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Chapter-1

Definite Integrals

Comprehensive Problems 1

(T 6 .. T .3
Problem 1: Evaluate (i) .[0 cos® x dv. (ii) jO Sin” xdx.

Solution: (i) Let f (x)= cos® x. Then

f(7t—x)=cos6 (m—x)=(-cos x)6 = cos® x= f(x)
Now IOZHf(x) dx=2 joﬂf(x) dx, if f(2a—-x)= f(x). [Refer property 6]
J;)n cos® x dr=2 Jon P cos® x dr
9231 ®m [By Walli’s formula]
6.4.2 2
=5n/16.
(ii) Let fx)= sin® x.
Then f(n—x)=sin3(n—x)=sin3x=f(x)
2a a
Now JO Flx)de=2 JO F(x) d, if f(2a - x)= f(x).
Jn sin® xdx=2J.n/2 sin® x dr
0 0
vy 33 = g : [By Walli’s formula]
Problem 2: Evaluate (i) J iifl_anXdX (ii) J‘_"a x\/(az _ xz)dx
X sin”
(i ).[ 1 \/ 1=
2 sin”
Solut Let] =
olution: (i) Le J. 1_)2)

Putsin™! x=t,s0 that{l/\/(l—xz)}dx:dtandx=sint.

Whenx:—l,t:sin_l(—l)=—n/Qandwhenx:I,tzsin_llzTt/2.

/2
I =J'n tsin® ¢ dt.
-1 /2
Now let f(t) = tsin® t. Then
fl=t=(=t)sin* (- ¢)
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=—t(=sint =—tsin’ t=— f(t).
Therefore f(t)is an odd function of ¢.

I= J-_n /2/2 tsin® ¢ dt=0. [Refer property 5]
(ii) Let I= j_“ @ - 2)dr.
Let Flx)=x (@ - ).
Then fl=x)=-xV{a® = (- )

=—xV(@® - 2=~ f (v

Therefore f (x)is an odd function of x.

I= j “x \/(a2 - 22)dc=0. [Refer property 5]
(iii) Let = fsin
J‘ 1 \/ 1—

Proceeding as in part (i) of this questlon, we have

/2
I:J‘ tsin t dt.
- /2

Let f(t)=tsin ¢ Then
f(=)=(=1)sin(-1)

=tsint,so that f(¢)is an even function of ¢.
2
I1=2 Jon tsin ¢ dt, [Refer property 5]

/2
:2[t(—cost)n/Z 2.’-1: —cos t)dt

=2x%0 +2J0 cos tdt =2 [sint]F'* =2[1-0]=2.

[T dx Lo (em dx
Problem 3: Evaluate (i - . ii .
()-[0 a+ bcos x (i) -[0 a+bcos x+ csinx
n dx
Solution: (i) Let I = RS (1
(@) Le J‘0 a+ b cos x (1)
Th =" dr [Ref ty 4]
en = [ efer proper
J‘0 a+Dbcos(m—x) propery
dx
= . ..(2)
0 a-bcosx
Adding (1) and (2), we get
21 = dx
J a —b2 cos® x
n /2 dx
=2a.2 0 2_17272 [Refer property 6]

a COos™ x
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I :Za-[n/Z dx zza'l'”fZ sec? x dx
a® — b cos® x 0 a? sec® x - b?
2 2 2 2.
:ZaJn sec );dx 2:2a.[“ s;:c )c[i; S
0 a2(1+tan x)—b 0 Atan’ x+a* -b

Now leta>bh>0 .
Put a tan x = ¢, so thata sec? x dv = dt . The new limits for ¢ are 0 to oo .

= dt
I1=2 ..
Jo £+ (@ - 1)y

oo

1 [ -1 t 1
=9 v
V(a® - b?) [tan V(a? —h2>J0
2 - _
=m[tan l'eo — tan IO]

2 T T
= 9 —=-0 = 95
V(- b*) (2 ) V(@ - b?)

2
(i) Let 1=j“ dx .
0 a+bcosx+csinx

Leth=rcosocamdc=rsirlOL,sothatrz\/(b2 +62)andtan0L=c/b.
Then b cos x+ ¢sin x=r (coso cos x + sin o sin x)=r cos (x — o).
I::IZR dx .
0 a+rcos(x—a)
Putx—o=t,sothatdr=dt . When x=0 ,t=-aand when x=27n,t=2n -0 .

2n-o
I:J' dt
—o a+rcost

0 dt 2n-a dt
= 5] S (1)
-0 a+ rcost 0 a+rcost

[Refer property 3]
Now put ¢ =z — 27 in the first integral on the R.H.S. of (1). Then dt = dz and the
limits for z are 2n — o to 27 .

I 2n dz IZn—a At

2n-a a+rcos(z—-2m) JO a+rcost
2n—o At 2n dz

=J' 7+J' o4z
0 a+rcost 2n-0 a+ rcosz
2n—-o 2n

:j L+j L,becauseadefinite
0 a+rcost 2n-0 a4+ r cos t

integral does not change by changing the variable
2
:J‘ " dt [Refer property 3]

0 a+rcost
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=2 Tode [Refer property 6]
0 a+rcost

Now proceeding as in part (i) of this question, we get

n dt I .
= ,provideda>r>0 .
0 a+rcost \/(a2_,~2) P :
I=2—7t ,provided a> V(b + ¢)>0
V[a® = (1? + )]
_ 2n )
- b - %)

x dr (@ + 1)
u cos® x + b sin’ x)2 4a> b3
(Kumaun 2007, 09)

Problem 4: (i) Show that j

dx n
(ii) Show that ad = J(a>1).
J a —coszx 2a\/(ﬂ2—1)
(iii) EmluuteJ‘ o oxde
0 1+ cos® x
x dx
Solution: (i) Let I = J. ol 51 sl 7
n (1 —x)dx
= , [Refer property 4]
'[O [a2 cos” (- x) + b7 sin’ (m - x)]2
- " (m—x) J - L
0 [aZ cos® x + b2 sin’ x]Z 0 ﬂ cos? x + b sml x]l
. J_ v (Note)
0 [a% cos® x + b? sin® xP
2
=2 m dv [Refer property 6]

0 [a® cos? x + b? sin® xf
n2 sect xdr
or I=n Jo m,
[Dividing the Nr. and the Dr. by cos* x]
_ J“Q(l + tan’ x) sec” x
0 (a2 + b tan’ x)2
Now put b tan x = a tan 0 ,so that b sec? x dv = a sec® 0 d0 . Also when x = 0 ,0=0and

whenx:ln,ezln.
2 2

I=n j(;”z {1+ (/1) tan® 0 ). (a/b) sec® 0.6

at sect 0

2
3b3-[ 2 cos® 0 + a® sin® 0) do
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T 29 1 = 2 1w "
L L L By Walli’s formula
a3b3[ 227" ) 2] By ]
2
T 2
= (a + b7).
4a°p3
.. T x dx T (T —x)dx
(ii) Let I = = - , [Refer prop. 4]
j() @ — cos® x '[0 a* — cos® (m—x)
= nj-nidx -1
0 42— cos® x
2
2] = n%—2jn lez’ [Refer prop. 6]
0 42 - cos® x cos” x
/2
or I=n Jn M, dividing the Nr. and the Dr. by cos® x
0 2% sec? x-1

_ nj‘ﬁ/z sec” x dr _ ﬂ_{J'Tf/2 sec” x dr .
0 a2(1+tan2x)—l 0 (ﬂ2—1)+a2tan2x

Now put a tan x = ¢, so that a sec” x dr = dt . Also t =0 when x =0 and £ — s when
1

x—)in. .
[T (" dt _ T 1 tan— ! t 1
_*J‘O 2 _ 2 a 2 _ N
ado (g* 1)+ a (a= -1) (@ -1},
s -1 -1
=— " [tan” " e —tan 0]
a\/(az—l)
=L[£_o]=n72.
aN(a® -1)L2 2a(a® - 1)
(iii) Let I= J- rde " (n—zx)dx , [Refer prop. 4]
01+cosx 701+ cos (m—x)
:,[ (n—x)dx:J‘ﬁ 7 dx _J‘“ X dx
01+COS2X 01+ cos®x 401+ cos®x
= j -1
01+ cos® x
n/2 dx
= J‘ —ZnJ 5 [Refer prop. 6]
01+ cos® x 1 + cos” x
n/2
or = '[ sec” ,\dx, dividing the Nr. and the Dr. by cos® x
sec” x+ 1
_ J‘ T2 sec xdyr
2+tan x

Now put tan x=1¢, so that sec? xdvx=dt. Also t=0 when x=0 and t— e when

X— - T.
2
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Problem 5: (i) Evaluate Jon (sin x — cos x) log (sin x + cos x) dx.
/2
(ii)  Evaluate .[0 sin 2x log tan x dx.
/2
Solution: (i) Let ] = J.O (sin x — cos x) log (sin x + cos x) dx .
/2
Then I= J.O (cos x —sin x) log (sin x + cos x) dx
M. j“ f(x)dx=j” f(a — x) dv. Note that sin (- 7 — x) = cos x
L~ o 0 2
and cos (l T — x) =sin x1
2 |
n/2
=—-[0 (sin x — cos x) log (sin x + cos x) dxr =— 1.
2I1=0 or I=0.
/2
(ii) Let I=J‘ sin 2x log tan x dx . (1)
Then I= J- sin 2 ( - x) log tan (% T—X), [Refer prop. 4]
= '[0 sin (1 — 2x) log cot x dx

n/2
= .[0 sin 2x log cot x dx. .(2)
Adding (1) and (2), we get
2l = J sin 2x (log tan x + log cot x) dx

2 2
= Jon sin 2x log (tan x cot x) dx = Jon (sin2x).log 1 dx

/2 /2
='[n 0.s.i1r12xdx:0><J‘Tt sin2xdy=0 .
0 0
I1=0.

Problem 6: (i) Evaluate Jn Ln; dx.
O (1+ cos” x) (Kumaun 2007)

T
(ii) Evaluate JO x sin®x cos* xdx.
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Solution: (i) Let I=[" _*SMX_ g, ()
0 I+ cos”x
Then I= wdx, Lo 1 fyde= [ fla-x)dr)
J‘ I+ cos” (7 - x) [ J-O / ‘[0 / J
T (n—x)smx
= AP . ..(2)
jO 1+ cos® x
Adding (1) and (2), we get
9 = T mwsinx dx:n‘,'[n sinx( dr
0 I+ cos®x 01+ cos® x
/2 sinx
=27 o dx, [Refer prop. 6]
'[0 1+ cos® x prop
/2 .
or 1= nJ‘n L)fdx.
0 1+ cosx

Now put cos x = ¢ ,sothat—sin x dx = dt AAIsot:lwhenx=Oandt=Owhenx=% .

0 _ 1
I:nL ‘”,:nJ' o ftan'e))

1+ & 0 1+zf2
—n(tan—ll—tan—lo):n(ln—o)zlnz.
4 4
(ii) Let J xsin® x cos* x dr
I (1 — x)sin (n—x) cos4(1t—x)dx, [Refer prop. 4]
I T—X) sin® x cos® x dv
j 7 sin® x cos® x dy — J xsin® x cos? x dv
J sin® x cos* x dv — 1.
n2o 6 4
ZI—RJ sin® x cos* x dv = 2cho sin” x cos” x dx,
[Refer prop. 6]
2
or J sin® x cos* x dv= = 75 3.1.3.1 -E:gi,
108.6.4.2 2 512

by Walli’s formula.

Problem 7: (i) Prove that T vsinx dx:n(f_l).

0 1+sinx 2 (Kumaun 2011)
(i) Show that [* — XX gL g2
0 sec x + cos x 4

(iii)  Show that T xtanxdr n(ln—l).
0 sec x + tan x 2
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Solution: (i) Let ] =

T xsinx dx:J”(ﬂ—x)Sin(T‘_x) dx, [Refer prop. 4]

0 1+sinx 0 1+sin(m—x)
:J’t(n—x)si]nxﬂlx:TE T osinx dr— T xsinx It
0 l+sinx 0 1+sinx 0 1+sinx
=1tJ.n sin x dr—1.
0 1+sinx
. /2 .
21:11:.].1I s x dx:2n.[n SINY gy, [Refer prop. 6]
0 1+sinx 1+ sinx
or IZEJ“QMM:EIWH_ L P
0 1+ sinx 0 L 1+ sin x

=njon/2dx—njn/2 dx

0 Il+sinx

/2
—ﬂ:[x] n/2 TT,J‘(;T + [Refer prop. 4]
1+Sin(fTC— )
2
2 2 )
:E(E_OJ_EIE/L:L_EJE/ dxl
2 0 l+cosx 2 0 9 cos?
2 ) 2 /2
=n——n_[n lseu:21xcix:ﬂ:——‘rc[tanlx1
2 0 2% 3 2 L T2
2 2
=n——n[tanfn—tanO]zn——n=n(f—l)
2 2

(ii) The given integral I = J-n _X.(sinx/cos x) dx = Toxsiny de="_.
(I/cos x)+ cos x 014 cos? x 4
[Proceed as in problem 6(i)]
X tan x dx=Jn x .(sin x/cos x) dx:.[" xsin x It
0 (1/cos x) + (sin x/cos x) 01+sinx

(iii) Let/ = ———~
0 sec x + tan x

[Proceed as in problem 7(i)]
Problem 8: (i) Evaluate '[On sin® 0 (I + 2 cos 8) (1 + cos 9)2 de.

(i) Evaluate J.on sin® x (1= cos x)3 dx.

Solution: (i) Let I = sin> @ (142 cos®) (1 + cos 9)2 de

J
I

sin® 0(1+2cos0)(l+2coso+ cosze)de

(=)

'[n sin® 0 I+4cose+5cos 0+ 2 cos® 0) do

=)

T
Jo sin® 0+ 4 sin> 6 cos 0+ 5 sin> © cos® 0+ 2 sin’ © cos” 0) 46 .
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2
Now J " sin™ 0 cos" 040 =2 j " sin™ @ cos" 8 dor =0 ,
0 0
according as 1 is an even or an odd integer. [Refer prop. 6]
2 /2
I:2Jn sin3ed6+5x2jn sin® 6 cos” 6 d6,
0 0

because the integrals containing odd powers of cos 6 vanish

—9. 2 g0 2L 4 4.8

3.1 531 3 3 3
(ii) Let I=j;sin5x(l—cosx)3dx

T X X > 2 X 3
=J (ZSinfcos 7) (2 sin 7) dx
0 2 2 2

—28J sin!! X cos® X dy .
2 2

Now put x/2 =¢,so that dv =2 dt .
Whenx:O,t:Oandwhenx=n,tz%n.

/2
1=2x28 Jon sin!! ¢ cos® ¢ dt

8 10.8.6.4.2 .4.
16.14.12.10.8.6 .4.

_32
4.2 21

—2x2 2
2.

Problem 9: (i) Show that j log (tan x) dx =0.
(Kumaun 2010)

1
ii) Prove that | log sin log — -
(ii) [} og s ( 5 ) by =log
Solution: (i) Let
2 2
I= J-(;t log (tan x) dx = J.On log tan (% T - x) dx, [Refer prop. 4]

/2 /2 _1
_.[0 log cotxdx—jo log (tan x)” * dx

/2
=—'|.OTE log tan x dx = —1I.
. 21 =0ie., 1 =0.
ii) Let —[Mogsin (™ y )d
(ii) Le u—J.O ogsm(gy)y.
Put%ny:x,sothat%ndy:dx.

When y=0,x=0 andwhenyzl,xz%n.

2 2
uzj(:t (logsinx)-%ﬂz%j; log sin x dx .
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Now let

/2
I= JOR log sin x dx.

Then proceeding as in example7, we get

1
I="mlog —-
g2
2 2 1 1 1
u=="I==._mlog — =log —
T T 2 g2 g2

Problem 10: (i) Evaluate J x log sin x dx.

/2
(ii) Evaluate J(:[

(iii) Evaluate J.

. > tan
(iv) Emluatej _ .
0 x(1+2)

log cos x dx.

log sin 2x dx.

Uy dy

Solution: (i) Let I = J.n x log sin x dx.

Then

or

2
Nowletu = jon log sin x dx. Then proceeding as in example 7, we have u = % n log —-

(ii) Let

Then

1= J - x) log sin (7 — x) dx, [Refer prop. 4]

=J0 (m — x) log sin x dx

" rlogsinxdr— [ xlog sin x d
J0n0g51nx —onog51nx

" log sin x dv — I
T IO ogsinxdx—1.
2l=mn J log sin xdy=2n j log sin x dx, [Refer prop. 6]
/2
I=n J()n log sin x dx.

1
2

1 I 1 o 1
I=nu=n.-mnlog —=— 1" log —-

2 g2 2 g2
I= n/zlo cos x dx (1)
1= 1 dx Ref 4
_J‘O og cos (En—x) [Refer prop. 4]

/2

=J.0n log sin x dx. ..(2)

Adding (1) and (2), we get




Definite Inteqrals

(12

/2 /2
2 = Jon (log cos x + log sin x) dx = J.OR log (sin x cos x) dx .

Now proceed as in Example 7 and get I = % n log % .
/2
(iii) Let I-= j: log sin 2. dx.

Put2x=1t,sothat2 dv=dt.Alsot =0 when x=0 and ¢ = nwher\x=% .

2
I = % J‘: log sin t dt = % 2 J.On log sin t dt, [Refer prop. 6]

/2
= J-o" log sin t dt.

Now proceeding as in example 7, we get [ = % n log L
-1
. * tan " x
(iv) Let I=| —~ dx
j 0 x(1+ )

Put tan” ! x=t,so that {1/(1 + xz)}alx=dtandx=tant.Alsowhenx=O,t=0 and
when x = ¢t = /2.

1= t cot t dt.

/2 tdt _JAn/Z
0 tant JO

Now proceeding as in example 8, we get [ = % n log 2.

0
sin®

/2 2
Problem 11: (i) Show that JO ( ) 40 = 7 log 2.

(ii) Show that j:(cot_ Lyl de=n log 2.
(iii) Show thatjl ﬂ dx = 1 Tt log 2
0 x 2 '
. T 1
(iv) Show that J-O log (1 + cos x) dx = w log 5

2
/2 /2
Solution: (i) Let I = § (GJ e = J.TE 6% cosec? 0 d6.
0 sin 6 0

Integrating by parts taking cosec” B as the second function, we get
. 2
1=[6? (- cot )% - Jon 26.(= cot 8) d6

2
T

P
=_(7) cot ® + 1im62C0t9+2Jn Bcoto do
2 2 0

6—0

/2
=0+ lim 6% cotf+ ZJ'(:t 0cot 46.

6—-0
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Now lim 6% cotf = lim i [ formg :|
08—0 6—0 tan® 0
= lim 2 = 0 =0.
0-0sec?9 1

P
1:2_[0" 8 cot 6 d6.

Now proceed as in Example 8.

ii) Let I={ (cot™! x? dx.

(1i)) Le Io (cot™ " x)

Putcot™ ! x=8 ie.,x=cot®,sothatdy=— cosec? 8 d6 . The new limits for® are% Tto
0.

0 2
1= j 6% (- cosec? 0)do = J.n 6> cosec? 0 d6.
/2 0

Now proceed as in Problem 11(i).

1 gin~!
I= S xdx

i) Let
(iii) Le 0 ,

Put x =sin ¢, so that dx = cos t dt . Also t =0 when x =0 andtz% nwhen x=1.

/2
1= J. —costdt—‘[ t cot t dt.
0 sint 0

Now proceed as in Example 8.

(iv) Let I= jon log (1 + cos x) dx. (1)
Then I= j: log {1+ cos (7 — x) } dx, [Refer prop. 4]
- jO" log (1 - cos x) dx. (2)

Adding (1) and (2), we get
2 = J. [log (I + cos x) + log (1 — cos x)] dx
:Ion log { (1 + cos x) (I - cos x) } dx
:Jn ]()g(l—cosz)c)tl)c:JTE logsinzxdx:ZJ‘Tt log sin x dx.
0 0 0
I= J. i log sin x dv =2 In/z log sin x dx. [Refer prop. 6]
0 0

/2
Now let u = J-On log sin x dx. Then proceeding as in example 7, we have

uzlnlogl'
2 2

1 1 1
I1=2u=2.—mnlog —=mlog —-
2 g2 g2
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Problem 12: (i) Show that jow log (x + l) % = 7 log 2.
x/) 1+

. = log (1 + %) dx
(it) Show that | ——— """ = nlog 2.
jO 1+ 2%)
log(l+x) , 1
(iii) Show that'[ dx =~ 1 log 2.
1+ o 8 (Kumaun 2008)

Solution: (i) Put x = tan 0, so that dx = sec2 0.d0.

Also when x=0,0=0 and when x — « ,0 - w/2.

()

2 2
= In log | tan © + L }see”® g
0 tan ® ) sec? @

2 2 2 2
:J'TE log 1+ tan® 6 de:J-n log sec Ode
0 tan 6 0 tan 0

_ /2 1 _ /2 . _1
= J‘O log (J de = .[0 log (sin® cos8)” "~ 46

sin 6 cos 0

=- J log sin 6 46 — J log cos 6 d6.
/2
Now let u = J-O log sin 6 d6. Then proceeding as in Example 7, we have
/2
uzj‘(;t log cosGdO:—glogZ
1=—u—u=—2u=—2(—% nlog2)=nlog2.

(ii) Put x = tan 8, so that dx = sec” 0 46 . The new limits for @ are 0 to % .

J“"‘log 1+x2 “/210g(1+tan2 0) sec” 0 40
0 a+ ,\2 0 sec’ 0
= J log sec” 0 d6, [ 1+ tan’ 0 = sec” 0]

=2 J log sec 0d0 =2 j log (cos 6) do
=-2 J() log cos 6 46.

2
Now let u = J}f log cos 6 d6. Then proceeding as in Problem 10(ii), we have

1
=—_mlog2.
D) g
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I:—2u:—2.(—%nlog2):nlog2.

(iii) Put x = tan 0, so that drx = sec” 0.d6 .

And the new limits are8=0 to 0 = n/4.
- J‘l log L+ x) ;o J‘n/4 log (1 + tan©)

1+ 2 0 sec? @

/4 1
:.[0 log (1 + tame)dezg © log 2.

sec? 0 d0

[Proceeding as in Example 9]

/2
Problem 13: (i) Evaluate Ion IL
+ tan x
w2 dy
ii) Evaluate .
@) IO 1+ cot x
Solution: (i) We have I = [ />4 i dr
ion: (i) We have — = -
0 1+ tanwx -[0 1+ (sin x/cos x)
_ J‘“/Q cos x dx
0 cosx+sinx
= g . [Proceeding as in Example 10]
(11)WehaveJ. QL:J.E/Z dx =J.n/2 sin x dv
0 I+4+cotx JO 1+ (cosx/sinx) JO sinx+ cosx

N

[Proceeding as in Example 10]

x dx

Problem 14: (i) Show that'[ _ xa T
A+x)(1+ ) 4

. a dx T
(ii) Show that .[O m =
Solution: (i) Put x =tan 6, so that dx = sec” 040
Also when x=0,0 =0 and when x - « ,0 — /2.
tan @ sec” 6 dO
(I+ tan®) (1 + tan” 0)
J‘“Q tan 6 46 J’“/Z sin 6/cos 6
0 I+ tan® JO 1+ (sin®/cos6)
=J'T‘/2 sin@de _ m
0 cosO+sin® 4
(ii) Put x =asin 0, so that dv = a cos 0 d0 .
Also the new limits are 6 =0 to 6 = /2.

/2
The given integral I = jn

[See Example 10]
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/2
The given integral I = J.On %@d@e
asin® + a cos
/2
= Jn cos@dd _m [See Example 10]
0 sin®+cos6 4
Problem 15: (i) Show that '[”/ZM dr=".
0 N(sinx)+ V(cos x) 4 (Lucknow 2007)
/2
(ii) Show thatjn _tanr  p-T
0 tanx+ cot x 4
2 .
(iii) Show that Jn S —
0 1+ (tanx) 4
/2
(iv) Show that [ ™ Y(tanx)ds _ .
0 1+~<(tanx) 4
/2 .
Solution: (i) Let I = | P2 NGiny ()
0 ~(sin x) + V(cos x)

Then Izjn/z

0 ,
\/[sin (% T - x)] + \/[cos (% T - x)]
("2 (cosx)dr )
_J.O V(cos x) + V(sin x) ~(2)
Adding (1) and (2), we ge[t :
_n2 V(sin x) V(cos x)
o= J.O V(sin x) + V(cos x) i V(sin x) + V(cos x) o

[P e cos ) g (52 g7

[Refer prop. 4]

0 ~(sin x) + V(cos x) 2
I=ln.
4
/2
(i) Let 1=j" _ tanrdr (1)
0  tanx+ cotx
b
tan| = — x |dx
o (3]
then I:J‘1t 2

0 tan(ﬁ—x)+ cot(ﬁ—x)
2 2
:J‘ﬂfz cot x dx @)
0  cotx—tanx
Adding (1) and (2), we get
o7 :J‘"/Z tanxdx +J‘Tf/2 cot xdx
0 0  cotx+ tanx

tanx+ cotx
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J‘"/Q tanx+ cotx ;o
tanx+ cotx

I

_rm/2 W
jo Ldv=[a" =7
T
4

(iii) We have [

/2 dx (2 dx
0 1+ \/(tanx)_jo 1 + V(sin x/cos x)
_ J‘ n/2 (cosx)dx
0 +(cos x)+ (sin x)
Now proceeding exactly as in Problem 15(i) we get the result.
(iv) We have IZJ‘“/Z (tan x) dx :J‘Tf/? \/(sinx)dx. e tan g2 80X ]
0 1+ (tanx) JO  ~(cosx)+ V(sin x) L cost

[Proceed as in Problem 15(i)]

NI

(tan x) dr =

. /2 r
Problem 16: (i) Prove that [ m r

» n2 sin® xdy
1
(ii) Show that J’O Gty V2 log (V2 +1).

sin x

/2
Solution: (i) Herel = Ion dx, changing to sin x and cos x . Now proceed

sin x + cos x
as in Example 10.
.. n2 sin® xde
(ii) Let I= — (1)
0 (sin x + cos x)

2
Then I= jn 1[ J 1 , [Refer prop. 4]
0 sin(f TC—X)+ cos(f n—x)
2 2
or = J'"/z cos” x dv ‘ )
COS X + sin x

Adding (1) and (2), we get
ZI:J'”Q sin’ x dx +J‘“Q cos® x dx

sin x + cos x 0 cos x+sinx

:an(sin2x+ cos” X)dx:Jn/Z dx
0 (sinx+ cos x) 0 (sin x + cos x)

_ ("2 (1/N2) dx

_jo (1/N2)sin x + (1/V2) cos x (Note)
_LJRQL ['-'COSg:sinE:L]
V2 4 4 2

cos (x—l n:)
4
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—@Llog(sec2n+tanzn) log{sec( Z7t)+tam( 4n)}J
[ 1 1 1
L gI SCCZTC"'tal’\ZTC |2110g|:\/2+1}
V2 LS ( )+tan(—%ﬂ:)J V2 V2 -1
1 [V2+D)(2+1)] 1 9
_Elgtmj \/210g(\l2+l)
=(1/N2).2log (N2 +1).
-
I—\jzlog(\/2+l).

2 2y
Problem 17: (i) Evaluate jO” %dx,
SIn x + cos x

L.
0 {x+ \/(a —)(2)}2
2 xde
sin x + cos x

(ii) Evaluate J‘

T
(iii) Evaluate IO

Solution: (i) Proceed exactly as in problem 16(ii). The answer is the same as problem
16(ii).
(ii) Put x = asin 6, so that dv = a cos 0 d6 .
When x=0,0=0 and when x=a,0 = /2.

a.a cos®do
a (sin © + cos 6)2
_ J'Tf 2 cosBdd

0 (sin®+ cos0)

cos (l b —9) o
2

/2
. The given integral I = J.()n

(1)

/2
Also I=J‘n _,
" (o) eo)]
sin| - mt—-06(|+cos|-mT—0
12 2 )]
:J‘“/z sin © 46 )
0 (cosO+sinB)2
Adding (1) and (2), we get
9] = /2 cos®+ sin® dG:J.n/Z de

[Refer prop. 4]

(2)

0 (sin®+ cos 6) 0 sin®+ cos®
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=(1/¥2).21log (N2 +1), [Proceeding as in problem 16(ii)]
I=(1/N2)log (N2 +1).
I n/2 x dy

(iii) Let = - - . (1)
0  sinx+ cosx
s (7 T — x) dx
Then I= I i 2 i , [Refer prop. 4]
0 sin(fn—x)+cos(fn—x)
2 2
! T —x|d
w2 |y x| dx
=j ACT S (2)
0 sinx+ cos x

Adding (1) and (2), we get
dx

/2 T /2
2I = j 7:7‘[ .
sinx+ cosx 2 sin x + cos x

/2
IZEJ" A
4 JO  sinx+ cosx

Now proceeding as in problem 16(ii), we have

2
jn ke L gl (V2 ).
0  sinx+ cosx 2

71tdx

_r 1 =T
I = 210g(\/2+1) 72 10g(\/2+1).

r

4 N2
/2 /2

Problem 18: (i) Show that Jo O (sin 2x) sin x dx = J O (sin 2x) cos x dx

—\/2'[ O (cos 2x) cos x dx.
(Kumaun 2007)

& sin 2x sin (l T cos x) 8
2 de=2.

2x -1 b

T
(ii) Show that J’O

/2
Solution: (i) We have jo 0 (sin 2x) . sin x dx

= J'Oﬂ 2 o [sin 2 (g x)] sin (g - x) dx, [Refer prop. 4]
/2

= L) o [sin (n —2x)] cos x dx
n /2

= J‘O 0 (sin 2x) cos x dx. The first part proved.

Now to prove the second part, let

1= J. 0 (sin 2x) sin x dx.
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Putx=% T+ t,so that dv=dt.

When x=0,t=- n/4and when x = n/2,t = nt/4.
/4
Izj-n ¢rsin2(ln+t)]sin(ln+t)dt

- /4 [ 4 J 4
n /4 1. (1

=j d)sm( n+2t) sm(fn+t)dt
-7 /4 L J 4
n/4 1 1.

=J. 0 (cos 2t) (sm — T cost+ cos— msin t) dt
- /4 4 4

1 T /4 /4 )
:T-[ P ¢ (cos 2t) cos t dt + Ny J & (cos 2t) sin t dt.
—T

/4

Now J‘ P 0 (cos 2t)sint dt =0,
-7
because ¢ (cos 2t) sin t is an odd function of ¢

d T o (cos26) cos tdt =2 [*" 6 (cos 26) cos t d

an cos 2t) cos = cos 2t) cos t dt,
-[—n /4 IO
because ¢ (cos 2t) cos tis an even function of ¢.
\/2 J. (cos 2t) cos t dt =2 J. (cos 2x) cos x dx,

because a definite integral does not change by changing the variable.

+ sin 2x sin (l T COS x)
T 2

ii) Let 1= dx.
(i) J.O 2x -1
Putx:%n—t,sothatdxz—
Alsotz%nwhenx=Oandt:—%nwhenx=n.
1 2 1 1 1
(7n—t) sin2(7ﬂ:—t).sin 7ncos(—n—t)
2\ 2 2 2 2
_j Y 1 (- dt)
T 2(71t—t)—1t
2
1 2 1
(77'5—15) sin2t.sin(fnsin t)
/2 2 2
:J' dt
- /2 -2t
(1 -+ tz)sm2t sm(1 nsint)
J' 2 dt.
2 /2 t

7% sin 2¢ .sin (% T sin t)

| —

Now

and ¢ sin 2t .sin (% T sin t) are both odd functions of ¢
t

while sin 2¢ .sin (é T sin t) is an even function of ¢.
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1

n2 . (1.
I=--2 J (- m)sin 2t . sin (5 7 sin t) dt, [Refer prop. 5]

0
/2
= nJ.n ZSinL‘coszf.sin(l T sin t)dt.
0 2
Nowput% nsintzz,sothaté T cos tdt =dz.

Alsoz:Owhemtzoandz—%Ttwhent—l .

/2
Izrt'[7t 2.2z -sin z - dz=—j zsinzdz

T

:§|:{z Cos z) n/z J. cosz)d}
T 0

:§|— J coszdz‘lz§ sinz]g/2 §(1_0>_7
n[ J n T n

Comprehensive Problems 2

b
Problem 1: Find by summation the value (sz x dx.
a

Solution: Here f(x)=

fl@=a,f(a+h)y=a+h,
fla+2h)=a+ 2h,etc.

Now be(x)ﬂzéir?)h[f(a)+ fla+)+...+ fla+ (n-1)h}],

where n— oandnh—b—-aash—0.

-[b xdy= limhla+ (a+h)+ (a+2h)+...+ {a+ (n—-1) h}]

h—0

= lim h[ﬁ Qa+ (n— 1)11}], summing the A .P.
h—0 [2

= tim " (24 + nh - 1]
h—0 2

—hmT[2a+(b a)—h], [wnh=b-a]

h—0

:%(b—a)[2a+(h—a)]: b-a)yb+a)=L@? -

N | —
N | —

2
Problem 2: Evaluate by summation L X dx.

Solution: Proceed as problem 1. Here b =2,a=1.

Thus proceeding as above, we get J xdy = 5 (4 )= ;
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2
Problem 3: Evaluate by summation JO © dx.
Solution: Here f(x)= > anda=0,b=2; therefore nh=2-0=2.
2
J ©de=lmh[03 + 12+ 2213 + 3313 + .+ (n-1°13]
(0] h—0

= lim A [P +22 433 4.+ (n-1], where nh =2

h—0
a4l =12 =D+ 12 . .
= limh , summing up the series
h—0 4
[n(n+1)7?
using the formula X w =
L 2 |
= lim £h4 (n —1)2112,where nh=2
h—04
— lim L= P = L2 —0P.2% =4
h—=0 4

Problem 4: Using the definition of integral as the limit of a sum, show that

b
J cos x dx = sinh — sin a.
a

Solution: Proceed exactly as in example 14.

2
Problem 5: Evaluate by summation J‘On sin x dwx.

Solution: Here f(x)=sinx; a=0andb = n/2,

nh:h—a:ln—Ozln.
2 2

Proceeding exactly as in example 14, we get

/2
jon sinxdx=cosO—cos%n=l—0=L

/2
Problem 6: Evaluate by summation j()n cos x dx.

Solution: Here f(x)=cosx;a=0andb=n/2, nh=b—-a =% n-0 :% .

Proceeding exactly as in example 14, we get

/2
In cosxdxzsinln—sin0=l—O:l.
0 2

b
Problem 7: Evaluate by summation ' % dx.
a

Solution: Proceed as in Example 12. Here m = -2.
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Comprehensive Problems 3

Problem 1: Evaluate lim ri + 1

11—)%[}1+1 11+2+.”+ZJ.

Solution: Here the general term (i.e.,the r th term) = and rvaries from 1 ton . Thus

n+r
we have to find lim 2
n—>o<» n+ r
n 1 n 1 n
We have lim = lim lim = .
n—>o<>]§‘1 n+r n—>oo2_“ r/n n—>wn§‘_11+(r/n)

The limits of r in this summation are 1 to n.

Therefore the lower limit of integration = lim L 0.
Nn—oo

and the upper limit of integration = lim % liml=1L
n—oo N Nn—> oo

dv =[log (1 + x)](l) =log 2.

1
Hence the required limit = j

0 I+ x
Problem 2: Evaluate limr L + L + ...+ 1 ]
n—>o<>|jl+ m  n+2m n+ nmJ

_1

Solution: Here the rth term = =
n+m n|l+ (r/n)m

} and r varies from 1 to n.

n

1 .1 1
. The given limit = lim — = 1lim= -
& n—)wz {1+(r/n) } n—>o<>n’zﬁ:11+(r/n)m

Also the lower limit of integration

= lim (1/n) =0, [+ r=1 for the first term]
n—> o0
and the upper limit of integration = lim (n/n)=1. [ - 7 =n for the last term]

n—> oo

1 1
. The required limit = .[0 1 dy= e log (1 + mx ] = (1/m)log (1 + m).
+ mx m

Problem 3: Evaluate hmr " " n |

+ .t — .

”H“’Ik n+1)Z n+2)Z (n+n)lJ
Solution: Here the rth term = 5 =3 " 5
(n+ r)z e {1+ (r/n)}

_ L 1

il ﬁ,and rvaries from 1 ton.
AL+ (r/n)}
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nl 1

. We have to find lim —
n—>o<>’_:ln {l+(r/n)}

The lower limit of integration = lim (l) =0, [+ r=1for the Ist term]
n—oo\ 1
and the upper limit = lim (ﬁ) =1. [+ 7 =n for the last term]
n—oe\ N

1
1
.Therequiredlimit:J $dx:r— L :—l—(—l):—l+1:£.
0 (l+x)2 [ (l+x)J0 2 2 2

Problem 4: Evaluate lim [{(N(n+ D)+ N+ 2)+ ...+ N@n)}/nn].

n—> oo

Solution: The given limit

e .
- im 30 = i 5 Y (1)

r=1

[} Vasxde= [(1”)3/2]
0 52|,

_2 3291 _2 0932 4.2 1
=1+ 2] 3[2 1] 3[2x/2 1]

w

Problem 5: Evaluate
, [ 1 1 1 1
im n + o

+ + + ... 1
n— oo L(n+1)(n+2) n+2)(n+4) (n+3)(n+06) 6;12J

Solution: The given limit

n n
1 1
= lim n - = I
TR Z‘l(n+r)(n+ 2r) na:» ;‘:1 I+ r/n)(1+ 2r/n)

1 :-[1 1 I
A+r/n)(1+2r/n) 40 1+ x)(1+2x)

I
=
83
S

M=

L 1 _ A B
et = + .
I+x)1+2x) 1+x 1+2x
Then A=-1,B=2.
. The required limit:j1 = + 2 ]dx:[— log (1 + x) + log (l+2x)]1
0 [1+x 1+2xJ 0
1
=[log 1+ 2x | =10g§—log1=10g§'
[ I+ x JO 2 2

Problem 6: Evaluate lim no s 1y
n—oo| y% 4 12 i+ 22 2n
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Solution: Here the r th term=

,and rvaries from O ton .Proceeding as in example
o+

16, we get the required limit = n/4.

Problem 7: Evaluate limr ]l 2 + ..+ 11
[nz +12 2 e0? nJ

N> oo
Solution: Here the rth term

n+r _ 1+ (r/n) =l.{1+(r/n)}
a2 (it Py n |1+ |
and r varies from 1 ton.

n
. The given limit = lim Z L {H—(r/n)}

n—)oor:ln 1+(r/n)2

I ox+1 (I 1]
= 5 dv = ; —— | dx

'[0 2+l '[0 [xz+1+xz+1J
~[L tog (¢ 1] <ligae®
Lzlog(xz+1)+tar\ xJO 2log2+4.

Problem 8: Evaluate lim l:i 1+4+9+16+ ...+ nz)]

n—| g
I 9 1 (rY
Solution: Here the r th term = — Py==- (f) ,and r varies from 1 to n.
n n n
1 (r 2 1 x3 : 1
. The given limit = lim 27'(7)=J L= =2,
11— o0 n \n 0 3 3
r=1 0
: 2
Problem 9: Evaluate lim rl + " S + ...+ LT
n—m[n m+1>  (m+2)> 8nJ

Solution: Here the general term

w " 1 1

(n+ r)3 B w {1+ (r/n)}3 no{l+ (r/n)}3

and r varies from O to n.

’

n
. The given limit = lim l%
n—ee n {1+ (r/n)}

Lo NI
JO 1+ x3 dx_[ 2(1+x)2J0

1

| W

0 | —
NN

1/2 nl/2 112 n

Problem 10: Evaluate lim E + + ..+ 2 1.
Hm[nw m+3°2  m+6P? T 43 (;1—1)}3/2J

(Lucknow 2006)
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5 '’ 1
Solution: Here the general term =

n+ 332 n{l+ Gr/n)PP

and r varies from O ton —1.

n—1
1 1

. The given limit = lim [ —

1= oo Z n {1+ (3r/n)>"?

1
zjlggé;f:_%Ignggl:_2D_ﬂ:l.

0 (14302 3 [(1+3x)1QJ() 321 3

Problem 11: Evaluate lim [l 1 1 1 |

n—>oo[n i NP —12 N - 22 a N o —(n—l)z}J.

Solution: Here the general term

= 21 L ! 5 ,and r varies from O to (n —1).
Vo =) n N = (/)
= 1 (N Lo
. The given limit = lim — = —dx =[sin” " x]
ng()n VL= (r/ny} -[0 V1 - 22) 0
=sin"'1-sin"1 0 =l .
. 1 91 2 94 3 99 1 9
Problem 12: Evaluate lim | — sec” — + = sec” — + — sec” =+ ...+ —sec“1 |-
e [nz ;12 n2 n2 n2 n2 n :|
(Lucknow 2010)
Solution: Here the rth term
2 2
= ’—2 sec? =l- T sec? ’—2 ,and r varies from 1 to n .
n n n o |n n
n
The given limit = lim 1'{rsecz rj}
Nn— oo n n n
r=1
1

2x dx = dt and the limits for ¢ are O to 1

l[tam t] l(tanl—tsz):ltanl.
2 2 2
n 3
Nn—> o0 _
n 3 n 3 n 3
Solution: Here lim Z = lim z LI S A G T 2 1 %
n—>eo £ +}1 n—>ee £ l’l4 (I‘/l’l)4+1 noe n (I/}’l)

(Note)
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I x3 1 4.1 1
= dx = —[log(1+ x =_log2.
X =g llog(l+ 5] = Zlog
' 1 n+r
Problem 14: Evaluate 1
e i 32557 )

(Lucknow 2014)

n+r L+ (r/n)
Solution: Here ’}meg \/( ) ’ng, \/{ }

1 1
- \/(“ "dezj' UL (Note)
0 I-x 0 J(1-+)
Now put x =sin 6 so that dx = cos 8 46 .

Also®=0 when x=0and 0= /2 when x=1.

/2 i /2
" The required limit = Jon I +5in6 cos 0 d0 = Jon (1+sin0) d0 =[6 — cos 6] /2

cos 0

:(g—o)—(o—l)zg A1

Problem 15: Evaluate lim Z #

e f \r- 3\/1+4\/n)2

1 1 dx
Solution: The given limit = lim .
& n—mz‘ 0N /n) A3V (r/n)+ 4)2 -[0 Vr.3Vx+ 4y

Now put 3Vx + 4 = ¢t,s0 that 3 .(1/2V x) dx = dt.
The limits for t are 4 to 7.

2T de 271 271 17 1
.. The required limit == i e S R
4 314 2 3lels 317 4] 14

n 2

Problem 16: Evaluate li
! n—>n:oz (n +,2)3/2
n
. . .. . 1
Solution: The given limit = lim -
& "—>°°z:" n 1+ l/n ]3/2

/A sec? 9do

1
el Ml s

that dr = sec? 0 46 and the limits for 6 are 0 to /4

, putting x = tan 0 so

m/4 . 4 W 1
= 040 =[sin®]" " =sin — —sin0 = — -
'[0 cos [sin ]0 Sln4 sin 72
. 1 1 1]
Problem 17: Evaluate lim 5t TR
n»w[x/(zn—l ) N@dn-2%) nJ

Solution: Here the rth term
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= 1 =1 ! ,and r varies from 1 ton.

_\/(an—rz)_;.\/2(r/n r/n)2

1
- Th limit = 1 NIZY R
e given limi nf;g: n N{2(r/n) - (r/n}
dr in-! !
_1
J.O \/2}( J‘O NS =[sin™ " (x=D)],

=sin~ l0—sm 1(—1)=O+sm =n/

Problem 18: Evaluate
li I- n n n 1
m + + ...+ .
neoo[(n+ DN@r+1) (n+2)V{2@2n+2) 2n\/(n.3n)J

n

n _

Solution: Here the rth term = =
(m+r)N{r@n+ )}y (n+ )N/ {2+ (r/n)}]

1 1
n {1+ (r/m)N[(r/n) (2 + (r/n)}

Also r varies from 1 to n.

. The given limit = lim zn: l 1
nee o {L+ (r/m)IN[(r/m){2+ (r/m)}]
=J‘1 dx =Jl dx
0 I+0)Vr@+x} 0 1+ x)y{1+x? -1}

-1 1 -1 -1 T T
=[sec 1+ x =sec” 2-sec 1l==-0=="-
[see™ ! 1+ 2] £-0=1

Problem 19: Evaluate
1/3 2 1/3 2 1/3 3 13
[(n—m) + (25 n—m) + (3° n—m) - (n” —m) :|
n

lim
Nn—> oo

2n 3n - "

Solution: Here the rth term

n[-ﬁ_ﬂ—ll/'i y
o _ [nz nJ _1 1 Fﬁ_ﬁ1
rn r.on n (r/n) [nz n3J
13
. The given hm1t_nh_)n:°§ o [ _;73J

(V-0 et s 3 28] L
_Jo 7”“_10 * dx_[ixz lo

3.
X 0o 2

Problem 20: Evaluate lim L+ L + ! + ..+ EN)
n—e|lna na+l na+2 nb (Kumaun 2011)
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1

Solution: Here the last term = o (Note)
nb  na+n(b-a)

Now the rth term = ,and r varies from O to n (b — a).

na+r

n(b—a) n(b—a) 1
. The given limit = lim = lim -y
g z N> oo rgf n {a+(r/n)}

n—> oo na+r
r=0

Also the lower limit of integration
= lim (1) for the Ist term

n—oo\ N

=0, [- 7 =0 for the Ist term]

and upper limit = lim r , for the last term
n— oo\ 1

= lim M, [ r=n(b - a) for the last term|

Nn— oo n
=(b-a).
. The required limit

(b-a) 1 (b-a
:j dx =[log (a + x)] =log b —log a =log (b/a).
0 a+x 0

1+210 4310 4 nlo'
11

Problem 21: Evaluate lim
n— oo n

Solution: The given limit may be written as
10 10

[ 10 107]
i [ o 2)" ) ()] (Note)
N— o0 Ln n n n n J
1 (r 10
Now the rth term = = (7) , and r varies from 1 to n.

n \n

n 0 1!
. The given limit = lim Zl(i) =J xlodx=FL1 =i_
n—e L= \n 0 [IIJO 11

m m m m
Problem 22: Prove that lim1 P2 ] ,(m>1).

i oo nm+l m+1

n rn‘[ 1 n m
Solution: The given limit = lim Z —— = lim — z (7)

n—> oo
r=1 n

1 m+ 1 !
:J =1 1
0 m+1 0 m+1
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1 2 3 o
Problem 23: Evaluate lim [(l + 7) (1 + 7) (1 + 7) (1 + E)] .
n—oo n n n n (Lucknow 2009)

1/n
Solution: Let P = lim r(l + l) (1 + %) (I + 5)(1 + B)]

n— oo n n n n

lim 7rlog(1+ 1)+ log(l+g)+...+ log(1+ﬁ)1
n—oo 1 n n J
n

. 1 r 1
1 E —log |1+~ |= log (1 dx
n1—>rrolor:1n0g( +n) jO og (1+ x)

1 1
JO {1og(1+x)}.ldx=[{1og(1+x)}.x](1)—J’ s

Then log P

dx,

0 I+ux
integrating by parts taking 1 as the 2nd function

~log 2 - _[ %dx:log2—‘[oldx+jollix

:log2—[x]0 +[10g(l+x)](l) =log 2 -1+ log 2

=2log2-1= 10g22 —log ¢ =log (4/e).
P=4/e.

1/
Problem 24: Evaluate lim [+ D(+2)(n+3)...(n+ m)) n.

n—> oo

Solution: The given limit

i) )

lim Kl + %) (1 + %)(1 + %H

Now proceed as in problem 23.

r 4 12 4 1/3 4 1/n _]
Problem 25: Evaluate lim | (1 + L) [1 + ZJ [1 + 3) (1 + n) l.
4 4 4 4 J

n—m[
|— l 24 12 34 13 . -‘ 1/n
A 1 n
Solution: Let P = lim (1 + 7) (1 + 4) (1 + 4) (1 + 4)J

n—> oo

[ 4 4
logP = lim llog(l+ %) ;log(l+ 2)+ 3 log (l + 5) +

N—> oo
1 it |
..+ —log l+—4
n n
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=1 n r=1
= Zlog (1+ 1) dy = | A S, oo |dx
j X 8 ) J‘0 x[ 2 3 J
1
1 7 11 4 8 12
oY IR SR A S AN N SE S
0 2 3 4 16 36 0
_1_ 11 i 11 ]
4 16 36 2l 2 9 ]
2
:lrl—i+L— oo ]:ll from trigonometry
a2 R 4
1'52
Thus log P ="
48
P n2/48
b 2n 3n nm U/n
Problem 26: Evaluate lim [Sln—stn—sm— ..sin —:| .
n— o0 n 2n 2n 2n
[. m . 2% mﬂl/"
Solution: Let P = lim |[sin—sin==...sin——
f—> o0 2n 2n 2n
logP = lim 1 log(sin£)+.,.+log(smnn)
n—e n 2n 2n

. | . I 1 .m
=1 z ~1 = 1 = ox|dx
}11)H:° P " Og (Slnzn) .[0 Og (Sln D) x)

== .[0 log (sin ©) 46,

2 T
== -Zlog2|,
n( 2 8 )

[ R ) _ T 1
[. .[0 log sin 6 46 = Elogz. (See example 7)J

putting g x =0 and changing the limits

~log 2 =log (27 1) = log (1/2).

1 1
Thus log P=log | = or P=—-
srem(l) o -]
2n 3n nm 1/n
Problem 27: Evaluate lim [mn tan == tan == ... tan —] .
n— oo no 2n 2n 2n (Kumaun 2012)
1/n
Solution: Let P = lim rtar\ltan2—n. tanmﬂ

11— oo 2n 2n 2nJ
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Then logP = lim 1 log(tan£)+ log(tan2—n)+...+ log(tanﬂ)
2n 2n 2

n—oo n n
= lim 1 i log(tanﬂ) = j : log {tan x x} dx
n—oo 1 *—1 2n 0 2
= j log (tan 6) d6,
putting (mv/2) = 6 and changing the limits accordingly

/2
= 2 " log Sin 8 4o
nJ0 os 0

9 /2 . 2 w2
== log sin® 46 — = 1 d
nJ.O 0g sin 6 46 nJ‘O 0g cos 0 do
92 ¢ /2
—j log sm( GJdG——jO log cos 6 d6
T

{ Jo Srde= [ = abc]
=;J'On/2 log cosede—%'[on/z log cos 6 d6 =0.
p=¢=1.

Problem 28: Evaluate the limit

2 4 /2 . 6/)1’ 2n /n
. 1 2/n 22 32
lim 1+7 1+7 1+7 1+7 .
n—> e n n n n

(Kumaun 2009)
Solution: Let the required limit be P. Then

2 2
logP = lim —log(l+i) il og 1+2— +. +2—nlog 1+
=0 n 2 n2 n n2

li Z 2r1 1 I li 1 < 2T ) 1 r2
= Jim 3 hon{ 1+ | Jim 3 2 Jo+(7)

=1 =1
1
= JO 2xlog 1+ x*)dx

Nowputl+%zt,sothat2xdx:dt.

When x=0,t=1land whenx=1,t=2.
It P—ZI t dt = [t log ] ztldt
o8 _.[0 og tdt=[ Og]l_jl o

integrating by parts taking 1 as the second function
2 2
=(2log 2 - log 1)—Jl de=21log 2 - [t]]

=log22 -(2-1)=log4-1=log4 -loge=1log (4/e).
P=4/e.
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—— @nts

to Objective Type Questions

Multiple Choice Questions

/2
1.  We have Jn sinzxdx=2‘|.rt sin® x di = l r_F.
- /2 0 2 2 2
n 3 n 3 1 R
2. We have limz 4r 4=lim£2 (r/m 4=J X34dx
"—>°°,:1 rt 4t noen =L+ (r/n) 0 1+ x
ﬁj dr = Llog 1+ )11 =L [log 2~ log 1]= L 10g 2.
0 1+ 4 0 4 4
3. If f(x) = sin® x, we have

fl=x)=sin® (—x) = = sin® x = - f(x).
Jn/z sin> x dx = 0.
_n/Z

4. We have f[sin(n -

x)] = f (sin x).

Now we know that joz”’ f(x)de=2 jo”fu) dvif f (2a - x)= f (x).

-[On f(sinx)dy=2 jon/2 f (sin x) dx.

Fill in the Blank(s)

1 Iff(-

x), then J_[; f(x)dx =

See article 2, Property 5.

2. If fQRa-x)=-

2a
(x), then -[0 f(x)dx =

See article 2, Property 6
3. If f(~x)= f(x), then J_‘; F(x)dv=2 jo“ f (%) dx

See article 2, Property 5.

4. If fQRa-x)=f(x

2a a
) thenfo f(x)dszJO F (x) dx

See article 2, Property

5. If f(x)= =sin’ x cos® x, then
f (= x)=[sin (- x)]3 [cos (- x)]2 = (—sin x)3 (cos x)2
=—sin® xcos® x=— f(x).

-7

/2
J. » sin> x cos® x dx = 0.
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10.

~ Psinly
If th
s \/(l—xz) then
)= (—X)Z sin_l(_x) _ 2 Sin_lxz_
S (=x) V[1 = (-x?] V- 2) f(x).
XZSIH X
dy =
'[l (-2

n/2 cosx —sinx
Let I =J — = dx
1+ sinx cosx

2 cos(m/2—x)—sin(n/2 - x) .
l+sin(n/2-x)cos(m/2—x)

Then I = J

o [P snxocosx g [REcosrosing g

0 1+ cos xsin x 0 1+ sin x cos x
2 =0 or I=0.

n/2 dx _m2 (cos x)

ket 1= J. 1+ V(tan x) ~Jo V(cos x) + V(sin x) i
Then I I \[cos (/2 — x)]
V[cos (n/2 = x)]+ \[sin (/2 — x)]

TR (sin x)
_-[0 V(sin x) + V(cos x) .
Addmg (1) and (2), we get

"‘7‘/2 V(cos x +\/(smx)dx:J‘7T/2 dxz[x]n/2=£~
(cos x) + V(sin x) 0 0 2
1=".

4

Proceed as in Example 10.

I 1 | 1

We have lim =)' =J’0 - de=[log 1+ )]

n—ee = L+ (r/n)

=log 2 -log1=1log2 -0 =log 2.

True or False

Wehave [ f(ode= " dx.
e have JO f(x) _JO fla-x)
See article 2, Property 4.

If f(x)=sin"x cos’”* !y then

2m+l(n_x)zsinmx_(_ COSX)2m+1

(- I)2m+l sin’"xcosz"”lx = _sin™ XCOS2 m+1 ¥

f(n—x)=sin"(m - x) cos

(122

(1)

== f ().
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-[On sin” x cos?” L x dx = 0. [See article 2, Property 6]
/2
4. Let 1:_[’t _oxde )
sin x + cos x
2 _ ;
ThenI:J.n (n/2—x)dx
0  sin(m/2-x)+cos(m/2-x)

:J'T”2 (n/2 = x)dx (2)

0 sin x + cos x
Adding (1) and (2), we get

21:."”/2 o2 o IZEJMZ o
sin x + cos x 4J0 sin x + cos x

5. If f(x _cos x, then
f(= x):cos.3 (- x)=COS3 x= f(x)

/2 2
Jn COSBXdX=2jn cos® xdy = i:i
- /2 0 3.1 3
6. We have
2n 2n 9
TN Y TR — - LN
11— o n+r noen =~ 1+ (r/n) JO 1+x
r=0 r=0
7.  We have
‘ ln+l 1 1 1
lim — = dx
rz—)oonrg(‘)1+(r/n)2 Jo 1+ 2
:[tan_lx](l)=tan_11—tan_10:£—0=£~
4 4
8.  We have
lim {%(1+4+9+16+...+n2)}
n —> oo
1
n 2 n
. 2] 5 ¢l (2] 1
= lim T im 2 r/ny = PLde=1 ] =2.
i g ome2enfg]

000




Chapter-2

Reduction Formulae
(For Trigonometric Functions)

Comprehensive Problems 1

Problem 1: Evaluate Jsin6x dx.

Solution: We know that

.on—1
. sin XCosx n-1 .=
J.sm"xdx:— +( )J.sm" 2xalx.
n n

[Establish the formula here]

Taking n = 6 and applying the above formula successively, we have
. 6-1
J.sinéxdx=—sm xcosx+6_ljsin6_2xdx
6 6

smecos x+ = Jsm x dx

Sin> xCos X + E[ 1 SIS x cosx + § Isinz X dx]
6 4 4

sin® x cosx — =l sin> x cosx + 2 > jsinz X dx
24 8

sin® xcosx — 25—4 sin> x cos x + 7J. (1= cos 2x) dx

sms,xcosx—i51n3xcosx+i(l _L ~£sin2x)
24 8 2 2

5 5 .3 5
sin” x cos ¥ — — sin” x COS ¥ — —sin x cos ¥ + — x.
24 16 16

TC/2 ) 6
Problem 2: Emluatej sin’x dx .
0 (Kanpur 2001, 05, 06)

Solution: Here n =6 (even). Hence from article 3 (case II), we get
5 3 1 n_5m

n/2
j sin® x dx = = g
0 6 4

9 32

N |

TC/2 9
Problem 3: Evaluate JO cos” x dx.
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Solution: Here n=9 (odd). Hence from article 3 (Case I), we get

8.6.4.2 | _128

TE/2 9
'[ cos” xdyr=——""""""%= .]="22
0 9.7.5.3.1 315

/2 /2
Problem 4: Evaluate J(:E sinlo x dx or J: Coslo xdx .

Solution: Here n =10 (even) in both the cases.

IR/Z RO IR/Z JO ;2 9.7.5.3.1 n_63n

TE/4 5
Problem 5: Evaluate -[0 tan”0 do .

Solution: Proceeding as in article 4 (a), we have
l

n
tanm © Jtan ~2Zg.4e. (1)

-[ tan”0 d6 =
n

Putting n =5 in (1), we have

J.tansede—ltanéle—-‘-tangede
4
1 1 92 . .
Ztan 0 - [2 tan O—Jtanede], putting n =3 in (1)
=L tanto - lta\nZG—log cosf .
4 2
/4 /4
In tansedez[ltan49—ltan26—log cose]
0 4 2 0
:[l—l logcosln]—[O—IogcosO]z[—l—log(l/\/i)]
4 2 4 4
1.1 1 1
—+ =log2]==[log2-=] -
=Lyt log2l= llog2 -]

Problem 6: Evaluate joﬂ P (2a2 — )_3dx.

Solution: Put x=+/2 .asin®,so that dr =~2 .a cos® do.
Also when x=0, sin6=0 or0=0 and when x=a,sin0=1/+2 or0 = n/4.

Making these substitutions the given integral

/4
= j(? (V2 .a sinG)S. (2a2 ~ 2% sin? 0)” 3,42 .acos6 do

de

:J-Tt/4 25/2assin59.21/2 a cos 0
0 23a6c0569

n/4 5 1
= J-O tan° 046 = — [log 2 — 5] [See Problem 5]

5
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Problem 7: Evaluate J sec 3 yd.
Solution: We have J secox d = J sec x. sec2x dx

:secxtanx—.[secxtanxtanxdx,

(integrating by parts taking sec? x as the 2nd function)

=sec x tan x — J. sec x tan x dr = sec xtar\x—J‘ sec x(sec2 x—=1)dx
= sec xtanx—jseo3 X dx + j sec x dx.
Transposing the term — J- sec3x dr to the left, we have

ZIsec3xdx=sec xtanx+jsec x dx

or jsecg xdxz%secxtanx+%log(secx+ tanx).

TE/4 3
Problem 8: Evaluate .[O sec” x dx.

/4 /4
Solution: Let 1 =J.()n secox dy = Jn sec x.sec” x dv

= J-()n/ V(I + tan’ X). secx dr .

Nowputtanx:t,sothatseczxdx:dt.Whenx:O,t:Oandwhenx:% n,t=1.

1
_ 1 2
I= j (+t2)dt= [Et\/(l+t )+§log{t+\/(l+t )}]0

=[%\/2+%log(1+ 2] - [O+7log1]—f\/2+flog (V2 +1).
Problem 9: Evaluate ,[()a (a2 + )5 2 .
Solution: Put x=atan®,so that dr=a sec? 046 .
Then I-= jo“ @+ Y2 &

= J‘OEM @ sec” O asec? 0d0 =al Jon/4 sec’0.d0.

Now form a reduction formula for'[ sec” 040 By repeated application of this formula,

we get
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6 n/4
sec 0 tan 6)

= '[ secs 0 d6:|

3, n/4 /4
6 4f 5 sec” O tan O +§ §J‘7‘ sec39d9
4 0 6 4J0

/4
= 2\/7 SI > l(secetane)n/4+§-l.|.n sec 6 d6
3 12 82 0 "8 2o

/4
= 2f SI 52 +7 log tan (1 T+ 16)
3 12 16 16 4 2 )o

6 2\/§+5\/i Sf flogtan(gn)
3 12 16 16 8

672 + = log tan (3 n)
48 16 8

a6 3
=—|:67\/§+1510g tan(fn):l .
48 8

/4
Problem 10: Evaluate jon sin® 0 cos* 0.d0.

Solution: From article 6, we have the reduction formula

om+1 n—1
. sin’ X.cos X n-1 . _
J‘ sin” x cos” x dx = + j sin™ x cos” ™2 x d.
m+n m+1

[Derive it here]

Here m =2 and n =4 ; hence we have

n/4
/4 ino 3 /4
IOTC sinZ 0 cos0 d6 = |:sch059:| + % Ion sinZ 6 cos> 0 d6

4 0
:£+ % [sm icose] 7J~ sm29d9],
[Putting m=2 and n=2 in the above reduction formula]
= i SL = jO —€0s20) d6

8
1 L[G— sinZGT/4
48 32 16 2 o
:L+L+L[£_E}ZL+L

48 32 16|4 2| 48 64
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Problem 11: Evaluate Itan6 x dx .

Solution: We have jtan6 X dx = ltan5 X — J tan® x dy

tansx—étan x+jtan X dx

_p m\»-am\—-w\»—m

tan® x — 1 tans x + j(seczx—l) dx
3
tan5 X —étanj X+ tanx—x
3u4n.
\/7 16
Solution: Put x=asin®,so thatdx=a cos6do.
Also when x=0,sin0=0i¢,0=0
and when x=a,sin0=1ie.,0=m/2.
J’ﬂ o dv _ (™2 at sin*0a cos 0 do
0 \ (a2 - xz) 0 \l(uz — a? sin? 0)

n/2
:a4J‘ sin49d9:a4.£ .
0

Problem 12: Show that J.

Then

n_smat
2 16

S

n/4 1
Problem 13: If I":.[O tanx dx, show that I, + I, _9 = ——

-1’
and deduce the value of I5 .
(Kanpur 2005, 12; Bundelkhand 06; Avadh 06, 11; Purvanchal 14)

Solution: We know by article 4 ( ) that

'[ tan” x dv = J tan” ~ 2 x dy (derive it here)

n/4
/4 n-1 /4
I;z:_[n tannxdx=[mnx:| —jn tan” 2 x dr
0 n—1 0

or Iy+1,_9=—0--

Putting =5 in the reduction formula

1
Inzil_ln—Z’

1
4

—

we get Is =—-1I3 = _[é_jl]: _

L,
4 2

N
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/4
:—%+J‘(:t tar\xdx:—%+[logsecx]g/4
1 T 1
=——+|lo = 1o, 0]=-=+[log 2 —log1
1 [gsec4 gsec:| 1 [log g 1]
1 1 1 1
=—log2-=—=—|log2-—|.
2 & 4 2( 5 2)

/4,
Problem 14: IfI, = J() tan”x dx, prove that

n(ly_1+1,.1)=1. (Kanpur 2005, 12; Avadh 06)
Solution: Proceeding as in article 4 (1), we have
/4
/4 n /4 _
Iy1= " tan"“xdx:[tanx] —jn tan” ~ L x dr
0 n 0
0
[ /nl =1,
or [Lys1+1,-1]=1/n or n(lyy1+1,_1)=1.
Similarly, ILi+1,_9=1/(n-1).

Comprehensive Problems 2

712/2 .92 3
Problem 1: Emluatej sin” x cos™ x dx .
0 (Bundelkhand 2009, 10)

Solution: Herem =2 n =3 ;usingthe Gamma function, we have the the given integral

2+1 3+1

r=——\|.r{=— 3 1

) (2 ) (2)_1"541"2_ Eﬁ.l i
ar(2F3+2 orl 2.2 3 Lp 15

2 2 2 2 2
Aliter: By Walli’s formula, the given integral

1.2 2

= x]=="

5.3.1 15

2
Problem 2: Evaluate J.(:E/ sinx cos®x d .

Solution: Here m=4,n=06;using the Gamma function, we have the given integral

r(ﬂ) r(@) Fi FZ
2 2)_ "9 9

2F(4+6+2) 2T 6

2

3 gz 33 1,

_2 2 2 2 2~ _3m,
254321 512
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_3n

Aliter: By Walli’s formula, the given integral = 3 L
4.2 2 512

/2
Problem 3: Evaluate J.(:E sin® x coxSx dy .

Solution: Here m=5,n=8;using the Gamma function, we have the given integral

5+1 8+1
S+ (8+1 9 0
_F( Z)F( 2) _FB%FE) 2‘Lr§
ar(2*+8+2 or(5) o 13 1T 9.9
2 2 2 2 2 2
_2.2.2.2 _ 8

2.13.11.9 1287
n/2 19 18
Problem 4: Evaluate .[() sin “xcos” °x dx .
Solution: Using the Gamma function, we have the given integral
() @)
2 2 B 2 2
2r(12+}28+2) 2T (16)

8
Problem 5: Evaluate ,[()n/ cos34 x d .

Solution: Tobring the given integral into the form of Gamma function, put4 x =6 ,s0

that 4 dx = 40 . Also for limits,8=0 at x=0 andezé natx:é b1

n/2 - /2
. The given integral = 1 I cos30d0 =1 J. sin” 6. cos> 0 40
4J0 4J0

rloro rl.
1 "9 _ 2
4 9rp2 4973
2

N =

NCR >—
N | =

Problem 6: Evaluate Jon sin® g cos8 % dx.

Solution: Putting x/2 =6 ,s0 that dv =2 d6, the given integral

5317531_1t 5T
14.12.10.8.6.4.2 2 2048

—2J‘ sm 0cosS0do=2-

75/2 5 i
Problem 7: Evaluate .[() cos” x sin 3x dx .

- L /2 5 . .3
Solution: The given integral I = jO cos” x (3 sin x — 4 sin” x) dx
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/2 /2
:3.[0 cossxsinxdx—4.[0 cos® xsin> x dx

4.2 4 4.2.2 I 1

642 8642 2 6

W —

n/2 .3 4
Problem 8: Evaluate -[O sin” x cos™ x cos 2x dx .

3 4

. . . n/2 2
Solution: The given integral I=j0 sin” x cos™ x (cos

X — sin? x) dx

/2 /2
= jO sin?’ X cos6 X dx — JO sin5 X cos4 x dx

2.5.3.1 4.2.3.1 _2 § _10-8_ 2

97531 9.7.53.1 63 315 315 315

6
Problem 9: Evaluate J()n/ cos*3¢ sin> 66 do.

Solution: Proceed as in Example 8. Ans. % .

1
Problem 10: Evaluate .[0 xz(l _ )3/2 dx.

Solution: With the substitutions of Example 10 (i.e., x =sin 6), we have

3

n/2 -
the given integral = J-O sinZ 0 cos” 0. cos 6 d0

1.3.1 T
4.2 2

n/2 9 4 .
= jO sin“ 0 cos 040 = ,  [By Walli’s formula]

(o)

L

32

Problem 11: Evaluate jol x4(l _ P )3/2 dx .

Solution: As in Example 10, putting x =sin 6 etc., we get the given integral
= J.on/2 sin*0. cos> 6. cos 0 46 = Ion/2 sin0 cos* 0 40

_3.1.3.1 1
8.6.4.2 2

=3m/256.

[By Walli’s formula]

)

1
Problem 12: Evaluate .[O x6(l _ P )l/zdx.

Solution: As in Example 10, putting x = sin 6 etc., we get the given integral
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[ 1as
= I(:c/z sin®@ A= sin’ 0) cos 646 = J.(;E/z sin® @ cos” 6 do

, [By Walli’s formula]

Problem 13: Evaluate j(j xz(az _ P )3/2 dx.

Solution: Putting x = a sin 6and proceeding asin Example 11, we get the given integral

/2«
:a6jn sin@ costo dg =T
0 32
1
Problem 14: Evaluate .[0 K1 = x)" dx.

Solution: Here we put x = Sin2 0, so that dx=2sin® cos0d0 .

Also when x=0,0=0 andwhenle,ﬂz%n.
. . n/2 2m 2n .
. The given integral = .[O sin“ 7'0-cos” "0-2sin O cos 0 d0

n/2 . <
_2J' 2m+lecosln+lede

, Ar%(zmu)}r%(zmz)}:r(mﬂ)r(nﬂ).
2r%<2m+2n+4)} T (m+n+2)

1
Problem 15: Evaluate JO o2 (1- x)3 /2 g

Solution: Put x = sin2 0,s0 that dr=2sin0 cos0d0.
Also when x=0,0=0 and whenx=l,9=% .

L n/2 g 3 .
. The given integral = JO sin” 0 cos” 0.2 sin 0 cos O 40

2
:2.[75/ sin4ecos49d9:2i-
0 8.6.4.

N

[By Walli’s formula]
_3n.
128
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Problem 16: Evaluate J :) B2 - ) d.

Solution: Making substitutions as in Problem 15, the given integral reduces to

/2
ZI; sin?6 cos20 46 =2 - 3.1.1 m_m

642 2 16

2 .
Problem 17: Evaluate J-O “ " (ax — 2 ) dx, m being a positive integer.
(Kanpur 2007; Bundelkhand 07)

2 2
Solution: We have jO” PN 2ax - ) dy = jO” A2 N (2a - x) d

Now put x =2a sin2 0, so that dx =4a sin 0 cos6 d0 .
Also when x=0,0=0 and whenx=2a,6=% .

. The given integral
/2
— (" (2a sin’ 0" (2a sin’ 6)1/2. V(24 cos® 0).4asin 0 cos 0 d0
0

/2
0

:2m+3ﬂm+2J‘ Sin2m+29C0529d9

F(2m+3)r§
:2m+3ﬂm+2 2 2
2r(2m+2+2+2)

2
2m+1 2m-1 g l r ~l\/n
—om+2,m+2 2 2 2 92 2
(m+2)y(m+l)ym(m-=1)...2-1

_ 2 2m+1)(2m-1)...3.1 )
(m+2)ym+1)ym(m-=1)...2-1

2
Problem 18: Evaluate Ioﬂ © V(2ax - 2 )dx.
Solution: Proceeding as in Problem 17, the given integral
/2
=98 a7j(;t sinl2 0 cos2 040

_,8,7 11.9.7.5.3.1.1
14.12.10.8.6.4.2

.E:ﬁnﬂ?
2 16

Problem 19: Evaluate J-(;l P (2ax — e )3 2 g

Solution: We have
J(;Z B Qax - 2Py = J(;l .82 20 - 2P dx = J.Oa 22 Qa- x> dx.




Reduction Formulae (For Trigonometric Functions)

(47
Now put x = 2a sin2 0, so that dx =4a sin 0 cos 0 d0 .
Also when x =0, 2asin® =0 orsin8=0ic.,0=0
and when x =a ,2a sin2 O =a orsin®= 1/N2ie,0=m/4.
. The given integral
= J':M (2a sin? 9)9/2 (2u)3/2(cos 9)3/z 44 sin6 cos6 46

4
= j(;t/ (2ﬂ)9 2 sin’ 0 (Za)3 /2 08> . 4a sin® cos 0 d0

/4
= (211)6. 4a I(;c sint00 . cos* 0 d6.

This is not Gamma function as the limits are from O to © /4 . We shall reduce it to the
form of Gamma function by suitable trigonometrical adjustment. Thus the given
integral

a’.28 J. (sm 6 sm49 cos* 0)do, (Note)
=2a 7J 251n 6 .(2sin® C059)4d9

= 2a7'[ /A (1 - cos 26)3 sin* 20 46 .
0
Now put 20 = ., so that 2 46 = da. and the new limits area =0 toou =1 /2.
. The given integral
/2 /2
= 25{7'[ " (1 - cos a)3 sino. 1 do. = a7j " (1 - cos oc)3 sint o, dot
0 2 0

n/2
=a JO (I—3cosoc+3<:os2 0 — cos> oc)sin4ocdoc

n/2 .
= ﬂ7J-0 (sin4 o~ 3sinto cos o + 3 sint o cos® o — cos> o sin? o) do

_J[3 a3 g3 n o 230 )
22 '5.3.1 6.4.2 2 7.5.3.1

by Walli’s formula
(022
32 35

S (Brdnd 2,
16 32 5 35

Problem 20: Evaluate jg )(2(21/1)( _ )5 12 gy

Solution: Putting x =2a sin” 0 and proceeding exactly as in Problem 19, we get the
given integral

/4
= J(;c (2a sin’ 9)9/2 (2@)5 /2 (cos2 6)5 /2 44 §in 6 cos 6 d6
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Problem 21:
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Evaluate

/4
=97 Sjn in1 6 cos® 0 de
/4
— 248 J(:E (2 sin® 0)2(2 sin 6 cos 0046
/4 .
=248 J(;E (1-cos 29)Z sin® 20 40

2
:agjn/ (l—cosoc)2 sinCa do., putting 26 = o

—aSI sm o—2cosa Sln6oc+coszocsm6oc)doc
l"z.l"l Fl.FZ Fg.l"z

“B8l2 2 2, 2 2|_, [45ﬂ
2T 4 or? 2T5 256 7

2

a x4 e
Jo Z+at

Solution: Put x=atan,so thatdr=a secze o .

When x=0,0=0 and when x=a,tan0=1 ic., e:in.

. The given integral I = j

/4 4 tant
% a Secze 40
(a tan® 0 + a )

/4
:L3 n tar\89 29d9——j
a 90 sec”0

Now proceeding as in Example 12, we get

1 l[n 1]
1:737 — .
o 1614 3

Problem 22: Evaluate the integral J(;lxz a- x dx
\ a+ x

Solution: LetI:J‘g)c2 \/(ﬂ_dex ! x2 (a-x)

a+ x

0 V(@ - 2)

Now put x = asin 6 so that dv=a cos 6 40.

Also@szhenszandGz%nwhenxza.

I ZJ‘W/Z azsinze(a — a sin@)

a cos 0 40
0 a cos 9

n/2
=a3J' (sin% @ — sin° 6) d6
0

sm4 0 cos? 0d0.

(Note)
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B3 N

= Lz e [By Walli’s formula]
2 2 31
= (l %)
4 3
2
Problem 23: Evaluate the integmlju X ”2;"2 Ay
0 Y22
2
Solution: LetI:Jﬂx az s I“de
0 El + X2 0 (ﬂ4 _ X4)

Nowputx2 = % sin 0 50 that 2x dx = a> cos 0 d6 .

AlsoG:OWhenx:Oandezénwhenx=a.

:J‘R/Q (az _L sin ) 'écosede
0 % cos® 2

2 /2 2 /2
(M1 —sine)do=""|0+ cos®
2 Jo 2

0
=“Z[(“+o)—(o + 1)]=la2 Ar-n=L2x-2).
2 [\2 2 2 4
Problem 24: Evaluate I: (x—=a)™ (b - x)" dx.
Solution: Here we put x =0 sim2 0+a Cos2 0,
so that dv=2(b—a)sin® cos0d6.
Also when x=a,(b—ﬂ)sin29:0i.e.,9:0
and when x:b,(a—b)cos29:0i.e., 0=m/2.
Also (x—a):(h—a)sinzeand(h—x):(h—a)COSZB.

Thus the given integral

/2
= J-J (b —ay" sin @ (b —a) cos2 9.2 (b —a)sin® cos 6 d6

_2J‘n/2 m+n+1 2m+19c052n+19d9

:@_@mw+ﬂrw+DFW+w

, applying Gamma function.
F'(m+n+2) :| PPYING

dx _ Aar(1/n) )
VA -x"
(I-x7) nr{z (I/n)}

1
Problem 25: Prove that j
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Solution: Put x" =sin® 0 iec, x=(sin8>/"
so that dx =(2/n) (sin 9)(2/") ~1 cos0de.
Also®=0 when x=0 andezé nwhenx=1.
/2 (ein )2/ =1
. The given integral = g J " (sin 6) .cos 849
n cos 0

/2 _ /2 _
=2 J N (sin 6)(2/’1) Lo = 2 J.n (sin 6)(2/n) Leos? 0 de
nJo nJo

1
220G yr s

_nzr{%+(1/n>}_nr{%+<l/n>}'

1+ 27 32

Solution: Here we put x = tan 0 so that dx = sec0 0.

o 4
Problem 26: Show that jo X dx _m,

Also when x=0,0=0 and when x=c 0=mn/2.

Hence the given integral

_ J‘ /2 tan* 6 sec?0 do (/2 tan? 6 sec20 d0

0 (I+t3m2 9)4 o sec® 0
/2
= (;t sin6 cos? 0 d6 (Note)
l"§~l"§ §~l\/ﬂ: l\/n
=2 2_2 2 =T
2T 4 2.3.2.1 32

Problem 27: If m, n are positive integers, then prove that
1 1 -
J‘ xm_l(l—x)n_ldxz.[o xn_l(l—x)m_ldxz 1.2.3...... (m-1)

0

Solution: Put x = sin® 0,s0 that dv =2 sin 0 cos 0 d6 .
Also when x=0,0=0 and when x=1,0=7w/2.
1 n/2
IO P —x)"_ldx=JO sin? "™ =2 9 (1 —sin® 8)" ~1. 2 5in 0 cos 6 d6

/2 - -
:ZJO sin? " ~1g cos? "~ 1o 4o

1“{Zm—l+1}.r{2n—l+l}
2 2 _T'm.Tn

2F{2m_1+§n_1+2} T (m+ n)

=2
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1
Thus | PR N R MR NN (1)
0 I (m+ n)
Interchanging m and n in (1), we get
1
jox”*l(1—x)m*14x:7”'rm- (2)
' (n+m)

From (1) and (2), we have
L1 n—1 Loy m—1
1- dx = 1- dx
.[ox d=» .[ox (=

:Fm.l“n:(m—l)!(n—l)!7 [+ Tr=(r=11]
' (m+n) (m+n-1)!
_ (m=1)!(n-1)! (Note)
m+m-)(m+m=2)..n.(n=-1)(n=-2)...2.1
(m-1)!(n-1)!
(m+m-1)y(n+m—-2)...
(m=-1)(m-2)...3.2.1 )
(m+m-1)y(n+m=2)...(n+1)n

n.(n-1)!

Comprehensive Problems 3

/2 3 .
Problem 1: Evaluate .[() x”sin 3x dx .

Solution: Integrating by parts taking sin 3x as the 2nd function, we have the given

integral
:[x3.—c0s3x]n/2+‘|'75/2 3Xz.cos3xdx
3 0 0 3
9 . /2 2 .
:0+Jn/ ¥ cos 3x dv = xzism?)x —jn/ 2x-78m3xdx,
0 3 Jo 0 3

again integrating by parts regarding sin 3x as the 2nd function

2 /2
:L.(J)—%Jn xsin3x dx
0

3 3
2 n/2 9
.2 (_xcos3x) +J.n/ lcos3)cz7lx
12 3 3 b 0o 3
2 9 2 . /2 2
w2 Cosgxdx:_g_%[smh] 2
12 9J0 12 9 3 o 12 27

Problem 2: Evaluate j(;c x sin®x cos x d .

n
Solution: Letl = .[0 xsin® x cos x dr .Integrating by parts taking(sin2 x cos x)as the

2nd function, we have




Ksiabra's Integral Calculus

A 152

T
I = xsin3x _J’TCI smgx 7.[ sm v de
3 0 3
17 2 1 1 31"
—7J‘ (1-cos”x)sinxdr=——|—cosx+ = cos” x
3J0 3 3 0
| 1 | 4
=——[l-2)-(-1+2)]=—=-
3[( 3) ( 3)] 5

1
Problem 3: Evaluate '[ 0 sin Ly dv.
0 (Kanpur 2008)

Solution: Letl = J KO sin Ly dx
Put sin” x= tor x=sin t,so that dx = cost dt .
1= J- t sm t cost dt.

6

Integrating by parts taking sin” ¢ cos tas the second function and tas the first function,

we have P
T
IZI: .sin7t:| _J‘TE/Z s1n7tdt n 1 6.4.2 T 16

7, 0 7 14 7 7531 14 245

2
Problem 4: Emluatej 2 xz {ws ( )} dx .
0 a

Solution: Here put x=a cos0,so thatdx=—asin8d6.
Also when x=0,0=n/2 and when x=4a,0=0 .

0
. The given imegralz—J. (asine)(ez).ﬂsinede
n/2
——aZJ‘ 0 sin? 6d6——a2j o 72sm 646
a
—7'[“/262 (I — cos 20) do

2 .0 2 .0
=ij 6 coszede—ij 0%d6
2 Jrn/2 2 Jrn/2

0

2 .0 2

:LJ‘ 62c0526d6—a—{163}
2 Jn/2 2 (3
m a?
48

/2

2 .0
+ L I 0% c0s26 d6.
2 Jn/2

Now to evaluate J 0> cos20 de, applying integration by parts taking cos26 as the 2nd

function, we have
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| 0% cos20 40 = 021 sin 20 — [2. 1 Gin2e 40
9 9
=L 62gin 20 —jesinzede
2
- % 6% 5in20 — [0 (- % cos20) - [ 1.(- cosZG) 46

= l 92 sin20 + l 0 cos20 — — sin29 .
2 2 4

0
0 . s .
J e2 0520 d6 = 92 sin20 + 0 cos20  sin20 _T,
n/2 2 2 4 4
n/2
32 2
. The required integral = Tay 1 2 T I+ 1 1t2)
2 4 8
n . 3
Problem 5: Evaluate .[O x sin” x dx.
Solution: From article 10, we have
s
Ixsinnxdx=—£-sin"_1xcosx+M+M1xsinn_2xdx
n ) n
..(1)

Putting n =3 in (1), we have

J.x ind xdv=— - xs1n2xcosx+ l51113x+7J‘xsmxdx

3 9
Now J.xsmxdx x.(= cos x) Jl cos x) dr=— x cosx + sinx.
b
'[ xsm xdy= [ lxsi1n2xcosx+ lsin:)’x—gxcosx+ %sinx]
3 9 3 3 0

Problem 6: Evaluate J x sintx d.

Solution: Here puttingn = 4in the reduction formula (1) and proceeding as in part (i),

we have

.3 . 4
J‘xsin4xdx=—xsm reosy, sm ox, 3 o —xstx—icost
4 16 16 16

/2
Problem 7: Evaluate J.(:E X cosSx dx.

Solution: We know from article 10 that
n—-2 . n
X COS xsin x n-1
J.xcos"xalx= ¢ + 85 X I,_9.
n ;12 n

[Derive it here.]
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Putting n = 3, we have

Ixcosgxﬂzéxcoszxsinx+lcosgx+§-[xcosxdx.
Now -[xcosxdxzx.sinx—Jl.sinxdx:xsinx+ COS X.
/2
In xcosgxdx:[lxcos2xsinx+ lcos?'x
0 3 9
9 /2
+ = (xsinx + cosx):l
3 0
1 I 2 1 7 1 7
=—n-—--=—n-—=—[n-=-].
3 9 3 3 9 3 3
Problem 8: Evaluate J e*(x cos x + sin x) dx.
Solution: The given integral = I xe® cos x dx + '[ e* sinx dx
=11 + Iy ,say.
Now I = j x.e* cosxdy= x,%ex (cosx + sinx) — j % ¢*(cosx + sinx) dx,

integrating by parts taking (¢ * cos x) as 2nd function

=lxex(cosx+sinx)—l.’.gxcosxdx—ljexsinxdx
2 2 2

1 x . 1 1 & . I 1 x, .

=_xe" (cosx+sinx)— = —¢” (cosx + sinx)— —- — ¢” (sinx — cosx)

2 2 2 2 2

-1 xe ¥(cosx + sinx) — 1 e’ sinx.

2 2
And Iy =J‘exsinxdx=%ex(sinx— Cosx).

. The required integral = I} + Iy

= % xe¥(cosx + sinx) — % eVsinxy + 1 e’ (sinx — cosx)
= % e*[x (cosx + sinx) — cosx].

Remember: J- e¥ cosx dy = % e* (cosx + sinx),

and jexsinxdxzéex (sinx — cosx).

Problem 9: Evaluate J. 262X 08 g 0k simo) d .

Solution: We know that
J.e”xsin bx dy = 1 e™sin (bx - 0),

.
where r=v@® +b*)and ¢ = tan" ! (b/a).
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If we take a =2 cos oo and b = 2 sin o, , we have

r=(a® +1*)=2
and o= tan~ ! (b/a)= tan~ ! (tano) =0 .

Now the given integral = J )cZ e ™ sin bx dv

ax ax
= |:g sin (bx — ¢):| - j 2x. |:g sin (bx — ¢):| dx,
r r
integrating by parts taking (¢*" sin bx) as 2nd function
=%x2.e”xsin(bx—q))—J.xe“xsin(bx—q))dx (1)
[ r=2]
Also J.x.e“xsin(hx—q))dx
=[x.(1/7).e™ sin (bx - ¢) - J (/7). e™ sin (bx - 2¢) dx],
again integrating by parts
j ¢™ sin (bx - 20), [+ r=2]

1
2

xe sin (bx — 2¢) —

xe ™ sin (bx — 20) —

DN — N —

¢ ™ sin (bx — 30) ..(2)

Do | — N —

o

Hence from (1) and (2), the given integral

2 ¢™ sin (bx — ¢) — % xe™ sin (bx - 2¢) + i e™ sin (bx — 390),

N | —
=

where a =2 coso,b=2sinoand ¢ =o .
Lo -1 4
Problem 10: Evaluate J-O (sin™ " x)" dx.

1

Solution: Putsin™ " x=tie., x=sint,so that dx = cos t dt.

When x=0 ,tfzsin_I 0=0 amdwhenx:l,zfzsin_1 1:% .
/2 /2 /2
. The given integ}fallz_lqE i costdtz[t4 sin t] —jn 4¢3 sin ¢ dt,
0 0 0

integrating by parts taking cos t as the second function

n/2
=T _4-[0 ¢3sin t dr

4 n/2 2 .
=T _4 {t3(—costJ} +J-n/ 3t2 cos ¢ dt|,
16 0 0

again integrating by parts

/2
:——4><()—12J€ t2 cos tdt
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E
4 n/2
=T _3q? +24x0+24[smt ]
16
:in4 3% + 24
16
+1
Problem 11: Evaluate the integral dx,
j x2 x2+1
4 2 2
Solution: Letl = j 1 '[ (x +l -2 dx
122+ 12 221

aietasi m”"‘

R N Y D SR SP S I, S
_[ x]l 2}, (o +17 -2 (o2 + 17
1

Now put x = tan ¢ ,so thatdx = sec” tdt Whenx=1t= i nandwhenx = eo ,t = P T.

_1_2Jn/2 sec’t dt =1—2Jn/2 sec2tdt
n/4 l+tan t)2 n/4 sect ¢

—1-2 ede=1- [ (1+ cos 26) de
=1- jn/4 cos® = —j /4( + cos 2t)

T

/2
:1—[t+£sin2t] :I—[(ln+lsinn)—(ln+lsinln)]
2 /4 2 2 4 2 2

:l_[ln_ln_l]zl_[l n_l]:§_l T .
2 4 2 4 27 2 4
Problem 12: Evaluate the integral -[1 sz; 3 .
0 +1)
Solution : The given integral I = Jl“()(é:zl)-i-Z dx
(= +1)

:.[1

1 o oo
—dx+2 74;(: - 2
" Jlx 02 +1) [5x5]1+ -[lx6

)C
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1 oo dx
=_4+2 - .
5 -[1 L2+ 1)
Now putx = tan ¢ ,s0 thatdx = seczt dt Whenx=1,t=rn/4andwhenx=oo t = /2.
2
:l+2Jn/ cot® ¢ dt.
n/4
n—1

Vi
M—J‘cot”_ztdt.

Now we know that J‘ cot"tdt=— .
—

[See article 4]

5
J-cot(’tdt:—w—jcotél tdt
5

5 3
_cot’ t | cot t—-[cotztdt
5 3

——lcot5 t‘+lcot3 t+ J.(cosec2 t—1)dt
5 3

:—lc0t5t+écotgt—cott—t.
/2
I=l+2|:—lcot5t+lcotgt—cott—t:l
5 5 3 /4
1 1 1,1 1
=—+2[-—n-(-=+=--1--m
5 - 2 ( 5 3 4 2
12 §+2+( n+ln]_§ Lo Lss-i5m).
5 5 3 2 15 2 30
/2
Problem 13: IJ‘M,1=JO x" sin mx dx, prove that
n "1 n(n-1) o
Uy = T Uy 9, if mis of the form 4r + 1.
w2 n (Kanpur 2011)

. /2 .
Solution: We havej X sin mx dx
0
= xn_(_ Cosmx) /2 _.[n/2 nxn_l-(—icosmx)dx
m 0 0 m
/2
-0+ " xn_lcosmxdx,
mdJO0
[+ If mis of the form4 r + 1, then

cos {(4r + 1) Tc/2}=cos(2rn+%n):cos%Tt:O]

= {xn—llsinmx}nlz _Jn/z (n—l)xn_2 ~(7Sin mx)dx
o 70 m ’

m

again integrating by parts taking cos mx as 2nd function
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H(;‘)n_l rln}_ (n;l) J-(;c/Z xn—Z sinmxdx],

[ sin m7n =sin (4r + 1)

N
Il
L_—]

n "1 n(n-1)

I PYE EE A

w2
Problem 14: If]”:,"o x" sin (2p+ 1) x dx, prove that

n-1
In_'_n(n—lz)ln_zz(_l)l’%(ﬁ) R
(p+1) @p+1y \2

. n/2 g . 2 n2
where n and p are positive integers. Hence deduce that J.O x> sin3x dx = 71

: n/2 0o
Solution: We have I, = IO x'sin2p+ 1)x dx

/2

2

—|lo . cos@prD)x P r/ P cos 2p+1) x dx |,
2p+1 0 2p+1)J0

integrating by parts taking sin (2p+ 1) x as the 2nd function

2
n |:xn_1.sin(2p+l)x:|n/ _nn-1)

=0+
2p+1) @p+l) Jo  @p+1y

Iy o,

again integrating by parts
n(n-1) I

n—1
n n) . b
= - | = sin(2p+1) = - PEDR
)2( 2 @p+1y

@2p+1y- \2
1oy =1 _ » n ay !
n+721n_2—(—1) — 5 ..(1) Proved
@p+1) @2p+1y \2

/2 g . . :
Nowtoevaluatej.o x> sin3xdy,putn=3,p=1lin ().

3 -1 2 /2
13:_1.3(3) _QIIZ_L_EJ.“ x sin 3x dx
32 (2 32 12 3J0

2 /2 9
:—L—g {_xcos?)x} +ljn/ cos 3x dx

12 3 3 0 3J0

n2 2 [ :ITE/Z
=—"_ — = |sin3x

12 33 0

2
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Problem 15: Ifu, = -[O 0 sin’" 0 d0 and n> 1, prove that

(n—1) 149
n

1
u, _9 + — - Hence deduce that u5 = —— -
n—2 n2 5 225

(Lucknow 2005; Gorakhpur 06; Rohilkhand 07)

Uy =

Solution: We know that

. n-1 s
[osin o= - O¥In_0c0s0, SO, 112D g5 =2 0.
n n n

[Derive it here]
/2
Uy, = JO 0sin’0 46

on—1 /i m/2 /2
_|_6sin Gcose+51n6 +(n—l)J‘ 0sin "~ 20 4o
n " 0

0
:[L—O]+ (n-1) Uy _9 :L2+ (n_l)un_2. ...(1) Proved.
" n

112 n

Putting n =5 in the above reduction formula, we have
1 4 1 4.1 2 . .
s = —+ —ug=—+—[—+= , Putting n =3 in (1
5= s 3= s 5[9 3141] [ g (D]
1

5
2
7+i+§m:(i+i)+§‘[n/ 6sin 6 46
25 45 15 25 45) 1570

n/2 /2
:(2)+§ (—ecose) +Jn cos 0 40
225 15 0 0

:2+§[0+sin6:|
225 15

w229, 8 _149

0 225 15 225

Problem 16: Prove that if n be a positive integer greater than unity, then

n/2
'[ cos™ ™2 x sin nx d = !

0 n—l.

(Avadh 2004; Kanpur 10)
Solution: Taking m=n—-2 and proceeding as in article 13, we first establish the
reduction formula

/2 . - /2 <
J cos" =2 xsinnrdr= L4 =2 cos" =3 xsin (n—1) x dr.

0 2n-2 2n-2J0

Applying this formula repeatedly, we have

/2 . _
J.TE cos" =2 ysinprdr= L4 "2 L
0 2(m=1) 2(n-1)|2n-4

n_3 n/2
2}1—4J.0

+ cosn_4xsin(n—2)xdx}
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_ 12
! + 1 + 2” 3 ~In cos"_4xsin(n—2)xdx
2m=1) 2¢(m-1) 2¢m-1) 70

1 l+n—3{1

= +
2m=1) 22m-1) 22m-1)|2n-6
— 2
n—4 (©/ cos = xsin (n—3) x dx
2n-6J0

. 1 1,1 1 1
and finally = S+ L+
y (n — 1) |:2 22 23 211—2:|

/2
+2;J-Tc (cos x)o sin2ux dx
2" (n-1)70
1 L -
S UG n/2
1 1 1
— . 1 — ——cos2x
(n=1) -~ 3 m-1L 2 0
2

1 + ! -1

_(n—l)[ 2”—2 22 (n—1)
_ 1 1 1 . 1 _ 1 )
(n-1) 2n—2 2n—2 n—-1

/2
Problem 17: If Iy 5 = JO cos"" x cos nx dx, prove that

I m(m— 1)
(m, m) = n12 n2 m -2, -
(Purvanchal 2014)
. /2 m
Solution: We have I, ,, = jO cos’ x cos nx dx

sin nx m/2 /2 gin nx 1
= [cosm x ] - J mcos™ 77 x (= sinx) d,

n 1o 0 n
integrating by parts taking cos nx as the 2nd function
n/2 _
=0+ cos” ~ 1 xsin e sin x dr .

n

Again integrating by parts taking sin nx as the 2nd function, we have
n/2

L, ,= m (Cosm -1 xsin x) (7_ cos nx)
’ n n 0

n/2
j ( cos nx)[cosmflxcosx—(m—l) cos™ =2 ¢ sin2 x]dx

n/2
=0+ % .[0 cos nx {cos™ x — (m —1) cos™ -2 x.(1—- cos® x)} dx
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| ro1 |y
= J.(;E/z cos nx {m cos™ x — (m—1) cos™ -2 x} dx

:?{Im,n_(’"_l)lm—Z,nL

n
m(m—1
or Im,n=m§_nz)1m 2.n
T in no 2
Problem 18: Prove that j SO 4o = nm .
0 sin 0
7 (sin 10 B
Solution: Let I, = sm 46, then
0 { sin®

2
I _(™(sin(n-1)6 16
=17 o sin © '

_J' sin? ne—sm (n—l)ede
It 0 sin ©

Tsin(2n—1)0.sin® Tsin(2n-1)0

= e e T de= — = -d8 (Note
j() sin” 0 JO sin 6 ( )

=T7.
|: From ExampleZO,J. sinz6 27740 = w if n is odd, here (2n —1) is odd. }

sin®

Hence IL,=1,_1+mn (1)
=1,_9+2m, [~ From (1),1,,_1=1,_9+m]

I, _3 +3m,and so on.
Thus (

n-1)n+ I

. 2
:(n—l)n+j(;c (ST“GJ AO=n-1)n+ n=nn.

sin 6

2 i _
Problem 19: 0‘5,1=J;E/ de

sin x

/2
V= Jn (sm nx] , (n is an integer), show that
sin x

Su+1 =5 =0, V1 =Vy=Sy41.-
Solution: S, ;| andV,, ;| will be obtained by writing (n + 1)in place of nin S;, and V,,

respectively. Thus
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/2 sin (21 + 1) x dx
Su+1 :j (7)
0 sin x
/2 [sin (n+ 1) x 2
and Visl = T dx.
0 sin x
/2 [sin (2n +1) x —sin (2n — 1) x] dx
Sn+1_Sn:J0 Lsin ( ) sinx ( ) 4]
:J‘“/z cos 2nx sin x dx
0 sin x
/2 . m/2
=jn 2cos2nxdx=|:M:| =0,
0 2n 0
[ sin nmw =0 when 7 is an integer and sin0 =0]
2 2
/2| (sin (n+1)x sin nx
Also Vitl _Vn:j() l( iinx) ) _[sinx dx
_ J'Tf/z [sin2 (n+ 1))c—sin2 (nx)] dx
0 sin2 X
=J'75/2 {2 sin? (n+ l)x—2sin2 (nx)} dx
0 2 sin® x
:J‘T‘/Z {l-—cos2(n+1)x—1+ cos2nx}dx
0 2 sin® x
:J'Tf/z {cos2 nx —cos2 (n+1) x}dx
0 2sin® x
:J‘TE/Q 25in(2n+l)xsinxdx:J'75/2 sin (2n + I)xdx
0 2sin® x 0 sin x
=Su+1-

@nts to Objective Type Questions

Multiple Choice Questions

See Problem 5 of Comprehensive Problems 1.
See article 4, part (b).

See Example 8.
See Example 11.
See Problem 15 of Comprehensive Problems 2.

See Example 15.

No kW

See Example 19.
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8.  See Problem 3 of Comprehensive Problems 1.
9.  See Problem 6 of Comprehensive Problems 1.
10.  See Problem 10 of Comprehensive Problems 1.
11.  See Problem 12 of Comprehensive Problems 1.
12.  See Problem 14 of Comprehensive Problems 1.
13.  See Problem 3 of Comprehensive Problems 2.
14.  See Problem 7 of Comprehensive Problems 2.
15.  See Problem 13 of Comprehensive Problems 2.
16.  See Problem 19 of Comprehensive Problems 2.
17.  See Problem 22 of Comprehensive Problems 2.
18.  See Problem 1 of Comprehensive Problems 3.
19.  See Problem 4 of Comprehensive Problems 3.
20.  See Problem 5 of Comprehensive Problems 3.
21.  See Problem 7 of Comprehensive Problems 3.
22.  See Problem 11 of Comprehensive Problems 3.

Fill in the Blanks

See article 2, part (1).

See article 4, part (1).

See article 5, part (1).

See Problem 2 of Comprehensive Problems 1.

See Problem 2 of Comprehensive Problems 2.

SR e

See Problem 13 of Comprehensive Problems 3.

True or False

See article 5, part (2).
Like Example 7.

See Example 15.

W

See Problem 1 of Comprehensive Problems 2.

(o> o

000




Chapter-3

Reduction Formulae Continued

(For Irrational Algebraic and Transcendental Functions)

Comprehensive Problems 1

Problem 1: Prove the reduction formula

J(az + xz)"/2 dx:x(az + xz)n/z + na j(az + xz)(”/2>_I dv .
(n+1) (n+1)

2.5/2
Hence evaluate [ (& + a® /2 d. (Bundelkhand 2005; Kanpur 05)
Solution: We have j (@ + 2V g = j (@ + 2Y% 1 (Note)
:(a2 + xz)"/2 x—j%n(ﬂz + )(2)("/2>7l 2x.xdx
= x(a® + 2 Y2 -nj(a2 + 2=y 2y 4y dv (Note)
=x(a2 +x2) n/2 —)1J(ﬂ2 +)(2)”/2 dx + na® J(az +12)(n/2)—1 dx.

W) [ (@ + 2V de= @+ 2) "2 o [ (@422

2 /2 ,_x(a2+x2)”/2 na 2 n/2) -1
or J(a + 2YV2 gy = il +(n+1)j(a + %) de ..(1)

is the required reduction formula.

Now to evaluate J (a2 + 2 )5 12 g ,putting n =5 in (1), we get

5/2
Jia s 2P =t P S [ 2 g,

_7@ +AZ>S/Z+SHZ[X(E2+XZ>3/Z+3“J.(ﬂ2+x2)1/2 ‘h]
6 6 4 4
_x(d 2P 25 L2 2P
6 4
Sat 2, 2 -1 X
+E|:x\/(a +XZ)+ﬂ sin 7]~

a
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=3 N
Problem 2:.  Find a reduction formula forj (14 VY2 dx where m and n are positive
integers.

Hence evaluate j Pl 1+ e )7/2 dx

Solution: We have J 1 22 gy = %J‘ Ve 22 0x dx (Note)
ote

:1 Xm_l (1+X2)<n/2)+1_ J m 2 1+X2 }1/2 +1d){

2 LI ( n+l)
2

integrating by parts taking x ” ~! as first function

=xm_l (1+)((2)(712+)2)/2 ~ : J - ) 1+X2 (n+2) /2 (1)
n+ (n+

which is the required reduction formula.

Nowtoevaluatej)rS I+ x2)7/2 dy,putm=5,n=7in (1).

) 4 9/2
Then Jﬁa+x%ﬂ2k:£JE§iLi_%JX2a+gpmdx
A ae 22 a[las A2 o ce 202 g
9 9 11 11

putting m=3, n=9 in (1)

Pas2P2 adas 22 $j1+£1”2um

9 99
9 99 99 (13/2)
§I+)429/2 4 4x21+x2 1+x2
xﬂ'l
Problem 3: If1,, , = _[7 , prove that
1+ 2

2("—1)17;1,;1:—)""71 (Xz +1)17n+(m_1)1m—2,n—14

Sol Wehave I, = | LN
olution: e have =|——
mn =) 2y
_ 1 -l n
_§J {4 2)7 " 20 d
:lxﬂ‘l—l (I+x2 —n+1 7J‘ m_2 (I+x2)—r1+ldx
2 (=n+1) (=n+1)
integrating by parts taking {(1 + xZ ~ 7. 2x} as the 2nd function

’
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m—2
oy e LR IS
2 (n-1) 2m-1d 1+ 2y
Multiplying both sides by 2 (n — ) we get
2(”_1)1171,11: 1+XZ n+1 _I)Imf2,nfl7
which is the required reduction formula.
Problem4: Ifo (n OY \/)(C dx) provethat 2n + 1) ¢ (n) = 2x" Vax-D+2n¢n-1).

(Yo, -1/2
= dx_jox (x-1)" Y2 gy

:[xn <x—1>”2] a2
0

Solution: We have ¢ (n) .[0 \/

1/2 0 1/2

integrating by parts taking (x — I)_l/2 as the 2nd function

Xxn_l(x—l)dx

=2x"\(x=1)-2n 0 \/(x—l)

-1
= 24"\ (x—1) - 2n'[w = +2"Iod _l)dx

=2x" N (x = 1) = 210 (n) + 2n6 (n - 1)..
Transposing the middle term to the left, we get
@+ 1) o) =2x"(x-1"% + 2n0 (n-1).

Problem 5: If I, denotgsj dx,where nis a positive integer > 2, prove that
(@ + x2
I, = Z2r17—3 I,,_1. Hence or otherwise evaluate J‘ [
2a° (n-1) @+ i

Solution: Proceed as in article 2.

Let I, = J. b dx ,where nis a +ive integer>2 .

(@ + 2
To form a reduction formula for I,, , we shall integrate by parts J‘:ﬁ
(@ + )"
taking 1 as the 2nd function. Thus
oo 1 X - °  —(m=1
Ade=| -~ | - x——— 7 .2d4dx
.[0 (a2+x2)n—l |:(a2+x2)n—l:|0 J‘O (a2+x2)n
or In_1 _[ lim - O:|+2(}1—1)J‘O°°(2szz)ndx
a“ +

S Z 1 2y
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1-67]]\
°°(a2+x2)—a2dx
0 @ +2y

o lim ;—OifnZZ
[ X o0 (g% + Y] ]

:O+2(n—l)J

= dx 2
=2 -1 .-
I e e e Ll e
=2mn-1)1,_1-2(m-1)a>1,.
2m-1a I, ={2m-1)-1}1,_,

2n-3

or I, =

24° (n-1) "
is the reduction formula for I, .

Now putting n =4 in (1), we get

L_1, (1)

——I3== - —=—1Iy,
2423 6a2  2a%.2

putting n=3 in (1) to get I3 in terms of Iy

_5 oL [ 5 1[tan_15]
8at  24% 1 I6a6 0 (a +;?~ " 16a0 a alo
5 —1 —1 5 T 5m
= [tan” " o —tan” ~ O]= L LT
16a7 16’ 2 324’
Aliter: Letl = J
0 (4 +x2

Put x =a tan 0, so that dx = a sec 9 d0 . The limits for 6 are from O to © /2 .

/2 /2
1= J.n - sec? 9d9=— " cos69d6
)4 7 0
:— & r , by Walli’s formula
a 642 2
_ 5T
324"

2
Problem 6: If1,, = JO 0N Qax - ) dx , prove that

Pl m+ 2 Ly =a ™2 Qm+ )i

S N (2ar— ) dr .

2a
Hence or otherwise evaluate j() X

(Bundelkhand 2007, 10)
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Solution: Proceeding as in article 3 and taking limits from O to 2a , we get

2a
" Q- AP @ Da

I, =— 1, _
" m+ 2 m+ 2 m-l
0
or I,=04&m+a, _Q@m+ha, (1)
m+ 2 m+ 2
2m+1)a (2m—1)u1
m= ) m-2
m+ 2 m+1

replacing mby m —1in (1) to get I,,, _ in terms of I, _
_@m+1)a (2m-1)a (2m—3)a1
= . . n
m+ 2 m+ 1

_13,and so on.

Thus applying the reduction formula (1) successively, we have finally
@m+1)a (@2m-1)a (2m-3)a 5Sa 311
2 omel w4 3

Ly =

where Iy = J 0\/2ax )dy = J-zﬂ\/x \(2a - x) dx .

Put x=2a sin2 0, so that dx =4a sin® cos 6 40, and the new limits are from 6 =0 to
0=m/2.
n/2
Iy = JO \(2a)sin®.V(2a) cos 0. 4a sin © cos 6 40

3 1_3
/2 PPy
= 842 Jn sin® 6 cos> 0 d6 = 8a* .M
2T3
e lyn
_85{227:7.
221 2
I a 2m+1)2m-1)(2m-3)...5 3 ﬁ
" (m+2)(m+1)m...43 2
nam+2
= - 2m+1)2m-1)2m-3)...5 3.
(m+2)!

Multiplying the numerator and the denominator by 2m .(2m —2)...4 2, we get
_Ta me+2 Cm+1)2m@2m-1)2m—-2)...5.4.3.2.1

(m+2)! 2m.(2m—-2)...4.2
_ "2 @m+1)! _nd" 2 @m+ 1)
(m+2)L 2" [ (m-1)...2.11 2™ (m)!.(m+ 2)!
or 2" (m) ) (m+ 2) 1, a2 (Cm+1)In. Proved.

Now let I =j02“x3 V(2ax - WX:I(?M B2 V00 - xydx
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- J02ﬂx7/2 V(2a - x) dx .

Put x = 2a sin” 0 ,sothatdy = 4a sin 0 cos 8 40 ,and the newlimitsare6 =0to 8= w/2 .

I = o (2a)” sin’ 8.cos 6 4a sin® cos 6 d0
9.3
r-r- 5
/2
:64naSJ‘Tt sin® 0 cos? 040 = 64 ° —2 2 _7ma
0 2T 6 8

Problem 7: If1, —'[ o (a—x)? dx prove that

_ n 3/2
@n+3) Iy =2an 1y =2x" (a—x)"'= . (Bundelkhand 2011)

Hence evaluate Joa e (ax - e ) dx .
Solution: We have I, = j M (a—- )V a

:x".{—%(ﬂ—x)g/2 }—j nxn_l.{—%(a—x)g/z}dx,

)1 /2

integrating by parts taking (a — x as the 2nd function

:—%xn(a )3/2 11jx'1_1(a—x)(a—x)l/zdx (Note)
3 3
:-%x”(a /2 SnaJ. =1 a— M2 4y

2 no /2
gnJ'x (a—x)'= dx]
2

:_7xn(ﬂ )3/2

2
naI 1 —=nl,.
3 3

Transposing the last term to the left, we get
2 2 2 n 3/2
I+l ="nal,, 1 -Zx (a-—x
( 3 ) I 3 n—1 3 ( )

or @n+3) L, =2nal,_| -2 " (a—-x)P/2 Proved
n, \3/2
or [,=_ 2 g 2 la-x7T (1)
2n+3) 2n+ 3)

Taking limits x =0 to x = ain (1), we have
I “ + (a—x)l/2 dx

0
a
_ 2na n—l x)l/zdx— 2x”(n—x)3/2
2n+3 0 2n+3) 0
2na n—l 1/2 s
= dx -0 . (2
T+ 3) Jo * mH )
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To evaluate Ioaxz V(ax — 2 ) dv,

we have J.Oﬂxz\/(ﬂx—xz)dxzjoﬂxz.xl/Z.\/(u—x)dx
5
2.2
J‘”XS/Z D2 e ”; D) J”x3/2 (@2 ay
2.§+3 0

applying the reduction formula (2) by taking n=5/2

oo‘g‘

2 J‘“ 1/2 1/2

again applying (2) by taking n=3/2
_oa ,g-[ A2 (a = M2 gy
8§ 2J0
Now put x=a sin2 0, so that dxr=2asin0 cos0d6, and the new limits are 6 =0 to
0=m/2.

ﬂxz\/(ax—xz) /2 a2 sing. a/? cos® 2asin6 cos 6 46
0 6 0
2 /2
:SL.ZaZ j g sin® 6 cos” 0 40
16 0
54 1"§.1“§
= % . 22F 3 2 [By Gamma function]
s Sn vn g
sat g VPN swat
8 2.2.1 128

Problem 8: If u, = J (- W2 dx prove that

L2 2B 1y
Uy = — + a“ u, _9 .
n+2 n+2

Hence evaluate J()ﬂ o \/(ﬂz pe ) dx .

Solution: We have u;, = J- X (ﬂ2 _¢ )1 12 g

=—ljx”—1 =22 (Cony
2
_%xn—l[g(ﬂ2_X2>3/2]+é(n_l)jxn—2 (aZ_x2)3/2 dx,

integrating by parts taking (az ~ A )1/ 2 (=2 x) as the second function
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—éx”—l (@ - 2P +%(n—l)J. 2@ = 22 (2 -2y
(Note)
1 n- 1
=-3 L - 232 4 5 Lor-1, —g =Dy
Transposing the last term to the left, we have

(e =Dy == 28" @ =P 4 L)@

x"_l(az—xz)3/2 n—1

or U, =— + au,_9 . (1
" (n+2) nt2 2 M

Taking limits x =0 to x=a in (1), we have Proved

_[oﬂ xn\/(az —xz)dx

n-1,2  23/27% B
| (a 2) L n=Da j“x”‘ZV(az—xz)dx
(n+2) 0 (n+2) JO
—0+ L2 @ - 2 (2)
n+2 0
Putting n =4 in (2), we have
J”x“ (@ - 22 gt ZJ' 2P2 g
0 0
3 2-1 2 ﬂoz 1/2dx
6 2+2 '
again applying (2) by taking n =2
a
=la4|:lx\/(a2—x2)+lazsin_11jl
8 2 2 alo
6
Ll 1
8 2 2 32
Problem 9:  Show that Jowe_“xx"dx= ;ni—l , where a is a positive quantity and n is a
a

positive integer.

Solution: Integrating by parts regarding e~

Jwg*’”x”dx= o e~ ™ _J’°°nxn—1 e~ v
0 —a o 0 -a

:O+Ejme_”x P
ado

l { —x" efﬂx} =0, as shown in ExampleS]
0

as the 2nd function, we get
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Th S g M —av n-1 g0 e
us IO e x p jO e X (1)
Now by the repeated application of the reduction formula (1), we have ultimately
| oo
J‘ o I g L’_ﬂxxod)(:L[— 1 :|
0 0 al ae ™o
_nl 1 _ nl
Catoa g+l

1
Problem 10: Evaluate JO (log o ™y

1
Solution: Letl, ,= jO x™ (log x)"* dx ,where nis an integer> 0 . Then proceeding as

in Example 4, we have
n
Im,n:_ilm,n—y (1)

(m+1)
Putting m =4 in (1), we get
1 _ 1
4 m 4 m -1
I = 1 = 1
m, 4 Jo(ogx) X" dx m+1J‘ (ogx) dx

4
== I3 .
m+ 1

Now by repeated application of (1), we have

Im’4:[m_j1]'(m_fl](mu](mn) o ¥ og ) d
:[m_flj '(m_fl] (m+1](n1+1).[0

1
~ o 24 PR B ¥
4_[ dr= 4 - 5
S m+ Ao (m+1) m+l )y (m+ 1)

1
Problem 11: If m and n are positive integers, and f (m, n) = JO ol (log x)™ dx , prove

that f (m,n)=— (m/n) f(m—1n). Deduce that f (m,n)=(-=1)". m!/n" +1

Solution: Integrating by parts regarding x " ~ 1 as the 2nd function, we have

1
n 1
f(m,n)=|:(log x™. xn :l _n o oz bl gy
= mJ logx ldx,

lim xn(log xY™ =0, as shown Example 4
x—0
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(7T

or f(m,n)=—(m/n) f(m=1,n) (1)

Proved

SR (ﬂ) : (’”T_I) f (m=2,n), applying (1)

n

=(- 1)3 (ﬂ) (m’izl) (m — 2) f (m—3,n),again applying (1)

n n

—(—1)3 m(m;;(m—Z)f(m_g,n)‘

n

Proceeding similarly by successive application of (1), ultimately we have

Flm,m)=(-1)" m(m—l)(m—Z)...2lf(O’n>'
n™
L o-1 0 L o-1 o
But f(o,n)=j =1 (log x) M:J P o L
0 0 noly
_ mm!_l__ m m! .
Jlmm= B
Problem 12: Evaluatejm Y k.
Oa+e™)
Solution: We have
J‘ _J'°° x dx
Oq+e” O ¥(+e )
=j0 T+ y L ar, (Note)
On expanding (1 + e~ * )_1 by binomial theorem, we have
(I+e Y)71=1—€7x+672x—€73x+€74x—
I J- e [lme Y e 2 o3y | dx
:jox[fx 2 X 3 _md | dx (1)

o -nx]”
Also J xe 'Y dy= -[ dx 0+ 5 :Lz.
0 0 n -n g N

Now applying (2) to each term of the R.H.S. of (1), we get

2
1:1_L+L_L+L—,,,oo:%,fromtrigonometry.

22 g2 42 52
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@nts to Objective Type Questions

Multiple Choice Questions

See Example 2.
See Example 3.
See Problem 5 of Comprehensive Problems 1.

See Problem 7 of Comprehensive Problems 1.

M S

See Problem 10 of Comprehensive Problems 1.
000
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Beta and Qamma Functions

Comprehensive Problems 1

Problem 1(i): Prove that J(;l dr 1 L
(a n

n_ xn>l/n "% sin (n/n) (Kanpur 2010)

Solution: In the given integral put x" = a " sin”
ie., x=asin’’” 00 so that dx = (2a/n)sin®"”) =1 8 cos 0 d6 .
Also when x=0,0=0 and when x=4a,0=1/2.

_[ﬂ dx 24 ¢72sin®M =19 cos 0 40

O(ﬂ”_x”)l/”_7 0 2/)16

a Ccos

2 1 1
2 72 2/ -1 1-@2/n) ;F;F(l_;)
== sin 0 cos 0do=2_"2 \ 7/
n-[o 2T1

:Lrlr(l_l):lL [-,~r(n)r(1—n)= L ]

noon n) n sin(n/n)

2 . .
Problem 1Gii): Prove that [ (8 -*)"Px = 2n
0 343 (KKumaun 2008)

2 2
Solution: Let] = .[0 (8-3)153 dx:.[o 2@-3) B2 dy

Put x> =8ysothat3x2 dx =8 dy.
When x=0, y=0 and whenx=2, y=1

(Ve 280 13 8
1=, @ 2PE-8yr"" Sy

1 55 . 1 .
:.[o 8_2/5y_m.8_1/3(1—)/)_”52dy=%.|‘0 2B A= yyIB gy

Ll am-1 sy -1, _1 (1 2)
=1 - dy=Lp(Ll2
3.[0y =) b=38(373
1. (2 1 1
r(=|r(2] r(i)r(i-
1 (3) (3):1 (3) ( 3) Il n = 2 _2n
r 3

3 (L%) rl 3gnlp 3 3 33
3 3 3
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-t T(m) T(n)

1 m
Problem 2:  Show that j ad Ay =
0 (a+x"*" a® (1+a)™ T(m+ n)

Solution: Proceed exactly as in Example 4. Here we have b =1.

/2
Problem 3: Show that J.On sin” @ cos 1040 = % B (%1 , %H) ,p>-1 qg>-1L

2
Deduce that J- A -y B = 16 g (E , g)
0 3 33
Solution: We have

/2 /2 _ _
-[On sin” 0 cos 16 d0 = j(:t sin =1 8 cos? ! '5in 6 cos 0 d6 (Note)

1
2, S(q-1
= Jon sin” ~1'0.(1 - sin? 9)2 sin @ cos 0 d6 .

Put sin? 0 = x so that 2 sin 8 cos 0 d6 = dx .

Also when8=0,x=0 andwhenezé n,x=1.

1
. The given integral = J-() P=D2 (1- x)(q -2 1 dx

2
:lj‘lx{(val)/Q}—l (- xnlatd2-1 4
2Jo
:lg(ﬂﬁ;l), (1)
2 2 2

where%l>0i,e.,p>—1and%+l>0i.e.,q>—1.

2 2
Second part: Wehave I = jo A E-Py 1B = jo 2 @8- 1B 2 d. (Note)

Put x> = 8 sin? 6 so that 3x% dr = 165sin 8 cos 0 46 .
Also when x=0,0=0 andwhenx:Z,S:% .

/2 o o . .
I= (:[ (85i1r12 6)2/3 (8—85in2 6)_1/3-%sin9cosed9

/2
=J.n 4sin4/36-%cos_2/3 6-%sin6cosed6

0
/2
_32qr sin’/3 0 cos' 0 40
3 J0O
7 1
_32 1y §+1 37! [From(l);herepzz,q=£]
3 2 o T 3 3
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Problem 4: Show that B (m, n) = B (m + 1, n) + B (m, n + 1), for m>0, n>0.
(Kanpur 2005; Gorakhpur 05; Bundelkhand 11; Avadh 06, 11, 14)

Solution: We know that B (m, n) = w
T (m+ n)
B (m+1,m ="t DI 00)
I' (m+1+n)
and B (m,n+1):M‘
I (m+n+1)

Adding, we get B (m+1,n)+ B (m,n+1)
Fm+ )T (m)+ T (m)T (n+1) _mT (m)T (n)+ T (m).nT (n)
I (m+n+l) - (m+n)T (m+n)
_(m+n)T (m)T (n) _T (m)T (n)
- (m+n)T (m+n) - I (m+n)
provided m > 0 and n > 0.

=B (m, n),

o

Problem 5(i): Prove that jo o =1 g M

ﬂn

Solution: Let I = J‘Owe_”x Iy

Put ax = y so thatady=dy. When x =0,y =0 and when x — oo, y — oo,

n—1
(T (2)  Lapo LTy -t
I joe (ﬂ) dy joe J dy

a an

= Ln I'(n), by the definition of Gamma function.
a

1 n-1
Problem 5(ii): Prove that JO (lag l) dv=T (n).
x
(Kumaun 2000, 07; Garhwal 2000)

1 n—1
Solution: Let I =j (log l) dx .
0 X
Put log (1/x)= yie,1/x=¢” ic,x=¢"7 sothatdr=-¢" 7 dy.
Also when x -0, y —» e and when x=1, y=0. [Note that log e = oo]

0 _ _ o _ 0 —
T=—[_ "t dy=[ e " tdy=T(n).

) 2 .2
Problem 6: Show that, if m> -1, then J.O e Y dy = n11+ ; r (mTH)
2n

(Kumaun 2009)
o 2 2 oo 2 .2
Solution: Let I = JO e Y dy = JO KL

Put n2x2% = t, so that 2n% x dv = dt. Also x = t 2 /n.
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When x=0, t =0 and when x — oo, t — oo,

wf 12" -
I:J L 7d #J’ et pm=D724
0 n 2}’! I m—l'n2 0

J' et A 12 =1, 1 r m+1
2nm+l 92 ?

by definition of Gamma function, provided m+1>0 ie., m>-1.

2nm+l

1 r
Problem 7: Prove that .[0 X" (1=x") dx= lB (m+ 1 , P+ l).
n (Lucknow 2010)

r
Solution: Let I = j - x") dr.

Put = yorx= yi/n

Then dr=1 UM _1 gy
n

When x=0, y =0 and whenx=1, y=1.
I:J'OI (J/l/n)m (l_y)p.ly(l/n)—ldy

n

:lJ‘IJ/(m/n)+(1/n)—I(l_y)(P+l)—1@,
ndo

_7'[ m+1/n}—l(1 y)(p+l)7ld)]:lB(m+l’p+l).
n n

1[ra/mp

Problem 8:  Prove that j KO gy = .
n2T (2/n)
Solution: Let I = '[0 (1= gy,
Put = yorx= i/
Then de=(1/n) Y™ =1gy
When x=0, y = Oandwhenx—1y=1,
I= J‘ 1/n 1 (1//1)—1@]

=1J y(l/n)—l(l_y>{(l/n)+1}—Idy
nJo

_73(1 1 l)zll“(l/n)l"{(l/n)+l}

n \nn n r{@2/n)+1}
_ 1 T(/m). (/)T (1/n) _1[T(1/m)]*
n (2/n).T (2 /n) n2T(2/n)
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N
Problems 9 Show that T (0.1)T (0.2)T (0.3)..T (0.9) = 2%
Solution: Proceed as in Example 14. Put n =10.
n2 40
Problem 10: Show that J \/(sm 0)d6 x J =
0 (sin0) (sznO)
(Garhwal 2002; Lucknow 09)
Solution: The given integral = jo n~'2 940 x J n'” 6 4o
12
= J-(T: sin™12 0 cos” 0 d6 x J(T: sin'’? 9 cos” 0 46 (Note)

e B i
2r{%(—%+0+2)} 2r{%(é+0+2)}
r(i)rg;)xr(g)rl rl yravn

4) 2 _ 4 -

2r(§ 2r(§) 2.2-lr(lJ
4 4 4 \4

L 2y 1 dx T
Problem 11: Show that A S I L
roblem ow tha J-() 4)1/2 .[0 I+x4)1/2 iz

(Garhwal 2001, 03; Lucknow 06, 11)
Solution: In the first integral put 2 =sin® so that 2xdr=cos0de and the

corresponding limits for 6 are O to ©/2.

Jl J 252 | en o cos0 0
1/2 oa— A2 2o T gnZe)?

_7."7‘/2\/ (sin @) cosOdO_i.““/2 (sin 0) do
cos 0 ’

Again, in 2nd integral put ¥ = tan 0 so that 2x dr = sec 2 0 40

and the corresponding limits for 6 are O to m/4 .

L a1 ¢n/A sec’0do 1 pn/ 46
J( 1/2 2."

01+ %) “2Jo \/tane)sece_i 0 (sin® cos 8)
1 J.n/4 40 n /2 1
N2 V(sin20) 2 x/2 (sin 0)

where 20 = ¢ .
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Hence the given integral becomes

dv
-[0 _ 1/2 J’() 1+/‘ )1/2
L™ J(sine) do x ne
“2Jo \/2J‘ smq))
1 m /2 . T2 40 1
= . 0) 4o =
42 -[0 V(sin®) on V(sin®) 42 o

[As proved in problem 10; prove it here.]

/2 oo
Problem 12:  Show that r(l)r(§):2j” V(tan6)do = 4 e _
4) \4 0 0 144

(Lucknow 2008, 11)

2 dx 4wa-de'

4

Solution: Let I = 4J 0
1+ x

1+ 44

Put ¥ =tan® so that 2xdr=sec20d0. Also when x=0,0=0 and when
X— o0, 0> 1/2.
%2 \/(tan9)~ésec29d9

/2
Then 1:4[0 e :2]0 \(tan 6) 46 (1)
11 1
n CoGC+HDIT (- + 1)
—2J /2 in'20cos 2 0d=2_22 1 %
2T (=—=+2
L F{2 (2 gt )
INCORNES)
()
2Tl 4 4
1 1 T b
=r(i)irf1=1)= _ )=
1"(4)1"( 4) sinl . [ Fmrd-n sin n n]
T 2. 3
BT )

From (1), (2) and (3), the required result follows.

Problem 13:  Show that the perimeter of a loop of the curve r™ = a™ cos n@ is
a yum-1 [T A/2mF
n r{1/n)
Solution: The given curve is
r"=a" cos nb. (1)

The curve (1) is symmetrical about the initial line. We have » =0 when cos 76 =0 i.e.,
when n0=-n/2,n/2 or 8=-n/2n , n/2n Therefore one loop of the curve lies
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(o1

between the lines 6 = —nt/2n and 8 = n/2n. This loop is symmetrical about the initial
line and for the portion of this loop lying above the initial line 8 varies from 0 to m /2.

Taking log of both sides of (1), we have
nlogr = nloga+ log cosn®.

Differentiating w.r.t 6, we get

n dr _
rdo cos no

X N2
é = \/[1‘2 + (d—’) :| = \/(rz + r2 tam2 n0) = rsecn6

(—nsin n0) or % = —rtann®.

de dae

or ds = rsecn0d0 = acos"” n6 secn® d6 = a (cosnd)") =1 4.

. The perimeter of a loop of the curve (1)

T /2n
_ (1/m) -1
2.[0 a(cosnB) de

/2
=2a Jon (cos t)\1/M -1 puttmg 10 =t so that n d6 = dt
T (1/2n)T (1)
/2 c
_2a (cos 1M =Vsin0 ¢ gt = 2a 7 2)
n 20 mor { (1/2n)+

_a_ Am[ra/2nf  _ay _ [TA/20F

nOr(/2m)T {0/ + Ly (d;ﬁl T (/n)

N

[ T (m)T (m+ %) - %r (2m), by article1 1]

_apum-r 0 /20f
" r(/n)

L
0va- x)

Put x* = sin? 0ic., x=sin'”20 so that dx = 2 n~129 cos 0 d6.

Solution: Letl = I

When x=0,0=0 and when x=1,6= 7w /2.

L. —1p
—sin™ /<0 cos6 46
I:J-X/Zz—:l /2 lnfl/zecoso 040
0 cosO 270
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n/(sinin) 4 w2 8Vn

G0N

_m,
4

/2
Problem 15 Show that | 0” sin?0 6 = % B G %1)

Solution: We have
2 2
Izjn siandG:Jn sin” 8 cos’ 040
0 0

)

2
Aliter:  Put sin® 6 = y orsinf = yl/Z
Then cos0 d6 = %y_l/zdy

-1/2
or de:luzl
2 (1 -sinZg) 2
When6=0, y=0and when®=m/2, y =1.

1 1 o
- [ 2220 W v/ B VD O N (LD | V. V)
T ] IS A (E e

_ 1¢l {p+1)/2}-1
_EJ.OJ’

(1 _ J/)iI/ZJ/iI/ZdJ}.

=)'y
_1p (&1,1):13(1,&1)_
2 2 2) 2 2 2
Problem 16: Show that

oo 2 _p2 -
(i) -[0 Xe_w’cosﬁxdx:% (ii) _[0 Xﬂ_wsinﬁxdx:&.

Solution: We have

JO xe~ ™ cosPrx dx + iJO xe~ ®sinPr dx

= J‘:xe_“"(cosﬁx + isinPr)dyx = J.:xe_w'eiﬁx dx
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=J'mxg—(a—iﬁ)xdxzJ"”g—(oc—iﬁ)x 21 gy
0 0

_r@ _ 1 (o + i) _ (@ -p*)+2iop
(@-iB)*  (@-iB)* [(@-iB)@+iB)]*  (a+p?)?
_ o*-p* . 208 ()

@B (@2 +pH)?

Equating real and imaginary parts in (1), we get

oo 2 2
_[ xefwcos[ixdx:%
0 (az + ﬁz )2
and J c><,)cfwrsir1[i)( dx = &.

Problem 17: Prove that J ~ cos (% nx2) dv=1.
Solution: We have I = J - cos (l an) dx =2 J wcos (l nxz) dx.
—oo 2 0 2

Put%mz —tie,x=V(2/1)t"2 so that dr = % V@ /) e P,

I= 27 ()J' £ costdt=\/(%)j:t‘”2costdt

= real part in 2 J-O 127 gy, [ et =cost— isint|
T

= real part in Jomt 12)=1o=it gy

)
)
)r(2)
)

T

—

1)1/2

Jr

=real part in ¥ 1 AT
(cosf1r+ isin— ﬂ:)
2 2

(=
(&
= real part in (
(

EWEN :\M

1 1/2
=real part in V2. (cos5 T+ isin5 n)

= real part in \/2.(cosl - isinl n) =2.cos* = \/2.L =L
4 4 4 V2

—1
Problem 18: Prove that B (m, m). B(m+ l,m+l)= ;tm T
2 2 25 M= (Rohilkhand 2005)

Solution: We have
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B(m, m). B (m+ l,m+ l)
2 2

T ()T () r(me3) ()
T (m+m) . F(m+%+m+%) ,

2 7 2
[ m)I" (m )] T (m’ (m+ %)]
TEm T @mel) T @m.omt am L rD=rro)]
12
1
N G R
2m I (2m) 2 92m—1

(mT (m+ 7) J
“* By Duplication formula, (article11), 2)- Nm

T (2m) 92m-1
I o
Tom 9dm=2 " gdm-T’
.on—1 on-—1
Problem 19: Proyethm‘J.TE s x d = ,Z _ -B(E,ﬁ),a>b.
0 (a+beosx) (a-b2Y"? 2

(Kumaun 2008)
n—l X
Solution: Let I = JO - -
(a+ b cos

x)"

dx
(2 sin 1 cosl xyt 1
2 2

:jn I I I I dx
O [a(cos® = x+sin® = x)+ b (cos® — x —sin® = x)]"
2 2 2 2

1,1 _ 1 -
. on 1 (sin — X)n 1 (cos — X)n 1
:J' 2 2 dx
9 [(a+ b) cos® %x+ (a - b)sin® lx]"

21 (ta]nl x)"~sec 21

[ 2 2
O [(a+b)+(a—b)tan L 1"

dividing the Nr. and Dr. by (cos® % x)" ie., (cos % X2
1 1

1
tanfx) 2 tan = xsec > — x dr

211—1J' 2 2
92 1
[(a+ D)+ (a—D)tan” — x]

n
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(o= N

2

Put (a — b) tan %x=(a+b)ysothat

’ 1 2 1 1
—b).(2 tan — —x)-—dv=(a+Db)dy.
(a=b).( an2xsec 2x) 3 (a+D)dy

When x=0, y=0and whenx— 1, y — .

Pyt [rlar byl >}<”-i>f2a+bdy
[(a+Db)+ (a+D) y] a-b

2,,_IJ @+ n) " D2@yp) 022 "
O (a+bY (a=b)""22@-p) 1+ p)
n-1 (n/2 -1
- 2 j dy
(a+b) n/2 n/2 (n/2)+ (n/2)

gn-1 non
==  B|Z I
(ﬂ2 _b2)l’l/2 (2 2)
@nts to Objective Type Questions

Multiple Choice Questions

1. See article 7
2. We havej‘me*"' xﬁl/zdxzjwefx xl/zfldx:r(l):\/n,
0 0 2

3. See article 10, part (i).
4. Ifa>0andn>0, then J:f” A g = L),

n

a
5. Wehavej (1-x dx J.;;l 4Idx B(5,4) = M:L
r5+4) 280
1) GG
6. Wehavej sin® x cos? x dv = 2 2 )_ 2 2 =T
0 2F(4+2+2J 2T (4) 32
2

7. See article 3 and article 7
1 1 1 m—1
_ n— L
8. Letl= '[Ox (Iog x) dx.

Put log(1/x)= yie, 1/x=¢”ic,x=¢"" sothatdr=-¢"/dy.
Also when x -0, y — e and when x=1, y =0. [ Note that log o = oo]
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I:_J.O(efy)n—lym—lc—y dy:J‘Om(efy)n—Hlym—ldy

o

=Iwe_”y el @/:M,providedm>0 and 1> 0.
0 n™m

[ See article 6 part (i)]
9. See Problem 12 of Comprehensive Problems 1.
10. See Example 12(iii).
11. See article 2.
12. See article 9.
13. See Problem 5(ii) of Comprehensive Problems 1.
14. See Example 14.
15. See article 3.
16. See article 9.
17. See article 4.

18. We have r(é) r@) = r(é) r(l _é) _ si:ﬁ [ () L= ) = Sinnm]
3

_2n,
V3
19. If nis a positive integer, then I'(n) = (n—1) |. See article 5.
20. If0O<n<l, then T(n) T(1-n)= "
sinnm
See article 7, corollary.
w2
21. JO e ¥ dr= % . See article 8, important deduction.
922 For m>0, T(m) T m+ L) = ®_ F@2m). See article 11.
2 22m -1

23. See Problem 5(i) of Comprehensive Problems 1.

24. WehaveF(l)l"(g):F(l)l“(l—l):L:E.
3 3 3 3) sinm/3 V3

See article 7 corollary.
25. See Example 2.
26. See article 7, Corollary.
27. See article 8, Important Deduction.
28. See article 13, Deductions (i).
29. See article 13, Deduction (ii).
30. See Example 8(iii).
31. See Example 11.
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W=

®NoWm

[ 187 Wy,
Fill in the Blanks
See article 1, definition of Beta function.

See article 4, definition of Gamma function.

See article 7.
We have B(m+1,n) _ T(m+1) [(n) . T'(m)T(n)
B(m, n) I'(m+1+n) T(m+n)
_ mIT(m)T(m)  T(m+n) [ T+ 1) = n T(n)]
(m+n)T (m+mn) T(m)T(n)

m

men
See Example 6.

See article 5

See article 8.

See article 9.

True or False

We have J”x,e*"'xl/2 dx = J‘me*xwa*I dc=T (§)=l r (l)zl\/n
0 0 2) 2 \2) 2
See Example 8, part (iii).
o S(1-1%)
We have j i dx =0. See Example 8, part (i).
I+ x)
See article 3.
o Xm—l oo xn—]
We haveJ. 7dx:B(m,n)andj — = _dx=B(mn).
0 (l+ X)WH-M 0 (l+x)m+n
oo n—1 I m—1
We have B(m,n):J‘ xidxandB(m,n):J -t
()(1+x)m+n 0(l+x)m+n
We have T'(6)=T(5 + 1) =5!=120.
We have B (m, n) = w
T(m+ n)

\/

We have J:e*xzdx = T See article 8, Important deduction.

See Problem 4, of Comprehensive Problems 1.
00O




Chapter-5

Dirichlet’s and Liouville’s Integrals

Comprehensive Problems 1

Problem 1: Showthat the integmlJ‘J‘J‘ xl- Vym=12n=1 4y dy dz integrated over the region
in the first octant below the surface (x/a)? + ( y /b)1 + (z /¢)” =1is
alb™ " T/ p)T (m/q)T (n/r)

pgr T (l/p+m/q+n/r+1) (Garhwal 2002; Avadh 11)
Or

Evaluate the integral III =V 2=V e dy dz where x, y, z are all positive but limited

by the condition (x /a)? + (y/b)! + (z/¢) <1.
Solution: The required integral = III K=y =1 2= 1 e dy dz, where the integral is

extended to all positive values of the variables x, y and z subject to the condition

(x/a)? + ( y/b)T + (z/c) <1.
Put (x/a)! =uic,x=au'? so that dx = (a /p) P~

(p/bY! =vie, y=b"1s0thatdy = (b/q)v 1/,1),1 v,
and (z/c) =wie,z=cw"" sothatdz = (c /r) w1 g .
Then the required integral

J'J'J' Z—I (l l)/p)<bm—l (m—l)/q)< n-1 (n— ) /r ) a l/p)—l
14
D=1 e m =T gy gy
q r

J‘J‘J‘ (l/p)fl (m/q) (n/r)—l du dv dw ,

bm n

where u+ v+ w<l1
al Pt T (I/p)T (m/q) T (n/r)
- pyr T (l/p+m/qg+n/r+1)
Problem 2:  Show that if I, m, n are all positive
[[+ 1=t gy gy g = @0 TUR)T (2T (1/2)
8 T{/2+m/2+n/2+1)
where the triplc integral is taken throughout the part of the ellipsoid

J; /a (y /b2) + (z 2 /02) =1, which lies in the positive octant.

, by Dirichlet’s integral.
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(12

Solution: The required integral = JJJ AUyt g dy dz

where the integral is extended to all positive values of the variables x, y, z subject to the
condition

Alat+ P+ 22 )P <
Put Pl =uie,x=au'? sothatdx:%ﬂu_l/z du,

1/2

yz /v =vie, y=br'so thatdy:%bv_l/z dv,

1/2

and 22 /c

=wie.,z=cw ' sothatdz =%cw_1/2 dw .

Then the required integral
:J‘J‘J‘ al—l u(l—l)/Z .hm—l V(m—l)/Z .Cn—l W(n—l)/Z )

%abe w V2= V2= V2 gy gy e

_d e J‘“' A2 =1 D) =1 ) =1 g
8
where u+ v+ w<l1
_d D T 2)T (m/2)T (n/2)

, by Dirichlet’s integral.
8 r({/2+m/2+n/2+1)

Problem 3:  Provethat the area in the positive quadrant between the curve x " + y "' = a” and
A ramp
2nT (2/n) (Kanpur 2009)

the coordinate axes is

Solution: Given curve ¥ + y" =a" (1)

X n n
or (7) + (l) =1

a a
The area of positive quadrant between the curve x”* + y" = 4" and the co-ordinate axes
is

1= [

n n
put (f) =u, (l) =y or x=au” ,yzavl/"
a a

L Lo

de="ur du,dy="vr v
n n

Then the required integral is
4 i1, o 2 L
Izjj —un - Zopn dudV:—.“‘ u"  v"  dudv,
n n i
where u, v take all +ive values subject to the condition u + v <1

_ A T(/m)T (1/n)

e I e
n F(l+l+1)
n n

, by Dirichlet’s theorem
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_d* [r/m)* & [r/m)?

o
n n n
2

Problem 4(i): Evaluate III dx dy dz ,where é + yz + 2—2 <I.
2 b

(Kumaun 2007)
Solution: Here we are to evaluate the given integral over the whole volume of the
ellipsoid 2/a + yl /b* + 2% /¢* =1 which is symmetrical in all the eight octants.

Obviously the required integral =8 Jjj dx dy dz ,

where the integral is to be evaluated throughout the volume of the ellipsoid which lies in
the positive octant.

Let I = III dx dy dz , where the integral is extended to all positive values of the

variables x, y, z subject to the condition
2/ + )/2/h2 +22 /%<1,

Put xz/a2 =ui.e.,x=au1/2 SO thatdx=%au‘l/2 du ,
J’Z/b2 =vie,y =" so that dy = E -2 g,
and 2/ =wie,z =" sothat dz = 5 ov™ V2 dw .
Then Izjjjiabc w2y 12 V2 dy dyy
j” L e 02 =1 02 =1 2 =1 g
where u+ v+ w<l
1 1 1
rdyrdyrd)
S T ) [ By Dirichlet’s integral ]
8§ r (l + 1 + 1 +1)
2 2 2

8 1y > )y 8 S Lyr 6
2 2 2
Hence the required integral =8 - T Zbc 2 1 abe

Problem 4(ii): Find the volume in the positive octant of the ellipsoid
Cla+ )iz/h2 + 2272 =1,

Solution: Proceed as in problem 4 part (iii). The answer is © abc /6 .

Problem 4(iii): Find the volume of the ellipsoid (x* /a®) + ( y* /b*) + (22 /c*) =1

(Kumaun 2015)
Solution: The given ellipsoid is symmetrical in all the eight octants. Therefore the
volume of the given ellipsoid = 8 x the volume of the part of the ellipsoid lying in the
positive octant.
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(o1 iy

Now the volume of a small element situated at any point (x, y,z)=dxdy dz .
" The volume of the given ellipsoid = 8 J.J.J. dx dy dz ,

where the integral is extended to all positive values of the variables x, y, z subject to the
condition

xz/ﬂ2+y2/b2+z2/c2sl.

Now to evaluate this integral proceed as in Problem 4 part (i).

Hence the required volume =8- T gbc -4

— mwabc .
3

Problem 5: Evaluate Ijj)g;z dx dy dz for all positive values of the variables throughout the
ellipsoid Za + yz b+ 2% P =1, (Kanpur 2011)
Solution: We are to evaluate the integral J J J xyz dx dy dz, for all positive values of the

variables x, y, z subject to the condition
2/d + y?‘/b2 +22 /% <1
Put xz/ﬂ2+u,y2/b2+v,zz/02 = w so that

1 9o 1,9 1 9
xdy=—adu, ydy = _bdv,z dz = —c“dw
2 yo 2 2
Then the required integral = éazb%zjjjdu dv dw, where u+ v + w<1
= lﬂ2h262J.J‘J.MI_1 ==Ly dy dw, where u +v + w+ <1
8
1222 T(A)IA) I(1) 7
8 rd+1+1+1)
_ a2 1 a2 y I b

8§ T4 8 3.2.1 48

[By Dirichlet’s integral]

Problem 6:  Find the volume of the tetrahedron bounded by the planex /a + y /b + z /c =1
and the coordinate planes.
Solution: The volume of a small element situated at any point (x, y,z)=dx dy dz.

" the volume of the given tetrahedron

= J-J-J-dx dy dz, where the integral is extended throughout the

volume enclosed by the coordinate planes and the
planex/a+ y/b+z/c=1

= jjfdx dy dz, where the integral is extended to all positive values

of the variables x, y, z subject to the
conditionx/a+ y/b+z/c<l

Putx/a=u, y/b=v,z/c=wsothat dv=adu,dy=bdv,dz=cdw.
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A o)

Then the required volume
= J-J-J- abc du dv dw, where u + v + w<1

:ath.-”. W U= gy dy dw

e TP
rd+1+1+1
abc _ abc

[ By Dirichlet’s integral ]

Problem 7: The plane x/a + y/b + z /¢ = 1meets the coordinate axes in the points A, B, C .
Use Dirichlet’s integral to evaluate the mass of the tetrahedron OABC ,the density at any point
(x, y, z) being kxypz. (Garhwal 2003)
Solution: The mass of a small element of volume dx dy dz situated at any point
(x .2)

=p.dvdy dz, where pis the density per unit volume

=kxyzdvdydz.
. The mass of the tetrahedron OABC

= IJJ k xyz dx dy dz , where the integral is extended to all positive

values of the variables x, y, z subject to the condition (x/a)+ (y/b)+ (z/c)<1.
Putx/a=u, y/b=v,z/c=wsothatdv=adu,dy=bdv,dz=cdw.
Then the required mass

= JJJ k .au.bv.cw .abc du dv dw ,where u+ v + w<1

=ka® b 2 J.J.J.uz_l 2=V =V dy dw

k222 r@7r
F2+2+2+1)’

:k#k%?F%S [+ T@)=1T1)=1]

[ By Dirichlet’s integral ]

_ k a® b 2 :ka2b252_
6.5.4.3.2.1 720

Problem 8:  Evaluate the integral J II e y z dx dy dz over the volume enclosed by the region
X, ,z,20and x+ y+z<L (Agra 2003)
Solution:  The required integral jjj )(2y z dx dy dz, over the region x, y,z,>0 and
x+ y+z<I

= J-J-J- Pl yz 121 g dy dz, where the integral is extended to

all positive values of the variables x, y, z subject
to the condition x + y + z <1




Dirichlet’s and Liouville's Integrals

(103 I

f” B2 2 ady de
(3 +2+2 1) [ By Dirichlet’s integral |
_(@3)(r2)rz2)_@hahah
I'(8) (70
2 1

T 7x6x5x4x3x2x1 2520

Problem 9:  Evaluate the double integral JJ 1/2 (I-x- y)2/3 dx dy

over the domain D bounded by the lines x =0, y =0, x+ y =1

Solution: Here the region of integration is bounded by the lines x=0, y =0 and
x+ y=1.

So the variable x, y take all positive values subject to the conditionO<x+ y<1.
Hence the given integral

jjx(zlﬂ)_ly(zl”)_l L= (x4 )3 dedy

1 1
F(7+1)F( +1) 7+1+ +1-1
-—4 1 .[o P,
r (7 +1+ -+ l)
2 2
[By Liouville’s extension of Dirichlet’s theorem]

B Clp i

by, e
-2 2 3(3,7+1)=ﬁ 3

2 8r(3+ +1)
_n 2T (5/2) _n L (5/3)
§ T(4/3) 4 1185 15y

333

:2775
1760

Problem 10: EmluateJ-J-T xl/zyl/z (I-x- y)3 2 dx dy,whereT is the region bounded by
x>0, 20, x+ p<1L

Solution: Here the region of integration is bounded by the lines x>0, y>0 and
x+ y<L
So the variable x, y take all positive values subject to the conditionO0 < x+ y<1.
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Hence the given integral
1
[+ G N A IR T

1 1
F(7+1)F(7+1) o1
1] —+—+1-1 o
2 12 J M2 2 (I _ u)s/ldu’

—;@)FG) J’I 51 (I—M)Z_ldu=;ﬁ2;ﬁ 3(3,5)

I (3) 0
r(3)r(§) 031 %
_T 2)_x 22 LY
8 r(g+i) 89 753 1 o 315
2 22222
Problem 11:  Find the value of ” y b e dx dy,
extended to all positive values of x and y subject to x + y < h.
Solution: The given integral
I= jj _l e™ dx dy, whereO < x+ y<h

:”‘ A7 A=D=1 0 gy gy

_ F(l)r(l—l)J” o+ (=D=1 4,
r(+1-1) J
by Liouville’s extension of Dirichlet’s theorem
_rora-nH he”duz el =T (-1,
r(l) 0 sintl "9 sinm/

Problem 12: Evaluate JJJ ¢TIV *E de dy dz taken over the positive octant such that

x+ y+z<I1. (Kanpur 2005, 10)
Solution: Here the integral is to be extended for all positive values of x, y and z such

that0<x+ y+z<I.
. The required integral

J‘J‘J‘e,\'+y+zdxdydz=J'J'J'e,\'+y+zXl—ly]—lzl—ldxdydz7
where 0 <x+ y+2z<1

_rqr ()F(I)J’lguuj g
Fa+1+1) Jo ’

[By Liouville’s extension of Dirichlet’s integral ]
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23 N
1.1.1 u 1 u
:72.1 |:{u2.e }(I)—JO 2u.e du:|,

[ Integrating by parts taking ¢ “ as the second function]

[e ) {(e". u)y - jol Le" duH

[6—2€+2{8”}1] l[1‘3—26+2g—2]=(“”—2).

2

l\D

Problem 13: Evaluate JJJ 12 y_l/Z 12 0-x- y- 2)2 dx dy dz extended to

all positive values of the variables subject to the condition x + y + z<1. (Kanpur 2007)
Solution: The given conditionis O<x+ y+z<l1.

. The required integralJ.J.J. x_l/zy_l/z =12 (I-x-y —z)l/2 dx dy dz

:J‘J‘J‘XI/Z—Iyl/Z—lzl/Z—l{1_(x+y+z)}l/2dx4ydz7

where O <x+ y+z<l1

1 1
r-)rr
- (2) (2) (2)j a- M)1/2 u1/2+1/2+1/2—1du
- I 1,1, Jo ’
ra+lely
2 2 2
[By Liouville’s extension of Dirichlet’s theorem]|
1,3 3.3
I (= r-r=
- Q) jl 21821 gy N’ "9 9
rG/2) BT
2 2 2
1z vz 2
=9q. 2 2 T
2.1 4
dx dy dz L .
Problem 14: Prove that = — the integral being extended to all
1] Ni-2- 2 -2%) 8
positive values of the variables for which the expression is real. (Lucknow 2006)

Solution: The given expression 1/V(1 — 2 - yZ — 2?)is real if ¥ + y2 +22<1.

Therefore the given integral is to be extended for all positive values of the variables x, y
and z such that

0<)¢2+y2+22<1.
Now put 'S = i.e.,x:ull/z , 80 thatdx:%ufl/z duy ,

_y =u ic., y—uz/ sothatdy—f _I/Zduz,

and 2= uy e,z = u31/2 ,s0 that dz = E uy” 12 dug .
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With these substitutions the given condition reduces to
O<up+uy +uz<l1
and the required integral becomes
MZ u3 12 duy duy dug

IIIZ l—ul—uz—u3) ,for O <y + uy + ug <1

l/l l/l—l 1/2 Idlxl] du2 du3
J.J.J. \/{1— M1+M2+M3)}

1

_1 5 pre-1 1

= l 1 j _u)du,
2

[ By Liouville’s Extension of Dirichlet’s Theorem]

B em/2 :
1'[\/15] J-Tt sme'zsmecosede,puttinguzsin2Getc.

8 LygJdo V(1 - sin? )
2
/2 2
:EJ‘” sinfodo= .l om_nm
2 J0 2 2 2
(n+1)/2
Problem 15: Show that [ .. | ddy o dy T
Vi -2 -2 = = x2) gilr(”+1)
2

the integral being extended to all positive values of the variables for which the expression is real.
Solution: Proceed as in Example 2.

Problem 16: If S is a unit sphere with its centre at the origin, then prove that
Il
S \/(1—x2 —y2 —22)

Solution: 'We have for a unit sphere the condition of positive quadrant for x, y, z in

x2+y2+z2<1
put )2=4, y2=V, 22=w or x=+a, y=x/;, z=~w

dx:lu_l/Zdu, dyz%v_l/zdv, dz:%w_l/zdw

Then integration is

J‘J‘J‘lu2lV2lw;dudde J‘J‘J'uz_lué_lw21 ldudvdw

8 \/I—M—V— (u+v+w)

I GIC) ) o

8 r@) o JI—h

[ By Liouville’s theorem]
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3 /2 sing- 2si ;
_1 (I\/E) _[n $in@-2sin® cos®d® 90
8 2 N \/1 —sin®0
2 2
:Ejn gsinZodo=T.o. L. m_m
4 JO 4 2 2 8
2
Then the required integral is JJJ dx dy dz =8 -

- 8
Problem 17: Evaluate jJJR (x+ y+z+ 1y dx dy dz ,
where R is defined by x>0, y>0,z20,x+ y+z<1.
Solution: As given x, y,z are all positive such that0 < x+ y+z<1.
Jjj(x+y+z+l)2dxdydz
:jjj xl_lyl_lzl_l{(x+y+z)+l}zdxdydz

:1"(1)1"(1)1"(1)]‘1(”+1)2.u1+1+1-1du
ra+1+1 Jo ’

[By Liouville’s extension of Dirichlet’s theorem]
1

1 4 3
:lJ. (u2+2u+l)u2du:£ £+2L+LL
2J0 215 4 3 0

_1[1 1 1]_1(6+15+10)_1 31 31
= |4+ 4+ | = 7 T =

215 2 3] 2 5x2x3 2 30 60
Problem 18: ShowthatJ.J. - - J/ dxdy:E(n—2)
1+ 72+ 52 8

over the positive quadrant of the circle 2+ y =1.

Solution: Here the given integral is to be extended to all positive values of xrand ysuch
that
0<i+ y><l. (1)

Put ¥ = u,y2 =vie,x= ul/z,y =112 50 that

dx=lu_l/2 du,dy=%v_l/2 dy .

With these substitutions the condition (1) becomes O <u+ r<1.
Hence the required integral

1/2
jj (u+v) lu_l/2 v Y2 du dv
1+(u+V 4

1/2
_7‘”. 1-(u+v) W12 =102 =1 gy gy where O < u+ v<1
I+ ( u+v)
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1/2
1 r(1/2) (1/2) J' [ h} B2+ -1 gy
4 rds by o [1+n
2 2
[By Liouville’s extension of Dirichlet’s theorem]|

_1 \/n.\/nj‘l 1-h

4 1M Jova-m)
/2 (1 =i
=£jn mcosede,puttingh=sinesothatdh=cosede
4J0 cos 0
=E[e+cose]’”2 E[E—l]zﬁ(n—z).
4 412 8

Problem 19: Find the value of IJI xyz sin(x+ y + z)dxdy dz, the integral being

extended to all positive values of the variables subject to the condition x + y +z< /2.
Solution: HereO<x+ y+z<m/2.

. The required integral
I:J“”‘sin(x+y+z)x2_l)72_122_I dx dy dz,

where O<x+ y+z<m/2

:F(Q)F(2)F(2)J‘”/2 (sinu) 2 *2+21 gy
r2+2+2) Jo ’

[By Liouville’s theorem]
/2
=Ljn W sin u du .
r(6)70
Applying successive integration by parts, we have

I= [ i (= cos u) — (5u*) (= sin u) + (20 1) (cos u)

1
51
n/2
60142 (sinu) + (120 u) (- cos u) — 120 (- sin u) :|

0

In the above expression all the terms vanish for # = 0 and all those which involve cos u

vanish foru=mn/2.

_ L 4 1y 2 ) _
I_m[ 5(m/2%. (=1)=60 (n/2Y.(1)-120 (- 1)]

_ LS s 2 100 |e L[t _aga? + 3841,
120 | 16 384

. 1= -y
Problem 20: Evaluate JJJ \/(WJ dr dy dz

integral being taken over all positive values of x, y, z such that 2+ y2 +22<1.
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Solution: Put ¥* = u,yz =y ,22 =w.

Then U V-SRI S 1 1/2

du; y=v ,dyz%lz_l/zdv;

— N

z =wl/2,dz =2 w V2 gy

NS}

. The given integral

=1J--“- I=(utv+w Wl 2= pl2 =102 =1 gy dyw
8 1+ (u+v+w)

where u, v, w are all +ive andO <u+ v + w<1

3
1 5! J‘l L-t) 124124121 4
8 r(§> 0 \{1+¢

2
7.[ l—t 1/2dt
0\/ ’

Putt? =zor t=2z"% sothatdt‘:izfl/2 dz.

J' -2 21/2]21/4.12—1/2 dz
4 2

1
:gjo (o 2y V2 (VA A g

1
:gJ‘O [ZGA -1 _ 12 =1 _ 641 _ 12114
r B(§ l)_B(i l) .
8 4’2 4’2

2_ 2 2
Problem 21: Prove thﬂt.[.[D e dvdy = g 1- R ),where D is the region defined

by x20, y2 0, + y* <R*. (Lucknow 2009)
Solution: Put Ig—u I{—z—v

Then x=Ru, y=Rv

and dx—B V2 du, @;—f 12 g,

JJ _(‘ +y )dxdj’ JJ u+V)R 71/2122 12 quay

2
:TJ.J.E_R Gt w) g =12 =12 gy gy
R2 R2 l_] 1_1
=TJJ67 W) 2 02 dudy
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R2

_R ff[

0
Problem 22: (i) Evaluate j jR V(2 + y?)dredy

where R is the region in the xy-plane bounded by 2+ yz =4and ¥ + y2 =9

(ii) Evaluate JJR V(2 + yz) dx dy where R is the region 2+ y2 <d.

Solution: (i) J.J.R«lxz + y2 dxdy
where R is the region in the xy-plane bounded by
x2+y2:4 andx2+y2=

HRJXZU;Z dxdy=4J.J.R\/x2+y2 dedy {For ¥ + y* =9}
-4” V2 + 2 dedy {For @ + y* =4}y ..(1)
Now to solve .[.[ «lx2+y dxdy for x2+y 9or£+y——

Let ?MJ(’) =v or x=3vu, y=3Jr
or tlx=§u_l/2du,dy=%V_l/2dV and u+v=1.
So J‘J‘R\,; + J/Z dx dy = .“‘1/9u +9v %u71/2 du%vilﬂdv

3-3 _
_22 J‘J‘ 1/2 11/21\/mdudv

1 l L1
97 T 9
= Ay J n2 "3 f I dh , by Liouville’s Theorem

(o)

27\7\729

Similarly jj wlxz + y dxdy, for ¥ + y
From equation (1

J}Rmdxdy=4(Zn)—4(é’n):4n[9_4]:4n.19:387?

2
(ii) R is region 2+ yzsaz or £+ J o<1
P d
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Let f—zzu, Ja]—jzv.

Then x=a+u

24 2 dedv=4 D VR Vo R B
J-J-R/\+J/ 1y Jjau+uvzu 21/ udv (For R)

[ By Liouville’s Theorem ]

Il
W
IS
w
—|a
W N
a
IS
w
N
a
IS
w

Problem 23:  Evaluate the integral j.“;z V1 - 2 - y2 —2%)dx dy dz

where R is the region interior to the sphere 2+ y2 +z22 =1

Solution: Here the region is the region interior to the sphere o y2 + 22 =1,

Put x2:u, yZ:V, 22 = w
x=+u, y=A, z=+/w.

dx = l _I/Zdu dy=lv_l/2dv, dz=lw_1/2dw.
2 2 2

Then integral 1sJ-J-J-1 -2 =12 _1/21/1 (u+v+w)dudv dw

2 7 E 2
8.[.[.[M V w {1 4} du dv dw
)

= 2) \2) \2 =R d

[ By Liouville’s theorem ]

3\r(3 1 ~1
r{2|r 1
:l2n8(§é):£ 2) (2)25 ﬁzf e
8 2°2) 4 F(a §) 4 2 32
2 2

2
" The required integral is = 8 - ;LZ =

ISEW




Ksalsa's Integral Calculus

Al1102)

Problem 24:  Find the mass of the region bounded by the ellipsoid
Lla v 2+ 2P =1

if the density varies as the square of the distance from its centre.

Solution: Region bounded by the ellipsoid Z—i + ;;—22 + j—; =1

and density varies as the square of the distance from its centre

i, density z><()c2 + y2 + 22) or density:K(x2 + yz + 22).

We have mass = volume x density = jjj dxdydz - K(¥ + y2 +2%)
=1<j”(x? + y% + 2%)dvdydz = I (Say)
' 2 2
Put ﬁzu, L:V Z —w or x=au, yzb\/;, z=cdw
@ b ¢

de="2 12 du,ﬂly:évfl/zdv,dW:iwfl/E dw
2 2 2
I =K J.J.J. (azu + b+ czw)zu_l/2 du éV_l/QdV Ew 12y
2 2 2
Kahc J-“- (22 V212 g2 12172 172

+ CZM_I/Z V_l/zwl/z} dudyv dw

x| “T)T)TG), o) )G, TG )

+c
8 F(7+l+7+l) F(l+§+l+1) F(l+l+§+l)
2 2 2 2 2 2 2 2 2
by Dirichlet’s theorem
3 1 1
")) ()
_ Kabe 2 2 2) (2 + 1+ &2)

T

1
=Kabc~§\/E\/E\/E (a2+b2+ 2)=Kabc n(u2+b2+52).
8 >3 17 30
2 2 2

K abe n(a2 +b+ cZ)

The required mass of given region is 8] =8 - 30

; i dxdy dz 1 5
Problem 25: Prove that jjj— =_ [logZ 8]

(x+ y+z+ 1)3 2 8
throughout the volume bounded by the coordinate planes and the plane x + y + z = 1.
(Rohilkhand 2013)

Solution: The region is bounded by the co-ordinate planes and the plane
x+ y+z=1
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dxdydz
(x+ y+z+ 1)3

B 1-1 1-1 lfldxd d
_J‘J‘J‘ : {(j/+yz+z)+1;; i

The integral I = III

_rormra j ul*”l‘l#du,by Liouville’s theorem
T (3) 0 (u+1)
=_ Ldu.
290 41y

Putu+1:t,du:dt limit 1 to 2.

R R O R EE

1 1 1 5
“hogo-Liis Lo log2 -2 ).
2[Og 8 2 ] (Og 8)

Problem 26:  Evaluate the integral ”jR (a + by* + c2%) dx dy dz
where R is the region given by o+ y2 +z22<d?

Solution: Proceed as in Problem 24. Ans: % P (a+b+c).

Problem 27:  Evaluate the following integrals :

LN Y

Solution: (i) The given integral
? = yP) = L dydx

= J‘y =0
. V(a® - y?
:J.O [(az—yz)x—;xB]x(_o )dy,

integrating w.r.t. x treating y as constant

(& + y*)dr dy.

Jﬂl(ﬂ - )

2312 L2 22 =2 (2 2B g
NG @ =PRIy =2 [ - PR dy
EJ. > cos>0. acose de,
3
putting y = a sin@ so thatdy = acos6é d@
:g[fl cos 046 = 2a4-£-£ [ By Walli's formula ]
: 42 2
=na'/8.

(ii)  Proceed as in part (i). Ans: 2 w.
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@nts to Objective Type Questions

Multiple Choice Questions
1.  See article 3.
2.  See article 2.
3. See article 1.

Fill in the Blank(s)

1. See article 1.
See article 3.

True or False

1. The given triple integral = J-J-J- o yl_l Z1-1 dx dy dz

(x+y+z+l)37
where x, y, z are all positive such thatO<x+ y +z<1
_roraram e by Liouville’s theorem
Fd+1+1) Jo 1P
1 1 1
1 [ s du:iJ' w1l ot du
21J0 ¢

E) 0 (u+1y 2

re@) 0u+17 290 u+1)
2. The given triple integral = J-J-J- P yl_l 2 (s y+z+ 1y dx dy dz,
where x, y, z are all positive such that0<x+ y + z<1

1 .
.[0 (u+ I)2 w1 g by Liouville’s theorem

_rrmra
rad+1+1
1

= IO (u+1) du—fj- W u+1 du.

3. Under the given conditions, by Dirichlet’s integral, we have

A1yl ()T (m
—” d dy = T({+m+1)

OO0




Chapter-6

Double and Triple Integrals

(Multiple Integrals, Change of Order of Integration)

Comprehensive Problems 1

2 V@ + 2 ded
Problem 1(i): Evaluat _ Ty
roplem 10z Fue MMJ 0 JO 4+ 2+ (Rohilkhand 2005)

Solution: The given integral
x=0Jy= @+ )+ 5
) | . Vi + 2)
:.[ |:tan y:|
0 V4 + ) \/(4+x2)y:0

integrating w.r.t. y treating x as constant

dx,

2 1 ] 2 dx
=| —— [tan” " 1-tan” O]dx——
IOV4+)52 J‘0\/4+xz
g[log (x+ V@ + 2] E[log (2 +2V2) - log 2]
:glog2+22\/2——10g (l+\/2)
hdxdy

Problem 1(ii): Evaluate double mtegmlj J

b d dy

Solution: We have J.l J .

=J.1 ;[logy]y:ldx

(integrating w.r.t. y treating x as constant)
:J‘” (log b —log 1) d
1 X
a

=log b J-lﬂi dx = (log b) [log x ]1 = (log ) (log a — log 1)

= (log b). (log a).

Problem 1(iii): Evaluate double mtcgrulJ' '[ cos(x+ y)dydx.
(Kanpur 2007, 11)
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Solution: We have In/ J cos(x+ y)dydr= JW/Z J /2cos(x+y)dx]dy

n/2 . n
:JO [Sln(x+)7)]x:n/2d,y’
[Integrating w.r.t. x treating y as constant]

B n /2 1 i
_.[0 [sm(ﬂ:+y)—sm(z T+ y)]dy

/2
:J-O (=sin y —cos y )dy

—[cosy—smy]g/z— -H-(1-0)==-2.

2
1 :
Problem 1(iv): Evaluate double integral .[0 J.(: e VT dy dy.

XZ
y=0
[Integrating w.r.t. y treating x as constant]
1 2 1
=J0 [xe%/x—xeo/x]ﬂz"‘o (xe™ - x) dx

12 1
Solution: We have jo jo e dy dy = .[0 [xe” / x] dy,

2 3y
Problem 1(v): Evaluate double integml.[ I ydydx.

Solution: We havej j ydy dx= j 33’ dy,

[Integrating w.r.t. ¥ regarding y as a constant]

_ 2
Problem 1(vi): Evaluate J J xdxdy.
(Lucknow 2006; Kanpur 08)

Solution: Here the variable limits are those of y and so the first integration must be

performed w.r.t. y regarding x as constant.
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2 N@x-2) 2 Jex- )
.[0 .[0 dedy_J‘oxU]O e

2 2
- _ - (1 )2
—jOX\/(2x 2 dv ij\/{l (1-x)%} d.
Now put (1 — x) = t so that — drx = dt .
Alsowhen x=0 ,t=land whenx=2,t=-1.

1
. the required integral = J . -0V - t2) dt

(Note)

B 1 9 1 9
—j_l\/(l—t )dt—j_ltm—t ) dt

1
=2 j() V(I - t2 )dt -0 the second integral vanishes because

the integrand is an odd function of ¢
1

=2[£V(1—t2)+lsin4t} —2[0+l ln} n
2 2 0 22"y

dy d
Problem 2(i): Evaluate J. J i 5"
0N (-2 -y

Solution: We have

dx dy ! 1 [t 1 1
J.J.O\/{l_ 2)} Jy 0~(- )[Ix:()¢(1_x2)de@]

1

dy,
0

J‘ 1 Sln X
NI [

1

]
[Integratmg w.r.t. x treating y as constant]
T [

J‘ I T T 7'52
R — — | sin” =—. .=
02 (I - D) J 22 4
Problem 2(ii): Evaluate j ! j Y- 4y dy d
’ 0Jo ' (Lucknow 2008)
Solution: The given integral

)
I:Jylzo inlo Ty a

:J-O 4y [x] ;/(:lo J )dy, integrating w.r.t. x treating y as constant
1 5 1 1 .

=4[ yNU=- ) dy=4[ (-2).0- )2 (-2y)d
Joora=sdr=af 202 2

1
:—2-%[ (I—y2)3/2:| , by power formula
0

4 4
~Zlo-1==2.
510-11=5
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Problem 2(iii): Evaluate j j + 32 ) dr dy.
\/ -
Solution: The given integral I =J. J ! (& + yz) dx dy
x=0Jy=x
1
= J.O [XZ y + 3 ] dx , integrating w.r.t. y treating x as constant
1
:J [x2 \/x+l)m/x—x —lxg]dx
0 3 3

1 1
=j [/\5/2+lx3/2—§,x3:|dx:[gx7/2+l.gf/2_lx4:|
0 3 3 7 35 3 0

_2,2 1_30+14-35_3
7 15 3 105 35

3 -1
Problem 2(iv): Evaluate .[2 .[oy dy dx.
J

-1
Solution: The given integral [ =J J' d)’ dx
X=

3
= jz s [x] i’ :01 dy , integrating w.r.t. x treating y as constant
y =
3

3 -1 3 1
S N S [1_]4 :[ —1 ]
y =y —-108gJy
.[2 b J‘Z y 9

—log3 -2+ 10g2:1—log%-
a \/(a2 -J%) 9 x2 9
Problem 2(v): Evaluate .[0 .[0 (a = x" = y*)dy dx.

V(a? -
Solution: The given integral I = L/ 0 J- ¢ y [(a —yz)—xz]dydx

V(- y%)
_(2_.2y._1 3]
N J‘O L(ﬂ 7 )x g X3J x=0 dy,

integrating w.r.t. x treating y as constant
(2= 22 2 - 22 =2 (2 2P g
Jol@ =" 2= 2@ = 2P P = 2 [ = 2P Py

.
= % Jon 4> cos>0. acosd de,

putting y = asin® so that dy = acos6 d6

I /2 I
= £a4 Jon cos* 040 = §a4 . i—;g [ By Walli's formula ]
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a \/(az - x2)
Problem 2(vi): Evaluate JO JO (x+ y)dxdy.

Solution: The given integral I ='[ 0 J ﬂo - (x+ y)dcdy
x=0Jy=

Vi - 2

a
firas] e
0 27 1y-o
integrating w.r.t. y treating x as constant

=j:[xwa2—x2)+%<a2—x2)]dx
_ (%1 NV L, 92
_JO[ 5(az A2 2x)+§(u )] dx

:l:—l%( 3/2} +
2 3 0

) S R R
347

N | —

[ﬂz x-1 xg] by power formula
20
3
2 04 4 2
Problem 3(i): ShowthatL IB (xy+e” )zixdyz'[g L (x y+e? )dydx.

(Kumaun 2015)
Solution: Integral on the L.H.S.

2[4 1 2y
= J - J J
Jl _j3 (xy+e )ddex L|: +e ]3dx
9
=I 8x+e4—2x—63]dx
1 2
27 2 2
:L 7x+€4—53:|dx= 74+(64—(33)X:|
- 1

And the integral on the R.H.S.
2

[ [ireeafom i[5 0
1
gl
4

2
N +e’ =12+€4—£—€3=§+£’4—€3.
4 3 4 4

Hence the result.
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1 1 y—
Probl ji):  Show t) dr dy J’ dr.
roblem 3(ii) ow tMtJ.o .[0 . 3 dy # J-O JO x+y

Find the values of the two integrals. (Garhwal 2002)
Solution: The integral on the L.H.S.

! 12y — (x+ 1
[y P a2

1
:J.l _7)(4. 1 dx
0 (x+y)2 X+J/0

[Integrating w.r.t. y regarding x as constant]

1
1 1 —
=J‘ — X +£+ 1 _l dx:‘[ dx = 1
0 (l+x)2 x l+x x 0(l+x)2 1+ x],
_l_}.]:l.
2
And the integral on the RHS
J' j (x+ y) Zydx
x+y)

2y ] - v |,
j j{ﬁy Hﬁg}dx_ °tx+J’+(X+y>2Joly

I y 1] L dy [ 1 ]
+ —+ - —|dy=- =
J[HJ 7o+ Y ny J0(1+y>2 L+ 7],
1 1
=2 _1=—1.

2 2
Thus the two integrals are not equal.

. . a e(a* - P 2
Problem 4(i): Evaluate the double integral J.O .[0 ydxdy.

Mention the region of integration involved in this double integral.

Solution: The given integral
a V(a® - ) 2
= dv d
.[x =0 Jy =0 J v

\l(ﬂ — X )
a
j 'S [ ] dx,
=0
integrating w.r.t. y
treating x as constant

_[ a 2
—Ejoxl(a ) dx
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(u2x2—x4)dx:;{g2 "3_’;]” :;{f_“jrllsﬂi

3 5
From the limits of integration it is obvious that the region of integration R is bounded by
y=0,y= V(@ - ) andx=0,x=aiec., the region of integration is the area of the

L
=5 1o

circle ¥ + y2 = a® between the lines x =0 , x = aand lying above the line y =0i.e., the

axis of x.Thus the region of integration is the area OAB of the circle 2+ yz = lying

in the positive quadrant.

Problem 4(ii): Evaluate jsz y3 dx dy over the circle 2+ y2 =
(Rohilkhand 2013B)

Solution: If the first integration is to be performed w.r.t. y regarding x as constant,

then the region of integration R can be expressed as

—anSu,—\/(a2 —XZ)SJ/S \/(az —xz).

2_ 2
.”R 2y d”b}:‘[;;—a J;(S_V(a;—%)xzyg drdy=0.

[ y3 is an odd function of y] (Note)

Problem 5: Evaluate Jj(x + y+ a)dxdyover the circular area 2+ y2 <d.

Solution: Here the region of integration R can be expressed as

—agy<a, (@ - y*)<xs(@® - %)

where the first integration is to be performed w.r.t. x regarding y as constant.
a Vi - %)
J.J.R(x+ I a)dXdy_J‘y:ﬁtJ.x:A/(ﬂz7y2)(x+ I a)dXdy
a ){2 \l(ﬂz _J/2)
N E S ».
|2 —\/(112 —y2)

[Integrating w.r.t. x treating y as a constant]

- [uz—yz +(y+ @ - %)

2

a
=J‘7ﬂ2(y+ V(@ - y*) dy
=[" 2y V@ -+ 20 [ V@ - ) dy
—a —a
=0+ 2a2 J.a V(a® - yz) dy, the first integral vanishes because
0 the integrand is an odd function of y
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a

2 2
=4a FM + % gin! l] :4a[0 + lazsin_ll —O]
[ 2 2 aJ 2
0
:411.16{2 .lnz nal.
2 2
Problem 6: Evaluate JJ @ y2 dx dy over the region bounded by x=0, y=0 and

4yt =1 (Avadh 2012)

Solution: The given region for integration is the area of the positive quadrant of the
circle ¥ + y2 =1l 1in the xy-plane. This region R can be expressed either as

0<x<(l-5%),0< y<1
or as 0< y<V(-+),0<x<l.
N1-y
II xzy dx dy = J. J. ( )x2y2aixdy,the first integration
to be performed w.r.t. x regarding y as constant
| - %) . )
21X 2 2\3/2
= dy=1| = 1- dy .
jgy[g]o by fogy( Jortdy

Put y =sin®so that dy = cos©46.
When y=0,0=0and when y=1,0=m/2.

o ) . )
[Jo 207 drdy=[ 7" Lsin® 0.1 -sin® 07 coso

/2
:ljn 51n ecos ede_l 1371 r_T.
3J0

3 642 2 96
Problem 7: Emluatejj)g/ dx dy over the region in the positive quadrant forwhichx + y<1.

Solution: The region of integration is the area bounded by the lines x =0, y =0 and
x+ y=1.

To cover this region of integration R, xvaries from O to 1 andyvaries fromOtol — x.
l —-x

A R R e

—7.[ x(1- A)de—f-[ x(1- 2,x+x2

. 1
_1%2;(3 e _1[1 2 1]_1
= |2 2.2 4+ | =22 _Z4 ="
212 3 4 0 212 3 4] 24
Problem 8: Evaluate fj >33 de dy over the triangle bounded by x =0, y =0 and

x+ y=1.
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Solution: The given region of integration R can be expressed as

0<x<1,0< y<l-vux,
where the first integration is to be performed w.r.t. y regarding x as a constant.

”R e2“3ydx@:joljol_xez“3ydxdy

_ 1€2x+3y . _1 Log_ v 9y

_Jo[ 3 ] _§Jo[€ — e
_lr_3fx_62x11__1 2 3v,1.,92 o

o e I GO L)
:—%[—62(e—l)+%(8+1)(e—1)]:é(5—1)[52—é(s+1)]
“Le-ne?-e-n=Le-De-1@e+1)

] R4
Problem 9: Evaluate ij dx dy

over the positive quadrant of the circle 2+ y2 =1.

Solution: Here the region of integration R is the area of the circle 2+ yz =llying in
the positive quadrant. This region of integration R can be expressed as
0<x <V(l-%),0< p<l.

V(1= y2)
J‘J‘R\]l_ y .[y 0 jx:Oy \/(%yyz)dx@/

:J.ly[xz]*/(l—y)dy,
)

0\/(1—,?2 2 x=0

integrating w.r.t. x treating y as constant
1! P) 1l 1 2:1/2
=_ N1 - dp=—| -=-(1- -2y)d
zfoy( ) dy 2.[0 2( Oy (=2y)dy

1
[(1 2y 2]0 , by power formula

o \

Problem 10: Find the area of the ellipse 2/a + y2 /b =1 , by double integration.

tlz

Solution: From the equation of the ellipse, we have <= y {1 - XZ} :
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So the region of integration R to cover the area of the ellipse can be considered as
bounded by

y=—=bNU=2/d®), y=bN(1 - /a®),x=—aandx=a.
Therefore the required area of the ellipse

A= 2 /)
:”Rdx@/:.[ﬂ J:—b\/(l—xz/uz) 1 dx dy

h«l(l xz/a) ] a 2.2
j Ledy [de=2]" [p1p¥0 =/ ax
—11 J —a

e

a
2 - 92 a
=ﬁ “\/(ﬂz_)g)dxzélb[x\/(a _Xz)+asin1x:|
a J0 a 2 2 a
0
2 2
=g 0+a—{sin_ll—sin_10} =@-a—-£:nab.
a 2 a 2 b

Problem 11: Compute the value of I IR ydxdy, where R is the region in the first quadrant
bounded by the ellipse 2la + y2 /=1,
Solution : If the first integration is to be performed w.r.t. y regarding x as a constant,

then the given region of integration can be expressed as
0<x<a,0< y<h( 1- 22 /d%).

e A= 2 /a2 Y ded
[orao=[_ 1, 4

o[ 211; (-2 /d%) . 2
sl el

_ e A
}#kw_;ﬂvﬂvﬁg]_._.

Problem 12: Find the mass of a plate in the form of a quadrant of an ellipse
& /d® + J/z /b* =1 whose density per unit area is given by p = kxp.

Solution: Proceed as in problem 11. Ans. ka’b? /8.
Problem 13:  Prove by the method of double integration that the area lying between the parabolas

y2 = 4ax and ¥ =4ayi3%ﬂ2.

Solution: Draw the two parabolas in the same figure. The two parabolas intersect at the
points whose abscissae are given by (x2 /45{)2 =4axie., x (x3 — 64a> )=0ie,r=0and

> =644 . Thus the two parabolas intersect at the points where x =0 and x =4a .




Double and Triple Integrals

Now the area of a small element situated at any point ( x, y )=dxdy .
" The required area

V(4 ax) 4a V4 av)
= . dx
j .[ _2ua ™ _[0 U]%/M
5 4a
4 3
=J- u[2\/ﬂ.xl/2—ix2jl r2\/51 s g Lx—]
0 4a [ 3 4a 3J0
:é\/a.(4a)3/2 L.64a3=ga2—ga2zgﬂ2.
3 12a 3 3 3

Problem 14: Find by double integration the area lying between the parabola y =4 x — 'S
and the line y = x .
Solution: Solving y =4 x - 2 and y = xfor x,we have

4x-FZ=x or ¥-3r=0 or x(x=3)=01ie¢,x=0 or 3.
Thus the curves y:4x—x2 and y = x intersect at the points where x=0 and x=3.
When0<x<3,wehave4x—x2>x.

So the required area can be considered as lying between the curves y = x, y =4 x — 2,
yr=0and x=3.

3 4x-x
. The required area = J J dx dy

Problem 15: Evaluate J.J‘ y dx dy over the area between the parabolas y2 =4 x and
=4 b.

Solution: The two parabolas intersect at the points whose abscissae are given by
(%xz)Z =4 xorx( P -64)=01i.c.,x=0or4. WhenO < x<4,we have 2 \/x>%x2.

Therefore the given region of integration can be expressed as
OSxS4,iXZSyS2\/x.

. The required integral
2Vx

NS PR N e I

:JA[Qx_qux:{Z}_ X ] —16_32_148,
0 0 5 5

32 2 32x5
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Problem 16: Find by double integration the area of the region enclosed by the curves
2+ yz =d, x+ y = a (in the first quadrant).

Solution: The given equations of AV
the circle ¥* + yZ = [centre (0,0)
and radius a] and of the straight line
x+ y = a (with equal intercepts a on
both the axes) can be easily traced as
shown in the figure.

The required area is the area bounded
by the arc AB and theline AB . To find
it with the help of double integration
take any point P (x, y) in this
portion and consider an elementary
area &x 8y at P . The required area can
now be covered by first moving y
from the straight line x + y = ato the vy
arc of the circle ¥* + y2 = a* and then

moving x from 0 to a .

a \/(ﬂ2 - 12) L .
J. dx dy , the first integration to be performed

. The required area = I 0 e
x= y=@a-x

w.r.t. ywhoselimits are variable
j: \L(”f‘_ z)dx Jﬂ (@ =)= (a-x)]dx
:[{l)m/ i x2)+lazsin_1(x/a)}—ux+lx2]a
112 2 27 ]y
Ly 2yl Ll —1)=%a2(1t—2).
Note: The required area can also be covered by first moving x from the st. line

x+ y = ato the arc of the circle 2+ y2 = 4’ and then moving y from O toa.

Comprehensive Problems 2

asin ©

Problem 1(i): Evaluate J i '[ rdedr.
0 Jo (Kashi 2013)

Solution: Here the limits of r are variable and those of 8 are constant. Therefore first
integration shall be performed w.r.t. r regarding 6 as a constant. We have

in® rz asin
T asin T 1 b
I j rdedrz_[ |::| dGzlj‘ a2 sin® 0 de
0 JO 012 270
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m/2 cacos®
Problem 1(ii): Evaluate J-O J.O 7 sin©de dr.

P 0 » rl acos 0

T acos ¥

Solution: We have .[0 jO 7sin® do dr = jO sin 6 |:2:| de,
0

integrating first w.r.t. r regarding 0 as a constant
/2 2 on/2
=1J‘ sin(—)~a2c0526d9=ﬂ—‘|. sin® coszﬁde—l 2 L1 l 2,
2J0 2 J0 2 3-1 6

a(l+cos ) g

Problem 1 (iii): Evaluate J. " J. 77 sin® cosO d0 dr.
0.J0 (Agra 2003; Kumaun 09)

Solution: We have
a(l+ cos 6)
I = J.O 2 $ind cos® 46 dr

T a(l+ cos©
= J sin® cosO J. ( )1”3 dr|do
0 0
477 (I+ cos 6)
T r
= J sin® cosO | — de
0 4 0

AN

T 4
j sin® cos® a* (14 cos0)” do

sme cos0 (1 + 4cosb + 6cos> 0+ 4cos> 0+ cos® 0) do

*‘%*‘&

j (sin® cosO + 4sind 0520 + 6sinfcos> B + 4sinfcos* B
+ sin® cos 6) de

ks /2
Now J.o sin” 0 cos”" 0 d6 =2 .[0 sin” 0 cos” 8d0 or =0,

according as 7 is an even or an odd integer.

4 /2
= ”7 j 0" (4 sinBcos? 6 + 4sincos® 8) 46

because the integrals containing odd powers of cos 6 vanish
4
:L[4.L+4.L1_Ea4
2[ 3.1 5.3.1J 15

Problem 2:  Evaluate JJ r 2 d0 dr over the area of the circle r = a cos 6. (Kanpur 2010)

Solution: The circle r = a cos 8 passes through the pole and the diameter through the
pole is initial line. The region of integration can be covered by radial strips originating
fromr =0 and terminating at r = 2 cos 8 . From the equation of the circle, we haver =0

when cos0=0 ic, 6=+ n/2. Therefore for the given area 6 varies from —n/2 to
n/2.Therefore the required integral
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/2 s 6 /2 s 0
:Jn oo 2 de drzjn [Jﬂcm r2 dr] o
r=0 0

0=—m/2 - /2
s 0
w2 [310°" T2 B3 cosd
[ do=[" " 0 g
-n/2( 3 0 - /2 3
/2 3 . 3
Za 8 cos’ Gde—— i—i-
3 Jo 3 3.1 9

Problem 3: Integrate r sin® over the area of the cardioid r = a (1 + cos 0) lying above the
initial line. (Kanpur 2010)
Solution: For the area of the cardioid r = a (1 + cos 0) above the initial line 6 varies

from O to m . Also for the required arearvaries fromr =0tor = a (1 + cos 8) .If A denotes
the region consisting of the area of the cardioid lying above the initial line, then the
required integral

:JJArsmedA J J.MHCOSG); sin O r do dr

. 3 a(l+ cos 6) 3 .
=J sin@|” de:ij sin 0 (1 + c0s6)3 de
3 0 370

0
i PP 28
=—J 2sin — ¢ (2 cos ) de
3Jo 2 2 2
3 m/2
_ 16a jn sin¢cos7 ¢.2d¢,putting9=¢so that 46 =2 do
3 Jo 2
/2 .
:3246 _cosb ol 324 [o+l]:£
3 8 |, 3 8 3

Problem 4:  Find the mass of a loop of the lemniscate 2 = a sin20 if density p = kr?

Solution: In the equation of the lemniscate 2 =asin20, putting r =0, we get

sin20=01.e.,20=0 ,mie.,0=0 ,% n . Therefore for one loop of the given lemniscate 6

varies from 0 to /2 and r varies from 0 to a V(sin 20).
Mass of a loop of the lemniscate

/2 \ (sin 26) /2 eaV 26
jn J‘d (sin pr do dr=J.n Jﬂ (sin r2 . rdedr
0=0Jr=0
V(sin 26)
/2 ¢ a\(sin 6) nefp41"
=k I 05 do ar N [’ | d6
r=0
4 om/2 4 /2
_ka”. sin” 20 dszi § (1 = cos 40) do
4 8 JO

ka [e sm49]n/2 ka* n_nku4.

L 4 8 2 16
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Problem 5 :  Find by double integration the area lying inside the cardioid r = a (1 + cos 8)and
outside the circle r = a .
Solution: Eliminating r between the given equations of the cardioid r = a (I + cos )
and the circle r = a , we have

a=a(l+cos®) or cos0=0ie,0==%m/2.
Thus the region of integration A is enclosed by

r=a,r=a(l+ cos0),0=—m/2,0=mn/2.

/2 1 s 6)
" The required area = .[.[A rd6 dr = J N P Jﬂ( e 7 de dr
-7

a(l+ cos 6)
2
:Jn/ |:r2] _7Jn/ 1+cos9) 2]dG
-n/2| 2

a

2 em/2 .
:a—jn (1+COSZB+2c059—I)d9
2 J-n/2
2 /2
=u—.2'|.7E [c0526+2cose]d9
2 0
2 [ : 2 |_ 21 a
77n+2{sme} =a”[-n+2]="(n+8).
5 Sl R PR ERIEERER)

Problem 6: Find by double integration the area lying inside the cardioid r =1+ cos 6 and
outside the parabola r (1 + cos ©) =1.

Solution: Eliminating r between the given equations of the cardioid and the parabola,
we have

(1+ cos®)=1/1+ cos®) or (1+ cos 9)2 =1

or cos?0+2cos0=0 or cos 0 (2+ cosB)=0

or cos 6 =0 , because cos 6 cannot be equal to — 2

or 0==*n/2.

Thus the two curves intersect at the points where® = - n/2 and 6= n/2.

Therefore the required area is enclosed by r =1/(1 + cos8),r = (1 + cos8),6 = - w/2,
0=m/2.
Hence the required area

1/2 (14 cos6) n/2 ] g]“““e)
= dr = o
f l/(l+cose)r : -[n/2L2 JI/(IJrcosG)
/2
LT (l+cose)2—% de
D) (I+c059)Z
/2[ |
T
zg.lj |(1+2cose)+c0529)—%|ﬂle
2J0 { (2COSZ§9)ZJ




Ksalsa's Integral Calculus

Al[1120]

/2 /2 P
:Jn (l+2cose)d6+rE coszede_lj‘n st Loao
0 0 4Jo 9
/2
:[9+2Sin9]n/2+£-£—ljn (1+tan2£9)sec2£6de
© 2 2 4lJo 2
/2 . .
:£+2+E_1J‘n [SeczleJrQ(mnzle)(lsec 1 )]de
n/2
3—n+2 2tan 9+7ta 71
4 L 2%,
=3i+z_l[z+2] 3r,p 237, 4_Onrl6),
4 47 3] 4 3 4 3 12

Problem 7 (i): Transform the following double integral to polar coordinates and hence
evaluate them:

y 2
[ N

Solution: The given double ir\tegral

I:jjzo_[x “O 7 [ (2 + y%)]dedy.
From the limits of integration it is obvious that the region of integration R is bounded by

x=0 ,x=\/(ﬂ2 —yZ)andy:O ,y=a.
Thus the region of integration is the area OAB of the circle 2+ yz =d® lying in the
positive quadrant.
Putting x =7 cos 6, y =r sin 0 the corresponding polar equation of the circle isr =a.

From the figure it is obvious that for the area OAB ,rvaries from 0 to 2 and©varies from O
to m/2 . Also the polar equivalent of dx dy is r d0 dr .

2 e 9 . . .
J‘n/ jl 0 a —-r )rded; [ x2+yzzrz]

T
=0 Jr=0 2 4 )

a
n/2 a 9 3 ”/2[ﬂ2r2 4_]
= [a® r—r>]d0dr= [ - J a0
o] |
:In/z é_‘ﬁ dezéjn/zdezé[e]g/2:ﬁ.
0 2 4 4 JO 4 8

Problem 7(ii): Transform the following double integral to polar coordinates and hence
evaluate them

V@2x-
Solution: The given double integral I —J. 0 J @ ( 2+ yz) dx dy .
xX=

Here the region of integration R is bounded by
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y=x,y= @2x-)andx=0,x=1
i.e., the region of integration is the area OBCO of the circle 2+ y2 -2x=0

bounded by the lines y =x,x=0and x=1.
Putting x = 7 cos 0, y = r sin @ the corresponding polar equation of the circle is
2

(

r2 (cos® 0 + sin’ 0)—2rcos®=0

or r=2cosH.

The point Bis on theline y = xwhich makes an angle n/4with OX andso,atB 6= n/4.
At the point Oof the circler =2 cos 8 ,we haver =0 and s06 = ©t/2 . Thus for the region
R , rvaries from O to 2 cos 6 and 8 varies from nt/4 to n/2 . Also the polar equivalent of
dx dyisrdodr.

Hence transforming to polar coordinates, we have

_jen/jM JAZCOSQ rdedr:jen:/Zn/4 J~2cose 3 10 dr

x4 2 cos 6 16 72
'[ [ :| dez—j cos* 040
n/4| 4 0 4 Jn/4

r=

/2

:4J’“ (M) o= j 1+2cos26+cos229)de
n /4
/2

_Jn [1+2c0329+w]d9
n /4 2
/2

:jn |:§+2c0526+lcos49:|d9
n/4 2 2

2 4 8 8

:[39+2sin26+I.sin49:|n/2:|:3n_3n_1:|:3n_l
22 4 '

/4

Problem 7(iii): Transform the following double integral to polar coordinates and hence evaluate
them:

a \/(ﬂ2—x2) . . .
I 1o PN+ ) dedy.

-2

Solution: The given double integral I = J:ZO Jy =ao yz V(2 + yz) dx dy .

Here the region of integration R is bounded by y =0, y = V(@ - )andx=0,x=a.
Thus the region of integration R is the area of the circle 2+ y2 =d lyingin the positive

quadrant. The polar equation of this circle isr = aand for the region R , rvaries from O to
aand ® varies from O to m/2. Putting x=rcos®, y=rsin® and replacing
dx dy by r d6 dr , we have

J.n/2J‘ 2 sin 0.7, rder—J‘n/zj.  sin? 0 d0 dr

251"
:In |:’] sin' Gde——j sin® 0 d6 =
0 5 0
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Comprehensive Problems 3

1 2 2
Problem 1(i): Evaluate J 0 I 0 J l );yz dz dy dx.
x=0Jy z=

Solution: We haveJ-:: L}Z ()J.zz: xzyz dz dy dx
T Lol e ey
2
:j\ OL; 0[ J ] dydx_fj‘ U 3"y ]

1

:311{)(2.);2] dx=3jl4x2dx=3{"3] 3.1
5 Jo 2 ], " o 3 3

0
1 o1 01
Problem 1(ii): Evaluate Jo jo foe“y”dxdy dz .
. 111x+y+z _llrlx+y+z_]
Solution: jo JO joe dxdydz—jo JO Ljoe dXJ@;dz
1 1 1 1 1
:J'O JO[Eererz]OddeZ . {J’O {el+y+z_€y+z}dy]dz
1 I+y+z y+z ! 1 24z l+z I+z z
= - dz = - - - d
J-O[e e ]0 z .[() {(e e )— (e e ) dz
1 1
=IO(62+Z—26”2+ez)dz=J()(32—2e+1)ezdz
1
=(e2—2e+1)jge2dz=(e—1)2[e2](l)=(e—1)2(e—e°)
=(e-1P(e-1)=(e—-1y.

X+Z
Problem 1 (iii): Emluatej J. J (x+ y+z)dydedz.

Solution: Here x—ztox+ zarethelimitsofintegration of y,0tozare those of xand
—1to I are those of z. The given triple integral is
1 z[px+z v | dv d
= + p+ ¢
J.—IJ.O J-x—z(x J Z)y:| ‘

1 r 9 xX+z
z
= I dr d
INEES +zy] 2
X—z

:jjl-[()z x(x+z)+ ()H—Zz)z +z(x+z)-x(x—2z2)
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B 1 z 9 _ 1 . 9 -2
_j_l[jo (4xz + 222 dv dz_f_l[zz%wz x)E dz
1
1 1 4
=j (22.22+2z2.z)dz:4j zgdz:4r2—1 =1[1-1]=0.
- - [4 J—I
2 1
Problem 1(iv): EmluateJ- o8 .[0 OB etz dx dy dz
— log2 ¢ x ¢ x+logy Xtz
Solution: We have jo JO jo ¢ dv dy dz

. x+log y
-] log? [ dx dy,
0 0 0

integrating w.r.t. z regarding x and y as constants
x+y+x+logy x+y] dv dy

NG
logZJ x [2%) 1980 _ ¢%p] dx dy
Jote

Y yed —e*ed Vdx dy. [ elo8 ) = =y

log 2 .
:J- og |:62)( {-ye_)/}())( _62)( J'Oxey dy_e,\{gj/}())(]dx

integrating w.r.t. y regarding x as a constant; to integrate
ye” we have applied integration by parts

[xe>* — ¥ (¥ —1) - ¥ + ¥ ]dx

log 2 log 2 log2 log2
=J‘ 8 [xe* - + ex]dx=J‘0 8 xe3xdx—JO 83y 4 Jo SapEn
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_1 3xqlog2 _1 log2 5, L log2 g, log2
—g[xe 1o gjo e dx .[0 e dx+j0 etdx
qlog2
3x
=%<log2)e31°g2 —;*[63] +[e"]E

(log2) ¢  log8 _ g (31082 _1y 4 (1082 _1y

28

10g2—§( —1)+(2—I)=§10g2——+1 19

8
=_log2--—=
3 g
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1 el l-x
Problem 2(i): Evaluate J- J‘ 9 J- xdy dv dz

Solution: Wehavej J jl deydxdz—j _[2 (l)ldydx

integrating w.r.t. z regarding x and y as constants
1
1,1 12 3]
= 1-—x)dy dv= A d
foffo-awafi[55] o

integrating w.r.t x regarding y as constant
1 4 6 1] 4 6
= S Y = |22 v a
=I, [z 5723 ] =], {6 2 3|V
s 61"
1 y oy I 1 1 _35-21+10 _ 24 _ 4
=|l-y-T -+ = - 4 - = =7 =" ="
6 10 21 0 6 10 21 210 210 35
1- 1-x— -
Problem 2(ii): EmluateJ‘ J XJ. ! y%'
(I+x+ y+2)
(Kanpur 2008; Avadh 13)
1 pl-x pl-x-
Solution: We havej J xj * )’%dzg
070 I+ x+ y+z)

S e
T

I+ x+ y)2

1-x
1
_l fl,o 1 N B L R R
2 4 I+x+ y)], 2J0( 4 2
. 1
_,J § l ! dx:l —§x+l-é+log(l+x)
4 4 (I+x) 21 4 4 2 0

173 11 5
=_ +—-—+log2|-logl|=—|log2-=
2[(4 42 Og) Og} (Og 8)

Problem 2(iii): Evaluate L JI/ .[0 ) xyz dx dy dz .
X

Solution:

The given triple integral is

V(x y)
R R T P R R
3[el 5 s, 31"
S0 7 wlaes i ]
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L e _ BN _ 1,26
‘g[(9 log 3) (3 log 1)]=-1[(9 3) log 3]=—[ log 3].

. 2 2
/2 0 -r7)/
Problem 2(iv): Evaluate J.on de J.(;lsm dr J o rd

Solution: The given triple integral is
:J-Tt/ZdeJasinGd [r az—r )/a _ Tt/ZdeJ-usinGr(aZ_rz)
0 0

dr
0 0 a
0
/2 Z Z ﬂsln /2
=1J'n (@2 ] de:‘LJ'n (2 sin® 6 — sin* 6) d0
ado [ 4J 4 Jo
_@fy L 301 50
4[ 22 42 2] 64

Problem 3(i): Evaluate J‘(;z J.()Y J.Ox+y T dvdy dz

Solution: The given triple integral is

g [r‘” vt = ] e

z=0

JJ 2(x+ ) _, (x+) “afl 24y _, x+ 0]
]dxdyzjo —¢ —¢ | dx
0
— O [§(€4x—52x)—(52x—€)(>]dx_ Oa(; 4)[ 3(32X+

|:1 l4x §_£62x+€x:|a
2 4 4 2 0

1 Aa 3 9% |, a Lo 30,0
S+t )- (e —Ze +e
[( ) ) (8 2 )]

e*) dx

14[1 32!{ [l_(l_§+l):1

s° T3 8 4 8

Problem 3(ii): Evaluate j(;l j(;l o j(;l T 2 dy dz .

(*" — 6% + 8¢ - 3).

Solution: The given triple integral

olo L e [ e

integrating w.r.t. z regarding x and y as constants

=[O P =y ey = [ (=)= yldedy
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0 2 ey oL 2]
_.[() & L(ﬂ x)y 57 I dx,

integrating w.r.t. y regarding X as constant

= [ (a-x]d
=J.”x2-%(a—x)2dx=%'|.;x2(a2—2ax+ 2 dx

0

[(a—xp -

N |

- 4 a
S MR 2ad e =] EE S VE N 4
2Jo 2" 3 15,
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Problem 4:  Evaluate the triple integral of the function f(x, y,z )= 2 over the region V'
enclosed by the planes x=0, y=0,z=0and x+ y+z=a.
(Rohilkhand 2012; Avadh 12)

Solution: The given region V is bounded by the co-ordinate planesx =0,y =0,z =0
and the plane x + y + z = a .To cover the region V', let the values of x, y lie within the
triangle bounded by x-axis, the y-axis and the line (x+ y =a,z =0). Then for any
point( x, y,0)within this triangle, z varies fromz =0toz =a — x — yintheregionV.
But the values of xand y vary within the triangle formed in the xy-plane. Therefore x
varies from O to 4 and for any intermediary value of x, y varies from O toa — x.
Therefore the region of integration V' can be expressed as

0<x<a,0< y<a-x,0<z<a-x-y.

Hence the required triple integral = j(j f(;l - f(;l Y2 dy dz .

Now proceed as in problem 3 (ii).

Problem 5: Find the volume of the tetrahedron bounded by the plane x/a+ y/b+ z/c =1

and the coordinate planes.
Solution: Here the region of integration V to cover the volume of the given
tetrahedron can be expressed as
0<x<a,0< y<b(-x/a),0<z<c(l-x/a- y/b).
Therefore the required volume of the tetrahedron

:J-J-J-VdxdydzzI:Jé;(l—x/a)Jc(l—x/a—y/h)dxdydz.

0
Now proceed as in Example 18. The required volume = abe .

over the region

Problem 6(i): Evaluate jjj Mzg
(x+y+z+1)

x20,y20,z20,x+ yp+z<I. (Avadh 2013; Kanpur 15)
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Solution: The given region of integration R can be expressed as

0<x<1,0< y<l-x,0<z<]l-x-y

Hence the required triple integral = jJJR MZS
(x+y+z+1)

1 plox ploxe
Il T ym”‘”dy‘iz

:J‘Oljoli"{ J'Oli](iy(x+y+z+l)73 dz]dxdy

Lel-x[q )2 bmx=y
¥ (x+ ptz+
A e

_9 0
1 plpl-x[1 1
=-2 - |dxd
2'[0'[0 [4 x+y+1)] Y
o 1 1 11
= J’ dx——fj. mLpng - dx
“2Jdo x+y+1) 2 2 (x+1)
2
L _(d-x ) +1x—log x+1)
2|2x4x(-1) 2
l[{0+, log2}—{—7+0 0}]= l[l log 2 + 1 |
2 22 8
1.5 5
=——_[Z-log2]==[log2-=1.
5 lg g 2] 2[ g2-¢1
Problem 6(ii): Evaluate jjj xyz dx dy dz
over the cllzpsosz /a® +y 2/ w22 )P =1, (Kanpur 2011)

Solution: Here the region of integration can be expressed as
—asx<a,-bN{1-(F/a)}< y< bl - (2 /d®))
and —cV{I—( x2/a (y /bz)}<z<6\/{l— xz/a (y /h2)}
The required triple integral
DN = (2 1)) fJ.L\/u (2 /a®) - (% 1)}

1
zdz|ded
J- .[H{I xz/aZ)}ll —eN{1= (2 /a2) (yz/hz)}(lg/)z le Iy

=0. [ -z is an odd function of z and xy is
treated as constant while integrating w.r.t. z |
Problem 6(iii): Evaluate IJJ ( 2 +z ) dx dy dz over the sphere 2+ y2 +22=1.

Solution: The given region of integration can be expressed as
—1<x<l,-N1-2)< ysi1-2), -1 -2 - )<zl -2 - )?).

Hence the required triple integral
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\/(I—xz 2)
I jva 2) [ ’ (ZSHMZ}M@

=0. [ (zS + z )is an odd function of z |
Problem 6(iv): Evaluate J-J-J-R W2 v w dudv dw,

where R is the region W+ P <1,0<wsl.

Solution: Here the limits of integration to cover the region R can be taken as
“1<u<l,-N1-1)<v<V(1-1),0<w<1,

where the first integration is to be performed with respect to v .

122w du dv dw = el peed) W% w dw du dv
.[.[.[R .[0.[—1 J.—\/(I—uz)
S [ e

because the first integration is to be performed
w.r.t. v regarding » and w as constants

= J()l J 11 [2 12w J'O\](I_ MZ)Vde} dw du,

because v is an even function of v

V(1= i)

Jjuz[] dw du

jo j 122 dw du

=7J [ zj i (1 Wdu]dw

/2 92 3 _] . .
—7‘[ I sin” 6 .cos G.CosedGJ dw , putting u =sin 6

=§J0w[j sin26cos49d9}dw:§.[olw % gd

1
=£J W dw = Lrw1 ="n-0y1="-.
24 J0 24[2J0 48 48

Comprehensive Problems 4

) o I px2-1x)
Problem 1: Change the order of integration in Jo JY f(x y)dedy.

Solution: In the given integral the limits of integration of y are given by y = x,which
is a straight line passing through the origin, and
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y:x(2—x)ory=2x—x2 or (x—l)2 =—(y-1
which is a parabola with vertex (1,1) and passing through the origin.
Again the limits of integration of x are given by x =0 i.e.,the y-axis and x =1whichisa
straight line parallel to the y-axis at a distance 1 from the origin.
We draw the curves y —x,(x-1P = -(y-1),¥=0 and x =1, giving the limits of
integration, in the same figure. We v
observe that the region of integration is
the area OLBMO.
In the given integral, the limits of Il
integration of y being variable, we are
required to integrate first w.rt. y (Luf
regarding xasa constantand thenw.r.t. x .
If we want to reverse the order of M
integration, we have to first integrate w.r.t.
x regarding y as a constant and then we
integrate w.r.t. y . This is done by covering 10
the area of integration OLBMO by ¢
drawing the straight lines y = constant
i.e., by dividing this area into strips parallel to the x-axis.
So divide the region OLBMOinto strips parallel to the x-axis starting from the arc OMB
of the parabola and terminating on the line OLB .

Forthe point B, x =1 .Puttingx = lin the equation of theline y = x ,weget y =1.Sothe
_y-coordinate of the point B is also 1.

For the region OMBLO ,the lower limit of xis the value of x found in terms of y from the
equation ( x — 1Y =1- y and the upper limit of x is the value of x found in terms of y
from the equation y = x .From the equation ( x — I)2 =1l-y,wegetx-1== Ja - y)
orx=1+ (- y).Sinceinthe region OMBLO, xtakes values less than 1, therefore we
takex=1—\/(1—y ).

Thus in the region OMBLO ,xvaries from1 — V(I — y)to yand yvariesfromOtoa .
Hence by changing the order of integration, we have the given integral

Ley
_J‘oj‘l—m—y)f(x’y)dydx'

Problem 2: Change the order of integration in the integral
3 V@ -)
N (x+ y)dydr.

Solution: Inthe given integral the limits of integration of x are given by the straight
line x=1 and the curve x=V(4 - y)ie, 2 =4-yie, 2 =—( y—4) which is a
parabola, symmetrical about the y-axis, with vertex at the point (0, 4)and existingin the
region y <4 .Again the limits of integration of y are given by the straightlines y =0 (i.c.,
the x-axis) and y =3.
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We draw the curves x =1 , ¥ =—(y-4),
y=0 and y=3, giving the limits of
integration in the same figure. Putting v = 1

in the equation 2= y-4), we get - ]
y =3.Thus the straight line y =3 passes // -‘\L iy r=3

¥a

through the point of intersection C of x =1
and ¥ =—( y—4). Also at the point of
intersection B of the parabola /
2=- ( y —4) and the x-axis (i.e., the line

/ =0
y =0), we have x =2 . We observe that the / !

al A RE ¥

region of integration is the area ABCA .
In the given integral the limits of ]l' LI, '|I 2=y o4
integration of xare variable while those of y

are constant. Thus we have to first

integrate w.r.t. x regarding y as a constant and then we integrate w.r.t. y.

If we want to change the order of integration, we have to first integrate w.r.t. yregarding
xas aconstant and then we integrate w.r.t. x . This is done by covering the area ABCA by
strips drawn parallel to the y-axis. These strips start from the line AB (i.e., y =0)and
terminate on the arc BC of the parabola P =4- y . Therefore for the region ABCA , y

varies from 0 to 4 — ¥* and x varies from 1 to 2. Hence by changing the order of

integration, we have the given integral
24— e
=[], (xryravdy.

Problem 3: Change the order of integration in the integral

acos o \/(ﬂZ - x7)
jO .[xtan(x f(x’y)dXdy'

(Kumaun 2002, 10; Kanpur 05; Avadh 11)
Solution: In the given integral the limits of integration of y are given by y = x tana

which is a straight line passing through the origin and
yz\/(az —)(2)1'.6.,y2 —a? -2 e, P+ y2 =d
which is a circle of radius 4 with centre at the origin (0,0).
Again the limits of integration of xare given by x = 0 i.c.,the y-axisandx = a cos awhich
is a straight line parallel to the y-axis at a distance a cos o from the origin.

Wedraw the curves y = x tan o, Rt y2 =d

,x=0and x = a cos a ,giving the limits of
integration, in the same figure. We observe that the region of integration is the area
OMNO.

In the given integral the limits of integration of y are variable while those of x are
constant. Thus we have to first integrate with respect to _y regarding x as constant and
then we integrate w.r.t. x. This is done by covering the area of integration OMNO by
drawing the straight lines x =constant i.c., by dividing this area into strips parallel to the

_y-axis.
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If we want to reverse the order of ve Cired

integration, we have to first integrate {41.2k¥ e ?

with respect to x regarding y as ?

constant and then we integrate w.r.t. 7§ Il

y . This is done by covering the area of = ¥ =4p ST ) ]
integration OMNO by drawing the S Mz cos o @ sin )
straight lines y = constant ie., by !

dividing this area into strips parallel to - o \

the x-axis. : l

Now if we take strips parallel to the 7 (@ s on. ) v

r-axis starting from the line x=0,
some of these strips end on the line OM while the others end on the arc MN of the circle
2+ y2 = a”.Sowe draw the line of demarcation MA dividing the area OMNOinto two

portions OMA and AMN .

For the point M ,x=acoso. Putting x=a cosa in the equation of the line
y=xtano ,we get y =asina.So the y-coordinate of the point M is a sin o and the
equation of the line of demarcation MA is y =asino..

For the region OMA , x varies from O to y cot oo and y varies from O to a sino. .

For the region AMN , x varies from O to (@ - y 2)and y varies from asino to a.

Therefore, changing the order of integration, the given double integral transforms to

asino, ¢y coto a Vi - 12
Jo lo T S dd [y T e,

Ix
Problem 4: Change the order of integration in J-(;z J‘ f(x y)dedy.

" (Lucknow 2010)
Solution: Here the area of integration is bounded by the straight lines y = mx, y =1 x,

x=0 and x =a. Drawing all these lines in one figure, we observe that the area of
integration is OABO.

To reverse the order of integration, cover this area ¥ .
OABOby strips parallel to the axis of x. Draw the ) P
straight line AN parallel to the r-axis and thus S]]
divide the area OABOinto two portions OAN and = ji

n
NBA according to the character of the strips. = N »

For the point A,x=a. Putting x=a in the - _;"'J.-f-l)l:a. R
equation of the line y = mx,we get y =ma . Also e IR

for the point B, x = a ; therefore putting x = a in o oo ; .
the equation of the line y =1 x,we get y=la. X
Now for the area ONA , x varies from the line

y=1xto y=mxic., xvariesfrom y/I to y/m and yvaries from O to am .Again for the
area NBA ,xvaries from the line NB ( y = Ix )to the line x = a i.e., x varies from y/I toa

and y varies from amto al .

Therefore, by changing the order of integration the given integral transforms to
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J~am‘|~y/mf<x,y)dydx+‘|.:; j;/l F(x p)dy dx.

3a-x

2
Problem 5: Change the order of integration in j ! J 24
a

f(x, y)dedy.
(Agra 2001)

Solution: In the given integral the limits of integration are given by & 4a = y
2

ie.,x” =4ay ,(whichis a parabola passing through the origin), and the lines y =3a - x,
x=0,and x =2a . Drawing these curves in one figure we observe that the region of

integration is the area OABMO .

To change the order of integration, first we divide the \\ ¥ =

region of integration into two portions OAM and AP, e T,l

MAB ,by drawing the line AM parallel to the x-axis. "t{ = )

Now to reverse the order of integration, cover the — *; n

whole region OABMOby strips parallel to the x-axis M Alda,a)
starting from the line x = 0 . Some of these strips end \

on the arc OA while others end on the line AB . 7] i ¥
Forthe point A ,we have x = 24 .Putting x = 2ain the i

equation of the line y =3a —x,we get y=a.

For the region OAM , xvaries from 0 toV(4ay )and y
varies from O to a . Again for the region MAB ,xvaries from O to3a — yand yvaries from
ato 3a.

Hence the transformed integral is given by

a c\@ay) 3a ¢3a-y
Jolo TS ace [T TS 0 p)dyde
Problem 6: Change the order of integration in the double integral
a ¢b/(b+ x) ) de d
LI s

Solution: In the given integral the limits of integration of y are given by y =0 (i.c.,the
x-axis)and y =b/(b + x )ie., y (b+ x)=bwhichis arectangular hyperbola having for
its asymptotes the straight lines y =0 and x = — b . Again the limits of integration of x
are given by the straight lines x =0 (i.e., the y-axis) and x = a. We draw the curves
y b+ x)=b,y=0,x=0andx = a,giving the limits of integration, in the same figure.
We observe that the region of integration is the area OMABO .

In the given integral we are required to cmp | 1Y
integrate first w.r.t. y and then w.r.t. x. III
To change the order of integration, we !
have to first integrate w.r.t. xregarding y \\ H10. 1)
as constant and then we integrate w.r.t.
y . This is done by covering the area of . A (zx. i ]
integration OMABO by drawing the N B Chl)
straight lines y =constanti.c.,by dividing
this area into strips parallel to the x-axis.

x=0 -4

f ¥=A] X
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Now if we tale strips parallel to the x-axis originating from the line x = 0,some of these
strips terminate on the line AM while the others terminate on the arc AB .So according
to the character of the strips we divide the region of integration into two portions
namely NOMA and NAB , by drawing the line AN parallel to the axis of x.

Forthe point B, x = 0 .Putting x = 0 in the equation y (b + x )=b ,weget y =1.Sothe
coordinates of the point B are (1,1).

Similarly putting ¥ = ain the equation y (b + x )=b ,we get y = b/(a + b)and thus the
coordinates of the point A are (a,b/(a + b)).

For the area NOMA , x varies from O to 2 and y varies from O to b/(a + b).

For the area NBA , x varies from O to b (1 — y )/ y and y varies from b/(a + b)to 1.

Therefore, changing the order of integration, the given double integral transforms to
blla+bh) ra 1 b(1=y)/y
x, y)dy d L ) dy dx.
J‘ J.Of(vj) v V+J‘b/(;z+b).’.0 f(x J?) v

0

2
/
Problem 7: Change the order of integration in j(;ljj Xf(x, y)dxdy.

(Lucknow 2009; Kanpur 10; Kumaun 12)
Solution: Inthe given integral the limits of integration of y are givenby y = x whichis
a straight line passing through the origin equally inclined to both the axes and y = a/x
orxy = a* whichisa rectangular hyperbola. Again the limits of integration of x are given
by thestraightlinesx = 0 (i.e.,the y-axis)andx=a.
We draw the curves y =, )g/=zz2,x=0 and Y1 11
x = a , giving the limits of integration, in the same
figure. We observe that the region of integration is
the area LMOY ... extended upto infinity on the
above side.
In the given integral we are required to integrate
first w.r.t. y and then w.r.t. x .If we want to change
the order of integration, we have to first integrate
w.r.t. x regarding y as constant and then we >
integratew.r.t. y . Thisis done by covering the area i
of integration by strips parallel to the x-axis.

Now if we take strips parallel to the x-axis starting from the line x = 0 , some of these
strips end on the line OM while the others end on the arc ML of the rectangular
hyperbola. So we divide the region of integration into two portions, the triangle OMN
and the area YNML which extends upto infinity, by drawing the line MN parallel to the
axis of x.

For the point M , x = a .Putting x = ain the equation of the line y = xor the rectangular
hyperbola xy = @, we get y=a.

Sothe y-coordinate of the point M isa and the equation of the line of demarcation MN
isy=a.

For the area OMN , x varies from O to y and y varies from O to a .
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For the area YMNL ..., x varies from O to a* /y and y varies from a to .

Hence by changing the order of integration, we have the given integral

=[] e e 7 j S (5 p)dy d

Problem 8: Change the order of integration in J- J‘b/a)\/(az 2) f(x, y)dxdy,

wherec< a.
Solution: In the given integral the limits of integration of y are given by
2
y:é\/(a2 -P)ie, ﬁZ+y72:l
a a b
which is an ellipse with centre (0,0) and the straight line y =5

Again the limits of integration of x are H ﬁ
given by the straightlinesx =candx=a. b -

Draw the ellipse 2la + yz /b* =1 and
the straight lines y=b,x=cand x=a,
bounding the region of integration, in the
same figure. We observe that the region of
integration is the area ABECA . In the
given integral, the limits of integration of
y being variable, we are required to
integrate first w.r.t. y and then w.r.t. x.

fiaz, b

Pl - )

In order to integrate in the reverse order, »
fl Ala Al ¥

divide the whole area into strips parallel
to the x-axis originating either from the
line EC (i.e., x=c¢) or from the arc AC of the ellipse and terminating on the line
BA (ic., x =a). While integrating we must first obviously divide the region of
integration ABECA into two portions CAD and ECDB according to the character of the
strips. For the point C,x=¢. Putting x=¢ in the equation of the ellipse
x2/d + y 27 =1, we get y=hV{1- (¢? /a®)} which is the y-coordinate of the
point C . The equation of the line of demarcation CD is thus y =b V{1 - (& /a)).
For the area CAD, x varies from aV{1-( y 2/1?)} to a and y varies from O to
b= (P /a)).

For the area ECDB , x varies from ¢ to a and y varies from b V{1 - (52 /ﬂz) Jtob.

Therefore, changing the order of integration, the given double integral transforms to

J-h\/{l —(52 /112)}J~ a

0 a\/{lf(yz/bz)f(&y)dydx

h\/{l )}j (% y) dy d.
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_ a2 cx=(Pa)
Problem 9: Change the order of integration in J.O Ixz e flx, y)dxdy .

Solution: In the given integral the limits of integration of y are givenby y = x 2 Jaie.,

2= ay which is a parabola with vertex (0,0) and x — x 2/a = yie,ax —x 2 ay ie.,
(x- 1 a)2 =—a(y- 1 a)which is also a parabola with vertex (l a, 1 a).

2 4 2 4
The points of intersection of the two parabolas are (0,0) and (% a, % a).
Again the limits of integration ¥
of x are given by x=0 ie, the ip {'—j“ﬂ
y-axis and x=a/2 which is a
straight line parallel to the 1"‘:\ v
y-axisatadistancea/2 fromthe T y I
origin. e X
Draw the two parabolas I e vy
= ay and ‘ I Ve
(v-tap=-a(y-Lta I s

2 4 =

intersecting at O(0,0) and
P (é a, i a)along with the lines x =0 and x = @ /2 in the same figure. We observe that

the region of integration is ONPLO . In the given integral we are required to integrate
firstw.r.t. y (-thelimits of integration of yare variable) and thenw.r.t. x . Toreverse the
order of integration, draw strips parallel to the x-axis originating from the arc ONP of the
parabola ax — 2= ay and terminating on the arc OLP of the parabola 2= ay . Then for

the region ONPLO , the limits of integration for x are given by ax — &= ay and &= ay .
Solving ay —ar—Pie, X —ax+ ay =0 for x, we get

xzé[ai \/(uz —4ay )] or x=%[a—\/(a2 —4ay )],

rejecting the +ive sign since x cannot be greater than % a in the region ONPLO .
Thus the limits of x are x = % [a - \/(ﬂz —4ay )]and x=(ay ).

Clearly for this region y varies from O to i a.

Hence by changing the orde1 of integration, we have

al2 \—\ /L’l ) dr d al4 ) I dv
.[ Jz/,, fCx ) dr dy = .[ jla N - 4[W)]f(x,y)y '

Problem 10: Change the arder 0f integration in

2a
f(x, y)dxdy.
.[ \1(210( vz) J v (Kumaun 2013)




Ksalsa's Integral Calculus

(1130

Solution: In the given integral the limits of integration of y are given by
N@ar— ) ien R =2ar—2 ie, (x-af+ )P =d
y =\ (2ax ) de, y°=2ax ie, (x—ay+ y =
which is a circle with centre (4,0) and radius a and y = V Qax)ie., yZ = 2axwhich is a

parabola with vertex (0, 0) and the x-axis as its axis. Again the limits of integration of x
are given by x =0 i.e.,the y-axis and x = 2a ,a line parallel to the y-axis at a distance 2a
from the origin.

We draw the curves (x—af + y2 =, Y1 (2a, 2_411'_{;
¥'=Zax

y2 =2ax, x=0 and x =2a, giving the limits of
integration, in the same figure. We observe that ="y
the region of integration is the area OABCO .
To reverse the order of integration, cover this area
of integration OABCO by strips parallel to the
x-axis. Through A , draw the line EAD parallel to e
. X Aia, th
the x-axis (i.c.,tangent to the circle at A) so that the S
region of integration is divided into three portions R B X
OEA , ABD and ECD .
For the point A, x=a. Putting x=a in (x—af + y2 =da’, we get y=a as the
_y-coordinate of A .

For the point C, x = 2a ; therefore from y2 =2ax,we get y=2aat C.

Now from the equation of the circle ( x — a)2 + yz =a*, wehavex=a + \/(a2 - yz)
x for the arc OA is given by a — \/(aQ —yz) and for the arc AB, x is given by

a+ \/(a —yz).

ie.,

Now for the region OEA , x varies from y2 /2a ( which is the value of x on the arc OF of
the parabola _y2 =2ax) toa - (a* - yz)which is the value of x on the arc OA of the

circle and y varies from O toa . For the region ABD , xvaries from the arc AB of the circle
to the straightline BD (i.e.,xvaries froma + v (a2 - yz Jto2aand yvariesfromOtoa .

And for the region ECD , x varies from the arc EC of the parabola to the straight line
x =2a ie., x varies from yl /2a to 2a and y varies from a to 2a .

Hence the transformed integral is

N R o N PR S

2a Vdy dx.
_[ j 2 a flx y)dy
Problem 11: Change the order of integration in the double integral

J-ab/\/(u2 +12) J'(a/b)\/(bz A oo y)dy de

0 0
Solution: In the given integral the limits of integration of x are given by x =0 i.e., the
y-axis and x = (a/b) \/(h2 - yz)i.e., 2+ yz/h2 =1

which is an ellipse with centre as origin. (Note)
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Again the limits of integration of y are given by y =0 ic, the x-axis and
y:ah/\/(a2 + %) which is a straight line parallel to the xaxis at a distance
ab/N(a® + b?) from the origin.

We draw the curves

, , Y.l"l
x:O,xz/a2+y2/bZ=1,y=0 Qﬂlitiﬂ v= b
and  y=ab/N(@® +b?), 4 - B B Al

giving the limits of integration, in the
same figure. We observe that the region

-
of integration is the area OPBAO .
In the given integral the limits of 5
. . . . - [
integration of x are variable while those of p7 =0 ¢ F }-f—

y are constant. Thus we have to first
integrate w.r.t. xregarding y as a constant
and then we integrate w.r.t. y.

If we want to reverse the order of integration, we have to first integrate w.r.t. yregarding
x as constant and then we integrate w.r.t. x. This is done by covering the area of
integration OPBAODby strips parallel to the y-axis. Now if we take strips parallel to the
_y-axis starting from the line y =0, some of these strips end on the line AB while the
others end on the arc BP of the ellipse. So we draw the line of demarcation BC dividing
the area OPBAO into two portions OCBA and BCP. For the point B,
y=ab/N @+ 1), Putting this value of y in the equation of the ellipse
& /d® + yZ /B =1,we getx = ab/N(a® + b*) . For the region OCBA , y varies from O to
ah/\/(u2 + bz) and x varies from O to ab/\/(a2 + b2).

For the region BCP , yvaries from Oto (b/a) \/(az " )and xvaries from ab/\/(a2 + b )
to a.
Hence the given integral transforms to

Jﬂh/\/(az +12) cabN(d® + 1)

0 0 f(X, )’) dx dJ/ +
a (b Jay (a2 — )
-[ab/\/(aZ +1%) jo S(x y)dx dy .

n/2 p2acos®
Problem 12: Change the order of integration in .[0 IO f(r,0)do dr.

(Kumaun 2009; Kumaun 11)
Solution: Here the region of integration is bounded by the polar curves r =0 (the
pole), r = 2acos6 (a circle of diameter 2a passing through the pole), 8 =0 (the initial
line) and 6 = ©/2 (a line through the pole perpendicular to initial line).
We draw the curves r=0, r=2acos® , 6=0 and 6= n/2 , giving the limits of
integration, in the same figure.
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We observe that the region of integration ¥ 4= %
is the area of the semi-circle OMPO.

In the given integral the limits of
integration of r are variable while those of
0 are constant. Thus we have to first
integrate with respect to r regarding  as a {2a,
constant and then we integrate w.r.t. 6. L8] L rFea=n

If we want to reverse the order of
integration, we have to first integrate with respect to 6 regarding r as constant and
then we integrate w.r.t. . This is done by covering the area of integration OMPO by
circular arcs with centre as pole. On these arcs 6 varies and r remains constant. Thus
for the area OMPO, for a fixed value of r, 0 varies from the initial line (ie, 6=0 a
point on the arc OMP of the circle r=2acos8 iec., to a point for which
9=cos”! (r/2a) and r varies from O to 2a.
Hence by changing the order of integration, we have
n/2 r2acos® 2a cos_l(r/Za)
jo . F(r,0) d6 dr = jo JO F(r,0) d6 dr.

Problem 13: Change the order of integration in the double mtegmlj IO \/{L)d(xdy)}
(a—x)(x—y

and hence find its value.

Solution: In the given integral the limits of integration are given by the lines y =0,
y=1xx=0 and x = a. We observe that the region of integration is the area OAB.
Now proceed as in Example 21. By changing the order of integration, we have

a M y)dxd
i I e e vt

a a tb(
- ydy (o
Jo 0% y V{(a—x) (x— )}
e

Put x=acos’ 0+ ysin2 6.

Then a—xza—acosze—ysinze Jy=a

=a(l—c0526)—ysin26 x=0)
=(a—y)sin29 Y=a
and x—_yzucos29+ ysinze—_y

:aC0529+y(sin29—l) O  y=0 A(a, 0) X
=(a—y)cos26

When x = ythenx- y=0ic,0 =(u—y)cos26

or cos’0=0or0=r.

Whenx:uthena—x:Oi.e.,O:(a—_y)sinze or sin6=0 or §=0.
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Now J” dx _ j” —2(a— y)sin® cos6 46
’ yV{a=—x)(x=p)} Iz (a- y)sine cos6
_2j A6=210]"" = 1.
Thus, [omo () dy=mlo(n1g = n (0@ - 0(0))

Comprehensive Problems 5

Problem 1: Transform et (x, y)dxdy ,by the substitution x+ y=u, y=uv.
0Jo J w,hy J J

Solution: As shown in Example 27.
IIf(x,y)dxdyzij(u,V)ududv. (Prove it here.)

Now in the given integral, the region of integration is bounded by the lines
y=0 ,y=a-x,x=0andx=aqa.

Put x=u—-y=u—-uw=u(l-v)and y=ur.

Then in the ur-plane the four straight lines become
u =0, uv=a—-u(l-v),u(l-v)=0and u(l-v)=a,giving
v=0,v=1l,u=0andu=a.

Hence for the given region, v varies from O to 1 and u varies from O to a .

Therefore, by changing the variables, the given double integral transforms to

'[(;lj(:F(u,V)MdudV.

Problem 2: By using the tmnsformution X+ y =u, y=uv,show that
I e1-
J’/ (x+) - —~1
Jolo “ere arar= g,

Solution: As proved in Example 27, we have dx dy = u du dv. (Prove it here.)

Here the region of integration is bounded by the lines
y=0,y=1-x,x=0andx=1.

Changing these equations to new variables # and v by using the relations
x=u—-y=u—-u=u(l-v)and y =ur,we have
w=0,uww=l-u(l-v),u(l-v)=0andu(l-»)=1,

giving ry=0,v=1,u=0andu=1.

Hence for the given region v varies from O to 1 and u varies from O to 1.

Further e VNxTT) S purfu _ . [v x+yp=u, y=ur]

Therefore, changing the variables to u, v, the given integral becomes

1,1 1 1
_ 14 _ vl _ 1_0
_J‘() J‘Oe .MdudV—J.O [e ]0 udu—J‘o (¢ —¢ )udu

1

i 1
(e—l)J wdi=(c—1). {2]0 €.
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Problem 3: By using the transformation x + y =u, y = uv, prove that
[] o @=x=y 3! avdy

taken over the area of the triangle bounded by the lines x =0, y =0 ,x+ y =1is2n/105.
Solution: As proved in problem 2, we have dx dy = u du dv ; u varies from O to 1 and
also v varies from O to 1.
1/2 _ 1/2
Now lyd-x=-y)"=ly{l-(x+y)}
=[M(1—V).MV.(1—M)]]/2 [ x=u(l-v), yp=ur]
=u(l =) 12 =)

Hence the given double integ131 transforms to
J‘ J‘ V2 V2 (12 V2

_[ > (1—u)'2 duJ Uol P12 1= p)2 dv}

:[J‘Olu:s—l(l_u)s/z—ldu]_“ol V3/2_1(1—V)3/2_1dV:|
B (

= &%),B(%,%) [By the def. of Beta function]
3 3 -3 1 3
rerE) r2.r= 2.[=Vn
_ ®) (2). 20 2 _ 5w _2n
1"(3+§) r(§+§) 7531 g 105
2 2 202222

Problem 4: Evaluate JJ (7 + yz )2 dx dy over the circle 2+ y2 =1.

Solution: Here the region of integration is a circle. Therefore we shall change the given
double integral to polar coordinates by putting x =7 cos® and y =rsin 6. We have

ox o
]_B(x,y)_ o 90 |_|cos® —rsinb|
a(r,9) Py Iy sin®  rcosO
Jar 08

o dedy =] dodr=rdodr.
Clearly the region of integration is the circle x 24 y 2 —lie., the circle with centre

(0,0) and radius 1.
Changing to polar coordinates, the region of integration is covered when r varies
from O to 1 and 6 varies from O to 2 m.

‘”"‘2"')/2 51(X2+y2)7/2dX@/=jjn J.()l ('2)7/2]d9dr

= J:n '[()1 ¥ . de dr = '[:n Jol S dedr = Ién |:r99:|:) de




Double and Triple Integrals

[HZHTI‘\
12 1 o 2
Tglo BTGl =g

Problem 5: Evaluate II xy 7 + y2 P72 dv dy over the positive quadrant of the circle

@+ yz =1.
Solution: Changing to polars by putting x =7 cos®, y =rsin6,we have ] =rso
that
dxdy =] dodr=rdodr.

The given region of integration is the area lying in the positive quadrant of the circle
2+ yz =1.
Changing to polar coordinates, this region of integration is covered when r varies 0 to 1
and 0 varies from O to w/2.

The required integral

. Y 261 Py,
Ij)g/(xz +y2)3/zdxdy=j;/ .[0 7 cos 6. 7 sin 6. (rl)j/l.rdedr

1
/21 2l
:J‘ﬂ j ;’Gsilnﬁcosededrzj7t {r:| sin 6 cos 6 d6
0 0 0 7

/2 /2
:ljn lsinzedezi[_cosze] :_L[_l_l]:L.
790 2 14 2 0 28 14

2 4 2
Problem 6: Evaluate JJ eI dx dy over the circle x 24 y 24

2 2

Solution: Changingto polar coordinates, the equationx < + y 2 = & transforms to

r2c0529+r2 2

sin2 O0=a"ie,r=a.
Hence for the given region r varies from O to a and 6 varies from O to 2 & .
Also dxdy =rdedr.

. The required integral

=II 3_(X2 +%) dx dy =J02n j: e_r2r ae dr

_ 2n a2 | . 2 B
= J. e .- dedt, puttingr“ =tso that2r dr = dt
0 0 2
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@nts to Objective Type Questions

Multiple Choice Questions

a
2 2 2 .2
1. Wehavejn j“ rdedr:J” 2 dezij“ 6
8=0Jr=0 6=0| 2 o 2 Jo
r=

:%[9]3“ =%~2n:na2
1
1 -1 A1 1 1 [2]
2. h - = '
We ave.[o .[0 .[0 Yz d dy dz L:o L;:()J‘WLZJ dedy
.
1
1 2 1
LI el A B Y
2Jo [2Jy:O 2 2Jo
1
_rfe] ot
22 [2J0 2292 8
a N@-y%) a V(- y%) a N -y?)
3. Wehave [" [/ dydx—'[yzo [ .oy axldr=] LR dy

/2
:.[0 acost-acostdt,  putting y =asint so that dy = acos t dt
2 2
:gZJn COS2tdt:ﬂ2-l.£:nL.
0 2 2 4
n/2 em/2 pm/2
4. We havej0 .[0 Jo coszxcoszycos2z dx dy dz

/2 /2 . . 2
" J. " cos? x cos? y |:.[On cos’ z dz] dx dy

Il
—

x=0 Jy=0
2 /2
=Jn Jn c052xc0s2y-|:l‘£j|ﬂlxdy
x=0 Jy=0 2 2
_m 2 o [en2 o]
_ZJ,\:O cos x“o cos J/ddex
2
=EJ‘R coszx‘[l-ﬁ]dx
4)o 12 2]
3
:EEJ COSZXCIX=£~£~£=E—
4 470 4 4 4 4
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5. We havejo1 JOI JOI FrITE dxdydz:jizo J;zoex-ey U::Of dz]dxdy

1 1 1
:Ix=o jy=0 .[0 el [F); g dedy
! S
_.[x:o .[yzoe e e-Ddvdy
1
:(E_I)szo ex[ey]}:() dx
=(e-1y¥ j()l e dv=(e~17 [e*]] = (e~ 1),

n/2 em/2 pm/2
. h
6. We have .[0 .[0 J() cosx cos y cosz dx dy dz

/2 ) P
:|:J‘07I cosxdx:H:J‘On Cosydy][_[on CodeZ:|:1'l'1:1~

7. See Problem 1(i), of Comprehensive Problems 2.
2

2 sl - . ¢ . 3
8. Wehave.[; J: (x2+yz)dxdy:'[: |:xzy+J;:| dx
0

9. See Problem 1(ii), of Comprehensive Problems 1.

10. See Problem 1(ii), of Comprehensive Problems 2.

T X T T
11. Wehavejo IO sin y dydx:.’.o (—cosy)(")‘ dx:JO (= cos x + cos 0) dx
n . n
=J‘0 (l—cosx)dx=(x—smx)0 = .

12.  See Example 1(ii).

13.  See Example 4.

14. See Example 11.

15.  See Problem 7(i) of Comprehensive Problems 2.
16. See Example 16(i).

Fill in the Blanks
302 372 3
1.  We have L)dedy:jo [Ldy]dx:jo[y]ldx
:jjdx:[x]g =3,

2. We have J()lj()l)g/dxaly:jjzo x[j;:()y dy:|dx
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3. We have Iéjox)gzdx@/zjxlzox[szoy@/}dx

(21

Y ) RN ) il S
O[ZJ ¥=0 2 2[4J 24 8
y=0 0
/2 ¢ 2ac0s 0 2 [ ¢2acos®
4. We have jon jO“COS rdedr=J:0[J ”ZOS rdr]de
= 7=
o 2acos 0
2 /2
=Jn |:r2:| de:j“ 24% cos® 6 4
0 2 0
7=
2 2
=2a2jn C0529d9:2a2-l-£:ni.
6=0 2 2 2

5. We have Ié Ié Ié}g}z dxdydz=ji:0 jjzo)g/[ﬁ:oz dz]dxdy

2

2 2 [2] 2 [2 1
:Jx:O Jy:O W.[EJZ:() dx@]:2jx=0xt".y:0ydjljdx
=2 Zxry—212 dx = zxdx: [é]zz&

8 e P T

o e [ [1J] sl [ [ ]

:jj=1 Jj:l [zlizldx@:2ji=1{jj=1 dy]dx

o P12 (2 b co[a2 =991\ =
_2L [y]yzldx_ZL de=2[x]7=2-2-1)=2.

2—‘ a &’ - .
7. We have j“ fg(” xz)dxdy:f ['[V(’Z %)@;}dx
—a X=—a y:
a 2 a
[ T = [ V@ - e
a 2 “
:2]0 \/(aZ—xz)dx:Z[;\/(ftZ—xz)+ gsin_lx:|
a
0
g @ m_

T
2 2
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True or False

2 2
1. Wehavej“ j“ rdedr=j" sl
0=—-n/2 Jr=0 -n /2 [2J"70
2 2 2
at (2 a p _d [n n]_ nd
=2 d0="_101" I BT
2 j—n/z 2 (6] 712 2 [2 2] 2
a \/(az—xz) a NI
2. Weh dr dy = ( )
¢ ave.[—a J—V(ﬂz—)fz) J j—a[y]y:,\/(ﬂzf’@)
=2ijV(a2—;2)dx=2.2j;v(u»?—%)dx
2 “a 2
=4 E\/(az—xz)+ Tgin 'Y =4 .- p2
2 2 al, 2 2
V(@ -2) W-2) g,

a a
3. Wehave-[ia .[0 xdxdy:jv: 7ﬂx[y]y:0
=J.a x\/(uZ—xz)dxzo ['.‘x\/(az—xz)is an odd function of x |
—a

000




Chapter-7

Areas of Curves

Comprehensive Problems 1

Problem 1: Find the area bounded by the axis of x , and the following curves and the given

ordinates :
(i) y=logx;x=a,x=b(b>a>1). (Kanpur 2015)
(i) w=c*;x=a,x=bh,(a>h>0). (Kashi 2012)

b b
Solution: (i) The required area = J ydx= J log x dx
a a

by
:[(10 ; 1 _.[ 1 I i ino b
gx).x .x dx , integrating by parts
| lo s
=[blogh—-alogal-[b—-al=(blogh—-b)-(aloga-—a)
=blog (b/e)—alog (a/e). [v loge=1]
.. . a a9 2
(ii) The required areazjb ydxsz (c*/x)dx, [vy=c/x]
[ 1
:62.Llogx J = (log a — log b)=¢? log (a/b).
b

Problem 2(i):  Find the area bounded by the curve y = 3, the y-axis and the lines y =1 and

y=8
Solution: Here the curve is bounded between the axis of y and the lines parallel to

X-axis.
8
Hence the required area =J :lxq’y (Note)
8
=L S8 ay, [+2 = yorx= 3]
8
S O NPT S S
[4] 1 4[ ] 4[ ] 4

Problem 2(ii):  Show that the area cut off a parabola by any double ordinate is two third of the
corresponding rectangle contained by that double ordinate and its distance from the vertex.
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Solution: Let the parabola be y2 =4ax . Also let x = b be any double ordinate. Since
the curve is symmetrical about x-axis, therefore the area cut off the parabola yz =4axby

the double ordinate x = bis2 x (area included between the x-axis, x = b and curve in the
+ive quadrant).

" The required area =2 Ib ydr=2 J: V(4ax ) dx, [ y2 =4ax |
2 30 8 3/2

=4 = . . (1

V(a [ 3 }0 S ON (1)

Again, at x = b, from yz = 4ax , we have
yZ =4ab or y=2(ab).
Length of the double ordinate =2 y =22 \(ab) =4 (ab).

Now area of the rectangle contained by the double ordinate and its distance from the
vertex

:2y><x—2y h—4\/(ub) b=4a"? p372.

Its two thirds = 3 2 412 1372 = 3 a2 32
= area cut off a parabola by the double ordinate, from (1).

Problem 3(i): Find the area of the quadrant of an ellipse 2y + ( yz /b*)=1.

(Agra 2000; Bundellkkhand 10; Kanpur 11)
Solution: See Fig. of Ex. 1 after article 2. Here the required area (i.c., the area of a
quadrant) lies between the limits x = 0 and x=a.

. Area of the quadrant = I y dx— 2" N(a® - #) dx, from (1) of Ex. 1

a

=£|:lx\/(a2—)\2)+la2 sin_l(i)]

al2 2 allg

=é[l(0—o>+la2(1 n—O)]: mab.
al2 2 2 4

Problem 3(ii): Find the whole area of the ellipse ( (2 /d”) (y 2/ )=1.

(Avadh 2010; Rohilkhand 10B; Kumaun 12)
Solution: Clearly the area of an ellipse is Y
4 times the area of a quadrant. (0,

The required area of the ellipse
a T ab
=4 dx=4. ,
Jo 7 4 X 7
from problem 3(i)

=qab.

Y—"
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Problem4(i): Tracethecurve ayz = (a — x )and show that the area of its loop is 8> /15.
(Avadh 2008)

Solution: Tracing. (i) The curve is symmetrical about x-axis and passes through the origin.

(ii) Equating to zero the lowest degree terms in the

equation of the curve, we get y2 - =0 ie,y=xx ¥4

]

as the tangents at origin and these being real and
distinct the node is expected at the origin.

(iii) At y =0, we get x =0 and x = ai.c., the curve
crosses the x-axis at (0,0) and (a,0). Also when
x>a, yz is negative, i.e., y is imaginary. Hence the

curve does not exist for values of x>a. Also as x
decreases from O to — e, y increases from O to oo .
(iv) No asymptotes. Thus the shape of the curve is
as shown in the figure. Clearly the loop is formed
between x=0 and x=a.

Required area of the loop =2 j: ydx, [~ Curve is symmetrical about x-axis]

=2 jﬂ M dx , putting for y from the equation of the curve

/2
—ZJH wZasinecosede,

[Putting x = a sin® 0, dx = 24 sin  cos de)

3 1
rar2 “An
/2
:4u2J‘n sin36c0529d6:4a272=4a2.27=§a2.
0 or’ 223 Lyg 15
2.2 2

Problem 4(ii): Find the area of the loop of the curve 3@/2 =x(x—ay.

Solution: The curve is symmetrical about x-axis. Putting y =0, we get x=0 and

x=a,ie., the loop is formed between x=0 and x =a .

. Required area of the loop =2 J-()ﬂ ydx, [+ Curve is symmetrical about x-axis]

Now for the portion of the loop lying in the first quadrant, yis +ive and xlies between O
and a . Therefore for this portion of the loop, we have y = (/NGayN(x).(a—x).
Required area of the loop

=2 j (a-x) Nx , putting for y from the given equation of the curve

J'“(MI/Z 3/2)dx

_ 2 [zm;/z_zxs/z]”: 8a
3 5 o 15/43




Areas of Curves

(1140 i,

Problem 4(iii): Find the area of the loop of the curve yz =x(x-17
Solution: Here also the curve is symmetrical about x-axis. Putting y =0 ,we get x =0

and x =1i.e., the loop is formed between x =0 and x=1.

1
Required area of the loop =2 J.o y dx

1
=2 jo (1-x).Vxdx, putting for y from the equation of the curve.

[Note that we have taken, y=(x).(1-x)]
1
—ZJ W2 B2y g = 2[2)(3/2 2);/2] :2[g_g]:§.
0 0 3 5] 15

Problem 5: Find the area (i) of the loop of the curve
x(x2 +y2):a(x2 —yz)ory2 (a+x)=x2 (a-—x).

(ii)  of the portion bounded by the curve and its asymptotes.

(Garhwal 2000, 02; Meerut 04)
Solution: The curve is symmetrical about x-axis. The
tangents at origin are a ( yz -7)=0 ie., y==% x.Since
there are two real and distinct tangents at the origin,
therefore the origin is a node on the curve. Putting
y=0,we get x=0 and x=a ic., the loop is formed
between x=0and x=a.

bt — R

Required area of the loop

=2 joﬂ y dx , by symmetry

=2J.ax [a_x)dx, putting for y from
0 a+ x

the given equation of the curve

oY x(a-x) C. .
=2 jO T NP 2 dx , multiplying the numerator and the denominator
by V(a-x)
_2J‘“/2 asme a—usme) 1 cos0d6
— a* sin® 0) 7

putting x = a sin® so that dv =a cos0 46

/2 /2
=24 J‘ sin® (1 —sin 6) d6 = 2a [J‘n sin® d6 — jn sin”@ d9:|
0 0

=24° [1—% % n], by Walli’s formula
; 1 1)
=2 (l-—m)=-a® (4- 7

( 1 ) 3 ( )

(ii) The line x = — a is the asymptote of the curve.

Now the area lying between the curve and its asymptote
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:2J‘0 —(— asin @) (a + asin ©)
/2

o[l e

the value of y to be put from the equation of the curve

0 -
=2 J‘ —-x (“ A] dx, [Note that for the arc of the curve lying

in the second quadrant x is —ve and y is +ive
so that y=—-x V{(a — x)/(a+ x)} for this arc.]

2J‘0 —x(a-x) o

—a \/(uz —x2)

-(—acos0)do,

\/(a2 —a sin’ 0)

putting x =—asin6 so that dx=—a cos®d6
0 /2
2a2J sin® (I + sin 8) d6 = 24° j” (sin 6 + sin? 6) 40
/2 0

n], by Walli’s formula.

N | —

a

I 9
=—a" 4+ m).
5 ( )

Problem 6(i):  Trace the curve y2 (2a-x)= > and find the entire area between the curve and

its asymptotes.

Solution: Tracing of the curve y2 (2a-x)=x. ¥
(i) Since in the equation of the curve the powers of y

that occur are all even, therefore the curve is
symmetrical about the axis of x.

(ii) The curve passes through the origin. Equating to

zero the lowest degree terms in the equation of the

curve, we get the tangents at the origin as 2@/2 =0ie., X"‘ 0l
y =0, y =0 are two coincident tangents at the origin.
Therefore the origin may be a cusp.

(iii) The curve cuts the coordinate axes only at the

(Avadh 2011)

origin.
(iv) Solving the equation of the curve for y ,we get ¥y
2 X
J 2a—-x

Whenx:O,y2=0.

When x = 2a, yz — oo . Therefore x = 2a is an asymptote of the curve.

WhenO < x< 2a, y2 is +ive i.e., y is real. Therefore the curve exists in this region.

When x> 2a, J/Z is —ive i.e., y is imaginary. Therefore the curve does not exist in the

region x> 2a .
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When x< 0 ,y2 is —ive. Therefore the curve does not exist in the region x<0 .

Combiningall these facts, we see that the shape of the curve is as shown in the figure.
Now the required area =2 x area in the first quadrant

% 2 32 9 2
_zjo ydx_2j LI .y =

0 V(2a - x)
Now put x =2a sin® 0, 50 that dx = 4a sin 6 cos 6 d6 .

/2 2 \3/2
. The required area =2 IJ \/(2“ sin” 8)

—2-4a sin 0 cos 6 40
(2a — 2a sin” 0)

) /2 sin3 . /2
164> jn s esimecosedezl&zz.[7t sin* 040
0 cosB 0

164>

2 I by Walli’s formula = 3 .
4.2 2
Problem 6(ii): Find the area between the curve yZ 4-x)= 2 and its asymptote.

(Avadh 2012; Kanpur 14; Bundelkhand 14)
Solution: The curve is symmetrical about the x-axis. It cuts the x-axisat x = 0 ie.,at the

origin. The straight line x =4 is the asymptote of the curve.

4 4 -
Required area =2 .[0 ydx=2 jo [4)/ } dx,
—x

putting for y from the equation of the curve

4 /2 in?
:ZJ‘ dezZ'[n 48$62-851r16c056d6,
0N@4-x) 0 (4 -4sin”0)
puttingxz‘lsim2 0 so that dxr =8sin 0 cos 0 46
o (T2 5 2 .
=32 J.() sin 9619=32~i [By Walli’s formula]

= % units of area.

Problem 6(iii): Find the whole area of the curve PP = y3 2a-y).

Solution: The given curve is 2P = y3 (2a-y). .(1) AV
It is symmetrical about y-axis and it cuts the y-axis at the
points(0,0)and (0, 2a) . The curve does not exist for y>2a v = g A| ({), Za)
and y<O.  TTTh TR T T
. The required area = 2 x area OBA S N _\g
:2J.2axdy:2j-2ay3/2 \/(Zﬂ_y)dy, “lrx JP )
0 0 a B

from (1). .
Putting y = 2a sin® @and proceeding as in Example 4, after 0 f
article 2, we get the required area = .

(Note that this is also the area of a circle of radius a).
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Problem 7(i): Find the area bounded by the curve xyz =44 (2a — x ) and its asymptote.
(Rohilkhand 2009B)

Solution: The given curve is symmetrical about the x-axis and Va4

cuts the x-axis at the point (24,0).

Equating to zero the coefficient of highest power of y in the

equation of the curve we get x=0 ic., the y-axis as the

asymptote of the curve parallel to y-axis.

I
Hence the required area @a, 0)

2 2% 24 (2a - x) x 0 X
=2 do=2 [20NCa=x) 4 !
J.O J- \/X ’ 1

[+ from the given equation of

the curve, y2 = 4a” (2a — x)/x].

Putting x = 2a sin? 0 so that dx = 4a sin 0 cos 0 d6 , we get the L

required area

4y J n/2 \(2a) cos © 4a sin 6 cos 6 40
0 V(2a) sin @

/2
= 16a2J(n cos> 0 do

5 n, by Walli’s formula = 4na’.

Problem 7(ii): Find the area enclosed by the curve )912 =a’ (a—x)and y-axis.

Solution: Proceed exactly as in Problem 7(i). Here also y-axis is the asymptote

and in place of 2a we have a i.e., replace a/2 in place of a .

The required area =4m .(61/2)2 = .

Problem 7(iii): Trace the curve a2y2 N T and find the whole area within it.
(Rohilkhand 2012; Avadh 12; Bundelkkhand 14)

Solution: The given curve is a y2 =2 (a® - ). Since in the equation of the curve,

the powers of xand y are all even, therefore the curve is symmetrical about both the
axes.
The curve passes through the origin and the tangents at the origin are

2)/2—112)(2:0 ie., uz(f—xz):o

ic., yz—;?:o ie, y==%x. _ ¥/

The curve cuts the axis of ywhere y = 0i.e.,where " v

P (> -+)=0 or x=0, + a. Therefore the ' 3 e :(a 0
curve cuts the x-axisat (0,0) ,(2,0)and (- a,0) . = ﬂ}% ; ?
The curve intersects the y-axis only at the origin. ! . ¢ ol ' ’
Tangent at (a, 0) . Shifting the origin to the ‘ i)

point (a,0) the equation of the curve becomes
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2 2 =(x+af {a - (x+aP)=(x+al (-2 —2ax).

Equating to zero the lowest degree terms, we get x = 0 as the tangent at the new origin.
Thus new y-axis is tangent at the new origin. Solving the equation of the curve for y ,we

get
2, 9
Jjzzjcz(aa2 xz)'

When x=0, yZ:O.

When x=a, y2:O.

When O<x<a, _)/2 is +ive.

Therefore the curve exists in the region0 < x<a.

When x> a, y2 is — ive. Therefore the curve does not exist in the region x> a .

Hence the curve is as shown in the figure and it consists of two equal loops.
By symmetry, the whole area within the curve

ax(a® - )

dx ,
0 a

4 f half a loop=4 [y dc=4
=4 x area of half a loop = -[OJ” = f
putting for y from the given equation of the curve

/2
=4j0n sin®.a cosO.a cosOdo,

putting x = a sin 6 so that dx = a cos 6 d6

. /2 . b .
=44 j; cos” 0 sin 0 d6 = 4a” % -1, by Walli’s formula = % .

Problem 8(i): Prove that the area of a loop of the curve at y2 =t (@ - P)is nd® /8.

Solution: The curve is symmetrical about both the axes. Putting y =0 in the given

2

equation of the curve, we get P (a” - xz) =0ie,x=0,x== a.Thus the above curve

will have a loop between x =0 and x = a . By symmetry, the area of a loop
P e ()
_2j0 ydx_ZjO de,

putting for y from the given equation of the curve

n /2
= % .[0 a*sin” 0 \/(a2 - sin® 0).a cos 6 d6,
! putting x = 2 sin @ so that dx = a cos 6 46

/2
=2512J.7t sin%@ cos”0 do
0
—94. .1
.2
:na2/8.

T [By Walli’s formula]

N | —

Problem 8(ii): Show that the whole area of the curve at y2 =x (2a — x ) is to that of the
circle whose radius is a,as 5 to 4. (Kanpur 2010)
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Solution: The given curve is symmetrical about x-axis. It passes through the origin and
the tangents at the origin are at y2 =01ie, y2 =0ie,y=0,y=0.

The curve cuts the x-axis at the points (0,0)and (24,0) . It intersects the y-axis only at
the origin. When O < x<2a ,yz is +ive so that the curve exists in this region. When
x>2a ,y2 is—ive so that the curve does not exist in this region. When x < 0 ,yz is—ive so
that the curve does not exist in this region.

Thus the given curve consists of a loop lying between x = 0 and x = 2a . Hence the whole

area of this curve
2 )[5/2 1/2

zzjj” dx = zj “—de,

putting for y from the given equation of the curve

=2J"‘/2 2ay "’ sin® 0.(2a)"? cos 6 4a sin © cos 6 40

0 a
putting x =2a sin® 0 so that dx =2a 2 sin® cos 0 do
7, ,3
' re)re)
5 ¢ T/2 . .
= 64a” jn sin® 0 cos” 0 d0= 644> — 2 2.
2T (5)
5311 \/
- T
= 64a2 2 22 :Snﬂz :
2.4. 3.2.1 4

Also the area of the circle of radius a is ma®.

Area of the curve 57‘m /4 E
Area of the circle a 4

Problem 9(i):  Find the area between the curve yz (a—x)= o (cissoid) and its asymptotes.
Also find the ratio in which the ordinate x = a/2 divides the area. (Agra 2001, 03)

Solution: The figure of the curve is similar to problem 6(i). Equating to zero the
coefficient of the highest power of y ,we geta — x =0 i.c., x = a as an asymptote of the
curve parallel to the y-axis.

Let A be the whole area between the curve and its asymptote. Then

3/2
A =2 X (area in the first quadrant) = 2 =2 —
d -[ y J‘ 0 V(a—x)
putting for y from the given equation of the curve
/2 32 .3 ;
:2-[7‘ a’’* sin” 0 2asin 0 cos 6 a0,
0 V(a).cos

putting ¥ =a sin? 0 so that dx=a.2sin® cos O do

2 3.1 =n 3na® (D)

=4a2jn sin* 040 = 4a =
0 4. Z 2 4

Now let A; be the area of the portion between x =0 and x = % a.Then
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a/2 a2 32
A, = = R
| 2[0 y dx 2[0 W_x)dx,

putting for y from the given equation of the curve

/4
=44’ J.OTE sint 046, putting x = a sin 0, etc.
/4 /4
= | 0” (2sin® 0" do = a” | 0” (1— cos 20)° d6 (Note)

1 9 ¢m/2 9
=_ 1- do,
2ﬂ .[0 (1 = cos ¢) do

[putting 26 = ¢ so that 2 40 = d¢ and adjusting the limits |

e J-On/2 (1-2cos ¢+ cos’ o) do

FJ"/Q d¢—2j(:/2 cos 0 do + J':/Z cos ¢d¢]

0
[ . 1 m
{ }"/2—2{sm }1[/2_'_7'7
|0 MR
Y
L 4

e ﬁ-z]:é% Br-8).

Il
o

Q

S

Il
o

IS

<l
]

N — N — N[ — N[ — N~

4

Now let Ay be the area of the portion of the curve lying between x = 1 andx=a.

2
ThenA2=A—A1=%naz—éa2 (3n—8)=%a2 3+ 8).

A _(@*/8)3n-8) _3n-8

Ay (@/8)(3n+8) 3m+8

Required ratio =

Problem 9(ii): Find the area of the loop of the curve yz (a—x)= b (a+x).
(Purvanchal 2011)
Solution: The given curve is symmetrical about the x-axis and cuts the x-axis at the
points (0,0) and (- 4,0).
The tangents at (0,0) are yz =i, y=tx.
Clearly there is a loop which lies between x=—-aand x=0 .
. The required area of the loop =2 x area of the upper half of the loop
0 0 V(a+x)
=2 dy=2 —x- Ty
j —’ .[ -a V(a-x)

putting for y for the upper half of the loop
from the given equation of the curve

’

0 (a+x)
=2 —x——_"7 [,
Lo =2

multiplying the numerator and the denominator by V(a+x).
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Now put x = —asin@so that dx = —a cos 0 d0 .

When x=-4a,0= n/2andwhenx=0

". The required area = 2 j —asin®)

,6=0.

(ﬂ—usme) -

(a2 a® sin® 0)

—acos0)do

=—Zﬁjnmﬂneﬂ—ﬂn®d9

/2
=24° In (sin® — sin’ 0) do

1

-2 11-5 5
N

=241 (

Problem 10: Trace the curve yZ (a+x)=

its aspmptotes.

Solution: The curve is symmetrical about B
x-axis. It does not pass through the origin.
Putting x = 0 in the equation of the curve, we
get y =+ a and putting y =0 in it we get
x =a . Thus the curve cuts the y-axis at the
points (0, £ a4) and it cuts the r-axis at the

point (a,0).
Equating to zero the coefficient of

y-axisisa+ x=0iec,x=—a.

The equation of the curve can be written as
y =(a—-x )3/{ (a + x )} which shows that

2

for x> a, yis imaginary ic., the curve does
not exist for x> a . Thus the shape of the
curve is as shown in the figure. Now the B

i
[
[
I
[
I
[
[
(
[
|
highest power of y the asymptote parallel to X C: 0
[
[
[
[
[
[
|
|
|
I

[By Walli’s formula]

(a—x )3 and find the area between the curve and
(Purvanchal 2007)
AY

r=-n

the

Afg, 0) X

required area =2 X area lying above the

X-axis

=2 " =2 [ G

@ (a-x)
=2 dx,
'[“ \/(a —xl)

_ Jn/l (a - asin 0)
-n/2 \/(ﬂ2 - sin’ 0)

)3 /2

putting for y from the equation of the curve

multiplying the Nr. and the Dr. by V(a-x)

.acos0do,

putting x =asin® so that dx =a cos 6 46
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_22j_n (1-sin @) do= 22j

(11570

1—25m9+sm 0) do

=24° j_n {1- 2sm6+%(1—c0526)}d9

= 24> [§6+2c056—lsin29
12 4

]n/Z

=24 (31‘5) = 3na.
2

J—n/2

Comprehensive Problems 2

Problem 1:

Solution:

Find the common area between the curves yz = davand ¥ = 4ay .

(Agra 2002, 14; Meerut 04B, 08)

Proceed exactly as in the Example 6. Here b =a. Solving the given

equations, we get the points of intersection as (0, 0) and (44, 4a) and hence the required

area
o
3
By double integration. The required area

2#(;) 44 2 (ax)
=0T L

4
= (™ 2V(ax)—ﬁ de=2V@[2 A7) L e
0 4a [3 o 124 0
g 3 . .
-4 V(a) .(4:[1)3/2 (G732 @ - 16 a = 16 .
3 12a 3 3
Problem 2(i): Find the area included between _y2 =4axand y =mx.
Solution: Solving the equation of the parabola y” = 4ax Y ’ s
and the equation of the line y = mx for x, we get 3
nt ¥ =4axr or x(n12x—4a)=0. A
This gives x=0 or x =4a/nt. |} :
Thus the two curves cut at the points where x =0 and : <
x=4a/nt. 0.0 0 L X
The required area W deiy
4a/n? 9
= jo y dx from the curve y* =4ax
4a/m '
- .[0 y dx, from the st. line y =mx v
da/n? 4a/n?
= [ Naryde— [ e
0 0
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Problem 2(ii): Find the area of the segment cut off from the parabola J/Z =4x by the line

y=8x-1.

Solution: Proceed exactly as in Example 7. Here the points of intersection are

(L, - l) and (l, 1) hence the required area = 2 .

16 2 4 64

Problem 3(i): Find the area common to the two curves y2 —ar, @’ + y2 =4ax .
(Meerut 2005B, 06, 09B)

Solution: y2 =ax is a parabola with vertex at MY

the origin and axis along x-axis and latus rectum

a,and ¥ + yZ = 4axis a circle with centre (24, 0)

and radius 2a .
Both these curves are symmetrical about x-axis.

Solving the equations of the two curves for x ,we
have
P +ac=4axr or ¥ -3ar=0
or x(x=3a)=0.
Therefore x=0,3a.

Thus the two curves intersect at the points
where ¥ =0 and x=3a .

Also A is the point (44,0).
The area common to the parabola and the circle (i.e., the shaded area)

=2 [Area OPS + Area PSA], [By symmetry]

[
=2 { (J. _y dx, from the parabola y2 = axJ

4
+ (.[3 ‘ ydx, from the circle 2+ y2 - 4ax)]
a

4a

:2[jjﬂ\/(ax)dx+
:2Vajjﬂxl/2dx+2j3 V[4a® - (x - 2a) ] dx

V (4ax — xz)alx:|

3a . 9 4a
=2 \/a[g x3/2] +2rl(x_2a)\/{4ﬂ2 —()6—251)2}+4Lsin_1 x—2a]
3 0 [2 2 2 J3
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=4a® N3+ 2[{0 —%a V3.a} + 2a% { (m/2) - (n/6)}]
V3 -3+ =33+ P =2 33+ A ).
3 3 3
Problem 3(ii): Find the area lying above x-axis and included between the circle

¥+ y* =2axand the parabola y* = ax. (Bundelkhand 2007)

Solution: The figure is similar to that of Problem 3 part (i). Here we are required to
find the unshaded area ORP in the figure of part (i). Solving the given equations y2 =ax

and ¥ + yz =2axforx,weget x=0andx=a.

. The required area = “Oﬂ y dx, from the curve 2+ _y2 = Zax]
- rJ.a y dx, from the curve y2 = ax]
o |

:I:V(Zax—xz)dx—j:\/(ax)dx

0
1 1 (x—a ! )
=|:(x—a)\/(2ax—x2)+sm )] -Za
@ 7o
tep|-22-2 8 2,2 p2fx 2]
—[O sin (l):| e 7 3a aL4 3J

Problem 4(i): Show that the area included between the parabolas
P =4a(xta), y? =4bb-x)isS (a+ b)V(ab).
3 (Rohilkhand 2013)
Solution: yz =4a ( x + a) represents
a parabola whose vertex is (— a,0) and
latus rectum is4a . Also y2 =4h (b - x)

represents a parabola whose vertex is
(b,0) and latus rectum 4b . Both the
curves have been shown in the figure.

Equating the values of y2 from the two
given equations of parabolas, we get
4a(x+a)=4b(b—x)orx=bh-aie.,
the abscissa of the point of intersection
Pish—-a.

Now both the curves are symmetrical
about x-axis.

¥o=4dalx +a)

The required area
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=2 [Area APM + Area PMB], by symmetry

oy
=2 (I) ﬂydx,fortheparabola y2:4a(x+a)

—a

b 9 1
+ Jb ydx, from the parabola y~ =4b(b - x) J
—a

:2—J‘h_d\/{4a(x+a)}dx+_l.bh_ \/{4b(b—x)}dx]

—a

:4wjj’_”(x+a)”24x+4dhj; V(b - x ) de

a

b-a b

:4\/a[§(x+a)3/2] —4%[%(17-)()3/2]

—-a b-a

[8va.b32]+ %[8 Vb .32

W00 W|r—

N(ab).(b + a) :g(a + b)YV (ab).

Problem 4(ii): Show that the area common to the ellipses P+ b2y2 =1,
P+ a2y2 =1, whereO <a<b,is4 (ah)_1 tan™ ! (a/b).
Solution: The given equations of the two ellipses are

2P+ 1y =1 (1)
and PP+ a2y2 =1. ..(2)
Since 0 < a< b, therefore (1/a)> (1/h).
The ellipse (1) cuts the x-axis on the positive side at the point (1/a,0) and it cuts the
_y-axis on the positive side at the point B (0,1/b) . The ellipse (2) cuts the x-axis on the
positive side at the point A (1/b, 0) .Both the ellipses are symmetric about both the axes.

Solving (1) and (2) we have the coordinates of the point of intersection P in the first
quadrant as

AN + PPN + DY),
Draw PM and PN perpendiculars to the axis of x and the axis of y respectively.
Now the area common to the two ellipses (i.c., the shaded area)

=4 x (common area in the Ist quadrant) =4 area OAPB

=4 [area OMPB + area APM |

=4 [{area of thesquare OMPN + area BPN} + area APM |

=4 [area of thesquare OMPN + 2 area APM | ..(3)

[+ area BPN =area APM on account of the symmetrical
situation of the area OAPB about OP |
Now the area of the square OMPN = OM .ON

1 1 1

V@ + b)) V@ + 1) (a+ D)
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/b
Also the area APM = J.lﬂ/\/(HZ +b2)y dx, from the ellipse P+ a2y2 =1
1/b (1- % )2 b b 1
= ST ) == =X dx
II/V(¢12+b2) a a J-I/V(ﬂz+l72> {hZ ! }
1/b
:b[x (Lz—xz) + l-%sinfl (x]]
a2 b 2 b V)1 i 42
b 1 1 a
=— |0+ —sin” " 1- . — - - -
Za{ V(@ + b)) b+ b?)
— L sin~ 1 #]
b V(a® + 1)

:L’E_ ab _sjn_l b
2ab |2 4+ 1 V(@ + b?)

1 T . 1 b ab 1
-5 (——SlIl G 5 - 5 5
2ab | |2 V(a + b?) al+th

:L cos_1 b - ab
2ab | V@ + )| @+ b

= L >tan_ 1 (ﬁ) — ab .
2ab L b a2 + bz

Hence from (3), the required area

1 1 _la 1 4 -1 (a)
=4|———+2!—tan  ——-——— _ l|=_ tan =1
|:ﬂ2 + b2 {Zab b2+ b2)H ab b
Problem 5: If A is the vertex, O the centre and P any point (x, y) on the hyperbola
2 /a - y2 /b? =1, show that x = a cosh (2S/ab), y =Db sinh (25 /ab), where S is the
sectorial area OPA .

Solution: The given hyperbolais shown inthe —~.
figure. We have P

MY

S = the sectorial area OAP 3
(i.e., the dotted area) ¢
=the area of the A OMP = 'M >
— the area PAM X' 0 Ala.0) X

“Lom mp-["ya
=y OM MP = [ Ly d.

for the hyperbola -
1 b !
=—wy-[ 2P -d®)dr,
2 a a

[~ from the equation of the hyperbola y = (b/a)( - az) ]
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=lx.é\/(£—az)—é[g\/()ﬁ—az)—%az cosh_lf:lx

2 a a a
:@\/(xz—az)—é[f\/(xz—bg)—l&# cosh_lf—(o—o)]
2a al2 2 “
:E\/(xZ ) g\/(xz @)+ cosh™ 1 ¥ =@ cosh1 X
2a a a 2 a
Thus Sz@cosh_lf;
2 a
cosh 1 ¥=25  or r—acosh 2.
a ab ab
Also y:k\/(xz—az)=k\/{a2 coshzé—az}
a a ab
=k, {cosh2§—1}=bsmh§'
a ab ab

Problem 6:  Prove that the area of a sector of the ellipse of semi-axes a and b between the major

axis and a radius vector from the focus is % ab (8 — ¢ sin®) ,where 0 is the eccentric angle of the

point to which the radius vector is drawn.
Solution: Let the equation of the Ay

ellipse be 2/d® + Jzz/b2 =1.
B P @ cos 6, b sin 6)

Let Obe its centre and S be its focus
(ae,0) .Let®be the eccentric angle of i
any point P (x, y ) on the ellipse. & A, O
Then Ar G' ['_M1 f]} A E,
X=uacos0,
y=hbsin®.

Now SP is the radius vector of P

drawn through the focus S and SA is

the radius vector along the major

axis. Atthe point A,x=aand6=0.

Draw PM perpendicular to the x-axis.

The required area of the sector SAP (i.e., the dotted area)
= area of the A SMP + area PMA

:lSM.MP+_[”

6 dx , for the ellipse

acos

N[ — N — DN

0
(OM - 08).MP+ [ y%de

0
(acosG—ae)bsinO+Je bsin®. (—asin0) 40,
["x=acos®and y=Dbsin0]
0
lab(cose—e)sin6+.[0 ab.%(l—cosZB)de

2
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. 6
ab (cos® —¢)sin® + %ab [6— 51n29:|
0

2

DN — DN — DO —

ub(cose—e)sin9+%ab(e—%.Zsinecose)

ab [cosesine—esin9+9—sin9c056]=%ab (0—esin®).

Problem 7:  Find the area common to thecircle X* + y2 =4and the ellipse 2+ 4y2 =9.
(Garhwal 2002; Purvanchal 09)
Solution: The equation of the circle is 2+ yz =4, (1)

and the equation of the ellipse is 2+ 4y2 =9. (2)

Both the curves (1) and (2) are symmetrical about both the axes and have been shown in
the figure. Solving (1) and (2) for x, we have

P+4@-2)=9 or 32=7 or #£=7/3.
Th e x-coordinate of the point of intersection Plying in the first quadrantis V(7/3) .

Also putting y =0 in 2+ y2 =4, we get AT
x=2at C. —
Now the required area is symmetrical about B :

both the axes.
" The required area (i.e.,the area common to

the circle and the ellipse) x | 0 .
=4 x (common area lying in the :
first quadrant) pR =
=4 x area OCPB =2
YI

=4 [area OBPM + area CPM ]

4 V(7 /3) s ) 2 ]
= J y dx , for the ellipse + J‘\/( b dx , for the mrcleJ

[
[0 7/3)
[ VT3 1 2 5 ]
:4['[0 QV(9—£)dx+LWB)V(AL—%WJ,

[-- for the ellipse, y = % V(9 = %) and for the circle, y = V(4 - )]

r 2 o ]\/(7/3)
xV (O ) Z 1(x)J

0

+4{”<4—*2>+2sm—1 ()]z
2 2J Na s
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3 G )

. 1 1,1 7
+4[2sin” (1) - v( )d(g) 2sin” {§V(§>}]
:2\/(35)+9sm 1 V7 L An— 2\/(35) SSinflL
343 243

—4m+ 9sin” ] {%.x/(7/3)}—8sin* {%.\/(7/3)}.

Problem 8: Find the area included between the parabola x* =4day and the curve

7 =84 /(2 + 4d?). (Rohilkhand 2008B)
Solution: The curve y ( 2+ 4a2) =843

is symmetrical about y-axis. Equating to
zero the coefficient of the highest power of
x in the given equation, we find that
y=0ie,x-axis is an asymptote of the
curve parallel to x-axis. Also this curve cuts
the y-axis at (0, 24a).

Solving the two given equations = 4ay

and y= 8a> /(X +4d®), we get their

points of intersection as (+ 24, a).

Also both the curves are symmetrical about y-axis.

Now the required area OPAQO = 2 x area OPA (by symmetry)
=2 x [area OAPM - area OPM |

2 2a
:2[J0ﬂytix,fory:8a3/(x2+4a2)—J0ﬂydx,f0rx2:4a)/]

_2".0 x2+4a JO 4”

2a

3 2
:16513.irtan‘I x ] L zznuZ_ﬂ:[zn_ﬂ]ﬂ?
2a | 2alo 2a[ 3|, 3 3

2a

Problem 9:  Find by double integration the area bounded by the curves y ( +2)=3x and
4y= “.
Solution: Eliminating y from the given equations, we get
Sx/(P+2)=x2/4  or  12x=2 (P +2)
or x(lZ—xB—Zx)=0,
giving x=0and x=2.
Thus the two curves intersect at the points where x =0 and x=2.
Both the curves have been shown in the figure.
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The required area h
3x/()(2+2)
.[)H)J‘ =2 /4
the first integration to
be performed w.r.t. y A (2, 1)
) 332 +2) x’' 5
S / ,
jo[ 2 \// ¥
2 o
=J‘ r3)( _ﬁ dr ¥
0|2+2 4
3 2 2 xdx 3 113 2
== : P de=2[log (& +2)f -~ |5
0 242 4I g sl b 43|,
3 1 3 6, 2 _3 2
= flog 6 tog 2]~ _.181= 2 log (©) - 2= 2 1og 3 - 2.
[log 6 —log 2] = - [8] = T log () 3750833

Problem 10: Find by double integration the area lying between the parabola y = 4x — 2 and
the straight line y = x.

Solution: OA is the line L
y=x (1)

and OBAD is the parabola
y=dx- ¢ (2)

On solving (1) and (2), we get x=0, 3
and y=0,3.
. The line (1) meets the parabola (2) in
0O(0,0)and A(3,3).
We are to find the area OBAO
. Required area OBAO
= area OCABO — area of AOCA

4 x— ,\ (0700)
'[x Oj dx dy —foc CA

_ 4y o2 _1. .
—Jo(y)o dv= 333

N[O
1]
N[O

3 BY
=] (4x—x2)dx—9:[2x2—] ~28-9)-2 =9
0 2 3) 2 2

0

Comprehensive Problems 3

Problem 1: Find the area included between the curve
x=a(t+sint), y=a(l—cost)and its base. (Agra 2005)
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Solution: The given cycloid has been shown
in the figure. [To trace one complete arch of
this cycloid proceed as in Example 11, after
article 4].

Since the curve is symmetrical about the

y-axisand its base is the line y = 2a ,therefore
the required area

2] o

=2J.n x-dl‘dt:ZJ-na(t+sint)asintdt
t=0 At 0
=2a2Jn(tsint+sin2t)dt=2u2J‘ntsintdt+2a2J‘nsin2tdt
0 0 0
/2
=942 {{t.(— cos £) ) —fon 1.(= cos t) dt]+4a2 jO” sin ¢ dt

l.ﬁ 242 (7 +0) +
22

[ J;;t cos tdt=0]

=24° [(n—0)+ jon costdt]+4a2-

=3 nd.

Problem 2:  Find the area of a loop of the curve
Xx=asin2t, y=asin tor a® ¥ =4y2 (a® —yz).
Solution: To trace the given curve, we first find its cartesian
equation by eliminating . We have
x=asin2t=2asint cost.

2 =4a® sin® t cos® t =4a” sin’ t(l —sin® t)
=4a> ( (y 2 /a®) —(yz/az)},

[ y=asint]

or a2 =4y2 (a2 —yz)

is the cartesian equation of the given curve.

Now we trace the curve from its cartesian equation. The curve
is as shown in the figure.

AtO,x=0,y=0andsot=0.

Again at B, x=0,y:aandsot=%n.

The required area of a loop of the curve
=2 x area OAB [By symmetry]

2 /2
=2J‘ﬂ xdy=2'|.7E x-dl~dt=2j‘n asin2t.a cos t dt
=0 t=0 At 0
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n/2 /2
2% Jo sin 2¢ cos t dt = 4a® Jlo sin t cos> t dt

44>

% -1, by Walli’s formula
4a® /3 .

Problem 3:  Show that the area bounded by the cissoid x = a sin’ ty=(a sin’ t)/cos tand its

asymptote is 3 ma® /4 . (Purvanchal 2006, 14; Avadh 09; Rohilkhand 11)
Solution: Eliminating ¢ from the given parametric equations, we get
2_ 2 sin® ¢ az (x3/u3) _ 2 a _ o )
7 cos® ¢ 1-sin’ ¢ _1—()5/“)_(“—’5)

Therefore the Cartesian equation of the given curve is yz (a-x)= 3. To trace this
curve see Problem 6(i) of Comprehensive Problems 1.
The curve is symmetrical about x-axis, passes through the origin, the tangent there being
y =0 . Also there are no real points of the curve if x <0 or if x> a . The line x = a is an
asymptote of the curve. When x=0,t=0 and whenx=a,t=n/2.

The required area

—2jx_ ydx J~T:/2

/2 3
=2J M-Qasintcostdt

d 0 cos t
5 1 |
) [y V. Vn 92
/2
=4a?~‘|'7t sint tde=4a> 2 2 - 422 2 _3na”
0 T3 221 4

Problem 4:  Find the area of the loop of the curve
X=a(1—tz),y=llt(1—tZ),WhEI”E—IStSI.
Solution: Eliminating ¢, we have
yz =a*P (1—t2)2 = 2 :){2{1—()5/61)}:»"2 (a—x)/a.
Therefore ay2 =2 (a — x)is the cartesian equation of the given curve. To trace this

curve see Problem 4(i) of Comprehensive Problems 1.

The required area of the loop

a 0 dx
=2 dx =2 e,
jx:oy Jt:l’y At
0
=2jt:1y.%.dt, [+~ when x=0,t=1and when x=a,t=0 |

=2foat(1—z2).(—2at)dt=4a2 jl(tz — ) dt

Wl b
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Comprehensive Problems 4

Problem 1: Find the area between the following curves and the given radii vectors :
(i) Thcspimlrel/2 =a;0=0,0=0.
(i) The parabola l/r =1+ cos ;60 =0 ,0 = 0.

Solution: (i) The required area
B 1/2
de, vore’e =
2 J.G o Joc 4] [ d ﬂ]

——J — 9= loge}a

%{logﬁ—loga ]

L2 10g (Brar).

(ii) The required area
1

o 9 1 ro
= _ redo=_ 48
ZJO 2'[0 (1+C056)2

putting for r from the given equation of the curve
1,92 @ 72
=_1 -
2 '[O (2 Cos2 ; 9)2 2 '[0 4 cos?
1,922
=—1
8 _[0 SCC
Nowputg=tsothat%dezdt.AlsowhenG:O =0 andwhenezoc,tzéoc.

/2
Required area = l 12 J ¢ sect ¢dt

lz[tan;u+ltanjloc]

/2 . .
l ZJ.OL 2tsec?tdt=— lZJ‘ I+tan2 t)secztdt
4
1,2
=_ t+ (tan” t t})dt
1 J. {sec (an )sec }
o/2
=112 [tant+ ltam?’ t] , ['.'J.(tan t)2 sec’t dt=l(tan t)3]
4 3 0 3
1
4

Problem 2:  Find the area of the loop of the curve r = a 8 cos © between 6 =0 and 8 = n/2 .

(Kumaun 2003; Kanpur 09)
Solution: The required area

/2 /2
LT 2 de _7J.n a? 6% cos® 0 do
2J0 2Jo
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/2
=%J 6% cos’0do =" jon 0> (14 cos 20) do
2 2 om/2
:a—J ﬂ—J.TE 6% cos 20 do
4
2 2 /2 o e
_a f ezsmze] LJTE Ze_smzede
4|3 4 2 Jo 470 2
2 2 _ /2 /2
_am L[M] 71“ [ Cosle]de
12 8 8 4 2
_ n 4 ﬁ[ﬁ(_l)]_é[sin%]n/zz n B T
96 8 L2 8 2 1o 96 16
_nd (n? -6).
96
Problem 3(i): Find the area of one loop of r = a cos 40 . (Rohilkhand 2007)

Solution: The given curve is r =a cos48.

It is symmetrical about the initial line.

One loop is obtained by two consecutive values of 6 for which r is zero. We have r =0
1

whencos40=0i.c.,46 = - % n 5 nic.,0 = — n/8, /8. Thus two consecutive values of@
for which r is zero are — ©/8 and /8. Therefore one loop of the curve lies between
6 =— n/8 and /8 and this loop is symmetrical about the initial line® =0 .

Hence the area of a loop

/8 /8
:2"-1c erdG:J.TE > cos® 40 49, [+ r=a cos 46]
0o 2 0
. 2.
= i a '[On cos® tdt, putting 46 = ¢ so that 4 46 = dt
1 21 1 2
L2 lly ,by Walli’s formula = — m a“.
4 2 2 16
Problem 3(ii): Find the area of a loop of the curve r = a sin 30 .
Solution: The given curve is not symmetrical Fa
about the initial line. We have r=0 when 0 =23 "
Voo le=m3), 6=k

§in30=04ic,30=0 ,ni.e.,ez(),é 7. Thus two g Pl
[
consecutive values of 6 for which r is zero are 0 \ =‘[J

and % n . Therefore one loop of the curve lies b=n /N X

between 6 =0 and % 7. In all there are three F ‘g =5

loops as shown in the figure. For the first loop 8

varies fromGzOtoG:é .
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Hence the area of a loop

/3 /3
=%j: r2do= % jO" & sin 3046, [+ r = a sin 36]
2 /3 n/3 2 2
=u—Jn (l—cos66)d6=laz[e—lsin&] =a—[£:|=na .
4 Jo 4 6 o 413] 12

Note:  Also whole area of the curve r = a sin 30
=3 x (area of one loop) =3 x (1/12) & a = % Tt
Important: The above curve is a particular case of the curves of the type r = a sin n6

which have n loops when 7 is odd and 21 loops when n is even.

Problem 4(i): Find the whole area of the curve r = a sin 26 . (Bundelkhand 2009)
Solution: Here the given curve is r = asin 26. ¥ .

Comparing with r =asinn8 we observe that g = i o oy j=X
n=2 (ie., even), therefore the curve has four :‘ M o

loops. This curve is not symmetrical about the
initial line. Putting r =0 , we getsin20=0 i.e.,

20=0,mie,0=0 '3 1t . Thus two consecutive

values of 0 for which r is zero are 0 and % .

Therefore for one loop of the curve @ varies from
0 to l .
2

Now the whole area of the curve

=4 x area of one loop

2 /2 /2
:4In lr2d6:2jn azsin229de:a2jn 2Si1’1229d9
o 2 0 0

2 . /2
=ﬂ2Jn (1—cos49)z7lezazr9—8m491 =£na2.
0 [ 4 Jo 2
Problem 4(ii): Find the whole area of the curve r = a cos 26 .
Solution: Comparing the given equation A
with 7 = a cos n6 we observe that n=2 (i.e., ' BE @ =% wdl
even), therefore the number of loops w4 P
=2n=2x2=4. Rl
This curve is symmetrical about the initial B - - |
) =n i i 0=
line. 7 i:
Putting r =0 , we get cos 20 =0 : - :
or 2G=iln or Gziln P T s
92 r; ~ gp
. . . o=t 3 b= i
i.e., for the first loop 6 varies from — ©/4 I = T“
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to m/4 and this loop is symmetrical about the initial line®=0 .
Whole area of the curve =4 x area of one loop

/2 /4
:4><2J‘OTE %rQ d6:4J.: a® cos> 20d0.

Now put 20 = t so that 240 =dt. When® =0 ,¢=0 and when 6=i n,t=% T.

/2 m /2
" The required area = 4a’ J‘() cos t . % dt = 2 .[() cos t dt

2 2 2
Problem 5(i):  Find the whole area of the curve 2 = d’cos® 0+ bsin® 0.

=24 Lor_1 T a?

Solution: The given curve is symmetrical about the initial line ( the equation of the
curve remains unchanged when 6 is changed into — 6), and the curve is symmetrical
about theline® = 1/2 (i.c., y-axis) asthe equation remains unchanged when®is changed
into (m — 0) . Also there is symmetry about the pole as the equation of the curve remains
unchanged when r is changed into — r .

In this curve r cannot be zero and r is real and finite for all values of 8 . The figure of this
curve is roughly like that of an ellipse.

Whole area of the curve =4 x area lying in the first quadrant

/2
=4 x jn 7 de = 2j a cos? 0 + b2 sin’ 0) do

=24 J‘ (:os2 0 do + 2” J sin2 046

—o2 Lo Ll L2202y,
2 2 2 2 2
Problem 5(ii): Find the area of the cardioid r = a (1 — cos 9).
(Agra 2001; Kumaun 02, 14)

Solution: The given curve issymmetrical about the

initial line. We have r =0 ,when cos®=11i.¢.,0=0. il
Therefore the line 6 = 0 is tangent at the pole to the

curve. Also r is maximum when cos®=—-1lie.,0=7 !

and then r =2a. When 6 increases from O to n,7 = ,[I B=0,
increases from O to 2a . Thus the curve is as shown in T ¥
the figure. I

The required area '

2
- -
2J‘ 2 e = J cos 9) de
= a? J'O (2 sin’ ; 6)2 Ao

—4azj ede 8ZI sm4¢d¢,
[Puttmg %e = so that %de = d¢ and adjusting the limits]
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:85{2.2. 311:[12.

r-
.2 2 2

NN

Problem 6(i): Show that the area of the limacon r = a + b cos 0 ,(b < a) is equal to
r(@+ L b2y, s
2

Solution: The given curve is symmetrical about

the initial line.

We have r=0, when cos®=-a/bie, G=x
9=cos ! (= a/b) which is not real because a>b .

&
Seny

Thus in this curve r cannot be zero. Also r is |
maximum when cos®=1i¢e., 6=0 and then
r=a+ b .Againris minimum when cos 6 = - li.e.,
0= and then r =a — b which is positive. Some
values of r and 0 are as follows :

1

0 0 y; l1't gn n
3 2 3
r a+b a+ by a ity a-b
2

Hence the curve is as shown in the figure.
The required area = 2 x area above the initial line

o™l 2 0 T 2
_zjo 5 de—J() (a+ b cos0) do,

putting for r from the given equation of the curve

=J‘(:[ (a2+2ah cos 0 + b? cos® 0) do
“2o 1 +2afsine 1" + 7 [F 1+ cos 20) o
—a[ ]0+a[sm ]0+30(+cos )

2 : T 2
=a2n+0+b |:6+Sm26:| =a2n+b—n:n(a2+lb2).
2 0 2 2

Note : If we put b = a or — a,we get the area of the cardioid r = a (1 + cos 6)

or r=a(l-coso).

Problem 6(ii): Prove that the sum of the areas of the two loops of the limaconr = a + b cos 0,
(b>a)is equal to T (2a2 + b )/2.

Solution: The given curve is symmetrical about the initial line.We have r =0 ,when
cosO=—a/bic,0=cos | (—a/b)=o,(say).Since cos ocis—ive,therefore% T<O< T.
Now ris maximum when cos =1 i.¢.,0 =0 and thenr = a + b . Also r is minimum when

cos © = —11ie.,0 = mand thenr = a — b which is negative because b < a . Some values of
and 0 are as follows :
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P o oa<b<m

r a+b a+—b a 0 —ive a->b

Thus the curve is as shown in the figure.
For the upper half of the larger loop 6 %
varies from 0 to ai.e.,cos” | (—ab)and il G )

for the lower half of the smaller loop 6
varies from o to m.

)
(a4 b, ()

Required sum of the areas of the two
loops

:Zr'[mlr2 d9+‘.‘nlr2 de1
[ 0 2 o 2 J
T ]
9 1
Jo
by a property of definite integrals
_ T ) 92 _ ¥ b
—'[0 7 dO—JO (a+bcos6)Z do
= Jon (az + 2ab cos 0 + b cos” 0) do
:Jn a d9+2ahJ‘n cos 0 d8 + b? Jn cos” 0 do
0 0 0
/2
[0 ] +0+2? [ cos” 0o
=a> n+ 2 ! lTc:a2 n+lb2 n:ln(2a2+b2).
22 2 2
Problem 7:  Calculate the ratio of the area of the larger to the area of the smaller loop of the curve

r=l+cos29.
2

Solution: The given YAl =5
curve is symmetrical
about the initial line.
In the given equation of \ 4
the curve r = 1 + cos 20
2 [#] 3/2 =0

putting r =0 , we get

cos20=—-—1ie, L
2

20=+2n/3 or +4n/3 J

ie, ©6=xm/3or s
+27/3. 3 f=-
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The greatest radius vector of the loop lying between 6 = — é nand@ = é T is given by
6 =0 and it is equal to % - The greatest radius vector of the loop lying between 6 = % T
and 6 = é m is given by 6 = % n and its numerical value is % .

Thus we observe that the larger loop lies between 8 = — ©t/3 and 6 = n/3 and it is
symmetrical about the initial line® =0 .

Also the smaller loop lies between 6 = n/3 and 0 =27/3 .
Hence area of the larger loop

/3 /3
:2In lrzde:J.n (l+c0326)2d9,
0 2 0 2

putting for r from the given equation of the curve

/3
:jn (£+C0529+COS229)d9

0 4

n/3 1 1
=J‘ [ =+ cos20+ — (1 + cos40)]do
0 4 2

. n/3

:[§e+lsin2e+ls‘“4e]

4 2 0
. T U 2 DU RO = D BN
1474 28| 4" 2 |16

Area of the smaller loop (lying between 6 = /3 and 6 =27/3)
21 /3 2n /3
—jn lr2de:l " (l+cos29)2de

n/3 2 2Jn/3 2

- . n/3
30+ Langgs L sind07
L4 2 4 Izp

13859
|4 2 2 2 8|2 2
>E_ﬁ+ﬁ ! Tc_3\/3 =(27t—3\/3)
14 2 8 16

N | —

,as in the Ist case

DN | —

N | —

2

4 8

1
Area of the larger loop _ 14

@r+333) 4o gy

Required ratio = =
Area of the smaller loop L(Zn—3\/3) 2m-3+3
16

Problem 8:  Show that the area of a loop of r = a cos n®is © @ /4n ,nbeing integral. Also prove
that the whole area is © a” /4 or T a” /2 according as n is odd or even.

Solution: The number of loops in r = a cos n8 will be 1 or 2n according as 1 is odd or
even.

The given curve is symmetrical about the initial line.
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Also puttingr =0 ,we have cos 76 =0 ie.,n6 = — % T ,% nie,0=—7/2n,n/2n.Thus
two consecutive values of 6 for which r is zero are — n/2n and n/2n.
. One loop lies between ® = — n/2n and 0= n/2n and it is symmetrical about the
initial line 6 =0.
T2] 9
" Area of one loop=2. J b rde, (By symmetry)
2
Jn r2de= J i cos? 10 de.
0
Now put 16 = t so that n de dt Also when6=0,t=0and when0 = n/2n,t=mn/2.
2] T _ na’
The area of one loop = J cos tde=". 2. T _T0
no2 2 4n

Now if n is odd, the total number of loops will be n and the whole area
=nx area of one loop

=n(1ta2/4n):i T a.

If n is even, the total number of loops will be 2r and then the whole area

=2n x area of one loop =2n x (n a /4n):% T

Problem 9: Trace the curve v =3 cos 30 + sin 30, and find the area of a loop.
(Garhwal 2003)
Solution: The given equation of the curve is

=3 cos 30+ sin 30 = 2 { (V3/2) cos 30 + %sin 30}, (Note)

=2 {sin ©/3 cos 30 + cos ®/3 sin 30 },

I

[ sin 3 = \/2—3 and cos — = 1

T
372
=2sin(30+ ©/3)=2sin3 (0 + ©/9).

Now turning the initial line through an angle — /9 the given equation of the curve
becomes

r=2sin3(0-1m/9+ n/9)=2sin36.
Now we shall trace the curve r =2 sin 30.
This curve r = 2 sin 30 will have 3 loops and is not symmetrical about the initial line.
Also putting 7 =0 , we get

sin30=01ie¢,30=0,mic,0=0,n/3.
Therefore thelines® = 0 and® = n/3 are tangents to the curve at the pole and one loop of
this curve lies between these two lines. For this loop r is greatest whensin 30 =1 i.e.,
30 =m/2ie.,0=n/6.Thus this loop bends at 8 = ©/6 and there r is equal to 2.
Here one loop of the curve lies in the region 0 <6< ©/3, one loop lies in the region
n/3 <6< 2mn/3 and one loop lies in the region21t/3 <@ < n. If 6 increases beyond nto
21 the same branches of the curve are repeated and we do not get any new branch.
The shape of the curve is similar to that shown in Problem 3(ii). Here a = 2.
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Now to get the location of the given curve turn the initial line back to its original
positioni.e.,in the figure of Problem 3(ii), turn the initial line through an angle /9 .

The required area of a loop

/6 . /6 .
:2xj“ lrzde:J’“ 4sin’ 30 do
) 0

/6 . T /6
:2,[; (1—cos6e)de:2[e—ﬂ] -

L
0 3

Comprehensive Problems 5

Problem 1: Find the area outside the circle r=2acos® and inside the cardioid
r=a(l+ cos9).

Solution: The two curves intersect where
2acosO=a(l+ cos0)ie, cosO=1ie,0=0.
Besides this the two curves also intersect at the
poler =0 .Since for all values of 8 ,2a cos @ i.c.,
acos®+ acos0<a(l+ cos0), therefore the
circle lies entirely within the cardioid.

Hence the required area
= Area of the cardioid
— Area of the circle.

(1)

Now area of the cardioid

=2J‘n£r2d9
0 2
=J.nﬂ2(l+cose)2d9=azj-n4cos4lede
0 0 2
/2 ) 1 1
= 8d° *0do, tting - 6 = ¢ so that — d0 = d¢,
a .[0 cos” ¢ dd (pu mg2 0 so tha 3 0}

alsowhenOzO,¢:Oandwhen6=n,q):%n)

82 2 2_g2.2 2 _3ma
2T3 2.2.1 2

And area of the circle = 1t 4> , because the radius of the circle is a .
From (1), the required area =g na - na =% na’.
Problem 2: Find the total area inside r = sin © and outside r =1 — cos 0 .

Solution: Eliminating r between the given equations, we have
sin®=1-cos6
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or sin” § = (1 — cos 0) ¥
e
=1+ cos” @ —2 cos ® ""_"qﬂ?‘ R

or 1-cos®>0=1+ cos” @ —2 cos 0 J
or 2 cosB(cos®-1)=0. \ 0=0
» cos@=0orcos0=1ie,0=0o0rmn/2.Thusthe 0 »

. . X
two curves intersect at the points where® = 0 and
0=mn/2.
Draw the two curves in the same figure. The first o
curve is a circle passing through the pole and the

diameter through the pole along the line 6 = ©/2 .
The second curve is a cardioid.

Required area

/2
:lJ- r2d0,for the curve r =sin 0
2J0

/2
—lJ‘ rzde,forthecurverzl—cose
2J0

2 2
:%JO” sinzede—%j; (1= cos B) d6

2 2
-1 On {sinze—(l—cose) }de

2

/2 /2
LT 2(cose—C0326)d6:[sin9 ]n —l~£:(l—£)~
2J0 0 2 2 4

Problem 3: Find by double integration the area lying inside the circle r = a sin © and outside
the cardioid r = a(1 — cos 0).

Solution: The given circle is r = asin® and the ¥a
cardioid is r =a (1-cosB). Note that the given |8 =mn/2

circle passes through the pole and the diameter ( q?l

through the pole makes an anglen/2 with the

initial line. \_ 0=0
Eliminating r between the two equations, we >
g X
have
asin® = a (1 - cos0)
. 2sinl ecosle =
or _ sin® _ 92 2 _tan®
1-cos6 2c0s2 Lo 2
2
1 |
ro —0=—m ic, 0=m/2.
2 4

Thus the two curves meet at the point where 8 = ©/2. Also for both the curves r =0
when 6 =0 and so the two curves also meet at the pole O where 8 =0. To cover the




Ksalsa's Integral Calculus

D

required area the limits of integration for r are a(l — cos6) to asin® and for 8 are O to
n/2. Therefore the required area
5 asin 0

][

T /2 ¢ asin® 1[/2'71‘z
de dr = —
J j l—Cose)r Od jO [ZJ
a(l-cos 0)

2 . . .
= %Joﬂ [aZ sin®0 — aZ(I - Cose)z] e

dae

2 on/2
:% On [si1126—1+2cose—cos2 6]d6

zﬁ[1.5_52.1_1.5]26[2_5]:41_1],
2122 2 2 2 2 2 4
Problem 4: Find the area common to the circle r = a and the cardioid r = a (1 + cos 0) .
(Meerut 2007)
Solution: Eliminating r between the given equations, we get
a(l+cos®)=a or cos6=0 or O0=%7m/2.
Thus the two curves cut each other at b=mn/2
the point where 6=+ nn/2.
Both the curves are symmetrical

about the initial line and have been
shown in the same figure.

Hence the required area A 1
=2 x area ABCOA , A 0 A D x
(By symmetry)
=2 x (Area OABO
+ Area OBCO)

(1)

MHao
[}
=

Now area OABO
/2
:lJ.n 2de, forr=a
2J6=0

/2 /2 2
:luz'[" do=14 ZJ" do=Ll2prr-lp2. m_ma
2 Jo 2 Jo 2 0 2 2 4
And area OBCO
=1 2de,f01rr=a(l+cose)
2Jwn/2

—7J- 1+cos6)2d9—7alj‘ I+2c059+c0529)d6
n/2

—7a2J {I+2cose+%(1+cos2e)}d9

:lgz (§

+2cose+lc0526)d6
2 n/2 2 2
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2 . n 2
:i[@usineﬁm%] :i(gi—gi—z)z" (3n-8).
212 4 dgp 2\2 4

Hence from (1), the required area
2 2
=2 ™ % 3p-8)|=d (Si_z).
4 8 4

Problem 5:  Find the area of the portion included between the cardioids
r=a(l+cos0®)andr=a(1-cos9).
Solution: Eliminating r between the given equations, we get
a(l+ cos®)=a(l-cos0) or 2cos®=0ie,0=%1/2,
showing that the two curves meet at the points P (8 = n/2)and Q (6 = - nt/2).

AY

r=ea (1 -cos ) jFB:TrfE r=ga (1+cosf)

I
=
sk

Q

Also by symmetry it is clear that the required area
=4 x area OLPO,
where OLP is an arc of the cardioid r = a (1 — cos 8)

/2 /2
=4J'n lrzdezzl‘l.rE laz(l—cose)zde
0o 2 0o 2
/2
=24 Jon (1 -2 cos 6 + cos” 0) O
—2a® [ 11-2 cos0+ L (1 + cos 20)] do
=% .[0 cos 0+ (1 + cos

n/2
=2a2|:§6—2sin6+lsin26] =24* (én—Z).
2 4 0 4
Problem 6: Show that the area contained between the circle r = a and the curve r = a cos 50is
equal to three-fourth of the area of the circle. (Meerut 2013)
Solution: The curver = a cos 58has five loops (. here n = 5is odd). Also puttingr =0,

we get
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1 T
cos50=0o0r50=+ —mor6=+ — .
2 10
Therefore @ varies from — 1t /10 to ©/10
for the first loop. Also the curve is
symmetrical about the initial line.
Further giving values to6from O to2min
r=acos>50, we observe that the
maximum value of r is a and hence the
curve 7 = a cos 560 lies completely inside
the circle r = a as shown in the figure.

Now area of the five loops of the curve
r=a cos 50
=5 times area of the one loop
/10 /10
=5 J-n 1 r2de ST

= == a> cos® 50 de
- /10 2 2 J-n/10

/10 - . . /2 -
=g-2j0n aZCOSZSOdOZﬂZJ; coszq)dq),
[putting 56 = ¢ so that 5d6 =d¢; also when 6=0, ¢=0
and when 6=1/10, ¢ = n/2]
9 1 1 1 92
=a° - —-—mT=—Ta".
2 2 4
2

Also area of the circle = 7 a“.
. Area contained between the two curves

=area of the circle —area of the curver =a cos 50
=na - % nat= (8/4).w @ = (3/4) of the area of the circle.

Problem 7: Find the area between the curve r = a (sec © + cos 0) and its asymptote.
(Purvanchal 2010)
Solution: The given curve issymmetrical about the initialline. When6 =0 ,r =2a.
The given equation of the curve can be written as
=a{(l/cos®)+ cosb}=a(l+ cos’ 0)/cos 6

’
1 cos 9
or —=——— "5 = f(0),say.
roa(l+ cos? 0)
Now f(0)=0 gives cos®=0 iec.,0=m/2.
Also f,(e):l—sine(1+ cos> e)—cgse((—2sin9cose)_ m
a (1 + cos 9)Z

Putting® = n/2in (1), we get f’(n/2)=-1/a.
Asymptote of the curve is

1
(=1/a)

or rcos@=a ie, r=asecH.

. 1
rsin(0——m)=
( 3 )
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The cartesian equation of the asymptote is x=a.. ¥

To find the area between the curve and its
asymptote.

Let OQP be a radius vector cutting the curve at P
and the asymptoter = a sec 8at Q. Let £ XOP =6.
Then the shaded area MAPQM

=area OAPO — area OMQO.
Now area OAPO 2

0]
= JO % ¥ do, for the given curve

-1
2

K
r=a £ F = asecd

};F

0
a2(sec 0 + cos 6)2 de
0 Asymplote

0
:lj e (sec29+ c0s26+2)d9.
2J0
Also area OMQO
01 .
= JO P 2 de , for the st. line 7 = a sec 6
1099 2
:—J a” sec” 0d0.
2J0
.. The shaded area MAPQM

1

0 0
~ [T 4 (sec2 0+ cos® 0+ 2)de - lJ- a* sec” 040
270 2J0

0 9
:lj a* COS 0+2) de—f z'[ (14 cos20) + 2} d6
2J0

9 . 0
:laz (§+£C0526)d9—7ﬂ2[5 lstG]
ol2" 2 |

2 2 2 Jo
—laz (§9+ lsin29)—laz (108 +sin 20).
2 2 4 8

Now we move the point P further off along the curve. Its vectorial angle goes on

increasing and ultimately when its distance from O tends to infinity its vectorial angle
tends to m/2.

Hence the area between the curve and its asymptote lying above the x-axis
= limit of the shaded area when 6 — /2

2 2
= lim ‘L[loe+sinze]zi-lo-(ln)zina?
0—->n/2 8 8 2 8

By symmetry, the total area between the curve and the asymptote
=2.(5na’/8)=5na’ /4.
Aliter: The above area can also be easily found by changing the equation of the curve
to cartesian form. The equation of the curve can be written as

rcoseza(1+cosze) or rcos®—a=acos 0
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or rz(

rcos@—a)=ar? cos’ 0, multiplying both sides by r 2
Now putting r cos 6 = x and r 22+ 5 we get

(x2 + )12)()\’—ft)=a)c2 or y2 (x—a):ax2 _— (x—a)
or yz(x—a)=)2(2a—x),
which is the cartesian equation of the given curve.
Now trace the curve with the help of this cartesian equation. The curve is symmetrical
about x-axis. It meets the x-axis at the point (24, 0 ) and the line x = ais an asymptote of
the curve. Here origin is a conjugate point because we get imaginary tangents at the
origin. The curve does not exist in the regions x > 2aand x < a .It exists only in the region
a<x<2a.
Hence the required area

_ZJ'ﬂ ydx= ZJ‘ 2::

(putting for y from the given equation of the curve).

Nowputx:a+asin2Gsothatdx—2as1n6cos9d9.
Also when x=a,sin0=0 or8=0 and when x =24 ,sin®=1or0=m/2.

The required area

/2
=2J.On (a + asin G)C 059

-2a sin © cos 6 40
sin ©

/2
=4a® J'O (1 + sin® ) cos> 0 0

/2
=44 J.on (cos2 0+ cos” B sin’ 6) d6

=4a® [£~E+£~E], [By Walli’s formula]
[2 2 4.2 ZJ

:4u2-l-£[l+l] 4a2-ln-§:§naz.
2 2 4 4 4 4

Problem 8:  Ois the pole of the lemniscate 7 = a® cos 20and PQ is a common tangent to its two

loops. Find the area bounded by the line PQ and the arcs OP and OQ of the curve.

Solution: The given curve is symmetrical about the initial line and also about the pole.
The curve consists of two loops as shown in the figure.
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From the figure it is clear that the common tangent to the two loops of the curve i.e., the
line PQis parallel to the axis of x . Thus the tangent PQat the point P makes an angle
with the x-axis ie., y=mat P .

Now differentiating the given equation r 2 =& cos 20, we get

9 .
2rﬂ:a2 (= 2sin 20), or ﬂ:_ia sin 20

Ao Ao r

2
tan(]):r@:— 2r><r :—azcoszez—cot%:tan(lﬂ:+26).
dr a” sin 20 a” sin 20 2
1
=—_m+20.

¢ 2

But for any point of the curve,

y=0+ ¢=e+(%n+2e)=%n+39.

Since at P,y = n,thereforeatP,nz% n+30 or O6=m/6.

Thus the vectorial angle 6 of the point P is 7/6 and the radius vector OP is given by
OP? = &* cos {2.(m/6)}= a2 .
o OP =a/N2.
Also putting r = 0 in the equation r ey
cos20=0 or 20=*m/2 or 6=%m/4.
Thus 6 =+ 1/4 are the tangents at the pole to the curve.
Now the required area (i.c., the dotted area)
=2 | area of the A OPM
— area of the segment OPSO of the curve r 2= cos20)

% cos 20, we get

/4
=2{—OM .OP - J n/6 % 72 de , for the curve 2 =a? cos 26]
T

2
/4
=2 l(OPsinl ). (OP cosl 1t)—JTD laZ cosQGde]
2 6 6 /6 2 |

; n /47

=2 lOstinlnc()sl,t_laZ(M) |

2 0 6 2 2 /6 |
ol T N3 a3

272 2 2 4 )
:2ﬂ2 73_1+\/73

1 4 8

=%[\/3 4+ 23]

2
=% (3V3-4)
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Comprehensive Problems 6

Problem 1: Find the area of a loop of the curve x* + y* = 4a2)g/ :

Solution: Changing the equation of the curve T =
&+ y4 = 4u2)gz into polar form by putting x = r cos 9, % %
y =rsin0,we have a ~

4 4 4 2.2 "

7+ (cos® @+ sin” 0) =4a 1% cos 0 sin O 9] -
or r? =44 sin® cos(-)/(cos 0+ sin’ 8). ..(1) - X
From (1), r =0, when sin6=0 or cos0=0 ie.,6=0 or W\ o
7'5/2 . r " LY

Aloop lies between® =0 and 6 = nt/2 .
Hence the required area of a loop

/2 . /2
:lJ‘7I -2 _7"‘“ 4a? smecoie 46, from (1)
2 cos* 0+ sin? 0

/2
=24° Jn tan 0 sec” 6 ———>"-d6, dividing the Nr. and Dr. by cost 0.

1+ tan® 0
Now put tan® 0 = £ so that 2 tan © sec” 0 d = dt .

Also when 9 =0 ,t=0 and when0® — ©/2,f— oo .
The required area

1 1

=a* [tan~ t]g’:az [tan ! o — tan~ 0] = a® (n/2).

ZJ‘O 1+t2

Problem 2:  Find the area of a loop of the curve (7 + y2 P = 4a)g/2.
Solution: Changing to polars by putting x = r cos 8, y = rsin 6, the equation of the
curve becomes
(1*2)2 =4a (r cos 0) (r sin 6)2 or r = 4a cos 9 sin” 0. (1)
From (1), r =0 when sin” =0 or cos 8 =0 ie,0=0or /2.
Aloop lies between® =0 and 6 = ©/2.
Hence the required area of a loop

/2
—; T2 e = 2x16a2j ? cos? 0sin* 0.6, [From (1)]
g2 130 n_nd

642 2 4

Problem 3:  Prove that the area of a loop of the curve O+ y(’ = azyzxz is ma®/12.

Solution: Putx=r cosBand y = rsin6to change the equation of the curve into polar

form. Then the curve becomes
r6(cos6 0 + sin® 0)= ar* cos’0sin?0
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or ¥ = a® sin® 0 cos”0/(cos® 0 + sin®0) . (1)
From (1),r=0 when sin® =0 or cos” =0 i.c.,0 =0 or /2.
Aloop lies between 6 =0 and 6 = /2.
Hence the required area of the loop
_1pmi2 2=l /2 g sin® 0 cos” 0 d
270 230 cos® 0 +sin® e
A /2 tan” 0 sec” 0

2o I+ tan® @

[From (1)]

46, dividing the Nr. and Dr. by cos® 0.

Now put tan® 0 = £ 50 that 3 tan” 0 sec” 0 d6 = d .

Also when®=0 ,t=0 and when0®— w/2,t— oo
The required area

2 oo
:H—J‘ dt =£[tan_lt]g’

6J014+¢2 6
:%ﬂz[tan oo—tan10]
g L

6 2 12

Problem 4:  Find the area of a loop of the curve  x* + 3 )(2y2 +2y% = @ xy.

Solution: Putx=r cos6and y = rsin@to change the equation of the curve into polar

form. Then the curve becomes

A (Cos4 0+ 3 cos® Osin® 0 + 2 sin’ 0)= a’r? cos0sin®

2 a® sin® cos O ) (1)
cos* 0+ 3 cos” Osin” 0 + 2sin? 0

From (1), r =0 when sin8=0 orcos®=0i¢,0 =0 or /2.

. Aloop lies between 6 =0 and 0 = nt/2.

Hence the required area of the loop

o .
:ljn 2 do
2J0

or

1 pn/2 > sin© cos 0 40
:(,J . —— —— [From (1)]
290 cos* B+ 3 cos” Bsin® 8+ 2sin* O

a J“/Z tan 6 sec” 0 40
200 1+3tan’0+2tan* 0’

dividing the Nr. and Dr. by cos* 6.
Now put tan® 8 = tso that 2 tan 6 sec” 6 d6 = dtand the new limits aret = 0 to £ = oo .

The required area

N

_a dt

a J"" dt a J""
0 1+3c+22 490 (I+6)1+2¢)
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— \dt, By partial fractions
[1 + 2t 1+ t) [Byp ]

i

4

2 e 2 <
”L[log1+2t) 1og(1+t>] g (L 2) |
4 o 4| Bl )],
@

4

1z

4

((}— ”f [1og (II:ZE)LZO (Note)

a [log (1/1)] =~ log 2.

Problem 5:  Prove that the area of a loop of the curve O+ ys =5a y2 is five times the area

of one loop of the curve r? = a® cos 26 (Purvanchal 2014)

Solution: Changing the equation of the curve © o+ ys =5a xzyz into polar form by
putting x=r cos®and y =rsin6,we get
P (cos5 0 + sin’ 0) = Sar* cos® Osin® 0
or r=asin’ § cos” 9/(cos5 0+ sin’ 0). (1)
From (1), » =0 when sin® 0=0 or cos” =0 i.c., when®=0 or6=1/2.
" The loop of the curve (1) lies between®=0 and 6 = /2.
Hence the required area of the loop of © + ys =5a x2y2
=% ; 22 a0
_7J'Tf/2 254 sin* Gcos 9d97 [From (1)]
sm 0+ cos’ 9)
_ 254> /2 tan? 0 sec” 0 dO

2 0 (tam5 0+ 1)2

,dividing the Nr. and Dr. by cos!?

Now put tan® O+ 1 = £ 50 that 5 tan* 0 sec’0 46 = dt . Also when 6 =0,
t=1+tan0 =1and when®— w/2,t — oo

The area of the loop
_ 254 wiﬂ_ZL L
2 J1 25 I

:yqir:g,
2 t 11 2

Also from Example 13, the area of one loop of the curve r 2= cos 20 is % .

(Deduce it here.)
Thus the area of a loop of x* + yS = 5ax2y2 is

=%ﬂ2=5.(%ﬂ2):5. [areaofaloopofrZ:uzCOSZG]
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@nts to Objective Type Questions

Multiple Choice Questions

The area bounded by the axis of x, the curve y = sin? xand the ordinates
x=0,x= Tis
2

= sin? xdv=--%="T.
o 7 29 4

The curve 3ay L (x— a)2 meets the r-axis where y =0 i.e., where

/2 dx:jn/ 1l n =

x(x— u)2 =0 ie.,where x =0 or where x = a.

WhenO < x<a, y s positive ie., y is real. So, the loop of the curve lies
between x =0, x=a.

The given curve is r 2 = 4% cos 2 6, which is symmetrical about the

initial line.

We have r =0 when cos 20 =0 i.e., when2 0 = —gor29=£i.g.,when

0=— g orf = g Thus, two consecutive values of 0 for which r is zero are
— n/4and =/4. So, one loop of the curve lies between the lines 8 = — ©/4

and 6 = ©/4 and it is symmetrical about the initial line.
Area of one loop of the curve r 2 4% cos26

/4 /4
:2.Jn 1 2dezjon a? cos 20 do

_ rsm29]n/4 2[smn—sm 1_a2
B 1 A S

See Problem 3 (ii) of Comprehenswe Problems 1.

2 2 2
Required areazlj " rsz:lJ. nuzde:laZ[e]Z“ _2na =nd.
270 270 2 0 2

See Problem 8 of Comprehensive Problems 4.
See article 1.

See Example 2.

See Example 4.

See Example 15.

Fill in the Blanks

See article 1.
See article 2.
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The required area

‘*J. 2 o .[B 2278 go

o

i
2me 2
=la2 e _a (€2m[5 _ eZmoL).
2 2m 4m

The number of loops in the curve r = asin n8is n if n is odd and is 2 n if n is

even. Here, n = 3 which is odd. So, the curve r = a sin 36 has three loops.
The required area

a
= J. a)’dx = J- ‘o Cosh(i)dx = crcsinh * - 2 rsinhﬂ —sinh O =c smhf
0 0 c L cJ() c J

True or False
See article 5.
The number of loops in r = a cos 18 is 2n or n according as  is even or odd.
See Example 12.
See Problem 3 (ii) of Comprehensive Problems 1.
000




Chapter-8

Rectification

(Lengths of Arcs and Intrinsic Equations of Plane Curves)

Comprehensive Problems 1

Problem 1(i): Find the arc length of the curve y = % - i log x fromx=1tox=2.

(Meerut 2012B)

) . S B
Solution: The given curve 1sy—§xl Zlog x. )

Differentiating (1) w.r.t. x, we get b x-t 4ol .
dx 4r  4x

Required length of the curve

j {H(@) }dxzjlz {H(‘*’i;;)z}dx

. 2
92 2
:j 4x2+ldx:J‘ (x+i)dx:rﬁ+10gx‘l :§ £10g2
1 4y 1 4x [2 4 Jl 2 4

Problem 1(ii): Findthelengthof thecurve y =log [(e ¥ = 1)/(¢ * + 1)] fromx =1tox=2.
(Agra 2001, 02, 06; Meerut 04B; Avadh 08;
Kanpur 11; Kashi 13; Rohilkhand 13)

Solution: The given curve is y =log [(¢* - 1)/(¢ * + 1)]

or y=log(e*-1)-log (e*+1). (1)
X X X
Differentiating (1) w.r.t. x, we get dy_ et et 2 .
e e*=1 e +1 (-1
2 2 v )P 2x
Now (ﬁ) :1+(dl) =1+ 2’6 :1+74E
dx dx 62,\ -1 (52)(—1)2
I i R i (o
(52)( _ 1)2 (62)( _ l>2

Measuring the arc length s in the direction of x increasing, we have

ds 2‘+l et +e

dv 2] eF o *

,dividing the Nr. and the Dr. by ¢ *
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Ry —-X

or ds=2"F°¢ " jp.
e ¥ — oY
The required length s, is given by
2
92 ,X -x
5] :L %dx:[log (" —e™ ) } ,
et —e 1

numerator being the diff. coeff. of denominator
= log (6’2 - 6’72) - log (e - eil)
=log [{e® = (1/e®) Y/l e—(1/e)}]=1log (¢ + 1/e).

Problem 2(i):  Show that in the catenary y = c cosh (x/c) , the length of arc from the vertex to
any point is given by s = ¢ sinh (x/c) .

Solution: The given catenary is y = ¢ cosh (x/c). (1)
The point A (0, ¢) is the vertex of the catenary and let P (x, y)be any point on it. We
have to find the length of arc AP for which x varies from x =0 to x = x.
Differentiating (1) w.r.t. x, we have

dl:c-lsinhizsinhz-
dx c c c

If s denotes the arclength of the catenary measured in the direction of xincreasing, then

d dy)? ' :
S+ (l) = (I + sinh? E) =cosh
dx dx c c

or ds = cosh (x/c) dx
Integrating, we have

J. ds—J. cosh Yy =[ ¢ sinh ] —CSlnh—OrS—csmh(x/c)
clo c

which is the required arc length.

Problem 2(ii):  Ifsbe the length of the arc of the catenary y = ¢ cosh (x/c)from the vertex(0, ¢)

to the point (x, y), show that $2 = yz -2, (Lucknow 2005)

Solution: The given curve is y = ¢ cosh (x/c). (1)
Proceeding as in Problem 2(i), the length s of arc extending from the vertex (0, ¢) to
any point (x, y)is given by s = ¢ sinh (x/c). ..(2)
Squaring and subtracting (2) from (1), we get

y2 — 5% =¢% cosh? (x/c)— ¢? sinh? (x/c)= 2

or y2 —¢% =% . This was to be proved.

Problem 3(i):  Find the length of an arc of the parabola yz = 4ax measured from the vertex.

Solution: Let the given parabola be y2 =4ax. (1)
Differentiating (1) w.r.t. x, we get 2 y (dy/dx) = 4a
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dy/dx=2a/y or dx/dy y/2a.

If s denotes the arc length of the parabola y = 4ay measured from the vertex O to any
point P (x, y)lying onthe upperhalf of the parabola, thensincreasesas yincreases.

2
The required length of arc s:jy 1+ e dy (Note)
0 dy
[1+ . ]dy— \/(J/2+4a2)dy
17
= %\/(Jz + 4a’ +—log{y+\/(y +4ad®))
40

tl- - 8-

[y\/(y + 4a®) + 4d” log{y+\/(y2+4a2)}—4a2 log 2a]

y\/(yz +4a%) + 4d® log {W} :
a

Problem 3(ii):  Find the length of the arc of the parabola yz = 4axcut off by its latus rectum.
(Kumaun 2001)
Solution: Here we have to find the arc length L”’OL , which is double of the length

found in Example 2.

Problem 4(i): Find the length of the arc of the parabola &= 4ay from the vertex to an
extremity of the latus rectum. (Kanpur 2008; Purvanchal 09)
Solution: The given parabola is 2= 4ay, (1)

whose vertex is the point (0, 0) and whose axis is along the y-axis.

Let s; denote the arc length of the parabola measured from the vertex O (0,0) to an
extremity of the latus rectum (24, a).

Differentiating (1) w.r.t. x, we get
2x=4a (dy/dx) or (dy/dx)=x/2a.

2a d 2
The required arc length s; = J.() I+ (%) dx (Note)

2 J ldx—— x2+4a
j 2a

1 2 44 1[1
X 9
———{7\/()2 + 4a )+710g{x+\/()2 + 4a )}J0

=a[V2+ log (1 +2)]. [Proceeding as in Example 2]
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Problem 4(ii): Find the length of the arc of the parabola 2 =8 y from the vertex to an
extremity of the latus rectum.

Solution: Proceed exactly as in part (i). Here a =2.

Problem 5(i):  Find the length of the arc of the parabola y2 = daxcut offby theline y =3x .

Solution: We have yz =4ax (1)
and y=3x. ..(2)
Substituting for xin (1) from (2), we get

y2 =4a.( y/3) or 3y2 —4ay =0 giving y =0,4a/3 .

. From (2), the corresponding values of x are O and 4a/9. Hence the points of
intersection of the parabola and the given line are (0,0) and (4a/9,4a/3).

Also differentiating (1) w.r.t. x, we get 2 y (dy/dx) = 4a

: dy/dx=2a/y or dx/dy= y/2a.

If s denotes the arc length of the parabola measured from the point (0,0) to the point
(4a/9,4a/3) , then

an || 2] a [ 2]
s:f; & {1+[:Z) de:J.(j & [I+57de
a3

) PuCS? v ad)dy
1|— 4a/3
N AN
o {2 (y +4a2 2 log{y+\/(y + 4a® )}JO
S LA ydo 242y
223" "9
+24% log{§a+\/(196 @+ 4a® )}—2512 log (2a)]
-1 2, %a\/(l3)+2u2log{éa+ga\/(l3)}—2ﬂ2Iog(2a)]
233 3
[%\/(l3)+log{7+§\/(l3)}]
T2 2+V13)|1
=a |§ V(13) + log {3}J

Problem 5(ii):  Show that the length of the arc of the parabola yz = 4axwhich is intercepted

between the points of intersection of the parabola and the straight line3 y = 8xisa(log 2 + % )

(Gorakhpur 2006; Purvanchal 06)
Solution: Solving y2 =4ay and 3 y = 8x for y, we get
yz =4a.(3y/8) or 2y2 —-3ay=0 or y=0,3a/2.

Thus the parabola and the straight line intersect at the pointswhere y =0and3a/2 .We
need not find the x-coordinates of these points.

Also differentiating yZ =4ax , we get
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2y (dy/dx)=4a or dy/dx=2a/y or dx/dy= y/2a.
If s denotes the arc length of the parabola measured in the direction of y increasing,
then
ﬁz 1+ dx :L\/(4a2+y2) or ds:i\/(4a2+y2)dy
dy 2a 2a

Let s; denote the required arc length from y =0 to y =3a/2.Then
3a/2
[as=]" ix/(4a2 + ) dy

0 0
3a/2
4q° 2 2
or [ \ (4a? +y)+710g{y+\/(4a +y)}J
0
[ 2 1
:L 37 25” +4ﬂ log 7+ 25a —4a210g2u
4a| 2 4

+ log 2
6Og]

Problem 6(i): Find the perimeter of the curve 2+ yz =d

(Avadh 2010; Rohilkkhand 13B)
Solution: The equation of the curve is 2+ y2 = (1)
Here the curve is the standard equation of the circle with centre (0, 0)and radius a . Also
itis symmetrical about both the axes. So the required perimeter will be four times the arc
length lying in the first quadrant i.c., between x=0to x =a.
Differentiating (1), w.r.t. x,we get 2x+ 2y (dy/dx) =
or (dy/dx) = — (x/ y) = — x/N(@® - ). [From (1)]

The required perimeter
=4 x {length of the arc in the first quadrant from (0, a) to (2,0)}

:4I;l=0 [14.(;);)2}”:4‘.‘: {1+ i }dx,puttingforzyx

@ -
de T i(x)]”
4ajom—4aL31n (ﬂ)Jo
=4a[sin71()—sm 0)]= 4a[%n—0]:2an.

Problem 6(ii):  Find the length of the arc of the semi-cubical parabola ay2 = from the vertex
to the point (a, a). (Bundelkhand 2010; Kanpur 15)
Solution: The given curve is ay2 =, (1)

It is symmetrical about the x-axis. We have to find the length of the arc from x =0 to
x = ain the first quadrant.




Ksalsa's Integral Calculus

A1)

Differentiating (1) w.r.t. x, we get  2ay (dy/dx) = 3¢,
d_ ﬁ = % , substituting for y from (1)
A 2ay 24 (3 /a)

:§(x1/2/ﬂ1/2).
2

Required length = szo [1 + (‘iy)z J dv = j {1 + 7}

a
“Ox+4a)? de= L [2 01 4ap”? L]
0 2a L 9J0

= [(13a)7% = (4a)*? )= (a/27).[13V(13) - 8].

Il
\]
4?—‘
N
—

Problem 7(i): Show that the length of the arc of the curve Z=d (1-e¢ J//”) measured
from the origin to the point (x, y)isalog{(a+ x)/(a—x)}—x. (Rohilkhand 2010B)
Solution: The given equation of the curve is = (l-¢” / ™

or E’y/ﬂ:1—£ or l:log 1-&
@ a e
2
or y—alog(ﬂ _XZJ or y:alog(uz—xz)—aloga2 (1)
Differentiating (1) w.r.t. x, we get b_, —2x
Itox, o o2
l/ 2 1/2
1/

. Required arc length = J {1+(@/)2J dx = j [ (ﬂ - )ZJ dx

:Jx[a +;(2de f [ 242)(2]4){ (Note)

+ x

- X.

[ X+ 2a° —1 gﬂ+x]xzaloga
0

a—x a—x

Problem 7(ii): Prove that the length of the loop of the curve 3@;2 = x(x—afis 4a/3.
(Meerut 2005B, 08, 09B)

Solution: The given curve is symmetrical about the x-axis.
At y =0,we have ¥ =0 and x = a. So for the loop, x varies from O to a .
The equation of the given curve is

3@/2 =x(x— a)z.
Taking logarithm, we have

log 3a + 2 log y=1log x + 2 log (x —a).
Now differentiating w.r.t. x, we get
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%dl:l.k 2 _ 3x-a A
ydv x x-a x(x-a)
2
Thus (dl) :7(3)(_‘1)2 y—z
dx )(Z(Jc—oz)2 4 B
_ Bx - a)2 x(x— a)2 0, 0 6. O)
Z (x—af .12a 7 o ¥
:(3x—a)2.
12ax
2
é: 1+(le
dx dx

_ Jl+ (3x—a)21: 3x+a
| 12ax V(1 2ax)

. The required length of the whole loop
2
9 [ dy
=2 JO {1 + (a) } dx [By symmetry]

B a3x+a 1 a 12 —1/2
_ZJOV(lzm)dx_x/(em)fo(gx v )

1 [3.2 3 1210 1 s 4a
Gaoll 3 T e M E

Problem 8(i): Find the perimeter of the loop of the curve 9@}2 = (x—2a) (x - 5a).
Solution: The given equation of the curve is 9@/2 = (x = 2a) (x - 5a). (1)
Shifting the origin to the point (24,0), the equation (1) becomes 9@/2 =x(x— Sa)z,
Now this is similar to the curve of Problem 7(ii). (Here we have 34 in place of 4). So to
find the required lengtgl:l, )}:r_}(_)cﬂeed exactly as in Problem 7(ii). The required length is

=92 dr =4a 3.
0 (4ar)

Problem 8(ii):  Show that the whole length of the curve 2@ - 2= 8a2_y2 is mav2.
(Bundelkhand 2006; Purvanchal 11)
Solution: The given curve is

C(@=)=8ayh J
The curve (1) is symmetrical about both the axes {w, 0)
and it passes through the origin. Putting y =0 in >
the given equation of the curve, we get & d
2@ -4)=0

ie., x=0,x=%a.
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So the curve passes through the points (0,0), (a,0)and (- 4,0 ). Therefore for one loop x

varies from O to a .
" The required whole length of the curve
=4 x length of the half loop (lying above x-axis)

—4j {1+(@’) }dx. (2)

Now differentiating (1) w.r.t. x, we get
I6a2ydl=2a2x—4x3 or dy _(a” -2 —2x2
dx dx 8’y
2
(L) =1 L 20y
dx 64a’ y
(=22 -
#ﬂz_x)z), [Substituting for 8a2y2 from (1)]
1 (@ 227 _ (3a* -2
84 (a* - ¥) 8a® (a® - 1)
From (2), the requlred whole length of the curve
3a —2x2)21 J (3 —2x2 ) e
a \/2

J 18a (a® - )T - )
N2 "r2(§ | (Note)

&)

P I az_xzjd"
XZ
xz

=1+

V2 pa 2 \/2 a*
_7.[024(61 ; IO T xz)dx
(2

a2 1 x ‘ [ 1 x]”
+—sin_ 21 #V2.aisin” ' 2
I, ™ alo

ol ev
[ 2 2 a
r
e

ﬁ } E—Jm\/2

Comprehensive Problems 2

'n3t .

Problem 1(i): Find the whole length of the curve (astroid) x = a cos’t, y = a si
(Rohilkhand 2011)

Solution: The given parametric equations of the astroid are
X =a cos t,y:asin3t. (D)
The shape of the curve is as shown in the figure of Example 4.

We have dr/dt = — 3a cos” tsin t,dy/dt=3a sin? £ cos t.
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The astroid is symmetrical about both the axes. For the arc of the astroid lyingin the first
quadrant, we have ¢ =0 at the point (¢,0) and ¢ = ©/2 at the point (0, a).

2 2 2
Now (é) = (@) + (dl) =9a® cos® tsin’ t + 9a° sin” ¢ cos® ¢
dt dt dt
=9a%sin® t cos® ¢ (sin2 t+ cos’t )= (3asin t cos t)2. ..(2)

If s denotes the arc length of the astroid measured from the point ¢ = 0 to any point P

towards the point ¢ = ©/2, then s increases as t increases. Therefore ds /dt will be taken

with positive sign. So taking square root of both sides of (2), we have
ds/dt=3asintcost  or  ds=3asintcostdt.

Let s; denote the arc length of the astroid lying in the first quadrant. Then

/2
rsin2 t]

/2
slds=.[n 3asint cost dt or s1=3a[ J =21,
0 0 2
0
Whole length of the curve

=4 x length of the curve lying in the Ist quadrant =4 . (3a/2) = 6a .

Problem 1(ii): Find the whole length of the curve (Hypocycloid)
x=acost, y=>b sin’t.
Solution: The given curve is similar to that of part (i) i.e., the curve is symmetrical

. ) . 1
about both the axes and in the first quadrant ¢ varies from O to 3 .

Here dx/dt = — 3a cos® tsint,dy/dt=3b sin? t cos ¢ .

The required whole length of the curve
=4 x length of the curve in the first quadrant

0

/2 - ; - .
=4 J}:t Vi 942 cos? tsin® t + 9b? sin* t cos® ¢ }dt

n /2
=4J.0 35intcost\/(u2<:oszt+ bzsinzt)dt.

Now put @ cos’ t+ b sin’ t = 22,

sothat(—2a2 sin t cos t + 2% sintcost)dt=2zdz.
sintcostdt={z/(b*-a’)}dz.

Also z=awhent=0andz=bwhent=m/2.
Hence the required length

b )
:12J' 7. z dz :LJ’ 22 4z
a 2 g2 Ja

R
b
_ 12 ri—l :4b3—u3:4.(b2+ab+a2).
172_a2[3J“ P - 42 b+a
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Problem 2:  Rectify the curve or find the length of an arch of the curve

x=a(t+sint), y=a(l—cost). (Rohillchand 2000, 09B)
Solution: Differentiating the given parametric equations of the cycloid w.r.t. t, we
have L4

de/dt=a(l+ cost)

and dy/dt=asint.
If we measure the arc length s in the direction
of t increasing, we have

2 2 0
dS _ @ dl L
dt_\/{(dt) +(dt) } t=90 X

=\/{a2 (I+cost)2+azsin2t}
2

1/2

=aV2(l+ Cost)l/2 =av2(2 cos? %L‘)l/2 :2acos%t.

=a{l+ cos t+2cost+sir\2t}

ds =2a cos%ta’t.

For an arch of the given cycloid lying between two successive cusps ¢ varies from — &
to m. Also this arch is symmetrical about the y-axis and we have ¢ =0 at the vertex

O.
" The required whole length of the arch

= 2 X length of the arc fromt =0 tot = p
K
:2J-n2acosltdt=4aJ‘ncosltdt:4ur2sinlt]
0 2 0o 2 L 2 1o
=4a[2-0]=8a.

Problem 3:  Provethat the length of an arc of thecycloid x = a (¢ + sint ), y=a (1 —cos t )
from the vertex to the point (x, y)is \/(8@;). (Bundelkhand 2007; Meerut 12)

Solution: Let s denote the arc length of the cycloid measured from the vertex to any
point P (i.e.,fromt=0tot=1¢).
Then proceeding as in Problem 2, the required arc length

2 2
s:J-t (@) +(dl) dt:2ajtcosltdt
0 dt dt 0 2

t
=2ar2sinlt] =4asin£t=\/(8u2.231n2£t)
L 2 J() 2 2

=V{8a.a(l-cost)}=1(8ay). [+ y=a(-cost)]

Problem 4: Find the length of the arc of the curve x =¢" sint, y = ¢'cos t, from t =0 to

1
t=—T.
2 (Kumaun 2000, 08; Kanpur 09)
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Solution: The given equations of the curve are x=e¢'sint, y=¢

Differentiating w.r.t. £, we have
dv/dt = e cos t + e'sint = ¢’ (cos t + sin )

and dy/dt=e" (—=sint) + ¢' cos t = ¢'(cos t —sin t).

/2 2 2
The required arc length = j: \/{(flx) + (%) } At
t

/2
- JO“ V{e* (cos t+ sin £ + ¢*!(cos ¢ - sin t)*} dt

/2 . /2 ’
:J‘; €t\/{2(COSZt+Siﬂzt)}dt:\/ij'; ctdt:x/i[ct]g/z
=2[e"? —1].

Problem 5:  Show that in the epi-cycloid for which
x=(a+Db)cos®—Dbcos{(a+D)/b}6, y=(a+Db)sin®—>bsin{(a+Db)/b}6,
the length of the arc measured from the point ® = nh/ais {4b (a + b)/a} cos {(a/2h)8 }.
Solution: Differentiating the given equations of the epicycloid w.r.t. 6, we have
dx/d® =(a+ b)(-sin®) — b [-sin{(a + b)/b}6].[(a + b)/b]
=—(a+ b)[sin®—sin{(a+ b)/b} 0]

and dy /d® = (a + b) (cos®)— b [cos {(a + b)/b}6].{(a+ b)/b}
=(a+ b)[cos®— cos{(a+ b)/b}0].
2 2 2
We have (é) = (é) + (dl)
Ao Ao de

2 27
=(a+ by {sine—sina;bﬂ} +{cose—cosazb9} J

+he

=(a+ b)Y lsin® 0 + sin® ”’ZJe—zsinesin”

2a+b a+bh |

+ cos® 0 + cos 0 — 2 cos 0 cos SJ

=(1/1+b)2 I+l—2(sinesinﬂzb

0+ cosecos“+b9)]
b

—2(a+ by [I—cos%@]:4(u+h)zsin2£6. (1)

If s denotes the arc length of the epicycloid measured from the point © = nth/a to the
point 6 =6 in the direction of 6 decreasing, then s increases as 6 decreases. Therefore
ds/de will be negative. So taking square root of both sides of (1) and keeping the
negative sign, we have
b _ 9+ bysin Lo (Note)
Aae 2b
or ds =—2 (a+ b)sin (a/2h)6 d6.
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The required length s is now given by

e e
s=- 2 (a+ b)sin (a/25)0 d6=—2 (a+ b)- 221~ cos © 6]
br/a flL 2b lpr /a
:4b(a+h)fcosie_cosﬁ]:4b(a+b)co a
a |2 2] 2

Problem 6: In the ellipse x = a cos ¢, y = b sin ¢, show that
ds=a (1 - ¢ cos? o) do,
and hence show that the whole length of the ellipse is

‘ 2 2
) [ (1)z 2 (13) & (135) &5 |
mall-| -] - —=| "> - — - ==,
{ 2 I \2.4 3 (2.4.6 5 J
where e is the eccentricity of the ellipse. (Meerut 2005)

Solution: The given equations of the ellipse are x =a cos ¢, y = b sin ¢.

We have dx/dy=—asin ¢, dy/dp =D cos ¢.
If we measure the length s in the direction of ¢ increasing,

2 2
ds _ dx dy — (2 in2 2 2
Tiq) \/{(dq)) + (Tiq)) } N(a® sin® ¢ + b* cos” 0)

:\/{a2 sin’ o+ > (1—r,’2)cos2 o},
[ - for ellipse, ¥ = d? (1- cz)]

=a V(1 -é* cos® 0).
ds=a\/(l—62 cos” 0) do. (1)
Also the ellipse is symmetrical about both the axes and in the first quadrant ¢varies from

0 to% nt . Therefore whole length of the ellipse = 4 x length of the ellipse lying in the first

quadrant

:4J0”/2m(1—52 cos? o) do, [ From (1)]

—4a jom (1= ¢* cos® ) do
:

2[00 1 9 o 1 4 4 1.3 6 6
=4 l-— - - —...1do,
ajo [ 23 cos” ¢ 2.43 cos’ 0 2.4.66 cos” ¢ J 0]
[On expanding by binomial theorem]
[ cn/2 2 /2 9 oemi2 oy
=4a[J.O 1.d¢—?J‘0 cos ¢d¢—ﬁ 0 cos” 0 do
1.3 672 6 1
- cos’ o do— ...
7iet ] A
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1

Comprehensive Problems 3

Problem 1: Find the entire length of

Solution: The given curve is
r=a(l+ cos®). ..(1)
It is symmetrical about the initial
line and for the portion of the curve
lying above the initial line 8 varies
from6=0to0=m.
Now differentiating (1) w.r.t. 8, we
have dr/d6 = — asin6.
If s denotes the arc length of the
cardioid measured from the vertex
(i.e., the point 8 =0) to any point
P (r,0) in the direction of ©
increasing, we have

de

the cardioid r = a (1 + cos 0).
(Purvanchal 2007; Rohilkkhand 09, 11B)

e
H=nr g=10
i 2a ¥
ds _ ], +(dr) =V{a® (1 + cos0) + (- asin0)}
Ao
—\/{ﬂ2 2 cos” 79)2+ﬂ 251n;9c0s%6)2}
:2a\/{cos l6+51 2 1ecos I6}
2 2 2
=2a \/{cos2 l9 (cos2 l9 + sin’ l9)}
2 2 2
=2a \/(COSZ l6) =2a cos l6.
2 2
..(2)

ds =2a coséeda

Lets; denote the arc ler\gth of the upper half of the cardioid (i.c.,from8 = 0 to8 = m).

Then ds J 2a cos

76d6 2ﬂ[251r176‘|
2 =27,




Ksalsa's Integral Calculus

;[|'1-202;|
or s1=4a[sin%n—sin0]=4a(l—0)=4a,

By symmetry, the whole length of the cardioid
=2 x the arc length of the upper half of the cardioid =2 .4a =8a.

Problem2:  Find the perimeter of the curver = a (1 + cos 8)and show that arc of the upper half

is bisected by © = /3. (Gorakhpur 2005; Purvanchal 07)
Solution: As proved in Problem I length s; of the upper half of the cardioid
r=a(l+ cos0)is4a. (Prove it here)

The perimeter of the cardioid =2 .4a =8a.
Again, if 59 denotes the arc length of the cardioid from the point 8 =0 to the point
0= 1t/3, then

/3
S = J.(:E 2a cos % 0 46, [Refer the result (2) of Problem 1]
/3
=2ﬂ[2511{1r191 =4arsm£—5m0 =4a- —
" 27 | ]

= % (s1) = half the arc length of the upper half of the cardioid.

Problem 3: Prove that the line 4 r cos © = 3a divides the cardioid r = a (1 + cos 8) into two

parts such that lengths of the arc on either side of the line are equal.
Solution: The given equations of the cardioid and the line are

r=a(l+ cos®) and 4rcos®6=3a.
Eliminating r, we have a (1 + cos 6) = 3a/(4 cos )

or 4c0s0+4cos?0=3 or 4cos®0+4cos@-3=0

or (2cos®—1)(2 cosO+ 3)=Oi.e.,cos9:é or cosez—%~

But the values of cos 8 cannot be numerically greater than 1. Therefore cos 8 = — % is
inadmissible.

So we have cosezé ie, 0=m/3.

Hence the vectorial angle of the point of intersection of the cardioid with the given line
is /3. The cartesian equation of the given line is x = 3a/4i.c.,the line is perpendicular to
the x-axis. So now we have to prove that the arc of the upper half of the cardioid is
bisected by 8 = /3. This is the same as Problem 2 and so prove it here.

Problem 4: Show that the arc of the upper half of the curve

=a (1 — cos 0) is bisected by 6 =27/ 3. (Kumaun 2003)
Solution: As proved in Example 8, the arc length of the upper half of the cardioid
r=a(l-cos0)is4a. (Prove it here)

Also, the arc length of the cardioid from the point 6 =0 to the point 6 =2m/3
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J sm — 6 de, [ Refer the result (3) of Example 8]
2n/3

r 2c05791 ——4arcos£—cosO1=—4a[£—l]

- |73 J 2

=2a= % (4a) = half the arc length of the upper half of the cardioid.

Hence the arc of the upper half of the curve r = a (1 — cos 0) is bisected by 6 =2m/3.
Problem5:  Find the length of the cardioid r = a (1 — cos ©)lying outside thecircler = a cos 6.

Solution: The given cardioid is r = a (1 — cos 6). (1)

It meets the circle r = a cos 6. ..(2)

Eliminating r between (1) and (2), we have L
a(l—cos®)=a cos6 P f=n/3

or 1 - cosB®=cos6

or 2cosb=1 b= N

or cose=l ie., 6=ln. A 1 / ;;E

2 3
Hence the vectorial angle of the point of
intersection P of the cardioid r=a (1 — cos 8)

with the circle r = a cos 6 is ©/3.
So for the portion of the cardioid
r=a (1 - cos 8)lying outside the circle = a cos 8 (above the initial line) 6 varies from
6=n/3to6=m.
Also differentiating (1), we get dr/d® = — a sin 6.
By symmetry, the required length of the cardioid
=2 x thearclength from® = ©/3t06 = mof the upperhalf of the cardioid

2l () ]

_ T 9 _ - B . 9
—ZJn/g\/{a {1 c059)2+( asin @)} do

=2ajrE \/{(2sin2l6)2+4sin219c052l6}d9
n /3 2 2 2
=4aj” Visin? Lo (sin? Lo+ cos? L o)} do
n/3 2 2 2

:AlajrE sin — Gde 4a —2cosfﬁ1
n/3 2 [ 2 Jn/3

= —8a[cos L 1 —cos L n]=—8a[0 - V3]=4a 3.
2 6 2

0 cot o

Problem 6: Find the length of the arc of the equiangular spiral r = ae , taking s =0

when, 8 = 0. (Kanpur 2007)
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Solution: The given equiangular curve is r = ae® <t .

(1)
Differentiating (1) w.r.t. 6, we get
dr/d® = ae ¥t % cot o= r cot o, from (1).

If s denotes the arc length of the equiangular spiral measured from 6 =0 to any
point P(r,0) in the direction of 8 increasing, we have

% = \/ {72 + (%)2 }: V(r? + 12 cot’ )

Ocot o

= rcosec o = ae - cosec o
or ds = ae®°t* . cosec o 40
s 0
Integrating, JO ds = a cosec 0. jo ® ot gg
or s:ucosecwi{eemt“]g
cot o,
=aseco [e2C% _ 0= gsec o [e®0 % ).

Problem 7: Find the length of any arc of the cissoid r = a (sin” ©/cos 0) .
Solution: The given curveisr=a (sin2 6/cos 0)
or r=a tan 0sin 6. (1)

Differentiating (1) w.r.t. 6, we have
dr/de = a[tan 6 cos 0 + sec 2 9sin 0]

=a[sin®+ sec 0sin®]=asin®[l + sec 0].
We have (ds/dey =r? + (dr/dey
=a* tan® Osin” 0 + 4> sin’ o+ sec? 6)2
=a® sin® 0 [tan2 0+ (1+ sec 6)2]
= sin® 9[tan2 0+1+sect 0+2sec? 0]
= sin® 6[sec2 0+ sec? 0+ 2 sec? 0]
=a’sin® 0. sec? 0[3+ sec 2 0]
=a tan’ 63+ sec? 0]. (2)

If s denotes the arc length of the cissoid measured from the point 8 = 8, in the direction
of 6 increasing, then

ds =atan (3 + sec? 0) db,
on taking square root of (2) and keeping the +ive sign.

Let s; denote the required arc length from 6 =8, to 8 =6, . Then
Jae :
s = atan 0V (3 + sec” 0) 40
6=10]

0
- J' 8 sin O 34 1‘ 10
6] cos© cos® 0
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62 sin@ N

= 1 2
or 5| ajm o (1+ 3 cos® 0) 0 (3)

Let us first evaluate the indefinite integral

I = J sme Vi I+3c0329}d6.
cos® 0

Put cos © = ¢ so that —sin 0 d0 = dt .

B 1+3% 1+ 3¢
fhen 1o S ExeE

B J' B J‘ 3dt
¥VU+3#) V(1 + 38)
To evaluate the first integral, put t =1/z so that dt = - (1/22)

2z dz
Th - =
o I¥VG+3#) IVQ+3M V(22 +3

(z +3),

by power formula

1 ] 1 2
=l —_+3]|= +3 :\/(sec 0+3).
(tz (cos2 0 ]
Also the second integral

3dt dt
JV1+39 ng 1

=—\/3log{t+ \/(t2+é)}=—\/310g{cose+ \/(cos29+

1
§)}'

I=\/(sec29+3)—\/3 log { cos 6 + \/(cos2 0+ é)}.
Hence from (3), we get the required arc length

[ 20, ey o 2, 1.1%
s1=La\/(sec 6+3)—\/3.a10g{cose+\/(cos e+§)}Je
1

=f(®)-f6)),
where f@®)=a \/(sec2 0+3)—av3 log {cos 6 + \/(cosZ 0+ é)}.

Problem 8:  Show that the whole length of the limaconr = a + b cos 6, (a > b)is equal to that of

an ellipse whose semi-axes are equal in length to the maximum and minimum radii vectors of the
limacon.
Solution: As shown in Example 10, the whole length of the limacon

=2 j(:r \/(a2 + 1%+ 2ab cos0) d6, (prove it here). (1)

Also the maximum and minimum radii vectors of the limacon are given by cos 8 =1
and cos 6 = —1 and they are respectively 2+ b and a —b.
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Now the parametric equations of the ellipse with semi-major axis as (a + b) and
semi-minor axis as (@ — b) may be taken as

x=(a+b)cos¢, y=(a—Db)sino. ..(2)
Differentiating (2) w.r.t. ¢, we have

dx/dd =—(a+ b)sin ¢, dy/dd = (a - D) cos ¢.
Now the ellipse (2) is symmetrical in all the four quadrants and for the portion of the

ellipse lying in the first quadrant ¢ varies from ¢ =0 to ¢ = 5 .

By symmetry, the perimeter (whole length) of the ellipse =4 x the arc length of the
ellipse lying in the first quadrant

) ) e

:4]0"/2 V[{=(a+b)sin o} + {(a—b) cos 6}*] do

/2 . . . . . . . .
=4 Jon \/{ﬂ2 sin’ o+ b sin? O+ 2ab sin’ o+ a* cos® o+ ¥ cos? o
— 2ab cos” 0} do
/2 . . . .
=4j; \/{al+bz—2ab(cosz¢—sin2 0) } do
/2
=4J‘(;t \/{u2+h2—2ahc032¢}d¢.

Now put 2¢ = t so that 2d¢ = dt . Also when ¢ =0,t=0 and when ¢ = /2, t = 1.
Then the whole length of the ellipse

=4J‘(:[\/{a2+b2—2ahcost}%dt
=2J-On\/{a2+h2—2ﬂbcost}dt
=2J.0n\/{a2+h2—2abcos(n—t)}dt,
[ @ o N
B Jof(x)dx—Jof(a—x)dXJ
=2j0’t V(@ + b2 + 2ab cos ¢ ) dt
zzjon V(@ + B2 + 2ab cos 8) d6, [ j(ff(x)dx:j:f(mdt]

= the whole length of the limacon. [ From (1)]

Comprehensive Problems 4

Problem 1: Prove that the intrinsic equation of the parabola = 4ay is
s =a tan y sec Y + a log (tan Y + sec ).
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Solution: Proceeding exactly as in Example 13, we get
tan Yy =dy/dx = x/2a . (1)

Also 5—j {“_(dy) }dxzzlaj(;\/(ﬁla2+x2)dx

: 2
:L[x\/(4a2 + )+ 4d” log M],
46{[ 2a

proceeding as in Example 13.
Eliminating x from (1) and (2), we get

s =a[tan y sec y + log (tan y + sec )],
which is the required intrinsic equation.
Problem 2:  Find the intrinsic equation of the parabola yz =4ax . Hence deduce the length of
the arc measured from the vertex to an extremity of the latus rectum. (Garhwal 2003)
Solution: 'We have already obtained the intrinsic equation of the parabola y2 =4axin
Example 13, as

s = a [cosec y cot y + log (cosec Yy + cot y)], (1)
where  is the angle between the x-axis and the tangent at the point whose arcual
distance from the vertex is s . (Prove it here)

Now in the intrinsic equation (1) of the parabola the arc length s has been measured
from the vert ex. We want to find the length of the arc from the vertex to an extremity of
the latus rectum. Let this length be s; .

At an extremity of the latus rectum, y = 2a.Also tan y = y/2a. So at an extremity of the
latus rectum, tan y = 2a/2a =1lie.,y = n/4.So putting y = ©/4 in (1), we get

1 1 1 1
§1 =a[cosec — w cot —  + log (cosec — T + cot — T
p=al 4 1 g ( 4 4 )]

=a[V2+log (1+2)].

Problem 3: Show that the intrinsic equation of the semi-cubical parabola
3ay 2=2x3is9s =4a (sec3 y-1).
(Meerut 2005, 09B; Rohilkhand 08B)

Solution: The given semicubical parabola is 3ay 2-0x3. (1)
Differentiating (1) w.r.t. x , we get 6ay (dy/dx) =
or boxo_ o [3)
de ay aN@2x3/3a) V\2a
)
tan Y= =4/| — |- (2
v=2=4(2 2)

If s denotes the arc length of the given curve measured from the point (0, 0)to any point
P (x, y)in the direction of x increasing, then

- {H(@) }M (143
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N y)” = VWWT‘;?{@ R y)” _1]

0 2a (3/2).(3/2a) o 2a
.(3)
Eliminating x between (2) and (3), we get
s :%“ [(1+ tan® yP’2 —1]= %“ (sec3 y—1),

which is the required intrinsic equation of the curve.

Problem 4: Find the intrinsic equation of the catenary  y = ¢ cosh (x/c).

(Garhwal 2001, 03; Rohillkkhand 07; Kumaun 08; Kanpur 14)

2

Hence show that cp = ¢ + 52, where p is the radius of curvature.

Solution: The given curve is y = ¢ cosh (x/c). (1)
Differentiating (1) w.r.t. x, we get

dy/dx = ¢ sinh (x/¢).(1/c)=sinh (x/c).
o tan y = dy/dx =sinh (x/c). ..(2)
If s denotes the arc length of the catenary measured from the vertex (0, ¢) to any point
(x, y)in the direction of x increasing, then

=L () g oo

=J-xcosh£dx:csinh£~ ..(3)
0 c c

Eliminating x between (2) and (3), we get
s = ¢ tan y, which is the required intrinsic equation of the catenary.

Also p:ﬁzc sec 2 yv=c(l+ tan” \V):c(l+ 52) or 5p=62 + %
dy 2
Problem 5:  Prove that the intrinsic equation of the curve
x=a(l+sint), y=a(l+cost)is s+ay=0.
Solution: The given curveis x=a(l+sint), y=a(l+cost). (1)
dx/dt=acost and dy/dt=—asint.
dy _dy/de _—asint_ oy
dv  dx/dt acost
Hence tan y=dy/dx=—tant=tan (-t )
so that y=—t¢. ..(2)

Measuring the arc length s from the point t = 0, we have

S ORCE
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=jt\/(a2c052t+azsin2t)dtzﬂjtdt =at (3)
0 0 .
Eliminating ¢ from (2) and (3), the intrinsic equation is
s=a(-y) or s+ay=0.

Problem 6: Find the intrinsic equation of the cardioid r=a (1 —cos 9).
(Avadh 2005, 12; Meerut 07B; Rohillkkhand 12; Kanpur 15)
Solution: The given curve is r=a (1 - cos9). (1)
Differentiating (1) w.r.t. 8, we have dr/d8 = a sin 6.
Ao r_ r _a(l-cos9)

tan¢p=r —= = =
dr  dr/d® asin® asin @
2sin219 1
= 2 _tan-9.

2sin£9cosle
2 2

Therefore ¢ :%6, so that y=0+ ¢ =0+ %6 = %6, giving 0 = é . ..(2)

If s denotes the arc length of the cardioid measured from the cusp O (i.c.,the point6 = 0)
to any point P (r,8) in the direction of 8 increasing, we have

s—j { ( ) }de—aJ‘ \/{l—cosﬂ) + sin? 0}d60

:ZaJO sm26d6 4aL— cosfe]

=4a (1—c0s19)=8asin2 l9. ...(3)
2 4
Eliminating 6 between (2) and (3), we get
. 1 2 .91
s =8asin? [~ = or §=8asin” = v,
{4 3 v} 3 v,

which is the required intrinsic equation.

Problem 7: Find the intrinsic equation of r = a O % shere s is measured from the point
(a,0).
Solution: The given curve is r = a %t *, (1)

Differentiating (1), w.r.t. 6, we have
(dr/d®)=a coto. e % =1 cotar.

We have tanq)zrﬁzéz#:tanoc
dr dr/d® rcotoa
or ¢o=asothaty=0+0=0+0a or O6=y-o. ..(2)

If we measure the arclength s from the point6 = 0 to any point P (r, 8)in the direction of
6 increasing, we have
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s :J‘(:’V{(dr/ale)2 +r2)de= JOGV{rZ cot? o+ 2} de

0 6
J A+ cot? oc)dG:cosecoc-[ rde
0 0

6
:coseca'[oaeecm‘xde, [+ r=ae®ote]
G}
[ ,6cot o] )
=acoseca |’ :gseca[gew“x -1]- (3)
cot o 0

Eliminating 6 between (2) and (3), we get s = a sec o [V~ coto
which is the required intrinsic equation.
Problem 8:  Find the intrinsic equation of the spiral r = a6, the arc being measured from the

pole.
Solution: The given curve is r = a®. (1)
Differentiating (1) w.r.t. 8, we have dr/dé =a.

Therefore tan g =r @ _r _ad_ 0.

dr  dr/d® a
. ¢:tan_lesothat\|1:9+ 6=0+ tan~ ! 6. ..(2)
If s denotes the arc length of the spiral measured from the pole (0, 0 )to any point P (r, 6),

then
o [0 Lz (Y L Vi & + ) do
J-o (de .[o

(V@ Ddo=al @@+ 1) Llog (04 V@ + 1))
o[ o e Lt v ]

:%a[e\/(l+62)+log{6+\/(l+62)}]. (3)
The required intrinsic equation is obtained by eliminating 8 between (2) and (3).

Problem 9:  Find the intrinsic equation of the curve pz =r? -

Solution: The given curve is p2 = - (1)

Differentiating (1) w.r.t. r, we have
2p(dp/dr)=2r or r(dr/dp)=p.
B2 - a2). (2)
[ From (1)]

Also from the equation of the curve we have p=0 for r = a.
If we measure the arc length s (from r = a) in the direction of r increasing, we have

o rdr _("rdr 2 )
s_ja \j(rZ_pZ)_J‘aT, [ _pz_ﬂ]
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:lfﬁ1 :L[rZ -]
a [ 2 J 2a
a
or 2as =r’ —a® or \/(2us):\/(r2 —az) ..(3)
Eliminating r between (2) and (3), we have
22 = (2as) or a5 _ N (2a) d.
Vs

S ds v
If s =0 when y =0, then integrating, we have % =(2a) 0 dy.

as

2s =V (2a) y or s:%awz,
which is the required intrinsic equation.
Problem 10: In the four-cusped astroid 283 y2 B = a3, show that

(i) s= % a cos 2V, s being measured from the vertex;

.. 3 .9 . .
if) s == asin” \f,s being measured from the cusp on x-axis;
(i) 2 v d Jr 4 (Purvanchal 2014)
(iii) whole length of the curve is 6a .
Solution: The parametric equations of the Y

given curve are {0, a)

x=acosgt,y:asin3t. (1)
We have : %:’ Vertex)
dx/dt = — 3a cos® tsint, =0
and dy /dt =3a sin” ¢ cos ¢ . (,-;A:}}
dy _dy/dt _ 3asin® ¢ cos ¢ - tant I
dv dx/dt  —3q cos” tsint
So we have B0, - a)
tany=dy/dv=—tant=tan (- t).
y=—t. ..(2)
2
Now (é) =( ) ( 9a cos? tsin’ t)+ (9a2 sin* ¢ cos® t)
dt dt

=94” sin” t cos” t(C052 t + sin’ t)
2t (3)

(i) If s denotes the arc length of the given curve measured from the vertex (i.c., the
middle point of the arc in the Ist quadrant) to any point P lying towards the cusp on
x-axis, then s increases as t decreases. Therefore ds /dt will be negative, so from (3), we
have

=942 sin? ¢ cos

ds/dt = —3asin t cos t
or ds =—3asint costdt. ...(4)
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Now at the vertex of the given curve, we have t = n/4.
From (4), the arcual distance s measured from the vertex is given by

t t
s:—3aJ sintcostdtz—g—ﬂ sin 2¢ dt
n /4 2 Jn/4
t
__3a [_ cos2t] _3 a cos 2t . ..(5)

2 [ 2 Jn /4
Eliminating ¢ between (2) and (5), the required intrinsic equation of the curve is
(

3 3
s==acos{2(- =Zacos2y.
1 { W)} 1 v

[ cos(—0)=cosB]
(ii) If s denotes the arc length of the given curve measured from the cusp on x-axis to
any point P lying towards the second cusp on y-axis, then s increases as ¢ increases.
Therefore ds /dt will be positive. Hence from (3), we have

ds/dt =3asintcost or ds=3asint costdt.
Also at the cusp on x-axis, we have ¢ =0.

¢ [in? ¢1°
S:J- 3asin ¢ cos tdt:Salsm tJ :§usin2t. ...(6)
0 0o 2

Eliminating ¢ between (2) and (6), the required intrinsic equation of the curve is
3 .9 3 .9
s==asin” (- or s=2=asin” .
5 -w) 5 .
(iii) The whole length of the curve is already obtained as 6a in Example 4.

Problem 11: Find the cartesian equation of the curve whose intrinsic equation is s = ¢ tan

when it is given that at y=0,x=0and y=c.

Solution: The given intrinsic equation of the curve is s =c¢ tan y. (1)

Differentiating (1) w.r.t. “x’, we have ds /dx = sec 2 . (dy/dx). (2)

Also ds _ )y (dl)z =V(1 + tan® y) = sec . ..(3)
dx dx

Equating the values of ds/dx from (2) and (3), we get
¢ sec V. (dy/dx)=secy or dx=c secydy. (4
Integrating both sides of (1), we get
x+ A =clog (sec ¥+ tan y), where A is constant of integration.
But as given y =0 when x =0 so that A =0.
Therefore xr=clog (sec W+ tany) or e /¢ = sec y+ tan y. ..(5)
Now e I _ 1 _ secy-—tany _
e¥/¢ secyttany  sec® y— tan® g

sec Y — tan y.

...(6)
Subtracting (6) from (5), we get

" x/c _ e x/e

e — e Z2tany or tany="
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or d_ sinh & (Note)
dx c

or dy =sinh (x/c) dx

Integrating both sides, we get  y + B =c¢ cosh (x/c). (7)

But (as given) when x =0, y =¢ so that B=0.
Therefore putting B =0 in (7), we get y =c¢ cosh (x/c¢),
which is the required cartesian equation of the given curve.

@nts to Objective Type Questions

Multiple Choice Questions

1. See article 3.
2. The given curveis r=a (l+ cos®).

ﬂ =—asin6.
de
ds _ arY _ 2 .
Now, B I —a2(1+cose)2+ﬂ sin®
e de
2]
=a’ (2 cos? ) (ZSingcosg)
2 2 2
=4a? cos> > rcos 2 4 sin? 7] 4d? cos® 6
2]
é =2a cos —
Ao
2 2 2
3.  We have, (é) = (@) + (dl)
dt dt dt
=(-3a cos® ¢sin t)2 + (3a sin® ¢ cos 1,‘)2
=9a® cos® tsin’ t(cos2 t + sin® t)

=94® cos” tsin® t = (3asin t cos t).
See Problem 1 of Comprehensive Problems 3.
See article 1.
See Example 1.
See Example 4.
See Example 9.
See Problem 4 of Comprehensive Problems 2.
See Example 14.

.
—oYv®NAvA

p—

See Example 16.
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Fill in the Blank(s)

See article 1.
See article 2.
See Problem 1(i) of Comprehensive Problems 1.
The given curve is r = a e 9t *,

ﬂ:ﬂeecota
Aae

Now, (de) =+ (;ir) =+ Pclo =12 1+ cot? o) = r2 cosec 2 o

.coto=rcoto.

ds
7 =rcosec 0. Or ds =r cosec 0, d6.
0

We know that (ds) =1+ ( de) ds _ 1+ ( de)
r dr ar dr

See Example 5.

True or False

See article 2.

The relation between s and y for any curve is called its intrinsic equation.
See article 4.

dr 21
Th length b + de.
e arc length is given yj \/[r (de) J

See Example 4.
000




Chapter-9

Volumes and Surfaces
of Solids of Revolution

Comprehensive Problems 1

Problem 1(i): Find the volume of a hemisphere.

Solution: Proceed exactly as in Example 1. The hemisphere is generated by the

revolution of a quadrant of the circle 2+ y 2 — 4% about x-axis. The limits for the

volume will be from O to a . The required volume of hemisphere is % .

Problem 1(ii): Find the volume of a spherical cap of height h cut off from a sphere of radius a.
(Kanpur 2010)

Solution: The limits for the volume of the spherical cap of height i will be froma — i to

a. Proceeding as in Example 1, we get the required volume

3ﬂ
[ VST L B NI B RN
_J‘ﬂihny zix_nJ‘ ](a x%)dy 1t|:a X 3:| I

a—n

a—n

3 1 3 9 1 3

=nla ——a —a“ (a-h)+ =(a—h

[ 3 ( ) 3( )]
=n[a3—la3—a3+a2h+la3—a2h+ah2—lh3]

3 3 3
1.3 92 1

=nlal? -1 =nla-~h].

[ 3 ] [ 3 ]

Problem 2(i): A segment is cut off from a sphere of radius a by a plane at a distance % afrom

the centre. Show that the volume of the segment is 5/32 of the volume of the sphere.

Solution: Draw the figure as in Example 1. Let BC be the line x = % a.

The segment of the sphere is generated by revolving the area ABCA of the circle about

the x-axis. Hence the limits for the volume of the segment will be from x = é atox=a.

. The volume of the segment of the sphere

4 9 4 2 B 9 2:

_Janny dx—'[a/zn(a xz)dx, [ X +JI az]
3 a

=n|dx- =Tc[513—la3—(la3—L 3) =n[ia3]=i[énu3 .
3 a2 3 2 24 24 3273
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Also volume of the sphere = % . [See Example 1]
> [4 Tl',ﬂg]
Volume of the segment _ 32 3 _5
Volume of the sphere 4 na3 32
3
Le., Volume of the segment = 35—2 of the volume of the sphere.

Problem 2(ii):  The part of the parabola y2 = 4axcut off by the latus rectum revolves about the

tangent at the vertex. Find the volume of the reel

thus generated. Y
. . ) o 2 .
Solution: The given parabola is y~ = 4ax. C:__ A= (0. 22
It is symmetrical about x-axis. The tangent . N
at the vertex is x =0 ie., y-axis. LL’is the b‘l-'{—-u—w J’Q
latus rectum. .
A reel is formed by revolving about y-axis ",
the area enclosed between the arc L”OL of -
the parabola and the axis of y. The volume
of the reel generated by the revolution of the " ) Sle, B ¥
arc cut off by the latus rectum LL” about p
_y-axis = 2 x volume generated by revolving !
the area OLK about y-axis. .
Consider an elementary strip PMNQ .
parallel to the axis of x, where P is the point . ’ )
(x, y)and Qis the point (x + &, y + dy) on R L e, -2u)
2 -
the parabola y~ =4ax. by
Then PM = x

and NM =ON-OM =(y+d&y)- y=3.
Now volume of the elementary disc formed by revolving the strip PMNQabout y-axis
= (PMY - (NM)=nxdy.
Also as the length of the semi-latus rectum SL is 2a, therefore y varies from 0 to 2a.
The required volume

2
_2j “ldy = 2j [ jldy [+ y* =4ax]

9 5 2a 4
J. Yay= T | L T 320 = 2 mad,
5 0 40a 5
Problem 3:  Prove that the volume of the solid generated by the revolution of an ellipse round its
minor axis is a mean proportional between those generated by the revolution of the ellipse and of the
auxiliary circle about the major axis. (Rohilkhand 2010)

Solution: Let the ellipse be 2/ + )72/172 =1L (1)
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(2)

2 2

Also the equation of its auxiliary circle is x* + y -2

¥

B|(O. b)

N ; Qlx + &, y + &)
BJ' \\*\\\ \\\_‘ \
M “\\ } . \P b, ¥)

= \(a, 0)

¥ A ] A X

B0, <b)

Take an elementary strip PMNQ perpendicular to the axis of x. We have PM = y and
MN = &x. Now volume of the elementary disc formed by revolving the strip PMNQ
about the x-axis = n. (PM )2 -MN = ny2 or.

Also the ellipse is symmetrical about the y-axis and for the portion of the curve lying in
the first quadrant xvaries from O to a. Therefore the required volume of the solid formed

a - ap? .
=2njo fdx:ujo ’Lzml-%)dx [ From (1)]
a

a 2
=2n—[a2x—lx3] =27tb—(5¢3—la3)=é mb2=v1, say.
3 1o a2 3 3

Also the volume of the sphere formed by the revolution of (2) about x-axis is

g = Vy , say. [See Example 1; prove it here]
Now we have to find the volume of the solid formed by the revolution of the ellipse
about the minor axis ie., the axis of y. Consider an elementary strip PMNQ
perpendicular to y-axis. Then the volume of the elementary disc formed by revolving
the strip PMNQ about y-axis = 7 x 2 dy.

The ellipse is symmetrical about x-axis and on the arc AB of the ellipse y varies from O to
b.

. The volume of the solid generated by the revolution of the ellipse about y-axis
b
=2j0 n 2 dy (Note)

2 ) 2
=2n27j0 > - ) dy « From(1), & =“_(1* - %)

&
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V3 , say.

b
:27m2 [hz B y?’] :21m2 [bg _bg’]:4m2h _
3

b 3, P 3| 3
Now mean proportional between V; and Vy
=Vaqw)=vé¢m#.gnf)zgnfhzva

= volume generated when ellipse is revolved about minor axis.

Problem 4(i):  Find the volume of the solid generated by the revolution of an arc of the catenary

y =c cosh (x/c)about the x-axis. (Meerut 2009B; Purvanchal 11)

Solution: The given equation of catenary is Y
y =ccosh(x/c).

Let AL be an arc of this catenary where L is the

point (x, y).

Take an elementary strip PMNQ perpendicular to

the axis of x, so that PM = y and MN =dx. = |

Now volume of the elementary disc formed by (0, e))A

revolving the strip PMNQ about the axis of x
=n.PM? MN =y ? dx.

..the required volume

_ X 9
—jony e
= n.[xcz cosh® X dx, [+ y=ccosh(x/c)]
0 ¢
2 x
- "(Hcosh%)dx:&[ﬁzsmh%]
2 J0 c 2 2 ¢ Jlo

NS}

b [ c . Zx]
=" lx+ —sinh= 1.
2 2 c

The solid of revolution formed by revolving a catenary about its directrix is called a
catenoid.

Problem 4(ii): Find the volume of the solid generated by the revolution of the curve
J= a* /(”’2 + Xz)“h””t its asymptote. (Garhwal 2001; Agra 02; Meerut 09)
Solution: The given curve is vl

y=a3/(ﬂ2+x2) Plx, ¥)

or xzy:az (a—y). (1) . Q{r+mj1-&v}
Equating to zero, the coefficient of the TR

highest power of x, the asymptote P ﬂfl\N
parallel to x-axis is y =0 i.e., x-axis. The

shape of the curve is as shown in the
figure.
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Take an elementary strip PMNQ where P (x, y) and Q (x+ &, y + dy) are two
neighbouring points on the curve. We have PM = y and MN =dx.

Now volume of the elementary disc formed by revolving the strip PMNQabout the axis
of xis )
=nPM?> MN =1 y° &r.

The curve is symmetrical about y-axis and for the portion of the curve in the positive
quadrant x varies from O to ee.

" The required volume

—ZJ‘ ﬂ:y dx=2m *

bo wrar
=21ta6J.n/2 a sec? 0 do
at (1+tan2 0)2’

dx [ From (1)]

putting x = 2 tan 0 so that dxr = a sec” 0 d0

/2
=2TC(/13J. Lede 2 SJ c0529d9
0

sect @
—nad L laol 2
2 2 2

Problem 5: If the hyperbola x 2)d - y 2 /1% =1 revolves about the x-axis, show that the

volume included between the surface thus generated, the cone generated by the asymptotes and two

planes perpendicular to the axis of x, at a distance I apart, is equal to that of a circular cylinder of

height h and radius b.

Solution: The given hyperbola is _ X
2/ -yt =1, (1) @y K

and the equation of its asymptotes is
2/ - y2? =0

or y=x(b/a)x

Let the two given planes be at distances

cand (¢ + I) from the origin O. Then

the volume of the portion of the cone b.¢f

generated by the asymptotes between
x=cand x=c+ his

4

r=c+h

=k 4

I
:Jc+1 TCJ/Z e
c
where y:éx
a
(Note)
o2 2.3
=nj”’bﬂ2dﬁng[’f] _
¢ a a 3
:nh2

32 (13 + 3ch® + 3¢ h] =V, say.
a
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Now the volume of the portion of the solid generated by the hyperbola between the two
given planes (i.c., between x =c¢ and x=¢ + h) is

c+h i, h )7
:L Ty’ where —2 hT:I (Note)
a
9 p c+h
=%J‘H1(x2—a2)dx=i2 2y
a- ¢ a 3 c
2
=%[é{(c+h) —3 Y —d e+ )]
a
3 2 2 2
=72[h + 3ch” + 3¢® h —3a” h]=V; ,say.
3a
" The required volume = V| -V,
2 ,
nb [h + 3a® + 3¢ h] - h, [113+3ch2+352h—?m2 h)
342 3a®
2
:K-Sazhznbzh
3d®

= volume of the cylinder of radius b and height / .

Problem 6(i): Find the volume formed by the revolution of the loop of the curve

y 2 % (a - x) about the axis of x. (Kanpur 2008)

Solution: Proceed exactly as in Example 2. The required volume

=2na> (log 2 —%)

a+ x)=x

Problem 6(ii): Find the volume of the solid generated by the revolution of the loop of the curve
y 2 = x? (a - x) about the axis of x. (Kanpur 2011)
Solution: The given equation of the curve is yz =x?(a-x) (1)

Putting y =0in (1)wegetx =0, x = a i.c.,theloop is formed between (0, 0 )and (4, 0).

" The required volume = j: nyz dx [ Proceeding as in Example 2 ]
:n.[ﬂxz(a—x)dx [ From (1)]
0
< 4 a
J xza—xg dv=T ai R =na4[l—l]=inu4.
34, 3 4 12

Problem 7:  Show that the volume of the solid generated by the revolution of the upper half of the

loop of the curve y 2 = x? (2 - x) about x-axis is 4
3 (Meerut 2005)

Solution: Put a =2 and proceed exactly as in Problem 6(ii) .

Problem 8: The area of the curve 2By y2/3 = a3 lying in the first quadrant revolves
about x-axis. Find the volume of the solid generated. (Agra 2014)
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Solution: The given curve is W\H {tha

X2/3+J/2/3:ﬂ2/3 (1)
The curve is symmetrical about both the axes. The
coordinates of Bare (0, a)and those of A are(a, 0). .
Take an elementary strip PMNQ where P is the
point(x, y)and Qis the point (x + &, y + 8y)onthe 4.
curve. We have PM = y and MN = dx.
Now volume of the elementary disc formed by
revolving the strip PMNQ about the axis of xis 127tk =

—ny&x

The required volume
= Joaxyz dx, by symmetry
B a 9n 2533
=n j , @ 2B g

[ from (1), y*7 = (a*P ~ 2P ) s0 that y* = (a*® - 2B

n/2 .
=7 j() a2 cos® 8- 3asin® 0coso do ,
putting x = asin’ @ so that dx = 3asin® 0cos do

1.6.4.2 _l6na’
9.7.5.3.1 105

/2
=3na j: sinZ@ cos’ 6 d6 = 3ma° -

Problem 9:  Find the volume of the solid obtained by revolving the loop of the curve

ﬂzy 2_42 (2a — x) (x — a) about x-axis.

Solution: The given curve is a J/z =x? (2a—x)(x—a). (1)
The curve (1) is symmetrical about x-axis. It passes through the origin but the origin is a

conjugate point. The curve cuts the r-axis at the points (2,0)and (24,0)and so the loop
of the curve is formed between (a,0) and (24,0).

2 2 _ _
The required volume = J ‘ y2dx P J ‘ M dv, [ From (1)]

X=a

a
2a
) 4
o 1 . B
gz a Z 5 4 3
a
_m (324 |55 16a @ 30 2
a 5 4 3
na3[ g+12—E—l—§+g]:7gnu
5 3 5 4 3] 60

Problem 10: A basin is formed by the revolution of the curve x3 = =64y,( y>O0)about the
axis of y. If the depth of the basin is 8 inches, how many cubic inches of water it will hold ?
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Solution: The given curve is

=64y. (1) ' —I7
At {’NA

The curve (1) passes through the origin and [

the tangent there is the line y =0. When N

y>0,we have x> 0 and so no portion of the dy ‘(JE MR PQ &y; S+ G
curve lies in the second quadrant. jﬁ/

Take an elementary strip PMNQ where

P(x, y) and Q(x+d&x, y+3dy) are two

neighbouring points on the curve and PM

and QN are perpendiculars from the points

P and Q respectively, on the y-axis.

We have PM = xand MN = Jgy.

Now volume of the elementary disc formed by revolving the strip PMNQabout y-axisis
=n.PM? MN = nc? .

Clearly to form the required basin y varies from O to 8.

. The required volume (i.c., the capacity in cubic inches)

ZJB_ ndy= j n (64 yP/3, [From (1)]

8
= 161tj y2/3 dy=16m. |:§ y 5/3:| _48n -32= 1536m cubic inches.
0 5 0 5 5
Problem 11: Show that the volume of the solid generated by the revolution of the curve
(a—x) y = a’x , about its asymptote zs% na’.

(Meerut 2004B, 06B; Kumaun 07, 08, 12; Rohillkhand 12)

Solution: The given curve is (x + &, v+ &0

(a-x) y*=d”x. (1)

Its shape is as shown in the figure. Equating to zero, the
coefficient of highest power of y, the asymptote parallel @, )
to the axis of yisa—-x=0iec,x=a. :
Take an elementary strip PMNQ, where P (x, y) and
Q(x+ &, y + dy) are two neighbouring points on the
curve and PM, QN are perpendiculars to the asymptote
from the points P and Q respectively. We have &
PM =OL - OK =a — x and MN =§y.
Now volume of the elementary disc formed by
revolving the strip PMNQ about the line x = a is
=n.PM% MN = n(a—x} .

The given curve is symmetrical about x-axis and for the
portion of the curve above x-axis y varies from O to eo.

The required volume =2 J. - 0 m(a— x)2 dy
y=
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- a2 2 o
=2x a-—>——| dy, ~ from (1), x=—2
J‘O[ y2+al] _)lz'f'ﬂZ
o d
=2na® . —
J.() (y2+u2)2

Now put y =a tan®so thatdy =a sec 2 6 d6.
When y =0,6=0 and when y — ,0 — n/2 . Therefore the required volume

/2 2
=2na 6J.n asec ede Tl:ﬂ3J.n cos® 0 de
sec’ 0 0
=2nd’ L n=l .
2 2 2
Problem 12: The figure bounded by a quadrant of a circle of radius a and tangents at its

extremities revolves about one of the tangents. Prove that the volume of the solid generated is

5 1 3
- @) ma’.
(3 5 )

Solution: Let the arc AB be the = .
quadrant of the circle x2+y2=ﬂ2. (0, 8) B, - & SR e
The area bounded by the arc AB and
the tangents AC and BC (i.c., the area o
ABCA) is revolved about the tangent &) F
AC, (say). Take an elementary strip ; i
PMNQ where P (x, y) and S — \ f
Q (x + &, y + dy)are two neighbouring !
points on the arc AB and PM, QN are OV, o KAl
perpendiculars from Pand Q on the
tangent AC.
We have PM=0A-0OK=a-x
and MN =AN-AM = y+ 3 — y=9y.
Now volume of the elementary disc formed by revolving the strip PMNQ about the
tangent AC (i.e., the line x = a) is

=n.PM? MN =n(a—x/ .
Also for the arc AB, y varies from O to a.

ey

The required volume

_r¢ N2 _ a9
—f :On(a—x) ﬂly-njo (a +x2—2wc)dy

N e N R e

Il
a
—
N
AN}
o
<
|
‘%
w
|
N
Q
I
<
<
IS
N
<
N
+
IS
N
<1
=
—
<
~
2
—
1
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Problem 13:  The area cut off from the parabola yz = daxby the chord joining the vertex to an
end of the latus rectum is rotated through four right angles about the chord. Find the volume of the

solid generated. (Rohilkhand 2009; Bundelkhand 09)
Solution: The given parabola is y 2 _dgx. {a, 2a)

Let LL’be the latus rectum. The area bounded by the arc AY "

OL and the chord OL isrevolved about the chord OL . [#)

Let P(x, y) and Q(x+dr, y+3dy) be any two P.-MN

neighbouring points on the arc OL and PM, QN be the

perpendiculars from P and Qrespectively on the axis of ©, {:}
[}

a
Py

(@, O)

revolution OL .

Now volume of the elementary disc formed by
revolving the strip PMNQ about the chord OL is

=n.PM% MN=n.PM?%.d(OM).
(Note) L

P

Also equation of the chord OL is

y—O:Z“‘: (x=0)ie,2x— y=0 (1)

PM = the length of the perpendicular from (x, y)to (1)
2x—y _2x-y

Ver+?) s

and OM:\/(OP2—MP2)=\/{(x2+y2)—(2x_y)2}=x+2y~

5 V5
Now the required volume

:j”_o n(PM Y d(OM ),
' [+ for the arc OL, x varies from O to a]

[ m (B ()

=J-a n(Zx—2\/(gx))2d(x+2.2\/(ax))dx7 [ y=2\/(ax)]

r=0 5 dx 5
A _ 2 ) 1
57 JO {2x =2 (ax) } (l+4\/u Nx)dx, (Note)
I T O 3/2 a
=575 b [x* -2Vax +ﬂx]{l+2 (A)]dx
4n a4

2 3/2
= x% =Sax+ 2a>* N x]dv=
55 Jo [ ] 545

47 |:a3 3a3 4a3] 27m3 245 3
+ —|= = a

an [B sm? 25372 827"
- - +
3 9 32 |,

15V5 75
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Comprehensive Problems 2

Problem 1: Find the volume of the solid generated by the revolution of the cycloid
x=a©+sin0), y=a(l-cs0),0<6< 7,

(i) about the x-axis. (ii) about the base.

Solution: The equations of the cycloid are x=a (0 +sin®), y=a (I - cos9).

The cycloid is symmetrical about the y-axis. For half of the curve6varies fromOto .

Now proceed exactly as in Example 5.

Problem 2: Show that the volume of the solid generated by the revolution of the cycloid

x=a(9+sin6)y-a(l—cosO),OSGSﬂ:,
3 2 8
about the y-axis is T =)
J- (2 3>
Solution: The curve is as shown in the figure.

The required volume

:Jzu nxzdy—n'[ xzdy 40

- j::() a® 0+ sin0) asin6 do

= naSJ:_O(GZ +20sin 0+ sin’ 0)sin 6 46
= na J'On (6%sin®+ 20 sin? 6 + sin° 0) 46
= na’ Iy + 21y + I3), say
where I = J. 0 sin0 do = [ GZCOSG] J 26 cos0d6
2 . . 2 T
= 2 -2 e = 2
b +[ 0 sme]o .[O sin® 46 =n" + [cose]o
=’ +2(-1-1)=n’ -4,
_ T .92 _ g _ .2 _
12_.[0 0 sin' Gde—'[o (m—0)sin” (n —0)do,

[ IO” f(x)dxzj: f(a—x)dx]

=J'7t nsin2GdG—Jnesin29d9=nJ.nsinzede—Iz
0 0 0

/2
so that 212=1tjnsirlzeﬂ19:2nj7T sin” 0 d6
0 0
/2 .
or Izzn'[n sinzedezn-l-ln:ln2,
0 2 2 4
/2
and I3=J-nsir136019:2j-7E si1136d9:2-l=é~
0 0 3.1 3
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The required volume = na’ (Iy + 21 + I3)
= na> [(rc2 —-4)+ 2-l + é]: na’ [§ e _8
4 3 2 3
Problem 3: Prove that the volume of the reel formed by the revolution of the cycloid
x=a(®+sin®), y=a(l-cos8)
about the tangent at the vertex is ma’. (Agra 2003; Kumaun 13)
Solution: The given cycloid is symmetrical about the y-axis and the tangent at the
vertex is x-axis. The reel is formed by the revolution about x-axis of the area enclosed
between the cycloid and the x-axis. For the arc OA of the curve 6 varies from O to 7.
MY

D= =m i=x

1

I
=" Oln=T~<MN |
nd \

Wi

Take an elementary strip PMNQ where P is the point (x, y) and Q is the point
(x+ &, y +3y). We have PM = y and MN =dx.

Now volume of the elementary disc formed by revolving the strip PMNQ about the
tangent at the vertex (i.c., about x-axis) is = © PM 2MN=n y 2 8.

" The required volume

=2 j nyz dx , between the limits of integration from O to A
T dx
=2 > 2 e
Jo =7 %
T2 2 : dx
=2n I a“ (1-cosB) .a(l+ cos®)dd, putting for y and —
0 Aae
< b 2 by
=2na’ In (2 sin’ g) . (2 cos® g) de
0 2 2
/2 ’
=2na Jon 4sint .2 cos® £.2dt, putting g =tso that 0 =2 dt

/2
=32na° Jo sin® ¢ cos® t dt

3.1.1
4.

23

=32 na’ - =na’.

(@)}
N
NS
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Problem4:  Prove that the volume of the solid generated by the revolution about the x-axis of the

loopoftfhecmvex—i:2 y=t- ;3 in.

Solution: The given parametric equations of the curve are

1 3

x-t2 y=t- (1)

Eliminating ¢, we have

yZ:tz(l—étz)Z:x(l—%x)2.

The curve is thus symmetrical about the x-axis. The curve cuts the x-axis at the points
(0,0)and (3, 0). Therefore the loop of the curve lies between these points. Putting y =0
in (1), we get

—%ﬂ):O giving £ =0, + V3.

Therefore for the upper half of the loop ¢ varies from 0 to V3.
) B3, dx V3 L 3y
The required volume = jo Tyt dt = J. w(t— 3 t° ) 2t dt, from (1)

0 9 0 9

A1 8 2t6\/3 9 1 81 2 27
=2n|—+ — —-=-— =2 [7+7f 77]

[4 9 8 3 6]0 4 9 8 3 6
_2n[2+2_3]=3j

4 8 4

Problem 5:  Find the volume of the spindle shaped solid generated by revolving the astroid

2By y2/3 = a?’ about the x-axis.

Solution: The parametric equations of the given curve x 2B 4 y 2B = 2B
x=acos> t,y:asingt. (1)
The curve is symmetrical about both the axes.

At the point B, x =0 andsotz% .

Again at the point A, x =a and so t =0.
Therefore for the portion of the curve lying in the first

quadrant ¢ varies from % n to 0.

The required volume =2 x volume generated by
revolving the area lying in the Ist quadrant

_2J'x_ n y? de= zjnnﬁ’z

0 . .
=21'c." P a* sin® t.(—3a cos? tsin t dt ),
T

[From (1)]
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6.4.2.1 32 _ 3
= na

/2
=6na Jn sin’ ¢.cos® tdt=6ma 2T Ll o 02
0 9.7.5.3.1 105

Problem 6: Find the volume of the solid generated by the revolution of the cissoid
x = 2a sin’ t,y=2a sin® t/cos t about its asymptote. (Kanpur 2006; Bundelkhand 14)

Solution: The given parametric equations of the cissoid are

x = 2a sin® t,y=2a sin> ¢ /cost. [Remember]
Let us eliminate ¢ between these equations.
We have sin® t = x/2a . (1)
2
Now yz —9a sin® ¢ — 4 sin® ¢ — 4 (sin2 1,‘)3
cos t cos® ¢ 1-sin® ¢
2 3
_ {4a” (x/2a)"} , [ From (1)]
{1-(x/2a)}
= X3 .
2a—x

Thus y 2 (2a - x) = 2° is the cartesian equation of the given cissoid and for the shape of
the curve see Example 3.

Proceeding as in Example 3, the required volume
n/2
t

—on (7 — P dy = Y
_2njy:0(2a P dy ZnJ.ZO(Za x) dtdt

[+ t=0, when y:Oandt—)%nwhen Y — o]

n/2 in2 2 in
:21‘5-[ (2a—2asin2 t)2.2a33m tc052t+sm Ear
0 cos” t

/2
=16ma> J-O cos” t(3 sin® t cos® ¢ + sin? t)dt
/2 n /2
=16na> [ .[0 3sin® t cos® £ dt + .[0 sin® £ cos? tzit]

IRV PO U T B D B B B
6.4.2 2 6.4.2 2

4
:l67m3~%~(3+1):2n2a3.

Comprehensive Problems 3

Volumes Of Solids Of Revolution (Polar Equations).

Problem 1: Find the volume of the solid generated by the revolution of r = 2a cos 8 about the

initial line.
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Solution: The given curve r =2a cos 6is a

circle passing through the pole. It is symmetrical ¥4

- » E’.' En
about the initial line (i.e., x-axis). We have 6 = 0 at /
the point A and® = n/2at the point Owherer = 0. # = /2

Thus for the upper half of the circle @ varies from O ke B =0,
1 2a L X
to= 1. /
2 !
. The required volume _/
2 /2 3 . },r —-
== 77 sin 6 46
3J0
[Note: Wehaveused the formula givenin article 2 (i) ]
/2
= % T j; (2a cos 6)3 sin 6 40 [ r=2a cos]
3 m/2 3 en/2
_loma J’“ cos> 0sin0 do = — 10T J'” cos® 0. (—sin 0) d6
3 0 0
n/2
__ 167’ ~|:cos4 9:|
3 4,
= drBo-n=2ras.
3 3

Problem 2:  The arc of the cardioid r = a (1 + cos ), specified by — ©/2 <0< 1/2 ,is rotated

about the line © = 0, prove that the volume generated is % .

Solution: See figure of Example 7. Here the portion B’ AB of the cardioid is rotated
about the initial line (i.c., x-axis). Obviously the volume generated is the same as the
volume generated by the revolution of the portion AB about x-axis. For the portion AB,6

varies from O to % T.
The required volume

/2
=th %ni‘gsinede

0
3 em/2
_ 2"3“ K (1 + cos8)® sin 6 de
/2
__2n a3 |:(1 + cose)4 ]
3 4 0

=—lna3 [1—16]:§na3 ] na.
6 6 2
Problem 3: Find the volume of the solid generated by the revolution of the cardioid
r=a (1 — cos 0) about the initial line. (Rohilkhand 2010)

Solution: Proceed exactly as in Problem 2. Required volume = g .
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Problem 4:  Show that the volume of the solid formed by the revolution of the curve
r=a+ bcos 0 (a>Db)about the initial line is % na (a2 + bz).
(Meerut 2008)
Solution: The given equation of the curve is
r=a+bcos® (a>h). (1)

It is symmetrical about the initial line and for the upper half of the curve & varies from 0
to .

. The required volume formed by revolving the whole curve about the initial line

=j"%nr3sinede
03

= 237“ On (a+ b cos 6)3 sin 0 d6, [ From (1)]
__% On (ot+bcose)3 (—bsin®)do
g
__2m (a+hcose)4
3b 4 0

_ 2nf@-b @+h)t|_n 4 _ 4
= Bb{ - - }— [(a+b)* —(a- b))

:éiua+h%+wa—h%]Uu+hP—wa—bF1

= T o+ 1) dab = (2 4 12y,
6D 3
Note: If b = a, then the given curve becomes r = a (1 + cos 6)i.c.,a cardioid and hence
the volume of the solid generated by the revolution of the cardioid
r=a (1 + cos®)about the initial line = g a (az + uz) = g .
Problem 5: Find the volume of the solid generated by revolving one loop of the lemniscate

7 = a2 cos20 about the line 6 = l .
2 (Garhwal 2002; Meerut 06; Kumaun 07, 11)
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Solution: The given curve is ¥

r2 = a® cos20 (1) 0= /4
It is symmetrical about the initial p
line. P
We have r =0 when cos26 =0 a A=1{

. 1 1 >
ie. ZG:ign or Gzizn. B 73N A )4

Thus for one loop 6 varies from —m/4 N
to m /4. And for the upper half of ﬁ‘z -n/d

one loop 6 varies from O to 1 .

Hence the required volume of the solid generated by revolving one loop about the line
0= 1 n (i.e., y-axis)
2
/4
:ZJ‘E 2 13 cos 6.0
0 3

[Note. We have used the formula given in article 4 (ii)]

/4
:i"jn 3 (cos 2097 cos 6 do, [ From (1)]
3 Jo
3 /4
_dma” 7 1-2 sin’ 9)3/2 cos 0 d6.
3 0
Now put V2sin6 = sin ¢ so that V2cos0 6 = coso do . [Note the substitution]

Also when 0 =0, 6 =0 and when®=n/4, ¢ = /2.
Then the required volume

3 em/2 5
. [0 a-sin® q))j/z.écosq)d(])

3
=47m3 / cost ¢d¢=4na3.£.£=n2a3
342 3V2 4.2 2 442

Comprehensive Problems 4

Problem 1: Find the surface of a sphere of radius a . (Agra 2000; Kanpur 06)

Solution: Suppose the sphere is generated by the revolution of a semi-circle of radius a
about its bounding diameter (say x-axis).

Let the equation of the circle be 24 y 2=, (1)

the centre being the origin.

Then as in Example 10, we get ds/dx=a/y .

Also for the semi-circle, x varies from —a toa .
The required surface

:27t_[ﬂ yds:anjay%dx:Zn Ja -

X=-a
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:211:'[” adx:Zna[x ]a :21m(a+a):41m2.
—a —-a

Problem2:  Show that the surface of the spherical zone contained between two parallel planes is
2mah where a is the radius of the sphere and h the distance between the planes.

(Kanpur 2009)

Solution: Let the sphere be generated by My
the revolution about the x-axis of the circle
&ty =at, ()

Let the two parallel planes bounding the /'—
spherical zone be formed by the

revolutionof thelinesx=band x=b + I .

Then the required surface is generated by

the revolution of the arc AC about x-axis.

Proceeding as in Example 10, we get -l
ds _ a

&y
The required surface

:I:+]12ny%dx \\___L_

b+h
:ZEI y.ﬁ
b y
b+h

b+
:2mjb’“dx:2m[x]b

dx
=2ma(b+h—h)=2nab.

Problem 3: Find the area of the surface formed by the revolution of the parabola yZ =4ax

about the x-axis by the arc from the vertex to one end of the latus rectum.
(Rohilkhand 2011)

Solution: The given parabola is yz =4ax . (1)
Differentiating (1) w.r.t. x, we get
2y (dy/dx)y=4a or dy/dx=2a/y.

SRR

=\/(4ax+4a2)7 [ From (1)]
J

:2\/u\/(x+ a) (2)
J

For the given arc from the vertex (0,0) to one end of the latus rectum, say the end
(a, 2a), x varies from O to a .
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The required surface

=I::02nyd—didx=2n_l-:y-w&, [ From (2)]
_ 1/2 31"
—4n\/a‘[0 (x+a)*dr=4na. [3 (x+ a) :|0

:8n3\/u[(2a)3/2_a3/2] 8na’ 8ma” 19 o 13,

Problem 4: Find the surface generated by the revolution of an arc of the catenary
y =c cosh (x/c) about the x-axis, between the planes x = a and x = D. (Agra 2003)

Solution: Proceeding exactly as in Example 11, the required surface
b
:211:.[ yds dx = nc[x+ smh(zx):l
= dx 2 ¢/,

=Tnc [(b —a)+ Esinh 2h _ £sinh2—a] .
2 c 2 ¢

Problem 5: For a catenary y = a cosh (x/a), prove that aS =2V = ma (ax + sy),

where s is the length of the arc from the vertex , S and 'V are respectively the area of the curved
surface and volume of the solid generated by the revolution of the arc about x-axis.

Solution: The given equation of catenary is y = a cosh (x/a). (1)

The vertex of the catenary (1) is the point (0, a).
Differentiating (1) w.r.t. x, we get dy/ﬂlx =sinh (x/a).

== 1+ dy 1+smh2 —coshf

or ds = Cosh (x/a) dx

If s is the length of the arc from the Vertex(x =0)toany point(x, y)onthe catenary, then
we have

- a
s =r cosh (dex:[a sinh E] =asinh *- ..(2)
0 a alo a

Now S = area of the curved surface of the solid generated by the revolution of the arc
about x-axis

= Qny S dy = na[x+ﬁsinh2—xj| ..(3)
2 a
[As proved in Ex. 11 after article 6. Prove it here.]
Also V' = the volume generated by the revolution of the arc about x-axis
B ) 2 > x
:J‘\ ny2 dx = nJ‘AaZ cosh? fdx:ﬂJ‘x 2 cosh? ¥ dx
0 0 a 2 a

2
:KJ‘ [1+cosh :|dx—7|:x+fsmh%:|
2 JO a 2 2 a o
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2

=ﬂ[x+ 2 sinh Q} (4)
2 2 a

From (3), aS = na? [x+ %asinh (2x/a)]. (5)
From (4), 2V = na’ [x+ % asinh (2x/a)]=aS$ . .(6)

From (5) and (6), we have  aS =2V .
Also from (2), na (ax + sy) = ma [ax + @ sinh (x/a) cosh (x/a)], [~ y=acosh(x/a)]

2
=qa|ax+ . 2sinh ¥ cosh *
2 a

a
= na” [ x+ (a/2)sinh (2x/a)] = aS. [ From (5)]

Hence aS =2V = na (ax + sp).

Problem 6: Find the surface of the solid generated by the revolution of the ellipse

2+ 4y 2 =16 about its major axis. (Meerut 2005, 06)

Solution: The given ellipse is X2y 4y2 =16. (1)

The equation (1) of the ellipse can be written as E + yT =

Comparing it with the standard form of the equation of the ellipse
x2/d + y 2 /b* =1, we see thata = 4, b = 2and the major axis is along the x-axis. So we

have to revolve the curve (1) about x-axis.

Differentiating (1) w.r.t. x, we get 2x+8ydl:0 or b__x
dx dx 4y
2 s
ds _ 1+(dl) _ s x? _ 16y2 + x?
dx dx 16y 2 16 2
=N{(64-4x2)+ x%)/4y =V (64 -3x2)/4y. (2)

Now the ellipse (1) is symmetrical about both axes and for the arc of the ellipse lying in
the first quadrant x varies from O to 4.
The required surface

=2 x surface generated by the revolution of the arc in the first quadrant
=2 j 2n y S dv=4n J M

—nJ (64 —3:%) dr = nVSI

_ X 8 l_ 9 I 64 . x3
_n\/3|:2 {(\/3) X }+2 ?sm (T)

[From (2)]

0
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=n\/3|:2 (63—4—16)+%sm (f)]—n%[ﬁ%ﬁf‘;],

41'c
=8m|l+ ——1|-
Problems on revolution about y-axis.

Problem 7:  Find the surface of the solid formed by the revolution, about the axis of y, of the part
of the curve ayz = x3from x =0 to x =4a which is above the x-axis.

R ¥4
Solution: The glven curve is
ap? =2 (1)
Differentiating (1) w.r.t. x, we get
. 2
Zay dl = sz or dl = BL . ‘&{
dx dx  2ay X ! X
2 4
ds _ 1+ (dl) = {1+ ox
: 'y
= {1+ 9x }, [From (1)]
(1+%)=71 V(4a + 9x).
4a) 2+a
The required surface
4a
= J 21 x ds
x=0
4a ds
= 21t x == dx (NOtC)
0 dx
4a 1
=| 2mnx V(4a + 9x) dx
0 Tx 7 (4a + 9x)

@J vV (4a + 9x) dr .
Put4a + 9x = sothat9 dr =2t dt Whenx=0,¢ = \(4a)andwhen x = 4a,t = Y (404) .
. The required surface
V@40a) 2 _ V(40
_m (V0O £ —da , 2edt J U~ dal) ae
Va IV@a) 9 9 81 \/a V4

2n [115 4m3]“4°”): 128

81Nal5 3 lyug 1215

A [125V(10) + 1].
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Comprehensive Problems 5

Problem 1: Find the surface area of the solid generated by revolving the cycloid
x=a(0-sin®), y=a(l—cos0)about the x-axis.
Solution: ~ The given parametric equations y

of the cycloid are =
x=a(®-sin®), p=a(l-cos9). =l
(1)

@=a(l—cosﬂ) and dl:asin@.
de de

o= () +(4)']

= \/[az 1- cosG)2 + a? sin B]=a V[l -2 cos6+ cos? @ + sin’ 0]

=aV[2(1-cos®)]=a[2.2 sin’ (8/2)]=2asin (06/2). ..(2)
We have y =0 whenl - cos6=0 ic,cos0=1givingd=0 and 2n. When8=0,x=0
and when 8 =27, x=2an . Also y is maximum when cos®=—11ie.,0=n and then
y =2aand x = a n.Thus for one arch of the given curve 8 varies from 0 to 2r and this
arch is symmetrical about the line x = an which meets the curve at the point®=n .

1
0

=4r .[On a(l-cos8).2asin (0/2)d6, from (1) and (2)

ne=0 ]

The required surface = 2 jon 2n y

:87ca2jn2sin2g-sin§d9=16na2jnsin39d9
0 2 2 0 2
/2
=16ma’ J'On sin3 t.2dt,putting§=t$0 that d6 =2 dt

_ 64 na® )
3

:327ta2-i
3.1

Problem 2: Find the area of the surface generated by revolving an arch of the cycloid
x=a 0+ sin0), y=a(l—cos0)about the tangent at the vertex.

Solution: The given parametric equations of 4
the cycloid are 0=mn
x=a(®+sin®), y=a(l-cos®). & | A
(1)
ﬂ:a(1+ cos0) and dl:asin@.
dae de
X

o)+ () |

= \/[az (1+ cos 9)2 + a® sin’ 0]
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=aV[l+2cos®+ cos” O + sin’ 8]=a.V[2 (I + cos0)]
=a.N{2.2 cos’ (0/2)}=2a cos (8/2). ..(2)

Also for one arch of the given curve, @ varies from — 7 to m and this arch is symmetrical
about the y-axis which meets the curve at the point 6 = 0.

The required surface = 2 J- 2n y — de

=4r .[0 a(l = cos 0).2a cos (6/2) d6, from (1) and (2)

0
—c

=87m2Jn2sin2g-cosgd9=16na2Jnsm2 osgde
2 2

=16mna> j sm tcost.2dt, puttmg — =tso thatd0 =2 dt

=32 na® Jon sin’ tcostdt:321m2-i:32m .

3.1 3

Problem 3: The portion between the consecutive cusps of the cycloid x = a (8 + sin ),

y =a (1 + cos 8)is revolved about the x-axis. Prove that the area of the surface so formed is to the
area of the cycloid as 64 : 9.

Solution: The given parametric equations of the F
cycloid are =10
x=a@®+sin®), y=a(l+ cosh). | - S |
(1) N I
dv _ dy _ . B A i
d—e—u(l+cose),d—e— asin®. s 0 b=r X

2 2
Hence % = \/{(Z;) + (%) }: V[a® (1 + cos8) + a* sin® ]

=aV[l+2cos0+ cos® 0 + sin® 0]
=av[2(1+ cos8)]=a[2.2 cos® 8/2)]=2a cos (8/2). (2)

For one arch of the given curve (i.c., for the portion between two successive cusps) 6
varies from — mto 7 . Also this arch is symmetrical about the y-axis which meets the arch
at the point where 8 = 0. The base of the given cycloid is the axis of x.

. The surface S generated by the revolution of the cycloid about the x-axis

ZZJJZRyj—st 4nj a1+ cos8). 2a cos (6/2) d6,
[ From (1) and (2)]

0 g519:1675512"”:(:os39de

T
:8na2J 2 cos®> 2 cos
0 2

2
=167 j(:[ cos t).2dt, puttmg —=tsothatd®=2dt

64 na” )
3

—39ma - i
3
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Also the area A of the given cycloid
—2j y de 2J a(l+ cosB).a(l+ cos0)do

—2ﬂ2J- +cose 4o = ZaQI (2C022) 4o

= 84 IO cos? g 6 = 84 jO (Cos4 t).2dt,putting ¢ :g
—16a2 - 3L ® 32 (4)
.2 2
64 9
S 3™ 64
From (3) and (4), we get the required ratio = = = By e
3ma 9

Problem 4: Prove that the surface area of the solid generated by the revolution, about the x-axis

of the loop of the curve x:tz,y:t—%t3 is3m.

Solution: The given equations of the curve are x = 2, y=t- % £, (1)
- dv/dt=2t and dy/dt=1-¢.
2 2
Hence s _ \/[(d") + (dl) ]: @2 + (-2
dt dt dt
=42 +1-208 + A )=N1+ 2P =1+ ). (2)

Putting y =01in (1), we gett — é £ = 0 which givest =0 ort = + V3.For the upper half
of the loop y is positive and so for the upper half of the loop ¢ varies from 0 to V3.

" The required surface = J. Zn y — dt

p jf(t—éﬁ)(u tz)dt=2njo\/3(t+§t3 —%tS)dt

Problem 5:  Prove that the surface of the oblate spheroid formed by the revolution of the ellipse of
the semi-major axis a and eccentricity e is

. 2
2 na? 1+1 ¢ log I+e) .
2e l-¢

Solution: [Note : Oblate spheroid is generated by the revolution of the ellipse about its
minor axis. |
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x:acost,y:hsint,whereb2=a2 (I—ez). (1)
dx/dt=—asint and dy/dt =D cost.

2 2
s _ \/{(dx) + (dl) } ={a® sin® t+ b* cos® t}
dt dt dt

= a® sin? t + a (1 —c2) cos® ty=a( —¢? cos® ¢t ) ..(2)
The ellipse is symmetrical about both the axes and for the arc of the ellipse lying in the
first quadrant ¢ varies from O to m/2 .

Let the parametric equations of the ellipse be

We have to revolve the ellipse about its minor axis which is the y-axis.

/2
The required surface =2 J-: 2n x ? dt (Note)
t

/2 . -
=4:1't:_[(;E acost.a\/(l—eZ cos” t)dt

/2
=4na® J() V(I - ¢ + ¢ sin? ¢ ) cos t dt

_ 4na’
¢

J(:V[(l—ez)+zz]dz,

putting e sin t = z so that ¢ cos t dt = dz

9 - ‘ .

_4ma E\/{(l_62)+22}+l(1_g2)10g{z+\/(l—gl+z2)}:|e
e |2 2 0

2 p < y

:21m [€+(l_el)log(e_'_l)_(l_gz)log\/(l—gz)]

e
2ma? | 2 I+e

= +(1-¢")log —-

e kg (L=eog ‘/(1—52)]

2 2
=2 na® 1+1_7€log Tl = 2na? I+I_7elog1+e .
e 1-¢ 2e 1-¢

Comprehensive Problems 6

Problems on surfaces of revolution (Polar equations):

Problem 1:  Find the area of the surface of revolution formed by revolving the curve r = 2a cos ©
about the initial line.
Solution: The given curve is

r=2a cos®, (1)
which is clearly a circle of radius a passing through the pole and having diameter
through the pole as initial line. At O, » =0 and so (1) gives 8 = m/2 at O.
Differentiating (1) w.r.t 6, we have dr/d@ = — 2a sin®é.
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2
ds 2 (dr) AY
i _ Lz, (@ P (5,
Ao { de Pl
(==
=V{4a® cos® 0+ 4a* sin* 0} B=m/2 % Z
=2a \/(cos29+ sin29)=2u. 0 ] r |A =ﬂ'}
The given curve is revolved about the initial M IL"I X

line (i.e.,the x-axis) and for the upper half of the
curve, 0 varies from 0 to ©/2 .

/2
" The required surface = Ion 2n y Z—; e,

where y =rsin®

/2 /2
=2n J~0n rsin®.2a do = 4an Jon 2a cos 6sin 6 d6, [ From (1)]

9 (T/2 9 |sin 0 i
=8na J sin® cos 0 dd =8ma” | ——
0 2
0
= 8’ (; —O)=4na2.

Problem 2: Find the surface of the solid formed by the revolution of the cardioid

r=a (1 + cos ©) about the initial line. (Agra 2003; Purvanchal 2006, 10; Kashi 11)

Solution: The given curve is kD
r=a(l+ cos0). (1)

It is symmetrical about the initial line and for the ¢

upper half of the curve, 8 varies from O to 7. L a=0

Differentiating (1) w.r.t. 8, we get >
dr/de =a (—sin®) =—asin. !

I
2
é = ;‘2 + (ﬂ)
de dae

= \/[az (1 + cos 6)2 + a sin? 0]

— a2 (1 + cos 0)] = 2a cos%e. (2)
The required surface

=J‘n2nyéd6,wherey:rsin9
0 de
T . 1
=j 2. rsin®.2a cos — 0 d6
0 2
T . 1
=2nJ‘0 a(1+cose)smecos§9d9 [ From (1)]

T B
=4n:a2'[ 2coslg-25ingcosg-cos9d9
0 2 2 2 2
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= 16md> j " cost Osin @ 40
0 2 2
. /2
= 167> J‘(;t (cos* tsint).2de, putting g =tso that 40 =2 dt

n/2
=32 na? IO cost tsintdt

2
392 . 3.1.1 _32ma”
5.3.1 5
Problem 3: The arc of the cardioid r = a (1 + cos 0) included between — é <0< % T is

rotated about the line © = 1 n. Find the area of the surface generated.
2 (Purvanchal 2010)

Solution: The given cardioid is r = a (I + cos ), (1)
which is symmetrical about the initial line.

As proved in problem 2, ds/d® = 2a cos (6/2) . (Prove it here)
The curve is rotated about the line 6 = ©t/2 i.e., the y-axis and for the upper half of the

cardioid lying in the first quadrant, 8 varies from O to b .

. n/2 ds
The required surface = J- 21 x = de, (Note)
0 dae
/2 0
=4ch 7 cos 0.2a cos — d6, [+ x=rcos0]
0 2
n /2 0
=8ma .[0 a(l+ cose).cose.cosgde, [From (1)]

/2
= 8na? Jon 2 cos? g (1 —25sin? g) cos g 0

o a7 /2 . .
=16ma? Jon (1 —sin® g) (1 — 2 sin? g) cos g Ao (Note)

. /2
= 16m4? Jon (l — 3 sin? g + 2 sin g) cos g d6.

Put sin (6/2) =t so that% cos (g) de =dt .
Also when9=0,t=0 and when6=1n/2,t=1/J2.
5 ¢ 1/A2 .
The required surface = 16ma” .[0 1- 3¢ + 264 ). 2 dt

2 3 £ 1 o[ 1 1 ]
=32na” |t—-t +2- — =321 | -— -+ -
51, V2 242 102

_ 4842
5

Tm2 .
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Problems on surfaces of revolution formed by rotation about any
axis:

Problem 4: A quadrant of a circle of radius a revolves about its chord. Show that the surface of

the spindle generated is 2ma® N2 (1 —i m).

Solution: Let us take the quadrant of the circle in such a way that it is placed
symmetrically about the x-axis. The quadrant of the circle subtends an angle /2 at the
centre.

Now draw the figure as in Example 17 by taking 200 = n/2 and then proceed exactly in
the same way as in Example 17 by takingo = ©/4. Thus the required result is obtained
by putting oo = m/4 in the result of Example 17.

Problem 5:  The lemniscater > = a® cos 20 revolves about a tangent at the pole. Show that the
surface of the solid generated is 4na’. (Meerut 2005B; Kumaun 12)
Solution: The given curve is Yo
r2 =a? cos 20. (1) K 6=n/4
Proceeding as in Exarr;ple 16, we get P ir. 6)
ds/d®=a"/r. [
_ , G ;i
Putting r =0 in (1), we get cos 20 =0 =
y ) 7l Ry X
giving 20=* _—nm ie, O=% - 1. UM
2 i 4
Therefore one }oop of the (iurve lies v 8= <l
between Gz—zn and 9:Z n. The

curve consists of two loops and both

the lines® = — i mand® = % T are tangents at the pole. Let the curve be revolved about

the line KOK " which is a tangent at the pole.
Take any point P (r,0) on the curve and draw PM perpendicular to the axis of rotation

KOK ’. Then £ POM :i n+0and PM =opsm(i n+9):rsin(i T+0).

Also for one loop 6 varies from — % T to % .

" The required surface = 2 x surface generated by one loop

o [ &5 go_
—2><J_n/42n(PM)%de—4nj

2

/4
" rsin(l7t+e)~a—d9,
- 4 r

n /4

2
e BT rsin(h w4 0)
e r 4

/4 n /4
:47m2J‘” sir1(17r+9)ﬂ19:411m2 —cos(ln+9)
-mA 4 4 —n/4

=4na” [0 + 1] = 4na’.
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Comprehensive Problems 7

Problem 1: Find the position of the centroid of a semi-circular area.
Solution: Clearly the C.G. of the semi-circular
area will lie somewhere on the radius which is
perpendicular to the bounding diameter. Let the
distance of the centroid from the centre Obe y .
Also a sphere will be generated by the rotation of
the semi-circular area about the bounding
diameter.

By Pappus theorem, volume of the solid of !

revolution @ X

= area of semi-circle
x Circumference of the circle generated by the centroid of this area.

Hence g s = % T 2my , where a is the radius of the semi-circle
4 s
_1 3 _4a
or yEa— =
2n 5 a? 37

Problem 2:  Find the volume generated by the revolution of an ellipse having semi-axes a and b
about a tangent at the vertex.
Solution: Area of the given ellipse = nab. (1)
The C.G. of the ellipse will describe a circle of radius a when revolved about the tangent
at A oracircle of radius b when revolved about the tangent at B . [ See fig. of Example 19]
Hence the length of the arc described by the C.G. will be
2w .2aie.,4na or 2m.2biec., 47h.

By Pappus theorem, the required volume

(i) when revolved about the tangent at the vertex A = nab .2ma = 21%a%b,

(ii) when revolved about the tangent at the vertex B= nab .2nh = 2n2ab?.

Problem 3:  Find by using Pappus theorem the volume of the ring generated by the revolution of
an ellipse of eccentricity 1/N2 about a straight line parallel to the minor axis and situated at a
distance from the centre equal to three times the major axis.

Solution: Let a be the semi-major axis of the ellipse. Then its semi-minor axis
h:ﬂ(l—%):ﬂ(l—%):a/dz. [ e=1/32]
Area of the ellipse = nab = ma . (a/V2) = na® N2 .

Distance of the C.G. of the ellipse from the axis of revolutionis= 3 . 22 = 6a ,(given).
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As the ellipse revolves about the given line its C.G. will describe a circle of radius 6a
whose perimeter will be =21 . 6a =12na .
Now by Pappus theorem, the required volume

= area of the ellipse x length of the arc described by its C.G.

= (na® N2).12na = 12122 N2

=642 n2ﬂ3,where a is the semi-major axis.
Problem 4: Find the volume of the ring generated by the revolution of the cardioid

r=a (1 + cos ©) about the line r cos © + a =0, given that the centroid of the cardioid is at a
distance 5a/6 from the origin.

Solution: The given curve is ey
r=a(l+ cos®). (1)
And the given line of rotation is
rcos0+a=0
or x+a=0, [v x=rcosb]
or x=-a. M—3 (7] i §

By symmetry the centre of gravity Gof the

cardioid lies on the initial line OX.If Gbe

the centroid of the area of the cardioid,

then OG =54/6 (given).

Also  GM = the length of the
perpendicular from G on the line of rotation

=GO+ OM =(5a/6)+ a=11a/6.
Also the area A of the cardioid

_ T ] 92 B T 9
_2><J0 3 de_JO @ (1 + cos 0 d6, [ From (1)]

= &2 J’J 2 cos? %e)2 46

/2
= 8d” Jon cos? ¢ d, putting 6/2 = ¢ so that d6 =2 d¢

2 3. L1, 32
4 2 2 2
By Pappus theorem, the required volume
@21 . GM)x A =27 (1 Ia/6)><% nd =12J 2

=8a

Problem 5: A semi-circular bend of lead has a mean radius of 8 inches; the initial diameter of

the pipe is 4 inches and the thickness of the lead is % inch. Applying the theorem of Pappus and

Guldin find the volume of the lead and its weight, given that I cubic inch of lead weighs 0.4 [b.
Solution: Internal diameter of pipe =4 inches.

Thickness of metal = % inch
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External diameter of the pipe =4 +1 =5 inches.

Area of lead = l7:(52 —42) :271.
4 4

The centroid of this area is at a distance of 8 inches from the axis of rotation. Therefore
the length of path traced out by its centroid in describing a semi-circle = 8 inches.

Volume of the lead = 87 x z n =187 cu. inch.

Weight of the pipe = volume X density = 187> x0 41b. = 71.11b.

Problem 6:  State the theorems of Pappus and Guldin. (Meerut 2008)

Solution: See article 10.

@nts to Objective Type Questions

Multiple Choice Questions

1. See article 4.
2. The given parabola is y2 =4ax.

Take an elementary strip PMNQ , where P
is the point (x, y)and Qis the point
(x+&x, y+3y). Then

PM =y
and MN = ON - OM

=(x+dx)—x=20wx.

Now volume of the elementary disc formed
by revolving the strip PMNQ about the

X-axis

= n.PM%.MN = ﬂ:y28x.
The paraboloid is formed by the revolution
of the area ODC about x-axis.
Also for the area ODC, x varies from x =0 to x = h.
. The required volume
/ I 2 "
0
= J ny2 dx =J. T (4ax) dx =4na |:] = 2nak’.
0 0 2
0
3. See article 6, part (b).

4.  See Example 16.
5. See Example 7.
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Fill in the Blank(s)

See article 2, part (a).
See article 4.
See article 8.

W=

See article 7.

True or False

1.  See article 4.
2. See article 6, part (a).

Also see remark after article 6.
000
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