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Preface

This book on Real Analysis has been specially written according to the latest
Syllabus to meet the requirements of B.A. and B.Sc. Semester-IV Students of all
colleges affiliated to Kumaun University.

The subject matter has been discussed in such a simple way that the students will find
no difficulty to understand it. The proofs of various theorems and examples have been
given with minute details. Each chapter of this book contains complete theory and a fairly
large number of solved examples. Sufficient problems have also been selected from various
university examination papers. At the end of each chapter an exercise containing objective
questions hasbeen given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care, might
have been there.

The authors, in general, hope that the present book will be warmly received by the
students and teachers. We shall indeed be very thankful to our colleagues for their
recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam Rastogi,
Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of KRISHNA
Prakashan Media (P) Ltd., Meerut for bringing out this book in the present nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is
meant. Suggestions for the improvement of the book are always welcome.

— Authors
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B.A./B.Sc. Paper-II M.M.-60

Continuity and Differentiability of functions: Continuity of functions, Uniform
continuity, Differentiability, Taylor's theorem with various forms of remainders.

Integration: Riemann integral-definition and properties, integrability of continuous and
monotonic functions, Fundamental theorem of integral calculus, Mean value theorems of
integral calculus.

Improper Integrals: Improper integrals and their convergence, Comparison test,
Dritchlet’s test, Absolute and uniform convergence, Weierstrass M-Test, Infinite integral
depending on a parameter.

Sequence and Series: Sequences, theorems on limit of sequences, Cauchy’s convergence
criterion, infinite series, series of non-negative terms, Absolute convergence, tests for
convergence, comparison test, Cauchy’s root Test, ratio Test, Rabbe’s, Logarithmic test, De
Morgan’s Test, Alternating series, Leibnitz’s theorem.

Uniform Convergence: Point wise convergence, Uniform convergence, Test of uniform
convergence, Weierstrass M-Test, Abel’s and Dritchlet’s test, Convergence and uniform
convergence of sequences and series of functions.
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Continuity

1 Continuity

(Purvanchal 2010, 11; Gorakhpur 11; Avadh 14)

he intuitive concept of continuity is derived from geometrical considerations. If

the graph of the function y = f (x) is a continuous curve, it is natural to call the
function continuous. This requires that there should be no sudden changes in the value
of the function. A small change in x should produce only a small change in y. Moreover
for the graph to be a continuous running curve, it should possess a definite direction at
each point.

But the continuity as defined in pure analysis is quite distinct from the intuitive or the
geometrical concept of the term. Sometimes drawing a graph is difficult. We now give
the arithmetical definition of continuity given by Cauchy.
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Cauchy’s definition of continuity.
A real valued function f defined on an open interval I is said to be continuous at a € I iff for any
arbitrarily chosen positive number €, however small, we can find a corresponding number 8> 0
such that
| f (x)— f (a)| < € whenever | x — a| <. (1)
(Bundellkhand 2010; Kanpur 11)
We say that f is a continuous function if it is continuous at every x € I.
In other words, fis continuous at 4 if for any given €> 0, we can find a 3> 0 such that
|x—al<d=]|f(x)- f(a)|<e
This means that the function fwill be continuous at x = aif the difference between f (a)
and the value of f (x) at any point in the interval Ja — 3, a + J[ can be made less than a
pre-assigned positive number €. Note that we choose § after we have chosen e.
A geometrical interpretation of the above definition is immediate. Corresponding to
any pre-assigned positive number €, we can determine an interval of width 28 about the
point x=a (see the figure) such that for any point x lying in the interval
Ja—39,a+3[, f (x)is confined to lie between
f(a)—eand f (a)+¢.

The inequality (1) may be written in the form of an equality as f (x) = f (a) + n, where

Inf<e.
Y!
fla)+e
fia)
fla)-¢
o -8 a a+d X
Note 1: Forafunction f (x)tobe continuous at x = 4, itisnecessary that lim f (x)
x—a
must exist.
Note2: | f(@)-f(@)]=f@-c<f®)<fla)+e
and |x—a|<d=a-d<x<a+d

Note 3: The function must be defined at the point of continuity.
Note 4: The value of § depends upon the values of € and a.

Note 5: The interval I may be of any one of the forms :
]a’b[7]_°°7b [7]a7°°|:7]_°°r °°|:
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An alternative definition of continuity of a Function At aPoint: A function fis said

to be continuous at a € 1 iff lim f (x)exists, is finite and is equal to f (a)otherwise the function
xr—a

is discontinuous at x = a.

This definition of continuity follows immediately from the definition of limit and the
definition of continuity. Thus a function f is said to be continuous at a, if

f(a+0)=f (a—0)= f (a). This is a working formula for testing the continuity of a
function at a given point. (Bundelkhand 2008, 10; Kashi 12)

Polynomial Function:

Theorem 1: A polynomial function is always a continuous function.

Proof: If f (x)=ap x"+a "1 +...+a,_| x+a,is a polynomial in x of degree 1,
then by the above definition it can be easily seen that f (x)iscontinuous forall.x € R.

If ¢ be any real number, then

lim  f(x)= lm {agx"+a " '+ . +a,_ | x+a,)

X—C X—cC

1

=ay lim x"+a lim x" " +..+4,_; lim x+ lim a,

X—cC X—cC X—cC X—>C
=ayc"+a "+ ta, c+a, w lim x=¢
X—C

=/ ©.

Since lim f (x)= f (c), therefore f (x)is continuous at x =c.
X—c

Thus f (x)is continuous at every real numberc and so f (x)iscontinuous forallx € R.
Thus remember that a polynomial function f (x) is always continuous at each
point of its domain.

Continuity from left and continuity from right:

Let fbe a function defined on an open interval I and let a € 1. We say that fis continuous from the

l
left at a if B _)”: 0 f (x)exists and is equal to f (a). Similarly fis said to be continuous from

the right at a if ~ lim  f (x) exists and is equal to f (a).
x—a+0

From the above definitions it is clear that for a function f to be continuous at a, it is
necessary as well as sufficient that fbe continuous from the left as well as from the right
ata.

Continuous function: A function f is said to be a continuous function if it is continuous at
each point of its domain.

Continuity in an open interval: A function fis said to be continuous in the open
interval |a, b[ if it is continuous at each point of the interval. (Bundellkhand 2009)
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Continuity in a closed interval: Let fbe a function defined on the closed interval
[a,b].Wessay that f is continuous ata if it is continuous from the right ata and also that f
is continuous at » if it is continuous from the left at b. Further, f is said to be continuous
onthe closed interval[a, b], if (i) it is continuous from the right at a, (ii) continuous from
the left at b and (iii) continuous on the open interval |a, b[.

Thus if a function f is defined on the closed interval [a, b], then

(i) it is continuous at the left end point a if f (a)= f (a +0)

ie, f@= lim f (%)
x—>a+0
(ii) it is continuous at the right end point b if f (b)= f (b -0)
ie., f )= lim f (%)
x—>b-0
and (iii) it is continuous at an interior point ¢ of [a,b]ie.,atce]a,b|
if f=0)=f(c)=f(c+0)
ie., if lim f@)=f()= Ilim f (x).
x—>c-0 x—>c+0

2 Discontinuity

Definition: Ifa function is not continuous at a point, then it is said to be discontinuous at that
point and the point is called a point of discontinuity of this function.

Types of Discontinuity:

(i) Removable discontinuity: (Meerut 2011; Avadh 14)
Afunctionfis said to have aremovable discontinuity atapointa if lim f (x)existsbut
X—a

is not equal to f (a)i.c., if

Fla+0)=f (@@=0)# f (@)
The function can be made continuous by defining it in such a way that

lim f (x)= f (a).

X—a
(ii) Discontinuity of the first kind or ordinary discontinuity:

(Meerut 2010B)
A function fis said to have a discontinuity of the first kind or ordinary discontinuity at a if
f (a+0)and f (a —0)both exist but are not equal. The point a is said to be a point of
discontinuity from the left or right according as f (a—-0)# f (a)= f (a+0) or

fa=0)= f(a)= f (a+0).
(iii) Discontinuity of the second kind: (Meerut 2003, 10B)

A function f is said to have a discontinuity of the second kind, at a if none of the limits
f(a+0)and f (a-0)exist. The point a is said to be a point of discontinuity of the
second kind from the left or right according as f (a —0) or f (a +0) does not exist.
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(iv) Mixed discontinuity: (Meerut 2012B)

Afunctionfis said to have a mixed discontinuity ata, if fhas a discontinuity of second kind
onone side of a and on the other side a discontinuity of first kind or may be continuous.
(v) Infinite discontinuity:

A function fis said to have an infinite discontinuity at a if f (a+0)or f (a —0)is + e or
— oo. Obviously, if fhas a discontinuity at « and is unbounded in every neighbourhood
of a, then fis said to have an infinite discontinuity at a.

5 Jump of a Function at a Point

Ifboth f (a+0)and f (a — 0)exist, then the jump in the function at 4 is defined as the
non-negative difference f(a+0)~ f(a—0). A function having a finite number of
jumps in a given interval is called piecewise continuous.

4 Algebra of Continuous Functions

Theorem 1: Let fand g be defined on an interval I If f and g are continuous at a € I, then
f + gis also continuous at a.

Theorem 2: Let fand g be defined on an interval 1. If fand g are continuous at a € I, then fgis
continuous at a.

Theorem 3: If fis continuous at a point a and ¢ € R , then cf is continuous at a.
Theorem 4: Let fand g be defined on an interval I, and let g (a) # 0. If fand g are continuous

atael, then f / g is continuous at a .

Theorem 5: If fis continuous at a then| f | is also continuous at a.

Note: The converse is not true. For example, if
f(x)=-1Lforx<aand f (x)=1for x2a then

lim | f(x)|=1=]|f (a)], but lim f (x) does not exist.
x—a xX—a

Thus| f|is continuous at a while f is not continuous at a.

[llustrative ExamFles

Example 1: Test the following functions for continuity :

(i) f@)=xsin(l/x),x=0, f(0)=0atx=0. (Kanpur 2005; Avadh 08;
Meerut 09B; Purvanchal 09; Kashi 12; Rohillchand 14; Goralkhpur 12, 14)
Also draw the graph of the function. (Lucknow 2007)

(i) f(x)=2"% when x#0, f(0)=0at x=0.
(iii) f(x)=1/0-¢%), x=0, f£(0)=0atx=0.
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Solution: (i) Here f (0+0)= lim f (O +h),h>0
h—0

= lim f(h)= lim hsinl:().
h—0 h—0 h

sinl <l for all =0 ie., sin(l/h)

o lim h=0and
h—0

is bounded in some deleted neighbourhood of zero:|

Similarly f (0 -0)= lim f (O -h),h>0
h

-0
1
= lim = lim (=})sin|—
=0 S =0 (—J

= lim /isin 1 =0, as before.
h—0 h

Also f(0)=0. Thus f (0 -0)=f ()= f(0+0).
the function f (x)is continuous at x = 0. To draw the graph of the function we put

ry=f(

Sothe graph of the functionisthecurve y=xsin(1/x),x#0and y =0whenx=0.

If we put — x in place of x, the equation of ¥
this curve does not change and so this curve q\ N P 4 ﬁ
is symmetrical about the y-axis and it is ~ <
sufficient to draw the graph when x> 0. N p
Also ~ Vg
. . ANEAY .
| f ()|=xsin(l/x)[=]x]| -[sin (1/x)] V} J\\j 4
<|x|. [~ |sin(1/x)]|<1] 7 h
for all x the curve y =xsin(1/ x) lies // \\
. s N
between the lines y =xand y =—x.
e ~
Excluding origin the curve meets the e N
_y-axis at the points where
.1 . 1 , 1 1 1
sin—=0 ie., where —=m,2mr,3m,...i.e., where x=—, — , — ...
X X T 2n 3%
Also y=xatthep0intswheresinl=l ie., l=£ S—RQ—R
X x 27272
2 2 2
ie, x==,— —
n’ 51 9n
and y:—xatthepointswheresinl:—l ie., —zg—n,ﬁ,.
X x 2 2
2 2
ie, x=—,"— ..
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We have Z{:sinl+x(cosl)(—l):sinl—lcosl~

X X x2 X X X

So at the points where sin (1 / x) =1, we have cos (1/ x) =0 and dy / dx =1i.c., at these
points the curve touches the straight line y = . Similarly at the points where
sin (1/ x) = — 1, the curve touches the straight line y = — x.

Also lim  xsin 1 [Form e x 0]
X —> oo X
X — oo 1/ X 0

= lim w,puttinglzesothateeoasx—>oo
>0 © x

=1L
Thus y — las x — oo and so the straight line y =1is an asymptote of the curve.
Although the function is continuous at the origin, yet the graph of the function in the
vicinity of the origin cannot be drawn, since the function oscillates infinitely often in

any interval containing the origin.

From the graph it is clear that the function makes an infinite number of oscillations in
the neighbourhood of x = 0. The oscillations, however, go on diminishing in length as
x— 0.

Note 1: If we are to check the continuity of f (x)at any point x = ¢,where ¢ # 0, then

we see that

lim f(x)= lim xsinlzc sinl=f (c)
xX—=c¢ xX—=c¢ X 4
and so f (x)is continuous at x =c.
Thus f (x)iscontinuousforallxe R ie., f (x)iscontinuousonthewholerealline.
Note 2: If we take f (0) =2, the function becomes discontinuous at x =0 and has a

removable discontinuity at x = 0.
(i) Here f(0+0)= lim f©+h)= lim 2"/ =2% = o,
h—0 h—0
FO=-0)= lim fO-h= lim 27" =27=°=0 and f(0)=0.
h—0 h—0
Since f (0 +0) # f (0 —0), therefore the function is discontinuous at the origin.
It has an infinite discontinuity there.

1
(iii) Here O+0)= lim O+h)= lim ——=1,
/ h—>0f h—s01—¢ /0
1
0-0)= lim 0-h) = lim ———=0.
WA ) h—>0f( ) T

Since f (0 +0) # f (0 —0), hence f (x)is discontinuous at x = 0 and has discontinuity
of the first kind. This function has ajump of one unitat O since f (0 +0) - f (0 —0) =1.
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Example 2:  Consider the function f defined by f (x) = x — [ x |, where x is a positive variable

and [ x | denotes the integral part of x and show that it is discontinuous for integral values of x and
continuous for all others. Draw its graph.

Solution: From the definition of the function f (x), we have

f)=x-(mn-1) for n—l<x<mn,
f(x)=0 for x =n,
fx)=x—-n for n<x<n+1, where n is an integer.

We shall test the function f (x) for continuity at x = n.
We have f (n)=0;

fm+0)= lim fm+h)= lim {n+h)-n) [“n<n+h<n+]]
h—0 h—0
= lim h=0;
h—0
and fm=0)= lim f@m-h)= lim {n-h)-@mn-1)
h—0 h—0
[vn-l<n-h<n]
= lim (1-h)=1
h—0

Since f (n+0)# f (n—0), the function f (x) is discontinuous at x = n. Thus f (x) is
discontinuous for all integral values of x. It is obviously continuous for all other values
of x.

YJ\

Olz=0 z=1 5=2 x=3 X

Since x is a positive variable, putting n=1,2,3,4,5,... we see that the graph of f (x)

consists of the following straight lines :

y=x when O < x<1, y=0whenx=1
y=x-1 when I< x< 2, y=0whenx=2
y=x=2 when 2 < x<3, y=0whenx=3

y=x-3 when 3 < x<4, y =0 when x =4 and so on.
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The graph of the function thus obtained is shown by thick lines from x =0 to x = 4.
From the graph it is evident that :

(i)  The function is discontinuous for all integral values of x but continuous for
other values of x.

(ii) The function is bounded between O and I in every domain which includes an
integer.

(iii) The lower bound O is attained but the upper bound 1 is not attained since
f (x) # 1 for any value of x.

Example3: Show that the function f (x) = [x] + [ x|has removable discontinuity for integral
values of x. (Kanpur 2009)
Solution: 'We observe that f (x) =0, whenxisanintegerand f (x) = — I, when xis not

aninteger. Hence if nis any integer, wehave f (n —0)= f (n +0)=—-land f (n) =0. So
the function f (x) has a removable discontinuity at x = n, where 7 is an integer.

Example 4: Let y = E (x), where E (x) denotes the integral part of x. Prove that the function is
discontinuous where x has an integral value. Also draw the graph.

Solution: From the definition of E (x), we have

E(x)=n-1for n-1<x<n,

E(x)=n for n<x<n+1

E(x)=n+1for n+l<x<n+2,
and so on where 7 is an integer.

We consider x = n.
Then E(n)=n, E(n—0)=n—-1land E(n+0)=n.
Since E (n + 0) # E (n — 0), the function E (x)is discontinuous at x = ni.e., whenx has an

integral value.

Evidently it is continuous for all other values of x.

To draw the graph, we putn=...,-4,-3,-2,-1,0,1,2,3,4,..., 50 that

y=-4, when -4<x<-3,

y=-3, when -3<x<-2,

y=-2, when -2<x<-1],

y=-1 when -1<x<0,

y=0, when 0<x<l

y =], when I€x<2

y=2, when 2<x<3

y=3, when 3<x<4

y =4, when 4< x<5 and so on.
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The graph is shown by thick lines.

| 1 ) 1 ¥+ | 1 1 |
I I I I -4 | I | |
[ I I [ | l | |
| I | I -3 | I —
| I [ | | I I |
| I I [ -2 — |
I I I I | I | |
| I I | -1 | |
I I I I | I | |
| | | ! | ! | F—
|-4 |—3 |—2 |—1 o|o 1| 2| 3| 4| X
I I I e o B I | |
| I [ | | l I |
I I — - -2 | I [ |
I I I I | I | |
| —_—l [ - -3 | l | |
[ I I I | I | |
 — [ [ - 4 | [ I |
I I I I | I I |
Example 5:  Show that the function ¢ defined as
[0 for x=0
1o x for O<x< 1
1 P
o (x)= 5 for x= 5
% for %< x<l1
1 for x=1

has three points of discontinuity which you are required to find. Also draw the graph of the function.

(Rohilkhand 2009; Avadh 10, 13)
Solution: Here the domain of the function ¢ (x) is the closed interval [0, 1].

WhenO < x< % L0 (x) = % — x which is a polynomial in x of degree 1. We know that a

polynomial function is continuous at each point of its domain and so ¢ () is continuous
at each point of the open interval 0 < x < % :

Again when %< x<Lo(x)= % — x which is also a polynomial in x and so ¢ (x) is also
continuous at each point of the open interval %< x<l

. . . L 1
Now it remains to test the function ¢ (x) for continuity at x =0,—and 1.

(i) Forx=0,we have ¢ (0)=0,
dO+0)= lim ¢6O+h) = lim ¢(h)= lim (l—h)zl-
h—0 h—0 h—0 \2 2

Since ¢ (0)# ¢ (0 +0), the function ¢ (x) is discontinuous at x=0 and the
discontinuity is ordinary.
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(ii) Forx=21,we haveq)(zl):zl,

¢(l-o)= lim q)(l-h): lim [1-(1-;1)],
2 h—0 \2 h—o [2 \2

[Note that O < l -h< l:l
2 2

= lim h=0.
h—0

Since ¢ (% - 0) #0 (%) , the function ¢ (x) is discontinuous from the left at x=1/ 2.

1 1
Again d(=+0)= lim o6(=+h),h>0
s 27T 80
= lim [3—(l+h):| ['.-l<l+h<1}
h—0 |2 \2 2 2
1 1
= lim (l—h)=1¢¢(—)=—~
h—0 2) 2

Thus the function ¢ (x) is discontinuous from the right also at x = %
In this way ¢ (x) has discontinuity of the first kind i.e., ordinary discontinuity at x = 1
and the jump of the functionat x=1/2is ¢ (% + O) -0 (21 - 0) e, 1-0 ie., L

(ili) Forx=1 we have ¢ (1)=1,
d1-0)= lim o(-h)
h—0

= lim [3/2)-(1-h)], [Note that1<1—h<1]
h—0 2
= lim (Lh):l Y4
h—0 \2 2 | |
Since ¢ (1) # ¢ (1-0), ¢ (x) is discontinuous at I I
x =1and the discontinuity is ordinary. : J,\ i .9
-
Hence the function ¢ (x) has three points of | 9\0\ | 1)
discontinuity at x = 0,51 and 1. I *
| |
11
The graph of the function consists of the point \:_.,\7\ T ) :
(0,0); the segment of the line y = l - X, | |
1 11 ’ ©.9 ' ' »
O<x< 2 ;the point(i , 5) ;the segment of the 8] = 1§ e X'

line y = % - x, %< x < I;and the point (1, 1).

Thus the graph is as shown in the figure. From the graph we observe that the function is

discontinuous at x =0, 3 and 1.
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Example 6: Determine the values of a, b, ¢ for which the function

sin (a +1) x + sin x

for x<0
x
S )= C/ / for x=0
12 1/2
(x+hx23/2 A s 0

is continuous at x = 0.

(h+ D)2 — 112
w32

Solution: Here f (0+0)= lim f(O+/)= lim
h—0 h—0

1
1/2 {1+ =Dbh+..}-1
- lim M: lim 2 -

1
h—0 bh h—0 bh 2

’

which is independent of b and so b may have any real value except 0.

. T o sin (a + 1) (= h) +sin (= 1)
Again f(O—O)—hlinO £ h)—hlino i

sin(a+1)h+sinh

= lim
h—0 h
ZSin(la+l)hcos (ah / 2)
= lim 2
h—0 h

~ lim sin{(a+2)/2}h
h—0 {(a+2)/2}h

For continuity at x =0, we have f (0 +0)= f (0 -0)= f (0)
1

ie., —=a+2=c. .. c:landa:—§-
2 2 2

(a+2)cos(ah/2)=a+2.

Example 7: A function f (x) is defined as follows :
(x2 /a)—a, when x<a
f(x)= 0, when x=a
ﬂ_(ﬂZ / x), when x> a.
Prove that the function f (x) is continuous at x = a.
(Bundellkkhand 2007; Avadh 09; Rohilkhand 13)
Solution: We have

o o a*
f““+m‘hT&>fm+h”vf?o[“_W+hJ

[ f(x)=a —(a2 / x) for x> a]

=[a—(a*/a)]=a-a=0;
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(a =1’
0)= lim -h)= lim |[———a|,
Jla=0)= h—0 Jla=h= h—>0|: ﬂ]
[ f (x)=(x*/a)—a for x< a]
=[@®/a)y-al=a—-a=0.
Also, we have f (a) =

Since f (a+0)= f (a—0)= f (a), therefore f (x)is continuous at x = a.

Example 8: Examine the function defined below for continuity at x =a :

and f(x)=0,x=a. (Avadh 2004; Lucknow 08)

Solution: Wehave f(a+0)= lim f(a+h)
h—0

= lim l cosec
h—0 ath—a a+h—a

hm L
h—0 hsin(1/h)

=+ oo, since isin(l/ h)— 0 ash— 0.

1 1
0)= li —hy= i
Flamor= fin gl i e

h—0 |k sinf=(1/h)}| h—0 hsin(l/h)
=+ oo, since hsin(1/h)— 0 ash— 0.
Also, we have f (a) =

Since f (a+0)= f (a —0)# f (a), the function f (x)is discontinuous at x = a, having
an infinite discontinuity of the second kind.

Example 9:  Examine the function defined below for continuity at x =0 :

Sli’l ax

f(x)= = Jor x#0, f (x)=1for x=0.
(Lucknow 2006, 07; Meerut 10)

Solution: We have f (0) =

fO+0)= lim fO+h)= lim f(h)
h—0 h—0

Iim sinZ ah

Thoo0
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sin ah \?
= lim ( ) .a2:1.a2:a2;
h—0 ah

.2
d 0-0)= lim FO-_h)= lim f( k)= fim ST_CaB
an S ) hi“()f( ) hinof( 1) hino i

sin® ah 9

= lim =a”.

h>0 K
Since £ (0 +0)= £ (0 =0) = f (0).

Hence f (x) is discontinuous at x = 0.

Example 10: A function f (x)is defined as follows :

f@)=l+xifx<2and f (x)=5-xifx=2.
Is the function continuous at x =2 ? (Meerut 2002, 06; Lucknow 09)
Solution: Here f (2)=1+20r5-2=3;

f2+0)= lim f (2+h), where h is + ive and sufficiently small

h—0
= lim [5-@2+h)], [“2+h>2and f (x)=5-xif x> 2]
h—0
= lim (3-h)=3;
h—0
lim
and f (2—O)=h% 0 f (2 —=h), where I is + ive and sufficiently small
= lim [1+@-h],
h—0 [+2-h<2and f (x)=1+xif x<2]
= lim @-h)=3.
h—0

Thus f(2+0)=f (2-0)= f (2). Hence the function f (x)is continuous at x = 2.

Example 11: Discuss the continuity of the function f (x) defined as follows:
F) =22 forx<=2, f(x)=4for—2<x<2, f(x)=x> forx>2.
Solution: We shall test the continuity of f (x) only at the points x=—-2 and 2.

Obviously it is continuous at all other points.
At x=-2. Wehave f (-2)=4;

f(=2+40)= lim f(=2+h)= lim 4=4;
h—0 h—0

f(=2-0)= lim f(-2-h)= lim (-2-h),
h—0 h—0 [‘.‘—2—h<—2]
=4.
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Since f (-2+0)= f (-2-0)= f (- 2), the function is continuous at x = — 2.

At x=2. Wehave f (2)=4;

F@+0)= lim f@+h)= lim @Q2+h)?’=4;
h—0 h—0

(2-0)= lim 2-h)= lim 4=4.
/ h—0 f h—0

Since f 2+0)= f (2-0)= f (2), the function is continuous at x = 2.

1.

@mprehensive Exercise 1

Discuss the continuity and discontinuity of the following functions :
(i) f)=x>-3x
(ii) f(x)=x+x"!
(iii) f(x)=¢ /¥
(
(
(

iv) f(x)=sinux.

v) f(x)=cos(l/x)whenx=0, f (0)=0. (Lucknow 2005)

vi) f (x)=sin(l/x)whenx#0, f (0)=0. (Lucknow 2011)
sin x

ii = h #0and f (0)=1.

(vil) f () whent and £ (0) (KKanpur 2007; Avadh 08)
el/X _ 1

(viii) f (x) = T when x#0 and f (0)=1.
e’ +1 (Meerut 2004B; Kumaun 10)

1/x
(ix) f (¥) =~ when x #0, f (0)=0

I+e (Lucknow 2011; Bundelkhand 11)
xel/*

(x) f(x)=71w+sin(l/x)whenx¢0,f(O)=O.
I+e'/*

(xi) f (x)=sinxcos(/x)whenx=0, f (0)=0.
1/

e
, whenx =0

(i) Examine at x =0, the continuity of  f (x)=1;_ 1/«
1, when x =0.
(Meerut 2008)
,find f (a+0)and f (a-0).

sin
xX—a X—a

(i) 1f f (x) =

Is the function continuous at x =a ?
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3. Find out the points of discontinuity of the following functions :

(i) f(x)=(2+el/x)_l+Cosel/xforx¢0,f(0)=(),
(ii) f(x)=l/2”f0rl/2”+l<x£l/2”,n=0,1,2 .and f(0)=

4. If f(x)== sm — for x#0 and f (0) =0,show that f (x)is finite for every value
oy x

of x in the interval [-11] but is not bounded. Determine the points of
discontinuity of the function if any.
5. Afunction f defined on [0, 1] is given by
X, if x is rational
S )=

1— x, if x is irrational.

Show that f takes every value between O and 1 (both inclusive), but it is

continuous only at the point x = L
2 (Rohilkhand 2012B)

1 , if x1is rational
6. Prove that the function f defined by f (x)= %
3 if x is irrational
is discontinuous everywhere.
1/x
7. (i) Show that the function f defined by f (x) =17 ,x#0, f(0)=1is
+e'"

not continuous at x = 0 and also show how the discontinuity can be

removed. (Rohilkhand 2006; Lucknow 08; Meerut 11)
(if) Show that the function f (x) = 3x% + 2x — lis continuous for x = 2.
(iii) Show that the function f (x)=(1+ 20 x 20,
and f (x)= ¢>,x =0 is continuous at x = 0.
- if x<0
S5yr—4 if O<x<l

4% _ 3y if 1<x<?2
3x+4  ifx=2

8. Examine the continuity of the function f (x)=

at x=0,land 2. (Meerut 2004, 06B, 07B; Lucknow 06; Avadh 06;
Purvanchal 06, 10; Gorakhpur 15)

9. (i) Show that the function

gl/x

f(x)zl/i_l,xio and f (0)=0 is discontinuous at x =0.
e/t 41
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10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

I__R—lQJih N
(ii) Show that the following function is continuous at x =0 :

sin_1

f@="22 x20,£(0)=
X

(Agra 2003)

Discuss the continuity of the function  f (x)= when x#0 and

L
1— EI/X

f (0)=0 for all values of x. (Meerut 2004; Rohilkhand 10B; Lucknow 10)

Prove that the function f (x Ml | forx #0, f (0) =0 is continuous at all points
except x = 0. (I(anpur 2008; Meerut 09; Gorakhpur 11)
Test the continuity of the function f (x)at x =0 if
f(x):L“I(/x/") x#0and f (x)=0,x=0.
I+e (Meerut 2005)
Examine the following function for continuity at x =0 and at x =1:
¥ for x<0
fx)=41 forO<x<l
L/ x for x>1. (Meerut 2001,03, 04B, 05)
Discuss the continuity of the following function at x =0 :
() = cosx, x>0
f )= —cos x, x<O0.
Test the continuity of the following functions at x=0 :
(i) f(x)=xcos(1/x),whenx=0, f (0)=0. (Meerut 2007)
(ii) f (x)=xlog x,for x>0, f (0) =
Discuss the nature of discontinuity at x =0 of the function f (x)=[x]—[- x]

where [x ] denotes the integral part of x.

Discuss the continuity of f (x)=(1/ x)cos (1/ x).

Give an example of each of the following types of functions :

(i) The function which possesses a limit at x = 1 but is not defined at x =1
(ii) The function which is neither defined at x =1 nor has a limit at x = 1.

(iii) The function which is defined at two points but is nevertheless
discontinuous at both the points.

In the closed interval [- 1, 1] let f be defined by
f ) =22sin(/ %) forxz0and f (0)=

In the given interval (i) Is the function bounded ? (ii) Is it continuous ?
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@nswers 1

ii) Discontinuous at x=0

i) Continuous for all x

( (

(iii) Discontinuous at x =0 (iv) Continuous for all x
(v) Discontinuous at x=0 (vi) Discontinuous at O
(vii) Continuous for all x (viii) Discontinuous at 0
(ix) Discontinuous at 0 (x) Discontinuous at 0

(xi) Continuous for all x

(
(

2. i) Discontinuous at x =0
ii) No, it has a discontinuity of second kind. Here both f(a+ 0) and f(a-0)
do not exit
3. (i) Discontinuous at x=0 (ii) Discontinuous at x=1/2"=123,...

4. Discontinuous at 0
8. Continuous at x=1,2 and discontinuous at x=0

10. Discontinuous only at x=0 and the discontinuity is ordinary
12. Discontinuity of the second kind at x=0
13. Discontinuous at x=0 and continuous at x =1
14. Discontinuous at x=0
15. (i) Continuous (ii) Continuous
16.  Discontinuity of the first kind
17.  Continuous for all x, except at x =0 where it has discontinuity of the second
kind
18. (i) f(x)=+ for x>1, f(x)=x for x<]
(ii) f()c)z—x2 for x<1,f(x):x2 for x>1
(iii) f(x)=0 for x<0, f(x):%
19. (i) Yes (i) Yes

1 3 1
—x for 0<x< =, x)==+ x for x> —
5 f ) 5 5

5 Citeria for Continuity or Equivalent Definitions

of Continuitg

Theorem 1: (Heine’s definition of continuity). Sequential Continuity: The
necessary and sufficient condition for a function fdefined on 1 < R to be continuous at a € I is that
for each sequence < a,, > in I which converges to a, we have

lim  f(a,)= f (a) .

n—> oo

Proof: The condition is necessary: Letf be continuous at 2 and let< a,,>be a

sequence in [ such that lim a,=a .
71— oo

Let € be any positive number. Since fis continuous at a, therefore, for a givene> 0, we
can find a number 6 > 0 such that

| f (x)— f (a)|< e whenever | x — a| < 3. (1)
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Also, since lim a, = a, therefore, there exists a positive integer m such that
n—> o

|a, —a|<d whenever n> m. ..(2)
Setting x = a,, in (1), we get

| f (a,) — f (a)| < e whenever |a, — a|<3d. ..(3)
From (2) and (3), we get

| f (a,) — f (a)| < e whenever n > m.

lim  f(a,) = f(a).

n— oo

Hence the condition is necessary.
The condition is sufficient:

Suppose for every sequence < a,,> in I converging to a, we have

lim  f(a,) = f(a) .

n— oo

Then we have to show that fis continuous at a.

Let us suppose thatfis not continuous ata. Then there exists an e > O such that for every
8> 0 there is an x such that|x —a|<d but| f (x) - f (a)| 2 &

If we take & =1/ n, we find that for each positive integer 1, there is an a,, such that
|a,—a|<1l/nbut | f (a,)— f (a)]|=e.

Then lim a,=a ,but f (a,) does not converge to f (a)i.c.,
n—> oo

lim  f (a,) # f (a).

N> oo
But this is a contradiction. Hence f must be continuous at x = a.
Theorem 2: A function f :R — Ris continuous iff for every open set G in R, the inverse image
f “Y(Gyis an open set in R.
Proof: The ‘only if’ part: Letf be continuous and let G be any open set in R. If
f - (G) is empty, then it is open. If f - (G) is not empty, letae f -1 (G) . Then
f (a)e G. Since G is an open set containing f (a), therefore, there exists an > 0 such
that

1f(a)—¢ f(a)+e[cG.

Now fis continuous at 4, so we can find a number § > O such that

|x—al<d=[f ()= fla)|<e

ie., xela-8,a+d[= f(x)e]l f(a)—¢ f(a)+e[cC
or xela-8,a+d8[= f(x)eCG
= xef_l(G)

Hence]a—-8,a+d8[c f -1 (G). Thus f -1 (G)is aneighbourhood of 4. Since a is any
point of f -1 (G), therefore, it follows that f -1 (G) is open.
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The ‘if’ part: Let the inverse image f “1(G)of every open set G be open. To show

that f is continuous. Consider any point ae€R. Let &>0 be given. Then
] f(a)—¢ f(a)+€[ is an open set containing f (a) and hence by hypothesis
f -1 (1f (a)—¢, f (a) + €[) is an open set containing a. Consequently, we can find a

number & > 0 such that
la-8,a+d8[c f -1 (] f(a)—¢, f (a)+¢€[),so that
fa-8a+d[)c]f(a)-¢g f(a)+e[

Thus, for any given € >0 we have found a number > 0 such that
xela-8,a+d[= f (x)e] f(a)—¢ f(a)+elie,
|x—al<d=]|f(x)- f(a)|<e

This shows that fis continuous at a. Since a is any point of R, hence, f is continuous on

R.

Theorem 3: A function f :R — Riscontinuous on Riff for every closed set Hin R, f = L (H)

is closed in R.

Proof: First, let fbe continuous and let H be any closed set in R. Then R ~ H is an

opensetinR, so that by the preceding theorem, f ~ 'R ~H)isan opensetinR. Since
SN R~H)=R~f 1 (H),

hence it follows that R ~f -1 (H) is an open set in R and consequently f -1 (H)isa

closed set in R.

Conversely, let f ~ ! (H)be closed for every closed set H. To show that fis continuous.

Let G be any open set in R. Then R~ G is a closed set in R and hence by hypothesis

f -1 (R ~G) is a closed set in R.

Since f TR~G)=R ~f ~1(G), therefore, this means that R ~f ~1(G)is a closed

setinRand hence f ~ H(G)isan opensetinR. Thus f ~ L Gyis openin Rwhenever G is

open in R. Therefore fis continuous by the preceding theorem.

Illustrative Examl)les
Example 12: A function f defined on [0,1] is given by

S )=

X, if x is rational
1—x, if xisirrational .
Show that ftakes every value between O and 1 (both inclusive), but it is continuous only at the point

x==-

2
Solution: Letce[0,]].

If ¢ is rational, then f (c) =c.
If ¢ is irrational, then 1 — ¢ is also irrational

and O<l-c<lie,l-cel0,1].
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Wehave f(l-¢)=1-(1-¢)=c.
Thus f takes every value ¢ in [0, 1].

. . . 1
Now to show that f is continuous only at the point x = o

Let xp be any point of [0, 1]. For each positive integer nwe select a rational numbera, and
an irrational number b,,, both in [0, 1], such that

|a, — xp| <1/ n,|b, - xp| <1/ n.

lim a,=x = lim b,
n— oo n—> oo

If f is to be continuous at x; , then we must have

lim  f(a,)=f(x)= lim [ (b,).

NN —> oo N1 — oo

Now f (ay,) = a, for all nand f (b,) =1-Db,, for all n.

lim  f(a,)= lim a,=x

N — oo N —> oo
and lim f ()= lim (I-b)=1-x.
n—> oo N —> oo

So for f to be continuous at x,, we must have

X=[f(g)=1-x iec, 0=y

Thus x = % is the only possible point of [0, 1] where f can be continuous.

Now we shall show that f is actually continuous at the point x =1/ 2.

Wehavef(l/2)=%~

Let > 0 be given.

.. 1 . .
Take a positive real number & = B e. Then if x is rational, we have

x—%<6=> f(x)—f(;)’:‘x—;<8:;s<s
and if x is irrational, we have

x—2l <d= f(x)—f(zl)‘z}(l—x)—zl‘z‘x—é <8=218<€.
Thus, we have

x—2l <8=>‘f(x)—f@) <§g,

. . 1
so that f is continuous at x = 3
Hence f is continuous only at the point x =1/2.

Example 13: Let f be a function defined on 10, 1] by setting f (x) = O when x is irrational and

f (x) =1/ q when x is a rational number of the form p / q where p and q are positive integers
having no factor in common. Show that f is continuous at each irrational point and discontinuous
at each rational point.




Krishes's T.B. Real Analysis

A | R24 |

Solution: First,leta = p / q¢be anyrationalnumberin]0,1[, where p and g are positive

integers having no factor in common. For each positive integer 1, we choose a positive
irrational number x,, such that|x, — a| <1/ n. Then the sequence < x,, > converges to a.

Also it is given that f (x,) =0 for each n, so that lim f (x,)=0# f (a) , since
n—> oo

f@=f(p/q)=1/q#0.

It follows from the preceding theorem that f is not continuous at a rational point.
Next, leth be anirrational numberin ] 0,1[so that f (b) = 0. Lete > 0 be given. Choose a
positive integer n such that 1/ n < €. Evidently there can be only a finite number of
rational numbers p / ¢in]0,1[ such that g < n. Hence, we can find a number > 0 such
that no rational number in | b —8,b + 0] < ]0, ][ ) has its denominator less than n.

Thus we have shown that

[x=bl<3=|f (W) f B)]=If W)]=0<s (1)
if x is irrational
and |x=b|<d=|f(x)= f )| =]|f (x)|<1/n<e, .. (2)

if x is rational.
From (1) and (2), it follows that | f (x) — f (b)|< € whenever|x — b|< 8.

Hence f'is continuous at b.

6 DBoundedness and Intermediate Value Properties

of Continuous Functions

Theorem 1: (Borel’s Theorem) If fis a continuous function on the closed interval [a, b],
then the interval can always be divided up into a finite number of subintervals such that, given
>0, | f (x)— f (x9)| < & where x; and xo are any two points in the same sub-interval.
Proof: Let us assume that the theorem is false. Then for any mode of sub-division,
there must be at least one of the subintervals for which the theorem is false. Let us
divide [a, b]into two equal parts. Let ¢ be the point of division. Then the theorem must
be false in at least one of the two parts. Suppose it is false in [¢, b]. Renaming the interval
l¢, b]as|ay, by ], we divide 4y, by ]into two equal parts. Again, the theorem must be false in
at least one of these two parts. Continuing this process of repeated bisection
indefinitely, we get a sequence of closed intervals

lay, by, (a9 , b9 ],...,1a,,D,],... such that

a<aqSag<..La,<..<h,<...<hy<h<h, (1)

1 1 1
bl—lll=§(h—ﬂ),b2—ﬂ2=§(h1—ﬂ1)=27(b—ﬂ), ...... »

1
bn—an:?(h—a),... .. (2)

and the theorem is false for each interval [a,,,D,,]. ...(3)
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From (1), we find that the sequence < a,, > is increasing and bounded above by b and
<b,> is decreasing and bounded below by a. Hence both <a,> and <b, > are
convergent. So there exist j, Iy € R such that lim 4, =} and lim b,, = l.

. 1 .1
From (2), lim (hn—an):hm?(b—a):(b—a) hm?:(b—a).o =0

ie., limb, —lima,=0ie,b - =0ic, b =1.
Now h =sup<a,>,
< a,>being an increasing and bounded above sequence
=inf<b,>,
< b, > being a decreasing and bounded below sequence.
a,<hand [ <D, ie, a,<} <bh, VneN
= ash<b ie,eithera<l<bora=lorb=1.
Case I: a < [; < b. Since fis continuous in [a, b], it is also continuous at x = /. Then

for given €> 0, there exists a § > 0 such that

|f(x)—f(ll)|<%8, whenever | x — [j| < 8.

Now we can choose 1 so large that the interval[a,, , b,,|lies completely inside the interval
]ll —6,[1 +8[
Hence if x; and xy are any two points in [a,,,b,], then
|f )= f ) <e/2,| f ()= fh)]|<e/2.
Now |f ()= f Q) =1 f (a)= f )+ f )= f ()]
<If @)= f W+ G) = f ()l
<e/2+¢e/2=¢ = the result is true in [a,,, b,].

This is a contradiction to the fact (3) and so our initial assumption that the theorem is
not true is wrong. Hence the theorem must be true.

Similarly we can prove the cases for j =a or || =b.

Note: The possibility j = aorl} = b shows that the interval considered in the theorem
must be closed so that fis continuous at /.

Theorem 2: (Boundedness Theorem) If a function f (x) is continuous in a closed
interval [a,b], then it is bounded in that interval.

Proof: By the above theorem, for a given € >0, we can sub-divide the interval [a, b]
into a finite number of sub-intervals say [a = a , a1 ],[a;, a9 ]....,[a,, _, a,, = b]such that

|f (n) = f (w)l<e (1)

for any two points xj, 1y in the same sub-interval. Let x be any point in the first
sub-interval [a, 41 |. Then by (1), we have, ¥ x € [a, a;]

| f(x)— f(a)|<eie, f(a)—e< f(x)< f (a)+e ..(2)
In particular, for x =ay, | f (a1) - f (a)|<e. ...(3)
Again VY xela,anl,| f(x)— f(a)]|<e. ...(4)
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¥ xe€[ay,ay], we have
| f )= f@|=1f )= f(a)+ f (@)= f ()]
<If )= fla)|+ [ f (@)= f(a)]
<e+eg from (3) and (4)
=2¢
Thus ¥ x € [a],a9], we have| f (x) - f (a)| < 2e
ie., fla)—2e< f(x)< f (a)+2e ...(5)

From (2) and (5), we see that all the values of f (x) in the first two sub-intervals lie
between

f(a)—2eand f (a)+2e.
Proceeding in the same way, we can show that Vxe€ [a,_|,a, = D], we have

f@-ne< f(x)< fa)+ne.
Hence all the values of f (x) in the interval [a,b] will lie between f (a) —n € and
f(a)+ne
Thus f (x) is bounded in [a, b].
Note: A bounded function in [a, ] need not be continuous in [a, b]. For example, the
function
f(x)=sin(l/x)forx=0, f (0)=0
is bounded in [0, 1] but not continuous in [0, 1] since it is discontinuous at x = 0.
Theorem 3: (The Mostest Theorem) If a function f (x) is continuous in [a,b], then it
attains its supremum and infimum at least once in [a, b].
Proof: Since f (x)iscontinuousin[a,b], f (x)is boundedin[a, b]. Let M and m be the
supremum and infimum of fin [a, b] respectively. We shall show that f attains its
supremum M atleast once in this interval. Let, if possible, f (x)doesnot attain M, then
fx)#M Vxelab] ie, M- f(x)20Vxela,b]
Now, M, being a constant, is always a continuous function and f is given to be

continuous in [a,b].

M — f (x)is also continuous in [a, b]

1
= — s also continuous in [a,b] [+ M - f (x)20 Vxel[a,b]]
M = f (x)
Consequentlyl / {M — f (x)}isboundedin|[a,b]. Let G € R, beits upperboundin|a, b]
so that ¥ x e [a,b]

M_lf(x)s Gie, M= f (x)zé ie, fRSM-(1/G)<M
ie., M —(1/G)< M is also an upper bound of f.

But this contradicts the fact that M is the supremum of fin[a, b]. Hence f (x) = M forat
least one value of xin[a, b]. Similarly we can show that fattains its infimum at least once
in [a,D].
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Theorem 4: If fis continuous at x = xo where f (xy) #0, then a positive number & can be
Sfound such that f (x) has the same sign as f (xo) for every value of x in | xo — 8, x + 8.
Proof: Since fis continuous at x = x , hence for a given € > 0, we can find a number
8> 0 such that | f (x) — f (x9)|< &, whenever|x — x| <

ie., f (xg) —e< f(x)< f (x9) + & whenever xy —d< x< xy + 6.

Now f(x)20=]f (x9)]>0.

If we choose e such that O < e<| f (xy) |, we see that f (xy) — eand f (xy) + € have the

samesign as f (xp). Itimplies that £ (x)has the samesignas f (xy)forallxin the interval
] X0 — 5, Xo + ) [.

Theorem 5: ((Bolzano’s Theorem)) Iffis continuous in [a,b]and f (a)and f (b) have
opposite signs, then there is at least one value of x for which f (x) vanishes.
Proof: For definiteness, let f (a)<0 and f (b)>0. Consider a subset S of [a,b]
defined as follows :

S={x:a<x<band f (x)<O}.
Then S # &, since ae S, f (a) being < 0. By definition, b is an upper bound of S. It

follows that S has a supremum, say u, by the completeness property of real numbers.
Obviously a < u < b. Now, we shall show that f (u) =0.

StepI:  First we shall show thatu # a. Since f (a) <0, we can find a positive number §
such that f (x) <0 whenevera<x<a+34.

It follows that [a,a + & S and hence the supremum of S must be greater than or equal
toa+39.
u>a+die, u#a.

Step II: We shall show that u # h In fact, since f (b) >0, therefore, there exists a
positive number §; such that f (x)>0 whenever b —§; < x< b.

It gives that b — §; is an upper bound of S, and hence

u=supS<bh-94,<b ie,u<bh.
Step IIl:  We shall show that f () $0 . Smcea < u < b, therefore, if f (u)> 0, then we
can find a positive number &y such that f (x)>0 whenever

U—0y <x<u+d.
Also, since u = sup S, there exists xy € S such that u — 8y < xy < u. This means that
f (x%9)>0.
Again, xy € S = f (1) < 0, bydefinition of S. This contradiction implies that f (u

StepIV: We shall show that f (1) 40 . Since, if f (1) <0, then we can find a posmve
number 83 such that u + 83 <b and f (x) <O whenever u —83 <x<u + 33 .

If x; is any point such that u < x; < u + 83 , then f (1) < 0. But this is a contradiction to
the fact that u is the supremum of all those points of [a, b] for which f is negative.
Consequently f () 40

It follows from steps III and IV that f (1) =
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Theorem 6: (The Intermediate Value Theorem) If a function f is continuous in the
closed interval [a,b], then f (x) must take at least once all values between f (a) and f (b).

Proof: Let f (a)<d< f (b). Let us define a function F such that
F(x)=f (x)-d.

Sincefis continuous in the closed interval[a, ], F must also be continuous in [, b]. Also
F (a)<0 and F (b)>0 i.e., F (a) and F (b) are of opposite signs. It follows that there
exists xp in Ja, b such that F (x5) =0 i.c, f (xg) —d=0 or f (xy) =4d.

Since d is any value between f (a) and f (b) it follows that f takes all values between
f (a) and f (b) at least once.

The converse of the above theorem is not true. For example, let fbe the function defined
as  f(x)=sin(l/x),x#0and f (0)=0.

In the interval [-2 / =,2 / r] this function takes all values between f (-2 /m) and
f (2 /m)i.e., between —land 1 an infinite number of times as x varies from — 2 / & to
2 / =, but this function is not continuousin|[— 2 / &t,2 / w]asitisdiscontinuous at x = 0.
Corollary 1:  Let f be continuous on |a,b] and let k € [m, M] where m = inf f and
M =sup f ona,b] Then there exists ¢ € a, b] such that f (c) = k.

Proof: Since fis continuous on[a, b] and every function defined and continuous on a
closed interval attains its supremum and infimum, therefore, there exist xy, xy € [a, D]
such that

m= f (x)and M = [ (x9).
If x; = x9, then fis a constant function on [4, 5] and the result follows.
Let x; < x9. Then [x], x9]  [a,b] and fis continuous on [x, xy |.
Hence by the above theorem there exists ¢ € [}, x9] < [a,b] such that f (c) = k.
Similarly we can prove the result if x; > xy.
Corollary 2:  Let f be continuous on [a,b]. Then f ([a,b]) =[m, M], where m = inf f
and M = sup f on [a,b] and thus f ([a,D]) is a closed set.
Proof: By Corollary 1, f takes all values between m and M and hence
[m,M] c f (la,b]). Since every value of f on [a,b] lies between m and M, hence,

f (la,b]) < [m, M]. Thus f ([a,b]) =[m, M]which is a closed set because every closed
interval is a closed set.

[ Uniform Continuitg

Let a function f be continuous for every value of x in [a, b]. It means that if xy € [a, b],
then, givene > 0, there existsd > 0, such that| f (x) — f (xg) | < ewhenever| x — xp| <.
The number & will depend upon x; as well as € and so we may write it symbolically as
4 (g, xy). For some functions it may happen that given €> 0 the same § serves for all
Xy € [a,b] in the condition of continuity. Such functions are called uniformly
continuous on [a, b].
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Definition: A function fdefined on an interval I is said to be uniformly continuous on I if given
e> 0, thereexistsa 8> Osuchthat| f (x) — f ( y)|< e whenever|x — y| <3, wherex,yareinl.
(Meerut 2001)

It should be noted carefully that uniform continuity is a property associated with an
interval and not with a single point. The concept of continuity is local in character
whereas the concept of uniform continuity is global in character.

Note: Afunctionfisnot uniformly continuous on I, if there exists some € > 0 forwhich
no 8> 0 serves i.e., for any 8> 0, there exist x, y € I such that| f (x) - f (y)|= € and
|x— y|<d.
The following two theorems express the relation between continuity and uniform
continuity. The first one gives that uniform continuity always implies continuity. The
second one gives a sufficient condition under which continuity implies uniform
continuity.
Theorem 1: Iffis uniformly continuous on an interval 1, then it is continuous on 1.
Proof: Let xy be any point of I and let € > 0 be given. Since fis uniformly continuous
on I, therefore, given £> 0, there exists a d> 0 such that

| f (x)— f (y)|<ewhenever|x - y|<§ Vux, yinl.
Taking y = xy , we have in particular,

| f (x) = f (x9)]| < e whenever | x — xp| <3 Vxin /.
This means that f is continuous at x; .
Since xj is an arbitrary point of I, therefore f is continuous at every point of 1.
Hence f'is continuous on 1.

Theorem 2: A function which is continuous in a closed and bounded interval I =[a,b] is
uniformly continuous in [a,b).

Proof: Takeany givene> 0.Bytheorem I of article 3, the interval[a, b]can be divided
up into sub-intervals [a, x1], [x1, X9 ],...,[x,, _1, b] such that for any two points o, B in the

same sub-interval, we have | f (o) — f (B)|< % €. (1)

Let & be a positive number which does not exceed the least of the numbers

X —a,xy —x,....b—x,_y.

T T ]

X X2 Xp-1 Ar Are1 Tp-1

Let & n be any two points in [a,b] such that| £ —n|$ § .

If these two points are in the same sub-interval, then by (1), we have

@)= f <
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If & m do not lie in the same sub-interval, then surely they lie one in each of the two
consecutive intervals. Let x, be the point of division such thatx, _j <&<x, <n<x, ;-
Then we have

| f @ =fI=If©~-f @)+ [f(x) f(ﬂ)l
<If@ =+ f ()= f (W]

1 1
<—e+—¢e=¢ by (l).
28+ v (1)

Thus we have shown that, given > 0, there exists § > 0 such that

| f (€)= f (n)|<ewhenever|& —n|<3d, V& ninla,b]
Hence fis uniformly continuous in [a, b].

lllustrative Examl)les

Example 14:  Give an example to show that a function continuous in an open interval may fail to
be uniformly continuous in the interval.

Solution: Consider the function f defined on the open interval ] 0,1] as follows :
f)=1/x¥xe]0,1].

First we shall show that f is continuous in ] 0,1[ i.e., f is continuous at each point ¢ in

10,17

We have lim f (x)= lim LI (c) .
X—c x—>cx ¢

So f (x)iscontinuous ateach pointcin]0,1[and hence f (x)iscontinuousin]0,1[.
Now we shall show that f (x) is not uniformly continuous in ]0,1].

For any § > 0, we can find a positive integer m such that 1/ m <8.

Letxy =1/mand xy =1/2m. Then 0 < x; <land 0 < xp < 1so that x,x €]0,1][.

We have |x1—x2|—‘——— ‘ 2—<—<8
m m

1—l’=|m—2m|=|—m|=m>I-
X] 2

and |f ()= f ()=

[- m is a +ive integer]
Thusifwe takee = % > 0,thenwhat everd > O we try there exist xj, xp € ] 0,1[such that
1
|4 — x| <8but] f (q) - f () [>e=7
In this way for e = % >0, there exists no 8 >0 such that

| f (x1) — f (x9)|< e whenever | x] — x9| <8, x, %0 € ]0,1[.

Hence f (x) =1/ x is not uniformly continuous in ] 0,1[ .
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Example 15:  Prove that the function f defined on R* as  f (x) = sin 1 , Vx>0
x

is continuous but not uniformly continuous on R*.

Solution: Let a be any positive real number.

We have (@a=0)= lim (a—h)= lim sin
/ h—0 / h—0 a—h a

f@+0)= lim f(a+h)= lim sin
h—0 h—0 at a

Also f (a) =sin L
a

Since f(a+0)= f(a—0)= f (a), f is continuous at a.
But a is an arbitrary point of R¥, so f is continuous on R

It remains to show that f is not uniformly continuous on R*.

We shall show that no 8 works for € = % .

Let 8 be any positive number. Take x| = 1 ,Xg = ! = 2

nm nm+(n/2) @2n+h)n’

. e 1 2
where 7 is a positive integer such that xj —xp =— - ————<§

nn_(2n+l)1t

(We can always choose such a positive integer n for each positive 8.)
Now| 3 - x| <8 but| f (1) = f ()| =]sin nm —sin%(Zn A =l>¢

This shows that for this choice of €, we are unable to find 6> 0 such that
| f (x1) = f (x9)]| < e whenever | x; — x9| <8, Vi, 1) eR".
Hence f is not uniformly continuous on R™.
Example 16:  Show that the function f defined by f (x) = 3, s uniformly continuous in
[-2,2].
Solution: Let x|, xy € [-2,2]. We have
| f () = f )] =15 =3[ =] (e = 1) (0 + 07 + x137) |
<l —al {2l * +af +|nllxl)
<12|xy — xl.
[ox, 09 e[-2,2] = |y|<2and | x| < 2]
| f (x)— f (x)|< e whenever | xy — xj|<e/12.
Thus given €> 0, there exists 8 = € /12 such that
| f (x9) = f (x1)| < e whenever | xy — x| <3 V x1,x9 € [-2,2].

Hence f (x) is uniformly continuous in [-2,2].
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Example 17: Let f :R — Rygiven by f (x) = 2. Show that fis not uniformly continuous on
R.
Solution: Lete> 0 be given. The function f (x)will be uniformly continuous on R if
we are able to find 8> 0 such that

1, X R [ —x9|<d=|f (1) — f (w)|<e. (1)
The function f (x) will not be uniformly continuous on R if we produce some € > 0 for
whichnodworksi.e.,for which foreveryd > 0, there exist x|, xp € Rsuch that|x — xy|<d

but|f (x) - f (rn)]|=e

So here we shall show that for some given € > 0, there exists nod > 0 which satisfies the
condition (1).

By the axiom of Archimedes, foranyd > 0, there exists a positive integer 7 such that

nd” > e. .(2)

If we take x; = nd and xy =n6+%6,then|x1 —x2|=%8<5,
but | f (1) = flx2)|=l%” = 07| =1 =21 + )

=18(2n8+18)
p p
— 182 +i§2 > ¢, by (2).

Hence for these two points xj, x9 ,we would always have| f (x;) — f (x9)|> €, whatever
&> 0 we take. This contradicts (1). Hence f'is not uniformly continuous on R.

Example 18: In the closed interval [—1,1] let f be defined by
Fx)=xsin(1/ x*) for x#0 and f (0)=0.

In the given interval (i) Is the function bounded ? (i) Is it continuous ? (iii) Is it uniformly
continuous ?

Solution: (i) If xe[-11]and x#0,we have
|/ @] =12 sin (1 22) [ =] [sin (1/ )|
=|xP Jsin(1/ %) |<1-1=1
[|sin (1/x%)|<land — 1< x<1=|x|<]]
Also f(0)=0=]f(0)|=0<1L
Thus| f (x)|<L ¥ xe[-11]and so f is bounded in [-1,1].

(ii) Letce[-11land ¢ #0.

We have lim f (x)= lim e sinizcz sini,zf ().

X—>cC X—C xZ L'Z

f (x) is continuous at every point ¢ of [- L 1] if ¢ # 0.

Now to check the continuity of f (x) at x =0.
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We have fO-0)= lim fO-h)= lim f(-h),h>0
h—0 h—0
. 9 . 1
= lim (- h)" sin 5
h—0 (= h)
= lim hzsin%=0
h— h
lim /4% =0and sini2 Slifh¢0:|
h—0 h
Again 0+0)= lim O+h)= lim (h)
. / h—0 f h—>0f
~ lim K% sin 5 =0,
h—0 h
Also f(©0)=0.

Since f (0 -0)= f (0)= f (0 +0), therefore f (x)is continuous at x =0.
Thus f (x) is continuous at each point of [- 1, 1] and so it is continuous in [ 1,1].

(iii) Since f is continuous in the closed interval [- 1, 1], therefore it is also uniformly
continuous in [— 1, 1].

Example 19:  Prove that if fand g are bounded and uniformly continuous on an interval I, then
the product function fg is also uniformly continuous on 1. Is boundedness of each function necessary
for the uniform continuity of the product ? If not so, give a counter example.

Solution: It is given that the functions fand g are bounded and uniformly
continuous on 1.
To prove that fg is also uniformly continuous on I.

Since f is bounded on I, therefore there exists k; > O such that
| f(x)|<k,V¥xel. (1)

Again g is also bounded on I and so there exists ky >0 such that
lg()|<ky, ¥ xel . (2)
Now take any given £> 0.

Since f is uniformly continuous on I, therefore there exists 8; > O such that

| f ()= f (<

&
2k’
whenever | x — y|< ), where x, yel. ..(3)

Again g is also uniformly continuous on I and so there exists 8y > 0 such that

Ig(x)—g(y)l<i

’

whenever |x — y|<8y, where x, yel. ..(4)
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Take & = mini (8,89 ). Then from (3) and (4), we have

|f(x>—f(y>l<£
and |g<x>—g<y>|<i, (5)

whenever | x — y|< 8, where x, yel.
Now >0 is such that if v, ye [ and | x — y|< 3, then

I(foO@-(fonI=If@gx)-f(r) gl
=|f)g@)=f () g+ f(y)gx)=f () gl
=Hf)-f (Mg +{g®)-g(n}f (]

<If@=fIgW+1g@ =g (DI f (D]

< i-@ + i%l,using (1), (2) and (5)

€ €
=§+§=a
Thus for any given > 0, there exists 8> 0 such that
[(fea)(x)—(fg (y)|<e whenever|x— y|<dwherex, yel.
Hence f g is uniformly continuous on I.
Second part: Boundedness of each function is not necessary for the uniform
continuity of the product as is obvious from the following examples.
Example Let f:R— Rand g:R— R be defined by
fx)=x,¥xeRand g(x)=L V¥ xeR.
Here both the functions f and g are uniformly continuous onR. The function f is not
bounded. But the product function f ¢ = f is uniformly continuous on R.
Example Consider the functions f and g defined on [0, e [ by
f)=g®)=Vxr,¥xe[0,co].
Both the functions f and g are not bounded. The product function f g is given by
(fo ) =x,¥xel0,e]

which is obviously uniformly continuous on [0, e [.

Example 20:  Find the points of discontinuity of the function f :R — R defined by

Mm—> o0 [ n— o

f )= lim { lim (cosm!m x)zn}‘

Solution: Letx be a rational number, say p / 4, where p, q are integers prime to each
other. Choosing m sufficiently large, m ! © x can be made an integral multiple of w so that
cos(mlmx)==x1.

lim (cos m!m)®" = lim (£)*"=1
n—> n—> oo

Hence f (x) =1, when x is rational.
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If x is irrational, then for any integral value of m, cos m | x will always lie between — 1
and +1.

(cos m 1 o) = (r,,)>" where | ;| < 1, for a fixed value of .

Hence f (x)= lim lim (rm)zn =0, when x is irrational.
M—> 00 Jl—> o0

Since f (x)is 1 for rational values of x and O for irrational values of x, f is totally
discontinuous i.e., discontinuous for every value of x. This is so because at any point a
(rational or irrational) the limits f (a + 0) as well as f (a2 —0) do not exist. Note that
there are infinite number of rational and infinite number of irrational points in any
neighbourhood |a — hi,a + I [ of a, however small 1 may be and at these points the
functional values differ widely.

Here f(a+0)=1 f(a+0)=0, f(a-0)=1 f(a-0)=0.

Hence there is a discontinuity of second kind at every point.
Example 21:  Show that the function f :R — R defined by

) ) sin® (n'!mx)
f )= lim lim 5 (

n—>oo| t—0 sin 2

nlnx)+t¢
is equal to O when x is rational and to 1 when x is irrational. Hence show that the function is totally
discontinuous.

Solution: Let x be a rational number say p / g, where p, g are integers prime to each
other. By taking n sufficiently large, n ! mx can be made an integral multiple of 7 so that
sin (n!nr)=0.

Hence f (x)= lim
/ t—>00+t

=0, when x is rational.

2

If x is irrational, then 0 < sin’ (n!mx)<lL

1
Hence (x)= lim  lim
/ n_>oot_>01+t2/sin2(n!1vc)
1

=——=1, when x is irrational.
1+0

Thus f (x)=0 when x is rational and 1 when x is irrational. Hence f is totally
discontinuous.

Example 22:  Show that the function f :R — R defined by

F)= lim (1+sinmx)f -1

t— oo (L+sinmx) +1

is discontinuous at the points x =0,1,2,...,n,...

Solution: Forx=0,1,2,3,...,n,...we have sin x =0 ,so that at these valuesof x

f ()= lim 7(1+0)t_1

=0.
n—s oo (1+0) +1
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Now if 2m < x<2m +1 (m being an integer), then sin 7r is positive. Hence for such
values of x, we have

P — 1
- - t 1-—
f(x): lim (1+Sl;1 TX) _ °l° =1 l:i=0:|
t—=oeo ]y — — 14— °°
(1 + sin 1) oo

Again if 2m + 1< x<2m + 2, sin mr is negative and so
lim (1+sin @)’ =0.
t— oo
0-1_

= =-1
0+1

Hence for such values of x, f (x)

From the values of f (x) mentioned above, we observe that
(i)  ifxis an even integer, then
f(x)=0, f(x+0)=land f (x-0)=-1
and (ii) if x is an odd integer, then
fx)=0,f(x+0)=-1land f (x-0)=L
Hence f has discontinuities of the first kind at
x=0,12,....n,...

Example 23:  Let a function f :R — R satisfy the equation
fax+y)=f @)+ f(y), ¥ x, yeR Show that

(i) Iffis continuous at the point x = a, then it is continuous for all x e R .

(ii) If fis continuous then f (x)= kx, for some constant k.

Solution: (i) Let fbe continuous at the point x = a.
We have f@a+0)= lim f(a+h)= lim [ f(a)+ f (h)],

h=0 h=0 by definition of f

= lim f@ i f0)=F @ Timf ()
Since fis continuous at a, we have f (a)= f (a +0)
= li h li h)=0. (1
= /(@) f(ﬂ)+hinof()=>hin0f() (1)
Similarly fa)=f(@a-0)= lim f(-h)=0. ..(2)
h—0

Now let o be any real number. We shall show that f is continuous at o.
We have f@+0)= lim f(a+h)= lm [f(o)+ f (h)]
h—=0 h—=0

= lim f @+ Tim f ()= f (@), using (1),
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Similarly, using (2) we have f (o0 —0) = f (o).
Thus f+0)=f(@-0)=f (o).

Hence fis continuous at x = a.. Since o is arbitrary so fis continuous for all x € R.

(if) Here we consider the following cases :

CaseI: Let x=0. Since f (x+x)= f (x) + f (x), we have
£0)=f0+0)=f(0)+ f(©)and s f (0)=0.

Hence f (x) = kr for every constant k in this case.

Case II: Let x be any positive integer. Then
f)=fd+1+...xtimes)= f (1)+ f (1) +... x times

=xf (1) =kr,where k = f (1) i.c., a constant.
Case III: Let x be any negative integer. Put x = — y so that y is a positive integer.

Now 0= f(0), by Case I
=f(y=n=f(n+f=p.
fEn==f(p».
Hence f@)==f(y)=—y f(1),by Case Il

= kv, where k = f (1) i.e., a constant.
CaselV: Letxbeanyrational number. Putx = p / g where gis a positive integer and p
is any integer, positive, negative or zero.

Now f[q.pJ=f[p+p+...q times]
q 7 19

=f [p)+f [p)+...qtimes.
1 1
fp=af (’”J .
q
But f ( p) = kp, by previous cases.

e g

or  f (x)=ky, in this case also.
CaseV: Finally letxbe any real number. Let< x,, > be a sequence of rational numbers
converging to x. Since fis continuous at x, the sequence < f (x,,) > converges to f (x).
Thus, we have

lim x,=x and lim f(x,)=f(x)

n— oo n—> oo
Since x,, is a rational number, we have by case IV,
S (xy) = kxy,.
lim f(x,)= lim ke,=k lim x,=ke
n— oo n—> oo n— oo
or f (x) = kx.

Hence f)=kr, ¥ xeR.
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8 Meaning of the Sign of Derivative

Let f”(c)> 0 where ¢ is an interior point of the domain of the function f; then

lim W =S©) = f"(c)>0.

xX—c r=c
If £> 0 be any number < f” (¢), there exists § >0 such that

c|<8 = M_f'(c)

| x— <e
x—c
ie., xelc=08,c+d],x#c
= we]f@)—e,f’(nm[ (1)

Since € was chosen smaller than f”(c) we conclude from (1) that

M>Owhenxe[c—6,c +9d],x#c.
x—c
We then have, f (x) - f (c)>0whenc<x<c¢+9§
and f(x)—f()<0whenc—8<x<c

Thus we have shown that if f (c)> 0, there exists a neighbourhood [¢ — 8, ¢ + 8] of ¢
such that

f@)>f)Vxele,c+d[and f (x)< f () ¥ xe[c—-dc].
If £’ (c) <0, it can be similarly shown that there exists a neighbourhood | ¢ — §,¢ + [ of
¢ such that

fx)> f)V¥xele-§,cland f (x)< f (c)¥xe]c,c+3].
Similarly, it can be shown for the end points a and b that there exist intervals,
la,a+d] and [ b —9,b ][ such that
(@) xela,a+d]
(a)Mxela,a+d]
bO)yMxel[b-0,b]
(b)

and b)Mxel[b-0,b]

@mprehensive Exercise 2

1. Let f be the function defined on [-], 1] by
f (x)=ux, ifx is irrational, f (x) =0, if x is rational.
Show that f'is continuous only at x =0.

2. Let f:R— Rbe such that
f (x)=x  whenx is irrational
= — x when x is rational.

Show that f (x) is continuous only at x = 0.
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Show that the function f defined on R by

f (x)=1 when x is rational , f (x)=—1 when x is irrational

is discontinuous at every point of R.
Show that f:R—R given by f (x)= x> is continuous but not uniformly

continuous on R.

Explain fully uniform continuity and discuss the uniform continuity of the
function f (x) = ¥ xeR in]0,1].
Let f:]-L1[ — [0,1] be a function defined by f (x)= K. Using definition
show that fis uniformly continuous on its domain.
Show that the function f (x)=1/x,x>0 is continuous in (0,1) but not
uniformly continuous.
Define uniform continuity and show that the function
f(x)= ¥ +3xxe [- L 1] is uniformly continuous in [- 1, 1].
Show that a function which is continuous in a closed interval is bounded in that
interval. Verify the theorem for

1

f (x)=cos x in[—%n,in] .

Give an example to show that a function continuous on an open interval need
not be bounded on that interval.

If the function fis continuous in the closed interval [4, ] , prove that it attains
its least upper bound and greatest lower bound in [, b]. Verify the theorem for
the function f (x) =sin x in [0, 2x].

If f is continuous in [a,b]and f (a)- f (b) <0, show that f (¢) =0 for at least
onec € [a,b].

Let f be continuous on [a, b] and suppose that f (x) =0 for every rational x in
la,b]. Prove that f (x) =0 for all x in [a, b].

If a function is continuous on a closed interval [a, b] , then it attains its bounds
at least once in [4,b]. Give an example of a function which is continuous and
bounded, and attains its supremum but does not attain its infimum.

Prove that the identity mapping of any interval I is uniformly continuous on I.
Show that the function f :R — R defined by

1
f (x) = 1+ el/sin (n! 1)

can be made discontinuous at any rational point in the interval [0, 1] by a proper
choice of n.

If f:R—R is a continuous function and satisfies the relation
fx+y)=f(x) f(p),¥ x, yeR, theneither f (x)=0 ¥ xeR

or there exists an a > 0 such that

f(x)=a",¥ xeR.




(w0
18.

Krishes's T.B. Real Analysis

Show that a function fis continuous at a iff for e > 0 there exists 8 > O such that

x,Xela-8a+d[=]|f (x)- f (n)|<s

19. Discuss the nature of discontinuity of the function f, defined by
. log (2+x)—x?"sinx
f ()= lim 8 )~ 2’1
71— oo 1+ x
at x =1. Show that f (0) and f (n /2) differ in sign.
20. Let f and gbe continuous on [a,b] and let f (a)< g (a) but f (b)> g (b) . Prove
that f (¢ (¢) for somece|a,b]|.
21. Let f:R— R be continuous and let f be zero on a dense set (i.e., a set whose
intersection with every interval is non-empty). Then f is identically zero.
22. Determine the discontinuities of the function f :R — R defined by
. n_
f@®= lim {1+sin (n / x)} 17 r<lL
n— oo {I+sin(n/x)}" +1
23. Show that the function
n+2 _
11— oo in +1
does not vanish anywhere in the interval [0, 2] though ¢ (0) and ¢ (2) differ in
sign. Discuss the continuity of the function at x = 1.
24. Examine for continuity the function f defined by
X n
f@= lim w(ogxgg)
N —> oo 1+ xn 2
at x=1 Explain why the function f does not vanish anywhere in [0, 7t /2]
although f (0). f (n /2)<0.
@swers 2
5. Uniformly continuous in ]0,1[
19. Discontinuity of the first kind at x =1
22.  f has a discontinuity of second kind at x=0 and ordinary discontinuous at
r=1,L L
23’
23. Discontinuity of the first kind at x=1

24.

Discontinuous at x =1
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@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (¢) and (d).

sinS5x
1. The value of K for which f (x)= 3x it x20
K ,if x=0
is continuous at x = 0, shall be
(a) 1/3 (b) 3/5
(c) O (d) 5/3 (Kumaun 2008)

2. The necessary and sufficient condition for a function f defined on I R to be

continuous at a € [ is that for each sequence < a,,> in I which converges to a, we
have lim f (a,) =

1 —> oo
(a) f'(a) (b) f*(a)
(c) f(a) (d) none of these

3. The function f defined on [-1,1] by
f (x) = x, if x is irrational
f (x) =0, if x is rational.
is continuous at x =
(a) O (b) 1
(c) =11 (d) none of these

. n_
4. Atx=], the function f (x)= lim tLtsin (m/ )" -1 ,0<x<1
n— oo {I+sin(n/x)}" +1

(a) is continuous

(b) has discontinuity of first kind

(c) has discontinuity of second kind

(d) is uniformly continuous.
5. For all real values of x, the function f (x) = ¥ is

(a) continuous (b) discontinuous

(¢) uniformly continuous (d) not uniformly continuous.

6. In the interval [- L 1] the function f defined by f (x) = ¥ sin 1/ x2) for x #0
and f (0)=0is
(a) bounded (b) uniformly continuous
(¢c) unbounded (d) none of these




Krishes's T.B. Real Analysis

(a2

Fill in the Blank(s)

Fill in the blanks “...... 7, so that the following statements are complete and correct.
. . . . . li
1. A function f (x)is continuous at a point x =a if m fx)=....
r—a

(Bundelkhand 2008; Kumaun 14)

2. If f (x) = x —[x], where [x] denotes the greatest integer less than or equal to x,

then f(x)=...... ,for3<x<4.
3. Afunction f (x)hasaremovable discontinuity atx = a if xl:nﬂ f (x)exists but
is not equal to ...... .
4. The domain of the function f (x) = S N .
x
sin x
. . —, x#0
5. The domain of the function f (x)=4 x
I, x=0
is...... .
6. If a function f(x)is continuous in a closed interval [a,b], it is ......... in that
interval.
7. If f is continuous in a closed and bounded interval I, it is ......... onl.
8. The function f:R — R defined by
. t _
f@)= lim (I+sin nx)t 1
t— oo (I +sinmy)" +1
1S ceenn.. at the points x=0,1,2,...
9. The function f (x)= P T continuous in [-2,2] .
10. The function f defined on R as f(x)= sinl , Vx>0is ......... but
X
not ......... on R*
¢* —x"sin x T
11. The function f(x)= lim ————— 0 <x<—)is......... atx =
N —> oo 1+ Xn 2

True or False
Write “T” for true and “F’ for false statement.
sin x

1. The function f (x)=4 «x ’
2 , x=0

x#0

is continuous at x =0.
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2.

10.

11.
12.

13.

14.

) sinx, x>0
The function f (x) =

—sinx , x<O

is continuous at x = 0.
xcos(1/x), x#0

The function f (x) = { 0 20

is discontinuous at x = 0.

If a function f is continuous at 4, then| f| is also continuous at a.

sin x %0
The function f (x)=9 x ~
1 , x=0
is continuous at x = 0.
1 , r<1
The function f (x)=42-x, 1<x<2
2 , x>2

is discontinuous at x = L

L5 N

If a function f (x) is continuous in a closed interval [, b], then it is bounded in

[a,b].

If a function f (x) is uniformly continuous in an interval I, then it is also

continuous in 1.

If a function f (x) is continuous in an open interval I, then it is also uniformly

continuous in 1.

If a function f (x)is continuous in a closed interval 4, b],then it is also uniformly

continuous in [a, b].

A function continuous on an open interval is bounded on that interval.

The function f (x) = ¥ +3x,xe [— L 1] is uniformly continuous in this interval.

The function f(x) = K s uniformly continuous on ] 0, 1[.

A function defined on [0,1] and given by f(x) = {

.. . 1
is discontinuous at x = o

x, if xis rational

1 — x, if x is irrational ’

S\ =

@I’ISWGI'S

Multiple Choice Questions

(d) 2. (© 3. (a) 4. (b) 5.

(a), (b)
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Fill in the Blank(s)

uniformly continuous
uniformly
continuous, uniformly continuous

True or False

F 2. T 3.
F 7. T 8.
F 12. T 13.

~ =T

D

11.

x—3
R - {0}
bounded

discontinuous

discontinuous

T 5. T
F 10. T
F




Differentiability

1 Definitions

Derivative at a Point. (Bundelkhand 2010)

Let I denote the open interval ]a, b[ in R and let xy € 1. Then a function f :1 — R is said to be
differentiable (or derivable) at x; iff

lim S (o + 1) = f (o) or equivalently 7f ) = f (%)
h—0 h rY=>X  x-x

exists finitely and this limit, if it exists finitely, is called the differential coefficient or
derivative of fwith respect to x at x = xy .

It is denoted by f ' (xp) or by D f (xg).
Progressive and regressive derivatives.

The progressive derivative of f at x = x; is given by

im0 +h)—f(xo)7h>0.
h—0 h
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It is also called the right hand differential coefficient of fat x = xy and is denoted by
R f 7 (x9) or by f’ (xg +0).
The regressive derivative of f at x = x; is given by
lim f (X() _h)_f (XO) ,h>0.
h—0 —h

It is also called the left hand differential coefficient of f at x = xj and is denoted by
L f’" (x9) or by f’ (x9 —0).
It is obvious that fis derivable at xq iff L f’ (xy) and R f”’ (xy) both exist and are equal.

Remark: If f (x)=ag x " +a; x "' +...+a,_| x+ay,isapolynomial in x of degree

n, then f (x) is differentiable at every point a of R.
Differentiability in an interval: (Meerut 2003)
Open interval |a, b[. A function f :)a,b [— Ris said to be differentiable in |a, b[ iff it is
differentiable at every point of a, b|.
Closed interval ] a, b[ A function f :[a,b]— R is said to be differentiable in [a, D] iff
R f 7 (a)exists, L f’ (b) exists and f is differentiable at every point of a, b|.
Derivative of a function: (Gorakhpur 2010)
Letfbe a function whose domain is an interval I. If I} be the set of all those pointsxof I at
which fis differentiablei.c., f * (x)exists and if I} # &, we get another function f “with
domainIy. Itis called the first derzmtzve of f (or simply the derivative of f). Similarly 2nd,
3rd, ..., nth derivatives of f are defined and are denoted by f’’, "’ ,...,f(”)
respectively.
Note: The derivative of a function at a point and the derivative of a function are two
different but related concepts. The derivative of f at a point 4 is a number while the
derivative of fis a function. However, very often the term derivative of f is used to
denote both number and function and it is left to the context to distinguish what is
intended.
An alternate definition of differentiability:
Letfbe a function defined on an interval I and let a be an interior point of I. Then, by the
definition of f ' (a), assuming it to exist, we have

Fa= tim S0 @

X—a X—a

i.e., f’(a)exists if for a given €> 0, there exists a >0 such that

S )= f(a)

X—a

— f/(a)|<ewheneverO<|x—a|<d

or equivalently

€la-08,a+d[= f'(a)—¢e<
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2  Geometrical Meaning of a Derivative

We take two neighbouring points P [a, f (a)] and Q [a + &, f (a + )] on the curve
y=r M.

Let the chord PQ and the tangent at P meet the x-axis in L and T respectively. Let
ZQ LX =0 and £ PTX =wy. Draw PN and QM L to OX and PH 1 to QM.

Then PH=NM=0OM -ON =a+h—-a=h,
and QH=QM - MH =QM - PN = f (a+h)— f (a).
g QH _fa+h—f (@)
PH h (1)

As h— 0, the point Q moving
along the curve approaches the
point P, the chord PQ
approaches the tangent line TP
as its limiting position and the
angleo.approaches the angle y.

Hence taking limits as 1 — O,
the equation (1) gives

tany = f 7 (a). /
Hence f ’(a) is the tangent of v

the angle which the tangent line
to the curve y= f (x) at the
point P [a, f (a)] makes with x-axis.

D Meaning of the Sign of Derivative

Let f 7 (c)>0 where ¢ is an interior point of the domain of the function f; then

i f0=FO_ 0 n0

X—C X—C
If £> 0 be any number < f ”(c), there exists § > 0 such that

c|< 5:M_f'(c)

| x — <eg
x—c
ie., xelc—-08,c+d],x#c
= Me]f’(c)—s,f’(c)+s[- (1)

X—=c

Since € was chosen smaller than f ’ (¢), we conclude from (1) that

S )= fo)

X—=c

>0 when xe[c—-0,c+0d],x#c.
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We then have, f (x)— f (¢)>0 whenc<x<c¢+39
and f(x)—f()<0vvhenc—5<x<c
Thus we have shown that if f’(c)> 0, there exists a neighbourhood [¢ —§,¢ + 8] of ¢
such that

fx)>f() ¥xele,c+8]and f (x)< f(c) ¥xe[c-3,¢c[
If f 7 (c)<0,itcanbe 81m11arly shown that there exists a nelghbourhood [c —8,¢c +d]ofc
such that

f)>f() ¥xelc-d,cland f (x)< f(c) ¥ xe]c,c+3]

Similarly, it can be shown for the end pointsa and b that there exist intervals |a,a + 3 |
and [b — §, b[ such that

f(@)>0= f(x)> f(a) ¥ xe]a,a+8§]
f@)<0=f(x)< f(a) ¥ xela,a+3d]
S)>0= f ()< f(b) ¥ xe[b-38D]
and fr()<0= f(x)>f(h) ¥ xelb-38D[

4 A Necessary Condition for the Existence of a

Finite Derivative

Theorem 1. Continuity is a necessary but not a sufficient condition for the existence of a finite

derivative. (Kanpur 2007, 12; Meerut 10, 10B, 11; Avadh 10; Kashi 14;
Gorakhpur 13, 14)

Proof: Letf be differentiable at x . Then lim S 0= (o) exists and equals
X — Xp X=X

f " (x9).- Now, we can write f (x)— f (xg) = W (x = xp), if x#xp .

Taking limits as x — x , we get

lim [f(x) = f (x)]= lim {f(x)—f(xo) (x—xo)}

X=X X=Xy X=X
= gim LS00 s )= £ ()0 =0,
X = X X = X0 X = X
so that lim  f(x)=f (xp).
X = X

Hence f is continuous at xy. Thus continuity is a necessary condition for
differentiability but it is not a sufficient condition for the existence of a finite
derivative. The following example illustrates this fact :

Let f (x)=xsin(1/x),x=0 and f (0)=0. (Gorakhpur 2014)

This function is continuous at x = 0 but not differentiable at x =0.
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Since lim f (x)= lim xsinl=0=f(0), therefore the function f (x) is
x—0 x—0 X

continuous at x =0.

Now R f’©)= tim LOXN=SO_ SB-FO
h—0 h h—0 h
= lim M: lim sin ,
h—0 h h—0 h

which does not exist. Similarly L f” (0) does not exist.

Thus f (x) is not differentiable at x = 0, though it is continuous there.

5 Algebra of Derivatives

Now we shall establish some fundamental theorems regarding the differentiability of
the sum, product and quotient of differentiable functions.

Theorem 1: Ifa function fis differentiable at a point x¢ and c is any real number, then the
Sfunction ¢ f is also differentiable at xy and (¢ f )’ (xg)=c [ (xp).
Proof: By the definition of f * (x), we have

f(x)_f(x()):f'(xo).

lim
X = X X=X
Now lim (cf)(x)—(cf)(xo): lim M
X=Xy X=X X=Xy X=X
= lim {uf(x)_f(x())}zc. lim MZC}”(}(@).
X — Xp X=X X— X X=Xy

Hence ¢f is differentiable at xy and (¢ f )’ (xg)=c¢ f " (xp)-
Theorem 2: Let fand gbedefined on an interval 1. If fand g are differentiable at x € I, then so
also is f + gand

(f+8) (0)=/f"(x)+ ¢ (x0)

Proof: Since f and g are differentiable at x;, therefore

im LS ey (1)
X=X X=X
and lim S0 =€E0)_ oy (2)

X = Xo X=X
Now i S O@=(f+ ¢ (o)
X — X X =X

o LA+ g@I-1f () + g ()]

X— x X=X
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~ lim f(X)—f(Xo)Jrg(X)—g(xo)}
X — X X=X X=X
L im SO0, 0= g
X— x X=X X=X X=X

as the limit of a sum is equal to the sum of the limits
= f " (x0)+ g (xp), using (1) and (2).
Hence f + g is differentiable at xy and
(f+8) (0)=f"(x0)+ g (x0)-

Theorem 3:  Let fand gbe defined on an interval 1. If fand g are differentiable at xo € I, then so
also is fg and  ( fg) (xg) = f ' (x0) g (x0) + f (x0) & (xp)-
Proof: Since f and g are differentiable at x; , we have

tim LSOO ) )
X = X X=X
Im g -gx0) _
and e (x0) (2)
Now im B @ =) (0) - S )80 = f (x0) & ()
X — X X=X X = x X = Xp
= lim f(x)g(x)—f(xo)g(x)+f(xo)g(X)—f(xo)g(xO)
X — X X — X0
= im | L0 =S ) fo@@M
X = Xy X=X X=X
= lim S )= f (o) lim g+ f (x). lim &)~ g ()
X = Xy X=X X — Xp X = X X=Xy
=f " (x0) g () + f (x0) & (x0), ,
lim

i 1), (2 he f h = .
using (1), (2) and the fact that P g () =g(xp)

Note that g (x)is differentiable at x = x implies that g (x)is continuous at xy and so

lim g (x)= g (xp)

X — X

Hence fgis differentiable at xo and ( fg)" (xg) = f " (x0 ) g (x0) + f (x0) & (xp).

Theorem 4: Iffis differentiable at xg and f (xq) # O ,then the functionl/ f is differentiable
at xo and (1/ f ) (o)== f * (x0) / {f (x0))*.




Differentiability I

Proof: Since fis differentiable at x , therefore

. X)— X ’
lim M:f (xp).- (1)
X — Xp X =10
Since fis differentiable at xo it is continuous at x; , therefore
lim f(x)=f (x)#0. ..(2)
X — X

Also, since f (xg) # 0, hence, f (xg) # 0 in some neighbourhood N of x . Now, we have
forxe N

1 1
i L0 F0) {_f(x)—f(xox Lo }
X=X X=X X=X X=X S @) f (o)
X = X X=X X = X S f ()
=—f’ L ,using (1) and (2)

)
CF o) f o)
== () / Lf (x)).

Hence 1/ f is differentiable at xy and (1/ f )" (xg)=— f "(x9) / { f (xo)}2
Theorem 5:  Let fand g be defined on an interval I. If fand g are differentiable at xo € I, and
g (xg) 20, then the function f / g is differentiable at x and

I (2 1€ G0) £ (0) = f (30) & (0],

(XO) = 2
g (g (x0)]

Proof: Use theorems 3 and 4 of article 5.

6 The ChainRule of Differentiability

Theorem 1. Letfand gbe functions such that the range of fis contained in the domain of g. Iffis
differentiable at xq and g is differentiable at f (xy), then g o f is differentiable at x , and

(gof) (x)=¢g (f(x)).f (x)

Proof: Let y= f (x)and yg = f (xp).
Since fis differentiable at x; , we have
lim f(x)_f(xO)zf/(xO)
X=Xy )]
or F @)= Go)=(r=30) [f " (50) + h ()] (1)

where A (x) = 0 as x — xp.
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Further since g is differentiable at y; ,we have
lim S0 _ oy
y—=>y V7)o
or g =¢(yo)=(r -0 L& (o) +1 (] -(2)
where u(y)—>0asy—>y0.
Now (gof)(x)=(gof)x)=g(f(x)=g(f(x0)=g(r)-g(r)

=(y—yo)[g’(yo)+u( )], by (2)
=[f )= f )]l (yo)+u(y)
=(x—x)[f (x)+A (][ (o

Thus if x # x, then

(gof)(x)-(gof)(x0)

X — Xy

]
)+r ()] by (1).

=[& (o) +(M].Lf () + 2] ..(3)

Alsofbeing differentiable at x ,is continuous at xy and hence asx — x , f (x) > f (x)

ie., y— yo.

Consequentlyp ( ) >0 asx— 1y and A (x) > 0 as x — xj .

Taking the limits as x — x , we get from (3)
im  (&oSf) ) =(gof)(x)

X— X X=X

=g (yo)- [ (x0).

Hence the function gof is differentiable at xy and ( gof )" (x9) = g’ ( f (x0)) £~ (x0)

7 Derivative of the Inverse Function

Theorem: If f be a continuous one-to-one function defined on an interval and let f be
differentiable at x , with f ’ (xy) 20, then the inverse of the function fis differentiable at f (x)
and its derivative at f (xg)is1/ f 7 (

Proof: Before proving the theorem we remind that if the domain of f be X and its
range be Y, then the inverse function g of fusually denoted by f ~ lis the function with

domain Y and range X such that f (x)= y & g (y)=x. Also g exists if f is one-one.
Let y=f(x) and yg=f (x).

Since fis differentiable at x; , we have

im L @G0
X=X X=X
or S @)= fxo)=G-x)[ [ (x)+Ax)] (1)

where A (x) = 0 as x = xy. Further, we have

g(y)—g(yo)=x—xy , by definition of g.
g-¢g()_r-—x _  xr-Xx 1 by (1),

J=J0 y=yo f@)-f(o) f (x)+r(x)
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It can be easily seen that if y — yq ,then x — xg .
In fact, f is continuous at x, implies that g= f ~1is continuous at f (xg) = yo and
consequently
g(y)—=> g(yo)as y— ygic, x— xgas y— jg,
sothat A (x) > 0as y— yg .
lim  ¢(y)-g(yo)_ lim 1 1

Jy=d0 y-yo 0 I= D0 f (o)A@ f (x0)

1 , 1
Fa VTR

or g ()=

Illustrative Examl)les

Example 1: Prove that the function f (x) = | x|is continuous at x = 0, but not differentiable at

x=0 where | x| means the numerical value or the absolute value of x.
(Rohilkhand 2007; Bundelkhand 08; Meerut 13B; Avadh 11)

Also draw the graph of the function.
Solution: We have f (0)=]0|=0,

f®+oy:“m f@+hﬁ:hm fmy:hm m= ™o
h—0 h—0 h—0 h—0
and FO-0= "™ Fo-m= """ rcn
h—0 h—0
lim lim

“is0 M= 50
SO)=f0+0)=f(0-0)

Hence f (x)is continuous at x =0.
cove M fO+Rh) - fO) _ lim £ () - f(0)
Also, we have Rf (O)_h%OT_h%OT
lim |p[-0  lim

h . L
o0 T Cho0 B (h being positive)

h=0.

lim

= 1=1,
h—0
li AN li —h) -
. L=, LORSO) B feh = O)

li - li
= ) :HO | }ilh 0 = I :no —Lh (h being positive)
B lim
Ths0

Since R f " (0)# L f’(0), the function f (x) is not differentiable at x = 0.

I=-1
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To draw the graph of the function f (x) =|x]|.
x, x=20
-x, x<0.

We have f (x) = {

Let y = f (x). Then the graph of the function consists of the following straight lines :

y=x, x20
Va
y=-x, x<0. B A
The graph is as shown in the figure. From the
graph we observe that the function is <3 s S
i

continuous at the point O i.e.,at the pointx =0
but it is not differentiable at this point. The
tangent to the curve at the point O from the 0
right is the straight line OA and from the left is
the straight line OB. Thus the tangent to the
curve at O does not exist and so the function is not differentiable at O.

Mo

Example 2:  Show that the function f (x)=|x|+|x —1| is not differentiable at x =0 and
xr=1L (Meerut 2005B, 08; Kashi 14)
Solution: We first observe that if x< 0, then

|x|=—xand|x-1|=|1-x|=1-x ;
if 0<x<] then|x|=x and|x-1|=|1-x|=1-x;
and if x>, then|x|=xand|x—-1|=x-L

the function f (x) is given by

1-2x, if x<O
fx) =11, if0<x<l
2x -1 if x> 1L

Atx=0. Wehave R f’(0)= fim SO+~ f0)

/=Y I
lim f(y-f@©) lim 1-1 |
= J NS N =1 _ y
h—0 h h—0 J ,an(x) lif0<x<1
3 lim 0-0
= 00=0
, lim 00—l - f (O
and L f <0>=,H0f<_—>hf<>
_ im f - fO)_ lim =21
“h—0 -h “hs0 —h
[ f (x)=1-2x,if x<O]
li li
m 2p im e .

=h—>0—7h=h—>0_
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R f7(0)=# L f’(0), so the given function is not differentiable at x = 0.
At x =1. We have

lim £ (1+h)-f1) lim 20+h) -1 -1

(1) = =
Ry h—0 h h—0 h
3 lim 242h-1-1_ lim 2h lim )
"h—>0 I "h—=0n h—0 ’
i B lim f=h)-f (1) Iim 1-1 [im
wd - Lpre, B SRR TR T 00

SR f7(1)= L f’(1),so the given function f (x) is not differentiable at x =1.

Example 3: Let f (x) be an even function. If f(0) exists, find its value.
(Kanpur 2010)
Solution: f (x)is an even function, so f (—x)= f (x) Vx.

f’O)exists =R f'0)=L f’"(0)=f"(0).
Now  f’(0)=R f’(0)= hm SW-f0O)

h—0 h >0
li -h)-f(©
= LERZLO) e f 0= )
N EN-FO o
“Thso ooy RO

2f70)=0 = f'0)=

Example 4: Let f(x):{ Th s s = f ()1 f (). Test the
r—=1 0 <x<2,

differentiability of g (x -2,2[.

Solution: When—2£xSO,|x|=—xandwhen0<x£2,|x|=x.

Now -2<x<0 = |x|=-

= SUxD=f(x)=-x-1 [+0<—-x<2]

x-1 O<x<2

So we have f(le):{_x_l —9<x<0

, -2<x<0
and | f(x)]=9-x+1 O<x<1
x—=1 I<x<2.

- X, -2<x<0
g)=f(x)+|f(x)E{ O, 0<x<1
2x -2, l<x<2.
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We see that g (x) is differentiable ¥ x € | — 2,2 [, except possibly at x =0 and 1.

im ¢ -h)-g@©)_ lm g(=h)-g(0)

Le=5 0 “h Tho0
_lim p-0 )
“h>0 -
lim 0+h 0 lim 0 -0
, g0+1-g0)_
R 0)= h—0 h Th>0 o
Since L g’ (0)= R g’ (0), g (x) is not differentiable at x =0.
lim +h 1 lim 2(1+h)-2-0
. , gd+n)-g() _ (L+h) -
Again Rg ()= P . =150 p =2,
lim lim -
, gu=h)—g() _ 0-0 _ ,
Le=y o2 Thoo oy T0PREWM

g is not differentiable at x = 1.

Example 5:  Suppose the function f satisfies the conditions :

@) fa+y)=f@f(y»)Vxy
lim

(@)  fx)=l+xg) Wherex_>0 gx)=

Show that the derivative f ' (x) exists and f ' (x)= f (x) for all x.
Solution: Putting & for y in the first Condltlon, we have

S x+d0)=f(x) f©x).

Then fx+dx)— f(x)=f(x) f@x)— f(x
or fa+d) - f@) f@Lf@)-1]
& - &
= W by given condition (ii)
=f(x
m £ (x+80)— f(x) lim )
& — 0 x &ﬁof(x)g(ax)—f(x).l.

N lim S =1
|:' 6x—0 8¢ )_]

f 7 (x)=f (x).Since f (x)exists, f(x) also exists.

Example 6:  Show that the function f given by f (x) = x tan™ ! (I/ x)forx =0 and f (0) =

is continuous but not differentiable at x = 0. (Purvanchal 2008; Lucknow 11;
Bundelkhand 12; Meerut 13)




Differentiability

Za N

Solition: Since _ M an ! L 20 = /(0 therefore the functi
olution: Since f(x)—x_>0 X tan o = f (0),therefore the function f
is continuous at x = 0.
Loy M f O+ - f©) _ lim £ k)~ f(©)
Now Rf (O)_heOf_heOT
lim Jtan "' (1/h)-0 lim _1(1
= = tan -
h—0 h h—0 h
—tan =2
2
sy ImfO-m)-f©0) lim f(-h)-f(0)
and Ly (O)_h—>0 —h T h—0 —h
o dim —fan Tt (-1/k) -0
" h—>0 .y
= fim tan™ ! 1 =—tan leo=-".
" h—0 h) )

Since R f " (0)# L f 7 (0), f is not differentiable at x = 0.
Example 7:  Investigate the following function from the point of view of its differentiability. Does
the differential coefficient of the function exist at x =0 and x =17
- if  x<0
f=1 i if 0<x<l

3 ‘ 1.
O -xsl ¥ * (Meerut 2006)
Solution: We check the function f (x) for differentiability at x = 0 and x = lonly. For

other values of x, obviously f (x)is differentiable because it is a polynomial function. It
can be seen that f (x)is continuous at x =0 and x =L

lim f(O-k-/©) _ lim -©-n-0_

Now L=, 50 iy “hoo —n !
sy M O+ - f0)_ lim ©0+h)’ -0 _
and REO= o= “hoo % %

L f7(0)#R f’(0), the function is not differentiable at x =0.
. , lim  f (=)= f (1) _ lim (1-h? -1
Again I (1)_h—>0 —h Th>0 -
lim —2%+ 12 _ lim

Tho0  —h hoo@TM=2

. . 3
and Rf'(1)=hlinof(1+h;l_f(l)=h1:n0 (I+h) —(;+h)+1—l

lim 27 +30% +13  lim 9 ,
S0 Tho @3k =2=Lf().

Hence f 7 (1) exists i.e., the function is differentiable at x = 1.
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x—1
Example 8: Find ' (1) if f(x)=42:% -7x+5
-1/3, when x=1.

, when x#1

li -
Solution: We have f ' (1)= i ino w

. 1+h-1 (_1)/
= lim 5 —— h
h—=0|20+h)”-70+h)+5 \3
Clim 3R+ 20+ -7+ k) +5
h—=0 3n20+h?-70+h)+5]

lim 252 lim 2 2

Tho 035 (3h+2k%) h>0-9+6h 9
Example9:  Test the continuity and differentiability in — oo < x < oo, of the following function :
f)=1 in —ee<x<0

=1+sinx in OSx<%n

( 1 )2 1
=2+|x—-—m in —mSx< oo
2 2
(Avadh 2009)
Solution: Weshalltest f (x)forcontinuity and differentiability atx =0 andn / 2. Itis

obviously continuous as well as differentiable at all other points.

(i) Continuity and differentiability of f (x) atx =0

We have f©O)=1+sin0=1
Oo_lim Oh_lim h_liml = 1
FO+0)= T fO+m=,  fUy=, " (esink) =L
d 00_lim 0h_lim I—Iiml—l
an JO=0) =) Lo fO=M=) o/ M=y ot=t
Since f©0)=f(0+0)=f(0-0), f (x)is continuous at x =0.
sy M fO+Rh) - fO) _ lim £ (k) - f(0)
Now Ry O= o "iso0 h
_lim (I+sink)— (I+sin0)  lim sinh_l_
“h—>0 h “h—>0
sy MO =)= fO) _ lim f(=h) - f(0)
and Lf (O)_h—>0——h_h—>0_—h

B lim 1-(1+sin0) lim i_ lim 0<
“h—0 —h "h—>0_-h h—>0

Since R f " (0)# L f 7 (0), f (x) is not differentiable at x = 0.

0.




Differentiability

{ r59 I,
(ii) Continuity and differentiability of f (x) at x = % .
2
1 1 1
We have f(*ﬂ?)=2+(fﬂ:—fﬂ:) =2
2 2 2

fGTHO):hlinofGth)

B lim 9 1 I 1 2
_h—)O + (57'6+ )_575

lim

- 2y_9.
_h—>0(2+h)_2’
J 1 o) = lim 1 I
" rm0) o oo
B lim Lisi 1 I
=150 +sm(§n—)
M cos iy =112
—h%0(+cos y=1+1=2.
Since f(ln)zf(ln+0)=f(ln—0) f is continuous atlen:
2 2 2 ' 2
1 1
“n+hl- —
N Rl lim f(2n 1) f(2n)
ow f (En)_h—)() p
2 2
2+{ln+h—ln} - 2+(ln—ln)
lim 2 2 2 2
) h
_ lim 244% -2 lim he0.
h—0 h h—0
1 1
d Lfo(Llg) f(in_h)_f(in)
an f (in)—h_)o %

. (1
_ lim 1+Sm(§n_h)_2_ lim  —1+cosh
/=Y —h T h—>0 —h

_ lim 1-cosh _ lim 2sin® (h/2)
“h—»0 h h—O0 h

lim |:sin (h/2)

=150 B .sm(h/2)]zl><0:0.

[—

Since R f’(0)=L f’(0), f (x)is differentiable at x = — 1.

2
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Example 10: If f (x)= Z sin (1/ x) , for x#0 and f (0)=0, then show that f (x) is
continuous and differentiable everywhere and that f ' (0) = 0. Also show that the function f ’ (x)

has a discontinuity of second kind at the origin. (Meerut 2006B; Avadh 06;
Kumaun 12; Kanpur 14)
Solution: We h 0+0)= ™ o ip2en Lo M g1
olution: e have f (0 + )_h—>0( + h) mnm—h_)() sz_ ;
0-0)= lim 0= lim I
f(_)_h%() f(_)_h—>0 f(_)
=10 (= h)* sin (- 1)——h_>0 smz_ .
fO+0)=f(0-0)= f(0),so the function is continuous at x = 0.
, lim £ O+h)—-f(0)_ Tlim fHh)-f()
Now RO o= "uso %
lim j2sin(1/h)-0 lim ]
T _h_)ohst—O,
, lim F(O-h)-f(©)_ lm f(-h-f(0)
and Lro=,50 s ) s

o lim (= R?sin(=1/h)-0 _ lim
" h—>0 —h " h—>0

hsinlzo.
h

Thus R f7(0)=L f’(0) implies that f (x) is differentiable at x =0 and f "(0) =0.

For all other values of x, f (x) is easily seen to be continuous and differentiable.

Now f’(x):2xsinl—coslatx¢0andf’(()):0‘
X X
’ O 0 _ llm , O h _ hm , I
f ( + >_h—>0f ( + )_h—>0f (’l)

lim 1 1 . .
= 2 h sin — — cos — |, which does not exist.
h—=0 h h

Similarly it can be shown that f *(0 —0) does not exist.

Hence f “is discontinuous at the origin. Since both the limits f * (0 —0)and f * (0 +0)
do not exist, therefore the discontinuity is of the second kind.

Example 11: A function fis defined by~ f (x)=x¥ cos (1/ x),x#0; f (0)=0.

What conditions should be imposed on p so that f may be

(i)  continuous at x =0 (ii) differentiable at x =0 ?

Solution: We have

040)= m 04m= ™ 0 )P cos {1/(0+]
FO+0)= M poem= " 1O+ m P cos (170 +)]
lim
= hPcos(1/h) (1)

h—0




Differentiability
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lim lim
and f<0_0)=h—>0 f(O—h)zh_>0[(O—h)pcos{l/(O—h)}]
= P cos 1/
_h—>0(_ )P cos(1/h). ... (2)

Now if the function f (x) is to be continuous at x =0, then
SO+0)=7f©0)=0=/(0-0)
i.e., the limits given in (1) and (2) must both tend to zero.

This is possible only if p> 0, which is the required condition.
li — li -
Now R0 ™ SOER-fO)_ m f)-f0)

" h—0 h h—0 h

=hlin0hpcos(%=hlino hp_lcos% -.-(3)
i Lf'(o)zhlfowzhlino (—h)pcos_(h—l/h)—O

=hlin0_(—1)”hl’—lcos(1/h), ..(4)

Now if f  (x)exists at x =0 then we must have R f 7 (0) = L f * (0) and this is possible
only if p—1>0i.e., p>1which gives Rf " (0)=0 =L f’(0). Hence in order that f is
differentiable at x =0, p must be greater than 1.

Example 12:  For a real number y, let [ y] denote the greatest integer less than or equal to y.
tan ([ x — w])
Then if  f (x)=————5——, show that f’ (x) exists for all x.
L+ [ x]
Solution: From the definition of| y], we see that[x — nt]is an integer for all values ofx.

Then m (x — m) is an integral multiple of w and so tan (n [x — w]) =0 ¥ x. Since [x]is an
integer so 1 + [X]2 #0 for anyx. Thus f (x) =0 forallxie., f (x)isaconstant function

and soitis continuous and differentiablei.c., f ’ (x)exists ¥xandisequalto zero.

Example 13: Determine the set of all points where the function f (x)=x/(1+]|x]|) is
differentiable.

Solution: Since|x|=x,x>0,|x|=-x,x<0,|x|=0,x=0,
f (@)= x<0,f (1)=0,x=0; f () =——, x>0,
1-x 1+ x
We have F0+0)= lim FO+h)= lim F = lim L:O
h—0 h—0 h—=01+h
F0-0)= lim FO-y= lim Fhy= lim _7]1:
h—0 h—0 h—=01+h

Since f(O+0)=f(0)=f(0-0)=0sothefunctioniscontinuousatx = 0.




Kaisfua's T.B. Real Analysis

(o2
Further Lf’0)= hlinO %)h_f(o)
_lim fER-f0)
h—0 —h
_ lim [=h/1+h)] S
>0 iy Th>01+h
li _
Rf,(o)zhinow
_ lim [h/(1+h)] —0_1
“h—sO0

Since L f’(0)=R f’(0), so the function is differentiable at x =0. It is obviously
differentiable for all other real values of x. Hence it is differentiable in the interval

] - °°[

Example 14: Let f (x) =7 (x) {1+ xsin (1/x)} for x>0, f (0
f)==N(=x){1+xsin(l/x)} for x<O.

Show that f * (x) exists everywhere and is finite except at x = 0 where its value is + oo.

Solution: We have

0)= lim £ ©+m-f©0)_ lim f()-f(©0)

Rf “h—>0 h T h—0 h
~im Nh) {1+ hsin(1/h)} -0
Th>0 h

lim

= |:\/h (\/h)sm(/h)]:oo+O:°°

, _hm fO-h)~f©)_ lim f(h)-f©)
and Lf (0)_]1%0——h_h%0_7h
V[ h)]|:l+(—h)sm] -0
lim -
“h—0 —h

lim 1
h—>0|:\/h (\/h)smh:| oo+ =0,

Since R f’(0)=L f’(0)=c, = f’(0)=co.

We have fx)= L+ \/xsml—icoslforx>0
24 x x Ax
and f»(x)=2\/(1_x)+§\/(—x)sini—\/(_x)cosiforx<0,

Hence f ’(a) is finite for all a # 0.
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Example 15:  Draw the graph of the function y =|x — 1| +|x — 2| in the interval [0, 3] and

discuss the continuity and differentiability of the function in this interval.
(Garhwal 2008; Meerut 07B, 09; Gorakhpur 12)

Solution: From the given definition of the function, we have

y=l-x+2-x=3-2x when x<lI

y=x-1+2-x=1 when 1<x<2

y=x-1l+x-2=2x-3 when x2>2.
Thus the graph consists of the segments of the three straight lines y =3 —2x, y =1and
y=2x-3 corresponding to the intervals
[0,1],[L2],[2,3] respectively. The graph of the
function for the interval [0,3] is as given in the

figure. 3 @.3)
The graph shows that the function is continuous 5 L

throughout the interval but is not differentiable at

x=12 because the slopes at these points are 1F

different on the left and right hand sides. Ly eu
To test it analytically, we write y = f (x). Then olo '1 "2 3
fx)=3-2x
=1 when 1<x<2

=2x-3 when x>2.
This function is obviously continuous and differentiable at all points of the interval
[0, 3] except possibly at x =land at x =2.

Atx =1, we have f (1)=1;

bq"

when x<1

1—0= ™ 3ioaomi=nfac0)= ™ (=1
Fa-0= " B-20-m1=tfas0)=, ()=
Since f@=0)=f(1+0)=f (1), fis continuous at x = L.
. , o Hme f @4y — f (1) lim -1
Again R f (l)_h—>OT_h—>07_o
L limo fa-m- @) lim 3-2(0-m)-1_
and Lf (I)_h%O#_hao_—h__Z'
Since R f7(1)# L f’(1), fis not differentiable at x = 1.
At x =2, we have f (2)=1;
2-0)= ™ ol reens ™ REen-3-1
Since f2-0)=f2+0)= f (2),fis continuous at x =2.
. sy AIm f@2+h)- f@2) lim 2Q2+h)-3-1_
Again R f (2)_h%OT_h—>OT_2
yoy dim f@—p) - f@2)  lim 1-1_
and Lf (2)_h—>0f_h—>0_7h_0.
Since Rf’@2)#L f’(2), fisnot differentiable at x =2
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Example 16: Show that the function f :R — R defined by
f(x):x|:1+%sinlogx2:|,x;thndf(O):O

is everpwhere continuous but has no differential coefficient at the origin. ~ (Garhwal 2009)
Solution: Obviously the function f (x) is continuous at every point of R except

possibly at x =0. We test at x =0. Given f (0) =0.

lim lim 1 . 9
f(O+O)=h_>0f(O+h)=h_>0|:(O+h){l+3smlog(0+h) H
lim . 2 .. .
—h_)o[h+(h/3)smlogh ]=0+0 x a finite quantity = 0.

[~ sin log h? oscillates between —1 and +1 as h — 0]
Similarly we can show that f (0 —0)=0.

Hence fis continuous at x = 0.

0 +h) {I+ésinlog © +h)2} 0

i lim
Now R f (O):h—> 0 .
I L i tog 22) which does not exist sincesin log /i
_h—>0{ +§sm og },w ich does not exist since sin log
oscillates between —land 1 as h — 0.
1. 2
(O—h){l+—smlog O =h) } -0
i lim 3
LI =50 —h
lim 1 . 2 . .
= 1+ —sin log &* |, which does not exist as above.
h—0 3

Hence f has no differential coefficient at x =0.

el/x_ -1/x

T x%0;f(0)=0.
61/" +€—1/x f

Example 17: Let f (x)=x

Show that f (x) is continuous but not derivable at x = 0.
(Meerut 2005; Purvanchal 07;Kanpur 08; Lucknow 09;
Gorakhpur 10; Bundelkhand 14)

Solution: We have f (0)=0;

0+0 lim 0+h lim . lim ) P e VU
=+ = + = = -
S ) h—>0f( ) h—>0f() h— 0" Mhy =17k
lim -2k 1/h

=050 hm, dividing the Nr. and Dr. by ¢

=OX71—0 =0x1=0;
1+0
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d 0-0= " fo-m="" fch
an f( - )_h—>0f( - )_h—>0f(_ )
lim Al U= i U
“h0 _hgl/—h+g—1/—h TS0 _hg—l/h_'_el/h
lim 2o 0-1_

= — h =
h—0 e 2 0 0+1
Since f (0 +0)= f (0 —0) = f (0), the function is continuous at x = 0.

_ lim £ O+m-f©)_ lm f{)- f(0)

Now Rf (0)_h—>0 I k>0 I
hm el/h _efl/h hm 1—672/11 1_0
_ _ = - = =1
h—=0 | My 1k 0 / h—0 142" 140
sy Mo fO=h)= f(0) _ lim f(-h)- f(0)
and Lf <O>_h—>0 —h T h>0 —h

lim E_l/h _ el/h
=150 |:(_h)6—1/h+ AT -0 / (=)
im0
Ths0 2] 041

Since R f " (0)# L f ’(0), the function is not derivable at x = 0.

2
Example 18: Let f (x) = eV sin (I/ x) when x #0 and f (0)=0. Show that at every

point f has a differential coefficient and this is continuous at x = 0. (Avadh 2006)
Solution: We test differentiability at x = 0.

lim V% sin(/h) -0 lim sin(1/h)

R f’(0)= = VA
S0 h—0 h h—0 hgl/hz

_ lim sin (1/ 1) lim sin (1/ 1)

T h—>0 1 1 h—>01+1+i L

h{l+hZ 2!h4+“} 21 h3

_ a finite quantity lying between —land +1 _ 0

Similarly L f *(0) =
Since R f 7 (0)=L f’(0)=0, hence the function f (x) is differentiable at x =0 and

£7(0)=0.

If x is any point other than zero, then

f’(x):(Z/xg)e_l/xzsml/x l/x2 Cos(l/x)
:{(Z/x)sin(l/x)—cos(l/x)}(l/xz)(l/el/xz) (1)
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N 0402 lim 0 ) = lim (2 1 1 1
ow S O+ )_h—>0 SO+ )—h_)o(hsmh—(:osh)'hzenh2
~ lim 23in(l/h)_cos(l/h)
h—=01 ;3 1/ w2 AP
_ lim 2sin (1/ h) ~ cos (1/ h)
h—>0 1 1 ] 1
W1+ + O B e B el T
_ ( W22 ] ( w20t

_ some finite quantity =~ some finite quantity 0

oo oo

Similarly f*(0 —0)=0. Hence f ’is continuous at x =0.

@)mprehensive Exercise 1

Show that f (x)=|x—1],0 <x<2 is not derivable at x =1. Is it continuous in
[0,2]?

(a) If f(x):le,xio, £(0)=0, show that f is continuous at
+ e

x=0, butf ’(0) does not exist.
(Lucknow 2005, 10; Gorakhpur 13; Purvanchal 14)

1/x
(b) If f (x) = 1“71” for x#0 and f (0) =0, show that f (x) is continuous at
+ e
x=0,but f’(0)does not exist. (Lucknow 2006)

A function ¢ is defined as follows :
o (x)=—xforx<0,¢ (x)=xforx>0.

Test the character of the function at x=0 as regards continuity and
differentiability.

Show that the function f defined on R by
f@)=lx=-1]+2|x-2|+3|x-3]
is continuous but not differentiable at the points 1,2, and 3.
(Bundelkhand 2009)
Show that the function f (x)=x,0<x<1
=x-Ll<x<2
has no derivative at x = 1.

Show that the function f (x)= P —lx>1

=l-xx<l

has no derivative at x =L




Differentiability

10.

11.

12.

13.

14.

15.

2N

The following limits are derivatives of certain functions at a certain point.
Determine these functions and the points.
lim  Jog x —log 2 lim  N@+h) -a

(ii)

@) x—2 x—2 h—0 h

Let f (x) = x* sin (x#/3) except when x =0 and f (0) =0. Prove that f (x) has

zero as a derivative at x =0.
A function ¢ is defined as: ¢ (x) =1+ xif x<2, ¢ (x)=5—-xif x> 2.
Test the character of the function at x=2 as regards its continuity and
differentiability. (Avadh 2007)
Examine the following curve for continuity and differentiability :

y= 2 for x<0

y=1 for O0<x<l
y=1/x for x>1L

Also draw the graph of the function. (Meerut 2003, 04B, 09B)

A function f (x) is defined as follows :
fx)=1l+x for x<O0,

)
f)=x for O<x<],
f)=2-x for 1<x<2,
f(x):3x—x2 for x>2.

Discuss the continuity of f (x) and the existence of f ’(x) at x =0,land 2.
Discuss the continuity and differentiability of the following function :

f(x):x2 for x< -2

f(x)=4 for -2<x<2

f(x):x2 for x>2.
Also draw the graph. (Meerut 2007, 10B)
A function f (x) is defined as follows :

f)=xfor0<x<], f(x)=2-x for x>1
Test the character of the function at x=1 as regards the continuity and
differentiability. (Meerut 2003)
Examine the function defined by f (x) = ¥~ cos (el/x), x#0, f(0)=0 with

regard to (i) continuity (ii) differentiability in the interval | - L1[.

(a) Define continuity and differentiability of a function at a given point. If a
function possesses a finite differential coefficient at a point, show that it is
continuous at this point. Is the converse true ? Give example in support of

your answer.
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(b) What do you understand by the derivative of a real valued function at the
point beR? Apply your definition to discuss the derivative of
fx)=|x|,xeRatx=0.

(c) Prove that if a function f (x) possesses a finite derivative in a closed
interval [a, b], then f (x)is continuous in [a, b].

@nswers 1
Yes

3. Continuous at x =0 but not differentiable at x=0

7. (i) The function is log x and the point is x =2

(if) The function is yx and the point is x=a

9. Continuous but not differentiable at x=2

10. Discontinuous and non-differentiable at x =0, continuous and non-differentiable
at x=1

11. Discontinuous and non-differentiable at x=0,2 and continuous but not
differentiable at x =1

12. Continuous but not differentiable at x=-2,2

13. Continuous but non-differentiable at x=1

14. Continuous and differentiable throughout R

8 ROHG,S Theorem

If a function f (x) is such that

(i) f (x)is continuous in the closed interval [a, b],

(ii)  f ' (x) exists for every point in the open interval la, b|,
(iii)  f (a)= f (D), then there exists at least one value of x, say ¢, where a < ¢ < b, such that

f 7 ()=0. (Lucknow 2007; Purvanchal 07; Kanpur 08, 12; Meerut 12B;
Kashi 13, 14; Gorakhpur 12, 13, 14; Avadh 08, 11, 14)

Proof: Since f is continuous on [4,b], it is bounded on [a,b]. Let M and m be the
supremum and infimum of f respectively in the closed interval [a, b].
Now either M =m or M # m.

If M = m, then fis a constant function over [a, b] and consequently f * (x) = 0 forallxin
[a,b]. Hence the theorem is proved in this case.
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If M # m, then at least one of the numbers M and m must be different from the equal
values f (a) and f (b). For the sake of definiteness, let M = f (a).

Since every continuous function on a closed interval attains its supremum, therefore,
there exists a real number ¢ in [a, b] such that f (c) = M. Also, since f (a) # M = f (b),
therefore, ¢ is different from both a and b. This implies thatc €] a,b [.

Now f (c) is the supremum of f on [a, b], therefore,

fx)< fe) ¥ xinla,b]. ..(1)

In particular, for all positive real numbers /i such that ¢ — / lies in [a, b],

fle=m<f(c)

- fle==-f@,q (2)
—h
Since f ’ (x)exists at each point of ] a, b [,and hence, in particular f * (c) exists, so taking
limit as 1 — 0, (2) gives L f ' (c)=0. ..(3)
Similarly, from (1), for all positive real numbers & such thatc + hliesin[a, b], we have
fle+h)< f(c).
By the same argument as above, we get
Rf 7 (c)<0. .(4)
Since f ’ (c) exists, hence, L " (¢c)=f"(c)=R f ' (c). ...(5)

From (3), (4) and (5) we conclude that f " (¢)=0.

In the same manner we can consider the case M = f (a) # m.

Note 1: There may be more than one point like ¢ at which f * (x) vanishes.

Note 2: Rolle’s theorem will not hold good
(i) if f (x)is discontinuous at some point in the interval a< x<b,

or (ii) if f’(x) does not exist at some point in the interval a<x<b,
or  (iii)if f (a)#= f (b).

Note 3: It can be seen that the conditions of Rolle’s theorem are not necessary for
f’ (x)tovanish at some pointin ] a,b [. For example, f (x) = cos (1/ x)is discontinuous
atx =0 inthe interval[ — 1, 2]but f ” (x) vanishes at an infinite number of points in the
interval.

Geometrical interpretation of Rolle’s Theorem: (Goralkhpur 2015)
Suppose the function f (x) is not constant and satisfies the conditions of Rolle’s
theorem in the interval [a,b]. Then its geometrical interpretation is that the curve
representing the graph of the function fmust have a tangent parallel to x-axis, at least at
one point between a and b.
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Algebraical interpretation of Rolle’s Theorem:

Rolle’s theorem leads to a very important result

in the theory of equations, when v

f@a=fb)=0 and f:[a,b)]>R is a

polynomial function f (x). Here @ and b are the A w B
roots of the equation f (x)=0. Since a |
polynomial function f (x) is continuous and
differentiable at every point of its domain and

we have taken f (a) = f (b), therefore, all the g
three conditions of Rolle’s theorem are satisfied

[ T
el

and consequently there exists a pointc € ] a,b [
such that f* (¢c) =0 i.e., ifa and b are any two roots of the polynomial equation f (x) =0, then
there exists at least one root of the equation f ' (x) =0 which lies between a and b.

[llustrative Examl)les \

2
)/3

Example 19: Discuss the applicability of Rolle’s theorem for f (x)=2+ (x — in the

interval [0,2]. (Meerut 2012)
Solution: Wehave f (x)=2+ (x - 1)2/3. Here f (0) =3 = f (2), which shows that the
third condition of Rolle’s theorem is satisfied.

Since f (x) is an algebraic function of x, it is continuous in the closed interval [0, 2].
Thus the first condition of Rolle’s theorem is satisfied.

Now [ (x) =3 [1 / (x = D3], We see that for x =1, f 7 (x)is not finite while x =1is a

point of the open interval O < x < 2. Thus the second condition of Rolle’s theorem is not
satisfied.

)2/3 in the

Hence the Rolle’s theorem is not applicable for the function f (x) =2 + (x —
interval [0, 2].

Example 20:  Discuss the applicability of Rolle’s theorem in the interval [— 1,1] to the function
S () =|xl.

Solution: Given f (x)=|x|.Here f (-1)=|-1|=1 f (1) =|1| =1 sothat f (-1)= f (I).
Further the function f (x)is continuous throughout the closed interval [- 1, 1] but it is
not differentiable at x = 0 which is a point of the open interval | — 1, 1[. Thus the second
condition of Rolle’s theorem is not satistied. Hence the Rolle’s theorem is not
applicable here.

Example 21: Are the conditions of Rolle’s theorem satisfied in the case of the following
functions ?

(i) f(x):xzinZSxSS, (ii) f(x)=cos(l/x)in-1<x<],

(iii)  f(x)=tanxin0<x<m.
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Solution: (i) The function f (x) = +” is continuous and differentiable in the interval

[2,3]. Also f (2)=4 and f (3) =9, so that f (2) = f (3).

Thus the first two conditions of Rolle’s theorem are satisfied and the third condition is
not satisfied.

(ii) The function f (x) =cos (1/ x) is discontinuous at x =0 and consequently is not
differentiable there. Thus the first two conditions of Rolle’s theorem are not satisfied.
Here f (—1)=cos(-1)=cosl and f (1)=cosl Thus f (-1)= f (1) i.c., the third
condition is satisfied.

(iii) The function f (x) = tan x is not continuous at x = © /2 and consequently is not
differentiable there. Thus the first two conditions of Rolle’s theorem are not satisfied
here.

Further f (0)=tan0=0 and f (m)=tann=0. Thus f (0)= f (rn) ie, the third
condition is satisfied.

Example 22:  Discuss the applicability of Rolle’s theorem to f (x) = log l sk, ab} in the

(a+Db)x

interval [a,b],0 <a<bh. (Lucknow 2008, 11; Rohilkhand 14)

2
Solution: Here f (a)=log o+ ab =logl1=0,

(a+Db)a
and f)=1lo Prab | 1z
L] FPUATY B

Thus fla)=f(b)=0

B lim 1 o (x+h)2+ul7 1o ¥ +ab
“ho0 5| Blarh)cr iy B la+b)x

_limof (P +2xh+h*+ab)(a+b)x
B0 5|8 @by e+ h) (2 + ab)

lim 1 {(x2+2xh+h2+ab) xH
= log

L x
h—>0 | “Z +ab x+h
S g frezaie ] )
h—>0 § & ¥ +ab & x
lim 1F2xh+h2 h
= ) T (1)
h—=0 | ¥ +ab x
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2x 1
Y rab x
Again Lf’(x hlino {f S il)h A )]

replacing /i by — /i in (1)

_ 2x 1

X +ab x

Since R f " (x)=L f’ (x), f (x)is differentiable for all values of x in [a, b]. This implies
that f (x)is also continuous for all values of x in [, b]. Thus all the three conditions of

Rolle’s theorem are satisfied. Hence f ’ (x) =0 for at least one value of x in the open
interval ]a, b|[.

Now frw=0=2 1o
x“ +ab X

or 2x2—(x2+ab)=0

or ¥ =ab or x = (ab),

which being the geometric mean of 2 and b lies in the open interval ] a, b[. Hence the
Rolle’s theorem is verified.

Remark: In this question to find f ’ (x), we can also proceed as follows :
We have

f (x)=log (xZ + ab) — log (a + b) — log x.
, 2x 1
N=— - .
U T
Obviously f ’ (x) exists for all values of x in [a,b] .
Example 23:  Verify Rolle’s theorem in the case of the functions

(i) f@)=20+x" —4x-2, (Lucknow 2009)
(i) f(x

x) =
(iii)  f (x)=(x—a)" (x = b)", where m and n are +ive integers, and x lies in the interval
[a,D].

Solution: (i) Since f (x) is a rational integral function of x, therefore, it is

=sin x in [0, ],

continuous and differentiable for all real values of x. Thus the first two conditions of
Rolle’s theorem are satisfied in any interval.

Here f(x)=0givest3+x2—4x—2=0

or (x2—2)(2x+1)=0i.e.,x=ir\/2,—%

Thus f(\/2)=f(—\/2)=f(—l)=0.
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If we take the interval [- V2 .+ 2], then all the three conditions of Rolle’s theorem are
satisfied in this interval. Consequently there is at least one value of x in the open interval
1=~2,V2[ for which £’ (x) =

Now F)=0=26x+2x-4=0=3"+x-2=0

or Bx=-2)(x+1)=0 or x=-12/3 ie, f'(-)=f"(2/3)=
Since both the points x =—1land x =2/ 3 lie in the open interval ] — V2,7 2[, Rolle’s
theorem is verified.

(if) The function f (x) =sin x is continuous and differentiable in [0, «t].

Also f (0)=0 = f (n). Thus all the three conditions of Rolle’s theorem are satisfied.

Hence f ’(x) =0 for at least one value of x in the open interval |0, & [.

Now frx)=0=>cosx=0=ux= +—,i—,i5—n,....
2 2 2

Since x = 7wt / 2 lies in the open interval ]0, [, the Rolle’s theorem is verified.

(ili) We have f (x) = (x—a)" (x = b)".

As m and n are positive integers, (x — a)” and (x — b)" are polynomials in x on being
expanded by binomial theorem. Hence f (x) is also a polynomial in x. Consequently
f (x)is continuous and differentiable in the closed interval[a, b]. Also f (a) = f (b) =0.

Thus all the three conditions of Rolle’s theorem are satisfied so that there is at least one
value of x in the open interval Ja, b[ where f ’(x)=0.

Now f’(x)=(x-a)".n x=b"" e mx—a)y" " (x-b)"
Solving the equation f’ (x) =0, we get x = a, b, (na + mb) / (m + n)
Out of these values the value (na + mb) / (m + n)is a point which lies in the open interval

Ja, b[, since it divides the interval |a, b[ internally in the ratio m : n. Hence the Rolle’s
theorem is verified.

Example 24:  Verify Rolle’s theorem for

f (¥)=x (x+3)e” " in[-3,0]. (Gorakhpur 2015)
Solution: We have f (x (x+3)e ¥

)= @rt3) e 2 4 (0% 430 e—x/2,(_ %)

=¢ Y2 [2x+3—%(x2 +3x):|=—2l( 2 x—6) Y,

which exists for every value of x in the interval [- 3,0]. Hence f (x)is differentiable and
so also continuous in the interval [-3,0]. Also f (-3)= f (0)=0.
Thus all the three conditions of Rolle’s theorem are satisfied. So f” (x) =0 for at least

one value of x lying in the open interval | - 3,0[.

Now fr0=0 = -2 -x=6) 220 or ¥ -x-6=0

or (x=3)(x+2)=0 or x=3,-2.
Since the value x = — 2liesin the openinterval | — 3,0[,the Rolle’s theorem is verified.
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@)mprehensive Exercise 2
1. (i) State Rolle’s Theorem. (Kanpur 2005, 08; Lucknow 07)

2.

10.

ii) Verify Rolle’s theorem when f (x) =¢" sinx,a=0,b = 1.
(ii)
(Goralhpur 2012)

Verify Rolle’s theorem for the following functions :

(i) f)=x- 4)5 (x— 3)4 in the interval [3,4].
(i) f()=x>-6+"+1lr—6.

(iii) f (x)=x> —4xin[-2,2]. (Kanpur 2007)
(iv) f (x)=¢ ™ (sinx —cos x) in[n /4,51 /4] (Meerut 2013B)
(v) f(xr)=10x- 2 in [0, 10]. (Kanpur 2006)

Discuss the applicability of Rolle’s theorem to the function

f () =x> +L,when0<x<l

=3 —x,whenl< x<2.

Show that between any two roots of ¢* cos x = I there exists at least one root of
e*sinx—1=0.
State and prove Rolle’s theorem. Interpret it geometrically. Verify Rolle’s
theorem for the function f (x)= ¥ in [-L1]. (Lucknow 2010)
Verify the truth of Rolle’s theorem for the function f (x) = ¥* —3x+2 on the
interval [1,2].
Does the function f (x) =|x — 2| satisfy the conditions of Rolle’s theorem in the

interval [1, 3] ? Justify your answer with correct reasoning.
The function f is defined in [0, 1] as follows :

fw=1 forOSx<%
=2 forlSXSL
p

Show that f (x) satisfies none of the conditions of Rolle’s theorem, yet
f’ (x) =0 for many points in [0, 1].
If a + b + ¢ =0, then show that the quadratic equation 3ax® +2bx + ¢ = 0 has at

least one root in ]O,1] .

a a a An -1 .
Let 0454 %2 o 4 "7 44 =0. Show that there exists at least one
n+l n n-1 2

1+...+an=0.

(Lucknow 2009)

real x between O and | such thatay x " +a; x "~
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sinx sino sinf
11. If f (x)=|cosx cosa cosP| whereO<a<f<n/2,
tanx tano tanf

show that f " (§) =0, where a < § <.
12. Show that there is no real number k for which the equation

x> = 3x+k =0, has two distinct roots in ]0, 1.

@nswers 2

3. The given function is not differentiable at x =1 and so Rolle’s theorem is not

applicable to the given function in the interval [0, 2].
7. The function does not satisfy the third condition that f(x) must be differentiable
in the open interval |1, 3[.

0 Lagrange’s Mean Value Theorem

Theorem: If a function f (x)is (Lucknow 2006, 09; Avadh 07, 12, 14;
Meerut 12; Kanpur 11; Rohilkhand 12, 12B;
Gorakhpur 10, 12, 14; Kashi 14)

(i) continuous in a closed interval [a, b],

and (ii) differentiable in the open interval la, b [i.e., a < x < b, then there exists at least one value
‘¢’ of x lying in the open interval la, b| such that

FO-L0_p
—a
Proof: Consider the function ¢ (x) defined by ¢ (x) = f (x) + Ax, ..(1)
where A is a constant to be chosen such that ¢ (a) = ¢ (b)
ie., f(a)+ Aa= f (b)+ Ab
or A=_ f(b)_f(ﬂ). (2)
b-a

(i)  Now the function fis given to be continuous on [4, b] and the mapping x — Axis
continuous on [a, b], therefore ¢ is continuous on [a, b].

(ii) Also, since fis given to be differentiable on ]a, /[ and the mapping x — Ax is
differentiable on ]a, b[, therefore, ¢ is differentiable on ]a, b[.

(iii) By our choice of A, we have ¢ (a) = ¢ (b).

From (i), (ii) and (iii), we find that ¢ satisfies all the conditions of Rolle’s theorem on
[a,b]. Hence there exists at least one point, say x = ¢, of the open interval ]a, b[, such that

o () =0.
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But ¢ (x)=f"(x)+ A, from (1).
¢ ()=0=f"(c)+ A=0
or f’(c)=—A=w, from (2).
—a

This proves the theorem. It is usually known as the ‘First Mean Value Theorem of
Differential Calculus’.
Another form of Lagrange’s mean value theorem:
Ifin the above theorem, we take b = a + h, then anumberc, lying between a and b can be
written as ¢ = a + 0h, where 0 is some real number such that 0 <6< 1.
Now Lagrange’s theorem can be stated as follows :
If f be defined and continuous on[a, a + h)and differentiable on a, a + h|, then there exists a point
¢ =a+6h(0<0<])in the open interval |a, a + h| such that

FasD=f@_ g
or f(a+h)- f(a)=hf (a+6h).

Geometrical interpretation of the mean value theorem:
(Gorakhpur 2012, 14)

Let y = f (x) and let ACB be the graph of y f )in [a, b]. The coordinates of the
pointA are(a, f (a))and those of Bare (b, f (b

the chord AB makes an angle o with the x—axis, rt B
then A -
tanoczif (b) - f (@) C
b—a
=f" ()
by Lagrange’s mean value theorem where

a<c<b. 0 p - 5 ¥
Thus Lagrange’s mean value theorem says that
there is some point ¢ in Ja, b[ such that the tangent
to the curve at this point is parallel to the chord joining the points on the graph with

abscissae a and b.

10 Some Important Deductions from the Mean

Value Theorern

Theorem 1: Ifa function fis continuous on [a, b), differentiable on ]a, bl and if f 7 (x) = O for
all x in la,b| , then f (x) has a constant value throughout [a,b]

Proof: Let ¢ be any point of ]a,b]. Then the function f is continuous on [, c¢] and
differentiable on ]a,c[. Thus f satisfies all the conditions of Lagrange’s mean value
theorem on [a,c]. Consequently there exists a real number d between a and ¢
ie., a<d<c such that

S =flay=(-a)f’'d).
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But by hypothesis f’ (x) =0 throughout the interval ]a, b[, therefore, in particular
f7(d)=0 and hence f (¢)— f (a)=0 or f (¢)= f (a). Since ¢ is any point of |a,b],
therefore, it gives that f (x)= f (a) Vx in Ja,b]. Thus f (x) has a constant value
throughout [a, b].
Theorem 2: If f (x)and ¢ (x) are functions continuous on [a, b] and differentiable on la, b|
andif f 7 (x) = ¢ (x)throughout the interval |a, b, then f (x)and ¢ (x)differ only by a constant.
Proof: Consider the function F (x) = f (x) — ¢ (x). Throughout the interval ]a, b[, we
have

F'(x)=f"(x)=¢"(x)=0, because f’(x)=¢" (x).
Consequently, from theorem 1, we get

F (x) = constant or f (x) — ¢ (x) = constant.

Theorem 3: If f ' (x) =k for each point x of [a, b], k being a constant, then

f ) =kx+C¥xela,b], where Cis a constant.
Proof: Consider the interval [a, x] such that [a, x] lies in the interval [a,D] i.c.,
la,x] c [a,b). Since f ' (x)exists V x € [a,b], fis differentiable on [a,/] and hence on
[a,x] and consequently continuous on [a, x]. Thus f satisfies all the conditions of
Lagrange’s mean value theoremon|a, x]and hence thereis a pointc € ]a, x[ such that

S @)= fla)=@&—a)f’ ()
But by hypothesis f’(x)=k ¥V xela,b], therefore, in particular f’(c)=k as
a<c<x<bie,a<c<bh.

Hence f (x)— f(a)=(x—a)kor f (x)=k x+ f (a)—ak

or f (x)=k x+ Cwhere C= f (a) — ak is a constant.

Theorem 4: Iffiscontinuouson|a,bland f ' (x) 2 0inla, b[ ,thenfisincreasingin|a, b].
Proof: Let x; and xy be any two distinct points of [4, /] such that x; < x9 . Then f
satisfies the conditions of the Lagrange’s mean value theorem in [x;, x |. Consequently
there exists a number ¢ such that x; < ¢ < xy , and

Sf ()= fn)=(x—x) ()
Now xy — x>0 and f ()20 (as f ' (x)20 ¥ xe€]a,b[ and ¢ is a point of ]a, b[),

therefore

S )= f)z0ie, f )< f(x).
Thus n<x=f )< f () Vi, xelab].

Hence fis an increasing function in the interval [a, b].
Similarly, we can prove that if f(x)<0 in ]a, b[, then fis decreasing in [a, b].

Corollary: Iffiscontinuous on|a, b] , then fis strictly increasing or strictly decreasing on [a, b]
according as

f (x)>00r<0 inla,b[
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11 Cauchg ,S Mean Value Theorem

(Kanpur 2007; Lucknow 10; Avadh 12; Rohilkhand 14)

Theorem: If two functions f (x) and g (x) are
(i)  continuous in a closed interval [a, D],
(i)  differentiable in the open interval la, b| ,

(iii) g’ (x) = O for any point of the open interval |a, b, then there exists at least one value ¢ of x in
the open interval ]a, b|, such that

f ) - f(a) _ f (o)
gd)-g@@ g’

Proof: First we observe that as a consequence of condition (iii), g (b) — g (a) # 0. For

,a<c<h.

if g(b) — g(a)=0i.e., g(b)= g (a), then the function g (x) satisfies all the conditions of
Rolle’s theorem in [a, b] and consequently there is some x in ]a, b[ for which g’ (x) =0,
thus contradicting the hypothesis that g * (x) # 0 for any point of |a, b[.

Now consider the function F (x) defined on [a, b], by setting

F (@)= f (1) + Ag (), (1)
where A is a constant to be chosen such that F (a) = F (b)
ic. f @)+ Ag(a)= f (b) + Ag (b)
or - A= M . ...(2)
g(b)— g (a)

Since g (b) — g (a) 20, therefore A is a definite real number.

(i) Now fand g are continuous on [a, b], therefore, F is also continuous on [a, b].

(ii) Again, since f and g are differentiable on ]a, b[, therefore F is also differentiable
on Ja, bl.

(iii) By our choice of A, F (a) = F (b).

Thus the function F (x) satisfies the conditions of Rolle’s theorem in the interval [4, b].

Consequently there exists, at least one value, say ¢, of x in the open interval Ja, b[ such

that F " (¢) =0.

’

But F’(x)=f’(x)+ Ag’ (x), from (1).
F'(c)=0= f'(c)+ Ag" (¢)=0
or A:f 28 ...(3)

g ()
From (2) and (3), we get
fO-f@_f@©

gb)y—ga g ()
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Another form: If b=a+h, thena+06h=a when®=0 anda+0/h=>b when =1
Therefore, if 0 <6<1, then a + 6k means some value between a and b. So putting
b=a+handc=a+0#h, the result of the above theorem can be written as
flath) = f@ _fraro o o
gla+h)—g(a) g (a+06h)

Note 1: If we take g (x) = x for allx in[a, b], then Cauchy’s mean value theorem gives

Lagrange’s mean value theorem as a particular case. For g(x)=x means
gb)=b,g(a)=a, g’ (x)=1and so g’ (¢) =1 Putting these values in Cauchy’s mean
value theorem, we get Lagrange’s mean value theorem. Thus Cauchy’s mean value
theorem is more general than Lagrange’s mean value theorem.
Note 2: Cauchy’s mean value theorem cannot be obtained by applying Lagrange’s
mean value theorem to the functions f and g.
For applying Lagrange’s mean value theorem to f (x) and g (x) separately, we get

fW)—-f@=0-a)f (c),wherea<c <b
and gh)—g@=0b-a)g’(cy),wherea<cy <bh.

f D)= fla)_ f')

Dividing, we have = .

gh)y—g(a) g (c9)

Note that here ¢] is not necessarily equal to ¢y .

[llustrative Examl)les \

Example 25: If f (x)=(x—-1)(x—=2)(x=3) and a =0, b =4, find ‘¢’ using Lagrange’s
mean value theorem. (Lucknow 2006, 07, 11; Rohilkhand 14)
Solution: We have
F@=@-D(x-2)(x=-3)=2> 64> +11x 6.
f@=f©)=-6and f ()= f (4)=6.

SO -f@_6--6_12_,
b-a 4-0 4

Alsof’(x)=3x2 —12x+11givesf’(c)=3c2 —12¢+11

Putting these values in Lagrange’s mean value theorem

f )~ f @ _

b4 [ (e), (a<c<b), we get

3=3c2 -12¢+11 or 3¢ -12¢+8=0

C=I2i\/(144—96)=2i2\/3.

6 3
As both of these values of ¢ lie in the open interval ]0,4[, hence both of these are the
required values of ¢.

or
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Example 26: Let f:[0,1] — R be defined by
F)=x-12+2 Vxel0,1].

Find the equation of the tangent to the graph of this curve which is parallel to the chord joining the
points (0,3) and (1,2) of the curve.

Solution: Since f (x)is a polynomial function, therefore it is continuous on [0, 1] and

differentiable in JO, I[.Hence, by Lagrange’s mean value theorem, there is somec € ]0, 1|
such that

or ——=f") or —1=f"().
Now f* (x)=2 (x - 1) gives f " (c) =2 (c = 1).
Thus2(c—l):—li.e.,c:%-

o fe)= %, so that the point of contact of the tangent is (%,Z) and its slope is

f " (¢)=-1 Hence the equation of the required tangent is

9 (x_l)
ST 9

or 4x+4y=1L
Example 27:  Compute the value of © in the first mean value theorem

fx+h)y=f(x)+hf " (x+6h), if f(x)zax2 +by +c.
Solution: Here f (x)= ax® + by +c.
F+=ax+h? +b(x+h)+c,
f/'(x)=2ax+Db, f’ (x+6h)=2a (x+06h)+b.
Substituting all these values in the Lagrange’s mean value theorem, we get
a(x+h? +b(x+h)+c=ar” +br+c+h[2a(x+0h) +b] (1)
The relation (1) being identically true for all values of x, hence when x — O, we have
ah® +bh+c=c +h[2a0 h +b]
or ah® =240k  or 0=1/2.
Example28: A function f (x)is continuous in the closed interval [0, 1] and differentiable in the
open interval 10,1[, prove that
fr)=f )= f), where0 < x <1
Solution: Here a =0, =1so that

SW)—f@_fOH-f0)_
b—a 1-0
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If we take ¢ = xj, and substitute these values in the result of Lagrange’s mean value
theorem, we get

f)=f0)=f"(x) whereO < x <.
This is a particular case of Lagrange’s mean value theorem. Students can give an
independent proof of this.

Example 29:  Separate the intervals in which the polynomial
2x% —15x% +36x + s increasing or decreasing.
Solution: We have f (x)=2x> —15x% +36x +1.
Fr(x)=6x" =30x+36=6(x—2)(x—3).
Now f 7 (x)>0 for x<2 or for x> 3,
f/(x)<0for2<x<3,and f’(x)=0 forx=2,3.
Thus f  (x) is +ive in the intervals] — e, 2[ and |3, e[ and negative in the interval |2, 3[.

Hence fis monotonically increasing in the intervals | — e, 2 ], 3, e [ and monotonically
decreasing in the interval [2, 3].

Example 30:  Show that

L<log(1+x)<xforx>0.

I+x (Bundelkhand 2011)
Solution: Let f (x)=log (1+ x)—i-
I+x
£0)=0,
Then £ ()= 1 _l.(l+x)—2x.1= o 12= x2.
I+x 1+ x) I+x (I+x)” (I+x)

We observe that f ’(x)>0 for x>0. Hence f (x) is monotonically increasing in the
interval [0, e[. Therefore

fx)> f©)forx>0ie, |:log (I+x) -

il :|>0 for x>0

I+x
ie., log (1+ x)> Y for x> 0. (1)
I+ x
Again, let ¢ (x)=x—log (I + x).
‘ $(0)=0
Then ¢ (x)=1- 1 -
I+x 1+x

We observe that ¢ * (x)>0 for x> 0. Hence ¢ (x) is monotonically increasing in the
interval [0, eo[. Therefore
¢ (x)> 0 (0) forx>0ie.,[x—log (1+x)]>0 for x>0

ie., x> log (1+ x) for x> 0. ...(2)
From (1) and (2), we get

<log 1+ x)<xforx>0.
1+ x
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Example 31: Verify Cauchy’s mean value theorem for the functions Z and x> in the interval
[L2]. (Avadh 2013)
Solution: Let f (x)= ¥ and gx) = +3. Then f (x) and g (x) are continuous in the
closed interval[l, 2] and differentiable in the open interval |1, 2[. Also g’ (x) = 3x% %0 for

any point in the open interval ] 1, 2 [. Hence by Cauchy’s mean value theorem there
exists at least one real number ¢ in the open interval |1, 2[, such that

S@O-fM)_fr) (1)
g@2)-g) g’()
Now f@-F)_4-1_3
¢@-g(l) 8-1 7
(%)

Also f7(x)=2x, g (x =342
f) 2 _ 2
¢

g 32

the open interval ]I, 2[. Hence Cauchy’s mean value theorem is verified.

-Putting these values in (1), we get% = 33 orc = % which lies in
c

— X

Example 32: If in the Cauchy’s mean value theorem, we write f (x)=¢* and g (x)=¢" ",

show that ‘c’ is the arithmetic mean between a and b.

fO=f@ ="

Solution: Here =— =—¢le =—¢ ,
gh)y—gla) " -
’ X ’ C
and S w =% sothat f, (©) ¢ __pe
g - g -e¢

Putting these values in Cauchy’s mean value theorem, we get

A= or 2=a+bh or c=%(a+b).

Thus ¢ is the arithmetic mean between a and b.

Example 33: If in the Cauchy’s mean value theorem, we write

(i) f ()= xand g(x)=1/x, then cis the geometric mean between a and b,
(Rohilkhand 2014)

and if

(i) f(x)=1/ ¥ and g (x)=1/x, then c is the harmonic mean between a and b.
(Rohilkhand 2005)

Solution: (i) Here SO - f @) = ALEAL — (ab),
gbh)y—ga (1/Nb)- (1/\/%)
1 i .
and f’(x): 2X sothatfl(c):—c_l/z =—c.
g/ (X) _lx_3/2 gl (C) (173/2
2

Putting these values in Cauchy’s mean value theorem, we get
—~N(@b)y=-c or c¢=\(ab)

i.e., ¢ is the geometric mean between a and b.
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(ii) Here f(b)_f(ﬂ):(l/bz)_(l/ﬂ2):ﬂ+b
gb)y—g@  A/b)-(1/a) ab

’ — — 3 ’ — - 3
and f’(x): 2x2 sothatf,(c): 262 :g~
g —ux g —c” ¢
Putting these values in Cauchy’s mean value theorem, we get
a+b 2 2ab
== or c=
ab c a+b

i.e., ¢ is the harmonic mean between a and b.

@mprehensive Exercise 3

1. State Lagrange’s mean value theorem. Test if Lagrange’s mean value theorem

holds for the function f (x) =|x|in the interval [-1,1].
(Kanpur 2010; Rohilkhand 13B)

2. If f (x)=1/xin[-11],will the Lagrange’s mean value theorem be applicable to

fx)? (Meerut 2012B)
3. Verify Lagrange’s mean value theorem for the function

f:[=1L1]—>Rgiven by f (x) = o,

4. Find ‘¢’ of the mean value theorem, if
f(x):x(x-l)(x-2);a=0,b=21. (Kumaun 2012)
5. Find ‘¢’ of Mean value theorem when

(i) f@)=x>-3r-2in[-2,3]

(i) f(x)=2+>+3x+4in[L2]

(iii) f (x)=x(x-1)in[L2] (Meerut 2013B)
11 13

(iv) f(X)=x2—3x—1in[—7,7].

6. Show that any chord of the parabola y = AZ® + B+ Cis parallel to the tangent

at the point whose abscissa is same as that of the middle point of the chord.
7. If f’’(x) exists for all points in [a,b] and SO -f@)_fO)=-fE) where

c—a b—c

a<c¢ < b, then there is a number & such thata< &< b and f'"(§) =0.
8. State the conditions for the validity of the formula
fx+h)y=f @) +hf’ (x+6h)
and investigate how far these conditions are satisfied and whether the result is
true, when f (x) = xsin (1/ x) (being defined to be zero at x =0)

and x<O0<x+/h.
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(a) Show that x> — 3x? +3x + 2 is monotonically increasing in every interval.

(b) Show that log (1+ x) —

XL .
1s Increasing when x> 0.
X

10. Determine the intervals in which the function
63 41722 +32x+32) ¢ F
is increasing or decreasing.
11. Use the function f (x) = +/¥ x>0 to determine the bigger of the two numbers
Tandr ©.

12. Ifa=-1Lb21and f (x)=1/|x|, show that the conditions of Lagrange’s mean
value theorem are not satisfied in the interval [a, b] , but the conclusion of the
theorem is true if and only if b > 1+ V2.

13. (a) State Cauchy’s mean value theorem. (Kanpur 2007)
(b)Verify Cauchy’s mean value theorem for f (x) =sin x,

g( x)=cos xin[-m/2,0]. (Lucknow 2007)

14. If f (x)= =1 , g (x) = cos x,then find the point ¢ € | 0, w /2 [ which gives the result
of Cauchy s mean value theorem in the interval [0, 7t / 2] for the functions f (x)
and g (x).

15. Showthathcote, where O<0c<6<B<E-

cos B —cosa 2
1
COS — T X
16. Use Cauchy’s mean value theorem to evaluate lim |—=2—|-
x— 1| log (1/x)
@n swers 3
1. The mean value theorem does not hold since the given function is not
differentiable at x=0
9 . V21
. not applicable 4. 1- e
5. () £N(7/3) (i) 3/2 (iii) 3/2 (iv) 1/7
8.  Condition of differentiability is not satisfied in x<0 < x+ / since f(x) is
non-differentiable at x=0.

10. Increasing in the intervals [-2, - 1] and [0,1] and decreasing in the intervals
J=eo,=2[,[-10] and [L, [ .

11. ™ is bigger than =‘.

14. Root of the equation sinc¢ — (BC/RZ):O in the open interval | /6, n/2[.

16. w/2.
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12 TaLJ lor's Theorem with Lagrange’s form of

Remainder After n Terms

Theorem: If f (x)is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n —1) th are continuous in a< x<a+h,

(it) f ) (x) exists in a< x< a+h, then

2
farh=f@+hf @+ @
n-1 "7 n
+ (h 1)'f (r=1) (a)+h—'f ) (a + Oh), where 0 <0< 1.
n-1! n!
Proof: Consider the function ¢ defined by
h— 2
¢uo=f@g+m+h—xyfw@+§ii5797f'w@+”.
n—1
(ath-9 f ('1_1)(x)+é(a+h—x)",
n=-1! n!

where A is a constant to be suitably chosen.
We choose A such that ¢ (a) = ¢ (a + h).

N _ ’ h2 ’7 hnil (}’l—l) A n
ow Oa)=f(a)+h f' @+—f""(a)+..+ f (a)+ = 1",
21 (n=1)! n!
and d(a+h)=f(a+h).
Hence A is given by
h2 hn—l B n
Fla+h)y=f@+hf" @+—f" (@+.+—— 0 V@y+ A
21 n-1! nl

Now, by hypothesis, all the functions
S@ S @ @ f TV ()

are continuous in the closed interval [a, 4 + /] and differentiable in the open interval
la,a + h.
Further (a+h—x),(a+h—-x2/21,...(a+h—x)"/nl, all being polynomials, are
continuous in the closed interval [a4,a + /] and differentiable in the open interval
la,a + h|. Also A is a constant.

¢ (x) is continuous in the closed interval [a,a + 1] and differentiable in the open
interval |a,a + h[.

By our choice of A, ¢ (a) = ¢ (a + ). Hence ¢ (x) satisfies all the conditions of Rolle’s
theorem.

Consequently ¢ ” (a +0h) =0, where 0 <0< 1.
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Now O )=f )= f O+ @a+th=x) f"(x)=(a+h-x)f""(x)

B f ") (x) -

since other terms cancel in pairs.

¢’ (a +6h) =0 gives

[a+h—(a+6h)]" !

T [ f " (a+6h)— Al=0

n-1.q4_an-1
or W =87 00 (g0 - A]=0
(n—1)!
or FO@ron)—A=0 or A= f " (a+0h).

[ h#0,(1-0)#0as0<0<1]

Putting this value of A in (1), we get
2

f(a+h)=f(a)+hf’(a)+%f”(a)+...

hn—l

(n-1) (n)
+( 1)'f (a)+ f (a + 6h).

This is Taylor’s development of f (a + ) in ascending integral powers of i. The
n
(n + Dth term h—' f () (a + 6h) is called Lagrange’s form of remainder after  terms
n!
in Taylor’s expansion of f (a + h).

Note: Ifwetaken =1, we see that Lagrange’s mean value theorem is a particular case of

the above theorem.

Corollary. (Maclaurin’s development):

If we take the interval [0, x] instead of [a,a + I, so that changing 4 to O and s tox in
Taylor’s theorem, we get

, 2, x"- e P
F@ = O 45 O+ 5 7O 4 l),f< D(0) + > £ @)

which is known as Maclaurin’s theorem or Maclaurin’s developmentof f (x)inthe

interval [0, x] with Lagrange’s form of remamder f () (6x) after n terms.
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15 TaLJ lor's Theorem with Caucln)’s Form of Remainder

Theorem: If f (x)is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n — \)th are continuous in a< x<a+h,
(it) f ) (x) exists in a< x<a+ h, then

h2 hn—l
o

Slaxh=f@+hfr@+om f 7@+

VR

h n

(1=0)""1 £ O (a+0h), whereO <0< 1.
(n-1)!

+

Proof: Consider the function ¢ defined by

a2
q)(x):f(x)+(a+h—x)f’(x)+(a+th)f"(x)+...
n—1
arh=x""" +(h_;)' FOD @+ h-x) A,
n— !

where A is a constant to be suitably chosen. We choose A such that ¢ (a) = ¢ (a + h).

2 n-1
Now 0@ =F@+hf @+ frr@r O @y 1h A
21 =11
and da+h)y=f(a+h).
Hence A is given by
2 n-1
f(a+h):f(a)+hf'(a)+h—f”(a)+...+h7f =D (a) + hA.
21 (n-1)!

(1)

As explained earlier in article 12, it can be easily seen that ¢ (x) satisfies all the

conditions of Rolle’s theorem. Consequently

¢’ (a+6h)=0, where 0 <6< 1

(a+h-x"""

Now ¢’ (x) = D f ) (x) — A, since other terms cancel in pairs.
n— .
[a+h—(a+6h)]" !
o’ (a +6h) =0 gives T f(")(a+9h)—A=0
hn -1
or A= 1-0)""' O (q+0m).

(n—1!
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l(ree)
Putting this value of A in (1), we get
2 n-1
Fla+hy=f(a)+hf' @)+ froqay ..+ 2 £ ()
2! (n-1!
n" _o\n—1 g(n)
+7(n Y !(l 0)" =" fYY (a + 6h).

n

The (n+1)th term
(n-1)!

(1-0)" ! f(") (a+6h) is called Cauchy’s form of

remainder after n terms in the Taylor’s expansion of f (a + /) in ascending integral
powers of /.

Corollary. (Maclaurin’s development with Cauchy’s form of remainder):

If we change a to O and / to x in the above result, we get

f (%)= f(0)+ x£7(0) +£f"(0) + +L_lf(n—l)(0)
) 2! T m=1)!
L _a\yn-1 ¢(n)
+(n—l)!(1 0) Y (ex),

which is Maclaurin’s theorem with Cauchy’s form of remainder. The (n + I)th term

xn

(n=1)!

(1-0)y" ! f(”) (6 x) is known as Cauchy’s form of remainder after n terms in

Maclaurin’s development of f (x)in the interval [0, x].

@Djective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).
1. The function f (x)=|x —1|is not differentiable at

(a) x=0 (b) x=-1
(c) x=1 (d) x=2
2. The function f (x)=|x + 3| is not differentiable at
(a) x=3 (b) x=-3
(¢) x=0 (d) x=1
3. A function f (x) is differentiable at x=a if
(@) Rf’(@)=Lf " (a) (b) R f"(@)=0

(€) Lf"(@)=0 (d) R f'(a)# Lf " (a)
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4. A function ¢ (x) is defined as follows :
O(x)=1+x if x<2
O(x)=5—x if x>2.

Then

(a) ¢ (x) is continuous but not differentiable at x =2
(b) o (x) is differentiable at every point of R

(¢c) ¢ (x) is neither continuous nor differentiable at x=2

(d) ¢ (x) is differentiable at x =2 but is not continuous at x=2.

%
-

5. Out of the following four functions tell the function for which the conditions of

Rolle’s theorem are satisfied.

(a) f(x)=|x|in [~L1] (b) f(x)=x* in2<x<3
(¢) f(x)=sinx in [0, n] (d) f(x)=tanx in 0<x<n
6. The function f (x)=sin x is increasing in the interval
(@) (0.7] o) [0.5]
© 53] @ 54
4 4 2 (Kumaun 2014)
7. The value of ‘¢’ of Lagrange’s mean value theorem for f (x) =x (x —1)in[l,2]is
given by
5 3
== b) c=>
(a) ¢ 2 (b) ¢ 2
7 11
=L d) c=—
(c) ¢ 4 (d) ¢ G
8. The value of ‘¢’ of Rolle’s theorem for the function f (x)=¢ * sinx in [0, n] is
given by
3n b
=2= b) c=2
(a) ¢ ) (b) ¢ p)
T S5m
== d) ¢ =2%
(c) ¢ 2 (d) ¢ a
9. The function f (x)=|x|atx =0 shall be
(a) differentiable
(b) continuous but not differentiable
(c) discontinuous
(d) none of these (Kumaun 2009)
Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.

1. A function f (x)is said to be differentiable at x = a if

lim  f ().

X—a X—a

exists.




(o0

2.

9.

10.

11.
12.
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The right hand derivative of f (x) at x = a is given by
li _
moflath-f@ o
h—0
provided the limit exists.

The left hand derivative of f (x) at x = a is given by

lim  f (@=h)- f (@)
h—0 h>0,

provided the limit exists.
A function f :]a,b[ — R is said to be differentiable in |a, b[ if and only if it is

differentiable at every point in ... .

If a function f (x) is differentiable at x = 4,then f ’(a)is the tangent of the angle
which the tangent line to the curve y = f (x) at the point P (a, f (a)) makes with

Continuity is a necessary but not a ... condition for the existence of a finite
derivative.

The function f (x)=|x|is differentiable at every point of R except at x =....

If a function f (x) is such that

(i) f (x)is continuous in the closed interval [a, b],

(ii) f ’(x) exists for every point in the open interval Ja, b[,

(iii) f (a) = f (b), then there exists at least one value of x,say ¢, where a < ¢ < b,
such that f "(c)=0.

The above theorem is known as ... .

If a function f (x) is

(i) continuous in the closed interval [a, b], and

(ii) differentiable in the open interval |a,b[ i.e.,a < x < b, then there exists at
least one value ‘¢’ of x lying in the open interval ]a, b[ such that

Fb) - f @) _
b—a
If two functions f (x)and g (x) are
(i) continuous in a closed interval [a, b]
(ii) differentiable in the open interval ]a, b[ , and
(iii) g’ (x) = 0 for any point of the open interval |a, b[, then there exists at least
one value ¢ of x in the open interval ]a, b[, such that
fO)-f@_fe)
g
If f is continuous in [a,b] and f "(x)20 in ]a,b[, then f is ... in[a,D].
If £ (x)=sin x, then

im - f(r+h) - f(x) _
h—0 h
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True or False
Write “T” for true and “F’ for false statement.

If a function f (x)is continuous at x = a, it must also be differentiable at x = a.

2. If afunction f (x) is differentiable at x = a, it must be continuous at x = 4.
If a function f (x) is differentiable at x = a, it may or may not be continuous at
x=a.
4. The function f (x)=|x|is differentiable at every point of R.
5. Rolle’s theorem is applicable for f (x) =sin xin[0,2 &t].
6. Rolle’s theorem is applicable for f (x)=|x|in [-L1].
7. Lagrange’s mean value theorem is applicable for f (x)=|x|in [-11].
8. The function f (x)=sin x is increasing in |:— g , g:| .
9. Ifa+b+c=0,then the quadratic equation 3ax’ +2 bx + ¢ =0 has no root in
10,1[.
10. If £ is continuous on [4,b] and f " (x) <0 in Ja, b[, then f is increasing in [a, b].
11. The function f (x) =2 15 +36x+1is decreasing in the interval [2,3].
12. Let f (x)=|x|+|x—1].Then R f "(0)=0.
13. Rolle’s theorem is not applicable for the function f (x)=x(x+2)e /2 in
[-2,0].
14. The value of ‘¢’ of Lagrange’s mean value theorem for the function
F (=222 +3x+4in[l,2]is given by ¢ =%
15. If f (x)=x",then lim Sorh -/ n"L
h—0 h
16. If f (x) =cos x,then lim M =—sina.
X—a X—a
17. If f (x)=¢ ", then lim Mze".
X — X X=X
@n swers
Multiple Choice Questions
1. (o) 2. (b) 3. (a) 4. (a) 5. (o)
6. (b 7. (b) 8.  (a) 9. (b
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Fill in the Blank(s)

1.
6.
10.

11.
16.
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S (a)

sufficient
gb)—g(a)

True or False

F
F
T
T

2.
7.

2.
7.
12.
17.

h
0

R

-h 4. a, B[ 5. the x-axis
Rolle’s theorem 9. f'(c)

increasing  12. cosx

F 4. F 5. T
T 9. F 10. F
F 14. F 15. T
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Sequences

1 Introduction

n the present chapter we shall study a special class of functions, namely sequences.
The study of sequences plays an important role in Analysis.

2  Sequence

Definition: Let S be any non-empty set. A function whose domain is the set N of natural numbers
and whose range is a subset of S, is called a sequence in the set S.

In other words a sequence in a set S is a rule which assigns to each natural number a
unique element of S.

Real Sequence: A sequence whose range is a subset of R is called a real sequence or a
sequence of real numbers.

In this chapter we shall study only real sequences. Therefore the term sequence will be
used to denote a real sequence.

If sis a sequence, then the image s (1) of n € Nis usually denoted by s,,. It is customary to
denote the sequence s by the symbol< s, > or by {s,,}. The image s, of n is called the nth
term of the sequence.
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A sequence can be described in several different ways.

1.

Listing in order, the first few elements of a sequence, till the rule for writing
down different elements becomes clear. For example, <1, 8, 27, 64, ... > is the
sequence whose nth term is n.

Defining a sequence by a formula for its nth term. For example, the sequence
<1,8,27,64,...> can also be written as < 1,8,....,n3,...> or as <> :ne N> or
simply as < n .

Defining a sequence by a Recursion formula i.e. by a rule which expresses the nth
term in terms of the (n — I)th term. For example, let

ay=La, .y =3a,,foralln>1

These relations define a sequence whose nth term is 3"~ L

Illustrations:
1 . 1 1 1
1. <—>isthesequence<l,—,—,...,—,..>.
n 23 n
. 1 2 3 4 n
2. < > is the sequence< —,=,=,—,.., >
n+1 2345 n+1
3. < (=1)"/n>isthese uence<—ll Ll >
. q 5T
4. Letsg=Lsy=land s, 9=5,,1 +s,foralln>1

From the above formula, s3 =59 + 5y =2,
S4 =83 +59 =3,55 =s4 +s3 =5 and so on.
<s,>=<1123,5,....>

Range of a sequence: The set of all distinct terms of a sequence is called its range.

The range of a sequence < s, > = the set {sy, sy ,...}.

Illustration 1: The range of the sequence < (—1)"" > = {- 1,1}, a finite set.

Hlustration 2: The range of the sequence

l :{l:neN},
n n

is an infinite set.

Constant sequence: A sequence < s,,> defined by s, = a for all n € N is called a constant
sequence.

The sequence < s, > =<a,a,a,...> is a constant sequence.

Its range = the singleton {a} is a finite set.

Equality of two sequences:  Two sequences< s, >and< t,, >are said to be equal if s, = t,, ¥
neN.

5 Operations on Sequences

Since sequences of real numbers are real valued functions, we define the sum,
difference, product etc. of two sequences as follows :
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Let <s,>,<t,> be two sequences. Then the sequences having nth terms
Sy +t,,8, —ty,and s, ¢, are respectively called the sum, difference and product of the
sequences <s,> and <t,> These sequences are denoted by <s,+¢,>,
<s, —t,>and <s, t, > respectively.

Ift,, # O for all n € N, then the sequence whose nth term is 1/ t,,is known as the reciprocal
of the sequence < t,,> and is denoted by <1/ t,>. Also the sequence whose nth term is
s, / t, is called the quotient of the sequence< s, > by the sequence< ¢, >and it is denoted
by<s, /t,>.

If ¢ € R, then the sequence having nth term cs,, is called the scalar multiple of < s, > by c.
This sequence is denoted by < ¢s,, >.

4 Subsequences and Order Preservation

Subsequence: Let <s,> be any sequence. If <ny,ny ,...,ny ,...> be a strictly increasing
sequence of positive integers i.e., i> j = n; > nj, then the sequence

Sy oSy s Sy e
is called a subsequence of < s, >.
From the condition i> j = n; > n; , we conclude that the order of the various terms in
the subsequence is the same as it is in the sequence.

Illustrations:
1. Let<s,>=<10,10,L,0,...>0e,5=Lsp =0,53 =154 =0,...... .
Take m =1,ny =3,n3 =5,..... Then < n, > is a sequence of positive integers such that

nm<ng<ng<....

Hence <1, L1,...>is a subsequence of < s, >.

Similarly if we take n =2,ny =4,n3 =6,..., then the sequence <0,0,0,...> is also a
subsequence of < s;,>.

2. The sequence of primes <2,3,5,7,11,...> is a subsequence of the sequence of
natural numbers<1,2,3,4,..... >,

3. The sequence < 72,32,152,112,192,...> is not a subsequence of the sequence
<12,2%2 32,42 >

Heren =7,ny =3,n3 =15,n4 =11,n5 =19.But < 7,3,15,11, 19, ... > is not a strictly
increasing sequence of positive integers.

Order Preservation: Consider the sequence

LR g 0
IR IE S

There can be found many sequences contained in this sequence, for example the
sequences

111
a s g

and et L©)
2747816
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Now to see if the order of the original sequence is preserved we need to examine the
subscripts of the terms of the sequences under consideration.

Let the sequence given in (1) be denoted by {a,},-| . Then the sequence given by (2)
can be denoted by {az w el -

Here we say that the order of the terms of sequence (1) is preserved in the sequence (2)
as the sequence of subscripts {2"}5 1 is strictly increasing.

A sequence is not only a countably infinite set, instead it is defined as a countably
infinite set expressed in a specific order.

A sequence is said to be contained in another if the order of the terms is preserved.

I 1 11 . . . .
The sequence 1°2°8°¢ is not considered to be contained as sequence, in the
sequence (1) even though it is contained as a subset.

5 Bouncled Seq uences

(Kanpur 2008)

Definition 1: A sequence< s, > is said to be bounded above if the range set of < s,, > is bounded
above i.e., if there exists a real number ky such that

s, < ky forallneN.
The number £; is called an upper bound of the sequence < s,, >.
Definition 2: A sequence< s, > is said to be bounded below if the range set of < s,, > is bounded
below i.c., if there exists a real number ko such that

sy ko forallnmeN.
The number ky is called a lower bound of the sequence < s, >.
Definition 3: A sequence< s, > is said to be bounded if the range set of < s,, > is both bounded
above and bounded below i.e., if there exist two real numbers ky and ko such that

ko <s,<ky forallneN.
Equivalently, a sequence< s,, >is bounded if and only if there exists a real number K > 0
such that

|'s,|< K forall ne N.
It is not necessary that a sequence be bounded above or bounded below.
A sequence <s,> is said to be unbounded if it is either unbounded below or
unbounded above.
Definition 4:  The least number say, M, if it exists, of the set of the upper bounds of < s,,> is
called the least upper bound (l.u.b.) or the supremum (sup) of the sequence < s,,>.
The greatest number say, m, if it exists, of the set of the lower bounds of < s,, > is called the greatest
lower bound (g.L.b.) or the infimum (inf.) of the sequence < s,, >.
Note 1: Iftherange of asequenceisa finite set , then the sequence is bounded because
a finite set is always bounded.

Note 2: Every subsequence of a bounded sequence is bounded.




Sequences

f—\|) .
LKWH%
Illustrations:

<l1forall ne N.

1. .
1. The sequence < — > is bounded since
n n

" <lforallneN.

2. The sequence < & e is bounded since % <

n+ n+1

3. The sequence< (- 1)" > is bounded since| (- )| < Ifor all n e N. In fact| (- )"| =1
for all ne N.
The sequence < (—1)"" / n> is bounded since | (— 1) / n|<1for all ne N.
The sequence < s, > defined by s, =1+ (— 1) for all n e N, is bounded since the
range set of the sequence is {0, 2}, which is a finite set.

2

6. The sequence < n” > is bounded below by 1 but not bounded above.

7. The sequence < — > > is bounded above by — I but not bounded below.

8. Thesequence< s, > =< (- 1)" n>is neither bounded below nor bounded above.
For any positive real number K, there exists a positive integer 2m such that 2m > K. It
gives that sy, > K. Hence < s,, > is not bounded above.

Similarly it can be shown that < s;, > is not bounded below.
Theorem: A sequence < s, > is bounded iff there exist me N, [ € R and a > 0 such that
| s, —l|<a foralln=m.
Proof: Let<s,>beaboundedsequence. Then there exist two realnumberskj, k9 such
that kj<s,<ky forallne N

- h_ﬁi@<%_h+b<b_h+@V%€N
2 2 2
= kl_k2<sn_kl+k2<k2_klVl/leN
2 2 9
= —a<s,—Il<a ¥ neN where I:M and ﬂZkZZ;kl
= | s,—Il|<a ¥ neN
= |s,—l|<a ¥ n=m,where m=1e N,/leRand a> 0.

Conversely, let there exist /€ R,a> 0 and m € N such that s, — I| < a for all n>m.

This gives [ —a < s, <[+ a for all n>m.

Choose k; = min {s},89 ,...,8,, 1,/ —a}.
Then k; <5, , for all n e N.
Again choose ky = max {s},s9 ,...,8, _1,[+a}.

Then s, < k9 for all ne N.
ki <5,< kg forall ne N.
Hence < s, > is a bounded sequence.

Note: In view of the above theorem we conclude that a sequence is bounded even if
ki <5, < kg for n > m. However in such a case it is not necessary that kj is a lower bound
and ky is an upper bound of the sequence < s, >.
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6 Convergent Sequences

Definition: A sequence< s, >is said to converge to a number I, if for any given € > O there exists
a positive integer m such that
|s, — | <eforall nzm.
The number 1 is called the limit of the sequence < s,,> and we write s, — [ as n— o or
lim

0 —> oo Sn =L or simply lim s, =1.

(Goralchpur 2011)
The positive integer m depends on the value of €.

The phrase ‘|s, — [| < e for all > m ~ expresses the fact that the absolute value of the
difference between s, and / can be made less than & from some stage onwards
ie.,l—e<s, <[+ efrom some stage onwards.

The truth of the statement that the sequence <s,> converges to / depends upon
showing that all except a finite number of terms of the sequence must lie in the open
interval |/ —¢,l+ €[, whatever >0 we take. If we can find even one € for which
infinitely many terms of the sequence lie outside |/ — ¢,/ + €[ , the sequence will not
converge to . The number of terms lying outside |/ — €, + € [ depends upon €. The
smaller the g, the larger the number of terms which lie outside | [ — ¢,/ + €[

From the above discussion, we conclude that ‘a sequence converges to l iff it lies ultimately in
each open interval around I,

Theorem 1: If <s,> is a sequence of non-negative numbers such that lims, =1, then
[20.

Proof: Suppose, if possible, /< 0. Then — /> 0.

Since lim s, =1, fore = - (I / 2) > 0, there exists m € N such that| s, - | <=1/ 2 for all
nzm.

In particular, |s,, — [|<-1/2

[ l
i.c., I[+—<s,<l-—
Le 5 <Sm 3
ie, sp<l/2 or s,<0,because by assumption /< 0.

But by hypothesis we have s,, >0 because it is given that s, >0 for all n.

Hence our assumption is wrong. So we must have /> 0.

Remark: In the above proof e can be taken any positive real number such that0 < e <
-l saye=—lore=-1/2ore=-1/3etc.

Note 1: A negative number cannot be the limit of a sequence of non-negative
numbers.

2. Iflims, =/and /<O then there exists a positive integer m such that s, <0 for all
nzm.

3. Asequence < s, > is called a null sequence if lim s, = 0.

Theorem 2: A sequence cannot converge to more than one limit i.e., the limit of a sequence is
unique. (Goralchpur 2011)
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Proof: If possible, suppose a sequence < s, > converges to two distinct numbers
land [”. Since [ # [, therefore |/ —1"|> 0.

Let e=%|l—l’|,thene>0.

Now < s, > converges to [ = there exists my € N such that
|'s, —I|<eforall n=m. (1)
Similarly < s, > converges to [ “ — there exists my € N such that

|s,—1"|<eforalln=my . .(2)

Let m =max {my, my}.
Then (1) and (2) hold for all n > m.
We have for all n>m
(=11 =1 (5= D) = 5y = 1)< sy = ] +] 5~ ]
<ege+e=2e=|l-1].
Thus|l/ - 1’| <|I-1"|, whichis absurd. Hence our initial assumption that [ # [” is wrong
and we must have /=" ic., the limit of a sequence is unique.

Note: After taking € = 21 |/ —1’], we can also give the following argument :

Since < s, > converges to both [ and [, therefore it lies ultimately in both the intervals
Jl—¢gl+e[ and ]I’—¢,1" +¢[. This is impossible since these two intervals have no
real number in common. Hence our assumption is wrong and thus the sequence cannot
converge to more than one limit.
Theorem 3: If< s, > converges to I, then any subsequence of < s, > also converges to l.
Proof: Let<s, > be any subsequence of<s,>. Then by definition of subsequence,
n,ny ..., Ny ,....are positive integers such that

m<n<..<n<...
Now m =1 = m >k (byinduction).
Since< s, >converges to/, so givene > 0, there exists a positive integer m such that

|sp — I < € for all k > m.
For k> m we have i > k> m.

|5y, — <& forall ng=m.

<y, > converges to .
Corollary: All subsequences of a convergent sequence converge to the same limit.
Proof: By theorem 3, any subsequence of a sequence converges to the same limit as
the limit of the sequence and by theorem 2, the limit of a sequence is unique. This
shows that all subsequences of a convergent sequence have the same limit.
Note: Toshowthatagiven sequence is not convergent it is enough to show that two of
its subsequences converge to different limits.

Illustration: The sequence < (- 1)" > is not convergent.

The two subsequences < 1, 1, 1, .... > and <—-1,-1,—1,...> of the given sequence
converge respectively to 1 and — 1 which are different.
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Theorem 4: If the subsequences < sy, _| > and < s9,,> of the sequence < s,, > converge to the
same limit I, then the sequence < s,,> converges to I.
Proof: Let >0 be given. Then, since lim sy, 1 =/, there exists nj € N such that
|s9,_1=1Ill<e ¥n=m.
Similarly lim sy, = = for >0, there exists my € N such that
|s9,—ll<e ¥n=my.
Let m = max. {my, my}.
Then |$9,,_1—Il<eand|sy, —I|<e¥n=2m.
|s,—I|<e ¥n=22m-1
Hence < s,,> converges to [.

Theorem 5:  Every convergent sequence is bounded.
(Kanpur 2008; Gorakhpur 10, 13, 14)

Proof: Let< s,>be a sequence which converges to [. Take € = 1. Then there exists a
positive integer m such that

|'s, —1|< 1, forall n>m,

ie., I[-l<s,<l+1 forall n>m.
Let k=min.{s],89 ,.c..., 8, _ 1, L — 1},
and K =max.{s,89 ,...c.., S, —1, [ +1}.

k<s,< K forallneN.
Hence the sequence < s,, > is bounded.
Note: The converse of the above theorem need not be true. That is, a bounded

sequence need not be convergent. For example, the sequence< (- 1)" > isbounded but is

not convergent. (Gorakhpur 2013, 15)

[llustrative Exam])les \

Example 1:  Show that the sequence <1/ n> has the limit 0.

1o
n

1 . 1
<ewhen —< gie.,whenn>—-
n I3

Solution: For any given £> 0, we have

Let us choose a positive integer m > 1/ €. Then for all n> m, we have
1ool=tctoe
n nom

1 . 1 ..
< —> converges to 0 ie.,< —> has the limit 0.
n n

Example 2: If s, =k (€ R) is a constant sequence, then lim s, =k .
Solution: We have|s, —k|=|k—k|=0 for all ne N.

Given any e>0,|s, —k|=0<eforall n
ie, |s,—kl<eforallnzm=1
Hence  lims, =k%.
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Example 3:  The sequence < s,,> where s,, =1/ 2" converges to 0.
Solution: We have |s,-0]= %

Forany8>0,|sn—0|<eif2in<e

ie, if g5 1 i.e.,ifn>M,
€ log 2

Let us choose a positive integer m > (log 1) / log 2.
€

Then for alln>m,|s, -0 |<e.
< s, > converges to 0.

Example 4:  Show that the sequence < s,,> defined by s, = r " converges to zero if |r|<1.

Solution: If| r|< ], thenwecanwrite|r|= ﬁ ,where /i > 0. Since i > 0, therefore
+

I+ 1" =1+ nh+ W+ ...+ 0" =1+ nh forall n.

n(n-1)
2

1 < 1

NOW|sn—0|=|r"|=|r|"= =T
1+ h)" 1+ nh

, Vo

Let €> 0 be given. Then|s, -0 |< e if ! <si.e.,ifn>(l—l)/h.
1+ nh €

If we take a positive integer m > (l - 1)/ h, then foralln>2m, |s,-0]|<e.
e

Hence < s, > converges to zero.

Sn+1
Example 5: Let < s,,> be a sequence such that s, # 0 for any n, and — =~ 5 I Prove that if
Sn
|I|<1, then s, — O.
Solution: Since| I| <], hence there exists gy > 0 such that
| I|+eg=h<l
S+l
Now 222 =5 [ = there exists a positive integer m such that
Sn
Sn+1
LR < ¢gg forall n=m.
Sn
Sn+1 S+ Sn+1
We have nr :(”* —z)us 0| +1)
SV[ STZ Sn
<gy+| |, forall n=m
Sn+1
Le., "<, for all n=m. (1)
Sn

Replacing n by m, m +1,...,n — I successively in (1) and multiplying the corresponding
sides of the resulting n — m inequalities, we get




Krishes's T.B. Real Analysis

AMr102)
Sm+1| Sm+2‘ ...... Su }<hn_m,
Sm | sm+1‘ Sn—1
or Sm+1.sm+2 ......... i<hn_m7
Sm Smo+1 Sn-1
or [s,| <" (ls’"l) ,for all n> m. (2)
I

Again, since 0 < 11 < 1, therefore, 1" — 0 and hence, given £> 0, there exists a positive
integer 77 such that

|| < W™ ells,,|, forall n=m. .(3)
Let us choose a positive integer p such that p> max. {m, m}.
From (2) and (3), we get

|'s,|< e foralln>p.
Hence s, — 0.

Example 6: Find an m € N such that n 2|< 1 for all n=m.
n+3 5
Solution: We have -2|< 1 = M < 1
n+3 n+3 5
= 6 <l:>n+3>5:>n>27.
n+3 5 6
If we take a positive integer m > 27, we have
2n -2 <l,f0ralln2m.
n+3 5
Hence for e =1/ 5, the required least value of m =28.
In fact, we can find m € N for each € > 0 such that
2n —-2|<eforall n=m.
n+3
lim 2n =2.
n+3
2% +1
Example 7:  Show that the sequence < s,, > where s, = 21 ¥ neN converges to 1.
n_

Solution: Let e> 0 be given.

2
2% —1

2 ) (24—8)
= <egifn> .
2% —1 2¢e
2+¢

),thenforalanm,|sn—1|<£.
€

We have s, —1|= -
| s =1 07 1

202 +1 ‘_

If we choose a positive integer m > (

lims, =1
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Example 8:  Show that the sequence < s, > where s,, = VH?;# has the limit 3.
Solution: Let e>0 be given.
3 3n—3n—15n"? 154172

We have n+5r1l11/2_3‘: 0t 5172 :n+;_;n1/2
which is less than 15! = % .

n n
Thus I%willbe<eif}j?2<si.e.ifn>1225.

ce 225
If we choose a positive integer m> =, then|s, - 3[< e for all n> m.
€

lim
Hence s, =3.
1 —> oo

Example 9:  Prove thatlim (1/n? )=0, p>0.

Solution: Let e>0 be given.

We have Lp -0

1 pl
<g=>—<eg = nl>—
n P

n €

N/
s3]
€

By Archimedean property, for (1/ s)1 /P e Rthere exists a positive integerm > (1 / e)l P If

we choose m > (1/€)"/?, then we have

L—0 <eforall n=>m.
nt
Hence lim % =0, when p>0.
n

Example 10: Show that the sequence < s, >, where s,, = (= )" =1/ n, converges t0 0.

. .. . .. .
Solution: We have s, = —if nis odd, s, =—-—if nis even. The sequences < sy, _| >
n n
and < sy, > are subsequences of < s,,>.
<s >=<1 >,<89,>=< ! ! ! >
2n—1 ? 757”” ) In 2, 4, 6,... .

But< 1, % , é ,...>and < ,...> are subsequences of the sequence <1/ n>

’

| —

’

DN | —

which converges to 0.
< $9,_1>and < s9,,> both converge to the same limit O.
Hence < s, > converges to 0.

[By theorem 4, article 6]
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Alternative Solution: Take any given &> 0.
(_ l)n -1
n

=l<sifn>l-
n £

We have|s,—0|=]s,|=

Now by Archimedean property of real numbers, for a given real numberl / e there exists
a positive integer m such that m>1/¢eorl/m<e.

Then for all n> m, we have

15, -0]=L<tce
n m

Hence < s, > converges to zero.
Example 11:  Show that lim "Nn=1.

Solution: Let "\'n=1+h,, where J1,>0.
n(n-1)

n=1+h,)" =1+ nh, + W+ .+

1.2
>n(n—l) hn2 for all n, since 1,2 0.
2 < 2 forn=22 e |h)< 2 forn=2.
n-1 n—1

2

Let > 0 be given. Then | | < [21] < g, provided 2 1< e ien> 2 +1
n-— n-— €

If we choose m € N such that m > % + 1, then we have
€

|h<e¥n=m
Le. "Nn—1l<e¥n=m.
lim "N =1
Example 12:  Show that the sequence < s,,> defined by
su={N(m+1)~n},¥ ne Nis convergent.
Solution: We haves,=Y(n+1)-\n
N+ +Vn
(Nm+1)+Vn
1 1 1 1
< = <—
NVou+)+Vn Nn+Vn 2Vn n

={(Nm+1)—n}

. 1
ie., S”<W'

Let > 0 be given. Them|sn—0|<i<g,p]fovided\/n>l i.e.,n>—£~
\n € e

If m is a positive integer greater than 1/ 82, then
|'s,, — 0] < € for all n>m.
Hence lims, =0.
Example 13: Show that the sequence< s, >wheres,, = sin nm®and0is a rational number such

that 0 <0< 1, is not convergent.
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Solution: Let® =L, where pand g areintegers. Since0 < 0 < ,we musthaveq > 2 . For
n=q,2q,3q,..., the terms of < s, > are sin np,sin 2np, sin 3mp, ..., i.e., 0, 0, O, ..... Thus
< s, > contains a subsequence < 0, 0, 0, ...> which converges to 0. Now for n =g +1,
2q +1,3q +1, ... the terms of < 5, > are

sin (np+ an ,sin [2np+ Ttp) ,sin [3np+ an
q q q

ie., (-1)?sin(np/ q), (- ?? sin (mp/ q), (- )%? sin (mp/ q),....
All these terms have absolute value sin(mp/¢q) and do not tend to zero since
O<mp/g<m. [ 0<p/q<ll.

Thus the sequence < s,, > contains a subsequence whose limit is O and a subsequence
which (may or may not converge but certainly) does not have the limit zero. Hence we
conclude that the given sequence is not convergent. [See corollary to theorem 3]
Remark: The sequence < sin nn® > obviously converges to 0 for8 =0 or6 = 1.

T Divergent Sequences

Definition 1: A sequence< s, > is said to diverge to + oo if for any given k > O (however large) ,
there exists m € N such that s,,> k for all n=m.
If <5, > diverges to infinity, we write s, — e as 1 — oo or lim s, = + co.
Definition 2: A sequence < s,,> is said to diverge to — o if for any given k <O (however
small), there exists m € N such that s, < k for all n> m.
If <5, > diverges to minus infinity, we write
§S,—> —easn—>ec Or lims,=—co.

A sequence is said to be a divergent sequence if it diverges to either + oo or — oo,
Illustrations:

1. <2,4,6,....,2n,...> diverges to + oo.

2. <33233 ..3" > diverges to + oo,
2 .3 n .
3. <x XX, , x>, x> 1, diverges to + o.
4. <-2,-4,-6,....,—2n,...> diverges to — oo
5. <-3-32-3% . 3" > diverges to — oo,
6. <—x,— ¥, -1, —x" > x>] diverges to — oo,

8 Oscillatory Sequences

Definition: A sequence< s, > is said to be an oscillatory sequence if it is neither convergent nor
divergent.

An oscillatory sequence is said to oscillate finitely or infinitely according as it is bounded or
unbounded.
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Illustrations:
1. The sequence < (- 1) > oscillates finitely.
2. The sequence < (— )" n> oscillates infinitely.
Theorem 1: Ifasequence< s, >diverges to infinity then any subsequence of < s,, > also diverges
to infinity.
Proof: Let<s, >beanysubsequenceof thesequence< s, >. Then by the definition of
a subsequence <ny,ny ,....., Ny ,.....> is a strictly increasing sequence of positive
integers. This implies n 2 1= n; > k (by induction).
Take any given positive real number k.
Now < s, > diverges to o = for kj > 0 there exists m € N such that s,,> k| for all n>m
ie.,sp>k Vk=m.
For k > m,we have np 2 k2 mie., ng2m.
Sy, > ki for all ng 2 m.
< sy, > diverges to infinity.
Note: Ifsy, | > o asn—> o and sy, —> e asn—> o, then s, — « asn — .
Theorem 2: Ifs,>0 forallne N, then
1
Sy—>oasn— oo & ——0asn— oo
s}’l
Proof: Lets,— o asn— o,
Lete >0 be given. Sinces,, — eoasn — oo, hence forl / € > 0 there existsm € Nsuch that

s,>1/¢eforalln=m

1
= —<eVnzm=
Sn

L

Sn

! <e¥nxm [s,>0]
Sﬂ

|
<eMn>m = ——>0asn— oo,
S}’l

1
Conversely, let —— 0 as n— eo.
Sn

Take any given k > 0.

Nowi—> 0 asn— oo = forl/ k>0 there exists m € N such that
Si‘l

l—0 <lforalln2m
Sy k
I 1
= —<—-¥Mnzm=s,>k ¥ nzm
s, k
= Sy —> 0 as 1 —> oo,

Theorem 3: If the sequences < s,,>, < t,, > diverge to infinity then < s, + t, > and < s, t,, >
diverge to infinity.
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Proof: Take any given k > 0.The sequence< s,, > diverges to infinity = fork > 0,there
exists m € N such thats, > k ¥ n > my.Again, the sequence< t,, > diverges to infinity =
for 1> 0, there exists m9 € N such that ¢, > 1¥ n2my .

Take m = max. {my, my}.
Spy+t,>k+1>k ¥n2m and s, t,>k.1=k ¥nzm.
Both < s, + t, > and < s,, t,, > diverge to infinity.
Theorem 4: If<s, > diverges to infinity and < t,,> is bounded then < s, + t,, > diverges to
infinity.
Proof: The sequence < t,,> is bounded = there exists k; > 0 such that
|t <k ¥neN.

The sequence < s, > diverges to infinity = for k > 0 there exists m € N such that
s>k +k Vnzm.

For all n > m, we have
Syt b, 28, —|t) [ x2—]|x]|]
>k+k -k =k
Thus for k > 0, there exists m € N such that s, + ¢, > k for all n > m.
Hence < s, + t,,> diverges to infinity.

Corollary: If< s, > diverges to infinity and < t,, > converges then< s,, + t,, > diverges to infinity.

[llustrative Examrles \

Example 14: Prove that the sequence < n ¥ > where p> 0 diverges to infinity.

Solution: Lets,=n". Thens,>0 forallnasne Nand p>0.

1 1 .
The sequence < —> =< —-> exists.
S n
n

. 1
Since we know that — — 0 as n — oo,
n

nl = oo asn— oo,

Hence< n S diverges tO oo.

Example 15:  Show that the sequence < log 1 > diverges to — oo.
n
Solution: Let s, =log 1 Take any given k <0.
n

Then s, <k if log l<k ie., if —log n<k
n

ie., if log n>—k ie,ifn>e k.

If we take m e N such thatm>e_k, then s, < k for all n> m.

Hence 5, —> —ccasn— oo.
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Example 16: If< t,> diverges to oo and s, > t,, M n, then <s,,> diverges to oo,
Solution: Take any given k > 0.

Since < ¢, > diverges to oo, therefore, for k >0 there exists m € N such that
t,>k for alln=m
= s, >k for all n2m. [vs,>t, ¥ neN]

Hence < s, > diverges to co.

9] Alge]ora of Convergent Sequences

Theorem 1: Iflims, =landlimt, =1"thenlim (s, + t,) = | + [ ". In other words the limit of
the sum of two convergent sequences is the sum of their limits.
Proof: Take any given > 0.

Since lim s,, = [, therefore for a given positive real number € / 2 there exists n; € N such
that

|s, —l|<e/2forall n=m.
Similarly, sincelim ¢, = [ * ,there exists my € Nsuchthat|t, — ["|< e/ 2 foralln=my .
Let m = max. {my, my}. Then
|s,—Ill<e/2and|t,—1"|<e/2forall n=m.
for all n=> m, we have

|G+ 60) =T+ 1) =] (su = 1) + (8, = 17)]

S|sn—l|+|tn—l’|<§+§=8.

Thus for any given > 0, there exists a positive integer m such that
| (s, +t,)—(I+1")|<¢eforall n=m.

The sequence < s, + t,, > is convergent and
lim (s, + ¢,) =1+ 1" =lim s, + lim ¢,,.
Note: The converse of the above theorem need not be true.
Let s,=(-1"andt,=(-1"*"
Then s, + t,=(= )"+ (= )" = (= 1" [1+(=1)]=0.

Hence the sequence< s, + ,,>converges to 0, while< s, >and< ¢, > oscillate finitely.
Theorem 2: If lim s, =1and ¢ € R, then lim (cs,) = c.

Proof: If ¢ =0, the theorem is obvious because then lim (cs,) =0 =0 .1

Let ¢ # 0. Take any given £> 0.

Since lim s, =/, hence for a given positive real number &/| ¢ |, there exists m € N such
that

|sn—l|<ﬁforalln2m.
¢




Sequences

R-109]Mn,
Now for all n> m, we have
€

|Csn_d|:|6(Sn_l)|:|5||sn_l|<|cl'm:8'
- lim (cs,,) = cl.
Theorem 3: If lims, =landlim t,=1", then lim (s, —t,)=1-1".
Proof: By theorem 2,

lm (- t,)=lim[(-D) ¢, ]=(-D1"==1".
We have lim (s, — t,,) = lim [s,, + (- t;;)] = lim s, + lim (- ¢,),  [by theorem 1]

=[-1".

Corollary: If<s,>and< t,>are convergent sequences such that s, < t, for all n € N and lim
sy,=0Llimt,=1", then<1’.
Proof: By theorem 3, we have lim (¢, —s,,) = [” — . By hypothesis ¢, — 5,20 for all
ne N. Hence I’ - [>0, by theorem 1 of article 6. Thus [">[iec., [<[’.
Theorem 4: If lim s, =0 and the sequence < t,,> is bounded then

lim (s, t,,) = 0.
Proof: The sequence < £, > is bounded = there exists k € R* such that

|t,|<k ¥ neN.
Take any given £> 0.

Since lims,, = 0, therefore for a given positive real number € / k there exists m € N such

that|sn—0|=|sn|<§ V= m.

Now for all n> m, we have
€
|Sntn_o|=|Sntn|=|5n||tn|<z'k=8~

Thus for any given &> 0, there exists m € N such that|s, ¢, — 0 |< e for all n> m.
Hence  lim (s, t,)=0.
Theorem 5: If lim s, =1and lim t,, =1’, then lim (s,t,) = 1l".
Proof: Let >0 be given. We have

|y ty— 17| =8ty — Ity + 16, — 17| =t, (s, — 1)+ (t, —1")]

<ty (s =D+ —=17)]

=t s, =1+, —1"]. (1)
Since the sequence< t,, > is convergent, therefore it is bounded i.e.there exists a positive
real number k such that

|t,|<k forall ne N.
Since the sequences < s,>and < t,,> are convergent, therefore there exist positive
integers my and my , such that

|sn—l|<§foralln2ml (2)

and |t,—1"]< forall n=my . ..(3)

&
2(11]+1)




Krishes's T.B. Real Analysis

110

Let m = max.{my,my}. From (1), (2) and (3), we have for all n>m
s, t,,—ll’|<k~%+|l|m <§+§:s.

Hence lim (s, ¢,)=11".

Note 1: In the inequality (3) we have taken (|/|+1). Had we not done so, this

inequality would have failed in case / = 0. Hence to include this case also we used this
device.

Note 2: The converse of the above theorem need not be true.

Let sp=(=1D" and t,=(-1"*".

Then sty =) (=) =2 = o

Thus< s, t,, >is a constant sequence and converges to — Iwhile< s, > and < t,, > oscillate
finitely.

Theorem 6: Iflims, =1 and | # 0, then there exists a positive number k and a positive integer

m, such that | s, |>k for all n>m.

Proof: Let uschoose e = % | /]. Then &> 0, since ! # 0. Since lim s,, = /, therefore there

must exist a positive integer m, such that |s, —[/|< e forall n>m.
We can write [I=[-s,+s5,.
[ =1 (= s5,) + s,
S|=s,|+]s,|<e+]s,| forall n=m.

|s,|>|1|—eforalln>m

or |sn|>|l|—%|l|=%|l|foralanm.

Thus we have found a positive number k = % | /| and a positive integer m, such that

|'s,|>k forall n>m.

Theorem 7: Iflimt,=1",1"#0 and t,#0 ¥ n, thenlim 1/¢t,)=1/1".
1 1| [I"'—¢t)

G TYRE (1)

n

Proof: We have

Since I’ # 0, therefore by theorem 6, there exists a positive number k and a positive
integer my, such that

ltf>kor —— <L forall nzm,. (2)
[t &

Take any given £> 0.

Since lim ¢, = I, therefore for a given positive real number k | [’| g, there exists nmy € N
such that

|t,—1’|<k]|l’|e forall n=my . ..(3)
Let m = max.{my,my}. From (1), (2) and (3), we have
I 1 1 1

t, 1

-—-k|l"|eforalln>m

|1k
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ie., ———|<eforalln>m.
t)‘l
Hence lim(1/¢)=1/1".

Theorem 8: Iflim s, =1land limt,=1"(#0),t, =0 for all n, then
lim (s, /t,)=1/1".
Proof: Since ¢, #0 ¥V nand [” # 0, therefore, by theorem 7, lim (1/¢,)=1/1".

Now lim (i”) =lim (Sn . 1) = (lim s,,) lim (1) [by theorem 5, article 9]
n n n
AL
/A
Hence limi”:i—%,

t, 1’ limt,

Theorem 9: Squeeze Theorem (Sandwich Theorem): If<s,> <t,>and<u,>

are three sequences such that

(i) for some positive integer k, s, < u, < t, forn>k,

(ii) lim s, =lim t,, =, then lim u, = I.

Proof: Let e>0 be given.

Since lim s, = [, therefore, there exists m; € N such that
|s, — | < eforalln=m

ie., l—e<s,<l+¢e foralln=m.

Similarly lim ¢, = [, therefore, there exists my € N such that
[t, — | < e forall n = my

ie., l—e<t,<l+¢e foralln>my .

Let m = max. {my, my ,k}. Then, for n> m, we have

l—e<s,Su,<t,<l+e

or l—e<u,<l+e
Thus |, —I|<eforall n>m.
Hence lim u, = I.

Corollary: If <s,> and <t,> are two sequences such that|s,|<|t,|Vn=k where
k € Nand lim t, =0, then lim s, =0.

Proof: Limt¢,=0 = lim|¢,|=0and lim (-|¢,)=0.
We have |[s,|<|¢t,| ¥n=k

= —tl<s, <t ¥ n=k.

Hence by Sandwich theorem, lim s, = 0.

Note: 1If |s,|< alt,| ¥n=2k where k € N and o is a positive real number, then

lim¢,=0 = lims,=0.
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For example, let s, = oS
Then 5, = cos nm Sl- [ —1<cosnm<l]
n
.1
|s,|<|—| and lim —=0.
n

COS n|

0.

Hence  lim s, =1lim
n

Theorem 10: (Cauchy’s first theorem on limits)

lim lim s +s9+....+5,

If e Su=L then =1

n (Goralkhpur 2015)
Proof: Define a sequence < t,, > such that
sp=l+t,¥ neN.
lim¢,=0

Sp+s9+...+5, +t1+t2+...+tnv

=1

n n

and

In order to prove the theorem we wish to show that
m 4+t +...+1¢, o
n—> oo n ’
Lete> 0 be given. Sincelim ¢,, = 0, therefore, there exists a positive integerm, such that
|t,=0|=t,|<e/2 ¥ n2m. ..(2)
Also, since every convergent sequence is bounded, hence there exists a real number
k >0 such that
[t,|<kVneN. (3)
Now for all n> m, we have
i+t +...+1, N ns1tlpeo +ot tn‘
n n ‘

o+t +.. 4t
n |~

<|t1|+|t2|+...+|tm|+|tm+1|+|tm+2|+~~+|tn|

n n
Mk n-m e [From (2) and (3)]
n n 2
mk €
mk € (4
oty (4)
|: OSn_m<1}
n
2mk.

If m is fixed, thenm—k<l£ifn>—
n 2 €

e 2mk
Let us choose a positive integer p>=——- Then
€

"k Lo fornz p. .(5)
n 2
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Let M = max. {m, p}. From (4) and (5), we have

’t1+t2+...+tn €L e vuisM
N A > M.

£
2

n

+t)+...+¢

Thus lim % =0 and consequently (1) gives

n

. St +89 +...+S
lml 2 n

1 =1

n
Note: The converse of the above theorem need not be true.

Consider the sequence < s, > where s, = (- 1)".

For this sequence,
sS|+8 +...+8 . .. .
yz& if niseven, and =-—,if nis odd.

n n
S| +8 +...+8,

lim =0, but<s, > is not convergent.

n
Theorem 11: (Cauchy’s second theorem on limits). If<s, > is a sequence such that

5,> 0 for all w and lim s, = 1, then lim (s s5 ... 5,)"/" = 1.

Proof: Let us define a sequence < ¢, > such that
t, = log s, for all n.
Since lim s, = /, therefore lim ¢, = log /.

By Cauchy’s first theorem on limits, we have

R e 5 T e ol #
llmyzlogl

n

ie., lig 08 51 t1og sy +...+logs, _

log I

n
ie., lim log (s; 89 ... sn)l/” =log /

and hence, lim (s s9 ... sn)l/” =1

Note: While proving this theorem, we have used the following fact :
lim s, =/ < lim log s, = log /,
provided s, >0 for all n and /> 0.
Theorem 12: If <s,> is a sequence such that s,>0 for all ne N and

Sn+l

lim =1, then lim "'s,=1.

Sn

Proof: Let us define a sequence < ¢, > such that

s $ s
=Sty =2 ta="3, . t,=—2 .
1 82 Sn—-1
ly..t1,=5s,.
. Su+l . s .
Also lim 2 = [ = lim —— = = lim ¢, = I.

Sn Sp—1
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Since s,,> 0 for all 1, hence ¢, >0 for all n.

Thus we have a sequence < ¢, > such that ¢,>0 for all n and lim ¢, = I.

Hence by theorem 11 of article 9, we have lim (¢ t ... L) =1

ie., lim (s,)"/" = 1.
Theorem 13: (Cesaro’s theorem)
Iflim s, =land lim t, =1, then

Sity, + 89t 1 +...+ 8, 0
m =1".

n
Proof: Lets, =1+ x,and|x,| = X,. Thenlim x, =0 and hence lim X,, = 0. Therefore
by theorem 10 of article 9, we have

liml(Xl + X9 +...+ X,)=0.

n
1
Now —(Syty+sS9 b+, 1)
n
[ 1
:;(tl + 1ty +...+t,,)+;(xl by+ Xy ty_1+...+x, 1), (1)
on substituting for s, s ,...,s, .

Now the sequence < ¢, > is convergent and every convergent sequence is bounded.
Therefore there exists a positive real number £, such that
[t < k¥ n.

1
OL|—(qt,+x9t,_1+...+x,8)
n

1
< Ul el + Lol il +..+ 6] 4]

K X7+ X9 +...+ X))

n

— 0, since k is fixed for all n.
lim 1 (it + xot, 1 +...+ x, t1) =0, by Sandwich theorem.
n
Now since lim ¢, = I, we have by theorem 10 of article 9,
liml(tl +titg +.+t,) =1
n
Hence finally, we get from (1)
liml (sltn +89 b+t Sy, tl) =1".
n
Note: Theorems of article 9 provide an easier method for evaluating the limits of
sequences than the method for evaluating these limits directly by definition. Later on

we shall illustrate the use of the theorems of this section to evaluate the limits of
sequences.
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10 Monotonic Sequences

Definition 1: A sequence <s,> is said to be monotonically increasing (or
non-decreasing), if s, < s, .1 for all ni.e., s, < s, for n<m.

Definition 2: A sequence < s,, > is said to be strictly increasing if s, < s,, .1 for all ne N.
Definition 3: A sequence <s,> is said to be monotonically  decreasing (or
non-increasing) if s, 2 s, .| forall ni.e., s,>s,, for n<m.

Definition 4: A sequence < s,, > is said to be strictly decreasing if s,,> s, | for all ne N.
Definition 5: A sequence < s,, > is said to be monotonic if it is either monotonically increasing
or monotonically decreasing.

Hlustrations:

1. The sequence<1,2,3,...,n,...> is strictly increasing.

2. <2,2,4,4,6,6,...> is monotonically increasing.

| : .
3. < ——>is strictly increasing.
n

4. <], 1 , L , 1 ,...> is strictly decreasing.
2 34
1 111 . . .
5. <Ll -,=,=,—,...>is monotonically decreasing.
3355
6. <-2,-4,-6,-8,...> is strictly decreasing.
7. <0,1,0,1,0,1,...> is not monotonic.
8. <-2,2,-4,4,-6,6,...> is not monotonic.
9. <, L l ,...> 1s not monotonic.

3’57 7
Note: If <s, > is a sequence of positive terms, then < s,, > is increasing & <1/, > is
decreasing.

Theorem 1: (Monotone convergence theorem). Every bounded monotonically
increasing sequence converges. (Goralchpur 2011, 13)
Proof: Let<s,>be a bounded monotonically increasing sequence.
LetS = {s,,: n e N} be the range of the sequence< s,, >. Then S is a non-empty set which
isbounded above. Hence by the completeness axiom forR, there exists anumber/ = sup
S. We shall show that < s, > converges to /.
Let £> 0 be given. Then !/ — €</, so that [ — e is not an upper bound of S. Hence there
exists a positive integer m such that s,, > [ — e. Since < s,, > is monotonically increasing,
therefore,

Sy 28, >1—¢eforalln=m. (1)
Also, since [ is the supremum of S, therefore,

sy<l< !+ eforalln. ..(2)
From (1) and (2), we get [ —e<s,<l/+eforalln=m
ie., |s,, —I|<eforall n=m.

lims, =1
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Corollary 1:  Every bounded monotonically decreasing sequence converges.

Proof: Let <s,> be a bounded monotonically decreasing sequence. Define a
sequence< t, >such thatt, = — s, ,foralln € N. Then< ¢,, >is a bounded monotonically
increasing sequence and hence by the above theorem, it converges. If lim ¢, = [, then
lims, =lim (- ¢,)=-lim ¢, =— L.

Note: We can prove this result independently by taking infimum of the set S.

Corollary 2:  Every bounded monotonic sequence converges. (Kanpur 2012)

Proof: In order to prove this theorem we are to prove the following two results.

(i) Every bounded monotonically increasing sequence is convergent. (Give
complete proof of theorem 1)

(ii) Every bounded monotonically decreasing sequence is convergent. (Deduce it
from the result of theorem 1 as deduced in corollary 1)

Theorem 2: A non-decreasing (i.c., monotonically increasing) sequence which is not bounded
above diverges to infinity.
Proof: Let< s, > be a non-decreasing sequence which is not bounded above.
Take any real number k > 0.
Now < s, > is not bounded above = there exists m € N such that s, > k.
Also < s,,> is non-decreasing = s, > s,, for n> m.
$,28,>kforn>m or s,>kforn>m.

Hence < s, > diverges to infinity.

Theorem 3: A non-increasing (i.e., monotonically decreasing) sequence which is not bounded
below diverges to minus infinity.

Proof: Let<s,>be a non-increasing sequence which is not bounded below.
Take any real number k < 0.
Now < s,,> is not bounded below = there exists m € N such that s,, < k.
Also < s,,> is non-increasing = s,,<'s,,, for n> m.
$, <8, <k forn>m or s,<kforn>m.

Hence < s, > diverges to — eo.

Theorem 4: Every sequence has a monotonic subsequence.
Proof: Considerthesequenceay =< s, >. Letay, ay ,as ,...denote the subsequences
<89 ,88,84 ,...>,<83,84 ,85 ,...>, <84 ,85 ,86 - 5..- respectively.

There arise two different cases.

(i) Each of the sequences 4 , 4,y ,... has a greatest term. Let s, , s, 5, , ...

denote the greatest terms of a ,ay, as ,... respectively.
Thenm <my<ng<..ands, 25, 25, 2....

Consequently <, ,sy,,Sy,,...> is a monotonically decreasing subsequence of < s;,>.
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(ii) Atleast one of the sequences ag ,aj, a9 ,...has no greatest term. Suppose a,,
has no greatest term. Then each term of a,, is ultimately followed by some term of a,,
that exceeds it. For, if there is a term of a,, which exceeds all the terms following it, then
it can be exceeded by finitely many terms at the most and hence, a,, must have a
greatest term. Nows,, , 1 is the first term of a,,. Let Sy be the first term of a,, exceeding
Sm +1, S, the first term of a,, that follows s, and exceedsit, s,, the first term of a,, that
follows Sy and exceeds it, and so on.

Thus<s,, . 1,s .>is a monotonically increasing subsequence of < s, >.

1 S Sy 0
Note: Inthe azbovfa prnzl)of, we have used the concept of a greatest term of a sequence.

A term sy of a sequence < s,,> is said to be a greatest term of < s,,> if s, < sy for all n.

It is not necessary for a sequence to have a greatest term; e.g., the sequence<1,3,5,...>
has no greatest term. Also, it is not necessary that a greatest term of a sequence be

unique; e.g., for the sequence <s,> defined by s,=(-1)"" ! each of the terms
S1,83 .85 ,...1s a greatest term.
If<'s, >beasubsequence of <s, >, Sn be a greatest term of <5, >ands,, be a greatest

term of < s,, >, then S <s,, ,because S is also a term of < s, >, and s, is a greatest term
of <s5;,>.

11 Limit Points of a Sequence

Definition: A real number p is said to be a limit point (or a cluster point) of a sequence< s,, > if

every neighbourhood of p contains infinite number of terms of the sequence.
(Goralhpur 2012)

Since every open interval | p—¢, p+¢€[,e> 0, is a neighbourhood of p and also every

neighbourhood of p contains an openinterval | p — €, p + € [for some £ > O, therefore we

can say that a real number p is a limit point of a sequence < s, > iff given any >0,

sy€]p—¢ p+e] for infinitely many values of n i.e., |s, — p|< € for infinitely many

values of n.

It can be easily seen that a real number p is a limit point of a sequence< s,, > iff given any

neighbourhood N of p and m € N we can find k € N such that k > m and s € N.

Remarks: 1. Limit point of a sequence is different from the limit of a sequence. The

limit of a sequence is alimit point of the sequence, while a limit point of a sequence need

not be the limit of the sequence.

2. Limit point of a sequence need not be a term of the sequence.

3. [Ifs, =1for infinitely many values of n then [ is a limit point of <s,, >.

4. Areal number p is not a limit point of < s, > if there exists even one neighbourhood
of p containing finite number of terms of the sequence.

Hlustrations:

1. The sequence < (- 1)"”>has 1 and - 1 as limit points. Here s, = — 1, if  is odd and

s, =1, if n is even. Any neighbourhood of —1 will contain all the odd terms of the

sequence hence — 1 is a limit point.

Similarly any neighbourhood of 1 will contain all the even terms of the sequence, so 1 is

a limit point.
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2. The sequence < 1 > has only one limit point, namely 0.

. . 1
Given £> 0, there exists m € N such that —< .
m

1 1 . 1
For n>m,0<—-<—<¢ e, —e<0O<—<eforalln=m.
n m n

Hence 1 € ] - g e[foralln > m. Thus every e-nhd of O contains infinitely many points of
n

the sequence. Hence O is a limit point of this sequence.
3. The sequence<1,2,3,...,n,...> has no limit point.

Let pe R. Whatever € we take, the neighbourhood | p— €, p+ €[ of p contains at the
most a finite number of terms of this sequence. Hence p is not a limit point of this
sequence.

Theorem 1: Iflis a limit point of the range of a sequence < s,, >, then [l is a limit point of the
sequence < s, >.

Proof: Let S be the range set of the sequence < s, >. Since [ is a limit point of S,
therefore, every nhd. of/ contains infinite number of distinct elements of the set S. But
each element of the set S is a term of the sequence< s,, >. Hence every nhd of / contains
infinite number of terms of the sequence < s,,>. Thus [ is a limit point of the sequence
<8y >.

Note 1: The converse of the above theorem need not be true.

Consider the sequence < s, > where s, =1+ (- 1)".

We have s, =0, if n is odd and s, =2, if n is even.

0, 2 are limit points of the sequence< s, >. But the range of this sequence is the set
{0,21, which is a finite set.
Now a finite set has no limit points, hence the range of < s,,> has no limit points.
Note 2: If a sequence has all its terms distinct, then the limit points of the sequence
and the limit points of the range set are same.
Theorem 2: Ifs, — [, then lis the only limit point of <, >.
Proof: First we shall show that [ is a limit point of < s,,>. Let £> 0 be given. Since
s, — [, therefore, there exists a positive integer m such that

|s,—I|<eforalln=m

ie., s, — [| < € for infinitely many values of n.
This shows that [ is a limit point of < s, >.
Now we shall show that if /" be any limit point of < s,, >, then we must have [” = .
Let €> 0 be arbitrary. Since [ is the limit of <5, >, therefore, there exists a positive
integer p such that

|s,—l|<e/2forallnzp. (1)
Since I’ is a limit point of < s, >, therefore, there must exist a positive integer ¢ > p such
that ls; = 1"l<e/2 ..(2)

Puttingn=qin (1),|s, = l|<e/2. ..(3)
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Now [1=1"]=|(s; =1") = (sy = DIy = "] +1]sy =1
<e/2+¢/2, from (2) and (3)
ie., [I-1"| <e.

Since € is arbitrary, hence we must have |/ -[’|=0 ie., [=1".

Note: The converse of the above theorem need not be true; i.e., a sequence having only
one limit point may not converge.

Consider the sequence < s, >, where s,, is given by

I ...
—, ifniseven;

’

Sp=|n
n, if nisodd.

There is only one limit point of <s,>, namely 0, and yet the sequence does not
converge.
Theorem 3: (Bolzano-Weierstrass Theorem for sequences): Every bounded
sequence has at least one limit point.
Proof: Let<s,>be abounded sequence and S be its range set. Then S = {s,,: ne N}.
Since the sequence < s, > is bounded, therefore, S is a bounded set.
Case I: Let S be a finite set. Then for infinitely many indices #, s, = p, where p is
some real number. Obviously p is a limit point of <, >.
Casell: LetSbeaninfinite set. Since S is bounded, by Bolzano-Weierstrass theorem
for sets of real numbers, S has a limit point, say p. Hence every nbd of p contains
infinitely many distinct points of S or every nbd of p contains infinitely many terms of
the sequence < s,,> and consequently p is a limit point of the sequence < s,, >.

Corollary 1:  IfF is a closed and bounded set of real numbers, then every sequence in F has a
limit point in F.

Proof: Let<s,>be asequencein F. Then <s, > is bounded and hence, it has a limit
point, say p. Also pe F, since p cannot belong toR — F. If pe R - F, thenR - Fis an
open set containing p. Thus it is a neighbourhood of p that contains no term of the
sequence< s, >and hence we get a contradiction to the fact that p is a limit point of the
sequence < s, >.

Corollary 2:  If 1 is a closed interval, then every sequence in I has a limit point in I.

Proof: Since every closed interval is a closed and bounded set, hence the result
follows from corollary 1.

We have proved earlier that every convergent sequence is bounded and also it has only
one limit point. Now we shall prove the converse.

Theorem4: Ifasequence< s, >is bounded and has only one limit point, say I, then s, — L.
Proof: Since< s, >isbounded, so it has at least one limit point. But /is the only limit
point of <s,>. Hence, for any €>0, |/ —¢,[+ €[ contains s, for all except a finite
number of values of 1.

Let sy, 5 Sy Sy e Sm, be the finite number of terms of the sequence < s, > that lie
outside | I — ¢,/ + €.
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If m —1=max.{my,my . J,thens,e|l—¢ [+e[ Vnzm.
Hence for any €> 0, there exists m € N such that
|s,—ll<e Vn=m.

the sequence < s, > converges to /.
Theorem 5: A real number p is a limit point of a sequence< s, > iff there exists a subsequence of
<, > converging to p.
Proof: First, let p be a limit point of a sequence < s,,>.
We shall use the result that a real number p is a limit point of a sequence < s,, > if given
any €>0 and any positive integer m, there exists a positive integer k > m such that
srelp-¢eptel
By choosing & =1 and m =1, there must exist a positive integer 1 > 1, such that

sy, = pl<1 ~..(1)
. 1 . .
Choosing € = 3 m = ny, there must exist a positive integer ny > ny, such that
1 2

1y~ Pl (2)
Continuing in this way, we1 can inductively define a subsequence <, , s, ..., ;... >
such that |snk - pl< T
In fact, if we assume that Sy Sng »e o0 Sy have been obtained, by choosing

E=——,m=ny,

k+1

we can get a positive integer iy 1 > i such that
Isng | _P|<m'
But s, has already been obtained. Thus the construction of <, > is complete by
induction.
We now claim that the sequence < Sy > P In fact, for any &> 0, we can choose a
positive integerj, such thatl / j < & For this choice of j, we get| s, — p|<1/j<eVkz].
This shows that the sequence <, >— p.
Conversely, let< s, >be asubsequence of< s, >converging top. We have to show that
p is a limit point of < 5, >.
Since S, = P therefore, given any €> 0 there exists positive integer j such that
sy, — pl<eforallk=j.

Thus every neighbourhood of p contains infinitely many terms of < s, >i.c., infinitely

many terms of < s, > and consequently p is a limit point of <s,, >. "
Theorem 6: The set of limit points of a bounded sequence is bounded.
Proof: Let<s,>be a bounded sequence. Then there exist kj, ky € R such that

ki <s,< kg forallne N
ie.,s, &]—oo ki [ands, ¢]ky oo [foranyn. Henceif /e Rand /g — oo, kj [ U ] kg , 00|,
then /is not a limit point of the sequence. Thus if / € R is a limit point of the sequence,
then [ € [k, ko |. Consequently the set of limit points of < s, > is bounded.
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Theorem 7: Every bounded sequence has the greatest and the least limit points.

Proof: Let<s,> be a bounded sequence. Then the set L of limit points of <, > is
bounded.

Now L # @and L is bounded, hence by completeness axiom the set L has infimum and
supremum.

If inf L = u and sup L = », then we have to show that u,ve L.
Fore>0,]v—¢,v+ ¢l is a neighbourhood of v.
Since v = sup L, therefore, there exists some x € L such that
v—e<x<v<v+e ie, xe|lv—gv+egl
or ]v—¢ v+ e[ is a neighbourhood of x.
Sincexis alimit point of< s, >, hence | v — €, v + € [ contains infinite number of terms of
the sequence. It holds for every € > 0. Thus every neighbourhood of v contains infinite
number of terms of the sequence < s, >.
v is a limit point of the sequence < s,,>.
. ve L.
Similarly, we can show that e L.

12 Cauchy Sequences

Cauchy Convergence Criterion for Sequences:

In this section we shall establish an important criterion, known as Cauchy Convergence
Criterion, which will help us to decide whether a sequence is convergent or divergent
without knowing its limit or limit point. It involves only the elements of the sequence to
which we wish to apply it.

Definition: A sequence< s, > is said to be a Cauchy sequence if given € > O there exists m € N
such that

[, — Syl < eforallnzm

or |$n+p = syl < &forall n=m and every p=0
or [Sm +p = Sml < eforall p=0
or |sp = syl < eforallp, q=m. (Goralhpur 2012)

Remarl: | Sy — sq| < eforall p, 4 = m means that Sp and 5; are arbitrarily close together
for large values of p and q.

Ilustrations:
1. < 1ll ,...,l,...> is a Cauchy sequence.
23 n

Let the given sequence be < s, >, where s, =1/ n.
Take any given €> 0.
If n>m, then

m-n n—m n—m

1
nm nom

1 1‘_

n m

|Sn - sml Z‘
nm
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1 . 1
If we take m e N such that m>— ie, —< ¢, then
€ m

I 1

m

[$, = Sl = <&V n=m.

Hence the given sequence is a Cauchy sequence.

2. The sequence < n”

If n> m, then n® — m? = (n—m)(n+m)>2m>1, for any value of m. Taking € =1, we

> is not a Cauchy sequence.

cannot find a positive integer m such that | n - n12| <eforall n>m.

Theorem 1: If<s, > is a Cauchy sequence, then < s, > is bounded.
(Kanpur 2008; Gorakhpur 14)

Proof: Let <s,> be a Cauchy sequence. For € =1, there exists me N such that
|'s,, = s, <1forall n=m

ie., S — 1<, <s,, +1forall n>m.
Let ky =min. {81,859 5., S — 1, S, — 1}
and kg =max. {s,$9 ,..., 8, 1,8, + 1}

ky <, < kg for all ne N.
Hence < s,,> is bounded.
Note: The converse of the above theorem need not be true. The sequence< (— 1)" > is

bounded but is not a Cauchy sequence. (Gorakhpur 2014)

Theorem2: (Cauchy Convergence Criterion): A sequence converges ifand only ifit is
a Cauchy sequence.

Proof: First, let <s, > be a convergent sequence which converges to, say, /.
Since s, — [, therefore, for given € >0 there must exist m € N such that
|s,—Ill<e/2¥nz2m.
In particular, [s,, —I|<e/2.
Now Isp = Sl =1 (55 = ) = (s = DI |5 = 1]+ 55 = 1]
<e/2+¢/2forall n=m.
Thus |s, — s,,| < € ¥ n2 m, showing that < s, > is a Cauchy sequence.

Conversely, let <s,> be a Cauchy sequence. Then <s,> is bounded. By
Bolzano-Weierstrass theorem, < s, >has alimit point, say /. We shall show thats,, — .

Let £> 0 be given. Since < 5,,> is a Cauchy sequence, there exists m € N such that
|sy—sul<e/3¥nzm.
Since [ is a limit point of < s, >, therefore every nbd of / contains infinite terms of the

. . 1 1 e
sequence< s, > . In particular the open interval | [ — 3 g1+ 3 € [ contains infinite terms

of < 5,> . Hence there exists a positive integer k > m such that

l—%s<sk<l+%s e, |sp—1|<e/3.
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Now ISy =1 =1 (55 = ) + (83 = 55) + (55 = )|
S|5n_sm|+|sm_5/\'|"'|Sk_l|
<e/3+¢e/3+¢e/3foralln=>m.

Thus s, — [| < e for all n>m.

< s, > converges to /.

15 Limit Superior and Limit Inferior of a Sequence

Let < s, > be a sequence which is bounded above. Then, for each fixed n € N, the set
{$,,8,41,.-.} is bounded above and hence it must have a supremum. Let

Sp=sup {8, Sy 41>}
Since (s, 41,8, 49 ,...}isasubsetof{s,,s, .| ,...}, therefore, it is obvious that s, > 5, , |.
Thus the sequence< 5, >is a monotonically decreasing sequence and consequently, it
either converges or else it diverges to — eo.
Similarly, if the sequence <s,,> is bounded below, then the set {s,,s, ,1,...} has an
infimum. Let s, = inf {s,,s,,1,...}, then the sequence <s,> is monotonically
increasing and hence it either converges or diverges to eo. B
KCeeping these notations in mind we now define limit superior and limit inferior.
Definition 1: Let < s, > be a sequence of real numbers which is bounded above and let

Sp = Sup {Sy, Sy 4150}

If < 5, > converges we define the limit superior of < s, > by

lim  sups,= lim 5,

n— oo N —> oo
If < 5, > diverges to — oo, we write  lim sup s, = — oo
n— oo

If a sequence < s,, > is not bounded above, we write

lim  sups, =eo
n— oo

Definition 2: Let < s,,> be a sequence of real numbers which is bounded below and let

Su=1nf {8,841, )
If < s,,> converges we define the limit inferior of < s, > by
lim lim

inf s, = Sy -
s eI

lim

11— o0 11 Sy = oo

If < s,,> diverges to oo, we write

If a sequence < s,, > is not bounded below, we write
lim
N oOmfsn——oo.

Note 1: The notations lims, and lim s, are also used for lim sup s, and lim inf s,,

respectively. In future, we shall use these notations.
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Note 2: The limit superior and the limit inferior are also called the upper limit
and the lower limit of < s, > respectively.

Note 3: We have lim s, = inf {5,5 ,...,5,,...}
and lim s, =sup {s},59,..., ...}

Illustrations:

1.  Let<s,> be the sequence defined by s, =(-1)" Vne N.

Itis bounded above by 1 and bounded below by — 1. For this sequence, s, = lands,, = — 1
for all me N.
Hence lim s, = land lim s, = — .
2. Let< s, >Dbethesequence defined bys, = — n¥ n e N.Itisbounded above by —1but
it is not bounded below.

Sy=sup{-n,-n-1L..}=-n
Since§,, — — w0 asn — o, hence lims,, = — . Also, since< s, > is not bounded below, by
definition lim s, = — eo. Thus in this sequence both the limit superior and the limit
inferior are — oo.
3. Let<s, > be the sequence defined by s, = n ¥ n e N. It is bounded below but not

bounded above.

sy=inf{m,n+1...} =n.
Since s,, = e as n — e, hence lim s, = .
Also, since < s, > is not bounded above, by definition lim s;, = . Thus in this sequence

both the limit superior and the limit inferior are .

4. Let<s,> be the sequence defined by s, = (- 1)" (l+l)~
n
Then <Si‘l>=<_27§’_é7§7—§727 >
2 34 56
In this case 71=%,§2=%,§3=§,§4=%,§5=%etc
4 4 6
and :_2":_7,,:_77 = — — etc
S 27738773 4TS
Hence MSnzinf{§,i,z,.} =1
246
4 6
d li =supq—-2,——,——,...r=—1
an m sy, UP{ 375 }

Theorem 1: If <s,> is a convergent sequence of real numbers and if lim s, = I, then
lim s, =lim s, = I. Conversely, if

lim s, =lim s, =R,
lim

then < s, > is convergent and -

s,=1-
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Proof: First suppose that the sequence < s,, > converges with lim s, = [. Let €> 0 be
given. Since s, — [, therefore, we can find a positive integer m, such that

|s, —l|<eforalnzm
ie., [—e<s,<l+eforalnzm.

This inequality shows that for all n > m, [ + eis an upper bound of {s,, , s, 1,...}and [ — €
is not an upper bound of {s,,, s, 1,...}.
Since 5, ={s,,,8,41,..- }, it follows that
[—e<s,<l+enz2m.
Taking limits as n — e, we get

im
l-e< ,  Susl+e

Since ¢ is arbitrary, it follows that lim s, = /.

Similarly, we can show that lim s, = /.

Thus lim s, = lim s, = /.
Conversely, let lim s, = lim s, = I.
] lim ) )
Since [ = 1 — oo S » GlvEn any £> 0, there exists mj; € N such that

|5, —Ill<e forn=m ie, l—e<s,<l+¢e forn=my.
The definition of 5, then gives that

sp<l+e forn=my. (1)
lim

.. . _ s .
Similarly, since [ N o0 there exists my € N such that

|s, —I|<eforn=my
which implies as above that sy>l—efornzmy . ..(2)
Let m = max. {my, my}. Then from (1) and (2) we find that

|s, —I|<eforn=m.
This proves that the sequence < s,,> converges and that

lim

n—s oo Sn =1
Similar results hold good for divergent sequences. Below we state them without proof.
Theorem 2: A sequence < s,,> diverges to + oo iff ~ lim s, =lim s, = oo.
Theorem 3: A sequence < s,,> diverges to — oo iff  lim s, =lim s, = — oo.
Theorem 4: If< s, >and< t, >are bounded sequences of real numbers such that s, < t,, for all
neN, then lim s, <lim t, and lim s, <lim t,.
Proof: Sinces, <t, , therefore it is easy to see that

SpSty ands,<t,,

where 5, ,t,,,s,, t, have their usual meanings as defined earlier.

noonw tn
Then we have from the corollary to theorem 3 of article 9,

lims, <lim¢, and lims,< lim¢,

or lims,<lim¢, and lims,<lim¢,.
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Theorem 5:  If<s, > and < t,> are bounded sequences of real numbers, then
(i) lim (s, +t,)<lim s, +lim t,; (it) lim (s, + t,) 2 lim s, + lim t,, .
Proof: Lets,=1{s,,8,4+1,...},and t, =sup { t,, £, 1 1,...}.
Then sp<8,,(k=n), 4 <t,,(k=n).
Sp+ <5, + 4, fork = n.
Thus s, + t,, is an upper bound for {s,, + £,,, 8, 41 + 4 1,---}-
Hence (s, +t,) =sup{ s, + Ly S0 + by oo b S Sy + Ly
lim (s, + t,,) < lim (5, + £,,) = lim 5, + lim £,,
ie., lim (s, + t,) < lim s, + lim ¢,,.
Thus the result (i) has been proved. Similarly (ii) can be proved.

Note: It can be shown that there exist sequences for which the inequalities in the
above theorem are strict inequalities.

Let s,=(-1" neNandt,=(-1"* neN.
Then s, +t, =0, ne N. Here lim s, = 1 = lim ¢, and lim (s, + t,,) = 0.

Hence, in this case lim (s, + ¢,,) < lim s, + lim ¢, -

14 Nested Interval Theorem

or Cantor's Intersection Theorem

Definition: A sequence of sets < A,> is called a nested sequence of sets if

Ao Ayo.... Ay A 1D

Theorem: Foreachne N, letl, =] a, ,b,|bea (non-empty) closed and bounded interval on
lim '

lim
R, such that< I, > is a nested sequence with 0 (lengthof1,)1i.c., s oo (b,,—a,)=0.Then

ml I,, contains precisely one point.
n=

(Goralchpur 2014)
Proof: Since < I, > is nested, we have

I,o51,, forallneN
ie., la,,b,] > [a, 41,b, 1] forallme N. (1)
It follows from (1) thata,<a, ,1<bh, <D, ¥ neN.

This shows that the sequence < a,,> is a monotonically increasing sequence bounded
above by by, and < b,, > is a monotonically decreasing sequence bounded below by 4.
Hence, < a,,> and < b,, >, both converge.

Now we have s o (lengthof I))) =, o (b, —a,)=0
lim lim

= N oo Dn= o An=1 (say).
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Since a monotonically increasing bounded sequence converges to its supremum, it
follows that [ is the supremum of the range set of the sequence <a,>. Also, a
monotonically decreasing bounded sequence converges to its infimum, hence / is the
infimum of the range set of the sequence < b,, >.

Thus a, <1< b, ¥ n. Hence, le I, for all n. It follows that [ e A I,

n=1
Clearly no [” # [ can belong to :1 I,
n=

o

Forlet/’ e r\lIn,thenOS|l’—l|S|hn—an| ¥ n.
n=

Since | b, — a,| = 0, hence we get|l" —[|=0iec, " =1

Hence N consists of exactly one point.
n=1

[llustrative Examl)les

Example 17: Show that the sequence < s,,> defined by

1 1 1
+ +...+ ,

n+l n+2 n+n

Sy =

converges.
Solution: We have

1 1 1 1 1 1
Syl =Sy = + +o+ - + ot —
n+2 n+3 2n+2 n+l n+2 2n
1 N 1 r 1
2n+1 2n+2 n+l 2n+1 2n+2

>0 for all n.

Hence, the sequence < s, > is monotonically increasing.

1 1 1 1
Now |s,l=s,= + +..+ <—+...+— (upto n terms)
n+l n+2 n+n n n
=n~l=l
n
ie., s, < 1for all n.

Hence, the sequence < s,, > is bounded.

Since < s,, > is a bounded, monotonically increasing sequence, hence it converges.
Example 18: Show that the sequence < s,,> defined by the relation
1 1

31=2,sn=1+i+—+...+
1 21 (n-1)!

(n=2), converges.

Solution: We haves, | —s, = i' >0 for all n.
n!

Hence, the sequence < s, > is monotonically increasing.

Now, we shall show that < s,, > is bounded.
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Forn>2,n!=1.2.3... ncontains(n — l)factors each of which is greater than or equal to
2. Hence n!1>2" " forall n>2.

iS I sforalln>2.
n! 2}1—1
Thus sn=l+l+i+i+...+ !
21 31 n-1!
sl+—+—+i ot !

Also 51 =2<3.
2<s,<3forallneN
iec., < s, > is bounded.

Since <s,> is a bounded, monotonically increasing sequence, consequently, it
converges.

li "
Example 19:  Show that inoo (1 + l) exists and lies between 2 and 3.
n

n
Solution: Here s, = (1 + l) - Obviously s; = 2.
n

By the binomial theorem, we get

Sn:l+n.l+m.i+w.i+.”+i
n 2! n2 3! n3 nn

1 1), 1 1 2
Similarly, S L + |- I- "
milarly Sn+1 2[( }’l+1] 3'( n+1 ( n+l]
1
+
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['each term on the R.H.S. of s;, | is > the corresponding term on the R.H.S. of 5, and
moreover the number of terms in the expansion of s, , 1 isn +2 i.e.,one more than the
number of terms 7 + 1 in the expansion of s,, |

Sy41>8, forallneN.
Hence, the sequence < s, > is monotonically increasing.

$, 28 =2,% neN.
From (1), we see that

1 1 1
Sp<l+l+—+—+...+—
21 31 n!
<l+1+%+2i2+...+2n% [See Ex. 18]
L
=1+ 2n<1+iz3,f0ralln.
1 1
1-= 1-=
2 2

Thus 2<5,< 3, for all n.
Hence the sequence < s,, > is bounded.

Since <s,> is a bounded, monotonically increasing sequence, consequently, it
lim

converges i.c., N

., Spexists and lim s, = sup <, >.

i
Now2<s,<3foralln=2< ;moo s, < 3, which shows that the limit lies between 2

and 3.

n
Note: The actual value of the lim (1 + 1) is defined to be equal to e. Hence ¢ lies
n

between 2 and 3. Taking limit of both sides of (1) as n — o, we see that
_lim 1 1”_I 1 1 1 1
1

Example 20:  Prove that < s, > is convergent where s, =2 — —— .
n n 9= 1

Solution: We have
1

S+l —sn:(2—2n)—(2—2nll):2nll—21n>0 for all n.

Hence, the sequence < s, > is monotonically increasing.

Also, s, =2 —;<2for all n. |:'.'I>O:|
2n—l 211—1

< s, > is bounded above.

Since< s, >is abounded above, monotonically increasing sequence, hence it converges.

lim lim 1
Weha\/e n— oo Snznﬁoo 2_2}’17—1 =2.
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Example 21:  Show that the sequence < s,,> defined by

5| = 21, Spe1 = Zsutl ¥ ne Nis convergent. Also find its limit.
2 1
Solution: We have s = % and s, .1 = TV oneN.

First applying mathematical induction we shall show that

Sue1>S, ¥ neN.

1
2. (5) +1
2.5 +1 2
We have =T =z
3 3 3
$9 > 8.
Now assume as our induction hypothesis that s, , | > s, for some positive integer n.
Then Sup1>8; = 285,41>2s, = 25,1 +1>25,+1
23n+1 +1 28n+1
= 3 > 3 = Sh+22Sn+l-

Thus s9 > sy and if s, .| >, ,thens, 19> 5,41
by induction s, , 1 >s, ¥ neN.
Thus the sequence < s, > is monotonic increasing.
Now we shall show that the sequence < s,,> is also bounded above.

We have s,,.|>s, ¥ neN
2s,+1

= T>s,1VneN = 2s,+1>3s, ¥ neN
= sy<l ¥neN.
the sequence < s,, > is bounded above by 1.
Since the sequence < s, > is monotonic increasing and bounded above, therefore by
monotone convergence theorem < s, > converges to its supremum.

lim lim
Let o sy=L Then = " s,41=L
Now sn+1=25”+1:>1imsn+1=limM
= l=%:l=2l+1:l=1.

. 1 .
Hence s, » L. We have inf<s,>=5 =— and sup<s,>=1lims, =1
2

Example 22: Show that the sequence < s,,> defined by

s1=V2,5,,1=V2s,)
converges to 2.
Solution: We have sy =\ (2V2).

Since 1<V2 = 2<2V2 = 2<V(@212),

S1<$89 .
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Let us suppose that s, <s,, ;|
Then V2s,)<V2su11) = Spal<Smao
Hence, by mathematical induction, we have
$,<8,41 forallmeN
i.e., <s,>is monotonically increasing.
Also, we have s = V2<2.
Let us suppose that s, <2. Then ¥ (2s,,) <V (2.2) =2 =5, ;| <2.
Hence, by mathematical induction, we have s, <2 for all ne N
ie., <s,>is bounded above by 2.
Thus <s,,> is a monotonically increasing sequence bounded above by 2, hence, it

converges.
lim im

Let .  sp=LThen = 's,41=L

Now Spe1 =V (2s,) = lims, | =limV(2s,)

= I=N@2) = 1(1-2)=0 = [=0,2.

But 5,25 =V2V neN = 5,-V2>0V neN.

lim (s, —V2)>0 e, lims,>V2.

Hence [ cannot be zero. Therefore [ = 2.

Example 23:  Show that the sequence <s,> defined by sy =land s,,1 =V (2 +s,), V¥

n e N is monotonically increasing and bounded. Also find its limit.

Solution: We have s; =land (s, |)> =2 +5,, VneN.

59 =V3,53 =V (2+V3),.....
Now 1<V3 = §<s.
Let us suppose that s,, <s,, . 1. Then VE+5,)< V(2 +5,41)
= Sm+1<Sm+2.
Hence, by mathematical induction, we have
$; <S8, 4] forallneN

i.e., <s,>is monotonically increasing.

Again, Spe1>S = V2+s,)>s,

= 245, -525>0 = (2-5,)(+5,)>0

= 2-s5,>0 [+ 1+5,>0]
or $,<2 ¥ neN.

Hence < s, > is bounded.

Thus < s,,> is a monotonically increasing sequence bounded above by 2; consequently
it converges.

Let lim s, =1 Then lims, | =1
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Now Spe1=V2+s,) = lims,,;=limV@2+s,)

= I=N@2+1) = P-1-2=0 = (+1)(-2)=0
- I=-12.

But [ cannot be — I since all terms of the sequence are positive. Hence [ = 2.
Note: If a sequence < s,, > is monotonically increasing then there is no need to show

that<s, > has a lower bound because s; is always its lower bound.

Similarly, for a monotonically decreasing sequence there is no need to find an upper
bound, because s; will always be its upper bound.

Example 24:  Show that the sequence < s,,> defined by

4 + 3s, "

,neN
3 +2s,

s =Lsy 1=
is convergent and find its limit.
Solution: We observe that all the terms of the given sequence are positive.
First by mathematical induction we shall show that

Sp41>5, ¥ neN.
4+3s5) 4+3-1 7

We have sp=Lsy = = =
3+2¢ 3421 5

$9 > 8.
Now assume as our induction hypothesis that for some positive integer 7,
Su+1> S (1)
44354 _4+3Sn
3+2s,,.1 3+2s,
(4 +38,41) G +25,) = (4+35,) B+ 25, 41)
B+2s5,41)B+2sy,)

Then Sn+2 " Sh+1 =

T L0 by (1),
(3 +2Sn+1) (3 +2Sn)

Sn+2>Sn+l.
Thus sy > s and if 5, .| > s,,, then we have also s, .9 >5, ..

by mathematical induction s, ;1 >s,,¥ neN.
Thus the sequence < s, > is monotonic increasing.

Now we shall show that the sequence < s,,> is also bounded above.

3 1
~(2s,+3)——
We have sn+1=35”+4=2 i 2=§_;,
2s5,+3 2s,+3 2 22s,+3)

showing that s, ;1< % ,VneN.

Also s =1l<=-
2
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Thus s, < % » ¥ n e N. Therefore the sequence < s,, > is bounded above by %

Since the sequence < s, > is monotonic increasing and bounded above, therefore by
monotone convergence theorem it converges to its supremum.

Let lim s, =I. Then lims, | =1

Now Sn+1=4+gsn = 1im5n+1=m
3+ 2s, 3+2lims,
= oA+l P=2 = I=++2.
3+ 21

Since all terms of the sequence are positive so / cannot be negative. Hence [ = V2. We
have inf<s,>=s =land sup <s,> = lims, = V2.

Example 25: A sequence < s,,> of positive terms is defined by

3+2s,
2+,

si=k>058,,1= MneN.

Show that the sequence converges to a limit independent of k and find the limit.

3+2s,

,V neN.
2+s5,

Solution: We have sy =k>0, and s, | =

Then s9 > 0,53 >0 and so on.
Therefore the terms of the sequence are all positive.
Now first by mathematical induction we shall show that

Sp41>5, ¥ neN.

We have $9 — 8§ = 3212;1 —5 = 3212]:( k= 32_+kk2 >0 if 0<k<+3.
Thus s9 > s if0< k<3
Now assume as our induction hypothesis that for some positive integer n,
Syl > Sy (1)
Then s,1+2—s,,+1=3+2sn+1—3+2S”

245,41 2+s,

Sn+1 = Sn
- >0, by (1).
(2 +Sn) (2 +Sn+1)

Si+2 > Sp+1-

Thus s9 > s and if 5, | > 5, , then we have also s, .9 > s, ;1.
by induction s, , | >s,,V ne N.
Thus the sequence < s, > is monotonic increasing.

Now we shall show that the sequence < s,,> is also bounded above.
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We have Sy+1>S, ¥ neN
3+2 3+2
= S”>sn = s"—sn>0
2+s, 2+s,
3-5, 2 2
= — 150 =23-5,>0 = 5, <3
2+s,
= sn<\/3,VneN.

<s,> is bounded above by V3.
Thus < s, > is a bounded monotonically increasing sequence. Hence it converges.
Let lims, =1
Then lims, , | =1
3+ 2s, & lims,, | = 3 +2.11msn
2+s, 2 +lims,
= 3+2/ - 12
2+1

But / cannot be negative because the terms of the sequence < s, > are all positive.

Now Sp4l =

= =3 = [=++V3.

Hence / =V 3 which is independent of k.
Example 26:  If uy, v are given unequal numbers and
1
Uy :E(”n—l + V1) vy = \/(”n—l Vy 1), wheren=2,
prove that (i) u,, decreases, and v, increases as n increases,

(i) <u,>,<v,> are both convergent and have the same limit , where u>v>0, and
1
1) zi(u+v)and1}1 = (uv).

1

Solution: Sinceu>v>0,u = o) (u+v)and v =V (uv), therefore, u and v} are positive

and u; > 1y since A.M. > G.M.

n<uy<im [y = l(ul +17) so that v,uy ,u; are in A.P.]

2

and <y < [+ m =V (g 1) so that 1, n 1 are in G.P.]
Since uy is the A.M. and ry is the G.M. of u; and v, therefore, we have uy > vy
Hence as above, we get

vy <ug <uy and 1 < r3 <1y , and so on.
Thus y <rm <r3<..<...<ug<uy <u.
Therefore the sequences <u,> and <v,> are monotonically decreasing and
monotonically increasing respectively. Obviously both are bounded so that they are

convergent.
Now we have to show that < u,, > and < v, > have the same limits.
Let lim u, = A and lim v, = B.
1 . 1
Now Uy =§ (y_1+v,_1) = limu,=lim 5(”;1—1 +v,_1)
or A:é(A+B) ie, A=B.
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Example 27: If xi, xy are + ive and x,, .9 = (x,,, | . X,,), prove that the sequences

X\, X3, X5 ,...and Xy , Xy ,Xg ,... are one an increasing and the other a decreasing sequence and

show that their common limit is (xlxzz )1/3.

Solution: Let x; > x5 . Then since x3 =V (xpx)), we have
X > X3 > X9,
and since x3 > xy , we have x3 > x4 > xy . [ x4 =V (x3x9) ]
Similarly, we have
X3 > X35> Xy 5 X5 > Xg > Xy
X5 > X7> Xg 3 X7> Xg > Xg ;
and so on.
Thus X9 <Xy < Xg <...<...< X5 < X3 <A
Hence < x1, x3 , x5 ,...> is monotonic decreasing and
<Xy ,X4,X5,...>
is monotonic increasing and both being bounded, are convergent.
Let lim x,, = A, if n is even and lim x,, = B, if n is odd.

Now X0 =N (0,01 5,) = m x, o =lim (x, . x,).
- B=+(A.B)or A= B, if n is odd
and A=+ (B.A)or A= B, ifnis even.
Hence in either case A = B.
Now x—gzi\/(xlxz)= xl)
Xy X X9

wemne ) )
Rt C 1| 3R A )

. X
In a like manner, =2 =

)
or lim (x, Vx,_1) =+ (xlxzz)
ie., A A2 =A(qx2) or A= ().

Example 28:  Ifk is positive and o., — B are the positive and negative roots 0fx2 -x-k=0,
prove that if u, =\ (k + u, _1) and u >0, then u, — o.
Solution: Since y; is positive, hence by virtue of the relation

wy =\ (k +u,_1), ty ,u3 ,...,U,,...are all positive.
Thus u,>0,¥ neN.
We have u,” — un2_1 =(k+u,_y)—(k+uwu,_9)=u,_| —u,_o so that u,>or<u,_;
according as u, 1> or <u,_o and hence < u,> is a monotonic sequence, it is an
increasing or a decreasing sequence according as uy > or < uj.
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Now P —x—k=(x-0)(x+p) (1)
= w? —u k= —0) (g +P). -(2)

Let 1 > o.. Then from (2), we have
u12 —u —k>0
= wrk<u?® =N +k)<uy = uw<u.
Hence in this case < u,,> is a decreasing sequence.
Since u,,>0,% n e N, therefore < u,, > is bounded below by 0.

Thus < u,, > is a monotonically decreasing sequence and is bounded below and hence
< u, > is convergent.
Again let 1 < a. Then from (2), we have

u12 -y —-k<0 = y +k>u12 =S N +k)>uy = u>u.

Hence is this case < u,,> is an increasing sequence.

Now w2 =u, | +k<u+k, [,y <u,)
ie., unz—un—k<0 or (1, — o) (u, +B) <0, using (1).
U, <0 . [ u,>0 and B>0 = u,+B>0]

Thus in this case u,, <o, ¥ ne N.
Hence in this case < u,, > is a monotonically increasing sequence and is bounded above
by o and so < u,, > is convergent.

Thus < u,, > is convergent whether 7 > or <o.
Let lim u, = 1.
Now (1 = @) (i +B) = 1,2 = 10, =k = (1, _y + k) =y =k =10, | — 10,
Taking limits, we get (I—a)(+B)=[-1=0.
This gives [=a or [=-f.
Since the terms of the sequence < u,, > are all positive, so its limit cannot be negative.
Therefore we cannot have / = — . Therefore we must have [ = a.
In case u; = o, then from (2), we have
u12 —u —k=0=u =\ (uy +k)=u.
Now repeatedly using the relation
”112 - an—l Uy —Uy_2,
we observe that ug = uy ,uy = ug ,us = uy ,and so on.
Thus in this case u,, = =0, ¥ neN.
So in this case also the sequence < u,, > converges to o.
Hence in all cases < u, > converges to o which is the positive root of the equation
- x-k=0.
Example 29:  Show that the sequence < s,,> defined by

I 1 1
$p=1+—+—+...+ —does not converge.
2 n
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Solution: We shall show that the given sequence is not a Cauchy sequence. For this

. 1 . L
we shall show that if we take e = 3 > 0,then there exists no positive integer n such that

[sy—sul<e ¥ n2m.

Whatever positive integer m may be, if we take n = 2m, then n> m and we have

|5n - Sml :|52m - Sml

1 1 1 1 1 1
1+§+m+—+ +ot— -1+ =+.+—

m m+l 2m

+
m+1l m+2 2m

1
> —+—+ — +....upto m terms

Thusifwe take e = — ,then whatever positive integer m we talke, we haven = 2m > mand

L.
Isn = Sl =|som = sml > - e, |5, — sul> &
2
. 1 . S
In this way for e = —> 0, there exists no positive integer m such that

[, — Syl < eV nzm.
the given sequence is not a Cauchy sequence.
Hence by Cauchy convergence criterion < s, > is not convergent.
Example 30: If< s, > be a sequence of positive numbers such that

Sn=%(5n—l +58,_9) foralln>2,

then show that < s,,> converges and find lim s,,.

Solution: In case s; = sy , it can be easily seen that s, =5 for all n, therefore <, >
converges to s;. Now we consider the case s; # 5.

We first find that

1 1
|Sn_sn—l|= i(sn—l_"sn—Z)_Sn—l =§|Sn—l_sn—2|
I 1 1
25’5“1172_5;173':272“}172_sn73|
ZTI%ISZ_SIL forn22. .(1)

Now for n > m, we have
[$ =Sl = (S = 1)+ (=1 = Sp—2) oot (S 1 = Sp) |

S|Sn_5n—1|+|sn—l _Sn—2|+“'+|5m+l _Sml
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1 1 1
=(2n—2 +72n_3 +...+2m_1)|s2 _Sll by (1)

1 1 1 1 1
_2m—l +§+27+"'+2n—n1—1 |so = s

1

3@ e (]

. L 1
Lete> 0 be given. We can choose a positive integer m such that | s9 — s |< e For
Qm= 2

this value of m, we have from (2)
|5, — sl < € for n>m.

Hence < s,, > is a Cauchy sequence and therefore by Cauchy’s convergence criterion it
converges.

Let lim s, = [. Putting n = 3,4,..., k in the relation s, = % (S _1+S,_9), we get

1
53 =1 (82 +9)

Adding the corresponding sides of the relations in (3), we get

1 1
S+ —8p_1=—(s +289).
kT Sk 2(1 2)

Proceeding to the limit as k — oo, we get

%1:21@1 +25) e, l=§1(s1 +259).

Example 31: Let < u,> be a sequence and s, = uj; + g + ...+ uy, .

Ift, =] +|u| +...+|u,| foreachn e Nand< t,>isa Cauchy sequence, then< s, >isalsoa
Cauchy sequence.

Solution: Let >0 be given. Since < t,, > is a Cauchy sequence, therefore, for given
€> 0 there exists m € N such that
[t,—tul<e¥ nz2m
= [0 1|+t 40|+ + Ul < eV = m.
But |“m+l| +|”m +2|+-'-+|”n|2|”m I T R T
|ty 41 + Uy 10+ AU l<enzm
or [sy = spul<eV¥n=m.
Hence < s, > is a Cauchy sequence.
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Example 32: Find (i) lim (n + 1) (i) lim M
n n

Solution: (i) We have \/(n hi 1) = \/(1 + i) <1+ L
n n 2n

Since 1 + 1 > 1, hence (l + l) > 1L
n n

1< (n+l)<l+lforallneN.
n n

But lim I =1and lim (l +2i): L

n

Hence, by Sandwich theorem, lim (n * 1) =1
n

(i) Lets,=sin (mt / 3),t,=1/Vn.

We have —1<sin 2% 3 <1f0rallneN

" <s,>1s a bounded sequence

Also lim ¢, = lim — =0.
\/ n
Hence by theorem 4 of article 9, lim (s, ,) =0 i.e., lim sm (Zn /3) =0.
n
. 1 1 1
Example 33:  Show that lim 7 + g+t ———|=0.
(n+1) (n+2) (n+n)
. 1 1 1
Solution: Let s,= 5 + 5t 5
n+1 (n+2) (n+n)
For 1< m < n, we have (n + 1)2 <(n+ m)2 <(n+ n)2
or ! ) > ! 5 > ! 5
n+1)* (m+my* (n+n)

Putting m =1,2,...,n and adding the corresponding sides of the n inequalities thus
obtained, we get
n . n

n+1% "+ n)?
n n n
ie., —<s,£———<— forallmeN
41 n+1°
. 1 1
ie., —<s,<—forallme N.
4n n
.1 .1
But lim — =0 and lim — =0.
n n

Hence, by Sandwich theorem, lim s, = 0.
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Example 34:  If r>0, show that lim r'/" = 1.

Solution: Case 1: Whenr>1

Let s,=r""—1Thens,>0, for all n.

Now s, =r"—ler =145, =r=(1+s,)"

= r=l+ns,+...+s, ' 21+ns,forallneN
r—1

= <s,¥neN.

O<snSr—_1 V¥ neN.
n

Hence, by Sandwich theorem, lim s, =0 i.e., lim "= 1) =0 or lim r1/" =1.

Case 2: Whenr=1.

1/n 1/

In this case r'/"=1 ¥ n and hence< r

Case 3: WhenO<r<l1l

"> converges to 1.

1/n
Since 1 > 1, therefore, by Case 1, lim (1) =1ie, lim T = 1.
r e pLmn
By theorem 7 of article 9, lim Amo,
1 | |
Example 35: Show that lim — |1+ —+...+ =0.
n 3 2n—1
. 1 . . 1
Solution: Lets,=——" Then lims, =lim =0.
2n—1 n-1
By Cauchy’s first theorem on limits, lim AFRT T _g.

n

| 1
Since si=1 s9=—,...,8,=——,
1 2 3 n -1

liml{1+?1)+l+...+ ! }:O

n 5 2n -1

Example 36:  Prove that lim - (142172 + 33 4 4 al/m = 1.
n

Solution: Let s, = n'/". Then we know that lim n'/” = 1.

Hence, by Cauchy’s first theorem on limits,

liml(sl +859 +..+s,)=1
n

or liml(1+21/2+31/3+...+n1/”)=1.
n
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2 3 n
Example 37:  Prove that lim (g) (§) (é) Y s l) =e.
1)\2) \3 n
n n
Solution: Lets, = (n hi l) = (I + 1) . Then lim s, =e.
n n

Clearly s,,> 0 for all n.
Hence, by theorem 11 of article 9, lim (s; 59 ... s " =e.
Since $ _2 $ —(3)2 $ —(4)3 s —(’H—l)n

1 1’ 2 2" 3 3)on " ’

1/
. (2) (3)2 (4)3 ney' |
Hm| [=]|=] [=] - =e.
1)\2) \3 n
Example 38: Show that
; . n

(1) lim W =e,
i) lim {0+ 1) (1 +2) oo+ m) /] =4 /e (Gorakhpur 2012)

n N+ 1
Solution: (i) Lets, = " then Spe1 = n+)" "
n! n+1!

Suvl (1"l .1_(n+1)”_(1+1)"_
Sy n+1 n" n n

Also s, >0 for all ne N.

Hence by theorem 12 of article 9, we have

Ky n
limsnl/":lim n+1 —1im (l+1) _,
Sy n
ie., im ————=e.
(n 1)/
(ii) Let sp=(m+)(n+2)...(n+n)/n".
s n
Then n+l =2(211+l) n 7
Sy m+1) \n+l
s
so that lim 2L — lim 2@ntl) ! =4.l=ﬁ.
Sy n+1 ( 1)” e e
I+—
n

Also s,>0 for all ne N.
Hence by theorem 12 of article 9, we have
lims, /" =lim [{1+1) (n+2)...00+ n)}/" /n]=4/e.




Krishes's T.B. Real Analysis

Ar142)

nC

Example 39: If p>0 and c is real, then find the lim v :
tp

Solution: Let k be an integer such that k> ¢, k> 0.

We have, for n> 2k

pon=N. n—k+l) 1 ub p*
(+p)">"Crp"= ] PR

[ n>2k:>(n—r+l)>§f0rr=l,2,...,k:|

kg
or O<%<%,forn>2k.
d+p" n'p
a0 2Kk
I Sy
I+p" p* n

0< -, forn>2k. (1)

. 1
Since k — ¢ > 0, therefore, = 0 asn— oo.
n
lim ¢
0.

Hence from (1), we get e (L
+p

Example 40: The usual definition of e is given by ¢ = 020 i' . Show that e is irrational.
n=0n!
Solution: Let sn=1+i+i+i+...+i~
11 21 31 n!

= ! + ! + ! o
m+)! m+2)! (n+3)!

1 1 1
1+ +

Then e—s

<
(n+1)! n+1 (n+1)2
_ 1 1
(m+D! L nmY)
n+1
Thus 0<e—sn<;~ ..(1)
nnl')

Let, if possible, ¢ be rational. Then ¢ can be put in the form p /g where p and g are
positive integers.

From(l),wehaveO<c—sq< !
q(q"
or 0<(g!)(e—s,)<~ (2)
q
Now @Ds, =@ d+1+ 4+ L
q°)sg=1(q! CTRES 71

is an integer. Also, by our assumption e¢(q!) is an integer. It follows that
e(q!)=s;(q!)=q!(e-s,)isaninteger. Sinceq > 1, therefore, (2) shows the existence of
an integer between O and 1 which is absurd. Hence our initial assumption is wrong. Soe
is irrational.
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10.

11.

12.

13.

14.
15.

16.

@)mprehensive Exercise 1

Write a formula or formulae for the nth term s, for each of the following
sequences :

(a) 1,-4,9,-16,25,-36,... (b) 1,0,1,0,1,0, ..

(¢) 1,3,6,10,15, ..

Which of the sequences (a), (b), (c) in the above problem are subsequences of
the sequence < s, > defined by s, =n?

Find whether the following sequences are bounded above or below :

() < (-0 > (i) <2"> (iii) < n !>,

Are the sequences < s, > defined as follows, bounded ?

" n
(i) s,=1+ D (ii) s, = (l+ l)
n n
I 1 1
(iii) sn—l+ﬂ+a+...+ﬁ-

(iv) s, =L if n is divisible by 3 and s, =0, otherwise.

Use the definition of the limit of a sequence to show that the limit of the
sequence < s, > where s, =2n / (n+3),is 2.
Show that the sequence < s, > where s, = n / (n + 1) converges to 1.

If the sequence < s, > converges to [, then prove that the sequence| s, | converges
to|/].

Show by considering the sequence < s, = (- 1) > that<|s,,| > may converge but

<8, > may not.
If lims, =1!ands,<m for all ne N, prove that [ < m.
Let < 5, > be a sequence such that < 52> converges to zero. Is it necessary that

< s, > should converge to zero ?

2n .
Ifs, = ———1/5 » prove that <s,, > is convergent.
n+4n

n
If s, = — , prove that<s,>— 0.
211

If < 5, > converges to [ (# 0), prove that < (- 1) s, > oscillates.

If <5, > diverges and ¢ (= 0) e R, prove that < ¢s,, > diverges.

Show that the sequence < 1 + (— )" n> oscillates infinitely.

Show that < s, > converges to ¢, where s,, is

) (1+ i)m (i) (1+ > 1+ Jn (i) (1— i)_n.
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17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
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n
Show that the sequence < s,, >, where s, = (l + —) ,converges to é.
n

ol

w420 — 1
f— 4 f—

If s, = W , prove that lim s, = 3.

n” +2)(n” +1)

Ifs, = , prove that lim s, = 1.

w430 +5 1
Prove that the sequence < —;—————> converges to _--
2
2n” +5n+7
noo.
Prove that the sequence <'s,, > where s, = ——— is convergent.
n”+1

Show that the sequence < s,, > defined by

1 I
Sy = + +...+ converges to 1.
NG +) N +2) N (n? +n) &
1 1 1 1
Prove that lim - + - +...+ . =—
l\/(2n2 +1) V@’ +2) N @n® + n):| V2
. 1 1 1
Show that lim ot et T =0,A>1
(n+1) (n+2) (2n)
A sequence < s, > is defined as follows :

ss=a>0,s,,1 =V{(@ab* +s2)/(@a+)},b>an=>1

Show that< s, > is a bounded monotonically increasing sequence and lim s,, = b.

3 |1/n
Prove that lim {( n)} =27.

n— oo |(n!)?

| I/H
Prove that lim l:(n)] = 1 .
n e

(i) Let < s, > be a sequence defined as follows :
8 =§;sn+1 =2—l,n21.
2 Sy
Show that < s,, > is monotonic and bounded. Find the limit of the sequence.
(ii) Show that the sequence < s, > defined by the formula s; =1, s, , | =V (3s,,)
converges to 3.
If< s, >is asequence such thats, >0 ands, . <ks,foralln=2mandO0<k<Lm
being a fixed positive integer, then lim s, = 0.
lim xn

Prove that if x be any real number, then - =0.
n—e gl

If s,=1+ % + 2 +..+ %, prove that <s, > converges. Also findsup<s, >

and inf< s, >.
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34.

35.
36.

37.

38.

39.

40.

41.

42.

43.
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What do you understand by a monotonic sequence ? Prove that the sequence
2n-7 .
<s,>, wheres, =——,is:
Sn+1
(i) monotonic increasing (ii) bounded above.

(iii) bounded below.

Also show that the sequence <s, > is convergent and find sup <, >and inf
<8y >.

=% +—+...+¥, prove that <s,> is increasing and
1.2 2.3 3-4 n(n+1l)

convergent. Find also sup < s,,> and inf < s, >.

Ifs,=1+ 2l +..+ L log n, prove that <s,> is decreasing and bounded.
n

Test the sequence < s,,>, defined by s, = (= 1) n, for limit points.

Find the limit points of the sequence < s,, > defined by

=0 (1),

State and prove Cauchy’s general principle of convergence for real sequences.

N

n+1
Hence prove that the sequence < s,, >, where s, = converges.

Show, by applying Cauchy’s convergence criterion, that the sequence <s, >
defined by
1 1

Sp=l+—+—-+...+
3 5 2n-1

does not converge.

If the sequence < s,, > converges and if < ¢, > is a sequence such that
| by — tm| S Isn - Sml ’
for all positive integers m and 7, then prove that < ,, > converges.

If <s,> is a Cauchy sequence of real numbers which has a subsequence
converging to [, prove that < s, > itself converges to L.

Show that lim [(n!) (a / n)"] =0 or + e according as a < ¢ or a > ¢, where a is any

non-negative real number.
2u )
If O<u<uy andu, =—"—""=
Uy 1+ Uy 2
(i.e., u, is the harmonic mean of u,, _| and u,, _9), show that
lim u, =3u uy / (2w + ).
If the sequences <s,> and < ,> converge to zero and if <t,> is a strictly
decreasing sequence so that ¢, 1 <t, ¥ ne N, then
.S ST Sn+l
lim 2 = lim =22
ty b= thv1

provided that the limit on the right exists, whether finite or infinite.
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44. Ifs, = ,where 4, 5, are positive, show that the sequence < s, > tends to a

I+ Sp—1
definite limit I, the positive root of the equation Zrx=a

45. Prove that the set of limit points of every sequence is a closed set.

@swers 1

1. (@) s, =(-1)" 12 (b) s, =lifnis odd, s, =0 if nis even,
_n(n+1)
(c) sy= Y
2. (o).
3. (i) Bounded above as well as bounded below
(ii) Bounded below but not above
(iii) Bounded below but not above
4. (i) Yes (ii) Yes (iii) Yes (iv) Yes
10.  Yes 28. (i) 1

35. No limit point 36. 1 and -1

@b&iective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

1. Every bounded monotonically increasing sequence converges to
(a) its supremum (b) its infimum

(c) 0 (d) 1

2. If<s,>is a sequence of non-negative numbers such that lim s, = [, then
(a) I<0 (b) >0
(c) 120 (d) I=1

3. Every subsequence of a convergent sequence is
(a) divergent (b) convergent
(c) may be convergent or divergent  (d) oscillatory
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The sequence < s, > where s, = 57’11/2 has the limit
n+3n
(a) 3 (b) 1
1
- d) 5
© 3 (d)

The sequence<1,—1,1,- 11, —1...> has
(a) no limit point

(b) only one limit point

(c) two limit points

(d) an infinite number of limit points

n+3
The sequence < s, >, where s, = (1 + —) , converges to
n

(a) e (b) e 2
() e+3 (d) e?+3
Ifs, =1 L, 1 hen th i
Sy = +§+2—2+...+2—n,t en the sequence < s, > is
(a) unbounded (b) convergent
(c) divergent (d) oscillatory
nZ

The sequence < s, >, where s, = 321 converges to

(a) 1 (b) 3

(c) -1 (d) O

Every Cauchy sequence is

(a) oscillatory (b) divergent

(¢) unbounded (d) convergent

The value of the limit nh_r>n°° %(1+21/2 +33 4+ s equal to
(a) 1 (b) O

(c) 2 (d) 3

Every convergent sequence is :

(a) oscillatory (b) unbounded

(c) bounded (d) oscillates finitely

(Rohilkhand 2011)
Fill in the Blank(s)

Fill in the blanks “...... 7 so that the following statements are complete and correct.

The range of the sequence < (=1)" > is the set ... .

The sequence <1/ n> converges to ... .
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3. Ifsn=iforallneN,then
2)1
(i) sup <s,> = ... and (ii) inf <s,>=....
4. The supremum of the sequence < " osis
n+l (Rohilkhand 2012)
5. The nth term of the sequence <1, - 1,1, -1,...>1is ... .
6. If the subsequences < sy, 1 > and < 59, > of the sequence < s,, > converge to the
same limit /, then fim Sp=.e..
n—> oo
i
7. Ifsn:’\’/;,thenninm Sy =
8. The sequence<—-2,-4,-6,...,—2n,...> diverges to ... .
9. Iflims,=/andlim¢,=1’, thenlim (s, ¢,) =....
lim lim g+ +...+s
10. Ifnﬁwsnzl,thenn_)w%=
11. Every bounded monotonic sequence is ... .
2
12.  The sequence < ’12-’-47"” > converges to ... .
3n" +5n-9
1yt 2 lim
13. Ifsn=(l+;) ,then o s, =
lim
14. Ifsnz\/(n+l)—\/n,thenn_>°osn=....
% lim
15. Ifs, = (1 + ;) cthen o (s5p...5,) " =
True or False
Write “T" for true and “F’ for false statement.
1. Thesequence<2,-2,2,-2,2,-2,...>is bounded.
2. The sequence<l,—1, 1,1, 1,—1...> is convergent.
3. The sequence<3,-3,3,-3,3,-3,...> is a Cauchy sequence.
4. Every Cauchy sequence is always convergent.
5. Every subsequence of a divergent sequence is always divergent.
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10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

F .
(R-149 W,

Asequence< s, >is said to converge to anumber /,if for any given € > O there exists
a positive integer m such that|s, —I|> € for all n>m.

lim
If a sequence < s, > is convergent, then s, is unique.
n— oo
Every convergent sequence is always bounded.

Every bounded sequence is always convergent.

1 .
yeees—,...>1s a Cauchy sequence.
n

The sequence<l,—,—,

N | —
W | —
N

If lims,=/and lim¢,=1",then lim (s, + t,) =+ [".
Every bounded monotonically decreasing sequence converges to its infimum.

A monotonically decreasing sequence which is not bounded below diverges to
minus infinity.

Amonotonically increasing sequence which is not bounded above is a convergent
sequence.

Every bounded sequence has at least one limit point.
The sequence < I, - 1,1, - 1,...> has no limit points.

If asequence< s, >is convergent, then it may or may not be a Cauchy sequence.

The sequence < s, >, where s, =1 + % + l +...+ l ,is a Cauchy sequence.

3 n

11 1 .
The sequence < s, >, where s, =1+ —+ — +...+ ———,is a convergent
1!

2177 (=11
sequence.

If a sequence < s, > is convergent, then the sequence <|s,| > is also convergent.

If a sequence< | s,| > is convergent, then the sequence< s, > is also convergent.

n
The sequence < s, >, where s, = 3 ,converges to 0.
n +1

n
The sequence < s, >, where s,, = (1 + —) ,is a bounded sequence.
n

The sequence<1,—1,1,— 1 1,—L...>is a monotonic sequence.

The sequence < s, >, where s, =3 — converges to 2.

3}1—1 ?
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Multiple Choice Questions

1. (a) 2. (o) 3. (b) 4. (d) 5. (¢)
6. (b) 7. (b) 8. (a) 9. (d) 10. (a)
11.  (¢)

Fill in the Blank(s)

1. {L,-1} 2.0 3. (i) %(ii)O 4. 1 5. (—1)”71
6. | 7.1 8. — 9. 1’ 10. !/
11.  convergent 12. é 13. ¢ 14. 0 15. ¢
True or False
1. T 2. F 3. F 4. T 5. T
6. F 7. T 8. T 9. F 10. T
11. T 12. T 13. T 14. F 15. T
16. F 17. F 18. F 19. T 20. T
21. F 22. T 23. T 24. F 25. F




\ Chapter 3 \ &

O .

Uniform Convergence of

Sequences and Series of Functions

1  Pointwise Convergence

In the present chapter we shall study the uniform convergence of sequences and series
of real-valued functions defined on an interval.

Sequence of real-valued functions: Let f, be a real-valued function defined on the
interval I for all positive integral values n. Then< fi, fo,..., fy,...> or simply < f, > is called a
sequence of real valued functions on I.

Uniformly bounded sequence: A sequence < f,, > is said to be uniformly bounded on an
interval I if

| fu (x)|< M for every xe I
and for every positive integer n.

Illustrations : (i) The sequence < f,,> where f, (x)=1/nx is bounded but not
uniformly bounded.

(ii) The sequence defined by< sin nx > is uniformly bounded on R since| sin nx|< 1for
all xeR and forallne N .
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Limit function of a sequence of functions: Let f, be a real valued function defined
on the interval [ for all positive integral values n. Suppose that the function f, tendstoa
definite limit for all values of xin I asn — eo.

This means that, forc € I, the sequence< f, (c)>i.e..< fi (c), fo (¢),..., f, (c),...>of real
numbers is convergent. The limiting values of each of the sequences of real numbers for
various points in I will define a function of x, say f, such that the limiting value of the
convergent sequence < f, (¢) > is equal to the value f (¢) of the function f at ¢. This
function f is called the limit functlon or the limit of the convergent sequence< f, >
of functions on I.

Pointwise convergence: The sequence < f,, > converges pointwise to f,written as

lim f,=f iff Ilim f,(x)=f(x)
11— oo

n—> oo
forevery xin the domain. Here f is said to be the pointwise limit function of< f;, (x) >

Sum function of a series: Let up () +uy (x)+ .4 u, (x) +... (1)

be the series of real valued functions defined on the interval 1. Corresponding to this
series, we find a sequence x of functions where

S () =y () + 1y () + .+ 2ty ().
We say that the series (1) is convergent if the sequence < f,,> is convergent and the
limit function f of the sequence is called the sum function of the series.

2  Uniform Convergence of Sequences

Let the sequence< f, (x) > converge for every point xin [ i.c.,the function f, tendstoa
definite limitasn — oo for everyxin/. Thislimit will be a function ofx,say f.Itfollows
from the definition of a limit that for every &> 0, there exists a positive integer m such
that

| fu (xX) = f (x)]| < €& whenever n>m.
This integer m will depend upon x as well as € and so we can write it as m (x, €). Now if we
keep e fixed and vary x, then for a given point xin I there corresponds a value of m (x, €).
Thus, we shall find a set of values of m (x, €). This set may or may not have an upper
bound. If this set has an upper bound, say M, then for every point x in I, we get

| fu (x) = f (x)]| < €ewhenever n> M.
In this case, the sequence < f,, > is said to converge uniformly to f on /.

Definition: Let< f, > be a sequence of functions defined on an interval 1. The sequence< f,,>
is said to converge uniformly to the function f on I if for every €> O, there can be found a positive
integer m such that

| fu(x)= f (x)|<eforallnzmand forall xe I.
(Garhwal 2008; Avadh 09)
The function f is called uniform limit of the sequence < f,,> on [.

Note1: Itshouldbenoted carefully that in the above definition the emphasisis on the
phrase “one m for all x” whereas for ordinary convergence it is “one m for each x”.
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Note2: Thesequence< f,>doesnot converge uniformly to f onanintervall iff there
exists some € >0 such that there is no positive integer m for which

| fu(xX)— f(x)|<e ¥ n2mand xel.
Note 3: It can be easily observed that uniform convergence of a sequence< f,,>on/
implies pointwise convergence of the sequence< f,, > at every point of I but point-wise
convergence does not necessarily ensure its uniform convergence on I. A sequence of

functions may be convergent at every point on / and yet may not be uniformly
convergent on I. For example, consider the sequence < f;, > defined by

fr(x)=x"(0<x<]).

We have lim x"=0if0<x<l
n—> oo

and lim x"=lifx=1
n—> oo

Thus the limit function f is defined as follows :
0 if 0<x<l

f(x)z{l if x=1.

Since the function f has a definite limit for every value of x in [0, 1] as n — e so the
sequence < f,, (x)> converges for every x € [0, 1].

Now we shall check whether the convergence is uniform or not. For this we take the
interval [0, 1[. Let € > 0 be given. Then

n
|fn(x)_f(X)|<€$|X’1—0|<8:xn<8:>(7) >1
X €
1 | log 1/ €)
log —>log — Tno (17 +) (1
- nng> 8 :”Dlog(l/x) (1)

Thus m (x, €) is an integer just greater than log (1 / €)/log (1/ x) for x # L. In particular,
when x=0,m (x,€) =1
Now from (1), we see that n — oo as x, starting from 0O, increases and approaches 1 and
hence it is not possible to find a positive integer m such that

| fu(x)— f(x)|<eforalln=mand ¥ xe]0,][.
Consequently < f,,> is not uniformly convergent in [0, I[.

However, if we take the interval [0, k], where O < k < 1, we find that the greatest value of
log (1/¢€)/log (1/x)is log (1/¢€)/log (1/k) so that taking m equal to any positive
integer greater than this greatest value, we get

| fu(x)— f (x)|<eforalln=mand ¥ xe[0,k].

Hence < f,, (x)> converges uniformly on [0, k].

Point of non-uniform convergence of the sequence

Itis a point, such that the sequence does not converge uniformly in any neighbourhood
of it, however small.

In the above example, the point x = 1is such a point. (Avadh 2009)
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Uniform convergence of a series of functions

Definition: Let T u,, (x) be a series of functions defined on the interval I and let

n=1

fu () =1y (x) +uy (x) +...+ 1, (x) forneN.
The series X u,, is said to converge uniformly on I if the sequence< f,,>converges uniformly onl.

J Cauchg 's General Principle of Uniform Convergence or
A Necessary and Sufficient Condition for Uniform

Convergence

It helps us in proving the uniform convergence of< f,, > without having any idea about
the limit function f.
Theorem: Let< f,> be a sequence of real-valued functions defined on an interval 1. Then
< fyu>converges uniformly on I if and only if for every € > O , there exists a positive integer m such
that
| fu (x) = fp ()| < &forall n,p=mand ¥ xeI. (1)
(Garhwal 2006, 11, 12; Rohilkhand 07)
Proof: The only if part (Necessary part): Let the sequence < f,,> converge
uniformly to f onl. By definition, given e > 0, there exists a positive integer m such that

| f(x)— f (x |<2Vn>mandeeI

Hence, if 1, pe N are such that n, p> m then ¥ x € I, we have

| fu @ = fy D=1 fu @)= £ (0 + f ()= f (1)
<1y )= S @IS @)= f ()

€ €
<—+-=¢
2 2

Thus (1) holds for this m.

The if part (Sufficient part): Let< f, >be any sequence of functions on I such that,
given € > 0, there exists a positive integer m such that the result (1) holds. Now we shall
show the existence of a function f on I such that the sequence < f,, > converges
uniformly to f on I.

We see, from (1) that for each fixed x € I, the sequence < f,, (x) > of real numbers is a
Cauchy sequence. Since every Cauchy sequence of real numbers is convergent so lim

fu (x) exists for every x e I. e

Let us define a function f by f (x) = hm fu()¥xel

Keeping p fixed in ( ) and letting n — oo, we have
| f ()= fp()]<e ¥ pzmand V¥ xel.

< f, (x)> converges uniformly to f on I.
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Note: The above theorem can be also stated as below :

A sequence < f,, > is uniformly convergent on I if given € > O there exists a positive integer m such
that

| fusp ()= fu(x)|<e¥ n=m, ¥xeland ¥ peN.
Corollary: A series X u,, (x) will converge uniformly on I iff for every €>0 , there exists a
positive integer m such that

[ 41 (%) + 14, 40 (x)+---+”n+p (r)[<e
forallnzm, forall xe I, and for all p=1,2,.....
This result follows by the above theorem since the uniform convergence of a series

2 u,, (x) depends upon the uniform convergence of the sequence < f,, > where

S (X) =1y (x) +up (x) +...+ 1y, (x).

4 Testsfor Uniform Convergence

Theorem 1: (M,-test): Let< f,> be a sequence of functions defined on an interval I.
Let  lim f,(x)=f (x) forall xel.
n—> oo

Set M, =sup{| f, (x)— f(x)]:xel}.
Then < f,,> converges uniformly to f if and only if M, — O as n — oo.

Proof: The only if part: Let< f;,> converge uniformly to f on /. Then for every
€> 0, there exists a positive integer m, independent of x , such that

| fu(x)— f(x)|<e¥ n2mMxel.

Since M, =sup{| f,, (x) = f (x)|: x e I}, we have
M, <eforall n=m.
M, — 0 as n— co.

The if part: Let M, — 0 as n — oo. Then for given € > 0 there exists m € N such that
M, <e¥nzm.

Since M, =supf{| f, (x)— f (x)|:xel},
| fu(x)=f ()]s M,<e ¥nzmand ¥ xel
ie., | fu(x)— f(x)|<e¥ n2m and V¥ xel.
< f,> converges uniformly to f on I.
Note: The M, -test is a very powerful test. Therefore reader is advised to use it

whenever it is applicable.
Theorem 2: (Weierstrass’s M-test). A series X u, (x) of functions will converge
n=1
uniformly on I if there exists a convergent series X M, of positive constants such that
n=1

|y (x) | < M,
for all nand for all xe 1. (Rohillkkhand 2007; Kanpur 09)
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Proof: Since X M, is convergent, by Cauchy’s principle, for given > 0, there exists
m e N such that

M, 1 +M, .9 +...+M,,+p<s (1)
foralln>m,p=12,....
By hypothesis |u, (x)|< M,, ¥ ne Nand V¥ xel. (2)

From (1) and (2) we conclude that

[t 41 (X) + 1t 19 (X) + .o+ 1y 4 (2]
Sy 1 QO+ [y 42 (Ol + oo+ [y 4 (X))
SMyp+ Mo+ + M, ,<e
for all n>m and for all xe I.
2 u,, (x) converges uniformly and absolutely on I.
Note: It can be easily seen that the same proof would hold if M, were a function of x
and if the series £ M, (x) were uniformly convergent on I.
In the next two results we shall use Abel’s Lemma which is stated below :

Abel’s Lemuma:  If the sequence < v,, > of positive terms is monotonic decreasing and numbers
uy, Uy, ..., u, and ky, ko are such that
ky<u +uy +...+u.<ky forl<r<n

then k< 2w, <konyp.
n=1

Theorem 3: (Abel’sTest). TheseriesX u,, (x) v, (x)will converge uniformly on|a, b]if

(i) X uy, (x) is uniformly convergent on [a, b]

(if)  the sequence < v, (x)> is monotonic for every x in [a, b]

(iii) < v, (x)> is uniformly bounded in [a, D] i.e., there is a positive number k, independent of
x and n, such that| v, (x)| < k forevery value of x in [a, b] and every positive integer n.

Proof: Let f, (x)=u (x)+uy (x) +...+u, (x),neN.

2 uy, (x) is uniformly convergent on [a, b]

= by Cauchy’s principle for given £> 0 there exists a positive integer m such that

| fg (0= fp (x)|<£ ¥ q,peN,g>p>mand ¥ xela,b]

q
X u,(x) <& VY g>p>mand ¥ xea,b].
n=p+1 k

q
€/ k is an upper bound of X u,(x).
n=p+1

By hypothesis, the sequence < »,, (x)> is monotonic in [a, b]. Hence by Abel’s lemma,
we have

2w @< <k,
n=p+1 k P k

¥ pgqeN,g>p>mand ¥ xea,b].

Consequently, by Cauchy’s principle, X u,, (x) v, (x)is uniformly convergenton|a, b].
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Theorem4: (Dirichlet’s Test): Theseries X u, (x) v, (x)will be uniformly convergent on
[a,b]if

(i) <, (x)>is a positive monotonic decreasing sequence converging uniformly to zero on [a, b]
(i) [ fu(0)]=

where k is a fixed number independent of x. (Avadh 2008)
Proof: We have| f, (x)|<k Vxe[a,b]and VneN.

<k, for every value of x in [a,b] and for all integral values of n,

n
= u, (x)
r=1

for all x € [a,b] and for all p,q€ N,g> p> my, we get

| fg ()= fp < | fy ) +]fp ()]
<k+k=2k

q
o u,(x)
n=p+1

ie. <2k ¥ xela,bland ¥ q> p>m.

1
o 2k is an upper bound of X u, (x).
n=p+1

Also sequence < v, (x) > is positive monotonic decreasing, so by Abel’s lemma

1
X ity (%) vy (%)

<2k Vp+1 (x). (1)
n=p+1

Again < v, (x) > converges uniformly to zero on [a, b]

= given £ > 0 there exists ny € N such that

|Vn(x)|<iVn2m2 and V- x € [a, b]. .(2)

Let m = max. {my, my }. Then (1) and (2) hold for all n > m.

1
oty (x) vy (%)
n=p+1

<2ki=e
2k

for all x € [a,b], and for all g > p> m.

Hence X u,, (x) v, (x) is uniformly convergent on [a, b].

[llustrative Examrles \

Example 1: Let f, (x) = % when O < x<land n=1,2,3,.... Examine as to whether

I+n°x
the sequence < f,, > is uniformly convergent on R.

(Garhwal 2007, 11; Avadh 08; Rohilkhand 09, 12)

Solution: We have
nx

fx)= lim f,(x)= lim )
N —> oo n—)ool+nx

=0V xeR.
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Let, if possible, the sequence converge uniformly on R. Then for a given > 0, there
exists m € N such that
n|x|

xX)— f(x)]|= —~-<e ¥ n=2mand V¥ xeR. (1
| fu (¥) = f (0] 22 (1)
Ifwetakele n=12,3,...),then
n
1
ne— 1
|fn(x)_f(x)|=ﬁ=§'
l+n 7
n

Hence, we note that for e = % ,there is no single m such that (1) holds simultaneously

V- xeR.

For if such an m existed, we would have

|fm (X)—f(x)|<%\f xeR.

. 1 .. .. 1 1,
But if x = —, this is a contradiction because we would have 3 < 3 in that case. Thus
m

convergence is non-uniform. In fact O is a point of non-uniform convergence.

Note: It can be easily seen that this sequence will converge uniformly on any interval
which does not include 0.

Example 2:  The sum to n terms of a series is

2
fn (x)

n-x

1+ n*y?

Show that it converges non-uniformly in the interval [0,1] .

2
Solution: We have f (x)= lim n:Q =0V¥xel0,]]
n— oo l+n'x
| x|

|fn(x)_f(x)|:m'

Take x=1/n and proceed as in above example.

Another Method: M, -test readily proves the non-uniform convergence. We have

n2|x
M, =sup {| f,, (x) = f (x)|:xeR}=sup——;—:xeR
I+nx

2 1

W
2
2"1=1(Takingx=12€R)-
L+nt. = 2 n

n

Since M, cannot tend to zero asn — oo hence by M, -test the sequence is non-uniformly
convergent.
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Example 3:  Show that O is a point of non-uniform convergence of the sequence < f,, > where
fu @) =1= (=)
Solution: 'We have

S )= Tim f,(x)=

{O when x =0
1 —> oo

I whenO<|x|<V2
M, =sup {| f, (x)—f(x)|:xe]0,\/2[}
=sup {(I1-*)":xe]0,N2[}
z(l—l)n {takingx:\/ie]O,\u[}
n

n
1
— —as 1 — oo,

e
Since M,, does not tend to zero as n — o, the sequence is non-uniformly convergent.
Also as n— e, x — 0 and hence 0 is a point of non-uniform convergence.
Example 4:  Prove that the exponential series

o x"

2u”(x)=1+x+§+§+"'+ﬁ+'"

converges uniformly on every bounded subset of R.

Solution: Let[- k, k]be abounded subset of R, fork > 0.Let &> 0 be given. Then there
exists m € N such that for any pe N and x € [- k, k], we get

k”

n!

X n

nl

€
<=M n=2m

p

for all n>m and for all pe N, we have

xn+l xn+2 rrr

Dl mr 2l )

xn+1

a1l "

n+p

X €
+ <—-p=¢&
(n+p!l p

Thus forany e > 0 there existsm € Nsuch thatforany pe Nandforallx € [- k, k],we get

n
— fl<ewhere f, =1+~ +. +2.
TZ+Z7 n n 1' I/l'

Hence, by Cauchy’s principle X u,, (x) converges uniformly on [- k, k].
Since k > 0 is arbitrary, X u, (x) converges uniformly on any bounded subset of R.
Note: This series is not uniformly convergent onR. Since ¥V m e N there exists x e R

m
x
such that —>1 and hence for any £> 0,
m!
m
I<—< ¢ isnot true.
m!

Example 5:  Show that the series cos x + % + @ +
2 3

converges uniformly on R.
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Solution: Here, we have

COS nx

n2

< %VxeR.
n

. 1.
But we know that the series —5 is convergent.
n

Hence by Weierstrass’s M-test the given series is uniformly convergent on R.
Example 6: Prove that = a, n~ " is uniformly convergent on [0,1]if £ a,, converges uniformly
on[0,1]

1
Y= = and u, (x) = a,,

Solution: Take v, (x)=n"

The sequence < n~ * > is monotonic decreasing on [0, 1].

Since < n~ * > decreases on [0, 1],

=1V neNand Vxe[0,1].

X nO -
[v, (x)|=|n"*|< 1¥neNand ¥ xe[0,1].
Thus < v, (x) > is uniformly bounded and monotonic decreasing sequence on [0, 1].
Also X u,, (x) = X a,, is uniformly convergent on [0, 1].
Hence by Abel’s test, = u, (x) v, (x) = £ a, n~ " is uniformly convergent on [0, 1].

Example 7:  Test for uniform convergence the series

oo

> xe Y in the closed interval [0,1].

n=0
(Garhwal 2007; Rohilkhand 12)
Solution: Here f, (x) =1 (x) +uy (x)+...+u, (x)

_ nilx(f’”(:x(l_l/enx): P (1_ 1)‘
n=0 1-1/¢" et -1 et
0 when x=0
= 1. = X
A nl—)moo (@) g)):e—l when O<x<1.

Let us consider O < x<1. We have
M, =sup{| f,(x)— f(x)]:xe]0,1]}

— xex- . e
=sup {(ex Ty 1X ]O,l]}

1/n
S (11//# . (Taking x= 1 10, 1])
(g — l) 14 "
) 1/n
Now lim QL. (Form 9)
n—eo (/M) ’




Uniform Convergence of Sequences and Series of Functions

foﬁl_]h \

A/ n). =1/ w2+ (=1/ %)

= lim

s oo e. =1/ 1)
o /Ml 1

n—> oo 4 ¢

Hence M, cannot tend to zero as n— e and consequently the sequence is
non-uniformly convergent by M, -test. Here 0 is a point of non-uniform convergence.

Example 8: Test for uniform convergence the series

() =y
(n+x7) (Purvanchal 2008; Garhwal 09)
X
i) ¥ —————-
@ n(l+ nx2)

Solution: (i) Here =

x
n (9= (n+ x*) ‘

For maximum or minimum of #,, (x), duzx(x) =0
or (n+x2)2_4x2(n+x2)20 or 3x4+2nx2_n2:0
or 2= ie, x= (BJ

3 3

2
It can be easily seen that dle(x) is — ive when x = (ﬁ) .
dx 3

Non/3) 343

M,, = max.u, (x) = =

( 11)2 BL .
n+—
3

Thus | u, (x)|< M, But M, is convergent.

Hence, by Weierstrass’s M-test, the given series is uniformly convergent for all values
of x.

(i) Here u, (x) = % is max. or min. when
n 1+ nx”)

n(l+m?)—2°x> =0 or r=+1/Vn

It can be easily seen that u,, (x) is maximum for x =1/ V.

1/\n 1
M, = max. u, (x) =

n(+1) 2,372

But X M,, is convergent. Hence, by Weierstrass’s M-test, the given series is uniformly
convergent for all values of x.
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@mprehensive Exercise 1
1. Prove that the sequence< f,,>defined by f,, (x) 1 (0 < x < eo) is uniformly
+ nx
convergent to O on [0, eof.
2. Show that the sequence < f,,>where
f n - nx 1_ )
does not converge uniformly on [0, 1]. (Garhwal 2007)
3. Show that O is a point of non-uniform convergence of the sequence < f,, (x) >
2
where f,, (x)=nre” """ xeR. (Rohilkhand 2007)
4. Show that the sequence< f,,>where f,, (x) = x" Ta-» converges uniformly
in the interval [0, 1].
5. If % o converges absolutely prove that go a, x" converges uniformly on
n= n=
[0, 1].
6. Show that X — ! 5 (0 < x < o) is uniformly convergent on [0, eof.
w=1 n® +
7. Prove that 0201 is uniformly convergent on ]0,k [,k >0 but not on
n=1ln(n+
] 0, OO[ n
8. Prove that if §is any fixed positive number less than unity, the series = 7 is
n+
uniformly convergent in [, §].
9.  Show that the series sin x + % sin 2x + % sin3x +...
converges uniformly in0 <a<x<b <2
10.  Show that the series
1 242 P 2 (n=1) P
+ - +..+ - +
I+x |(1+2x 1+x l+mx l+(m-Dx
converges uniformly on [0, 1].
-l
11. Consider the series X e x" for uniform convergence in [0, 1].
n
n -1
12.  Consider the series X x2 for uniform convergence for all values of x.
n +
13. Show that the series Zl (-1"~1x" converges uniformly in
n=
0<x<k<l
14. Show that the series DZO converges uniformly in [1, eol.

n=1 1+n2x




Uniform Convergence of Sequences and Series of Functions

R163

D5  Uniform Convergence and Continuity

Let us consider the sequence < f,,> defined on [0, 1] where f,, (x)=x" (0 <x<1).

Since f,, (x) = x" ¥ ne Nis a polynomial function, f,, is continuous on[0,1] ¥ ne N.

The limit function f is defined by
0,if 0<x<l

f(x):{l, it x=1

The sequence < f,, > converges pointwise to the function f which is discontinuous at
x =li.e. discontinuous on [0, 1].

Hence we see that a sequence< f,, > of continuous functions may converge pointwise to
discontinuous function.

This is also true for a series of continuous functions X u,, (x) converging pointwise to
f @)

However, in the following theorem we prove that a sequence < f,, > of continuous
functions on [4, b] converging uniformly to f on [a, ] is such that the uniform limit
function f is also continuous on [a, b].

Theorem 1: Let < f,,> be a sequence of real-valued functions on [a,b] which converges
uniformly to the function f on|a,b] Ifeach f,, (n=1,2,3,...)is continuous on [a,b], then f is
also continuous on [a, b].

Proof: Let ¢ be an arbitrary element of [4,b]. It is sufficient to prove that f is
continuous atc¢. Since each f,,is continuouson|a, b], itimplies it is continuous atc. Now
lete> 0 be given. Since< f,, > converges uniformly to f on|a, b], there exists m € Nsuch
that

|fn(x)—f(x)|<§Vanand M xela,b].

In particular, we have

€
| fn (x)—f(x)|<§ (1)
€
and | fn (C)_f(c>|<§' .(2)
Also since f,, is continuous at ¢, there exists > 0 such that
|jﬁ(x)—jﬁ(cﬂ<s§wﬁwnewn|x—c|<8. (3)

Hence if | x — ¢| < §, we get
| f @)= f©OI=1F )= fu () + fon () = fin () + fn () = f (0)]
< |f )= S O+ fin O = S @1+ frn (©) = f (©)]
<E+E+§=emwm4mamua.

Thus for a given £> 0, there exists a d> 0 such that

| f (x)— f (c)| < e whenever | x — ¢|< 3.
It follows that f is continuous at ¢, which proves the theorem.
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Corollary: Let OZQ u,, (x) be a series of real valued continuous functions defined on |a, b). If

n=1

the series converges uniformly to the function f onla,b], then f is continuous on [a,b]. In other
words, the sum function of a uniformly convergent series of continuous functions is itself continuous.

Proof: We know that the uniform convergence of the series X u, (x)is the same
n=1

thing as the uniform convergence of the sequence < f,, (x) > where

S (X) =1y (x) + up (x) +...+ uy, (x).
Also the sum f,, (x)of the finite number of continuous functionsu (x), uy (x),..., u,, (x)
is continuous. For the rest of the proof we can proceed as in the above theorem.
Note 1: Thereader should note that uniform convergence is only a sufficient but not a
necessary condition for the continuity of the sum function i.¢, if the sum function is
continuous on [a, b], it is not necessary that the series is uniformly convergent on [a, b].
For example, let us consider the series

2 2
nx (m—=1"x .
- defined on [0, 1].
1 L+n3x2 I+(n—l)3x2‘| (0.1

M8

n

Here, we have f, (x) =y (x) + uy (x) +...+ u, (x)
= L_O + Zzix_i +
1+ 22 1+2372 1+

N nlx B (n=1) B nx .
1+ 1052 1+(n—l)3x2 1+ 1022

lim lim nzx

f ()= n_>°<,fn "%“m =0 ¥ x
Hence f (x)is continuous on [0, 1].
Now M, =sup{| f,(x)= f(x):xe[0,1] }
nx
=su 0,1]}
P 1+m2% =101
9 1
A Y
27”1:M (taking x:;m)
1+ - 2 n
n

— 00 as 11 —> o,

Thus M,, cannot tend to zero as n — . Hence the series is non-uniformly convergent
on [0,1] by M -test. Here O is a point of non-uniform convergence.

Note 2: From the above theorem we also conclude that if the series of continuous
functions defined on [a, b] has discontinuous sum, it cannot be uniformly convergent
on a subset A of [a, b] which contains a point of discontinuity. For, if the series were
uniformly convergent, we have seen above that its sum must be continuous on the
domain of uniform convergence.
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Consequently the theorem provides a very good negative test for uniform convergence.
For example, consider the series

T " (I-x)in[0,1].
n=0

Here fu(x)=1-x".

B 0, ifx=1
SO=11 0 <x<t
For each value of n, x" (1 - x)is continuous on [0, 1] although f (x)is discontinuous at 1.

It gives that the series cannot be uniformly convergent on [0, 1].

[llustrative Examlales \

Example 9:  Test for uniform convergence and continuity of the sum function of the series for
which
1

(i) S ()= O0< x< ),
I+ (Garhwal 2008)
(i) fu@)=m(1-x)"0< x<]).
Solution: (i) We have f, (x)= .
1+ nx
lim 0, if0<x<l
FO=05 e f”(x):{l, it x=0.

The sum function f is discontinuous at 0. Hence the series will be non-uniformly
convergent in [0, I].

By the previous methods it can be verified that zero is a point of non-uniform
convergence.

(i) Here f, (x)=nx (1-x)",(0 < x<]).

lim "
If O<x<l, ,  mx(l-x) [Form: e x 0]
li oo
- _m [Form —]
n— oo (1 — x)_ n =)

_hm X
S (- ) og (1- )

_lim _x(]—x)n_

S no e log(l—x)_
Also f, (x)=0if x=0 orl.

lim

Hencef(x)zn_>oo fu(®)=0 ¥xe[O0,1].

The sum function f (x) is continuous for all x € [0, 1].
However the sequence < f,, (x) > is not uniformly convergent on [0, 1].




Krishes's T.B. Real Analysis

PLCED

Example 10:  Test the series = xe™™™ for uniform convergence and continuity of its sum function

near x =0.
. - ™
Solution: We have f), (x)=x1 —
—e
lim X .
F=] noe M= W20
0 if x=0.
lim lim X
Now o/ @=,0 _*
lim X
xr—0 2 3
I-|l-x+—-"—+
3!
lim 1
= =1L
x—0 X
I-—+..
21

Also f(©0)=0.
I
Since x]ri 0 f (x)# f (0), the function f (x)is not continuous at x = 0.It implies that

the series does not converge uniformly in any interval containing 0.

6 Uniform Convergence and Integration

Theorem 1: Let< f,>beasequence of real valued functions defined on the closed and bounded
intervala,blandlet f, e R [a, D], forn=1,2,3,....If< f,,>converges uniformly to the function
fonla,b], then f eR[a,b]and

‘
[[ @=L [ fua

Proof: Let e>0 be given.

(Garhwal 2010)

The sequence < f,, > converges uniformly to f on [a,b]
= there exists m € N such that

|fn(x)—f(x)|<3(b£_ﬂ)Vn2mand M xela,b]. (1)
In particular, for n=m,| f,, (x) — f (x)|< 3 (hg— 2
) € €
Le., Jm (x)_?)(b—ﬂ)<f(x)<fm (X)+3(b—ﬂ). -(2)

Since f,, € R [a,b], there exists a partition
P ={a=xy,x,x9,...,x,=b} of [a,b] such that

U (P, o)~ L(P, fr)< % e .(3)
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Let m," M, and m,, M, be the infima and suprema of f,, and f respectively on
v 1, %]
Now from (2), we get
€
fm ()< f(x)+ 302 Y xe|a,b].
In particular, f, (x)< f (x) + € Ve [x, _1, %]
3 (b -a)
(m) €
It follows that m," < m, +
3 (b —a)
S mMAr< 5 mA T Ar
< +
- e A YT Wt R
- L(P, f)< L(P,f)+%e.
Again from (2), we also have
€
S )< fu (x)+3(b— Voxely _1,x5]
It follows that M, < M," +_ &
3 -a)
= f‘, M, Ax, < f‘, Mr(m> Ax, + £ g A x,
r=1 r=1 3(b—6l) r=1
1
= U(P,f)SU(P,fm)+§£.
Adding (4) and (5), we have
2e
UL, f)+L(P, f)< L(P,f)+U(P,fm)+§
2e
or U, f)-L(P f)< U(P7fm)_L(P’fm)+?
< g + % =g, using (3).

Thus for a given €>0, there exists a partition P of [a,b] such
UP,f)-L(P, f)<e.
Hence f € R [a,b]. This proves the first result.

To prove the second result, we have for all n> m,

I AR RO BN A
<Jﬂb S(bg— 2) dx, using (1)
e b e e
:WL T3
It follows that nh_n;oo [J: fu (x) dx]:J: f () dx.

This completes the proof of the theorem.

that
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Corollary 1:  Let< f,,>be a sequence of real valued continuous functions defined on [a, b]such
that f,, — f uniformly on [a,b]. Then f eR|a,b]and

llm '[ll ﬁl dx Jél f

Proof: Since every continuous function is Riemann integrable so f,, € R [a,b] for

n=1,2,3,...and hence the symbol j fu (x) dx is meaningful.

Again if the sequence < f,, > converges uniformly to f on[a,b]and f, is continuous on
[a, b] for each n € N then (by theorem I of article 5) f is continuous on [a, b] and hence
f €Ra,b].Thus the first result is proved. For the second result the proof is the same as
that given in the above theorem.

Term by Term Integration
Corollary 2:  Let El u,, (x) be a series of real valued functions defined on [a, b] such that
n=
u, (x)eRla,b], forn=123,... If the series converges uniformly to f on [a,b], then
feR|a,b]

d "I s de= 3 [ w, (x) dr
an -[a o1 Uy (X) - o1 Uy ()C) .
Proof: Let 1 (x) +uy (x)+...+u, (x) = f,, (x). Then f,eR[a,b] for each fixed n
because the sum of a finite number of R-integrable functions is R-integrable. Also we
know that the uniform convergence of the series X u, (x) is the same thing as the
uniform convergence of the sequence< f,,>so that< f,, > converges uniformly to f on
la,b]. Hence f €R[a,b], by the above theorem.

b b _ lim b

Now J‘a |: 2w, (x ):| dy = L f (x)dx = L S (x) dx

n=1 1—> oo

= lim h{ 5 um<x>]dx

Nn— oo Ja

lim nooeh
n— oo =1 Ja

I
M
=

s

=
&

oo

> D:’ 10, (x) dx] :

n=1

Note: The condition of uniform convergence of the series X u, (x) is only sufficient

but not necessary for the validity of term by term integration. For example, consider the
series

- (n-1x
2w, (x), where u,(x)= o 5
w=1 " ) n 1+ 122 1+(n—1)zx2
nx
We have Y= (X)+uy (X)+...+u, (¥)=—F—-
fn 1 2 n 1+nzxz
lim

f(x)=n_>°o S (x) =0 for all x.
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1 1
Now jo [ X n(x):|dxzjo f(x)dx:jo 0dc=0,
lim
and J.O u,, (x = e o jO Uy, (x) dx
_lim I 1
= b |:m2_1um(x)]dx

1 1
B AT

1 nx
1n—> oo J0 1+n2x2

— lim

_lim 1
= . %log(l+n) 0.

Hence % JO u, (x)dx:jo % u, (x) dx, although O is a point of non-uniform

convergence of the series as we have seen earlier.

[llustrative Examl)les

Example 11:  Show that
1 oo n =)
[y |F 2z |dr=z e
0 11 »n 1 n” (n+1])
n

. . , . X
Solution: By Weierstrass’s M-test, the series X —
n

is uniformly convergent for

0 < x < 1. Therefore it can be integrated term by term.

oo

1
1 n o ] n o0 n+1 oo
Hence_[ Zx—, dx=2j x—(dx=2 il = =X — !
0 (T »* I 90,2 I ( T

n n+1)n n+1) .

Example 12:  Examine for term by term integration the series the sum of whose first nterms is
n x (- )" O<x<)).

Solution: Here f, (x)=n’x (1- x)".

Obviously f, (x) =0 when x=0 or L.
When 0 < x< 1, we have
lim lim nlx |: oo]

S (x

Nn—> oo n—)cc (1 X) n

_lim 2nx |: oo]
= _(1-x)"log (1-x)

lim 2x

- =0.
n= e (- x)"[log (I- x) ]
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Hence f ()= "™ f,()=0for0<r<1.
[ f ()=
But J;) S (x) dy = J;) nx (1-x)" dx
_n2 _X(l-)()n+l - (I_x)ll+2
B n+1 (n+1) (1 +2) |
—L—ﬂasn—wm
i+ (n+2) '

Consequently term by term integration over the interval [0, 1] is not justified. In fact, O
is a point of non-uniform convergence of the series ic. the series is non-uniformly
convergent in0 < x< 1.

For, let if possible, the series be uniformly convergent.
Then for a given £> 0, we have

| fi@) = f W=z (-2 <e (1)
for all values of n=2mand ¥V xe[0,1].

Taking x =1/ n, we get

s - ]

— ocoasn—> oo, Le.,as x — 0.
This contradicts (1). Hence the series does not converge uniformly in [0, 1]. Here O is a
point of non-uniform convergence of the series.
Example 13:  Show that the series
_;zgh[gfﬁﬁ_ IZKEMHF]
1 n (n+1)

can be integrated term by term between any two finite limits. Can the function defined by the series
be integrated between the limits O and oo? If so, what is the value of this integral given by
integrating the series term by term between these limits ?

NP 6—)(2/(11+1)2:| |

Solution: Here u,(x)=2x

w2 (n+1)?
fn _Ml +”2() ~+un(x)
2 g—XZ/ZZ e—x2/22 - 2 /32
=2x|e" ———|+2x - +...
22 22 32

+2x

L xz/(n+1)2]

n? (n + 1)
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2 2
=2x[€_xz _e_l/(nm]

fTﬂ-]h \

(n +1)
lim —
Then f(x)= h e e o (x)=2xe for all values of x.
b b 2 2
Now '[ f(x)dx=j 2xe_x2dx=e_” —e?
a a
o T N e
a
2 2
Se® e as s e
Since [ fae= " pwas
a n— o Jg 7 ’
the series can be integrated term by term between any two finite limits.
(o} (o=} 2
Again -[() f (x)drx= -[0 2xe" de=1
oo 2%
and I fn(x)dx=[—e_x2+e_x2/(”+1):| =0.
0 o
. oo li o
Since jo fdex i"w jo f (%) dx,

the series cannot be integrated term by term between the limits 0 and .

[  Uniform Convergence and Differentiation

Theorem 1: Let< f,>be a sequence of real valued functions defined on [a, b] which converges
uniformly to the function f on [a,b). Let ¢ be any point of [a,b] and suppose that
lim
v n@)=L, n=123,..).
Then the sequence < L, > of real constants converges, and
lim lim
xoe S O= 50 Ln
In other words, the conclusion of the theorem is that
lim lim lim lim
e o e =50 v Suln):
Proof: Lete> 0 be given. Since< f,, > converges uniformly to f on[a, b], there exists
m € N such that
| £ (x) — fp (x)|<eforalln,p=mand ¥ xela,b] (1)
In (1), letting x — ¢, we have | L, - L[ < €
for all n>m, p=m. Hence by Cauchy’s general principle of convergence for real
sequences, the sequence < L, > converges. This proves the first assertion.




Krishes's T.B. Real Analysis

M7

Let fim oy 1,
1= oo

Now since < L, > converges to L and < f,, > converges uniformly to f on [a,b], there
exists a positive integer k such that

L —L|<%s ()
and | fi (x)—f(x)|<gie, (3)

for all x € [a, b].

Also since nlin fr (x) = Ly, there exists §> 0 such that
¢

| fi (x)—Lk|<318whenever|x—c|<5. (4)

Thus for all x satistfying | x — ¢| < 3, we have
| f )= LI=[f ()= fr (0) + fr (¥) = L + L - L|
<L) = Sk GO+ [ e (0) = Ly + 1Ly = L]

<%£+§18+§18=8,by (2), (3) and (4).

Hence for a given £> 0, there exists a § > 0 such that
| f (x) — L| < e whenever | x — ¢|< 8.
By the definition of limit, it follows that

lim _; _ lim

xX—c f(x)—L—n_>°° L,

lim  lim lim lim
or n— . Hes oo Jn ()= 0, n—>cfn(x)~
The theorem is now completely established.

Corollary: Let ;ZOI u,, (x) be a series of real valued functions defined on [a,b] and let
n=

lim u, (x) exist (n=12,3,...) where c is any point of [a, b]. If the series X u,, (x) converges
X—=cC

uniformly on [a,b], then

lim 2 3 lim
o u,1<x>-n§1[chn(x> .

Proof: Let f, (x) =uj (x) + up (x) +...+ u,, (x). Then

lim = Iim  lim n Iim  lim
X—c nEI u”(x)zx—>c n—> oo mzzl M’”(x)zx—>c o oo Ju(X)
..(5)
ot lim
d by
an Z |: s un(x):|

n— o ;=11 ¥xX—>¢

_ lim 2 [ lim (x)]
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_ lim lim ): 1ty (x).
n—o X—>C m=1

[~ the limit of the sum of a finite number
of functions is the sum of their limits]

_ lim lim
Thno e x> Jnlx +(6)

Now the result follows from (5), (6) and the above theorem.

Theorem 2: Let < f,,> be a sequence of real valued functions defined on [a, b] such that
[y is differentiable on [a,b] forn =1, 2,3,.

(if) the sequence < f,, (c)> converges for some pomt cofla,b]

(iii)  the sequence < f, > converges uniformly on [a,b]. Then the sequence < f,> converges
uniformly to a differentiable limit f and
lim — fr()=f’"(x) (a<x<bh).

n—> o

Proof: Let &> 0 be given. Since< f,, (¢) > converges and < f,,” > converges uniformly

on [a, b], there exists a positive integer m such that for all n, p=m,

| fu (€)= fp (€) |<l£ (1)

and |fn,(x)_fp,( )

|<°
2(b - a)

Applying the mean value theorem of differential calculus to the function f,, — fp where

(a<x<h). (2)

n, p2 m, for any x, y in [a, b] there exists some & between x and y such that

(fn_fp)(x)_(fn_fp)()’)=(fn_fp),(§)

x=7
| fu (x)_fp ()= fu ()’)"’fp W=lx= £ (&)‘fp,(&;)l
lx-yle
< X ,using (2) ..(3)
<%g [ Jx— yl< (b—a)] (4

for all n,p>=mand ¥ x, y€la,b].
Hence, for all n, p>m and ¥ x € [a, b],
| fu () = fp ()| =1 fu () = fp (x) = fu (&) + fp () + fr (€)= fp (0] |
< |fn(x)_fp (X)_fn(c)""fp (6)|+|fn(c)_fp (c)

<%e+%e=e,using (1) and (4).

Thus for a givene> 0, there exists a positive integer m such that| f,, (x) = f, (x)| < efor
all n,pzm and ¥ x € [a, b].
It follows that the sequence< fn >converges uniformly on[4, b], say to a function f,

ie., f(x)= lim f,(x),(a<x<h).
11— oo
Thus the first result is proved.
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Now for an arbitrary but for the moment a fixed x € [a, b], define

E(y) =22 =/® gy SN=/) (5
J—x y-x
fora< y<bh, y # x. Then
li B fn(y)_fn(x)_ ’
yinx Fn(y)—yl_n;x ?_fn (x) ...(6)

forn=12,3,....

Also for n, p=m, we have

|Ez()7)—Fp(y)|= fn(])_fn(x)+fp(y)_fp(x)

|
y-x |

< 2 (bs— 2 using (3).

Itimplies that< F, > converges uniformly fora < y <b, y # x. Since< f, > converges to
f, it follows from (5) that

lim F,(y)= lim S ()= fn ()

n— oo n— oo y-x
:f(.);)_f(x):F(y)' (7)
y-x

Now applyingtheorem 1 of article 7 to< F, >with L, = f,,” (x), and using (6), (7), we get
m = p = Mo fw

y_> X N1 — oo
N ylinx Wznli_)mw Ju” (x), using (5)
or f'(x)=nli_r>n°° fu/ (¥), ¥ xela,b].

Thus the theorem is completely established.

Term by Term Differentiation

Corollary: Let OEO | u,, (x) be a series of real valued differentiable functions on [a, b] such that
n=

2w, (c)converges for some point ¢ of [a, bland = | u,,” (x)converges uniformly on[a, b]. Then
n=1 n=

the series X u,, (x) converges uniformly on |a,b] to a differentiable sum _function f and
n=1

(Purvanchal 2009)
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Proof: Let f, (x) =1 (x)+uy (x)+...+u, (x).
Since the differentlal coefficient of the sum of a finite number of differentiable
functions is equal to the sum of the their differential coefficients, hence we have

f )=’ (x)+u” () +...+ 1w, (x).

Thus the series ¥ u, (x)and X u,”(x) are equivalent to the sequences
n=1 n=1

< fy,>and < f,,” > respectively.

Now the proof is the same as in the above theorem.

Note: If in addition to the hypothesis of the above theorem, the continuity of f,” is

assumed then a much shorter proof based on theorem 1 of article 5, theorem 1 of article

6 and the fundamental theorem of integral calculus is given in the following theorem.

Theorem 3: Let < f,, > be a sequence of real valued functions defined on [a, b] such that
[ 18 differentiable on [a,b] forn=1,2,3,...

(if) the sequence < f,,> converges to f onla,b],

(iii) the sequence < f,,” > converges uniformly to g on [a,b],

(iv) each f,” is continuous on [a,b].

Then gx)=f"(x) (asx<bh)
ic., nli_”:m fl (@)= f'(x), (asx<bh).

Proof: Since the sequence< f,"> of continuous functions converges uniformly to g
on [a, b], it follows by theorem 1 of article 5 that g is continuous on [a,b]. Also< f;,">
converges uniformly to gon|[a, x], where x is any point of [, b]. It follows, by theorem 1
of article 6, that

lim jfn dt—j g (t) dt. (1)

n— oo

By the fundamental theorem of integral calculus, we have

J‘ fn dt—fn fn (a). -(2)
But by hypothesis,

lim fu(¥) = f (x)and lim fula)=f(a). ..(3)

n— o 1 —> oo
Combining (1), (2) and (3), we get

fW-f@=[" gwd, (a<xsh).
It implies that

f ’ X 7 (ﬂ <x<
or f ’ X _nl:noo fn’ (X), (ﬂSxS

=

Corollary: Let X u, (x)be a series of functions defined on [a, b] such that

n=1

(i) wu, (x)is differentiable on [a,b] for n=1,2,3,...
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(ii) the series El u,, (x) converges to f on [a,b]
(iii) the series El u,” (x) converges uniformly to g on [a,b]

(iv) each w,” is continuous on [a,b].

Then frx)=gx), (a<x<Dh)
ie., fx)= ; u,” (x), (a<x<Dh)

Note: For term by term differentiation, the derived series must be uniformly
convergent and the original series need only be simply convergent.

[llustrative Exam])les

Example 14: Show that
oo 2

lim - n
3. 3= 2 3 '
x=>1 =1 2 +x n=1 n’ +1
. . . = n . .
Solution: First we shall show that the series X 3 718 uniformly convergent on
n=1n’>+x

[0, k] for any k> 0.

Let 0, (x) = 2

and v, (x) =nx".

n3 3

Then |u, (x)] <

+ X
1
- Y xel0,k].
n

I . . . , . .
But X —3 Is a convergent series. Hence by Weierstrass’s M-test, the series X u,, (x) is
n

uniformly convergent on [0, k]. Also, for every x € [0, k], the sequence < v, (x)> is
monotonically increasing.

It follows (by Abel’s test) that the series

i

n3 +X3

Z oy, (¥) v, (x) =X

converges uniformly on [0, k]. Hence by the above corollary, we get

lim - o _ < | lim n* _
z 3 3| z 3 3
x> n=1 #° +x n=1 x—>1n +x n

Example 15:  Show that the series X u,, (x) for which

n
|

™3

1
fu(x) = ﬁ log (1+ n4x2)

can be differentiated term by term although the series T u,” (x) does not converge uniformly.
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Solution: Here
1,2
_ lim _ lim log(I+77x%) i
flo= 0 fu= S Form
453 5
ﬁ 2 :
— lim L: lim o =0forO<x<1
n—> oo 4n n— oo |4 pty?
Hence f(x)=0.
Also lim  fr(y= lim ey =0 for0<x<1
’ n— oo n— oo 4pt2 o
. 7y = lim ’
Since f(x) s o S (%),

therefore, the given series can be differentiated term by term. But the series X u,,” (x)
does not converge uniformly in [0, 1] since the sequence < f,,” (x) > has O as a point of
non-uniform convergence as we have seen earlier.

This example shows that term by term differentiation holds even though X u,,” (x) is
non-uniformly convergent.

Example 16: Show that, if f (x) = %o %4)(2 Jthen it has a differential coefficient equal to
nwo+n

—ox s for all values of x.

2
Lot (1 nxz (Garhwal 2010)
1 2x

Solution: Here u,(x)= 45—+, sothat u, (x)=- "+

" w o+t : n 1+ nxz)z

Now u,,” (x) is maximum when di u,” (x)=0,
x

ie., I+nx2 — dpy? l+nx2) 0
or 1-3m2 =0  or x=%1/V(3n).
d2
It can be easily seen that 2 u,” (x) is — ive when
x=-1/\(3n).
Max 1 (9= —— 2 = 333
V3.2 1+ 22 8
3
so that |un'(x)|<5L/2for all values of x.
n

1
Since =7 is convergent, it follows by Weierstrass’s M-test that the series X u,,” (x)
n

converges uniformly for all values of x. Hence the series X u, (x) can be differentiated
term by term.
z 1
‘W= T u ()=-2x3F
f ( ) n=1 n ( ) 1 1 + nxz
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@mprehensive Exercise 2

1. Examine for term by term integration the series for which

fn (x):nxg—n)(z

indicating the interval over which your conclusion holds. (Purvanchal 2009)

2. Show that the series for which

W) fo)=—1

[+ nx’

(i) f (x)=nx(1-x)"

can be integrated term by term in O < x<1, although they are not uniformly
convergent in this interval. (Purvanchal 2008; Rohilkhand 10)

3. [Examine for the continuity the sum function and for term by term integration
the series whose nth term is

- — (=1 xe—(n—l)2 2

}’IXE

x having all values in the interval [0, 1].

4. Show that near x=0, the series 1 (x)+uy (x)+u3(x)+... where
ul (X) =, un (X) — xl/(2n *1) _ xl/(2n -3
discontinuous and non-uniformly convergent. Can the series be integrated term
by term ?

) and real values of x are concerned, is

5. Examine for term by term integration the series £ x "~ U(1- 2 ¥y in the interval

0<x<l
nx

6. Show that the series, for which f, (x) = 22 ,0<x<1
cannot be differentiated term by term at x = 0.

7. Show that the function represented by 21 si;lgnx is differentiable for every x
and its derivative is s cons2nx :

8. Letu, ()= /@D _ /@=36n L forv 20, u, 0)=0

X

for any positive integer greater than unity and
u (x)= +3sin (I/ x)forx=0,1q (0)=0.

Show that%o u,, (x) converges for all values of x to f(x) , where f(x) = = 3 sin 1/ x)

for x #0 and f(0)=0.Also that f " is discontinuous at x =0 , that ;120 u,” (x) is

not uniformly convergent in any interval including the origin, and that

)= %O u,,” (x) for all values of x.
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@bjective Type Questions
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Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

On every bounded subset of R, the exponential series :

3 "

Zun(x)=1+x+—+x—+...+—+...

20 31 n!
(a) converges uniformly
(c) diverges uniformly

For all real values of x, the series cos x +

(a) converges uniformly
(c) converges non uniformly

The series £ —~
n(l+ an)

(a) converges uniformly
(c) converges non uniformly

The sum function f(x), for which f,, (x)

(a) not continuous
(c) uniformly convergent

Fill in the Blank(s)

cos 2x

(b) converges non-uniformly

(d) none of these.
cos 3x

2? 3%
(b) diverges uniformly

(d) none of these.

(b) diverges uniformly
(

d) none of these.

=mx(1-x)",0<x<1,is

(b) continuous
(d) none of these.

n

b) *

n=1 n?’

+1

(d) none of these.

Fill in the blanks “......” so that the following statements are complete and correct.

T an~" is uniformly convergent on [0, 1] if Za, converges ......... on [0,1].

The sequence< f,, > defined by f,,(x) = L 0<x<eis uniformly convergent
+ nx

(Lo on [0, [

it 1

z O0<x<oois......... convergent on [0, e [ .
n=1n%+ 1%

The series sin x + % sin 2x + % sin 3x +

CONVErges ......... n0<a<sx<b<2m.
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5. The series X 718 convergent in [I, e [ .
n=114n“x
6. Uniform convergence is only a......... but not a......... condition for the

continuity of the sum function.

True or False

Write “I” for true and °F for false statement.
1. The sequence < f,,> is said to converge uniformly to the function f on an
interval [ if for every € > 0, these exists a positive integer m such that

| fu (X) = f (x)|>€ forall n=m and for all xe I.
2. 0 is a point of uniform convergence of the sequence < f;,> where
S @)=1= (1= 2"

3. The series £ xe¢ ™ is non uniformly convergent in [0,1].
n=0

4. 0is a point of non uniform convergence of the sequence < f,,(x) > where

S (x) = nxe” ’“2, xe R

5 020 Y s uniformly convergent on |0, e [.

n=1 n(n+1)

1= x" = 1
6, {f‘ #def n”
7. The series, for which f, (x) = %0 <x<I.
1+n°x
can not be differentiated term by term at x =0.
= 1 o 1
8. ff(x)=2 55—+, ff(x)=—2x £ —————— forall x.
f U3+ nta? f U n? I+ an)2

9. The series, the sum of whose first n terms is n2x(l—x)",OSxS1,Can be

@HSWGIS

Multiple Choice Questions

integrated term by term.

1. (a) 2. (a) 3. (a) 4. (b) 5. (b)
Fill in the Blank(s)

1. uniformly 2.0 3. uniformly 4. uniformly

5.  uniformly 6. sufficient, necessary

True or False

F 2. F 3. T 4. T 5. F
F 7. T 8. T

p—

o
e
g
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Infinite Series

1 Infinite Series

An expression of the form wy + uy +...+ u, +... in which every term is followed by

another according to some definite law is called a series.

The series is called a finite series, if the number of terms is finite. Symbolically, the

n
finite series u + uy +...+ u, having n terms is denoted by X u, .
r=1

The series is called an infinite series, if the number of terms is infinite. Symbolically, the

infinite series i + up +...+ u, +...is denoted by X u, or simply by X u,,.
n=1

Since we are going to deal with infinite series only, therefore we shall simply use the
term ‘series’ to denote an infinite series.
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2 Convergence and Diver8e11ce of Series

Convergent Series : (Goralkhpur 2011; Kashi 14)
A series X u,, is said to be convergent if S,, , the sum of its first n terms, tends to a definite finite limit
S as n tends to infinity.

We write S= lim S,

n—> oo
The finite limit S to which S,, tends is called the sum of the series.
Divergent Series: A series X u,, is said to be divergent if S,,, the sum of its first n terms, tends
to either + oo or — oo as n tends to infinity,

ie., if lim S, =oc0o0r— .
n— oo

Oscillatory Series: A series X u,, is said to be an oscillatory series if S,,, the sum of its first n
terms, neither tends to a definite finite limit nor to + oo or — oo as n tends to eo.
The series is said to oscillate finitely, if the value of S, as n — oo fluctuates within a finite
range. It is said to oscillate infinitely, if S, tends to infinity and its sign is alternately
positive and negative.
Sequence of Partial Sums of a Series :
If S,, denotes the sum of the first n terms of the series X u,,, so that

Sy=u+u +...+u,,
then S, is called the partial sum of the first # terms of the series and the sequence
<S,>=<85,5,...,S,,...>is called the sequence of partial sums of the given series.
We can define the convergent, divergent and oscillatory series in terms of the sequence
of partial sums.
Definition: A series T u,, is said to be convergent, divergent or oscillatory according as the
sequence < S,, > of its partial sums is convergent, divergent or oscillatory.
Ifthe sequence< S,, > of partial sums of a series X u, converges to S then S is said to be the sum of the
series X uy,.

Note: Since the limits for infinite series will be taken as n — oo, so throughout this

chapter we shall write lim as ‘lim’ only.
Hlustration 1: e
2 n-1
The series 1 + % + (%) +o.t (%) +...1s convergent.

Here the given series is a geometric series with common ratio 2 /3 < 1.

_1.{1_(2/3)}1}_ _ ny .
Si="sarg SS @)

Now, lim S, =lim3{1-(2/3)"}= 3(1-0) [+ 2/3<]]
=3, a definite finite number.

Consequently the given series is convergent.
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Illustration 2:
The series 1+ 2 + 3 +...+ n +... is divergent.

Here, Sn=1+2+3+...+n=%n(n+l).
limSnzlimzln(n+l)=oo.

Consequently the given series is divergent.
Illustration 3:
The series 2 —2 + 2 — 2 + ... is oscillatory.
Here, S, =0 if n is even,
=2, if n is odd.
Therefore, the sequence< S,, > of partial sums of the series, and consequently the given
series, is oscillatory.
Below we give some results which will be found useful and can be easily proved.
1. The nature of a series remains unaltered if
(i) the signs of all the terms are changed;
(ii) a finite number of terms are added or omitted;
(iii) each term of the series is multiplied or divided by the same fixed
number ¢ which is not zero.
2. If £ u, converges to A and X v, converges to B, then X (u, + v,) converges
to A+ B.
3. If Zu, converges to A and ¢ € R, then X ¢ u,, converges to ¢ A.
4. If X u, converges to A and X », converges to B and p, 4 € R, then X ( pu,, + qv,,)
converges to pA + gB.
5. It Zu,diverges and c e R,c #0, then X cu,, diverges.
6. If Xu, and Xy, are two divergent series having all terms positive, then
% (uy, + v,) also diverges.

5 A Necessarq Condition for Convergence

For a series T u,, to be convergent, it is necessary that lim u, = 0.

Or  For every convergent series X uy,,, we must have lim u,, =0. (Gorakhpur 2010, 13)
Let the series X u,, be convergent. Let S, denote the sum of n terms of the series X u,,.
Then Sp=u+u +...+uyand S, | =u +uy +... 1w, .

Uy =Sy = Sy-1. (1)
Since the series X u,, is convergent, therefore, S,, and S,, _; both will tend to the same
finite limit, say S, as n — eo.
Taking limits of both sides of (1), we get

limu,=limS,-limS,_;=5-5=0.
Hence for a convergent series, it is necessary that lim u, = 0.
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Note: Itistobe noted that the above condition is only necessary but not sufficient for
a series to be convergent ie., if lim u, =0, then the series  u,, may or may not be
convergent. (Goralchpur 2010, 13)
For example, consider the series

L + L + L +..+ L +

N2 N3 N4 T A T

1 . 1 .
Here u,, = — ,so that lim u,, = lim — = 0. But the series does not converge as shown

Vi Vn

1+

below.

We have S, =1+ ! ! ! ! ! "o

1 1
E+@+“'+W>W+W+W+W+W_W_

ie,S,> \ 1, which tends to infinity as n tends to infinity. Hence the series is divergent.

’

2 3
Again  consider the geometric series %+(%) +(%) +..., for which

n
lim u, = lim (E) =0 and the series is convergent.

Thus if u,, — 0, we cannot say anything about the behaviour of the series but if #,, does
not tend to zero, the series definitely does not converge. The more useful form of the
above test is as follows:

If a series X u,, be such that u,, does not tend to zero as n tends to infinity, then the series does not
converge.

4 Cauchg 's General Principle of Convergence for Series

Sometimes it is either impossible or difficult to find the sequence of partial sums of a
given series and yet we want to know whether the series converges or not. Now we shall
establish a fundamental principle, for dealing with the convergence of such series,
known as Cauchy’s general principle of convergence.

Theorem: A necessary and sufficient condition for a series X u,, to converge is that for each
€> 0, there exists a positive integer m, such that
[ty 41 + Uy 4o +...+ | < eforalln>m
Or [y 11 +uy 0 +...+ugl<eforallqgzpzm
Or [ty 11 + ty 40+t sy | < eforall n=m, p>0.

Proof: Let< S, >be the sequence of partial sums of the series X u,, . The series X u,, will
converge, iff the sequence < S, > of its partial sums converges. By Cauchy’s general
principle of convergence for sequences, we know that a necessary and sufficient
condition for the convergence of< S, >isthat foreache> 0, there existsm € Nsuch that

|S,, = Sl <eforalln>m
ie., |t 41 + Uy 49 + ...+ 1| < €forall n>m.

Hence the result.
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lllustrative ExamI)les

Example 1: Discuss the convergence of a geometric series. (Gorakhpur 2015)

Solution: Consider the geometric series

a+ar+a’ +ac +. . +ax 4 (1)
Let S, be the sum of first n terms of the series (1).
_n n_
S, = U= e ctand s, = Ve
—x Y-

Case I: When|x|<lie, -l<x<l

If |x|<1, then x" — 0 as n — oo.
— n —
limSn=1imﬂ(l ) _a(l-0) a
I-x I-x 1-x

’

which is a definite finite number and therefore the series is convergent.
Case II: Whenx=1
If x =1, then each term of the series (1) is a.
S,=a+a+...ton terms = na.
lim S, = e or — e according as a is positive or negative. Hence the series is
divergent.
Case III: When x> 1.

If x> 1, then ¥"" — o as 1 — oo,
a(x" -]

lim S, = lim ]
¥ —

=00 Of — o0 according asa> or <O0.

Hence the series is divergent.

CaseIV: Whenx=-1

If x = -1, then the series (1) becomes a—-a+a—-a+.....

The sum of n terms of the series is a or O according as n is odd or even.
Hence the series is an oscillatory series, the oscillation being finite.
Case V: When x< -1

If x<-1, then —x>1

Let r = — x, then 7>l and so 7" — o as 1 — oo.

_a(-2")_a(l- (")

Now S, = T —— [vx=-7]
n _n
:a(1+r) or a(l V),accordingasnis odd or even.
1+7r 1+7r

inthiscaselim S, is e or— e according as n is odd or even, provided a > 0 and ifa < 0
the results are reversed.

Therefore in this case the series is an oscillatory series, the oscillation being infinite.
Hence a geometric series whose common ratio is x is convergent if | x | <1, divergent if x > 1 and

oscillatory if x< — 1.
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Example 2:  Prove that the series = 4%’ converges to %

1o 1 i{l_(;{)n} 1

+2+3+...+==(1—1)-
42 4 4" - 30 4

limSn:lim;(l—;n):; [ 1im41n:0:|

1 1
the sequence < S,,> converges to 3 and hence X u,, converges to 3

Solution: Here S, =

Example 3:  Test the convergence of the series

log, 2 + logg + loge + loge

Solution: Here, S, =log,2+log, % + log, g +...+ log, (n hl 1)
n

34 n+l
loge{Z 33", }:loge(n+l).

lim S, =lim log (n + 1) = log e = co.
Hence the given series is divergent.

Example 4:  Show that the series

ORERS b
e R e e +
4 6 2 (n+1)
does not converge.
1/2
\j2n+1 V2 n+l V2 1+1/n):| '
1

lim u,=—=0
1n—> oo \2

Solution: Here,

Hence the given series does not converge.

Example 5: Show that the series Y. 1 does not converge.
n

Solution: Let the given series converge. Then fore = i, by Cauchy’s general principle of

convergence, we can find a positive integer m such that

1 1 1 1
+ +...+—<—forall n>m.
m+1l m+2 n 4




Infinite Series

R-187 W,

Taking n = 2m, we see that

| 1 1 1 1 1
+ tot+—= + Fot—
m+1l m+2 n m+1l m+2 2m

1 1

>m.—=—.

2m 2

Thus we get a contradiction. Hence the given series does not converge.

5  Series of Positive Terms

(or Series of Non-negative Tenns)

If T u,, is a series of positive terms then u,,> 0 for all n e N.
The important aspect of this series is that its sequence of partial sums is increasing.
We have S,=u +up +...+u,, thenS,-S,_|=u,.

Since u,,>0 for all n, therefore we get S, - S,,_; >0 for all n, i.e., S,,> S, _; for all
n i.e., the sequence < S,,> is a monotonically increasing sequence.

Now a monotonic sequence can either converge or diverge but cannot oscillate. Hence,
we have only two possibilities for a series of positive terms, either the series converges or
it diverges.

We give some fundamental results for series of positive terms.

Theorem 1: A series X u,, of positive terms converges iff there exists a number K such that
u +uy +...+u, < K for all n.

Proof: First, suppose that there exists a number K such that
u+u +...+u, <K, ¥Yn ie, S,<K, ¥V n.

This shows that the sequence< S,, > of partial sums of the series X u,, is bounded above.
Also, the sequence < S, > is an increasing sequence, since the series X u,, is of positive
terms. We know that every bounded monotonic sequence converges. Therefore< S, >
converges and hence X u, converges.

Conversely, we assume that X u,, converges. Then, the sequence< S,, > of partial sums of
the series converges. We know that every convergent sequence is bounded. Therefore
< §,,>is bounded and hence there exist real numbers k and K such thatk < S,, < K, for
all n.

It gives S, < K ie., up + uy +...+ u,, < K, for all n.

Note: In the light of the above theorem, we conclude that to show that a series of
positive terms converges, it is sufficient to show that the sequence of its partial sums is
bounded. On the other hand, to show that a series of positive terms diverges, we have to
show that the sequence of its partial sums is not bounded, i.e., for any real number A,
there exists a positive integer m such that S,, > A.
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Theorem 2: A series of positive terms is divergent if each term after a fixed stage is greater

than some fixed positive number.

Proof: Let each term of the series be greater than a fixed positive number. We
can assume so because the convergence or divergence of the series is not affected by
omitting a finite number of terms.

So let X u,, be the given series of positive terms and let u,, > k (a fixed positive number)

for all n.
Now Sy=u +uy +...+u,>nk.
But lim nk = .

lim S, = eo.

Hence the series X u, is divergent.

Corollary: A series of positive terms is divergent if lim u, > 0.

Proof: Letlim u, = [, where /> 0. Then for a givene> 0, there exists a positive integer
m such that

|u, —l|<¢ foralln=m
ie., l—e<u,<l+e¢, forall n>m.
Let [ — e=a. Then a is a fixed positive number because € can be taken as small as

we please. For example take & = % I3

Thus u,,> a for all n> m. Hence the given series is divergent.

Theorem 3:  If each term of a series = w,, of positive terms, does not exceed the corresponding
term of a convergent series T v, of positive terms, then T u,, is convergent.

Wehile, if each term of T u,, exceeds (or equals) the corresponding term of a divergent series of
positive terms, then X u,, is divergent.

Proof: Let u, <, for all n.
LetS,,andS,,” be the sums of first # terms of the two series T u,,and X v, respectively.
Then S,=u +uy +...+u,and S, =n +m +...+ v,
Since u,<v, V¥ n,therefore, S,,<S,’.
But X v, is convergent, therefore S,,” — S’ (a finite quantity) as n — oo.
lim S, < S’ (a finite quantity).
S, itself tends to a finite limit as 7 — oo,
Hence the series X u,, is convergent.
Now if u,, 2 v, for all n, then S, > S,,".

But X, is divergent, therefore S,”— oo as n— e and hence S, — e as n— oo
Consequently X u,, is divergent.
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6 The Auxiliarg Series Z 1/1"

The infinite series

1 . 1 1 1 1
>— e, —+ —+—+...+—+...
n? 1P 2r 37 n?

is convergent if p>land divergent if p<1.  (umaun 2001; Avadh 05; Kanpur 07;
Kashi 13; Rohilkhand 14; Agra 14)

Proof: Case I: Let p> L Since the terms of the given series are all positive, we can
group them as we like. Hence we write the given series

1 1 1 1 (1 1) (1 1 1 l)
—_—t—+t—F.=— | — |+t —+ — + —
P oor 3P v o 3p 40 5P gl 7P
+(1+1+...+1)+... ..(1)
8 9r 157
Now since p>1,

3>2=30>20 =1/30 <1/2P.

L SR S
or 3¢ 2P 2P
1 I 2

or — <
or 3¢ 2oF

- 1 1 1 1 1 1 1 1 4
Similarly —+ —+ —+—<—+ —+ —+—=—,
4F 5P oF 7P 4P 4P 4P 4P 4P
1 1 1 8
—t— .+ ——<—,
8y o 157 g
and so on.
Thus we observe that on being grouped as mentioned in (1), the given series is term by

term
1 2 4 8

< 7 + > + 7 + o +
But the series on the R.H.S. of the above inequality is a geometric series and is
convergent since its common ratiois2 /2 7 =1/2F ~ I which is less than 1 as p>1Thus
the given series on being grouped asin (1) is term by term less than a convergent series.
Consequently the given series is convergent when p> L

Case II: Let p=1 Then we group terms of the given series as

I 1 1
l+=+=—+—+
2 3 4
:1+l+(l+l)+ l+l+l+l) (l i i) (2)
2 \3 4 5 6 7 8 9 10 16
Now as3<4, so l>l or l+l>l+l
3 4 3 4 4 4
1 1 2 I 1 1
or —+—>= e, —4+->—-
3 4 4 3 4 2
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o I 1,1 1.1 1 1 1 4 1
Similarly, —4+—t+—+—>—F+—+—F+—=—=—,
56 7 8 8 8 8 8 8 2
1 1 1 1
—+—+ —>—,and so on
9 10 16
Thus we observe that on being grouped as in (2), the given series is term by term
>1+l+l+l+....
2 2 2 ...(3)

The series on the R.H.S. of (3) is divergent as the sum of the first # terms of the series

=l+mn-1)- % = % (n +1), which tends to infinity as 7 — .

Thus the given series on being grouped as in (2) is term by term greater than a divergent
series.

Consequently the given series is divergent when p=1.

Case III:  Let p< 1. Then

i>lf0rn:2,3,4,....
' n

In this case the given series
1 1 1 1
—_—t —+—+ —
¥ 2P 3P 4P
is term by term greater than the series

I 1 1
I+—+—+—+....,

which is a divergent series, as proved in case II.
Consequently the given series is divergent when p< 1
Hence the proof is complete.

Now we shall give some tests to know whether the given series of positive terms is
convergent or divergent without actually finding out the sum of its n terms.

T Comparison Test

Theorem: First form: Let X u, and X v, be two series of positive terms such that u,, < Kv,, for
all n, where Kis a fixed positive number. Then if X v, converges, so does X u,,, and if X u,, diverges,
then X v, also diverges. (Goralhpur 2010)
Proof: Since u, < Kv, for all n,

u+u +. . +u,<Ky+m+...+v,), ¥ n (1)
Now if X v, converges, then there must exist a positive real number A, such that

N+t +r, <A Vo ..(2)
From (1) and (2), we get

u +uy +...+u, <KA ¥V n
Thus the sequence of partial sums of the series X u,, is bounded above and hence X u,
converges.
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To prove the other result, we assume that X u,, diverges. Then for any positive real
number B, there must exist a positive integer m such that

up +uy +...+u,> BK, for all n>m. ...(3)
From (1) and (3), we get

n+v9 +...+v,> B, forall n>m.
Hence the series X v, diverges.
Second form: Let X u, and X v, be two series of positive terms and let k and K be positive real
numbers such that

kv, < u, < Kv,, for all n.
Then the series X u,, and X v, converge or diverge together.

Proof: From kv, < u, < Kv, , for all n, we get

kv,<u, or wv,< (%) u,, for all n.

Now applying the result proved in the first form of the comparison test, we conclude
that

(i) if X u, converges, then X v, also converges.

(ii) if X v, diverges, then X u,, also diverges.

Again, applying the result of the first form of the comparison test for the inequality
u, < Kv,, we conclude that

(iii) if X v, converges, then X u,, also converges.

(iv) if £ u, diverges, then X v, also diverges.

The desired result now follows from (i), (ii), (iii) and (iv).

Third form: Let X u, and X v, be two series of positive terms and let K be a positive number
such that w, < Kv,, for all n>m, m being a fixed positive integer. Then if the series T v, be
convergent, then the series X u,, is also convergent and if the series X u,, is divergent, then the series,
2 v, is also divergent.

Proof: Theabove result follows from the result of the first form of the comparison test
because the convergence or the divergence of a series remains unaffected by omitting a
finite number of terms of the series.

Fourth form: Let X u, and T v, be two series of positive terms and let k and K be positive real
numbers such that kv, < u,, < Kv,, for all n> m, m being a fixed positive integer. Then the series
2 u,, and X v, converge or diverge together.

Proof: Since the omission of a finite number of terms of a series has no effect on its
convergence or divergence, therefore,

(i) the series u +uy +... and the series u,, ,| +u, o +... converge or diverge

together ; and

(ii) the series » +1 +... and the series v, .| + 7, ;9 +... converge or diverge
together.

Again, kv, < u, < Ky, foralln>m = kv, 1 <uy 1 < Kv, ., forall pe N,

therefore, by the result of the second form of the comparison test, we have
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(iii) theseriesu,, ;1 +u,, +9 +...and the series v, , | + v, ;9 +...converge or diverge
together.
Hence from (i), (ii) and (iii), we conclude that the series X u,, and X v, converge or
diverge together.
Fifth form: (Important from the point of view of application to the solution of
problems): Let X u, and X v, be two series of positive terms such that
lim 2=/ (finite and non-zero);
n—> oo Vn
then both the series converge or diverge together i.c., the two series X u, and X v, are either both
convergent or both divergent.
un

Proof: We have > 0 for all n, therefore
Vn

. u .
Iim 2>0 e, [=0.
n— e Vy

Since [ # 0 (given), therefore, /> 0.

Choose € >0 in such a way that [ —€> 0.

. u .
Now lim —2 =] = there exists m € N such that
n—> oo Vn
un
[—e< < ]+eg forall n>m. (1)
v,

Since v,>0 ¥ n, hence multiplying (1) throughout by v, we get
(l-e)v,<u,<(l+¢)v, forall n>m. ...(2)

Nowif X r,is convergent thenX (/ + €) v, is also convergent. In this case from (2), we see

that X u,, is term by term less than a convergent series X (I + €) v, except possibly for a

finite number of terms. Therefore the series X u, is also convergent.

Again if X v, is divergent then X (I — €) v, is also divergent. In this case from (2), we see

that X u,, is term by term greater than a divergent series X (I — €) v, except possibly for a

finite number of terms. Therefore the series X u,, is also divergent.

Hence the series X u,, and X v, converge or diverge together.

Sixth form: Let X u,, and X v, be two series of positive terms such that

u v
—2 > foralln=m.

Up+l  Tn+l
Then X v, converges = X u,, converges and X u,, diverges = X v, diverges.

u v
Proof: We have ——> —"_ for all n=>m.
Uy 41 Vn+1

Puttingn=m+1, m+2,...,n —1in the above inequality, we get

U +1 Vm +1 U +2  Vm+2 Up—1 Vn-1
> > . > .

) I
Up+2  Vm+2 Up+3  Vm+3 Uy Uy
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Multiplying the corresponding sides of these inequalities, we get

Un+1  Vm+1
> , for all n>m,

u n Vn

. U +1
ie., u, < | ——|v, for all n>m.

Vm +1

Now the result follows from the third form.

Note 1: From the point of view of applications, the third and the fifth forms of the

comparison test are the most useful.

Note2: The geometric series £ ln and the auxiliary series £ ip will play a prominent
r n

role for comparison.
Working rule for applying comparison test:

Thev,-method: Comparison testisusually applied when the nth term ,, of the given
series X u, contains the powers of # only which may be positive or negative, integral or
fractional. The auxiliary series = (1/ n”) is chosen as the series X v,,. From article 6, we

know that = (1/ ") is convergent if p>1and divergent if p< 1.

Now the question arises that how to choose v, ? For applying comparison test, it is

necessary that lim —* should be finite and non-zero. It will be so if we take

V}l

1 . . o . .
v, = ———, where p and g are respectively the highest indices of 7 in the denominator
P-4

and numerator of u, when it is in the form of a fraction. If u,, can be expanded in
ascending powers of 1/ n, then to get v,,,we should retain only the lowest power of 1/ 1.
After making a proper choice of v, ,we find lim (u,, / v,) which should come out to be
finite and non-zero. Then the series X u,, and X v, are either both convergent or both
divergent. The whole procedure will be clear from the examples that follow article 8.

lllustrative Examl)les

Example 6: Test for convergence the series

1 1 1 1
l+—+—3+ +o+— -+
3

22 47 n

Solution: Since n"> 2" for all n> 2, therefore, % < ZL”

Here u, =

Since u,, < v, foralln > 2 and X v, is a convergent series (a geometric series with common

! . . .
ratio 5), therefore, by the comparison test, the given series converges.
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Example 7:  Test for convergence the series whose nth terms are

(i) ;/n | (Kumaun 2002; Kanpur 06; Meerut 13B; Agra 14)
ne o+
(ii) M (Kanpur 2009; Meerut 13)
Bn> +2n +5)/4 P ’
14
(iii) ——
(L+n)1
Solution: (i) Here u, = o
n 9
n+1
\n 1
Take v, == ,
n n2 n3/2
i.e., the auxiliary seriesis Zv, =X % .
n
2
Now lim % = lim ;/n 324 = lim 2”
U ne+1 ne+1
=lim L =1, which is finite and non-zero.
1+ (1/n?)

Since the auxiliary series Zv, =X (1/ n3/ 2) is convergent (pz %> l) , therefore, by

comparison test the given series X u,, is also convergent.

(ii) Here u, = @ -1 = 2 @=1/m)"
e oV B3 B2 45 0
_ 1 @-1/n%)"7
1
Take v, = .
n nl/lZ
Then L7 @-1/n*)" .
vy 3+2/n%+5/ )4
u 21/3
lim 2 = R which is finite and non-zero.
v, 3

Hence, by comparison test, X u,, and X v,, are either both convergent or both divergent.

But the auxiliary series X v, is divergent because p=1/12<1 Hence Zu, is also

divergent.

(iii) Here u,=

Take v, =— =
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Now lim %2 = lim {

nl- p} =lim b 1, which is finite and
V}’l

(n+ 1)1 (1+1/n)

non-zZero.

Therefore, by comparison test, £ u, and X v, are either both convergent or both

divergent.

But the auxiliary series X v, =X is convergent if g — p>lie. if p—q+1<0 and

n
divergent if g — p<li.e if p— g +120.

Hence by comparison test the given series X u, is convergent if p—4+1<0 and
divergent if p—q +120.

Example 8:  Test for convergence the series whose nth terms are

) 1
(i)
I+1/n (Avadh 2012)
(it)  sin —
n (Kanpur 2012; Gorakhpur 14)
(i) tan~ L.
n (Kanpur 2008)
Solution: (i) Hereu, = b
1+1/n
We have, lim u,= lim # =1, which is > 0.
n— oo n— oo L+ (1/ 1)

the given series is divergent.

1 1 1 1 1 1
ii) Here,u,=sin—=——- — —/ + — ——.......
(i) Here,u, =sin =" =1 3 +515

Take v, =1/n, since the lowest power of 1/n in u, is 1/n. The auxiliary series
X v, =2 (1/n)is divergent as here p=1.

—timfio L L L oy
342 51,4

which is finite and non-zero.

.U
Now lim 2

1\:"—‘

Vl‘l

Hence by comparison test the given series is divergent.
3 5
(iii) Here, u, = tan™! (l)zi—%+%—... ctan lr=x-o4 X
n) n 3p’ 5n 3 5
The lowest power of 1/ n in u, is 1/ n. Therefore, to apply the comparison test, the

auxiliary series is taken as X v, =X (1/n).

Now, lim M _ fim (l - % + % - ) =], which is finite and non-zero.
Vn 3}1 Sn

But the auxiliary series £ v, = X (1/n) is divergent as here p=1

Hence by comparison test the given series is divergent.




Krishes's T.B. Real Analysis

Al 155)

Example 9:  Test the convergence of the series
2. 3 4 5
e —+—+..
woo2r 30 4P (Kumaun 2000; Avadh 10)

. n+1 n 1
Solution: Here u, = Take v, = — = ——-
n? o onl

n+l.np_1):lim(l+l):1,
n? n

which is finite and non-zero.

Now lim %2 = lim (

VTZ

Hence by comparison test X u,, and X v, are either both convergent or both divergent.

But the auxiliary series X v, = X % is convergent if p — 1> li.e., p> 2, and divergent if
n

p—-1<lie if p<2.

Hence the given series X u,, is convergent if p>2 and divergent if p< 2.

Example 10: Test the convergence of the following series

2 3 4
(i) 1+L2+2—3+3—4+4—5+...
22 3 4% 5 (Avadh 2014)
1 2 3

il + + +...
(i) 1+V2 14243 1+3V4

Solution: (i) Omitting the first term, if the given series is denoted by X u,, then

1 22 33 44 "
ZMH=72+73+74+75+..=2ﬁ
2 3 4 5 (n+1)
nn n 1
Here, e B
u n"
Now lim -2 = lim — TN
Uy (n"'l);H—

. 1 1 . ( 1)”
= lim =—, colim|1+—=| =e
{(1+1/n)".(l+l/n)} e |: n

which is finite and non-zero.

But the auxiliary series £ v, = X (1/ n) is divergent as here p = 1. Hence by comparison
test the given series is divergent.

n

L+ n (n+1)

_on 1 .
n\n 72

(ii) Here, u,= :

Take v,
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Now lim 22 = lim {— 12
vy 1+ nV(n+1)
=lim 373 ! =1, which is finite and non-zero.
1/ 2%+ (1+1/n)

Since the auxiliary seriesZ v, =X (1/ /2y is divergent as here p =1/2 <1, therefore, by
comparison test the given series is divergent.

Example 11: Test the following series for convergence whose nth terms are given by
i) P +D—n (Meerat 2013)

.. 4 4
(it) N (" +1) = (" =1). (Kanpur 2006; Avadh 06, 14; Meerut 13B; Kashi 14)
Solution: (i) Here, u, = (113 + l)l/3 -n= (;13)1/3 1+1/ 143)1/3 -n

(G-
=n|:(l+l,) —l}zn 1+l~i+L-i+...—l

n3 3 n3 921 n6

Taking the lowest power of 1/n in u,, the auxiliary series is given by

v, =3 (1/n%).
Now limunzlim{(lz—15+...).112}:1im(1—13+...)=1,
Y 3n On 3 9n 3

which is finite and non-zero.
Since the auxiliary series X v, =X (1/ 112) is convergent as here p=2> 1, therefore by

comparison test the given series X u,, is also convergent.
(i) Here  u,=V(@*+)-V@* -1
n—

n4 21 4118 31! 7112
G- 1 5606
— 1_li+2 2 i_z 2 2 'L'f'
2 5t 21 S 31 a2

—n2[2{1+1 + H—1+1 +
ot 162 n? o osntd

The lowest power of 1/ in u,, is 1/ 2. Therefore to apply the comparison test we

take the auxiliary series as Zv, =21/ n”, which is convergent as p=2>1.
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s u . 1 1 2
Now hm”:hmH2+ 10+..}.n :|
vy, " 8n
=lim {1 + 8% + } =1, which is finite and non-zero.
n

Therefore, by comparison test, X 1, and X v, converge or diverge together. Since
X v, is convergent, therefore, X u,, is also convergent.

Alternate solution: We have u,, = (n4 +1) -+ (n4 -1)

N +) -~ =DVt + )+ N o* 1)
Vot +)+N ot -

Gty -t 2
AN )N - N )V et -
-1 2 .
w1/ V[ = 1/ 0]
Take Vn:niz'
Then M _ 2 .

v NI/ nH ]+ V[ = (1 )]

lim —2 =1which is finite and non-zero.
n—> oo Vn

Hence by comparisontestX u, and X v, are either both convergent or both divergent.
Butforvnzizi p=2>1

n? b’

2 v, is convergent and hence X u,, is also convergent.

Example 12:  Test for convergence of the following series :

n
* 1 g 1 © 1 (n+2
i Y ii b . iii) X — .
(i) =l n(ﬂ+b/n) (ii) n=19" 43" (ii) nel n3 (n+3)
— _ 1 B | B
Solution: (i) Here, u, = AT g Let v, =—
. u . 1 P . 1
Now lim -2 = lim — | = lim | ——
v, W n /n nb/n
li
= hm # = L m nl/n =1

=1, which is finite and non-zero.
We know that £y, = £ (1/n") is convergent if a > 1 and divergent if a < 1

Hence by comparison test the given series X u,,is convergent ifa > land divergentifa < 1.
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. 1 1
(ii) Here, u, = ST = —
3" 1+ (g)
3
Take v, = €
311

We know that £ v, = X (1/3") is a geometric series with common ratio1/3 <1,
hence it is convergent.

Now limﬁ:lim;zl, [~1lim7"=0,0<r<]l]

n
"n 1+ (g)
3
which is finite and non-zero.

Hence by comparison test the given series X u,, is convergent.

1 +2)
(iii) Here, unz,[n ] :

n5 n+3

Take v, = % -ThenZ v, =X % is convergent as p=3> 1L
n n

n n
" " n”(1+g) (1+%)
u 1 (n+2 3 [(n+2 n n
Now ”=( ]n =( J 3V 3}1-
n”(1+—) (l+—)
n n

n
We know that lim (l + f) =¢",

n

u, &1 e

lim 2 = ===, which is finite and non-zero.
vy 14 [4

Hence by comparison test, X u, is convergent.

Example 13:  Test for convergence the series

! + 2 + 3 + 4 +
14270 14272 14273 14270
Solution: Here, unzL-
1+27"
lim unzlimL:%

n
1+ (l)
2
which is > 0. Also X u, is a series of positive terms.

Hence the given series X u,, is divergent.
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@mprehensive Exercise 1

Test for convergence the following series :

1.(i)i+1+l+L

2-3 34 4.5 56 (Kumaun 2002)
(i) 1-2 34 56

2 42 2 2 2 Q2

3%-47 5767 77-8 (Kumaun 2002; Meerut 12B)
I 3 5
(iii) + + +.....

1.2-3 2-3-4 3.-4.5 (Avadh 2011; Meerut 12)
(iv) (I+a)(+h) @+a)2+h) B+a)B+bh)

1.2.3 2.3.4 3.4.5
2. (i) ! ! !

+ + +.....
VI+vV2 V2++4V3 V3++4
42—1+VB—1+d4—1+VS—1
P o1 421 5°-1 6 -1

1 1 1

(1if) 1+ 5 9l/100 T3 5I/I00 * 4 41700 T
1
3 G no| ..
R (;«5 +2J 2 @n—1?
| | . 1
(iii) Y (W sin ;) (iv) Y cos — (Kanpur 2007)
4. (i) T[Nm+D)-+n (i) T [V (n2 +1) —n].
(i) T[N +1)-Vn3]. (iv) T[Nt +1) -]
. 1 2 3
s 0 (5555
(ii) The series whose nth term is 1 sin L
n n (Kanpur 2005)
@nswers 1
1. (i) Convergent (ii) Convergent
(iii) Convergent (iv) Divergent
2. (i) Divergent (ii) Convergent
(

iii) Convergent
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(i) Convergent
(ii) Convergent if p> 1, divergent if p<1
(iii) Convergent (iv) Divergent
4. (i) Divergent ii)  Divergent
(
(

(
iii) Convergent (iv) Convergent
(ii)  Convergent

i) Divergent

8 Cauchy 's Root Test

1

Theorem 1: Let X u,, be a series of positive terms such that lim u,, M~ 1 Then

(i) Zu, converges, if I <1; (it) X u, diverges, if > 1;

(iii)  the test fails and the series may either converge or diverge, if [ =1.
(Here u,l/ " stands for positive nth root of u,).

(Kumaun 2001; Kanpur 04, 07; Avadh 06; Meerut 12; Goralkhpur 13)

Proof: Since u,>0, for all n, and (un)l/ " stands for positive nth root of u,,
limui/nzle.

Since lim u,i /m_ [, therefore for € > 0 there exists a positive integer m, such that

|u,1/n—l|<£, for all n> m,

ie., I—e<ul"<l+¢ forall n>m,

ie., (I-¢)"<u,<(+¢) forall n>m. (1)

(i) Letl<l
Choose €¢>0, such thatr =1+ ¢e< 1L
ThenO</I<r<l1

From (1), we get u, < (I+¢)" foralln>m i.e., u,<r" forall n>m.

Since T r” is a geometric series with common ratio r less than unity, = r" is convergent.
Therefore, by comparison test, X u,, is convergent.

(i) Let/>1

Choose €¢>0, such thatr=7-¢e> 1

From (1), we get (I — )" <u, foralln>m i.e., u,>r" for all n>m.

Since X r" is a geometric series with common ratio greater than unity, = " is divergent.

Therefore, by comparison test, X u,, is divergent.
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(iii) Let/=1
Consider the series X u,, where u,, =1/ n.

1/n
Then u,i/n = (l) , so that lim u,i/n =1L [Note that lim '/ =1].
n

Since X (1/ n) diverges, hence, we observe that if
1/n

lim u,"” =1, the series X u,, may diverge.

Now, consider the series X u,, where u,, =1/ .

In this case also, lim u,l/n =1
Since 2 (1/ n2) converges, hence, we observe that if lim u,l /m I, the series X u,, may

converge.

Thus the above two examples show that Cauchy’s root test fails to decide the nature of
the series when /= 1.

Note 1: In general the Root test is used when powers are involved.

Another form of Cauchy’s Root Test: The root test can also be stated in the form
given below :

U is Tess

A series X uy, of positive terms is convergent if for every value of n > m, m being finite, (u,,)
than a fixed number which is less than unity.
The series is divergent if ()" > 1 for every value of n> m.

1/

Proof: Case 1: Given ()" <r, ¥n>m whereris a fixed positive number such

that r< 1.
u, < r", for all n=m.
Since X r" is a geometric series with common ratio r less than unity, £ 7" is convergent.

Therefore, by comparison test, X u,, is convergent.
Case 2: Given (i,) /"> LV n>m.
u, 2LV nzm.

Omitting the first m — 1terms of the series because it will not affect the convergence or

divergence of the series, we have

u,21,¥neN
= Sy=uy+...+u,2n
= lim S, = e
= the series is divergent.

Theorem 2: Let X u,, be a series of positive terms such that u}/ " — coas n— oo. Then

2 u,, diverges.
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1/n

Proof: Letr> 1 Sinceu,/” — o0 asn— oo, therefore, there exists a positive integer m

such that /"> r foralln=m = u,>r" foralln>m.

For r > 1, the geometric series  r" is divergent.

Hence, by comparison test, X u,, is divergent.

Some important limits to be remembered:

1. lim A7 =1

n—> oo

9. lim 1987 _.

n— o N

n
3. lim (l + f) =¢",
n—> oo n

4
4. lim (1 + f) =1,if pis finite ie., if p is a fixed real number.
11— oo n

n+p
5. lim (1 + E) =¢",if pis finite.

n—> oo n

-1 -2
agn? +an =" +agn? "+ +a, | n+a,

6. lim I 3
no e byl + bl "+ byl T+t hy _n+ by,

_ fim LA o (/) +ay A/ ny +...]
n—eo nl by + b (1/n)+ by (l/n)2+...]

ay /by, if p=q
=:0,ifg>p
oo, if p>g and ag>0,by>0.

lllustrative Examl)les

Example 14: Assuming that n" 5 Las n— oo, show by applying Cauchy’s nth root test

that the series ¥ (/" —1)" converges.
n=1

Solution: Here, u, = (n"/" = 1)".

u}/":nl/"—l.

lim u;/": lim (nl/"—l):O<l.
n— oo n—> oo

Hence, by Cauchy’s root test, the given series converges.
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Example 15: Test the convergence of the following series
2
—n n
() = (1 + 1) (i) =
n n!
P23 33 4 "
(iii) §+3—2+3—3+3—4+...+ o

-
Solution: (i) Hereu, = (l + —) .
n

-n
M;ll/n = (l + %) .

lim /7 = lim ——— =1y [ 2<e<3]

€
n

Hence by Cauchy’s root test the given series is convergent.
n

(ii)) Here u, = X
nl
1/n _
Mn - (n ')1/}1
ml/n
limu}/":lim xl =lim LI'E =lim (n )1 A
(n /" (O n (O n
o 1/n B . o 1/n
=lim -=l=e.lim = v lim|— | =e
n! n n n!
=e.0=0<1
Hence by Cauchy’s root test, the given series is convergent.
n3
(iii) Here u,=—-
3)1
"
n 3
lim u%l/" =lim é w3/ = 1 lim (/") = é I<L

Hence by Cauchy’s root test the given series is convergent.

Example 16: Test the convergence of the series

- -1 -2 -3
22 9 33 3 4% 4
21) T3 TleEs) T

(Kumaun 2001; Meerut 13B)

n+1 —n
Solution: Here u, = l(n +1) _nt 1:| .

nn+1 n
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-1 _
Un Knu)"“ n+l] (n+l)_1l(n+l)" }
uy, = - = -1
n n n n
-1
-1 n
(1+]) [(m) _1]
n n

! [2<e<3]

limul/" =(1+0)"  (e—-1~! =<l
e_

Hence by Cauchy’s root test the given series is convergent.

Example 17:  Test for convergence £ 37"~ ",
3-n 31 ifniseven

Solution: Here u,=3""" " _
3=" .3 ifnisodd.

I 1

3~ 3-ln__. , if niseven
31/}’!

w

I/n_
uﬂ -

_ 1
371 '31/;1=§.3l/n7 if n is odd.

lim u,11/"=3i<1. [ lima'/" =1if a> 0]

Hence by Cauchy’s root test the given series is convergent.

n
Example 18:  Test for convergence £ (IH;J X (x> 0). (Meerut2013)
n+
+1Y'
Solution: Here u, = [n] X",
n+2

n+1
M}/n: X
n+2

()

I+

lim /" = lim g x| =x
I+=
()

By Cauchy’s root test, X u,, converges if x <1 and X u, diverges if x> 1.

n
For x =1, the test fails. When x =1, u,, = [n * IJ .
n+2

n
()
n e 1

2)” 2oe

lim u, = lim

I+=
n

The series X u,, diverges when x =1
Hence the given series converges if x < 1and diverges if x> 1.
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Example 19: Test for convergence ¥, ———— -
(log n)"
Solution: Here u,, = L
(log n)"
u’ll/n = I; )
ogn
lim /" = lim . 0, which is< 1.
log n

Hence by Cauchy’s root test the given series is convergent.

@mprehensive Exercise 2

Test for convergence the following series :
1

1. (i S
UNDY ul /) (Kanpur 2008; Avadh 12)
N
(i) > (1+f) .
n

(Avadh 2013; Kashi 14)

(i) Y (1+\/1n)_n3/2.

3. (1) 2+§x+éx2+§x3+...,wherex>0.
2 3 4
. i 3n+l ,
ii X, x>0.
(i1 Zz‘l 4n+3
2 3 n
4. %x+3—3x2+4—4x3+....+wx"+ .....
1 2 3 nn+l
2 3
5. (1) +24+ 2 42 +...00, x>0.

2 32 43

(i) x+2x% +32° +4t + ...

2 3
(iii) l+(g)x+(§) x2+(é) X 4.0 x> 0.
2 \3 4 5
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@nswers 2

1. (i) Divergent (ii) Divergent
2. (i) Convergent (ii) Convergent
3. (i) Convergent if x<1and divergent if x>1

(

ii) Convergent if x <1 and divergent if x>1
4.  Convergent if x <1 and divergent if x>1

(i) Convergent

(ii) Convergent if x <1 and divergent if x>1

(iii) Convergent if x <1 and divergent if x>1

O D’ Alembert’s Ratio Test

(Avadh 2003, 05; Kanpur 05; Gorakhpur 11; Meerut 12B; Kashi 14)

u

Theorem 1:  Let S u, be a series of positive terms such that lim — Lo 1 Then
un

(i) X u, converges if <1 (if) Zu, diverges if [>1

and (iit)  the test fails to decide the nature of the series if [ = 1.

Proof: Since u,> 0, for all n, therefore

Uy +1 . Uyl
250 = lim = =120,
u}’l ”n
. .Myl . e
Since lim = [, therefore, for €> 0, there exists a positive integer m such that
un
Up+1
" —ll<eg foralln=m
”n
; Uy +1
ie., [—e< <l+¢ forall n=m.

Uy

Putting n = m, m +1,..., n — lin succession in the above inequality and multiplying the
corresponding sides of the (n — m) inequalities thus obtained, we get

(- "< (146" " foralln>m
”m
ie., (—e) —"m <+ —"m _forall n>m. (D)

(- (I+e)™
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(i) Let/<l
Choose €¢>0 such thatr =7+ e< 1L
Then O<l<r<l

From (1), we get u, < (:’)’;1) 7" for all n>m

. u
ie, w,<or"foralln>mwhereo=—"2eR"
r

Since X r" is a geometric series with common ratio less than unity, £ r" is convergent.

Hence by comparison test, X u,, is convergent.
(i) Let/>1
Choose €> 0 such thatr =/—-¢e> L
U
From (1), we get — y" < u,, for all n>m
r m

, u
ie., w,>Br", forall n>m wherep =L eR".
m
R

Since X 7"isa geometric series with common ratio greater than unity, £ s divergent.
Therefore, by comparison test, X u,, is divergent.
(iii) Let /=1
Consider the series X u,, where u, =1/ .
. n? . 1
=lim 5 = lim =1

Uy, (n+1) (l . 1)2
n

Since the series X (1/n%) converges, we observe that if /=1, the series may be

. Upgd
Here lim

convergent.
Now, consider the series X u,, where u,, =1/ n.

u
Here  lim ! o lim - = lim L =1.

uy, n+l l+l

n

Since the series = (1/ n) diverges, we observe thatif [ = 1, the series may be divergent.
Thus the above two examples show that the test fails to decide the nature when/ = 1.
Note 1: Taking the reciprocals, the ratio test can also be stated in the form given
below.

”n

The series X u,, of positive terms is convergent if lim —"—> 1 and divergent if lim <L

Uy +1 Uy +1

If lim M 1, the test fails.

Uy +1
We shall usually apply the ratio test in this form which will in the later part of this
chapter be more convenient for further investigation in case the ratio test fails.
The ratio test is generally applied when the nth term of the series involves factorials,
products of several factors, or combinations of powers and factorials.
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Another form of D’ Alembert’s Ratio Test: The ratio test can also be stated in the

form given below :

An infinite series of positive terms is convergent if from and after some term the ratio of each term to
the preceding term is less than a fived number which is less than unity.

The series is divergent if the above ratio is greater than or equal to unity.

Proof: Case 1: It is given that

u
Lﬂ<rfor all n>m, (1)

ul‘l
where r is a fixed positive number such that r <1
To prove X u, is convergent.

Putting n=m,m +1,...,n —lin succession in (1) and multiplying the corresponding
sides of the n — m inequalities thus obtained, we get

U +1 Um+2 Um+3 Uy,

< r" -m
U Up 1 Um +2 Up -1
u _ u
= R A THP —’:1 "
U r
n U +
= uy <our’, for all n>m where o= =" € R™.

.
Since X r" is a geometric series with common ratio less than unity, X r” is convergent.
Hence by comparison test, X u, is also convergent.

Case 2: It is given that

u
LS L for all n> m. .(2)

”n

Putting n=m,m +1,...,n - in succession in (2) and multiplying the corresponding

sides of the n — m inequalities thus obtained, we get

u
—2L>1 = wu,2uy, foralln>m.
u

m

Omitting the first m terms of the series because it will not affect the convergence or
divergence of the series, we have

u,2u, forallne N

= Sy=u+....+u,2nu,
= lim S, = o
= the series is divergent.

. .. Uy +1
Theorem 2: Let X uy, be a series of positive terms such that T s coasn—> oo, Then S u,,

”‘n

diverges.
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. Uy +1 . e
Proof: Since — eoasn — oo, therefore, there exists a positive integer m such that
Mn
Uy +1 .
——>2foralln>m ie, u,, 1>2u,foralnzm.
ul‘l

Replacingnbym,m +1,m + 2,...,n — land multiplying the (n — m)inequalities, we get

n—m
Uy, > 2 iy, for all n>m
. Uy \ o
ie., u, > | -2 |2" for all n> m.
n oM
Since the geometric series X 2" diverges, hence, by comparison test X u, diverges.

Note: In a similar manner it can be proved that X u, is convergent if

M}‘l

lim
n— oo Uy 4

= oo,

10 Remarks on the Ratio Test

It should be noted that D’ Alembert’s ratio test does not tell us anything about the convergence of the

"n_ 1w

series T u,, if we only know that
Up+1

If u, = 1 ,then — =]+ 1 > I for all n while the series X u,, is divergent. Also, for the
n

Uy +1 n
convergence of the series X u,, it is not necessary that —"— should have a definite limit.
Uy +1

For a change in the order of the terms of a series of positive terms may affect the value of

lim —— but it does not affect the convergence of the series.
Uy +1

For example, let us consider the series

I+x+ x> +2° +...where 0 < x< L. ..(D)

Changing the order of terms, the series becomes

x+1+x3+x2+x5+x4+... (2)

Since the series (1) is convergent, therefore, the series (2) is also convergent. But in the
series (2), the ratiou,, / u, , 1 is alternatelyxand1/ x> and consequently lim (u,,/u,, | )

is not definite.

In comparison with Cauchy’s root test, D’Alembert’s ratio test is more useful since it is
easier to apply than the root test because generally u,, / u,, , | is a simpler fraction than
u,. However the root test is stronger than the ratio test. To be more precise,
whenever the ratio test indicates the nature of the series, the root test does too. But
sometimes the ratio test does not apply while the root test succeeds.
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lllustrative Examlales

Example 20:  Test for convergence the following series :
20 3P 4P
(i l+=+—+—+
21 31 4!
1 2 3
+ 5+ T
1+2 1+2% 1+2

12
Solution: (i) Hereu, = 'L'
n!

(Bundelkhand 2006)
(it)

(P
(n+1)!

Uy+1=

14 !
Now Uy _n (n+1)!

Uy 41 n! (n+1)l7

_(m+hn”  m+l
n+)?  A+1/ny¥
im0 —fim L

which is > 1 for all values of p.
Hence by ratio test the series X u,, is convergent.
.. n
(ii) Here u, = .
TP
_on+l

u, no 1+2m+!

Now = .
Uy 41 ]+2n n+1

B n.2n+l (1+1/2}’l+1)
2N (1+1/2" . n(1+1/n)

2(1+1/2"*h

1+1/2")YA+1/n)

lim =9 . (1+0) =2, which is > 1.
tyet . (1+0)(1+0)

Therefore, by ratio test, the given series converges.

Example 21:  Test for convergence the series whose nth term is

3 n

n +a nl 27 -1
i , ii) —, (Purvanchal 2014 iii .
(i i) %5« ) >‘/{3n_1}




Krishes's T.B. Real Analysis

Ar212)
3 3
— n+a _(n+1) +a
Solution: (i) Hereun—m,unﬂ_m.
u, _n3+a. o+l g
Uyl 2"+a (n+1)7° +a
o (wa/nd) 2" Qv a/2n
2"U+a /2" . {(A+1/n) +a/n}
A+a/n)(1+a/2"*h
A+a/2%{ A+1/n)? +a/n’)
Now lim 2 —9. (1+0)(1+0) =2, whichis > 1

et (1+0){(1+0)>+0}

Therefore, by ratio test the given series converges.
(n+1)!

. nl
(i) Hereu, = i so thatu, .| = m .

u, _L! (n+1)n+l _(n+1)n+l _(l+l)n
Uy 4] nn. (n+1)! nn_(n+l) n)’

n
lim — = lim (1+1) = ¢, which is> 1.
n+1 n

Therefore, by ratio test the given series converges

211_1 211+1
(iii) Here  u,= (3’1 JUpy 4] = 3n+1
2}1 3)’l+1 1
3}’! 1 2n+1 1
2
3
1 1/2” -1/3M|
(1-1/3") @2 -1/2")

n 1/2}1 I 1/3}1)}
. 3
lim —21_ = ( ) which is > 1.
Uy 41 2

n 1 1/371 }’l( _1/271)
Therefore, by ratio test the given series converges.

Now
Uy +1

Example 22:  Show that the series
o+1 (oc+l)(2(x+l)+(oc+1)(20c+1)(30c+1)
B+l B+HER+D) B+HER+HER+D

converges if B> o> 0 and diverges if =B >0 [o.>0,3>0].
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Solution: Here,
(a+1)Qo+])...... [(m=1a+]]

DT BB+ (=D
©@+1) Qo+ . [(n=Do+1] (no+1)

so that Uy 1= )
B+DEB+1)...... [(m=DB+1 @P+1)
Now u, =n[3+1=[3+1/n.
u,,1 no+l o+1/n
lim " = fjm DL/ B
7 o+l/n o

Hence by ratio test the series is convergent if E >lie,ifB>a>0, divergentifE <l ie.,
o o
ifa.>B >0, and the test fails ifE =lie, iff=0.
o

When B =0, then the given series becomes
I1+1+1+.......

S,, = the sum of n terms of this series = n.
Since lim S,, = o, hence the series is divergent.
Thus the given series is convergent if B > o.> 0 and divergent if > > 0.

Example 23:  Test for convergence the following series :

2

() 1+3x+58% +76 +... (i) 1+ %+ _+Zj

Solution: (i) Hereu,=Q2n-1)x""u, .| =@n+1) "

w, _@n-Dx""'_@-1/m 1
X

el @uihx" 2+1/n)
w, _2 1_1

lim 2 ==.—=—.
U] 2 x X

Hence by ratio test the series is convergent if 1/ x> li.c. if

I>x or x<l,
the series is divergent if 1/ x < 1,i.e. if x> 1 and the test fails if 1/ x =1ie if x =1
When x =1, then the given series becomes

1+3+5+7+...

S, =sum of n terms of this series = g (1+2n—1)=n’.

Since lim S, = o, hence this series is divergent.

Thus the given series converges if x <1 and diverges if x> 1.
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n-1 n
(ii) Here u, =~—5—, so thatu = .
n nz n+l (n+ 1)2
w, "1 (n + 1) 1 1
T o I+=f =
Uy +1 n X n X
2
lim — =lim(l+l) lzl
Uy 41 n X X

Hence by ratio test the series converges if1/ x> li.c. if x <1, diverges if1/ x < li.c. if x > 1
and the test fails if 1/ x =lie if x =1

Whenx =1,thenu, =1/ n*.Weknow that X (1/1%)is convergent because here p =2 > 1.
Thus the given series converges if x <1 and diverges if x> 1.

Example 24:  Test for convergence the series whose nth term is

. 1 » a”
(l) n -n’ (”) n n
X"+ x X 4a
1 " xn+1
Solution: Here u, = = 7T R
n Pt x2n+l n+1 x2(11+1)+1
by 20 g 22
el 2l T P

Now (u,, / uy, . 1) can be found only if we know that

x<l or x>1.

Let x<l.
2n+2
Then lim = = lim xi-kll
Uy 41 32”"‘1 X
=l. [~ lHmx?"*2 =0 = lim 2" if x<]]
X

Butifx<], thenl/ x> 1

ifx<1,wehavelim (u,, / u,, , 1) > land hence by ratio test the series converges in this

case.

Now let x>1

Then lim

2l x 2rA+1/2 x

) [ (1+1/X2n+2 )]
= lim X—2
(1+1/2%")

Uy +1

W, . x2n+2+1‘l L x2n+2 (1+1/x2n+2) 1
" = lim|———— =lim

=x [+ lim1/x*" 2 =0 if x> 1]

if x>1, we have lim (1, /u, ,1)=x i.e. >1 and hence by ratio test the series is

convergent in this case also.
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Again, if x =1, then unszi,
I+1 2

. . 1 1 1
i.e., the series becomes —+ —+ —+...
2 2 2

. 1
S, =sum of its n terms = P

Since lim S;, = o, hence, the series is divergent if x = L.

Thus the given series is convergent if x > 1 or x < 1 and divergent if x = 1.

(ii) Here u 7ﬂn u 7an+1
n= YU +1 = ’
Yt xn+l+an+l
w, a” xn+l +an+1 _xn+l +an+1
Uy 11 '+ a" a11+1 a (xn+ai1)
Let x>a.
n+1 n+1 n+1 n+1
. U, .. X +a X [T+(a/x)" "]
Then lim =lim = lim p p
Uy 41 a(x"+a") ax" [1+ (a/x)"]

x [+ (/)]
a [1+(a/x"]

=lim

x L.
=2, whichis>1las x> a.
a

Hence by ratio test the given series converges if x>a.

Let x<a.
n+l n+1 n+l
Then lim g @ O OT ] AT
Uy 41 a.a"[1+(x/a)" [1+ (x/a)"]
the ratio test fails in this case.
n n
But in this case, lim u,, = lim = lim a =1, which is > 0.
x "+ a" a [1+ (x/a)"]

the given series diverges if x < a.

Now, if x = a, the series is 21 + 21 +...,which diverges.

Hence the given series is convergent if x > a and divergent if x < a.

Example 25:  Test for convergence the following series
1 2 i x©

(i) + + + +...
271 342 443 54 (Gorakhpur 2013)
2 _
(if) x+§x2+§x$+9x4+...+n2 1x”+....
5 10 17 e +1 (Avadh 2012)

. . ) xzn_z ~ x2n
Solution: (i) Hereu, = TS Up 41 = m
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w, _ "2 )N (m+])  (1+2/n) (1 1) 1
un+1_(n+l)\/n K S (1+1/n) n) i
N VRS BIVETS SR O
11rn“nle_l.\/lixz x2

by ratio test the given series is convergent if1/ 2> lie.,if ¥ <1, divergentifl/ Z<l

ie., if x> > 1and the test fails if x2 = 1.

When 1% =1, we have un:¥.
(n+D\n
Take p, = L
" nn
limﬂ=lim nn =lim L =],
vy, (m+Dn (I+1/n)

which is finite and non-zero. Hence by comparison test X u,, and X v, are either both

convergent or both divergent.
Since X v, =X (1/ w3/ 2)is convergent as p=3 /2>, therefore the given series is also

convergent if 2=l

Thus the given series is convergent if ¥*<1and divergent if > 1

2 2

.. ne -1 m+1)" -1 ;41
(i) Here u,= oy = .
S| nl (n+l)2+l

i, _n2—lx,, m+1?+1 1

Uy 41 w41 '(n+l)2—l PR

C1=1/n* 142/ 42/ 1

C1+1/ 42 1+2/n x
1imi:l.
Uy 41 X

by ratio test the given series is convergentifl/ x > li.e., if x < I divergentifl/ x < li.c.,
if x>1and the test fails if x =1
2 2
Whenle,un:nzilz%~
n+1 1+1/n
1-1/n
1+ l/n2

the given series is divergent if x = L.

lim u, = lim =1, which is > 0.

Thus the given series is convergent if x < 1 and divergent if x> 1.




Infinite Series

R217]hn,

@mprehensive Exercise 3

Test for convergence the following series :

3 n
1. () gy 30 40 (ntl)x
8 27 "
(KKumaun 2003; Kanpur 11; Meerut 12,12B)
X2 X3 )C4
il + + +..... L x>0
i 241 342 443
3
(iii) 1+£+£+X—+...,x>0.
I 2! 3!
.22 22.32 324
2. + + +
1! 2! 3!
3 n

(Goralchpur 2012)

X+n
8. ) 2 af\/n (if) %

9. Test for convergence the series whose 7 th term is

P+ 2"

(i) o (ii) ]

(iii) _n_ x" (x>0) (iv) -1 X" (x>0)
\/ (n2 +1) w41
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n-1 n . 3”—2 n—1
(v) ] X" (x>0) (vi) mx ,(x>0).
.. x"
(vii) ﬁ,x>0,a>0.
X" +a

@HSWGIS )

1. (i) Convergent if ¥<1and divergent if x> 1
(ii) Convergent if x<1and divergent if x> 1
(iii) Convergent for all real values of x> 0.

2. Convergent

3. (i) Convergent if x<1and divergent if x> 1
(ii) Convergent if x <1and divergent if x>1
4. Convergent if x<1 and divergent if x>1
5. Convergent 6. (i) Divergent (ii) Convergent
7. i)  Convergent (ii) Convergent if x<1and divergent if x>1
8. (i) Convergent if x<1and divergent if x>1 (ii) Divergent
9. (i) Convergent (ii) Convergent

v

~

(

(

(

(iii) Convergent if x <1 and divergent if x>1
( Convergent if x <1 and divergent if x>1

(v) Convergent if x <1and divergent if x>1

(vi) Convergent if x <1 and divergent if x>1

(vii) Convergent if x < a and divergent if x> a

10.  Convergent if x <1 and divergent if x> 1

In case x =1, then convergent if p>1 and divergent if p<1.

11 Cauchy 's Condensation Test

(Avadh 2012)
Theorem: Ifthe function f (n)is positive for all positive integral values of n and continually
decreases as n increases, then the two infinite series
fO+f@Q+fO)+...+ f(n)+...
and af@+a* f@)+a® f @)+ +a" f@a) ..

are either both convergent or both divergent, a being a positive integer greater than unity.
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Proof: The terms in the series £ f (1) can be arranged as
{f+fQ+fO)+..+ f(a)}
+{f a+1+f (@a+2)+...+ f (a
+{f( a’ +1) )+ f( a> +2)+ f
e { f @+ )+ fa"+2)+ f A" hy 4 (D)
The terms in the (m + 1) th gloup are
f@+)+ f@"+2)+...+ f(a m+1 (2)

m”—a )i, a™ (a—1).Also f (a a1y is the

smallest term in this group since the terms go on decreasmg.

F@" 4N+ f @ +2+. .+ f @ Ysa" @-1 f @

The number of terms in this group is (a

or f(ﬂm+1 +f ﬂm+2 +f m+1 L_l{ﬂn1+1f(ﬂ”l+l)}' ..(3)
a
Putting m =0, 1,2, 3,.. successively in (3), we have
-1
S@+fB)+..+ f(a)> ta f(a)}
f@a+h)+f@+2)+..+ f(a _1{a2f(a2)}
f(a +1+fa +2)+...+ f (a 1{013]‘(513)}
a
Adding all the above inequalities, we get
-1
- f (>l f @]

This shows that if the series £ a” f (a”) is divergent, so also is the series = f (n)

Again, each term of the (m + 1) th group given by (2) isless than f (a™).Hence, we have

F@" )+ f (@ +2)+..+ f (@
<f m +f m +f(ﬂm)=ﬂm(ﬂ_1)f(ﬂm)

ie. F@ )+ f @ +2)+..+ f @ H<@=1)(a" f (@@m)). (4
Puttingm =0,1,2,3,... successwely in (4), we have
S@+f3 +f(a ﬂ—l {f 1)}

f(u+l+f (a+2)+ +f a—l){af(u)}
f(a +D)+ f( a? +2)+ +f a—l){azf(az)}

Adding all these inequalities, we get
Sfm-f(<@=-1)f(D+@-1)xa" f@a").

This shows that if £ a” f (a ") is convergent, so also is £ f (n)
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Note: For the validity of the above theorem it is sufficient if f (n) be positive and

constantly decreases for values of n greater than a fixed positive integer r.

12 The Auxiliary Series ZL

n(logn)’

Theorem: The series
1 1 1

+ + +o+
2 (log2)V 3 (log 3)P n (log n)f
is convergent if p> land divergent if p< L.

+...

Proof: Case 1: Let p<0.

Then ¥2 l for all n> 2.

n(logn)f  n
Since the series X (1/ ) is divergent, therefore by comparison test £ _ is also
n (log n)f
divergent.
Case 2: Let p>0.Let f (n)= B
n (log n)!
Obviously f (1n)>0 for all n> 2.
Now the given series £ S X f (n).
n (log n)?

Since < n (log n) > is an increasing sequence, therefore < f (n)> is a decreasing
sequence. Hence by Cauchy’s condensation test given in article 11, the series X f (n) is

convergentor divergent according as the series £ a” f (a”)is convergent or divergent.

a” 1 1 1

Now a' f(a") =

a4 (log a"}Y (nloga)t (log a)f a

Since

oz a7 is a constant, hence the series £a" f (a”) is convergent or divergent
oga

according as the series £ (1/ n ) is convergent or divergent. But the series £ 1/ n? is
convergent if p>1and divergent if p<1.

Hence by Cauchy’s condensation test the given series is also convergent if p> 1 and
divergent if p< 1.

lllustrative Examlales

Example 26:  Test the convergence of the following series :

! + ! + ! +... (i1) log2+log3+log4+...
log2 log3 log4 2 3 4
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1 1 1
(i) + +...+ +...
(log 2)l'  (log 3)F (log n)’
Solution: (i) Here f (n) = I ! >0 foralln>2.Also f (n)decreases continually asn
og n
increases.
an n

Now a" f (a") =

= = ,a being taken as some positive integer > 1.
log (a") nloga

Consider the series = a” f (a")=X {a" / (nlog a)} = Z v, (say).

n n+1

Herevnzn?)?,sothatvnﬂszl)ibga~
Vn :"+1.l:(1+l).l.
Yyl nooa n) a
limizlwhich is <las by our choice a > L
Vpyl 4

by ratio test the series £ v, =X a” f (a") is divergent.

Consequently by Cauchy’s condensation test the given series

f(n)= 10; 7 + 10; 3 +..., is also divergent.
(ii) Here f(n)= log n >0 forall n>2.

n
Also f (n) decreases continually as n increases.
log a”

n no_ n
Now a”" f (a")=a [n

) =nlog a, a being taken as some + ive integer > L.
a

Now the series T a” f (a")=Z (nloga)=loga.Zn
g g

is divergent because the series X 7 is divergent.

log n

Hence by Cauchy’s condensation test the given series X f (n)=ZX is also

n
divergent.

(iii) If p<O, the given series is obviously divergent. So let us consider the case when

p>0.Here f (n) = p>0foralln22.

(log n)

Also f (n) decreases continually as 7 increases.

ﬂn an

Now a”" f (a") = = ,a being taken > L.
(log a™! P (log a)?

a n

Consider the series £ a" f (a") =% ——————— =X, say.
n? (log a)?
n n+1

Here v -4 so that v L —
o (log a)f ' el (n+1)? (loga)?
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Ve _ a (n+l)p(logu)1’=(1+l)p.1.
Vyr1 P (log a) P a" +l n a
limizlwhich is<lasa>L
Vpyl 4

by ratio test the series Zv, =Xa" f (a”) is divergent.

Therefore by Cauchy’s condensation test the given series X f (n) is also divergent.

Example 27:  Test for convergence the following series

o U2’ (e3P e (g
: = e
(if) 1 N 1 1

b+
2 log 2! (3 log 3)” (n log n)f

Solution: (i) Here we can take the first term of the series as

(log 1)* -
2 because log 1=0.
. (log n)2
i, = nth term of the series = —25——= f (n), say.
n

It is positive for all n> 2 and decreases continually as 1 increases.

(a") = a" (log a'y _a" n (log ay’ B n (log a
N N C S

a being taken to be a +ive integer > 1.

Consider the series Ta” f (a")=X{ n? (log ay /a")= v, (say).

)2

Now a”

’

2 2 2 2
n” (log a) (n+1) (log a)
Here v, = 7%% N o Hg .

v, n (log ay’ a'*l a

Tyl " e+l (oga? (1+1/n)?

v . a . .
=lim 5 = a> 1 since by our choice a > 1.

Uy +1 (I+1/n

lim

by ratio test the series X v, is convergent.
Hence by Cauchy’s condensation test the given series X f (n) is also convergent.

(ii) If p<0, obviously the given series is divergent. So it remains to discuss the case

when p>0.
When p> 0, we have f (n) = _ >0 forall n 2 2 and it decreases continually as n
(nlog n)f
increases.
a" 1
Now a f(a") = , a to be taken > 1.

(a" log a")? RN (log a)!
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CaseI: Let p>1 Thena"(? "D>lasa>1.
1 1 1

a f(a") = < — (1
S @) a0 yp (log a)f  (log a)l n? )

Now 1/ (log a)? is a fixed positive real number and the series = (1/ n? ) is convergent
because p> 1.
Hence from (1), by comparison test (second form) given in article 7, the series

T a" f (a")is convergent.

Now by Cauchy’s condensation test it follows that the given series X f (n) is also

convergent.
Case I Let p<1 Thena" (P "V<lasa>1
1 1
a'f(a" = - ..(2)
f (log a)t n?

Nowl/ (log a)! is a fixed +ive real number and the series £(1/ n”) is divergent, p being
<L
Hence from (2), by comparison test the series = a” f (a") is divergent.

Now by Cauchy’s condensation test it follows that the given series X f (n) is also
divergent.

Hence the given series is convergent if p>1and divergent if p< L

15 Raabe’s Test

Theorem: The series X u,, of positive terms is convergent or divergent according as

lim {n [L{"—IJ } >lor<l.
Mn+1 (Gorakhpur 2014)

Proof: Case I: Letlim<n M —1| + =k, where k> 1.
Uy +1

Choose a number p such that k> p> 1.

Compare the series X u,, with the auxiliary series X v, =X " ,which is convergent since
n

p>1

By article 7, sixth form of comparison test, X u,, is convergent if after some particular
term

u 1%

n n

>
Up+1 Vil

u,, 1/n? (n+1)p ( l)p
or > = = 1+7
Uy +1 1/(7’l+l)p n n
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_ p(p=1 1
=l+p.—+ 31 n—2+..
or n(u”—l]>p+p(p_l)-l+... ..(1)
Uy 41 2' n

If n be taken sufficiently large the L.H.S and R.H.S. of (1) respectively approach k and p.
Alsokis greater than p. Therefore (1) is satisfied for sufficiently large values of n. Hence
% u,, is convergent if

lim dn | M _ > 1
Uy +1

Case II: Let lim {n { U _ ) } =] where I< L

Uy +1

Choose a number p such that /< p< 1

Compare the series X u,, with the auxiliary series £ v, = X (1/ n”) which is divergent
since p< 1

The series X u,, is divergent if after some particular term

Uy U

< [By article 7, sixth form of comparison test]
Uy +1 Vp+l
or nL—1<p+p(p_l).l+
Uy 41 21 n ...(2)

(Proceeding as in case I)

If n be taken sufficiently large the L.H.S. and R.H.S. of (2) respectively approach / and
p.Alsol< p. Thus (2) is satisfied for sufficiently large values of n. Hence X u,,is divergent

if
lim dn |2 1| Lt
Uy 41

However, if lim n [ U _ 1] =], the Raabe’s test fails.

Uy +1

Note: Raabe’s test is to be applied when D’Alembert’s ratio test fails.

lllustrative Examlales

Example 28:  Test the convergence of the series

1 " I
(i) £ i (i) = L
3.5.7....2n+1)) n=1 l+logn
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nlx"
Solution: (i) Hereu,= ————
3.5.7...2n+1)
|+
so that Uy o1 = (n+ Dlx :
3.5.7...2n+1) (2n+3)
|
Now uy _@2n+3) n! 2n+3 1 _(2+43/n) 1
u,y1 @+h! x  n+l x (1+1/n) x

7 . [(2+3/n) 1 2
lim =lim =
Uy 41 I+1/n) x «x

Hence by D’ Alembert’s ratio test the series converges if = > li.c., if x < 2 and diverges if
X

2/ x<lie., if x>2 and the test fails when 2/ x =1i.e., when x = 2.

In case x =2, we apply Raabe’s test.

When )(:2,L=2n+3
Upp1 2 (n+1)

u, 2n+3 n 1

n —1|=n —1|= = .
Uy 41 2n+2 2m+1) 20+1/n)

fimon | 1| =lim =1y

Uy 41 2(0+1/n) 2

Hence by Raabe’s test X u,, is divergent if x = 2.

Thus the given series X u,, is convergent if x <2 and divergent if x > 2.

1 1

(if) Flere o 1+logn 1 1+ log (n+1)
Now u, =l+log(n+l)
7 1+ log n
_d+log {n(1+1/n)} 1+logn+log(1+1/n)
- I+logn - I+ log n
zlog(en)+log(l+l/n)=1+ ! log (1+1/ n)
log (en) log (en)
1 (1 1 1 )
=1+ —_———t — —...
log em)\n 24> 34°
1 1
=1+ - +
nlog (en)  2n” log (en)
lim 2 = 1, and so the ratio test fails.
Up 41

Now we apply Raabe’s test. We have
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. u . 1 1
limn|—2--1{=limn -— +...
Uy 41 nlog (en)  2n” log (en)
. 1 1
= lim -
[log (en)  2nlog (en)

+...:|:O<I.

Hence by Raabe’s test the given series is divergent.

Example 29:  Test the convergence of the series
PPt P29t P 5?9?13

i — + + + +...
S A A B S DU DT (Meerut 2013)
() 1+3¢43:0 2, 369 3 36912 4

77 7.10 7.10.13° 7.10.13.16 (Meerut 2013B)

Solution: (i) Hereu, =

[Note that the nth term of the sequence 12, 52, 92,... is
{1+ m=D4) ic, (4n - 3)
and the nth term of the sequence
4282122 s (4+ (n-D 4y ie, @n)? ]
(4n =3 . (4n + 1)

Then o 9% ‘
T2 82 192 ) (G + 4

Now w, _(@Gn+4* _ @+4/n*

Uyl @n+1)2 @+1/n)?

lim —%— =1, so that the ratio test fails.
Uy +1

Now we apply Raabe’s test. We have
2
limn |- —1|=limn M—l =limn w
Uy 41 4n+1) (4n+1)

= lim w _2% 3 hichiss L
@+1/n)

422

Hence by Raabe’s test the series is convergent.

(if) Omitting the first term of the series, we have
nth term of the sequence 3, 6,9, ...is3+ (n—1)3 =3n

and nth term of the sequence 7, 10, 13, ...is7+ (n—1)3 =3n+4.

’

Uy =
7.10.13.....3n+4)

3.6.9...... 3n.(3n+3) Ll

d _
. DT TI0 03 B+ 4) Bn 4 7)
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U,y 1 \3n+3) x \3+3/n) x

w, . (3+7/n) 1 31 1
lim =lim =2 =
Up+1 3+3/n) x 3 x «x

{R227Mf&

Hence by ratio test, the series is convergent if 1/x> li.c., if x<1, divergent

if 1/x<li.e., if x>1and the test failsif 1/ x=1ie., if x=1
Ifx=1 thenizﬂ.
U, 1 3n+3

Now we apply Raabe’s test. We have

lim 72 |- —1|=1lim n 3n+7_1 =lim An
7 3n+3 3n+3

4 :i which is > L.
3+3/n 3

=lim

Hence the series is convergent when x =1.

Thus the given series is convergent if x <1and divergent if x> L

Example 30: Test for convergence the following series
aa+]) a(a+1)(a+2)
+ +
1.2 1.2.3

l+a+

Solution: Leaving the first term, we have
y _a(@a+D)(a+2)...(a+n-1)

" 1.2.3...n '
and  then unH:u(a+l)(a+2)...(a+n—1)(a+n).
1.2.3...n(n+1)
u, n+l 1+1/n

n

Now = = .
U,p1 a+n a/n+l

. u . .
lim —%— =1, so that the ratio test fails.
Uy +1

Now we apply Raabe’s test. We have

limn{u”—l]zlimn(nJrl— ]
Uy 41 a+n

=1imn(l—a)zhm (I-a)
a+n l+a/n

Hence by Raabe’s test, the given series is convergent if 1 — a > li.e., if a < 0, divergent if
l-a<lie.,if a>0 and the test fails if | —a =1i.e.,ifa =0.

In case a =0, the given series becomes 1+0 +0 +0 +...

The sum of n terms of this series is always 1. Therefore the series is convergentifa = 0.
Thus the given series is convergent if 4 <0 and divergent if 2> 0.
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@mprehensive Exercise 4

Test for convergence the following series :

1 1.3 2 1.3.5x3+

1. I+ —-x+—
2 2.4 2.4.6
L2 135 o4 13579
2. 1+—--— —+ =+
2 4 246 8 2.4.6.8.10 12
2 2 42 2 42 2
3. +2— 44 2.4 O+ 246 P
3.4 3.4.5.6 3.4.5.6.7.8 (Kanpur 2014)
3 5 7
4. (i) 1+1+l~x—+1'—x—+1'35x—
12 138 1354
(i) =+ —+—"—+ —+...
123 245 2.4.67 (Gorakhpur 2012, 14)
a1 132 135 S
(i) =+ — +——+ —+...,x>0
1 2 3 2 5 2.4.6 7
a a(a+2 a(a+2)(a+4)
a+3 (a+3)(a+)5) (@a+3)(@+5)(a+7)
4.7.....C8n+1) ,
6. .
z 1.2..
7. Apply Cauchy’s condensation test to discuss the convergence of the series
; 1
n=2nlog n (log log n) ¥
@nswers A
1. Convergent if x < 1 and divergent if x> 1
2. Convergent if Z<land divergent if 21
3. Convergent if # <land divergent if 21
4. (i) Convergent if ¥ <land divergent if Z>1

(ii) Convergent if Z <land divergent if 21

(iii) Convergent if x <1 and divergent if x> 1
Convergent if x<1and divergent if x> 1

Convergent if x <1/3 and divergent if x>1/3

Convergent if p> 1 and divergent if p<1
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14 Logarithmic Test

Theorem: The series T u,, of positive terms is convergent or divergent according as

. u
lim {nlog —2—}+>1lor<1
Up+1

Proof: First suppose that

lim {n log U } =k, where k > 1.
Uy +1

Choose a number p such that k> p> 1.

Compare the given series with the auxiliary series X v, where v, =1/ n, which is

convergent as p> 1.

The series X u,, is convergent if after some particular term

ey T [By article 7, sixth form of comparison test.]
Upyl  Vn+l
14 r
or L>(n+l) :(1+l)
Uy 41 n? n
u 1\? 1 1 1 1
or log —2—>lo (l+—) =plo (1+—): [—+—...:|
gu,Hl & n Pros n P no 2 303
u 14 14
or nlog —"—>p-——+ " -
St P o 32 (1)

If nis taken sufficiently large the L.H.S. and R.H.S. of (1) respectively approach k and p.
Also k > p.
Thus (1) is satisfied for sufficiently large values of n. Hence the series X #,, is convergent

if
lim nlogL >1-
Uy +1

Similarly, it can be proved that X u,, is divergent if

lim {n log o } <L
Uy +1

[The procedure of proof will be the same as given in the proof of Raabe’s test]

However, if lim {n log Hy } =], the test fails.

Uy +1

Note: This test is an alternative to Raabe’s test and is to be applied when
D’Alembert’s ratio test fails and when either

Uy Uy

so that it is not convenient to find -1

Uy +1 Uy 41

(i)  noccurs as an exponent in

(ii) taking logarithm of —"— makes the evaluation of limits easier.

Uy +1
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lllustrative Examl)les

Example 31: Test for convergence the series
2v 322 83 st

1+ + + +
21 31 41 51

n-1 n
Solution: Here un:an_17un+l:M){".
n! (n+1)!
n-1 | n-1
Now Uy _ 1 m+D! 1 _n"" (m+]) 1
Upp1 n!l (m+)" x n+)"  x
n-1
=" L S |
n+1 X (1+1/n)"_1x
(1+1/n)” X
hmizhm Ml :i [llm(1+1/n)7l=€]
Uy +1 I+1/n)" x ex

by ratio test the series X u,, converges if 1 / ex> li.c., if x<1/¢,

diverges if 1/ ex < li.c., if x> 1/¢ and the test fails if 1 / ex = li.c. if x =1/e.

Now if x=1/¢, 21 =° d+1/n) - Applying log test, we get
Uy +1 (1+1/1’l)n

lim [n log M”J =lim [n log {WH
Up+1 +1/n

=limn[loge+log 1+1/n)—nlog 1+1/n)]

—limn[1+(1—1+1 )_n(l_l_,.l ):|
noo2n 3w no2nt 3w
. ( 1)1 ( 1 1)1 :l
=limn||l+=| —4+|-—=—=|—=+...
[ 2) n 2 3 n2
=lim|i;—i+...]=§ ie, >1

Therefore the series X u,, converges when x=1/e.

Hence the given series is convergent if ¥ <1/¢ and divergent if x> 1/e.
Example 32:  Test for convergence the series

(a+x)  (a+ 20 (a+3x)°
1! 21 31
n n+l
Solution: Here u, = M, Uy 1= la+m+Dx]” "
nl (n+1)!
Now wy, _ (a+m)" (n+ D! _(a+m)" (n+1)

U, 41 nl fa+ D)"Y (g () a] !

(Kashi 2013; Avadhl4)
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)" a/m+ )" n(1+1/n)
(n+1)11+1xn+l[a/(n+1)x+1]n+l
1 WA+ a /)t L+ 1/ )
AR ES VN L | E RS B L
n
100
1 n
_;. " n+1
1] {l+( /ﬂ
n n+1
1 Eﬂ/x lim )
1. Mn = — o 1+7 — X
1m”n+1 X e Y |: "—>°°( n) g]
_1
ex

Hence by ratio test the given series is convergentif 1/¢ x> 1 i.e., if x <1/¢, divergent if
1/ex<lice., if x>1/¢and the test fails if 1 /ex=1ie., ifx=1/e.

n
c(l+m )
n
= n+l
”n+1 1 n ae
(l+—) 1+
n n+1l

Applying logarithmic test, we get

Uy

If x=1/¢,

e(1+ﬂ) n
n
n n+1
(l+1) {1+M}
n n+1
zlimn[loge+nlog(l+m —nlog(l+l)—(n+l)log[l+ ac ]]
n n n+1
=limn|l+n %_6’2612+€3a3_ —n(l_l+1_ )
noo2nt 3w no 22 35 7
2
—m+ o da gt
n+l 2m+1)
. ca® 1)1 2a® S 1)1
=limn||- +— =+ + -~ |+
2 2In 2m+]) 3 3n

. H 62 a2 IJ eQaz {6‘3(13 —1] ]
=lim||- +— |+ + +...
2 2 2(0+1/n) 3n

9 9 9 9
=_eza +l+eza =l,whichis<1.
2 2 2
the series is divergent if x =1/e.

Thus the given series is convergent if x <1/ ¢ and divergent if x>1/¢.

Uy +1

lim [n log M"J = lim 7 log




Krishes's T.B. Real Analysis

Ar252)

@mprehensive Exercise 5

Test for convergence the following series :

1. 2 (log 2)7 +x° (log 3)7 + x* (log 4)1 +...

1 1 1
2. + +o..+t—+t..
(log2)?  (log3)” (log m) ¥
. 22 Xz 33 X3 44 X4 55 XS
3. (1) x+ +...
21 3! 41 5! (Gorakhpur 2013)
) 222 B3 4t
(i) 1+ + + + +...
21 3! 41 51
! ! ! !
4. 1+Lx+2—2')(2 +3—3'x3+4—4x4+...
2 3 4 5 (Kanpur 2014)

@HSWGIS 5

1.  Convergent if x <1 and divergent if x>1
Divergent for all values of p
(i) Convergent if x<1/e¢ and divergent if x>1/¢

(ii) Convergent if x < 1/¢ and divergent if x>1/e

4.  Convergent if x < ¢ and divergent if x> ¢

15 De Morgan’s and Bertrand’s Test

Theorem: The series X u,, of positive terms is convergent or divergent according as

lim | dn| M 1] -1 logn|>lor<l
Uy +1

Proof: Letlim|<n M —1{-1} log n| =k, where k> L
Uy +1

Take a number p such that k> p>1

Compare the series X u,, with the auxiliary series X v, where v, = ——————  which is

n (log n)?

convergent as p> l.
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The series X u,, is convergent if after some particular term
o Ve , [By article 7, sixth from of comparison test]
Up+1  Tn+l
ie., U, ! “(n+1){log (n+1)}7, v, = b
w11 n(log n)f n (log n)?
ie Uy n+l Plog{n(l+l/n)} P
’ Uy +1 n log n
ie u,, >(1+1)Flogn+log(l+l/n)qp
' Up 41 ny lOg n
Flo n+ LN + 17
ie. M (1+ l) 5 n on®
' Up 41 n IOg n
- p
ic., “n >(l+l) 1+ L _ 21 +...
Uy 1] n)|  mlogn  2xn° log n
ie., ﬂ>(l+£) l+p+...:|
Uy 4 n nlog n
ie., TN PP S
7 n nlogn
ie., n n 1{>1+ P +
Up 41 ogn
ie., n| e _1l-1s P +...
7 log n
ie., [n (u” - IJ - ljl log n> p + terms containing 7 or log n
Up+1
in the denominator. (1)

Now as n becomes sufficiently large the L.H.S. and R.H.S. of (1) respectively approach
k and p. Also k > p.

Thus (1) is satisfied for sufficiently large values of n.

Hence the series X u,, is convergent if

lim | dn |22 {1 log n|>1
Uy +1

Similarly, it can be proved as in the case of Raabe’s test that X u,, is divergent if

lim [dn| 2 _1|-1 log n|<1
Uy +1

Note: This test is to be applied when both D’ Alembert’s ratio test and Raabe’s test
fail.
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16 An Alternative to Bertrand’s Test

Theorem: The series X u,, of positive terms is convergent or divergent according as

lim || nlog Uy logn|>lor<l
Uy +1

Proof: Let lim [[n log e 1] log n] =k, where k > 1.

Uy +1
Take a number p such that k> p> 1

Compare the given series X u,, with the auxiliary series £ v, where v, = ————— ,which
n (log n) ¥
is convergent since p> L. The series X u,, is convergent if after some particular term

u v . . .
——> by article 7, sixth form of comparison test

Up+1 Vn+l

i.c. e >1+l+ P . . . .
i 4 n nlogn [Proceeding as in article 15]

ie. log L>10g 1+[1+ P +]

U, 41 n  nlogn

2

i.c. logiun >(l+ 4 +...]—1[1+ 4 +] +...

u,,1 \n nlogn 2{n mnlogn
ie. n log “n_ sy i+ 4 —%+...

Uy 41 n nlogn 2n
ie. nlogL>l+ P —i+

7 logn 2n
ie., nlogL—l>]p —i+

Up+1 ogn 2n
. u, 1 [log n
ie., n log -ll|logn>p——q——¢ +... ~.(1)

Up+1 2 n

Now as n becomes sufficiently large the L.H.S. and R.H.S. of (1) respectively approach
kandp. Alsok > p. Thus (1) is satisfied for sufficiently large values of n. Hence the series
X u, is convergent if

lim Hn log M I} log njl > 1
Uy +1
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Similarly, it can be proved that X u,, is divergent if

lim Hn log L 1} log njl <L
Uy +1

Note: This test is to be applied when the log test of article 14 fails ie., when

. u . u
lim —2— =1and also lim n log ——=1.
Uy +1 Uy 41

lllustrative ExamI)les

Example 33:  Test for convergence the following series :
P3PS
O prapgttEgg

+...
(Bundelkhand 2014)

(i) (4¢P e@+DB(B+D o al@+D@+2)B(B+D(B+2) 3
L.y 1.2.y(y+)) 1.2.3.y(y+D)(y+2)
P.32..en-0
22 4% .. @2ny g
.32 @2n=1.2n+1)?
22 420 @n+2)

W, (2n+2)> _1:{2+2/n}2.
X

Uppl  Qn+1)7 2+1/n

2 .
oy | 2+2/0]7 1] 22 1 1
lim —2— = lim =l=% ===
Uy 41 2+1/n x| 22 x «x

Solution: (i) Hereu, =

’

— n
and Uy = .

==

by ratio test the given series X u,, is convergentif1/ x> li.e., x <1, divergentif1 / x <1
i.e., x>1and the test fails if 1/ x=1ie, x =1

When x =1, we have

2
w _@n+2)7
o1 (2n+ 1)

n{ ", _l}zn{(2n+2)2_1}_n(4n+3)_ 4+3/n

u

Uy 1 Qn+1% [ @uel)? T @+1/ )
lim n My :1im%:%: .
Up+1 2+1/n) 2

Raabe’s test also fails when x =1 and so we shall now apply De Morgan’s test.

Now w1 —1=n(4n+§)—1= —n—12.
Uy 41 @2n+1) 2n+))
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limHn(M”—lJ—l} log n]
Uy +1
. -n-1 . -1-1/n logn
=1 — 1 =1 .
lmH(znn)?} o6 "} 1ml(zn/n)z p }

=) 0=0<lL [Note thatlimlogn=0:|
2 n

by De Morgan’s test X u,, is divergent when x = L.
Hence the given series X u, is convergent if x <1 and divergent if x> 1
(ii) Omitting the first term, we have
_o@+h@+2).. (@a+n-DHBE+HBE+2)...... B+n-1 o
1L2...n.y(y+h)(y+2)...(y+n-1

0((0(+1)...((x+n—l)(oc+n)[3([3+1)...([3+n—1)(B+n)X,H_I
1L.2..n(mn+l).y(y+D)...(y+n=1(y+n) ’

n

Up+1 =

Now u, :(n+l)(y+n).l=(l+1/n)(y/n+l).l.
u,y1 @+n)B+n) x (@/n+)PB/n+l) x
lim 2 = L lso that by ratio test the series is convergentif1/ x> li.e., x <1

u,,1 L.1 x x

and divergent if 1 / x <li.e., x>l and the test fails if 1 / x =li.c., x =1
When x =1, we have
m+)(y+m) _ AP+ +hn+y

uye1  (@+n)B+n) w4 (0 +B)n+ap

2
n[ u, _1]=n|:n +(y+D)n+y B
n

Uy 41 2+ (@ +B)n+op

un

_nfy+l-a-B)n+(y-op)}

112+(oc+[3)n+oc[3

(y+1-a-B)+(y-ap)/n
1+ (o +B)/n+af/n”

limn[ M _ ]:Y+I_a_B=y+l_a_B,

Uy +1 1

if x=1, then by Raabe’s test, the series is convergent if y+1-0 —-p>11ic., if
v> o+ B, divergentify + 1 —o — B < lie, ify <o + B, and the test failsif y + | —o =B =1
ie,ify=o+p.
When y = o + B, we have
n[ u, —I]— n{n+0c+[3—(x[3}.
u

" 4 (o +B)n+oB

n+1
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Now we shall apply De Morgan’s test.

We have
limHn( U —l]—l} log n]:limH n2(n+(X+B—0LB) —1} log n]
Uy 41 n” + (o +p)n+of

— lim —ofn—of 1
1 |:;12+(0c+[3)n+ot[3 o8

1+(oc+[3)/n+oc[3/n2 n

=1im|: —oB(1+1/n) .logn‘|

= ﬁ -0 =0, which is< 1. [Note that lim loﬁ = 0:|
n

by De-Morgan’s test the series is divergent if y = o + p.

Thus the given series is convergent if x < 1, divergent if x> 1 and for x =, the series is
convergent if y> o +  and divergent if y< o + .

Example 34:  Test for convergence the series

Y (1.3} (135)
Pal=| +|==] === +
2 2.4 2.4.6
Solution: Omitting the first term 17, we have

L _[135.@n-p]"
"1 2.4.6....2n) |

’

2.4.6...2n)(2n+2)
14 14
Now ty _[2n+2)0 [ 1+l/m )
Uy 41 2n+1 1+1/2n

. u
lim —2—
Uy 41

_ r
and then Mn+1=|:l.3.5...(2n 1)(2n+1):| '

1\?
= (—) =1li.c., the ratio test fails.

Now we apply logarithmic test.

r
We have log L log (271 * 2]
7 2n+1

1+1/n )
=log | ———
1+1/2n
=pllog (1+1/n)—log (1+1/2n)]
_ (1_1+1_ )_ RN S S
PG ™22 "33 ) an 2052 T 3.03.3
N1 1 N1 1 11
=pld1-=t 22 B () QD | P G
pH 2}n 2{ 4}n2+3{ S}ng }
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_ [1 3 L7 ] .
Plon "8 " 243
u, l:l 3 7 ]
nlog——=pl-—-—+_—5—..|
Uy 4+ 1 2 8n 24n
lim n log M~ P o that the seriesis convergentif p /2> lie, if p> 2, divergent if

Up+1
p/2<li.e., if p<2 and the test fails if p/2 =1li.e., if p=2.
If p=2, we have

U, 1 3 7 3 7
nlog —4—=2{—-—+ 2—...:1——+ o
Uy 41 2 8n  24n 4n  12n

lim [[n log ﬁ - IJ log n] =lim H— 43—” + 127n2 - } .log n]

= lim {—§+L—...}~log" ={—§} .0 =0, which is< 1.
4 12n n 4

Hence by Alternative to Bertrand’s test given in article 16, the series is divergent when
p=2
Thus the given series is convergent if p>2 and divergent if p<2.

@mprehensive Exercise 6

Test for convergence the following series :
22 224 22 46

1. 1+3—2+32.52 +32.52.72 +...

(Kashi 2013; Meerut 13)
E 13?3257

2. —+ +— +...
22 2247 224767 (Kumaun 2003)
3 ﬁ+u(a+l)+a(a+l)(a+2)
b b+l b+ (h+2)
4 1+a(l—a)+(l+a)a(l—a)(2—a)+(2+a)(l+a)a(l—a)(2—a)(3—a)+

12 12,92 12,92 .32

2 2 2
514 % . o (o + 1 o (o + 1) (o +2) 3

o
1.8 L.2B(B+1) 1.2.3B(B+D(B+2)
{ | }2/3 { 1.3 }2/3 { 135 }2/3
6. {— +9— +{— +
2.4 2.4.6 2.4.6.8

7. x+x1+1/2+x1+1/2 +1/3+xl+1/2 +1/3+1/4+...
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(O N O

@nswers 6

Divergent 2. Divergent
Convergent if b — a>1and divergent if b —a <1
Divergent

Convergent if x< 1, divergent if x> 1 and when x =1 then
convergent if B> 20 and divergent if <2 a

Divergent

Convergent if x < 1/e and divergent if x>1/e

17 Summary of Tests

Let the given series of positive terms be X u,,. Then to test the series for convergence we
proceed as follows :

1.

Find lim u,,: (a) If lim u, > O, the series is divergent.

(b) If lim u, =0, then the series may or may not be convergent. In this case
we apply further tests to decide the nature of the series.

If lim u,, = 0 and u,, can be arranged as an algebraic fraction in 7, then usually
comparison test should be applied.

If n occurs as an exponent in u, and lim (un)l/ " can be easily evaluated, then

Cauchy’s root test should be applied.
Cauchy’s condensation test is generally applied when u, involves log .

In case all the above tests are not applicable then we adopt the following
scheme of testing in the given order.

D’ Alembert’s ratio test: For this we find lim —2—. The series is
Up +1
convergent or divergent according as this limit is>1lor <1 In case this limit is
equal to 1 (‘unity), this test fails. Then we proceed to apply either test 6 (a) or 6
(b) or 6(c) given below depending upon the nature of u,, and u,, / u,, , ;.
(a) Comparison test: In some cases when D’ Alembert’s ratio test fails,
the convergence of the series may be decided by comparison test.

(b) Raabe’s test: For this we find lim n [ n_ _ 1]. The series is

Uy +1

convergent or divergent according as this limit is> lor< 1. In case the limit is
equal to 1, this test fails and we apply test 7 (a).
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Uy

(c) Logarithmic test: If —1 cannot be evaluated easily while

Uy +1

log M can be easily evaluated then we apply logarithmic test. Here we
Up+1

find lim [n log M”J If thislimit> 1, the series is convergent and if this limit

Uy +1
<1, the seriesis divergent. In case the limit = 1, this test fails and we apply test
7 (b).
7. (a) De Morgan’s and Bertrand’s test:

Find lim [{n| -2 —1] -1 log n
Uy 41

The series is convergent or divergent according as this limit is>1lor< 1.
Note: When this test is applied, we shall generally find that the limit
comes out to be equal to zero and since O < 1, the series is divergent.

(b) Alternative to Bertrand’s test:

To apply this test we find lim [[n log M 1] log n] .

Uy +1

The series is convergent or divergent according as this limit is > lor< 1

18 Alternating Series

So far we have mainly dealt with series of positive terms. We have seen that a series of
positive terms either converges or diverges and cannot oscillate. But a series which
contains an infinite number of positive and an infinite number of negative terms may
either converge or diverge or oscillate.

Alternating Series: Definition: A series whose terms are alternately positive and negative
is called an alternating series. Thus an alternating series is of the form

wo—uy +uz — 1y + .+ (=D,

where u,, > 0 for all n. It is denoted as

SRS L

n=1

The following are some examples of an alternating series.

@ 1-i1+1 1,
273 4
-1
Gy 1-S+42. 5,060 7, D O+D,
476 8 10 12 o
2 3 4

(iii) 1

- + - +
log2 log3 log4
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Theorem: Alternating Series Test (Leibnitz’s Theorem): An infinite series
= (= 1"~V w, in which the terms are alternately positive and negative is convergent if each term is
numerically less than the preceding term and lim u, = 0.
Symbolically, the alternating series
w —uy +ug — 1y +...+ (= 0" "V, 4., (w,>0 for all n)

converges if

(i) w1 Su,forallnie, m>uy>u3>uy>...
and  (ii) limu,=0 ie.,u,— 0 asn— .
Proof: Let S, =u —uy +ug —uy +...+ (- )" ~1 u, so that < S, > is the sequence of
partial sums of the given series.
We shall prove the theorem in two steps.

(i) First we shall prove that the subsequences< Sy ,,>and < Sy, , | > of the sequence
< S, > converge to the same limit, say S.

We have So=u —uy +...+uy, | — Uy,
and Sopso=u —Uuy +.F Uy, — Uy UYL — ULy
Souro —Sou=uy, 1 — Uy, o =0forallnbecauseitisgiventhatu, , | < u,foralln.
S9, 1928y, forall n and so the sequence < Sy,, > is monotonically increasing.
Again for all n,
Sop =y —[(uy —u3) + (ug —us) +...+ (g 9 = Ugy _1) + tiz]
=1 — some positive number because uy — u3,..., Uy, _9 — Uy, _1, Uy,
are all positive
<uy.
Thus Sy, < 1 for all n and so the sequence < Sy,, > is bounded above.
Since the sequence< Sy, >is monotonically increasing and bounded above, therefore it

converges. Let lim Sy ,, = S.

Now Son+1=So,+ U, 1
lim Sy, 41 =lim Sy, + lim uy,, |
=S+0 [+ limu,=0]
=S.

the sequence < Sy, ;1 > also converges to S.
Thus the subsequences < Sy, > and < Sy, | > of the sequence < S, > converge to the
same limit S.
(ii) Now we shall show that the sequence < S,, > also converges to S.
Let £>0 be given. Since the sequences < Sy,,> and < Sy,, ;| > both converge to S,
therefore there exist +ive integers m; and my such that

| Sy, — S|<eforallnzm

and | So,i4e1—S|<eforall n=my.
Let m = max (my,my).

Then |S,—S|<eforall n=2m.
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the sequence < S, > converges to S.

Hence the given series X (- 1)" -1 1, CONVErges.

Note 1: The above test is equally applicable to the series £ (= 1)" 1, u, >0 for all n,
provided both the conditions (i) and (ii) are satisfied.
Note 2: If in the case of an alternating series

Uy — Uy +u3 —Ug +...... (u,,> 0 for all n),
the terms continually decrease, we cannot say that the series is convergent unless
lim u,, = 0. Because iflim u,, # 0, thenlim Sy, andlim S,,, , | will differ and so the series
will not be convergent. Such a series is an oscillatory series.

For example, consider the series

Here the terms are alternately positive and negative and each term is numerically less

than the preceding term because

2>§>é>i> .......

2 3 4

. . on+
But here lim u, =lim
n

! = lim (l + 1) =1#0. Hence the given series is not
n

convergent. As a matter of fact it is an oscillatory series.

lllustrative ExamI)les

Example 35:  Show that the series 1 — 1 + L + ... converges.
2 3 4 (Avadh 2012)

Solution: The given series is an alternating series
w =ty +us —ug +...+ (= 1" ", + ... (1, >0 forall n).

Here u, =1/ n> 0 for all n.

We have unH—un:L—l:n_n_lz -1 <0 for all n.
n+l n nmn+l) nmn+])

Thus u, | < u, for all n i.e., each term is numerically less than the preceding term.

Also lim u;, = lim L 0.
n

Hence by Leibnitz’s test for alternating series, the given series is convergent.

Example 36:  Show that the following series are convergent.
(i) 1P -27P+37F —  _when p>0.

iy L1 1
r+1l x+2 x+3

— ... except when x is a negative integer.




Infinite Series

R243 W,
Solution: (i) The given series is an alternating series
w —uy +u3 — 1y + ..+ (= 0" "V, ., (w,> 0 for all n).
Here u,, =1/ n? >0 for all n.
Also since p> 0, we have l> i> L>
woor T gp
Thus u,, 1 < u, for all n.
Also lim un:limip:O,since p>0.
n
Hence by alternating series test the given series is convergent for p> 0.

(ii) The given series is
1 1 1
p— + p—
x+1 x+2 x+3

..., X is not a —ive integer.

If x> —1, then the terms are alternately positive and negative from the beginning. If
x < —1, excluding —ive integers, then the terms are ultimately alternating in sign.
Since the removal of a finite number of terms does not affect the convergence of the
series, therefore we may assume the series to be alternating in sign in both the cases.
Obviously i > uy > ug > uy >...i.e., each term of the series is numerically less than the

preceding term.
1
X+n

=0.

Also lim u, = lim

Hence by alternating series test, the given series is convergent.

@mprehensive Exercise 7

1. Examine the convergence of the series
1 1 N 1 1 +

1.2 3.4 5.6 7.8

2. Show that the series
log 2 B log 3 . log4_
22 32 42

3. Examine the convergence of the series

.. converges.

I 1 1
o I+ —+—+...+—
T (-1 2 3 n
n=1 n

4. Test the convergence of the series

o 1 (_ 1)}1+1 .
nzl ln+ \n ]
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@n swers 7
1. Convergent 3.  Convergent 4. Divergent

19 Absolute Convergence and Conditional Convergence

(Meerut 2012B)
Absolutely Convergent Series:
Definition: A series Zu,, is said to be absolutely convergent if the series X |u,| is
convergent.
If % u,is a series of positive terms, then X 1, and X | u,| are the same series and so if = u,, is
convergent, it is also absolutely convergent. Hence for a series of positive terms the
concepts of convergence and absolute convergence are the same.
But if a series X u,, contains an infinite number of positive and an infinite number of
negative terms, then X u,, is absolutely convergent only if the series = | u,| obtained from
¥ u,, by making all its terms positive is convergent.
For example the series

Eunzl—%+i2—i3+...
2¢ 2

is absolutely convergent. Here we see that the series

1 1 1
Z|un|=l+§+2—2+2—3+

is an infinite geometric series of positive terms with common ratio iwhlch is< land so

it is convergent. Hence the given series X u,, is absolutely convergent.
Non-absolutely convergent or semi-convergent or conditionally convergent
series:

Definition: A series X u,, is said to be semi-convergent or conditionally conver-

gent or non-absolutely convergent if X u,, is convergent but X | u,, | is divergent.

For example, consider the series

Zun=1—1+i—l+

Itis an alternating series in which each term is numerically less than the preceding term
andlim u, = lim (1/n) = 0. Hence by alternating series test, X u,,is a convergent series.

. 1 1 1 . .
But the series | u,, | =1+§ +§ +Z+... is the series  (1/n!), for p=1, and we
know that it is divergent. Thus here X u,, is convergent while X | ,| is divergent.

Hence Zu, is a semi-convergent or conditionally convergent or non-absolutely
convergent series.
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Tests for absolute convergence: To test the absolute convergence of the series X u,,,
we have to simply test the convergence of the series X | u, | which is a series of positive
terms. Hence the various tests given for the series of positive terms are precisely the
tests which we are to apply to check the absolute convergence of the series X u,. We
have to simply replace u, by| u, | in these tests. For example by Cauchy’s root test, the

series X u, is absolutely convergent if lim |, |I/ "< 1- Similarly by D’Alembert’s ratio

test the series X u,, is absolutely convergent if

limﬂzlimi>l.

|”n+l| Uy +1

Similarly comparison test or other tests may be used.

However these tests cannot give any information about the conditional convergence of
the series.

20 Some Important Theorems on Absolutely Convergent

Series

Theorem 1: Every absolutely convergent series is convergent but the converse is not necessarily
true i.e., convergence need not imply absolute convergence.

Theorem 2: In an absolutely convergent series, the series formed by its positive terms alone is
convergent and the series formed by its negative terms alone is convergent.

Theorem 3: Re-arrangement of terms of an absolutely convergent series:

Ifthe terms of an absolutely convergent series are re-arranged the series remains convergent and its
sum unaltered.

Or  The sum of an absolutely convergent series is independent of the order of terms.

lllustrative Examl)les

Example 37:  Show that the series
11,1t 1,
VIV2 V3 V4

is conditionally convergent.

(Meerut 2012)

Solution: 'The given series is an alternating series

w —uy +u3 — ..+ (=" "L, + . (u,> 0 forall n).
Here u, = L> 0 for all n.
n
Also for all n, V(n+1)>\n
| |
= m<W = u, . <u,foralln.
Again lim unzlimizo.

n




Krishes's T.B. Real Analysis

A d_,|1_&-246]
Hence by Leibnitz’s test, the given series X [(—1)" A n] is convergent.
-1
Now X % =X \/L is divergent because X (1/ n?) is divergent if p<1and here
n n
_1
P=3

Hence the given series is semi-convergent or conditionally convergent.

Example 38: Examine the convergence and absolute convergence of the series
; (_ l)n +1 n

> (Kashi 2013)
n=1 " +1

Solution: Obviously the given series is an alternating series
u —uy +ug —ug +...,u,>0 for all n.

Here u, = %> 0 for all n.
n+1

— 2_
Also Uy — Uy = n+21 - 2” =— " n+21 <0 for all n.
m+1)*+1 o+l (+D)[(n+D)” +1]

Thus u,, ;| < u, forall n.
n 1
Again lim u, = lim = lim =0
& " n +1 n[l+(1/n%)]

Hence by Leibnitz’s test, the given series converges.

Now we shall test the given series for absolute convergence.

Consider the series X u,,” of positive terms, where
S 1

u,’ = = = .
" Wl | R+l a1+ (1))
Takev, = 1 “Then lim 22 = lim % = Iwhich s finite and non-zero. Hence by
n y I+ 1/n%)

comparison test Zu,,” and X v, are either both convergent or both divergent. But for
v,, p=1so that £ v, is divergent. Hence X u,,” is divergent.

Hence the given series is not absolutely convergent .., it is conditionally convergent.

Example 39:  Show that the series = (—1)" [V (n2 + 1) — n] is conditionally convergent.

Solution: The given series is an alternating series = (— )" u,, u,,> 0 for all n.
N +) = n] [N (7 +1) + n]
\ (112 +1)+n

Here un:\/(n2+l)—n:

n? 41— n? 1

TN N e

Obviously u,,> 0 for all n.

Also u, ;1 < u, for all n.
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1 =lim 1
N + 1)+ n[(1+1/n2)V2 +1

Again lim u, = lim =0-

Hence by Leibnitz’s test, the given series is convergent.
Now let X u,,” denote the series obtained from the given series by making all its terms
positive i.e.,

w, = (=" (NG + ) —n} =N +1) - n

We shall apply comparison test to check the convergence of X u,,".
1 1

We have w, =N (> +1)—n= = .

" N2 + ) +n n[(1+1/05)2 47
Take v, = 1 Then 2 = 12 72 .

n vy [+ 1/ %) 2 +1]
lim % = lim 12 7 =1 which is finite and non-zero.
vy [(A+1/n%)"2 +1]

Hence by comparison test X u,,” and X v, are either both convergent or both divergent.
But for v,, p=1and so X, is divergent. Therefore X u,,” is also divergent.

Hence the given series converges conditionally.

Example 40:  Show that the exponential series

x P2 x0

I+ =—+—+—=—+
1 20 31
converges absolutely for all values of x.

Solution: Let the given series be X u,, so that

n—1 n
Uy = and“n+1=7

(n-1! nl

g

n=D1 "

Now |Mn| — Uy

|un+1|

Mn+]‘

lim ] =1lim = = + o, whatever (x #0) may be.

[t 411 | x
Therefore, by D’Alembert’s ratio test, the series Z |u,| converges for all x (except for
x=0).
For x =0, the series X|u,| obviously converges.
Hence the given series X u,, converges absolutely for all values of x i.e., for all xe R.
Note: The sum of this series is denoted by ¢*.
Also since X u,, converges, we must have

limu,=0 ie, lim (x"/n!)=0.
Nn— oo




Krishes's T.B. Real Analysis

AMr248)

S0

Example 41: Show that the series x — 3 + 5 T converges if and only if
-l<x<1

Solution: Let the given series be X u,,. Then

;1—1)(2"_1 nx2n+1

”nz(_l) 1 and un+1=(—1) 2n+1.
wy | _2n+1 1
Uyl 2n-—1 XZ
Now im0 = i [ =L2
n—>eo|ly 4] 2-1/n) 2 X

by D’Alembert’s ratio test, X|u,| converges if 1/ P >lie, ¥ <lie, |x|<1and
diverges if| x| > 1. Since every absolutely convergent series is convergent, therefore the
given series X u,, converges when | x|<lie, - I<x<l

When x =, the series X u,, becomes
1 1 1
l-—+=—-=+
which converges by Leibnitz’s test for alternating series.
When x = -1, the series X u,, becomes

( 111 )
T
3'5 7

which is again convergent by Leibnitz’s test.
When x > 1 or when x < — 1, obviously u,, does not tend to zero as n — . So the series
% u,, does not converge when
| x|>L
Hence the given series converges iff - 1< x <1

Example 42:  Show that the binomial series
n(i;'—l)xz +m+n(n—l)...('n—r+l) Ean
r!

1+ nx +

is absolutely convergent when | x| < 1.
Solution: Omitting the first term of the given series, let u, denote the r th term of the

resulting series.

Then u, =r+l'l=(l+l/r).l.
U,y n—-r x (m/r=-1 x

u. | 1+1/r 1

et /e =11 x|

L hich is > Tif| x| < L

41| %l

lim
n—> oo

The series | u,| converges if |x|<1 i.c., the given series is absolutely convergent
when |x|<L
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Example 43:  Show that a series of positive terms, if convergent, is absolutely convergent. Prove
that the series

.X .X .X
2sin—+4sin =+ 8sin —+...

converges absolutely for all finite values of x.
Solution: First part: Let Tu, be a convergent series of positive terms. Since

u, >0 = |u,| = u,, therefore the series X|u,| = Z u, is also convergent and hence the
series X u, is absolutely convergent.

Second part: Let the given series be denoted by X u,. Then
u, =2"sin (x /3" and u, . | =2" *sin (x/3" 1.
u, L. n 1
2 =—.sin(x/3") ——————
Uyl 2 ( ) Sin(X/gn-H)
_ 1 sin(x/3") x/3m+1 .
2 x/3"  sin(x/3"*h

To test the convergence of the series = ||, we have

u, _§ sin (x/3n) | x/3n+1
w1l 2] x/3" |sin(x/3"+l)
. . i 3"
lim LI § for all finite values of x, because lim M =1
n— oo |y 4 n—e x/3"
Since lim || > 1 for all finite values of x, therefore by ratio test, the series X |u,|
Up+1

converges for all finite values of x. Hence the series X u, converges absolutely for all
finite values of x.

Example 44:  Discuss the convergence of the logarithmic series
3

n
PN A R
2 3
2 3 4
Solution: Let Zun:x——+x——x7+
2 3 4

The series X u,, is absolutely convergent if the series X | ,, | is convergent. To discuss the
convergence of X | u, | we shall apply ratio test.

n
We have in.gzﬂ.iz(ul).ﬁ.
Uyl [ moX"T no|x| n) |x|
lim | :hm{(ul).l]:l.
Uy 11 n) |x[| [x]

So by ratio test, the series X || is convergent if 1/|x|>1 ie.,|x|<]l ie. —l<x<L
the given series is absolutely convergent and hence also convergent if —I< x<1
Le, if|x]|< L
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When x =1, the given series is 1 - —+ ———+
2 3 4
which converges by Leibnitz’s test but converges conditionally.

When x = — ], the given series is — (l + 21 + % + % + ) which diverges to — co.

When x>1lor x<-1lie,|x|>1 obviously lim u, # 0 and so the series X u, does not
converge.

Hence the given series is convergent if — 1< x <1 For|x|<lie, — 1< x <1, it converges
absolutely.

@mprehensive Exercise 8

1. Test for convergence the following series :

. 1 1 1 .. 1 1 1 1
i l-—+——-—+... (ii) - + - +...
1121 3! log2 log3 log4 log5

111 N e

l-+—5-——5+... z .
W=t ) T ts )+ 9)]
@ £V oD

2n

(vi) l— ! + 1 - ! +...,x>0,a>0.

X x+a x+2a x+3a

(vii) log (%) - log (;) + log (%) - log (%) +....
(viii) log (%) - log (g) + log (%) —log (g) +...

2. Test the absolute convergence or conditional convergence of the following

series :
(i) l-x+22—x>+... O<x<l)
S | 1 1
(ii) 1?_27+37_47+"' (p>0)
1 1 1
iii) 1—- + - .
(i) 242 343 444
2 4 6
(iv) -2 4t
21 41 6!
1 1 1 1
V) — e —— 4.
1.2 3.4 5.6 7.8
O LU e B
2 4 8 16 (Meerut 2012B)
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i) = (- )" I eR, (viii) T (=" Y G eR
n n\ n
-1 2
s CL . 0 Tyt
2n+3 (n+1)!
N2 1 2 —1) 1 1
xi) X (=D1"sin—- xii)y T (D' |+ —|-
() T (=)'sin- (xii) T (=) lnz (n+1)2]
3. Show that the series gl (- D" 1 [Nm+1)—n]is semi-convergent.
n=
oo (_ 1)}1 -1
4. Show that the series £ ——————is semi-convergent.
n=1 (Nn+a)
9 2 2
5. Show that the series (l) _( L3 + 1351 _
2 2.4 2.4.6
is conditionally convergent.
6. Test the series
1 1 1
- + —...,p>0
2(log2)? 3(log3)? 4(log4)?
for convergence and absolute convergence.
7. Test for convergence the following series :
. s +2 . 1 1 1
i)y = _yn . (i) = (=" ]
( n=1( ) 2" +5 ) n=1( ) Vi \/(n+l)5
8. Show that the series 1-2+3-4+5—-6+... oscillates infinitely.
9. Discuss the convergence including absolute convergence of the series
1-2x+3:2% -4+ ...
10.  Show that the seri A ditionall
. ow that the series o + 22 +... converges conditionally.
11. Show that the series = | o (2n6) is absolutely convergent.
"= n
12.  Define absolute convergence. Show that the series
LTSN TUMRR SRR SIS ISR SR SN S
2 4 33 6 8 T @n-1 @n-2° @n?
is absolutely convergent.
13. Prove that the series

ﬂ—hzz+(ﬂ—b)(ﬂ—2h)zg+(a—b)(a—2b)(a—3b)z4
21 3! 41

zZ+ +...

is absolutely convergent if |z | < 1

|b|
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1. i) Convergent (ii))  Convergent (iii) Convergent
iv) Convergent (v)  Oscillate (vi) Convergent
vii) Convergent (viii) Convergent

2. (i) Absolutely convergent

ii) Absolutely convergent if p> 1 and conditionally convergent if 0 < p<1

iii) Absolutely convergent

iv) Absolutely convergent for all x € R

vi) Absolutely convergent

(

(

(

(

(

(

(

(v) Absolutely convergent
(vi

(vii) Absolutely convergent
(viii) Absolutely convergent
(ix) Conditionally convergent
(x) Absolutely convergent
(xi) Semi-convergent

(xii) Absolutely convergent

6.  Absolutely convergent if p>1 and semi-convergent if 0 < p<1
(i) Absolutely convergent
(ii) Absolutely convergent

9.  Absolutely convergent if | x |< 1

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

1. The series ip is convergent if

n
(a) p<l (b) p=1
(c) p>1 (d) none of these
2. The series X u,, of positive terms is convergent if
(a) lim u,)/"<1 (b) lim /"> 1
n—> oo n—> oo

() lim <1 (d) lim {n[ n_ _ }d
n—>eo Uy 4] n— oo Uy 41
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If u,, denotes the nth term of the series

2 2 92 2 92 2
| I*.3 1'3'5x2+..

G

., then

2T 2T e
(a) lim " =y (b) fim M= L

n— oo Uy 4] n—e Uy X
(©) lim -2 (d) lim -1

n—> oo Uy 4] n— oo Uy 4] X

1
The series £ —— is
n2 /3
(a) convergent (b) divergent
(c) oscillatory (d) none of these
The seriesl—l+l—l+l—l+ .. is
2 3 4 5 6
(a) divergent (b) oscillatory
(c) convergent (d) absolutely convergent
Theseriesl—i+i—i+ is
g Tt
(a) absolutely convergent (b) oscillatory
(c) divergent (d) semi-convergent
o 1
The series = (1" "1 —is
n =1( ) \/;

(a) divergent (b) absolutely convergent
(c) semi-convergent (d) oscillatory
Fill in the Blank(s)
Fill in the blanks “...... 7 so that the following statements are complete and correct.

For every convergent series X u,, we must have lim u,=....

. . . . . n— oo
The infinite geometric series a + ax + a® +a 17

is convergent if and only if | x|<....

. . .. .
The series = — I divergent if p<....
n
N T L ST
The nth term of the series St gt gt t.is...
22 37 47 5
. .. . Uy +1
Let X u, be a series of positive terms such that lim =1
n— e Uy

Then X u,, converges if ... .

Let X u, be a series of positive terms such that lim —*— =1
1= o0 Uy 4 ]

Then X u,, diverges if ... .
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7. If u, denotes the nth term of the series
1 N e N o N 10
2N1 32 4V3 544

+...,thenu,=....

8. If u, denotes the nth term of the series

. u
14+3x 4522 +7x° +...00,then lim —2—=....
n— oo Uy 4 |

9. The nth term of the series
1 1.2 1.2.3 1.2.3.4
—+ 4 +
3 3.5 3.5.7 3.5.7.9

10. If u, denotes the nth term of the series

| S D S I oy,
St o a5t 2+...,then lim =....
24 22.4¢ 22 .4°.6 n—> oo Uy 4|

11. A series X u, is said to be semi-convergent if ... .

12. A series X u, is said to be absolutely convergent if ... .

13. Aseries in which the terms are alternately positive and negative is called an ... .
14. An infinite series £ (-1 ~! u, in which the terms are alternately positive and

negative is convergent if each term is numerically less than the preceding term
and lim u,=....

— oo
15. The series X u, of positive terms is divergent if  lim {n [u” - l} <....
n— oo Uy 41

True or False

Write “I”” for true and “F’ for false statement.
1. A series X u, of positive terms is divergent if lim u,>0.
2. Aseries X u, is convergent if lim u,=0. e
3. Aseries X u, of positive terms is z:oonvergent if lim w7 =1

n—> oo

4. Aseries T u, of positive terms is divergent if lim —2- <1
n—> o Uy 4]

5. The seriesl+i2+i2+
24 3

6. The series 1+ 1 + 1 + 1 +...1s divergent.
2 3 4

4—2 +...is divergent.

. g 1. ..
7. The series X cos — is divergent.
n=1 n

oo

. 1.
8. Theseries X sin—is convergent.
n=1 n
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9. The series whose nth term is ;/ " . is convergent.
ne o+
10. The series whose nth term is L is convergent.
1+ (1/n)
oo n—1
11. The series X is absolutely convergent.
n=1 (n—-1)!
12. The series 1o + Ao +...1s absolutely convergent
‘ V1 V2 N3 T A Y gent:
13. The series 0201 "' (n2 +1) — n] is semi-convergent.
n=
14. The series B + B +...1s divergent.
1.2 3.4 56 7.8 (Purvanchal 2014)
15. The series 1 — 1 + 1.1 +...1s semi-convergent.
20 3!
16. The series ; ﬂ is absolutely convergent
. n:l(\/n+\/a)2 Y gent-
17. Every absolutely convergent series is convergent.
18. Every convergent series is absolutely convergent.
19. The series oZal(—l)" sin 1 is convergent but is not absolutely convergent.
"= n
20. The series ! + ! + ! +...1s divergent
' VI+V2 " V243 V344 T sent
21. The series £ [\ (n +1) — V] is convergent.
22. The series T [V (n4 +1) - > ] is convergent.
23. The series £ [V (1> +1) — v #° ] is divergent.
1 1
24. The series 1 — + - +...1s absolutely convergent.
242 343 444 yeonvers
] 1 1 2 1\
25. The series (1 + I) + (1 + 5) +...+ (l + —) +...1s convergent.
n
26. The infinite series of positive terms is always convergent or divergent and is
never an oscillatory series.
1 1 1 1
27. The series 1+ — + — + — +... + — +... is divergent.
V2 N3 V4 Vn 8
28. Let X u, be an infinite series having all terms positive and let lim M=,

n—> o Uy 4]

If I> 1, then X u,, is divergent.
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Multiple Choice Questions
1. (o) 2. (a) 3. (d) 4. (b) 5. (0
6. (a) 7. (o

Fill in the Blank(s)

1. 0 2. 1 3.1 4. — " 5.0<l
m+ 1T
n-2

6. I<1 A Y | 9. _1.2.3.4.

(n+ 1)\n x 5.7.9.. (2n+1)
10. 1 11. X u, is convergent but X |uy, | is divergent
12, X|uy, |is convergent 13. alternating series
14. 0 15. 1

True or False

1. T 2. F 3. F 4. T 5. F
6. T 7. T 8. F 9. T 10. F
11. T 12. F 13. T 14. F 15. F
l6. F 17. T 18. F 19. T 20. T
21. F 22. T 23. F 24. T 25. F
26. T 27. T 28. F




The Riemann Integral

1 Introduction

In elementary treatments, the process of integration is generally introduced as the
inverse of differentiation. If F’ (x) = f (x) for all x belonging to the domain of the
function f, F is called an integral of the given function f.

Historically, however, the subject of integral arose in connection with the problem of
finding areas of plane regions in which the area of a plane region is calculated as the
limit of a sum. This notion of integral as summation is based on geometrical concepts.

A German mathematician G.F.B. Riemann gave the first rigorous arithmetic treatment
of definite integral free from geometrical concepts. Riemann’s definition covered only
bounded functions. It was Cauchy who extended this definition to unbounded
functions. Later on early in the twentieth century Lebesgue introduced the integral on a
firm foundation with many refinements and generalisations.

In the present chapter we shall study the Riemann integral of real valued, bounded
functions defined on some closed interval.
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? Partitions and Riemann Sums

Definition 1: Let I =[a,b] be a closed and bounded interval. Then by a partition (or a
dissection or a net) of I we mean a finite set of real numbers P = {x , 1y, ...., x,, _1, X} having
the property that a = xy < x <...< X, _1 < x,=D.
The closed sub-intervals

Iy =[x, m] Ao =[x, v, Ly = (2,1, %]
determined by P constitute the segments of the partition.
By changing the set of points, the partition can be changed. Thus there can be an
infinite number of partitions of the interval [a, b]. The family of all partitions of [a, b]
shall be denoted by P [a, b].
We write A x, =x, —x, _ for r=1,2,...,n so that A x, is the length of the segment
[+, _1, %]. The norm (or mesh) of a partition P is the greatest of the lengths of the
segments of a partition P and it is denoted by || P||. Thus

|| P||=max.(Ax,:r=12,...,n).
Sometimes the norm of a partition P is also denoted by p (P).
Definition 2: A partition P is called a refinement of another partition P or we say that r
is finer than P iff P’ Pie, if every point of P is used in the construction of r.
If P= R U P, then P" is called the common refinement of the given two partitions
B and P, .
Definition 3: Let f be a bounded function defined on a bounded interval [a,b]. Also let
P={a=xy,x,...,x, = Db} be any partition of [a, b]. Also let m, and M, be the infimum and
supremum respectively of the function fonl, , forr=12,... nie,

my=inf { f (x):x, _1<x<x,)
and M, =sup{ f (x):x, 1 Sx<x.}.
Let us now form two sums

n n
L(P,f)=Z mAx,andU (P, f)= ZerAxr.
r=1 r=

Then L (P, f)is called the lower Riemann sum (or lower Darboux sum) of f on [a, D]
with respect to the partition P and U (P, f ) is called the upper Riemann sum (or upper
Darboux sum) of f on [a,b] with respect to the partition P.

In brief, we shall refer to these sums as the lower and upper R-sums of f with respect to P.
Obviously L (P, f)<U (P, f).

Theorem 1: Let f beabounded function defined on[a, b]and let mand M be the infimum and
supremum of f (x)in [a,b]. Then for any partition P of [a,b], we have

mb-a)s L(P, f)SU(PP, f)SM (b -a). (Garhwal 2008)
Proof: Let P={a=xy,x,....,x,=b} be any partition of [a4,b]. Then
I, =[x, _1,x.],7r=12,...,nare the subintervals of [a, b]. Let m,. and M, be the infimum
and supremum of f (x)in [x, _1, x,]. Then for every value of r, we have

m<m, <M. <M
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Now

Similarly

Also

mAx, < mAx, <M, Ax,<MAux,
n n
r=1 _r

n n

X mAx,=m X Ax.=m
r=1 r=1 r

M=

! (=X _1)

=m(x —xy+X —x +...+x,—X,_])
=m(x,— x9)=m (b —a).

n

Zl MA x, =M (b — a).

=

n
z

r=1

Hence, from (1), we conclude that

m@b-a)y<L(P, f)<SU(P, f)<SM (b -a) ¥ Pe P lab].

It follows that the sets of upper sums and lower sums are bounded.
Theorem 2: If f :[a,b]— R is a bounded function, then

U(P.~ f)=-L(P.f) and L(P,~ f)==U (P, [).
Proof: Let P ={a=xy,x,...,x,=b}be any partition of [, b]. Let M, and m, be the
supremum and infimum of fin I, .
Now f is bounded on [a,b] = — f is bounded on [4, b].
Again M, ,m, are supremum and infimum of f in I,

=

We have

Also

—m, ,— M, are supremum and infimum of — fin I, .

n n
X mAx, <X mAx,<X M, Ax,< X MAx,.
r=1 r=1 =1

n
m,Ax,=L(P,f) and r}Z_lM,Axr=U(P,f).

[R259ln,
[+ Ax,>0]
(1)

(Meerut 2012)

Uwp,-f)= g (= m,) A x,, by definition of upper R-sum

r=1

= S mAx,=—L(P,f).

r=1

n
L(P,- f)= X (- M,)Ax,,by definition of lower R-sum

n
== I M, Ax=-U(P,f).
r=

Theorem 3:  Let f beabounded function defined on[a, bland let P be a partition of[a, b]. If P’
is a refinement of P, then

Proof: Let

and

L(P", f)=L(P,f)andU (P, f)<U (P, f).
P={a=xy,x,% ,....;X _1,%,..., %, =D}

%
P =f{a=xy,x,% ,....,% _|, VI, Xy ,..., X, =D},

so that P has one more partition point y than P.

Let m, and M, be the infimum and supremum of f in[x, _y, x,]. Let M,”, M,”" be the
suprema of f in [x._y, ][y, %] and m,”,m,”” be the infima of f in
[, _1, 1. [ 1, x,] respectively.

Then M, 2 M,”,M,”" and m, <m,”,m,””".
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*
Since the rth subinterval only of P is split into two more subintervals of P and the
*
remaining subintervals are identical in P and P, therefore, we have

UP,f)=U(P,f)
=M, (= xp 1) =AM, (1 =% —1) + M7 (% = 1)}
But M, (1 =X 1)+ M, (x5 = 1) S My (1 = X 1) + My (%, = 1)
=M, (x, —x,_1).
It gives U(P,f)—U(P*,f)Z M, (x, —x, )= M, (x, —x, _1)=0
ie, U(P, f)zU(P, f) or UP,f)SU(P, f).
If P" contains pmore partition points than P then repeating ptimes the above argument

we can show that

U P, f)sU (P, f) (1)
In a similar manner we can show that

L(P", f)2L(P,f). (2)
Note: We know that for any partition P,

L(P",f)sU(P", f). ~(3)

Thus from (1), (2) and (3), we get
L(P,f)SL(P,f)sU(P, f)sU(P,f).
Theorem 4: If B and Py be any two partitions of |a, b] then
UR.f)2L(B,. f).
Proof: Let P=1 u P . Then P is the common refinement of both the partitions
B and B, . Therefore by the theorem 3 above, we get

L(B.f)SL(P.f)and U (P, f)<U (B, f).

But we have L (P, f)<U (P, f).

Thus  L(B,f)SL(P,f)SU(P,f)<U (R, f).

It follows that L(P,, f)<SU (R, f) or U (R, f )2 L(P, f),that is, every upper
sum for f is greater than or equal to every lower sum for f.

Theorem 5:  Let f, gbe bounded functions defined on [a, b]and let P be any partition of [a, b].
Then

L(P.f+@2L(P.f)+L(Pg)
and UL, f+9sU(L, f)+U(P,y).
Proof: Let P ={a=xy,x),% ,...,%,=Db}be any partition of [a, b]. Since f and g are
bounded functions on [a,b], f + g is also bounded on [a, b].
Let m,”, M,’ be the infimum and supremum of f on I, ,
m,””, M,”” be the infimum and supremum of gon I,
and m, , M, be the infimum and supremum of f + gon I, .
By definition of infimum we find that
f)zm , g(x)2m, ¥xel,
= fO+gxzm +m" ¥xel,
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= (f+o9zm +m. " M¥xel,
= m,” +m,”” is a lower bound of f + gon [, .
But m, is the greatest lower bound of f + gon I, .

4 ’ 7’ ’ ’ 7’
mezm +m." " =m. Ax,2m  Ax. +m." " Ax,

n n n

= X mAx,2 X m Ax+ X m/  Ax,
r=1 r=1 r=1

= L(P,f+g=L(P,f)+L(P,g.

Similarly we can prove the other result.

5 Lower and Upper Riemann Integrals

(Purvanchal 2009, 12)
Let f be a real valued bounded function defined on [4, b]. We know that the set of all
numbers L (P, f ) with respect to all possible partitions P of [, b] is bounded above by
M (b — a) and hence there exists a supremum of L (P, f). The lower Riemann
integral (lower R-integral) of f over [a,b] is the supremum of L (P, f ) over all
partitions P € P [a,b]. It is denoted by

[ f s

Similarly the set of numbers U (P, f)is bounded below by m (b — a) and so it possesses
an infimum. The upper Riemann integral (upper R-integral) of f over [a,b]is the
infimum of U (P, f ) over all partitions P € P [a,b]. It is denoted by

4
quwu

Thus be (x) dx =sup {L (P, f):Pis a partition of [a, D]}
4

and L f (x)dx=inf {U (P, f ): P is a partition of [a,b]}.

We denote the lower and upper integrals of f simply by
b =b
Lf and Lf.
Since L (P,— f)=-U(P, f)and U (P,— f)=— L (P, f), it gives that
b T I b
Joh=L amd Jen==[ s

Theorem 1:  The lower R-integral cannot exceed the upper R-integral, i.e.,

b —=b
[r<]r .
Ya a (Purvanchal 2007, 09; Rohilkhand 11)

Proof: If P and P, are any two partitions of [a, b], then by theorem 4 of article 2,
we have

LR, f)sU(B, f). (1)

First, keeping P fixed and taking the supremum over all partitions B, (1) gives
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b
_[fsU(PQ,f). (2)
La
Now taking infimum over all partitions P , (2) gives
b —=b
) f< [ r

Theorem2: (DarbouxTheorem): Let f beabounded function defined on|a,b]. Then to
every €> 0, there corresponds &> 0 such that

U(P,f)<jf+e and L(P,f)>jf_g
a <a
for all partitions P with|| P||< 8.

Proof: Let €>0 be given. Since f f is the infimum of U (P, f )and_[ f is the
a =a

supremumof L (P, f)forall partitions P, therefore, for givene> O there exist partitions
B and P, such that

=b
U(Pl,f)<jaf+e (1)
b
and L(Pz,f)>j f-e (2)
‘a
Let 1 be the common refinement of B and P . Then by theorem 3 of article 2, we get
U, f)<U(R, f)and L(B5, f)2L(B, f). -(3)

Therefore, from (1), (2) and (3), we get
U(P,f)<Lbf+s and L(P.f)> [ f-¢

for all partitions P of [a, b] with || P|| <8, where d =|| B]|> 0.
Corollary: If f is bounded on [a,b] and P is a partition of [a, b], then

Iy
l , =
[| Pl|—0 ‘a
. lim U (P <b
@ pjjso VPI=]
b
Proof: (i) Since I f is the supremum of L (P, f ) for all partitions P, therefore we
Ya
have
b
L(P,f)sjf. (1)
Ya
Using the above theorem, we see that for every € >0, there is a § > 0 such that
b
L(P,f)>jf—s (2)
‘a

for all partitions P with || P||<d.
From (1) and (2), we get

['f-e<cefrs | f<[ fee
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or [ f-e<Lppr<] fee

By definition of limit, this implies that
lim

b
1Pl LPSI=] S

(ii) Since J. f is the infimum of U (P, f ) for all partitions P, therefore we have
a

=b
U(P,f)z_[ﬂ 7. (3)
Using the above theorem, we see that for every > 0, there is a > 0 such that
—=b
U(P,f)<_[ﬂ f+e (4)

for all partitions P with || P||< 3.
From (3) and (4), we get

Lbng(P,f)<I:} f+e
=b =b
or jﬂf—a<U<P,f)<jﬂf+e.

By definition of limit, this implies that
lim

—=b
R

4  R-Integrability

(Purvanchal 2012)
Definition: Let f bea bounded function defined on the bounded interval[a, b] ,then f is called
Riemann integrable (or simply R-integrable) on |a, b] iff

b =b
[, =11
b
and their common value is called the R-integral of f on [a,b] and is denoted by J‘ f.
a

The class of all bounded functions f which are Riemann integrable on [, b]is denoted
byR [a, b]. The numbers a and b are called the lower and upper limits of integration
respectively.

b =b
If L f# Jﬂf then f is not Riemann integrable on [a, b].

Note 1: The concept of integrability of a function over an interval as introduced here
is subject to two very important limitations, viz.

(i)  The function is bounded.

(if) The interval of integration is finite ie. neither of the end points is infinite.
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Note 2: It is not necessary that every bounded function is integrable i.c. there may
exist a bounded function f for which

b —=b
LfiLf.
b
Note 3: 'The statement that_[ f exists indicates that the function f is bounded and
a

integrable over [a, b].

D Aunother Definition of Riemann Integral

A function f defined on |a, b]is said to be Riemann integrable over |a, b]iff for every > O there
exists a 8> 0 and a number I such that for every partition

P={a=xy,x,...,x,=b}
with || P||< & and for every choice of €, € [x, _1, x,],

T FE) G -x - |<e.

In such a case I is said to be Riemann integral of f over |a,b]i.ec,
b
IszMW.

Theorem:  Definitions of article 4 and article 5 are equivalent.

Proof: (i) Let f beintegrable according to definition of article 4. Then f is bounded
and we have

Kfzﬁf:ﬁf. ()

Let €>0 be given. Then by Darboux theorem, there exists § >0 such that for every
partition P with || P||<3,

L@Jﬁ>ﬁf-s=ﬁf-a (2)
and Uuyﬁ<ﬁj4s=ﬁf+a (3
If &, is any point of the interval [x, _j, x,], then

L(P.f)s £ fE)AxSUPf) ()

From (2), (3) and (4), we conclude that for every partition P with || P||<&,
b n b
J, fe< 2 fE)Ax<] f+e

n b
i.e., z A x, — <e
i X fEIAn-] f
" b
or 2 f(&)Ax —1|<gwherel :j f.
r=1 a
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- f is Riemann integrable according to the definition of article 5.
Thus the definition of article 4 = the definition of article 5.
(ii) Let f be integrable according to the definition of article 5.

Then for € = 1> 0 there exists 3 > 0 and a number I such that for every partition P with
|| P||<8 and for every choice of &, € [x, _1, x,],

Elf@,,)Ax,,—I <1 e, <|I]+1. (1)
=

T Ay

We have to showthat f is bounded on[a, b]and the lower and upper integrals of f over
[a, D] are equal.

Suppose f is not bounded on [a,5], then f must not be bounded in at least one
subinterval of P, say, [x,, _1, x,,]. Hence there exists a point §,,, € [x,, _|, x,,] such that

f (§,,) is infinite.

n
Now, to form thesum X f (§,) A x, we have to choose points £, in each subinterval
r=1
[+, _, x,.]. Choose that £, in the interval [x,, _1, x,,,] for which f (§,,) is infinite.

n
In that case 21 fE&)Ax,
=

>|I|+1,

which is a contradiction to (1). Hence f is bounded on [a, b].
Again, by definition of article 5, for any € > 0 there exists 8 > 0 and anumber € Rsuch
that for every partition P of[a, b|with|| P||< dand foreverychoiceof &, € [x, _,x,],

n 1
> Ax.—1|<—¢
I fE)Aan-T|<g
. 1 n 1
ie., I—§e<rzlf(§,,)Ax,,<I+§s‘ ..(2)

Let m, , M, be the infimum and supremum of f on[x, _y, x,], so that there exist points
o,,B, €[x _1,x,]such that

€
f(ot,.)>M,,—2(b_ﬂ) and f(B,,)<m,.+2(b_a)-
s A S M, A s & A
r=1f(ar) KAt R A ¥ TR S
n n n e
and rEIf(Br)Ax,.<r§1m,,Ax,.+ rEIZ(b—a)Axr
ie. flf(a,)Ax,>U(P,f)—§ (3)
=
and i’lf(B,)Ax,<L(P,f)+§ (4)
r =

Now from (2) and (3), we get

1 1
T+ e>U(P,f)-e .(5)
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and from (2) and (4), we get

1—%S<L(P,f)+2ls .(6)
ie., I+e>U(P,f)and I —e<L(P, f) (7)
But EVE [ feuw.s). (8)
From (7) and (8), we get

b =b

I-e<[f< Jﬂf<l+s (9)
or OSIff—th<2£ or OSI:f—jbfso,
as £> 0 is arbitrary

—=b =b
or [, f—jif:O e, |/ f=£’1 I3 .(10)

- f is Riemann integrable according to the definition of article 4. Now from (9) and
(10), we have

b
1_8<L f<I+e
. . . b
Since ¢ is arbitrary, I = J;; f.

Thus the definition of article 5 = the definition of article 4.

Hence the two definitions of article 4 and article 5 are equivalent.

6 Riemann's Necessary and Sufficient Condition

for R-Integrability

Oscillatory sum: With usual notations, we have

n n
L(P,f)= 3% mAx,, UL, f)= X M,Ax, .
r=

r=1

Let o, = M, — m, so that ®, is the oscillation of f on [x, _|,x,].

U, f)~L(P,f)= = (My-m)Ax,= % o, Ax,.

r=1 r=1

n
The sum X  ®, A x, is called the oscillatory sum for the function f corresponding
r=1

to the partition P and is denoted by o (P, f).
Theorem: A necessary and sufficient condition for R-integrability of a bounded function
f :la,b]— Rover|a,b]is that for every € > O ,there exists a partition P of [a, b]such that for P
and all its refinements

O<sU(P, f)-L(P, f)<e (Rohilkhand 2009; Gorakhpur 14, 15)
Proof: The condition is necessary. Let f € R [a,b] so that

fﬂ’f:]jf. ()
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By Darboux theorem, for any > 0, there exists 8> 0 such that for all partitions P of
[a,b] with || P|| <39,

—=b
U <] f+§ (2)
and L(P,f)>ij—§~ (3

Adding the inequalities (2) and (3), we get
b € b €
U(P,f)+Llf—§<L(P,f)+L fy

In view of (1), this gives

U@, f)<L(P,f)+eie, UL, f)-L(P, f)<e .(4)
Since U (P, f )= L (P, f ), the inequality (4) can be written as

O<sU(P, f)-L(P, f)<e
Hence the condition is necessary.

The conditionis sufficient: Letforeverye> 0, there exists a partition P of[a, b]such
that for P and all its refinements,

OsU(P, f)-L(P, f)<e ..(5)
By the definition of upper and lower integrals, we have

[ r=u@frand [’ f2L(pf)
or ~[" fs-Lf).

Lf—LlfsU(P,f)—L(P,fks ..(6)
or Ij f —Lb f<e
Since > 0 is arbitrary,

b b

jﬂ f—Llfso. A7)

Also we know that the lower Riemann integral can never exceed the upper Riemann
integral

. 7 b
ie., jﬂ f—L f 20. .(8)
From (7) and (8), we get
b b b b
J,f=] f=0 o [ f=]f
i.e., the function f is Riemann integrable over [a, b].

Note: Another statement of the above theorem: A necessary and sufficient condition
for a bounded function f to be integrable over [a, b]is that for each € > O , there exists a partition P
of la, b] such that the oscillatory sum o (P, f )< e

or lim o (P, f)=0 as|| P|| tends to zero.
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[llustrative Examlales

Example 1: Show that if f is defined on [a, D] by
f(x)=k ¥ xela,b]
) b
where k is a constant, then f € R[a,b] and L k=k (b -a). (Gorakhpur 2015)
Solution: Obviously the given function is bounded over [a, b].
Let P={a=xy,x,x ,..., X, =D} be any partition of [4,b]. Then for any subinterval
[x,_1,x.], we have m, =k, M, = k.

n n n
Now, UP,f)= X M, Ax, = ZlkAx,.:k ¥ Ax,
r=1 r= r=1

A xp+A x+..+A x,]

=k
=k [(q —xp)+(xg —xp) +...+ (x, —x,_1)]
=k (x,—x9)=k (b —a)

and L(P.f)= = mAx= ’ijAxrzk(b—a).
Hence _[f inf U (P, f)=inf (k (b —a)} =k (b - a)
and Lf=supL(P,f)=sup{k(b—a)}=k(b—a).
Thus I:f:jif:k(b—ﬂ).

Hence feR[a,b]and_[j f=k(b-a).

1 =1
Example2: Let f (x)=xon[0,1]. Calculate j( xdy and J x dx by dissecting [0, 1] into n
)

equal parts and hence show that f € R[0,1].
(Purvanchal 2011; Garhwal 12; Meerut 12)

Solution: Let P = {0 12,...,’ﬁ_1,r,,,,,n=}.
non non n
Here m,,=r—_1,Mr=£andAx,.:lforr=1,2,...,n
n n n
Now, we have
n n r— 1 n
LP,f)=2 mAx,= X — —=— X (r-1]
r=1 r=1 n n pn° r=1
—i2[1+2+3+...+(n—1)]:7(”‘1;'”:L‘l
n 2n 2n
n n 7 1 1 n
and UP,f)=X M,Ax,= X === X
r=1 r=ln n n° r=1
nn+l) n+l

1
== [1+2+3+...+n]= = .
nz[ "] 2 n? 2n
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Hence by Corollary 1, theorem 2 of article 3, we get

1 lim n-1 1
xdx = L (P, = lim
10 [| P||— 0O 2. f)

N —> oo 2n 25

-1 lim n+l 1
d v = UP fy= i _ b
o Jorde=) pyoo VR SI= lim SR
Si LT R[0.1]and [ xdr=
mnce Iof —_[Of,fe [0,1]an Jox =5

Example 3: Let f (x) = ¥ on [0,a],a>0. Show that f € R[0,a] and find JOH f.
(Rohilkhand 2010; Gorakhpur 14)

Solution: LetP:{O ,z,z—a,...,(n_l)“ i,
n’on n n

} be the partition of [0, 2] obtained

by dissecting [0, 4] into 1 equal parts. Then

Ax,=a/nr=12,..,n
Also I, = rth subinterval = l:(r—l)a’m:| .
n n

Since f (x) = ¥ is an increasing function in [0, a],

2 2 2 2
mr:(r# and M,:r 2“ r=12,...,n.
n n
n n — 2 2
Now L(P,f)= % mAx, = X %-ﬁ
r=1 r=1 n n
3 5 3 _ -
:% s (,_1)2;%,%,
n’ r=1 n 6
. . 3 3
J-ax2dx= lim L f)= lim L(l_l)( _i)zi.
20 n— oo n— o 6 n n 3
n n 2 2
Again UP,f)= 2 M Ax,=3x 0.0
r=1 r=1 n n
3 3
a4 72_“7."(’1+1)(2n+1).
ng r=1 n3 6
™ 2 lim lim o 1 1 _d’
[ = UP, f)= 7(1+f)(2+f)=7.
0 n—> oo n—>e 6 n n 3
_ 3
. a _(a a o _a
Since Jof—jo f, feRI[0,a] and jo x dx_?.

Example4: Ifafunctionfis definedon[0,a],a>0Dby f (x) = 3, then show that fis Riemann
4
a

integrable on [0, a] and '[(;1 f (x)dx= T
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Solution: Let P = {0 a 2—“ eees M , na_ } be the partition of [0, 4] obtained

n n n n

by dissecting [0, a] into n equal parts. Then
I, =r th sub-interval = |:(r—l)a m:|

’

n n
and A x, = length of I, o r=12,.
o
Let m, and M, be respectively the infimum and supremum of f in [, .
Since f (x)=x3 is an increasing function in [0, a], therefore
3 3 33
mrzw and M, = rgl or=L2,...,n
n
n n — 3 3 4 n
Now L(P,f)=3% mAx,= X l(’g”‘.“lz”‘ T -1
r=1 r=1 n n nt r=1
4 4 B 2 4 2
S A B | “[“’ 1)"] =i(1—l)
n4 n 2 4 n
a lim lim a* IR
d L (P = 2112 =42
Jor@de= M L py= A (1)
n n 33 4 n
Again UP,f)=X M, Ax,= X |:r;t ~ﬂ:|=ﬂ4 P
r=1 r=1| n n n: r=1
4 4 2 4 2
=ﬂ—(13+23+ +n3)=ﬂ4~ |:n(n+1):| —ﬂ—(l+1)
n n 2 4 n
a lim lim at 1 ¥ a
= = 2+ =&
Jof @ds= M v py= (e l] 0
a —a
Sincej f =IO f, f is Riemann integrable on [0, 2] and
<0
4
Wyde=[" x> dr="".
y £ @de=[5atde=
Example 5: Let f be the function defined on [0,1] by
B O  when x is irrational,
S W= I when x is rational.

Calculatej f and J. f and hence show that f ¢ R [0,1].
(Purvanchal 2008, 09; Garhwal 11; Rohillkhand 11)
Solution: First, we observe that f is bounded, for evidently

0< f(x)<1 ¥xel0,1].
Let P be any partition of [0, 1]. Then for any subinterval [x, _y, x,] of P, we have m, =0
and M, =1, because every subinterval will contain rational as well as irrational
numbers. Note that rational as well as irrational points are everywhere dense.
It follows that
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n n
L(P,f) =2 m, A x, = ZIO Ax,. =0
= r =
n n n
and U, f)= Z M, Ax, = le.Axrz Zl Ax. =1
= r = r =
lim
= P, f)=0 and = uw,f)=
Ifn_)w(f an Iofn_>w (P, f)

1 Y
Since IO f# j(;f we have f ¢ R[0,1].

Example 6: Give an example of a bounded function which is not R-integrable over [0, 1].
(Garhwal 2006, 09)

Solution: See example 5 above. As another example, consider the function f defined
on [0, 1] as follows :

f(x)={

1 when x is rational
—1 when x is irrational.

Evidently f is bounded on [0, 1].

If P is any partition of [0,1], then for any subinterval [x, _1,x, ] of P, we have
m,=—land M, =1Lr=12,.

Pf:

HMA

n
m. A x, = 2 -1.Ax,=-1. X Aux,
r=1

r=1
~1.1-0)=-11=-1,

n n
UP.f)=2 M,Ax=l % Ax=10-0)=1
7= r=

. -1 .
Hence 1;f=nh_‘>“m L(P,f)=-1 j0f=n1;mw UP,f)-

1 =1
Thus L) f# JO f and consequently f ¢ R [0,1].

2
Example 7:  Show that f (x) = sin x is integrable on |:0, % n] and J.(;E/ sinxdy =1

Solution: Let P =40, T 2—“ ...,(r_l)n,ﬂ. nwo_r
"on’ 2n 2n 2n o 2

be the partition of [0, & / 2] obtained by dissecting|[O, % nt]intonequal parts. Thelength

of each subinterval = n / 2n and the r th subinterval [, = [(r ; hr , ;‘n] .
n n

Since f (x)=sin x is increasing in [0,% n], we have

(r_l)nand M, =sinﬂ,r=l,2,...,n
n 2n

m, =sin
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Now UPP, f)=

I[Mx

n
M Ax,= X (sinﬂ)-i
r=1 2n) 2n

n|. =™ . 2. . NT
=_—|sin — +sin =—+...+sin —| -
2n 2n 2n 2n

We know that

. ( ) nd
sin +—d sin —
sina+sin(a+d)+...+sin{fa+n-1)d}= - 2 2
sin (d / 2)
sin £+n—l T sin ™ 1sin(n-i—l)nsinE
T 2n 2 2n 4n|_ 9y 4n
U(P:f)_zi T - T
n sin — sin —
4n 4n

T (Tt n) 1 T { . T T T . n}
—sin| =+ — |- — sin — cos — + €cOs — sin —
_2n 4 4n) N2 _22n 4 4n 4 4n
Slnl - Sin 1)
4n 4n
T 1 T T T
= -——|cot —+1|=—[cot —+1]-
2420 V2 4n 4n 4n
Similarly, we can find that

L(P,f):%(cot%—l)-

n/2 lim lim =w T
N = L(P,f)= —|cot — -1
oW 10 f n— oo ( f) n— oo 4n(CO 4n )
_ lim (m/4m) _ lim m _, o,
n— e tan(n/4n) n—> e 4n
lim tane
=1
6—>0 @
2 lim lim T
= = T in)=1
and jo f= touwfy= " 4n(cot n+)

Since j’”z F=l ffeR[ ] nd [ f=1

Example 8: Let f (x) be a function defined on | i | by

cos x, if x is rational
S =1 U
sin x, if xis irrational .

Show that f is not Riemann integrable over [O% Tl',:| .
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Solution: Consider the partition
{OnZn r-Dmn rr nn_n}

40 4n”7 4An 4An’ 7 4n 4

obtained by dissecting [0,% n:| into n equal parts.

I)Tt I

Then for any subinterval [ ] r=12,...,n we have

(ﬁ l)TC,Ax :L.

mr=sin( hm and M, =cos

n 4n " 4n
Hence L(P, f) —Z mAx,—Zsm(r hn ©
=1 4n 4n
n [ T . (n=1) n:l
=—|sin — +...+sin
4n 4n 4n
. ( T n-2 =x ) . nm
sin [ — + | esin —
P 4n 2 4n 8n
4n sin T
n [summing up the series]
= 7@ /8m) 2sin? &
sin (1 / 8n) 8
n n (r-Dm =
- . f) r=1 r r=1 o 4n 4n
=" lcos 0 +cos = +.. +cos(n_l)n:|
4n 4n 4n
(n -1 = ) . AW
cos - sin —
. 2 4n 8n
4n sin L
8n [summing up the series]
:7(n/8n) -2 cos (D= sin X
sin (1 / 8n) 8n 8
n/4 lim lim
H = L P, = L P7
ence 10 f Pl 0 (P, f) H s oo P, f)
= lim Mﬂsinz T 2sin? E:(l—cosz)
n— e sin (w / 8n) 8 8 4
1
= 1 _
V2
77'5/4 l.
and jo f=n;moo U (P, f)
B lim ( / 8n) . n-hn 4

“n— oo sin(n /8n) 8n

T
= m 7(7”8") -2¢ E(l—l) sinE
n—> e sin (n / 8n) 8 8
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=2COSESin£=SinE=L~
8§ 8 4 2
4 =n/4
Since LT)C/ f# J 0 f, f is not Riemann integrable over [O, g] .

Example 9: Let f be a function on [0,1] defined by
1
2

1 if x#
fw=t 2
0 zfx:g-

1
Show that f € R[0,1] and find jo f.
Solution: Obviously f (x)is bounded in [0, 1] since
0< f(x)<1V xel0,1]

Let Pbe a partition of [0, 1] such that the point % belongs to the open interval | x; _, x| .

Then we have (with usual notations)
m.=M,=1forr=12,...,n

and r#s,m=0,M;=1

Now U, f)-L(P,f)

n

= X (M, —m.)Ax, + (Mg —myg) (xg — x5 _1)

1]
M=

(B D0 =2 ) + (1= 0) (5 = x5 )
=X — X _] . (1)
Lete> 0 be given. Then we choose a partition P such that the pointzlis an interior point

of one of the subintervals whose length is less than €. Then, it follows from (1) that
U(P:f)_L(P’f)<8'
Hence, by theorem of article 6, f € R0, 1].

1 1 i
Now to find IO f, it is enough to find JO f or J‘Of

=l
We calculate _[0 f.For any partition P, we have

= length of the interval [0,1] =1

—1 A
Hence -[sznh_r:‘mU(P,f):L

1 =l
Thus feR[o,l]andjszjosz
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Example 10: If f (x)=x+ e for rational values of x in the interval [0,2] and
f(x)= P for irrational values of x in the same interval, evaluate the upper and the lower
Riemann integrals of f over [0,2]. (Purvanchal 2007)
Solution: We have x+x2 - xz +x3 =x—x =x(1—x2)

so that (x+12) = (% +1°) ifO<x<l

and <0 ifl<x<?2.

If P is any partition of [0, 2], then any subinterval of P, however small it may be, will
contain rational as well as irrational points.

With usual notations, we have for all values of r
Mr=x+x2, if O<x<l
=¥ +20, 0f l<x<2
and m,.=x2+x3, if O<x<l
:x+x2, if I<x<2.

Hence ij(x)dxzjé (x+x2)dx+L2 2 + %) dr
:{Xz+xg]l+[xg+“r
P R R
Lo ) o) e
and Lz)f(x)dx:j(l(x2+x3)dx+‘.‘ (v + %) d
374,273,

114811535
—+ =4

37423 T 3T T
Example11: Findthe upper and lower R-integrals for the function f defined on [0,1]as follows:

f ()= {\/ (1- xZ) , if xis rational
(I-x),  if xisirrational .
Solution: Here we have
=) —(-x?=2x-22=2x(1-1)>0 Vxe]0,]
ie., V1-x2)>(1-x) ¥xe]0,1].
With usual notations, we have for all values of r
M, = (1- xz) and m, = (1 - x).

1
Hence 1;](:-"01 (l—x)dxz{x—);zil =1—2l=2l
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and f f= J' [%x\/(l—x2)+%sin—1x:|

1r_
2 2
L
Thus [ f= j f. 1t follows that f ¢ R [0,1].

T  Some Classes of Integrable Functions

Integrability of Continuous Functions: (Garhwal 2007;
Purvanchal 07; 08, 10; Rohilkhand 11; Gorakhpur 10, 13, 15)

Theorem 1: If f is continuous on [a,b],then f € Rla,b].

Proof: Since f is continuous on [a,b], f is bounded on [a,b]. Also since f is
continuous on a closed and bounded interval [4, b], f is uniformly continuous on [a, b].
Hence for any given £> 0, there exists a §> 0 such that for all points x*, x " ” of [a, b]

Lf &)= f <~

whenever|x”—x""|<3. (1)
a

Let P={a=xy,x,...,x,=hb}be a partition of [, b] with
|| P||<3.

Since f is continuous on[x, _, x, ]it attains its infimum m, and supremum M, at some
points ¢, and 4, of [x, _1, x,] respectively so that

m, = f (e, and M, = f (d,). (2)

Since | ¢, — d, | < §, therefore from (1), we get

| f(er) = f(dy)[<e/(b-a)

But | f(c,)= fd)]=f(d)- f(c,) [+ fd)zf(c)]
=M, -m,.
Thus M, -m.<e/(h—-a),r=12,...,n

Now for the partition P of [a,b], we have

0<U (P, f)-L(P, f)=

|| M=
|

3
N
>
=

K

Hence by theorem of article 6, f is R-integrable over [a, ],
ie, feRla,b]

Note: There exist functions which are integrable but not continuous. So, continuity is
a sufficient condition but not necessary for integrability.
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Integrability of Monotonic Functions:

Theorem 2: If f is monotonic on [a,b], then f € R|a,b].
(Garhwal 2007; Purvanchal 08, 12; Rohilkhand 10)

Proof: Suppose f is monotonic increasing on [a, b].

Then f@<s fx)sf () ¥ xela,b]

- fis bounded on [a,b] and inf f = f (a),sup f = f (b).

Let €>0 be given and P={a=xy,x, % ,...,x,=b} be a partition of [a,b] with
I Plise/[ f®) - f (@ +1].

If m, and M, betheinfandsupof fonl, ,thenm, = f (x, _;)and M, = f (x,) because
f is monotonic increasing on [a, b].

Hence U, f)-L(P,f)= %l(M,-mr)Ax,.
= 2 [f () f 0y 0lAy
1 €
R R e

<E&
It follows from the theorem of article 6 that f € R [a,b].

If fis monotonic decreasing on [, b], then — f is monotonic increasing on [4, ] and so

— feR[a,b].
[ - f =], - f o ds

e, —ﬁf (x)dx:—th (x) dr
or f:f(x)dx ='T:f(x)ﬂlx

ie., fis R-integrable on [a,b].
Hence if f is monotonic on [a,b], f € R|a, b].
Note: If we had taken f (b) — f (a) instead of f (b) — f (a) + 1, the proof would not

have beenvalidwhen f (b) — f (a) =0i.e., when f isaconstant function. Itis toinclude
this case that we have used this artifice.
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Theorem 3:  If the set of points of discontinuity of a bounded function f defined on |a, b] is
finite, then f € R [a,b]. (Garhwal 2012)
Proof: Since f isdiscontinuous on [4, b], the supremum M and the infimummof f in
[a,b] are not equal i.e., M —m = 0.

Let {¢j,¢g,...,cp} be the finite set of points of discontinuity of f in [a, )], where

1 <c¢g <...<cp .Lete>0 be given. We enclose the points ¢y, ¢y ,..., ¢, respectively in p
mutually disjoint intervals
[ﬂl,bl],[ﬂ2,bz],...,[ﬂp,bp] (1)

such that the sum of their lengths is< e /2 (M — m).
Now f is continuous on each of the subintervals
[a,a1], by, a3],[by ,a3],....[by , b]. (2)

Consequently, there exist partitions P.,r=12,...,p+1 respectively, of the
subintervals in (2) such that, using theorem 1 of article 7,

€
P, ———forr=L2,...,p+1L
m(rf)<2(p+l) or 7 p

Now consider the partition P of [a, b] defined by
P=0U{P :r=12,...,p+1}.
The subintervals of P can be divided into two groups :
(i) all the subintervals of P, ,r=12,...,p+1
(ii) all the subintervals given in (1).
Corresponding to these two groups of subintervals we have two contributions to the
oscillatory sum o (P, f).

The total contribution to the oscillatory sum @ (P, f ) of the subintervals in (i) is

€
< +)=—"-
2 (pen T3
Also since the oscillation of f in each of the subintervals in (ii) is< M — m, the total
contribution to the oscillatory sum o (P, f ) of the subintervals in (ii) is
€ €

<&  M-m=Et.
2 (M - m) 2

for the partition P of [a,b], we have
o(P, f)<e/2+e/2=¢
Thus for each € > 0 there exists a partition P of [a, b] such that
O<o(P, f)<e
Hence f € R [a,b], by theorem of article 6.
Theorem 4: If the set of points of discontinuity of a bounded function f defined on [a,b] has
only a finite number of limit points then f € R [a,b].
Proof: Since f is discontinuous on [, b], the supremum M and the infimummof f in
[a,b] are not equal i.e, M —m #0.
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Let {ay, 09 ,... ,(xp} be the finite set of limit points of the set of the points of
discontinuity of f in[a, b], whereaj <0y <...<a, . Lete> 0 be given. We enclose the
points oy, dy ..., 0, respectively in p mutually disjoint intervals

[ﬂl,bl],[ﬂ2 ’bz]"--a[ﬂp 7bp] (1)
such that the sum of their lengths is< e /2 (M — m).
In each of the remaining p + 1 subintervals

[a,a1], [l a2, (b2 s a3, [by , D] (2)
f has only a finite number of points of discontinuity because none of these p+1
sub-intervals contains a limit point of the set of points of discontinuity of f.
Hence, by the previous theorem, there exist partitions P, ,r =1,2,..., p + lrespectively
of the subintervals in (2) such that

€
o <50

forr=12,...,p+1L

Now consider the partition P of [a, /] determined by
P=u{P :r=12,...,p+1}

The subintervals of P can be divided into two groups :

(i) all the subintervals of P, ,r=12,...,p+1

(ii) all the subintervals given in (1).

The total contribution to the oscillatory sum @ (P, f ) of the subintervals in (i) is
<{e/2(p+D}.(p+D)=¢/2.

Also since the oscillation of f in each of the subintervals in (ii) is< M — m, the total

contribution to the oscillatory sum o (P, f ) of the subintervals in (ii) is

<{e/2(M-m)}.(M—-m)=¢/2.

Thus for any € > 0, there exists a partition P of [a, b] such that
o(P, f)<e/2+e/2=¢

Hence, by theorem of article 6, f € R[a,b].

[llustrative ExamFles

Example 12: A function f is defined on [0,1] by
F)=1/2" for1/2" < x<1/2"n=0,1,2,....
and f (0)=0. Show that f € R[0,1] and calculate the value of
X
jo F () de
where x lies between 1/ 2™ and 1/ 2™~ 1. (Garhwal 2007)

Solution: Here, for n=1,2,3,..., we have f (l +0) = L and f (1—0) :i,
2}1 2)1—1 2}’! 2}1

which shows that the function f (x) is discontinuous at x=1/2", n=12,3,...
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Also forn:O,f(;n):f(l):l

1
and f (2n

Thus the points of discontinuity of f are
1 1 1

- O) =1so that f (x)is continuous at x = 2% =1

yeee

5 ’ 27 ’ 273 IARRR] ?
Since the set of these points of discontinuity of f has only one limiting point at x = 0, it
follows from theorem 4 of article 7 that f € R[0,1].

¥ ¥ I/Zm 1/2m+l
Now -[0 f(t)dt=L/2m f+L/2nt+l f+ 1/2111+2 f+

B X l 1/2m 1 1/2m+l I

—_[1/2”1 2;/,17_]+J1/2nz+1 ﬁ"-jl/z’"*z W"‘
1 1 1 1 1

om =T | T om | Fom|gm T omel

1 1 1
+2m+1 2m+1 _2m+2 toe

1 1 1 1 1
=2m—l |:x_2m:| +22m+l +22m+3 +22m+5 to

B X l 1 /227‘71 +1
_2111—1_22n1—l+ 1_1
4
(Summing up the infinite G.P.)
x 1 1 x

=2m—l _22m—1 +3.22m—l =2m—l _3.22111—2'

Example 13:  Let the function f be defined on [0,1] as follows :
f (x)=2rx when

<x£l, r=12,3,...
r+1 r

Prove that f is R-integrable in [0,1] and evaluate Jé f (x)dx .

(Rohilkhand 2010; Gorakhpur 13)
Solution: 'The given function f is not defined for x = 0. We may, however, define f at

this point in any manner we like provided f remains bounded.

Here S (x)=2x when 2l< <l
S (x)=4x when l<x<l
3 2
1 1
f@=2(r-Dx when Sex<——
r r—1
1 1
S (x)=2rx when < x< =
r+1 7

For r=2,3,4,...,we have
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1 lim 1 2
(;+O) o0 2(r—1)(7+h)—2—;

f
w0 )
f

( +0)¢f( ),fisnotcontinuousatle/r.

R281in,

Since
lim

Also f (I)=2and f (1-0)=,

2 (I-h)=2, so that f is continuous at x =L

Thus the given function f is not continuous at x=1/r, r=2,3,4,... and the set of

points of discontinuity% , % , i ,...of fhasonly one limit point at x = 0.Consequently,
by theorem 4 of article 7, the given function is R-integrable.
1 1/2 1/3 1/n
Now J.l/(n+1) S () de = .[1/2 f+-|.1/3 S+ J.1/4 fe J.l/(n+1) f
n 1/1’
_rgljl/(rH) - (1)

1/r _ 1/r 1/r

We have L/("H) f(x) dx_-[l/(rﬂ) 2rx dx = rx2 1/(r+1
.
|7 2 (r+ 1)2‘

(2)

Puttingr =1,2,..., nin (2) and then adding the partial integrals, in view of (1), we have

! 11 1] L1
Bwwy S @t gz 2=

P IR
" (n+1)2

Lttt 1. 1,1 om
P22 32 4 o (n+1)
n 1 1

=r§1;7 /1”2.

()
n

Letting n tend to infinity, we get
1 ol © ]
b rens§ doo-f -
Example 14: A function f is defined on [0,1] by
f=1/nforl/(n+)<x<1/nn=1273,. . ..and f (0)=

Prove that f € R[0,1] and evaluate J ! f (x) dx

Solution: It canbe easily seen that the points of discontinuity of f are2l é i

Since the set of points of discontinuity of f has only one limit point at x =0, it follows
from theorem 4 of article 7 that f € R[0,1].




Krishes's T.B. Real Analysis

Alr282)

Now as in the previous example,

NICEN N O SR R F )

n—->o0 =1 J1/0r+1) r T r=1 r\r r+l
lim ( 1) 1(1 1) fr_ 1
- I——|+=|==-=|+...+—|—-
n— o { 2) 2\2 3 n{in n+l
lim ( 1) 11 1 1
= I+—=+—+ ottt
1 —s oo 2792 e 2 23 34 n.(n+1)

22 n?

. 1 1 n?
~> the series 1 + — +... + — +...converges to —
Example 15: Let a function f be defined on [0,1] as follows :
If xisirrational let f (x) =0 ,if x is a rational number p / q in its lowest terms, let f (x)=1/¢,
1
also let f(0)= f (1) =0.Show that f is integrable over [0,1] and J() f(x)dy=0.
Solution: Evidently, the function f is bounded on |0, 1]. Let € > O be given. Then there

exist only a finite number of fractions l such that l > ; ,for l > S iffg < % and e being
€

q q

given, = is finite. We enclose these exceptional points, in order, in mutually disjoint
€

closed intervals

lar, b],[ag . bol,.... [ay, . by, (1)
such that the sum of their lengths is less than € / 2. On the remaining sub-intervals
(bo =0,a1],[by,a0],[by ,a3],....[by a4y 41 =1] -(2)

at each point the value of fis<e/2.
It is obvious that the oscillation of f in each of the subintervals (1) cannot exceed 1 and
the oscillation of f in each of the sub-intervals (2) is less than € /2. Thus for the
partition

P= {0 =b0 ,lll,hl,az ,bz yeees Ay ,bm 7briz+l =1}
we have, P, f)=UL, f)-L(P, f)

g 1.(b, — + g £ -b
< . - -
Yo (b, —ay) 220 2 (a 41 r)

1 1
<-eg+_-e==¢
2 2
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Thus for a given > 0 there exists a partition P such that (P, f )<e.

Hence feRJ[0,1].
Also since for every partition P, L (P, f)=0, we have
1 1
jo f= IO £=0.

8 Algebra of Integrable Functions

b a
Definition: If b < a, we define J-ﬂ f to be - _[bl f provided that f € R [a,Db].

Also by definition, we write jﬂ f=0.
a

Theorem 1: Let f € R[a,b]and let m, M be bounds of f on [a,b]. Then
b
m(b—a)sj F(x)dc<sM (b -a) ifb>a,
a
b .
mb-a)z Ja fOdezMb-a)if b<a. (Purvanchal 2008)
Proof: Ifa = b,the result is trivial. Let b > a. Then by theorem 1 of article 2, we have
for all partitions P of [a, D],

mb-a)y< L(P, f)SU(P, f)<M (b - a)
or m{B-a)< L(P, f)sM(b-a)
or m(b—a)<supL (P, f)< M (b —a)
or m(b—u)g_[hfsM(b—a)
or m (b —a)< jﬂ” F<M(b-a) [Kf:jjf]

Now let b < a so that a > b. Hence, as proved above we get

m(a—b)< j;fsM(a—b)
b
= —m(b—u)s—j f <=M (b — a), by the definition mentioned above
a
b
= mb-ayz[ fzMb-a).
a

Corollary 1: Let f e R|a,b] Then there exists a number W lying between the bounds

b
m and M of f such that jﬂ Fx)de=p (b -a). (Purvanchal 2011)

This result is known as the first mean value theorem of integral calculus.
Corollary 2:  Let f be continuous on [a,b]. Then there exists a point ¢ € |a, b] such that
b
[[f@de=b-a) f @

Proof: Since f is continuous, f € R[a,b]. Therefore, by Corollary I, there exists a
number i lying between m and M, such that

J @ de=pb-a).
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Now f being continuous on [, b], so it takes every value between its bounds m and M
i.e, in particular it takes the value u lying between m and M. Consequently there is a
point ¢ € [a,b] such that f (¢) =n and hence

b
[ f@de=b-a)f ).
Corollary 3: Let f € R|a,b] and let K be a number such that
| f ()| KY xela,b].
Then } Jﬂ f (x)dx

<K|b-al.
(Purvanchal 2010)

Proof: The result is trivial when a = b. Let m, M be the bounds of f on [a,b].
Let b > a. We have, for all x € [a, D]
| f()|sK=>-KS f(0)sK = —K<ms f(x)sM<K

= ~K®B-a)<m b -a) j F@)desM(b-a)s K(b-a)

[ fo

Now let b < a so that a > b.

= <K (b - a). (1)

Then we get from (1) that

jh“f(x) <K(a-b)= ’jf

- Lb f () dv|< K (a-b). (2)

dx|< K (a-Db)

Hence, from (1) and (2), we get

b
[ fxyde|<K|b-al.
a

Corollary 4: Let f e Ra,b]landlet f (x)20 ¥ x€[a,b]. Then
_[f dx>01fb>uundj F () de<0ifb<a.

Proof: Since f (x)>0 ¥ x € [a,b], hence, m>0.
If b 2 a, then from the first result of the above theorem, we get

J‘ fx)ydezm(b—-a)=0
and if b < a, then from the second result of the above theorem, we get

j Fx)de<m (b -a)<0. [+m=0and b—a<0]
Corollary 5: Let f, g€ Rla,b] Then
j f(x j g drif b>a
f 2 g a

b

j f(x dx<j g drif b<a.

Proof: We have
fzg=1f@)-gx)]=20¥ xela,b]
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o [/ 1f@-g@]dr20 or <0
according as b>a or b<a by Corollary 4,

[j fx j ]>0 or <0

b b
= J‘ fx dx>j (x) dx or J.af(x)dxs.[ g (x)dx
according as b >a orb < a.
Theorem 2: IffeR [a,b]and K € R, then KfeR[a,b]und
ij x) dv = 1<j f(x

Proof: If K =0, the theorem is obvious. Suppose that K # 0. Since f € R[a,b], f is
bounded on [a, b] and

jf ) d = jf dx:_[jf(x)dx. ()

We know that | K f|=| K || f|, so that Kf is bounded on [4, D].

Let P={a=xy,x,..., X, =Db}beany partition of [a, b] and m, and M, be the infimum
and supremum of f in[x, _,x,].

Casel: Let K>O0.Then K m, and K M, are the inf and sup of K fin[x, _},x,]. So
we have

l

b
J. Kf(x)dx:sup[gleFAxr}
Ya y =

=b
=K ja f (x)dx, using (1)

n
:K.inf|:ZlM,ﬂAx,.:|:inf[ X KM, Axr]
=

r=1
~['K f () de

Thus [ K £ dx=Ij K f (x) dr

Hence Kf € R [a, b].
Also from (2), we have

ij dejf

= ij ) dx = 1<j fx [ feR[abland K f € R[a,b]]

Casell: Let K<0.Then K M, and K m, respectively denote the inf and sup of K f
in[ x,_y,x.]. We have

b
[ Kf(x)dx:sup|: §1 K M, Axr}
Ya r =
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n
:Kinf|: > MrAxr:|,asK<0

_1<j f(x)de= 1<j fx (3)

n
=Ksup[ ZlmrAx,.:| =inf{ ) Km,Axr:|,as K<0
=

r=1
=b
= j K f (x)dx
a
b 4
Thus in this case, j K f (x)dc= jﬂ K f (x)dx.
‘a
Hence Kf € R [a, b]. Also from (3), we have
j K f (x)dc=K j fx
- j K f (x)dx = 1<j f(x [ f e R[a,b]and Kf € R[a,b]]
Theorem 3: Leta<c<b. Then f € Rla,bliff f € R|a,cland f € R [c,b]. Ineithercase

b ¢ b
[, fac=] f@de+ [ f ) (Gorakhpur 2015)

Proof: Obviously f is bounded on [4,c¢] and [¢, b] iff f is bounded on [a, b].
Let f € Ra,b]. Then for a given > 0, there is a partition P of [a, b] such that

U, f)-L(P, f)<e (1)
LetP =P U {c¢}. Then Plis also a partition of [4, b]and it is a refinement of P so that
UP,f)-L(P,f)sUP, f)-L(P, f)<e (2)

Let B and P, be the partitions of [a,c] and [c, b] respectively such that P = Bub.
Then
UP', f)=L(P', f)=[UR,f)+U B, f)]
—[L(R, f)+L(R, f)]
=[UMR, f)-LA, HI+ULR, f)-L(B, f)]
<eg, by (2).
Sinceeachof (U (B, f)—- L (B, f)]and [U (B, f)—- L(P, f)]is20,each of themis
less than e.
Hence f € R|a,c]and f e R][c,b]
Also U(P', f)=U(R, f)+U (B, f)

= infU(P", f)=infU (R, f)+infU (P, f)
= _[f ) dr = jf dx+j fx
= jf ) dy = jf dx+'[cf(x)dx

[ feR]|ab], feRla,c], fe Rlc,D]]
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Conversely, let f € R[a,c]and f e Rc,b].
Then given e > 0, there exist partitions | and B of[a, c]and[c, b]respectively such that
UR,f)-L(R, f)<e/2

and UMP,f)-L(B,f)<e/2.
LetP=R u b ,thenPis partition of [ﬂ b].
Now U@, f)=LP,f)=lUR,[I+UDR, f)] Ufﬂ.f) LBy, f)]

—ﬂNRfFLmJH Uy, f)=-L(,f)]
<e/2+e/2=¢
Hence f e R [a,b]. The remaining part of the theorem can be proved as before.
Theorem 4: If f, g€ Rla,b]then f £ ge Rla,b]
b b b
and [ If@tgWldr=] f@de]" ¢@)de

Proof: Since f, g€ R[a,b], for a given € >0, there exist partitions I and P, of[a, b]
such that

U(Pl,f>—L<H,f><s/2} (1)

and U(PZ’g)_L(&’g)<8/2
Let P=F u P, ,then P isacommon refinement of /| and P and it is a partition of
[a,b]. We have
U@, f+g-LPPf+g)
= U(P’f)+U(P’g)]_[L(P7f)+L(P7g)]7
[by theorem 5, article 2]

=V f) =L, fHI+[U(PL, ¢~ L(P,g)]
<e/2+e/2=e,by( ).
Since UP, f+9-L(P,f+g<¢e f+geR]ab]

Again, by the second definition of Riemann integrability, f, g€ R [a,b] = for every
€> 0 there exists a > 0 such that for every partition P of [a, ] with || P ||< & and for
every choice of §, € [x, _1, x,],

T fE)an-[] fwd|<es2 (2)
and éilg(g,,)Ax,,—L” g(x)dr|<e/2 (3

From (2) and (3), we get
2L E @ an =[] f e [ gtods]

<&

Since € > 0 is arbitrary,
[ 1@+ g@la=]" fder[ g

Similarly we can prove the result for the difference f — g of the functions f and g.
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Lemma: Let f be a bounded function with bounds m and M defined on [a,b]. Then the
oscillation M — m of f on [a,b]is the supremum of the set

{1 f @) =f(»]:x yelabl}
of numbers.
Theorem 5: If f e R|a,b], ge Ra,b], then fge Rla,b].

(Garhwal 2010; Purvanchal 10; Bundelkhand 11)

Proof: Since f, ge Ra,b], they are bounded on [, b].
So there exists a positive real number M such that

| f()|€sMand|g(x)|S£M ¥ xela,b].
It follows that| f (x) g (x)|< M? ¥ xe[a,b).

Thus fg is bounded on [a, b].
Again f, g€ U [a,b] = for a given £> 0, there exist partitions 1/} and P, of [, }] such
that
UR,f)-LA, f)<e/2M
and UWPB,9-L(P,g<e/2M.
Let P=P v P ={a=xy,x,..., x, = b} so that P is refinement of both I} and P, . It
follows by theorem 3 of article 2 that
U(P,f)—L(P,f)<8/2M}

and U(P, g)-L(P, g)<e/2M -

Letm, , M, ;m,”, M,”and m,””, M, ’ be respectively the bounds of fg, f and gin the
r th interval I, =[x, _1, x,]. Then for all

x,ye[x,_l x,], we have

[ (fo) ()= (fo) (x I-If —f(x (x)|, by the def. of fg
=|g(y f(y—f +f ]|
<lg(If (- fx |+|f IIg g(x)l
SMIf(p)-f@)|+M|g(y —g(x)l -(2)

Taking suprema of both sides of (2), we have by the lemma given above
M, -m.<MM,"—m. )+ MM, —m,"")

n
= X (M, -m)Ax,

r=1

SM]éI(M,.’ 2 ) A X, +Mr§l(M,”—m,”)Axr
or U(P, fo) = L(P, fg)
UL, f)=L(P, )]+ M[U(P, g~ L(P,g)]
<M (e/2M)+ M (e/2M ), by (1)
=e/2+e/2=¢.
Hence fge R [a,b] by theorem of article 6.

Corollary: If f € R[a,b] then f*> e R[a,b]
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Theorem 6: If f € R|a,b]then| f|e Rla,b]. (Purvanchal 2008)
Show that Lb £ () dr sj: | £ (0)]dr

Proof: Since f € R[a,b], f isbounded on [4, b]so that there exists a positive number

k such that| f (x)|<k M xela,b]ie| f (x)] is bounded on [a, b].

Again, since f € R [a,b], for given £> 0 there exists a partition P of [a, )] such that
U, f)-L(P, f)<e (1)

Letm, , M, and m,”, M, be the bounds of | f |and f respectively in [x, _, x,]. Then

for all x, y € [x, _1, x,], we have

LS D=1 f D1 f ()= f @] -(2)

Taking suprema of both sides of (2), we have by the lemma mentioned above
(M, —=m,)<(M," —=m,")

n

=

= _§I(Mr_mr)Axr < %1 (Mr,_mr,)Axr
= U@lfD=-LP|fHsU@, f)=-L(P, f)
<g, by (I).

Hence| f|e R[a,b].
Now.let  fi (0= (1f W+ f ()

and fr =201 f (1= f (9

Then | f ()= h @)+ fo (x); f(x)=fi (%) = fo (x
Since fi (x)>Oand fo(x)20 ¥ xe [a b], we have

_[fl dx>0andj fo () dx=0.

Hence, we get

[ fds ]Lﬁ mrjb
x)dx}
_j Al dx+J' fo (x
AW+ f G thjlf
Thus [ s [ 17l

Note: The converse of the above theorem need not be true. Consider the function f
defined on [0, 1] by
f )= {

1 when x is rational
—1 when x is irrational.
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We have seen earlier that f ¢ R[0,1].

But| f|e R[0,1]. For,we have| f (x)| =1 ¥ x € [0,1] and we know that every constant
function is R-integrable.

O Fundamental Theorem of Integral Calculus

(Meerut 2012)
In this section we shall establish the close relationship between the derivative and the
integral in a rigorous manner. In fact, we shall prove that integration and
differentiation are, in a certain sense, inverse operations.
Integral function: Let f € R [a,b]. We define a new real valued function F with
domain [a, b] by setting
f%@:ﬁjfupma<xshF@ﬁ=0

The function F is called an integral function or an indefinite integral of the
integrable function f. The function F is well defined on [a,b], as f € R [a, x] where
a< x<b and the condition F (a) =0 is consistent with our previous definition that

a
szu
Primitive: Definition: A differentiable function ¢ defined on [a, b]such that its derivative
& equals a given function f on|a, b]is called a primitive or anti-derivativeof f on|a, b].
If ¢ is a primitive of f then ¢ + ¢ will also be a primitive of f where ¢ is any constant.
Hence the primitive of a function is not unique.
Theorem 1: Let f € Ra,b] Then the function F defined on [a,b] by
X
Fm:Lf@ﬁ

is continuous on [a, b].
Proof: Since f € R [a,b], f isbounded on [a, b]. It follows that there exists a positive
number M such that
| f@®)|sM ¥ tela,b].
Let a< x< y<b. Then we have

[FO)-Fel=|[) foa-]" foa

a

_ J’f(t)dt_{_‘[:f(t)dt‘ [ JﬂbfZ‘f:f]

a

= jy [ dt‘ [by theorem 3 of article 8]
X

SM|y-x| [by Cor. 3 of theorem 1 of article 8]
=M (y-x). (1)
Let > 0 be given. Then, if| y — x|< e/ M, we conclude from (1) that
|F(y)-Fl<e
Thus given €> 0, there exists 8 (= €/ M )> 0 such that
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| F(y)— F (x)|<ewhenever| y —x|<3V¥x, yela,b]
Consequently the function F is uniformly continuous on [4, b] and hence continuous
on [a,b].

Note: The above theorem can also be stated as follows :

The integral of an integrable function is continuous.

Theorem 2: Let f be continuous on [a, b] and let
¥) = j: (&) dt ¥ xelabl.

Then F'(x)= f (x) ¥ xela,b]. (Gorakhpur 2015)
Proof: Let x e [a,b]be fixed. Choose /i #0 such that
x+hela,b].
Then, we have
x+h x
F(x+h) - :jﬂ )dt—j F(t)de

Jx+lz J- f

Z‘[:L"'h

Since f iscontinuouson|a, b]there exists anumberc in the interval[x, x + 1], such that

Q

¢+ ]
F o f@dt=h f (c). [By Cor. 2 of theorem 1, article 8]
X
We see that if 1 — O, then ¢ — x.
Thus F(x+h)—-F(x)=h f(c)
lim F(x+h)—F(x) lim
- =0 I WERAL
_ lim

o xf (¢) = f (x),as f is continuous.

Hence, we get F’ (x)= f (x) ¥ x€[a,b].
Note: The following theorem is an improvement on the above theorem for only the
R-integrability of f and the continuity of f at the point x; is assumed.
Theorem 3: Let f e Ra,b]and let f be continuous at x € [a, b].
If F(x):j:f(t) dt,a< x<b, then
F" (x) = f (x0).

Proof: Since f is continuous at x , for given €> 0, there exists a 8> 0 such that

| f (o +h) = f(xo)l<e (1)
provided |h|<danda<xy+h<Db.

Wehave  F(xg +h)~ F (xp)= [ e de— [ f @t

Zj:() +h £ de
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and ;‘; ) de= £ (0) [00 + 1) = x0] =k £ (x0).
Now ’ F (x) +hh) S0

1 ¢xy +4h 1 rxo +4
=‘th fodt-— Xf f(xo)df‘

1 ¢xp +1
o3 N ACRYACIESE

By virtue of (1) and (2), we get on using Cor. 3 of theorem 1 of article 8
F(xp +h) - F (x)

i —f(o)<m|h|£—ef0rallhw1th|h|<8
Since £> 0 is arbitrary, we have
lim F(xp+h)—F(x) _
ie., F 7 (xg) = f (xp).

Theorem 4: (Fundamental theorem of Integral Calculus): Let f be a continuous
Sfunction on [a,b] and let ¢ be a differentiable function on [a, b] such that ¢" (x) = f (x) for all
xela,b) Then

[} fyde=00)- o)
Proof: Let F (x J f (t) dt. Then by theorem 2 of article 9, we have

F’ (x)=f (x) ¥ xela,b]. (1)
By hypothesis, ¢’ (x) = f (x) ¥ x € [a, D]. .(2)

From (1) and (2), we have ¥ xe[a,b],
F'(x)=¢"(x) or F’'(x)-0¢"(x)=0

= (F-=0)"(x)=0 = (F - 0) (x) =c for some c e R

= Fx)-o@)=c

Thus Fx)=0(x)+¢ V xela,b]

Now F(b)-F(a)=[0()+c]-[0(a)+c]=0(b) -0 (a). -(3)
Also F(a)= j: f(®)dt=0and F (b) = j £ (6) dt.

Putting these values in (3), we get

[ fwd=o00)-0@
or [ fwdc=o00)- 0.

Note: The following theorem is an improvement on the above theorem since only the
R-integrability of f is assumed. In fact theorem 4 is a corollary of theorem 5.
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Theorem 5: (Fundamental theorem of Integral Calculus): Let f € R[a,b]and
let ¢ be a differentiable function on [a,b] such that ¢ (x)= f (x) for all x [a,b]. Then

b
J, f@dr=0()-¢ . (Garhwal 2006, 07, 09, 11; Rohilkhand 11, 12)
Proof: Let P={a=uxy,x,% ,...,x,=b} be any partition of [a,b]. Now ¢ is
differentiable on [a, b] implies that ¢ is differentiable on each subinterval [x, _, x,].

Hence by the mean value theorem of differential calculus, we find that there exists &, in
[x, _1,x],r=12,...,n, such that

¢(xr)_¢(xr—l):(xr _xr—l)q), (‘t:r):(q))’ (‘t:r)-Axr

or 0 (5) =0 (5 1) = f (&) Ax, [0 €)= f )]
or T 0G0 Dl= = fE) A, (1)
Now E 10.05) = 0.0y 1)1 =0 (1) = 0 (30) + 0 (1) = 0 (x) + ..

r=1

et ¢ (xn) - q)(xn—l)
=0 (x,) = 0 (x0) =0 (b) - ¢ (a).
It follows from (1) that
o)~ 0(@)=

7

1

E fE)Ax (2)
Taking limit as|| P||— 0,

weget 00 -0@=] f(dy

sincer’él f(g,)Ax,,tendstoj: F (@) dras|| P|[— 0.

The result of the above theorem is usually written in the form
h ’
[ o @de=00)-0@).

Note: Some authors call theorem 2 or theorem 3 as the first fundamental theorem
and the theorem 4 or theorem 5 as the second fundamental theorem of integral
calculus.

10 Mean Value Theorems of Integral Calculus

Theorem 1: (First Mean Value Theorem): Let f € R [a, b] Then there exists a number
lying between the bounds m and M of f such that

b
, f @ dc=p@-a).
Moreover if f is continuous, then
b
L f@de=b=a)flc)ascsh. (Purvanchal 2012)

Proof: See Cor. 1 and Cor. 2 of theorem 1 of article 8.
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Theorem 2: (Second Mean Value Theorem): Let
feR[a,b] and ge R|a,b],

and gx)200r<0 ¥ xela,b]

Then there exists a number W with m < W < M such that

b b
[ f@ewde=p| ¢ dr
where m, M are the bounds of f on [a, b].

Proof: First let g( =20V xe [a b]. (Purvanchal 2012)
Then x)< f(x) g(x)< Mg (x) ¥ x € [a,b].
If follows from Cor. 5 of themem 1 of article 8 that
b
m J g(x)dx< j f(x) g(x)dx< MJ g (x) dx
or j x) de > j F) g de=M j x) dx

according asa< b orazb.

Hence there exists a number p with m <pu < M such that
j F) gx)de=p j x) d.
Now let gx)<0 Mxelab]

Then -gx)20¥ xela,b]
Hence by the above result for some u € [m, M|, we have

[ f o gwiac=p [ - g1
or [/ ) g@d=p] gar

Corollary: If, in addition to the conditions of the theorem, f is continuous as well, then
there exists & € |a, b] such that

[} fwewa=f@] g

Proof: Sincefis continuous on [4, b], it takes every value between m and M. Hence by

the above theorem there exists a point § € [a, b] such that
b b
[[ f@egwar=F@] g

Theorem 3: (Bonnet’s Mean Value Theorem): Let g € R [a, b]and let f be monotonic

and non-negative on [a, b). Then for some & or n€ [a, b]

[ f 0 gwdi=f @] g0
o [ f 0 gde=f o) jjg<x>dx

according as f is monotonically non-increasing or non-decreasing on [a, b].
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Proof: If a=b, the result is trivial. Let b>a and let f be non-negative and
monotonically non-increasing on [a, b].
Let P={a=xy,x,...... X, =h}
be any partition of [a, b]. Let m, , M, be the bounds of g on [x, _| , x.]and &, any point
on|[x,_y,x, ]. Then
mA x5 < g (8) A xS M,A ,

and m.A x, < j o g<MAx, .

fr-1 [Theorem 1 of article 8]

On summing for each r =1,2,..., p< n, we get

P P 14
EmAx, < g€ )Ax, < %M,.Axr (1)
1 1
P X, P

and Zm,,Ax,.Sj P g< EMAx, . (2)
1 a 1

Then (1) and (2) give
14 14
J':p g_%g(ar)Axr < %(Mr—m,,)Axr

n

S%(Mr—mr)Ax,.:U(P,g)—L(P,g)

= (P, g). (3)

[Note thatifb < a,the inequalities (1) and (2) are reversed but (3) remains the same].

Now by theorem I of article 9, J.; g is continuous on [a, b] and hence is bounded on
la, b]. Let m, M be its bounds on [a, b]. Then (3) gives

-0 (P.f)< £ g&) Ay s Mo (P.f)
Using Abel’s lemma*,we get

S@)m-o (P, f)]<

— M=

S &) g (§) Av,

S @) [M-o(P, f)] .(4)
[a,b].

<
Since f is monotonic, we have f € R

%
Abel’s Lemma. If » > >...>2v,>0 and numbers i, us ,...,u, and kj, ky are such

that

n n
k< Zl u, < ko ,then kymy < El u, v, < komy.
= =

In our case, u,=g(&,)Ax, andv, = f (§,).
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Also g€ Rla,b].

Hence fee Rla,b].

Now feRabl= o(P, f)—>0as||P||— 0.

Hence (4) gives f (a) m < J: fe< f (a) M.

b
Thus [ f=f @n

a
where u lies between the bounds m, M of the continuous function

X

L gonla,b].
Hence '[x g must take the value p at some point & € [a, b]
a

so that u= 3 g (x) dx.
a

Therefore _[j fx) gx)de=f (a) LE" g (x) dx.

If fis monotonically non-decreasing on [4, b], then it is monotonically non-increasing
on [b, a] and so as above, we get

_[j fe=f(b) J-; g for some ne [a,b]
or L k=r o J) g
[[Fogm=fm] ¢

n

Theorem 4: Weierstrass’s (Second) Mean Value Theorem.
Let ge R [a,b] and let f be bounded and monotonic on [a, b].

b 4 b
Then [ f=f@[ ¢+s0)] ¢
Proof: Weassume thatfis monotonically non-increasingon [a, b]. Then f (x) — f (b)
is monotonically non-increasing and non-negative on [4, b]. Hence by the Bonnet’s
theorem (theorem 3 of article 10), there exists some & € [4, b] such that

[[1F@-f 0 gde=[f@-F 0] gx)de

a

or [[ @ ewac—5m ] g
= f @[ g de—f 1) ] g(x)de
or [ g5 @] gwive 0[] gwds= ] g0 ds]

—f @7 g@dre £ 0) ] g0

Now let f be monotonically non-decreasing on [a, b]. Then — f is monotonically
non-increasing on [a, b]. Hence by the above result, we have
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L f@lg@a=l-f @[ g - f O] g

or _[j fx) g de= f (a) L x)de+ f (b -[i x) dx as before.

Remark: Note that the condition that fis monotone on [4, b] cannot be dropped in
the above theorem. Consider, for example, the functions f (x) =cos x and g (x) =

and the interval [- © /2,7 / 2]. In this case

PP, ewasef (3)]17 g

:cos(—E)J.E’ . xzdx+cos£'[n2x2dx:0.
2)d-m/2 278

9.
But Jn/ ¥ cos x dr> 0.
-1/2

Thus the theorem does not hold.

[llustrative Examl)les

2
Example 16:  Compute Jl 3 dv.

Solution: Let f (x) = ¥3,1< x<2. Then f is continuous on [1,2]. Moreover, if
o (x) = 4 (1€ x<2), then ¢’ (x) = © =f(x),1<x<2).
Hence by the fundamental theorem of integral calculus, we have
2 5 2 115
dx=¢02)-0o(l) =" —-—=—""

[P d=0@-0()="5 - =7
Example 17: (i) Taking f (x) = x, g (x) = ¢, verify the second mean value theorem in [ 1, 1].
[Theorem 2 of article 10].
(if) Also verify Bonnet’s mean value theorem in [— 1, 1] for the functions

f(x)=¢" and g(x)=
Solution: (i) Since fand g are continuous on [— 1, 1], we have

f.ge R[-1L1].

Also g (x)>0 for all xe [-1], 1]. Hence the conditions of theorem 2 of article 10 are
satisfied. Now

ﬁlfu) ¥) dy = j v de =[x — e =2 ()
14

and g(x)dx:ji1 Fde=["_|=e-¢'=
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Since fis continuous on [— 1, 1], it takes every value between f (-1)=—-1land f (1) =1
Letu=2/(c —1). Sincee>2, we have ¢>4=¢ —1>3sothatO<p<l
It follows that there is a point & in [- 1, 1] such that

f©=2/-1.
Accordingly, we have

1 R
S ©) a g(x)dx—ﬁ' =

From (1) and (2), we have
1 1
[ f@emac=f@ [ g
Thus the second mean value theorem is verified.
(ii) Since g (x) = x is continuous on [-1, 1], we have
ge R[-1 1].
Also f (x) = ¢* is monotonically non-decreasing and positive on [, 1]. Hence all the

conditions of the Bonnet’s mean value theorem are satisfied. As in (i), we have

Jil f(x)g(x)dx=jil fxxd)(=%-
1

Now jn g(x)dx=j1xdx=l[1-n2].

We choose n such that
2 . -4
== (1—n2) ie., nz=7~
¢ I

V@ -4
4

°
2
Also it is easy to see that O < n< 1, where n=
For this value of m, we then have

J' fwewa=faf) g
Hence Bonnet’s mean value theorem is verified.

Example 18: Show that the Bonnet’s mean value theorem does not hold on [-1, 1] for
f@)=g@=x"
Solution: 'The function f (x)= +% is not monotonic on [- L, 1] since for the interval

[- L, O]it is non-increasing and for [0, 1] it is non-decreasing. Thus the conditions of
the Bonnet’s mean value theorem are not satisfied and hence the theorem does not hold
in[-1, 1].
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Example 19:  Prove Bonnet’s form of the second mean value theorem that if f * is continuous
and of constant sign, and f (b) has the same sign as f (a) — f (b), then

b &

[ f@g@dce=f (@[ ¢x)ar

where & lies between a and b. Show that if ¢ > p> 0, then

J-q sinxdx‘<2

Solution: Let | : g (t)dt=F (x)
sothat F’(x)= g (x).
Then j:f(x)g(x)dx=jff(x)1:'(x)dx

SO FWE-[) f W F @

[Integrating by parts]
j 7 (x) F (x) dv [+ F(a)=0]

=f(b)F(b)—F(X0)_[a f @) dr [a<xy<b]

[by Cor. of theorem article 10]

=f B)F®B)-Fxo)[ f(b)- f(a)] (1)
= f (a).u where u lies between F (xy) and F (b).

Since F is continuous, there exists a point & between x and b such that

[ " f

It follows thatj:7 fx) g(x)de= f (a) Jf g (x) dx.

Writing f (x) =1/ x, g (x) =sinx, we find

‘[q wdx:lja sinxdx,(p<&<q)
por
= ; [- cos x]pé 1 [cos p—cos &].
Hence 1 smxdx‘ ‘ 1
roox p

Remark: From (1), we get

[ f ) g@de=f @ F (x0)+ f ) F B)~ F (x0)]
D7 g s £ B[ e[ g0oa]
=S @0 @ f )] g

which is the theorem 4 of article 10.
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@)mprehensive Exercise 1
1. (i) Letf (x)=x(0<x<]). Let Pbe the partition {O,; ,; ,1} of [0, 1]. Compute

10.

U (P, f yand L (P, f).
(ii) Letf =x (0 £ x<3). Let P be the partition {0,1,2,3} of [0, 3]. Compute
U, f) and L(P,f).

1
Show by definition that -[0 v = é

Let f (x)=x" 172 6n [1,4]. Consider the partition obtained by dividing[l,4] into n
4
equal parts and hence show that L V2 A =2
If f(x)=cosx¥xe[0,n/2], show that f is integrable on [0,m /2] and
2
jon/ cos xdr=1.

2
Show that f (x) =3x + lis integrable on [1,2] and J.l Bx+1)dx= %

Give an example to prove that a bounded function need not be R-integrable.

Give an example of a discontinuous function which is R-integrable on [0, 1].

Let f be defined on [0,1] by f(x) = Ll , when
n+

! <x£l,n=1,2,3,...
n+1 n

and f)=1,x=0.
1
Then, show that f is Riemann integrable on [0, 1] and IO fx)yde==—-1.

A function f(x)is defined on [0, 1] as follows :

n 1
— , wh <x< =12,3,...
f(x)_n 2wenn ] X n(n )

and f(x)=1,when x=0.

R, 1 1
Show that f(x) is R-integrable on [0,1] and IO f (x)dx = 3 (Garhwal 2008)
Let a function f(x) be defined on [0, 1] as follows :

1 1 1
f(x)ZF,When 7r<x<ar7_1,

forr=1,2,3,...where a is an integer greater than 1. Show thatj f (x) dx exists

and is equal to
a+l
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Calculate the values of upper and lower integrals for the function f defined on
[0,2] as follows :

f(x)= x> when x is rational
and f(x)= x> when x is irrational.

Let f (x) be a function bounded on [a,b] and let ] and P be two partitions of
[a,b] such that B < P, . Then prove that

U(R.f)=L(B.f)2U (B f)=L(B. f).
W UPf=2. L0f)-

@swers 1
3

U, f)=6, L(P, f)=3

UJ\»—‘

11.  Upper integral = g’ lower integral = 31
@bjective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).
1. Let f be abounded function defined on[a, b]and let P be a partition of [a, b].If r
is a refinement of P, then
(a) L(P,f)<L(P,f) (b) U (P", f)<U (P, f)
() UP", f)=U (P, f) (d) L(P, f)=U(P,f).
2. Let f, gbebounded functions defined on[a, b]and let P be any partition of [a, b].
Then
(a) UL, f+o<sU(, f) +UP,g
(b) (Pf+g>UP,f )+ U (P
© U@ f+e=U( f)+U(P
(d) L(P,f+g<L(Pf) +LP,g).
3. Let f be a bounded function defined on the bounded interval [a, b]. Then f is

Riemann integrable on [a, b] if and only if

—=b —=b
o [ =] s o r=] s
o [ r= s @[ r+] r=o
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If fis Riemann integrable on [a, b], then

@ | f =717 @l
) |7 F |2 "1 f )
@ |7 F@ael==["1 5@l

@ [[7f el [ 1 f (0)]dv

Fill in the Blank(s)

Fill in the blanks “...... ” so that the following statements are complete and correct.

Let! =[a,b]be aclosed and bounded interval. Then by a partition of I we mean a
set of real numbers P = {xy , 1 ,..., %, _1 ,x,} having the property that ...... .

Let Pand P be two partitions of a closed and bounded interval [, b]. Then Pis
called a refinement of P if ...... .

Lgt B and P be two partitions of a closed and bounded interval [a,b]. If
P =P u P, then P is called the ...... of B and B .

Let f be a bounded function defined on a bounded interval [a,b]. If
corresponding to any partition P of[a, b], L (P, f )is the lower Riemann sum of f
on [a,b] and U (P, f) is the upper Riemann sum of f on [4,b], then
L(P,f).... U(P,f).

Let f be abounded function defined on[a, b]and let P be a partition of [4, b].If P’

is a refinement of P, then L (P*,f) ...... L(P,f).

If B and P, be any two partitions of [a,b],then U (1, f)...... L(P,f).

Let f be a real valued bounded function defined on [4, b]. The lower Riemann
integral of f over [a,b]is the ...... of L (P, f ) over all partitions P e P [a,b].
Let f be a real valued bounded function defined on [a, b]. The upper Riemann
integral of f over [a,b]is the ...... of U (P, f) over all partitions P e P [a,b].

Let f be a real valued bounded function defined on [a,b]. Then the lower
Riemann integral of f over [a,b] cannot ...... the upper Riemann integral of f
over [a, b].
Let f be a bounded function defined on the bounded interval [a, b]. Then f is
b
called Riemann integrable on [a, b] if j f=.
=a

A necessary and sufficient condition for Riemann integrability of a bounded
function f :[a,b] — Rover|[a, b]is that for every e > 0, there exists a partition P of
[a, b] such that for P and all its refinements

OSU (P, f)-L(P, f)<.......
Let f be Riemann integrable on[a, b]and let ¢ be a differentiable functionon|a, b]

such that ¢’ (x) = f (x) for all x € [a, b]. Then J: fx)de=.......
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11.

12.

13.

14.
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True or False

Write “T” for true and °F’ for false statement.

Every continuous function defined on [a, b] is Riemann integrable on [a, b].
Every bounded function f defined on [4, /] is Riemann integrable on [a, b].

If a function f is discontinuous on[a, b],then f cannot be Riemann integrable on
[a,b].
If a function f is monotonic on [a, b], then f is Riemann integrable on [a, b].

If f is Riemann integrable on [4,b], then | f| may or may not be Riemann
integrable on [a, b].

If a function f is Riemann integrable on [a, b], then the function F defined on
[a,b] by

X
F(x):jﬂ f(t)dt
is uniformly continuous on [a, b].

Let f be continuous on [a,b] and let F (x)=J-x f(t)dt ¥ xe]a,b].
a

Then  F’(x)=f (x) ¥ xe[a,b].
Let f be a continuous function on [a, b] and let ¢ be a differentiable function on
[a,b] such that ¢" (x) = f (x) for all x € [a,b]. Then

[V fwd=ow-o0).

Let f be a bounded function defined on [a,b], where b > a, and let m be the
infimum of f (x) in [a,b]. Then for any partition P of [a,b], we have

mb—-a)2L(P,f).
If f:[a,b] — R is a bounded function, then

L(P,- f)=-U(P,f). *
Let f be abounded function defined on[a, b]and let P be a partition of [, b].If P
is a refinement of P, then

U (P, f)zU (P, f).
Let f be a bounded function defined on [4, b]. Then

b =b
I[] f - J'LI f
Let f be a continuous function defined on [4, b]. Then
b =b
[ =], 1

Let f be abounded function defined on [4, b].If the set of points of discontinuity
of f on [a,b] is finite, then

=l
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Multiple Choice Questions

1. (b) 2. (a) 3. (c) 4. (d)
Fill in the Blank(s)
1. a=xy<x<..<x_1<x,=bh 2. P oP
2.  common refinement 4., < 5 =
6. > 7.  supremum 8. infimum
—b
9. exceed 10. J. f 11. ¢
a

12. ¢(b) - ¢ (a)

True or False

1. T 2. F 3. F 4. T 5. F
6. T 7. T 8. F 9. F 10. T
11. F 12. F 13. T 14. T




Convergence of Improper Integrals

1  Some Definitions

1. Infinite Interval: The interval whose length (range) is infinite is said to be an
infinite interval. Thus the intervals (a,e0), (—eo,b) and (— oo, ) are infinite
intervals.

2. Bounded Functions: A function f (x)is said to be bounded over the interval I if
there exist two real numbers a and b (b > a) such that

a< f(x)<bforallxel.
Afunction f (x)is said to be unbounded at a point, if it becomes infinite at that point.
Thus the function

S @=x/{x-1)x=-2)}
is unbounded at each of the points x =land x = 2.
3. Monotonic functions: A real valued function f defined on an interval I is said
to be monotonically increasing if

x>y=f@)>f(y) ¥ xpel
and monotonically decreasing if

»>y=f@)<f(y)Vxyel.
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A function f defined on an interval I is said to be a monotonic function if it is either
monotonically decreasing or monotonically increasing on /.

For example the function f defined by f (x) = sin x is monotonically increasing in the

. 1 . . .
interval 0 < x < 5 n and monotonically decreasing in the interval 5 n<x< T

b
4. Proper Integral: The definite integral J f (x) dx is said to be a proper integral if
a

the range of integration is finite and the integrand f (x) is bounded. The integral
1 sinx

2
J-On/ sin x dx is a proper integral. Also J-O

dx is an example of a proper integral
x
i sin x
because ™ =1
x—0 X

b
5. Improper Integrals: The definite integral j f (x) dx is said to be an improper
a

integral if (i) the interval (a,b) is not finite (i.c., is infinite) and the function f (x) is
bounded over this interval; or (ii) the interval (a, b) is finite and f (x)is not bounded over
this interval; or (iii) neither the interval (4, b) is finite nor f (x) is bounded over it.

6. Improper integrals of the first kind or infinite integrals: A definite integral
b

J f (x) dx in which the range of integration is infinite (i.e., either b = e ora = — e or
a

both) and the integrand f (x)is bounded, is called an improper integral of the first kind

or an infinite integral. Thus JO —— Isanimproper integral of the first kind since the
I+ x

upper limit of integration is infinite and the integrand 1/ (1 + x2) isbounded. Similarly

0 :
J_ ¢ * dris an example of an improper integral of the first kind because here the lower

L o o e . . . s
limit of integration is infinite. Also I —— isanimproperintegral of the first kind.

1+ ¥

In case the interval (a, b)isinfinite and the integrand f (x) is bounded, we define

M 7= T F ) ax,

X —> oo

provided that the limit exists finitelyi.e.,the limit is equal to a definite real number.

. b lim b
dx = d
i [ f@ o j_xf(x) I,
provided that the limit exists finitely.
oo _lim ¢ lim Xy
(i) [ fode= T j_xl fades TR S @ds

provided that both these limits exist finitely.
b

7. Improperintegrals of the second kind: A definite integralj f (x) dxinwhich
a

the range of integration is finite but the integrand f (x) is unbounded at one or more
points of the interval a < x < b, is called an improper integral of the second kind.
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Thus j b de
0 (x=2)(x-3)
1
and JO xiz dx are improper integrals of the second kind.

In the case of the definite integral

[} f(0de

if the range of integration (a, b) is finite and the integrand f (x) is unbounded at one
or more points of the given interval, we define the value of the integral as follows :

(i) If f (x)isunboundedatx = bonlyi.e.,if f (x) = e as x — bonly, then we define

[} f@ac= "7 p

e—0

provided that the limit exists finitely. Here € is a small positive number.
(ii) If f (x) > e as x — a only, then we define

lim b

[} f () de= f @),

e—>0 Ja+e

provided that the limit exists finitely.

(iii) If f (x) = ecas x — ¢ only, where a < ¢ < b, then we define

_ lim e-e lim (b
[ r@a= 0 @ T p s

provided that both these limits exist finitely.

(iv) If f (x) is unbounded at both the points a and b of the interval (a,b) and is
bounded at each other point of this interval, we write

[} foyae=[" fdes ['f (de

where a < ¢ < b and the value of the integral exists only if each of the integrals on the
right hand side exists.

2 Convergence of Improper Integrals

When the limit of an improper integral as defined above, is a definite finite number, we
say that the given integral is convergent and the value of the integral is equal to the
value of that limit. When the limitis ec or— oo, the integral is said to be divergent i.c., the
value of the integral does not exist.

In case the limit is neither a definite number nor e or — e, the integral is said to be
oscillatory and in this case also the value of the integral does not exist i.¢.,the integral is

not convergent. We can define the convergence of the infinite integral J. f (x) dx as

follows :
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Definition: The integral Jm f (x) dx is said to converge to the value I, if for any arbitrarily
a

chosen positive number €, however small but not zero, there exists a corresponding positive number
N such that

“:f(x)dx—l

Similarly we can define the convergence of an integral, when the lower limit is infinite,

< efor all values of b= N.

or when the integrand becomes infinite at the upper or lower limit.

[llustrative Examl)les

Example 1: Discuss the convergence of the following integrals by evaluating them
. o dx .. e dx

(l) J‘I W: (ll) J‘I x3/2 :

Solution: (i) We have

* dr _ lim x dx
—= ——, (By def.
.[1 Vr x> Jl x,(yde)

. . 127+
_ lim T A lim |x
X — o0 J1 X—oo |1/2

1
T
X — oo

Thus the limit does not exist finitely and therefore the given integral is divergent (i.c.,
the integral does not exist).
(ii)) We have
e dx lim x o dy
Jl 32 x e 1 327

X -
_ Mmoo 3, lim 12 _ lim [_ 2 *
X — o0 J1 x—oo | —-1/2 X —> oo vl

1

;

- [—72 +2]=2.
X —> e Vx

Thus the limit exists and is unique and finite; therefore the given integral is convergent
and its value is 2.

(By def.)

Example 2:  Test the convergence of J.Ow e " dy, (m>0)c

Solution: We have JOOO M gp= M dx, (by def.)

X — oo JO
x
_ lim |e™* _ lim _l(g—mx_l)
X—> oo —m o X —> oo m
—_Ltp-ng=L.
m m

Thus the limit exists and is unique and finite, therefore the given integral is convergent.
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_dadre
xz + 4a2

4a dx ; x  4adx
= lim L (By def)

Example 3: Test the convergence of jooo

Solution: We have .[0 P42 x—o e do 24 (2a)

. X .
= lim |:4u . L tan~! l:| =2 lim [tam_1 L]
0 2a

X —> oo 2a
=2.E=TC
2

Thus the limit exists and is unique and finite; therefore the given integral is convergent.
0 0o _
Example 4:  Test the convergence of (i) J. e ¥ dx; (i) J‘ e dx.

0 i 0
Solution: (i) Wehave [ % dr= XI:“ ¢*dv, (By def.)
— oo o J—x

_lim ¥0 _  lim X111 _01—
_x—>oo[€ ]_x_x_>°°[l et ]=[1-0]=1

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

0 ’ li 0
(i) We have.[ e"‘dx=x;m J‘ ¢ “dv, (By def.)
— o oo J—x
. _ .10 .
_ lim |:g h} - lim (e =
X—> oo | =] X —> oo
—x

Thus the limit does not exist finitely and therefore the given integral is divergent(i.e.,
the integral does not exist).

dx .
2
I+x (Kanpur 2008; Gorakhpur 11)

Example 5:  Test the convergence of J. j’

Solution: We have

] dx __[0 dx +J~°° dx
—eo Iy o 142 J0 1442

lim 0  dx lim x o dx
= +
x> Jox 12 xo e JO 4 42
lim 0 lim

-1 —
= tan x| . + tan
x%oo[ I ono[

bl

lim [0 - tan” ! (-x)]+ fim [tan_1 x—0]

X o xX— oo
=—(-n/2)+n/2=m.
Thus the limit exists and is unique and finite; therefore the given integral is convergent.

1
Example 6: Evaluate J ﬂ
0 \x (Gorakhpur 2010)
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Solution: Inthe givenintegral, theintegrandl / v xbecomes infinite at the lower limit
x =0. Therefore we have

Jlﬂzlim I dr _ lim

0 Vy €50 J0o+ey €e—>0

2 x]L

lim
=0 [2-2Ve]=2.

Hence the given integral is convergent and its value is 2.

1
Example 7: Evaluate JO e

V(- x)
Solution: Here the integrand i.c.,1/ V(1 - x) becomes unbounded i.c., infinite at the

upper limit (ie., x =1).
J‘l de  _ lim pl-e  dr
0N1-x) &€—0Jo V(- x)

_ lim _al-eo limo _
—8_)0[ 21 )l 8—)0[ 2Ve+2]=2,

which is a definite real number. Hence the given integral is convergent and its value is 2.

1
Example 8: Evaluate J i;

—1 X

Solution: Here the integrand becomes infinite at x =0 and —1<0 < L.

= +

-1 42 e—0 J-1 x2 g >0
_ lim |:_1:|_F’+ lim |:_1:|1
e=>0[ x]_| &€-0L| xlg

lim |1 lim 1
= — =1+ -1+ -
e—0 |:s ] g —0 [ s’]
Since both the limits do not exist finitely, therefore the integral does not exist and is
divergent.

J‘l dc _ lim (-¢& dv  lim jgl %

@mprehensive Exercise 1

Evaluate the following integrals and discuss their convergence :

o dx o dx o
1. jl = 2. j3 T 3. jo A dx.
'[Ooo (1:{;)2/3 5. j_om sinh x dx; 6. J_Ow cosh x dx.
oo o o dx
7. J.O cos x dx 8. J_m e~ ¥ dy. 9. J._w m
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1 dx 1 dx 1 dx

10. — 11. . 12. —y

.[o x3 .[o 1—x .[_1 x2/3

(Goralchpur 2011)
@swers 1

1. oo, divergent 2. 1, convergent 3. oo, divergent
4. oo, divergent 5. — oo, divergent 6. oo, divergent
7. Oscillates and so not convergent
8. o, divergent 9. m, convergent 10. o, divergent
11. o, divergent 12. 6, convergent

D Tests for Convergence of Improper Integrals of

the First Kind

To test the convergence of improper integrals in which the range of integration is infinite and the
integrand is bounded.

If an integral of the form I f (x)dx or j f (x) dx cannot be actually integrated,

its convergence is determined with the help of the following tests :

4 Comparison Test

(Meerut 2012)
Let f (x) and g (x)be two functions which are bounded and integmble in the interval (a, o). Also

let g (x) be positive and | f (x)|< g (x) when x2a. Then, if J x) dx is convergent,

J-; f (x) dx is also convergent.

Similarly if| f (x)|2 g (x) for all values of x greater than some number xo > a and ro g (x) dxis
a
divergent , then j f (x) dx is also divergent.

Alternative form of the above comparison test:

o lm WEC))

X —> oo g(x)

is a definite number, other than zero, the integrals J‘ f (x)dx and

J © g (x) dx either both converge or both diverge.

Note: While applying comparison test, we generally take g (x)= in i e,J ” ﬁn is
X ax

generally taken as the comparison integral.
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Theorem: The comparison integral J - ﬁ where a>0 , is convergent when n>1 and
a g h

divergent when n< 1.
Proof: By the definition of an improper integral, we have

xn_x—)oo a x" X— o Ja

. 1-nl*
lim [X} Jifn=1

J'°° dx _ lim *odv _ lim Y dy
a

T x> e |1-n
a
lim xl—n al—n
= — . (1)
X—>oo | 1l=-n 1-n

If n > 1, then 1 - n is negative and so n — l is positive.
Therefore in this case
. _ . 1 1
lim  1-»n_ lim -1_o
X —> o X —> o yx n-1 oo
Hence from (1), we have

1-n
Jif > 1.
1

o

a xn n—

Hence the given integral is convergent when n> 1.

If n < 1, then 1 - n is positive and so lim A= e
X — oo
o (x
from (1), we have_[ —— = oo,
a y "

Hence the given integral is divergent when n < 1.

When n =1, we have

o dx et dx _ lim x dx _ lim X
-[a xn_'[ﬂ x X— oo Jda X_X—>°°[10gx]ﬂ
lim
s e [log x —log a] og a
Hence the given integral is divergent when n =1

_[ B ﬁ converges when 7> 1 and diverges when n< 1.
a n

In other words J “

ﬁ converges if and only if n> 1.
a y

[llustrative Examl)les

Example 9:  Test the convergence of the integral

°©  C0S mx
jo 7. dx.
ta (Rohilkhand 2011)
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COS mx 1
Solution: Here f (x)=———- Let ¢(x)= .
AR e R LS gy
Obviously g (x) is positive in the interval (0, o).
COS mx | cos mx | .
We have (x)| | < , since |cos mx|< 1
S v [ e Rl |
Thus| f (x)[< g (x) when x> 0.
. COS MMX dv .
by comparison test, 5 dx is convergent if j 5 is convergent.
¥ ta ¥ ta
. . X
But _[ - dx 5 = lim - dx 5 = lim [l tan~ ! £j|
0 P4a? x> =0 2142 x> = |a alg
X—> oo |a a a 2
= a definite real number.
is convergent.
I 0 xz +a? 8

Hence [~ Losmy dx is also convergent.

Zid

Example 10: Test the convergence of the integral
o sin’x
x2
Solution: Let a>0. Then we can write

.9 .9 .9
o SIn” X a SN~ x © SINn” X
j 7dx='[ 7dx+J‘ dx.
0 0 42 a 2

x
lim sin® x . sin x | .
= |, therefore the integrand 2 is bounded throughout the finite

-0 42

interval (0, a).

dx.

Since

a sin”x . .
So J 5— dx is a proper integral and we need to check the convergence of the
x

integral J. -
a

sm2 X 1

—z - Take g(x)= )(2

Obviously g (x) is positive in the interval (4, co).

Here f (x

2 .2
sin“x| sinx_ 1 . .
We have| f (x)| =] ——; < o, sincesin® x<1.

¥ 2

x x

o sin®x . oo dy
.. by comparison test, J dx is convergent 1ff — is convergent.
x2 a x2
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But the comparison integral _[ —5- is convergent because here n =2 which is > 1.
a

xz

dx is convergent.

o Sll’12 X

xz

oo siln2 X
Hence J. 5
0 X

dx is convergent.

Example 11:  Show that the integral j ” converges, where a> 0.
a

xV(1+12)
1
x\/ 1+){2

Then f (x)is bounded in the interval (a, ). Take g (x) =1/ +*. Then g (x)is positive in

Solution: Let f (x

the interval (a, «). We have

1| 1
Va+2)| 2/ 2y

If(X)I—

1 .
< —, since
x2

%<1
Vil+(1/x%))

: o . o dx
.. by comparison test, J‘ is convergent if J ? 1s convergent.
a a

xV(1+22)
o o dx . o
But the comparison integral Jﬂ z is convergent because here n = 2 which is > 1.

oo dx

Hence Iﬂ NV (1+ %)

is also convergent.

1 1

Alternative Method: Here f (x) NI XZ) - P V{1 (I/xz)}
4 +

Take g (x) = xzi
lim  f(x) _ lim 1

We h = -
e have X0 g(x) X— e \/{1+(1/x2)}

=1, which is finite and non-zero.

Therefore _[ ” f (x)dx and _[; g (x) dx either both converge or both diverge. But

j X) dx = J‘ 1s convergent because here n = 2 which is > 1.
oo 1
Hence xX)dxie., ————dx is also convergent.
I S J @ x\(1+ %) 8
Example 12:  Test the convergence of J T Y g
0 x (Kanpur 2011)

Solution: We can write

oo sin x _, Sinx o _ . sinx
j e dx = j ¥ dx+j e Ty
0 0 X 1 x




Convergence of Improper Integrals SR

(R-515|Mn,

lim _y sinx
e
x—=0 X

Since ~x S ¥

= |, therefore the integrand ¢ is bounded throughout

_y Sinx

1
the finite interval (0,1). So -[() e dx is a proper integral and therefore it is

X
o sin x

dx only.

convergent. Thus we need to check the convergence of L

_y sinx

Let f (x)=¢ -Then f (x)is bounded in the interval (I, o).
x

Take g (x)=¢ *. Then g (x) is positive in the interval (1, ).
We have

_y sinx

|f(x)|=‘e — e Jsinx] L
X

x
—x . . |

< e Y, since|sinx|<land —<1L
x

Thus| f (x)|< g (x) throughout the interval (1, ).

by comparison testj f (x) dx is convergent if j (x) dx is convergent.
o ey, lim © v lim ok
Now L g(x)dx—Jl e dx-x_>w | e " dx x_>°°[ e
_xli_>m e Y +e =0+ 1=1/e

which is a definite finite number. Hence Jl g (x) dx is convergent.

J. f (x) dx is also convergent.

_y¢ Sinx

Hence -[O e dx is convergent because the sum of two convergent integrals is

X

also convergent.

Example 13:  Show that the integral j(;o e v dx is convergent.

(Rohilkhand 2010; Meerut 12)
Solution: We have

j: e_xzdx:_[ol e_xz dx+'[1°° e_"'z dx.

Obv10uslyj dx is a proper integral because here the interval of integration (0, I)

2

is finite and the integrand ¢~ * is bounded throughout this interval. Therefore this

integral is convergent. So we need to check the convergence of jl e dx only.

Let f (x)=¢" XZ . Take g (x)=xe” "2 so that g (x) is positive throughout the interval
(I, ). We have
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2
| f(x)|=e" Sxe_xz, since x> 1.
Thus| f (x)| < g (x) throughout the interval (I, e).

o 2 I R
by comparison test L e "'z dx is convergent if L xe” ¥ dx is convergent.

Now lexe_ < dx = h_r)n lx xe~ dex
X co

_ lim _le_xzx
X —> o 2 1

fim (—le% +lel)
2

Txo e | 2
I L. ..
= 3 ¢, which is a definite number.
oo _ X2 . o _ xz .
L xe~ ' dxis convergent and so L ¢~ dx is also convergent.

Hence the given integral IO e # dx is also convergent as it is the sum of two convergent

integrals.

D Thep-Test

(Goralchpur 2012)
Let f (x) be bounded and integrable in the interval (a, o) where a > 0.
lim

Ifthereis anumberp > 1, such thatx e ¥ B f (x)exists, thenj - f (x) dxisconvergent.
oo a

Ifthereis a numbery <1, such that B Ilﬂ x M f (x) exists and is non-zero, then J. - f (x) dx
©o a

is divergent and the same is true y‘x li:n x M f(x)is + oo or — oo,

While applying the p-test, the value of p is usually taken to be equal to the highest

power of x in the denominator of the integrand minus the highest power of x in the
numerator of the integrand.

[llustrative Examl)les

Example 14: Examine the convergence of _[;o %
7 L+ ) (Gorakhpur 2012)
1 1

Solution: Let xX)= =
S K73 (1+x1/2) (A3 /2 {l+(1/x1/2)}

1
0 {1+(1/x1/2)}
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Obviously f (x) is bounded in the interval (I, o).
Take n =§—0 =§-Wehave
6 6

lim n lim  5/6 1
Y= oo X f(x) ¥ — oo x5/6 {1+(1/x1/2)}
— lim 1

which is finite and non-zero. Sincepu = % i.e.,< 1, it follows from thep-test that the given

integral is divergent.

Example 15:  Examine the convergence of J.: (IXdX)g
+x
(Rohilkkhand 2011; Purvanchal 11)

Solution: Let a>0. Then we have

= +
1+x)° 70 (1+x)°

Joo x dx a  xdx J-oo xdr
0 “ ()

The first integral on the right hand side is convergent because it is a proper integral. We
observe that in this integral the range of integration (0, a) is finite and the integrand

x/(1+x)3 is bounded throughout the interval (0,a). So we need to check the

convergence of [ only.
& J a (1+ x)3 Y
Let f (x)= al 3 -Then f (x)is bounded in the interval (a, o).
1+ x)
Takeu =3 —1=2.Then
lim M f ()= lim X _ lim 1 _
X e x> T 4y x> a1/ 0P

which exists i.e., is equal to a definite real number.

= x
Since pu =2 i.e.,> 1, therefore by pu-test the integral J. 3 is convergent.
a

I+ x)
o xdx .. .
Hence J 3 is also convergent because it is the sum of two convergent integrals.
0 I+ x)
. = dx
Example 16: Examine the convergence of '[ ——— 1, Wherea>1.
a x (log x)"*

Solution: Letlog x =t so that (1/ x)dx = dt.
[ _ & [ L
a x(log x)n+1 - log a ¢n+1
Let f@=1/t"*h
Then f (¢) is bounded in the interval (log a, ).
Takep =(m+1) -0 =n+1 Then
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. . tn+l .
lim M f ()= lim _ dimo
t— oo t—oo ¢l oo

which is finite and non-zero.

Therefore by p-test, the given integral is convergent if
u>lie,n+1>lie,n>0

and divergent if p <lie.,n+1<lie,n<0.

n—1

Example 17:  Show that the integral Lw x ¢ " dx is convergent.

Solution: Let f (x)=x" L Then f (x)isboundedin the interval (], e=). We have

. . -1 . -
lim x“f = lim B ox? _ lim xhtn 1
X —> oo X —> oo e’ X—> oo
I+x+—+...
|
=0 for all values of u and n.

Taking u > 1, we see by p-test that the integral J.l Tl e ay

is convergent for all values of n.

m

Example 18:  Test the convergence of the integral J.Ow o2 dx,
+

where m and n are positive integers.
(Purvanchal 2007; Rohillhand 12; Gorakhpur 13, 15)

Solution: Leta>0. We have
w2 a x2m w  2Mm
I '[ '[ 1+ xz”

The first integral on the right hand side is a proper integral and so it is convergent.
o m

Therefore the given integral is convergent or divergent according as J‘ ————dxis
a 14 2"

1+ 12" 0 14 52"

convergent or divergent.

- 2m
To test the convergence of j dx, let us take p =2n — 2m.
a 42"
We have
im oy 2" lim 2n-2m A
X — = X . —2;’,
e e AL+ (1 M)
lim 1

x—= e 14+ (1/ 22"
which is finite and non-zero.
byu-test, the given integral is convergent ifu > li.e.,if 2n — 2m > Iwhich is possible if
n> msince m and n are positive integers. Also by f1-test, the given integral is divergent if
w<lie.,if2n—2m<lie.,if n< m since n and m are positive integers.
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6 Abel’s Test for the Convergence of Integral of a Product

IfJ‘oc f (x) dx converges and ¢ (x) is bounded and monotonic for x > a, then Jm S (%) & (x) dris
., a

convergent. (Rohillkhand 2008, 11; Purvanchal 07, 10, 11; Kanpur 12;
Gorakhpur 14, 15)

[llustrative Examlales \

Example 19: Test the convergence of J: (I1-¢) ciszx

(Rohillkkhand 2009; Gorakhpur 15)
and ¢ (x)=1-¢"*.

dx, when a > 0.

Solution: Let f (x)= cos t

il Sias|cos x|< 1

52

. e 1 . . *° COSX , .
Since —5 dx is convergent, therefore by comparison test ——dx is also
a X2 a XZ

We have

convergent.
Again ¢ (x) =1- ¢~ * is monotonic increasing and bounded function for x> a.

COoS x

xZ

Hence by Abel’s test ‘[: (I-e") dx is convergent.

_Asmx

Example 20:  Test the convergence of J-: dx, where a> 0.
e
Solution: Let f (x _sinx and ¢ (x) =
sin x 1 o ]
Since | ——|< — and —dx is convergent, therefore by comparison test
U f o« 2 § Yo

o sinx .
J‘ dx is also convergent.
a 42

Again ¢~" is monotonic decreasing and bounded function for x> a.

, o _ . sinx
Hence by Abel’s test ‘[ e
a 2

dx is convergent.

7 Dirichlet’s Test for the Convergence of Integral
of a Product

If f (x) be bounded and monotonic in the interval a < x < oo and if l_z)m f (x)=0,then the

integral j f (x) ¢ (x) dx converges provided } J o (x is bounded as x takes all finite

values. (Purvanchal 2012)
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[llustrative Examl)les

Example 21:  Test the convergence of the integral

_[w Smxdx where a > 0.
a ~x (Garhwal 2006, 09)
Solution: Let f (x)= % and ¢ (x) = sin x.
x
Now ! is bounded and monotonic decreasing for all x>a and bm 1 _ 0.
\/ X X— oo Ay

Also

Jx o (x) dx} :} Jx sin xdx} = |Cos a — cos x|£ 2, for all finite values of x.
a a

[Note that the value of cos x lies between —1 and 1].

is bounded for all finite values of x.

“x(])(x) dx

sin x
Hence by Dirichlet’s test the integral j ——— dx is convergent.
\x

Example 22:  Show that -[() sin x> dx is convergent. (Agra 2012)

o 1 -
Solution: We have J. sin 2% dr = I sin 22 dr + J sin X dx.
0 0 1
1
But JO sin 2% dr is a proper integral and hence convergent.
Now it remains to test the convergence of .[1 “ sin x” dr. We can write
J.oo sin x2 dx=.|.°° 2x.(sinxz).idx
1 1 2x
Let f (x)=2i and ¢ () = 2x sin 2.
x

The function f (x) _ L is bounded and monotonic decreasing for all x>1 and
x

lim L:O.
X— oo 2x

Also ‘j1x¢(x)dx‘=J1x2xsinx2dx
=] cos 1> - cos x> | <2, for all finite values of x.

is bounded for all finite values of x.

X
[ o@a
Hence by Dirichlet’s test
'[ - (sin x2 2xdx Le. Lw sin x2 dv is convergent.

Since the sum of two convergent integrals is convergent, therefore the integral

jO sin % dx is convergent.
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Example 23:  Show that the integral IO

dx is convergent.
x

(Garhwal 2007; Purvanchal 10, 12)

Ay = j S‘”dx+j°° SN v where a> 0.
0 X

a sin x

e sinx
Solution: We have JO

a X

. lim  sinx
Since

=1, the integral J- drx is a proper integral and hence

xr—0 X

convergent.
e Sin x

dx .

Now to test the convergence of J.
x

Let f(x)=1/xand ¢ (x) =sinx.

The function f (x)=1/x is bounded and monotonic decreasing for all x> a and
lim 1 _ 0

X—> o x '

Also

Jx q)(x)dx‘z‘-[x sinxdx’=|Cosa—cosx|32,f0rall finite values of x.
a a

is bounded for all finite values of x.

[T owar

.. , . o sin x
Hence by Dirichlet’s test the integral J'
a

dx is convergent.

sin x

Since the sum of two convergent integrals is convergent, therefore J.Ooo dx is
x
convergent.
Example 24:  Prove that j = cos o - cos P dx is convergent where a > 0.
a X (Rohilkhand 2011)

Solution: We have
Joo Cosow—cos[?)xdxzj-oo cosoucdx_J-oo cosBxdx
x x

a X

The function f (x)=1/x is bounded and monotonic decreasing for all
X— o© x ’

x> aand

Also ’J cosocxdx‘ ‘ (sinow —sinoa) | < | |
o

’ J; cos ox dx | is bounded for all finite values of x.

Similarly is bounded for all finite values of x.

j: cos B dx

by Dirichlet’s test both the integrals

= cosox . cosﬁx
J and [

a

dx are Convergent

Hence the given integral is convergent.
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Example 25:  Show that the integral

_[ N sin x —=dx,a =0 is convergent.
0 x (Kanpur 2009; Garhwal 10)

Solution: We have

o _ e Sinx 0 _ 4 SINX oo sin x
J' o —dxzj ¢ ‘”‘—dx+J‘ e ™ = dx, where o> 0.

0 X X o X
. i —qx SINX . o _gesinx .
Since 1M -ar =1, the 1ntegralJ' e dxis a proper integral and hence
x—0 X 0
convergent.

Now it remains to test the convergence of

— ax

J T Y g Let f )= £ and ¢ (x) =sin x.
o X x

Obviously the function f (x) = lﬂx is bounded and monotonic decreasing for all
xe
x>oand 1M £y L _o.
X —> o X —> o yx g

Moreover

Jax o (x) dx‘ = ‘ J.ax sin x dx‘ =|cos o - cos x |< 2, for all finite values of x.

dx | is bounded for all finite values of x.

.. , _ e Sinx
by Dirichlet’s test J‘ ' —= dx is convergent.
(¥ X
. . . _a Sinx
Since the sum of two convergent integrals is convergent, therefore fO e dx is
x

conver: gent.

8 Absolute Convergence

The infinite integral J' f (x) dx is said to be absolutely convergent if the integral

J‘ | f (x)|dx is convergent.
a

If the integralJ- - f (x) dx is absolutely convergent, it is necessarily convergent. But if
a

the integral j f (x) dxis convergent, it is not necessarily absolutely convergent. Thus
a

absolute convergence gives a sufficient but not a necessary condition for the
convergence of an infinite integral.
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[llustrative Examl)les

Example 26:  Show that J Y v s absolutely convergent.
Solution: The integral j sin x dx will be absolutely convergent if J sm4x dx is
x
convergent.
Let f (x sin x . Then f (x)is bounded in the interval (I, e). We have
sinx| |sinx |
X)= = ,since |sin x| < L
f ( R 4 N 4 4 | |
.. by comparison test, j f (x) dx is convergent if J 14 dx is convergent. But the

X

S ] . e
comparison integral Jl — dx is convergent because here n =4 which is> 1.
x

Hence Loo f (x) dx is convergent and so the given integral is absolutely convergent.

Example 27:  Show that J. sm7mx2 dx converges absolutely.
a +x (Garhwal 2008)
Solution: The integral J &m}; dx will be absolutely convergent if
a“ +x
e | sin mx .
JO 7.z dx is convergent.

sin mx

bet /=12

.Then f (x)is bounded in the interval (0, o). We have

sin mx } | sin mx|

PR el

S )=

,since | sin mx | < 1.

. by comparison test, j f (x) dx is convergent if j dx is convergent.

Joo dx _111’1’1 Jx dx _hm
0 242 x50Jd0 2242 x>

lim
= l:lta]n_li—O]zl
X— oo | g a a

But

1
)

[l 1 x]x
tan” © —

a ajo

r

97

which is a definite real number.

o o : i
j is convergent. Hence J f (x) dxis also convergent and so the given
0 42+ 5 0

integral is absolutely convergent.
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Example 28:  Show that the integral J.Ooo e ¥ cos mx dx converges absolutely.

Solution: 'The integral JOOO e~ Ycosmxdry will be absolutely convergent if

jow | ¢~ * cos mx|dx is convergent.
Let f (x)=|e” * cos mx|.Then f (x)is bounded in the interval (0, «). We have
f(x)=|e " cosmx|=e*|cos mx|

<e ¥, since|cos mx| <1

by comparison test, J f (x) dx is convergent if J ~ ' dx is convergent.
oo X oo
But I &% dp= UM i * dp= 1M e 1
0 X —> oo JO X — oo
lim

= [-e~ ' +1]=1, which is a definite real number.
X—> oo

JO ¢~ " dx is convergent.

Hence J f (x) dx is convergent and so the given integral is absolutely convergent.

O Testsfor Convergence of Improper Integrals of

The Second Kind

Now we shall make a study of the tests for the convergence of a definite integral of the

b
type L f (x) dx in which the range of integration is finite and the integrand f (x) is

unbounded at one or more points of the given interval [4, b]. It is sufficient to consider
the casewhen f (x)becomes unbounded at x = 2 and bounded for all other values of xin
the interval [a, b]. In this case we have

[/ feac= "1

e—0 Ja+e

In the articles to follow we give a few important tests for the convergence of the above
integral.

10 Comparison Test

b

Consider the improper integral J‘ f (x) dx, where the range of integration (a,b) is finite and
a

f (x) is unbounded only at x = a. Let g (x) be positive in the interval (a + €,b) and

| f(x in the interval (a +¢€,b). Then _[ f (x)dx is convergent lfj x)dx is

convergent.
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Similarly if | f (x)|2 g (x) for all values of x in the interval (a + €,b), then J f (x)dx is

divergent provided j g (x) dx is divergent.

Alternative form of the above comparison test:

If lim S is a definite number, other than zero, the integrals j f (x)dr and
x—a g(x)

b
j g (x) dx either both converge or both diverge.
a

Note: While applying the above comparison test, we generally take

1 . b
g(x)= o a) ie., J.a

b
Theorem: The comparison in tegmlj
a

) is generally taken as the comparison integral.

. is convergent when n < land divergent when

(o
nx1 (Purvanchal 2011; Gorakhpur 13)
Proof: We have
b i b i b
_[ v _ lim _ lim (x—a) ™ d
a (x—a)* €20 Ja+e ) Te50 Jate
lim mntl .
=eso0 | 1o ,ifn#l
a+ée
- lim b - )l—n_ 1-n . W
e—-0 I-n I-n
) o lim I —n
If n < 1, then 1 - n is positive and so e 0 € = 0. Therefore from (1), we have
1-n
b _
| de  _bma) e,

a (X _ ﬂ)n 1l—-n
Hence the given integral converges when n < 1.

Ifn > 1, thenl — nis negative and son — lis positive. Therefore in this case, from (1), we
have

fh de _lim (-a) 7" 1
@ (x—a) €20 l-n  (u-le"!

Hence the given integral diverges when n> 1.
When n =1, we have
Jb dx [ b dx lim dx

@ (x-a)

a (x—a) €0 Ja+e yx—q

lim b lim
=0 [log (x - a)]ﬂ+8=£—>0 [log (b — a) — log €]

= [+ log 0 = — eo]
Hence the given integral diverges when n =1
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[llustrative Examl)les

Example 29:  Show that the integral j !

dx .
———— 1§ convergent.
0 L3 1+ xz) g

Solution: Inthe givenintegral, the integrand f (x) = 1/3; isunbounded at the
OB 1+ 2

lower limit of integration x = 0.
Take g (x)=1/x/3.

Then lim f (%) 1

= =1, which is finite and non-zero.
=0 gx) x>0 1442

by comparison test

jo dxandj x) dx

1
either both converge or both diverge. But the comparison integral -[0 % is
x

convergent because here n=1/3 which is less than 1. Hence the integral

1 dx i al
jO W is also convergent.
dx

Example 30: Test the convergence of the integral J _—

v ( x - l)
Solution: In the given integral the integrand f (x) =1/ ( —1)isunbounded at the
lower limit of integration x = 1.
Take g0 =1/3(* -1).
Then lim f (x) _ lim Zl{ N2 -l = lim 21

x=1 gx) x>l |Nx* -1 x=1 G2 +))

=1/ 2, which is finite and non-zero.
Therefore by comparison test,

jf f(0dr and jlz ¢ (x) dy

are either both convergent or both divergent.

2 2 dx lim 2 dx
But -[1 g(x)dx=.[l v (x? Te0 Jise V(-1
= M llog (x+ 3 (& ~ 7

_lim 2
=0 [log 2+ 3)—log {1+e+(e° +e)}]

=log (2+3), which is a definite real number.
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-[12 g (x) dx is convergent.

Hence dx is also convergent.

I} 72—

Loyt -

Example 31: Show that the integral J(I) seex dx is divergent.
X

_secx,
is unbounded at the lower

Solution: In the given integral the integrand f (x

limit of integration x =0. Take g (x)=1/x.

Then lim f(x) _ lim {secx

= Xy = fim secx =1
x—0 g (x) xr—0 X xr—0 ’
which is finite and non-zero.
Therefore, by comparison test, J- f (x) dxand J‘ x)dx either both converge or
both diverge. But the comparison integral J.O — dx is divergent because here n = 1.
x

sec x

1
Hence the given integral .[0 dx is also divergent.

1
Example 32:  Show that -[O x Ve dv is convergent if n> 0.

1
Solution: If n>1, then jO x "1™ % dx is a proper integral because the integrand

£ (x)=x""1 ¢ "is bounded in the interval (0,1). So the given integral is convergent

when > 1.
If0 < n< Ltheintegrand f (x)=x" ~!' s~ *isunbounded at x = 0. Take gx)=x" -1
Then lim — f (%) = % =1, which is finite and non-zero.
r—=0 gx) x—0
- by comparison test, j f (x)dx and j x) dx either both converge or both
diverge.
1
1 !l a1, lim | lim |x"
But Io g(x)dx—JO * dx—£_>0 e * d_e—>0 |:
€
. n
= Lim [1 - s] = 1 ,which is a definite real number.
e—=>0 n n

1
-[O g (x) dx is convergent.

1 1 - .
Hence -[0 x "7l Y dyis also convergent.
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Example 33:  Show that the integral J-(;o x "7 e™ Y dxis convergent if n> 0.

(Garhwal 2006)
Solution: We have

oo 1 1 1 oo 1
_[0 x;11€de:J'0x;1leAdx+jl xnle,\dx.

1 oo
Let Ilzjo "1 e ¥ dy and 12:.[1 R

The integral I is convergent for all values of .
[For proof see Ex. 17 after article 5]
Also the integral I} is convergent if n>0. [For proof see Ex. 32 above]

Hence the given integral is convergent if 7n>0 because then it is the sum of two
convergent integrals.

I Theu-Test

Let f (x) be unbounded at x = a and be bounded and integrable in the arbitrary interval
(a+gb), whereO <e<b —a. If there is a number W between O and 1 such that

lim o\ ; )
s a+0 (x—a)™ f (x)exists, then L f (x) dx

is convergent.

If there is a number w>1 such that lim  (x—a)" f (x) exists and is non-zero, then
x—a+0

b
J f (x) dx is divergent and the same is true if
a
llm _ i _ oo - oo
240 (x—a)™ f(x)=+0c or .
In case f (x)is unbounded at x = b, we should find

AN L)

the other conditions of the test remaining the same.

[llustrative Examl)les

1
Example 34: Prove that the integral J e converges.

0 V{x(1-x)} (Garhwal 2009, 12)
Solution: In the given integral the integrand f (x)=1/ {x (1-x)} is unbounded

both at x =0 and at x = 1. If O < a < 1, we can write
J~1 dx dx dx

oA J a N J' 1
0 V{x@-n}p 70 N{x-n} Ja N{x(-x)
In the integral/} the integrand f (x)is unbounded at the lower limit of integration.x = 0

and in the integral I5 the integrand f (x)is unbounded at the upper limit of integration
x=1L

=1y +1y ,say.
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To test the convergence of I;. Takeu = % -We have
lim lim 12 1 lim 1
x x) = e — = -
r—0 S xr—0 Vix(l-x)} x>0 V(1-x)
=1lie, the limit exists.
Since 0 <p < 21 , therefore by p-test I is convergent.
To test the convergence of Iy. Takep = % - We have
lim I-0*. f ()= lim (1- x)1/2 ) 1
x—1-0 x—1-0 v {x (1-x)}
lim I lim 1 _ 1

Txo51-0 Vi &0 V(i-¢)
Hence by p-test Iy is convergent since O <p < 1.

Thus the given integral is the sum of two convergent integrals. Hence the given integral
itself is convergent.

Example 35:  Test the convergence of J logx :
0 V@2-x) (Agra 2012)
Solution: Let f (x) = Vl(;g ad ) -Then f (x)is unbounded both at x=0 and x =2. If
—x
0 <a< 2, we can write
-[2 Iogx j logx +J-2 log x bl + 1 sa
0 V@- 0@ V@-x T
To test the convergence of I;. We have
lim _ lim wo logx [
P f(x =50 {x \/(x—Z)} 0ifu>0.

Therefore taking u between 0 and 1, it follows by p-test that I is convergent.

To test the convergence of I.

Take u=%~We have
lim lim 12 log x
2 - x) ", = 9 _ -
xs2-0@ TN S M=y 0T T,
lim lim
“ro2-0 9B¥Tg o le(-9
=log 2.

by p-test Iy is convergent because O <p < 1.

Hence the given integral is also convergent, it being the sum of two convergent
integrals.
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Example 36: Test the convergence of J.O WP e Y gy
Solution: Let f (x)=xV L
1
and I=j e gy
0

If p>1, f (x)is bounded throughout the interval (0,1) and so I is a proper integral and
hence it is convergent if p> L

If p<1, f (x) is unbounded at x = 0. In this case, we have

lim lim  p p-1 —-x_ lim  ju+p-1 —»x
x x) = *ox et = ¥ e
x>0 S ) xr—0 x—0

=lif u+p-1=0ie,u=1-p
So by p-test when O <p <lie.,0< p<], the given integral is convergent and when
u=lie, p<0, the given integral is divergent.

Hence I is convergent if p> 0 and is divergent if p<0.

12 Abel’s Test

b )/
IfL f (x) dx converges and ¢ (x)is bounded and monotonic for a < x < b, then Jﬂjf (x) 0 (x) dx

converges.

15 Dirichlet’s Test

b
If L e f (x) dx be bounded and ¢ (x) be bounded and monotonic on the interval a < x< b,

b
converging to zero as x tends to a, then J f (x) ¢ (x) dx converges.
a

Illustrative Examl)les

n/2  cos x

Example 37: Test the convergence of J o 0
X

Solution: 'Whenn <0, the given integralis a proper integral and hence convergent.

When 7> 0, the integrand becomes unbounded at x = 0.

Let f )= cosnx .
X
lim lim _ .
Th H = Hon =1ifu =n
en 0 " f (x) o0 © cosx=Llifu=n

Hence by p-test it follows that the given integral is convergent when 0 <n<1, and
divergent when n > 1.

From the above discussion we conclude that the given integral is convergent when n < |,
and divergent when n> 1.
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2
Example 38:  Show that the integral jon/ log sin x dx converges.

(Meerut 2012; Rohilkhand 12)
Solution: 'The only point of infinite discontinuity of the integrand is x = 0.

Now xlino H log sin x, when p > 0
_ lim log smx, [form i:|
x—)O X_p' )
_ lim cot x
T x>0 _ux—ll—l
lim 1 x**! [f 0]
_ _ . orm —
xr—0 u tanx 0

_lim I (p+Dhxt , c 1
= _E.ﬁ, [by L'Hospital’s rule]
=0,ifu>0.

Taking pu between O and 1, it follows fromp-test that the given integral is convergent.

Example 39:  Discuss the convergence of the integral

-
Jo " g rds o anchal 2009; Garhwal 12)

Solution: (i) Since Xlim x" log x =0 where r > 0, the integral is a proper integral,

-0

when 7> 1.
(ii) When n =1, we have
1 _ lim ! _ lim 41
jo log xde=_"" L log xde= "7 [xlogx 1],
= mo elogetel=-1
e—0

the integral is convergent if n = 1.
(iii) Letn<land f (x)=x""!log x.

lim lim -1
Th H = Htn=1]
en 0 " f (x) 0 F og x
=0 if u>l-n (1)
and =—o if u<l-n ..(2)

Hence when O < 1 < 1, we can choose u between O and 1 and satisfying (1). The integral
is therefore convergent by p-test when O < n< 1

Again when 1 <0, we can take p = land satisfying (2). Hence by u-test the integral is
divergent when n<0.

Therefore from (i), (ii) and (iii), we conclude that the given integral is convergent when
n>0 and divergent when n<0.
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Example 40:  Discuss the convergence or divergence of the integral
w ga-1
Jo e
0 l+x (Garhwal 2006, 11)
P 1
Solution: Let f )= | -If b >0, we can write
+x

1
dx

a—1 a—1 a —
oo b =)
Iy Lol L]
0 I+wx 0 1+ux b 1+x
=11 +1y, say.
Leta > 1. Then f (x)is bounded throughout the interval (0, b) and so the integral I is a
proper integral and hence it is convergent. To test the convergence of the infinite
integral Iy in this case, we have
. . a—1 . w+a-1
lim M f ()= lim X _ lim o x
X —> oo X —> oo I+x x—>e  x+1

=Lifu+a-1=1 ie, ifpu=2-a
which is <1 since a>1.
Hence by p-test I is divergent.
the given integral is divergent if a > 1.
Let a <1. Then in the interval (0,5), f (x) is unbounded only at x =0. Also f (x) is
bounded throughout the interval (b, ). Therefore in this case I1 is an improper integral
of the second kind and Iy is an improper integral of the first kind. To test the
convergence of Iy, we have
lim m ra-l lim u+a-l
v = - =1,
x—0 r+1 x>0  x+1 ifu+a-1=0 ie,
ifu=1-a.
If we take O < a < 1, then we have O < i < land so by i-test I} is convergent. If we takea <
0, then p 2 1 and so by u-test I is divergent.
To test the convergence of Iy when a <1, we have
lim xﬂ—l lim xp+a+1

b = Y =lifp+a-1=lie,
X—> o x+1 x> x+1

if w =2 —-a which is >1 since a< 1
Hence by p-test Iy is convergent if a < 1.
Thus Iy is convergent if a < 1. But/]isconvergentifO < a <landisdivergentifa <0.
the given integral is convergent if 0 < 4 <1and is divergent if 4<0.

Hence the given integral is convergent if O < a <1and is divergent if a>1or if a <0.

Example 41: Discuss the convergence of the Beta function

1 m—1 n-1
.[0 ¥ (=T (Purvanchal 2007, 12; Kanpur 12)
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Solution: Let f(x)=x""1(@1-x""'.

The following different cases arise :

(i)  When m and n are both >1, the integrand f (x) is bounded throughout the
interval (0,1) and so the given integral is a proper integral and is convergent.

(i) When m and n are both <1, the integrand f (x) becomes infinite both at x =0
and at x = 1. In this case we take 0 < a <l and we write

[ | n-1 (4 m-1 n—1
jox (1-x) dx—_[o PR ) L
1
+J- - e
a

=1} + I, say.
In the case of the integral I}, the interval of integration is (0, 4) and so the integrand is
unbounded at x =0 only. To test the convergence of I, we have

lim u Iim  u m-1 n-1
. = . 1-
10" S @ x>0 "7 =)

_ lim w+m-1,4_ \n-1
x>0 * (-
=l,ifu+m-1=0ie,ifu=1-m.
If we takeO < m < I, wehaveO <p < landsobyp-testl] is convergent. If we take m <0,
we have u > 1 and so by u-test I is divergent.

Again in the case of the integral Iy , the interval of integration is (a,1) and so the
integrand is unbounded at x =1 only. To test the convergence of I , we have

lim (l—X)u.f(X)_ lim (l_x)pxm—l(l_x)n—l

xr—1-0 T x—1-0
_ lim _ u+n-1_m-1
“vo1-0 79 *

=€li_r>n0 {1_(1_8)}u+n—1 (1_8)111—1

=811_r:10 gu+n—1 (1_8>m—l
=1, ifu+n-1=0ic,ifu=1-n

If we take O <n<1, wehaveO <u <landsobyp-test/s is convergent. If we taken <0,

we have y > 1and so by u-test I is divergent.

Thus if mandn are both <1, the given integral is convergent only if

O<m<land O<n<l

(iii) Whenm <landn > 1, theintegrand f (x)isunbounded only atx = 0. In this case by

u-test, the given integral is convergent if O < m <1and is divergent if m <0.

Again if m > 1and n <1, the integrand f (x) is unbounded only at x = 1. In this case by

u-test, the given integral is convergent if O < n<1and is divergent if n< 0.

Hence from (i), (ii) and (iii) it follows that the given integral is convergent if both

mand n are >0 and divergent otherwise.
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Example 42:  Discuss the convergence of the Gamma function
J. Tl gy
0
(KKanpur 2008; Garhwal 10; Purvanchal 08, 11, 12; Rohillhand 10, 11)

Solution: We can write
e — _ 1 —1 - Ao — _
J.O n 13 X l J.O n 15 X l L n 13 X l

=11 + 1o, say.
Let us first discuss the convergence of ;.
Let Fy=x""ter

If n>1, f (x)is bounded throughout the interval [0, 1] and so I; is a proper integral and
hence it is convergent if > L.

If n<1, f (x)is unbounded at x = 0. In this case we have

lim u lim  p »n-1 —x_ lim  p+n-1 —x
x X)= X' e = x e
x—0 S ) xr—0 x—0

=1,ifu+n-1=0ie,u=1-n.
So by p-test when O < <lie.,0 <n<1, the integral I} is convergent and when u > 1
ie.n<0, the integral I} is divergent.
Iy is convergent if n> 0 and is divergent if n<0.

n—1 e Yi

Now let us discuss the convergence of the integral Iy . The function f (x) = x is

bounded for all values of x in the interval (I, ). We have

lim _ lim Xu.xn_l_ lim
A f ()= wiLAR

X—> o X— oo ¢ X —> oo

l+x+j+”'

xp.+n—1

=0 for all values of u and n.
Taking > 1, we see by p-test that the integral

Iy = jlw e dr s convergent for all values of n.

Hence the given integral is convergent if n> 0 and is divergent if n< 0.

14 Infinite Integrals Depending on a Parameter

Uniform convergence of improper integrals when range is infinite.
The improper integral ¢ (o) = _[ ” f(x, o) dx
a
which is an infinite series of functions of parametera, is said to be uniformly convergent

in the interval oy, o ] if for every € > 0, there exists a positive number é depending on €
but not on o such that

o) =[O oydr] =7 f (v oyar|<e

Vezdandoe o, o9 ).
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Uniform convergence of improper integrals when the integrand is unbounded.
b
The improper integral ¢ (o) = I f (x, o) dx
a

such that f (x, o) > e, when x — a for some o € [o,09] is said to be uniformly
convergent in the interval [0y, o | if for every €> 0,

there exists a positive number § depending on € but not on a such that

|(])(0c)—jj+tf(x,oc)dx|<e,¥0£t£8.

Note: Weierstrass’s ‘M’ test can be applied to test uniform convergence.

Thus, if there exists a function M (x)> 0 for all x, such that j M (x) dx
a

converges and for all oo and x
| f (x, o)< M (x),
then the improper integral

ol)=] " f (xo)d

is uniformly convergent.
Continuity of Improper Integrals as a Function of a Parameter

The improper integral
o0@)=]"f (no)d

is continuous in [0, o | if
(i) f (x, a)is continuous for x 2 o and o € [0y, 019 | and
(ii) J oc’f (¥, o) dx is uniformly convergent for o € [0y, 019 ] .
a
Integrability of Improper Integrals as a Function of a Parameter
If (i) f (x, ) is continuous for x> o and o € [0, 09 | and

(ii) j:f (x, o) dx is uniformly convergent for o € [0y, 09 ],
then the improper integral ¢ (o) = J‘: f (x, o) dx
can be integrated under the integral sign and we have
j;f{j;f (x, o) dx}da=j§l2¢<a) do, = j:{j:‘f f (x, o) do} dx

Derivability of Improper Integrals as a Function of a Parameter
If (i) f (x,0)is continuous and has a continuous partial derivative with respect to a. for

x2o and o € [0y, 09 ] and (ii) Jmfa (x,0) dx converges uniformly in o € [0, 09 ] , then
a
o (o) is differentiable and
@)= fo (r0)dr.
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lllustrative Examl)les

Example 43: Evaluate J.: e_xz cos o dx with differentiation w.r.t. parameter.
Solution: Let ¢ (o) = jo“’ f (x,0) dx (1)

where f (x,0) = €7x2 Cos o

Then fo (x,(x)z—xe_)‘lsin(xx
2
We have | xe™* sinovc|£xe_x2
= |e_xzcosocx|Se_"l [ |cosa x| <]

o oo 2
Both the integrals J.O ¢ dr and J.O xe~ * dy

are convergent, therefore by Weierstrass M test
_[: f (x,0)dx and '[: fo (x,0) dx are uniformly convergent,
= 0 (o) exists.

Now ¢'(0ﬂ)=_[:fa (X,Ot)dx=j:—xe_xzsin(xxdx

= B e < sin x]o - % J(:o ' o cos ou dx, [Integrating by parts]
_a O
=-gel@ o LT

Integrating w.r.t. o, we get
log q)(oc):—i—i-cl,
4
where ¢; is an arbitrary constant.
or d(a)=ce” 0‘2/4, (2)
where ¢ is another constant

Puttingo. =0 in (1) and (2), we get

¢(0):j0°°e—"2ﬂzx=%- and ¢(O)=ce'0=c.'.c:§~
Substituting this value of ¢ in (2), we get

¢(a)=§e‘ o? /4
Hence f:e_xz COSO(XdX=§€_ o /4 [From (1)]
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Example 44: Evaluate f (o, B) = J: oo P dx, where o.> 0. Hence deduce that
x

) n/2,if B>0
oo sin fBx s

jo ——de=1 0, f p=0.

-n/2,if B<O

Solution: We have
; — o
g_axsm[ix <% forx>0.
x x

— o
e ¢ . .
_[0 dx is convergent at e if 00> 0 ;
X

therefore by Weierstrass M test,

o _ gy SIN . .
_[0 e ™ sin r dx is uniformly convergent.
x
e~ % sin Px
Now the derivative of ——————— with respect to  is e~ ** cos Bx. For a fixed o > 0, we
x

have

e~ * cosBr|<e” ™ [ |cosB x|<]]

But _[0 ¢~ dx is convergent over [0, ) therefore for a fixed o we have

J.: ¢~ % cos Pr dx is uniformly convergent

fp (o, B) exists.
Thus  fg (@, B) = J(;O ¢~ * cos Br dx

- . o o
=[e” ® {B sin Bx — o cos Br} G :W.
Integrating with respect to 3, we get
f(oc,B):tan_Ig+c, (1)
where ¢ is an arbitrary constant.
Putting B =0 in (1), we get
0= f@0)=0+c or ¢=0 .~ f(op)=rtan"! g

Deduction: For o> 0 and for a fixed B, we have
Jte_w(sm[ix gl = e_w-[é sin Bx I
X

f h x

<

’

J&‘@dx

tl X

[Applying the Bonnett’s form of second mean value theorem]

. e Sin . o _ o SIN
Since IO fir dx is convergent, we have '[0 e fir
X X

dx is uniformly convergent

with o as a parameter.
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lim f(o,B)=f (0,B) ..(2)
x—0
But when oo — O from positive side and § >0, we have
lim f(a,B)= lim o SINBY, T ..(3)
a—0 a— 070 X 2

From (2) and (3), we get

T
f(OrB)=§,1f5>0
or stmﬁxdxzﬁ,ifﬁ>0
0 x 2
Similarly [~ sinpx 20, ifB =0
0 x
and stmﬁxdx=—g,ifﬁ<0.
0 x 2
ol ™ , , o
Example 45: Evaluate -[O ——dx if a>—1, with the help of differentiation w.r.t.
xe
parameter.
. o] - * o0
Solution: Letq)(a):jo . dx:jo F (x,00) dx (1)
xe
_C M e
Then fo (x,00) = = .. (2)

¢

Now Jom f (x,00) dx and J(:o fo (x,0) dx are uniformly convergent.

= ¢’ (o) exists.
’ _ e _ e - (C(. + 1) X
o @)= [ fo leoyde="e dx
— (o +1)x]™
=< =L ifas-1.
—(a+1) o+l
0
Integrating w.r.t. o, we get
¢ (o) =log (1+ o) +¢, where ¢ is an arbitrary constant ...(3)
= 60)=c¢ (%)
Puttingo. =0 in (1), we have
$(0)=0.
c=0.

Hence ¢ (o) =log (1 + o)

) P
or j
U

dx=log (1+0);ifo>—-1.
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@mprehensive Exercise 2
w sin? x
1. Show that the integral J =z dx is convergent.
1
2. Test the convergence of the following integrals:
J- Cos x
0 l + 12
(Purvanchal 2010; Bundelkhand 11; Rohillkhand 12; Gorakhpur 12)
(i) [~ “;‘2" dv (i) [ 7;21“ - dx
T +a (Garhwal 2008)
3
(=) x o
Jo (* +a”) > (o + D (Gorakhpur 2012, 15)
o ]—-cosx
(vi) ————dx (vii)
'[ 0 Iz J. 2 x —-x— I)
o0 dx
(viil) |, ———— (ix)
L V(- 1) JO 1+x3

. 32
J. 2.2 dx
0 (r*x* +¢)
3. Show that the following integrals are convergent:
oo X oo dx
——a dx ii _
Io (@ + 2) (1) IO (I+x)Vx

3/2 dx
4. Test the convergence of J \/ ,where b > a.

(x*

Show that the integral J. "1 e™* dy is convergent, where a > 0.
a

6. Test the convergence of the following integrals:

R T de

@) .[o B+ i jo (x+)V(1-2%)

. [T/2 COS X . m/4 1

(iii) J'O 7 dx (iv) -[O m e (Agra 2012)
n/2 sinx

dx.

(v) 0 xl +n

7. Test the convergence of the following integrals
o dx

(i) A Gy [~
0 B+ Jo ,mx

1/2
(iii) J dx (iv) J sm x dx.
0 X +4 0 I+ X
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. . e Sin x
8. Examine the convergence of the integral j — dx.
0 3 /2

w _ 22
9. Show that the integral jo ¢ cos bx dx is absolutely convergent.

10. Evaluate .[0 2 dv with the help of differentiation w.r.t., parameter.

L2

11. Evaluate -[O e_"z cos o dx using differentiation with respect to parameter.

@swers 2

2. (i) Convergent (ii) Convergent
(iii) Convergent (iv) Divergent
(v) Convergent (vi) Convergent
(vii) Divergent (viii) Divergent
(ix) Divergent (x) Divergent

4.  Divergent

6. (i) Divergent (ii) Convergent
(iii) Divergent (iv) Convergent
(v) Convergent if n<1 and divergent if n>1

7. (i) Divergent (ii) Divergent
(iii) Divergent (iv) Convergent

8.  Convergent

2
ﬂg_a /4

10. T 11.
2 2

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (¢) and (d).

1. The integral j — ,where a >0, is convergent when

(a) n=1
(¢) n<l

(b) n<l

(d) n>1
(Garhwal 2009; Rohilkhand 11)

b
2. The integral J is convergent when
a n

(b) n>1
(d) n>1 (Garhwal 2006, 10, 11)
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1
3. The integral jO A Vais convergent when

(a) m>0 (b) n>0
(c) m>0,n>0 (d) m=0,n>1

4. The integral j: x"~1¢™ dvis divergent when

(a) n>0 (b) n>1
() n<0 (d) n=t
2
smZ x
5. The integral J. dx,a>0
(a) convergent (b) divergent
(c) uniformly convergent (d) none of these
(Rohilkhand 2012)
Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.
b
1. The definite integral J. f (x)drissaid tobea ...... if the range of integration
a

(a,b) is finite and the integrand f (x) is bounded over (a, b).
b

2. The definite integral J‘ f (x) dx is said to be an improper integral if the interval
a

(a,b) is finite and f (x)is not ...... over this interval.

3. The definite integral J f (x)dxis said tobe an ...... if the interval (a, b) is not

finite and f (x) is bounded over (a, b).
4. Adefinite integral I f (x) dx in which the range of integration (a, b) is finite but

the integrand f (x) is unbounded at one or more points of the interval a < x< b,

is called an improper integral of the ...... kind.
5. The integral J N —— is an improper integral of the ...... kind.
0 J1+x
. 4 dx . . . .
6. The integral J —————is an improper integral of the ...... kind.
- 2) (x=3)
7. 'The integral j —,where a >0, is convergent when ...... .

8. The integral j p is divergent when ...... .
a

(x —a)

9. The integral J‘Ow ¢ " dr is convergent if ...... .

10. The integral j; - Varis convergent if both m and n are > ......
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True or False

Write “T7 for true and “F’ for false statement.

1. The integral jg

( 2)2 is divergent.
x —

Cos x

2. The integral j: dx is convergent.

1+ 27 (Garhwal 2012)

. o dx .
3. The integral j — ,where a> 0, is convergent when n< 1.
a x

b
4. The integral J . is divergent when n < L.
a

(x—a)
1
5. The integral IO 3(14)()(2) is convergent.
X +
1
6. The integral jO 1/3(6?)52 is convergent.
X +

7. The integralj-lw \/(dxis convergent.

o +1)

8. The integral J; is convergent.

o
Vi =)

@HSWGI'S

Multiple Choice Questions

1. (d) 2. (a) 3. (c) 4. (c) 5. (a)

Fill in the Blank(s)

1. proper integral 2. bounded
. improper integral of the first kind 4. second 5. first
6. second 7. n>1 8. nx1 9. n>0 10. O
True or False
1. F 2. T 3. F 4 F 5 F
6. T 7. T 8. F
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