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Preface

This book on Integral Calculus has been specially written according to the latest
semester Syllabus to meet the requirements of B.A. and B.Sc. Semester-1I Students of

all colleges affiliated to Kumaun University.

The subject matter has been discussed in such a simple way that the students will find
no difficulty to understand it. The proofs of various theorems and examples have been
given with minute details. Each chapter of this book contains complete theory and a fairly
large number of solved examples. Sufficient problems have also been selected from
various university examination papers. At the end of each chapter an exercise containing

objective questions has been given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care, might

have been there.

The authors, in general, hope that the present book will be warmly received by the
students and teachers. We shall indeed be very thankful to our colleagues for their

recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam
Rastogi, Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of
KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out this book in the present

nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is

meant. Suggestions for the improvement of the book are always welcome.

— Authors
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Definite Integrals

I Definite Integral

Sometimes in geometrical and other applications of integral calculus it becomes
necessary to find the difference in the values of an integral of a function f(x) for
two given values of the variable x, say a and b. This difference is called the definite
integral of f(x) from a to b or between the limits a and b.

This definite integral is denoted by
b
[ e
a

and is read as “the integral of f(x) with respect to x between the limits a and b”.

It is often written thus:
b
[ rwdr=1Fe1; = Fo) - F),

where F(x)is an integral of f(x),F(b)is the value of F(x)atx = b, and F(a)is the value of
F(x)at x=a.

The number a is called the lower limit and the number b, the upper limit of integration.
The interval (a,b) is called the range of integration.
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A )

Fundamental Theorem of Integral Calculus: Let fe R[a,b] and let ¢ be a
differentiable function on [a, b] such that ¢’(x) = f(x) for all x € [4,b]. Then

b
[ rdr=o0)- oo.

2 Fundamental Properties of Definite Integrals

b b
Property 1: We havej f(x)dx = I f(@t)dt, ic., the value of a definite integral does not
a a

change with the change of variable of integration (also called ‘argument’) provided the limits of
integration remain the same.

Proof: Let J f(x)dr = F(x); then j F(t)de = F().
b b
Now L fx)dv=[F0 = F(b) - F(a), (1)
b b
and L F)de = [FO)]L = F(b) - Fla), (2
b b
From (1) and (2), we see that.[ f(x)dx :J f(t)dt.

b a
Property2: We hm/eJ. f(x)dx = _J.b f(x) dx,i.c.interchanging the limits of a definite
a

integral does not change the absolute value but changes only the sign of the integral.
Proof : Let j f(x)dx = F (x). Then

b
[ £ ax=1Fw1; = Fo) - Faa (1)
Also - j: F(x)dr=—[F(x)]¢ = [F(a) - F(b)]= F(b) - F(a). (2)

From (1) and (2), we see that Lh ) dx:—j: F(x) d.

b c b
Property 3:  We have L f(x)dx = L f(x)dx + L f(x)dx.

Proof: Let j Fx) de = E(x).
Then the R.H.S.
=[F()], + [F(x)]? = { F(c) - F(a)} + { F(b) - F(c))

[
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Note 1: This property also holds true even if the point ¢ is exterior to the interval
(a,b) .

Note 2: In place of one additional point ¢ ,we can take several points. Thus

J':f(x)dxzj:l f(x)oix+J.:12 f(x)dmj;g Fx)d+ ...

cr b
+j f(x)dx+...+j £ () d.
Cr-1 n
Property 4: We have J.af(x) dx = Jaf(a —x)dx
perty «: o “Jo .
a
Proof: Let I-= _[ f(x) d.
0
Put x = a — ¢, so that dx = — dt.
When x=0,t=a and when x =a,t =0.
0 a
I= _[ Ffla—-1t)(-de)= J fla—1)dt, [by property 2]
a 0
= J.ﬂ fla—x)dx. [by property 1]
0

a a
Property 5: (x)dx =0 or (x) dx, according as f (x) is an odd or an even
perty » o g

function of x .

Proof: Odd and even functions. A function f (x) is said to be
(i) an odd function of x if f(—x)=— f(x),
(ii) an even function of x if f(- x)= f(x).

a 0 a
Now J f(x)de = J. f(x)de + JO f(x) dx, by property 3. (1)

0
Letu= f(x) dx.In the integral u, put x = — ¢ so that dx = — dt.
—a

Also t =a,when x=—a and t =0 when x=0.

O a
u= L S0 (=dt) = JO f(=1t)dt, [by property 2]
- J.(} f(=x) dx, [by property 1]
- ,[0” f(x) dx, if f (x)is an odd function of x,

or = fﬂ f(x)dy,if f (x)is an even function of x.
0
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A s )
-~ from (1), we get

j” f(x)dx=—j(jf(x)dx+‘..;f(x)dx=0,

—a

if f (x)is an odd function of x
and L Fl) dr = _[O Fx)det jo Fx)de=2 JO F() d,
if f (x)is an even function of x.

Property 6: Joza Fxydr =2 j: () dx, if f(2a-x) = £(x)
2a
and _[O F(x)x =0, if f(2a-x) = —f(x).
2a a 2a
Proof : We have JO f(x)de = JO f(x) dx+j f(x)dx

a 0
= J, f@de= [ f@a- )y,
[putting x =2a — y in the second integral and changing the limits]
a a
- JO F(x) di + jo F2a-y)dy,
interchanging the limits in the second integral
- J” Fl)de+ j” FQa - x)dx
0 0 ’
changing the argument from y to x in the second integral
a
- 2j0 ) dv,if f (2a—-x)= f (x)

or =0,if f(2a—-x)=— f(x).

2a a a
Corollary: -[0 f(x)dxy = -[0 f(x)dx + IO f2a - x)dx.

Remember:

m/2 ) /2 )
(i) J_n/z f(smx)dx=2j0 f(sinx)dx or=0

as if, f (sin x) is an even or an odd function respectively.

/2
(ii) .[()n f(sinx)dx=2 Jon f(sin x) dx, [by property 6, becausesin (1 — x) = sin x|

o m/2 /2
(iii) J—n/Q f(cosx)dy=2 o f(cos x) dx, [by property 5]
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n /2
(iv) _[0 f(cos x)dxzz_[o f(cos x) dx or =0,

as if, f (cos x) is an even or an odd function respectively.

/2 ) /2 (1
(v) JO f(sin x) dx = o f{sm (5 T - x)} dx, [by property 4]
/2
=J f(cos x) dx.
T /2
(vi) J sin” x cos” x dx =2 sin” x cos” x dxor =0,
0 0

according as n is an even or an odd integer, (by property 6).

[llustrative Examrles

I
Example 1: Evaluate J cos®" x dv.
0

T 9 n/2 9
Solution: We have J. cos”  xdr =2 cos”" x dx,
0 0

[ IOZ” flyae=2 [ f)drif f2a 0= fo).

Here taking f(x) = cos?” x, we see that

2n

f(m - x) =cos®" (m - x) = (- cos x)*" = cos?" x = f(x):|

Cn-1)@2n-3)...... 31 =
M 2n-2)2n-4)...4.2 2
@n-)@n-3)..31
2" n!

, by Walli’s formula

T 3
Example 2: Evaluate I 0 sin” 0 d0.
0
T 3
Solution: Let I :J 0 .sin” 0 d6. (1)
0
B 3
Then I = J (Tt —0)sin” (m —0) 46,
0
a a
J fx)de = J f(a — x) dx, refer prop. 4
0 0

=J.n(n—9)sin39d6. -(2)
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A s
Adding (1) and (2), we get

T 3 3 T 3
21=J' [0 5in® 6 + (1 — 0) sin> 0] d6 =J' 0+ 1 —6) sin® 0 40
0 0
T T
=J. nsingedeznj sin> 0 d0
0 0

n/2
=2n J sin® 6 d6, by a property of definite integrals; refer prop. 6
0

=27 % I, by Walli’s formula

=4r/3.
2

I==m.
3

Example 3: Prove without performing integration that
2a  ydy J.2ﬂ x dx
—a XZ + pz - a xz + p2

Solution: We have

2a  x dx J‘ 2a xdx . (1)
—-a x2+p2 —a)(2+pz a pz
-x
But if f (x ,then =—F=— f(x).
f ()= x+f S = f+f f(x)
Therefore f (x)is an odd function of x .
-[—a )cz+pz
2a  ydy 2a  xdx
So from (1), we etJ. = .
(Wweget) 2o 77) 2572
T
Example 4: Emluatej 5 dez 7
0 a” cos® x+ b~ sin” x (Kumaun 2012)
n x dx
Solution: Let I = . (1
0 a’ cos® x+b® sin® x ()
T —
Then Y ik L :
0 a“ cos” (m—x)+b” sin” (1w — x)
a
dy = -
Ly se-nad
n (T —x)dx
= . (2
jo a’ cos® x + b? sin® x 2)

Adding (1) and (2), we get
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X+ (m—x) T dx
9 = dv=m _[
0 a’ cos® x+b” sin® x 0 a’ cos® x+b® sin” x
/2
=27 J 2 2 a 2 2
0 a® cos” x+b” sin” x
by a property of definite integrals, refer prop. 6.
n/2 dx n2  sec? xdx
I:“J. 7 2 ) :“I T 32 a7
0 a”cos” x+b”sin” x 0 a”+b° tan” x
dividing the numerator and the denominator by cos? x.
Now put b tan x =t . Then b sec” x dv=dt .
Also when x =0 ,t=0 and when x = ©/2,t = oo.
I:E - 2dt2:£l|:tan_1£:|
b Jo a~ +t b a aljp
i -1 -1 nT|rw nz
=—[tan" o —tan 0] :—[——O]:—-
ab ab |2 2ab
n/2 _ ¢f
Example 5: Evaluate J M dx.
0 1+ sinxcosx
n/2 — g
Solution: Let I = de.
0 l+sinxcosx
1 .
x/2 COS En—x —sin En—x
Then I :J dx [Refer prop. 4]

0 1+sin(ln—x)cos (ln—x)
2 2

/2 sin x —cos x T/2 cos x —sin x
—j —dx——J — dx=-1.

0 Il+cosxsinx

0 l+sinxcosx

2 =0 or I=0.

X dx

T
Example 6: Evaluate j —-
0 I+sinx

Solution: Let I =

T xdx _J‘Tf (m— x) dx

, Ref 4
0 1+sin (- x) [Referprop. 4]

0 l+sinx

T —_ T T
e e i
0 l+sinx 0 l+sinx 0 I+sinx

T 1
:nJ ——dv - 1.
0 l+sinx

T dx 2y
2] = =2 Ref .
n.[o 1+sinx nJ. [Refer prop. 6]

0 l+sinx’
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ACo)
/2 n/2
or I= n_[ L = n.[ L, [Refer prop. 4]
0 I+sinx 0 1+sin(l1t—x)
2

n/2 dx n/2 dx n/2 1 51
=TEJ. =n'[ —=n.[ —sec” —xdx
0 l+cosx 0 2 2

1 1'5/2 1
=n[tan—x] =n[tan—n—tan0}=n(l—0)=n.
2 o 4

/2
Example 7:  Show that J.O log sin x dx = — 21 nt log2 or 21 n log 21

/2
Solution: Let I:J log sin x dx. (1)
0
Th 1= ™ tog sin [ dx C =" dx
en _-[0 0g51n(§n—x) , 'J-O f(x) x—J-O fla—-x)
/2
=j log cos x dkx. ..(2)
0

g (l) alld‘ (2)’ g
J‘75/2 11:/2
2J = 10 Slnxdx+ | ]O Osxdx
0 g 0 gC

n/2
= J. log(sin x cos x) dx (Note)
0

/2 i /2
= J: log {stZx} dy = Jon (log sin 2x — log 2) dx

n/2 /2
=j logsin2xdx—J log 2 dx
0 0
n/2
- J log sin 2 dv - (log 2) [x]7"*
0
"% og sin 2 de — Elog 2
_J.() og sin 2x ) og 2.
Now put 2x =t,s0 that 2dr=dt . Alsot =0 when x=0 and t=n whenx:%n.
J b
21=—J log sin ¢ df — = log 2
5o og sin 3 og
—ljn log sin x dv — = log 2 [Refer prop. 1]
2 )0 g D) g 4 prop.

Lo ™ tog sinvdv— E log 2 Ref 6
=3 -[0 og sin x ) og 2, [Refer prop. 6]

1
=] -—mlog?2.
2Tcog
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(111 ]L;q\
Therefore 20 -1 =— %  log 2

or I=—%n10g2=21nlog(2)_l=%nlog%-

/2
Example 8:  Show that I X cot x dx = % 7 log 2.
0

/2
Solution: Let | ='[ xcot x dr. Integrating by parts taking cot x as the second
0

function, we get

/9 /2
I =[x log sin x]{; —J 1.log sin x dx
0

" og 1 - lim xlog si " og sinx dv
—|:§ Og — l1im x OgSlnx:|—JO OgSlnx

x—0

n/2
=0 - lim xlogsinx—J. log sin x dkx.
0

x—0
Now lim xlogsinx = lim log sin ¥ [ form = :|
x—0 =0 1/x oo
. (I/sinx)cosx . —x*cosx oo
= lim = lim — form —
x—0 —l/x2 r—0 sinx oo
. —2xcosx++2sinx O
= lim =—=0.
x—0 CcoS X 1

/2 n/2
I=0—J logsinxdx=—J log sin x dx.
0 0
n/2
Now let u= J. log sin x dx.
0

Then proceeding as in Example 7, we have u = - 21 7 log 2.
I=-u= 1 n log 2
PR
n/4 T
Example 9:  Show that j log (1 + tan ©) d6 = 3 log 2.
0
n/4
Solution: Letl = J. log (1 + tan 6) d6.
0

Then I :J-OEM log {1+tan(£n—9)} de, |:J.ﬂ f(x)dxzj‘d f(a—x)dx:|

/4 — /4
:In log |1+ 1= tn® de:jn log {—2—\ 48
0 (1+ tan ) 0 1+ tan©
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A 12)
/4 n/4
:IO 10g2.de—j0 log (1+ tan 8) d6
=log2.[0]}"* ~ 1.
2I:lnlog2 or I:lnlogZ.
1 8

/2
Example 10:  Show that J. _Sinxdv _m

0 sinx+cosx 4 (Lucknow 2014)

n/2 i
Solution: Let = sin x d (1)

0 Sinx+cosx

/2 sin (% T — x)
Then I =J‘ [Refer prop. 4]
0 (1 1
sin ETC—X + COS ETE—X

_J'“/Z cos x dx
0 COSX+sinx

..(2)
Adding (1) and (2), we get

n/2 3 n/2
2I=J' sin x dx +J’ CoS x dx
0

sin x + cos x 0 sinx+cosx

/2 sin x Cos X
= . + — dx
0 |sinx+cosx sinx+coswx

n/2 .
=j 1.d =[] =§

@mprehensive Exercise 1

Evaluate the following integrals :

1. 3 jon cos® x dr. (i) jon sin3 x d.
. I 2sin!y .. a 9
2. (i) L T (ii) Ll o\ (@ - x%) dr.
oo (U xsinTlx
(iii) Jll mdx
. n dx o [T dx
3 0 J.O a+bcosx (i) J-o a+bhcosx+esiny
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10.

11.

(i)

5

4\
. 2,9 42
ShowthatJ. — xdx2 _ 2=7t (a3+3b).
0 (ﬂ cos” x + b” sin X) 4a’ b (Kumaun 2007, 09)
T X dx nz
Show that.[ = J(a>1).
0 a® —cos® x Zu\/(u2—l) @>1
T
Evaluate'[ Lixl
0 I+cos” x

/2
Evaluate J (sin x — cos x) log (sin x + cos x) dkx.
0

/2
Evaluate J sin 2x log tan x dx.
0

n xsin x
Evaluate J >

0 (I1+cos” x) (Kumaun 2007)

T 6 4
Evaluate J. xsin” xcos™ xdx.
0

. .
Prove that J. xsgnx dx:n(z—l)-
0 l+sinx 2

(Kumaun 2011)
X tan x

T
Show thatj —  dx= l
0 sec x +cos x 4

nf=—m-1|

Show that Jn
2

0 secx + tan x

rtan xdx (I )

I
Evaluate J sin® @ (I+2cos0)(1+cos 6)2 de.
0

s 3
Evaluate J sin® x (1 —cos x)” dx.
0

n/2
Show that J log (tan x) dr = 0.
0 (Kumaun 2010)

! T 1
Prove that [ logsin (2 y |dy=log -
rove that | ogsm(2y)y 83
T
EvaluateJ. x log sin x dkx.
0
n/2
EvaluateJ. log cos x dx.
0

n/2
Evaluate J log sin 2 x dx.
0

o g1
Evaluate J M .
0 x(1+x%)

2 o ¥
Show that -[0 — 46 = log 2.
sin
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ren

(i) Show that Jm(cot_l X dv=mn log 2.
0

Usin~! x

(iii) Show thatj
0

1
dx == m log 2.
—— dr=gmlog

(iv) Show that .[n log (1 + cos x) dx = 1 log 21
0

12. (i) Show that on log (x + 1) % = log 2.
0 X)) 1+

= log (1+J;)dx

(ii) Show thatj i xz) =mlog 2.
0 +
1
(iii) Show that J M dx = 1 n log 2.
0 1+ 8 (Kumaun 2008)
n/2
13. () Evaluate | e
0 l+tanx
/2 dx
(ii) Evaluate J 7 —
+cot x
. = X dx b
14. (i) Show that JO T
(ii)  Show that J: W = % .
n/2 H
15. (i) ShowthatJ- : V(sin x) =T (Lucknow 2007)
0~ (sinx)+(cos x) 4
/2
(ii) Show that e tanx =T,
0 tanx+cotx 4

/2
(111) Show thatJ.O % = g .

/2
(iv) Show that J.On % = % :

_ /2 Y (tan x) T
16. (i) Prove thatjo T i

n/2  gin?
(ii)  Show that .[ M - L
0 (sinx+cosx) 2

log (V2 +1).

n/2 2
17. (i) Evaluate j 5 g
0  (sin x +cos x)

. a a dx
(ii) Evaluate JO o \/(ﬂz — xz)}z :

/2 x dx
(iii) Evaluate J _
0 sinx+cosx
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(115 ]L;ﬁ
/2 n/2
18. (i) Show that jo 6 (sin 22 sin x de = | 7 ¢ (sin 2x) cos x dr

/4
=2 J.n 0 (cos 2x) cos x dx.
0

(Kumaun 2007)
. +% sin 2x sin (l T COS x) 8
(ii) Show that j 2 dr=2
0 2x -7 I
nswers
A 1
1. (i) ?—g (ii) g 2.() 0
(it) O (iit) 2 3. (i) \/(azn_ bz)
92 2
(ii) T _;2 — 4. (iii) X :2 5.(4) 0
.. 1 - 3n?
(ii) O 6. (i) Zn (i) =12
8. (i) % (i) % 10. (i) %1# log%
(i1) %n log 21 (iii) % n log % (iv) % n log 2
13.() % (i) % 17. () VL2log N2 +1)
(ii) VLzlog N2 +1) (iii) %log (N2 +1)

D The Definite Integrals as the Limit of a Sum

So far integration has been defined as the inverse process of differentiation. But it is
also possible to regard a definite integral as the limit of the sum of certain number of
terms, when the number of terms tends to infinity and each term tends to zero.

Definition: Let f (x) be a single valued continuous function defined in the interval
(a,b) where b > a and let the interval (a, b) be divided into n equal parts each of length h, so that
nh=Db — a;then we define

th(x) de =limh[f(a)+ f(a+h)+ f(a+2h) +...+ fla+ (n-1)h}],

whenn — oo, h - 0and nh - b —a.
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A 16)
n—1

b
Thusj f(x)de=1Tlim h E f(a+ rh),where n — e ash — 0 and n/ remains equal to
a
=0

h—0

b
b —a.We call J f(x) dx as the definite integral of f(x)w.r.t. x between the limits 2
a

and b.

[llustrative Examl)les

b
Example 11: Evaluate I 2 dv directly from the definition of the integral as the limit of a
a

sum.

Solution: From the definition of a definite integral as the limit of a sum, we know
that

Ib fx)de=lm h[f(a)+ fla+h)+ fa+2h)+...+ fla+ (n—Dh}].

H—> oo

where 1 — 0 asn— o and nh — b — a.
Here f(x) = +% ;therefore fla), f(a+h), f(a+2h),etc. will be aZ,(a + h)2,(a + 2h)2

respectively.

.....

_[h X de = lim h[a® + (@ +h)?> + (@ + 20> +..+{a+ (-1 h}],

N— oo
whereh - 0asn—>ccandnh—b—-a

= lim h[na® +2ah{1+2+3 +...+(n -1}

N— oo
+IP P +22 432 4+ (-1,
But we know that
Zn_n(n+l)
and 2nzzn(n+l)(2n+l).

6

Taking n = (n — 1) in the above results, we get

]

b _ 2
J- ¥ dr= lim h[na2+2ah~(n 2l)n+%(n—1)n(2n—1):|
a

lim |:(nh)a2 +a(nh)y(n-1)h+ é(nh) (n =) h@2n - 1) h]

Nn— oo

lim |:(nh)a2 T a(nh)? (1 - %) + % -2 (nhy? (1 - %) (1 - %)]

Nowasn—co, h—-0andnh—=b-a.
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J'h x2dx:(b—a)a2+u(b—a)2+%(h—u)3

a

=%(b—a) (3a®> +3 (b —a)a+b> —2ab + a”}
=31(b—a)(az+ab+b2)
=l(b3—u3)

3 .

bm+l —a" +1

b
Example 12:  Show that J x"dy =
a (m + l)

Solution: Here f (x)=x"" ;therefore f (a)=a", f (a+h)=(a+h)", etc.

b
j ™ dv = Hm h[a” + @+ h)" +...+{a+ (-1 }"],
a

h—0

where b —a=nh.

(t+ h)m+l _ tm+1 d

Now lim =S e
h—0 h dt
t+ m+1 _ tm +1
llir%( hi 1)h — = (m +1),i.e.,constant (1)
— -t

Putting t =a,(a +h),(a +2h),etc., in (1), we get

((/l + h)m+l _ am+1 (ll +2h)m+1 _ ((l +h)m+1

lim = lim =...
h—0 h-a™ h—0 h(a+ h)m

o @t nh)™ '~ {a+ (n =1y

h—0 hia+m-)h"
=(m+1) ie., aconstant. ..(2)
Also we know that if% = % = ? =.... ,then each of these ratios is equal to

a+tc+e+....
- ..(3)
b+d+ f+..

Now we apply the property (3) to various limits given in (2). Thus forming a new
numerator and denominator by adding the numerators and denominators of the
various ratios in (2), we get

i (a +nh)m +1 _am+1

=0 ha" +(@a+ )" +...+{a+n-1)h"]

=(m+1)

_ m+l _ m+1
or lim lat(®-a) a =(m+1). [-nh=b-a
=0 h[a™ +(a+ )" +...+{a+m-D)h"]
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bm+l _ﬂm+l
or Him hfa” + @+ )" +...+{a+(n-D)h}"]=
h—0 m+1
J-b o dxzbmH _am+l '
a (m+1)

b
Example13:  From the definition of a definite integral as the limit of a sum, emluutej. ¢* dx.
a

Solution: Here f(x)=e¢";therefore f(a)=¢", f (a+h)=¢" I etc.

b
J e de = lim h{e® + ety oty par(n=Diy
a h—0

where nh=bh—-aandn— ~ash— 0

= lim he {1+ ¢! + 2"+ 4~y
h—0

n
= lim he® {(5 h) _11} summing the G.P.

h—0 el —
) enh_l
=;11%h€”[h—_1]
(4
b-a
-1
= lim he" | < : wnh= (b -
hg%e[g,,_l} [ k= (b - a))
=" (&P -, lim ,h :limilzl
h—0e"' =1 h—=0¢"
b a
=¢ —¢ .

b
Example 14: Evaluate by summation J sin x dx.

a
Solution: Here f (x)=sin x; therefore f (a)=sina, f (a+h)=sin(a+h),etc.

b
j sin x dv = lim Ji[sina +sin(a +h) +...+sin{a+ (n-1) h}],
a h—0

where nh=b-aandn— wash—0

n(374)
sin| = nh
- lim i —22 )

-sin {a + 1 (n-1) h} , from Trigonometry
h—0 2

sin=h
2
1
=h
= lim 2 21 ~sin( _ )sin(a+b_ﬂ_h), [-nh=Db-a]
h—0 Sin h 2
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=2~1-sin(b_ﬂ)sin(a+b_a), < lim 0 =
2 2 0—0 sin®

b—a . a+b
sin

=2sin =cosa —cosh.

@mprehensive Exercise 2

b
1. Find by summation the value of J- x dx.
a

2

2. Evaluate by summation J. x dx.
1

2
3. Evaluate by summation J ¥ d.
0

4. Using the definition of integral as the limit of a sum, show that

b
'[ cos x dx =sin b — sin a.
a

n/2
5. Evaluate by summation J sin x dx.
0

n/2

6. Evaluate by summation J cos x dx.
0
bl
7. Evaluate by summation '[ — d.
a X
@n swers 2
1. =(? -d%) 2. % 3. 4
5. 1 6. 1 7 1 %
a

4 Summation of Series with the Help of Definite Integrals

The definition of a definite integral as the limit of a sum (article 3) helps us to evaluate
the limit of the sums of some special types of series. We know that

Jb f@x)de=1Hm h[ f(a)+ fa+h)+...+ fla+ m—-1)h}]

Nn—» oo
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LD

= limhz fla+rh), wherenh=5b—-a.
r=0

N—> oo

Putting a =0 and b =1, so that & = (1/n), we get
1 1 n-1 ,
dx = lim — — |
_[0 f(x)dx ngtlnr;f(n)

Thus the limit of the sum of a series can be expressed in the form of a definite integral
provided the series has the following properties :

(a) Each term of the series should have (1/7) as a common factor which tends to zero
as n— oo,

(b) The general term of the series should be the product of 1/n and a function
f(r/n) of 1/n, so that the various terms of the series can be obtained from it by
giving different values tor,say r=0,1,2,...,n—1.

(¢) There should be n terms in the series, but if however the number of terms differs
by a finite number from  , then the required limit does not change because each

term tends to zero. Thus
n+q

im 3 305 (5)<f, s
r=p

if p and g4 are independent of 7.

Working Rule :

(i) Write down the general term [say r th term or (r — I)th term etc., as convenient]

of the series. Take out (1/n) as a factor from the general term and thus write the
n-1
- r o .
series in the form — Z f(—) We may have some other limits of r in the
n

n
r=0

summation; for example, » may vary from 1 to n or from O to 2, etc. .
n-1
(ii) Now to evaluate lim 1 Z f (L),replace r/nby x,1/n by dr and lim X by the
n

n—oo J1 Hn—>
r=

sign of integration ie., by j
(iii) To find the limits of integration of x first note carefully the limits of r in the

summation X f(r/n). Divide these limits by n to get the values of r/n. Take
limits of these values of r/n as n — e and get the limits of integration of x.

Illustrative Examl)les

Example 15:  Show that the limit of the sum l+ l + l +...+L,
n n+l n+2 3n

when n is indefinitely increased is log 3 . (Kumaun 2013)




Definite Integrals

(121 ) \
Solution: Here the general term of the series is and r varies from O to 2n .
n+r
2n 1
Now we have to find lim 2
n— oo n+ r
2n 2n
We have 1 =1 -
v nl_)rr:oz n+r nl_)rr:oz n{l+(n/l)}
expressing the general term in the form (1/n) f(r/n)
2n
= lim — ! z ; takmg — outside the sign of summation.
i—> oo 1+ (r/n
1 2n 1
Now lim — 2 ——— is of the form
noeo = 1+ (r/n)
lim — Zf( ) where f (L)— l .
n—e 1 ’ n 1+ (l/l’l)

The limits of r in this summation are O to2n . Whenr =0, LY _0andwhenr=2n ,

0
n n

r_ 2n =2 .Asn —  thesevalues of Ltend to 0 and 2 respectively, giving us the limits
non n

of integration.

Now replacingr/nby x,1/nbydx , lim X by the sign of integration J ,taking the limits

Nn—» oo

of integration of x from O to 2, we get
2n

1 2
lim — 2 dx =[log (1
,,Ln:c 1+ z/n J.O 1+x Log (1+ 1)l

=log 3 —log 1=1log 3 -0 =log 3.

n n n n
Example 16: Evaluate lim | — + — — + — —+ ...+ — = .
r n—)oolnl W+ o+ 22 n” +(n+1)2}
Solution: Here, the rth term = % As the r th term contains (r — 1), we
ne+(r—1)
consider the (r + I)th term.
The (r + Ith term = 2" == " - _1 ! o
e+ nw{l+@/n)*t n [1+(/n)

and r varies from O ton + 1.

n+l
- the given limit = lim z ! ;
Ul 1+ (r/ny
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Also the lower limit of integration

= lim (g) = lim 0 =0. [ 7 =0 for the 1st term]
n

n— oo n— oo

N—> oo n N—> oo

and the upper limit = lim (n hi l) = lim (l + l) =1
n

[ 7= (n+1]) for the last term]

1
*. the required limit = J
1 01+ x2

T
[tan™ x]é,—tan ll:Z.

I 2? " 1
Example 17: Prove that lim | — + +.o+ = Elag2.

nse| B 23 400 w4+l
2 2 2
Solution: Here the rth term = 3 d 7= Lj r3 = l % ,
rP4+n ow |(r/n)y +1) n |(r/n)” +1
and r varies from 1 to n.
2 1
~. the given limit = lim z % = J. X: dx
n—> o0 r/n) +1 0 x> +1
1 s ' 1 1
=[=log (x> +1)| ==log2 - =log1l=—=1log 2.
[3 g ( ﬂo 3 log2 -z logl=zlog
Example 18: Evaluate lim ll:sinZk I 4 sin?k 2n +sin?k 3n +...+sin?k Ejl.
n—co 1 n 2n 2n 2
. I . 9rrm .
Solution: Here the r th term = — - sin pre and r varies from 1 to n .
n n
*. the given limit = lim ZkE
g n— oo Z 2n

1 n/2
= J sin2k (E . x) dx = 2 J sink ¢ dt, putting KL t
0 2 n Jo 2
so that % 7t dx = dt and the limits for ¢ are O to /2

=== ,by Walli’s formula

_(k-D)@k-3)..3.1
2k .(2k-2)...4.2

Example 19:  Find the limit, as n — oo, 0f the product

1/2 1/3 1/n
(1+l)(1+2) (l+§) ...(l+ﬁ) :
n n n n (Lucknow 2013)
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1/2 1/3 1/n
Solution: Let P = lim (I+l)(l+g) (1+§) ...(l+’—1) .

n— oo n n n n

Then log P = lim l:log (l + 1) + llog (1 + z)
n 2 n

n—> oo
+llog (1+§)+....+llog (I+ ﬁ):|
3 n n n

(Note)

or log P=1—2—2+———+...oo=;t—2, from trigonometry.

1 22 32 9 1/n
Example 20: Evaluate lim l(l + 7) [l + _z] (l + 7] (1 + n_z]:| .
n—> oo n n n n

(Lucknow 2008; Kumaun 07, 13)

1 22 32 9 1/n
Solution: Let P = lim |i(1 + —2) [1 + —2) (I + —2] [l + n_z]] .
n— oo n n n n
2
log P = lim l|:log (1 + niz) + log (l + 121_2J

n—oo N
2 2
+ log (l+3—2)+...+log (1+HTJ:|
n n

n 2
lim l log (1 + r_2]

n—eo 1 = n

1 1
jo log (1+X2)4x:J'0 log (1+ %) .1 dv

L 2x . xdy
=[xlog 1+ )] - ,
[ log ( x)]o -[0 1+ 12

integrating by parts taking 1 as the 2nd function
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rea
1+x2 1 1
=log2-2 d =log2-2 1- dx
8 J 1+ 2 °8 J.o{ 1+X2}
=log2—2[x—tan_lx](l)zlog2—2[l—%n],
Thus log P =log 2 + % (m—4) or log (P/2) = % (mt—4)
or P =272

1/n
Example 21: Find the limit of{n—n} when n tends to infinity.
n

n— oo n—oeo (N-N-N-N...N n—e (NN N

log P = lim — [log( )+log (z)+log (§)+...+log (2)}
n—oo N n n n
=1 —1 1 de=| (1
nl_)nloz og( ) J. og x J. og x) -

=[(log x) J. — - xdx, integrating by parts
=0 - [x]y =-L
P=c'=1/e.

(Kumaun 2010)

n1/n .9.3. 1/n
Solution: P = lim {n_n} = lim {M} = lim {l%in
n

@mprehensive Exercise 3

Evaluate the following :

[ 1 1
1. lim + =
n—)ooLn+1 n+2 2n

2. lim ! + ! +...+ 1 }

n—eo| N+ M n+2m n+ nm
3. lim n2+ " 7+t " > |-
n—eo| (n+1) (n+2) (n+n)

4. Hm [(NG+D+Vn+2)+..+N@n)} /nn].

n— oo

5. limn{ + ! + ! +...+L2:|.
nse |m+l)(n+2) m+2)(n+4) (n+3)(n+06) 6n

6. lim AR — +i~
Do + P 2422 2m
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[1—25‘]3-%
; 1imF"” L2 ]
' n—>f><>LnZ+l2 W +22 T
8. lim %(1+4+9+16+...+n2)]
n—eo|n
[ 2 2
9. lim l+ " =+ " 3+...+L~
ne|n (n+1) (n+2) 8n
'nl/z /2 12 /2 }
10. Iim |——= + 5 + — ...t - .
o[ 3P e 07 T e300 0P | cknow 2006)
11. lim Fl+ 1 + 1 +...+ ! .
Caseln N@E-P) N@E-22) T N - (-1}
12. lim i,lseCZL2+%sec2i2+izsec2%+...+lseczl]-
x—e|n n n n n n n (Lucknow 2010)
n ]"3
13. 1 .
ngiz 7’4 +m4
r=l1
n—ll 4
14. i S o[ 2L
nlan:o Z n \/(l/l— I’)
r=0 (Lucknow 2014)
- \n
15. lim .
n—>'><>rz:{ \/r~(3\/r+4\/n)2
n n2
16. lim R —
n_m; 2+ 2P
17. lim ! o+ 1 > +...+l~
n—>~><>L\/(2n—l) \ (4n - 2%) n
18. lim 1 + 1 +...+ " .
n—>ooh(n+l)\/(2n+l) (n+2)V{2 2n+2)} 2n\ (1 .3n)
[ \1/3 2 /3 2 /3 3 /3
19. lim (= m) +(2 7= m) +(3 7= m) +...+(n ;n) .
e | n 2n 3n n
20. lim L+ ! + ! +...+L:|~
n—eo| na na+l na+2 nb (Kumaun 2011)
10 10 10
21 lim1+2 +3“+...+n .
n— oo n
m m m m
22. Prove that lim1 t2 +3 l+...+n . ,(m>1)
n—> o0 n"t m+1
1/n
23. Evaluate lim |:(l+l) (1_,_%) (l+§)...(1+£)} .
1= oo n n n n (Lucknow 2009)
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24.

25.

26.

27.

28.

Krisfna's T.B. Integral Calculus

1/n
Evaluate  Tim |:(n +)(n+2)(n+3)...(n+ n):l .
H—> o0

1/2 1/3 1/
Evaluate lim (l+i) 1+2 I+i 1+£ ' .

1/n
. .. m . 2n . 3%, . NT
Evaluate lim |sin — sin = sin —...sin — .

i—> o0 n 2n 2n 2n
ql/n
. 2
Evaluate lim [tan I tan 2L tan 3_75 tan & .
1= oo no 2n 2n 2n ] (Kumaun 2012)
Evaluate the limit

. 2P 92 4/ 32 6/it 2V n/nt
lim I+ — 1+ = 1+ = = .
e n n n (Kumaun 2009)

@nswers 3

1. log2 2. (I/m)log (1+ m) 3. 21
2 3 T
4. Z2V2-1 5. log=> 6. =X
3k ] g5 3
7. Liog2+ 2 8. L 9. 3 10. L
2 4 3 8 3
1 1 1 b 1
11. ==n 12. —tanl 13. —log2 14. =+1 15. —
2 2 4 2 14
1 T T 3
16. — 17. = 18. = 19. = 20. log (b
V2 2 3 2 0g (b/a)
2
21. 23. 4/ 24 4/e 25 T a6 o
27. 1 28. 4/e
@jective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
n/2 9
1. The value of the integral sin® x dx is
-n/2

(a) (b) (c)

N | —

r
8

T
N a




Definite Integrals

127 ]L;ﬁ
n r3
2. Th 1 f the limit, li i
e value of the limi li;rr:o ; T, A is
(a) log 2 (b) lIo 2 (c) lIo 2 (d) l10 2
g ) g D) g 3 g
n/2 3
3. The value of the integral sin” x dx shall be
-n/2
(a) 1 (b) O (c) -1 (d) =

(Kumaun 2010, 12)

T
4. The integral (sin x) dx is equal to
8 q
0

n/2 b
(a) 2]0 £ (sin x) dv (b) fo £ (cos x) dx
(c) J.n/z f (cos x) dx (d) J.MZ f (sin x) dx
0 0 (Kumaun 2010, 13)

Fill in the Blank(s)

Fill in the blanks “...... 7 s0 that the following statements are complete and correct.
a
1 If f(-x)=— f (x),thenj F@)do=.......
—a
2a

2. If f2a-x)=- f (x),then o f)yde=.......
3. If f(-x)= f (1), then [ flx)dc=2.......
4. If f(2a-x)= f (x), then o fl)yde=2.......

/2
5. J sin® xcos® xdr=.......
- /2

2 1

Iy sin™' x
6.  —dr=.......
I—l NI

n/2 cos x —sinx
J.O 1+ sin x cos x
n/2 dx
[ e oo

J‘TE/Z sin x
0 sin x + cos x

1 1
10. lim — —_— =
n1—>H:o n le 1+ (r/n)
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True or False
Write “I” for true and “F’ for false statement.

1. j; f(x)dx:_[: fla+ ) dr.

2 j”f(x)dx—j”f(a-x)dx
N o .
3. Ifmis a positive integer, then

T 2m+1
j sin” xcos*™*" xdr =0.
0

4 J‘T‘/z x dx nJ‘"/Z dx
' 0 sinx+cosx 2Jo sin x + cos x

n/2 3
5. j cos” xdx=0.
- /2

2n
1
6. lim Y — =j e
noeo & n+r 0 l+x

n+l 1 1
7. lim 2 | ———=Z
noeo 4 1+ (r/n) 4

8. lim [ig(l+4+9+16+...+n2]=
n

n—> oo
@I’ISWGI'S

Multiple Choice Questions

N —

1. (a) 2. (b) 3. (b) 4. (a)

Fill in the Blank(s)
1. 0 2. 0 3. jo fde 4. IO F() d
5.0 6. 0 7. 0 g. L

4

9. L 10. log 2

True or False
1. F 2. T 3. T 4. F 5. F
6. F 7. T 8. F
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Improper Integrals
(Infinite Integrals)

1  Some Definitions

1. Infinite Interval: The interval whose length (range) is infinite is said to be an
infinite interval. Thus the intervals (a,e0), (—eo,b) and (— oo, ) are infinite
intervals.

2. Bounded Functions: A function f (x)is said to be bounded over the interval I if
there exist two real numbers a and b (b > a) such that

a< f(x)<bforallxel.
Afunction f (x)is said to be unbounded at a point, if it becomes infinite at that point.
Thus the function

S @=x/{x-1)x=-2)}
is unbounded at each of the points x =land x =2.
3. Monotonic functions: A real valued function f defined on an interval I is said
to be monotonically increasing if

>y=f@)>f(y) ¥ xyel
and monotonically decreasing if

»>y=f)< f(y)V¥x, pel.
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A function f defined on an interval I is said to be a monotonic function if it is either
monotonically decreasing or monotonically increasing on 1.

For example the function f defined by f (x) = sin x is monotonically increasing in the

. 1 . L. .
interval 0 < x < 5 n and monotonically decreasing in the interval 5 n<x< T

b
4. Proper Integral: The definite integral J f (x) dx is said to be a proper integral if
a

the range of integration is finite and the integrand f (x) is bounded. The integral
1 sinx

2
J-(;t/ sin x dx is a proper integral. Also JO

dx is an example of a proper integral
x

lim sinx

1.
-0 x

because

b
5. Improper Integrals: The definite integral j f (x) dx is said to be an improper
a

integral if (i) the interval (a,b) is not finite (i.c., is infinite) and the function f (x) is
bounded over this interval; or (ii) the interval (a, b) is finite and f (x)is not bounded over
this interval; or (iii) neither the interval (4, b) is finite nor f (x) is bounded over it.

6. Improper integrals of the first kind or infinite integrals: A definite integral
b

J f (x) dx in which the range of integration is infinite (i.e., either b = e or a = — e or
a

both) and the integrand f (x)is bounded, is called an improper integral of the first kind

or an infinite integral. Thus JO —— Isanimproper integral of the first kind since the
I+ x

upper limit of integration is infinite and the integrand 1 / (1 + x2) isbounded. Similarly

0 :
J._ ¢ * dris an example of an improper integral of the first kind because here the lower

limit of integration is infinite. Also I is an improper integral of the first kind.

dx
1+ 22
In case the interval (a, b)isinfinite and the integrand f (x) is bounded, we define

@ [T f@ar= [ fway

X —> oo

provided that the limit exists finitelyi.e.,the limit is equal to a definite real number.
y b 3 b

(i) [ f()de= [ Fwax

provided that the limit exists finitely.

i) [ f(x)dv= jfxl f(x) dx +

lim
X—> oo

lim
X9 —> o

lim &)
X] —> c f (X) dx
provided that both these limits exist finitely.
b
7. Improperintegrals of the second kind: A definite integralj f (x) dxinwhich
a

the range of integration is finite but the integrand f (x) is unbounded at one or more
points of the interval a < x < b, is called an improper integral of the second kind.
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Thus j b de
0 (x=2)(x-3)
1
and JO xiz dx are improper integrals of the second kind.

In the case of the definite integral

[} f(0de

if the range of integration (a, b) is finite and the integrand f (x) is unbounded at one
or more points of the given interval, we define the value of the integral as follows :

(i) If f (x)isunbounded atx = bonlyi.c.,if f (x) - e as x — bonly, thenwe define

[} f@ac= "m0 170 p

e—0

provided that the limit exists finitely. Here € is a small positive number.

(ii) If f (x) > eoas x — a only, then we define

[ r@ae= "0 p @

e—>0 Ja+e

provided that the limit exists finitely.

(iii) If f (x) = eoas x — ¢ only, where a < ¢ < b, then we define

_ lim e-e lim b
[ r@a= 0 @ S p s

provided that both these limits exist finitely.

(iv) If f (x)is unbounded at both the points a and b of the interval (4,b) and is
bounded at each other point of this interval, we write

[} foyae=[ fdes ['f (de

where a < ¢ < b and the value of the integral exists only if each of the integrals on the
right hand side exists.

2 Convergence of Improper Integrals

When the limit of an improper integral as defined above, is a definite finite number, we
say that the given integral is convergent and the value of the integral is equal to the
value of that limit. When the limitis eo or— oo, the integral is said to be divergent i.c.,the
value of the integral does not exist.

In case the limit is neither a definite number nor e or — e, the integral is said to be
oscillatory and in this case also the value of the integral does not exist i.¢.,the integral is

not convergent. We can define the convergence of the infinite integral J f (x) dx as

follows :
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Definition: The integral J-oo f (x) dx is said to converge to the value I, if for any arbitrarily
a

chosen positive number €, however small but not zero, there exists a corresponding positive number
N such that

j:f(x)dx—l

< efor all values of b= N.

Similarly we can define the convergence of an integral, when the lower limit is infinite,
or when the integrand becomes infinite at the upper or lower limit.

[llustrative Examl)les

Example 1: Discuss the convergence of the following integrals by evaluating them

. o dx [ dx
(l) J‘I W: (ll) Jll X3/2 :
Solution: (i) We have

< dr  lim X ﬁ
-[1 Nx x> oo -[1 \/x,(Bydef.)

. . 1/27%
_ lim o2 g lime e
X— oo J1 X—>o |1/2 |

= im0
X — oo

Thus the limit does not exist finitely and therefore the given integral is divergent (i.e.,
the integral does not exist).

(i) We have

© dr _ lim x o dx
-[l xg/z_xﬁoo 1 x3/2’ (BYdﬁf)
X

_lim X _3/2 5, lim 12 _lim [ 2:|x

= X dx = = -
x— oo J1 Xeo | —1/2| x> e Vaxh

T

- [—l+2]=2.

X —> o0 \x

Thus the limit exists and is unique and finite; therefore the given integral is convergent
and its value is 2.

Example 2:  Test the convergence of JON ¢ " de, (m>0).

Solution: 'We have jow eV dy = xlin Ooo ¢ dy, (by def.)

X
_ lim |e™* _ lim _l(gfmx_l)
X—> oo —m o X —> oo m
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Thus the limit exists and is unique and finite, therefore the given integral is convergent.

4a dx

Example 3: Test the convergence of j() )
+4a’

o e 4adx lim * 4adx
Solution: We have IO T a7 T e J0 T (By def.)

. X . X
= lim [451 . i tan~! i:| =2 lim l:tarfl i]
X —> o 2a 2a ]y X —> o0 2a ]

_g lm [tan—ll—o]=2.[tan w]=2. T
2a 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

0 0
Example 4:  Test the convergence of (i) J._ e dx; (i) J_ e dx.

Solution: (i) We have
0 . i 0
[ efar= lim ¢* dv, (By def.)

X —> o0 J—x

lim x0 _  lim X T_M_01—
= e]_x_x—wo[l et ]=[1-0]=1

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

( li ) )
(i) We havej L xl_)m O dv, (By def.)
— oo oo J—x
. _ .10 .
= hm |:€ k:| = — hm [b’o —Ex ]:oo,
X—> oo | —] X —> oo
X

Thus the limit does not exist finitely and therefore the given integral is divergent(i.e.,

the integral does not exist).

Example 5:  Test the convergence of J.jo li

.
T (Kanpur 2008; Gorakhpur 11)
Solution: We have

oo

e 1+xZ j“’ 1+ 42 '[ 1+x

lim 0 dx lim J-
x— o0 Jox 1442 x—>oo 0

1+;(2

-1 ]0 lim 1

lim - X
= tan ~ x|Z . + tan "~ x
= oo [ X ¥ —> oo [ ]O

im0 —tan ' = 9]+ ™ [an~! x-0]

x> oo X — oo
-(-n/2)+n/2=m.
Thus the limit exists and is unique and finite; therefore the given integral is convergent.

1
Example 6: EmluﬂteJ‘ LS
0~y (Gorakhpur 2010)
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Solution: Inthe givenintegral, theintegrandl / v xbecomes infinite at the lower limit

x =0. Therefore we have

I dx lim ! dx lim 1
= —_— = 2
-[0 Vx €20 Jo+e |y e—>0[\/x]8
lim
= T 2-2Ve=2

Hence the given integral is convergent and its value is 2.

1
Example 7: Evaluate JO e

V(- x)
Solution: Here the integrand i.c.,1/ (1 - x) becomes unbounded i.c., infinite at the

upper limit (ie.,x =1).
J‘l de  _ lim pl-e  dr
0N1-x) &€—0Jo V(- x)

_ lim _al-eo limo _
—8_)0[ 21 )l 8—)0[ 2Ve+2]=2,

which is a definite real number. Hence the given integral is convergent and its value is 2.

1
Example 8: Emluatej | i;
-y

Solution: Here the integrand becomes infinite at x =0 and —1<0 < L.

= +

-1 42 e—0 J-1 x2 g >0
_ lim |:_1:|_F’+ lim |:_1:|1
e=>0[ x]_| &€-0L| xlg

lim |1 lim 1
= — =1+ -1+— -
e—0 |:s ] s’—>0[ s’]

Since both the limits do not exist finitely, therefore the integral does not exist and is

J‘l dc _ lim (-¢& dv  lim jgl %

divergent.

@)mprehensive Exercise 1

Evaluate the following integrals and discuss their convergence :

oo dx oo dx

1. jl = 2. j3 oo
® 2x oo dx

3- J.O 6 dx. 0 m'

5. " sinhds, 6. [ coshxds.
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—® Nk =

[

53 N

Jmo cos x dv. 8. I e Y dv
0 — oo
o0 dx 1 dx
—_— . 10. —
J. —o 2 +2x+2 J. 0 4
1 1
I 0 = 12. I ! de§3 '
I-x - (Gorakhpur 2011)
@swers 1
o, divergent 2. 1, convergent 3. oo, divergent
oo, divergent 5. —oo, divergent 6. oo, divergent

Oscillates and so not convergent

oo, divergent 9. =, convergent
12. 6, convergent

oo, divergent

10. o, divergent

Multiple Choice Questions

@Djective Type Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (¢) and (d).
The integral joo ﬁ is
N

(a) convergent
(c) uniformly convergent

0
The integral j_ etdx is

(a) convergent
(c) uniformly convergent

Value of the integral jio % is
(a) /2

(c) m

Value of the integral JOI \/(ldx—x) is
(a) 2

(b) divergent
(d) none of these

(b) divergent
(d) none of these
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Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.
b
1. The definite integral J f (x)dxissaid tobea ...... if the range of integration
a

(a,b) is finite and the integrand f (x) is bounded over (4, b).
b
2. 'The definite integralj f (x) dx is said to be an improper integral if the interval
a

(a,b) is finite and f (x)is not ...... over this interval.

b
3. The definite integral J f (x) dx is said to be an ...... if the interval (a, D) is not
a

finite and f (x) is bounded over (a, b).

True or False
Write “T” for true and “F’ for false statement.

b
1. Adefinite integral _[ f (x) dx in which the range of integration (a, b) is finite but
a

the integrand f (x)is unbounded at one or more points of the intervala < x< b,
is called an improper integral of the second kind.

2. The integral j(;o IA is an improper integral of the second kind.
+

xz

4
3. The integral jO ( is an improper integral of the first kind.
x —_—

2) (x=3)

@HSWGI’S

Multiple Choice Questions
1. (b) 2. (a) 3. (o) 4. (a)

Fill in the Blank(s)

1. proper integral 2. bounded
improper integral of the first kind

True or False
1. T 2. F 3. T




Differentiation and Integration
Under the Sign of Integration

1 Method of Differentiation Under the Sign of Integration

y this method the value of a definite integral can be determined by differentiating

the integrand with respect to a quantity of which the limits of integration are
independent. This method can also be applied to indefinite integrals. It is a very
important method of integration. By this method the values of many definite integrals
can be determined which are otherwise not easily integrable. This method is applied in
two ways. First, new integrals can be deduced by differentiating certain known
integrals. Secondly, the value of a given integral can be found by first differentiating the
integrand, then evaluating the new integral thus obtained and finally integrating the
result with respect to the same quantity with respect to which the integrand was first
differentiated.

The following examples will illustrate the method.

Illustrative Examlales

-1
Example 1: Evaluate -[0 m’(ll();x))dx.
x(1+
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-1

Solution: Letuz_[o taz(;ax)) . ..(D)
x(l+x
ax) .

an . . . .
Here the mtegrand x2 is a function of two variables x and a. Obviously u is a
x(I+

function of a. So differentiating both sides of (1) with respect to a, we get
-1 -1
du _ d J- tan™ " (ax) a | = J- 0 | tan (;Lx) i
da da |70 x1+x2) 0 | da| x(1+x%)

I e dx
=) 1+x2 Srw il 1+ 2) (1+ a2 )

—j a dx.
1+x2 (- (+d 2

resolving the integrand into partial fractions

1 1 e a? 1 1 qeo
= tan " x|j) ———5 - —[tan ~ ax
1= [ lo 2 ﬂ[ lo
1 4 a b4
- = Assuming that a is positive
s i [ g positive]
T 1 (- a)= T
2 1- 2(+a)
Thus du__m
da 2 (1+a)
Integrating both sides with respect to a, we get
:glog(l+a)+C. . (2)

When a =0, we have from (1) u =0.
from (2),0=0+C or =0.

— 0O

Putting C =0 in (2), we get u=—mn log (1+ a).

2
J-oo tan”! (ax)

T .
Hence — L dv=—1log (1+a),ifa>0.
0 1+ 2 2 8 )

Case when a is negative :
If a is negative, we have

du 1 1 oo a
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Integrating both sides w.r.t. a, we get
u=—glog(l—a)+C1. ...(3)
Again, when a =0, u = 0. Putting these values in (3), we have ¢ =0
T
=—"log (1-a).
u 7 og (1-a)
-1
Hence _[ L(Zx) =—Elog(1—u),ifﬂ<0.
0 x(A+x9) 2
Example 2:  Show that
2 o+
In/ log(oz2 cos® 0 + B2 sin’ G)deznlog( B]
0 (Garhwal 2000)
2
Solution: Letu= _[(;E/ log (oc2 cos® 0 + B2 sin” 0) d6. (1)
2 2
2 2
Then ﬂzjn/ , 2£xcos 29 , =_[n/ , 2(;cos 29 , 0
do. 0 o cos” @+ B sin” @ 0 (0" —=B7)cos” 8+P
. 2a J-n/2 (a2 BZ)COS29+[32 p? "
(02 —[52 [32)cos 0+p°
2
- 2 n/ 2 7 |49
((x —B -B7) cos? 0+p
2 2 sec” 0
- o —p) n/ 2y B2 a8
( B 0 B +B sec” 0
9 sec 0
= z j“/ B A9
( o’ +|3 tan” 0
B tan® 2
e
o =B | 0
[Putting B tan® =t so that P sec” 6 46 = dt]
_ 2 [r Br)_m
o -p?l2 a2 o+pB
Thus @= T,
do. o +p

Integrating both sides with respect to o, we get
u=mlog (o +B) + C. .. (2)

From (1), when o. = [3 we have

2
u—J log {0 (cos® 8 + sin® 6)} d6 =Jg/ log o d6
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=glogoc2 = log o

So putting B =0 in (2), we get

nlog oo =n log 20)+C  or C=n10g%»

Hence putting C = & log % in (2), we get

1 o+p
u:nlog(a+B)+nlog5=nlog 5|

2 2
2 +b
Example 3:  Show that Jn/ 735 de 5 = m(a T ).
0 (a* sin® x + b~ cos” x) 4a°b
Solution: Let us first evaluate
. /2 dx
0 4% sin? x+ b% cos® x

2 /2
We have u:y‘/zuzig an-! ()"
0 atan?x+b> a b b 0

utting a tan x = ¢ so that a sec® x dv = dt
p g

_ 1l =
“ab 2 2ab
[ d _m
0 a?sin® x+b% cos® x 2ab ...(D)

Differentiating both sides of (1) w.r.t. ‘a’, we get

In/z ~2asin® x oo T
0 (a®sin® x + b? cos® x)° 24° b
or In/2 sin® x dx _
0 (a®sin® x +b° cos” x> 4a° b - (2)
Similarly differentiating both sides of (1) w.r.t. °b’, we get
Jn/2 cos? x dx _ T
0 (a®sin® x +b? cos® x)*  4ab® - 3)

Adding (2) and (3), we get
_[n/z dx n .. _n(a2+h2).

0 (a®sin® x + b? cos® x)° C4ac b 4ab® 443 b1

—a X
Example 4: Prove that _[0 ¢ sinbx dx = tan™! b
x a
sin bx

dx.

Hence also deduce the value of Iom
x




Differentiation and Integration Under the Sign of Integration

—ax .
Solution: Letu= ﬂdx (1)
0 X
—ax
Then %:J.O ﬂdx:‘[ e~ cos bx dx
x
o o . o
= [e (= a cos bx + b sin bx)]o
eﬂx
j ¢™ cos bx dx = ———— (a cos bx + b sin bx)
a“ +b
1 lim  _ . ) 1
= e —acoshx+bsinhy)]— ———-[-a
a’ +b? X—>°°[ ( )] (az+b2)[ ]
T
=%, ifa>0. - if a>0,then m e =0
a“+b X —> o0
du a
Th — =
" B~ 11
Integrating both sides w.r.t. ‘b ’, we get
u=ﬂ~ltan_lé+C=tan_lé+C. ...(2)
a a a
From (1), when b =0, we have u=0.
from (2), we have
0=0+C or C=0.
Putting C =0 in (2), we get
u=tan"! (b / a).
—ax
Thus ﬂdx= tan™! h. ...(3)
0
x a

Now putting a2 = 0 on both sides of (3), we get
o sinbx , | m/2, if b>0
IO x |-mn/2, if b<O.

[ tanleo=7/2 and tan”! (o) =—1 /2]

2
Example 5:  Show that J (sm M) dx = % ,a>0.

Solution: We have

J'm (smux) _J. sm ax dx

0
1) . 92 ” = 1 .

= |:(_ 7) sin ax] - j (— —) 2a sin ax cos ax dx,
X 0 0 X

integrating by parts taking 1/ ¥ as the second function
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- . li li .92
=O+aj sm2mdx [ o lsin2 ar=0 and SO ﬂx:o]
0 X X —> oo x xr—0 X
=a - from Ex. 4, we haveJ.m sin b dsz,if bh>0
2 0 X 2
n oo dx ~n 1.3.<@2n-1)
Example 6:  Show that -[O &t ay = g 2T

Solution: We have Jm de =%[tan_l \/i] =%~g=ga_l/2.
X~ +a a alo a

Differentiating both sides n times w.r.t. ‘a’, we get

= ()'ml o m(=D)"1.3.5.5@n-1)
R

L%
x2 +a)n+1 _5 on ﬂ(2n+l)/2

oo dx _nl3.5.<@n-1)
or _[0 (x2 N ﬂ)n+l 9 92, !ﬂ(2n+l)/2
w tan " o tan ™! pr 1 (o +B)*+P
Example 7:  Prove that j dy =—mlog S ————¢ -
0 2 2 o®ph
-1 -1
e tan "~ ox tan " Px
lution: L = dx. (1
Solution et u -[0 2 (1)
ou x  tan”!Bx o tan"! Bx
Then —= dx = —_—— 2
dor j0 1+’ & J0 x(1+a’x?) @
o%u

9o 9B =l 1+ oa22) (14 p22)

o 1 o? Bz
= — dx
'[0 o? —[32 L+0L2x2 1+B2x2] '

resolving into partial fractions

Integrating both sides w.r.t. B, we get

ou m
T +B)+C ...(3
02 og (o +B) 3)
But when B =0, we have from (2), gl =0.

o
from(3),0=2lnlog(x+C0rC=—21nlog(x.

Putting this value of C in (3), we get
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ou _
o 2

Now integrating both sides w.r.t. ‘o.’, we get

u=g {alog(a+[3)—_l.ai|3d(x} - {(xlog(x—j(x»;doc}:|+C1

log(oc+B)——logoc

=;oclog(oc+B)—J[l—oiﬁ)doc—oclogoc+oc]+q
=g[oclog((x+|3)—(x+ﬁlog((x+[3)—(xlog(x+oc]+C1
g[(oc+B)log(oc+[3)—(xlog(x]+C1 (@)
From (1), when oo =0, we have u =0.
from (4), 0=Tp1 G e M leg =0
rom (4), _EB og B+ (G " g 0l =
or C1=—g[310g[3.

Putting this value of (j in (4), we get

uzg[(u+ﬁ)log ((x+|3)—0clog(x]—g[310g[3

[(o +B) log (o +B) — (o log o + B log B)]

_2log{ (xaBB }

w\:—!

cos mx X sin mx

Example 8: Evaluate | ———dx,m>0 and deduce the value o —— dx.
P '[0 1+ 22 f'[ 1+
©  COS Mmx
Solution: Let u= dx. (1
'[ I+x2 (1)
Then ﬂz_ oo xsmmx _[oo xzsmmxdx
dm 0 1+4% 1+x )
__jw {( l+x ) — 1} sin mx
1+x2
=_Jw sin mx v+ e sin mx
x 0 x( 1+x2)
o sinmx
=—7 j ¥, .2

l+x

Differentiatmg both sides of (2) w.r.t. m, we get
du J‘oo xcosmr - pee COSMX

1+x o 42
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A+ )
or (Dz—l)u=0,whereD:i-

dm
The general solution of this differential equation is

u=Ae" +Be ™,

ﬂ=Aem—Be_m
dm '
Now when m =0, from (1) we have
[ dx _ -1 OO_TC
u—J‘O I+x2—[tan x]0—§
and from (2), ﬂz—ﬁ-
dm 2
So from (3) and (4), we get

T A+Band-T=A-B.
2 2

Solving these equations for A and B, we get
A=0and B=n/2.
Putting these values of A and B in (3), we get

To_
u==—¢ M
2
e COS MX no_
Hence _[ g dr=_c¢ m
0 I+ux 2

Differentiating both sides w.r.t. m, we get
Jm X sin mx T

oo X Sin mx _ _
—I dr=-T¢m  or I T dv==¢""
0 I+ 2

0 1+ 2

2 Method of Integration Under the Sign of Integration

This method is similar to that of differentiation. We illustrate the method by means of
the following examples.

Remember: The order of integration can be changed if the limits of integration are
independent of the variables.

Illustrative Examl)les

1 1 a _ b
Example9: From theintegmljo Ty = Ll prove that J.O ¥ l < e g [a N 1].
n+ 0g x n

Solution: We have

jé o= L (1)

n+1
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Integrating both sides of (1) with respect tonbetween the limitsn = b ton = a,we get
1
Ia f whde ldn=[" 1 an
n=b 0 b n+l

or _[l 0 Dﬂ x”dn]dx [log m+1)]5_, . changing the order of

x= n=h

integration because the limits of integration of
both x and n are constants

a
1 "
or -[x:O [logx:| ) dx=log (a+1)-log (b +1)
or Jl Xﬂ_xbdx—lo a+l)
0 logx it b+1

w p—0x _  —Px 2
Example 10: Prove that JO £ T o px dx = 21 log (WJ :
o +

Solution: We know that

«©  —ax a
'[ e "tcospxdr=——73-
0 a+p
Integrating both sides of (1) w.r.t. ‘a’, between the limits a = o, to a =, we get

oo B _
J‘x:O [J‘aza ¢ ﬂxdﬂ]COSdex -[cz « g +[72

or J.oo |:6_M:|B cos pxd)c:l [lo ({/Zz + pz)]B
x=0 2 g a=o

—X
a=0o

- e—otx_e—Bx 2 +p2
or ———————Cos xdx— lo .
JO " P & (Og 7
Examplell: Prove thatj sin bx dx = g Lifb>0.
- ) —zx |
Solution: We have J e 7 dz =| ¢ L .. (1)
0 - z=0 o

Now multiplying both sides of (1) bysin bx and then integratingw.r.t. ‘x” between the
limits x = 0 to x = e, we get

e I [

b
= 7d
'[220 2% 4 b2 :

:[tan_li] =E,ifh>0.
bl 2
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Example 12:  Evaluate the integrals

. o _ 2 .. o0 o? 9

(i) jO e dx (ii) jO exp{—(xz +x2]B }dx

P
Y cos 2bx dx.

o _ 2
(iii) j . e @
Solution: (i) Let I = Jom e_"z dx.
Putting x = oy, we have
o 2P
1=j o.e dy,if o> 0. ()
0
2
Multiplying both sides of (1) by e~* , we have
2 e
Ie =j0 o.exp {—o? 1+ y*)} dy. .2
Now integratingboth sides of (2) w.r.t. ‘0. between the limitso. = 0 too = o, we have

oo 2 oo oo
Ijo e da:jyzo [j o .exp {—o? (1+y2)}d(x:|dy

=0
9 - 6—(x2(1+y2) ”
or I :j —" dy
I=0 =21+ y*)
o=0
| po Ay 1 _1 Il © =n
2o L2 atem e =592y
Izvi.
2
Thus Jm e_xz dx:\/—n- (Remember)
0 2
Remark 1: on e_xz dx:2jwe_xzdx:2~\/—n:\/n.
—oo 0 2
Remark 2: From (1), we have
Ooe_alj/z @/—L:l.\/lzl 1fa>0
0 o o 2 o
) S of 2, o
(ii) Let Iz'[o exp - B | x +x—2 dx. .. (D)
ar oo 2| 9 o? (XBZ
Then %——ZJO exp{—ﬁ [x +x7 } 2 dx.

Putting & _ z so that — % dx = dz and adjusting the limits, we get
X

2

AL _ _op2 I exp{—(z2+az in }dz=—21ﬁ2

dow z
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dal
I
Integrating both sides, we get

J ar_ ZBZJ do+log C

=—2p? do.

1
or log I = —20p* +log C
or [=Ce208, -2

To determine C,let oo =0 ; then from (1), we have

=] e B g T
0 28

. from (2), we have 2—“ =C.
Putting this value of C in (2), we get
2 2
I= j exp x2+a—2 dxz\/—nc_ZaB.
x 2B

Remark: If we put B =1, we have

- exp{ [h]} Vo

o 2
(iii) Let I= -[O e & cos 2bx dx. (1)
w 22
Then dar _ '[ e 3 (=2x) sin 2bx dx
db 70

a2 T
= sin2bx| - J-O 5—2b cos 2bx dx, integrating by

a* a
0 2
parts taking ¢ ~* o (—2x) as the second function
o 2
=0 —%J oo Cos2bxdx——%l

0 a?
d__2by,
1 a’

Integrating both sides, we get

dl 2
T__ZZJ bdb +log C
b* -2 /a®
or 10g1=——2+10gC or I=Ce ) ...(2)
a

When b =0, we have from (1)

Iz.[oo P dx=\/—7t~
0 2a
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(s

- from (2), we have \/—n =C.
2a

Putting this value of C in (2), we get

2,9
1= J e costxdx—\/—ne_b fa”
2a

Example 13: Evaluate the integral j ” szl dx and deduce the values of the integrals
0 a®+°
e X Sin moo sin mx
and dx.
at +x° j (az + xz)
*  COS Mmx
Solution: Letl = —— dx.
'[0 a’ + 1
~(a® +2*
oo . . 1
We have 2z exp {— a® + i zz}dz=—e‘7, ="
JO Pl ) a’ +x° a’ +x°
z=

Now multiplying both sides by cos mx and integrating from O to .o w.r.t. “x’, we have

1= J. cosmx J‘ J. Cosmx.ZZeXp{—(a2+x2)z2}]dzdx
a + 2

- 29[ 22
=_[0 2ze T* [-[0 e v E cosmxdx:ldz

oo _ 22 \/n m2
= 2z¢™"F 2 -— |d See Ex. 4. part (iii
_[0 ze % exp[ 422) 4 [See Ex. 4. part (iii)]
2
=An [~ i |
nJO exp|—a“z 12 z
2
_ = 2.2 m
_\/nJO exp{ a [z +4a222 ]}dz
\/ \/TC m 2 ..
=\m-—exp|-2-—-a” |- [See Ex. 4. part (ii)]
2a 2a
Hence J‘Ow %dx:%e‘mﬂ. ..(D)

Differentiating both sides of (1) w.r.t. ‘m’, we have

o — xsin mx T
[ g K e
0 4%+ 2a
e X Sin mx T _
or J‘ v =M ...(2)
0 a2+ 52 2

Again integrating both sides of (1) w.r.t. ‘m’ between the limits O and m, we have
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m
e sin mx e ™
I =
0 x (ﬂ + X ) 2a| —a =0

=—[l-¢7™].
7 [ ]

Deductions: If in the above results we put a =1, we have

s COS MxX e X Sin mx
dx—— -m. dx—— -,
-[0 142 2 JO 1+ 2
e sin mx T _
and A ==(1-¢"™).
J0 2 (1+22) 2 )
Example 14: Show thatjoo %dxzﬁe_” sin br, where r> 0.
- (x - +a a

Solution: Putx—b = y so thatdr=dy.
When x = — oo, y = — 00 and when x = oo, y = co.

on sin rx e [ smr(b+y)dy

+u2 - y +a2

_J- smrbcosry+c<;szbsmrydy
- Y- +ta
Cosry

J/+ﬂ

—2sm1hj

ry

a0 i

dy the second integral vanishes because the

. sin . .
integrand —;—=is an odd function of y

- ta

2

=25inrh-2le_m |: jw cos mx dx——e_m“ m>0. See Ex. 5.

a 0 24 2a

T —ur .
="¢ " sin br.
a

@mprehensive Exercise 1

dx.

1. Evaluate J' n/2 log (1+ cos o cos x)
Cos x

2
2. Show that _[On/ 6 =gmsin_ —,a>b.
a —bsin

sin 6 a

(a+bsin9] Ao . 1 b




M0

3.

10.

11.
12.
13.

14.

15.

16.
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Evaluate fon
N
Evaluate -[0

Evaluate -[0

Prove that J

Show thatif —l<a<land - /2<sin~

Jo

dx

a+Dbcos x
dx Ta

(when a>0, |b|< a) and deduce that

« log (1+ a’x
w  sin ax cos bx

~ ] —cos mx
Prove that J'O I

log (1+ a cos x)

@+bcosx? (@ -2y
2
)
d.

+ b2a?

dx.

X

_xdx——log 1+ m?).

X

-1
log x

dx =log (n +1).

1oz<rc/2,then

dv =msin ! a.
cos x

Show that if a > 0, then

0

From the integrals jow e

Jn/2 log (1+ asin” x

2

— )dx:n[\/(1+u)—l].
sin” x

Y cos by dx and Jow ¢~ sin bx dx, deduce by the

method of differentiation, the values of the integrals

J"x’eax
0

w poOox _  —Px
isinpxdxztan_l (B]—tan_l [oc].
0 X p p

Prove that j

Show that j

TC
Prove that jo

x" cos bx dv and jo e~ x"sin bx dx.

o  COS OX — COS
Prove that J'O —Bx dx

_ B,
. —log(a)

cos mx on(m 1)
22dx—2(2+3)e :
a + x7) 2

cos (m tan 0) d9=ge_

Show that j - % de=" 0797 cos br,where r> 0.
= (x—=Db)" +a a
Show that J'Ooo _‘”2 dx = ! \/( ) a>0) and deduce that
2 Vr 1.3.5.<2n-1)
_[ e dy = o gunH(12)
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0N

@HSWCIS

1 (n? 9 i i a+b
T [P B 3. . 4. T :
2(4 a) V(@ - 1) bOg( b )
) ) nn/2, when a>0
5. J-Om wdx= b, when a<b
g n/4, when a=b.
Lo, 7lcos{(n+1) tan”! (b /a)} nlsin{(n+1)tan”" (b/a)}
° (ﬂ2 +h2)(}’l+1)/2 4 (ﬂ2 +b2)(}’l+1>/2
@)jective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).
—ax .
L Ifu= ¢S G and a>0, then

0 X
du b du 1
aw__ v py -
(a) db a2+b2 ( ) b ﬂ2+b2
du a du ab
R e — d —_— =
(c) db a2+b2 (d) b a2+b2
2. The value of the integral JON sin by dx ,if b>0,1s
(a) m (b) 7
i 3
ki d) 2%
(c) 2 (d) 2
. Iox"-1, .
3. The value of the integral '[0 0 dx is
og x
(a) logn (b) log (n+1)
1 1

(© n @ log (n + 1)
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Fill in the Blank(s)
Fill in the blanks “......7 so that the following statements are complete and correct.
-1
e tan  (ax
1. Ifu= dx then —
-[0 1+ x2 J‘ ......
T dx T n dx
2. If = , th — =
-[0 a+bcosx ~(a*-b%) enJO (a+b cos x)
©  COS Mx T o e xsin mx
3. If dv==¢"" then dv=.......
IO 1+ % 2 '[0 1+ %
COS mx T sin mx
4. If dx = o "4 then 7dx= .......
'[0 a2+ J a + x2)
True or False
Write “T” for true and “F’ for false statement.
1. '[oo o’ dx:v—n~
0 4
2. Ifuz.[oo 1_Cﬂe_xdx,thend—u= L 7
x dm  1+m
@HSWCIS
Multiple Choice Questions
1. (o). 2. (b). 3. (b).
Fill in the Blank(s)
L (1+2) 1+, 2. 3. L
(14 27) (L4 a”x7) (@ — 2P 5 ¢
T _
4. 5 (1-e7M).
2.2 ( )
True or False
1. F. 2. F.
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( Chapter )

(1 N

Beta and GQamma Functions

1 BetaFunction

Euler’s Integrals : Beta and Gamma Functions:

Definition: The definite integral
1
jO ol (1- x)”_1 dx, for m>0,n>0

is called the Beta function and is denoted by B (m, n) [read as “Beta m, n” ].
1
Thus B (m,n) = JO P B L S

where m, n are any positive numbers, integral or fractional. Beta function is also called
the Eulerian integral of the first kind.

2 Some Simple Properties of Beta Function

(i) Symmetry of Beta function i.e., B (m, n) = B (n, m). (Lucknow 2011)
1
We have B (m,n) = jo = o, by the def. of the Beta function
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ren

_ 1 m—1 n -1 _[a
_jo (1-x) (1-(1-x) dx [ jo dx—JOf(a—x)dx:|
_J‘ m—l PR P '[ n—l(l_x)m—ldx
=B (n,m), by the def. of Beta function.
Hence B (m, n) =B (n, m).
(ii) Ifmornisapositiveinteger, B (m, n) canbe evaluated in an explicit form.

Case I. When n is a positive integer. If n=1, the result is obvious because

1

Lo -1 .| x "
B(m D= " (-n "= ¥ di=| o -

1
o M
So let us take n>1. We have

1
B(m,n):jo P B U
_J' n—l m—ldx

m

m !
=[(l—x)'l_1'x:| _jé (l/l—l)(l—x)n_z (_1)_)6 v,

m m

m =1 45 the second function

integrating by parts taking x
n—-1 ¢l
m

_n=b el g1 -1y -1
= jox (1-x) dx

=0+ (1= x) 2 dy [ n>1]

=n_lB(m+l,n—1).
m

By the repeated application of this process, we get
n-1n-2 n-3 1

B(mn)=—— —— —— ... B(m+n-11)
m m+1 m+2 m+n—2
:n_l_n_zhn_?’ 1 J'I xm+an(1_x)0dx
m m+1 m+2 m+n-270
=n—l‘n—2_n—3 1 J‘lxm+n_2dx
m m+1 m+2 7 m+n—-270

(n=1)! . xn1+n—l .
mm+1)(m+2)..... (m+n-2) |m+n-1 0

1
mm A+ (m+2) . (m+n—2)(m+n—1)

B (m,n)=

CaseIl. When m is a positive integer. Since the Beta function is symmetrical in
mand nie.,B (m,n) =B (n,m), therefore by case I, we conclude that
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3N

B (m, 1) = (m-=1)! )
’ nn+)(n+2)..... m+m=2)(n+m-1)

(iii) If both m and n are positive integers, then

B(m,n):(m—l)!(n—l)!
(m+n-1)!
From (ii), we have
B (m,n)= (1!
’ mm+1l)(m+2).... m+n-=2)(m+n-1)
3 m=-1)!m-1)!
T mAn=D(m+n=2)...m+h)mm-1

writing the denominator in the reversed order

and multiplying the Nr and Dr by (m —1)!
_(m=D!m-1

 (m+n-1)!

[llustrative Examlﬂes

Example 1: Express the following integrals in terms of Beta function :
. 1 m n .. 1 X2
i (L= Y de,m>—1Ln>—1; (Lucknow 2010) (i S S—
(i) Jo "= ucknow @ o Taow
i) [t -2y
0 (Garhwal 2003)
Solution: (i) We have

j(; " (1—x2)"dx:J(; V1= 2V x [Note]
—1/2 n dy
"Jo — ey

puttingx2 = y so that 2x dx = dy
1 ¢l _
:7'[0 J](m 1)/2 (l—y)ndy
1 [m+1)/2] -1 n+1) -1
5 ! (=) dy

:lB(l(m+l),n+l)-
2 \2

(ii)  We have

1 2 L) 5\-1/2
'[0 7\/(1_)(5)171)(—"‘0 ¥ (1-x) dx
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2 1 5v-1/2 4 5 (b -2 S\-1/2 4
_J.O X -X—4(l—x) X dX_J.o x“(1=-x) X" dx

1
:J.O y -2 (I—y)_l/2 édy, puttingx5 = ys0 that 5x* dx = dy

12)-1 g,

7}0 =205 (1= yy 12 dy:lj] S8/ (1 )

570
by
5152
(iii) Proceed as in part (i).

Example 2:  Prove that

-1
I” (ﬂ—x)m_l.xn_ldx=ﬂm+n_1B(m n)=“m+n ImIn
0 ’ T (m+n)

Solution: We have

J'(;’ (a—-x) m=1 n=1 g
J‘ " Y ay)" L ady, putting x = ay

J‘ (m=1)+mn- I)+1(1 J])m—lyn—ldy

—gntn-l J'O J]n—l (l—y)m_ldy

—gmrn-l B(l’l,m)zan1+n_l B (7, 1) [~ B (mn)=B(nm)]
" B ()= T
T (m+n) T (m+ n)

Example 3:  Show that if m, n are positive, then
b
j x=a)" Y- V= -a """ B (m,n)

a
—(h—ayrrn-t ImIn
L (m+n) (Agra 2003)
Solution: The given integral is

jh (x=—a)" L p-x)"dr.

a
Put x=a+ (b —a) y so thatdx = (b — a) dy.
Also when x=a, y =0 and whenx=5, y =1
b
.[ (x_a)m—l (b_x)n—l dx
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[1—57‘]!3%
:(b_a)m+n—l.“; ym—l (1_y)n ldy ( )m+n IB( )
=(b—a)m+”_l- Cmln B (m,n) = I'mI n
T (m+n) T (m+n)
m—1,4_ n-1
Example 4:  Show that Jl ol U= dx = ! B (m,n).
0 (ﬂ+l7x)m+n (ﬂ+b)1n n

(Garhwal 2009)
Solution: The given integral
I P U
o Ty

m—1 n-1
:J-I X | 1-x édx
0 \a+bx a+ bx (a +hx)2 . [Note]
Put r o J sothat(a+bx)'1_2x'bdx= 4
a+bx a+h (a + bx) a+b
ie., ! 5 dv = Y.
(a + bx) a(a+b)

a

I-x la-ax I{a+bx—ax—bx}_l[l_x(a+b):|_1—yv

Further =— =—
a+bx aa+bx a a+ bx a+ bx a

Also when x =0, y=0 and whenx=1, y =1

_J m—l(l_y)n_l' dy
a+b a a(a+Dh)

n—l n—1 B(m’n)
e S L

u+b
B(m+l,n)_ m

Example 5:  Prove that :
B (m, n) m+n

Solution: We have B (m+1,n)=B (n,m+1)
[By the symmetry of Beta function]
=J‘1 xn—l (1_ x)(m+l)—l dXZ Ié (I_x)m ¥ n—1 dx [Note]

(integrating by parts)

1
=0 +ﬂ_[0 PO | B LR
n

=%j; A== 0] (= 0" de
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_mlel o _am=1 g L. _oam

_n[jox (1-x)" "y jox (1-x) dx]

:ﬂ[B(n,m)—B(n,m+l)]:KB(m,n)—ﬂB(m+l,n)

n n n
m m -
or (l-i——) B(m+1,n)=—B(mn) [By transposition]
n n

or (m+m)B(m+1Ln)=mB(m,n) or B(m+1,n): m

B (m, n) mn

3 Another Form of Beta Function

xm—l
de,m>0,n>0.
(I'+x) (Lucknow 2007)

B (m, n):j:

Proof: By the definition of Beta function, we have

1
B(m1n):'[.0 xm_l(l—x)"_ldx.

Put x = 1 so that dx = — 12
I+ I+ )

Alsowhen x -0, y—» and whenx=1, y=0.

n-1
0 ] 1 ]
B =] <1+y>”“1'[1_1+y} '[_aw)z]dy

dy .

oo 1 oo
=J.() (1+y)m—1+2 ( n 1 _J‘ m+nd,y
n—1
:J-O - m+ndx' ..(1)
(I+x) [By a property of definite integrals]

Again since Beta function is symmetrical in m and n ,we have
B (m,n) =B (n,m) J 1+xmﬂzdx,by(l).

m—1 - n—1

R X X
Thus B(m,n)=jo de: . Wﬂbf,m>0,n>0.

[llustrative Examl)les

- Xm—l_xn—l
Example 6: Prove that -[0 P de=0,m>0,n>0.

(I+x) (Lucknow 2009)
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oo " -1 o ¥ -1
Solution: 'The given integral is = J. ——dx — J. _
0 (1+x)m+n 0 (1+x)m+n
=B (m,n)— B (n,m)
=B (m,n)—B(m,n)=0
- " -1
Example 7: Express JO PRy RTEY dx in terms of Beta function where m>0 ,n>0,
a>0,b>0. (Kumaun 2013)

Solution: In the given integral put bx=ay ic., x=(a/b) y so that dx=(a/b)dy .
Whenx=0, y=0and when x — o, y — 0.

- xm—l w (a m—1 1 a
_[() ( m+ndx:JO (Zy) ( m+n'zdy

a+ bx) a+ay)
e amflymflu e 1 - J;mfl
_J.() b m—l‘am+n (1+y)m+nb V= a pM J-() (1+y)m+n
1 .
= X B (m,n). [By article 3]

4 Gamma Function

Definition: The definite integral
_[: e X gl dx, forn>0

is called the Gamma Function and is denoted by T (n) [read as “Gamma n”].
(Gorakhpur 2006)
Thus [ (n) = .[ON ¢ =x" “dx, forn > 0.

Gamma function is also called Eulerian integral of the second kind.

5 Elementary Properties of Gamma Function

(i) T(n+1)=nT (n),wheren>0 (Lucknow 2007, 08, 10)
and (ii) T (n)=(n—1)!,where n is a positive integer. (Gorakhpur 2006)
Proof: By the definition of gamma function, we have

F(n+1)=fom e_xx(”ﬂ)_ldx:'[; xte Yy

=[—e_xx"]6°+J(;o oy, (1)

integrating by parts taking ¢~ * as the second function.
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Now lim Ln: lim x”
X0 o X Tpxt(x /20 4.+ nl)+
X —> oo o oo
7+ﬁ+...+7‘+ '+ ''''''
X x n!l (m+1)!
f]rom(l),weget1“(n+1):0+nj(:o ey, [-n>0]
=nl (n), which proves the result (i).
(ii) Wehave T(m)=T[(n-D+1]=n-1)T (n-1). [“Tm+)=nT (n)]

Similarly Fn-)=n-2)T (n-2),...etc

Hence if n is a +ive integer, then proceeding as above, we get
F(n)=(n—1)(n—2) 2.7 (1).

But F(l):j e gy = J 0dx=j(;o e F.ldx

=(n-
(

} hm 1,—&1:—[0—1]:1.

X —> o g"

Hence (n) (n—-2)...2.1.1=(@m-1)!if nis a + ive integer.

Remember: F(n) n—l) (n—1),where n>landT (1)=1.

Also it may be remarked thatT" (0) = ee and T" (- 1) = o= where 7 is a positive integer.

6 Some Transformations of Gamma Function

We have F(n)=_[: e gy (1)
(i) Putx=aysothatdv=ady;whenx=0, y=0and whenx— e, y— oo.
r(n)z'l'(‘)x’ Y ﬂn)/n_ldy.
Hence _[: eV y”_ldy=l:)~ (Remember)
a
(i) In(1)ifwe putx=log (1/ y)or y=¢ " sothatdy=—¢ *dx,

n-1 n-1
then ro=-[" (log;J =], [log;J .

(Kanpur 2006, Garhwal 12)
(iii) In (1) if we put x”" = y so that n =y = dy ,we get

fJ' —(y>”"

or j0°° e—U)””@;:;1r(n)=r(n+1).
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T Relation between Beta and Gamma Functions

I (mT (n)
I (m+n)
(Agra 2001; Lucknow 07; Kanpur 09; Garhwal 10; Kumaun 15)

B (m, n) = , where m > 0, n> 0.

Proof: We have

F(m)zjm e_zxxm_ldx.
z" 0 [See article 6, part (ii)]
F(m):zm J'O°° Pk m—1 dy = JO M,z X m—l dr .

z n-1

Multiplying both sides by ¢” “ z ,we get
T (m) J'°° l+x) m+n-1 m—ldx (1)

Now integrating both sides of (1) with respect to z from O to o, we get

l“(m)-[w %z n—ldzzjoo l: J'0°° f’_z(l+x)zm+n_1xm_ldx:|dz

0 0
or r(m)r(n)=_[(;’° [0‘” e—z(l+x)zm+n—ld2:|xm—ldx
_-[0 0 m;zn =1 gy [By article 6, part (ii)]
+ x)
- m—1
:F(m+n)J0 ) m+n
(I+x)

=T (m+n).B (m,n),by article 3 .

B (m7 n) = w .
I (m+n)

Thus remember that Jl P B L LomT ),
0 I (m+n) (Kanpur 2009)

Corollary: T (n)T (1 - n) = — » where 0 < n<1.
sin n T (Garhwal 2006)

- n-1
Proof: We know that B (m, n) = j() (lxm , [See article 3]
+x

' (m)T (n)
T (m+n)
T(mT () (= x"7!

T(m+n 0 (+x"*"

and B (m,n) = ,where m>0 and n>0 .

Putting m + n =1or m =1- n in the above relation, we get

rd-nrm _ ad dv ,where 0 < n<1.
T () 0 I+x

[Note that m>0 =1-n>0 =>n<l]
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ButT (1)=1.Also
o n-1
j al dx = .n . (Remember)
0 1+ux sin nm
)T (1-n)=— ,where 0 < n<1.
sin nmw

8 The Valueofr (%) =n

(Agra 2000)

Proof: We know that B (m,n) = LomT () (1)
T (m+n)

1

If we takem:i,n:zl,then from (1), we have

r@)r@)[r@)ﬁ_[r(l)]z

FG+%) o) 2

1? 11 1
Thus r(f) - B(fﬁ):f 21 21 g
2 2°2 0

by the definition of Beta function

oo
/N
Ko —
N | —
N————

I

=j(l, V202 g

Now put x = sin® 0 so that dr = 2 sin 6 cos 6 6 .

Also when x=0,0=0 andwhenx=l,9=%n.

2
2
[F(l)] _ (™ ! . ! -2 sin© cos 6 46

2 ~Jo sin® cos O

_ n/2 _ n/2
_2j0 6 =210];

=2 |:l T — O] =T.
2
Taking square root of both the sides, we get
r (%) =m. (Remember)

Important Deduction: To prove that J: o dr= \/7n

Proof: Let [ =J°° e ”z dy .
0
Put x* = z so that 2x dx = dz
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or dx:Ldz: ! dz:lz_l/zdz.

2x 24z

Also when x =0,z =0 and when x — o0,z — o .
Izjm 6_212_1/2 dz
0 2

2 2
Hence Im 6_)(2 dx:\/—n- (Remember)
0 2
r(m;—l)r(nzl)
0 Jn/z cos™ Osin” 0d0 = ,m>—1,n>-1
0 m+n+2
S

(Garhwal 2005, 07)
Proof: Putsin® 0 = x so that 2 sin  cos 8 d6 = dx
or 251n6.\/(l—sin29)d6=dx or 2x1/2.\/(1—x)d6=dx.

dx

®=1n o7

Also when6=0,x=0 andwhen@z%n,x 1.

/12 /12
jon cos™ @sin  d6 = jon (1-sin® 6)"'% sin " 6 0

Y g am2 w2 dx

_J‘() (1 X) X .2)(1/2 (1—X)1/2
1

=) n 1 /2 x)(m -1)/2 dx

é + n+1/2}—l(1 x){(m+1)/2}—ldx

B

(erl n+) provided m>—1land n> -1

1
DE o +]) - _T(mT (n)

5(
1“2l(m+l+n+l)

F—(m+l)1"%(n+l).

2T —(m+n+2)

N | —
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10 Some Important Transformations of Beta Function

Beta function can be transformed into many other forms. A few of them are given

below.
m—1

(i) We know that J(:o % dy =B (m,n).

I+ y
- J’m -1 m -1 m -1
Now .[0 (1+y)m+n _JO 1+y)m+n dy + J l+y)m+ndy'
Making the substitution y =1/ x in the last integral, we get
- y m—1 ¥ -1 dr
.[1 (1+y)m+n dy = .[ 1+x)m+".
m—1
B (m,n) = _[0 7(1 j’y)m —

m—1 n—l

_ J
_J.o (l+y)m+n dy + jo l+x)m+ndx
m—1 1 xn—l

X
_J.() (l_l_x)m+ndx+J.() (1+x)m+n

m—1 n-1

(box +x
_.[ (1+x)m+n
1 byt T (m)T (n)
Hence - = dAdx=Bmn=—""".
O q+xm*n ( ) I' (m + n)
- m—l
(i) We knowthatj dx=B (m,n).
1+x)m+n

vaveputx:?y,sothatdx:%dy,weget

o xm—l - m—1
J‘ dx:amhnj' J dy
0 (1+x>m+n 0 (@}+h)m+n
oo m—1 o m—1
.[ J dy = ! '[ x dr=—LBmn.
0 (@] 4 b)m+n 2" pnJo (1+ x)m+n am
VA _ T (mT

Hence

Jo @+5)" " A" T man)

Again putting y = tan” 8i.c.,dy =2 tan 0 sec 2 6 dfin the integral just obtained, we get

Jn/Z sinzm_lecoszn_lede_ r(m.T'(n)
0 (asin® 0+ b cos® )" 2a"b"T (m + n)
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1
(iii) We know that JO VA=V de =B (m,n).
Puttingx:sin2 0, so that dx =2 sin 0 cos 0 40 , we have
_[1 PR P dx=2jn/2 sin”? " "1 ocos® "1 odo.
0 0
B
L;Hz sin?” "1 9 cos2” 1 9do = (m, )
_IrmIm)
- 2T (m+n)
This result may also be written in the form
1 1
- () ()
_[n sin” 6 cos 16 d6 = ,
0 2F(p+q+2)
2
by putting 2m —l=pand2n-1=4.
(iv) We knowthatj; b m-l (l—y)"_1 dy =B (m,n).
. x—Db
Putting y = ,s0 that dy = ,we have
a-> a-—
| b m—1 “ n-1 I
m—1 n—1 a|x— - X
e dy = .
Jo om0 = ] [u—bj (a—b] a—b
_ 1 a -1 -1
_th (X_b)m (a_x)n dx
I: ()(—b)m_l (a_x)n—l dx =(a_b)m+n—1 J-é y m—1 (l_y)ll—l dy
or [ =" @ de=(@a-b)""" " B (m,m)
=(a_b)m+n—l 1—‘(’n)l—‘(n) .
T (m+ n)
11 Duplication Formula
1 V1
rmT|m+—|=——-T (2m),where m> 0.
2 22m—l
(Agra 2001, 03; Kanpur 09; Garhwal 11, 13)
Proof: We know that
B(m,n)=w,wherem>0,n>0.
I (m+n)

If we take n = m , then
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[ o5

[T (m)

“Fon (1)

B (m, m)

Again by the definition of Beta function, we have

1
B(m,m):J‘O UL B U

Let us put x =sin 0 5o that dv =2 sin 6 cos 6 d6 .

Also when x=0,0=0 andwhenx=l,6=%n.

/2 ) .
Then B (m,m) = j(;t sin ™ =Dg cos? =1 99 sin 0 cos 0 40
/2 ; ;
=2J(:E sin?” ~1 9 .cos?” 1 9 4o

/2
=2 _[(;E (sin® cos 0)>" 1 4o

. 2m -1
/2 /2
-9 1 stO de: 1 T Sin2m—12ede
0 P 22171—2 0
_ 1 Toom-1, do
_22m—2 J‘() s ¢7’

putting 20 = ¢ so that d6 = % do

1 T . -
=22m7_1'|‘0 sin?”" Yo do

1 T2 9 —
b sz sin?™ ~1 06d Not
= 02n=2 Jo 0.cos” ¢ dd (Note)
1 1 1
zzlzriem—unr§m+nz2ll}wmrg)
27" 2F%Qm—l+0+2) 22" s by
1 T (mAin
- : : (2)
2m -1
27" F(m+l)
2
[ T ()=l
2

Now equating the two values of B (m, m) obtained in (1) and (2), we get
rmP 1 TmAn
I (2m) 22m -1 T (m+ l)

or TrmTm+-)=———0T02m). (Remember)
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2 r(2)r(2)r(3) () e

where isa positive integer.

Proof: Let A=r(i)r(i)r(i)...r(”;l)~ (1)

Writing the above expression in the reverse order, we have

A=r(1-i)r(1-i)...r(1—";z)r@_";l). (2)

Multiplying (1) and (2), we get

e Cr e ()

n-1

(167 I,

= - 21; Py [See corollary of article 7] ...(3)
sin —sin —...sin T
n n n

To calculate this expression, we factorize 1 - x*".
Now the roots of the equation x> —1=0 are given by

X = (1)1/271 (COS 2 FIT+ lSITI2 r n)1/2n

r. .. I,
=cos — +isin—, wherer=0,1,2,....2n-1.

n n
Hence, we have
2 T .. T T, T
x)(I+x)[x—cos——isin—||x—cos=+isin—|...
n n n n
n-1 ..o on=1 n-1 ..o on=1
.| x—cos T —isin || x—cos T+ isin T
n n n n

:(1—xz)(l—2xcosE+x2)(l—2xcosz—n+x2)...

n n

..(l—2xcos n=
n

l—f; ( 2xcosn+x)(I—Zxcosznn+x2)...(l—

Putting x = I and x = — I respectively, we have in the limit,

(2 2cos—)(2 2C052—n) ..(2—2cosn_ln)
n n n

and =(2+2cos—)(2+2cos2—n) ..(2+2cosn_ln)~
n

n n

1n+;).

) .




Krishna's T.B. Integral Calculus
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Multiplying these, we get
_9 . 9Tm . 92W L on—1
w2 =227 26in2 T in?2 28 sin? T g
n n n
1] .. m . 2® oon-1
or n=2""1sinZ .sinZ" . sin .
n n n

Hence, from (3), we get

TC”71 (zn)n—l or A B (27'C)<n_1>/2 .

A% = -
w21 » 72

.M. 2. ..n
Remark: The value of sin —sin == ...sin
n n n

n can also be found by using the
trigonometrical identity

i -1
51.n "9 =2""lsin (G+E)sin (6+2—n)sin (6+3—e)...sin (9+ " TE)‘
sin 6 n n n n

From the above identity, we have

. -1
sinf .9 -n:2”lsin(6+n)sin(9+2n)...sin(6+n TC)-
no  sin0 n n n

Taking limit as®— 0 , we get
1. ®™® . 2n . 3@ .on—1
n=2""1sin Zsin 25 sin 2% .. sin
n n n n

T.

o I’
13 W _[ e ™ cos bx.x™ ' dx = cos ma
0 km
o0 T
(i) J e™™ sin bx .x" " 'dx =~ sin mo,

where k = \/(a2 + bz)andoc =tan! (Z)

Proof: We have

J'(;x’ E_llxeibxx’n_ldx=j: E_<ﬂ_ih>xxm_ldx= I (m)

[See article 6, part (i)]
=(a—ib)""T (m). (1)
Let us first separate (a — ib)” ™ into real and imaginary parts.
Put a = k cosoand b = k sin o so that
o=tan”! (b/a)andk:\/(a2 +b2).
Then (a—ib)™ " =[k (coso —isino)]” ™"

=k=" (cos o —isina)” "
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(oo I

=k~ (cos mo. + isin ma) , by De-Moivre’s theorem.

Now from (1), we have

I(;o e e m =L g~ kT (cos mow + isin mo) T (m)

mfldx:r‘(m)

kﬂ’l

(=]
or -[0 ¢~ (cos bx + isin bx) x (cos ma, + isin ma.),

[e B _ cosO+isin®d , by Euler’s theorem]

or J.oo e_“xcoshx.xm_ldx+i‘.‘m e sinbr . x "l dy
0 0
=F(m) cos m(x+ir(m) sin mao. . ..(2)
k m m
Equating real and imaginary parts in (2), we get

T (m)

_[ e ®eoshr.x "V dy = —" cos mai,
0 k"

oo . _ T (m .
and '[0 e P sinby.x™ 1dx:%smm0t,

where k :\/(a2 +b2)andoc: tan™ ! (b / a).

Deductions: (i) Ifwe puta=0,thena=n/2andk=0.

Hence _[m "L cos bxdx:r(m) cos %
0 Xz 9
and J.m xm_lsinhxdx=r(m)sinﬂ»
0 M 9
(ii) If we put m=1,then
ro e_“xcosbxdxzr(l)cosot=kcozsaz 2“ 5
0 k a‘ +b
and _[: f”xsinhxdx:r]il)sinoczksklgazbl2ibz.

[llustrative Examl)les

Example 8: Emluate the following integrals:

O R

1 + x (Garhwal 2000)

l+x)
ﬁ

@) [y dr,

I+ x

xdx_

(iii) j
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Solution: (i) We have
14
w 8 o x
jO 1+x JO 1+x24 JO (1+ x)%4
9 -1 15 -1
o o X
_J‘ 1+x9+15d .[0 (1+x)15+9dx

=B (9,15)-B(15,9), [By article 3]
=B (9,15)-B(9,15),

by symmetry of Beta function

o 1+x
ii) We have — = dx =
(&) IO l+x '[0 l+x '[0 1+x15
- 5-1 w  A0-1
_I 1Hsuo +j 1+x10+5d
=B (5,10)+B(10,5)=B (5,10)+ B (5,10)
=2B(S,1O)=2F5r10
I'15
L, 4321 1
14-13-12-11-10 5005
iii) Let I =
(i '[0 1+1°
Put x6=y or x:yl/é,sothathzéy_5/6@;.
7J, 5/6)7:1]% 203 )
0 1+y 670 1+y
(1/3)71 1 1 2 -
*Jo 1+J,<1/3‘+<2‘/3>J’ B(§’§)’ [By article 3]
1.2 1 1
I-I— r-rd--—
_1 sty gty
6ply2y 6Tl
3 3
L Tl (l—n)=—"
6 sinin sin nm
3
l_x 12 &
6 (V3/2) 6 V3 343
A ANnD(1/n)

1
Example 9:  Show that -[0

72 = '
M2 ar A/ n+1/2) (Kumaun 2012)
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Solution: Let x" =sin® 0ie.,x=sin?/"@so that dr= 2 sin®/™ =19 cos 040
n

1 9 sin@/m -1
Then J~ dx _2.[75/ sin 0 cos 040

0 Na-x" ndo cos 0
2
2%.[1” sin@/" =1 gcos” 0 do
2 Jo

1
9 F(l/n)F(E) Nm T (1/n

TR 2T/ n+1/2) n TU/n+1/2)

1 m—1 n—1
Example 10: Evaluate JO %
(I+x) (Kumaun 2002, 10)
Solution: We have
1 " l ~ 1 P -1 dx |
,[0 (1+xm+n J. 1+xm+n 0 (1+x)m+n‘ (1)

Now in the second integral on the R.H.S. of (1), we put x=1/y so that
—(I/y2)dy;alsowhenx—>0,y—>ooandwhenle,y:l.

P 1 n 1
J~1 dx _J‘ 1/)] _74)]
0 1+xm+n 0o 1+1/ym+n J’

:_J'l ym+114); :J‘w ym—l dy
oo (1+y)m+n.y 7171.)}2 1 (l+y)m+n
(Note)
o xm b
G [ rwesllrom

Now from (1), we have
1 m—1 n—1 1 m—1 m—1

X +x X b X
J() )m+n x:,[() (l_{_x)m+ndx+_"1 (I+x)m+n

(I+x
- J'°° L dx |
0 (1 + x)m +n
by a property of definite integrals
=B (m,n)= ComT 1) [Refer articles 3 and 7]
T (m+ n)
n

2
Example 11: Show that J.:/ (tan x)" dx = = sec n2i ,where — 1< n<1.

Solution: We have
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/2 /2 sin” x . _
j tan” x dx = J. dx = J. sin” x cos™ " x dx
0 cos” x

I“zl(n+l).l“21(—n+l)

1
2 - (n—-n+2
2('1 n+2)

’

where —n+1>0ie,n<land n+1>0ie,n>-1

1 |
—F—(n+l)1"§(l—n)

1

2 2

1.1 1 1 T
=TI -m+hIrl--mn+Hl=-—>—7-——,

2 2(}1 )T [ 2(n )]

sin—(n+1) =
2('1 )

T mIr(d-n= , by cor. to article 7

sinn

1 1

T
sin(ln+lnn) 2 cos(lnn)
2 2 2

nm
:—seCT, where —l<n<1.

i |72 tee? w0,

- © m —ax" ['[(m+])/n]
(ii) J.O x e dx:im(mﬂ)/n :
1 dx

(iii) jo m:\/n.

oo 9 o . . 9
Solution: (i) Leu:jo 2n-l —ax dx:J‘O 2n-2 max? oo

Put ax? = z so that 2ax dx = dz . When x = 0 ,z=0and when x = o,z — oo
w (Y7 1 1 (e |
I=J (—) e f—dz= '[ etz dz
0 \a 2a 24" 70
21;1 I (n), by definition of Gamma function.
a
o o ﬂl n
(ii) Let I=[" e " gy = e el gy [Note]
1

_J' m-—n+l —ﬂx n—ldx
0 .

Put ax” =t so that na x "~V dx = dt . Also when x =0, =0 and when x — oo, f — oo .

(m n+1)/n 1/n
I= J e_t-idt, cax"=t=x=|Lt
0 \a na a
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[ 1-75\]!3,\
_ 1 © A{(m+D)/n} -1 —t
_nﬂ’ﬂ(m—n+l)/nJ‘() t ¢ dt
= W I {(m +1)/ n}, by the definition of Gamma function.

I Y Al 112
@) e = s T ()«

Putlog (1/x)= yie,1/x=¢Vie,x=¢ Y sothatdr=-¢ Y dy.
Also when x — oo, y > ccand when x=1, y =0.

0o _ _ e _ _
I:_J y 1/26’ ydy:J‘O ¢ _]/yl/z ldy

=T (%) , by the def. of Gamma function
=Vm.

Example 13:  Evaluate the integral

b
J (x=a)? (b —x)T dx, where p and q are positive integers.
a
b
Solution: Let I= j (x—a)? (b—x)T dx.
a

Put x=acos>0+bsin? O so that
dx =—2acos 0sin® d6 + 2b sin 6 cos 6 46
ie., dv=2 (b —a)cos0sin6do.
Also x—a:acos29+bsin26—a:bsin26—61(1—(:0526)
=bsin26—asin29=(b—a)sin29
and b—x:b—acoszG—bsinzG:b(l—sinze)—acosze
=(b—a)cos26.
To find the limits for 8, when x = a , we have
a=acos®0+Dbsin” 0
ie., (b—a)sin26:0 ie., sin20=0asa#h ie., =0
and when x = b , we have
b =acos>0+bsin® 0
ie., (a—b)c0329=0 ie., cos>0=0asa#h ie, 0=m/2.
Thus the new limits for 6 are O to m / 2. Hence the given integral

2
’=L?/ (b —a)? sin®? 0 .(b— a)! cos® 10.2 (b — a) cos O sin O dO

2
=2(h-a)l t1r! J(;T/ sin?? *1 9.cos?? *1 0 do
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F{%(2p+l+l)}l"{%(2q+l+l)}

=2(h-a)Pt1t!
2T 2p+1+29+1+2)

’

provided 2p+1>-1and 2g+1>-1 ie, p>-land g>-1

which is so because p and g are given to be + ive integers
:(b—u)l’+q+1r(p+l)r(q+l>
F(p+q+1+])

:(b_a)PHIH%
(p+q+1)!’

because I' (n+1)=n!if n is a positive integer.

Example 14:  Find the value of T (l) r (g) r (5) ..T (§) :
9 9 9 9

Solution: We know that

1. (2)~(3 n—-1\ @m0
PG ()

where 7 is a positive integer.

Putting # = 9 in the above relation, we get

r(3)r(2)-r(5) -2 -t
9 9)" 9 9l/2 3 3

Example 15:  Show that

—_—

(i) 2"T (n+=)=1.3.5....@2n - )\, where n is a + ive integer,

2
(ii) r( ) ( ) (i xz)nsecm,provided—l<2x<l.

(Lucknow 2009)

(Kumaun 2011)
Solution: (i) We have

iyl

. . s L
2 2 2 22

%(2;4—1) @n—-3)(2n-5)..31 V.

2" (n+2l)=l.3.5....(2n—1)\/n
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(ii) We have
F(——x)l“(—+x) =(§—x)1"(——x).(—+x)l“(%+x)

(e
(S -

=(l—x2)~ T =(l—x2)~nsecnx.
4 COS X T 4

Example 16:  With certain restrictions on the values of a,b, m and n , prove that

< —(ax +Igy2 m-1 _2n-1 r(mT (n)
_[ .[ xz dXdy— 4 4M "

Solution: Let us denote the given integral by I . Then

/= J‘O —axZXZm—IdxxJ - by Py =1 x I

To evaluate I} , put ar’ = t so that 2ax dv = dt .

_ dt
I t/ﬂ @2m-1)/2
b= j0 2V (at)
_ 1 © —t,.m-1
= ﬁ -[0 e 't dt
= I;(IZ) , provided a and m are +ive.
a

Similarly, Iy = % ,provided b and n are +ive.

Hence _Imlbn,

4ﬂlnbﬂ

Example 17:  Show that the sum of the series
1 e 1 +m(m+1)_ 1 +m(m+1)(m+2)4 1
n+l n+2 21 n+3 31 n+4

is W,Where—l<n<l.
T(n-—m+2)
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Solution: We have
Fn+1)T (1-m)

=B(n+11-m)
I'(n—m+2)

_ Ly —-m
—jox (1=x)"" dx

=j1 x”{l+mx+m(m+l)x2+m(m+l)(m+2)x3+...}dx
0 21 31

GRS (m +;)'(m+2) x 3 +}dx

_|:xn+l xn+2 m(m+1)xn+3

+m
n+1 n+2 21 n+3

1
n+4
+m(m+1)(m+2)x +}

3! n+4 0
_ 1 o 1 +m(m+l). 1 +m(m+l)(m+2) 1 .
n+1 n+2 2! n+3 3! n+4
Example 18: Prove thatJm sin bz dz="L.
0 z 2

Solution: We have

[=J(:° jooo e~ Y Fsinbz dy dz

_Jw e Yz
=1, —
~ sin bz

=[y = (1)

] sin bz dz ,on first integrating w.r.t. x
0

Again on first integrating w.r.t. z , we have

Izj(jo JOOO e~ *Zsinbz dxdzzj: [Jow ¢~ *Zsin bz dz:|dx

oo b
= e dx
2 2 ?
'[0 b” + [See article 13, Deduction (ii)]

:[tan-l ;]: - (2)

Hence equating the two values (1) and (2) of I, we have

ro sin bz P
0 z 2
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Example 19:  Show that

ro cos (bz""" dz =il"(n+l).cosﬂ~
0 1 2

bl
Solution: Putz'/"=x e, z=x"sothatdz=nx""'dx.

* I/n _[= n-1
-[0 cos(bz ") dz = jo cos (bx) . nx dx
=n J(:o "L eos (bx) dx

= realpartofnj: e el gy

T (n)

(ib)n

nT (n)
bn

= real part of n

= real part of

~(COS%7E+ isinln)_”

I'(n+1) nm nm
= real part of cos — — isin —
b" 2 2
=L-F (n+1).cos (M)
b" 2

o c
Example 20: Show that -[0 x—x dx = F(C;Pl ,c>1.

¢ - (log c
(Gorakhpur 2005; Kanpur 07; Lucknow 10)
Solution: We have
c c

el

-~ _ -x1
__[0 xlogc J‘ PR x
Put x log ¢ = y so that (log ¢) dx = dy .

When x =0, we have y =0 and when x — oo, y — 0.

Alsoc>1 = loge>0.

c
Izjm Pl e by
0 log ¢ ) logc

- (+1 ) -1
c+1_[ Yyt dy

log c
1

= I'(c+])),
(log ¢ D

)L‘+1

provided ¢ +1>0 which is so because ¢>1.
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Comprehensive Exercise 1
p
1. Prove that
OIN 1=
0 (a"— l/n n sin (xw / n) (Kanpur 2010)
. 2 1/3 2r
(i) | 8—-x ) dx =
IO 343 (Kumaun 2008)
IR e U B (m, n) ' (m)T (n)
2. Show that .[0 m+n dv = n mo m
(a+x) a"(1+a) a’"(I+a)" T (m+n)
[Hint. Put 0D )
a+x
+1 +1
3. Show that In/ sin” ©cos 16040 = P 701 ,p>—1lg>-1L
0 2 2
2
Deduce that j K 8- )(3)71/3 dx = 16 B (i g)
0 3 33
4. Prove that B (m,n)=Bm+1n)+ B (m,n+1)form>0,n>0.
(Kanpur 2005; Gorakhpur 05; Bundellkkhand 11)
5. Prove that
- ) 1 n—1
i) j e gy = l:) (ii) j (log l) dx =T (n).
0 a 0 x (Kumaun 2007)
6. Show that, if m> —1, then
J(:o a g_”zxz dv = in+l r (m; 1)'
2n (Kumaun 2009)
7. Prove thatJ' (1-x"yY dx—B(m+n,p+l) (Lucknow 2010)
n n
2
8. Prove that _[1 (L= x " gy = 1rd/my
0 n 2T (2/n)
9. Show thatT (0-HT (0-2)T(0-3)...T (0-9)=
V(10)
2 2
10. Show that jn/ V (sin ) d6 x i d.e = (Lucknow 2009)
0 0 +(sin®)
1 X2 dx dx s
11. Show that jo T jo LAY
+ %) (Lucknow 2006, 11)
12. Show that r( ) ( ) 2 [ (tano)do=4 [~ "zd{j nvV2.
0 1+

(Lucknow 2008, 11)
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13.

14.

15.

16.

17.

18.

19.

(7o I

Show that the perimeter of a loop of the curve r”* = a” cos 16 is

a yumer TA/2mF
n r{/n)

1 dr V2 ]2
Prove that IO m: Svx |:l“ (4)] .

2 +1
Show that j(;‘/ sinpedG:;B(l 4 J

27 2
Show that
L[ ax (o” —B*)
(1) J‘O xe COSB)CdX:W
.. had 0L X . 2aB
d = —5 %59 °
(ii) jO xe sin Bx dx (OLZ+BZ)Z

Prove that Jtc cos (% i xz) dx=1.

-1
Show that B(m,m).B(m+l,m+l) o

2 2) oim-l (Rohilkhand 2005)

.o n—1 n-1
Prove that '[n sin” xdv = 2 -B ﬁ,ﬁ ,a>Dh.
0 (a+bcosx)" (a* —b2)"? 22

(Kumaun 2008)

@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

Form>0,n>0,

_Iim _LmT ()
(a) B (m,n)= () (b) B (m,n)= T mt )
_T(n T (m+n)
(c) B(m n)_F(m) (d) B (m )_F(m)r(n)

The value of the integral J(:o e V2 dvis

\/TI: T
- b) =~
(a) 2 (b) 2
(c) Vm (d) ©  (Kumaun 2008, 09, 11, 13)
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3. Form>0,n>0,
@ Bmm=] Tt o Bonm=]
’ 0 (I+x)"*" 0 (14 x)mtn
1 P o M
(c) B(m,n)ZJ ——dx (d) B(m,n):-[0 W

0 (1+ x)m+n

4. Ifa>0 and n>0,then the value of the integral

ro ™ s
0

(a) a"T (n) (b) a™'T (n)
T (n) I (n)
d :
(c) 7 (d) 2

1
5. The value of -[O - x)3 dx is

1 1
- b) —
@ 580 T
1 1
() 3@ (d) %
(Garhwal 2001)

2
6. The value of the integral J‘OR/ sin® x cos? x d is

T T
(a) 2 (b) )
T T
(c) 16 (d) 39 (Garhwal 2001)
m—1
7. The value of ro M is
0 (1 + x)m +n
I (m)
(@) T'(m)+T (n) (b) T (1)
(¢) T (m).T (n) (d) LmT )
T (m+n) (Garhwal 2002)

1 m—1
8. If m,n>0,then the value of jO -l (log l) dx is equal to
x

@ =5 o) =5
T (n) I (m)

(c) —o (d)

m m™ (Garhwal 2003)
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10.

11.

12.

13.

14.

15.

0N

The value of I’ (l )-T (g) is...... .
4 4
(a) (b) 75
(c) N2 (d) \/;
2 (Garhwal 2004, 11, 14)
1
The value of integral J B is
0= log x
(a) Vm (b) ©
@ X (d) none of these
2 (Garhwal 2004)
If m>0,n>0,then B (m,n) is defined as
1 1
(a) jo (1 - x)" dy (b) jo - 2 de
(C) J‘g xm—] (1_ x)n—l dx (d) J‘g xm—] (1_ x)n+1 dx
(Garhwal 2006; Kumaun 15)
1“(m+l)r(n+l)
2
jn/ cos” @sin” 0 46 = 2 2 ) \when
0 m+n+2
or ()
2
(a) m>0,n>0 (b)y m>-1,n>-1
(c) m>—%,n>—2l (d) O<m<1,0<n<l
(Garhwal 2006)
1 1 n—1
The value of '[ (log —) dx is
0 X
(a) 1 (b) zero
(¢) n-1! (d) Tn (Garhwal 2008)
The value of T (l) r (g) r (3) ..T (§) is
9 9 9 9
(a) %ng (b) 16m*
© +n* (@) Lot
3 3 (Garhwal 2009)
- xn—l
Integral J ———dx isequal to
0 (1 + )m+n
(a) Bm+1L,n+1) (b) B(m,n+1)

(¢c) B (m,n) (d) none of these (Garhwal 2012)
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16.

17.

18.
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2
Value of integral jg/ cos™ 0 sin"0do is

F(m+l)r(n+l)
) 2 2 (b)

"(3)r(:)

(a — s
21_(m+n+2) 2F(m+n+2)
2 2
r(m;l)r(ngl) r(mz—l)r(ngl)
(c) (d)
2F(m+n+l) 21_,(;11—1/1—2)
2 2
(Garhwal 2013)
The integral Iom 1™ dx is known as
(a) Beta function (b) Gamma function
(¢) Beta and Gamma function (d) none of these
(Kumaun 2007)
The value of T G) r @) shall be
Jn T
NE b) ——
(a) 5 (b) NG
S 2
(0 =5 @
(Kumaun 2010)
Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.

The definite integral j; e (1- x)”_l dx, for m>0,n>0 is called the ......

The definite integral jox e 1 gy, for n> 0 is called the ...... .

(Garhwal 2001)

B (m,n) ...
m-=1 _ n-1
Form>0,n>0,j Y =
0 (1+x)m+n
Forn>0,T (n+1)=...... I (n)




Beta and Gamma Functions

10.

11.

12.

13.

14.

3N

"(2)-
2) T (Kumaun 2014)

m+1 n+1
n/2 r 2 2
If m>—-1n>-1then JO cos” 9sin " 040 =

Form>0,1“(m)1“(m+;)=\ll“(2 m).

Fora>0,n>0,‘|.oo e X dx:M
o .
1 2. .
The value of T' (=) -T (%) is ...... .
3 3 (Agra 2002)

True or False
Write “17 for true and “F’ for false statement.

jmﬁ_xxl/2 dv=T 1
0 2)°

j l+)c6 3

3

84 _ .6
[t}

0 (1+x)%*
- xn—l
Form>0,n>0,B (m,n) = jO 1+ )"+
m—1 - xn—l
Form>0,n>0, j 7‘1)5:‘[
0 1+ x)m+n 0 (1+ x)m+n
I (6)=120.
Form>0,n>0, B (m,n)= (W(l)r(n))
m+n

j: e_xz dx=\/4—n~

Bm+Ln)+ Bmn+l)=Bm+1Ln+1). (Agra 2003)
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Multiple Choice Questions

1. (b) 2. (0 3. (a) 4. (b)
6. (d) 7. (d) 8. (a) 9. (¢
11. (a) 12. (b) 13. (d) 14. (d)
16. (a) 17. (b) 18. (d)
Fill in the Blank(s)
1. Beta function 2. Gamma function
4. m+n 5. 0
(-1 g. "
SN nm
10. 2r(’"+”+2) 11, Im
2 2
13. a" 12. 2*
J3
True or False
1. F 2. T 3. F 4 T
6. T 7. F 8. F 9 F

10.
15.

12.

—~
s
~

—
(g)

I (m+ n)

22 m—1
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( Chapter )
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Dirichlet’s and Liouville’s Integrals

1 Dirichlet’s Theorem for three Variables

Theorem: If [, m, n are all positive, then the triple integral

’

-1 m-1_n-1 _ r (T (mT (n)
J_”x Y : dx@;dz_l“(l+m+ n+1)

where the integral is extended to all positive values of the variables x, y and z subject to the condition
x+y+z<I1. (Lucknow 2007)

Proof: Let us first consider the double integral
IZZJ.J‘ Xl_lym_ldx@/,

where the integral is extended to all positive values of the variables x and y subject to
the condition x + y<1.

Obviously the region of integration of I5 , in the 2-dimensional Euclidean space, is
bounded by the straight lines x =0, y =0 and x + y =1.The limits of integration for
this region can be expressed as0<x<1,0< y<l-x.
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I2=j1 J;;)(()xl—lym—ldxd);

1 -
Lo ym ' LT 1 m
=j x dx=j —xlTha-

" o
:ljl xl—l(l_x)m+l—ldx
m J0

L B@m+1), by the def. of Beta function
m

I TOT (m+1) 1T().mT (m)
“m T(l+m+l) m Tl+m+])
_I(r(m)
T (+m+])

: (1)

(Remember)
This is Dirichlet’s theorem for two variables.

Now consider the double integral U, = IJ oy =laay

where the integral is extended to all positive values of the variables x and y subject to
the condition x + y</h.

We have x+y$h:>%+%£l.

So putting ¥ /h=u and y /h=v so that dv=hdu and dy = h dv, the integral Uy

becomes
Uy = j j ()" =Y ()" =V 1% du dv
=pltm _[J d V=1 iy dy  where u + v< 1
r(L)T (m)
=hl+’"7,b 1). (2
remey YW @)
Now we consider the triple integral

13=jjjxl_1ym_lz”_ldx@/dz,

subject to the condition x + y +z<lie, y+z<l-xand0<x<]1.
We have

Ig:ﬁ:o [.” "l nild)’dz]xl*ldx,vvherey+zs1_x

:J.(i (I_x)m+n r(m)r(n) xl_ldx,

by using (2
F(m+n+1]) y using (2)

_mT (&) jl e L RS
r(m+n+1)70
_Tmr o

(Lm+n+])
F(m+n+1)
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_ImICm TOLm+n+l)
_F(m+n+l) Fl+m+n+1l
=F(1)F(m)F(i1)
Fd+m+n+])

, which proves the required result.

Remark: The triple integral
J'J'J‘ xl—lym—lz ”‘ldxdydzzh”m*”F(l)r(m)r(n) ,
T{+m+n+])

where the integral is extended to all positive values of the variables x, y and z subject to
the condition x+ y+z<h.

Alternative proof of Dirichlet’s theorem for three variables:

Let 13=jjjxl_lym_lz”_ldxdydz,

where the integral is extended to all positive values of the variables x, y andz subject to
the condition x + y +z <1.

Obviously the region of integration, in the 3-dimensional Euclidean space, is the
volume bounded by the coordinate planes x=0, y=0,z=0 and the plane
x+ y+z=1.After a little geometric consideration, we observe that the limits of
integration for this region can be expressed as

0<x<1,0sy<l-x,0<z<I-x-y.

Hence the triple integral /5 may be written as

L—x=y -1 m-1_n-1
3—Ix OJ o x y z dx dy dz

= X R X

1 ¢l fl-—x _ _
=7J‘0J‘0 ! lyml(l—x—y)ndxdy

7J' l—ll:'[ ym_l{(l—x)—_)/}ndy:|dx

Tointegrate w.r.t. y, put y = (1-x) tsothatdy = (1 - x) dt ;alsowhen y =0 ,¢=0 and
when y=1-x,t=1.

the required integral
1
13:1j0 ’1“0 "y _1{(I—x)”(l—t)”}(l—x)dt:|dx
J‘O J‘O l—l(l m+n m—1 (l—t)ndxdt
1 m+ndx m—1 -8 d
J'O xj t (L= o) de

=—B(l,m+n+l)B(m,n+l),
n

(by the definition of Beta function)
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A2 )
1 (O m+n+]) Tm)T(n+]) T O (m)T (n)
T F'{+m+n+l) T (m+n+]) _F(l+m+n+l)

[ Tm+)=nT (n)]
Note: Dirichlet’s theorem holds good even if the condition is taken as x + y +z < lin
placeof x + y+z <1

Corollary: Evaluate without using Dirichlet’s Theorem J‘J.J. xf y1z" dedy dz,

where x, y, z are always positive and x + y +z < 1.

Q2 Dirichlet’s Theorem for n Variables

The theorem states that

” J A b 1 b gy mdxn:rl;l(h)ll" (llg)...l"(l,;)),
ol Bl 7 e P o

where the integral is extended to all positive values of the variables xy, xo ..., x,, subject to the
condition x; + x9 +...+ x, < L

Proof: We shall prove the theorem by mathematical induction. To start the
induction we shall first show that the theorem is true for two variablesi.e.,forn =2 .

So let us consider the integral Iy = JJ xlll -1 x212 Ly dyy

subject to the condition x| + xy < 1.

Now proceeding as in article 1, show that Iy = L) (1)
Fd+4+5h)

The result (1) shows that the theorem is true for two variables i.e.,forn =2 .

Now assume as our induction hypothesis that the theorem is true for n variables i.c.,
assume that

InZJ‘J‘ J‘ xlll ! XZIZ ! '“xnln -1 dxl de "'dxn
r (ZI)F (12)'~~F (ln)

TA+h+h+...+1)]

subject to the condition x| + xp +...+ x, < 1.

If the condition be x| + xy +...+ x,, < /i, then putting

| 2 _

w T T

dx) —hdul, dx2 =hdu2 yevosdyy = I du,, we have
_“' j xl xz ...xn['l_ld)q dxy ...dx,

l +ly +...+1, -
Lre JJ. J”l uz ..unln ldulduz...dun

subject to the condition ) +u9 +...+ u, <1

X
u ,...,~t =u, ,so that
h
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:h11+12 +..+0, T()T(h)...T (1, 3)
TA+h+h+..+1)’

using the assumed result (2).
Now for n + 1 variables the condition is

X+x 4+ +x,+x,,151
ie., Xg+x3+..+x,+x,,1S1-x,and0< x <1,
We then have
J‘J' Jxll_l Iy -1 Ly =1 by - d)( d dx.. dx
1 X9 e Xy Xy 41 1 AXo ...dX, X, .1,

where ¥ +x9 +...+x, .1 <1
1
=j 0 M 11_1[” _[ b e T g n+1]dx1
X =

:J-l -l F(R)T (B)...T (b 41) () 2B g
xn=0 "1 Fd+b+hB+...+0,+1,,1) : v

[using (3)]

_TB)rB)..T () ,f R T L U
T(l+h+...+,+1L,,1) 70 !

FB)TEB). Ty TOEA+h 4414
F+h+...+L+L) TA+h+b+...+L,+1,,1)

C()T ()T (b))
Frd+4+b+...+1,.1)

(4

The result (4) shows that the theorem holds for (n + 1) variables if it holds for nvariables.
But we have seen that the theorem is true for two variables. Hence by mathematical
induction the theorem is true for all values of n.

[llustrative ExamI)les \

Example 1: Evaluate Jj 21 p2m =V i dy for all positive values of x and y such that

2.2
PR AT (Lucknow 2007)

Solution: Let us denote the given integral by I . Then we have to find the value of 1

extended to all positive values of x and y subject to the condition

2 2
B
c c
Put (x/c)2 =ui.e.,x=cu1/2,so thatpix:zlcu_l/2 du ,

and (y/cf =vie,y=o' sothatdy—f a2 4
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A 00 |
Then the required integral

I :JJ (2P =T (/22 m =1 .%cu_l/2 -%w_la du dv
= i 2l+2m “. W=V =V g dy . where u, v take all +ive values

subject to the condition u +r<1

_Lpteom LU0

, by Dirichlet’s theorem.
4 C(l+m+1)

Example 2:  Find the value of Jj '[ dxy dxy ... dx, extended to all positive values of the

variables, subject to the condition xlz + x22 +...+ an < R%.

Solution: Let us denote the given integral by I . Then we have to find the value of 1

extended to all positive values of xj, x9 ,..., x;, subject to the condition
XIZ x22 an
—gt Syttt —5< I.
R R
Put (1 / R? =u e, v = R so that dy = - Ru""2 d
1 =up L.e., x] = Ky , SO a X1—2 I/ll up,
(v / R =1y ie., 1y = Rup 2. 50 that diy :21 Ri; V2 duy

and so on.

Then the required integral

n
I:JJ J (l) Ry 2 0= V2 = V2 duy duy . du,

( ) jj ju(l/Q 1/2 -1 ...un(l/z)_ldul duy ...du, ,

subject to the condition u +uy +...+ 1, <1
1

n AT ()}
= (R) % , by Dirichlet’s theorem
2 rl+n--)
n n/2
(&) [ T () ="n)
2) ra+ly 2

Example 3:  Find the volume of the solid surrounded by the surface
(x/ ”)2/3 +(y /h)2/3 +(z /6)2/3 =1 (umaun 2011)
Solution: Since the equation (x / a)2/3 +(y /17)2/3 +(z /c)z/3 =1does not change

by putting — x for x,— y for y and — z for z , therefore the surface represented by this
equation is symmetrical in all the eight octants.

So the volume of the solid surrounded by this surface= 8 x the volume of the portion of
this solid lying in the positive octant.
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) N

Now the volume of a small element situated at any point (x, y,z)=dx dy dz .

the volume of the solid in the positive octant
JfJ deare,

where the integral is extended to all positive values of the variables x, y, z subject to the
condition (x / a)2/3 +(y/ b)2/3 +(z /0)2/3 <1

Now put (x/ﬂ)z/g:M,(y/b)2/3=v,(z/c)2/3:W

ie., x:gug'/z,y:b]ﬁ/z’ZZCW?)/Z

so that dx=%aul/2 du,dy=%bvl/2 dV,dZ=%CW1/2 dw .

the volume in the positive octant
= ”‘J. %abe uB2) =182 =158 =1 gy dy dyy

where u+v+w<l

1 3
27 TG3/P 27 GVm
B el i el B e o
8 rc+n 8 7022 g
2 222722

27 Tt 32 mabc 4
=—ab = .

8 '8 2735 8 35

Hence the required volume
mabc 4 _4mabc

8 35 35

3 Liouville's Extension of Dirichlet's Theorem

Theorem: If the variables x, y,z are all positive such that
h<x+y+z<hy,
then the triple integral
_”f fx+y+2)x! " Lym-12 gy gy dz
_T(OTr (mT (n)
' (l+m+n)

h
jhf f(u) ul+m+n—ldu.

Proof: Let I = JJJ x!7tym=T2n=1gedy dz | integrated over some region.

Subject to the condition x + y + z < u, we have by Dirichlet’s theorem

[ demen TOT 0T () 0
FT(l+m+n+])

If the condition be x + y + z < u + du , then

1:(u+5u)1+m+nm
Frd+m+n+l)

: (2)
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2 )
Therefore the value of the integral I extended to all such positive values of the variables

as make the sum of the variables lie between v and u + du is

:F(l)l“(m)l“(n) [(u+8u)l+m+n_ul+m+n]
F{+m+n+l

’

[subtracting (2) from (1)]

<nr<)r()lg+m+nﬂ@+&ql+m+”_l}

(I+m+n+1]) u

_r@rmrm l*’"*”[l+(l+m+n)su+...—l:|

[+m+n+]) u

l+m+n-1 Su
’

T
T
T
r
T

(I+m+n)u
T

(
(
(O (m) T (n)
(l+m+n+1)

to the first order of approximation

_COTT0) pemen-ig,
L (l+m+n) '

Now consider the integral
JJI F+y+z)d =Lyt dy dz
subject to the condition iy <x+ y+z<hy .
If x + y + z lies between u and u + du , the value of f (x + y +z) can only differ from

f (1) by asmall quantity of the same order aséu .Hence neglecting square of du ,the part
of the integral

IJI f(x+y+z)xl_1ym_lz "_ldxdydz

which arises from supposing the sum of the variables to lie between u and u + du is
COTT0) 0 demen-ig,

ultimately equal to i)

Therefore the whole integral
L“l Fa+y+zyct=tym=tzn=Vacdy dz
wherehISx+y+z<h2 isequalto

J’hz l+m+n—ldu

l+m+n I

Remark: The above theorem holds good even if we take the condition as
hy<x+y+z<hyginplaceofhy<x+ y+z<hy.
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[llustrative Examl)les \

Example 4:  Find the value ofj Jj log (x + y + z) dx dy dz , the integral extending over all

positive values of x, y, z subject to the condition x + y +z <1.
(Lucknow 2009; Kumaun 10)

Solution: Here the integral is to be extended for all positive values of x, y and z such
thatO<x+ y+z<1.
the required integral

:jjj log (x+ y+z)dvdy dz ,whereO<x+ y+z<1
:“‘J log(x+y+z)xl_lyl_lzl‘ldxdydz (Note)

=F J' W U gy
1+1+1 0

by Liouville’s extension of Dirichlet’s theorem

1 1o
:mfo W log u du, [~ T(1)=1]

_ 1 (lou)ﬁl Jllﬁd
“on|| V08 3 dows

integrating by parts taking #% as the second function
g g by p g

. 1
=10—llim ujlogu—lj‘ u? du
2 3 0 370

u—
31
__ L , = lim u3logu=0
613 0 u—0
__ 1
18
Note: lim > log u=lim log;tz lim 1/u = lim —lu3=0.

u—0 =01/ u—0 =3/u* us0

Example 5:  Prove that

de dy d 242
_”_[ \/ xyz_ZZ) 7t8a

the integral being extended for all positive values of the variables for which the expression is real.

(Lucknow 2008, 11)
Solution: The given expression is real when 2+ yz +z2<a®.

Therefore the required integral is to be extended to all positive values of x, y and z such

that

0<)c2+yz+zl<a2 ie., 0<x2/uz+yz/az+z2/az<l.
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Put (xz/az):ul,(y2/a2):u2 and(zz/a2):u3

ie., xzaull/z Y =uu21/2 and z =au31/2

so that dx:%aul_l/z duy ,dyz%auz_l/2 duy and dz :Zlaugl/z dus .

With these substitutions the given condition reduces to
0<u1+u2+u3<1
and the required integral becomes
13 3 —1/2 -1/2 -1/2
—jjj (5) La” Uy Us
aN{1-(u +uy +u3)}
=£j” R N T
8 \/{l—(u1+u2+u3)}

2~[””2”3-j' ano1 1

duy duy dug

Q

E ) 0 \/ (1 — I/t)
2
by Liouville’s extension of Dirichlet’s theorem

2 3 2 sin© 2 si d
L.[\/n] (™2 sin®2sinBcos® e,puttingu:sinzeetc.

8 l-\/n 0 V(1 -sin® 0)
2
2 2 2 2
_Ta /2 sinzede:na .l.E:na .
2 90 2 22 8

Example 6: Prove that when x and y are positive and x + y<h,

[T raent=tylacdy=——1 7~ f O]

(Kumaun 2008)

T

sin Im

Solution: The given integral

I:J_[ f'(x+)7)xl_1y(l_l)_ldxdy,where0<x+y<h

_TOrA=0)¢h ., 0@ -1)-1
“Taah) jo Fr ) u du,

by Liouville’s extension of Dirichlet’s theorem

Tra-1y b,
_Fi(l)jo f(u)du

T

- Lf )]l =

sin 1 / sin 7 [

n

[f )= f0)].

Example 7: Evaluate J‘J‘J‘ x PV (= x— y—2)* dvdy dz over the interior of the
tetrahedron formed by the coordinate planes and the plane x + y +z =1.
Solution: Here the region of integration is bounded by the planesx =0, y=0,z=0

andx + y +z =1.Sothevariablesx, y, z take all positive values subject to the condition

O<x+y+z<l.
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Hence the given integral

_J‘J‘J (oc+1 —1 B+1)—1 (’Y+1)—1[1_(x+y+z)]7\.dxd))dz

_T@+)hT(B+1T (Y+1)_J'1 WO BTy =1 kg
TCo+B+y+3) 0 ,

by Liouville’s extension of Dirichlet’s theorem

_Te+)r@E+Hr Y+l).‘[1M(oc+ﬁ+y+3)—l(l_u)(x+l)—1du
Foa+p+vy+3) 0
:r(a+l)r(ﬁ+l)r(y+l)B(oc+[3+y+3,k+l)
Fo+p+vy+3)
_F(oc+1)1“([3+1)1“(y+l).F(a+[3+y+3)l“(7»+1)
- Foa+B+y+3) Foa+B+y+A+4)
T+ hTr@+)r y+l)1"(7n+l).
TFoa+B+y+A+4)

Example 8: Evaluate
Jjj V(@b?c® - b5 - 62a2y2 —d®b?2?) dv dy dz

taken throughout the ellipsoid P /a2 + y2 /172 + 22 /02 =1.
(Lucknow 2009; Kumaun 12)

Solution: The given ellipsoid 2/ + yz /b +22 /% =lis symmetrical in all the

eight octants. Let us first evaluate the given integral over the region of the ellipsoid
which lies in the positive octant i.e., where x, y,z are all positive.

Put ¥ /a? =u, y* /| b* =v,2> | * =w.
Then x = aul/z dx = Zlau_l/2 du etc.

Now the given integral extended over the positive octant of the given ellipsoid is

)(2 2 2
I=abe [ [ \/[1—(12—2’2—?2],1)4@&,

where 0<x? /a® + y* / b? + 2%/ * <1

=abcjj.[ \/(l—u—v—w)~éabc w2 V2 =12 gy dy dy,
where O<u+v+w<l1

222
O] a2 =102 V2= (1 v ) dic v

a2 T P 1

2 J V(=g M2V 121 g
8§ r@/2)d

by Liouville’s extension of Dirichlet’s theorem
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3
_ e \/n J- H3/2)-1,6/2)-1 4
8 0
2
_a'b? , TB/ATB/2)_n’ah’e®
8 r(3) 32

Hence if the integration is extended throughout the ellipsoid, the given integral
o 28_n2a2b2c2 _ 22a2h2c2 '
32 4

1-x* /a® = y* /1P
Example 9: Evaluate jj \/{“_ 22 y2 7 dx dy,

where ¥/ a® +y2 /B> <1,
Solution: The ellipse 2/ a® + y2 /b? =1is symmetrical in all the four quadrants.
Let us first evaluate the given integral over the region of the ellipse 2/ a+ y2 /B =1
which lies in the first quadrant i.e., where x and y are both positive.

Put x2/a2:u,y2/b2:1/.

1
2

Then x:au1/2,ﬂlx=—ﬂu_l/2 du ,

y =hvl/2,dy=%bv_l/2 dv.

. the given integral extended over the region of the ellipse 2/ a+ yz / b* = 1which

lies in the first quadrant is given by

I=[] [ u_VJ a2V iy, where 0<utvs]

l+u+v) 2

” { } 1/2) =1 ,0/2)=1 3, 1

ab 1", 1-¢
-4, 2 I 2121
0 1+¢
1 — 92 1 —si
=n“b,J 1 t2 dt:nﬂb_[n/ 1 smecosede’
4 0 N (1-1t) 4 Jo cos 0
putting ¢ =sin® so that dt =cos 6 40
2
_mab (l—sine)de—nﬂb [6+Cose]n/2
4 J0 4

)

Hence the given integral extended over the whole region of the ellipse

x2/a2+y2/b2:l:4.I:nab(%n—l).
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Example 10: Prove that I = JJJI dx dy dz dw , for all positive values of the variables for

which x> + yz + 22 + w? is not less than a* and not greater than b2 is w2 (b4 - a4) /32.

Solution: We have to evaluate I subject to the condition

a2<x2+y2+zz+wz<b2.

Puttingx2 =u e, x= u11/27dx=%u1—1/2 duy etc., we get
71/2 IR Vo S Vo)
1= JJJJ 2 U 'y Us &) uy " dwy duy dus duy
subject to the condition a’ < U+ Uy + U3 + Uy < b?
or J‘JJJ’ 1/2) -1 (1/2)—1 1/2 -1 (1/2) ldul du2 dlxlg dlxl4
r
1 [ ( )] jbz A2 41241724172 -1
16 -1 1 I 1 Ja2 ’
F+=+—+-)
2 2 2 2 N
by Liouville’s theorem
W ot p? | a 4 4
tht:—~— =—b"-a).
16F( ) Ja 16 2], 32

@mprehensive Exercise 1

1. Show that the integral J- J-J x ym_l 2 e dy dz integrated over the region
in the first octant below the surface (x /a) ¥ +( y /b)1 +(z / ¢)" =1is

albmcn.l-*(l/p)r‘(m/q)l—‘(n/r).
pgr T /p+m/qg+n/r+])

2. Show that if /, m, n are all positive,

J'J'J‘ xl—l J]m—l zn_ldxdydz _

where the triple integral is taken throughout the part of the ellipsoid
2+ yz /b* + 2% / ¢ =1, which lies in the positive octant.

a "¢ T(/2)T (m/2)T (n/2)
8 C(/2+m/2+n/2+1)"

3. Prove that the area in the positive quadrant between the curve x" + y" = 4" and
the coordinate axes is

a[r/mp
2nT (2 /n)
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4.

10.
11.

12.
13.

14.

15.

16.
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(i) Find the volume in the positive octant of the ellipsoid
xz/a2+y2/h2+22/02=1.

(ii) Find the volume of the ellipsoid x> /a® + y* / b* + 22 /¢ =1.

(Kumaun 2015)
(iii) Evaluate JJJ dx dy dz, where 2 /a+ yz /b? 427 /P <.

(Kumaun 2007)
Evaluate j j j xyz dx dy dz for all positive values of the variables throughout the
ellipsoid 2/ a +y2 /b +2% /% =1
Find the volume of the tetrahedron bounded by the planex /a+ y /b +z /¢ =1
and the coordinate axes.
Theplanex /a+ y /b +z /¢ =1meets the coordinate axes in the points A, B, C.
Use Dirichlet’s integral to evaluate the mass of the tetrahedron OABC, the
density at any point (x, y,z) being k xyz.
Evaluate the integral J.'” & y z dx dy dz over the volume enclosed by the

region x, y,z,20 and x + y +z< 1.

Evaluate the double integral IJJD /2 yl/z (I-x- y)2/3 dx dy

over the domain D bounded by the lines x=0, y=0,x+ y =1

Evaluate JJT xl/2y1/2 (I-x- y)3/2 dx dy, where T is the region bounded by
x20,y20, x+ y<L

Find the value of JJ e dx dy,

extended to all positive values of x and y subject to x + y <h.

Evaluate JIJ I dydy dz taken over the positive octant such that
X+ p+z<L

Evaluate IJI 12 y_l/z 212 a- x—y — )2 dx dy dz extended to all

positive values of the variables subject to the condition x + y +z <1

2
Prove that JJJ Ta d);dyj; 22) = %, the integral being extended to all

positive values of the variables for which the expression is real. (Lucknow 2006)

dxl dxy ... dx, 7_c(n+1)/2
Show that J'J‘ j \/ 1_ _x22_~~-_xn2):2nr(n+l)
2

the integral being extended to all positive values of the variables for which the
expression is real.

If S is a unit sphere with its centre at the origin, then prove that

dxdy d
I”s¢ XJ/Z 2):7;2.

4
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

oo I,

Evaluate J.J‘J‘R (x+y+z+ 1 dr dy dz,where R is the region defined by

¥20,y20,z20,x+ y+z<1

1/2
1-+ - y? T
Show that JJ‘ (sz_,’_jjz] dxdyzg(ﬂ:—Z)

over the positive quadrant of the circle 2+ yz =1
Find the value of J._” xpz sin(x + y +z) dx dy dz,

the integral being extended to all positive values of the variables subject to the
conditionx+ y+z<m/2.

22
Evaluate JJ.J. \/(M] dx dy dz integral being taken over all

positive values of x, y,z such that 2+ yz +z22<1.

2
Prove that ij c_xz - dx dy = g (1-¢R"), where D is the region defined by

2 _ p2
xZO,yZO,x2 +y <R (Lucknow 2009)
(i) Evaluate J.,[R V(& + )72) dx dy

where R is the region in the xy-plane bounded by e y2 —4and £ + y2 =9.

(ii) Evaluate J -[R \/ (x2 + y2) dx dy where R is the region 2+ yz <a’.

Evaluate the integral IIIR V(-2 - y2 - 2%)dv dy dz

where R is the region interior to the sphere 2+ y2 +z2=1

Find the mass of the region bounded by the ellipsoid
a2 =1
if the density varies as the square of the distance from its centre.

dx dy dz ! 5
Prove thatjjj M—2[10g2 —g]

throughout the volume bounded by the coordinate planes and the plane
x+y+z=1

Evaluate the integral
”jR (ax® + by? +cz%) dx dy dz
where R is the region given by 2+ y2 +z2<d?.

Evaluate the following integrals :

J. J. e - (a —x2—y2)dxdy

VR
(li>f§f0(4 V(24 2 dr dy.
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@nswers 1

4. ()mabc/6 (ii) g r abe (i) % x abe
5. a’b*c* /48 6. abc /6 7. ka*bh*® /720
8. 1/2520 9. 27n /1760 10. 2r/315
1. " -y 12. (e-2)/2 13. 7% /4
sin Iw
17. 31/60 19. (n* - 48n® +384) /384
20. L1n B(§,l)—3(§,l) 22. (i) 38n/3 (i) 2mad /3
8 42 4 2
23. n°/4
24. 8m abck (a2 +b% + 6‘2) / 30, where k is constant.
26. %dS R(a+h+o) 27. () mat/8 (i) 2n
@Djective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (c) and (d).
1. Ifx, y,z20and hy < x+ y +z<hy ,the value of

Ijj (x+y+z)x 71y =l n=Vav dy dz is equivalent to

l+m+n—1
d
(@) l+m+n) -[ !

COTmT () th I+m+n-1
(b) m hl F () u du
F(l ulrmen g

(c)

l+m+n) jhl

COTmT (n) (hy

F(M)u1+m+ndu
T({+m+n+1)h

(d)
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2. Dirichlet’s theorem can be generalized for n variables, where
(a) n<4 (b) n<100
(c) n is any positive integer (d) none of these (Kumaun 2008)
3. Dirichlet’s theorem
[ i LT

hold to the condition
(a) m+x+..+x,=1 (b) xy+xp +...+x,21
(c) +x+..+x,<1 (d) none of these (Kumaun 2007)

Fill in the Blank(s)
Fill in the blanks “...... ” so that the following statements are complete and correct.

1. If [,m,n are all positive, then the triple integral

J'J'J‘ xl—l J]m—l Zn—l dxdydz _ F(Z)F(m)r(n) )

where the integral is extended to all positive values of the variables x, y and z
subject to the condition x + y +z <L

2. If the variables x, y,z are all positive such that hj <x+ y+z<hy,

then the triple integral
JJI (x+ y+z) 7y 2 e dy dz

COTOOT () thy o et g
Iy ’

True or False
Write “T” for true and “F’ for false statement.

dv dy d 1 2
L[] _ mayaz gjgui

3du,
x+y+z+1) (u+1)

where the region of integration is the volume bounded by the coordinate planes
and the plane x + y +z =1

2. J.” (x+y+z+]) dxdydz-—J. (u+ 1 du,

where the region of integration is the volume bounded by the coordinate planes
and the plane

3. Ifland m are both positive, then the double integral

m ()T (m)
JI 7 dedy =2

where the integral is extended to all positive values of the variables xand y subject
to the condition x + y <1
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Multiple Choice Questions
1. (a) 2. (¢ 3. (¢

Fill in the Blank(s)

1. T(U+m+n+]) 2. T(+m+n).

True or False
1. F 2. T 3. F
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Double and Triple Integrals

(Multiple Integrals,
Change of Order of Integration)

1 Double Integrals

he concept of double integral is an extension of the concept of a definite integral to

the case of two arguments (i.e. a two dimensional space). Let a function f (x, y )
of the independent variables x and y be continuous inside some domain (region) A
and on its boundary. Divide the domain A into n subdomains A, A ,..., A, of areas
841,049 ,... .84, .Let( x, , y,)beany pointinside the rth elementary area A, .From the
sum

Sy = f | 5A1+f X, 72)8Ag + ... f Xy Jy) 84
+ot f (X, y,) 04
n
=r§1 f(x, p,) 84, . (1)
Now take the limit of the sum (1) asn# — eoin such a way that the largest of the areasdA,

approaches to zero. This limit, if it exists, is called the double integral of the function
f (x, y) over the domain A. It is denoted by IIA f (x, y)dA and is read as “the

double integral of f (x, y)over A”.
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Suppose the domain (region) A is divided into rectangular partitions by a network of
lines parallel to the coordinate axes. Let dx be the length of a sub-rectangle and dy be its
width so that dx dy is an element of area in Cartesian coordinates. The integral
jj f (x, y)dA is written as jJA f (x, y)dxdy and is called the double integral of

f (x, y)over the region A.

2 Evaluation of Double Integrals

If the region A be given by the inequalities a<x<b,c< y<d, then the double

integral
Iy femaa=[[[" fupaa
- ah —Ld f("’ﬁﬂb’—dx, (1)
°r Jy renaa=]f] nwn
- cd —Lb £ (o) de| dy (2

i.e., in this case the order of integration is immaterial, provided the limits of integration
are changed accordingly.

d
Note: In formula (1) the definite integral J. f (x, y)dy is calculated first. During
c

this integration x is regarded as a constant. While in the formula (2) the definite

b
integral J f (x, y)dxis calculated first and during this integration y is regarded as a
a

constant.

5 Evaluation of Double Integrals by Repeated Integrals

The double integrals over domains that have special shapes can be reduced to a pair of
ordinary integrals. If the region A is bounded by the curves

y=AW,y=, (x),x:aandx:b then

[, foyyaear=[" [ 5 (xy)dedy
A f()a

_j [f” (% y dy:|dx (1)

X
where the integration with respect to y is performed first treating x as a constant.
Similarly, if the region Ais bounded by the curves
x=fi(y),x=fo(y),y=c,y=d,wehave
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JI,f Ceorasdy=['[20) f oy ds

j[ﬁw xym4@, L

where the integration with respect to x is performed first treating y as a constant.

The integrals in the right hand sides of (1) and (2) are called repeated integrals.

Remember: While evaluating double integrals, first integrate w.r.t. the
variable having variable limits (treating the other variable as constant) and then
integrate w.r.t. the variable with constant limits.

bed
Remark: In the double integral L J f (x, y)dxdy ,itis generally understood that
c

the limits of integration ¢ tod are those of y and the limits of integration a to b are those
of x . However this is not a standard convention. Some authors regard these limits in
thereverse orderi.c. they regard the limitsc tod as those of v and the limitsa to b as those

b d
of y.So it is better to write this double integral as J J f (x, y)dxdy so that
x=ady=c

there is no confusion about the limits. However in the double integral

J Jj:z ) ®) ) dx dy ,there is no confusion about the limits. Obviously, the variable
X

limits are those of y because they are in terms of x and so the constant limits must be
those of x . Here the first integration must be performed with respect to y regarding x as
constant.

4 Properties of Double Integral

I. If the region A is partitioned into two parts, say A and A, , then
[Jo femyaedy=[], fyyacay+][, = fxyydeay.

Similarly for a sub-division of A into three or more parts.

II. The double integral of the algebraic sum of a fixed number of functions is equal to
the algebraic sum of the double integrals taken for each term. Thus

[, LA+ fo(xp)+ fs (x )+ dedy
=”A f1<xvy>dxdy+HA fo (x, p)dedy
w[] flny)dedy s

III. A constant factor may be taken outside the integral sign. Thus

[I,mrfCeayydedy=m[[ f(xp)dcdy,

where m is a constant.
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[llustrative Examlales

Example 1: Evaluate the following double integrals :

b
(i) J.(? J- ( X2 + yz) dx dy (Kanpur 2006; Lucknow 10; Purvanchal 14)
dy d
(ii) J JO J/ .
x + )7 (Kumaun 2015)
b
3

Solution: (1) Wehavej j e +y )dxdy I [xzy+ 31 dx

y=0

(integrating w.r.t. y treating x as constant)

3 33 1° 38
ZJ‘(;l |:bx2+b3:|dx=[bx+bx:| =bL+bJ=éﬂh(“2+b2)~

3 3 3 3
. 2 rx  dx dy 2 x d)]
(ii) We have L jo o yz = L |:'[0 7, y2] dx

I'<

271, 1y
= j |: tan~ ! :| dx
L |x g
(integrating w.r.t. y treating x as constant)

21 - 2 dr_m
=j1 [;(tan '1— tan™! )]dx—4.[l x [logx]

——n[logZ—logl]zinlogZ.

Example 2: Evaluate :
, 3 2
@ ) [ wAsxty)dedy

(”) J- J- l + X’2 dx dJ/
070 I+ + y° (Gorakhpur 2005; Kanpur 12; Avadh 14; Kumaun 14)

Solution: (i) We have jj _’.12 xy (L+x+ p)drdy

o[ 2 2 372
3
0 2 2 3
L y=1
(integrating w.r.t. y treating x as constant)
3 [x 2 X
= “@E-D+—@-D)+=(8-1)|dx
[y |56@-D+75 G-D+3( )}

_ 3
_ (3+7)x+3xz]dx= 23 2 3 &
o\2 3 2 6 2 2 3],
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_23 9,27 123 4,3,
6 2 2 4 4
(i) We have jé j(j“”z) %
| 1 \/(1+x2)
_ -1 J ]
= ——|tan” " —————— dx,
0
J(1+x2)[ \/(1+x2)y=0
(integrating w.r.t. y treating x as constant)
1 1 —1 —1 Tl dx
=| ———[tan” I—-tan  O]dr=— _—
Jo \/(l+x2)[ : 4J0 V(1+22)

=g[log {x+¢(1+x2)}]10=glog 1+2).

,
Evample 3: Evaluate | jj‘” ) @ -2 - )y ds.

Solution: Here the variable limits are those of x and so the first integration must be
performed w.r.t. x taking y as constant.

a \/(:12—_)72) 9 9 9
o o 2y

=ja I\/(gZ_yZ) \/{(a2—y2)—x2}dx}dy

0 |70
- N
a X\/(az— 2—x2) (a2— 2) . ] x @ -7
_ J + J d
_jo 5 5 sin \/(ﬂZ - 2) 1y,
L J x=0
(integrating w.r.t. x treating y as constant)
i 2 2 37 3
=J.a 0+4 ) T dy:E a?‘y—y— L PR =lTCﬂ3.
0 2 2 4 3 o 4 3 6

2 2 2 2
Example 4:  Show that J.l joy/ ydy dx = -[1 IJ/ xdydy.

Solution: We have
2 ry/2 92 /2 92 ”
i Jo o dyae=]; [yjo ”b‘]dy:L v xdg"™ dy

(integrating w.r.t. x treating y as a constant)

, , 37
2 y 1 ¢2 9 1 y 1 7
- 2 _0|dy=— dy=—|2—| ==[8-1]== (1
Iy J’[z })’ o 7 2[3]1 o8 1=5 =
_ 2 rx/2 2 /2 2
Again [; j(;‘ xdvdy = |, x[j(f dy]dxzjl x [ pIi/? dx,

(integrating w.r.t. y treating x as a constant)
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372
o afgofaen gl faeg 5] Gl e

1

From (1) and (2), we see that
2 /2 (2 /2
.[1 jo ydydx_.[l -[0 xdedy.

Examples on the region of integration (Double Integration)
Example 5: Evaluate JJ. 2 y2 dx dy over the region 2+ y2 <I.
Solution: Let R denote the region x*> + y® <1. Then R is the region in the xy-plane
bounded by the circle x> + y? =1. The limits of integration for this region can be
expressed either as

—lgxgl-N (=)< yVd-a?)
or as —\/(l—yZ)SxS\/(l—yz),—ISySI.
Because from the equation of the circle 2+ y2 =1, we have +* =1- y2 so that
x=+V(1- y2) .Thus for a fixed value of y, xvaries from — v (1 - yz)to V(- y2 )in the
area bounded by the circle 2+ y2 =1.Also y varies from —1to 1 to cover the whole
area of the circle ¥ + y2 = I. Therefore if the first integration is to be performed w.r.t. x

regarding y as constant, then

! V- %)
“R xzﬁdxdyzjybl J == A oyt dy

X

o= %)
:Fy:_l yz{u_m » xzdx]dy
-1 yQ{zjja_f xzdx]

)
1 9| x
=], 2 {3} dy
0

j—l 2y P32 4

-9 7J.0 3/2@/

Put y =sin® so that dy =cos 0 46;
when y=0,0= Oandwheny—le n/2.

dxdy =— sin? 0 (1-sin” 0)°'“.cos 0 d6
R 11 o

_d sin” @ cos* ede—é &-Ezl-
370 3 642 2 24
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Example 6:  Find by double integration the area of the region bounded by the circle

’fz‘U’2 =a*. (Agra 2007; Kanpur 09)
Solution: The area of asmall element situated at any point ( x, y )isdx dy . To find the
area bounded by the circle 2+ yz =a’ the region of integration R can be expressed
as —aSySa,—\/(uZ —yz)SxS \/(a2 —yz),

where the first integration is to be performed w.r.t. x regarding y as constant.

the required area

Va? = 57
:”R dx@;=j;:_,, L,:a_w—yz) .

=J_1[2JJ< ﬁwx}dy 27,

_2j 2y dy = 22] V(@ - y?)dy (Note)
) 2 “ 2
=4 M+£sin_ll :4 0+a—sin_ll
2 2 a 2
0
= .l 2 lTl',ZTIStl2
27 2

Example 7:  Evaluate ‘” (x+y ) dv dy over the area bounded by the cellipse

2/ a+ yz /b =1. Hence find the mass of an elliptic plate whose density per unit area is

givenbypzk(x+y)2.

Solution: 'The region of integration can be considered as bounded by
y=—b\/(1—x2 /az),yzb\/ 1- 2 /uz),x=—aandx=a.

[[ P avdy=[" jbjjlvfj;ﬂ) (2 + 2+ 20 de dy

the first integration to be performed
w.r.t. y regarding x as a constant

_Iﬂ J‘h\/(l—xz/a ( ‘y )dquy,

- 0
[+ 2 xy being an odd function of y , its integration
under the given limits of y is O]

b= 22 /a%)
] dx

=2Ju [%y %

3/2
[ { 2] ) }dx
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2
—4le {a sin E)cose+h3 Cos39}acosed9,

A(-110)

putting x =asin 6 so that dx=acos 040

2
=4qa bJ. {u sin® @ cos 9+b3 cos46}d6

[ 9 . 2 2
= 4ab | a® _[(;C/ sinZ 0 cos 6 d6 + % '[(;E/ cos* 0 de]

=4ab|a® . [By Walli’s formula]

4
=4ab irmz +inb2]:lnah(a2 +b2).
116 16 4

The mass of an elliptic plate whose density is given by p=k (x+ y )

= JJA x+y) 2 dx dy , where the integration is to be performed

over the area A of the ellipse

=k.— mab (a® +b?).

|

Example 8: Evaluate '[ I ( + yz) dx dy over the region in the positive quadrant for which

x+ y<1. (Rohilkhand 2012; Avadh 14)

Solution: The region of integration Ris the area bounded by the coordinate axes and
the straight line x + y =1. Therefore the region R is bounded by y =0, y =1- x and
xr=0,x=1.

Therefore
o 2 tiar=[! ) [ s,

the first integration to be performed w.r.t. y regarding x as constant

1 31—X (1_ )3
= | lx2y+y] dx = j { (1-x)+ x]dx
0 3 0 3
0
1
M ESE SN (S, Falkq_L
13 4 3x4 , L3 4 12 6

Example 9: Evaluate J.J. xy (x+ y)dx dy over the area between y = 2 and y=x.
(Goralkhpur 2005, 06)

Solution: Draw the given curves y = +% and y = xin the same figure. The two curves

intersect at the points whose abscissae are given by ¥ =xorx (x=1)=0ie,x=0o0rl.
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When 0 < x<1,we have x> x> . So the area of integration can be considered as lying
between the curves y = x2,y =x,x=0and x=1.

Therefore the required integral

_ ! * 2 2

_szo J‘y:E Jg/(x+y)dxdy—J.0 |:jx2 (X y+ay )dy:|dx
2 2 37 4 4 6 7

1 At [ L | B N Ea a2

ol 2 3 | ofl2 " 3 2 3

I G P Rl |

“Jole 2 3|17 |6 14 24

I 1 1 28-12-7 9 3

6 14 24 168 “168 56

Example 10: Prove by the method of double integration that the area lying between the

parabolas yz = dax and x* = 4ay is % a

Solution: Draw the two parabolas in the same figure. The two parabolas intersect at
the points whose abscissae are given by (x2 /4ﬂ)2 =4ax i.c., x (x3 - 64a3) =0 ie.,
x=0 and x> = 644> . Thus the two parabolas intersect at the points where x =0 and
x=4a.

Now the area of a small element situated at any point (x, y )=dx dy .

the required area

_ (4a V(@ax) _ (4a V4 ax)
_L .[ #/4;1 _jo L] /\’2/4adx

4a 1 2 1 B
=j ‘ |:2\/a.xl/2——.x2] =|2vVa. 32 222

0 4a 3 4a 3

:%\/a.(ﬁhfz)ga—L 64113:32 az—éa2—16a2.

12a 3 3 3

@mprehensive Exercise 1

Evaluate the following double integrals :
a+x*)  dedy
L
J-a jb dx d)/ .

(Rohillkhand 2005)

n/2
iii) cos (x + y) dy dx.
(i J /2 (x+ ) dy (Kanpur 2007, 11)




10.

11.
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y g[i-llz]
. e J/x 2 3y
i) J, [ e avdy. W [y
2 o N@x - 2
(vi) jv(“ ) xdx dy.
0 J0 (Lucknow 2006; Kanpur 08)
2.

dx dy .
IO IO V{1 - 2%) (1= y*)}

(ii) jé jv("yz’ 4y dy dr.

0 (Lucknow 2008)
S R C . . 3 -1 dydx
(iii) -[0 Jxk ()cZ +y2)dxdy. (iv) JZ Joy yT
v [ Yo = 22 e

>j§ D ey,

Show that (i) Jf j: (xy+ey)dxdy=.[34 J12 (xp +¢”)dy dx.
(Kumaun 2015)

_— x—y -y
ii dx dx.
@ Jy s wr Jo ol Hy)
Find the values of the two integrals.
Y - 2
(i) Evaluate the double integral J J (@ ~2) & y dx dy.

Mention the region of integration involved in this double integral.
.. 2 3 . 2 _ 2
(i) Evaluate Jj xzy dx dy over the circle P y-=ac. (Rohilkhand 2013B)

Evaluate Jj (x + y + a) dx dy over the circular area 2o+ y2 <a’.

Evaluate JJ 2 y2 dxdy over the region bounded by x=0,y=0 and
2 2

¥ +yo =l (Avadh 2012)
Evaluate Jj xy dx dy over the region in the positive quadrant for which

x+ y<l.
Evaluate ‘” ¥ 37 dvdy over the triangle bounded by x=0, y=0 and

x+y=1
Evaluate j J v 7 dx dy over the positive quadrant of the circle 2+ y =1.
-J
XZ 2
Find the area of the ellipse s + i—z =1, by double integration.

Compute the value of j -[R y dx dy, where R is the region in the first quadrant
bounded by the ellipse 2/ + y2 /B =1.
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12.

13.

14.

15.

16.

I N

Find the mass of a plate in the form of a quadrant of an ellipse
2+ yz / b* =1 whose density per unit area is given by p=k x y.

Show by double integration that the area between the parabolas y2 =4 ar and
% =4by is (16 / 3) ab.

Find by double integration the area lying between the parabola y =4 x - +% and
the line y = x.

Evaluate J J y dx dy over the area between the parabolas yz —4xandx’ =4 32

Find by double integration the area of the region enclosed by the circle

2+ yz =4 and the line x + y =a (in the first quadrant).

11.

15.

@nswers 1

(i) %nlog A+2) (i) (log b) (log a) (iii) -2

(iv) % ) 7 i) Lnm

(i) inz (ii) % (i) 3/35
(iv) I-log(3/2)  (v) ma*/8 i) 24%/3

1 1
ii) —and-—
(ii) 2 an 7
(i) > /15.The area of the circle x* + yz = 4” in the positive quadrant.

(i) 0

a3 6. 1/96 7. L
24
L2 @es 9. 1 10. ab
6 3 '
ab? /3 12. ka2b? /8 14, ;
1 2
48/5 16. Lx-2)a
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‘;.I:im]

D ToExpressa Double Integral in Terms of

Polar Coordinates

Let a function f (r,0) of the
polar coordinates (r,0) be
continuous inside some region A
and on its boundary. Let the
region A be bounded by the
curves r = fi (0), r= fy (6) and
the lines6=6; ,6 =96, .

Divide the area A into elements
by a series of concentric circular
arcs with centre at origin and
successive radii differing by
equal amounts and a series of

straight lines drawn through the

W

origin at equal intervals of
angles. Let &r be the distance
between two consecutive circles and 86 be the angle between two consecutive lines.
There is thus a network of elementary areas (say 7 in number) of which a typical one is
PQRS .If P is the point (r,0) , the area of the element PQRS situated at the point P is

21(}’ + 8r)2 56 — 21 > 80 =r 801, by neglecting the term 21(81”)2 80 being an

infinitesimal of higher order.
Now by the definition of the double integral of f (r,0) over the region A, we have
n
10 dA= lim n— o X 11,01) 1. 60 or,
[],r@e 8r—>0,59_,0k=1f(k k) Tk
where 7. 80807 is the area of the element situated at the point (1 ,0y) .
Using the area of integration, this double integral is generally written as
8y f2(8) 0 f2(8)
7,0)d0dr or do r,0)dr.
'[91 f1(8) £ 8 '[el '[fl(e) £ 8

The first integration is performed with respect to r, keeping 8 as a constant. After
substituting the limits for r , the second integration with respect to 6 is performed.

Remark: The area of the typical element PQRS situated at the point P (r,0) can also

be found as below :

We have OP = r ,0Q = r + 6r so that PQ =&r . Also PS is the arc of a circle of radius r
subtending an angle 80 at the centre of the circle and so arc PS =7 86 . Therefore the
area of the element PQRS is dr.r 80 i.c., r 80 or .
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[llustrative Examl)les

a (1 + cos ©)

Example 11: Evaluate J.n J. 72 cos © d6 dr.
0 Jo
Solution: We have
I+ 0 3 (I +cos 9)
J‘n J‘a O 02 050 d0 dr = Jn cos 0 [V} Ao
0 Jo 0 3
0
= ljn cos0-a’ (1+cos 6)3 Ao
3Jo
a> ¢n 2 3
=?J0 cos 0 (1+3cos0+3cos” 0 +cos” 0) 40
= %L;T [cosO+3 cos® 0 + 3 cos® 0 + cos? 0] 46
a (n/2 2 4 LIS
=2-—J [3 cos” 6 +cos™ 0] 40 j cos" 046 =0
370 0

2
or 2 j(;t/ cos" 0 do according as n is odd or even]

_zf[g.l.n+34_n}_2a3.%[Hl]_zf.%.s_mg

3 22 4.2 2 3 4 4 3 4 4 8

Example 12:  Evaluate JJ M over one loop of the lemniscate 2 = a® cos 26 .
V(a® +1r?)

Solution: In the equation of the lemniscate > = a” cos 26, putting r =0, we get

cos20=01i.c.,20 =t n / 2i.c.,6 = £ n / 4 . Therefore for one loop of the given lemniscate
0 varies from — /4 to n/4 and r varies from O to a V (cos 26) .

Therefore the required integral
_J‘n/4 J-a\/(cos 20) rde dr

0=—-n/4 Jr=0 W
4 v 2
J‘n/ a(cos 26) l (a2 + r2)—1/2 (2r) dO dr
n/4 JO 2
/4 2.1/2+a \(cos 26)
J‘ /4 ) ]0 49

4
jn/ a (1+ cos 26)1/2 aldo
/4

. 4
=2aj(:E [(2 cos® 6)'/2 —1]de=2aj0”/ (N2 cos®—1)do

=24 [2sin6 - 07/ =2a[V2.%2—ﬂ=2u[1—§]=g<4—n).
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Are)

Example 13:  Find by double integration the area lying inside the circle r = a sin © and outside
the cardioid r = a (1 — cos 0) .
Solution: The given circle is r = a sin 6 and the cardioid is r = a (1 — cos 8) . Note that

the given circle passes through the pole and the diameter through the pole makes an
angle ©t / 2 with the initial line.

Eliminating r between the two equations, we have
asin®=a (1-cos 0)

ZSinlecosle
2 2

sin® 0

or 1= = =tan —

l-cos® 2c032l9 2
or l6:171;i.e.,6=1t/2.

2 4 'Y F 3
8 =n/2

Thus the two curves meet at the point where ™
0=m/2.Also for both the curves r =0 when 6 =0
and so the two curves also meet at the pole O where 0 =0

0=0. To cover the required area the limits of )
integration for r are a (1 — cos 0) to a sin 6 and for@ are
0 to m / 2. Therefore the required area

/2 in 6
_ (" J-a sin 46 dr
0 a (1 —cos 0)

9 a sin 0
2 | 5
- (™ [’} 0

=1, -
2 a (1 —cos 0)
2
:% m/ [uz sin? @ — a® (I-cos 9)2] de

2 9 , ,
=%J(;t/ [sinze—l+2cose—cosZ 0] 46

2 2 2
:L[l.E_EJrQ.l_l.E]:i[Q_E]:i(z;_n)_
212 2 2 2 2 2 2 4

Vex %)  xdvdy
—————=—— by changing to polar
J, T2 s 2 o hansing o p

coordinates and hence evaluate it. (Kumaun 2008)

2
Example 14: Transform the integral _[0

Solution: From the limits of integration it is obvious that the region of integration is
bounded by y =0, y =V (2x - xz) and x =0 ,x =2 i.e., the region of integration is the
area of the circle ¥* + yz — 2x =0between thelines x =0 ,x = 2and lying above the axis
of xie.,the line y=0.

Putting x = r cos 6, y = r sin 0 the corresponding polar equation of the circle is

? (C0529+sin2 0)—2rcos6=0, or r=2cosH.
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From the figure it is obvious that r varies from
0 to 2 cos 8 and 0 varies from 0 to t / 2 . Note
that at the point A of the circle, 8 =0 and at %
the point O, r =0 and so from r =2 cos 6 ,we
getO=n/2atO.

r=2c0s0

The polar equivalent of elementary area dx dy 0 =0 A
is r de dr . 8=m2 ® =0

J‘J'Af(x,y)dxdy:J‘J.Af(rcose,rsine)rdedr,

where A is the region of integration.

Hence transforming to polar coordinates, the given double integral
2 cos 0
2

2 2 0 2
jn/ J. cos® rcos b rdodr = J‘(;t cos 0 [}’2} a0
’ r
0

2
:jn/ lcose.é}(:osz6121622-[’” cos> 0 do=2. é
0 9 0 3

w\m

¥

@mprehensive Exercise 2

in 6
1. (i) Evaluate j(f jol Y dedr.
2 0
(ii) Evaluate J‘(;t/ J};l Y 1 sin0 de dr.

1 0
(iii) Evaluate J.(;T L;l 1+ cos 9) 73 sin @ cos 0 d0 dr.

(Kashi 2013)

(Agra 2003; Kumaun 09)

Evaluate “’ % 6 dr over the area of the circle 7 = a cos . (Kanpur 2010)

Integrate rsin® over the area of the cardioid r = a (1 + cos 0), lying above the
initial line. (Kanpur 2010)

2

Find the mass of a loop of the lemniscate r* = a® sin2 9 if density p = kr?.

Find by double integration the area lying inside the cardioid r = a (1 + cos 6) and
outside the circle r = a.

Find by double integration the area lying inside the cardioid r =1+ cos 6 and
outside the parabola r (1 +cos6) =1

Transform the following double integrals to polar coordinates and hence
evaluate them :

O jx“o”’z) - = yP)dedy.
(i) jé szx_" (2 + ) du dy.

i) [ [ 2N dey
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<5;swmsz

2
1. () inaz (i) % (iii) %a‘*
3 3 4
2, 2 3, 2 4, The
9 3 16
5. L2y 6. Jmt16
4 12
7.0 @ rdoar ™
. . =
2 (2
O A dedr;(3l)—1
n/4 JO 8
/2

(iii) j” 7 sin? 0 de dr ™
0 0 20

06 Triple Integrals

Let the function f (x, y,z )ofthe point P ( x, y,z )be continuous for all points within a
finite region V' and on its boundary. Divide the region V into n parts; let
8 V1,8 Vy ,...,8 V, be their volumes. Take a point in each part and from the sum

Sp=f (x, 1,200 V1 + f (%0, y2,29) 8Va +...+ f (X, yy»2,) 8V,
n
:rzlf(xr,yr,zr)SV,. (1)

Then the limit to which the sum (1) tends when n tends to infinity and the dimensions
of each sub-division tend to zero, is called the triple integral of the function f (x, y,z )
over the region V' . This is denoted by

JITy f oz or [[[, f(xyz)dvdydz.

[ FEvaluation of Triple Integrals

(a) If the region V be specified by the inequalities
as<x<bh,c<y<d,e<z< f,

then the triple integral
J.J.J‘ f(x 0,z dxdydz—jj Jf (x, y,z)dxdydz

[ [ f ez
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(15

Here the order of integration is immaterial and the integration with respect to any of
x, y and z can be performed first.

(b) If the limits of z are given as functions of x and y , the limits of y as functions of x

while x takes the constant values say from x = a to x = b, then
b Jo(x) z(x, y)
IJJV f(x, p,z)dcdydz —ja dx-[yl(x) dy -[zl(x, ) f(x, y,z)dz.
The integration with respect to z is performed first regarding x and y as constants, then
the integration w.r.t. y is performed regarding x as a constant and in the last we perform
the integration w.r.t. x.

[llustrative Examlﬂes

2

3 1
Example 15: Emluute.[yzo -[x:O L:O (x+y+z)dzdedy.

Solution: The given integral

3 2 1
=1, 2o {jo (x+y+z)dz}dxdy

3 2 27! 3 [¢2 1

z
_Iy:O -[x=0 {xz+yz+2}0dxdy—j0 {JO (x+y+2)dx}dy
2 573

_ 3 x2 X _ 3 _ 2]2 _
_jo {2+;g;+2}ody_jo (3+2y)dy—[3y+2]0—18.

Example 16:  Evaluate the following integrals.
. I ¢l=-x fl-x-
(i) Jo Jo Jo Tz dvdy dz;

(ii) ch jf’h jj’ﬂ (2 + >+ 2% dedy dz .

Solution: (i) We have

J‘I J‘I—X J‘I—X—yxyzdxdydzzj‘l J‘l—x)g)|:22]l—x_.ydx&?y1
0 Jo 0 o Jo 2,

integrating w.r.t. z regarding x and J as constants

ST -0 - drdy

2Jo Jo
Ll el 2 2. .3
=51 Jo  xlya-wf-20-x) " + ) ldvdy
. I-x
_lp (=t 2007 )T
270 2 3 4

integrating w.r.t. y regarding x as constant
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120
_Lorl g 4 Y
—24j0x[6(1 0F=81-x)*+3(1-x)*]dx
1 2
:iJ‘ )c(l—)c)zldx:i i sin? 0 cos® 0.2 sin 0 cos 6 d0,
2470 2470
putting x=sin’ 0 so that dr=2sin6cos 6 d0
L2 sin® 9 cos” 6 40 = ! 28.6.4.2 !
12 12 12.10.8.642 720

2

(ii) Here the integrand 2+ yz + 2z is a symmetrical expression in x, y and z and

therefore the limits of integration can be assigned at pleasure. We have the given

integral

=J-C Jb J-H (x2+y2+zz)dxdydz

z=—=C y:—b X=-a

=2J:=_f Jj,z_b ffzo (2 + y> +2%) dv dy dz

because x> + yz +z”% is an even function of x

a
_ c b x3 ) )
=2 jz:—c jyz_b |:3+(,y tz )X]Odydz,
integrating w.r.t. x regarding y and z as constants

=2'[::_C -[j/:—b |:ﬂ;+ay2+az2j|dydz
¢ b |d® 2. 2
:4JZ:_C JO [3+az +ay }dydz,
because f+a22 +ay2 is an even function of y
:4J‘::7€ u;y+a22y+@:;3‘|dz,

integrating w.r.t. y regarding z as constant

3
—4 &b ] =8 7+ abz + P 4
z=-¢ 3 3 3

agb 22 abd :|C

=8|y E b s
0

8(a be + abc> +ab5) gabc(a +b2+52).

4 (2Vz @z -2
Example 17: Evaluate .[O .[O : IO( 2o dz dy dy .

Solution: 'The given triple integral is




Double and Triple Integrals

(121l
B 24z 2\/2 \/(42_,(2)
SNl I T A R
4 2 2z
=), [V (4z - x )dx]o dz
4 2z
=j E\/(42—){2)+ T — dz
012 24z ],
=j4 0+4—251 ~1292 dz = 422 Edz:J nz dz
0 24z 0
PRE:
=n[z] =Tn6]=8n
2 N 2

Example 18:  Find the volume of the tetrahedron bounded by the coordinate planes and the plane
x+y+z=1. (Rohilkhand 2013B

Solution: Here the region of integration V' to cover the volume of the tetrahedron can
be expressedas 0<x<1,0< y<l-x0<z<l-x—-y.

Therefore the required volume of the tetrahedron

R A e e (ot

_Io Jo_x l_x e dy = Jo Jo (I=x=y)dedy
2]t -x | (1-x)
oo ek

31
:j‘ 1(1—x)2dx=1{(1_")] - Loo-p=1.
0 2 2[3.0], o 6

Example 19: EmluuteJ‘ JJ (x+ y+2z)dvdy dzoverthe tetrahedron x =0, y=0,z =0

and x+ y+z=1.

Solution: The region of integration V for the given tetrahedron can be expressed as
0<x<1,0< y<l-x,0<z<]l-x-y.

Hence the required triple integral = J.,”V (x+y+z)dvdydz

:J(l) J.(l)_x J-(l)—x—y (x+y+z)dedydz

- 9 l-x-y
—J. x|:x+y)z+z:| dx dy
0 2 N

—x e 2
=f(1) f(l) {(Hy)(l—x—yh(l x2y)]dxdy
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A-122)

371 -«
T iy Py = L ! [ym] "

1 1-x l_x_y
_IO J‘O (l—x—y)(x+y+2)dxdy

1 pl=-x 1
jo jo g (mx=p)(x+y)dedy

0 JO

2

. 1
2 2 1[2_1 1]_1_1_1_
213 23><4023212 2 4 8

Example 20:  Evaluate J _[j 22 dv dy dz over the sphere 2+ y2 +22=1.

Solution: Here

the region of integration can be expressed as

“lsasl-N(1-A) < ys N(1-o), V(- - y)sz V(-2 -

the required triple integral

-2 -7
j jvd—l \/l—xz—yz)z dx dy dz

V- - 7

1ol-2) |23
_L Jl\/(lfxz) {Zg} de dy

-2 - %)
- 2 _ . 2\3/2
§J. D \/(l—xg) —¥ =) dy}dx
%j [J T;/Z )g)cos2 9]3/2 V(- )cosede]dx
[putting yz\/(l—)rz)sine so that dyz\/(l—xz)cosede;

also when y=0,6=0 and when y:\/(l—xz),Gzn/2]

1 2
ngP'y u—%ﬁm&eﬁpx
4 1 20 31 m, ml 232
§f_1 (=P o Dde=2 [ (-2 e
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@mprehensive Exercise 3

Evaluate the following integrals :

Lo [ [y [ P e ey
i ) fy gy e

i) [L 5] ey dydede,

X -z

log 2 1
(1V) J'Oog '[(;( J’(;('*' og Jy €x+y+ZdXdJ/dZ.

2 0 | j} [ " wdy e

1—x
Y T s

3
I+x+ Jt z) (Kanpur 2008; Avadh 13)

(i) |, Ll/x jOW) wz de dy dz.

/2 in o 2 2y
) [ a0 @[ e e,
0 0 0

3. (i) _[(;l .[(;C I(;CU] e "I dvdy dz.
G Jo [T P avdyde.

4. Evaluate the triple integral of the function f (x, y,z)= 2% over the region V/

enclosed by the planes x=0, y=0,z=0and x+ y +z =a.
(Avadh 2012; Rohilkhand 12)

5. Find the volume of the tetrahedron bounded by the planex /a+ y /b +z /¢ =1
and the coordinate planes.

6. (i) Evaluate JJI % over the region x>0, 20,220,
(x+y+z+])
x+y+z<1 (Avadh 2013)
(ii) Evaluate JJI xyz dx dy dz over the ellipsoid ﬁ?_ + y—j + % =1
a b c

(Kanpur 2011)
(iii) Evaluate JJI (z5 +z) dx dy dz over the sphere 2+ yz +z2=1.

(iv) Evaluate J‘JJ.R u? v w du dv dw,where R is the region w117 < 1,

0<w<l.
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A1124]
@HSWGI’S 3
1. () 1 (i) (e-1° (iii) 0
19
(IV)—logZ—?
.4 L1 5 ... 1(26
2. (i) 5 (ii) E(logZ—g) (iii) g(?—log?))
(iv) 54°
64
3. () Leto62+8c9-3) i~
8 60
4 O 5, abe
60 6
6. (i) 21(1og2—%) (ii) O (iii) 0 (iv) 4“8

8 Change of Order of Integration

If in a double integral the limits of integration of both x and y are constant, we can
generally integratej J f (x, ) dx dyineither order. Butif the limits of y are functions

of x ,we must first integrate w.r.t. y regarding x as constant and then integrate w.r.t. x .
In this case the order of integration can be changed only if we find the new limits of x as
functions of y and the new constant limits of y . This is usually best obtained from
geometrical considerations as will be clear from the examples that follow.

[llustrative Examrles

Example 21: Change the order of integration in the double integral

a X

Io Io f(x,p)dedy. (Lucknow 2006, 08; Kashi 13)
Solution: In the given integral the limits of ¥ 1 Y
integration are given by the straight lines y =0,y = x, /N @ )
x=0 and x = a . Draw these lines bounding the region 57 ﬁ
of integration in the same figure. We observe that the ° "
region of integration is the area ONM . %
In the given integral, the limits of integration of y being @0
variable, we are required to integrate first w.r.t. y ¢ y= 0 M -

regarding x as constant and then w.r.t. x.
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To reverse the order of integration, we have to integrate first w.r.t. x regarding y as
constant and thenw.r.t. y . Thisis done by dividing the area ONM into strips parallel to
the x-axis. Let us take strips parallel to the x-axis starting from the line ON (i.e., y = x)
and terminating on the line MN (i.c., x = a) . Thus for this region ONM , xvaries from y
to a and y varies from O to a .

Hence by changing the order of integration, we have

Jo B f Copydsdy=J3 [0 f oy )y d

b b b b
Example 22: Prove that [ "dv[" f (x,p)dy =] dyjy F(x, p)dr.
(Lucknow 2007)

b
Solution: Let I=jﬂ dxjjf(x,y)dy.

b
We are required to change the order of
integrationin the integrall .In the integral I the Co, B
limits of integration of y are given by the
straight lines y = aand y = x.Also the limits of
integration of x are given by the straight lines ) A 5
x=a and x=5h. Draw the straight lines y;
= -y

y=a,y=x,x=a and x=>5, bounding the Ny n "
region of integration, in the same figure. We >

0 X
observe that the region of integration is the area

of the triangle ABC'.

In the integral I we are required to integrate first w.r.t. y and then w.r.t. x . To reverse
the order of integration we have to integrate first w.r.t. xand then w.r.t. y .This is done
by dividing the area ABC into strips parallel to the x-axis. Let us take strips parallel to
the x-axis starting from the line AC (ie., y=x) and terminating on the line
BC (i.e., x = b) . Thus for the region ABC ,xvaries from y tob and y varies froma to b.
Hence by changing the order of integration, we have

JLas[l s omvdy=[) [ f(xpyde,

20 NQax — ¥
Example 23: Change the order of integration in joﬂ j e )

0 S (xy)dedy.

(Meerut 2013B)

Solution: In the given integral the limits of ¥4

N,a
integration of y are given by y =0 (i.e., the x-axis) | ___ Na |
and y = 2ax - %) ie, y? = 2ax - 2 N
(as 0) M

ie,(x— a)2 + yz = a® which is a circle with centre »

0 =0 [, 00 ¥
(a,0)and radius 2 .Again the limits of integration of x \—/
are given by the straight lines x =0 (i.e., the y-axis)

and x =2a .
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Draw the curves (x — oz)2 + yz =a® ,7=0,x=0 and x = 24 ,bounding the region of

integration, in the same figure. From figure we observe that the area of integration is
OMNO .

In the given integral we are required to integrate first w.r.t. y regarding x as a constant
and then w.r.t. x.

To reverse the order of integration, divide the area OMNO into strips parallel to the
x-axis. These strips will have their extremities on the portions ON and NM of the circle.
)2 +y2 = a? for x ,we get
%)

Solving the equation of circle ( x — a

(x—a)2=a2—y2 i.e.,x—a:i\/(aQ—y

%)

ie., x:ui\/(ﬂz—yZ).
toa+\/(a2—y2)

So for the region OMNO , x varies from a — (a® - y and y varies

from O to a .

Therefore, changing the order of integration, the given double integral transforms

a ca +\/(n - _yz)
o I v
Example 24: Change the order of integration in the double integral
w oo g
N

and henceﬁnd its value. (Agra 2002; Kumaun 01; Avadh 07; Kashi 14; Purvanchal 14)
Solution: In the given integral the limits of integration are given by the lines y = x,

y=o0,x=0 and x =eo. Therefore the region of integration is ¥#$

&

bounded by x =0, y = x and, an infinite boundary. In the given i

integral the limits of integration of y are variable while those of x =

are constant. Thus we have to first integrate with respect to y
regarding x as constant and then we integrate w.r.t. x . This is done

by first integrating w.r.t. y along a strip drawn parallel to the y-axis ¢ y=0 X
and then integrating w.r.t. x along all such strips so drawn as to

cover the whole region of integration.

If we want to reverse the order of integration, we have to first integrate w.r.t. xregarding
y as constant and then we integrate w.r.t. y . This is done by dividing this area into
strips parallel to the x-axis. So we take strips parallel to the x-axis starting from the line
x =0 and terminating on the line y = x .Now the limits for xare O to_y and the limits for

yare 0 toeo.
Hence by changing the order of integration, we have
oo o ¢ y _ oo y e J _ o ¢ J b
Jo o =] Jy 5 a=]] D




Double and Triple Integrals

11 27)) \

Va? - 2
Example25: Change the order of integration in the integral '[Oa -[O @ ) f(x, p)dxedy.
Solution: In the given integral the limits of integration of y are given by the straight
line y =0 (i.e., the x-axis) and the curve
= V(@ - ) i.e.,y2 = - Pie, +y2 =a’

which is a circle with centre at the origin and radius a . Y4 i=a
Again the limits of integration of x are given by the lines EQ, @
x=0andx=a. x=0

y=0

We draw the curves y:O,x2+y2:a2,x:0 and

>X
. . . L o Ale, B
x =a, giving the limits of integration, in the same very
figure and we observe that the region of integration is the

area OAB of the quadrant of the circle 2 2

+ yz =a“.
To change the order of integration in the given integral, we have to first integrate w.r.t. x
regarding y as a constant and then we integrate w.r.t. y . This is done by covering the
area OAB by strips drawn parallel to the x-axis. These strips start from the line OB
(i.e., x =0) and terminate on the arc AB of the circle x* + yz = a”.So on these strips x
2
)

varies from 0 to (a® — 7)) .Also to cover the area OAB , y varies from O toa .Hence by

changing the order of integration, we have the given integral

Va? = %)
=J-(? Jo o S (xy)dy dx.
Example 26:  Change the order of integration in

a ¢x+2a
X, dx dy .
J.O \/(a2 —k2) f ( J]) v (Kumaun 2009, 15)

Solution: Here the area of integration is bounded by the curves
y:\/(az - %) e, ¥ +y2 =a®

which is a circle with centre (0,0) and Vi

radiusa , y = x + 2a which is a straight line =0 4’/{
passing through (0,2a), x=0ie., the

y-axis and the line x =a which is a line . 2a)N, B
parallel to the y-axis at a distance a from ” T
the origin. o ©.a) ¢
We draw the curves 1> + yz = az, 3 ’ M

y=x+2a,x=0andx=a,

giving the limits of integration, in the same
figure. We observe that the region of /

integration is the area MLANM .

]
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To reverse the order of integration, cover this area of integration ML ANM by strips

parallel to the x-axis. Draw the lines MC and NB parallel to the x-axis so that the region
of integration ML ANM is divided into three portions MLC , NMCB and NAB .

For the region MLC, xvaries from the arc ML of the circle o+ y2 =a

i.e., x varies from v (az -y

2 tothelinex = a
2)to a and y varies from O to a .

For the region NMCB , x varies from O to a and y varies from a to 2a.

For the region NBA, x varies from y —2a to a and y varies from 2a to 3a.

Therefore, changing the order of integration, the given integral transforms to

Jo Ty £ ey e [ [0 (o) dy ds

jgﬂjy ) x);)d)]dx

10.

11.

@)mprehensive Exercise 4

Change the order of integration in the following integrals.

o [°7 repaa

jj J‘l\/(4 =) (x+ py)dy dx.

a cos o \/(ﬂ2 7)(2)
J‘0 jxtanoc f(x,y)dxdy.
(Kanpur 2005; Avadh 11; Kumaun 02, 10)
Jo J.mx fxy)dedy. (Lucknow 2010)

jza Jz/4 (x, y) dx dy.

j J‘h/(b+x ) d dy.

a /x
Jo I. 7 f e mrdy.
(Lucknow 2009; Kanpur 10; Kumaun 12)

a b
L J(b/u Y - ) f (x, y)dxdy, where c¢<a.

al2 cx- xz/a)
j Ixz /a (x, ) dx dy.
2a @ ax)
(x, y)dxdy.
J. J-\/(Zax - ) v (Kumaun 2013)

b/(a® +b%) (/b)\/(bz— )
Iy 7 ) dy
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f (r,0) do dr.

0 (Kanpur 2009; Kumaun 11)

19. Jn/2 jZa cos 0

0

13. Change the order of integration in the double integral

J J dx dy and hence find its value.
0 A {(a - x) (x = p)}

[Hint: Put x = a cos” 6 + y sin 0]

@nswers 4

Lo, bm_ﬁ f () dy dx

2. j j (x+ y)dx dy

3 j(;zsin(x chot(x £ (5, ) dy dx + Jﬂsma J(;/(uZ_sz)f(x,y)dydx
4 JAOam J///lm f(x y) jam J]/l f xJ/ dydx

5. j j 4ay) ) dydx+-[3ﬂj3ﬂ f(x, ) dy dx

6. J-(f/(a+b) J-Oa (x, y) dy dx + J-h/ o Jb(l_ )/yf(x,y)dydx
7N e [T [0 )y
8. J‘(f V{1=(c? /a?)} j:\/{l_(yz/hz)} F o) dy de

-[h\/{l— 2 a2} _[ S (x, p)dy dx

al4 \/(ay)
9 I 3l = - da)] Sy dyds

10. | jj/z_/zﬂ” ey f o)y de+ [ jjiv 2 f ey

J~2a J~yz/2 xy dydx

2 2 2 2
11. J-ab/\/(a +b*) J-ab/\/(a +b*)

0 0 f(x, p)dxdy
“ (b/a)Va® - )
+-[ab/\/(a2 +12) .[0 f (x, y)dxdy
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2 L2
2. [ U ¢ 6) dr do

() dy dx

a ra [0) _ 3
13. [0 ], Ty~ " @- 0]

O Change of Variables in a Double Integral

Sometimes, the evaluation of a double integral becomes more convenient by a suitable

change of variables from one system to another system.

Let the variables in the double integral J .[A f (x, ) dx dy be changed from x, y tou, v
where x=¢ (u,v)and y =y (u,v).

Then on substituting for x and p, the double integral is transformed to
jJA' F (u,v) J dudv ,where J (u,v)is the Jacobian of x, y w.r.t. u,vie.,

ax dy
;260 o o
d(ur) | )

v v

and A ’is the region in the ur-plane corresponding to the region Ain the xy-plane. Thus
remember that dv dy = [ dudv .

Special case: Change to polar coordinates from the cartesian co-ordinates.

To change the variables from cartesian to polar coordinates we put x=rcos6,
y =rsin®.In this case
o ox
;260 o a8

cosO —rsind

9(r,0) | I
Jor 90

and therefore dx dy = | d0 dr =r d6 dr .

This change is specially useful when the region of integration is a circle or a part of a

’

sin® rcos©

circle.

[llustrative ExamFles

Example 27:  Transform II f (x, y)dxdy by the substitution x + y =u, y =uv.

Solution: Wehavex+ y=u and y=ur. (1)

From these, we have

x=u—y=u—uv and y=ur. -(2)
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[EEN N
o 1 % u Y and al:u
ou o ou av
dr dx
J= WD) _tou av| |1
I(wr) |V ¥ vooou |
ou Jv

dvdy=Jdudv=ududy.
Hence the given integral transforms to

_[j Yududy.
Example 28:  Transform jj f (x, y)dxdy to polar coordinates.

Solution: We have x=rcos0, y=rsin6.

Now ]za(x,)/)== o 08| _ close —rsmezr.
d (r,0) Iy | |sin® rcos6
Jr do

dvdy=]dodr=rdedr.
Hence the given integral transforms to _[j F (r,0) r do dr.

Example 29: Evaluate “‘ (a® - ¥ - y2) dx dy over the semi-circle 2+ y2 =axin the

positive quadrant.
Solution: Here the region of integration is a semi-circle. Therefore, for the sake of
convenience, changing to polar coordinates by putting x =rcos 8 and y =rsin6 in
2 +y2 =ax ,we have

2 2 2 2 2 (

r-cos” 0+ sin"@=arcos® or r sin29+cosze)=arcose

or r=acos0.
The equation r = a cos 8 represents a circle passing through the pole and diameter

through the pole along the initial line.

For the given region r varies from 0 to a cos 6 and 6 varies from O to /2.

_“' )dxdy—jn/z chose \/(a2—r2).rd6dr,

['.'x2+y2=r2anddxdy=rd6dr]
_ n/2 I: a cos 0 1

X . - (@ -2 (=27 dr] 0 (Note)

9 a cos 6
_ [/ [_ 1 ,g(az B r2)3/2} 16
0 3 0
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@)mprehensive Exercise 5

1. Transform JO“ Jg - f (x, y) dx dy, by the substitution x + y =u, y = ur.
2. By using the transformation x + y = u, y = uv, show that

1 pl—x 1
y/(x+y) — _
JO -[() ¢ dx dy (e=1).

3. By using the transformation x + y = u, y = uv, prove that

taken over the area of the triangle bounded by the lines
x=0,y=0,x+ y=1lis2m/105.

4. Evaluate Jj o + y2 )2 dx dy over the circle 2+ yz =1
5. Evaluate jj Xy (P + y2 )32 dx dy over the positive quadrant of the circle
24yt =
~(Z+7) ircle 22 + 12 = 22
6. Evaluate jj e dx dy over the circle x* + y~ =a”.

@nswers 5

L[ F dud 4. 21/9 5. 1/14 6. n(l-e
.jojo (u, v) u du dv . 2n/ .1/ Lon(l-et)

@Djective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (c) and (d).

1. The value of the double integral J:n 0 J-a o 4o dr is
= =

2
(a) ma? (b) % (c) ma (d) 2 na?

2. The value of the triple integral J; j; jg xyz dx dy dz is
(a) (b)

(c) (d) 1

(Kumaun 2009, 11)

1 1 1
2 8 4
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11.

(1135} N
.
The value of the double integral _[; I(;/(a 7 dy dx is
2 2
(a) ma® (b) 2 na’ (c) % (d) %

(Kumaun 2013)

The value of the triple integral

/2 em/2 cm/2 .
J. cos® x cos’ y cos® z dv dy dz is

0 0 0
n2 b 1t3 1t3
(a) E (b) a (c) ? (d) a

The value of the triple integral J(l) J(l) J(l) e T dx dy dz is

() ¢’ (b) = (©) (-1’ () e+’
(Kumaun 2012)
The value of the triple integral

2 2 2
jn/ jn/ In/ Cos x cos y cos z dx dy dz is

0 0 0
3w
1 by = 4 ==
(a) (b) 2 () m (d) 9
(Rohilkhand 2005)
The value of (;E/Z J;me 7 d6 dr is equal to
n/2 . sin 0
(a) -[0 sin © d0 (b) jO Erdr
. 2
(c) jn/z s ede (d) none of these
0 2 (Garhwal 2003)
2 .2 ,
Value of jO jO ( +y2)dxdyls
3 32 34
(a) 13 (b) 3 (c) e (d) 1
(Kumaun 2014)
Value of Jﬂ jb Mis
0 JO xy
(a) ab (b)  (log b)-(log a)
(c) O (d) a/b (Kumaun 2015)
Value of jon/Q J‘; cos0 rsin6do dr is
(a) a* (b) 6/a* (c) a*/6 (d) 0
(Kumaun 2015)
Value of j(;t j(;c sin y dy dx is
(a) vm (b) 0 (c) 1 (d) =

(Kumaun 2015)
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Fill in the Blank(s)
Fill in the blanks “......” so that the following statements are complete and correct.

3 (2
1. The value of the double integral .[0 L dedyis ...... .
(Agra 2002)

Il

2. The value of the double integral .[0 .[0 xpdedyis ... .
1

3. The value of the double integral | j(;‘ xpdedyis ... .

4. The value of the double integral In/z IZ“ 0 dodris ...... .

0 0

2 2 2
5. The value of the triple integral JO JO JO xypz dx dy dz is ...... .

2 2 3
6. The value of the triple integral -[1 L L dedy dzis ... .

)
7. The value of the double integral [ IW )
—a

0 dxdyis ... .

True or False
Write “T” for true and “F’ for false statement.

2
1. The value of the double integral Jn/z Jﬂ rdodris ™.
06=-m/2 Jr=0 2
22
2. The value of the double integral J-aﬂ J-\/(\j; 9 x)2> dx dy is .
—a d-N@? -
y
3. The value of the double integral J.i, (;/(a ) xdydyisO.
@HSWGIS
Multiple Choice Questions
1. (a) 2. (b) 3. (d) 4. (d) 5. (c
6. (a) 7. (0) 8. (b) 9. (b) 10. (c
11. (d)
Fill in the Blank(s)
1.3 2. 1 3. 1 4, ™
4 8 2
2
5.8 6. 2 7. =
2
True or False
1. T 2. T 3. T
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Areas of Curves

1 Quadrature

The process of finding the area of any bounded portion of a curve is called quadrature.

2 Areas of Curves Given by Cartesian Equations

If f (x)is a continuous and single valued m y=f(x)
Sfunction of x , then the area bounded by the \57/
curve y = f (x), the axis of x and the
ordinates x =a and x =D is

J.:ydx, or J.j f(x) dx. S q T

Proof: Let CD be the arc of the curve C
y=f(x)and AC and BD be the two s

ordinates xy=aand x=10. I 5%,
Consider 0] A M N B X
P(x,y)and Q (x+dx, y+dy),

the two neighbouring points on the curve. Draw PM and QN perpendiculars to the
axis of x, then
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PM =y ,QN = y +38y and MN =dr.

Draw PR and QS perpendiculars to NQ and MP produced respectively. The area
AMPC depends upon the position of P on the curve. Let Adenote the area AMPC and
A + 8A be the area ANQC . Then the area

MNQP = area ANQC —area AMPC
=A+3A- A=0A.

But clearly this area 8A (i.e., the area MINQP) lies in magnitude between the areas of
the rectangles MNRP and MNQS .

Thus, we have

area of the rectangle MINQS > 38A > area of the rectangle MNRP

ie., (y+3)r>08A> ydx
or y+6y>%>y.
ox
Now as Q — P,& — 0 and 8y — 0. Therefore we have
By
or dA = ydx.

Integrating both sides between the limits x = a and x = b, we have

szb dA:J: Jd

x=a
x=h b
or [ARZh =] yas
a
b
or (AreaAwhenx:b)—(AreaAwhenx:a)=j Ty dx
a
b
or AreaABDC—O:J. y dv
a
b b
or AreaABDC=J ydx=J f(x) dx.
a a

Similarly, it can be shown that the area bounded by the curve x = f (), the axis of y and the
abscissae y =aand y =D is

'[b xdy, or J:J f(y) dy.

a

Note 1: Inchoosingthe limits of integration, the lower limit of integration should be
taken as the smaller value of the independent variable while the greater value gives us
the upper limit of integration.

Note 2: If the curve is symmetrical about x-axis or y-axis or both, then we shall find
the area of one symmetrical part and multiply it by the number of symmetrical parts to
get the whole area.
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lllustrative Examlales

2 2
Example 1:  Find the area bounded by the ellipse x_2 + Jb]—z =1, the ordinates x = ¢ ,x = d and
a
the x-axis. (Meerut 2000)
Solution: Equation of the ellipse is ya C
) 0, 0) —FP
e Z
a b D
2 2 ©
oo Il
or b—z =1- ﬂ—2 = 'ﬁ
.. b N, 2 2 -
giving y=—"N(a" —x%). (1) M N <
a 0O A 8x B (a,0)
~. the required area = the area ABDC
d

[d\/(az —d)y—cN(@® -+ d (sin*l i—silf1 i)]

b
2a a a

Example 2:  Find the area bounded by the parabola yz =4ax and its latus rectum.
(Garhwal 2003; Agra 05; Avadh 05; Bundellkkhand 08)

Solution: Latus rectum is a line through the focus S (4,0) and perpendicular to x-axis

ie.,its equation is x = a . Also the curve is symmetrical about x-axis.

. YA
the required area LOL’

=2 x area OSL=2.J'1Z y dx
0

:2]0“«4%)4&

['.'y2 =4ax,i.e.,y=\/(4ax)]

=2 (4a) [%xg/z}zzgm.ag/zzgaz. o

Example 3:  Find the area of a loop of the curve xyZ +(x+ a)2 (x+2a)=0.

Solution: 'The curve is symmetrical about x-axis. Putting y =0 ,we get x = —a and

x=-2a.
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The loop is formed between x = - 24 and x = - a.

Y
P
C
X'¢ >X
(-2a, 0) AN-a 0) [0
vY

To find the area of the loop, we first shift the origin to the point (- a4,0) . The equation
of the curve then becomes

(x—a)y2 +{(x—a)+a}2 (x—a+2a)=0

or yz(x—a)+x2(x+a):O
or y2=%~ (1)

Note that the shifting of the origin only changes the equation of the curve and has no
effect on its shape. Now the origin being at the point A ,the new limits for the loop are
x=-atox=0.

required area of the loop

0
=2 xarea CPA=2 j y dx, [the value of y to be put from (1)]
—a

0
=2 I {— x (ﬂ i x] } dx,  [Note that in the equation (1), for the
- et portion CPA, y = —x {(a+x)/(a-x)}]
0 _—x@+x)
=2 —_— 7
J—a V(a® - 22)
multiplying the numerator and the denominator by V(a + x)

’

0 _(_ . _ .
:2J‘ (—asin0) (a ﬂsme)-(—acose) .

/2 acos 0
putting x =—asin® and dx = — a cos 6 40

2 0 2 9 n/2 9

=—2a '[ (Sil’l 0 — sin 9) 40 =2a J. (sine —sin e) 40
TC/2 0

=2a* [1- % : % n], by Walli’s formula = 2a* (1- i ).

Example 4:  Find the whole area of the curve a2y2 = (2a —x).
(Meerut 2006B; Bundelkhand 12; Avadh 13; Kumaun 13; Rohilkhand 14)
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Solution: The given curve is a2y2 =% (2a - x). (1)

It is symmetrical about x-axis and it cuts the x-axis at the ra

points (0,0) and (24,0). The curve does not exist for
x>2aand x <0 . Thus the curve consists of a loop lying MmN Veq, 0)

between x =0 and x =2a . [9) S A -

- the required area =2 x area OBA
2 [y
_ZJ'Z“ B2 N@Qa-x)
T a

dx , from (1).
Now put x =2a sin® 6 so that dv = 4a sin 6 cos 6 d6 .
When x=0,0=0 and whenx=2a,9=21n.
~. the required area
= % J.On/z (25{)3 /2 sin® 0. (2a) .cos 6 .4a sin 6 cos 6 46

/2 -
=324° J;) sin® @ cos” 0 d6 =324 % . g , by Walli’s formula.

= ’Itﬂ2.

Example5: Find the whole area between the curve e y2 =a

Solution: The given curve is symmetrical about YA

both the axes and passes through the origin. The

|
|
i
tangents at (0,0) are given by y> —x*> =0 ie., & Q
|
y =% x are the tangents at the origin. :
|
|

Equating to zero the coefficient of the highest

power of y (i.c., of y?) the asymptotes parallel to Ca. 0 s /1N 8 1@ 0

_y-axis are given byx2 —a* =0 Le,x=*a.

y2 +a®> =0 which gives two imaginary

|
|
|
The asymptotes parallel to x-axis are given by \
|
l
|

asymptotes.

the required area =4 x area lying in the first quadrant
a a a2X2
4] ydr=4] dx,
0 J 0 \/( xz)

a’ —
[+ from the equation of the given curve, y2 =a’ ¥/ (ﬂz — ¥ )]
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a ax dx a - 2xdx (012—)52)1/2 ‘
0 V(@ -x%) 0 V(@ -x) vz,
=—4a[0 - a] =4a’.
@mprehensive Exercise 1
1. Find the area bounded by the axis of x,and the following curves and the given

ordinates :

(ii)
(iii)

y=logx;x=a,x=b,(b>a>]).

Jg/:cz;x:a,x:b,(a>h>0). (Kashi 2012)
Find the area bounded by the curve y = 3, the y-axis and the lines y =1
and y=8.

Show that the area cut off a parabola by any double ordinate is two thirds of
the corresponding rectangle contained by that double ordinate and its
distance from the vertex.

Find the area of the quadrant of an ellipse (x*/ a®) + (yz/ b*) =1
(Bundelkhand 2010; Kanpur 11)
Find the whole area of the ellipse (X*/ a®) + (yz/ by =1.
(Avadh 2010; Rohilkhand 10B; Kumaun 12)

Trace the curve ay2 = x* (a—x) and show that the area of its loop is
2

8a”/15. (Avadh 2008)

Find the area of the loop of the curve 3@/2 =x(x—a).

Find the area of the loop of the curve yz =x(x-17

Find the area

of the loop of the curve x(x2 +y2) =a (x2 —y2)

or yz(a+x):x2(a—x).

of the portion bounded by the curve and its asymptotes.  (Meerut 2004)

Trace the curve y? (2a — x) = x> and find the entire area between the curve

and its asymptotes. (Avadh 2011)

Find the area between the curve yz 4-x)= x and its asymptote.
(Avadh 2012; Kanpur 14; Bundelkhand 14)

2=y @a-y).

Find the area bounded by the curve xyz = 44° (2a — x ) and its asymptote.

Find the whole area of the curve a

(Rohilkhand 2009 B)

Find the area enclosed by the curve )g;z =a® (a-x)and _y-axis.
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(iii) Trace the curve a? yZ =a’ x> — x* and find the whole area within it.
(Rohilkhand 2012; Avadh 12, Bundelkhand 14)

(ii) Show that the whole area of the curve at y2 =x

the circle whose radius is a, as 5 to 4.

9. (i) Find theareabetween the curvey2 (a-x)= O (

> - ) isma® /8.

8. (i) Prove that the area of a loop of the curve a4y2 =X

(2a — x) is to that of

(Kanpur 2010)

cissoid) and its asymptotes.

Also find the ratio in which the ordinate x = a / 2 divides the area.

(ii) Find the area of the loop of the curve yz (a -

10. Trace the curve y2 (a+x)=

asymptote.

1

(45)/4.

i)
i)
i) mab/4.
ii)

5. () %az (4 -m).

6. (i) 3na’.
7. (i) 4nd®

blog (b/e) -

84> /(15 3).

= (a+x).

(Purvanchal 2011)

(a—x )3. Find the area between the curve and its

@nswe__rs 1

(ii) ¢ * log (a/b)

(ii) mab

(iii) 8/(15)

(ii) 2101 “4+m
(ii) (64)/3.

(i) ma®

9. (i) 3ma®/4;Bn-8):(3n +8) (ii)%a -

10.  3mad?.

3  Avreabetween Two Curves

(Purvanchal 2007)

(iii) ma’

(iii) 4a®/3

It is clear from the adjacent figure that the area lying

between the curves y = f(x), y = g(x)and the ordinates

X=a,x=Dbis

= area ABNM — area CDNM

= [ fwde- jj g

[ s

B,y =f(x)
y=8®)
D
C
M N
>X

X)}dx.
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lllustrative Examl)les

Example 6: Find the area included between the curves yz = dax and ¥* = 4by .

(Bundelkhand 2011; Rohilkhand 10; Kumaun 09, 10))

Solution: Solving the equations of the two given - 2
curves, we have y4 =164’ (4by ) = 64a” by . =
1
y(y3—64a2b):0, Tk L :A
giving y=0, 4423 113, :
L
When y=0,xr=0 and when
y =442 P13y =443 23,
Hence, the points of intersection of the given curves
areo(o’o) and A(4ﬂ1/3 h2/3,4h1/3 ﬂ2/3). v

~. the required area (i.e., the shaded area)
=area OPAL —area OQAL
[ 441735273

y dx, from the curve yz =4ax ]
0

y dx, from the curve yz =4by

441731273
0

(Note that for the required area x varies from O to 4a'3 p? /3)

4ﬂ1/3b2/3 4ﬂ1/3b2/3
=j \/(4ax)dx—J. [i] dv
0 0 4D
3|, |3,
=‘””[sv(a).b]—L(Mabz):%ub—%ah%ab.

3 12b

Example 7:  Find the area of the segment cut off from the parabola y2 = 2x by the straight line

y=4x-1.
Solution: 'The given curves are y2 =2x, (1)
and y=4x-1. ..(2)

The two curves have been shown in the figure.
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Solving (1) and (2) for y,we have
2 =2%(y+1) or 2y*—y-1=0

or (y-D@2y+1)=0.
1
y=-51

\Y

Thus the curves (1) and (2) intersect at the points where

1
=—— d =1.
y 3 and y

Now the required area of the segment POQ (i.c., the
dotted area)

Y’

= the area bounded by the st. line y =4x —1land the y-axis from y = - % to y=1

— the area bounded by the parabola y2 =2x and the y-axis from y = - 21 toy=1

1 1
- [ L , o, from (2)] - [J'_l ¥, from (1)}

111 341
=2 I
l[i_(l_lﬂ_l( l)
412 \8 2 6 8

1(3 3 19 115 19
—z@'é)“a§:Z“§‘z§
15 3 9
32 16 32

Example 8: If P ( x, y )be any point on the ellipse 2/ + yz /b* =and S be the sectorial

area bounded by the curve, the x-axis and the line joining the origin to P, show that

x=acos (25/ab), y =D sin (2S/ab).
Solution: The given ellipse is shown in the figure.
We have

S = the sectorial area OAP

ey > X
(i.e., the dotted area) !<—a7A
= the area of the A OMP + the area PMA |

a
-1 OM . MP + I y dx, for the ellipse
2 x
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“ 2
:—)g/+-[ by -2y
a
[+ from the equation of the ellipse, y = (b/a) \ (ﬂ - )]
a
=lx.£\/(a2—x2)+2|:£\/(a2—x2)+la231n_1£:|
2 a al2 2 al,
=b—x\/(a2—x2)+£[0+la2.£—£\/(a2—xz)—la2sin_l£}
2a a 2 2 2 2 a
:h—x\/(az—x2)+£-la2(E—sinfli)—h—x\/(az—xz)
2a a 2 2 a) 2a
ab (n - x) ab 1 x
=—|=-sin"" = |=—cos” —-
2 \2 a 2 a
Thus S =ﬁcos_1 z.
2 a
1x 28 X 28 28
coOsT —===— or —=CoS=— Or X=acos—-
a ab a ab ab
Also yzé\/(az—xz)=£\/{al a’ cos (ZS/ab)}—bsmé
a a ab

Example 9:  Show that the larger of the two areas into which the circle 2+ y2 = 64a’ is
divided by the parabola y =12ax is ?6 a® [8n—V3].

Solution: 1> + y2 = 64a” is a circle with centre Ya

(0,0) and radius 8a and y2 =12ax is a parabola R
_M.
whose vertex is at (0,0) and latus rectum 12a . ]

Both the curves are symmetrical about x-axis.

Solving the two equations, the co-ordinates of
the common point P are (4a,4a \/3). Draw PM
perpendicular from P to the y-axis.

Now the area of the larger portion of the circle
(i.e., the shaded area)= the area PRSTQOP

= the area of the semi-circle RST + 2 area OPR

- % 1 (8a)? + 2 [area OPM + area MPR]

4av3 8a
—n(8u)2+2-[0 xdy , for y2=12dx+2j 5
4a

for 2% + y2 = 64a’

4af J-8a

=32 +2j 2y
Ta 12a v

4a3
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| 3744 V3 | 64 9 8a
=32 ma® + — | L +2 —y\/(64a2—y2)+—ﬂsin_ll
6a| 3 0 2 2 8al, i

3
210 = 8a® V3} +324% {sin" ' 1-sin~' (¥3/2)}]

g0y L 64 x33a>
6a

2
:327‘ca2 +w

164> \/3+%a2 i
_128 o 16 045 16 2 Bm—-3).
3 3 3

Example 10: Find by double integration the area of the region enclosed by the curves
2+ y2 =, x+ y =a (in the first quadrant).
Y

Solution: The given equations of

the circle 1% + y2 = a?

[centre (0,0) and radius a] and of the
straight line x+ y =a (with equal dx 8y
intercepts a on both the axes) can be (x, y)

easily traced as shown in the figure.

The required area is the area 0] A

bounded by the arc AB and the line x+y=a
AB. To find it with the help of
double integration take any point
P ( x, y)in this portion and consider

an elementary area &r &y at P . The vy
required area can now be covered by
first moving y from the straight line x + y = a to the arc of the circle 2+ y2 =4 and

then moving x from O to a .

-2
- therequired area= j J. dvdy,  thefirstintegration tobe performed
’ w.r.t. y whose limits are variable
SN Yia® - _[ —(a—x)]dr
0
a
= {1 )+1012sir1_1(x/a)}—ax+lx2
2 2 2y
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Note: The required area can also be covered by first moving x from the straight line
x+ y =a to the arc of the circle 2+ y2 = a® and then moving y from O to a .

@mprehensive Exercise 2

1. Find the common area between the curves y2 = 4ax and * = 4ay .
(Meerut 2004B, 08; Agra 14)
2. (i) Find the area included between yz =4ax and y =mx.
(ii) Find the area of the segment cut off from the parabola yz =4x by the line
y=8x-1.
3. (i) Find the area common to the two curves y2 =ar, + y2 =4ax .
(Meerut 2005B, 06, 09B)
(ii) Find the arealying above x-axis and included between the circle
@+ yz = 2ax and the parabola yZ =ax. (Bundelkhand 2007)

4. (i) Show that the area included between the parabolas

2 2 . 8
=4 ,y° =4b (b - — b)Y~ (ab).
J alx+a),y ( x)ls?, (@ +b) (ab) (Rohilkhand 2013)

(ii) Show that the area common to the ellipses a2+ b y2 =1,
b P +a yz =], where O<a<b,is4 (ub)_1 tan~! (a/b).
5. If Aisthevertex, Othe centre and P any point (x, y)on the hyperbola
& /a* - y*/b* =1,show that x = a cosh (25 /ab), y = b sinh (2S /ab),where S is
the sectorial area OPA .
6. Provethatthe area of a sector of the ellipse of semi-axesa and b between the major

. . ! . . .
axis and a radius vector from the focus is 3 ab (0 — esin ©), where0isthe eccentric

angle of the point to which the radius vector is drawn.
7. Find the area common to the circle x* + y2 =4 and the ellipse 2+ 4y2 =9.
(Purvanchal 2009)

8. Find the area included between the parabola e =4ay and the curve

7 =8a /(¥ +4d”). (Rohilkhand 2008B)
9. Find by double integration the area bounded by the curves y (x2 +2)=3xand
4y= K.
10. Find by double integration the area lying between the parabola y =4x — % and
the straight line y = x.
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@nswers 2

1. 164%/3 2. (i) 84%/3m> (i) 9/(64)

3. (i) a? (3%3%7:) (ii) a2 En—g]

7. 4m+9sin”! {% J (7/3)} _gsin”! {% ‘v (7/3)}

8. [275 - %] a2 9. (3/2) log 3 - (2/3)

4 Avreas of Curves given by Parametric Equations

To find the area of a curve given by parametric equations is explained by the following
examples.

Example 11: Find the area included between the cycloid x = a (6 — sin 0), y = a (1 - cos 0) and
its base. (Kumaun 2001, 11; Meerut 07B; Purvanchal 07; Kashi 13)

Solution: 'The parametric equations of the given
cycloid are x=a (0 -sin6), y=a (1-cos6).

Wehave dx/d0=a (1-cos®),dy/d0=asin®. YA
dy _dy/d6 _ asin® __e=m
dv  dx/do a(1-cos9) /
9 i L 1 N e > %
sin—0cos -0 Ole=0 6=9on _
=2 2 12 =cotle. "
2sin” =0
2

In this curve y =0 when a (1-cos0) =0

ie., cosO=1ie,0=0.

When6=0,x=a (0 -sin0)=0, y =0 and dy/dx = cot O = e= . Thus the curve passes
through the point (0,0) and the axis of y is tangent at this point.

In this curve y is maximum whencos6=-1ie.,6=n.When6=m,
¥=a(n-sinm)=an, y=2a,

d
% =cot % n =0 . Thusat the point6 = n ,whose cartesian co-ordinates are (am, 2a) ,the

tangent to the curve is parallel to x-axis. This curve does not exist in the region y > 2a .

In this curve y cannot be —ive because cos 6 cannot be greater than 1. Thus one
complete arch of the given cycloid is as shown in the figure.

Now this cycloid is symmetrical with respect to the line x = ar (axis of the cycloid) and
its base is the x-axis. Therefore the required area




Krisfna's T.B. Integral Calculus

;Q[i-ms]
an dx
=2J- ydx= J. y— d0=2| a(l-cos0).a(l—cos6)do
_ int L
=2a -[0 (I-cos 6) A0 =24’ JO 2 sin’ 2 ) A0 = 84” -[0 sin 26d6

. /2
=84° J.OE sin? ¢ 2d¢, putting %9 = ¢ so that % A =d¢

) 31 7

a2 [T 4 _ o for
=16a sin® ¢ dp =16a E,byWalhsfmmula
0

=3na’.

Example 12: Find the whole area of the curve (hypocycloid) given by the equations

_ 3 _ . 3
x=acos’ t,y=bsin’t. (Gorakhpur 2005; Rohilkhand 09; Kashi 11)

Solution: Eliminating t from the given equations YAB(O b
the cartesian equation of the curve is obtained as P(’ )
X,y

@

(x/a)2/3+(y/b)2/3=1 p

ie., {(x/a Y3+ ((p/p)*) 3 =1, A ONNN A
(—a, 0) N0, 0)| dx (@,0) X

Since the powers of xand y are all even, the curve is
symmetrical about both the axes. It does not pass
through the origin. It cuts the axis of x at the points B(0, -b)
(£ a,0) and the axis of y at the points (0,%b). The
tangent at the point (a,0) is x-axis. At the point B,

x=0 andt:in.AtthepointA,x:aandt:O

- the required area =4 x area OAB

a dx
=4j dv =4 Ly
x=0 J t=0/2 J dt
0
=4 ) b sin® t.(-=3a cos” tsin t) dt, (putting for y and dx/dt)
n/2
/2 4 9
=12abj sin® ¢ cos” t dt (Note)
0
Y22 50 S U
642 2 8

@)mprehensive Exercise 3

1. Findtheareaincluded betweenthecurvex=a (t +sint),y =a (I1-cos t) andits
base. (Agra 2005)

2. Find the area of a loop of the curve x=asin2¢, y =asint

or a’y’ —4y (a® y2).
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3. Show that the area bounded by the cissoid x = a sin” ¢, y=(a sin® t)/cos t
and its asymptote is 3 na® /4.

4. Find the area of the loop of the curve
x:a(l—t2),y=at(1—t2),where—1Stsl.

@nswers 3

1. 3nd? 2. 4a’/3 3. 3na’ /4 4.84%/(15)

D Areasof Curves given ]31] Polar Equations

If r = f () be the equation of a curve in polar coordinates where f (8) is a single valued
continuous function of© ,then the area of the sector enclosed by the curve and the two radii vectors

6 .
0=0, and 6 =0y (91<92),istfzqualt‘o%J‘Z r? de.
6=Gl

Proof: Let OAB be the area of the curve
r= f (6) between the radii vectors 6 = 6;
and 6 =0, .

Q(r+or, 6 +0or)

Let P (r,0) be any point on the curve between
Aand B .Take a point Q (r +dr,6 + 6) on the
curve very near to P’ and draw the radius vector
OQ . Let the sectorial areas AOP and AOQbe ¢
denoted by A and A + 8A respectively.

Then the curvilinear area OPQO
=A+8A- A=5A.
Also we have OP =r;0Q =r +08r and £ POQ =60.

The area of the circular sector POQ’

>X

=l(raldius><arc)=lr.r89=lr2 36,
2 2 2
and the area of the circular sector P OQ
=%(r+6r).(r+6r)66=%(r+6r)2 5.
Now, area POQ’ < area OPQ < area P’ OQ,

e, %ﬂ 56.< 8A < % (r+ 012 80, ic., 212 <8A/86<%(r Lo

N | —

Proceeding to limits as 80 — O , we get
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ﬁzer or dA=lr2 dae.
ae 2 2
0
(AL =_[ 2124
1oJep 2
Now the L.H.S. = the value of A for 6 equal to 6, — the value of A for 6 equal to 6;
= (the area AOB) — 0 =area AOB.

0y

Hence the required area AOB = 21". r2 de.

01
Note: In some cases it is more convenient to find the required area by using double

integration. In that case the area is given by J J rdodr, (8 <0y).
0=6,

Remember:  The number of loopsinr = a cos n6 or r = asin n8 isn or 2naccording as
nis odd or even.

Illustrative Examl)les

Example 13:  Find the area of the curve r 2 4% s 26
(Agra 2006, 07; Rohilkhand 07; Meerut 10B; Kumaun 11)
Solution: 'The given curve is symmetrical about the initial line ® =0 and about the

pole. Putting r = 0 in the given equation of the curve, we get

cos20=0 or 29=iln or eziln.
2 4
Thus two consecutive values of © for which r is zero

are — % n and in. Therefore for one loop of the

curve 0 varies from - n /4 ton/4. >X
When l7t<29<§ni.e., lrc<9<§1t, 2 s
2 2 4 4
negative ie.,r is imaginary. Therefore this curve
does not exist in the region i T<O< 3 T.
Hence this curve has only two loops as shown in the figure.
whole area of the curve = 2 X area of one loop
n/4 n/4
:2J. erdG:j a® cos 20 do, ['.'r2:a2c0526]
-n/4 2 -n/4
9 n/4
=2a J cos 26 46, [by a property of definite integrals]
0

=—=

92 |:sir1 26:| /4 24,
0 2




Areas of Curves

Example 14:  Find the area of the cardioid r = a (1+ cos 0) .
(Agra 2002; Garhwal 02; Meerut 03, 04B, 10B; Kashi 12)

Solution: The given curve is symmetrical about
the initial line since its equation remains

unaltered when 6 is changed into — 6. 0)
We have r=0, when cos®=-1ic.,0=m.
Therefore the line 8 = & is tangent at the pole to )>(

the curve. Also r is maximum when cos 9 =1i.e.,
0=0 and then r =2a.

When0increases from O to ©t , r decreases from 2a
to 0. Thus the curve is as shown in the figure.

Now the required area =2 X area of the upper half of the curve

T T
=2'[ lrzd6=2J‘ la2 (1+c056)2d9, [vr=a(l+cos0)]
0o 2 0o 2
T Y
=a’ J. (2 cos” l9)2 Ao :4a2J. cos? l9d9.
0 2 0 2

Nowputilezq)sothat%ﬂlequ).

Also when8=0,0=0 and when®=mn,p=m/2.
n/2 3.1

the required area = 81,12]. cos* 0do= 8a> 2.
0

i E,by Walli’s formula
4.2 2

=3na®/2.

Example 15:  Find the area of a loop of the curve r = a cos 30 + b sin 36 . (Meerut 2000)
Solution: In the given equation of the curve put a=kcoso,b =ksino so that
k= (a*+b*)and a=tan"! (b / a).
Thus the given equation reduces to r = k cos 30 cos o. + k sin 30 sin o
or r =k cos (36—oc)=kcos3(9—éoc). (Note)
Now rotating the initial line through an angle o./3, the given equation of the curve
becomes

r=kcos3(6+%o¢—%a)=kc0536. (Note)
It should be noted that the rotation of the initial line changes only the equation of the

curve and has no effect on its shape. Therefore the area of a loop of the given curve is
the same as the area of a loop of the curve r = k cos 36.

The curve r = k cos 30 is symmetrical about the initial line.

Putting » =0 in it, we have
cos30=0 ie,30=xn/2ie.0=xm/6.
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one loop of this curve lies between® = - n / 6 and 0 = + © / 6 and it is symmetrical

about the initial line.

/6 ] 9
. therequiredarea=2. J 3 r < de, (By symmetry)
0

n/6
:_[ k2 cos? 30 d6 .
0

Nowput36 = t, sothat3 d6 = dt. Alsowhen® =0,t =0andwhen®=n/6,t=n /2.

K2 pm/2 9
g therequiredareaz?‘[ cos“ tdt=—-—-—m=—m
0

=(a® +b*) /12 [+ k2 =a® +b° ]

@mprehensive Exercise 4

1. Find the area between the following curves and the given radii vectors :
(i) The spiral o2 =a;0=0,0 =B.
(ii) The parabola//r=1+cos6; 6=0,0=0..
2. Find the area of the loop of the curve r =40 cos 6 between® =0 and® =1 / 2.

3. (i)
(ii)
4. ()
(ii)
5. (i)
(ii)
6. (i)

(Kanpur 2009)
Find the area of one loop of r = a cos 46.
Find the area of a loop of the curve r =asin 30.
Find the whole area of the curve r = a sin 20. (Bundelkhand 2009)
Find the whole area of the curve r = a cos 20.
Find the whole area of the curve 1> = a” cos” 0 + b” sin® 0.
Find the area of the cardioid r =a (1 — cos 0) . (Kumaun 2014)

Show that the area of the limacon r =a + b cos 0, (b < a) is equal to

T (a2 +lb2).
2

Prove that the sum of the areas of the two loops of the limaconr =a + b cos 6,
(b>a)is equal ton 2a® +b%) /2.

7. Calculate the ratio of the area of the larger to the area of the smaller loop of the

CUI'V€7’=21+C0829.

8. Showthat the areaof aloop of r = a cos n@isn a*/4n,n being integral. Also prove

that the whole area is 7 a2 /4orm a? /2 according as n is odd or even.

9. Trace the curve r =V 3 cos 30 + sin 30, and find the area of a loop.
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@nswers 4

1 Lol 1151 o
1. (i) 2a log (B /o) (11)41 [tan2a+3tan 20(] 2. 96 (= - 6)
3. (i) ma® / (16) (ii) ma® / (12)

4) ma® /2 (i) ma® /2

@) %n(aﬁ +b?) (ii) 3ma®/ 2
7, Am+343 9.1/3

2n-3+3

6 AreaBounded by Two Curves (Polar equations).

To find the area bounded by two curves given in polar form is explained by the
following examples.

Illustrative Examl)les

Example 16:  Find the area common to the circles r = aN 2 and r = 2a cos 0.

(Agra 2000; Kumaun 08; Meerut 05, 11, 12; Rohillkkhand 11B;
Kanpur 14; Purvanchal 14)

Solution: The given equations of circles are r=a2 and r=2acos®. The first
equation represents a circle with centre at pole and radius a \ 2. The second equation
represents a circle passing through the pole and the diameter through the pole as the
initial line. Both these circles are symmetrical about the initial line. Eliminating r
between the two equations, we have at the points of intersection
aN2=2acos0,ic,cos0=1/V2,ie,0=%mn/4.
Y N

=T
=3
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Thus at P ,0 =7 /4. For the circle r =2acos9,at O,r=0 and socos9=0

i.c.,ezln.
2
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Now the required area = Area OQAPBO
=2 (area OAPBO), (by symmetry)

=2 [Area OAP + Area OPBO)]

2

1 /4 9
=2 —f r % 40, for the circle r= a2
0

1 ¢n/2 9
+ 3 j r © de, for the circle r = 2a cos 0

n/2

40“/4 (av2)? de+f

n /4

/2
= 2a” (65" + 24* |

/4

. /2
=24" (E) +2a° |:9 40 29:|
4 2

/4

(2a cos 9)2 de

(14 cos 20) do

/4

| S R
2

=—Ta +§na —a’ =na® -a® =d® (m-1).

Example 17:  Find the ratio of the two parts into which the parabola 2a = r (1 + cos 0) divides
the area of the cardioid r = 2a (1+ cos ©).

Solution:

or

or

or

2a (1+cos 0) =2a / (1+ cos 0)
cos 0 (cos®+2)=0
cos0=0, [.-cosO=—-2]
0=+m/2.

Thus at the point of intersection P of the

two curves, 0 =1 /2.

Eliminating r between the given equations of the curves, we get

or (I+cos 9)2 =1

Now area of the whole cardioid

T
:2><lj. rzde,
2Jo

(by symmetry)
T2 2
=I 4a” (14 cos 0)” 40
0

Y =T r=2a
PR
B
=T \Q=0,‘r=a R
0=m 0 |A =0
r=0 =4a
Q




Areas of Curves

[1—155‘]3\%
T T
=4a2_[ 2 cos® l9)2 e = I6a2J- cos? l6 Ao
0 2 0 2
2 (V2 4 1 ]
=16a J cos™ ¢.2d¢, (putting 3 0 = ¢ so that 3 Ao =do;
0

also when6=0,¢6=0 andwhenezn,q):%n)

w

23242 3L B _gn 2. (1)

I
2

o
b

2a
1+ cos©

1 n/2 9
Area OACPO = EJ‘ r < de, for the parabola r =
0

4a2J~TE/2 40

/2 4 1
—2=—j sec’ —0d0
0 (I+cos 0) 2 Jo 2

n/2
:lazj. (1+ tan’ l9)sec —Gde
0 2 2

, L1 T2 2
=a® [tanle+ltanjle] =a’ (l+1)=4i~ ..(2)
2 3 2 1y 3 3

T
Also area OPBO = lJ. r 2 de, for the cardioid r=2a (14 cos 0)
n/2

Y
J (14 cos 9) d6=2a2J [l+2cose+cos2 0] do
2 m/2 n/2

T
=2a2j (1+2cose+l+lc0329)de
n/2 2 2

9 [3 . 1. T3 9
=2a”|=0+2sin®+—sin20| ==ma” —4a”. ..(3)
2 4 /2

Adding (2) and (3) and multiplying by 2, we get the whole area included between the
two curves Le., the area of the smaller portion of the cardioid

=2 X éa2+(3m2—4az) [Sn—m}
3 2 3
L2 n 1. ..(4)
Also the shaded area (i.e., the area of the larger portion of the cardioid)

= (Area of the whole cardioid ) — (unshaded area) i.e.,= (1) — (4)
:6na2—%a2(9n—16):la2(9n+16). (5)

2
) a“ 9n +16)
Ratio of the two parts = Larger area _

Smaller area

_In+l6
a> 9n-16) 9716

W=l =
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Example 18:  Find the area lying between the cardioid r = a (1 — cos ©)and its double tangent.
Solution: Let PQ be the double g=" ‘
2

tangent of the cardioid. Clearly it
is perpendicular toOX i.e., it must
be inclined at an angle of 90° to the

initial line i.e.,y =90° at P.

Also we know that at any point of a Q

curve,

v=0+0¢. (1)

Now
tan 0=7(d0 /dry=r/ (dr/ do)
=a(l-cos®)/(asinB), [vr=a(l-cos0)]
25111216 1
2sin—0cos =06
2 2
1
=—0.
¢ 2
Putting the value of ¢ in (1), we get
1 3
=0+-0==0.
=R

SinceatP,qf:lTr,,thereforeatP, l7t=§6 or 6=£.
2 2 2 3

- the vectorial angle of the point of contact P of the double tangent is 7t/3 i. e.,60°.
Substituting this value of 6 in the equation of the curve, we get the radius vector
OP =a(1-cos60°)=a /2.

Thus in the triangle OPM ,
0P=2la,4POM ~60°, 2 PMO =90°.

OM=2161COS600 =
and PM =%asin 60° =

~. area of the triangle OPM = % OM . PM = (l a) (V3a/4)=(1/32)a* V3.

1
2 \4
Also the sectorial area OPO of the cardioid r = a (1 - cos 0) i.e., the dotted area

n/3 n/3
=%J‘ r%i@:%_[ a’ (l—cosG)2 Ao
0 0
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n/3
:1(12"‘ (I—2cose+%+%cos26)d6

0
n/3
L |:§9—25in9+lsin29]
27 |2 4 o

=12 (ln—\/3+l\/3)=%a2 (4 - 73).

Hence the required area (i.c., the area shaded by vertical lines)

=2 [area of A OPM — area of sector OPO]

|

_ 2 _ _ L2 _
= [32 V3 - 6 a* (4n 7V3)]_ a* (153 - 8n).

Example 19:  Find the area of a loop of the curve r = a sin 30 outside the circle r = a/2 and
hence find the whole area of the curve outside the circle r = a / 2.

Solution: Eliminating r between the two YAg=T n
given equations, we get (a / 2) = a sin 30 2 =3
ie., sin 36 = 21

ie., 30=n/6 or 5m/6

ie., 0=n/18 or 5mn/18

ie., 6=10° or 50°.

Thus the loop of the curve r = a4 sin 30 lying
between =0 and 6 =7 /3 intersects the r =%a

circle r = a / 2 at the points B and B” where
0=10° at Band0=50° at B’. This loop is
symmetrical about OA and6=mn /6at A.
Now the required area of aloop of the curve r = a sin 30lying outside the circler = a / 2
= the area BAB’ CB (i.e., the shaded area)
=2 xarea BACB, (by symmetry)

=2 X [(area of the curve r = a sin 36 between the radii vectors OB
and OA ie.,0=7n/18and0=m/6) — (area of the circler =a /2
between the radii vectors OB and OC i.c.,6 =n /18 and0=1/6)]

1 n/6 9
=2 —J r“ d0, for the curve r = a sin 30
2Jr/18

1 n/6
2Jdr/18

n/6 n/6 ﬂ2
=j a? sin® 30 40 — J. —de
n/18 n/18

2 4o, for the circle r = g:|
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2 /6
a a /16
=— 1- 60) do — o]
2 Jn/lS (1= cos 66) (B8
_ Ee_sm69:|n/6 o [n_ n]
2L 6 l.ng 416 18
a* —{n smn} {n 1 n} a
=—|3=- —{—=-=sin—¢|-— =
21l6 o 18 6 3 4 9
_a|z [x 1 A3l| an
216 (18 6 2 36
2 2
S P B P N
219 12 36
Again the curve r = a sin 36 has 3 equal loops. [ n =3 which is odd.]

.. whole area of the curve r = a sin 30 outside the circle r = a/2
=3 xarea BAB’ CB i.e.,3 times the shaded area

“3x b 2r+33] = 21 +33].
72 2%

@mprehensive Exercise 5

1. Find the area outside the circle r=2acos6 and inside the cardioid
r=a(l+cos0).
2. Find the total area inside r = sin 6 and outside r =1 - cos 6.
3. Find by double integration the area lying inside the circle r = 4 sin 6 and outside
the cardioid r =a (1 - cos 6).
4. Find the area common to the circle r = a and the cardioid r = a (1 + cos 6).
(Meerut 2007)
5. Find the area of the portion included between the cardioidsr = a (1 + cos 8) and
r=a (1-cos0).
6. Show that the area contained between the circle r = a and the curve r = a cos 5601s
equal to three-fourth of the area of the circle.
7. Find the area between the curve r = a (sec 8 + cos 6) and its asymptote.
(Purvanchal 2010)
8. Ois the pole of the lemniscate r? = a? cos 20 and PQ is a common tangent to its

two loops. Find the area bounded by the line PQ and the arcs OP and OQ of the
curve.
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@HSWQI’S S5
1. na®/2 2. 1-(n/4) 3. a® {l-(n/4))

4. 4* (%n—2) 5. 2a° (%1‘5—2) 7. 5ma®/4

8. éa2(3\/3—4)

I Cartesian Equations Changed to Polar Form

Sometimes it is convenient to find the required area if the given cartesian equation of
the curve is changed to polar form by putting x =rcos® and y =rsin6.

Example 20:  Find the area of a loop of the folium 24 yg =3axy . (Meerut 2001)

Solution: Changing the equation of the curve
© +y3 =3axy into polar form by putting
x=rcos@and y =rsin®,we have

(r cos 9)3 + (r sin 6)3 =3a (r cos 0) .(r sin 0)

or r=3ﬂcosesine/(cos3 0 + sin’ 0). ...(1)

From (1), 7 =0 when6=0 and when®=m /2.
~. the loop lies between 6 =0 and 8= / 2.

Hence the required area of the loop

=1J‘1t/2 .2
2Jo

2
/2
2 j [ 3405 §sin 6 ] dae, putting for r from (1)

cos> 0 +sin> 0

_9a n/2 cos 9 sin’ 0

d4e
2 Jo (Cos3 0 + sin’ 6)2

_ 94> J’“/Z tan” 0 sec 2 0
2 Jo (I+ tan> 0)*

’

dividing the numerator and the denominator by cos® 0.
Now put I + tan> 0 =t so that 3 tan” 0 sec” 0 40 = dt .
Also when0=0 ,f=1and when 0 — 7 /2,t — <.
~. area of the loop
_9a° 1 de 3a>[ 117 3d®
2 b 7'5_7[_?]1 T2




— Krisfna's T.B. Integral Calculus

}‘[ 1160

@)mprehensive Exercise 6

1. Find the area of a loop of the curve P y4 = 4a2)g/ .

2. Find the area of a loop of the curve (x2 + y2 )2 = 4axy2.
3. Prove that the area of a loop of the curve O+ y6 =a® y* Pis na® /12
4. Find the area of a loop of the curve x* +3 2 y2 +2yt = a* xy .
5. Prove that the area of aloop of the curve x* + p° = 5ax” y? is five times the area
of one loop of the curve 2 =a” cos 20. (Purvanchal 2014)
@nswers 6
1. &2 /2) 2. /4 3. iaz log 2

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

1. The area bounded by the axis of x, and the curve y= sin? x and the given
ordinates x =0, x = g is

T Tl?2

T
(a) 2 (b) Y (©) ) d m

2. The loop of the curve 3 a y2 = x (x — a)* will lie between

(@) x=0,x=a b)) x=—a,x=a
(¢) x=0,x=-a d y=0,y=a
3. The area of one loop of the curve 72 = a® cos 20 is
2 2 2

2 “ 347 “
@ a ®) © = @
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4. The whole area of the ellipse —5-+=——=11is
a b
(2) gab (b) mab © w2 ab (d) ZTT“ ab

(Agra 2006; Bundelkhand 06, 08; Kumaun 09)
5. The area of the curve r = a is

(a) na’ (b) 2ma (c) 2ma’ (d) 4na’
(Rohilkhand 2006)
6. The whole area of the curve r = acos n@ is na” /4 if n is:
(a) odd (b) even
(¢) odd and even both (d) none of these (Kumaun 2008)

7. Quadrature is the process of evaluating the
(a) length of plane curves (b) area under plane curves
(c) volume formed by revolution of curve about the axis
(d) none of these (Kumaun 2010)

Fill in the Blank(s)

Fill in the blanks “...... 7, so that the following statements are complete and correct.
The process of finding the area of any bounded portion of acurveiscalled...... .

2. If f (x)is a continuous and single valued function of x, then the area bounded by

the curve y = f (x) the axis of x and the ordinates x=aand x=bis ...... .

mo

3. The area between the curve r=ace and the given radii vectors ® = 0,0 =B is

4. Thecurver=asin36has ...... loops.

5. The area bounded by the axis of x,and the curve y = ¢ cosh (ﬁ) and the ordinates
c

x=0,x=ais...... .

True or False
Write “T" for true and “F’ for false statement.

1. If r= f () be the equation of a curve in polar co-ordinates where f (0) is a
single-valued continuous function of 8,then the area of the sector enclosed by the
curve and the two radii vectors =6, and 6=0y (6;<6,), is equal to

0=0
1 2 e,
2 Jo=p,

2. The number of loops in r = a cos n 6 is n or 2n according as n is even or odd.

3. The area of the astroid x2/3 +y2/3 =a?P is%naz.

(Agra 2003)
4. The area of ellipse x* / a* + y* / b* =1is 24> b. (Agra 2002)
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Multiple Choice Questions

1. (a) 2. (a) 3. (b) 4. (b) 5. (a)
6. (a) 7. (b)

Fill in the Blank(s)

b

1. quadrature 2. I f (x) dx

2
3. “—(62'"3—62"”") 4. three 5. ¢?sinh &

4m c

True or False
1. T 2. F 3. T 4. F




( Chapter ) -
‘0
‘ 4
Rectification

(Lengths of Arcs and Intrinsic Equations
of Plane Curves)

1 Rectification

he process of finding the length of an arc of a curve between two given points is called
rectification.

2 Lengths of Curves (Meerut 2009B)

If s denotes the arc length of a curve measured from a fixed point to any point on it, then
as proved in Differential Calculus, we have

%:i\/{l+(%)2 }

where +ive or—ive sign is to be taken before the radical sign according as x increases or
decreases as s increases. Hence if s increases as x increases, we have

s - e
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Integrating, we have s = J-x '\/ {1 + (%J } dx,

where a is the abscissa of the fixed point from which s is measured.

Hence the arc length of the curve y = f(x) included between two points for which

b 2
x=aandx=bisequalt0j. \/{1+(dl) }dx, b > a).
a dx

Sometimes it is more convenient to take y as the independent variable. Then the
length of the arc of the curve x = f(y) between y =a and y =b is equal to

2
b
j \/{n[@} }dy, b>a).
’ &
Remark:  Suppose we have to find the length of the arc of a curve (whose cartesian

equation is given) lying between the points (x;, y;) and (xy, y9) . We can use either of
the two formulae

s:sz \/{l+(dy/dx)2}dx and s:j
X 1

e/ Py dy

If we feel any difficulty in integration while using one of these two formulae, we must
try the other formula also.

Illustrative Examlales

Example 1:  Show that the length of the curve y = log sec x between the points where x = 0 and

x:lnislog(2+\/3).
3 (KKanpur 2005; Rohilkhand 14)

Solution: The given curve is y = log sec x. (1)
Differentiating (1) w.r.t. x,we get b sec x tan x = tan x .
dx  secx
2 2
Now (ﬁ) :I+(dl) =1+ tan® x = sec’ x. ..(2)
dx dx

If the arc length s of the given curve is measured from x =0 in the direction of x

. . s
increasing, we have = =secx or ds=secxdx.

Therefore if s; denotes the arc length from x =0 to x = % nt, then

51 n/3 n/3
JO ds=J. sec x dx = [log (sec x + tan x)]O
0

or sl:[log(secén+tan%n)—logI:|:log(2+\/3).
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Example2:  Find the length of the arc of the parabola yz = 4ax extending from the vertex to an

extremity of the latus rectum. (Lucknow 2005; Meerut 09)
Solution: The given equation of parabola is Ya
2
= 4ar . (1 (6 )~
J (1) PAL (a, 24)

The point O (0,0) is the vertex of the parabola and the
point L (a,2a) is an extremity of the latus rectum LSL’. (0, 0) (a, 0)

We have to find the length of arc OL . Differentiating (1) 0O S X
w.r.t. x,we get 2 y (dy / dx) =
dy /dx=2a/y or dx/dy=y/2a. L‘\
2 2 9 '
Now (LR 1+ el 1+ Yv
& &)~
1 2 2
=—s 4a” + . (2
(4 ) 2)

If ’s” denotes the arc length of the parabola measured from the vertex O to any point
P (x, y) towards the point L, then s increases as y increases. Therefore ds / dy will be
positive. So extracting the square root of (2) and keeping the positive sign, we have

ds

—= ! \/(4a +y) or ds:i\/(4a2+y2)dy.
dy 2a 2a

Let s; denote the arc length OL . Then
J' ds_J' 21 V@ + %) dy

9 2a
or s] = o |:)7 \/(4a2 +y2)+%log {y+\/(4u2 +y2)}
0
=LV @a? +4a) + 24 log {2a + (8a%)} - 0 - 2a* log (24)]
a
=i[2 V2a? +24® log {(2a + 2 2a) / 2a}]
a
{l

w2+1og 1+V2)]=a[V2+log 1+V2)].

Example 3:  Find the perimeter of the loop of the curve 3ay* = x> (a — x).

(Meerut 2000, 04, 06B, 07B, 11B; Purvanchal 10; Kashi 14)
Solution: The given curve is 3@;2 =¥ (a—x). (1)

Here the curve is symmetrical about the x-axis. Putting y = 0,we getx =0,x = a .So the
loop lies between x =0 and x = a . Differentiating (1) w.r.t. x, we get

6aydl:2m_3x2 or Y _xQa-39
dx dx 6ay
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2 2 0. g2 a2
1+(dl) R (2a2 32x) 1. x> (2a - 3x)
dx 36a” y 124 * (a - x)
[Substituting for 3@/2 from (1)]
L (20— 30" _12a” —12ax + 2a - 3x)* _ (4a—3x)°
12a (a—x)_ 12a (a - x) 124 (a—x)

the required length of the loop

= twice the length of the half loop lying above the x-axis

2 [ V() a2 ) V2

[By symmetry]

R (;a) .[(j (4?;—3;)) =7 (ll’)a) .[oﬂ - (\7(; f)x-; =
=¢é@ﬂ[3$i3+v¢1@}“
- \/éﬂ) J'(j 3 (a—x)+a(a—x""2]de
= V(;ﬂ) |:—3~%(a—x)3/2 —a.2 (a—x)‘/z]z
=®[2a3/2 +24°72] = 32

Example 4:  Find the length of the astroid x> + y2/3 = a2/3.

(Meerut 2002, 03, 13B; Kumaun 02, 10; Agra 05; Purvanchal 08; Kashi 12)

Solution: The given astroid is PRI +y2/3 =a?3, (1)

The curve is symmetrical in all the four quadrants. For the arc of the curve in the first
quadrant x varies from O to a. Differentiating (1), w.r.t. x, we get

_ 2 _ynd
ex: ”3+§y 1/3%4) y
1/3
so that dl:—(l) .
dx X

the required whole length of the curve

=4 x length of the curve lying in the Ist quadrant

= \/{H(”’J’J }dx af \/{n 2/3)
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1/3

_ J.ﬂ V2B 4 p 283 _4-[

0 1/3

:4“1/3_[ U3 g 403 [_Xm] _éa.
0 2 0

@mprehensive Exercise 1

1. (i) Find the arc length of the curve y = % - ilog x fromx=1tox=2.

(Meerut 2012B)

_lfromx=1t0x=2.

(ii) Find the length of the curve y = log ‘ -
e

(Meerut 2004B; Agra 06; Avadh 08; Kanpur 11; Rohillkkhand 13; Kashi 13)

2. (i) Showthatinthecatenary y =c¢ cosh (x / ¢) ,thelength of arc from the vertex
to any point is given by s = ¢ sinh (x / ¢).
(ii) If s be the Iength of the arc of the catenary y = ¢ cosh (x / ¢) from the vertex
(0,¢) to the point (x, y) , show that s> = y* —¢? .
3. (i) Findthelengthofanarcof the parabola y2 = 4ax measured from the vertex.
(ii) Find thelength of the arc of the parabola yz = 4axcut off by itslatus rectum.
4. (i) Find the length of the arc of the parabola = 4ay from the vertex to an
extremity of the latus rectum. (Kanpur 2008; Purvanchal 09)
(ii) Find the length of the arc of the parabola 2 =8 y from the vertex to an
extremity of the latus rectum.
5. (i)  Findthelength of the arc of the parabola y* = 4axcut off by theline y = 3x .
(ii) Show that the length of the arc of the parabola y2 = 4axwhich is intercepted

between the points of intersection of the parabola and the straight line

15
3y=8xisa|log2+—|
16 (Gorakhpur 2006; Purvanchal 06)

6. (i) Find the perimeter of the curve 2+ y2 =a?.
(Avadh 2010; Rohilkhand 12B)
(i) Find the length of the arc of the semi-cubical parabola ay” = x> from the
vertex to the point (a,a). (Bundelkhand 2010)
7. (i) Showthatthelength of the arc of the curve 2 =a® (I-e yia )ymeasured from

the origin to the point (x, y)is alog {(a +x)/(a—x)} —x.
(Rohilkhand 2010B)

(ii) Prove that the length of the loop of the curve 3@72 = x (x—a)® is 4a/\3.
(Meerut 2005B, 08, 09B)
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8. (i) Find the perimeter of the loop of the curve 9@/2 =(x—2a) (x - 5a)2.

(ii) Showthat the whole length of the curve e (a2 - xz) =8a° yZ is mav2.
(Bundelkhand 2006; Purvanchal 11)

@nswers 1

(i) %+ilog2 (ii) log (e+%)
2 2
3. (i) L{y\/(yz+4a2)+4a210g{—y+\/(y +da )H
4a 2a

(ii) 2a[N2+1log (1+2)]
4. (i) a[V2+log(1++v2)] (i) 2[V2 +log (1+2)]
P ﬂlzx/9(13)+log{2+i(13)ﬂ

. |
6. (i) 2am (ii) ﬁa[IBN/(IS)—S]
8. (i) 4av3

3 E.quations of the Curve in Parametric Form  (Meerut 20098)

If the equations of the curve be given in the parametric formx = f (¢ ), y = ¢ (¢ ) ,thens
is obviously a function of ¢ .In this case if we measure the arc length s in the direction of

t increasing , we have

A R R E R

On integrating between proper limits, the required length
t2 dx 2 d_)} 2
$T f \/ {(d_t) + (d_t) dt. (Meerut 2003)

]llustrative Examl)les

Example 5:  Show that 8a is the length of an arch of the cycloid whose equations are

x=a(t-sint), y=a(l—cost).
(Agra 2002; Meerut 06; Rohilkhand 08; Kashi 11; Avadh 12; Purvanchal 14)
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Solution: The given equationsofthecycloidare x=a (t-sint), y=a(l-cost).

We have dx / dt =a (1-cos t),and dy / dt = a sin t.

1 1
. 2sin—tfcos—t
dy dy/dt  asint 9 9 zcotlt.

dv dv/dt a(l-cost) o2 ]

n" —t
2
Ys t=Tm
B(am, 2a)
ole=0 M A X
t=2m

Now y =0whencos t =lie,t =0.Att=0,x=0, y =0anddy / dx = e. Thus the curve
passes through the point (0,0) and the tangent there is perpendicular to the x-axis.
Again yis maximumwhencos t =—lie,t=n.Whent=n,x=an,y =2a ,dy / dv =0.
Thus at the point (am, 2a) the tangent to the curve is parallel to the x-axis.

Also in this curve y cannot be negative. Thus an arch OBA of the given cycloid is as
shown in the figure. It is symmetrical about the line BM which is the axis of the
cycloid.

2 2 2
We have (é) = (@) + (dl) ={a(l-cost )}2 + (asint )2
dt dt dt

= a® {(2sin’ %t)2 +(2$in%tcos2lt)2}

2 1

=4a” sin Et(sinzzlt+cos2%t)=4a2 sin221t. (1)

If s denotes the arc length of the cycloid measured from the cusp O to any point P
towards the vertex B, then s increases as t increases. Therefore ds / dt will be taken with
positive sign. So taking square root of both sides of (1), we have

ds/dt:2asin%t or ds:2asin%tdt.

At the cusp O,t =0, and at the vertex B, t =m.
Now the length of the arch OBA =2 x length of the arc OB

T 1 11" 11"
:2J. 2asin—tdt:4a[—2cos—t] :—Sa[cos—t}
0 2 2 0 2 0

=—8a[0—-1]=8a.

. 1 3
Example 6:  Find the length of the loop of the curve x=*, y =t — — > .
xample ind the length of the loop of the curve x y 3 (Kanpur 2010)

o 1
Solution: Eliminating the parameter ¢ from x = t* and y=t- 3 £,
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wegety2 =)c(l—éx)2

as the cartesian equation of the curve and hence we observe

that the curve is symmetrical about the x-axis. The loop of the curve extends from the

point (0,0) to the point (3,0). Putting y =0 in y=1¢- % £, we gett=0and t=3.

Therefore the arc of the upper half of the loop extends from ¢ =0 to ¢ =V 3.
Now the required length of the loop

=2 x length of the half of the loop which lies above r-axis
V3 2 2
V)]
0 dt dt
. 2 I 520
=2j V1@ + (-5 367y de
0

v N
=2j Sy (l+ 22 +t4)dt=2j U+ 2) de
0 0

373
:2|:t+%:| —o[N3+V3]=4V3.

0
Example 7:  Show that the length of an arc of the curve
xsint+ ycost=f'(t), xcost— ysint=f'’(t) isgiven by

s=f(t)+ f ' (t), wherec is the constant of integration. (Agra 2003)

Solution: The given equations of the curve are xsin¢+ ycost= f'(¢)
and xcost— ysint=f'"(t).
Multiplying (1) by sin ¢ and (2) by cos t and adding, we get
x (sin? ¢ + cos’ t)=sint.f’ (t)+cost.f " (t)
or x=sint f’(t)+cost f''(t).
Again, multiplying (1) by cos ¢t and (2) by sin ¢ and subtracting, we get

y=cost f’'(t)—sint f'(t).
Now differentiating (3) and (4) w.r.t. t, we get

de/dt=cost f’(t)+sint f’'(t)+cost f'/"(t)—sint [’/ (t

=[SO+ f77 ()] cost
and dy /de=—[f"(t)+ f'" " (¢t)]sint.

Now if s be the arc length in the direction of ¢ increasing, then

F V) )]

=Vlcos™ £ (f 7 (¢)+ f 77/ (O)F +sin e (f 7 (€)+ 7 (t)
=[f'(t)+f"'(t)]\/(coszt+sin2t)=f’(t)+f"'(t

(1)
(2)

.(3)

(4)

1]




Rectification (Length of Arcs and Intrinsic Equations of Plane Curves)

7

Integrating both sides, we have s = J- Lf @)+ f 7 (t)]dt+c

=f )+ f’ (t)+c,wherec is the constant of integration.

@mprehensive Exercise 2

1. (i) Find the whole length of the curve (astroid) x = a cos’ ¢, y=a sin’ ¢
(Rohilkhand 2011)
(ii) Find the whole length of the curve (Hypocycloid)
x=acos t, y=bsin3 t.
2. Rectify the curve or find the length of an arch of the curve
x=a(t+sint), p=a(l-cost). (Rohilkhand 2009B)
3. Prove that the length of an arc of the cycloid x=a(t+sint), y=a(l-cost)
from the vertex to the point (x, y) is J (S8ay).  (Bundelkhand 2007; Meerut 12)
4. Find the length of the arc of the curve
x=c'sint, p=e’cost,fromt=0 t0t=21n.
(Kumaun 2008; Kanpur 09)
5. Show that in the epi-cycloid for which
x=(a+hb)ycos®O—bcos{(a+Db)/b}6,
y=(a+b)sin0-bsin{(a+b)/b}6,
the length of the arc measured from the point © = nb / a is
{4b (a+ D)/ a}cos{(a/2h)8}.
6. In the ellipse x=acos ¢, y =bsin ¢, show that ds=a V(- & cos® ¢) A9, and

hence show that the whole length of the ellipse is

(1)2 2 (13) & (13.5) &
2mall-|=| —=|—| =—-|—| —-...|,
2 1 (2.4) 3 |(246) 5

where ¢ is the eccentricity of the ellipse. (Meerut 2005)
@nswers 2
1. (i) 6a (i) 4 (0> +ab+a*) /(b +a)

2. 8a 4. V2["? -1
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4 Eguation of the Curve in Polar Form

For the curver = f (8), if we measure the arc length s in the direction of @ increasing, we

o R

On integrating between proper limits, the required length

=g o[

If the equation of the curve be 6 = f (r), then the required length is given by
) dq 2
= L+|r—1 dr
S J-rl \/{ (r d}’J } 3

Illustrative Examlales

have

Example 8:  Find the perimeter of the cardioid r = a (1 — cos 6) .

(Meerut 2007; Bundelkhand 11)
Solution: 'The given curve is 7 = a (1 — cos ). (1)
It is symmetrical about the initial line.

We have r =0 when cos0=11ie,0=0. Also r is P, 6) 1Y
maximum whencos 8 = — li.e.,0 = m and then r = 2a.
As 0 increases from O to «t , r increases from O to 2a .

So the curve is as shown in the figure. =Tk 24 =0,
A O X

By symmetry, the perimeter of the cardioid

=2 x the arc length of the upper
half of the cardioid.

Now differentiating (1) w.r.t. 6, we have

dr / d® = asin 6.
s} 2 dr 2 9 2 .9
We have —| =r“+|—| =a® (1-cos0)” +a”sin“ 0
de de
=a’ 2 sinzle)2+a2 2 sinlecos l9)2
2 2 2

=44’ sin’ l9 (sm ! =0 +cos” = ! 0)
2 2 2

— 4 sin® Lo (2)
2
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-

If s denotes the arc length of the cardioid measured from the cusp O (i.e., the point
0 =0) toany point P (r,0) in the direction of @ increasing, then s increases as@increases.
Therefore ds / 46 will be positive.

Hence from (2), we have

ds/de=2asinzle, or ds=2a sinzlede. (3

At the cusp O, 0 =0 and at the vertex A,0=m.

T
.. the length of the arc OPA = J- 2a sin % 00
0

o 0"
:4ﬂ|:—COS—:| :—4a|:cos—] =-4a(0-1)=4a.
21y 2o

.. the perimeter of the cardioid =2 x4a =8a.

Example 9:  Find the length of the arc of the equiangular spiral r = a ¢ " *, between the

points for which radii vectors are 1 and ry. (Kanpur 2007; Kumaun 09)

Solution: The given equiangular spiral is r = ae ® €t *, (1)

0 cot

Differentiating (1) w.r.t. 6, we get dr / d0 = ae .cot oo =r cot a, from (1),

Ao/ dr=1/ (rcot®),ie.,(rdo /dr)=tan® ..(2)
If s denotes the arc length of the given curve measured in the direction of r increasing,
we have

ds 2 (de)z

—= I+7r | — Note

dr \/{ g dr ( )

=1+ tan’ o) =" (sec2 o) = sec o, from (2)

or ds =seco.dr. (Meerut 2001B)

Let s denote the required arc length, i.c.,fromr =5 tor=mn.

s 7
Then -[01 ds = J ® secoudr = (seco) [r]:f or 51 = (seca) (rn —5).
1
Example 10: Prove that the perimeter of the limacon r =a + b cos©,if b / a be small, is

approximately 2 ma (l + % b az) .

Solution: The given curve is
r=a+hbcos6,(a>Dh). (1)

Note thatb / ais given to be small so we must have b < a. The curve (1) is symmetrical
about the initial line and for the portion of the curve lying above the initial line @ varies
from®=0tob=m.
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By symmetry, the perimeter of the limacon
=2 x the arc length of the upper half of the limacon.
Now differentiating (1) w.r.t. 6, we have dr /d6=—bsin6.

Y, e:l

2
I
I
,(a—b,n)//m(a+b,0)\
S e=n Q | > X
i
\
ds \2 9 dr YV 9 )
We have —| =r“+|—| =(a+bcos®) +(—bsinb)
Ao de

= a® + b? cos® 0 + 2ab cos 0 + b* sin® @
=a® +b® + 2ab cos 6.

If we measure the arc length s in the direction of 6 increasing, we have

ds / A0 = (a® + b* + 2ab cos 0)
or ds=\/(a2 +b% +2ab cos 0) 46 .

The arc length of the upper half of the limacon

2

1/2
b . T 2
=I \/(a2+bz+2abcose)d6=uj [l+%cose+b—,] d0
0 0 a a

(5

—=-1

T 2 2

:aJ. l+£cose+l~b—+L[4h—cosze) o

0 a 2 a? 21 a?

[Expanding by binomial theorem and neglecting powers of b / a
higher than two because b / a is small]

T 2
:aJ. [l+£cose+%h—(l—cos2 9)}519

a a2

2

b 2
=uJ‘ |:1+£cose+lb—sin26]d9
0 a 2a

g 2 n/2
=aHe+ﬁsme} +lb—22f sin2 ede}
o 2a Jo

1> 1= »?
=a|t+=-—=-2-—-=|=an|l+ —|-
2q 2 2 4a®

- the perimeter of the limacon =2 x an [1 + (b* / 4a®)] = 2an [1+ (b* / 4a*)].
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Example 11:  Ifs be the length of the curve r = a tanh % 0 between the origin and © = 21,and A
be the area under the curve between the same two points, prove that A = a (s — am) .

(1)

Solution: The given curve is r = a tanh % 0.

Differentiating (1) w.r.t. 0, we getdr / d6=a - 1 sech? 1 0.

2 2 . 2
We have (ﬁ) =724 (ﬂ) = a® tanh? l 0+ 2 ech? l 0
do L) 2 4 2

= 1 a’ 4 tanh? 1 0 + sech? 1 0]
4 2 2

L2 sen? Loyrsecnt Loj= L2 o sean? Lo)2. ()
2 D 773 7

If we measure the arc length s in the direction of 6 increasing, we have

ds/d@:la(Z—sech2 19)
2 2

[Retaining +ive sign while taking the square root of (2)]

or ds:la(2—sech216)d9.
2 2

Now at the origin r =0 and putting r =0 in (1), we get 6 =0.

.. the arc length of the given curve between the origin (6 =0) and 6 = 2x is given by
1 2n

s=—a (2—sech216)d9
2 Jo 2

=2an —atanh 1. ..(3)

Also the area between the radii vectors  =0,0 = 21 and the curve is
2n 2n
A:lJ. r2de=la2j tanhzlede
2Jo 2 0 2

9 (2" 2 1 L 9 1,.]°"

a J (1-sech® =0)d60=—a [9—2tanh—6}
2 2 2 1o

a® [27 — 2 tanh ©t] = a® [ — tanh 7]
=a [an — a tanh 1] = a [(2an — a tanh ©t) — an]

=a (s —am). [From (3)]
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5 Equation of the Curve in Pedal Form

Let p= f (r ) be the equation of the curve and r; and ry be the values of r at two given
points of the curve. Then by differential calculus we know that

ds r
dr (r2 - pz)
r . .
or ds = —= dr, where s increases as r increases.
N2 - )

On integrating between proper limits, the required length

I

s =

no Ve pz)

The value of p should be put in terms of r from the equation of the curve.

Remark:  1f the curve is symmetrical about one or more lines, then find out the length
of one symmetrical part and then multiply it by the number of symmetrical parts.

Illustrative Examl)les

Example 12:  Prove the formula s = .[ \/L

r)

Show that the arc of the curve p2 (a* + )y = a® r2 between the limits r = b, r = ¢ is equal in

length to the arc of the hyperbola xy = a® between the limits x=b,x=c .

Solution: From differential calculus, we know that

e ds 40\?
t = _ d _— 1 ) — .
ano=r pn o \/{ +(1 dr) ]

§=\/(l+ tan’ q))=\/(se(32 ¢) =sec ¢
B
1 1 1 .
Ccosd N(-sin? ¢) N{1-(p/r%)} [+ p=rsing]
= r .
Vo? =)
r
Thus dszmdr.
Integrating between the given limits, we get s = J- \/(+p2) dr (1)
F2_

Now the given curve is p2 (a4 + r4) =a*r?
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or p2=a4r2/(a4+r4).
5 . at r? 46
We have rl_Pzzrz_(ﬂ4+r4)=(a4+r4)‘ ..(2)

Therefore from (1), the arc of the given curve between the limits r = b, r =c¢ is

:_[C l=r rdr [From (2)]

b NG =) I At )
p 4, 4 p 4 4
:_[b %m:_{h %d". (3)

Also, for the hyperbola xy =d ie.,y =d / x,dy [dv=—a® ] ¥

the arc length of the hyperbola xy = a® between the limits x = b, x = ¢

=L€ \/{1+(Z—i)z}dx='[bg\/{l+1—:}dx

et +at et +at
=j de:-[b%dr

Changing th iabl
' = [Changing the variable

from x to r by a property of definite integrals]

oA A
—J. V@ +r7) )\ gr, .(4)

_b r2

From (3) and (4) we observe that the two lengths are equal.

@mprehensive Exercise 3

1. Find the entire length of the cardioid r = a (1+ cos 6).
(Purvanchal 2007; Rohilkhand 09, 11B)
2. Find the perimeter of the curve r = a (1 + cos 6) and show that arc of the upper half
is bisected by 8 =m / 3. (Gorakhpur 2005; Purvanchal 07)
3. Prove that the line 4 r cos 8 = 3a divides the cardioid r = a (1 + cos 0) into two
parts such that lengths of the arc on either side of the line are equal.
4. Show that the arc of the upper half of the curve r = a (1- cos 6) is bisected by
0=2m/3.
5. Findthelength of the cardioidr = a (1 — cos 8)lying outside the circler = a cos 6.

Find the length of the arc of the equiangular spiral r = a ¢ ® €t *

when 6 =0.

, taking s =0

7. Find the length of any arc of the cissoid r = a (sin2 0/cos0).
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8. Show that thewholelength of thelimaconr = a + b cos 6, (a > b)isequal to that of
an ellipse whose semi-axes are equal in length to the maximum and minimum

radii vectors of the limacon.

@HSWGIS 3

1. 8a 5. 4av3 6. aseca [¢¥CN% — ]

7.  f(6y)— f(®)), where f(9)=a\/(sec29+3)—u\/310g{c039+\/(Cos29+%)}

0 Intrinsic Equations

Definition: By the intrinsic equation of a curve we mean a relation between s and v,
where sis the length of the arc AP of the curve measured from a fixed point Aonittoa
variable point P, and y is the angle which the tangent to the curve at P makes with a
fixed straight line usually taken as the positive direction of the axis of x.

The co-ordinates s and y are known as Intrinsic Co-ordinates.

(a) To find the intrinsic equation from the cartesian equation:

. . 4
Let the equation of the given curve be Ya

y=f(x). Take A as the fixed point on the
curve from which s is measured and take the
axis of xas the fixed straight line with reference P (x, y)
to which vy is measured. Let P (x, y) be any A S

point on the curve and PT be the tangent at
the point P to the curve. \4
Let arc AP=sand Z PTX =y . o T
Now, we have tan y =dy /dx = f ' (x). ...(1)
Let a be the abscissa of the point A from which s is measured. Then

N e prane

Eliminating x between (1) and (2), we obtain the required intrinsic equation.

><V

Note: To find the intrinsic equation from the parametric equations
dy _dy/dt
dv  dv/dt

we use and then proceed as in case (a).

(b) Intrinsic equation from Polar equation:
Let the equation of the given curve be r = f (6).

Take A as the fixed point on the curve from which s is measured.
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Let P be any point (r,0) on the curve.

Let arc AP =s and £ PTX =vy, where OX is the
initial line.

If ¢ is the angle between the radius vector and the

tangent at P, then

r

tanp=r —=———
dr dr/de b%
:& (1)
f®
and Y =0+ 0. -(2)

Let o be the vectorial angle of the point A.Then we have

Szje \/{’2+(j—;)2}d9=ﬁ VILF O +(f ©®)1d0 ..(3)

o

Eliminating® and ¢ between (1), (2) and (3), we get a relation between s and y, which
is the intrinsic equation of the curve.

(c) Intrinsic equation from Pedal Equation:

Let the pedal equation of the curve be p= f (r). (1)
r rdr
Then = 55— (2
« No? =) .
the arc length s being measured from the pointr=a.
ds dr - (3)
Also the radius of curvaturep=—=r —-
dy dp

Eliminating pand r between (1), (2) and (3), we obtain the required intrinsic
equation.

Illustrative Examl)les

Example 13:  Show that the intrinsic equation of the parabola y2 =4ax is
§ = a cot Y cosec Y + a log (cot \y + cosec ),

 being the angle between the x-axis and the tangent at the point whose arcual distance from the
vertex is s.

Solution: The given parabola is yz =4ax . (1)
Differentiating (1) w.r.t. x ,we get 2 y (dy / dx) = 4a.
tany=dy /dv=4a/2y=2a/ y. ..(2)

If s denotes the arc length of the parabola measured from the vertex (0,0) in the
direction of y increasing, then
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r150)

s v
Integrating, J- ds = ZLJ. \/ (4a2 + yz) dy
0 avJo

. . . . . J
or s= [%y\/(ﬁmz+J/2)+2l~4;a2 log{y+\/(4az+yz)}]

L
2a 0
1

1

(95 )ig Ve + %)+ 54 og Ly + Va4 )5 -4a? log 2a]
=4_|:J; V(@a* + y*) +4a’ log

(3)

a 2a

y+\/(4ﬂ2 +y2)}

Now to obtain the intrinsic equation of the given parabola we eliminate y between (2)
and (3). From (2), we have y =2a cot y . Putting this value of y in (3), we get

2acoty + (4012 +4a® cot? )
2a

§= 4i |:2a cot y (4012 +4a® cot? )+ 4a® log
a

= 4i [(2a cot ). 2a (l+c0t2 V) +4a” log {cot y + \/(1+C0t2 )}l
a

=acot y cosec Y + a log (cot y + cosec W),

which is the required intrinsic equation.

Example 14:  Show that the intrinsic equation of the cycloid
x=a(t+sint), y=a(l—cost) is s=4asiny.
Hence or otherwise find the length of the complete cycloid.

(Meerut 2001, 06B, 07, 10; Agra 01; Kanpur 04; Avadh 04, 09, 10;
Rohilkhand 07 B)

Solution: The given equations of the cycloid are
x=a(t+sint), y=a(l—cost). (1)
We have de/dt=a(l+cost),and dy/dt=asint.

2sinltcoslt
2 2

dy _dy/dt _ asint =tanlt.
dc de/dt a(l+cost) 2coszlt
2
Hence tanluzdy/dx:tan%t or \u=2lt‘ .(2)

If s denotes the arc length of the cycloid measured from the vertex (i.e.,the point ¢ = 0)
to any point P (ie., the point ‘) in the direction of t increasing, then
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S=J.t \/ (@)2 +(dl)2 dtzr V{a® (1+Cost)2 +a’sin® t)dt
0 dt dt 0
! 2
:I V{2a* (1+cos t )} dt
0
¢ t
:ZaJ. COSltdt=2ll |:2 sinlt] =4a sinlt ..(3)
0 2 2 1y 2
Eliminating ¢ from (2) and (3), we get s =4asin y, ..(4)

which is the required intrinsic equation of the cycloid.

Second Part: In the intrinsic equation (4) of the cycloid the arc length s has been
measured from the vertexi.e.,the point y = 0.Atacusp,wehavet = nand y = n / 2.If 5
denotes the length of the arc extending from the vertex to a cusp, then from (4), we

have g =4asin%n=4a.

the whole length of an arch of the cycloid =2 x4a =8a.

Example 15: Find the intrinsic equation of the cardioid r = a (1+ cos 8), (Garhwal 2003)
and hence, or otherwise, prove that s2 + 9p2 =16a* ,where p is the radius of curvature at any

point, and s is the length of the arc intercepted between the vertex and the point.

(Meerut 2005B)
Solution: The given curve isr =a (1 +cos 0) . (1)
Differentiating (1) w.r.t. 6, we have dr / d8 = — a sin .

9 1
Ao r a (14 cos 0) 2 cos 59
tanp=r—= =
dr dr/de —asin®

—2sin19cosle
:—Cotleztan(1n+le).
2 2 2

Therefore ¢ = 1 T+ 1 0,
2 2

so that w=e+¢=e+ln+le=ln+§e
PR R D)
or L (2

2 3 2

If s denotes the arc length of the cardioid measured from the vertex (i.e.,0 = 0) to any
point P (i.e.,8 =0) in the direction of 6 increasing, then

0 2 0
Szj() \/{r2+(;i_g) }d9=2aj.o \/{(1+C089)2+Sin29}d9

0
:2aJ V{142 cos 0+ cos 0 +sin” 0} d0
0

(S 0 1
=2a J.() V{2 (1 + cos 6)}d6=2aJ.0 cos Eede

1.1° 1
=2a [2 sin—9:| =4asin — 0. ..(3)
2 1o 2
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Eliminating 6 between (2) and (3), we get s = 4a sin {31 (\u - 21 n)} , ..(4)

which is the required intrinsic equation.

Also p:j—:jzég—acos%(\u —%n), from (4)

1 1
Sp=4acos - (y-m). .5
or p acosg(\p 21t) (5)
Squaring and adding (4) and (5), we get
s2 +9p” = (4a)’ {sin’ % (y - % T) + cos’ %(w - % n)}

=16a* .1=164>.

Example 16:  Find the intrinsic equation of the equiangular spiral p=r sino. .
(Meerut 2000, 01, 04, 06, 09, 10B)

Solution: The given pedal equation of the curve is

p=rsino. (1)
Differentiating (1) w.r.t. r, we have
dp/dr=sino.
ds _ dr r

=7 cosec o . .(2)

E_rd_pzdp/drzsina

If we measure the arc length s from the point r = 0 in the direction of r increasing, we
have

r rdr r rdr r
5= = = sec o dr
J.O \/(rz—pz) J-O \/(rz—r2sin2a) J.O
=seco jrdr =seco [r]6 =75eco. ..(3)
0

Eliminating r between (2) and (3), we have
(ds / dy)  coseco.

=coto [Dividing (2) by (3)]
s sec o,
or ds /s =cot o dy.
Integrating, log s = y cot o + log a, where a is constant of integration
or log (s / a) =y cot o
or s=qge¥eore,

which is the required intrinsic equation of the curve.

Example 17:  Find the intrinsic equation of the curve for which the length of the arc measured
from the origin varies as the square root of the ordinate. Find also parametric equations of the
curve in terms of any parameter.
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Solution: Let s denote the arc length of the curve measured from the origin to any
point P (x, y) such that s increases as y increases. As given s o< \ ysothats=A1 \ b,
where A is some constant.

Choosing this constant A =\ (8a), we have (Note)
s=V(8ay) or s =8ay. (1)
Now differentiating (1) w.r.t. y,we have 2s(ds/dy)=8a
or ds/dy=4a/s. ..(2)
Now we know that dy / ds = sin y.
siny=dy /ds=s/4a [From (2)]
or s =4a sin y, which is the required intrinsic equation.

Again from (1), we have

2 2 2
zézwﬂfg%‘v [+ s=4asiny]
=a (1 -cos2vy). ..(3)
Also ﬁ=£-d—w=4acoswd—w '.'£=4ucosqf
dv  dy dx dx dy
or =4a Coswd—w [ ﬁzcos w}
cos dx ds
or dx = 4a cos® v dy =2a (1+cos 2y) dy. ..(4)
If x =0 when y =0, then integrating (4), we get
x y
I dx=2a.[ (I+cos 2y) dy
0 0
1 v
or x=2a[\|f+—sin2\|f]
2 0
or X =a[2y +sin 2y]. ..(5)

So from (3) and (5), the required parametric equations of the curve are
x=a@y+sin2y) and y=a(-cos2y),

which are the parametric equations of a cycloid.

@mprehensive Exercise 4

1. Prove that the intrinsic equation of the parabola = 4ay is

s=atany sec Y + alog (tan y + sec ).
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2. Find the intrinsic equation of the parabola yz =4ax .Hence deduce the length of
the arc measured from the vertex to an extremity of the latus rectum.
3. Show that the intrinsic equation of the semi-cubical parabola
3@/2 =2x> is 95 = 4a (sec3 v-1).
(Meerut 2005, 09B; Rohillkkhand 08B)
4. Find the intrinsic equation of the catenary y =¢ cosh (x/¢).
(Rohilkkhand 2007; Kumaun 08; Kanpur 14)
Hence show that ¢p = ¢® + %, where p is the radius of curvature.
5. Prove that the intrinsic equation of the curve
x=a(+sint), y=a(l+cost)iss+ay=0.
6. Find the intrinsic equation of the cardioid r =a (1 - cos ).
(Meerut 2007B; Avadh 05, 12; Rohillkhand 12)
7. Find the intrinsic equation of r = a ¢® ©°*% where s is measured from the point
(a,0).
8. Find the intrinsic equation of the spiral = 4, the arc being measured from the
pole.
9. Find the intrinsic equation of the curve pZ = -a
10. In the four-cusped astroid 283 4 y2 B g? /3, show that
G s= % acos 2 y, s being measured from the vertex;
(i) s= E asin® vy, s being measured from the cusp on x-axis;
2 (Purvanchal 2014)
(iii) whole length of the curve is 6a .
11. Find the cartesian equation of the curve whose intrinsic equation is s = ¢ tan y
when it is given that at y =0,x=0 and y=c.
@nswe rs 4
2. s=acot y cosec Y + a log (cot y + cosec y),a (N2 + log (1 + V2)}
4. s=ctany
6. s=8asin’ 1 1}
’ 6
7. s=aseca eV ote _q
8. s:%u [9\/(1+62)+10g{6+\/(1+92)}], where \u:6+tan_1 0
I 9
9. s=—a
D) v
11. y=ccosh(x/¢c)
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@b&iective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1. If the equations of the curve be given in the parametric form x = f (t), y =0 (¢),
and the arc length s is measured in the direction of ¢ increasing, then on
integrating between the proper limits, the required length s is given as

“Jtz\/{(dt) (dt)}dt o VG ()
AP E @ @) @)

(Meerut 2003)
2. For the curve r =a (1+cos 0), ds/d0 is
1 1
a) 2cos—0 b) 2acos—06
(2) 5 (b) 5
(c)ﬂcosle (d)iﬂcosle
2 2 2 (Kumaun 2011)

2
3. Ifx=acos’ t,y=a sin’ t,then (%) is

(a) (asint cos t)2 (b) (sint cos t)2
(¢c) Basintcos t)2 (d) 3asintcost

4. The entire length of the cardioid r = a (1 + cos 0) is
(a) 8a (b) 4a
(c) 6a (d 2a
5. Rectification is the process of evaluating the:
(a) double integrals (b) multiple integrals
(c) the length of arcs of plane curve
(d) the area under plane curve (Kumaun 2007, 08, 09)

Fill in the Blank(s)
Fill in the blanks “...... 7, so that the following statements are complete and correct.
1. The process of finding the length of an arc of a curve between two given points is
called .......
2. Thearclength of the curve y = f (x)included between two points for which x = a
andx=b(h>a)is ...... .
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3. The arc length of the curve y = 21 2 - % log x fromx=1tox=2is ...... .
4, Ifr=ae®®°'% thends=....... (Meerut 2001, 03)
d
5. d—i=\/ (Meerut 2001)
6. The length of an arch of the cycloid whose equations are
x=a(t-sint), y=a(l-cost)is ......
True or False
Write 1" for true and “F’ for false statement.
1. The length of the arc of the curve x = f ( y) between y =aand y =b,(b>a)is
2
b dx
equal to J. \/ I+ (—] dy.
a { dy
2. The relation between s and y for any curve is called its polar equation.
3. Iftheequation of the curve be® = f (r),then the arclength fromr =7 tor=p is
2
) ae
iven by [* 31+ (r 2] b
given by . \/{ (; dr) } r
4. Iftheequation of the curve ber = f (6),then the arclength from6 =6, to6 = 6, is
. 9y 2 dr 2
given by -[91 \/l’ + (%) } dr. (Meerut 2003)
5. The whole length of curve x*/3 + y?/3 = 4?/3 is 8a. (Agra 2002)
@I’ISWGFS
Multiple Choice Questions
1. (a) 2. (b) 3. (¢) 4. (a) 5. (c)
Fill in the Blank(s)
b 2
1. rectification 2. 1+ (dl) dx 3. 3 + 1 log 2
a dx 2 4
2
4. rcosecod® 5. {I + [r?] } 6. 8a
-
True or False
1. T 2. F 3.T 4. F 5.F
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Volumes and Surfaces of
Solids of Revolution

1 Revolution

S olid of revolution: If a plane area is revolved about a fixed line lying in its own
plane, then the body so generated by the revolution of the plane area is called a
solid of revolution.

Surface of revolution: Ifaplane curve is revolved about a fixed line lying in its own
plane, then the surface generated by the perimeter of the curve is called a surface of
revolution.

Axis of revolution: The fixed straight line, say AB, about which the area revolves is

called the axis of revolution or axis of rotation.

2  Volumes of Solids of Revolution

(a) The axis of rotation being x-axis.

If a plane area bounded by the curve y = f (x), the ordinates x = a,x = b and the x-axis revolves
about the x-axis then the volume of the solid thus generated is

Jj ny2 dx =Jj 7t[f(x)]2 dx,
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where y = f (x)isa finite, continuous and single valued function of x in theintervala < x< b .
Or
The volume of the solid generated by the revolution of the area bounded by the curve y = f (x),
b >
x-axis and the ordinates x = a, x = b about the x-axis is J. Ty 2 Iy.
a
Proof: Let ABbe the arc of the curve y = f (x)included between the ordinates x = a
and x = b. It is being assumed that the curve does not cut the x-axis and f (x) is a
continuous function of x in the interval (a, D) .

Let P (x, y) and Q (x+3dx, y+3y) be any two ya B~

neighbouring points on the curve y = f (x). Draw Q’__Z_le,/
the ordinates PM and QN. Also draw PP’ and QQ’
perpendiculars to these ordinates. I

:{

<
Let V denote the volume of the solid generated by '>'< J B
the revolution of the area ACMP about the x-axis
and let the volume of revolution obtained by S
revolving the area ACNQ about x-axis be V +8V, O ¢ M N D
so that volume of the solid generated by the
revolution of the strip PMNQ about the x-axis is V.

Now PM = y,QN = y +dy and MN = (x+8&r) — x=0r.

Then the volume of the solid generated by revolving the area PMNP’ = iy 25¢
and the volume of the solid generated by revolving the area Q" MNQ =7t ( y + 8)/)2 & .

Also the volume of the solid generated by the revolution of the area PMNQP (i.c., the

volume 8V ) lies between the volumes of the right circular cylinders generated by the
revolution of the areas PMNP’ P and MNQQ' i.c.,

8V lies between ©w y 2 8¢ and @ ( y +8y)> &x

or OV / &x) lies between m y 2and (y+ 6y)2
ie., ny2 <@V /&)<n(y+8y)°.
In the limiting position as Q — P, & — 0 (and therefore 3y — 0), we have
AV / de=mp?
or AV =my 2 d.
b 2 b x=h
Hence '[ my “dy = J av =[V].Z,
a a

= (value of V for x = b) — (value of V for x = a)
= volume generated by the area ACDB -0
= volume of the solid generated by the revolution of the given area

ACDB about the axis of x.
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b
<. the required volume = x|y 2dx.
a (Meerut 2003)

(b) The axis of rotation being y-axis:

Similarly, it can be shown that the volume of the solid generated by the revolution about y-axis
of the area between the curve x = f(_y),the y-axis and the two abscissae y = aand y = b is given

by

Jj Tr.dey.

Remarks:

(i) If the given curve is symmetrical about x-axis and we have to find the volume
generated by the revolution of the area about x-axis, then in such case we shall
revolve only one of the two symmetrical areas and shall not double it as in the
case of area or length. Obviously each of the two symmetrical parts will generate
the same volume.

(ii) If the curve is symmetrical about x-axis and it is required to find the volume
generated by the revolution of the area about y-axis, then the volume generated
will be twice the volume generated by half of the symmetrical portion of the
curve.

lllustrative ExamI)les

Example 1:  Show that the volume of a sphere of radius a is % .
(Bundelkhand 2010; Avadh 10)

Solution: The sphere is generated by the revolution of a semi-circular area about its
bounding diameter. The equation of the generating circle of radius « and centre as

origin isx2 +y2 =a2.
NY
(0, a)
B
P(x, y)
Q (x + &v,y + &)
(—ﬂ, O) O S
A (0, 0) CMN Af(a, 0) x

dox

Let AA’ be the bounding diameter about which the semi-circle revolves.

Take an elementary strip PMNQ where P is the point (x, y) and Q is the point
(x +0x, y +0y).
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We have PM =y
and MN =bx.

Now volume of the elementary disc formed by revolving the strip PMNQ about the
diameter AA” is

=n.PM%2 MN =7 p2 & =n(a® - x?)bx.
Also the semi-circle is symmetrical about the y-axis and for the portion of the curve
lying in the first quadrant x varies from O to a .
the required volume of the sphere

—2J. a —x? )dx = 27t|:a x—%xg']

a

0

=2xn [a3 —la3]=éna3.
3 3

Example2: The curve y 2 (a+x)= ¥ (3a — x) revolves about the axis of x . Find the volume
generated by the loop. (Meerut 2004; Bundelkhand 05)
Solution: Thegivencurveis y 2 (a+x)= x? (Ba-x). (1)

It is symmetrical about x-axis. Putting y =01in (1), we getx =0 and x = 3ai.c.,aloop is
formed between (0,0) and (34,0).

YA
pQ
J (3a, O)\
0/N_MIN > X
o

The volume generated by the revolution of the whole loop about x-axis is the same as
the volume generated by the revolution of the upper half of the loop about x-axis.

Take an elementary strip PMNQ where P is the point (x, y) and Q is the point
(x+ 38, y +8y). We have PM = y and MN =dx.

Now volume of the elementary disc formed by revolving the strip PMINQ about the
axis of x is = tPM 2 .MN:ny2 ox .

the required volume generated by the loop

3a 3a x2 (34—
:_[ 2 dv = nJO %dx [From (1)]

3
= th ﬂ{— 2 +dax — 4a® + 4a } dx, dividing the Nr. by the Dr.
0 X+a
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3 4 2 3a
:n[ il D 4’y + 43 log (x + a)
0

=7[- 94> +18a> — 124> +4a° (log 4a —log a)]

=1 [-3a® +4a> log 4] = na® [8 log 2 - 3].
Example 3: Find the volume of the solid generated by the revolution of the cissoid

2 3 .

»° (2a—x)=x7 about its aspmptote. (Meerut 2007; Kanpur 14)

Solution: The given curve is y 2 2a-x)=x3Its shape is as shown in the figure.

Equating to zero the coefficient of highest power of y, the asymptote parallel to the
axis of y is x = 2a . Take an elementary strip PMNQ perpendicular to the asymptote
x =2a where P is the point (x, y) and Q is the point (x + &, y + &) .
Y
(x +dx, y + dy)
N

—IN
e S
3 O A(2a,0) X

hY'

We have PM =2a-x and MN =§y.
Now volume of the elementary disc formed by revolving the strip PMNQ about the
line x = 2a is

=n.PM?. MN =n 2a - x)* 8.
The given curve is symmetrical about x-axis and for the portion of the curve above
x-axis y varies from O to eo.

. the required volume = ZJM T (2a — x)2 dy. (1)
y=0

3

From the given equation of the curve y 2 (2a - x) = x 3 we observe that the value of x

cannot be easily found in terms of y. Hence for the sake of integration we change the

independent variable from y to x. (Note)
2 X 3
The curve is y = = ;
2a-x

2ydl=(2a—x).3x2—x3(—l) 2(3a—x)x2

dx 2a - x)* 2a - x)*
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or =G0 Q- Ga-9NxlQa-y)

2a - x) x\x 2a - x)° .

Also when y=0,x=0 and when y — oo, x — 2a.
Hence from (1), the required volume

[P 2| Ba-x)VxV(Q2a-x)
= 2nIxz0(2a Xx) l 20— dx

2a
=2nf Ba— )N xV (2a - x) d.
0
Now putx =2a sin® 050 that dy = 4a sin 6 cos © 0. When x = 0,0 =0 and when x = 24,

0 =n / 2. Therefore the required volume

- znjn/z(&z —2asin® 0) V (2a) sin @V [2a (1 - sin® 0)]

0
X 4a sin © cos 0 40

n/2 . . .
= l6na3J 3 sin? 0 cos” 0 — 2 sin* 0 cos? 0) 46
0

(o 3. 3 5.3
SrOrE) 2rQre
L (2) (2) ) (2) (2)
2T (3) 2T (4)
3ty tyn 23 4 1ys
e |2 2 " 799 2
2.2.1 2.3.2.1

=16na> '3_75 - l] =2n%a3.
116 16

Note: If the given curveis y 2 (a-x) =23, then the required volume can be obtained

by putting a for 2a in the above Exercise. The volume so obtained is i nas.

Remark:  When we are to revolve an area about a line which is neither the x-axis nor the y-axis
we must take an elementary strip which is perpendicular to the line of revolution as explained in
the above example.

Example4: Theareabetween a parabola and its latus rectum revolves about the directrix. Find
the ratio of the volume of the ring thus obtained to the volume of the sphere whose diameter is the
latus rectum.

Solution: Let the parabolabe y 2 = 4ax Then the directrix s the line x = — a .Let LL’

be the latus rectum. The area LOL’ SL is revolved about the directrix. The volume of

thering thus obtained = (the volume V] of the cylinder formed by the revolution of the
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rectangle LL” R” R about the directrix) — (the volume V; of the reel formed by the
revolution of the arc LOL” about the directrix). AY
Now the volume V} of the cylinder R T (@, 24)

=nrh=n(LR?.LL N| Q
5)/7\2 SR AV A
=1 2a)>. 4a = 16ma°. HH/
To find the volume V, of the reel consider an S(a, 0)
elementary strip PMNQ where P (x, y) and O -
Q (x +dx, y + dy) are two neighbouring points on the =
arcOLand PM, QN are perpendiculars from Pand Q |||
on the directrix. .
We have PM =a+x and MN =3Jy. R L
the volume V5 of the reel
2a .
= 2_[ T (a+ x)z dy [By symmetry about x-axis]
0
2a . . al . 2 4
=2I n(a® +2ax+x2)d =2nJ. @ +2a- 2+ d
0 ( )b 0 4a 164 v
[ x=y?/4a]
3 5 2a
=2n a2y+1y—+ 12 A
2 3 16a” 5 N
3
:2n[2a3 +£a3 +%(/13}:21m3 ~&: H2ma”
3 5 15 15
Volume of the ring
= volume of the cylinder — volume of the reel
=VI-V =16mna> —ng :%m?}.
15 15
Volume of the sphere whose diameter is the latus rectum 4a i.e., the radius is 2 a
=énr3 =£Tt(2a)3 =27m3.
3 3
3
the required ratio = M -3
32na” /3 5

@mprehensive Exercise 1

1. (i) Find the volume of a hemisphere.
(ii) Find the volume of a spherical cap of height s cut off from a sphere of radius a.
(Kanpur 2010)
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2.

10.

11.

12.
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(i) Asegmentis cut off from a sphere of radius a by a plane at a distance % afrom

the centre. Show that the volume of the segment is 5/32 of the volume of the
sphere.

(ii) The part of the parabola y2 = 4ax cut off by the latus rectum revolves about
the tangent at the vertex. Find the volume of the reel thus generated.
Prove that the volume of the solid generated by the revolution of an ellipse round
its minor axis is a mean proportional between those generated by the revolution of
the ellipse and of the auxiliary circle about the major axis. ~ (Rohilkhand 2010)
(i) Find the volume of the solid generated by the revolution of an arc of the

catenary y = ccosh(x/c) about the x-axis.  (Meerut 2009B; Purvanchal 11)
(ii) Find the volume of the solid generated by the revolution of the curve

3 2 2 :
y=a/(a” +x7) about its asymptote. (Meerut 2009)

If the hyperbola )cz/a2 - yz/b2 = 1 revolves about the x-axis, show that the

volume included between the surface thus generated, the cone generated by the
asymptotes and two planes perpendicular to the axis of x, at a distance 1 apart, is
equal to that of a circular cylinder of height /i and radius b.

(i) Find the volume formed by the revolution of the loop of the curve

y2 (a+x)= I (a — x) about the axis of x. (Kanpur 2008)

(ii) Find the volume of the solid generated by the revolution of the loop of the
curve y? = x*(a - x) about the axis of x. (Kanpur 2011)

Show that the volume of the solid generated by the revolution of the upper half of

the loop of the curve y? = x*(2 — x) about x-axis is i1r.
3 (Meerut 2005)

The area of the curve x*/3 + y2 3= g2l lying in the first quadrant revolves about
x-axis. Find the volume of the solid generated. (Agra 2014)
Find the volume of the solid obtained by revolving the loop of the curve

a2y2 = x%(2a - x) (x — a) about x-axis.
Abasin is formed by the revolution of the curve o= 64 y,(y > 0)about the axis of
y.Ifthe depth of the basin is 8 inches, how many cubicinches of water it will hold?

Show that the volume of the solid generated by the revolution of the curve

. 1
(a—x) yz = a’x,about its asymptote is 5 na’.

(Meerut 2004B, 06B; Kumaun 07, 08, 12; Rohilkhand 12)

The figure bounded by a quadrant of a circle of radius a and tangents at its
extremities revolves about one of the tangents. Prove that the volume of the solid

generated is (2 1 n) .
3 2
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13. The area cut off from the parabola y2 = 4ax by the chord joining the vertex to an

end of the latus rectum is rotated through four right angles about the chord. Find

the volume of the solid generated. (Rohilkhand 2008; Bundelkhand 09)
@n swers 1
N2 3 .. 2 l: 1 :I
1. - h —=h
(i) 3 a (ii) mh* |a 3
. 2 2 3
2. (i) Tnad 4. (i) “L[x +Lsinh 2—"] (ii) =2
5 2 2 c 2
. 2 N Rt 16 3
6. 2a°m|log2 - = — 8. —-
(i) 2a n[ og 3] (ii) B Ta 105 Ta
9. Emﬁ 10. 1536 7 cubic inches 13. i\/SRaB
60 5 75

3  Volume of a Solid Revolution when the Equations of

the Generating Curve are given in Parametric Form

(i) If the curve is given by the parametric equations, say x = ¢ (), y = y(t), then the
volume of the solid generated by the revolution about.x-axis of the area bounded by the
curve, the axis of x and the ordinates at the points when t =a and t = b is

b b
- L y? %dt = nL Ly (Y2 0'(t) dt.

(ii) The volume of the solid generated by the revolution about y-axis of the area
between the curve x = ¢(t), y = y(t), the y-axis and the absissae at the points where
t=a,t=Dbis

N 2,
_L nxzzdt—n.[a {002y (1) dt.

lllustrative Examrles

Example 5:  Find the volume of the solid formed by revolving the cycloid
x=a(©-sin0), y=a(l-cos6)

(i) about its base (i1) about the y-axis.

Solution: The given equations of the cycloid are

x=a®-sin0), y=a(l-cosH). (1)
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(i) The arc OBAisrevolved about the basei.e.,the x-axis. For the arc OBA, O varies from

Oto2wand at B,0=m.

Take an elementary strip PMNQ where P is the point (x, y) and Q is the point
(x +0x, y+0y).

6=m
Df---- == B
B
\ o
A
,\\, )X
Ole=0 & H A
0=2n
We have PM =y and MN =d&r.

Now the volume of the elementary disc formed by revolving the strip PMNQ about

the base (i.e., the x-axis) is
=t PM? MN =n y? &.
Now the cycloid is symmetrical about the line BH .

the required volume = ZJ. Ty 2dx,the limits of integration being extended from O
to B

_o [T 2de 0 o [T o0 2
—27‘EJ.6=O y S d9—27tjo a“ (1-cos0)” a(l-cos0)d6 [From (1)]

T
= 2TI:J. a’ (1-cos 9)3 Ao
0

T 3 T
=27 u3J. (2 sin’ 9) A0 =167 agj sin® 9 do
0 2 0 2

" /2
=32ma> -[0 sin® ¢ do, putting g = ¢ so that d0 =2 do

(ii) When the curve revolves about y-axis, the required volume of the solid
generated

= the volume generated by the revolution of the area OABDO about y-axis

— the volume generated by the revolution of the area OBDO

about the y-axis. ...(2)

Also at A,06=2m;at B,6=m and at O,0=0.
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Now the area OABD is bounded by the arc AB of the cycloid and the axis of y.
Therefore volume of the solid generated by the revolution of the area OABDO about

_y-axis

T 2 T 9 dy
= dy = - 40
J Ty je:zn T e

T 2 2
=ch a” (6 —sin0)” asin6 do [From (1)]
T
=th a’ (92 —20'sin 0 + sin’ 0) a sin 6 d6
T
= a3 _[ 0% sin® — 20 sin® 0 + sin> 6) 46

3 T
=Ta I [92 sin® — 0 (1 — cos 20) + — (3sin® —sin 30)] 460  (Note)
g

1
4

na’ [92 .(—cose)—29(—sir16)+2cose—2162 +9(2lsin26)
1 3 1 T
—1(-—=cos20)— =cos®+—cos 30| |,
4 4 12 I

the values of the integrals .[ 6% sin 0 40 and J. 0 cos 20 40

have been written after applying integration by parts

=na’ (n2—2—ln2+l+§—L)—(—4n2+2—2n2+l—§+i)
2 4 4 12

= na® I:ETCZ —§] ..(3)

Againvolume of the solid generated by the revolution of the area OBDO about y-axis

T 2 T o dy
= dy = -0
je:o T -[e:o ™ a0

L) 2
=ch a” (0 —sin6)” .asin® d0
0
P T
=’ j (6% — 20'sin 6 + sin? 6) sin 6 46
C

T
= a3 _[ 6% sin B — 20 sin” 6 + sin® 0) d0

307 a2 o 1., . _
=Ta I 0 sme—9(1—cos29)+Z(3sm9—sm39) Ao

na’ [92 (= cos0) —26 (- sir19)+2cos(9—2le2 +9(2l sin 20)

1 3 1 T
— 1 (-~ =cos 20) — —cos 0 + — cos 36
4 4 12 0
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=na’ (n2—2—ln2+l+§—i)—(2+l—§+i)
2 4 4 12 4 4 12

=na’ (l n —§) .. (4)

l1155)

2 3
-~ from (2), the required volume = (3) - (4)

= nta® [E n’ - §] - nta® [l - §] =na [6n2] =6n°a>.
2 3 2 3

Example 6: Find the volume of the solid generated by the revolution of the tractrix

Xx=acost+ % a log tan® (t / 2), y =a sin t about its asymptote.

(Meerut 2000, 05B; Garhwal 03; Rohilkhand 06; Avadh 09, 11;
Kashi 12; Purvanchal 14)

Solution: The given curve is

x:acost+%alogtan2 (t/2),y=asint. (1)
dx . 1 1 2 1
—=—asint+—a- 2tan (¢ /2)sec” (t/2) =
dt 2 tan® (t/2) €/2) /123
. a . a
=—asint+ =—asint+—
2sin (t /2)cos (t /2) sin t
a2 2
. (1-sin” t) _,cos t )

sin ¢ sin ¢

, . . A
Now the given curve is symmetrical Y

about both the axes and the

(0, a)\" =3
asymptote is the line y=0 y-— OMK
i.e., x-axis. O

> X
For the portion of the curve lying in X
the second quadrant y varies froma
to O, t varies from ©/2 to O and x Y’
varies from O to — oo.
. the required volume
0 /2 Ay
:2J. T 2dx:2J. ny? & d
— o J 0 4 dt
n/2 . 2
=2nj A sin? ¢ 28 Ly [From (1) and (2)]
0 sin ¢

n/2
=2na3j cos? tsin t dt = 2na> %z—na .
0 .
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@mprehensive Exercise 2

1. Find the volume of the solid generated by the revolution of the cycloid
x=a(®+sin6), y=a(l-cos),-n<0<m,
(i) about the x-axis, (ii) about the base.
2. Show that the volume of the solid generated by the revolution of the cycloid
x=a(®+sin6), y=a(l-cos6),0<6<m.
8

about the y-axis is a3 (2 n - —).
2 3

3. Prove that the volume of the reel formed by the revolution of the cycloid
x=a(®+sind), y =a(l—cosH)
about the tangent at the vertex is al. (Kumaun 2013)
4. Prove that the volume of the solid generated by the revolution about the x-axis of

the loop of the Cul"ve:x:tz,y:t—%t3 iS%TE.

5. Findthe volume of the spindle shaped solid generated by revolving the astroid
23 +y2/3 = a%/3 about the x-axis.
6. Find the volume of the solid generated by the revolution of the cissoid

x=2asin’ t, y=2a sin’ ¢ / cos ¢ about its asymptote.

@nswers 2

1. () 74> (i) 5n%a° 5. 2%

(Kanpur 2006; Bundelkhand 14)

4 Volume of Solid of Revolution when the Equation of the

Generating Curveis givenin Polar Co-ordinates

If the equation of the generating curve is given in polar co-ordinates, say r = f(6), and
the curve revolves about the axis of x, the volume generated

b B dx
2 2
s=m dx = ch — a6,
x=a y 0=0 J de
where o and B are the values of 8 at the points where x = a and x = b respectively.

Now x =rcos® and y = rsin®. Therefore the volume
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p
= nJ. 12 sin® Bi(r cos 0) 46,
0=0o o

in which the value of  in terms of 6 must be substituted from the equation of the given

curve.

A similar procedure can be adopted in case the curve revolves about the axis of y.
Alternative method in the case of polar curves:

The volume of the solid generated by the revolution of the area boudned by the curve

r= f(8) and radii vectors 8 =8;,0 =6,

¢}
(i) about the initial line 8 =0 (i.e., the x-axis) is J ’ %TU’3 sin 6 do,
6

0.
(ii) about the line 6 = nt / 2 (i.e., the y-axis) is .[ : %nrg cos0do,
0,
. (%22 5 .
(iii) about any line (6 = v) is J. §nr sin (0 — ) d6,
0
where in each of the above three formulae the value of r in terms of 6 must be
substituted from the equation of the given curve.

Note: The above results are important and should be committed to memory.

5 Volume of the Solid Generated by the Revolution when
the Axis of Rotation being any Line

If, however, the axis of rotation is neither x-axis nor y-axis, but is any other line CD,
then the volume of the solid generated by the revolution about CD of the area bounded by the curve
AB, the axis CD and the perpendiculars AC, BD on the axis is

OD
J' 1w (PM)2d (OM),
oC

where PM is the perpendicular drawn from any point P on the curve to the axis of
rotation and O is some fixed point on the axis of rotation.

lllustrative Examr)les

Example 7:  The cardioid r = a (1+ cos ©) revolves about the initial line. Find the volume of the

solid thus generated. (Kumaun 2000, 10; Meerut 01, 03, 07B;
Agra 01, 06, 07, 08; Rohilkhand 13, 13B)

Solution: The given curve is 7 =a (1 +cos 0) . (1)

It is symmetrical about the initial line. We have r =0 whencos®=-1i¢,0=m.
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Also r is maximum when cos6=1
ie.,0=0 and then r = 2a . As 0 increases
from O to =, r decreases from 2a to O.
Hence the shape of the curve is as shown
in the figure. For the upper half of the
curve, 0 varies from O to « .

- the required volume
T .
=2J n 3 sin @ de
3Jo

_2m
3 Jo

T
_ % mﬁj (1+cos 6)% (—sin 8) d6
0

4 T
:—gnag (I+cos ©)
3 4

0

1

=——1m3 (0—24)=§7m .
6 3

Aliter: (By double integration)

Take a small element 786 &r at any point
P (r,0)lying within the area of the upper
half of the -cardioid. Draw PM
perpendicular  to  OX.  Then
PM =rsin6. The volume of the
elementary ring formed by revolving
the element r 86 6r about OX

=27 (rsin0) r 56 or
=2mr2 sin0 80 & .

Y05 6= n/2

a’ (1+cos 9)3 sin 0 d0

BV
=—7/2

[From (1)]

(Note)

,using power formula

3

[ f (X)]n+1

n+1l

i, [0 f7 ) de=

Y4 7 86 or

P (r, 6)
r .
0 rsin 0 0

Il
=]

O M A

v

the required volume formed by revolving the whole cardioid about the initial line

T a (1 +cos 0) 9
= I f 2n 7 sin® 40 dr
0=09Jr

=0

T -3
:j 21t|:’—:|

0 3

a (1 +cos 0)

0

sin 6 40
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T
:2?“ > (1+cos 6)° sin 0 40
0
3 n 3 1
:_21WJ‘ (14 cos 0)° (_Sine)de:_Zna (I+cos 0)
3 Jo 3 * 0
3
__2ma .1[0_24]=%.7m3.1.16=§1m3.
3 % 30 4 3

Example8:  Find the volume of the solid formed by revolving one loop of the curve 2 = a® cos 20
about the initial line. (Rohilkhand 2007B)

Solution: For the upper half of the loop 6 varies from O to n /4. Here the curve is
revolving about the initial line (i.c., x-axis).

2 (m4
.. the required volume = 3 nJ 77 sin6 46
0

om (/4

=3 {a~ (cos 26) 13 sin0do [ 1 = a? cos 20]
0

~ Imas (/A

3 2 cos” 0 — 1)3 2 $in@ de. (Note)
0

Put V2 cos8 = sec ¢ so that —V2sin8 40 = sec ¢ tan ¢ do.
When0=0,0=n/4 and when6=7n/4, $=0.

.. the required volume

B 2na® (0 2 . n3/2 (=sec ¢ tan o)
3 n/4(SeC ¢=D V2 4
3 n/ 3 m/
:\/2%"-0 : tan? dsec ¢d¢:\/2%-..0 * (sec2 (])—I)2 sec 0 dd
3 em/4 .
2\/2;&1 I() (seCSB—ZseC3¢+sec¢)d¢. ..(1)

Also we know the reduction formula

n—-2
Jsec” ddo = sec_ " otang  n- 2 Jsec”‘2 ¢ d¢. [Establish it here]
n—1 n—1
n/4d sec3¢tan¢ i 3 r/4 g
J. sec” ¢dp =| ————— +—J‘ sec” o dd
0 4 o 4Jo
n/4 /4
=\/—2+§ [—secq)tanq)] +1J. sec ¢ Ao
2 4 2 o 2Jo

V2 3[42 1 /4
—Tz{?*a“(’g“““““q’”o }
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V2 3V2 3 _7V2 3
7 T"r—l g(\/2+1)—T+§10g(\/2+1)

/4 n/4 n/4
J. sec’ odd= [w] + lJ‘ sec 0 dd
0 2 0 2Jo

=%+%10g(\/2+1)

n /4
and J-O sec pdd = log N2 +1).

Hence the required volume from (1) is

_N2ma® [ 742 3
T3 | 8

og (V2 +1) - 2{\/2—2+%10g(\/2+1)}+10g(\/2+1):|

\/2na [ og (V2 4 1) - v:z}
3 |8 8

_ma 342
24

[Blog (V2 +1) - 2].

Aliter: The equation of the given curve is

r? =4’ cos20 or r* = a212(c052 0 —sin’ 0).

Changing to cartesians, the equation becomes

(x2 +y2)2=a2(x2—y2) or y4+y2(2x2 +a2)+x4—a2x2=0
Solving for y2, we have

y? =[-2x% +a®) +N{Q2x% +a?)? -4t - a®iP)}] /2

Neglecting the negative sign because y cannot be —ive, we have

2 (2x +a)+\/ 8a2x2+a

(2)(2 +a2)+2\/2u\/(x2 +%u2)
)] =

2 2

Now for one loop of the given curve x varies from O to a.

‘2
~. the required volume = nI yodx
0

:gj.oa[—bcz —a? +2\/2a\/(x2 +éa2)}dx

|:—gx3 —a2x+2\/2a-£\/(x2 +la2)+2\/2a-ia2 log{x+\/(x2 +la2)}:|
3 2 8 16 8 0

2 3 3 a 3a 1 3 3a a
——a - 2V2a-=. -2 1 ( )—l }
[ @ “ 2 2\/2+8 ! {og a+2\/2 Og2\/2

Nl a

N3
w
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-I —£a3+§a3+l\/2a310g a(2\/2+3).2\/2
21 37 27 '3 22 a
A B B NP log(2d2+3)]
21 6" 8
A O B NP 10g(\/2+1)2]
2l 6= 8
T

[, 1 17 ma®[1 1
_7[2-§V2log(V2+1)—g]_T[ZV2log(VZ+I)—g]

na> N2
24

3
=2 342105 (V2 + ) - 2] = Z 2 3log (V2 + ) - 2]

Example 9:  Show that if the area lying within the cardioid r = 2a (1 + cos ) and without the
parabola v (1+ cos 8) = 2a revolves about the initial line, the volume generated is 18ma>.

(Kumaun 2009)
Solution: Theequation ofthe cardioidis r=2a (1+cos 6), (1)
and that of the parabola is r =2a / (1+ cos 0). ..(2)

Equating the values of r from (1) and (2),

we get
2a (14 cos0)=2a / (1+ cos 6)
or (I+ cos 9)2 =1
or cos 0 (cos®+2)=0.
Now cosO=—2.
Therefore cos0=0
ie., 0=n/2,-m/2.
Thus the curves (1) and (2) intersect

where®=n/2and0=-m/2.

Also both the curves are symmetrical about the initial line (i.e., x-axis). The required

volume is generated by revolving the upper half of the shaded area about the initial
line.

the required volume = (Volume generated by the revolution of the area OABO of
the cardioid) — (volume generated by the revolution of the area OPBO of the parabola)

n/2 n/2
_2n r3 sin0do - 2% r3 sin6 do
3 Jo 3 Jo
(for cardioid) (for parabola)
/2 3
:2—n 8a° (1+cos(9)3 —Lg sin 0 d0
3 Jo (I+ cos 0)
_ 3 om/2
= Igna IO [(1+ cos 6)3 — (14 cos 9)_3] (—sin 0) do (Note)
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4 -2

, using power formula
0

(1—16)+l(1—l) =_—16m3[—§+§]
20 4 3 4 8

/2
- 1674’ l(l+cos o)t (I+cos 6)_2}n

@mprehensive Exercise 3

1. Find the volume of the solid generated by the revolution of r = 2a cos  about the
initial line.
2. The arc of the cardioid r = a (1 + cos 0), specified by —n /2<6< n /2, is rotated

about the line 8 =0, prove that the volume generated is %noﬁ.

3. Find hte volume of the solid generated by the revolution of the cardioid
r =a (1 - cos0) about the initial line. (Rohilkhand 2010)

4. Show that the volume of the solid formed by the revolution of the curve,

r=a+ bcosO(a>Db)about the initial line is 4 ma (ﬂ2 +b° ).
3 (Meerut 2008)

5. Find the volume of the solid generated by revolving one loop of the lemniscate

7% = a® cos 20 about the line 6 = 21 .

@HSWGI’S 3

1. %nag 3. gnag 4.%na(ﬂ2+b2) 5.(n2a3)/4\/2

(Meerut 2006; Kumaun 07, 11)

6 Surfacesof Solids of Revolution

(a) Revolution about the axis of x. To prove that the curved surface of the solid
generated by the revolution, about x-axis, of the area bounded by the curve y = f (x), the
ordinates x = a, x = b and the x-axis is

J.x:hZ ny ds,

X=a

where s is the length of the arc measured from x = a to any point (x, y).
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Or

Show that the area of the surface of the solid obtained by revolving about x-axis the arc of the curve
intercepted between the points whose abscissae are a and b is

b ds
J-a 2my - dx.

Proof: Let ABbe the arcofthe curve y = f (x)included between the ordinates x = a
and x =5. It is being assumed that the curve does not cut x-axis and f (x) is a
continuous function of x in the interval (a, D) .

Let P (x, y) and Q (x +dx, y +93y) be any two neighbouring points on the curve
y=r).

Let the length of the arc AP be s and arc AQ =5+ &s
so that arc PQ = ds.

Draw the ordinates PM and QN . Let S denote e
the curved surface of the solid generated by the
revolution of the area CMPA about the x-axis.
Then the curved surface of the solid generated by
the revolution of the area MNQP =3S .

We shall take it as an axiom that the curved

surface of the solid generated by the revolution of

the area MINQP about the x-axis lies between the 19)
curved surfaces of the right circular cylinders
whose radii are PM and NQ and which are of the

same thickness (height) ds. There is no loss in assuming so because ultimately Q is to
tend to P.

v

Thus &S lies between 21t _y s and 27 (_y + dy) &s
ie., 2n ypds<dS<2n( y+0y)ds
or 21 y<(8S /8s)<2m ( y +8p).

Now as Q approaches P i.e.,6s — 0, §y will also tend to zero. Hence by taking limits as
ds — 0, we have

é—S=2ny or dS=2mn yds.
s

szbznyds - szh s =[S]°=

x=a
= (the value of S when x = b) — (the value of S when x =a)

= surface of the solid generated by the revolution of the area ACDB - 0.

x=b
~. the required curved surface = I 2ny ds

X=a
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=b 2
=J.x 27:)/é dx, whereﬂ = \/ 1 +(dl) .
dx dx dx

xX=a

(b) Axis of revolution as y-axis. Similarly the curved surface of the solid generated by the
revolution about the y-axis, of the area bounded by the curve x = f(y),the lines y=a, y=b
and the y-axis is

=h b
27tjy xds or S =27‘CI xé dy,
y=a y=a dy

2
where é = \/{1 +[ﬂ] }
dy dy

Remark: 1f an arc length revolves about x-axis, the basic formula for the surface of

revolution in all cases is J. 2ny ds,between the suitable limits. If we want to integrate

w.r.t. x ,we shall change ds as (ds / dx) dx and adjust the limits accordingly.

Acsimilar transformation can be made if we want to integrate w.r.t. y or with respect to
0 or w.r.t. some parameter, say ¢ .

]llustrative Examl)les

Example 10:  Find the curved surface of a hemisphere of radius a . (Agra 2005; Kanpur 14)

Solution: A hemisphere is generated by the revolution of a quadrant of a circle about
one of its bounding radii.

Let the equation of the circle be x 24 y 2_42 (1)

Let the hemisphere be formed by revolving about x-axis the arc of the circle (1) lyingin

the first quadrant.

Differentiating (1), w.r.t. x ,we get

2x+2y (dy/dx)=0 or dy/dv=-x/ y.
ds dy)* x2 24y a

Therefore E:\/{l+(i) }:\/{1+ y_Z}z\/{yy—Z} =\/{y_2J

[From (1)]
=aly.
For the arc of the circle (1) lying in the first quadrant x varies from O to a .

.. the required surface

:2nJ.0 yds:2n-":y%-dx

a a a p 9
=2nJ. y~—dx=2nj ady=2mnalx]y=2na.a=2na".
¢
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Example 11: Find the surface generated by the revolution of an arc of the catenary
y =c cosh (x/ ¢) about the axis of x . (Meerut 2000, 04B, 07, 07B, 10; Rohilkhand 14)

Solution: The given curve is, y =c cosh (x/c). (1)

Differentiating (1) w.r.t x, we get

dl:csinh£-1=sinh£~
x c ¢ c
2
%z\/{l+(%) }z\/{1+sinh2 %} =cosh§- .. (2)

If the arc be measured from the vertex (x =0) to any point (x, y), then the required
surface formed by the revolution of this arc about x-axis

0 "
=j 2nyﬁdx=2njkccosh£~cosh£dx, from (1) and (2)
dx 0 ¢ c

X=a

X X
=7 L‘I 2cosh? Ldr=n L‘I [l + cosh 2_x] dx (Note)
0 c 0 c

c .. 2x|" c . . 2x
=nc¢|x+—=sinh=—| =nc¢|x+—=sinh—
2 ¢ 1o 2 c

X x
=nc[x+051nh—cosh—]-
c c

Example12:  Prove that the surface of the prolate spheroid formed by the revolution of the ellipse
of eccentricity e about its major axis is equal to 2Xarea of the ellipse
x(NA=e)+(1/e)sin! e].

Solution: [Note. Prolate spheroid is generated by the revolution of an ellipse
about its major axis]
2 2

. . x° oy

Let the equation of the ellipse be p + yra L (1)

the x-axis being the major axis so that a > b.

The parametric equations of (1) are x=acost, y=bsint.
dv/dt=-asintand dy / dt =b cos t.

2 2
We have é=\/ (ﬂ) +(dl) = 2 sin” t + b? cos’ t)
dt dt dt

=V{a’ sin® t + a° (- ez)cos2 t}, [ for the ellipse b? =a? (1- 82)]
=a\/(l—e2 coszt). ..(2)

Now theellipse (1) is symmetrical about y-axis and for the arc of the ellipse lying in the
first quadrant ¢ varies from O to /2. At the point (a,0) we have t =0 and at the point
(0,b) we have t =7 / 2.
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Hence the required surface S formed by the revolution of the ellipse (1) about the

Xx-axis

= 2J. 2my ds, between the suitable limits

n/2 /2
= 4nf0 y ds dt = 4nJ.

T 2 .2
bsint.a\/(l—e cos” t)dt,
dt 0

[ y=bsintand ds/dt‘za\/(l—e2 cos? t), from (2)]

/2 . -
=4n abj sin ¢V (1 - & cos® t ) dt.
0

Putecost=z sothat—esintdtzdz.WhentzO,z=eandwhent=%n,z=0.

0
S=-4na| H(l—z%dz:‘*“”b_[e V(- 22) dz
e € (4 0

:@[5\/(l—zz)+lsirf1 z:|e :@[£\/(1—62)+lsinfl e]
e |2 2 0 e |2 2

=2mab [N (1= )+ (1/¢)sin”! ¢]

=2 xarea of the ellipse x [V (1—¢%) + (1/ ¢)sin™! ¢].
Remark: The solid of revolution formed by revolving an ellipse about its minor axis is
called an oblate spheroid.
Example 13:  The part of the parabola y 2 = 4axcut off by the latus rectum revolves about the
tangent at the vertex. Find the curved surface of the reel thus generated.

(Kumaun 2010; Bundelkhand 11)

Solution: The given parabola is NY

y2=4ax. (1) L

(a, 2a)

Differentiating (1) w.r.t. x , we get
dy /[ dx=2a/ y.

NGRS
et ()

X

The required curved surface is generated by the
revolution of the arc LOL” (LSL’ is the latus L'
rectum), about the tangent at the vertex

. . . . . v
i.e., y-axis. The curve is symmetrical about x-axis Y

and for the arc OL, x varies from O to a .
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. “ ds
the required surface = 2J. o 2n x = dx
x=

:4nf0” x\/(x;ﬂ)dx

~§aa\/2—la2 log{§a+a\/2}+la2 log (la)
2 8 2 8 2

1
2

N e |
|

na’ 3\/2—%10g 3 +2x/2)]

na® (342 - % log (V2 + 1)2} (Note)

=ma® [3V2 —log N2 +1)].

@mprehensive Exercise 4

1. Find the surface of a sphere of radius a. (Kanpur 2006)

2. Show that the surface of the spherical zone contained between two parallel
planes is 2mah where a is the radius of the sphere and / the distance between the
planes. (Kanpur 2009)

3. Find the area of the surface formed by the revolution of the parabola yz =4ax

about the x-axis by the arc from the vertex to one end of the latus rectum.
(Rohillkkhand 2011)

4. Find the surface generated by the revolution of an arc of the catenary
y =ccosh(x/c)about the axis of x, between the planes x =a and x = b.

5. Foracatenary y =acosh(x / a), prove that aS =2V = na (ax + sy), where s is the
length of the arc from the vertex, S and V' are respectively the area of the curved
surface and volume of the solid generated by the revolution of the arc about
x-axis.
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6. Find the surface of the solid generated by the revolution of the ellipse

% +4y? =16 about its major axis. (Meerut 2005, 06)

7. Find the surface of the solid formed by the revolution, about the axis of y, of the
part of the curve ayz = x> from x =0 to x = 4a which is above the x-axis.

@nswers 4

1. 4na? 3, gnaZ[Z\D—I]

4. nc|:(b—a)+£sinh%—£sinh2—ﬂ:| 6. 87‘C|:1+ An ]
2 c 2 c 33

- 128

E na® 125V (10) + 1]

7  Surface Formula for Parametric Equations

Suppose the equation of the curve is given in parametric formx = f(¢), y = ¢(t),t being
the variable parameter. Then the curved surface of the solid formed by the revolution

about the x-axis

= IZny%dt, between the suitable limits
2 2
where é = '\/ (ﬂ) + dl .
dt dt dt

lllustrative Examr)les

Example 14:  Find the surface of the solid generated by revolution of the astroid

23 3-a2B or x=acos® t,y=a sin> t about the x-axis.

n J/2/
(I<umaun 2000, 13; Agra 01; Rohilkhand 07, 09, 11B; Meerut 06,09; Kashi 12)

YA

Solution: 'The parametric equations of the curve are (0, a)BAL= g
x=acos> t,yzasin3 t.
dx . d .
d—=—3ac032tsmtand Y _3asin® tcost. A
t t

Hence %: \/{(%)2 . (%)2}

=+ [9512 cos* tsin® t + 94” sin? ¢ cos® t]
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=+ [‘)a2 sin” t cos? ¢ (cos2 t+sin’ ¢ )] =3asintcost.

Also the given curve (astroid) is symmetrical about both the axes and for the curve in
the first quadrant, ¢ varies from O to m/2.

n/2 ds
- the required surface = 2-[ 2n y —dt
t=0 dt

n/2 3 9 n/2 4
=4T|:J. asin” t.3asintcostdt=12ma J sin™ ¢ cos t dt
0 0

.5 qn/2 9
=12na? sin” ¢ =121 a® [1—0]= 12na .
5 ) 5 5

Example 15:  Prove that the surface of the solid generated by the revolution of the tractrix

1 9 1 .
x=ucost+§alogmn Et,yzasznt

about its asymptote is equal to the surface of a sphere of radius a .
(Agra 2002; Gorakhpur 06; Meerut 09B)

Solution: The given tractrix is

1 2 1 .
x:acost+§alogtan it,y:usmt.

9 1
dv sec” — 1t 1 I
—=—asint+a—=%—-—=a|-sint+ T
t tan — ¢ 2 2sin—tcos—t
2 2 2
( . ) (—sin2t+l) acos® t
=a|—sint+— = . =
sin ¢ sin t sin t
and dl:acost.
dt
2 2 2 4
Hence é:\/ (ﬂ) +(dl) 2\/ 4 C(;S b d? cos? ¢ =ﬂ(.:ost.
dt dt dt sin” ¢ sin ¢

The given curve is symmetrical about both the axes and the asymptote is the line y =0

‘ . - . 1
i.e.,x-axis. For the arc of the curve lying in the second quadrant ¢ varies from O to 5F-

/2
the required surface =2 .J.O 2my %dﬁ (Note)

/2 acost /2
= 47‘CJ- asint dt = 47m2j cos t dt
0 sin t 0

=4na® [sint]}'? = 4na®

= the surface of a sphere of radius a .
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@mprehensive Exercise 5

1. Find the surface area of the solid generated by revolving the cycloid
x=a(®—-sin®), y = a(l - cos 6) about the x-axis.

2. Find the area of the surface generated by revolving an arc of the cycloid.
x=a(0+sin®), y = a(l - cosB) about the tangent at the vertex.

3. The portion between two consecutive cusps of the cycloid x=a (0 +sin®),
y =a(l+cos0)is revolved about the x-axis. Prove that the area of the surface so
formed is to the area of the cycloid as 64 : 9.

4. Prove that the surface area of the solid generated by the revolution, about the

x-axis of the loop of the curvex = tz,y =t- %t3is 3m.

5. Prove that the surface of the oblate spheroid formed by the revolution of the

ellipse of the semi-major axis 4 and eccentricity e is 2ma’ |:1 + 1;—62 log (H—c):|

e 1-e¢
@nswers S

1. 6—47m2 2.33—21m2

8 Surface Formula for Polar Equations

Suppose the equation of the curve is given in the polar form r = f(8). Then the curved
surface generated by the revolution about the initial line, of the arc intercepted

between the radii vectors 8 = o and 6 =3 is
6=p 2
J-e . 27 (rsin6) Z—;de, where Z—; = \/{rz + (Z—g) } [ y =rsing]

Note: In some cases we may use the formula

2
S = JZny%dr,Where % = \/{l + (r%) }

O Curved Surface Generated by Revolution about any
Axis

If the given arc ABisrevolved about aline CD other than the coordinate axes, then the

curved surface thus generated is
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= ZTtI (PM) ds, (between the proper limits of integration)

where PM is the perpendicular drawn from any point P on the arc AB to the axis of
revolution CD and ds is the length of an element of the arc AB at the point P.

lllustrative ExamFles

Example 16: Find the surface of the solid generated by the revolution of the lemniscate
r2 = a? cos 20 about the initial line.

(Garhwal 2000, 02; Meerut 04, 10B, 11;
Rohilkhand 08B; Agra 14; Purvanchal 14)

Solution: 'The given curve is r 2 — 42 cos 26.

(1)
a Q:n/4
N 7
N ’
N ’
N /
\ //
N a 0=0 o
B //O R A X
7 \\
// \\
7 \
/ 0 =-mw/4

Differentiating (1) w.r.t. 6, we get

2r d—’ =24 sin 20
o

dr - a sin26
dae r

ds 9 ar\?
de_\/{r +(de) }
4 . 2
=\/{ 2 cos 20+ LM 2P 51r21 29}

or

7

=l\/{r2 .a? cos 20 + a* sin’ 20}
’

= 1 \/{a4 cos® 20 + a* sin’ 20}, [ r? =a® cos 26]
’

=a’/r. (2)

The given curve is symmetrical about the initial line and about the pole.

Putting 7 =0 in (1), we get cos 26 =0 givingZOzi%n i.e.,9=iin.

Therefore one loop of the curve lies between 6 = — 1 nand 6= 1 .
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There are two loops in the curve and for the upper half of one of these two loops 6

. |
varies from O to 1 .

the required surface

=2 x the surface generated by the revolution of one loop
2 [ 2n & g, wh in6
= 'J.o my —g @0, where y =7 sin

/4 a2
=4nf rsin®-— 46 [From (2)]
0 r

/4
= 4TI:&Z2J. sin 0 d0 = 4na’ [-cos 6]07T /4
0

=4na® [- 1/N2) +1]=4na® [I-1/V2)].
Example 17: A circular arc revolves about its chord. Find the area of the surface generated,
when 2o is the angle subtended by the arc at the centre.
Solution: Let the parametric equations of the circle be

X =acos0, y =asiné, ..(1)

0 being the parameter.
Y

Take any point P (acos 8, asin®) on the circular arc ABC which is symmetrical about
the x-axis and which subtends an angle 2o at the centre O so that £ AOB = o

We have OD = OAcos o = acosa. Draw PM perpendicular from P to AC, the axis of
rotation. Then

PM = ON - OD =acos — acosa. ...(2)
For the upper half of the arc to be rotated i.e., for the arc BA,8 varies from O to .

wo e[ (]
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=+ {az sin? 0 + a2 cos® 0} =a.

- the required surface

= 2 xsurface generated by the revolution of the arc BAabout the chord AC

o ds
=2 21 (PM)—do
X.[o o )de
o
=4n'[ (acos® —acosa).a.dd [From (2)]
0

= 4na® [sin® — Bcos a]g = 4na® [sina — acosal.

@mprehensive Exercise 6

1. Find the area of the surface of revolution formed by revolving the curve
r =2acos® about the initial line.

2. Find the surface of the solid formed by the revolution of the cardioid
r =a (1 +cos®) about the initial line. (Purvanchal 2006, 10; Kashi 11)

3. The arc of the cardioid r = a (1 + cos 0) included between — 21 << %TC is rotated

about the line 8 = zln. Find the area of the surface generated.
(Purvanchal 2010)

4. A quadrant of a circle of radius a revolves about its chord. Show that the surface
of the spindle generated is

21’ \/2(1— ln).
4

5. Thelemniscate 2 = a® cos 20 revolves about a tangent at the pole. Show that the
surface of the solid generated is 4na?. (Meerut 1993, 2005B; Kumaun 12)
@n swers 6
1. 4ma® 2. 35—27m2 3. 45—8x/27m2

10 Theorems of Pappus and Guldin

(Agra 2014)
State and prove the theorems of Pappus and Guldin.
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Theorem 1: Volume of a Solid of Revolution:

If a closed plane curve revolves about a straight line in its plane which does not intersect it, the
volume of the ring thus obtained is equal to the area of the region enclosed by the curve multiplied
by the length of the path described by the centroid of the region.

Proof: Let AP,BPy Abethe closed plane curve andletit rotate about the axis of x .

Y 1 P,y
B
A
Py
< ~
I Il
- =
o L M N x

Let AL (x =a)and BN (x = b)be the tangents to the curve parallel to the y-axis(a<b).
Also let any ordinate meet the curve at P, Py and let MP, = y;, MP) = yy so that
1, yo are functions of x.

Now volume of the ring generated by the revolution of the closed curve AP BPy A
about the axis of x

= volume generated by the area ALNBPy A

— volume generated by the area ALNBP} A

b b b
ZTEI 72’ d’f—ﬂj o d’CZRJ (92 = p?) dv. (1)
a a

a

Also if 7 be the ordinate of the centroid of the area of the closed curve, then

b 1 1 b
J (i +y2)(y2 = ) dx —I (o = n?) dx
a 2 =2 a
A A

where A is the area of the closed curve. [See the chapter on centre of gravity]

, (2)

y:

Hence from (1) and (2), the required volume =21 A y = Ax2n y
= area of the closed curve x circumference of the circle of radius 7y
= (area of the curve) x (length of the arc described by the centroid
of the region bounded by the closed curve).
Theorem 2: Surface of a solid of revolution :

If an arc of a plane curve revolves about a straight line in its plane, which does not intersect it, the
surface of the solid thus obtained is equal to the arc multiplied by the length of the path described by
the centroid of the arc.

Proof: Let/be the length of the arc AB and let it revolve about OX .

Let the abscissae of the extremities A and B of the arc be a and b.
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Then the surface generated by the revolution of the arc AB about x-axis is
YA
B
P
A
J

9] I M N x

x=b
=j 2 yds (1)

X=a

Alsowe know that (see the chapter on centre of gravity) the ordinate 7, of the centroid
of the arc from x = a to x = b, of length [, is given by

J-h y ds

X=a

y="— (2)

From (1) and (2), we get the required surface
=2nyl=Ix2ny
= (length of the arc) x (length of the path described by the centroid of the arc).

Note 1: The closed curve or arc in the above theorems must not cross the axis of
revolution but may be terminated by it.

Note 2: When the volume or surface generated is known, the theorems may be
applied to find the position of the centroid of the generating area or arc.

lllustrative Examlales

Example 18:  Find the volume and surface-area of the anchor-ring generated by the revolution
of a circle of radius a about an axis in its own plane distant b from its centre (b> a) .

Solution: Here the given curve (circle) does not intersect the axis of rotation, so

(D

Pappus theorem can be applied.
YA
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In this case, A = area of the region of the closed curve
= area of the circle of radius a
= na®

and I = length of the arc of the curve
= circumference of the circle

=27a .

As the centroid of the area of a circle and also of its circumference lies at the centre, so
¥ = binboth the cases and hence the length of the path described by the C.G. = 2mb .

Now by Pappus theorem, the required volume of the anchor-ring
= (area of the circle) x (circumference of the circle generated by the centroid)
=na® 27nh =27’ b.
And the surface area of the anchor-ring
= (arc length of the circle) x (circumference of the circle generated by the centroid)
=2na . 2nb = 4n’ab.
Example 19: Show that the volume generated by the revolution of the ellipse
2/ + y2/ b? = Labout the line x = 2a is 4n°a>D.
Solution: Area of the given ellipse is nab.

The C.G. of the ellipse will describe a circle of radius 2a when revolved about the line
x =2a. Hence the length of the arc described by the C.G. =2n(24) = 4na.

<
__________ | N
1 Il
K[Z 1 =
a

. by Pappus theorem the required volume
= (area of the ellipse) x (length of the arc described by its C.G.)

= nab .4na = 4n’a’b.

Example 20:  The loop of the curve 2@/2 = x(x — a)? revolves about the straight line y = a.
Find the volume of the solid generated.

Solution: The given curve is2ay2 =x(x-— a)z. .. (1)
The curve (1) is symmetrical about the x-axis and the loop lies between x = 0 and x = a.

Differentiating (1) w.r.t. x, we get
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M / y=a
a
B
(0,0) (0, 0)
(0] G _A X

4ay (dy /dx) = 2x (x — a) + (x — a)’ = 3% — 4ax + a°.
Now (dy /dx)szhen?nc2 —4ax+a® =0
or when x =a /3, which gives from (1),
y=@V2)/3V3)ie,<a,
showing that the loop does not intersect the straight line y =a.

By symmetry the C.G. of the loop lies on x-axis i.e., the distance of the C.G. from the
axis of revolution (y = a) is a. When the loop is rotated about y =a, its C.G. will
describe a circle of radius 4 whose perimeter is 2ma.

Also the area A of the loop

=2J:ydx=2ji:%dx, |: from(l),y=%:|
p 5/2 3/274
e <xa/z_Mvzmz\/(%)[;u_?;/2]0:%@“2.

. by Pappus theorem, the required volume

=2na><A=2rm><i\/2a2 =£\/2na3.
15 15

Example21: Prove that the volume of the solid formed by the rotation about the line® = O of the

6.
area bounded by the curve r = f(0) and the lines © = 6,0 =09 is %TEJ. * 13 sin@ de.
9

Solution: Let OAB be the area bounded by the curve r = f(8) and the radii vectors

0 =0; and 8 =0,. We have to find the volume formed by the revolution of area OAB
about the initial line OX .

Take any point (r,0) inside the area OAB and take a small element of the area r 56 &r at
the point P. Drop PM perpendicular from P to the axis of rotation OX. We have

PM = OPsin6 = rsin®,
Now the volume of the ring formed by revolving the element of area r 86 5r about OX

= 2mrsin®.7 808 = 212 sin 080 &
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B
-

Therefore the whole volume formed by revolving the area OAB about OX

(0]

0 F(0) 0
:I : J 22 sinGder:J :
8=0,Jr=0 6=0,

6 )

=3n_[ > feP sinedezgnj ? 13 sin0 do.
3 Jo=y9 3 Je,

where r is to be replaced from the equation of the curve r = f(0).

Note: Proceeding as above we can also show that the volume of the solid formed by the

. . . . 2 %
rotation of the above mentioned area about the line6 = ke equalto 3 th r3 cos 0 d6.
6

@mprehensive Exercise 7

Use Pappus theorem to find:

1. The position of the centroid of a semi-circular area.

2. The volume generated by the revolution of an ellipse having semi-axes a and b
about a tangent at the vertex.

3. Find by using Pappus theorem the volume of the ring generated by the revolution
of an ellipse of eccentricity 1 / V2 about a straight line parallel to the minor axis
and situated at a distance from the centre equal to three times the major axis.

4. Find the volume of the ring generated by the revolution of the cardiod
r=a(l+cos0) about the line rcos®+a=0, given that the centroid of the
cardioid is at a distance 5a/6 from the origin.

5. Asemi-circular bend of lead has a mean radius of 8 inches; the initial diameter of
the pipe is 4 inches and the thickness of the lead is 21 inch. Applying the theorem
of Pappus and Guldin find the volume of the lead and its weight, given that 1

cubic inch of lead weighs 0.4 Ib.
[Hint: Internal diameter of pipe =4 inches.




A(222)

Krisfna's T.B. Integral Calculus

Thickness of metal = % inch

- external diameter of the pipe =4 +1=5 inches.

. area of lead = ln (52 - 42) = 271:.
4 4

The centroid of this area is at a distance of 8 inches from the axis of rotation.
Therefore the length of path traced out by its centroid in describing a semi-circle

= 87 inches.

. volume of the lead = 87w x %n =18n? cu. inch.

- weight of the pipe = volume x density = 187% x0.41b. =71.11b]

6. State the theorems of Pappus and Guldin. (Meerut 2008)
@nswers 7
1. 4a/3=n
2. 21%d%b or 2n’ab®
3. 6\/2n2a3, where a is the semi-major axis
4. E n2a?
2

@jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (¢) and (d).

. The volume of the solid generated by the revolution of the area bounded by the

curve r = f (0) and the radii vectors 6 =6;,0 =6y about any line (6 =) is

b 2 4

(a) -[el 3 wr cos(0—y)do
8 2 3 .

(b) -[el 3 wr” sin®—vy)do
0

(¢) J-SZ 2 sin(® — ) d6
1

)
(d) -[62 r? cos(0 — ) do
1
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2. The volume of the paraboloid generated by the revolution about the x-axis of the
parabola y? =4 a x from x=0 to x = is

(a) 2mah > (b) 2mah

© 2 nah® () 2 nah
3 3 (Rohilkhand 2005)

3. The curved surface of the solid generated by the revolution about the of y-axis
the area bounded by the curve x = f(y), the lines y =a, y =) and y-axis is

(a) Jj o ds (b) J‘j 2mx ds

b b
(C)J %nxds (d)J 2 x ds

Fill in The Blank(s)

Fill in the blanks “...... ”, so that the following statements are complete and correct.

1. The volume of the solid generated by the revolution of the area bounded by the
curve y = f (x), x-axis and the ordinates x = a, x = b about the x-axis is ...... .

(Meerut 2003)

2. The volume of the solid generated by the revolution of the area bounded by the
curve r = f (0) and the radii vectors 6 = 6,0 =0y about the initial line is ...... .
(Meerut 2001)

3. Ifthe equation of the curve in the polar formisr = f (8), then the curved surface

generated by the revolution about the initial line of the arc intercepted between
the radii vectors ® = o and 6 = is

0=p
J. 21 (r sin 0) s, A0, where s =
0=0 de do

4. Ifthe equations of the curve in parametric form are x = f(t), y = ¢ (¢), t being the
variable then the curved surface of the solid formed by the revolution about the

x-axis is j 2y % dt, between the suitable limits, where % =

True or False
Write “T” for true and °F’ for false statement.
1. The volume of the solid generated by the revolution of the area bounded by the
curve r = f (0) and the radii vectors 6 = 6,0 =6y about the initial line® =0 is
0
'[ : %nrg sin 6 46.
6, 3
2. If an arc length revolves about x-axis, the basic formula for the surface of

revolution in all cases is J. 21 yds, between the suitable limits.
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Multiple Choice Questions
1. (b) 2. (a) 3. (b)

Fill in the Blank(s)

b 0
1. L ny2dx 2. -[912 %anSinede
2 2 2
dr dx dy
3. S e 4. ax v
\/{r +[de] } \/{(dt) +(dt)}

True or False

1. T 2. T
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