (Kumaun 2008)
NNV
. sin x
(ii) lim ( )
>0\ x (I<umaun 2003)
. 2 (cosh x 1)}”"
8 |
) xl—r>n() { xz
1/x
(i) lim {log x}
X —> oo X

(i) lim (cosec x)/1°8 .
x—0

10. lim (I—x)tan =X.
xr—1 2

@nswers 4

-1/2

1. () 1 (i) 1 2. () e (i) 1
3. () 1 (i) 1/¢ 4. (i) &2/m (i) e
5. () 1/e (i) 1 6. (i) 1 (ii) o
7. () (ii) ¢ 1/0 8. (i) /12 (i) 1
9 (i) 1 (i) 1/e 10. 2/=

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1. The value of lim 1-cosx i
x—0 3x2
2
0 b) =
(a) (b) 3
(c) % (d) 1 (Garhwal 2002)




Indeterminate Forms

R-469|N A
2. Which of the following is not an indeterminate form ?
(a) = (b) 0 x e
() I’ (d) 0°
3. The value of the lim M is
x>0 logx
(a) O (b) 1
(c) -1 (d) None of these
4. Which of the following is an indeterminate form ?
() oo+ o0 (b) oo x o
(c) I7 (d) 07
a*-l-xlog,a
5. The value of lim is
xr—0 x2
(log , a)
(a) (log , a)” (b) —
log , a)*
() a-log , a (@) 108
2 (Garhwal 2001)
6. The value of lim loﬂ is
xr—1 x -
(a) -1 (b)
(c) 1 (d) 0
7. The value of lim log;, * Ja>lis
X—oo g
1
(a) ] (b) a
og, a
(c) 1 (d) O (Garhwal 2003)
Fill in the Blank(s)
Fill in the blanks “...... 7, so that the following statements are complete and correct.
. sin ax
1. lim — =
r—0 sinbx
2. lim M =
x—0 1-cosx
¥+ 2x
3. lim ——=.......
x> 5- 3y
4. lim (sec l) log x=.......
x—1 2x
. x—tanx
5. The value of xh_r)n() x—3 = (Agra 2002)




=D
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a¥ —p*
6. Thevalue of lim —— =.......
xr—=0 X (Agra 2003)
True or False
Write “I” for true and °F’ for false statement.
1. While applying L’ Hospital’s rule to evaluate lim S ,if the form is o ,we
r>a ¢ (x 0
are to differentiate f (x)/ ¢ (x) as a fraction.
2. The indeterminate form — can be easily converted to the form % and vice-versa.
3. If lim f (x)=eand lim ¢ (x)=-co,then lim M = lim M
x—a x—a r=a  O0x) x—a ¢ (x)
A+ -t & B
4. lim 5 2 is of the form 6 (Meerut 2001)
x—a X
@n swers
Multiple Choice Questions
1. (o) 2. (o) 3. (b) 4. (o) 5. ()
6. () 7. (d)
Fill in the Blank(s)
T 2. 2k 3. -1 s, 2 5. -1
b 3 T 3
6. log2
g
True or False
1. F 2. T 3. T 4. F
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