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Prob lem 1: Eval u ate (i) 
0

6π

∫ cos x dx. (ii) sin3

0
xdx.

π

∫
So lu tion: (i) Let f x x( ) cos .= 6  Then

    f x x x x f x( ) cos ( ) ( cos ) cos ( ) .π π− = − = − = =6 6 6

Now f x dx f x dx f a x f x
a a

( ) ( ) , ( ) ( ).
0

2

0
2 2∫ ∫= − =if    [Refer property 6]

∴ 
0

6

0

2 62
π π

∫ ∫=cos cos
/

x dx x dx

             = ⋅2
5 3 1

6 4 2 2

. .

. .
,

π
       [By Walli’s formula]

             = 5 16π / .

(ii) Let  f x x( ) sin .= 3

Then f x x x f x( ) sin ( ) sin ( ) .π π− = − = =3 3

Now 
0

2

0
2 2

a a
f x dx f x dx f a x f x∫ ∫= − =( ) ( ) , ( ) ( ).if

∴ 
0

3

0

2 32
π π

∫ ∫=sin sin
/

x dx x dx

                              = ⋅ ⋅ = ⋅2
2

3 1
1

4

3.
                 [By Walli’s formula]

Prob lem 2: Eval u ate (i) 
x x

x
dx

2 1

21

1

1

sin−

− √ −∫ ( )
.   (ii) x a x dx

a

a
√ −

−∫ ( ) .2 2

(iii) 
−

−

∫ √ −1

1 1

21

x x

x
dx

sin

( )
.

So lu tion: (i) Let I
x x

x
dx=

√ −−

−

∫ 1

1 2 1

21

sin

( )
.

Put sin ,− =1 x t  so that { }1 1 2/ ( )√ − =x dx dt and x t= sin . 

When x = − 1, t = − = −−sin ( ) /1 1 2π  and when x = 1, t = =−sin / .11 2π

∴ I t t dt=
−∫ π

π

/

/
sin .

2

2 2

Now let f t t t( ) sin .= 2  Then 

f t t t( ) ( ) sin ( )− = − −2  

I-3
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  = − − = − = −t t t t f t( sin ) sin ( ) .2 2  

Therefore f t( ) is an odd function of t .

∴ I t t dt= =
−∫ π

π

/

/
sin .

2

2 2 0      [Refer property 5]

(ii) Let  I x a x dx
a

a
= √ −

−∫ ( ) .2 2

Let f x x a x( ) ( ) .= √ −2 2  

Then f x x a x( ) ( )− = − √ − −{ }
2 2  

               = − √ − = −x a x f x( ) ( ).2 2  

Therefore f x( ) is an odd function of x .

∴ I x a x dx
a

a
= √ − =

−∫ ( ) .2 2 0          [Refer property 5]

(iii) Let  I
x x

x
dx=

√ −−

−

∫ 1

1 1

21

sin

( )
.

Proceeding as in part (i) of this question, we have

I t t dt=
−∫ π

π

/

/
sin .

2

2

Let  f t t t( ) sin .=  Then 

f t t t( ) ( ) sin ( )− = − −
       = t tsin , so that f t( ) is an even function of t .

∴            I t t dt= ∫2
0

2π /
sin ,          [Refer property 5]

  = − − −∫2 2 1
0

2

0

2
[ ( cos )] .( cos )

/ /
t t t dt

π π

  = × + = = − =∫2 0 2 2 2 1 0 2
0

2

0
2π π //

cos [sin ] [ ] .t dt t

Prob lem 3: Eval u ate (i) 
0

π

∫ +
⋅dx

a b xcos
(ii)

0

2π

∫ + +
⋅dx

a b x c xcos sin

So lu tion: (i) Let  I
dx

a b x
=

+
⋅∫0

π

cos
 ...(1)

Then    I
dx

a b x
=

+ −∫0

π

πcos ( )
                       [Refer property 4]

  =
−

⋅∫0

π dx

a b xcos
...(2)

Adding (1) and (2), we get

2
2

0 2 2 2
I

a

a b x
dx=

−∫
π

cos

       =
−

⋅∫2 2
0

2

2 2 2
a

dx

a b x
.

cos

/π
     [Refer property 6]
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∴  I a
dx

a b x
a

x dx

a x b
=

−
=

−∫ ∫2 2
0

2

2 2 2 0

2 2

2 2 2

π π/ /

cos

sec

sec

      =
+ −

=∫ ∫2
1

2
0

2 2

2 2 2 0

2 2

2 2
a

x dx

a x b
a

x dx

a

π π/ /

( tan ) tan

sec sec

x a b+ −
⋅

2 2

Now let a b> > 0 .

Put a x ttan ,=  so that a x dx dtsec
2 = . The new limits for t are 0 to ∞ .

∴               I
dt

t a b
=

+ √ −

∞

∫2
0 2 2 2 2

{ }( )

    =
√ − √ −











−
∞

2
1

2 2
1

2 2
0( )

tan
( )a b

t

a b

    =
√ −

∞ −− −2
0

2 2
1 1

( )
[tan tan ]

a b

    =
√ −

⋅ −





=
√ −

⋅2

2
0

2 2 2 2( ) ( )a b a b

π π

(ii) Let    I
dx

a b x c x
=

+ +
⋅∫0

2π

cos sin

Let b r= cos α and c r= sin ,α  so that r b c= √ +( )2 2  and tan / .α = c b

Then  b x c x r x xcos sin (cos cos sin sin )+ = +α α  = −r xcos ( ).α         

∴   I
dx

a r x
=

+ −
⋅∫0

2π

αcos ( )

Put x t− =α , so that dx dt= . When x = 0 , t = − α and when x = 2π , t = −2π α .

∴   I
dt

a r t
=

+−

−

∫ α

π α2

cos

       =
+

+
+

⋅
−

−

∫ ∫α

π α0

0

2dt

a r t

dt

a r tcos cos
 ...(1)

[Refer property 3]

Now put t z= − 2π in the first integral on the R.H.S. of (1). Then dt dz=  and the
limits for z are 2π α−  to 2π .

∴              I
dz

a r z

dt

a r t
=

+ −
+

+−

−

∫ ∫2

2

0

2

2π α

π π α

πcos ( ) cos

      =
+

+
+

−

−∫ ∫0

2

2

2π α

π α

πdt

a r t

dz

a r zcos cos

      =
+

+
+

−

−∫ ∫0

2

2

2π α

π α

πdt

a r t

dt

a r tcos cos
, because a definite

     integral does not change by changing the variable

      =
+∫0

2π dt

a r tcos
,       [Refer property 3]
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 =
+

⋅∫2
0

π dt

a r tcos
          [Refer property 6]

Now proceeding as in part (i) of this question, we get

0 2 2

π π
∫ +

=
√ −

dt

a r t a rcos ( )
, provided a r> > 0 .

∴ I
a b c

=
√ − +

2
2 2 2

π

[ ( )]
, provided a b c> √ + >( )2 2 0

                     =
√ − −

⋅2
2 2 2

π

( )a b c

Prob lem 4: (i) Show that 
0 2 2 2 2 2

2 2 2

3 34

π π
∫ +

= + ⋅x dx

a x b x

a b

a b( )

( )

cos sin
(Kumaun 2007, 09)

(ii) Show that 
0 2 2

2

22 1

π π
∫ −

=
√ −

x dx

a x a acos ( )
, ( ) .a > 1

(iii) Evaluate 
0 21

π

∫ +
⋅x dx

xcos

So lu tion: (i) Let  I
x dx

a x b x
=

+∫0 2 2 2 2 2

π

[ cos sin ]

    = −

− + −∫0 2 2 2 2 2

π π

π π

( )

[ cos ( ) sin ( )]
,

x dx

a x b x
         [Refer property 4]

    = −

+
=

+∫ ∫0 2 2 2 2 2 0 2 2 2

π ππ π( )

[ cos sin ] [ cos sin

x dx

a x b x

dx

a x b 2 2x
I

]
.−

(Note)
∴         2

0 2 2 2 2 2
I

dx

a x b x
=

+∫
π π

[ cos sin ]

         =
+∫2

0

2

2 2 2 2 2

π π/

[ cos sin ]
,

dx

a x b x
          [Refer property 6]

or             I
x dx

a b x
=

+∫π
π

0

2 4

2 2 2 2

/

( tan )
,

sec

  [Dividing the Nr. and the Dr. by cos4 x]

      = +

+∫π
π

0

2 2 2

2 2 2 2

1/ ( tan )

( tan )
.

x x

a b x
dx

sec

Now put b x atan tan ,= θ  so that b x dx a dsec sec
2 2= θ θ . Also when x = 0 , θ = 0 and

when x = 1

2
π , θ π= 1

2
.

∴             I
a b a b d

a
= +

∫π θ θ θ

θ

π

0

2 2 2 2 2

4 4

1/ ( / ) tan . ( / ){ } sec

sec

      = +∫
π θ θ θ

π

a b
b a d

3 3 0

2 2 2 2 2/
( cos sin )
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    = ⋅ ⋅ + ⋅ ⋅





π π π

a b
b a

3 3
2 21

2 2

1

2 2
,        [By Walli’s formula]

   = +π2

3 3
2 2

4a b
a b( ).

(ii) Let   I
x dx

a x

x dx

a x
=

−
= −

− −∫ ∫0 2 2 0 2 2

π π π

πcos

( )

cos ( )
,           [Refer prop. 4]

                       =
−

−∫π
π

0 2 2

dx

a x
I

cos
.

∴               2 2
0 2 2 0

2

2 2
I

dx

a x

dx

a x
=

−
=

−∫ ∫
π ππ π

cos cos
,

/
             [Refer prop. 6]

or          I
x dx

a x
=

−∫π
π

0

2 2

2 2 1

/
,

sec

sec
dividing the Nr. and the Dr. by cos2 x

   =
+ −

=
− +∫ ∫π π

π π

0

2 2

2 2 0

2 2

2 21 1 1

/ /

( tan ) ( )

sec secx dx

a x

x dx

a a tan2 x
⋅       

Now put a x ttan ,=  so that a x dx dtsec
2 = . Also t = 0 when x = 0 and t → ∞ when 

x → 1

2
π .

∴            I
a

dt

a t a a

t

a
=

− +
= ⋅

√ − √ −









∞ −∫
π π

0 2 2 2
1

21

1

1 1( ) ( )
tan

( )









∞

0

      =
√ −

∞ −− −π

a a( )
[tan tan ]

2
1 1

1
0                                

                =
√ −

−





=
√ −

⋅π π π

a a a a( ) ( )2

2

21 2
0

2 1

(iii) Let  I
x dx

x

x dx

x
=

+
= −

+ −∫ ∫0 2 0 21 1

π π π

πcos

( )

cos ( )
,             [Refer prop. 4]

      = −

+
=

+
−

+∫ ∫ ∫0 2 0 2 0 21 1 1

π π ππ π( )

cos cos cos

x dx

x

dx

x

x dx

x

   =
+

−∫π
π

0 21

dx

x
I

cos
.

∴              2
1

2
10 2 0

2

2
I

dx

x

dx

x
=

+
=

+∫ ∫π π
π π

cos cos
,

/
            [Refer prop. 6]

or          I
x dx

x
=

+∫π
π

0

2 2

2 1

/
,

sec

sec
 dividing the Nr. and the Dr. by cos2 x

   =
+

⋅∫π
π

0

2 2

22

/

tan

sec x dx

x

Now put tan ,x t=  so that sec
2 x dx dt= . Also t = 0 when x = 0 and t → ∞ when 

x → 1

2
π .
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∴            I
dt

t

t=
+

= ⋅
√ √







∞ −
∞

∫π π
0 2

1

02

1

2 2
tan         

   =
√

∞ −− −π
2

01 1[tan tan ] =
√

−





=
√

= √ ⋅π π π π
2 2

0
2 2

2

4

2 2

Prob lem 5: (i) Eval u ate 
0

2π /
( ) log ( ) .∫ − +sin cos sin cosx x x x dx

(ii) Evaluate 
0

2
2

π /
.∫ sin log tanx x dx

So lu tion: (i) Let I x x x x dx= − +∫0

2π /
(sin cos ) log (sin cos ) .

Then  I x x x x dx= − +∫0

2π /
(cos sin ) log (sin cos )

∵

0 0

a a
f x dx f a x dx∫ ∫= −


( ) ( ) . Note that sin ( ) cos

1

2
π − =x x 

and cos sin
1

2
π −





= 


x x

   = − − + = −∫0

2π /
(sin cos ) log (sin cos ) .x x x x dx I

∴            2 0I =   or  I = 0.

(ii) Let  I x x dx= ∫0

2
2

π /
sin log tan .  ...(1)

Then      I x x= −





−∫0

2
2

1

2

1

2

π
π π

/
sin log tan ( ) ,          [Refer prop. 4]

     = −∫0

2
2

π
π

/
sin ( ) log cotx x dx 

     = ∫0

2
2

π /
sin log cot .x x dx       ...(2)

Adding (1) and (2), we get

                  2 2
0

2
I x x x dx= +∫

π /
sin (log tan log cot )   

   = ∫0

2
2

π /
sin log (tan cot )x x x dx = ∫0

2
2 1

π /
(sin ) . logx dx

   = ∫0

2
0 2

π /
.sin x dx = × =∫0 2 0

0

2π /
sin .x dx

∴            I = 0.

Prob lem 6: (i) Eval u ate 
0 21

π

∫ +

x x

x
dx

sin

cos( )
.

(Kumaun 2007)

(ii) Evaluate 
0

6 4π

∫ x x xdxsin cos .
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So lu tion: (i) Let  I
x x

x
dx=

+∫0 21

π sin

cos
. ...(1)

Then     I
x x

x
dx= − −

+ −∫0 21

π π π

π

( ) sin ( )

cos ( )
,     ∵

0 0

a a
f x dx f a x dx∫ ∫= −





( ) ( )

                   = −

+∫0 21

π π( ) sin

cos
.

x x

x
dx  ...(2)

Adding (1) and (2), we get

                2
1 10 2 0 2

I
x

x
dx

x

x
dx=

+
=

+∫ ∫
π ππ πsin

cos

sin

cos
 

        =
+∫2

10

2

2
π

π / sin

cos
,

x

x
dx             [Refer prop. 6]

or  I
x

x
dx=

+∫π
π

0

2

21

/ sin

cos
.

Now put  cos ,x t=  so that − =sin .x dx dt  Also t = 1 when x = 0 and t = 0 when x = 1

2
π .

∴  I
dt

t

dt

t
t= −

+
=

+
=∫ ∫ −π π π

1

0

2 0

1

2
1

0
1

1 1
[tan ]

        = − = −





=− −π π π π(tan tan ) .1 1 21 0
1

4
0

1

4

(ii) Let     I x x x dx= ∫0
6 4π

sin cos

   = − − −∫0
6 4π

π π π( ) sin ( ) cos ( ) ,x x x dx           [Refer prop. 4]

   = −∫0
6 4π

π( ) sin cosx x x dx

   = −∫ ∫0

6 4

0

6 4π π
π sin cos sin cosx x dx x x x dx

   = −∫π
π

0

6 4sin cos .x x dx I

∴          2 2
0

6 4

0

2 6 4I x x dx x x dx= =∫ ∫π π
π π

sin cos sin cos ,
/

            [Refer prop. 6]

or           I x x dx= ∫π
π

0

2 6 4/
sin cos  = ⋅ =π π π5 .3 .1 .3 .1

10 .8 .6 .4 .2 2

3

512

2
, 

             by Walli’s formula.

Prob lem 7: (i) Prove that  
0 1 2

1
π

π π
∫ +

= −





⋅x x

x
dx

sin

sin (Kumaun 2011)

(ii) Show that 
0

21

4

π
π∫ +

=x x

x x
dx

tan

sec cos
.

(iii) Show that 
0

1

2
1

π
π π∫ +

= −





x xdx

x x

tan

sec tan
.

I-9 



So lu tion: (i) Let I
x x

x
dx

x x

x
dx=

+
= − −

+ −∫ ∫0 01 1

π π π π
π

sin

sin

( ) sin ( )

sin ( )
,        [Re fer prop. 4]

    = −
+

=
+

−
+∫ ∫ ∫0 0 01 1 1

π π ππ π( ) sin

sin

sin

sin

sin

s

x x

x
dx

x

x
dx

x x

in x
dx

   =
+

−∫π
π

0 1

sin

sin
.

x

x
dx I

∴                2
1

2
10 0

2
I

x

x
dx

x

x
dx=

+
=

+∫ ∫π π
π πsin

sin

sin

sin
,

/
            [Refer prop. 6]

or            I
x

x
dx

x
dx= + −

+
= −

+








∫ ∫π π

π π

0

2

0

21 1

1
1

1

1

/ /( sin )

sin sin

  = −
+∫ ∫π π

π π

0

2

0

2

1

/ /

sin
dx

dx

x

   = −
+ −





∫π π
π

π π
[ ]

sin

/ /
x

dx

x
0

2

0

2

1
1

2

             [Refer prop. 4]

   = −





−
+

= −∫ ∫π π π π π
π π

2
0

1 2 2
1

2

0

2 2

0

2

2

/ /

cos cos

dx

x

dx

x

   = − = − 



∫

π π π π
π π2

0

2 2
2

0

2

2

1

2

1

2 2

1

2

/ /

tansec x dx x

   = − −





= − = −





⋅π π π π π π π2 2

2

1

4
0

2 2
1tan tan

(ii) The given integral I
x x x

x x
dx=

+∫0 1

π .(sin / cos )

( / cos ) cos
 =

+
= ⋅∫0 2

2

1 4

π πx x

x
dx

sin

cos
 

[Proceed as in problem 6(i)]

(iii) Let I
x x

x x
dx

x x x

x
=

+
=

+∫ ∫0 0 1

π πtan

tan

.(sin /cos )

( /cos ) (sisec n /cos )x x
dx =

+∫0 1

π x x

x
dx

sin

sin
.

            [Proceed as in problem 7(i)]

Prob lem 8: (i) Eval u ate 
0

3 21 2 1
π

θ θ θ θ∫ + +sin cos cos( ) ( ) .d

(ii) Evaluate 
0

5 31
π

∫ −sin cosx x dx( ) .

So lu tion: (i) Let I d= + +∫0
3 21 2 1

π
θ θ θ θsin ( cos ) ( cos )

  = + + +∫0
3 21 2 1 2

π
θ θ θ θ θsin ( cos ) ( cos cos ) d

  = + + +∫0
3 2 31 4 5 2

π
θ θ θ θ θsin ( cos cos cos ) d

  = + + +∫0
3 3 3 2 3 34 5 2

π
θ θ θ θ θ θ θ θ(sin sin cos sin cos sin cos ) .d
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Now
0 0

2
2

π π
θ θ θ θ θ θ∫ ∫=sin cos sin cos

/m n m nd d  or = 0 ,

according as n is an even or an odd integer.             [Refer prop. 6]

∴ I d d= + ×∫ ∫2 5 2
0

2 3

0

2 3 2π π
θ θ θ θ θ

/ /
sin sin cos ,

        because the integrals containing odd powers of cos θ vanish

  = ⋅ + ⋅ = + = ⋅2
4

3

4

3

8

3

2

3 .1
  10  

2 .1

5 .3 .1
 

(ii) Let I x x dx= −∫0

5 31
π

sin ( cos )

  = 









∫0

5
2

3

2
2 2

2
2

π
sin cos sin

x x x
dx

  = ∫2
2 2

8

0

11 5π
sin cos .

x x
dx           

Now put x t/ ,2 =  so that dx dt= 2 .

When x = 0 , t = 0 and when x = π , t = 1

2
π .

∴ I t t dt= × ∫2 28

0

2 11 5π /
sin cos                

  = × ⋅2 28 10 . 8 . 6 . 4 . 2 . 4 . 2

16 .14 .12 .10 . 8 . 6 . 4 . 2 . 4 . 2
= ⋅32

21

Prob lem 9: (i) Show that 
0

2
0

π /
( ) .∫ =log tan x dx

(Kumaun 2010)

(ii) Prove that 
0

1

2

1

2∫ 





= ⋅log  sin log
π

y dy

So lu tion: (i) Let

I x dx x dx= = −



∫ ∫0

2

0

2 1

2

π π
π

/ /
log (tan ) log tan ,   [Refer prop. 4]

  = =∫ ∫ −
0

2

0

2 1π π/ /
log cot log (tan )x dx x dx

  = − = −∫0

2π /
log tan .x dx I

∴     2 0I =  i e. ., I = 0.

(ii) Let u y dy= 



∫0

1

2
log sin .

π

Put 
1

2
πy x= , so that 

1

2
π dy dx= .

When y = 0 , x = 0 and when y = 1, x = 1

2
π.

∴ u x dx x dx= ⋅ =∫ ∫0

2

0

22 2π π

π π

/ /
(log sin ) log sin .
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Now let I x dx= ∫0

2π /
log sin .

Then proceeding as in example7, we get

I = ⋅1

2

1

2
π log                           

∴ u I= = ⋅ = ⋅2 2 1

2

1

2

1

2π π
π log log

Prob lem 10: (i) Evaluate 
0

π

∫ x x dxlog sin .

(ii) Evaluate 
0

2π /
.∫ log cos x dx

(iii) Evaluate 
0

2
2

π /
.∫ log sin x dx

(iv) Evaluate 
0

1

21

∞ −

∫ +
⋅ tan x dx

x x( )

So lu tion: (i) Let I x x dx= ∫0

π
log sin .

Then     I x x dx= − −∫0

π
π π( ) log sin ( ) ,                   [Refer prop. 4]

  = −∫0

π
π( ) log sinx x dx

  = −∫ ∫0 0

π π
π log sin log sinx dx x x dx

  = −∫π
π

0
log sin .x dx I

∴     2 2
0 0

2
I x dx x dx= =∫ ∫π π

π π
log sin log sin ,

/
         [Refer prop. 6]

or I x dx= ∫π
π

0

2/
log sin .

Now let u x dx= ∫0

2π /
log sin . Then proceeding as in example 7, we have u = ⋅1

2

1

2
π log

∴ I u= = = ⋅π π π π. log log
1

2

1

2

1

2

1

2
2

(ii) Let I x dx= ∫0

2π /
log cos . ...(1)

Then I x dx= −



∫0

2 1

2

π
π

/
log cos             [Refer prop. 4]

       = ∫0

2π /
log sin .x dx  ...(2)

Adding (1) and (2), we get
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2
0

2

0

2
I x x dx x x dx= + =∫ ∫

π π/ /
(log cos log sin ) log (sin cos ) .

Now proceed as in Example 7 and get I = ⋅1

2

1

2
π log

(iii) Let I x dx= ∫0

2
2

π /
log sin .

Put 2x t= , so that 2 dx dt= . Also t = 0 when x = 0 and t = π when x = 1

2
π .

∴ I t dt t dt= =∫ ∫
1

2

1

2
2

0 0

2π π
log sin . log sin ,

/
         [Refer prop. 6]

  = ∫0

2π /
log sin .t dt

Now proceeding as in example 7, we get I = ⋅1

2

1

2
π log

(iv) Let I
x

x x
dx=

+

∞ −

∫0

1

21

tan

( )
.

Put tan ,− =1 x t  so that { }1 1 2/( )+ =x dx dt and x t= tan . Also when x = 0 , t = 0 and 

when x = ∞ , t = π / .2

∴ I
t dt

t
t t dt= =∫ ∫0

2

0

2π π/ /

tan
cot .

Now proceeding as in example 8, we get I = 1

2
2π log .

Prob lem 11: (i) Show that 
0

2
2

2
π θ

θ
θ π

/
.∫







 =

sin
logd

(ii) Show that 
0

1 2 2
∞ −∫ =( ) .cot log x dx π

(iii) Show that 
0

1 1 1

2
2∫

−
=sin

log
x

x
dx π .

(iv)  Show that 
0

1
1

2

π
π∫ + = ⋅log cos log( )x dx

So lu tion: (i) Let I d d= 





 =∫ ∫0

2
2

0

2 2 2π πθ
θ

θ θ θ θ
/ /

sin
.cosec

Integrating by parts taking cosec
2 θ as the second function, we get

I d= − − −∫[ ( cot )] .( cot )/ /
θ θ θ θ θπ π2

0
2

0

2
2

  = − 





+ +
→ ∫

π π θ θ θ θ θ
θ

π

2 2
2

2

0

2

0

2
cot lim cot cot

/
d

  = + +
→ ∫0 2

0

2

0

2
lim cot cot .

/

θ

π
θ θ θ θ θd
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Now lim cot lim
tan

,
θ θ

θ θ θ
θ→ →

=
0

2

0

2
form 

0

0






           = = =
→
lim

sec
.

θ

θ

θ0 2

2 0

1
0                

∴ I d= ∫2
0

2π
θ θ θ

/
cot .

Now proceed as in Example 8.

(ii) Let I x dx=
∞ −∫0

1 2(cot ) .

Put cot− =1 x θ i e. ., x = cot ,θ  so that dx d= − cosec
2 θ θ . The new limits for θ  are 

1

2
π to  

0 .

∴ I d d= − =∫ ∫π

π
θ θ θ θ θ θ

/

/
. ( ) .

2

0 2 2

0

2 2 2
cosec cosec

Now proceed as in Problem 11(i).

(iii) Let I
x

x
dx= ∫

−

0

1 1sin
.

Put x t= sin , so that dx t dt= cos . Also t = 0 when x = 0 and t = 1

2
π when x = 1.

∴ I
t

t
t dt t t dt= =∫ ∫0

2

0

2π π/ /

sin
cos cot . 

Now proceed as in Example 8.

(iv) Let I x dx= +∫0 1
π

log ( cos ) . ...(1)

Then I x dx= + −∫0
1

π
πlog cos ( ) ,{ }             [Refer prop. 4]

  = −∫0
1

π
log ( cos ) .x dx ...(2)

Adding (1) and (2), we get

  2 1 1
0

I x x dx= + + −∫
π

[log ( cos ) log ( cos )]      

 = + −∫0 1 1
π

log ( cos ) ( cos ){ }x x dx

 = − = =∫ ∫ ∫0

2

0

2

0
1 2

π π π
log ( cos ) log sin log sin .x dx x dx x dx

∴     I x dx x dx= =∫ ∫0 0

2
2

π π
log sin log sin .

/
            [Refer prop. 6]

Now let u x dx= ∫0

2π /
log sin . Then proceeding as in example 7, we have

    u = ⋅1

2

1

2
π log

∴ I u= = = ⋅2 2
1

2

1

2

1

2
. log logπ π
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Prob lem 12: (i) Show that 
0 2

1

1
2

∞

∫ +



 +

=log logx
x

dx

x
π .

(ii) Show that 
0

2

2

1

1
2

∞

∫
+

+
=log

log
( )

( )
.

x dx

x
π

(iii) Show that 
0

1

2

1

1

1

8
2∫

+

+
=log

log
( )

.
x

x
dx π

(Kumaun 2008)

So lu tion: (i) Put x = tan ,θ  so that dx d= sec
2 θ θ .

Also when x = 0 , θ = 0 and when x → ∞ , θ π→ / .2

∴ I x
x

dx

x
= +



 +

∞

∫0 2

1

1
log

 = +





∫0

2 2

2

1π
θ

θ
θ

θ
θ

/
log tan

tan

sec

sec
d  

 = +







 =∫ ∫0

2 2

0

2 21π πθ
θ

θ θ
θ

θ
/ /

log
tan

tan
log

tan
d d

sec

  = 





 =∫ ∫ −

0

2

0

2 11π π

θ θ
θ θ θ θ

/ /
log

sin cos
log (sin cos )d d

  = − −∫ ∫0

2

0

2π π
θ θ θ θ

/ /
log sin log cos .d d

Now let u d= ∫0

2π
θ θ

/
log sin . Then proceeding as in Example 7, we have 

u d= = −∫0

2

2
2

π
θ θ π/

log cos log .

∴ I u u u= − − = − = − −





=2 2
1

2
2 2π πlog log .    

(ii) Put x = tan ,θ  so that dx d= sec
2 θ θ . The new limits for θ are 0 to 

1

2
π .

∴ I
x

x
dx

d= +

+
= +∞

∫ ∫0

2

2 0

2 2 21

1

1log ( )

( )

log ( tan )/π θ θ θsec

sec
2 θ

  = ∫0

2 2π
θ θ

/
log ,sec d       [ tan ]∵1 2 2+ =θ θsec

  = =∫ ∫ −2 2
0

2

0

2 1π π
θ θ θ θ

/ /
log log (cos )sec d d

  = − ∫2
0

2π
θ θ

/
log cos .d

Now let u d= ∫0

2π
θ θ

/
log cos . Then proceeding as in Problem 10(ii), we have 

u = − 1

2
2π log .
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∴        I u= − = − −





=2 2
1

2
2 2. log log .π π

(iii) Put x = tan ,θ  so that dx d= sec
2 θ θ .

And the new limits are θ = 0 to θ π= / .4

∴    I
x

x
dx d= +

+
= +

∫ ∫0

1

2 0

4

2
21

1

1log ( ) log ( tan )/π θ

θ
θ θ

sec
sec

    = + =∫0

4
1

1

8
2

π
θ θ π

/
log ( tan ) log .d  

[Pro ceed ing as in Ex am ple 9]

Prob lem 13: (i) Evaluate 
0

2

1

π /

∫ +
⋅dx

xtan

(ii) Evaluate 
0

2

1

π /

∫ +
⋅dx

xcot

So lu tion: (i) We have I
dx

x

dx

x x
=

+
=

+∫ ∫0

2

0

2

1 1

π π/ /

tan (sin /cos )

      =
+∫0

2π / cos

cos sin

x dx

x x

      = ⋅π
4

          [Proceeding as in Example 10]

(ii) We have 
0

2

1

π /

cot∫ +
dx

x
 =

+
=

+∫ ∫0

2

0

2

1

π π/ /

(cos /sin )

sin

sin cos

dx

x x

x dx

x x

        = ⋅π
4

     [Proceeding as in Example 10]

Prob lem 14: (i) Show that 
0 21 1 4

∞

∫ + +
= ⋅x dx

x x( ) ( )

π

(ii) Show that 
0 2 2 4

a dx

x a x∫ + √ −
= ⋅

( )

π

So lu tion: (i) Put x = tan ,θ  so that dx d= sec
2 θ θ .

Also when x = 0 , θ = 0 and when x → ∞ , θ π→ / .2

∴  The given integral I
d=

+ +∫0

2 2

21 1

π θ θ θ

θ θ

/ tan

( tan ) ( tan )

sec

      =
+

=
+∫ ∫0

2

0

2

1 1

π πθ θ
θ

θ θ
θ θ

θ
/ /tan

tan

sin /cos

(sin /cos )

d
d

      =
+

= ⋅∫0

2

4

π θ θ
θ θ

π/ sin

cos sin

d
         [See Example 10]

(ii) Put x a= sin ,θ  so that dx a d= cos .θ θ

Also the new limits are θ = 0 to θ π= / .2
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∴  The given integral I
a d

a a
=

+∫0

2π θ θ
θ θ

/ cos

sin cos

      =
+

= ⋅∫0

2

4

π θ θ
θ θ

π/ cos

sin cos

d
                [See Example 10]

Prob lem 15: (i) Show that 
0

2

4

π π/ ( )

( ) ( )∫
√

√ + √
= ⋅sin

sin cos

x

x x
dx

(Lucknow 2007)

(ii) Show that 
0

2

4

π π/ tan

tan cot∫ +
= ⋅x

x x
dx

(iii) Show that 
0

2

1 4

π π/

(tan )∫ + √
= ⋅dx

x

(iv) Show that 
0

2

1 4

π π/ (tan )

(tan )∫
√
+ √

= ⋅x dx

x

So lu tion: (i) Let  I
x

x x
dx= √

√ + √∫0

2π / (sin )

(sin ) (cos )
. ...(1)

Then I

x dx

x

=
−











−











∫
√

√
0

2

1

2

1

2

π
π

π

/
sin

sin  + −











√ cos

,

1

2
π x

    [Refer prop. 4]

  = √
√ + √

⋅∫0

2π / (cos )

(cos ) (sin )

x dx

x x
            ...(2)

Adding (1) and (2), we get

   2
0

2
I

x

x x

x

x
= √

√ + √
+ √

√ + √∫
π / (sin )

(sin ) (cos )

(cos )

(sin ) (cos )x
dx











  = √ + √
√ + √

= =∫ ∫0

2

0

2
1

π π π/ /(sin ) (cos )

(sin ) (cos )
.

x x

x x
dx dx

2
⋅

∴ I = 1

4
π .

(ii) Let I
x dx

x x
=

+∫0

2π / tan

tan cot
…(1)

then I

x dx

x x

=
−





−





+ −





∫0

2 2

2 2

π
π

π π

/
tan

tan cot

  =
−∫0

2π / cot

cot tan

x dx

x x
…(2)

Adding (1) and (2), we get

    2
0

2

0

2
I

xdx

x x

xdx

x x
=

+
+

+∫ ∫
π π/ /tan

tan cot

cot

cot tan
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  = +
+∫0

2π / tan cot

tan cot

x x

x x
dx

  = ⋅ = =∫0

2

0

2
1

2

π π π/ /
[ ]dx x

∴ I = π
4

.

(iii) We have I
dx

x

dx

x x
=

+ √
=

+ √∫ ∫0

2

0

2

1 1

π π/ /

(tan ) (sin /cos )

  = √
√ + √

⋅∫0

2π / (cos )

(cos ) (sin )

x dx

x x
             

Now proceeding exactly as in Problem 15(i) we get the result.

(iv) We have I
x dx

x

x dx

x
= √

+ √
= √

√ + √∫ ∫0

2

0

2

1

π π/ /(tan )

(tan )

(sin )

(cos ) (sin )x
⋅  ∵ tan

sin

cos
x

x

x
=





  = ⋅π
4

           [Proceed as in Problem 15(i)]

Prob lem 16: (i) Prove that 
0

2

4

π π/ ( )

( ) ( )∫
√

√ + √
= ⋅tan

tan cot

x

x x
dx

(ii) Show that 
0

2 2 1

2
2 1

π /

( )
( ).∫ +

=
√

√ +sin

sin cos
log

x dx

x x

So lu tion: (i) Here I
x

x x
dx=

+∫0

2π / sin

sin cos
, chang ing to sin x and cos .x  Now pro ceed

as in Ex am ple 10.

(ii) Let I
x dx

x x
=

+
⋅∫0

2 2π / sin

(sin cos )
 ...(1)

Then I

x dx

x

=
−











−





+
∫0

2

2
1

2
1

2

1

2

π
π

π

/
sin

sin cos π −





x

,             [Refer prop. 4]

or I
x dx

x x
=

+
⋅∫0

2 2π / cos

cos sin
 ...(2)

Adding (1) and (2), we get

     2
0

2 2

0

2 2
I

x dx

x x

x dx

x x
=

+
+

+∫ ∫
π π/ /sin

sin cos

cos

cos sin
          

  = +
+

=
+∫ ∫0

2 2 2

0

2π π/ /(sin cos )

(sin cos ) (sin cos

x x

x x
dx

dx

x x)

  = √
√ + √∫0

2 1 2

1 2 1 2

π / ( / )

( / ) sin ( / ) cos

dx

x x
 (Note)

  =
√ −





∫
1

2 1

4

0

2π

π

/

cos
,

dx

x

  ∵ cos sin
π π
4 4

1

2
= =




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  =
√

−



∫

1

2

1

40

2π
π

/
sec x dx

  =
√

−





+ −











1

2 4 4 0

2

log tan
/

sec x x
π π

π

  =
√

+





− −





+ −1

2

1

4

1

4

1

4

1

4
log tan log tansec secπ π π π




















  =
√

+

−





+ −









1

2

1

4

1

4
1

4

1

4

log
tan

tan

sec

sec

π π

π π











=
√

√ +
√ −











1

2

2 1

2 1
log

  =
√

√ + √ +
√ − √ +









 =

√
√ +1

2

2 1 2 1

2 1 2 1

1

2
2 1log

( ) ( )

( ) ( )
log ( )2

  = √ √ +( / ) . log ( ) .1 2 2 2 1

∴ I =
√

√ +1

2
2 1log ( ) .        

Prob lem 17: (i) Evaluate 
0

2 2π /

( )
.∫ +

cos

sin cos

x

x x
dx

(ii) Evaluate 
0 2 2 2

a a dx

x a x∫ + √ −
⋅

{ }( )

(iii) Evaluate 
0

2π /

∫ +
⋅x dx

x xsin cos

So lu tion: (i) Pro ceed ex actly as in prob lem 16(ii). The an swer is the same as prob lem
16(ii).

(ii) Put x a= sin ,θ  so that dx a d= cos .θ θ

When x = 0 , θ = 0 and when x a= , θ π= / .2

∴ The given integral I
a a d

a
=

+∫0

2

2 2

π θ θ

θ θ

/ . cos

(sin cos )

         =
+

⋅∫0

2

2

π θ θ

θ θ

/ cos

(sin cos )

d
...(1)

Also I

d

=
−





−





+ −



∫0

2
1

2

1

2

1

2

π π θ θ

π θ π θ

/
cos

sin cos








2
,          [Refer prop. 4]

  =
+

⋅∫0

2

2

π θ θ

θ θ

/ sin

(cos sin )

d
...(2)

Adding (1) and (2), we get

  2
0

2

2 0

2
I d

d= +

+
=

+∫ ∫
π πθ θ

θ θ
θ θ

θ θ

/ /cos sin

(sin cos ) sin cos
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  = √ √ +( / ) . log ( ) ,1 2 2 2 1         [Proceeding as in problem 16(ii)]

∴ I = √ √ +( / ) log ( ) .1 2 2 1        

(iii) Let I
x dx

x x
=

+
⋅∫0

2π /

sin cos
 ...(1)

Then I

x dx

x x

=
−





−





+ −





∫0

2
1

2
1

2

1

2

π π

π π

/

sin cos
,             [Refer prop. 4]

  =
−





+
⋅∫0

2
1

2π π
/

sin cos

x dx

x x
...(2)

Adding (1) and (2), we get

    2

1

2
20

2

0

2
I

dx

x x

dx

x x
=

+
=

+
⋅∫ ∫

π ππ π/ /

sin cos sin cos
         

∴ I
dx

x x
=

+
⋅∫

π π

4 0

2/

sin cos

Now proceeding as in problem 16(ii), we have

0

2 1

2
2 2 1

π /

sin cos
log ( ) .∫ +

=
√

⋅ √ +dx

x x

∴ I = ⋅
√

⋅ √ + =
√

√ +π π
4

1

2
2 2 1

2 2
2 1log ( ) log ( ).

Prob lem 18: (i) Show that 
0

2

0

2
2 2

π π/ /
( ) ( )∫ ∫φ = φsin sin sin cosx x dx x x dx

  = √ φ∫2 2
0

2π /
( ) .cos cosx x dx

(Kumaun 2007)

(ii) Show that 
0

2 2
1

2
2

8π π

π π∫






−
= ⋅

x x x

x
dx

sin sin cos

So lu tion: (i) We have 
0

2
2

π /
(sin ) . sin∫ φ x x dx

  = φ −











⋅ −



∫0

2
2

2 2

π π π/
sin sin ,x x dx           [Refer prop. 4]

  = φ −∫0

2
2

π
π

/
[sin ( )] cosx x dx

  = φ∫0

2
2

π /
(sin ) cos .x x dx      The first part proved.

Now to prove the second part, let

I x x dx= φ∫0

2
2

π /
(sin ) sin .
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Put x t= +1

4
π , so that dx dt= .

When x = 0 , t = − π /4 and when x = π / ,2 t = π / .4 

∴ I t t dt= φ +











+



−∫ π

π
π π

/

/
sin sin

4

4
2

1

4

1

4

  = φ +











+



−∫ π

π
π π

/

/
sin sin

4

4 1

2
2

1

4
t t dt

  = φ +



−∫ π

π
π π

/

/
(cos ) sin cos cos sin

4

4
2

1

4

1

4
t t t dt

  =
√

φ +
√

φ
− −∫ ∫

1

2
2

1

2
2

4

4

4

4

π

π

π

π

/

/

/

/
(cos ) cos (cos ) sint t dt t t dt.

Now 
−∫ φ =

π

π

/

/
(cos ) sin ,

4

4
2 0t t dt  

    because φ (cos ) sin2t t is an odd function of t 

and 
−∫ ∫φ = φ

π

π π

/

/ /
(cos ) cos (cos ) cos ,

4

4

0

4
2 2 2t t dt t t dt

      because φ (cos ) cos2t t is an even function of t .

∴ I t t dt=
√

φ∫
2

2
2

0

4π /
(cos ) cos  = √ φ∫2 2

0

4π /
(cos ) cos ,x x dx

     because a definite integral does not change by changing the variable.

(ii) Let I

x x x

x
dx=







−∫0

2 2
1

2
2

π π

π

sin .sin cos
.

Put x t= −1

2
π , so that dx dt= − .

Also t = 1

2
π when x = 0 and t = − 1

2
π when x = π .

∴ I

t t

=
−





−



−

∫π

π
π π π π

/

/
sin .sin cos

2

2

2
1

2
2

1

2

1

2

1

2
−













−





−
−

t

t

dt

2
1

2
π π

( )

  =
−











−−∫ π

π π π

/

/
sin .sin sin

2

2

2
1

2
2

1

2
2

t t t

t
dt

  = −
− +











−∫
1

2

1

4
2

1

2
2

2
2 2

π

π π π π

/

/
sin .sin sint t t t

t
dt.

Now 

1

4
2

1

2
2π πsin .sin sint t

t






 and t t tsin .sin sin2

1

2
π




 are both odd functions of t

while sin .sin sin2
1

2
t tπ




 is an even function of t.
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∴ I t t dt= − − 



∫

1

2
2 2

1

20

2
. ( ) sin . sin sin ,

/π
π π        [Refer prop. 5]

  = 



∫π π

π

0

2
2

1

2

/
sin cos .sin sin .t t t dt   

Now put 
1

2
π sin ,t z=  so that 

1

2
π cos .t dt dz=

Also z = 0 when t = 0 and z = 1

2
π when t = 1

2
π.

∴ I
z

z dz z z dz= ⋅ ⋅ =∫ ∫π
π π π

π π

0

2

0

22 2 2 8/ /.
sin sin   

  = − − −




∫
8

1
0

2

0

2

π
π π

{ ( cos )} .( cos )
/ /

z z z dz

  = +





= = − = ⋅∫

8
0

8 8
1 0

8
0

2

0
2

π π π π

π π //
cos [sin ] ( )z dz z

Prob lem 1: Find by sum ma tion the value of 
a

b
x dx∫ .

Solution: Here f x x( ) ;=   

∴ f a a( ) ,=  f a h a h( ) ,+ = +
f a h a h( ) ,+ = +2 2  etc.

Now
a

b

h
f x dx h f a f a h f a n h∫ = + + + …+ + −

→
( ) lim [ ( ) ( ) { ( ) }],

0
1

where n → ∞ and nh b a→ −  as h → 0 .

∴
a

b

h
x dx h a a h a h a n h∫ = + + + + + …+ + −

→
lim [ ( ) ( ) { ( ) }]

0
2 1

        = + −



→

lim { ( ) } ,
h

h
n

a n h
0 2

2 1  summing the A .P.

        = + −
→
lim [ ]
h

nh
a nh h

0 2
2

        = − + − −
→
lim [ ( ) ],
h

b a
a b a h

0 2
2  [ ]∵ nh b a= −

        = − + − = − + = −1

2
2

1

2

1

2
2 2( ) [ ( )] ( ) ( ) ( ).b a a b a b a b a b a

Prob lem 2: Eval u ate by sum ma tion 
1

2

∫ x dx.

Solution: Proceed as problem 1. Here b a= =2 1, .

Thus proceeding as above, we get xdx = − =∫
1

2
4 1

3

21

2
( ) .
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Prob lem 3: Eval u ate by sum ma tion 
0

2 3∫ x dx.

Solution: Here f x x( ) = 3 and a = 0, b = 2; therefore  nh = − =2 0 2.

∴  
0

2 3

0

3 3 3 3 3 3 3 30 2 3 1∫ = + + + + …+ −
→

x dx h h h h n h
h
lim [ ( ) ]

              = + + + …+ −
→
lim [ ( ) ],
h

h n
0

4 3 3 3 31 2 3 1  where nh = 2

              = − − +









→
lim

( ) {( ) }
,

h
h

n n

0

4
2 21 1 1

4
 summing up the series

 using the formula Σ n
n n3

2
1

2
= +





( )

        = −
→
lim ( ) ,
h

h n n
0

4 2 21

4
1  where nh = 2

        = − = − =
→
lim ( ) ( ) ( ) . .
h

nh h nh
0

2 2 2 21

4

1

4
2 0 2 4

Prob lem 4: Us ing the def i ni tion of in te gral as the limit of a sum, show that

     
a

b
x dx b a∫ = −cos sin sin .

Solution: Proceed exactly as in example 14.

Prob lem 5: Eval u ate by sum ma tion 
0

2π /
.∫ sin x dx

Solution: Here f x x( ) sin ;=   a = 0 and b = π / ,2

nh b a= − = − =1

2
0

1

2
π π .

Proceeding exactly as in example 14, we get

0

2
0

1

2
1 0 1

π
π

/
sin cos cos .∫ = − = − =x dx

Prob lem 6: Eval u ate by sum ma tion 
0

2π /
.∫ cos x dx

Solution: Here f x x( ) cos ;=  a = 0 and b = π / ,2  nh b a= − = − =1

2
0

1

2
π π.      

Proceeding exactly as in example 14, we get

0

2 1

2
0 1 0 1

π
π

/
cos sin sin .∫ = − = − =x dx

Prob lem 7: Eval u ate by sum ma tion 
a

b

x
dx∫

1
2

.

Solution: Proceed as in Example 12. Here m = −2.
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Prob lem 1: Eval u ate lim
n n n n→ ∞ +

+
+

+ +







 ⋅1

1

1

2

1

2
…  

So lu tion: Here the gen eral term (i e. ., the r th term) =
+
1

n r
 and r var ies from 1 to n . Thus

we have to find lim .
n

r

n

n r→ ∞
=

+∑ 1

1

We have lim lim
{ ( / )}n

r

n

n
r

n

n r n r n→ ∞
=

→ ∞
=

+
=

+∑ ∑1 1

1
1 1

 =
+→ ∞

=
∑lim

( / )
.

n
r

n

n r n

1 1

1
1

The limits of r in this summation are 1 to n . 

Therefore the lower limit of integration = =
→ ∞
lim .

n n

1
0

and the upper limit of integration = = =
→ ∞ → ∞
lim lim .

n n

n

n
1 1

Hence the required limit =
+

= + =∫0

1

0

11

1
1 2

x
dx x[log ( )] log .

Prob lem 2: Eval u ate lim
n n m n m n nm→ ∞ +

+
+

+ +
+









 ⋅1 1

2

1
…

Solution: Here the r th term =
+

=
+









1 1 1

1n rm n r n m( / )
 and r varies from 1 to n.

∴ The given limit = ⋅
+







→ ∞

=
∑lim

( / )n
r

n

n r n m

1 1

1
1

 =
+→ ∞

=
∑lim

( / )
.

n
r

n

n r n m

1 1

1
1

Also the lower limit of integration

= =
→ ∞
lim ( / ) ,

n
n1 0   [ ]∵ r = 1 for the first term

and the upper limit of integration = =
→ ∞
lim ( / ) .

n
n n 1   [ ]∵ r n= for the last term

∴ The required limit =
+∫0

1 1

1 mx
dx = +





= +1
1 1 1

0

1

m
mx m mlog ( ) ( / ) log ( ).

Prob lem 3: Eval u ate lim
( ) ( ) ( )

.
n

n

n

n

n

n

n n→ ∞ +
+

+
+ …+

+











1 22 2 2

Solution: Here the r th term =
+

=
+

n

n r

n

n r n( ) ( / )2 2 21{ }

           = ⋅
+

1 1

1 2n r n{ }( / )
, and r varies from 1 to n .
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∴ We have to find lim
{ ( / )}

.
n

r

n

n r n→ ∞
=

⋅
+

∑ 1 1

1 2
1

The lower limit of integration = 





=
→ ∞
lim ,

n n

1
0     [ ]∵ r = 1 for the 1st term

and the upper limit = 





=
→ ∞
lim .

n

n

n
1    [ ]∵ r n= for the last term

∴ The required limit =
+

= −
+









∫0

1

2
0

1
1

1

1

1( ) ( )x
dx

x
 = − − − = − + = ⋅1

2
1

1

2
1

1

2
( )

Prob lem 4: Eval u ate lim [ ( ) ( ) ( ) / ].
n

n n n n n
→ ∞

√ + + √ + + + √ √{ }1 2 2…

Solution: The given limit

= √ +
√

= +



→ ∞

=
→ ∞

=
∑ √∑lim

( )
lim

n
r

n

n
r

n
n r

n n n

r

n
1 1

1
1

= √ + = +







∫0

1 3 2

0

1

1
1

3 2
( )

( )

/

/
x dx

x

= + = − = √ − ⋅2

3
1

2

3
2 1

2

3
2 2 13 2

0
1 3 2[( ) ] [ ] [ ]/ /x

Prob lem 5: Eval u ate 

        lim
( ) ( ) ( ) ( )n

n
n n n n→ ∞ + +

+
+ +






1

1 2

1

2 4
 +

+ +
+ + 


1

3 6

1

6 2( ) ( )
.

n n n
…

Solution: The given limit

=
+ +→ ∞

=
∑lim

( )( )n
r

n

n
n r n r

1

2
1

 =
+ +→ ∞

=
∑lim

( / )( / )n
r

n
n

n r n r n2
1

1

1 1 2

=
+ +

=
+ +→ ∞

=
∑ ∫lim

( / ) ( / ) ( ) ( )
.

n
r

n

n r n r n x x
dx

1 1

1 1 2

1

1 1 2
1

0

1

Let  
1

1 1 2 1 1 2( ) ( )+ +
≡

+
+

+
⋅

x x

A

x

B

x

Then A = − 1, B = 2 .

∴ The required limit = −
+

+
+









∫0

1 1

1

2

1 2x x
dx = − + + +[ log ( ) log ( )]1 1 2

0

1
x x

       = +
+

















 = − = ⋅log log log log

1 2

1

3

2
1

3

2
0

1
x

x

Prob lem 6: Eval u ate lim
n

n

n

n

n n→ ∞ +
+

+
+ +









 ⋅

2 2 2 21 2

1

2
…
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Solution: Here the r th term =
+

n

n r2 2
, and r varies from 0 to n . Proceeding as in example 

16, we get the required limit = π / .4

Prob lem 7: Eval u ate lim
n

n

n

n

n n→ ∞

+

+
+ +

+
+ +









 ⋅1

1

2

2

1
2 2 2 2

…

Solution: Here the r th term

  = +

+
= +

+
= ⋅ +

+





n r

n r

r n

n r n n

r n

r n2 2 2 2

1

1

1 1

1

( / )

( / )

( / )

( / ){ }




,

and r varies from 1 to n .

∴ The given limit = ⋅ +

+







→ ∞

=
∑lim

( / )

( / )n
r

n

n

r n

r n

1 1

1 2
1

 = +

+
=

+
+

+









∫ ∫0

1

2 0

1

2 2

1

1 1

1

1

x

x
dx

x

x x
dx

  = + +





= +−1

2
1

1

2
2

4
2 1

0

1

log ( ) tan log .x x
π

Prob lem 8: Eval u ate lim ( )
n n

n
→ ∞

+ + + + +





⋅1
1 4 9 16

3
2

…

Solution: Here the r th term = = ⋅ 





1 1
3

2
2

n
r

n

r

n
( ) , and r varies from 1 to n.

∴ The given limit = ⋅ 



→ ∞

=
∑lim

n
r

n

n

r

n

1
2

1

= =








 = ⋅∫0

1 2
3

0

1

3

1

3
x dx

x
            

Prob lem 9: Eval u ate lim
( ) ( )n n

n

n

n

n n→ ∞
+

+
+

+
+ +









 ⋅1

1 2

1

8

2

3

2

3
…

Solution: Here the general term

  =
+

=
+

= ⋅
+

n

n r

n

n r n n r n

2

3

2

3 3 31

1 1

1( ) ( / ) ( / )
,

{ } { }
 

and r varies from 0 to n.

∴ The given limit = ⋅
+→ ∞

=
∑lim

{ ( / )}n
r

n

n r n

1 1

1 3
0

   =
+

= −
+









 = − + = ⋅∫0

1

3 2
0

1
1

1

1

2 1

1

8

1

2

3

8( ) ( )x
dx

x

Prob lem 10: Eval u ate lim
( ) ( )

/

/

/

/

/

/

/

n

n

n

n

n

n

n

n

n→ ∞
+

+
+

+
+ +

+

1 2

3 2

1 2

3 2

1 2

3 2

1 2

3 6
…

{ 3 1 3 2( ) /n −









 ⋅

}

(Lucknow 2006)
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Solution:  Here the general term  =
+

n

n r

1 2

3 23

/

/( )
  =

+

1

1 3 3 2n r n{ }( / )
,

/
  

and r varies from 0 to n − 1.

∴ The given limit = ⋅
+→ ∞

=

−

∑lim
{ ( / )} /n

r

n

n r n

1 1

1 3 3 2
0

1

 =
+

= − ⋅
+









∫0

1

3 2 1 2
0

1

1 3

2

3

1

1 3

dx

x x( ) ( )/ /
 = − −





= ⋅2

3

1

2
1

1

3

Prob lem 11: Eval u ate lim
( ) ( ) ( )n n n n n n→ ∞

+
√ −

+
√ −

+ +
√ − −











1 1

1

1

2

1

12 2 2 2 2 2
…

{ }
⋅

Solution: Here the general term

 =
√ −

= ⋅
√ −

1 1 1

12 2 2( ) ( / )
,

n r n r n{ }
 and r varies from 0 to ( ) .n − 1

∴ The given limit = ⋅
√ −→ ∞

=

−

∑lim
{ ( / ) }n

r

n

n r n

1 1

1 2
0

1

 =
√ −

=∫ −
0

1

2
1

0
11

1( )
[sin ]

x
dx x

 = − =− −sin sin .1 11 0
1

2
π          

Prob lem 12: Eval u ate lim
n n n n n n n n→ ∞

+ + + +


1 1 2 4 3 9 1
1

2
2

2 2
2

2 2
2

2
2sec sec sec sec…




⋅

(Lucknow 2010)

Solution: Here the r th term

 = = ⋅








r

n

r

n n

r

n

r

n2
2

2

2
2

2

2

1
sec sec , and r varies from 1 to n .

∴ The given limit = ⋅






→ ∞

=
∑lim sec

n
r

n

n

r

n

r

n

1 2
2

2
1

  = =∫ ∫0

1 2 2

0

1 21

2
x x dx t dtsec sec , putting x t2 =   so that 

2x dx dt=  and the limits for t are 0 to 1

  = = − =1

2

1

2
1 0

1

2
1

0

1
[tan ] (tan tan ) tan .t

Prob lem 13: Eval u ate lim .
n

r

n
r

r m→ ∞
= +
∑

3

4 4
1

Solution: Here lim lim
( / )n

r

n

n
r

n
r

r n n

r

r n→ ∞
=

→ ∞
=

∑ ∑
+

=
+







1

3

4 4
1

4

3

4

1

1
 = ⋅

+







→ ∞

=
∑lim

( / )

( / )n
r

n

n

r n

r n1

3

4

1

1

(Note)
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    =
+

= + =∫
x

x
dx x

3

40

1 4
0

1

1

1

4
1

1

4
2[log( )] log .

Prob lem 14: Eval u ate lim .
n

r

n

n

n r

n r→ ∞
=

−

∑ √⋅ +
−







1

0

1

(Lucknow 2014)

Solution: Here lim
n

r

n

n

n r

n r→ ∞
=

−

∑ √⋅ +
−







1

0

1

 = ⋅ +
−







→ ∞

=

−

∑ √lim
( / )

( / )n
r

n

n

r n

r n

1 1

1
0

1

= +
−







 = +

√ −∫ √ ∫0

1

0

1

2

1

1

1

1

x

x
dx

x

x
dx

( )

( )
.         (Note)

Now put x = sin θ so that dx d= cos .θ θ
Also θ = 0 when x = 0 and θ π= /2 when x = 1.

∴ The required limit = +
∫0

2 1π θ
θ

θ θ
/ sin

cos
cos d  = + = −∫0

2

0

2
1

π π /θ θ θ θ
/

( sin ) [ cos ]d

 = −





− − = +π π
2

0 0 1
2

1( ) .

Prob lem 15: Eval u ate lim
( )

.
n

r

n
n

r r n→ ∞
=
∑ �√

√ ⋅ √ + √1
23 4

Solution: The given limit =
√ √ +→ ∞

=
∑lim .

( / ).{ ( / ) }n
r

n

n r n r n1
2

1 1

3 4
 =

√ √ +
⋅∫0

1

23 4

dx

x x.( )
 

Now put 3 4√ + =x t, so that 3 1 2.( / ) .√ =x dx dt  

The limits for t are 4 to 7. 

∴ The required limit = = − 





= − −





= ⋅∫
2

3

2

3

1 2

3

1

7

1

4

1

144

7

2
4

7
dt

t t

Prob lem 16: Eval u ate lim
( )

.
/n

r

n
n

n r→ ∞
=
∑

+1

2

2 2 3 2

So lu tion: The given limit =
+→ ∞

=
∑lim .

[ ( / ) ] /n
r

n

n r n1
2 3 2

1 1

1

        =
+

=∫ ∫0

1

2 3 2 0

4 2

31

dx

x

d

( )
,

/

/π θ θ

θ

sec

sec
  putting x = tan θ so

  that dx d= sec
2 θ θ and the limits for θ are 0 to π /4

      = = = − =
√

⋅∫0
4

0

4

4
0

1

2

π π /θ θ θ π/
cos [sin ] sin sind

Prob lem 17: Evaluate lim
( ) ( )

.
n n n n→ ∞ √ −

+
√ −

+ +










1

2 1

1

4 2

1
2 2

…

Solution: Here the r th term
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  =
√ −

= ⋅
√ −

1

2

1 1

22 2( ) ( / ) ( / )
,

nr r n r n r n{ }
and r varies from  1 to n .

∴ The given limit =
√ −→ ∞

=
∑lim .

{ ( / ) ( / ) }n
r

n

n r n r n1
2

1 1

2

  =
√ −

=
√ − −

= −∫ ∫ −
0

1

2 0

1

2
1

0

1

2 1 1
1

dx

x x

dx

x
x

( ) ( )
[sin ( )]

{ }

  = − − = + =− − −sin sin ( ) sin / .1 1 10 1 0 1 2π

Prob lem 18: Eval u ate 

  lim
( ) ( ) ( ) ( ) ( . )n

n

n n

n

n n

n

n n n→ ∞ + √ +
+

+ √ +
+ +

√


1 2 1 2 2 2 2 2 3{ }
…







 ⋅

Solution: Here the r th term =
+ √ +

n

n r r n r( ) ( ){ }2
 =

+ √ +
n

n r n r n r n( ) [( / ) ( / ) ]{ }2

           = ⋅
+ √ +

⋅1 1

1 2n r n r n r n{ } { }( / ) [( / ) ( / )

Also r varies from 1 to n.

∴ The given limit =
+ √ +→ ∞

=
∑lim .

{ ( / )} [( / ){ ( / )}]n
r

n

n r n r n r n
1

1 1

1 2

   =
+ √ +

=
+ √ + −∫ ∫0

1

0

1

21 2 1 1 1

dx

x x x

dx

x x( ) ( ) ( ) ( ){ } { }

  = + = − = − = ⋅− − −[ ( )]sec sec sec
1

0

1 1 11 2 1
3

0
3

x
π π

Prob lem 19: Eval u ate 

lim
( ) ( ) ( ) ( )/ / /

n

n m

n

n m

n

n m

n

n m

→ ∞

− + − + − + + −1 3 2 1 3 2 1 3 32

2

3

3
…

1 3

2

/

n









 ⋅ 

Solution: Here the r th term 

 = −( ) /r n m

r n

2 1 3
 =

−










= ⋅ ⋅ −










n
r

n

m

n

r n n r n

r

n

m

n

2

2 3

1 3

2

2 3

1 3
1 1

/

/

. ( / )
.

∴ The given limit = ⋅ −










→ ∞
=
∑lim .

( / )

/

n
r

n

n r n

r

n

m

n1

2

2 3

1 3
1 1

    = − = = 





= ⋅∫ ∫ −
0

1 2 1 3

0

1 1 3 2 3

0

1
0 3

2

3

2

( ) /
/ /x

x
dx x dx x

Prob lem 20: Eval u ate lim
n na na na nb→ ∞

+
+

+
+

+ +







 ⋅1 1

1

1

2

1
…

(Kumaun 2011)
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Solution: Here the last term = =
+ −

⋅1 1

nb na n b a( )
(Note)

Now the rth term =
+

1

na r
, and r varies from 0 to n b a( ) .−

∴ The given limit =
+→ ∞

=

−

∑lim
( )

n
r

n b a

na r
0

1
 = ⋅

+






→ ∞

=

−

∑lim
( / )

.
( )

n
r

n b a

n a r n
0

1 1
     

Also the lower limit of integration

= 



→ ∞

lim ,
n

r

n
 for the 1st term

= 0 ,    [ ]∵ r = 0 for the 1st term

and upper  limit = 



→ ∞

lim ,
n

r

n
 for the last term

= −
→ ∞
lim

( )
,

n

n b a

n
          [ ( )∵ r n b a= − for the last term]

= −( ) .b a

∴ The required limit 

=
+

−

∫0

1( )b a

a x
dx = + = − =−

[log ( )] log log log ( / ).
( )

a x b a b a
b a

0

Prob lem 21: Eval u ate lim
n

n

n→ ∞

+ + + + ⋅1 2 310 10 10

11

…

Solution: The given limit may be written as

lim
n n n n n

n

n→ ∞
⋅ 





+ 





+ 





+ …+ 


1 1 2 3
10 10 10


























⋅
10

(Note)

Now the r th term = ⋅ 





1
10

n

r

n
, and r varies from 1 to n.

∴ The given limit = ⋅ 





= =








 =

→ ∞
=
∑ ∫lim

n
r

n

n

r

n
x dx

x1

11

1
10

1

10
11

0

1

0

1

11
.

Prob lem 22: Prove that lim ,
n

m m m m

m

n

n m→ ∞ +
+ + + + =

+
1 2 3 1

11

…
 ( ) .m> 1

So lu tion: The given limit = = 



→ ∞

=
+ → ∞

=
∑ ∑lim lim

n
r

n m

m n

m

r

n
r

n n

r

n
1

1
1

1

     = =
+









 =

+
⋅∫

+

0

1 1

0

1

1

1

1
x dx

x

m m

m
m
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Prob lem 23: Eval u ate lim
n n n n

n

n→ ∞
+





+





+





+








1
1

1
2

1
3

1…



⋅
1/n

(Lucknow 2009)

Solution: Let     P
n n n

n

nn
= +





+





+





… +






→ ∞
lim 1

1
1

2
1

3
1





1/

.
n

Then log lim log log logP
n n n

n

nn
= +





+ +





+ …+ +
→ ∞

1
1

1
1

2
1











     = +





= +
→ ∞

=
∑ ∫lim log log ( )

n
r

n

n

r

n
x dx

1
1 1

1
0

1

     = +∫0
1

1 1{ }log ( ) .x dx = + −
+∫[ log ( ) . ] ,{ }1

10

1

0

1
x x

x

x
dx

        integrating by parts taking 1 as the 2nd function

        = − + −
+

= − +
+∫ ∫ ∫log

( )
log2

1 1

1
2

1

10

1

0

1

0

1x

x
dx dx

x
dx 

        = − + + = − +log [ ] [ log ( )] log log2 1 2 1 2
0

1

0

1
x x

        = − = − =2 2 1 2 42log log log log ( / ).e e

∴                        P e= 4 / .

Prob lem 24: Eval u ate lim
( ) ( ) ( ) ( )

.
/

n n

n
n n n n n

n→ ∞

+ + + +





1 2 3
1

…

Solution: The given limit

= +





+





… +









→ ∞

lim
/

n

n
n

n

n

n

n n

n

1 2
1

= +





+





… +









→ ∞

lim .
/

n

n

n n

n

n
1

1
1

2
1

1

Now proceed as in problem 23.

Prob lem 25: Eval u ate lim

/ /

n n n n→ ∞
+





+








 +









1

1
1

2
1

3
4

4

4

1 2
4

4

1 3
4

4

1

1… +
























⋅n

n

n/

So lu tion: Let P
n n nn

= +





+








 +









→ ∞

lim

/

1
1

1
2

1
3

4

4

4

1 2
4

4

1 3
4

4

1

1

/
/

… +
























n

n

n

∴   log lim log log loP
n nn

= +





+ +








 +

→ ∞
1

1 1

2
1

2 1

34

4

4
g 1

34

4
+









 +





 n

 … + +
















1
1

4

4n

n

n
log
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    = +








 = ⋅ +

→ ∞
=

→ ∞
=

∑ ∑lim log lim
n

r

n

n
r

n

r

r

n n

n

r

1
1

1
1

1

4

4
1

r

n

4

4











   = + = − + − ∞








∫ ∫0

1 4

0

1 4
8 121

1
1

2 3x
x dx

x
x

x x
dxlog ( ) …

   = − + − ∞








 = − + − ∞









∫0

1 3
7 11 4 8 12

2 3 4 16 36
x

x x
dx

x x x
… …

0

1

   = − + − ∞1

4

1

16

1

36
…  = − + − ∞





1

4
1

1

4

1

9
…  

   = − + − ∞





1

4
1

1

2

1

32 2
…  = ⋅1

4 12

2π
, from trigonometry.

Thus    log P = ⋅π2

48

∴     P e= π2 48/ .

Prob lem 26: Eval u ate lim
/

n

n

n n n

n

n→ ∞






⋅sin sin sin sin
π π π π

2

2

2

3

2 2

1

…

So lu tion: Let P
n n

n

nn

n

= …



→ ∞

lim sin sin sin .
/π π π

2

2

2 2

1

∴    log lim log sin log
sin

P
n n

n

nn
= 





+ …+ 






→ ∞

1

2 2

π π 


       = 



→ ∞

=
∑lim log sin

n
r

n

n

r

n
1

1

2

π
 = 



∫0

1

2
log sin

π
x dx

       = ∫
2

0

2

π
θ θ

π /
log (sin ) ,d  

    putting 
π θ
2

x =  and changing the limits

       = ⋅ −





2

2
2

π
π

log ,

  ∵
0

2

2
2

π
θ θ π/

log sin log .∫ = −





d (See example 7)

       = − = =−log log ( ) log ( / ).2 2 1 21

Thus            log logP = 





1

2
  or  P = ⋅1

2

Prob lem 27: Eval u ate lim
/

n

n

n n n

n

n→ ∞






⋅tan tan tan tan
π π π π

2

2

2

3

2 2

1

…

(Kumaun 2012)

So lu tion: Let P
n n

n

nn

n

= …



→ ∞

lim tan tan tan .
/π π π

2

2

2 2

1
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Then   log lim log tan log tan loP
n n nn

= 





+ 





+ …+
→ ∞

1

2

2

2

π π
g tan

n

n

π
2













                        = 





= 





→ ∞

=
∑ ∫lim log tan log tan

n
r

n

n

r

n
x d

1

2 2
1

0

1π π
x

    = ∫
2

0

2

π
θ θ

π /
log (tan ) ,d  

            putting ( / )π θx 2 =  and changing the limits accordingly

    = 





∫

2
0

2

π
θ
θ

θ
π /

log
sin

cos
d

    = −∫ ∫
2 2

0

2

0

2

π
θ θ

π
θ θ

π π/ /
log sin log cosd d

    = −





−∫ ∫
2

2

2
0

2

0

2

π
π θ θ

π
θ θ

π π/ /
log sin log cosd d

∵

0 0

a a
f x dx f a x dx∫ ∫= −





( ) ( )

    = − =∫ ∫
2 2

0
0

2

0

2

π
θ θ

π
θ θ

π π/ /
log cos log cos .d d

∴                       P e= =0 1.

Prob lem 28: Eval u ate the limit

lim
/ /

n

n n

n n n→ ∞
+





+








 +







1

1
1

2
1

3
2

2 2
2

2

4 2
2

2 
 +









 ⋅

6 2
2

2

2 2

1

/ /n n n
n

n
…

(Kumaun 2009)
So lu tion: Let the re quired limit be P. Then

 log lim log logP
n n n nn

= +





+ +








 +

→ ∞

2
1

1 4
1

2
2 2 2

2

2
…+ +























2
1

2

2

2

n

n

n

n
log

     = +








 =

→ ∞
=

→ ∞
=

∑ ∑lim log lim
n

r

n

n
r

n
r

n

r

n n

r

n

2
1

1
2

2

2

2
1 1







+ 
















log 1

2
r

n

     = +∫ 2 1 2

0

1
x x dxlog( ) .

Now put 1 2+ =x t , so that 2x dx dt= .

When x = 0 , t = 1 and when x = 1, t = 2 .

∴      log logP t dt= ∫0

2
 = − ⋅∫[ log ] ,t t t

t
dt

1

2

1

2 1
   

integrating by parts taking 1 as the second function

     = − − = −∫( log log ) log [ ]2 2 1 2 2
1

2

1

2
dt t

        = − − = − = − =log ( ) log log log log ( / ).2 2 1 4 1 4 42 e e

∴                        P e= 4 / .
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Mul ti ple Choice Ques tions

 1. We have 
−∫ ∫= = ⋅ ⋅ = ⋅

π

π π π π
/

/ /
sin sin

2

2 2

0

2 22 2
1

2 2 2
x dx x dx

 2. We have lim lim
( / )

( / )n
r

n

n
r

n
r

r n n

r n

r n→ ∞
=

→ ∞
=

∑ ∑ ∫+
=

+
=

1

3

4 4
1

3

4 0

11

1

x

x
dx

3

41 +

=
+

= +∫
1

4

4

1

1

4
1

0

1 3

4
4

0
1x

x
dx x[ log ( )] = − =1

4
2 1

1

4
2[ log log ] log .

 3. If f x x( ) sin ,= 3  we have

f x x x f x( ) sin ( ) sin ( ).− = − = − = −3 3

∴
−∫ =

π

π

/

/
sin .

2

2 3 0x dx

 4. We have f x f x[sin ( )] (sin ).π − =

Now we know that 
0

2

0
2

a a
f x dx f x dx∫ ∫=( ) ( ) , if f a x f x( ) ( ).2 − =

∴
0 0

2
2

π π

∫ ∫=f x dx f x dx(sin ) (sin )
/

.

Fill in the Blank(s)

 1. If f x f x( ) ( )− = − , then 
−∫ =

a

a
f x dx( ) .0

See article 2, Property 5.

 2. If f a x f x( ) ( )2 − = − , then 
0

2
0

a
f x dx∫ =( ) .

See article 2, Property 6.

 3. If f x f x( ) ( )− = , then 
−∫ ∫=

a

a a
f x dx f x dx( ) ( ) .2

0

See article 2, Property 5.

 4. If f a x f x( ) ( )2 − = , then 
0

2

0
2

a a
f x dx f x dx∫ ∫=( ) ( ) .

See article 2, Property 6.

 5. If f x x x( ) sin cos= 3 2 , then

f x x x( ) [sin ( )] [cos ( )]− = − −3 2 = −( sin ) (cos )x x3 2

  = − = −sin cos ( ).3 2x x f x

∴  
−∫ =

π

π

/

/
sin cos .

2

2 3 2 0x x dx
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 6. If f x
x x

x
( )

sin

( )
,=

√ −

−2 1

21
  then

f x
x x

x

x x

x
f( )

( ) sin ( )

[ ( ) ]

sin

( )
− = − −

√ − −
= −

√ −
= −

− −2 1

2

2 1

21 1
( ).x

∴
−

−

∫ √ −
=

1

1 2 1

21
0

x x

x
dx

sin

( )
.

 7. Let I
x x

x x
dx= −

+∫0

2

1

π / cos sin

sin cos
.

Then I
x x

x x
= − − −

+ − −∫0

2 2 2

1 2 2

π π π
π π

/ cos ( / ) sin ( / )

sin ( / ) cos ( / )
dx

   = −
+

= − −
+∫ ∫0

2

0

2

1 1

π π/ /sin cos

cos sin

cos sin

sin c

x x

x x
dx

x x

x os
.

x
dx I= −

∴   2 0I =  or I = 0.

 8. Let I
dx

x

x

x x
dx=

+ √
= √

√ + √∫ ∫0

2

0

2

1

π π/ /

(tan )

(cos )

(cos ) (sin )
. ...(1)

Then I
x

x x
dx= √ −

√ − + √ −∫0

2 2

2 2

π π
π π

/ [cos ( / )]

[cos ( / )] [sin ( / )]

   = √
√ + √∫0

2π / (sin )

(sin ) (cos )
.

x

x x
dx  ...(2)

Adding (1) and (2), we get

       [ ]2
0

2

0

2
I

x x

x x
dx dx x= √ + √

√ + √
= =∫ ∫

π π/ /(cos ) (sin )

(cos ) (sin ) 0
2

2

π π/ = ⋅

∴ I = ⋅π
4

 9. Proceed as in Example 10.

10. We have lim
( / )

[ log ( )]
n

r

n

n r n x
dx x

→ ∞
=
∑ ∫+

=
+

= +1 1

1

1

1
1

1
0

1

0
1

    = − = − =log log log log .2 1 2 0 2

True or False

 1. We have 
0 0

a a
f x dx f a x dx∫ ∫= −( ) ( ) .

 2. See article 2, Property 4.

 3. If  f x x xm m( ) sin cos= +2 1 , then

f x x xm m( ) sin ( ) cos ( )π π π− = − −+2 1 = ⋅ − +sin ( cos )m mx x 2 1

       = − + +( ) sin cos1 2 1 2 1m m mx x = − +sin cosm mx x2 1 = − f x( ).
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∴ 
0

2 1 0
π

∫ + =sin cos .m mx x dx    [See article 2, Property 6]

 4. Let I
x dx

x x
=

+
⋅∫0

2π /

sin cos
...(1)

Then I
x dx

x x
dx= −

− + −∫0

2 2

2 2

π π
π π

/ ( / )

sin ( / ) cos ( / )

   = −
+

⋅∫0

2 2π π/ ( / )

sin cos

x dx

x x
 ...(2)

Adding (1) and (2), we get

2
2

0

2
I

x x
dx=

+∫
π π/ /

sin cos
  or  I

dx

x x
=

+
⋅∫

π π

4 0

2/

sin cos

 5. If f x x( ) cos= 3 , then 

f x x x f x( ) cos ( ) cos ( ).− = − = =3 3

∴ 
−∫ ∫= = ⋅ = ⋅

π

π π

/

/ /
cos cos

.2

2 3

0

2 32 2
2

3 1

4

3
x dx x dx

 6. We have 

lim lim
( / )

.
n

r

n

n
r

n

n r n r n x
dx

→ ∞
=

→ ∞
=

∑ ∑ ∫+
=

+
=

+
0

2

0

2

0

21 1 1

1

1

1

 7. We have 

lim
( / )n

r

n

n r n x
dx

→ ∞
=

+

∑ ∫+
=

+

1 1

1

1

10

1

2 0

1

2

= = −− − −[tan ] tan tan1
0
1 1 11 0x  = − = ⋅π π

4
0

4

 8. We have 

lim ( )
n n

n
→ ∞

+ + + + +





1
1 4 9 16

3
2

…

= =
→ ∞

=
→ ∞

=
∑ ∑lim lim ( / )

n
r

n

n
r

n
r

n n
r n

1

2

3
1

21
 = =









 = ⋅∫0

1 2
3

0

1

3

1

3
x dx

x

❍❍❍
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Prob lem 1:  Eval u ate sin x dx6 .∫
So lu tion: We know that

sin
sin cos ( )

sin .n
n

nx dx
x x

n

n

n
x dx= − + −−

−∫∫
1

21

[Es tab lish the for mula here]

Tak ing n = 6 and ap ply ing the above for mula suc ces sively, we have

sin
sin cos

sin6
6 1

6 2

6

6 1

6
x dx

x x
x dx= − + −−

−∫∫
= − + ∫

1

6

5

6
5 4sin cos sinx x x dx

= − + − +



∫

1

6

5

6

1

4

3

4
5 3 2sin cos sin cos sinx x x x x dx

= − − + ∫
1

6

5

24

5

8
5 3 2sin cos sin cos sinx x x x x dx

= − − + −∫
1

6

5

24

5

8

1

2
1 25 3sin cos sin cos ( cos )x x x x x dx

= − − + − ⋅1

6

5

24

5

8

1

2

1

2

1

2
25 3sin cos sin cos ( sin )x x x x x x

= − − − +1

6

5

24

5

16

5

16
5 3sin cos sin cos sin cos .x x x x x x x

Prob lem 2:  Eval u ate 
0

2 6π /
.∫ sin x dx

(Kanpur 2001, 05, 06)

So lu tion: Here n = 6 (even). Hence from article 3 (case II), we get

sin
/ 6

0

2 5

6

3

4

1

2 2

5

32
x dx = ⋅ ⋅ ⋅ = ⋅∫

π ππ

Prob lem 3:  Eval u ate cos x dx9
0

2
.

/π
∫
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So lu tion: Here n = 9 (odd). Hence from article 3 (Case I), we get

0

2 9 8 6 4 2

9 7 5 3 1
1

128

315

π /
cos

. . .

. . . .∫ = ⋅ = ⋅x dx

Prob lem 4: Eval u ate 
0

2 10π /
sin∫ x dx or 

0

2 10π /
cos .∫ x dx

So lu tion: Here n = 10 (even) in both the cases.

∴
0

2 10
0

2 10π π/ /
sin cos∫ ∫=x dx x dx = ⋅ = ⋅9 7 5 3 1

10 8 6 4 2 2

63

512

. . . .

. . . .

π π

Prob lem 5: Eval u ate 
0

4 5π
θ θ

/
.∫ tan d

So lu tion: Pro ceed ing as in ar ti cle 4 (a), we have

∫ ∫=
−

−
−

−tan
tan

tan .n
n

nd
n

dθ θ θ θ θ
1

2

1
 ...(1)

Putting n = 5 in (1), we have

∫ ∫= −tan tan tan5 4 31

4
θ θ θ θ θd d

     = − − ∫
1

4

1

2
4 2tan [ tan tan ] ,θ θ θ θd  putt ing n = 3 in (1)

     = − −1

4

1

2
4 2tan tan log cos .θ θ θ

∴
0

4 5 4 2

0

41

4

1

2

π π
θ θ θ θ θ

/ /
tan tan tan log cos∫ = − −





d

= − − − − = − −[ log cos ] [ log cos ] [ log ( / )]
1

4

1

2

1

4
0 0

1

4
1 2π

= − + = − ⋅[ log ] [log ]
1

4

1

2
2

1

2
2

1

2

Prob lem 6:  Eval u ate 
0

5 2 2 32
a

x a x dx∫ − −( ) .

So lu tion: Put x a= 2 . sin ,θ  so that dx a d= 2 . cos .θ θ

Also when x = 0,  sinθ = 0 or θ = 0 and when x a= , sin /θ = 1 2 or θ π / 4.=

Making these substitutions the given integral

= −∫ −
0

4 5 2 2 2 32 2 2 2
π

θ θ θ θ
/

( . sin ) . ( sin ) . . cosa a a a d

=










∫0

4 5 2 5 5 1 2

3 6 6
2 2

2

π θ θ

θ
θ

/ / /sin . cos

cos

a a

a
d

= = − ⋅∫0

4 5 1

2
2

1

2

π /
θ θtan [log ]d [See Prob lem 5]
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Prob lem 7: Eval u ate ∫ sec x dx3 .

So lu tion: We have ∫ ∫=sec sec sec3 2x dx x x dx.

= − ∫sec secx x x x x dxtan tan tan ,

(in te grat ing by parts tak ing sec2 x as the 2nd func tion)

` = − ∫sec secx x x x dxtan tan2  = − −∫sec sec secx x x x dxtan ( )2 1

= − +∫ ∫sec sec secx x x dx x dxtan .3

Transposing the term − ∫ sec3 x dx to the left, we have

2 3∫ ∫= +sec sec secx dx x x x dxtan

or   ∫ = + +sec sec sec3 1

2

1

2
x dx x x x xtan log ( tan ) .

Prob lem 8: Eval u ate 
0

4 3π /
.∫ sec x dx

So lu tion: Let   I x dx x x dx= =∫ ∫0

4 3
0

4 2π π/ /
.sec sec sec

          = √ +∫0

4 2 21
π /

( tan ) . .x x dxsec

Now put tan ,x t=  so that sec2 x dx dt= . When x = 0 , t = 0 and when x = 1

4
π , t = 1.

∴  I t dt t t t t= √ + = √ + + + √ +



∫0

1 2 2 2

0

1
1

1

2
1

1

2
1( ) ( ) log ( ){ }

     = √ + + √ − +[ log ( )] [ log ]
1

2
2

1

2
1 2 0

1

2
1 = √ + √ +1

2
2

1

2
2 1log ( ) .

Prob lem 9: Eval u ate 
0

2 2 5 2a
a x dx∫ +( ) ./

So lu tion: Put x a= tan ,θ  so that  dx a d= sec2 θ θ .

Then I a x dx
a

= +∫0
2 2 5 2( ) /

  = =∫ ∫0

4 5 5 2 6
0

4 7π π
θ θ θ θ θ

/ /
.a a d a dsec sec sec

Now form a reduction formula for ∫ secn dθ θ .  By repeated application of this formula,

we get
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I a d= 











+ 


∫6 5

0

4

0

4 51

6

5

6
sec secθ θ θ θ

π π
tan

/ /

  = +




















+ ⋅ ∫a6
3

0

4

0

44 2

6

5

6 4

5

6

3

4

sec
sec

θ θ
π

πtan
/

/ 3 θ θd





  = + + ⋅



a6

0
42 2

3

5 2

12

5

8

1

2
( tan ) /
sec θ θ π  + ⋅ 


∫

5

8

1

2 0

4π
θ θ

/
sec d

  = + + + +














a6

0

42 2

3

5 2

12

5 2

16

5

16

1

4

1

2
log tan

/
π θ

π



  = + + + 













a6 2 2

3

5 2

12

5 2

16

5

16

3

8
log tan π

  = + 













a6 67 2

48

5

16

3

8
log tan π

= + 











⋅a6

48
67 2 15

3

8
log tan π

Prob lem 10: Eval u ate 
0

4 2 4π
θ θ θ

/
.∫ sin cos d

So lu tion: From article 6, we have the re duc tion for mula

    ∫ =
+

+ −
sin cos

sin . cosm n
m n

x x dx
x x

m n

1 1
  + −

+ ∫ −n

m
x x dxm n1

1
2sin cos .

[De rive it here]

Here m = 2 and n = 4 ; hence we have

0

4 2 4
3 3

0

4

0

4

4

3

6

π
π

π
θ θ θ θ θ/

/
/

sin cos
sin cos

s∫ ∫=












+d in cos2 2θ θ θd

= +




















+ 
∫

1

48

1

2 4

1

4

3

0

4

0

4 2sin cos
sin

/
/θ θ θ θ

π
π

d

 ,

[Putt ing m = 2 and n = 2 in the above re duc tion for mula]

= + + ⋅ −∫
1

48

1

32

1

8

1

2
1 2

0

4π
θ θ

/
( cos ) d

= + + −





1

48

1

32

1

16

2

2 0

4
θ θ πsin /

= + + −





1

48

1

32

1

16 4

1

2

π
 = + ⋅1

48 64

π
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Prob lem 11:  Eval u ate tan6 x dx∫  .

So lu tion:  We have tan tan tan6 5 41

5
x dx x x dx= − ∫∫

     = − + ∫
1

5

1

3
5 3 2tan tan tanx x x dx

     = − + −∫
1

5

1

3
15 3 2tan tan ( )x x x dxsec

     = − + −1

5

1

3
5 3tan tan tanx x x x

Prob lem 12: Show that 
0

4

2 2

43

16

a x

a x
dx

a
∫

−
= ⋅

( )

π

So lu tion: Put x a= sin ,θ  so that dx a d= cos .θ θ

Also when x = 0 , sin θ = 0 i e. ., θ = 0

and when x a= , sin θ = 1 i e. ., θ π /2= .

Then     
0

4

2 2 0

2 4 4

2 2 2

a x dx

a x

a a d

a a
∫ ∫

−
=

−( )

sin cos

( sin )

/π θ θ θ

θ

        = ∫a d4
0

2 4π
θ θ

/
sin  = ⋅ = ⋅a

a4
43 1

4 2 2

3

16
.

.

.

π π

Prob lem 13: If  I tan x dxn
n= ∫0

4π /
 , show that I I

n
n n+ =

−
− 2

1

1
, 

and de duce the value of I5 .

(Kanpur 2005, 12; Bundelkhand 06; Avadh 06, 11; Purvanchal 14)

So lu tion: We know by article 4 (a) that

∫ ∫=
−

−
−

−tan
tan

tann
n

nx dx
x

n
x dx

1
2

1
 (de rive it here)

∴ I x dx
x

n
n

n
n

n= =
−













−∫ ∫
−

−
0

4 1

0

4

0

4 2

1

π
π /

π/ /
tan

tan
tan x dx

 =
−

− −
1

1
2

n
In ,  ∵ I x dxn

n
−

−=







∫2

0

4 2π /
tan

or  I I
n

n n+ =
−

⋅− 2
1

1

Putt ing n = 5 in the re duc tion for mula 

I
n

In n=
−

− −
1

1
2 ,

we get I I I5 3 1
1

4

1

4

1

2
= − = − −[ ] = − +1

4

1

2
1I
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    = − + = − +∫
1

4

1

40

4

0
4π π //

tan [log ]x dx xsec

    = − + −





1

4 4
0log logsec sec

π = − + −1

4
2 1[log log ]

    = − = −





1

2
2

1

4

1

2
2

1

2
log log .

Prob lem 14: If I tan x dxn
n= ∫0

4π /
,  prove that 

n I In n( ) .− ++ =1 1 1 (Kanpur 2005, 12; Avadh 06)

So lu tion: Pro ceed ing as in article 4 (1), we have

I x dx
x

n
n

n
n

n
+

+ −= =












−∫ ∫1
0

4 1

0
0

4 1π
π 4

π/
/

/
tan

tan
tan x dx

    = − −[ / ]1 1n In

or [ ] /I I nn n+ −+ =1 1 1   or  n I In n( ) .+ −+ =1 1 1

Sim i larly, I I nn n+ = −− 2 1 1/ ( ) .

Prob lem 1: Eval u ate 
0

2 2 3π /
.∫ sin x cos x dx

(Bundelkhand 2009, 10)

So lu tion: Here m = 2 , n = 3 ; us ing the Gamma func tion, we have the the given in te gral

=

+





+





+ +





=

Γ Γ

Γ

Γ Γ

Γ

2 1

2

3 1

2

2
2 3 2

2

3

2
2

2
7

2

. .
=

⋅ ⋅ ⋅
= ⋅

1

2
1

2
5

2

3

2

1

2

2

15

π

π

.

Aliter: By Walli’s for mula, the given in te gral

= × = ⋅1 2

5 3 1
1

2

15

.

. .

Prob lem 2: Eval u ate 
0

2 4 6π /

∫ sin x cos x dx .

So lu tion: Here m = 4 , n = 6 ; us ing the Gamma func tion, we have the given in te gral

     =

+





+





+ +





=

Γ Γ

Γ

Γ Γ

Γ

4 1

2

6 1

2

2
4 6 2

2

5

2

7

2
2 6

. .

 =
⋅ ⋅ ⋅ ⋅

= ⋅

3

2

1

2

5

2

3

2

1

2
2 5 4 3 2 1

3

512

π π π
. . . . .
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Aliter: By Walli’s for mula, the given in te gral = ⋅ = ⋅3 1 5 3 1

10 8 6 4 2 2

3

512

. . . .

. . . .

π π

Prob lem 3: Eval u ate 
0

2 5 8π /

∫ sin x cox x dx .

So lu tion: Here m = 5 , n = 8 ; us ing the Gamma func tion, we have the given in te gral

 =

+





+





+ +





=

Γ Γ

Γ

Γ Γ

Γ

5 1

2

8 1

2

2
5 8 2

2

3
9

2

2

( ) . ( )

( )

. .

15

2

2 1
9

2

2
13

2

11

2

9

2

9

2

=
⋅ ⋅ ⋅

Γ

Γ

 = = ⋅2 2 2 2

2 13 11 9

8

1287

. . .

. . .

Prob lem 4: Eval u ate 
0

2 12 18π /
.∫ sin x cos x dx

So lu tion: Us ing the Gamma func tion, we have the given in te gral

 =

+





+





+ +





=




Γ Γ

Γ

Γ12 1

2

18 1

2

2
12 18 2

2

13

2
. 








⋅

Γ

Γ

19

2

2 16( )

Prob lem 5: Eval u ate 
0

8 34
π /

.∫ cos x dx

So lu tion: To bring the given  in te gral into the form of Gamma func tion, put 4 x = θ , so

that 4 dx d= θ . Also for limits, θ = 0 at x = 0 and θ π= 1

2
 at x = 1

8
π .

∴ The given in te gral = =∫ ∫
1

4

1

40

2 3
0

2 0 3π π
θ θ θ θ θ

/ /
cos sin . cosd d

   = ⋅
⋅

=
⋅

= ⋅1

4

1

2
2

2
5

2

1

2
1

4 2
3

2

1

2

1

2

1

6

Γ Γ

Γ

Γ

Γ

.

. .

Prob lem 6: Eval u ate 
0

6 8

2 2

π
∫ sin

x
cos

x
dx.

So lu tion: Putt ing x / ,2 = θ  so that dx d= 2 θ , the given in te gral

  = ∫2
0

2 6 8π
θ θ θ

/
sin cos d  = ⋅ ⋅ = ⋅2

5 3 1 7 5 3 1

14 12 10 8 6 4 2 2

5

2048

. . . . . .

. . . . . .

π π

Prob lem 7: Eval u ate 
0

2 5 3
π /

.∫ cos x sin x dx

So lu tion: The given in te gral I x x x dx= −∫0

2 5 33 4
π /

cos ( sin sin )
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   = −∫ ∫3 4
0

2 5
0

2 5 3π π/ /
cos sin cos sinx x dx x x dx

  = ⋅ − ⋅3
4 2

6 4 2
4

4 2 2

8 6 4 2

.

. .

. .

. . .
= − = ⋅1

2

1

6

1

3

Prob lem 8: Eval u ate 
0

2 3 4 2
π /

∫ sin x cos x cos x dx .

So lu tion: The given integral   I x x x x dx= −∫0

2 3 4 2 2π /
sin cos (cos sin )

    = −∫ ∫0

2 3 6
0

2 5 4π π/ /
sin cos sin cosx x dx x x dx

       = − = − = −2 5 3 1

9 7 5 3 1

4 2 3 1

9 7 5 3 1

2

63

8

315

10 8

31

. . .

. . . .

. . .

. . . . 5

2

315
= ⋅

Prob lem 9: Eval u ate 
0

6 4 33 6
π /

.∫ φ φ φcos sin d

So lu tion: Pro ceed as in Example 8. Ans. 
1

15
 .

Prob lem 10: Evaluate 
0

1 2 2 3 21∫ −x x dx( ) ./

So lu tion: With the sub sti tu tions of Example 10 (i e. ., x = sin θ), we have 

the given in te gral = ∫0

2 2 3π
θ θ θ θ

/
sin cos . cos d

       = ∫0

2 2 4π
θ θ θ

/
sin cos d  = ⋅1 3 1

6 4 2 2

. .

. .
,

π
   [By Walli’s for mula]

        = ⋅π
32

Prob lem 11: Eval u ate 
0

1 4 2 3 21∫ −x x dx( ) ./

So lu tion: As in Example 10, putt ing x = sin θ etc., we get the given in te gral

    = =∫ ∫0

2 4 3
0

2 4 4π π
θ θ θ θ θ θ θ

/ /
sin . cos . cos sin cosd d

    = ⋅3 1 3 1

8 6 4 2 2

. . .

. . .
,

π
          [By Walli’s for mula]

    = 3 256π / .

Prob lem 12: Eval u ate 
0

1 6 2 1 21∫ −x x dx( ) /  .

So lu tion: As in Example 10, putt ing x = sin θ etc., we get the given in te gral
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  = −∫0

2 6 21
π

θ θ θ θ
/

sin ( sin ) cos d = ∫0

2 6 2π
θ θ θ

/
sin cos d

  = ⋅5 3 1 1

8 6 4 2 2

. . .

. . .
,

π
          [By Walli’s for mula]

  = ⋅5

256

π

Prob lem 13: Eval u ate 
0

2 2 2 3 2a
x a x dx∫ −( ) /  .

So lu tion: Putt ing x a= sin θ and pro ceed ing as in Example 11, we get the given in te gral

     = =∫a d
a6

0

2 2 4
6

32

π
θ θ θ π/

sin cos  .

Prob lem 14: Eval u ate 
0

1
1∫ −x x dxm n( )  .

So lu tion: Here we put x = sin2 θ, so that dx d= 2 sin cos .θ θ θ

Also when x = 0 , θ = 0 and when x = 1, θ π= 1

2
.

∴ The given integral = ⋅ ⋅∫0

2 2 2 2
π

θ θ θ θ θ
/

sin cos sin cosm n d

   = ∫ + +2
0

2 2 1 2 1π /
θ θ θsin cosm n d

   = ⋅
+








+







+ +




2

1

2
2 2

1

2
2 2

2
1

2
2 2 4

Γ Γ

Γ

( ) ( )

( )

m n

m n 


= + +
+ +

⋅Γ Γ
Γ
( ) ( )

( )

m n

m n

1 1

2

Prob lem 15: Eval u ate 
0

1 3 2 3 21∫ −x x dx/ /( ) .

So lu tion: Put x = sin ,2 θ  so that dx d= 2 sin cos .θ θ θ

Also when x = 0 , θ = 0 and  when x = 1, θ π= 1

2
.

∴ The given in te gral = ∫0

2 3 3 2
π

θ θ θ θ θ
/

sin cos . sin cos d

   = = ⋅∫2 2
3 1 3 1

8 6 4 2 20

2 4 4π
θ θ θ π/

sin cos
. . .

. . .
,d   

 [By Walli’s for mula]

   = ⋅3

128

π
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Prob lem 16: Eval u ate 
0

1 3 2 1∫ √ −x x dx/ ( ) .

So lu tion: Mak ing sub sti tu tions as in Prob lem 15, the given in te gral re duces to

2 2
3 1 1

6 4 2 2 160

2 4 2π
θ θ θ π π/

sin cos
. .

. .∫ = ⋅ ⋅ = ⋅d

Prob lem 17: Eval u ate 
0

2 22
a mx ax x dx∫ √ −( ) , m be ing a pos i tive in te ger.

(Kanpur 2007; Bundelkhand 07)

So lu tion: We have 
0

2 22
a mx ax x dx∫ √ −( )  = √ −∫0

2 1 2 2
a mx x a x dx. ( ) ./

Now put x a= 2 2sin θ, so that dx a d= 4 sin cos .θ θ θ

Also when x = 0 , θ = 0 and  when x a= 2 , θ π= 1

2
.

∴ The given in te gral

= √∫0

2 2 2 1 2 22 2 2 4
π

θ θ θ θ θ
/ /( sin ) ( sin ) . ( cos ) . sin cosa a a am dθ

= + + +∫2 3 2
0

2 2 2 2m m ma d
π

θ θ θ
/

sin cos

=

+





+ + +





+ +2

2 3

2

3

2

2
2 2 2 2

2

3 2m ma

m

m

Γ Γ

Γ

=

+ ⋅ − ⋅ √ ⋅ √

+ + −
+ +2

2 1

2

2 1

2

3

2

1

2

1

2
2 1 1

2 2m ma

m m

m m m m

… .

( ) ( ) ( )

π π

…2 1⋅

= + −
+ + − ⋅

⋅+a
m m

m m m m

m 2 2 1 2 1 3 1

2 1 1 2 1

( ) ( ) .

( ) ( ) ( )

…

…

Prob lem 18: Eval u ate 
0

2 5 22
a

x ax x dx∫ √ −( ) .

So lu tion: Pro ceed ing as in Prob lem 17, the given in te gral

= ∫28 7
0

2 12 2a d
π

θ θ θ
/

sin cos

= ⋅ =2
11 9 7 5 3 1 1

14 12 10 8 6 4 2 2

33

16
8 7 7a a

. . . . . .

. . . . . .
.

π π

Prob lem 19: Eval u ate x ax x dx
a 3 2 3 2
0

2( ) ./−∫
So lu tion: We have 

 
0

3 2 3 2 3 3 2 3 2 9 2
0

2 2 2
a a

x ax x dx x x a x dx x a x∫ ∫− = − = −( ) . ( ) (/ / / / ) ./3 2
0

dx
a

∫

I-46



Now put x a= 2 2sin θ, so that dx a d= 4 sin cos .θ θ θ

Also when x = 0,  2 02a sin θ =  or sin θ = 0 i e. ., θ = 0 

and when x a= , 2 2a asin θ =  or sin /θ = √1 2 i e. ., θ π= / .4

∴ The given in te gral

= ∫0

4 2 9 2 3 2 2 3 22 2 4
π

θ θ θ θ θ
/ / / /( sin ) ( ) (cos ) . sin cosa a a d

= ∫0

4 9 2 9 3 2 32 2 4
π

θ θ θ θ θ
/ / /( ) sin ( ) . cos . sin cosa a a d

= ∫( ) . sin .cos .
/

2 46
0

4 10 4a a d
π

θ θ θ

This is not Gamma function as the limits are from 0 to π / .4  We shall reduce it to the
form of Gamma function by suitable trigonometrical adjustment. Thus the given
integral

  = ∫a d7 8
0

4 2 3 4 42. (sin ) (sin cos ) ,
/π

θ θ θ θ (Note)

= ∫2 2 27
0

4 2 3 4a d
π

θ θ θ θ
/

( sin ) . ( sin cos )

= −∫2 1 2 27
0

4 3 4a d
π /

θ θ θ( cos ) sin .

Now put 2θ α= , so that 2 d dθ α=  and the new lim its are α = 0 to α π= / .2

∴ The given in te gral

= −∫2 1
1

2
7

0

2 3 4a d
π

α α α
/

( cos ) sin . = −∫a d7 3 4
0

2
1( cos ) sin

/
α α α

π

= − + −∫a d7
0

2 2 3 41 3 3
π

α α α α α
/

( cos cos cos ) sin

= − +∫a7
0

2 4 4 4 23 3
π

α α α α α
/

(sin sin cos sin cos  − cos sin )3 4α α αd

= ⋅ − + ⋅ −a7 3 1

4 2 2
3

3 1 1

5 3 1
1 3

3 1 1

6 4 2 2

2 3 1

7

.

.
.

. .

. .
. .

. .

. .

. .π π
. . .

,
5 3 1

1⋅










by Walli’s for mula

= + − −





= −





⋅a a7 73

16

3

32

3

5

2

35

9

32

23

35

π π π

Prob lem 20: Eval u ate 
0

2 2 5 22
a

x ax x dx∫ −( ) ./

So lu tion: Putt ing x a= 2 2sin θ and pro ceed ing ex actly as in Prob lem 19, we get the

given in te gral

= ∫0

4 2 9 2 5 2 2 5 22 2 4
π

θ θ θ θ θ
/ / / /( sin ) ( ) (cos ) sin cosa a a d
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= ∫29 8
0

4 10 6a d
π

θ θ θ
/

sin cos

= ∫2 2 28
0

4 2 2 6a d
π

θ θ θ θ
/

( sin ) ( sin cos )             (Note)

= −∫2 1 2 28
0

4 2 6a d
π

θ θ θ
/

( cos ) sin

= −∫a d8
0

2 2 61
π

α α α
/

( cos ) . sin , putt ing  2θ α=

= − +∫a d8
0

2 6 6 2 62
π

α α α α α α
/

(sin cos .sin cos sin )

= − +

















=a a8 8

7

2

1

2
2 4

2
1

7

2

2
9

2

3

2

7

2
2 5

4
Γ Γ

Γ

Γ Γ

Γ

Γ Γ

Γ

. . .
5

256

2

7

π −





⋅

Prob lem 21: Eval u ate 
0

4

2 2 4

a x

x a
dx∫ +( )

.

So lu tion: Put x a= tan ,θ so that dx a d= sec2θ θ .

When x = 0 , θ = 0 and when x a= , tan θ = 1 i e. ., θ π= 1

4
.

∴ The given in te gral I
a

a a
a d=

+∫0

4 4 4

2 2 2 4
2π θ

θ
θ θ

/ tan

( tan )
sec

    = =∫ ∫
1 1
3 0

4 4

8
2

3 0

4 4 2

a
d

a
d

π πθ

θ
θ θ θ θ θ

/ /tan
sin cos .

sec
sec

Now proceeding as in Example 12, we get 

    I
a

= ⋅ −





⋅1 1

16 4

1

33
π

Prob lem 22: Eval u ate the  in te gral x
a x

a x
dx

a 2
0

−
+









∫ .

So lu tion: Let I x
a x

a x
dx

x a x

a x
dx

a a
= √ −

+








 = −

√ −∫ ∫0
2

0

2

2 2
( )

( )
.

Now put x a= sin θ so that dx a d= cos .θ θ

Also θ = 0 when x = 0 and θ π= 1

2
 when x a= .

∴ I
a a a

a
a d= −

∫0

2 2 2π θ θ
θ

θ θ
/ sin ( sin )

cos
cos

 = −∫a d3
0

2 2 3π
θ θ θ

/
(sin sin )
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  = ⋅ −








a3 1

2 2

2

3 1
1

π
.

. , [By Walli’s for mula]

  = −





⋅a3 1

4

2

3
π

Prob lem 23: Eval u ate the in te gral 
0

2 2

2 2

a
x

a x

a x
dx∫

−

+











 .

So lu tion: Let I x
a x

a x
dx

x a x

a x
dx

a a
= −

+











 = −

−
∫ ∫0

2 2

2 2 0

2 2

4 4

( )

( )
.

Now put x a2 2= sin θ so that 2 2x dx a d= cos .θ θ

Also θ = 0 when x = 0 and θ π= 1

2
 when x a= .

∴ I
a a

a

a
d= − ⋅∫0

2 2 2

2

2

2

π θ

θ
θ θ

/ ( sin )

cos
cos

  = − = +







∫

a
d

a2

0

2 2

0

2

2
1

2

π π /
θ θ θ θ

/
( sin ) cos

  = +





− +





= − = −a
a a

2
2 2

2 2
0 0 1

1

2

1

2
1

1

4
2

π π π( ) ( ) ( ) .

Prob lem 24: Eval u ate 
a

b m nx a b x dx∫ − −( ) ( ) .

So lu tion: Here we put x b a= +sin cos ,2 2θ θ

so that dx b a d= −2 ( ) sin cos .θ θ θ

Also when x a= , ( ) sinb a− =2 0θ  i e. ., θ = 0 

and when x b= , ( ) cosa b− =2 0θ  i e. .,  θ π= / .2

Also       ( ) ( ) sinx a b a− = − 2 θ and ( ) ( ) cos .b x b a− = − 2 θ

Thus the given in te gral

= − − −∫0

2 2 2 2
π

θ θ θ θ θ
/

( ) sin .( ) cos . ( ) sin cosb a b a b a dm m n n

= −∫ + + + +2
0

2 1 2 1 2 1π
θ θ θ

/
( ) sin cosb a dm n m n

= − + +
+ +











+ +( )
( ) ( )

( )
,b a

m n

m n

m n 1 1 1

2

Γ Γ
Γ

  ap ply ing Gamma function.

Prob lem 25: Prove that 
0

1

1

1
1

2
1

∫ √ −
= √

+







⋅dx

x

n

n n
n( )

( / )

( / )

π Γ

Γ
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So lu tion: Put xn = sin2 θ  i e. .,  x n= (sin ) /θ 2

so that   dx n dn= −( / ) (sin ) . cos .( / )2 2 1θ θ θ

Also θ = 0 when x = 0 and θ π= 1

2
 when x = 1.

∴ The given in te gral = ∫
−2

0

2 2 1

n

dnπ θ θ θ
θ

/ ( / )(sin ) . cos

cos

    = =∫ ∫− −2 2

0

2 2 1

0

2 2 1 0

n
d

n
dn nπ π

θ θ θ θ
/ ( / ) / ( / )(sin ) (sin ) cos θ

   =
+








= √

+


2
1

2
1

2
1

2
1

1
1

2
1

Γ Γ

Γ

Γ

Γ

( / )

( / )

. ( / )

( / )

n

n n

n

n n

π






⋅

Prob lem 26: Show that 
0

4

2 41 32

∞
∫ +

= ⋅x dx

x( )

π

So lu tion: Here we put x = tan θ so that dx d= sec2θ θ .

Also  when x = 0 , θ = 0 and when x = ∞ , θ π= / .2

Hence the given integral

=
+

=∫ ∫0

2 4 2

2 4 0

2 4 2

81

π πθ θ θ

θ

θ θ θ/ /tan

( tan )

tansec sec

sec

d d

θ

= ∫0

2 4 2π
θ θ θ

/
sin cos d (Note)

=
⋅

=
⋅ √ √

= ⋅
Γ Γ

Γ

5

2

3

2
2 4

3

2

1

2

1

2
2 3 2 1 32

π π π.

. . .

Prob lem 27: If m, n are pos i tive in te gers, then prove that

 
0

1 1 1
0

1 1 11 1∫ ∫− − − −− = −x x dx x x dxm n n m( ) ( )  = −
+ + −

⋅1 2 3 1

1 1

. . . ......( )

( ) ...... ( )

m

n n n m

So lu tion: Put x = sin ,2 θ  so that dx d= 2 sin cos .θ θ θ

Also when x = 0 , θ = 0 and when x = 1, θ π= / .2

∴    
0

1 1 11∫ − −−x x dxm n( )  = −∫ − −
0

2 2 2 2 11 2
π

θ θ θ θ θ
/

sin ( sin ) . sin cosm n d

    = ∫ − −2
0

2 2 1 2 1π
θ θ θ

/
sin cosm n d

    =

− +







− +







− + − +






2

2 1 1

2

2 1 1

2

2
2 1 2 1 2

2

Γ Γ

Γ

m n

m n

.



=
+

⋅Γ Γ
Γ

m n

m n

.

( )
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Thus  
0

1 1 11∫ − −− =
+

⋅x x dx
m n

m n

m n( )
( ) . ( )

( )

Γ Γ
Γ

...(1)

Interchanging m and n in (1), we get

0

1 1 11∫ − −− =
+

⋅x x dx
n m

n m

n m( )
.

( )

Γ Γ
Γ

 ...(2)

From (1) and (2), we have

0

1 1 1
0

1 1 11 1∫ ∫− − − −− = −x x dx x x dxm n n m( ) ( )

=
+

= − −
+ −

Γ Γ
Γ

m n

m n

m n

m n

.

( )

( ) ! ( ) !

( ) !
,

1 1

1
 [ ( ) !]∵ Γ r r= − 1

= − −
+ − + − − −

( ) ! ( ) !

( ) ( ) . ( ) ( ) .

m n

n m n m n n n

1 1

1 2 1 2 2 1… …

(Note)

= − −
+ − + − −

( ) ! ( ) !

( ) ( ) . ( ) !

m n

n m n m n n

1 1

1 2 1…

= − −
+ − + − +

⋅( ) ( ) .... . .

( ) ( ) ...( )

m m

n m n m n n

1 2 3 2 1

1 2 1

Prob lem 1: Eval u ate 
0

2 3 3
π /

∫ x sin x dx .

So lu tion: In te grat ing by parts tak ing sin 3x as the 2nd func tion, we have the given

in te gral

= ⋅ −





+ ⋅∫x
x

x
x

dx3

0

2

0

2 23

3
3

3

3

cos cos/π / π

= + ∫0 3
0

2 2π /
cosx x dx = 





− ⋅∫x
x

x
x

dx2

0

2

0

23

3
2

3

3

sin sin
,

/π / π

again in te grat ing by parts re gard ing sin 3x as the 2nd func tion

= ⋅ −





− ∫
π π /2

0

2

4

1

3

2

3
3x x dxsin

= − − −





+










∫

π π π2

0

2

0

2

12

2

3

3

3

1

3
3x

x
x dx

cos
cos

/ /

= − − = − − 



∫

π ππ π2

0

2 2

0

2

12

2

9
3

12

2

9

3

3

/ /
cos

sin
x dx

x = − + ⋅π2

12

2

27

Prob lem 2: Eval u ate 
0

2π
∫ x sin x cos x dx .

So lu tion: Let I x x x dx= ∫0
2π

sin cos . In te grat ing by parts tak ing (sin cos )2 x x  as the

2nd func tion, we have
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I
x x x

dx x dx=












− ⋅ = −∫ ∫
sin sin

sin
3

0
0

3

0
3

3
1

3

1

3

π
π π

  = − − = − − +



∫

1

3
1

1

3

1

30
2 3

0

π π
( cos ) sin cos cosx x dx x x

  = − − − − + = − ⋅1

3
1

1

3
1

1

3

4

9
[( ) ( )]

Prob lem 3: Eval u ate 
0

1 6 1∫ −x sin x dx.
(Kanpur 2008)

So lu tion: Let I x x dx= ∫ −
0

1 6 1sin .

Put  sin− =1 x t or x t= sin , so that dx t dt= cos .

∴ I t t t dt= ∫0

2 6π /
sin cos .

Integrating by parts taking   sin cos6 t t as the second function and t as the first function,

we have

     I t
t t

dt= ⋅












− ⋅∫
sin sin

/
/7

0

2

0

2 7

7
1

7

π
π

= − ⋅ = − ⋅π π
14

1

7

6 4 2

7 5 3 1 14

16

245

. .

. . .

Prob lem 4: Eval u ate 
0

2 2 1
2a

a x cos
x

a
dx∫ √ − 













−( ) .

So lu tion: Here put x a= cos ,θ  so that dx a d= − sin .θ θ

Also when x = 0 , θ π= /2 and when x a= , θ = 0 .

∴ The given integral = − ∫π /
θ θ θ θ

2

0 2( sin ) ( ) . sina a d

   = − = −∫ ∫a d a d2
2

0 2 2 2
2

0 2 21

2
2

π π /
θ θ θ θ θ θ

/
sin . . sin

   = − −∫
a

d
2

2

0 2

2
1 2

π /
θ θ θ( cos )

  = −∫ ∫
a

d
a

d
2

2

0 2
2

2

0 2

2
2

2π / π /
θ θ θ θ θcos     

   = − 





∫

a
d

a2

2

0 2
2

3

2

0

2
2

2

1

3π / π /
θ θ θ θcos

   = + ∫
π θ θ θ

π /

3 2 2

2

0 2

48 2
2

a a
dcos .

Now to evaluate ∫ θ θ θ2 2cos ,d  applying integration by parts taking cos2θ as the 2nd

function, we have
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      ∫ ∫= −θ θ θ θ θ θ θ θ2 22
1

2
2 2

1

2
2cos . sin . sind d

= − ∫
1

2
2 22θ θ θ θ θsin sin d

= − − − −∫
1

2
2

1

2
2 1

1

2
22θ θ θ θ θ θsin [ . ( cos ) .( cos ) ]d

= + −1

2
2

1

2
2

1

4
22θ θ θ θ θsin cos sin .

∴     
π

π

θ θ θ θ θ θ θ θ
/

/

cos
sin cos sin

2

0 2
2

2

0

2
2

2

2

2

2

4∫ = + −












d = ⋅π
4

∴ The required integral = + ⋅ = +π π π π
3 2

2
2

2

48

1

2 4 8
1

1

6

a
a

a
( ) .

Prob lem 5: Eval u ate 
0

3π
∫ x sin x dx.

So lu tion: From article 10, we have

∫ = − ⋅ −x x dx
x

n
x xn nsin sin cos1 + + −

∫ −sin ( )
sin

n
nx

n

n

n
x x dx

2
21

 ...(1)
Putting n = 3 in (1), we have

∫ ∫= − + +x x dx x x x x x x dxsin sin cos sin sin .3 2 31

3

1

9

2

3

Now  ∫ ∫= − − −x x dx x x x dxsin .( cos ) ( cos )1  = − +x x xcos sin .

∴ 
0

3 2 31

3

1

9

π
∫ = − +


x x dx x x x xsin sin cos sin  − + 


2

3

2

3 0
x x xcos sin

π

                     = − = − − =2

3

2

3
1

2

3
π π π πcos ( ) .

Prob lem 6: Eval u ate ∫ x sin x dx4 .

So lu tion: Here putt ing n = 4 in the re duc tion for mula (1) and pro ceed ing as in part (i),

we have

  ∫ x x dxsin4  = − + + − −x x x x
x x x x

sin cos sin
sin cos .

3 4
2

4 16

3

16

3

16
2

3

32
2

Prob lem 7: Eval u ate 
0

2 3π /
∫ x cos x dx.

So lu tion: We know from ar ti cle 10 that

∫ = + + −−
−x x dx

x x x

n

x

n

n

n
In

n n

ncos
cos sin cos

.
2

2 2
1

[De rive it here.]
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Putting n = 3 , we have 

∫ x x dxcos3 = + + ∫
1

3

1

9

2

3
2 3x x x x x x dxcos sin cos cos .

Now ∫ ∫= − = +x x dx x x x dx x x xcos . sin . sin sin cos .1

∴     
0

2 3 2 31

3

1

9

π /
cos cos sin cos∫ = +


x x dx x x x x

        + + 


2

3 0

2
( sin cos )

/
x x x

π

        = − − = −1

3

1

9

2

3

1

3

7

9
π π  = −1

3

7

3
[ ] .π

Prob lem 8: Eval u ate ∫ +e x cos x sin x dxx( ) .

So lu tion: The given in te gral = +∫ ∫x e x dx e x dxx xcos sin

   = +I I1 2 , say.

Now     I x e x dx x e x xx x
1

1

2
= = +∫ . cos . (cos sin ) − +∫

1

2
e x x dxx(cos sin ) ,

in te grat ing by parts tak ing ( cos )e xx  as 2nd func tion

= + − −∫ ∫
1

2

1

2

1

2
xe x x e x dx e x dxx x x(cos sin ) cos sin

= + − ⋅ +1

2

1

2

1

2
xe x x e x xx x(cos sin ) (cos sin ) − ⋅ −1

2

1

2
e x xx(sin cos )

= + −1

2

1

2
xe x x e xx x(cos sin ) sin .

And        I e x dx e x xx x
2

1

2
= = −∫ sin (sin cos ) .

∴ The required integral = +I I1 2

= + − + −1

2

1

2

1

2
x e x x e x e x xx x x(cos sin ) sin (sin cos )

= + −1

2
e x x x xx[ (cos sin ) cos ] .

Remember:       ∫ = +e x dx e x xx xcos (cos sin ) ,
1

2

and   ∫ = −e x dx e x xx xsin (sin cos ) .
1

2

Prob lem 9: Eval u ate ∫ x e sin x sin dxx cos2 2 2α α( ) .

So lu tion: We know that

∫ = − φe bx dx
r

e bxax axsin sin ( ) ,
1

where r a b= √ +( )2 2  and φ = −tan ( / ) .1 b a
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If we take a = 2 cos α and b = 2 sin ,α  we have

r a b= √ + =( )2 2 2 

and φ = = =− −tan ( / ) tan (tan ) .1 1b a α α

Now the given integral = ∫ x e bx dxax2. sin

      = − φ












− − φ










∫x

e

r
bx x

e

r
bx

ax ax
2 2sin ( ) . sin ( ) dx,

in te grat ing by parts tak ing ( sin )e bxax  as 2nd func tion

`    = − φ − − φ∫
1

2
2x e bx x e bx dxax ax. sin ( ) sin ( )  ...(1)

  [ ]∵ r = 2

Also ∫ − φx e bx dxax. sin ( )

= − φ − − φ∫[ .( / ) . sin ( ) ( / ) . sin ( ) ] ,x r e bx r e bx dxax ax1 1 2

again in te grat ing by parts

= − φ − − φ∫
1

2
2

1

2
2xe bx e bxax axsin ( ) sin ( ) , [ ]∵ r = 2

= − φ − ⋅ − φ1

2
2

1

2

1

2
3xe bx e bxax axsin ( ) sin ( ) ...(2)

Hence from (1) and (2), the given integral

= − φ − − φ1

2

1

2
22x e bx xe bxax axsin ( ) sin ( ) + − φ1

4
3e bxax sin ( ) ,

where a = 2 cos ,α  b = 2 sin α and φ = α .

Prob lem 10: Eval u ate 
0

1 1 4∫ −( ) .sin x dx

So lu tion: Put sin− =1 x t i e. ., x t= sin , so that dx t dt= cos . 

When x = 0 , t = =−sin 1 0 0 and when x = 1, t = =−sin .1 1
1

2
π

∴ The given in te gral I t t dt= ∫0

2 4π /
cos  [ ]= − ∫t t t t dt4

0

2

0

2 34sin sin ,
π / π /

in te grat ing by parts tak ing cos t as the sec ond func tion

= − ∫
π π /4

0

2 3

16
4 t t dtsin

= − −








+







∫

π π π4
3

0

2

0

2 2

16
4 3t t t t dtcos cos

/ /





,

 again in te grat ing by parts

= − × − ∫
π π4

0

2 2

16
4 0 12

/
cost t dt
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= − −







∫

π π / π4
2

0
2

0

2

16
12 2{ sin } sin

/
t t t t dt

= −










 + ∫

π π π4 2

0

2

16
12

4
24

/
sint t dt

= − + −








+



 ∫

π π
π π4

2

0

2

0

2

16
3 24 t t t dtcos cos

/. /









= − + × + 





π π
π4

2

0

2

16
3 24 0 24 sin

/
t

= − +1

16
3 244 2π π .

Prob lem 11: Eval u ate the integral 
1

4

2 2 2
1

1

∞
∫

+

+

x

x x
dx

( )
,

So lu tion: Let I
x

x x
dx

x x

x x
dx= +

+
= + −

+

∞ ∞
∫ ∫1

4

2 2 2 1

2 2 2

2 2 2
1

1

1 2

1( )

( )

( )

   = −
+

∞ ∞
∫ ∫1 2 1 2 2

1
2

1

1x
dx

x
dx

( )

   = −





−
+

= −
+

⋅
∞ ∞ ∞

∫ ∫
1

2
1

1 2
11 1 2 2 1 2 2x

dx

x

dx

x( ) ( )

Now put x t= tan , so that dx t dt= sec2 .When x = 1, t = 1

4
π and when x = ∞ , t = 1

2
π .

∴ I
t dt

t

t

t
= −

+
= −∫ ∫1 2

1
1 2

4

2 2

2 2 4

2 2

4π

π

π

π

/

/

/

/

( tan )

sec sec

sec
dt

  = − = − +∫ ∫1 2 1 1 2
4

2 2
4

2

π

π

π

π

/

/

/

/
cos ( cos )t dt t dt

  = − +





1
1

2
2

4

2
t tsin

π /

π /
 = − +





− +











1
1

2

1

2

1

4

1

2

1

2
π π π πsin sin

  = − − − = − − = −1
1

2

1

4

1

2
1

1

4

1

2

3

2

1

4
[ ] [ ] .π π π π

Prob lem 12: Eval u ate the in te gral 
1

2

6 2
3

1

∞
∫

+

+

x

x x
dx

( )
.

So lu tion :  The given in te gral I
x

x x
dx= + +

+

∞
∫1

2

6 2
1 2

1

( )

( )

 = +
+

∞ ∞
∫ ∫1 6 1 6 2

1
2

1

1x
dx

x x
dx

( )
 = −







 +

+

∞ ∞
∫

1

5
2

1

15
1 1 6 2x x x

dx
( )
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 = +
+

⋅
∞

∫
1

5
2

11 6 2
dx

x x( )

Now put x t= tan , so that dx t dt= sec2 . When x = 1, t = π /4 and when x = ∞ , t = π/2 .

∴ I t dt= + ∫
1

5
2

4

2 6
π

π

/

/
cot .

Now we know that ∫ ∫= −
−

−
−

−cot
cot

cot .n
n

nt dt
t

n
t dt

1
2

1 [See ar ti cle 4]

∴ ∫ ∫= − −cot
cot

cot6
5

4

5
t dt

t
t dt 

 = − − − −










∫

cot cot
cot

5 3
2

5 3

t t
t dt

 = − + + −∫
1

5

1

3
15 3 2cot cot ( )t t t dtcosec

 = − + − −1

5

1

3
5 3cot cot cot .t t t t

∴  I t t t t= + − + − −





1

5
2

1

5

1

3
5 3

4

2
cot cot cot

/

π /

π

  = + − − − + − −1

5
2

1

2

1

5

1

3
1

1

4
[ ( )]π π

  = + − + + − +





1

5

2

5

2

3
2

1

2
π π = − = −29

15

1

2

1

30
58 15π π( ) .

Prob lem 13: If u x sin mx dxn
n= ∫0

2π /
, prove that 

  u
n

m

n n

m
un

n

n n= − −−

− −
π 1

2 1 2 2
2

1

.

( )
, if m is of the form 4 1r + .

(Kanpur 2011)

So lu tion: We have 
0

2π /
sin∫ x mx dxn

= ⋅ −











− ⋅ −


∫ −x
mx

m
nx

mx

m

n ncos cos/

0

2

0

2 1
π / π


dx

= + ∫ −0
0

2 1n

m
x mx dxnπ /

cos ,

            [∵   If m is of the form 4 1r + , then

cos ( ) cos ( ) cos{ }4 1 2 2
1

2

1

2
0r r+ = + = =π/ π π π ]

= ⋅







− − ⋅ 


− −∫
n

m
x

mx

m
n x

mx

m

n n1

0

2

0

2 21
sin

( )
sin/π / π














dx ,

again in te grat ing by parts tak ing cos mx as 2nd func tion
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= 





⋅











− −−

−∫
n

m m

n

m
x mx dx

n
nπ π /

2

1 11

0

2 2( )
sin













,

∵sin sin ( )
m

r
π π

2
4 1

2
1= + =





= − −−

− −
n

m

n n

m
u

n

n n
π 1

2 1 2 2
2

1( )
.

Prob lem 14: If I x sin p x dxn
n= +∫0

2
2 1

π /
( ) , prove that

I
n n

p
I

n

p
n n

p
n

+ −

+
= −

+




−

−( )

( )
( )

( )
,

1

1
1

2 1 22 2 2

1π

where n and p are positive integers. Hence deduce that 
0

2 3
2

3
2

27 12

π π/

∫ = − ⋅x sin x dx

So lu tion: We have I x p x dxn
n= +∫0

2
2 1

π /
sin ( )

 = − ⋅ +
+
















x
p x

p

n cos ( )2 1

2 1 0

2π /
+

+
+ 


∫ −n

p
x p x dxn

( )
cos ( ) ,

/

2 1
2 1

0

2 1π
  

in te grat ing by parts tak ing sin ( )2 1p x+  as the 2nd func tion

= +
+

⋅ +
+









 − −−0

2 1

2 1

2 1

1

2

1

0

2
n

p
x

p x

p

n nn

( )

sin ( )

( )

( )

(

π /

p
In

+
−

1 2 2
)

,

again in te grat ing by parts

=
+







+ − −

+

−
−

n

p
p

n n

p
I

n

n
( )

sin ( )
( )

( )
.

2 1 2
2 1

2

1

2 12

1

2 2
π π

∴   I
n n

p
I

n

p
n n

p
n

+ −

+
= −

+




−

−( )

( )
( )

( )

1

2 1
1

2 1 22 2 2

1π
 ...(1) Proved

Now to evaluate 
0

2 3 3
π /

sin ,∫ x x dx  put n = 3 , p = 1 in (1).

∴ I I3 2

3 1

2 11
3

3 2

3 2

3
= − ⋅ 





−
−π .

 = − − ∫
π π2

0

2

12

2

3
3

/
sinx x dx

    = − − −







+










∫

π π / π2

0

2

0

2

12

2

3

3

3

1

3
3x

x
x dx

cos
cos

/

    = − − 





π π /2

3 0

2

12

2

3
3sin x

    = − + = − ⋅π π2 2

12

2

27

2

27 12
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Prob lem 15: If u sin d and nn
n= >∫0

2
1

π /
θ θ θ , prove that

    u
n

n
u

n
n n= − + ⋅−

( )1 1
2 2

 Hence de duce that u5
149

225
= ⋅

(Lucknow 2005; Gorakhpur 06; Rohilkhand 07)

So lu tion: We know that

∫ = − +
−

θ θ θ θ θ θ θ
sin

sin cos sinn
n n

d
n n

1

2
+ −

∫ −( )
sin .

n

n
dn1 2θ θ θ

    [De rive it here]

∴ u dn
n= ∫0

2π /
θ θ θsin

     = − +












+ −−

∫
θ θ θ θ θ

π /
π /sin cos sin ( )

si
n n

n n

n

n

1

2
0

2

0

21
n n d− 2 θ θ

     = −







 + − = + −

− −
1

0
1 1 1

2 2 2 2
n

n

n
u

n

n

n
un n

( ) ( )
. ...(1) Proved.

Putting n = 5 in the above reduction formula, we have

   u u u5 3 1
1

25

4

5

1

25

4

5

1

9

2

3
= + = + +[ ] ,                [Putt ing n = 3 in (1)]

  = + + = +





+ ∫
1

25

4

45

8

15

1

25

4

45

8

15
1

0

2
u d

π
θ θ θ

/
sin

  = 





+ −



 +










∫

29

225

8

15 0

2

0

2
θ θ θ θ

π / π
cos cos

/
d 



  = + +





= + = ⋅29

225

8

15
0

29

225

8

15

149

2250

2
sin θ

π /

Prob lem 16: Prove that if n be a pos i tive in te ger greater than unity, then 

  
0

2 2 1

1

π /
∫ − =

−
⋅cos x sin nx dx

n

n

(Avadh 2004; Kanpur 10)

So lu tion: Tak ing m n= − 2 and pro ceed ing as in article 13 , we first es tab lish the

re duc tion for mula

   
0

2 2π /
∫ −cos sinn x nx dx =

−
+ −

−
−∫ −1

2 2

2

2 2
1

0

2 3

n

n

n
x n x dxnπ /

cos sin ( ) .

Applying this formula repeatedly, we have  

0

2 2π /
∫ −cos sinn x nx dx =

−
+ −

− −




1

2 1

2

2 1

1

2 4( ) ( )n

n

n n

 + −
−

− 

∫ −n

n
x n x dxn3

2 4
2

0

2 4π /
cos sin ( )
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=
−

+
−

+ −

−
⋅1

2 1

1

2 1

3

2 12 2( ) ( ) ( )n n

n

n 0

2 4 2
π /

∫ − −cos sin ( )n x n x dx

=
−

+
−

+ −

− −




1

2 1

1

2 1

3

2 1

1

2 62 2( ) ( ) ( )n n

n

n n

+ −
−

−


∫ −n

n
x n x dxn4

2 6
3

0

2 5π /
cos sin ( )

and        fi nally =
−

+ + + +







−

1

1

1

2

1

2

1

2

1

22 3 2( )n n
…  

  +
−− ∫

1

2 1
2

2 0

2 0
n n

x x dx
( )

(cos ) sin
π / 

=
−

⋅
−

−
+

−
−





−

−
1

1

1

2
1

1

2

1
1

2

1

2 1

1

2
2

2

2( )

( )

( )
cos

n n
x

n

n

{ }

0

2π /

=
−

−







 +

⋅ −
⋅

− −
1

1
1

1

2

1

2 1
1

2 2( ) ( )n nn n

=
−

− +







 =

−
⋅

− −
1

1
1

1

2

1

2

1

12 2( )n nn n

Prob lem 17: If  I cos x cos nx dxm n
m

( , )
/

,= ∫0

2π
 prove that

I
m m

m n
Im n m n( , ) ( , )

( )
.= −

−












−

1
2 2 2

(Purvanchal 2014)

So lu tion: We have I x nx dxm n
m

,
/

cos cos= ∫0

2π

          = 





− −∫ −cos
sin sin

cos ( sin )
/m mx

nx

n

nx

n
m x x d

0

2

0

2 1
π / π

x,

in te grat ing by parts tak ing cos nx as the 2nd func tion

= + ∫ −0
0

2 1m

n
x nx x dxmπ /

cos sin sin .

Again integrating by parts taking sin nx as the 2nd function, we have

  I
m

n
x x

nx

n
m n

m
,

/
(cos sin )

cos= −











−1

0

2π

− −





− −∫ − −m

n

nx

n
x x m xm m

0

2 1 2 21
π / cos

[cos cos ( ) cos sin x dx]

= + − − −∫ −0 1 1
2 0

2 2 2m

n
nx x m x x dxm mπ /

cos cos ( ) cos .( cos ){ }
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       = − −∫ −m

n
nx m x m x dxm m

2 0

2 21
π /

cos cos ( ) cos{ }

       = − − −
m

n
I m Im n m n2 21{ }, ,( ) .

∴    1
12

2 2 2−










 = − −

−
m

n
I

m m

n
Im n m n, ,

( )

or   I
m m

m n
Im n m n, ,

( )
.= −

−
−

1
2 2 2

Prob lem 18: Prove that 
0

2π θ
θ

θ π∫








 =sin n

sin
d n .

So lu tion: Let  I
n

dn =








∫0

2π θ
θ

θsin

sin
, then

I
n

dn − = −







∫1

0

2
1π θ

θ
θsin ( )

sin
.

∴ I I
n n

dn n− = − −
− ∫1

0

2 2

2
1π θ θ

θ
θsin sin ( )

sin

      = − = −
∫ ∫0 2 0

2 1 2 1π πθ θ

θ
θ θ

θ
θsin ( ) . sin

sin

sin ( )

sin

n
d

n
d (Note)

         = π . 

∵F amplerom Ex if is odd20
0

,
sin

sin
,

n
d n

θ
θ

θ π
π

∫



 =  here is odd.( )2 1n − 




Hence I In n= +−1 π ...(1)

    = +−In 2 2π , [ ∵ From (1), I In n− −= +1 2 π ]

    = +−In 3 3π , and so on.

Thus I n In = − +( )1 1π

    = − +








 = − + =∫( )

sin

sin
( ) .n d n n1 1

0

2

π θ
θ

θ π π π
π

Prob lem 19: If S
sin n x

sin x
dxn = −

∫0

π / ( )
,

2 2 1
 

V
sin nx

sin x
dxn =









∫0

π /
,

2
2

 (n is an in te ger), show that

 S Sn n+ − =1 0 , V V Sn n n+ +− =1 1 .

So lu tion: Sn +1 and Vn +1 will be ob tained by writ ing ( )n + 1  in place of n in Sn and Vn

re spec tively. Thus
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S
n x dx

x
n + = +

∫1
2 2 1

0

π / sin ( )

sin
  

and V
n x

x
dxn + = +






∫1

2
2

1

0

π / sin ( )

sin
.

∴   S S
n x n x dx

x
n n+ − = + − −

∫1
2 2 1 2 1

0

π / [sin ( ) sin ( ) ]

sin

                    = ∫0

π / cos sin

sin

2 2nx x dx

x
 

     = = 





=∫0

π π/ /
cos

sin
,

2

0

2
2 2

2 2

2
0nx dx

nx

n

[ sin sin ]∵ n nπ = =0 0 0when is an integer and

Also     V V
n x

x

nx

x
n n+ − = +







 −









∫1

2
2 2

1

0

π / sin ( )

sin

sin

sin















dx

                  = + −
∫0

π / [sin ( ) sin ( )]

sin

2 2 2

2
1n x nx dx

x

                  = + −
∫0

π / sin ( ) sin ( )

sin

2 2 2

2
2 1 2

2

{ }n x nx dx

x

                  = − + − +
∫0

π / cos ( ) cos

sin

2

2
1 2 1 1 2

2

{ }n x nx dx

x

                  = − +
∫0

π / cos cos ( )

sin

2

2
2 2 1

2

{ }nx n x dx

x

     = + = +
∫ ∫0

π

0

π/ /sin ( ) sin

sin

sin ( )

sin

2

2

22 2 1

2

2 1n x x dx

x

n x

x
dx 

     = +Sn 1. 

Multiple Choice Questions

 1. See Prob lem 5 of Com pre hen sive Prob lems 1.
 2. See ar ti cle 4, part (b).

 3. See Ex am ple 8.

 4. See Ex am ple 11.

 5. See Prob lem 15 of Com pre hen sive Prob lems 2.

 6. See Ex am ple 15.

 7. See Ex am ple 19.
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 8. See Prob lem 3 of Com pre hen sive Prob lems 1.

 9. See Prob lem 6 of Com pre hen sive Prob lems 1.

10. See Prob lem 10 of Com pre hen sive Prob lems 1.

11. See Prob lem 12 of Com pre hen sive Prob lems 1.

12. See Prob lem 14 of Com pre hen sive Prob lems 1.

13. See Prob lem 3 of Com pre hen sive Prob lems 2.

14. See Prob lem 7 of Com pre hen sive Prob lems 2.

15. See Prob lem 13 of Com pre hen sive Prob lems 2.

16. See Prob lem 19 of Com pre hen sive Prob lems 2.

17. See Prob lem 22 of Com pre hen sive Prob lems 2.

18. See Prob lem 1 of Com pre hen sive Prob lems 3.

19. See Prob lem 4 of Com pre hen sive Prob lems 3.

20. See Prob lem 5 of Com pre hen sive Prob lems 3.

21. See Prob lem 7 of Com pre hen sive Prob lems 3.

22. See Prob lem 11 of Com pre hen sive Prob lems 3.

Fill in the Blanks

 1. See ar ti cle 2, part (1).

 2. See ar ti cle 4, part (1).

 3. See ar ti cle 5, part (1).

 4. See Prob lem 2 of Com pre hen sive Prob lems 1.

 5. See Prob lem 2 of Com pre hen sive Prob lems 2.

 6. See Prob lem 13 of Comprehensive Problems 3.

True or False

 1. See ar ti cle 5, part (2).

 2. Like Ex am ple 7.

 3. See Ex am ple 15.

 4. See Prob lem 1 of Com pre hen sive Prob lems 2.

❍❍❍
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Prob lem 1: Prove the re duc tion for mula

   ∫ ∫+ = +
+

+
+

+( )
( )

( ) ( )
( )/

/
( /a x dx

x a x

n

na

n
a xn

n
n2 2 2

2 2 2 2
2 2

1 1

2 1) .− dx

Hence evaluate ∫ +( ) ./x a dx2 2 5 2
(Bundelkhand 2005; Kanpur 05)

So lu tion: We have ∫ ∫+ = +( ) ( ) ./ /a x dx a x dxn n2 2 2 2 2 2 1 (Note)

= + − +∫ −( ) ( ) ./ ( / )a x x n a x x x dxn n2 2 2 2 2 2 11

2
2

= + − + + −∫ −x a x n a x a x a dxn n( ) ( ) ( )/ ( / )2 2 2 2 2 2 1 2 2 2{ } (Note)

= + − + + +∫ ∫ −x a x n a x dx na a x dxn n n( ) ( ) ( ) ./ / ( / )2 2 2 2 2 2 2 2 2 2 1

∴    ( ) ( ) ( ) ( )/ / ( / )1 2 2 2 2 2 2 2 2 2 2 1+ + = + + +∫ ∫ −n a x dx x a x na a x dn n n x 

or    ∫ ∫+ = +
+

+
+

+( )
( )

( ) ( )
( )/

/
( /a x dx

x a x

n

na

n
a xn

n
n2 2 2

2 2 2 2
2 2

1 1

2 1) − dx ...(1)

is the required reduction formula.

Now to eval u ate ∫ +( ) ,/a x dx2 2 5 2  putt ing n = 5 in (1), we get

∫ ∫+ = + + +( )
( )

( )/
/

/a x dx
x a x a

a x dx2 2 5 2
2 2 5 2 2

2 2 3 2

6

5

6

   = + + + + +



∫

x a x a x a x a
a x dx

( ) ( )
( )

/ /
/

2 2 5 2 2 2 2 3 2 2
2 2 1 2

6

5

6 4

3

4









   = + + +x a x a
x a x

( )
( )

/
/

2 2 5 2 2
2 2 3 2

6

5

24
 

+ √ + +





⋅−5

16

4
2 2 2 1a

x a x a
x

a
( ) sin
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Prob lem 2:. Find a re duc tion for mula for ∫ +x x dxm n( ) ,/1 2 2  where m and n are pos i tive

in te gers.

Hence evaluate ∫ +x x dx5 2 7 21( ) ./

So lu tion: We have ∫ ∫+ = +−x x dx x x x dxm n m n( ) ( ) ./ /1
1

2
1 22 2 1 2 2

(Note)

 = +

+
− −

+
+−

+
−∫

1

2

1
1

2
1

1
1

2
1

11
2 2 1

2 2x
x

n

m

n
x xm

n
m n( )

( )
( )

( / )
( /2 1) ,+

















dx

integrating by parts taking x m −1 as first function

 = +
+

− −
+

+−
+

− +∫x
x

n

m

n
x xm

n
m n1

2 2 2
2 2 2 21

2

1

2
1

( )

( ) ( )
( )

( ) /
( ) / dx , ...(1)

which is the required reduction formula.

Now to evaluate ∫ +x x dx5 2 7 21( ) ,/  put m = 5 , n = 7 in (1).

Then ∫ ∫+ = + − +x x dx
x x

x x dx5 2 7 2
4 2 9 2

2 2 9 21
1

9

4

9
1( )

( )
( )/

/
/

= + − + − +



∫

x x x x
x x dx

4 2 9 2 2 2 11 2
2 11 21

9

4

9

1

11

2

11
1

( ) ( )
( )

/ /
/










,

putt ing m = 3 , n = 9 in (1)

= + − + + +∫
x x x x

x x dx
4 2 9 2 2 2 11 2

2 11 21

9

4 1

99

4

99
1 2

( ) ( )
( ) .

/ /
/

= + − + + +x x x x x4 2 9 2 2 2 11 2 2 13 21

9

4 1

99

4

99

1

13 2

( ) ( ) ( )

( / )

/ / /

= + − + + +1

9
1

4

11
1

8

143
12 9 2 4 2 2 2 2( ) [ ( ) ( ) ] ./x x x x x

Prob lem 3: If I
x dx

x
m n

m

n,
( )

,=
+∫ 1 2

 prove that

2 1 1 11 2 1
2 1( ) ( ) ( ) ., ,n I x x m Im n

m n
m n− = − + + −− −

− −

So lu tion: We have  I
x

x
dxm n

m

n,
( )

=
+∫ 1 2

= +∫ − −1

2
1 21 2x x x dxm n{ }( ) .

= +
− +

− − +
− +

−
− +

−
− +

∫
1

2

1

1

1

2
1

11
2 1

2
2 1

x
x

n
m x

x

n

m
n

m
n( )

( )
( )

( )

( 1)
,dx

    in te grat ing by parts tak ing { }( ) .1 22+ −x xn  as the 2nd func tion
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= −
−

+ + −
− +

−
−

−∫
1

2 1
1

1

2 1 1

1 2 1
2

2 1( )
( )

( )

( ) ( )

/

n
x x

m

n

x

x
dxm n

m

n
.

Multiplying both sides by 2 1( ) ,n −  we get

2 1 1 11 2 1
2 1( ) ( ) ( ) ,, ,n I x x m Im n

m n
m n− = − + + −− − +

− −

which is the required reduction formula.

Prob lem 4: If φ =
√ −∫( )

( )
,n

x dx

x

x n

0 1
 prove that ( ) ( ) ( ) ( ) .2 1 2 1 2 1n n x x n nn+ φ = √ − + φ −

So lu tion: We have φ =
√ −

= −∫ ∫ −( )
( )

( ) /n
x

x
dx x x dx

x n x n

0 0

1 2

1
1

= −











− −
∫

−
x

x nx x
dxn

x
x n( )

/

( )

/
,

/ /1

1 2

1

1 2

1 2

0
0

1 1 2

in te grat ing by parts tak ing ( ) /x − −1 1 2 as the 2nd func tion

= √ − − −
√ −∫
−

2 1 2
1

10

1
x x n

x x

x
dxn x n

( )
( )

( )

= √ − −
√ −

+
√ −∫ ∫

−
2 1 2

1
2

10 0

1
x x n

x

x
dx n

x

x
dxn x n x n

( )
( ) ( )

= √ − − φ + φ −2 1 2 2 1x x n n n nn ( ) ( ) ( ) .

Transposing the middle term to the left, we get

( ) ( ) ( ) ( ) ./2 1 2 1 2 11 2n n x x n nn+ φ = − + φ −

Prob lem 5: If  In  de notes 
0 2 2

1∞
∫ +( )

,
a x

dx
n

 where n is a pos i tive in te ger  ≥ 2 ,  prove that

I
n

a n
In n= −

−
−

2 3

2 12 1
( )

.  Hence or otherwise evaluate 
0 2 2 4

1∞
∫ +( )

.
a x

dx

So lu tion: Pro ceed as in article 2. 

Let I
a x

dxn n
=

+

∞
∫0 2 2

1

( )
, where n is a +ive in te ger ≥ 2 . 

To form a reduction formula for In , we shall integrate by parts 
0 2 2 1

1∞
−∫ +( )

,
a x

dx
n

taking 1 as the 2nd function. Thus 

0 2 2 1 2 2 1
0

0

1
1

1∞
− −

∞
∞

∫ ∫+
⋅ =

+













− − −

( ) ( )

(

a x
dx

x

a x
x

n
n n

)

( )a x
dx

n2 2
2

+
⋅

or I
x

a x
n

x

a x
n

x n−
→ ∞ −

∞
=

+
−













+ −
+∫1 2 2 1 0

2

2 2
0 2 1lim

( )
( )

( )n
dx
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= + − + −

+

∞
∫0 2 1
0

2 2 2

2 2
( )

( )

( )
,n

a x a

a x
dx

n

   ∵ lim
( )x n

x

a x
n

→ ∞ −+
= ≥











2 2 1

0 2if

= −
+

− −
+

∞
−

∞
∫ ∫2 1 2 1

1

0 2 2 1
2

0 2 2
( )

( )
( )

( )
n

dx

a x
n a

a x
dx

n n

= − − −−2 1 2 11
2( ) ( ) .n I n a In n

∴     2 1 2 1 12
1( ) ( )n a I n In n− = − − −{ }

or I
n

a n
In n= −

−
−

2 3

2 12 1
( )

,  ...(1)

is the reduction formula for In .

Now putting n = 4 in (1), we get 

I
a

I
a a

I4 2 3 2 2 2
5

2 3

5

6

3

2 2
= = ⋅

. .
,

putt ing n = 3 in (1) to get I3 in terms of I2

 = ⋅ =
+

∞
∫

5

8

1

2 1

5

16

1
4 2 1 6 0 2 2a a

I
a a x

dx
. ( )

 = 





−
∞5

16

1
6

1

0a a

x

a
tan

 = ∞ −− −5

16
0

7
1 1

a
[tan tan ] = ⋅ = ⋅5

16 2

5

327 7a a

π π

Aliter:  Let I
a x

dx=
+

∞
∫0 2 2 4

1

( )
.

Put x a= tan ,θ  so that dx a d= sec
2 θ θ . The limits for θ are from 0 to π / .2

∴ I
a

a d
a

d= ⋅ =∫ ∫0

2

2 2 4
2

7 0

2 61 1π π

θ
θ θ θ θ

/ /

( )
cos

sec
sec

  = ⋅ ⋅1 5 3 1

6 4 2 27a

. .

. .
,

π
 by Walli’s formula 

   = ⋅5

32 7
π

a

Prob lem 6: If I x ax x dxm
a m= √ −∫0

2 22( ) , prove that

2 2 2 12m
m

mm m I a m! . ( ) ! ( ) ! .+ = ++ π

Hence or otherwise evaluate 
0

2 3 22
a

x ax x dx∫ √ −( ) .
(Bundelkhand 2007, 10)
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So lu tion: Pro ceed ing as in article 3 and tak ing limits from 0 to 2a , we get

I
x ax x

m

m a

m
Im

m a

m= − −
+













+ +
+

−
−

1 2 3 2

0

2

1
2

2

2 1

2

( ) ( )/

or I
m a

m
I

m a

m
Im m m= + +

+
= +

+
− −0

2 1

2

2 1

2
1 1

( ) ( )
.  ...(1)

∴ I
m a

m

m a

m
Im m= +

+
⋅ −

+
−

( ) ( )
,

2 1

2

2 1

1
2

replacing m by m − 1 in (1) to get Im −1 in terms of Im − 2

       = +
+

⋅ −
+

⋅ −
−

( ) ( ) ( )
,

2 1

2

2 1

1

2 3
3

m a

m

m a

m

m a

m
Im  and so on.

Thus applying the reduction formula (1) successively, we have finally

I
m a

m

m a

m

m a

m

a a
Im = +

+
⋅ −

+
⋅ − ⋅( ) ( ) ( )

,
2 1

2

2 1

1

2 3 5

4

3

3
0…

where I x ax x dx x a x dx
a a

0
0

2 0 2

0

2
2 2= √ − = √ √ −∫ ∫( ) . ( ) .

Put x a= 2 2sin ,θ  so that dx a d= 4 sin cos ,θ θ θ  and the new limits are from θ = 0 to 

θ π= / .2

∴    I a a a d0
0

2
2 2 4= √ √∫

π
θ θ θ θ θ

/
( ) sin . ( ) cos . sin cos

        = =∫8 8

3

2

3

2
2 3

2

0

2 2 2 2a d a
π

θ θ θ
/

sin cos .
.Γ Γ

Γ

        =
√ √

= ⋅8

1

2

1

2
2 2 1 2

2
2

a
a

π π π.

. .

∴ I
a m m m

m m m

a
m

m
= + − −

+ +
⋅( ) ( ) ( ) .

( ) ( ) .

2 1 2 1 2 3 5 3

2 1 4 3 2

2
…

…

π

       =
+

⋅ + − −
+πa

m
m m m

m 2

2
2 1 2 1 2 3 5 3

( ) !
( ) ( ) ( ) . .…

Mul ti ply ing the nu mer a tor and the de nom i na tor by 2 2 2 4 2m m.( ) . ,− …  we get

I
a

m

m m m m

m
m

m
=

+
⋅ + − −+π 2

2

2 1 2 2 1 2 2 5 4 3 2 1

2 2( ) !

( ) ( ) ( ) . . . .

. (

…

m − 2 4 2) .…

       =
+

⋅ +

−
= ++ +π πa

m

m

m m

a mm

m

m2 2

2

2 1

2 1 2 1

2 1

2( ) !

( ) !

[ .( ) . ]

. ( ) !

…
m m m. ( ) ! . ( ) !+ 2

or 2 2 2 12m
m

mm m I a m( ) ! ( ) ! .( ) ! .+ = ++ π Proved.

Now let I x ax x dx x a x dx
a a

= √ − = √ −∫ ∫ +
0

2 3 2

0

2 3 1 22 2( ) ( )/
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    = √ −∫0

2 7 2 2
a
x a x dx/ ( ) .

Put x a= 2 2sin ,θ  so that dx a d= 4 sin cos ,θ θ θ  and the new limits are θ = 0 to  θ π= / .2

∴       I a a d= ∫0

2 4 72 4
π

θ θ θ θ θ
/

( ) sin .cos . sin cos

 = = = ⋅∫64 64

9

2

3

2
2 6

7

8
5

0

2 8 2 5
5

a d a
aπ /

θ θ θ π
sin cos

Γ Γ

Γ

Prob lem 7: If I x a x dxn
n= −∫ ( ) ,/1 2  prove that

( ) ( ) ./2 3 2 21
3 2n I an I x a xn n

n+ = − −− (Bundelkhand 2011)

Hence evaluate 
0

2 2a
x ax x dx∫ √ −( ) .

So lu tion: We have I x a x dxn
n= −∫ ( ) /1 2

= − − − − −∫ −x a x nx a x dxn n. ( ) . ( ) ,/ /
{ } { }

2

3

2

3
3 2 1 3 2

in te grat ing by parts tak ing ( ) /a x− 1 2 as the 2nd func tion

        = − − + − −∫ −2

3

2

3
3 2 1 1 2x a x n x a x a x dxn n( ) ( ) ( )/ / (Note)

= − − + −∫ −2

3

2

3
3 2 1 1 2x a x na x a x dxn n( ) ( )/ /  

− −∫
2

3
1 2n x a x dxn ( ) / ]

= − − + −−
2

3

2

3

2

3
3 2

1x a x na I nIn
n n( ) ./

Transposing the last term to the left, we get

( ) ( ) /1
2

3

2

3

2

3
1

3 2+ = − −−n I na I x a xn n
n

or  ( ) ( ) /2 3 2 21
3 2n I na I x a xn n

n+ = − −−            Proved

or I
na

n
I

x a x

n
n n

n
=

+
− −

+
⋅−

2

2 3

2

2 3
1

3 2

( )

( )

( )

/
...(1)

Taking limits x = 0 to x a=  in (1), we have

0

1 2a nx a x dx∫ −( ) /

=
+

− − −
+








∫ −2

2 3

2

2 30

1 1 2
3 2na

n
x a x dx

x a x

n

a n
n

( )
( )

( )

( )
/

/



 0

a

=
+

− −∫ −2

2 3
0

0

1 1 2na

n
x a x dx

a n

( )
( ) ./ ...(2)
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To evaluate  x  (ax  x ) dx ,
 

 a

0

2 2∫ √ −

we have 
0

2 2a
x ax x dx∫ √ −( ) = √ −∫0

2 1 2a
x x a x dx. . ( )/

= − =
+

−∫ ∫0

5 2 1 2

0

3 2 1 2
2

5

2

2
5

2
3

a a
x a x dx

a
x a x dx/ / / /( )

.

.
( ) ,

ap ply ing the re duc tion for mula (2) by tak ing n = 5 2/

= ⋅
+

−∫
5

8

2
3

2

2
3

2
3 0

1 2 1 2a
a

x a x dx
a.

.
( ) ,/ /

again ap ply ing (2) by tak ing n = 3 2/

= ⋅ −∫
5

8 2 0

1 2 1 2a a
x a x dx

a / /( ) .

Now put x a= sin ,2 θ  so that dx a d= 2 sin cos ,θ θ θ  and the new limits are θ = 0 to 

θ π= / .2

∴  
0

2 2a
x ax x dx∫ √ −( ) = ∫

5

16
2

2

0

2 1 2 1 2a
a a a d

π
θ θ θ θ θ

/ / /sin . cos . sin cos

= ∫
5

16
2

2
2

0

2 2 2a
a d. sin cos

/π
θ θ θ

= ⋅5

8

3

2

3

2
2 3

4a
Γ Γ

Γ

.
,  [By Gamma function]

=
√ √

= ⋅5

8

1

2

1

2
2 2 1

5

128

4 4a a
π π π.

. .

Prob lem 8: If u x a x dxn
n= −∫ ( ) ,/2 2 1 2  prove that

    u
x a x

n

n

n
a un

n

n= − −
+

+ −
+

−
−

1 2 2 3 2
2

2
2

1

2

( )
.

/

Hence evaluate 
0

4 2 2a
x a x dx∫ √ −( ) .

So lu tion: We have u x a x dxn
n= −∫ ( ) /2 2 1 2

= − − −∫ −1

2
21 2 2 1 2x a x x dxn . ( ) . ( )/{ }

= − − + − −− −∫
1

2

2

3

1

3
11 2 2 3 2 2 2 2 3 2x a x n x a x dxn n[ ( ) ] ( ) ( ) ,/ /

in te grat ing by parts tak ing ( ) ( )/a x x2 2 1 2 2− −  as the sec ond func tion
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 = − − + − − −− −∫
1

3

1

3
11 2 2 3 2 2 2 2 1 2 2 2x a x n x a x a x dxn n( ) ( ) ( ) ( )/ /

(Note)

 = − − + − − −−
−

1

3

1

3
1

1

3
11 2 2 3 2

2x a x n u n un
n n( ) ( ) ( ) ./

Transposing the last term to the left, we have

{ }1
1

3
1

1

3

1

3
11 2 2 3 2 2

2+ − = − − + −−
−( ) ( ) ( )/n u x a x n a un

n
n

or   u
x a x

n

n

n
a un

n

n= − −
+

+ −
+

−
−

1 2 2 3 2

2
2

1

2

( )

( )
.

/
 ...(1)

Proved
Taking limits x = 0 to x a=  in (1), we have

0

2 2a nx a x dx∫ √ −( )

  = − −
+













+ −
+

−
−∫

x a x

n

n a

n
x

n a
a n

1 2 2 3 2

0

2

02

1

2

( )

( )

( )

( )

/
2 2 2√ −( )a x dx

      = + −
+

−∫ −0
1

2
2

0

2 2 2 1 2n

n
a x a x dx

a n ( ) ./  ...(2)

Putt ing n = 4 in (2), we have

0

4 2 2 1 2 2

0

2 2 2 1 24 1

4 2

a a
x a x dx a x a x dx∫ ∫− = −

+
−( ) ( )/ /

    = ⋅ −
+

−∫
3

6

2 1

2 2

2
2

0

0 2 2 1 2a
a x a x dx

a
( ) ,/

   again applying (2) by taking n = 2

   = √ − +





−1

8

1

2

1

2
4 2 2 2 1

0
a x a x a

x

a

a
( ) sin

   = ⋅ ⋅ = ⋅1

8

1

2

1

2 32
4 2

6
a a

aπ π

Prob lem 9: Show that 
0 1

∞ −
+∫ =e x dx

n

a

ax n
n

!
, where a is a pos i tive quan tity and n is a

pos i tive in te ger.

So lu tion: In te grat ing by parts re gard ing e ax−  as the 2nd func tion, we get

0
0

0

1∞ −
− ∞

∞ −
−

∫ ∫=
−























−e x dx x
e

a
nx

eax n n
ax

n
ax

a
dx

−











     = +
∞ − −∫0

0

1n

a
e x dxax n .

         ∵ −







=














−
∞

x en ax

0
0 3, as shown in Example
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Thus  
0 0

1∞ − ∞ − −∫ ∫=e x dx
n

a
e x dxax n ax n . ...(1)

Now by the re peated ap pli ca tion of the re duc tion for mula (1), we have ul ti mately

  
0 0

0

0

1∞ − ∞ −
∞

∫ ∫= = −





e x dx

n

a
e x dx

n

a ae

ax n
n

ax
n ax

! !

      = ⋅ = ⋅
+

n

a a

n

an n
! !1

1

Prob lem 10: Eval u ate 
0

1 4∫ ( ) .log x x dxm

So lu tion: Let I x x dxm n
m n

, (log ) ,= ∫0

1
 where n is an in te ger ≥ 0 . Then pro ceed ing as

in Example 4, we have

I
n

m
Im n m n, ,

( )
.= −

+
−

1
1  ...(1)

Putting m = 4 in (1), we get 

 I x x dx
m

x x dxm
m m

, (log ) (log )4
0

1 4

0

1 4 14

1
= = −

+∫ ∫ −

   = −
+
4

1
3

m
Im, .

Now by repeated application of (1), we have

I
m m m m

m, 4
4

1

3

1

2

1

1

1
= −

+






 ⋅ −

+








−
+









−
+









0

1 0∫ x x dxm (log )

      = −
+







 ⋅ −

+






 ⋅ −

+








−
+







 ∫

4

1

3

1

2

1

1

1 0

1

m m m m
x dxm

      =
+

=
+

⋅
+









 =

+∫
+24

1

24

1 1

24

14 0

1

4

1

0

1

( ) ( ) (m
x dx

m

x

m m

m
m

)5
⋅

Prob lem 11: If m and n are pos i tive in te gers, and f m n x log x dxn m( , ) ( ) ,= ∫ −
0

1 1  prove

that f m n m n f m n( , ) ( / ) ( , ).= − − 1  Deduce that f m n m nm m( , ) ( ) . !/ .= − +1 1

So lu tion: In te grat ing by parts re gard ing x n −1 as the 2nd func tion, we have

    f m n x
x

n

m

n
x

x
x dm

n
m n( , ) (log ) . (log )=













− ⋅ ⋅∫ −

0

1

0

1 1 1
x

         = − ∫ − −0
0

1 1 1m

n
x x dxn m(log ) , 

      lim (log ) ,
x

n mx x
→

=










0
0 as shown Example 4
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or          f m n m n f m n( , ) ( / ) ( , )= − − 1  ...(1)

Proved

       = − 





⋅ −





−( ) ( , ) ,1
1

22 m

n

m

n
f m n  applying (1)

       = − 





−





−





−( ) ( , ) ,1
1 2

33 m

n

m

n

m

n
f m n  again applying (1)

       = − − − −( )
( ) ( )

( , ) .1
1 2

33
3

m m m

n
f m n

Proceeding similarly by successive application of (1), ultimately we have

f m n
m m m

n
f nm

m
( , ) ( )

( ) ( ) .
( , ) .= − − −

1
1 2 2 1

0
…

But  f n x x dxn( , ) (log )0
0

1 1 0= ∫ −  = =












= ⋅∫ −
0

1 1

0

1
1

x dx
x

n n

n
n

∴ f m n
m

n n

m

n

m
m

m
m

( , ) ( )
!

( )
!= − ⋅ = − ⋅
+

1
1

1
1

Prob lem 12: Eval u ate 
0 1

∞
∫ +

x

e
dx

x( )
.

So lu tion: We have 

I
x dx

e

x dx

e ex x x
=

+
=

+

∞ ∞
−∫ ∫0 01 1( ) ( )

          = +
∞ − − −∫0

11xe e dxx x( ) . (Note)

On expanding ( )1 1+ − −e x  by binomial theorem, we have

( )1 11 2 3 4+ = − + − + −− − − − − −e e e e ex x x x x
…

∴ I x e e e e dxx x x x= − + − +
∞ − − − −∫0

2 31[ ]…

     = − + − +
∞ − − − −∫0

2 3 4x e e e e dxx x x x[ ] .…  ...(1)

Also 
0

∞ −∫ xe dxn x  = −












= +
−













=
− ∞

∞ − − ∞

∫
xe

n

e

n
dx

e

n

n x n x n x

0
0 2

0

0
1

n2
⋅

...(2)

Now applying (2) to each term of the R.H.S. of (1), we get

I = − + − + − ∞1
1

2

1

3

1

4

1

52 2 2 2
…  = π2

12
, from trigonometry.
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Multiple Choice Questions

 1. See Example 2.

 2. See Example 3.

 3. See Problem 5 of Comprehensive Problems 1.

 4. See Problem 7 of Comprehensive Problems 1.

 5. See Problem 10 of Comprehensive Problems 1.

❍❍❍
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Prob lem 1(i): Prove that 
0 1

1a

n n n

dx

a x n sin n∫ −
= ⋅ ⋅

( ) ( / )/

π
π (Kanpur 2010)

So lu tion: In the given in te gral put x an n= sin2 θ

i e. ., x a dn= sin /2 θ θ so that dx a n dn= −( / ) sin cos .( / )2 2 1 θ θ θ

Also when x = =0 0, θ  and when x a= =, / .θ π 2  

∴ 
0 1 0

2 2 1

2

2a

n n n

n

n

dx

a x

a

n

d

a∫ ∫−
=

−

( )

sin cos

cos/

/ ( / )

/

π θ θ θ

θ

  = =
−





∫ − −2
2 1

1
1

20

2 2 1 1 2

n
d n n nn nπ

θ θ θ
/ ( / ) ( / )sin cos

Γ Γ

Γ 1

= ⋅ −





= ⋅ ⋅1 1
1

1 1

n n n n n
Γ Γ π

πsin ( / )
    ∵ Γ Γ( ) ( )

sin
n n

n
1 − =











π
π

Prob lem 1(ii): Prove that ( ) /8
2

3 3
3 1 3

0

2
− =−∫ x dx

π
 .

(Kumaun 2008)

So lu tion: Let I x dx x x x dx= − = −− − −∫ ∫( ) ( )/ /8 83 1 3

0

2 2

0

2 3 1 3 2

Put x y3 8=  so that 3 82x dx dy= .

When  x y= =0 0, and when x y= =2 1, .

∴     I y y dy= −− −∫ ( ) ( ) ./ /8 8 8
8

3
2 3 1 3

0

1

      = −− − − −∫ 8 8 1
8

3
2 3 2 3 1 3 1 3

0

1 / / / /. ( ) .y y dy = −− −∫
1

3
12 3 1 3

0

1
y y dy/ /( )

    = − = 





− −∫
1

3
1

1

3

1

3

2

3
1 3 1

0

1 2 3 1y y dy B( / ) ( / )( ) ,

   =













+





=







−
1

3

1

3

2

3
1

3

2

3

1

3

1

3
1

1

3
Γ Γ

Γ

Γ Γ 



 = ⋅ = ⋅ =

Γ 1

1

3 1

3
3

2

3

2

3 3

π

π

π π

sin
.
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Prob lem 2: Show that 
0

1 1 11

1∫
− −

+
−

+
=

+ +
⋅x x

a x
dx

m n

a a m n

m n

m n n m

( )

( )

( ) ( )

( ) ( )

Γ Γ

Γ

So lu tion: Pro ceed ex actly as in Example 4. Here we have b = 1.

Prob lem 3: Show that 
0

2 1

2

1

2

1

2
1 1

π
θ θ θ

/
, , , .∫ = + +





> − > −sin cos d
p q

p qp q
B

Deduce that 
0

2 4 3 1 38
16

3

5

3

2

3∫ − = 





⋅−x x dx( ) ,/
B

So lu tion: We have 

0

2π
θ θ θ

/
sin cos∫ p q d  = ∫ − −

0

2 1 1π
θ θ θ θ θ

/
sin cos sin cosp q d (Note)

= −∫ − −

0

2 1 2
1

2
1

1
π

θ θ θ θ θ
/ ( )

sin .( sin ) sin cos .p
q

d

Put sin2 θ = x so that 2 sin cos .θ θ θd dx=

Also when θ = =0 0, x  and when θ π= =1

2
1, .x

∴   The given integral = − ⋅∫ − −
0

1 1 2 1 21
1

2
x x dxp q( ) / ( ) /. ( )

        = −∫ + − + −1

2
1

0

1 1 2 1 1 2 1x x dxp q{ } { }( ) / ( ) /( )

        = + +





1

2

1

2

1

2
B

p q
, , ...(1)

where 
p + >1

2
0 i e. ., p> − 1 and 

q + >1

2
0 i e. ., q > − 1.

Sec ond part: We have I x x dx x x x dx= − = −∫ ∫− −
0

2 4 3 1 3

0

2 2 3 1 3 28 8( ) ( ) . ./ /   (Note)

Put x3 28= sin θ so that 3 162x dx d= sin cos .θ θ θ

Also when x = =0 0, θ  and when x = =2
1

2
, .θ π

∴ I d= − ⋅∫ −
0

2 2 2 3 2 1 38 8 8
16

3

π
θ θ θ θ θ

/ / /( sin ) ( sin ) sin cos

     = ⋅ ⋅∫ −
0

2 4 3 2 34
1

2

16

3

π
θ θ θ θ θ

/ / /sin cos sin cos d

     = ∫
32

3 0

2 7 3 1 3π
θ θ θ

/ / /sin cos d

          = ⋅








+ +








32

3

1

2

7

3
1

2

1

3
1

2

B
,

From here( ); ,1
7

3

1

3
p q= =





   = 





⋅16

3

5

3

2

3
B ,
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Prob lem 4: Show that B (m, n) = B (m + 1, n) + B (m, n + 1), for m>0, n>0.

(Kanpur 2005; Gorakhpur 05; Bundelkhand 11; Avadh 06, 11, 14)

So lu tion: We know that B (m, n) =
+

Γ Γ
Γ
( ) ( )

( )
.

m n

m n

∴ B ( , )
( ) ( )

( )
m n

m n

m n
+ = +

+ +
1

1

1

Γ Γ
Γ

and   B ( , )
( ) ( )

( )
m n

m n

m n
+ = +

+ +
1

1

1

Γ Γ
Γ

.

Adding, we get B ( , )m n+ +1  B ( , )m n + 1

= + + +
+ +

= +Γ Γ Γ Γ
Γ

Γ Γ Γ Γ( ) ( ) ( ) ( )

( )

( ) ( ) ( ). (m n m n

m n

m m n m n n1 1

1

)

( ) ( )m n m n+ +Γ

= +
+ +

=
+

=( ) ( ) ( )

( ) ( )

( ) ( )

( )

m n m n

m n m n

m n

m n

Γ Γ
Γ

Γ Γ
Γ

 B ( , ),m n

provided m > 0 and n > 0.

Prob lem 5(i): Prove that e x dx
n

a

ax n
n

− −∞
=∫ 1

0

Γ( )
 .

So lu tion:  Let I e x dxax n= − −∞

∫ 1

0

Put ax y=  so that a dx dy= . When x = 0, y = 0  and when x → ∞, y → ∞.

∴ I e
y

a a
dy

a
e y dyy

n

n
y n= 





⋅ =−∞ −
− −∞

∫ ∫0

1
1

0

1 1

     = 1

a
n

n
Γ( ), by the definition of Gamma function.

Prob lem 5(ii): Prove that 
0

1 1
1

∫ 





=
−

log
x

dx n
n

Γ ( ) .  

(Kumaun 2000, 07; Garhwal 2000)

So lu tion: Let I
x

dx
n

= 



∫

−

0

1 1
1

log .

Put log ( / ) . ., / . .,1 1x y i e x e i e x ey y= = = −  so that dx e dyy= − − .

Also when x y→ → ∞0 ,  and when x y= =1 0, .              [Note that log ∞ = ∞]

∴ I y e dy e y dy nn y y n= − = =
∞

− − ∞ − −∫ ∫
0 1

0

1 Γ ( ) .

Prob lem 6: Show that, if m> −1,  then x e dx
n

mm n x
m

−
+

∞
= +



∫

2 2

10

1

2

1

2
Γ .

(Kumaun 2009)

So lu tion: Let I x e dx x e xdxm n x m n x= =− − −∞∞

∫∫
2 2 1 2 2

00
.

Put n x t2 2 = ,  so that 2 2n x dx dt= . Also x t n= 1 2/ / .
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When x t= =0 0,  and when x t→ ∞, → ∞.

∴ I
t

n
e

n
dt

n n
e t

m
t

m
t m=









 =

−
∞ −

−
− −∫

1 2
1

0 2 1 2
11

2

1

2

/
( ).

.

/2

0

∞

∫ dt

    = = +



+

− + −∞

+∫
1

2

1

2

1

21
1 2 1

0 1n
e t dt

n

m
m

t m
m

{( / )} ,Γ  

by definition of Gamma function, provided m+ >1 0  i e. .,  m> −1.

Prob lem 7: Prove that x x dx
n

B
m

n
pm n

p

( ) ,1
1 1

1
0

1
− = + +



∫  .

(Lucknow 2010)

So lu tion: Let I x x dxm n
p

= −∫ ( )1
0

1
.

Put x yn =  or x y n= 1/ .

Then  dx
n

y dyn= −1
11( / ) .

When x y= =0 0,  and when x y= =1 1, .

∴ I y y
n

y dyn m p n= − ⋅ −∫ ( ) ( )/ ( / )1 1 1

0

1
1

1

    = −+ − + −∫
1

11 1 1 1

0

1

n
y y dym n n p( / ) ( / ) ( )( )

  = − = + +





+ − + −∫
1

1
1 1

11 1 1 1

0

1

n
y y dy

n
B

m

n
pm n p{( ) / } ( )( ) , .

Prob lem 8:  Prove that 
[ ]

( )
( / )

( / )
/1

1 1

2 2
1

0

1
2

− =∫ x dx
n

n

n

n n Γ

Γ
 .

So lu tion: Let I x dxn n= −∫ ( ) /1 1

0

1
.

Put x yn =  or x y n= 1/ .  

Then  dx n y dyn= −( / ) .( / )1 1 1

When x y= =0 0,  and when x y= =1 1, .

∴ I y
n

y dyn n= − ⋅ −∫ ( ) / ( / )1
11 1 1

0

1

    = −− + −∫
1

11 1 1 1 1

0

1

n
y y dyn n( / ) {( / ) }( )

    = 1 +





= +
+

1 1
1

1 1 1 1

2 1n
B

n n n

n n

n
,

( / ) {( / ) }

{( / ) }

Γ Γ
Γ

   = ⋅ =1 1 1 1

2 2

1 1

2 2

2

n

n n n

n n n

nΓ Γ
Γ

Γ
Γ

( / ) . ( / ) ( / )

( / ). ( / )

[ ( / )]

( / )
.

n
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Prob lem 9: Show that Γ Γ Γ Γ( . ) ( . ) ( . )... ( . )
( )

.
/

0 1 0 2 0 3 0 9
2

10

9 2
= π

So lu tion: Pro ceed as in Example 14. Put n = 10.

Prob lem 10: Show that √ ×
√

=∫ ∫( )
( )

s d
d

in
sin

θ θ θ
θ

π .
π / π /

0

2

0

2

(Garhwal 2002; Lucknow 09)

So lu tion: The given in te gral = ×−∫ ∫sin sin/ /1 2

0

2 1 2

0

2
θ θ θ θ

π / π /
d d

= ×−∫ ∫sin cos sin cos/ /1 2 0

0

2 1 2 0

0

2
θ θ θ θ θ θ

π / π /
d d (Note)

=
− +













+







− + +




Γ Γ

Γ

1

2

1

2
1

1

2
0 1

2
1

2

1

2
0 2

( )










×
+













+







+

Γ Γ

Γ

1

2

1

2
1

1

2
0 1

2
1

2

1

2
0

( )

+













2

=



















×












Γ Γ

Γ

Γ Γ

Γ

1

4

1

2

2
3

4

3

4

1

2

2
5

4
=

⋅ √ ⋅ √

⋅ ⋅ 





=
Γ

Γ

1

4

2 2
1

4

1

4

π π
π.

Prob lem 11: Show that 
0

1 2

4 1 2 0

1

4 1 21 1 4 2∫ ∫−
×

+
=

√
⋅x dx

x

dx

x( ) ( )/ /

π

(Garhwal 2001, 03; Lucknow 06, 11)

So lu tion: In the first in te gral put x2 = sin θ so that 2x dx d= cos θ θ and the

cor re spond ing lim its for θ are 0 to π / .2

∴ 
0

1 2

4 1 2 0

1

4 1 2 0

2 1

1

1

2
2

1

1

2∫ ∫ ∫−
=

−
=x dx

x

x x dx

x( )

.

( )

sin
/ /

/ /π 2

2 1 21

θ θ θ

θ

.cos

( sin ) /

d

−

   = √ = √∫ ∫
1

2

1

20

2

0

2π πθ θ θ
θ

θ θ
/ /(sin ) .cos

cos
(sin ) .

d
d

Again, in 2nd integral put x2 = tan θ so that 2x dx d= sec 2 θ θ

and the corresponding limits for θ are 0 to π / .4

∴ 
0

1

4 1 2 0

4 2

1

1

2∫ ∫+
=

√
dx

x

d

( ) (tan )/

/π θ θ
θ θ

sec

sec
 =

√∫
1

2 0

4π θ
θ θ

/

(sin cos )

d

       =
√ √

=
√ √ φ

φ∫ ∫
1

2 2

1

2 2

1
0

4

0

2π πθ
θ

/ /

(sin ) (sin )
,

d
d

     where 2θ = φ .
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Hence the given integral becomes

0

1 2

4 1 2 0

1

4 1 21 1∫ ∫−
×

+

x dx

x

dx

x( ) ( )/ /

= √ ×
√

φ
√ φ∫ ∫

1

2

1

2 20

2

0

2π π
θ θ

/ /
(sin )

(sin )
d

d

=
√

⋅ √ ×
√

=
√

⋅∫ ∫
1

4 2

1

4 20

2

0

2π π
θ θ θ

θ
π

/ /
(sin )

(sin )
.d

d

[As proved in problem 10; prove it here.]

Prob lem 12: Show that Γ Γ1

4

3

4
2 4

1
2

0

2

0

2

4












= √ =
+

=∫ ∫
∞π

θ θ π
/

(tan )d
x dx

x
.

(Lucknow 2008, 11)

So lu tion: Let  I
x dx

x

x x dx

x
=

+
=

+
⋅

∞ ∞

∫ ∫4
1

4
10

2

4 0 4

.

Put x2 = tan θ so that 2 2x dx d= sec θ θ . Also when x = =0 0, θ  and when 

x → ∞ →, / .θ π 2

Then I
d

d=
√ ⋅

+
= √∫ ∫4

1

2

1
2

0

2

2 0

2π πθ θ θ

θ
θ θ

/ /(tan )

( tan )
(tan )

sec 2

 ...(1)

    = ∫ −2
0

2 1 2 1 2π
θ θ θ

/ / /sin cos d  =
+ − +

− +
2

1

2

1

2
1

1

2

1

2
1

2
1

2

1

2

1

2
2

Γ Γ

Γ

{ } { }

{ }

( ) ( )

( )

  = = 











2

3

4

1

4
2 1

1

4

3

4

Γ Γ

Γ
Γ Γ

( ) ( )
...(2)

   = 





−





=Γ Γ1

4
1

1

4 1

4

π

πsin
          ∵ Γ Γ( ) ( )

sin
n n

n
1 − =











π
π

   = = √
√

π π
1 2

2
/

. ...(3)

From (1), (2) and (3), the required result follows.

Prob lem 13: Show that the per im e ter of a loop of the curve r a nn n= cos θ is 

a

n

n

n

n⋅ ⋅−2
1 2

1
1 1

2
( / ) [ ( / )]

( / )
.

Γ
Γ

So lu tion: The given curve is  

r a nn n= cos .θ  …(1)

The curve (1) is symmetrical about the initial line. We have r = 0 when cos . .,n i eθ = 0
when nθ π π= − / , /2 2 or θ π= − / 2n , π / 2n. Therefore one loop of the curve lies
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between the lines θ π= − /2n and θ π= /2n. This loop is symmetrical about the initial
line and for the portion of this loop lying above the initial line θ varies from 0 to π / 2n.

Taking log of both sides of (1), we have

n r n a nlog log log cos= + θ.

Differentiating w.r.t θ, we get

n

r

dr

d n
n n

θ θ
θ= + −0

1

cos
( sin )   or  

dr

d
r n

θ
θ= − tan .

∴ ds

d
r

dr

d
r r n r n

θ θ
θ θ= + 

















= √ + =√ 2
2

2 2 2( tan ) sec

or ds r n d a n n d a n dn n= = = −sec cos sec (cos )/ ( / )θ θ θ θ θ θ θ1 1 1 .

∴   The perimeter of a loop of the curve (1)

= −∫2 1 1

0

2
a n dnn
(cos )( / )/

θ θ
π

= −∫2 1 1

0

2
a t

dt

n

n(cos ) ,( / )/π
 putting n tθ = so that n d dtθ =

= =





−2 2

1 2
1

2

2 1 2

1 1 0a

n
t t dt

a

n

n
n(cos ) sin

( / )

( /

( / )
Γ Γ

Γ n)

/

+







∫ 1

2

0

2π

= ⋅ √

+
= ⋅ √ =a

n

n

n n

a

n

nπ π. [ ( / )]

( / ) {( / ) }

[ ( /Γ

Γ Γ

Γ1 2

1 2 1 2
1

2

1 22 )]

( / )
( / )

2

1 12
1

√
−

π
n

nΓ

          ∵ Γ Γ Γ( ) ( ),m m m
m

+





= √







−

1

2 2
2 11

2 1

π
by article

= ⋅ −a

n

n

n

n2
1 2

1
1 1

2
( / ) [ ( / )]

( / )
.

Γ
Γ

Prob lem 14: Prove that  
dx

x( )1

2

8

1

440

1 2

−
= √

√










∫ π

Γ .

So lu tion: Let I
dx

x
=

√ −∫ ( )
.

1 40

1

Put x i e x4 2 1 2= =sin . ., sin /θ θ so that dx d= −1

2
1 2sin cos ./ θ θ θ

When x = =0 0, θ  and when x = =1 2, / .θ π

∴       I
d

d
x

= =

−
−∫ ∫

1

2 1

2

1 2

0

2 1 2 0

0

2sin cos

cos
sin cos

/
/ //θ θ θ

θ
θ θ θ

π
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 = ⋅



















=











1

2

1

4

1

2

2
3

4

1

4

1

4
Γ Γ

Γ

Γ
2 2

1

4

3

4
4

1

4
1

4

.√













= √ ⋅


















π
π

Γ Γ

Γ

Γ


−





Γ 1
1

4

 = √ ⋅



















= √







π

π π

π
4

1

4
1

4
4

1

4

2

Γ Γ

/ sin
. 




√
= √

√












2

2

2

2

8

1

4π π.
.Γ

Prob lem 15: Show that sin ,
/ p d B

pθ θ
π

= +



∫

1

2

1

2

1

20

2
 .

So lu tion: We have 

I d dp p= = ∫∫ sin sin cos
//

θ θ θ θ θ
ππ 0

0

2

0

2

      =

+











+





= +





Γ Γ

Γ

p

p
B

p

1

2

1

2

2
2

2

1

2

1

2

1

2
, = +





1

2

1

2

1

2
B

p
, .

Aliter:  Put sin2 θ = y or sin /θ = y1 2

Then cos /θ θd y dy= −1

2
1 2

or d
y dy

y y dyθ
θ

=
−

= −
−

− −1

2 1

1

2
1

1 2

2

1 2 1 2
/

/ /

( sin )
( ) .

When θ = =0 0, y  and when θ π= =/ , .2 1y

∴ I y y y dy y y dyp p= − = −− − − −∫ / / / ( ) / /. ( ) ( )2 1 2 1 2

0

1 1 2 1 21

2
1

1

2
1

0

1

∫
               = −+ − −∫

1

2
11 2 1 1 2 1

0

1
y y dyp{( ) / } ( / )( )  

     = +





= +





1

2

1

2

1

2

1

2

1

2

1

2
B

p
B

p
, , .

Prob lem 16: Show that

(i) x e x dxx−∞
= −

+∫ α β α β

α β
cos

( )

( )

2 2

2 2 20
(ii) x e x dxx−∞

=
−∫ α β αβ

α β
sin

( )
.

2
2 2 20

So lu tion: We have 

x e x dx i x e x dxx x−∞ −∞

∫ ∫+α αβ βcos sin
0 0

= + =− −∞∞

∫∫ xe x i x dx xe e dxx x i xα α ββ β(cos sin )
00
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= =− − − − −∞∞

∫∫ xe dx e x dxi x i x( ) ( )α β α β 2 1

00

=
−

=
−

= +

− +
= −Γ ( )

( ) ( )

( )

[( ) ( )]

(2 1
2 2

2

2

2

α β α β

α β

α β α β

α β

i i

i

i i

2

2 2 2

2)

( )

+

+

iαβ

α β

= −

+
+

+

α β

α β

αβ

α β

2 2

2 2 2 2 2 2

2

( ) ( )
.i …(1)

Equating real and imaginary parts in (1), we get

x e x dxx−∞
= −

+∫ α β α β

α β
cos

( )

2 2

2 2 20

and x e x dxx−∞
=

+∫ α β αβ

α β
sin

( )
.

2
2 2 20

Prob lem 17: Prove that cos .
1

2
12π x dx





=
− ∞

∞

∫
So lu tion: We have I x dx x dx= 





= 



− ∞

∞ ∞

∫ ∫cos cos .
1

2
2

1

2
2 2

0
π π

Put 
1

2
22 1 2π πx t i e x t= = √. ., ( / ) ,/  so that dx t dt= √ −1

2
2 1 2( / ) ./π

∴ I t t dt= ⋅ ⋅ √ 





−∞

∫2
1

2

2 1 2

0π
/ cos   = √ 





−∞

∫
2 1 2

0π
t t dt/ cos

  = real part in √ 





− −∞

∫
2 1 2

0π
t e dtit/ ,         [ cos sin ]∵ e t i tit− = −

  = real part in √ 





− −∞

∫
2 1 2 1

0π
t e dtit( / )

  = real part in √ 









2

1

2
1 2π

Γ

( ) /i

  = real part in √ 





+





2

1

2

1

2

1 2π
π

π πcos sin
/

i

  = real part in √ +





−
2

1

2

1

2

1 2

. cos sin
/

π πi

  = real part in √ −





2
1

4

1

4
. cos sinπ πi  = √ = √

√
=2

4
2

1

2
1.cos . .

π

Prob lem 18: Prove that B (m, m). B m m
m
m

+ +





=
−

−
1

2

1

2 2

1

4 1
,

π
 . 

(Rohilkhand 2005)

So lu tion: We have 
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B(m, m). B m m+ +





1

2

1

2
,

=
+

+





+





+ + +
Γ Γ

Γ

Γ Γ

Γ

( ). ( )

( )
.

m m

m m

m m

m m

1

2

1

2
1

2

1

2



,         ∵B m n
m n

m n
( , )

( ) ( )

( )
=

+










Γ Γ
Γ

=
+











+
=

+


Γ Γ

Γ Γ

Γ Γ( )

( ). ( )

( )m m

m m

m m
1

2

2 2 1

1

2

2








2

2 2 2Γ Γ( ) . ( )
,

m m m
      [ ( ) ( )]∵ Γ Γp p p+ =1

=
+























= ⋅


 −
1

2

1

2
2

1

2 2

2

2 1m

m m

m m m

Γ Γ

Γ

( )

( )

π







2

(Note)

∵By Duplication formula, article( ),
( )

11

1

2
Γ Γm m+



 = √



















−Γ ( )2 22 1m m

π

    = ⋅ =
−

−

−
1

2 2 24 2

1

4 1m

m
m m

π π
.

Prob lem 19: Prove that 
0

1 1

2 2 2

2π

∫
− −

+
=

−
⋅sin x dx

a b cos x a b

n

n

n

n( ) ( ) /
 B

n n
a b

2 2
, , .





>

(Kumaun 2008)

So lu tion: Let I
x

a b x
dx

n

n
=

+∫
−

0

1π sin

( cos )
 

   =
+ +

∫
−

0

1

2 2 2

2
1

2

1

2
1

2

1

2

1

2

π ( sin cos )

[ (cos sin ) (cos

x x

a x x b

n

x x
dx

n− sin )]2 1

2

   =
+ + −

∫
− − −

0

1 1 1

2

2
1

2

1

2
1

2

π
n n nx x

a b x a b

(sin ) (cos )

[( ) cos ( ) sin ]2 1

2
x

dx
n

   =
+ + −

∫
− −

0

1 1

2

2
1

2

1

2
1

2

π
n n

n

x x dx

a b a b x

(tan )

[( ) ( ) tan ]
,

sec
2

  dividing the Nr. and Dr. by (cos ) . ., (cos )2 21

2

1

2
x i e xn n

   =
+ + −

−
−

∫2

1

2

1

2

1

21

0

2

2

n

nx x x dx

a b a b

π (tan ) tan

[( ) ( ) tan

sec
2

1

2
x n]

⋅
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Put ( ) tan ( )a b x a b y− = +2 1

2
 so that 

( ) . ( tan ) ( ) .a b x x dx a b dy− ⋅ = +2
1

2

1

2

1

2
sec

2

When x y= =0 0,  and when x y→ → ∞π , .

∴ I
a b y a b

a b a b y

a b

a

n
n

= + −

+ + +

+
−

− ∞ −

∫2 1

0

2 2
{ }( ) / ( )

[( ) ( ) ]

( ) /n

b
dy

  = + +

+ − −
⋅− ∞ −

−∫2 1

0

2 2

2 2
n

n

n n

a b a b

a b a b a b

y( ) ( )

( ) ( ) ( )

( ) /

( ) /

( ) /

( )

n

ny
dy

−

+

2 2

1

   =
+ − +

− ∞ −

+∫
2

1

1

2 2 0

2 1

2 2

n

n n

n

n na b a b

y

y
dy

( ) ( ) ( )/ /

( / )

( / ) ( / )

  =
−







⋅
−2

2 2

1

2 2 2

n

na b

n n

( )
,

/
B

Multiple Choice Questions

 1. See article 7.

 2. We have e x dx e x dxx x− − − −∞∞
= = 





= √∫∫ 1 2 1 2 1

00

1

2
/ / Γ π.

 3. See article 10 , part (i).

 4. If a > 0 and n > 0, then e x dx
n

a

ax n
n

− −∞
= ⋅∫ 1

0

Γ( )

 5. We have x x dx x x dx4 3 5 1 4 1

0

1

0

1
1 1( ) ( )− = −− −∫∫  = = ⋅

+
= ⋅B( , )

( ) ( )

( )
5 4

5 4

5 4

1

280

Γ Γ
Γ

 

 6. We have sin cos4 2

0

2
x x dx

π /

∫  =

+





+





+ +





=







Γ Γ

Γ

Γ Γ4 1

2

2 1

2

2
4 2 2

2

5

2

3

2




 =

2 4 32Γ ( )

π
 .

 7. See article 3 and article 7.

 8. Let I x
x

dxn
m

= 





−
−

∫ 1
1

0

1 1
log .

Put log( / )1 x y=  i e. .,  1 / x e y=  i e. ., x e y= −  so that dx e dyy= − − .

Also when x y→ → ∞0,  and when x y= =1 0, . [ Note that log ∞ = ∞]
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∴ I e y e dyy n m y= − − − − −
∞∫ ( ) 1 10

 = − − + −∞

∫ ( )e y dyy n m1 1 1

0

    = =− −∞

∫ e y dy
m

n

ny m
m

1

0

Γ
, provided m> 0 and n > 0.

        [ See article 6 part (i)]

 9. See Problem 12 of Comprehensive Problems 1.

10. See Example 12(iii).

11. See ar ti cle 2.

12. See ar ti cle 9.

13. See Prob lem 5(ii) of Com pre hen sive Prob lems 1.

14. See Example 14.

15. See ar ti cle 3.

16. See ar ti cle 9.

17. See ar ti cle 4.

18. We have Γ Γ Γ Γ1

3

2

3

1

3
1

1

3












= 





−





= π
π
3

sin
    ∵ Γ Γ( ) ( )

sin
n n

n
1− =











π
π

   = ⋅2

3

π

19. If n is a positive integer, then Γ( ) ( )n n= −1  !. See article 5.

20. If 0 1< <n , then Γ Γ( ) ( )
sin

n n
n

1− = ⋅π
π

 

See article 7, corollary.

21. e dxx−∞

∫ = √2

0 2

π
 . See article 8, important deduction.

22. For m> 0, Γ Γ Γ( ) ( )m m m
m

+





= √ ⋅
−

1

2 2
2

2 1

π
. See article 11.

23. See Problem 5(i) of Comprehensive Problems 1.

24. We have Γ Γ Γ Γ1

3

2

3

1

3
1

1

3 3

2











= 





⋅ −





= =π
πsin /

π
√

⋅
3

 

See article 7 corollary.

25. See Example 2.

26. See article 7, Corollary.

27. See article 8, Important Deduction.

28. See article 13, Deductions (i).

29. See article 13, Deduction (ii).

30. See Example 8(iii).

31. See Example 11.
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Fill in the Blanks

 1. See article 1, definition of Beta function.

 2. See article 4, definition of Gamma function.

 3. See article 7.

 4. We have 
B m n

B m n

m n

m n

m n

m n

( , )

( , )

( ) ( )

( )

( ) ( )

( )

+ = +
+ +

÷
+

1 1

1

Γ Γ
Γ

Γ Γ
Γ

     =
+ +

⋅ +m m n

m n m n

m n

m n

Γ Γ
Γ

Γ
Γ Γ

( ) ( )

( ) ( )

( )

( ) ( )
  [∵ Γ Γ( ) ( )n n n+ =1 ]

     =
+

⋅m

m n

 5. See Example 6.

 6. See article 5

 7. See article 8.

 8. See article 9.

True or False

 1. We have e x dx e x dxx x−∞ − −∞
= = 





= 





=∫ ∫1 2

0

3 2 1

0

3

2

1

2

1

2
/ / Γ Γ 1

2
⋅ √ π.

 2. See Example 8, part (iii).

 3. We have 
x x

x
dx

8 6

240

1

1
0

( )

( )

−

+
=

∞

∫ . See Example 8, part (i).

 4. See article 3. 

We have 
x

x
dx m n

m

m n

−

+

∞

+
=∫

1

0 1( )
( , )B  and 

x

x
dx m n

n

m n

−

+

∞

+
=∫

1

0 1( )
( , )B .

 5. We have B ( , )
( )

m n
x

x
dx

n

m n
=

+

−

+

∞

∫
1

0 1
 and B ( , )

( )
m n

x

x
dx

m

m n
=

+

−

+

∞

∫
1

0 1
 .

 6. We have Γ Γ( ) ( ) !6 5 1 5 120= + = = .

 7. We have B ( , )
( ) ( )

( )
m n

m n

m n
=

+
Γ Γ
Γ

.

 8. We have e dxx−∞
= √

∫
2

0 2

π
. See article 8, Important deduction.

 9. See Problem 4, of Comprehensive Problems 1.

❍❍❍
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Prob lem 1: Show that the in te gral ∫∫∫ − − −x y z dx dy dzl m n1 1 1  in te grated over the re gion 

in the first octant be low the sur face ( / ) ( / ) ( / )x a y b z cp q r+ + = 1 is

a b c

pqr

l p m q n r

l p m q n r

l m n
⋅

+ + +
⋅Γ Γ Γ

Γ
( / ) ( / ) ( / )

( / / / )1 (Garhwal 2002; Avadh 11)

Or

Evaluate the integral ∫∫∫ − − −x y z dx dy dzl m n1 1 1 , where x y z, ,  are all positive but limited

by the condition ( / ) ( / ) ( / )x a y b z cp q r+ + ≤ 1.

So lu tion: The re quired in te gral = ∫∫∫ − − −x y z dx dy dzl m n1 1 1 , where the in te gral is

ex tended to all pos i tive val ues of the vari ables x y,  and z sub ject to the con di tion

( / ) ( / ) ( / )x a y b z cp q r+ + ≤ 1.

Put ( / ) . ., /x a u i e x aup p= = 1  so that dx a p u dup= −( / ) ,( / )1 1

 ( / ) . ., /y b v i e y bvq q= = 1  so that dy b q v dvq= −( / ) ,( / )1 1

and    ( / ) . .,z c w i er =  z cw r= 1/  so that dz c r w dwr= −( / ) .( / )1 1

Then the required integral

= ⋅∫∫∫ − − − − − −( ) ( ) ( )( ) / ( ) / ( ) /a u b v c w
a

p
ul l p m m q n n r1 1 1 1 1 1 ( / )1 1p −

⋅ ⋅− −b

q
v

c

r
w du dv dwq r( / ) ( / )1 1 1 1

= ∫∫∫ − − −a b c

pqr
u v w du dv dw

l m n
l p m q n r( / ) ( / ) ( / ) ,1 1 1  

where u v w+ + ≤ 1

= ⋅
+ + +

a b c

pqr

l p m q n r

l p m q n r

l m n Γ Γ Γ
Γ

( / ) ( / ) ( / )

( / / / )
,

1
 by Dirichlet’s integral.

Prob lem 2: Show that if l m n, ,  are all pos i tive

∫∫∫ − − − = ⋅x y z dx dy dz
a b c l m nl m n

l m n
1 1 1

8

2 2 2Γ Γ Γ
Γ

( / ) ( / ) ( / )

(l m n/ / / )
,

2 2 2 1+ + +
where the tri ple in te gral is taken through out the part of the el lip soid 

( / ) ( / ) ( / ) ,x a y b z c2 2 2 2 2 2 1+ + =  which lies in the positive octant.
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So lu tion: The re quired in te gral = ∫∫∫ − − −x y z dx dy dzl m n1 1 1 ,

where the integral is extended to all positive values of the variables x y z, ,  subject to the
condition

x a y b z c2 2 2 2 2 2/ / /+ + ≤ 1.

Put   x a u i e x au2 2 1 2/ . ., /= =  so that dx au du= −1

2
1 2/ ,

y b v i e2 2/ . .,=  y bv= 1 2/  so that dy bv dv= −1

2
1 2/ ,

and  z c w i e z cw2 2 1 2/ . ., /= =  so that dz cw dw= −1

2
1 2/ .

Then the required integral

= ∫∫∫ − − − − − −a u b v c wl l m m n n1 1 2 1 1 2 1 1 2( ) / ( ) / ( ) /. . .

1

8
1 2 1 2 1 2abc u v w du dv dw− − −/ / /

= ∫∫∫ − − −a b c
u v w du dv dw

l m n
l m n

8
2 1 2 1 2 1( / ) ( / ) ( / ) ,

where u v w+ + ≤ 1

=
+ + +

a b c l m n

l m n

l m n

8

2 2 2

2 2 2 1

Γ Γ Γ
Γ

( / ) ( / ) ( / )

( / / / )
, by Dirichlet’s integral.

Prob lem 3: Prove that the area in the pos i tive quad rant be tween the curve  x y an n n+ =  and 

the co or di nate axes is 
a n

n n

2 21

2 2

[ ( / )]

( / )

Γ
Γ

⋅
(Kanpur 2009)

So lu tion: Given curve x y an n n+ = …(1)

or
x

a

y

a

n n






+ 





= 1

The area of positive quadrant between the curve x y an n n+ =  and the co-ordinate axes

is

I dxdy= ∫∫
put

x

a
u

n






=  ,   
y

a
v

n






=   or  x au n= 1/   , y av n= 1/

      dx
a

n
u dun=

−1
1

 , dy
a

n
v dvn=

−1
1

Then the required integral is  

I
a

n
u

a

n
v dudvn n= ⋅∫∫

− −1
1

1
1

 = ∫∫
− −a

n
u v dudvn n

2

2

1
1

1
1

,

    where u v,  take all +ive values subject to the condition u v+ ≤ 1

  =
+ +





a

n

n n

n n

2

2

1 1
1 1

1

Γ Γ

Γ

( / ) ( / )
, by Dirichlet’s theorem
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  =






=






⋅a

n

n

n n

a

n

n

n

2

2

2 2 21
2 2 2

1
2

[ ( / )] [ ( / )]Γ

Γ

Γ

Γ

Prob lem 4(i): Eval u ate ∫∫∫ dx dy dz , where 
x

a

y

b

z

c

2

2

2

2

2

2
+ + ≤ 1.

(Kumaun 2007)

So lu tion: Here we are to eval u ate the given in te gral over the whole vol ume of the

el lip soid x a y b z c2 2 2 2 2 2 1/ / /+ + =  which is sym met ri cal in all  the eight oc tants.

Ob vi ously the re quired in te gral = ∫∫∫8 dx dy dz , 

where the integral is to be evaluated throughout the volume of the ellipsoid which lies in
the positive octant.

Let I dx dy dz= ∫∫∫ , where the integral is extended to all positive values of the

variables x y z, ,  subject to the condition

x a y b z c2 2 2 2 2 2/ / /+ + ≤ 1.

Put  x a u i e x au2 2 1 2/ . ., /= =  so that dx au du= −1

2
1 2/ ,

y b v i e2 2/ . .,=  y bv= 1 2/  so that dy bv dv= −1

2
1 2/ ,

and z c w i e z cw2 2 1 2/ . ., /= =  so that dz cw dw= −1

2
1 2/ .

Then       I abc u v w du dv dw= ∫∫∫ − − −1

8
1 2 1 2 1 2/ / /

     = ∫∫∫ − − −1

8
1 2 1 1 2 1 1 2 1abc u v w du dv dw( / ) ( / ) ( / ) ,

where u v w+ + ≤ 1

     =
+ + +

abc

8

1

2

1

2

1

2
1

2

1

2

1

2
1

Γ Γ Γ

Γ

( ) . ( ) . ( )

( )
,    [ By Dirichlet’s integral ]

     = √ = √

⋅ ⋅ √
= ⋅abc abc abc

8 5

2
8 3

2

1

2
6

3( )

( )

.π π π

π

π

Γ

Hence the required integral  = ⋅ =8
6

4

3

π πabc
abc .

Prob lem 4(ii): Find the vol ume in the pos i tive octant of the el lip soid 

  x a y b z c2 2 2 2 2 2 1/ / / .+ + =

So lu tion: Pro ceed as in prob lem 4 part (iii). The an swer is π abc / .6

Prob lem 4(iii): Find the vol ume of the el lip soid ( / ) ( / ) ( / ) .x a y b z c2 2 2 2 2 2 1+ + =
(Kumaun 2015)

So lu tion: The given el lip soid is sym met ri cal in all the eight oc tants. There fore the
vol ume of the given el lip soid = ×8 the vol ume of the part of the el lip soid ly ing in the
pos i tive octant.
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Now the volume of a small element situated at any point ( , , ) .x y z dx dy dz=
∴ The volume of the given ellipsoid = ∫∫∫8 dx dy dz ,

where the integral is extended to all positive values of the variables x y z, ,  subject to the
condition

x a y b z c2 2 2 2 2 2/ / /+ + ≤ 1.

Now to evaluate this integral proceed as in Problem 4 part (i).

Hence the required volume  = ⋅ =8
6

4

3

π πabc
abc .

Prob lem 5: Eval u ate xyz dx dy dz∫∫∫  for all pos i tive val ues of the vari ables through out the

el lip soid x a y b z c2 2 2 2 2 2 1/ / /+ + =  . (Kanpur 2011)

So lu tion: We are to eval u ate the in te gral xyz dx dy dz∫∫∫ , for all pos i tive val ues of the 

vari ables x, y, z sub ject to the con di tion

x a y b z c2 2 2 2 2 2 1/ / /+ + ≤

Put x a u y b v z c w2 2 2 2 2 2/ , / , /+ + =  so that

x dx a du y dy b dv z dz c dw= = =1

2

1

2

1

2
2 2 2, ,

Then the required integral = ∫∫∫
1

8
2 2 2a b c du dv dw, where u v w+ + ≤ 1

= − − −∫∫∫
1

8
2 2 2 1 1 1 1 1 1a b c u v w du dv dw, where u v w+ + + ≤ 1

=
+ + +

1

8

1

1 1 1 1
2 2 2a b c

Γ Γ(1) Γ(1)
Γ

( )

( )
 ,    [By Dirichlet’s integral]

= = = × =a b c a b c a b c2 2 2 2 2 2 2 2 2

8

1

4 8

1

3 2 1 48Γ( ) . .
 .

Prob lem 6: Find the vol ume of the tet ra he dron bounded by the plane x a y b z c/ / /+ + = 1

and the co or di nate planes.

So lu tion: The vol ume of a small el e ment sit u ated at any point ( , , ) .x y z dx dy dz=

∴ the volume of the given tetrahedron

= ∫∫∫ dx dy dz , where the in te gral is ex tended through out the

vol ume en closed by the co or di nate planes and the
           plane x a y b z c/ / /+ + = 1

= ∫∫∫ dx dy dz , where the integral is extended to all positive values

       of the variables x y z, ,  subject to the

    condition x a y b z c/ / / .+ + ≤ 1

Put x a u y b v z c w/ , / , /= = =  so that dx a du dy b dv dz c dw= = =, , .
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Then the required volume 

= ∫∫∫ abc du dv dw, where u v w+ + ≤ 1

= ∫∫∫ − − −abc u v w du dv dw1 1 1 1 1 1

=
+ + +

abc
[ ( )]

( )

Γ
Γ

1

1 1 1 1

3
   [ By Dirichlet’s integral ]

= ⋅ = = ⋅abc
abc abc1

4 3 2 1 6Γ ( ) . .

Prob lem 7: The plane x a y b z c/ / /+ + = 1 meets the co or di nate axes in the points A B C, , .

Use Dirichlet’s in te gral to eval u ate the mass of the tet ra he dron OABC , the den sity at any point 

( , , )x y z  be ing kxyz. (Garhwal 2003)

So lu tion: The mass of a small el e ment of vol ume dx dy dz sit u ated at any point 

( , , )x y z

= ρ . ,dx dy dz  where ρ is the density per unit volume

= k x y z dx dy dz .

∴ The mass of the tetrahedron OABC

= ∫∫∫ k xyz dx dy dz , where the integral is extended to all positive 

values of the variables x y z, ,  subject to the condition ( / ) ( / ) ( / )x a y b z c+ + ≤ 1.

Put x a u y b v z c w/ , / , /= = =  so that dx a du dy b dv dz c dw= = =, , .

Then the required mass

= ∫∫∫ k au bv cw abc du dv dw. . . . , where u v w+ + ≤ 1

= ∫∫∫ − − −k a b c u v w du dv dw2 2 2 2 1 2 1 2 1

=
+ + +

k a b c2 2 2
32

2 2 2 1

[ ( )]

( )
,

Γ
Γ

    [ By Dirichlet’s integral ]

= ⋅k a b c2 2 2 1

7Γ ( )
       [ ( ) ( ) ]∵ Γ Γ2 1 1 1= =

= = ⋅k a b c k a b c2 2 2 2 2 2

6 5 4 3 2 1 720. . . . .

Prob lem 8: Eval u ate the in te gral ∫∫∫ x y z dx dy dz2  over the vol ume en closed by the re gion 

x y z, , , ≥ 0 and x y z+ + ≤ 1. (Agra 2003)

So lu tion: The re quired in te gral ∫∫∫ x y z dx dy dz2 , over the re gion x y z, , , ≥ 0 and 

x y z+ + ≤ 1

= ∫∫∫ − − −x y z dx dy dz3 1 2 1 2 1 ,  where the integral is extended to

        all positive values of the variables x y z, ,  subject

           to the condition x y z+ + ≤ 1
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= ∫∫∫ − − −x y z dx dy dz3 1 2 1 2 1. .  

=
+ + +

( ) ( ) ( )

( )

Γ Γ Γ
Γ

3 2 2

3 2 2 1
   [ By Dirichlet’s integral ]

= =( ) ( ) ( )

( )

( !) ( !) ( !)

( !)

Γ Γ Γ
Γ

3 2 2

8

2 1 1

7

=
× × × × × ×

= ⋅2

7 6 5 4 3 2 1

1

2520

Prob lem 9: Eval u ate the dou ble in te gral 
D

x y x y dx dy∫∫ − −1 2 1 2 2 31/ / /( )

over the domain D bounded by the lines x y x y= = + =0 0 1, , .

So lu tion: Here the re gion of in te gra tion is bounded by the lines x y= =0 0,  and 

x y+ = 1.

So the variable x y,  take all positive values subject to the condition 0 1< + <x y  .

Hence the given integral

∫∫
+





− +





−
− +x y x y dx dy

1

2
1 1

1

2
1 1

2 31{ ( )} /

=
+





+





+ + +





∫
+ +Γ Γ

Γ

1

2
1

1

2
1

1

2
1

1

2
1

0

1
1

2
1

1

2u
+ −

−
1 1

2 31( ) ,/u du

   [By Liouville’s extension of Dirichlet’s theorem]

=













−∫ −
+





−Γ Γ

Γ

3

2

3

2
3

1
0

1 3 1

2

3
1 1

( )
( )u u du

= +





1

2

1

2
2

3
2

3
1

π π
B ,  =

+





+ +





π
8

3
2

3
1

3
2

3
1

Γ Γ

Γ

( )
( ) ( )

= ⋅
⋅

= ⋅
⋅ ⋅ ⋅

π π
8

2 5 2

14 3 4

5 3
11

3

8

3

5

3
5 3

Γ

Γ
Γ

Γ

/

/

( / )

/
 

= 27

1760

π
 .

Prob lem 10: Eval u ate 
T

x y x y dx dy∫∫ − −1 2 1 2 3 21/ / /( ) , where T is the re gion bounded by

x y≥ ≥0 0, ,  x y+ ≤ 1.  

So lu tion: Here the re gion of in te gra tion is  bounded by the lines x y≥ ≥0 0,  and 

x y+ ≤ 1.

So the variable x y,  take all positive values subject to the condition 0 1≤ + ≤x y .
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Hence the given integral

∫∫
+





− +





−
− +x y x y dxdy

1

2
1 1

1

2
1 1

3 21{ ( )} /

=
+





+





+ + +





∫
+ +Γ Γ

Γ

1

2
1

1

2
1

1

2
1

1

2
1

0

1
1

2

1

2
1

u
−

−
1

3 21( ) ,/u du

[By Liouville’s extension of Dirichlet’s theorem]

=













−∫ −
−Γ Γ

Γ

3

2

3

2
3

1
0

1 3 1
5

2
1

( )
( )u u du = 





1

2

1

2
2

3
5

2

π π
B ,

= ⋅







+





=
⋅

⋅ ⋅ ⋅ ⋅

π π π

8

3
5

2

3
5

2
8

2
3

2

1

2
9

2

7

2

5

2

3

2

Γ Γ

Γ

( )

1

2
⋅ π

 = 2

315

π
 .

Prob lem 11: Find the value of  ∫∫ − − +x y e dx dyl l x y1 ,

extended to all positive values of x and y subject to x y h+ < .

So lu tion: The given integral 

I x y e dx dyl l x y= ∫∫ − − +1 ,  where 0 < + <x y h

  = ∫∫ − − − +x y e dx dyl l x y1 1 1( )

  = −
+ − ∫ + − −Γ Γ

Γ
( ) ( )

( )
,( )l l

l l
e u du

h u l l1

1 0

1 1

by Liouville’s extension of Dirichlet’s theorem

  = −
∫

Γ Γ
Γ

( ) ( )

( )

l l
e du

h u1

1 0
 = = −π

π
π
πsin

[ ]
sin

( ).
l

e
l

eu h h
0

1

Prob lem 12: Eval u ate ∫∫∫ + +e dx dy dzx y z  taken over the pos i tive octant such that 

x y z+ + ≤ 1. (Kanpur 2005, 10)

So lu tion: Here the in te gral is to be ex tended for all pos i tive val ues of x y,  and z such

that 0 ≤ + +x y z ≤ 1.

∴ The required integral

∫∫∫ ∫∫∫+ + + + − − −=e dx dy dz e x y z dx dy dzx y z x y z 1 1 1 1 1 1 ,

    where 0 ≤ x y z+ + ≤ 1

=
+ + ∫ −Γ Γ Γ

Γ
( ) ( ) ( )

( )

1 1 1

1 1 1 0

1 3 1e u duu , 

[By Liouville’s extension of Dirichlet’s integral ]
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= −







∫

1 1 1

2 1
22

0
1

0

1. .

.
{ . } . ,u e u e duu u

[ Integrating by parts taking e u as the second function]

= − −















∫

1

2
2 1

0
1

0

1
e e u e duu u( . ) .

= − + = − + − = − ⋅1

2
2 2

1

2
2 2 2

2

20
1[ { } ] [ ]

( )
e e e e e e

eu

Prob lem 13: Eval u ate ∫∫∫ − − − − − −x y z x y z dx dy dz1 2 1 2 1 2 1 21/ / / /( )  ex tended to

all pos i tive val ues of the vari ables sub ject to the con di tion x y z+ + < 1. (Kanpur 2007)

So lu tion: The given con di tion is 0 1< + + <x y z .

∴ The required integral ∫∫∫ − − − − − −x y z x y z dx dy dz1 2 1 2 1 2 1 21/ / / /( )

= − + +∫∫∫ − − −x y z x y z dx dy dz1 2 1 1 2 1 1 2 1 1 21/ / / /( ) ,{ }

where 0 1< + + <x y z

=
+ +

−∫ + +
Γ Γ Γ

Γ

( ) ( ) ( )

( )
( ) / / / /

1

2

1

2

1

2
1

2

1

2

1

2

1
0

1 1 2 1 2 1 2 1 2u u − 1 du ,

     [By Liouville’s extension of Dirichlet’s theorem]

= − = √

⋅ √
⋅∫ − −

[ ( )]

( / )
( )

( )/ ( / )
Γ

Γ

1

2
3 2

1
1

2

3

0

1 3 2 1 3 2 1
3

u u du
π

π

Γ Γ

Γ

3

2

3

2
3

2

3

2
( )+

= ⋅
√ ⋅ √

= ⋅2

1

2

1

2
2 1 4

2
π

π π π
.

Prob lem 14: Prove that ∫∫∫ √ − − −
=dx dy dz

x y z( )
,

1 82 2 2

2π
 the in te gral be ing ex tended to all

pos i tive val ues of the vari ables for which the ex pres sion is real. (Lucknow 2006)

So lu tion: The given ex pres sion 1 1 2 2 2/ ( )√ − − −x y z  is real if x y z2 2 2 1+ + < .

Therefore the given integral is to be extended for all positive values of the variables x y,
and z such that

0 12 2 2< + + <x y z .

Now put x u2
1=  i e. ., x u= 1

1 2/ , so that dx u du= −1

2
1

1 2
1

/ ,

y u2
2=  i e. ., y u= 2

1 2/ , so that dy u du= −1

2
2

1 2
2

/ ,

and z u2
3=  i e. ., z u= 3

1 2/ , so that dz u du= −1

2
3

1 2
3

/ .
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With these substitutions the given condition reduces to

0 11 2 3< + + <u u u

and the required integral becomes

=
√ − − −∫∫∫

− − −( )

( )
,

/ / /1

2
1

3
1

1 2
2

1 2
3

1 2
1 2 3

1 2 3

u u u du du du

u u u
 for 0 11 2 3< + + <u u u

=
√ − + +∫∫∫

− − −1

8 1
1
1 2 1

2
1 2 1

3
1 2 1

1 2 3

1 2 3

u u u du du du

u u u

/ / /

( ){ }

=
+ +

⋅
√ −∫ −1

8

1

2
1

2

1

2

1

2

1

1

3

0

1 3 2 1
[ ( )]

( ) ( )
,/

Γ

Γ
u

u
du

   [ By Liouville’s Extension of Dirichlet’s Theorem]

= ⋅ √

√ √ −∫
1

8 1

2

2

1

3

0

2

2

[ ] sin . sin cos

( sin )
,

/π

π

θ θ θ θ

θ

π d
 putting u = sin2 θ etc.

= = ⋅ ⋅ = ⋅∫
π θ θ π π ππ

2 2

1

2 2 80

2 2
2/

sin d

Prob lem 15: Show that ∫∫ ∫… …

√ − − − … −
=

+


+dx dx dx

x x x n
n

n

n

n

1 2

1
2

2
2 2

1 2

1 2
1

2
( )

( ) /π

Γ  


the integral being extended to all positive values of the variables for which the expression is real.

So lu tion: Proceed as in Example 2.

Prob lem 16: If S is a unit sphere with its cen tre at the or i gin, then prove that

S

dx dy dz

x y z∫∫∫ √ − − −
=

( )
.

1 2 2 2
2π

So lu tion: We have for a unit sphere the con di tion of pos i tive quad rant for x y z, ,  in 

x y z2 2 2 1+ + <

put x2 4= , y v2 = , z w2 =   or  x a= , y v= , z w=

∴ dx u du= −1

2
1 2/ , dy v dv= −1

2
1 2/ , dz w dw= −1

2
1 2/

Then integration is 

∫∫∫
− − −

− − −
1

8 1

1

2

1

2

1

2u v w du dv dw

u v w
 =

− + +∫∫∫
− − −

1

8 1

1

2
1

1

2
1

1

2
1

u v w du dv dw

u v w( )

 =

























−∫
1

8

1

2

1

2

1

2
3

2
10

1 1 2Γ Γ Γ

Γ

h dh/

h
   [ By Liouville’s theorem]
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= ⋅

−
∫

1

8 1

2

2

1

3

0

2

2

( ) sin sin cos

sin
,

/π

π

θ θ θ θ

θ

π d
 where h = sin2 θ

= ⋅ ∫
π θ θ

π

4
2

0

2 2/
sin d  = ⋅ ⋅ ⋅ =π π π

4
2

1

2 2 8

2

Then the required integral is 
dx dy dz

x y z1
8

82 2 2

2
2

− − −
= ⋅ =∫∫∫

π π .

Prob lem 17: Eval u ate 
R

x y z dx dy dz∫∫∫ + + +( ) ,1 2

where R is defined by x ≥ 0 , y z x y z≥ ≥ + + ≤0 0 1, , .

So lu tion: As given x y z, ,  are all pos i tive such that 0 ≤ x y z+ + ≤ 1.

∴ ∫∫∫ + + +( )x y z dx dy dz1 2

= + + +∫∫∫ − − −x y z x y z dx dy dz1 1 1 1 1 1 21{ }( )

=
+ +

+∫ + + −Γ Γ Γ
Γ
( ) ( ) ( )

( )
( ) . ,

1 1 1

1 1 1
1

0

1 2 1 1 1 1u u du

[By Liouville’s extension of Dirichlet’s theorem]

= + + = + +










∫

1

2
2 1

1

2 5

2

4 30

1 2 2
5 4 3

0

1

( )u u u du
u u u

= + +





= + +
× ×

= ⋅ = ⋅1

2

1

5

1

2

1

3

1

2

6 15 10

5 2 3

1

2

31

30

31

60

( )

Prob lem 18: Show that ∫∫
− −

+ +









 = −1

1 8
2

2 2

2 2

1 2
x y

x y
dx dy

/

( )
π π

over the pos i tive quad rant of the cir cle x y2 2 1+ = .

So lu tion: Here the given in te gral is to be ex tended to  all pos i tive val ues of x and y such

that

0 ≤ x y2 2+ ≤ 1. ...(1)

Put x u y v i e x u y v2 2 1 2 1 2= = = =, . ., ,/ /  so that

dx u du dy v dv= =− −1

2

1

2
1 2 1 2/ /, .

With these substitutions the condition (1) becomes 0 ≤ u v+ ≤ 1.

Hence the required integral

= − +
+ +









∫∫ − −1

1

1

4

1 2
1 2 1 2( )

( )

/
/ /u v

u v
u v du dv

= − +
+ +









∫∫ − −1

4

1

1

1 2
1 2 1 1 2 1( )

( )
,

/
( / ) ( / )u v

u v
u v du dv  where 0 ≤ u v+ ≤ 1
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=
+

−
+









∫ +1

4

1 2 1 2
1

2

1

2

1

10

1
1 2

1 2 1Γ Γ

Γ

( / ) ( / )

( )

/
( / ) (h

h
h / ) ,2 1− dh

   [By Liouville’s ex ten sion of Dirichlet’s the o rem]

= √ √ −

√ −∫
1

4 1

1

10

1

2

π π.

( ) ( )Γ
h

h
dh

= −
∫

π θ
θ

θ θ
π

4

1
0

2/ ( sin )

cos
cos ,d  putting h = sin θ so that dh d= cos θ θ

= + = −





= −π θ θ π π π ππ /

4 4 2
1

8
2

0
2[ cos ] ( ) .

Prob lem 19: Find the value of ∫∫∫ + +xyz x y z dx dy dzsin ( ) , the integral being

extended to all positive values of the variables subject to the condition x y z+ + ≤ π / .2

So lu tion: Here 0 < + +x y z ≤ π / .2

∴ The required integral

I x y z x y z dx dy dz= + +∫∫∫ − − −sin ( ) ,2 1 2 1 2 1

             where  0 2< + + ≤x y z π /

   =
+ + ∫ + + −Γ Γ Γ

Γ
( ) ( ) ( )

( )
(sin ) ,

2 2 2

2 2 2 0

2 2 2 1π / 2
u u du  

   [By Liouville’s theorem]

   = ∫
1

6 0

5

Γ ( )
sin .

π / 2
u u du

Applying successive integration by parts, we have

I u u u u u u= − − − +


1

5
5 205 4 3

!
( cos ) ( ) ( sin ) ( ) (cos )

− + − − − 


( ) (sin ) ( ) ( cos ) ( sin ) .60 120 1202

0

2

u u u u u
π /

 

In the above expression all the terms vanish for u = 0 and all those which involve cos u
vanish for u = π / .2

∴ I = − − − − −1

120
5 2 1 60 2 1 120 14 2[ ( / ) . ( ) ( / ) . ( ) .( )]π π

  = − +












= − +1

120

5

16
15 120

1

384
48 384

4
2 4 2π π π π[ ].

Prob lem 20: Eval u ate  ∫∫∫
− − −

+ + +











1

1

2 2 2

2 2 2

x y z

x y z
dx dy dz

integral being taken over all positive values of x y z, ,  such that x y z2 2 2+ + ≤ 1.
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So lu tion: Put x u2 = , y v2 = , z w2 = .

Then x u dx u du y v dy v dv= = = =− −1 2 1 2 1 2 1 21

2

1

2
/ / / /, ; , ;

z w dz w dw= = −1 2 1 21

2
/ /, .

∴ The given integral

  = − + +
+ + +









∫∫∫ − − −1

8

1

1
1 2 1 1 2 1 1 2 1( )

( )
/ / /u v w

u v w
u v w du dv dw ,

where u v w, ,  are all +ive and 0 < + +u v w ≤ 1

  = ⋅ −
+







∫ + + −1

8

1

2
3

2

1

1

3

0

1 1 2 1 2 1 2 1
[ ( )]

( )

/ / /
Γ

Γ

t

t
t dt 

  = −

√ −∫
π
4

1

10

1

2
1 2t

t
t dt

( )
./

Put t z2 =  or  t z= 1 2/  so that dt z dz= −1

2
1 2/ . 

∴         I z z z z dz= − −∫ − −π
4

1 1
1

20

1 1 2 1 2 1 4 1 2( ) [ ] ./ / / /

 = − −∫ − −π
8

1
0

1 1 2 1 4 1 4( ) ( )/ / /z z z dz

     = − − −∫ − − − −π
8

1 1
0

1 3 4 1 1 2 1 5 4 1 1 2 1[ ( ) ( ) ]( / ) ( / ) ( / ) ( / )z z z z dz

  = 





− 











⋅π
8

3

4

1

2

5

4

1

2
B B, ,

Prob lem 21: Prove that ∫∫ − − −= −
D

x y Re dx dy e
2 2 2

4
1

π
( ), where D is the re gion de fined

by x y x y R≥ ≥ + ≤0 0 2 2 2, , . (Lucknow 2009)

So lu tion: Put 
x

R
u

y

R
v

2

2

2

2
= =, .

Then x R u y R v= =,

and dx
R

u du dy
R

v dv= =− −

2 2
1 2 1 2/ /, .

∴ ∫∫ ∫∫− + − + − −=
D

x y R u ve dx dy e
R

u
R

v dudv( ) ( ) / /2 2 2 1 2 1 2

2 2

= ∫∫ − + − −R
e u v dudvR u v

2 2 1 2 1 2

4
( ) / /

= ∫∫ − +
− −

R
e u v dudvR u v

2 2
1

2
1

1

2
1

4
( )
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=













+





∫ −
+ −

R
e hR h

2

0

1 2
1

2

1

2
1

4

1

2

1

2
1

2

1

2

Γ Γ

Γ
dh

=
−















−R e

R

R h2 2

2

0

1

4
π π  = −

−

−R e e

R

R2 2 0

24

π
 = − −π

4
1

2
( ).e R

Prob lem 22: (i)  Eval u ate 
R

x y dx dy∫∫ √ +( )2 2

where R is the region in the xy-plane bounded by x y2 2 4+ =  and x y2 2 9+ = .

(ii) Evaluate 
R

x y dx dy∫∫ √ +( )2 2  where R is the region x y a2 2 2+ ≤ .

So lu tion: (i) 
R

x y dxdy∫∫ +2 2

where R is the region in the xy-plane bounded by

x y2 2 4+ =   and x y2 2 9+ =  .

∴  
R R

x y dxdy x y dxdy∫∫ ∫∫+ = +2 2 2 24  {For x y2 2 9+ =  }

   − +∫∫4 2 2

R
x y dxdy {For x y2 2 4+ = }  …(1)

Now to solve 
R

x y dxdy∫∫ +2 2  for x y2 2 9+ =   or  
x y2 2

9 9
1+ =  .

Let
x

u
y

v
2 2

9 9
= =,   or  x u y v= =3 3,

or dx u du dy v dv= =− −3

2

3

2
1 2 1 2/ /,   and  u v+ = 1 .

So   
R

x y dx dy u v u du v dv∫∫ ∫∫+ = + − −2 2 1 2 1 29 9
3

2

3

2
/ /

= ⋅ ⋅
⋅

+∫∫ − −3 3 3

2 2
1 2 1 1 2 1u v u v dudv/ /

=













+





∫
+ −27

4

1

2

1

2
1

2

1

2

0

1
1

2

1

2
1Γ Γ

Γ
h h dh , by Liouville’s Theorem

= ⋅ =27

4 1

2

3

9

2

π π π .

Similarly 
R

x y dxdy∫∫ +2 2 , for x y2 2 4+ =  = 4

3
π .

From equation (1)

  
R

x y dxdy
y

∫∫ + = 





− 





2 2 4
9

2
4

3
π π  = −





= ⋅4
9

2

4

3
4

19

6
π π  = ⋅38

3

π
 

(ii) R is region  x y a2 2 2+ ≤   or  
x

a

y

a

2

2

2

2
1+ ≤ .
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Let  
x

a
u

2

2
= , 

y

a
v

2

2
= .

Then  x a u= ,  y a v= .

∴ dx
a

u du= −

2
1 2/ ,  dy

a
v dv= −

2
1 2/ .

∴   
R

x y dx dy∫∫ +2 2  = + ⋅∫∫ − −4
2 2

2 2 1 2 1 2a u a v
a

u
a

v dudv/ / (For R)

     = ⋅ +∫∫
− −

4
4

3 1

2
1

1

2
1a

u v u v dudv

   = ⋅













+





∫
+ −a

h h dh
3

0

1
1

2

1

2
1

4
4

1

2

1

2
1

2

1

2

Γ Γ

Γ
,

[ By Liouville’s Theorem ]

      = ⋅ ⋅ ⋅ = ⋅ = ⋅4
4 1

2

3
4

6

2

3

3 3 3a a aπ π π

Prob lem 23: Eval u ate the in te gral 
R

x y z dx dy dz∫∫∫ √ − − −( )1 2 2 2

where R is the region interior to the sphere x y z2 2 2 1+ + = .

So lu tion: Here the region is the region interior to the sphere x y z2 2 2 1+ + = .

Put  x u2 = ,    y v2 = ,       z w2 =

 x u= ,      y v= ,       z w= .

∴      dx u du= −1

2
1 2/ ,  dy v dv= −1

2
1 2/ ,  dz w dw= −1

2
1 2/ .

Then integral is ∫∫∫ − − − − + +1

8
11 2 1 2 1 2u v w u v w dudv dw/ / / ( )

= −∫∫∫
− − −1

8
1 4

1

2
1

1

2
1

1

2
1

1

2u v w du dv dw{ }

=

























−∫
−1

8

1

2

1

2

1

2
3

2

1
0

3

2
1Γ Γ Γ

Γ

h
h ( h dh)

3

2
1−

 [ By Liouville’s theorem ]

= 





1

8
2

3

2

3

2
π B ,  =













+





= ⋅π π π π

4

3

2

3

2
3

2

3

2
4

1

2

1

2
2

Γ Γ

Γ
 = π2

32
 .

∴ The required integral is = ⋅ =8
32 4

2 2π π
 .
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Prob lem 24: Find the mass of the re gion bounded by the ellipsoid 

x a y b z c2 2 2 2 2 2 1/ / /+ + =

if the density varies as the square of the distance from its centre.

So lu tion: Re gion bounded by the el lip soid 
x

a

y

b

z

c

2
+ + =

2

2

2

2

2
1

and density varies as the square of the distance from its centre

i.e., density ∝ ( )x y z2 2 2+ +    or  density = + +K x y z( )2 2 2  .

We have mass = volume × density = ⋅ + +∫∫∫ dxdydz K x y z( )2 2 2

         = + + =∫∫∫K x y z dxdydz I( )2 2 2  (Say)

Put   
x

a
u

2

2
= ,  

y

b
v

2

2
= ,  

z

c
w

2

2
=    or  x a u= , y b v= ,   z c w=

∴         dx
a

u du= −

2
1 2/  , dy

b
v dv= −

2
1 2/  , dw

c
w dw= −

2
1 2/

∴   I K a u b v c w
a

u du
b

v dv
c

w dw= + +∫∫∫ − − −( ) / / /2 2 2 1 2 1 2 1 2

2 2 2

       = +∫∫∫ − − − −K abc
a u v w b u v w

8
2 1 2 1 2 1 2 2 1 2 1 2 1 2{ / / / / / /

+ − −c u v w dudv dw2 1 2 1 2 1 2/ / / }

     =



















+ + +



Kabc

a

8

3

2

1

2

1

2
3

2

1

2

1

2
1

2 Γ Γ Γ

Γ


+



















+ + +





+b2

1

2

3

2

1

2
1

2

3

2

1

2
1

Γ Γ Γ

Γ
c2

1

2

1

2

3

2
1

2

1

2

3

2
1

Γ Γ Γ

Γ



















+ + +























by Dirichlet’s theorem

     =

























+ +Kabc
a b c

8

3

2

1

2

1

2
7

2

2 2
Γ Γ Γ

Γ
( 2)

     = ⋅
⋅ ⋅

⋅ + + = + +Kabc
a b c

Kabc a b c

8

1

2
5

2

3

2

1

2
30

2 2 2
2 2 2π π π

π

π
( )

( )
 .

The required mass of given region is 8 8
30

2 2 2
I

K abc a b c= ⋅ + +π ( )
 .

Prob lem 25: Prove that 
dxdydz

x y z( )
log

+ + +
= −



∫∫∫ 1

1

2
2

5

83

throughout the volume bounded by the coordinate planes and the plane x y z+ + = 1.
(Rohilkhand 2013)

So lu tion: The re gion is bounded by the co-or di nate planes and the plane
x y z+ + = 1.
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The integral    I
dxdydz

x y z
=

+ + +∫∫∫ ( )1 3
 

 =
+ + +∫∫∫

− − −x y z dxdy dz

x y z

1 1 1 1 1 1

31{( ) }

  =
+∫ + + −Γ Γ Γ

Γ
( ) ( ) ( )

( ) ( )

1 1 1

3

1

10

1 1 1 1 1
3

u
u

du , by Liouville’s theorem

  =
+∫

1

2 10

1 2

3

u

u
du

( )
 .

Put u t+ =1  , du dt=  , limit 1 to 2.

∴ I
t

t
dt= −

∫
1

2

1
1

2 2

3

( )
 = + −





= − +




∫
1

2

1 1 2 1

2

1

2

2
1

2

3 2 2
1

2

t t t
dt t

t t
log

  = − + + −





= −





1

2
2

1

8
1

1

2
2

1

2
2

5

8
log log  .

Prob lem 26: Eval u ate the in te gral ∫∫∫ + +
R

ax by cz dx dy dz( )2 2 2

where R is the region given by x y z d2 2 2 2+ + ≤ .

So lu tion: Pro ceed as in Prob lem 24. Ans: 
4

15
5d a b cπ ( ).+ +

Prob lem 27: Eval u ate the fol low ing integrals :

(i)  
0 0

2 2
2 2 2a a y

a x y dx dy∫ ∫
√ −

− −
( )

( ) (ii)  
0

2

0

4 2
2 2∫ ∫

√ −
+

( )
( ) .

x
x y dx dy

So lu tion: (i) The given in te gral 

I a y x dydx
y

a

x

a y
= − −

= =

√ −

∫ ∫0

2 2 2

0

2 2

[ ( ) ]
( )

  = − −



∫

=

√ −
( ) ,

( )

a y x x dy
a

x

a y
2 2 3

0 0

2 2
1

3

integrating w.r.t. x treating y as constant

  = − − −∫ [( ) ( ) ]/ /a y a y dy
a 2 2 3 2 2 2 3 2

0

1

3
 = −∫

2

3
2 2 3 2

0
( ) /a y dy

a

  = ∫
2

3
3 3

0

2
a a dcos . cos ,

/
θ θ θ

π

putting y a= sinθ  so that dy a d= cosθ θ

= =∫
2

3

2

3

3 1

4 2 2
4 4

0

2 4a d acos . .

.
.

/
θ θ ππ

      [ By Walli's formula ]

  = π a4 8/ .

(ii) Proceed as in part (i). Ans: 2 π.
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Mul ti ple Choice Ques tions

 1. See article 3.

 2. See article 2.

 3. See article 1.

Fill in the Blank(s)

 1. See article 1.

 2. See article 3.

True or False  

 1. The given triple integral =
+ + +∫∫∫ − − −x y z

dx dy dz

x y z

1 1 1 1 1 1
31( )

, 

where x y z, ,  are all positive such that 0 1≤ + + ≤x y z

=
+ + +

⋅∫ + + −Γ Γ Γ
Γ
( ) ( ) ( )

( ) ( )
,

1 1 1

1 1 1

1

10

1

3
1 1 1 1

u
u du by Liouville’s theorem

=
+

=
+

=
+∫ ∫ ∫

1

3 1

1

2 1

1

2 10

1 2

3 0

1 2

3 0

1 2

Γ ( ) ( ) ! ( ) (

u

u
du

u du

u

u du

u )3
⋅

 2. The given triple integral = + + +∫∫∫ − − −x y z x y z dx dy dz1 1 1 1 1 1 21( ) ,

where x y z, ,  are all positive such that 0 1≤ + + ≤x y z

=
+ +

+∫ + + −Γ Γ Γ
Γ
( ) ( ) ( )

( )
( ) ,

1 1 1

1 1 1
1

0

1 2 1 1 1 1u u du by Liouville’s theorem

= + = +∫ ∫
1

3
1

1

2
1

0

1 2 2

0

1 2 2

Γ ( )
( ) ( ) .u u du u u du

 3. Under the given conditions, by Dirichlet’s integral, we have

∫∫ − − =
+ +

⋅x y dx dy
l m

l m
l m1 1

1

Γ Γ
Γ

( ) ( )

( )

❍❍❍
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Prob lem 1(i): Eval u ate 
0

2

0

4 2

2 24∫ ∫
√ +

+ +

( )x dx dy

x y
 .

(Rohilkhand 2005)

So lu tion: The given in te gral

I
dx dy

x yx y

x
=

+ += =

√ +

∫ ∫0

2

0

4 2

2 24

( )

( )

  =
√ + √ +











∫ −

=

√ +

0

2

2
1

2
0

4 2

1

4 4( )
tan

( )
,

( )

x

y

x
dx

y

x

integrating w.r.t. y treating x as constant

  =
√ +

− =
√ +∫ ∫− −

0

2

2
1 1

0

2

2

1

4
1 0

4 4( )
[tan tan ]

( )x
dx

dx

x

π

  = + √ + = + √ −π π
4

4
4

2 2 2 22
0
2[log ( ) ] [log ( ) log ]{ }x x

  = + √ = + √π π
4

2 2 2

2 4
1 2log log ( ) .

Prob lem 1(ii): Eval u ate dou ble in te gral 
1 1

a b dx dy

xy∫ ∫  .

So lu tion: We have [ ]
1 1 1 1

1a b a

y
bdx dy

xy x
y dx∫ ∫ ∫= =log ,

(integrating w.r.t. y treating x as constant)

= −
∫1

1a b

x
dx

(log log )
,

= = 





= −∫log (log ) log (log ) (log log )b

x
dx b x b a

a a

1 1

1
1

= (log ) . (log ) .b a

Prob lem 1(iii): Eval u ate dou ble in te gral 
0

2

2

π

π

π/

/
cos ( ) .∫ ∫ +x y dy dx

(Kanpur 2007, 11)
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So lu tion: We have  
0

2

2 0

2

2

π

π

π π

π

π/

/

/

/
cos ( ) cos ( )∫ ∫ ∫ ∫+ = +





x y dy dx x y dx dy

[ ]= +∫ =
0

2

2

π
π

π/

/sin ( ) ,x y dyx

[Integrating w.r.t. x treating y as constant]

= + − +∫0

2 1

2

π
π π

/
[sin ( ) sin ( )]y y dy

= − −∫0

2π /
( sin cos )y y dy

[ ]= − = − − − = −cos sin ( ) ( ) .y y
0

2
0 1 1 0 2

π /

Prob lem 1(iv): Eval u ate dou ble in te gral 
0

1

0

2

∫ ∫
x y xe dx dy/ .

So lu tion: We have 
0

1

0

2

0

1 2

0∫ ∫ ∫=
=

x y x ye dx dy xe x
x

y
dx/ [ / ] ,

[Integrating w.r.t. y treating x as constant]

= − = −∫ ∫0

1 2 0

0

1
[ ] ( )/ /xe xe dx xe x dxx x x x  

= 





− −











∫xe e dx

xx x

0

1 2

0

1

0

1

2

= − 





− = − − − = − = ⋅e e e ex

0

1
1

2
1

1

2
1

1

2

1

2
( )

Prob lem 1(v): Eval u ate dou ble in te gral 
1

2

0

3

∫ ∫
y

y dy dx .

So lu tion: We have 
1

2

0

3

1

2

0
3∫ ∫ ∫=

y yy dy dx y x dy[ ] ,

[Integrating w.r.t. x regarding y as a constant]

= − =∫ ∫1

2

1

2 23 0 3y y dy y dy[ ]

=












= 





= − =3

3
8 1 7

3

1

2
3

1

2
y

y .

Prob lem 1(vi): Eval u ate  
0

2

0

2 2

∫ ∫
√ −( )

.
x x

x dx dy
(Lucknow 2006; Kanpur 08)

So lu tion: Here the vari able lim its are those of y and so the first in te gra tion must be

per formed w.r.t. y re gard ing x as con stant.
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∴
0

2

0

2 2

0

2

0
2 2

∫ ∫ ∫
√ − √ −=
( ) ( )[ ]

x x x xxdxdy x y dx

= √ − = √ − −∫ ∫0

2 2

0

2 22 1 1x x x dx x x dx( ) ( ) .{ } (Note)

Now put ( )1 − =x t so that − =dx dt .

Also when x = 0 , t = 1 and when x = 2 , t = − 1.

∴ the required integral = − √ −
−∫ 1

1 21 1( ) ( )t t dt

= √ − − √ −
− −∫ ∫1

1 2

1

1 21 1( ) ( )t dt t t dt

= √ − −∫2 1 0
0

1 2( ) ,t dt       the second integral vanishes because

 the integrand is an odd func tion of t 

= √ − +





−2
2

1
1

2
2 1

0

1
t

t t( ) sin  = + ⋅





=2 0
1

2

1

2 2
π π

 .

Prob lem 2(i): Eval u ate  
0

1

0

1

2 21 1∫ ∫ √ − −
⋅dx dy

x y{ }( ) ( )

So lu tion: We have  

0

1

0

1

2 21 1∫ ∫ √ − −

dx dy

x y{ }( ) ( )
  =

√ − √ −











= =∫ ∫y xy x

dx dy
0

1

2 0

1

2

1

1

1

1( ) ( )

=
√ −






∫ −
0

1

2
1

0

1
1

1( )
sin ,

y
x dy

[Integrating w.r.t. x treating  y as constant]

=
√ −

= 





= ⋅ ⋅ = ⋅∫ −

0

1

2
1

0

1 2

2 1 2 2 2 4

π π π π π

( )
sin

y
dy y

Prob lem 2(ii): Eval u ate 
0

1

0

1 2

4∫ ∫
√ −( )y

y dy dx .
(Lucknow 2008)

So lu tion: The given in te gral 

      I y dy dx
y x

y
=

= =

√ −

∫ ∫0

1

0

1 2

4
( )

= ∫ =
√ −

0

1

0
1 2

4 y x dy
x

y[ ] ,( ) integrating w.r.t. x treating y as constant

= √ − = − − −∫ ∫4 1 4
1

2
1 2

0

1 2

0

1 2 1 2y y dy y y dy( ) ( ) . ( ) ( )/

= − ⋅ −





2

2

3
1 2 3 2

0

1

( ) ,/y  by power formula

= − − = ⋅4

3
0 1

4

3
[ ]
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Prob lem 2(iii): Eval u ate 
0

1 2 2∫ ∫
√

+
x

x
x y dx dy( ) .

So lu tion: The given in te gral I x y dx dy
x y x

x
= +

= =

√

∫ ∫0

1 2 2( )

= +



∫

=

√

0

1 2 31

3
x y y dx

y x

x

,  integrating w.r.t. y treating x as constant

= √ + √ − −∫0

1 2 3 31

3

1

3
[ ]x x x x x x dx

= + −



∫0

1 5 2 3 2 31

3

4

3
x x x dx/ /  = + ⋅ −





2

7

1

3

2

5

1

3
7 2 5 2 4

0

1

x x x/ /

= + − = + − = ⋅2

7

2

15

1

3

30 14 35

105

3

35

Prob lem 2(iv): Eval u ate 
2

3

0

1

∫ ∫
−

⋅
y dy dx

y

So lu tion: The given in te gral I
dy dx

yy x

y
=

= =

−

∫ ∫2

3

0

1

= ∫ =
−

2

3

0
11

y
x dy

x
y[ ] , in te grat ing w.r.t. x treat ing y as con stant

= − = −







 = −




∫ ∫2

3

2

3

2

3
1

1
1y

y
dy

y
dy y ylog

= − − + = − ⋅3 3 2 2 1
3

2
log log log

Prob lem 2(v): Eval u ate 
0 0

2 2
2 2 2a a y

a x y dy dx∫ ∫
√ −

− −
( )

( )  .

So lu tion: The given in te gral I a y x dydx
y

a

x

a y
= − −

= =

√ −

∫ ∫0

2 2 2

0

2 2

[ ( ) ]
( )

  = − −



∫

=

√ −
( ) ,

( )

a y x x dy
a

x

a y
2 2 3

0 0

2 2
1

3

integrating w.r.t. x treating y as constant

  = − − −∫ [( ) ( ) ]/ /a y a y dy
a 2 2 3 2 2 2 3 2

0

1

3
 = −∫

2

3
2 2 3 2

0
( ) /a y dy

a

  = ∫
2

3
3 3

0

2
a a dcos . cos ,

/
θ θ θ

π

   putting y a= sinθ  so that dy a d= cosθ θ

= =∫
2

3

2

3

3 1

4 2 2
4 4

0

2 4a d acos . .

.
.

/
θ θ ππ

      [ By Walli's formula ]

  = π a4 8/ .
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Prob lem 2(vi): Eval u ate 
0 0

2 2a a x
x y dx dy∫ ∫

√ −
+

( )
( ) .

So lu tion: The given in te gral I x y dx dy
x

a

y

a x
= +

= =

√ −

∫ ∫0 0

2 2( )
( )

  = +



∫

=

√ −

0

2

0

2 2
1

2

a

y

a x

xy y dx
( )

,

integrating w.r.t. y treating x as constant

= √ − + −∫0

2 2 2 21

2

a
x a x a x dx[ ( ) ( )]

= − − − + −∫0

2 2 1 2 2 21

2
2

1

2

a
a x x a x dx[ ( ) ( ) ( )]/

= − ⋅ −





+ −





1

2

2

3

1

2

1

3
2 2 3 2

0

2 3

0
( ) ,/a x a x x

a a

  by power formula

= + + − =0
1

3

1

2

1

3

2

3
3 3 3 3a a a a[ ] .

Prob lem 3(i): Show that 
1

2

3

4

3

4

1

2

∫ ∫ ∫ ∫+ = +( ) ( ) .x y e dx dy x y e dy dxy y

(Kumaun 2015)

So lu tion: In te gral on the L.H.S.

= +







∫ ∫1

2

3

4
( )x y e dy dxy  = +











∫1

2 2

3

4

2

x y
e dxy

= + − −



∫1

2 4 38
9

2
x e x e dx

= + −





= + −










∫1

2 4 3
2

4 3

1

2
7

2

7

4
x e e dx

x
e e x( )

= + − − − − = + −7 2
7

4

21

4
4 3 4 3 4 3( ) ( ) .e e e e e e

And the integral on the R.H.S.

= +







∫ ∫3

4

1

2
( )x y e dx dyy  = +











∫3

4 2

1

2

2

yx
xe dyy

= + − −





= +



∫ ∫3

4

3

4
2 2

2

3

2
y e

y
e dy

y
e dyy y y

= +












3

4

2

3

4
y

e y  = + − − = + −12
27

4

21

4
4 3 4 3e e e e . 

Hence the result.
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Prob lem 3(ii): Show that 
0

1

0

1

3 0

1

0

1

3∫ ∫ ∫ ∫
−

+
≠ −

+
dx

x y

x y
dy dy

x y

x y
dx

( ) ( )
.

Find the values of the two integrals. (Garhwal 2002)

So lu tion: The in te gral on the L.H.S.

= − +

+
=

+
−

+∫ ∫ ∫ ∫0

1

0

1

3 0

1

0

1

3 2

2 2 1
dx

x x y

x y
dy dx

x

x y x y

( )

( ) ( ) ( )









dy

= −

+
+

+











∫0

1

2
0

1
1x

x y x y
dx

( )
,

        [Integrating w.r.t. y regarding x as constant]

= −
+

+ +
+

−












=
+

= −
+∫ ∫0

1

2 0

1

21

1 1

1

1

1

1

1

x

x x x x
dx

dx

x( ) ( ) x











0

1

 

= − + = ⋅1

2
1

1

2

And the integral on the R.H.S.

= + −

+∫ ∫0

1

0

1

3

2
dy

x y y

x y
dx

( )

( )

=
+

−
+









= −
+

+
+∫ ∫ ∫0

1

0

1

2 3 0

1

2

1 2 1
dy

x y

y

x y
dx

x y

y

x y( ) ( ) ( )











 0

1

dy

= −
+

+ +
+

−












= −
+

=
+∫ ∫0

1

2 0

1

2

1

1

1

1

1

1

1

1y y

y

y y
dy

dy

y( ) ( ) y











0

1

= − = − ⋅1

2
1

1

2

Thus the two integrals are not equal.

Prob lem 4(i): Eval u ate the dou ble in te gral 
0 0

2 2
2a a x

x y dx dy∫ ∫
√ −( )

.

Mention the region of integration involved in this double integral.

So lu tion: The given in te gral 

     I x y dx dy
x

a

y

a x
=

= =

√ −

∫ ∫0 0

2 2
2( )

  =










∫

=

√ −

0

2
2

0

2 2

2

a

y

a x

x
y

dx

( )

,

in te grat ing w.r.t. y 
treat ing x as con stant

  = −∫
1

2 0

2 2 2a
x a x dx( )
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= −∫
1

2 0

2 2 4a
a x x dx( )  = −













= −












=1

2 3 5

1

2 3 5

1

15
2

3 5

0

5 5
5a

x x a a
a

a

.

From the limits of integration it is obvious that the region of integration R is bounded by 

y = 0 , y a x= √ −( )2 2   and x = 0 , x a=  i.e., the region of integration is the area of the

circle x y a2 2 2+ =  between the lines x = 0 , x a=  and lying above the line y = 0 i.e., the

axis of  x . Thus the region of integration is the area OAB of the circle x y a2 2 2+ =  lying

in the positive quadrant.

Prob lem 4(ii): Eval u ate x y dx dy2 3∫∫  over  the cir cle x y a2 2 2+ = .
(Rohilkhand 2013B)

So lu tion: If the first in te gra tion is to be per formed w.r.t. y re gard ing x as con stant,

then the re gion of in te gra tion R can be ex pressed as

− a ≤ x ≤ a , − √ −( )a x2 2 ≤ y a x≤ √ −( ) .2 2

∴ x y dx dy x y dx dy
x a

a

y a x

a x

R

2 3 2 3
2 2

2 2

0= =
= − = −√ −

√ −

∫ ∫∫∫ ( )

( )
.

[ ∵ y3 is an odd function of y] (Note)

Prob lem 5: Eval u ate ( )x y a dx dy+ +∫∫  over  the  cir cu lar  area x y2 2+ ≤ a2 .

So lu tion: Here the re gion of in te gra tion R can be ex pressed as

− a ≤ y ≤ a , − √ −( )a y2 2 ≤ x ≤ √ −( ) ,a y2 2

where the first integration is to be performed w.r.t. x regarding y as constant.

∴ ( )x y a dx dy
R

+ +∫∫  = + +
= − = −√ −

√ −

∫ ∫y a

a

x a y

a y
x y a dx dy

( )

( )
( )2 2

2 2

    = + +










−

− √ −

√ −

∫ a

a

a y

a y
x

y a x dy
2

2 2

2 2

2
( ) ,

( )

( )

[Integrating w.r.t. x treating y as a constant]

    = − + + √ −




−∫ a

a a y
y a a y

2 2
2 2

2
( ) ( )

  − − + + √ −






a y
y a a y dy

2 2
2 2

2
( ) ( )

    = + √ −
−∫ a

a
y a a y dy2 2 2( ) ( )  

    = √ − + √ −
− −∫ ∫a

a

a

a
y a y dy a a y dy2 22 2 2 2. ( ) ( )

    = + √ −∫0 2 2
0

2 2a a y dy
a

. ( ) ,   the first integral vanishes because

  the integrand is an odd function of y
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    = √ − +












−4
2 2

2 2 2
1

0

a
y a y a y

a

a
( )

sin = + −





−4 0
1

2
1 02 1a a sin

= =4
1

2

1

2
2 3a a a. . .π π

Prob lem 6: Eval u ate x y dx dy2 2∫∫  over the re gion bounded by x = 0 , y = 0 and 

x y2 2 1+ = . (Avadh 2012)

So lu tion: The given re gion for in te gra tion is the area of the pos i tive quad rant of the

cir cle x y2 2 1+ =  in the xy-plane. This re gion R can be ex pressed ei ther as

0 ≤ x ≤√ −( ) ,1 2y  0 ≤ y ≤ 1 

or     as 0 ≤ y ≤ √ −( ) ,1 2x  0 ≤ x ≤ 1.

∴ 
R y x

y
x y dx dy x y dx dy∫∫ ∫ ∫=

= =

√ −2 2

0

1

0

1 2
2 2( )

, the first integration

 to be performed w.r.t. x regarding y as constant

  =












= −∫ ∫
√ −

0

1 2
3

0

1 2

0

1 2 2 3 2

3

1

3
1y

x
dy y y dy

y( )
/( ) .

Put y = sin θ so that dy d= cos .θ θ
When  y = 0 , θ = 0 and when y = 1, θ π= / .2

∴ 
R

x y dx dy d∫∫ ∫= −2 2

0

2 2 2 3 21

3
1

π
θ θ θ θ

/ /sin ( sin ) . cos

  = = ⋅ ⋅ = ⋅∫
1

3

1

3

131

642 2 960

2 2 4π
θ θ θ π π/

sin cos
. .

. .
d

Prob lem 7:  Eval u ate xy dx dy∫∫  over the re gion in the pos i tive quad rant for which x y+ ≤ 1.

So lu tion: The re gion of in te gra tion is the area bounded by the lines x = 0,  y = 0 and  

x y+ = 1.

To cover this region of integration R x,  varies from 0 to 1 and y varies from 0 to 1 − x .

∴     xy dx dy xy dx dy x
y

dx
R x y

x
x

= =










∫∫ ∫ ∫ ∫= =

−
−

0

1

0

1

0

1 2

0

1

2

= − = − +∫∫
1

2
1

1

2
1 22 2

0

1

0

1
x x dx x x x dx( ) ( )

= − ⋅ +












= − +





= ⋅1

2 2
2

3 4

1

2

1

2

2

3

1

4

1

24

2 3 4

0

1
x x x

Prob lem 8: Eval u ate e dx dyx y2 3+∫∫  over the tri an gle bounded by x = 0 , y = 0 and 

x y+ = 1.
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So lu tion: The given re gion of in te gra tion R can be ex pressed as

0 ≤ x ≤ 1, 0 ≤ y ≤ 1 − x ,

where the first integration is to be performed w.r.t. y regarding x as a constant.

∴   
R

x y x x ye dx dy e dx dy∫∫ ∫ ∫+ − +=2 3

0

1

0

1 2 3

=












= −∫ ∫
+ −

−
0

1 2 3

0

1

0

1 3 2

3

1

3

e
dx e e dx

x y
x

x x[ ]

= − −












= − − + −−1

3 2

1

3

1

2
3

2

0

1
2 3 2 0e

e
e e e ex

x
[( ) ( )]

= − − − + + − = − − +1

3
1

1

2
1 1

1

3
1

1

2
12 2[ ( ) ( ) ( )] ( ) [ ( )]e e e e e e e

= − − − = − − +1

6
1 2 1

1

6
1 1 2 12( ) ( ) ( ) ( ) ( )e e e e e e{ } 

= − +1

6
1 2 12( ) ( ) .e e

Prob lem 9: Eval u ate 
xy

y
dx dy

√ −∫∫ ( )1 2
 

over the pos i tive quad rant of the cir cle x y2 2 1+ = .

So lu tion: Here the re gion of in te gra tion R is the area of the cir cle x y2 2 1+ =  ly ing in

the pos i tive quad rant. This re gion of in te gra tion R can be ex pressed as

0 ≤ x ≤ √ −( ) ,1 2y  0 ≤ y ≤ 1.

∴     
R y x

yxy

y
dx dy

xy

y
dx dy∫∫ ∫ ∫√ −

=
√ −= =

√ −

( ) ( )

( )

1 12 0

1

0

1 2

2
 

=
√ −











∫

=

√ −

0

1

2

2

0

1 2

1 2

y

y

x
dy

x

y

( )
,

( )

in te grat ing w.r.t. x treat ing y as con stant

= √ − = − ⋅ − −∫ ∫
1

2
1

1

2

1

2
1 2

0

1 2

0

1 2 1 2y y dy y y dy( ) ( ) ( )/

[ ]= − ⋅ −1

4

2

3
1 2 3 2

0

1
( ) ,/y  by power formula  

= ⋅1

6

Prob lem 10: Find the area of the el lipse x a y b2 2 2 2 1/ / ,+ =  by dou ble in te gra tion.

So lu tion: From the equa tion of the el lipse, we have 
y

b

x

a
= ± −









⋅1
2

2
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So the region of integration R to cover the area of the ellipse can be considered as
bounded by 

y b x a= − √ −( / ) ,1 2 2  y b x a= √ −( / ) ,1 2 2  x a= −  and x a= .

Therefore the required area of the ellipse

= =∫∫ ∫ ∫= − = − √ −

√ −

R x a

a

y b x a

b x a
dx dy dx dy

( / )

( / )
.

1 2 2

1 2 2

1

= ⋅












=
−

√ −

−
√ −∫ ∫ ∫a

a b x a

a

a b xdy dx y2 1 2
0

1 2 2

0
1 2( / ) ([ ] / )a dx

2

= −








 = −









−∫ ∫2 1 2 2 1

2

2 0

2

2a

a a
b

x

a
dx b

x

a
dx.

= √ −∫
4

0

2 2b

a
a x dx

a
( )  = √ − +













−4

2 2

2 2 2
1

0

b

a

x a x a x

a

a
( )

sin

= + −












= ⋅ ⋅ =− −4
0

2
1 0

4

2

2
1 1

2b

a

a b

a

a

b
ab{ }sin sin .

π π

Prob lem 11: Com pute the value of y dx dy
R

,∫∫  where R is the re gion in the first quad rant

bounded by the el lipse x a y b2 2 2 2 1/ / .+ =

So lu tion : If  the first in te gra tion is to be per formed w.r.t. y re gard ing x as a con stant,

then the given re gion of in te gra tion can be ex pressed as

0 ≤ x ≤ a , 0 ≤ y ≤ b x a√ −( / ) .1 2 2

∴ 
R x

a

y

b x a
y dx dy y dx dy∫∫ ∫ ∫=

= =

√ −

0 0

1 2 2( / )

   =












= −








∫ ∫

√ −

0

2

0

1 2 2

0

2
2

22

1

2
1

a
b x a

ay
dx b

x

a

( / )

 dx

   = − = −












= ⋅∫
b

a
a x dx

b

a
a x

x b

a

aa
a

2

2 0

2 2
2

2
2

3

0

2

22 2 3 2

2
( )

3 2

3 3
= ⋅ab

Prob lem 12: Find the mass of a plate in the form of a quad rant of an el lipse 

x a y b2 2 2 2 1/ /+ =  whose den sity per unit area is given by ρ = kxy.

So lu tion:  Pro ceed as in prob lem 11. Ans. ka b2 2 8/ .

Prob lem 13: Prove by the method of dou ble in te gra tion that the area ly ing be tween the pa rab o las 

y ax2 4=  and x ay2 4=  is 
16

3
2a .

So lu tion:  Draw the two pa rab o las in the same fig ure. The two pa rab o las in ter sect at the 

points whose ab scis sae are given by ( / )x a ax2 24 4=  i.e., x x a( )3 364 0− =  i.e., x = 0 and 

x a3 364= . Thus the two pa rab o las in ter sect at the points where x = 0 and x a= 4 .
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Now the area of a small element situated at any point ( , ) .x y dx dy=
∴ The required area 

= =
= =

√ √∫ ∫ ∫x

a

y x a

ax a

x a

ax
dx dy y dx

0

4

2 4

4

0

4

2 4

4

/

( )

/

( )
[ ]

= √ −





= √ − ⋅



∫0

4 1 2 2 3 2
3

2
1

4
2

2

3

1

4 3

a
a x

a
x dx a x

a

x
. . ./ /







 0

4a

= √ − = − =4

3
4

1

12
64

32

3

16

3

16

3
3 2 3 2 2 2a a

a
a a a a. ( ) . ./

Prob lem 14: Find by dou ble in te gra tion the area ly ing be tween the pa rab ola y x x= −4 2

and the line y x= .

So lu tion: Solv ing y x x= −4 2 and y x=  for x , we have

4 2x x x− =   or  x x2 3 0− =   or  x x( )− =3 0 i.e, x = 0  or  3.

Thus the curves y x x= −4 2 and y x=  intersect at the points where x = 0 and x = 3 .

When 0 3< <x , we have 4 2x x x− > .

So the required area can be considered as lying between the curves y x= , y x x= −4 2 , 

x = 0 and x = 3 .

∴ The required area =
= =

−

∫ ∫x y x

x x
dx dy

0

3 4 2

 

  = = − − = −∫ ∫ ∫−
0

3 4 2

0

3 2

0

3 24 3[ ] ( ) ( )y dx x x x dx x x dxx
x x

  = −












= − = ⋅ = ⋅3

2 3

27

2

27

3
27

1

6

9

2

2 3

0

3
x x

Prob lem 15: Eval u ate ∫∫ y dx dy over the area be tween the pa rab o las y x2 4=  and 

x y2 4= .

So lu tion: The two pa rab o las in ter sect at the points whose ab scis sae are given by 

( )
1

4
42 2x x=  or x x( )3 64 0− =  i.e., x = 0 or 4. When 0 4< <x , we have 2

1

4
2√ >x x . 

Therefore the given region of integration can be expressed as 

0 ≤ x ≤ 4 , 
1

4
2x ≤ y ≤ 2 √ x .

∴ The required integral 

= =










= =

√
√

∫ ∫ ∫x y x

x

x

x

y dx dy
y

dx
0

4

2 4

2

0

4 2

2 4

2

2/
/

= −












= −
×











∫0

4 4 2 5

0

4

2
32

2

2 32 5
x

x
dx

x x
 = − = ⋅16

32

5

48

5
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 Prob lem 16: Find by dou ble in te gra tion the area of the re gion en closed by the curves

  x y a2 2 2+ = ,  x y a+ =  (in the first quadrant).

So lu tion: The given equa tions of

the circle x y a2 2 2+ =  [cen tre ( , )0 0

and ra dius a] and of the straight line 
x y a+ =  (with equal intercepts a on
both the axes) can be easily traced as
shown in the figure.

The required area is the area bounded
by the arc AB and the line AB . To find
it with the help of double integration
take any point P x y( , ) in this
portion and consider an elementary
area δ δx y at P . The required area can
now be covered by first moving y
from the straight line x y a+ =  to the

arc of the circle x y a2 2 2+ =  and then

moving x from 0 to a .

∴ The required area =
= = −

√ −

∫ ∫x

a

y a x

a x
dx dy

0

2 2

( )

( )
, the first integration to be performed

     w.r.t. y whose limits are variable

= = √ − − −∫ ∫−
√ −

0

2 2

0

2 2a

a x
a x a

y dx a x a x dx[ ] [ ( ) ( )]
( )

( )

= √ − +







− +





−1

2

1

2

1

2
2 2 2 1 2

0

x a x a x a ax x
a

( ) sin ( / )

= − + = −1

2

1

2

1

2

1

2

1

2
12 2 2 2a a a a. ( ) ( )π π  = −1

4
22a ( ) .π

Note: The required area can also be covered by first moving x from the st. line 

x y a+ =  to the arc of the circle x y a2 2 2+ =  and then moving y from 0 to a .

Prob lem 1(i): Eval u ate 
0 0

π θ
θ∫ ∫

a
r d dr

sin
.

(Kashi 2013)

So lu tion: Here the lim its of r are vari able and those of θ are con stant. There fore first
in te gra tion shall be per formed w.r.t. r re gard ing θ as a con stant. We have

0 0 0

2

0
0

2 2

2

1

2

π θ π
θ

π
θ θ∫ ∫ ∫ ∫=













=
a

a

r d dr
r

d a
sin

sin

sin θ θd

  = = = ⋅∫
a

d
a a2

0

2 2
2 2

2
2

2
2

1

2 2 4
. sin . . .

/π
θ θ π π
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Prob lem 1(ii): Eval u ate 
0

2

0

π θ
θ θ

/ cos
.∫ ∫

a
r sin d dr

So lu tion:  We have 
0

2

0 0

2 2

0
2

π θ π
θ

θ θ θ θ
/ cos /

cos

sin sin∫ ∫ ∫=












a
a

r d dr
r

d ,

in te grat ing first w.r.t. r re gard ing θ as a con stant

     = ⋅ = = ⋅ ⋅
∫ ∫

1

2 2

1

2

1
0

2 2 2
2

0

2 2 2π π
θ θ θ θ θ θ

/ /
sin cos sin cosa d

a
d a

1

3 1

1

6
2

⋅
= a .

Prob lem 1(iii): Eval u ate r d dr
a 3

0

1

0
sin cos

( cos )
θ θ θ

θπ +

∫∫ .
(Agra 2003; Kumaun 09)

So lu tion: We have 

I r d dr
a

=
+

∫∫ 3

0

1

0
sin cos

( cos )
θ θ θ

θπ

  = 









+

∫∫ sin cos
( cos )

θ θ θ
θπ

r dr d
a 3

0

1

0

  =












+

∫ sin cos

( cos )

θ θ θ
θ

π r
d

a
4

0

1

0 4

  = +∫
1

4
14 4

0
sin cos ( cos )θ θ θ θ

π
a d

  = + + + +∫
a

d
4

2 3 4

04
1 4 6 4sin cos ( cos cos cos cos )θ θ θ θ θ θ θ

π

  = + + +∫
a4

2 3 4

04
4 6 4(sin cos sin cos sin cos sin cosθ θ θ θ θ θ θ θ

π

               + sin cos )θ θ θ5 d

Now   sin cos sin cos
/m n m nd dθ θ θ θ θ θ

ππ
= ∫∫ 2

0

2

0
  or  = 0,

according as n is an even or an odd integer.

∴ I
a

d= +∫
4

2 4

0

2

2
4 4( sin cos sin cos )θ θ θ θ θ

π /

because the integrals containing odd powers of cos θ vanish

   = ⋅ + ⋅







 =a

a
4

4

2
4

1

3 1
4

3 1

5 3 1

16

15.

.

. .
.

Prob lem 2: Eval u ate ∫∫ r d dr2 θ  over the area of the cir cle r a cos= θ .
(Kanpur 2010)

So lu tion: The cir cle r a= cos θ passes through the pole and the di am e ter through the

pole is ini tial line. The re gion of in te gra tion can be cov ered by ra dial strips orig i nat ing
from r = 0 and ter mi nat ing at r a= cos .θ  From the equa tion of the cir cle, we have r = 0
when cos θ = 0 i.e., θ π= ± / .2  There fore for the given area θ var ies from − π /2 to
π / .2There fore the re quired in te gral

I-117



    = = 





= − = −∫ ∫ ∫ ∫θ π

π θ

π

π θ
θ

/

/ cos

/

/ cos

2

2

0

2

2

2

0

2

r

a a
r d dr r dr


 dθ

 =












=
− −∫ ∫π

π
θ

π

π
θ θ θ

/

/
cos

/

/ cos
2

2 3

0
2

2 3 3

3 3

r
d

a
d

a

 = = ⋅ = ⋅∫
2

3

2

3

2

3 1

4

9

3

0

2 3
3 3a

d
a aπ

θ θ
/

cos
.

Prob lem 3: In te grate r sin θ over the area of the cardioid r a cos= +( )1 θ  ly ing above the

ini tial line. (Kanpur 2010)

So lu tion: For the area of the cardioid r a= +( cos )1 θ  above the ini tial line θ var ies

from 0 to π . Also for the re quired area r var ies from r = 0 to r a= +( cos ) .1 θ  If A de notes
the re gion con sist ing of the area of the cardioid ly ing above the ini tial line, then the
re quired in te gral

 = =∫∫ ∫ ∫
+

A

a
r dA r r d drsin sin

( cos )
θ θ θ

π θ

0 0

1

 =












= +∫ ∫
+

0

3

0

1
3

03 3
1

π
θ

π
θ θ θ θsin sin ( cos )

( cos )
r

d
a

a
3 dθ

 = 



∫

a
d

3

0

2
3

3
2

2 2
2

2

π θ θ θ θsin cos cos

 = φ φ φ∫
16

3
2

3

0

2 7a
d

π /
sin cos . , putting 

θ
2

= φ so that d dθ = φ2

 = − φ











= +





= ⋅32
3 8

32

3
0

1

8

4

3

3 8

0

2
3 3

.
cosa a a

π /

Prob lem 4: Find the mass of a loop of the lemniscate r a sin2 2 2= θ if den sity ρ = k r2 .

So lu tion: In the equa tion of the lemniscate r a2 2 2= sin ,θ  putt ing r = 0 , we get 

sin 2 0θ =  i.e., 2 0θ = , π i.e., θ = 0 , 
1

2
π . There fore for one loop of the given lemniscate θ

var ies from 0 to π /2 and r var ies from 0 to a √(sin ) .2θ
∴    Mass of a loop of the lemniscate

=
= =

√

∫ ∫θ

π θ
ρ θ

0

2

0

2/ (sin )

r

a
r d dr =

= =

√

∫ ∫θ

π θ
θ

0

2

0

2 2/ (sin )
.

r

a
k r r d dr

= =










= =

√

=
∫ ∫ ∫k r d dr k

r

r

a

r

a

θ

π θ π
θ

0

2

0

3

0

2 4

0
4

/ (sin ) /
.

√(sin )2θ

θd

= = −∫ ∫
ka

d
ka

d
4

0

2 2
4

0

2

4
2

8
1 4

π π
θ θ θ θ

/ /
sin ( cos )

= −





= ⋅ = ⋅ka ka ka4

0

2 4 4

8

4

4 8 2 16
θ θ π ππ

sin
/
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Prob lem 5 : Find by dou ble in te gra tion the area ly ing in side the cardioid r a cos= +( )1 θ  and

out side the cir cle r a= .

So lu tion: Elim i nat ing r be tween the given equa tions of the cardioid r a= +( cos )1 θ

and the cir cle r a= , we have

a a= +( cos )1 θ   or  cos θ = 0 i e. ., θ π= ± / .2

Thus the region of integration A is enclosed by

r a= , r a= +( cos ) ,1 θ  θ π/= − 2 , θ π= / .2

∴  The required area = =∫∫ ∫ ∫−

+

A a

a
rd dr r d drθ θ

π

π θ

/

/ ( cos )

2

2 1

      =










−

+

∫ π

π
θ

θ
/

/
( cos )

2

2 2
1

2

r
d

a

a

 = + −
−∫

1

2
1

2

2 2 2 2

π

π
θ θ

/

/
[ ( cos ) ]a a d

      = + + −
−∫

a
d

2

2

2 2

2
1 2 1

π

π
θ θ θ

/

/
( cos cos )

      = +∫
a

d
2

0

2 2

2
2 2. [cos cos ]

/π
θ θ θ

      = ⋅ +





= + = +a a
a2

0
2 2

21

2

1

2
2

1

4
2

4
8π θ π ππ /{sin } [ ] ( ) .

Prob lem 6: Find by dou ble in te gra tion the area ly ing in side the cardioid r cos= +1 θ and

out side the pa rab ola r cos( ) .1 1+ =θ
So lu tion: Elim i nat ing r be tween the given equa tions of the cardioid and the pa rab ola,
we have

( cos ) /( cos )1 1 1+ = +θ θ   or  ( cos )1 12+ =θ

or cos cos2 2 0θ θ+ =   or  cos ( cos )θ θ2 0+ =

or cos ,θ = 0  because cos θ cannot be equal to − 2 

or  θ π= ± / .2

Thus the two curves intersect at the points where θ π= − /2 and θ π= / .2

Therefore the required area is enclosed by r = +1 1/( cos ) ,θ  r = +( cos ) ,1 θ  θ π= − / ,2  
θ π= / .2

Hence the required area

= = 



− +

+

−∫ ∫ ∫π

π

θ

θ

π

π
θ

/

/

/( cos )

( cos )

/

/

2

2

1 1

1

2

2 21

2
r d dr r

 +

+

1 1

1

/( cos )

( cos )

θ

θ
θd

= + −
+











−∫

1

2
1

1

12

2 2
2π

π
θ

θ
θ

/

/
( cos )

( cos )
d

= ⋅ + + −

















∫2
1

2
1 2

1

2
1

2

0

2 2

2 2

π
θ θ

θ
θ

/
( cos cos )

( cos )
d
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= + + −∫ ∫ ∫0

2

0

2 2

0

2 41 2
1

4

1

2

π π π
θ θ θ θ θ θ

/ / /
( cos ) cosd d dsec

= + + ⋅ − +



∫[ sin ] tan sec/ /

θ θ π θ θθ
π π

2
1

2 2

1

4
1

1

2

1

2
2

0

2 2 2 dθ

= + + − + 






∫

π π θ θ θ
π

2
2

4

1

4

1

2
2

1

2

1

2

1

20

2 2 2 2/
sec tan sec 








dθ

= + − +





3

4
2

1

4
2

1

2

2

3

1

2
3

0

2π θ θ
π

tan tan
/

= + − +





= + − = + = + ⋅3

4
2

1

4
2

2

3

3

4
2

2

3

3

4

4

3

9 16

12

π π π π( )

Prob lem 7 (i): Trans form the fol low ing dou ble integral to po lar co or di nates and hence

eval u ate them:

   
y

a

x

a y
a x y dx dy

= =

√ −

∫ ∫ − −
0 0

2 2
2 2 2( )

( ) .

So lu tion: The given dou ble in te gral

I a x y dx dy
y

a

x

a y
= − +

= =

√ −

∫ ∫0 0

2 2
2 2 2( )

[ ( )] .

From the limits of integration it is obvious that the region of integration R is bounded by

x = 0 , x a y= √ −( )2 2  and y = 0 , y a= .

Thus the region of integration is the area OAB of the circle x y a2 2 2+ =  lying in the

positive quadrant.

Putting x r= cos ,θ  y r= sin θ the corresponding polar equation of the circle is r a= .

From the figure it is obvious that for the area OAB , r varies from 0 to a and θ varies from 0
to π / .2  Also the polar equivalent of dx dy is r d drθ .

∴ I a r r d dr
r

a
= −

= =∫ ∫θ

π
θ

0

2

0

2 2/
( ) ,          [ ]∵ x y r2 2 2+ =

    = − = −










= =

=
∫ ∫ ∫θ

π π
θ

0

2

0

2 3

0

2 2 2 4

2 4

/ /
[ ]

r

a

r

a r r d dr
a r r

0

a

dθ

    [ ]= −












= = = ⋅∫ ∫0

2 4 4 4

0

2 4

0
2

4

2 4 4 4 8

π π πθ θ θ π/ / /a a
d

a
d

a a

Prob lem 7(ii): Trans form the fol low ing dou ble integral to po lar co or di nates and hence

eval u ate them

   
0

1 2 2
2 2∫ ∫

√ −
+

x

x x
x y dx dy

( )
( ) .

So lu tion: The given dou ble in te gral I x y dx dy
x y x

x x
= +

= =

√ −

∫ ∫0

1 2 2
2 2( )

( ) .

Here the region of integration R is bounded by
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y x= , y x x= −( )2 2  and x = 0 , x = 1

i.e., the region of integration is the area OBCO of the circle x y x2 2 2 0+ − =

bounded by the lines y x= , x = 0 and x = 1.

Putting x r= cos ,θ  y r= sin θ the corresponding polar equation of the circle is

r r2 2 2 2 0(cos sin ) cosθ θ θ+ − =  

or r = 2 cos .θ
The point B is on the line y x=  which makes an angle π /4 with OX and so, at B , θ π= / .4
At the point O of the circle r = 2 cos ,θ  we have r = 0 and so θ π= / .2  Thus for the region 
R r,  varies from 0 to 2 cos θ θand  varies from π /4 to π / .2  Also the polar equivalent of 
dx dy is r d drθ .

Hence transforming to polar coordinates, we have

        I r r d dr r d
r r

= =
= = = =∫ ∫ ∫ ∫θ π

π θ

θ π

π θ
θ

/

/ cos

/

/ cos
.

4

2

0

2 2

4

2

0

2 3 θ dr

  =












=∫ ∫
=

π

π
θ

π

π
θ θ θ

/

/
cos

/

/
cos

4

2 4

0

2

4

2 4

4

16

4

r
d d

r

  = +



∫4

1 2

24

2 2

π

π θ θ
/

/ cos
d  = + +∫π

π
θ θ θ

/

/
( cos cos )

4

2 21 2 2 2 d

  = + + +



∫π

π
θ θ θ

/

/
cos

cos
4

2
1 2 2

1 4

2
d  

  = + +



∫π

π
θ θ θ

/

/
cos cos

4

2 3

2
2 2

1

2
4 d

  = + + ⋅





= − −





3

2
2

2

2

1

2

4

4

3

4

3

8
1

4

2

θ θ θ π π

π /

π
.
sin sin

/


= −3

8
1

π
.

Prob lem 7(iii): Trans form the fol low ing dou ble integral to po lar co or di nates and hence eval u ate

them:

  
0 0

2 2
2 2 2a a x

y x y dx dy∫ ∫
√ −

√ +
( )

( ) .

So lu tion: The given dou ble in te gral I y x y dx dy
x

a

y

a x
= √ +

= =

√ −

∫ ∫0 0

2 2
2 2 2( )

( ) .

Here the region of integration R is bounded by y = 0 , y a x= √ −( )2 2  and x = 0, x a= .

Thus the region of integration R is the area of the circle x y a2 2 2+ =  lying in the positive 

quadrant. The polar equation of this circle is r a=  and for the region R r,  varies from 0 to 
a and θ varies from 0 to π / .2  Putting x r= cos ,θ  y r= sin θ and replacing 
dx dy r d drby θ , we have

I r r r d dr
r

a
=

= =∫ ∫θ

π
θ θ

0

2

0

2 2/
sin . .  =

= =∫ ∫θ

π
θ θ

0

2

0

4 2/
sin

r

a
r d dr

   =












= = ⋅ ⋅∫ ∫0

2 5

0

2
5

0

2 2
5

5 5 5

1

2

π π
θ θ θ θ

/ /
sin sin

r
d

a
d

a
a

π π
2 20

5
= ⋅a
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Prob lem 1(i): Eval u ate 
x y z

x yz dz dy dx
= = =∫ ∫ ∫0

1

0

2

1

2 2 .

So lu tion: We have 
x y z

x yz dz dy dx
= = =∫ ∫ ∫0

1

0

2

1

2 2

= 





= =∫ ∫ ∫x y

x yz dz dy dx
0

1

0

2

1

2 2

= ⋅












= 
= =∫ ∫ ∫ ∫x y

x y
z

dy dx x y dy
0

1

0

2 2
2

1

2

0

1

0

2 2

2

1

2
3( )







 dx

= ⋅












= =










∫ ∫

3

2 2

3

4
4 3

30

1 2
2

0

2

0

1 2
3

0

1

x
y

dx x dx
x = ⋅ =3

1

3
1.

Prob lem 1(ii): Eval u ate  
0

1

0

1

0

1

∫ ∫ ∫ + +e dx dy dzx y z .

So lu tion: 
0

1

0

1

0

1

0

1

0

1

0

1

∫ ∫ ∫ ∫ ∫ ∫+ + + += 







e dx dy dz e dx dy dzx y z x y z

[ ]= = −







∫ ∫ ∫ ∫+ + + + +

0

1

0

1

0

1

0

1

0

1 1e dy dz e e dy dzx y z y z y z{ }

= −



∫ + + +

0

1 1

0

1
e e dzy z y z  = − − −∫ + + +

0

1 2 1 1{ }( ) ( )e e e e dzz z z z

= − + = − +∫ ∫+ +
0

1 2 1

0

1 22 2 1( ) ( )e e e dz e e e dzz z z z

= − + = − = − −∫( ) ( ) [ ] ( ) ( )e e e dz e e e e ez z2

0

1 2
0
1 2 02 1 1 1

= − − = −( ) ( ) ( ) .e e e1 1 12 3

Prob lem 1(iii): Eval u ate 
− −

+

∫ ∫ ∫ + +
1

1

0

z

x z

x z
x y z dy dx dz( ) .

So lu tion: Here  x z−  to x z+  are the lim its of in te gra tion of y , 0 to z are those of x and 

− 1 to 1 are those of z. The given tri ple in te gral is

= + +




− −

+

∫ ∫ ∫1

1

0

z

x z

x z
x y z dy dx dz( )

= + +










−

−

+

∫ ∫1

1

0

2

2

z

x z

x z

xy
y

zy dx dz

= + + + + + − −




−∫ ∫1

1

0

2

2

z
x x z

x z
z x z x x z( )

( )
( ) ( )

 − − − − 


( )

( )
x z

z x z dx dz
2

2
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= +





= +

− −∫ ∫ ∫1

1

0

2

1

1 2 2
0

4 2 2 2
z zxz z dx dz zx z x dz( ) [ ]

= + =
− −∫ ∫1

1 2 2

1

1 32 2 4( . . )z z z z dz z dz =












= − =
−

4
4

1 1 1 0
4

1

1
z

. [ ] .

Prob lem 1(iv): Eval u ate e dx dy dzx y zx yx + ++

∫∫∫ 000

2 loglog

So lu tion: We have  e dx dy dzx y zx yx + ++

∫∫∫ 000

2 loglog

[ ]= + +
+

∫∫ e dx dyx y zx x y

00

2

0

log log

,

integrating w.r.t. z regarding x and y as constants

= −+ + + +∫∫ [ ]loglog
e e dx dyx y x y x yx

00

2

= −∫∫ [ ]loglog
e e e e e dx dyx y y x yx 2

00

2

= −∫∫ [ ]
log

e ye e e dx dyx y x yx 2

00

2
. [∵ e yylog = ]

= −




∫∫∫ e ye dy e e dy dxx y x yxx 2

000

2log

= − −




∫∫ e ye e e dy e e dxx y x x y x y xx2
0

2
0

00

2
{ } { }

log

integrating w.r.t. y regarding x as a constant; to integrate 

ye y we have applied integration by parts 

[ ]= ⋅ − − −∫ e xe e e e e dxx x x y x x x2 2
0

0

2
1{ } ( )

log

= − − − +∫ [ ( ) ]
log

xe e e e e dxx x x x x3 2 2

0

2
1

= − +∫ [ ]
log

xe e e dxx x x3 3

0

2
 = − + ∫∫∫ xe dx e dx e dxx x x3 3

0

2

0

2

0

2 logloglog

= − − + ∫∫
1

3

1

3
3

0
2 3 3

0

2

0

2

0

2
[ ] log logloglog
xe e dx e dx e dxx x x x∫

= −












+1

3
2

4

3 3

3 2
3

0

2

0
2(log ) [ ]log

log
loge

e
e

x
x

= − − + −1

3
2

4

9
1 18 3 2 2(log ) ( ) ( )log log loge e e

= − − + −8

2
2

4

9
8 1 2 1log ( ) ( ) = − + = − ⋅8

3
2

28

9
1

8

3
2

19

9
log log
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Prob lem 2(i): Eval u ate x dy dx dz
x

y 0

1

2

1

0

1 −

∫∫∫
So lu tion: We have [ ]x dy dx dz x z dy dx

x

y

x

y0

1

2

1

0

1

0
1

2

1

0

1− −∫∫∫ ∫∫=

integrating w.r.t. z regarding x and y as constants

= − = +










∫∫∫ x x dy dx

x x
dy

y
y

( )1
2 3

2 3

0

1

2

1

2

1

0

1

integrating w.r.t x regarding y as constant

= − − +












= − +










∫ ∫

1

2

1

3 2 3

1

6 2 3

4 6

0

1 4 6

0

1y y
dy

y y
dy

= − +












= − +1

6 10 21

1

6

1

10

1

21

5 6

0

1

y
y y

 = − + = = ⋅35 21 10

210

24

210

4

35

Prob lem 2(ii):  Eval u ate 
dx dy dz

x y z

x yx

( )1 30

1

0

1

0

1

+ + +

− −−

∫∫∫  .

(Kanpur 2008; Avadh 13)

So lu tion: We have 
dx dy dz

x y z

x yx

( )1 30

1

0

1

0

1

+ + +

− −−

∫∫∫

= −
+ + +













−
− −

∫∫
1

2 1 20

1

0

1

0

1

( )x y z
dx dy

x
x y

= − +
+ +













−

∫∫
1

2

1

4

1

1 20

1

0

1

( )x y
dx dy

x

= − −
+ +











−

∫
1

2

1

4

1

1 0

1

0

1
y

x y
dx

x

( )
 = − − − +

+








∫

1

2

1

4
1

1

2

1

10

1
( )

( )
x

x
dx

= − + +
+









∫

1

2

3

4

1

4

1

10

1
x

x
dx

( )
 = − + ⋅ + +













1

2

3

4

1

4 2
1

2

0

1

x
x

xlog ( )

= − + ⋅ +





−





= −





1

2

3

4

1

4

1

2
2 1

1

2
2

5

8
log log log ⋅

Prob lem 2(iii): Eval u ate 
1

3

1

1

0∫ ∫ ∫
√

/

( )
.

x

x y
xyz dx dy dz

So lu tion: The given tri ple in te gral is

1

3

1

1

0 1

3

1

1 2

2∫ ∫ ∫ ∫ ∫
√







 = ⋅








/

( )

/x

xy

x
xyz dz dx dy x y

z





√

0

( )x y

dx dy

= 







 = ⋅











∫ ∫ ∫

1

2

1

2 31

3

1

1 2 2

1

3 2
3

1

1

/
/

x
x

x y dy dx x
y

dx
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= −





= −










∫

1

6

1 1

6 31

3 2
3

1

3

x
x

dx
x

xlog

= − − − = − −1

6
9 3

1

3
1

1

6
9

1

3
3[( log ) ( log )] [( ) log ] = −1

6

26

3
3[ log ] .

Prob lem 2(iv): Eval u ate 
0

2

0 0

2 2π θ
θ

/ sin ( ) /
.∫ ∫ ∫

−
d dr r dz

a a r a

So lu tion: The given tri ple in te gral is

[ ]= ∫ ∫ −

0

2

0 0

2 2π θ
θ

/ sin ( ) /
d dr r z

a a r a
 = −

∫ ∫0

2

0

2 2π θ
θ

/ sin ( )
d

r a r

a
dr

a

= −










∫

1

2 40

2 2 2 4

0
a

a r r
d

a
π

θ

θ
/

sin

 = −∫
a

d
3

0

2 2 4

4
2

π
θ θ θ

/
( sin sin )

= ⋅ ⋅ − ⋅ ⋅





= ⋅a a3 3

4
2

1

2 2

3

4

1

2 2

5

64

π π π

Prob lem 3(i): Eval u ate 
0 0 0

a x x y x y ze dx dy dz∫ ∫ ∫
+ + + .

So lu tion: The given tri ple in te gral is

[ ]= 





=∫ ∫ ∫ ∫ ∫

+ + + + +

=

+

0 0 0 0 0 0

a x x y x y z a x x y z

z

x y
e dz dx dy e dx dy

= − = −
∫ ∫ ∫+ + + +

0 0

2

0

21

2

a x x y x y a x y x ye e dx dy e e[ ]( ) ( ) ( ) ( )
 0

x

dx

= − − − = − +∫ ∫0

4 2 2

0

4 21

2

1

2

3

2

a x x x x a x x xe e e e dx e e e dx[ ( ) ( )] ( )

= ⋅ − ⋅ +





1

2

1

4

3

4

1

2
4 2

0
e e ex x x

a

= − + − − +[( ) ( )]
1

8

3

4

1

8

3

4
4 2 0 0 0e e e e e ea a a

= − + − − + = − + −1

8

3

4

1

8

3

4
1

1

8
6 8 34 2 4 2e e e e e ea a a a a a( ) ( ) .

Prob lem 3(ii): Eval u ate 
0 0 0

2a a x a x y
x dx dy dz∫ ∫ ∫

− − −
.

So lu tion: The given tri ple integral

= ∫ ∫ ∫
− − −

0 0 0

2a a x a x y
x dx dy dz [ ]= ∫ ∫

− − −

0 0

2
0

a a x a x y
x z dx dy ,

integrating w.r.t. z regarding x and y as constants

= − − = − −∫ ∫ ∫ ∫
− −

0 0

2

0 0

2a a x a a x
x a x y dx dy x a x y dx dy[ ] [( ) ]
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= − −



∫

−

0

2 2

0

1

2

a a x

x a x y y dx( ) , 

integrating w.r.t. y regarding x as constant

= − − −∫0

2 2 21

2

a
x a x a x dx[( ) ( ) ]

= ⋅ − = − +∫ ∫0

2 2

0

2 2 21

2

1

2
2

a a
x a x dx x a ax x dx( ) ( )

= − + = − +










∫

1

2
2

1

2 3
2

4 50

2 2 3 4 2
3 4 5

0

a
a

x a a x x dx a
x

a
x x

( )

= − + = − + =1

2

1

3

1

2

1

5

1

2

1

3

1

2

1

5

1

60
5 5 5 5 5[ ] ( ) .a a a a a

Prob lem  4:  Eval u ate the tri ple in te gral of the func tion f x y z x( , , ) = 2 over the re gion V

en closed by the planes x = 0 , y = 0 , z = 0 and x y z a+ + = .

(Rohilkhand 2012; Avadh 12)

So lu tion: The given re gion V  is bounded by the co-or di nate planes x = 0 , y = 0 , z = 0

and the plane x y z a+ + = . To cover the re gion V , let the val ues of x y,  lie within the
tri an gle bounded by x-axis, the y-axis and the line ( , ) .x y a z+ = = 0  Then for any
point ( , , )x y 0  within this tri an gle, z var ies from z = 0 to z a x y= − −  in the re gion V .

But the values of x and y vary within the triangle formed in the xy-plane. Therefore  x
varies from 0 to a and for any intermediary value of x y,  varies from 0 to a x− .

Therefore the region of integration V  can be expressed as

0 ≤ x ≤ a , 0 ≤ y ≤ a x− , 0 ≤ z ≤ a x y− − .

Hence the required triple integral = ∫ ∫ ∫
− − −

0 0 0

2a a x a x y
x dx dy dz .

Now proceed as in problem 3 (ii).

Prob lem 5: Find the vol ume of the tet ra he dron bounded by the plane x a y b z c/ / /+ + = 1

and the co or di nate planes.

So lu tion: Here the re gion of in te gra tion V  to cover the vol ume of the given
tet ra he dron can be ex pressed as

0 ≤ x ≤ a , 0 ≤ y ≤ b x a( / ) ,1 −  0 ≤ z ≤ c x a y b( / / ) .1 − −
Therefore the required volume of the tetrahedron

= =∫∫∫ ∫ ∫ ∫
− − −

V

a b x a c x a y b
dx dy dz dx dy dz

0 0

1

0

1( / ) ( / / )
.

Now proceed as in Example 18. The required volume = ⋅abc

6

Prob lem 6(i): Eval u ate ∫∫∫ + + +

dx dy dz

x y z( )1 3
 over the re gion

x ≥ 0 , y ≥ 0 , z ≥ 0 , x y z+ + ≤ 1. (Avadh 2013; Kanpur 15)
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So lu tion: The given re gion of in te gra tion R can be ex pressed as

0 ≤ x ≤ 1, 0 ≤ y ≤ 1 − x , 0 ≤ z ≤ 1 − −x y .

Hence the required triple integral =
+ + +∫∫∫ R

dx dy dz

x y z( )1 3

=
+ + +∫ ∫ ∫

− − −

0

1

0

1

0

1

3

1

1

x x y

x y z
dx dy dz

( )

= + + +







∫ ∫ ∫

− − − −
0

1

0

1

0

1 31
x x y

x y z dz dx dy( )

= + + +
−











∫ ∫

− − − −

0

1

0

1 2

0

1
1

2

x
x y

x y z
dx dy

( )

= − −
+ +











∫ ∫

−1

2

1

4

1

10

1

0

1

2

x

x y
dx dy

( )
 

= − +
+ +









∫

−
1

2 4

1

10

1

0

1
y

x y
dx

x

( )
 = − − + −

+








∫

1

2

1

4

1

2

1

10

1 x

x
dx

( )
 

= − −
× × −

+ − +












1

2

1

2 4 1

1

2
1

2

0

1
( )

( )
log ( )

x
x x

= − + − − − + − = − − +1

2
0

1

2
2

1

8
0 0

1

2

1

2
2

1

8
[ log ] [ log ]{ } { }

= − − = −1

2

5

8
2

1

2
2

5

8
[ log ] [log ] .

Prob lem 6(ii): Eval u ate ∫∫∫ xyz dx dy dz 

over the el lip soid x a y b z c2 2 2 2 2 2 1/ / / .+ + = (Kanpur 2011)

So lu tion: Here the re gion of in te gra tion can be ex pressed as

− a ≤ x ≤ a , − √ −b x a{ }1 2 2( / ) ≤ y ≤  b x a√ −{ }1 2 2( / )

and − √ − −c x a y b{ }1 2 2 2 2( / ) ( / ) ≤ z ≤ c x a y b√ − −{ }1 2 2 2 2( / ) ( / ) .

∴   The required triple integral

=
− − √ −

√ −

∫ ∫a

a

b x a

b x a

{ ( / )}

{ ( / )}

1 2 2

1 2 2

( ) .
{ ( / ) ( / )}

{ ( / ) ( / )
xy z dz

c x a y b

c x a y b

− √ − −

√ − −

1 2 2 2 2

1 2 2 2 2 }

∫












dx dy

= 0 .        [ ∵ z is an odd function of z and xy is 
treated as constant while integrating w.r.t. z ]

Prob lem 6(iii): Eval u ate ∫∫∫ +( )z z dx dy dz5  over the sphere x y z2 2 2 1+ + = .

So lu tion: The given re gion of in te gra tion can be ex pressed as

    − 1≤ x ≤ 1, − √ −( )1 2x ≤ y ≤ √ −( ) ,1 2x  − √ − −( )1 2 2x y ≤ z ≤ √ − −( ) .1 2 2x y

Hence the required triple integral
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= +
−√ −

√ −

− −√ − −

√ − −

∫∫ ∫( )

( )

( )

( )
( )

1 2

1 2

1

1

1 2 2

1 2 2
5

x

x

x y

x y
z z dz dx dy













= 0.      [∵ ( )z z5 +  is an odd function of z ]

Prob lem  6(iv): Eval u ate 
R

u v w du dv dw∫∫∫ 2 2 , 

where R is the re gion u v2 2+ ≤ 1, 0 ≤ w ≤ 1.

So lu tion: Here the lim its of in te gra tion to cover the re gion R can be taken as

− 1≤ u ≤ 1, − √ −( )1 2u ≤ v ≤ √ −( ) ,1 2u  0 ≤ w ≤ 1,

where the first integration is to be performed with respect to v .

∴ 
R u

u
u v w du dv dw u v w dw du dv∫∫∫ ∫ ∫ ∫=

− −√ −

√ −2 2

0

1

1

1

1 2

1 2
2 2

( )

( )

=










∫ ∫ ∫− −√ −

√ −

0

1

1

1 2

1 2

1 2
2u w v dv dw du

u

u

( )

( )
, 

      because the first integration is to be performed
    w.r.t. v regarding u and w as constants

=










∫ ∫ ∫−

√ −

0

1

1

1 2

0

1 2
22 u w v dv dw du

u( )
, 

      because v2 is an even function of v

=










∫ ∫−

√ −

0

1

1

1 2
3

0

1 2

2
3

u w
v

dw du

u( )

= −∫ ∫−

2

3
1

0

1

1

1 2 2 3 2w u u dw du( ) /

= −







∫ ∫

2

3
2 1

0

1

0

1 2 2 3 2w u u du dw. ( ) /

= 







∫ ∫

4

3 0

1

0

2 2 3w d dw
π

θ θ θ θ
/

sin .cos .cos , putting u = sin θ

= 







 =∫ ∫ ∫

4

3

4

3

131

6420

1

0

2 2 4

0

1
w d dw w

π
θ θ θ

/
sin cos .

. .

. .
⋅ π

2
dw

= =












= − = ⋅∫
π π π π

24 24 2 48
1 0

480

1 2

0

1

w dw
w

[ ]

Prob lem 1: Change the or der of in te gra tion in 
0

1 2

∫ ∫
−

x

x x
f x y dx dy

( )
( , ) .

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by y x= , which

is a straight line pass ing through the or i gin, and
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y x x= −( )2  or y x x= −2 2  or  ( ) ( )x y− = − −1 12

which is a parabola with vertex ( , )1 1  and passing through the origin.

Again the limits of integration of x are given by x i e= 0 . ., the y-axis and x = 1 which is a
straight line parallel to the y-axis at a distance 1 from the origin.

We draw the curves y x= , ( ) ( ) ,x y− = − −1 12  x = 0 and x = 1, giving the limits of

integration, in the same figure. We
observe that the region of integration is
the area OLBMO .

In the given integral, the limits of
integration of y being variable, we are
required to integrate first w.r.t. y
regarding x as a constant and then w.r.t. x .

If we want to reverse the order of
integration, we have to first integrate w.r.t. 
x regarding y as a constant and then we
integrate w.r.t. y . This is done by covering
the area of integration OLBMO by
drawing the straight lines y =  constant 
i e. ., by dividing this area into strips parallel to the x-axis.

So divide the region OLBMO into strips parallel to the x-axis starting from the arc OMB
of the parabola and terminating on the line OLB .

For the point B x, .= 1  Putting x = 1 in the equation of the line y x= , we get y = 1. So the 
y-coordinate of the point B is also 1.

For the region OMBLO , the lower limit of x is the value of x found in terms of y from the

equation ( )x y− = −1 12  and the upper limit of x is the value of x found in terms of y

from the equation y x= . From the equation ( ) ,x y− = −1 12  we get x y− = ± √ −1 1( )

or x y= ± √ −1 1( ) . Since in the region OMBLO,  x takes values less than 1, therefore we
take x y= − √ −1 1( ) .

Thus in the region OMBLO , x varies from 1 1− √ −( )y   to y and y varies from 0 to a .

Hence by changing the order of integration, we have the given integral

= ∫ ∫ − √ −0

1

1 1( )
( , ) .

y

y
f x y dy dx

Prob lem 2: Change the or der of in te gra tion in the in te gral

  
0

3

1

4

∫ ∫
√ −

+
( )

( ) .
y

x y dy dx

So lu tion: In the  given in te gral the lim its of in te gra tion of x are given by the straight

line x = 1 and the curve x y i e= √ −( ) . .,4  x y2 4= −  i e. ., x y2 4= − −( ) which is a

pa rab ola, sym met ri cal about the y-axis, with ver tex at the point ( , )0 4  and ex ist ing in the
re gion y ≤ 4 . Again the lim its of in te gra tion of y are given by the straight lines y = 0 (i e. .,
the x-axis) and y = 3 .

I-129



We draw the curves x x y= = − −1 42, ( ) , 

y = 0 and y = 3 , giving the limits of
integration in the same figure. Putting x = 1

in the equation x y2 4= − −( ) , we get 

y = 3 . Thus the straight line y = 3 passes
through the point of intersection C of x = 1

and x y2 4= − −( ) . Also at the point of

intersection B of the parabola 

x y2 4= − −( ) and the x-axis (i e. ., the line 

y = 0), we have x = 2 . We observe that the
region of integration is the area ABCA .

In the given integral the limits of
integration of x are variable while those of y
are constant. Thus we have to first
integrate w.r.t. x regarding y as a constant and then we integrate w.r.t. y .

If we want to change the order of integration, we have to first integrate w.r.t. y regarding 
x as a constant and then we integrate w.r.t. x . This is done by covering the area ABCA by
strips drawn parallel to the y-axis. These strips start from the line AB i e y( . ., )= 0  and

terminate on the arc BC of the parabola x y2 4= − . Therefore for the region ABCA , y

varies from 0 to 4 2− x  and x varies from 1 to 2. Hence by changing the order of

integration, we have the given integral

= +∫ ∫
−

1

2

0

4 2x
x y dx dy( ) .

Prob lem 3: Change the or der of in te gra tion in the in te gral 

0

2 2a

x

a x
f x y dx dy

cos

tan

( )
( , ) .

α

α∫ ∫
√ −

(Kumaun 2002, 10; Kanpur 05; Avadh 11)

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by y x= tan α

which is a straight line pass ing through the or i gin and

y a x i e y a x= √ − = −( ) . .,2 2 2 2 2 i e. ., x y a2 2 2+ =

which is a circle of radius a with centre at the origin ( , ) .0 0

Again the limits of integration of x are given by x i e= 0 . ., the y-axis and x a= cos α which 
is a straight line parallel to the y-axis at a distance a cos α from the origin.

We draw the curves y x= tan ,α  x y a2 2 2+ = , x = 0 and x a= cos ,α  giving the limits of

integration, in the same figure. We observe that the region of integration is the area 
OMNO .

In the given integral the limits of integration of y are variable while those of x are
constant. Thus we have to first integrate with respect to y regarding x as constant and
then we integrate w.r.t. x . This is done by covering the area of integration OMNO by
drawing the straight lines x = constant i e. ., by dividing this area into strips parallel to the 
y-axis.
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If we want to reverse the order of
integration, we have to first integrate
with respect to x regarding y as
constant and then we integrate w.r.t. 
y . This is done by covering the area of
integration OMNO by drawing the
straight lines y = constant i e. ., by
dividing this area into strips parallel to
the x-axis.

Now if we  take strips parallel to the
x-axis starting from the line x = 0 ,
some of these strips end on the line OM while the others end on the arc MN of the circle 

x y a2 2 2+ = . So we draw the line of demarcation MA dividing the area OMNO into two

portions OMA and AMN .

For the point M x a, cos .= α  Putting x a= cos α in the equation of the line 
y x= tan ,α  we get y a= sin .α  So the y-coordinate of the point M is a sin α and the
equation of the line of demarcation MA is y a= sin .α
For the region OMA , x varies from 0 to y cot α and y varies from 0 to a sin .α
For the region AMN , x varies from 0 to ( −a y2 2) and y varies from a sin α to a .

Therefore, changing the order of integration, the given double integral transforms to

0 0 0

2 2a y

a

a a y
f x y dy dx f x y dy

sin cot

sin

( )
( , ) ( , )

α α

α∫ ∫ ∫ ∫+
√ −

dx .

Prob lem 4: Change the or der of in te gra tion in 
0

a

mx

lx
f x y dx dy∫ ∫ ( , ) .

(Lucknow 2010)

So lu tion: Here the area of in te gra tion is bounded by the straight lines y mx= , y l x= ,

x = 0 and x a= . Draw ing all these lines in one fig ure, we ob serve that the area of
in te gra tion is OABO .

To reverse the order of integration, cover this area 
OABO by strips parallel to the axis of x .  Draw the
straight line AN parallel to the x-axis and thus
divide the area OABO into two portions OAN and 
NBA according to the character of the strips.

For the point A x a, .=  Putting x a=  in the
equation of the line y mx= , we get y ma= . Also
for the point B x a, ;=  therefore putting x a=  in
the equation of the line y l x= , we get y la= .

Now for the area ONA , x varies from the line 
y l x=  to y mx=   i e. ., x varies from y l/    to y m/   and y varies from 0 to am . Again for the
area NBA , x varies from the line NB y lx( )=  to the line x a i e= . .,  x  varies from y l/   to a
and y varies from am to al .

Therefore, by changing the order of integration the given integral transforms to
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0

am

y l

y m

am

al

y l

a
f x y dy dx f x y dy dx∫ ∫ ∫ ∫+

/

/

/
( , ) ( , ) .

Prob lem 5: Change the or der of in te gra tion in 
0

2

2 4

3a

x a

a x
f x y dx dy∫ ∫

−

/
( , ) .

(Agra 2001)

So lu tion: In the given in te gral the lim its of in te gra tion are given by x a y2 4/ =  

i e. ., x ay2 4= , (which is a pa rab ola pass ing through the or i gin), and the lines y a x= −3 , 

x = 0 , and x a= 2 . Draw ing these curves in one fig ure we ob serve that the re gion of
in te gra tion is the area OABMO .

To change the order of integration, first we divide the 
region of integration into two portions OAM and 
MAB , by drawing the line AM parallel to the x-axis.
Now to reverse the order of integration, cover the
whole region OABMO by strips parallel to the x-axis
starting from the line x = 0 . Some of these strips end
on the arc OA while others end on the line AB .

For the point A , we have x a= 2 . Putting x a= 2  in the 
equation of the line y a x= −3 , we get y a= .

For the region OAM , x varies from 0 to √( )4ay  and y
varies from 0 to a . Again for the region MAB , x varies from 0 to 3a y−  and y varies from 
a to 3a.

Hence the transformed integral is given by

0 0

4 3

0

3a ay

a

a a y
f x y dy dx f x y dy dx∫ ∫ ∫ ∫

√ −
+

( )
( , ) ( , ) .

Prob lem 6: Change the or der of in te gra tion in the dou ble in te gral 

0 0

a b b x
f x y dx dy∫ ∫

+/( )
( , ) .

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by y = 0 (i e. ., the 

x-axis) and y b b x i e y b x b= + + =/( ) . ., ( )  which is a rect an gu lar hy per bola hav ing for
its as ymp totes the straight lines y = 0 and x b= − . Again the lim its of in te gra tion of x
are given by the straight lines x = 0 (i e. ., the y-axis) and x a= . We draw the curves 
y b x b( ) ,+ =  y = 0 , x = 0 and x a= , giv ing the lim its of in te gra tion, in the same fig ure.
We ob serve that the re gion of in te gra tion is the area OMABO .

In the given integral we are required to
integrate first w.r.t. y and then w.r.t. x .
To change the order of integration, we
have to first integrate w.r.t. x regarding y
as constant and then we integrate w.r.t. 
y . This is done by covering the area of
integration OMABO by drawing the
straight lines y = constant i e. ., by dividing 
this area into strips parallel to the x-axis.
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Now if we take strips parallel to the x-axis originating from the line x = 0, some of these
strips terminate on the line AM while the others terminate on the arc AB . So according
to the character of the strips we divide the region of integration into two portions
namely NOMA and NAB , by drawing the line AN parallel to the axis of x .

For the point B x, .= 0  Putting x = 0 in the equation y b x b( ) ,+ =  we get y = 1. So the
coordinates of the point B are ( , ) .1 1

Similarly putting x a=  in the equation y b x b( ) ,+ =  we get y b a b= +/( ) and thus the
coordinates of the point A are ( , /( )) .a b a b+
For the area NOMA , x varies from 0 to a and y varies from 0 to b a b/( ) .+
For the area NBA , x varies from 0 to b y y( )/1 −  and y varies from b a b/( )+  to 1.

Therefore, changing the order of integration, the given double integral transforms to

0 0

1

0

1b a b a

b a b

b y y
f x y dy dx f x y dy

/( )

/( )

( ) /
( , ) ( , )

+

+

−

∫ ∫ ∫ ∫+ dx.

Prob lem 7: Change the or der of in te gra tion in 
0

a

x

a x
f x y dx dy∫ ∫

2 /
( , ) .

(Lucknow 2009; Kanpur 10; Kumaun 12)

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by y x=   which is

a straight line pass ing through the or i gin equally in clined to both the axes and y a x= 2 /

or xy a= 2 which is a rect an gu lar hy per bola. Again the lim its of in te gra tion of x are given

by the straight lines x = 0 (i e. ., the y-axis) and x a= .

We draw the curves y x= , xy a x= =2 0,   and 

x a= , giving the limits of integration, in the same
figure. We observe that the region of integration is
the area LMOY … extended upto infinity on the
above side.

In the given integral we are required to integrate
first w.r.t. y and then w.r.t. x . If we want to change
the order of integration, we have to first integrate
w.r.t. x regarding y as constant and then we
integrate w.r.t. y . This is done by covering the area 
of integration by strips parallel to the x-axis.

Now if we take strips parallel to the x-axis starting from the line x = 0 , some of these
strips end on the line OM while the others end on the arc ML of the rectangular
hyperbola. So we divide the region of integration into two portions, the triangle OMN
and the area YNML which extends upto infinity, by drawing the line MN parallel to the
axis of x .

For the point M x a, .=  Putting x a=  in the equation of the line y x=  or the rectangular

hyperbola xy a= 2, we get  y a= .

So the y-coordinate of the point M is a  and the equation of the line of demarcation MN
is y a= .

For the area OMN , x varies from 0 to y and y varies from 0 to a .
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For the area YMNL…, x varies from 0 to a y2 /  and y varies from a to ∞.

Hence by changing the order of integration, we have the given integral

= +∫ ∫ ∫ ∫
∞

0 0 0

2a y

a

a y
f x y dy dx f x y dy dx( , ) ( , ) .

/

Prob lem 8: Change the or der of in te gra tion in 
c

a

b a a b

b
f x y dx dy∫ ∫ √ −( / ) ( )
( , ) ,2 2  

where c a< .

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by

y
b

a
a x i e

x

a

y

b
= √ − + =( ) . .,2 2

2

2

2

2
1

which is an ellipse with centre ( , )0 0  and the straight line y b= .

Again the limits of integration of x are
given by the straight lines x c=  and x a= .

Draw the ellipse x a y b2 2 2 2 1/ /+ =  and

the straight lines y b= , x c=  and x a= ,
bounding the region of integration, in the
same figure. We observe that the region of 
integration is the area ABECA . In the
given integral, the limits of integration of 
y being variable, we are required to
integrate first w.r.t. y and then w.r.t. x .

In order to integrate in the reverse order,

divide the whole area into strips parallel

to the x-axis originating either from the

line EC ( . ., )i e x c=  or from the arc AC of the ellipse and terminating on the line 

BA i e x a( . ., ) .=  While integrating we must first obviously divide the region of

integration ABECA into two portions CAD and ECDB according to the character of the

strips. For the point C x c, .=  Putting x c=  in the equation of the ellipse 

x a y b2 2 2 2 1/ / ,+ =  we get y b c a= √ −{ }1 2 2( / )  which is the y-coordinate of the

point C . The equation of the line of demarcation CD is thus y b c a= √ −{ }1 2 2( / ) .

For the area CAD , x varies from a y b√ −{ }1 2 2( / )  to a yand  varies from 0 to 

b c a√ −{ }1 2 2( / ) .

For the area ECDB , x varies from c to a and y varies from b c a√ −{ }1 2 2( / )  to b .

Therefore, changing  the order of integration, the given double integral transforms to

0

1 2 2

1 2 2

b c a

a y b

a
f x y dy dx

√ −

√ −∫ ∫
{ ( / )}

{ ( / )}
( , )  

+
√ −∫ ∫b c a

a

c

a
f x y dy dx

{ ( / )}
( , ) .

1 2 2
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Prob lem 9: Change the or der of in te gra tion in 
0

2

2

2a

x a

x x a
f x y dx dy

/

/

( / )
( , ) .∫ ∫

−

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by y x a= 2 /  i e. ., 

x ay2 =  which is a pa rab ola with ver tex ( , )0 0  and x x a y− =2 /  i e ax x ay i e. ., . .,− =2  

( ) ( )x a a y a− = − −1

2

1

4
2  which is also a pa rab ola with ver tex ( , ) .

1

2

1

4
a a

The points of intersection of the two parabolas are ( , )0 0  and ( , ) .
1

2

1

4
a a

Again the limits of integration
of x are given by x i e= 0 . ., the
y-axis and x a= /2 which is a
straight line parallel to the
y-axis at a distance a / 2 from the 
origin.

Draw the two parabolas

x ay2 =  and 

( ) ( )x a a y a− = − −1

2

1

4
2

intersecting at O ( , )0 0  and 

P a a( , )
1

2

1

4
 along with the lines x = 0 and x a= / 2 in the same figure. We observe that

the region of integration is ONPLO . In the given integral we are required to integrate
first w.r.t. y (∵ the limits of integration of y are variable) and then w.r.t. x . To reverse the 
order of integration, draw strips parallel to the x-axis originating from the arc ONP of the 

parabola ax x ay− =2  and terminating on the arc OLP of the parabola x ay2 = . Then for

the region ONPLO , the limits of integration for x are given by ax x ay− =2  and x ay2 = .

Solving ay ax x= − 2 i e. ., x a x ay2 0− + =  for x , we get

x a a ay= ± √ −1

2
42[ ( )]    or  x a a ay= − √ −1

2
42[ ( )] ,

rejecting the +ive sign since x cannot be greater than 
1

2
a in the region ONPLO .

Thus the limits of x are x a a ay= − √ −1

2
42[ ( )] and x ay= √( ) .

Clearly for this region y varies from 0 to 
1

4
a .

Hence by changing the order of integration, we have

0

2

2

2

0

4

1

2

2 4

a

x a

x x a a

a a ay

a
f x y dx dy

/

/

/ /

[ ( )]

(
( , )∫ ∫ ∫

−

− √ −

√
=

y
f x y dy dx

)
( , ) .∫

Prob lem 10: Change the or der of in te gra tion in

  
0

2

2 2

2a

ax x

ax
f x y dx dy∫ ∫√ −

√

( )

( )
( , ) .

(Kumaun 2013)
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So lu tion: In the given in te gral the lim its of in te gra tion of y are given by

y ax x= √ −( )2 2  i e. .,  y ax x2 22= −   i e. .,  ( )x a y a− + =2 2 2

which is a circle with centre ( , )a 0  and radius a and y ax= √ ( )2  i e. ., y ax2 2=  which is a

parabola with vertex ( , )0 0  and the x-axis as its axis. Again the limits of integration of x
are given by x i e= 0 . ., the y-axis and x a= 2 , a line parallel to the y-axis at a distance 2a
from the origin.

We draw the curves ( ) ,x a y a− + =2 2 2  

y ax2 2= , x = 0 and x a= 2 , giving the limits of

integration, in the same figure. We observe that
the region of integration is the area OABCO .

To reverse the order of integration, cover this area
of integration OABCO by strips parallel to the
x-axis. Through A , draw the line EAD parallel to
the x-axis (i e. ., tangent to the circle at A) so that the 
region of integration is divided into three portions 
OEA , ABD and ECD .
For the point A x a, .=  Putting x a=  in ( ) ,x a y a− + =2 2 2  we get y a=  as the

y-coordinate of A .

For the point C x a, ;= 2  therefore from y ax2 2= , we get y a= 2  at C .

Now from the equation of the circle ( ) ,x a y a− + =2 2 2  we have x a a y= ± √ −( )2 2  i e. ., 

x for the arc OA is given by a a y− √ −( )2 2  and for the arc AB , x is given by 

a a y+ √ −( ) .2 2

Now for the region OEA , x varies from y a2 2/  ( which is the value of x on the arc OE of

the parabola y ax2 2=  ) to a a y− √ −( )2 2  which is the value of x on the arc OA of the

circle and y varies from 0 to a . For the region ABD , x varies from the arc AB of the circle

to the straight line BD (i e. ., x varies from a a y+ √ −( )2 2  to 2a and y varies from 0 to a .

And for the region ECD , x varies from the arc EC of the parabola to the straight line 

x a i e= 2 . ., x varies from y a2 2/  to 2a and y varies from a to 2a .

Hence the transformed integral is

= +∫ ∫ ∫ ∫
− √ −

+ √ −0 2 2

2 2

0 2 2

2a

y a

a a y a

a a y

a
f x y dy dx f x

/

( )

( )
( , ) ( , )y dy dx

+ ∫ ∫0

2

2 2

2a

y a

a
f x y dy dx

/
( , ) .

Prob lem 11: Change the or der of in te gra tion in the dou ble in te gral

0

2 2

0

2 2ab a b a b b y
f x y dy dx

/ ( ) ( / ) ( )
( , ) .

√ + √ −

∫ ∫
So lu tion: In the given in te gral the lim its of in te gra tion of x are given by x = 0 i e. ., the

y-axis  and x a b b y i e x a y b= √ − + =( / ) ( ) . ., / /2 2 2 2 2 2 1

which is an ellipse with centre as origin. (Note)
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Again the limits of integration of y are given by y i e= 0 . ., the x-axis and 

y ab a b= √ +/ ( )2 2  which is a straight line parallel to the x-axis at a distance 

ab a b/ ( )√ +2 2  from the origin.

We  draw the curves

x = 0 , x a y b2 2 2 2 1/ / ,+ =  y = 0  

and    y ab a b= √ +/ ( ) ,2 2

giving the limits of integration, in the
same figure. We observe that the region 
of integration is the area OPBAO .

In the given integral the limits of
integration of x are variable while those of 
y are constant. Thus we have to first
integrate w.r.t. x regarding y as a constant
and then we integrate w.r.t. y .

If we want to reverse the order of integration, we have to first integrate w.r.t. y regarding 
x as constant and then we integrate w.r.t. x . This is done by covering the area of
integration OPBAO by strips parallel to the y-axis. Now if we take strips parallel to the
y-axis starting from the line y = 0 , some of these strips end on the line AB while the
others end on the arc BP of the ellipse. So we draw the line of demarcation  BC dividing
the area OPBAO into two portions OCBA and BCP . For the point B , 

y ab a b= √ +/ ( ) .2 2  Putting this value of y in the equation of the ellipse 

x a y b2 2 2 2 1/ / ,+ =  we get x ab a b= +√/ ( ) .2 2  For the region OCBA , y varies from 0 to 

ab a b/ ( )√ +2 2  and x varies from 0 to ab a b/ ( ) .√ +2 2

For the region BCP y,  varies from 0 to ( / ) ( )b a a x√ −2 2  and x varies from ab a b/ ( )√ +2 2

to a.

Hence the given integral transforms to

0

2 2

0

2 2ab a b ab a b
f x y dx dy

/ ( ) / ( )
( , )

√ + √ +

∫ ∫ +

ab a b

a b a a x
f x y dx dy

/ ( )

( / ) ( )
( , ) .

√ +

√ −

∫ ∫2 2 0

2 2

Prob lem 12: Change the or der of in te gra tion in 
0

2

0

2 a
f r d dr

cos
( , )

θπ /
θ θ∫∫  .

(Kumaun 2009; Kumaun 11)

So lu tion: Here the re gion of in te gra tion is bounded by the po lar curves r = 0 (the
pole), r a= 2 cosθ (a cir cle of di am e ter 2a pass ing through the pole), θ = 0 (the ini tial
line) and θ π= /2 (a line through the pole per pen dic u lar to ini tial line).

We draw the curves r = 0, r a= 2 cosθ , θ = 0 and θ π= /2 , giving the limits of
integration, in the same figure.
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We observe that the region of integration
is the area of the semi-circle OMPO.

In the given integral the limits of
integration of r are variable while those of 
θ are constant. Thus we have to first
integrate with respect to r regarding θ as a
constant and then we integrate w.r.t. θ.

If we want to reverse the order of
integration, we have to first integrate with respect to θ regarding r  as constant and
then we integrate w.r.t. r. This is done by covering the area of integration OMPO by
circular arcs with centre as pole. On these arcs θ varies and r remains constant. Thus
for the area OMPO, for a fixed value of r,  θ varies from the initial line (i e. ., θ = 0 a
point on the arc OMP  of the circle r a= 2 cosθ i e. ., to a point for which 

θ = −cos ( / )1 2r a  and r varies from 0 to 2a.

Hence by changing the order of integration, we have

0

2

0

2 a
f r d dr

cos
( , )

θπ /
θ θ∫∫  =

−

∫∫ 0

1 2

0

2 cos ( / )
( , ) .

r aa
f r d drθ θ

Prob lem 13: Change the or der of in te gra tion in the dou ble in te gral 
φ′

√ − −∫∫
( )

{( ) ( )}

y dx dy

a x x y

xa

00

and hence find its value.

So lu tion: In the given in te gral the lim its of in te gra tion are given by the lines y = 0,

y x= , x = 0 and x a= . We ob serve that the re gion of in te gra tion is the area OAB.

Now proceed as in Example 21. By changing the order of integration, we have

φ′
√ − −

= φ′
√ − −∫∫

( )

{( ) ( )}

( )

{( ) ( )

y dx dy

a x x y

y dx dy

a x x y

xa

00 }y

aa

∫∫0

= φ′
√ − −∫∫ ( )

{( ) ( )}
y dy

dx

a x x yy

aa

0

 …(1)

Put x a y= +cos sin .2 2θ θ

Then   a x a a y− = − −cos sin2 2θ θ

       = − −a y( cos ) sin1 2 2θ θ 

= −( ) sina y 2 θ

and x y a y y− = + −cos sin2 2θ θ  

 = + −a ycos (sin )2 2 1θ θ

 = −( ) cosa y 2 θ

When x y=  then x y− = 0 i e. ., 0 2= −( ) cosa y θ 

or     cos2 0θ =  or θ π=  .

When x a=  then a x− = 0 i e. ., 0 2= −( ) sina y θ  or  sin2 0θ =   or  θ = 0.
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Now,
dx

a x x y

a y d

a yy

a

√ − −
= − −

−∫ {( ) ( )}

( ) sin cos

( ) sin cos

2 θ θ θ
θ θπ /2

a

∫
     = = =∫2 2 2

0

2
dθ θ π0

ππ
[ ] //

 .

Thus, π πφ′ = φ∫ ( ) [ ( )]y dy y aa

00
 = φ − φπ [ ( ) ( )].a 0  

Prob lem 1: Trans form 
0 0

a a x
f x y dx dy∫ ∫

−
( , ) , by the sub sti tu tion x y u+ = ,  y uv= .

So lu tion: As shown in Example 27.

∫∫ ∫∫=f x y dx dy F u v u du dv( , ) ( , ) .            (Prove it here.)

Now in the given integral, the region of integration is bounded by the lines 

y = 0 , y a x= − , x = 0 and x a= .

Put x u y u uv u v= − = − = −( )1  and y uv= .

Then in the uv-plane the four straight lines become

uv = 0 , uv a u v= − −( ) ,1  u v( )1 0− =  and u v a( ) ,1 − =  giving 

v = 0 , v = 1, u = 0 and u a= .

Hence for the given region, v varies from 0 to 1 and u varies from 0 to a .

Therefore, by changing the variables, the given double integral transforms to 

0 0

1a
F u v u du dv∫ ∫ ( , ) .

Prob lem 2: By us ing the trans for ma tion x y u+ = , y uv= , show that

0

1

0

1 1

2
1∫ ∫

− + = −
x y x ye dx dy e/( ) ( ) .

So lu tion: As proved in Example 27, we have dx dy u du dv= .       (Prove it here.)

Here the region of integration is bounded by the lines

y = 0 , y x= −1 , x = 0 and x = 1.

Changing these equations to new variables u and v by using the relations 

  x u y u uv u v= − = − = −( )1  and y uv= , we have

uv = 0 , uv u v= − −1 1( ) , u v( )1 0− =  and u v( ) ,1 1− =
giving   v = 0 , v = 1, u = 0 and u = 1.

Hence for the given region v varies from 0 to 1 and u varies from 0 to 1.

Further e e ey x y uv u v/( ) / .+ = =      [ , ]∵ x y u y uv+ = =

Therefore, changing the variables to u v, , the given integral becomes

= = = −∫ ∫ ∫ ∫0

1

0

1

0

1

0
1

0

1 1 0e u du dv e u du e e u duv v. [ ] ( )

= − = −












= −∫( ) ( ) . ( ) .e u du e
u

e1 1
2

1

2
1

0

1 2

0

1
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Prob lem 3:  By us ing the trans for ma tion x y u+ = , y uv= , prove that 

   ∫∫ − −{ }xy x y dx dy( ) /1 1 2

taken over the area of the triangle bounded by the lines x = 0 , y = 0 , x y+ = 1 is 2 105π / .

So lu tion: As proved in prob lem 2, we have dx dy u du dv u= ;  var ies from 0 to 1 and

also v var ies from 0 to 1.

Now { } { }xy x y xy x y( ) [ ( ) ]/ /1 11 2 1 2− − = − +

= − −[ ( ). . ( )] /u v uv u1 1 1 2    [ ( ) , ]∵ x u v y uv= − =1

= − −u u v v( ) . ( ) ./ / /1 11 2 1 2 1 2

Hence the given double integral transforms to 

0

1

0

1 1 2 1 2 1 21 1∫ ∫ − −u u v v u du dv( ) . ( ) ./ / /

= −







 ⋅ −







∫ ∫0

1 2 1 2

0

1 1 2 1 21 1u u du v v dv( ) ( )/ / /

= −







 ⋅ −

∫ ∫− − − −
0

1 3 1 3 2 1

0

1 3 2 1 3 2 11 1u u du v v dv( ) ( )/ / /







= B B( , ) . ( , )3
3

2

3

2

3

2
            [By the def. of Beta function]

=
+

⋅
+

=
√

⋅ ⋅

Γ Γ

Γ

Γ Γ

Γ

( ) ( )

( )

.

( )

. [ ]3
3

2

3
3

2

3

2

3

2
3

2

3

2

2
1

2
7

2

5

2

3

3π

2

1

2
2

2

105⋅ ⋅ √
= ⋅

π

π

.

Prob lem 4: Eval u ate ∫∫ +( ) /x y dx dy2 2 7 2  over the cir cle x y2 2 1+ = .

So lu tion: Here the re gion of in te gra tion is a cir cle. There fore we shall change the given
dou ble in te gral to po lar co or di nates by putt ing x r= cos θ and y r= sin .θ  We have

J
x y

r

x

r

x

y

r

y

r

r
= = =

−∂
∂ θ

∂
∂

∂
∂θ

∂
∂

∂
∂θ

θ θ
θ

( , )

( , )

cos sin

sin cosθ
= r.

∴   dx dy J d dr r d dr= =θ θ .

Clearly the region of integration is the circle x y i e2 2 1+ = . ., the circle with centre 

( , )0 0  and radius 1.

Changing to polar coordinates, the region of integration is covered when r varies
from 0 to 1 and θ varies from 0 to 2 π .

∴ 
x y

x y dx dy r J d dr2 2 1

2 2 7 2

0

2

0

1 2 7 2

+ ≤∫∫ ∫ ∫+ =( ) ( )/ /π
θ

= = =










∫ ∫ ∫ ∫ ∫0

2

0

1 7

0

2

0

1 8

0

2 9

0

1

9

π π π
θ θr r d dr r d dr

r
d. . θ
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= = =∫
1

9

1

9

2

90

2

0
2π πθ θ πd [ ] .

Prob lem 5: Eval u ate ∫∫ +xy x y dx dy( ) /2 2 3 2  over the pos i tive quad rant of the cir cle 

x y2 2 1+ = .

So lu tion: Chang ing to polars by putt ing x r= cos ,θ  y r= sin ,θ  we have J r=  so

that 

dx dy J d dr r d dr= =θ θ .

The given region of integration is the area lying in the positive quadrant of the circle 

x y2 2 1+ = .

Changing to polar coordinates, this region of integration is covered when r varies 0 to 1
and θ varies from 0 to π / .2

∴  The required integral

 ∫∫ ∫ ∫+ =xy x y dx dy r r r r d( ) cos . sin . ( ) ./ / /2 2 3 2

0

2

0

1 2 3 2π
θ θ θ dr

= =










∫ ∫ ∫0

2

0

1 6

0

2 7

0

1

7

π π
θ θ θ θ θ

/ /
sin cos sin cosr d dr

r
dθ

= = −





= − − − =∫
1

7

1

2
2

1

14

2

2

1

28
1 1

0

2

0

2π π /
θ θ θ/

sin
cos

[ ]d
1

14
⋅

Prob lem 6: Eval u ate ∫∫ − +e dx dyx y( )2 2
 over the cir cle x y a2 2 2+ = .

So lu tion: Chang ing to po lar co or di nates, the equa tion x y a2 2 2+ =   transforms to 

r r a i e r a2 2 2 2 2cos sin . ., .θ θ+ = =

Hence for the given region r varies from 0 to a and θ varies from 0 to 2 π .

Also dx dy r d dr= θ .

∴ The required integral 

= =∫∫ ∫ ∫− + −e dx dy e r d drx y a r( )2 2

0

2

0

2π
θ

= ∫ ∫ −
0

2

0

2
1

2

π
θ

a te d dt. ,  putting r t2 =  so that 2r dr dt=

=
−









 = − −∫ ∫

−
−1

2 1

1

2
1

0

2

0

2

0

2 2π π
θ θe

d e d
t a

a( )

= − − = − ⋅− −1

2
1

1

2
1 2

2

0
2 2

( )[ ] ( )e ea aθ ππ

= π(1 − )− 2
e a .
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Mul ti ple Choice Ques tions

 1. We have r d dr
r

d
a

d
r

a

r

a

θ θ θ
θ

π

θ

π π
=













=
= =

=
= ∫ ∫∫ ∫0

2

0

2

0
0

2 2

0

2

2 2

= = ⋅ =a a
a

2

0
2

2
2

2 2
2[ ]θ π ππ  .

 2. We have 
0

1

0

1

0

1

0

1 2

0

1

0

1

2∫ ∫ ∫ ∫ ∫=










= =

=

xyz dx dy dz xy
z

dx dy
x y

z

=












= ⋅∫ ∫
=

1

2 2

1

2

1

2

2

0

1

0

1

0

1
x

y
dx x dx

y

= ⋅ ⋅












= ⋅ ⋅ =1

2

1

2 2

1

2

1

2

1

2

1

8

2

0

1
x

 .

 3. We have 
0 0

2 2

0

2 2

0

a a y

x

a y a

x
dy dx dx dy x∫ ∫ ∫ ∫=













=
√ −

=

√ −( ) ( )
[ ] =

√ −
=∫ 0

2 2

0

( )a y

y

a
dy

= √ −∫ ( )a y dy
a 2 2

0

= ⋅∫0

2π /
cos cosa t a t dt, putting y a t= sin  so that dy a t dt= cos

= = ⋅ ⋅ = ⋅∫a t dt a
a2 2 2
2

0

2 1

2 2 4
cos

/ π ππ

 4. We have 
0

2

0

2

0

2 2 2 2π π π/ / /
cos cos cos∫ ∫ ∫ x y z dx dy dz

= 







= =∫ ∫ ∫x y

x y z dz dx dy
0

2

0

2 2 2 2

0

2π π π/ / /
cos cos cos

= ⋅ ⋅



= =∫ ∫x y

x y dx dy
0

2

0

2 2 2 1

2 2

π π π/ /
cos cos

= 







=∫ ∫

π π π

4
2

0

2 2

0

2
cos cos

/ /
x y dy dx

x

= ⋅ ⋅



∫

π ππ

4

1

2 2
2

0

2
cos

/
x dx

= ⋅ = ⋅ ⋅ = ⋅∫
π π π π π ππ

4 4 4 4 4 64
2

3

0

2
cos

/
x dx

I-142   

H O T Qints to bjective ype uestions



 5. We have 
0

1

0

1

0

1

0

1

0

1

0

1

∫ ∫ ∫ ∫ ∫ ∫+ +
= = =

= ⋅ 





e dx dy dz e e e dzx y z

x y

x y z

z 
 dx dy

= ⋅
= = =∫ ∫ ∫x y

x y z
z

e e e dx dy
0

1

0

1

0

1

0
1[ ]

= ⋅ −
= =∫ ∫x

x y

y
e e e dx dy

0

1

0

1
1( )

= −
= =∫( ) [ ]e e e dxx

x

y
y

1
0

1

0
1

= − ∫( )e e dxx1 2

0

1
 = − = −( ) [ ] ( )e e ex1 12

0
1 3.

 6. We have 
0

2

0

2

0

2π π π/ / /
cos cos cos∫ ∫ ∫ x y z dx dy dz

= 

























∫ ∫ ∫cos cos cos

/ / /
x dx y dy z dz

0

2

0

2

0

2π π π


 = ⋅ ⋅ =1 1 1 1 .

 7. See Problem 1(i), of Comprehensive Problems 2.

 8. We have 
0

2

0

2 2 2∫ ∫ +( )x y dx dy = +










∫0

2 2
3

0

2

3
x y

y
dx

= +



∫0

2 22
8

3
x dx = +













= + = ⋅2

3

8

3

16

3

16

3

32

3

3

0

2
x x

 9. See Problem 1(ii), of Comprehensive Problems 1.

10. See Problem 1(ii), of Comprehensive Problems 2.

11. We have 
0 0 0 0 0

0
π π π

∫ ∫ ∫ ∫= − = − +
x xy dy dx y dx x dxsin ( cos ) ( cos cos )

= − = − =∫0 0
1

π π π( cos ) ( sin ) .x dx x x

12. See Example 1(ii).

13. See Example 4.

14. See Example 11.

15. See Problem 7(i) of Comprehensive Problems 2.

16. See Example 16(i).

Fill in the Blanks

 1. We have dx dy dy dx y dx= 







 =∫∫ ∫∫ ∫1

2

0

3

1

2

0

3

1
2

0

3
[ ]  

     = = =∫ dx x[ ]
0
3

0

3
3.

 2. We have xy dx dy x y dy dx
yx

= 







== ∫∫∫∫ 0

1

0

1

0

1

0

1
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=












= = ⋅












=∫ ∫
=

x
y

dx x dx
x

y

2

0

1

0

1
2

0

1

0

1

2

1

2

1

2 2

1

2

1

2

1

4
⋅ =  .

 3. We have xy dx dy x y dy dx
x

yx
= 







∫∫ ∫∫ ==00

1

0

1

0

1

=












=∫ ∫
=

=
x

y
dx

x
dx

y

x

x

2

0

1

0
0

1 3

2 2
  =













= ⋅ = ⋅1

2 4

1

2

1

4

1

8

4

0

1
x

 4. We have r d dr r dr d
r

aa
θ θ

θ

θ

πθπ
= 







== ∫∫∫∫ 0

2

0

2

0

2

0

2 cos/cos/

=












=∫ ∫
=

r
d a d

r

a
2

0

2

0

2
2 2

0

2

2
2

π
θ

π
θ θ θ

/
cos

/
cos

= = ⋅ ⋅ = ⋅
=∫2 2

1

2 2 2
2 2 2

2

0

2
a d a

a
cos

/
θ θ π π

θ

π

 5. We have 
0

2

0

2

0

2

0

2

0

2

0

2

∫ ∫ ∫ ∫ ∫∫= 







= ==

xyz dx dy dz xy z dz dx dy
x zy

= ⋅












= 
= =

=
= =∫ ∫ ∫ ∫x y

z
x y

xy
z

dx dy x y dy
0

2

0

2 2

0

2

0

2

0

2

2
2







 dx

=












= =












=∫ ∫
=

2
2

4 4
2

8
2

0

2

0

2
2

0

2

0

2
x

y
dx x dx

x

y

 .

 6. We have  
1

2

1

2

1

3

1

2

1

2

1

3

∫ ∫ ∫ ∫ ∫ ∫= 







= = =

dx dy dz dz dx dy
x y z

= = 







= = = ==∫ ∫ ∫∫x y z yx

z dx dy dy dx
1

2

1

2

1
3

1

2

1

2
2[ ]

= = = = ⋅ − ==∫ ∫2 2 2 2 2 1 2
1

2

1

2

1

2

1
2[ ] [ ] ( ) .y dx dx x

y

 7. We have  
−

√ −

=

√ −

= −∫ ∫ ∫∫=










a

a a x

y

a x

x a

a
dx dy dy dx

0

2 2

0

2 2( ) ( )

= = √ −=
√ −

− −∫ ∫[ ] ( )( )y dx a x dx
y

a x

a

a

a

a

0

2 2 2 2

= √ − = √ − +










∫ −2 2

2 2
2 2

0

2 2
2

1

0

( ) ( ) sina x dx
x

a x
a x

a

a
a

= ⋅ ⋅ = ⋅2
2 2 2

2 2a aπ π
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True or False

 1. We have 
θ π /

π

π

π
θ θ

= − = −
=

∫ ∫ ∫=










2

2

0 2

2 2

0
2

/

/

/

r

a

r

a

r d dr
r

d

= =
− −∫

a
d

a2

2

2 2

2
2

2 2π

π

π /
πθ θ

/

/ /[ ]  = ⋅ +





=a a2 2

2 2 2 2

π π π
 .

 2. We have 
− = −√ −

√ −
−−√ −

√

∫ ∫=
a

a

y a x

a x

a

a

a x

a
dx dy y dx[ ]

( )

( )

( )

(

2 2

2 2

2 2

2 −

∫
x2)

= √ − = √ −∫∫−
2 2 22 2 2 2

0
( ) . ( )a x dx a x dx

a

a

a

= √ − +












= ⋅ ⋅ =−4
2 2

4
2 2

2 2
2

1

0

2
2x

a x
a x

a

a
a

a

( ) sin
π π .

 3. We have 
−

√ −

= − =
√ −∫ ∫ ∫=

a

a a x

x a

a

y
a xx dx dy x y dx

0

2 2

0

2 2( ) ( )[ ]

= √ − =
−∫ x a x dx

a

a
( )2 2 0 [ ∵ x a x√ −( )2 2  is an odd function of x ]

❍❍❍
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Prob lem 1: Find the area bounded by the axis of x , and the fol low ing curves and the given

or di nates :

(i) y log x= ; x a= , x b b a= > >( ) .1 (Kanpur 2015)

(ii) xy c= 2 ; x a= , x b= , ( ) .a b> > 0 (Kashi 2012)

So lu tion: (i) The re quired area = =∫ ∫a

b

a

b
y dx x dxlog

= 





− ∫(log ) . . ,x x

x
x dx

a

b

a

b 1
 integrating by parts

= − − − = − − −[ log log ] [ ] ( log ) ( log )b b a a b a b b b a a a

= −b b e a a elog ( / ) log ( / ).  [ log ]∵ e = 1

(ii) The required area = =∫ ∫b

a

b

a
y dx c x dx( / ) ,2  [ / ]∵ y c x= 2

        = 





= −c x c a b

b

a
2 2. log (log log ) = c a b2 log ( / ) .

Prob lem 2(i): Find the area bounded by the curve y x= 3,  the y-axis and the lines y = 1  and 

y = 8.

So lu tion: Here the curve is bounded be tween the axis of y and the lines par al lel to

x-axis. 

Hence the required area =
=∫ y

x dy
1

8
(Note)

= ∫1

8 1 3y dy/ ,       [ ]/
∵ x y x y3 1 3= =or

= 





= −3

4

3

4
8 14 3

1

8
4 3 4 3y / / /[ ] = − = ⋅3

4
2 1

45

4
4[ ]

Prob lem 2(ii): Show that the area cut off a pa rab ola by any dou ble or di nate is two third of the

cor re spond ing rect an gle con tained by that dou ble or di nate and its dis tance from the ver tex.
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So lu tion: Let the pa rab ola be y ax2 4= . Also let x b=  be any dou ble or di nate. Since

the curve is sym met ri cal about x-axis, there fore the area cut off the pa rab ola y ax2 4=  by

the dou ble or di nate x b=  is 2 × (area in cluded be tween the x-axis, x b=  and curve in the
+ive quad rant).

∴ The required area =
=∫2

0x

b
y dx = √∫2 4

0

b
ax dx( ) , [ ]∵ y ax2 4=

      = √ 





= √4
2

3

8

3
3 2

0

3 2( ) ( ). ./ /a x a b
b

...(1)

Again, at x b= , from y ax2 4= , we have

y ab2 4=   or  y ab= √2 ( ) .

∴  Length of the double ordinate = = √ = √2 22 4y ab ab. ( ) ( ) .

Now area of the rectangle contained by the double ordinate and its distance from the
vertex  

     = × =2 2y x y b.  = √ =4 4 1 2 3 2( ) . ./ /ab b a b

  Its two thirds = =2

3
4

8

3
1 2 3 2 1 2 3 2. / / / /a b a b  

     = area cut off a parabola by the double ordinate, from (1).

Prob lem 3(i): Find the area of the quad rant of an el lipse ( / ) ( / ) .x a y b2 2 2 2 1+ =
(Agra 2000; Bundelkhand 10; Kanpur 11)

So lu tion: See Fig. of Ex. 1 af ter ar ti cle 2. Here the re quired area (i e. ., the area of a

quad rant) lies be tween the lim its x = 0 and x a= .

∴ Area of the quadrant = ∫0

a
y dx = √ −∫

b

a
a x dx

a

0

2 2( ) , from (1) of Ex. 1

        = √ − + 











−b

a
x a x a

x

a

a
1

2

1

2
2 2 2 1

0

( ) sin

          = − + −





b

a
a

1

2
0 0

1

2

1

2
02( ) ( )π  = ⋅π ab

4

Prob lem 3(ii): Find the whole area of the el lipse  ( / ) ( / ) .x a y b2 2 2 2 1+ =
(Avadh 2010; Rohilkhand 10B; Kumaun 12)

So lu tion: Clearly the area of an el lipse is
4 times the area of a quad rant.

∴   The required area of the ellipse

= ∫4
0

a
y dx = 4

4
. ,

π ab

  from problem 3(i)

= π ab .
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Prob lem 4(i): Trace the curve ay x a x2 2= −( ) and show that the area of its loop is 8 152a / .

(Avadh 2008)

So lu tion: Trac ing. (i) The curve is sym met ri cal about x-axis and passes through the or i gin.

(ii) Equating to zero the lowest degree terms in the

equation of the curve, we get y x2 2 0− =  i e. ., y x= ±

as the tangents at origin and these being real and
distinct the node is expected at the origin.

(iii) At y = 0 ,  we get x = 0 and x a=  i e. ., the curve
crosses the x-axis at ( , )0 0  and ( , )a 0 . Also when 

x a y> , 2 is negative, i e. ., y is imaginary. Hence the

curve does not exist for values of x a> . Also as x
decreases from 0 to − ∞ , y increases from 0 to ∞ .

(iv) No asymptotes. Thus the shape of the curve is
as shown in the figure. Clearly the loop is formed
between x = 0 and x a= .

∴ Required area of the loop = ∫2
0

a
y dx ,   [∵ Curve is symmetrical about x-axis]

= √ −
√∫2

0

a x a x

a
dx

( )
, putting for y from the equation of the curve

= √
√∫2 2

0

2 2π θ θ θ θ θ
/ sin ( ) .cos

sin cos ,
a a

a
a d

[Putting x a= sin ,2 θ  dx a d= 2 sin cosθ θ θ]

= ∫4 2

0

2 3 2a d
π

θ θ θ
/

sin cos   = =
√

√
=4

2
3

2

2
7

2

4

1

2

2
5

2

3

2

1

2

8

15
2 2 2a a a

Γ Γ

Γ

.
.

. . .
.

π

π

Prob lem 4(ii): Find the area of the loop of the curve 3 2 2ay x x a= −( ) .

So lu tion: The curve is sym met ri cal about x-axis. Putt ing y = 0 , we get x = 0 and 

x a i e= , . ., the loop is formed be tween x = 0 and x a= .

∴   Required area of the loop = ∫2
0

a
y dx ,    [∵ Curve is symmetrical about x-axis]

Now for the portion of the loop lying in the first quadrant, y is +ive and x lies between 0
and a . Therefore for this portion of the loop, we have y a x a x= √ √ −{ }1 3/ ( ) . ( ) .( ) .

∴  Required area of the loop

       = − √
√∫2

30

a a x x

a

( ).

( )
,  putting for y from the given equation of the  curve

       =
√

−∫
2

3 0

1 2 3 2

( )
( )/ /

a
ax x dx

a
 

       =
√

−





=
√

2

3

2

3

2

5

8

15 3
3 2 5 2

0

2

( ) /
./ /

a
ax x

a
a
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Prob lem 4(iii): Find the area of the loop of the curve  y x x2 21= −( ) .

So lu tion: Here also the curve is sym met ri cal about x-axis. Putt ing y = 0 , we get x = 0

and x i e= 1 . ., the loop is formed be tween x = 0 and x = 1.

∴ Required area of the loop = ∫2
0

1
y dx

= − √∫2 1
0

1
( ). ,x x dx   putting for y from the equation of the curve.

[Note that we have taken, y x x= √ −( ) .( )1 ]

 = − = −



∫2 2

2

3

2

50

1 1 2 3 2 3 2 5 2

0

1

( )/ / / /x x dx x x = −





= ⋅2
2

3

2

5

8

15

Prob lem 5: Find the area (i) of the loop of the curve

x x y a x y( ) ( )2 2 2 2+ = −  or y a x x a x2 2( ) ( ) .+ = −

(ii) of the portion bounded by the curve and its asymptotes.

(Garhwal 2000, 02; Meerut 04)

So lu tion: The curve is sym met ri cal about x-axis. The

tan gents at or i gin are a y x( )2 2 0− =  i e. ., y x= ± . Since

there are two real and dis tinct tan gents at the or i gin,
there fore the or i gin is a node on the curve. Putt ing 
y = 0 , we get x = 0 and x a=  i e. ., the loop is formed
be tween x = 0 and x a= .

∴ Required area of the loop

= ∫2
0

a
y dx , by symmetry 

= −
+







∫2

0

a
x

a x

a x
dx , putting for y from

     the given equation of the curve

= −

√ −∫2
0 2 2

a x a x

a x
dx

( )

( )
, multiplying the numerator and the denominator

by √ −( )a x

= −

√ −∫2
0

2

2 2 2

π θ θ

θ
θ θ

/ sin ( sin )

( sin )
. cos ,

a a a

a a
a d  

putting x a= sin θ  so that dx a d= cos θ θ

= −∫2 12

0

2
a d

π
θ θ θ

/
sin ( sin )  = −




∫ ∫2 2

0

2

0

2 2a d d
π π

θ θ θ θ
/ /

sin sin

= −2 1
1

2

1

2
2a [ . ] ,π   by Walli’s formula 

= − = −2 1
1

4

1

2
42 2a a( ) ( ) .π π

(ii) The line x a= −  is the asymptote of the curve.

Now the area lying between the curve and its asymptote
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=
−∫2
0

a
y dx , 

           the value of y to be put from the equation of the curve

 = − −
+









−∫2
0

a
x

a x

a x
dx ,  [Note that for the arc of the curve lying

        in the second quadrant x is −ve and y is +ive

 so that y x a x a x= − √ − +{ }( )/( )  for this arc.]

= − −

√ −−∫2
0

2 2a

x a x

a x
dx

( )

( )
 

= − − +

√ −
⋅ −∫2

2

0

2 2 2π

θ θ

θ
θ θ

/

( sin ) ( sin )

( sin )
( cos ) ,

a a a

a a
a d

putt ing x a= − sin θ so that dx a d= − cos θ θ

` = − + = +∫ ∫2 1 22

2

0 2

0

2 2a d a d
π

π
θ θ θ θ θ θ

/

/
sin ( sin ) (sin sin )

= +2 1
1

2

1

2
2a [ . ] ,π  by Walli’s formula. 

= + = +2 1
1

4

1

2
42 2a a( ) ( ) .π π

Prob lem 6(i): Trace the curve y a x x2 32( )− =  and find the en tire area be tween the curve and

its as ymp totes. (Avadh 2011)

So lu tion: Trac ing of the curve y  ( a  x ) = x .2 32 −

(i) Since in the equation of the curve the powers of y
that occur are all even, therefore the curve is
symmetrical about the axis of x .

(ii) The curve passes through the origin. Equating to
zero the lowest degree terms in the equation of the

curve, we get the tangents at the origin as 2 02ay =  i e. ., 

y = 0 , y = 0 are two coincident tangents at the origin.
Therefore the origin may be a cusp.

(iii) The curve cuts the coordinate axes only at the
origin.

(iv) Solving the equation of the curve for y , we get 

y
x

a x
2

3

2
=

−
⋅

When x = 0 , y2 0= .

When x a→ 2 , y2 → ∞ . Therefore x a= 2  is an asymptote of the curve.

When 0 2 2< <x a y,  is +ive i e. ., y is real. Therefore the curve exists in this region.

When x a> 2 , y2 is –ive i e. ., y is imaginary. Therefore the curve does not exist in the

region x a> 2 .
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When x < 0 , y2 is –ive. Therefore the curve does not exist in the region x < 0 .

Combining all these facts, we see that the shape of the curve is as shown in the figure.
Now the required area = ×2   area in the first quadrant

    = ∫2
0

2a
y dx =

√ −∫2
20

2 3 2a x

a x
dx

/

( )
.          ∵ y

x

a x
2

3

2
=

−













Now put x a= 2 2sin ,θ  so that dx a d= 4 sin cos .θ θ θ

∴  The required area  =
√ −

⋅∫2
2

2 2
4

0

2 2 3 2

2

π θ

θ
θ θ θ

/ /( sin )

( sin )
sin cos

a

a a
a d

   = =∫ ∫16 162

0

2 3
2

0

2 4a d a d
π πθ

θ
θ θ θ θ θ

/ /sin

cos
sin cos sin  

   = ⋅16
3 1

4 2 2
2a .

.

.
,

π
 by Walli’s formula = 3 2πa .

Prob lem 6(ii): Find the area be tween the curve y x x2 24( )− =  and its as ymp tote.

(Avadh 2012; Kanpur 14; Bundelkhand 14)

So lu tion: The curve is sym met ri cal about the x-axis. It cuts the x-axis at x i e= 0 . ., at the

or i gin. The straight line x = 4 is the as ymp tote of the curve.

∴ Required area = =
−









∫ ∫2 2

40

4

0

4 2
y dx

x

x
dx ,

putt ing for y from the equa tion of the curve

=
√ −∫2

40

4 x

x
dx

( )
 =

√ −
⋅∫2

4

4 4
8

0

2 2

2

π θ

θ
θ θ θ

/ sin

( sin )
sin cos ,d

   putting x = 4 2sin θ  so that dx d= 8 sin cosθ θ θ

= = ⋅∫32 32
2

310

2 3π
θ θ

/
sin

.
d        [By Walli’s formula]

= 64

3
 units of area.

Prob lem 6(iii): Find the whole area of the curve a x y a y2 2 3 2= −( ) .

So lu tion: The given curve is a x y a y2 2 3 2= −( ) .   ...(1)

It is symmetrical about y-axis and it cuts the y-axis at the
points ( , )0 0  and ( , ) .0 2a  The curve does not exist for y a> 2
and y < 0 .
∴   The required area = ×2 area OBA 

= ∫2
0

2a
x dy = √ −

∫2
2

0

2 3 2a y a y

a
dy

/ ( )
,

from (1).

Putting y a= 2 2sin θ and proceeding as in Example 4, after

article 2, we get the required area = πa2.

(Note that this is also the area of a circle of radius a).
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Prob lem 7(i): Find the area bounded by the curve xy a a x2 24 2= −( ) and its as ymp tote.

(Rohilkhand 2009B)

So lu tion: The given curve is sym met ri cal about the x-axis and
cuts the x-axis at the point ( , ) .2 0a

Equating to zero the coefficient of highest power of y in the
equation of the curve we get x i e= 0 . ., the y-axis as the
asymptote of the curve parallel to y-axis.

Hence the required area 

= ∫2
0

2a
y dx = √ −

√∫2
2 2

0

2a a a x

x
dx

( )
,

[∵ from the given equa tion of

 the curve, y a a x x2 24 2= −( )/ ].

Putting x a= 2 2sin θ so that dx a d= 4 sin cos ,θ θ θ  we get the

required area

= √
√∫4

2 4

20

2
a

a a d

a

π θ θ θ θ
θ

/ ( ) cos . sin cos

( ) .sin

= ∫16 2

0

2 2a d
π

θ θ
/

cos  

= 16
1

2

1

2
2a . . ,π  by Walli’s formula = 4 2πa .

Prob lem 7(ii): Find the area en closed by the curve xy a a x2 2= −( ) and y-axis.

So lu tion: Pro ceed ex actly as in Prob lem 7(i). Here also y-axis is the as ymp tote

and in place of 2a we have a i e. ., re place a / 2 in place of a .

The required area = =4 2 2 2π π.( / ) .a a

Prob lem 7(iii): Trace the curve a y a x x2 2 2 2 4= −  and find the whole area within it.

(Rohilkhand 2012; Avadh 12; Bundelkhand 14)

So lu tion: The given curve is a y x a x2 2 2 2 2= −( ) . Since in the equa tion of the curve,

the pow ers of x and y are  all even, there fore the curve is sym met ri cal about both the
axes.

The curve passes through the origin and the tangents at the origin are 

a y a x2 2 2 2 0− =   i e. .,  a y x2 2 2 0( )− =   

i e. .,  y x2 2 0− =   i e. .,  y x= ± .

The curve cuts  the axis of x where y = 0 i e. ., where 

x a x2 2 2 0( )− =  or x = 0 , ± a . Therefore the

curve cuts the x-axis at ( , ) ,0 0  ( , )a 0  and ( , ) .− a 0

The curve intersects the y-axis only at the origin. 

Tangent at (  ,  0) .a  Shift ing the or i gin to the

point ( , )a 0  the equa tion of the curve be comes
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a y x a a x a2 2 2 2 2= + − +( ) ( ){ } = + − −( ) ( ) .x a x ax2 2 2

Equating to zero the lowest degree terms, we get x = 0 as the tangent at the new origin.
Thus new y-axis is tangent at the new origin. Solving the equation of the curve for y , we
get

y
x a x

a

2
2 2 2

2
= − ⋅( )

When x = 0 ,   y2 0= .

When x a= ,  y2 0= .

When 0 < <x a ,  y2 is +ive.

Therefore the curve exists in the region 0 < <x a .

When x a y> , 2 is − ive. Therefore the curve does not exist in the region x a> .

Hence the curve is as shown in the figure and it consists of two equal loops.

By symmetry, the whole area within the curve

= ×4 area of half a loop = = √ −
∫ ∫4 4

0 0

2 2a a
y dx

x a x

a
dx

( )
,

putt ing for y from the given equa tion of the curve

= ∫4
0

2π
θ θ θ θ

/
sin . cos . cos ,a a d  

  putting x a= sin θ so that dx a d= cos θ θ

= ∫4 2

0

2 2a d
π

θ θ θ
/

cos sin  = ⋅ ⋅4
1

31
12a

.
, by Walli’s formula = 4

3
2a .

Prob lem 8(i): Prove that the area of a loop of the curve a y x a x4 2 4 2 2= −( ) is πa2 8/ .

So lu tion: The curve is sym met ri cal about both the axes. Putt ing y = 0 in the given

equa tion of the curve, we get x a x4 2 2 0( )− =  i e. ., x = 0 , x a= ± . Thus the above curve

will have a loop be tween x = 0 and x a= . By sym me try, the area of a loop

= = √ −
∫ ∫2 2

0 0

2 2 2

2

a a
y dx

x a x

a
dx

( )
,

putt ing for y from the given equa tion of the curve

= √ −∫
2
2 0

2 2 2 2 2 2

a
a a a a d

π
θ θ θ θ

/
sin ( sin ) . cos , 

putting x a= sin θ so that dx a d= cos θ θ

= ∫2 2

0

2 2 2a d
π

θ θ θ
/

sin cos  

= ⋅ ⋅2
1 1

4 2

1

2
2a

.

.
π        [By Walli’s formula]

= πa2 8/ .

Prob lem 8(ii): Show that the whole area of the curve a y x a x4 2 5 2= −( ) is to that of the

cir cle whose ra dius is a, as 5 to 4. (Kanpur 2010)
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So lu tion: The given  curve is sym met ri cal about x-axis. It passes through the or i gin and 

the tan gents at the or i gin are a y4 2 0=  i e. ., y2 0=  i e. ., y = 0 , y = 0 .

The curve cuts the x-axis at the points ( , )0 0  and ( , ) .2 0a  It intersects the y-axis only at

the origin. When 0 2< <x a , y2 is +ive so that the curve exists in this region. When 

x a> 2 , y2 is –ive so that the curve does not exist in this region. When x < 0 , y2 is –ive so

that the curve does not exist in this region.

Thus the given curve consists of a loop lying between x = 0 and x a= 2 . Hence the whole
area of this curve

= = −
∫ ∫2 2

2
0

2

0

2 5 2 1 2

2

a a
y dx

x a x

a
dx

/ /( )
,

 putt ing for y from the given equa tion of the curve

= ∫2
2 2 4

0

2 5 2 5 1 2

2

π θ θ θ θ θ/ / /( ) sin .( ) cos . sin cos
,

a a a d

a

putt ing x a= 2 2sin θ so that dx a d= 2 2. sin cosθ θ θ

= ∫64 2

0

2 6 2a d
π

θ θ θ
/

sin cos  = 64

7

2

3

2
2 5

2a
Γ Γ

Γ

( ) ( )

( )

=
√ √

= ⋅64

5

2

3

2

1

2

1

2
2 4 3 2 1

5

4
2

2
a

a
. . .

. . . .

π π π

Also the area of the circle of radius a is πa2.

∴ 
Area of the curve

Area of the circle
= = ⋅5 4 5

4

2

2

π

π

a

a

/

Prob lem 9(i): Find the area be tween the curve y a x x2 3( )− =  (cissoid) and its as ymp totes.

Also find the ra tio in which the or di nate x a= /2 di vides the area. (Agra 2001, 03)

So lu tion: The fig ure of the curve is sim i lar to prob lem 6(i). Equat ing to zero the
co ef fi cient of the high est power of y , we get a x− = 0 i e. ., x a=  as an as ymp tote of the
curve par al lel to the y-axis.

Let A be the whole area between the curve and its asymptote. Then

A = ×2 (area in the first quadrant) = =
√ −∫ ∫2 2

0 0

3 2a a
y dx

x

a x
dx

/

( )
,

putt ing for y from the given equa tion of the curve

    =
√∫2

2
0

2 3 2 3π θ θ θ
θ

θ
/ / sin . sin cos

( ) .cos
,

a a

a
d

 putt ing x a= sin2 θ so that dx a d= . sin cos2 θ θ θ

        = = ⋅ = ⋅∫4 4
3 1

4 2 2

3

4
2

0

2 4 2
2

a d a
aπ

θ θ π π/
sin .

.

.
...(1)

Now let A1 be the area of the portion between x = 0 and x a= 1

2
. Then
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A y dx
x

a x
dx

a a

1
0

2

0

2 3 2
2 2= =

√ −∫ ∫
/ / /

( )
, 

putt ing for y from the given equa tion of the curve

     = ∫4 2

0

4 4a d
π

θ θ
/

sin ,  putting x a= sin ,2 θ  etc.

     = = −∫ ∫a d a d2

0

4 2 2 2

0

4 22 1 2
π π

θ θ θ θ
/ /

( sin ) ( cos ) (Note)

     = − φ φ∫
1

2
12

0

2 2a d
π /

( cos ) ,

                  [putting 2θ = φ so that 2 d dθ = φ and adjusting the limits ]

     = − φ + φ φ∫
1

2
1 22

0

2 2a d
π /

( cos cos )  

     = φ − φ φ + φ φ




∫ ∫ ∫
1

2
22

0

2

0

2

0

2 2a d d d
π π π/ / /

cos cos

     = φ − φ + ⋅





1

2
2

1

2 2
2

0
2

0
2a { } {sin }/π π / π

   = − +





1

2

1

2
21

1

4
2a π π.

     = −





= −1

2

3

4
2

1

8
3 82 2a a

π π( ) .

Now let A2 be the area of the portion of the curve lying between x a= 1

2
 and x a= . 

Then A A A a a2 1
2 23

4

1

8
3 8= − = − −π π( ) = +1

8
3 82a ( ) .π

∴ Required ratio = = −

+
= −

+
⋅A

A

a

a

1

2

2

2

8 3 8

8 3 8

3 8

3 8

( / ) ( )

( / ) ( )

π

π

π
π

Prob lem 9(ii): Find the area of the loop of the curve y a x x a x2 2( ) ( ) .− = +
(Purvanchal 2011)

So lu tion: The given curve is sym met ri cal about the x-axis and cuts the x-axis at the
points ( , )0 0  and ( , ) .− a 0  

The tangents at ( , )0 0  are y x2 2=  i e. ., y x= ± .

Clearly there is a loop which lies between x a= −  and x = 0 .

∴ The required area of the loop = ×2  area of the upper half of the loop

= = − ⋅ √ +
√ −− −∫ ∫2 2

0 0

a a
y dx x

a x

a x
dx

( )

( )
,

putt ing for y for the up per half of the loop
from the given equa tion of the curve

= − +

√ −−∫2
0

2 2a
x

a x

a x
dx

( )

( )
,

mul ti ply ing the nu mer a tor and the de nom i na tor by √ +( ) .a x
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Now put x a= − sin θ so that dx a d= − cos .θ θ  

When x a= − , θ π= /2 and when x = 0 , θ = 0 .

∴ The required area = − − −

√ −
⋅ −∫2

2

0

2 2 2π
θ θ

θ
θ θ

/
( sin )

( sin )

( sin )
( cos )a

a a

a a
a d

    = − −∫2 12

2

0
a d

π
θ θ θ

/
sin ( sin )

      = −∫2 2

0

2 2a d
π

θ θ θ
/

(sin sin )  

      = −2 1
1

2

1

2
2a [ . ]π         [By Walli’s formula]

      = −





= −2 1
1

4

1

2
42 2a aπ π( ) .

Prob lem 10: Trace the curve y a x a x2 3( ) ( )+ = −  and find the area be tween the curve and

its as ymp totes. (Purvanchal 2007)

So lu tion: The curve is sym met ri cal about

x-axis. It does not pass through the or i gin.
Putt ing x = 0 in the equa tion of the curve, we 
get y a= ±  and putt ing y = 0 in it we get 
x a= . Thus the curve cuts the y-axis at the
points ( , )0 ± a   and it cuts the x-axis at the
point ( , ) .a 0

Equating to zero the coefficient of the
highest power of y the asymptote parallel to 
y-axis is a x+ = 0 i e. ., x a= − .

The equation of the curve can be written as 

y a x a x2 3= − +( ) ( )/{ } which shows that

for x a y> ,  is imaginary i e. ., the curve does
not exist for x a> . Thus the shape of the
curve is as shown in the figure. Now the
required area = ×2  area lying above the
x-axis

= = −
√ +− −∫ ∫2 2

3 2

a

a

a

a
y dx

a x

a x
dx

( )

( )
,

/
 

                  putting for y from the equation of the curve

= −

√ −−∫2
2

2 2a

a a x

a x
dx

( )

( )
, multiplying the Nr. and the Dr. by √ −( )a x

= −

√ −−∫2
2

2 2

2 2 2π

π θ

θ
θ θ

/

/ ( sin )

( sin )
. cos ,

a a

a a
a d  

putt ing x a= sin θ so that dx a d= cos θ θ
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= −
−∫2 12

2

2 2a d
π

π
θ θ

/

/
( sin )  = − +

−∫2 1 22

2

2 2a d
π

π
θ θ θ

/

/
( sin sin )

= − + −
−∫2 1 2

1

2
1 22

2

2
a d

π

π
θ θ θ

/

/
sin ( cos ){ }  

= + −



 −

2
3

2
2

1

4
22

2

2

a θ θ θ
π /

π
cos sin

/

 = 





=2
3

2
32 2a a

π π .

Prob lem 1: Find the com mon area be tween the curves y ax2 4=  and x ay2 4= .

(Agra 2002, 14; Meerut 04B, 08)

So lu tion: Pro ceed ex actly as in the Example 6. Here b a= . Solv ing the given

equa tions, we get the points of in ter sec tion as ( , )0 0  and ( , )4 4a a  and hence the re quired
area

= 16

3
2a .

By double integration. The required area

[ ]= =
= =

√ √

∫ ∫ ∫x

a

y x a

ax a

x a

ax
dx dy y dx

0

4

2 4

2

0

4

2 4

2

( / )

( )

( / )

( )
 

= √ −












= √ 





−∫0

4 2
3 2

0

4

2
4

2
2

3

1

1

a a

ax
x

a
dx a x( ) ( ) /

2
3

0
4

a
x a[ ]  

= √ −












= − =4

3
4

4

12

32

3

16

3

16

3
3 2

3
2 2 2( ) .( )

( )/a a
a

a
a a a .

Prob lem 2(i): Find the area in cluded be tween y ax2 4=  and y mx= .

So lu tion: Solv ing the equa tion of the pa rab ola y ax2 4=

and the equa tion of the line y mx=  for x , we get

m x ax2 2 4=  or  x m x a( ) .2 4 0− =

This gives x = 0 or x a m= 4 2/ .

Thus the two curves cut at the points where x = 0 and 

x a m= 4 2/ .

∴  The required area 

= ∫0

4 2a m
y dx

/
,from the curve y ax2 4=

− ∫0

4 2a m
y dx

/
, from the st. line y mx=

= √ −∫ ∫0

4 2

0

4 2

4
a m a m

ax dx mx dx
/ /

( )  
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= √ 





− 





2
2

3

1

2
3 2

0

4 2
2

0

4 2

( ) /
/ /

a x m x
a m a m

= √ 





− 





4

3

4 1

2

4
2

3 2

2

2
a a

m
m

a

m

/

 = − = ⋅32

3

8 8

3

2

3

2

3

2

3

a

m

a

m

a

m

Prob lem 2(ii): Find the area of the seg ment cut off from the pa rab ola y x2 4=  by the line 

y x= −8 1.

So lu tion: Pro ceed ex actly as in Example 7. Here the points of in ter sec tion are 
1

16

1

2
, −




 and 

1

4
1,




 hence the re quired area = 9

64
.

Prob lem 3(i): Find the area com mon to the two curves y ax2 = , x y ax2 2 4+ = .

(Meerut 2005B, 06, 09B)

So lu tion: y ax2 =  is a pa rab ola with ver tex at

the origin and axis along x-axis and latus rectum 

a , and x y ax2 2 4+ =  is a circle with centre ( , )2 0a

and radius 2a .

Both these curves are symmetrical about x-axis.

Solving the equations of the two curves for x , we
have

x ax ax2 4+ =     or   x ax2 3 0− =

or x x a( ) .− =3 0

Therefore x = 0 , 3a .

Thus the two curves intersect at the points
where x = 0 and x a= 3 .

Also A is the point ( , ) .4 0a

The area common to the parabola and the circle (i e. ., the shaded area)

  = +2 [ ] ,Area AreaOPS PSA         [By symmetry]

  = =








 ∫2

0

3 2a
y dx y ax, from the parabola

+ + =








∫3

4 2 2 4
a

a
ydx x y ax, from the circle

  = √ + √ −




∫ ∫2 4
0

3

3

4 2a

a

a
ax dx ax x dx( ) ( )  

  = √ + √ − −∫ ∫2 2 4 2
0

3 1 2

3

4 2 2a x dx a x a dx
a

a

a/ [ ( ) ]

 = √ 





2
2

3
3 2

0

3

a x
a

/ + − √ − − + −











−2
1

2
2 4 2

4

2

2

2
2 2

2
1

3

( ) ( ) sinx a a x a
a x a

a
a

{ }

4a
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  = √ + − √ + −4 3 2 0
1

2
3 2 2 62 2a a a a[ . ( / ) ( / ) ]{ } { }π π

  = √ − √ + = √ +4 3 3
4

3
3 3

4

3
2 2 2 2 2a a a a aπ π  = √ +a2 3 3

4

3
( ) .π

Prob lem 3(ii): Find the area ly ing above x-axis and in cluded be tween the cir cle 

x y ax2 2 2+ =  and the pa rab ola y ax2 = . (Bundelkhand 2007)

So lu tion: The fig ure is sim i lar to that of Problem 3 part (i). Here we are re quired to

find the un shaded area ORP in the fig ure of part (i). Solv ing the given equa tions y ax2 =

and x y ax2 2 2+ =  for x , we get x = 0 and x a= .

∴   The required area  = + =



∫0

2 2 2
a

y dx x y ax, from the curve

  − =





∫0

2a
y dx y ax, from the curve  

      = √ − − √∫ ∫0

2

0
2

a a
ax x dx ax dx( ) ( )  

    = − − − √ 



∫0

2 2 3 2

0

2

3

a a

a x a dx a x{ }( ) . /

    = − √ − + −

















−−1

2
2

2

2

3
2

2
1

0

( ) ( ) sinx a ax x
a x a

a
a

a
2

  = − −












− = ⋅ − = −


−0
2

1
2

3 2 2

2

3 4

2

3

2
1 2

2
2 2a

a
a

a asin ( )
π π





⋅

Prob lem 4(i): Show that the area in cluded be tween the pa rab o las 

y a x a2 4= +( ) , y b b x2 4= −( ) is 
8

3
( ) ( ) .a b ab+ √

(Rohilkhand 2013)

So lu tion: y a x a2 4= +( ) rep re sents

a parabola whose vertex is ( , )− a 0  and

latus rectum is 4a . Also y b b x2 4= −( )

represents a parabola whose vertex is 
( , )b 0  and latus rectum 4b . Both the
curves have been shown in the figure.

Equating the values of y2 from the two

given equations of parabolas, we get 
4 4a x a b b x( ) ( )+ = −  or x b a i e= − . .,
the abscissa of the point of intersection 
P is b a− .

Now both the curves are symmetrical
about x-axis.

∴   The required area 
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= +2 [ ] ,Area AreaAPM PMB   by symmetry

= = +





 −

−

∫2 42

a

b a
y dx y a x a, ( )for the parabola  

+ = −








−∫ b a

b
ydx y b b x, ( )from the parabola 2 4

= √ + + √ −




−

−

−∫ ∫2 4 4
a

b a

b a

b
a x a dx b b x dx{ } { }( ) ( )

= √ + + √ √ −
−

−

−∫ ∫4 41 2a x a dx b b x dx
a

b a

b a

b
( ) ( )/

= √ +





− √ −



−

−

−
4

2

3
4

2

3
3 2 3 2a x a b b x

a

b a

b a

b

( ) ( )/ /

= √ + √1

3
8

1

3
83 2 3 2[ . ] [ . ]/ /a b b a

= √ + = + √8

3

8

3
( ) .( ) ( ) ( ) .ab b a a b ab

Prob lem 4(ii): Show that the area com mon to the el lip ses a x b y2 2 2 2 1+ = ,  

b x a y2 2 2 2 1+ = ,  where 0 < <a b , is 4 1 1( ) ( / ) .ab tan a b− −

So lu tion: The given equa tions of the two el lip ses are 

a x b y2 2 2 2 1+ = ...(1)

and         b x a y2 2 2 2 1+ = . ...(2)

Since 0 < <a b , therefore ( / ) ( / ) .1 1a b>
The ellipse (1) cuts the x-axis on the positive side at the point ( / , )1 0a  and it cuts the
y-axis on the positive side at the point B b( , / ) .0 1  The ellipse (2) cuts the x-axis on the
positive side at the point A ( / , ) .1 0b  Both the ellipses are symmetric about both the axes.

Solving (1) and (2) we have the coordinates of the point of intersection P in the first
quadrant as 

( / , / ) .1 12 2 2 2√ + √ +{ } { }a b a b

Draw PM and PN perpendiculars to the axis of x and the axis of y respectively.

Now the area common to the two ellipses (i e. ., the shaded area) 

= ×4  (common area in the Ist quadrant) = 4 area OAPB

= +4 [ ]area areaOMPB APM

= + +4 [ ]{ of }area thesquare area areaOMPN BPN APM

= +4 2[ ]area thesquare areaof OMPN APM ...(3)

[∵ area BPN APM= area  on ac count of the sym met ri cal
sit u a tion of the area OAPB about OP ]

Now the area of the square OMPN OM ON= .  

=
√ +

⋅
√ +

=
+

⋅1 1 1
2 2 2 2 2 2( ) ( ) ( )a b a b a b
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Also the area APM =
√ +∫1 2 2/ ( )

/
,

a b

a b
y dx  from the ellipse b x a y2 2 2 2 1+ =

         = − = −
√ + √ +∫ ∫1 2 2

1 2 2 1 2

1 2 2

1

2

1 1
/ ( )

/ /

/ ( )

/( )
a b

b

a b

bb x

a
dx

b

a b
x dx2








      = −





+ ⋅ 



















−

√

b

a

x

b
x

b

x

b2

1 1

2

1

12
2

2
1

1

sin
/

/ ( )

/

a b

b

2 2

1

+

    = + −
√ +

⋅
√ +







−b

a b a b

a

b a b2
0

1
1

1
2

1
2 2 2 2

sin
( ) ( )

  −
√ +




−1

2
1

2 2b

b

a b
sin

( )

    = −
+

−
√ +













−1

2 2 2 2
1

2 2ab

ab

a b

b

a b

π
sin

( )
 

    = −
√ +









−
+













−1

2 2
1

2 2 2 2ab

b

a b

ab

a b

π
sin

( )

    =
√ +









−
+













−1

2
1

2 2 2 2ab

b

a b

ab

a b
cos

( )

    = 





−
+













⋅−1

2
1

2 2ab

a

b

ab

a b
tan

Hence from (3), the required area

    =
+

+ −
+





















−4
1

2
1

2

1

22 2
1

2 2a b ab

a

b a b
tan

( )
 = 





⋅−4 1

ab

a

b
tan

Prob lem 5: If A is the ver tex, O the cen tre and P any point ( , )x y  on the  hy per bola 

x a y b2 2 2 2 1/ / ,− =  show that x a cosh S ab= ( / ) ,2  y b sinh S ab= ( / ) ,2  where S is the

sec to rial area OPA .

So lu tion: The given hy per bola is shown in the
fig ure. We have 

S = the sectorial area OAP

(i e. ., the dotted area)

   = the area of the  ∆ OMP

− the area PAM

  = − ∫
1

2
OM MP y dx

a

x
. ,

 for the hyperbola

       = − √ −∫
1

2
2 2xy

b

a
x a dx

a

x
( ) ,

[∵ from the equation of the hyperbola y b a x a= √ −( / ) ( )2 2  ]
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= √ − − √ − −





−1

2 2

1

2
2 2 2 2 2 1x

b

a
x a

b

a

x
x a a

x

a a

x

. ( ) ( ) cosh

= √ − − √ − − − −





−bx

a
x a

b

a

x
x a a

x

a2 2

1

2
0 02 2 2 2 2 1( ) ( ) cosh ( )



= √ − − √ − + =− −bx

a
x a

bx

a
x a

ab x

a

ab x

a2 2 2 2
2 2 2 2 1 1( ) ( ) cosh cosh ⋅

Thus          S
ab x

a
= −

2
1cosh ;

∴   cosh− =1 2x

a

S

ab
  or  x a

S

ab
= ⋅cosh

2

Also           y
b

a
x a

b

a
a

S

ab
a= √ − = −





( ) cosh2 2 2 2 22

    = −





= ⋅b

a
a

S

ab
b

S

ab
. cosh sinh2 2

1
2

Prob lem 6: Prove that the area of a sec tor of the el lipse of semi-axes a and b be tween the ma jor

axis and a ra dius vec tor from the fo cus is 
1

2
ab e sin( ) ,θ θ−  where θ is the ec cen tric an gle of the

point to which the ra dius vec tor is drawn.

So lu tion: Let the equa tion of the

el lipse be  x a y b2 2 2 2 1/ / .+ =  

Let O be its centre and S be its focus 
( , ) .ae 0  Let θ be the eccentric angle of
any point P x y( , ) on the ellipse.
Then

 x a= cos ,θ  

y b= sin .θ
Now SP is the radius vector of P
drawn through the focus S and SA is
the radius vector along the major
axis. At the point A ,  x a=  and θ = 0 .

Draw PM perpendicular to the x-axis.

The required area of the sector SAP (i e. ., the dotted area)

= +area of the area∆ SMP PMA

= + ∫
1

2
SM MP y dx

a

a
. ,

cos θ
 for the ellipse

= − + ∫
1

2

0
( ) .OM OS MP y

dx

d
d

θ θ
θ 

= − + −∫
1

2

0
( cos ) sin sin . ( sin ) ,a ae b b a dθ θ θ θ θ

θ
        [ cos sin ]∵ x a y b= =θ θand

= − + −∫
1

2

1

2
1 2

0
ab e ab d(cos ) sin . ( cos )θ θ θ θ

θ
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= − + −





1

2

1

2

2

2 0
ab e ab(cos ) sin

sinθ θ θ θ θ

= − + −1

2

1

2

1

2
2ab e ab(cos ) sin ( . sin cos )θ θ θ θ θ

= − + − = −1

2

1

2
ab e ab e[cos sin sin sin cos ] ( sin ) .θ θ θ θ θ θ θ θ

Prob lem 7: Find the area com mon to the cir cle x y2 2 4+ =  and the el lipse  x y2 24 9+ = .

(Garhwal 2002; Purvanchal 09)

So lu tion: The equa tion of the cir cle is x y2 2 4+ = , ...(1)

and the equation of the ellipse is x y2 24 9+ = . ...(2)

Both the curves (1) and (2) are symmetrical about both the axes and have been shown in 
the figure. Solving (1) and (2) for x , we have

x x2 24 4 9+ − =( )   or  3 72x =     or  x2 7 3= / .

∴  Th e x-coordinate of the point of intersection P lying in the first quadrant is √( / ) .7 3

Also putting y = 0 in  x y2 2 4+ = , we get

x = 2 at  C .

Now the required area is symmetrical about
both the axes.

∴   The required area (i e. ., the area common to
the circle and the ellipse)

= ×4  (common area lying in the

      first quadrant)

= ×4 area OCPB

  

= +4 [ ]area areaOBPM CPM

= +
√

√∫ ∫4
0

7 3

7 3

2( / )

( / )
, ,y dx y dxfor the ellipse for the circle











= √ − + √ −










√

√∫ ∫4
1

2
9 4

0

7 3 2

7 3

2 2( / )

( / )
( ) ( ) ,x dx x dx

[∵ for the ellipse, y x= √ −1

2
9 2( ) and for the circle, y x= √ −( )4 2 ]

= √ − + 

















−
√

2
9

2

9

2 3

2
1

0

7 3
x x x( )

sin

( / )

+ √ − + 

















−

√

4
4

2
2

2

2
1

7 3

2
x x x( )

sin

( / )
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= ⋅ 











+ 



















−2
1

2

7

3

20

3

9

2

1

3

7

3
1sin







+ − √ √ − √− −4 2 1
1

2

7

3

5

3
2

1

2

7

3
1 1[ sin ( ) ( ) ( ) sin ( ) ]{ }

= √ + √
√

+ − √ − √
√

− −2 35

3
9

7

3 3
4

2

3
35 8

7

2 3
1 1( )

sin ( ) sinπ

= + √ − √− −4 9
1

3
7 3 8

1

2
7 31 1π sin . ( / ) sin . ( / ) .{ } { }

Prob lem 8: Find the area in cluded be tween the pa rab ola x ay2 4=  and the curve 

y a x a= +8 43 2 2/( ). (Rohilkhand 2008B)

So lu tion: The curve y x a a( )2 2 34 8+ =

is symmetrical about y-axis. Equating to
zero the coefficient of the highest power of 
x in the given equation, we find that 
y i e x= 0 . ., -axis is an asymptote of the
curve parallel to x-axis. Also this curve cuts
the y-axis at ( , ) .0 2a

Solving the two given equations x ay2 4=

and y a x a= +8 43 2 2/( ), we get their

points of intersection as ( , ) .± 2a a

Also both the curves are symmetrical about y-axis.

Now the required area OPAQO OPA= ×2 area  (by symmetry)

= × −2 [ ]area areaOAPM OPM

= = + − =




∫ ∫2 8 4 4
0

2 3 2 2

0

2 2a a
y dx y a x a y dx x ay, /( ) ,for for 

=
+

−∫ ∫2
8

4
2

40

2 3

2 2 0

2 2a aa

x a
dx

x

a
dx 

= 





−












−16
1

2 2

1

2 3
3 1

0

2 3

0

2

a
a

x

a a

x
a a

. tan  = − = −2
4

3
2

4

3
2

2
2π πa

a
a[ ] .

Prob lem 9: Find by dou ble in te gra tion the area bounded by the curves y x x( )2 2 3+ =   and  

4 2y x= .

So lu tion: Elim i nat ing y from the given equa tions, we get

3 2 42 2x x x/( ) /+ =   or  12 22 2x x x= +( )

or x x x( ) ,12 2 03− − =  

giving x = 0 and x = 2 .

Thus the two curves intersect at the points where x = 0 and x = 2 .

Both the curves have been shown in the figure.

I-164   



The required area 

=
= =

+

∫ ∫x y x

x x
dx dy

0

2

2 4

3 2 2

/

/( )
,

    the first in te gra tion to
be per formed w.r.t. y

= 




∫
+

0

2

2 4

3 2 2

y dx
x

x x

/

/( )

=
+

−










∫0

2

2

23

2 4

x

x

x
dx

=
+

− = + −



∫ ∫

3

2

2

2

1

4

3

2
2

1

4 30

2

2 0

2 2 2
0
2

3.
[ log ( )]

x dx

x
x dx x

x







 0

2

 

= − − = −3

2
6 2

1

12
8

3

2

6

2

2

3
[log log ] . [ ] log ( )  = −3

2
3

2

3
log .

Prob lem 10: Find by dou ble in te gra tion the area ly ing be tween the pa rab ola y x x= −4 2 and

the straight line y x= .

So lu tion: OA is the line

y x= …(1)

and OBAD is the parabola

y x x= −4 2 …(2)

On solving (1) and (2), we get x = 0, 3
and y = 0 3, .

∴  The line (1) meets the parabola (2) in 
O( , )0 0  and A( , )3 3 .

We are to find the area OBAO

∴ Required area OBAO

= area OCABO − area of ∆OCA

= − ⋅ ⋅
=

−

= ∫∫ dx dy OC CA
y

x x

x

1

20

4 2

0

3

= − ⋅ ⋅−∫ ( )y dxx x
0
4 2

0

3 1

2
3 3

= − −∫ ( )4
9

2
2

0

3
x x dx  = −









 − = − −2

3

9

2
18 9

9

2
2

3

0

3

x
x

( )  = − =9
9

2

9

2
 .

Prob lem 1: Find the area in cluded be tween the curve

x a t sin t= +( ) , y a cos t= −( )1  and its base. (Agra 2005)
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So lu tion: The given cycloid has been shown

 in the fig ure. [To trace one com plete arch of
this cycloid pro ceed as in Example 11, af ter
ar ti cle 4].

Since the curve is symmetrical about the
y-axis and its base is the line y a= 2 , therefore
the required area

=
=∫2

0

2

y

a
x dy

= ⋅ ⋅ = +
=∫ ∫2 2

0 0t
x

dy

dt
dt a t t a t dt

π π
( sin ) sin

= +∫2 2

0

2a t t t dt
π

( sin sin )  = +∫ ∫2 22

0

2

0

2a t t dt a t dt
π π

sin sin

= − − −





+∫ ∫2 1 42
0 0

2

0

2
a t t t dt a{ . ( cos )} .( cos ) sin

/π π π 2 t dt

= − +





+ ⋅ ⋅∫2 0 4
1

2 2
2

0

2a t dt a( ) cosπ ππ
 = + +2 02 2a a( ) ,π π

∵

0
0

π

∫ =





cos t dt

= 3 2π a .

Prob lem 2: Find the area of a loop of the curve

  x a sin t= 2 , y a sin t=  or a x y a y2 2 2 2 24= −( ) .

So lu tion : To trace the given curve, we first find its cartesian

 equa tion by elim i nat ing t . We have

          x a t a t t= =sin sin cos .2 2

∴    x a t t2 2 2 24= sin cos  = −4 12 2 2a t tsin ( sin ) 

  = −4 12 2 2 2 2a y a y a( / ) ( / ) ,{ }

       [ sin ]∵ y a t=
or    a x y a y2 2 2 2 24= −( )

is the cartesian equation of the given curve.

Now we trace the curve from its cartesian equation. The curve 
is as shown in the figure.

At O , x = 0 , y = 0 and so t = 0.  

Again at  B,  x = 0 , y a=  and so t = 1

2
π .

The required area of a loop of the curve 

= ×2 area OAB        [By symmetry]

= = ⋅ ⋅
= =∫ ∫2 2

0 0

2

y

a

t
x dy x

dy

dt
dt

π /
= ∫2 2

0

2π /
sin . cosa t a t dt

I-166   



  = =∫ ∫2 2 42

0

2 2

0

2 2a t t dt a t t dt
π π/ /

sin cos sin cos  

  = ⋅4
1

3 1
12a

.
,    by Walli’s for mula 

  = 4 32a / .

Prob lem 3: Show that the area bounded by the cissoid x a sin t= 2 , y a sin t cos t= ( )/3  and its 

as ymp tote is 3 42πa / . (Purvanchal 2006, 14; Avadh 09; Rohilkhand 11)

So lu tion: Elim i nat ing t from the given para met ric equa tions, we get

y a
t

t

a x a

t

x a

x a

x

a
2 2

6

2

2 3 3

2

3 3

1 1
= =

−
=

−
=

−
sin

cos

( / )

sin

/

( / ) ( x)
⋅

Therefore the Cartesian equation of the given curve is y  (a  x) = x .2 3−  To trace this

curve see Problem 6(i) of Comprehensive Problems 1.

The curve is symmetrical about x-axis, passes through the origin, the tangent there being 
y = 0 . Also there are no real points of the curve if x < 0 or if x a> . The line x a=  is an
asymptote of the curve. When x = 0 , t = 0 and when x a= , t = π / .2

∴    The required area

= = ⋅ ⋅ = ⋅
= =∫ ∫ ∫2 2 2 2

0 0

2

0

2 3

x

a

t
y dx y

dx

dt
dt

a t

t
a

π π/ / sin

cos
sin cost t dt

= = =
⋅ √ √

=∫4 4

5

2

1

2
2 3

4

3

2

1

2
221

32

0

2 4 2 2a t dt a a
π π π/

sin
.

. .

Γ Γ

Γ
π a2

4
⋅

Prob lem 4: Find the area of the loop of the curve

  x a t= −( ) ,1 2  y at t= −( ) ,1 2  where − ≤ ≤1 1t .

So lu tion: Elim i nat ing t , we have

y a t t x t x x a x a x a2 2 2 2 2 2 2 2 21 1= − = = − = −( ) ( / ) ( )/ .{ }

Therefore ay x a x2 2= −( ) is the cartesian equation of the given curve. To trace this

curve see Problem 4(i) of Comprehensive Problems 1.

The required area of the loop

= = ⋅ ⋅
= =∫ ∫2 2

0 1

0

x

a

t
y dx y

dx

dt
dt ,

= ⋅ ⋅
=∫2

1

0

t
y

dx

dt
dt ,    [ , , ]∵when and whenx t x a t= = = =0 1 0

= − − = −∫ ∫2 1 2 4
1

0 2 2

0

1 2 4at t at dt a t t dt( ) .( ) ( )  

= −





= −





=4
1

3

1

5
4

1

3

1

5

8

15
2 3 5

0

1
2 2a t t a a .
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Prob lem 1: Find the area be tween the fol low ing curves and the given ra dii vec tors :

 (i)  The spiral r aθ1 2/ ;=  θ α= , θ β= .

(ii) The parabola l r cos/ ;= +1 θ  θ = 0 , θ α= .

So lu tion: (i)  The re quired area 

= =
=∫ ∫

1

2

1

2
2

2

θ α

β

α

β
θ

θ
θr d

a
d ,       [ ]/

∵ r aθ1 2 =

= = 





= −




∫
a

d
a a2 2 2

2

1

2 2α

β

α

β

θ
θ θ β αlog log log  

= 1

2
2a log ( ) .β/α

(ii) The required area 

= =
+∫ ∫

1

2

1

2 10

2

0

2

2

α α
θ

θ
θr d

l
d

( cos )
,

putt ing for r from the given equa tion of the curve

= =∫ ∫
1

2 2
1

2

1

2 4
1

2

2

0 2 2

2

0 4
l

d
l

dα αθ

θ

θ

θ( cos ) cos

= ∫
1

8 2
2

0

4l d
α θ θsec .

Now put 
θ
2

= t so that 
1

2
d dtθ = . Also when θ = 0 , t = 0 and when θ α= , t = 1

2
α .

∴    Required area = ∫
1

4
2

0

2 4l t dt
α /

sec

  = = +∫ ∫
1

4

1

4
12

0

2 2 2 2

0

2 2 2l t t dt l t t dt
α α/ /

. ( tan )sec sec sec

= +∫
1

4
2

0

2 2 2 2l t t t dt
α /

(tan ){ sec sec }  

= +





1

4

1

3
2 3

0

2

l t ttan tan ,
/α

   ∵ ∫ =





(tan ) (tan )t t dt t2 2 31

3
sec

= +1

4

1

2

1

3

1

2
2 3l [tan tan ] .α α

Prob lem 2: Find the area of the loop of the curve r a cos= θ θ be tween θ = 0 and θ π= / .2

(Kumaun 2003; Kanpur 09)

So lu tion: The re quired area

= =∫ ∫
1

2

1

20

2 2

0

2 2 2 2π π
θ θ θ θ

/ /
cosr d a d  
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= = +∫ ∫
a

d
a

d
2

0

2 2 2
2

0

2 2

2 4
1 2

π π
θ θ θ θ θ θ

/ /
cos ( cos )

= +∫ ∫
a

d
a

d
2

0

2 2
2

0

2 2

4 4
2

π π
θ θ θ θ θ

/ /
cos  

=












+ 





− ∫
a a a2 3

0

2
2

2

0

2 2

0

2

4 3 4

2

2 4

θ θ θ
π π / π

/
/sin

2
2

2
θ θ θ⋅ sin

d

= ⋅ + ⋅ − −





a a a2 3 2 2

0

2

12 8 8
0

4

2

2

π θ θ π /
( cos ) + ⋅ −



∫

a
d

2

0

2

4
1

2

2

π θ θ
/ cos

= + −





− 





π π θ π3 2 2 2

0

2

96 8 2
1

8

2

2

a a a
( )

sin
/

= −π π3 2 2

96 16

a a

= −π πa2
2

96
6( ) .

Prob lem 3(i): Find the area of one loop of r a cos= 4θ . (Rohilkhand 2007)

So lu tion: The given curve is r a= cos .4θ

It is symmetrical about the initial line.

One loop is obtained by two consecutive values of θ for which r is zero. We have r = 0

when cos 4 0θ =  i e. ., 4
1

2
θ π= − , 

1

2
π i e. ., θ π /= − 8, π /8. Thus two consecutive values of θ

for which r is zero are − π /8 and π / .8  Therefore one loop of the curve lies between 
θ π= − /8 and π /8 and this loop is symmetrical about the initial line θ = 0 .

Hence the area of a loop 

= ∫2
1

20

8 2π
θ

/
r d = ∫0

8 2 2 4
π

θ θ
/

cos ,a d         [ cos ]∵ r a= 4θ

= ∫
1

4
2

0

2 2a t dt
π /

cos , putting 4θ = t so that 4 d dtθ =  

= ⋅ ⋅1

4

1

2

1

2
2a π , by Walli’s formula = 1

16
2π a .

Prob lem 3(ii): Find the area of a loop of the curve r a sin= 3θ .

So lu tion: The given curve is not sym met ri cal
about the ini tial line. We have r = 0 when 

sin 3 0θ =  i e. ., 3 0θ = , π i e. ., θ = 0 , 
1

3
π . Thus two

con sec u tive val ues of θ for which r is zero are 0

and 
1

3
π . There fore one loop of the curve lies

be tween θ = 0 and 
1

3
π . In all there are three

loops as shown in the fig ure. For the first loop θ

var ies from θ = 0 to θ π= 1

3
.
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Hence the area of a loop

= ∫
1

2 0

3 2π
θ

/
r d  = ∫

1

2
3

0

3 2 2π
θ θ

/
sin ,a d        [ sin ]∵ r a= 3θ

= −∫
a

d
2

0

3

4
1 6

π
θ θ

/
( cos )  = −





1

4

1

6
62

0

3

a θ θ
π

sin
/

 = 





= ⋅a a2 2

4 3 12

π π

Note:  Also whole area of the curve r a= sin 3θ

= ×3  (area of one loop) = × =3 1 12
1

4
2 2( / ) .π πa a

Im por tant: The above curve is a par tic u lar case of the curves of the type r a n= sin θ

which have n loops when n is odd and 2n loops when n is even.

Prob lem 4(i): Find the whole area of the curve r a sin= 2θ . (Bundelkhand 2009)

So lu tion: Here the given curve is r a= sin .2θ

Comparing with r a n= sin θ we observe that 
n = 2 (i e. ., even), therefore the curve has four
loops. This curve is not symmetrical about the
initial line. Putting r = 0 , we get sin 2 0θ =  i e. ., 

2 0θ = , π i e. ., θ = 0 , 
1

2
π . Thus two consecutive

values of θ for which r is zero are 0 and 
1

2
π .

Therefore for one loop of the curve θ varies from

0 to 
1

2
π .

Now the whole area of the curve 

= ×4  area of one loop

= = =∫ ∫ ∫4
1

2
2 2 2 2

0

2 2

0

2 2 2 2

0

2 2π π π
θ θ θ θ θ

/ / /
sin sinr d a d a d  

= −∫a d2

0

2
1 4

π
θ θ

/
( cos )  = −





=a a2

0

2
24

4

1

2
θ θ π

π
sin

.
/

Prob lem 4(ii): Find the whole area of the curve r a cos= 2θ .

So lu tion: Com par ing the given equation

with r a n= cos θ we observe that n = 2 (i e. .,
even), there fore the num ber of loops 

= = × =2 2 2 4n .

This curve is symmetrical about the initial
line.

Putting r = 0 , we get cos 2 0θ =  

or  2
1

2
θ π= ±  or  θ π= ± 1

4

i e. .,  for the first loop θ varies from − π /4
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to π/4 and this loop is symmetrical about the initial line θ = 0 .

∴   Whole area of the curve = ×4 area of one loop

= × ∫4 2
1

20

2 2π
θ

/
r d  = ∫4 2

0

4 2 2π
θ θ

/
cos .a d

Now put 2θ = t so that 2 d dtθ = .  When θ = 0 , t = 0 and when  θ π= 1

4
, t = 1

2
π .

∴   The required area = =∫ ∫4
1

2
22

0

2 2 2

0

2 2a t dt a t dt
π π/ /

cos . cos

    = ⋅ ⋅ =2
1

2 2

1

2
2 2a a

π π .

Prob lem 5(i): Find the whole area of the curve r a cos b sin2 2 2 2 2= +θ θ .

So lu tion: The given curve is sym met ri cal about the ini tial line ( the equa tion of the
curve re mains un changed when θ is changed into − θ), and the curve is sym met ri cal
about the line θ π= /2 (i e y. ., -axis) as the equa tion re mains un changed when θ is changed 
into ( ) .π θ−  Also there is sym me try about the pole as the equa tion of the curve re mains
un changed when r is changed into − r .

In this curve r cannot be zero and r is real and finite for all values of θ . The figure of this
curve is roughly like that of an ellipse.

∴  Whole area of the curve = ×4  area lying in the first quadrant

= × = +
=∫ ∫4

1

2
2

0

2 2

0

2 2 2 2 2

θ

π π
θ θ θ θ

/ /
( cos sin )r d a b d  

= +∫ ∫2 22

0

2 2 2

0

2 2a d b d
π π

θ θ θ θ
/ /

cos sin

= ⋅ ⋅ + ⋅ ⋅ = +2
1

2

1

2
2

1

2

1

2

1

2
2 2 2 2a b a bπ π π ( ) .

Prob lem 5(ii): Find the area of the cardioid r a cos= −( ) .1 θ
(Agra 2001; Kumaun 02, 14)

So lu tion: The given curve is sym met ri cal about the 
ini tial line. We have r = 0 , when cos . .,θ = 1 i e  θ = 0 .
There fore the line θ = 0 is tan gent at the pole to the
curve. Also r is max i mum when cos θ = − 1 i e. ., θ π=
and then r a= 2 . When θ in creases from 0 to π , r
in creases from 0 to 2a . Thus the curve is as shown in
the fig ure.

The required area

= = −∫ ∫2
1

2
1

0

2

0

2 2π π
θ θ θr d a d( cos )

= ∫a d2

0

2 22
1

2

π
θ θ( sin )

= ∫4
1

2
2

0

4a d
π

θ θsin  = φ φ∫8 2

0

2 4a d
π /

sin ,

 [Putting 
1

2
θ = φ so that 

1

2
d dθ = φ and ad just ing the lim its]
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= ⋅ ⋅ = ⋅8
3 1

4 2 2

3

2
2

2
a

a.

.

π π

Prob lem 6(i): Show that the area of the limacon r a b cos= + θ , ( )b a<  is equal to

π ( ) .a b2 21

2
+

So lu tion: The given curve is sym met ri cal about
the ini tial line.

We have r = 0 , when cos / . .,θ = − a b i e  

θ = −−cos ( / )1 a b  which is not real because a b> .

Thus in this curve r cannot be zero. Also r is
maximum when cos . .,θ = 1 i e  θ = 0 and then 
r a b= + . Again r is minimum when cos θ = − 1 i e. ., 
θ π=  and then r a b= −  which is positive. Some
values of r and θ are as follows :

θ 0
1

3
π 1

2
π 2

3
π π

r a b+ a b+ 1

2
a a b− 1

2
a b−

Hence the curve is as shown in the figure.

∴    The required area = ×2 area above the initial line

= = +∫ ∫2
1

20

2

0

2π π
θ θ θr d a b d( cos ) ,

 putting for r from the given equation of the curve

= + +∫0

2 2 22
π

θ θ θ( cos cos )a ab b d

[ ] [ ]= + + +∫a ab
b

d2

0 0

2

0
2

2
1 2θ θ θ θ

π π π
sin ( cos )

= + + +





= + = +a
b

a
b

a b2
2

0

2
2

2 20
2

2

2 2

1

2
π θ θ π π π

π
sin

( ) .

Note : If we put b a=  or − a , we get the area of the cardioid r a= +( cos )1 θ  

or r a= −( cos ) .1 θ

Prob lem 6(ii): Prove that the sum of the ar eas of the two loops of the limacon r a b cos= + θ , 

( )b a>  is equal to π ( )/ .2 22 2a b+

So lu tion: The given curve is sym met ri cal about the ini tial line.We have r = 0 , when 

cos /θ = − a b  i e. .,  θ α= − =−cos ( / ) ,1 a b  (say). Since cos α is –ive, there fore 
1

2
π α π< < .

Now r is maximum when cos . .,θ = 1 i e  θ = 0 and then r a b= + . Also r is minimum when 
cos . .,θ = − 1 i e  θ π=  and then r a b= −  which is negative because b a< . Some values of r
and θ are as follows :
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θ 0
1

3
π 1

2
π α α θ π< < π

r a b+ a b+ 1

2
a 0 −ive a b−

Thus the curve is as shown in the figure.

 For the upper half of the larger loop  θ
varies from 0 to  α i e. ., cos ( )− −1 ab  and

for the lower half of the smaller loop θ
varies from α to π .

∴    Required sum of the areas of the two
loops

= +



∫ ∫2

1

2

1

20

2 2α

α

π
θ θr d r d

= ∫2
1

20

2π
θr d ,

by a property of definite integrals

= = +∫ ∫0

2

0

2π π
θ θ θr d a b d( cos )  

= + +∫0

2 2 22
π

θ θ θ( cos cos )a ab b d

= + +∫ ∫ ∫0

2

0

2

0

22
π π π

θ θ θ θ θa d ab d b dcos cos  

[ ]= + + ∫a b d2

0

2

0

2 20 2θ θ θ
π π /

cos

= + ⋅ ⋅ = +a b a b2 2 2 22
1

2

1

2

1

2
π π π π = +1

2
2 2 2π ( ) .a b

Prob lem 7: Cal cu late the ra tio of the area of the larger to the area of the smaller loop of the curve 

r cos= +1

2
2θ .

So lu tion: The given

curve is sym met ri cal
about the ini tial line. 

In the given equa tion of

the curve r = +1

2
2cos θ

putt ing r = 0 , we get 

cos . .,2
1

2
θ = − i e  

2 2 3θ π= ± /   or  ± 4 3π /

i e. ., θ π= ± /3 or 
± 2 3π / .
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The greatest radius vector of the loop lying between θ π= − 1

3
 and θ π= 1

3
 is given by 

θ = 0 and it is equal to 
3

2
⋅ The greatest radius vector of the loop lying between  θ π= 1

3

and θ π= 2

3
 is given by θ π= 1

2
 and its numerical value is 

1

2
⋅

Thus we observe that the larger loop lies between θ π= − /3 and θ π= /3 and it is
symmetrical about the initial line θ = 0 .

Also the smaller loop lies between θ π= /3 and θ π= 2 3/ .

Hence area of the larger loop

= = +∫ ∫2
1

2

1

2
2

0

3 2

0

3 2π π
θ θ θ

/ /
( cos ) ,r d d  

putt ing for r from the given equa tion of the curve

= + +∫0

3 21

4
2 2

π
θ θ θ

/
( cos cos ) d

= + + +∫0

3 1

4
2

1

2
1 4

π
θ θ θ

/
[ cos ( cos )] d

= + +





3

4

1

2
2

1

2

4

4 0

3

θ θ θ π
sin

sin
/

= + √ − √





= + √





= + √π π π

4

3

4

1

2

3

8

1

4

3 3

4

1

16
4 3 3( ) .

Area of the smaller loop (lying between θ π= /3 and θ π= 2 3/ )

= = +∫ ∫π

π

π

π
θ θ θ

/

/

/

/
( cos )

3

2 3 2

3

2 3 21

2

1

2

1

2
2r d d

= + + ⋅





1

2

3

4

1

2
2

1

2

4

4 3

2 3

θ θ θ

π

π /
sin

sin
,

/
 as in the 1st case

= + − √ − √





 + √ − − √

























1

2 4

1

2

3

2

3

2

1

8

3

2

3

2

π


= − √ + √





= − √





= − √ ⋅1

2 4

3

2

3

8

1

2 4

3 3

8

2 3 3

16

π π π( )

∴ Required ratio = Area of the larger loop

Area of the smaller loop
 =

+ √

− √
= + √

− √
⋅

1

16
4 3 3

1

16
2 3 3

4 3 3

2 3 3

( )

( )

π

π

π
π

Prob lem 8: Show that the area of a loop of r a cos n= θ is π a n2 4/ , n be ing in te gral. Also prove

that the whole area is π a2 4/  or π a2 2/  ac cord ing as n is odd or even.

So lu tion: The num ber of loops in r a n= cos θ will be n or 2n ac cord ing as n is odd or

even.

The given curve is symmetrical about the initial line.
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Also putting r = 0 , we have cos . .,n i eθ = 0  nθ π= − 1

2
, 
1

2
π i e. ., θ π= − / ,2n  π / .2n  Thus

two consecutive values of θ for which r is zero are − π /2n and π / .2n

∴   One loop lies between θ π= − /2n   and   θ π= /2n and it is symmetrical about the 
initial line  θ = 0.

∴ Area of one loop = ∫2
1

20

2 2. ,
/π

θr d        (By symmetry)

   = =∫ ∫0

2 2

0

2 2 2π π
θ θ θ

/ /
cos .r d a n d

n

Now put n tθ =  so that n d dtθ = . Also when θ = 0 , t = 0 and when θ π= / ,2n  t = π / .2

∴    The area of one loop = = ⋅ ⋅ = ⋅∫
a

n
t dt

a

n

a

n

2

0

2 2
2 21

2 2 4

π π π/
cos

Now if n is odd, the total number of loops will be n and the whole area 

   = ×n  area of one loop 

   = =n a n a( / ) .π π2 24
1

4

If n is even, the total number of loops will be 2n and then the whole area 

   = ×2n  area of one loop = × =2 4
1

2
2 2n a n a( / ) .π π

Prob lem 9: Trace the curve r cos sin= √ +3 3 3θ θ , and find the area of a loop.

(Garhwal 2003)

So lu tion: The given equa tion of the curve is 

r = √ +3 3 3cos sinθ θ = √ +2 3 2 3
1

2
3{ }( / ) cos sin ,θ θ (Note)

 = +2 3 3 3 3{ }sin cos cos / sin ,π/ θ π θ
            

[ sin cos ]∵
π π
3

3

2 3

1

2
= √ =and

 = + = +2 3 3 2 3 9sin ( / ) sin ( / ) .θ π θ π
Now turning the initial line through an angle − π /9 the given equation of the curve
becomes

r = − + =2 3 9 9 2 3sin ( / ) sin .θ π/ π θ
Now we shall trace the curve r = 2 3sin .θ
This curve r = 2 3sin θ will have 3 loops and is not symmetrical about the initial line.
Also putting r = 0 , we get 

sin 3 0θ =  i e. ., 3 0θ = , π i e. ., θ = 0 , π / .3

Therefore the lines θ = 0 and θ π= /3 are tangents to the curve at the pole and one loop of 
this curve lies between these two lines. For this loop r is greatest when sin . .,3 1θ = i e  
3 2θ π/= i e. ., θ π= / .6  Thus this loop bends at θ π= /6 and there r is equal to 2.

Here one loop of the curve lies in the region 0 3< <θ π / , one loop lies in the region 
π θ π/ /3 2 3< <  and one loop lies in the region 2 3π/ θ π< < .  If   θ  increases beyond π to 
2π the same branches of the curve are repeated and we do not get any new branch.

The shape of the curve is similar to that shown in Problem 3(ii). Here a = 2 .
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Now to get the location of the given curve turn the initial line back to its original
position i e. ., in the figure of Problem 3(ii), turn the initial line through an angle π / .9

The required area of a loop 

= × =∫ ∫2
1

2
4 3

0

6 2

0

6 2π π
θ θ θ

/ /
sinr d d

= − = −





= ⋅∫2 1 6 2
6

6 30

6

0

6π π
θ θ θ θ π/ /

( cos )
sin

d

Prob lem 1: Find the area out side the cir cle r a cos= 2 θ and in side the cardioid 

r a cos= +( ) .1 θ
So lu tion: The two curves in ter sect where

2 1a acos ( cos )θ θ= +  i e. ., cos θ = 1 i e. ., θ = 0 .
Be sides this the two curves also in ter sect at the
pole r = 0 . Since for all val ues of θ , 2a i ecos . .,θ  
a acos cosθ θ+ ≤ a ( cos ) ,1 + θ  there fore the
cir cle lies en tirely within the cardioid.

Hence the required area 

=  Area of the cardioid 

   − Area of the circle.

  ...(1)

Now area of the cardioid

= ∫2
1

20

2π
θr d  

= +∫0

2 21
π

θ θa d( cos )  = ∫a d2

0

44
1

2

π
θ θcos

= φ φ∫8 2

0

2 4a d
π /

cos ,        (putting 
1

2
θ = φ so that 

1

2
d dθ = φ ,

     also when θ = 0 , φ = 0 and when θ π= , φ = 1

2
π )

= 8

5

2

1

2
2 3

2a
Γ Γ

Γ
 = ⋅

⋅ ⋅ √ ⋅ √
= ⋅8

3

2

1

2
2 2 1

3

2
2

2
a

a
π π π

. .

And area of the circle = π a2, because the radius of the circle is a .

∴ From (1), the required area = − =3

2

1

2
2 2 2π π πa a a .

Prob lem 2: Find the to tal area in side r sin= θ and out side r cos= −1 θ .

So lu tion: Elim i nat ing r be tween the given equa tions, we have

sin cosθ θ= −1  
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or         sin ( cos )2 21θ θ= −

  = + −1 22cos cosθ θ

or    1 1 22 2− = + −cos cos cosθ θ θ

or    2 1 0cos (cos ) .θ θ − =
∴   cos θ = 0 or cos . .,θ = 1 i e   θ = 0 or π / .2  Thus the
two curves intersect at the points where θ = 0 and 
θ π= / .2

Draw the two curves in the same figure. The first
curve is a circle passing through the pole and the
diameter through the pole along the line θ π= / .2
The second curve is a cardioid.

∴    Required area 

= ∫
1

2 0

2 2π
θ

/
,r d  for  the curve r = sin θ

          − ∫
1

2 0

2 2π
θ

/
,r d  for the curve r = −1 cos θ

= − −∫ ∫
1

2

1

2
1

0

2 2

0

2 2π π
θ θ θ θ

/ /
sin ( cos )d d

= − −











∫

1

2
1

0

2 2
2π

θ θ θ
/

sin ( cos ) d

= −∫
1

2
2

0

2 2π
θ θ θ

/
(cos cos ) d  [ ]= − ⋅ = −





⋅sin θ π ππ /

0

2 1

2 2
1

4

Prob lem 3: Find by dou ble in te gra tion the area ly ing in side the cir cle r a= sin θ and out side

the cardioid r a= −( cos ).1 θ
So lu tion: The given cir cle is r a= sinθ  and the
cardioid is r a= −( cos )1 θ . Note that the given
cir cle passes through the pole and the di am e ter
through the pole makes an an gleπ /2  with the
ini tial line.

Eliminating r between the two equations, we
have

a asin ( cos )θ θ= −1

or  1
1

2
1

2

1

2

2
1

2
22

=
−

= =sin

cos

sin cos

cos

tanθ
θ

θ θ

θ

θ

ro
1

2

1

4
θ π=   i e. .,  θ π= / .2

Thus the two curves meet at the point where θ π= /2. Also for both the curves r = 0

when θ = 0 and so the two curves also meet at the pole O where θ = 0. To cover the
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required area the limits of integration for r are a( cos )1− θ  to asinθ and for θ are 0 to 

π /2. Therefore the required area

=
−∫∫ r d dr

a

a
θ

θ

θπ

( cos )

sin/

10

2
 =











∫

−

r
d

a

a
2

0

2

1
2

π

θ

θ

θ
/

( cos )

sin

= − −∫
1

2
12 2 2 2

0

2
[ sin ( cos ) ]

/
a a dθ θ θ

π

= − + −∫
a

d
2

2 2

0

2

2
1 2[sin cos cos ]

/
θ θ θ θ

π

= ⋅ − + ⋅ − ⋅





= −





a a2 2

2

1

2 2 2
2 1

1

2 2 2
2

2

π π π π
 = −





a2 1
4

π
 .

Prob lem 4: Find the area com mon to the cir cle r a=  and the cardioid r a cos= +( ) .1 θ
(Meerut 2007)

So lu tion: Elim i nat ing r be tween the given equa tions, we get

a a( cos )1 + =θ   or  cos θ = 0  or  θ π= ± / .2

Thus the two curves cut each other at
the point where θ π= ± / .2

Both the curves are symmetrical
about the initial line and have been
shown in the same figure.

Hence the required area

= ×2 area ABCOA , 

         (By symmetry)

= ×2 (Area OABO

  + Area OBCO)

...(1)

Now area OABO

=
=∫

1

2 0

2 2

θ

π
θ

/
,r d   for r a=

= ∫
1

2
2

0

2
a d

π
θ

/
 = =∫

1

2

1

2
2

0

2 2
0

2a d a
π πθ θ

/ /[ ]  = ⋅ = ⋅1

2 2 4
2

2
a

aπ π

And area OBCO 

= ∫
1

2 2

2

π

π
θ

/
,r d   for r a= +( cos )1 θ  

= +∫
1

2
1

2

2 2

π

π
θ θ

/
( cos )a d  = + +∫

1

2
1 22

2

2a d
π

π
θ θ θ

/
( cos cos )

= + + +∫
1

2
1 2

1

2
1 22

2
a d

π

π
θ θ θ

/
cos ( cos ){ }  

= + +∫
1

2

3

2
2

1

2
22

2
a d

π

π
θ θ θ

/
( cos cos )
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= + +





= − −





a a2

2

2

2

3

2
2

2

4 2

3

2

3

4
2

θ θ θ π π

π

π
sin

sin

/
 = −a2

8
3 8( ) .π

Hence from (1), the required area 

= + −












= −





⋅2
4 8

3 8
5

4
2

2 2
2π π πa a

a( )

Prob lem 5: Find the area of the por tion in cluded be tween the car di oids 

  r a cos= +( )1 θ  and r a cos= −( ) .1 θ
So lu tion: Elim i nat ing r be tween the given equa tions, we get

a a( cos ) ( cos )1 1+ = −θ θ   or  2 0cos . .,θ = i e   θ π= ± / ,2  

showing that the two curves meet at the points P ( / )θ π= 2  and Q ( / ) .θ π= − 2  

Also by symmetry it is clear that the required area 

= ×4 area OLPO , 

   where OLP is an arc of the cardioid r a= −( cos )1 θ

= ∫4
1

20

2 2π
θ

/
r d = −∫4

1

2
1

0

2 2 2π
θ θ

/
( cos )a d

= − +∫2 1 22

0

2 2a d
π

θ θ θ
/

( cos cos )

= − + +∫2 1 2
1

2
1 22

0

2
a d

π
θ θ θ

/
[ cos ( cos )]

= − +





= −





2
3

2
2

1

4
2 2

3

4
22

0

2
2a aθ θ θ π

π
sin sin .

/

Prob lem 6: Show that the area con tained be tween the cir cle r a=  and the curve r a cos= 5θ is

equal to three-fourth of the area of the cir cle. (Meerut 2013)

So lu tion: The curve r a= cos 5θ has five loops (∵ here n = 5 is odd). Also putt ing r = 0,

we get
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cos 5 0θ =  or 5
1

2
θ π= ±  or θ π= ±

10
.

Therefore θ varies from − π /10 to π /10
for the first loop. Also the curve is
symmetrical about the initial line.
Further giving values to θ from 0 to 2π in 
r a= cos ,5θ  we observe that the
maximum value of r is a and hence the
curve r a= cos 5θ lies completely inside
the circle r a=  as shown in the figure.

Now area of the five loops of the curve 
r a= cos 5θ

= 5 times area of the one loop

= =
− −∫ ∫5

1

2

5

2
5

10

10 2

10

10 2 2

π

π

π

π
θ θ θ

/

/

/

/
cosr d a d

= ⋅ = φ φ∫ ∫
5

2
2 5

0

10 2 2 2

0

2 2π π
θ θ

/ /
cos cos ,a d a d

[putt ing 5θ = φ so that 5 d dθ = φ ; also when θ = 0 , φ = 0
and when θ π  = / ,10  φ = π /2]

= ⋅ ⋅ =a a2 21

2

1

2

1

4
π π .

Also area of the circle = π a2.  

∴ Area contained between the two curves

= − =area of  the  circle area  of  the  curve r a cos 5θ 

= −π πa a2 21

4
 = =( / ) . ( / )3 4 3 42π a  of the area of the circle.

Prob lem 7: Find the area be tween the curve r a sec cos= +( )θ θ  and its as ymp tote.

(Purvanchal 2010)

So lu tion: The given curve is sym met ri cal about the ini tial line. When θ = 0 , r a= 2 .

The given equation of the curve can be written as

  r a a= + = +{ }( /cos ) cos ( cos ) / cos1 1 2θ θ θ θ 

or    
1

1 2r a
f=

+
=cos

( cos )
( ) ,

θ

θ
θ  say.

Now   f ( )θ = 0 gives cos . .,θ = 0 i e  θ π= / .2

Also f
a

′ = − + − −

+
⋅( )

sin ( cos ) cos ( sin cos )

( cos )
θ θ θ θ θ θ

θ

1 1 2

1

2

2 2 ...(1)

Putting θ π= /2 in (1), we get f a′ = −( / ) / .π 2 1

∴   Asymptote of the curve is 

r
a

sin ( )
( / )

θ π− =
−

1

2

1

1
  or  r a i ecos . .,θ =    r a= sec θ .
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The cartesian equation of the asymptote is x a= .

To find the area between the curve and its
asymptote.

Let OQP be a radius vector cutting the curve at P
and the asymptote r a= sec θ at Q .   Let ∠ =XOP θ .

Then the shaded area MAPQM

= −area areaOAPO OMQO .

Now area OAPO

= ∫0

21

2

θ
θr d ,   for the given curve

= +∫
1

2 0

2 2θ
θ θ θa d( cos )sec  

= + +∫
1

2
2

0

2 2 2θ
θ θ θa d( cos ) .sec

Also area OMQO

= ∫0

21

2

θ
θr d , for the st. line r a= sec θ

= ∫
1

2 0

2 2θ
θ θa dsec .

∴ The shaded area MAPQM

= + + −∫ ∫
1

2
2

1

20

2 2 2

0

2 2θ θ
θ θ θ θ θa d a d( cos )sec sec  

= +∫
1

2
2

0

2 2θ
θ θa d(cos )  = + +∫

1

2

1

2
1 2 22

0
a d

θ
θ θ{ }( cos )

= +





= +



∫

1

2

5

2

1

2
2

1

2

5

2

1

2

2

2
2

0

2

0
a d a

θ
θ θ θ θ

cos
sin

θ

= +





= +1

2

5

2

1

4
2

1

8
10 22 2a aθ θ θ θsin ( sin ) .

Now we move the point P further off along the curve. Its vectorial angle goes on
increasing and ultimately when its distance from O tends to infinity its vectorial angle
tends to π / .2

Hence the area between the curve and its asymptote lying above the x-axis 

= limit of the shaded area when θ π/→ 2

= lim [ sin ] .
/θ π

θ θ π π
→

+ = ⋅ ⋅ 





=
2

2 2
2

8
10 2

8
10

1

2

5

8

a a
a

∴ By symmetry, the total area between the curve and the asymptote 

= =2 5 8 5 42 2.( / ) / .π πa a

Aliter: The above area can also be eas ily found by chang ing the equa tion of the curve
to car te sian form. The equa tion of the curve can be writ ten as

r acos ( cos )θ θ= +1 2   or  r a acos cosθ θ− = 2
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or r r a a r2 2 2( cos ) cos ,θ θ− =  multiplying both sides by r 2 .

Now putting r xcos θ =  and r x y2 2 2= + , we get

( ) ( )x y x a ax2 2 2+ − =   or  y x a ax x x a2 2 2( ) ( )− = − −

or y x a x a x2 2 2( ) ( ) ,− = −  

which is the cartesian equation of the given curve.

Now trace the curve with the help of this cartesian equation. The curve is symmetrical
about x-axis. It meets the x-axis at the point ( , )2 0a  and the line x a=  is an asymptote of
the curve. Here origin is a conjugate point because we get imaginary tangents at the
origin. The curve does not exist in the regions x a> 2  and x a< . It exists only in the region 
a x a< ≤ 2 .

Hence the required area

= = −
−







∫ ∫2 2

22 2

a

a

a

a
y dx x

a x

x a
dx ,  

(putting for y from the given equation of the curve).

Now put x a a= + sin2 θ so that dx a d= 2 sin cos .θ θ θ

Also when x a= , sin θ = 0 or θ = 0 and when x a= 2 , sin θ = 1 or θ π= / .2

∴  The required area 

= + ⋅∫2 2
0

2 2π
θ θ

θ
θ θ θ

/
( sin )

cos

sin
sin cosa a a d

 = +∫4 12

0

2 2 2a d
π

θ θ θ
/

( sin ) cos

= +∫4 2

0

2 2 2 2a d
π

θ θ θ θ
/

(cos cos sin )

= ⋅ + ⋅







4

1

2 2

1 1

4 2 2
2a

π π.

.
,     [By Walli’s formula]

= ⋅ ⋅ +





= ⋅ ⋅ =4
1

2 2
1

1

4
4

1

4

5

4

5

4
2 2 2a a a

π π π .

Prob lem 8: O is the pole of the lemniscate r a cos2 2 2= θ and PQ is a com mon tan gent to its two 

loops. Find the area bounded by the line PQ and the arcs OP and OQ of the curve.

So lu tion: The given curve is sym met ri cal about the ini tial line and also about the pole.
The curve con sists of two loops as shown in the fig ure.
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From the figure it is clear that the common tangent to the two loops of the curve i e. ., the
line PQ is parallel to the axis of x . Thus the tangent PQ at the point P makes an angle π
with the x-axis i e. ., ψ π=  at P .

Now differentiating the given equation r a2 2 2= cos ,θ  we get

2 2 22r
dr

d
a

θ
θ= −( sin ) ,  or  

dr

d

a

rθ
θ= − ⋅

2 2sin

∴   tan
sin

cos

sin
φ = = − × = −r

d

dr

r r

a

a

a

θ

θ

θ

θ2

2

22

2

2
 = − = +cot tan ( ) .2

1

2
2θ π θ

∴     φ = +1

2
2π θ .

But for any point of the curve, 

  ψ θ θ π θ π θ= + φ = + + = +( ) .
1

2
2

1

2
3

Since at P , ψ π= , therefore at P , π π θ= +1

2
3  or θ π= / .6

Thus the vectorial angle θ of the point P is π/6 and the radius vector OP is given by 

OP a a2 2 22 6 2= =cos .( / ) / .{ }π

∴     OP a= √/ .2

Also putting r = 0 in the equation r a2 2 2= cos ,θ  we get

cos 2 0θ =   or  2 2θ π= ± /   or  θ π= ± / .4

Thus θ π= ± /4 are the tangents at the pole to the curve.

Now the required area (i e. ., the dotted area)

= 2 [ area of the ∆ OPM

          − area of the segment OPSO of the curve r a2 2 2= cos θ ]

= − =




∫2
1

2

1

2
2

6

4 2 2 2OM OP r d r a. , cos
/

/

π

π
θ θfor the curve 

= −




∫2
1

2

1

6

1

6

1

2
2

6

4 2( sin ) . ( cos ) cos
/

/
OP OP a dπ π θ θ

π

π

= − 

















2
1

2

1

6

1

6

1

2

2

2
2 2

6

4

OP asin cos
sin

/

π π θ

π /

π

= ⋅ ⋅ ⋅ √ − − √



















2
1

2 2

1

2

3

2

1

4
1

3

2

2
2a

a

= √ − + √





2

3

16

1

4

3

8
2a

= √ − + √2

16
3 4 2 3

2a
[ ]

= √ −a2

8
3 3 4( ) .
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Prob lem 1: Find the area of a loop of the curve x y a xy4 4 24+ = .

So lu tion: Chang ing the equa tion of the curve

 x y a xy4 4 24+ =  into po lar form by putt ing x r= cos ,θ  

y r= sin ,θ  we have

r a r4 4 4 2 24(cos sin ) cos sinθ θ θ θ+ =  

or r a2 2 4 44= +sin cos (cos sin ) .θ θ/ θ θ ...(1)

From (1), r = 0 , when sin θ = 0 or cos . .,θ = 0 i e  θ = 0 or 
π / .2

∴  A loop lies between θ = 0 and θ π= / .2

Hence the required area of a loop 

= =
+∫ ∫

1

2

1

2

4
0

2 2

0

2 2

4 4

π π
θ θ θ

θ θ
θ

/ / sin cos

cos sin
,r d

a
d  from (1)

=
+∫2

1

2

0

2 2

4
a d

π θ θ

θ
θ

/ tan

tan
,

sec
 dividing the Nr. and Dr. by cos .4 θ

Now put tan2 θ = t so that 2 2tan .θ θ θsec d dt=  

Also when θ = 0 , t = 0 and when θ π→ / ,2  t → ∞ .

∴    The required area

=
+

=
∞ − ∞∫a

dt

t
a t2

0 2
2 1

01
[ tan ]  = ∞ − =− −a a2 1 1 20 2[tan tan ] ( ) .π /

Prob lem 2: Find the area of a loop of the curve ( ) .x y axy2 2 2 24+ =

So lu tion: Chang ing to polars by putt ing x r= cos ,θ  y r= sin ,θ  the equa tion of the

curve be comes

( ) ( cos ) ( sin )r a r r2 2 24= θ θ  or r a= 4 2cos sin .θ θ ...(1)

From (1), r = 0 when sin2 0θ =  or cos . .,θ = 0 i e  θ = 0 or π / .2

∴  A loop lies between θ = 0 and θ π= / .2

Hence the required area of a loop 

= = ×∫ ∫
1

2

1

2
16

0

2 2 2

0

2 2 4π π
θ θ θ θ

/ /
cos sin ,r d a d     [From (1)]

= ⋅ ⋅ = ⋅8
1 3 1

6 4 2 2 4
2

2
a

a. .

. .

π π

Prob lem 3: Prove that the area of a loop of the curve x y a y x6 6 2 2 2+ =  is  π a2 12/ .

So lu tion: Put x r= cos θ and y r= sin θ to change the equa tion of the curve into po lar

form. Then the curve be comes

r a r6 6 6 2 4 2 2(cos sin ) . cos sinθ θ θ θ+ =  
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or  r a2 2 2 2 6 6= +sin cos /(cos sin ) .θ θ θ θ  ...(1)

From (1), r = 0 when sin2 0θ =  or cos . .,2 0θ = i e  θ = 0 or π / .2

∴ A loop lies between θ = 0 and θ π= / .2

Hence the required area of the loop 

= ∫
1

2 0

2 2π
θ

/
r d  =

+∫
1

2 0

2 2 2 2

6 6

π θ θ θ

θ θ

/ sin cos

cos sin

a d
   [From (1)]

=
+∫

a
d

2

0

2 2 2

22 1

π θ θ

θ
θ

/ tan

tan
,

sec
 dividing the Nr. and Dr. by cos .6 θ

Now put tan3 θ = t so that 3 2 2tan .θ θ θsec d dt=  

Also when θ = 0 , t = 0 and when θ π→ → ∞/ , .2 t

∴ The required area  

=
+

=
∞ − ∞∫

a dt

t

a
t

2

0 2

2
1

06 1 6
[ tan ]

  = ∞ −− −1

6
02 1 1a [ tan tan ]

  = ⋅ =1

6 2

1

12
2 2a a

π π .

Prob lem 4: Find the area of a loop of the curve x x y y a xy4 2 2 4 23 2+ + = .

So lu tion: Put x r= cos θ and y r= sin θ to change the equa tion of the curve into po lar

form. Then the curve be comes 

r a r4 4 2 2 4 2 23 2(cos cos sin sin ) cos sinθ θ θ θ θ θ+ + =

or r
a2
2

4 2 2 43 2
=

+ +
⋅sin cos

cos cos sin sin

θ θ

θ θ θ θ
 ...(1)

From (1), r = 0 when  sin θ = 0 or cos . ,θ = 0 i e  θ = 0 or π / .2

∴ A loop lies between θ = 0 and θ π= / .2

Hence the required area of the loop

= ∫
1

2 0

2 2π
θ

/
r d

=
+ +∫

1

2 3 20

2 2

4 2 2 4

π θ θ θ

θ θ θ θ

/ sin cos

cos cos sin sin
,

a d
[From (1)]

=
+ +∫

a d2

0

2 2

2 42 1 3 2

π θ θ θ

θ θ

/ tan

tan tan
,

sec

     dividing the Nr. and Dr. by cos .4 θ
Now put tan2 θ = t so that  2 2tan θ θ θsec d dt=  and the new limits are t = 0 to t = ∞ .

∴    The required area 

=
+ +

∞

∫
a dt

t t

2

0 24 1 3 2
 =

+ +

∞

∫
a dt

t t

2

04 1 1 2( ) ( )
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=
+

−
+









∞

∫
a

t t
dt

2

04

2

1 2

1

1
,                  [By partial fractions]

= + − +





= +

+








∞
a

t t
a t

t

2

0

2

4
1 2 1

4

1 2

1
log ( ) log ( ) log











∞

0

= +
+









− +
+


→ ∞

a t

t

a t

tt

2 2

4

1 2

1 1 4

1 2

1
lim log

( / )

( / )
log 






 =t 0

(Note)

= − =1

4
2 1

1

4
1 1

1

4
22 2 2a a a[log ( / )] [log ( / )] log .

Prob lem 5: Prove that the area of  a loop of the curve x y a x y5 5 2 25+ =  is five times the area

of one loop of the curve r a cos2 2 2= θ . (Purvanchal 2014)

So lu tion: Chang ing the equa tion of the curve x y a x y5 5 2 25+ =  into po lar form by

putt ing x r= cos θ and  y r= sin ,θ  we get

r ar5 5 5 4 2 25(cos sin ) cos sinθ θ θ θ+ =

or r a= +sin cos /(cos sin ) .2 2 5 5θ θ θ θ ...(1)

From (1), r = 0 when sin2 0θ =  or cos2 0θ =  i e. ., when θ = 0 or θ π= / .2

∴ The loop of the curve (1) lies between θ = 0 and θ π= / .2

Hence the required area of the loop of x y a x y5 5 2 25+ =

= ∫
1

2 0

2 2π
θ

/
r d

=
+∫

1

2

25
0

2 2 4 4

5 5 2

π θ θ

θ θ
θ

/ sin cos

(sin cos )
,

a
d    [From (1)]

=
+∫

25

2 1

2

0

2 4 2

5 2

a dπ θ θ θ

θ

/ tan

(tan )
,

sec
 dividing the Nr. and Dr. by cos .10 θ

Now put tan5 1θ + = t so that 5 4 2tan .θ θ θsec d dt=  Also when θ = 0 ,

t = + =1 0 1tan  and when θ π→ /2, t → ∞ .

∴   The area of the loop 

  = =
∞ ∞

∫ ∫
25

2

1

5

5

2

12

1 2

2

1 2

a

t

dt a

t
dt

  = −





= ⋅
∞

5

2

1 5

2

2

1

2a

t

a

Also from Example 13, the area of one loop of the curve r a a2 2 22
1

2
= cos .θ is

      (Deduce it here.)

Thus the area of a loop of x y ax y5 5 2 25+ =  is

= = =5

2
5

1

2
52 2a a.( ) .     [ cos ]area of a loop of r a2 2 2= θ
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Mul ti ple Choice Ques tions

 1. The area bounded by the axis of x , the curve y x= sin2  and the ordinates

x = 0, x = π
2

 is

 = = = ⋅ = ⋅∫ ∫0

2

0

2 2 1

2 2 4

π π π π/ /
siny dx x dx

 2. The curve 3 2 2ay x x a= −( )  meets the x-axis where y = 0 i e. ., where

 x x a( )− =2 0 i e. ., where x = 0 or where x a= .

When 0 2< <x a y,  is positive i e. ., y is real. So, the loop of the curve lies

 between x x a= =0, .

 3. The given curve is r a2 2 2= cos ,θ which is symmetrical about the

 initial line.

We have r = 0 when cos 2 0θ =  i e. ., when 2
2

θ π= −  or 2
2

θ π=  i e. ., when

θ π= −
4

 or θ π= ⋅
4

 Thus, two consecutive values of θ for which r is zero are

− π /4 and  π/4. So, one loop of the curve lies between the lines θ π= − /4
and θ π= /4 and it is symmetrical about the initial line.

∴  Area of one loop of the curve r a2 2 2= cos θ

 = =∫ ∫2
1

2
2

0

4 2

0

4 2. cos
/ /π π

θ θ θr d a d  

= 





= −





=a
a a2

0

4 2 22

2 2 2
0

2

sin
sin sin .

/θ ππ

 4. See Problem 3 (ii) of Comprehensive Problems 1.

 5. Required area = = = = =∫ ∫
1

2

1

2

1

2

2

20

2 2

0

2 2 2
0
2

2
2π π πθ θ θ π πr d a d a

a
a[ ] .

 6. See Problem 8 of Comprehensive Problems 4.

 7. See article 1.

 8. See Example 2.

 9. See Example 4.

10. See Example 15.

Fill in the Blanks

 1. See article 1.

 2. See article 2.
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 3. The required area 

= =∫ ∫
1

2

1

2
2 2 2

α

β

α

β θθ θr d a e dm  

=












= −1

2 2 4
2

2 2
2 2a

e

m

a

m
e e

m
m m

θ

α

β
β α( ).

 4. The number of loops in the curve r a n= sin θ is n if n is odd and is 2 n if n is

even. Here, n = 3 which is odd. So, the curve r a= sin 3θ has three loops.

 5. The required area 

    = = 



∫ ∫0 0

a a
ydx c

x

c
dxcosh  = 





= −





=c c
x

c
c

a

c
c

a

c

a

sinh sinh sinh sinh .
0

2 20

True or False

 1. See article 5.

 2.  The number of loops in r a n= cos θ is 2n or n according as n is even or odd.

 3. See Example 12.

 4. See Problem 3 (ii) of Comprehensive Problems 1.

❍❍❍
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Prob lem 1(i): Find the arc length of the curve y x log x from x to x= − = =1

2

1

4
1 22  .

(Meerut 2012B)

So lu tion: The given curve is y x x= −1

2

1

4
2 log . ...(1)

Differentiating (1) w.r.t. x , we get 
dy

dx
x

x

x

x
= − = − ⋅1

4

4 1

4

2

∴   Required length of the curve

= + 
















= + −




∫ ∫1

2 2

1

2 2 2

2
1 1

4 1

16

dy

dx
dx

x

x

( ) 



dx

= + = +



∫ ∫1

2 2

1

24 1

4

1

4

x

x
dx x

x
dx = +









 = +x x2

1

2

2 4

3

2

1

4
2

log
log .

Prob lem 1(ii): Find the length of the curve y log e ex x= − +[( )/( )]1 1   from x = 1 to x = 2 .

(Agra 2001, 02, 06; Meerut 04B; Avadh 08;
Kanpur 11; Kashi 13; Rohilkhand 13)

So lu tion: The given curve is y e ex x= − +log [( )/( )]1 1  

or y e ex x= − − +log ( ) log ( ) .1 1 ...(1)

Differentiating (1) w.r.t. x , we get 
dy

dx

e

e

e

e

e

e

x

x

x

x

x

x
=

−
−

+
=

−
⋅

1 1

2

12( )

Now 
ds

dx

dy

dx

e

e

ex

x

x





= + 





= +
−









= +
2 2

2

2
2

1 1
2

1
1

4

( )e x2 21−

          = − +

−
= +

−
⋅( )

( )

( )

( )

e e

e

e

e

x x

x

x

x

2 2 2

2 2

2 2

2 2

1 4

1

1

1

Measuring the arc length s in the direction of x increasing, we have

ds

dx

e

e

e e

e e

x

x

x x

x x
= +

−
= +

−

−

−

2

2

1

1
, dividing the Nr. and the Dr. by e x 
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or ds
e e

e e
dx

x x

x x
= +

−

−

−
.

∴   The required length s1 is given by

s
e e

e e
dx

x x

x x1
1

2
= +

−∫
−

−
 = −





−log ( ) ,e ex x

1

2

 

numerator being the diff. coeff. of denominator

   = − − −− −log ( ) log ( )e e e e2 2 1  

   = − −log [ ( / ) ( / ) ]{ }/{ }e e e e2 21 1  = +log ( / ) .e e1

Prob lem 2(i): Show that in the cat e nary y c cosh x c= ( / ) , the length of arc from the ver tex to

any point is given by s c sinh x c= ( / ) .

So lu tion: The given cat e nary is y c x c= cosh ( / ) . ...(1)

The point A c( , )0  is the vertex of the catenary and let P x y( , ) be any point on it. We
have to find the length of arc AP for which x varies from x = 0 to x x= .

Differentiating (1) w.r.t. x , we have 

dy

dx
c

c

x

c

x

c
= ⋅ = ⋅1

sinh sinh

If s denotes the arc length of the catenary measured in the direction of x increasing, then

ds

dx

dy

dx

x

c

x= + 
















= +





=1 1
2

2sinh cosh
c

or ds x c dx= cosh ( / ) .

Integrating, we have 

0 0 0

s x x

ds
x

c
dx c

x

c
c

x

c∫ ∫= = 





=cosh sinh sinh  or s c x c= sinh ( / ) , 

which is the required arc length.

Prob lem 2(ii): If s be the length of the arc of the cat e nary y c cosh x c= ( / ) from the ver tex ( , )0 c

to the point ( , )x y , show that s y c2 2 2= − . (Lucknow 2005)

So lu tion: The given curve is y c x c= cosh ( / ) . ...(1)

Proceeding as in Problem 2(i), the length s of arc extending from the vertex ( , )0 c  to
any point ( , )x y  is given by s c x c= sinh ( / ) . ...(2)

Squaring and subtracting (2) from (1), we get

 y s c x c c x c c2 2 2 2 2 2 2− = − =cosh ( / ) sinh ( / )  

or  y c s2 2 2− = . This was to be proved.

Prob lem 3(i): Find the length of an arc of the pa rab ola y ax2 4=   mea sured from the ver tex.

So lu tion: Let the given pa rab ola be y ax2 4= . ...(1)
Differentiating (1) w.r.t. x, we get 2 4y dy dx a( / ) .=
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∴ dy dx a y/ /= 2    or    dx dy y a/ / .= 2

If s denotes the arc length of the parabola y ax2 4=  measured from the vertex O to any

point P x y( , ) lying on the upper half of the parabola, then s increases as y increases.

∴    The required length of arc s
dx

dy
dy

y
= +




















∫0

2

1                 (Note)

= +








 = √ +∫ ∫0

2

2 0

2 21
4

1

2
4

y yy

a
dy

a
y a dy( )  

= √ + + + √ +










1

2 2
4

4

2
42 2

2
2 2

0
a

y
y a

a
y y a

y

( ) log ( ){ }

= √ + + + √ + −1

4
4 4 4 4 22 2 2 2 2 2

a
y y a a y y a a a[ ( ) log ( ) log ]{ }

= √ + + + √ +



















⋅1

4
4 4

4

2
2 2 2

2 2

a
y y a a

y y a

a
( ) log

( )

Prob lem 3(ii): Find the length of the arc of the pa rab ola y ax2 4=  cut off by its latus rec tum.

(Kumaun 2001)

So lu tion: Here we have to find the arc length L OL′ , which is dou ble of the length

found in Example 2.

Prob lem 4(i): Find the length of the arc of the pa rab ola x ay2 4=  from the ver tex to an

ex trem ity of the latus rec tum. (Kanpur 2008; Purvanchal 09)

So lu tion: The given pa rab ola is x ay2 4= , ...(1)

whose vertex is the point (0, 0) and whose axis is along the y-axis.

Let s1 denote the arc length of the parabola measured from the vertex O ( , )0 0  to an
extremity of the latus rectum ( , )2a a .

Differentiating (1) w.r.t. x , we get

2 4x a dy dx= ( / ) or ( / ) / .dy dx x a= 2

∴   The required arc length s
dy

dx
dx

a

1
0

2 2

1= + 
















∫          (Note)

= +








= √ +∫ ∫0

2 2

2 0

2 2 21
4

1

2
4

a ax

a
dx

a
x a dx( )

= √ + + + √ +










1

2 2
4

4

2
42 2

2
2 2

0

2

a

x
x a

a
x x a

a

( ) log ( ){ }

= √ + + √a [ log ( )].2 1 2        [Proceeding as in Example 2]
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Prob lem 4(ii): Find the length of the arc of the pa rab ola x y2 8=  from the ver tex to an

ex trem ity of the latus rec tum.

So lu tion: Pro ceed ex actly as in part (i). Here a = 2 .

Prob lem 5(i): Find the length of the arc of the pa rab ola y ax2 4=  cut off by the line y x= 3 .

So lu tion: We have y ax2 4= ...(1)

and          y x= 3 . ...(2)

Substituting for x in (1) from (2), we get

y a y2 4 3= . ( / ) or 3 4 02y ay− =  giving y = 0, 4 3a / .

∴ From (2), the corresponding values of x are 0 and 4 9a / . Hence the points of
intersection of the parabola and the given line are ( , )0 0  and ( / , / ).4 9 4 3a a

Also differentiating (1) w.r.t. x, we get 2 4y dy dx a( / ) .=
∴ dy dx a y/ /= 2  or dx dy y a/ / .= 2
If s denotes the arc length of the parabola measured from the point ( , )0 0  to the point 
( / , / )4 9 4 3a a  , then

s
dx

dy
dy

y

a

a a
= +























= +








∫ ∫0

4 3
2

0

4 3 2

2
1 1

4

/ /

 dy 

    = √ +∫
1

2
4

0

4 3 2 2

a
y a dy

a /
( )

    = √ + + + √ +










1

2 2
4

4

2
42 2

2
2 2

0

4 3

a

y
y a

a
y y a

a

( ) log ( )

/

{ }

    = ⋅ √ +1

2

1

2

4

3

16

9
42 2

a
a a a[ ( ) 

 + + √ + −2
4

3

16

9
4 2 22 2 2 2a a a a a alog ( ) log ( )]{ }

    = ⋅ √ + + √ −1

2

2

3

2

3
13 2

4

3

2

3
13 2 22 2

a
a a a a a a a[ ( ) log ( ) log ( )]{ }

    = √ + + √a [ ( ) log ( ) ]
2

9
13

2

3

1

3
13{ }  

= √ + + √















 ⋅a

2

9
13

2 13

3
( ) log

( )

Prob lem 5(ii): Show that the length of the arc of the pa rab ola y ax2 4=  which is in ter cepted

be tween the points of in ter sec tion of the pa rab ola and the straight line 3 8y x=  is a ( )log 2
15

16
+ ⋅

(Gorakhpur 2006; Purvanchal 06)

So lu tion: Solv ing y ax2 4=  and 3 8y x=  for y, we get

y a y2 4 3 8= .( / ) or 2 3 02y ay− =  or y a= 0 3 2, / .

Thus the parabola and the straight line intersect at the points where y = 0 and 3 2a / . We 
need not find the x-coordinates of these points.

Also differentiating y ax2 4= , we get
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2 4y dy dx a( / ) =  or dy dx a y/ /= 2  or dx dy y a/ / .= 2

∴  If s denotes the arc length of the parabola measured in the direction of y increasing,
then

ds

dy

dx

dy a
a y= +




















= √ +1

1

2
4

2
2 2( )   or   ds

a
a y dy= √ +1

2
4 2 2( ) .

Let s1 denote the required arc length from y = 0 to y a= 3 2/ . Then

 
0

1

0

3 2 2 21

2
4

s a
ds

a
a y dy∫ ∫= √ +

/
( )

or       s
a

y
a y

a
y a y

a

1
2 2

2
2 2

0

3 2
1

2 2
4

4

2
4= √ + + + √ +









( ) log ( )

/

{ }

    =








 + +

















1

4

3

2

25

4
4

3

2

25

4

2
2

2

a

a a
a

a a
log 




−















4 22a alog

    = +a [ log ] .
15

16
2

Prob lem 6(i): Find the per im e ter of the curve x y a2 2 2+ = .

(Avadh 2010; Rohilkhand 13B)

So lu tion: The equa tion of the curve is x y a2 2 2+ = . ...(1)

Here the curve is the standard equation of the circle with centre ( , )0 0  and radius a . Also
it is symmetrical about both the axes. So the required perimeter will be four times the arc 
length lying in the first quadrant i e. ., between x = 0 to x a= .

Differentiating (1), w.r.t. x, we get 2 2 0x y dy dx+ =( / )

or ( / ) ( / ) / ( ).dy dx x y x a x= − = − √ −2 2 [From (1)]

∴  The required perimeter

= ×4 {length of the arc in the first quadrant from ( , )0 a  to ( , )a 0 }

= + 















=∫4 1

0

2

x

a dy

dx
dx = +

−









∫4 1

0

2

2 2

a x

a x
dx , putting for 

dy

dx

=
√ −

= 









∫ −4 4

0 2 2
1

0

a
dx

a x
a

x

a

a a

( )
sin  

= − = − =− −4 1 0 4
1

2
0 21 1a a a[sin ( ) sin ( )] [ ] .π π

Prob lem 6(ii): Find the length of the arc of the semi-cu bical pa rab ola ay x2 3=  from the ver tex

to the point ( , ).a a (Bundelkhand 2010; Kanpur 15)

So lu tion: The given curve is  ay x2 3= . ...(1)

It is symmetrical about the x-axis. We have to find the length of the arc from x = 0 to 
x a=  in the first quadrant.
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Differentiating (1) w.r.t. x, we get  2 3 2ay dy dx x( / ) .=

∴ dy

dx

x

ay

x

a x a
= =3

2

3

2

2 2

3 1 2( / )
,

/
 substituting for y from (1) 

           = 3

2
1 2 1 2( / ) ./ /x a

∴  Required length = + 

















= +





=∫ ∫x

a ady

dx
dx

x

a
dx

0

2

0
1 1

9

4
 

     =
√

+∫
1

2
9 4

0

1 2

a
x a dx

a
( ) /  =

√
⋅ + ⋅





1

2

2

3
9 4

1

9
3 2

0a
x a

a

( ) /

     =
√

−1

27
13 43 2 3 2

a
a a[( ) ( ) ]/ /  = √ −( / ) . [ ( ) ].a 27 13 13 8

Prob lem 7(i): Show that the length of the arc of the curve  x a e y a2 2 1= −( )/   mea sured

from the or i gin to the point ( , )x y  is a log a x a x x{ }( )/( ) .+ − − (Rohilkhand 2010B)

So lu tion: The given equa tion of the curve is x a e y a2 2 1= −( )/

or e
x

a

y a/ = −1
2

2
 or 

y

a

x

a
= −









log 1

2

2

or y a
a x

a
= −







log

2 2

2
 or y a a x a a= − −log ( ) log2 2 2 ...(1)

Differentiating (1) w.r.t. x, we get 
dy

dx
a

x

a x
= ⋅ −

−
⋅2

2 2

∴ Required arc length = + 

















= +
−


∫ ∫a

x xdy

dx
dx

a x

a x
1 1

4
2

1 2

0

2 2

2 2 2

/

( )







1 2/

dx

                = +

−









 = − +

−









∫ ∫0

2 2

2 2 0

2

2 2
1

2x xa x

a x
dx

a

a x
dx (Note)

                = − + ⋅ +
−









 = +

−
−x a

a

a x

a x
a

a x

a x
x

x

2
1

2
2

0

log log .

Prob lem 7(ii): Prove that the length of the loop of the curve 3 2 2ay x x a= −( )  is  4 3a / .

(Meerut 2005B, 08, 09B)

So lu tion: The given curve is sym met ri cal about the x-axis.

At y = 0, we have x = 0 and x a= . So for the loop, x varies from 0 to a . 

The equation of the given curve is

3 2 2ay x x a= −( ) .

Taking logarithm, we have

log log3 2a y+  = + −log log ( ) .x x a2

Now differentiating w.r.t. x, we get 
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2 1 2 3

y

dy

dx x x a

x a

x x a
= +

−
= −

−
⋅

( )

Thus 
dy

dx

x a

x x a

y





= −

−
⋅

2 2

2 2

23

4

( )

( )

                 = − −

−

( ) ( )

( ) .

3

12

2 2

2 2

x a x x a

x x a a

      = − ⋅( )3

12

2x a

ax

∴  
ds

dx

dy

dx
= + 
















1

2

    = + −







= +
√

⋅1
3

12

3

12

2( )

( )

x a

ax

x a

ax

∴   The required length of the whole loop 

   = + 
















∫2 1

0

2a dy

dx
dx             [By symmetry]

   = +
√

=
√

+∫ ∫ −2
3

12

1

3
3

0 0

1 2 1 2a ax a

ax
dx

a
x ax dx

( ) ( )
( )/ /

   =
√

⋅ +





=
√

=
√

⋅1

3
3

2

3
2

1

3
4

4

3
3 2 1 2

0

3 2

( ) ( )
[ ]/ / /

a
x ax

a
a

a
a

Prob lem 8(i): Find the per im e ter of the loop of the curve 9 2 52 2ay x a x a= − −( ) ( ) .

So lu tion: The given equa tion of the curve is 9 2 52 2ay x a x a= − −( ) ( ) . ...(1)

Shifting the origin to the point ( , )2 0a , the equation (1) becomes 9 32 2ay x x a= −( ) .

Now this is similar to the curve of Problem 7(ii). (Here we have 3a in place of a). So to
find the required length, proceed exactly as in Problem 7(ii). The required length is

= +
√

= √∫2
4

4 3
0

3a x a

ax
dx a

( )
.

Prob lem 8(ii): Show that the whole length of the curve  x a x a y is a2 2 2 2 28 2( ) .− = √π
(Bundelkhand 2006; Purvanchal 11)

So lu tion: The given curve is

x a x a y2 2 2 2 28( ) .− = ...(1)

The curve (1) is symmetrical about both the axes
and it passes through the origin. Putting y = 0 in
the given equation of the curve, we get

x a x2 2 2 0( )− =

i e. ., x x a= = ±0, .
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So the curve passes through the points ( , )0 0 , ( , )a 0  and ( , )− a 0 . Therefore for one loop x
varies from 0 to a .

∴ The required whole length of the curve

= ×4 length of the half loop (lying above x-axis) 

= + 
















∫4 1

0

2a dy

dx
dx . ...(2)

Now differentiating (1) w.r.t. x , we get

16 2 42 2 3a y
dy

dx
a x x= −  or 

dy

dx

a x

a y
x= −( )

.
2 2

2

2

8

∴ 1 1
2

64

2 2 2 2 2

4 2
+ 





= + −dy

dx

x a x

a y

( )

                = + −

−
1

2

8

2 2 2 2

2 2 2 2

x a x

a x a x

( )

( )
,   [Substituting for 8 2 2a y  from (1)]

             = + −

−
= −

−
⋅1

2

8

3 2

8

2 2 2

2 2 2

2 2 2

2 2 2

( )

( )

( )

( )

a x

a a x

a x

a a x

∴   From (2), the required whole length of the curve

= −

−









∫4
3 2

80

2 2 2

2 2 2

a a x

a a x
dx

( )

( )
 =

√
−

√ −∫
2

2

3 2
0

2 2

2 2a

a x

a x
dx

a( )

( )
 

= √ −

√ −
+

√ −









∫

2 2
0

2 2

2 2

2

2 2a

a x

a x

a

a x
dx

a ( )

( ) ( )
(Note)

= √ √ − + √

√ −∫ ∫
2

2
2

0

2 2

0

2

2 2a
a x dx

a

a

a x
dx

a a
( )

( )

= √ √ − +








 + √ 


− −2 2

2 2
2

2 2 2
1

0

1

a

x a x a x

a
a

x

a

a
( )

sin . sin
 0

a

 

= √ + ⋅










2 2
0

2 2

2

a

a π
 = √ = √2

2
2. . .a a

π π

Prob lem 1(i): Find the whole length of the curve (astroid) x a cos t y a sin t= =3 3, .

(Rohilkhand 2011)

So lu tion: The given para met ric equa tions of the astroid are

x a t y a t= =cos , sin .3 3
...(1)

The shape of the curve is as shown in the figure of Example 4.

We have dx dt a t t dy dt a t t/ cos sin , / sin cos .= − =3 32 2
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The astroid is symmetrical about both the axes. For the arc of the astroid lying in the first 
quadrant, we have t = 0 at the point ( , )a 0  and t = π /2 at the point ( , )0 a .

Now    
ds

dt

dx

dt

dy

dt






= 





+ 





2 2 2

 = +9 92 4 2 2 4 2a t t a t tcos sin sin cos

            = +9 2 2 2 2 2a t t t tsin cos (sin cos ) = ( sin cos ) .3 2a t t ...(2)

If s denotes the arc length of the astroid measured from the point t = 0 to any point P
towards the point t = π /2, then s increases as t increases. Therefore ds dt/  will be taken
with positive sign. So taking square root of both sides of (2), we have

ds dt a t t/ sin cos= 3   or  ds a t t dt= 3 sin cos .

Let s1 denote the arc length of the astroid lying in the first quadrant. Then

0

1

0

2
3

s
ds a t t dt∫ ∫=

π /
sin cos  or s a

t a
1

2

0

2

3
2

3

2
=









 = ⋅sin

/π

Whole length of the curve

= ×4 length of the curve lying in the Ist quadrant = =4 3 2 6. ( / ) .a a

Prob lem 1(ii): Find the whole length of the curve (Hypocycloid)

  x a cos t y b sin t= =3 3, .

So lu tion: The given curve is sim i lar to that of part (i) i e. ., the curve is sym met ri cal

about both the axes and in the first quad rant t var ies from 0 to 
1

2
π .

Here dx dt a t t dy dt b t t/ cos sin , / sin cos .= − =3 32 2

∴ The required whole length of the curve

= ×4 length of the curve in the first quadrant 

= 





+ 
















∫4

0

2 2 2π / dx

dt

dy

dt
dt

= √ +∫4 9 9
0

2 2 4 2 2 4 2π /
cos sin sin cos{ }a t t b t t dt

= √ +∫4 3
0

2 2 2 2 2π /
sin cos ( cos sin ) .t t a t b t dt

Now put a t b t z2 2 2 2 2cos sin ,+ =  

so that ( sin cos sin cos ) .− + =2 2 22 2a t t b t t dt z dz

∴   sin cos /( ) .t t dt z b a dz= −{ }
2 2

Also z a=  when t = 0 and z b=  when t = π / .2

Hence the required length 

= ⋅
−

=
−∫ ∫12

12
2 2 2 2

2

a

b

a

b
z

z dz

b a b a
z dz

=
−









 = −

−
= ⋅ + +

+
⋅12

3
4 4

2 2

3 3 3

2 2

2 2

b a

z b a

b a

b ab a

b a
a

b
( )
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Prob lem 2: Rec tify the curve or find the length of an arch of the curve

  x a t sin t y a cos t= + = −( ), ( ).1 (Rohilkhand 2000, 09B)

So lu tion: Dif fer en ti at ing the given para met ric equa tions of the cycloid w.r.t. t , we

have

dx dt a t/ ( cos )= +1

and dy dt a t/ sin .=
If we measure the arc length s in the direction
of t increasing, we have

ds

dt

dx

dt

dy

dt
= 





+ 
















√

2 2

 

    = √ + +{ }a t a t2 2 2 21( cos ) sin

    = + + +a t t t{ }1 22 2 1 2cos cos sin /

    = √ + = √ =a t a t a t2 1 2 2
1

2
2

1

2
1 2 2 1 2( cos ) ( cos ) cos ./ /

∴    ds a t dt= 2
1

2
cos .

For an arch of the given cycloid lying between two successive cusps t varies from − π
to π .  Also this arch is symmetrical about the y-axis and we have  t = 0 at the vertex 
O.

∴ The required whole length of the arch

= × = =    t    to t  p2 0length of the arc from

= = = 



∫ ∫2 2

1

2
4

1

2
4 2

1

20 0 0

π π π
a t dt a t dt a tcos cos sin

= − =4 2 0 8a a[ ] .

Prob lem 3: Prove that the length of an arc of the cycloid x a t sin t y a cos t= + = −( ), ( )1

from the vertex to the point ( , )x y  is √( ) .8ay (Bundelkhand 2007; Meerut 12)

So lu tion: Let s de note the arc length of the cycloid mea sured from the ver tex to any
point P (i e. ., from t = 0 to t t= ).

Then proceeding as in Problem 2, the required arc length

  s
dx

dt

dy

dt
dt a

t t
= 





+ 
















=∫ ∫0

2 2

0
2

1
cos

2
t dt

     = 





=2 2
1

2
4

1

20
a t a t

t

sin sin  = √( . sin )8 2
1

2
2 2a t

  = √ − = √{ }8 1 8a a t ay. ( cos ) ( ).       [ ( cos )]∵ y a t= −1

Prob lem 4: Find the length of the arc of the curve x e sin t y e cos tt t= =, ,  from t = 0 to 

t = 1

2
π .

(Kumaun 2000, 08; Kanpur 09)
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So lu tion: The given equa tions of the curve are x e t y e tt t= =sin , cos .

Differentiating w.r.t. t, we have

dx dt e t e t e t tt t t/ cos sin (cos sin )= + = +

and dy dt e t e t e t tt t t/ ( sin ) cos (cos sin ).= − + = −

∴     The required arc length = 





+ 
















∫0

2 2 2π / dx

dt

dy

dx
dt

= √ + + −∫0

2 2 2 2 2π /
(cos sin ) (cos sin ){ }e t t e t t dtt t

= √ +∫0

2 2 22
π /

(cos sin )e t t dtt
{ } = =∫2 2

0

2

0
2π π/ /[ ]e dt et t

= −2 12[ ]./eπ

Prob lem 5: Show that in the epi-cycloid for which

 x a b cos b cos a b b= + − +( ) ( )/ ,θ θ{ }  y a b sin b sin a b b= + − +( ) ( )/ ,θ θ{ }

the length of the arc measured from the point θ π= b a/  is { } { }4 2b a b a cos a b( )/ ( / ) .+ θ

So lu tion: Dif fer en ti at ing the given equa tions of the epicycloid w.r.t. θ, we have

dx d a b b a b b a b b/ ( ) ( sin ) [ sin ( ) / ] . [( )/ ]θ θ θ= + − − − + +{ }

         = − + − +( ) [sin sin ( )/ ]a b a b bθ θ{ }

and         dy d a b b a b b a b b/ ( ) (cos ) [cos ( )/ ] . ( )/θ θ θ= + − + +{ } { }

         = + − +( ) [cos cos ( )/ ] .a b a b bθ θ{ }

We have 
ds

d

dx

d

dy

dθ θ θ






= 





+ 





2 2 2

 

    = + − +







+ − +










( ) sin sin cos cosa b

a b

b

a b

b

2
2 2

θ θ θ θ








= + + + − +


( ) sin sin sin sina b
a b

b

a b

b

2 2 2 2θ θ θ θ

+ + + − + 


cos cos cos cos2 2 2θ θ θ θa b

b

a b

b

= + + − + + +











( ) sin sin cos cosa b
a b

b

a b

b

2 1 1 2 θ θ θ θ  

= + −





= +2 1 4
2

2 2 2( ) cos ( ) sin .a b
a

b
a b

a

b
θ θ ...(1)

If s denotes the arc length of the epicycloid measured from the point θ π= b a/  to the
point θ θ=  in the direction of θ decreasing, then s increases as θ decreases. Therefore 
ds d/ θ will be negative. So taking square root of both sides of (1) and keeping the
negative sign, we have

ds

d
a b

a

bθ
θ= − +2

2
( ) sin (Note)

or ds a b a b d= − +2 2( ) sin ( / ) .θ θ
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The required length s is now given by

    s a b a b d
b a

= − +∫ π

θ
θ θ

/
( ) sin ( / )2 2  = − + ⋅ −





2
2

2
( ) cos

/
a b

b

a

a

b b a
θ

π

θ

    = + −





= +4

2 2

4

2

b a b

a

a

b

b a b

a

a

b

( )
cos cos

( )
cos .

θ π θ

Prob lem 6: In the el lipse x a cos y b sin= φ = φ, , show that

     ds a e cos d= √ − φ φ( ) ,1 2 2

and hence show that the whole length of the ellipse is

2 1
1

2 1

1 3

2 4 3

1 3 5

2 4 6

2 2 2 4
πa

e e− 





⋅ −






 ⋅ −





.

.

. .

. .



 ⋅ −















2 6

5

e
… ,

where e is the eccentricity of the ellipse. (Meerut 2005)

So lu tion: The given equa tions of the el lipse are x a y b= φ = φcos , sin .

We have dx d a dy d b/ sin , / cos .φ = − φ φ = φ
If we measure the length s in the direction of φ increasing,

ds

d

dx

d

dy

dφ
=

φ






+
φ



















2 2

 = √ φ + φ( sin cos )a b2 2 2 2

  = √ φ + − φ{ }a a e2 2 2 2 21sin ( ) cos ,

               [∵ for ellipse, b a e2 2 21= −( ) ]

  = √ − φa e( cos ) .1 2 2

∴        ds a e d= √ − φ φ( cos ) .1 2 2 ...(1)

Also the ellipse is symmetrical about both the axes and in the first quadrant φ varies from 

0 to 
1

2
π . Therefore whole length of the ellipse = ×4 length of the ellipse lying in the first

quadrant

  = √ − φ φ∫4 1
0

2 2 2π /
( cos ) ,a e d   [ From (1)]

  = − φ φ∫4 1
0

2 2 2 1 2a e d
π / /( cos )  

  = − φ − φ − φ −


∫4 1
1

2

1

2 4

1 3

2 4 60

2 2 2 4 4 6 6a e e e
π /

cos
.

cos
.

. .
cos …







 φd ,

[On ex pand ing by bi no mial the o rem]

  = φ − φ φ − φ φ



 ∫ ∫ ∫4 1

2 2 40

2 2

0

2 2
4

0

2 4a d
e

d
e

d
π π π/ / /

. cos
.

cos

      − φ φ −



∫

1 3

2 4 6
6

0

2 6.

. .
cos

/
e d

π
…
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= − ⋅ ⋅ − ⋅ − ⋅4
2 2

1

2 2 2 4

3 1

4 2 2

1 3

2 4 6

5 3 1

6 4

2 4
6a

e e
e

π π π
.

.

.

.

. .

. .

. . 2 2
⋅ −











π
…

= − − − −








2 1

1

2

1 3

2 4

1 3 5

2 4 62
2

2

2 2
4

2 2

2 2 2
6a e e eπ .

.

. .

. .
…

= − 





⋅ −






 ⋅ −




2 1
1

2 1

1 3

2 4 3

1 3 5

2 4 6

2 2 2 4
πa

e e.

.

. .

. .




 ⋅ −















⋅
2 6

5

e
…

Prob lem 1: Find the en tire length of the cardioid r a cos= +( ).1 θ
(Purvanchal 2007; Rohilkhand 09, 11B)

So lu tion: The given curve is

r a= +( cos ).1 θ ...(1)

It is symmetrical about the initial
line and for the portion of the curve
lying above the initial line θ varies
from θ = 0 to θ π= .

Now differentiating (1) w.r.t. θ, we
have dr d a/ sin .θ θ= −
If s denotes the arc length of the
cardioid measured from the vertex 
(i e. ., the point θ = 0) to any point 
P r( , )θ  in the direction of θ
increasing, we have

     
ds

d
r

dr

dθ θ
= + 
















2

2

 = √ + + −{ }a a2 2 21( cos ) ( sin )θ θ

   = √ +{ }a a2 2 2 2 22
1

2
2

1

2

1

2
( cos ) . ( sin cos )θ θ θ

      = √ +2
1

2

1

2

1

2
4 2 2a { }cos sin cosθ θ θ

      = √ +2
1

2

1

2

1

2
2 2 2a { }cos (cos sin )θ θ θ

   = √ =2
1

2
2

1

2
2a a(cos ) cos .θ θ

∴     ds a d= 2
1

2
cos .θ θ ...(2)

Let s1 denote the arc length of the upper half of the cardioid (i e. ., from θ = 0 to θ π= ). 

Then
0

1

0 0
2

1

2
2 2

1

2

s
ds a d a∫ ∫= = 





π π
θ θ θcos sin  
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or   s a a a1 4
1

2
0 4 1 0 4= − = − =[sin sin ] ( ) .π

∴ By symmetry, the whole length of the cardioid 

   = ×2 the arc length of the upper half of the cardioid = =2 4 8. .a a

Prob lem 2: Find the per im e ter of the curve r a cos= +( )1 θ  and show that arc of the up per half

is bi sected by θ π= / .3 (Gorakhpur 2005; Purvanchal 07)

So lu tion: As proved in Prob lem 1 length s1 of the up per half of the cardioid

r a= +( cos )1 θ  is 4a . (Prove it here)

∴   The perimeter of the cardioid = =2 4 8. .a a

Again, if s2 denotes the arc length of the cardioid from the point θ = 0 to the point 
θ π= / ,3 then

s a d2
0

3
2

1

2
= ∫

π
θ θ

/
cos ,       [Refer the result (2) of Problem 1]

        = 





= −





= ⋅2 2
1

2
4

6
0 4

1

20

3

a a asin sin sinθ ππ /

          = =1

2
1( )s half the arc length of the upper half of the cardioid.

Prob lem 3: Prove that the line 4 3r cos aθ =  di vides the cardioid r a cos= +( )1 θ  into two

parts such that lengths of the arc on ei ther side of the line are equal.

So lu tion: The given equa tions of the cardioid and the line are

r a= +( cos )1 θ  and 4 3r acos .θ =
Eliminating r, we have a a( cos ) /( cos )1 3 4+ =θ θ
or 4 4 32cos cosθ θ+ =  or 4 4 3 02cos cosθ θ+ − =

or    ( cos ) ( cos )2 1 2 3 0θ θ− + =  i e. ., cos θ = 1

2
  or cos θ = − ⋅3

2

But the values of cos θ cannot be numerically greater than 1. Therefore cos θ = − 3

2
 is

inadmissible.

So we have cos . ., / .θ θ π= =1

2
3i e

Hence the vectorial angle of the point of intersection of the cardioid with the given line
is π/3. The cartesian equation of the given line is x a= 3 4/  i e. ., the line is perpendicular to
the x-axis. So now we have to prove that the arc of the upper half of the cardioid is
bisected by θ π= / .3 This is the same as Problem 2 and so prove it here.

Prob lem 4: Show that the arc of the up per half of the curve

r a cos= −( )1 θ  is bisected by θ π= 2 3/ . (Kumaun 2003)

So lu tion: As proved in Example 8, the arc length of the up per half of the cardioid 

r a= −( cos )1 θ  is 4a . (Prove it here)

Also, the arc length of the cardioid from the point θ = 0 to the point θ π= 2 3/
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= ∫2
1

20

2 3
a d

π
θ θ

/
sin ,        [ Refer the result (3) of Example 8]

= −





= − −





= − −2 2
1

2
4

3
0 4

1

20

2 3

a a acos cos cos [θ ππ /
1]

= = =2
1

2
4a a( ) half the arc length of the upper half of the cardioid.

Hence the arc of the upper half of the curve r a= −( cos )1 θ  is bisected by θ π= 2 3/ .

Prob lem 5: Find the length of the cardioid r a cos= −( )1 θ  ly ing out side the cir cle r a cos= θ.

So lu tion: The given cardioid is r a= −( cos ).1 θ ...(1)

It meets the circle r a= cos .θ ...(2)

Eliminating r between (1) and (2), we have

a a( cos ) cos1 − =θ θ
or 1 − =cos cosθ θ
or 2 1cos θ =   

or cos . ., .θ θ π= =1

2

1

3
i e

Hence the vectorial angle of the point of
intersection P of the cardioid r a= −( cos )1 θ
with the circle r a= cos θ is π /3.

So for the portion of the cardioid 
r a= −( cos )1 θ  lying outside the circle r a= cos θ (above the initial line) θ varies from 
θ π= /3 to θ π= .

Also differentiating (1), we get dr d a/ sin .θ θ= −
By symmetry, the required length of the cardioid 

   = ×2 the arc length from θ π= /3 to θ π=  of the upper half of the cardioid

  = + 
















=∫2

3

2
2

θ π

π

θ
θ

/
r

dr

d
d  

  = √ − + −∫2 1
3

2 2 2

π

π
θ θ θ

/
( cos ) ( sin ){ }a a d

  = √ +∫2 2
1

2
4

1

2

1

23

2 2 2 2a d
π

π
θ θ θ θ

/
( sin ) sin cos{ }

  = √ +∫4
1

2

1

2

1

23

2 2 2a d
π

π
θ θ θ θ

/
sin (sin cos ){ }

  = = −



∫4

1

2
4 2

1

23 3
a d a

π

π

π

π
θ θ θ

/ /
sin cos

   = − − = − − √ = √8
1

2

1

6
8 0

1

2
3 4 3a a a[cos cos ] [ ] .π π

Prob lem 6: Find the length of the arc of the equiangular spi ral r ae cot= θ α ,  tak ing   s = 0

when, θ = 0. (Kanpur 2007)
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So lu tion: The given equiangular curve is r ae= θ αcot . ...(1)

Differentiating (1) w.r.t. θ, we get

dr d ae r/ . cot cot ,cotθ α αθ α= =  from (1).

If s denotes the arc length of the equiangular spiral measured from θ = 0 to any
point P r( , )θ  in the direction of θ increasing, we have

ds

d
r

dr

d
r r

θ θ
α= + 
















= √ +√ 2

2
2 2 2( cot )

   = = ⋅r aecosec cosecα αθ αcot

or  ds ae d= ⋅θ α α θcot cosec

∴   Integrating, ds a e d
s

= ∫∫ cosec α θθ αθ cot

00

or    s a e= ⋅ ⋅cosec α
α

θ α θ1
0cot

[ ]cot

       = − = −a e e a esec [ ] sec [ ].cot cotα αθ α θ α0 1

Prob lem 7: Find the length of any arc of the cissoid r a sin cos= ( / ) .2 θ θ

So lu tion: The given curve is r a= (sin /cos )2 θ θ  

or r a= tan sin .θ θ ...(1)

Differentiating (1) w.r.t. θ, we have

 dr d a/ [tan cos sin ]θ θ θ θ θ= + sec
2  

       = + = +a a[sin sin ] sin [ ] .θ θ θ θ θsec sec
2 21

We have ( / ) ( / )ds d r dr dθ θ2 2 2= +

= + +a a2 2 2 2 2 2 21tan sin sin ( )θ θ θ θsec  

= + +a2 2 2 2 21sin [tan ( ) ]θ θ θsec

= + + +a2 2 2 4 21 2sin [tan ]θ θ θ θsec sec

= + +a2 2 2 4 22sin [ ]θ θ θ θsec sec sec

= +a2 2 2 23sin . [ ]θ θ θsec sec

= +a2 2 23tan [ ] .θ θsec ...(2)

If s denotes the arc length of the cissoid measured from the point θ θ= 1 in the direction
of θ increasing, then

ds a d= √ +tan ( ) ,θ θ θ3 2
sec  

on tak ing square root of (2) and keep ing the +ive sign.

Let s1 denote the required arc length from θ θ= 1 to θ θ= 2 . Then

              
0

1

1

2 23
s

ds a d∫ ∫= √ +
=θ θ

θ
θ θ θtan ( )sec  

   = +








∫a d

θ

θ θ
θ θ

θ
1

2

2
3

1sin

cos cos
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or s a d1
1

2

2
21 3= √ +∫ θ

θ θ

θ
θ θsin

cos
( cos ) ...(3)

Let us first evaluate the indefinite integral 

  I d= √ +∫
sin

cos
cos .

θ

θ
θ θ

2
21 3{ }

Put cos θ = t so that − =sin .θ θd dt

Then I
t

t
dt

t

t t
dt= − √ + = − +

√ +∫ ∫
( )

( )

1 3 1 3

1 3

2

2

2

2 2
 

  = −
√ +

−
√ +

⋅∫ ∫
dt

t t

dt

t2 2 21 3

3

1 3( ) ( )

To evaluate the first integral, put t z= 1/  so that dt z dz= − ( / ) .1 2

Then  −
√ +

=
√ +

=
√ +∫ ∫ ∫

dt

t t

dz

z

z dz

z2 2 2 21 3 1 3

1

2

2

3( ) ( / ) ( )
 = √ +( ) ,z2 3  

by power formula

  = +





= +








 = √ +1

3
1

3 3
2 2

2

t cos
( ) .

θ
θsec

Also the second integral 

  = −
√ +

= − √
+





∫ ∫
3

1 3
3

1

3

2
2

dt

t

dt

t( )

    = − √ + √ +3
1

3
2log ( ){ }t t  = − √ + √ +3

1

3
2log cos (cos ) .{ }θ θ

∴          I = √ + − √ + √ +( ) log cos (cos ) .sec { }
2 23 3

1

3
θ θ θ

Hence from (3), we get the required arc length

          s a a1
2 2

1

2
3 3

1

3
= √ + − √ + √ +





( ) . log cos (cos )sec { }θ θ θ
θ

θ

 = −f f( ) ( ),θ θ2 1

where      f a a( ) ( ) log cos (cos ) .θ θ θ θ= √ + − √ + √ +sec { }
2 23 3

1

3

Prob lem 8: Show that the whole length of the limacon r a b cos a b= + >θ, ( ) is equal to that of 

an el lipse whose semi-axes are equal in length to the max i mum and min i mum ra dii vec tors of the

limacon.

So lu tion: As shown in Example 10, the whole length of the limacon

= √ + +∫2 22 2

0
( cos )a b ab dθ θ

π
, (prove it here). …(1)

Also the maximum and minimum radii vectors of the limacon are given by cos θ = 1
and cos θ = −1 and they are respectively a b+  and a b− .
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Now the parametric equations of the ellipse with semi-major axis as ( )a b+  and
semi-minor axis as ( )a b−  may be taken as

x a b y a b= + φ = − φ( ) cos , ( ) sin . ...(2)

Differentiating (2) w.r.t. φ, we have 

dx d a b dy d a b/ ( ) sin , / ( ) cos .φ = − + φ φ = − φ
Now the ellipse (2) is symmetrical in all the four quadrants and for the portion of the

ellipse lying in the first quadrant φ varies from φ = 0 to φ = 1

2
π .

By symmetry, the perimeter (whole length) of the ellipse = ×4 the arc length of the
ellipse lying in the first quadrant

=
φ







+
φ


















φ∫4

0

2 2 2π / dx

d

dy

d
d  

= √ − + φ + − φ φ∫4
0

2 2 2π /
[ ( ) sin ( ) cos ]{ } { }a b a b d

= √ φ + φ + φ + φ + φ∫4 2
0

2 2 2 2 2 2 2 2 2 2π /
sin sin sin cos cos{a b ab a b  

− φ φ2 2ab dcos }

= √ + − φ − φ φ∫4 2
0

2 2 2 2 2π /
(cos sin ){ }a b ab d

= √ + − φ φ∫4 2 2
0

2 2 2π /
cos .{ }a b ab d

Now put 2φ = t so that 2d dtφ = . Also when φ = =0 0, t  and when φ = π /2, t = π .

Then the whole length of the ellipse

= √ + −∫4 2
1

20

2 2π
{ }a b ab t dtcos  

= √ + −∫2 2
0

2 2π
{ }a b ab t dtcos

= √ + − −∫2 2
0

2 2π
π{ }a b ab t dtcos ( ) ,

       ∵
0 0

a a
f x dx f a x dx∫ ∫= −





( ) ( )

= √ + +∫2 2
0

2 2π
( cos )a b ab t dt 

= √ + +∫2 2
0

2 2π
θ θ( cos ) ,a b ab d       ∵

0 0

a a
f x dx f t dt∫ ∫=





( ) ( )

= the whole length of the limacon.   [ From (1)]

Prob lem 1: Prove that the in trin sic equa tion of the pa rab ola x ay2 4=   is
s a tan sec a log tan sec= ψ ψ + ψ + ψ( ) .
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So lu tion: Pro ceed ing ex actly as in Example 13, we get

tan / / .ψ = =dy dx x a2 ...(1)

Also   s
dy

dx
dx

a
a x dx

x x
= + 
















= √ +∫ ∫0

2

0

2 21
1

2
4( )

    = √ + + + √ +









1

4
4 4

4

2
2 2 2

2 2

a
x a x a

x x a

a
( ) log

( )
, ...(2)

proceeding as in Example 13.

Eliminating x from (1) and (2), we get 

s a= ψ ψ + ψ + ψ[tan log (tan )],sec sec  

which is the required intrinsic equation.

Prob lem 2: Find the in trin sic equa tion of the pa rab ola y ax2 4= . Hence de duce the length of

the arc mea sured from the ver tex to an ex trem ity of the latus rec tum. (Garhwal 2003)

So lu tion: We have al ready ob tained the in trin sic equa tion of the pa rab ola y ax2 4=  in

Example 13, as

s a= + +[ cot log ( cot )] ,cosec cosecψ ψ ψ ψ ...(1)

where ψ is the angle between the x-axis and the tangent at the point whose arcual
distance from the vertex is s . (Prove it here)

Now in the intrinsic equation (1) of the parabola the arc length s has been measured
from the vert ex. We want to find the length of the arc from the vertex to an extremity of
the latus rectum. Let this length be s1 .

At an extremity of the latus rectum, y a= 2 . Also tan /ψ = y a2 . So at an extremity of the
latus rectum, tan /ψ = =2 2 1a a  i e. ., ψ π= / .4  So putting ψ π= /4 in (1), we get

    s a1
1

4

1

4

1

4

1

4
= + +[ cot log ( cot )]cosec cosecπ π π π

    = √ + + √a [ log ( )] .2 1 2

Prob lem 3: Show that the in trin sic equa tion of the semi-cu bical pa rab ola 

3 22 3ay x=  is 9 4 13s a sec= −( ) .ψ
(Meerut 2005, 09B; Rohilkhand 08B)

So lu tion: The given semicubical pa rab ola is 3 22 3ay x= . ...(1)

Differentiating (1) w.r.t. x , we get 6 6 2ay dy dx x( / ) =

or    
dy

dx

x

ay

x

a x a

x

a
= =

√
= 





⋅
2 2

32 3

3

2( / )

∴    tan ψ = = 





⋅√
dy

dx

x

a

3

2
...(2)

If s denotes the arc length of the given curve measured from the point ( , )0 0  to any point 
P x y( , ) in the direction of x increasing, then

        s
dy

dx
dx

x

a
dx

x x
= + 
















= +



∫ ∫0

2

0
1 1

3

2
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= +





= +


∫0

1 2 3 2
1

3

2

1 3 2

3 2 3 2

x x

a
dx

x a

a

/ /( / )

( / ) . ( / )

{ }






0

x

= +





−












4

9
1

3

2
1

3 2
a x

a

/

...(3)

Eliminating x between (2) and (3), we get
 

s
a a= + − = −4

9
1 1

4

9
12 3 2 3[( tan ) ] ( ) ,/ψ ψsec

which is the required intrinsic equation of the curve.

Prob lem 4: Find the in trin sic equa tion of the cat e nary y c cosh x c= ( / ) .

(Garhwal 2001, 03; Rohilkhand 07; Kumaun 08; Kanpur 14)

Hence show that c c sρ = +2 2, where ρ is the radius of curvature.

So lu tion: The given curve is y c x c= cosh ( / ) . ...(1)

Differentiating (1) w.r.t. x, we get

dy dx c x c c x c/ sinh ( / ) . ( / ) sinh ( / ) .= =1

∴    tan / sinh ( / ) .ψ = =dy dx x c ...(2)

If s denotes the arc length of the catenary measured from the vertex ( , )0 c  to any point 
( , )x y  in the direction of x increasing, then

s
dy

dx
dx

x

c
d

x x
= + 
















= +






∫ ∫0

2

0

21 1 sinh x 

  = = ⋅∫0

x x

c
dx c

x

c
cosh sinh ...(3)

Eliminating x between (2) and (3), we get

s c= tan ,ψ  which is the required intrinsic equation of the catenary.

Also ρ
ψ

ψ ψ= = = + = +










ds

d
c c c

s

c
sec

2 2
2

2
1 1( tan )  or c c sρ = +2 2.

Prob lem 5: Prove that the in trin sic equa tion of the curve

 x a sin t y a cos t is s a= + = + + =( ), ( ) .1 1 0ψ
So lu tion: The given curve is x a t y a t= + = +( sin ), ( cos ) .1 1 ...(1)

∴ dx dt a t dy dt a t/ cos and / sin .= = −

∴  
dy

dx

dy dt

dx dt

a t

a t
t= = − = −/

/

sin

cos
tan .

Hence tan / tan tan ( )ψ = = − = −dy dx t t

so that ψ = − t . ...(2)

Measuring the arc length s from the point t = 0, we have

s
dx

dt

dy

dx
dt

t
= 





+ 
















∫0

2 2
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  = √ + =∫ ∫0

2 2 2 2

0

t t
a t a t dt a dt( cos sin )    = at . ...(3)

Eliminating t from (2) and (3), the intrinsic equation is

s a= −( )ψ   or  s a+ =ψ 0.

Prob lem 6: Find the in trin sic equa tion of the cardioid r a cos= −( ) .1 θ
(Avadh 2005, 12; Meerut 07B; Rohilkhand 12; Kanpur 15)

So lu tion: The given curve is  r a= −( cos ) .1 θ ...(1)

Differentiating (1) w.r.t. θ, we have dr d a/ sin .θ θ=

∴ tan
/ sin

( cos )

sin
φ = = = = −

r
d

dr

r

dr d

r

a

a

a

θ
θ θ

θ
θ

1
 

        = =
2

1

2

2
1

2

1

2

1

2

2sin

sin cos
tan .

θ

θ θ
θ

Therefore φ = 1

2
θ, so that ψ θ θ θ θ= + φ = + =1

2

3

2
, giving θ ψ= 2

3
. ...(2)

If s denotes the arc length of the cardioid measured from the cusp O (i e. ., the point θ = 0)
to any point P r( , )θ  in the direction of θ increasing, we have

s r
dr

d
d a= + 
















= √ − +∫ ∫0

2
2

0

21
θ θ

θ
θ θ{ ( cos ) sin2 θ θ} d  

   = = −



∫2

1

2
4

1

20 0
a d a

θ θ
θ θ θsin cos  

   = − =4 1
1

2
8

1

4
2a a( cos ) sin .θ θ ...(3)

Eliminating θ between (2) and (3), we get

 s a= ⋅8
1

4

2

3
2sin { }ψ  or s a= 8

1

6
2sin ,ψ

which is the required intrinsic equation.

Prob lem 7: Find the in trin sic equa tion of r a e cot= θ α , where s is mea sured from the point 

( , ).a 0

So lu tion: The given curve is r a e= θ αcot . ...(1)

Differentiating (1), w.r.t. θ, we have

( / ) cot . cot .cotdr d a e rθ α αθ α= =

We have  tan
/ cot

tanφ = = = =r
d

dr

r

dr d

r

r

θ
θ α

α

or φ = α so that ψ θ θ α= + φ = +  or    θ ψ α= − . ...(2)

If we measure the arc length s from the point θ = 0 to any point P r( , )θ  in the direction of 
θ increasing, we have
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s dr d r d r r d= √ + = √ +∫ ∫0

2 2

0

2 2 2θ θ
θ θ α θ{ } { }( / ) cot  

   = √ + =∫ ∫0

2

0
1

θ θ
α θ α θr d r d( cot ) cosec  

   = ∫cosec α θ
θ θ α

0
a e dcot ,            [ ]cot

∵ r a e= θ α

   =








 = − ⋅a

e
a ecosec secα

α
α

θ α θ
θ α

cot
cot

cot
[ ]

0

1 ...(3)

Eliminating θ between (2) and (3), we get s a e= −−
sec α ψ α α[ ] ,( ) cot 1

which is the required intrinsic equation.

Prob lem 8: Find the in trin sic equa tion of the spi ral r a= θ, the arc be ing mea sured from the

pole.

So lu tion: The given curve is r a= θ. ...(1)

Differentiating (1) w.r.t. θ, we have dr d a/ .θ =

Therefore tan
/

.φ = = = =r
d

dr

r

dr d

a

a

θ
θ

θ θ

∴   φ = −tan 1 θ so that ψ = + φ = + −θ θ θtan .1 ...(2)

If s denotes the arc length of the spiral measured from the pole ( , )0 0  to any point P r( , ),θ
then

s r
dr

d
d a a d= + 
















= √ +∫ ∫0

2
2

0

2 2 2θ θ

θ
θ θ θ( )

   = √ +∫a d
0

2 1
θ

θ θ( )  = √ + + + √ +





a
θ θ θ θ

θ

2
1

1

2
12 2

0
( ) log ( ){ }

 = √ + + + √ +1

2
1 12 2a [ ( ) log ( ) ] .θ θ θ θ{ } ...(3)

The required intrinsic equation is obtained by eliminating θ between (2) and (3).

Prob lem 9: Find the in trin sic equa tion of the curve p r a2 2 2= − .

So lu tion: The given curve is p r a2 2 2= − ...(1)

Differentiating (1) w.r.t. r, we have 

2 2p dp dr r( / ) =  or r dr dp p( / ) .=

∴ ρ
ψ

= = = = √ −ds

d
r

dr

dp
p r a( ).2 2    ...(2)

   [ From (1)]

Also from the equation of the curve we have p = 0 for r a= .

If we measure the arc length s (from r a= ) in the direction of r increasing, we have

s
r dr

r p

r dr

aa

r

a

r
=

√ −
=∫ ∫( )

,
2 2

          [ ]∵ r p a2 2 2− =
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           =








 = −1

2

1

2

2
2 2

a

r

a
r a

a

r

[ ]

or 2 2 2as r a= −  or √ = √ −( ) ( )2 2 2as r a ...(3)

Eliminating r between (2) and (3), we have
ds

d
as

ψ
= √( )2   or  

ds

s
a d

√
= √( ) .2 ψ

If s = 0 when ψ = 0, then integrating, we have 
a

s ds

s
a d∫ ∫√

= √( ) .2
0

ψ
ψ

∴ 2 2√ = √s a( ) ψ  or  s a= 1

2
2ψ ,

which is the required intrinsic equation.

Prob lem 10: In the four-cusped astroid x y a2 3 2 3 2 3/ / /+ = , show that

( )i  s a cos s= 3

4
2ψ,  being measured from the vertex;

( )ii   s a sin= ψ3

2
2 , s being measured from the cusp on x-axis;

(Purvanchal 2014)

( )iii   whole length of the curve is 6a .

So lu tion: The para met ric equa tions of the

given curve are 

x a t y a t= =cos , sin .3 3
...(1)

We have

 dx dt a t t/ cos sin ,= − 3 2  

and dy dt a t t/ sin cos .= 3 2

∴         
dy

dx

dy dt

dx dt

a t t

a t t
t= =

−
= −/

/

sin cos

cos sin
tan .

3

3

2

2

So we have

tan / tan tan ( ) .ψ = = − = −dy dx t t

∴ ψ = − t . ...(2)

Now 
ds

dt

dx

dt

dy

dt






= 





+ 





2 2 2

= +( cos sin ) ( sin cos )9 92 4 2 2 4 2a t t a t t

      = +9 2 2 2 2 2a t t t tsin cos (cos sin )

         = 9 2 2 2a t tsin cos .                   ...(3)

(i) If s denotes the arc length of the given curve measured from the vertex (i e. ., the
middle point of the arc in the Ist quadrant) to any point P lying towards the cusp on
x-axis, then s increases as t decreases. Therefore ds dt/  will be negative, so from (3), we
have

ds dt a t t/ sin cos= − 3

or    ds a t t dt= − 3 sin cos . ...(4)
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Now at the vertex of the given curve, we have t = π / .4

∴ From (4), the arcual distance s measured from the vertex is given by

s a t t dt
a

t dt
t t

= − = −∫ ∫3
3

2
2

4 4π π/ /
sin cos sin  

   = − −





=3

2

2

2

3

4
2

4

a t
a t

t
cos

cos .
/π

...(5)

Eliminating t between (2) and (5), the required intrinsic equation of the curve is 

s a a= − =3

4
2

3

4
2cos ( ) cos .{ }ψ ψ                    

[ cos ( ) cos ]∵ − =θ θ
(ii) If s denotes the arc length of the given curve measured from the cusp on x-axis to
any point P lying towards the second cusp on y-axis, then s increases as t increases.
Therefore ds dt/  will be positive. Hence from (3), we have

ds dt a t t/ sin cos= 3  or ds a t t dt= 3 sin cos .

Also at the cusp on x-axis, we have t = 0.

∴ s a t t dt a
tt

t

= =








∫0

2

0

3 3
2

sin cos
sin

 = 3

2
2a tsin . ...(6)

Eliminating t between (2) and (6), the required intrinsic equation of the curve is

s a= −3

2
2sin ( )ψ  or s a= 3

2
2sin .ψ

(iii) The whole length of the curve is already obtained as 6a in Example 4.

Prob lem 11: Find the car te sian equa tion of the curve whose in trin sic equa tion is s c tan= ψ

when it is given that at ψ = 0, x = 0 and y c= .

So lu tion: The given in trin sic equa tion of the curve is s c= tan .ψ ...(1)

Differentiating (1) w.r.t. ‘ ’,x  we have ds dx c d dx/ . ( ) .= sec
2 ψ ψ/ ...(2)

Also 
ds

dx

dy

dx
= + 
















= √ + =1 1

2
2( tan ) .ψ ψsec ...(3)

Equating the values of ds dx/  from (2) and (3), we get

c d dxsec sec
2 ψ ψ/ ψ. ( ) =  or dx c d= sec ψ ψ. ...(4)

Integrating both sides of (1), we get
x A c+ = +log ( tan ) ,sec ψ ψ  where A is constant of integration.

But as given ψ = 0 when x = 0 so that A = 0.

Therefore  x c= +log ( tan )sec ψ ψ   or  e x c/ tan .= +sec ψ ψ ...(5)

Now e
e

x c
x c

− = =
+

= −

−
/

/ tan

tan

tan

1 1
2 2sec

sec

secψ ψ
ψ ψ

ψ ψ
 = −sec ψ ψtan .

...(6)

Subtracting (6) from (5), we get

e ex c x c/ / tan− =− 2 ψ or tan
/ /

ψ = − −e ex c x c

2
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or 
dy

dx

x

c
= sinh (Note)

or dy x c dx= sinh ( / ) .

Integrating both sides, we get y B c x c+ = cosh ( / ) . ...(7)

But (as given) when x y c= =0,  so that B = 0.

Therefore putting B = 0 in (7), we get y c x c= cosh ( / ) ,

which is the required cartesian equation of the given curve.

Mul ti ple Choice Ques tions

 1. See article 3.

 2. The given curve is   r a= +( cos ).1 θ  

∴  
dr

d
a

θ
θ= − sin .

Now, 
ds

d
r

dr

d
a a

θ θ
θ θ





= + 





= + +
2

2
2

2 2 21( cos ) sin

= 





+ 

















a2 2
2

2
2

2
2 2

cos sin cos
θ θ θ

= +





=4
2 2 2

4
2

2 2 2 2 2 2a acos cos sin cos .
θ θ θ θ

∴        
ds

d
a

θ
θ= ⋅2
2

cos

 3. We have, 
ds

dt

dx

dt

dy

dt






= 





+ 





2 2 2

 

= − +( cos sin ) ( sin cos )3 32 2 2 2a t t a t t

= +9 2 2 2 2 2a t t t tcos sin (cos sin ) 

= =9 32 2 2 2a t t a t tcos sin ( sin cos ) .

 4. See Problem 1 of Comprehensive Problems 3.

 5. See article 1.

 6. See Example 1.

 7. See Example 4.

 8. See Example 9.

 9. See Problem 4 of Comprehensive Problems 2.

10. See Example 14.

11. See Example 16.
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Fill in the Blank(s)

 1. See article 1.

 2. See article 2.

 3. See Problem 1(i)  of Comprehensive Problems 1.

 4. The given curve is r a e= θ αcot .

∴   
dr

d
a e r

θ
α αθ α= =cot . cot cot .

Now,   
ds

d
r

dr

d
r r ct

θ θ
α





= + 





= +
2

2
2

2 2 2   = + =r r2 2 2 21( cot ) .α αcosec

∴    
ds

d
r

θ
α= cosec    or   ds r d= cosec α θ.

 5. We know that 
ds

dr
r

d

dr






= + 





2 2

1
θ

.     ∴   
ds

dr
r

d

dr
= + 





1
2θ

.

 6. See Example 5.

True or False

 1. See article 2.

 2. The relation between s and ψ for any curve is called its intrinsic equation.

 3. See article 4.

 4. The arc length is given by 
θ

θ

θ
θ

1

2 2
2

∫ √ + 

















r
dr

d
d .

 5. See Example 4.

❍❍❍
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Prob lem 1(i): Find the vol ume of a hemi sphere.

So lu tion: Pro ceed ex actly as in Example 1. The hemi sphere is gen er ated by the

rev o lu tion of a quad rant of the cir cle x y a2 2 2+ =  about x-axis. The lim its for the

vol ume will be from 0 to a . The re quired vol ume of hemi sphere is 
2

3
3πa .

Prob lem 1(ii): Find the vol ume of a spher i cal cap of height h cut off from a sphere of ra dius a.

(Kanpur 2010)

So lu tion: The lim its for the vol ume of the spher i cal cap of height h will be from a h−  to 

a. Pro ceed ing as in Example 1, we get the re quired vol ume

= = − = −










− −

−
∫ ∫a h

a

a h

a

a h

a

y dx a x dx a x
xπ π π2 2 2 2
3

3
( )

= − − − + −π [ ( ) ( ) ]a a a a h a h3 3 2 31

3

1

3

= − − + + − + −π [ ]a a a a h a a h ah h3 3 3 2 3 2 2 31

3

1

3

1

3
 

= − = −π π[ ] [ ] .ah h h a h2 3 21

3

1

3

Prob lem 2(i): A seg ment is cut off from a sphere of ra dius a by a plane at a dis tance 
1

2
a from

the cen tre. Show that the vol ume of the seg ment is 5 32/  of the vol ume of the sphere.

So lu tion: Draw the fig ure as in Example 1. Let BC be the line x a= 1

2
.

The segment of the sphere is generated by revolving the area ABCA of the circle about

the x-axis. Hence the limits for the volume of the segment will be from x a= 1

2
 to x a= .

∴ The volume of the segment of the sphere

= = −∫ ∫a

a

a

a
y dx a x dx

/ /
( ) ,

2

2

2

2 2π π                 [ ]∵ x y a2 2 2+ =

= −












= − − −π πa x
x

a a a a

a

a
2

3

2

3 3 3 3

3

1

3

1

2

1

24
/

[ ( )] = =π π[ ] [ ] .
5

24

5

32

4

3
3 3a a
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Also volume of the sphere = 4

3
3πa .        [See Example 1]

∴ Volume of the segment

Volume of the sphere
=

⋅5

32

4

3
4

3

3[ ]π

π

a

a3

5

32
=

i e. ., Volume of the segment = 5

32
 of the volume of the sphere.

Prob lem 2(ii): The part of the pa rab ola y ax2 4=  cut off by the latus rec tum re volves about the

tan gent at the ver tex. Find the vol ume of the reel

thus gen er ated.

So lu tion: The given pa rab ola is y ax2 4= .

It is sym met ri cal about x-axis. The tan gent
at the ver tex is x = 0 i e. ., y-axis.  LL ′ is the
latus rec tum.

A reel is formed by revolving about y-axis
the area enclosed between the arc L OL′  of
the parabola and the axis of y. The volume
of the reel generated by the revolution of the
arc cut off by the latus rectum LL ′ about
y-axis = ×2  volume generated by revolving
the area OLK about y-axis.

Consider an elementary strip PMNQ
parallel to the axis of x, where P is the point 
( , )x y  and Q is the point ( , )x x y y+ +δ δ  on

the parabola y ax2 4= . 

Then PM x=  

and NM ON OM y y y y= − = + − =( )δ δ .

Now volume of the elementary disc formed by revolving the strip PMNQ about y-axis

= ⋅ =π π δ( ) ( ) .PM NM x y2 2

Also as the length of the semi-latus rectum SL is 2a, therefore y varies from 0 to 2a.

∴  The required volume 

= =










∫∫2 2

4
2

2

0

2
2

0

2
π πx dy

y

a
dy

aa
[∵  y ax2 4= ]

= =












= ⋅ =∫
π π π π

8 8 5 40
32

4

52
4

20

2 5

0

2

2
5 3

a
y dy

a

y

a
a a

a
a

.

Prob lem 3: Prove that the vol ume of the solid gen er ated by the rev o lu tion of an el lipse round its

mi nor axis is a mean pro por tional be tween those gen er ated by the rev o lu tion of the el lipse and of the 

aux il iary cir cle about the ma jor axis. (Rohilkhand 2010)

So lu tion: Let the el lipse be x a y b2 2 2 2 1/ / .+ = ...(1)
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Also the equation of its auxiliary circle is x y a2 2 2+ = . ...(2)

Take an elementary strip PMNQ perpendicular to the axis of x. We have  PM y=   and  
MN x= δ . Now volume of the elementary disc formed by revolving the strip PMNQ

about the x-axis = π. ( )PM MN y x2 2⋅ = π δ .

Also the ellipse is symmetrical about the y-axis and for the portion of the curve lying in
the first quadrant x varies from 0 to a. Therefore the required volume of the solid formed

= = −∫ ∫2 22

0

2

2
2 2

0
π πy dx

b

a
a x dx

a a
( )                [ From (1)]

= −





= − = =2
1

3
2

1

3

4

3

2

2
2 3

0

2

2
3 3 2

1π π πb

a
a x x

b

a
a a ab V

a

( ) , say.

Also the volume of the sphere formed by the revolution of (2) about x-axis is 
4

3
3

2πa V=  , say.          [See Example 1; prove it here]

Now we have to find the volume of the solid formed by the revolution of the ellipse
about the minor axis i e. ., the axis of y. Consider an elementary strip PMNQ
perpendicular to y-axis. Then the volume of the elementary disc formed by revolving

the strip PMNQ about y-axis = π δx y2 .

The ellipse is symmetrical about x-axis and on the arc AB of the ellipse y varies from 0 to 
b.

∴ The volume of the solid generated by the revolution of the ellipse about y-axis

= ∫2
0

2b
x dyπ (Note)

= −∫2
2

2 0

2 2π a

b
b y dy

b
( )           ∵ From( ), ( )1 2

2

2
2 2x

a

b
b y= −












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= −












= −












=2

3

2

3

42

2
2

3

0

2

2
3

3 2π π πa

b
b y

y a

b
b

b a
b

b
V

3
3= , say.

Now mean proportional between V V1 2and

= √ = √ ⋅ = =( ) ( )V V ab a a b V1 2
2 3 2

2
4

3

4

3

4

3
π π π

= volume generated when ellipse is revolved about minor axis.

Prob lem 4(i): Find the vol ume of the solid gen er ated by the rev o lu tion of an arc of the cat e nary 

y c cosh x c= ( / ) about the x-axis. (Meerut 2009B; Purvanchal 11)

So lu tion: The given equa tion of cat e nary is

y c x c= cosh ( / ) . 

Let AL be an arc of this catenary where L is the

point ( , ) .x y

Take an elementary strip PMNQ perpendicular to

the axis of x, so that PM y=  and MN dx= .

Now volume of the elementary disc formed by

revolving the strip PMNQ about the axis of x

= =π π. . .PM MN y dx2 2

∴ the required volume 

= ∫0

2x
y dxπ  

= ∫π
0

2 2x
c

x

c
dxcosh ,       [ cosh ( / )]∵ y c x c=

= +



∫

πc x

c
dx

x2

02
1

2
cosh  = +





πc
x

c x

c

x2

02 2

2
sinh

= +





⋅πc
x

c x

c

2

2 2

2
sinh

The solid of revolution formed by revolving a catenary about its directrix is called a
catenoid.

Prob lem 4(ii): Find the vol ume of the solid gen er ated by the rev o lu tion of the curve 

y a a x= +3 2 2/( ) about its as ymp tote. (Garhwal 2001; Agra 02; Meerut 09)

So lu tion: The given curve is 

y a a x= +3 2 2/( )

or x y a a y2 2= −( ) .   ...(1)

Equating to zero, the coefficient of the
highest power of x , the asymptote
parallel to x-axis is y = 0 i e. ., x-axis. The
shape of the curve is as shown in the
figure. 
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Take an elementary strip PMNQ where P x y( , ) and Q x x y y( , )+ +δ δ  are two
neighbouring points on the curve. We have PM y=  and MN x= δ .

Now volume of the elementary disc formed by revolving the strip PMNQ about the axis
of x is 

= =π π δPM MN y x2 2. .

The curve is symmetrical about y-axis and for the portion of the curve in the positive
quadrant x varies from 0 to ∞.

∴ The required volume

 =
∞

∫2
0

2πy dx =
+

∞

∫2
0

6

2 2 2
π a

x a
dx

( )
,                [ From (1)]

=
+∫2

1

6

0

2 2

4 2 2
π θ θ

θ

π
a

a d

a

/

( tan )
,

sec

            putting x a= tan θ so that dx a d= sec2 θ θ

 = =∫ ∫2 23

0

2 2

4
3

0

2 2π θ θ

θ
π θ θ

π π
a

d
a d

/ /
cos

sec

sec

 = ⋅ ⋅ =π π πa a3 2 31

2

1

2

1

2
.

 

Prob lem 5: If the hy per bola x a y b2 2 2 2 1/ /− =  re volves about the x-axis, show that the

vol ume in cluded be tween the sur face thus gen er ated, the cone gen er ated by the as ymp totes and two

planes per pen dic u lar to the axis of x, at a dis tance h apart, is equal to that of a cir cu lar cyl in der of

height h and ra dius b.

So lu tion: The given hy per bola is

x a y b2 2 2 2 1/ / ,− =  ...(1)

and the equation of its asymptotes is

x a y b2 2 2 2 0/ /− =
or y b a x= ± ( / ) .

Let the two given planes be at distances 
c c hand ( )+  from the origin O. Then
the volume of the portion of the cone
generated by the asymptotes between 
x c=  and  x c h= +  is

=
+

∫ c

c h
y dxπ 2 , 

     where y
b

a
x=

            (Note)

  =
+

∫π
c

c h b

a
x dx

2

2
2 =













+
πb

a

x

c

c h
2

2

3

3
 = + −πb

a
c h c

2

2
3 3

3
[( ) ]

= + + =πb

a
h ch c h V

2

2
3 2 2

1
3

3 3[ ] , say.
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Now the volume of the portion of the solid generated by the hyperbola between the two
given planes (i e. ., between x c=  and x c h= + ) is

 =
+

∫ c

c h
y dxπ 2 , where 

x

a

y

b

2

2

2

2
1− =  (Note)

= − = −












+
+

∫
π πb

a
x a dx

b

a

x
a x

c

c h

c

c h
2

2
2 2

2

2

3
2

3
( )

 = + − − + −πb

a
c h c a c h c

2

2
3 3 21

3
[ ( ) ( ) ]{ } { }

= + + − =πb

a
h ch c h a h V

2

2
3 2 2 2

2
3

3 3 3[ ] , say.

∴   The required volume = −V V1 2

= + + − + + −π πb

a
h ch c h

b

a
h ch c h a h

2

2
3 2 2

2

2
3 2 2 2

3
3 3

3
3 3 3[ ] [ ]

= ⋅ =π πb

a
a h b h

2

2
2 2

3
3

= volume of the cylinder of radius b and height h .

Prob lem 6(i): Find the vol ume formed by the rev o lu tion of the loop of the curve 

   y a x x a x2 2( ) ( )+ = −  about the axis of x . (Kanpur 2008)

So lu tion: Pro ceed ex actly as in Example 2. The re quired vol ume 

= − ⋅2 2
2

3
3πa (log )

Prob lem 6(ii): Find the vol ume of the solid gen er ated by the rev o lu tion of the loop of the curve 

y x a x2 2= −( ) about the axis of x . (Kanpur 2011)

So lu tion: The given equa tion of the curve is  y x a x2 2= −( ) ...(1)

Putting y = 0 in (1) we get x x a i e= =0, . ., the loop is formed between ( , )0 0  and ( , )a 0 .

∴ The required volume = ∫0

2a
y dxπ        [ Proceeding as in Example 2 ]

= −∫π
0

2a
x a x dx( )   [ From (1)]

= − = −










∫π π

0

2 3
3 4

0
3 4

a
a

x a x dx a
x x

( )  = − =π πa a4 41

3

1

4

1

12
[ ] .

Prob lem 7: Show that the vol ume of the solid gen er ated by the rev o lu tion of the up per half of the

loop of the curve y x x2 2 2= −( ) about x-axis is 
4

3
π .

(Meerut 2005)

So lu tion: Put a = 2 and pro ceed ex actly as in Prob lem 6(ii) .

Prob lem 8: The area of the curve x y a2 3 2 3 2 3/ / /+ =  ly ing in the first quad rant re volves

about x-axis. Find the vol ume of the solid gen er ated. (Agra 2014)
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So lu tion: The given curve is

x y a2 3 2 3 2 3/ / /+ =      …(1)

The curve is symmetrical about both the axes. The
coordinates of B are ( , )0 a  and those of A are ( , )a 0 .

Take an elementary strip PMNQ  where P is the
point ( , )x y  and Q is the point ( , )x x y y+ +δ δ  on the 
curve. We have PM y=  and MN x= δ .

Now volume of the elementary disc formed by
revolving the strip PMNQ about the axis of x is 

= π δy x2 .

∴   The required volume 

= ∫ xy dx
a 2

0
, by symmetry

= −∫π ( )/ /a x dx
a 2 3 2 3 3

0
,

[∵ from (1), y a x2 3 2 3 2 3/ / /( )= −  so that y a x2 2 3 2 3 3= −( )/ / ]

= ⋅∫π θ θ θ θ
π

a a d2 6 2

0

2
3cos sin cos

/
 ,

putting x a= sin3 θ so that dx a d= 3 2sin cosθ θ θ

= = ⋅ =∫3 3
1 6 4 2

9 7 5 3 1

163 2 7 3

0

2 3
π θ θ θ π ππ

a d a
a

sin cos
. . .

. . . .

/

105
 .

Prob lem 9: Find the vol ume of the solid ob tained by re volv ing the loop of the curve 

a y x a x x a2 2 2 2= − −( ) ( ) about x-axis.

So lu tion: The given curve is a y x a x x a2 2 2 2= − −( ) ( ) . ...(1)

The curve (1) is symmetrical about x-axis. It passes through the origin but the origin is a
conjugate point. The curve cuts the x-axis at the points ( , )a 0  and ( , )2 0a  and so the loop
of the curve is formed between ( , )a 0  and ( , ).2 0a

∴    The required volume =
=∫ x a

a
y dx

2 2π  = − −
∫π

a

a x a x x a

a
dx

2 2

2

2( ) ( )
,  [ From (1)]

       = − + −∫
π

a
x ax a x dx

a

a

2

2 4 3 2 23 2( )  = − + −












π

a

x ax a x

a

a

2

5 4 2 3
2

5

3

4

2

3

     = − + −








 − + −
















π

a

a
a

a a a a
2

5
5

5 5 5 532

5
12

16

3 5

3

4

2

3







     = − + − − − +





=π πa a3 332

5
12

16

3

1

5

3

4

2

3

23

60
.

Prob lem 10: A ba sin is formed by the rev o lu tion of the curve x y3 64= , ( )y > 0  about the

axis of y. If the depth of the ba sin is 8 inches, how many cu bic inches of wa ter it will hold ?
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So lu tion: The given curve is

x y3 64= .       ...(1)

The curve (1) passes through the origin and
the tangent there is the line y = 0. When 
y > 0, we have x > 0 and so no portion of the
curve lies in the second quadrant.

Take an elementary strip PMNQ where 
P x y( , ) and Q x x y y( , )+ +δ δ  are two
neighbouring points on the curve and PM
and QN are perpendiculars from the points 
P and Q respectively, on the y-axis.

We have PM x MN y= =and .δ
Now volume of the elementary disc formed by revolving the strip PMNQ about y-axis is

= =π π δ. . .PM MN x y2 2

Clearly to form the required basin y varies from 0 to 8.

∴ The required volume (i e. ., the capacity in cubic inches)

= =
=∫ ∫y

x dy y
0

8 2

0

8 2 364π π ( ) ,/ [From (1)]

= = 





= ⋅∫16 16
3

5

48

5
32

0

8 2 3 5 3

0

8

π π π
y dy y/ /.  = 1536

5

π
cubic inches.

Prob lem 11: Show that the vol ume of the solid gen er ated by the rev o lu tion of the curve 

( ) ,a x y a x− =2 2  about its as ymp tote is 
1

2
2 3π a .

(Meerut 2004B, 06B; Kumaun 07, 08, 12; Rohilkhand 12)

So lu tion: The given curve is 

( ) .a x y a x− =2 2
...(1)

Its shape is as shown in the figure. Equating to zero, the
coefficient of highest power of y, the asymptote parallel
to the axis of y is a x− = 0 i e. ., x a= .

Take an elementary strip PMNQ , where P x y( , ) and 
Q x x y y( , )+ +δ δ  are two neighbouring points on the
curve and PM, QN are perpendiculars to the asymptote
from the points P and Q respectively. We have 
PM OL OK a x= − = −  and MN y= δ .

Now volume of the elementary disc formed by
revolving the strip PMNQ about the line x a=  is

 = = −π π δ. . ( ) .PM MN a x y2 2

The given curve is symmetrical about x-axis and for the
portion of the curve above x-axis y varies from 0 to ∞.

∴   The required volume = −
=

∞

∫2
0

2

y
a x dyπ ( )
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= −
+











∞

∫2
0

2

2 2

2

π a
ay

y a
dy,             ∵ from ( ),1

2

2 2
x

ay

y a
=

+













=
+

⋅
∞

∫2 6

0 2 2 2
π a

dy

y a( )

Now put y a= tan θ so that dy a d= sec 2 θ θ. 

When y = 0, θ = 0 and when y → ∞, θ π/→ 2 . Therefore the required volume

= =∫ ∫2 26

0

2 2

4 4
3

0

2 2π θ θ

θ
π θ θ

π π
a

a d

a
a d

/ /
cos

sec

sec
 

= ⋅ ⋅ =2
1

2

1

2

1

2
3 2 3π π πa a .

Prob lem 12: The fig ure bounded by a quad rant of a cir cle of ra dius a and tan gents at its

ex trem i ties re volves about one of the tan gents. Prove that the vol ume of the solid gen er ated is 

( ) .
5

3

1

2
3− π πa

So lu tion: Let the arc AB be the

quad rant of the cir cle x y a2 2 2+ = .

The area bounded by the arc AB and
the tan gents AC and BC (i e. ., the area 
ABCA) is re volved about the tan gent 
AC , (say). Take an el e men tary strip 
PMNQ where P x y( , ) and 
Q x x y y( , )+ +δ δ  are two neigh bour ing 
points on the arc AB and PM, QN are
per pen dic u lars from P Qand  on the
tan gent AC.

We have PM OA OK a x= − = −  

and   MN AN AM y y y y= − = + − =δ δ .

Now volume of the elementary disc formed by revolving the strip PMNQ about the
tangent AC (i e. ., the line x a= ) is

= = −π π δ. . ( ) .PM MN a x y2 2

Also for the arc AB, y varies from 0 to a .

∴   The required volume 

= −
=∫ y

a
a x dy

0

2π ( )  = + −∫π
0

2 2 2
a

a x ax dy( )

= + − − √ −∫π
0

2 2 2 2 22
a

a a y a a y dy{ }( ) ( ) ,     [ ]∵ x a y2 2 2= −

= − − √ − +













−π 2
3

2
1

2

1

2
2

3
2 2 2 1a y

y
a y a y a y a( ) sin ( / )



 0

a

= − − = −−π π π[ sin ( )] [ ] .2
1

3
1

5

3

1

2
3 3 3 1 3a a a a
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Prob lem 13: The area cut off from the pa rab ola y ax2 4=  by the chord join ing the ver tex to an

end of the latus rec tum is ro tated through four right an gles about the chord. Find the vol ume of the

solid gen er ated. (Rohilkhand 2009; Bundelkhand 09)

So lu tion: The given pa rab ola is y ax2 4= .

Let LL ′ be the latus rectum. The area bounded by the arc 

OL and the chord OL is revolved about the chord OL .

Let P x y( , ) and Q x x y y( , )+ +δ δ  be any two

neighbouring points on the arc OL and PM, QN be the

perpendiculars from P Qand  respectively on the axis of

revolution OL .

Now volume of the elementary disc formed by

revolving the strip PMNQ about the chord OL is 

= =π π. . . . ( ) .PM MN PM d OM2 2

(Note)

Also equation of the chord OL is

y
a

a
x i e x y− = −

−
− − =0

2 0

0
0 2 0( ) . .,    ...(1)

∴   PM = the length of the perpendicular from ( , )x y  to ( )1

          = −

√ +
= −

√
2

2 1

2

52 2

x y x y

( )
,

and OM OP MP x y
x y x y= √ − = + − −








= +
√

⋅( ) ( )
( )2 2 2 2

22

5

2

5

Now the required volume 

=
=∫ x

a
PM d OM

0

2π ( ) ( ) ,

[∵ for the arc OL x,  var ies from 0 to a]

= −
√







+
√





=∫ x

a x y
d

x y

0

2
2

5

2

5
π

= − √
√









+ √
√









=∫ x

a x ax d

dx

x ax
dx

0

2
2 2

5

2 2

5
π ( ) . ( )

,   [ ( )]∵ y ax= √2

=
√

− √ + √ ⋅
√







∫

π
5 5

2 2 1 4
1

20

2a
x ax a

x
dx{ }( ) , (Note)

=
√

− √ + + 













∫

4

5 5
2 1 2

0

2 3 2π a
x a x ax

a

x
dx[ ]/

  =
√

− + √∫
4

5 5
3 2

0

2 3 2π a
x ax a x dx[ ]/  =

√
− +













4

5 5 3

3

2

2

3 2

3 2 3 2 3 2

0

π x ax a x
a

/ /

/

  =
√

− +












=
√

= √4

5 5 3

3

2

4

3

2

15 5

2 5

75

3 3 3 3
3π π πa a a a

a .
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Prob lem 1: Find the vol ume of the solid gen er ated by the rev o lu tion of the cycloid 

x a sin= +( ),θ θ  y a cos= − ≤ ≤( ), ,1 0θ θ π
( )i  about the x-axis. ( )ii  about the base.

So lu tion: The equa tions of the cycloid are x a y a= + = −( sin ), ( cos ) .θ θ θ1

The cycloid is symmetrical about the y-axis. For half of the curve θ varies from 0 to π .

Now proceed exactly as in Example 5.

Prob lem 2: Show that the vol ume of the solid gen er ated by the rev o lu tion of the cycloid

x a sin y a cos= + = −( ), ( ),θ θ θ1  0 ≤ ≤θ π ,

about the y-axis is  π πa3 23

2

8

3
( )− ⋅

So lu tion: The curve is as shown in the fig ure.

The required volume  

= =
= =∫ ∫y

a
x dy x

dy

d
d

0

2 2

0

2π π
θ

θ
θ

π

= +
=∫π θ θ θ θ

θ

π

0

2 2a a d( sin ) sin

= + +
=∫π θ θ θ θ θ θ

θ

π
a d3

0

2 22( sin sin ) sin

= + +∫π θ θ θ θ θ θ
π

a d3

0

2 2 32( sin sin sin )  

  = + +πa I I I3
1 2 32( ),  say

where             [ ]I d d1
0

2 2

0 0
2= = − +∫ ∫

π π π
θ θ θ θ θ θ θ θsin cos cos

         [ ] [ ]= + − = +∫π θ θ θ θ π θ
π π π2

0 0

2

0
2 2 2sin sin cosd

   = + − − = −π π2 22 1 1 4( ) ,

I d d2
0

2

0

2= = − −∫ ∫
π π

θ θ θ π θ π θ θsin ( ) sin ( ) ,

          ∵
0 0

a a
f x dx f a x dx∫ ∫= −





( ) ( )

      = − = −∫ ∫ ∫0

2

0

2

0

2
2

π π π
π θ θ θ θ θ π θ θsin sin sind d d I

so that       2 22
0

2

0

2 2I d d= =∫ ∫π θ θ π θ θ
π π

sin sin
/

 

or           I d2
0

2 2 21

2

1

2

1

4
= = ⋅ ⋅ =∫π θ θ π π π

π /
sin ,

and           I d d3
0

3

0

2 32 2
2

3 1

4

3
= = = ⋅ = ⋅∫ ∫

π π
θ θ θ θsin sin

.

/
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∴   The required volume = + +πa I I I3
1 2 32( ) 

           = − + ⋅ + = − ⋅π π π π πa a3 2 2 3 24 2
1

4

4

3

3

2

8

3
[( ) ] [ ]

Prob lem 3: Prove that the vol ume of the reel formed by the rev o lu tion of the cycloid

x a sin y a cos= + = −( ), ( )θ θ θ1

about the tangent at the vertex is π2 3a . (Agra 2003; Kumaun 13)

So lu tion: The given cycloid is sym met ri cal about the y-axis and the tan gent at the

ver tex is x-axis. The reel is formed by the rev o lu tion about x-axis of the area en closed
be tween the cycloid and the x-axis. For the arc OA of the curve θ var ies from 0 to π .

Take an elementary strip PMNQ where P is the point ( , )x y  and Q is the point 
( , ) .x x y y+ +δ δ  We have PM y=  and MN x= δ .

Now volume of the elementary disc formed by revolving the strip PMNQ about the

tangent at the vertex (i e. ., about x-axis) is = =π π δPM MN y x2 2. .

∴   The required volume

= ∫2 2π y dx , between the limits of integration from O to A 

= ∫2
0

2π
π

θ
θy

dx

d
d  

= − +∫2 1 1
0

2 2π θ θ θ
π

a a d( cos ) . ( cos ) ,  putting for y and 
dx

dθ

 = 





⋅ 



∫2 2

2
2

2
3

0

2
2

2π θ θ θ
π

a dsin cos

= ∫2 4 2 23

0

2 4 2π
π

a t t dt
/

sin . cos . , putting 
θ
2

= t so that d dtθ = 2

= ∫32 3

0

2 4 2π
π

a t t dt
/

sin cos

= ⋅ ⋅ =32
3 1 1

6 4 2 2
3 2 3π π πa a

. .

. .
.
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Prob lem 4: Prove that the vol ume of the solid gen er ated by the rev o lu tion about the x-axis of the

loop of the curve x t y t t is= = −2 31

3

3

4
, .π

So lu tion: The given para met ric equa tions of the curve are  

x t y t t= = −2 31

3
, . ...(1)

Eliminating t, we have 

y t t x x2 2 2 2 21
1

3
1

1

3
= − = −( ) ( ) .

The curve is thus symmetrical about the x-axis. The curve cuts the x-axis at the points 
( , )0 0  and ( , )3 0 . Therefore the loop of the curve lies between these points. Putting y = 0
in (1), we get

t t( )1
1

3
02− =  giving t = ± √0 3, .

Therefore for the upper half of the loop t varies from 0 to √3.

∴   The required volume = ⋅ = −
√ √

∫ ∫0

3 2

0

3 3 21

3
2π πy

dx

dt
dt t t t dt( ) , from (1)

= + − = + −
√ √

∫ ∫2
1

9

2

3
2

1

9

2

30

3 2 6 4

0

3 3 7 5π πt t t t dt t t t dt( ) ( )

= + ⋅ − ⋅












= + ⋅ − ⋅
√

2
4

1

9 8

2

3 6
2

9

4

1

9

81

8

2

3

27

6

4 8 6

0

3

π πt t t 




 

= + −





= ⋅2
9

4

9

8
3

3

4
π π

Prob lem 5: Find the vol ume of the spin dle shaped solid gen er ated by re volv ing the astroid 

x y a2 3 2 3 2 3/ / /+ =  about the x-axis.

So lu tion: The para met ric equa tions of the given curve x y a2 3 2 3 2 3/ / /+ =  are

x a t y a t= =cos , sin .3 3 ...(1)

The curve is symmetrical about both the axes.

At the point B, x = 0 and so t = 1

2
π . 

Again at the point A, x a=  and so t = 0.

Therefore for the portion of the curve lying in the first

quadrant t varies from 
1

2
π to 0.

∴   The required volume = ×2 volume generated by
revolving the area lying in the Ist quadrant

    =
=∫2

0

2

x

a
y dxπ  = ⋅∫2

2

0 2

π
π

/
y

dx

dt
dt

    = −∫2 3
2

0 2 6 2π
π /

sin . ( cos sin ),a t a t t dt

[From (1)]
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    = ∫6 3

0

2 7 2π
π

a t t dt
/

sin . cos  = ⋅ =6
6 4 2 1

9 7 5 3 1

32

105
3 3π πa a

. . .

. . . .
.

Prob lem 6: Find the vol ume of the solid gen er ated by the rev o lu tion of the cissoid 

x a sin t y a sin t cos t= =2 22 3, /  about its as ymp tote.(Kanpur 2006; Bundelkhand 14)

So lu tion: The given para met ric equa tions of the cissoid are

x a t y a t t= =2 22 3sin , sin / cos .              [Remember]

Let us eliminate t between these equations.

We have sin / .2 2t x a= ...(1)

Now    y a
t

t
a

t

t
a

t2
3

2
2

6

2
2

2 3
2 4 4

1
=













= =sin

cos

sin

cos

(sin )

− sin2 t

   =
−

{ }

{ }

4 2

1 2

2 3a x a

x a

( / )

( / )
,   [ From (1)]

    =
−

⋅x

a x

3

2

Thus y a x x2 32( )− =  is the cartesian equation of the given cissoid and for the shape of

the curve see Example 3.

Proceeding as in Example 3, the required volume

= − = −
=

∞

=∫ ∫2 2 2 2
0

2

0

2 2π π
π

y t
a x dy a x

dy

dt
dt( ) ( )

/

[∵ t = 0, when y t= →0
1

2
and π when y → ∞]

= − +
∫2 2 2 2

3
0

2 2 2
2 2 4

2
π

π /
( sin ) .

sin cos sin

cos
a a t a

t t t

t
dt

= +∫16 33

0

2 2 2 2 4π
π

a t t t t dt
/

cos ( sin cos sin )

= +







∫ ∫16 33

0

2 2 4

0

2 4 2π
π π

a t t dt t t dt
/ /

sin cos sin cos

= ⋅ ⋅ + ⋅








16 3

1 3 1

6 4 2

1

2

3 1 1

6 4 2

1

2
3π π πa

. .

. .

. .

. .

= ⋅ ⋅ + =16
32

3 1 23 2 3π π πa a( ) .

Volumes Of Solids Of Revolution (Polar Equations).

Prob lem 1: Find the vol ume of the solid gen er ated by the rev o lu tion of r a cos= 2 θ about the

ini tial line.
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So lu tion: The given curve r a= 2 cos θ is a 

circle passing through the pole. It is symmetrical
about the initial line (i e x. ., -axis). We have θ = 0 at
the point A and θ π= /2 at the point O where r = 0.

Thus for the upper half of the circle θ varies from 0

to 
1

2
π .

∴ The required volume 

= ∫
2

3 0

2 3π
π θ θ

/
sinr d

  [Note: We have used   the formula given in article 2 (i)]

= ∫
2

3
2

0

2 3π θ θ θ
π /

( cos ) sina d            [ cos ]∵ r a= 2 θ

= = − −∫ ∫
16

3

16

3

3

0

2 3
3

0

2 3π θ θ θ π θ θ
π πa

d
a

d
/ /

cos sin cos . ( sin ) θ

= − ⋅












16

3 4

3 4

0

2
π θ

π
a cos

/

= − − =4

3
0 1

4

3
3 3π πa a[ ] .

Prob lem 2: The arc of the cardioid r a cos= +( )1 θ , spec i fied by − ≤ ≤π/ θ π/2 2 , is ro tated

about the line θ = 0, prove that the vol ume gen er ated is 
5

2
3πa .

So lu tion: See fig ure of Example 7.  Here the por tion B AB′  of the cardioid is ro tated

about the ini tial line (i e x. ., -axis). Ob vi ously the vol ume gen er ated is the same as the

vol ume gen er ated by the rev o lu tion of the por tion AB about x-axis. For the por tion AB, θ

var ies from 0 to 
1

2
π .

∴ The required volume 

= ∫0
2 32

3

π
π θ θ

/
sinr d  

= +∫
2

3
1

3

0

2 3π θ θ θ
πa

d
/

( cos ) sin  

= − +











2

3

1

4

3 4

0

2
π θ

π
a ( cos )

/

= − − = =1

6
1 16

15

6

5

2
3 3 3π π πa a a[ ] .

Prob lem 3: Find the vol ume of the solid gen er ated by the rev o lu tion of the cardioid 

r a cos= −( )1 θ  about the ini tial line. (Rohilkhand 2010)

So lu tion: Pro ceed ex actly as in Prob lem 2. Re quired vol ume = 8

3
3πa .
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Prob lem 4: Show that the vol ume of the solid formed by the rev o lu tion of the curve 

r a b cos a b= + >θ ( ) about the initial line is 
4

3
2 2πa a b( ) .+

(Meerut 2008)
So lu tion: The given equa tion of the curve is  

r a b a b= + >cos ( ) .θ   ...(1)

It is symmetrical about the initial line and for the upper half of the curve θ varies from 0
to π .

∴  The required volume formed by revolving the whole curve about the initial line

   = ∫0

32

3

π
π θ θr dsin

   = +∫
2

3 0

3π θ θ θ
π

( cos ) sin ,a b d [ From (1)]

= − + −∫
2

3 0

3π θ θ θ
π

b
a b b d( cos ) ( sin )  

= − +











2

3 4

4

0

π θ
π

b

a b( cos )

= − − − +











2

3 4 4

4 4π
b

a b a b( ) ( )
 = + − −π

6
4 4

b
a b a b[( ) ( ) ] 

= + + − + − −π
6

2 2 2 2

b
a b a b a b a b[( ) ( ) ] [( ) ( ) ]

= + = +π π
6

2 4
4

3
2 2 2 2

b
a b ab

a
a b( ) . ( ) .

Note: If b a= , then the given curve be comes r a= +( cos )1 θ  i e. ., a cardioid and hence

the vol ume of the solid gen er ated by the rev o lu tion of the cardioid 

r a= +( cos )1 θ  about the ini tial line = + =4

3

8

3
2 2 3π πa a a a( ) .

Prob lem 5: Find the vol ume of the solid gen er ated by re volv ing one loop of the lemniscate 

r a2 2 2= cos θ about the line θ π= 1

2
.

(Garhwal 2002; Meerut 06; Kumaun 07, 11)
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So lu tion: The given curve is 

r a2 2 2= cos θ …(1)

It is symmetrical about the initial
line.

We have r = 0 when cos2 0θ =

i e. .  2
1

2
θ π= ±  or θ π.= ± 1

4

Thus for one loop θ varies from − π /4
to π / 4. And for the upper half of

one loop θ varies from 0 to 
1

4
π.

Hence the required volume of the solid generated by revolving one loop about the line 

θ π= 1

2
 (i e. ., y-axis)

= ∫2
2

30

4 3π
π θ θ

/
cosr d

[Note. We have used the for mula given in ar ti cle 4 (ii)]

= ∫
4

3
2

0

4 3 3 2π θ θ θ
π / /(cos ) cosa d ,                [ From (1)]

= −∫
4

3
1 2

3

0

4 2 3 2π θ θ θ
πa

d
/ /( sin ) cos .

Now put √ = φ2sin sinθ  so that √ = φ φ2cos cos .θ θd d   [Note the substitution]

Also when θ = 0, φ = 0 and when θ π= /4, φ = π /2 .

Then the required volume

= − φ ⋅
√

φ φ∫
4

3
1

1

2

3

0

2 2 3 2π πa
d

/ /( sin ) cos

=
√

φ φ =
√

⋅ =
√∫

4

3 2

4

3 2

3 1

4 2 2 4 2

3

0

2 4
3 2 3π π π ππa

d
a a/

cos
.

.
.  .

Prob lem 1: Find the sur face of a sphere of ra dius a . (Agra 2000; Kanpur 06)

So lu tion: Sup pose the sphere is gen er ated by the rev o lu tion of a semi-cir cle of ra dius a
about its bound ing di am e ter (say x-axis).

Let the equation of the circle be x y a2 2 2+ = , ...(1)

the centre being the origin.

Then as in Example 10, we get ds dx a y/ / .=
Also for the semi-circle, x varies from − a to a .

∴   The required surface 

= = = ⋅
= − − −∫ ∫ ∫2 2 2π π π

x a

a

a

a

a

a
y ds y

ds

dx
dx y

a

y
dx
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[ ]= =
− −∫2 2π π

a

a

a

a
a dx a x  = + =2 4 2π πa a a a( ) .

Prob lem 2: Show that the sur face of the spher i cal zone con tained be tween two par al lel planes is 

2πah where a is the ra dius of the sphere and h the dis tance be tween the planes.

(Kanpur 2009)

So lu tion: Let the sphere be gen er ated by
the rev o lu tion about the x-axis of the cir cle

x y a2 2 2+ = . ...(1)

Let the two parallel planes bounding the
spherical zone be formed by the
revolution of the lines x b x b h= = +and .

Then the required surface is generated by
the revolution of the arc AC about x-axis.

Proceeding as in Example 10, we get
ds

dx

a

y
= ⋅

∴    The required surface 

 =
+

∫ b

b h
y

ds

dx
dx2π

 = ⋅
+

∫2π
b

b h
y

a

y
dx

=
+

∫2πa dx
b

b h
= +

2πa x
b

b h
[ ]   = + − =2 2π πa b h h ab( ) .

Prob lem 3: Find the area of the sur face formed by the rev o lu tion of the pa rab ola y ax2 4=

about the x-axis by the arc from the ver tex to one end of the latus rec tum.
(Rohilkhand 2011)

So lu tion: The given pa rab ola is y ax2 4= . ...(1)

Differentiating (1) w.r.t. x , we get 

2 4y dy dx a( / ) =  or dy dx a y/ / .= 2

∴ ds

dx

dy

dx

a

y

y a

y
= + 
















= +









 = +

1 1
4 4

2 2

2

2 2

2









  

    = √ +( )
,

4 4 2ax a

y
  [ From (1)]

    = √ √ + ⋅2 a x a

y

( )
...(2)

For the given arc from the vertex ( , )0 0  to one end of the latus rectum, say the end 
( , ),a a x2  varies from 0 to a .
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∴   The required surface

=
=∫ x

a
y

ds

dx
dx

0
2π  = ⋅ √ √ +

∫2
2

0
π

a
y

a x a

y
dx

( )
,   [ From (2)]

= √ + = √ +



∫4 4

2

30

1 2 3 2

0
π πa x a dx a x a

a a

( ) . ( )/ /

= √ − = √ −8

3
2

8

3
2 2 13 2 3 2

2π πa
a a

a
[( ) ] [ ] ./ /

Prob lem 4: Find the sur face gen er ated by the rev o lu tion of an arc of the cat e nary 

y c cosh (x / c)=  about the x-axis, be tween the planes x a=  and x b= . (Agra 2003)

So lu tion: Pro ceed ing ex actly as in Example 11, the re quired sur face

= = + 









=∫2

2

2π π
x a

b

a

b

y
ds

dx
dx c x

c x

c
sinh

= − + −





πc b a
c b

c

c a

c
( ) sinh sinh

2

2

2

2
 .

Prob lem 5: For a cat e nary y a cosh x a= ( / ) , prove that aS V a ax sy= = +2 π ( ),

where s is the length of the arc from the vertex , S and V are respectively the area of the curved 
surface and volume of the solid generated by the revolution of the arc about x-axis.

So lu tion: The given equa tion of cat e nary is y a x a= cosh ( / ) . ...(1)

The vertex of the catenary (1) is the point ( , ) .0 a

Differentiating (1) w.r.t. x, we get dy dx x a/ sinh ( / ) .=

∴ ds

dx

dy

dx

x

a

x= + 
















= +








=1 1
2

2sinh cosh
a

or  ds x a dx= cosh ( / ) .

If s is the length of the arc from the vertex ( )x = 0  to any point ( , )x y  on the catenary, then 
we have

s
x

a
dx a

x

a
a

x

a

x a

= 





= 





= ⋅∫0 0
cosh sinh sinh ...(2)

Now S = area of the curved surface of the solid generated by the revolution of the arc
about x-axis

  = = +



∫0

2
2

2x
y

ds

dx
dx a x

a
h

x

a
π π sin ...(3)

[As proved in Ex. 11 af ter ar ti cle 6. Prove it here.]

Also V = the volume generated by the revolution of the arc about x-axis

= = =∫ ∫ ∫0

2

0

2 2
2

0

2

2
2

x x x
y dx a

x

a
dx

a x

a
dxπ π π

cosh cosh

= +





= +



∫

π πa x

a
dx

a
x

a x

a

x x2

0

2

02
1

2

2 2

2
cosh sinh  
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= +





⋅πa
x

a x

a

2

2 2

2
sinh ...(4)

From (3),  aS a x a x a= +π 2 1

2
2[ sinh ( / )] .

...(5)

From (4), 2
1

2
22V a x a x a aS= + =π [ sinh ( / )] .

...(6)

From (5) and (6), we have aS V= 2 .

Also from (2), π πa ax sy a ax a x a x a( ) [ sinh ( / ) cosh ( / )],+ = + 2
[ cosh ( / )]∵ y a x a=

= + ⋅












πa ax
a x

a

x

a

2

2
2 sinh cosh

= + =πa x a x a aS2 2 2[ ( / ) sinh ( / )] .   [ From (5)]

Hence    aS V a ax sy= = +2 π ( ).

Prob lem 6: Find the sur face of the solid gen er ated by the rev o lu tion of the el lipse 

x y2 24 16+ =  about its ma jor axis. (Meerut 2005, 06)

So lu tion: The given el lipse is x y2 24 16+ = . ...(1)

The equation (1) of the ellipse can be written as 
x y2 2

16 4
1+ = .

Comparing it with the standard form of the equation of the ellipse 

x a y b2 2 2 2 1/ /+ = , we see that a b= =4 2,  and the major axis is along the x-axis. So we

have to revolve the curve (1) about x-axis.

Differentiating (1) w.r.t. x , we get 2 8 0x y
dy

dx
+ =  or 

dy

dx

x

y
= − ⋅

4

∴ ds

dx

dy

dx

x

y

y x= + 
















= +









= +
1 1

16

16
2 2

2

2 2

216 y











    = √ − + = √ −{ }/( ) ( )/ .64 4 4 64 3 42 2 2x x y x y ...(2)

Now the ellipse (1) is symmetrical about both axes and for the arc of the ellipse lying in
the first quadrant x varies from 0 to 4.

∴  The required surface 

 = ×2 surface generated by the revolution of the arc in the first quadrant

= = ⋅ √ −
=∫ ∫2 2 4

64 3

40

4

0

4 2

x
y

ds

dx
dx y

x

y
dxπ π ( )

, [From (2)]

= √ − = √
√







−











∫ ∫π π

0

4 2

0

4 2
264 3 3

8

3
( )x dx x dx

= √
√







−











+ ⋅ √







−π 3
2

8

3

1

2

64

3

3

8

2
2 1x

x
x

sin 














0

4
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= √ −





+ √

















−π 3 2
64

3
16

32

3

3

2
1sin = √

√
+ ⋅





π π
3

8

3

32

3 3
,

∵ sin− √





 =











1 3

2 3

π

= +
√









 ⋅8 1

4

3 3
π π

Problems on revolution about y-axis.

Prob lem 7: Find the sur face of the solid formed by the rev o lu tion, about the axis of y, of the part

of the curve ay x2 3=  from x = 0 to x a= 4  which is above the x-axis.

So lu tion: The given curve is 

ay x2 3= . ...(1)

Differentiating (1) w.r.t. x , we get

   2 3
3

2
2

2
ay

dy

dx
x

dy

dx

x

ay
= = ⋅or

∴ ds

dx

dy

dx

x

a y
= + 
















= +









1 1
9

4

2 4

2 2

     = +








1
9

4

4

3

x

a x.
, [From (1)]

     = +





=
√

√ +1
9

4

1

2
4 9

x

a a
a x( ) .

∴   The required surface  

   =
=∫ x

a
x ds

0

4
2π

   = ∫0

4
2

a
x

ds

dx
dxπ    (Note)

   = ⋅
√

√ +∫0

4
2

1

2
4 9

a
x

a
a x dxπ ( )  

   =
√

√ +∫
π
a

x a x dx
a

0
4 9( ) .

Put 4 9 2a x t+ =  so that 9 2dx t dt= . When x = 0, t a= √( )4  and when x a= 4 , t a= √( ) .40

∴ The required surface 

   =
√

− ⋅ ⋅
√

√

∫
π
a

t a
t

t dt

a

a

( )

( )

4

40 2 4

9

2

9
 =

√
−

√

√

∫
2

81
4

4

40 4 2π
a

t at dt
a

a

( )

( )
( )  

   =
√

−





= √
√

√
2

81

1

5

4

3

128

1215
1255 3

4

40
2π π

a
t at a

a

a

( )

( )

[ ( ) ] .10 1+
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Prob lem 1: Find the sur face area of the solid gen er ated by re volv ing the cycloid 

x a sin y a cos= − = −( ), ( )θ θ θ1  about the x-axis.

So lu tion:  The given para met ric equa tions
of the cycloid are

        x a y a= − = −( sin ), ( cos ) .θ θ θ1

        ...(1)

∴ 
dx

d
a

dy

d
a

θ
θ

θ
θ= − =( cos ) and sin .1

Hence,  
ds

d

dx

d

dy

dθ θ θ
= 





+ 

















2 2

     = √ − +[ ( cos ) sin ]a a2 2 2 21 θ θ  = √ − + +a [ cos cos sin ]1 2 2 2θ θ θ

     = √ − = √ =a a a[ ( cos )] [ . sin ( / )] sin ( / ) .2 1 2 2 2 2 22θ θ θ  ...(2)

We have y = 0 when 1 0 1− = =cos . ., cosθ θi e  giving θ = 0 and 2π . When θ = =0 0, x
and when θ π π= =2 2, .x a  Also y is maximum when cos θ = − 1 i e. ., θ π=  and then 
y a= 2  and x a= π . Thus for one arch of the given curve θ varies from 0 to 2π and this
arch is symmetrical about the line x a= π which meets the curve at the point θ π= .

∴   The required surface = ∫2 2
0

π
π

θ
θy

ds

d
d

= −∫4 1 2 2
0

π θ θ θ
π

a a d( cos ) . sin ( / ) , from (1) and (2)

    = ⋅ =∫ ∫8 2
2 2

16
2

2

0

2 2

0

3π θ θ θ π θ θ
π π

a d a dsin sin sin

    = ∫16 22

0

2 3π
π

a t dt
/

sin . , putting 
θ
2

= t so that d dtθ = 2  

    = ⋅ = ⋅32
2

3 1

64

3
2

2
π π

a
a

.

Prob lem 2: Find the area of the sur face gen er ated by re volv ing an arch of the cycloid 

x a sin y a cos= + = −( ), ( )θ θ θ1  about the tan gent at the ver tex.

So lu tion: The given para met ric equa tions of 
the cycloid are

x a y a= + = −( sin ), ( cos ) .θ θ θ1

      ...(1)

∴ dx

d
a

dy

d
a

θ
θ

θ
θ= + =( cos ) and sin .1

Hence 
ds

d

dx

d

dy

dθ θ θ
= 





+ 

















2 2

     = √ + +[ ( cos ) sin ]a a2 2 2 21 θ θ
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= √ + + +a [ cos cos sin ]1 2 2 2θ θ θ  = √ +a . [ ( cos )]2 1 θ

= √ =a a. . cos ( / ) cos ( / ) .{ }2 2 2 2 22 θ θ ...(2)

Also for one arch of the given curve, θ varies from − π to π and this arch is symmetrical
about the y-axis which meets the curve at the point θ = 0.

∴   The required surface = ∫2 2
0

π
π

θ
θy

ds

d
d  

= −∫4 1 2 2
0

π θ θ/ θ
π

a a d( cos ) . cos ( ) , from (1) and (2)

= ⋅ =∫ ∫8 2
2 2

16
2 2

2

0

2 2

0

2π θ θ θ π θ θ θ
π π

a d a dsin cos sin cos

= ∫16 22

0

2 2π
π

a t t dt
/

sin cos . , putting 
θ
2

= t so that d dtθ = 2

= = ⋅ = ⋅∫32 32
1

3 1

32

3
2

0

2 2 2
2

π π ππ
a t t dt a

a/
sin cos

.

Prob lem 3: The por tion be tween the con sec u tive cusps of the cycloid x a sin= +( ),θ θ  

y a cos= +( )1 θ  is re volved about the x-axis. Prove that the area of the sur face so formed is to the

area of the cycloid as 64 9: .

So lu tion: The given para met ric equa tions of the
cycloid are

x a y a= + = +( sin ), ( cos ) .θ θ θ1

     ...(1)

∴ 
dx

d
a

dy

d
a

θ
θ

θ
θ= + = −( cos ), sin .1

Hence
ds

d

dx

d

dy

dθ θ θ
= 





+ 

















2 2

 = √ + +[ ( cos ) sin ]a a2 2 2 21 θ θ

   = √ + + +a [ cos cos sin ]1 2 2 2θ θ θ

   = √ +a [ ( cos )]2 1 θ  = √ =a a[ . cos ( / )] cos ( / ) .2 2 2 2 22 θ θ ...(2)

For one arch of the given curve (i e. ., for the portion between two successive cusps) θ
varies from − π to π . Also this arch is symmetrical about the y-axis which meets the arch
at the point where θ = 0. The base of the given cycloid is the axis of x .

∴ The surface S generated by the revolution of the cycloid about the x-axis 

   = ∫2 2
0

π
π

θ
θy

ds

d
d  = +∫4 1 2 2

0
π θ θ θ

π
a a d( cos ) . cos ( / ) ,  

       [ From (1) and (2)]

   = =∫ ∫8 2
2 2

16
2

2

0

2 2

0

3π θ θ θ π θ θ
π π

a d a dcos cos cos

   = ∫16 22

0

2 3π
π

a t dt
/

(cos ) . , putting 
θ
2

= t so that d dtθ = 2  

   = ⋅ = ⋅32
2

3 1

64

3
2

2
π π
a

a

.
...(3)

I-237



Also the area A of the given cycloid

= = + +∫ ∫2 2 1 1
0 0

π π

θ
θ θ θ θy

dx

d
d a a d( cos ) . ( cos )

= + = 



∫ ∫2 1 2 2

2
2

0

2 2

0

2
2

a d a d
π π

θ θ θ θ( cos ) cos

= ∫8
2

2

0

4a d
π θ θcos  = ∫8 22

0

2 4a t dt
π /

(cos ) . , putting t = θ
2

 

= ⋅ ⋅ =16
3 1

4 2 2
32 2a a

.

.
.

π π ...(4)

From (3) and (4), we get the required ratio = = = ⋅S

A

a

a

64

3

3

64

9

2

2

π

π

Prob lem 4: Prove that the sur face area of the solid gen er ated by the rev o lu tion, about the x-axis

of the loop of the curve x t y t t is= = −2 31

3
3, .π

So lu tion: The given equa tions of the curve are x t y t t= = −2 31

3
, . ...(1)

∴ dx dt t dy dt t/ and / .= = −2 1 2

Hence      
ds

dt

dx

dt

dy

dt
t t= 





+ 

















= √ + −
2 2

2 22 1[( ) ( ) ]2

    = √ + − + = √ + = +[ ] ( ) ( ) .4 1 2 1 12 2 4 2 2 2t t t t t ...(2)

Putting y = 0 in (1), we get t t− =1

3
03  which gives t = 0 or t = ± √3. For the upper half

of the loop y is positive and so for the upper half of the loop t varies from 0 to √3.

∴ The required surface =
√

∫0

3
2π y

ds

dt
dt

   = − + = + −
√ √

∫ ∫2
1

3
1 2

2

3

1

30

3 3 2

0

3 3 5π π( ) ( ) ( )t t t dt t t t dt

   = + ⋅ −












= + −







√

2
2

2

3 4

1

3 6
2

2 6 18

2 4 6

0

3
2 4 6

π πt t t t t t





√

0

3

    = + −





=2
3

2

9

6

27

18
3π π .

Prob lem 5: Prove that the sur face of the ob late spher oid formed by the rev o lu tion of the el lipse of 

the semi-ma jor axis a and ec cen tric ity e is

  2 1
1

2

1

1
2

2
πa

e

e
log

e

e
+ − +

−




















.

So lu tion: [Note : Ob late spher oid is gen er ated by the rev o lu tion of the el lipse about its
mi nor axis.]
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Let the parametric equations of the ellipse be

x a t y b t= =cos , sin , where b a e2 2 21= −( ) . ...(1)

∴     dx dt a t dy dt b t/ sin and / cos .= − =

∴ ds

dt

dx

dt

dy

dt
a t b= 





+ 
















= √ +

2 2
2 2{ sin 2 2cos t}

     = √ + − = √ −{ }a t a e t a e t2 2 2 2 2 2 21 1sin ( ) cos ( cos ) ...(2)

The ellipse is symmetrical about both the axes and for the arc of the ellipse lying in the
first quadrant t varies from 0 to π/2 .

We have to revolve the ellipse about its minor axis which is the y-axis.

∴   The required surface = ∫2 2
0

π / 2
π x

ds

dt
dt (Note)

= √ −∫4 1
0

2 2 2π
π /

cos . ( cos )a t a e t dt 

= √ − +∫4 12

0

2 2 2 2π
π

a e e t t dt
/

( sin ) cos

= √ − +∫
4

1
2

0

2 2πa

e
e z dz

e
[( ) ] , 

  putting e t zsin =  so that  e t dt dzcos =

= √ − + + − + √ − +


4

2
1

1

2
1 1

2
2 2 2 2 2πa

e

z
e z e z e z{ } { }( ) ( ) log ( )

 0

e

= + − + − − √ −2
1 1 1 1

2
2 2 2πa

e
e e e e e[ ( ) log ( ) ( ) log ( )]

= + − +

√ −













2
1

1

1

2
2

2

πa

e
e e

e

e
( ) log

( )

= + − +
−





















2 1
1 1

1
2

2
πa

e

e

e

e
log  = + − +

−













⋅2 1
1

2

1

1
2

2
πa

e

e

e

e
log

Problems on surfaces of revolution (Polar equations):

Prob lem 1: Find the area of the sur face of rev o lu tion formed by re volv ing the curve r a cos= 2 θ

about the ini tial line.

So lu tion: The given curve is 

r a= 2 cos ,θ ...(1)

which is clearly a circle of radius a passing through the pole and having diameter
through the pole as initial line. At O, r = 0 and so (1) gives θ π= /2 at O.

Differentiating (1) w.r.t θ, we have  dr d a/ sin .θ θ= − 2
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∴ 
ds

d
r

dr

dθ θ
= + 
















2

2

 

  = √ +{ }4 42 2 2 2a acos sinθ θ

  = √ + =2 22 2a a(cos sin ) .θ θ

The given curve is revolved about the initial
line (i e. ., the x-axis) and for the upper half of the
curve, θ varies from 0 to π / .2

∴ The required surface = ∫0

2
2

π
π

θ
θ

/
,y

ds

d
d

where y r= sin θ

= =∫ ∫2 2 4 2
0

2

0

2
π θ θ π θ θ θ

π π/ /
sin . cos sin ,r a d a a d   [ From (1)]

= =










∫8 8

2
2

0

2 2
2

0

2

π θ θ θ π θπ
π

a d a
/

/

sin cos
sin

= − =8
1

2
0 42 2π πa a( ) .

Prob lem 2: Find the sur face of the solid formed by the rev o lu tion of the cardioid 

r a cos= +( )1 θ  about the ini tial line. (Agra 2003; Purvanchal 2006, 10; Kashi 11)

So lu tion: The given curve is 

r a= +( cos ) .1 θ ...(1)

It is symmetrical about the initial line and for the
upper half of the curve, θ  varies from 0 to π .

Differentiating (1) w.r.t. θ, we get 

dr d a a/ ( sin ) sin .θ θ θ= − = −

∴         
ds

d
r

dr

dθ θ
= + 

















2
2

      = √ + +[ ( cos ) sin ]a a2 2 2 21 θ θ  

      = √ + =a a[ ( cos )] cos .2 1 2
1

2
θ θ  ...(2)

∴   The required surface 

   = ∫0
2

π
π

θ
θy

ds

d
d , where y r= sin θ

   = ∫0
2 2

1

2

π
π θ θ θ. sin . cosr a d

    = +∫2 1
1

20
π θ θ θ θ

π
a d( cos ) sin cos                [ From (1)]

   = ⋅ ⋅∫4 2
2

2
2 2 2

2

0

2π θ θ θ θ θ
π

a dcos sin cos cos   
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= ∫16
2 2

2

0

4π θ θ θ
π

a dcos sin

= ∫16 22

0

2 4π
π

a t t dt
/

(cos sin ) . , putting 
θ
2

= t so that d dtθ = 2

= ∫32 2

0

2 4π
π

a t t dt
/

cos sin

= ⋅ = ⋅32
3 1 1

5 3 1

32

5
2

2
π π
a

a. .

. .

Prob lem 3: The arc of the cardioid r a cos= +( )1 θ  in cluded be tween − 1

2
π ≤ θ ≤ 1

2
π is

ro tated about the line θ π= 1

2
. Find the area of the sur face gen er ated.

(Purvanchal 2010)

So lu tion: The given cardioid is r a= +( cos ),1 θ ...(1)

which is symmetrical about the initial line.

As proved in problem 2, ds d a/ cos ( / ) .θ θ= 2 2             (Prove it here)

The curve is rotated about the line θ π= / . .,2 i e  the y-axis and for the upper half of the

cardioid lying in the first quadrant, θ varies from 0 to 
1

2
π .

∴   The required surface = ∫0

2
2

π
π

θ
θ

/
,x

ds

d
d (Note)

    = ∫4 2
20

2
π θ θ θ

π /
cos . cos ,r a d        [ cos ]∵ x r= θ

    = +∫8 1
20

2
π θ θ θ θ

π
a a d

/
( cos ) . cos . cos , [From (1)]

    = ⋅ −



∫8 2

2
1 2

2 2
2

0

2 2 2π θ θ θ θ
π

a d
/

cos sin cos

    = −





−



∫16 1

2
1 2

2 2
2

0

2 2 2π θ θ θ θ
π

a d
/

sin sin cos (Note)

    = − +



∫16 1 3

2
2

2 2
2

0

2 2 4π θ θ θ θ
π

a d
/

sin sin cos .

Put sin ( )θ/2 = t so that 
1

2 2
cos ( ) .

θ θd dt=

Also when θ = =0 0, t  and when θ π= = √/ , / .2 1 2t

∴    The required surface = − +
√

∫16 1 3 2 22

0

1 2 2 4πa t t dt
/

( ) .

   = − + ⋅












√

32 2
5

2 3
5

0

1 2

πa t t
t

/

 =
√

−
√

+
√









32

1

2

1

2 2

1

10 2
2πa

   = √48 2

5
2πa .
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Problems on surfaces of revolution formed by rotation about any
axis:
Prob lem 4: A quad rant of a cir cle of ra dius a re volves about its chord. Show that the sur face of

the spin dle gen er ated is 2 2 1
1

4
2π πa √ −( ) .

So lu tion: Let us take the quad rant of the cir cle in such a way that it is placed
sym met ri cally about the x-axis. The quad rant of the cir cle sub tends an an gle π /2 at the
cen tre.

Now draw the figure as in Example 17  by taking 2 2α π= /  and then proceed exactly in
the same way as in Example 17 by taking α π= /4. Thus the required result is obtained
by putting α π= /4 in the result of Example 17.

Prob lem 5: The lemniscate r a cos2 2 2= θ re volves about a tan gent at the pole. Show that the

sur face of the solid gen er ated is 4 2πa . (Meerut 2005B; Kumaun 12)

So lu tion: The given curve is 

r a2 2 2= cos .θ  ...(1)

Proceeding as in Example 16, we get

 ds d a r/ / .θ = 2

Putting r = 0 in (1), we get cos 2 0θ =

giving 2
1

2
θ π= ±  i e. ., θ π= ± 1

4
.

Therefore one loop of the curve lies

between θ π= − 1

4
 and θ π= 1

4
. The

curve consists of two loops and both

the lines θ π= − 1

4
 and θ π= 1

4
 are tangents at the pole. Let the curve be revolved about

the line KOK ′ which is a tangent at the pole.

Take any point P r( , )θ  on the curve and draw PM perpendicular to the axis of rotation 

KOK ′. Then ∠ = +POM
1

4
π θ and  PM OP r= + = +sin ( ) sin ( ) .

1

4

1

4
π θ π θ

Also for one loop θ varies from − 1

4
π to 

1

4
π .

∴ The required surface = ×2 surface generated by one loop

= ×
−∫2 2

4

4

π

π
π

θ
θ

/

/
( )PM

ds

d
d  = + ⋅

−∫4
1

44

4 2
π π θ θ

π

π

/

/
sin ( ) ,r

a

r
d

∵
ds

d

a

r
PM r

θ
π θ= = +













2 1

4
, sin ( )

= + = − +



− −

∫4
1

4
4

1

4
2

4

4 2π π θ θ π π θ
π

π

π /
a d a

/

/
sin ( ) cos ( )

4

4π /

= + =4 0 1 42 2π πa a[ ] .
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Prob lem 1: Find the po si tion of the cen troid of a semi-cir cu lar area.

So lu tion: Clearly the C.G. of the semi-cir cu lar

area will lie some where on the ra dius which is

per pen dic u lar to the bound ing di am e ter. Let the

dis tance of the cen troid from the cen tre O be y .

Also a sphere will be gen er ated by the ro ta tion of

the semi-cir cu lar area about the bound ing

di am e ter.

∴ By Pappus theorem, volume of the solid of
revolution

   = area of semi-circle

     × Circumference of the circle generated by the centroid of this area.

Hence 
4

3

1

2
23 2π π πa a y= . ,  where a is the radius of the semi-circle

or     y
a

a

a= ⋅ = ⋅1

2

4

3
1

2

4

3

3

2π

π

π π

Prob lem 2: Find the vol ume gen er ated by the rev o lu tion of an el lipse hav ing semi-axes a and b

about a tan gent at the vertex.

So lu tion: Area of the given el lipse = πab. ...(1)

The C.G. of the ellipse will describe a circle of radius a when revolved about the tangent
at A or a circle of radius b when revolved about the tangent at B .  [See fig. of Example 19]

Hence the length of the arc described by the C.G. will be

2 2 4π π. . .,a i e a or 2 2 4π π. . ., .b i e b

∴    By Pappus theorem, the required volume

( )i   when revolved about the tangent at the vertex A = =π π πab a a b. ,2 2 2 2

( )ii    when revolved about the tangent at the vertex B = =π π πab b ab. .2 2 2 2

Prob lem 3: Find by us ing Pappus the o rem the vol ume of the ring gen er ated by the rev o lu tion of

an el lipse of ec cen tric ity 1 2/√  about a straight line par al lel to the mi nor axis and sit u ated at a

dis tance from the cen tre equal to three times the ma jor axis.

So lu tion: Let a be the semi-ma jor axis of the el lipse. Then its semi-mi nor axis

b a e a a= √ − = √ − = √( ) ( ) / .1 1
1

2
22  [ / ]∵ e = √1 2

∴    Area of the ellipse = = = √√π π πab a a a. ( / ) / .2 22

Distance of the C.G. of the ellipse from the axis of revolution is = =3 2 6. ,a a  (given).
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As the ellipse revolves about the given line its C.G. will describe a circle of radius 6a
whose perimeter will be = =2 6 12π π. .a a

Now by Pappus theorem, the required volume

= area of the ellipse × length of the arc described by its C.G. 

= √ = √( / ) . /π π πa a a2 2 32 12 12 2 

= √6 2 2 3π a , where a is the semi-major axis.

Prob lem 4: Find the vol ume of the ring gen er ated by the rev o lu tion of the cardioid 

r a cos= +( )1 θ  about the line r cos aθ + = 0, given that the cen troid of the cardioid is at a

dis tance 5 6a /  from the or i gin.

So lu tion: The given curve is

r a= +( cos ) .1 θ ...(1)

And the given line of rotation is

  r acos θ + = 0 

or x a+ = 0,     [ cos ]∵ x r= θ
or x a= − .

By symmetry the centre of gravity G of the 
cardioid lies on the initial line OX. If G be
the centroid of the area of the cardioid,
then OG a= 5 6/  (given).

Also GM = the length of the

perpendicular from G on the line of rotation

= + = + =GO OM a a a( / ) / .5 6 11 6

Also the area A of the cardioid 

= × ∫2
1

20

2π
θr d  = +∫0

2 21
π

θ θa d( cos ) ,   [ From (1)]

= ∫a d2

0

2 22
1

2

π
θ θ( cos )  

= φ φ∫8 2

0

2 4a d
π /

cos ,  putting  θ/2 = φ so that d dθ = φ2  

= ⋅ ⋅ ⋅ =8
3

4

1

2

1

2

3

2
2 2a aπ π .

∴    By Pappus theorem, the required volume

  = × = × =( . ) ( / ) .2 2 11 6
3

2

11

2
2 2 3π π π πGM A a a a

Prob lem 5: A semi-cir cu lar bend of lead has a mean ra dius of 8 inches; the ini tial di am e ter of

the pipe is 4 inches and the thick ness of the lead is 
1

2
 inch. Ap ply ing the the o rem of Pappus and

Guldin  find the vol ume of the lead and its weight, given that 1 cu bic inch of lead weighs 0.4 lb.

So lu tion: In ter nal di am e ter of pipe = 4 inches.

Thickness of metal = 1

2
 inch
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∴  External diameter of the pipe = + =4 1 5 inches.

∴  Area of lead = − =1

4
5 4

9

4
2 2π π.( )

The centroid of this area is at a distance of 8 inches from the axis of rotation. Therefore
the length of path traced out by its centroid in describing a semi-circle = 8π inches.

∴  Volume of the lead = × =8
9

4
18 2π π π  cu. inch.

∴  Weight of the pipe = volume × density = × =18 0 42π . .lb 71.1 lb.

Prob lem 6: State the the o rems of Pappus and Guldin. (Meerut 2008)

So lu tion: See ar ti cle 10.

Mul ti ple Choice Ques tions

 1. See article 4.

 2. The given parabola is y ax2 4= .

Take an elementary strip PMNQ , where P

 is the point ( , )x y  and Q is the point

( , ).x x y y+ +δ δ  Then 

PM y=  

and MN ON OM= −
     = + − =( ) .x x x xδ δ  

Now volume of the elementary  disc formed

by  revolving the strip PMNQ about the 
x-axis 

= =π π δ. . .PM MN y x2 2

The paraboloid is formed by the revolution

of the area ODC about x-axis.

Also for the area ODC, x varies from x = 0 to x h= .

∴ The required volume 

= = =












=∫ ∫π π π πy dx ax dx a
x

ah
h h

h
2

0

2

0
0

24 4
2

2( ) .

 3. See ar ti cle 6, part (b).

 4. See Example 16.

 5. See Example 7.
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Fill in the Blank(s)

 1. See article 2, part (a).

 2. See article 4.

 3. See article 8.

 4. See article 7.

True or False

 1. See ar ti cle 4.

 2. See ar ti cle 6, part (a).

Also see remark after article 6.

❍❍❍
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