














1  Continuity

(Purvanchal 2010, 11; Gorakhpur 11; Avadh 14)

The intuitive concept of continuity is derived from geometrical considerations. If

the graph of the function y f x= ( ) is a continuous curve, it is natural to call the

function continuous. This requires that there should be no sudden changes in the value

of the function. A small change in x should produce only a small change in y. Moreover

for the graph to be a continuous running curve, it should possess a definite direction at

each point.

But the continuity as defined in pure analysis is quite distinct from the intuitive or the

geometrical concept of the term. Sometimes drawing a graph is difficult. We now give

the arithmetical definition of continuity given by Cauchy.
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Cauchy’s definition of continuity.

A real valued function f defined on an open interval I is said to be continuous at a I∈  iff for any

arbitrarily chosen positive number ε , however small, we can find a corresponding number δ > 0

such that 

                 | ( ) ( )|f x f a− < ε when ever | | .x a− < δ …(1)

(Bundelkhand 2010; Kanpur 11)

We say that f is a continuous function if it is continuous at every x I∈ .

In other words,  f is continuous at a if for any given ε > 0, we can find a  δ > 0 such that

| | | ( ) ( )|x a f x f a− < ⇒ − < εδ .

This means that the function f will be continuous at x a=  if the difference between f a( )

and the value of f x( ) at any point in the interval ] , [a a− +δ δ  can be made less than a

pre-assigned positive number ε. Note that we choose δ after we have chosen ε.

A geometrical interpretation of the above definition is immediate. Corresponding to

any pre-assigned positive number ε, we can determine an interval of width 2δ about the

point x a=  (see the figure) such that for any point x lying in the interval 

] , [, ( )a a f x− +δ δ  is confined to lie between

f a( ) − ε and f a( ) .+ ε
The inequality (1) may be written in the form of an equality as f x f a( ) ( )= + η , where 

| |η < ε.

Note 1: For a func tion f x( ) to be con tin u ous at x a= , it is nec es sary that lim ( )
x a

f x
→

must ex ist.
Note 2: | ( ) ( )| ( ) ( ) ( )f x f x f a f x f a− ⇒ − ∈< < + ∈ 

and | |x a a x a− < ⇒ − < < +δ δ δ
Note 3: The func tion must be de fined at the point of con ti nu ity.

Note 4: The value of δ de pends upon the val ues of ε and a.

Note 5: The in ter val I may be of any one of the forms :

] , [ , ]a b − ∞, b a[ , ] , ∞ − ∞[ , ] , ∞[.
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An alternative definition of continuity of a Function At a Point: A function f is said 

to be continuous at a I∈  iff lim

x a
f x

→
( ) exists, is finite and is equal to f a( ) otherwise the function

is discontinuous at x a= .

This definition of continuity follows immediately from the definition of limit and the

definition of continuity. Thus a function f  is said to be continuous at a,  if  

f a f a f a( ) ( ) ( )+ = − =0 0 . This is a working formula for testing the continuity of a

function at a given point. (Bundelkhand 2008, 10; Kashi 12)

Polynomial Function:

Theorem 1:  A polynomial function is always a continuous function.

Proof: If f x a x a x a x an n
n n( ) = + + … + +−

−0 1
1

1  is a polynomial in x of degree n,

then by the above definition it can be easily seen that f x( ) is continuous for all x ∈R.

If c be any real number, then 

lim ( ) lim
x c

f x
x c

a x a x a x an n
n n

→
=

→
+ + + +−

−{ }0 1
1

1…

    =
→

+
→

+ +
→

+
→

−
−a

x c
x a

x c
x a

x c
x

x c
an n

n n0 1
1

1lim lim lim lim…

  = + + + +−
−a c a c a c an n

n n0 1
1

1… ∵ lim
x c

x c
→

=












  = f c( ).

Since lim ( ) ( ),
x c

f x f c
→

=  therefore f x( ) is continuous at x c= . 

Thus f x( ) is continuous at every real number c and so f x( ) is continuous for all x ∈R.

Thus remember that a polynomial function f x( ) is always continuous at each

point of its domain.

Continuity from left and continuity from right:

Let f be a function defined on an open interval I and let a I∈ . We say that f is continuous from the

left at a if  
lim

x a
f x

→ − 0
( ) exists and is equal to f a( ). Similarly f is said to be continuous from

the right at a if  lim
x a

f x
→ + 0

( ) exists and is equal to f a( ).

From the above definitions it is clear that for a function f to be continuous at a, it is

necessary as well as sufficient that f be continuous from the left as well as from the right

at a.

Continuous function: A function f  is said to be a continuous function if it is continuous at

each point of its domain.

Continuity in an open interval: A function f is said to be continuous in the open

interval ] , [a b  if it is continuous at each point of the interval. (Bundelkhand 2009)
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Continuity in a closed interval: Let f be a function defined on the closed interval 

[ , ].a b  We say that  f  is continuous at a if it is continuous from the right at a and also that f

is continuous at b if it is continuous from the left at b. Further,  f  is said to be continuous

on the closed interval [ , ]a b , if (i) it is continuous from the right at a, (ii) continuous from 

the left at b and (iii) continuous on the open interval ] , [a b .

Thus if a function f  is defined on the closed interval [ , ]a b , then

(i)    it is con tin u ous at the left end point a if f a f a( ) ( )= + 0  

i e. .,          f a
x a

f x( ) lim ( )=
→ + 0

(ii)  it is con tin u ous at the right end point b if f b f b( ) ( )= − 0

i e. .,         f b
x b

f x( ) lim ( )=
→ − 0 

and (iii) it is con tin u ous at an in te rior point c of [ , ]a b  i e. ., at c a b∈] , [  

if             f c f c f c( ) ( ) ( )− = = +0 0  

i e. .,  if    lim ( ) ( ) lim ( )
x c

f x f c
x c

f x
→ −

= =
→ +0 0

.

2  Discontinuity

Definition: If a function is not continuous at a point, then it is said to be discontinuous at that

point and the point is called a point of discontinuity of this function.

Types of Discontinuity:

(i) Removable discontinuity: (Meerut 2011; Avadh 14)

A function f is said to have a removable discontinuity at a point a  if  lim ( )
x a

f x
→

 exists but

is not equal to f a( ) i.e., if

f a f a f a( ) ( ) ( )+ = − ≠0 0 .

The function can be made continuous by defining it in such a way that  

lim ( ) ( ).
x a

f x f a
→

=

(ii) Discontinuity of the first kind or ordinary discontinuity:
(Meerut 2010B)

A function f is said to have a discontinuity of the first kind  or ordinary discontinuity at a if 

f a( )+ 0  and f a( )− 0  both exist but are not equal. The point a is said to be a point of

discontinuity from the left or right according as f a f a f a( ) ( ) ( )− ≠ = +0 0  or 

f a f a f a( ) ( ) ( )− = ≠ +0 0 .

(iii) Discontinuity of the second kind: (Meerut 2003, 10B)

A function f is said to have a discontinuity of the second kind, at a if none of the limits 

f a( )+ 0  and  f a( )− 0  exist. The point a is said to be a point of discontinuity of the

second kind from the left or right according as f a( )− 0  or f a( )+ 0   does not exist.
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(iv) Mixed discontinuity: (Meerut 2012B)

A function f is said to have a mixed discontinuity at a, if f has a discontinuity of second kind 

on one side of a and on the other side a discontinuity of first kind or may be continuous.

(v) Infinite discontinuity:

A function f is said to have an infinite discontinuity at a if f a( )+ 0  or f a( )− 0  is + ∞ or

− ∞. Obviously, if f has a discontinuity at a and is unbounded in every neighbourhood

of a, then f is said to have an infinite discontinuity at a.

3  Jump of a Function at a Point

If both f a( )+ 0  and f a( )− 0  exist, then the jump in the function at a is defined as the

non-negative difference f a f a( ) ~ ( ).+ −0 0  A function having a finite number of

jumps in a given interval is called piecewise continuous.

4  Algebra of Continuous Functions

The o rem 1: Let f and g be de fined on an in ter val I. If f and g are con tin u ous at a I∈ , then 

f g+  is also con tin u ous at a.

The o rem 2: Let f and g be de fined on an in ter val I. If f and g are con tin u ous at a I∈ , then fg is

con tin u ous at a.

The o rem 3: If f is con tin u ous at a point a and c ∈R , then cf is con tin u ous at a.

The o rem 4: Let f and g be de fined on an in ter val I, and let g a( ) ≠ 0. If f and g are con tin u ous

at a I∈ , then f g/  is con tin u ous at a .

The o rem 5: If  f is con tin u ous at a then | |f  is also con tin u ous at a.

Note: The con verse is not true. For ex am ple, if 

f x x a f x x a( ) , for and ( ) for= − < = ≥1 1 then

lim | ( )| | ( )|
x a

f x f a
→

= =1 , but lim ( )
x a

f x
→

 does not ex ist.

Thus | |f  is continuous at a while f  is not continuous at a.

Ex am ple 1: Test the fol low ing func tions for con ti nu ity :

(i) f x x sin x( ) ( / )= 1 , x ≠ 0, f ( )0 0=  at x = 0. (Kanpur 2005; Avadh 08;
Meerut 09B; Purvanchal 09; Kashi 12; Rohilkhand 14; Gorakhpur 12, 14)

Also draw the graph of the func tion. (Lucknow 2007)

(ii) f x x( ) /= 21  when x ≠ 0, f ( )0 0=  at x = 0. 

(iii) f x e x( ) / ( )/= − −1 1 1 , x ≠ 0, f ( )0 0=  at x = 0.
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So lu tion: (i) Here f
h

f h h( ) lim ( ),0 0
0

0 0+ =
→

+ >

  =
→

=
→

=lim ( ) lim sin .
h

f h
h

h
h0 0

1
0

∵ lim and sin
h

h
h→

= 

 


≤





 0

0
1

1 for all h ≠ 0 i e h. ., sin ( / )1

  is bounded in some de leted neigh bour hood of zero





Similarly f
h

f h h( ) lim ( ),0 0
0

0 0− =
→

− >

      =
→

− =
→

−
−









lim ( ) lim ( ) sin

h
f h

h
h

h0 0

1
 

            =
→

=lim sin ,
h

h
h0

1
0  as be fore. 

Also f ( )0 0= . Thus  f f f( ) ( ) ( ).0 0 0 0 0− = = +
∴ the function f x( ) is continuous at x = 0.  To draw the graph of the function we put 

y f x= ( ).

So the graph of the function is the curve y x x x= ≠sin ( / ),1 0 and y = 0 when x = 0.

If we put − x in place of x, the equation of

this curve does not change and so this curve

is symmetrical about the y-axis and it is

sufficient to draw the graph when x > 0.

Also 

| ( )| | sin ( / )| | | |sin ( / )|f x x x x x= = ⋅1 1

  ≤| |.x           [ |sin ( / )| ]∵ 1 1x ≤

∴ for all x the curve y x x= sin ( / )1  lies

between the lines y x=  and y x= − .

Ex clud ing or i gin the curve meets the

y-axis at the points where 

sin . ., , , ,
1

0
1

2 3
x

i e
x

= =where π π π … i e. ., where x = 1 1

2

1

3π π π
, , ,… .

Also y x=  at the points where sin . ., , , ,
1

1
1

2

5

2

9

2x
i e

x
= = π π π

…

  i e. .,  x = 2 2

5

2

9π π π
, , ,… 

and y x= −  at the points where sin . ., , ,
1

1
1 3

2

7

2x
i e

x
= − = π π

… 

  i e. .,  x = 2

3

2

7π π
, ,… .
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We have 
dy

dx x
x

x x x x x
= + 





−





= − ⋅sin cos sin cos
1 1 1 1 1 1

2

So at the points where sin ( / ) ,1 1x =  we have cos ( / )1 0x =  and dy dx/ = 1 i e. ., at these

points the curve touches the straight line y x= . Similarly at the points where 

sin ( / ) ,1 1x = −  the curve touches the straight line y x= − .

Also lim sin
x

x
x→ ∞
1

  [Form ∞ × 0]

=
→ ∞
lim

sin ( / )

/x

x

x

1

1
Form

0

0






=
→
lim

sin
,

θ

θ
θ0

 putt ing 
1

x
= θ so that θ → 0 as x → ∞

= 1.
Thus y → 1 as x → ∞ and so the straight line y = 1 is an asymptote of the curve.

Although the function is continuous at the origin, yet the graph of the function in the

vicinity of the origin cannot be drawn, since the function oscillates infinitely often in

any interval containing the origin.

From the graph it is clear that the function makes an infinite number of oscillations in

the neighbourhood of x = 0. The oscillations, however, go on diminishing in length as 

x → 0.

Note 1: If we are to check the con ti nu ity of f x( ) at any point x c= , where c ≠ 0, then

we see that

lim ( ) lim sin
x c

f x
x c

x
x→

=
→

1
 = =c

c
f csin ( )

1

and so f x( ) is continuous at x c= .

Thus f x( ) is continuous for all x i e f x∈R . ., ( ) is continuous on the whole real line.

Note 2: If we take f ( ) ,0 2=  the func tion be comes dis con tin u ous at x = 0 and has a

re mov able dis con ti nu ity at x = 0.

(ii) Here f
h

f h
h

h( ) lim ( ) lim /0 0
0

0
0

2 21+ =
→

+ =
→

= = ∞∞ ,

f
h

f h
h

h( ) lim ( ) lim /0 0
0

0
0

2 2 01− =
→

− =
→

= =− − ∞  and  f ( ) .0 0=

Since f f( ) ( )0 0 0 0+ ≠ − , therefore the function is discontinuous at the origin.

It has an infinite discontinuity there.

(iii) Here f
h

f h
h e h

( ) lim ( ) lim ,
/

0 0
0

0
0

1

1
1

1
+ =

→
+ =

→ −
=−

    f
h

f h
h e h

( ) lim ( ) lim .
/

0 0
0

0
0

1

1
0

1
− =

→
− =

→ −
=

Since f f( ) ( )0 0 0 0+ ≠ − , hence f x( ) is discontinuous at x = 0 and has discontinuity

of the first kind. This function has a jump of one unit at 0 since f f( ) ( ) .0 0 0 0 1+ − − =
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Ex am ple 2: Con sider the func tion f de fined by f x x x( ) [ ],= −  where x is a pos i tive vari able

and [ x ] de notes the in te gral part of x and show that it is dis con tin u ous for in te gral val ues of x and

con tin u ous for all oth ers. Draw its graph.

So lu tion: From the def i ni tion of the func tion f x( ), we have

f x x n( ) ( )= − − 1 for  n x n− < <1 ,

f x( ) = 0 for  x n= , 

f x x n( ) = −  for  n x n< < + 1, where n is an in te ger.

We shall test the func tion f x( ) for con ti nu ity at x n= .

We have        f n( ) = 0;

f n
h

f n h
h

n h n( ) lim ( ) lim ( )+ =
→

+ =
→

+ −0
0 0

{ }   [ ]∵ n n h n< + < + 1

     =
→

=lim ;
h

h
0

0

and     f n
h

f n h
h

n h n( ) lim ( ) lim ( ) ( )− =
→

− =
→

− − −0
0 0

1{ }

[ ]∵ n n h n− < − <1

    =
→

− =lim ( ) .
h

h
0

1 1

Since f n f n( ) ( ),+ ≠ −0 0  the function f x( ) is discontinuous at x n= . Thus f x( ) is

discontinuous for all integral values of x. It is obviously continuous for all other values

of x.

Since x is a pos i tive vari able, putt ing n = …1 2 3 4 5, , , , ,  we see that the graph of f x( )

con sists of the fol low ing straight lines :

y x=  when 0 1< <x , y = 0 when x = 1

y x= − 1  when 1 2< <x ,  y = 0 when x = 2

y x= − 2  when 2 3< <x , y = 0 when x = 3

y x= − 3  when 3 4< <x , y = 0 when x = 4 and so on.
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The graph of the function thus obtained is shown by thick lines from x = 0 to x = 4.

From the graph it is evident that :

(i) The function is discontinuous for all integral values of x but continuous for

other values of x.

(ii) The function is bounded between 0 and 1 in every domain which includes an

integer.

(iii) The lower bound 0 is attained but the upper bound 1 is not attained since 

f x( ) ≠ 1 for any value of x.

Ex am ple 3: Show that the func tion f x x x( ) [ ] [ ]= + −  has re mov able dis con ti nu ity for in te gral 

val ues of x. (Kanpur 2009)

So lu tion: We ob serve that f x( ) = 0, when x is an in te ger and f x( ) = − 1, when x is not

an in te ger. Hence if n is any in te ger, we have f n f n( ) ( )− = + = −0 0 1 and f n( ) = 0. So

the func tion f x( ) has a re mov able dis con ti nu ity at x n= , where n is an in te ger.

Ex am ple 4:  Let y E x= ( ) , where E x( ) de notes the in te gral part of x. Prove that the func tion is

dis con tin u ous where x has an in te gral value. Also draw the graph.

So lu tion: From the def i ni tion of E x( ), we have

E x n( ) = − 1 for  n − ≤1 x n< ,  

E x n( ) =  for  n ≤ x n< + 1

E x n( ) = + 1 for  n + ≤1 x n< + 2,

and so on where n is an integer.

We consider x n= . 

Then E n n E n n( ) , ( )= − = −0 1 and  E n n( )+ =0 . 

Since E n E n( ) ( )+ ≠ −0 0 , the function E x( ) is discontinuous at x n=  i.e.,when x has an

integral value.

Ev i dently it is con tin u ous for all other val ues of x.

To draw the graph, we put n = … − − − −, , , , , , , , , , ,4 3 2 1 0 1 2 3 4…  so that

y = − 4, when − ≤4 x < − 3,

y = − 3, when − ≤3 x < − 2,

y = − 2, when − ≤2 x < − 1,

y = − 1, when − ≤1 x < 0,

y = 0, when    0 ≤ x < 1

y = 1, when     1≤ x < 2

y = 2, when    2 ≤ x < 3

y = 3, when    3 ≤ x < 4

y = 4, when   4 ≤ x < 5 and so on.
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The graph is shown by thick lines.

Ex am ple 5: Show that the func tion φ de fined as

φ =

=

− < <

=

< <

( )x

for x

x for x

for x

for x

for x

0 0
1

2
0

1

2
1

2

1

2
3

2

1

2
1

1 =














 1

has three points of discontinuity which you are required to find. Also draw the graph of the function.

(Rohilkhand 2009; Avadh 10, 13)

So lu tion: Here the do main of the func tion φ ( )x  is the closed in ter val [ , ]0 1.

When 0
1

2

1

2
< < φ = −x x x, ( )  which is a polynomial in x of degree 1. We know that a

polynomial function is continuous at each point of its domain and so φ ( )x  is continuous 

at each point of the open interval 0
1

2
< < ⋅x

Again when 
1

2
1< <x , φ = −( )x x

3

2
 which is also a polynomial in x and so φ ( )x  is also

continuous at each point of the open interval 
1

2
1< <x .

Now it remains to test the function φ ( )x  for continuity at x = 0, 
1

2
1and .

(i) For x = 0, we have φ =( )0 0, 

φ + =
→

φ +( ) lim ( )0 0
0

0
h

h   =
→

φ =
→

−





= ⋅lim ( ) lim
h

h
h

h
0 0

1

2

1

2

Since φ ≠ φ +( ) ( )0 0 0 , the function  φ ( )x  is discontinuous at x = 0 and the
discontinuity is ordinary.
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(ii) For x = 1

2
, we have φ 





=1

2

1

2
,  

   φ −





=
→

φ −





1

2
0

0

1

2
lim

h
h  =

→
− −











lim
h

h
0

1

2

1

2
 ,

     Note that 0
1

2

1

2
< − <





h

    =
→

=lim .
h

h
0

0

Since φ −





≠ φ 





1

2
0

1

2
 , the function φ ( )x  is discontinuous from the left at x = 1 2/ .

Again φ + =
→

φ + >( ) lim ( ),
1

2
0

0

1

2
0

h
h h

    =
→

− +











lim
h

h
0

3

2

1

2
∵

1

2

1

2
1< + <





h

        =
→

− = ≠ φ 





= ⋅lim ( )
h

h
0

1 1
1

2

1

2

Thus the function φ ( )x  is discontinuous from the right also at x = ⋅1

2

In this way φ ( )x  has discontinuity of the first kind i e. ., ordinary discontinuity at x = 1

2

and the jump of the function at x = 1 2/  is  φ +





− φ −





1

2
0

1

2
0  i e. ., 1 0 1− i e. ., .

(iii) For x = 1, we have  φ =( )1 1, 

φ − =
→

φ −( ) lim ( )1 0
0

1
h

h  

         =
→

− −lim [( / ) ( )]
h

h
0

3 2 1 ,           Note that
1

2
1 1< − <





h

       =
→

+





= ⋅lim
h

h
0

1

2

1

2

Since φ ≠ φ −( ) ( )1 1 0 , φ ( )x  is discontinuous at 

x = 1 and the discontinuity is ordinary.

Hence the function φ ( )x  has three points of

discontinuity at x = 0
1

2
,  and 1.

The graph of the function consists of the point 

( , )0 0 ; the segment of the line y x= −1

2
,

 0
1

2
< <x ; the point 

1

2

1

2
, ;





 the segment of the

line y x= −3

2
, 

1

2
1< <x ; and the point ( , ).1 1

Thus the graph is as shown in the figure. From the graph we observe that the function is

discontinuous at x = 0, 
1

2
 and 1.
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Ex am ple 6: De ter mine the val ues of a, b, c for which the func tion

f x

sin a x sin x

x
for x

c for x

x bx x

bx

( )

( )

( ) / /
=

+ +
<

=
+ −

1
0

0
2 1 2 1 2

3 2
0

/
for x >













is continuous at x = 0.

So lu tion: Here f
h

f h
h

h bh h

bh
( ) lim ( ) lim

( ) / /

/
0 0

0
0

0

2 1 2 1 2

3 2
+ =

→
+ =

→

+ −

  =
→

+ −
=

→

+ + … −
=lim

( )
lim ,

/

h

bh

bh h

bh

bh0

1 1

0

1
1

2
1 1

2

1 2 { }

which is in de pend ent of b and so b may have any real value ex cept 0.

Again f
h

f h
h

a h h

h
( ) lim ( ) lim

sin ( ) ( ) sin ( )

( )
0 0

0
0

0

1
− =

→
− =

→

+ − + −
−

 =
→

+ +
lim

sin ( ) sin

h

a h h

h0

1
 

  =
→

+





lim
sin cos ( / )

h

a h ah

h0

2
1

2
1 2

     =
→

+
+

+ = +lim
sin ( ) /

( ) /
( ) cos ( / ) .

h

a h

a h
a ah a

0

2 2

2 2
2 2 2

{ }

{ }

For con ti nu ity at x = 0, we have f f f( ) ( ) ( )0 0 0 0 0+ = − =

i.e., 
1

2
2= + =a c.  ∴  c = 1

2
 and a = − ⋅3

2

Ex am ple 7: A func tion f x( ) is de fined as fol lows : 

f x

x a a

a a x

when

when

when

x a

x a

x a

( )

( / ) ,

,

( / ), .

=
−

−

<
=
>






2

2

0






Prove that the func tion f x( ) is con tin u ous at x a= .

(Bundelkhand 2007; Avadh 09; Rohilkhand 13)

So lu tion: We have

f a
h

f a h
h

a
a

a h
( ) lim ( ) lim

( )
+ =

→
+ =

→
−

+













0
0 0

2
,  

[ ( ) ( / ) ]∵ f x a a x x a= − >2
for

     = − = − =[ ( / )] ;a a a a a2 0
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        f a
h

f a h
h

a h

a
a( ) lim ( ) lim

( )
,− =

→
− =

→

−
−













0
0 0

2

 

[ ( ) ( / ) ]∵ f x x a a x a= − <2
for

      = − = − =[( / ) ] .a a a a a2 0

Also, we have f a( ) .= 0

Since f a f a f a( ) ( ) ( )+ = − =0 0 , there fore f x( ) is con tin u ous at x a= .

Ex am ple 8: Ex am ine the func tion de fined be low for con ti nu ity at  x a=  :

f x
x a

cosec
x a

x a( ) ,=
− −









 ≠1 1

and f x( ) = 0, x a= . (Avadh 2004; Lucknow 08)

So lu tion: We have  f a
h

f a h( ) lim ( )+ =
→

+0
0

=
→ + − + −
lim

h a h a a h a0

1 1
cosec

=
→
lim

sin ( / )h h h0

1

1

= + ∞, since h hsin ( / )1 0→  as h → 0.

        f a
h

f a h
h a h a a h a

( ) lim ( ) lim− =
→

− =
→ − − − −









0

0 0

1 1
cosec

=
→

− ⋅
−









 =

→
lim

sin ( / )
lim

sin ( / )h h h h h h0

1 1

1 0

1

1{ }

= + ∞, since h hsin ( / )1 0→  as h → 0.

Also, we have f a( ) = 0.

Since f a f a f a( ) ( ) ( )+ = − ≠0 0 , the function f x( ) is discontinuous at x a= , having

an infinite discontinuity of the second kind.

Ex am ple 9:  Ex am ine the func tion de fined be low for con ti nu ity at x = 0 :

f x
sin ax

x
( ) =

2

2
 for x ≠ 0, f x( ) = 1 for x = 0.

(Lucknow 2006, 07; Meerut 10)

So lu tion: We have f ( ) ;0 1=

f
h

f h
h

f h( ) lim ( ) lim ( )0 0
0

0
0

+ =
→

+ =
→

   =
→
lim

sin

h

ah

h0

2

2
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        =
→







= =lim
sin

. . ;
h

ah

ah
a a a

0
1

2
2 2 2

and f
h

f h
h

f h
h

ah

h
( ) lim ( ) lim ( ) lim

sin ( )

(
0 0

0
0

0 0

2

− =
→

− =
→

− =
→

−
− )2

        =
→

=lim
sin

.
h

ah

h
a

0

2

2
2

Since f f f( ) ( ) ( ).0 0 0 0 0+ = − ≠

Hence f x( ) is discontinuous at x = 0.

Ex am ple 10: A func tion f x( ) is de fined as fol lows :

f x x( ) = +1  if x ≤ 2 and f x x( ) = −5  if x ≥ 2.

Is the function continuous at x = 2 ? (Meerut 2002, 06; Lucknow 09)

So lu tion: Here f ( )2 1 2= +  or 5 2 3− = ;

      f
h

f h( ) lim ( )2 0
0

2+ =
→

+ , where h is + ive and suf fi ciently small

    =
→

− +lim [ ( )],
h

h
0

5 2     [ ( ) ]∵2 2 5 2+ > = − >h f x x xand if

    =
→

− =lim ( ) ;
h

h
0

3 3

and      f
h

f h( )
lim

( )2 0
0

2− =
→

− , where h is + ive and suf fi ciently small

    =
→

+ −lim [ ( )],
h

h
0

1 2
        [ ( ) ]∵2 2 1 2− < = + <h f x x xand if

    =
→

− =lim ( ) .
h

h
0

3 3

Thus   f f f( ) ( ) ( )2 0 2 0 2+ = − = . Hence the func tion f x( ) is con tin u ous at x = 2.

Ex am ple 11: Dis cuss the con ti nu ity of the func tion f x( ) de fined as fol lows:

f x x( ) = 2 for x < − 2,  f x( ) = 4 for − ≤2 x ≤ 2,  f x x( ) = 2 for x > 2.

So lu tion: We shall test the con ti nu ity of f x( ) only at the points x = − 2 and 2.

Ob vi ously it is con tin u ous at all other points.

At  x = − 2. We have f ( ) ;− =2 4

f
h

f h
h

( ) lim ( ) lim ;− + =
→

− + =
→

=2 0
0

2
0

4 4

f
h

f h
h

h( ) lim ( ) lim ( ) ,− − =
→

− − =
→

− −2 0
0

2
0

2 2     
[ ]∵− − < −2 2h

          = 4.
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Since f f f( ) ( ) ( )− + = − − = −2 0 2 0 2 , the func tion is con tin u ous at x = − 2.

At  x = 2. We have f ( ) ;2 4=

  f
h

f h
h

h( ) lim ( ) lim ( ) ;2 0
0

2
0

2 42+ =
→

+ =
→

+ =

  f
h

f h
h

( ) lim ( ) lim .2 0
0

2
0

4 4− =
→

− =
→

=

Since f f f( ) ( ) ( )2 0 2 0 2+ = − = , the func tion is con tin u ous at x = 2.

 1. Dis cuss the con ti nu ity and dis con ti nu ity of the fol low ing func tions :

(i)   f x x x( ) = −3 3

(ii)  f x x x( ) = + −1

(iii)  f x e x( ) /= −1

(iv)  f x x( ) sin .=

(v)  f x x x f( ) cos ( / ) , ( ) .= ≠ =1 0 0 0when (Lucknow 2005)

(vi)  f x x x f( ) sin ( / ) , ( ) .= ≠ =1 0 0 0when (Lucknow 2011)

(vii)  f x
x

x
x f( )

sin
( ) .= ≠ =when and0 0 1

(Kanpur 2007; Avadh 08)

(viii) f x
e

e
x f

x

x
( ) ( ) .

/

/
=

−
+

≠ =
1

1

1

1
0 0 1when and

(Meerut 2004B; Kumaun 10)

(ix) f x
e

e
x f

x

x
( ) , ( ) .

/

/
=

+
≠ =

1

11
0 0 0when

(Lucknow 2011; Bundelkhand 11)

(x)  f x
x e

e
x x f

x

x
( ) sin ( / ) , ( ) .

/

/
=

+
+ ≠ =

1

11
1 0 0 0when

(xi)  f x x x x f( ) sin cos ( / ) , ( ) .= ≠ =1 0 0 0when

 2. (i)   Examine at x = 0, the continuity of  f x

e

e
x

x

x

x( )
,

, .

/

/= −
≠

=










1

1

2

2
1

1

0

0

when

when

(Meerut 2008)

(ii)  If f x
x a x a

( ) sin ,=
− −
1 1

 find f a( )+ 0  and f a( ).− 0

     Is the function continuous at x a= ?
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 3. Find out the points of dis con ti nu ity of the fol low ing func tions :

(i) f x e e x fx x( ) ( ) cos , ( )/ /= + + ≠ =−2 0 0 01 1 1 for .

(ii) f x xn n( ) / /= < ≤+1 2 1 2 1for 1 2 0 1 2 0 0/ , , , , ( ) .n n f= =…and

 4. If f x
x x

x f( ) sin ( ) ,= ≠ =1 1
0 0 0for and  show that f x( ) is finite for every value 

of x in the interval [ , ]− 11 but is not bounded. Determine the points of

discontinuity of the function if any.

 5. A func tion f  de fined on [ , ]0 1 is given by

f x
x x

x x
( )

,

,
=

−




if is rational

if is irrational.1

Show that f  takes every value between 0 and 1 (both inclusive), but it is

continuous only at the point x = ⋅1

2 (Rohilkhand 2012B)

 6. Prove that the func tion f  de fined by f x
x

x

( )
,

,
=










1

2
1

3

if is rational

if is irrational

is dis con tin u ous ev ery where.

 7. (i) Show that the func tion f  de fined by f x
x e

e
x f

x

x
( ) , , ( )

/

/
=

+
≠ =

1

11
0 0 1 is

not con tin u ous at x = 0 and also show how the dis con ti nu ity can be

re moved. (Rohilkhand 2006; Lucknow 08; Meerut 11)

(ii) Show that the func tion f x x x( ) = + −3 2 12  is con tin u ous for x = 2.

(iii) Show that the func tion f x x xx( ) ( ) , ,/= + ≠1 2 01

and  f x e x( ) ,= =2 0 is con tin u ous at x = 0. 

 8. Ex am ine the con ti nu ity of the func tion f x

x x

x x

x x x

x x

( ) =

− ≤
− < ≤

− < <
+ ≥








2

2

0

5 4 0 1

4 3 1 2

3 4 2

if

if

if

if




at x = 0 1 2, .and (Meerut 2004, 06B, 07B; Lucknow 06; Avadh 06;
Purvanchal 06, 10; Gorakhpur 15)

 9.  (i) Show that the func tion 

f x
e

e
x f

x

x
( ) , ( )

/

/
=

−
+

≠ =
1

1

1

1
0 0 0and   is dis con tin u ous at x = 0.
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(ii) Show that the fol low ing func tion is con tin u ous at x = 0 :

f x
x

x
x f( )

sin
, , ( ) .= ≠ =

−1

0 0 1
(Agra 2003)

10. Discuss the continuity of the function  f x
e x

( )
/

=
−

1

1 1
 when x ≠ 0 and 

f ( )0 0=  for all values of x. (Meerut 2004; Rohilkhand 10B; Lucknow 10)

11. Prove that the function f x
x

x
( )

| |
=  for x ≠ 0, f ( )0 0=  is continuous at all points

except x = 0. (Kanpur 2008; Meerut 09; Gorakhpur 11)

12. Test the con ti nu ity of the func tion f x( ) at x = 0 if

f x
e x

e
x

x

x
( )

sin ( / )
,

/

/
=

+
≠

1

1

1

1
0 and f x x( ) , .= =0 0

(Meerut 2005)

13. Ex am ine the fol low ing func tion for con ti nu ity at x = 0 and at x = 1:

f x

x x

x

x x

( )

/ .

=
≤
< ≤
>









2 0

1 0 1

1 1

for

for

for
(Meerut 2001,03, 04B, 05)

14. Dis cuss the con ti nu ity of the fol low ing func tion at x = 0 :

f x
x x

x x
( )

cos ,

cos , .
=

≥
− <





0

0

15. Test the continuity of the following functions at x = 0 :

(i) f x x x x f( ) cos ( / ), , ( ) .= ≠ =1 0 0 0when (Meerut 2007)

(ii)  f x x x x f( ) log , , ( ) .= > =for 0 0 0

16. Discuss the nature of discontinuity at x = 0 of the function f x x x( ) [ ] [ ]= − −
where [ ]x  denotes the integral part of x.

17. Dis cuss the con ti nu ity of f x x x( ) ( / ) cos ( / ).= 1 1

18. Give an ex am ple of each of the fol low ing types of func tions :

(i) The function which possesses a limit at x = 1 but is not defined at x = 1. 

(ii) The function which is neither defined at x = 1 nor has a limit at x = 1.

(iii) The function which is defined at two points but is nevertheless

discontinuous at both the points.

19. In the closed in ter val [ , ]− 1 1 let f  be de fined by 

f x x x x f( ) sin ( / ) and ( ) .= ≠ =2 21 0 0 0for

In the given in ter val (i) Is the func tion bounded ? (ii) Is it con tin u ous ?

R-19



 1. (i) Continuous for all x (ii) Discontinuous at x = 0

(iii) Discontinuous at x = 0 (iv) Continuous for all x

(v) Discontinuous at x = 0 (vi) Dis con tin u ous at 0 

(vii) Con tin u ous for all x (viii) Dis con tin u ous at 0

(ix) Dis con tin u ous at 0 (x) Discontinuous at 0

(xi) Continuous for all x

 2. (i) Discontinuous at x = 0

(ii) No, it has a dis con ti nu ity of sec ond kind. Here both f a( )+ 0  and f a( )− 0

do not exit

 3. (i) Dis con tin u ous at x = 0 (ii) Dis con tin u ous at x n= =1 2 12 3/ , , , ,...

 4. Dis con tin u ous at 0 

 8. Con tin u ous at x = 1 2,  and dis con tin u ous at x = 0 

10. Dis con tin u ous only at x = 0 and the dis con ti nu ity is or di nary

12. Dis con ti nu ity of the sec ond kind at x = 0

13. Discontinuous at x = 0 and continuous at x = 1

14. Discontinuous at x = 0

15. (i) Continuous (ii) Continuous

16. Dis con ti nu ity of the first kind

17. Con tin u ous for all x, ex cept at x = 0 where it has dis con ti nu ity of the sec ond

kind

18. (i) f x x( ) = 2 for x f x x> =1 3, ( ) for x < 1

(ii) f x x( ) = − 2 for x f x x< =1 2, ( )  for x > 1

(iii) f x( ) = 0 for x ≤ 0, f x x( ) = −3

2
 for 0

1

2
< ≤x , f x x( ) = +3

2
 for x > 1

2

19. (i) Yes (ii) Yes

5  Criteria for Continuity or Equivalent Definitions

 of Continuity

The o rem 1: (Heine’s def i ni tion of con ti nu ity). Se quen tial Con ti nu ity: The

nec es sary and suf fi cient con di tion for a func tion f de fined on I ⊂ R  to be con tin u ous at a I∈  is that

for each se quence < >an  in I which con verges to a, we have

lim
n

f a f an
→ ∞

=( ) ( ) .

Proof: The con di tion is nec es sary: Let f  be con tin u ous at a and let < >an  be a

se quence in I such that lim
n

a an
→ ∞

= .

Let ε be any positive number. Since f is continuous at a, therefore, for a given ε > 0, we
can find a number δ > 0 such that

| ( ) ( )|f x f a− < ε when ever | |x a− < δ. …(1)
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Also, since lim ,
n

a an
→ ∞

= there fore, there ex ists a pos i tive in te ger m such that

| |a an − < δ  when ever n m> .  …(2)

Setting x an=  in (1), we get

| ( ) ( )|f a f an − < ε when ever | |a an − < δ. ...(3)

From (2) and (3), we get

| ( ) ( )|f a f an − < ε when ever n m> .

∴  lim ( ) ( )
n

f a f an
→ ∞

= .

Hence the condition is necessary.

The condition is sufficient:

Suppose for every sequence < >an  in I converging to a, we have

lim ( ) ( )
n

f a f an
→ ∞

= .

Then we have to show that f is continuous at a.

Let us suppose that f is not continuous at a. Then there exists an ε > 0 such that for every 

δ > 0 there is an x such that | |x a− < δ but | ( ) ( )|f x f a− ≥ ε.
If we take  δ = 1 / n, we find that for each positive integer n, there is an an such that

| | /a a nn − < 1  but  | ( ) ( )| .f a f an − ≥ ε
Then lim

n
a an

→ ∞
= , but f an( ) does not con verge to f a( ) i.e., 

lim ( ) ( ).
n

f a f an
→ ∞

≠

But this is a contradiction. Hence f must be continuous at x a= .

The o rem 2: A func tion f :R R→  is con tin u ous iff for ev ery open set G in R, the in verse im age 

f G−1 ( ) is an open set in R.

Proof: The ‘only if’ part: Let f  be con tin u ous and let G be any open set in R. If 

f G−1 ( ) is empty, then it is open. If f G−1 ( ) is not empty, let a f G∈ −1 ( ) . Then 

f a G( ) ∈ . Since G is an open set con tain ing f a( ), there fore, there ex ists an ε > 0 such

that

] ( )f a − ε, f a G( ) [+ ε ⊂ .

Now f is continuous at a, so we can find a number δ > 0 such that

| | | ( ) ( )|x a f x f a− < ⇒ − < εδ
i.e., x a∈ −] δ, a f x f a+ ⇒ ∈ − εδ [ ( ) ] ( ) , f a G( ) [+ ε �⊂
or x a∈ −] δ, a f x G+ ⇒ ∈δ [ ( )

    ⇒  x f G∈ −1 ( )

Hence ] , [ ( )a a f G− + ⊂ −δ δ 1 . Thus f G−1 ( ) is a neighbourhood of a. Since a is any

point of f G−1 ( ), therefore, it follows that f G−1 ( ) is open.
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The ‘if’ part: Let the in verse im age f G−1 ( ) of ev ery open set G be open. To show

that f is con tin u ous. Con sider any point a ∈R. Let  ε > 0  be given. Then 

] ( ) , ( ) [f a f a− ε + ε  is an open set con tain ing f a( ) and hence by hy poth e sis 

f f a− − ε1 (] ( ) , f a( ) [)+ ε  is an open set con tain ing a. Con se quently, we can find a

num ber δ > 0 such that

] a − δ, a f f a f a+ �⊂ − ε + ε−δ [ ( ] ( ) , ( ) [ ),1  so that

f a(] − δ, a f a+ ⊂ − ε,δ [) ] ( )  f a( ) [+ ε .

Thus, for any given ε > 0 we have found a number δ > 0 such that

x a∈ −] ,δ  a f x f a f a+ ⇒ ∈ − ε + εδ [ ( ) ] ( ) , ( ) [ i.e.,

| | | ( ) ( )|x a f x f a− < ⇒ − < εδ .

This shows that f is continuous at a. Since a is any point of R, hence, f  is continuous on

R.

The o rem 3: A func tion f :R R→  is con tin u ous on R iff for ev ery closed set H in R, f H−1 ( )

is closed in R.

Proof: First, let f be con tin u ous and let H be any closed set in R. Then R ~ H is an

open set in R, so that by the pre ced ing the o rem, f −1 ( ~R  H) is an open set in R. Since

f −1 ( ~R  H) = R ~ f H−1 ( ),

hence it follows that R ~ f H−1 ( ) is an open set in R and consequently f H−1 ( ) is a

closed set in R.

Conversely, let f H−1 ( ) be closed for every closed set H. To show that f is continuous.

Let G be any open set in R. Then R~ G is a closed set in R and hence by hypothesis 

f −1 ( ~R  G) is a closed set in R.

Since f −1 ( ~R  G)= R ~ f G−1 ( ), therefore, this means that R ~ f G−1 ( ) is a closed

set in R and hence f G−1 ( ) is an open set in R. Thus f G−1 ( ) is open in R whenever G is 

open in R. Therefore f is continuous by the preceding theorem.

Ex am ple 12: A func tion f de fined on [ , ]0 1  is given by

f x
x if x is rational

x if x is irrational
( )

,

, .
=

−


1

Show that f takes every value between 0 and 1 (both inclusive), but it is continuous only at the point 

x = ⋅1

2

So lu tion: Let c ∈[ , ].0 1

If c is rational, then f c c( ) .=
If c is irrational, then 1− c is also irrational  

and 0 1 1 1 0 1< − < − ∈c i e c. ., [ , ].

R-22



We have f c c c( ) ( ) .1 1 1− = − − =
Thus f  takes every value c in [ , ]0 1.

Now to show that f  is continuous only at the point x = ⋅1

2

Let x0 be any point of [ , ].0 1  For each positive integer n we select a rational number an and 

an irrational number bn , both in [ , ],0 1  such that 

| | / ,| | / .a x n b x nn n− < − <0 01 1  

∴ lim lim .
n

a x
n

bn n
→ ∞

= =
→ ∞

0

If f  is to be continuous at x0 , then we must have

lim ( ) ( ) lim ( ).
n

f a f x
n

f bn n
→ ∞

= =
→ ∞

0

Now f a an n( ) =  for all n and f b bn n( ) = −1  for all n.

∴ lim ( ) lim
n

f a
n

a xn n
→ ∞

=
→ ∞

= 0

and lim ( ) lim ( ) .
n

f b
n

b xn n
→ ∞

=
→ ∞

− = −1 1 0

So for f  to be continuous at x0, we must have

x f x x0 0 01= = −( )  i e. .,      x0
1

2
= ⋅

Thus x = 1

2
 is the only possible point of [0, 1] where f  can be continuous.

Now we shall show that f  is actually continuous at the point x = 1 2/ . 

We have f ( / )1 2
1

2
= ⋅

Let ε > 0 be given.

Take a positive real number δ = ε1

2
. Then if x is rational, we have

x f x f−

 


< ⇒ − 







 


1

2

1

2
δ ( )  = −


 


< = ε < εx

1

2

1

2
δ

and if x is irrational, we have

x f x f−

 


< ⇒ − 







 


1

2

1

2
δ ( )  = − −


 


( )1

1

2
x  = −


 


< = ε < ε.x

1

2

1

2
δ

Thus, we have 

x f x f−

 


< ⇒ − 







 


 < ε1

2

1

2
δ ( ) ,

so that f  is continuous at x = ⋅1

2
Hence f  is continuous only at the point x = 1 2/ .

Ex am ple 13: Let f be a func tion de fined on ] , [0 1  by set ting f x( ) = 0 when x is ir ra tio nal and 

f x q( ) /= 1  when x is a ra tio nal num ber of the form p q/  where p and q are pos i tive in te gers

hav ing no fac tor in com mon. Show that f is con tin u ous at each ir ra tio nal point and dis con tin u ous

at each ra tio nal point.
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So lu tion: First, let a p q= /  be any ra tio nal num ber in ] , [0 1 , where p and q are pos i tive 

in te gers hav ing no fac tor in com mon. For each pos i tive in te ger n, we choose a pos i tive

ir ra tio nal num ber xn such that | | /x a nn − < 1 . Then the se quence < >xn  con verges to a.

Also it is given that f xn( ) = 0 for each n, so that lim ( ) ( )
n

f x f an
→ ∞

= ≠0 , since 

f a f p q q( ) ( / ) /= = ≠1 0.

It follows from the preceding theorem that f is not continuous at a rational point.

Next, let b be an irrational number in ] , [0 1  so that f b( ) = 0. Let ε > 0 be given. Choose a 

positive integer n such that 1 / n < ε. Evidently there can be only a finite number of

rational numbers p q/  in ] , [0 1  such that q n< . Hence, we can find a number δ > 0 such

that no rational number in ] , [ ] , [ )b b− + ⊂ �δ δ 0 1  has its denominator less than n.

Thus we have shown that

| | | ( ) ( )| | ( )|x b f x f b f x− < ⇒ − = = < εδ 0 , …(1)

if x is ir ra tio nal

and | | | ( ) ( )| | ( )|x b f x f b f x− < ⇒ − =δ ≤ 1 / n < ε, …(2)

if x is ra tio nal.

From (1) and (2), it follows that | ( ) ( )|f x f b− < ε whenever | |x b− < δ.

Hence f is continuous at b.

6  Boundedness and Intermediate Value Properties

 of Continuous Functions

The o rem 1: (Borel’s The o rem) If  f is a con tin u ous func tion on the closed in ter val [ , ]a b ,

then the in ter val can al ways be di vided up into a fi nite num ber of subintervals such that, given 

ε > 0 , | ( ) ( )| ,f x f x1 2− < ε  where x1 and x2 are any two points in the same sub-in ter val.

Proof: Let us as sume that the the o rem is false. Then for any mode of sub-di vi sion,

there must be at least one of the subintervals for which the the o rem is false. Let us

di vide [ , ]a b  into two equal parts. Let c be the point of di vi sion. Then the the o rem must

be false in at least one of the two parts. Sup pose it is false in [ , ]c b . Re nam ing the in ter val 

[ , ]c b  as [ , ]a b1 1 , we di vide [ , ]a b1 1  into two equal parts. Again, the the o rem must be false in 

at least one of these two parts. Con tin u ing this pro cess of re peated bi sec tion

in def i nitely, we get a sequence of closed intervals

[ , ], [ , ], , [ , ],a b a b a bn n1 1 2 2 … … such that

a a a a b b b bn n≤ ≤ ≤ …≤ ≤ …≤ ≤ …≤ ≤ ≤1 2 2 1 , …(1)

b a b a b a b a b a1 1 2 2 1 1 2
1

2

1

2

1

2
− = − − = − = − ……( ), ( ) ( ), ,

b a b an n n
− = − …1

2
( ), …(2)

and the theorem is false for each interval [ , ]a bn n . …(3)
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From (1), we find that the sequence < >an  is increasing and bounded above by b and 

< >bn  is decreasing and bounded below by a. Hence both < >an  and < >bn  are

convergent. So there exist l l1 2, ∈R such that lim a ln = 1 and lim b ln = 2.

From (2), lim ( ) lim ( ) ( ) limb a b a b an n n n
− = − = −1

2

1

2
 = − =( ) .b a 0 0

i.e., lim limb an n− = 0 i.e., l l2 1 0− =  i.e., l l2 1= .

Now     l an1 = < >sup , 

< >an be ing an in creas ing and bounded above se quence

      = < >inf bn , 

< >bn  be ing a de creas ing and bounded be low se quence.

∴ an ≤ l1 and l1 ≤ bn  i.e , an ≤ l1 ≤ bn  V n ∈ N

⇒ a ≤ l1 ≤ b  i.e., ei ther a l b< <1  or a l= 1 or b l= 1 .

Case I: a l b< <1 . Since f is con tin u ous in [ , ]a b , it is also con tin u ous at x l= 1. Then

for given ε > 0, there ex ists a δ > 0 such that 

                   | ( ) ( )|f x f l− < ε1
1

2
, when ever | |x l− <1 δ.

Now we can choose n so large that the interval [ , ]a bn n  lies completely inside the interval 

] , [l l1 1− +δ δ .

Hence if x1 and x2 are any two points in [ , ]a bn n , then

| ( ) ( )| /f x f l1 1 2− < ε , | ( ) ( )| /f x f l2 1 2− < ε .

Now | ( ) ( )| | ( ) ( ) ( ) ( )|f x f x f x f l f l f x1 2 1 1 1 2− = − + −

                        ≤ − + −| ( ) ( )| | ( ) ( )|f x f l f l f x1 1 1 2

     < ε + ε = ε/ /2 2  ⇒ the re sult is true in [ , ]a bn n .

This is a contradiction to the fact (3) and so our initial assumption that the theorem is

not true is wrong. Hence the theorem must be true.

Similarly we can prove the cases for l a1 =  or l b1 = .

Note: The pos si bil ity l a1 =  or l b1 =  shows that the in ter val con sid ered in the the o rem

must be closed so that f is con tin u ous at l1.

The o rem 2: (Boundedness The o rem) If a func tion f x( ) is con tin u ous in a closed

in ter val [ , ]a b , then it is bounded in that in ter val. 

Proof: By the above the o rem, for a given ε > 0, we can sub-di vide the in ter val [ , ]a b

into a fi nite num ber of sub-in ter vals say [ , ],a a a= 0 1  [ , ],a a1 2  … =−,[ , ]a a bn n1  such that

| ( ) ( )|f x f x1 2− < ε …(1)

for any two points x x1 2,  in the same sub-interval. Let x be any point in the first

sub-interval [ , ]a a1 . Then by (1), we have, V x a a∈[ , ]1

| ( ) ( )| . ., ( ) ( ) ( )f x f a i e f a f x f a− < ε − ε < < + ε. …(2)

In par tic u lar, for x a= 1, | ( ) ( )|f a f a1 − < ε. …(3)

Again V x a a f x f a∈ − < ε[ , ],| ( ) ( )| .1 2 1  …(4)
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∴ V  x a a∈[ , ]1 2 , we have 

| ( ) ( )| | ( ) ( ) ( ) ( )|f x f a f x f a f a f a− = − + −1 1

                      ≤ − + −| ( ) ( )| | ( ) ( )|f x f a f a f a1 1  

                      < ε + ε, from (3) and (4) 

   = ε2 .

Thus V x a a∈[ , ],1 2  we have | ( ) ( )|f x f a− < ε2

i.e., f a f x f a( ) ( ) ( )− ε < < + ε2 2 . …(5)

From (2) and (5), we see that all the values of f x( ) in the first two sub-intervals lie

between

f a( ) − ε2  and f a( ) + ε2 .

Pro ceed ing in the same way, we can show that V x a a bn n∈ =−[ , ]1 , we have 

f a n f x f a n( ) ( ) ( ) .− ε < < + ε
Hence all the values of f x( ) in the interval [ , ]a b  will lie between f a n( ) − ε and 

f a n( ) + ε. 

Thus f x( ) is bounded in [ , ]a b .

Note: A bounded func tion in [ , ]a b  need not be con tin u ous in [ , ]a b . For ex am ple, the

func tion

f x x( ) sin ( / )= 1  for x ≠ 0, f ( )0 0=
is bounded in [ , ]0 1 but not continuous in [ , ]0 1 since it is discontinuous at x = 0.

The o rem 3:  (The Most est The o rem) If a func tion f x( ) is con tin u ous in [ , ],a b  then it

at tains its supremum and infimum at least once in [ , ]a b .

Proof: Since f x( ) is con tin u ous in [ , ], ( )a b f x  is bounded in [ , ]a b . Let M and m be the

supremum and infimum of f in [ , ]a b  re spec tively. We shall show that f at tains its

supremum M at least once in this in ter val. Let, if pos si ble, f x( ) does not at tain M, then

f x M( ) ≠   V x a b∈[ , ] i.e., M f x− ≠( ) 0 V x a b∈[ , ].

Now, M, being a constant, is always a continuous function and f is given to be

continuous in  [ , ]a b .

∴  M f x− ( ) is also con tin u ous in [ , ]a b

⇒ 
1

M f x− ( )
 is also con tin u ous in [ , ]a b   [ ( )∵M f x− ≠ 0 V x a b∈[ , ] ]

Consequently 1 / ( ){ }M f x−  is bounded in [ , ]a b . Let G ∈ +R  be its upper bound in [ , ]a b

so that  V x a b∈[ , ]

1

M f x−
≤

( )
G i.e., M f x

G
− ≥( )

1
 i.e.,  f x( ) ≤ M G M− <( / )1

i.e., M G M− <( / )1  is also an up per bound of f.

But this contradicts the fact that M is the supremum of f in [ , ]a b . Hence  f x M( ) =  for at 

least one value of x in [ , ]a b . Similarly we can show that f attains its infimum at least once

in [ , ]a b .
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The o rem 4: If f is con tin u ous at x x= 0 where f x( )0 0≠ , then a pos i tive number  δ  can be

found such that f x( ) has the same sign as f x( )0  for ev ery value of x in ] , [x x0 0− +δ δ .

Proof: Since f is con tin u ous at x x= 0 , hence for a given ε > 0, we can find a num ber 

δ > 0 such that | ( ) ( )|f x f x− < ε0 , when ever | |x x− <0 δ

i.e., f x f x f x( ) ( ) ( )0 0− ε < < + ε, when ever x x x0 0− < < +δ δ.

Now f x f x( ) | ( )|0 00 0≠ ⇒ > . 

If we choose ε such that 0 0< ε <| ( )|f x , we see that f x( )0 − ε and f x( )0 + ε have the

same sign as f x( )0 . It implies that f x( ) has the same sign as f x( )0  for all x in the interval 

] , [.x x0 0− +δ δ

The o rem 5: ((Bolzano’s The o rem)) If f is con tin u ous in [ , ]a b  and f a( ) and f b( ) have

op po site signs, then there is at least one value of x for which f x( ) van ishes.

Proof: For def i nite ness, let f a( ) < 0 and f b( ) > 0. Con sider a sub set S of [ , ]a b

de fined as fol lows :

S x a x b= ≤ ≤{ :  and  f x( ) .< 0}

Then S ≠ ∅, since a S f a∈ , ( ) being < 0. By definition, b is an upper bound of S. It

follows that S has a supremum, say u, by the completeness property of real numbers.

Obviously a u b≤ ≤ . Now, we shall show that f u( ) = 0.

Step I: First we shall show that u a≠ . Since f a( ) < 0, we can find a pos i tive num ber δ
such that f x( ) < 0 when ever a x a≤ < + δ.

It follows that [ , [a a S+ �δ  and hence the supremum of S must be greater than or equal

to a + δ.

∴ u a≥ + δ i.e., u a≠ .

Step II: We shall show that u b≠ . In fact, since f b( ) > 0, there fore, there ex ists a

pos i tive num ber δ1 such that f x( ) > 0 when ever b − δ1 < ≤x b.

It gives that b − δ1 is an upper bound of S, and hence

u = sup S b b≤ − <δ1   i.e., u b< .

Step III: We shall show that f u( ) |>0 . Since a u b< < , there fore, if f u( ) > 0, then we

can find a pos i tive num ber δ2 such that f x( ) > 0 when ever

u x u− < < +δ δ2 2 .

Also, since u = sup S, there exists x S0 ∈  such that u x− < ≤δ2 0 u. This means that 

f x( )0 0> .

Again, x S f x0 0 0∈ ⇒ <( ) , by definition of S. This contradiction implies that f u( ) | .>0

Step IV: We shall show that f u( ) |< 0 . Since, if f u( ) < 0, then we can find a pos i tive

num ber δ3 such that u b+ <δ3  and f x( ) < 0 when ever u x u− < < +δ δ3 3 .

If x1 is any point such that u x u< < +1 3δ , then f x( )1 0< . But this is a contradiction to

the fact that u is the supremum of all those points of [ , ]a b  for which f is negative.

Consequently f u( ) |<0 .

It follows from steps III and IV that f u( ) = 0.
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The o rem 6: (The In ter me di ate Value The o rem) If a func tion f is con tin u ous in the

closed in ter val [ , ]a b , then f x( ) must take at least once all val ues be tween f a( ) and f b( ).

Proof: Let f a d f b( ) ( )< < . Let us de fine a func tion F such that

F x f x d( ) ( ) .= −
Since f is continuous in the closed interval [ , ],a b F must also be continuous in [ , ]a b . Also 

F a( ) < 0 and F b( ) > 0 i.e., F a( ) and F b( ) are of opposite signs. It follows that there

exists x0 in ] , [a b  such that F x( )0 0=  i.e., f x d( )0 0− =  or f x d( )0 = .

Since d is any value between f a( ) and f b( ) it follows that f takes all values between 

f a( ) and f b( ) at least once.

The converse of the above theorem is not true. For example, let f be the function defined 

as f x x x( ) sin ( / ),= ≠1 0 and f ( )0 0= . 

In the interval [ / , / ]− 2 2π π  this function takes all values between f ( / )− 2 π  and 

f ( / )2 π  i.e., between − 1 and 1 an infinite number of times as x varies from − 2 / π to 

2 / π, but this function is not continuous in [ / , / ]− 2 2π π  as it is discontinuous at x = 0.

Cor ol lary 1: Let   f   be   con tin u ous   on  [ , ]a b   and  let  k m M∈[ , ]  where   m inf=   f  and

M = sup f  on [ , ]a b . Then there ex ists c a b∈[ , ] such that f c k( ) .=
Proof: Since f is con tin u ous on [ , ]a b  and ev ery func tion de fined and con tin u ous on a

closed in ter val at tains its supremum and infimum, there fore, there ex ist x x a b1 2, [ , ]∈
such that

m f x M f x= =( ) ( ).1 2and

If x x1 2= , then f is a constant function on [ , ]a b  and the result follows.

Let x x1 2< . Then [ , ] [ , ]x x a b1 2 ⊂  and f is continuous on  [ , ]x x1 2 .

Hence by the above theorem there exists c x x a b∈ ⊂[ , ] [ , ]1 2  such that f c k( ) = .

Similarly we can prove the result if x x1 2> .

Cor ol lary 2: Let f be con tin u ous on [ , ]a b . Then f a b m M([ , ]) [ , ]=  , where m inf f=   

and M = sup f  on [ , ]a b  and thus f a b([ , ]) is a closed set.

Proof: By Cor ol lary 1, f takes all val ues be tween m and M and hence 

[ , ] ([ , ])m M f a b⊂ .  Since  ev ery  value of f on [ , ]a b  lies be tween m and M, hence, 

f a b m M([ , ]) [ , ]⊂ . Thus f a b m M([ , ]) [ , ]=  which is a closed set be cause ev ery closed

in ter val is a closed set.

7  Uniform Continuity 

Let a function f be continuous for every value of x in [ , ]a b . It means that if x a b0 ∈[ , ],

then, given ε > 0, there exists δ > 0, such that | ( ) ( )|f x f x− < ε0  whenever | |x x− <0 δ.

The number δ will depend upon x0 as well as ε and so we may write it symbolically as 

δ ( , )ε x0 . For some functions it may happen that given ε > 0 the same δ serves for all 

x a b0 ∈[ , ] in the condition of continuity. Such functions are called uniformly

continuous on [ , ]a b .
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Def i ni tion:  A func tion f de fined on an in ter val I is said to be uni formly con tin u ous on I if given 

ε > 0, there ex ists a δ > 0 such that | ( ) ( )|f x f y− < ε  when ever | |x y− < δ, where x, y are in I.

(Meerut 2001)

It should be noted carefully that uniform continuity is a property associated with an

interval and not with a single point. The concept of continuity is local in character

whereas the concept of uniform continuity is global in character.

Note: A func tion f is not uni formly con tin u ous on I, if there ex ists some ε > 0 for which 

no δ > 0 serves i.e., for any δ > 0, there ex ist x y I, ∈  such that | ( ) ( )|f x f y− ≥ ε and 

| |x y− < δ.

The following two theorems express the relation between continuity and uniform

continuity. The first one gives that uniform continuity always implies continuity. The

second one gives a sufficient condition under which continuity implies uniform

continuity.

The o rem 1: If f is uni formly con tin u ous on an in ter val I, then it is con tin u ous on I.

Proof: Let x0 be any point of I and let ε > 0 be given. Since f is uni formly con tin u ous

on I, there fore, given ε > 0, there ex ists a δ > 0 such that

| ( ) ( )|f x f y− < ε when ever | |x y− < δ, V x y,  in I .

Taking y x= 0 , we have in particular,

| ( ) ( )|f x f x− < ε0  when ever | |x x− <0 δ  V x in I.

This means that f is continuous at x0 .

Since x0 is an arbitrary point of I, therefore f is continuous at every point of I.

Hence f is con tin u ous on I.

The o rem 2: A func tion which is con tin u ous in a closed and bounded in ter val I a b= [ , ] is

uni formly con tin u ous in [ , ]a b .

Proof: Take any given ε > 0. By the o rem 1 of ar ti cle 3, the in ter val [ , ]a b  can be di vided 

up into sub-in ter vals [ , ] , [ , ], ,[ , ]a x x x x bn1 1 2 1… −  such that for any two points α β,  in the

same sub-in ter val, we have | ( ) ( )| .f fα β− < ε1

2 …(1)

Let δ be a positive number which does not exceed the least of the numbers

x a1 − , x x b xn2 1 1− … − −, , .

Let ξ η,  be any two points in [ , ]a b  such that | ||ξ − η > δ .

If these two points are in the same sub-in ter val, then by (1), we have

| ( ) ( )|f fξ − η < ε1

2
.
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If ξ η,  do not lie in the same sub-interval, then surely they lie one in each of the two

consecutive intervals. Let xr be the point of division such that x x xr r r− +< ξ < < η< ⋅1 1

Then we have

| ( ) ( )| | ( ) ( ) ( ) ( )|f f f f x f x fr rξ − η = ξ − + − η

    ≤ ξ − + − η| ( ) ( )| | ( ) ( )|f f x f x fr r

                      < ε + ε = ε1

2

1

2
, by (1).

Thus we have shown that, given ε > 0, there exists δ > 0 such that

| ( ) ( )|f fξ − η < ε when ever | | ,ξ − η < δ   V ξ η,  in [ , ]a b .

Hence f is uniformly continuous in [ , ]a b .

Ex am ple 14: Give an ex am ple to show that a func tion con tin u ous in an open in ter val may fail to 

be uni formly con tin u ous in the in ter val.

So lu tion: Con sider the func tion f  de fined on the open in ter val ] , [0 1  as fol lows :

f x x x( ) / , ] , [= ∈1 0 1V  .

First we shall show that f  is continuous in ] , [ . .,0 1 i e  f  is continuous at each point c in 

] , [0 1  .

We have  lim ( ) lim ( )
x c

f x
x c x c

f c
→

=
→

= =1 1
 .

So f x( ) is continuous at each point c in ] , [0 1  and hence f x( ) is continuous in ] , [0 1  .

Now we shall show that f x( ) is not uniformly continuous in ] , [0 1 .

For any δ > 0, we can find a positive integer m such that 1 / m < δ.

Let x m1 1= /  and x m2 1 2= / . Then 0 11< <x  and 0 12< <x  so that  x x1 2 0 1, ] , [ .∈  

We have  | |x x
m m m m m

1 2
1 1

2

1

2

1

2

1− = −

 


=


 


= < < δ

and | ( ) ( )| | | | |f x f x
x x

m m m m1 2
1 2

1 1
2

1

2
− = −


 


= − = − = > ⋅

[∵ m is a + ive in te ger]

Thus if we take ε = >1

2
0, then what ever δ > 0 we try there exist x x1 2 0 1, ] , [∈  such that

| |x x1 2− < δ but | ( ) ( )|f x f x1 2
1

2
− > ε = ⋅

In this way for ε = >1

2
0, there exists no δ > 0 such that 

| ( ) ( )|f x f x1 2− < ε when ever | | , , ] , [x x x x1 2 1 2 0 1− < ∈δ  .

Hence f x x( ) /= 1  is not uni formly con tin u ous in ] , [0 1  .
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Ex am ple 15:  Prove that the func tion f de fined on R+ as f x sin
x

( ) ,= 1
  V  x > 0

is continuous but not uniformly continuous on R+.

So lu tion: Let a be any pos i tive real num ber.

We have f a
h

( ) lim− =
→

0
0

  f a h
h a h a

( ) lim sin sin ,− =
→ −

=
0

1 1

f a
h

f a h
h a h a

( ) lim ( ) lim sin sin+ =
→

+ =
→ +

= ⋅0
0 0

1 1

Also f a
a

( ) sin= ⋅1

Since     f a f a f a( ) ( ) ( ),+ = − =0 0  f  is con tin u ous at a.

But a is an arbitrary point of R+, so f is continuous on R+.

It remains to show that f is not uniformly continuous on R+.

We shall show that no δ works for ε = ⋅1

2

Let δ be any positive number. Take x
n

x
n n

1 2
1 1

2

2

2 1
= =

+
=

+π π π π
,

( / ) ( )
,

where n is a pos i tive in te ger such that x x
n n

1 2
1 2

2 1
− = −

+
< ⋅

π π
δ

( )

(We can always choose such a positive integer n for each positive δ.)

Now | |x x1 2− < δ but | ( ) ( )|f x f x1 2−  = − + = > ε|sin sin ( ) | .n nπ π1

2
2 1 1

This shows that for this choice of ε, we are unable to find δ > 0 such that

 | ( ) ( )|f x f x1 2− < ε when ever | |x x1 2− < δ, V x x1 2, ∈ +
R .

Hence f is not uniformly continuous on R+.

Ex am ple 16: Show that the func tion f de fined by f x x( ) = 3, is uni formly con tin u ous in 

[ , ]− 2 2  .

So lu tion: Let x x1 2 2 2, [ , ]∈ − . We have

| ( ) ( )| | |f x f x x x2 1 2
3

1
3− = −  = − + +|( ) ( )|x x x x x x2 1 2

2
1
2

1 2

   ≤ − + +| | | | | | | || |x x x x x x2 1 2
2

1
2

1 2{ } 

    ≤ −12 2 1| |x x . 

[ , [ , ] | |∵ x x x1 2 12 2∈ − ⇒ ≤ 2 2and| |x ≤ 2]

∴  | ( ) ( )|f x f x2 1− < ε when ever | | /x x2 1 12− < ε .

Thus given ε > 0, there ex ists δ = ε / 12 such that

| ( ) ( )|f x f x2 1− < ε when ever | |x x2 1− < δ  V  x x1 2 2 2, [ , ]∈ − .

Hence f x( ) is uni formly con tin u ous in [ , ]− 2 2 .
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Ex am ple 17: Let f :R R→  given by f x x( ) = 2. Show that f is not uni formly con tin u ous on

R.

So lu tion: Let ε > 0 be given. The func tion f x( ) will be uni formly con tin u ous on R if

we are able to find δ > 0 such that

x x1 2, ∈R, | | | ( ) ( )|x x f x f x1 2 1 2− < ⇒ − < εδ . …(1)

The function f x( ) will not be uniformly continuous on R if we produce some ε > 0 for

which no δ works i e. ., for which for every δ > 0, there exist x x1 2, ∈R such that | |x x1 2− < δ
but | ( ) ( )|f x f x1 2− ≥ ε.
So here we  shall show that for some given ε > 0, there exists no δ > 0 which satisfies the

condition (1).

By the ax iom of Ar chi me des, for any δ > 0, there ex ists a pos i tive in te ger n such that

nδ2 > ε. …(2)

If we take x n1 = δ and x n2
1

2
= +δ δ, then | |x x1 2

1

2
− = <δ δ,

but | ( ) ( )| | | | || |f x f x x x x x x x1 2 1
2

2
2

1 2 1 2− = − = − +

    = +





1

2
2

1

2
δ δ δn

    = + > εnδ δ2 21

4
, by (2).

Hence for these two points x x1 2, , we would always have | ( ) ( )|f x f x1 2− > ε, whatever 

δ > 0 we take. This contradicts (1). Hence f is not uniformly continuous on R.

Ex am ple 18: In the closed in ter val [ , ]− 11  let f be de fined by

f x x sin x for x and f( ) ( / ) ( ) .= ≠ =2 21 0 0 0

In the given interval (i) Is the function bounded ? (ii) Is it continuous ? (iii) Is it uniformly

continuous ?

So lu tion:  (i) If x x∈ − ≠[ , ] and ,11 0  we have

| ( )| | sin ( / )| | | |sin ( / )|f x x x x x= = ⋅2 2 2 21 1

      = ⋅ ≤| | |sin ( / )|x x2 21 1 1 1⋅ = .

[ |sin ( / )|∵ 1 2x ≤ 1 1and − ≤ x ≤ 1⇒ ≤| |x 1]

Also  f f( ) | ( )| .0 0 0 0 1= ⇒ = <

Thus | ( )|f x ≤ 1, V  x ∈ −[ , ]11 and so f  is bounded in [ , ].− 11

(ii) Let c c∈ − ≠[ , ] and .11 0

We have lim ( ) lim sin sin ( ).
x c

f x
x c

x
x

c
c

f c
→

=
→

= =2
2

2
2

1 1

∴ f x( ) is con tin u ous at ev ery point c of [ , ]− 11 if c ≠ 0.

Now to check the con ti nu ity of f x( ) at x = 0.
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We have f
h

f h( ) lim ( )0 0
0

0− =
→

−  =
→

− >lim ( ),
h

f h h
0

0

       =
→

−
−












lim ( ) sin

( )h
h

h0

12
2

       =
→

=lim sin .
h

h
h0

1
02

2

∵ lim and sin
h

h
h→

= 

 


≤





 0

0
12
2

1 0if h ≠





Again f
h

f h
h

f h( ) lim ( ) lim ( )0 0
0

0
0

+ =
→

+ =
→ 

        =
→

=lim sin .
h

h
h0

1
02

2

Also          f ( ) .0 0=

Since f f f( ) ( ) ( ),0 0 0 0 0− = = +  there fore f x( ) is con tin u ous at x = 0.

Thus f x( ) is continuous at each point of [ , ]− 11 and so it is continuous in [ , ].− 11

(iii) Since f  is con tin u ous in the closed in ter val [ , ]− 11, there fore it is also uni formly

con tin u ous in [ , ].− 11

Ex am ple 19: Prove that if f and g are bounded and uni formly con tin u ous on an in ter val I, then

the prod uct func tion fg is also uni formly con tin u ous on I. Is boundedness of each func tion nec es sary

for the uni form con ti nu ity of the prod uct ? If not so, give a coun ter ex am ple.

So lu tion: It is given that the func tions f gand  are bounded and uni formly

con tin u ous on I .

To prove that fg is also uniformly continuous on I .

Since f  is bounded on I , therefore there exists k1 0>  such that

| ( )|f x ≤ k x I1, .V ∈ ...(1)

Again g is also bounded on I  and so there exists k2 0>  such that

| ( )|g x ≤ k x I2, .V ∈ ...(2)

Now take any given ε > 0.

Since f  is uniformly continuous on I , therefore there exists δ1 0>  such that

| ( ) ( )| ,f x f y
k

− < ε
2 2

 

when ever | | ,x y− < δ1  where x y I, ∈ . ...(3)

Again g is also uniformly continuous on I  and so there exists δ2 0>  such that

| ( ) ( )| ,g x g y
k

− < ε
2 1

  

when ever | | ,x y− < δ2   where x y I, ∈ . ...(4)
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Take δ δ δ= mini( , )1 2 . Then from (3) and (4), we have

| ( ) ( )|f x f y
k

− < ε
2 2

 

and  | ( ) ( )| ,g x g y
k

− < ε
2 1

...(5)

when ever | | ,x y− < δ  where x y I, .∈
Now δ > 0 is such that if x y I, ∈  and | |x y− < δ, then

|( ) ( ) ( ) ( )| | ( ) ( ) ( ) ( )|f g x f g y f x g x f y g y− = −

= − + −| ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )|f x g x f y g x f y g x f y g y

= − + −| ( ) ( ) ( ) ( ) ( ) ( )|{ } { }f x f y g x g x g y f y

≤ − + −| ( ) ( )|.| ( )| | ( ) ( )|.| ( )|f x f y g x g x g y f y

< ε ⋅ + ε ⋅
2 22

2
1

1
k

k
k

k , us ing (1), (2) and (5)

= ε + ε = ε
2 2

.

Thus for any given ε > 0, there exists δ > 0 such that

|( ) ( ) ( ) ( )|f g x f g y− < ε, whenever | |x y− < δ where x y I, .∈
Hence f g is uniformly continuous on I .

Sec ond part: Boundedness of each func tion is not nec es sary for the uni form

con ti nu ity of the prod uct as is ob vi ous from the fol low ing examples.

Ex am ple Let f g: and :R R R R→ →  be de fined by

f x x x( ) ,= ∈V R and g x x( ) , .= ∈1 V R

Here both the functions f gand  are uniformly continuous on R. The function f  is not

bounded. But the product function f g f=  is uniformly continuous on R.

Ex am ple Con sider the func tions f  and g de fined on [ , [0 ∞  by 

f x g x x x( ) ( ) , [ , [.= = √ ∈ ∞V 0

Both the functions f gand  are not bounded. The product function f g is given by

( ) ( ) , [ , [f g x x x= ∈ ∞V 0

which is obviously uniformly continuous on [ , [.0 ∞

Ex am ple 20: Find the points of dis con ti nu ity of the func tion f :R R→  de fined by

f x lim
m

lim
n

cos m x n( ) ( ! )=
→ ∞ → ∞












⋅π 2

So lu tion: Let x be a ra tio nal num ber, say p q/ , where p, q are in te gers prime to each

other. Choos ing m suf fi ciently large, m x! π  can be made an in te gral mul ti ple of π so that 

cos ( ! )m xπ = ± 1 .

∴ lim (cos ! ) lim ( )
n

m x
n

n n

→ ∞
=

→ ∞
± =π 2 21 1. 

Hence f x( ) = 1, when x is rational.
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If x is irrational, then for any integral value of m, cos !m xπ  will always lie between − 1

and + 1 .

∴ (cos ! ) ( )m x rn
m

nπ 2 2=  where | |rm < 1, for a fixed value of m.

Hence  f x
m n

rm
n( ) lim lim ( )=

→ ∞ → ∞
=2 0, when x is ir ra tio nal.

Since f x( ) is 1 for rational values of x and 0 for irrational values of x f,  is totally

discontinuous i.e., discontinuous for every value of x. This is so because at any point a

(rational or irrational) the limits f a( )+ 0  as well as f a( )− 0  do not exist. Note that

there are infinite number of rational and infinite number of irrational points in any

neighbourhood ] , [a h a h− +  of a, however small h may be and at these points the

functional values differ widely.

Here f a( )+ =0 1,  f a( )+ =0 0,  f a( )− =0 1,  f a( )− =0 0 .

Hence there is a dis con ti nu ity of sec ond kind at ev ery point.

Ex am ple 21: Show that the func tion f :R R→  de fined by

   f x lim
n

lim
t

sin n x

sin n x t
( )

( ! )

( ! )
=

→ ∞ → +











0

2

2 2

π
π

is equal to 0 when x is rational and to 1 when x is irrational. Hence show that the function is totally
discontinuous.

So lu tion: Let x be a ra tio nal num ber say p q/ , where p q,  are in te gers prime to each

other. By tak ing n suf fi ciently large, n x! π  can be made an in te gral mul ti ple of π so that 

sin ( ! )n xπ = 0. 

Hence f x
t t

( ) lim=
→ +

=
0

0

0
0

2
, when x is rational.

If x is irrational, then 0 12< <sin ( ! )n xπ .

Hence f x
n t t n x

( ) lim lim
/ sin ( ! )

=
→ ∞ → +0

1

1 2 2 π

     =
+

=1

1 0
1 , when x is ir ra tio nal.

Thus f x( ) = 0 when x is rational and 1 when x is irrational. Hence f is totally

discontinuous.

Ex am ple 22: Show that the func tion f :R R→  de fined by

    f x lim
t

sin x

sin x

t

t
( )

( )

( )
=

→ ∞

+ −
+ +

1 1

1 1

π
π

is discontinuous at the points x n= … …0 1 2, , , , ,

So lu tion: For x n= … …0 1 2 3, , , , , ,  we  have  sin π x = 0 , so  that  at  these  val ues of  x

  f x
n

t

t
( ) lim

( )

( )
.=

→ ∞

+ −
+ +

=
1 0 1

1 0 1
0
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Now if 2 2 1m x m< < +  (m being an integer), then sin πx is positive. Hence for such

values of x, we have

f x
t

x

x

t

t

( ) lim
( sin )

( sin )

=
→ ∞

−
+

+
+

=
−

∞
+

∞

=
1

1

1

1
1

1

1
1

1
1

1
π

π

. ∵

1
0

∞
=





Again if 2 1 2 2m x m+ < < + , sin πx is negative and so

lim ( sin )
t

x t

→ ∞
+ =1 0π .

Hence for such values of x f x, ( ) =
−
+

= −
0 1

0 1
1.

From the values of f x( ) mentioned above, we observe that

(i) if x is an even in te ger, then

f x( ) = 0, f x( )+ =0 1 and f x( )− = −0 1

and (ii) if x is an odd in te ger, then

f x f x f x( ) , ( ) and ( ) .= + = − − =0 0 1 0 1

Hence f has discontinuities of the first kind at

x n= … …0 1 2, , , , ,

Ex am ple 23: Let a func tion f :R R→  sat isfy the equa tion

f x y f x f y( ) ( ) ( )+ = + ,  V  x y, ∈R. Show that 

(i) If f is continuous at the point x a= , then it is continuous for all x ∈R .

(ii) If f is continuous then f x kx( ) = , for some constant k.

So lu tion:  (i) Let f be con tin u ous at the point x a= .

We have f a
h

f a h
h

f a f h( ) lim ( ) lim [ ( ) ( )]+ =
→

+ =
→

+0
0 0

,

 by def i ni tion of  f

        =
→

+
→

= +
→

lim ( ) lim ( ) ( ) lim ( ).
h

f a
h

f h f a
h

f h
0 0 0

Since f is continuous at a, we have f a f a( ) ( )= + 0

⇒ f a f a
h

f h
h

f h( ) ( ) lim ( ) lim ( ) .= +
→

⇒
→

=
0 0

0 …(1)

Sim i larly f a f a
h

f h( ) ( ) lim ( ) .= − ⇒
→

− =0
0

0 …(2)

Now let α be any real number. We shall show that f is continuous at α.

We have f
h

f h
h

( ) lim ( ) limα α+ =
→

+ =
→

0
0 0

 [ ( ) ( )]f f hα +

          =
→

+
→

=lim ( ) lim ( ) ( ),
h

f
h

f h f
0 0

α α  using (1).

R-36



Similarly, using (2) we have f f( ) ( ).α α− =0

Thus f f f( ) ( ) ( )α α α+ = − =0 0 . 

Hence f is continuous at x = α. Since α is arbitrary so f is continuous for all x ∈R.

(ii) Here we con sider the fol low ing cases :

Case I: Let  x = 0. Since f x x f x f x( ) ( ) ( )+ = + , we have

f f f f( ) ( ) ( ) ( )0 0 0 0 0= + = +  and so f ( )0 0= .

Hence f x kx( ) =  for every constant k in this case.

Case II: Let x be any pos i tive in te ger. Then

f x f x f f x( ) ( ) ( ) ( )= + + … = + + …1 1 1 1times  times

         = =x f kx( ) ,1  where k f= ( )1  i.e., a con stant.

Case III: Let x be any neg a tive in te ger. Put x y= −  so that y is a pos i tive in te ger.

Now      0 0= f ( ), by Case I

          = − = + −f y y f y f y( ) ( ) ( ).

∴     f y f y( ) ( )− = − . 

Hence f x f y y f( ) ( ) ( ),= − = − 1  by Case II

        = kx, where k f= ( )1  i.e., a con stant.

Case IV: Let x be any ra tio nal num ber. Put x p q= /  where q is a pos i tive in te ger and p
is any in te ger, pos i tive, neg a tive or zero.

Now f q
p

q
f

p

q

p

q
q.









 = + + …









times

            =








 +









 + …f

p

q
f

p

q
q times.

∴      f p q f
p

q
( ) =









  . 

But f p kp( ) = , by pre vi ous cases.

Hence q f
p

q
kp









 =   or  f

p

q
k

p

q









 =

or f x kx( ) = , in this case also.

Case V: Fi nally let x be any real num ber. Let < >xn  be a se quence of ra tio nal num bers

con verg ing to x. Since f is con tin u ous at x, the se quence < >f xn( )  con verges to f x( ).

Thus, we have

lim
n

x xn
→ ∞

=   and  lim ( ) ( )
n

f x f xn
→ ∞

=

Since xn is a rational number, we have by case IV,

f x kxn n( ) .=
∴ lim ( ) lim lim

n
f x

n
kx k

n
x kxn n n

→ ∞
=

→ ∞
=

→ ∞
=

or f x kx( ) = .

Hence f x kx( ) = ,  V  x ∈R.
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8  Meaning of the Sign of Derivative

Let f c′ >( ) 0 where c is an interior point of the domain of the function f ; then

lim
( ) ( )

( )
x c

f x f c

x c
f c

→

−
−

= ′ > 0.

If ε > 0 be any num ber < ′f  ( )c , there ex ists δ > 0 such that

| |
( ) ( )

( )x c
f x f c

x c
f c− ≤ ⇒

−
−

− ′ <δ ε

i e. ., x c c x c∈ − + ≠[ , ],δ δ  

⇒ 
f x f c

x c
f c f c

( ) ( )
] ( ) , ( ) [

−
−

∈ ′ − ′ +ε ε …(1)

Since ε was chosen smaller than f c′ ( ) we conclude from (1) that
f x f c

x c

( ) ( )−
−

> 0 when x c c x c∈ − + ≠[ , ],δ δ .

We then have, f x f c( ) ( )− > 0 when c x c< ≤ + δ
and f x f c( ) ( )− < 0 when c x c− ≤ <δ .

Thus we have shown that if f c′ >( ) 0, there ex ists a neigh bour hood [ , ]c c− +δ δ  of c

such that

f x f c x c c( ) ( ) ] , [> ∈ +V δ  and f x f c x c c( ) ( ) [ , ]< ∈ −V δ  .
If f c′ <( ) 0, it can be similarly shown that there exists a neighbourhood  ] ,c c− +δ δ [ of 
c such that

f x f c x c c( ) ( ) [ , [> ∈ −V δ  and f x f c x c c( ) ( ) ] , [< ∈ +V δ  .

Sim i larly, it can be shown for the end points a and b that there ex ist in ter vals, 

] , ]a a + δ  and [ , [b b− δ  such that

f a f x f a x a a′ > ⇒ > ∈ +( ) ( ) ( ) ] , ]0 V δ
f a f x f a x a a′ < ⇒ < ∈ +( ) ( ) ( ) ] , ]0 V δ
f b f x f b x b b′ > ⇒ < ∈ −( ) ( ) ( ) [ , [0 V δ

and f b f x f b x b b′ < ⇒ > ∈ −( ) ( ) ( ) [ , [0 V δ

 1. Let f  be the func tion de fined on [ , ]−1 1 by

f x x( ) = , if x is ir ra tio nal,  f x( ) = 0, if x is ra tio nal.

Show that f is continuous only at x = 0.

 2. Let f :R R→  be such that 

f x x( ) =      when x is irrational 
    = − x  when x is rational.

Show that f x( ) is continuous only at x = 0. 
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 3. Show that the func tion f de fined on R  by 

f x( ) = 1  when x is ra tio nal , f x( ) = − 1  when x is ir ra tio nal 

is dis con tin u ous at ev ery point of R .

 4. Show that f :R R→  given by f x x( ) = 2 is con tin u ous but not uni formly

con tin u ous on R.

 5. Ex plain fully uni form con ti nu ity and dis cuss the uni form con ti nu ity of the

func tion f x x x( ) ,= ∈2
V R in ] , [0 1 .

 6. Let f : ] , [ [ , ]− →11 0 1 be a func tion de fined by f x x( ) = 2. Us ing def i ni tion

show that f is uni formly con tin u ous on its do main.

 7. Show that the func tion f x x x( ) / ,= >1 0 is con tin u ous in ( , )0 1 but not

uni formly con tin u ous. 

 8. De fine uni form con ti nu ity and show that the func tion 

f x x( ) = +2  3 11x x, [ , ]∈ −  is uni formly con tin u ous in [ , ]− 11.

 9. Show that a func tion which is con tin u ous in a closed in ter val is bounded in that

in ter val. Ver ify the the o rem for 

f x x( ) cos [ , ] .= −in
1

2

1

2
π π

10. Give an ex am ple to show that a func tion con tin u ous on an open in ter val need

not be bounded on that in ter val.

11. If the func tion f is con tin u ous in the closed in ter val [ , ]a b , prove that it at tains

its least up per bound and great est lower bound in [ , ].a b  Ver ify the the o rem for

the func tion f x x( ) sin=  in [ , ].0 2π
12. If f  is con tin u ous in [ , ] ( ) ( ) ,a b f a f band ⋅ < 0  show that f c( ) = 0 for at least

one c a b∈[ , ].

13. Let f   be con tin u ous on [ , ]a b  and sup pose that f x( ) = 0 for ev ery ra tio nal x in 

[ , ].a b  Prove that f x( ) = 0 for all x in [ , ].a b

14. If a func tion is con tin u ous on a closed in ter val [ , ]a b , then it at tains its bounds

at least once in [ , ]a b . Give an ex am ple of a func tion which is con tin u ous and

bounded, and at tains its supremum but does not at tain its infimum.

15. Prove that the iden tity map ping of any in ter val I is uni formly con tin u ous on I.

16. Show that the func tion f :R R→  de fined by

f x
e n x

( )
/sin ( ! )

=
+

1

1 1 π

can be made discontinuous at any rational point in the interval [ , ]0 1 by a proper

choice of n.

17. If f :R R→  is a con tin u ous func tion and sat is fies the re la tion 

f x y f x f y( ) ( ) ( )+ = , V  x y, ∈R , then ei ther f x( ) = 0  V  x ∈R

or there ex ists an a > 0 such that

f x a x( ) = , V  x ∈R.
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18. Show that a func tion f is con tin u ous at a iff for ε > 0 there ex ists δ > 0 such that

x x a1 2, ]∈ − δ, a f x f x+ ⇒ − < εδ [ | ( ) ( )|1 2 .

19. Discuss the nature of discontinuity of the function f , defined by

f x
n

( ) lim=
→ ∞

 
log ( ) sin2

1

2

2

+ −
+
x x x

x

n

n

at x = 1 . Show that f ( )0  and f ( / )π 2  differ in sign.

20. Let f gand  be con tin u ous on [ , ]a b  and let f a g a( ) ( )<   but f b g b( ) ( )> . Prove

that f c g c( ) ( )=  for some c a b∈] , [ .

21. Let f :R R→  be con tin u ous and let f be zero on a dense set ( . .,i e  a set whose

in ter sec tion with ev ery in ter val is non-empty). Then f is iden ti cally zero.

22. De ter mine the dis con ti nu ities of the func tion f :R R→  de fined by

f x
n

x

x
x( ) lim

sin ( / )

sin ( / )
, .=

→ ∞

+ −
+ +

< ≤
{ }

{ }

1 1

1 1
0 1

π
π

n

n

23. Show that the func tion

φ =
→ ∞

−
+

+
( ) lim

cos
x

n

x x

x

n

n

2 2

2 1

does not vanish anywhere in the interval [ , ]0 2  though φ ( )0  and φ ( )2  differ in

sign. Discuss the continuity of the function at x = 1.

24. Ex am ine for con ti nu ity the func tion f  de fined by

f x
n

e x x

x

x n

n
( ) lim

sin
=

→ ∞

−
+1

0
2

≤ ≤





x
π

at x = 1. Explain why the function f  does not vanish anywhere in [ , / ]0 2π
although f f( ) . ( / ) .0 2 0π <

 5. Uni formly con tin u ous in ] , [0 1  

19. Dis con ti nu ity of the first kind at x = 1

22. f has a dis con ti nu ity of sec ond kind at x = 0 and or di nary dis con tin u ous at 

x = 1
1

2

1

3
, , ,…

23. Dis con ti nu ity of the first kind at x = 1

24. Dis con tin u ous at x = 1 
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. The value of K for which f x

x

x
x

K x
( )

sin
,

,
=

≠

=







5

3
0

0

if

if

  

is con tin u ous at x = 0, shall be

(a) 1/3 (b) 3/5

(c) 0 (d) 5/3 (Kumaun 2008)

  2. The nec es sary and suf fi cient con di tion for a func tion f  de fined on I R⊂  to be

con tin u ous at a I∈  is that for each se quence < >an  in I  which con verges to a, we

have lim
n → ∞

 f an( ) =

(a) f a′ ( ) (b) f a2( )

(c) f a( ) (d) none of these

  3. The func tion f  de fined on [ , ]− 11 by 

f x x( ) ,=  if x is ir ra tio nal

f x( ) = 0, if x is ra tio nal.

is con tin u ous at x =
(a) 0 (b) 1

(c) − 11, (d) none of these

  4. At x = 1, the func tion f x
n

x

x
x( ) lim

sin ( / )

sin ( / )
, .=

→ ∞

+ −
+ +

< ≤
{ }

{ }

1 1

1 1
0 1

π
π

n

n

(a) is con tin u ous

(b) has dis con ti nu ity of first kind

(c) has dis con ti nu ity of sec ond kind

(d) is uni formly con tin u ous.

  5. For all real val ues of x, the func tion f x x( ) = 2 is

(a) con tin u ous (b) dis con tin u ous

(c) uni formly con tin u ous (d) not uni formly con tin u ous.

  6. In the in ter val [ , ]− 11 the func tion f  defined by f x x x( ) sin ( / )= 2 21  for x ≠ 0

and f ( )0 0=  is

(a) bounded (b) uni formly con tin u ous

(c) un bounded (d) none of these
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Fill in the Blank(s)

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. A func tion f x( ) is con tin u ous at a point x a=   if  
lim

( ) .
x a

f x
→

= ……

(Bundelkhand 2008; Kumaun 14)

 2. If f x x x( ) [ ]= − , where [ ]x  de notes the great est in te ger less than or equal to x, 

then f x( ) ,= ……  for 3 4< <x .

  3. A function f x( ) has a removable discontinuity at x a=   if  
lim

( )
x a

f x
→

 exists but

is not equal to …… .

  4. The do main of the func tion f x
x

x
( )

sin
=   is …… .

  5. The do main of the func tion f x

x

x
x

x
( )

sin
,

,
=

≠

=







0

1 0

is …… .

  6. If a func tion f x( ) is con tin u ous in a closed in ter val [ , ]a b  , it is ……… in that

in ter val.

  7. If f  is con tin u ous in a closed and bounded in ter val I , it is ……… on I .

  8. The func tion f R R: →  de fined by

f x
t

x

x

t

t
( ) lim

( sin )

( sin )
=

→ ∞

+ −
+ +

1 1

1 1

π
π

is ……… at the points x = 0 1 2, , ,…

  9. The func tion f x x( ) = 3 is ……… con tin u ous in [ , ]− 2 2  .

 10. The func tion f  de fined on R+ as f x
x

( ) sin= 1
 , V x > 0 is ……… but

not ……… on R+.

 11. The func tion f x
n

e x x

x
x

x n

n
( ) lim

sin
( )=

→ ∞

−
+

≤ ≤
1

0
2

π
 is ……… at x = 1 .

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. The func tion f x

x

x
x

x
( )

sin
,

,
=

≠

=







0

2 0

is con tin u ous at x = 0.
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 2. The func tion f x
x x

x x
( )

sin ,

sin ,
=

≥
− <





0

0

is con tin u ous at x = 0.

 3. The func tion f x
x x x

x
( )

cos ( / ),

,
=

≠
=





1 0

0 0

is dis con tin u ous at x = 0.

 4. If a func tion f  is con tin u ous at a, then | |f  is also con tin u ous at a.

 5. The func tion f x

x

x
x

x
( )

sin
,

,
=

≠

=







0

1 0

is con tin u ous at x = 0.

 6. The func tion f x

x

x x

x

( )

,

,

,

=
<

− ≤ <
≥









1 1

2 1 2

2 2

is dis con tin u ous at x = 1.

  7. If a function f x( ) is continuous in a closed interval [ , ],a b  then it is bounded in 
[ , ].a b

  8. If a function f x( ) is uniformly continuous in an interval I , then it is also
continuous in I .

  9. If a function f x( ) is continuous in an open interval I , then it is also uniformly
continuous in I .

 10. If a function f x( ) is continuous in a closed interval [ , ],a b  then it is also uniformly
continuous in [ , ].a b

 11. A func tion con tin u ous on an open in ter val is bounded on that in ter val.

 12. The func tion f x x x x( ) , [ , ]= + ∈ −2 3 11 is uni formly con tin u ous in this in ter val.

 13. The func tion f x x( ) = 2 is uni formly con tin u ous on ] , [0 1 .

 14. A func tion de fined on [ , ]0 1 and given by f x
x x

x x
( )

,

,
=

−




if is rational

if is irrational1
 ,

is dis con tin u ous at x = 1

2
 .

Multiple Choice Questions

 1. (d)   2. (c)   3. (a)  4. (b)   5. (a), (d)

 6. (a), (b)
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Fill in the Blank(s)

  1. f a( ) 2. x − 3

  3. f a( ) 4. R − { }0

  5. R 6. bounded

  7. uni formly con tin u ous 8. dis con tin u ous

  9. uni formly

 10. con tin u ous, uni formly con tin u ous 11. dis con tin u ous

True or False

  1. F  2. T   3. F  4. T  5. T

 6. F  7.  T  8. T  9. F 10. T

 11. F 12. T 13. T 14. F

¨
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1  Definitions

Derivative at a Point. (Bundelkhand 2010)

Let I denote the open interval ] , [a b  in R and let x I0 ∈ . Then a function f I: → R is said to be

differentiable (or derivable) at x0 iff

lim
h

f x h f x

h→

+ −

0

0 0( ) ( )
 or equiv a lently 

lim

x x

f x f x

x x→
−
−0

0

0

( ) ( )

exists finitely and this limit, if it exists finitely, is called the differential coefficient or

derivative of f with respect to x at x x= 0 .

It is denoted by f x′ ( )0  or by D f x( )0 .

Progressive and regressive derivatives.

The progressive derivative of f at x x= 0 is given by

lim
( ) ( )

,
h

f x h f x

h
h

→

+ −
>

0
00 0 .

2

Differentiability



It is also called the right hand differential coefficient of f at x x= 0 and is denoted by 

R f x′ ( )0  or by f x′ +( )0 0 .

The regressive derivative of f at x x= 0 is given by

lim
( ) ( )

, .
h

f x h f x

h
h

→

− −
−

>
0

00 0

It is also called the left hand differential coefficient of f at x x= 0 and is denoted by 

L f x′ ( )0  or by f x′ −( )0 0 .

It is obvious that f is derivable at  x0 iff L f x′ ( )0  and R f x′ ( )0  both exist and are equal.

Remark: If f x a x a x a x an n
n n( ) = + + … + +−

−0 1
1

1  is a polynomial in x of degree

n, then f x( ) is differentiable at every point a of R.

Differentiability in an interval: (Meerut 2003)

Open interval ] , [a b . A function f a b: ] , [→ R is said to be differentiable in ] , [a b  iff it is

differentiable at every point of ] , [a b .

Closed interval ] , [a b . A function f a b: [ , ] → R is said to be differentiable in [ , ]a b  iff 

R f a′ ( ) exists, L f b′ ( ) exists and f is differentiable at every point of ] , [a b .

Derivative of a function: (Gorakhpur 2010)

Let f be a function whose domain is an interval I. If I1 be the set of all those points x of I at 

which f is differentiable i.e., f x′ ( ) exists and if I1 ≠ ∅, we get another function f ′ with

domain I1. It is called the first derivative of f (or simply the derivative of f ). Similarly 2nd,

3rd, …, nth derivatives of f are defined and are denoted by f f f n′ ′ ′ ′ ′ …, , , ( )

respectively.

Note: The de riv a tive of a func tion at a point and the de riv a tive of a func tion are two

dif fer ent but re lated con cepts. The de riv a tive of f at a point a is a num ber while the

de riv a tive of f is a func tion. How ever, very of ten the term de riv a tive of f is used to

de note both num ber and func tion and it is left to the con text to dis tin guish what is

intended.

An alternate definition of differentiability:

Let f be a function defined on an interval I and let a be an interior point of I. Then, by the 

definition of f a′ ( ), assuming it to exist, we have

f a
x a

f x f a

x a
′ =

→

−
−

( ) lim
( ) ( )

i.e., f a′ ( ) exists if for a given ε > 0, there exists a δ > 0 such that

f x f a

x a
f a

( ) ( )
( )

−
−

− ′








< ε when ever 0 < − <| |x a δ 

or equiv a lently 

x a∈ −] ,δ  a f a
f x f a

x a
f a+ ⇒ ′ − ε <

−
−

< ′ + εδ [ ( )
( ) ( )

( ) .
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2  Geometrical Meaning of a Derivative

We take two neighbouring points P a f a[ , ( )] and Q a h f a h[ , ( )]+ +  on the curve 

y f x= ( ).

Let the chord PQ and the tangent at P meet the x-axis in L and T respectively. Let 

∠ =Q LX α and ∠ =PTX ψ. Draw PN and QM ⊥ to OX and PH ⊥ to QM.

Then   PH NM OM ON a h a h= = − = + − = , 

and   QH QM MH QM PN f a h f a= − = − = + −( ) ( ).

∴ tan
( ) ( )

α = =
+ −

⋅QH

PH

f a h f a

h …(1)

As h → 0, the point Q moving

along the curve approaches the

point P, the chord PQ

approaches the tangent line TP

as its limiting position and the

angle α approaches the angle ψ.

Hence taking limits as h → 0,

the equation (1) gives

tan ( ).ψ = ′f a

Hence f a′ ( ) is the tangent of

the angle which the tangent line 

to the curve y f x= ( ) at the

point P a f a[ , ( )] makes with x-axis.

3  Meaning of the Sign of Derivative

Let f c′ >( ) 0 where c is an interior point of the domain of the function f ;  then

lim ( ) ( )
( )

x c

f x f c

x c
f c

→
−
−

= ′ > 0.

If ε > 0 be any number < ′f c( ), there exists δ > 0 such that

| |x c− ≤ δ ⇒
−
−

− ′








< ε

f x f c

x c
f c

( ) ( )
( )

i.e., x c c x c∈ − + ≠[ , ],δ δ   

⇒ 
f x f c

x c
f c f c

( ) ( )
] ( ) ( ) [

−
−

∈ ′ − ε, ′ + ε ⋅ …(1)

Since ε was chosen smaller than f c′ ( ), we conclude from (1) that

f x f c

x c

( ) ( )−
−

> 0 when x c c x c∈ − + ≠[ , ],δ δ .
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We then have, f x f c( ) ( )− > 0 when c x< ≤ c + δ

and    f x f c( ) ( )− < 0 when c − ≤δ x c< .

Thus we have shown that if f c′ >( ) 0, there exists a neighbourhood [ , ]c c− +δ δ  of c

such that

f x f c( ) ( )>  V x c c∈ +] , ]δ  and f x f c( ) ( )<  V x c c∈ −[ , [δ .

If f c′ <( ) 0, it can be similarly shown that there exists a neighbourhood [ , ]c c− +δ δ  of c

such that

f x f c( ) ( )>  V x c c∈ −[ , [δ  and f x f c( ) ( )<  V x c c∈ +] , ]δ .

Similarly, it can be shown for the end points a and b that there exist intervals ] , ]a a + δ
and [ , [b b− δ  such that

f a f x f a x a a′ > ⇒ > ∈ +( ) ( ) ( ) ] , ]0 V δ

f a f x f a x a a′ < ⇒ < ∈ +( ) ( ) ( ) ] , ]0 V δ  

f b f x f b x b b′ > ⇒ < ∈ −( ) ( ) ( ) [ , [0 V δ  

and f b f x f b x b b′ < ⇒ > ∈ −( ) ( ) ( ) [ , [0 V δ  .

4  A Necessary Condition for the Existence of a

 Finite Derivative

Theorem 1. Continuity is a necessary but not a sufficient condition for the existence of a finite

derivative. (Kanpur 2007, 12; Meerut 10, 10B, 11; Avadh 10; Kashi 14;
Gorakhpur 13, 14)

Proof: Let f  be dif fer en tia ble at x0 . Then lim
( ) ( )

x x

f x f x

x x→

−
−

0

0

0
 ex ists and equals 

f x′ ( )0 . Now, we can write f x f x
f x f x

x x
x x( ) ( )

( ) ( )
( )− =

−
−

−0
0

0
0 , if x x≠ 0 . 

Taking limits as x x→ 0 , we get

[ ]lim ( ) ( ) lim
( ) ( )

( )
x x

f x f x
x x

f x f x

x x
x x

→
− =

→

−
−

−







0
0

0

0

0
0



=
→

−
−

⋅
→

−lim
( ) ( )

lim ( )
x x

f x f x

x x x x
x x

0

0

0 0
0  = ′ =f x( ) . ,0 0 0

so that lim ( ) ( ).
x x

f x f x
→

=
0

0

Hence f is continuous at x0 . Thus continuity is a necessary condition for

differentiability but it is not a sufficient condition for the existence of a finite

derivative. The following example illustrates this fact :

Let f x x x x( ) sin ( / ),= ≠1 0 and f ( )0 0= . (Gorakhpur 2014)

This function is continuous at x = 0 but not differentiable at x = 0.
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Since lim ( ) lim sin ( ),
x

f x
x

x
x

f
→

=
→

= =
0 0

1
0 0  therefore the function f x( ) is

continuous at x = 0.

Now  R f
h

f h f

h h

f h f

h
′ =

→

+ −
=

→

−
( ) lim

( ) ( )
lim

( ) ( )
0

0

0 0

0

0

=
→

−
=

→
lim

sin ( / )
lim sin ,

h

h h

h h h0

1 0

0

1

which does not exist. Similarly L f ′ ( )0  does not exist.

Thus f x( ) is not differentiable at x = 0, though it is continuous there.

5  Algebra of Derivatives

Now we shall establish some fundamental theorems regarding the differentiability of

the sum, product and quotient of differentiable functions.

Theorem 1: If a function f is differentiable at a point x0 and c is any real number, then the

function c f  is also differentiable at x0 and ( ) ( ) ( )c f x c f x′ = ′0 0 .

Proof: By the definition of f x′ ( )0 , we have

lim
( ) ( )

( ).
x x

f x f x

x x
f x

→

−
−

= ′
0

0

0
0

Now lim
( ) ( ) ( ) ( )

lim
( ) ( )

x x

c f x c f x

x x x x

c f x c f x

x x→

−
−

=
→

−
−

0

0

0 0

0

0

=
→

⋅
−
−









= ⋅
→

−
lim

( ) ( )
lim

( ) ( )

x x
c

f x f x

x x
c

x x

f x f x

0

0

0 0

0

x x
c f x

−
= ′

0
0( ).

Hence cf  is differentiable at x0 and ( ) ( ) ( )c f x c f x′ = ′0 0 .

Theorem 2: Let f and g be defined on an interval I. If f and g are differentiable at x I0 ∈ , then so 

also is f g+  and

( ) ( ) ( ) ( ).f g x f x g x+ ′ = ′ + ′0 0 0

Proof: Since f and g are differentiable at x0, therefore

lim
( ) ( )

( ),
x x

f x f x

x x
f x

→

−
−

= ′
0

0

0
0  …(1)

and lim
( ) ( )

( ).
x x

g x g x

x x
g x

→

−
−

= ′
0

0

0
0 …(2)

Now lim
( ) ( ) ( ) ( )

x x

f g x f g x

x x→

+ − +
−

0

0

0

 =
→

+ − +
−

lim
[ ( ) ( )] [ ( ) ( )]

x x

f x g x f x g x

x x
0

0 0

0
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=
→

−
−

+
−
−









lim

( ) ( ) ( ) ( )

x x

f x f x

x x

g x g x

x x
0

0

0

0

0
 

=
→

−
−

+
→

−
−

lim
( ) ( )

lim
( ) ( )

,
x x

f x f x

x x x x

g x g x

x x
0

0

0 0

0

0

as the limit of a sum is equal to the sum of the lim its

= ′ + ′f x g x( ) ( )0 0 , us ing (1) and (2).

Hence f g+  is dif fer en tia ble at x0 and

( ) ( ) ( ) ( )f g x f x g x+ ′ = ′ + ′0 0 0 .

The o rem 3: Let f and g be de fined on an in ter val I. If f and g are dif fer en tia ble at x I0 ∈ , then so 

also is fg and ( ) ( ) ( ) ( ) ( ) ( ).fg x f x g x f x g x′ = ′ + ′0 0 0 0 0

Proof: Since f and g are dif fer en tia ble at x0 , we have

lim
( ) ( )

( )
x x

f x f x

x x
f x

→

−
−

= ′
0

0

0
0  …(1)

and 
lim ( ) ( )

( )
x x

g x g x

x x
g x

→
−
−

= ′
0

0

0
0  …(2)

Now  lim
( ) ( ) ( ) ( )

x x

fg x fg x

x x→

−
−

=
0

0

0
 lim

( ) ( ) ( ) ( )

x x

f x g x f x g x

x x→

−
−

0

0 0

0

=
→

− + −
−

lim
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

x x

f x g x f x g x f x g x f x g x

x x
0

0 0 0 0

0

=
→

−
−

⋅ +
−
−




lim

( ) ( )
( ) ( )

( ) ( )

x x

f x f x

x x
g x f x

g x g x

x x
0

0

0
0

0

0






=
→

−
− →

+
→

lim
( ) ( )

. lim ( ) ( ) . lim
(

x x

f x f x

x x x x
g x f x

x x

g

0

0

0 0
0

0

x g x

x x

) ( )−
−

0

0

= ′ + ′f x g x f x g x( ) ( ) ( ) ( )0 0 0 0 ,

us ing (1), (2) and the fact that 
lim

( ) ( )
x x

g x g x
→

=
0

0 .

Note that g x( ) is differentiable at x x= 0 implies that g x( ) is continuous at x0 and so

lim ( ) ( )
x x

g x g x
→

=
0

0 .

Hence fg is differentiable at x0 and ( ) ( ) ( ) ( ) ( ) ( )fg x f x g x f x g x′ = ′ + ′0 0 0 0 0 .

Theorem 4: If f is differentiable at x0 and f x( ) ,0 0≠  then the function 1 / f  is differentiable

at x0 and ( / ) ( ) ( ) / ( ) .1 0 0 0
2f x f x f x′ = − ′ { }
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Proof: Since f is dif fer en tia ble at x0 , there fore 

lim
( ) ( )

( ).
x x

f x f x

x x
f x

→

−
−

= ′
0

0

0
0  …(1)

Since f is differentiable at x0 , it is continuous at x0 , therefore 

lim ( ) ( ) .
x x

f x f x
→

= ≠
0

0 0  …(2)

Also, since f x( )0 0≠ , hence, f x( )0 0≠  in some neighbourhood N of x0 . Now, we have

for x N∈

lim
( ) ( )

lim
( ) ( )

(x x

f x f x

x x x x

f x f x

x x f→

−

−
=

→
−

−
−

⋅
0

0

0 0

0

0

1 1

1

x f x) ( )
⋅









1

0

= −
→

−
−

⋅
→

⋅lim
( ) ( )

lim
( ) ( )x x

f x f x

x x x x f x f x
0

0

0 0 0

1 1

= − ′ ⋅ ⋅f x
f x f x

( )
( ) ( )

,0
0 0

1 1
us ing (1) and (2)

= − ′f x f x( ) / ( )0 0
2

{ } .

Hence 1 / f  is dif fer en tia ble at x0 and  ( / ) ( ) ( ) / ( ) .1 0 0 0
2f x f x f x′ = − ′ { }

Theorem 5: Let f and g be defined on an interval I. If f and g are differentiable at x I0 ∈ , and 

g x( )0 0≠ , then the function f g/  is differentiable at x0 and 

f

g
x

g x f x f x g x

g x









 =

′ − ′
⋅

′
( )

[ ( ) ( ) ( ) ( )]

[ ( )]
0

0 0 0 0

0
2

Proof: Use the o rems 3 and 4 of ar ti cle 5.

6  The Chain Rule of Differentiability

Theorem 1. Let f and g be functions such that the range of f is contained in the domain of g. If f is 

differentiable at x0 and g is differentiable at f x( ),0  then g ο f is differentiable at x0 , and

( ) ( ) ( ( )). ( )g f x g f x f xο ′ = ′ ′0 0 0 .

Proof: Let y f x= ( ) and y f x0 0= ( ).

Since f is dif fer en tia ble at x0 , we have

lim
( ) ( )

( )
x x

f x f x

x x
f x

→

−
−

= ′
0

0

0
0

or f x f x x x f x x( ) ( ) ( ) [ ( ) ( )]− = − ′ +0 0 0 λ  …(1)

where λ ( )x → 0 as x x→ 0.
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Further since g is differentiable at y0 , we have

lim
( ) ( )

( )
y y

g y g y

y y
g y

→

−
−

= ′
0

0

0
0

or g y g y y y g y y( ) ( ) ( ) [ ( ) ( )]− = − ′ +0 0 0 µ  …(2)

where µ ( )y → 0 as y y→ 0 .

Now ( ) ( ) ( ) ( ) ( ( )) ( ( )) ( ) ( )g f x g f x g f x g f x g y g yο ο− = − = −0 0 0

= − ′ +( ) [ ( ) ( )]y y g y y0 0 µ , by (2) 

= − ′ +[ ( ) ( )] [ ( ) ( )]f x f x g y y0 0 µ

= − ′ + ′ +( ) [ ( ) ( )] [ ( ) ( )]x x f x x g y y0 0 0λ µ , by (1).

Thus if x x≠ 0, then

( ) ( ) ( ) ( )
[ ( ) ( )] . [ ( ) ( )]

g f x g f x

x x
g y y f x x

ο ο
µ λ

−
−

= ′ + ′ +0

0
0 0 . …(3)

Also f being differentiable at x0 , is continuous at x0 and hence as x x→ 0 , f x f x( ) ( )→ 0

i.e., y y→ 0.

Consequently µ ( )y → 0 as x x→ 0 and λ ( )x → 0 as x x→ 0 .

Tak ing the lim its as x x→ 0 , we get from (3)

lim
( ) ( ) ( ) ( )

( ) . ( )
x x

g f x g f x

x x
g y f x

→

−
−

= ′ ′
0

0

0
0 0

ο ο
.

Hence the function gof is differentiable at x0  and ( ) ( )gof x′ 0  = ′ ′g f x f x( ( )) ( )0 0 .

7  Derivative of the Inverse Function

Theorem: If f be a continuous one-to-one function defined on an interval and let f be

differentiable at x0 , with f x′ ≠( )0 0, then the inverse of the function f is differentiable at f x( )0

and its derivative at f x( )0  is 1 0/ ( )f x′ .

Proof: Before proving the theorem we remind that if the domain of f be X and its

range be Y, then the inverse function g of f usually denoted by f −1 is the function with

domain Y and range X such that f x y g y x( ) ( )= ⇔� = . Also g exists if f is one-one.

Let y f x= ( )  and  y f x0 0= ( ).

Since f is differentiable at x0 , we have

lim
( ) ( )

( )
x x

f x f x

x x
f x

→

−
−

= ′
0

0

0
0

or f x f x x x f x x( ) ( ) ( ) [ ( ) ( )]− = − ′ +0 0 0 λ …(1)

where λ ( )x → 0 as x x→ 0. Further, we have

g y g y x x( ) ( )− = −0 0 , by def i ni tion of g.

∴ 
g y g y

y y

x x

y y

x x

f x f x f x x

( ) ( )

( ) ( ) ( ) (

−
−

=
−
−

=
−
−

=
′ +

0

0

0

0

0

0 0

1

λ )
, by (1).
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It can be easily seen that if y y→ 0 , then x x→ 0 .

In fact, f is continuous at x0 implies that g f= −1 is continuous at f x y( )0 0=  and

consequently

g y g y( ) ( )→ 0  as y y→ 0 i.e., x x→ 0 as y y→ 0 , 

so that λ ( )x → 0 as y y→ 0 .

∴ 
lim ( ) ( ) lim

( ) ( ) ( )y y

g y g y

y y y y f x x f x→
−
−

=
→ ′ +

=
′0

0

0 0 0 0

1 1

λ

or g y
f x

′ =
′

( )
( )

0
0

1
    or  g f x

f x
′ =

′
⋅( ( ))

( )
0

0

1

Ex am ple 1: Prove that the func tion f x x( ) | |=  is con tin u ous at x = 0, but not dif fer en tia ble  at

 x = 0  where  | |x  means  the nu mer i cal value or the ab so lute value of x.
(Rohilkhand 2007; Bundelkhand 08; Meerut 13B; Avadh 11)

Also draw the graph of the function.

So lu tion: We have f ( ) | |0 0 0= = ,

       f
h

f h
h

f h( )
lim

( )
lim

( )0 0
0

0
0

+ =
→

+ =
→

=
→

=
→

=
lim

| |
lim

h
h

h
h

0 0
0 

and        f
h

f h
h

f h( )
lim

( )
lim

( )0 0
0

0
0

− =
→

− =
→

−

           =
→

− =
→

=
lim

| |
lim

h
h

h
h

0 0
0.

∴      f f f( ) ( ) ( )0 0 0 0 0= + = − .

Hence f x( ) is continuous at x = 0.

Also, we have  Rf
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

0
0

0 0
=

→
−lim ( ) ( )

h

f h f

h0

0

      =
→

−
=

→
lim | | lim

,
h

h

h h

h

h0

0

0
  (h be ing pos i tive)

       =
→

=
lim

,
h 0

1 1

and    L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

          =
→

− −
−

lim | |

h

h

h0

0
 =

→ −
lim

,
h

h

h0
  (h be ing pos i tive) 

       =
→

− = −
lim

.
h 0

1 1

Since R f L f′ ≠ ′( ) ( )0 0 , the function f x( ) is not differentiable at x = 0.
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To draw the graph of the function f x x( ) | |=  .

We have f x
x

x

x

x
( )

,

, .
=

−
≥
≤





0

0

Let y f x= ( ). Then the graph of the function consists of the following straight lines :

y x= ,  x ≥ 0

y x= − , x ≤ 0.

The graph is as shown in the figure. From the

graph we observe that the function is

continuous at the point O i e. ., at the point x = 0

but it is not differentiable at this point. The

tangent to the curve at the point O from the

right is the straight line OA and from the left is

the straight line OB. Thus the tangent to the

curve at O does not exist and so the function is not differentiable at O.

Ex am ple 2: Show that the func tion f x x x( ) | | | |= + − 1  is not dif fer en tia ble at x = 0 and

x = 1. (Meerut 2005B, 08; Kashi 14)

So lu tion: We first ob serve that if x < 0, then 

               | |x x= −  and | | | |x x x− = − = −1 1 1   ;

if  0 ≤ x ≤ 1, then | |x x=   and | | | | ;x x x− = − = −1 1 1  

and if x > 1, then | |x x=  and | |x x− = −1 1.

∴ the func tion f x( ) is given by

f x

x

x

x

x

x

( )

,

,

, .

=
−

−

<
≤ ≤
>









1 2

1

2 1

0

0 1

1

if

if

if

At x = 0. We have R f
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

0
0

0 0

              =
→

−
=

→
−lim ( ) ( ) lim

h

f h f

h h h0

0

0

1 1
 , as f x( ) = 1 if 0 ≤ x ≤ 1

        =
→

=
lim

,
h 0

0 0

and     L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
0

0

0 0
 

       =
→

− −
−

=
→

− − −
−

lim ( ) ( ) lim [ ( )]

h

f h f

h h

h

h0

0

0

1 2 1

        [ ( ) , ]∵ f x x x= − <1 2 0if

             =
→ −

=
→

− = − ⋅
lim lim

h

h

h h0
2

0
2 2
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∵ R f L f′ ≠ ′( ) ( )0 0 , so the given func tion is not dif fer en tia ble at x = 0.

At x = 1. We have

R f
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

1
0

1 1
 =

→
+ − −lim [ ( ) ]

h

h

h0

2 1 1 1

       =
→

+ − −
=

→
=

→
=

lim lim lim

h

h

h h

h

h h0

2 2 1 1

0
2

0
2 2 ,

and L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
1

0

1 1
 =

→
−

−
=

→
=

lim lim
.

h h h0

1 1

0
0 0

∵ R f L f′ ≠ ′( ) ( )1 1 , so the given function f x( ) is not differentiable at x = 1.

Ex am ple 3: Let f x( ) be an even func tion. If f ′ ( )0  ex ists, find its value.

(Kanpur 2010)

So lu tion: f x( ) is an even func tion, so f x f x( ) ( )− =   V x.

f ′ ( )0  ex ists ⇒ ′ = ′ = ′R f L f f( ) ( ) ( ).0 0 0

Now f R f
h

f h f

h
h′ = ′ =

→
−

>( ) ( )
lim ( ) ( )

,0 0
0

0
0

  =
→

− −lim ( ) ( )

h

f h f

h0

0
[ ( ) ( )]∵ f x f x− =

   = −
→

− −
−

= − ′ = − ′
lim ( ) ( )

( ) ( ).
h

f h f

h
L f f

0

0
0 0

∴     2 0 0 0 0f f′ = ⇒ ′ =( ) ( ) .

Ex am ple 4: Let f x
x

x

x
( )

,

, ,
=

−
−

− ≤ ≤
< ≤





1

1

2 0

0 2
 and g x f x f x( ) (| |) | ( )|.= +  Test the

differentiability of g x( ) in ] , [− 2 2  .

So lu tion: When − ≤2 x ≤ 0, | |x x= −  and when 0 < ≤x 2 , | |x x= .

Now − ≤2 x ≤ 0 ⇒ = −| |x x

⇒ f x f x(| |) ( )= − = − −x 1.    [∵0 < − ≤x 2]

So we have f x
x

x

x

x
(| |)

,

,
=

−
− −

< ≤
− ≤ ≤





1

1

0 2

2 0

and       | ( )|

,

,

,

f x x

x

x

x

x

= − +
−

− ≤ ≤
< ≤
< ≤ ⋅









1

1

1

2 0

0 1

1 2

∴ g x f x f x( ) (| |) | ( )|= + =
−

−

− ≤ ≤
< ≤
< ≤









x

x

x

x

x

,

,

, .

0

2 2

2 0

0 1

1 2
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We see that g x( ) is differentiable V x ∈ −] , [,2 2  except possibly at x = 0 and 1.

L g
h

g h g

h h

g h g

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0
 

          =
→

−
−

= −
lim

h

h

h0

0
1,

R g
h

g h g

h h h
′ =

→
+ −

=
→

−
=( )

lim ( ) ( ) lim
.0

0

0 0

0

0 0
0

Since L g R g g x′ ≠ ′( ) ( ), ( )0 0  is not dif fer en tia ble at x = 0.

Again R g
h

g h g

h h

h

h
′ =

→
+ −

=
→

+ − −
=( )

lim ( ) ( ) lim ( )
,1

0

1 1

0

2 1 2 0
2

L g
h

g h g

h h h
R g′ =

→
− −

−
=

→
−

−
= ≠ ′( )

lim ( ) ( ) lim
( ).1

0

1 1

0

0 0
0 1

∴ g is not dif fer en tia ble at x = 1.

Ex am ple 5: Sup pose the func tion f sat is fies the con di tions :

(i) f x y f x f y( ) ( ) ( )+ =  V x y,         

(ii) f x x g x( ) ( )= +1  where 
lim

x
g x

→
=

0
1( ) .

Show that the derivative f x′ ( ) exists and f x f x′ =( ) ( ) for all x.

So lu tion: Putt ing δx for y in the first con di tion, we have

f x x f x f x( ) ( ) ( ).+ =δ δ

Then f x x f x f x f x f x( ) ( ) ( ) ( ) ( )+ − = −δ δ

or 
f x x f x

x

f x f x

x

( ) ( ) ( ) [ ( ) ]+ −
=

−δ
δ

δ

δ

1
 

      =
f x x g x

x

( ) ( )δ δ
δ

, by given con di tion (ii)

      = f x g x( ) ( ).δ

∴ 
lim ( ) ( ) lim

( ) ( ) ( ) . .
δ

δ
δ δ

δ
x

f x x f x

x x
f x g x f x

→
+ −

=
→

=
0 0

1

         ∵
lim

( )
δ

δ
x

g x
→

=








0

1

∴ f x f x′ =( ) ( ). Since f x( ) ex ists, f x′ ( ) also ex ists.

Ex am ple 6: Show that the func tion f given by f x x tan x( ) ( / )= −1 1  for x ≠ 0 and f ( )0 0=

is con tin u ous but not dif fer en tia ble at x = 0. (Purvanchal 2008; Lucknow 11;
Bundelkhand 12; Meerut 13)
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So lu tion: Since 
lim

( )
lim

tan ( ),
x

f x
x

x
x

f
→

=
→

= =−
0 0

1
0 01  there fore the func tion f

is con tin u ous at x = 0.

Now R f
h

f h f

h h

f h f

h
′ =

→
+ −

=
→

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

−
=

→






−
−lim tan ( / ) lim

tan
h

h h

h h h0

1 0

0
11

1

        = ∞ =−tan 1

2

π

and L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

− − −
−

−lim tan ( / )

h

h h

h0

1 01

            =
→

−





= − ∞ = − ⋅− −lim
tan tan

h h0
1

2
1 1 π

Since R f L f f′ ≠ ′( ) ( ),0 0  is not differentiable at x = 0.

Ex am ple 7: In ves ti gate the fol low ing func tion from the point of view of its differentiability. Does

the dif fer en tial co ef fi cient of the func tion ex ist at x = 0 and x = 1?

f x

x

x

x x

if

if

if

x

x

x

( )

.

=

−

− +

<
≤ ≤

>










2

3 1

0

0 1

1
(Meerut 2006)

So lu tion: We check the func tion f x( ) for differentiability at x = 0 and x = 1 only. For

other val ues of x, ob vi ously f x( ) is dif fer en tia ble be cause it is a poly no mial func tion. It
can be seen that f x( ) is con tin u ous at x = 0 and x = 1.

Now   Lf
h

f h f

h h

h

h
′ =

→
− −

−
=

→
− − −

−
= −( )

lim ( ) ( ) lim ( )
0

0

0 0

0

0 0
1

and R f
h

f h f

h h

h

h
′ =

→
+ −

=
→

+ −
=( )

lim ( ) ( ) lim ( )
.0

0

0 0

0

0 0
0

2

∵ L f R f′ ≠ ′( ) ( )0 0 , the function is not differentiable at x = 0.

Again      Lf
h

f h f

h h

h

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( )
1

0

1 1

0

1 12

           =
→

− +
−

=
→

− =
lim lim

( )
h

h h

h h
h

0

2

0
2 2

2

and    R f
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

1
0

1 1
 =

→
+ − + + −lim ( ) ( )

h

h h

h0

1 1 1 13

        =
→

+ +
=

→
+ + = = ′

lim lim
( ) ( ).

h

h h h

h h
h h L f

0

2 3

0
2 3 2 1

2 3
2

Hence f ′ ( )1  exists i.e., the function is differentiable at x = 1.
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Ex am ple 8: Find f ′ ( )1   if f x

x

x x
when x

when x

( )
,

/ , .

=
−

− +
≠

− =









1

2 7 5
1

1 3 1

2

So lu tion: We have f
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

1
0

1 1

   =
→

+ −
+ − + +

− −

















lim
( ) ( )

/
h

h

h h
h

0

1 1

2 1 7 1 5

1

32

   =
→

+ + − + +
+ − + +

lim ( ) ( )

[ ( ) ( ) ]h

h h h

h h h0

3 2 1 7 1 5

3 2 1 7 1 5

2

2

   =
→ − +

=
→ − +

= − ⋅
lim

( )

lim

h

h

h h h h h0
2

3 3 2 0
2

9 6

2

9

2

2

Ex am ple 9: Test the con ti nu ity and differentiability in − ∞ < < ∞x , of the fol low ing func tion :

   f x( ) = 1     in  − ∞ < <x 0

   = +1 sin x  in     0 ≤ x < 1

2
π

     = + −





2
1

2

2

x π   in    
1

2
π ≤ x < ∞.

(Avadh 2009)

So lu tion: We shall test f x( ) for con ti nu ity and differentiability at x = 0 and π / 2. It is 

ob vi ously con tin u ous as well as dif fer en tia ble at all other points.

(i) Continuity and differentiability of  f x( ) at x = 0

We have f ( ) sin ;0 1 0 1= + =

f
h

f h
h

f h
h

h( )
lim

( )
lim

( )
lim

( sin ) ;0 0
0

0
0 0

1 1+ =
→

+ =
→

=
→

+ =

and f
h

f h
h

f h
h

( )
lim

( )
lim

( )
lim

0 0
0

0
0 0

1 1− =
→

− =
→

− =
→

= .

Since f f f f x( ) ( ) ( ), ( )0 0 0 0 0= + = −  is con tin u ous at x = 0.

Now R f
h

f h f

h h

f h f

h
′ =

→
+ −

=
→

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

+ − +
=

→
=

lim ( sin ) ( sin ) lim sin
;

h

h

h h

h

h0

1 1 0

0
1

and L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

− +
−

=
→ −

=
→

=
lim ( sin ) lim lim

.
h h h h h0

1 1 0

0
0

0
0 0

Since R f L f f x′ ≠ ′( ) ( ), ( )0 0  is not differentiable at x = 0.
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(ii) Continuity and differentiability of f (x) at x = 
1

2
π .

We have      f
1

2
2

1

2

1

2
2

2

π π π





= + −





= ;

 f
h

f h
1

2
0

0
1

2
π π+





=
→

+





lim

       =
→

+ +





−



















lim

h
h

0
2

1

2

1

2

2

π π

=
→

+ =
lim

( ) ;
h

h
0

2 22

and  f
h

f h
1

2
0

0
1

2
π π−





=
→

−





lim

=
→

+ −











lim
sin

h
h

0
1

1

2
π

=
→

+ = + =
lim

( cos ) .
h

h
0

1 1 1 2

Since    f f f f
1

2

1

2
0

1

2
0π π π





= +





= −




,  is continuous at x = 1

2
π.

Now   R f
h

f h f

h
′ 





=
→

+





− 



1

2 0

1

2

1

2
π

π π
lim

=
→

+ + −



















− + −





lim

h

h

0

2
1

2

1

2
2

1

2

1

2

2 2

π π π π












h

         =
→

+ −
=

→
=

lim lim
;

h

h

h h
h

0

2 2

0
0

2

and         L f
h

f h f

h
′ 





=
→

−





− 





−
1

2 0

1

2

1

2π
π πlim

         =
→

+ −





−

−
=

→
− +

−
lim sin lim cos

h

h

h h

h

h0

1
1

2
2

0

1
π

         =
→

−
=

→
lim cos lim sin ( / )

h

h

h h

h

h0

1

0

2 22

         =
→









 = × =

lim sin ( / )

/
. sin ( / ) .

h

h

h
h

0

2

2
2 1 0 0

Since   R f L f f x′ = ′( ) ( ), ( )0 0  is differentiable at x = 1

2
π .
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Ex am ple 10: If f x x sin x( ) ( / )= 2 1 , for x ≠ 0 and f ( )0 0= , then show that f x( ) is

con tin u ous and dif fer en tia ble ev ery where and that f ′ =( )0 0. Also show that the func tion f x′ ( )

has a dis con ti nu ity of sec ond kind at the or i gin. (Meerut 2006B; Avadh 06;
Kumaun 12; Kanpur 14)

So lu tion: We have f
h

h
h

( )
lim

( ) sin0 0
0

0
1

0
2+ =

→
+

+
 =

→
=

lim
sin ;

h
h

h0
1

02

f
h

f h
h

f h( )
lim

( )
lim

( )0 0
0

0
0

− =
→

− =
→

−

         =
→

− −
lim

( ) sin ( / )
h

h h
0

12  = −
→

=
lim

sin .
h

h
h0
1

02

∵ f f f( ) ( ) ( ),0 0 0 0 0+ = − =  so the func tion is con tin u ous at x = 0.

Now  R f
h

f h f

h h

f h f

h
′ =

→
+ −

=
→

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

           =
→

−
=

→
=

lim sin ( / ) lim
sin ;

h

h h

h h
h

h0

1 0

0
1

0
2

and  L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

− − −
−

=
→

=
lim ( ) sin ( / ) lim

sin .
h

h h

h h
h

h0

1 0

0
1

0
2

Thus R f L f′ = ′( ) ( )0 0  implies that f x( ) is differentiable at x = 0 and f ′ =( ) .0 0

For all other values of x, f x( ) is easily seen to be continuous and differentiable.

Now f x x
x x

′ = −( ) sin cos2
1 1

 at x ≠ 0 and f ′ =( ) .0 0

∴  f
h

f h
h

f h′ + =
→

′ + =
→

′( )
lim

( )
lim

( )0 0
0

0
0

     =
→

−





lim
sin cos ,

h
h

h h0
2

1 1
 which does not ex ist.

Similarly it can be shown that f ′ −( )0 0  does not exist.

Hence f ′ is discontinuous at the origin. Since both the limits f ′ −( )0 0  and f ′ +( )0 0

do not exist, therefore the discontinuity is of the second kind.

Ex am ple 11: A func tion f is de fined by f x x cos x x fp( ) ( / ), ; ( )= ≠ =1 0 0 0.

What conditions should be imposed on p so that f may be

(i) con tin u ous at x = 0 (ii) dif fer en tia ble at x = 0 ?

So lu tion: We have

f
h

f h
h

h hp( )
lim

( )
lim

[( ) cos / ( ) ]0 0
0

0
0

0 1 0+ =
→

+ =
→

+ +{ }

        =
→
lim

cos ( / )
h

h hp

0
1 ...(1)
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and     f
h

f h
h

h hp( )
lim

( )
lim

[( ) cos / ( ) ]0 0
0

0
0

0 1 0− =
→

− =
→

− −{ }

         =
→

−
lim

( ) cos ( / ).
h

h hp

0
1 …(2)

Now if the function f x( ) is to be continuous at x = 0, then

      f f f( ) ( ) ( )0 0 0 0 0 0+ = = = −
i.e., the limits given in (1) and (2) must both tend to zero.

This is possible only if p> 0, which is the required condition.

Now R f
h

f h f

h h

f h f

h
′ =

→
+ −

=
→

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

    =
→

−
=

→
−lim cos ( / ) lim

cos
h

h h

h h
h

h

p
p

0

1 0

0
11  …(3)

and L f
h

f h f

h h

h hp

′ =
→

− −
−

=
→

− − −
−

( )
lim ( ) ( ) lim ( ) cos ( / )

0
0

0 0

0

1 0

h

    =
→

− − −lim
( ) cos ( / ).

h
h hp p

0
1 11  …(4)

Now if f x′ ( ) exists at x = 0 then we must have R f L f′ = ′( ) ( )0 0  and this is possible

only if p − >1 0 i.e., p> 1 which gives Rf L f′ = = ′( ) ( ).0 0 0  Hence in order that f  is

differentiable at x p= 0,  must be greater than 1.

Ex am ple 12: For a real num ber y, let [ ]y  de note the great est in te ger less than or equal to y.

Then if f x
tan x

x
( )

( [ ])

[ ]
,=

−

+

π π

1 2
 show that f x′ ( ) ex ists for all x.

So lu tion: From the def i ni tion of [ ]y , we see that [ ]x − π  is an in te ger for all val ues of x.

Then π π( )x −  is an in te gral mul ti ple of π and so tan ( [ ])π πx − = 0  V  x. Since [ ]x  is an

in te ger so 1 02+ ≠[ ]x  for any x. Thus f x( ) = 0 for all x i.e., f x( ) is a con stant func tion

and so it is con tin u ous and dif fer en tia ble i.e., f x′ ( ) ex ists  V  x and is equal to zero. 

Ex am ple 13: De ter mine the set of all points where the func tion f x x x( ) / ( | |)= +1  is

dif fer en tia ble.

So lu tion: Since | |x x= , x > 0, | |x x= − , x < 0, | |x = 0, x = 0,

∴  f x
x

x
( ) ,=

−1
 x f x< =0 0; ( ) , x = 0; f x

x

x
x( ) ,=

+
>

1
0.

We have   f
h

f h
h

f h
h

h

h
( )

lim
( )

lim
( )

lim
;0 0

0
0

0 0 1
0+ =

→
+ =

→
=

→ +
=

               f
h

f h
h

f h
h

h

h
( )

lim
( )

lim
( )

lim
0 0

0
0

0 0 1
0− =

→
− =

→
− =

→
−
+

= .

Since          f f f( ) ( ) ( )0 0 0 0 0 0+ = = − =  so the function is continuous at x = 0.
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Fur ther      L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
0

0

0 0

     =
→

− −
−

lim ( ) ( )

h

f h f

h0

0

         =
→

− + −

−
=

→ +
=

lim [ / ( )] lim
;

h

h h

h h h0

1 0

0
1

1
1

       R f
h

f h f

h
′ =

→
+ −

( )
lim ( ) ( )

0
0

0 0

     =
→

+ −
=

lim [ / ( )]
.

h

h h

h0

1 0
1

Since L f R f′ = ′( ) ( )0 0 , so the function is differentiable at x = 0. It is obviously

differentiable for all other real values of x. Hence it is differentiable in the interval 

] , [− ∞ ∞ .

Ex am ple 14: Let f x x x sin x( ) ( ) ( / )= √ +{ }1 1   for x f> =0 0 0, ( ) ,

     f x x x sin x( ) ( ) ( / )= − √ − +{ }1 1   for  x < 0.

Show that f x′ ( ) exists everywhere and is finite except at x = 0 where its value is + ∞.

So lu tion: We have

R f
h

f h f

h h

f h f

h
′ =

→
+ −

=
→

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

√ + −lim ( ) sin ( / )

h

h h h

h0

1 1 0{ }

        =
→ √

+ √





= ∞ + = ∞
lim

( ) sin ( / )
h h

h h
0

1
1 0

and      L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

         =
→

− √ − − + −
−









 −

−
lim

[ ( )] ( ) sin

h

h h
h

h0

1
1

0

         =
→ √

+ √








 = ∞ + = ∞

lim
( ) sin .

h h
h

h0
1 1

0

Since R f L f′ = ′ = ∞( ) ( )0 0 ,  ∴ f ′ = ∞( )0 .

We have    f x
x

x
x x x

′ =
√

+ √ −
√

( ) sin cos
1

2

3

2

1 1 1
 for x > 0

and    f x
x

x
x x x

′ =
√ −

+ √ − −
√ −

( )
( )

( ) sin
( )

cos
1

2

3

2

1 1 1
 for x < 0.

Hence f a′ ( ) is finite for all a ≠ 0.
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Ex am ple 15: Draw the graph of the func tion y x x= − + −| | | |1 2   in the interval [ , ]0 3  and

discuss the continuity and differentiability of the function in this interval.
(Garhwal 2008; Meerut 07B, 09; Gorakhpur 12)

So lu tion: From the given def i ni tion of the func tion, we have

y x x x= − + − = −1 2 3 2  when  x ≤ 1

y x x= − + − =1 2 1 when  1≤ x ≤ 2

y x x x= − + − = −1 2 2 3 when  x ≥ 2 .

Thus the graph consists of the segments of the three straight lines y x y= − =3 2 1,  and 

y x= −2 3 corresponding to the intervals 

[ , ], [ , ], [ , ]0 1 1 2 2 3  respectively. The graph of the

function for the interval [ , ]0 3  is as given in the

figure.

The graph shows that the function is continuous

throughout the interval but is not differentiable at 

x = 1 2,  because the slopes at these points are

different on the left and right hand sides.

To test it analytically, we write y f x= ( ). Then

f x x( ) = −3 2        when  x ≤ 1

 = 1   when  1≤ x ≤ 2

 = −2 3x     when  x ≥ 2 .
This function is obviously continuous and differentiable at all points of the interval 
[ , ]0 3  except possibly at x = 1 and at x = 2 .

At x = 1, we have f ( ) ;1 1=

f
h

h f
h

( )
lim

[ ( )] ; ( )
lim

( )1 0
0

3 2 1 1 1 0
0

1 1− =
→

− − = + =
→

= .

Since f f f f( ) ( ) ( ),1 0 1 0 1− = + =  is con tin u ous at x = 1.

Again R f
h

f h f

h h h
′ =

→
+ −

=
→

−
=( )

lim ( ) ( ) lim
1

0

1 1

0

1 1
0

and L f
h

f h f

h
′ =

→
− −

−
( )

lim ( ) ( )
1

0

1 1
 =

→
− − −

−
= −

lim ( )
.

h

h

h0

3 2 1 1
2

Since R f L f f′ ≠ ′( ) ( ),1 1  is not dif fer en tia ble at x = 1.
At x = 2, we have f ( ) ;2 1=

f
h

f
h

h( )
lim

( ) ; ( )
lim

[ ( ) ] .2 0
0

1 1 2 0
0

2 2 3 1− =
→

= + =
→

+ − =

Since f f f( ) ( ) ( )2 0 2 0 2− = + = , f is con tin u ous at x = 2.

Again R f
h

f h f

h h

h

h
′ =

→
+ −

=
→

+ − −
=( )

lim ( ) ( ) lim ( )
2

0

2 2

0

2 2 3 1
2

and L f
h

f h f

h h h
′ =

→
− −

−
=

→
−

−
= ⋅( )

lim ( ) ( ) lim
2

0

2 2

0

1 1
0

Since R f L f′ ≠ ′( ) ( )2 2 ,  f is not differentiable at x = 2 .
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Ex am ple 16: Show that the func tion f :R R→  de fined by

f x x sin log x( ) = +





1
1

3
2 , x ≠ 0 and f ( )0 0=

is everywhere continuous but has no differential coefficient at the origin. (Garhwal 2009)

So lu tion: Ob vi ously the func tion f x( ) is con tin u ous at ev ery point of R ex cept

pos si bly at x = 0. We test at x = 0. Given f ( )0 0= .

f
h

f h
h

h h( )
lim

( )
lim

( ) sin log ( )0 0
0

0
0

0 1
1

3
0 2+ =

→
+ =

→
+ + +














   =
→

+ = + ×
lim

[ ( / ) sin log ]
h

h h h
0

3 0 02  a fi nite quan tity = 0. 

[∵ sin log h2 os cil lates be tween − 1 and + 1 as h → 0]

Similarly we can show that f ( )0 0 0− = .

Hence f is continuous at x = 0.

Now    R f
h

h h

h
′ =

→

+ + +







−

( )
lim

( ) sin log ( )

0
0

0 1
1

3
0 02

  =
→

+







lim
sin log

h
h

0
1

1

3
2 , which does not ex ist since sin log h2

         oscillates between − 1 and 1 as h → 0.

   L f
h

h h

h
′ =

→

− + −







−

−
( )

lim
( ) sin log ( )

0
0

0 1
1

3
0 02

       =
→

+





lim
sin log

h
h

0
1

1

3
2 , which does not ex ist as above.

Hence f has no differential coefficient at x = 0.

Ex am ple 17: Let f x x
e e

e e
x f

x x

x x
( ) , ; ( )

/ /

/ /
=

−
+

≠ =
−

−

1 1

1 1
0 0 0.

Show that f x( ) is continuous but not derivable at x = 0.
(Meerut 2005; Purvanchal 07;Kanpur 08; Lucknow 09;

 Gorakhpur 10; Bundelkhand 14)

So lu tion: We have f ( )0 0= ;

f
h

f h
h

f h
h

h
e e

e

h h

( )
lim

( )
lim

( )
lim / /

0 0
0

0
0 0

1 1

1
+ =

→
+ =

→
=

→
− −

/ /h he+ −1

         =
→

−
+

−

−
lim

,
/

/h
h

e

e

h

h0
1

1

2

2
   di vid ing the Nr. and Dr. by e h1/

         = ×
−
+

= × =0
1 0

1 0
0 1 0 ;
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and f
h

f h
h

f h( )
lim

( )
lim

( )0 0
0

0
0

− =
→

− =
→

−

            =
→

−
−
+

=
→

−
−− − −

− − −

−lim lim/ /

/ /

/

h
h

e e

e e h
h

e eh h

h h

h

0 0

1 1

1 1

1 1/

/ /

h

h he e− +1 1

         =
→

− −
+

= × −
+

=
−

−
lim /

/h
h

e

e

h

h0
1

1
0

0 1

0 1
0

2

2
.

Since f f f( ) ( ) ( )0 0 0 0 0+ = − = , the function is continuous at x = 0.

Now       R f
h

f h f

h h

f h f

h
′ =

→
+ −

=
→

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

            =
→

−
+

−












=
→

−−

−
lim lim/ /

/ / /h
h

e e

e e
h

h

eh h

h h0
0

0
11 1

1 1

−

−+
= −

+
=

2

21

1 0

1 0
1

/

/
.

h

he

and      L f
h

f h f

h h

f h f

h
′ =

→
− −

−
=

→
− −

−
( )

lim ( ) ( ) lim ( ) ( )
0

0

0 0

0

0

        =
→

− −
+

−












−
−

−
lim

( ) ( )
/ /

/ / /h
h

e e

e e
h

h h

h h0
0

1 1

1 1

        =
→

−
+

= −
+

= −
−

−
lim

.
/

/h

e

e

h

h0
1

1

0 1

0 1
1

2

2

Since R f L f′ ≠ ′( ) ( )0 0 , the function is not derivable at x = 0.

Ex am ple 18: Let f x e sin xx( ) ( / )/= −1 2
1  when x ≠ 0 and f ( )0 0= . Show that at ev ery

point f has a dif fer en tial co ef fi cient and this is con tin u ous at x = 0. (Avadh 2006)

So lu tion: We test differentiability at x = 0.

R f
h

e h

h h

h

he

h

h
′ =

→
−

=
→

−
( )

lim sin ( / ) lim sin ( / )/

/
0

0

1 0

0

11

1

2

2

            =
→

+ + + …












=
→

lim sin ( / )

!

lim sin (

h

h

h
h h

h0

1

1
1 1

2

0

2 4

1
1 1

2

1
3

/ )

!

h

h
h h

+ + ⋅ + …

        =
−

∞
=

a finite quantity lying between and1 + 1
0.

Similarly L f ′ =( )0 0.

Since R f L f′ = ′ =( ) ( )0 0 0, hence the function f x( ) is differentiable at x = 0 and 

f ′ =( )0 0.

If x is any point other than zero, then

f x x e x x e xx x′ = −− −( ) ( / ) sin ( / ) ( / ) cos ( / )/ /2 1 1 13 1 2 12 2

      = −{ }( / ) sin ( / ) cos ( / ) ( / ) ( / )/2 1 1 1 12 1 2
x x x x e x  …(1)
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Now      f
h

f h′ + =
→

′ +( )
lim

( )0 0
0

0  =
→

−





⋅
lim

sin cos
/h h h h h e h0

2 1 1 1

2 1 2

      =
→

−














lim sin ( / ) cos ( / )

/ /h

h

h e

h

h eh h0

2 1 1

3 1 2 12 2

          =
→

+ + + …










−
lim sin ( / )

!.

cos ( / )

h

h

h
h h

h

h
0

2 1

1
1 1

2

1

3
2 4

2
2 4

1
1 1

2
+ + + …





























h h!.

       =
∞

−
∞

= ⋅
some finite quantity some finite quantity

0

Similarly f ′ − =( )0 0 0. Hence f ′ is continuous at x = 0.

 1. Show that f x x( ) | |,= − ≤1 0 x ≤ 2 is not derivable at x = 1. Is it continuous in 

[ , ] ?0 2

 2. (a) If  f x
x

e
x f

x
( ) , , ( ) ,

/
=

+
≠ =

1
0 0 0

1
  show that f  is con tin u ous at 

x = 0,  but f ′ ( )0  does not ex ist.
(Lucknow 2005, 10; Gorakhpur 13; Purvanchal 14)

(b) If f x
x e

e

x

x
( )

/

/
=

+

1

11
 for x ≠ 0 and f ( ) ,0 0=   show that f x( ) is con tin u ous at

x = 0, but f ′ ( )0  does not ex ist. (Lucknow 2006)

 3. A function φ is defined as follows :

φ = −( )x x for x ≤ 0, ( )φ =x x for x ≥ 0.

Test the character of the function at x = 0 as regards continuity and

differentiability.

 4. Show that  the function f  defined on R by

f x x x x( ) | | | | | |= − + − + −1 2 2 3 3

is continuous but not differentiable at the points 1 2, , and 3.

(Bundelkhand 2009)

 5. Show that the function f x x x( ) ,= < ≤0 1

      = − < ≤x x11 2,

has no derivative at x = 1.

 6. Show that the function f x x x( ) ,= − ≥2 1 1

       = − <1 1x x,

has no derivative at x = 1.
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 7. The following limits are derivatives of certain functions at a certain point. 

Determine these functions and the points.

(i)
lim

x

x

x→
−
−2

2

2

log log
(ii) 

lim

h

a h a

h→
√ + − √

⋅
0

( )

 8. Let f x x x( ) sin ( )/= −2 4 3  except when x = 0 and f ( ) .0 0=  Prove that f x( ) has 

zero as a derivative at x = 0.

 9. A function φ is defined as : φ = +( )x x1  if x ≤ 2 , φ = −( )x x5  if x > 2.

Test the character of the function at x = 2 as regards its continuity and

differentiability. (Avadh 2007)

10. Examine the following curve for continuity and differentiability :

y x= 2  for x ≤ 0

y = 1    for 0 < ≤x 1
y x= 1 /  for x > 1.

Also draw the graph of the function. (Meerut 2003, 04B, 09B)

11. A function f x( ) is defined as follows :

f x x( ) = +1   for x ≤ 0,

f x x( ) =   for 0 1< <x ,

f x x( ) = −2    for 1≤ x ≤ 2,

f x x x( ) = −3 2  for x > 2.

Dis cuss the con ti nu ity of f x( ) and the ex is tence of f x′ ( ) at x = 0 1,  and 2.

12. Discuss the continuity and differentiability of the following function :

f x x( ) = 2 for   x < − 2

f x( ) = 4  for − ≤2 x ≤ 2

f x x( ) = 2 for    x > 2.

Also draw the graph. (Meerut 2007, 10B)

13. A function f x( ) is defined as follows :

f x x( ) =  for 0 ≤ x ≤ 1, f x x( ) = −2  for x ≥ 1.

Test the character of the function at x = 1 as regards the continuity and

differentiability. (Meerut 2003)

14. Examine the function defined by f x x e x( ) cos ( ),/= 2 1  x f≠ =0 0 0, ( )  with 

regard to (i) continuity  (ii) differentiability in the interval ] , [.− 11

15. (a) Define continuity and differentiability of a function at a given point. If a

function possesses a finite differential coefficient at a point, show that it is

continuous at this point. Is the converse true ? Give example in support of

your answer.
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(b) What do you understand by the derivative of a real valued function at the

point b ∈R ? Apply your definition to discuss the derivative of 

f x x x at x( ) | |, .= ∈ =R 0

(c) Prove that if a function f x( ) possesses a finite derivative in a closed

interval [ , ],a b  then f x( ) is continuous in [ , ].a b

  1. Yes

  3. Continuous at x = 0 but not differentiable at x = 0

  7. (i) The function is log x and the point is x = 2

(ii) The function is √ x and the point is x a=

  9. Continuous but not differentiable at x = 2

10. Discontinuous and non-differentiable at x = 0, continuous and non-differentiable 

at x = 1

11. Discontinuous and non-differentiable at x = 0 2,  and continuous but not 

differentiable at x = 1

12. Continuous but not differentiable at x = − 2 2,

13. Continuous but non-differentiable at x = 1

14. Continuous and differentiable throughout R

8  Rolle’s Theorem

If a function f x( ) is such that

(i) f x( ) is con tin u ous in the closed in ter val [ , ]a b ,

(ii) f x′ ( ) ex ists for ev ery point in the open in ter val ] , [a b ,

(iii) f a f b( ) ( )= , then there ex ists at least one value of x, say c, where a c b< < , such that

f c′ =( ) 0. (Lucknow 2007; Purvanchal 07; Kanpur 08, 12; Meerut 12B;
Kashi 13, 14; Gorakhpur 12, 13, 14; Avadh 08, 11, 14)

Proof: Since f is con tin u ous on [ , ]a b , it is bounded on [ , ]a b . Let M and m be the

supremum and infimum of f re spec tively in the closed in ter val [ , ]a b .

Now either M m=  or M m≠ .

If M m= , then f is a constant function over [ , ]a b  and consequently f x′ =( ) 0 for all x in 

[ , ]a b . Hence the theorem is proved in this case.
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If M m≠ , then at least one of the numbers M and m must be different from the equal

values f a( ) and f b( ). For the sake of definiteness, let  M f a≠ ( ).

Since every continuous function on a closed interval attains its supremum, therefore,

there exists a real number c in [ , ]a b  such that f c M( ) = . Also, since f a M f b( ) ( )≠ ≠ ,

therefore, c is different from both a and b. This implies that c a b∈] , [.

Now f c( ) is the supremum of f on [ , ]a b , there fore,

f x( ) ≤ f c( )  V  x in [ , ]a b . …(1)

In par tic u lar, for all pos i tive real num bers h such that c h−  lies in [ , ]a b , 

f c h( )− ≤ f c( ) 

⇒ 
f c h f c

h

( ) ( )
.

− −
−

≥ 0 …(2)

Since f x′ ( ) exists at each point of ] , [,a b  and hence, in particular f c′ ( ) exists, so taking 

limit as h → 0, (2) gives L f c′ ≥( ) .0  …(3)

Sim i larly, from (1), for all pos i tive real num bers h such that c h+  lies in [ , ]a b , we have

f c h( )+ ≤ f c( ).

By the same ar gu ment as above, we get

Rf c′ ≤( ) 0. …(4)

Since f c′ ( ) ex ists, hence, L f c f c R f c′ = ′ = ′( ) ( ) ( ). …(5)

From (3), (4) and (5) we con clude that  f c′ =( ) .0

In the same man ner we can con sider the case M f a m= ≠( ) .

Note 1: There may be more than one point like c at which f x′ ( ) van ishes.

Note 2: Rolle’s the o rem will not hold good

(i) if f x( ) is dis con tin u ous at some point in the in ter val a ≤ x ≤ b,

or (ii) if f x′ ( ) does not ex ist at some point in the in ter val  a x b< < ,

or (iii)if  f a f b( ) ( )≠ .

Note 3: It can be seen that the con di tions of Rolle’s the o rem are not nec es sary for 

f x′ ( ) to van ish at some point in ] , [a b . For ex am ple, f x x( ) cos ( / )= 1  is dis con tin u ous

at x = 0 in the in ter val [ , ]− 1 2  but f x′ ( ) van ishes at an in fi nite num ber of points in the

interval.

Geometrical interpretation of Rolle’s Theorem: (Gorakhpur 2015)

Suppose the function f x( ) is not constant and satisfies the conditions of Rolle’s

theorem in the interval [ , ]a b . Then its geometrical interpretation is that the curve

representing the graph of the function f must have a tangent parallel to x-axis, at least at

one point between a and b.
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Algebraical interpretation of Rolle’s Theorem:

Rolle’s theorem leads to a very important result

in the theory of equations, when 

f a f b( ) ( )= = 0 and f a b: [ , ] → R is a

polynomial function f x( ). Here a and b are the

roots of the equation  f x( ) = 0. Since a

polynomial function f x( ) is continuous and

differentiable at every point of its domain and

we have taken f a f b( ) ( )= , therefore, all the

three conditions of Rolle’s theorem are satisfied

and consequently there exists a point c a b∈] , [

such that f c′ =( ) 0 i.e., if a and b are any two roots of the polynomial equation  f x( ) = 0, then

there exists at least one root of the equation f x′ =( ) 0 which lies between a and b.

Ex am ple 19: Dis cuss the ap pli ca bil ity of Rolle’s the o rem for f x x( ) ( ) /= + −2 12 3 in the

in ter val  [ , ]0 2 . (Meerut 2012)

So lu tion: We have f x x( ) ( ) /= + −2 12 3. Here f f( ) ( )0 3 2= = , which shows that the

third con di tion of Rolle’s the o rem is sat is fied.

Since f x( )  is an algebraic function of x, it is continuous in the closed interval [ , ]0 2 .

Thus the first condition of Rolle’s theorem is satisfied.

Now f x′ = ⋅( )
2

3
 [ / ( ) ]/1 11 3x − . We see that for x f x= ′1, ( ) is not finite while x = 1 is a

point of the open interval 0 2< <x . Thus the second condition of Rolle’s theorem is not

satisfied.

Hence the Rolle’s theorem is not applicable for the function f x x( ) ( ) /= + −2 12 3 in the

interval [ , ]0 2 .

Ex am ple 20: Dis cuss the ap pli ca bil ity of Rolle’s the o rem in the in ter val [ , ]− 11  to the func tion 

f x x( ) | |= . 

So lu tion: Given  f x x( ) | |= . Here f ( ) | |− = − =1 1 1, f ( ) | |1 1 1= = , so that f f( ) ( ).− =1 1

Further the function f x( ) is continuous throughout the closed interval [ , ]− 11 but it is

not differentiable at x = 0 which is a point of the open interval ] , [− 11 . Thus the second

condition of Rolle’s theorem is not satisfied. Hence the Rolle’s theorem is not

applicable here.

Ex am ple 21: Are the con di tions of Rolle’s the o rem sat is fied in the case of the fol low ing

func tions ?

(i)  f x x( ) = 2 in 2 3≤ ≤x , (ii) f x cos x in x( ) ( / ) ,= − ≤ ≤1 1 1

(iii)    f x tan x in x( ) .= ≤ ≤0 π
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So lu tion: (i) The func tion f x x( ) = 2 is con tin u ous and dif fer en tia ble in the in ter val 

[ , ]2 3 . Also f ( )2 4=  and f ( )3 9= , so that f f( ) ( )2 3≠ .

Thus the first two conditions of Rolle’s theorem are satisfied and the third condition is
not satisfied.

(ii) The function f x x( ) cos ( / )= 1  is discontinuous at x = 0 and consequently is not

differentiable there. Thus the first two conditions of Rolle’s theorem are not satisfied.

Here f ( ) cos ( ) cos− = − =1 1 1 and f ( ) cos1 1= . Thus f f( ) ( )− =1 1  i.e., the third

condition is satisfied.

(iii) The function f x x( ) tan=  is not continuous at x = π / 2 and consequently is not

differentiable there. Thus the first two conditions of Rolle’s theorem are not satisfied

here.

Further f ( ) tan0 0 0= =  and  f ( ) tanπ π= = 0. Thus f f( ) ( )0 = π  i.e., the third

condition is satisfied.

Ex am ple 22: Dis cuss the ap pli ca bil ity of Rolle’s the o rem to f x log
x ab

a b x
( )

( )
=

+
+













2

, in the

in ter val  [ , ] ,a b  0 < <a b. (Lucknow 2008, 11; Rohilkhand 14)

So lu tion: Here f a
a ab

a b a
( ) log

( )
log ,=

+
+













= =
2

1 0

and   f b
b ab

a b b
( ) log

( )
log .=

+
+













= =
2

1 0

Thus   f a f b( ) ( )= = 0.

Also    R f x
h

f x h f x

h
′ =

→
+ −

( )
lim ( ) ( )

0
 

       =
→

+ +
+ +












−

+lim
log

( )

( ) ( )
log

h h

x h ab

a b x h

x ab

0
1 2 2

( )a b x+

























      =
→

+ + + +
+ + +

lim
log

( ) ( )

( ) ( ) ( )h h

x x h h ab a b x

a b x h x ab0
1 22 2

2










      =
→

+ + +
+

×
+



















lim
log

( )

h h

x x h h ab

x ab

x

x h0
1 22 2

2







      =
→

+
+

+












− +








lim
log log

h h

x h h

x ab

h

x0
1

1
2

1
2

2










      =
→

+
+

− + …












lim
,

h h

x h h

x ab

h

x0
1 2 2

2
 …(1)

∵ log ( )1
1

2
2+ = − + …





y y y

R-71



      =
+

− ⋅2 1
2

x

x ab x

Again      L f x
h

f x h f x

h
′ =

→
− −

−








( )

lim ( ) ( )

0

         =
→ −

− +
+

−
−

+ …












lim

( )

( )
,

h h

hx h

x ab

h

x0
1 2 2

2

        re plac ing h by − h in (1)

     =
+

− ⋅2 1
2

x

x ab x
 

Since R f x L f x′ = ′( ) ( ), f x( ) is differentiable for all values of x in [ , ]a b . This implies

that f x( ) is also continuous for all values of x in [ , ].a b  Thus all the three conditions of

Rolle’s theorem are satisfied. Hence f x′ =( ) 0 for at least one value of x in the open

interval ] , [.a b

Now f x
x

x ab x
′ = ⇒

+
− =( ) 0

2 1
0

2
  

or  2 02 2x x ab− + =( )

or x ab2 =     or    x ab= √ ( ), 

which being the geometric mean of a and b lies in the open interval ] , [a b . Hence the
Rolle’s theorem is verified.

Remark: In this question to find f x′ ( ), we can also proceed as follows :

We have  

 f x x ab a b x( ) log ( ) log ( ) log .= + − + −2

∴ f x
x

x ab x
′ =

+
− ⋅( )

2 1
2

Ob vi ously f x′ ( ) ex ists for all val ues of x in [ , ]a b  .

Ex am ple 23: Ver ify Rolle’s the o rem in the case of the func tions

(i) f x x x x( ) = + − −2 4 23 2 , (Lucknow 2009)

(ii) f x sin x in( ) [ , ],= 0 π

(iii) f x x a x bm n( ) ( ) ( )= − − , where m and n are +ive integers, and x lies in the interval 

[ , ]a b .

So lu tion: (i) Since f x( ) is a ra tio nal in te gral func tion of x, there fore, it is

con tin u ous and dif fer en tia ble for all real val ues of x. Thus the first two con di tions of

Rolle’s the o rem are sat is fied in any interval.

Here f x( ) = 0 gives 2 4 2 03 2x x x+ − − =

or ( ) ( )x x2 2 2 1 0− + =  i.e., x = ± √ − ⋅2
1

2
,

Thus  f f f( ) ( ) .√ = − √ = −





=2 2
1

2
0
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If we take the interval [ , ]− √ √2 2 , then all the three conditions of Rolle’s theorem are

satisfied in this interval. Consequently there is at least one value of x in the open interval 

] , [− √ √2 2 for which f x′ =( ) .0

Now f x x x x x′ = ⇒ + − = ⇒ + − =( ) 0 6 2 4 0 3 2 02 2

or ( ) ( )3 2 1 0x x− + =   or  x = − 1 2 3, /   i.e.,  f f′ − = ′ =( ) ( / ) .1 2 3 0  

Since both the points x = − 1 and x = 2 3/  lie in the open interval ] , [− √ √2 2 , Rolle’s

theorem is verified.

(ii) The function f x x( ) sin=  is continuous and differentiable in [ , ]0 π . 

Also f f( ) ( )0 0= = π . Thus all the three conditions of Rolle’s theorem are satisfied.

Hence f x′ =( ) 0 for at least one value of x in the open interval ] , [0 π .

Now f x x x′ = ⇒ = ⇒ = ± ± ± …( ) cos , , ,0 0
2

3

2

5

2

π π π
 .

Since x = π / 2 lies in the open interval ] , [,0 π  the Rolle’s theorem is verified.
(iii) We have f x x a x bm n( ) ( ) ( ) .= − −

As m and n are positive integers, ( )x a m−  and ( )x b n−  are polynomials in x on being

expanded by binomial theorem. Hence f x( ) is also a polynomial in x. Consequently 

f x( ) is continuous and differentiable in the closed interval [ , ]a b . Also f a f b( ) ( ) .= = 0

Thus all the three conditions of Rolle’s theorem are satisfied so that there is at least one

value of x in the open interval ] , [a b  where f x′ =( ) 0.

Now f x x a n x b m x a x bm n m n′ = − − + − −− −( ) ( ) . ( ) ( ) ( ) .1 1

Solving the equation f x′ =( ) 0, we get x a b na mb m n= + +, , ( ) / ( )

Out of these values the value ( ) / ( )na mb m n+ +  is a point which lies in the open interval 

] , [a b , since it divides the interval ] , [a b  internally in the ratio m n: . Hence the Rolle’s

theorem is verified.

Ex am ple 24: Ver ify Rolle’s the o rem for

    f x x x e inx( ) ( ) [ , ]/= + −−3 3 02 . (Gorakhpur 2015)

So lu tion: We have f x x x e x( ) ( ) ./= + −3 2

∴ f x x e x x ex x′ = + + + −





− −( ) ( ) ( ) ./ /2 3 3
1

2
2 2 2

     = + − +





= − − −− −e x x x x x ex x/ /( ) ( ) ,2 2 2 22 3
1

2
3

1

2
6

which exists for every value of x in the interval [ , ]− 3 0 . Hence f x( ) is differentiable and

so also continuous in the interval [ , ]− 3 0 . Also f f( ) ( )− = =3 0 0.

Thus all the three conditions of Rolle’s theorem are satisfied. So f x′ =( ) 0 for at least

one value of x lying in the open interval ] , [− 3 0 .

Now f x x x e x′ = ⇒ − − − =−( ) ( ) /0
1

2
6 02 2   or  x x2 6 0− − =  

or ( ) ( )x x− + =3 2 0 or x = −3 2, .

Since the value x = − 2 lies in the open interval ] , [,− 3 0  the Rolle’s theorem is verified.
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 1. (i) State Rolle’s The o rem. (Kanpur 2005, 08; Lucknow 07)

(ii) Verify Rolle’s theorem when f x e x a bx( ) sin , , .= = =0 π
(Gorakhpur 2012)

 2. Ver ify Rolle’s the o rem for the fol low ing func tions :

(i) f x x x( ) ( ) ( )= − −4 35 4 in the in ter val [ , ]3 4 .

(ii) f x x x x( ) .= − + −3 26 11 6

(iii) f x x x( ) [ , ].= − −3 4 2 2in (Kanpur 2007)

(iv) f x e x xx( ) (sin cos ) [ / , / ].= − in π π4 5 4 (Meerut 2013B)

(v) f x x x( ) = −10 2 in [0, 10]. (Kanpur 2006)

 3. Dis cuss the ap pli ca bil ity of Rolle’s the o rem to the func tion

f x x( ) ,= + ≤2 1 0when x ≤ 1

   = − < ≤3 1x x, when 2.

 4. Show that be tween any two roots of e xx cos = 1 there ex ists at least one root of 

e xx sin − =1 0.

 5. State and prove Rolle’s the o rem. In ter pret it geo met ri cally. Ver ify Rolle’s

the o rem for the func tion f x x( ) [ , ].= −2 11in (Lucknow 2010)

 6. Ver ify the truth of Rolle’s the o rem for the func tion f x x x( ) = − +2 3 2 on the

in ter val [ , ]1 2 .

 7. Does the func tion f x x( ) | |= − 2  sat isfy the con di tions of Rolle’s the o rem in the

in ter val [ , ]1 3  ? Jus tify your an swer with cor rect rea son ing.

 8. The func tion f  is de fined in [ , ]0 1 as fol lows :

f x( ) = 1 for 0 ≤ x < 1

2

     = 2 for 
1

2
≤ x ≤ 1.

Show that f x( ) satisfies none of the conditions of Rolle’s theorem, yet 

f x′ =( ) 0 for many points in [ , ]0 1.

 9. If a b c+ + = 0, then show that the qua dratic equa tion 3 2 02ax bx c+ + =  has at

least one root in ] , [0 1  .

10. Let 
a

n

a

n

a

n

a
a

n
n

0 1 2 1

1 1 2
0

+
+ +

−
+ … + + =−

. Show that  there ex ists at least one

real x be tween 0 and 1 such that a x a x an n
n0 1

1 0+ + … + =− .

(Lucknow 2009)
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11. If f x

x

x

x

( )

sin

cos

tan

sin

cos

tan

sin

cos

tan

=














α
α
α

β
β
β


< < <where 0 2α β π / ,

show that f ′ ξ =( ) ,0  where α β< ξ < .

12. Show that there is no real num ber k for which the equa tion 

x x k3 3 0− + = , has two dis tinct roots in ] , [.0 1

 3. The given func tion is not dif fer en tia ble at x = 1 and so Rolle’s the o rem is not 

applicable to the given func tion in the in ter val [0, 2].
 7. The func tion does not sat isfy the third con di tion that f x( ) must be differentiable 

in the open in ter val ] , [.1 3

9  Lagrange’s Mean Value Theorem

Theorem: If a function f x( ) is (Lucknow 2006, 09; Avadh 07, 12, 14;
  Meerut 12; Kanpur 11; Rohilkhand 12, 12B;

Gorakhpur 10, 12, 14; Kashi 14)

(i) continuous in a closed interval [ , ]a b ,

and (ii) differentiable in the open interval ] , [a b  i.e., a x b< < , then there exists at least one value

‘c’ of x lying in the open interval ] , [a b  such that

f b f a

b a
f c

( ) ( )
( ).

−
−

= ′

Proof: Con sider the func tion φ ( )x  de fined by φ = +( ) ( )x f x Ax, …(1)

where A is a constant to be chosen such that φ = φ( ) ( )a b

i.e., f a Aa f b Ab( ) ( )+ = +  

or  A
f b f a

b a
= −

−
−

⋅
( ) ( )

…(2)

(i) Now the function f is given to be continuous on [ , ]a b  and the mapping x Ax→  is 

continuous on [ , ]a b , therefore φ is continuous on [ , ].a b

(ii) Also, since f is given to be differentiable on ] , [a b  and the mapping x Ax→  is

differentiable on ] , [a b , therefore, φ is differentiable on ] , [a b .

(iii) By our choice of A, we have φ = φ( ) ( ).a b

From (i), (ii) and (iii), we find that φ satisfies all the conditions of Rolle’s theorem on 

[ , ]a b . Hence there exists at least one point, say x c= , of the open interval ] , [a b , such that 

φ′ =( )c 0.
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But φ′ = ′ +( ) ( )x f x A, from (1).

∴ φ′ = ⇒ ′ + =( ) ( )c f c A0 0 

or   f c A
f b f a

b a
′ = − =

−
−

( )
( ) ( )

, from (2).

This proves the theorem. It is usually known as the ‘First Mean Value Theorem of
Differential Calculus’.

Another form of Lagrange’s mean value theorem:

If in the above theorem, we take b a h= + , then a number c, lying between a and b can be
written as c a h= + θ , where θ is some real number such that 0 1< <θ .
Now Lagrange’s theorem can be stated as follows :

If  f  be defined and continuous on [ , ]a a h+  and differentiable on ] , [a a h+ , then there exists a point 

c a h= + < <θ θ( )0 1  in the open interval ] , [a a h+  such that

f a h f a

h
f a h

( ) ( )
( )

+ −
= ′ + θ

or f a h f a hf a h( ) ( ) ( )+ − = ′ + θ .

Geo met ri cal in ter pre ta tion of the mean value theorem:
(Gorakhpur 2012, 14)

Let y f x= ( ) and let ACB be the graph of y f x= ( ) in [ , ]a b . The coordinates of the

point A are ( , ( ))a f a  and those of B are ( , ( ))b f b . If 

the chord AB makes an angle α with the x-axis,

then

tan
( ) ( )

α =
−
−

f b f a

b a

        = ′f c( ),

by Lagrange’s mean value the o rem where 

a c b< < .

Thus Lagrange’s mean value theorem says that

there is some point c in ] , [a b  such that the tangent

to the curve at this point is parallel to the chord joining the points on the graph with

abscissae a and b.

10  Some Important Deductions from the Mean

 Value Theorem

Theorem 1: If a function f is continuous on [ , ]a b , differentiable on ] , [a b  and if f x′ =( ) 0 for

all x in ] , [ ,a b  then f x( ) has a constant value throughout [ , ]a b .

Proof: Let c be any point of ] , ]a b . Then the function f is continuous on [ , ]a c  and

differentiable on ] , [a c . Thus f satisfies all the conditions of Lagrange’s mean value

theorem on [ , ]a c . Consequently there exists a real number d between a and c 

i e a d c. ., < <   such that

f c f a c a f d( ) ( ) ( ) ( ).− = − ′
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But by hypothesis f x′ =( ) 0 throughout the interval ] , [a b , therefore, in particular 

f d′ =( ) 0 and hence f c f a( ) ( )− = 0 or f c f a( ) ( )= . Since c is any point of ] , ]a b ,

therefore, it gives that f x f a( ) ( )=  V x in ] , ]a b . Thus f x( ) has a constant value

throughout [ , ]a b .

Theorem 2: If f x( ) and φ ( )x  are functions continuous on [ , ]a b  and differentiable on ] , [a b

and if f x x′ = φ′( ) ( ) throughout the interval ] , [a b , then f x( ) and φ ( )x  differ only by a constant.

Proof: Consider the function F x f x x( ) ( ) ( )= − φ . Throughout the interval ] , [a b , we

have

F x f x x′ = ′ − φ ′ =( ) ( ) ( ) 0, be cause f x x′ = φ ′( ) ( ).

Consequently, from theorem 1, we get

F x( ) = con stant or f x x( ) ( )− φ = con stant.

The o rem 3: If f x k′ =( )  for each point x of [ , ],a b k be ing a con stant, then 

f x k x C( ) = +  V x a b∈[ , ] , where C is a con stant.

Proof: Consider the interval [ , ]a x  such that [ , ]a x  lies in the interval [ , ]a b  i.e., 

[ , ] [ , ]a x a b⊂ . Since f x′ ( ) exists V  x a b∈[ , ], f is differentiable on [ , ]a b  and hence on 

[ , ]a x  and consequently continuous on [ , ]a x . Thus f satisfies all the conditions of

Lagrange’s mean value theorem on [ , ]a x  and hence there is a point c a x∈] , [ such that

f x f a x a f c( ) ( ) ( ) ( ).− = − ′
But by hypothesis f x k′ =( )  V x a b∈[ , ], therefore, in particular f c k′ =( )  as 

a c x b< < <  i.e., a c b< < .

Hence f x f a x a k( ) ( ) ( )− = −  or f x k x f a ak( ) ( )= + −

or f x k x C( ) = +  where C f a ak= −( )  is a con stant.

Theorem 4: If f is continuous on [ , ]a b  and f x′ ≥( ) 0 in ] , [ ,a b  then f is increasing in [ , ]a b .

Proof: Let x1 and x2 be any two distinct points of [ , ]a b  such that x x1 2< . Then f

satisfies the conditions of the Lagrange’s mean value theorem in [ , ]x x1 2 . Consequently

there exists a number c such that x c x1 2< < , and

f x f x x x f c( ) ( ) ( ) ( ).2 1 2 1− = − ′

Now x x2 1 0− >  and f c′ ≥( ) 0 (as f x′ ≥( ) 0 V x a b∈] , [ and c is a point of ] , [)a b ,

therefore

f x f x( ) ( )2 1 0− ≥  i.e., f x( )1 ≤ f x( )2 .

Thus x x f x1 2 1< ⇒ ≤( ) f x( )2   V  x x a b1 2, [ , ].∈

Hence f is an increasing function in the interval [ , ]a b .

Similarly, we can prove that if f x′ ≤( ) 0 in ] , [a b , then f is decreasing in [ , ]a b .

Corollary: If f is continuous on [ , ]a b , then f is strictly increasing or strictly decreasing on [ , ]a b

according as

f x′ >( ) 0 or < 0  in ] , [a b ⋅
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11  Cauchy’s Mean Value Theorem

(Kanpur 2007; Lucknow 10; Avadh 12; Rohilkhand 14)

The o rem: If two func tions f x( ) and g x( ) are

(i) con tin u ous in a closed in ter val [ , ]a b ,

(ii) dif fer en tia ble in the open in ter val ] , [a b ,

(iii) g x′ ≠( ) 0 for any point of the open interval ] , [a b , then there exists at least one value c of x in

the open interval ] , [a b , such that

f b f a

g b g a

f c

g c
a c b

( ) ( )

( ) ( )

( )

( )
,

−
−

=
′
′

< < .

Proof: First we observe that as a consequence of condition (iii), g b g a( ) ( )− ≠ 0. For

if g b g a( ) ( )− = 0 i.e., g b g a( ) ( )= , then the function g x( ) satisfies all the conditions of

Rolle’s theorem in [ , ]a b  and consequently there is some x in ] , [a b  for which g x′ =( ) 0,

thus contradicting the hypothesis that g x′ ≠( ) 0 for any point of ] , [a b .

Now con sider the func tion F x( ) de fined on [ , ]a b , by set ting

F x f x Ag x( ) ( ) ( ),= + …(1)

where A is a con stant to be cho sen such that F a F b( ) ( )=

i.e., f a Ag a f b Ag b( ) ( ) ( ) ( )+ = +

or − =
−
−

⋅A
f b f a

g b g a

( ) ( )

( ) ( )
 …(2)

Since g b g a( ) ( )− ≠ 0, there fore A is a def i nite real num ber.

(i) Now f and g are continuous on [ , ]a b , therefore, F is also continuous on [ , ]a b .

(ii) Again, since f and g are differentiable on ] , [a b , therefore F is also differentiable

on ] , [a b .

(iii) By our choice of A, F a F b( ) ( )= .

Thus the function F x( ) satisfies the conditions of Rolle’s theorem in the interval [ , ]a b .

Consequently there exists, at least one value, say c, of x in the open interval ] , [a b  such

that F c′ =( ) 0.

But F x f x Ag x′ = ′ + ′( ) ( ) ( ), from (1).

∴ F c f c Ag c′ = ⇒ ′ + ′ =( ) ( ) ( )0 0

or    − =
′
′

⋅A
f c

g c

( )

( )
 …(3)

From (2) and (3), we get 

f b f a

g b g a

f c

g c

( ) ( )

( ) ( )

( )

( )

−
−

=
′
′

⋅
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Another form: If b a h= + , then a h a+ =θ  when θ = 0 and a h b+ =θ  when θ = 1.

Therefore, if 0 1< <θ , then a h+ θ  means some value between a and b. So putting 

b a h= +  and c a h= + θ , the result of the above theorem can be written as

f a h f a

g a h g a

f a h

g a h

( ) ( )

( ) ( )

( )

( )
,

+ −
+ −

=
′ +
′ +

< <
θ
θ

θ0 1.

Note 1: If we take g x x( ) =  for all x in [ , ]a b , then Cauchy’s mean value the o rem gives

Lagrange’s mean value the o rem as a par tic u lar case. For g x x( ) =  means 

g b b g a a g x( ) , ( ) , ( )= = ′ = 1 and so g c′ =( ) 1. Putt ing these val ues in Cauchy’s mean

value the o rem, we get Lagrange’s mean value the o rem. Thus Cauchy’s mean value

the o rem is more gen eral than Lagrange’s mean value theorem.

Note 2: Cauchy’s mean value the o rem can not be ob tained by ap ply ing Lagrange’s

mean value the o rem to the func tions f  and g.

For applying Lagrange’s mean value theorem to f x( ) and g x( ) separately, we get

f b f a b a f c( ) ( ) ( ) ( ),− = − ′ 1  where a c b< <1

and g b g a b a g c( ) ( ) ( ) ( ),− = − ′ 2  where a c b< <2 .

Dividing, we have 
f b f a

g b g a

f c

g c

( ) ( )

( ) ( )

( )

( )

−
−

=
′

′
⋅1

2

Note that here c1 is not necessarily equal to c2 .

Ex am ple 25: If f x x x x( ) ( ) ( ) ( )= − − −1 2 3  and a = 0, b = 4, find ‘c’ us ing Lagrange’s

mean value the o rem. (Lucknow 2006, 07, 11; Rohilkhand 14)

So lu tion: We have 

f x x x x x x x( ) ( ) ( ) ( )= − − − = − + −1 2 3 6 11 63 2 .

∴ f a f( ) ( )= = −0 6 and f b f( ) ( )= =4 6.

∴
f b f a

b a

( ) ( ) ( )−
−

=
− −

−
= = ⋅

6 6

4 0

12

4
3

Also f x x x′ = − +( ) 3 12 112  gives f c c c′ = − +( ) .3 12 112

Putting these values in Lagrange’s mean value theorem

f b f a

b a
f c

( ) ( )
( )

−
−

= ′ , ( )a c b< < , we get

3 3 12 112= − +c c   or  3 12 8 02c c− + =

or c =
± √ −

= ±
√

⋅
12 144 96

6
2

2 3

3

( )

As both of these values of c lie in the open interval ] , [0 4 , hence both of these are the

required values of c.
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Ex am ple 26: Let f : [ , ]0 1 → R be de fined by

f x x( ) ( )= − +1 22   V x ∈[ , ]0 1.

Find the equation of the tangent to the graph of this curve which is parallel to the chord joining the

points ( , )0 3  and ( , )1 2  of the curve.

So lu tion: Since f x( ) is a poly no mial func tion, there fore it is con tin u ous on [ , ]0 1 and

dif fer en tia ble in ] , [.0 1  Hence, by Lagrange’s mean value the o rem, there is some c ∈] , [0 1

such that

f f
f c

( ) ( )
( )

1 0

1 0

−
−

= ′      

or    
2 3

1

−
= ′f c( )  or  − = ′1 f c( ).

Now f x x′ = −( ) ( )2 1 gives f c c′ = −( ) ( ).2 1

Thus 2 1 1( )c − = −  i.e., c = ⋅1

2
 

∴ f c( ) ,= 9

4
 so that the point of contact of the tangent is 

1

2

9

4
,




 and its slope is 

f c′ = −( ) 1. Hence the equation of the required tangent is

y x− = − −





9

4
1

1

2
 

or 4 4 11x y+ = .

Ex am ple 27: Com pute the value of θ in the first mean value the o rem

f x h f x hf x h( ) ( ) ( ),+ = + ′ + θ  if  f x ax bx c( ) .= + +2

So lu tion: Here f x ax bx c( ) .= + +2

∴ f x h a x h b x h c( ) ( ) ( ) ,+ = + + + +2

f x ax b f x h a x h b′ = + ′ + = + +( ) , ( ) ( ) .2 2θ θ
Substituting all these values in the Lagrange’s mean value theorem, we get

a x h b x h c ax bx c h a x h b( ) ( ) [ ( ) ]+ + + + = + + + + +2 2 2 θ  …(1)

The relation (1) being identically true for all values of x, hence when x → 0, we have

ah bh c c h a h b2 2+ + = + +[ ]θ

or ah a h2 22= θ   or  θ = 1 2/ .

Ex am ple 28: A func tion f x( ) is con tin u ous in the closed in ter val [ , ]0 1  and dif fer en tia ble in the

open in ter val ] , [ ,0 1   prove that 

f x f f′ = −( ) ( ) ( )1 1 0 , where 0 11< <x .

So lu tion: Here a = 0, b = 1 so that

f b f a

b a

f f
f f

( ) ( ) ( ) ( )
( ) ( ).

−
−

=
−
−

= −
1 0

1 0
1 0
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If we take c x= 1, and substitute these values in the result of Lagrange’s mean value

theorem, we get

f f f x( ) ( ) ( )1 0 1− = ′   where 0 11< <x .

This is a particular case of Lagrange’s mean value theorem. Students can give an

independent proof of this.

Ex am ple 29: Sep a rate the in ter vals in which the poly no mial

   2 15 36 13 2x x x− + +  is in creas ing or de creas ing.

So lu tion: We have f x x x x( ) .= − + +2 15 36 13 2

∴ f x x x x x′ = − + = − −( ) ( ) ( ).6 30 36 6 2 32

Now f x′ >( ) 0 for x < 2 or for x > 3,

f x′ <( ) 0 for 2 3< <x , and f x′ =( ) 0 for x = 2 3, .

Thus f x′ ( )  is +ive in the intervals ] , [− ∞ 2  and ] , [3 ∞  and negative in the interval ] , [2 3 .

Hence f is monotonically increasing in the intervals ] , ]− ∞ 2 , [ , [3 ∞  and monotonically

decreasing in the interval [ , ]2 3 .

Ex am ple 30: Show that

   
x

x
log x x for x

1
1 0

+
< + < >( ) .

(Bundelkhand 2011)

So lu tion: Let f x x
x

x
( ) log ( )= + −

+
⋅1

1
 

∴ f ( ) .0 0=  

Then   f x
x

x x

x x x
′ =

+
−

+ −
+

=
+

−
+

( )
. ( ) .

( ) ( )

1

1

1 1 1

1

1

1

1

12 2
=

+
⋅x

x( )1 2

We observe that f x′ >( ) 0 for x > 0. Hence f x( ) is monotonically increasing in the
interval [ , [0 ∞ . Therefore

f x f( ) ( )> 0  for x > 0 i.e., log ( )1
1

0+ −
+









 >x

x

x
 for x > 0

i.e., log ( )1
1

+ >
+

x
x

x
 for x > 0. …(1)

Again, let φ = − +( ) log ( ).x x x1

∴ φ =( ) .0 0

Then φ′ = −
+

=
+

⋅( )x
x

x

x
1

1

1 1

We observe that φ ′ >( )x 0 for x > 0. Hence φ ( )x  is monotonically increasing in the

interval [ , [0 ∞ . Therefore

φ > φ( ) ( )x 0  for x > 0 i.e., [ log ( )]x x− + >1 0 for x > 0

i.e., x x> +log ( )1  for x > 0. …(2)

From (1) and (2), we get
x

x
x x

1
1

+
< + <log ( )  for x > 0.
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Ex am ple 31: Ver ify Cauchy’s mean value the o rem for the func tions x2 and  x3 in the in ter val 

[ , ]1 2  . (Avadh 2013)

So lu tion: Let f x x( ) = 2 and g x x( ) = 3. Then f x( ) and g x( ) are con tin u ous in the

closed in ter val [ , ]1 2  and dif fer en tia ble in the open in ter val ] , [1 2 . Also  g x x′ = ≠( ) 3 02  for 

any point in the open in ter val ] 1, 2 [. Hence by Cauchy’s mean value the o rem there

ex ists at least one real num ber c in the open in ter val ] , [1 2 , such that

f f

g g

f c

g c

( ) ( )

( ) ( )

( )

( )

2 1

2 1

−
−

=
′
′

⋅ …(1)

Now 
f f

g g

( ) ( )

( ) ( )

2 1

2 1

4 1

8 1

3

7

−
−

=
−
−

= ⋅ 

Also f x x g x x′ = ′ =( ) , ( ) .2 3 2

∴  
f c

g c

c

c c

′
′

= = ⋅
( )

( )

2

3

2

32
 Putting these values in (1), we get 

3

7

2

3
=

c
 or c = 14

9
 which lies in

the open interval ] , [1 2 . Hence Cauchy’s mean value theorem is verified.

Ex am ple 32: If in the Cauchy’s mean value the o rem, we write f x e x( ) =  and g x e x( ) = − ,

show that ‘c’ is the arith me tic mean be tween a and b.

So lu tion: Here  
f b f a

g b g a

e e

e e
e e e

b a

b a
a b a b( ) ( )

( ) ( )
,

−
−

=
−
−

= − = −− −
+

and 
f x

g x

e

e

x

x

′
′

=
− −

( )

( )
 so that 

f c

g c

e

e
e

c

c
c′

′
=

−
= −−

( )

( )
2 .

Putting these values in Cauchy’s mean value theorem, we get

− = −+e ea b c2    or   2c a b= +    or  c a b= +1

2
( ).

Thus c is the arithmetic mean between a and b.

Ex am ple 33: If in the Cauchy’s mean value the o rem, we write 

(i) f x x( ) = √  and g x x( ) /= √1 ,  then c is the geo met ric mean be tween a and b,
(Rohilkhand 2014)

and if

(ii) f x x( ) /= 1 2 and g x x( ) /= 1 , then c is the har monic mean be tween a and b.
(Rohilkhand 2005)

So lu tion: (i) Here 
f b f a

g b g a

b a

b a
ab

( ) ( )

( ) ( ) ( / ) ( / )
( ),

−
−

=
√ − √

√ − √
= − √

1 1

and 
f x

g x

x

x

′
′

=
−

−

−

( )

( )

/

/

1

2
1

2

1 2

3 2
 so that 

f c

g c

c

c
c

′
′

= − = −
−

−
( )

( )

/

/

1 2

3 2
.

Putting these values in Cauchy’s mean value theorem, we get

− √ = − = √( ) ( )ab c c abor

i.e., c is the geo met ric mean be tween a and b.
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(ii) Here 
f b f a

g b g a

b a

b a

a b

ab

( ) ( )

( ) ( )

( / ) ( / )

( / ) ( / )

−
−

=
−
−

=
+1 1

1 1

2 2

and 
f x

g x

x

x

′
′

=
−
−

−

−
( )

( )

2 3

2
 so that 

f c

g c

c

c c

′
′

=
−
−

= ⋅
−

−
( )

( )

2 23

2

Putting these values in Cauchy’s mean value theorem, we get

a b

ab c

+
= 2

   or  c
ab

a b
=

+
2

i.e., c is the harmonic mean between a and b.

 1. State Lagrange’s mean value the o rem. Test if Lagrange’s mean value the o rem

holds for the func tion f x x( ) | |=  in the in ter val  [ , ].− 11
(Kanpur 2010; Rohilkhand 13B)

 2. If f x x( ) /= 1  in [ , ],− 11  will the Lagrange’s mean value the o rem be ap pli ca ble to 

f x( ) ? (Meerut 2012B)

 3. Ver ify Lagrange’s mean value the o rem for the func tion

f : [ , ]− →11 R given by f x x( ) .= 3

 4. Find ‘c’ of the mean value the o rem, if

f x x x x a b( ) ( ) ( ) ; ,= − − = = ⋅1 2 0
1

2 (Kumaun 2012)

 5. Find ‘c’ of Mean value the o rem when

(i) f x x x( ) [ , ]= − − −3 3 2 2 3in

(ii) f x x x( ) [ , ]= + +2 3 4 1 22 in  

(iii) f x x x( ) ( ) [ , ]= − 1 1 2in (Meerut 2013B)

(iv) f x x x( ) ,= − − −





⋅2 3 1
11

7

13

7
in

 6. Show that any chord of the pa rab ola y Ax Bx C= + +2  is par al lel to the tan gent

at the point whose ab scissa is same as that of the mid dle point of the chord.

 7. If f x′ ′ ( ) ex ists for all points in [ , ]a b  and 
f c f a

c a

f b f c

b c

( ) ( ) ( ) ( )−
−

=
−
−

 where 

a c b< < , then there is a num ber ξ such that a b< <ξ  and f ′ ′ =( )ξ 0.

 8. State the con di tions for the va lid ity of the for mula

f x h f x h f x h( ) ( ) ( )+ = + ′ + θ
and investigate how far these conditions are satisfied and whether the result is

true, when f x x x( ) sin ( / )= 1  (being defined to be zero at x = 0)

and x x h< < +0 .
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 9. (a) Show that x x x3 23 3 2− + +  is  monotonically in creas ing in ev ery in ter val.

(b) Show that log ( )1
2

2
+ −

+
x

x

x
 is in creas ing when x > 0.

10. De ter mine the in ter vals in which the func tion

( )x x x x e x4 3 26 17 32 32+ + + + −

is increasing or decreasing.

11. Use the func tion f x x x( ) /= 1 , x > 0 to de ter mine the big ger of the two numbers

e π  and π e.

12. If a b= − ≥1 1,  and f x x( ) /| |= 1 , show that the conditions of Lagrange’s mean

value theorem are not satisfied in the interval [ , ]a b , but the conclusion of the

theorem is true if and only if b > + √1 2 .

13. (a) State Cauchy’s mean value the o rem. (Kanpur 2007)

(b)Verify Cauchy’s mean value the o rem for f x x( ) sin ,=
  g x x( ) cos [ / , ].= −in π 2 0 (Lucknow 2007) 

14. If f x x g x x( ) , ( ) cos ,= =2  then find the point c ∈] , / [0 2π  which gives the re sult 

of Cauchy’s mean value the o rem in the in ter val [ , / ]0 2π  for the func tions f x( )

and g x( ).

15. Show that 
sin sin

cos cos
cot

α β
β α

θ
−
−

= , where  0
2

< < < < ⋅α θ β π

16. Use Cauchy’s mean value the o rem to eval u ate lim
cos

log ( / )x

x

x→

















⋅
1

1

2
1

π

 1. The mean value theorem does not hold since the given function is not 
differentiable at x = 0

 2. not ap pli ca ble 4.   1
21

6
− √

 5. (i) ± √ ( / )7 3 (ii) 3/2 (iii) 3/2         (iv) 1/7

 8. Con di tion of differentiability is not sat is fied in x x h< < +0  since f x( ) is 

non-differentiable at x = 0.

10. In creas ing in the in ter vals [ , ]− −2 1  and [ , ]0 1  and de creas ing in the intervals 

] , [ , [ , ]− ∞ − −2 1 0  and [ , [1 ∞  .

11. eπ  is big ger than πe.

14. Root of the equa tion sin ( / )c c− =8 02π  in the open in ter val ] / [π / 6, π 2 .

16. π / 2.
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12  Taylor’s Theorem with Lagrange’s form of

 Remainder After n  Terms

Theorem: If f x( ) is a single-valued function of x such that

(i) all the derivatives of f x( ) upto ( )n − 1  th are continuous in a ≤ x ≤ a h+ ,

(ii) f xn( ) ( ) ex ists in a x a h< < + , then

f a h f a h f a
h

f a( ) ( ) ( )
!

( )+ = + ′ + ′ ′ + …
2

2

+
−

+ +
−

−h

n
f a

h

n
f a h

n
n

n
n

1
1

1( ) !
( )

!
( )( ) ( ) θ , where 0 1< <θ .

Proof: Con sider the func tion φ de fined by

φ = + + − ′ +
+ −

′ ′ + …( ) ( ) ( ) ( )
( )

!
( )x f x a h x f x

a h x
f x

2

2

+
+ −

−
+ + −

−
−( )

( ) !
( )

!
( ) ,( )a h x

n
f x

A

n
a h x

n
n n

1
1

1

where A is a constant to be suitably chosen.

We choose A such that  φ = φ +( ) ( )a a h .

Now  φ = + ′ + ′ ′ + …( ) ( ) ( )
!

( )a f a h f a
h

f a
2

2
 +

−
+

−
−h

n
f a

A

n
h

n
n n

1
1

1( ) !
( )

!
,( )

and φ + = +( ) ( ).a h f a h

Hence A is given by 

f a h f a hf a
h

f a( ) ( ) ( )
!

( )+ = + ′ + ′ ′ + …
2

2
 +

−
+

−
−h

n
f a

h

n
A

n
n

n1
1

1( ) !
( )

!
.( )

…(1)

Now, by hypothesis, all the functions

f x f x f x f xn( ), ( ), ( ), , ( )( )′ ′ ′ …… −1

are continuous in the closed interval [ , ]a a h+  and differentiable in the open interval 

] , [a a h+ .

Further ( ), ( ) / !, , ( ) / !,a h x a h x a h x nn+ − + − … + −2 2  all being polynomials, are

continuous in the closed interval [ , ]a a h+  and differentiable in the open interval 

] , [a a h+ . Also A is a constant.

∴ φ ( )x  is continuous in the closed interval [ , ]a a h+  and differentiable in the open

interval ] , [.a a h+

By our choice of A, φ = φ +( ) ( )a a h . Hence φ ( )x  satisfies all the conditions of Rolle’s

theorem.

Consequently φ ′ + =( )a hθ 0, where 0 1< <θ .

R-85



Now   φ′ = ′ − ′ + + − ′ ′ − + − ′ ′( ) ( ) ( ) ( ) ( ) ( ) ( )x f x f x a h x f x a h x f x

+ … +
+ −

−
−

−
+ −

−
−( )

( ) !
( )

( ) !
( )( )a h x

n
f x

A

n
a h x

n
n n

1
1

1 1

 =
+ −

−
−

−( )

( ) !
[ ( ) ] ,( )a h x

n
f x A

n
n

1

1
 

since other terms can cel in pairs.

∴ φ′ + =( )a hθ 0 gives

[ ( )]

( ) !
[ ( ) ]( )

a h a h

n
f a h A

n
n

+ − +

−
+ − =

−θ
θ

1

1
0

or 
h

n

n n− −−
−

1 11

1

( )

( ) !

θ
 [ ( ) ]( )f a h An + − =θ 0

or f a h An( ) ( )+ − =θ 0  or  A f a hn= +( ) ( ).θ  

[ , ( ) ]∵ h ≠ − ≠ < <0 1 0 0 1θ θas

Putting this value of A in (1), we get

f a h f a hf a
h

f a( ) ( ) ( )
!

( )+ = + ′ + ′ ′ +
2

2
…

+
−

+ +
−

−h

n
f a

h

n
f a h

n
n

n
n

1
1

1( ) !
( )

!
( ).( ) ( ) θ

This is Taylor’s development of f a h( )+  in ascending integral powers of h. The

( )n + 1th term 
h

n
f a h

n
n

!
( )( ) + θ  is called Lagrange’s form of re main der af ter n terms

in Tay lor’s ex pan sion of f a h( )+ .

Note: If we take n = 1, we see that Lagrange’s mean value the o rem is a par tic u lar case of 

the above the o rem.

Corollary. (Maclaurin’s development):

If we take the interval [ , ]0 x  instead of [ , ]a a h+ , so that changing a to 0 and h to x in

Taylor’s theorem, we get

f x f xf
x

f
x

n
f

xn
n( ) ( ) (

!
( )

( ) !
( )( )= + ′ + ′ ′ + +

−
+

−
−0 0

2
0

1
0

2 1
1

…

n
n

n
f x

!
( )( ) θ

which is known as Maclaurin’s theorem or Maclaurin’s development of f x( ) in the

interval [ , ]0 x  with Lagrange’s form of remainder 
x

n
f x

n
n

!
( )( ) θ  after n terms.
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13  Taylor’s Theorem with Cauchy’s Form of Remainder

The o rem: If f x( ) is a sin gle-val ued func tion of x such that

(i) all the de riv a tives of f x( ) upto ( )n − 1 th are con tin u ous in a ≤ x ≤ a h+ ,

(ii) f xn( ) ( ) ex ists in a x a h< < + , then

f a h f a h f a
h

f a( ) ( ) ( )
!

( )+ = + ′ + ′ ′ + …
2

2
 +

−

−
−h

n
f a

n
n

1
1

1( ) !
( )( )

                      +
−

− +−h

n
f a h

n
n n

( ) !
( ) ( ),( )

1
1 1θ θ   where 0 1< <θ .

Proof: Con sider the func tion φ de fined by

φ = + + − ′ +
+ −

′ ′ + …( ) ( ) ( ) ( )
( )

!
( )x f x a h x f x

a h x
f x

2

2

+
+ −

−
+ + −

−
−( )

( ) !
( ) ( ) ,( )a h x

n
f x a h x A

n
n

1
1

1

where A is a con stant to be suit ably cho sen. We choose A such that φ = φ +( ) ( )a a h .

Now φ = + ′ + ′ ′ + …+
−

−
−( ) ( ) ( )

!
( )

( ) !
( )( )a f a h f a

h
f a

h

n
f a

n
n

2 1
1

2 1
 + h A,

and φ + = +( ) ( ).a h f a h

Hence A is given by

        f a h f a h f a
h

f a( ) ( ) ( )
!

( )+ = + ′ + ′ ′ + …
2

2
 +

−
+

−
−h

n
f a hA

n
n

1
1

1( ) !
( ) .( )

…(1)

As ex plained ear lier in ar ti cle 12, it can be eas ily seen that φ ( )x   sat is fies all the

con di tions of Rolle’s the o rem. Con se quently

φ′ + =( )a hθ 0, where 0 1< <θ .

Now φ′ =
+ −

−
−

−
( )

( )

( ) !
( )( )x

a h x

n
f x A

n
n

1

1
, since other terms can cel in pairs.

∴ φ′ + =( )a hθ 0 gives  
[ ( )]

( ) !
( )( )

a h a h

n
f a h A

n
n

+ − +

−
+ − =

−θ
θ

1

1
0

or  A
h

n
f a h

n
n n=

−
− +

−
−

1
1

1
1

( ) !
( ) ( ).( )θ θ
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Putt ing this value of A in (1), we get

  f a h f a hf a
h

f a
h

n
f a

n
n( ) ( ) ( )

!
( )

( ) !
(( )+ = + ′ + ′ ′ + +

−

−
−

2 1
1

2 1
… )

       +
−

− +−h

n
f a h

n
n n

( ) !
( ) ( )( )

1
1 1θ θ .

The ( )n + 1th term 
h

n
f a h

n
n n

( ) !
( ) ( )( )

−
− +−

1
1 1θ θ  is called Cauchy’s form of

remainder after n terms in the Taylor’s expansion of f a h( )+  in ascending integral

powers of h.

Corollary. (Maclaurin’s development with Cauchy’s form of remainder):

If we change a to 0 and h to x in the above re sult, we get

f x f xf
x

f
x

n
f

n
n( ) ( ) ( )

!
( )

( ) !
( )( )= + ′ + ′ ′ + +

−

−
−0 0

2
0

1
0

2 1
1

…

+
−

− −x

n
f x

n
n n

( ) !
( ) ( )( )

1
1 1θ θ ,

which is Maclaurin’s theorem with Cauchy’s form of remainder. The ( )n + 1th term 

x

n
f x

n
n n

( ) !
( ) ( )( )

−
− −

1
1 1θ θ  is known as Cauchy’s form of remainder after n terms in

Maclaurin’s development of f x( ) in the interval [ , ]0 x .

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. The func tion f x x( ) | |= − 1 is not dif fer en tia ble at

(a) x = 0 (b) x = − 1

(c) x = 1 (d) x = 2

 2. The func tion f x x( ) | |= + 3 is not dif fer en tia ble at

(a) x = 3 (b) x = − 3

(c) x = 0 (d) x = 1

 3. A func tion f x( ) is dif fer en tia ble at x a=  if

(a) R f a Lf a′ = ′( ) ( ) (b) R f a′ =( ) 0

(c) L f a′ =( ) 0 (d) R f a Lf a′ ≠ ′( ) ( )
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 4. A func tion φ ( )x  is de fined as fol lows :

φ = + ≤( )x x x1 2if

φ = − >( ) .x x x5 2if

Then

(a) φ ( )x  is con tin u ous but not dif fer en tia ble at x = 2

(b) φ ( )x  is dif fer en tia ble at ev ery point of R

(c) φ ( )x  is nei ther con tin u ous nor dif fer en tia ble at x = 2 

(d) φ ( )x  is dif fer en tia ble at x = 2 but is not con tin u ous at x = 2 .

 5. Out of the following four functions tell the function for which the conditions of

Rolle’s theorem are satisfied.

(a) f x x( ) | |=  in [ , ]−11 (b) f x x( ) = 2 in 2 3≤ ≤x

(c) f x x( ) sin=  in [ , ]0 π (d) f x x( ) tan=  in 0 ≤ ≤x π

 6. The func tion f x x( ) sin=  is in creas ing in the in ter val

(a) [ , ]0 π (b) 0
2

,
π





(c)
π π
4

3

4
,





(d)
π π
2

,



 (Kumaun 2014)

 7. The value of ‘c’ of Lagrange’s mean value theorem for f x x x( ) ( )= − 1 in [ , ]1 2  is

given by

(a) c = 5

4
(b) c = 3

2

(c) c = 7

4
(d) c = 11

6

 8. The value of ‘c’ of Rolle’s theorem for the function f x e xx( ) sin=  in [ , ]0 π  is

given by

(a) c = 3

4

π
(b) c = π

4

(c) c = π
2

(d) c = 5

6

π

 9. The func tion f x x( ) | |=  at x = 0 shall be

(a) dif fer en tia ble

(b) con tin u ous but not dif fer en tia ble

(c) dis con tin u ous

(d) none of these (Kumaun 2009)

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. A function f x( ) is said to be differentiable at x a=  if 
lim ( )

x a

f x

x a→
− …

−
  ex ists.
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 2. The right hand derivative of f x( ) at x a=  is given by 

lim ( ) ( )
, ,

h

f a h f a
h

→
+ −

…
>

0
0  

pro vided the limit ex ists.

 3. The left hand derivative of f x( ) at x a=  is given by
lim ( ) ( )

, ,
h

f a h f a
h

→
− −

…
>

0
0

pro vided the limit ex ists.

 4. A function f a b: ] , [ → R is said to be differentiable in ] , [a b  if and only if it is

differentiable at every point in … .

 5. If a function f x( ) is differentiable at x a= , then f a′ ( ) is the tangent of the angle

which the tangent line to the curve y f x= ( ) at the point P a f a( , ( )) makes with

… .
 6. Continuity is a necessary but not a … condition for the existence of a finite

derivative.

 7. The func tion f x x( ) | |=  is dif fer en tia ble at ev ery point of R ex cept at x = … .

 8. If a function f x( ) is such that

(i) f x( ) is con tin u ous in the closed in ter val [ , ],a b

(ii) f x′ ( ) ex ists for ev ery point in the open in ter val ] , [ ,a b

(iii) f a f b( ) ( ),=  then there exists at least one value of x, say c,  where a c b< < ,

such that f c′ =( ) .0  

The above theorem is known as … .

 9. If a func tion f x( ) is

(i) con tin u ous in the closed in ter val [ , ],a b  and

(ii) differentiable in the open interval ] , [a b  i e. ., a x b< < , then there exists at

least one value ‘c’ of x lying in the open interval ] , [a b  such that 

f b f a

b a

( ) ( )
.

−
−

= …

10. If two func tions f x( ) and g x( ) are

(i) con tin u ous in a closed in ter val [ , ]a b

(ii) dif fer en tia ble in the open in ter val ] , [ ,a b  and

(iii) g x′ ≠( ) 0 for any point of the open interval ] , [,a b  then there exists at least

one value c of x in the open interval ] , [,a b  such that 

f b f a f c

g c

( ) ( ) ( )

( )

−
…

=
′
′

⋅

11. If f  is con tin u ous in [ , ]a b  and f x′ ≥( ) 0 in ] , [,a b  then f  is … in [ , ].a b

12. If f x x( ) sin ,=  then 
lim ( ) ( )

.
h

f x h f x

h→
+ −

= …
0
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True or False

Write ‘T’  for true and ‘F’  for false statement.

 1. If a function f x( ) is continuous at x a= , it must also be differentiable at x a= .

 2. If a function f x( ) is differentiable at x a= , it must be continuous at x a= .

 3. If a function f x( ) is differentiable at x a= , it may or may not be continuous at 

x a= .

 4. The function f x x( ) | |=  is differentiable at every point of R.

 5. Rolle’s theorem is applicable for f x x( ) sin=  in [ , ].0 2 π

 6. Rolle’s theorem is applicable for f x x( ) | |=  in [ , ].−11

 7. Lagrange’s mean value theorem is applicable for f x x( ) | |=  in [ , ].−11

 8. The function f x x( ) sin=  is increasing in −





⋅π π
2 2

,

 9. If a b c+ + = 0, then the quadratic equation 3 2 02ax bx c+ + =  has no root in 

] , [.0 1

10. If f  is continuous on [ , ]a b  and f x′ ≤( ) 0 in ] , [,a b  then f  is increasing in [ , ].a b

11. The function f x x x x( ) = − + +2 15 36 13 2  is decreasing in the interval [ , ].2 3

12. Let f x x x( ) | | | |.= + − 1  Then R f ′ =( ) .0 0

13. Rolle’s theorem is not applicable for the function  f x x x e x( ) ( ) /= + −2 2 in

[ , ].−2 0

14. The value of ‘c’ of Lagrange’s mean value theorem for the function

f x x x( ) = + +2 3 42  in [ , ]1 2  is given by c = ⋅5

4

15. If f x x n( ) ,=  then lim
( ) ( )

.
h

f x h f x

h
n xn

→

+ −
= −

0

1

16. If f x x( ) cos ,=  then lim
( ) ( )

sin .
x a

f x f a

x a
a

→

−
−

= −

17. If f x e x( ) ,=  then lim
( ) ( )

.
x x

f x f x

x x
e x

→

−
−

=
0

0

0

Multiple Choice Questions

 1. (c) 2. (b) 3. (a)  4. (a) 5. (c)

 6. (b) 7. (b) 8. (a)  9. (b)
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Fill in the Blank(s)

 1. f a( ) 2. h 3. −h  4.  ] , [a b 5. the x-axis

 6.  sufficient 7. 0 8. Rolle’s theorem 9. f c′( )

10. g b g a( ) ( )− 11.  increasing 12. cos x

True or False

 1. F  2. T  3. F  4. F  5. T

 6. F  7. F  8. T  9. F 10. F

11. T 12. T 13. F 14. F 15. T

16. T 17. F

¨
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1  Introduction

In the present chapter we shall study a special class of functions, namely sequences.

The study of sequences plays an important role in Analysis.

2  Sequence

Def i ni tion:  Let S be any non-empty set. A func tion whose do main is the set N of nat u ral num bers 

and whose range is a sub set of S, is called a se quence in the set S.

In other words a sequence in a set S is a rule which assigns to each natural number a
unique element of S.

Real Sequence: A sequence whose range is a subset of R is called a real sequence or a

sequence of real numbers.

In this chapter we shall study only real sequences. Therefore the term sequence will be
used to denote a real sequence.

If s is a sequence, then the image s n( ) of n ∈ N is usually denoted by sn. It is customary to

denote the sequence s by the symbol < >sn  or by { }sn . The image sn of n is called the nth

term of the sequence.
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A sequence can be described in several different ways.

 1. List ing in or der, the first few el e ments of a se quence, till the rule for writ ing

down dif fer ent el e ments be comes clear. For ex am ple, < 1, 8, 27, 64, ... > is the

se quence whose nth term is n3.

 2. De fin ing a se quence by a for mula for its nth term. For ex am ple, the se quence 

< >1 8 27 64, , , ,…  can also be writ ten as < >1 8 3, , ...., ,n …  or as < ∈ >n n3 : N  or

sim ply as < >n3 .

 3. De fin ing a se quence by a Re cursion for mula i e. . by a rule which ex presses the nth 

term in terms of the ( )n − 1th term. For ex am ple, let

a a an n1 11 3= =+, , for all n ≥ 1.

These relations define a sequence whose nth term is 3 1n − .

Illustrations:

1. < >1

n
 is the se quence < >1

1

2

1

3

1
, , , ..., , .

n
…

2. <
+

>n

n 1
 is the se quence <

+
>1

2

2

3

3

4

4

5 1
, , , , ..., ,

n

n
…  .

3. < − >( ) /1 n n  is the se quence < − − >1
1

2

1

3

1

4
, , , ,… .

4. Let s s s s sn n n1 2 2 11 1= = = ++ +, and  for all n ≥ 1.

From the above for mula, s s s3 2 1 2= + = ,

      s s s s s s4 3 2 5 4 33 5= + = = + =,  and so on.

∴ < > = < >sn 11 2 3 5, , , , , .... .

Range of a se quence: The set of all dis tinct terms of a se quence is called its range.

∴ The range of a se quence < > =s s sn the set { }1 2, , .…

Il lus tra tion 1: The range of the se quence < − > = −( ) , ,1 11n
{ } a fi nite set.

Il lus tra tion 2: The range of the se quence

1 1

n n
n= ∈








: ,N

is an infinite set.

Con stant se quence: A se quence < >sn  de fined by s an =  for all n ∈ N is called a con stant

se quence.

The se quence < > = < >s a a an , , ,…  is a con stant se quence. 

Its range = the singleton { }a  is a finite set.

Equal ity of two se quences: Two se quences < >sn  and < >tn  are said to be equal if s tn n=  V 

n ∈ N.

3  Operations on Sequences

Since sequences of real numbers are real valued functions, we define the sum,

difference, product etc. of two sequences as follows :
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Let < > < >s tn n,  be two sequences. Then the sequences having nth terms 

s t s t s tn n n n n n+ −, and  are respectively called the sum,  difference and product of the

sequences < >sn  and < >tn . These sequences are denoted by < + >s tn n , 

< − > < >s t s tn n n nand  respectively.

If tn ≠ 0 for all n ∈ N, then the sequence whose nth term is 1 / tn is known as the reciprocal

of the sequence < >tn  and is denoted by < >1 / tn . Also the sequence whose nth term is 

s tn n/   is called the quotient of the sequence < >sn  by the sequence < >tn  and it is denoted

by < >s tn n/ .

If c ∈R, then the sequence having nth term csn is called the scalar multiple of < >sn  by c.

This sequence is denoted by < >csn .

4  Subsequences and Order Preservation

Subsequence: Let < >sn  be any sequence. If < >n n nk1 2, , ..., ,…  be a strictly increasing

sequence of positive integers i.e., i j n ni j> ⇒ >  , then the sequence

< >s s sn n nk1 2
, , ....., ,…

is called a subsequence of < >sn .

From the condition i j n ni j> ⇒ >  , we conclude that the order of the various terms in

the subsequence is the same as it is in the sequence.

Il lus tra tions:

1. Let < > = < > = =s i e s sn 1 0 1 0 1 0 1 01 2, , , , , , . ., , ,…  s3 1= , s4 0= , ...... .

Take n n n1 2 31 3 5= = =, , , .... . Then < >nr  is a sequence of positive integers such that 

n n n1 2 3< < < .... .

Hence < >111, , ,…  is a subsequence of < >sn .

Similarly if we take n n n1 2 32 4 6= = =, , , ,…  then the sequence < >0 0 0, , ,…  is also a

subsequence of < >sn .

2. The se quence of primes < >2 3 5 7 11, , , , ,…  is a subsequence of the se quence of

nat u ral num bers < >1 2 3 4, , , , ..... .

3. The se quence < >7 3 15 11 192 2 2 2 2, , , , ,…  is not a subsequence of the se quence 

< >1 2 3 42 2 2 2, , , ,… .

Here n n n n n1 2 3 4 57 3 15 11 19= = = = =, , , , . But < 7, 3, 15, 11, 19, ... > is not a strictly
increasing sequence of positive integers.

Order Preservation: Consider the sequence 

1 1

1

1

2

1

3

1

41n n









=
=

∞
, , , , ...... ... (1)

There can be found many sequences contained in this sequence, for example the
sequences

1

1

1

3

1

5

1

7
, , , , ......

and
1

2

1

4

1

8

1

16
, , , , ...... ... (2)
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Now to see if the order of the original sequence is preserved we need to examine the

subscripts of the terms of the sequences under consideration.

Let the sequence given in (1) be denoted by { } .a n n=
∞

1  Then the sequence given by (2)

can be denoted by { } .a n n2 1=
∞

Here we say that the order of the terms of sequence (1) is preserved in the sequence (2)

as the sequence of subscripts { }2 1
n

n=
∞  is strictly increasing.

A sequence is not only a countably infinite set, instead it is defined as a countably
infinite set expressed in a specific order.

A sequence is said to be contained in another if the order of the terms is preserved.

The sequence 
1

4

1

2

1

8

1

6
, , , , ...... is not considered to be contained as sequence, in the

sequence (1) even though it is contained as a subset.

5  Bounded Sequences

(Kanpur 2008)

Def i ni tion 1: A se quence < >sn  is said to be bounded above if the range set of < >sn  is bounded

above i.e., if there ex ists a real num ber k1 such that

s k all nn ≤ ∈1 for N.

The number k1 is called an upper bound of the sequence < >sn .

Def i ni tion 2: A se quence < >sn  is said to be bounded be low if the range set of < >sn  is bounded

be low i.e., if there ex ists a real num ber k2 such that

s k all nn ≥ ∈2 for N.

The number k2 is called a lower bound of the sequence < >sn .

Definition 3: A sequence < >sn  is said to be bounded if the range set of < >sn  is both bounded

above and bounded below i.e., if there exist two real numbers k k1 2and  such that           

k s k all nn2 1≤ ≤ ∈for N.

Equivalently, a sequence < >sn  is  bounded if and only if there exists a real number K > 0

such that     

| | .s K nn ≤ ∈for all N

It is not necessary that a sequence be bounded above or bounded below.

A sequence < >sn  is said to be unbounded if it is either unbounded below or

unbounded above.

Def i ni tion 4: The least num ber say, M, if it ex ists, of the set of the up per bounds of < >sn  is

called the least up per bound (l.u.b.) or the supremum (sup) of the se quence < >sn .

The greatest number say, m, if it exists, of the set of the lower bounds of < >sn  is called the greatest

lower bound (g.l.b.) or the infimum (inf.) of the sequence < >sn .

Note 1: If the range of a se quence is a fi nite set , then the se quence is bounded be cause

a fi nite set is al ways bounded.

Note 2: Ev ery subsequence of a bounded se quence is bounded.
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Il lus tra tions:

 1. The sequence < >1

n
 is bounded since 

1
1

n


 


≤  for all n ∈ N.

 2. The sequence <
+

>n

n 1
 is bounded since 

1

2
≤ n

n +
<

1
1 for all n ∈ N.

 3. The sequence < − >( )1 n  is bounded since |( ) |− ≤1 n 1 for all n ∈ N. In fact | ( ) |− =1 1n

for all n ∈ N.

 4. The sequence < − >( ) /1 n n  is bounded since | ( ) / |− ≤1 n n 1 for all n ∈ N.

 5. The sequence < >sn  defined by sn
n= + −1 1( )  for all n ∈ N, is bounded since the

range set of the sequence is {0, 2}, which is a finite set.

 6. The sequence < >n2  is bounded below by 1 but not bounded above.

 7. The sequence < − >n2  is bounded above by − 1 but not bounded below.

 8. The sequence < > = < − >s nn
n( )1  is neither bounded below nor bounded above.

For any positive real number K, there exists a positive integer 2m such that 2m K> . It

gives that s Km2 > . Hence < >sn  is not bounded above.

Similarly it can be shown that < >sn  is not bounded below.

The o rem: A se quence < >sn  is bounded iff there ex ist m ∈ N , l ∈R and a > 0 such that

| | .s l a all n mn − < ≥for

Proof: Let < >sn  be a bounded sequence. Then there exist two real numbers k k1 2,  such 

that k s kn1 2< <  for all n ∈ N

⇒ k
k k

s
k k

k
k k

n1
1 2 1 2

2
1 2

2 2 2
−

+
< −

+
< −

+
 V n ∈ N

⇒
k k

s
k k k k

n
1 2 1 2 2 1

2 2 2

−
< −

+
<

−
 V n ∈ N

⇒ − < − <a s l an  V n ∈ N where  l
k k

a
k k

=
+

=
−1 2 2 1

2 2
and

⇒ | |s l an − <  V n ∈ N

⇒ | |s l an − <  V  n m≥ , where m l= ∈ ∈1 N R,  and a > 0.

Conversely, let there exist l a m∈ > ∈R N, and0  such that | |s l an − <  for all n m≥ .

This gives l a s l an− < < +  for all n m≥ .

Choose k s s s l am1 1 2 1= −−min { }, , ..., , .

Then k1 ≤ sn , for all n ∈ N.

Again choose k s s s l am2 1 2 1= +−max , , , , .{ }…

Then sn ≤ k2 for all n ∈ N.

∴ k s kn1 2≤ ≤  for all n ∈ N.

Hence < >sn  is a bounded sequence.

Note: In view of the above the o rem we con clude that a se quence is bounded even if 

k s kn1 2≤ ≤  for n m≥ . How ever in such a case it is not nec es sary that k1 is a lower bound

and k2 is an up per bound of the se quence < >sn .
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6  Convergent Sequences

Def i ni tion: A se quence < >sn  is said to con verge to a num ber l, if for any given ε > 0 there ex ists

a pos i tive in te ger m such that 

| |s ln − < ε for all n m≥ .

The number l is called the limit of the sequence < >sn  and we write s ln →  as n → ∞  or  
lim

n
s = ln→ ∞  or simply lim s = l.n

(Gorakhpur 2011)

The positive integer m depends on the value of ε.
The phrase ‘ | |s ln − < ε for all n m≥  ’ expresses the fact that the absolute value of the

difference between s ln and  can be made less than ε from some stage onwards 

i e l s ln. ., − ε < < + ε from some stage onwards.

The truth of the statement that the sequence < >sn  converges to l depends upon

showing that all except a finite number of terms of the sequence must lie in the open

interval ] , [l l− ε + ε  , whatever ε > 0 we take. If we can find even one ε for which

infinitely many terms of the sequence lie outside ] , [l l− ε + ε , the sequence will not

converge to l. The number of terms lying outside ] , [l l− ε + ε  depends upon ε. The

smaller the ε, the larger the number of terms which lie outside ] , [l l− ε + ε .

From the above discussion, we conclude that ‘a sequence converges to l iff it lies ultimately in

each open interval around l’.

The o rem  1:  If  < >sn   is  a  se quence  of   non-neg a tive  num bers  such  that lim s ln = , then 

l ≥ 0.

Proof: Sup pose, if pos si ble, l < 0. Then − >l 0.

Since lim s ln =  , for ε = − >( / )l 2 0, there exists m ∈ N such that | | /s l ln − < − 2 for all 

n m≥ .

In particular, | | /s l lm − < − 2

i e. ., l
l

s l
l

m+ < < −
2 2

i e. ., s lm < / 2  or  sm < 0, be cause by as sump tion l < 0.

But by hypothesis we have sm ≥ 0  because it is given that sn ≥ 0 for all n.

Hence our assumption is wrong. So we must have l ≥ 0.

Re mark: In the above proof ε can be taken any pos i tive real num ber such that 0 < ε ≤
− l, say ε = − l or ε = − l / 2 or ε = − l / 3 etc.

Note 1: A neg a tive num ber can not be the limit of a se quence of non-neg a tive

num bers.

2. If lim ands l ln = < 0 then there ex ists a pos i tive in te ger m such that sn < 0 for all 

n m≥ .

3. A se quence < >sn  is called a null se quence if lim sn = 0.

The o rem 2: A se quence can not con verge to more than one limit i.e., the limit of a se quence is

unique. (Gorakhpur 2011)
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Proof: If pos si ble, sup pose a se quence < >sn  con verges to two dis tinct num bers 

l land ′. Since l l≠ ′, there fore | | .l l− ′ > 0

Let ε = − ′1

2
| |l l  , then ε > 0.

Now < >sn  converges to l ⇒ there exists m1 ∈ N such that 

| |s ln − < ε for all n m≥ 1.  ...(1)

Similarly < >sn  converges to l ′ → there exists m2 ∈ N such that 

| |s ln − ′ < ε for all n m≥ 2 . ...(2)

Let m m m= max { }1 2, .

Then (1) and (2) hold for all n m≥ . 

We have for all n m≥  

| | |( ) ( )|l l s l s ln n− ′ = − − − ′  ≤ − + − ′| | | |s l s ln n

        < ε + ε = ε = − ′2 | |.l l

Thus | | | |l l l l− ′ < − ′ , which is absurd. Hence our initial assumption that l l≠ ′ is wrong

and  we must have l l i e= ′ . ., the limit of a sequence is unique.

Note: After taking ε = − ′1

2
| |l l , we can also give the following argument :

Since < >sn  converges to both l land ′, therefore it lies ultimately in both the intervals 

] , [ and ] , [l l l l− ε + ε ′ − ε ′ + ε . This is impossible since these two intervals have no

real number in common. Hence our assumption is wrong and thus the sequence cannot

converge to more than one limit.

The o rem 3: If < >sn  con verges to l, then any subsequence of  < >sn   also con verges to l.

Proof: Let < >snk
  be any subsequence of < >sn  . Then by def i ni tion of subsequence, 

n n nk1 2, , , , ....…  are pos i tive in te gers such that

n n nk1 2< < < <… ....

Now n n kk1 1≥ ⇒ ≥   (by in duc tion).

Since < >sn  converges to l,  so given ε > 0, there exists a positive integer m such that   

    | |s lk − < ε for all k m≥ .

For k m≥   we have n k mk ≥ ≥ .

∴ | |s lnk
− < ε for all n mk ≥ . 

∴ < >snk
 con verges to l.

Cor ol lary: All sub se quenc es of a con ver gent se quence con verge to the same limit.

Proof: By the o rem 3, any subsequence of a se quence con verges to the same limit as

the limit of the se quence and by the o rem 2, the limit of a se quence is unique. This

shows that all sub se quenc es of a con ver gent se quence have the same limit.

Note: To show that a given se quence is not con ver gent it is enough to show that two of 

its sub se quenc es con verge to dif fer ent lim its.

Il lus tra tion: The se quence < − >( )1 n  is not con ver gent.

The two subsequences < 1, 1, 1, .... > and < − − − >1 1 1, , ,…  of the given sequence

converge respectively to 1 and − 1 which are different.
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The o rem 4: If the sub se quenc es < >−s n2 1  and < >s n2  of the se quence < >sn  con verge to the

same limit l, then the se quence < >sn  con verges to l.

Proof: Let ε > 0 be given. Then, since lim ,s ln2 1− =  there ex ists m1 ∈ N such that 

| |s ln2 1− − < ε  V n m≥ 1.

Similarly lim s ln2 = ⇒  for ε > 0, there exists m2 ∈ N such that

| |s ln2 − < ε  V n m≥ 2 . 

Let m m m= max. { }1 2, .

Then | |s ln2 1− − < ε and | |s ln2 − < ε V n m≥ . 

∴ | |s ln − < ε  V n m≥ −2 1.

Hence < >sn  converges to l.

The o rem 5: Ev ery con ver gent se quence is bounded.
(Kanpur 2008; Gorakhpur 10, 13, 14)

Proof: Let < >sn  be a se quence which con verges to l. Take ε = 1. Then there ex ists a

pos i tive in te ger m such that

| |s ln − < 1, for all n m≥ ,

i e. ., l s ln− < < +1 1, for all n m≥ .

Let k s s s lm= −−min.{ }1 2 1 1, , ....., , , 

and K s s s lm= +−max.{ }1 2 1 1, , ....., , .

∴ k s Kn≤ ≤   for all n ∈ N.

Hence the sequence < >sn  is bounded.

Note: The con verse of the above the o rem need not be true. That is, a bounded

se quence need not be con ver gent. For ex am ple, the se quence < − >( )1 n  is bounded but is

not con ver gent. (Gorakhpur 2013, 15)

Ex am ple 1: Show that the se quence < >1 / n  has the limit  0.

So lu tion: For any given ε > 0, we have 
1

0
n

−

 


< ε when 

1

n
i e< ε . ., when n >

ε
⋅1

Let us choose a positive integer m > ε1 / . Then for all n m≥ , we have

1
0

1

n n
−


 


= ≤ 1

m
< ε.

∴ < >1

n
 con verges to 0 i e

n
. .,< >1

 has the limit 0.

Ex am ple 2: If s kn = ∈( )R  is a con stant se quence, then lim s kn = .

So lu tion: We have | | | |s k k kn − = − = 0 for all n ∈ N. 

Given any ε > 0, | |s kn − = < ε0  for all n

 i e. ., | |s kn − < ε for all n m≥ = 1. 

Hence lim .s kn =
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Ex am ple 3: The se quence < >sn  where sn
n= 1 2/  con verges to ‘0’.

So lu tion: We have  | |sn n
− = ⋅0

1

2

∴ For any ε > 0, | |sn − < ε0  if 
1

2n
< ε

i e. ., if 2
1n i e>
ε

. . ,  if n >
ε

⋅
log ( / )

log

1

2

Let us choose a positive integer m > 





log log/1
2

ε
.

Then for all n m≥ , | |sn − < ε0 .

∴ < >sn  con verges to 0.

Ex am ple 4: Show that the se quence < >sn  de fined by s rn
n=  con verges to zero if   | |r < 1 .

So lu tion: If | |r < 1, then we can write | | ,r
h

=
+
1

1
 where h > 0. Since h > 0, there fore

( )
( )

1 1
1

2
2+ = + +

−
+ +h nh

n n
h hn n

…  ≥ +1 nh nfor all .

Now  | | | | | |
( )

s r r
h

n
n n

n
− = = =

+
≤0

1

1

1

1+ nh
 ,  V  n.

Let ε > 0 be given. Then | |sn − < ε0  if 
1

1+
< ε

nh
 i e. ., if n h> −





1
1

ε / .

If we take a pos i tive in te ger m h> −





1
1

ε / , then for all n m sn≥ − <, | |0 ε.

Hence < >sn  con verges to zero.

Ex am ple 5: Let < >sn  be a se quence such that sn ≠ 0 for any n, and 
s

s
l

n

n

+ →1
. Prove that if  

| |l < 1 , then sn → 0.

So lu tion: Since | |l < 1, hence there ex ists ε >0 0 such that 

| | .l h+ ε = <0 1

Now 
s

s
l

n

n

+ → ⇒1
there exists a positive integer m such that

s

s
l

n

n

+ −



 


< ε1

0 for all n m≥ .

We have  
s

s

s

s
l l

n

n

n

n

+ +


 


= −









 +









≤1 1 s

s
l l

n

n

+ −



 


 +1

| |,

      < ε +0 | |,l  for all n m≥

i e. ., 
s

s
h

n

n

+


 


<1

, for all n m≥ . ...(1)

Replacing n by m m n, , ...,+ −1 1 successively in (1) and multiplying the corresponding

sides of the resulting n m−  inequalities, we get
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s

s

s

s

s

s
h

m

m

m

m

n

n

n m+ +

+ −

−


 


⋅









⋅ ⋅ ⋅ ⋅ ⋅ ⋅









<1 2

1 1
,

or 
s

s

s

s

s

s
h

m

m

m

m

n

n

n m+ +

+ −

−⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅








<1 2

1 1
 ,

or | |
| |

,s h
s

h
n

n m
m

< 





 for all n m> . ...(2)

Again, since 0 1< <h , therefore, hn → 0 and hence, given ε > 0, there exists a positive

integer m1 such that

| | | |h h sn m
m< ε /  , for all n m≥ 1. ...(3)

Let us choose a positive integer p such that p>  max. { }m m, .1

From (2) and (3), we get

| |sn < ε, for all n p≥ .

Hence sn → 0.

Ex am ple 6: Find an  m ∈ N such that 
2

3
2

1

5

n

n +
−









<   for all n m≥ .

So lu tion: We have 
2

3
2

1

5

2 2 6

3

1

5

n

n

n n

n+
−









< ⇒

− −
+









<

⇒   
6

3

1

5

3

6
5 27

n

n
n

+
< ⇒

+
> ⇒ > .

If we take a positive integer m > 27, we have

2

3
2

1

5

n

n +
−









< , for all n m≥ .

Hence for ε = 1 5/ , the required least value of m = 28.

In fact, we can find m ∈ N for each ε > 0 such that

2

3
2

n

n +
−









< ε for all n m≥ .

∴ lim .
2

3
2

n

n +
=

Ex am ple 7: Show that the se quence < >sn  where s
n

n
n =

+
−

2 1

2 1

2

2
, V  n ∈ N  con verges to 1.

So lu tion: Let ε > 0 be given.

We have  | |s
n

n n
n − =

+
−

−








=

−









1

2 1

2 1
1

2

2 1

2

2 2
 =

−
< ε2

2 12n
 if n >

+ ε
ε







⋅
2

2

If we choose a positive integer m >
+ ε
ε







2

2
, then for all n m≥ , | |sn − < ε1 .

∴ lim .sn = 1
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Ex am ple 8: Show that the se quence < >sn  where s
n

n n
n =

+
3

5 1 2/
 has the limit 3.

So lu tion: Let ε > 0 be given.

We have 
3

5
3

3 3 15

5

15
1 2

1 2

1 2

1 2n

n n

n n n

n n

n

+
−









=

− −
+









=

/

/

/

/

n n+ 5 1 2/

which is less than 
15 151 2

1 2
n

n n

/

/
= ⋅

Thus 
15

5

1 2

1 2
n

n n

/

/+
 will be < ε if 15

1 2n
i e

/
. .< ε  if n >

ε
⋅225

2

If we choose a pos i tive in te ger m >
ε

225
2

 , then | |sn − < ε3  for all n m≥ .

Hence 
lim

.
n

sn→ ∞ = 3

Ex am ple 9: Prove that lim ( / ) , .1 0 0n pp = >

So lu tion: Let ε > 0 be given.

We have 
1

0
1 1

n n
n

p p
p−


 


< ε ⇒ < ε ⇒ >

ε
 

                  ⇒ >
ε







⋅n
p1 1/

By Archimedean property, for ( / ) /1 1ε ∈p
R there exists a positive integer m p> ε( / ) /1 1 . If

we choose m p> ε( / ) /1 1 , then we have

1
0

n p
−


 


< ε for all n m≥ . 

Hence lim 
1

0
n p

= , when p> 0.

Ex am ple 10: Show that the se quence < >sn , where s nn
n= − −( ) /1 1 , con verges to 0.

So lu tion: We have s
n

n = 1
 if n is odd,  s

n
n = − 1

 if n is even. The se quences < >−s n2 1

and < >s n2  are sub se quenc es of < >sn .

< > = < > < > = < − − − >−s sn n2 1 21
1

3

1

5

1

2

1

4

1

6
, , , .... , , , ,… .

But < >1
1

3

1

5
, , ,…  and < >1

2

1

4

1

6
, , ,…  are sub se quenc es of the se quence < >1 / n

which con verges to 0.

∴ < > < >−s sn n2 1 2and  both con verge to the same limit 0. 

Hence < >sn  con verges to 0.

[By the o rem 4, ar ti cle 6]
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Al ter na tive So lu tion: Take any given ε > 0.

We have | | | |
( )

s s
n n

n n

n

− = =
−







= < ε

−
0

1 11

 if n >
ε

⋅1

Now by Archimedean property of real numbers, for a given real number 1 / ε there exists 

a positive integer m such that m m> ε < ε1 1/ / .or

Then for all n m≥ , we have

| |s
n

n − = ≤0
1 1

m
< ε.

Hence < >sn  converges to zero.

Ex am ple 11: Show that lim n n√ = 1 .

So lu tion: Let n nn h√ = +1  , where hn ≥ 0. 

∴ n hn
n= +( )1  = + +

−
+ +1

1 2nh
n n

h hn n n
n( )

1.2
…

 >
−n n

hn
( )1

2
2 for all n, since hn ≥ 0. 

∴ h
n

nn
2 2

1
2<

−
≥for   i e. .  | | .h

n
nn <

−








 ≥2

1
2for  

Let ε > 0 be given. Then | | ,h
n

n <
−









 < ε2

1
  pro vided 

2

1

2
12

2n
i e n

−
< ε >

ε
+. . .

If we choose m ∈ N such that m >
ε

+2
1

2
, then we have

| |hn < ε V n m≥  

i e. . | |n n√ − < ε1  V n m≥ . 

∴ lim .n n√ = 1

Ex am ple 12: Show that the se quence < >sn  de fined by

s n nn = √ + − √{ }( ) ,1  V n ∈ N is con ver gent.

So lu tion: We have s n nn = √ + − √( )1

= √ + − √
√ + + √
√ + + √

{ }
{ }

{ }
( )

( )

( )
n n

n n

n n
1

1

1

=
√ + + √

<
√ + √

=
√

<
√

1

1

1 1

2

1

( )n n n n n n
 i e. .,  s

n
n <

√
⋅1

Let ε > 0 be given. Then | |s
n

n − <
√

< ε0
1

 , pro vided √ >
ε

>
ε

⋅n i e n
1 1

2
. .,

If m is a positive integer greater than 1 2/ ,ε   then

| |sn − < ε0  for all n m≥ .  

Hence lim .sn = 0

Ex am ple 13: Show  that the se quence < >sn  where s sin nn = πθ and θ is a ra tio nal num ber such

that 0 1< <θ  , is not con ver gent.
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So lu tion: Let θ =
p

q
,  where p qand  are in te gers. Since 0 1< <θ , we must have q ≥ 2 .  For 

n q q q= , , , ...,2 3  the terms of < >sn  are sin ,sinπ πp p2 , sin ,3πp ..., i e. ., 0, 0, 0, ..... Thus 

< >sn  con tains a subsequence < 0, 0, 0, ...> which con verges to 0. Now for n q= + 1, 

2 1 3 1q q+ +, , ... the terms of < >sn  are

sin ,sin ,sin ,π
π

π
π

π
π

p
p

q
p

p

q
p

p

q
+









 +









 +









2 3 ....

i e. .,  ( ) sin ( / ), ( ) sin ( / ), ( ) sin ( / ),− − −1 1 12 3p p pp q p q p qπ π π … .

All these terms have absolute value sin ( / )πp q  and do not tend to zero since 

0 < <π πp q/ . [ / ].∵ 0 1< <p q

Thus the sequence < >sn  contains a subsequence whose limit is 0 and a subsequence

which (may or may not converge but certainly) does not have the limit zero. Hence we

conclude that the given sequence is not convergent. [See corollary to theorem 3]

Remark: The sequence < >sin nπθ  obviously converges to 0 for θ = 0 or θ = 1.

7  Divergent Sequences

Definition 1: A sequence < >sn  is said to diverge to + ∞ if for any given k > 0 (however large) ,

there exists m ∈ N such that s k n mn > ≥for all .

If < >sn  diverges to infinity, we write sn → ∞ as n → ∞ or lim sn = + ∞.

Def i ni tion 2: A se quence < >sn  is said to di verge to − ∞ if for any given  k < 0 (how ever

small) , there ex ists m ∈ N such that s kn <  for all n m≥ . 

If < >sn  diverges to minus infinity, we write

sn → − ∞ as n → ∞   or   lim sn = − ∞.

A sequence is said to be a divergent sequence if it diverges to either + ∞ or − ∞.

Il lus tra tions:

 1. < >2 4 6 2, , , ...., ,n…  di verges to + ∞.

 2. < >3 3 3 32 3, , , ...., ,n
…  di verges to + ∞.

 3. < > >x x x x xn, , , ......, , ,2 3 1… , di verges to + ∞.

 4. < − − − − >2 4 6 2, , , ...., ,n…  di verges to − ∞.

 5. < − − − − >3 3 3 32 3, , , ..., ,n
…  di verges to − ∞.

 6. < − − − − > >x x x x xn, , , ....., , ,2 3 1… , di verges to − ∞.

8  Oscillatory Sequences

Definition: A sequence < >sn  is said to be an oscillatory sequence if it is neither convergent nor

divergent.

An oscillatory sequence is said to oscillate finitely or infinitely according as it is bounded or

unbounded.
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Illustrations:

 1. The se quence < − >( )1 n  os cil lates fi nitely.

 2. The se quence < − >( )1 n n  os cil lates in fi nitely.

The o rem 1: If a se quence < >sn  di verges to in fin ity then any subsequence of < >sn  also di verges

to in fin ity.

Proof: Let < >snk
 be any subsequence of the se quence < >sn . Then by the def i ni tion of 

a subsequence < >n n nk1 2, , ....., , .....  is a strictly in creas ing se quence of pos i tive

in te gers. This im plies n n kk1 1≥ ⇒ ≥  (by in duc tion).

Take any given positive real number k1.

Now < >sn  di verges to ∞ ⇒ for k1 0>  there ex ists m ∈ N such that s kn > 1 for all n m≥
i e. ., s kk > 1 V k m≥ . 

For k m≥ , we have n k mk ≥ ≥  i e. ., n mk ≥ . 

∴ s knk
> 1 for all n mk ≥ .

∴ < >snk
 di verges to in fin ity.

Note: If s n2 1− → ∞ as n → ∞ and s n2 → ∞ as n → ∞, then sn → ∞ as n → ∞.

The o rem 2: If sn > 0 for all n ∈ N , then 

sn → ∞ as n
s

as n
n

→ ∞ ⇔ → → ∞1
0 .

Proof: Let sn → ∞ as n → ∞.

Let ε > 0 be given. Since sn → ∞ as n → ∞, hence for 1 0/ ε >  there exists m ∈ N such that

s n mn > ε ≥1 / for all  

⇒  
1

sn
< ε V n m

s
n m

n
≥ ⇒ 


 


< ε ≥1

V  [ ]∵ sn > 0

⇒ 1
0

sn
−


 


< ε V n m≥   ⇒  

1
0

sn
→  as n → ∞.

Conversely, let 
1

0
sn

→  as n → ∞.

Take any given k > 0. 

Now 
1

0
sn

→  as n → ∞ ⇒ for 1 0/ k >  there exists m ∈ N such that 

1
0

1

s kn
−


 


<  for all n m≥  

⇒ 1 1

s kn
<  V n m≥  ⇒ s k n mn > ≥V

⇒ s nn → ∞ → ∞as .

Theorem 3: If  the sequences < >sn , < >tn  diverge to infinity then < + >s tn n  and < >s tn n

diverge to infinity.
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Proof: Take any given k > 0. The sequence < >sn  diverges to infinity  ⇒ for k > 0, there

exists m1 ∈ N such that s kn >  V n m≥ 1. Again, the sequence < >tn  diverges to infinity ⇒
for 1 0> , there exists m2 ∈ N such that tn > 1 V n m≥ 2 .

Take m m m= max. { }1 2, .

∴ s t k kn n+ > + >1 V n m≥   and  s t k kn n > =.1  V n m≥ .

∴ Both < + >s tn n  and < >s tn n  di verge to in fin ity.

The o rem 4: If < >sn  di verges to in fin ity and < >tn  is bounded then < + >s tn n  di verges to 

in fin ity.

Proof: The sequence < >tn  is bounded ⇒ there exists k1 0>  such that 

| |t kn < 1 V n ∈ N.

The se quence < >sn  di verges to in fin ity ⇒ for k > 0 there ex ists m ∈ N such that 

s k kn > + 1 V n m≥ . 

∴ For all n m≥ , we have 

s t s tn n n n+ ≥ −| |  [ | |]∵ x x≥ −

> + − =k k k k1 1 .

Thus for k > 0, there ex ists m ∈ N such that s t kn n+ >  for all n m≥ .

Hence < + >s tn n  di verges to in fin ity.

Corollary: If < >sn  diverges to infinity and < >tn  converges then < + >s tn n  diverges to infinity.

Ex am ple 14: Prove that the se quence < >n p  where p> 0 di verges to in fin ity.

So lu tion: Let s nn
p= . Then sn > 0 for all n as n ∈ N and p> 0.

∴ The se quence < > = < >1 1

s nn
p

exists.

Since we know that 
1

0
n p

→  as n → ∞,

∴ n p → ∞ as n → ∞.

Hence < >n p  diverges to ∞.

Ex am ple 15: Show that the se quence < >log
1

n
 di verges to − ∞.

So lu tion: Let  s
n

n = ⋅log
1

 Take any given  k < 0.

Then s k
n

k i e n kn < < − <if iflog . ., log
1

i e. .,  if log . ., .n k i e n e k> − > −
if

If we take m ∈ N such that m e k> − , then s k n mn < ≥for all . 

Hence s nn → − ∞ → ∞as .
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Ex am ple 16: If < >tn  di verges to ∞ and s tn n>   V n, then < >sn  di verges to ∞.

So lu tion: Take any given k > 0. 

Since < >tn  diverges to ∞, therefore, for k > 0 there exists m ∈ N such that

t kn >  for all n m≥
⇒ s kn >  for all n m≥ . [∵ s tn n> V  n ∈ N]

Hence < >sn  di verges to ∞.

9  Algebra of Convergent Sequences

Theorem 1: If lim s ln =  and lim t ln = ′ then lim ( )s t l ln n+ = + ′. In other words the limit of

the sum of two con ver gent se quences is the sum of their lim its.

Proof: Take any given ε > 0.

Since lim s ln = , therefore for a given positive real number ε / 2 there exists m1 ∈ N such

that

| | /s ln − < ε 2 for all n m≥ 1. 

Similarly, since lim ,t ln = ′  there exists m2 ∈ N such that | | /t ln − ′ < ε 2  for all n m≥ 2 . 

Let m m m= max. { }1 2, . Then

 | | /s ln − < ε 2 and | | /t ln − ′ < ε 2 for all n m≥ . 

∴ for all n m≥ , we have

 |( ) ( )| |( ) ( )|s t l l s l t ln n n n+ − + ′ = − + − ′

      ≤ − + − ′ < ε + ε = ε| | | | .s l t ln n
2 2

Thus for any given ε > 0, there exists a positive integer m such that 

|( ) ( )|s t l ln n+ − + ′ < ε for all n m≥ .

∴ The se quence < + >s tn n  is con ver gent and

lim ( ) lim lim .s t l l s tn n n n+ = + ′ = +

Note: The con verse of the above the o rem need not be true.

Let sn
n= −( )1  and tn

n= − +( ) .1 1

Then s tn n
n n n+ = − + − = − + − =+( ) ( ) ( ) [ ( )] .1 1 1 1 1 01

Hence the sequence < + >s tn n  converges to 0, while < >sn  and < >tn  oscillate finitely.

The o rem 2: If  lim s l cn = ∈and R, then lim ( ) .cs cln =
Proof: If c = 0, the the o rem is ob vi ous be cause then  lim ( ) . .cs ln = =0 0

Let c ≠ 0. Take any given ε > 0.

Since lim s ln = , hence for a given positive real number ε /| |c , there exists m ∈ N such

that

| |
| |

.s l
c

n mn − < ε ≥for all  
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Now for all n m≥ , we have

 | | | ( )| | || |cs cl c s l c s ln n n− = − = −  < ⋅ ε = ε| |
| |

.c
c

∴ lim ( ) .cs cln =
The o rem 3: If  lim s ln =  and lim t ln = ′, then lim ( )s t l ln n− = − ′.
Proof: By the o rem 2, 

lim ( ) lim [( ) ] ( ) .− = − = − ′ = − ′t t l ln n1 1

We have  lim ( ) lim [ ( )] lim lim ( ),s t s t s tn n n n n n− = + − = + − [by the o rem 1]

            = − ′l l .

Corollary: If < >sn  and < >tn  are convergent sequences such that sn ≤ tn for all n ∈ N and lim 

s ln = , lim t ln = ′, then l ≤ l ′ .
Proof: By theorem 3, we have lim ( ) .t s l ln n− = ′ −  By hypothesis t sn n− ≥ 0  for all 

n ∈ N. Hence l l′ − ≥ 0, by theorem 1 of article 6. Thus l l′ ≥  i e. ., l l≤ ′ .
Theorem 4: If  lim sn = 0 and the sequence < >tn  is bounded then 

                      lim ( ) .s tn n = 0

Proof: The se quence < >tn  is bounded ⇒ there ex ists k ∈ +
R  such that 

| |t kn <   V  n ∈ N.

Take any given ε > 0.

Since lim sn = 0, therefore for a given positive real number ε / k there exists m ∈ N such

that | | | |s s
k

n n− = < ε
0  V n m≥ . 

Now for all n m≥ , we have

 | | | | | || | .s t s t s t
k

kn n n n n n− = = < ε ⋅ = ε0

Thus for any given ε > 0, there exists m ∈ N such that | |s tn n − < ε0  for all n m≥ .

Hence lim ( ) .s tn n = 0

The o rem 5: If  lim s ln =  and lim t ln = ′, then lim ( ) .s t lln n = ′
Proof: Let ε > 0 be given. We have

| | | | | ( ) ( )|s t ll s t lt lt ll t s l l t ln n n n n n n n n− ′ = − + − ′ = − + − ′
≤ − + − ′| ( )| | ( )|t s l l t ln n n

= − + − ′| || | | || |.t s l l t ln n n  ...(1)

Since the sequence < >tn  is convergent, therefore it is bounded i e. . there exists a positive

real number k such that

| |tn ≤ k for all n ∈ N.

Since the sequences < > < >s tn nand  are convergent, therefore there exist positive

integers m m1 2and , such that

| |s l
k

n mn − < ε ≥
2

1for all  ...(2)

and | |
(| | )

.t l
l

n mn − ′ < ε
+

≥
2 1

2for all   ...(3)
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Let m m m= max.{ }1 2, . From (1), (2) and (3), we have for all n m≥  

| | | |
(| | )

s t ll k
k

l
l

n n − ′ < ⋅ ε + ε
+2 2 1

  < ε + ε = ε
2 2

.

Hence lim ( ) .s t l ln n = ′
Note 1: In the inequality (3) we have taken (| | ).l + 1  Had we not done so, this

inequality would have failed in case l = 0. Hence to include this case also we used this

device.

Note 2: The converse of the above theorem need not be true.

Let s tn
n

n
n= − = − +( ) and ( ) .1 1 1

Then  s tn n
n n n= − − = − = −+ +( ) ( ) ( ) .1 1 1 11 2 1

Thus < >s tn n  is a constant sequence and converges to − 1 while < >sn  and < >tn  oscillate

finitely.

Theorem 6: If lim s l ln = ≠and 0, then there exists a positive number k and a positive integer

m, such that | |s k n mn > ≥for all . 

Proof: Let us choose ε = 1

2
| |l . Then ε > 0, since l ≠ 0. Since lim s ln = , therefore there

must exist a positive integer m,  such that | | .s l n mn − < ε ≥for all  

We can write l l s sn n= − + .

∴    | | |( ) |l l s sn n= − +
      ≤ − +| | | |l s sn n  < ε + ≥| | .s n mn for all

∴ | | | |s l n mn > − ε ≥for all

or | | | | | | | | .s l l l n mn > − = ≥1

2

1

2
for all  

Thus we have found a positive number k l= 1

2
| | and a positive integer m, such that        

| | .s k n mn > ≥for all  

The o rem 7: If lim t l l tn n= ′ ′ ≠ ≠, 0 0and V n, then lim ( / ) / .1 1t ln = ′

Proof: We have 
1 1

t l

l t

t ln

n

n
−

′








=

′ −
′

⋅
| |

| |.| | ...(1)

Since l′ ≠ 0, therefore by theorem 6, there exists a positive number k and a positive

integer m1, such that

| |
| |

.t k
t k

n mn
n

> < ≥or
1 1

1for all ...(2)

Take any given ε > 0.

Since lim t ln = ′ , therefore for a given positive real number k l| |′ ε, there exists m2 ∈ N

such that

| | | | .t l k l n mn − ′ < ′ ε ≥for all 2  ...(3)

Let m m m= max.{ }1 2, . From (1), (2) and (3), we have

1 1 1 1

t l l k
k l

n
−

′








<

′
⋅ ⋅ ′ ε

| |
| |  for all n m≥  
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i e. ., 
1 1

t l
n m

n
−

′








< ε ≥for all . 

Hence lim ( / ) / .1 1t ln = ′

The o rem 8: If lim s ln =  and lim t l tn n= ′ ≠ ≠( ),0 0 for all n, then

                    lim ( / ) / .s t l ln n = ′

Proof: Since tn ≠ 0 V  n land ,′ ≠ 0  there fore, by the o rem 7, lim ( / ) / .1 1t ln = ′

Now lim lim
s

t
s

t
n

n
n

n







 = ⋅









1
 =







(lim ) lims

t
n

n

1
     [by the o rem 5, ar ti cle 9]

              = ⋅
′

=
′

⋅l
l

l

l

1

Hence lim
lim

lim

s

t

l

l

s

t
n

n

n

n
=

′
= ⋅

The o rem 9: Squeeze The o rem (Sand wich The o rem): If < > < >s tn n,  and < >un

are three se quences such that

(i) for some pos i tive in te ger k, s u tn n n≤ ≤  for n k≥ , 

(ii) lim lims t ln n= = , then lim u ln = .

Proof: Let ε > 0 be given.

Since lim ,s ln =  therefore, there exists m1 ∈ N such that

| |s l n mn − < ε ≥for all 1 

i e. ., l s l n mn− ε < < + ε ≥for all 1. 

Similarly lim ,t ln =  therefore, there exists m2 ∈ N such that

| |t l n mn − < ε ≥for all 2 

i e. ., l t l n mn− ε < < + ε ≥for all 2 . 

Let m m m k= max.{ }1 2, , . Then, for n m≥ , we have

l s u t ln n n− ε < ≤ ≤ < + ε

or l u ln− ε < < + ε.

Thus | |u ln − < ε for all n m≥ . 

Hence lim .u ln =

Cor ol lary: If  < > < >s tn nand   are  two  se quences such that | |sn ≤| |tn  V n k≥   where 

k ∈ N and lim tn = 0, then lim sn = 0.

Proof: Lim t t tn n n= ⇒ = − =0 0 0lim| | and lim ( | |) .

We have | |sn ≤ | |tn V n k≥  

⇒ − ≤ ≤| | | |t s tn n n   V n k≥ . 

Hence by Sand wich the o rem, lim .sn = 0

Note: If  | |sn ≤  α| |tn   V n k≥   where k ∈ N and α is a pos i tive real num ber, then 

lim lim .t sn n= ⇒ =0 0
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For example, let s
n

n
n = ⋅

cos π

Then | |
cos

s
n

n
n =


 


≤

π 1

n
⋅ [∵ − ≤ ≤1 cos nπ 1]

∴ | |sn ≤ 1 1
0

n n


 


 =and lim .

Hence lim lim
cos

.s
n

n
n = =

π
0

Theorem 10: (Cauchy’s first theorem on limits)

If 
lim

n s ln→ ∞ = ,   then  
lim

n
s s s

n
ln

→ ∞
+ + +

=1 2 ....
.

(Gorakhpur 2015)

Proof: De fine a se quence < >tn  such that

s l tn n= +  V  n ∈ N.

∴  lim tn = 0

and 
s s s

n
l

t t t

n
n n1 2 1 2+ + … +

= +
+ + … +

⋅ …(1)

In order to prove the theorem we wish to show that 
lim

.n
t t t

n
n

→ ∞
+ + … +

=1 2 0

Let ε > 0 be given. Since lim tn = 0, therefore, there exists a positive integer m, such that

| | | | /t tn n− = < ε0 2  V  n m≥ . …(2)

Also, since every convergent sequence is bounded, hence there exists a real number 

k > 0 such that

| |t kn ≤  V n ∈ N. ...(3)

Now for all n m≥ , we have

t t t

n

t t t

n

t t t

n
n m m m n1 2 1 2 1 2+ + … +


 


=

+ + … +
+

+ + … +


 



+ + 

≤
+ + … +

+
+ + … ++ +| | | | | | | | | | | |t t t

n

t t t

n
m m m n1 2 1 2

 ≤ +
−

⋅ εmk

n

n m

n 2
[From (2) and (3)]

 < + ε ⋅mk

n 2
 ...(4)

∵ 0 1≤
−

<





n m

n

If m is fixed, then 
mk

n
< ε1

2
 if n

mk>
ε

⋅2

Let us choose a positive integer p
mk>
ε

⋅2
 Then

mk

n
< ε1

2
 for n p≥ . …(5)
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Let M = max. { }m p, . From (4) and (5), we have

t t t

n
n1 2

2 2

+ + … +

 


< ε + ε = ε V n M≥ .

Thus lim
t t t

n
n1 2 0

+ + … +
=  and consequently (1) gives

lim .
s s s

n
ln1 2+ + … +

=

Note: The converse of the above theorem need not be true. 

Consider the sequence < >sn  where sn
n= −( )1 .

For this sequence,
s s s

n
n1 2 0

+ + … +
= , if n is even, and  = − 1

n
, if n is odd.

∴ lim
s s s

n
n1 2 0

+ + … +
= , but < >sn  is not con ver gent.

The o rem 11: (Cauchy’s sec ond the o rem on lim its). If < >sn  is a se quence such that 

sn > 0 for all n and lim s ln = , then lim ( ) ./s s s ln
n

1 2
1… =

Proof: Let us define a sequence < >tn  such that

t sn n= log  for all n.

Since lim s ln = , therefore lim log .t ln =
By Cauchy’s first theorem on limits, we have

lim log
t t t

n
ln1 2+ + … +

=

i.e., lim
log log log

log
s s s

n
ln1 2+ + … +

=  

i.e.,  lim log ( ) log/s s s ln
n

1 2
1… =

and hence, lim ( ) ./s s s ln
n

1 2
1… =

Note: While prov ing this the o rem, we have used the fol low ing fact :

lim lim log log ,s l s ln n= ⇔ =
provided sn > 0 for all n and l > 0.

Theorem  12: If   < >sn     is   a   sequence   such   that   sn > 0   for   all   n ∈ N     and  

 lim  
s

s
l

n

n

+ =1
, then  lim n

ns l√ = . 

Proof: Let us define a sequence < >tn  such that

t s1 1= , t
s

s
2

2

1
= , t

s

s
3

3

2
= , …,  t

s

s
n

n

n
= …

−1
, .

∴ t t t sn n1 2 … = .

Also lim lim lim .
s

s
l

s

s
l t l

n

n

n

n
n

+

−
= ⇒ = ⇒ =1

1
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Since sn > 0 for all n, hence tn > 0 for  all n.

Thus we have a sequence < >tn   such that tn > 0 for all n and lim .t ln =

Hence by theorem 11 of article 9 , we have lim ( ) /t t t ln
n

1 2
1… =  

i.e.,   lim ( ) ./s ln
n1 =

Theorem 13: (Cesaro’s theorem)

If lim s ln =  and lim t ln = ′, then

lim
s t s t s t

n
ll

n n n1 2 1 1+ + … +
= ′−

.

Proof: Let s l xn n= +  and | |x Xn n= . Then lim xn = 0 and hence lim Xn = 0. Therefore

by theorem 10 of article 9, we have

lim ( ) .
1

01 2
n

X X Xn+ + … + =

Now 
1

1 2 1 1
n

s t s t s tn n n( )+ + … +−

= + + … + + + + … +−
l

n
t t t

n
x t x t x tn n n n( ) ( )1 2 1 2 1 1

1
, …(1)

on substituting for s s sn1 2, , , .…
Now the sequence < >tn  is convergent and every convergent sequence is bounded.

Therefore there exists a positive real number k, such that

    | |t kn <  V n.

∴    0
1

1 2 1 1≤ + + … +

 


−

n
x t x t x tn n n( )

   ≤ + + … +−
1

1 2 1 1
n

x t x t x tn n n[| |.| | | |.| | | |.| |]

   < + + … +k

n
x x xn(| | | | | |)1 2

   = + + … +k

n
X X Xn( )1 2

    → 0, since k is fixed for all n.

∴ lim ( )
1

01 2 1 1
n

x t x t x tn n n+ + … + =− , by Sand wich the o rem.

Now since lim t ln = ′, we have by theorem 10 of article 9,

( )lim .
1

1 2
n

t t t ln+ + …+ = ′

Hence finally, we get from (1)

( )lim .
1

1 2 1 1
n

s t s t s t lln n n+ + … + = ′−

Note: The o rems of ar ti cle 9 pro vide an eas ier method for eval u at ing the lim its of

se quences than the method for eval u at ing these lim its di rectly by def i ni tion. Later on

we shall il lus trate the use of the the o rems of this sec tion to eval u ate the lim its of

se quences.
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10  Monotonic Sequences

Definition 1:  A  sequence   < >sn   is  said   to  be  monotonically   increasing (or

non-decreasing), if sn ≤ sn +1 for all n i.e., sn ≤ sm for n m< .

Def i ni tion 2: A se quence < >sn  is said to be strictly in creas ing if s sn n< +1 for all n ∈ N.

Def i ni tion 3:  A  se quence  < >sn   is  said  to  be   monotonically   de creas ing (or

non-in creas ing) if s sn n≥ +1 for all n i.e., s sn m≥   for n m< .

Def i ni tion 4: A se quence < >sn  is said to be strictly de creas ing if s sn n> +1 for all n ∈ N.

Def i ni tion 5: A se quence < >sn  is said to be monotonic if it is ei ther monotonically in creas ing

or monotonically de creas ing.

Il lus tra tions:

1. The sequence < … …>1 2 3, , , , ,n  is strictly increasing.

2. < …>2 2 4 4 6 6, , , , , ,  is monotonically increasing.

3. < − >1

n
 is strictly increasing.

4. < …>1
1

2

1

3

1

4
, , , ,  is strictly decreasing.

5. < …>11
1

3

1

3

1

5

1

5
, , , , , ,  is monotonically decreasing.

6. < − − − − …>2 4 6 8, , , ,  is strictly decreasing.

7. < …>0 1 0 1 0 1, , , , , ,  is not monotonic.

8. < − − − …>2 2 4 4 6 6, , , , , ,  is not monotonic.

9. < − − …>1
1

3

1

5

1

7
, , , ,  is not monotonic.

Note: If < >sn  is a se quence of pos i tive terms, then < >sn  is in creas ing ⇔ < >1 / sn  is

de creas ing.

Theorem 1: (Monotone convergence theorem). Every bounded monotonically

increasing sequence converges. (Gorakhpur 2011, 13)

Proof: Let < >sn  be a bounded monotonically in creas ing se quence. 

Let S s nn= ∈{ }: N  be the range of the sequence < >sn . Then S is a non-empty set which

is bounded above. Hence by the completeness axiom for R, there exists a number l = sup 

S. We shall show that < >sn  converges to l.

Let ε > 0 be given. Then l l− ε < , so that l − ε is not an upper bound of S. Hence there

exists a positive integer m such that s lm > − ε. Since < >sn  is monotonically increasing,

therefore,

s s ln m≥ > − ε for all n m≥ . …(1)

Also, since l is the supremum of S, therefore,

sn ≤ l l< + ε for all n. …(2)

From (1) and (2), we get l s ln− ε < < + ε for all n m≥
i.e., | |s ln − < ε for all n m≥ .

∴ lim .s ln =
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Cor ol lary 1: Ev ery bounded monotonically de creas ing se quence con verges.

Proof: Let < >sn  be a bounded monotonically decreasing sequence. Define a

sequence < >tn  such that t sn n= − , for all n ∈ N. Then < >tn  is a bounded monotonically

increasing sequence and hence by the above theorem, it converges. If lim t ln = , then  

lim lim ( ) lim .s t t ln n n= − = − = −

Note: We can prove this re sult in de pend ently by tak ing infimum of the set S.

Cor ol lary 2: Ev ery bounded monotonic se quence con verges. (Kanpur 2012)

Proof: In or der to prove this the o rem we are to prove the fol low ing two re sults.

(i) Every bounded monotonically increasing sequence is convergent. (Give

complete proof of theorem 1)

(ii) Every bounded monotonically decreasing sequence is convergent. (Deduce it

from the result of theorem 1 as deduced in corollary 1)

The o rem 2: A non-de creas ing (i.e., monotonically in creas ing) se quence which is not bounded

above di verges to in fin ity.

Proof: Let < >sn  be a non-de creas ing se quence which is not bounded above.

Take any real number k > 0.

Now < >sn  is not bounded above ⇒ there exists m ∈ N such that s km > .

Also < >sn  is non-decreasing ⇒ s sn m≥  for n m> .

∴ s s kn m≥ >  for n m>  or  s kn >  for n m> .

Hence < >sn  diverges to infinity.

Theorem 3: A non-increasing (i.e., monotonically decreasing) sequence which is not bounded

below diverges to minus infinity.

Proof: Let < >sn  be a non-in creas ing se quence which is not bounded be low.

Take any real num ber k < 0.

Now < >sn  is not bounded be low ⇒ there ex ists m ∈ N such that s km < .

Also < >sn  is non-in creas ing ⇒ ≤sn sm  for n m> .

∴ sn ≤ s km <   for n m>  or  s kn <  for n m> .

Hence < >sn  di verges to − ∞.

The o rem 4: Ev ery se quence has a monotonic subsequence.

Proof: Con sider the se quence a sn0 = < >. Let a a a1 2 3, , ,… de note the sub se quenc es

< …>s s s2 3 4, , , , < …>s s s3 4 5, , , , < …> …s s s4 5 6, , , ,  re spec tively.

There arise two dif fer ent cases.

(i) Each of the se quences a a a0 1 2, , ,… has a great est term. Let s s sn n n1 2 3
, , , …

de note the great est terms of a a a0 1 2, , ,… re spec tively.

Then n n n1 2 3≤ ≤ ≤ … and s s sn n n1 2 3
≥ ≥ ≥ … .

Con se quently  < …>s s sn n n1 2 3
, , ,  is a monotonically de creas ing subsequence of < >sn .
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(ii) At least one of the sequences a a a0 1 2, , ,… has no greatest term. Suppose am

has no greatest term. Then each term of am is ultimately followed by some term of am

that exceeds it. For, if there is a term of am which exceeds all the terms following it, then

it can be exceeded by finitely many terms at the most and hence, am must have a

greatest term. Now sm +1 is the first term of am. Let sn2  be the first term of am exceeding 

s sm n+1 3
,  the first term of am that follows sn2  and exceeds it, sn4  the first term of am that

follows sn3  and exceeds it, and so on.

Thus < …>+s s s sm n n n1 2 3 4
, , , ,  is a monotonically increasing subsequence of < >sn .

Note: In the above proof, we have used the con cept of a great est term of a se quence.

A term sk of a sequence < >sn  is said to be a greatest term of < >sn  if sn ≤ sk for all n.

It is not necessary for a sequence to have a greatest term; e.g., the sequence < …>1 3 5, , ,

has no greatest term. Also, it is not necessary that a greatest term of a sequence be

unique; e.g., for the sequence < >sn  defined by sn
n= − −( )1 1, each of the terms 

s s s1 3 5, , ,… is a greatest term.

If < >snk
 be a subsequence of  < >sn , snp

 be a greatest term of < >snk
 and sm  be a greatest

term of < >sn , then snp
≤ sm , because snp

 is also a term of < >sn , and sm is a greatest term

of < >sn .

11  Limit Points of a Sequence

Definition: A real number p is said to be a limit point (or a cluster point) of a sequence < >sn  if

every neighbourhood of p contains infinite number of terms of the sequence.
(Gorakhpur 2012)

Since every open interval ] , [ ,p p− ε + ε ε > 0, is a neighbourhood of p and also every

neighbourhood of p contains an open interval ] , [p p− ε + ε for some ε > 0, therefore we

can say that a real number p is a limit point of a sequence < >sn  iff given any ε > 0, 

s p pn ∈ − ε + ε] , [ for infinitely many values of n i.e., | |s pn − < ε for infinitely many

values of n.

It can be easily seen that a real number p is a limit point of a sequence < >sn  iff given any

neighbourhood N of p and m ∈ N we can find k ∈ N such that k m>  and s Nk ∈ .

Re marks: 1. Limit point of a se quence is dif fer ent from the limit of a se quence. The
limit of a se quence is a limit point of the se quence, while a limit point of a se quence need 
not be the limit of the se quence.

2. Limit point of a sequence need not be a term of the sequence.

3. If s ln =  for infinitely many values of n then l is a limit point of < >sn .

4. A real number p is not a limit point of < >sn  if there exists even one neighbourhood
  of p containing finite number of terms of the sequence.

Il lus tra tions:

1. The sequence < − >( )1 n  has 1 and − 1 as limit points. Here sn = − 1, if n is odd and 

sn = 1, if n is even. Any neighbourhood of − 1 will contain all the odd terms of the
sequence hence − 1 is a limit point.

Similarly any neighbourhood of 1 will contain all the even terms of the sequence, so 1 is
a limit point.

R-117



2. The sequence < >1

n
 has only one limit point, namely 0.

Given ε > 0, there exists m ∈ N such that 
1

m
< ε.

For n m≥ , 0
1< ≤
n

1

m
< ε     i.e.,  − ε < < < ε0

1

n
 for all n m≥ .

Hence 
1

n
∈ − ε] , ε [ for all n m≥ . Thus every ε-nhd of 0 contains infinitely many points of

the sequence. Hence 0 is a limit point of this sequence.

3. The sequence < … …>1 2 3, , , , ,n  has no limit point.

Let p∈R. Whatever ε we take, the neighbourhood ] , [p p− ε + ε  of p contains at the

most a finite number of terms of this sequence. Hence p is not a limit point of this

sequence.

Theorem 1: If l is a limit point of the range of a sequence < >sn , then l is a limit point of the

sequence < >sn .

Proof: Let S be the range set of the sequence < >sn . Since l is a limit point of S,

therefore, every nhd.  of l contains infinite number of distinct elements of the set S. But

each element of the set S is a term of the sequence < >sn . Hence every nhd of l contains

infinite number of terms of the sequence < >sn . Thus l is a limit point of the sequence 

< >sn . 

Note 1: The converse of the above theorem need not be true.

Consider the sequence < >sn  where sn
n= + −1 1( ) .

We have sn = 0, if n is odd and sn = 2, if n is even.

∴ 0 , 2 are limit points of the sequence < >sn . But the range of this sequence is the set 

{ }0 2, , which is a finite set.

Now a finite set has no limit points, hence the range of < >sn  has no limit points.

Note 2: If a sequence has all its terms distinct, then the limit points of the sequence

and the limit points of the range set are same.

Theorem 2: If s ln → , then l is the only limit point of  < >sn .

Proof: First we shall show that l is a limit point of < >sn . Let ε > 0 be given. Since

s ln → , therefore, there exists a positive integer m such that

| |s ln − < ε for all n m≥
i.e., | |s ln − < ε for in fi nitely many val ues of n.

This shows that l is a limit point of < >sn .

Now we shall show that if l′ be any limit point of < >sn , then we must have l l′ = .

Let ε > 0 be arbitrary. Since l is the limit of < >sn , therefore, there exists a positive

integer p such that

| | /s ln − < ε 2 for all n p≥ . …(1)

Since l′ is a limit point of < >sn , therefore, there must exist a positive integer q p>  such

that           | | / .s lq − ′ < ε 2 …(2)

Putting n q=  in (1), | | / .s lq − < ε 2 …(3)
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Now  | | |( ) ( )|l l s l s lq q− ′ = − ′ − −  ≤ − ′ + −| | | |s l s lq q

      < ε + ε/ /2 2, from (2) and (3)

i.e., | | .l l− ′ < ε

Since ε is arbitrary, hence we must have | |l l− ′ = 0   i.e.,  l l= ′.
Note: The con verse of the above the o rem need not be true; i.e., a se quence hav ing only 

one limit point may not con verge.

Consider the sequence < >sn , where sn is given by

s n
n

n

n
n =








1
,

,

;

.

if is even

if is odd

There is only one limit point of < >sn , namely 0, and yet the sequence does not

converge.

Theorem 3: (Bolzano-Weierstrass Theorem for sequences): Every bounded

sequence has at least one limit point.

Proof: Let < >sn  be a bounded sequence and S be its range set. Then S s nn= ∈{ }: .N

Since the sequence < >sn  is bounded, therefore, S is a bounded set.

Case I: Let S be a fi nite set. Then for in fi nitely many in di ces n, s pn = , where p is

some real num ber. Ob vi ously p is a limit point of < >sn .

Case II: Let S be an in fi nite set. Since S is bounded, by Bolzano-Weierstrass the o rem

for sets of real num bers, S has a limit point, say p. Hence ev ery nbd of p con tains

in fi nitely many dis tinct points of S or ev ery nbd of p con tains in fi nitely many terms of

the se quence < >sn  and con se quently p is a limit point of the se quence < >sn .

Cor ol lary 1: If F is a closed and bounded set of real num bers, then ev ery se quence in F has a

limit point in F.

Proof: Let < >sn  be a se quence in F. Then  < >sn  is bounded and hence, it has a limit

point, say p. Also p F∈ , since p can not be long to R − F. If p F∈ −R , then R − F is an

open set con tain ing p. Thus it is a neigh bour hood of p that con tains no term of the

se quence < >sn  and hence we get a con tra dic tion to the fact that p is a limit point of the

se quence < >sn .

Cor ol lary 2: If I is a closed in ter val, then ev ery se quence in I has a limit point in I.

Proof: Since ev ery closed in ter val is a closed and bounded set, hence the re sult

fol lows from cor ol lary 1.

We have proved earlier that every convergent sequence is bounded and also it has only

one limit point. Now we shall prove the converse.

The o rem 4: If a se quence < >sn  is bounded and has only one limit point, say l, then s ln → .

Proof: Since < >sn  is bounded, so it has at least one limit point. But l is the only limit

point of < >sn . Hence, for any ε > 0, ] , [l l− ε + ε  con tains sn for all ex cept a fi nite

num ber of val ues of n.

Let s s s sm m m mp1 2 3
, , , ,…  be the finite number of terms of the sequence < >sn  that lie

outside ] l l− ε + ε, [.
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If m m m mp− = …1 1 2max { }. , , , , then s ln ∈ − ε] , l + ε [ V n m≥ .

Hence for any ε > 0, there exists m ∈ N such that

| |s ln − < ε  V n m≥ .

∴ the se quence < >sn  con verges to l.

The o rem 5: A real num ber p is a limit point of a se quence < >sn  iff there ex ists a subsequence of 

< >sn  con verg ing to p.

Proof: First, let p be a limit point of a se quence < >sn .

We shall use the result that a real number p is a limit point of a sequence < >sn  if given

any ε > 0  and any positive integer m, there exists a positive integer k m>  such that 

s p pk ∈ − ε + ε] , [.

By choosing ε = 1 and m = 1, there must exist a positive integer n1 1> , such that

| | .s pn1
1− < …(1)

Choosing ε = =1

2
1, m n , there must exist a positive integer n n2 1> , such that

| |s pn2

1

2
− < ⋅ …(2)

Continuing in this way, we can inductively define a subsequence < … …>s s sn n nk1 2
, , , ,

such that | |s p
k

nk
− < ⋅1

In fact, if we assume that s s sn n nk1 2
, , ,…  have been obtained, by choosing

ε =
+

=1

1k
m nk, ,

we can get a positive integer n nk k+ >1  such that

| |s p
k

nk +
− <

+
⋅

1

1

1
 

But sn1
 has already been obtained. Thus the construction of < >snk

 is complete by
induction.

We now claim that the sequence < > →s pnk
. In fact, for any ε > 0, we can choose a

positive integer j, such that 1 / j < ε. For this choice of j, we get | | /s p jnk
− < < ε1  V k j≥ .

This shows that the sequence < > →s pnk
.

Conversely, let < >snk
 be a subsequence of < >sn  converging to p. We have to show that

p is a limit point of < >sn .

Since s pnk
→ , therefore, given any ε > 0 there exists positive integer j such that

| |s pnk
− < ε for all k j≥ .

Thus every neighbourhood of p contains infinitely many terms of < >snk
 i.e., infinitely

many terms of < >sn  and consequently p is a limit point of < >sn .

The o rem 6: The set of limit points of a bounded se quence is bounded.

Proof: Let < >sn  be a bounded sequence. Then there exist k k1 2,  ∈R such that  

k s kn1 2≤ ≤  for all n ∈ N

i.e., s kn ∉ − ∞] , [1  and s kn ∉ ∞] , [2  for any n. Hence if l ∈R and l k k∉ − ∞ ∪ ∞] , [ ] , [1 2 ,

then l is not a limit point of the sequence. Thus if l ∈R is a limit point of the sequence,

then l k k∈[ , ]1 2 . Consequently the set of limit points of < >sn  is bounded.
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The o rem 7: Ev ery bounded se quence has the great est and the least limit points.

Proof: Let < >sn  be a bounded se quence. Then the set L of limit points of < >sn  is
bounded.

Now L ≠ ∅ and L is bounded, hence by completeness axiom the set L has infimum and
supremum.

If inf L u=  and sup L v= , then we have to show that u v L, ∈ .

For ε > − ε + ε0,] , [v v  is a neighbourhood of v.

Since v = sup L, therefore, there exists some x L∈  such that

v x− ε < ≤ v v< + ε i.e.,  x v v∈ − ε + ε] , [

or ] ,v v− ε + ε [ is a neigh bour hood of x.

Since x is a limit point of < >sn , hence ] , [v v− ε + ε contains infinite number of terms of

the sequence. It holds for every ε > 0. Thus every neighbourhood of v contains infinite

number of terms of the sequence < >sn .

∴ v is a limit point of the se quence < >sn .

∴ v L∈ .

Similarly, we can show that u L∈ .

12 Cauchy Sequences

Cauchy Convergence Criterion  for Sequences:

In this section we shall establish an important criterion, known as Cauchy Convergence

Criterion, which will help us to decide whether a sequence is convergent or divergent

without knowing its limit or limit point. It involves only the elements of the sequence to 

which we wish to apply it.

Definition: A sequence < >sn  is said to be a Cauchy sequence if given ε > 0 there exists m ∈ N

such that

| |s sn m− < ε for all n m≥
or | |s sn p n+ − < ε for all n m≥  and ev ery p≥ 0

or | |s sm p m+ − < ε for all p≥ 0

or | |s sp q− < ε for all p, q m≥ . (Gorakhpur 2012)

Re mark:  | |s sp q− < ε for all p q m, ≥  means that sp and sq are ar bi trarily close to gether

for large val ues of p and q.

Il lus tra tions:

1. < >1
1

2

1

3

1
, , , , ,… …

n
 is a Cauchy se quence.

Let the given sequence be < >sn , where s nn = 1 / .

Take any given ε > 0.

If n m≥ , then

| | .s s
n m

m n

nm

n m

nm

n m

n m m
n m− = −


 


=

−

 


=

−
=

−
< ⋅1 1 1 1

∵ 0 ≤





n m

n

−
<




1
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If we take m ∈ N such that m >
ε
1
  i e. ,  

1

m
< ε, then

| | ,s s
n m

n m− = −

 


< ε1 1

V  n m≥ .

Hence the given sequence is a Cauchy sequence.

2. The se quence < >n2  is not a Cauchy se quence.

If n m> , then n m n m n m m2 2 2 1− = − + > >( ) ( ) , for any value of m. Taking ε = 1, we

cannot find a positive integer m such that | |n m2 2− < ε for all n m≥ .

The o rem 1: If < >sn  is a Cauchy se quence, then < >sn  is bounded.
(Kanpur 2008; Gorakhpur 14)

Proof: Let < >sn  be a Cauchy se quence. For ε = 1, there ex ists m ∈ N such that 

| |s sn m− < 1 for all n m≥

i.e., s s sm n m− < < +1 1 for all n m≥ .

Let k1 = min. { }s s s sm m1 2 1 1, , , ,… −−

and k2 = max. { }s s s sm m1 2 1 1, , , ,… +− .

∴ k s kn1 2≤ ≤  for all n ∈ N.

Hence < >sn  is bounded.

Note: The con verse of the above the o rem need not be true. The se quence < − >( )1 n  is

bounded but is not a Cauchy se quence. (Gorakhpur 2014)

The o rem 2: (Cauchy Con ver gence Cri te rion): A se quence con verges if and only if it is 

a Cauchy se quence.

Proof: First, let < >sn  be a convergent sequence which converges to, say, l.

Since s ln → , therefore, for given ε > 0 there must exist m ∈ N such that 

| | /s ln − < ε 2 V n m≥ .

In par tic u lar, | | / .s lm − < ε 2

Now | | |( ) ( )|s s s l s ln m n m− = − − −  ≤ − + −| | | |s l s ln m

          < ε + ε/ /2 2 for all n m≥ .

Thus | |s sn m− < ε V n m≥ , showing that < >sn  is a Cauchy sequence.

Conversely, let < >sn  be a Cauchy sequence. Then < >sn  is bounded. By

Bolzano-Weierstrass theorem, < >sn  has a limit point, say l. We shall show that s ln → .

Let ε > 0 be given. Since < >sn  is a Cauchy sequence, there exists m ∈ N  such that 

| | /s sn m− < ε 3 V n m≥ .

Since l is a limit point of < >sn , therefore every nbd of l contains infinite terms of the

sequence < >sn  . In particular the open interval ] , [l l− ε + ε1

3

1

3
 contains infinite terms

of < >sn  . Hence there exists a positive integer k m>  such that

l s lk− ε < < + ε1

3

1

3
 i e. .,  | | / .s lk − < ε 3
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Now | | |( ) ( ) ( )|s l s s s s s ln n m m k k− = − + − + −

≤ − + − + −| | | | | |s s s s s ln m m k k

< ε + ε + ε/ / /3 3 3 for all n m≥ .

Thus | |s ln − < ε for all n m≥ .

∴ < >sn  con verges to l.

13  Limit Superior and Limit Inferior of a Sequence

Let < >sn  be a sequence which is bounded above. Then, for each fixed n ∈ N, the set 

{ }s sn n, ,+ …1  is bounded above and hence it must have a supremum. Let

s s sn n n= …+sup{ }, , .1

Since { }s sn n+ + …1 2, ,  is a subset of { }s sn n, ,+ …1 , therefore, it is obvious that s sn n≥ +1.

Thus the sequence < >sn  is a monotonically decreasing sequence and consequently, it

either converges or else it diverges to − ∞.

Similarly, if the sequence < >sn   is bounded below, then the set { }s sn n, ,+ …1  has an

infimum. Let s s sn n n= …+ inf { }, , ,1  then the sequence < >sn  is monotonically

increasing and hence it either converges or diverges to ∞.

Keeping these notations in mind we now define limit superior and limit inferior.

Def i ni tion 1: Let < >sn  be a se quence of real num bers which is bounded above and let  

s sup s sn n n= …+{ }, , .1

If < >sn  converges we define the limit superior of < >sn  by

lim
n

sup s lim
n

sn n
→ ∞

=
→ ∞

If < >sn  di verges to − ∞, we write lim
n

sup sn
→ ∞

= − ∞

If a se quence < >sn  is not bounded above, we write

lim
n

sup sn
→ ∞

= ∞

Def i ni tion 2: Let < >sn  be a se quence of real num bers which is bounded be low and let  

s inf s sn n n= …+{ }, ,1 .

If < >sn  converges we define the limit inferior of < >sn  by

lim
inf

lim

n
s

n
sn n→ ∞ =

→ ∞
 .

If < >sn  diverges to ∞, we write  
lim

infn sn→ ∞ = ∞.

If a sequence < >sn  is not bounded below, we write

lim
inf

n
sn→ ∞ = − ∞.

Note 1: The no ta tions  lim sn  and  lim sn are also used for lim sup sn and lim inf sn

re spec tively. In fu ture, we shall use these no ta tions.
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Note 2: The limit su pe rior and the limit in fe rior are also called the up per limit

and the lower limit of < >sn  re spec tively.

Note 3: We have lim , , , ,s s s sn n= … …inf { }1 2

and lim { , , ..., , }s s s sn n= sup 1 2 … .

Il lus tra tions:

1. Let < >sn  be the se quence de fined by sn
n= −( )1  V n ∈ N.

It is bounded above by 1 and bounded below by − 1. For this sequence, sn = 1 and sn = − 1

for all n ∈ N.

Hence lim sn = 1 and lim .sn = − 1

2. Let < >sn  be the sequence defined by s nn = −  V  n ∈ N. It is bounded above by −1 but

it is not bounded below.

sn = sup { , , }− − − = −n n n1…

Since sn → − ∞ as n → ∞, hence lim sn = − ∞. Also, since < >sn  is not bounded below, by

definition lim sn = − ∞. Thus in this sequence both the limit superior and the limit

inferior are − ∞.

3.  Let < >sn  be the sequence defined by s nn =   V  n ∈ N. It is bounded below but not

bounded above. 

s n n nn = + … =inf { }, ,1 .

Since sn → ∞ as n → ∞, hence lim sn = ∞. 

Also, since < >sn  is not bounded above, by definition lim sn = ∞. Thus in this sequence

both the limit superior and the limit inferior are ∞.

4. Let < >sn  be the se quence de fined by s
n

n
n= − +





⋅( )1 1
1

Then < > = < − − − …>sn 2
3

2

4

3

5

4

6

5

7

6
, , , , , , .

In this case s s s s s1 2 3 4 5
3

2

3

2

5

4

5

4

7

6
= = = = =, , , ,  etc.

and s s s s1 2 3 42
4

3

4

3

6

5
= − = − = − = −, , ,  etc.

Hence lim , , ,sn = …







=inf
3

2

5

4

7

6
1

and lim sn = sup − − −







= −2
4

3

6

5
1, , , ... .

The o rem  1: If   < >sn   is  a  con ver gent  se quence   of  real  num bers  and   if  lim  s ln = , then 

lim lims s ln n= = . Con versely, if

lim lims s ln n= = ∈R,

then < >sn  is con ver gent and 
lim

n s ln→ ∞ = ⋅
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Proof: First sup pose that the se quence < >sn  con verges with lim s ln = . Let ε > 0 be

given. Since s ln → , there fore, we can find a pos i tive in te ger m, such that

| |s ln − < ε for all n m≥
i.e., l s ln− ε < < + ε for all n m≥ .

This inequality shows that for all n m l≥ + ε,  is an upper bound of { }s sn n, ,+ …1  and l − ε
is not an upper bound of { }s sn n, , .+ …1

Since s s sn n n= +{ , , },1 …  it follows that

l s ln− ε < ≤ + ε, n m≥ .

Tak ing lim its as n → ∞, we get

l − ε ≤
lim

n sn→ ∞ ≤ l + ε.

Since ε is arbitrary, it follows that lim .s ln =
Similarly, we can show that lim .s ln =
Thus lim lim .s s ln n= =
Conversely, let  lim lim .s s ln n= =

Since l n sn= → ∞
lim

 , given any ε > 0, there exists m1 ∈ N such that

| |s ln − < ε for n m≥ 1      i.e., l s ln− ε < < + ε   for n m≥ 1.

The definition of sn then gives that

s ln < + ε  for n m≥ 1. …(1)

Similarly, since l n
sn= → ∞

lim
 , there exists m2 ∈ N such that

 | |s ln − < ε for n m≥ 2

which implies as above that s ln > − ε for n m≥ 2 . …(2)

Let m m m= max.{ }1 2, . Then from (1) and (2) we find that

| |s ln − < ε for n m≥ .

This proves that the sequence < >sn  converges and that
lim

.n s ln→ ∞ =

Similar results hold good for divergent sequences. Below we state them without proof.

The o rem 2: A se quence < >sn  di verges to + ∞ iff  lim lims sn n= = ∞.

The o rem 3: A se quence < >sn  di verges to − ∞ iff  lim lims sn n= = − ∞.

The o rem 4: If < >sn  and < >tn  are bounded se quences of real num bers such that sn ≤ tn for all 

n ∈ N , then lim sn ≤ lim tn and  lim sn ≤ lim tn.

Proof: Since sn ≤ tn , there fore it is easy to see that

sn ≤ tn  and sn ≤ tn ,

where s t s tn n n n, , ,  have their usual mean ings as de fined ear lier.

Then we have from the cor ol lary to the o rem 3 of ar ti cle 9,

lim sn ≤ lim tn  and  lim sn ≤ lim tn

or lim sn ≤ lim tn  and  lim sn ≤ lim .tn
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The o rem 5: If < >sn  and < >tn  are bounded se quences of real num bers, then

(i) lim ( )s tn n+ ≤ lim lims tn n+ ;          (ii ) lim lim lim( ) .s t s tn n n n+ ≥ +

Proof: Let s s sn n n= +{ , ,...}1 , and tn = sup { , ,...}t tn n +1 .

Then sk ≤ s k n tn k, ( ),≥ ≤ t k nn , ( ).≥

∴ s tk k+ ≤ s tn n+  for k n≥ .

Thus s tn n+  is an upper bound for { }s t s tn n n n+ + …+ +, , .1 1  

Hence  ( )s tn n+ = sup { , , } .s t s t s tn n n n n n+ + ≤ ++ +1 1 …

∴ lim ( )s tn n+ ≤ lim ( ) lim lims t s tn n n n+ = +

i.e., lim ( )s tn n+ ≤ lim lim .s tn n+

Thus the result (i) has been proved. Similarly (ii) can be proved.

Note: It can be shown that there ex ist se quences for which the in equal i ties in the

above the o rem are strict in equal i ties.

Let sn
n= −( )1 , n ∈ N and t nn

n= − ∈+( ) , .1 1
N

Then s tn n+ = 0, n ∈ N. Here lim lims tn n= =1  and lim ( ) .s tn n+ = 0

Hence, in this case lim ( ) lim lims t s tn n n n+ < + ⋅

14 Nested Interval Theorem

or Cantor’s Intersection Theorem

Def i ni tion: A se quence of sets < >An  is called a nested se quence of sets if 

A A A An n1 2 1⊃� ⊃ … � ⊃ ⊃�…+. .

The o rem: For each n ∈ N , let I a bn n n= [ , ] be a (non-empty) closed and bounded in ter val on 

R , such that < >In  is a nested se quence with 
lim

n → ∞
 (length of In) i.e., 

lim

n
b an n→ ∞ − =( ) 0. Then 

∩
=

∞

n
nI contains

1
 pre cisely one point. 

(Gorakhpur 2014)

Proof: Since < >In  is nested, we have

I In n⊃ +1 for all n ∈ N

i.e., [ , ] [ , ]a b a bn n n n⊃ + +1 1  for all n ∈ N. …(1)

It follows from (1) that an ≤ an + ≤1 bn + ≤1 bn V  n ∈ N.

This shows that the sequence < >an  is a monotonically increasing sequence bounded

above by b1, and < >bn  is a monotonically decreasing sequence bounded below by a1.

Hence, < >an  and < >bn , both converge.

Now we have 
lim

n → ∞
 ( length of I n b an n n)

lim
( )= → ∞ − = 0

⇒
lim lim

n b n a ln n→ ∞ = → ∞ = , (say).
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Since a monotonically increasing bounded sequence converges to its supremum, it

follows that l is the supremum of the range set of the sequence < >an . Also, a

monotonically decreasing bounded sequence converges to its infimum, hence l is the

infimum of the range set of the sequence < >bn . 

Thus an ≤ l ≤ bn V n.  Hence, l In∈  for all n.  It follows that l I
n

n∈ ∩
=

∞

1
.

Clearly no l l′ ≠  can belong to ∩
=

∞

n
nI

1
.

For let l I
n

n′ ∈ ∩
=

∞

1
, then 0 ≤| |l l′ − ≤ | |b an n−   V n.

Since | |b an n− → 0, hence we get | |l l′ − = 0 i.e., l l′ = .

Hence ∩
=

∞

n 1
 con sists of ex actly one point.

Ex am ple 17: Show that the se quence < >sn  de fined by

s
n n n n

n =
+

+
+

+ … +
+

1

1

1

2

1
,

converges.

So lu tion: We have

     s s
n n n

n n+ − =
+

+
+

+ … +
+









1

1

2

1

3

1

2 2
 −

+
+

+
+ … +









1

1

1

2

1

2n n n

             =
+

+
+

−
+

1

2 1

1

2 2

1

1n n n
  =

+
−

+
>1

2 1

1

2 2
0

n n
 for all n.

Hence, the sequence < >sn  is monotonically increasing.

Now       | |s s
n n n n

n n= =
+

+
+

+ … +
+

1

1

1

2

1
 < + +1 1

n n
…  (upto n terms)

           = ⋅ =n
n

1
1

i.e., | |sn < 1 for all n.

Hence, the sequence < >sn  is bounded.

Since < >sn  is a bounded, monotonically increasing sequence, hence  it converges. 

Ex am ple 18: Show that the se quence < >sn  de fined by the re la tion 

s s
n

nn1 2 1
1

1

1

2

1

1
2= = + + + … +

−
≥,

! ! ( ) !
( ), converges.

So lu tion: We have s s
n

n n+ − = >1
1

0
!

 for all n.

Hence, the sequence < >sn  is monotonically increasing.

Now, we shall show that < >sn  is bounded.
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For n n n≥ = …2 1 2 3, ! . .  contains ( )n − 1 factors each of which is greater than or equal to 

2. Hence n n!≥ −2 1 for all n ≥ 2 .

∴ 
1

n !
≤ 1

2 1n −
, for all n ≥ 2 .

Thus    s
n

n = + + + + … +
−

1
1

1

1

2

1

3

1

1! ! ! ( ) !

  ≤ + + + + … + −1
1

1

1

2

1

2

1

22 2! n

  = +
− 





−

−

1
1

1

2

1
1

2

1n

  < 3, for all n ≥ 2 .

Also s1 2 3= < .

∴ 2 ≤ sn < 3 for all n ∈ N

i.e., < >sn  is bounded.

Since < >sn  is a bounded, monotonically increasing sequence, consequently, it

converges.

Ex am ple 19: Show that  
lim

n n

n

→ ∞ +





1
1

 ex ists and lies be tween 2 and 3.

So lu tion: Here s
n

n

n

= +





⋅1
1

 Ob vi ously s1 2= .

By the binomial theorem, we get

s n
n

n n

n

n n n

n n
n n

= + +
−

⋅ +
− −

⋅ + … +1
1 1

2

1 1 2

3

1 1
2 3

.
( )

!

( ) ( )

!

       = + + −





+ −





−





+ …1 1
1

2
1

1 1

3
1

1
1

2

! !n n n

+ −





−





… −
−





⋅1
1

1
1

2
1

1

n n n

n

n!
 …(1)

Sim i larly, s
n n n

n + = + + −
+









 + −

+








 −

+






1 1 1

1

2
1

1

1

1

3
1

1

1
1

2

1! ! 
 + …

+
+

−
+









 −

+








 … −

+








1

1
1

1

1
1

2

1
1

1( ) !n n n

n

n

       > + + −





+ −





−





+ …1 1
1

2
1

1 1

3
1

1
1

2

! !n n n

+ −





−




… −

−





⋅1
1

1
1

2
1

1

n n n

n

n!
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[∵ each term on the R.H.S. of sn + ≥1 is  the corresponding term on the R.H.S. of sn and

moreover the number of terms in the expansion of sn +1 is n i e+ 2 . ., one more than the

number of terms n + 1 in the expansion of sn ]

∴ s sn n+ >1  for all n ∈ N.

Hence, the sequence < >sn  is monotonically increasing.

∴ s sn ≥ =1 2, V  n ∈ N.

From (1), we see that

s
n

n < + + + + … +1 1
1

2

1

3

1

! ! !

 < + + + + … + −1 1
1

2

1

2

1

22 1n
  [See Ex. 18]

 = +
−

−
< +

−
=1

1
1

2

1
1

2

1
1

1
1

2

3
n

, for all n.

Thus  2 ≤ sn < 3, for all n.

Hence the sequence < >sn  is bounded.

Since < >sn  is a bounded, monotonically increasing sequence, consequently, it

converges i.e., 
lim

n
sn→ ∞  exists and  lim sn = sup < >sn .

Now 2 ≤ sn < 3 for all n ⇒ ≤2
lim

n sn→ ∞ ≤ 3, which shows that the limit lies between 2

and 3.

Note: The ac tual value of the lim 1
1+



n

n

 is de fined to be equal to e. Hence e lies

be tween 2 and 3. Tak ing limit of both sides of (1) as n → ∞, we see that

e n n n

n

= → ∞ +





= + + + + + + ∞
lim

! ! ! !
.1

1
1

1

1

1

2

1

3

1
… …

Ex am ple 20: Prove that < >sn  is con ver gent where sn n
= − −2

1

2 1
 .

So lu tion: We have   

s sn n n n+ −− = −





− −



1 1

2
1

2
2

1

2
 = − >−

1

2

1

2
0

1n n
 for all n.

Hence, the sequence < >sn  is monotonically increasing.

Also,  sn n
= − <−2

1

2
2

1
 for all n.  ∵

1

2
0

1n − >





∴ < >sn  is bounded above.

Since < >sn  is a bounded above, monotonically increasing sequence, hence it converges.

We have 
lim lim

.n s nn n→ ∞ = → ∞ −





=−2
1

2
2

1
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Ex am ple 21: Show that the se quence < >sn  de fined by 

s1
1

2
= , s

s
n

n
+ =

+
1

2 1

3
 V  n ∈ N is con ver gent. Also find its limit.

So lu tion: We have s s
s

n
n

1 1
1

2

2 1

3
= =

+
+and  V  n ∈ N.

First applying  mathematical induction we shall show that

s sn n+ >1 V  n ∈ N.

We have s
s

2
12 1

3

2
1

2
1

3

2

3
=

+
=







+

= ⋅
.

.

∴ s s2 1> .

Now assume as our induction hypothesis that s sn n+ >1  for some positive integer n.

Then s s s s s sn n n n n n+ + +> ⇒ > ⇒ + > +1 1 12 2 2 1 2 1

⇒ 
2 1

3

2 1

3

1
2 1

s s
s s

n n
n n

+
+ +

+
>

+
⇒ > .

Thus s s s s s sn n n n2 1 1 2 1> > >+ + +and , .if then

∴ by in duc tion s sn n+ >1 V  n ∈ N.

Thus the sequence < >sn  is monotonic increasing.

Now we shall show that the sequence < >sn  is also bounded above.

We have s sn n+ >1   V  n ∈ N

⇒ 
2 1

3

s
sn
n

+
> V  n ∈ N       ⇒  2 1 3s sn n+ > V  n ∈ N

⇒ s nn < ∈1 V N.

∴   the se quence < >sn  is bounded above by 1.

Since the sequence < >sn  is monotonic increasing and bounded above, therefore by

monotone convergence theorem < >sn  converges to its supremum.

Let 
lim

.n s ln→ ∞ =   Then 
lim

.n s ln→ ∞ =+1

Now s
s

s
s

n
n

n
n

+ +=
+

⇒ =
+

1 1
2 1

3

2 1

3
lim lim

⇒ l
s

l
l

ln=
+

⇒ =
+

⇒ =
2 1

3

2 1

3
1

lim
.

Hence sn → 1. We have inf < > = =s sn 1
1

2
 and sup < > = =s sn nlim .1

Ex am ple 22: Show that the se quence < >sn  de fined by

s s sn n1 12 2= √ = √+, ( )

converges to 2.

So lu tion: We have s2 2 2= √ √( ).

Since 1 2 2 2 2 2 2 2< √ ⇒ < √ ⇒ √ < √ √( ),

∴   s s1 2< .
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Let us suppose that s sm m< +1 .

Then  √ < √ +( ) ( )2 2 1s sm m    ⇒     s sm m+ +<1 2 .

Hence, by mathematical induction, we have

s sn n< +1 for all n ∈ N

i.e., < >sn  is monotonically in creas ing.

Also, we have s1 2 2= √ < .

Let us sup pose that sm < 2. Then √ < √ =( ) ( )2 2sm 2.2  ⇒ <+sm 1 2.

Hence, by math e mat i cal in duc tion, we have sn < 2 for all n ∈ N

i.e., < >sn  is bounded above by 2.

Thus < >sn  is a monotonically increasing sequence bounded above by 2, hence, it

converges.

Let 
lim

n s ln→ ∞ = . Then 
lim

n s ln→ ∞ =+1 .

Now s s s sn n n n+ += √ ⇒ = √1 12 2( ) lim lim ( )

⇒ l l l l l= √ ⇒ − = ⇒ =( ) ( ) , .2 2 0 0 2

But s sn ≥ = √1 2 V  n sn∈ ⇒ − √ ≥N 2 0 V  n ∈ N.

∴ lim ( ) . ., lim .s i e sn n− √ ≥ ≥ √2 0 2

Hence l cannot be zero. Therefore l = 2.

Ex am ple 23: Show  that  the  se quence  < >sn   de fined by s1 1=  and  s sn n+ = √ +1 2( ), V 

n ∈ N is monotonically in creas ing and bounded. Also find its limit.

So lu tion: We have s1 1=  and ( )s sn n+ = +1
2 2 , V n ∈ N.

∴ s2 3= √ , s3 2 3= √ + √ ……( ),

Now  1 3 1 2< √ ⇒ <s s .

Let us suppose that s sm m< +1. Then √ + < √ + +( ) ( )2 2 1s sm m

⇒ s sm m+ +<1 2 .

Hence, by mathematical induction, we have

s sn n< +1 for all n ∈ N

i.e., < >sn  is monotonically in creas ing.

Again, s sn n+ >1    ⇒   √ + >( )2 s sn n

⇒ 2 02+ − >s sn n     ⇒    ( ) ( )2 1 0− + >s sn n

⇒ ( )2 0− >sn  [ ]∵ 1 0+ >sn

or sn < 2  V  n ∈ N.

Hence < >sn  is bounded.

Thus < >sn  is a monotonically increasing sequence bounded above by 2; consequently

it converges.

Let lim s ln = . Then lim .s ln + =1
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Now s s s sn n n n+ += √ + ⇒ = √ +1 12 2( ) lim lim ( )

⇒ l l l l l l= √ + ⇒ − − = ⇒ + − =( ) ( ) ( )2 2 0 1 2 02

⇒ l = − 1 2, .

But l can not be − 1 since all terms of the se quence are pos i tive. Hence l = 2.

Note: If a se quence < >sn  is monotonically in creas ing then there is no need to show

that < >sn   has a lower bound be cause s1 is al ways its lower bound.

Similarly, for a monotonically decreasing sequence there is no need to find an upper

bound, because s1 will always be its upper bound.

Ex am ple 24: Show that the se quence < >sn  de fined by

s1 1= , s
s

s
nn

n

n
+ =

+
+

∈1
4 3

3 2
, N

is convergent and find its limit.

So lu tion: We ob serve that all the terms of the given se quence are pos i tive.

First by mathematical induction we shall show that

s sn n+ >1 V  n ∈ N.

We have s s
s

s
1 2

1

1
1

4 3

3 2

4 3 1

3 2 1

7

5
= =

+
+

=
+ ⋅
+ ⋅

= ⋅,

∴ s s2 1> .

Now assume as our induction hypothesis that for some positive integer n,

s sn n+ >1 . ...(1)

Then s s
s

s

s

s
n n

n

n

n

n
+ +

+

+
− =

+

+
−

+
+2 1

1

1

4 3

3 2

4 3

3 2

                     =
+ + − + +

+ +
+ +

+

( ) ( ) ( ) ( )

( ) ( )

4 3 3 2 4 3 3 2

3 2 3 2

1 1

1

s s s s

s s

n n n n

n n

                    =
−

+ +
>+

+

s s

s s

n n

n n

1

13 2 3 2
0

( ) ( )
, by (1).

∴      s sn n+ +>2 1 . 

Thus s s s sn n2 1 1> >+and ,if  then we have also s sn n+ +>2 1.

∴ by math e mat i cal in duc tion s sn n+ >1 , V n ∈ N.

Thus the sequence < >sn  is monotonic increasing.

Now we shall show that the sequence < >sn  is also bounded above.

We have s
s

s

s

s s
n

n

n

n

n n
+ =

+
+

=
+ −

+
= −

+1
3 4

2 3

3

2
2 3

1

2
2 3

3

2

1

2 2 3

( )

( )
,

showing that sn + <1
3

2
, V  n ∈ N.

Also s1 1
3

2
= < ⋅
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Thus sn < 3

2
,  V n ∈ N. Therefore the sequence < >sn  is bounded above by 

3

2
⋅

Since the sequence < >sn  is monotonic increasing and bounded above, therefore by

monotone convergence theorem it converges to its supremum.

Let lim .s ln =  Then lim .s ln + =1

Now s
s

s
s

s

s
n

n

n
n

n

n
+ +=

+
+

⇒ =
+
+1 1

4 3

3 2

4 3

3 2
lim

lim

lim

⇒ l
l

l
l l=

+
+

⇒ = ⇒ = ± √
4 3

3 2
2 22 .

Since all terms of the sequence are positive so l cannot be negative. Hence l = √ 2. We

have inf < > = =s sn 1 1 and sup < > = = √s sn nlim .2

Ex am ple 25: A se quence < >sn  of pos i tive terms is de fined by

s k s
s

s
n

n

n
1 10

3 2

2
= > =

+
++; , V n ∈ N.

Show that the se quence con verges to a limit in de pend ent of k and find the limit.

So lu tion: We have s k1 0= > ,  and  s
s

s
n

n

n
+ =

+
+1

3 2

2
, V  n ∈ N.

Then s2 0> , s3 0>  and so on.

There fore the terms of the se quence are all pos i tive.

Now first by math e mat i cal in duc tion we shall show that 

s sn n+ >1 V  n ∈ N.

We have s s
s

s
s

k

k
k

k

k
2 1

1

1
1

23 2

2

3 2

2

3

2
0− =

+
+

− =
+
+

− =
−
+

>   if  0 3< < √k .

Thus s s2 1>  if 0 3< < √k .

Now as sume as our in duc tion hy poth e sis that for some pos i tive in te ger n,

s sn n+ >1 . ...(1)

Then s s
s

s

s

s
n n

n

n

n

n
+ +

+

+
− =

+

+
−

+
+2 1

1

1

3 2

2

3 2

2

           =
−

+ +
>+

+

s s

s s

n n

n n

1

12 2
0

( ) ( )
,  by (1).

∴       s sn n+ +>2 1.

Thus s s s sn n2 1 1> >+and ,if  then we have also s sn n+ +>2 1.

∴ by in duc tion s sn n+ >1 , V  n ∈ N.

Thus the se quence < >sn  is monotonic in creas ing.

Now we shall show that the se quence < >sn  is also bounded above.
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We have s sn n+ >1 V  n ∈ N

⇒ 
3 2

2

3 2

2
0

+
+

> ⇒
+
+

− >
s

s
s

s

s
sn

n
n

n

n
n

⇒
3

2
0 3 0 3

2
2 2−

+
> ⇒ − > ⇒ <

s

s
s sn

n
n n

⇒ sn < √ 3, V n ∈ N.

∴ < >sn  is bounded above by √ 3.

Thus < >sn  is a bounded monotonically increasing sequence. Hence it converges.

Let lim .s ln =
Then lim .s ln + =1

Now s
s

s
s

s

s
n

n

n
n

n

n
+ +=

+
+

⇒ =
+
+1 1

3 2

2

3 2

2
lim

lim

lim

⇒       l
l

l
l l=

+
+

⇒ = ⇒ = ± √
3 2

2
3 32 .

But l cannot be negative because the terms of the sequence < >sn  are all positive.

Hence l = √ 3 which is independent of k.

Ex am ple 26: If u v1 1,  are given un equal num bers and

u u vn n n= +− −
1

2
1 1( ), v u vn n n= √ − −( )1 1 , where n ≥ 2 ,

prove that  (i )  un decreases, and vn increases as n increases,

(ii) < > < >u vn n,  are both convergent and have the same limit , where u v> > 0, and 

u u v1
1

2
= +( ) and v uv1 = √ ( ).

So lu tion: Since u v u u v> > = +0
1

2
1, ( ) and v uv1 = √ ( ), there fore, u1 and v1 are pos i tive

and u v1 1>  since A.M. > G.M.

∴ v u u1 2 1< < [∵ u u v2 1 1
1

2
= +( ) so that v u u1 2 1, ,  are in A.P.]

and v v u1 2 1< < . [∵ v u v2 1 1= √ ( ) so that v v u1 2 1, ,  are in G.P.]

Since u2 is the A.M. and v2 is the G.M. of u1 and v1, therefore, we have u v2 2> .

Hence as above, we get

v u u2 3 2< <  and v v u2 3 2< <  , and so on.

Thus v v v u u u1 2 3 3 2 1< < < …< …< < < .

Therefore the sequences < >un  and < >vn  are monotonically decreasing and

monotonically increasing respectively. Obviously both are bounded so that they are

convergent.

Now we have to show that < >un  and < >vn  have the same limits.

Let lim u An =  and lim v Bn = .

Now u u v u u vn n n n n n= + ⇒ = +− − − −
1

2

1

2
1 1 1 1( ) lim lim ( )

or A A B= +1

2
( )  i.e., A B= .
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Ex am ple 27: If x x1 2,  are + ive and  x x xn n n+ += √2 1( . ), prove that the se quences

x x x1 3 5, , , …  and x x x2 4 6, , ,…  are one an increasing and the other a decreasing sequence and

show that their common limit is ( ) ./x x1 2
2 1 3

So lu tion: Let x x1 2> . Then since x x x3 2 1= √ ( ), we have

x x x1 3 2> > ,

and since x x3 2>  , we have x x x3 4 2> > . [ ( )]∵ x x x4 3 2= √
Similarly, we have

x x x x x x3 5 4 5 6 4> > > >; ;

x x x x x x5 7 6 7 8 6> > > >; ;

and so on.

Thus x x x x x x2 4 6 5 3 1< < < …< …< < < .

Hence < …>x x x1 3 5, , ,  is monotonic decreasing and

< …>x x x2 4 6, , ,

is monotonic increasing and both being bounded, are convergent.

Let lim x An = , if n is even and lim x Bn = , if n is odd.

Now x x xn n n+ += √2 1( . ) ⇒ lim lim ( . ).x x xn n n+ += √2 1

∴ B A B= √ ( . ) or A B= , if n is odd

and A B A= √ ( . ) or A B= , if n is even.

Hence in either case A B= .

Now 
x

x x
x x

x

x
3

2 2
1 2

1

2

1= √ =






( ) ,

x

x

x

x

x

x

x

x

x

x

x

x
4

2

4

3

3

2

2

3

1

2

1

3
= =















 =







. ,

x

x

x

x

x

x

x

x

x

x

x

x

x

x
5

2

5

4

4

3

3

2

3

4

2

3

1

2
= ⋅ ⋅ =























 =







 ⋅x

x
1

4

In a like man ner, 
x

x

x

x
n

n2

1

1
=











−
 

or lim ( ) ( )x x x xn n√ = √−1 1 2
2

i.e., A A x x. ( )/1 2
1 2

2= √     or    A x x= ( ) ./
1 2

2 1 3

Ex am ple 28: If k is pos i tive and α β, −  are the pos i tive and neg a tive roots of x x k2 0− − = ,

prove that if u k un n= √ + −( )1  and u1 0> , then un → α. 

So lu tion: Since u1 is pos i tive, hence by vir tue of the re la tion 

u k u u u un n n= √ + −( ), , , , ,1 2 3 … … are all pos i tive.

Thus un > 0, V  n ∈ N.

We have u u k u k u u un n n n n n
2

1
2

1 2 1 2− = + − + = −− − − − −( ) ( )  so that u un n> < −or 1

according as u un n− −> <1 2or  and hence < >un  is a monotonic sequence, it is an

increasing or a decreasing sequence according as  u u2 1> <or .
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Now x x k x x2 − − ≡ − +( ) ( )α β  ...(1)

⇒ u u k u u1
2

1 1 1− − = − +( ) ( ).α β ...(2)

Let u1 > α. Then from (2), we have

u u k1
2

1 0− − >  

⇒  u k u u k u u u1 1
2

1 1 2 1+ < ⇒ √ + < ⇒ <( ) .

Hence in this case < >un  is a decreasing sequence.

Since un > 0, V  n ∈ N, therefore < >un  is bounded below by 0.

Thus < >un  is a monotonically decreasing sequence and is bounded below and hence 

< >un  is convergent.

Again let u1 < α. Then from (2), we have

u u k1
2

1 0− − <  ⇒  u k u u k u u u1 1
2

1 1 2 1+ > ⇒ √ + > ⇒ >( ) .

Hence is this case < >un  is an increasing sequence.

Now u u k u kn n n
2

1= + < +− ,  [ ]∵ u un n− <1

i e. ., u u kn n
2 0− − <       or        ( ) ( ) ,u un n− + <α β 0  us ing (1).

∴ un < α . [ and ]∵ u un n> > ⇒ + >0 0 0β β
Thus in this case un < α, V  n ∈ N.

Hence in this case < >un  is a monotonically increasing sequence and is bounded above

by α and so < >un  is convergent.

Thus < >un  is convergent whether u1 > <or α.

Let lim .u ln =
Now ( ) ( ) ( ) .u u u u k u k u k u un n n n n n n n− + = − − = + − − = −− −α β 2

1 1

Tak ing lim its, we get  ( ) ( ) .l l l l− + = − =α β 0

This gives l l= = −α βor .

Since the terms of the sequence < >un  are all positive, so its limit cannot be negative.

Therefore we cannot have l = − β. Therefore we must have l = α.

In case u1 = α , then from (2), we have  

u u k u u k u1
2

1 2 1 10− − = ⇒ = √ + =( ) .

Now repeatedly using the relation 

u u u un n n n
2

1
2

1 2− = −− − − ,

we ob serve that u u u u u u3 2 4 3 5 4= = =, , , and so on.

Thus in this case u un = =1 α, V  n ∈ N.

So in this case also the sequence < >un  converges to α.

Hence in all cases < >un  converges to α which is the positive root of the equation 

x x k2 0− − = .

Ex am ple 29: Show that the se quence < >sn  de fined by

s
n

n = + + + … +1
1

2

1

3

1
 does not converge.
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So lu tion: We shall show that the given se quence is not a  Cauchy se quence. For this

we shall show that if we take ε = >1

2
0, then there ex ists no pos i tive in te ger m such that

| |s sn m− < ε  V  n m≥ .

Whatever positive integer m may be, if we take n m= 2 , then n m>  and we have

| | | |s s s sn m m m− = −2

= + + + +
+

+ +








 − + + +


1

1

2

1 1

1

1

2
1

1

2

1
.... .... ....

m m m m










=
+

+
+

+ +1

1

1

2

1

2m m m
…

> + + +1

2

1

2

1

2m m m
.... upto m terms 

= ⋅ = ⋅m
m

1

2

1

2

Thus if we take ε = 1

2
, then whatever positive integer m we take, we have n m m= >2  and

| | | | . ., | | .s s s s i e s sn m m m n m− = − > − > ε2
1

2

In this way for ε = >1

2
0, there exists no positive integer m such that

| |s sn m− < ε V n m≥ .

∴ the given se quence is not a Cauchy se quence.

Hence by Cauchy convergence criterion < >sn  is not convergent.

Ex am ple 30: If < >sn  be a se quence of pos i tive num bers such that

s s sn n n= +− −
1

2
1 2( ), for all n > 2,

then show that < >sn  converges and find lim sn.

So lu tion: In case s s1 2= , it can be eas ily seen that s sn = 1 for all n, there fore < >sn

con verges to s1. Now we con sider the case s s1 2≠ .

We first find that

 | | ( )s s s s sn n n n n− = + −

 


− − − −1 1 2 1

1

2
 = −− −

1

2
1 2| |s sn n

                = ⋅ − = −− − − −
1

2

1

2

1

2
2 3 2 2 3| | | |s s s sn n n n

                = −−
1

2 2 2 1n
s s| |,  for n ≥ 2 . ...(1)

Now for n m≥ , we have

   | | |( ) ( ) ( )|s s s s s s s sn m n n n n m m− = − + − + … + −− − − +1 1 2 1

                ≤ − + − + … + −− − − +| | | | | |s s s s s sn n n n m m1 1 2 1
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               = + + … +





−− − −
1

2

1

2

1

22 3 1 2 1n n m
s s| |  by (1)

               = + + + … +





−− − −
1

2
1

1

2

1

2

1

21 2 1 2 1m n m
s s| |

               < −−
1

2 2 2 1m
s s| |. …(2)

           ∵ 1
1

2

1

2

1

2
2

2 1

+ + 





+ … + 





<












− −n m

Let ε > 0 be given. We can choose a positive integer m such that 
1

2 2 2 1m
s s− − < ε| | . For

this value of m, we have from (2)

| |s sn m− < ε for n m≥ .

Hence < >sn  is a Cauchy sequence and therefore by Cauchy’s convergence criterion it

converges.

Let lim s ln = . Putting n k= …3 4, , ,  in the relation s s sn n n= +− −
1

2
1 2( ), we get

s s s

s s s

s s sk k k

3 2 1

4 3 2

1 2

1

2
1

2

1

2

= +

= +

……………………………

= +− −

( )

( )

( −

− −= +



















3

1 2
1

2

)

( ).s s sk k k

 …(3)

Adding  the corresponding sides of the relations in (3), we get

s s s sk k+ = +−
1

2

1

2
21 1 2( ).

Pro ceed ing to the limit as k → ∞, we get
3

2

1

2
21 2l s s= +( ) i.e.,  l s s= +1

3
21 2( ).

Ex am ple 31: Let < >un  be a se quence and s u u un n= + + … +1 2 .

If  t u u un n= + + … +| | | | | |1 2    for each n ∈ N and < >tn  is a Cauchy sequence, then < >sn  is also a

Cauchy sequence.

So lu tion: Let ε > 0 be given. Since < >tn  is a Cauchy se quence, there fore, for given 

ε > 0 there ex ists m ∈ N such that

| |t tn m− < ε V  n m≥
⇒ | | | | | |u u um m n+ ++ + … + < ε1 2  V n m≥ .

But | | | | | | | |.u u u u u um m n m m n+ + + ++ + … + ≥ + + … +1 2 1 2

∴ | |u u um m n+ ++ + …+ < ε1 2  V n m≥

or | |s sn m− < ε V n m≥ .

Hence < >sn  is a Cauchy sequence.
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Ex am ple 32: Find  (i) lim
n

n

+





1
     (ii) lim

sin ( / )n

n

π 3

√
⋅

So lu tion: (i) We have 
n

n n n

+





= +





< + ⋅
1

1
1

1
1

2

∵ 1
1

2
1

1 1

4
1

12

2
+





= + + > +












⋅
n n n n

Since 1
1

1+ >
n

, hence 1
1

1+





>
n

.

∴ 1
1

1
1

2
<

+





< +
n

n n
 for all n ∈ N.

But lim1 1=  and lim .1
1

2
1+





=
n

Hence, by Sandwich theorem, lim 
n

n

+





=
1

1.

(ii) Let s nn = sin ( / )π 3 , t nn = √1 / .

We have − ≤1 sin
nπ
3

≤ 1 for all n ∈ N.

∴  < >sn  is a bounded se quence.

Also lim lim .t
n

n =
√

=1
0

Hence by theorem 4 of article 9, lim ( )s tn n = 0 i.e.,  lim
sin ( / )

.
n

n

π 3
0

√
=

Ex am ple 33: Show that lim 
1

1

1

2

1
0

2 2 2( ) ( ) ( )
.

n n n n+
+

+
+ … +

+













=

So lu tion: Let  s
n n n n

n =
+

+
+

+ … +
+

⋅1

1

1

2

1
2 2 2( ) ( ) ( )

For 1≤ ≤m n, we have ( )n + ≤12 ( )n m+ ≤2 ( )n n+ 2

or  
1

1

1 1
2 2 2( ) ( ) ( )n n m n n+

≥
+

≥
+

⋅

Putting m n= …1 2, , ,  and adding the corresponding sides of the n inequalities thus
obtained, we get

n

n
s

n

n n
n

( ) ( )+
≥ ≥

+12 2

i.e., 
n

n4 2
≤ sn ≤ n

n

n

n( )+
<

12 2
  for all n ∈ N

i.e., 
1

4n
≤ s

n
n < 1

 for all n ∈ N. 

But lim
1

4
0

n
=  and lim .

1
0

n
=

Hence, by Sandwich theorem, lim .sn = 0
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Ex am ple 34: If r > 0, show that  lim r n1 1/ .=

So lu tion: Case 1: When r > 1.

Let s rn
n= −1 1/ . Then sn > 0, for all n.

Now s r r s r sn
n n

n n
n= − ∈ = + ⇒ = +1 11 1 1/ / ( )

⇒ r n s s n sn n
n

n= + + … + ≥ +1 1  for all n ∈ N

⇒ 
r

n
sn

−
≤

1
 V n ∈ N.

∴ 0 < ≤sn
r

n

− 1
  V n ∈ N.

Hence, by Sand wich the o rem, lim sn = 0 i.e.,  lim ( )/r n1 1 0− =  or lim ./r n1 1=

Case 2: When r = 1.

In this case r n1 1/ =   V n and hence < >r n1/  converges to 1.

Case 3: When 0 1< <r .

Since 
1

1
r

> , there fore, by Case 1, lim
/1

1
1

r

n





=  i.e.,  lim .
/

1
1

1r n
=

∴ By theorem 7 of article 9, lim ./r n1 1=  

Ex am ple 35: Show that  lim 
1

1
1

3

1

2 1
0

n n
+ + … +

−








 = .

So lu tion: Let s
n

n =
−

⋅1

2 1
 Then lim lim .s

n
n =

−
=1

2 1
0

∴ By Cauchy’s first the o rem on lim its, lim
s s s

n
n1 2 0

+ + … +
= ⋅

Since s1 1= ,  s s
n

n2
1

3

1

2 1
= … =

−
, , ,

∴ lim
1

1
1

3

1

5

1

2 1
0

n n
+ + + … +

−








= ⋅

Ex am ple 36: Prove that lim
n

1
( )/ / /1 2 3 11 2 1 3 1+ + + … + = ⋅n n

So lu tion: Let s nn
n= 1/ . Then we know that lim n n1 1/ .=

Hence, by Cauchy’s first the o rem on lim its,

lim ( )
1

11 2
n

s s sn+ + … + =

or lim ( ) ./ / /1
1 2 3 11 2 1 3 1

n
n n+ + + … + =
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Ex am ple 37: Prove that lim 
2

1

3

2

4

3

12 3 1


















…
+

















=
n

n

n n/

e.

So lu tion: Let s
n

n n
n

n n

=
+





= +





1
1

1
. Then lim s en = .

Clearly sn > 0 for all n.

Hence, by the o rem 11 of ar ti cle 9, lim ( ) ./s s s en
n

1 2
1… =

Since s s s s
n

n
n

n

1 2

2

3

32

1

3

2

4

3

1
= = 





= 





… =
+





, , , ,

∴ lim
2

1

3

2

4

3

12 3 1


















…
+

















n

n

n /

.

n

e=

Ex am ple 38: Show that  

(i)     lim
n

n
e

n( !)
,

/1
=

(ii) lim [{( ) ( ) ( )} / ] //n n n n n en+ + + =1 2 41
… . (Gorakhpur 2012)

So lu tion: (i) Let s
n

n
n

n
=

!
, then s

n

n
n

n

+

+
=

+
+

⋅1

11

1

( )

( ) !

∴ 
s

s

n

n n

n

n n

n

n

n

n

n n+ +
=

+
+

⋅ =
+





= +





⋅1
11

1

1 1
1

1( )

Also sn > 0 for all n ∈ N.

Hence by theorem 12 of article 9, we have

lim lim lim/s
s

s n
en

n n

n

n
1 1

1
1= = +





=+
 

i.e., lim
( !)

.
/

n

n
e

n1
=

(ii) Let s n n n n nn
n= + + … +( ) ( ) ( ) / .1 2

Then 
s

s

n

n

n

n

n

n

n
+ =

+
+ +









1 2 2 1

1 1

( )

( )
,

so that lim lim
( )s

s

n

n

n

n

n
n

+ =
+

+
⋅

+























=1 2 2 1

1

1

1
1

4 ⋅ = ⋅1 4

e e

Also sn > 0 for all n ∈ N.

Hence by the o rem 12 of ar ti cle 9, we have

lim lim [ ( ) ( ) ( ) / ] / ./ /s n n n n n en
n1 11 2 4= + + … + ={ }

n  
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Ex am ple 39: If p> 0 and c is real, then find the lim 
n

p

c

n( )1+
⋅

So lu tion: Let k be an in te ger such that k c k> >, .0

We have, for n k> 2

( )
( ) ( )

! !
1

1 1

2
+ > =

− … − +
> ⋅p C p

n n n k

k
p

n p

k
n n

k
k k

k

k

k

∵ n k n r
n

r k> ⇒ − + > = …





2 1
2

1 2( ) , , ,for

or 0
1

1

2
<

+
<

( )

!
,

p

k

n pn

k

k k
 for n k> 2 .

∴ 0
1

2 1<
+

< ⋅ −
n

p

k

p n

c

n

k

k k c( )

!
, for n k> 2 .              …(1)

Since k c− > 0, therefore, 
1

0
n k c− →  as n → ∞.

Hence from (1), we get  
lim

( )n
n

p

c

n→ ∞ +
=

1
0.

Ex am ple 40: The usual def i ni tion of e is given by e
nn

=
=

∞
Σ

0

1

!
 . Show that e is ir ra tio nal.

So lu tion: Let  s
n

n = + + + + … + ⋅1
1

1

1

2

1

3

1

! ! ! !

Then  e s
n n n

n− =
+

+
+

+
+

+ ……1

1

1

2

1

3( ) ! ( ) ! ( ) !

<
+

+
+

+
+

+ …












1

1
1

1

1

1

12( ) ! ( )n n n

=
+

⋅
−

+

= ⋅1

1

1

1
1

1

1

( ) ! ( !)n
n

n n

Thus       0
1< − < ⋅e s

n n
n

( !)
 …(1)

Let, if possible, e be rational. Then e can be put in the form p q/  where p and q are
positive integers.

From (1) , we have 0
1< − <e s

q q
q

( !)

or 0
1< − <( !) ( )q e s
q

q  …(2)

Now   ( !) ( !)
! !

q s q
q

q = + + + … +








1 1
1

2

1

is an integer. Also, by our assumption e q( !) is an integer. It follows that 

e q s q q e sq q( !) ( !) !( )− = −  is an integer. Since q ≥ 1, therefore, (2) shows the existence of 

an integer between 0 and 1 which is absurd. Hence our initial assumption is wrong. So e

is irrational.
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 1. Write a for mula or for mu lae for the nth term sn for each of the fol low ing

se quences :

(a) 1 4 9 16 25 36, , , , , ,− − − … (b) 1, 0, 1, 0, 1, 0, ...

(c) 1, 3, 6, 10, 15, ...

 2. Which of the se quences (a), (b), (c) in the above prob lem are sub se quenc es of

the se quence < >sn  de fined by s nn = ?

 3. Find whether the fol low ing se quences are bounded above or be low :

(i)   <
−

>
( )1 n

n
 (ii)  < >2n  (iii) < >n ! .

 4. Are the se quences < >sn  de fined as fol lows, bounded ?

(i) s
n

n

n

= +
−

1
1( )

 (ii)   s
n

n

n

= +





1
1

(iii) s
n

n = + + + + ⋅1
1

1

1

2

1

! ! !
…

(iv) sn = 1, if n is di vis i ble by 3 and sn = 0, oth er wise.

 5. Use the def i ni tion of the limit of a se quence to show that the limit of the

se quence < >sn  where s n nn = +2 3/ ( ), is 2.

 6. Show that the se quence < >sn  where s n nn = +/ ( )1  con verges to 1.

 7. If the se quence < >sn  con verges to l , then prove that the se quence | |sn  con verges

to | |l .

 8. Show by con sid er ing the se quence < = − >sn
n( )1  that < >| |sn  may con verge but 

< >sn  may not.

 9. If  lim s ln =  and sn ≤ m for all n ∈ N , prove that l m≤ .

10. Let < >sn  be a se quence such that < >sn
2  con verges to zero. Is it nec es sary that 

< >sn  should con verge to zero ?

11. If s
n

n n
n =

+
2

4 1 2/
, prove that < >sn  is con ver gent.

12. If s
n

n n
=

2
, prove that < > →sn 0.

13. If < >sn  con verges to l ( ),≠ 0  prove that < − >( )1 n
ns  os cil lates.

14. If < >sn  di verges and c ( )≠ ∈0 R , prove that < >csn  di verges.

15. Show that the se quence < + − >n nn( )1  os cil lates in fi nitely.

16. Show that < >sn  con verges to e, where sn is

(i)   1
1 1

+





+

n

n

 (ii)  1
1

1
+

+










n

n

(iii) 1
1−





−

n

n

.
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17. Show that the se quence < >sn , where s
n

n

n

= +





1
2

, con verges to e2.

18. If s
n n

n n
n =

− +
+ −

3

3 2

2 1

2 1
, prove that lim sn = 1.

19. If s
n n n

n n
n =

− −
+ +

( ) ( )

( ) ( )
,

3 1

2 1

4

2 3
 prove that lim sn = 3.

20. Prove that the se quence <
+ +
+ +

>
n n

n n

2

2

3 5

2 5 7
 con verges to 

1

2
⋅

21. Prove that the se quence < >sn  where s
n

n
n =

+2 1
 is con ver gent.

22. Show that the se quence < >sn  de fined by 

s
n n n n

n =
√ +

+
√ +

+ +
√ +

1

1

1

2

1
2 2 2( ) ( ) ( )

…   con verges to 1.

23. Prove that lim
( ) ( ) ( )

1

2 1

1

2 2

1

2

1

22 2 2√ +
+

√ +
+ +

√ +













=
√

⋅
n n n n

…

24. Show that lim
( ) ( ) ( )

, .
1

1

1

2

1

2
0 1

n n n+
+

+
+ +













= >λ λ λ λ…

25. A se quence < >sn  is de fined as fol lows : 

s a1 0= > , s ab s an n+ = √ + +1
2 2 1{ }( ) / ( ) , b a n> ≥, .1

Show that < >sn  is a bounded monotonically increasing sequence and lim s bn = .

26. Prove that  lim
( ) !

( !)
.

/

n

n

n

n

→ ∞












=

3
27

3

1

27. Prove that  lim
( !) /n

n e

n1 1











= ⋅

28. (i) Let < >sn  be a se quence de fined as fol lows :

s s
s

nn
n

1 1
3

2
2

1
1= = − ≥+; , .

Show that < >sn  is monotonic and bounded. Find the limit of the sequence.

(ii) Show that the sequence < >sn  defined by the formula s1 1= , s sn n+ = √1 3( )

converges to 3.

29. If < >sn  is a se quence such that sn > 0 and sn + ≤1 k sn for all n m≥  and 0 1< <k , m

be ing a fixed pos i tive in te ger, then lim .sn = 0

30. Prove that if x be any real num ber, then 
lim

!
.n

x

n

n

→ ∞ = 0

31. If   sn n
= + + + +1

1

3

1

3

1

32
… ,  prove  that  < >sn   con verges .   Also    find sup < >sn

and inf < >sn .
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32. What do you un der stand by a monotonic se quence ? Prove that the se quence 

< >sn , where s
n

n
n =

−
+

2 7

3 1
, is :

(i) monotonic in creas ing (ii)  bounded above.

(iii) bounded be low.

Also  show  that  the  sequence  < >sn   is  convergent  and  find sup < >sn  and inf 

< >sn .

33. If s
n n

n =
⋅

+
⋅

+
⋅

+ +
+

1

1 2

1

2 3

1

3 4

1

1
…

( )
, prove that < >sn  is in creas ing and

con ver gent. Find also sup < >sn  and inf < >sn .

34. If s
n

nn = + + + −1
1

2

1
… log ,  prove that  < >sn  is de creas ing and bounded.

35. Test the se quence < >sn , de fined by s nn
n= −( ) ,1  for limit points.

36. Find the limit points of the se quence < >sn  de fined by

s
n

n
n= − +





⋅( )1 1
1

37. State and prove Cauchy’s  gen eral prin ci ple of con ver gence for real se quences.

Hence prove that the se quence < >sn , where s
n

n
n =

+ 1
 con verges.

38. Show, by ap ply ing Cauchy’s con ver gence cri te rion, that the se quence < >sn
de fined by 

s
n

n = + + + +
−

1
1

3

1

5

1

2 1
…  does not con verge.

39. If the se quence < >sn  con verges and if < >tn  is a se quence such that

| |t tn m− ≤ | |,s sn m−
for all positive integers m nand , then prove that < >tn  converges.

40. If < >sn  is a Cauchy se quence of real num bers which has a subsequence

con verg ing to l, prove that < >sn  it self con verges to l.

41. Show that lim [( !) ( / ) ]n a n n = 0 or + ∞ ac cord ing as a e<  or a e> , where a is any

non-neg a tive real num ber.

42. If  0 1 2< <u u  and u
u u

u u
n

n n

n n
=

+
− −

− −

2 1 2

1 2
 

( . .,i e un is the har monic mean of un −1 and un − 2), show that

lim u u u u un = +3 21 2 1 2/ ( ).

43. If the se quences < >sn  and < >tn  con verge to zero and if < >tn  is a strictly

de creas ing se quence so that t tn n+ <1 V n ∈ N , then 

lim
s

t
lim

s s

t t
n

n

n n

n n
=

−

−
+

+

1

1

provided that the limit on the right exists, whether finite or infinite.
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44. If s
a

s
n

n
=

+ −1 1
, where a sn,  are pos i tive, show that the se quence < >sn  tends to a

def i nite limit l, the pos i tive root of the equa tion x x a2 + = .

45. Prove that the set of limit points of ev ery se quence is a closed set.

 1. (a) s nn
n= − −( )1 1 2 (b)  sn = 1 if n is odd, sn = 0 if n is even,

(c) s
n n

n = +( )1

2

 2. (c).

 3. (i) Bounded above as well as bounded be low

(ii) Bounded below but not above

(iii) Bounded below but not above

 4. (i) Yes (ii) Yes (iii) Yes       (iv) Yes

10. Yes 28. (i) 1

35. No limit point 36. 1 and − 1 

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

 1. Every bounded monotonically increasing sequence converges to 

(a) its supremum (b) its infimum

(c) 0 (d) 1

 2. If < >sn  is a sequence of non-negative numbers such that lim s ln = , then

(a) l < 0 (b) l > 0

(c) l ≥ 0 (d) l = 1

 3. Ev ery subsequence of a con ver gent se quence is

(a) di ver gent (b) con ver gent

(c) may be con ver gent or di ver gent (d) os cil la tory
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 4. The se quence < >sn  where s
n

n n
n =

+
5

3 1 2/
 has the limit

(a) 3 (b) 1

(c)
1

3
(d) 5

 5. The se quence < − − − …>1 11 11 1, , , , , ,  has

(a) no limit point

(b) only one limit point

(c) two limit points 

(d) an in fi nite num ber of limit points

 6. The se quence < >sn , where s
n

n

n

= +





+
1

2 3

, con verges to

(a) e (b) e 2

(c) e + 3 (d) e 2 3+

 7. If sn n
= + + + … +1

1

2

1

2

1

22
, then the se quence < >sn  is

(a) un bounded (b) con ver gent

(c) di ver gent (d) os cil la tory

 8. The se quence < >sn , where s
n

n
n =

+
−

3 1

3 1

2

2
, con verges to

(a) 1 (b) 3

(c) −1 (d) 0

 9. Ev ery Cauchy se quence is

(a) os cil la tory (b) di ver gent

(c) un bounded (d) con ver gent

10. The value of the limit  
lim

( )/ / /
n n

n n
→ ∞ + + + … +1

1 2 31 2 1 3 1  is equal to

(a) 1 (b) 0

(c) 2 (d) 3

11. Ev ery con ver gent se quence is :

(a) os cil la tory (b) un bounded

(c) bounded (d) os cil lates fi nitely
(Rohilkhand 2011)

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. The range of the se quence < − >( )1 n  is the set … .

 2. The sequence < >1 / n  converges to … .
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 3. If sn n
= 1

2
 for all n ∈ N , then

(i) sup < >sn  = .....  and (ii) inf < > = …sn .

 4. The supremum of the se quence <
+

>n

n 1
 is … .

(Rohilkhand 2012)

 5. The nth term of the se quence < − − …>1 11 1, , , ,  is … .

 6. If the subsequences < >−s n2 1  and < >s n2  of the sequence < >sn  converge to the

same limit l, then lim .
n

sn→ ∞
= …

 7. If s nn
n= , then 

lim
.n sn→ ∞ = …

 8. The se quence < − − − … − …>2 4 6 2, , , , ,n  di verges to … .

 9. If lim s ln =  and lim t ln = ′, then lim ( ) .s tn n = …

10. If 
lim

,n s ln→ ∞ =  then 
lim

.n
s s s

n
n

→ ∞
+ + … +

= …1 2

11. Ev ery bounded monotonic se quence is … .

12. The se quence <
+ +
+ −

>
n n

n n

2

2

4 7

3 5 9
 con verges to … .

13. If s
n

n

n

= +





+
1

1 2

, then 
lim

.n sn→ ∞ = …

14. If s n nn = √ + − √( ) ,1  then 
lim

.n sn→ ∞ = …

15. If s
n

n

n

= +





1
1

, then 
lim

( ) ./
n s s sn

n
→ ∞ … = …1 2

1

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. The se quence < − − − …>2 2 2 2 2 2, , , , , ,  is bounded.

 2. The se quence < − − − …>1 1 1 1 1 1, , , , , ,  is con ver gent.

 3. The se quence < − − − …>3 3 3 3 3 3, , , , , ,  is a Cauchy se quence.

 4. Ev ery Cauchy se quence is al ways con ver gent.

 5. Ev ery subsequence of a di ver gent se quence is al ways di ver gent.
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 6. A sequence < >sn  is said to converge to a number l, if for any given ε > 0 there exists 
a positive integer m such that | |s ln − > ε for all n m≥ .

 7. If a se quence < >sn  is con ver gent, then 
lim

n
sn→ ∞

 is unique.

 8. Ev ery con ver gent se quence is al ways bounded.

 9. Ev ery bounded se quence is al ways con ver gent.

10. The se quence < … …>1
1

2

1

3

1

4

1
, , , , , ,

n
 is a Cauchy se quence.

11. If lim s ln =  and lim t ln = ′ , then lim ( )s t l ln n+ = + ′.

12. Ev ery bounded monotonically de creas ing se quence con verges to its infimum.

13. A monotonically decreasing sequence which is not bounded below diverges to
minus infinity.

14. A monotonically increasing sequence which is not bounded above is a convergent 
sequence.

15. Every bounded sequence has at least one limit point.

16. The se quence < − − …>1 11 1, , , ,  has no limit points.

17. If a sequence < >sn  is convergent, then it may or may not be a Cauchy sequence.

18. The se quence < >sn , where s
n

n = + + + … +1
1

2

1

3

1
, is a Cauchy se quence.

19. The se quence < >sn , where s
n

n = + + + … +
−

1
1

1

1

2

1

1! ! ( ) !
, is a con ver gent

se quence.

20.  If a se quence < >sn  is con ver gent, then the se quence < >| |sn  is also con ver gent.

21.  If a se quence < >| |sn  is con ver gent, then the se quence < >sn  is also con ver gent.

22. The se quence < >sn , where s
n

n
n =

+3 1
, con verges to 0.

23. The se quence < >sn , where s
n

n

n

= +





1
1

, is a bounded se quence.

24. The se quence < − − − …>1 11 11 1, , , , , ,  is a monotonic se quence.

25. The se quence < >sn , where sn n
= − −3

1

3 1
, con verges to 2 .
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Multiple Choice Questions

 1. (a) 2. (c) 3. (b) 4. (d)  5. (c)

 6. (b) 7. (b) 8. (a) 9. (d) 10. (a)

11. (c)

Fill in the Blank(s)

 1. { }1 1, −  2. 0  3. (i) 
1

2
 (ii) 0  4.  1  5. ( )− −1 1n

 6. l  7. 1  8. −∞  9. ll ′ 10. l

11. convergent 12.
1

3
13. e 14.  0 15. e

True or False

 1. T  2. F  3. F  4. T  5. T

 6. F  7. T  8. T  9. F 10. T

11. T 12. T 13. T 14. F 15. T

16. F 17. F 18. F 19. T 20. T

21. F 22. T 23. T 24. F 25. F

¨
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 1  Pointwise Convergence

In the present chapter we shall study the uniform convergence of sequences and series

of real-valued functions defined on an interval.

Se quence of real-val ued func tions: Let fn be a real-val ued func tion de fined on the

in ter val I for all pos i tive in te gral val ues n. Then < >f f fn1 2, , , ,… … or sim ply < >fn  is called a

se quence of real val ued func tions on I .

Uni formly bounded se quence: A se quence < >fn  is said to be uni formly bounded on an

in ter val I if

| ( )|f x Mn <  for ev ery x I∈
and for every positive integer n.

Illustrations : (i) The se quence < >fn  where f x nxn ( ) /= 1  is bounded but not

uni formly bounded.

(ii) The sequence defined by < >sin nx  is uniformly bounded on R since | sin |nx  ≤ 1 for

all x ∈R and for all n ∈ N .
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Limit func tion of a se quence of func tions: Let fn be a real valued function defined

on the interval I  for all positive integral values n. Suppose that the function fn tends to a

definite limit for all values of x in I  as n → ∞.

This means that, for c I∈ , the sequence < >f cn ( )  i e. ., < f c1 ( ), f c f cn2 ( ), , ( ),… …> of real 

numbers is convergent. The limiting values of each of the sequences of real numbers for

various points in I  will define a function of x, say f , such that the limiting value of the

convergent sequence < >f cn ( )  is equal to the value f c( ) of the function f  at c. This

function f  is called the limit function or the limit of the convergent sequence < >fn
of functions on I .

Pointwise convergence: The sequence < >fn  converges pointwise to f , written as 

lim
n

f fn
→ ∞

=  iff lim ( ) ( )
n

f x f xn
→ ∞

=

for every x in the domain. Here f  is said to be the pointwise limit function of < >f xn( ) .

Sum func tion of a se ries: Let u x u x u xn1 2( ) ( ) ( )+ + + +… …  ...(1)

be the series of real valued functions defined on the interval I . Corresponding to this

series, we find a sequence x of functions where

f x u x u x u xn n( ) ( ) ( ) ( ).= + + +1 2 …

We say that the series (1) is convergent if the sequence < >fn  is convergent and the

limit function f  of the sequence is called the sum function of the series.

 2  Uniform Convergence of Sequences

Let the sequence < >f xn ( )  converge for every point x in I  i e. ., the function fn tends to a

definite limit as n → ∞ for every x in I . This limit will be a function of x, say f . It follows

from the definition of a limit that for every ε > 0, there exists a positive integer m such

that

| ( ) ( )|f x f xn − < ε when ever n m≥ .

This integer m will depend upon x as well as ε and so we can write it as m x( , ).ε  Now if we

keep ε fixed and vary x, then for a given point x in I  there corresponds a value of m x( , ).ε
Thus, we shall find a set of values of m x( , ).ε  This set may or may not have an upper

bound. If this set has an upper bound, say M, then for every point x in I , we get

| ( ) ( )|f x f xn − < ε when ever n M≥ .

In this case, the sequence < >fn  is said to converge uniformly to f  on I .

Def i ni tion: Let < >fn  be a se quence of func tions de fined on an in ter val I. The se quence < >fn
is said to con verge uni formly to the func tion f  on I if for ev ery ε > 0, there can be found a pos i tive

in te ger m such that

| ( ) ( )|f x f xn − < ε for all n m≥  and for all x I∈ .

(Garhwal 2008; Avadh 09)

The function f  is called uniform limit of the sequence < >fn  on I .

Note 1: It should be noted care fully that in the above def i ni tion the em pha sis is on the 

phrase “one m for all x” whereas for or di nary con ver gence it is “one m for each x”.
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Note 2: The se quence < >fn  does not con verge uni formly to f  on an in ter val I  iff there 

ex ists some ε > 0 such that there is no pos i tive in te ger m for which

| ( ) ( )| .f x f x n m x In − < ε ≥ ∈V and

Note 3: It can be eas ily ob served that uni form con ver gence of a se quence < >fn  on I

im plies pointwise con ver gence of the se quence < >fn  at ev ery point of I  but point-wise

con ver gence does not nec es sar ily en sure its uni form con ver gence on I . A se quence of

func tions may be con ver gent at ev ery point on I  and yet may not be uni formly

con ver gent on I . For ex am ple, con sider the se quence < >fn  de fined by

f x xn
n( ) (= 0 ≤ x ≤ 1).

We have  lim
n

xn

→ ∞
= 0 if 0 1≤ <x  

and lim
n

xn

→ ∞
= 1 if x = 1.

Thus the limit function f  is defined as follows :

f x
x

x
( )

.
=

≤ <
=





0 0 1

1 1

if

if

Since the function fn has a definite limit for every value of x in [ , ]0 1 as n → ∞ so the

sequence < >f xn ( )  converges for every x ∈[ , ].0 1

Now we shall check whether the convergence is uniform or not. For this we take the

interval [ , [.0 1  Let ε > 0 be given. Then

| ( ) ( )| | |f x f x x x
x

n
n n

n

− < ε ⇒ − < ε ⇒ < ε ⇒ 





>
ε

0
1 1

⇒ n
x

n
x

log log
log ( / )

log ( / )

1 1 1

1
>

ε
⇒ >

ε
...(1)

Thus m x( , )ε  is an integer just greater than log ( / )1 ε  / log ( / )1 x  for x ≠ 1. In particular,

when x m x= ε =0 1, ( , ) .

Now from (1), we see that n → ∞ as x, starting from 0, increases and approaches 1 and

hence it is not possible to find a positive integer m such that

| ( ) ( )|f x f xn − < ε for all n m≥  and  V x ∈[ , [.0 1

Consequently < >fn  is not uniformly convergent in [ , [.0 1

However, if we take the interval [ , ]0 k , where 0 1< <k , we find that the greatest value of 

log ( / ) / log ( / )1 1ε x  is log ( / ) / log ( / )1 1ε k  so that taking m equal to any positive

integer greater than this greatest value, we get

| ( ) ( )|f x f xn − < ε for all n m≥  and  V x k∈[ , ].0

Hence < >f xn ( )  converges uniformly on [ , ].0 k

Point of non-uniform convergence of the sequence
It is a point, such that the sequence does not converge uniformly in any neighbourhood

of it, however small.

In the above example, the point x = 1 is such a point. (Avadh 2009)
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Uniform convergence of a series of functions

Def i ni tion: Let Σ
=

∞

n
nu x

1
( ) be a se ries of func tions de fined on the in ter val I and let

f x u x u x u x for nn n( ) ( ) ( ) ( ) .= + + + ∈1 2 … N

The  series  Σ un  is  said to converge uniformly on I if the sequence < >fn  converges uniformly on I .

 3   Cauchy’s General Principle of Uniform Convergence or

 A Necessary and Sufficient Condition for Uniform

 Convergence

It helps us in proving the uniform convergence of < >fn  without having any idea about

the limit function f .

The o rem: Let < >fn  be a se quence of real-val ued func tions de fined on an in ter val I. Then 

< >fn  con verges uni formly on I if and only if for ev ery ε > 0 , there ex ists a pos i tive in te ger m such

that

| ( ) ( )|f x f xn p− < ε for all n p m, ≥  and V x I∈ . ...(1)

(Garhwal 2006, 11, 12; Rohilkhand 07)

Proof: The only if part (Nec es sary part): Let the se quence < >fn  con verge

uni formly to f  on I . By def i ni tion, given ε > 0, there ex ists a pos i tive in te ger m such that

| ( ) ( )| ,and .f x f x n m x In − < ε ≥ ∈
2

V V

Hence, if n p, ∈ N are such that n p m, ≥  then V x I∈ , we have

| ( ) ( )| | ( ) ( ) ( ) ( )|f x f x f x f x f x f xn p n p− = − + −
          ≤ − + −| ( ) ( )| | ( ) ( )|f x f x f x f xn p

    < ε + ε = ε
2 2

.

Thus (1) holds for this m.

The if part (Suf fi cient part): Let < >fn  be any se quence of func tions on I  such that,

given ε > 0, there ex ists a pos i tive in te ger m such that the re sult (1) holds. Now we shall

show the ex is tence of a func tion f  on I  such that the se quence < >fn  con verges

uni formly to f  on I .

We see, from (1) that for each fixed x I∈ , the sequence < >f xn ( )  of real numbers is a

Cauchy sequence. Since every Cauchy sequence of real numbers is convergent so lim
n → ∞f xn ( ) exists for every x I∈ .

Let us define a function f  by f x( ) = lim ( )
n

f x x In
→ ∞

∈V

Keeping p fixed in (1) and letting n → ∞, we have

| ( ) ( )| and .f x f x p m x Ip− < ε ≥ ∈V V

∴  < >f xn ( )  converges uniformly to f  on I .
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Note: The above the o rem can be also stated as be low :

A sequence < >fn  is uniformly convergent on I if given ε > 0 there exists a positive integer m such

that

| ( ) ( )| , .f x f x n m x I and pn p n+ − < ε ≥ ∈ ∈V V V N

Corollary: A series Σ u xn ( ) will converge uniformly on I iff for every ε > 0 , there exists a

positive integer m such that

| ( ) ( ) ( )|u x u x u xn n n p+ + ++ + + < ε1 2 …

for all n m≥ , for all x I∈ , and for all p = 1 2, , .... .

This result follows by the above theorem since the uniform convergence of a series 

Σ u xn ( ) depends upon the uniform convergence of the sequence < >fn  where

f x u x u x u xn n( ) ( ) ( ) ( ).= + + +1 2 …

 4  Tests for Uniform Convergence

The o rem 1: (Mn-test): Let < >fn  be a se quence of func tions de fined on an in ter val I.

Let lim ( ) ( )
n

nf x f x
→ ∞

=   for all x I∈ .

Set M sup f x f x x In n= − ∈{ }| ( ) ( )|: .

Then < >fn  converges uniformly to f  if and only if Mn → 0 as n → ∞.

Proof: The only if part: Let < >fn  con verge uni formly to f  on I . Then for ev ery 

ε > 0, there ex ists a pos i tive in te ger m, in de pend ent of x , such that

| ( ) ( )| , .f x f x n m x In − < ε ≥ ∈V V

Since M f x f x x In n= − ∈sup { }| ( ) ( )|: , we have

Mn ≤ ε for all n m≥ .

∴ M nn → → ∞0 as .

The if part: Let Mn → 0 as n → ∞. Then for given ε > 0 there ex ists m ∈ N such that 

M n mn < ε ≥V .

Since M f x f x x In n= − ∈sup { }| ( ) ( )|: ,

∴ | ( ) ( )|f x f xn − ≤ M n m x In < ε ≥ ∈V Vand

i e. ., | ( ) ( )| and .f x f x n m x In − < ε ≥ ∈V V

∴ < >fn  converges uniformly to f  on I .

Note: The Mn-test is a very pow er ful test. There fore reader is ad vised to use it

when ever it is ap pli ca ble.

The o rem 2: (Weierstrass’s M-test). A se ries Σ
=

∞

n
nu x

1
( ) of func tions will con verge

uni formly on I if there ex ists a con ver gent se ries Σ
=

∞

n
nM

1
 of pos i tive con stants such that

| ( )|u xn ≤ Mn

for all n and for all x I∈ . (Rohilkhand 2007; Kanpur 09)
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Proof: Since Σ Mn is con ver gent, by Cauchy’s prin ci ple, for given ε > 0, there ex ists 

m ∈ N such that

M M Mn n n p+ + ++ + + < ε1 2 … ...(1)

for all n m p≥ =, , , ....1 2

By hy poth e sis | ( )|u xn ≤ M n x In V V∈ ∈N and . ...(2)

From (1) and (2) we conclude that

| ( ) ( ) ( )|u x u x u xn n n p+ + ++ + +1 2 …

≤ + + ++ + +| ( )| | ( )| | ( )|u x u x u xn n n p1 2 …

≤ + + + <+ + +M M Mn n n p1 2 … ε
for all n m≥  and for all x I∈ .

∴ Σ u xn ( ) converges uniformly and absolutely on I .

Note: It can be eas ily seen that the same proof would hold if Mn were a func tion of x

and if the se ries Σ M xn ( ) were uni formly con ver gent on I .

In the next two results we shall use Abel’s Lemma which is stated below :

Abel’s Lemma: If the se quence < >vn  of pos i tive terms is monotonic de creas ing and num bers 

u u un1 2, , ,…  and k k1 2,  are such that

k u u u kr1 1 2 2< + + + <…   for 1≤ ≤r n

then k v1 1 ≤ Σ
=

∞

n
r ru v

1
≤ k v2 1.

The o rem 3: (Abel’s Test). The se ries Σ u x v xn n( ) ( ) will con verge uni formly on [ , ]a b  if

( )i Σ u xn ( ) is uniformly convergent on [ , ]a b

( )ii the sequence < >v xn ( )  is monotonic for every x in [ , ]a b

( )iii < >v xn ( ) is uniformly bounded in [ , ] . .,a b i e  there is a positive number k, independent of 

x and n, such that | ( )|v x kn <    for every value of x in [ , ]a b  and every positive integer n.

Proof: Let f x u x u x u x nn n( ) ( ) ( ) ( ), .= + + + ∈1 2 … N

Σ u xn ( ) is uni formly con ver gent on [ , ]a b

⇒ by Cauchy’s principle for given ε > 0 there exists a positive integer m such that

| ( ) ( )| , ,f x f x
k

q p q p mq p− < ε ∈ > >V N  and  V x a b∈[ , ]

Σ








< ε > > ∈

= +n p

q

nu x
k

q p m x a b
1

( ) and [ , ].V V

∴ ε / k is an upper bound of  Σ
= +n p

q

nu x
1

( ).

By hypothesis, the sequence < >v xn ( ) is monotonic in [ , ]a b . Hence by Abel’s lemma,

we have

Σ










= +n p

q

n nu x v x
1

( ) ( ) ≤ 
ε < ε ⋅ = ε+
k

v x
k

kp 1 ( )

V Vp q q p m x a b, , and [ , ].∈ > > ∈N

Consequently, by Cauchy’s principle, Σ u x v xn n( ) ( ) is uniformly convergent on [ , ].a b
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The o rem 4: (Dirichlet’s Test): The series Σ u x v xn n( ) ( ) will be uni formly con ver gent on 

[ , ]a b  if

( )i < >v xn ( )  is a positive monotonic decreasing sequence converging uniformly to zero on [ , ]a b

( )ii  | ( )| ( ) ,f x u x kn
r

n

r= Σ


 


<

=1
 for every value of x in [ , ]a b  and for all integral values of n,

where k is a fixed number independent of x. (Avadh 2008)

Proof: We have | ( )| [ , ]f x k x a bn < ∈V  and  V n ∈ N.

∴ for all x a b∈[ , ] and for all p q q p m, ,∈ > >N 1, we get

| ( ) ( )|f x f xq p− ≤ | ( )| | ( )|f x f xq p+

               < + =k k k2

i e. . Σ








< ∈ > >

= +n p

q

nu x k x a b q p m
1

12( ) [ , ] and .V V

∴  2k is an up per bound of  Σ
= +n p

q

nu x
1

( ).

Also se quence < >v xn ( )  is pos i tive monotonic de creas ing, so by Abel’s lemma

Σ








<

= +
+

n p

q

n n pu x v x k v x
1

12( ) ( ) ( ). ...(1)

Again < >v xn ( )  con verges uni formly to zero on [ , ]a b

⇒ given ε > 0 there ex ists m2 ∈ N such that

| ( )| and [ , ].v x
k

n m x a bn < ε ≥ ∈
2

2V V  ...(2)

Let m m m= max.{ }1 2, . Then (1) and (2) hold for all n m> .

∴ Σ








< ε = ε

= +n p

q

n nu x v x k
k1

2
2

( ) ( )

for all x a b∈[ , ], and for all q p m> > .

Hence Σ u x v xn n( ) ( ) is uni formly con ver gent on [ , ]a b .

Ex am ple 1: Let f x
nx

n x
n ( ) =

+1 2 2
 when 0 ≤ ≤x 1 1 2 3and n = , , , ..... Ex am ine as to whether

the se quence < >fn  is uni formly con ver gent on R .

(Garhwal 2007, 11; Avadh 08; Rohilkhand 09, 12)

So lu tion: We have

f x( ) = lim ( ) lim
n

f x
n

nx

n x
n

→ ∞
=

→ ∞ +
=

1
0

2 2
 V x ∈R .
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Let, if possible, the sequence converge uniformly on R . Then for a given ε > 0, there

exists m ∈ N such that

| ( ) ( )|
| |

andf x f x
n x

n x
n m xn − =

+
< ε ≥ ∈

1 2 2
V V R. ...(1)

If we take x
n

n= =1
1 2 3( , , , ...), then

| ( ) ( )|f x f x
n

n

n
n

n − =
⋅

+ ⋅
= ⋅

1

1
1

1

22
2

Hence, we note that for ε = 1

2
, there is no single m such that (1) holds simultaneously  

V x ∈R.

For if such an m existed, we would have

| ( ) ( )|f x f x xm − < ∈1

2
V R.

But if x
m

= 1
, this is a contradiction because we would have 

1

2

1

2
<  in that case. Thus

convergence is non-uniform. In fact 0 is a point of non-uniform convergence.

Note: It can be eas ily seen that this se quence will con verge uni formly on any in ter val

which does not in clude 0.

Ex am ple 2: The sum to n terms of a se ries is

f x
n x

n x
n ( ) =

+
⋅

2

4 21

Show that it converges non-uniformly in the interval [ , ]0 1  .

So lu tion: We have f x( ) = lim [ , ]
n

n x

n x
x

→ ∞ +
= ∈

2

4 21
0 0 1V

∴ | ( ) ( )|
| |

f x f x
n x

n x
n − =

+
⋅

2

4 21

Take x n= 1 2/  and proceed as in above example.

An other Method: Mn-test readily proves the non-uni form con ver gence. We have

M f x f x x
n x

n x
xn n= − ∈ =

+
∈








sup sup{ }| ( ) ( )|:

| |
:R R

2

4 21





≥
⋅

+ ⋅
= = ∈





⋅
n

n

n
n

x
n

2
2

4
4

2

1

1
1

1

2

1
Taking R

Since Mn cannot tend to zero as n → ∞ hence by Mn-test the sequence is non-uniformly

convergent.
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Ex am ple 3: Show that 0 is a point of non-uni form con ver gence of the se quence < >fn  where 

f x xn
n( ) ( ) .= − −1 1 2

So lu tion: We have

f x
n

f x
x

xn( ) lim ( )
| |

=
→ ∞

=
=
< < √





0 0

1 0 2

when

when

∴   M f x f x xn n= − ∈ √sup { }| ( ) ( )|: ] , [0 2

          = − ∈ √sup { }( ) : ] , [1 0 22x xn

        ≥ −





1
1

n

n

           taking x
n

=
√

∈ √







1
0 2] , [

          → → ∞1

e
nas .

Since Mn does not tend to zero as n → ∞, the sequence is non-uniformly convergent.

Also as n x→ ∞ →, 0 and hence 0 is a point of non-uniform convergence.

Ex am ple 4: Prove that the ex po nen tial se ries

Σ = + + + + + +u x x
x x x

n
n

n
( )

! ! !
1

2 3

2 3
… …

converges uniformly on every bounded subset of R.

So lu tion: Let [ , ]− k k  be a bounded sub set of R, for k > 0. Let ε > 0 be given. Then there

ex ists m ∈ N such that for any p∈ N and x k k∈ −[ , ], we get

x

n

n

!









  ≤  

k

n p
n m

n

!
.









< ε ≥V

∴ for all n m≥  and for all p∈ N, we have

x

n

x

n

x

n p

n n n p+ + +

+
+

+
+ +

+










1 2

1 2( ) ! ( ) ! ( ) !
…

≤
+









+ +

+








< ε ⋅ = ε

+ +x

n

x

n p p
p

n n p1

1( ) ! ( ) !
.…

Thus for any ε > 0 there exists m ∈ N such that for any p∈ N and for all x k k∈ −[ , ], we get

| |f fn p n+ − < ε where f
x x

n
n

n
= + + + ⋅1

1! !
…

Hence, by Cauchy’s principle Σ u xn ( ) converges uniformly on [ , ]− k k .

Since k > 0 is arbitrary, Σ u xn ( ) converges uniformly on any bounded subset of R.

Note: This se ries is not uni formly con ver gent on R. Since V m ∈ N there ex ists x ∈R

such that 
x

m

m

!
> 1 and hence for any ε > 0,

 1< < εx

m

m

!
  is not true.

Ex am ple 5: Show that the se ries cos x
cos x cos x

+ + +
2

2

3

32 2
… 

converges uniformly on R.
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So lu tion: Here, we have

cos nx

n2


 


≤ 

1
2n

xV ∈R.

But we know that the se ries Σ 1
2n

 is con ver gent.

Hence by Weierstrass’s M-test the given series is uniformly convergent on R.

Ex am ple 6: Prove that Σ −a nn
x is uni formly con ver gent on [ , ]0 1  if Σ an con verges uni formly

on [ , ]0 1 .

So lu tion: Take  v x n
n

n
x

x
( ) = =− 1

  and  u x an n( ) .=

The se quence < >−n x  is monotonic de creas ing on [ , ]0 1.

Since < >−n x  de creases on [ , ],0 1

∴ 1

n x
≤ = ∈ ∈1

1 0 1
0n

n xV VN and [ , ].

∴ | ( )| | |v x nn
x= − ≤ 1 0 1V Vn x∈ ∈N and [ , ].

Thus < >v xn ( )  is uniformly bounded and monotonic decreasing sequence on [ , ].0 1

Also Σ = Σu x an n( )  is uniformly convergent on [ , ]0 1.

Hence by Abel’s test, Σ = Σ −u x v x a nn n n
x( ) ( )  is uniformly convergent on [ , ].0 1

Ex am ple 7: Test for uni form con ver gence the se ries

Σ
=

∞ −
n

n xx e
0

 in the closed interval [ , ].0 1

(Garhwal 2007; Rohilkhand 12)

So lu tion: Here  f x u x u x u xn n( ) ( ) ( ) ( )= + + +1 2 …

      = Σ =
−
−

=
−

−



=

−
−

n

n
n x

n x

x

x

x n x
xe

x e

e

xe

e e0

1 1 1

1 1 1
1

1( / )

/
⋅

∴   f x
n

f x

x

xe

e
xn

x

x

( ) lim ( )
.

=
→ ∞

=

=

−
< ≤









0 0

1
0 1

when

when

Let us con sider 0 < x ≤ 1 . We have

   M f x f x xn n= − ∈sup { }| ( ) ( )|: ] , ]0 1

     =
−

∈











sup

xe

e e
x

x

x nx( )
: ] , ]

1
0 1

          ≥
−

( / ) .

( )
.

/

/

1

1

1

1

n e

e e

n

n
      Taking x

n
= ∈





1
0 1] , ]

Now lim ( / ) .

( )

/

/n

n e

e e

n

n→ ∞ −
1

1

1

1
 Form

0

0






R-160



      =
→ ∞

− + −
−

lim
( / ) . ( / ) ( / )

. ( / )

/ /

/
n

n e n n e

e e n

n n

n

1 1 1

1

1 2 2 1

1 2

      =
→ ∞

+
= ⋅lim

( / )

n

n

e e

{ }1 1 1

Hence Mn cannot tend to zero as n → ∞ and consequently the sequence is

non-uniformly convergent by Mn-test. Here 0 is a point of non-uniform convergence.
 

Ex am ple 8: Test for uni form con ver gence the se ries

( )i  Σ
+

x

n x( )2 2
  

(Purvanchal 2008; Garhwal 09)

( )ii    Σ x

n nx( )1 2+
⋅

So lu tion: (i) Here  u x
x

n x
n ( )

( )
=

+
⋅

2 2

For max i mum or min i mum of u x
du x

dx
n

n( ),
( )

= 0

or ( ) ( )n x x n x+ − + =2 2 2 24 0   or   3 2 04 2 2x nx n+ − =

or x
n

i e x
n2

3 3
= = 





⋅. .,

It can be eas ily seen that 
d u x

dx

n
2

2

( )
 is − ive when x

n= 





⋅
3

∴ M u x
n

n
n n

n n= =
√

+





= √ ⋅max. ( )
( / )

/

3

3

3 3

162 3 2

Thus | ( )|u xn ≤ M n. But ΣMn is con ver gent.

Hence, by Weierstrass’s M-test, the given series is uniformly convergent for all values

of x.

(ii) Here u x
x

n nx
n ( )

( )
=

+1 2
 is max. or min. when

n nx n x x n( ) / .1 2 0 12 2 2+ − = = ± √or

It can be eas ily seen that u xn ( ) is max i mum for x n= √1 / .

∴ M u x
n

n n
n n= = √

+
= ⋅max. ( )

/

( ) /
1

1 1

1

2 3 2

But Σ Mn is convergent. Hence, by Weierstrass’s  M-test, the given series is uniformly

convergent for all values of x.
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 1.  Prove that the se quence < >fn  de fined by f x
x

nx
n ( ) (=

+1
0 ≤ < ∞x ) is uni formly 

 convergent to  0 on [ , [.0 ∞
 2.  Show that the se quence < >fn  where 

f x nx xn
n( ) ( )= −1

  does not converge uniformly on [ , ].0 1 (Garhwal 2007)

 3.  Show that 0 is a point of non-uni form con ver gence of the se quence < >f xn ( ) ,

 where f x nxe xn
nx( ) , .= ∈− 2

R  (Rohilkhand 2007)

 4.  Show that the se quence < >fn  where f x x xn
n( ) ( )= −−1 1  con verges uni formly 

 in the interval [ , ]0 1.

 5.  If  Σ
=

∞

n
na

0
 con verges ab so lutely prove that  Σ

=

∞

n
n

na x
0

 con verges uni formly on

 [ , ].0 1

 6.  Show that  Σ
+=

∞

n n x1 2 2
1

 (0 ≤ x < ∞) is uni formly con ver gent on [ , [.0 ∞

 7.  Prove that Σ
+=

∞

n

x

n n1 1( )
 is uni formly con ver gent on ] , [,0 0k k >  but not on 

 ] , [.0 ∞

 8.  Prove that if  δ is any fixed pos i tive num ber less than unity, the se ries Σ
+
x

n

n

1
 is 

 uniformly convergent in [ , ].− δ δ

 9.  Show that the se ries  sin sin sinx x x+ + +1

2
2

1

3
3 …

  converges uniformly in 0 < a ≤ x ≤ b < 2π.

10.  Show that the se ries

x

x

x

x

x

x

nx

nx

n x

n

2 2 2 2 2

1

2

1 2 1 1

1

1+
+

+
−

+









 + +

+
−

−
+ −

…

( )

( 1) x









 +…

  converges uniformly on [ , ].0 1

11.  Consider the se ries  Σ
( )− −1 1n

n

n
x   for uni form con ver gence in [0, 1].

12.  Consider the se ries Σ
( )

( )

−
+

−1 1

2

n

n x
  for uni form con ver gence for all val ues of x.

13.  Show   that   the   se ries   Σ
n

n nx
=

∞ −−
1

11( )    con verges   uni formly   in

 0 1≤ ≤ <x k .

14.  Show that the se ries  Σ
n n x=

∞

+1 2
1

1
 con verges uni formly in [ , [1 ∞ .
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 5  Uniform Convergence and Continuity

Let us consider the sequence < >fn  defined on [ , ]0 1 where f x xn
n( ) = (0 ≤ x ≤ 1).

Since f x x nn
n( ) = ∈V N is a polynomial function, fn is continuous on [ , ]0 1  V n ∈ N.

The limit function f  is defined by

f x
x

x
( )

,

, .
=

≤ <
=





0 0 1

1 1

if

if

The sequence < >fn  converges pointwise to the function f  which is discontinuous at 

x i e= 1 . . discontinuous on [ , ]0 1.

Hence we see that a sequence < >fn  of continuous functions may converge pointwise to 

discontinuous function.

This is also true for a series of continuous functions Σ u xn ( ) converging pointwise to 

f x( ).

However, in the following theorem we prove that a sequence < >fn  of continuous

functions on [ , ]a b  converging uniformly to f  on [ , ]a b  is such that the uniform limit

function f  is also continuous on [ , ]a b .

Theorem 1: Let < >fn  be a sequence of real-valued functions on [ , ]a b  which converges

uniformly to the function f  on [ , ]a b . If each f nn ( , , , ...)= 1 2 3  is continuous on [ , ]a b , then f  is

also continuous on [ , ]a b .

Proof: Let c be an arbitrary element of [ , ]a b . It is sufficient to prove that f  is

continuous at c. Since each fn is continuous on [ , ]a b , it implies it is continuous at c. Now 

let ε > 0 be given. Since < >fn  converges uniformly to f  on [ , ]a b , there exists m ∈ N such

that

| ( ) ( )| and [ , ].f x f x n m x a bn − < ε ≥ ∈
3

V V

In particular, we have

| ( ) ( )|f x f xm − < ε
3

 ...(1)

and | ( ) ( )|f c f cm − < ε ⋅
3

 ...(2)

Also since fm is continuous at c, there exists δ > 0 such that

| ( ) ( )|f x f cm m− < ε
3

 when ever | | .x c− < δ  ...(3)

Hence if | |x c− < δ, we get

| ( ) ( )| | ( ) ( ) ( ) ( ) ( ) ( )|f x f c f x f x f x f c f c f cm m m m− = − + − + −
≤ | ( ) ( )| | ( ) ( )| | ( ) ( )|f x f x f x f c f c f cm m m m− + − + −

< ε + ε + ε = ε
3 3 3

 by (1), (2) and (3).

Thus for a given ε > 0, there exists a δ > 0 such that

| ( ) ( )|f x f c− < ε whenever | |x c− < δ.

It follows that f  is continuous at c, which proves the theorem.
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Corollary: Let  Σ
=

∞

n
nu x

1
( ) be a se ries of real val ued con tin u ous func tions de fined on [ , ].a b   If

the se ries con verges uni formly to the func tion f  on [ , ] ,a b   then f  is con tin u ous on [ , ].a b   In other
words, the sum func tion of a uni formly con ver gent se ries of con tin u ous func tions is it self con tin u ous.

Proof: We know that the uni form con ver gence of the se ries Σ
=

∞

n
nu x

1
( ) is the same

thing as the uni form con ver gence of the se quence < >f xn ( )  where

f x u x u x u xn n( ) ( ) ( ) ( ).= + + +1 2 …

Also the sum f xm ( ) of the finite number of continuous functions u x u x u xm1 2( ), ( ), , ( )…

is continuous. For the rest of the proof we can proceed as in the above theorem.

Note 1: The reader should note that uni form con ver gence is only a suf fi cient but not a 

nec es sary con di tion for the con ti nu ity of the sum func tion i e. ., if the sum func tion is

con tin u ous on [ , ]a b , it is not nec es sary that the se ries is uni formly con ver gent on [ , ]a b .

For ex am ple, let us con sider the se ries

Σ
+

−
−

+ −











=

∞

n

n x

n x

n x

n x1

2

3 2

2

3 21

1

1 1

( )

( )
 de fined on [ , ].0 1

Here, we have f x u x u x u xn n( ) ( ) ( ) ( )= + + +1 2 …

=
+

−








 +

+
−

+









 +x

x

x

x

x

x1
0

2

1 2 12

2

3 2 2
…

+
+

−
−

+ −









 =

+
⋅n x

n x

n x

n x

n x

n x

2

3 2

2

3 2

2

3 21

1

1 1 1

( )

( )

∴ f x n f x n
n x

n x
xn( )

lim
( )

lim
.= → ∞ = → ∞ +

=
2

3 21
0 V

Hence f x( ) is con tin u ous on [ , ].0 1

Now Mn = sup {| ( ) ( ) : [ , ] }f x f x xn − ∈ 0 1

    =
+

∈





sup

n x

n x
x

2

3 21
0 1: [ , ]}

  ≥
⋅

+
= √n

n

n
n

n
2

3 2

3
3

1

1
1 2

/

.
 taking x

n
=





1
3 2/

  → ∞ → ∞as n .

Thus Mn cannot tend to zero as n → ∞. Hence the series is non-uniformly convergent

on [ , ]0 1 by Mn-test. Here 0 is a point of non-uniform convergence.

Note 2: From the above the o rem we also con clude that if the se ries of con tin u ous

func tions de fined on [ , ]a b  has dis con tin u ous sum, it can not be uni formly con ver gent

on a sub set A of [ , ]a b  which con tains a point of dis con ti nu ity. For, if the se ries were

uni formly con ver gent, we have seen above that its sum must be con tin u ous on the

do main of uni form con ver gence.
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Consequently the theorem provides a very good negative test for uniform convergence.

For example, consider the series 

Σ −
=

∞

n

nx x
0

1( ) in [ , ].0 1      

Here f x xn
n( ) .= −1

∴ f x
x

x
( )

,

, .
=

=
≤ <





0 1

1 0 1

if

if

For each value of n x xn, ( )1−  is continuous on [ , ]0 1 although f x( ) is discontinuous at 1.

It gives that the series cannot be uniformly convergent on [ , ].0 1

Ex am ple 9: Test for uni form con ver gence and con ti nu ity of the sum func tion of the se ries for

which

( )i f x
nx

n ( ) =
+
1

1
(0 ≤ x ≤ 1),   

(Garhwal 2008)

( )ii  f x nx xn
n( ) ( )= −1  (0 ≤ x ≤ 1).

So lu tion: (i) We have f x
nx

n ( ) =
+

⋅1

1

∴ f x
n

f x
x

xn( )
lim

( )
,

, .
= → ∞ =

< ≤
=





0 0 1

1 0

if

if

The sum function f  is discontinuous at 0. Hence the series will be non-uniformly
convergent in [ , ]0 1.

By the previous methods it can be verified that zero is a point of non-uniform
convergence.

(ii) Here f x nx xn
n( ) ( ) ,= −1 (0 ≤ x ≤ 1).

If 0 1 1< < → ∞ −x n nx x n,
lim

( )  [ ]Form:  ∞ × 0

=
→ ∞ − −

lim

( )n

nx

x n1
 Form 

∞
∞







= → ∞ − − −−
lim

( ) log ( )n
x

x xn1 1

= → ∞ −
−

−
=

lim ( )

log ( )
.

n
x x

x

n1

1
0

Also f xn ( ) = 0 if x = 0 or 1.

Hence f x n f x xn( )
lim

( ) [ , ].= → ∞ = ∈0 0 1V

The sum function f x( ) is continuous for all x ∈[ , ].0 1

However the sequence < >f xn ( )  is not uniformly convergent on [ , ].0 1
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Ex am ple 10: Test the se ries Σ −xe nx for uni form con ver gence and con ti nu ity of its sum func tion

near x = 0.

So lu tion: We have  f x x
e

e
n

nx

x
( ) =

−
−

⋅
−

−
1

1

∴ f x n
f x

x

e
x

x

n x( )

lim
( ) ,

, .

= → ∞ =
−

≠

=









−1

0

0

0

if

if

Now  
lim

( )
lim

x f x x
x

e x→ = → − −0 0 1

   = →
− − + − +











lim

! !

x
x

x
x x0

1 1
2 3

2 3
…

   = →
− +

lim

!

x x0
1

1
2

…

 = 1.

Also   f ( )0 0= .

Since  
lim

( ) ( )x f x f→ ≠0 0 , the function f x( ) is not continuous at x = 0. It implies that

the series does not converge uniformly in any interval containing 0.

 6  Uniform Convergence and Integration

Theorem 1: Let < >fn  be a sequence of real valued functions defined on the closed and bounded

interval [ , ]a b  and let f a bn ∈R [ , ] , for n = 1 2 3, , ,… . If < >fn  converges uniformly to the function 

f  on [ , ]a b , then f a b∈R [ , ] and

a

b

a

b
nf x dx

lim
n f x dx∫ ∫= → ∞( ) ( ) .

(Garhwal 2010)

Proof: Let ε > 0 be given.

The sequence < >fn  converges uniformly to f  on [ , ]a b

⇒ there exists m ∈ N such that

| ( ) ( )|
( )

and [ , ].f x f x
b a

n m x a bn − < ε
−

≥ ∈
3

V V  ...(1)

In particular, for n m= , | ( ) ( )|
( )

f x f x
b a

m − < ε
−3

i e. ., f x
b a

f x f x
b a

m m( )
( )

( ) ( )
( )

− ε
−

< < + ε
−

⋅
3 3

...(2)

Since f a bm ∈R [ , ], there exists a partition

P a x x x x bn= = ={ }0 1 2, , , ,…  of [ , ]a b  such that

U P f L P fm m( , ) ( , )− < ε1

3
.  ...(3)
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Let m M m Mr
m

r
m

r r
( ) ( ), and ,  be the infima and suprema of fm and f  respectively on 

[ , ]x xr r−1  .

Now from (2), we get

f x f x
b a

x a bm ( ) ( )
( )

[ , ].< + ε
−

∈
3

V

In par tic u lar, f x f x
b a

m ( ) ( )
( )

< + ε
−3

 V x x xr r∈ −[ , ].1

It fol lows that mr
m( ) ≤ + ε

−
m

b a
r

3 ( )

⇒ Σ
=r

n

r
m

rm x
1

( ) ∆ ≤ Σ + ε
−

Σ
= =r

n

r r
r

n

rm x
b a

x
1 13

∆ ∆
( )

⇒ L P fm( , ) ≤ + εL P f( , ) .
1

3
 ...(4)

Again from (2), we also have

f x f x
b a

x x xm r r( ) ( )
( )

[ , ].< + ε
−

∈ −
3

1V

It fol lows that Mr ≤ M
b a

r
m( )

( )
+ ε

−3

⇒ Σ ∆
=r

n

r rM x
1

≤ Σ + ε
−

Σ
= =r

n

r
m

r
r

n

rM x
b a

x
1 13

( )

( )
∆ ∆

⇒ U P f( , ) ≤ U P fm( , ) .+ ε1

3
 ...(5)

Add ing (4) and (5), we have

U P f L P fm( , ) ( , )+ ≤ L P f U P fm( , ) ( , )+ + ε2

3

or U P f L P f( , ) ( , )− ≤ U P f L P fm m( , ) ( , )− + ε2

3

       < ε + ε = ε
3

2

3
, us ing (3).

Thus for a given ε > 0, there exists a partition P of [ , ]a b  such that 
U P f L P f( , ) ( , )− < ε.
Hence f a b∈R [ , ]. This proves the first result.

To prove the second result, we have for all n m≥ ,

a

b
n a

b

a

b
nf f f f∫ ∫ ∫−


 


= −


 


( ) ≤ 

a

b
nf f∫ −| |

   < ε
−∫a

b

b a
dx

3 ( )
, us ing (1)

   = ε
−

= ε
−

− = ε ⋅∫3 3 3( ) ( )
( )

b a
dx

b a
b a

a

b

It fol lows that lim ( ) ( )n f x dx f x dx
a

b
n a

b

→ ∞






=∫ ∫ .

This completes the proof of the theorem.
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Corollary 1: Let < >fn  be a sequence of real valued continuous functions defined on [ , ]a b  such

that f fn →  uniformly on [ , ]a b . Then f a b∈R [ , ] and

lim
n f x dx f x dx

a

b
n a

b

→ ∞ =∫ ∫( ) ( ) .

Proof: Since every continuous function is Riemann integrable so f a bn ∈R [ , ] for 

n = 1 2 3, , ,… and hence the symbol 
a

b
nf x dx∫ ( )  is meaningful.

Again if the sequence < >fn  converges uniformly to f  on [ , ]a b  and fn is continuous on 

[ , ]a b  for each n ∈ N then (by theorem 1 of article 5) f  is continuous on [ , ]a b  and hence 

f a b∈R [ , ]. Thus the first result is proved. For the second result the proof is the same as

that given in the above theorem.

Term by Term Integration

Corollary 2: Let  Σ
=

∞

n
nu x

1
( ) be a series of real valued functions defined on [ , ]a b  such that 

u x a bn ( ) [ , ],∈R    for n = 1 2 3, , ,…. If the series converges uniformly to f  on [ , ]a b , then

f a b∈R [ , ]

and 
a

b

n
n

n a

b
nu x dx u x dx∫ ∫Σ









 = Σ

=

∞

=

∞

1 1
( ) ( ) .

Proof: Let u x u x u x f xn n1 2( ) ( ) ( ) ( ).+ + + =…  Then f a bn ∈R [ , ] for each fixed n

because the sum of a finite number of R-integrable functions is R-integrable. Also we

know that the uniform convergence of the series Σ u xn ( ) is the same thing as the

uniform convergence of the sequence < >fn  so that < >fn  converges uniformly to f  on 

[ , ]a b . Hence f a b∈R [ , ], by the above theorem.

Now  
a

b

n
n a

b

a

b
nu x dx f x dx

n
f x dx∫ ∫ ∫Σ









 = =

→ ∞=

∞

1
( ) ( ) lim ( )

      =
→ ∞

Σ








∫ =

lim ( )
n

u x dx
a

b

m

n

m
1

      =
→ ∞

Σ
= ∫lim

( )
n

u x dx
m

n

a

b
m

1

      = Σ 





⋅
=

∞
∫n a

b
nu x dx

1
( )

Note: The con di tion of uni form con ver gence of the se ries Σ u xn ( ) is only suf fi cient

but not nec es sary for the va lid ity of term by term in te gra tion. For ex am ple, con sider the 

se ries

Σ
=

∞

n
nu x

1
( ),  where  u x

nx

n x

n x

n x
n ( )

( )

( )
=

+
−

−
+ −

⋅
1

1

1 12 2 2 2

We have      f x u x u x u x
nx

n x
n n( ) ( ) ( ) ( )= + + + =

+
⋅1 2 2 21

…

∴ f x
n

f xn( )
lim

( )= → ∞ = 0 for all x.
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Now 
0

1

1 0

1

0

1
0 0∫ ∫ ∫Σ









 = = =

=

∞

n
nu x dx f x dx dx( ) ( ) ,

and Σ =
→ ∞

Σ
=

∞

=∫ ∫n
n

m

n

mu x dx
n

u x dx
1 0

1

1 0

1
( )

lim
( )

  =
→ ∞

Σ








∫ =

lim ( )
n

u x dx
m

n

m0

1

1

      =
→ ∞ ∫lim

( )
n

f x dxn0

1

      =
→ ∞ +∫lim

n

nx

n x
dx

0

1

2 21

        =
→ ∞

+ =lim
log ( ) .

n n
n

1

2
1 02

Hence Σ = Σ
∞ ∞

∫ ∫1 0

1

0

1

1
u x dx u x dxn n( ) ( ) , although 0 is a point of non-uniform

convergence of the series as we have seen earlier.

Ex am ple 11: Show that

0

1

1 2 1 2
1

1∫ Σ








 = Σ

+
⋅

∞ ∞x

n
dx

n n

n

( )

So lu tion: By Weierstrass’s M-test, the se ries Σ x

n

n

2
 is uni formly con ver gent for  

0 1≤ ≤x . Therefore it can be in te grated term by term.

Hence 
0

1

1 2 1 0

1

2 1

1

21∫ ∫Σ








 = Σ = Σ

+





∞ ∞ ∞ +x

n
dx

x

n
dx

x

n n

n n n

( )







0

1

 = Σ
+

⋅
∞

1 2
1

1n n( )

Ex am ple 12: Ex am ine for term by term in te gra tion the se ries the sum of whose first n terms is

n x x n2 1( ) ,−  (0 ≤ x ≤ 1).

So lu tion: Here  f x n x xn
n( ) ( ) .= −2 1

Obviously f xn ( ) = 0 when x = 0 or 1.

When 0 1< <x , we have

lim
( )

lim

( )n
f x

n
n x

x
n n→ ∞ = → ∞ − −

2

1
 Form

∞
∞







   = → ∞ − − −−
lim

( ) log ( )n
nx

x xn

2

1 1
 Form

∞
∞







   = → ∞ − −
=−

lim

( ) [log ( )]
.

n
x

x xn

2

1 1
0

2
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Hence f x
n

f xn( )
lim

( )= → ∞ = 0 for 0 ≤ x ≤ 1.

∴          
0

1
0∫ =f x dx( ) .

But   
0

1

0

1 2 1∫ ∫= −f x dx n x x dxn
n( ) ( )

           = −
−

+
−

−
+ +













+ +
n

x x

n

x

n n

n n
2

1 2

0

1
1

1

1

1 2

( ) ( )

( ) ( )

           =
+ +

→n

n n

2

1 2
1

( ) ( )
 as n → ∞.

Consequently term by term integration over the interval [ , ]0 1 is not justified. In fact, 0

is a point of non-uniform convergence of the series i e. . the series is non-uniformly

convergent in 0 ≤ x ≤ 1.

For, let if possible, the series be uniformly convergent.

Then for a given ε > 0, we have

| ( ) ( )| ( )f x f x n x xn
n− = − < ε2 1  ...(1)

for all values of n m≥  and  V x ∈[ , ].0 1

Taking x n= 1 / , we get

| ( ) ( )|f x f x n
n n

n
n

n

n n

− = ⋅ −





= −





2 1
1

1
1

1

→ ∞ → ∞ →as asn i e x, . ., .0

This contradicts (1). Hence the series does not converge uniformly in [ , ]0 1. Here 0 is a

point of non-uniform convergence of the series.

Ex am ple 13: Show that the se ries

2 2
1 1

1

2 2 2 2 2

1 2 2
1xe x

n
e

n
ex x n x n− ∞ − − += Σ −

+













/ /( )

( )

can be integrated term by term between any two finite limits. Can the function defined by the series

be integrated between the limits 0 and  ∞? If so, what is the value of this integral given by

integrating the series term by term between these limits ?

So lu tion: Here  u x x
e

n

e

n
n

x n x n
( )

( )

/ /( )
= −

+















⋅
− − +

2
1

2 2 2 2

2

1

2

∴ f x u x u x u xn n( ) ( ) ( ) ( )= + + +1 2 …

   = −














+ −




−
− − −

2
2

2
2 3

2
2 2 2 2 2 22

2

2

2

3

2
x e

e
x

e ex
x x x/ / /










+…

+ −
+















− − +
2

1

2 2 2 2

2

1

2
x

e

n

e

n

x n x n/ /( )

( )
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      = −
+















⋅−
− +

2
1

2
2 21

2
x e

e

n

x
x n/( )

( )

Then f x
n

f x xen
x( )

lim
( )= → ∞ = −2

2
 for all val ues of x.

Now 
a

b

a

b x a bf x dx xe dx e e∫ ∫= = −− − −( ) 2
2 2 2

and 
a

b
n

a b b n a nf x dx e e e e∫ = − + −





− − − + − +( ) /( ) /( )2 2 2 2 2 21 1

 → − → ∞− −e e na b2 2
as .

Since 
a

b

a

b
nf x dx

n
f x dx∫ ∫= → ∞( )

lim
( ) ,

the se ries can be in te grated term by term be tween any two fi nite lim its.

Again 
0 0

2 1
2∞ ∞ −∫ ∫= =f x dx xe dxx( )

and 
0

1

0

2 2 2
0

∞ − − +
∞

∫ = − +





=f x dx e en
x x n( ) ./( )

Since 
0 0

∞ ∞
∫ ∫≠ → ∞f x dx

n
f x dxn( )

lim
( ) ,

the series cannot be integrated term by term between the limits 0 and ∞.

 7  Uniform Convergence and Differentiation

Theorem 1: Let < >fn  be a sequence of real valued functions defined on [ , ]a b  which converges

uniformly to the function f  on [ , ]a b . Let c be any point of  [ , ]a b  and suppose that

lim
x c f x L nn n→ = =( ) ( , , , ...).1 2 3

Then the sequence < >Ln  of real constants converges, and

lim
x c f x

lim
n Ln→ = → ∞( ) .

In other words, the conclusion of the theorem is that

lim
x c

lim
n f x

lim
n

lim
x c f xn n→ → ∞ = → ∞ →( ) ( ).

Proof: Let ε > 0 be given. Since < >fn  converges uniformly to f  on [ , ]a b , there exists 

m ∈ N such that

| ( ) ( )|f x f xn p− < ε for all n p m, ≥  and  V x a b∈[ , ]  ...(1)

In (1), let ting x c→ , we have | |L Ln p− < ε
for all n m p m≥ ≥, . Hence by Cauchy’s general principle of convergence for real

sequences, the sequence < >Ln  converges. This proves the first assertion.
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Let 
lim

.
n

L Ln→ ∞ =

Now since < >Ln  converges to L fnand < > converges uniformly to f  on [ , ]a b , there

exists a positive integer k such that

| |L Lk − < ε1

3
 ...(2)

and | ( ) ( )| ,f x f xk − < ε1

3
 ...(3)

for all x a b∈[ , ].

Also since 
lim

( )
n c

f x Lk k→ = , there ex ists δ > 0 such that

| ( ) |f x Lk k− < ε1

3
 when ever | |x c− < δ. ...(4)

Thus for all x sat is fy ing | |x c− < δ, we have

| ( ) | | ( ) ( ) ( ) |f x L f x f x f x L L Lk k k k− = − + − + −
                 ≤ − + − + −| ( ) ( )| | ( ) | | |f x f x f x L L Lk k k k

                 < ε + ε + ε = ε1

3

1

3

1

3
, by (2), (3) and (4).

Hence for a given ε > 0, there ex ists a δ > 0 such that

| ( ) |f x L− < ε when ever | |x c− < δ.

By the def i ni tion of limit, it fol lows that

lim
( )

lim
x c f x L n Ln→ = = → ∞

or  
lim lim

( )
lim lim

( ).n c n f x n n c
f xn n→ → ∞ = → ∞ →

The theorem is now completely established.

Corollary: Let  Σ
=

∞

n
nu x

1
( ) be a series of real valued functions defined on [ , ]a b  and let 

lim u x
x c

n
→

( )  exist ( , , , ...)n = 1 2 3  where c is any point of [ , ]a b . If the series Σ u xn ( ) converges

uniformly on [ , ]a b  , then

lim
x c u x lim

x c
u x

n
n

n
n→ Σ = Σ

→








=

∞

=

∞

1 1
( ) ( ) .

Proof: Let f x u x u x u xn n( ) ( ) ( ) ( ).= + + +1 2 …  Then

lim
( )

lim lim
( )

lim lim
x c u x x c n u x x c nn

n
m

n

m→ Σ = → → ∞ Σ = →=

∞

=1 1 → ∞ f xn ( )

...(5)

and Σ
→









=

∞

n
nx c

u x
1

lim ( )

=
→ ∞

Σ
→









=

lim lim ( )
n x c

u x
m

n

m
1
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=
→ ∞ →

Σ
=

lim lim ( ).
n x c

u x
m

n

m
1

[∵ the limit of the sum of a fi nite num ber
of func tions is the sum of their lim its]

=
→ ∞ →
lim lim ( ).

n x c
f xn  ...(6)

Now the result follows from (5), (6) and the above theorem.

Theorem 2: Let < >fn  be a sequence of real valued functions defined on [ , ]a b  such that

( )i  fn is differentiable on [ , ]a b for n = 1 2 3, , , ,…

( )ii  the sequence < >f cn ( )  converges for some point c of [ , ]a b

( )iii  the sequence < >fn  converges uniformly on [ , ]a b . Then the sequence < >fn  converges

uniformly to a differentiable limit f  and

lim
n

f x f x an→ ∞
′ = ′( ) ( ) ( ≤ x ≤ b).

Proof: Let ε > 0 be given. Since < >f cn ( )  converges and < ′ >fn  converges uniformly

on [ , ]a b , there exists a positive integer m such that for all n p m, ≥ ,

 | ( ) ( )|f c f cn p− < ε1

2
 ...(1)

and | ( ) ( )|
( )

(f x f x
b a

an p′ − ′ < ε
−2

≤ x ≤ b). ...(2)

Applying the mean value theorem of differential calculus to the function f fn p−  where 

n p m, ≥ , for any x y,  in [ , ]a b  there exists some ξ between x yand   such that
( ) ( ) ( ) ( )

( ) ( )
f f x f f y

x y
f f

n p n p
n p

− − −

−
= − ′ ξ .

∴ | ( ) ( ) ( ) ( )| | || ( ) ( )|f x f x f y f y x y f fn p n p n p− − + = − ′ − ′ξ ξ

<
− ε

−
| |

( )
,

x y

b a2
 us ing (2) ...(3)

< ε1

2
 [ | |∵ x y− ≤ ( ) ]b a−  ...(4)

for all n p m x y a b, and , [ , ].≥ ∈V

Hence, for all n p m x a b, and [ , ],≥ ∈V

| ( ) ( )| | ( ) ( ) ( ) ( ) ( ) ( )f x f x f x f x f c f c f c f cn p n p n p n p− = − − + + − |

          ≤ | ( ) ( ) ( ) ( )| | ( ) ( )|f x f x f c f c f c f cn p n p n p− − + + −

          < ε + ε = ε1

2

1

2
, us ing (1) and (4).

Thus for a given ε > 0, there exists a positive integer m such that | ( ) ( )|f x f xn p− < ε for

all n p m, ≥  and V x a b∈[ , ].

It follows that the sequence < >fn  converges uniformly on [ , ]a b , say to a function f ,

i e. ., f x
n

f x an( ) lim ( ), (=
→ ∞

≤ x ≤ b).

Thus the first result is proved.
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Now for an arbitrary but for the moment a fixed x a b∈[ , ], define

F y
f y f x

y x
F y

f y f x

y x
n

n n( )
( ) ( )

, ( )
( ) ( )

=
−
−

=
−
−

 ...(5)

for a ≤ y ≤ b y x, ≠ . Then

lim ( ) lim ( ) ( )
( )

y x
F y

y x

f y f x

y x
f xn

n n
n→

=
→

−
−

= ′  ...(6)

for n = 1 2 3, , , ....

Also for n p m, ≥ , we have

| ( ) ( )|
( ) ( ) ( ) ( )

F y F y
f y f x f y f x

y x
n p

n n p p− =
− + −

−










              < ε
−2 ( )b a

, us ing (3).

It implies that < >Fn  converges uniformly for a y b≤ ≤ , y x≠ . Since < >fn  converges to 

f , it follows from (5) that

  lim ( ) lim ( ) ( )

n
F y

n

f y f x

y x
n

n n

→ ∞
=

→ ∞
−
−

  =
−
−

=
f y f x

y x
F y

( ) ( )
( ). ...(7)

Now applying theorem 1 of article 7 to < >Fn  with L f xn n= ′ ( ), and using (6), (7), we get

lim ( ) lim ( )
y x

F y
n

f xn→
=

→ ∞
′

or lim ( ) ( ) lim ( )
y x

f y f x

y x n
f xn→

−
−

=
→ ∞

′ , us ing (5)

or f x
n

f x x a bn′ =
→ ∞

′ ∈( ) lim ( ), [ , ].V

Thus the theorem is completely established.

Term by Term Differentiation

Corollary: Let Σ
=

∞

n
nu x

1
( ) be a series of real valued differentiable functions on [ , ]a b  such that 

Σ
=

∞

n
nu c

1
( ) converges for some point c of [ , ]a b  and Σ ′

=

∞

n
nu x

1
( ) converges uniformly on [ , ]a b . Then

the series Σ
=

∞

n
nu x

1
( ) converges uniformly on [ , ]a b  to a differentiable sum function f  and

f x lim
n

u x
m

n

m′ =
→ ∞

Σ ′
=

( ) ( ),
1

  (a ≤ x ≤ b)

i e. ., 
d

dx
u x

d

dx
u x

n
n

n
nΣ









 = Σ 



=

∞

=

∞

1 1
( ) ( ) ,  (a ≤ x ≤ b).

(Purvanchal 2009)
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Proof: Let  f x u x u x u xn n( ) ( ) ( ) ( ).= + + +1 2 …

Since the differential coefficient of the sum of a finite number of differentiable

functions is equal to the sum of the their differential coefficients, hence we have

f x u x u x u xn n′ = ′ + ′ + + ′( ) ( ) ( ) ( ).1 2 …

Thus the series Σ Σ ′
=

∞

=

∞

n
n

n
nu x u x

1 1
( ) and ( ) are equivalent to the sequences 

< > < ′ >f fn nand  respectively.

Now the proof is the same as in the above theorem.

Note: If in ad di tion to the hy poth e sis of the above the o rem, the con ti nu ity of fn′ is

as sumed then a much shorter proof based on the o rem 1 of ar ti cle 5, the o rem 1 of ar ti cle

6 and the fun da men tal the o rem of in te gral cal cu lus is given in the fol low ing the o rem.

The o rem 3: Let < >fn  be a se quence of real val ued func tions de fined on [ , ]a b  such that

( )i  fn is differentiable on [ , ] , , ,a b for n = 1 2 3…

( )ii  the sequence < >fn  converges to f on a b[ , ],

( )iii  the sequence < ′ >fn  converges uniformly to g on a b[ , ],

( )iv  each fn′ is continuous on [ , ]a b .

Then g x f x( ) ( )= ′  (a ≤ x ≤ b)

i e. ., lim
n

f x f xn→ ∞
′ = ′( ) ( ),  (a ≤ x ≤ b).

Proof:  Since the se quence < ′ >fn  of con tin u ous func tions con verges uni formly to g

on [ , ]a b , it fol lows by the o rem 1 of  ar ti cle 5 that g is con tin u ous on [ , ]a b . Also < ′ >fn
con verges uni formly to g on [ , ]a x , where x is any point of [ , ]a b . It fol lows, by the o rem 1

of ar ti cle 6, that

lim ( ) ( ) .
n

f t dt g t dt
a

x
n a

x

→ ∞
′ =∫ ∫  ...(1)

By the fun da men tal the o rem of in te gral cal cu lus, we have

a

x
n n nf t dt f x f a∫ ′ = −( ) ( ) ( ). ...(2)

But by hypothesis,

lim ( ) ( ) and lim ( ) ( ).
n

f x f x
n

f a f an n→ ∞
=

→ ∞
=  ...(3)

Combining (1), (2) and (3), we get

f x f a g t dt
a

x
( ) ( ) ( ) ,− = ∫    (a ≤ x ≤ b).

It implies that

f x g x′ =( ) ( ),     (a ≤ x ≤ b)

or f x
n

f xn′ =
→ ∞

′( ) lim ( ),     (a ≤ x ≤ b).

Cor ol lary: Let  Σ
=

∞

n
nu x

1
( ) be a se ries of func tions de fined on [ , ]a b  such that

( )i  u xn ( ) is dif fer en tia ble on [ , ] , , ,a b for n = 1 2 3…
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( )ii  the se ries  Σ
=

∞

n
nu x

1
( ) con verges to f  on [ , ]a b

( )iii  the series  Σ ′
=

∞

n
nu x

1
( ) converges uniformly to g on [ , ]a b

( )iv  each un′ is continuous on [ , ]a b .

Then f x g x′ =( ) ( ),    (a ≤ x ≤ b)

i e. ., f x u x
n

n′ = Σ ′
=

∞
( ) ( )

1
,    (a ≤ x ≤ b)

Note: For term by term dif fer en ti a tion, the de rived se ries must be uni formly

con ver gent and the orig i nal se ries need only be sim ply con ver gent.

Ex am ple 14: Show that

lim
x

nx

n x

n

nn n→
Σ

+
= Σ

+
⋅

=

∞

=

∞

1 11

2

3 3 1 3

So lu tion: First we shall  show that the se ries Σ
+=

∞

n

nx

n x1

2

3 3
 is uni formly con ver gent on 

[ , ]0 k  for any k > 0.

Let u x
n x

v x nxn n( ) and ( )=
+

=1
3 3

2.

Then | ( )|u xn ≤ 
1

0
3n

x kV ∈[ , ].

But Σ 1
3n

 is a convergent series. Hence by Weierstrass’s M-test, the series Σ u xn ( ) is

uniformly convergent on [ , ]0 k . Also, for every x k∈[ , ]0 , the sequence < >v xn ( )  is

monotonically increasing.

It follows (by Abel’s test) that the series

Σ = Σ
+

u x v x
nx

n x
n n( ) ( )

2

3 3

con verges uni formly on [ , ]0 k . Hence by the above cor ol lary, we get

lim lim
x

nx

n x x

nx

n xn n→
Σ

+









 = Σ

→ +






=

∞

=

∞

1 11

2

3 3 1

2

3 3



 = Σ

+
⋅

=

∞

n

n

n1 3 1

Ex am ple 15: Show that the se ries Σ u xn ( ) for which

f x
n

log n xn ( ) ( )= +1

2
1

2
4 2

can be differentiated term by term although the series Σ ′u xn ( ) does not converge uniformly.
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So lu tion: Here

f x
n

f x
n

n x

n
n( ) lim ( ) lim log ( )

=
→ ∞

=
→ ∞

+1

2

4 2

2
 Form

∞
∞







      =
→ ∞

+
=

→ ∞ +
=lim lim

n

n x

n x

n n

n x

n x

4

1

4 1
0

3 2

4 2 2 2

4 2
 for 0 ≤ x ≤ 1.

Hence f x′ =( ) .0

Also, lim ( ) lim
n

f x
n

n x

n x
n→ ∞
′ =

→ ∞ +
=

2

4 21
0 for 0 ≤ x ≤ 1.

Since f x
n

f xn′ =
→ ∞

′( ) lim ( ),

therefore, the given series can be differentiated term by term. But the series Σ ′u xn ( )

does not converge uniformly in [ , ]0 1 since the sequence < ′ >f xn ( )  has 0 as a point of

non-uniform convergence as we have seen earlier.

This example shows that term by term differentiation holds even though Σ ′u xn ( ) is

non-uniformly  convergent.

Ex am ple 16: Show that, if f x
n n x

( ) ,= Σ
+

∞

1 3 4 2
1

 then it has a dif fer en tial co ef fi cient equal to 

− Σ
+

∞
2

1

11 2 2 2
x

n nx( )
  for all val ues of x.

(Garhwal 2010)

So lu tion: Here  u x
n n x

n ( ) ,=
+
1

3 4 2
 so that u x

x

n nx
n′ = −

+
( )

( )

2

12 2 2
.

Now u xn′ ( ) is maximum when 
d

dx
u xn′ =( ) ,0

i e. ., ( ) ( )1 4 1 02 2 2 2+ − + =nx nx nx

or 1 3 02− =nx     or x n= ± √1 3/ ( ).

It can be eas ily seen that 
d

dx
u xn

2

2
′ ( ) is − ive when

x n= − √1 3/ ( ).

∴ Max. | ( )|
. ( )/

u x
n

n′ =
√ +

2

3 1
1

3
5 2 2

  = √3 3

8 5 2n /

so that | ( )|
/

u x
n

n′ < 1
5 2

 for all values of x.

Since Σ 1
5 2n /

 is convergent, it follows by Weierstrass’s M-test that the series Σ ′u xn ( )

converges uniformly for all values of x. Hence the series Σ u xn ( ) can be differentiated

term by term.

∴ f x u x x
n nxn

n′ = Σ ′ = − Σ
+

⋅
=

∞ ∞
( ) ( )

( )1 1 2 2 2
2

1

1
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 1. Ex am ine for term by term in te gra tion the se ries for which

f x nxen
n x( ) = − 2

indicating the interval over which your conclusion holds. (Purvanchal 2009)

 2. Show that the se ries for which

(i) f x
nx

n ( ) ,=
+
1

1
 (ii)  f x nx xn

n( ) ( )= −1

can be integrated term by term in 0 ≤ x ≤ 1,  although they are not uniformly

convergent in this interval. (Purvanchal 2008; Rohilkhand 10)

 3. Ex am ine for the con ti nu ity the sum func tion and for term by term in te gra tion

the se ries whose nth term is

n xe n xen x n x2 2 12 2 2 2
1− − −− −( ) ( )

x having all values in the interval [ , ]0 1.

 4. Show that near x = 0 , the se ries u x u x u x1 2 3( ) ( ) ( )+ + +… where 

u x x u x x xn
n n

1
1 2 1 1 2 3( ) , ( ) /( ) /( )= = −− −  and real val ues of x are con cerned, is

dis con tin u ous and non-uni formly con ver gent. Can the se ries be in te grated term 

by term ?

 5. Ex am ine for term by term in te gra tion the se ries Σ −−x xn n1 1 2( ) in the in ter val 

0 ≤ x ≤ 1.

 6. Show that the se ries, for which f x
nx

n x
n ( ) ,=

+1 2 2
0 ≤ x ≤ 1

cannot be differentiated term by term at x = 0.

 7. Show that the func tion rep re sented by Σ
=

∞

n

nx

n1 3

sin
 is dif fer en tia ble for ev ery x

and its de riv a tive is Σ ⋅
∞

1 2

cos nx

n

 8. Let u x x x x
x

n
n n( ) [ ] sin/( ) /( )= −− −2 1 2 1 1 2 3 1

  for x un≠ =0 0 0, ( )

for any positive integer greater than unity and

u x x x x u1
3

11 0 0 0( ) sin ( / ) , ( ) .= ≠ =for

Show that Σ
∞

1
u xn ( ) converges for all values of x to f x( ) , where f x x x( ) sin ( / )= 3 1

for x ≠ 0 and f ( ) .0 0=  Also that f ′ is discontinuous at x = 0 , that Σ ′
∞

1
u xn ( ) is

not uniformly convergent in any interval including the origin, and that

f x u xn′ = Σ ′
∞

( ) ( )
1

 for all val ues of x.
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. On ev ery bounded sub set of R, the ex po nen tial se ries :

   Σu x x
x x x

n
n

n
( )

! ! !
= + + + + + +1

2 3

2 3
… …

(a) con verges uni formly (b) con verges non-uni formly

(c) di verges uni formly (d) none of these.

 2. For all real val ues of x, the se ries  cos
cos cos

x
x x

+ + +
2

2

3

32 2
…

(a) con verges uni formly (b) di verges uni formly

(c) con verges non uni formly (d) none of these.

 3. The se ries Σ x

n nx( )1 2+
 :

(a) con verges uni formly (b) di verges uni formly

(c) con verges non uni formly (d) none of these.

 4. The sum func tion f x( ), for which f x nx x xn
n( ) ( ) ,= − ≤ ≤1 0 1 , is

(a) not con tin u ous (b) con tin u ous

(c) uni formly con ver gent (d) none of these.

 5. lim
x

nx

n xn→ +=

∞

1 1

2

3 3
Σ  =

(a) Σ
n n=

∞

+1 3
1

1
(b) Σ

n

n

n=

∞

+1 3 1

(c) Σ
n n=

∞

1 3
1

2
(d) none of these.

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. Σ a nn
x−  is uni formly con ver gent on [ , ]0 1 if  Σan con verges ……… on [ , ]0 1 .

 2. The se quence < >fn  de fined by f x
x

nx
n( ) =

+1
 , 0 ≤ <x  ∞ is uni formly con ver gent

to ……… on [ , [0 ∞  .

 3. Σ
n n x

x
=

∞

+
≤

1 2 2
1

0,  < ∞ is ……… con ver gent on [ , [0 ∞  .

 4. The se ries  sin sin sinx x x+ + +1

2
2

1

3
3  ……… 

converges ………  in 0 2< ≤ ≤ <a x b π.
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 5. The se ries Σ
n n x=

∞

+1 2
1

1
 is ………  con ver gent in [ , [1 ∞  .

 6. Uni form con ver gence is only a ……… but not a ……… con di tion for the
con ti nu ity of the sum func tion.

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. The se quence < >fn  is said to con verge uni formly to the func tion f  on an

in ter val I  if for ev ery ∈> 0, these ex ists a pos i tive in te ger m such that

| ( ) ( )|f x f xn − > ∈ for all n m≥  and for all x I∈ .

 2. 0 is a point of uni form con ver gence of the se quence < >fn  where 

f x xn
n( ) ( )= − −1 1 2 .

 3. The se ries Σ
n

nxxe
=

∞ −
0

 is non uni formly con ver gent in [ , ]0 1  .

 4. 0 is a point of non uni form con ver gence of the se quence < >f xn( ) where 

f x nxe x Rn
nx( ) ,= ∈− 2

.

 5. Σ
n

x

n n=

∞

+1 1( )
 is uni formly con ver gent on ] , [0 ∞ .

 6. Σ Σ
1 2 1 20

1 1∞ ∞







 = ⋅∫ x

n
dx

n

n

 7. The se ries, for which f x
nx

n x
xn ( ) ,=

+
≤ ≤

1
0 1

2 2
 .

can not be differentiated term by term at x = 0.

 8. If f x
n n x

( ) ,=
+

∞
Σ
1 3 4 2

1
  f x x

n nx
′ = −

+

∞
( )

( )
2

1

11 2 2 2
Σ  for all x.

 9. The se ries, the sum of whose first n terms is n x x xn2 1 0 1( ) ,− ≤ ≤  , can be

in te grated term by term.

Multiple Choice Questions

 1. (a) 2. (a) 3. (a) 4. (b)  5. (b)

Fill in the Blank(s)

 1. uni formly 2. 0 3. uniformly 4. uni formly

 5. uniformly 6. suf fi cient, nec es sary

True or False

 1. F  2. F  3. T  4. T  5. F

 6. F  7. T  8. T  9. F

¨
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 1  Infinite Series

An expression of the form u u un1 2+ + … + + … in which every term is followed by

another according to some definite law is called a series.

The series is called a finite series, if the number of terms is finite. Symbolically, the

finite series u u un1 2+ + … +  having n terms is denoted by Σ
r

n

ru
=1

.

The series is called an infinite series, if the number of terms is infinite. Symbolically, the 

infinite series u u un1 2+ + … + + … is denoted by Σ
n

nu
=

∞

1
 or simply by Σ un.

Since we are going to deal with infinite series only, therefore we shall simply use the

term ‘series‘ to denote an infinite series.
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2  Convergence and Divergence of Series

Convergent Series : (Gorakhpur 2011; Kashi 14)

A series Σ un is said to be convergent if Sn , the sum of its first n terms, tends to a definite finite limit

S as n tends to infinity. 

We write S S
n

n=
→ ∞
lim .

The fi nite limit S to which Sn tends is called the sum of the se ries.

Divergent Series: A series Σ un is said to be divergent if Sn , the sum of its first n terms, tends

to either + ∞ or − ∞  as n tends to infinity,

i.e., if  lim
n

nS
→ ∞

= ∞ or − ∞.

Oscillatory Series: A series Σ un is said to be an oscillatory series if Sn, the sum of its first n

terms, neither tends to a definite finite limit nor to + ∞ or − ∞ as n tends to ∞.

The series is said to oscillate finitely, if the value of Sn as n → ∞ fluctuates within a finite

range. It is said to oscillate infinitely, if Sn tends to infinity and its sign is alternately

positive and negative.

Se quence of Par tial Sums of a Se ries :

If Sn de notes the sum of the first n terms of the se ries Σ un, so that

S u u un n= + + … +1 2 ,

then Sn is called the partial sum of the first n terms of the series and the sequence 

< > = <S Sn 1, S Sn2, , ,… …> is called the sequence of partial sums of the given series.

We can define the convergent, divergent and oscillatory series in terms of the sequence

of partial sums.

Definition: A series Σ un is said to be convergent, divergent or oscillatory according as the

sequence < >Sn  of its partial sums is convergent, divergent or oscillatory. 

If the sequence < >Sn  of partial sums of a series Σ un converges to S then S is said to be the sum of the

series Σ un.

Note: Since the lim its for in fi nite se ries will be taken as n → ∞, so through out this 

chap ter we shall write lim
n → ∞

 as ‘lim’ only.

Il lus tra tion 1:

The se ries 1
2

3

2

3

2

3

2 1

+ + 





+ … + 





+ …
−n

 is con ver gent.

Here the given se ries is a geo met ric se ries with com mon ra tio 2 3 1/ .<

∴   Sn

n
n=

−
−

= − ⋅
1 1 2 3

1 2 3
3 1 2 3

. ( / )

( / )
( / )

{ }
{ }

Now,   lim lim ( / ) ( )Sn
n= − = −3 1 2 3 3 1 0{ } [ / ]∵ 2 3 1<

        = 3, a def i nite fi nite num ber.

 Con se quently the given se ries is con ver gent.
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Il lus tra tion 2:

The se ries 1 2 3+ + + … + + …n  is di ver gent.

Here, S n n nn = + + + … + = +1 2 3
1

2
1( ).

∴  lim lim ( ) .S n nn = + = ∞1

2
1

Consequently the given series is divergent.

Il lus tra tion 3:

The se ries 2 2 2 2− + − + … is os cil la tory.

Here,  Sn = 0 if n is even,

     = 2, if n is odd.

Therefore, the sequence < >Sn  of partial sums of the series, and consequently the given

series, is oscillatory.

Below we give some results which will be found useful and can be easily proved.

 1. The na ture of a se ries re mains un al tered if

(i) the signs of all the terms are changed;

(ii) a fi nite num ber of terms are added or omit ted;

(iii) each term of the se ries is mul ti plied or di vided by the same fixed 

num ber c which is not zero.

 2. If Σ un con verges to A and Σ vn con verges to B, then Σ ( )u vn n+  con verges

 to A B+ .

 3. If Σ un con verges to A and c ∈R, then Σ c un con verges to c A.

 4. If Σ un converges to A and Σ vn converges to B and p, q ∈R , then Σ ( )pu qvn n+
converges to pA qB+ .

 5. If Σ un di verges and c c∈ ≠R, 0, then Σ cun di verges.

 6. If Σ un and Σ vn are two divergent series having all terms positive, then 

Σ ( )u vn n+  also diverges.

3  A Necessary Condition for Convergence

For a se ries Σ un to be con ver gent, it is nec es sary that lim un = 0.

Or For ev ery con ver gent se ries Σ un, we must have lim un = 0. (Gorakhpur 2010, 13)

Let the series  Σ un be convergent. Let Sn denote the sum of n terms of the series Σ un.

Then  S u u un n= + + … +1 2  and S u u un n− −= + + … +1 1 2 1.

∴ u S Sn n n= − −1. …(1)

Since the series Σ un is convergent, therefore, Sn and Sn −1 both will tend to the same

finite limit, say S, as n → ∞.

Taking limits of both sides of (1), we get

lim lim lim .u S S S Sn n n= − = − =−1 0

Hence for a convergent series, it is necessary that lim un = 0.
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Note: It is to be noted that the above con di tion is only nec es sary but not suf fi cient for
a se ries to be con ver gent i.e., if lim un = 0, then the se ries Σ un may or may not be
con ver gent. (Gorakhpur 2010, 13)

For example, consider the series

1
1

2

1

3

1

4

1+
√

+
√

+
√

+ … +
√

+ …
n

Here u
n

n =
√
1

, so that lim limu
n

n =
√

=1
0. But the series does not converge as shown

below.

We have S
n

n = +
√

+
√

+ … +
√

1
1

2

1

3

1
 >

√
+

√
+

√
+ … +

√
1 1 1 1

n n n n
 =

√
= √n

n
n ,

i.e., S nn > √ , which tends to infinity as n tends to infinity. Hence the series is divergent.

Again consider the geometric series 
1

2

1

2

1

2

2 3

+ 





+ 





+ …, for which 

lim limun

n

= 





=1

2
0 and the series is convergent.

Thus if un → 0, we cannot say anything about the behaviour of the series but if un does

not tend to zero, the series definitely does not converge. The more useful form of the

above test is as follows:

If a series Σ un be such that un does not tend to zero as n tends to infinity, then the series does not

converge.  

4  Cauchy’s General Principle of Convergence for Series

Sometimes it is either impossible or difficult to find the sequence of partial sums of a

given series and yet we want to know whether the series converges or not. Now we shall

establish a fundamental principle, for dealing with the convergence of such series,

known as Cauchy’s general principle of convergence.

Theorem: A necessary and sufficient condition for a series Σ un to converge is that for each

ε > 0, there exists a positive integer m, such that

| |u u um m n+ ++ + … + < ε1 2  for all n m>

Or | |u u up p q+ ++ + … + < ε1 2  for all q p m≥ ≥

Or | |u u un n n p+ + ++ + … + < ε1 2  for all n m p≥ >, .0

Proof: Let < >Sn  be the sequence of partial sums of the series Σ un . The series Σ un will

converge, iff the sequence < >Sn  of its partial sums converges. By Cauchy’s general

principle of convergence for sequences, we know that a necessary and sufficient

condition for the convergence of < >Sn  is that for each ε > 0, there exists m ∈ N such that

| |S Sn m− < ε for all n m>

i.e., | |u u um m n+ ++ + … + < ε1 2  for all n m> .

Hence the re sult.
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Ex am ple 1: Dis cuss the con ver gence of a geo met ric se ries. (Gorakhpur 2015)

So lu tion: Con sider the geo met ric se ries

a ax ax ax axn+ + + + … + + …−2 3 1 . …(1)

Let Sn be the sum of first n terms of the series (1).

∴ S
a x

x
n

n

=
−
−

( )1

1
 if x < 1 and S

a x

x
n

n

=
−

−
( )1

1
 if x > 1.

Case I: When | |x < 1 i.e., − < <1 1x .

If  | |x < 1, then xn → 0 as n → ∞.

∴ lim lim
( ) ( )

,S
a x

x

a

x

a

x
n

n

=
−
−

=
−

−
=

−
1

1

1 0

1 1

which is a definite finite number and therefore the series is convergent.

Case II: When x = 1.

If x = 1, then each term of the series (1) is a.

∴ S a an = + + … to n terms = na.

∴  lim Sn = ∞ or − ∞ according as a is positive or negative. Hence the series is
divergent.

Case III: When x > 1.

If x > 1, then xn → ∞ as n → ∞.

∴ lim lim
( )

S
a x

x
n

n

=
−

−
= ∞

1

1
 or − ∞ ac cord ing as a > <or 0.

Hence the series is divergent.

Case IV: When x = − 1.

If x = − 1, then the series (1) becomes  a a a a− + − + …. .

The sum of n terms of the series is a or 0 according as n is odd or even.

Hence the series is an oscillatory series, the oscillation being finite.

Case V: When x < − 1. 

If x < − 1, then − >x 1.

Let r x= − , then r > 1 and so rn → ∞ as n → ∞.

Now S
a x

x

a r

r
n

n n

=
−
−

=
− −
− −

( ) ( )

( )

1

1

1

1

{ }
[ ]∵ x r= −

    =
+
+

a r

r

n( )1

1
 or 

a r

r

n( )
,

1

1

−
+

 ac cord ing as n is odd or even.

∴ in this case lim Sn is ∞ or − ∞ according as n is odd or even, provided a > 0 and if a < 0
the results are reversed.

Therefore in this case the series is an oscillatory series, the oscillation being infinite.

Hence a geometric series whose common ratio is x is convergent if | |x < 1, divergent if x ≥ 1 and

oscillatory if x ≤ − 1.
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Ex am ple 2: Prove that the se ries Σ 1

4n
 con verges to 

1

3
⋅

So lu tion: Here Sn n
= + + + … +1

4

1

4

1

4

1

42 3
 =

− 

















−
= −





⋅

1

4
1

1

4

1
1

4

1

3
1

1

4

n

n

∴ lim limSn n
= −





= ⋅1

3
1

1

4

1

3
 ∵ lim

1

4
0

n
=





∴ the sequence < >Sn  converges to 
1

3
 and hence Σ un converges to 

1

3
⋅

Ex am ple 3: Test the con ver gence of the se ries

log log log loge e e e2
3

2

4

3

5

4
+ + + + … .

So lu tion: Here,   S
n

n
n e e e e= + + + … +

+





log log log log2
3

2

4

3

1

     = ⋅ ⋅ …
+








= +log log ( ).e e
n

n
n2

3

2

4

3

1
1

∴    lim lim log ( ) log .S nn = + = ∞ = ∞1

Hence the given series is divergent.

Ex am ple 4: Show that the se ries

1

4

2

6 2 1






+ 





+ … +
+









 + …n

n( )

does not converge.

So lu tion: Here, 

u
n

n

n

n n
n =

+








 =

√ +








 =

√
⋅

+










2 1

1

2 1

1

2

1

1 1

1

( ) ( / )

/2

.

∴ lim .
n

nu
→ ∞

=
√

≠1

2
0

Hence the given series does not converge.

Ex am ple 5: Show that the se ries ∑ 1

n
 does not con verge.

So lu tion: Let the given se ries con verge. Then for ε = 1

4
, by Cauchy’s gen eral prin ci ple of

con ver gence, we can find a pos i tive in te ger m such that

 
1

1

1

2

1 1

4m m n+
+

+
+ + <…  for all n m> .
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Taking n m= 2 , we see that

1

1

1

2

1

m m n+
+

+
+ +…  =

+
+

+
+ +1

1

1

2

1

2m m m
…

     > =m
m

.
1

2

1

2
 .

Thus we get a contradiction. Hence the given series does not converge.  

5  Series of Positive Terms

(or Series of Non-negative Terms)

If Σ un is a se ries of pos i tive terms then un > 0 for all n ∈ N.

The im por tant as pect of this se ries is that its se quence of par tial sums is in creas ing.

We have S u u un n= + + … +1 2 , then S S un n n− =−1 .

Since un > 0  for all n, there fore we get S Sn n− >−1 0 for all n, i.e., S Sn n> −1 for all

n i.e., the se quence < >Sn  is a monotonically in creas ing se quence.

Now a monotonic sequence can either converge or diverge but cannot oscillate. Hence,

we have only two possibilities for a series of positive terms, either the series converges or 

it diverges.

We give some fun da men tal re sults for se ries of pos i tive terms.

The o rem 1: A se ries Σ un of pos i tive terms con verges iff there ex ists a num ber K such that 

u u u Kn1 2+ + … + <  for all n.

Proof: First, sup pose that there ex ists a num ber K such that

u u u Kn1 2+ + … + < ,  V n i.e.,  S Kn < ,  V  n.

This shows that the sequence < >Sn  of partial sums of the series Σ un is bounded above.

Also, the sequence < >Sn  is an increasing sequence, since the series Σ un is of positive

terms. We know that every bounded monotonic sequence converges. Therefore < >Sn

converges and hence Σ un converges.

Conversely, we assume that Σ un converges. Then, the sequence < >Sn  of partial sums of 

the series converges. We know that every convergent sequence is bounded. Therefore 

< >Sn  is bounded and hence there exist real numbers k and K such that k S Kn< < , for

all n.

It gives S Kn <  i.e., u u u Kn1 2+ + … + < , for all n.

Note: In the light of the above the o rem, we con clude that to show that a se ries of

pos i tive terms con verges, it is suf fi cient to show that the se quence of its par tial sums is

bounded. On the other hand, to show that a se ries of pos i tive terms di verges, we have to

show that the se quence of its par tial sums is not bounded, i.e., for any real num ber A,

there ex ists a pos i tive in te ger m such that S Am > .
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The o rem 2: A se ries of pos i tive terms is di ver gent if each term af ter a fixed stage is greater 

than some fixed pos i tive num ber.

Proof: Let each term of the se ries be greater than a fixed pos i tive num ber. We

can as sume so be cause the con ver gence or di ver gence of the se ries is not af fected by 

omit ting a fi nite num ber of terms.

So let Σ un be the given series of positive terms and let u kn >  (a fixed positive number)

for all n.

Now S u u u nkn n= + + … + >1 2 .

But lim .nk = ∞  

∴  lim .Sn = ∞

Hence the se ries Σ un is di ver gent.

Cor ol lary: A se ries of pos i tive terms is di ver gent if lim un > 0.

Proof: Let lim u ln = , where l > 0. Then for a given ε > 0, there exists a positive integer

m such that

| |u ln − < ε, for all n m≥

i.e., l u ln− ε < < + ε, for all n m≥ .

Let l a− ε = . Then a is a fixed pos i tive num ber be cause ε can be taken as small as

we please. For ex am ple take ε = 1

2
l.

Thus u an >  for all n m≥ . Hence the given se ries is di ver gent.

Theorem 3: If each term of a series Σ un of positive terms, does not exceed the corresponding

term of a convergent series Σ vn of positive terms, then Σ un is convergent.

While, if each term of  Σ un ex ceeds (or equals) the cor re spond ing term of a di ver gent se ries of

pos i tive terms, then Σ un  is di ver gent.

Proof: Let un ≤ vn for all n.

Let Sn and Sn′  be the sums of first n terms of the two series Σ un and Σ vn respectively.

Then  S u u un n= + + … +1 2  and S v v vn n′ = + + … +1 2 .

Since  un ≤ vn  V  n, there fore, Sn ≤ Sn′ .

But Σ vn is con ver gent, there fore S Sn′ → ′ (a fi nite quan tity) as n → ∞.

∴ lim Sn ≤ S ′ (a fi nite quan tity).

∴ Sn it self tends to a fi nite limit as  n → ∞.

Hence the se ries Σ un is con ver gent.

Now if u vn n≥ , for all n, then S Sn n≥ ′.

But Σ vn is divergent, therefore Sn′ → ∞ as n → ∞ and hence Sn → ∞ as n → ∞.

Consequently Σ un is divergent.
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6  The Auxiliary Series Σ 1 / np

The infinite series

Σ 1

np
  i.e., 

1

1

1

2

1

3

1
p p p pn

+ + + … + + …

is convergent if p> 1 and divergent if p≤ 1. (Kumaun 2001; Avadh 05; Kanpur 07; 
Kashi 13; Rohilkhand 14; Agra 14)

Proof: Case I: Let p> 1. Since the terms of the given series are all positive, we can

group them as we like. Hence we write the given series

1

1

1

2

1

3

1

1

1

2

1

3

1

4

1

5

1

6

1

7p p p p p p p p p p
+ + + … = + +





+ + + +





                    + + + … +





+ …1

8

1

9

1

15p p p
…(1)

Now since p> 1,  

∴ 3 2 3 2 1 3 1 2> ⇒ > ⇒ <p p p p/ / .

∴ 
1

2

1

3

1

2

1

2p p p p
+ < +

or 
1

2

1

3

2

2p p p
+ < ⋅

Sim i larly  
1

4

1

5

1

6

1

7

1

4

1

4

1

4

1

4

4

4p p p p p p p p p
+ + + < + + + = , 

1

8

1

9

1

15

8

8p p p p
+ + … + < , 

and so on.

Thus we observe that on being grouped as mentioned in (1), the given series is term by

term

< + + + + …1

1

2

2

4

4

8

8p p p p

But the series on the R.H.S. of the above inequality is a geometric series and is

convergent since its common ratio is 2 2 1 2 1/ /p p= −  which is less than 1 as p> 1. Thus

the given series on being grouped as in (1) is term by term less than a convergent series.

Consequently the given series is convergent when p> 1.

Case II: Let p = 1. Then we group terms of the given series as

   1
1

2

1

3

1

4
+ + + + …

= + + +





+ + + +





+ + + … +


1
1

2

1

3

1

4

1

5

1

6

1

7

1

8

1

9

1

10

1

16
 


+ …   …(2)

Now as 3 4< ,  so  
1

3

1

4
>   or  

1

3

1

4

1

4

1

4
+ > +

or 
1

3

1

4

2

4
+ >   i.e.,  

1

3

1

4

1

2
+ > ⋅
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Sim i larly, 
1

5

1

6

1

7

1

8

1

8

1

8

1

8

1

8

4

8

1

2
+ + + > + + + = = ,

1

9

1

10

1

16

1

2
+ + … + > , and so on.

Thus we observe that on being grouped as in (2), the given series is term by term

> + + + + …1
1

2

1

2

1

2
.

…(3)

The series on the R.H.S. of (3) is divergent as the sum of the first n terms of the series

= + − ⋅ = +1 1
1

2

1

2
1( ) ( ),n n  which tends to in fin ity as n → ∞.

Thus the given series on being grouped as in (2) is term by term greater than a divergent

series.

Consequently the given series is divergent when p = 1.

Case III: Let p< 1. Then
1 1

n np
>  for n = …2 3 4, , ,  .

In this case the given series
1

1

1

2

1

3

1

4p p p p
+ + + + …

is term by term greater than the series

1
1

2

1

3

1

4
+ + + + …. ,

which is a divergent series, as proved in case II.

Consequently the given series is divergent when p< 1.

Hence the proof is complete.

Now we shall give some tests to know whether the given series of positive terms is

convergent or divergent without actually finding out the sum of its n terms.

7  Comparison Test

Theorem: First form: Let Σ un and Σ vn be two series of positive terms such that u Kvn n<  for 

all n, where K is a fixed positive number. Then if  Σ vn converges, so does Σ un , and if Σ un diverges,

then Σ vn also diverges. (Gorakhpur 2010)

Proof: Since u Kvn n<  for all n,

∴ u u u K v v vn n1 2 1 2+ + … + < + + … +( ),  V n. …(1)

Now if Σ vn converges, then there must exist a positive real number A, such that

v v v An1 2+ + … + < ,  V  n. …(2)

From (1) and (2), we get

u u u K An1 2+ + … + < ,  V  n.

Thus the sequence of partial sums of the series Σ un is bounded above and hence Σ un

converges.
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To prove the other result, we assume that Σ un diverges. Then for any positive real

number B, there must exist a positive integer m such that

u u u BKn1 2+ + … + > , for all n m> . …(3)

From (1) and (3), we get

v v v Bn1 2+ + … + > , for all n m> .

Hence the series Σ vn diverges.

Second form: Let Σ un and Σ vn be two series of positive terms and let k and K be positive real

numbers such that

kv u Kvn n n< < ,  for all n.

Then the series Σ un and Σ vn converge or diverge together.

Proof: From kv u Kvn n n< < , for all n, we get

kv un n<   or  v
k

un n< 





1
, for all n.

Now applying the result proved in the first form of the comparison test, we conclude

that

(i) if Σ un converges, then Σ vn also converges.

(ii)  if Σ vn diverges, then Σ un also diverges.

Again, applying the result of the first form of the comparison test for the inequality 

u Kvn n< , we conclude that

(iii) if Σ vn converges, then Σ un also converges.

(iv) if Σ un diverges, then Σ vn also diverges.

The desired result now follows from (i), (ii), (iii) and (iv).

Third form: Let Σ un and Σ vn be two series of positive terms and let K be a positive number

such that u Kvn n<  for all n m> , m being a fixed positive integer. Then if the series Σ vn be

convergent, then the series Σ un is also convergent and if the series Σ un is divergent, then the series, 

Σ vn is also divergent. 

Proof: The above result follows from the result of the first form of the comparison test 

because the convergence or the divergence of a series remains unaffected by omitting a

finite number of terms of the series.

Fourth form: Let Σ un and Σ vn be two series of positive terms and let k and K be positive real

numbers such that kv u Kvn n n< <  for all n m> , m being a fixed positive integer. Then the series 

Σ un and Σ vn converge or diverge together.

Proof: Since the omission of a finite number of terms of a series has no effect on its

convergence or divergence, therefore,

(i) the series u u1 2+ + … and the series u um m+ ++ + …1 2  converge or diverge

together ; and 

(ii) the series v v1 2+ + … and the series v vm m+ ++ + …1 2  converge or diverge

together.

Again, kv u Kvn n n< <  for all n m>  ⇒ kv u Kvm p m p m p+ + +< <  for all p∈ N,

therefore, by the result of the second form of the comparison test, we have
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(iii) the series u um m+ ++ + …1 2  and the series v vm m+ ++ + …1 2  converge or diverge

together.

Hence from (i), (ii) and (iii), we conclude that the series Σ un and Σ vn converge or
diverge together.

Fifth form: (Important from the point of view of application to the solution of

problems): Let Σ un and Σ vn be two series of positive terms such that 

lim
n

n

n

u

v
l

→ ∞
=  (fi nite and non-zero);

then both the series converge or diverge together i.e., the two series Σ un and Σ vn are either both
convergent or both divergent.

Proof: We have 
u

v
n

n
> 0 for all n, therefore

lim
n

n

n

u

v→ ∞
≥ 0  i.e.,  l ≥ 0.

Since l ≠ 0 (given), therefore, l > 0.

Choose ε > 0 in such a way that l − ε > 0.

Now lim
n

n

n

u

v
l

→ ∞
= ⇒ there exists m ∈ N such that

l
u

v
ln

n
− ε < < + ε, for all n m> . …(1)

Since vn > 0  V  n, hence multiplying (1) throughout by vn, we get

( ) ( )l v u l vn n n− ε < < + ε , for all  n m> . …(2)

Now if  Σ vn is convergent then Σ ( )l vn+ ε  is also convergent. In this case from (2), we see 

that Σ un is term by term less than a convergent series Σ ( )l vn+ ε  except possibly for a

finite number of terms. Therefore the series  Σ un is also convergent.

Again if  Σ vn is divergent then Σ ( )l vn− ε  is also divergent. In this case from (2), we see

that Σ un is term by term greater than a divergent series Σ ( )l vn− ε  except possibly for a

finite number of terms. Therefore the series Σ un is also divergent.

Hence the series Σ un and Σ vn converge or diverge together.

Sixth form: Let Σ un and Σ vn be two series of positive terms such that

u

u

v

v
n

n

n

n+ +
>

1 1
 , for all n m≥ .

Then Σ vn converges ⇒ Σ un converges and Σ un diverges ⇒ Σ vn diverges.

Proof: We have 
u

u

v

v
n

n

n

n+ +
>

1 1
, for all n m≥ .

Putting n m= + 1, m n+ … −2 1, ,  in the above inequality, we get

u

u

v

v

u

u

v

v

u

u

v

v

m

m

m

m

m

m

m

m

n

n

n+

+

+

+

+

+

+

+

− −> > … >1

2

1

2

2

3

2

3

1 1
, , ,

n
⋅
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Multiplying the corresponding sides of these inequalities, we get

u

u

v

v

m

n

m

n

+ +>1 1
, for all n m> ,

i.e., u
u

v
vn

m

m
n<













+

+

1

1
, for all n m> .

Now the result follows from the third form.

Note 1: From the point of view of ap pli ca tions, the third and the fifth forms of the

com par i son test are the most use ful.

Note 2: The geo met ric se ries Σ 1

rn
 and the aux il iary se ries Σ 1

np
 will play a prom i nent

role for com par i son.

Work ing rule for ap ply ing com par i son test:

The vn-method: Comparison test is usually applied when the nth term un of the given 

series Σ un contains the powers of n only which may be positive or negative, integral or

fractional. The auxiliary series Σ ( / )1 np  is chosen as the series Σ vn. From article 6, we

know that Σ ( / )1 np  is convergent if p> 1 and divergent if p≤ 1.

Now the question arises that how to choose vn ? For applying comparison test, it is

necessary that lim
u

v
n

n
 should be finite and non-zero. It will be so if we take

v
n

n p q
= −

1
, where p and q are respectively the highest indices of n in the denominator

and numerator of un when it is in the form of a fraction. If un, can be expanded in

ascending powers of 1 / n, then to get vn, we should retain only the lowest power of 1 / n.

After making a proper choice of vn , we find  lim ( / )u vn n  which should come out to be

finite and non-zero. Then the series Σ un and Σ vn are either both convergent or both

divergent. The whole procedure will be clear from the examples that follow article 8.

Ex am ple 6: Test for con ver gence the se ries

1
1

2

1

3

1

4

1
2 3 4

+ + + + … + + ……
nn

.

So lu tion: Since nn n> 2  for all n > 2, there fore, 
1 1

2nn n
< ⋅

Here  u
n

n n
= ⋅1

 Let vn n
= ⋅1

2

Since u vn n<  for all n > 2 and Σ vn is a convergent series (a geometric series with common

ratio 
1

2
), therefore, by the comparison test, the given series converges.
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Ex am ple 7: Test for con ver gence the se ries whose nth terms are

(i) 
√

+
n

n2 1
       (Kumaun 2002; Kanpur 06; Meerut 13B; Agra 14) 

(ii) 
( )

( )

/

/

2 1

3 2 5

2 1 3

3 1 4

n

n n

−
+ +

   (Kanpur 2009; Meerut 13)

(iii) 
n

n

p

q( )1+
⋅

So lu tion: (i) Here u
n

n
n = √

+
⋅

2 1
 

Take v
n

n n
n = √ =

2 3 2
1
/

,

i.e., the aux il iary se ries is Σ Σv
n

n = ⋅1
3 2/

Now    lim lim . lim/u

v

n

n
n

n

n
n

n
= √

+












=

+2
3 2

2

21 1

     =
+

=lim
( / )

,
1

1 1
1

2n
 which is fi nite and non-zero.

Since the auxiliary series Σ Σv nn = ( / )/1 3 2  is convergent p = >





3

2
1  , therefore, by

comparison test the given series Σ un is also convergent.

(ii) Here   u
n

n n

n n

n
n =

−
+ +

=
−

+
( )

( )

( / )

(

/

/

/ /

/

2 1

3 2 5

2 1

3 2

2 1 3

3 1 4

2 3 2 1 3

3 4 / / ) /n n2 3 1 45+

   = ⋅
−

+ +
⋅1 2 1

3 2 51 12

2 1 3

2 3 1 4n

n

n n/

/

/

( / )

( / / )

Take   v
n

n = ⋅1
1 12/

Then  
u

v

n

n n
n

n
=

−
+ +

⋅
( / )

( / / )

/

/

2 1

3 2 5

2 1 3

2 3 1 4

∴ lim ,
/

/
u

v
n

n
= 2

3

1 3

1 4
 which is fi nite and non-zero.

Hence, by comparison test, Σ un and Σ vn are either both convergent or both divergent.

But the auxiliary series Σ vn is divergent because p = <1 12 1/ . Hence Σ un is also

divergent.

(iii)  Here u
n

n
n

p

q
=

+
⋅

( )1
 

Take v
n

n n
n

p

q q p
= = ⋅−

1
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Now lim lim
( )

. lim
( / )

u

v

n

n
n

n
n

n

p

q
q p

q
=

+












=

+
=−

1

1

1 1
1, which is finite and

non-zero.

Therefore, by comparison test, Σ un and Σ vn are either both convergent or both

divergent.

But the auxiliary series Σ Σv
n

n q p
= −

1
 is convergent if q p− > 1 i.e. if p q− + <1 0 and

divergent if q p− ≤ 1 i.e. if p q− + ≥1 0.

Hence by comparison test the given series Σ un is convergent if p q− + <1 0 and

divergent if p q− + ≥1 0.

Ex am ple 8: Test for con ver gence the se ries whose nth terms are

(i)   
1

1 1+ / n
  

                 (Avadh 2012)

(ii)  sin
1

n
  

(Kanpur 2012; Gorakhpur 14)

(iii) tan
− ⋅1 1

n (Kanpur 2008)

So lu tion: (i) Here u
n

n =
+

⋅1

1 1/

We have, lim lim
( / )n

n
n

u
n→ ∞ → ∞

=
+

=1

1 1
1, which is > 0.

∴ the given se ries is di ver gent.

(ii) Here, u
n n n n

n = = − + − ……sin
! !

.
1 1 1

3

1 1

5

1
3 5

Take v nn = 1/ , since the lowest power of 1 / n in un is 1 / n. The auxiliary series 

Σ Σv nn = ( / )1  is divergent as here p = 1.

Now lim lim
! !

u

v n n
n

n
= − ⋅ + ⋅ − …









 =1

1

3

1 1

5

1
1

2 4
,

which is fi nite and non-zero.

Hence by comparison test the given series is divergent.

(iii) Here, u
n n n n

n = 





= − + − …−tan 1
3 5

1 1 1

3

1

5
∵ tan− = − + − …












1
3 5

3 5
x x

x x

The lowest power of 1 / n in un is 1 / n. Therefore, to apply the comparison test, the

auxiliary series is taken as Σ Σv nn = ( / ).1

Now, lim lim ,
u

v n n
n

n
= − + − …





=1
1

3

1

5
1

2 4
 which is finite and non-zero.

But the auxiliary series Σ Σv nn = ( / )1  is divergent as here p = 1.

Hence by comparison test the given series is divergent.
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Ex am ple 9: Test the con ver gence of the se ries

2

1

3

2

4

3

5

4p p p p
+ + + + ……

(Kumaun 2000; Avadh 10)

So lu tion: Here u
n

n
n p

=
+

⋅
1

 Take v
n

n n
n p p

= = ⋅−
1

1

Now lim lim . lim
u

v

n

n
n

n
n

n
p

p=
+





= +





=−1
1

1
11 ,

which is fi nite and non-zero.

Hence by comparison test Σ un and Σ vn are either both convergent or both divergent.

But the auxiliary series Σ Σv
n

n p
= −

1
1
 is convergent if p − >1 1 i.e., p> 2, and divergent if 

p − ≤1 1 i.e. if p≤ 2.

Hence the given se ries Σ un is con ver gent if p> 2 and di ver gent if p≤ 2.

Ex am ple 10: Test the con ver gence of the fol low ing series

(i) 1
1

2

2

3

3

4

4

52

2

3

3

4

4

5
+ + + + + … 

(Avadh 2014)

(ii)
1

1 2

2

1 2 3

3

1 3 4+ √
+

+ √
+

+ √
+ …

So lu tion: (i) Omit ting the first term, if the given se ries is de noted by Σ un, then

Σ Σu
n

n
n

n

n
= + + + + … =

+
⋅+

1

2

2

3

3

4

4

5 12

2

3

3

4

4

5 1( )

Here, u
n

n
n

n

n
=

+
⋅+( )1 1
 Take v

n

n n
n

n

n
= = ⋅+1

1

Now          lim lim
( )

.
u

v

n

n
nn

n

n

n
=

+












+1 1

              =
+ +












=lim

( / ) . ( / )
,

1

1 1 1 1

1

n n en
 ∵ lim 1

1+





=










n

e
n

which is fi nite and non-zero.

But the auxiliary series Σ Σv nn = ( / )1  is divergent as here p = 1. Hence by comparison

test the given series is divergent.

(ii) Here,     u
n

n n
n =

+ √ +
⋅

1 1( )
 

Take   v
n

n n n
n =

√
= ⋅1

1 2/
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Now  lim lim
( )

/u

v

n

n n
nn

n
=

+ √ +
⋅







1 1

1 2

      =
+ √ +












=lim

/ ( / )
,

/
1

1 1 1
1

3 2n n
  which is fi nite and non-zero.

Since the auxiliary series Σ Σv nn = ( / )/1 1 2  is divergent as here p = <1 2 1/ , therefore, by

comparison test the given series is divergent.

Ex am ple 11: Test the fol low ing se ries for con ver gence whose nth terms are given by

(i) ( ) /n n3 1 31+ −      (Meerut 2013)

(ii)  √ + − √ −( ) ( ).n n4 41 1 (Kanpur 2006; Avadh 06, 14; Meerut 13B; Kashi 14)

So lu tion: (i) Here, u n n n n nn = + − = + −( ) ( ) ( / )/ / /3 1 3 3 1 3 3 1 31 1 1

= +





−












n
n

1
1

1
3

1 3/

 = + ⋅ +
−



 ⋅ + … −



















n
n n

1
1

3

1
1

3

1

3
1

2

1
1

3 6!

= − + …1

3

1

92 5n n
.

Taking the lowest power of  1 / n  in un, the auxiliary series is given by 

Σ Σv nn = ( / ).1 2

Now lim lim .
u

v n n
nn

n
= − + …













1

3

1

92 5
2  = − + …





=lim ,
1

3

1

9

1

33n

which is finite and non-zero.

Since the auxiliary series Σ Σv nn = ( / )1 2  is convergent as here p = >2 1, therefore by

comparison test the given series Σ un is also convergent.

(ii) Here u n nn = √ + − √ −( ) ( )4 41 1

     = + − −n n n2 4 1 2 4 1 21 1 1 1[( / ) ( / ) ]/ /

         = + +
−



 ⋅ +

−





−


n
n n

2
4 8

1
1

2

1
1

2

1

2
1

2

1
1

2

1

2
1

1

2
2

.
!


 ⋅ + …




























3

1
12! n

− − ⋅ +
−



 ⋅ −

−





−





1
1

2

1
1

2

1

2
1

2

1
1

2

1

2
1

1

2
2

4 8n n!


⋅ + …




























3

1
12! n

     = + + …













= + + …n
n n n n

2
4 12 2 10

2
1

2

1

16

1 1

8
.

The low est power of 1 / n in un is 1
2/ .n  There fore to ap ply the com par i son test we

take the aux il iary se ries as Σ Σv nn = 1 2/ , which is con ver gent as p = >2 1.
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Now lim lim .
u

v n n
nn

n
= + + …














1 1

82 10
2

              = + + …







=lim 1
1

8
1

8n
, which is fi nite and non-zero.

There fore, by com par i son test, Σ un and Σ vn con verge or di verge to gether. Since 

Σ vn is con ver gent, there fore, Σ un is also con ver gent.

Al ter nate so lu tion: We have u n nn = √ + − √ −( ) ( )4 41 1

              =
√ + − √ − √ + + √ −

√ + + √ −
[ ( ) ( )] [ ( ) ( )]

( ) ( )

n n n n

n n

4 4 4 4

4 4

1 1 1 1

1 1
 

 =
+ − −

√ + + √ −
( ) ( )

( ) ( )

n n

n n

4 4

4 4

1 1

1 1
 =

√ + + √ −
2

1 14 4( ) ( )n n

             = ⋅
√ + + √ −

⋅1 2

1 1 1 12 4 4n n n[ ( / )] [ ( / )]

Take     v
n

n = ⋅1
2

  

Then        
u

v n n
n

n
=

√ + + √ −
⋅2

1 1 1 14 4[ ( / )] [ ( / )]

∴ lim
n

n

n

u

v→ ∞
= 1 which is fi nite and non-zero.

Hence by comparison test Σ Σu vn nand  are either both convergent or both divergent.

But for v
n n

pn p
= = = >1 1

2 1
2

, .

∴  Σ vn is con ver gent and hence Σ un is also con ver gent. 

Ex am ple 12: Test for con ver gence of the fol low ing se ries :

(i) Σ
n a b nn=

∞

+ ⋅
1

1
( / )

(ii)  Σ
n n n=

∞

+
⋅

1

1

2 3
      (iii)  Σ

n

n

n

n

n=

∞ +
+











1 3
1 2

3
.

So lu tion: (i) Here, u
n n n

n a b n a b n
= = ⋅+

1 1
( / ) /.

  Let v
n

n a
= ⋅1

Now     lim lim
.

. lim
/ /

u

v n n
n

n
n

n
a b n

a
b n

=












= 





1 1

   = =lim
( ) ( )/

1 1

11n n b b
 ∵

lim /

n
n n

→ ∞
=











1 1

             = 1,  which is fi nite and non-zero.

We know that Σ Σv nn
a= ( / )1  is con ver gent if a > 1 and di ver gent if a ≤ 1.

Hence by comparison test the given series Σ un is convergent if a > 1 and divergent if a ≤ 1.
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(ii) Here, un n n
n

n
=

+
=

+ 

















⋅1

2 3

1

3 1
2

3

Take vn n
= ⋅1

3

We know that Σ Σvn
n= ( / )1 3  is a geo met ric se ries with com mon ra tio 1 3 1/ < , 

hence it is con ver gent.

Now  lim lim
u

v
n

n
n

=
+ 





=1

1
2

3

1,      [ lim , ]∵ r rn = < <0 0 1

which is fi nite and non-zero. 

Hence by com par i son test the given se ries Σ un is con ver gent.

(iii) Here, u
n

n

n
n

n

=
+
+









 ⋅1 2

33

Take v
n

n = ⋅1
3

 Then Σ Σv
n

n = 1
3

 is con ver gent as p = >3 1.

Now 
u

v n

n

n
n

n

n
n

n

n n

=
+
+









 ⋅ =

+
+









1 2

3

2

33
3  =

+





+





=

+





+





n
n

n
n

n

n

n
n

n
n

n

n

1
2

1
3

1
2

1
3

⋅

We know that lim .1+





=x

n
e

n
x

∴ lim ,
u

v

e

e e
n

n
= =

2

3
1

  which is fi nite and non-zero.

Hence by com par i son test, Σ un is con ver gent.

Ex am ple 13: Test for con ver gence the se ries

1

1 2

2

1 2

3

1 2

4

1 21 2 3 4+
+

+
+

+
+

+
+ …− − − −  

So lu tion: Here, u
n

n n
=

+
⋅−1 2
  

∴  lim lim ,u
n

n n
=

+ 





= ∞
1

1

2

 

which is > 0. Also Σ un is a se ries of pos i tive terms.

Hence the given se ries Σ un is di ver gent.
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Test for convergence the following series :

 1. (i)
1

2 3

1

3 4

1

4 5

1

5 6⋅
+

⋅
+

⋅
+

⋅
+ .....

(Kumaun 2002)

(ii)
1 2

3 4

3 4

5 6

5 6

7 82 2 2 2 2 2

⋅
⋅

+
⋅
⋅

+
⋅
⋅

+ .....
(Kumaun 2002; Meerut 12B)

(iii)
1

1 2 3

3

2 3 4

5

3 4 5⋅ ⋅
+

⋅ ⋅
+

⋅ ⋅
+ .....

(Avadh 2011; Meerut 12)

(iv)
( ) ( )

. .

( ) ( )

. .

( ) ( )

. .
..

1 1

1 2 3

2 2

2 3 4

3 3

3 4 5

+ +
+

+ +
+

+ +
+

a b a b a b
...

 2. (i)   
1

1 2

1

2 3

1

3 4√ + √
+

√ + √
+

√ + √
+ .....

(ii)
√ −

−
+

√ −
−

+
√ −

−
+

√ −
−

+
2 1

3 1

3 1

4 1

4 1

5 1

5 1

6 13 3 3 3
.....

(iii) 1
1

2 2

1

3 3

1

4 41 100 1 100 1 100
+

⋅
+

⋅
+

⋅
+

/ / /
.....

 3. (i)
n

n5 2+









∑ . (ii) ∑ −

1

2 1( )n p
.

(iii) ∑ √






1 1

n n
sin . (iv) ∑ cos

1

n
 .

(Kanpur 2007)

 4. (i) Σ [ ( ) ]√ + − √n n1 . (ii)  Σ [ ( ) ]√ + −n n2 1 .

 (iii) Σ [ ( ) ].√ + − √n n3 31 (iv) Σ [ ( ) ].√ + −n n4 21

 5. (i)
1

2

2

3

3

43 3 3






+ 





+ 





+ .... 

(ii) The series whose nth term is  
1 1

n n
sin ⋅ 

(Kanpur 2005)

 1. (i) Convergent (ii) Convergent      

(iii) Convergent (iv)  Divergent

 2. (i)   Divergent (ii) Convergent

(iii) Convergent
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 3. (i) Convergent 

(ii)  Convergent if p> 1, divergent if p≤ 1

(iii) Convergent (iv) Divergent

 4. (i) Divergent (ii)  Divergent

(iii) Convergent (iv)   Convergent

 5. (i)   Divergent (ii)  Convergent

8  Cauchy’s Root Test

The o rem 1: Let Σ un be a se ries of pos i tive terms such that lim u ln
n1/ = . Then

(i) Σ un con verges, if l < 1; (ii)  Σ un di verges, if l > 1;

(iii) the test fails and the se ries may ei ther con verge or di verge, if l = 1 .

(Here un
n1/
 stands for pos i tive nth root of un).

(Kumaun 2001; Kanpur 04, 07; Avadh 06; Meerut 12; Gorakhpur 13)

Proof: Since un > 0, for all n, and ( ) /un
n1  stands for positive nth root of un , 

lim ./
u ln

n1 0= ≥

Since lim /
u ln

n1 = , therefore for ε > 0 there exists a positive integer m, such that

| |/
u ln

n1 − < ε, for all n m> ,

i.e., l u ln
n− ε < < + ε1/ , for all n m> ,

i.e., ( ) ( )l u ln
n

n− ε < < + ε , for all n m> . …(1)

(i) Let l < 1.

Choose ε > 0, such that r l= + ε < 1.

Then 0 ≤ l r< < 1.

From (1), we get u ln
n< + ε( )  for all n m>  i.e., u rn

n<  for all n m> .

Since Σ rn is a geo met ric se ries with com mon ra tio r less than unity, Σ rn is con ver gent.

There fore, by com par i son test, Σ un is con ver gent.

(ii) Let l > 1.

Choose ε > 0, such that r l= − ε > 1.

From (1), we get ( )l un
n− ε <  for all n m>  i.e., u rn

n>  for all n m> .

Since Σ rn is a geo met ric se ries with com mon ra tio greater than unity, Σ rn is di ver gent.

There fore, by com par i son test, Σ un is di ver gent.
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(iii) Let l = 1.

Con sider the se ries Σ un, where u nn = 1/ .

Then u
n

n
n

n
1

11/
/

= 





, so that lim ./
un

n1 1=       [Note that lim /n n1 1= ].

Since Σ ( / )1 n  di verges, hence, we ob serve that if 

lim /
un

n1 1= , the se ries Σ un may di verge.

Now, con sider the se ries Σ un, where u nn = 1 2/ .

In this case also, lim /
un

n1 1= .

Since Σ ( / )1 2n  con verges, hence, we ob serve that if lim /
un

n1 1= , the se ries Σ un may

con verge.

Thus the above two ex am ples show that Cauchy’s root test fails to de cide the na ture of
the se ries when l = 1.

Note 1: In gen eral the Root test is used when pow ers are in volved.

Another form of Cauchy’s Root Test: The root test can also be stated in the form

given below :

A series Σ un of positive terms is convergent if for every value of n m m≥ ,  being finite, ( ) /un
n1  is less

than a fixed number which is less than unity.

The series is divergent if ( ) /un
n1 1≥  for every value of n m≥ .

Proof: Case 1: Given ( ) ,/u rn
n1 <  V n m≥  where r is a fixed positive number such

that r < 1.

∴ u rn
n< , for all n m≥ .

Since Σ rn is a geometric series with common ratio r less than unity, Σ rn is convergent.

Therefore, by comparison test, Σ un is convergent.

Case 2: Given ( ) ,/un
n1 1≥ V  n m≥ .

∴ un ≥ 1, V n m≥ .

Omitting the first m − 1 terms of the series because it will not affect the convergence or

divergence of the series, we have

un ≥ 1, V n ∈ N

⇒ S u u nn n= + + ≥1 …  

⇒ lim Sn = ∞ 

⇒ the se ries is di ver gent.

The o rem 2: Let Σ un be a se ries  of pos i tive terms such that un
n1/ → ∞ as n → ∞. Then 

Σ un di verges.
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Proof: Let r > 1. Since un
n1/ → ∞ as n → ∞, therefore, there exists a positive integer m

such that u rn
n1/ >  for all n m≥  ⇒ u rn

n>  for all n m≥ .

For r > 1, the geo met ric se ries Σ rn is di ver gent.

Hence, by com par i son test, Σ un is di ver gent.

Some important limits to be remembered:

 1. lim ./

n

nn
→ ∞

=1 1

 2.  lim
log

.
n

n

n→ ∞
= 0

 3. lim .
n

n
xx

n
e

→ ∞
+





=1

 4. lim ,
n

px

n
p

→ ∞
+





=1 1 if  is fi nite i e. ., if p is a fixed real num ber.

 5. lim ,
n

n p
xx

n
e

→ ∞

+
+





=1  if p is fi nite.

 6. lim
n

p p p
p p

q q

a n a n a n a n a

b n b n b n→ ∞

− −
−

−
+ + + + +

+ +
0 1

1
2

2
1

0 1
1

2

…

q
q qb n b−

−+ + +2
1…

=
+ + +
+ +→ ∞

lim
[ ( / ) ( / ) ....]

[ ( / )n

p

q

n a a n a n

n b b n b

0 1 2
2

0 1

1 1

1 2
21( / ) ...]n +

=
=

>
∞ > > >









a b p q

q p

p q a b

0 0

0 0

0

0 0

/ ,

,

, , .

if

if

if and

Ex am ple 14: As sum ing that n n1 1/ →  as n → ∞, show by ap ply ing Cauchy’s nth root test

that the se ries Σ
n

n nn
=

∞
−

1

1 1( )/  con verges.

So lu tion: Here, u nn
n n= −( )/1 1 .  

∴ u nn
n n1 1 1/ /= − .  

∴ lim lim ( ) ./ /

n
n

n

n

nu n
→ ∞ → ∞

= − = <1 1 1 0 1

Hence, by Cauchy’s root test, the given se ries con verges.
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Ex am ple 15: Test the con ver gence of the fol low ing se ries

(i) Σ 1
1

2

+





−

n

n

 (ii)   Σ x

n

n

!

( )iii   
1

3

2

3

3

3

4

3 3

3 3

2

3

3

3

4

3
+ + + + + +… …

n
n

So lu tion:  (i)  Here u
n

n

n

= +





−
1

1
2

 .  

∴              u
n

n
n

n
1 1

1/ = +





⋅
−

∴    lim lim ./u

n

e
n

n
n

1 1

1
1

1
1=

+





= < [ ]∵ 2 3< <e

Hence by Cauchy’s root test the given series is convergent.

(ii) Here u
x

n
n

n
= ⋅

!
 

∴ u
x

n
n

n
n

1
1

/
/( !)

= ⋅

∴ lim lim
( !)

lim
( !)

/
/ /

u
x

n

n

n

x

n
n

n
n n

1
1 1

= = ⋅












 = ⋅












lim
( )

( !)

/

/

n

n

x

n

n n

n

1

1

            =








 ⋅















=lim
!

. lim

/
n

n

x

n
e

x

n

n n1

∵ lim
!

/
n

n
e

n n







 =















1

            = = <e . .0 0 1

Hence by Cauchy’s root test, the given series is convergent.

(iii)  Here u
n

n n
= ⋅

3

3

∴        u
n

n
n

n
1

3

3
/

/
= ⋅

∴ lim lim lim ( ) ./ / /u n nn
n n n1 3 1 31

3

1

3

1

3
1 1= = = ⋅ <

Hence by Cauchy’s root test the given series is convergent.

Ex am ple 16: Test the con ver gence of the se ries

2

1

2

1

3

2

3

2

4

3

4

3

2

2

1 3

3

2 4

4
−









 + −









 + −











− −

 + …
− 3

(Kumaun 2001; Meerut 13B)

So lu tion: Here u
n

n

n

n
n

n

n

n

=
+

−
+











⋅
+

+

−
( )1 11

1
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∴ u
n

n

n

n
n

n
n

1
1 1

1 1/ =
+





−
+











+ −

 =
+





+





−












− −
n

n

n

n

n1 1
1

1 1

      = +





+





−












⋅
− −

1
1

1
1

1
1 1

n n

n

∴ lim ( ) ( ) ./u e
e

n
n1 1 11 0 1

1

1
1= + − =

−
<− − [ ]∵2 3< <e

Hence by Cauchy’s root test the given series is convergent.

Ex am ple 17: Test for con ver gence Σ 3 1− − −n n( ) .

So lu tion: Here un
n n

= − − −3 1( )  =






− −

−

3 3

3 3

1n

n

n

n

. ,

. ,

if is even

if is odd.

∴ u

n

n
n

n
n

n n

1

1 1
1

1 1 1

3 3
1

3

1

3

3 3
1

3
3

/

/
/

/ /

. ,

. .

=
= ⋅

=

− −

−

if is even

, if is oddn .










∴ lim ./un
n1 1

3
1= < [ lim ]/

∵ a an1 1 0= >if

Hence by Cauchy’s root test the given series is convergent.

Ex am ple 18: Test for con ver gence Σ
n

n
x

n
n+

+










1

2
. ,  ( ).x > 0 (Meerut 2013)

So lu tion: Here u
n

n
xn

n
n=

+
+











1

2
.  

∴ u
n

n
xn

n1 1

2
/ .=

+
+

⋅

∴ lim lim ./u n

n

x xn
n1

1
1

1
2

=
+





+





⋅



















=

∴ By Cauchy’s root test, Σ un con verges if x < 1 and Σ un di verges if x > 1.

For x = 1, the test fails. When x = 1, u
n

n
n

n

=
+
+











1

2
.

∴ lim lim .u
n

n

e

e e
n

n

n
=

+





+





= = >

1
1

1
2

1
0

2

∴ The se ries Σ un di verges when x = 1.

Hence the given series converges if x < 1 and diverges if x ≥ 1.
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Ex am ple 19: Test for con ver gence Σ 1

( )log n n
⋅

So lu tion: Here u
n

n n
= ⋅1

(log )
  

∴ u
n

n
n1 1/

log
= ⋅

∴ lim lim
log

/u
n

n
n1 1

0= = , which is < 1.

Hence by Cauchy’s root test the given series is convergent.

Test for convergence the following series :

 1. (i) ∑ +
1

1 1n n( / )
.  

(Kanpur 2008; Avadh 12)

(ii) ∑ +





1
1

2

n

n

. 

 2. (i) ∑ +








n

n

n

1

2

.
(Avadh 2013; Kashi 14)

   (ii) ∑ +
√







−
1

1
3 2

n

n /

.

 3. (i) 2
3

2

4

3

5

4
2 3+ + + +x x x … , where x > 0.

(ii)
n

nn

n
x x

=

∞

∑ +
+

>
1

3 1

4 3
0, .

 4.
2

1

3

2

4

3

1
2

2

3
2

3

4
3

1
x x x

n

n
x

n

n
n+ + + +

+
++....

( )
.....

 5. (i) 1
2 3 4

0
2

2

3

3
+ + + + ∞ >x x x

x… , .

(ii) x x x x+ + + +2 3 42 3 4
… .

(iii) 
1

2

2

3

3

4

4

5
0

2
2

3
3+ 





+ 





+ 





+ ∞ >x x x x.... , .
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Comprehensive Exercise 2



 1. (i)  Divergent (ii) Divergent

 2. (i)  Convergent (ii)   Convergent

 3. (i)  Convergent if x < 1 and divergent if x ≥ 1

(ii) Convergent if x < 1 and divergent if x ≥ 1

 4. Convergent if x < 1 and divergent if x ≥ 1

 5. (i)  Convergent

(ii) Convergent if x < 1 and divergent if x ≥ 1

(iii) Convergent if x < 1 and divergent if x ≥ 1

9  D’ Alembert’s Ratio Test

(Avadh 2003, 05; Kanpur 05; Gorakhpur 11; Meerut 12B; Kashi 14)

The o rem 1: Let Σ un be a se ries of pos i tive terms such that lim
u

u
l

n

n

+ =1
. Then

(i) Σ un con verges if l < 1                 (ii) Σ un di verges if l > 1

and (iii) the test fails to de cide the na ture of the se ries if l = 1.

Proof: Since un > 0, for all n,  there fore

u

u

u

u
l

n

n

n

n

+ +> ⇒ = ≥1 1
0 0lim .

Since lim
u

u
l

n

n

+ =1
, therefore, for  ε > 0, there exists a positive integer m such that

u

u
l

n

n

+ −



 


< ε1

, for all n m≥

i.e., l
u

u
l

n

n
− ε < < + ε+1

, for all n m≥ .

Putting n m m n= + −, , ,1 1…  in succession in the above inequality and multiplying the

corresponding sides of the ( )n m−  inequalities thus obtained, we get

( ) ( )l
u

u
ln m n

m

n m− ε < < + ε− −  for all n m>

i.e., ( )
( )

( )
( )

l
u

l
u l

u

l

n m
m n

n m
m

− ε
− ε

< < + ε
+ ε

 for all n m> . …(1)
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Answers 2



(i) Let l < 1.

Choose ε > 0 such that r l= + ε < 1.

Then 0 1≤ < <l r .

From (1), we get u
u

r
rn

m
m

n< 





 for all n m>

i.e., u rn
n< α  for all n m>  where α = ∈ +u

r
m
m

R .

Since Σ rn is a geometric series with common ratio less than unity, Σ rn is convergent.

Hence by comparison test, Σ un is convergent.

(ii) Let l > 1.

Choose ε > 0 such that r l= − ε > 1.

From (1), we get 
u

r
r um

m
n

n< , for all n m>

i.e., u rn
n> β , for all n m>  where β = ∈ +u

r
m
m

R .

Since Σ rn is a geometric series with common ratio greater than unity, Σ rn  is divergent.

Therefore, by comparison test, Σ un is divergent.

(iii) Let l = 1.

Consider the series Σ un where u nn = 1 2/ .

Here lim lim
( )

lim .
u

u

n

n

n

n

n

+ =
+

=
+





=1
2

2 21

1

1
1

1

Since the series Σ ( / )1 2n  converges, we observe that if l = 1, the series may be

convergent.

Now, consider the series Σ un, where u nn = 1/ .

Here lim lim lim
u

u

n

n
n

n

n

+ =
+

=
+

= ⋅1

1

1

1
1

1

Since the series Σ ( / )1 n  diverges, we observe that if l = 1, the series may be divergent.

Thus the above two examples show that the test fails to decide the nature when l = 1.

Note 1: Tak ing the re cip ro cals, the ra tio test can also be stated in the form given
be low.

The series Σ un of positive terms is convergent if lim
u

u
n

n +
>

1
1 and divergent if lim

u

u
n

n +
<

1
1. 

If lim
u

u
n

n +
=

1
1, the test fails.

We shall usually apply the ratio test in this form which will in the later part of this
chapter be more convenient for further investigation in case the ratio test fails.

The ratio test is generally applied when the nth term of the series involves factorials,
products of several factors, or combinations of powers and factorials.
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Another form of D’ Alembert’s Ratio Test:  The ratio test can also be stated in the

form given below :

An infinite series of positive terms is convergent if from and after some term the ratio of each term to

the preceding term is less than a fixed number which is less than unity.

The series is divergent if the above ratio is greater than or equal to unity.

Proof: Case 1: It is given that

u

u
r

n

n

+ <1
 for all n m≥ , ...(1)

where r is a fixed positive number such that r < 1.

To prove Σ un is convergent.

Putting n m m n= + −, , ,1 1…  in succession in (1) and multiplying the corresponding

sides of the n m−  inequalities thus obtained, we get

u

u

u

u

u

u

u

u
r

m

m

m

m

m

m

n

n

n m+ +

+

+

+ −

−⋅ ⋅ ⋅ ⋅ <1 2

1

3

2 1
....

⇒ 
u

u
rn

m

n m< −     ⇒  u
u

r
rn

m
m

n<

⇒ u rn
n< α , for all n m>  where α = ∈ +u

r
m
m

R .

Since Σ rn is a geometric series with  common ratio less than unity, Σ rn is convergent.

Hence by comparison test, Σ un is also convergent.

Case 2: It is given that 

u

u

n

n

+ ≥1
1 for all n m≥ . ...(2)

Putting n m m n= + −, , ,1 1…  in succession in (2) and multiplying the corresponding

sides of the n m−  inequalities thus obtained, we get

u

u
n

m
≥ 1 ⇒ u u n mn m≥ >for all .

Omitting the first m terms of the series  because it will not affect the convergence or

divergence of the series, we have

u u nn m≥ ∈for all N

⇒ S u u n un n m= + + ≥1 ....  

⇒ lim Sn = ∞

⇒ the se ries is di ver gent.

Theorem 2: Let Σ un be a series of positive terms such that 
u

u

n

n

+ → ∞1
 as n → ∞. Then Σ un

diverges. 
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Proof: Since 
u

u

n

n

+ → ∞1
 as n → ∞, therefore, there exists a positive integer m such that

u

u

n

n

+ >1
2 for all n m≥  i.e.,  u un n+ >1 2  for all n m≥ .

Replacing n by m, m + 1, m + 2, …, n − 1 and multiplying the ( )n m−  inequalities, we get

u un
n m

m> −2 .  for all n m>

i.e., u
u

n
m
m

n> 



2

2  for all n m> .

Since the geometric series  Σ 2n diverges, hence, by comparison test  Σ un diverges.

Note: In a sim i lar man ner it can be proved that Σ un is con ver gent if

lim .
n

n

n

u

u→ ∞ +
= ∞

1

10  Remarks on the Ratio Test

It should be noted that D’ Alembert’s ratio test does not tell us anything about the convergence of the 

series Σ un if we only know  that 
u

u
n

n +
>

1
1 V n.

If u
n

n = 1
, then 

u

u n
n

n +
= + >

1
1

1
1 for all n while the series Σ un is divergent. Also, for the

convergence of the series Σ un it is not necessary that 
u

u
n

n +1
 should have a definite limit.

For a change in the order of the terms of a series of positive terms may affect the value of 

lim
u

u
n

n +1
 but it does not affect the convergence of the series.

For ex am ple, let us con sider the se ries

1 2 3+ + + + …x x x  where 0 1< <x . …(1)

Chang ing the or der of terms, the se ries be comes

x x x x x+ + + + + + …1 3 2 5 4
…(2)

Since the series (1) is convergent, therefore, the series (2) is also convergent. But in the

series (2), the ratio u un n/ +1 is alternately x and 1 3/ x  and consequently lim ( / )u un n +1

is not definite.

In comparison with Cauchy’s root test, D’Alembert’s ratio test is more useful since it is

easier to apply than the root test because generally u un n/ +1 is a simpler fraction than

un. However the root test is stronger than the ratio test. To be more precise,

whenever the ratio test indicates the nature of the series, the root test does too. But

sometimes the ratio test does not apply while the root test succeeds.
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Ex am ple 20: Test for con ver gence the fol low ing se ries :

(i) 1
2

2

3

3

4

4
+ + + + …

p p p

! ! ! (Bundelkhand 2006)

(ii) 
1

1 2

2

1 2

3

1 22 3+
+

+
+

+
+ …

So lu tion: (i) Here u
n

n
n

p
= ⋅

!
  

∴ u
n

n
n

p

+ =
+
+

⋅1
1

1

( )

( ) !

Now
u

u

n

n

n

n
n

n

p

p
+

=
+
+1

1

1!
.
( ) !

( )

   =
+
+

=
+

+
⋅

( )

( ) ( / )

n n

n

n

n

p

p p

1

1

1

1 1

∴ lim lim
( / )

,
u

u

n

n
n

n
p

+
=

+
+

= ∞
1

1

1 1

which is > 1 for all values of p.

Hence by ratio test the series Σ un is convergent.

(ii) Here u
n

n n
=

+
⋅

1 2
  

∴ u
n

n n+ +=
+

+
⋅1 1

1

1 2

Now 
u

u

n

n
n

n
n

n

+

+
=

+
⋅

+
+1

1

1 2

1 2

1

   =
+

+ +

+ +n

n n

n n

n n

. ( / )

( / ) . ( / )

2 1 1 2

2 1 1 2 1 1

1 1

      =
+

+ +
⋅

+2 1 1 2

1 1 2 1 1

1( / )

( / ) ( / )

n

n n

∴ lim
( )

( ) ( )

u

u
n

n +
= ⋅

+
+ +

=
1

2
1 0

1 0 1 0
2, which is > 1.

Therefore, by ratio test, the given series converges.

Ex am ple 21: Test for con ver gence the se ries whose nth term is

(i) 
n a

an

3

2

+
+

, (ii)  
n

nn

!
, (Purvanchal 2014) (iii) 

2 1

3 1

n

n

−
−












⋅
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So lu tion: (i) Here u
n a

a
n n

=
+
+

3

2
,  u

n a

a
n n+ +=

+ +
+

⋅1

3

1

1

2

( )

∴ 
u

u

n a

a

a

n a
n

n
n

n

+

+
=

+
+

⋅
+

+ +1

3 1

32

2

1( )
 

         =
+ +

+ + +

+ +n a n a

a n n a

n n

n n

3 3 1 1

3 3

1 2 1 2

2 1 2 1 1

( / ) . ( / )

( / ) . ( / ){ / n3
}

            = ⋅
+ +

+ + +
⋅

+
2

1 1 2

1 2 1 1

3 1

3 3

( / ) ( / )

( / ) ( / ) /

a n a

a n a n

n

n
{ }

Now lim
( ) ( )

( ) ( )
,

u

u
n

n +
= ⋅

+ +
+ + +

=
1

3
2

1 0 1 0

1 0 1 0 0
2

{ }
 which is  > 1.

Therefore, by ratio test the given series converges.

(ii) Here u
n

n
n n

=
!
 so that u

n

n
n n+ +=

+
+

⋅1 1

1

1

( ) !

( )

∴ 
u

u

n

n

n

n

n

n n n
n

n
n

n n

n
+

+ +
=

+
+

=
+

+
= +

1

1 11

1

1

1
1

1!
.
( )

( ) !

( )

. ( )
 


n

.

∴ lim lim
u

u n
en

n

n

+
= +





=
1

1
1

, which is > 1.

Therefore, by ratio test the given series converges.

(iii) Here    un

n

n
=

−
−











2 1

3 1
 , un

n

n+

+

+=
−
−









 ⋅1

1

1

2 1

3 1
 

Now 
u

u
n

n

n

n

n

n
+

+

+=
−
−

⋅
−
−











1

1

1

2 1

3 1

3 1

2 1
  

   =
− −
− −










2 1 1 2 3 3 1 3

3 1 1 3 2 2 1 2

n n n n

n n n n

( / ) . ( / )

( / ) . ( / )





         =
− −
− −












⋅

( / ) ( / )

( / ) ( / )

1 1 2 3 1 3

1 1 3 2 1 2

n n

n n

∴  lim
u

u
n

n +
= 



1

3

2
 , which is > 1.

Therefore, by ratio test the given series converges.

Ex am ple 22: Show that the se ries

1
1

1

1 2 1

1 2 1

1 2 1 3 1
+

+
+

+
+ +
+ +

+
+ + +α

β
α α
β β

α α α( ) ( )

( ) ( )

( ) ( ) ( )

(β β β+ + +
+

1 2 1 3 1) ( ) ( )
.....

converges if β α> > 0 and diverges if α β≥ > 0 [ , ].α β> >0 0
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So lu tion: Here,

u
n

n
n =

+ + …… − +
+ + …… − +

( ) ( ) [( ) ]

( ) ( ) [( ) ]
,

α α α
β β β

1 2 1 1 1

1 2 1 1 1

so that   u
n n

n
n + =

+ + …… − + +
+ + ……1
1 2 1 1 1 1

1 2 1

( ) ( ) [( ) ] ( )

( ) ( ) [(

α α α α
β β − + +

⋅
1 1 1) ] ( )β βn

Now 
u

u

n

n

n

n
n

n +
=

+
+

=
+
+

⋅
1

1

1

1

1

β
α

β
α

/

/

∴   lim lim
/

/

u

u

n

n
n

n +
=

+
+

= ⋅
1

1

1

β
α

β
α

Hence by ratio test the series is convergent if  
β
α

> 1  i.e., if  β α> > 0, divergent if 
β
α

< 1, i.e.,

if α β> > 0, and the test fails if 
β
α

= 1 i.e., if β α= .

When β α= , then the given series becomes

1 1 1+ + + …… .

 Sn = the sum of n terms of this se ries = n.

Since lim Sn = ∞, hence the series is divergent.

Thus the given series is convergent if β α> > 0 and divergent if α β≥ > 0.

Ex am ple 23: Test for con ver gence the fol low ing se ries :

(i) 1 3 5 72 3+ + + + …x x x (ii) 1
2 3 42

2

2

3

2
+ + + + …x x x

.

So lu tion: (i) Here u n x u n xn
n

n
n= − = +−

+( ) , ( ) .2 1 2 11
1

∴ 
u

u

n x

n x

n

n x
n

n

n

n
+

−
=

−
+

=
−
+

⋅ ⋅
1

12 1

2 1

2 1

2 1

1( )

( )

( / )

( / )

∴ lim
u

u x x
n

n +
= ⋅ = ⋅

1

2

2

1 1

Hence by ratio test the series is convergent if 1 1/ x >  i.e. if

1> x  or  x < 1,

the series is divergent if 1 1/ ,x <  i.e. if x > 1 and the test fails if 1 1/ x =  i.e. if x = 1.

When x = 1, then the given series becomes

1 3 5 7+ + + + …

Sn = sum of n terms of this series = + − =n
n n

2
1 2 1 2( ) .

Since lim Sn = ∞, hence this series is divergent.

Thus the given series converges if x < 1 and diverges if x ≥ 1.
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(ii) Here u
x

n
n

n
=

−1

2
, so that u

x

n
n

n

+ =
+

⋅1 21( )

∴ 
u

u

x

n

n

x n x
n

n

n

n
+

−
= ⋅

+
= +





⋅ ⋅
1

1

2

2 21
1

1 1( )

∴ lim lim .
u

u n x x
n

n +
= +





⋅ =
1

2

1
1 1 1

Hence by ratio test the series converges if 1 1/ x >  i.e. if x < 1, diverges if 1 1/ x <  i.e. if x > 1

and the test fails if 1 1/ x =  i.e. if x = 1.

When x = 1, then u nn = 1 2/ . We know that Σ ( / )1 2n  is convergent because here p = >2 1.

Thus the given series converges if x ≤ 1 and diverges if x > 1.

Ex am ple 24: Test for con ver gence the se ries whose nth term is

(i) 
1

x xn n+ − , (ii) 
a

x a

n

n n+
⋅

So lu tion: Here u
x x

x

x
n n n

n

n
=

+
=

+−
1

12
, u

x

x
n

n

n+
+

+=
+

⋅1

1

2 1 1( )

∴ 
u

u

x

x

x

x

x

x x
n

n

n

n

n

n

n

n
+

+

+

+
=

+
+

=
+

+
⋅ ⋅

1
2

2 1

1

2 2

21

1 1

1

1
.

( )

Now  ( / )u un n +1  can be found only if we know that

x < 1  or x > 1.

Let x < 1.

Then lim lim
u

u

x

x x
n

n

n

n
+

+
=

+
+

⋅










1

2 2

2

1

1

1

              = 1

x
.         [ lim lim ]∵ x x xn n2 2 20 1+ = = <if

But if x < 1, then 1 1/ .x >

∴ if x < 1, we have lim ( / )u un n + >1 1 and hence by ratio test the series converges in this

case.

Now let x > 1.

Then lim lim
u

u

x

x x
n

n

n

n
+

+
=

+
+

⋅










1

2 2

2

1

1

1
 =

+
+

⋅












+ +
lim

( / )

( / )

x x

x x x

n n

n n

2 2 2 2

2 2

1 1

1 1

1

                      =
+

+













+
lim

( / )

( / )
x

x

x

n

n

1 1

1 1

2 2

2

                    = x       [ lim /∵ 1 02 2x n + =  if x > 1]

∴ if x > 1, we have lim ( / )u u xn n + =1  i.e. > 1 and hence by ratio test the series is

convergent in this case also.
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Again, if x = 1, then un =
+

=1

1 1

1

2
,

i.e., the se ries be comes 
1

2

1

2

1

2
+ + + …

Sn = sum of its n terms = ⋅1

2
n.

Since lim Sn = ∞, hence, the series is divergent if x = 1.

Thus the given series is convergent if x > 1 or x < 1 and divergent if x = 1.

(ii) Here    u
a

x a
n

n

n n
=

+
, u

a

x a
n

n

n n+
+

+ +=
+

⋅1

1

1 1

∴         
u

u

a

x a

x a

a

x a

a x a
n

n

n

n n

n n

n

n n

n n
+

+ +

+

+ +
=

+
⋅

+
=

+
+1

1 1

1

1 1

( )
.

Let x a> .

Then lim lim
( )

lim
[ ( / ) ]u

u

x a

a x a

x a xn

n

n n

n n

n n

+

+ + + +
=

+
+

=
+

1

1 1 1 11

ax a xn n[ ( / ) ]1+

         =
+

+
=

+
lim

[ ( / ) ]

[ ( / ) ]
,

x

a

a x

a x

x

a

n

n

1

1

1

  which is > 1 as x a> .

Hence by ratio test the given series converges if x a> .

Let x a< .

Then lim lim
[ ( / ) ]

. [ ( / ) ]

u

u

a x a

a a x a
n

n

n n

n n
+

+ +
=

+
+1

1 11

1
 =

+
+

=
+

lim
[ ( / ) ]

[ ( / ) ]
.

1

1
1

1x a

x a

n

n

∴ the ra tio test fails in this case.

But in this case, lim lim lim
[ ( / ) ]

u
a

x a

a

a x a
n

n

n n

n

n n
=

+
=

+1
 = 1, which is > 0.

∴ the given se ries di verges if x a< .

Now, if x a= , the series is 
1

2

1

2
+ + …, which diverges.

Hence the given series is convergent if x a>  and divergent if x ≤ a.

Ex am ple 25: Test for con ver gence the fol low ing se ries

(i) 
1

2 1 3 2 4 3 5 4

2 4 6

√
+

√
+

√
+

√
+ …x x x

(Gorakhpur 2013)

(ii) x x x x
n

n
xn+ + + + … +

−
+

+ …3

5

8

10

15

17

1

1

2 3 4
2

2
 .

(Avadh 2012)

So lu tion: (i)  Here u
x

n n
n

n
=

+ √

−2 2

1( )
, u

x

n n
n

n

+ =
+ √ +

⋅1

2

2 1( ) ( )
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∴ 
u

u

x

n n

n n

x
n

n

n

n
+

−
=

+ √
⋅

+ √ +

1

2 2

21

2 1

( )

( ) ( )
 =

+
+

+





⋅ ⋅
( / )

( / )

1 2

1 1
1

1 1
2

n

n n x

∴ lim . .
u

u x x
n

n +
= √ = ⋅

1
2 2

1

1
1

1 1

∴ by ratio test the given series is convergent if 1 12/ x >  i.e., if x2 1< , divergent if 1 12/ x <

i.e., if x2 1>  and the test fails if x2 1= .

When x2 1= , we have u
n n

n =
+ √

⋅1

1( )
 

Take v
n n

n =
√

⋅1

∴ lim lim
( )

lim
( / )

,
u

v

n n

n n n
n

n
=

√
+ √

=
+

=
1

1

1 1
1

which is finite and non-zero. Hence by comparison test Σ un and Σ vn are either both

convergent or both divergent.

Since Σ Σv nn = ( / )/1 3 2  is convergent as p = >3 2 1/ , therefore the given series is also

convergent if x2 1= .

Thus the given series is convergent if x2≤ 1 and divergent if x2 1> .

(ii) Here    u
n

n
xn
n=

−
+

2

2

1

1
, u

n

n
xn
n

+
+=

+ −
+ +

1

2

2
11 1

1 1

( )

( )
.

∴ 
u

u

n

n
x

n

n x
n

n

n
n

+
+=

−
+

+ +
+ −

⋅
1

2

2

2

2 1

1

1

1 1

1 1

1
.
( )

( )
 

         =
−
+

⋅
+ +

+
⋅ ⋅

1 1

1 1

1 2 2

1 2

12

2

2/

/

/ /

/

n

n

n n

n x

∴  lim
u

u x
n

n +
= ⋅

1

1

∴ by ratio test the given series is convergent if 1 1/ x >  i.e., if x < 1, divergent if 1 1/ x <  i.e.,

if x > 1 and the test fails if x = 1.

When x u
n

n

n

n
n= =

−
+

=
−
+

⋅1
1

1

1 1

1 1

2

2

2

2
,

/

/

∴  lim lim
/

/
,u

n

n
n =

−
+

=
1 1

1 1
1

2

2
 which is > 0.

∴ the given se ries is di ver gent if x = 1.

Thus the given series is convergent if x < 1 and divergent if x ≥ 1.
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Test for convergence the following series :

 1. (i) 2
3

8

4

27

12 3

3
x

x x n x

n

n

+ + + +
+

+....
( )

....

(Kumaun 2003; Kanpur 11; Meerut 12,12B)

(ii)
x x x

x
2 3 4

2 1 3 2 4 3
0

√
+

√
+

√
+ >..... , .

(iii) 1
1 2 3

0
2 3

+ + + + >x x x
x

! ! !
,… .

 2.
1 2

1

2 3

2

3 4

3

2 2 2 2 2 2⋅
+

⋅
+

⋅
+

! ! !
....

 3. (i) 1
2 5 10 1

2 3

2
+ + + + +

+
+x x x x

n

n
… .....

(ii) 1
2

5

6

9

14

17

2 2

2 1

2 3 1+ + + + +
−
+

+−x x x x
n

n
n

… .....

 4.
x x x

1 2 2 3 3 4

2 3

⋅
+

⋅
+

⋅
+ ..... .

(Gorakhpur 2012)

 5. 
1

3

1 2

3 5

1 2 3

3 5 7

1 2 3 4

3 5 7 9
+ + + +

.

.

. .

. .

. . .

. . .
…

 6. (i) ∑ n

n

n

n

!3
. (ii) ∑ −

n

n

3

1( ) !
 .

 7. (i) ∑ −





3 1

2

n
n

(ii) ∑ +











x

x n

n
 .

 8. (i) ∑ + √
x

a n

n
(ii) ∑ ⋅n

n

n

!

 9. Test for convergence the series whose n th term is 

(i) 
n n

n

2 21( )

!

+
 (ii) 

2 1

3 1

n

n

−
+

(iii)
√

√ +
>n

n
x xn

( )
, ( )

2 1
0  (iv) 

n

n
x xn

3

3

1

1
0

−
+

>, ( )
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(v)
n

n
x xn−

+









 >

1

1
0

3
, ( ) (vi) 

3 2

3 1
01

n

n
nx x

−
+

>− , ( ).

(vii) 
x

x a
x a

n

n n+
> >, , .0 0

10. Examine the convergence of the series

1

1 3 5 7

2 3

p p p p
x x x+ + + + … 

 1. (i)    Convergent if x ≤ 1 and divergent if x > 1

(ii) Convergent if x ≤ 1 and divergent if x > 1

(iii)  Convergent for all real values of x > 0.

 2. Convergent

 3. (i)  Convergent if x ≤ 1 and divergent if x > 1

(ii)   Convergent if x < 1 and divergent if x ≥ 1

 4. Convergent if x ≤ 1 and divergent if x > 1

 5. Convergent 6. (i) Divergent (ii) Convergent

 7. (i)  Convergent (ii) Convergent if x < 1 and divergent if x ≥ 1

 8. (i)  Convergent if x < 1 and divergent if x ≥ 1 (ii)   Divergent

 9 . (i)  Convergent (ii) Con ver gent

(iii)  Convergent if x < 1 and divergent if x ≥ 1

(iv)  Convergent if x < 1 and divergent if x ≥ 1

(v)   Convergent if x < 1 and divergent if x ≥ 1

(vi)  Convergent if x < 1 and divergent if x ≥ 1

(vii) Convergent if x a<  and divergent if x a≥
10. Convergent if x < 1 and divergent if x > 1

In case x = 1, then convergent if p> 1 and divergent if p≤ 1.

11  Cauchy’s Condensation Test

(Avadh 2012)

Theorem: If the function f n( ) is positive for all positive integral values of n and continually

decreases as n increases, then the two infinite series

f f f f n( ) ( ) ( ) ( )1 2 3+ + + … + + …
and a f a a f a a f a a f an n( ) ( ) ( ) ( )+ + + … + + …2 2 3 3

are either both convergent or both divergent, a being a positive integer greater than unity.
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 Proof: The terms in the series Σ f n( ) can be arranged as

{ }f f f f a( ) ( ) ( ) ( )1 2 3+ + + … +  

    + + + + + … +{ }f a f a f a( ) ( ) ( )1 2 2

    + + + + + … + + …{ }f a f a f a( ) ( ) ( )2 2 31 2

    … + + + + + … + + …+
{ }f a f a f am m m( ) ( ) ( ) .1 2 1

 …(1)

The terms in the ( )m + 1 th group are

f a f a f am m m( ) ( ) ( ).+ + + + … + +1 2 1
…(2)

The number of terms in this group is ( )a am m+ −1  i.e., a am ( ).− 1  Also f am( )+1  is the

smallest term in this group since the terms go on decreasing.

∴ f a f a f a a a f am m m m m( ) ( ) ( ) ( ) ( )+ + + + … + > −+ +1 2 11 1

or f a f a f a
a

a
a f am m m m m( ) ( ) ( ) { ( )}+ + + + … + >

−
⋅+ + +1 2

11 1 1      …(3)

Putting m = …0 1 2 3, , , , successively in (3), we have

f f f a
a

a
a f a( ) ( ) ( ) { ( )}2 3

1
+ + … + >

−

f a f a f a
a

a
a f a( ) ( ) ( ) { ( )}+ + + + … + >

−
1 2

12 2 2

f a f a f a
a

a
a f a( ) ( ) ( ) { ( )}2 2 3 3 31 2

1
+ + + + … + >

−

… … … … … … … … … … … … … … … … … … … … 
… … … … … … …… … … … … … … … … … … … … 

Adding all the above inequalities, we get 

Σ Σf n f
a

a
a f an n( ) ( ) [ ( )].− >

−
1

1

This shows that if the series Σ a f an n( ) is divergent, so also is the series Σ f n( ).

Again, each term of the ( )m + 1 th group given by (2) is less than f am( ). Hence, we have

f a f a f am m m( ) ( ) ( )+ + + + … + +1 2 1

< + + … + = −f a f a f a a a f am m m m m( ) ( ) ( ) ( ) ( )1

i.e. f a f a f a a a f am m m m m( ) ( ) ( ) ( ) ( ) .+ + + + … + < −+1 2 11
{ } …(4)

Putting m = …0 1 2 3, , , ,  successively in (4), we have

f f f a a f( ) ( ) ( ) ( ) ( )2 3 1 1+ + … + < − { }

f a f a f a a a f a( ) ( ) ( ) ( ) ( )+ + + + … + < −1 2 12
{ }

f a f a f a a a f a( ) ( ) ( ) ( ) ( )2 2 3 2 21 2 1+ + + + … + < − { }

… … … … … … … … … … … … … … … … … … …

… … … … … … … … … … … … … … … … … … … 

Adding all these inequalities, we get 

Σ Σf n f a f a a f an n( ) ( ) ( ) ( ) ( ) ( ).− < − + −1 1 1 1

This shows that if Σ a f an n( ) is convergent, so also is Σ f n( ).
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Note: For the va lid ity of the above the o rem it is suf fi cient if f n( ) be pos i tive and

con stantly de creases for val ues of n greater than a fixed pos i tive in te ger r.

12  The Auxiliary Series Σ 1

n n p(log )

Theorem: The series

1
1

2 2

1

3 3

1
+ + + … + + …

( ) ( ) ( )log log log
p p pn n

is convergent if p > 1 and divergent if p ≤ 1.

Proof: Case 1: Let p≤ 0.

Then 
1 1

n n np(log )
≥  for all n ≥ 2.

Since the series Σ ( / )1 n  is divergent, therefore by comparison test Σ
1

n n p(log )
 is also

divergent.

Case 2: Let p> 0. Let f n
n n p

( )
(log )

= ⋅
1

Obviously f n( ) > 0 for all n ≥ 2.

Now the given series Σ Σ
1

n n
f n

p(log )
( ).=

Since < >n n p(log )  is an increasing sequence, therefore < >f n( )  is a decreasing

sequence. Hence by Cauchy’s condensation test given in article 11, the series Σ f n( ) is

convergent or divergent according as the series Σ a f an n( ) is convergent or divergent.

Now a f a
a

a a n a a n

n n
n

n n p p p p
( )

(log ) ( log ) (log )
= = = ⋅ ⋅

1 1 1

Since 
1

(log )a p
 is a constant, hence the series Σ a f an n( ) is convergent or divergent

according as the series Σ ( / )1 n p  is convergent or divergent. But the series Σ 1 / np is

convergent if p> 1 and divergent if p≤ 1.

Hence by Cauchy’s condensation test the given series is also convergent if p> 1 and

divergent if p≤ 1.

Ex am ple 26: Test the con ver gence of the fol low ing se ries :

(i) 
1

2

1

3

1

4log log log
+ + + … (ii)  

log log log2

2

3

3

4

4
+ + + …
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(iii)  
1

2

1

3

1

( ) ( ) ( )log log log
p p pn

+ + … + + …

So lu tion: (i) Here f n
n

( )
log

= >
1

0 for all n ≥ 2. Also f n( ) de creases con tin u ally as n

in creases.

Now  a f a
a

a

a

n a
n n

n

n

n
( )

log ( ) log
,= =  a being taken as some positive integer > 1.

Consider the series Σ Σ Σa f a a n a vn n n
n( ) / ( log ) ,= ={ }  (say).

Here v
a

n a
n

n
=

log
, so that v

a

n a
n

n

+

+
=

+
⋅1

1

1( ) log

∴ 
v

v

n

n a n a
n

n +
=

+
⋅ = +





⋅ ⋅
1

1 1
1

1 1

∴ lim
v

v a
n

n +
=

1

1
 which is < 1 as by our choice a > 1. 

∴ by ra tio test the se ries Σ Σv a f an
n n= ( ) is di ver gent.

Consequently by Cauchy’s condensation test the given series

 Σ f n( )
log log

= + + …
1

2

1

3
 , is also divergent.

(ii) Here f n
n

n
( )

log
= > 0 for all n ≥ 2.

Also f n( ) decreases continually as n increases.

Now a f a a
a

a
n an n n

n

n
( )

log
log=









 = , a being taken as some + ive integer > 1.

Now the series Σ Σ Σa f a n a a nn n( ) ( log ) log .= =  

is divergent because the series Σ n is divergent.

Hence by Cauchy’s condensation test the given series Σ Σf n
n

n
( )

log
=  is also

divergent.

(iii) If p≤ 0, the given series is obviously divergent. So let us consider the case when 

p> 0. Here f n
n p

( )
(log )

= >
1

0 for all n ≥ 2 .

Also f n( ) decreases continually as n increases.

Now a f a
a

a

a

n a
an n

n

n p

n

p p
( )

(log ) (log )
,= =  being taken > 1.

Consider the series Σ Σ Σa f a
a

n a
vn n

n

p p n( )
(log )

= = , say.

Here v
a

n a
n

n

p p
=

(log )
, so that v

a

n a
n

n

p p+

+
=

+
⋅1

1

1( ) (log )
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∴
v

v

a

n a

n a

a n
n

n

n

p p

p p

n

p

+
+=

+
= +





⋅
1

1

1
1

1 1

(log )
.
( ) (log )

a
⋅

∴ lim
v

v a
n

n +
=

1

1
 which is < 1 as a > 1.

∴ by ra tio test the se ries Σ Σv a f an
n n= ( ) is di ver gent.

Therefore by Cauchy’s condensation test the given series Σ f n( ) is also divergent.

Ex am ple 27: Test for con ver gence the fol low ing se ries

(i) 
( ) ( ) ( ) ( )log log log log n

n

2

2

3

3

4

4

2

2

2

2

2

2

2

2
+ + + … + + …

(ii) 
1

2 2

1

3 3

1

( ) ( ) ( )log log n log np p p
+ + … + + …

So lu tion: (i) Here we can take the first term of the se ries as

(log )1

1

2

2
 be cause log 1 0= .

∴ u nn = th term of the se ries = =
(log )

( )
n

n
f n

2

2
, say.

It is positive for all n ≥ 2 and decreases continually as n increases.

Now a f a
a a

a

a n a

a

n an n
n n

n

n

n
( )

(log )

( )

(log )

( )

(log )
= = =

2

2

2 2

2

2 2

an
,

a being taken to be a +ive integer > 1.

Consider the series Σ Σ Σa f a n a a vn n n
n( ) (log ) / ,= ={ }

2 2  (say).

Here v
n a

a
n n

=
2 2(log )

, v
n a

a
n n+ +=

+
⋅1

2 2

1

1( ) (log )

∴ 
v

v

n a

a

a

n a

a

n
n

n
n

n

+

+
= ⋅

+
=

+
⋅

1

2 2 1

2 2 21 1 1

(log )

( ) (log ) ( / )

∴ lim lim
( / )

v

v

a

n
an

n +
=

+
= >

1
21 1

1 since by our choice a > 1.

∴ by ra tio test the se ries Σ vn is con ver gent.

Hence by Cauchy’s condensation test the given series  Σ f n( )  is also convergent.

(ii) If p≤ 0, obviously the given series is divergent. So it remains to discuss the case

when p> 0.

When p> 0, we have f n
n n p

( )
( log )

= >
1

0 for all n ≥ 2 and it decreases continually as n

increases.

Now a f a
a

a a a n a

n n
n

n n p n p p p
( )

( log ) . (log )
,

( )
= = −

1
1

  a to be taken > 1. 
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Case I: Let p> 1. Then an p( )− >1 1 as a > 1.

∴ a f a
a n a a n

n n
n p p p p p

( )
(log ) (log )( )

=
⋅

< ⋅−
1 1 1

1
 …(1)

Now 1/ (log )a p is a fixed positive real number and the series Σ ( / )1 np  is convergent

because p> 1.

Hence from (1), by comparison test (second form) given in article 7, the series 

Σ a f an n( ) is convergent.

Now by Cauchy’s condensation test it follows that the given series Σ f n( ) is also

convergent.

Case II: Let p≤ 1. Then an p( )− ≤1 1 as a > 1.

∴ a f a
a n

n n
p p

( )
(log )

≥ ⋅ ⋅
1 1

…(2)

Now 1/ (log )a p is a fixed +ive real number and the series Σ( / )1 np  is divergent, p being 

≤ 1.

Hence from (2), by comparison test the series Σ a f an n( ) is divergent.

Now by Cauchy’s condensation test it follows that the given series Σ f n( ) is also

divergent.

Hence the given series is convergent if p> 1 and divergent if p≤ 1.

13  Raabe’s Test

Theorem: The series Σ un of positive terms is convergent or divergent according as

lim n
u

u
n

n +
−
























>

1
1 1 or < 1.

(Gorakhpur 2014)

Proof: Case I: Let lim ,n
u

u
kn

n +
−
























=

1
1  where k > 1.

Choose a number p such that k p> > 1.

Compare the series Σ un with the auxiliary series  Σ Σv
n

n p
=

1
, which is convergent since 

p> 1.

By article 7, sixth form of comparison test, Σ un is convergent if after some particular

term
u

u

v

v
n

n

n

n+ +
>

1 1

or 
u

u

n

n

n

n n
n

n

p

p

p p

+
>

+
=

+





= +



1

1

1 1

1
1

1/

/ ( )
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= + +
−

⋅ + …1
1 1

2

1
2

p
n

p p

n
.

( )

!

or n
u

u
p

p p

n
n

n +
−











 > +

−
⋅ + …

1
1

1

2

1( )

!
 …(1)

If n be taken sufficiently large the L.H.S and R.H.S. of (1) respectively approach k and p. 

Also k is greater than p. Therefore (1) is satisfied for sufficiently large values of n. Hence 

Σ un is convergent if

lim .n
u

u
n

n +
−
























>

1
1 1

Case II: Let lim n
u

u
ln

n +
−
























=

1
1 , where l < 1.

Choose a number p such that l p< < 1.

Compare the series Σ un with the auxiliary series Σ Σv nn
p= ( / )1  which is divergent

since p< 1.

The series Σ un is divergent if after some particular term

u

u

v

v
n

n

n

n+ +
<

1 1
, [By ar ti cle 7, sixth form of com par i son test]

or n
u

u
p

p p

n
n

n +
−











 < +

−
+ …

1
1

1

2

1( )

!
.  

…(2)

(Pro ceed ing as in case I)

If n be taken sufficiently large the L.H.S. and R.H.S. of (2) respectively approach l and

p. Also l p< . Thus (2) is satisfied for sufficiently large values of n. Hence Σ un is divergent 

if

lim .n
u

u
n

n +
−
























<

1
1 1

However, if lim n
u

u
n

n +
−











 =

1
1 1, the Raabe’s test fails.

Note: Raabe’s test is to be ap plied when D’Alembert’s ra tio test fails.

Ex am ple 28: Test the con ver gence of the se ries

(i)  Σ
n x

n

n!

. . . ( )3 5 7 2 1… +
 (ii)  Σ

n n=

∞

+
⋅

1

1

1 log
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So lu tion: (i) Here u
n x

n
n

n

=
… +
!

. . ( )3 5 7 2 1

so that u
n x

n n
n

n

+

+
=

+
… + +

⋅1

11

3 5 7 2 1 2 3

( ) !

. . . ( ) ( )

Now 
u

u

n

n

n

x

n

n x

n

n
n

n +
=

+
+

⋅ =
+
+

⋅ =
+
+








1

2 3

1

2 3

1

1 2 3

1 1

( )

( ) !

! /

/
 ⋅ ⋅

1

x

∴ lim lim
/

/

u

u

n

n x x
n

n +
=

+
+









 ⋅ = ⋅

1

2 3

1 1

1 2

Hence by D’ Alembert’s ratio test the series converges if 
2

1
x

>  i.e., if x < 2 and diverges if 

2 1/ x <  i.e., if x > 2 and the test fails when 2 1/ x =  i.e., when x = 2.

In case x = 2, we apply Raabe’s test.

When x = 2, 
u

u

n

n
n

n +
=

+
+

⋅
1

2 3

2 1( )

∴ n
u

u
n

n

n

n

n
n

n +
−











 =

+
+

−








 =

+
=

+1
1

2 3

2 2
1

2 1

1

2 1 1( ) ( / )n
⋅

∴ lim lim
( / )

.n
u

u n
n

n +
−











 =

+
= <

1
1

1

2 1 1

1

2
1

Hence by Raabe’s test Σ un is divergent if x = 2.

Thus the given series Σ un is convergent if x < 2 and divergent if x ≥ 2.

(ii) Here u
n

u
n

n n=
+

=
+ +

⋅+
1

1

1

1 1
1

log
;

log ( )

Now     
u

u

n

n
n

n +
=

+ +
+1

1 1

1

log ( )

log

     =
+ +

+
=

+ + +
+

1 1 1

1

1 1 1

1

log ( / )

log

log log ( / )

log

{ }n n

n

n n

n

     =
+ +

= + +
log ( ) log ( / )

log ( ) log ( )
log ( / )

en n

en en
n

1 1
1

1
1 1

     = + − + − …





1
1 1 1

2

1

32 3log ( )en n n n

     = + − + …1
1 1

2 2n en n enlog ( ) log ( )
.

∴ lim
u

u
n

n +
=

1
1, and so the ra tio test fails.

Now we apply Raabe’s test. We have
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lim lim
log ( ) log ( )

n
u

u
n

n en n en
n

n +
−











 = − + …



1
2

1
1 1

2









= − + …








 = <lim

log ( ) log ( )
.

1 1

2
0 1

en n en

Hence by Raabe’s test the given series is divergent.

Ex am ple 29: Test the con ver gence of the se ries

(i) 
1

4

1 5

4 8

1 5 9

4 8 12

1 5 9 13

4 8

2

2

2 2

2 2

2 2 2

2 2 2

2 2 2 2

2
+ + +

.

.

. .

. .

. . .

. 2 2 212 16. .
+ … 

(Meerut 2013)

(ii) 1
3

7

3 6

7 10

3 6 9

7 10 13

3 6 9 12

7 10 13 16
2 3+ + + +x x x x

.

.

. .

. .

. . .

. . .
4 + …

(Meerut 2013B)

So lu tion: (i) Here u
n

n
n =

…… −

……
⋅

1 5 9 4 3

4 8 12 4

2 2 2 2

2 2 2 2

. . ( )

. . ( )

[Note that the nth term of the sequence 12, 52, 92,… is 

{ }1 1 4 2+ −( )n  i.e., ( )4 3 2n −  

and the nth term of the sequence

4 8 122 2 2, , ,… is { }4 1 4 2+ −( )n  i.e., ( ) ]4 2n .

Then u
n n

n n
n + =

…… − +

……
1

2 2 2 2 2

2 2 2 2

1 5 9 4 3 4 1

4 8 12 4 4

. . ( ) . ( )

. . ( ) . ( +
⋅

4 2)

Now 
u

u

n

n

n

n
n

n +
=

+

+
=

+

+
⋅

1

2

2

2

2

4 4

4 1

4 4

4 1

( )

( )

( / )

( / )

∴  lim
u

u
n

n +
=

1
1, so that the ra tio test fails.

Now we apply Raabe’s test. We have

lim lim
( )

( )
n

u

u
n

n

n
n

n +
−











 =

+

+
−













=
1

2

2
1

4 4

4 1
1 lim

( )
n

n

n

24 15

4 12

+

+













      =
+

+












= =lim

/

( / )
,

24 15

4 1

24

4

3

22 2

n

n
 which is > 1.

Hence by Raabe’s test the series is convergent.

(ii) Omitting the first term of the series, we have

nth term of the sequence 3, 6, 9, … is 3 1 3 3+ − =( )n n

and nth term of the sequence 7, 10, 13, … is 7 1 3 3 4+ − = +( ) .n n

∴ u
n

n
xn
n=

……
…… +

3 6 9 3

7 10 13 3 4

. .

. . ( )
,

and u
n n

n n
xn
n

+
+=

…… +
…… + +1

13 6 9 3 3 3

7 10 13 3 4 3 7

. . . ( )

. . ( ) ( )
.
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∴ 
u

u

n

n x

n

n x
n

n +
=

+
+









 ⋅ =

+
+









 ⋅ ⋅

1

3 7

3 3

1 3 7

3 3

1/

/

∴ lim lim
/

/

u

u

n

n x x x
n

n +
=

+
+









 ⋅ = ⋅ = ⋅

1

3 7

3 3

1 3

3

1 1

Hence by ratio test, the series is convergent if  1 1/ x >  i.e., if x < 1,  divergent 

if  1 1/ x <  i.e., if x > 1 and the test fails if 1 1/ x =  i.e., if x = 1.

If x = 1, then 
u

u

n

n
n

n +
=

+
+

⋅
1

3 7

3 3

Now we apply Raabe’s test. We have

lim lim limn
u

u
n

n

n

n

n
n

n +
−











 =

+
+

−








 =

+1
1

3 7

3 3
1

4

3 3

     =
+

=lim
/

4

3 3

4

3n
, which is > 1.

Hence the series is convergent when x = 1.

Thus the given series is convergent if x ≤ 1 and divergent if x > 1.

Ex am ple 30: Test for con ver gence the fol low ing se ries

1
1

1 2

1 2

1 2 3
+ +

+
+

+ +
+ …a

a a a a a( )

.

( ) ( )

. .

So lu tion: Leav ing the first term, we have

u
a a a a n

n
n =

+ + … + −
…

( ) ( ) ( )

. .
,

1 2 1

1 2 3

and then u
a a a a n a n

n n
n + =

+ + … + − +
… +

⋅1
1 2 1

1 2 3 1

( ) ( ) ( ) ( )

. . ( )

Now 
u

u

n

a n

n

a n
n

n +
=

+
+

=
+

+
⋅

1

1 1 1

1

/

/

∴ lim
u

u
n

n +
=

1
1, so that the ra tio test fails.

Now we apply Raabe’s test. We have

lim limn
u

u
n

n

a n
n

n +
−











 =

+
+

−










1
1

1
1

   =
−

+
lim

( )n a

a n

1
 =

−
+

= −lim
( )

/
.

1

1
1

a

a n
a

Hence by Raabe’s test, the given series is convergent if 1 1− >a  i.e., if a < 0, divergent if 
1 1− <a  i.e., if a > 0 and the test fails if 1 1− =a  i.e., if a = 0.

In case a = 0, the given series becomes 1 0 0 0+ + + + …
The sum of n terms of this series is always 1. Therefore the series is convergent if a = 0.

Thus the given series is convergent if a ≤ 0 and divergent if a > 0.
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Test for con ver gence the fol low ing se ries :

  1. 1
1

2

1 3

2 4

1 3 5

2 4 6
2 3+ + + +x x x

.

.

. .

. .
…

  2. 1
1

2 4

1 3 5

2 4 6 8

1 3 5 7 9

2 4 6 8 10 12

2 4 6
+ ⋅ + ⋅ + ⋅ +

x x x. .

. .

. . . .

. . . .
…

  3. x x x x2
2

4
2 2

6
2 2 2

82

3 4

2 4

3 4 5 6

2 4 6

3 4 5 6 7 8
+ + + +

.

.

. . .

. .

. . . . .
…

(Kanpur 2014)

  4. (i) 1
1

1

2 3

1 3

2 4 5

1 3 5

2 4 6 7

3 5 7
+ + ⋅ + + +

x x x x.

.

. .

. .
…

(Kashi 2014)

(ii)
x x x x

1

1

2 3

1 3

2 4 5

1 3 5

2 4 6 7

3 5 7
+ ⋅ + + +

.

.

. .

. .
…

(Gorakhpur 2012, 14)

(iii)
x x x x

x
1

1

2 3

1 3

2 4 5

1 3 5

2 4 6 7
0

2 3 4
+ ⋅ + ⋅ + ⋅ + >

.

.

. .

. .
, .…

  5.
a

a

a a

a a
x

a a a

a a a
x

+
+

+
+ +

+
+ +

+ + +3

2

3 5

2 4

3 5 7

( )

( ) ( )

( ) ( )

( ) ( ) ( )
2 +…

  6. ∑ +4 7 3 1

1 2

. . . ( )

. . .
.

…

…

n

n
x n

 7. Ap ply Cauchy’s con den sa tion test to dis cuss the con ver gence of the se ries

Σ
n pn n n=

∞
⋅

2

1

log (log log )

 1. Convergent if x < 1 and divergent if x ≥ 1

 2. Convergent if x2 ≤ 1 and divergent if x2 1>

 3. Convergent if x2 ≤ 1 and divergent if x2 1>

 4. (i) Convergent if x2 ≤ 1 and divergent if x2 1>

(ii)   Convergent if x2 ≤ 1 and divergent if x2 1>

(iii) Convergent if x ≤ 1 and divergent if x > 1

 5. Convergent if x ≤ 1 and divergent if x > 1

 6. Convergent if x < 1 3/  and divergent if x ≥ 1 3/

 7. Convergent if p> 1 and divergent if p≤ 1
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14  Logarithmic Test

Theorem: The series Σ un of positive terms is convergent or divergent according as

lim logn
u

u
n

n +












>

1
1 or < 1.

Proof: First suppose that

lim logn
u

u
kn

n +












=

1
, where k > 1.

Choose a number p such that k p> > 1.

Compare the given series with the auxiliary series Σ vn where v nn
p= 1 / , which is

convergent as p> 1.

The series Σ un is convergent if after some particular term
u

u

v

v
n

n

n

n+ +
>

1 1
                 [By ar ti cle 7, sixth form of com par i son test.]

or 
u

u

n

n n
n

n

p

p

p

+
>

+
= +



1

1
1

1( )

or log log log
u

u n
p

n
n

n

p

+
> +





= +



1

1
1

1
1

 = − + − …





p
n n n

1 1

2

1

32 3

or n
u

u
p

p

n

p

n
n

n
log

+
> − + − …

1
22 3

 
…(1)

If n is taken sufficiently large the L.H.S. and R.H.S. of (1) respectively approach k and p. 
Also k p> .

Thus (1) is satisfied for sufficiently large values of n. Hence the series Σ un is convergent
if

lim logn
u

u
n

n +












> ⋅

1
1

Similarly, it can be proved that Σ un is divergent if

lim log .n
u

u
n

n +












<

1
1

[The procedure of proof will be the same as given in the proof of Raabe’s test]

However, if lim logn
u

u
n

n +












=

1
1, the test fails.

Note: This test is an al ter na tive to Raabe’s test and is to be ap plied when
D’Alembert’s ra tio test fails and when ei ther

(i) n oc curs as an ex po nent in 
u

u
n

n +1
 so that it is not con ve nient to find 

u

u
n

n +
−

1
1

(ii) tak ing log a rithm of 
u

u
n

n +1
 makes the eval u a tion of lim its eas ier.
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Ex am ple 31: Test for con ver gence the se ries

1
2

2

3

3

4

4

5

5

2 2 3 3 4 4

+ + + + + ……
x x x x

! ! ! ! (Kashi 2013; Avadh14)

So lu tion: Here u
n

n
xn

n
n=

−
−

1
1

!
, u

n

n
xn

n
n

+ =
+
+1

1

1

( )

( ) !
.

Now     
u

u

n

n

n

n x

n n

n x
n

n

n

n

n

n
+

− −
=

+

+
⋅ =

+

+
⋅

1

1 11

1

1 1

1

1

!

( ) !

( )

( )

( )

        =
+









 ⋅ =

+

−

−
n

n x n x

n

n1

1 1

1 1

1
1

1( / )

        =
+

⋅ + ⋅ ⋅
1

1 1
1 1

1

( / )
( / )

n
n

xn

∴     lim lim
( / )

( / )

u

u

n

n x ex
n

n
n

+
=

+

+
⋅












= ⋅

1

1 1

1 1

1 1
 [ lim ( / ) ]∵ 1 1+ =n en

∴ by ratio test the series Σ un converges if 1 1/ ex >  i.e., if x e< 1/ , 

diverges if 1 1/ ex <  i.e., if x > 1/ e and the test fails if 1 1/ ex =  i.e. if x e= 1/ .

Now if x e
u

u

e n

n
n

n
n

= =
+

+
⋅

+
1

1 1

1 11
/ ,

( / )

( / )
 Applying log test, we get

lim log lim log
( / )

( / )
n

u

u
n

e n

n
n

n
n

+











 =

+

+





1

1 1

1 1



















= + + − +lim [log log ( / ) log ( / )]n e n n n1 1 1 1

= + − + …





− − + …








lim n

n n n
n

n n n
1

1 1

2

1

3

1 1

2

1

32 3 2 3






= +





⋅ + − −





+ …





lim n
n n

1
1

2

1 1

2

1

3

1
2

 

= − + …





=lim
3

2

5

6

3

2n
  i.e.,  > 1.

Therefore the series Σ un converges when x e= 1/ .

Hence the given se ries is con ver gent if x ≤ 1/ e and di ver gent if x e> 1/ .

Ex am ple 32: Test for con ver gence the se ries

( )

!

( )

!

( )

!

a x a x a x+
+

+
+

+
+ …

1

2

2

3

3

2 3

So lu tion: Here u
a nx

n
n

n

=
+( )

!
, u

a n x

n
n

n

+

+
=

+ +
+

⋅1

11

1

[ ( ) ]

( ) !

Now     
u

u

a nx

n

n

a n x
n

n

n

n
+

+=
+

⋅
+

+ +1
1

1

1

( )

!

( ) !

[ ( ) ]
 =

+ +

+ + +
( ) ( )

[ ( ) ]

a nx n

a n x

n

n

1

1 1
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   =
+ +

+ + ++ + +
( ) ( / ) ( / )

( ) [ / ( ) ]

n x a nx n n

n x a n x

n n

n n n

1 1 1

1 1 11 1 1

   = ⋅
+ +

+ + +

+

+ +
1 1 1 1

1 1 1 1

1

1 1x

n a nx n

n n a n x

n n

n n

( / ) ( / )

( / ) [ / ( ) ]n +1
 

   = ⋅

+





+





+
+











⋅+
1

1

1
1

1
1

1x

a x

n

n

a x

n

n

n n

( / )

( / )

∴ lim
.

/

/

u

u x

e

e e
n

n

a x

a x
+

=
1

1
                  ∵

lim

n

x

n
e

n
x

→ ∞
+





=












1

       = ⋅
1

ex

Hence by ratio test the given series is convergent if  1 1/ e x >   i.e., if  x e< 1/ , divergent if 
1 1/ ex <  i.e., if x e> 1/  and the test fails if 1 1/ ex =  i.e., if x e= 1/ .

If x e= 1/  ,
u

u

e
ea

n

n

ae

n

n

n

n

n n
+

+=

+










+





+
+











⋅
1

1

1

1
1

1
1

Applying logarithmic test, we get

lim log lim logn
u

u
n

e
ea

n

n

n

n

n

+











 =

+





+


1

1

1
1


+

+





























+n n
ae

n
1

1

1

= + +





− +








lim log log logn e n
ea

n
n

n
1 1

1
− + +

+













( ) logn

ae

n
1 1

1

= + − + − …








 − − +lim n n

ea

n

e a

n

e a

n
n

n n n
1

2 3

1 1

2

1

3

2 2

2

3 3

3 2 3
− …











− +
+

−
+

+ …


















( )
( )

n
ea

n

e a

n
1

1 2 1

2 2

2

= − +








 +

+
+ −









lim

( )
n

e a

n

e a

n

e a2 2 2 2 3 3

2

1

2

1

2 1 3

1

3
 + …













1
2n

= − +








 +

+
+

−







lim

( / )

e a e a

n

e a

n

2 2 2 2 3 3

2

1

2 2 1 1

1

3  + …












= − + + =
e a e a2 2 2 2

2

1

2 2

1

2
, which is < 1.

∴ the series is divergent if x e= 1/ .

Thus the given series is convergent if x e< 1 /  and divergent if x e≥ 1 / .

R-231



Test for con ver gence the fol low ing se ries :

 1. x x xq q q2 3 42 3 4(log ) (log ) (log )+ + +…

 2.
1

2

1

3

1

(log ) (log ) (log )p p pn
+ + + +… …

 3. (i) x
x x x x

+ + + + +
2

2

3

3

4

4

5

5

2 2 3 3 4 4 5 5

! ! ! !
…

(Gorakhpur 2013)

(ii) 1
2

2

3

3

4

4

5

5

2 2 3 3 4 4 5 5
+ + + + +

x x x x

! ! ! !
…

 4. 1
1

2

2

3

3

4

4

52
2

3
3

4
4+ + + + +

! ! ! !
x x x x …

(Kanpur 2014)

 1. Convergent if x < 1 and divergent if x ≥ 1

 2. Divergent for all values of p

 3. (i)  Convergent if x e< 1/  and divergent if x e≥ 1/

(ii) Convergent if x e< 1/  and divergent if x e≥ 1/

 4. Convergent if x e<  and divergent if x e≥

15  De Morgan’s and Bertrand’s Test

Theorem: The series Σ un of positive terms is convergent or divergent according as

lim logn
u

u
nn

n +
−











 −



























>
1

1 1 1 or < 1.

Proof: Let lim logn
u

u
n kn

n +
−











 −



























=
1

1 1 , where k > 1.

Take a number p such that k p> > 1.

Compare the series Σ un with the auxiliary series Σ vn, where v
n n

n p
=

1

(log )
, which is

convergent as p> 1.
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The series Σ un is convergent if after some particular term
u

u

v

v
n

n

n

n+ +
>

1 1
, [By ar ti cle 7, sixth from of com par i son test]

i.e., 
u

u n n
n nn

n
p

+
> ⋅ + +

1

1
1 1

(log )
( ) log ( ){ }

p,     ∵ v
n n

n p
=













1

(log )

i.e., 
u

u

n

n

n n

n
n

n

p

+
>

+





+









1

1 1 1log ( / )

log

{ }

i.e., 
u

u n

n n

n
n

n

p

+
> +





+ +









1
1

1 1 1log log ( / )

log

i.e., 
u

u n

n
n n

n
n

n

p

+
> +





+ − + …













1

2
1

1
1 1

2
log

log

i.e., 
u

u n n n n n
n

n

p

+
> +





+ − + …










1

2
1

1
1

1 1

2log log

i.e., 
u

u n

p

n n
n

n +
> +





+ + …










1
1

1
1

log

i.e., 
u

u n

p

n n
n

n +
> + + + …

1
1

1

log

i.e., n
u

u

p

n
n

n +
−











 > + + …

1
1 1

log

i.e.,  n
u

u

p

n
n

n +
−











 − > + …

1
1 1

log

i.e., n
u

u
n pn

n +
−











 −













> +
1

1 1 log  terms con tain ing n or log n 

in the de nom i na tor. …(1)

Now as n becomes sufficiently large the L.H.S. and R.H.S. of (1) respectively approach
k and p. Also k p> .

Thus (1) is satisfied for sufficiently large values of n.

Hence the series Σ un is convergent if

lim log .n
u

u
nn

n +
−











 −



























>
1

1 1 1

Similarly, it can be proved as in the case of Raabe’s test that Σ un is divergent if

lim log .n
u

u
nn

n +
−











 −



























<
1

1 1 1

Note: This test is to be ap plied when both D’ Alembert’s ra tio test and Raabe’s test
fail.
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16  An Alternative to Bertrand’s Test

Theorem: The series Σ un of positive terms is convergent or divergent according as

lim log logn
u

u
nn

n +
−

























>
1

1 1 or < 1.

Proof: Let  lim log logn
u

u
n kn

n +
−

























=
1

1 , where k > 1.

Take a number p such that k p> > 1.

Compare the given series Σ un with the auxiliary series Σ vn where v
n n

n p
=

1

(log )
, which 

is convergent since p> 1. The series Σ un  is convergent if after some particular term 

u

u

v

v
n

n

n

n+ +
>

1 1
, by ar ti cle 7, sixth form of com par i son test

i.e. 
u

u n

p

n n
n

n +
> + + + …

1
1

1

log [Pro ceed ing as in ar ti cle 15]

i.e. log log
log

u

u n

p

n n
n

n +
> + + + …





















1
1

1

i.e. log
log log

u

u n

p

n n n

p

n n
n

n +
> + + …









 − + + …









 + …

1

2
1 1

2

1

i.e. n
u

u
n

n

p

n n n
n

n
log

log+
> + − + …











1
2

1 1

2

i.e. n
u

u

p

n n
n

n
log

log+
> + − + …

1
1

1

2

i.e., n
u

u

p

n n
n

n
log

log+
− > − + …

1
1

1

2

i.e., n
u

u
n p

n

n
n

n
log log

log

+
−











 > − 








+ …
1

1
1

2
 …(1)

Now as n becomes sufficiently large the L.H.S. and R.H.S. of (1) respectively approach

k and p. Also k p> . Thus (1) is satisfied for sufficiently large values of n. Hence the series 

Σ un is convergent if

lim log log .n
u

u
nn

n +
−

























>
1

1 1
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Similarly, it can be proved that Σ un is divergent if

lim log log .n
u

u
nn

n +
−

























<
1

1 1

Note: This test is to be ap plied when the log test of ar ti cle 14 fails i.e., when 

lim
u

u
n

n +
=

1
1 and also lim log .n

u

u
n

n +
=

1
1 

Ex am ple 33: Test for con ver gence the fol low ing se ries :

(i) 
1

2

1 3

2 4

1 3 5

2 4 6

2

2

2 2

2 2

2 2 2

2 2 2
2+ + + …

.

.

. .

. .
x x

(Bundelkhand 2014)

(ii) 1
1

1 1

1 2 1
2+ +

+ +
+

α β
γ

α α β β
γ γ

.

.

( ) ( )

. . ( )
x x  +

+ + + +
+ +

+ …
α α α β β β

γ γ γ
( ) ( ) ( ) ( )

. . . ( ) ( )

1 2 1 2

1 2 3 1 2
3x

So lu tion: (i) Here u
n

n
xn
n=

… −

…
−1 3 2 1

2 4 2

2 2 2

2 2 2
1. ( )

. ( )
,

and u
n n

n n
xn
n

+ =
… − +

… +
1

2 2 2 2

2 2 2 2

1 3 2 1 2 1

2 4 2 2 2

. . ( ) . ( )

. . ( ) ( )
.

∴ 
u

u

n

n x

n

n x
n

n +
=

+

+
⋅ =

+
+









⋅ ⋅
1

2

2

2
2 2

2 1

1 2 2

2 1

1( )

( )

/

/

∴ lim lim
/

/

u

u

n

n x x
n

n +
=

+
+









⋅














= ⋅ =
1

2 2

2

2 2

2 1

1 2

2

1 1

x
⋅

∴ by ratio test the given series Σ un is convergent if 1 1/ x >  i.e., x < 1, divergent if 1 1/ x <
i.e., x > 1 and the test fails if 1 1/ x =  i.e., x = 1.

When x = 1, we have

u

u

n

n
n

n +
=

+

+
⋅

1

2

2

2 2

2 1

( )

( )

∴ n
u

u
n

n

n
n

n +
−












=

+

+
−











1

2

2
1

2 2

2 1
1

( )

( )
 =

+

+
=

+

+
⋅

n n

n

n

n

( )

( )

/

( / )

4 3

2 1

4 3

2 12 2

∴  lim lim
/

( / )
n

u

u

n

n
n

n +
−












=

+

+
= = ⋅

1
2 2

1
4 3

2 1

4

2
1

∴ Raabe’s test also fails when x = 1 and so we shall now apply De Morgan’s test.

Now n
u

u

n n

n

n

n
n

n +
−












− =

+

+
− =

− −

+1
2 2

1 1
4 3

2 1
1

1

2 1

( )

( ) ( )
⋅
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∴ lim logn
u

u
nn

n +
−











 −

























1

1 1

=
− −

+

























=
− −

+
lim

( )
log lim

/

(

n

n
n

n1

2 1

1 1

22 1 2/ )

log

n

n

n
⋅













=
−

= <
1

2
0 0 1

2
. . Note that lim

log n

n
=





0

∴ by De Mor gan’s test Σ un is di ver gent when x = 1.

Hence the given series Σ un is convergent if x < 1 and divergent if x ≥ 1.

(ii) Omitting the first term, we have

         u
n n

n
n =

+ + … + − + + …… + −
…

α α α α β β β β
γ

( ) ( ) ( ) ( ) ( ) ( )

. . (

1 2 1 1 2 1

1 2 γ γ γ+ + … + −1 2 1) ( ) ( )n
xn,

     u
n n n n

n n
n + =

+ … + − + + … + − +
…1

1 1 1 1

1 2

α α α α β β β β( ) ( ) ( ) ( ) ( ) ( )

. ( + + … + − +
+

1 1 1
1

) . ( ) ( ) ( )
.

γ γ γ γn n
x n

Now      
u

u

n n

n n x

n n

n
n

n +
=

+ +
+ +

⋅ =
+ +

+1

1 1 1 1 1( ) ( )

( ) ( )

( / ) ( / )

( /

γ
α β

γ
α 1 1

1

) ( / )β n x+
⋅ ⋅

∴ lim
.

.

u

u x x
n

n +
= ⋅ =

1

1 1

1 1

1 1
 so that by ratio test the series is convergent if 1 1/ x >  i.e., x < 1

and divergent if 1 1/ x <  i.e., x > 1 and the test fails if 1 1/ x =  i.e., x = 1.

When x = 1, we have

 
u

u

n n

n n

n n

n n
n

n +
=

+ +
+ +

=
+ + +

+ + +1

2

2

1 1( ) ( )

( ) ( )

( )

( )

γ
α β

γ γ

α β αβ
⋅

∴ n
u

u
n

n n

n n
n

n +
−











 =

+ + +

+ + +
−









1

2

2
1

1
1

( )

( )

γ γ

α β αβ



                  =
+ − − + −

+ + +

n n

n n

{ }( ) ( )

( )

γ α β γ αβ

α β αβ

1
2

              =
+ − − + −

+ + +
⋅

( ) ( ) /

( ) / /

γ α β γ αβ

α β αβ

1

1 2

n

n n

∴  lim n
u

u
n

n +
−











 =

+ − −
= + − − ⋅

1
1

1

1
1

γ α β
γ α β

∴ if x = 1, then by Raabe’s test, the series is convergent if γ α β+ − − >1 1 i.e., if

γ α β> + , divergent if γ α β+ − − <1 1 i.e., if γ α β< + , and the test fails if γ α β+ − − =1 1

i.e., if γ α β= + .

When γ α β= + , we have

n
u

u

n n

n n
n

n +
−











 =

+ + −

+ + +
⋅

1
2

1
{ }α β αβ

α β αβ( )
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Now we shall apply De Morgan’s test.

We have 

lim log lim
(

n
u

u
n

nn

n +
−











 −



























=
1

1 1
n

n n
n

+ + −

+ + +
−

























α β αβ

α β αβ

)

( )
log

2
1

=
− −

+ + +
⋅













lim
( )

log
αβ αβ

α β αβ

n

n n
n

2

=
− +

+ + +
⋅













lim
( / )

( ) / /

logαβ

α β α β

1 1

1 2

n

n n

n

n

=
−

⋅ =
αβ
1

0 0, which is < 1. Note that lim
log n

n
=





0

∴ by De-Morgan’s test the series is divergent if γ α β= + .

Thus the given series is convergent if x < 1, divergent if x > 1 and for x = 1, the series is

convergent if γ α β> +  and divergent if γ α β≤ + .

Ex am ple 34: Test for con ver gence the se ries

1
1

2

1 3

2 4

1 3 5

2 4 6
p

p p p

+ 





+








 +









 + …

.

.

. .

. .

So lu tion: Omit ting the first term 1p, we have

u
n

n
n

p

=
… −

…











1 3 5 2 1

2 4 6 2

. . . . ( )

. . . . ( )
,

and then u
n n

n n
n

p

+ =
… − +

… +









 ⋅1

1 3 5 2 1 2 1

2 4 6 2 2 2

. . ( ) ( )

. . ( ) ( )

Now 
u

u

n

n

n

n
n

n

p p

+
=

+
+









 =

+
+









 ⋅

1

2 2

2 1

1 1

1 1 2

/

/

∴ lim
u

u
n

n

p

+
= 





=
1

1

1
1 i.e., the ra tio test fails.

Now we apply logarithmic test.

We have log log
u

u

n

n
n

n

p

+
=

+
+











1

2 2

2 1

=
+

+









log

/

/

1 1

1 1 2

n

n

p

= + − +p n n[log ( / ) log ( / )]1 1 1 1 2

= − + − …





− − + − …








p

n n n n n n

1 1

2

1

3

1

2

1

2 2

1

3 22 3 2 2 3 3. .














= −







− ⋅ −







+ −







− …
p

n n n
1

1

2

1 1

2
1

1

4

1 1

3
1

1

8

1
2 3



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        = − + − …





⋅p
n n n

1

2

3

8

7

242 3

∴   n
u

u
p

n n
n

n
log

+
= − + − …





⋅
1

2

1

2

3

8

7

24

∴ lim log ,n
u

u

pn

n +
=

1 2
 so that the series is convergent if p / 2 1>  i e. ., if p> 2, divergent if 

p / 2 1<  i.e., if p< 2 and the test fails if p / 2 1=  i.e., if p = 2.

If p = 2, we have

n
u

u n n n n
n

n
log .

+
= − + − …





= − + − …
1

2 2
2

1

2

3

8

7

24
1

3

4

7

12

∴ lim log logn
u

u
nn

n +
−























1

1  = − + − …















lim . log

3

4

7

12 2n n
n

= − + − …







⋅





lim
log3

4

7

12n

n

n
 = −








=
3

4
0 0. , which is < 1.

Hence by Alternative to Bertrand’s test given in article 16, the series is divergent when 
p = 2.

Thus the given series is convergent if p> 2 and divergent if p≤ 2.

Test for con ver gence the fol low ing se ries :

 1. 1
2

3

2 4

3 5

2 4 6

3 5 7

2

2

2 2

2 2

2 2 2

2 2 2
+ + + +

.

.

. .

. .
…

(Kashi 2013; Meerut 13)

 2.
1

2

1 3

2 4

1 3 5

2 4 6

2

2

2 2

2 2

2 2 2

2 2 2
+ + +

.

.

. .

. .
…

(Kumaun 2003)

 3.
a

b

a a

b b

a a a

b b b
+

+
+

+
+ +
+ +

+
( )

( )

( ) ( )

( ) ( )

1

1

1 2

1 2
…

 4. 1
1

1

1 1 2

1 22 2 2
+

−
+

+ − −a a a a a a( ) ( ) ( ) ( )

.
 +

+ + − − −
+

( ) ( ) ( ) ( ) ( )

. .

2 1 1 2 3

1 2 32 2 2

a a a a a a
…

 5. 1
1

1

1 2 1

1 2

1 2 3 1

2
2

2 2

+ +
+

+
+

+ +
+

α
β

α α
β β

α α α
β β.

( )

. ( )

( ) ( )

. . (
x x

) ( )β +
+

2
3x …

 6.
1

2 4

1 3

2 4 6

1 3 5

2 4 6 8

2 3 2 3

.

.

. .

. .

. . .

/ /







+








+








2 3/

...+

 7. x x x x+ + + ++ + + + + +1 1 2 1 1 2 1 3 1 1 2 1 3 1 4/ / / / / /
…
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 1. Divergent 2. Di ver gent

 3. Convergent if b a− > 1 and divergent if b a− ≤ 1

 4. Divergent

 5. Convergent if x < 1, divergent if x > 1 and when x = 1 then 

convergent if  β α> 2  and divergent if β ≤ 2 α

 6. Divergent

 7. Convergent if x e< 1/  and divergent if x e≥ 1/

17  Summary of Tests

Let the given series of positive terms be Σ un. Then to test the series for convergence we

proceed as follows :

1. Find lim un:  (a) If lim un > 0, the series is divergent.

(b) If lim un = 0, then the series may or may not be convergent. In this case 
we apply further tests to decide the nature of the series.

2. If lim un = 0 and un can be arranged as an algebraic fraction in n, then usually

comparison test should be applied.

3. If n occurs as an exponent in un and lim ( ) /un
n1  can be easily evaluated, then

Cauchy’s root test should be applied.

4. Cauchy’s condensation test is generally applied when un involves log n.

In case all the above tests are not applicable then we adopt the following 
scheme of testing in the given order.

5. D’ Alembert’s ratio test: For this we find lim
u

u
n

n +
⋅

1
 The series is 

convergent or divergent according as this limit is > 1 or < 1. In case this limit is 

equal to 1 ( unity), this test fails. Then we proceed to apply either test 6 (a) or 6 

(b) or  6(c) given below depending upon the nature of un and u un n/ .+1

6.  (a)  Comparison test: In some cases when D’ Alembert’s ratio test fails, 

the convergence of the series may be decided by comparison test.

(b) Raabe’s test: For this we find lim .n
u

u
n

n +
−













1
1   The series is

convergent or divergent according as this limit is > 1 or < 1. In case the limit is 

equal to 1, this test fails and we apply test 7 (a).
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(c) Logarithmic test: If 
u

u
n

n +
−

1
1 cannot be evaluated easily while 

log
u

u
n

n +1
 can be easily evaluated then we apply logarithmic test. Here we 

find lim logn
u

u
n

n +













1
. If this limit > 1, the series is convergent and if this limit 

< 1,  the series is divergent. In case the limit = 1, this test fails and we apply test 

7 ( )b . 

7. (a) De Morgan’s and Bertrand’s test:

Find lim logn
u

u
nn

n +
−











 −



























⋅
1

1 1

The series is convergent or divergent according as this limit is > 1 or < 1.

Note: When this test is ap plied, we shall gen er ally find that the limit 

co mes out to be equal to zero and since 0 1< , the se ries is di ver gent.

(b) Alternative to Bertrand’s test:

To apply this test we find lim log logn
u

u
nn

n +
−

























⋅
1

1

The series is convergent or divergent according as this limit is > 1 or < 1.

18  Alternating Series

So far we have mainly dealt with series of positive terms. We have seen that a series of

positive terms either converges or diverges and cannot oscillate. But a series which

contains an infinite number of positive and an infinite number of negative terms may

either converge or diverge or oscillate.

Alternating Series: Definition: A series whose terms are alternately positive and negative
is called an alternating series. Thus an alternating series is of the form

u u u u un
n1 2 3 4

11− + − + … + − + …−( )

where un > 0 for all n. It is denoted as 

Σ
n

n
nu

=

∞ −−
1

11( )  .

The following are some examples of an alternating series.

(i) 1
1

2

1

3

1

4
− + − + ……

(ii) 1
3

4

4

6

5

8

6

10

7

12

1 1

2

1

− + − + − + … +
− +

+ …
−( ) ( )n n

n

(iii) 1
2

2

3

3

4

4
− + − + …

log log log
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Theorem: Alternating Series Test (Leibnitz’s Theorem): An infinite series 
Σ ( )− −1 1n

nu  in which the terms are alternately positive and negative is convergent if each term is

numerically less than the preceding term and lim un = 0.

Symbolically, the alternating series

u u u u un
n1 2 3 4

11− + − + … + − + …−( ) ,  ( )u for all nn > 0  

converges if
(i ) un + ≤1 un for all n i.e., u u u u1 2 3 4≥ ≥ ≥ ≥ …

and  (ii) lim un = 0 i.e., un → 0 as n → ∞.

Proof: Let S u u u u un
n

n= − + − + … + − −
1 2 3 4

11( )  so that < >Sn  is the sequence of

partial sums of the given series.

We shall prove the theorem in two steps.

(i) First we shall prove that the subsequences < >S n2  and < >+S n2 1  of the sequence 

< >Sn  converge to the same limit, say S.

We have S u u u un n n2 1 2 2 1 2= − + … + −−
and   S u u u u u un n n n n2 2 1 2 2 1 2 2 1 2 2+ − + += − + … + − + −  . 

∴ S S u un n n n2 2 2 2 1 2 2 0+ + +− = − ≥  for all n because it is given that un + ≤1 un for all n.

∴ S Sn n2 2 2+ ≥   for all n and so the sequence < >S n2  is monotonically increasing.

Again for all n,

S u u u u u u u un n n n2 1 2 3 4 5 2 2 2 1 2= − − + − + … + − +− −[( ) ( ) ( ) ]

         = −u1  some pos i tive num ber be cause u u2 3− …, , u u un n n2 2 2 1 2− −− ,  

are all pos i tive

            ≤ u1.

Thus S n2 ≤ u1 for all n and so the sequence < >S n2  is bounded above.

Since the sequence < >S n2  is monotonically increasing and bounded above, therefore it 

converges. Let lim .S Sn2 =
Now  S S un n n2 1 2 2 1+ += + .

∴  lim lim limS S un n n2 1 2 2 1+ += +

      = +S 0 [ lim ]∵ un = 0

      = S.

∴ the se quence < >+S n2 1  also con verges to S.

Thus the subsequences < >S n2  and < >+S n2 1  of the sequence < >Sn  converge to the

same limit S.

(ii) Now we shall show that the sequence < >Sn  also converges to S.

Let ε > 0 be given. Since the sequences < >S n2  and < >+S n2 1  both converge to S,

therefore there exist +ive integers m1 and m2 such that

| |S Sn2 − < ε for all n m≥ 1 

and | |S Sn2 1+ − < ε for all n m≥ 2.

Let m m m= max ( , )1 2 .

Then | |S Sn − < ε for all n m≥ 2 .
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∴ the se quence < >Sn  con verges to S.

Hence the given series Σ ( )− −1 1n
nu  converges.

Note 1: The above test is equally ap pli ca ble to the se ries Σ ( ) ,− >1 0n
n nu u  for all n,

pro vided both the con di tions (i) and (ii) are sat is fied.

Note 2: If in the case of an al ter nat ing se ries

u u u u1 2 3 4− + − + …… ( ),u nn > 0 for all

the terms continually decrease, we cannot say that the series is convergent unless 

lim un = 0. Because if lim un ≠ 0, then lim S n2  and lim S n2 1+  will differ and so the series

will not be convergent. Such a series is an oscillatory series.

For example, consider the series

2
3

2

4

3

5

4
− + − + … .

Here the terms are alternately positive and negative and each term is numerically less

than the preceding term because

2
3

2

4

3

5

4
> > > > …… .

But here lim lim limu
n

n n
n =

+
= +





= ≠
1

1
1

1 0. Hence the given series is not

convergent. As a matter of fact it is an oscillatory series.

Ex am ple 35: Show that the se ries 1
1

2

1

3

1

4
− + − + … con verges.

(Avadh 2012)

So lu tion: The given se ries is an al ter nat ing se ries

u u u u u u nn
n n1 2 3 4

11 0− + − + … + − + … >−( ) , ( ).for all

Here u nn = >1 0/  for all n.

We have u u
n n

n n

n n n n
n n+ − =

+
− =

− −
+

=
−

+1
1

1

1 1

1

1

1( ) ( )
 < 0 for all n.

Thus u un n+ <1  for all n i.e., each term is numerically less than the preceding term.

Also lim limu
n

n = =1
0.

Hence by Leibnitz’s test for alternating series, the given series is convergent.

Ex am ple 36: Show that the fol low ing se ries are con ver gent.

(i) 1 2 3− − −− + − …p p p  when p> 0.

(ii)
1

1

1

2

1

3x x x+
−

+
+

+
− … ex cept when x is a neg a tive in te ger.
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So lu tion: (i) The given se ries is an al ter nat ing se ries

u u u u un
n1 2 3 4

11− + − + … + − + …−( ) , (un > 0 for all n).

Here u nn
p= >1 0/  for all n.

Also since p> 0, we have 
1

1

1

2

1

3p p p
> > > … .

Thus u un n+ <1  for all n.

Also lim limu
n

n p
= =1

0, since p> 0.

Hence by alternating series test the given series is convergent for p> 0.

(ii) The given series is
1

1

1

2

1

3x x x
x

+
−

+
+

+
− …,  is not a –ive in te ger.

If x > − 1, then the terms are alternately positive and negative from the beginning. If 

x < − 1, excluding –ive integers, then the terms are ultimately alternating in sign.

Since the removal of a finite number of terms does not affect the convergence of the

series, therefore we may assume the series to be alternating in sign in both the cases.

Obviously u u u u1 2 3 4> > > > … i.e., each term of the series is numerically less than the

preceding term.

Also lim limu
x n

n =
+

=1
0.

Hence by alternating series test, the given series is convergent.

 1. Examine the convergence of the series
1

1 2

1

3 4

1

5 6

1

7 8. . . .
.− + − + …

 2. Show that the series
log log log2

2

3

3

4

42 2 2
− + − … con verges.

 3. Examine the convergence of the series

Σ
n

n n
n=

∞
−

+ + + … +















⋅
1

1
1

1

2

1

3

1

( )

 4. Test the con ver gence of the se ries

Σ
n

n

n n=

∞ +
+

−
√













⋅
1

11 1( )
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 1. Con ver gent 3.  Con ver gent 4. Di ver gent

19  Absolute Convergence and Conditional Convergence

(Meerut 2012B)

Absolutely  Convergent Series: 

Definition: A series Σun is said to be absolutely convergent if the series Σ| |un  is

convergent.

If Σ un is a series of positive terms, then Σ un and Σ| |un  are the same series and so if Σ un is

convergent, it is also absolutely convergent. Hence for a series of positive terms the

concepts of convergence and absolute convergence are the same.

But if a series Σ un contains an infinite number of positive and an infinite number of

negative terms, then Σ un is absolutely convergent only if the series Σ| |un  obtained from 

Σ un by making all its terms positive is convergent.

For example the series

Σ un = − + − + …1
1

2

1

2

1

22 3

is absolutely convergent. Here we see that the series

Σ| |un = + + + + …1
1

2

1

2

1

22 3

is an infinite geometric series of positive terms with common ratio 
1

2
 which is < 1 and so

it is convergent. Hence the given series Σ un is absolutely convergent.

Non-absolutely convergent or semi-convergent or conditionally convergent
series:

Def i ni tion: A se ries Σ un  is said to be semi-con ver gent or con di tion ally con ver -

gent or non-ab so lutely con ver gent if Σ un is con ver gent but Σ| |un  is di ver gent.

For example, consider the series

Σ un = − + − + …1
1

2

1

3

1

4
 .

It is an alternating series in which each term is numerically less than the preceding term

and lim lim ( / )u nn = =1 0. Hence by alternating series test, Σ un is a convergent series.

But the series Σ| |un = + + + + …1
1

2

1

3

1

4
 is the series Σ ( / )1 np , for p = 1, and we

know that it is divergent. Thus here Σ un is convergent while Σ| |un  is divergent.

Hence Σ un is a semi-convergent or conditionally convergent or non-absolutely

convergent series. 
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Tests for absolute convergence: To test the absolute convergence of the series Σ un,
we have to simply test the convergence of the series  Σ| |un  which is a series of positive
terms. Hence the various tests given for the series of positive terms are precisely the
tests which we are to apply to check the absolute convergence of the series Σ un. We
have to simply replace un by | |un  in these tests. For example by Cauchy’s root test, the

series Σ un is absolutely convergent if lim| | /un
n1 1< ⋅ Similarly by D’Alembert’s ratio

test the series Σ un is absolutely convergent if

lim
| |

| |
lim .

u

u

u

u
n

n

n

n+ +
=









>

1 1
1

Similarly comparison test or other tests may be used.

However these tests cannot give any information about the conditional convergence of

the series.

20 Some Important Theorems on Absolutely Convergent

Series

Theorem 1: Every absolutely convergent series is convergent but the converse is not necessarily

true i.e., convergence need not imply absolute convergence.

Theorem 2: In an absolutely convergent series, the series formed by its positive terms alone is

convergent and the series formed by its negative terms alone is convergent.

Theorem 3: Re-arrangement of terms of an absolutely convergent series:

If the terms of an absolutely convergent series are re-arranged the series remains convergent and its

sum unaltered.

Or The sum of an ab so lutely con ver gent se ries is in de pend ent of the or der of terms.

Ex am ple 37: Show that the se ries

1

1

1

2

1

3

1

4√
−

√
+

√
−

√
+ … (Meerut 2012)

is conditionally convergent.

So lu tion: The given se ries is an al ter nat ing se ries

u u u un
n1 2 3

11− + − … + − + …−( ) , ( ).u nn > 0 for all

Here u
n

n =
√

>1
0 for all n.

Also for all n, √ + > √( )n n1

⇒ 
1

1

1

√ +
<

√( )n n
 ⇒  u un n+ <1  for all n.

Again lim limu
n

n =
√

=1
0.
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Hence by Leibnitz’s test, the given series Σ [( ) / ]− √−1 1n n  is convergent.

Now Σ Σ
( )−

√








=

√

−1 11n

n n
 is divergent because Σ ( / )1 np  is divergent if  p≤ 1 and here 

p = ⋅1

2

Hence the given series is semi-convergent or conditionally convergent.

Ex am ple 38: Ex am ine the con ver gence and ab so lute con ver gence of  the se ries 

Σ
n

n n

n=

∞ +−
+

⋅
1

1

2

1

1

( )
(Kashi 2013)

So lu tion: Ob vi ously the given se ries is an al ter nat ing se ries

u u u u un1 2 3 4 0− + − + … >,  for all n.

Here u
n

n
n =

+
>

2 1
0 for all n.

Also u u
n

n

n

n
n n+ − =

+
+ +

−
+

1 2 2

1

1 1 1( )
=

− − +
+ + +

n n

n n

2

2 2

1

1 1 1( ) [( ) ]
 < 0 for all n.

Thus u un n+ <1   for all n.

Again lim lim lim
[ ( / )]

.u
n

n n n
n =

+
=

+
=

2 21

1

1 1
0

Hence by Leibnitz’s test, the given series converges.

Now we shall test the given series for absolute convergence. 

Consider the series Σ un′ of positive terms, where

u
n

n

n

n n n
n

n

′ =
−

+









=

+
=

+
⋅

+( )

[ ( / )]

1

1 1

1

1 1

1

2 2 2

Take v
n

n = ⋅1
 Then lim lim

( / )

u

v n
n

n

′ =
+

=1

1 1
1

2
 which is finite and non-zero. Hence by

comparison test Σ un′ and Σ vn  are either both convergent or both divergent. But for 

v pn, = 1 so that Σ vn is divergent. Hence Σ un′ is divergent.

Hence the given series is not absolutely convergent i.e., it is conditionally convergent.

Ex am ple 39: Show that the se ries Σ ( ) [ ( ) ]− √ + −1 12n n n  is con di tion ally con ver gent.

So lu tion: The given se ries is an al ter nat ing se ries Σ ( ) ,− >1 0n
n nu u  for all n.

Here u n n
n n n n

n n
n = √ + − =

√ + − √ + +
√ + +

( )
[ ( ) ] [ ( ) ]

( )

2
2 2

2
1

1 1

1

    =
+ −

√ + +
=

√ + +
⋅

n n

n n n n

2 2

2 2

1

1

1

1( ) ( )

Obviously un > 0 for all n. 

Also u un n+ <1  for all n.
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Again  lim lim
( )

lim
[( / ) ]/

u
n n n n

n =
√ + +

=
+ +

= ⋅1

1

1

1 1 1
0

2 2 1 2

Hence by Leibnitz’s test, the given series is convergent.

Now let Σ un′ denote the series obtained from the given series by making all its terms

positive i.e.,

u n n n nn
n′ = − √ + − = √ + −|( ) ( ) ( )1 1 12 2

{ | }| .

We shall apply comparison test to check the convergence of Σ un′.

We have u n n
n n

n′ = √ + − =
√ + +

( )
( )

2
2

1
1

1
 =

+ +
⋅1

1 1 12 1 2n n[( / ) ]/

Take v
n

n = ⋅1
 Then 

u

v n
n

n

′ =
+ +

⋅1

1 1 12 1 2[( / ) ]/

∴ lim lim
[( / ) ]/

u

v n
n

n

′ =
+ +

=1

1 1 1
1

2 1 2
 which is fi nite and non-zero.

Hence by comparison test Σ un′ and Σ vn are either both convergent or both divergent.

But for v pn, = 1 and so  Σ vn is divergent. Therefore Σ un′  is also divergent.

Hence the given series converges conditionally.

Ex am ple 40: Show that the ex po nen tial se ries

1
1 2 3

2 3
+ + + + …x x x

! ! !

converges absolutely for all values of x.

So lu tion: Let the given se ries be Σ un, so that

u
x

n
n

n
=

−

−1

1( ) !
 and u

x

n
n

n

+ = ⋅1
!

Now 
| |

| | ( ) !

!u

u

u

u

x

n

n

x
n

n

n

n

n

n
+ +

−
=









=

−
⋅











1 1

1

1

           =

 


= ⋅n

x

n

x| |

∴ lim
| |

| |
lim

| |

u

u

n

x
n

n +
= = + ∞

1
, what ever ( )x ≠ 0  may be.

Therefore, by D’Alembert’s ratio test, the series Σ| |un  converges for all x (except for 

x = 0) .

For x = 0 , the series Σ| |un  obviously converges.

Hence the given series Σ un converges absolutely for all values of x i.e., for all  x ∈ R.

Note: The sum of this se ries is de noted by e x.

Also since Σ un converges, we must have

lim un = 0  i.e.,  lim ( / !)
n

nx n
→ ∞

= 0.
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Ex am ple 41: Show  that  the  se ries  x
x x− + − …
3 5

3 5
  con verges  if  and  only  if

 − ≤1 x ≤ 1.

So lu tion: Let the given se ries be Σ un. Then

u
x

n
n

n
n

= −
−

−
−

( )1
2 1

1
2 1

  and  u
x

n
n

n
n

+
+

= −
+

⋅1

2 1
1

2 1
( )

∴ u

u

n

n x
n

n +









=

+
−

⋅ ⋅
1

2

2 1

2 1

1

Now lim lim
( / )

( / )n

n

n

u

u

n

n x x→ ∞ +









=

+
−

⋅








 =

1
2 2

2 1

2 1

1 1 ⋅

∴ by D’Alembert’s ratio test, Σ| |un  converges if 1 12/ x >  i.e., x2 1<  i.e., | |x < 1 and

diverges if | |x > 1. Since every absolutely convergent series is convergent, therefore the

given series Σ un converges when | |x < 1 i.e., − < <1 1x .

When x = 1, the series Σ un becomes

1
1

3

1

5

1

7
− + − + …

which converges by Leibnitz’s test for alternating series.

When x = − 1 , the series Σ un becomes

− − + − + …





1
1

3

1

5

1

7

which is again convergent by Leibnitz’s test.

When x > 1 or when x < − 1, obviously un does not tend to zero as n → ∞. So the series 

Σ un does not converge when

| |x > 1.

Hence the given series converges iff − ≤1 x ≤ 1.

Ex am ple 42: Show that the bi no mial se ries

1
1

2

1 12+ +
−

+ … +
− … − +

+ …nx
n n

x
n n n r

r
xr( )

!

( ) ( )

!

is absolutely convergent when | | .x < 1

So lu tion: Omit ting the first term of the given se ries, let ur de note the r th term of the

re sult ing se ries.

Then  
u

u

r

n r x

r

n r x
r

r +
=

+
−

⋅ =
+

−
⋅ ⋅

1

1 1 1 1

1

1( / )

( / )

∴ 
u

u

r

n r x
r

r +









=

+
−

⋅ ⋅
1

1 1

1

1/

| / | | |

∴ lim
| |n

r

r

u

u x→ ∞ +









=

1

1
 which is > 1 if | |x < 1.

∴ The series Σ| |ur  converges if  | |x < 1  i.e., the given series is absolutely convergent
when | |x < 1.
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Ex am ple 43: Show that a se ries of pos i tive terms, if con ver gent, is ab so lutely con ver gent. Prove

that the se ries

2
3

4
9

8
27

sin
x

sin
x

sin
x+ + + …

converges absolutely for all finite values of x.

So lu tion: First part: Let Σ un be a con ver gent se ries of pos i tive terms. Since 

u u un n n> ⇒ =0 | | , there fore the se ries Σ Σ| |u un n=  is also con ver gent and hence the

se ries Σ un is ab so lutely con ver gent.

Second part: Let the given series be denoted by Σ un. Then

u xn
n n= 2 3sin ( / ) and u xn

n n
+

+ +=1
1 12 3sin ( / ).

∴   
u

u
x

x
n

n

n
n

+
+= ⋅ ⋅

1
1

1

2
3

1

3
sin ( / )

sin ( / )

        = ⋅ ⋅ ⋅
+

+
1

2

3

3

3

3
3

1

1

sin ( / )

/

/

sin ( / )
.

x

x

x

x

n

n

n

n

To test the convergence of the series Σ| |un , we have

       
u

u

x

x

x

x
n

n

n

n

n

n
+

+







=









⋅

1

13

2

3

3

3

3
.

sin ( / )

/

/

sin ( / +








⋅

1)

∴         lim
n

n

n

u

u→ ∞ +









=

1

3

2
 for all fi nite val ues of x, be cause lim

sin ( / )

/
.

n

n

n

x

x→ ∞
=

3

3
1

Since lim
u

u
n

n +









 >

1
1 for all finite values of x, therefore by ratio test, the series Σ| |un

converges for all finite values of x. Hence the series  Σ un converges absolutely for all

finite values of x.

Ex am ple 44: Dis cuss the con ver gence of the log a rith mic se ries

     x
x x x

n
n

n
− + − … + − + …−

2 3
1

2 3
1( )  

So lu tion: Let  Σ u x
x x x

n = − + − + …⋅
2 3 4

2 3 4

The series Σ un is absolutely convergent if the series Σ| |un   is convergent. To discuss the

convergence of Σ| |un  we shall apply ratio test.

We have     
u

u

x

n

n

x
n

n

n

n
+

+









= ⋅

+









1
1

1
=

+
⋅ = +





⋅ ⋅
n

n x n x

1 1
1

1 1

| | | |

∴           lim lim
| | | |

u

u n x x
n

n +









= +





⋅








 = ⋅

1
1

1 1 1

So by ratio test, the series Σ| |un   is convergent if  1 1/| |x >   i.e., | |x < 1  i.e.  − < <1 1x .

∴ the given se ries is ab so lutely con ver gent and hence also con ver gent if − < <1 1x

i.e., if | |x < 1.
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When x = 1, the given series is 1
1

2

1

3

1

4
− + − + …

which converges by Leibnitz’s test but converges conditionally.

When x = − 1, the given series is − + + + + …





1
1

2

1

3

1

4
 which diverges to − ∞.

When x > 1 or x < − 1 i.e., | |x > 1, obviously lim un ≠ 0 and so the series Σ un does not

converge.

Hence the given series is convergent if − < ≤1 x 1. For | |x < 1 i.e., − < <1 1x , it converges

absolutely.

 1. Test for convergence the following series :

(i) 1
1

1

1

2

1

3
− + − +

! ! !
… (ii) 

1

2

1

3

1

4

1

5log log log log
− + − +…

(iii) 1
1

2

1

3

1

42 2 2
− + − +… (iv) Σ

n

n

n n n=

∞ −−
√ + +

⋅
1

11

1 2

( )

[ ( ) ( )]

(v) Σ
( ) ( )− +

⋅
−1 1

2

1n n

n

(vi)
1 1 1

2

1

3
0 0

x x a x a x a
x a−

+
+

+
−

+
+ > >… , , .

(vii) log log log log .
2

1

3

2

4

3

5

4






− 





+ 





− 





+…

(viii)  log log log log
1

2

2

3

3

4

4

5






− 





+ 





− 





+…

 2. Test the absolute convergence or conditional convergence of the following

series :

(i)  1 2 3− + − +x x x … . ( )0 1< <x

(ii) 
1

1

1

2

1

3

1

4p p p p
− + − +… ( )p> 0

(iii) 1
1

2 2

1

3 3

1

4 4
−

√
+

√
−

√
+…    

(iv) 1
2 4 6

2 4 6
− + − +x x x

! ! !
…

(v)
1

1 2

1

3 4

1

5 6

1

7 8. . . .
− + − +…

(vi) 1
1

2

1

4

1

8

1

16
− + − + −…

(Meerut 2012B)
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(vii) Σ ( )
sin

, .− ∈1
3

n n

n

α
α R (viii) Σ ( )

cos
, .−

√
∈1 n n

n n

α
α R

(ix) Σ
( )−

+
⋅

−1

2 3

1n

n
    (x)  Σ ( )

( ) !
−

+
⋅−1

1
1

2
n n

n

(xi) Σ
n

n

n=

∞
− ⋅

1
1

1
( ) sin   (xii) Σ

n

n

n n=

∞ −− +
+













⋅
1

1
2 2

1
1 1

1
( )

( )

  3. Show that the se ries  Σ
n

n n n
=

∞ +− √ + − √
1

11 1( ) [ ( ) ] is semi-con ver gent.

  4. Show that the se ries  Σ
n

n

n a=

∞ −−
√ + √1

1

2

1( )

( )
 is semi-con ver gent.

  5. Show that the se ries 
1

2

1 3

2 4

1 3 5

2 4 6

2 2 2






−








 +









 −

.

.

. .

. .
…

is con di tion ally con ver gent.

  6. Test the se ries
1

2 2

1

3 3

1

4 4
0

(log ) (log ) (log )
,

p p p
p− + − >…

for con ver gence and ab so lute con ver gence.

  7. Test for con ver gence the fol low ing se ries :

(i) Σ
n

n
n

n

=

∞
−

+
+

⋅
1

1
2

2 5
( )                (ii)  Σ

n

n

n n=

∞ −−
√

+
√ +













⋅
1

1
5 5

1
1 1

1
( )

( )

 8. Show that the se ries 1 2 3 4 5 6− + − + − +…   os cil lates in fi nitely.

  9. Dis cuss the con ver gence in clud ing ab so lute con ver gence of the se ries

1 2 3 42 3− + − +x x x …

10. Show that the se ries 
2

1

3

2

4

3

5

42 2 2 2
− + − +… con verges con di tion ally.

11. Show that the se ries Σ
n

n

n=

∞

1 2

sin ( )θ
 is ab so lutely con ver gent.

12. De fine ab so lute con ver gence. Show that the se ries

1
1

2

1

4

1

3

1

6

1

83 3 3 3 3
− − + − − +… +

−
−

−
− +1

2 1

1

4 2

1

43 3 3( ) ( ) ( )n n n
…

is absolutely convergent.

13. Prove that the se ries

z
a b

z
a b a b

z+
−

+
− −

2

2

3
2 3

!

( ) ( )

!
 +

− − −
+

( ) ( ) ( )

!

a b a b a b
z

2 3

4
4
…

is absolutely convergent if | |
| |

z
b

< ⋅1
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  1. (i)  Convergent (ii)     Convergent (iii)  Convergent

(iv)  Convergent (v)    Oscillate (vi)  Con ver gent

(vii) Convergent (viii) Convergent

  2. (i) Ab so lutely con ver gent

(ii)  Absolutely convergent if p> 1 and conditionally convergent if 0 < ≤p 1

(iii) Absolutely convergent

(iv) Absolutely convergent for all x ∈R

(v)  Absolutely convergent

(vi)  Absolutely convergent

(vii) Absolutely convergent

(viii) Absolutely convergent

(ix) Conditionally convergent

(x) Absolutely convergent

(xi)  Semi-convergent

(xii)  Absolutely convergent

  6. Ab so lutely con ver gent if p> 1 and semi-con ver gent if 0 < ≤p 1

  7. (i) Ab so lutely con ver gent

(ii) Ab so lutely con ver gent

  9. Ab so lutely con ver gent if | |x < 1

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. The series Σ 1

np
 is convergent if

(a) p< 1 (b) p = 1

(c) p> 1 (d) none of these

 2. The se ries Σ un of pos i tive terms is con ver gent if

(a) lim /

n
n

nu
→ ∞

<1 1 (b) lim /

n
n

nu
→ ∞

>1 1

(c) lim
n

n

n

u

u→ ∞ +
<

1
1 (d) lim

n

n

n
n

u

u→ ∞ +
−
























<

1
1 1
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 3. If un denotes the nth term of the series  

1

2

1 3

2 4

1 3 5

2 4 6

2

2

2 2

2 2

2 2 2

2 2 2
2+ + + …

.

.

. .

. .
,x x  then

(a) lim
n

n

n

u

u
x

→ ∞ +
=

1
(b) lim

n

n

n

u

u x→ ∞ +
=

1
2
1

(c) lim
n

n

n

u

u
x

→ ∞ +
=

1

2 (d) lim
n

n

n

u

u x→ ∞ +
=

1

1

 4. The series Σ 1
2 3n /

 is

(a) con ver gent (b) di ver gent

(c) os cil la tory (d) none of these

 5. The series 1
1

2

1

3

1

4

1

5

1

6
− + − + − + … is 

(a) di ver gent (b) os cil la tory

(c) con ver gent (d) ab so lutely con ver gent

 6. The series 1
1

2

1

3

1

42 2 2
− + − + … is

(a) ab so lutely con ver gent (b) os cil la tory

(c) di ver gent (d) semi-con ver gent

 7. The series  Σ
n

n

n=

∞ +−
1

11
1

( )  is

(a) di ver gent (b) ab so lutely con ver gent

(c) semi-con ver gent (d) os cil la tory

Fill in the Blank(s)

  Fill in the blanks “……” so that the following statements are complete and correct.

 1. For every convergent series Σ un, we must have lim .
n

nu
→ ∞

= …
 2. The infinite geometric series a ax ax ax+ + + + …2 3

is convergent if and only if | | .x < …

 3. The se ries Σ 1

np
 is di ver gent if p≤ … .

 4. The nth term of the series 
1

2

2

3

3

4

4

52

2

3

3

4

4

5
+ + + + … , is … .

 5. Let Σ un be a series of positive terms such that lim .
n

n

n

u

u
l

→ ∞

+ =1

Then Σ un converges if … .

 6. Let Σ un be a series of positive terms such that lim .
n

n

n

u

u
l

→ ∞ +
=

1

Then Σ un di verges if … .
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 7. If un de notes the nth term of the se ries

1

2 1 3 2 4 3 5 4

2 4 6

√
+

√
+

√
+

√
+ …x x x

, then un = … .

 8. If un de notes the nth term of the se ries

1 3 5 72 3+ + + + … ∞x x x , then lim .
n

n

n

u

u→ ∞ +
= …

1

 9. The nth term of the se ries

1

3

1 2

3 5

1 2 3

3 5 7

1 2 3 4

3 5 7 9
+ + + + …

.

.

. .

. .

. . .

. . .
,  is … .

10. If un de notes the nth term of the se ries

1

2

1 3

2 4

1 3 5

2 4 6

2

2

2 2

2 2

2 2 2

2 2 2
+ + + …

.

.

. .

. .
, then lim .

n

n

n

u

u→ ∞ +
= …

1

11. A se ries Σ un is said to be semi-con ver gent if … .

12. A se ries Σ un is said to be ab so lutely con ver gent if … .

13. A series in which the terms are alternately positive and negative is called an … .

14. An infinite series Σ ( )− −1 1n
nu  in which the terms are alternately positive and

negative is convergent if each term is numerically less than the preceding term

and lim .
n

nu
→ ∞

= …

15. The se ries Σ un of pos i tive terms is di ver gent if lim .
n

n

n
n

u

u→ ∞ +
−
























< …

1
1

True or False

 Write ‘T’  for true and ‘F’  for false statement.

 1. A se ries Σ un of pos i tive terms is di ver gent if lim .
n

nu
→ ∞

> 0

 2. A se ries Σ un is con ver gent if lim .
n

nu
→ ∞

= 0

 3. A se ries Σ un of pos i tive terms is con ver gent if lim ./

n
n

nu
→ ∞

=1 1

 4. A series Σ un of positive terms is divergent if lim .
n

n

n

u

u→ ∞ +
<

1
1

 5. The se ries 1
1

2

1

3

1

42 2 2
+ + + + … is di ver gent.

 6. The se ries 1
1

2

1

3

1

4
+ + + + … is di ver gent.

 7. The se ries  Σ
n n=

∞

1

1
cos  is di ver gent.

 8. The se ries  Σ
n n=

∞

1

1
sin  is con ver gent.
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 9. The se ries whose nth term is 
√

+
n

n2 1
 is con ver gent.

10. The se ries whose nth term is 
1

1 1+ ( / )n
 is con ver gent.

11. The se ries  Σ
n

nx

n=

∞ −

−1

1

1( ) !
 is ab so lutely con ver gent.

12. The se ries 
1

1

1

2

1

3

1

4√
−

√
+

√
−

√
+ … is ab so lutely con ver gent.

13. The se ries  Σ
n

n n n
=

∞
− √ + −

1

21 1( ) [ ( ) ] is semi-con ver gent.

14. The se ries 
1

1 2

1

3 4

1

5 6

1

7 8. . . .
− + − + … is di ver gent.

(Purvanchal 2014)

15. The se ries 1
1

1

1

2

1

3
− + − + …

! ! !
 is semi-con ver gent.

16. The se ries  Σ
n

n

n a=

∞ −−
√ + √1

1

2

1( )

( )
 is ab so lutely con ver gent.

17. Ev ery ab so lutely con ver gent se ries is con ver gent.

18. Ev ery con ver gent se ries is ab so lutely con ver gent.

19. The se ries  Σ
n

n

n=

∞
−

1
1

1
( ) sin  is con ver gent but is not ab so lutely con ver gent.

20. The se ries 
1

1 2

1

2 3

1

3 4√ + √
+

√ + √
+

√ + √
+ … is di ver gent.

21. The se ries Σ [ ( ) ]√ + − √n n1  is con ver gent.

22. The se ries Σ [ ( ) ]√ + −n n4 21  is con ver gent.

23. The se ries Σ [ ( ) ]√ + − √n n3 31  is di ver gent.

24. The se ries 1
1

2 2

1

3 3

1

4 4
−

√
+

√
−

√
+ … is ab so lutely con ver gent.

25. The se ries 1
1

1
1

1

2
1

11 2

+





+ +





+ … + +





+ …
n

n

 is con ver gent.

26. The infinite series of positive terms is always convergent or divergent and is

never an oscillatory series.

27. The se ries 1
1

2

1

3

1

4

1+
√

+
√

+
√

+ … +
√

+ …
n

 is di ver gent.

28. Let Σ un be an in fi nite se ries hav ing all terms pos i tive and let lim .
n

n

n

u

u
l

→ ∞ +
=

1
 

If l > 1, then Σ un is di ver gent.
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Multiple Choice Questions

 1. (c) 2. (a) 3. (d) 4. (b) 5. (c)

 6. (a) 7. (c)

Fill in the Blank(s)

 1. 0 2. 1 3. 1 4.
n

n

n

n( )+ +1 1
5. l < 1

 6. l < 1 7.
x

n n

n2 2

1

−

+ √( )
8.

1

x
9.

1 2 3 4

3 5 7 9 2 1

. . .

. . . ( )

…
… +

n

n

10. 1 11. Σ un is convergent but Σ| |un  is divergent

12. Σ| |un  is convergent 13. alternating series

14. 0 15. 1

True or False

 1. T  2. F  3. F  4. T  5. F

 6. T  7. T  8. F  9. T 10. F

11. T 12. F 13. T 14. F 15. F

16. F 17. T 18. F 19. T 20. T

21. F 22. T 23. F 24. T 25. F

26. T 27. T 28. F

¨
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1  Introduction

In elementary treatments, the process of integration is generally introduced as the

inverse of differentiation. If F x f x′ =( ) ( ) for all x belonging to the domain of the

function f F,  is called an integral of the given function f .

Historically, however, the subject of integral arose in connection with the problem of

finding areas of plane regions in which the area of a plane region is calculated as the

limit of a sum. This notion of integral as summation is based on geometrical concepts.

A German mathematician G.F.B. Riemann gave the first rigorous arithmetic treatment

of definite integral free from geometrical concepts. Riemann’s definition covered only

bounded functions. It was Cauchy who extended this definition to unbounded

functions. Later on early in the twentieth century Lebesgue introduced the integral on a 

firm foundation with many refinements and generalisations.

In the present chapter we shall study the Riemann integral of real valued, bounded

functions defined on some closed interval.

6
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2  Partitions and Riemann Sums

Def i ni tion 1: Let I a b= [ , ] be a closed and bounded in ter val. Then by a par ti tion (or a

dis sec tion or a net) of I we mean a fi nite set of real num bers P x x x xn n= −{ }0 1 1, , .... , ,  hav ing

the prop erty that a x x x x bn n= < < < < =−0 1 1… .

The closed sub-intervals

I x x I x x I x xn n n1 0 1 2 1 2 1= = = −[ , ], [ , ], .... , [ , ]

determined by P constitute the segments of the partition.

By changing the set of points, the partition can be changed. Thus there can be an

infinite number of partitions of the interval [ , ]a b . The family of all partitions of [ , ]a b

shall be denoted by P [ , ]a b .

We write ∆ x x xr r r= − −1 for r n= 1 2, , ,…  so that ∆ xr is the length of the segment 

[ , ]x xr r−1 . The norm (or mesh) of a partition P is the greatest of the lengths of the

segments of a partition P and it is denoted by || ||P . Thus

|| || ( : , , , )P x r nr= =max. ∆ 1 2… .

Sometimes the norm of a partition P is also denoted by µ ( )P .

Def i ni tion 2: A par ti tion P* is called a re fine ment of an other par ti tion P or we say that P*

is finer than P iff  P P* ,⊃  i e. ., if ev ery point of P is used in the con struc tion of P*.

If P P P* = ∪1 2, then P* is called the common refinement of the given two partitions 

P and P1 2 .

Def i ni tion 3: Let f  be a bounded func tion de fined on a bounded in ter val [ , ]a b . Also let 

P a x x x bn= = ={ }0 1, , ,…  be any par ti tion of [ , ]a b . Also let m and Mr r be the infimum and

supremum re spec tively of the func tion f  on Ir , for r n i e= 1 2, , , . .… ,

m inf f x x x xr r r= ≤ ≤−{ }( ) : 1

and M sup f x x x xr r r= ≤ ≤−{ }( ) : .1

Let us now form two sums

L P f m x and U P f M x
r

n

r r
r

n

r r( , ) ( , ) .= =
= =
Σ Σ

1 1
∆ ∆

Then L P f( , ) is called the lower Riemann sum (or lower Darboux sum) of f  on [ , ]a b

with respect to the partition P and U P f( , ) is called the upper Riemann sum (or upper

Darboux sum) of f  on [ , ]a b  with respect to the partition P.

In brief, we shall refer to these sums as the lower and upper R-sums of f  with respect to P.

Obviously L P f( , ) ≤ U P f( , ).

The o rem 1: Let f  be a bounded func tion de fined on [ , ]a b  and let m and M be the infimum and

supremum of f x( ) in [ , ]a b . Then for any par ti tion P of [ , ],a b  we have

m b a( )− ≤ L P f( , ) ≤ U P f( , ) ≤ M b a( )− . (Garhwal 2008)

Proof: Let P a x x x bn= = ={ }0 1, , ,…  be any par ti tion of [ , ]a b . Then 

I x x r nr r r= =−[ , ], , , ,1 1 2…  are the subintervals of [ , ]a b . Let m Mr rand  be the infimum

and supremum of f x( ) in [ , ]x xr r−1 . Then for ev ery value of r, we have

m m M Mr r≤ ≤ ≤
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⇒ m xr∆ ≤ m xr r∆ ≤ M xr r∆ ≤ M xr∆  [ ]∵∆ xr > 0

⇒ Σ
r

n

rm x
=

≤
1

∆ Σ
r

n

r rm x
=

≤
1

∆ Σ
r

n

r rM x
=

≤
1

∆ Σ
r

n

rM x
=1

∆ . ...(1)

Now  Σ Σ Σ
r

n

r
r

n

r
r

n

r rm x m x m x x
= = =

−= = −
1 1 1

1∆ ∆ ( )

      = − + − + + − −m x x x x x xn n( )1 0 2 1 1…

         = − = −m x x m b an( ) ( ).0

Sim i larly  Σ
r

n

rM x M b a
=

= −
1

∆ ( ).

Also Σ Σ
r

n

r r
r

n

r rm x L P f M x U P f
= =

= =
1 1

∆ ∆( , ) and ( , ).

Hence, from (1), we conclude that

m b a( )− ≤ L P f( , ) ≤ U P f( , ) ≤ M b a( )−   V P a b∈ P [ , ].

It follows that the sets of upper sums and lower sums are bounded.

The o rem 2: If f a b: [ , ] → R is a bounded func tion, then

U P f L P f and L P f U P f( , ) ( , ) ( , ) ( , )− = − − = − . (Meerut 2012)

Proof: Let P a x x x bn= = ={ }0 1, , ,…  be any par ti tion of [ , ]a b . Let Mr and mr be the

supremum and infimum of f  in Ir .

Now f  is bounded on [ , ]a b f⇒ −  is bounded on [ , ]a b .

Again M mr r,  are supremum and infimum of f  in Ir

⇒ − −m Mr r,  are supremum and infimum of − f  in Ir .

We have U P f m x
r

n

r r( , ) ( ) ,− = −
=
Σ

1
∆  by definition of upper R-sum

      = − = −
=
Σ

r

n

r rm x L P f
1

∆ ( , ).

Also         L P f M x
r

n

r r( , ) ( ) ,− = −
=
Σ

1
∆  by def i ni tion of lower R-sum

                     = − = −
=
Σ

r

n

r rM x U P f
1

∆ ( , ).

The o rem 3: Let f  be a bounded func tion de fined on [ , ]a b  and let P be a par ti tion of [ , ]a b . If P*

is a re fine ment of P, then

L P f L P f and U P f( , ) ( , ) ( , )* *≥ ≤ U P f( , ).

Proof: Let P a x x x x x x br r n= = =−{ }0 1 2 1, , , , , , ,… …

and P a x x x x y x x br r n
* , , , , , , , ,= = =−{ }0 1 2 1 1… … ,

so that P* has one more partition point y1 than P.

Let mr and Mr be the infimum and supremum of f  in [ , ]x xr r−1 . Let M Mr r′ ′ ′,  be the

suprema of f  in [ , ], [ , ]x y y xr r−1 1 1  and m mr r′ ′ ′,  be the infima of f  in 

[ , ], [ , ]x y y xr r−1 1 1  respectively.

Then M M M mr r r r≥ ′ ′ ′ ≤, and m mr r′ ′ ′, .
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Since the rth subinterval only of P is split into two more subintervals of P* and the

remaining subintervals are identical in P and P*, therefore, we have

U P f U P f( , ) ( , )*−  

= − − ′ − + ′ ′ −− −M x x M y x M x yr r r r r r r( ) ( ) ( ) .1 1 1 1{ }

But M y x M x yr r r r′ − + ′ ′ − ≤−( ) ( )1 1 1 M y x M x yr r r r( ) ( )1 1 1− + −−
     = − −M x xr r r( ).1

It gives U P f U P f M x x M x xr r r r r r( , ) ( , ) ( ) ( )*− ≥ − − − =− −1 1 0

i e. ., U P f U P f U P f( , ) ( , ) ( , )* *≥ ≤or U P f( , ).

If P* contains p more partition points than P then repeating p times the above argument 

we can show that

U P f( , )* ≤ U P f( , ). ...(1)

In a similar manner we can show that

L P f L P f( , ) ( , )* ≥ . ...(2)

Note: We know that for any par ti tion P*,

L P f( , )* ≤ U P f( , )* . ...(3)

Thus from (1), (2) and (3), we get

L P f( , ) ≤ L P f( , )* ≤ U P f( , )* ≤ U P f( , ).

The o rem 4: If P and P1 2 be any two par ti tions of [ , ]a b  then

U P f L P f( , ) ( , ).1 2≥
Proof: Let P P P= ∪1 2 . Then P is the com mon re fine ment of both the par ti tions 

P P1 2and . There fore by the the o rem 3 above, we get

L P f( , )2 ≤ L P f U P f( , ) and ( , ) ≤ U P f( , )1 .

But we have L P f( , ) ≤ U P f( , ).

Thus L P f( , )2 ≤ L P f( , ) ≤ U P f( , ) ≤ U P f( , )1 .

It fol lows that L P f( , )2 ≤ U P f U P f L P f( , ) ( , ) ( , ),1 1 2or ≥  that is, ev ery up per

sum for f  is greater than or equal to ev ery lower sum for f .

The o rem 5: Let f g,  be bounded func tions de fined on [ , ]a b  and let P be any par ti tion of [ , ].a b

Then

L P f g L P f L P g( , ) ( , ) ( , )+ ≥ +  

and  U P f g( , )+ ≤ U P f U P g( , ) ( , )+ .

Proof: Let P a x x x x bn= = ={ }0 1 2, , , ,…  be any par ti tion of [ , ]a b . Since f gand  are

bounded func tions on [ , ]a b , f g+  is also bounded on [ , ]a b .

Let  m Mr r′ ′,  be the infimum and supremum of f  on Ir ,

   m Mr r′ ′ ′ ′,  be the infimum and supremum of g on Ir

and    m Mr r,  be the infimum and supremum of f g+  on Ir .

By definition of infimum we find that

f x m g x mr r( ) , ( )≥ ′ ≥ ′ ′ V x Ir∈  

⇒ f x g x m mr r( ) ( )+ ≥ ′ + ′ ′ V x Ir∈
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⇒ ( ) ( )f g x m mr r+ ≥ ′ + ′ ′ V x Ir∈
⇒ m mr r′ + ′ ′ is a lower bound of f g+  on Ir .

But mr is the great est lower bound of f g+  on Ir .

∴ m m m m x m x m xr r r r r r r r r≥ ′ + ′ ′ ⇒ ≥ ′ + ′ ′∆ ∆ ∆

⇒ Σ Σ Σ
r

n

r r
r

n

r r
r

n

r rm x m x m x
= = =

≥ ′ + ′ ′
1 1 1

∆ ∆ ∆  

⇒ L P f g L P f L P g( , ) ( , ) ( , ).+ ≥ +
Similarly we can prove the other result. 

3  Lower and Upper Riemann Integrals

(Purvanchal 2009, 12)

Let f  be a real valued bounded function defined on [ , ]a b . We know that the set of all

numbers L P f( , ) with respect to all possible partitions P of [ , ]a b  is bounded above by 

M b a( )−  and hence there exists a supremum of L P f( , ). The lower Riemann

integral (lower R-integral) of f  over [ , ]a b  is the supremum of L P f( , ) over all

partitions P a b∈ P [ , ]. It is denoted by

 ∫
a

b
f x dx( ) .

Similarly the set of numbers U P f( , ) is bounded below by m b a( )−  and so it possesses

an infimum. The upper Riemann integral (upper R-integral) of f  over [ , ]a b  is the

infimum of U P f( , ) over all partitions P a b∈ P [ , ]. It is denoted by

∫a
b

f x dx( ) .

Thus ∫ =
a

b
f x dx( ) sup {L P f P( , ) :  is a par ti tion of [ , ]a b }

and ∫ =
a

b
f x dx U P f P( ) ( , ) :inf {  is a par ti tion of [ , ]a b }.

We denote the lower and upper integrals of f  simply by

∫
a

b
f   and  ∫a

b
f .

Since L P f U P f U P f L P f( , ) ( , ) and ( , ) ( , )− = − − = − , it gives that

∫ ∫ ∫ ∫− = − − = −
a

b

a

b

a

b

a

b
f f f f( ) and ( ) .

The o rem 1: The lower R-in te gral can not ex ceed the up per R-in te gral, i e. .,

∫ ≤
a

b
f   ∫a

b
f .

(Purvanchal 2007, 09; Rohilkhand 11)

Proof: If  P P1 2and   are  any  two  par ti tions  of  [ , ]a b , then by the o rem 4 of ar ti cle 2,

we have

L P f( , )1 ≤ U P f( , ).2 ...(1)

First, keeping P2 fixed and taking the supremum over all partitions P1, (1) gives
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∫ ≤
a

b
f U P f( , )2 . ...(2)

Now tak ing infimum over all par ti tions P2 , (2) gives

∫ ≤
a

b
f   ∫a

b
f .

The o rem 2: (Darboux The o rem): Let f  be a bounded func tion de fined on [ , ]a b . Then to 

ev ery ε > 0, there cor re sponds δ > 0 such that

U P f f and L P f f
a

b

a

b
( , ) ( , )< + ε > − ε∫ ∫

for all par ti tions P with || ||P ≤ δ.

Proof: Let ε > 0 be given. Since ∫a
b

f  is the infimum of U P f f
a

b
( , ) and ∫  is the

supremum of L P f( , ) for all par ti tions P, there fore, for given ε > 0 there ex ist par ti tions 

P P1 2and  such that

U P f f
a

b
( , )1 < + ε∫ ...(1)

and L P f f
a

b
( , )2 > − ε∫ . ...(2)

Let P3 be the common refinement of P P1 2and . Then by theorem 3 of article 2, we get

U P f( , )3 ≤ U P f L P f L P f( , ) and ( , ) ( , ).1 3 2≥ ...(3)

Therefore, from (1), (2) and (3), we get

U P f f
a

b
( , ) < + ε∫  and  L P f f

a

b
( , ) > − ε∫

for all partitions P of [ , ]a b  with || ||P ≤ δ, where δ = >|| || .P3 0

Cor ol lary: If f  is bounded on [ , ]a b  and P is a par ti tion of [ , ],a b  then

(i) 
lim

P
L P f f

a

b

|| ||
( , )

→
= ∫0

(ii)  
lim

P
U P f f

a

b

|| ||
( , ) .

→
= ∫0

Proof:  (i) Since ∫
a

b
f  is the supremum of L P f( , ) for all par ti tions P, there fore we

have

L P f( , ) ≤ ∫
a

b
f . ...(1)

Using the above theorem, we see that for every ε > 0, there is a δ > 0 such that

L P f f
a

b
( , ) > − ε∫ ...(2)

for all par ti tions P with || ||P ≤ δ.

From (1) and (2), we get

∫ − ε < ≤
a

b
f L P f( , )   ∫ ∫< + ε

a

b

a

b
f f
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or ∫ ∫− ε < < + ε
a

b

a

b
f L P f f( , ) .

By definition of limit, this implies that

lim

|| ||
( , ) .

P
L P f f

a

b

→
= ∫0

(ii) Since ∫a
b

f   is the infimum of U P f( , ) for all partitions P, therefore we have

U P f f
a

b
( , ) .≥ ∫  ...(3)

Using the above theorem, we see that for every ε > 0, there is a δ > 0 such that

U P f f
a

b
( , ) < + ε∫  ...(4)

for all partitions P with || || .P ≤ δ
From (3) and (4), we get

∫ ≤
a

b
f U P f f

a

b
( , ) < + ε∫   

or  ∫ ∫− ε < < + ε
a

b

a

b
f U P f f( , ) .

By definition of limit, this implies that
lim

|| ||
( , ) .

P
U P f f

a

b

→
= ∫0

4  R-Integrability

(Purvanchal 2012)

Def i ni tion:  Let f  be a bounded func tion de fined on the bounded in ter val [ , ] ,a b  then f  is called

Riemann integrable (or sim ply R-integrable) on [ , ]a b  iff

∫ ∫=
a

b

a

b
f f

and their common value is called the R-integral of f  on [ , ]a b  and is denoted by 
a

b
f∫ .

The class of all bounded functions f  which are Riemann integrable on [ , ]a b  is denoted

by R [ , ]a b . The numbers a band  are called the lower and upper limits of integration

respectively.

If  ∫ ∫≠
a

b

a

b
f f  then f  is not Riemann integrable on [ , ]a b .

Note 1: The con cept of integrability of a func tion over an in ter val as in tro duced here

is sub ject to two very im por tant lim i ta tions, viz.

(i) The function is bounded.

(ii) The interval of integration is finite i e. ., neither of the end points is infinite.
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Note 2: It is not nec es sary that ev ery bounded func tion is integrable i e. . there may

ex ist a bounded func tion f  for which

∫ ∫≠
a

b

a

b
f f .

Note 3: The state ment that 
a

b
f∫  ex ists in di cates that the func tion f  is bounded and

integrable over [ , ].a b

5  Another Definition of Riemann Integral

A function f  defined on [ , ]a b  is said to be Riemann integrable over [ , ]a b  iff for every ε > 0 there

exists a δ > 0 and a number I such that for every partition

P a x x x bn= = ={ }0 1, , ,…

with || ||P ≤ δ and for every choice of ξ ∈ −r r rx x[ , ] ,1

Σ
r

n

r r rf x x I
=

−ξ − −


 


< ε

1
1( ) ( )  .

In such a case I  is said to be Riemann integral of f  over [ , ]a b  i e. .,

I f x dx
a

b
= ∫ ( ) .

The o rem:  Def i ni tions of ar ti cle 4 and ar ti cle 5 are equiv a lent.

Proof:  (i) Let f  be integrable ac cord ing to def i ni tion of ar ti cle 4. Then f  is bounded

and we have

∫ ∫ ∫= =
a

b

a

b

a

b
f f f .  ...(1)

Let ε > 0 be given. Then by Darboux theorem, there exists δ > 0 such that for every

partition P with || ||P ≤ δ,

L P f f f
a

b

a

b
( , ) .> − ε = − ε∫ ∫ ...(2)

and U P f f f
a

b

a

b
( , ) .< + ε = + ε∫ ∫ ...(3)

If ξr is any point of the interval [ , ]x xr r−1 , then

L P f( , ) ≤ Σ
r

n

r rf x
=

ξ ≤
1

( ) ∆ U P f( , ). ...(4)

From (2), (3) and (4), we conclude that for every partition P with || ||P ≤ δ ,

a

b

r

n

r r a

b
f f x f∫ ∫− ε < ξ < + ε

=
Σ

1
( ) ∆  

i e. ., Σ
r

n

r r a

b
f x f

=
ξ −


 


< ε∫1

( ) ∆

or Σ
r

n

r rf x I
=

ξ −


 


< ε

1
( ) ,∆  where I f

a

b
= ∫ .
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∴ f  is Riemann integrable according to the definition of article 5.

Thus the definition of article 4 ⇒ the definition of article 5.

(ii) Let f  be integrable according to the definition of article 5.

Then for ε = >1 0 there exists δ > 0 and a number I  such that for every partition P with 

|| ||P ≤ δ  and for every choice of ξ ∈ −r r rx x[ , ]1 ,

Σ
r

n

r rf x I
=

ξ −


 


<

1
1( ) ∆  i.e., Σ

r

n

r rf x I
=

ξ


 


< +

1
1( ) | |∆ . ...(1)

We have to show that f  is bounded on [ , ]a b  and the lower and upper integrals of f  over 

[ , ]a b  are equal.

Suppose f  is not bounded on [ , ]a b , then f  must not be bounded in at least one

subinterval of P, say, [ , ]x xm m−1 . Hence there exists a point ξ ∈ −m m mx x[ , ]1  such that 

f m( )ξ  is infinite.

Now, to form the sum Σ
r

n

r rf x
=

ξ
1

( ) ∆  we have to choose points ξr in each subinterval 

[ , ].x xr r−1  Choose that ξm in the interval [ , ]x xm m−1  for which f m( )ξ  is infinite.

In that case Σ
r

n

r rf x I
=

ξ


 


> +

1
1( ) | | ,∆

which is a contradiction to (1). Hence f  is bounded on [ , ]a b .

Again, by definition of article 5, for any ε > 0 there exists δ > 0 and a number I ∈ R such

that for every partition P of [ , ]a b  with || ||P ≤ δ and for every choice of  ξ ∈ −r r rx x[ , ]1 ,

Σ
r

n

r rf x I
=

ξ −


 


< ε

1

1

2
( ) ∆

i e. ., I f x I
r

n

r r− ε < ξ < + ε
=

1

2

1

21
Σ ( ) .∆ ...(2)

Let m Mr r,  be the infimum and supremum of f  on [ , ]x xr r−1 , so that there exist points 

α βr r r rx x, [ , ]∈ −1  such that

f M
b a

f m
b a

r r r r( )
( )

and ( )
( )

α β> − ε
−

< + ε
−

⋅
2 2

∴ Σ Σ Σ
r

n

r r
r

n

r r
r

n

rf x M x
b a

x
= = =

> − ε
−1 1 1 2

( )
( )

α ∆ ∆ ∆

and Σ Σ Σ
r

n

r r
r

n

r r
r

n

rf x m x
b a

x
= = =

< + ε
−1 1 1 2

( )
( )

β ∆ ∆ ∆

i e. . Σ
r

n

r rf x U P f
=

> − ε
1 2

( ) ( , )α ∆ ...(3)

and Σ
r

n

r rf x L P f
=

< + ε
1 2

( ) ( , )β ∆  ...(4)

Now from (2) and (3), we get

I U P f+ ε > − ε1

2

1

2
( , )  ...(5)
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and from (2) and (4), we get

I L P f− ε < + ε1

2

1

2
( , ) ...(6)

i e. ., I U P f I L P f+ ε > − ε <( , ) and ( , ) ...(7)

But L P f( , ) ≤ ∫ ≤
a

b
f   ∫ ≤

a

b
f U P f( , ). ...(8)

From (7) and (8), we get

I f
a

b
− ε < ≤∫   ∫ < + ε

a

b
f I ...(9)

or 0 2≤ − < ε∫ ∫a

b

a

b
f f  or 0 ≤ − ≤∫ ∫a

b

a

b
f f 0, 

as ε > 0 is ar bi trary

or ∫ ∫ ∫ ∫− = =
a

b

a

b

a

b

a

b
f f i e f f0 . ., . ...(10)

∴ f  is Riemann integrable according to the definition of article 4. Now from (9) and

(10), we have

I f I
a

b
− ε < < + ε∫ .

Since ε is arbitrary, I f
a

b
= ∫ .

Thus the definition of article 5 ⇒ the definition of article 4.

Hence the two definitions of article 4 and article 5 are equivalent.

6  Riemann’s Necessary and Sufficient Condition

 for R-Integrability

Os cil la tory sum: With usual no ta tions, we have

L P f m x U P f M x
r

n

r r
r

n

r r( , ) , ( , ) .= =
= =
Σ Σ

1 1
∆ ∆

Let ω = −r r rM m  so that ω r is the oscillation of f  on [ , ]x xr r−1 .

∴ U P f L P f M m x x
r

n

r r r
r

n

r r( , ) ( , ) ( ) .− = − = ω
= =
Σ Σ

1 1
∆ ∆

The sum Σ
r

n

r rx
=

ω
1

∆  is called the oscillatory sum for the function f  corresponding

to the partition P and is denoted by ω ( , )P f .

The o rem: A nec es sary and suf fi cient con di tion for R-integrability of a bounded func tion 

f a b: [ , ] → R over [ , ]a b  is that for ev ery ε > 0 , there ex ists a par ti tion P of [ , ]a b  such that for P

and all its re fine ments

0 ≤ − < εU P f L P f( , ) ( , ) . (Rohilkhand 2009; Gorakhpur 14, 15)

Proof: The con di tion is nec es sary. Let f a b∈ R [ , ] so that 

∫ ∫=
a

b

a

b
f f .  ...(1)
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By Darboux theorem, for any ε > 0, there exists δ > 0 such that for all partitions P of 

[ , ]a b  with || ||P ≤ δ,

U P f f
a

b
( , ) < + ε∫ 2

 ...(2)

and L P f f
a

b
( , ) > − ε ⋅∫ 2

 ...(3)

Adding the inequalities (2) and (3), we get

U P f f L P f f
a

b

a

b
( , ) ( , )+ − ε < + + ε ⋅∫ ∫2 2

In view of (1), this gives

U P f L P f i e U P f L P f( , ) ( , ) . ., ( , ) ( , )< + ε − < ε ...(4)

Since U P f L P f( , ) ( , )≥ , the inequality (4) can be written as

0 ≤ − < εU P f L P f( , ) ( , ) .

Hence the condition is necessary.

The con di tion is suf fi cient: Let for ev ery ε > 0, there ex ists a par ti tion P of [ , ]a b  such 

that for P and all its re fine ments,

0 ≤ − < εU P f L P f( , ) ( , ) . ...(5)

By the definition of upper and lower integrals, we have

∫ ≤
a

b
f  U P f f L P f

a

b
( , ) and ( , )∫ ≥

or − ≤ −∫
a

b
f L P f( , ).

∴ ∫ ∫− ≤
a

b

a

b
f f U P f L P f( , ) ( , )− < ε ...(6)

or ∫ ∫− < ε
a

b

a

b
f f .

Since ε > 0 is arbitrary, 

∫ ∫− ≤
a

b

a

b
f f 0. ...(7)

Also we know that the lower Riemann integral can never exceed the upper Riemann
integral

i e. ., ∫ ∫− ≥
a

b

a

b
f f 0. ...(8)

From (7) and (8), we get

∫ ∫− =
a

b

a

b
f f 0  or  ∫ ∫=

a

b

a

b
f f

i e. ., the function f  is Riemann integrable over [ , ]a b .

Note: An other state ment of the above the o rem: A nec es sary and suf fi cient con di tion

for a bounded func tion f  to be integrable over [ , ]a b  is that for each ε > 0 ,  there ex ists a par ti tion P

of [ , ]a b  such that the os cil la tory sum ω < ε( , )P f

or lim ω =( , ) || ||P f as P0  tends to zero.
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Ex am ple 1: Show that if f  is de fined on [ , ]a b  by

f x k x a b( ) [ , ]= ∈V

where k is a constant, then f a b and k k b a
a

b
∈ = −∫R [ , ] ( ).

(Gorakhpur 2015)

So lu tion: Ob vi ously the given func tion is bounded over [ , ].a b  

Let P a x x x x bn= = ={ }0 1 2, , , ,…  be any partition of [ , ]a b . Then for any subinterval 

[ , ]x xr r−1  , we  have m k M kr r= =, .

Now, U P f M x k x k x
r

n

r r
r

n

r
r

n

r( , ) = = =
= = =
Σ Σ

1 1 1
∆ ∆ Σ ∆  

         = + + +k x x xn[ ]∆ ∆ ∆1 2 …

         = − + − + + − −k x x x x x xn n[( ) ( ) ( )]1 0 2 1 1…

         = − = −k x x k b an( ) ( )0

and L P f m x k x k b a
r

n

r r
r

n

r( , ) ( ).= = = −
= =
Σ Σ

1 1
∆ ∆

Hence ∫ = = − = −
a

b
f U P f k b a k b ainf inf( , ) ( ) ( ){ }

and ∫ = = − = −
a

b
f L P f k b a k b asup sup( , ) ( ) ( ).{ }

Thus ∫ ∫= = −
a

b

a

b
f f k b a( ).

Hence f R a b f k b a
a

b
∈ = −∫[ , ] and ( ).

Ex am ple 2: Let f x x on( ) [ , ]= 0 1 . Cal cu late ∫ ∫
0

1

0

1
x dx and x dx by dis sect ing [ , ]0 1  into n

equal parts and hence show that f ∈ R [ , ].0 1
(Purvanchal 2011; Garhwal 12; Meerut 12)

So lu tion: Let P
n n

r

n

r

n

n

n
=

−
=








⋅0
1 2 1

1, , , , , , ,… …  

Here m
r

n
M

r

n
x

n
r r r=

−
= =

1 1
, and ∆ for r n= 1 2, , ,… .

Now, we have

  L P f m x
r

n n n
r

r

n

r r
r

n

r

n
( , ) ( )= =

−
⋅ = −

= = =
Σ Σ Σ

1 1 2 1

1 1 1
1∆

    = + + + + − =
−

=
−1

1 2 3 1
1

2

1

22 2n
n

n n

n

n

n
[ ( )]

( ) .
…

and    U P f M x
r

n n n
r

r

n

r r
r

n

r

n
( , ) = = ⋅ =

= = =
Σ Σ Σ

1 1 2 1

1 1∆

        = + + + + =
+

=
+

⋅1
1 2 3

1

2

1

22 2n
n

n n

n

n

n
[ ]

( )
…

R-268



Hence by Corollary 1, theorem 2 of article 3, we get

∫ =
→

=
→ ∞

−
=

0

1

0

1

2

1

2
x dx

P
L P f

n

n

n

lim

|| ||
( , ) lim

and ∫ =
→

=
→ ∞

+
= ⋅

0

1

0

1

2

1

2
x dx

P
U P f

n

n

n

lim

|| ||
( , ) lim

Since ∫ ∫ ∫= ∈ = ⋅
0

1

0

1

0

1
0 1

1

2
f f f x dx, [ , ] andR

Ex am ple 3: Let f x x( ) = 2 on [ , ],0 0a a > . Show that f a∈ R [ , ]0  and find 
0

a
f∫ .

(Rohilkhand 2010; Gorakhpur 14)

So lu tion: Let P
a

n

a

n

n a

n

na

n
a=

−
=








0
2 1

, , , ,
( )

,…  be the par ti tion of [ , ]0 a  ob tained

by dis sect ing [ , ]0 a  into n equal parts. Then 

∆ x a n r nr = =/ , , , , .1 2…

Also I rr = th subinterval =
−





⋅
( )

,
r a

n

ra

n

1

Since f x x( ) = 2 is an increasing function in [ , ]0 a ,

m
r a

n
M

r a

n
r nr r=

−
= =

( )
and , , , ,

1
1 2

2 2

2

2 2

2
… .

Now L P f m x
r a

n

a

nr

n

r r
r

n
( , )

( )
= =

−
⋅

= =
Σ Σ

1 1

2 2

2

1
∆

            = − = ⋅
− −

⋅
=

a

n
r

a

n

n n n

r

n3

3 1

2
3

3
1

1 2 1

6
Σ ( )

( ) ( )

∴        ∫ =
→ ∞

=
→ ∞

−





−



0

2
3

6
1

1
2

1a
x dx

n
L P f

n

a

n n

lim ( , ) lim = ⋅a3

3

Again      U P f M x
r a

n

a

nr

n

r r
r

n
( , ) = = ⋅

= =
Σ Σ

1 1

2 2

2
∆

           = = ⋅
+ +

⋅
=

a

n
r

a

n

n n n

r

n3

3 1

2
3

3

1 2 1

6
Σ

( ) ( )

∴     ∫ =
→ ∞

=
→ ∞

+





+



0

2
3

6
1

1
2

1a
x dx

n
U P f

n

a

n n

lim ( , ) lim = ⋅a3

3

Since ∫ ∫ ∫= ∈ = ⋅
0 0 0

2
3

0
3

a a a
f f f a x dx

a
, [ , ] andR

Ex am ple 4: If a func tion f is de fined on [ , ] ,0 a  a > 0 by f x x( ) = 3, then show that f is Riemann

integrable on [ , ]0 a  and  
0

4

4

a
f x dx

a∫ = ⋅( )
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So lu tion: Let P
a

n

a

n

n a

n

na

n
a=

−
=








0
2 1

, , , ,
( )

,…  be the par ti tion of [ , ]0 a  ob tained

by dis sect ing [ , ]0 a  into n equal parts. Then

I rr =  th sub-in ter val =
−





( )
,

r a

n

ra

n

1

and ∆ x I
a

n
r r= =length of , r n= 1 2, , ..., .

Let m Mr rand  be respectively the infimum and supremum of f  in Ir .

Since f x x( ) = 3 is an increasing function in [ , ]0 a , therefore

m
r a

n
r =

−( )13 3

3
  and  M

r a

n
r nr = =

3 3

3
1 2, , , ,… .

Now L P f m x
r a

n

a

n

a

nr

n

r r
r

n
( , )

( )
= =

−
⋅













=
= =
Σ ∆ Σ Σ

1 1

3 3

3

4

4

1

r

n
r

=
−

1

31( )

          = + + + − = ⋅
−





= −a

n
n

a

n

n n a

n

4

4
3 3 3

4

4

2 4
1 2 1

1

2 4
1

1
[ ( ) ]

( )
…





⋅
2

∴ ∫ =
→ ∞

=
→ ∞

−





= ⋅
0

4 2 4

4
1

1

4

a
f x dx

n
L P f

n

a

n

a
( )

lim
( , )

lim

Again U P f M x
r a

n

a

nr

n

r r
r

n
( , ) = = ⋅











= =

Σ ∆ Σ
1 1

3 3

3
 =

=

a

n
r

r

n4

4 1

3Σ

                      = + + + = ⋅
+





= +





a

n
n

a

n

n n a

n

4

4
3 3 3

4

4

2 4
1 2

1

2 4
1

1
( )

( )
…  ⋅

2

∴     ∫ =
→ ∞

=
→ ∞

+





= ⋅
0

4 2 4

4
1

1

4

a
f x dx

n
U P f

n

a

n

a
( ) lim ( , ) lim  

Since ∫ ∫=
0 0

a a
f f , f  is Riemann integrable on [ , ]0 a  and

 
0 0

3
4

4

a a
f x dx x dx

a∫ ∫= = ⋅( )

Ex am ple 5: Let f  be the func tion de fined on [ , ]0 1  by

f x
when x is irrational

when x is rational
( )

,

.
=





0

1

Calculate ∫ ∫
0

1

0

1
f and f  and hence show that f ∉ R [ , ]0 1.

(Purvanchal 2008, 09; Garhwal 11; Rohilkhand 11)

So lu tion: First, we ob serve that f  is bounded, for ev i dently

0 1≤ ≤f x( )   V x ∈[ , ].0 1

Let P be any partition of [ , ]0 1. Then for any subinterval [ , ]x xr r−1  of P, we have mr = 0

and Mr = 1, because every subinterval will contain rational as well as irrational

numbers. Note that rational as well as irrational points are everywhere dense.

It follows that
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L P f m x x
r

n

r r
r

n

r( , ) .= = =
= =
Σ Σ

1 1
0 0∆ ∆

and  U P f M x x x
r

n

r r
r

n

r
r

n

r( , ) . .= = = =
= = =
Σ Σ Σ

1 1 1
1 1∆ ∆ ∆

∴ ∫ ∫=
→ ∞

= =
→ ∞

=
0

1

0

1
0 1f

n
L P f f

n
U P f

lim ( , ) and lim ( , ) .

Since  ∫ ∫≠
0

1

0
f f

a
, we have f ∉ R [ , ]0 1.

Ex am ple 6: Give an ex am ple of a bounded func tion which is not R-integrable over [ , ]0 1.

(Garhwal 2006, 09)

So lu tion: See ex am ple 5 above. As an other ex am ple, con sider the func tion f  de fined

on [ , ]0 1 as fol lows :

f x
x

x
( ) =

−




1

1

when  is rational

when  is irrational.

Ev i dently f  is bounded on [ , ]0 1.

If P is any partition of [ , ]0 1, then for any subinterval [ , ]x xr r−1  of P, we have 

m M r nr r= − = =1 1 1 2and , , , ,… .

∴ L P f m x x x
r

n

r r
r

n

r
r

n

r( , ) . .= = − = −
= = =
Σ Σ Σ

1 1 1
1 1∆ ∆ ∆

    = − − = − = −1 1 0 1 1 1.( ) . ,

       U P f M x
r

n

r r( , ) .= =
=
Σ

1
1∆  Σ ∆

r

n

rx
=

= − =
1

1 1 0 1.( ) .

Hence ∫ ∫=
→ ∞

= − =
→ ∞

=
0

1

0

1
1 1f

n
L P f f

n
U P f

lim ( , ) , lim ( , ) .

Thus ∫ ∫≠
0

1

0

1
f f  and con se quently f ∉ R [ , ]0 1.

Ex am ple 7: Show that f x sin x( ) =  is integrable on 0
1

2
, π




 and 

0

2
1

π /
.∫ =sin x dx

So lu tion: Let P
n n

r

n

r

n

n

n
=

−
=








0
2

2

2

1

2 2 2 2
, , , ,

( )
, , ,

π π π π π π
… …

be the partition of [ , / ]0 2π  obtained by dissecting [ , ]0
1

2
π  into n equal parts. The length

of each subinterval = π / 2n and the r th subinterval I
r

n

r

n
r =

−





⋅
( )

,
1

2 2

π π

Since f x x( ) sin=  is in creas ing in [ , ]0
1

2
π , we have 

m
r

n
M

r

n
r nr r=

−
= =sin

( )
and sin , , , ...,

1

2 2
1 2

π π
.
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Now U P f M x
r

n nr

n

r r
r

n
( , ) sin= = 





⋅
= =
Σ Σ

1 1 2 2
∆ π π

        = + + +





⋅π π π π
2 2

2

2 2n n n

n

n
sin sin sin…

We know that 

sin sin ( ) sin ( )a a d a n d+ + + + + −… { }1  =
+

−



 ⋅

sin sin

sin ( / )

a
n

d
nd

d

1

2 2

2

∴  U P f
n

n

n

n

n

n

n

( , )

sin sin

sin
=

+
−

⋅














π
π π π

π2

2

1

2 2 4

4










=

+
⋅π π π

π
2

1

4 4

4

n

n

n

n

sin
( )

sin

sin

  =
⋅ +





⋅
√ = √

+π π π

π

π π π
2 4 4

1

2

4

2 2 4 4n n

n

n n
sin

sin

sin cos cos sin

sin

π π

π
4 4

4

n

n















 

  =
√

⋅
√

+





= +





⋅π π π π
2 2

1

2 4
1

4 4
1

n n n n
cot cot

Sim i larly, we can find that

L P f
n n

( , ) cot= −





⋅π π
4 4

1

Now ∫ =
→ ∞

=
→ ∞

−



0

2

4 4
1

π π π/ lim
( , )

lim
cotf

n
L P f

n n n

      =
→ ∞

−
→ ∞

= − =lim ( / )

tan ( / )
lim

n

n

n n n

π
π

π4

4 4
1 0 1

∵

lim tan

θ
θ

θ→
=









0

1

and ∫ =
→ ∞

=
→ ∞

+





=
0

2

4 4
1 1

π π π/ lim
( , ) lim cot .f

n
U P f

n n n

Since ∫ ∫ ∫= ∈ 





=
0

2

0

2

0

2
0

2
1

π π ππ/ / /
, , and .f f f fR

Ex am ple 8: Let f x( ) be a func tion de fined on [ , ]0
1

4
π  by

    f x
cos x if x is rational

sin x if x is irrational
( )

,

, .
=





Show that f  is not Riemann integrable over 0
1

4
, π





⋅
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So lu tion: Con sider the par ti tion

P
n n

r

n

r

n

n

n
=

−
=








0
4

2

4

1

4 4 4 4
, , , ,

( )
, , ,

π π π π π π
… …

ob tained by dis sect ing 0
1

4
, π




 into n equal parts.

Then for any subinterval 
( )

, , , , ,
r

n

r

n
r n

−





=
1

4 4
1 2

π π
… , we have

m
r

n
M

r

n
x

n
r r r=

−
=

−
= ⋅sin

( )
and cos

( )
,

1

4

1

4 4

π π π∆

Hence   L P f m x
r

n nr

n

r r
r

n
( , ) sin

( )
= =

−
⋅

= =
Σ Σ

1 1

1

4 4
∆

π π
 

        = + +
−





π π π
4 4

1

4n n

n

n
sin sin

( )
…

        = ⋅

+
−

⋅





⋅
π

π π π

π4

4

2

2 4 8

8
n

n

n

n

n

n

n

sin sin

sin
[sum ming up the se ries]

        = ⋅
( / )

sin ( / )
sin

π
π

π8

8
2

8
2n

n

and          U P f M x
r

n nr

n

r r
r

n
( , ) cos

( )
= =

−
⋅

= =
Σ Σ

1 1

1

4 4
∆

π π

            = + + +
−





π π π
4

0
4

1

4n n

n

n
cos cos cos

( )
…

            = ⋅

−
⋅



π

π π

π4

1

2 4 8

8
n

n

n

n

n

n

cos sin

sin
[sum ming up the se ries]

       = ⋅
−

⋅ ⋅
( / )

sin ( / )
cos

( )
sin

π
π

π π8

8
2

1

8 8

n

n

n

n

Hence  ∫ =
→

=
→ ∞0

4

0

π / lim
|| ||

( , ) lim ( , )f
P

L P f
n

L P f

          = ⋅ = = −



→ ∞
lim

( / )

sin ( / )
sin sin cos

n

n

n

π
π

π π π8

8
2

8
2

8
1

4
2 2



          = −
√

1
1

2

and ∫ =
→ ∞0

4π / lim
( , )f

n
U P f  

          =
→ ∞

⋅
−

⋅
lim ( / )

sin ( / )
cos

( )
sin

n

n

n

n

n

π
π

π π8

8
2

1

8 8

          =
→ ∞

⋅ −





lim ( / )

sin ( / )
cos sin

n

n

n n

π
π

π π8

8
2

8
1

1

8
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          = = =
√

⋅2
8 8 4

1

2
cos sin sin

π π π

Since ∫ ∫≠
0

4

0

4π π/ /
,f f f  is not Riemann integrable over 0

4
,

π





⋅

Ex am ple 9: Let f  be a func tion on [ , ]0 1  de fined by

f x
if x

if x

( ) =
≠

= ⋅










1
1

2

0
1

2

Show that f ∈ R [ , ]0 1  and find 
0

1

∫ f .

So lu tion: Ob vi ously f x( ) is bounded in [ , ]0 1 since

0 1≤ ≤f x( ) V x ∈[ , ]0 1.

Let P be a partition of [ , ]0 1 such that the point 
1

2
 belongs to the open interval ] , [ .x xs s−1

Then we have (with usual notations)

m Mr r= = 1 for r n= 1 2, , ,…  

and r s m Ms s≠ = =, , .0 1

Now U P f L P f( , ) ( , )−  

         = − + − −
=
≠

−Σ ∆
r

n

r s

r r r s s s sM m x M m x x
1

1( ) ( ) ( )

         = − − + − −
=

− −Σ
r

n

r r s sx x x x
1

1 11 1 1 0( ) ( ) ( ) ( )

         = − −x xs s 1 . ...(1)

Let ε > 0 be given. Then we choose a partition P such that the point 
1

2
 is an interior point 

of one of the subintervals whose length is less than ε. Then, it follows from (1) that

U P f L P f( , ) ( , ) .− < ε
Hence, by the o rem of ar ti cle 6, f ∈ R [ , ]0 1.

Now to find 
0

1

∫ f , it is enough to find ∫ ∫
0

1

0

1
f for .

We calculate ∫0

1
f . For any partition P, we have

U P f M x x x
r

n

r r
r

n

r
r

n

r( , ) .= = =
= = =
Σ Σ Σ

1 1 1
1∆ ∆ ∆

         = length of the in ter val [ , ] .0 1 1=

Hence    ∫ =
→ ∞

=
0

1
1f

n
U P f

lim ( , ) .

Thus f f f∈ = =∫ ∫R [ , ] and .0 1 1
0

1

0

1
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Ex am ple 10: If f x x x( ) = + 2 for ra tio nal val ues of x in the in ter val [ , ]0 2  and 

f x x x( ) = +2 3 for ir ra tio nal val ues of x in the same in ter val, eval u ate the up per and the lower

Riemann integrals of f  over [ , ]0 2  . (Purvanchal 2007)

So lu tion: We have ( ) ( ) ( )x x x x x x x x+ − + = − = −2 2 3 3 21

so that ( ) ( )x x x x x+ − + > < <2 2 3 0 0 1if

and        < < <0 1 2if x .

If P is any partition of [ , ]0 2 , then any subinterval of P, however small it may be, will

contain rational as well as irrational points.

With usual notations, we have for all values of r 

M x xr = + 2, if 0 1< <x

   = +x x2 3,  if 1 2< <x

and   m x xr = +2 3,   if 0 1< <x

     = +x x2,  if 1 2< <x .

Hence ∫ ∫ ∫= + + +
0

2

0

1 2
1

2 2 3f x dx x x dx x x dx( ) ( ) ( )

          = +












+ +












x x x x2 3

0

1 3 4

1

2

2 3 3 4

          = +





− + +





− +





= =1

2

1

3
0

8

3

16

4

1

3

1

4

83

12
6

11

12

and   ∫ ∫ ∫= + + +
0

2

0

1 2 3
1

2 2f x dx x x dx x x dx( ) ( ) ( )

          = +












+ +












x x x x3 4

0

1 2 3

1

2

3 4 2 3

               = + + + − − = = ⋅1

3

1

4

4

2

8

3

1

2

1

3

53

12
4

5

12

Ex am ple 11: Find the up per and lower R-integrals for the func tion f  de fined on [ , ]0 1  as fol lows:

f x
x if x is rational

x if x is irrational
( )

( ) ,

( ) , .
= √ −

−




1

1

2



So lu tion: Here we have

( ) ( ) ( ) ] , [1 1 2 2 2 1 0 0 12 2 2− − − = − = − > ∈x x x x x x xV

i e. ., √ − > − ∈( ) ( ) ] , [.1 1 0 12x x xV

With usual notations, we have for all values of r

M x m xr r= √ − = −( ) and ( ).1 12

Hence ∫ ∫= − = −












= − =
0

1

0

1 2

0

1

1
2

1
1

2

1

2
f x dx x

x
( )  

R-275



and ∫ ∫= √ − = √ − +





−
0

1

0

1 2 2 1

0

1

1
1

2
1

1

2
f x dx x x x( ) ( ) sin

     = ⋅ = ⋅1

2 2 4

π π

Thus ∫ ∫≠
0

1

0

1
f f . It fol lows that f ∉ R [ , ]0 1.

7  Some Classes of Integrable Functions

Integrability of Con tin u ous Func tions: (Garhwal 2007;
 Purvanchal 07; 08, 10; Rohilkhand 11; Gorakhpur 10, 13, 15)

The o rem 1: If f  is con tin u ous on [ , ] ,a b  then f a b∈ R [ , ].

Proof: Since f  is con tin u ous on [ , ],a b f  is bounded on [ , ]a b . Also since f  is

con tin u ous on a closed and bounded in ter val [ , ],a b f  is uni formly con tin u ous on [ , ]a b .

Hence for any given ε > 0, there ex ists a δ > 0 such that for all points x x′ ′ ′,  of [ , ]a b

| ( ) ( )|f x f x
b a

′ − ′ ′ < ε
−

 when ever | |x x′ − ′ ′ < δ. ...(1)

Let P a x x x bn= = ={ }0 1, , ,…  be a partition of [ , ]a b  with

|| ||P < δ.

Since f  is continuous on [ , ]x xr r−1  it attains its infimum mr and supremum Mr at some

points cr and dr of [ , ]x xr r−1  respectively so that

 m f c M f dr r r r= =( ) and ( ). ...(2)

Since | |c dr r− < δ, therefore from (1), we get

| ( ) ( )| / ( )f c f d b ar r− < ε − .

But | ( ) ( )| ( ) ( )f c f d f d f cr r r r− = − [ ( ) ( )]∵ f d f cr r≥

   = −M mr r .

Thus M m b a r nr r− < ε − =/ ( ), , , , .1 2…

Now for the partition P of [ , ]a b , we have

0
1

≤ − = −
=

U P f L P f M m x
r

n

r r r( , ) ( , ) ( )Σ ∆

   < ε −
=
Σ

r

n

rb a x
1

{ }/ ( ) ∆

      = ε
−

= ε
−

⋅ − = ε
=b a

x
b a

b a
r

n

rΣ
1

∆ ( ) .

Hence by the o rem of ar ti cle 6, f  is R-integrable over [ , ]a b ,

i e. ., f a b∈ R [ , ].

Note: There ex ist func tions which are integrable but not con tin u ous. So, con ti nu ity is 

a suf fi cient con di tion but not nec es sary for integrability.
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Integrability of Monotonic Functions:

The o rem 2: If f  is monotonic on [ , ]a b , then f a b∈ R [ , ].
(Garhwal 2007; Purvanchal 08, 12; Rohilkhand 10)

Proof: Sup pose f  is monotonic in creas ing on [ , ]a b .

Then f a( ) ≤ f x( ) ≤ f b x a b( ) [ , ]V ∈ .

∴ f  is bounded on [ , ]a b  and inf f f a= ( ), sup f f b= ( ).

Let ε > 0 be given and P a x x x x bn= = ={ }0 1 2, , , ,…  be a partition of [ , ]a b  with  

|| || / [ ( ) ( ) ].P f b f a≤ ε − + 1

If m Mr rand  be the inf and sup of f  on Ir , then m f xr r= −( )1  and M f xr r= ( ) because 

f  is monotonic increasing on [ , ].a b

Hence U P f L P f M m x
r

n

r r r( , ) ( , ) ( )− = −
=
Σ

1
∆

= −
=

−Σ
r

n

r r rf x f x x
1

1[ ( ) ( )] ∆

≤ − ⋅ ε
− +=

−Σ
r

n

r rf x f x
f b f a1

1
1

[ ( ) ( )]
( ) ( )

= ε
− +

−
=

−
f b f a

f x f x
r

n

r r
( ) ( )

[ ( ) ( )]
1 1

1Σ

= ε
− +

− + − +
f b f a

f x f x f x f x
( ) ( )

[ ( ) ( ) ( ) ( )
1

1 0 2 1 … 

+ − −f x f xn n( ) ( )]1

= ε
− +

−
f b f a

f b f a
( ) ( )

[ ( ) ( )]
1 [ ( ) ( ), ( ) ( )]∵ f x f a f x f bn0 = =

< ε.
It fol lows from the the o rem of ar ti cle 6 that f a b∈ R [ , ].

If f  is monotonic decreasing on [ , ]a b , then − f  is monotonic increasing on [ , ]a b  and so 

− ∈f a bR [ , ].

∴ ∫ ∫− = −
a

b

a

b
f x dx f x dx( ) ( )  

i e. ., − = −∫ ∫
a

b

a

b
f x dx f x dx( ) ( )

or    ∫ ∫=
a

b

a

b
f x dx f x dx( ) ( )   

 i e. .,   f  is R-integrable on [ , ]a b .

Hence if f  is monotonic on [ , ], [ , ]a b f a b∈ R .

Note: If we had taken f b f a( ) ( )−  in stead of f b f a( ) ( )− + 1, the proof would not

have been valid when f b f a( ) ( )− = 0 i.e., when f  is a con stant func tion. It is to in clude 

this case that we have used this ar ti fice.
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The o rem 3: If the set of points of dis con ti nu ity of a bounded func tion f  de fined on [ , ]a b  is

fi nite, then f a b∈ R [ , ]. (Garhwal 2012)

Proof: Since f  is discontinuous on [ , ]a b , the supremum M and the infimum m of f  in 
[ , ]a b  are not equal i e M m. ., .− ≠ 0

Let  { , , , }c c cp1 2 …  be the finite set of points of discontinuity of f  in [ , ]a b , where 

c c cp1 2< < <… . Let ε > 0 be given. We enclose the points c c cp1 2, , ,…  respectively in p

mutually disjoint intervals

[ , ], [ , ], , [ , ]a b a b a bp p1 1 2 2 … ...(1)

such that the sum of their lengths is < ε −/ ( )2 M m .

Now f  is con tin u ous on each of the subintervals

[ , ], [ , ], [ , ], , [ , ].a a b a b a b bp1 1 2 2 3 … ...(2)

Consequently, there exist partitions P r pr , , , ,= +1 2 1…  respectively, of the

subintervals in (2) such that, using theorem 1 of article 7,

ω < ε
+

( , )
( )

P f
p

r
2 1

 for r p= +1 2 1, , , .…

Now con sider the par ti tion P of [ , ]a b  de fined by

P P r pr= ∪ = +{ }: , , ,1 2 1… .

The subintervals of P can be di vided into two groups :

(i) all the subintervals of P r pr , , , ,= +1 2 1…

(ii) all the subintervals given in (1).

Corresponding to these two groups of subintervals we have two contributions to the

oscillatory sum ω ( , )P f .

The total contribution to the oscillatory sum ω ( , )P f  of the subintervals in (i) is

< ε
+

+ = ε ⋅
2 1

1
2( )

( )
p

p

Also since the oscillation of f  in each of the subintervals in (ii) is ≤ −M m, the total

contribution to the oscillatory sum ω ( , )P f  of the subintervals in (ii) is

< ε
−

⋅ − = ε ⋅
2 2( )

( )
M m

M m

∴ for the par ti tion P of [ , ]a b , we have

ω < ε + ε = ε( , ) / / .P f 2 2

Thus for each ε > 0 there ex ists a par ti tion P of [ , ]a b  such that

0 ≤ < εω ( , ) .P f

Hence f a b∈ R [ , ], by the o rem of ar ti cle 6.

The o rem 4: If the set of points of dis con ti nu ity of a bounded func tion f  de fined on [ , ]a b  has

only a fi nite num ber of limit points then f a b∈ R [ , ].

Proof: Since f  is dis con tin u ous on [ , ]a b , the supremum M and the infimum m of f  in 

[ , ]a b  are not equal i e. ., M m− ≠ 0.
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Let { }α α α1 2, , ,… p  be the finite set of limit points of the set of the points of

discontinuity of f  in [ , ]a b , where α α α1 2< < <… p . Let ε > 0 be given. We enclose the

points α α α1 2, , ,… p respectively in p mutually disjoint intervals

[ , ], [ , ], , [ , ]a b a b a bp p1 1 2 2 … ...(1)

such that the sum of their lengths is < ε −/ ( )2 M m .

In each of the re main ing p + 1 subintervals

[ , ], [ , ], [ , ], , [ , ]a a b a b a b bp1 1 2 2 3 … ...(2)

f  has only a finite number of points of discontinuity because none of these p + 1

sub-intervals contains a limit point of the set of points of discontinuity of f .

Hence, by the previous theorem, there exist partitions Pr , r p= +1 2 1, , ,…  respectively

of the subintervals in (2) such that

ω < ε
+

= +( , )
( )

, , ,P f
p

r pr
2 1

1 2 1for … .

Now con sider the par ti tion P of [ , ]a b  de ter mined by

P P r pr= ∪ = +{ }: , , ,1 2 1… .

The subintervals of P can be di vided into two groups :

(i) all the subintervals of P r pr , , , ,= +1 2 1… .

(ii) all the subintervals given in (1).

The total contribution to the oscillatory sum ω ( , )P f  of the subintervals in (i) is

< ε + + = ε{ }/ ( ) . ( ) / .2 1 1 2p p

Also since the oscillation of f  in each of the subintervals in (ii) is ≤ −M m, the total

contribution to the oscillatory sum ω ( , )P f  of the subintervals in (ii) is

< ε − − = ε{ }/ ( ) . ( ) / .2 2M m M m

Thus for any ε > 0, there ex ists a par ti tion P of [ , ]a b  such that 

ω < ε + ε = ε( , ) / /P f 2 2 .

Hence, by the o rem of ar ti cle 6, f a b∈ R [ , ].

Ex am ple 12: A func tion f  is de fined on [ , ]0 1  by

f x for xn n( ) / /= < ≤+1 2 1 2 1 1 2 0 1 2/ , , , , ....n n =

and f ( ) .0 0=   Show that f ∈ R [ , ]0 1  and cal cu late the value of

0

x
f t dt∫ ( )

where x lies between 1 2 1 2 1/ /m mand − . (Garhwal 2007)

So lu tion: Here, for n = 1 2 3, , , ..., we have f
n n

1

2
0

1

2 1
+





= −  and f
n n

1

2
0

1

2
−





= ,

which shows that the func tion f x( ) is dis con tin u ous at x n= 1 2/ , n = 1 2 3, , ,….  
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Also for n = 0, f f
n

1

2
1 1







= =( )

and f
n

1

2
0 1−





=  so that f x( ) is continuous at x = =1

2
1

0
.

Thus the points of discontinuity of f  are
1

2

1

2

1

2

1

22 3
, , , , ,… …

n

Since the set of these points of discontinuity of f  has only one limiting point at x = 0, it
follows from theorem 4 of article 7 that f ∈ R [ , ]0 1.

Now 
0 1 2 1 2

1 2

1 2

1 2
1 2

1x x
f t dt f f fm m

m

m

m

∫ ∫ ∫ ∫= + + ++ +

+
( )

/ /

/

/

/
…

           = + + +∫ ∫ ∫− ++ +

+

1 2 1 1 2

1 2

1 2

1 2

1
1

2

1

2

1

2
1 2

1

/ /

/

/

/
m m

m

m

mx

m m m
…

             = −





+ −



− +

1

2

1

2

1

2

1

2

1

21 1m m m m m
x

+ −





++ + +
1

2

1

2

1

21 1 2m m m
…

            = −





+ + + +− + + +
1

2

1

2

1

2

1

2

1

21 2 1 2 3 2 5m m m m m
x …

            = − +
−

− −

+x
m m

m

2

1

2

1 2

1
1

4

1 2 1

2 1/

 (Sum ming up the in fi nite G.P.)

            = − + = − ⋅− − − − −
x x

m m m m m2

1

2

1

3 2 2

1

3 21 2 1 2 1 1 2 2. .

Ex am ple 13: Let the func tion f  be de fined on [ , ]0 1  as fol lows :

        f x rx( ) = 2   when 
1

1r
x

+
< ≤ 1

r
,  r = 1 2 3, , ,…

Prove that f  is R-integrable in [ , ]0 1  and evaluate 
0

1

∫ f x dx( )  .

(Rohilkhand 2010; Gorakhpur 13)

So lu tion: The given func tion f  is not de fined for x = 0. We may, how ever, de fine f  at

this point in any man ner we like pro vided f  re mains bounded.

Here f x x( ) = 2  when  
1

2
< ≤x 1

f x x( ) = 4     when 
1

3
< ≤x

1

2

… … … … … … … … … … … … …

f x r x( ) ( )= −2 1  when 
1

r
x< ≤ 1

1r −

f x rx( ) = 2         when 
1

1r
x

+
< ≤ 1

r

… … … … … … … … … … … … … 
For  r = 2 3 4, , , ..., we have 
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f
r h

r
r

h
r

1
0

0
2 1

1
2

2+





=
→

− +





= −
lim

( )

and f
r h

r
r

h
1

0
0

2
1

2−





=
→

−





=
lim

.

Since f
r

f
r

f
1

0
1

0+





≠ −





,  is not con tin u ous at x r= 1 / .

Also f f
h

h( ) and ( )
lim

( )1 2 1 0
0

2 1 2= − =
→

− = , so that f  is con tin u ous at x = 1.

Thus the given function f  is not continuous at x r= 1 / , r = 2 3 4, , ,… and the set of

points of discontinuity 
1

2

1

3

1

4
, , ,… of f  has only one limit point at x = 0. Consequently,

by theorem 4 of article 7, the given function is R-integrable.

Now
1 1

1

1 2

1

1 3

1 2

1 4

1 3

1 1/( ) / /

/

/

/

/( )
( )

n n
f x dx f f f

+ +∫ ∫ ∫ ∫= + + + +…
1/n

f∫
                  =

= +∫Σ
r

n

r

r
f

1 1 1

1

/( )

/
. ...(1)

We have  
1 1

1

1 1

1 2
1 1
12

/( )

/

/( )

/
/( )
/( ) [ ]

r

r

r

r

r
rf x dx rx dx rx

+ + +∫ ∫= =

    = −
+













⋅r
r r

1 1

12 2( )
...(2)

Putting r n= 1 2, , ,…  in (2) and then adding the partial integrals, in view of (1), we have

1 1

1

2 2 2 2 2
1

1

1

1

2
2

1

2

1

3
3

1

3/( )
( )

n
f x dx

+∫ = −





+ −





+ −





+ …1

42

+ −
+













n
n n

1 1

12 2( )

    = + + + + + −
+

1

1

1

2

1

3

1

4

1

12 2 2 2 2 2
…

n

n

n( )

    = −
+





⋅
=
Σ

r

n

r

n

n

1 2 2
1 1

1
1

/

Letting n tend to infinity, we get

0

1

1 2 1 2

21
0

1

6∫ = − = = ⋅
∞ ∞

f x dx
r r

( ) Σ Σ π

Ex am ple 14: A func tion f  is de fined on [ , ]0 1  by

f x n( ) /= 1 for 1 1/ ( )n x+ < ≤ 1 / ,n n = 1 2 3, , , .... and f ( )0 0= .

Prove that f ∈ R [ , ]0 1  and eval u ate 
0

1

∫ f x dx( ) .

So lu tion: It can be eas ily seen that the points of dis con ti nu ity of f  are 
1

2

1

3

1

4
, , ,… .

Since the set of points of discontinuity of f  has only one limit point at x = 0, it follows
from theorem 4 of article 7 that f ∈ R [ , ].0 1
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Now as in the previous example,

0

1

1 1 1

1

1

1 1∫ ∫=
→ ∞

=
→ ∞= + =

f x dx
n r

dx
n rr

n

r

r

r

n
( ) lim lim

/( )

/
Σ Σ 1 1

1r r
−

+








  

=
→ ∞

−





+ −





+ + −
+











lim
n n n n

1
1

2

1

2

1

2

1

3

1 1 1

1
…











=
→ ∞

+ + + +





− + + + +
+

lim

. . . (n n n n
1

1

2

1

3

1 1

2

1

23

1

34

1
2 2 2

… …

1)























=
→ ∞

+ + +





− + − + − + … + −
+

lim

(n n n n
1

1

2

1 1

2

1

2

1

3

1

3

1

4

1 1

12 2
…

)























=
→ ∞

+ + +





− −
+























= −lim
n n n

1
1

2

1
1

1

1 62 2

2
…

π
1.

∵ … …the series converges  to1 +
1

2
+ +

1
+

2 2n

π2

6













Ex am ple 15: Let a func tion f  be de fined on [ , ]0 1  as fol lows :

If x is irrational let f x( ) ,= 0  if x is a rational number p q/  in its lowest terms, let f x q( ) /= 1 ,

also let f f( ) ( ) .0 1 0= =  Show that f  is integrable over [ , ]0 1  and 
0

1
0∫ =f x dx( ) .

So lu tion: Ev i dently, the func tion f  is bounded on [ , ]0 1. Let ε > 0 be given. Then there

ex ist only a fi nite num ber of frac tions 
1

q
 such that 

1

2q
> ε

, for 
1

2q
> ε

 iff q <
ε
2

 and ε be ing

given, 
2

ε
 is fi nite. We en close these ex cep tional points, in or der, in mu tu ally dis joint

closed intervals

[ , ], [ , ], , [ , ]a b a b a bm m1 1 2 2 … ...(1)

such that the sum of their lengths is less than ε / .2  On the remaining sub-intervals

[ , ], [ , ], [ , ], , [ , ]b a b a b a b am m0 1 1 2 2 3 10 1= =+… ...(2)

at each point the value of f  is < ε / .2  

It is obvious that the oscillation of f  in each of the subintervals (1) cannot exceed 1 and

the oscillation of f  in each of the sub-intervals (2) is less than ε / 2. Thus for the

partition

P b a b a b a b bm m m= = =+{ }0 10 1 1 2 2 1, , , , , , , ,…

we have, ω = −( , ) ( , ) ( , )P f U P f L P f

        < − + ε −
= =

+Σ Σ
r

m

r r
r

m

r rb a a b
1 0

11
2

.( ) ( )

        < ε + ε = ε1

2

1

2
.

   

∵ Σ Σ
r

m

r r
r

m

r rb a a b
= =

+− < ε − <










1 0
1

2
1( ) , ( )
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Thus for a given ε > 0 there exists a partition P such that ω < ε( , )P f .

Hence f ∈ R [ , ].0 1

Also since for ev ery par ti tion P L P f, ( , ) = 0, we have 

0

1

0

1
0∫ ∫= =f f .

8  Algebra of Integrable Functions

Def i ni tion: If b a< , we de fine 
a

b
f∫  to be − ∫b

a
f  pro vided that f a b∈ R [ , ].

Also by definition, we write 
a

a
f∫ = 0.

The o rem 1: Let f a b∈ R [ , ] and let m M,  be bounds of f  on [ , ]a b .  Then

m b a( )− ≤
a

b
f x dx∫ ≤( ) M b a( )−  if b a≥ ,

m b a f x dx M b a if b a
a

b
( ) ( ) ( ) .− ≥ ≥ − ≤∫ (Purvanchal 2008)

Proof: If a b= , the re sult is triv ial. Let b a> . Then by the o rem 1 of ar ti cle 2, we have

for all par ti tions P of [ , ]a b ,

m b a( )− ≤ L P f( , ) ≤ U P f( , ) ≤ M b a( )−
or m b a( )− ≤ L P f( , ) ≤ M b a( )−
or m b a( )− ≤ supL P f( , ) ≤ −M b a( )

or m b a( )− ≤ ∫ ≤
a

b
f M b a( )−

or m b a( )− ≤ 
a

b
f∫ ≤ M b a( )− . ∵ ∫ ∫=



a

b

a

b
f f

Now let b a<  so that a b> . Hence, as proved above we get

m a b( )− ≤ 
b

a
f∫ ≤ M a b( )−

⇒ − − ≤m b a( ) − ≤∫a
b

f − −M b a( ), by the def i ni tion men tioned above

⇒ m b a f M b a
a

b
( ) ( ).− ≥ ≥ −∫

Cor ol lary 1: Let f a b∈ R [ , ]. Then there ex ists a num ber µ ly ing be tween the bounds 

m and M of f  such that 
a

b
f x dx b a∫ = −( ) ( ).µ

(Purvanchal 2011)

This result is known as the first mean value theorem of integral calculus.

Cor ol lary 2: Let f  be con tin u ous on [ , ]a b . Then there ex ists a point c a b∈[ , ] such that

a

b
f x dx b a f c∫ = −( ) ( ) ( ).

Proof: Since f  is con tin u ous, f a b∈ R [ , ]. There fore, by Cor ol lary 1, there ex ists a

num ber µ ly ing be tween m Mand , such that

a

b
f x dx b a∫ = −( ) ( ).µ
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Now f  being continuous on [ , ]a b , so it takes every value between its bounds m Mand  

i e. ., in particular it takes the value µ lying between m Mand . Consequently there is a

point c a b∈[ , ] such that f c( ) = µ and hence

a

b
f x dx b a f c∫ = −( ) ( ) ( ).

Cor ol lary 3: Let f a b∈ R [ , ] and let K be a num ber such that 

| ( )|f x ≤ K x a bV ∈[ , ].

Then 
a

b
f x dx∫


 


≤( ) K b a| |− .

(Purvanchal 2010)

Proof: The re sult is triv ial when a b= . Let m M,  be the bounds of  f a bon [ , ].

Let b a> . We have, for all x a b∈[ , ]

| ( )|f x ≤ K K⇒ − ≤ f x( ) ≤ K ⇒ − ≤ ≤ ≤ ≤K m f x M K( )

⇒ − − ≤K b a( ) m b a( )− ≤
a

b
f x dx∫ ≤( ) M b a( )− ≤ K b a( )−

⇒ 
a

b
f x dx∫


 


≤( ) K b a( )− . ...(1)

Now let b a<  so that a b> .

Then we get from (1) that

b

a
f x dx∫


 


≤( ) K a b f x dx

a

b
( ) ( )− ⇒ −


 


≤∫ K a b( )−  

⇒
a

b
f x dx∫


 


≤( ) K a b( ).−  ...(2)

Hence, from (1) and (2), we get

a

b
f x dx∫


 


≤( ) K b a| |.−

Cor ol lary 4: Let f a b∈ R [ , ] and let f x x a b( ) [ , ].≥ ∈0 V  Then 

a

b
f x dx∫ ≥( ) 0 if b a and≥

a

b
f x dx∫ ≤( ) 0 if b a≤ .

Proof: Since f x x a b( ) [ , ]≥ ∈0 V , hence, m ≥ 0.

If b a≥ , then from the first result of the above theorem, we get

a

b
f x dx m b a∫ ≥ − ≥( ) ( ) 0

and if b a≤ , then from the second result of the above theorem, we get

a

b
f x dx∫ ≤( ) m b a( ) .− ≤ 0       [ and ]∵m b a≥ − ≤0 0

Cor ol lary 5: Let f g a b, [ , ]∈ R . Then

f g
f x dx g x dx if b a

f x dx g x dx if b

a

b

a

b

a

b

a

b
≥ ⇒

≥ ≥

≤

∫ ∫
∫ ∫

( ) ( )

( ) ( ) ≤







 a.

Proof: We have

f g f x g x x a b≥ ⇒ − ≥ ∈[ ( ) ( )] [ , ]0 V
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⇒
a

b
f x g x dx∫ − ≥ ≤[ ( ) ( )] 0 0or  

ac cord ing as b a b≥ ≤or a by Cor ol lary 4,

⇒
a

b

a

b
f x dx g x dx∫ ∫−





≥ ≤( ) ( ) 0 0or

⇒
a

b

a

b
f x dx g x dx∫ ∫≥( ) ( )   or  

a

b

a

b
f x dx g x dx∫ ∫≤( ) ( )

according as b a≥  or b a≤ .

The o rem 2: If f a b∈ R [ , ] and K ∈ R , then Kf a b∈ R [ , ] and 

a

b

a

b
K f x dx K f x dx∫ ∫=( ) ( ) .

Proof: If K = 0, the the o rem is ob vi ous. Sup pose that K ≠ 0. Since f a b∈ R [ , ], f  is

bounded on [ , ]a b  and

∫ ∫ ∫= =
a

b

a

b

a

b
f x dx f x dx f x dx( ) ( ) ( ) . ...(1)

We know that | | | | | |K f K f= ⋅ , so that Kf  is bounded on [ , ]a b .

Let P a x x x bn= = ={ }0 1, , ,…  be any partition of [ , ] anda b  mr and Mr be the infimum

and supremum of f  in [ , ].x xr r−1

Case I: Let K > 0. Then K m K Mr rand  are the inf and sup of K f  in [ , ]x xr r−1 . So

we have

∫ =
a

b
Kf x dx( ) sup Σ ∆

r

n

r rK m x
=











1

           =








 =

= ∫K m x K f x dx
r

n

r r
a

b
sup Σ ∆

1
( ) ...(2)

          = ∫K f x dx
a

b
( ) ,   us ing (1)

           =








 =











= =
K M x K M x

r

n

r r
r

n

r r. inf infΣ Σ
1 1

∆ ∆  

            = ∫
a

b
K f x dx( ) .

Thus ∫ ∫=
a

b

a

b
K f x dx K f x dx( ) ( ) .

Hence Kf a b∈ R [ , ].

Also from (2), we have

∫ ∫=
a

b

a

b
K f x dx K f x dx( ) ( )

⇒
a

b

a

b
K f x dx K f x dx∫ ∫=( ) ( ) . [ [ , ] and [ , ]]∵ f a b K f a b∈ ∈R R

Case II: Let K < 0. Then K M K mr rand  re spec tively de note the inf and sup of K f

in [ , ]x xr r−1 . We have

∫ =
a

b
Kf x dx( ) sup Σ ∆

r

n

r rK M x
=











1
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           =










=
K M x

r

n

r rinf Σ
1

∆ , as K < 0

           = =∫ ∫K f x dx K f x dx
a

b

a

b
( ) ( )  ...(3)

           = K sup Σ ∆
r

n

r rm x
=











1
 =











=
inf Σ

r

n

r rKm x
1

∆ , as K < 0

           = ∫a
b

K f x dx( ) .

Thus in this case, ∫ ∫=
a

b

a

b
K f x dx K f x dx( ) ( ) .

Hence Kf a b∈ R [ , ]. Also from (3), we  have

∫ ∫=
a

b

a

b
K f x dx K f x dx( ) ( )

⇒ 
a

b

a

b
K f x dx K f x dx∫ ∫=( ) ( ) .   [ [ , ] and [ , ]]∵ f a b Kf a b∈ ∈R R

The o rem 3: Let a c b< < . Then f a b∈ R [ , ] iff f a c∈ R [ , ] and f c b∈ R [ , ].  In ei ther case

    
a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( ) .

(Gorakhpur 2015)

Proof: Ob vi ously f  is bounded on [ , ]a c  and [ , ]c b  iff f  is bounded on [ , ]a b .

Let f a b∈ R [ , ]. Then for a given ε > 0, there is a partition P of [ , ]a b  such that

U P f L P f( , ) ( , )− < ε. ...(1)

Let P P c* = ∪ { }. Then P* is also a partition of [ , ]a b  and it is a refinement of P so that

U P f L P f( , ) ( , )* *− ≤ U P f L P f( , ) ( , )− < ε. ...(2)

Let P P1 2and  be the partitions of [ , ] and [ , ]a c c b  respectively such that P P P* .= ∪1 2

Then

U P f L P f U P f U P f( , ) ( , ) [ ( , ) ( , )]* *− = +1 2  

        − +[ ( , ) ( , )]L P f L P f1 2

= − + −[ ( , ) ( , )] [ ( , ) ( , )]U P f L P f U P f L P f1 1 2 2

< ε,  by (2).

Since each of [ ( , ) ( , )] and [ ( , ) ( , )]U P f L P f U P f L P f1 1 2 2− −  is ≥ 0, each of them is 

less than ε.
Hence f a c f c b∈ ∈R R[ , ] and [ , ].

Also U P f U P f U P f( , ) ( , ) ( , )* = +1 2

⇒ inf inf infU P f U P f U P f( , ) ( , ) ( , )* = +1 2

⇒ ∫ ∫ ∫= +
a

b

a

a

c

b
f x dx f x dx f x dx( ) ( ) ( )

⇒
a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( ) .

[ [ , ], [ , ], [ , ] ]∵ f a b f a c f c b∈ ∈ ∈R R R
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Conversely, let f a c f c b∈ ∈R R[ , ] and [ , ].

Then given ε > 0, there exist partitions P P1 2and  of [ , ]a c  and [ , ]c b  respectively such that

U P f L P f( , ) ( , ) /1 1 2− < ε  

and U P f L P f( , ) ( , ) / .2 2 2− < ε
Let P P P= ∪1 2 , then P is partition of [ , ]a b .

Now    U P f L P f U P f U P f( , ) ( , ) [ ( , ) ( , )]− = +1 2  − +[ ( , ) ( , )]L P f L P f1 2

       = − + −[ ( , ) ( , )] [ ( , ) ( , )]U P f L P f U P f L P f1 1 2 2

      < ε + ε = ε/ / .2 2

Hence f a b∈ R [ , ]. The remaining part of the theorem can be proved as before.

The o rem 4: If f g a b then f g a b, [ , ] [ , ]∈ ± ∈R R  

and 
a

b

a

b

a

b
f x g x dx f x dx g x dx∫ ∫ ∫± = ±[ ( ) ( )] ( ) ( ) .

Proof: Since f g a b, [ , ]∈ R , for a given ε > 0, there ex ist par ti tions P P1 2and  of [ , ]a b

such that

U P f L P f

U P g L P g

( , ) ( , ) /

and ( , ) ( , ) /
1 1

2 2

2

2

− < ε
− < ε




 ....(1)

Let  P P P= ∪1 2 , then P is a common refinement of P P1 2and  and it is a partition of 

[ , ]a b . We have

U P f g L P f g( , ) ( , )+ − +
≤ + − +[ ( , ) ( , )] [ ( , ) ( , )]U P f U P g L P f L P g ,

[by the o rem 5, ar ti cle 2]

= − + −[ ( , ) ( , )] [ ( , ) ( , )]U P f L P f U P g L P g

< ε + ε = ε/ /2 2 , by (1).

Since U P f g L P f g f g a b( , ) ( , ) , [ , ].+ − + < ε + ∈ R

Again, by the second definition of Riemann integrability, f g a b, [ , ]∈ ⇒R  for every 

ε > 0 there exists a δ > 0 such that for every partition P of [ , ]a b  with || ||P ≤ δ and for

every choice of ξ ∈ −r r rx x[ , ]1 ,

Σ
r

n

r r a

b
f x f x dx

=
ξ −


 


< ε∫1

2( ) ( ) /∆  ...(2)

and Σ
r

n

r r a

b
g x g x dx

=
ξ −


 


< ε∫1

2( ) ( ) /∆ ...(3)

From (2) and (3), we get

Σ
r

n

r r r a

b

a

b
f g x f x dx g x dx

=
ξ + ξ − +








 ∫ ∫1

[ ( ) ( )] ( ) ( )∆ 


< ε.

Since ε > 0 is arbitrary,

a

b

a

b

a

b
f x g x dx f x dx g x dx∫ ∫ ∫+ = +[ ( ) ( )] ( ) ( ) .

Similarly we can prove the result for the difference f g−  of the functions f gand .
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Lemma: Let f  be a bounded func tion with bounds m and M de fined on [ , ]a b . Then the

os cil la tion M m−  of f on a b[ , ] is the supremum of the set

{ }| ( ) ( )|: , [ , ]f x f y x y a b− ∈
of num bers.

The o rem 5: If f a b g a b∈ ∈R R[ , ], [ , ] , then fg a b∈ R [ , ].

(Garhwal 2010; Purvanchal 10; Bundelkhand 11)

Proof: Since f g a b, [ , ]∈ R , they are bounded on [ , ]a b .

So there exists a positive real number M such that

| ( )|f x ≤ M g xand| ( )|≤ M  V x a b∈[ , ].

It follows that | ( ) ( )|f x g x ≤ M2  V x a b∈[ , ].

Thus fg is bounded on [ , ]a b .

Again f g a b, [ , ]∈ ∪ ⇒ for a given ε > 0, there exist partitions P P1 2and  of [ , ]a b  such

that

U P f L P f M( , ) ( , ) /1 1 2− < ε
and U P g L P g M( , ) ( , ) / .2 2 2− < ε
Let P P P a x x x bn= ∪ = = =1 2 0 1{ }, , ,…  so that P is refinement of both P P1 2and . It

follows by theorem 3 of article 2 that

U P f L P f M

U P g L P g M

( , ) ( , ) /

and ( , ) ( , ) /

− < ε
− < ε





2

2
...(1)

Let m M m M m Mr r r r r r, ; , and ,′ ′ ′ ′ ′ ′ be respectively the bounds of fg f g, and  in the

r th interval I x xr r r= −[ , ]1 . Then for all

x y x xr r, [ , ]∈ −1 , we have

|( ) ( ) ( ) ( )| | ( ) ( ) ( ) ( )|fg y fg x f y g y f x g x− = − , by the def. of fg

= − + −| ( ) [ ( ) ( )] ( ) [ ( ) ( )]|g y f y f x f x g y g x

≤ − + −| ( )|| ( ) ( )| | ( )|| ( ) ( )|g y f y f x f x g y g x

≤ − + −M f y f x M g y g x| ( ) ( )| | ( ) ( )| ...(2)

Taking suprema of both sides of (2), we have by the lemma given above

M mr r− ≤ M M m M M mr r r r( ) ( )′ − ′ + ′ ′ − ′ ′

⇒ Σ
r

n

r r rM m x
=

−
1

( ) ∆

             ≤ ′ − ′ + ′ ′ − ′ ′
= =

M M m x M M m x
r

n

r r r
r

n

r r rΣ Σ
1 1

( ) ( )∆ ∆

or U P fg L P fg( , ) ( , )−
  ≤ − + −M U P f L P f M U P g L P g[ ( , ) ( , )] [ ( , ) ( , )]

  < ε + εM M M M( / ) ( / )2 2 , by (1)

  = ε + ε = ε/ / .2 2

Hence fg a b∈ R [ , ] by theorem of article 6.

Cor ol lary: If f a b∈ R [ , ] then f a b2 ∈ R [ , ].

R-288



The o rem 6: If f a b∈ R [ , ] then | | [ , ]f a b∈ R . (Purvanchal 2008)

Show that 
a

b
f x dx∫


 


≤( )

a

b
f x dx∫ | ( )| .

Proof: Since f a b∈ R [ , ], f  is bounded on [ , ]a b  so that there ex ists a pos i tive num ber 

k such that | ( )|f x ≤ k x a b i eV ∈[ , ] . . | ( )|f x  is bounded on [ , ]a b .

Again, since f a b∈ R [ , ], for given ε > 0 there exists a partition P of [ , ]a b  such that

U P f L P f( , ) ( , )− < ε ...(1)

Let m M m Mr r r r, and ,′ ′ be the bounds of | |andf f  respectively in  [ , ]x xr r−1 . Then

for all x y x xr r, [ , ]∈ −1 , we have 

| ( )| | ( )|f y f x−

 


≤| ( ) ( )|f y f x− ...(2)

Taking suprema of both sides of (2), we have by the lemma mentioned above

( )M mr r− ≤ ( )M mr r′ − ′  

⇒ Σ
r

n

r r rM m x
=

−
1

( ) ∆   ≤ ′ − ′
=
Σ

r

n

r r rM m x
1

( ) ∆

⇒ U P f L P f( ,| |) ( ,| |)− ≤ U P f L P f( , ) ( , )−
        < ε, by (1).

Hence | | [ , ]f a b∈ R .

Now, let f x f x f x1
1

2
( ) | ( )| ( )= +{ } 

and  f x f x f x2
1

2
( ) | ( )| ( )= −{ }.

Then | ( )| ( ) ( ); ( ) ( ) ( ).f x f x f x f x f x f x= + = −1 2 1 2

Since f x f x x a b1 20 0( ) and ( ) [ , ],≥ ≥ ∈V  we have

a

b

a

b
f x dx f x dx∫ ∫≥ ≥1 20 0( ) and ( ) .

Hence, we get

 
a

b

a

b

a

b
f x dx f x dx f x dx∫ ∫ ∫


 


= −


 


( ) ( ) ( )1 2

 ≤

 


+


 


∫ ∫a

b

a

b
f x dx f x dx1 2( ) ( )

 = +∫ ∫a

b

a

b
f x dx f x dx1 2( ) ( )

 = + =∫ ∫a

b

a

b
f x f x dx f x dx[ ( ) ( )] | ( )| .1 2

 Thus 
a

b
f x dx∫


 


≤( )  

a

b
f x dx∫ | ( )| .

Note: The con verse of the above the o rem need not be true. Con sider the func tion f

de fined on [ , ]0 1 by

f x
x

x
( ) =

−




1

1

when is rational

when is irrational.
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We have seen ear lier that f ∉ R [ , ]0 1.

But | | [ , ]f ∈ R 0 1. For, we have | ( )| [ , ]f x x= ∈1 0 1V  and we know that every constant

function is R-integrable.

9  Fundamental Theorem of Integral Calculus

(Meerut 2012)

In this section we shall establish the close relationship between the derivative and the

integral in a rigorous manner. In fact, we shall prove that integration and

differentiation are, in a certain sense, inverse operations.

In te gral func tion: Let f a b∈ R [ , ]. We de fine a new real val ued func tion F with

do main [ , ]a b  by set ting

F x f t dt a x
a

x
( ) ( ) ,= < ≤∫ b F a, ( ) .= 0

The function F is called an integral function or an indefinite integral of the

integrable function f . The function F is well defined on [ , ]a b , as f a x∈ R [ , ] where 

a x< ≤ b and the condition F a( ) = 0 is consistent with our previous definition that 

a

a
f∫ = 0.

Prim i tive: Def i ni tion: A dif fer en tia ble func tion φ de fined on [ , ]a b  such that its de riv a tive 

φ′ equals a given func tion f  on [ , ]a b  is called a prim i tive or anti-de riv a tive of f  on [ , ]a b .

If φ is a primitive of f  then φ + c will also be a primitive of f  where c is any constant.

Hence the primitive of a function is not unique.

The o rem 1: Let f a b∈ R [ , ]. Then the func tion F de fined on [ , ]a b  by

F x f t dt
a

x
( ) ( )= ∫

is con tin u ous on [ , ]a b .

Proof: Since f a b∈ R [ , ], f  is bounded on [ , ]a b . It fol lows that there ex ists a pos i tive

num ber M such that

| ( )|f t ≤ M t a bV ∈[ , ].

Let a ≤ x y< ≤ b. Then we have

| ( ) ( )| ( ) ( )F y F x f t dt f t dt
a

y

a

x
− = −


 


∫ ∫

   = +

 


∫ ∫a

y

x

a
f t dt f t dt( ) ( )      ∵

a

b

b

a
f f∫ ∫= −





   =

 


∫x

y
f t dt( )       [by the o rem 3 of ar ti cle 8]

          ≤ −M y x| |     [by Cor. 3 of the o rem 1 of ar ti cle 8]

          = −M y x( ). ...(1)

Let ε > 0 be given. Then, if | | /y x M− < ε , we conclude from (1) that 

| ( ) ( )|F y F x− < ε.
Thus given ε > 0, there exists δ ( / )= ε >M 0 such that
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| ( ) ( )|F y F x− < ε when ever | |y x− < δ V x y a b, [ , ]∈ .

Consequently the function F is uniformly continuous on [ , ]a b  and hence continuous

on [ , ].a b

Note: The above the o rem can also be stated as fol lows :

The integral of an integrable function is continuous.

The o rem 2: Let f  be con tin u ous on [ , ]a b  and let

F x f t dt x a b
a

x
( ) ( ) [ , ]= ∈∫ V .

Then F x f x x a b′ = ∈( ) ( ) [ , ].V (Gorakhpur 2015)

Proof: Let x a b∈[ , ] be fixed. Choose h ≠ 0 such that

x h a b+ ∈[ , ].

Then, we have

F x h F x f t dt f t dt
a

x h

a

x
( ) ( ) ( ) ( )+ − = −

+
∫ ∫  

      = +
+

∫ ∫a

x h

x

a
f t dt f t dt( ) ( )

      =
+

∫x

x h
f t dt( ) .

Since f  is continuous on [ , ]a b  there exists a number c in the interval [ , ]x x h+ , such that

x

x h
f t dt h f c

+
∫ =( ) ( ).           [By Cor. 2 of the o rem 1, ar ti cle 8]

We see that if h → 0, then c x→ .

Thus F x h F x h f c( ) ( ) ( )+ − =

⇒ lim ( ) ( ) lim
( )

h

F x h F x

h h
f c

→
+ −

=
→0 0

=
→
lim

( )
c x

f c  = f x( ), as f  is con tin u ous.

Hence, we get F x f x x a b′ = ∈( ) ( ) [ , ].V

Note: The fol low ing the o rem is an im prove ment on the above the o rem for only the

R-integrability of f  and the con ti nu ity of f  at the point x0 is assumed.

The o rem 3: Let f a b∈ R [ , ] and let f  be con tin u ous at x a b0 ∈[ , ]. 

If F x f t dt a
a

x
( ) ( ) ,= ≤∫ x ≤ b, then 

F x f x′ =( ) ( )0 0 .

Proof: Since f  is con tin u ous at x0 , for given ε > 0, there ex ists a δ > 0 such that

| ( ) ( )|f x h f x0 0+ − < ε ...(1)

pro vided | |h < δ and a ≤ x h0 + ≤ b.

We have F x h F x f t dt f t dt
a

x h

a

x
( ) ( ) ( ) ( )0 0

0 0+ − = −
+

∫ ∫  

       =
+

∫a
x h

f t dt0 ( )
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and     
x

x h
f x dt f x x h x h f x

0

0
0 0 0 0 0

+
∫ = + − =( ) ( ) . [( ) ] ( ).

Now 
F x h F x

h
f x

( ) ( )
( )0 0

0
+ −

−

 


 

           = −

 


+ +

∫ ∫1 1

0

0

0

0
0

h
f t dt

h
f x dt

x

x h

x

x h
( ) ( )

          = −

 


⋅

+
∫1

0

0
0

h
f t f x dt

x

x h
[ ( ) ( )] ...(2)

By virtue of (1) and (2), we get on using Cor. 3 of theorem 1 of article 8

F x h F x

h
f x

h
h

( ) ( )
( )

| |
| |0 0

0
1+ −

−

 


< ⋅ ε = ε for all h with | | .h < δ

Since ε > 0 is arbitrary, we have

lim ( ) ( )
( )

h

F x h F x

h
f x

→
+ −

=
0

0 0
0

i e. ., F x f x′ =( ) ( ).0 0

The o rem 4: (Fun da men tal the o rem of In te gral Cal cu lus): Let f  be a con tin u ous

func tion on [ , ]a b  and let φ be a dif fer en tia ble func tion on [ , ]a b  such that φ′ =( ) ( )x f x  for all 

x a b∈[ , ]. Then

a

b
f x dx b a∫ = φ − φ( ) ( ) ( ).

Proof: Let F x f t dt
a

x
( ) ( )= ∫ . Then by the o rem 2 of ar ti cle 9, we have

 F x f x x a b′ = ∈( ) ( ) [ , ].V  ...(1)

By hy poth e sis, φ′ = ∈( ) ( ) [ , ]x f x x a bV . ...(2)

From (1) and (2), we have  V x a b∈[ , ],

F x x F x x′ = φ′ ′ − φ′ =( ) ( ) ( ) ( )or 0

⇒ ( ) ( ) ( ) ( )F x F x c− φ ′ = ⇒ − φ =0  for some c ∈R

⇒ F x x c( ) ( ) .− φ =
Thus F x x c x a b( ) ( ) [ , ]= φ + ∈V .

Now F b F a b c a c b a( ) ( ) [ ( ) ] [ ( ) ] ( ) ( )− = φ + − φ + = φ − φ . ...(3)

Also F a f t dt F b f t dt
a

a

a

b
( ) ( ) and ( ) ( ) .= = =∫ ∫0

Putting these values in (3), we get

a

b
f t dt b a∫ = φ − φ( ) ( ) ( ) 

or  
a

b
f x dx b a∫ = φ − φ( ) ( ) ( ).

Note: The fol low ing the o rem is an im prove ment on the above the o rem since only the 

R-integrability of f  is as sumed. In fact the o rem 4 is a cor ol lary of theorem 5.
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The o rem 5: (Fun da men tal the o rem of In te gral Cal cu lus): Let f a b∈ R [ , ] and

let φ be a dif fer en tia ble func tion on [ , ]a b  such that φ′ =( ) ( )x f x  for all x a b[ , ]. Then 

a

b
f x dx b a∫ = φ − φ( ) ( ) ( ).

(Garhwal 2006, 07, 09, 11; Rohilkhand 11, 12)

Proof: Let P a x x x x bn= = ={ }0 1 2, , , ,…  be any par ti tion of  [ , ]a b . Now φ is

dif fer en tia ble on [ , ]a b  im plies that φ is dif fer en tia ble on each subinterval [ , ]x xr r−1 .

Hence by the mean value theorem of differential calculus, we find that there exists ξr in 

[ , ], , , ,x x r nr r− =1 1 2… , such that

φ − φ = − φ′ ξ = φ ′ ξ− −( ) ( ) ( ) ( ) ( ) ( ) .x x x x xr r r r r r r1 1 ∆
or φ − φ = ξ−( ) ( ) ( ) .x x f xr r r r1 ∆       [ ( ) ( )]∵ φ′ ξ = ξr rf

or Σ Σ
r

n

r r
r

n

r rx x f x
=

−
=

φ − φ = ξ
1

1
1

[ ( ) ( )] ( ) .∆ ...(1)

Now  Σ
r

n

r rx x x x x x
=

−φ − φ = φ − φ + φ − φ +
1

1 1 0 2 1[ ( ) ( )] ( ) ( ) ( ) ( ) …

… + φ − φ −( ) ( )x xn n 1

        = φ − φ = φ − φ( ) ( ) ( ) ( ).x x b an 0

It follows from (1) that

φ − φ = ξ
=

( ) ( ) ( )b a f x
r

n

r rΣ
1

∆  ...(2)

Tak ing limit as || ||P → 0, 

we get φ − φ = ∫( ) ( ) ( )b a f x dx
a

b
,

since Σ
r

n

r rf x
=

ξ
1

( ) ∆  tends to 
a

b
f x dx∫ ( )  as || ||P → 0.

The result of the above theorem is usually written in the form

a

b
x dx b a∫ φ′ = φ − φ( ) ( ) ( ).

Note: Some au thors call the o rem 2 or the o rem 3 as the first fun da men tal the o rem

and the the o rem 4 or the o rem 5 as the sec ond fun da men tal the o rem of integral

calculus.

10  Mean Value Theorems of Integral Calculus

The o rem 1: (First Mean Value The o rem): Let f a b∈ R [ , ]. Then there ex ists a num ber µ
ly ing be tween the bounds m and M of f such that

a

b
f x dx b a∫ = −( ) ( ).µ

Moreover if f is continuous, then

a

b
f x dx b a f c a c b∫ = − ≤ ≤( ) ( ) ( ), .

(Purvanchal 2012)

Proof: See Cor. 1 and Cor. 2 of the o rem 1 of ar ti cle 8.
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The o rem 2: (Sec ond Mean Value The o rem):  Let

f a b∈ R [ , ]  and  g a b∈ R [ , ],

and g x( ) ≥ 0 or ≤ ∈0 V x a b[ , ].

Then there exists a number µ with m M≤ ≤µ  such that

a

b

a

b
f x g x dx g x dx∫ ∫=( ) ( ) ( )µ

where m, M are the bounds of f on [a, b].

Proof: First let g x x a b( ) [ , ].≥ ∈0 V (Purvanchal 2012)

Then mg x f x g x Mg x x a b( ) ( ) ( ) ( ) [ , ].≤ ≤ ∈V

If fol lows from Cor. 5 of the o rem 1 of ar ti cle 8 that

m 
a

b

a

b

a

b
g x dx f x g x dx M g x dx∫ ∫ ∫≤ ≤( ) ( ) ( ) ( )

or m g x dx f x g x dx M g x dx
a

b

a

b

a

b

∫ ∫ ∫≥ ≥( ) ( ) ( ) ( )

according as a b≤  or a b≥ .

Hence there exists a number µ with m M≤ ≤µ  such that

a

b

a

b
f x g x dx g x dx∫ ∫=( ) ( ) ( ) .µ

Now let g x x a b( ) [ , ].≤ ∈0 V

Then − ≥ ∈g x x a b( ) [ , ].0 V

Hence by the above result for some µ ∈[ , ],m M  we have

a

b

a

b
f x g x dx g x dx∫ ∫− = −( ) [ ( )] [ ( )]µ

or 
a

b

a

b
f x g x dx g x dx∫ ∫=( ) ( ) ( ) .µ

Cor ol lary: If, in ad di tion to the con di tions of the the o rem, f is con tin u ous as well, then

there ex ists ξ ∈[ , ]a b  such that

a

b

a

b
f x g x dx f g x dx∫ ∫=( ) ( ) ( ) ( ) .ξ

Proof: Since f is con tin u ous on [a, b], it takes ev ery value be tween m and M. Hence by

the above the o rem there ex ists a point ξ ∈[ , ]a b  such that

a

b

a

b
f x g x dx f g x dx∫ ∫=( ) ( ) ( ) ( ) .ξ

The o rem 3: (Bon net’s Mean Value The o rem): Let g a b∈ R [ , ] and let f be monotonic

and non-neg a tive on [ , ].a b  Then for some ξ or η∈[ , ]a b

a

b

a
f x g x dx f a g x dx∫ ∫=( ) ( ) ( ) ( )

ξ

or 
a

b b
f x g x dx f b g x dx∫ ∫=( ) ( ) ( ) ( )

η

ac cord ing as f is monotonically non-in creas ing or non-de creas ing on [ , ].a b
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Proof: If a b= , the re sult is triv ial. Let b a>  and let f be non-neg a tive and

monotonically non-in creas ing on [a, b].

Let P a x x x bn= = ={ }0 1, , ......,

be any partition of [a, b]. Let m Mr r,  be the bounds of g on [ , ]x xr r−1  and ξr any point

on [ , ].x xr r−1  Then

m x g x M xr r r r r r∆ ∆ ∆≤ ≤( )ξ

and m x g M xr r x

x
r r

r

r∆ ∆≤ ≤
−

∫
1

.
[The o rem 1 of ar ti cle 8]

On summing for each r p n= ≤1 2, , ..., , we get

Σ ∆ Σ ∆ Σ ∆
1 1 1

p

r r

p

r r

p

r rm x g x M x≤ ≤( )ξ  ...(1)

and Σ ∆ Σ ∆
1 1

p

r r a

x p

r rm x g M x
p≤ ≤∫ .  ...(2)

Then (1) and (2) give

a

x p

r r
p

g g x∫ −














Σ ∆
1

( )ξ ≤ −Σ ∆
1

p

r r rM m x( )

  ≤ − = −Σ ∆
1

n

r r rM m x U P g L P g( ) ( , ) ( , )

                  = ω ( , ).P g  ...(3)

[Note that if b a< , the inequalities (1) and (2) are reversed but (3) remains the same].

Now by theorem 1 of article 9,  
a

x
g∫   is continuous on [a, b] and hence is bounded on 

[ , ].a b   Let m M,  be its bounds on [a, b]. Then (3) gives

m P f g x M P f
p

r r− ≤ ≤ +ω ξ ω( , ) ( ) ( , ).Σ ∆
1

 

Using Abel’s lemma*, we get

f a m P f f g x
p

r r r( ) [ ( , )] ( ) ( )− ≤ω ξ ξΣ ∆
1

       ≤ −f a M P f( ) [ ( , )].ω  ...(4)

Since f is monotonic, we have f a b∈ R [ , ]. 
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*Abel’s Lemma. If  v v vn1 2 0≥ ≥ ≥ ≥…   and numbers u u un1 2, , ,…  and k k1 2,  are such

that

k u k
r

n

r1
1

2≤ ≤
=
Σ , then k v u v k v

r

n

r r1 1
1

2 1≤ ≤
=
Σ .

In our case, u g xr r r= ( )ξ ∆  and v fr r= ( ).ξ



Also g a b∈ R [ , ].

Hence fg a b∈ R [ , ].

Now f a b∈ R [ , ] ⇒  ω ( , )P f → 0 as || || .P → 0  

Hence (4) gives f a m fg f a M
a

b
( ) ( ) .≤ ≤∫

Thus 
a

b
fg f a∫ = ( ) µ

where µ lies be tween the bounds m, M of the con tin u ous func tion

a

x
g∫  on [ , ].a b

Hence  
a

x
g∫  must take the value µ at some point ξ ∈[ , ]a b

so that µ
ξ

= ∫a g x dx( ) .

There fore 
a

b

a
f x g x dx f a g x dx∫ ∫=( ) ( ) ( ) ( ) .

ξ

If f is monotonically non-decreasing on [ , ],a b  then it is monotonically non-increasing

on [b, a] and so as above, we get

a

b

a
fg f b g∫ ∫= ( )

η
 for some η∈[ , ]a b

or 
a

b b
fg f b g∫ ∫= ( )

η

i.e., 
a

b b
f x g x dx f b g x dx∫ ∫=( ) ( ) ( ) ( ) .

η
 

Theorem 4: Weierstrass’s (Sec ond) Mean Value The o rem.

Let g a b∈ R [ , ] and let f be bounded and monotonic on [ , ].a b  

Then
a

b

a

b
fg f a g f b g∫ ∫ ∫= +( ) ( ) .

ξ

ξ

Proof: We as sume that f is monotonically non-in creas ing on [a, b]. Then f x f b( ) ( )−
is monotonically non-in creas ing and non-neg a tive on [a, b]. Hence by the Bon net’s

the o rem (the o rem 3 of ar ti cle 10), there ex ists some ξ ∈[ , ]a b  such that

a

b

a
f x f b g x dx f a f b g x dx∫ ∫− = −[ ( ) ( )] ( ) [ ( ) ( )] ( )

ξ

or 
a

b

a

b
f x g x dx f b g x dx∫ ∫−( ) ( ) ( ) ( )  

  = −∫ ∫f a g x dx f b g x dx
a a

( ) ( ) ( ) ( )
ξ ξ

or 
a

b

a
f x g x dx f a g x dx∫ ∫=( ) ( ) ( ) ( )

ξ
 + −



∫ ∫f b g x dx g x dx

a

b

a
( ) ( ) ( )

ξ

   = +∫ ∫f a g x dx f b g x dx
a

b
( ) ( ) ( ) ( ) .

ξ

ξ

Now let f be monotonically non-decreasing on [a, b]. Then − f  is monotonically

non-increasing on [a, b]. Hence by the above result, we have
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a

b

a

b
f x g x dx f a g x dx f b g x dx∫ ∫ ∫− = − + −[ ( )] ( ) [ ( )] ( ) [ ( )] ( )

ξ

ξ

or 
a

b

a

b
f x g x dx f a g x dx f b g x dx∫ ∫ ∫= +( ) ( ) ( ) ( ) ( ) ( )

ξ

ξ
 as be fore.

Re mark: Note that the con di tion that f is mono tone on [ , ]a b  can not be dropped in

the above the o rem. Con sider, for ex am ple, the func tions f x x( ) cos=  and g x x( ) = 2

and the in ter val [ / , / ]− π π2 2 . In this case

f g x dx f g x dx−





+ 



 ∫∫ −

π π
ξ

π

π

ξ

2 2

2

2
( ) ( )

/

/

        = −





+ ∫∫ −
cos cos

/

π π
ξ

π

π

ξ

2 2
2 22

2
x dx x dx = 0.

But x x dx2
2

2
0cos

/

/
>

−∫ π

π
.

Thus the the o rem does not hold.

Ex am ple 16: Com pute 
1

2 3∫ x dx.

So lu tion: Let f x x( ) ,= ≤3 1 x ≤ 2. Then f  is con tin u ous on [ , ]1 2 . More over, if  

φ = ≤ ≤( ) / ( ),x x x4 4 1 2  then φ′ = = ≤ ≤( ) ( ), ( ).x x f x x3 1 2

Hence by the fun da men tal the o rem of in te gral cal cu lus, we have 

1

2 3
4 4

2 1
2

4

1

4

15

4∫ = φ − φ = − = ⋅x dx ( ) ( )

Ex am ple 17: (i) Tak ing f x x g x e x( ) , ( ) ,= =   verify the sec ond mean value the o rem in [ , ].− 1 1

[The o rem 2 of ar ti cle 10].

(ii) Also verify Bonnet’s mean value theorem in [ , ]− 1 1   for the functions

f x e x( ) =   and  g x x( ) .=

So lu tion: (i) Since f and g are con tin u ous on [ , ]− 1 1, we have

f g, [ , ].∈ −R 1 1

Also g x( ) > 0 for all x ∈ −[ , ].1 1  Hence the conditions of theorem 2 of article 10 are

satisfied. Now

− − −∫ ∫= = − = ⋅
1

1

1

1
1

1 2
f x g x dx xe dx xe e

e
x x x( ) ( ) [ ] ...(1)

and 
− − −

−∫ ∫= = = − =
−

⋅
1

1

1

1
1

1 1
2 1

g x dx e dx e e e
e

e
x x( ) [ ]
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Since f is continuous on [ , ],− 1 1  it takes every value between f ( )− = −1 1 and f ( ) .1 1=
Let  µ = −2 12/ ( )e .     Since  e > 2,     we      have      e e2 24 1 3> ⇒ − >   so that 0 1< <µ .

It fol lows that there is a point ξ in [ , ]− 1 1 such that

f e( ) / ( )ξ = −2 12 .

Ac cord ingly, we have 

f g x dx( ) ( )ξ
−∫ 1

1
 =

−
⋅

−
= ⋅2

1

1 2
2

2

e

e

e e
 ...(2)

From (1) and (2), we have

− −∫ ∫=
1

1

1

1
f x g x dx f g x dx( ) ( ) ( ) ( ) .ξ

Thus the second mean value theorem is verified.

(ii) Since g x x( ) =  is continuous on [ , ],−1 1  we have

g ∈ −R [ , ].1 1

Also f x e x( ) =  is monotonically non-decreasing and positive on [ , ].− 1 1  Hence all the

conditions of the Bonnet’s mean value theorem are satisfied. As in (i), we have

 
− −∫ ∫= = ⋅
1

1

1

1 2
f x g x dx e x dx

e
x( ) ( )

Now 
η η

η
1 1 21

2
1∫ ∫= = −g x dx x dx( ) [ ].

∴ f g x dx
e

( ) ( ) ( ).1
2

1
1 2
η

η∫ = −

We choose η such that

2

2
1

42 2
2

2e

e
i e

e

e
= − =

−
⋅( ) . .,η η

Also it is easy to see that 0 1< <η , where η =
√ −

⋅
( )e

e

2 4

For this value of η, we then have

−∫ ∫=
1

1 1
1f x g x dx f g x dx( ) ( ) ( ) ( ) .

η

Hence Bonnet’s mean value theorem is verified.

Ex am ple 18: Show that the Bon net’s mean value the o rem does not hold on [ , ]−1 1  for 

f x g x x( ) ( ) .= = 2

So lu tion: The func tion f x x( ) = 2 is not monotonic on [ , ]− 1 1 since for the in ter val 

[ , ]− 1 0  it is non-in creas ing and for [0,  1] it is non-de creas ing. Thus the con di tions of

the Bon net’s mean value the o rem are not sat is fied and hence the the o rem does not hold 

in [ , ].−1 1
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Ex am ple 19: Prove Bon net’s form of the sec ond mean value the o rem that if f ′ is con tin u ous

and of con stant sign, and f (b) has the same sign as f a f b( ) ( )− , then

a

b

a
f x g x dx f a g x dx∫ ∫=( ) ( ) ( ) ( )

ξ

where ξ lies be tween a and b. Show that if q p> > 0, then

p

q sin x

x
dx

p∫

 


< ⋅2

So lu tion: Let 
a

x
g t dt F x∫ =( ) ( ) 

so that F x g x′ =( ) ( ).

Then 
a

b

a

b
f x g x dx f x F x dx∫ ∫= ′( ) ( ) ( ) ( )

     = − ′∫[ ( ) ( )] ( ) ( )f x F x f x F x dxa
b

a

b
 

[In te grat ing by parts]

   = − ′∫f b F b f x F x dx
a

b
( ) ( ) ( ) ( )   [ ( ) ]∵ F a = 0

               = − ′ ≤ ≤∫f b F b F x f x dx a x b
a

b
( ) ( ) ( ) ( ) [ ]0 0

[by Cor. of the o rem ar ti cle 10]

               = − −f b F b F x f b f a( ) ( ) ( ) [ ( ) ( )]0  ...(1)

               = f a( ).µ where µ lies be tween F x( )0  and F b( ).

Since F is continuous, there exists a point ξ between x0 and b such that 

   µ ξ
ξ

= = ∫F f x dx
a

( ) ( ) .

It fol lows that 
a

b

a
f x g x dx f a g x dx∫ ∫=( ) ( ) ( ) ( ) .

ξ
 

Writing f x x g x x( ) / , ( ) sin= =1 ,  we find

p

q

p

x

x
dx

p
x dx p q∫ ∫= < <

sin
sin ,( )

1 ξ
ξ

= − = −1 1

p
x

p
pp[ cos ] [cos cos ].ξ ξ

Hence 
p

q x

x
dx

p
p

p∫

 


= −









< ⋅

sin
(cos cos )

1 2ξ  

Re mark: From (1), we get

a

b
f x g x dx f a F x f b F b F x∫ = + −( ) ( ) ( ) ( ) ( ) [ ( ) ( )]0 0

= + −



∫ ∫ ∫f a g x dx f b g x dx g x dx

a

x

a

b

a

x
( ) ( ) ( ) ( ) ( )0 0

= +∫ ∫f a g x dx f b g x dx
a

x

x

b
( ) ( ) ( ) ( )0

0

which is the theorem 4 of article 10.
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 1. (i) Let f x x x( ) ( ).= ≤ ≤0 1   Let P be the partition { }0
1

3

2

3
1, , ,  of [ , ]0 1. Compute 

U P f( , ) and L P f( , ).

(ii) Let f x x x( ) ( ).= ≤ ≤0 3   Let P be the partition { }0 1 2 3, , ,  of [ , ]0 3 . Compute 

U P f( , ) and L P f( , ).

 2. Show by def i ni tion that 
0

1 4 1

5∫ = ⋅x dx

 3. Let f x x( ) /= −1 2 on [ , ]1 4 . Con sider the par ti tion ob tained by di vid ing [ , ]1 4  into n

equal parts and hence show that 
1

4 1 2 2∫ − =x dx/ .

 4. If f x x x( ) cos [ , / ] ,= ∈V 0 2π  show that f is integrable on [ , / ]0 2π  and 

cos .
/

0

2
1

π
∫ =x dx

 5. Show that f x x( ) = +3 1 is integrable on [ , ]1 2  and  
1

2
3 1

11

2∫ + = ⋅( )x dx

 6. Give an ex am ple to prove that a bounded func tion need not be R-integrable.

 7. Give an ex am ple of a dis con tin u ous func tion which is R-integrable on [ , ]0 1.

 8. Let f  be de fined on [ , ]0 1 by f x
n

n
( ) =

+ 1
 , when 

1

1

1
1 2 3

n
x

n
n

+
< ≤ =, , , ,… 

and f x x( ) ,= =1 0. 

Then, show that f  is Riemann integrable on [ , ]0 1 and f x dx( ) = −∫ π2

0

1

6
1 .

 9. A func tion f x( ) is de fined on [ , ]0 1 as fol lows :

f x
n

n
( ) =

+ 2
, when  

1

1

1
1 2 3

n
x

n
n

+
≤ ≤ =( , , , ...)

and      f x( ) = 1 , when x = 0. 

Show that f x( ) is R-integrable on [ , ]0 1 and f x dx( ) =∫ 1

20

1
 .

(Garhwal 2008)

10. Let a func tion f x( ) be de fined on [ , ]0 1 as fol lows :

           f x
ar

( ) ,= −
1

1
 when  

1 1
1a

x
ar r

< < −  , 

for r = 1 2 3, , ,… where a is an integer greater than 1. Show that f x dx( )
0

1

∫  exists

and is equal to 
a

a + 1
 .
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11. Cal cu late the val ues of up per and lower integrals for the func tion f de fined on 

[ , ]0 2  as fol lows :

f x x( ) = 2 when x is ra tio nal

and f x x( ) = 3 when x is ir ra tio nal.

12. Let f x( ) be a func tion bounded on [ , ]a b  and let P P1 2and  be two par ti tions of 

[ , ]a b  such that P P1 2⊂  . Then prove that

U P f L P f U P f L P f( , ) ( , ) ( , ) ( , ).1 1 2 2− ≥ −

 1. (i)  U P f( , ) = 2

3
 , L P f( , ) = 1

3

(ii) U P f( , ) = 6 ,  L P f( , ) = 3

11. Up per in te gral = 49

12
, lower in te gral = 31

12

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

 1. Let f  be a bounded function defined on [ , ]a b  and let P be a partition of [ , ].a b  If P*

is a refinement of P, then

(a) L P f L P f( , ) ( , )* ≤ (b) U P f U P f( , ) ( , )* ≤

(c) U P f U P f( , ) ( , )* ≥ (d) L P f U P f( , ) ( , ).* =

 2. Let f g,  be bounded functions defined on [ , ]a b  and let P be any partition of [ , ].a b
Then

(a) U P f g U P f U P g( , ) ( , ) ( , )+ ≤ +
(b) U P f g U P f U P g( , ) ( , ) ( , )+ ≥ +
(c) U P f g U P f U P g( , ) ( , ) ( , )+ = +
(d) L P f g L P f L P g( , ) ( , ) ( , ).+ ≤ +  

 3. Let f  be a bounded function defined on the bounded interval [ , ].a b  Then f  is
Riemann integrable on [ , ]a b  if and only if

(a) ∫ ∫≤
a

b

a

b
f f (b) ∫ ∫≥

a

b

a

b
f f

(c) ∫ ∫=
a

b

a

b
f f (d) ∫ ∫+ =

a

b

a

b
f f 0.
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 4. If f  is Riemann integrable on [ , ]a b , then

(a)
a

b

a

b
f x dx f x dx∫ ∫


 


=( ) | ( )|

(b)
a

b

a

b
f x dx f x dx∫ ∫


 


≥( ) | ( )|

(c)
a

b

a

b
f x dx f x dx∫ ∫


 


= −( ) | ( )|

(d)
a

b

a

b
f x dx f x dx∫ ∫


 


≤( ) | ( )| .

Fill in the Blank(s)

Fill in the blanks “……” so that the fol low ing state ments are com plete and cor rect.

 1. Let I a b= [ , ] be a closed and bounded interval. Then by a partition of I  we mean a
set of real numbers P x x x xn n= … −{ }0 1 1, , , ,  having the property that …… .

 2. Let P and P* be two partitions of a closed and bounded interval [ , ].a b  Then P* is

called a refinement of P if …… .

 3. Let P1 and P2 be two partitions of a closed and bounded interval [ , ].a b  If 

P P P* ,= ∪1 2  then P* is called the …… of P1 and P2 .

 4. Let f  be a bounded function defined on a bounded interval [ , ].a b  If
corresponding to any partition P of [ , ], ( , )a b L P f  is the lower Riemann sum of f
on [ , ]a b  and U P f( , ) is the upper Riemann sum of f  on [ , ],a b  then 
L P f U P f( , ) ( , ).……  

 5. Let f  be a bounded function defined on [ , ]a b  and let P be a partition of [ , ].a b  If P*

is a refinement of P, then L P f L P f( , ) ( , ).* ……

 6. If P1 and P2 be any two partitions of [ , ],a b  then U P f L P f( , ) ( , ).1 2……
 7. Let f  be a real valued bounded function defined on [ , ].a b  The lower Riemann

integral of f  over [ , ]a b  is the …… of L P f( , ) over all partitions P a b∈ P [ , ].

 8. Let f  be a real valued bounded function defined on [ , ].a b  The upper Riemann
integral of f  over [ , ]a b  is the …… of U P f( , ) over all partitions P a b∈ P [ , ].

 9. Let f  be a real valued bounded function defined on [ , ].a b  Then the lower
Riemann integral of f  over [ , ]a b  cannot …… the upper Riemann integral of f
over [ , ].a b

10. Let f  be a bounded function defined on the bounded interval [ , ].a b  Then f  is

called Riemann integrable on [ , ]a b  if ∫ = ……
a

b
f .

11. A necessary and sufficient condition for Riemann integrability of a bounded
function f a b: [ , ] → R over [ , ]a b  is that for every ε > 0, there exists a partition P of 
[ , ]a b  such that for P and all its refinements 
                          0 ≤ − < ……U P f L P f( , ) ( , ) .

12. Let f  be Riemann integrable on [ , ]a b  and let φ be a differentiable function on [ , ]a b

such that φ′ =( ) ( )x f x  for all x a b∈[ , ]. Then 
a

b
f x dx∫ = ……( ) .
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True or False

Write ‘T’ for true and ‘F’  for false state ment.

 1. Every continuous function defined on [ , ]a b  is Riemann integrable on [ , ].a b

 2. Every bounded function f  defined on [ , ]a b  is Riemann integrable on [ , ].a b

 3. If a function f  is discontinuous on [ , ],a b  then f  cannot be Riemann integrable on 
[ , ].a b

 4. If a function f  is monotonic on [ , ],a b  then f  is Riemann integrable on [ , ].a b

 5. If f  is Riemann integrable on [ , ],a b  then | |f  may or may not be Riemann
integrable on [ , ].a b

 6. If a function f  is Riemann integrable on [ , ],a b  then the function F defined on 
[ , ]a b  by

F x f t dt
a

x
( ) ( )= ∫

is uni formly con tin u ous on [ , ].a b

 7. Let f  be con tin u ous on [ , ]a b  and let  F x f t dt x a b
a

x
( ) ( ) [ , ].= ∈∫ V

Then F x f x x a b′ = ∈( ) ( ) [ , ].V

 8. Let f  be a continuous function on [ , ]a b  and let φ be a differentiable function on 
[ , ]a b  such that φ′ =( ) ( )x f x  for all x a b∈[ , ]. Then 

a

b
f x dx a b∫ = φ − φ( ) ( ) ( ).

 9. Let f  be a bounded function defined on [ , ],a b  where b a≥ , and let m be the
infimum of f x( ) in [ , ].a b  Then  for any partition P of [ , ],a b  we have

m b a L P f( ) ( , ).− ≥
10. If f a b: [ , ] → R is a bounded func tion, then 

L P f U P f( , ) ( , ).− = −
11. Let f  be a bounded function defined on [ , ]a b  and let P be a partition of [ , ].a b  If P*

is a refinement of P, then 

U P f U P f( , ) ( , ).* ≥

12. Let f  be a bounded func tion de fined on [ , ].a b  Then 

∫ ∫=
a

b

a

b
f f .

13. Let f  be a con tin u ous func tion de fined on [ , ].a b  Then 

∫ ∫=
a

b

a

b
f f .

14. Let f  be a bounded function defined on [ , ].a b  If the set of points of discontinuity
of f  on [ , ]a b  is finite, then 

∫ ∫=
a

b

a

b
f f .
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Multiple Choice Questions

 1. (b) 2. (a) 3. (c)  4. (d)

Fill in the Blank(s)

 1. a x x x x bn n= < < … < < =−0 1 1  2. P P* ⊃

 2. com mon re fine ment  4. ≤  5. ≥
 6. ≥  7. supremum  8. infimum

 9. ex ceed 10. ∫a
b

f 11. ε

12. φ − φ( ) ( )b a

True or False
 1. T  2. F  3. F  4. T  5. F

 6. T  7. T  8. F  9. F 10. T

11. F 12. F 13. T 14. T

¨
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1  Some Definitions

1. Infinite Interval: The interval whose length (range) is infinite is said to be an
infinite interval. Thus the intervals ( , )a ∞ , ( , )− ∞ b  and ( , )− ∞ ∞  are infinite

intervals.

2. Bounded Func tions: A func tion f x( ) is said to be bounded over the in ter val I  if

there ex ist two real num bers a band  ( )b a>  such that

a ≤ f x( ) ≤ b for all x I∈ .

A function f x( ) is said to be unbounded at a point, if it becomes infinite at that point.

Thus the function

f x x x x( ) / ( ) ( )= − −{ }1 2

is unbounded at each of the points x x= =1 2and .

3. Monotonic func tions: A real val ued func tion f  de fined on an in ter val I  is said

to be monotonically in creas ing if

x y f x f y x y I> ⇒ > ∈( ) ( ) ,V

and monotonically decreasing if

x y f x f y x y I> ⇒ < ∈( ) ( ) , .V

7
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A function f  defined on an interval I  is said to be a monotonic function if it is either

monotonically decreasing or monotonically increasing on I .

For example the function f  defined by f x x( ) sin=  is monotonically increasing in the

interval 0 ≤ x ≤ 1

2
π and monotonically decreasing in the interval 

1

2
π ≤ x ≤ π.

4. Proper In te gral: The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be a proper in te gral if

the  range of in te gra tion is fi nite and the integrand f x( ) is bounded. The in te gral 

0

2π /
sin∫ x dx is a proper in te gral. Also 

0

1

∫
sin x

x
dx is an ex am ple of a proper in te gral

because lim sin
.

x

x

x→
=

0
1

5. Im proper Integrals: The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an im proper

in te gral if ( )i  the in ter val ( , )a b  is not fi nite ( . .,i e  is in fi nite) and the func tion f x( ) is

bounded over this in ter val; or ( )ii  the in ter val ( , )a b  is fi nite and f x( ) is not bounded over

this in ter val; or ( )iii  nei ther the in ter val ( , )a b  is fi nite nor f x( ) is bounded over it.

6. Im proper integrals of the first kind or in fi nite integrals: A def i nite in te gral  

a

b
f x dx∫ ( )  in which the range of in te gra tion is in fi nite ( . .,i e  ei ther b = ∞ or a = − ∞ or

both) and the integrand f x( ) is bounded, is called an im proper in te gral of the first kind

or an in fi nite in te gral. Thus 
dx

x1 20 +

∞
∫  is an im proper in te gral of the first kind since the

up per limit of in te gra tion is in fi nite and the integrand 1 1 2/ ( )+ x  is bounded. Sim i larly 

− ∞∫
0

e dxx  is an ex am ple of an im proper in te gral of the first kind be cause here the lower 

limit of in te gra tion is in fi nite. Also 
− ∞

∞
∫ +

dx

x1 2
 is an improper integral of the first kind.

In case the interval ( , )a b  is infinite and the integrand f x( ) is bounded, we define

(i)
a a

x
f x dx

x
f x dx

∞
∫ ∫=

→ ∞
( ) lim ( ) ,

provided that the limit exists finitely i e. ., the limit is equal to a definite real number.

(ii)
− ∞ −∫ ∫=

→ ∞
b

x

b
f x dx

x
f x dx( )

lim
( ) ,

provided that the limit exists finitely.

(iii)
− ∞

∞

−∫ ∫ ∫=
→ ∞

+
→ ∞

f x dx
x

f x dx
x

f x dx
x

c

c

x
( )

lim
( )

lim
( )

1 21

2

provided that both these limits exist finitely.

7. Im proper integrals of the sec ond kind: A def i nite in te gral 
a

b
f x dx∫ ( )  in which

the range of in te gra tion is fi nite but the integrand f x( ) is un bounded at one or more

points of the in ter val a ≤ x ≤ b, is called an im proper in te gral of the second kind.
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Thus 
0

4

2 3∫ − −
dx

x x( ) ( )

and
0

1

2
1∫ x

dx  are improper integrals of the second kind.

In the case of the definite integral

a

b
f x dx∫ ( ) ,

if the range of integration ( , )a b  is finite and the integrand f x( ) is un bounded at one

or more points of the given in ter val, we de fine the value of the in te gral as fol lows :

(i) If f x( ) is unbounded at x b=  only i e. ., if f x x b( ) → ∞ →as  only, then we define

a

b

a

b
f x dx f x dx∫ ∫=

ε →
− ε

( ) lim ( ) ,
0

provided that the limit exists finitely. Here ε is a small positive number.

(ii) If f x x a( ) → ∞ →as  only, then we define

a

b

a

b
f x dx f x dx∫ ∫=

ε → + ε
( )

lim
( ) ,

0

provided that the limit exists finitely.

(iii) If f x x c( ) → ∞ →as  only, where a c b< < , then we define

a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫=

ε →
+

ε′ →
− ε

+ ε′
( ) lim ( )

lim
( ) ,

0 0

provided that both these limits exist finitely.

(iv) If f x( ) is unbounded at both the points a band  of the interval ( , )a b  and is

bounded at each other point of this interval, we write

a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( ) ,

where a c b< <  and the value of the integral exists only if each of the integrals on the

right hand side exists.

2  Convergence of Improper Integrals

When the limit of an improper integral as defined above, is a definite finite number, we

say that the given integral is convergent and the value of the integral is equal to the

value of that limit. When the limit is ∞ or − ∞, the integral is said to be divergent i e. ., the 

value of the integral does not exist.

In case the limit is neither a definite number nor ∞ or − ∞, the integral is said to be

oscillatory and in this case also the value of the integral does not exist i e. ., the integral is

not convergent. We can define the convergence of the infinite integral 
a

f x dx
∞

∫ ( )  as

follows :

R-307



Def i ni tion: The in te gral 
a

f x dx
∞

∫ ( )  is said to con verge to the value I, if for any ar bi trarily

cho sen pos i tive num ber ε, how ever small but not zero, there ex ists a cor re spond ing pos i tive num ber 

N such that

a

b
f x dx I∫ −


 


< ε( )  for all val ues of b N≥ .

Similarly we can define the convergence of an integral, when the lower limit is infinite,

or when the integrand becomes infinite at the upper or lower limit.

Ex am ple 1: Dis cuss the con ver gence of the fol low ing integrals by eval u at ing them

( )i
1

∞
∫ √

dx

x
,  ( )ii    

1 3 2

∞
∫ ⋅dx

x /

So lu tion: (i) We have

1 1

∞
∫ ∫√

=
→ ∞ √

dx

x x

dx

x

xlim , (By def.)

      =
→ ∞

=
→ ∞











∫ −lim lim

/
/

/

x
x dx

x

xx
x

1
1 2

1 2

1
1 2

      =
→ ∞

√ − = ∞lim [ ] .
x

x2 2

Thus the limit does not exist finitely and therefore the given integral is divergent ( . .i e ,
the integral does not exist).
(ii) We have

  
1 3 2 1 3 2

∞
∫ ∫=

→ ∞
dx

x x

dx

x

x

/ /
lim ,  (By def.)

      =
→ ∞

=
→ ∞ −













=
→ ∞∫ −

−
lim lim

/
lim/

/

x
x dx

x

x

x

x
x

1
3 2

1 2

1
1 2

−
√







2

1x

x

      =
→ ∞

−
√

+





=
lim

.
x x

2
2 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent
and its value is 2.

Ex am ple 2: Test the con ver gence of  
0

∞ −∫ e dxm x ,  ( ).m > 0 c

So lu tion: We have 
0 0

∞ − ∞ −∫ ∫=
→ ∞

e dx
x

e dxm x m xlim ,  (by def.)

     =
→ ∞ −













=
→ ∞

− −







−
−lim lim ( )

x

e

m x m
e

m x x
m x

0

1
1

     = − − =1
0 1

1

m m
[ ] .

Thus the limit exists and is unique and finite, therefore the given integral is convergent.
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Ex am ple 3:  Test the con ver gence of  
0 2 2

4

4

∞
∫ +

⋅
a dx

x a

So lu tion: We have 
0 2 2 0 2 2

4

4

4

2

∞
∫ ∫+

=
→ ∞ +

a dx

x a x

a dx

x a

xlim
( )

, (By def.)

=
→ ∞

⋅





=
→ ∞







− −lim tan lim tan
x

a
a

x

a x

x

a

x

4
1

2 2
2

2
1

0

1

0

x

=
→ ∞

−





= ∞− −2
2

0 21 1. lim tan .[tan ]
x

x

a

= =2
2

. .
π π

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

Ex am ple 4: Test the con ver gence of ( )i  
− ∞∫
0

e dxx  ; ( )ii   
− ∞

−∫
0

e dxx .

So lu tion: (i) We have 
− ∞ −∫ ∫=

→ ∞
0 0

e dx
x

e dxx

x

xlim ,  (By def.)

     =
→ ∞

=
→ ∞

− = − =−
−lim

[ ] lim [ ] [ ] .
x

e
x

ex
x

x0 1 1 0 1

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

(ii) We have 
− ∞

−
−

−∫ ∫=
→ ∞

0 0
e dx

x
e dxx

x

xlim
,  (By def.)

                   =
→ ∞ −













= −
→ ∞

− = ∞
−

−

lim lim
[ ] .

x

e

x
e e

x

x

x

1

0
0

Thus the limit does not exist finitely and therefore the given integral is divergent( . .i e ,
the integral does not exist).

Ex am ple 5: Test the con ver gence of  
− ∞

∞
∫ +

⋅dx

x1 2
(Kanpur 2008; Gorakhpur 11)

So lu tion: We have

       
− ∞

∞

− ∞

∞
∫ ∫ ∫+

=
+

+
+

dx

x

dx

x

dx

x1 1 12

0

2 0 2

=
→ ∞ +

+
→ ∞ +−∫ ∫lim lim

x

dx

x x

dx

xx

x0

2 0 21 1

      =
→ ∞

+
→ ∞

−
−

−lim [tan ] lim [tan ]
x

x
x

xx
x1 0 1
0

      =
→ ∞

− − +
→ ∞

−− −lim [ tan ( )]
lim

[tan ]
x

x
x

x0 01 1

      = − − + =( / ) / .π π π2 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

Ex am ple 6: Eval u ate  
0

1

∫ √
⋅dx

x (Gorakhpur 2010)
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So lu tion: In the given in te gral, the integrand 1 / √ x be comes in fi nite at the lower limit 

x = 0. There fore we have

0

1

0

1 1

0 0
2∫ ∫√

=
ε → √

=
ε →

√
+ ε

dx

x

dx

x
xlim lim [ ]

ε

                       =
ε →

− √ ε =lim
[ ] .

0
2 2 2

Hence the given integral is convergent and its value is 2.

Ex am ple 7: Eval u ate  
0

1

1∫ √ −
⋅dx

x( )

So lu tion: Here the integrand i e x. ., / ( )1 1√ −  be comes un bounded i e. ., in fi nite at the

up per limit ( . ., ).i e x = 1

∴
0

1

0

1

1 0 1∫ ∫√ −
=

ε → √ −
−dx

x

dx

x( )

lim

( )

ε

           =
ε →

− √ − =
ε →

− √ ε + =− εlim [ ( )] lim [ ] ,
0

2 1
0

2 2 20
1

x

which is a definite real number. Hence the given integral is convergent and its value is 2.

Ex am ple 8: Eval u ate  
−∫ ⋅

1

1

2
dx

x

So lu tion: Here the integrand be comes in fi nite at x = 0 and − < <1 0 1.

∴    
− −

−

′∫ ∫ ∫=
ε →

+
ε′ →1

1

2 1 2

1

20 0

dx

x

dx

x

dx

x

lim limε

ε
 

         =
ε →

−





+
ε′ →

−



−

− ε

ε′

lim lim
0

1

0

1

1

1

x x

         =
ε → ε

−





+
ε′ →

− +
ε′







⋅lim lim
0

1
1

0
1

1

Since both the limits do not exist finitely, therefore the integral does not exist and is

divergent.

 Eval u ate the fol low ing integrals and dis cuss their con ver gence :

 1.  
1

∞
∫ ⋅dx

x
 2. 

3 22

∞
∫ −

⋅dx

x( )
 3.  

0
2∞

∫ e dxx .

 4.  
0 2 31

∞
∫ +

dx

x( ) /
  5. 

− ∞∫
0

sinh ;x dx   6.  
− ∞∫
0

cosh .x dx

 7. cos x dx
0

∞
∫  8. 

− ∞

∞ −∫ e dxx .  9. 
− ∞

∞
∫ + +

⋅dx

x x2 2 2
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10. 
0

1

3∫ ⋅dx

x
11. 

0

1

1∫ −
⋅dx

x
12.  

−∫ ⋅
1

1

2 3
dx

x /

(Gorakhpur 2011)

 1. ∞, di ver gent   2. 1, con ver gent  3. ∞, di ver gent

 4.  ∞, di ver gent   5. − ∞, di ver gent  6. ∞, di ver gent

 7. Os cil lates and so not con ver gent

 8. ∞, di ver gent   9. π, con ver gent 10. ∞, di ver gent

11. ∞, di ver gent  12. 6, con ver gent

3  Tests for Convergence of Improper Integrals of

 the First Kind

To test the convergence of improper integrals in which the range of integration is infinite and the

integrand is bounded.

If an integral of the form 
a

b
f x dx f x dx

∞

− ∞∫ ∫( ) ( )or  cannot be actually integrated,

its convergence is determined with the help of the following tests :

4  Comparison Test

(Meerut 2012)

Let f x and g x( ) ( ) be two functions which are bounded and integrable in the interval ( , )a ∞ . Also

let g x( ) be positive and | ( )|f x ≤ g x( ) when  x a≥ . Then, if  
a

g x dx
∞

∫ ( )  is convergent , 

a
f x dx

∞
∫ ( )  is also convergent.

Similarly if | ( )| ( )f x g x≥  for all values of x greater than some number x a0 >  and 
a

g x dx
∞

∫ ( )  is

divergent , then 
a

f x dx
∞

∫ ( )  is also divergent.

Al ter na tive form of the above com par i son test:

If lim
x

f x

g x→ ∞
( )

( )
 is a definite number, other than zero, the integrals 

a
f x dx

∞
∫ ( )  and 

a
g x dx

∞
∫ ( )  either both converge or both diverge.

Note: While ap ply ing com par i son test, we gen er ally take g x
x

i e
dx

xn a n
( ) . ,=

∞
∫1

 is

gen er ally taken as the com par i son integral.
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The o rem: The com par i son in te gral 
a n

dx

x

∞
∫ , where a > 0 , is con ver gent when n > 1 and

di ver gent when n ≤ 1.

Proof: By the definition of an improper integral, we have

    
a n a

x

n a

x ndx

x x

dx

x x
x dx

∞ −∫ ∫ ∫=
→ ∞

=
→ ∞

lim lim

=
→ ∞ −













−
lim ,

x

x

n

n

a

x1

1
 if n ≠ 1

=
→ ∞ −

−
−













⋅
− −

lim
x

x

n

a

n

n n1 1

1 1
 ...(1)

If n > 1, then 1− n is negative and so n − 1 is positive.

Therefore in this case 

lim lim .
x

x
x x

n
n→ ∞

=
→ ∞

=
∞

=−
−

1
1

1 1
0

Hence from (1), we have

a n

ndx

x

a

n

∞ −

∫ =
−

1

1
, if n > 1.

Hence the given integral is convergent when n > 1.

If n < 1, then 1− n is pos i tive and so lim .
x

x n

→ ∞
= ∞−1

∴ from (1), we have 
a n

dx

x

∞
∫ = ∞.

Hence the given integral is divergent when n < 1.

When n = 1, we have 

a n a

dx

x

dx

x

∞ ∞
∫ ∫=  =

→ ∞
=

→ ∞∫lim lim [log ]
x

dx

x x
x

a

x
a
x

        =
→ ∞

− = ∞ − = ∞lim [log log ] log .
x

x a a

Hence the given integral is divergent when n = 1.

∴
a n

dx

x

∞
∫  con verges when n > 1 and di verges when n ≤ 1.

In other words 
a n

dx

x

∞
∫  converges if and only if n > 1.

Ex am ple 9: Test the con ver gence of the in te gral

0 2 2

∞
∫ +

cos mx

x a
dx.

(Rohilkhand 2011)
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So lu tion: Here  f x
mx

x a
( )

cos
=

+
⋅

2 2
  Let g x

x a
( ) =

+
⋅1

2 2

Ob vi ously g x( ) is pos i tive in the in ter val ( , ).0 ∞

We have | ( )|
cos |cos |

f x
mx

x a

mx

x a
=

+









 =

+2 2 2 2
 ≤

+
1

2 2x a
, since |cos |mx  ≤ 1.

Thus | ( )|f x ≤ g x( ) when x ≥ 0.

∴ by com par i son test, 
0 2 2

∞
∫ +

cos mx

x a
dx is con ver gent if 

0 2 2

∞
∫ +

dx

x a
 is con ver gent.

But 
0 2 2 0 2 2

1

0

1∞ ∞ −∫ ∫+
=

→ ∞ +
=

→ ∞






dx

x a x

dx

x a x a

x

a

lim lim tan
x

       =
→ ∞

−





= ⋅−lim tan
x a

x

a a

1
0

1

2
1 π

= a def i nite real num ber.

∴
0 2 2

∞
∫ +

dx

x a
 is con ver gent.

Hence 
0 2 2

∞
∫ +

cos mx

x a
dx is also convergent.

Ex am ple 10: Test the con ver gence of the in te gral

0

2

2

∞
∫ sin x

x
dx.

So lu tion: Let a > 0. Then we can write

0

2

2 0

2

2

2

2

∞ ∞
∫ ∫ ∫= +sin sin sin

.
x

x
dx

x

x
dx

x

x
dx

a

a

Since lim sin

x

x

x→
=

0
1

2

2
, therefore the integrand 

sin2

2
x

x
 is bounded throughout the finite

interval ( , )0 a .

So 
0

2

2

a x

x
dx∫ sin

 is a proper integral and we need to check the convergence of the

integral 
a

x

x
dx

∞
∫

sin2

2
 only.

Here  f x
x

x
( )

sin
= ⋅

2

2
  Take  g x

x
( ) = ⋅1

2

Obviously g x( ) is positive in the interval ( , )a ∞ .

We have | ( )|
sin sin

f x
x

x

x

x
=









=

2

2

2

2
 ≤ 

1
2x

, since sin2 x ≤ 1.

∴ by comparison test, 
a

x

x
dx

∞
∫ sin2

2
 is convergent if 

a

dx

x

∞
∫ 2

 is convergent.

R-313



But the comparison integral 
a

dx

x

∞
∫ 2

 is convergent because here n = 2 which is > 1.

∴
a

x

x
dx

∞
∫ sin2

2
 is con ver gent.

Hence 
0

2

2

∞
∫ sin x

x
dx is con ver gent.

Ex am ple 11: Show that the in te gral 
a

dx

x x

∞
∫ √ +( )1 2

 con verges, where a > 0.

So lu tion: Let f x
x x

( )
( )

=
√ +

⋅1

1 2

Then f x( ) is bounded in the interval ( , ).a ∞  Take g x x( ) /= 1 2. Then g x( ) is positive in

the interval ( , ).a ∞  We have

| ( )|
( ) ( / )

f x
x x x x

=
√ +









=

√ +
1

1

1

1 12 2 2
{ }

       < 1
2x

,  since 
1

1 1
1

2√ +
<

{ }( / )
.

x

∴ by comparison test, 
a

dx

x x

∞
∫ √ +( )1 2

 is convergent if 
a

dx

x

∞
∫ 2

 is convergent.

But the comparison integral  
a

dx

x

∞
∫ 2

 is convergent because here n = 2 which is > 1.

Hence 
a

dx

x x

∞
∫ √ +( )1 2

 is also convergent.

Al ter na tive Method: Here f x
x x x x

( )
( ) ( / )

=
√ +

=
√ +

⋅1

1

1

1 12 2 2
{ }

Take g x
x

( ) = ⋅1
2

We have 
lim ( )

( )
lim

( / )x

f x

g x x x→ ∞
=

→ ∞ √ +
=1

1 1
1

2
{ }

, which is finite and non-zero.

Therefore 
a a

f x dx g x dx
∞ ∞

∫ ∫( ) and ( )  either both converge or both diverge. But 

a a
g x dx

dx

x

∞ ∞
∫ ∫=( )

2
 is convergent because here n = 2 which is > 1.

Hence 
a a

f x dx i e
x x

dx
∞ ∞

∫ ∫ √ +
( ) . . ,

( )

1

1 2
 is also convergent.

Ex am ple 12: Test the con ver gence of 
0

∞ −∫ e
sin x

x
dxx .

(Kanpur 2011)

So lu tion: We can write

0 0

1

1

∞ − − ∞ −∫ ∫ ∫= +e
x

x
dx e

x

x
dx e

x

x
dxx x xsin sin sin

 .
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Since lim sin
,

x
e

x

x
x

→
=−

0
1 therefore the integrand e

x

x
x− sin

 is bounded throughout

the finite interval ( , ).0 1  So 
0

1

∫ −e
x

x
dxx sin

 is a proper integral and therefore it is

convergent. Thus we need to check the convergence of 
1

∞ −∫ e
x

x
dxx sin

 only.

Let f x e
x

x
x( )

sin
= ⋅−  Then f x( ) is bounded in the interval ( , )1 ∞ . 

Take g x e x( ) = − . Then g x( ) is positive in the interval ( , ).1 ∞

We have

| ( )|
sin

.|sin |f x e
x

x
e x

x
x x=


 


= ⋅− − 1

         ≤ e x− , since |sin |x ≤ 1
1

and
x

≤ 1.

Thus | ( )|f x ≤ g x( ) throughout the interval ( , ).1 ∞

∴ by comparison test f x dx( )
1

∞
∫  is convergent if g x dx( )

1

∞
∫  is convergent.

Now 
1 1 1

∞ ∞ − ∞ −∫ ∫ ∫= =
→ ∞

g x dx e dx
x

e dxx x( ) lim  =
→ ∞

− −lim
[ ]

x
e x x

1

      =
→ ∞

− + = + =− − −lim [ ] /
x

e e e ex 1 10 1 ,

which is a definite finite number. Hence 
1

∞
∫ g x dx( )  is convergent.

∴
1

∞
∫ f x dx( )  is also con ver gent.

Hence 
0

∞ −∫ e
x

x
dxx sin

 is convergent because the sum of two convergent integrals is

also convergent.

Ex am ple 13: Show that the in te gral 
0

2∞ −∫ e dxx  is con ver gent.

(Rohilkhand 2010; Meerut 12)

So lu tion: We have

0 0

1

1

2 2 2∞ − − ∞ −∫ ∫ ∫= +e dx e dx e dxx x x .

Obviously 
0

1 2

∫ −e dxx   is a proper integral because here the interval of integration ( , )0 1

is finite and the integrand e x− 2
 is bounded throughout this interval. Therefore this

integral is convergent. So we need to check the convergence of 
1

2∞ −∫ e dxx  only.

Let f x e x( ) .= − 2
 Take g x xe x( ) = − 2

 so that g x( ) is positive throughout the interval 

( , )1 ∞ . We have
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| ( )|f x e x= − 2
≤ −xe x2 , since x ≥ 1.

Thus | ( )|f x ≤ g x( ) throughout the interval ( , ).1 ∞

∴ by comparison test 
1

2∞ −∫ e dxx  is convergent if  
1

2∞ −∫ xe dxx  is convergent.

Now         
1 1

2 2∞ − −∫ ∫=
→ ∞

xe dx
x

xe dxx x xlim

           =
→ ∞

−





−lim
x

e x
x1

2

2

1

=
→ ∞

− +





− −lim
x

e ex1

2

1

2

2 1

= −1

2
1e , which is a def i nite num ber.

∴ 
1

2∞ −∫ xe dxx  is con ver gent and so 
1

2∞ −∫ e dxx  is also con ver gent.

Hence the given integral 
0

2∞ −∫ e dxx  is also convergent as it is the sum of two convergent

integrals.

5  The µ-Test

(Gorakhpur 2012)

Let f x( ) be bounded and integrable in the interval ( , )a ∞  where a > 0.

If there is a number µ > 1 , such that lim
x

x f x
→ ∞

µ ( ) exists, then 
a

f x dx
∞

∫ ( )  is convergent.

If there is a number µ ≤ 1 , such that lim
x

x f x
→ ∞

µ ( ) exists and is non-zero, then 
a

f x dx
∞

∫ ( )

is divergent and the same is true if 
lim

x
x f x

→ ∞
µ ( ) is + ∞ or − ∞.

While applying the µ-test, the value of µ is usually taken to be equal to the highest

power of x in the denominator of the integrand minus the highest power of x in the

numerator of the integrand.

Ex am ple 14: Ex am ine the con ver gence of  
1 1 3 1 21

∞
∫ +

⋅dx

x x/ /( ) (Gorakhpur 2012)

So lu tion: Let  f x
x x x x x

( )
( ) ( / )/ / / / /

=
+

=
+

1

1

1

1 11 3 1 2 1 3 1 2 1 2
{ }

 

 =
+

⋅1

1 15 6 1 2x x/ /( / ){ }
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Obviously f x( ) is bounded in the interval ( , ).1 ∞

Take µ = − = ⋅5

6
0

5

6
 We have

lim ( ) lim

( / )

/
/ /x

x f x
x

x
x x→ ∞

=
→ ∞

⋅
+

µ 5 6
5 6 1 2

1

1 1{ }

    =
+

=
→ ∞
lim

( / )
,

/x x

1

1 1
1

1 2

which is finite and non-zero. Since µ = <5

6
1i e. ., , it follows from the µ-test that the given

integral is divergent.

Ex am ple 15: Ex am ine the con ver gence of  
0 31

∞
∫ +

⋅
x dx

x( )
 

(Rohilkhand 2011; Purvanchal 11)

So lu tion: Let a > 0. Then we have

0 3 0 3 31 1 1

∞ ∞
∫ ∫ ∫+

=
+

+
+

⋅
x dx

x

x dx

x

x dx

x

a

a( ) ( ) ( )

The first integral on the right hand side is convergent because it is a proper integral. We

observe that in this integral the range of integration ( , )0 a  is finite and the integrand 

x x/ ( )1 3+  is bounded throughout the interval ( , )0 a . So we need to check the

convergence of 
a

x dx

x

∞
∫ +( )1 3

 only.

Let f x
x

x
( )

( )
=

+
⋅

1 3
 Then f x( ) is bounded in the interval ( , )a ∞ . 

Take µ = − =3 1 2. Then

lim ( ) lim

( )

lim

( / )
,

x
x f x

x
x

x

x x x→ ∞
=

→ ∞
⋅

+
=

→ ∞ +
=µ 2

3 31

1

1 1
1

{ }

which exists i e. ., is equal to a definite real number.

Since µ = >2 1i e. ., , therefore by µ-test the integral 
a

x dx

x

∞
∫ +( )1 3

 is convergent.

Hence 
0 31

∞
∫ +

x dx

x( )
 is also convergent because it is the sum of two convergent integrals.

Ex am ple 16: Ex am ine the con ver gence of  
a n

dx

x log x

∞
+∫ ( )

,
1

 where a > 1 .

So lu tion: Let log x t=  so that ( / )1 x dx dt= .

∴
a n a n

dx

x x

dt

t

∞
+

∞
+∫ ∫= ⋅

(log ) log1 1

Let f t t n( ) /= +1 1. 

Then f t( ) is bounded in the interval (log , ).a ∞  

Take µ = + − = +( )n n1 0 1. Then
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lim
( ) lim lim ,

t
t f t

t

t

t t

n

n→ ∞
=

→ ∞
=

→ ∞
=

+

+
µ

1

1
1 1

which is finite and non-zero.

There fore by µ-test, the given in te gral is con ver gent if

µ > + > >1 1 1 0i e n i e n. ., . .,

and divergent if µ ≤ 1 1i e n. ., + ≤ 1 i e n. ., ≤ 0.

Ex am ple 17: Show that the in te gral  
1

1∞ − −∫ x e dxn x  is con ver gent.

So lu tion: Let f x x en x( ) = − −1 . Then f x( ) is bounded in the in ter val ( , )1 ∞ . We have

lim ( ) lim . lim

!

x
x f x

x

x x

e x

x

x
x

n

x

n

→ ∞
=

→ ∞
=

→ ∞
+ + +

− + −
µ

µ µ1 1

2
1

2
…

      = 0    for all val ues of µ and .n

Taking µ > 1, we see by µ-test that the integral 
1

1∞ − −∫ x e dxn x

is convergent for all values of n.

Ex am ple 18: Test the con ver gence of the in te gral  
0

2

21

∞
∫ +

x

x
dx

m

n
,

where m and n are positive integers.
(Purvanchal 2007; Rohilkhand 12; Gorakhpur 13, 15)

So lu tion: Let a > 0. We have

0

2

2 0

2

2

2

21 1 1

∞ ∞
∫ ∫ ∫+

=
+

+
+

x

x
dx

x

x
dx

x

x
dx

m

n

a m

n a

m

n
.

The first integral on the right hand side is a proper integral and so it is convergent.

Therefore the given integral is convergent or divergent according as  
a

m

n

x

x
dx

∞
∫ +

2

21
 is

convergent or divergent.

To test the convergence of 
a

m

n

x

x
dx

∞
∫ +

2

21
, let us take µ = −2 2n m.

We have 

lim lim

( / )x
x

x

x x
x

x

x x

m

n
n m

m

n n→ ∞
⋅

+
=

→ ∞
⋅

+
−µ

2

2
2 2

2

2 21 1 1{ }

       =
→ ∞ +

=lim

( / )
,

x x n

1

1 1
1

2
 

which is fi nite and non-zero.

∴ by µ-test, the given integral is convergent if µ > 1 i e. ., if 2 2 1n m− >  which is possible if 

n m>  since m and n are positive integers. Also by µ-test, the given integral is divergent if 

µ ≤ 1 i e. ., if 2 2n m− ≤ 1 i e. ., if n ≤ m since n mand  are positive integers.
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6  Abel’s Test for the Convergence of Integral of a Product

If 
a

f x dx
∞

∫ ( )  converges and φ ( )x  is bounded and monotonic for x a> , then 
a

f x x dx
∞

∫ φ( ) ( )  is

convergent. (Rohilkhand 2008, 11; Purvanchal 07, 10, 11; Kanpur 12;
Gorakhpur 14, 15)

Ex am ple 19: Test the con ver gence of  
a

xe
cos x

x
dx

∞ −∫ −( )1
2

, when a > 0.

(Rohilkhand 2009; Gorakhpur 15)

So lu tion: Let  f x
x

x
x e x( )

cos
and ( )= φ = − −

2
1 .

We have 
cos x

x2


 


≤ 1

2x
 as |cos |x ≤ 1.

Since 
a x

dx
∞

∫ 1
2

 is convergent, therefore by comparison test 
a

x

x
dx

∞
∫

cos
2

 is also

convergent.

Again φ = − −( )x e x1  is monotonic increasing and bounded function for x a> .

Hence by Abel’s test 
a

xe
x

x
dx

∞ −∫ −( )
cos

1
2

 is convergent.

Ex am ple 20: Test the con ver gence of  
a

xe
sin x

x
dx

∞ −∫ 2
,  where a > 0.

So lu tion: Let  f x
x

x
x e x( )

sin
and ( )= φ = −

2
.

Since 
sin x

x2


 


≤ 1 1

2 2x x
dx

a
and

∞
∫  is convergent, therefore by comparison test 

a

x

x
dx

∞
∫

sin
2

 is also convergent.

Again e x−  is monotonic decreasing and bounded function for x a> .

Hence by Abel’s test 
a

xe
x

x
dx

∞ −∫
sin

2
 is convergent.

7  Dirichlet’s Test for the Convergence of Integral

 of a Product

If f x( ) be bounded and monotonic in the interval a ≤ x < ∞ and if lim
x

f x
→ ∞

=( ) ,0  then the

integral 
a

f x x dx
∞

∫ φ( ) ( )  converges provided  
a

x
x dx∫ φ


 


( )  is bounded as x takes all finite

values. (Purvanchal 2012)
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Ex am ple 21: Test the con ver gence of the in te gral

a

sin x

x
dx where a

∞
∫ √

>, .0
(Garhwal 2006, 09)

So lu tion: Let  f x
x

x x( ) and ( ) sin=
√

φ =1
.

Now 
1

√ x
 is bounded and monotonic decreasing for all x a≥  and lim .

x x→ ∞ √
=1

0

Also | |
a

x

a

x
x dx x dx a x∫ ∫φ


 


=


 


= −( ) sin cos cos ≤ 2, for all finite values of x.

[Note that the value of cos x lies be tween − 1 and 1].

∴
a

x
x dx∫ φ


 


( )  is bounded for all fi nite val ues of x.

Hence by Dirichlet’s test the integral 
a

x

x
dx

∞
∫ √

sin
 is convergent.

Ex am ple 22: Show that 
0

2∞
∫ sin x dx  is con ver gent.

(Agra 2012)

So lu tion: We have 
0

2
0

1 2
1

2∞ ∞
∫ ∫ ∫= +sin sin sin .x dx x dx x dx

But 
0

1 2∫ sin x dx is a proper integral and hence convergent. 

Now it remains to test the convergence of 
1

2∞
∫ sin x dx. We can write 

1
2

1
22

1

2

∞ ∞
∫ ∫=sin . (sin ) . .x dx x x

x
dx

Let f x
x

x x x( ) and ( ) sin .= φ =1

2
2 2

The function f x
x

( ) = 1

2
 is bounded and monotonic decreasing for all x ≥ 1 and 

lim .
x x→ ∞

=1

2
0

Also 
1 1

22
x x

x dx x x dx∫ ∫φ

 


=( ) sin

  = −|cos cos |12 2x ≤ 2, for all fi nite val ues of x.

∴
1

x
x dx∫ φ


 


( )  is bounded for all fi nite val ues of x.

Hence by Dirichlet’s test

1
2

1
21

2
2

∞ ∞
∫ ∫x

x x dx i e x dx. (sin ) . ., sin  is con ver gent.

Since the sum of two convergent integrals is convergent, therefore the integral 

0
2∞

∫ sin x dx is convergent.

R-320



Ex am ple 23: Show that the in te gral 
0

∞
∫

sin x

x
dx is con ver gent.

(Garhwal 2007; Purvanchal 10, 12)

So lu tion: We have 
0 0

∞ ∞
∫ ∫ ∫= +

sin sin sin
,

x

x
dx

x

x
dx

x

x
dx

a

a
 where a > 0.

Since 
lim sin

,
x

x

x→
=

0
1 the integral 

0

a x

x
dx∫

sin
 is a proper integral and hence

convergent.

Now to test the convergence of 
a

x

x
dx

∞
∫

sin
.

Let f x x x x( ) / and ( ) sin .= φ =1

The function f x x( ) /= 1  is bounded and monotonic decreasing for all x a≥  and   

lim .
x x→ ∞

=1
0

Also 
a

x

a

x
x dx x dx a x∫ ∫φ


 


=


 


= − ≤( ) sin |cos cos | ,2  for all finite values of x.

∴
a

x
x dx∫ φ


 


( )  is bounded for all fi nite val ues of x.

Hence by Dirichlet’s test the integral 
a

x

x
dx

∞
∫

sin
 is convergent.

Since the sum of two convergent integrals is convergent, therefore 
0

∞
∫

sin x

x
dx is

convergent.

Ex am ple 24: Prove that 
a

cos x cos x

x
dx

∞
∫

−α β
 is con ver gent where a > 0.

(Rohilkhand 2011)

So lu tion:  We have

a a a

x x

x
dx

x

x
dx

x

x
dx

∞ ∞ ∞
∫ ∫ ∫

−
= −

cos cos cos cos
.

α β α β

The function f x x( ) /= 1  is bounded and monotonic decreasing for all 

x a
x x

≥
→ ∞

=and lim .
1

0

Also 
a

x
x dx x a∫


 


= −


 


cos (sin sin )α

α
α α1 ≤ 2

| |α
⋅

∴
a

x
x dx∫


 


cos α  is bounded for all fi nite val ues of x.

Similarly 
a

x
x dx∫


 


cos β  is bounded for all finite values of x.

∴ by Dirichlet’s test both the integrals

a a

x

x
dx

x

x
dx

∞ ∞
∫ ∫

cos
and

cosα β
 are con ver gent.

Hence the given integral is convergent.
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Ex am ple 25: Show that the in te gral

0
0

∞ −∫ ≥e
sin x

x
dx aax ,  is con ver gent.

(Kanpur 2009; Garhwal 10)

So lu tion: We have

0 0

∞ − − ∞ −∫ ∫ ∫= +e
x

x
dx e

x

x
dx e

x

x
dxax ax axsin sin sinα

α
, where α > 0.

Since lim sin

x
e

x

x
ax

→
=−

0
1, the integral 

0

α
∫ −e

x

x
dxax sin

 is a proper integral and hence

convergent.

Now it re mains to test the con ver gence of 

α

∞ −∫ e
x

x
dxax sin

.   Let  f x
e

x
x x

ax
( ) and ( ) sin .= φ =

−

Ob vi ously the func tion f x
x eax

( ) = 1
 is bounded and monotonic de creas ing for all 

x
x

f x
x x eax

≥
→ ∞

=
→ ∞

=α and lim ( ) lim .
1

0

Moreover | |
α α

α
x x

x dx x dx x∫ ∫φ

 


=


 


= −( ) sin cos cos ≤ 2, for all finite values of x.

∴
α

x
x dx∫ φ


 


( )  is bounded for all fi nite val ues of x.

∴ by Dirichlet’s test 
α

∞ −∫ e
x

x
dxax sin

 is con ver gent.

Since the sum of two convergent integrals is convergent, therefore 
0

∞ −∫ e
x

x
dxax sin

 is

convergent.

8  Absolute Convergence

The in fi nite in te gral 
a

f x dx
∞

∫ ( )  is said to be ab so lutely con ver gent if the in te gral 

a
f x dx

∞
∫ | ( )|  is con ver gent.

If the integral 
a

f x dx
∞

∫ ( )  is absolutely convergent, it is necessarily convergent. But if

the integral 
a

f x dx
∞

∫ ( )  is convergent, it is not necessarily absolutely convergent. Thus

absolute convergence gives a sufficient but not a necessary condition for the

convergence of an infinite integral.
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Ex am ple 26: Show that 
1 4

∞
∫

sin x

x
dx is ab so lutely con ver gent.

So lu tion: The in te gral 
1 4

∞
∫

sin x

x
dx will be ab so lutely con ver gent if 

1 4

∞
∫ 


 


sin x

x
dx is

con ver gent.

Let f x
x

x
( )

sin
=


 




4
. Then f x( ) is bounded in the interval ( , )1 ∞ . We have

f x
x

x

x

x
( )

sin |sin |
=


 


=

4 4
≤ 1

4x
, since |sin |x ≤ 1.

∴ by comparison test, 
0

∞
∫ f x dx( )  is convergent if 

1 4
1∞

∫ x
dx is convergent. But the

comparison integral 
1 4

1∞
∫ x

dx is convergent because here n = 4  which is > 1.

Hence 
1

∞
∫ f x dx( )  is convergent and so the given integral is absolutely convergent.

Ex am ple 27: Show that 
0 2 2

∞
∫ +

sin mx

a x
dx  con verges ab so lutely.

(Garhwal 2008)

So lu tion: The in te gral 
0 2 2

∞
∫ +

sin mx

a x
dx will be ab so lutely con ver gent if 

0 2 2

∞
∫ +











sin mx

a x
dx is con ver gent.

Let f x
mx

a x
( )

sin
.=

+









2 2
 Then f x( ) is bounded in the interval ( , )0 ∞ . We have

f x
mx

a x

mx

a x
( )

sin |sin |
=

+









=

+2 2 2 2
≤ 1

2 2a x+
, since |sin |mx ≤ 1.

∴ by comparison test, 
0

∞
∫ f x dx( )  is convergent if 

0 2 2
1∞

∫ +a x
dx is convergent.

But 
0 2 2 0 2 2

1

0

1∞ −∫ ∫+
=

→ ∞ +
=

→ ∞






dx

a x x

dx

a x x a

x

a

xlim lim
tan

x

 =
→ ∞

−





= ⋅−lim
tan ,

x a

x

a a

1
0

1

2
1 π

which is a definite real number.

∴
0 2 2

∞
∫ +

dx

a x
 is convergent. Hence 

0

∞
∫ f x dx( )  is also convergent and so the given

integral is absolutely convergent.
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Ex am ple 28: Show that the in te gral 
0

∞ −∫ e cos mx dxx  con verges absolutely.

So lu tion: The in te gral 
0

∞ −∫ e mx dxx cos  will be ab so lutely con ver gent if 

0

∞ −∫ | cos |e mx dxx  is con ver gent.

Let f x e mxx( ) | cos |.= −  Then f x( ) is bounded in the interval ( , )0 ∞ . We have

f x e mx e mxx x( ) | cos | |cos |= =− −

          ≤ e x− ,  since |cos |mx  ≤ 1.

∴ by com par i son test, 
0

∞
∫ f x dx( )  is con ver gent if 

0

∞ −∫ e dxx  is con ver gent.

But 
0 0 0
∞ − − − ∞∫ ∫=

→ ∞
=

→ ∞
−e dx

x
e dx

x
ex x x xlim lim [ ]

     =
→ ∞

− + =−lim
[ ] ,

x
e x 1 1  which is a def i nite real num ber.

∴
0

∞ −∫ e dxx  is con ver gent.

Hence  
0

∞
∫ f x dx( )  is convergent and so the given integral is absolutely convergent.

9  Tests for Convergence of Improper Integrals of

 The Second Kind

Now we shall make a study of the tests for the convergence of a definite integral of the

type 
a

b
f x dx∫ ( )  in which the range of integration is finite and the integrand f x( ) is

unbounded at one or more points of the given interval [ , ]a b . It is sufficient to consider

the case when f x( ) becomes unbounded at x a=  and bounded for all other values of x in

the interval [ , ]a b . In this case we have

a

b

a

b
f x dx f x dx∫ ∫=

ε → + ε
( )

lim
( ) .

0

In the articles to follow we give a few important tests for the convergence of the above

integral.

10   Comparison Test

Consider  the  improper  integral  
a

b
f x dx∫ ( )  ,  where  the  range  of  integration  ( , )a b   is  finite and 

f x( )  is  unbounded  only  at  x a= .  Let  g x( )  be  positive  in  the  interval  ( , )a b+ ε    and  

| ( )|f x  ≤ g x( ) in the interval ( , ).a b+ ε  Then 
a

b
f x dx∫ ( )  is convergent if 

a

b
g x dx∫ ( )  is

convergent.
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Similarly if  | ( )| ( )f x g x≥  for all values of x in the interval ( , )a b+ ε , then 
a

b
f x dx∫ ( )  is

divergent provided 
a

b
g x dx∫ ( )  is divergent.

Al ter na tive form of the above com par i son test:

If  lim ( )

( )x a

f x

g x→
 is a definite number, other than zero, the integrals 

a

b
f x dx∫ ( )  and 

a

b
g x dx∫ ( )  either both converge or both diverge.

Note: While ap ply ing the above com par i son test, we gen er ally take 

g x
x a

i e
dx

x an a

b

n
( )

( )
. .,

( )
=

− −∫1
 is gen er ally taken as the com par i son integral.

Theorem: The comparison integral 
a

b

n

dx

x a∫ −( )
 is convergent when n < 1 and divergent when 

n ≥ 1. (Purvanchal 2011; Gorakhpur 13)

Proof: We have

a

b

n a

b

n a

b ndx

x a

dx

x a
x a∫ ∫ ∫−

=
ε → −

=
ε →

−
+ +

−

( )

lim

( )

lim ( )
0 0ε ε

dx

       =
ε →

−
−













− +

+ ε

lim ( )
,

0 1

1x a

n

n

a

b

 if n ≠ 1

         =
ε →

−
−

− ε
−













⋅
− −lim ( )

0 1 1

1 1b a

n n

n n
...(1)

If n < 1, then 1− n is pos i tive and so 
lim

.
ε →

ε =−
0

01 n  There fore from (1), we have

a

b

n

ndx

x a

b a

n∫ −
=

−
−

−

( )

( )
,

1

1
 if n < 1.

Hence the given integral converges when n < 1.

If n > 1, then 1− n is neg a tive and so n − 1 is pos i tive. There fore in this case, from (1), we

have

a

b

n

n

n

dx

x a

b a

n n∫ −
=

ε →
−

−
+

− ε













= ∞
−

−( )

lim ( )

( )0 1

1

1

1

1
.

Hence the given integral diverges when n > 1.

When n = 1 , we have

a

b

n a

bdx

x a

dx

x a∫ ∫−
=

−( ) ( )
 =

ε → −+∫
lim

0 a

b dx

x aε

        [ ]=
ε →

− + ε
lim

log ( )
0

x a
a
b  =

ε →
− − ε

lim
[log ( ) log ]

0
b a

      = ∞ [ log ]∵ 0 = − ∞
Hence the given integral diverges when n = 1.
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Ex am ple 29: Show that the in te gral 
0

1

1 3 21∫ +
dx

x x/ ( )
 is con ver gent.

So lu tion: In the given in te gral, the integrand f x
x x

( )
( )/

=
+

1

11 3 2
 is un bounded at the

lower limit of in te gra tion x = 0.

Take g x x( ) / ./= 1 1 3

Then lim ( )

( )
lim

x

f x

g x x x→
=

→ +
=

0 0

1

1
1

2
, which is fi nite and non-zero.

∴ by com par i son test

0

1

0

1

∫ ∫f x dx g x dx( ) and ( )

either both converge or both diverge. But the comparison integral 
0

1

1 3∫ dx

x /
 is

convergent because here n = 1 3/  which is less than 1. Hence the integral 

0

1

1 3 21∫ +
dx

x x/ ( )
 is also convergent.

Ex am ple 30: Test the con ver gence of the in te gral 
1

2

4 1∫ √ −
⋅dx

x( )

So lu tion: In the given in te gral the integrand f x x( ) / ( )= √ −1 14  is un bounded at the

lower limit of in te gra tion x = 1.

Take g x x( ) / ( ).= √ −1 12

Then 
lim ( )

( )

lim

( )
( )

x

f x

g x x x
x

→
=

→ √ −
⋅ √ −











1 1

1

1
1

4
2  =

→ √ +
lim

( )x x1

1

12

        = √1 2/ , which is fi nite and non-zero.

Therefore by comparison test,

1

2

∫ f x dx( )   and  
1

2

∫ g x dx( )

are ei ther both con ver gent or both di ver gent.

But   
1

2

1

2

2 1

2

21 0 1∫ ∫ ∫=
√ −

=
ε → √ −+

g x dx
dx

x

dx

x
( )

( )

lim

( )ε

=
ε →

+ √ − + ε
lim [log ( ) ]

0
12

1
2

{ }x x

=
ε →

+ √ − + ε + √ ε + εlim [log ( ) log ( ) ]
0

2 3 1 2
{ }

= + √log ( ),2 3       which is a def i nite real num ber.
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∴
1

2

∫ g x dx( )  is con ver gent.

Hence 
1

2

4
1

1∫ √ −( )x
dx is also con ver gent.

Ex am ple 31: Show that the in te gral 
0

1

∫
sec x

x
dx is di ver gent.

So lu tion: In the given in te gral the integrand f x
x

x
( ) =

sec
 is un bounded at the lower

limit of in te gra tion x = 0. Take g x x( ) /= 1 .

Then lim ( )

( )

lim lim
,

x

f x

g x x

x

x
x

x
x

→
=

→
⋅








=
→

=
0 0 0

1
sec

sec

which is fi nite and non-zero.

Therefore, by comparison test,
0

1

0

1

∫ ∫f x dx g x dx( ) and ( )  either both converge or

both diverge. But the comparison integral 
0

1 1∫ x
dx is divergent because here n = 1.

Hence the given integral 
0

1

∫
sec x

x
dx is also divergent.

Ex am ple 32: Show that 
0

1 1∫ − −x e dxn x  is con ver gent if n > 0.

So lu tion: If n ≥ 1, then 
0

1 1∫ − −x e dxn x  is a proper in te gral be cause the integrand 

f x x en x( ) = − −1  is bounded in the in ter val ( , )0 1. So the given in te gral is con ver gent

when n ≥ 1.

If 0 1< <n , the integrand f x x en x( ) = − −1  is un bounded at x = 0. Take g x x n( ) .= −1

Then 
lim ( )

( )
lim ,

x

f x

g x x
e x

→
=

→
=−

0 0
1 which is finite and non-zero.

∴ by comparison test, 
0

1

0

1

∫ ∫f x dx g x dx( ) and ( )  either both converge or both

diverge.

But 
0

1

0

1 1 1 1

0 0∫ ∫ ∫= =
ε →

=
ε →







−
ε

−g x dx x dx x dx
x

n
n n

n
( )

lim lim



 ε

1

              =
ε →

− ε











=lim
,

0

1 1

n n n

n
 which is a def i nite real num ber.

∴   
0

1

∫ g x dx( )  is con ver gent.

Hence 
0

1 1∫ − −x e dxn x  is also con ver gent.
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Ex am ple 33: Show that the in te gral 
0

1∞ − −∫ x e dxn x  is con ver gent if n > 0.

(Garhwal 2006)

So lu tion: We have 

0
1

0

1 1
1

1∞ − − − − ∞ − −∫ ∫ ∫= +x e dx x e dx x e dxn x n x n x .

Let I x e dx I x e dxn x n x
1 0

1 1
2 1

1= =∫ ∫− − ∞ − −and .

The in te gral I2 is con ver gent for all val ues of n. 

[For proof see Ex. 17 af ter ar ti cle 5]

Also the integral I1 is convergent if n > 0.            [For proof see Ex. 32 above]

Hence the given integral is convergent if n > 0 because then it is the sum of two

convergent integrals.

11  The µ-Test

Let f x( ) be unbounded at x a=  and be bounded and integrable in the arbitrary interval 

( , )a b+ ε  , where 0 < ε < −b a. If there is a number µ between 0 1and  such that

lim
x a

x a f x
→ +

−
0

( ) ( )µ  ex ists, then 
a

b
f x dx∫ ( )

is convergent.

If there is a number µ ≥ 1 such that lim x a f x
x a→ +

−
0

( ) ( )µ  exists and is non-zero, then 

a

b
f x dx∫ ( )  is divergent and the same is true if 

lim
x a

x a f x or
→ +

− = + ∞ − ∞
0

( ) ( ) .µ

In case f x( ) is unbounded at x b= , we should find

lim
( ) . ( ),

x b
b x f x

→ −
−

0
µ

the other conditions of the test remaining the same.

Ex am ple 34: Prove that the in te gral 
0

1

1∫ √ −
dx

x x{ }( )
 con verges.

(Garhwal 2009, 12)

So lu tion: In the given in te gral the integrand f x x x( ) / ( )= √ −1 1{ } is un bounded

both at x = 0 and at x = 1. If 0 1< <a , we can write

0

1

0

1

1 1 1∫ ∫ ∫√ −
=

√ −
+

√ −
dx

x x

dx

x x

dx

x x

a

a{ } { } { }( ) ( ) ( )
 = +I I1 2 , say.

In the integral I1 the integrand f x( ) is unbounded at the lower limit of integration x = 0

and in the integral I2 the integrand f x( ) is unbounded at the upper limit of integration 

x = 1.
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To test the convergence of I1. Take µ = ⋅1

2
 We have

lim
( )

lim
.

( )
lim

( )
/

x
x f x

x
x

x x x x→
=

→ √ −
=

→ √ −0 0

1

1 0

1

1
1 2µ

{ }

            = 1 i e. ., the limit ex ists.

Since 0
1

2
< <µ , therefore by µ-test I1 is convergent.

To test the convergence of I2. Take µ = ⋅1

2
 We have

lim ( ) . ( ) lim ( )
( )

/

x
x f x

x
x

x x→ −
− =

→ −
− ⋅

√ −1 0
1

1 0
1

1

1
1 2µ

{ }

  =
→ − √

=
ε → √ − ε

=lim lim

( )
.

x x1 0

1

0

1

1
1

Hence by µ-test I2 is convergent since 0 1< <µ .

Thus the given integral is the sum of two convergent integrals. Hence the given integral

itself is convergent.

Ex am ple 35: Test the con ver gence of  
0

1

2∫ √ −
log x

x
dx

( )
.

(Agra 2012)

So lu tion: Let f x
x

x
( )

log

( )
=

√ −
⋅

2
 Then f x( ) is un bounded both at x = 0 and x = 2. If 

0 2< <a , we can write

0

2

0

2

2 2 2∫ ∫ ∫√ −
=

√ −
+

√ −
log

( )

log

( )

log

( )

x

x
dx

x

x
dx

x

x
dx

a

a
 = +I I1 2 , say.

To test the convergence of I1. We have

lim ( ) lim log

( )x
x f x

x
x

x

x→
=

→
⋅

√ −








=
0 0 2

0µ µ  if µ > 0.

There fore tak ing µ be tween 0 and 1, it fol lows by µ-test that I1 is con ver gent.

To test the convergence of I2. 

Take µ = ⋅1

2
 We have

lim
( ) . ( )

lim
( )

log

( )
/

x
x f x

x
x

x

x→ −
− =

→ −
− ⋅

√ −2 0
2

2 0
2

2
1 2µ

  =
→ −

=
ε →

− εlim
log

lim
log ( )

x
x

2 0 0
2

  = log .2

∴ by µ-test I2 is con ver gent be cause 0 1< <µ .

Hence the given integral is also convergent, it being the sum of two convergent

integrals.
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Ex am ple 36: Test the con ver gence of  
0

1 1∫ − −x e dxp x .

So lu tion: Let f x x ep x( ) = − −1

and I x e dxp x= ∫ − −
0

1 1 .

If p f x≥ 1, ( ) is bounded throughout the interval ( , ) and0 1  so I  is a proper integral and

hence it is convergent if p≥ 1.

If p f x< 1, ( ) is unbounded at x = 0. In this case, we have

lim ( ) lim . lim
x

x f x
x

x x e
x

x ep x p x

→
=

→
=

→
− − + − −

0 0 0
1 1µ µ µ

            = 1  if  µ µ+ − = = −p i e p1 0 1. ., .

So by µ-test when 0 1 0 1< < < <µ i e p. ., , the given integral is convergent and when 

µ ≥ 1 i e p. ., ≤ 0, the given integral is divergent.

Hence I  is convergent if p> 0 and is divergent if p≤ 0.

12  Abel’s Test

If f x dx
a

b
( )∫  converges and φ ( )x  is bounded and monotonic for a ≤ x ≤ b, then f x x dx

a

b
( ) ( )φ∫

converges.

13  Dirichlet’s Test

If  
a

b
f x dx

+ ε∫ ( )  be bounded and φ ( )x  be bounded and monotonic on the interval a ≤ x ≤ b,

converging to zero as x tends to a, then 
a

b
f x x dx∫ φ( ) ( )  converges.

Ex am ple 37: Test the con ver gence of 
0

2π /
.∫

cos x

x
dx

n

So lu tion: When n ≤ 0, the given in te gral is a proper in te gral and hence con ver gent.

When n > 0, the integrand becomes unbounded at x = 0.

Let f x
x

x n
( )

cos
= ⋅

Then 
lim

( )
lim

cos ,
x

x f x
x

x xn

→
=

→
=−

0 0
1µ µ  if µ = n.

Hence by µ-test it follows that the given integral is convergent when 0 1< <n , and

divergent when n ≥ 1.

From the above discussion we conclude that the given integral is convergent when n < 1,

and divergent when n ≥ 1.
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Ex am ple 38: Show that the in te gral 
0

2π /

∫ log sin x dx con verges.

(Meerut 2012; Rohilkhand 12)

So lu tion: The only point of in fi nite dis con ti nu ity of the integrand is x = 0.

Now lim log sin ,
x

x x
→ 0

µ  when µ > 0

=
→ −
lim log sin

,
x

x

x0 µ form
∞
∞







=
→ − − −
lim cot

x

x

x0 1µ µ

=
→

− ⋅
+

lim
tanx

x

x0

1 1

µ

µ
form

0

0






=
→

− ⋅
+lim ( )

sec
,

x

x

x0

1 1
2µ

µ µ
         [by L’Hospital’s rule]

= 0, if µ > 0.

Taking  µ between 0 and 1, it follows from µ-test that the given integral is convergent.

Ex am ple 39: Dis cuss the con ver gence of the in te gral 

0

1 1∫ −x log x dxn . 
(Purvanchal 2009; Garhwal 12)

So lu tion:  (i) Since lim log
x

x xr

→
=

0
0 where r > 0, the in te gral is a proper in te gral,

when n > 1.

(ii) When n = 1, we have

0

1 1 1

0 0∫ ∫=
ε →

=
ε →

−
ε εlog lim log lim [ log ]x dx x dx x x x

 =
ε →

− − ε ε + ε = −lim
[ log ] .

0
1 1

∴ the in te gral is con ver gent if n = 1.
(iii) Let n < 1 and f x x xn( ) log .= −1

Then 
lim

( ) lim log
x

x f x
x

x xn

→
=

→
+ −

0 0
1µ µ

            = 0      if  µ > −1 n ...(1)

and               = − ∞   if  µ ≤ 1− n. ...(2)

Hence when 0 1< <n , we can choose µ between 0 and 1 and satisfying (1). The integral

is therefore convergent by µ-test when 0 1< <n .

Again when n ≤ 0, we can take µ = 1 and satisfying (2). Hence by µ-test the integral is

divergent when n ≤ 0.

Therefore from (i), (ii) and (iii), we conclude that the given integral is convergent when 
n > 0 and divergent when n ≤ 0.
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Ex am ple 40: Dis cuss the con ver gence or di ver gence of the in te gral

0

1

1

∞ −

∫ +
x

x
dx

a
.

(Garhwal 2006, 11)

So lu tion: Let      f x
x

x

a
( ) =

+
⋅

−1

1
 If b > 0, we can write

  
0

1

0

1 1

1 1 1

∞ − − ∞ −

∫ ∫ ∫+
=

+
+

+
x

x
dx

x

x
dx

x

x
dx

a b a

b

a

           = +I I1 2 ,  say.

Let a ≥ 1. Then f x( ) is bounded throughout the interval ( , )0 b  and so the integral I1 is a

proper integral and hence it is convergent. To test the convergence of the infinite

integral I2 in this case, we have

lim ( )
lim lim

x
x f x

x
x

x

x x

x

x

a a

→ ∞
=

→ ∞
⋅

+
=

→ ∞ +

− + −
µ µ

µ1 1

1 1

            = 1, if µ + − =a 1 1 i e. ., if µ = −2 a 

which is ≤ 1 since a ≥ 1.

Hence by µ-test I2 is divergent.

∴ the given in te gral is di ver gent if a ≥ 1.

Let a < 1 . Then in the in ter val ( , ), ( )0 b f x  is un bounded only at x = 0. Also f x( ) is

bounded through out the in ter val ( , )b ∞ . There fore in this case I1 is an im proper in te gral

of the sec ond kind and I2 is an im proper in te gral of the first kind. To test the

con ver gence of I1, we have

lim lim

x
x

x

x x

x

x

a a

→
⋅

+
=

→ +
=

− + −

0 1 0 1
1

1 1
µ

µ
 ,

 if µ + − =a 1 0  i e. .,     

              if µ = −1 a.

If we take 0 1< <a , then we have 0 1< <µ  and so by µ-test I1 is convergent. If we take a ≤
0, then µ ≥ 1 and so by µ-test I1 is divergent.

To test the convergence of I2 when a < 1, we have

lim lim

x
x

x

x x

x

x

a a

→ ∞
⋅

+
=

→ ∞ +
=

− + +
µ

µ1 1

1 1
1, if µ + − =a 1 1 i e. .,

if µ = −2 a which is > 1 since a < 1.

Hence by µ-test I2 is convergent if a < 1.

Thus  I2  is  convergent  if  a < 1.  But I1 is convergent if 0 1< <a  and is divergent if a ≤ 0.

∴ the given integral is convergent if 0 1< <a  and is divergent if  a ≤ 0.

Hence the given integral is convergent if 0 1< <a  and is divergent if a ≥ 1or if a ≤ 0.

Ex am ple 41: Dis cuss the con ver gence of the Beta func tion

0

1 1 11∫ − −−x x dxm n( ) .
(Purvanchal 2007, 12; Kanpur 12)
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So lu tion: Let  f x x xm n( ) ( )= −− −1 11  .

The following different cases arise :

(i) When m and n are both ≥ 1, the integrand f x( ) is bounded throughout the

interval ( , )0 1 and so the given integral is a proper integral and is convergent.

(ii) When m nand  are both < 1, the integrand f x( ) becomes infinite both at x = 0

and at x = 1. In this case we take 0 1< <a  and we write

0

1 1 1
0

1 11 1∫ ∫− − − −− = −x x dx x x dxm n a m n( ) ( )  

   + −∫ − −
a

m nx x dx
1 1 11( )

 = +I I1 2, say.

In the case of the integral I1, the interval of integration is ( , )0 a  and so the integrand is
unbounded at x = 0 only. To test the convergence of I1, we have

 lim . ( ) lim . ( )
x

x f x
x

x x xm n

→
=

→
−− −

0 0
11 1µ µ

    =
→

−+ − −lim
( )

x
x xm n

0
11 1µ

    = 1, if µ µ+ − = = −m i e m1 0 1. ., .if

If  we  take 0 1< <m , we have 0 1< <µ  and so by µ-test I1 is convergent. If we take m ≤ 0,

we have µ ≥ 1 and so by µ-test I1 is divergent.

Again in the case of the integral I2 , the interval of integration is ( , )a 1 and so the

integrand is unbounded at x = 1 only. To test the convergence of I2 , we have

       lim ( ) . ( ) lim ( ) ( )
x

x f x
x

x x xm n

→ −
− =

→ −
− −− −

1 0
1

1 0
1 11 1µ µ

  =
→ −

− + − −lim
( )

x
x xn m

1 0
1 1 1µ  

  =
ε →

− − ε − ε+ − −lim ( ) ( )
0

1 1 11 1
{ }

µ n m

  =
ε →

ε − ε+ − −lim
( )

0
11 1µ n m

  = 1 ,  if µ + − =n i e1 0 . ., if µ = −1 n.

If  we  take  0 1< <n ,  we have 0 1< <µ  and so by µ-test I2 is convergent. If we take n ≤ 0,

we have µ ≥ 1 and so by µ-test I2 is divergent.

Thus if m nand  are both < 1, the given integral is convergent only if 

0 1 0 1< < < <m nand .

(iii) When m < 1 and n ≥ 1, the integrand f x( ) is unbounded only at x = 0. In this case by 

µ-test, the given integral is convergent if 0 1< <m  and is divergent if m ≤ 0.

Again if m ≥ 1 and n < 1, the integrand f x( ) is unbounded only at x = 1. In this case by

µ-test, the given integral is convergent if 0 1< <n  and is divergent if n ≤ 0.

Hence from (i), (ii) and (iii) it follows that the given integral is convergent if both 

m nand  are > 0 and divergent otherwise.
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Ex am ple 42: Dis cuss the con ver gence of the Gamma func tion

0
1∞ − −∫ x e dxn x .

(Kanpur 2008; Garhwal 10; Purvanchal 08, 11, 12; Rohilkhand 10, 11)

So lu tion: We can write

0
1

0

1 1
1

1∞ − − − − ∞ − −∫ ∫ ∫= +x e dx x e dx x e dxn x n x n x  

     = +I I1 2 , say.
Let us first discuss the convergence of I1.

Let f x x en x( ) = − −1 .

If n ≥ 1, f x( ) is bounded throughout the interval [ , ]0 1 and so I1 is a proper integral and
hence it is convergent if n ≥ 1.

If n f x< 1, ( ) is un bounded at x = 0. In this case we have

lim ( ) lim . lim
x

x f x
x

x x e
x

x en x n x

→
=

→
=

→
− − + − −

0 0 0
1 1µ µ µ

           = 1 , if µ µ+ − = = −n i e n1 0 1. ., .

So by µ-test when 0 1 0 1< < < <µ i e n. ., , the in te gral I1 is con ver gent and when µ ≥ 1 

i e. . n ≤ 0, the in te gral I1 is di ver gent.

∴ I1 is convergent if n > 0 and is divergent if n ≤ 0.

Now let us discuss the convergence of the integral I2 . The function f x x en x( ) = − −1  is

bounded for all values of x in the interval ( , )1 ∞ . We have

lim ( ) lim . lim

!

x
x f x

x

x x

e x

x

x
x

n

x

n

→ ∞
=

→ ∞
=

→ ∞
+ + +

− + −
µ

µ µ1 1

2
1

2
…

            = 0 for all val ues of µ and .n
Taking µ > 1, we see by µ-test that the integral

I x e dxn x
2 1

1=
∞ − −∫   is con ver gent for all val ues of n.

Hence the given in te gral is con ver gent if n > 0 and is di ver gent if n ≤ 0.

  14  Infinite Integrals Depending on a Parameter

Uniform convergence of improper integrals when range is infinite.

The improper integral φ =
∞

∫( ) ( , )α αf x dx
a

which is an infinite series of functions of parameter α, is said to be uniformly convergent 

in the interval [ , ]α α1 2  if for every ε > 0, there exists a positive number δ depending on ε
but not on α such that

| ( ) ( , ) | | ( , ) |φ − = < ε
∞

∫∫α α αf x dx f x dx
ta

t

  V t ≥ δ and α α α∈[ , ]1 2 .
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Uniform convergence of improper integrals when the integrand is unbounded.

The improper integral φ = ∫( ) ( , )α αf x dx
a

b

such that f x( , )α → ∞, when x a→  for some α α α∈[ , ]1 2  is said to be uniformly

convergent in the interval [ , ]α α1 2  if for every ε > 0,

there exists a positive number δ depending on ε but not on α such that

| ( ) ( , ) | ,φ − < ε ≤ ≤
+∫α α δf x dx t

a t

b
V0 .

Note: Weierstrass’s ‘M’ test can be ap plied to test uni form con ver gence.

Thus, if there exists a function M ( )x > 0 for all x, such that M x dx
a

( )
∞

∫
converges and for all α and x

| ( , )| ( )f x M xα ≤ ,

then the improper integral 

φ =
∞

∫( ) ( , )α αf x dx
a

 

is uniformly convergent.

Continuity of Improper Integrals as a Function of a Parameter

The improper integral

φ =
∞

∫( ) ( , )α αf x dx
a

is continuous in [ , ]α α1 2  if

(i)  f x( , )α  is continuous for x ≥ α and α α α∈[ , ]1 2  and 

(ii)  f x dx
a

( , )α
∞

∫  is uniformly convergent for α α α∈[ , ]1 2  .

Integrability of Improper Integrals as a Function of a Parameter

If (i) f x( , )α  is continuous for x ≥ α and α α α∈[ , ]1 2  and

(ii) f x dx
a

( , )α
∞

∫  is uniformly convergent for α α α∈[ , ]1 2 ,

then the improper integral φ =
∞

∫( ) ( , )α αf x dx
a

can be integrated under the integral sign and we have

f x dx d d f x d
a

( , ) ( ) { ( , )α α α α α
α

α

α

α

α

α∞
∫∫ ∫ ∫








= φ =
1

2

1

2

1

2 α}
a

dx
∞

∫
Derivability of Improper Integrals as a Function of a Parameter

If (i) f x( , )α  is continuous and has a continuous partial derivative with respect to α for 

x ≥ α and α α α∈[ , ]1 2  and (ii) f x dx
a α α( , )
∞

∫  converges uniformly in α α α∈[ , ]1 2  , then 

φ ( )α  is differentiable and 

φ′ =
∞

∫( ) ( , )α ααf x dx
a

.
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Ex am ple 43: Eval u ate e x−∞
∫

2

0
 cos x dxα  with dif fer en ti a tion w.r.t. pa ram e ter.

So lu tion: Let φ =
∞

∫( ) ( , )α αf x dx
0

…(1)

where f x e xx( , ) cosα α= − 2

Then f x x e xx
α α α( , ) sin= − − 2

We have | sin |xe x x ex x− −≤
2 2

α

⇒ | cos |e x ex x− −≤
2 2

α [ |cos | ]∵ α x ≤ 1

Both the integrals e dxx−∞
∫

2

0
  and  xe dxx−∞

∫
2

0
 

are con ver gent, there fore by Weierstrass M test

f x dx( , )α
0

∞
∫    and   f x dxα α( , )

0

∞
∫  are uni formly con ver gent,

⇒ φ′ ( )α  ex ists.

Now      φ′ =
∞

∫( ) ( , )α ααf x dx
0

 = − −∞
∫ x e x dxx2

0
sin α

= 





−−
∞

−∞
∫1

2 2

2 2

0 0
e x e x dxx xsin cos ,

α α         [In te grat ing by parts]

= − φα α
2

( )       or
φ′
φ

= − ⋅
( )

( )

α
α

α
2

In te grat ing w.r.t. α, we get

log ( ) ,φ = − +α α2

1
4

c  

where c1 is an ar bi trary con stant.

or φ = −( ) /α αc e
2 4, ...(2) 

where c is an other con stant

Putt ing α = 0 in (1) and (2), we get

φ = = ⋅−∞
∫( )0

2

2

0
e dxx π

   and φ = =( )0 0c e c  ∴  c = ⋅π
2

Sub sti tut ing this value of c in (2), we get

φ = −( ) /α π α
2

2 4e

Hence e x dx ex−∞ −∫ =
2 2

0
4

2
cos /α π α [From (1)]
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Ex am ple 44: Eval u ate f e
sin x

x
dxx( , )α β

βα= −∞
∫0

, where α ≥ 0. Hence de duce that

sin x

x
dx

if

if

if

β
π β

β
π β

=
>
=

− <









∞
∫

/ ,

,

/ ,

2 0

0 0

2 0
0

.

So lu tion: We have 

e
x

x

e

x
x

x
−

−
≤α

αβsin
 for x > 0.

e

x
dx

x−∞
∫

α

0
 is con ver gent at ∞ if α > 0 ;

there fore by Weierstrass M test,

e
x

x
dxx−∞

∫ α βsin
0

 is uni formly con ver gent.

Now the derivative of 
e x

x

x− α βsin
 with respect to β is e xx− α βcos . For a fixed α > 0, we

have

| cos |e x ex x− −≤α αβ  [ |cos | ]∵ β x ≤ 1

But e dxx−∞
∫ α
0

 is con ver gent over [ , )0 ∞  there fore for a fixed α we have

e x dxx−∞
∫ α βcos
0

 is uni formly con ver gent

∴  fβ α β( , ) ex ists.

Thus  f e x dxx
β

αα β β( , ) cos= −∞
∫0

= −− ∞[ { sin cos }]e x xxα β β α β 0  =
+

⋅α
α β( )2 2

In te grat ing with re spect to β, we get

f c( , ) tanα β β
α

= +−1 , …(1)

where c is an ar bi trary con stant.

Putt ing β = 0 in (1), we get

0 0 0= = +f c( , )α      or      c = 0      ∴    f ( , ) tanα β β
α

= ⋅−1

De duc tion: For α > 0 and for a fixed β, we have

e
x

x
dx e

x

x
dxx

t

t t

t

− −∫ ∫=α α ξβ β
1 1

sin sin
 ≤ ∫

sin βξ x

x
dx

t1
 , 

    [Ap ply ing the Bonnett’s form of sec ond mean value the o rem]

Since 
sin βx

x
dx

0

∞
∫  is convergent, we have e

x

x
dxx−∞

∫ α βsin
0

 is uniformly convergent

with α as a parameter.
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∴ lim ( , ) ( , )
x

f f
→

=
0

0α β β …(2)

But when α → 0 from pos i tive side and β > 0, we have

lim ( , ) lim
α

α β
α→

=
→0 0

f  e
x

x
dxx−∞

∫ α βsin
0

 = π
2

…(3)

From (2) and (3), we get

f ( , ) ,0
2

β π=  if β > 0

or
sin

,
β πx

x
dx =

∞
∫ 20

 if β > 0.

Sim i larly 
sin

,
βx

x
dx =

∞
∫ 0
0

 if β = 0     

and
sin

,
β πx

x
dx = −

∞
∫ 20

 if β < 0.

Ex am ple 45: Eval u ate 
1

0

− −∞
∫

e

x e
dx

x

x

α
 if a > − 1 , with the help of dif fer en ti a tion w r t. . .

pa ram e ter.

So lu tion: Let φ =
− −∞

∫( )α
α1

0

e

x e
dx

x

x
 =

∞
∫ f x dx( , )α
0

…(1)

Then f x
e

e
e

x

x
x

α
α

αα( , ) ( )= =
−

− +1 …(2)

Now f x dx( , )α
0

∞
∫  and f x dxα α( , )

0

∞
∫  are uni formly con ver gent.

⇒ φ′ ( )α  ex ists.

∴ φ′ =
∞

∫( ) ( , )α ααf x dx
0

 = − +∞
∫ e dxx( )α 1
0

  =
− +













− + ∞
e x( )

( )

α

α

1

0
1

 =
+
1

1α
, if α > − 1 .

In te grat ing w.r.t. α, we get

φ = + +( ) log ( )α α1 c,   where c is an ar bi trary con stant .…(3)

⇒ φ =( )0 c …(4)

Putt ing α = 0 in (1), we have

φ =( ) .0 0

∴   c = 0.

Hence φ = +( ) log ( )α α1

or
1

1
0

−
= +

−∞
∫

e

x e
dx

x

x

α
αlog ( ) ; if α > − 1 .
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 1. Show that the in te gral 
π

∞
∫

sin2

2

x

x
dx is con ver gent.

 2. Test the con ver gence of the fol low ing integrals:

 (i) 
0 21

∞
∫ +

cos x

x
dx

(Purvanchal 2010; Bundelkhand 11; Rohilkhand 12; Gorakhpur 12)

(ii) 
π

∞
∫

sin x

x
dx

2
(iii) 

sin mx

x a
dx

2 20 +

∞
∫

(Garhwal 2008)

(iv) 
0

3

2 2 2

∞
∫ +

x

x a
dx

( )
(v)  

1 3 1

∞
∫ √ +

dx

x( ) (Gorakhpur 2012, 15)

(vi)
0 2

1∞
∫

− cos x

x
dx (vii)  

2 2 1

∞
∫ √ − −

dx

x x( )

(viii) 
2 2 1

∞
∫ √ −

dx

x( )
(ix)  

x dx

x

2

30 1( )+

∞
∫

(x) 
x

b x c
dx

3 2

2 20

/

( )
.

+

∞
∫

 3. Show that the fol low ing integrals are con ver gent:

(i)
0

2

2 2 2

∞
∫ +

x

a x
dx

( )
 (ii)  

0 1

∞
∫ + √

⋅dx

x x( )

 4. Test the con ver gence of  
b

x dx

x a

∞
∫ √ −

3 2

4 4

/

( )
, where b a> .

 5. Show that the in te gral 
a

n xx e dx
∞ − −∫ 1  is con ver gent, where a > 0.

 6. Test the con ver gence of the fol low ing integrals:

(i)
0

1

3 21∫ +
dx

x x( )
(ii) 

0

1

21 1∫ + √ −
dx

x x( ) ( )

(iii) 
0

2

2

π / cos
∫

x

x
dx (iv)   

0

4 1π /

( tan )∫ √ x
dx

(Agra 2012)

(v)
0

2

1

π / sin
.∫ +

x

x
dx

n

 7. Test the convergence of the following integrals :

(i) 
dx

x x1 3 1 20 1/ /( )+

∞
∫ (ii)  

dx

x x( )1 20 +

∞
∫

(iii)
x

x
dx

1 2

20 4

/

+

∞
∫ (iv)  

x

x
x dx

1 20 +

∞
∫ sin .
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 8. Ex am ine the con ver gence of the in te gral 
sin

.
/

x

x
dx

3 20

∞
∫

 9. Show that the in te gral 
0

2 2∞ −∫ e bx dxa x cos  is ab so lutely con ver gent.

10. Eval u ate 
cos xy

x
dx

1 20 +

∞
∫  with the help of dif fer en ti a tion w.r.t., pa ram e ter.

11. Eval u ate e x−∞
∫

2

0
cos αx dx us ing dif fer en ti a tion with re spect to pa ram e ter.

 2. (i) Convergent (ii) Convergent

(iii) Convergent (iv) Divergent

(v) Convergent (vi) Convergent

(vii) Divergent (viii) Divergent

(ix) Divergent (x)  Divergent

 4. Di ver gent

 6. (i) Di ver gent (ii) Con ver gent

(iii) Divergent (iv) Convergent

(v) Convergent if n < 1 and divergent if n ≥ 1

 7. (i) Di ver gent (ii) Di ver gent

(iii) Divergent (iv) Convergent

 8. Convergent

10.
π α
2

e− 11.
√ −π α 2

2
4e /

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

 1. The in te gral 
a n

dx

x

∞
∫ , where a > 0, is con ver gent when

(a) n = 1 (b) n < 1

(c) n ≤ 1 (d) n > 1
(Garhwal 2009; Rohilkhand 11)

 2. The in te gral 
a

b

n

dx

x a∫ −( )
 is con ver gent when

(a) n < 1 (b) n > 1

(c) n = 1 (d) n ≥ 1 (Garhwal 2006, 10, 11)
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 3. The in te gral 
0

1 1 11∫ − −−x x dxm n( )  is con ver gent when

(a) m > 0 (b) n > 0

(c) m n> >0 0, (d) m n= >0 1,

 4. The in te gral 
0

1∞ − −∫ x e dxn x  is di ver gent when

(a) n > 0 (b) n > 1

(c) n ≤ 0 (d) n = 1

2

 5. The in te gral 
sin

,
2

2
0

x

x
dx a

a
>

∞
∫

(a) con ver gent (b) di ver gent

(c) uni formly con ver gent (d) none of these
(Rohilkhand 2012)

Fill in the Blank(s)

Fill in the blanks “……” so that the fol low ing state ments are com plete and cor rect.

 1. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be a …… if the range of in te gra tion 

( , )a b  is fi nite and the integrand f x( ) is bounded over ( , ).a b

 2. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an im proper in te gral if the in ter val 

( , )a b  is fi nite and f x( ) is not …… over this in ter val.

 3. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an …… if the in ter val ( , )a b  is not

fi nite and f x( ) is bounded over ( , ).a b

 4. A def i nite in te gral 
a

b
f x dx∫ ( )  in which the range of in te gra tion ( , )a b  is fi nite but

the integrand f x( ) is unbounded at one or more points of the interval a x b≤ ≤ ,

is called an improper integral of the …… kind.

 5. The in te gral 
0 21

∞
∫ +

dx

x
 is an im proper in te gral of the …… kind.

 6. The in te gral 
0

4

2 3∫ − −
dx

x x( ) ( )
 is an im proper in te gral of the …… kind.

 7. The in te gral 
a n

dx

x

∞
∫ , where a > 0, is con ver gent when …… .

 8. The in te gral 
a

b

n

dx

x a∫ −( )
 is di ver gent when …… .

 9. The in te gral 
0

1∞ − −∫ e x dxx n  is con ver gent if …… .

10. The in te gral 
0

1 1 11∫ − −−x x dxm n( )  is con ver gent if both m and n are > …… 
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True or False

Write ‘T’  for true and ‘F’  for false state ment.

 1. The in te gral 
3 22

∞
∫ −

dx

x( )
 is di ver gent.

 2. The in te gral 
0 21

∞
∫ +

cos x

x
dx is con ver gent.

(Garhwal 2012)

 3. The in te gral 
a n

dx

x

∞
∫ , where a > 0, is con ver gent when n ≤ 1.

 4. The in te gral 
a

b

n

dx

x a∫ −( )
 is di ver gent when n < 1.

 5. The in te gral 
0

1

3 21∫ +
dx

x x( )
 is con ver gent.

 6. The in te gral 
0

1

1 3 21∫ +
dx

x x/ ( )
 is con ver gent.

 7. The in te gral 
1 3 1

∞
∫ √ +

dx

x( )
 is con ver gent.

 8. The in te gral 
2 2 1

∞
∫ √ −

dx

x( )
 is con ver gent.

Multiple Choice Questions

 1. (d) 2. (a) 3. (c) 4. (c)  5. (a)

Fill in the Blank(s)

 1. proper in te gral 2. bounded

 3. im proper in te gral of the first kind 4. sec ond  5. first

 6. sec ond  7. n > 1 8. n ≥ 1 9. n > 0 10. 0

True or False

 1. F 2. T 3. F 4. F 5. F

 6. T 7. T 8. F

¨
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