














   1  Definite Integral

Sometimes in geometrical and other applications of integral calculus it becomes

necessary to find the difference in the values of an integral of a function f x( ) for

two given values of the variable x, say a and b. This difference is called the definite

integral of f x( ) from a to b or between the limits a and b.

This definite integral is denoted by

f x dx
a

b
( )∫

and is read as “the integral of f x( ) with respect to x between the limits a and b”.

It is often written thus:

f x dx F x F b F aa
b

a

b
( ) [ ( )] ( ) ( ),= = −∫

where F x( ) is an integral of f x( ), F b( ) is the value of F x( ) at x b= ,  and F a( ) is the value of 

F x( ) at x a= .

The number a is called the lower limit and the number b, the upper limit of integration.

The interval ( , )a b  is called the range of integration.
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Fundamental Theorem of Integral Calculus: Let f a b∈ R[ , ] and let φ be a

differentiable function on [ , ]a b  such that ′ =φ ( ) ( )x f x  for all x a b∈[ , ]. Then

f x dx b a
a

b
( ) ( ) ( ).= −∫ φ φ

   2  Fundamental Properties of Definite Integrals

Property 1: We have f x dx f t dt
a

b

a

b
( ) ( ) ,= ∫∫ i.e., the value of a definite integral does not

change with the change of variable of integration (also called ‘argument’) provided the limits of

integration remain the same.

Proof: Let f x dx F x( ) ( );=∫  then f t dt F t( ) ( ).=∫
Now f x dx F x F b F aa

b

a

b
( ) [ ( )] ( ) ( ),= = −∫ …(1)

and f t dt F t F b F aa
b

a

b
( ) [ ( )] ( ) ( ),= = −∫ …(2)

From (1) and (2), we see that f x dx f t dt
a

b

a

b
( ) ( ) .= ∫∫

Property 2: We have f x dx f x dx
b

a

a

b
( ) ( ) ,= −∫∫  i e. ., interchanging the limits of a definite

integral does not change the absolute value but changes only the sign of the integral.

Proof : Let ∫ =f x dx F x( ) ( ). Then

          
a

b

a
bf x dx F x F b F a∫ = = −( ) [ ( )] ( ) ( )                ...(1)

Also − = − = − − = −∫b

a

b
a

f x dx F x F a F b F b F a( ) [ ( )] [ ( ) ( )] ( ) ( ). ...(2)

From (1) and (2), we see that 
a

b

b

a
f x dx f x dx∫ ∫= −( ) ( ) .

Property 3: We have f x dx f x dx f x dx
c

b

a

c

a

b
( ) ( ) ( ) .= + ∫∫∫

Proof: Let ∫ =f x dx F x( ) ( ).

Then the R.H.S.

= + = − + −[ ( )] [ ( )] ( ) ( ) ( ) ( )F x F x F c F a F b F ca
c

c
b

{ } { }

= − = =∫F b F a f x dx
a

b
( ) ( ) ( ) L.H.S.
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Note 1: This prop erty also holds true even if the point c is ex te rior to the in ter val 

( , ) .a b

Note 2: In place of one ad di tional point c , we can take sev eral points. Thus

a

b

a

c

c

c

c

c
f x dx f x dx f x dx f x dx∫ ∫ ∫ ∫= + + + …( ) ( ) ( ) ( )

1

1

2

2

3

 + + +
−

∫ ∫c

c

c

b

r

r

n

f x dx f x dx
1

( ) ( ) .…

Property 4: We have 
0 0

a a
f x dx f a x dx∫ ∫= −( ) ( ) .

Proof: Let I f x dx
a

= ∫0
( ) .

Put x a t= − , so that dx dt= − .

When x = 0, t a=  and when x a= , t = 0.

∴ I f a t dt f a t dt
a

a
= − − = −∫ ∫

0

0
( ) ( ) ( ) ,  [by property 2]

                                = −∫0

a
f a x dx( ) .                                                       [by property 1]

Property 5: 
−∫ =
a

a
f x dx( ) 0  or 

0

a
f x dx∫ ( ) , according as f x( ) is an odd or an even

function of x .

Proof: Odd and even functions. A function f x( ) is said to be

(i) an odd function of x if f x f x( ) ( ),− = −

(ii) an even function of x if f x f x( ) ( ).− =

Now  
− −∫ ∫ ∫= +

a

a

a

a
f x dx f x dx f x dx( ) ( ) ( ) ,

0

0
    by property 3. ...(1)

Let u f x dx
a

=
−∫
0

( ) . In the integral u, put x t= −  so that dx dt= − .

Also t a= , when x a= −  and t = 0 when x = 0.

∴                 u f t dt
a

= − −∫
0

( ) ( )  = −∫0

a
f t dt( ) ,  [by property 2]

   = −∫0

a
f x dx( ) , [by property 1]

 = − ∫0

a
f x dx( ) ,  if f x( ) is an odd function of x,

or = ∫0

a
f x dx( ) , if f x( ) is an even function of x.
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∴  from (1), we get

−∫ ∫ ∫= − +
a

a a a
f x dx f x dx f x dx( ) ( ) ( )

0 0
= 0 ,

  if f x( ) is an odd function of x 

and
−∫ ∫ ∫ ∫= + =

a

a a a a
f x dx f x dx f x dx f x dx( ) ( ) ( ) ( ) ,

0 0 0
2

if f x( ) is an even function of x .

Property 6: 
0

2

0
2

a a
f x dx f x dx∫ ∫=( ) ( ) , if f a x f x( ) ( )2 − =

and                
0

2
0

a
f x x∫ =( ) ,  if f a x f x( ) ( ).2 − = −

Proof : We have 
0

2

0

2a a

a

a
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( )

                    = − −∫ ∫0

0
2

a

a
f x dx f a y dy( ) ( ) ,          

[putting x a y= −2  in the second integral and changing the limits]

= + −∫ ∫0 0
2

a a
f x dx f a y dy( ) ( ) , 

interchanging the limits in the second integral

= + −∫ ∫0 0
2

a a
f x dx f a x dx( ) ( ) ,

changing the argument from y to x in the second integral

= ∫2
0

a
f x dx( ) , if f a x f x( ) ( )2 − =

or = 0, if f a x f x( ) ( ).2 − = −

Corollary: 
0

2

0 0
2

a a a
f x dx f x dx f a x dx∫ ∫ ∫= + −( ) ( ) ( ) .

Remember:

(i) 
−∫ ∫= =

π

π π

/

/ /
(sin ) (sin )

2

2

0

2
2 0f x dx f x dx or

as if, f x(sin ) is an even or an odd function respectively.

(ii) 
0 0

2
2

π π

∫ ∫=f x dx f x dx(sin ) (sin ) ,
/

  [by property 6, because sin ( ) sinπ − =x x]

(iii) 
−∫ ∫=

π

π π

/

/ /
(cos ) (cos ) ,

2

2

0

2
2f x dx f x dx [by property 5]
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(iv) 
0 0

2
2 0

π π

∫ ∫= =f x dx f x dx(cos ) (cos ) ,
/

or

as if, f x(cos ) is an even or an odd function respectively.

(v) 
0

2

0

2 1

2

π π
π

/ /
(sin ) sin ,∫ ∫= −













f x dx f x dx   [by property 4]

        = ∫0

2π /
(cos ) .f x dx

(vi) 
0 0

2
2 0

π π

∫ ∫= =sin cos sin cos ,
/

m n m nx x dx x x dx or

according as n is an even or an odd integer, (by property 6).

Example 1:  Evaluate 
0

2
π

∫ cos n x dx.

Solution: We have 
0

2

0

2
22

π π

∫ ∫=cos cos ,
/

n nx dx x dx

∵

0

2

0
2 2

a a
f x dx f x dx f a x f x∫ ∫= − =




 ( ) ( ) ( ) ( ).if

Here taking f x xn( ) cos ,= 2  we see that

 f x x x x f xn n n( ) cos ( ) ( cos ) cos ( )π π− = − = − = =





2 2 2

= ⋅
− −
− −

⋅2
2 1 2 3 3 1

2 2 2 2 4 4 2 2

( ) ( ) ...... .

( ) ( ) ...... .

n n

n n n

π
, by Walli’s formula 

=
− −

⋅
( ) ( ) .

. !
.

2 1 2 3 3 1

2

n n

nn

…

π                                

Ex am ple 2:  Eval u ate 
0

3
π

θ θ θ∫ sin d .

So lu tion: Let  I d= ∫0

3
π

θ θ θ. sin . ...(1)

Then I d= − −∫0

3
π

π θ π θ θ( ) sin ( ) ,

 ∵
0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( ) , refer prop.  4

 = −∫0

3
π

π θ θ θ( ) sin .d  ...(2)
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Adding (1) and (2), we get

                  2
0

3 3I d= + −∫
π

θ θ π θ θ θ[ sin ( ) sin ]   = + −∫0

3
π

θ π θ θ θ( ) sin d

    = =∫ ∫0

3

0

3
π π

π θ θ π θ θsin sind d

= ∫2
0

2
3π θ θ

π /
sin ,d  by a property of definite integrals; refer prop. 6

         = 2
2

3 1
1π .

.
. ,  by Walli’s formula

         = 4 3π / .

∴       I =
2

3
π .

Example 3: Prove without performing integration that

−∫ ∫+
=

+
⋅

a

a

a

ax dx

x p

x dx

x p

2

2 2

2

2 2

Solution: We have

− −∫ ∫ ∫+
=

+
+

+
⋅

a

a

a

a

a

ax dx

x p

x dx

x p

x dx

x p

2

2 2 2 2

2

2 2
...(1)

But if f x
x

x p
( ) ,=

+2 2
 then f x

x

x p
f x( ) ( ).− =

−

+
= −

2 2

Therefore f x( ) is an odd function of x .

∴ 
−∫ +

=
a

a x dx

x p2 2
0. 

So from (1), we get 
−∫ ∫+

=
+a

a

a

ax dx

x p

x dx

x p

2

2 2

2

2 2
.

Example 4: Evaluate 
0 2 2 2 2

π

∫ +
⋅

x dx

a x b xcos sin (Kumaun 2012)

So lu tion:  Let I
x dx

a x b x
=

+
⋅∫0 2 2 2 2

π

cos sin
...(1)

Then      I
x dx

a x b x
=

−

− + −∫0 2 2 2 2

π π

π π

( )

cos ( ) sin ( )
,  

∵

0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( )

=
−

+
⋅∫0 2 2 2 2

π π( )

cos sin

x dx

a x b x
...(2)

Adding (1) and (2), we get
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       2
0 2 2 2 2

I
x x

a x b x
dx=

+ −

+∫
π π( )

cos sin
 =

+∫π
π

0 2 2 2 2

dx

a x b xcos sin

                 =
+∫2

0

2

2 2 2 2
π

π /

cos sin
,

dx

a x b x

 by a property of definite integrals, refer prop. 6.

∴   I
dx

a x b x
=

+∫π
π

0

2

2 2 2 2

/

cos sin
  =

+∫π
π

0

2 2

2 2 2

/

tan
,

sec x dx

a b x
 

dividing the numerator and the denominator by cos .2 x

Now put b x ttan .=  Then b x dx dtsec
2 = .

Also when x = 0 , t = 0 and when x → π / ,2  t → ∞.

∴ I
b

dt

a t b a

t

a
=

+
= ⋅ 





∞

∫ −
∞π π

0 2 2
1

0

1
tan                                 

   = ∞ −− −π
ab

[tan tan ]1 1 0   = −





= ⋅
π π π
ab ab2

0
2

2

Example 5: Evaluate 
0

2

1

π /
.∫

−
+
cos sin

sin cos

x x

x x
dx

Solution: Let  I
x x

x x
dx=

−
+∫0

2

1

π / cos sin

sin cos
.

Then                      I
x x

x
=

−





− −





+ −


∫0

2
1

2

1

2

1
1

2

π π π

π

/ cos sin

sin


−





cos
,

1

2
π x

dx                                [Refer prop. 4]

     =
−

+
= −

−
+∫ ∫0

2

0

2

1 1

π π/ /sin cos

cos sin

cos sin

sin c

x x

x x
dx

x x

x os
.

x
dx I= −

∴                     2 0I =   or  I = 0 .

Example 6: Evaluate 
0 1

π

∫ +
⋅

x dx

xsin

So lu tion: Let I
x dx

x

x dx

x
=

+
=

−
+ −∫ ∫0 01 1

π π π
πsin

( )

sin ( )
, [Re fer prop. 4]

           =
−

+
=

+
−

+∫ ∫ ∫0 0 01 1 1

π π ππ π( )

sin sin sin

x

x
dx

x
dx

x

x
dx    

   =
+

−∫π
π

0

1

1 sin
.

x
dx I                                                                   

∴             2
1

2
10 0

2
I

dx

x

dx

x
=

+
=

+∫ ∫π π
π π

sin sin
,

/
              [Refer prop. 6]
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or I
dx

x

dx

x
=

+
=

+ −





∫ ∫π π
π

π π

0

2

0

2

1 1
1

2

/ /

sin sin
,  [Refer prop. 4]

  =
+

= =∫ ∫ ∫π π π
π π π

0

2

0

2

2 0

2
2

1 2
1

2

1

2

1

2

/ / /

cos cos

dx

x

dx

x
x dxsec

   = 





= −





= − =π π π π π
π

tan tan tan ( ) .
/1

2

1

4
0 1 0

0

2

x

Example 7: Show that 
0

2 1

2
2

1

2

1

2

π
π π

/

∫ = − ⋅log sin log logx dx or

So lu tion: Let  I x dx= ∫0

2π /
log sin . ...(1)

Then             I x dx= −



∫0

2 1

2

π
π

/
log sin , ∵

0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( )

       = ∫0

2π /
log cos .x dx                ...(2)

Adding (1) and (2), we get

                     2
0

2

0

2
I x dx x dx= +∫ ∫

π π/ /
log sin log cos            

= ∫0

2π /
log(sin cos )x x dx (Note)

= 







= −∫ ∫0

2

0

22

2
2 2

π π/ /
log

sin
(log sin log )

x
dx x dx

= −∫ ∫0

2

0

2
2 2

π π/ /
log sin logx dx dx  

= −∫0

2

0
22 2

π π/ /log sin (log ) [ ]x dx x

= −∫0

2
2

2
2

π π/
log sin log .x dx

Now put 2x t= , so that 2 dx dt= . Also t = 0 when x = 0 and t = π  when x =
1

2
π.

∴                   2
1

2 2
2

0
I t dt= −∫

π π
log sin log

     = −∫1

2 2
2

0

π π
log sin log ,x dx   [Refer prop. 1]

     = −∫1

2
2

2
2

0

2
. log sin log ,

/π π
x dx  [Refer prop. 6]

  = −I
1

2
2π log .
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Therefore 2
1

2
2I I− = − π log  

or I = − = −1

2
2

1

2
2 1π πlog log ( )  = ⋅

1

2

1

2
π log

Example 8: Show that 
0

2 1

2
2

π
π

/
.∫ =x x dxcot log

Solution: Let I x x dx= ∫0

2π /
cot . Integrating by parts taking cot x as the second

function, we get

                    I x x x dx= − ∫[ log sin ] . log sin
/

0
2

0

2
1π /

π
    

= −








 −

→ ∫π π

2
1

0 0

2
log lim log sin log sin

/

x
x x x dx

= − −
→ ∫0

0 0

2
lim log sin log sin .

/

x
x x x dx

π

Now lim log sin lim
log sin

/x x
x x

x

x→ →
=

0 0 1
form

∞
∞







=
−

=
−

→ →
lim

( /sin )cos

/
lim

cos

sinx x

x x

x

x x

x0 2 0

21

1
form

∞
∞







=
− +

= =
→

lim
cos sin

cos
.

x

x x x x

x0

22 0

1
0

∴ I x dx x dx= − = −∫ ∫0
0

2

0

2π π/ /
log sin log sin .

Now let  u x dx= ∫0

2π /
log sin .                                                             

Then proceeding as in Example 7, we have  u = −
1

2
2π log .

∴ I u= − =
1

2
2π log .

Example 9: Show that 
0

4
1

8
2

π
θ θ

π/
( ) .∫ + =log tan logd

Solution: Let I d= +∫0

4
1

π
θ θ

/
log ( tan ) .

Then            I d= + −











∫0

4
1

1

4

π
π θ θ

/
log tan , ∵

0 0

a a
f x dx f a x dx∫ ∫= −









( ) ( )

= +
−
+









 =

+∫ ∫0

4

0

4
1

1

1

2

1

π πθ
θ

θ
/ /

log
( tan )

( tan )
log

tan
d

θ
θ









d
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= − +∫ ∫0

4

0

4
2 1

π π
θ θ θ

/ /
log . log ( tan )d d  

= −log . [ ] ./2
0

4θ π
I

∴                2
1

4
2I = π log   or  I =

1

8
2π log .

Example 10: Show that 
0

2

4

π π/

∫ +
= ⋅

sin

sin cos

x dx

x x (Lucknow 2014)

So lu tion: Let  I
x dx

x x
=

+
⋅∫0

2π / sin

sin cos
...(1)

Then                       I
x

x x
=

−





−





+ −





∫0

2
1

2
1

2

1

2

π π

π π

/ sin

sin cos
 [Refer prop. 4]

                =
+

⋅∫0

2π / cos

cos sin

x dx

x x
                                  ...(2)

Adding (1) and (2), we get

      2
0

2

0

2
I

x dx

x x

x dx

x x
=

+
+

+∫ ∫
π π/ /sin

sin cos

cos

sin cos

=
+

+
+









∫0

2π / sin

sin cos

cos

sin cos

x

x x

x

x x
dx 

= = = ⋅∫0

2

0
21

2

π π π/
/. [ ]dx x

∴ I =
1

4
π .               

Evaluate the following integrals :

1. (i)
0

6
π

∫ cos .x dx (ii) sin .3

0
x dx

π

∫
2. (i)

x x

x
dx

2 1

21

1

1

sin

( )
.

−

− √ −∫ (ii) x a x dx
a

a
√ −

−∫ ( ) .2 2

(iii)
−

−

∫ √ −1

1 1

21

x x

x
dx

sin

( )
.

3. (i)
0

π

∫ +
⋅

dx

a b xcos
(ii)

0

2π

∫ + +
⋅

dx

a b x c xcos sin
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4. (i) Show that 
0 2 2 2 2 2

2 2 2

3 34

π π
∫ +

=
+

⋅
x dx

a x b x

a b

a b( cos sin )

( )

(Kumaun 2007, 09)

(ii) Show that 
0 2 2

2

22 1

π π∫ −
=

√ −

x dx

a x a acos ( )
, ( ) .a > 1

(iii) Evaluate 
0 21

π

∫ +
⋅

x dx

xcos

5. (i) Evaluate 
0

2π /
(sin cos ) log (sin cos ) .∫ − +x x x x dx

(ii) Evaluate 
0

2
2

π /
sin log tan .∫ x x dx

6. (i) Evaluate 
0 21

π

∫ +

x x

x
dx

sin

( cos )
.

(Kumaun 2007)

(ii) Evaluate 
0

6 4
π

∫ x x x dxsin cos .

7. (i) Prove that  
0 1 2

1
π

π
π∫ +

= −





⋅
x x

x
dx

sin

sin (Kumaun 2011)

(ii) Show that 
0

21

4

π
π∫ +

=
x x

x x
dx

tan

cos
.

sec

(iii) Show that 
0

1

2
1

π
π π∫ +

= −





x x dx

x x

tan

tan
.

sec

8. (i) Evaluate 
0

3 21 2 1
π

θ θ θ θ∫ + +sin ( cos ) ( cos ) .d

(ii) Evaluate 
0

5 31
π

∫ −sin ( cos ) .x x dx

9. (i) Show that 
0

2
0

π /
log (tan ) .∫ =x dx

(Kumaun 2010)

(ii) Prove that 
0

1

2

1

2∫ 





= ⋅log sin log
π

y dy

10. (i) Evaluate 
0

π

∫ x x dxlog sin .

(ii) Evaluate 
0

2π /
log cos .∫ x dx

(iii) Evaluate 
0

2
2

π /
log sin .∫ x dx

(iv) Evaluate 
0

1

21

∞ −

∫ +
⋅

tan

( )

x dx

x x

11. (i) Show that 
0

2
2

2
π θ

θ
θ π

/

sin
log .∫









 =d
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(ii) Show that 
0

1 2 2
∞

−∫ =(cot ) log .x dx π

(iii) Show that 
0

1 1 1

2
2∫

−
=

sin
log .

x

x
dx π

(iv) Show that 
0

1
1

2

π
π∫ + = ⋅log ( cos ) logx dx

12. (i) Show that 
0 2

1

1
2

∞

∫ +



 +

=log log .x
x

dx

x
π

(ii) Show that 
0

2

2

1

1
2

∞

∫
+

+
=

log ( )

( )
log .

x dx

x
π

(iii) Show that 
0

1

2

1

1

1

8
2∫

+

+
=

log ( )
log .

x

x
dx π

(Kumaun 2008)

13. (i) Evaluate 
0

2

1

π /

tan∫ +
⋅

dx

x

(ii) Evaluate 
0

2

1

π /

cot∫ +
⋅

dx

x

14. (i) Show that 
0 21 1 4

∞

∫ + +
= ⋅

x dx

x x( ) ( )

π

(ii) Show that 
0 2 2 4

a dx

x a x∫ + √ −
= ⋅

( )

π

15. (i) Show that 
0

2

4

π π/ (sin )

(sin ) (cos )∫
√

√ + √
= ⋅

x

x x
dx (Lucknow 2007)

(ii) Show that 
0

2

4

π π/ tan

tan cot∫ +
= ⋅

x

x x
dx

(iii) Show that 
0

2

1 4

π π/

(tan )∫ + √
= ⋅

dx

x

(iv) Show that 
0

2

1 4

π π/ (tan )

(tan )∫
√
+ √

= ⋅
x dx

x

16. (i) Prove that 
0

2

4

π π/ (tan )

(tan ) (cot )∫
√

√ + √
= ⋅

x

x x
dx

(ii) Show that 
0

2 2 1

2
2 1

π / sin

(sin cos )
log ( ).∫ +

=
√

√ +
x dx

x x

17. (i) Evaluate 
0

2 2π / cos

(sin cos )
.∫ +

x

x x
dx

(ii) Evaluate 
0 2 2 2

a a dx

x a x∫ + √ −
⋅

{ }( )

(iii) Evaluate 
0

2π /

sin cos∫ +
⋅

x dx

x x
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18. (i) Show that 
0

2

0

2
2 2

π π/ /
(sin ) sin (sin ) cos∫ ∫φ = φx x dx x x dx

         = √ φ∫2 2
0

4π /
(cos ) cos .x x dx

(Kumaun 2007)

(ii) Show that 
0

2 2
1

2
2

8π π

π π∫






−
= ⋅

x x x

x
dx

sin sin cos

1. (i)
5

16

π
(ii)

4

3
2. (i) 0

(ii) 0 (iii) 2 3. (i)
π

√ −( )a b2 2

(ii)
2

2 2 2

π

√ − −( )a b c
4. (iii)

π2 2

4

√
5. (i) 0

(ii) 0 6. (i)
1

4
2π (ii)

3

512

2π

8.  (i)
8

3
(ii)

32

21
10. (i)

1

2

1

2
2π log

(ii)
1

2

1

2
π log (iii)

1

2

1

2
π log  (iv) 

1

2
2π log

13. (i)
π
4

(ii)
π
4

17. (i)  
1

2
2 1

√
√ +log ( )

(ii)
1

2
2 1

√
√ +log ( ) (iii)

π
2 2

2 1
√

√ +log ( )

   3  The Definite Integrals as the Limit of a Sum

So far integration has been defined as the inverse process of differentiation. But it is

also possible to regard a definite integral as the limit of the sum of certain number of

terms, when the number of terms tends to infinity and each term tends to zero.

Definition: Let f x( ) be a single valued continuous function defined in the interval 

( , )a b where b a>  and let the interval ( , )a b  be divided into n equal parts each of length h, so that 

nh b a= − ; then we define

       f x dx h f a f a h f a h f a n h
a

b
( ) lim [ ( ) ( ) ( ) { ( ) }],= + + + + +…+ + −∫ 2 1

when n h→ ∞ →, 0 and nh b a→ − .
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Thus 
a

b

h
r

n

f x dx h f a rh∫ ∑= +
→

=

−

( ) lim ( ),
0

0

1

 where n → ∞ as h → 0 and nh remains equal to 

b a− . We call  
a

b
f x dx∫ ( )  as the definite integral of f x( ) w.r.t. x between the limits a

and b.

Example 11: Evaluate 
a

b
x dx∫ 2  directly from the definition of the integral as the limit of a

sum.

Solution: From the definition of a definite integral as the limit of a sum, we know

that

       
a

b

n
f x dx h f a f a h f a h f a n h∫ = + + + + +…+ + −

→ ∞
( ) lim [ ( ) ( ) ( ) { ( )2 1 }].

where h → 0 as n → ∞ and nh b a→ − .

Here f x x( ) ;= 2  therefore f a( ), f a h( ),+  f a h( ),+ 2  etc. will be a2 , ( ) ,a h+ 2  ( ) , ,a h+ …2 2

respectively.

∴
a

b

n
x dx h a a h a h a n h∫ = + + + + +…+ + −

→ ∞

2 2 2 2 22 1lim [ ( ) ( ) ( ) ],{ }

                                                   where h → 0 as n → ∞ and nh b a→ −

              = + + + +…+ −
→ ∞
lim [ { ( )}

n
h na ah n2 2 1 2 3 1  

                      + + + + + −h n2 2 2 2 21 2 3 1{ }… ( ) ] .

But we know that 

Σ n
n n

=
+( )1

2
               

and  Σ n
n n n2 1 2 1

6
=

+ +
⋅

( ) ( )

Taking n n= −( )1 in the above results, we get

         
a

b

n
x dx h na ah

n n h
n n n∫ = + ⋅

−
+ − −





→ ∞

2 2
2

2
1

2 6
1 2 1lim

( )
( ) ( )







         = + − + − −



→ ∞

lim ( ) ( )( ) ( )( ) ( )
n

nh a a nh n h nh n h n h2 1
1

6
1 2 1 

         = + −





+ ⋅ −



→ ∞

lim ( ) ( ) ( )
n

nh a a nh
n

nh
n

2 2 31
1 1

6
2 1

1
1

1

2
−









n
.

Now as n → ∞ , h → 0 and nh b a→ − .

I-16



∴ 
a

b
x dx b a a a b a b a∫ = − + − + −2 2 2 31

3
( ) ( ) ( )

        = − + − + − +
1

3
3 3 22 2 2( ) ( )b a a b a a b ab a{ }

        = − + +
1

3
2 2( ) ( )b a a ab b

        = −
1

3
3 3( ) .b a

Example 12: Show that 
a

b
m

m m

x dx
b a

m∫ =
−
+

⋅
+ +1 1

1( )

Solution: Here f x x m( ) ;=  therefore f a am( ) ,=  f a h a h m( ) ( ) ,+ = +  etc.

∴ 
a

b
m

h

m m mx dx h a a h a n h∫ = + + +…+ + −
→
lim [ ( ) { ( ) } ],

0
1

where  b a nh− = .

Now   lim
( )

( ) .
h

m m
m mt h t

h

d

dt
t m t

→

+ +
++ −

= = +
0

1 1
1 1

∴   lim
( )

( ), . .,
h

m m

m

t h t

h t
m i e

→

+ ++ −

⋅
= +

0

1 1

1  constant …(1)

Putting t a= , ( ) ,a h+  ( ) ,a h+ 2  etc., in (1), we get

lim
( )

lim
( ) ( )

(h

m m

m h

m ma h a

h a

a h a h

h→

+ +

→

+ ++ −

⋅
=

+ − +
0

1 1

0

1 12

a h m+
=…

)

… =
+ − + −

+ −→

+ +
lim

( ) { ( ) }

{ ( ) }h

m m

m

a nh a n h

h a n h0

1 11

1

= +( )m 1  i e. .,   a constant. …(2)

Also we know that if 
a

b

c

d

e

f
= = = ......, then each of these ratios is equal to 

a c e

b d f

+ + +
+ + +

....

…

 ...(3)

Now we apply the property (3) to various limits given in (2). Thus forming a new

numerator and denominator by adding the numerators and denominators of the

various ratios in (2), we get

lim
( )

[ ( ) ( ) ]
(

h

m m

m m

a nh a

h a a h a n h
m

→

+ ++ −

+ + + + + −
= +

0

1 1

1… { }m
1)

or lim
[ ( )]

[ ( ) { ( ) } ]h

m m

m m m

a b a a

h a a h a n h→

+ ++ − −

+ + +…+ + −
=

0

1 1

1
( ).m + 1  [ ]∵ nh b a= −
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or lim [ ( ) ( ) ]
h

m mh a a h a n h
→

+ + + + + −
0

1… { }m  =
−
+

⋅
+ +b a

m

m m1 1

1

∴
a

b
m

m m

x dx
b a

m∫ =
−
+

⋅
+ +1 1

1( )

Ex am ple 13: From the def i ni tion of a def i nite in te gral as the limit of a sum, eval u ate 
a

b
xe dx∫ .

Solution: Here f x e x( ) ;=  therefore f a ea( ) ,=  f a h ea h( ) ,+ = +  etc.

∴                   
a

b
x

h

a a h a h a n he dx h e e e e∫ = + + +…+
→

+ + + −lim { }.( )

0

2 1    

where nh b a= −  and n → ∞ as h → 0

= + + +…+
→

−lim { }( )

h

a h h n hhe e e e
0

2 11

=
−

−











→
lim

( )
,

h

a
h n

h
he

e

e0

1

1
 summing the G.P.

=
−
−











→

lim
h

a
nh

h
he

e

e0

1

1

=
−

−











→

−
lim ,
h

a
b a

h
he

e

e0

1

1
[ ( )]∵ nh b a= −

= −−e ea b a( ),1 lim lim
h h h h

h

e e→ →−
= =











0 01

1
1  

= −e eb a.

Example 14: Evaluate by summation 
a

b
x dx∫ sin .

Solution: Here f x x( ) sin ;=  therefore f a a( ) sin ,=  f a h a h( ) sin ( ) ,+ = +  etc.

∴    
a

b

h
x dx h a a h∫ = + + +

→
sin lim [sin sin( )

0
… + + −sin ( ) ] ,{ }a n h1    

where nh b a= −  and n → ∞ as h → 0

=







⋅ + −













→
lim

sin

sin
sin ( )

h
h

nh

h
a n h

0

1

2
1

2

1

2
1













,  from Trigonometry

= ⋅ ⋅
−





⋅ +
− −



→

lim
sin

sin sin
h

h

h

b a
a

b a h

0
2

1

2
1

2
2 2

,  [ ]∵ nh b a= −
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= ⋅ ⋅
−





+
−





2 1
2 2

sin sin ,
b a

a
b a

 ∵ lim
sinθ

θ
θ→

=










0
1

=
− +

= −2
2 2

sin sin cos cos .
b a a b

a b

1. Find by summation the value of 
a

b
x dx∫ .

2. Evaluate by summation 
1

2

∫ x dx.

3. Evaluate by summation 
0

2
3∫ x dx.

4. Using the definition of integral as the limit of a sum, show that

a

b
x dx b a∫ = −cos sin sin .

5. Evaluate by summation 
0

2π /
sin .∫ x dx

6. Evaluate by summation 
0

2π /
cos .∫ x dx

7. Evaluate by summation 
a

b

x
dx∫ 1

2
.

 1.
1

2
2 2( )b a−  2.

3

2
 3. 4

 5. 1  6. 1  7.
1 1

a b
−

4 Summation of Series with the Help of Definite Integrals

The definition of a definite integral as the limit of a sum (article 3) helps us to evaluate

the limit of the sums of some special types of series. We know that

        
a

b

n
f x dx h f a f a h f a n h∫ = + + +…+ + −

→ ∞
( ) lim [ ( ) ( ) { ( ) }]1
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                        = +
→ ∞

=

−

∑lim ( ),
n

r

n

h f a rh

0

1

   where nh b a= − .

Putting a = 0 and b = 1, so that h n= ( / ),1  we get

f x dx
n

f
r

nn
r

n

( ) lim .= 



→ ∞

=

−

∑∫ 1

0

1

0

1
           

Thus the limit of the sum of a series can be expressed in the form of a definite integral

provided the series has the following properties :

(a) Each term of the series should have ( / )1 n  as a common factor which tends to zero 

as n → ∞.

(b) The general term of the series should be the product of 1/n and a function 

f r n( / ) of r/n, so that the various terms of the series can be obtained from it by

giving different values to r , say r = 0 , 1 2 1, , , .… n −
(c) There should be n terms in the series, but if however the number of terms differs

by a finite number from n , then the required limit does not change because each

term tends to zero. Thus

lim ( )
n

r p

n q

n
f

r

n
f x dx

→ ∞
=

+






=∑ ∫1

0

1
,

if p and q are independent of n .

Work ing Rule :

(i) Write down the general term [say  r th term or ( )r − 1th term etc., as convenient]

of the series. Take out ( / )1 n  as a factor from the general term and thus write the

series in the form 
1

0

1

n
f

r

n
r

n






=

−

∑ . We may have some other limits of r in the

summation; for example, r may vary from 1 to n or from 0 to 2n , etc. .

(ii) Now to evaluate lim ,
n

r

n

n
f

r

n→ ∞
=

−




∑1

0

1

 replace r n/  by x n, /1  by dx and lim
n→ ∞

 Σ by the

sign of integration i e. ., by .∫
(iii) To find the limits of integration of x first note carefully the limits of r in the

summation Σ f r n( / ). Divide these limits by n to get the values of r n/ .  Take

limits of these values of r n/  as n → ∞ and get the limits of integration of x.

Example 15: Show that the limit of the sum 
1 1

1

1

2

1

3n n n n
+

+
+

+
+ +… ,

when n is indefinitely increased is log 3 . (Kumaun 2013)
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Solution: Here the general term of the series is 
1

n r+
 and r varies from 0 to 2n .

Now we have to find lim .
n

r

n

n r→ ∞
=
∑ +

0

2
1

We have  lim lim
{ ( / )}

,
n

r

n

n
r

n

n r n n r→ ∞
=

→ ∞
=

∑ ∑+
=

+
0

2

0

2
1 1

1

expressing the general term in the form ( / ) ( / )1 n f r n

=
+→ ∞

=
∑lim

( / )
,

n
r

n

n r n

1 1

1
0

2

  taking 
1

n
 outside the sign of summation.

Now  lim
( / )n

r

n

n r n→ ∞
=
∑ +

1 1

1
0

2

 is of the form

 lim ,
n n

f
r

n→ ∞







1
Σ     where f

r

n r n







=
+

⋅
1

1 ( / )
 

The limits of r in this summation are 0 to 2n . When r = 0,  
r

n n
= =

0
0 and when r n= 2 , 

r

n

n

n
= =

2
2 . As n → ∞ , these values of 

r

n
 tend to 0 and 2 respectively, giving us the limits 

of integration.

Now replacing r n/  by x,  1/n by dx , lim
n→ ∞

Σ by the sign of integration ∫ , taking the limits

of integration of x from 0 to 2, we get

     lim
( / )

[log ( )]
n

r

n

n r n x
dx x

→ ∞
=
∑ ∫+

=
+

= +
1 1

1

1

1
1

0

2

0

2

0
2

= − = − =log log log log .3 1 3 0 3

Example 16: Evaluate lim
( )n

n

n

n

n

n

n

n

n n→ ∞
+

+
+

+
+ +

+ +











2 2 2 2 2 2 21 2 1

…  .

Solution: Here, the rth term =
+ −

⋅
n

n r2 21( )
 As the r th term contains ( ) ,r − 1  we

consider the ( )r + 1th term.

The ( )r + 1th term =
+

=
+

n

n r

n

n r n2 2 2 21{ }( / )
 = ⋅

+













1 1

1 2n r n( / )
, 

and r varies from 0 to n + 1.

∴ the given limit =
+











→ ∞

=

+

∑lim
( / )

.
n

r

n

n r n
0

1

2

1 1

1
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Also the lower limit of integration

                 = 





= =
→ ∞ → ∞
lim lim .
n nn

0
0 0              [ ]∵ r = 0 for the 1st term

and the upper limit =
+





= +





=
→ ∞ → ∞
lim lim .
n n

n

n n

1
1

1
1

[ ( )∵ r n= + 1 for the last term]

∴  the required limit =
+

= = =− −∫ 1

1
1

42
1

0
1

0

1
1

x
dx x[tan ] tan .

π

Example 17: Prove that lim .
n n n

n

n n→ ∞ +
+

+
+ +

+













=
1

1

2

2

1

2
2

2

3 3

2

3 3

2

3 3
… log

Solution: Here the r th term =
+

=
+












= ⋅

+
r

r n n

r

r n n

r n

r n

2

3 3 3

2

3

2

3

1

1

1

1( / )

( / )

( / )












,

and r varies from 1 to n.

∴  the given limit = ⋅
+












=

+→ ∞
=

∑lim
( / )

( / )n
r

n

n

r n

r n

x dx

x

1

1 1

2

3
1

2

30

1

∫

      = +





1

3
13

0

1

log ( )x  = − =
1

3
2

1

3
1

1

3
2log log log .          

Example 18: Evaluate lim sin sin sin sin
n

k k k k

n n n n→ ∞
+ + + +


1

2

2

2

3

2 2
2 2 2 2π π π π

…


.

Solution: Here the r th term = ⋅
1

2
2

n

r

n
ksin ,

π
 and r varies from 1 to n .

∴   the given limit = ⋅
→ ∞

=
∑lim sin

n

k

r

n

n

r

n

1

2
2

1

π

     = ⋅





=∫ ∫0

1
2

0

2
2

2

2
sin sin ,

/
k kx dx t dt

π
π

π
  putting 

πx
t

2
=

so that 
1

2
π dx dt=  and the limits for t are 0 to π /2

     = ⋅
−

⋅
−
−

⋅ ⋅
2 2 1

2

2 3

2 2

3

4

1

2 2π
π( ) ( )

( )
,

k

k

k

k
…  by Walli’s formula

     =
− −

−
⋅

( ) ( ) .

.( ) .

2 1 2 3 3 1

2 2 2 4 2

k k

k k

…

…

Example 19: Find the limit, as n → ∞ , of the product

    1
1

1
2

1
3

1
1 2 1 3 1

+





+





+





+



n n n

n

n

n/ / /

… ⋅
(Lucknow 2013)
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Solution: Let P
n n n

n

nn
= +





+





+





+
→ ∞
lim

/ /

1
1

1
2

1
3

1
1 2 1 3

…





⋅
1/n

Then      log lim log logP
n nn

= +





+ +






→ ∞

1
1 1

2
1

2

+ +





+ + +









1

3
1

3 1
1log .... log

n n

n

n

= +



→ ∞

=
∑lim log

n
r

n

r

r

n

1
1

1

= ⋅ +



→ ∞

=
∑lim

( / )
log

n
r

n

n r n

r

n

1 1
1

1

(Note)

= + = − + − +










∫ ∫0

1

0

1 2 3 41
1

1

2 3 4x
x dx

x
x

x x x
dxlog ( ) …

= − + − +








 = − + − +








∫0

1 2 3 2 3 4

1
2 3 4 4 9 16

x x x
dx x

x x x
… …



 0

1

or          log ,P = − + − + ∞ =1
1

2

1

3

1

4 122 2 2

2

…

π
  from trigonometry.

∴                 P e= π2 12/ .

Example 20: Evaluate lim
n n n n

n

→ ∞
+





+








 +









 +1

1
1

2
1

3
1

2

2

2

2

2

2

…

n

n

2

1






















⋅
/

 

(Lucknow 2008; Kumaun 07, 13)

Solution: Let P
n n nn

= +





+








 +









 +

→ ∞
lim 1

1
1

2
1

3
1

2

2

2

2

2
…

n

n

n
2

2

1






















⋅
/

∴ log lim log logP
n n nn

= +





+ +














→ ∞

1
1

1
1

2
2

2

2

+ +








 + + +














log log1

3
1

2

2

2

2n

n

n
…

= +








→ ∞

=
∑lim log

n
r

n

n

r

n

1
1

2

2
1

= + = +∫ ∫0

1
2

0

1
21 1 1log ( ) log ( ) .x dx x dx

= + −
+∫[ log ( )]
.

,x x
x x dx

x
1

2

1

2
0
1

0

1

2

integrating by parts taking 1 as the 2nd function
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= −
+ −

+∫log
( )

2 2
1 1

10

1 2

2

x

x
dx  = − −

+











∫log 2 2 1

1

10

1

2x
dx

= − − −log [ tan ]2 2 1
0
1

x x  = − −log [ ] .2 2 1
1

4
π

Thus   log log ( )P = + −2
1

2
4π   or  log ( / ) ( )P 2

1

2
4= −π

or  P e= −2 4 2( )/ .π

Example 21: Find the limit of 
n

nn

n! /








1

 when n tends to infinity.
(Kumaun 2010)

Solution:  P
n

n

n

n n n n nn n

n

n
= 








=
⋅ ⋅ ⋅ …
⋅ ⋅ ⋅ …







→ ∞ → ∞
lim

!
lim

/1 1 2 3 4



1/n

 = ⋅ ⋅ …





→ ∞

lim .
/

n

n

n n n

n

n

1 2 3 1

 

∴          log lim log log logP
n n n nn

= 





+ 





+ 





+…
→ ∞

1 1 2 3
+ 











log
n

n

= 





= = ⋅
→ ∞

=
∑ ∫∫lim log log (log )

n
r

n

n

r

n
x dx x dx

1
1

1
0

1

0

1

= ⋅ − ⋅∫[(log ) ] ,x x
x

x dx0
1

0

1 1
 integrating by parts

= − = −0 10
1[ ] .x

∴                 P e e= =−1 1/ .

       Evaluate the following :

1. lim
n n n n→ ∞ +

+
+

+ +








 ⋅

1

1

1

2

1

2
…  

2. lim
n n m n m n nm→ ∞ +

+
+

+ +
+









 ⋅

1 1

2

1
…

3. lim
( ) ( ) ( )

.
n

n

n

n

n

n

n n→ ∞ +
+

+
+…+

+











1 22 2 2

4. lim [ ( ) ( ) ( ) ].
n

n n n n n
→ ∞

√ + + √ + + + √ √{ } /1 2 2…

5. lim
( ) ( ) ( ) ( )n

n
n n n n→ ∞ + +

+
+ +






1

1 2

1

2 4
 +

+ +
+ + 


1

3 6

1

6 2( ) ( )
.

n n n
…

6. lim
n

n

n

n

n n→ ∞ +
+

+
+ +













⋅
2 2 2 21 2

1

2
…
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7. lim
n

n

n

n

n n→ ∞

+

+
+

+

+
+ +













⋅
1

1

2

2

1
2 2 2 2

…

8. lim ( )
n n

n
→ ∞

+ + + + +





⋅
1

1 4 9 16
3

2
…

9. lim
( ) ( )n n

n

n

n

n n→ ∞
+

+
+

+
+ +













⋅
1

1 2

1

8

2

3

2

3
…

10. lim
( ) ( )

/

/

/

/

/

/

/

n

n

n

n

n

n

n

n

n→ ∞
+

+
+

+
+ +

+

1 2

3 2

1 2

3 2

1 2

3 2

1 2

3 6
…

{ 3 1 3 2( ) /n −













⋅
} (Lucknow 2006)

11. lim
( ) ( ) ( )n n n n n n→ ∞

+
√ −

+
√ −

+ +
√ − −











1 1

1

1

2

1

12 2 2 2 2 2
…

{ }



⋅

12. lim
x n n n n n n n→ ∞

+ + + +


1 1 2 4 3 9 1
1

2
2

2 2
2

2 2
2

2
2sec sec sec sec…




⋅
(Lucknow 2010)

13. lim .
n

r

n
r

r m→ ∞
= +∑

3

4 4
1

14. lim .
n

r

n

n

n r

n r→ ∞
=

−

∑ √⋅
+
−







1

0

1

(Lucknow 2014)

15. lim
( )

.
n

r

n
n

r r n→ ∞
=

∑ √
√ ⋅ √ + √

1
23 4

16. lim
( )

.
/n

r

n
n

n r→ ∞
=

∑ +
1

2

2 2 3 2

17. lim
( ) ( )n n n n→ ∞ √ −

+
√ −

+ +












⋅
1

2 1

1

4 2

1
2 2

…

18. lim
( ) ( ) ( ) ( ) ( . )n

n

n n

n

n n

n

n n n→ ∞ + √ +
+

+ √ +
+ +

√



1 2 1 2 2 2 2 2 3{ }
…







 ⋅

19. lim
( ) ( ) ( ) ( )/ / /

n

n m

n

n m

n

n m

n

n m

→ ∞

−
+

−
+

−
+ +

−1 3 2 1 3 2 1 3 32

2

3

3
…

1 3

2

/

n













⋅ 

20. lim
n na na na nb→ ∞

+
+

+
+

+ +








 ⋅

1 1

1

1

2

1
…

(Kumaun 2011)

21. lim
n

n

n→ ∞

+ + + +
⋅

1 2 310 10 10

11

…

22. Prove that lim ,
n

m m m m

m

n

n m→ ∞ +
+ + + +

=
+

1 2 3 1

11

…

 ( ) .m > 1

23. Evaluate lim
n n n n

n

n→ ∞
+





+





+





+








1
1

1
2

1
3

1…



⋅
1/n

(Lucknow 2009)
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24. Evaluate lim
( ) ( ) ( ) ( )

.
/

n n

nn n n n n

n→ ∞

+ + + +





1 2 3 1
…

25. Evaluate lim

/ /

n n n n→ ∞
+





+








 +









1

1
1

2
1

3
4

4

4

1 2 4

4

1 3 4

4

1

1… +
























⋅
n

n

n/

26. Evaluate lim sin sin sin sin
/

n

n

n n n

n

n→ ∞







⋅
π π π π

2

2

2

3

2 2

1

…

27. Evaluate lim tan tan tan tan
/

n

n

n n n

n

n→ ∞







⋅
π π π π

2

2

2

3

2 2

1

…

(Kumaun 2012)

28. Evaluate the limit

         lim
/ /

n

n n

n n n→ ∞
+





+








 +







1

1
1

2
1

3
2

2 2

2

4 2

2

2 2


 +









 ⋅

6 2

2

22 2

1

/ /n n n
n

n
…

(Kumaun 2009)

 1. log 2  2. ( / ) log ( )1 1m m+  3.
1

2

 4.
2

3
2 2 1[ ]√ −  5. log

3

2
 6.

π
4

 7.
1

2
2

4
log +

π
8.

1

3
 9.

3

8
10.

1

3

11.
1

2
π 12.

1

2
1tan 13.

1

4
2log 14.

π
2

1+ 15.
1

14

16.
1

2√
17.

π
2

18.
π
3

19.
3

2
20. log ( / )b a

21.
1

11
23. 4 / e 24. 4 / e 25. e π2 48/ 26.

1

2
27. 1 28. 4 / e

Mul ti ple Choice Ques tions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

1. The value of the integral 
−∫ π

π

/

/
sin

2

2
2 x dx is

(a) 
π
2

(b) 
π
4

(c) 
π
8

(d) 
1

2
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2. The value of the limit, lim
n

r

n
r

r n→ ∞
=

∑ +
1

3

4 4
 is

(a) log 2 (b) 
1

4
2log (c) 

1

2
2log (d) 

1

8
2log

3. The value of the integral 
−∫ π

π

/

/
sin

2

2
3 x dx  shall be

(a) 1 (b) 0 (c) −1 (d) π
(Kumaun 2010, 12)

4. The integral 
0

π

∫ f x dx(sin )  is equal to

(a) 2
0

2π /
(sin )∫ f x dx (b) 

0

π

∫ f x dx(cos )

(c) 
0

2π /
(cos )∫ f x dx (d) 

0

2π /
(sin )∫ f x dx

(Kumaun 2010, 13)

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If f x f x( ) ( ),− = −  then 
−∫ = ……

a

a
f x dx( ) .

 2. If f a x f x( ) ( ),2 − = −  then 
0

2a
f x dx∫ = ……( ) .

 3. If f x f x( ) ( ),− =  then 
−∫ = ……

a

a
f x dx( ) .2

 4. If f a x f x( ) ( ),2 − =  then 
0

2
2

a
f x dx∫ = ……( ) .

 5.
−∫ = ……

π

π

/

/
sin cos .

2

2
3 2x x dx

 6.
−

−

∫ √ −
= ……

1

1 2 1

21

x x

x
dx

sin

( )
.

 7.
0

2

1

π / cos sin

sin cos
.∫

−
+

= ……
x x

x x
dx

 8.
0

2

1

π /

(tan )
.∫ + √

= ……
dx

x

 9.
0

2π / sin

sin cos
.∫ +

= ……
x

x x
dx

10. lim
( / )

.
n

r

n

n r n→ ∞
=

∑ +
= ……

1 1

1
1
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True or False

Write ‘T’ for true and ‘F’ for false statement.

1.
0 0

a a
f x dx f a x dx∫ ∫= +( ) ( ) .

2.
0 0

a a
f x dx f a x dx∫ ∫= −( ) ( ) .

3. If m is a positive integer, then 

0

2 1 0
π

∫ + =sin cos .m mx x dx

4.
0

2

0

2

2

π ππ/ /

sin cos sin cos∫ ∫+
=

+
⋅

x dx

x x

dx

x x

5.
−∫ =

π

π

/

/
cos .

2

2
3 0x dx

6. lim .
n

r

n

n r x
dx

→ ∞
=
∑ ∫+

=
+

0

2

0

11 1

1

7. lim
( / )

.
n

r

n

n r n→ ∞
=

+

∑ +













=
0

1

2

1 1

1 4

π

8. lim (
n n

n
→ ∞

+ + + +…+





=
1

1 4 9 16
1

23
2

 .

Multiple Choice Questions

 1. (a) 2. (b)  3. (b) 4. (a)

Fill in the Blank(s)

 1. 0 2. 0 3.
0

a
f x dx∫ ( ) 4.

0

a
f x dx∫ ( )

 5. 0  6. 0  7. 0 8.  
π
4

 9.
π
4

10. log 2

True or False

1. F 2. T 3. T 4. F 5. F

6. F 7. T 8. F

¨
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1  Some Definitions

1. Infinite Interval: The interval whose length (range) is infinite is said to be an
infinite interval. Thus the intervals ( , )a ∞ , ( , )− ∞ b  and ( , )− ∞ ∞  are infinite

intervals.

2. Bounded Func tions: A func tion f x( ) is said to be bounded over the in ter val I  if

there ex ist two real num bers a band  ( )b a>  such that

a ≤ f x( ) ≤ b for all x I∈ .

A function f x( ) is said to be unbounded at a point, if it becomes infinite at that point.

Thus the function

f x x x x( ) / ( ) ( )= − −{ }1 2

is unbounded at each of the points x x= =1 2and .

3. Monotonic func tions: A real val ued func tion f  de fined on an in ter val I  is said

to be monotonically in creas ing if

x y f x f y x y I> ⇒ > ∈( ) ( ) ,V

and monotonically decreasing if

x y f x f y x y I> ⇒ < ∈( ) ( ) , .V

2
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A function f  defined on an interval I  is said to be a monotonic function if it is either

monotonically decreasing or monotonically increasing on I .

For example the function f  defined by f x x( ) sin=  is monotonically increasing in the

interval 0 ≤ x ≤
1

2
π and monotonically decreasing in the interval 

1

2
π ≤ x ≤ π.

4. Proper In te gral: The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be a proper in te gral if

the  range of in te gra tion is fi nite and the integrand f x( ) is bounded. The in te gral 

0

2π /
sin∫ x dx is a proper in te gral. Also 

0

1

∫
sin x

x
dx is an ex am ple of a proper in te gral

because lim sin
.

x

x

x→
=

0
1

5. Im proper Integrals: The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an im proper

in te gral if ( )i  the in ter val ( , )a b  is not fi nite ( . .,i e  is in fi nite) and the func tion f x( ) is

bounded over this in ter val; or ( )ii  the in ter val ( , )a b  is fi nite and f x( ) is not bounded over

this in ter val; or ( )iii  nei ther the in ter val ( , )a b  is fi nite nor f x( ) is bounded over it.

6. Im proper integrals of the first kind or in fi nite integrals: A def i nite in te gral  

a

b
f x dx∫ ( )  in which the range of in te gra tion is in fi nite ( . .,i e  ei ther b = ∞ or a = − ∞ or

both) and the integrand f x( ) is bounded, is called an im proper in te gral of the first kind

or an in fi nite in te gral. Thus 
dx

x1 20 +

∞
∫  is an im proper in te gral of the first kind since the

up per limit of in te gra tion is in fi nite and the integrand 1 1 2/ ( )+ x  is bounded. Sim i larly 

− ∞∫
0

e dxx  is an ex am ple of an im proper in te gral of the first kind be cause here the lower 

limit of in te gra tion is in fi nite. Also 
− ∞

∞
∫ +

dx

x1 2
 is an improper integral of the first kind.

In case the interval ( , )a b  is infinite and the integrand f x( ) is bounded, we define

(i)
a a

x
f x dx

x
f x dx

∞
∫ ∫=

→ ∞
( ) lim ( ) ,

provided that the limit exists finitely i e. ., the limit is equal to a definite real number.

(ii)
− ∞ −∫ ∫=

→ ∞

b

x

b
f x dx

x
f x dx( )

lim
( ) ,

provided that the limit exists finitely.

(iii)
− ∞

∞

−∫ ∫ ∫=
→ ∞

+
→ ∞

f x dx
x

f x dx
x

f x dx
x

c

c

x
( )

lim
( )

lim
( )

1 21

2

provided that both these limits exist finitely.

7. Im proper integrals of the sec ond kind: A def i nite in te gral 
a

b
f x dx∫ ( )  in which

the range of in te gra tion is fi nite but the integrand f x( ) is un bounded at one or more

points of the in ter val a ≤ x ≤ b, is called an im proper in te gral of the second kind.
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Thus 
0

4

2 3∫ − −

dx

x x( ) ( )

and
0

1

2

1
∫ x

dx  are improper integrals of the second kind.

In the case of the definite integral

a

b
f x dx∫ ( ) ,

if the range of integration ( , )a b  is finite and the integrand f x( ) is un bounded at one

or more points of the given in ter val, we de fine the value of the in te gral as fol lows :

(i) If f x( ) is unbounded at x b=  only i e. ., if f x x b( ) → ∞ →as  only, then we define

a

b

a

b
f x dx f x dx∫ ∫=

ε →

− ε
( ) lim ( ) ,

0

provided that the limit exists finitely. Here ε is a small positive number.

(ii) If f x x a( ) → ∞ →as  only, then we define

a

b

a

b
f x dx f x dx∫ ∫=

ε → + ε
( )

lim
( ) ,

0

provided that the limit exists finitely.

(iii) If f x x c( ) → ∞ →as  only, where a c b< < , then we define

a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫=

ε →
+

ε′ →

− ε

+ ε′
( ) lim ( )

lim
( ) ,

0 0

provided that both these limits exist finitely.

(iv) If f x( ) is unbounded at both the points a band  of the interval ( , )a b  and is

bounded at each other point of this interval, we write

a

b

a

c

c

b
f x dx f x dx f x dx∫ ∫ ∫= +( ) ( ) ( ) ,

where a c b< <  and the value of the integral exists only if each of the integrals on the

right hand side exists.

2  Convergence of Improper Integrals

When the limit of an improper integral as defined above, is a definite finite number, we

say that the given integral is convergent and the value of the integral is equal to the

value of that limit. When the limit is ∞ or − ∞, the integral is said to be divergent i e. ., the 

value of the integral does not exist.

In case the limit is neither a definite number nor ∞ or − ∞, the integral is said to be

oscillatory and in this case also the value of the integral does not exist i e. ., the integral is

not convergent. We can define the convergence of the infinite integral 
a

f x dx
∞

∫ ( )  as

follows :
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Def i ni tion: The in te gral 
a

f x dx
∞

∫ ( )  is said to con verge to the value I, if for any ar bi trarily

cho sen pos i tive num ber ε, how ever small but not zero, there ex ists a cor re spond ing pos i tive num ber 

N such that

a

b
f x dx I∫ −


 


< ε( )  for all val ues of b N≥ .

Similarly we can define the convergence of an integral, when the lower limit is infinite,

or when the integrand becomes infinite at the upper or lower limit.

Ex am ple 1: Dis cuss the con ver gence of the fol low ing integrals by eval u at ing them

( )i
1

∞
∫ √

dx

x
,  ( )ii    

1 3 2

∞
∫ ⋅

dx

x /

So lu tion: (i) We have

1 1

∞
∫ ∫√

=
→ ∞ √

dx

x x

dx

x

xlim , (By def.)

       =
→ ∞

=
→ ∞













∫ −lim lim

/
/

/

x
x dx

x

xx
x

1

1 2
1 2

1
1 2

       =
→ ∞

√ − = ∞lim [ ] .
x

x2 2

Thus the limit does not exist finitely and therefore the given integral is divergent ( . .i e ,

the integral does not exist).

(ii) We have

    
1 3 2 1 3 2

∞
∫ ∫=

→ ∞
dx

x x

dx

x

x

/ /
lim ,  (By def.)

   =
→ ∞

=
→ ∞ −













=
→ ∞∫ −

−
lim lim

/
lim/

/

x
x dx

x

x

x

x
x

1

3 2
1 2

1
1 2

−
√







2

1x

x

   =
→ ∞

−
√

+





=
lim

.
x x

2
2 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent

and its value is 2.

Ex am ple 2: Test the con ver gence of  
0

∞ −∫ e dxm x ,  ( ).m > 0

So lu tion: We have 
0 0

∞ − ∞ −∫ ∫=
→ ∞

e dx
x

e dxm x m xlim ,  (by def.)

     =
→ ∞ −













=
→ ∞

− −







−
−lim lim ( )

x

e

m x m
e

m x x
m x

0

1
1

      = − − =
1

0 1
1

m m
[ ] .
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Thus the limit exists and is unique and finite, therefore the given integral is convergent.

Ex am ple 3:  Test the con ver gence of  
0 2 2

4

4

∞
∫ +

⋅
a dx

x a

So lu tion: We have 
0 2 2 0 2 2

4

4

4

2

∞
∫ ∫+

=
→ ∞ +

a dx

x a x

a dx

x a

xlim

( )
, (By def.)

=
→ ∞

⋅





=
→ ∞







− −lim tan lim tan
x

a
a

x

a x

x

a

x

4
1

2 2
2

2
1

0

1

0

x

=
→ ∞

−





= ∞ = =− −2
2

0 2 2
2

1 1. lim tan .[tan ] . .
x

x

a

π
π

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

Ex am ple 4: Test the con ver gence of ( )i  
− ∞∫
0

e dxx  ; ( )ii   
− ∞

−∫
0

e dxx .

So lu tion: (i) We have 

 
− ∞ −∫ ∫=

→ ∞

0 0
e dx

x
e dxx

x

xlim ,  (By def.)

                =
→ ∞

=
→ ∞

− = − =−
−lim

[ ] lim [ ] [ ] .
x

e
x

ex
x

x0 1 1 0 1

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

(ii) We have 
− ∞

−
−

−∫ ∫=
→ ∞

0 0
e dx

x
e dxx

x

xlim
,  (By def.)

                    =
→ ∞ −













= −
→ ∞

− = ∞
−

−

lim lim
[ ] .

x

e

x
e e

x

x

x

1

0
0

Thus the limit does not exist finitely and therefore the given integral is divergent( . .i e ,

the integral does not exist).

Ex am ple 5: Test the con ver gence of  
− ∞

∞
∫ +

⋅
dx

x1 2
(Kanpur 2008; Gorakhpur 11)

So lu tion: We have

      
− ∞

∞

− ∞

∞
∫ ∫ ∫+

=
+

+
+

dx

x

dx

x

dx

x1 1 12

0

2 0 2

=
→ ∞ +

+
→ ∞ +−∫ ∫lim lim

x

dx

x x

dx

xx

x0

2 0 21 1

=
→ ∞

+
→ ∞

−
−

−lim [tan ] lim [tan ]
x

x
x

xx
x1 0 1
0

=
→ ∞

− − +
→ ∞

−− −lim [ tan ( )]
lim

[tan ]
x

x
x

x0 01 1

= − − + =( / ) / .π π π2 2

Thus the limit exists and is unique and finite; therefore the given integral is convergent.

Ex am ple 6: Eval u ate  
0

1

∫ √
⋅

dx

x (Gorakhpur 2010)
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So lu tion: In the given in te gral, the integrand 1 / √ x be comes in fi nite at the lower limit 

x = 0. There fore we have

0

1

0

1 1

0 0
2∫ ∫√

=
ε → √

=
ε →

√
+ ε

dx

x

dx

x
xlim lim [ ]

ε

                      =
ε →

− √ ε =
lim

[ ] .
0

2 2 2

Hence the given integral is convergent and its value is 2.

Ex am ple 7: Eval u ate  
0

1

1∫ √ −
⋅

dx

x( )

So lu tion: Here the integrand i e x. ., / ( )1 1√ −  be comes un bounded i e. ., in fi nite at the

up per limit ( . ., ).i e x = 1

∴
0

1

0

1

1 0 1∫ ∫√ −
=

ε → √ −

−dx

x

dx

x( )

lim

( )

ε

           =
ε →

− √ − =
ε →

− √ ε + =− εlim [ ( )] lim [ ] ,
0

2 1
0

2 2 20
1

x

which is a definite real number. Hence the given integral is convergent and its value is 2.

Ex am ple 8: Eval u ate  
−∫ ⋅

1

1

2

dx

x

So lu tion: Here the integrand be comes in fi nite at x = 0 and − < <1 0 1.

∴    
− −

−

′∫ ∫ ∫=
ε →

+
ε′ →1

1

2 1 2

1

20 0

dx

x

dx

x

dx

x

lim limε

ε
 

         =
ε →

−





+
ε′ →

−



−

− ε

ε′

lim lim

0

1

0

1

1

1

x x

         =
ε → ε

−





+
ε′ →

− +
ε′







⋅lim lim
0

1
1

0
1

1

Since both the limits do not exist finitely, therefore the integral does not exist and is

divergent.

 Eval u ate the fol low ing integrals and dis cuss their con ver gence :

 1.  
1

∞
∫ ⋅

dx

x
 2. 

3 22

∞
∫ −

⋅
dx

x( )

 3.  
0

2∞
∫ e dxx .  4. 

0 2 31

∞
∫ +

⋅
dx

x( ) /

 5. 
− ∞∫
0

sinh .x dx   6.  
− ∞∫
0

cosh .x dx
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 7. cos x dx
0

∞
∫ .  8. 

− ∞

∞ −∫ e dxx .

 9. 
− ∞

∞
∫ + +

⋅
dx

x x2 2 2
10. 

0

1

3∫ ⋅
dx

x

11. 
0

1

1∫ −
⋅

dx

x
12.  

−∫ ⋅
1

1

2 3

dx

x /
(Gorakhpur 2011)

 1. ∞, di ver gent   2. 1, con ver gent  3. ∞, di ver gent

 4.  ∞, di ver gent   5. − ∞, di ver gent  6. ∞, di ver gent

 7. Os cil lates and so not con ver gent

 8. ∞, di ver gent   9. π, con ver gent 10. ∞, di ver gent

11. ∞, di ver gent  12. 6, con ver gent

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

 1. The in te gral 
dx

x√

∞
∫1   is

(a) con ver gent (b) di ver gent

(c) uni formly con ver gent (d) none of these

 2. The in te gral e dxx

−∞∫
0

  is

(a) con ver gent (b) di ver gent

(c) uni formly con ver gent (d) none of these

 3. Value of the in te gral 
dx

x1 2+−∞

∞
∫   is

(a) π / 2 (b) − π / 2

(c) π (d) − π

 4. Value of the in te gral 
0

1

1∫ √ −

dx

x( )
  is

(a) 2 (b) − 2

(c) 1 (d) −1
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Fill in the Blank(s)

Fill in the blanks “……” so that the fol low ing state ments are com plete and cor rect.

 1. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be a …… if the range of in te gra tion 

( , )a b  is fi nite and the integrand f x( ) is bounded over ( , ).a b

 2. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an im proper in te gral if the in ter val 

( , )a b  is fi nite and f x( ) is not …… over this in ter val.

 3. The def i nite in te gral 
a

b
f x dx∫ ( )  is said to be an …… if the in ter val ( , )a b  is not

fi nite and f x( ) is bounded over ( , ).a b

True or False

Write ‘T’  for true and ‘F’  for false state ment.

 1. A def i nite in te gral 
a

b
f x dx∫ ( )  in which the range of in te gra tion ( , )a b  is fi nite but

the integrand f x( ) is unbounded at one or more points of the interval a x b≤ ≤ , 

is called an improper integral of the second kind.

 2. The in te gral 
0 21

∞
∫ +

dx

x
 is an im proper in te gral of the sec ond kind. 

 3. The in te gral 
0

4

2 3∫ − −

dx

x x( ) ( )
 is an im proper in te gral of the first kind.

Multiple Choice Questions

 1. (b) 2. (a) 3. (c) 4. (a)

Fill in the Blank(s)

 1. proper in te gral 2. bounded

 3. im proper in te gral of the first kind

True or False

 1. T 2. F 3. T

¨
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1 Method of Differentiation Under the Sign of Integration

By this method the value of a definite integral can be determined by differentiating

the integrand with respect to a quantity of which the limits of integration are

independent. This method can also be applied to indefinite integrals. It is a very

important method of integration. By this method the values of many definite integrals

can be determined which are otherwise not easily integrable. This method is applied in

two ways. First, new integrals can be deduced by differentiating certain known

integrals. Secondly, the value of a given integral can be found by first differentiating the 

integrand, then evaluating the new integral thus obtained and finally integrating the

result with respect to the same quantity with respect to which the integrand was first

differentiated.

The following examples will illustrate the method.

Ex am ple 1: Eval u ate 
0

1

21

∞ −

∫ +

tan ax

x x
dx

( )

( )
.
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So lu tion: Let u
ax

x x
dx=

+

∞ −

∫0

1

21

tan ( )

( )
.

…( )1

Here the integrand 
tan ( )

( )

−

+

1

21

ax

x x
 is a function of two variables x and a. Obviously u is a

function of a. So differentiating both sides of (1) with respect to a, we get

du

da

d

da

ax

x x
dx

a
=

+













=
∂
∂

∞ − ∞ −

∫ ∫0

1

2 0

1

1

tan ( )

( )

tan (ax

x x
dx

)

( )1 2+

























   =
+

⋅
+

⋅ =
+ +

∞ ∞
∫ ∫0 2 2 2 0 2 2 2

1

1

1

1 1 1x x a x
x dx

dx

x a x( ) ( ) ( )

   =
− +

−
− +













∞
∫0 2 2

2

2 2 2
1

1 1 1 1( ) ( ) ( ) ( )
,

a x

a

a a x
dx

re solv ing the integrand into par tial frac tions

   =
−

−
−

⋅− ∞ − ∞1

1 1

1
2

1
0

2

2
1

0
( )

[tan ] [tan ]
a

x
a

a a
ax

   =
−

⋅ −
−







1

1 2 1 22 2( )a

a

a

π π
    [As sum ing that a is pos i tive]

   = ⋅
−

− =
+

⋅
π π
2

1

1
1

2 12a
a

a
( )

( )

Thus 
du

da a
=

+
⋅

π
2 1( )

Integrating both sides with respect to a, we get

u a C= + +
π
2

1log ( ) . …( )2

When a = 0, we have from (1) u = 0.

∴ from (2), 0 0= + C  or  C = 0.

Putting C = 0 in (2), we get u a= +
1

2
1π log ( ).

Hence 
0

1

21 2
1

∞ −

∫ +
= +

tan ( )

( )
log ( ),

ax

x x
dx a

π
 if a > 0.

Case when a is negative :

If a is negative, we have

du

da a
x

a

a a
ax=

−
−

−
⋅− ∞ − ∞1

1 1

1
2

1
0

2

2
1

0
( )

[tan ] [tan ]

   =
−

− −











1

1 2 22( )a
a

π π
          ∵ tan ( )− − ∞ = −





1

2

π

  =
−

⋅
π

2 1( )a
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Integrating both sides w.r.t. a, we get

u a C= − − +
π
2

1 1log ( ) . …( )3

Again, when a u= =0 0, . Putting these values in (3), we have C1 0= .

∴ u a= − −
π
2

1log ( ).

Hence 
0

1

21 2
1

∞ −

∫ +
= − −

tan ( )

( )
log ( ),

ax

x x
dx a

π
 if a < 0.

Ex am ple 2: Show that 

0

2 2 2 2 2

2

π
α θ β θ θ π

α β/
( )∫ + =

+







 ⋅log cos sin d log

(Garhwal 2000)

So lu tion: Let u d= +∫0

2 2 2 2 2π
α θ β θ θ

/
log ( cos sin ) . …( )1

Then 
du

d
d

α
α θ

α θ β θ
θ

π
=

+∫0

2 2

2 2 2 2

2/ cos

cos sin
 =

− +∫0

2 2

2 2 2 2

2π α θ

α β θ β
θ

/ cos

( ) cos
d

   =
−

− + −

− +∫
2

2 2 0

2 2 2 2 2 2

2 2 2 2
α

α β

α β θ β β

α β θ β
θ

π

( )

( ) cos

( ) cos

/
d

   =
−

−
− +













∫
2

1
2 2 0

2 2

2 2 2 2
α

α β

β

α β θ β
θ

π

( ) ( ) cos

/
d

   =
−

−
− +











∫

2
1

2 2 0

2
2 2

2 2 2 2
α

α β

β θ

α β β θ
θ

π

( ) ( )

/ sec

sec
d

   =
−

−
+











∫

2
1

2 2 0

2
2 2

2 2 2
α

α β

β θ

α β θ
θ

π

( ) tan

/ sec
d

   =
−

− ⋅






















−2 1
2 2

1

0

2
α

α β
θ β

α

β θ

α

π /

tan
tan

[Putt ing β θtan = t so that β θ θsec
2 d dt= ]

   =
−

− ⋅





=
+

⋅
2

2 22 2
α

α β

π β
α

π π
α β

Thus 
du

dα
π

α β
=

+
⋅ 

Integrating both sides with respect to α , we get

 u C= + +π α βlog ( ) . …( )2

From (1), when α β= , we have

u d d= + =∫ ∫log (cos sin ) log
/ /

{ }α θ θ θ α θ
π π2 2 2
0

2 2
0

2

I-39



 = =
π

α π α
2

2log log .

So putting β α=  in (2), we get

  π α π αlog log ( )= +2 C  or  C = ⋅π log
1

2

Hence putting C = π log
1

2
 in (2), we get

u = + + =
+







 ⋅π α β π π

α β
log ( ) log log

1

2 2

Ex am ple 3: Show that 
dx

a sin x b cos x

a b

a b( )

( )/

2 2 2 2 20

2 2 2

3 34+
=

+
⋅∫

π π

So lu tion: Let us first eval u ate

u
dx

a x b x
=

+
⋅∫ 2 2 2 20

2

sin cos

/π

We have u
x dx

a x b
=

+∫
sec

2

2 2 20

2

tan

/π
 = ⋅ 















−1 1 1

0

2

a b

a x

b
tan

tan
,

/π

     putt ing a tan x t=  so that a x dx dtsec
2 =

 = ⋅ = ⋅
1

2 2ab ab

π π
   

∴ 
dx

a x b x ab2 2 2 20

2

2sin cos

/

+
= ⋅∫

π π
 

…( )1

Differentiating both sides of (1) w.r.t. ‘a ’, we get

−

+
= −∫

2

2

2

2 2 2 2 20

2

2

a x

a x b x
dx

a b

sin

( sin cos )

/π π

or 
sin

( sin cos )

/ 2

2 2 2 2 20

2

34

x dx

a x b x a b+
= ⋅∫

π π
 

…( )2

Similarly differentiating both sides of (1) w.r.t. ‘b ’, we get

cos

( sin cos )

/ 2

2 2 2 2 20

2

34

x dx

a x b x ab+
= ⋅∫

π π
…( )3

Adding (2) and (3), we get

dx

a x b x a b ab

a b

a b( sin cos )

( )/

2 2 2 2 20

2

3 3

2 2

34 4 4+
= + =

+
∫

π π π π
3

⋅

Ex am ple 4: Prove that 
0

1∞ −
−∫ = ⋅

e sin bx

x
dx

b

a

a x

tan   

Hence also de duce the value of 
0

∞
∫

sin bx

x
dx.
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So lu tion: Let u
e bx

x
dx

ax

=
∞ −

∫0

sin
. …( )1

Then 
du

db

e x bx

x
dx e bx dx

ax
ax= =

∞ − ∞ −∫ ∫0 0

cos
cos

     [ ]=
+

− +− ∞1
2 2 0a b

e a bx b bxax ( cos sin )

       ∵ ∫ =
+

+












e bx dx
e

a b
a bx b bxax

ax
cos ( cos sin )

2 2

    =
+

⋅
→ ∞

− + −
+

−−1 1
2 2 2 2a b x

e a bx b bx
a b

aaxlim
[ ( cos sin )]

( )
[ ]

    =
+

a

a b2 2
,  if a > 0.           ∵ if thena

x
e a x>

→ ∞
=











−0 0,
lim

Thus
du

db

a

a b
=

+
⋅

2 2

Integrating both sides w.r.t. ‘b ’, we get

u a
a

b

a
C

b

a
C= ⋅ + = +− −1 1 1tan tan . …( )2

From (1), when b = 0, we have u = 0.

∴ from (2), we have

0 0= + C  or  C = 0.

Putting C = 0 in (2), we get  

u b a= −tan ( / ).1

Thus
0

1∞ −
−∫ = 





⋅
e bx

x
dx

b

a

a x sin
tan …( )3

Now putting a = 0 on both sides of (3), we get

0

2 0

2 0

∞
∫ =

>
− <





sin / ,

/ , if .

bx

x
dx

b

b

π
π

if

 [ tan / tan ( ) / ]∵
− −∞ = − ∞ = −1 12 2π πand

Ex am ple 5: Show that  
0

2

2
0

∞
∫ 





= >
sin ax

x
dx

a
a

π
, .

So lu tion: We have 

0

2

0 2
21∞ ∞

∫ ∫





=
sin

sin
ax

x
dx

x
ax dx

= −











− −





∞ ∞
∫

1 1
22

0 0x
ax

x
a ax ax dsin sin cos x,

in te grat ing by parts tak ing 1 2/ x  as the sec ond func tion
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= +
∞

∫0
2

0
a

ax

x
dx

sin
   ∵

lim
sin

lim sin

x x
ax

x

ax

x→ ∞
=

→
=













1
0

0
02

2

and

= ⋅a
π
2

    ∵ from  Ex. 4, we  have if
0 2

0
∞

∫ = >





sin
,

bx

x
dx b

π

Ex am ple 6: Show that 
0 2 1 2 1 22

1 3 2 1

2

∞
+ +∫ +

= ⋅
≤ −

⋅
dx

x a

n

n an n n( )

. . ( )

! ( )/
π

So lu tion: We have  
0 2

1

0

1 21 1

2 2

∞ −
∞

−∫ +
=

√ √






=
√

⋅ =
dx

x a a

x

a a
atan ./π π

Differentiating both sides n times w.r.t. ‘a’, we get

0 2 1 2 1

1

2

1 1 3 5 2 1

2

∞
+ +∫

−

+
=

− ≤ −( ) !

( )

( ) . . . ( )
(

n

n

n

n n

n

x a
dx

n

a

π
)/2

or 
0 2 1 2 1 22

1 3 5 2 1

2

∞
+ +∫ +

=
≤ −

⋅
dx

x a

n

n an n n( )

. . . ( )

! ( )/
π

Ex am ple 7: Prove that 
0

1 1

2
1

2

∞
− − +

∫ =
+












tan x tan x

x
dx log

α β
π

α β

α β

α β

α β
( )

⋅

So lu tion: Let  u
x x

x
dx=

∞ − −

∫0

1 1

2

tan tan
.

α β
…( )1

Then 
∂
∂

=
+

=
+

∞ − ∞ −

∫ ∫
u x

x

x

x
dx

x

x xα α

β β

α0 2 2

1

2 0

1

2 21 1

tan tan

( )
…( )2

∴  
∂

∂ ∂
=

+ +

∞
∫

2

0 2 2 2 21 1

u dx

x xα β α β( ) ( )

      =
− +

−
+













∞
∫0 2 2

2

2 2

2

2 2
1

1 1α β

α

α

β

βx x
dx,

resolving into partial fractions

      =
−

⋅ − ⋅










− −
∞

1 1 1
2 2

2 1 2 1

0α β
α

α
α β

β
βtan tanx x

      =
−

⋅ − ⋅





=
−

−
=

+
⋅

1

2 2 2 22 2 2 2α β
α

π
β

π π α β

α β

π
α β( )

Integrating both sides w.r.t. ‘β ’, we get

∂
∂

= + +
u

C
α

π
α β

2
log ( ) …( )3

But when β = 0, we have from (2), 
∂
∂

=
u

α
0.

∴ from (3), 0
1

2
= +π αlog C or C = −

1

2
π αlog .

Putting this value of C in (3), we get
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∂
∂

= + −
u

α
π

α β
π

α
2 2

log ( ) log .

Now integrating both sides w.r.t. ‘α ’, we get

  u d d= + −
+









− − ⋅











 ∫ ∫
π

α α β
α

α β
α α α α

α
α

2

1
log ( ) log










+ C1

    = + − −
+









 − +













+∫
π

α α β
β

α β
α α α α

2
1 1log ( ) logd C

    = + − + + − + +
π

α α β α β α β α α α
2

1[ log ( ) log ( ) log ] C

    = + + − +
π

α β α β α α
2

1[( ) log ( ) log ] C …( )4

From (1), when α = 0, we have u = 0.

∴ from (4),   0
2

1= +
π

β βlog C          ∵
lim

log
α

α α
→

=








0

0

or  C1
2

= −
π

β βlog .

Putting this value of C1 in (4), we get

  u = + + − −
π

α β α β α α
π

β β
2 2

[( ) log ( ) log ] log

    = + + − +
π

α β α β α α β β
2

[( ) log ( ) ( log log )]

    = ⋅
+











⋅

+π α β

α β

α β

α β2
log

( )

Ex am ple 8: Eval u ate 
0 21

0
∞

∫ +
>

cos mx

x
dx m,  and de duce the value of 

0 21

∞
∫ +

x sin mx

x
dx.

So lu tion: Let   u
mx

x
dx=

+

∞
∫0 21

cos
. …( )1

Then  
du

dm

x mx

x
dx= −

+

∞
∫0 21

sin
 = −

+

∞
∫0

2

21

x mx

x x
dx

sin

( )

   = −
+ −

+

∞
∫

{ }( ) sin

( )

1 1

1

2

20

x mx

x x
dx

   = − +
+

∞ ∞
∫ ∫

sin sin

( )

mx

x
dx

mx

x x
dx

0 20 1

   = − +
+

∞
∫

π
2 10 2

sin

( )
.

mx

x x
dx …( )2

Differentiating both sides of (2) w.r.t. m, we get

   
d u

dm

x mx

x x
dx

mx

x
dx u

2

2 0 2 0 21 1
=

+
=

+
=

∞ ∞
∫ ∫

cos

( )

cos
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or ( ) ,D u2 1 0− =  where D
d

dm
≡ ⋅

The general solution of this differential equation is

  u A e B em m= + − .

∴ 
du

dm
A e B em m= − − .

Now when m = 0, from (1) we have

  u
dx

x
x=

+
= =

∞ − ∞∫0 2
1

01 2
[tan ]

π

and from (2), 
du

dm
= − ⋅

π
2

So from (3) and (4), we get

π
2

= +A B and − = −
π
2

A B.

Solving these equations for A and B, we get 

A = 0 and B = π / .2

Putting these values of A and B in (3), we get

u e m= −π
2

.

Hence 
0 21 2

∞ −∫ +
=

cos
.

mx

x
dx e mπ

Differentiating both sides w.r.t. m, we get

−
+

= −
∞ −∫0 21 2

x mx

x
dx e msin π

  or   
0 21 2

∞ −∫ +
=

x mx

x
dx e msin

.
π

2 Method of Integration Under the Sign of Integration

This method is similar to that of differentiation. We illustrate the method by means of

the following examples.

Remember: The order of integration can be changed if the limits of integration are

independent of the variables.

Ex am ple 9: From the in te gral 
0

1 1

1∫ =
+

x dx
n

n ,  prove that  
0

1 1

1∫
−

=
+
+









 ⋅

x x

log x
dx log

a

b

a b

So lu tion: We have 

0

1 1

1∫ =
+

⋅x dx
n

n …(1)
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Integrating both sides of (1) with respect to n between the limits n b=  to n a= , we get

n b

a n

b

a
x dx dn

n
dn

=∫ ∫ ∫





=
+0

1 1

1

or 
x n b

a n
n b
a

x dn dx n
= = =∫ ∫




= +
0

1
1[ log ( )] ,    changing the order of

                                 integration because the limits of integration of
       both x and n are constants

or 
x

n

n b

a
x

x
dx a b

=
=

∫












= + − +
0

1
1 1

log
log ( ) log ( )

or 
0

1 1

1∫
−

=
+
+









 ⋅

x x

x
dx

a

b

a b

log
log

Ex am ple 10: Prove that 
0

2 2

2 2
1

2

∞ − −

∫
−

=
+

+











 ⋅

e e

x
cos px dx log

p

p

x xα β β

α

So lu tion: We know that 

0 2 2

∞ −∫ =
+

⋅e px dx
a

a p

a x cos …( )1

Integrating both sides of (1) w.r.t. ‘a ’, between the limits a = α to a = β, we get

x a

a x

a
e da px dx

a

a p
da

=

∞

=
−

=∫ ∫ ∫





=
+0 2 2

1

2

2
α

β

α

β
cos

or 
x

ax

a
a

e

x
px dx a p

=

∞ −

=
=∫ −













= +
0

2 21

2
α

β

α
βcos [log ( )]

or 
0

2 2

2 2
1

2

∞ − −

∫
−

=
+

+











 ⋅

e e

x
px dx

p

p

x xα β β

α
cos log

Ex am ple11: Prove that 
0 2

∞
∫ =

sin bx

x
dx

π
, if b > 0. 

So lu tion: We have 
0

0

1∞ −
−

=

∞

∫ =
−













= ⋅e dz
e

x x
z x

zx

z

…( )1

Now multiplying both sides of (1) by sin bx and then integrating w.r.t. ‘x ’  between the

limits x = 0 to x = ∞, we get

0 0 0

∞

=

∞

=

∞ −∫ ∫ ∫= 





sin
sin

bx

x
dx e bx dx dz

z x

z x

 =
+=

∞
∫ z

b

z b
dz

0 2 2

 = 





=−

=

∞
tan ,1

0 2

z

b z

π
 if b > 0.
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Ex am ple 12: Eval u ate the integrals

(i) 
0

2∞ −∫ e dxx (ii) 
0

2
2

2
2∞

∫ − +





















exp x

x
dx

α
β

(iii) 
0

2 2
2

∞ −∫ e cos bx dxa x .

So lu tion: (i) Let  I e dxx=
∞ −∫0

2
.

Putting x y= α , we have

I e dyy=
∞ −∫0

2 2
α α. , if α > 0. …( )1

Multiplying both sides of (1) by e−α2
, we have

I e y dy− ∞
= − +∫α α α

2

0

2 21.exp ( ) .{ } …( )2

Now integrating both sides of (2) w.r.t. ‘α ’  between the limits α = 0 to α = ∞, we have

I e d y d dy
y0 0 0

2 22
1

∞ −
=

∞

=

∞
∫ ∫ ∫= − +





α
α

α α α α. exp ( ){ }

or I
e

y
dy

y

y
2

0

1

2

0

2 2

2 1
=

− +













=

∞ − +

=

∞

∫
α

α

( )

( )

   =
+

= = ⋅ = ⋅
∞ − ∞∫

1

2 1

1

2

1

2 2 40 2
1

0

dy

y
y[ tan ]

π π

∴  I =
√

⋅
π

2

Thus 
0

2

2

∞ −∫ =
√

⋅e dxx π
(Remember)

Remark 1:
−∞

∞ − ∞ −∫ ∫= = ⋅
√

= √e dx e dxx x2 2
2 2

20

π
π.

Remark 2:  From (1), we have

0

2 2 1

2 2

∞ −∫ = = ⋅
√

=
√

e dy
Iyα
α α

π π
α

, if α > 0.

(ii) Let I x
x

dx= − +






















∞
∫0

2 2
2

2
exp .β

α
…( )1

Then 
dI

d
x

x x
dx

α
β

α αβ
= − − +






















⋅

∞
∫2
0

2 2
2

2

2

2
exp .

Putting 
α
x

z=  so that − =
α

x
dx dz

2
 and adjusting the limits, we get

dI

d
z

z
dz I

α
β

α
β β= − − +






















= −

∞
∫2 22

0

2
2

2
2exp 2
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∴ 
dI

I
d= − 2 2β α.

Integrating both sides, we get

∫ ∫= − +
dI

I
d C2 2β α log

or log logI C= − +2 2αβ

or I C e= −2 2αβ . …( )2

To determine C, let α = 0 ; then from (1), we have

I e dxx= =
√

⋅
∞ −∫0

2 2

2
β π

β

∴  from (2), we have 
√

=
π
β2

C.

Putting this value of C in (2), we get

I x
x

dx e= − +





















=

√∞ −∫0

2 2
2

2
2

2

2
exp .β

α π
β

αβ

Remark:  If we put β = 1, we have

0

2
2

2
2

2

∞ −∫ − +





















=

√
exp .x

x
dx e

α π α

(iii) Let I e bx dxa x=
∞ −∫0

2 2
2cos . …( )1

Then 
dI

db
e x bx dxa x= −

∞ −∫0

2 2
2 2( ) sin

   =














− ⋅
−

∞
∞ −

∫
e

a
bx

e

a
b bx dx

a x a x2 2 2 2

2

0
0 2

2 2 2sin cos ,    integrating by

       parts taking e xa x− −
2 2

2( ) as the second function

   = − = −
∞ −∫0

2
2

2
2 0 2

2 2b

a
e bx dx

b

a
Ia x cos .

∴ 
dI

I

b

a
db= −

2
2

.

Integrating both sides, we get

∫ ∫= − +
dI

I a
b db C

2
2

log

or log logI
b

a
C= − +

2

2
  or   I C e b a= − 2 2/ . …( )2

When b = 0, we have from (1) 

I e dx
a

a x= =
√

⋅
∞ −∫0

2 2

2

π
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∴  from (2), we have 
√

=
π

2a
C.

Putting this value of C in (2), we get

I e bx dx
a

ea x b a= =
√∞ − −∫0

2 2 2 2
2

2
cos ./π

Ex am ple 13: Eval u ate the in te gral 
0 2 2

∞
∫ +

cos mx

a x
dx and de duce the val ues of the integrals

0 2 2

∞
∫ +

x sin mx

a x
dx  and 

0 2 2

∞
∫ +

sin mx

x a x
dx

( )
.

So lu tion: Let I
mx

a x
dx=

+

∞
∫0 2 2

cos
.

We have  
0

2 2 2
2 2

2

2 2 2
∞ − +

=

∫ − + = −
+















z a x z dz
e

a x

a x z

z

exp ( )
( )

{ }

0

2 2
1

∞

=
+

⋅
a x

Now  multiplying both sides by cos mx and integrating from 0 to ∞ w.r.t. ‘x ’, we have

   I
mx

a x
dx=

+

∞
∫0 2 2

cos
 = − +

∞ ∞
∫ ∫0 0

2 2 22[cos . exp ( ) ]mx z a x z dz dx{ }

  = 





∞ − ∞ −∫ ∫0 0
2

2 2 2 2
ze e mx dx dza z x z cos

  =
√

−










∞ −∫0

2

2
2

2 4

2 2
ze

z

m

z
dza z π

exp        [See Ex. 4. part (iii)]

  = √ − −










∞
∫π
0

2 2
2

24
exp a z

m

z
dz 

  = √ − +






















∞
∫π
0

2 2
2

2 24
exp a z

m

a z
dz

  = √ ⋅
√

− ⋅ ⋅





⋅π
π

2
2

2
2

a

m

a
aexp  [See Ex. 4. part (ii)]

Hence 
0 2 2 2

∞ −∫ +
=

cos
.

mx

a x
dx

a
e maπ

…( )1

Differentiating both sides of (1) w.r.t. ‘m’, we have

0 2 2 2

∞ −∫
−

+
= − ⋅

x mx

a x
dx a

a
e masin π

or
0 2 2 2

∞ −∫ +
= ⋅

x mx

a x
dx e masin π

…( )2

Again integrating both sides of (1) w.r.t. ‘m’ between the limits 0 and m, we have
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0 2 2
0

2

∞ −

=
∫ +

=
−













sin

( )

mx

x a x
dx

a

e

a

ma

m

m
π

      = − −π

2
1

2a
e ma[ ]. …( )3

Deductions: If in the above results we put a = 1, we have

0 2 0 21 2 1 2

∞ − ∞ −∫ ∫+
=

+
=

cos
;

sin
;

mx

x
dx e

x mx

x
dx em mπ π

and 
0 21 2

1
∞ −∫ +

= −
sin

( )
( ).

mx

x x
dx e mπ

Ex am ple 14: Show that 
−∞

∞ −∫ − +
=

sin rx

x b a
dx

a
e sin brar

( )
,

2 2
π

 where r > 0.

So lu tion: Put x b y− =  so that dx dy= . 

When x y= − ∞ = − ∞,  and when x y= ∞ = ∞, .

∴
−∞

∞

−∞

∞
∫ ∫− +

=
+

+

sin

( )

sin ( )rx

x b a
dx

r b y

y a
dy

2 2 2 2

=
+

+−∞

∞
∫

sin cos cos sinrb r y rb r y

y a
dy

2 2

=
+

∞
∫2
0 2 2

sin
cos

,rb
r y

y a
dy   the second integral van ishes because the

   integrand 
sin r y

y a2 2+
 is an odd function of y

= ⋅ −2
2

sin rb
a

e raπ
   ∵

0 2 2 2
0

∞ −∫ +
= >













cos
, .

mx

x a
dx

a
e mmaπ

See Ex.5.

= −π
a

e brar sin .

 1. Evaluate 
0

2 1π α/ log ( cos cos )

cos
.∫

+ x

x
dx

 2. Show that 
0

2 1π θ
θ

θ
θ

π
/

log
sin

sin sin
sin , .∫

+
−









 = >−a b

a b

d b

a
a b
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 3. Eval u ate 
0

π
∫ +

dx

a b cos x
 (when a b a> <0, | | ) and de duce that

 
0 2 2 2 3 2

π π
∫ +

=
−

⋅
dx

a b x

a

a b( ) ( ) /
cos

 4. Eval u ate 
0

2 2

2 2

1

1

∞
∫

+

+

log ( )
.

a x

b x
dx

 5. Evaluate 
0

∞
∫

sin cos
.

ax bx

x
dx

 6. Prove that 
0

21 1

2
1

∞ −∫
−

= +
cos

log ( ).
mx

x
e dx mx

 7. Prove that 
0

1 1
1∫

−
= +

x

x
dx n

n

log
log ( ).

 8. Show that if − < <1 1a  and − < <−π π/ sin /2 21 a , then 

0

11π
π∫

+
= −log ( cos )

cos
sin .

a x

x
dx a

 9. Show that if a > 0, then 

0

2 2

2

1
1 1

π
π

/ log ( sin )

sin
[ ( ) ].∫

+
= √ + −

a x

x
dx a

10. From the integrals 
0

∞ −∫ e bx dxax cos  and 
0

∞ −∫ e bx dxax sin , deduce by the

method of differentiation, the values of the integrals 

0

∞ −∫ e x bx dxax n cos   and  
0

∞ −∫ e x bx dxax n sin .

11. Prove that 
0

1 1∞ − −
− −∫

−
=









 −









 ⋅

e e

x
px dx

p p

x xα β β α
sin tan tan

12. Prove that 
0

∞
∫

−
= 





⋅
cos cos

log
α β β

α
x x

x
dx

13. Show that 
0 2 2 2 2 2 32

1∞ −∫ +
= +





cos

( )
.

mx

a x
dx

m

a a
e maπ

14. Prove that 
0

2

2

π
θ θ

π/
cos ( tan ) .∫ = −m d e m

15. Show that 
−∞

∞ −∫ − +
=

cos

( )
cos ,

rx

x b a
dx

a
e brar

2 2
π

 where r > 0.

16. Show that 
0

2 1

2
0

∞ −∫ = 





>√e dx
a

aax π
, ( ) and de duce that 

0

2
1 2

2

2

1 3 5 2 1

2

∞ −
+∫ =

√
⋅

≤ −
⋅x e dx

n

a

n ax
n n

π . . . ( )
( / )
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 1.
1

2 4

2
2π

α−








 ⋅ 3. 

π

√ −
⋅

( )a b2 2
 4. 

π
b

a b

b
log

+





⋅

 5.
0

2 0

4

∞
∫ =

>
<
=


sin cos

/ ,

,

/ , .

ax bx

x
dx

a

b a b

a b

π

π

when

when

when







10.
n n b a

a b

n n
n

! cos ( ) tan ( / )

( )
;

! sin ( ) ta
( )/

{ } {+

+

+−

+
1 11

2 2 1 2

n ( / )

( )( )/

−

++
⋅

1

2 2 1 2

b a

a b n

}

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. If u
e bx

x
dx a

ax

= >
∞ −

∫0
0

sin
and , then

(a)
du

db

b

a b
=

+2 2
(b)

du

db a b
=

+

1
2 2

(c)
du

db

a

a b
=

+2 2
(d)

du

db

ab

a b
=

+2 2

 2. The value of the integral 
0

∞
∫

sin
,

bx

x
dx  if b > 0, is

(a) π (b)
π
2

(c)
π
4

(d)
3

2

π
 

 3. The value of the integral 
0

1 1
∫

−x

x
dx

n

log
  is

(a) log n (b) log ( )n + 1

(c)
1

n
(d)

1

1log ( )n +
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Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If u
ax

x x
dx=

+

∞ −

∫0

1

21

tan ( )

( )
, then 

du

da

dx
=

……
⋅

∞
∫0

 2. If 
0 2 2

π π
∫ +

=
√ −

dx

a b x a bcos ( )
, then 

0 2

π
∫ +

= ……
dx

a b x( cos )
.

 3. If 
0 21 2

∞ −∫ +
=

cos
,

mx

x
dx e mπ

 then 
0 21

∞
∫ +

= ……
x mx

x
dx

sin
.

 4. If 
0 2 2 2

∞ −∫ +
=

cos
,

mx

a x
dx

a
e maπ

 then 
0 2 2

∞
∫ +

= ……
sin

( )
.

mx

x a x
dx

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1.
0

2

4

∞ −∫ =
√

⋅e dxx π

 2. If u
mx

x
e dxx=

−∞ −∫0

1 cos
, then 

du

dm m
=

+
⋅

1

1 2

Multiple Choice Questions

 1. (c).  2. (b).  3. (b).

Fill in the Blank(s)

 1. ( ) ( ).1 12 2 2+ +x a x  2. 
a

a b

π

( ) /2 2 3 2−
⋅  3.

π
2

e m− .

 4.
π

2
1

2a
e ma( ).− −

True or False

 1. F.  2. F.

¨

I-52

Answers



1  Beta Function

Euler’s Integrals : Beta and Gamma Functions:

Definition: The definite integral

0

1 1 11 0 0∫ − −− > >x x dx for m nm n( ) , ,

is called the Beta function and is denoted by B ( , )m n  [read as “Beta m, n” ] . 

Thus B ( , ) ( ) ,m n x x dxm n= −∫ − −
0

1 1 11

where m n,  are any positive numbers, integral or fractional. Beta function is also called

the Eulerian integral of the first kind.

2  Some Simple Properties of Beta Function

(i) Sym me try of Beta func tion i.e., B (m, n) = B (n, m). (Lucknow 2011)

We have B m n x x dxm n( , ) ( ) ,= −∫ − −
0

1 1 11  by the def. of the Beta func tion

4

B G Feta and amma unctions



= − − −∫ − −
0

1 1 11 1 1( ) ( )x x dxm { }n   ∵
0 0

a a
f x dx f a x dx∫ ∫= −





( ) ( )

= − = −∫ ∫− − − −
0

1 1 1

0

1 1 11 1( ) ( )x x dx x x dxm n n m

  = B ( , ),n m  by the def. of Beta func tion.

Hence B B( , ) ( , ).m n n m=

(ii) If m or n is a positive integer, B m n( , ) can be evaluated in an explicit form.

Case I. When n is a positive integer. If n = 1, the result is obvious because

B ( , ) ( )m x x dx x dxm m1 1
0

1 1 1 1

0

1 1= − =∫ ∫− − −  =












= ⋅
x

m m

m

0

1
1

So let us take n > 1. We have

B ( , ) ( )m n x x dxm n= −∫ − −
0

1 1 11

       = −∫ − −
0

1 1 11( )x x dxn m

       = − ⋅












− − − − ⋅− −∫( ) ( ) ( ) ( )1 1 1 11

0

1

0

1 2x
x

m
n x

x

m
dxn

m
n

m
,

in te grat ing by parts tak ing x m −1 as the sec ond func tion

        = +
−

⋅ −∫ −0
1

1
0

1 2n

m
x x dxm n( )    [ ]∵ n > 1

        =
−

⋅ −∫ + − − −n

m
x x dxm n1

1
0

1 1 1 1 1( ) ( )( )

        =
−

+ −
n

m
m n

1
1 1B ( , ).

By the re peated ap pli ca tion of this pro cess, we get

 B B( , ) ...... ( , )m n
n

m

n

m

n

m m n
m n=

−
⋅

−
+

⋅
−
+ + −

+ −
1 2

1

3

2

1

2
11

       =
−

⋅
−
+

⋅
−
+ + −

−∫ + −n

m

n

m

n

m m n
x x dxm n1 2

1

3

2

1

2
1

0

1 2 0...... ( )

       =
−

⋅
−
+

⋅
−
+ + − ∫ + −n

m

n

m

n

m m n
x dxm n1 2

1

3

2

1

2 0

1 2......

       =
−

+ + + −
⋅

+ −












+ −( ) !

( ) ( ) ...... ( )

n

m m m m n

x

m n

m n1

1 2 2 1

1


⋅

0

1

∴ B ( , )
( ) ( ) ..... ( ) ( )

m n
m m m m n m n

=
+ + + − + −

⋅
1

1 2 2 1

Case II. When m is a positive integer. Since the Beta function is symmetrical in 

m nand  i e m n n m. ., ( , ) ( , )B B= , therefore by case I, we conclude that
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B ( , )
( ) !

( ) ( ) ...... ( ) ( )
m n

m

n n n n m n m
=

−
+ + + − + −

⋅
1

1 2 2 1

(iii) If both m and n are pos i tive in te gers, then

B( , )
( ) ! ( ) !

( ) !
m n

m n

m n
=

− −

+ −

1 1

1

From (ii), we have 

B ( , )
( ) !

( ) ( ) ...... ( ) ( )
m n

n

m m m m n m n
=

−
+ + + − + −

1

1 2 2 1

       =
− −

+ − + − + −
( ) !( ) !

( ) ( ) ...... ( ) ( ) !
,

n m

m n m n m m m

1 1

1 2 1 1
 

writ ing the de nom i na tor in the re versed or der

 and mul ti ply ing the Nr and Dr by ( ) !m − 1

       =
− −

+ −
⋅

( ) !( ) !

( ) !

m n

m n

1 1

1

Ex am ple 1: Ex press the fol low ing integrals in terms of Beta func tion :

(i)
0

1 21 1 1∫ − > − > −x x dx m nm n( ) , , ; (Lucknow 2010)    (ii) 
0

1 2

51∫ √ −

x

x
dx

( )

(iii)
0

1 1 2 11∫ − −−x x dxm n( ) .
(Garhwal 2003)

So lu tion: (i) We have

0

1 2

0

1 1 21 1∫ ∫− = −−x x dx x x x dxm n m n( ) ( ) .         [Note]

 = − ⋅∫ −
0

1 1 2 1
2

y y
dym n( )/ ( ) , 

putt ing x y2 =  so that 2x dx dy=

 = −∫ −1

2
1

0

1 1 2y y dym n( )/ ( )

 = −∫ + − + −1

2
1

0

1 1 2 1 1 1y y dym n[( )/ ] ( )( )

 = + +





⋅
1

2

1

2
1 1B ( ),m n

(ii) We have 

0

1 2

5 0

1 2 5 1 2

1
1∫ ∫√ −

= − −x

x
dx x x dx

( )
( ) /
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= ⋅ −∫ −
0

1 2
4

5 1 2 41
1x

x
x x dx( ) ./ = −∫ − −

0

1 2 5 1 2 41x x x dx( ) /

= − ⋅∫ − −
0

1 2 5 1 21
1

5
y y dy/ /( ) , putt ing x y5 =  so that 5 4x dx dy=

= − = −∫ ∫− − − −1

5
1

1

5
1

0

1 2 5 1 2

0

1 3 5 1 1 2 1y y dy y y dy/ / ( / ) ( / )( ) ( )  

= 





⋅
1

5

3

5

1

2
B ,

(iii) Pro ceed as in part (i).

Ex am ple 2: Prove that 

0

1 1 1
1a m n m n

m n

a x x dx a m n
a m n

m n∫ − = =
+

⋅− − + −
+ −

( ) . ( , )
( )

B
Γ Γ

Γ

So lu tion: We have 

0

1 1a m na x x dx∫ − − −( )  

= −∫ − −
0

1 1 1( ) ( ) ,a ay ay a dym n  putt ing x ay=

= −∫ − + − + − −
0

1 1 1 1 1 11a y y dym n m n( ) ( ) ( )

= −+ − − −∫a y y dym n n m1

0

1 1 11( )

= =+ − + −a n m a m nm n m n1 1
B B( , ) ( , )     [ ( , ) ( , )]∵B Bm n n m=

=
+

⋅
+ −a m n

m n

m n 1 Γ Γ
Γ ( )

      ∵B ( , )
( )

m n
m n

m n
=

+











Γ Γ
Γ

Ex am ple 3: Show that if m, n are pos i tive, then

a

b m n m nx a b x dx b a m n∫ − − = −− − + −( ) ( ) ( ) . ( , )1 1 1
B

 = − ⋅
+

⋅+ −( )
( )

b a
m n

m n
m n 1 Γ Γ

Γ (Agra 2003)

So lu tion: The given in te gral is 

a

b m nx a b x dx∫ − −− −( ) ( ) .1 1

Put x a b a y= + −( )  so that dx b a dy= −( ) .

Also when x a y= =, 0 and when x b y= =, .1

∴
a

b m nx a b x dx∫ − −− −( ) ( )1 1

= − − − − −∫ − −
0

1 1 1[( ) ] [ ( ) ] . ( )b a y b a b a y b a dym n

= − − − −∫ − − − −
0

1 1 1 1 11( ) . . ( ) . ( ) . ( )b a y b a y b a dym m n n

I-56



= − −+ − − −∫( ) ( )b a y y dym n m n1

0

1 1 11  = − + −( ) ( , )b a m nm n 1
B

= − ⋅
+

⋅+ −( )
( )

b a
m n

m n
m n 1 Γ Γ

Γ
          ∵B ( , )

( )
m n

m n

m n
=

+











Γ Γ
Γ

Ex am ple 4: Show that 
0

1 1 11 1
∫

− −

+
−

+
=

+

x x

a bx
dx

a b a
m n

m n

m n m n

( )

( ) ( ) .
( , ) .B

(Garhwal 2009)

So lu tion: The given in te gral

I
x x

a bx
dx

m n

m n
=

−

+∫
− −

+0

1 1 11( )

( )
 

  =
+









 ⋅

−
+









 ⋅

+∫
− −

0

1
1 1

2

1 1x

a bx

x

a bx a bx
dx

m n

( )
.

[Note]

Put 
x

a bx

y

a b+
=

+
 so that 

( ) . .

( )

a bx x b

a bx
dx

dy

a b

+ −

+
=

+
1

2

i e. .,
1

2( ) ( )a bx
dx

dy

a a b+
=

+
⋅

Fur ther   
1 1 1 1

1
−
+

=
−
+

=
+ − −

+









 = −

+x

a bx a

a ax

a bx a

a bx ax bx

a bx a

x a( b

a bx

)

+









 =

−
⋅

1 y

a

Also when x y= =0 0,  and when x y= =1 1, .

∴ I
y

a b

y

a

dy

a a b

m n

=
+











−





⋅
+∫

− −

0

1
1 11

( )

  =
+

− =
+

⋅∫ − −1
1

0

1 1 1

( ) .
( )

( , )

( ) .a b a
y y dy

m n

a b am n
m n

m n

B

Ex am ple 5: Prove that  
B

B

( , )

( , )

m n

m n

m

m n

+
=

+
⋅

1

So lu tion: We have B B( , ) ( , )m n n m+ = +1 1

[By the sym me try of Beta func tion]

= − = −∫ ∫− + − −
0

1 1 1 1

0

1 11 1x x dx x x dxn m m n( ) ( )( )        [Note]

= − ⋅












− − − ⋅∫ −( ) ( ) ( ) ,1 1 1

0

1

0

1 1x
x

n
m x

x

n
dxm

n
m

n
 

(in te grat ing by parts)

= + −∫ − −0 1
0

1 1 1m

n
x x x dxn m. ( )

= − − −∫ − −m

n
x x x dxn m

0

1 1 11 1 1[ ( )] ( )
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= − − −



∫ ∫− − −m

n
x x dx x x dxn m n m

0

1 1 1

0

1 11 1( ) ( )

= − + = − +
m

n
n m n m

m

n
m n

m

n
m n[ ( , ) ( , )] ( , ) ( , )B B B B1 1  

or  1 1+





+ =
m

n
m n

m

n
m nB B( , ) ( , )                     [By trans po si tion]

or ( ) ( , ) ( , )n m m n m m n+ + =B B1   or  
B

B

( , )

( , )

m n

m n

m

m n

+
=

+
⋅

1

3  Another Form of Beta Function

B ( , )m n  =
+

> >
−

+
∞

∫
x

x
dx m n

m

m n

1

0 1
0 0

( )
, , .

(Lucknow 2007)

Proof: By the def i ni tion of Beta func tion, we have

B ( , ) ( ) .m n x x dxm n= −∫ − −
0

1 1 11

Put x
y

=
+
1

1
 so that dx

y
dy= −

+

1

1 2( )
.

Also when x y→ → ∞0 ,  and when x y= =1 0, .

∴ B ( , )
( ) ( )

m n
y y ym

n

=
+

⋅ −
+









 ⋅ −

+









∞ −

−

∫
0

1

1

2
1

1
1

1

1

1

1



dy

           =
+

⋅
+

=
+

∞
− +

−

−
∞ −

+∫ ∫0 1 2

1

1 0

11

1 1 1( ) ( ) ( )y

y

y
dy

y

y
dy

m

n

n

n

m n

           =
+

∞ −

+∫0

1

1

x

x
dx

n

m n( )
. …(1)

[By a prop erty of def i nite integrals]

Again since Beta function is symmetrical in m and n , we have

B B( , ) ( , )
( )

,m n n m
x

x
dx

m

m n
= =

+

∞ −

+∫0

1

1
 by (1).

Thus B ( , )
( )

m n
x

x
dx

m

m n
=

+

∞ −

+∫0

1

1
  =

+

∞ −

+∫0

1

1

x

x
dx

n

m n( )
, m n> >0 0, .

Ex am ple 6: Prove that 
0

1 1

1
0

∞ − −

+∫
−

+
=

x x

x
dx

m n

m n( )
, m n> >0 0, .

(Lucknow 2009)
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So lu tion: The given in te gral is =
+

−
+

∞ −

+
∞ −

+∫ ∫0

1

0

1

1 1

x

x
dx

x

x
dx

m

m n

n

m n( ) ( )

    = −B B( , ) ( , )m n n m

    = − =B B( , ) ( , ) .m n m n 0

Ex am ple 7: Ex press 
0

1∞ −

+∫ +

x

a bx
dx

m

m n( )
 in terms of Beta func tion where m n> >0 0, , 

a > 0 , b > 0 . (Kumaun 2013)

So lu tion: In the given in te gral put bx ay i e= . ., x a b y= ( / )  so that dx a b dy= ( / ) .

When x y= =0 0,  and when x y→ ∞ → ∞, .

∴ 
0

1

0

1 1∞ −

+
∞ −

+∫ ∫+
= 





⋅
+

⋅
x

a bx
dx

a

b
y

a ay

a

b
dy

m

m n

m

m n( ) ( )

=
+

=
+

∞ − −

− + +
∞ −

∫ ∫0

1 1

1 0

1

1

1

1

a y a

b a y b
dy

a b

y

y

m m

m m n m n n m

m

. ( ) ( )m n
dy+

=
1

a b
m n

n m
B ( , ) . [By ar ti cle 3]

4  Gamma Function

Definition: The definite integral 

0

1 0
∞ − −∫ >e x dx for nx n ,  

is called the Gamma Function and is denoted by Γ ( )n  [read as “Gamma n”]. 

(Gorakhpur 2006)

Thus Γ ( ) ,n e x dxn= − ∞ −∞
∫ 1

0
 for n > 0.

Gamma function is also called Eulerian integral of the second kind.

5  Elementary Properties of Gamma Function

(i) Γ Γ( ) ( ) ,n n n+ =1  where n > 0 (Lucknow 2007, 08, 10)

and (ii) Γ ( ) ( ) !,n n= − 1  where n is a pos i tive in te ger. (Gorakhpur 2006)

Proof: By the def i ni tion of gamma func tion, we have

Γ ( ) ( )n e x dx x e dxx n n x+ = =
∞ − + − ∞ −∫ ∫1
0

1 1

0

          = − +− ∞ ∞ − −∫[ ] . ,e x e nx dxx n x n
0 0

1 ...(1)

in te grat ing by parts tak ing e x−  as the sec ond func tion.
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Now  lim lim
( / !) ( / !)x

x

e x

x

x x x n

n

x

n

n→ ∞
=

→ ∞ + + + + +1 22
… …

          =
→ ∞ + + + +

+
+

=
∞

=

−

lim

! ( ) !
......

.
x

x x n

x

nn n

1
1 1 1

1

1
0

1
…

∴ from (1), we get Γ ( ) ,n n e x dxx n+ = +
∞ − −∫1 0
0

1 [ ]∵ n > 0

          = n nΓ ( ) ,  which proves the re sult (i).

(ii) We have Γ Γ Γ( ) [( ) ] ( ) ( ) .n n n n= − + = − −1 1 1 1     [ ( ) ( )]∵ Γ Γn n n+ =1

Sim i larly Γ Γ( ) ( ) ( ) , .n n n− = − −1 2 2 … etc

Hence if n is a +ive integer, then proceeding as above, we get

Γ Γ( ) ( ) ( ) . ( ) .n n n= − −1 2 2 1 1…

But     Γ ( )1
0

1 1=
∞ − −∫ e x dxx   = =

∞ − ∞ −∫ ∫0

0

0
1e x dx e dxx x.

        =
−













= −
→ ∞

−








 = − − =

− ∞
e

x e
e

x

x1

1
0 1 1

0

0lim [ ] .

Hence      Γ ( ) ( ) ( ) . . ( ) !n n n n= − − = −1 2 2 1 1 1…  if n is a + ive in te ger.

Re mem ber: Γ Γ( ) ( ) ( ) ,n n n= − −1 1  where n > 1 and Γ ( ) .1 1=

Also it may be remarked that Γ ( )0 = ∞ and Γ ( )− = ∞n  where n is a positive integer.

6  Some Transformations of Gamma Function

We have Γ ( ) .n x e dxn x=
∞ − −∫0

1 ...(1)

(i) Put x ay=  so that dx a dy= ; when x y= =0 0,  and when x y→ ∞ → ∞, .

∴ Γ ( ) .n e a y dyay n n=
∞ − −∫0

1

Hence 
0

1∞ − −∫ = ⋅e y dy
n

a

ay n
n

Γ ( )
(Re mem ber)

(ii) In (1) if we put x y= log ( / )1  or y e x= −  so that dy e dxx= − − ,

then Γ ( ) log log .n
y

dy
y

dy

n n

= −








 =









∫ ∫

− −

1

0
1

0

1
1

1 1

(Kanpur 2006, Garhwal 12)

(iii) In (1) if we put x yn =  so that nx dx dyn − =1 , we get

Γ ( ) ( ) /
n

n
e dyy n

=
∞ −∫

1
0

1
 

or  
0

1
1

∞ −∫ = = +e dy n n ny n( ) /
( ) ( ) .Γ Γ
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7  Relation between Beta and Gamma Functions

    B ( , )
( ) ( )

( )
m n

m n

m n
=

+
Γ Γ
Γ

 , where m n> >0 0, .

(Agra 2001; Lucknow 07; Kanpur 09; Garhwal 10; Kumaun 15)

Proof: We have

Γ ( )
.

m

z
e x dx

m
z x m=

∞ − −∫0

1  
[See ar ti cle 6, part (ii)]

∴ Γ ( ) . .m z e x dx z e x dxm z x m m z x m= =
∞ − − ∞ − −∫ ∫0

1

0

1

Multiplying both sides by e zz n− −1, we get

Γ ( ) .( )m e z e z x dxz n z x m n m− − ∞ − + + − −= ∫1

0

1 1 1 ...(1)

Now integrating both sides of (1) with respect to z from 0 to ∞, we get

Γ ( ) ( )m e z dz e z x dx dz n z x m n m

0

1

0 0

1 1 1∞ − − ∞ ∞ − + + − −∫ ∫ ∫= 





z

or Γ Γ( ) ( ) ( )m n e z dz x dxz x m n m= 





∞ ∞ − + + − −∫ ∫0 0

1 1 1

           =
+

+

∞
+

−∫0

1

1

Γ ( )

( )

m n

x
x dx

m n
m           [By ar ti cle 6, part (ii)]

           = +
+

∞ −

+∫Γ ( )
( )

m n
x

x
dx

m

m n0

1

1

          = +Γ ( ) . ( , ) ,m n B m n  by ar ti cle 3 .

∴     B ( , )
( ) ( )

( )
m n

m n

m n
=

+
⋅

Γ Γ
Γ

Thus re mem ber that 
0

1 1 11∫ − −− =
+

⋅x x dx
m n

m n
m n( )

( ) ( )

( )

Γ Γ
Γ (Kanpur 2009)

Cor ol lary: Γ Γ( ) ( )
sin

,n n
n

1 − =
π

π
  where 0 1< <n .

(Garhwal 2006)

Proof: We know that B ( , )
( )

,m n
x

x
dx

n

m n
=

+

∞ −

+∫0

1

1
[See ar ti cle 3]

and B ( , )
( ) ( )

( )
,m n

m n

m n
=

+
Γ Γ
Γ

 where m > 0 and n > 0 .

∴ 
Γ Γ
Γ
( ) ( )

( ) ( )
.

m n

m n

x

x
dx

n

m n+
=

+

∞ −

+∫0

1

1

Putt ing m n+ = 1 or m n= −1  in the above re la tion, we get

Γ Γ
Γ

( ) ( )

( )
,

1

1 10

1−
=

+

∞ −

∫
n n x

x
dx

n
 where 0 1< <n .

[Note that m n n> ⇒ − > ⇒ <0 1 0 1.]
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But Γ ( ) .1 1=  Also

0

1

1

∞ −

∫ +
= ⋅

x

x
dx

n

n π
πsin

  (Re mem ber)

∴ Γ Γ( ) ( )
sin

,n n
n

1− =
π

π
 where 0 1< <n .

 8  The Value of Γ
1

2







= √ π

(Agra 2000)

Proof: We know that  B m n
m n

m n
( , )

( ) ( )

( )
=

+
Γ Γ
Γ

...(1)

If we take m =
1

2
, n =

1

2
, then from (1), we have

B
1

2

1

2

1

2

1

2
1

2

1

2

1

2
,





=













+





=


Γ Γ

Γ

Γ 







 = 












2

2

1

1

2Γ
Γ

( )
[ ( ) ]∵ Γ 1 1=

Thus  Γ
1

2

1

2

1

2

2












= 





B ,  = −∫ − −
0

1 1 2 1 1 2 11x x dx/ /( ) , 

           by the def i ni tion of Beta func tion

            = −∫ − −
0

1 1 2 1 21x x dx/ /( ) .

Now put x = sin2 θ so that dx d= 2 sin cos .θ θ θ

Also when x = =0 0,θ  and when x = =1
1

2
, .θ π

∴ Γ
1

2

1 1
2

2

0

2











= ⋅ ⋅∫

π

θ θ
θ θ θ

/

sin cos
sin cos d  

         = =∫2 2
0 0

2π / 2 π
θ θ]d [

/

          = −





=2
1

2
0π π .

Taking square root of both the sides, we get

Γ
1

2






= √ π . (Re mem ber)

Im por tant De duc tion: To prove that 
0

2

2

∞ −∫ =
√

⋅e dxx π

Proof: Let  I e dxx=
∞ −∫0

2
.

Put x z2 =  so that 2x dx dz=
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or dx
x

dz
z

dz z dz= =
√

= −1

2

1

2

1

2
1 2/ .

Also when x z= =0 0,  and when x z→ ∞ → ∞, .

∴      I e z dzz=
∞ − −∫0

1 21

2
/  

  = = 





=
√

⋅
∞ − −∫

1

2

1

2

1

2 20

1 2 1e z dzz / Γ
π

Hence 
0

2∞ −∫ =
√

⋅e dxx π
2

(Re mem ber)

9  
0

2 2

2
2

π / 2
θ θ θ∫ =




















cos sin

+ 1 + 1

+ + 2

m n
d

m n

m n

Γ Γ

Γ 




,  m n> − > −1 1,

(Garhwal 2005, 07)

Proof: Put sin2 θ = x so that 2 sin cosθ θ θd dx=

or 2 1 2sin . ( sin )θ θ θ√ − =d dx or 2 11 2x x d dx/ . ( ) .√ − =θ

∴ d
dx

x x
θ =

−
⋅

2 11 2 1 2/ /( )

Also when θ = =0 0, x  and when θ π= =
1

2
1, .x

∴ 
0 0

2 21
π / 2 π / 2

θ θ θ θ θ θ∫ ∫= −cos sin ( sin ) . sin/m n m nd d

= −
−∫0

1 2 2
1 2 1 2

1
2 1

( ) . .
( )

/ /
/ /

x x
dx

x x

m n   

= −∫ − −1

2
1

0

1 1 2 1 2x x dxn m( )/ ( )/( )

= −∫ + − + −1

2
1

0

1 1 2 1 1 2 1x x dxn m{ } { }( )/ ( )/( )

=
+ +





1

2

1

2

1

2
B

m n
, ,  pro vided m > − 1 and n > − 1

=
+ +

+ + +

1

2

1

2
1

1

2
1

1

2
1 1

Γ Γ

Γ

( ) ( )

( )

m n

m n
        ∵ B ( , )

( ) ( )

( )
m n

m n

m n
=

+











Γ Γ
Γ

=
+ +

+ +
⋅

Γ Γ

Γ

1

2
1

1

2
1

2
1

2
2

( ) ( )

( )

m n

m n

I-63



10  Some Important Transformations of Beta Function

Beta function can be transformed into many other forms. A few of them are given

below.

(i) We know that  
0

1

1

∞ −

+∫ +
=

y

y
dy m n

m

m n( )
( , ) .B

Now 
0

1

0

1 1

1

1

1 1 1

∞ −

+

−

+
∞ −

+∫ ∫ ∫+
=

+
+

+

y

y
dy

y

y
dy

y

y

m

m n

m

m n

m

m( ) ( ) ( ) n
dy .

Making the substitution y x= 1 /  in the last integral, we get

1

1

0

1 1

1 1

∞ −

+

−

+∫ ∫+
=

+
⋅

y

y
dy

x dx

x

m

m n

n

m n( ) ( )

∴ B ( , )
( )

m n
y

y
dy

m

m n
=

+

∞ −

+∫0

1

1

       =
+

+
+∫ ∫

−

+

−

+0

1 1

0

1 1

1 1

y

y
dy

x

x
dx

m

m n

n

m n( ) ( )

      =
+

+
+∫ ∫

−

+

−

+0

1 1

0

1 1

1 1

x

x
dx

x

x
dx

m

m n

n

m n( ) ( )

       =
+

+∫
− −

+0

1 1 1

1

x x

x
dx

m n

m n( )
.

Hence 
x x

x
dx m n

m n

m n

m n

m n

− −

+

+

+
= =

+∫
1 1

0

1

1( )
( , )

( ) ( )

( )
.B

Γ Γ

Γ

(ii) We know that 
0

1

1

∞ −

+∫ +
=

x

x
dx m n

m

m n( )
( , ) .B

If we put x
ay

b
= , so that dx

a

b
dy= , we get

0

1

0

1

1

∞ −

+
∞ −

+∫ ∫+
=

+

x

x
dx a b

y

ay b
dy

m

m n
m n

m

m n( ) ( )
.

∴   
0

1

0

11

1

∞ −

+
∞ −

+∫ ∫+
=

+

y

ay b
dy

a b

x

x
dx

m

m n m n

m

m n( ) ( )
 =

1

a b
m n

m n
B ( , ) .

Hence 
0

1∞ −

+∫ +
=

+
⋅

y

ay b
dy

m n

a b m n

m

m n m n( )

( ( )

( )

Γ Γ

Γ

)

Again putting y = tan2 θ i e. ., dy d= 2 2tan θ θ θsec  in the integral just obtained, we get

         
0

2 1 2 1

2 2

π / 2 θ θ θ

θ θ∫
− −

++
=

sin cos

sin cos

)
m n

m n

d

a b

m n

( )

( . (Γ Γ )

( )2 +a b m nm n Γ
⋅
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(iii) We know that 
0

1 1 11∫ − −− =x x dx m nm n( ) ( , ) .B

Putting x = sin ,2 θ  so that dx d= 2 sin cos ,θ θ θ  we have

0

1 1 1

0

2 1 2 11 2∫ ∫− − − −− =x x dx dm n m n( ) sin cos .
π / 2

θ θ θ

∴ 
0

2 1 2 1π / 2
θ θ θ∫ − − =sin cos d

B

2

m n m n( , )

            =
+

⋅
Γ Γ

Γ
( ) ( )

( )

m n

m n2

This result may also be written in the form

0

2 2

2
2

π 2
θ θ θ

/

∫ =







⋅ 






sin cos d

+ 1 + 1

+ + 2

p q

p q

p q

Γ Γ

Γ





,

by putting 2 1m p− =  and 2 1n q− = .

(iv) We know that 
0

1 1 11∫ − −− =y y dy m nm n( ) ( , ) .B

Putt ing y
x b

a b
=

−
−

, so that dy
dx

a b
=

−
, we have

0

1 1 1
1

1∫ ∫− −
−

− =
−
−











−
−









y y dy

x b

a b

a x

a b
m n

b

a
m n

. ( )

−

⋅
−

1
dx

a b

            =
−

− −+ −
− −∫

1
1

1 1

( )
( ) ( ) .

a b
x b a x dx

m n b

a m n

∴  
b

a m nx b a x dx∫ − −− −( ) ( )1 1   = − −+ − − −∫( ) ( )a b y y dym n m n1

0

1 1 11

or 
b

a m n m nx b a x dx a b m n∫ − − = −− − + −( ) ( ) ( ) ( , )1 1 1
B

                    = −
+

⋅+ −( )
( ) ( )

( )
a b

m n

m n
m n 1 Γ Γ

Γ

11  Duplication Formula

Γ Γ Γ( ) ( ),m m m
m

+





=
√

−
1

2 2
2

2 1

π
 where m > 0.

(Agra 2001, 03; Kanpur 09; Garhwal 11, 13)

Proof: We know that

B ( , )
( ) ( )

( )
,m n

m n

m n
=

+
Γ Γ
Γ

 where m n> >0 0, .

If we take n m= , then
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B ( , )
[ ( )]

( )
m m

m

m
= ⋅

Γ
Γ

2

2
 ...(1)

Again by the definition of Beta function, we have

B ( , ) ( ) .m m x x dxm m= −∫ − −
0

1 1 11

Let us put  x = sin2 θ so that dx d= 2 sin cos .θ θ θ

Also when x = =0 0,θ  and when x = =1
1

2
, .θ π

Then  B ( , ) sin .cos . sin cos( ) ( )m m dm m= ∫ − −
0

2 1 2 1 2
π / 2

θ θ θ θ θ

              = ∫ − −2
0

2 1 2 1π / 2
θ θ θsin .cosm m d

        = ∫ −2
0

2 1π / 2
θ θ θ(sin cos ) m d

              = 





=∫ ∫
−

−
−2

2

2

1

2
2

0

2 1

2 2 0

2 1π / 2 π / 2θ
θ θ θ

sin
sin

m

m
md d

        = φ ⋅
φ

−
−∫

1

2 22 2 0

2 1
m

m dπ
sin ,  

  putt ing 2θ = φ so that d dθ = φ
1

2

              = φ φ−
−∫

1

22 1 0

2 1
m

m d
π

sin

        = ⋅ φ φ−
−∫

1

2
2

2 1 0

2 1
m

m d
π / 2

sin   (Note)

              = φ φ φ−
−∫

1

22 2 0

2 1 0
m

m d
π / 2

sin .cos          (Note)

              =
− + +

− + +
= ⋅− −

1

2

1

2
2 1 1

1

2
0 1

2
1

2
2 1 0 2

1

22 2 2 1m m

m

m

Γ Γ

Γ

Γ( ) ( )

( )

(m

m

) ( )

( )

Γ

Γ

1

2
1

2
+

        = ⋅
√

+
⋅−

1

2 1

2

2 1m

m

m

Γ

Γ

( )

( )

π
 ...(2)

[ ( ) ]∵ Γ
1

2
= √ π

Now equating the two values of B m m( , ) obtained in (1) and (2), we get

[ ( )]

( )

( ) .

( )

Γ
Γ

Γ

Γ

m

m

m

m
m

2

2 12

1

2 1

2

= ⋅
√

+
−

π
 

or Γ Γ Γ( ) ( ) ( ) .m m m
m

+ =
√

−
1

2 2
2

2 1
π

(Re mem ber)
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 12  Γ Γ Γ Γ
1 2 3

n n n

n

n



















−





…

1
 =

−( ) ,
( )/

/

2 1 2

1 2

π n

n

 

  where n  is a positive integer.

Proof: Let  A
n n n

n

n
= 

















−





⋅Γ Γ Γ Γ
1 2 3 1

…  ...(1)

Writing the above expression in the reverse order, we have

     A
n n

n

n

n

n
= −





−





−
−





−
−





Γ Γ Γ Γ1
1

1
2

1
2

1
1

…  ⋅ ...(2)

Mul ti ply ing (1) and (2), we get

   A
n n n n

2 1
1

1 2
1

2
= 





−











−





Γ Γ Γ Γ ……Γ Γ
n

n

n

n

−





−
−





1
1

1

  = − ⋅
−π

π π
π

n

n n

n

n

1

2 1
sin sin sin…

         [See cor ol lary of ar ti cle 7] …(3)

To calculate this expression, we factorize 1 2− x n.

Now the roots of the equation x n2 1 0− =  are given by

x r i rn n= = +( ) (cos sin )/ /1 2 21 2 1 2π π

 = +cos sin ,
r

n
i

r

n

π π
   where r n= −0 1 2 2 1, , , , .…

Hence, we have 

     1 2− x n = − + − −





− +





( ) ( ) cos sin cos sin1 1x x x
n

i
n

x
n

i
n

π π π π
…

… x
n

n
i

n

n
x

n

n
i

n

n
−

−
−

−





−
−

+
−


cos sin cos sin

1 1 1 1
π π π π



  = − − +





− +





( ) cos cos1 1 2 1 2
22 2 2x x

n
x x

n
x

π π
…

… −
−

+





⋅1 2
1 2x

n

n
xcos π

∴     
1

1
1 2 1 2

22

2
2 2−

−
= − +





− +





…
x

x
x

n
x x

n
x

n

cos cos
π π

 1 2
1 2−

−
+





⋅x
n

n
xcos π

Putting x = 1 and x = − 1 respectively, we have in the limit,

n
n n

n

n
= −





−





−
−





2 2 2 2
2

2 2
1

cos cos cos
π π

π…

and n
n n

n

n
= +





+





+
−





⋅2 2 2 2
2

2 2
1

cos cos cos
π π

π…
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Multiplying these, we get

n
n n

n

n
n2 2 2 2 2 22

2 1
= ⋅

−− sin sin sin
π π

π…

or n
n n

n

n
n= ⋅

−−2
2 11 .sin sin sin .

π π
π…

Hence, from (3), we get

A
n n

n

n

n
2

1

1

1

2

2
= =

−

−

−π π

/

( )
 or  A

n

n

= ⋅
−( )( )/

/

2 1 2

1 2

π

Re mark: The value of sin sin sin
π π

π
n n

n

n

2 1
…

−
 can also be found by us ing the

trig o no met ri cal iden tity

   
sin

sin
sin sin sin

n

n n n
nθ

θ
θ

π
θ

π
θ

θ
= +





+





+−2
2 31





+
−





⋅…sin θ π
n

n

1

From the above identity, we have

sin

sin
sin sin

n

n
n

n n
nθ

θ
θ

θ
θ

π
θ

π
⋅ ⋅ = +





+





−2
21
…sin θ π+

−





⋅
n

n

1

Taking limit as θ → 0 , we get

n
n n n

n

n
n=

−−2
2 3 11 sin sin sin sin .

π π π
π…

 13  (i) 
0

1∞ − −∫ e .
ax m

bx x dxcos  =
Γm

k

m
m

cos α

 (ii)  
0

1∞ − −∫ e bx x dx
ax m

sin .  =
Γm

k

m
m

sin ,α  

       where  k a b= √ +( )
2 2

 and α =






−

tan
1 a

b
 

Proof: We have

0

1

0

1∞ − − ∞ − − −∫ ∫= =
−

e e x dx e x dx
m

a ib

ax ibx m a ib x m
m

( ) ( )

( )

Γ

[See ar ti cle 6, part (i)]

      = − −( ) ( ) .a ib mm Γ ...(1)

Let us first separate ( )a ib m− −  into real and imaginary parts.

Put a k= cos α and b k= sin α so that

α = −tan ( / )1 b a  and k a b= √ +( ) .2 2

Then  ( ) [ (cos sin )]a ib k im m− = −− −α α  

              = −− −k im m(cos sin )α α
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     = +−k m i mm (cos sin ) ,α α  by De-Moivre’s the o rem.

Now from (1), we have

0

1∞ − − −∫ = +e e x dx k m i m max ibx m m (cos sin ) ( )α α Γ

or 
0

1∞ − −∫ +e bx i bx x dxax m(cos sin )  = +
Γ ( )

(cos sin ) ,
m

k
m i m

m
α α

                      [ ∵  e iiθ θ θ= +cos sin , by Eu ler’s the o rem]

or 
0

1

0

1∞ − − ∞ − −∫ ∫+e bx x dx i e bx x dxax m ax mcos . sin .

  = +
Γ Γ( )

cos
( )

sin .
m

k
m i

m

k
m

m m
α α ...(2)

Equating real and imaginary parts in (2), we get 

0

1∞ − −∫ =e bx x dx
m

k
max m

m
cos .

( )
cos ,

Γ
α

and 
0

1∞ − −∫ =e bx x dx
m

k
max m

m
sin .

( )
sin ,

Γ
α

where k a b= √ +( )2 2  and α = −tan ( / ) .1 b a

De duc tions: (i) If we put a = 0 , then α π= / 2 and k b= .

Hence  
0

1

2

∞ −∫ =x bx dx
m

b

mm
m

cos
( )

cos
Γ π

 

and  
0

1

2

∞ −∫ = ⋅x bx dx
m

b

mm
m

sin
( )

sin
Γ π

(ii) If we put m = 1, then

0 2

1∞ −∫ = =e bx dx
k

k

k

ax cos
( )

cos
cosΓ

α
α

 =
+

a

a b2 2

and 
0 2

1∞ −∫ = =e bx dx
k

k

k

ax sin
( )

sin
sinΓ

α
α

 =
+

b

a b2 2
.

Ex am ple 8: Eval u ate the fol low ing integrals:

(i)
0

8 6

24

1

1

∞
∫

−

+

x x

x
dx

( )

( )
,   

(Garhwal 2000)

(ii) 
0

4 5

15

1

1

∞
∫

+

+

x x

x
dx

( )

( )
,

(iii)
0 61

∞
∫ +

⋅
x dx

x
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So lu tion: (i) We have

  
0

8 6

24 0

8

24 0

14

24

1

1 1 1

∞ ∞ ∞
∫ ∫ ∫

−

+
=

+
−

+

x x

x
dx

x dx

x

x

x
d

( )

( ) ( ) ( )
x

     =
+

−
+

∞ −

+
∞ −

+∫ ∫0

9 1

9 15 0

15 1

15 91 1

x

x
dx

x

x
dx

( ) ( )

     = −B B( , ) ( , ) ,9 15 15 9  [By ar ti cle 3]

     = −B B( , ) ( , ) ,9 15 9 15

by sym me try of Beta func tion

     = 0 .

(ii) We have 
0

4 5

15 0

4

15 0

9

15

1

1 1 1

∞ ∞ ∞
∫ ∫ ∫

+

+
=

+
+

+

x x

x
dx

x dx

x

x dx

x

( )

( ) ( ) ( )

     =
+

+
+

∞ −

+
∞ −

+∫ ∫0

5 1

5 10 0

10 1

10 51 1

x

x
dx

x

x
dx

( ) ( )

     = + = +B B B B( , ) ( , ) ( , ) ( , )5 10 10 5 5 10 5 10

     = =2 5 10 2
5 10

15
B ( , )

Γ Γ
Γ

     = ⋅
⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅
= ⋅2

4 3 2 1

14 13 12 11 10

1

5005
 

(iii) Let     I
x dx

x
=

+
⋅

∞
∫0 61

Put  x y6 =   or  x y= 1 6/ , so that dx y dy= −1

6
5 6/ .

∴    I
y y

y
dy

y

y
dy=

+
=

+

∞ − ∞ −

∫ ∫
1

6 1

1

6 10

1 6 5 6

0

2 3/ / /.

  =
+

= 





∞ −

+∫
1

6 1

1

6

1

3

2

30

1 3 1

1 3 2 3

y

y
dy B

( / )

( / ) ( / )( )
, , [By ar ti cle 3]

  =
+

=
−

1

6

1

3

2

3
1

3

2

3

1

6

1

3
1

1

3
1

Γ Γ

Γ

Γ Γ

Γ( )

( )

  = ⋅
1

6 1

3

π

πsin
     ∵ Γ Γn n

n
( )

sin
1− =











π
π

  = ⋅
√

= ⋅
√

=
√

⋅
1

6 3 2

1

6

2

3 3 3

π π π
( / )

Ex am ple 9: Show that 
0

1

1 21

1

1 1 2∫ −
=

√
+

⋅
dx

x

n

n nn( )

( / )

( / / )/

π Γ
Γ (Kumaun 2012)
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So lu tion: Let xn = sin2 θ i e. ., x n= sin /2 θ so that dx
n

dn= −2 2 1sin cos .( / ) θ θ θ

Then 
0

1

0

2 2 1

1

2
∫ ∫√ −

=
−dx

x n

d
n

n

( )

sin cos

cos

/ ( / )π θ θ θ
θ

 

            = ∫ −2
0

2 2 1 0

n
dnπ

θ θ θ
/ ( / )sin cos

            = ⋅
+

=
√

⋅
+

⋅
2

1
1

2
2 1 1 2

1

1 1 2n

n

n n

n

n

Γ Γ

Γ
Γ

Γ

( / ) ( )

( / / )

( / )

( / / )

π

Ex am ple 10: Eval u ate 
0

1 1 1

1∫
− −

+
+

+

x x

x
dx

m n

m n( )
.

(Kumaun 2002, 10)

So lu tion: We have 

0

1 1 1

0

1 1

0

1 1

1 1∫ ∫ ∫
− −

+

−

+

−+

+
=

+
+

x x

x
dx

x dx

x

x dxm n

m n

m

m n

n

( ) ( ) ( )1+
⋅+x m n

...(1)

Now in the second integral on the R.H.S. of (1), we put x y= 1 /  so that 

dx y dy= − ( / ) ;1 2  also when x y→ → ∞0 ,  and when x y= =1 1, .

∴ 
0

1 1 1 1

21

1

1 1

1
∫ ∫

−

+ ∞

−

++
=

+
−






x dx

x

y

y y
dy

n

m n

n

m n( )

( / )

( / ) 


                 = −
+

=
+∞

+

+ −
∞ −

+∫ ∫
1

1 2 1

1

1 1

y dy

y y y

y

y
dy

m n

m n n

m

m n( ) . . ( )

(Note)

                 =
+

∞ −

+∫1
1

1

x

x
dx

m

m n( )
.    ∵

a

b

a

b
f x dx f y dy∫ ∫=





( ) ( )

Now from (1), we have

0

1 1 1

0

1 1

1

1

1 1 1∫ ∫ ∫
− −

+

−

+
∞ −+

+
=

+
+

x x

x
dx

x

x
dx

xm n

m n

m

m n

m

( ) ( ) ( + +x
dx

m n)

            =
+

∞ −

+∫0

1

1

x

x
dx

m

m n( )
, 

           by a prop erty of def i nite integrals

       = =
+

⋅B ( , )
( ) ( )

( )
m n

m n

m n

Γ Γ
Γ

   [Re fer ar ti cles 3 and 7]

Ex am ple 11: Show that 
0

2

2 2

π π π/
( ) ,∫ =tan x dx sec

nn  where − < <1 1n .

So lu tion: We have 
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0

2

0

2

0

2π π π/ / /
tan

sin

cos
sin cos∫ ∫ ∫= = −n

n

n
n nx dx

x

x
dx x x dx

     =
+ − +

− +

Γ Γ

Γ

1

2
1

1

2
1

2
1

2
2

( ) . ( )

( )
,

n n

n n

where − + >n i e1 0 . ., n < 1 and n i e n+ > > −1 0 1. .,

    = + −
1

2

1

2
1

1

2
1Γ Γ( ) ( )n n

    = + − +
1

2

1

2
1 1

1

2
1Γ Γ( ) [ ( )]n n  =

+

1

2 1

2
1

π

πsin ( )
,

n

               ∵ Γ Γ( ) ( )
sin

,n n
n

1− =










π
π

by cor. to article 7

    = ⋅
+

= ⋅
π

π π

π

π2

1
1

2

1

2
2

1
1

2
sin ( ) cos ( )n n

    =
π π
2 2

sec
n

,  where − < <1 1n .

Ex am ple 12: Prove that

(i)
0

2 1 2

2

∞ − −∫ =x e dx
n

a

n ax
n

Γ ( )
;     

(ii)   
0 1

1∞ −
+∫ =

+
x e dx

m n

na

m a x
m n

n Γ [( ) / ]
;

( )/

(iii)
0

1

∫ √ −
= √

dx

log x( )
.π

So lu tion: (i) Let I x e dx x e x dxn ax n a x= =
∞ − − ∞ − −∫ ∫0

2 1

0

2 22 2
.

Put ax z2 =  so that 2ax dx dz= . When x z= =0 0,  and when x z→ ∞ → ∞, .

∴    I
z

a
e

a
dz

a
e z dz

n
z

n
z n= 





=
∞ −

− ∞ − −∫ ∫0

1

0

11

2

1

2

         =
1

2a
n

n
Γ ( ) , by def i ni tion of Gamma func tion.

(ii) Let I x e dx
x

x
e x dxm ax

m

n
a x nn n

= =
∞ − ∞

−
− −∫ ∫0 0 1

1         [Note]

       =
∞ − + − −∫0

1 1x e x dxm n a x nn
.

Put ax tn =  so that na x dx dtn − =1 . Also when x t= =0 0,  and when x t→ ∞ → ∞, .

∴ I
t

a
e

na
dt

m n n
t= 





⋅
∞ − +

−∫0

1 1( )/

,        ∵ a x t x
t

a
n

n

= ⇒ = 

















1/
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        = − +
∞ + − −∫

1
1 0

1 1

na a
t e dt

m n n
m n t

. ( )/
( )/{ }

      = ++
1

1
1na

m n
m n( )/

( ) / ,Γ { }  by the def i ni tion of Gamma func tion.

(iii) Let  I
dx

x

dx

x x
=

√ −
=

√
= 



∫ ∫ ∫

−

0

1

0

1

0

1 1

1

1

( log ) log ( / )
log

/

{ }

2

dx .

Put log ( / ) . ., / . .,1 1x y i e x e i e x ey y= = = −  so that dx e dyy= − − .

Also when x y→ ∞ → ∞,  and when x y= =1 0, .

∴ I y e dy e y dyy y= − =
∞

− − ∞ − −∫ ∫
0 1 2

0

1 2 1/ /

           = Γ ( ) ,
1

2
  by the def. of Gamma func tion

    = √ π .

Ex am ple 13: Eval u ate the in te gral

 
a

b p qx a b x dx∫ − −( ) ( ) , where p and q are pos i tive in te gers.

So lu tion: Let  I x a b x dx
a

b p q= − −∫ ( ) ( ) .

Put   x a b= +cos sin2 2θ θ  so that 

dx a d b d= − +2 2cos sin sin cosθ θ θ θ θ θ

i e. .,  dx b a d= −2 ( ) cos sin .θ θ θ

Also    x a a b a b a− = + − = − −cos sin sin ( cos )2 2 2 21θ θ θ θ

          = − = −b a b asin sin ( ) sin2 2 2θ θ θ

and   b x b a b b a− = − − = − −cos sin ( sin ) cos2 2 2 21θ θ θ θ 

          = −( ) cos .b a 2 θ

To find the limits for θ , when x a= , we have

a a b= +cos sin2 2θ θ

i e. ., ( ) sinb a− =2 0θ  i e. ., sin2 0θ =  as a b≠  i e. .,  θ = 0

and when x b= , we have 

b a b= +cos sin2 2θ θ

i e. ., ( ) cosa b− =2 0θ   i e. .,  cos2 0θ =  as a b≠  i e. .,  θ π= / .2

Thus the new limits for θ are 0 to π / .2  Hence the given integral

I b a b a b a dp p q q= − − −∫0

2 2 2 2
π

θ θ θ θ θ
/

( ) sin .( ) cos . ( ) cos sin

       = − + + + +∫2 1

0

2 2 1 2 1( ) sin cos
/

b a dp q p qπ
θ θ θ
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    = −
+ + + +

+ + +
+ +2

1

2
2 1 1

1

2
2 1 1

2 2 1 2 1
1( )

( ) ( )

(
b a

p q

p q
p q

Γ Γ

Γ

{ } { }

+ 2)
,

pro vided 2 1 1p + > −  and 2 1 1q + > −  i e. ., p> − 1 and q > − 1

which is so be cause p and q are given to be + ive in te gers

    = −
+ +
+ + +

+ +( )
( ) ( )

( )
b a

p q

p q
p q 1 1 1

1 1

Γ Γ
Γ

    = −
+ +

+ +( )
! !

( ) !
,b a

p q

p q
p q 1

1
 

be cause Γ ( ) !n n+ =1  if n is a pos i tive in te ger.

Ex am ple 14: Find the value of Γ Γ Γ Γ
1

9

2

9

3

9

8

9
























⋅…

So lu tion: We know that 

Γ Γ Γ Γ
1 2 3 1 2 1

n n n

n

n

n

















−





=
−

…

( )( )/π 2

1 2n /
,

where n is a positive integer.

Putting n = 9 in the above relation, we get

Γ Γ Γ
1

9

2

9

8

9

2

9

29 1 2

1 2

4

















= =
−

…

( ) ( )( )/

/

π π
3

 =
16

3
4π .

Ex am ple 15: Show that

(i) 2
1

2
2 1n n nΓ ( ) . ( ) ,+ = − √1.3.5… π  where n is a + ive integer,

(Lucknow 2009)

(ii) Γ Γ
3

2

3

2

1

4
2−





+





= −





x x x sec xπ π , provided − < <1 2 1x .
(Kumaun 2011)

So lu tion: (i) We have

Γ Γ( ) ( ) ( )n n n+ = − −
1

2

1

2

1

2
 = −





−





−





n n n
1

2

3

2

3

2
Γ

        = −





−





−





⋅ ⋅ 





n n n
1

2

3

2

5

2

3

2

1

2

1

2
… Γ

        =
−

⋅
−

⋅
−

⋅ ⋅ √
2 1

2

2 3

2

2 5

2

3

2

1

2

n n n
… π

        = − − − √
1

2
2 1 2 3 2 5 31

n
n n n( ) ( ) ( ) . . .… π

∴ 2
1

2
2 1n n nΓ ( ) . ( ) .+ = − √1.3.5… π
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(ii) We have 

Γ Γ
3

2

3

2
−





+





x x  = − − + +( ) ( ) . ( ) ( )
1

2

1

2

1

2

1

2
x x x xΓ Γ

        = −





−





+





1

4

1 2

2

1 2

2
2x

x x
Γ Γ

        = −





−





−
−





1

4

1 2

2
1

1 2

2
2x

x x
Γ Γ

        = −



 −





1

4 1 2

2

2x
x

π

πsin

        = −





⋅
−





1

4 1

2

2x
x

π

π πsin

        = −





⋅ = −





⋅
1

4

1

4
2 2x

x
x x

π
π

π π
cos

sec .

Ex am ple 16: With cer tain re stric tions on the val ues of a b m, ,  and n , prove that

0 0

2 1 2 12 2

4

∞ ∞ − + − −∫ ∫ = ⋅e x y dx dy
m n

a b

a x by m n
m n

( ) ( ) ( )Γ Γ

So lu tion: Let us de note the given in te gral by I . Then

I e x dx e y dy I Iax m by n= × = ×
∞ − − ∞ − −∫ ∫0

2 1

0

2 1
1 2

2 2
.

To evaluate I1 , put ax t2 =  so that 2ax dx dt= .

∴  I e t a
dt

at
t m

1 0

2 1 2

2
= ⋅

√

∞ − −∫ ( / )
( )

( )/

        =
∞ − −∫

1

2 0

1

a
e t dt

m
t m

  =
Γ ( )

,
m

am2
  pro vided a and m are +ive.

Sim i larly, I
n

bn2
2

=
Γ ( )

, pro vided b and n are +ive.

Hence   I
m n

a bm n
= ⋅

Γ Γ

4

Ex am ple 17: Show that the sum of the se ries

      
1

1

1

2

1

2

1

3

1 2

3

1

4n
m

n

m m

n

m m m

n+
+

+
+

+
⋅

+
+

+ +
⋅

+
+

( )

!

( ) ( )

!
…

is       
Γ Γ

Γ
( ) ( )

( )
,

n m

n m

+ −
− +
1 1

2
 where − < <1 1n .
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So lu tion: We have 

Γ Γ
Γ
( ) ( )

( )
( , )

n m

n m
n m

+ −
− +

= + −
1 1

2
11B

= −∫ −
0

1
1x x dxn m( )

= + +
+

+
+ +

+








∫0

1 2 31
1

2

1 2

3
x mx

m m
x

m m m
x dxn ( )

!

( ) ( )

!
…

= + +
+


∫ + +

0

1 1 21

2
x mx

m m
xn n n( )

!

+
+ +

+





+m m m
x dxn( ) ( )

!

1 2

3
3
…

=
+

+
+

+
+

+







+ + +x

n
m

x

n

m m x

n

n n n1 2 3

1 2

1

2 3

( )

!

 +
+ +

+
+







+m m m x

n

n( ) ( )

!

1 2

3 4

4

0

1

…

=
+

+
+

+
+

⋅
+

1

1

1

2

1

2

1

3n
m

n

m m

n
.

( )

!
 +

+ +
+

+
m m m

n

( ) ( )

!

1 2

3

1

4
…

Ex am ple 18: Prove that 
0 2

∞
∫ = ⋅

sin bz

z
dz

π

So lu tion: We have 

   I e bz dx dzx z=
∞ ∞ −∫ ∫0 0

sin  

  =
−













∞ − ∞

∫0
0

e

z
bz dz

x z
sin , on first in te grat ing w.r.t. x 

   =
∞

∫0

sin
.

bz

z
dz  ...(1)

Again on first integrating w.r.t. z , we have

   I e bz dx dzx z=
∞ ∞ −∫ ∫0 0

sin  = 





∞ ∞ −∫ ∫0 0
e bz dz dxx z sin

  =
+

∞
∫0 2 2

b

b x
dx ,      

[See ar ti cle 13, De duc tion (ii)]

  = 





−
∞

tan 1

0

x

b
 = ⋅

π
2

...(2)

Hence equating the two values (1) and (2) of I , we have

0 2

∞
∫ = ⋅

sin bz

z
dz

π
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Ex am ple 19: Show that 

0

1 1
1

2

∞
∫ = + ⋅cos bz dz

b
n cos

nn
n

( ) ( ) ./ Γ
π

So lu tion: Put z xn1/ =    i e. .,   z x n= , so that dz nx dxn= −1 .

∴ 
0

1

0

1∞ ∞ −∫ ∫=cos( ) cos ( ) ./bz dz bx nx dxn n  

     =
∞ −∫n x bx dxn

0

1 cos ( )

     =
∞ − −∫real part of n e x dxibx n

0

1  

     = real part of n
n

ib n

Γ ( )

( )

     = ⋅ + −real part of
n n

b
i

n
nΓ ( )

(cos sin )
1

2

1

2
π π

     =
+

−





real part of
Γ ( )

cos sin
n

b

n
i

n
n

1

2 2

π π

     = ⋅ + 





⋅
1

1
2b

n
n

n
Γ ( ) .cos

π

Ex am ple 20:  Show that  
0 1

1
1

∞
+∫ =

+
>

x

c
dx

c

log c
c

c

x c

Γ ( )

( )
, .

(Gorakhpur 2005; Kanpur 07; Lucknow 10)

So lu tion: We have 

I
x

c
dx

x

e
dx

c

x

c

c x
= =

∞ ∞
∫ ∫0 0 log

 

        = =
∞ ∞ −∫ ∫0 0

x

e
dx e x dx

c

x c
x c c

log
log .

Put x c ylog =  so that (log ) .c dx dy=

When x = 0, we have y = 0 and when x y→ ∞ → ∞, . 

Also c c> ⇒ >1 0log .

∴ I e
y

c

dy

c
y

c

=










∞ −∫0 log log
 

  = +
∞ − + −∫

1
1 0

1 1

( log )

( )

c
e y dy

c
y c

    = ++
1

1
1( log )

( ) ,
c

c
c

Γ

pro vided c + >1 0 which is so be cause c > 1.
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 1. Prove that

(i) 
0 1

1a

n n n

dx

a x n n∫ −
= ⋅ ⋅

( ) sin ( / )/
π
π (Kanpur 2010)

(ii) 
0

2 3 1 38
2

3 3∫ − =
√

⋅−( ) /x dx
π

(Kumaun 2008)

 2. Show that 
0

1 1 11
∫

− −

+
−

+

x x

a x
dx

m n

m n

( )

( )
 =

+

B ( , )

( )

m n

a an m1
 =

+ +
⋅

Γ Γ

Γ

( ) ( )

( ) ( )

m n

a a m nn m1

[Hint. Put 
x a

a x
y

( )
]

1+
+

=  .

 3. Show that 
0

2 1

2

1

2

1

2
1 1

π
θ θ θ

/
sin cos , , , .∫ =

+ +







 > − > −p q d B

p q
p q

De duce that 
0

2 4 3 1 38
16

3

5

3

2

3∫ − = 





⋅−x x dx B( ) ,/

 4. Prove that B m n B m n B m n( , ) ( , ) ( , )= + + +1 1 for m n> >0 0, .

(Kanpur 2005; Gorakhpur 05; Bundelkhand 11)

 5. Prove that

(i)  
0

1∞ − −∫ = ⋅e x dx
n

a

a x n
n

Γ ( )
(ii) 

0

1 11
∫ 





=
−

log ( ).
x

dx n
n

Γ
(Kumaun 2007)

 6. Show that, if m > − 1, then

0 1

2 2 1

2

1

2

∞ −
+∫ =

+





⋅x e dx
n

mm n x
m

Γ
(Kumaun 2009)

 7. Prove that 
0

1
1

1
1∫ − =

+
+





x x dx
n

B
m n

n
pm n p( ) , (Lucknow 2010)

 8. Prove that 
0

1 1
2

1
1 1

2 2∫ − = ⋅( )
[ ( / )]

( / )
/x dx

n

n

n
n n Γ

Γ

 9. Show that Γ Γ Γ Γ( ) ( ) ( ) ( )
( )

( )

/

0 1 0 2 0 3 0 9
2

10

9 2

⋅ ⋅ ⋅ … ⋅ =
√

⋅
π

10. Show that 
0

2

0

2π π
θ θ

θ
θ

π
/ /

(sin )
(sin )

.∫ ∫√ ×
√

=d
d

(Lucknow 2009)

11. Show that 
0

1 2

4 1 2 0

1

4 1 21 1 4 2∫ ∫−
×

+
=

√
⋅

x dx

x

dx

x( ) ( )/ /
π

(Lucknow 2006, 11)

12. Show that Γ Γ
1

4

3

4
2 4

10

2

0

2

4












= √ =
+

= √∫ ∫
∞π

θ θ π
/

(tan ) d
x dx

x
2 .

(Lucknow 2008, 11)
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13. Show that the per im e ter of a loop of the curve r a nn n= cos θ is

a

n

n

n
n⋅ ⋅ ⋅−2

1 2

1
1 1

2
( / ) [ ( / )]

( / )

Γ
Γ

14. Prove that 
0

1

4

2

1

2

8

1

4∫ √ −
=

√
√













⋅

dx

x( ) π
Γ

15. Show that 
0

2 1

2

1

2

1

2

π
θ θ

/
sin ,∫ =

+







 ⋅p d B

p

16. Show that

(i) 
0

2 2

2 2 2

∞ −∫ =
−

+
xe x dxxα β

α β

α β
cos

( )

( )

(ii) 
0 2 2 2

2∞ −∫ =
+

⋅xe x dxxα β
α β

α β
sin

( )

17. Prove that 
− ∞

∞
∫ 





=cos .
1

2
12π x dx

18. Show that B B( , ) . ,m m m m
m
m

+ +





= ⋅
−

−
1

2

1

2 2

1

4 1
π

(Rohilkhand 2005)

19. Prove that 
0

1 1

2 2 2
2

2 2

π
∫

− −

+
=

−
⋅ 





sin

( cos ) ( )
,

/

n

n

n

n

x dx

a b x a b

n n
B , .a b>

(Kumaun 2008)

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. For m n> >0 0, ,

(a) B m n
m

n
( , )

( )

( )
=

Γ
Γ

(b) B m n
m n

m n
( , )

( ) ( )

( )
=

+
Γ Γ
Γ

(c) B m n
n

m
( , )

( )

( )
=

Γ
Γ

(d) B m n
m n

m n
( , )

( )

( ) ( )
=

+Γ
Γ Γ

 2. The value of the in te gral 
0

1 2∞ − −∫ e x dxx /  is

(a)
√ π
2

(b)
π
2

(c) √ π (d) π (Kumaun 2008, 09, 11, 13)
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 3. For m n> >0 0, ,

(a) B m n
x x

x
dx

m n

m n
( , )

( )
=

+

+∫
− −

+0

1 1 1

1
(b) B m n

x

x
dx

m

m n
( , )

( )
=

+∫
−

+0

1 1

1

(c) B m n
x

x
dx

n

m n
( , )

( )
=

+∫
−

+0

1 1

1
(d) B m n

x

x
dx

m

m n
( , )

( )
=

+

∞
+∫0 1

 4. If a > 0 and n > 0, then the value of the in te gral 

0

1∞ − −∫ e x dxax n  is 

(a) a nn Γ ( ) (b) a nn− Γ ( )

(c)
Γ ( )n

an2
(d)

Γ ( )n

n2

 5. The value of 
0

1 4 31∫ −x x dx( )  is

(a)
1

280
(b)

1

180

(c)
1

380
(d)

1

80 (Garhwal 2001)

 6. The value of the in te gral 
0

2 4 2π /
sin cos∫ x x dx is

(a)
π
4

(b)
π
8

(c)
π

16
(d)

π
32 (Garhwal 2001)

 7. The value of 
0

1

1

∞ −

+∫ +

x dx

x

m

m n( )
 is

(a) Γ Γ( ) ( )m n+ (b)
Γ
Γ

( )

( )

m

n

(c) Γ Γ( ) . ( )m n (d)
Γ Γ
Γ
( ) ( )

( )

m n

m n+ (Garhwal 2002)

 8. If m n, ,> 0  then the value of 
0

1 1
11

∫ −
−







x
x

dxn
m

log   is equal to

(a)
Γ ( )m

nm
(b)

Γ ( )n

nm

(c)
Γ ( )n

mn
(d)

Γ ( )m

mm (Garhwal 2003)

I-80



 9. The value of Γ Γ( ) ( )
1

4

3

4
⋅  is …… .

(a) π (b)
π

√ 2

(c) π √ 2 (d)
π
2 (Garhwal 2004, 11, 14)

10. The value of in te gral  
0

1

∫
−

dx

xlog
  is

(a) √ π (b) π

(c)
π
2

(d) none of these
(Garhwal 2004)

11. If m > 0, n > 0, then B m n( , ) is de fined as

(a)
0

1
1∫ −x x dxm n( ) (b)

0

1 1 1∫ − −x x dxm n( )

(c)
0

1 1 11∫ − −−x x dxm n( ) (d)
0

1 1 11∫ − +−x x dxm n( )

(Garhwal 2006; Kumaun 15)

12. cos sinm n d

m n

m n
θ θ θ =

+





+





+ +





Γ Γ

Γ

1

2

1

2

2
2

2

0

π /2

∫   when

(a) m > 0, n > 0 (b) m > − 1, n > − 1

(c) m > −
1

2
, n > −

1

2
(d) 0 1 0 1< < < <m n,

(Garhwal 2006)

13. The value of  
0

1 11
∫ 





−
log

x
dx

n

  is

(a) 1 (b) zero

(c) ( )!n − 1 (d) Γ n (Garhwal 2008)

14. The value of  Γ Γ Γ Γ
1

9

2

9

3

9

8

9
























...   is

(a)
1

6
3π (b) 16π4

(c)
1

3
4π (d)

16

3
4π

(Garhwal 2009)

15. Integral  
x

x
dx

n

m n

−

+
∞

+∫
1

0 1( )
  is equal to

(a) B m n( , )+ +1 1 (b) B m n( , )+ 1

(c) B m n( , ) (d) none of these (Garhwal 2012)
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16. Value of in te gral  cos sin
/ m n dθ θ θ

π

0

2

∫   is

(a)

Γ Γ

Γ

m n

m n

+





+





+ +





1

2

1

2

2
2

2

(b)
Γ Γ

Γ

m n

m n
2 2

2
2

2













+ +





(c)

Γ Γ

Γ

m n

m n

+





+





+ +





1

2

1

2

2
1

2

(d)

Γ Γ

Γ

m n

m n

−





−





− −





1

2

1

2

2
2

2
(Garhwal 2013)

17. The in te gral 
0

1∞ − −∫ x e dxn x   is known as

(a) Beta func tion (b) Gamma func tion

(c) Beta and Gamma func tion (d) none of these
(Kumaun 2007)

18. The value of  Γ Γ1

3

2

3











  shall be

(a)
π
2

(b)
π
2

(c)
3

2

π
(d)

2

3

π

(Kumaun 2010)

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. The def i nite in te gral 
0

1 1 11∫ − −−x x dxm n( ) , for m n> >0 0,  is called the …… 

 2. The def i nite in te gral 
0

1∞ − −∫ e x dxx n , for n > 0 is called the …… .

(Garhwal 2001)

 3. B m n
m n

( , )
( ) ( )

=
……

⋅
Γ Γ

 4.
B m n

B m n

m( , )

( , )

+
=

……
⋅

1

 5. For m n
x x

x
dx

m n

m n
> >

−

+
= ……

∞ − −

+∫0 0
10

1 1

, ,
( )

.

 6. For n n n> + = ……0 1, ( ) ( ).Γ Γ

 7. If n is a pos i tive in te ger, then Γ ( ) .n = ……
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 8. If 0 1< <n , then Γ Γ( ) ( ) .n n1− = ……

 9. Γ
1

2






= …… .
(Kumaun 2014)

10. If m n> − > −1 1, , then 
0

2

1

2

1

2π
θ θ θ

/
cos sin∫ =

+





+





……
m n d

m n
Γ Γ

11.
0

2∞ −∫ = ……e dxx .

12. For m m m m> +





=
√

……
0

1

2
2, ( ) ( ).Γ Γ Γ

π

13. For a n e x dx
na x n> > =

……
⋅

∞ − −∫0 0
0

1, ,
( )Γ

14. The value of Γ Γ( ) ( )
1

3

2

3
⋅  is …… .

(Agra 2002)

True or False

Write ‘T’ for true and ‘F’ for false state ment.

 1. e x dxx−∞
= 



∫ 1 2

0

1

2
/ Γ  .

 2.
0 61 3 3

∞
∫ +

=
√

⋅
x dx

x

π

 3.
0

8 6

24

1

1
1

∞
∫

−

+
=

x x

x
dx

( )

( )
.

 4. For m n B m n
x

x
dx

n

m n
> > =

+

∞ −

+∫0 0
10

1
, , ( , )

( )
.

 5. For m n
x

x
dx

x

x
dx

m

m n

n

m n
> >

+
=

+

∞ −

+
∞ −

+∫ ∫0 0
1 10

1

0

1
, ,

( ) ( )
.

 6. Γ ( ) .6 120=

 7. For m n B m n
m n

m n
> > =

+
⋅0 0

2
, , ( , )

( ) ( )

( )

Γ Γ
Γ

 8.
0

2

4

∞ −∫ =
√

⋅e dxx π

 9. B m n B m n B m n( , ) ( , ) ( , ).+ + + = + +1 1 1 1 (Agra 2003)
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Multiple Choice Questions

 1. (b)  2. (c)  3. (a)  4. (b)  5. (a)

 6. (d)  7. (d)  8. (a)  9. (c) 10. (a)

11. (a) 12. (b) 13. (d) 14. (d) 15. (c)

16. (a) 17. (b) 18. (d)

Fill in the Blank(s)

 1. Beta func tion 2. Gamma func tion 3. Γ ( )m n+

 4. m n+ 5. 0 6. n

 7. ( ) !n − 1 8.
π

πsin n
9. √ π

10. 2
2

2
Γ

m n+ +





11. 
√ π
2

12. 22 1m−

13. an. 14.
2

3

π

True or False

 1. F 2. T 3. F 4. T 5. T

 6. T 7. F 8. F 9. F

¨
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    1  Dirichlet’s Theorem for three Variables

Theorem: If l m n, ,  are all positive, then the triple integral

∫∫∫ − − − =
+ + +

x y z dx dy dz
l m n

l m n
l m n1 1 1

1

Γ Γ Γ
Γ

( ) ( ) ( )

( )
,

where the integral is extended to all positive values of the variables x y,  and z subject to the condition 

x y z+ + ≤ 1. (Lucknow 2007)

Proof: Let us first con sider the dou ble in te gral

I x y dx dyl m
2

1 1= ∫∫ − − ,

where the integral is extended to all positive values of the variables x and y subject to

the condition x y+ ≤ 1.

Obviously the region of integration of I2 , in the 2-dimensional Euclidean space, is

bounded by the straight lines x y= =0 0,  and x y+ = 1. The limits of integration for

this region can be expressed as 0 ≤ x ≤ 1 0, ≤ y ≤ 1− x .

5

D L Iirichlet's and iouville's ntegrals



∴   I x y dx dy
x y

x l m
2 0

1

0

1 1 1=
= =

− − −∫ ∫

   =












∫ −
−

0

1 1

0

1

x
y

m
dxl

m x

= −∫ −
0

1 11
1

m
x x dxl m( )

   = −∫ − + −1
1

0

1 1 1 1

m
x x dxl m( )

   = +
1

1
m

l mB ( , ) , by the def. of Beta func tion

   =
+

+ +
=

+ +
1 1

1

1

1m

l m

l m m

l m m

l m

Γ Γ
Γ

Γ Γ
Γ

( ) ( )

( )

( ) . ( )

( )
,   [ ( ) ( )]∵ Γ Γn n n+ =1

   =
+ +

⋅
Γ Γ

Γ
( ) ( )

( )

l m

l m 1
...(1)

(Re mem ber)

This is Dirichlet’s theorem for two variables.

Now consider the double integral U x y dx dyl m
2

1 1= ∫∫ − − ,

where the integral is extended to all positive values of the variables x and y subject to

the condition x y+ ≤ h .

We have x y+ ≤ h
x

h

y

h
⇒ + ≤ 1.

So putting x h u/ =  and y h v/ =  so that dx h du=  and dy h dv= , the integral U2

becomes

U hu hv h du dvl m
2

1 1 2= ∫∫ − −( ) ( )

   = + − −∫∫h u v du dvl m l m1 1 , where u v+ ≤ 1

   =
+ +

+h
L m

l m
l m Γ Γ

Γ
( ) ( )

( )
,

1
  by (1). ...(2)

Now we consider the triple integral

I x y z dx dy dzl m n
3

1 1 1= ∫∫∫ − − − ,

sub ject to the con di tion x y z+ + ≤ 1 i e y z. ., + ≤ 1− x and 0 ≤ x ≤ 1.

We have

[ ]I y z dy dz x dx
x

m n l
3 0

1 1 1 1=
=

− − −∫ ∫∫ , where y z+ ≤ 1− x

   = −
+ +∫ + −

0

1 11
1

( )
( ) ( )

( )
,x

m n

m n
x dxm n lΓ Γ

Γ
   by us ing (2)

   =
+ +

−∫ − + + −Γ Γ
Γ

( ) ( )

( )
( )

m n

m n
x x dxl m n

1
1

0

1 1 1 1

   =
+ +

+ +
Γ Γ

Γ
( ) ( )

( )
( , )

m n

m n
l m n

1
1B
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=
+ +

⋅
+ +

+ + +
Γ Γ

Γ
Γ Γ
Γ

( ) ( )

( )

( ) ( )

( )

m n

m n

l m n

l m n1

1

1

=
+ + +

Γ Γ Γ
Γ

( ) ( ) ( )

( )
,

l m n

l m n 1
  which proves the re quired re sult.

Re mark: The tri ple in te gral

∫∫∫ − − − + +=
+ + +

x y z dx dy dz h
l m n

l m n
l m n l m n1 1 1

1

Γ Γ Γ
Γ

( ) ( ) ( )

( )
,

where the integral is extended to all positive values of the variables x y,  and z subject to

the condition x y z+ + ≤ h .

Al ter na tive proof of Dirichlet’s the o rem for three vari ables:

Let I x y z dx dy dzl m n
3

1 1 1= ∫∫∫ − − − ,

where the integral is extended to all positive values of the variables x y,   and z subject to

the condition x y z+ + ≤ 1.

Obviously the region of integration, in the 3-dimensional Euclidean space, is the

volume bounded by the coordinate planes x y z= = =0 0 0, ,  and the plane 

x y z+ + = 1. After a little geometric consideration, we observe that the limits of

integration for this region can be expressed as

0 ≤ x ≤ 1 0, ≤ y ≤ 1 0− x , ≤ z ≤ 1− −x y .

Hence the triple integral I3 may be written as

  I x y z dx dy dz
x y

x

z

x y l m n
3 0

1

0

1

0

1 1 1 1=
= =

−

=

− − − − −∫ ∫ ∫

    =












∫ ∫
− − −

− −

0

1

0

1 1 1

0

1
x l m

n x y

x y
z

n
dx dy

    = − −∫ ∫
− − −1

1
0

1

0

1 1 1

n
x y x y dx dy

x l m n( )

    = − −



∫ ∫− − −1

1
0

1 1

0

1 1

n
x y x y dy dxl x m

{ }( ) .n

To integrate w.r.t. y,  put y x t= −( )1  so that dy x dt= −( ) ;1  also when y t= =0 0,  and

when y x t= − =1 1, .

∴ the re quired in te gral

        I
n

x x t x t x dtl m m n n
3 0

1 1

0

1 1 11
1 1 1 1= − − − −

∫ ∫− − −( ) ( ) ( ) ( ){ }



dx

   = − −∫ ∫ − + −1
1 1

0

1

0

1 1 1

n
x x t t dx dtl m n m n( ) ( )

   = − × −∫ ∫− + −1
1 1

0

1 1

0

1 1

n
x x dx t t dtl m n m n( ) .( )

   = + + +
1

1 1
n

B l m n B m n( , ) ( , ) ,

(by the def i ni tion of Beta func tion)
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= ⋅
+ +

+ + +
⋅

+
+ +

=
1 1

1

1

1n

l m n

l m n

m n

m n

lΓ Γ
Γ

Γ Γ
Γ

Γ( ) ( )

( )

( ) ( )

( )

( ) Γ Γ
Γ

( ) ( )

( )

m n

l m n+ + +
⋅

1

 [ ( ) ( )]∵ Γ Γn n n+ =1

Note: Dirichlet’s the o rem holds good even if the con di tion is taken as x y z+ + < 1 in

place of x y z+ + ≤ 1.

Corollary: Eval u ate with out us ing Dirichlet’s The o rem ∫∫∫ x y z dx dy dzp q r ,

where x, y, z are always positive and x y z+ + ≤ 1.

   2  Dirichlet’s Theorem for n Variables

The the o rem states that 

∫∫ ∫… − − −x x x dx dx dxl l
n
l

n
n

1
1

2
1 1

1 21 2 … …  =
+ + + +

Γ Γ Γ
Γ

( ) ( ) ( )

( )
,

l l l

l l l
n

n

1 2

1 21

…

…

where the integral is extended to all positive values of the variables x1, x2 , ,…  xn subject to the

condition x x xn1 2+ + +… ≤ 1.

Proof: We shall prove the the o rem by math e mat i cal in duc tion. To start the

in duc tion we shall first show that the the o rem is true for two vari ables i e. ., for n = 2 .

So let us consider the integral I x x dx dxl l
2 1

1
2

1
1 21 2= ∫∫ − −

subject to the condition x x1 2+ ≤ 1.

Now pro ceed ing as in ar ti cle 1, show that I
l l

l l
2

1 2

1 21
=

+ +
⋅

Γ Γ
Γ

( ) ( )

( ) ...(1)

The result (1) shows that the theorem is true for two variables i e. ., for n = 2 .

Now assume as our induction hypothesis that the theorem is true for n variables i e. .,

assume that

I x x x dx dx dxn
l l

n
l

n
n= …∫∫ ∫ − − −

1
1

2
1 1

1 21 2 … …

    =
+ + + +

Γ Γ Γ
Γ

( ) ( ) ( )

( )
,

l l l

l l l
n

n

1 2

1 21

…

…

...(2)

subject to the condition x x xn1 2+ + +… ≤ 1.

If the condition be x x xn1 2+ + +… ≤ h , then putting

x

h
u

x

h
u

x

h
un

n
1

1
2

2= = =, , ..., , so that

dx h du dx h du dx h dun n1 1 2 2= = =, , , ,…  we have

∫∫ ∫… − − −x x x dx dx dxl l
n
l

n
n

1
1

2
1 1

1 21 2 … …

    = …
+ + + − −∫∫ ∫h u u

l l l l ln1 2 1 21
1

2
1…

… u du du dun
l

n
n −1

1 2…

sub ject to the con di tion u u un1 2+ + +… ≤ 1
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  =
+ + + +

+ + +
h

l l l

l l l

l l l n

n

n1 2 1 2

1 21

… …

…

Γ Γ Γ
Γ

( ) ( ) ( )

( )
, ...(3)

us ing the as sumed re sult (2).
Now for n + 1 variables the condition is

x x x xn n1 2 1+ + + + +… ≤ 1

i e. ., x x x xn n2 3 1+ + + + +… ≤ 1 1− x , and 0 ≤ x1 ≤ 1.

We then have

∫∫ ∫… − − −
+

−+x x x x dx dxl l
n
l

n
ln n

1
1

2
1 1

1
1

1 21 2 1…  … dx dxn n +1,

where x x xn1 2 1+ + + +… ≤ 1

[ ]= …
=

− −
+

−
+∫ ∫∫ ∫ +

x

l l
n

l
nx x x dx dx dxn

1

1 2 1
0

1
1

1
2

1
1

1
2 1 1… …

= ⋅
+ + + + +=

− +

+
∫ x

l n

n n
x

l l l

l l l l1

1
0

1
1

1 2 3 1

2 31

Γ Γ Γ

Γ

( ) ( ) ( )

(

…

… 1)
⋅ ( ) ,1 1 1

2 3 1−
+ + + +x dx

l l ln…

[us ing (3)]

=
+ + + +

⋅+

+

Γ Γ Γ

Γ

( ) ( ) ( )

( )

l l l

l l l

n

n n

2 3 1

2 11

…

…

 
0

1
1

1
1

1 1
11 2 3 11∫ − + + + + −

− +x x dxl l l ln( )
( )…

=
+ + + +

⋅
+ ++

+

Γ Γ Γ

Γ

Γ Γ( ) ( ) ( )

( )

( ) (l l l

l l l

l ln

n n

2 3 1

2 1

1 2

1

1…

…

… +

+ + + + +
+

+

l

l l l l

n

n n

1

1 2 11

)

( )Γ …

=
+ + + +

⋅+

+

Γ Γ Γ

Γ

( ) ( ) ( )

( )

l l l

l l l

n

n

1 2 1

1 2 11

…

…

 ...(4)

The result (4) shows that the theorem holds for ( )n + 1 variables if it holds for n variables. 

But we have seen that the theorem is true for two variables. Hence by mathematical

induction the theorem is true for all values of n .

Ex am ple 1: Eval u ate ∫∫ − −x y dx dyl m2 1 2 1  for all pos i tive val ues of x and y such that 

x y2 2+ ≤ c2. (Lucknow 2007)

So lu tion: Let us de note the given in te gral by I . Then we have to find the value of I

ex tended to all pos i tive val ues of x and y sub ject to the con di tion

x

c

y

c






+ 





2 2

≤ 1.

Put ( / ) . ., ,/x c u i e x cu2 1 2= =  so that dx cu du= −1

2
1 2/ ,

and ( / ) . ., ,/y c v i e y cv2 1 2= =  so that dy cv dv= −1

2
1 2/ .
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Then the re quired in te gral

 I cu cv cu cv du dvl m= ⋅∫∫ − − − −( ) ( ) ./ / / /1 2 2 1 1 2 2 1 1 2 1 21

2

1

2

 = + − −∫∫
1

4
2 2 1 1c u v du dvl m l m ,       where u v,  take all +ive val ues

sub ject to the con di tion u v+ ≤ 1

 = ⋅
+ +

+1

4 1
2 2c

l m

l m
l m Γ Γ

Γ
( ) ( )

( )
, by Dirichlet’s the o rem.

Ex am ple 2: Find the  value of ∫∫ ∫… dx dx dxn1 2…  ex tended to all pos i tive val ues of the

vari ables, sub ject to the con di tion x x x Rn1
2

2
2 2 2+ + + <… .

So lu tion: Let us de note the given in te gral by I . Then we have to find the value of I

ex tended to all pos i tive val ues of x x xn1 2, , ,…  sub ject to the con di tion

x

R

x

R

x

R
n1

2

2
2
2

2

2

2
1+ + + <… .

Put ( / ) . ., ,/x R u i e x Ru1
2

1 1 1
1 2= =  so that dx Ru du1 1

1 2
1

1

2
= − /

,

( / ) . ., ,/x R u i e x Ru2
2

2 2 2
1 2= =  so that dx Ru du2 2

1 2
2

1

2
= − /

, 

and so on.

Then the re quired in te gral

I R u u u du du du
n

n
n n= … 



∫∫ ∫ − − −1

2
1

1 2
2

1 2 1 2
1 2

/ / /
… …

  = 





…∫∫ ∫ − − −R
u u u du du

n

n
2

1
1 2 1

2
1 2 1 1 2 1

1
( / ) ( / ) ( / ).... 2… dun ,

sub ject to the con di tion u u un1 2 1+ + + <…

  = 



 + ⋅

R

n

n

2

1

2

1
1

2

{ }Γ

Γ

( )

( )
,

n

 by Dirichlet’s the o rem

  = 





⋅
+

⋅
R

n

n n

2 1
1

2

2π /

( )Γ
   [ ( ) ]∵ Γ

1

2
= √ π

Ex am ple 3: Find the vol ume of the solid sur rounded by the sur face

( / ) ( / ) ( / ) ./ / /x a y b z c2 3 2 3 2 3 1+ + = (Kumaun 2011)

So lu tion: Since the  equa tion ( / ) ( / ) ( / )/ / /x a y b z c2 3 2 3 2 3 1+ + =  does not change

by putt ing − x for x y, −  for y z zand for− , there fore the sur face rep re sented by this

equa tion is sym met ri cal in all the eight octants.

So the volume of the solid surrounded by this surface = ×8  the volume of the portion of 

this solid lying in the positive octant.
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Now the volume of a small element situated at any point ( , , ) .x y z dx dy dz=

∴ the vol ume of the solid in the pos i tive octant

= ∫∫∫ dx dy dz ,

where the integral is extended to all positive values of the variables x y z, ,  subject to the

condition  ( / ) ( / ) ( / )/ / /x a y b z c2 3 2 3 2 3+ + ≤ 1.

Now put ( / ) , ( / ) , ( / )/ / /x a u y b v z c w2 3 2 3 2 3= = =

i e. ., x au y bv z cw= = =3 2 3 2 3 2/ / /, ,

so that dx au du dy bv dv dz cw dw= = =
3

2

3

2

3

2
1 2 1 2 1 2/ / /, , .

∴ the vol ume in the pos i tive octant

= ∫∫∫ − − −27

8
3 2 1 3 2 1 3 2 1abc u v w du dv dw( / ) ( / ) ( / ) , 

where u v w+ + ≤ 1

=
+

= ⋅
⋅ √

⋅ ⋅ ⋅

27

8

3 2
9

2
1

27

8

1

2
9

2

7

2

5

2

3

2

3
3

abc abc
[ ( / )]

( )

( )Γ

Γ

π

⋅ √
1

2
π

= ⋅ ⋅ = ⋅ ⋅
27

8 8

32

8

4

35
abc

abcπ π
27.35

Hence the required volume 

= ⋅ ⋅ = ⋅8
8

4

35

4

35

π πabc abc

    3  Liouville’s Extension of Dirichlet’s Theorem

Theorem: If the variables x y z, ,  are all positive such that

h1 ≤ x y z+ + ≤ h2,

then the triple integral

∫∫∫ + + − − −f x y z x y z dx dy dzl m n( ) 1 1 1

=
+ + ∫ + + −Γ Γ Γ

Γ
( ) ( ) ( )

( )
( ) .

l m n

l m n
f u u du

h

h l m n

1

2 1

Proof: Let I x y z dx dy dzl m n= ∫∫∫ − − −1 1 1 , in te grated over some re gion.

Subject to the condition x y z+ + ≤ u , we have by Dirichlet’s theorem

I u
l m n

l m n
l m n=

+ + +
⋅+ + Γ Γ Γ

Γ
( ) ( ) ( )

( )1
 ...(1)

If the condition be x y z+ + ≤ u u+ δ , then

I u u
l m n

l m n
l m n= +

+ + +
⋅+ +( )

( ) ( ) ( )

( )
δ

Γ Γ Γ
Γ 1

...(2)
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Therefore the value of the integral I  extended to all such positive values of the variables

as make the sum of the variables lie between u and u u+ δ  is

=
+ + +

+ −+ + + +Γ Γ Γ
Γ

( ) ( ) ( )

( )
[( ) ] ,

l m n

l m n
u u ul m n l m n

1
δ

 [sub tract ing (2) from (1)]

=
+ + +

+





−



+ +

+ +Γ Γ Γ
Γ

( ) ( ) ( )

( )

l m n

l m n
u

u

u
l m n

l m n

1
1 1

δ









=
+ + +

+ + + + −





+ +Γ Γ Γ
Γ

( ) ( ) ( )

( )
( )

l m n

l m n
u l m n

u

u
l m n

1
1 1

δ
… 

=
+ + +

+ + + + −Γ Γ Γ
Γ

( ) ( ) ( )

( )
( ) ,

l m n

l m n
l m n u ul m n

1
1 δ

to the first or der of ap prox i ma tion

=
+ +

+ + −Γ Γ Γ
Γ
( ) ( ) ( )

( )
.

l m n

l m n
u ul m n 1 δ

Now consider the  integral 

∫∫∫ + + − − −f x y z x y z dx dy dzl m n( ) ,1 1 1

subject to the condition h1 ≤ x y z+ + ≤ h2 .

If x y z+ +  lies between u and u u+ δ , the value of f x y z( )+ +  can only differ from 

f u( ) by a small quantity of the same order as δu . Hence neglecting square of δu , the part

of the integral

∫∫∫ + + − − −f x y z x y z dx dy dzl m n( ) 1 1 1

which arises from supposing the sum of the variables to lie between u and u u+ δ  is

ultimately equal to 
Γ Γ Γ

Γ
( ) ( ) ( )

( )
( ) . .

l m n

l m n
f u u ul m n

+ +
+ + −1 δ

Therefore the whole integral

∫∫∫ + + − − −f x y z x y z dx dy dzl m n( ) ,1 1 1   

where h1 ≤ x y z+ + ≤ h2 ,  is equal to

Γ Γ Γ
Γ
( ) ( ) ( )

( )
( ) . .

l m n

l m n
f u u du

h

h l m n

+ + ∫ + + −

1

2 1

Re mark: The above the o rem holds good even if we take the con di tion as 

h x y z h1 2< + + <  in place of h1 ≤ x y z+ + ≤ h2 .
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Ex am ple 4: Find the value of ∫∫∫ + +log x y z dx dy dz( ) , the in te gral ex tend ing over all

pos i tive val ues of x y z, ,  sub ject to the con di tion x y z+ + < 1.
(Lucknow 2009; Kumaun 10)

So lu tion: Here the in te gral is to be ex tended for all pos i tive val ues of x y,  and z such

that 0 1< + + <x y z .

∴ the re quired in te gral

= + +∫∫∫ log ( ) ,x y z dx dy dz  where 0 1< + + <x y z

= + +∫∫∫ − − −log ( )x y z x y z dx dy dz1 1 1 1 1 1 (Note)

=
+ + ∫ + + −Γ Γ Γ

Γ
( ) ( ) ( )

( )
(log ) ,

1 1 1

1 1 1 0

1 1 1 1 1u u du

by Liouville’s ex ten sion of Dirichlet’s the o rem

= ∫
1

3 0

1 2

Γ ( )
log ,u u du  [ ( ) ]∵ Γ 1 1=

      =








 − ⋅













∫

1

21 3

1

3

3

0

1

0

1 3

.
(log ) . ,u

u

u

u
du

in te grat ing by parts tak ing u2 as the sec ond func tion

= − −










→ ∫
1

2
0

1

3

1

30

3 2

0

1
lim log

u
u u u du

= −












1

6 3

3

0

1
u

, ∵ lim log
u

u u
→

=










0

03

= − ⋅
1

18

Note: lim log lim
log

/
lim

/

/
lim

u
u u

u

u

u u

u

u u→
=

→
=

→ −
=

→
−

0 0 1 0

1

3 0

3
3 4

1

3
03u = .

Ex am ple 5: Prove that

   ∫∫∫ √ − − −
=

dx dy dz

a x y z

a

( )
,

2 2 2 2

2 2

8

π

the integral being extended for all positive values of the variables for which the expression is real.
(Lucknow 2008, 11)

So lu tion: The given ex pres sion is real when x y z a2 2 2 2+ + < .

Therefore the required integral is to be extended to all positive values of x y,  and z such

that

0 2 2 2 2< + + <x y z a  i e. .,  0 12 2 2 2 2 2< + + <x a y a z a/ / / .
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Put ( / ) ,x a u2 2
1=  ( / )y a u2 2

2=  and ( / )z a u2 2
3=

i e. ., x au= 1
1 2/ , y au= 2

1 2/  and z au= 3
1 2/

so that dx au du dy au du= =− −1

2

1

21
1 2

1 2
1 2

2
/ /

,  and dz au du= −1

2 3
1 2

3
/

.

With these substitutions the given condition reduces to

0 11 2 3< + + <u u u

and the required integral becomes

=
√ − +∫∫∫
− − −

( ) .

(

/ / /1

2
1

3 3
1

1 2
2

1 2
3

1 2
1 2 3

1 2

a u u u du du du

a u u{ + u3)}

=
√ − + +∫∫∫

− − −a u u u du du du

u u u

2
1
1 2 1

2
1 2 1

3
1 2 1

1 2 3

1 2 38 1

/ / /

({ )}

= ⋅ ⋅ ⋅
√ −∫ −a

u
u

du
2 3

0

1 3 2 1

8

1 2
3

2

1

1

[ ( / )]

( ) ( )
,/Γ

Γ

by Liouville’s ex ten sion of Dirichlet’s the o rem

= ⋅
√

⋅ √
⋅

√ −∫
a d2 3

0

2

28 1

2

2

1

[ ] sin . sin cos

( sin )
,

/π

π

θ θ θ θ

θ

π
 putt ing u = sin2 θ etc.

= = ⋅ ⋅ = ⋅∫
π

θ θ
π π ππa

d
a a2

0

2 2
2 2 2

2 2

1

2 2 8

/
sin

Ex am ple 6: Prove that when x and y are pos i tive and x y h+ < , 

  ∫∫ ′ + = −− −f x y x y dx dy
sin l

f h fl l( ) [ ( ) ( )] .1 0
π

π
(Kumaun 2008)

So lu tion: The given in te gral

I f x y x y dx dyl l= ′ +∫∫ − − −( ) ,( )1 1 1  where 0 < + <x y h

  =
−

+ −
′∫ + − −Γ Γ

Γ
( ) ( )

( )
( ) ,( )l l

l l
f u u du

h l l1

1 0

1 1

by Liouville’s ex ten sion of Dirichlet’s the o rem

  =
−

′∫
Γ Γ

Γ
( ) ( )

( )
( )

l l
f u du

h1

1 0

  = = −
π
π

π
πsin

[ ( )]
sin

[ ( ) ( )] .
l

f u
l

f h fh
0 0

Ex am ple 7: Eval u ate ∫∫∫ − − −x y z x y z dx dy dzα β γ λ( )1  over the in te rior of the

tet ra he dron formed by the co or di nate planes and the plane x y z+ + = 1.

So lu tion: Here the re gion of in te gra tion is bounded by the planes x y z= = =0 0 0, ,

and x y z+ + = 1. So the vari ables x y z, ,  take all pos i tive val ues sub ject to the condition

0 1< + + <x y z .
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Hence the given integral

= − + +∫∫∫ + − + − + −x y z x y z dx dy dz( ) ( ) ( ) [ ( )]α β γ λ1 1 1 1 1 1 1

 =
+ + +

+ + +
⋅ −∫ + + + + + −Γ Γ Γ

Γ
( ) ( ) ( )

( )
(

α β γ
α β γ

α β γ1 1 1

3
1

0

1 1 1 1 1u u du) ,λ

by Liouville’s ex ten sion of Dirichlet’s the o rem

 =
+ + +

+ + +
⋅ −∫ + + + −Γ Γ Γ

Γ
( ) ( ) ( )

( )
( )( )α β γ

α β γ
α β γ1 1 1

3
1

0

1 3 1u u ( )λ + −1 1 du

 =
+ + +

+ + +
+ + + +

Γ Γ Γ
Γ

( ) ( ) ( )

( )
( , )

α β γ
α β γ

α β γ λ
1 1 1

3
3 1B  

 =
+ + +

+ + +
⋅

+ + + +
+

Γ Γ Γ
Γ

Γ Γ
Γ

( ) ( ) ( )

( )

( ) ( )

(

α β γ
α β γ

α β γ λ
α

1 1 1

3

3 1

β γ λ+ + + 4)

 =
+ + + +

+ + + +
⋅

Γ Γ Γ Γ
Γ

( ) ( ) ( ) ( )

( )

α β γ λ
α β γ λ

1 1 1 1

4

Ex am ple 8: Eval u ate 

∫∫∫ √ − − −( )a b c b c x c a y a b z dx dy dz2 2 2 2 2 2 2 2 2 2 2 2

taken throughout the ellipsoid x a y b z c2 2 2 2 2 2 1/ / / .+ + =
(Lucknow 2009; Kumaun 12)

So lu tion: The given el lip soid x a y b z c2 2 2 2 2 2 1/ / /+ + =  is sym met ri cal in all the

eight oc tants. Let us first eval u ate the given in te gral over the re gion of the el lip soid

which lies in the pos i tive octant i e. ., where x y z, ,  are all positive.

Put x a u2 2/ ,=  y b v2 2/ ,=  z c w2 2/ .=

Then x au= 1 2/ , dx au du= −1

2
1 2/  etc.

Now the given integral extended over the positive octant of the given ellipsoid is

I abc
x

a

y

b

z

c
dx dy dz= − − −









∫∫∫ 1

2

2

2

2

2

2
, 

where 0 2 2 2 2 2 2< + +x a y b z c/ / / ≤ 1

      = √ − − − ⋅∫∫∫ − − −abc u v w abc u v w du dv dw( ) / / /1
1

8
1 2 1 2 1 2 ,

where 0 < + +u v w ≤ 1

= √ − + +∫∫∫ − − −a b c
u v w u v w du d

2 2 2
1 2 1 1 2 1 1 2 1

8
1( / ) ( / ) ( / ) ( ){ } v dw 

= ⋅ √ −∫ + + −a b c
t t dt

2 2 2
3

0

1 1 2 1 2 1 2 1

8

1

2
3 2

1
[ ( )]

( / )
( ) . ,/ / /

Γ

Γ

by Liouville’s ex ten sion of Dirichlet’s the o rem
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= ⋅
√

√
−∫ − −a b c

t t dt
2 2 2 3

0

1 3 2 1 3 2 1

8 1

2

1
( )

.
( )( / ) ( / )π

π

= ⋅ ⋅ = ⋅
a b c a b c2 2 2 2 2 2 2

8
2

3 2 3 2

3 32
π

πΓ Γ
Γ

( / ) ( / )

( )

Hence if the integration is extended throughout the ellipsoid, the given integral

= = ⋅ = ⋅8 8
32 4

2 2 2 2 2 2 2 2
I

a b c a b cπ π

Ex am ple 9: Eval u ate ∫∫
− −

+ +













1

1

2 2 2 2

2 2 2 2

x a y b

x a y b
dx dy

/ /

/ /
 , 

where  x a y b2 2 2 2/ /+ ≤ 1.

So lu tion: The el lipse x a y b2 2 2 2 1/ /+ =  is sym met ri cal in all the four quad rants.

Let us first evaluate the given integral over the region of the ellipse x a y b2 2 2 2 1/ /+ =

which lies in the first quadrant i e. ., where x and y are both positive.

Put x a u2 2/ ,=  y b v2 2/ .=

Then x au dx au du= = −1 2 1 21

2
/ /, ,

y bv= 1 2/ , dy bv dv= −1

2
1 2/ .

∴ the given integral extended over the region of the ellipse x a y b2 2 2 2 1/ /+ =  which

lies in the first quadrant is given by

    I
u v

u v
abu v du dv=

− −
+ +









 ⋅∫∫ − −1

1

1

2
1 2 1 2/ / , where 0 < +u v ≤ 1

  =
− +
+ +









∫∫ − −ab u v

u v
u v du dv

4

1

1
1 2 1 1 2 1( )

( )
( / ) ( / )

  = ⋅
−
+









 ⋅∫ + −ab t

t
t dt

4

1

2

1

2
1

1

10

1 1 2 1 2 1
Γ Γ

Γ

( ) ( )

( )
/ /

  = ⋅
−

√ −
=

−
∫ ∫

π π θ
θ

θ θ
πab t

t
dt

ab
d

4

1

1 4

1
0

1

2 0

2

( )

sin

cos
cos ,

/
 

putt ing t = sin θ so that dt d= cos θ θ

  = − = +∫
π

θ θ
π

θ θ
π πab

d
ab

4
1

40

2
0

2/ /( sin ) [ cos ]

( )= +





− +





= −





⋅
π π π πab ab

4 2
0 0 1

4 2
1

Hence the given integral extended over the whole region of the ellipse 

x a y b I ab2 2 2 2 1 4
1

2
1/ / . ( ) .+ = = = −π π
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Ex am ple 10: Prove that I dx dy dz dw= ∫∫∫∫ ,  for all pos i tive val ues of the vari ables for

which x y z w2 2 2 2+ + +  is not less than a2 and not greater than b2 is π2 4 4 32( ) / .b a−

So lu tion: We have to eval u ate I  sub ject to the con di tion

a x y z w b2 2 2 2 2 2< + + + < .

Putting x u2
1=  i e. ., x u dx u du= = −

1
1 2

1
1 2

1
1

2
/ /,  etc., we get

I u u u u du du du= ⋅ ⋅ ⋅∫∫∫∫ − − − −1

2

1

2

1

2

1

21
1 2

2
1 2

3
1 2

4
1 2

1 2 3
/ / / /

du4

sub ject to the con di tion a u u u u b2
1 2 3 4

2< + + + <

or I u u u u du du= ∫∫∫∫ − − − −1

16
1

1 2 1
2

1 2 1
3

1 2 1
4

1 2 1
1

( / ) ( / ) ( / ) ( / )
2 3 4du du

   = ⋅
+ + +

∫ + + + −1

16

1

2
1

2

1

2

1

2

1

2

4

1 2 1 2 1 2 1 2 1
2

2[ ( )]

( )

/ / / /
Γ

Γ a

b
t dt ,

 by Liouville’s the o rem

  =
√

= ⋅












∫
( )

( )

π π4 2 2

16 2 16 22

2

2

2

Γ a

b

a

b

t dt
t

 = −
π2

4 4

32
( ) .b a

 1. Show that the in te gral ∫∫∫ − − −x y z dx dy dzl m n1 1 1  in te grated over the re gion

in  the first octant be low the sur face ( / ) ( / ) ( / )x a y b z cp q r+ + = 1 is 

a b c

pqr

l p m q n r

l p m q n r

l m n

⋅
+ + +

⋅
Γ Γ Γ
Γ

( / ) ( / ) ( / )

( / / / )1

 2. Show that if l m n, ,  are all pos i tive,

∫∫∫ − − − = ⋅x y z dx dy dz
a b c l m nl m n

l m n
1 1 1

8

2 2 2Γ Γ Γ
Γ

( / ) ( / ) ( / )

(l m n/ / / )
,

2 2 2 1+ + +

where the triple integral is taken throughout the part of the ellipsoid 

x a y b z c2 2 2 2 2 2 1/ / / ,+ + =  which lies in the positive octant.

 3. Prove that the area in the positive quadrant between the curve x y an n n+ =  and

the coordinate axes is 

a n

n n

2 21

2 2

[ ( / )]

( / )

Γ
Γ

⋅
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 4. (i) Find the vol ume in the pos i tive octant of the el lip soid 

x a y b z c2 2 2 2 2 2 1/ / / .+ + =

(ii) Find the vol ume of the el lip soid  x a y b z c2 2 2 2 2 2 1/ / / .+ + =
(Kumaun 2015)

(iii) Eval u ate ∫∫∫ dx dy dz, where x a y b z c2 2 2 2 2 2 1/ / / .+ + ≤

(Kumaun 2007)

 5. Eval u ate ∫∫∫ xyz dx dy dz for all pos i tive val ues of the vari ables through out the 

el lip soid  x a y b z c2 2 2 2 2 2 1/ / / .+ + =

 6. Find the volume of the tetrahedron bounded by the plane x a y b z c/ / /+ + = 1

and the coordinate axes.

 7. The plane x a y b z c/ / /+ + = 1 meets the coordinate axes in the points A B C, , .

Use Dirichlet’s integral to evaluate the mass of the tetrahedron OABC , the

density at any point ( , , )x y z  being k xyz.

 8. Eval u ate the in te gral ∫∫∫ x y z dx dy dz2  over the vol ume en closed by the

re gion x y z, , ,≥ 0 and x y z+ + ≤ 1.

 9. Eval u ate the dou ble in te gral ∫∫∫ − −
D

x y x y dx dy1 2 1 2 2 31/ / /( )

over the do main D bounded by the lines x y x y= = + =0 0 1, , .

10. Eval u ate ∫∫ − −
T

x y x y dx dy1 2 1 2 3 21/ / /( ) , where T  is the re gion bounded by 

x y≥ ≥0 0, ,  x y+ ≤ 1. 

11. Find the value of  ∫∫ − − +x y e dx dyl l x y1 ,

ex tended to all pos i tive val ues of x and y sub ject to x y h+ < .

12. Eval u ate ∫∫∫ + +e dx dy dzx y z  taken over the pos i tive octant such that 

x y z+ + ≤ 1.

13. Eval u ate ∫∫∫ − − − − − −x y z x y z dx dy dz1 2 1 2 1 2 1 21/ / / /( )  ex tended to all

pos i tive val ues of  the vari ables sub ject to the con di tion x y z+ + < 1.

14. Prove that ∫∫∫ √ − − −
=

dx dy dz

x y z( )
,

1 82 2 2

2π
 the in te gral be ing ex tended to all

pos i tive val ues of the vari ables for which the ex pres sion is real. (Lucknow 2006)

15. Show that ∫∫ ∫…
…

√ − − − … −
=

+


+dx dx dx

x x x n
n

n

n

n

1 2

1
2

2
2 2

1 2

1 2
1

2
( )

( )/π

Γ 



the integral being extended to all positive values of the variables for which the

expression is real.

16. If S is a unit sphere with its cen tre at the or i gin, then prove that

∫∫∫ √ − − −
=

S

dx dy dz

x y z( )
.

1 2 2 2
2π
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17. Eval u ate ∫∫∫ + + +
R

x y z dx dy dz( ) ,12  where R is the re gion de fined by

x y z x y z≥ ≥ ≥ + + ≤0 0 0 1, , , .

18. Show that ∫∫
− −

+ +









 = −

1

1 8
2

2 2

2 2

1 2
x y

x y
dx dy

/

( )
π

π

over the pos i tive quad rant of the cir cle x y2 2 1+ = .

19. Find the value of ∫∫∫ + +xyz x y z dx dy dzsin ( ) ,

the integral being extended to all positive values of the variables subject to the

condition x y z+ + ≤ π / .2

20. Eval u ate ∫∫∫
− − −

+ + +











1

1

2 2 2

2 2 2

x y z

x y z
dx dy dz in te gral be ing taken over all

pos i tive val ues of x y z, ,  such that x y z2 2 2 1+ + ≤ .

21. Prove that ∫∫ − − −= −
D

x y Re dx dy e
2 2 2

4
1

π
( ), where D is the re gion de fined by 

x y x y R≥ ≥ + ≤0 0 2 2 2, , . (Lucknow 2009)

22. (i)  Eval u ate ∫∫ √ +
R

x y dx dy( )2 2

where R is the region in the xy-plane bounded by x y2 2 4+ =  and x y2 2 9+ = .

(ii) Eval u ate ∫∫ √ +
R

x y dx dy( )2 2  where R is the re gion x y a2 2 2+ ≤ .

23. Eval u ate the in te gral ∫∫∫ √ − − −
R

x y z dx dy dz( )1 2 2 2

where R is the re gion in te rior to the sphere x y z2 2 2 1+ + = .

24. Find the mass of the re gion bounded by the el lip soid

x a y b z c2 2 2 2 2 2 1/ / /+ + =
if the den sity var ies as the square of the dis tance from its cen tre.

25. Prove that ∫∫∫ + + +
= −





dx dy dz

x y z( )
log

1

1

2
2

5

83

throughout the volume bounded by the coordinate planes and the plane 
x y z+ + = 1.

26. Eval u ate the in te gral 

∫∫∫ + +
R

ax by cz dx dy dz( )2 2 2

where R is the re gion given by x y z d2 2 2 2+ + ≤ .

27. Eval u ate the fol low ing integrals :

(i) 
0 0

2 2 2
2 2a a y

a x y dx dy∫ ∫
√ −

− −
( )

( )

(ii) 
0

2

0

4 2 2
2

∫ ∫
√ −

+
( )

( ) .
x

x y dx dy
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 4. (i) π abc / 6 (ii) 
4

3
π abc (iii) 

4

3
π abc

 5. a b c2 2 2 48/  6. abc / 6  7. k a b c2 2 2 720/

 8. 1 2520/  9. 27 1760π / 10. 2 315π /

11.
π

πsin
( )

l
e h − 1 12. ( ) /e − 2 2 13. π2 4/

17. 31 60/ 19. ( ) /π π4 248 384 384− +

20.
1

8

3

4

1

2

5

4

1

2
π B B, ,





− 











22. (i) 38 3π / (ii) 2 33πa /

23. π2 4/

24. 8 302 2 2π abck a b c( ) / ,+ +  where k is con stant.

26.
4

15
5d a b cπ ( )+ + 27.  (i) πa4 8/ (ii) 2π

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. If x y z, , ≥ 0 and h x y z h1 2≤ + + ≤ , the value of 

∫∫∫ + + − − −F x y z x y z dx dy dzl m n( ) 1 1 1  is equiv a lent to

(a)
Γ Γ Γ

Γ
( ) ( ) ( )

( )
( )

l m n

l m n
F u u du

h

h l m n

+ + ∫ + + −

1

2 1

(b)
Γ Γ Γ
Γ

( ) ( ) ( )

( )
( )

l m n

l m n
F u u du

h

h l m n

+ + + ∫ + + −
1 1

2 1

(c)
Γ Γ Γ

Γ
( ) ( ) ( )

( )
( )

l m n

l m n
F u u du

h

h l m n

+ + ∫ + +

1

2

(d)
Γ Γ Γ
Γ

( ) ( ) ( )

( )
( )

l m n

l m n
F u u du

h

h l m n

+ + + ∫ + +
1 1

2
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 2. Dirichlet’s the o rem can be gen er al ized for n vari ables, where

(a) n ≤ 4 (b) n ≤ 100

(c) n is any pos i tive in te ger (d) none of these (Kumaun 2008)

 3. Dirichlet’s the o rem 

     ∫∫ ∫… − − −x x x dx dx dxm m
n
m

n
n

1
1

2
1 1

1 21 2 … …  =
+ + + +

Γ Γ Γ
Γ

( ) ( ) ( )

( )
,

m m m

m m m
n

n

1 2

1 21

…

…

hold to the con di tion

(a) x x xn1 2 1+ + + =… (b) x x xn1 2 1+ + + ≥…

(c) x x xn1 2 1+ + + ≤… (d) none of these (Kumaun 2007)

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If l m n, ,  are all pos i tive, then the tri ple in te gral

∫∫∫ − − − =
……

x y z dx dy dz
l m nl m n1 1 1 Γ Γ Γ( ) ( ) ( )

,

where the integral is extended to all positive values of the variables x y,  and z

subject to the condition x y z+ + ≤ 1.

 2. If the vari ables x y z, ,  are all pos i tive such that h x y z h1 2≤ + + ≤ ,

then the tri ple in te gral

∫∫∫ + + − − −F x y z x y z dx dy dzl m n( ) 1 1 1  

=
…… ∫ + + −Γ Γ Γ( ) ( ) ( )

( ) .
l m n

F t t dt
h

h l m n

1

2 1

True or False

Write ‘T’  for true and ‘F’  for false state ment.

 1. ∫∫∫ ∫+ + +
=

+

dx dy dz

x y z

u

u
du

( ) ( )
,

1

1

3 13 0

1 2

3

where the region of integration is the volume bounded by the coordinate planes

and the plane x y z+ + = 1.

 2. ∫∫∫ ∫+ + + = +( ) ( ) ,x y z dx dy dz u u du1
1

2
12

0

1 2 2

where the region of integration is the volume bounded by the coordinate planes

and the plane 

 3. If l and m are both pos i tive, then the dou ble in te gral

∫∫ − − =
+

x y dx dy
l m

l m
l m1 1 Γ Γ

Γ
( ) ( )

( )
,

where the integral is extended to all positive values of the variables x and y subject 

to the condition x y+ ≤ 1.
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Multiple Choice Questions

 1. (a) 2. (c) 3. (c)

Fill in the Blank(s)

 1. Γ ( )l m n+ + + 1  2. Γ ( ).l m n+ +

True or False

 1. F 2. T 3. F

¨
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   1  Double Integrals

The concept of double integral is an extension of the concept of a definite integral to 

the case of two arguments (i.e. a two dimensional space). Let a function f x y( , )

of the independent variables x and y be continuous inside some domain (region) A

and on its boundary. Divide the domain A into n subdomains A A An1 2, , ,…  of areas 

δ δA A1 2, , ,…  δAn . Let ( , )x yr r  be any point inside the rth elementary area δAr . From the

sum

S f x y A f x y A f x y An r r r= + + +( , ) ( , ) ( , )1 1 1 2 2 2δ δ δ…

+ +… f x y An n n( , ) δ

   =
=
Σ

r

n

r r rf x y A
1

( , ) .δ ...(1)

Now take the limit of the sum (1) as n → ∞ in such a way that the largest of the areas δAr

approaches to zero. This limit, if it exists, is called the double integral of the function 

f x y( , ) over the domain A . It is denoted by 
A

f x y dA∫∫ ( , )  and is read as “the

double integral of f x y( , ) over A”.

6

D T Iouble and riple ntegrals
(Multiple Integrals,

Change of Order of Integration)



Suppose the domain (region) A is divided into rectangular partitions by a network of

lines parallel to the coordinate axes. Let dx be the length of a sub-rectangle and dy be its

width so that dx dy is an element of area in Cartesian coordinates. The integral 

∫∫ f x y dA( , )  is written as 
A

f x y dx dy∫∫ ( , )  and is called the double integral of 

f x y( , ) over the region A .

   2  Evaluation of Double Integrals

If the region A be given by the inequalities a ≤ ≤x b , c ≤ y ≤ d , then the double

integral

A c

d

a

b
f x y dx dy f x y dx dy∫∫ ∫∫=( , ) ( , )

       = 



∫ ∫a

b

c

d
f x y dy dx( , ) , ...(1)

or 
A a

b

c

d
f x y dx dy f x y dy dx∫∫ ∫∫=( , ) ( , )

       = 



∫ ∫c

d

a

b
f x y dx dy( , )  ...(2)

i.e., in this case the order of integration is immaterial, provided the limits of integration

are changed accordingly.

Note: In for mula (1) the def i nite in te gral 
c

d
f x y dy∫ ( , )  is cal cu lated first. Dur ing

this in te gra tion x is re garded as a con stant. While in the for mula (2) the def i nite

in te gral 
a

b
f x y dx∫ ( , )  is cal cu lated first and dur ing this in te gra tion y is regarded as a

constant.

   3  Evaluation of Double Integrals by Repeated Integrals

The double integrals over domains that have special shapes can be reduced to a pair of

ordinary integrals. If the region A is bounded by the curves

y f x= 1 ( ) , y f x= 2 ( ) , x a=  and x b= , then 

∫∫ ∫ ∫=
A a

b

f x

f x
f x y dx dy f x y dx dy( , ) ( , )

( )

( )

1

2

      = 



∫ ∫a

b

f x

f x
f x y dy dx

1

2

( )

( )
( , ) , …( )1

where the integration with respect to y is performed first treating x as a  constant.

Similarly, if the region A is bounded by the curves

x f y= 1 ( ) , x f y= 2 ( ) , y c= , y d= , we have
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∫∫ ∫ ∫=
A c

d

f y

f y
f x y dx dy f x y dy dx( , ) ( , )

( )

( )

1

2

      = 



∫ ∫c

d

f y

f y
f x y dx dy

1

2

( )

( )
( , ) , …( )2

where the integration with respect to x is performed first treating y as a constant.

The integrals in the right hand sides of (1) and (2) are called repeated integrals.

Remember: While evaluating double integrals, first integrate w.r.t. the

variable having variable limits (treating the other variable as constant) and then

integrate w.r.t. the variable with constant limits.

Re mark: In the dou ble in te gral 
c

d

a

b
f x y dx dy∫∫ ( , ) , it is gen er ally un der stood that

the lim its of in te gra tion c to d are those of y and the lim its of in te gra tion a to b are those

of x . How ever this is not a stan dard con ven tion. Some au thors  re gard these lim its in

the re verse or der i.e. they re gard the lim its c to d as those of x and the lim its a to b as those

of y . So it is better to write this dou ble in te gral as 
y c

d

x a

b
f x y dx dy

== ∫∫ ( , )  so that

there is no con fu sion about the lim its. How ever in the dou ble in te gral 

a

b

f x

f x
F x y dx dy∫ ∫

1

2

( )

( )
( , ) , there is no con fu sion about the lim its. Obviously, the vari able

lim its are those of y be cause they are in terms of x and so the con stant lim its must be

those of x .  Here the first in te gra tion must be per formed with re spect to y regarding x as

constant.

   4  Properties of Double Integral

I. If the region A is partitioned into two parts, say A1 and A2 , then

A A A
f x y dx dy f x y dx dy f x y dx dy∫∫ ∫∫ ∫∫= +( , ) ( , ) ( , ) .

1 2

Similarly for a sub-division of A into three or more parts.

II. The double integral of the algebraic sum of a fixed number of functions is equal to 

the algebraic sum of the double integrals taken for each term. Thus

A
f x y f x y f x y dx dy∫∫ + + +[ ( , ) ( , ) ( , ) ]1 2 3 …

= +∫∫ ∫∫A A
f x y dx dy f x y dx dy1 2( , ) ( , )

        + +∫∫ A
f x y dx dy3 ( , ) …

III. A constant factor may be taken outside the integral sign. Thus

A A
m f x y dx dy m f x y dx dy∫∫ ∫∫=( , ) ( , ) ,

where m is a constant.
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Ex am ple 1: Eval u ate the fol low ing dou ble integrals :

(i)
0 0

2 2a b
x y dx dy∫ ∫ +( )       (Kanpur 2006; Lucknow 10; Purvanchal 14)

(ii)
1

2

0 2 2∫ ∫ +
⋅

x dx dy

x y (Kumaun 2015)

So lu tion: (i)  We have 
0 0

2 2

0

2
3

0
3

a b a

y

b

x y dx dy x y
y

dx∫ ∫ ∫+ = +










 =

( ) ,

(in te grat ing w.r.t. y treat ing x as con stant)

= +












= +












= +∫0

2
3 3 3

0

3 3

3 3 3 3

a
a

bx
b

dx b
x b

x
ba b a

3
 = +

1

3
2 2ab a b( ) .

(ii) We have 
1

2

0 2 2 1

2

0 2 2∫ ∫ ∫ ∫+
=

+













x xdx dy

x y

dy

x y
dx

= 



∫ −

=1

2 1

0

1

x

y

x
dx

y

x

tan    

(in te grat ing w.r.t. y treat ing x as con stant)

= −





= =∫ ∫− −
1

2 1 1

1

2

1
21

1 0
4 4x

dx
dx

x
x(tan tan ) [log ]

π π

= − =
1

4
2 1

1

4
2π π[log log ] log .

Ex am ple 2: Evaluate :

(i)
1

2

0

3
1∫∫ + +xy x y dx dy( )

(ii) 
0

1

0

1

2 2

2

1∫ ∫
√ +

+ +
⋅

( )x dx dy

x y (Gorakhpur 2005; Kanpur 12; Avadh 14; Kumaun 14)

So lu tion: (i) We have 
0

3

1

2
1∫ ∫ + +xy x y dx dy( )

= ⋅ + ⋅ + ⋅












∫
=

0

3 2
2

2 3

1

2

2 2 3
x

y
x

y
x

y
dx

y

,

(in te grat ing w.r.t. y treat ing x as con stant)

= − + − + −












∫0

3 2

2
4 1

2
4 1

3
8 1

x x x
dx( ) ( ) ( )

= +





+





= ⋅ + ⋅









∫0

3 2
2 33

2

7

3

3

2

23

6 2

3

2 3
x x dx

x x

 0

3
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= ⋅ + = = ⋅
23

6

9

2

27

2

123

4
30

3

4

(ii) We have 
0

1

0

1

2 2

2

1∫ ∫
√ +

+ +

( )x dx dy

x y

=
√ + √ +













∫ −

=

√ +

0

1

2
1

2
0

1
1

1 1

2

( )
tan

( )
,

( )

x

y

x
dx

y

x

(in te grat ing w.r.t. y treat ing x as con stant)

=
√ +

− =
√ +∫ ∫− −

0

1

2
1 1

0

1

2

1

1
1 0

4 1( )
[tan tan ]

( )x
dx

dx

x

π

= + √ + = + √
π π
4

1
4

1 22
0
1

[log ( ) ] log ( ) .{ }x x

Ex am ple 3: Eval u ate 
0 0

2 2 2
2 2a a y

a x y dy dx∫ ∫
√ −

√ − −
( )

( ) .

So lu tion: Here the vari able lim its are those of x and so the first in te gra tion must be

per formed w.r.t. x tak ing y as con stant.

∴ 
0 0

2 2 2
2 2a a y

a x y dy dx∫ ∫
√ −

√ − −
( )

( )  

= √ − −












∫ ∫
√ −

0 0

2 2 2
2 2a a y

a y x dx dy
( )

( ){ }

=
√ − −

+
−

√ −













∫ −

=
0

2 2 2 2 2
1

2 22 2

a

x

x a y x a y x

a y

( ) ( )
sin

( )
0

2 2√ −( )

,

a y

dy

(in te grat ing w.r.t. x treat ing y as con stant)

= +
−

⋅












= −












=∫0

2 2
2

3

0

30
2 2 4 3 4

a
a

a y
dy a y

y
a

π π π
−













=
a

a
3

3

3

1

6
π .

Ex am ple 4: Show that 
1

2

0

2

1

2

0

2

∫ ∫ ∫ ∫=
y x

y dy dx x dx dy
/ /

.

So lu tion: We have

1

2

0

2

1

2

0

2

1

2

0
2∫ ∫ ∫ ∫ ∫= 





=
y y yy dy dx y dx dy y x dy
/ / /[ ] ,

(in te grat ing w.r.t. x treat ing y as a con stant)

= −





= =












= −∫ ∫1

2

1

2 2
3

1

2

2
0

1

2

1

2 3

1

6
8 1y

y
dy y dy

y
[ ] =

7

6
 ...(1)

Again 
1

2

0

2

1

2

0

2

1

2

0
2∫ ∫ ∫ ∫ ∫= 





=
x x xx dx dy x dy dx x y dx
/ / /[ ] ,

(in te grat ing w.r.t. y treat ing x as a con stant)
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= −





= =












= −∫ ∫1

2

1

2 2
3

1

2

2
0

1

2

1

2 3

1

6
8 1x

x
dx x dx

x
( ) =

7

6
...(2)

From (1) and (2), we see that

1

2

0

2

1

2

0

2

∫ ∫ ∫ ∫=
y x

y dy dx x dx dy
/ /

.

Ex am ples on the re gion of in te gra tion (Dou ble In te gra tion)

Ex am ple 5: Eval u ate ∫∫ x y dx dy2 2  over the re gion x y2 2+ ≤ 1 .

So lu tion: Let R de note the re gion x y2 2+ ≤ 1 . Then R is the re gion in the xy-plane

bounded by the cir cle x y2 2 1+ = . The lim its of in te gra tion for this re gion can be

ex pressed either as

− ≤ ≤ − √ − ≤ ≤ √ −1 1 1 12 2x x y x, ( ) ( )

or  as − √ − ≤ ≤ √ − − ≤ ≤( ) ( ),1 1 1 12 2y x y y  .

Because from the equation of the circle x y2 2 1+ = , we have x y2 21= −  so that 

x y= ± √ −( ) .1 2  Thus for a fixed value of y x,  varies from − √ −( )1 2y  to √ −( )1 2y  in the

area bounded by the circle x y2 2 1+ = . Also y varies from − 1 to 1 to cover the whole

area of the circle x y2 2 1+ = . Therefore if the first integration is to be performed w.r.t. x

regarding y as constant, then

∫∫ ∫ ∫=
= − = − √ −

√ −

R y x y

y
x y dx dy x y dx dy2 2

1

1

1

1 2 2
2

2

( )

( )

 =










= − = − √ −

√ −
∫ ∫y x y

y
y x dx dy

1

1 2

1

1 2
2

2

( )

( )

 =










− =

√ −
∫ ∫1

1 2

0

1 22
2

y x dx dy
x

y( )

 =










−

√ −

∫ 1

1 2
3

0

1

2
3

2

y
x

dy

y( )

= −
−∫ 1

1 2 2 3 22

3
1y y dy( ) /

= −∫2
2

3
1

0

1 2 2 3 2. ( ) /y y dy.

Put y = sin θ so that dy d= cos ;θ θ

when y = 0 , θ = 0 and when y = 1, θ π= / .2

∴      ∫∫ ∫= −
R

x y dx dy d2 2

0

2 2 2 3 24

3
1

π
θ θ θ θ

/ /sin ( sin ) .cos

          = = ⋅ ⋅ = ⋅∫
4

3

4

3

131

64 2 2 240

2 2 4π
θ θ θ

π π/
sin cos

. .

. .
d
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Ex am ple 6: Find by dou ble in te gra tion the area of the re gion bounded by the cir cle 

x y a2 2 2+ = . (Agra 2007; Kanpur 09)

So lu tion: The area of a small el e ment sit u ated at any point ( , )x y  is dx dy . To find the

area bounded by the cir cle x y a2 2 2+ = , the re gion of in te gra tion R can be ex pressed

as − a ≤ y ≤ a , − √ −( )a y2 2 ≤ x ≤ √ −( ) ,a y2 2

where the first in te gra tion is to be per formed w.r.t. x re gard ing y as con stant.

∴ the re quired area

= =∫∫ ∫ ∫= − = − √ −

√ −

R y a

a

x a y

a y
dx dy dx dy

( )

( )
.2 2

2 2

1

=












=
−

√ −

−
√ −∫ ∫ ∫a

a a y

a

a a y
dx dy x dy2 1 2

0 0

2 2 2 2( ) ( )
. [ ]

= √ − = √ −
−∫ ∫2 2 2

0

2 2

a

a a
a y dy a y dy( ) ( )2.2         (Note)

=
√ −

+












= +






− −4
2 2

4 0
2

1
2 2 2

1

0

2
1y a y a y

a

a
a

( )
sin sin







= =4
1

2

1

2
2 2. . .a aπ π

Ex am ple 7:   Eval u ate   ∫∫ +( )x y dx dy2    over   the   area   bounded   by   the   el lipse

 x a y b2 2 2 2 1/ / .+ =   Hence find the mass of an el lip tic plate whose den sity per unit area is

given by ρ = +k x y( ) .2

So lu tion: The re gion of in te gra tion can be con sid ered as bounded by

y b x a= − √ −( / ) ,1 2 2  y b x a= √ −( / ) ,1 2 2  x a= −  and x a= .

∴ ∫∫ ∫ ∫+ = + +
− − √ −

√ −
( ) (

( )

( / )
x y dx dy x y xy

a

a

b x a

b x a2

1

1 2 2
2 2

2 2

2 ) ,dx dy

        the first in te gra tion to be per formed 
w.r.t. y re gard ing x as a con stant

= +
−

√ −
∫ ∫a

a b x a
x y dx dy2

0

1 2 2
2 2( / )

( ) ,

       [ ∵  2 xy be ing an odd func tion of y , its in te gra tion

un der the given lim its of y is 0]

= +










−

√ −

∫2
3

2
3

0

1 2 2

a

a
b x a

x y
y

dx

( / )

= −








 + −



















−∫2 1
3

12
2

2

3 2

2

3 2

a

a
x b

x

a

b x

a

/





dx
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= −








 + −


















∫4 1

3
1

0

2
2

2

3 2

2

3 2
a

x b
x

a

b x

a

/



dx

= +











∫4

30

2 2 2
2

3b a
b

a d
π

θ θ θ θ θ
/

sin cos cos cos ,

putt ing x a= sin θ so that dx a d= cos θ θ

= +











∫4

30

2 2 2 2
2

4ab a
b

d
π

θ θ θ θ
/

sin cos cos

= +












∫ ∫4
3

2

0

2 2 2
2

0

2 4ab a d
b

d
π π

θ θ θ θ θ
/ /

sin cos cos

= ⋅ ⋅ + ⋅ ⋅












4
2 3 2

2
2

ab a
b1.1

4.2

3.1

4.2

π π
 [By Walli’s for mula]

= +





= +4
1

16

1

16

1

4
2 2 2 2ab a b ab a bπ π π ( ) .

The mass of an elliptic plate whose density is given by  ρ = +k x y( )2

= +∫∫ A
k x y dx dy( ) ,2  where the in te gra tion is to be per formed 

over the area A of the el lipse

= ⋅ +k ab a b. ( ) .
1

4
2 2π

Ex am ple 8: Eval u ate ∫∫ +( )x y dx dy2 2  over the re gion in the pos i tive quad rant for which 

x y+ ≤ 1. (Rohilkhand 2012; Avadh 14)

So lu tion: The re gion of in te gra tion R is the area bounded by the co or di nate axes and

the straight line x y+ = 1. There fore the re gion R is bounded by y = 0 , y x= −1  and 

x = 0 , x = 1.

Therefore

∫∫ ∫ ∫+ = +
= =

−

R x y

x
x y dx dy x y dx dy( ) ( ) ,2 2

0

1

0

1 2 2

the first in te gra tion to be per formed w.r.t. y re gard ing x as con stant

= +












= − +
−








∫ ∫

−

0

1 2
3

0

1

0

1 2
3

3
1

1

3
x y

y
dx x x

x
x

( )
( )




dx

= − −
−
×













= − +





= ⋅
x x x3 4 4

0

1

3 4

1

3 4

1

3

1

4

1

12

1

6

( )

Ex am ple 9: Eval u ate ∫∫ +xy x y dx dy( )  over the area be tween y x= 2 and y x= .
(Gorakhpur 2005, 06)

So lu tion: Draw the given curves y x= 2 and y x=  in the same fig ure. The two curves

in ter sect at the points whose ab scis sae are given by x x2 =  or x x( )− =1 0 i.e., x = 0 or 1.
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When 0 1< <x , we have x x> 2 . So the area of in te gra tion can be con sid ered as ly ing

be tween the curves y x= 2, y x= , x = 0 and x = 1.

Therefore the required integral

= + = +








= =∫ ∫ ∫ ∫x y x

x

x

x
xy x y dx dy x y xy dy dx

0

1

0

1 2 2
2 2( ) ( )

= +












= +








 −∫ ∫0

1 2 2 3

0

1 4 4 6

2 3 2 3 22

x y xy
dx

x x x

x

x

+






















x
dx

7

3

= − −












= − −












∫0

1 4 6 7 5 7 8

0

1
5

6 2 3 6 14 24

x x x
dx

x x x

= − − =
− −

= = ⋅
1

6

1

14

1

24

28 12 7

168

9

168

3

56

Ex am ple 10: Prove by the method of dou ble in te gra tion that the area ly ing be tween the

pa rab o las y ax2 4=  and x ay2 4=  is 
16

3
2a .

So lu tion: Draw the two pa rab o las in the same fig ure. The two pa rab o las in ter sect at

the points whose ab scis sae are given by ( / )x a ax2 24 4=  i.e., x x a( )3 364 0− =  i.e.,

x = 0 and x a3 364= . Thus the two pa rab o las in ter sect at the points where x = 0 and 

x a= 4 .

Now the area of a small element situated at any point ( , ) .x y dx dy=

∴ the re quired area 

= =
= =

√ √∫ ∫ ∫x

a

y x a

ax a

x a

ax
dx dy y dx

0

4

4

4

0

4

4

4
2 2/

( )

/

( )
[ ]

= √ −





= √ − ⋅



∫0

4 1 2 2 3 2
3

2
1

4
2

2

3

1

4 3

a
a x

a
x dx a x

a

x
. . . ./ /







 0

4a

= √ − = − =
4

3
4

1

12
64

32

3

16

3

16

3
3 2 3 2 2 2a a

a
a a a a. ( ) . ./

Eval u ate the fol low ing dou ble integrals :

 1. (i)
0

2

0

4

2 2

2

4∫ ∫
√ +

+ +
⋅

( )x dx dy

x y (Rohilkhand 2005)

 (ii) 
1 1

a b dx dy

xy∫ ∫ ⋅

(iii)
0

2

2

π

π

π/

/
cos ( ) .∫ ∫ +x y dy dx  

(Kanpur 2007, 11)
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(iv)
0

1

0

2

∫ ∫
x y xe dx dy/ . (v) 

1

2

0

3

∫ ∫
y
y dy dx.

(vi)
0

2

0

2 2

∫ ∫
√ −( )

.
x x

x dx dy
(Lucknow 2006; Kanpur 08)

 2. (i)
0

1

0

1

2 21 1∫ ∫ √ − −
⋅

dx dy

x y{ }( ) ( )
 

(ii)
0

1

0

1 2

4∫ ∫
√ −( )

.
y

y dy dx
(Lucknow 2008)

(iii)
0

1 2 2∫ ∫
√

+
x

x
x y dx dy( ) . (iv) 

2

3

0

1

∫ ∫
−

⋅
y dy dx

y

(v)
0 0

2 2 2
2 2a a y

a x y dy dx∫ ∫
√ −

− −
( )

( ) .

(vi)
0 0

2 2a a x
x y dx dy∫ ∫

√ −
+

( )
( ) .

 3. Show that (i) 
1

2

3

4

3

4

1

2

∫ ∫ ∫ ∫+ = +( ) ( ) .xy e dx dy xy e dy dxy y

(Kumaun 2015)

(ii)
0

1

0

1

3 0

1

0

1

3∫ ∫ ∫ ∫
−

+
≠

−

+
dx

x y

x y
dy dy

x y

x y
dx

( ) ( )
.

Find the val ues of the two integrals.

 4. (i) Eval u ate the dou ble in te gral 
0 0

2
2 2a a x

x y dx dy∫ ∫
√ −( )

.

Men tion the re gion of in te gra tion in volved in this dou ble in te gral.

(ii) Eval u ate ∫∫ x y dx dy2 3  over the cir cle x y a2 2 2+ = .
(Rohilkhand 2013B)

 5. Eval u ate ∫∫ + +( )x y a dx dy over the cir cu lar area x y a2 2 2+ ≤ .

 6. Eval u ate  ∫∫ x y dxdy2 2   over the re gion bounded by x y= =0 0,  and 

x y2 2 1+ = . (Avadh 2012)

 7. Eval u ate  ∫∫ xy dx dy over the re gion in the pos i tive quad rant for which 

x y+ ≤ 1.

 8. Eval u ate ∫∫ +e dx dyx y2 3  over the tri an gle bounded by x = 0, y = 0 and 

x y+ = 1.

 9. Evaluate 
xy

y
dx dy

√ −∫∫ ( )1 2
 over the pos i tive quad rant of the cir cle x y2 2 1+ = .

10. Find the area of the el lipse 
x

a

y

b

2

2

2

2
1+ = ,  by dou ble in te gra tion.

11. Com pute the value of ∫∫ R
y dx dy, where R is the re gion in the first quad rant

bounded by the el lipse x a y b2 2 2 2 1/ / .+ =
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12. Find the mass of a plate in the form of a quadrant of an ellipse 

x a y b2 2 2 2 1/ /+ =  whose density per unit area is given by ρ = k x y.

13. Show by double integration that the area between the parabolas y ax2 4=  and 

x by2 4=  is ( / ) .16 3 ab

14. Find by double integration the area lying between the parabola y x x= −4 2 and

the line y x= .

15. Eval u ate ∫∫ y dx dy over the area be tween the pa rab o las y x2 4=  and x y2 4= .

16. Find by dou ble in te gra tion the area of the re gion en closed by the cir cle 

x y a2 2 2+ =  and the line x y a+ =  (in the first quad rant).

 1. (i) 
1

4
1 2π log ( )+ √  (ii) (log ) (log )b a  (iii)  −2

 (iv)
1

2
 (v) 7  (vi)  

1

2
π

 2. (i)
1

4
2π  (ii) 

4

3
  (iii) 3 35/

(iv) 1 3 2− log ( / )  (v) πa4 8/   (vi) 2 33a /

 3. (ii)
1

2
 and −

1

2

 4. (i) a5 15/ . The area of the cir cle x y a2 2 2+ =  in the pos i tive quad rant.

(ii) 0

 5. πa3  6. π / 96    7. 
1

24

 8. 
1

6
1 2 12( ) ( )e e− +  9. 

1

6
 10. π ab

11. ab2 3/ 12. k a b2 2 8/  14. 
9

2

 15.  48 5/ 16. 
1

4
2 2( )π − a
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   5  To Express a Double Integral in Terms of

 Polar Coordinates

Let a function f r( , )θ  of the

polar coordinates ( , )r θ  be

continuous inside some region A

and on its boundary. Let the

region A be bounded by the

curves r f= 1 ( ) ,θ   r f= 2 ( )θ  and

the lines θ θ= 1 , θ θ= 2 .

Divide the area A into elements

by a series of concentric circular

arcs with centre at origin and

successive radii differing by

equal amounts and a series of

straight lines drawn through the

origin at equal intervals of

angles. Let δr be the distance

between two consecutive circles and δθ be the angle between two consecutive lines.

There is thus a network of elementary areas (say n in number) of which a typical one is 

PQRS . If P is the point ( , ) ,r θ  the area of the element PQRS situated at the point P is 
1

2

1

2
2 2( ) ,r r r r r+ − =δ δθ δθ δθ δ  by neglecting the term 

1

2
2( )δ δθr  being an

infinitesimal of higher order.

Now by the definition of the double integral of f r( , )θ  over the region A , we have

∫∫ =
A

f r dA( , )θ lim ( , ) ,
,δ δθ

θ δθ δ
r k

n

k k kn f r r r
→ → =

→ ∞
0 0 1

Σ

where r rk δθδ  is the area of the element situated at the point ( , ) .rk kθ

Using the area of integration, this double integral is generally written as

θ

θ

θ

θ
θ θ

1

2

1

2∫ ∫ f

f
f r d dr

( )

( )
( , )   or  

θ

θ

θ

θ
θ θ

1

2

1

2∫ ∫d f r dr
f

f

( )

( )
( , ) .

The first integration is performed with respect to r , keeping θ as a constant. After

substituting the limits for r , the second integration with respect to θ is performed.

Re mark: The area of the typ i cal el e ment PQRS sit u ated at the point P r( , )θ  can also

be found as be low :

We have OP r= , OQ r r= + δ  so that PQ r= δ .  Also PS is the arc of a circle of radius r

subtending an angle δθ at the centre of the circle and so arc  PS r= δθ . Therefore the

area of the element PQRS is δ δθr r.  i.e., r rδθ δ .
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Ex am ple 11: Eval u ate 
0 0

1 2π θ
θ θ∫ ∫

+a cos
r cos d dr

( )
.

So lu tion: We have

0 0

1 2

0

3

0

1

3

π θ π
θ θ θ∫ ∫ ∫

+
+

=












a
a

r d dr
r( cos )

( co

cos cos

s )θ

θd

= ⋅ +∫
1

3
1

0

3 3π
θ θ θcos ( cos )a d

= + + +∫
a

d
3

0

2 3

3
1 3 3

π
θ θ θ θ θcos ( cos cos cos )

= + + +∫
a

d
3

0

2 3 4

3
3 3

π
θ θ θ θ θ[cos cos cos cos ]

= ⋅ +∫2
3

3
3

0

2 2 4a
d

π
θ θ θ

/
[ cos cos ]           ∵

0
0

π
θ θ∫ =


cosn d  

              or according as is odd or even2
0

2π
θ θ

/
cos∫ 


n d n

   = ⋅ ⋅ +
⋅
⋅

⋅





= ⋅ +





=
2

3
3

1

2 2

3 1

4 2 2

2

3

3

4
1

1

4

23 3a a aπ π π 3 3

3

3

4

5

4

5

8
⋅ ⋅ =

π πa
.

Ex am ple 12: Eval u ate ∫∫ √ +

r d dr

a r

θ

( )2 2
 over one loop of the lemniscate r a cos2 2 2= θ .

So lu tion: In the equa tion of the lemniscate r a2 2 2= cos ,θ  putt ing r = 0 , we get 

cos 2 0θ =  i.e., 2 2θ π= ± /  i.e., θ π= ± / .4  There fore for one loop of the given lemniscate 

θ var ies from − π / 4  to π / 4 and r var ies from 0 to a √ (cos ) .2θ

Therefore the required integral

=
√ += − =

√
∫ ∫θ π /

π / 4 θ θ
4 0

2

2 2r

a r d dr

a r

(cos )

( )

= +
−

√ −∫ ∫π 4

π θ
θ

/

/ (cos ) /( ) ( )
4

0

2 2 2 1 21

2
2

a
a r r d dr

= +
−

√∫ π

π θ θ
/

/ / (cos )
[( ) ]

4

4 2 2 1 2
0

2
a r d

a

= + −
−∫ π

π
θ θ

/

/ /[ ( cos ) ]
4

4 1 21 2a a d

= − = √ −∫ ∫2 2 1 2 2 1
0

4 2 1 2

0

4
a d a d

π π
θ θ θ θ

/ / /
[( cos ) ] ( cos )

= √ − = √
√

−





2 2 2 2
1

2 40
4a a[ sin ] ./θ θ

ππ  = −





= −2 1
4 2

4a
aπ

π( ) .
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Ex am ple 13: Find by dou ble in te gra tion the area ly ing in side the cir cle r a sin= θ and out side

the cardioid r a cos= −( ) .1 θ

So lu tion: The given cir cle is r a= sin θ and the cardioid is r a= −( cos ) .1 θ  Note that

the given cir cle passes through the pole and the di am e ter through the pole makes an

an gle π / 2 with the ini tial line.

Eliminating r between the two equations, we have

a asin ( cos )θ θ= −1   

or  1
1

2
1

2

1

2

2
1

2
22

=
−

= =
sin

cos

sin cos

cos
tan

θ
θ

θ θ

θ

θ

or 
1

2

1

4
θ π=  i.e., θ π= / .2

Thus the two curves meet at the point where 

θ π= / .2  Also for both the curves r = 0 when θ = 0

and so the two curves also meet at the pole O where 

θ = 0 . To cover the required area the limits of

integration for r are a ( cos )1− θ  to a sin θ and for θ are

0 to π / .2  Therefore the required area

= ∫ ∫ −0

2

1

π

θ

θ
θ

/

( cos )

sin

a

a
r d dr

=












∫
−

0

2 2

1
2

π

θ

θ

θ
/

( cos )

sin
r

d

a

a

= − −∫
1

2
1

0

2 2 2 2 2π
θ θ θ

/
[ sin ( cos ) ]a a d

= − + −∫
a

d
2

0

2 2 2

2
1 2

π
θ θ θ θ

/
[sin cos cos ]

= ⋅ − + − ⋅





= −





= −
a a a2 2 2

2

1

2 2 2
21

1

2 2 2
2

2 4
4

π π π π
π. ( ) .

Ex am ple 14: Trans form the in te gral 
0

2

0

2

2 2

2

∫ ∫
√ −

√ +

( )

( )

x x x dx dy

x y
 by chang ing to po lar

co or di nates and hence eval u ate it. (Kumaun 2008)

So lu tion: From the lim its of in te gra tion it is ob vi ous that the re gion of in te gra tion is

bounded by y = 0 , y x x= √ −( )2 2  and x = 0 , x i e= 2 . ., the re gion of in te gra tion is the

area of the cir cle x y x2 2 2 0+ − =  be tween the lines x = 0 , x = 2 and ly ing above the axis 

of  x i e. ., the  line y = 0 .

Putting x r= cos ,θ  y r= sin θ the corresponding polar equation of the circle is

r r2 2 2 2 0(cos sin ) cos ,θ θ θ+ − =   or  r = 2 cos .θ
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From the figure it is obvious that r varies from

0 to 2 cos θ and θ varies from 0 to π / .2  Note

that at the point A of the circle, θ = 0 and at

the point O ,  r = 0 and so from r = 2 cos ,θ  we

get θ π= / 2 at O .

The polar equivalent of elementary area dx dy

is r d drθ .

∴ ∫∫ ∫∫=
A A

f x y dx dy f r r r d dr( , ) ( cos , sin ) ,θ θ θ

where A is the region of integration.

Hence transforming to polar coordinates, the given double integral

=
= =∫ ∫θ

π θ θ
θ

0

2

0

2/ cos cos
r

r

r
r d dr  =













∫0

2 2

0

2

2

π
θ

θ θcos

cos
r

d

= = = = ⋅∫ ∫0

2 2

0

2 31

2
4 2 2

2

3

4

3

π π
θ θ θ θ θ

/ /
cos . cos cos .d d

 1. (i) Eval u ate 
0 0

π θ
θ∫ ∫

a
r d dr

sin
.

(Kashi 2013)

(ii) Eval u ate 
0

2

0

π θ
θ θ

/ cos
sin .∫ ∫

a
r d dr

(iii) Eval u ate 
0 0

1 3π θ
θ θ θ∫ ∫

+a
r d dr

( cos )
sin cos .

(Agra 2003; Kumaun 09)

 2. Eval u ate ∫∫ r d dr2 θ  over the area of the cir cle r a= cos .θ
(Kanpur 2010)

 3. In te grate r sin θ over the area of the cardioid r a= +( cos ),1 θ  ly ing above the

ini tial line. (Kanpur 2010)

 4. Find the mass of a loop of the lemniscate r a2 2 2= sin θ if den sity ρ = kr2.

 5. Find by double integration the area lying inside the cardioid r a= +( cos )1 θ  and
outside the circle r a= .

 6. Find by double integration the area lying inside the cardioid r = +1 cos θ and
outside the parabola r ( cos ) .1 1+ =θ

Transform the following double integrals to polar coordinates and hence

evaluate them :

 7. (i)
y

a

x

a y
a x y dx dy

= =

√ −
∫ ∫ − −

0 0

2 2 2
2 2( )

( ) .

(ii)
0

1 2 2 2
2

∫ ∫
√ −

+
x

x x
x y dx dy

( )
( ) .

(iii)
0 0

2 2 2
2 2a a x

y x y dx dy∫ ∫
√ −

√ +
( )

( ) .
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 1. (i)
1

4
2πa  (ii) 

a2

6
(iii) 

16

15
4a

 2.
4

9

3a
 3. 

4

3

3a
4. 

π ka4

16

 5.
1

4
82a ( )π +  6. 

9 16

12

π +
 

 7. (i)
0

2

0

2 2
4

8

π
θ

π/
( ) ;∫ ∫ −

a
a r r d dr

a

(ii)
π

π θ
θ

π
/

/ cos
;

4

2

0

2 3 3

8
1∫ ∫ 





−r d dr

(iii)
0

2

0

4 2
5

20

π
θ θ

π/
sin ;∫ ∫

a
r d dr

a

   6  Triple Integrals

Let the function f x y z( , , ) of the point P x y z( , , ) be continuous for all points within a 

finite region V   and on its boundary. Divide the region V  into n parts; let 

δ δ δV V Vn1 2, , ,…  be their volumes. Take a point in each part and from the sum

   S f x y z V f x y z V f x y z Vn n n n n= + + +( , , ) ( , , ) ( , , )1 1 1 1 2 2 2 2δ δ δ…

   =
=
Σ

r

n

r r r rf x y z V
1

( , , ) .δ ...(1)

Then the limit to which the sum (1) tends when n tends to infinity and the dimensions

of each sub-division tend to zero, is called the triple integral of the function f x y z( , , )

over the region V . This is denoted by

∫∫∫ V
f x y z dV( , , )   or  ∫∫∫ V

f x y z dx dy dz( , , ) .

   7  Evaluation of Triple Integrals

(a) If the region V  be specified by the inequalities

a ≤ x ≤ b , c ≤ y ≤ d , e ≤ z ≤ f ,

then the triple integral

∫∫∫ ∫∫∫=
V e

f

c

d

a

b
f x y z dx dy dz f x y z dx dy dz( , , ) ( , , )

  = ∫ ∫ ∫a

b

c

d

e

f
dx dy f x y z dz( , , ) .
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Here the order of integration is immaterial and the integration with respect to any of 

x y,  and z can be performed first.

(b) If the lim its of z are given as func tions of x and y , the lim its of y as func tions of x

while x takes the con stant val ues say from x a=  to x b= , then

∫∫∫ ∫ ∫=
V a

b

y x

y x

z x y

z x y
f x y z dx dy dz dx dy( , , )

( )

( )

( , )

( ,

1

2

1

2 )
( , , ) .∫ f x y z dz

The integration with respect to z is performed first regarding x and y as constants, then

the integration w.r.t. y is performed regarding x as a constant and in the last we perform

the integration w.r.t. x .

Ex am ple 15: Eval u ate 
y x z

x y z dz dx dy
= = =∫ ∫ ∫ + +

0

3

0

2

0

1
( ) .

So lu tion: The given in te gral

= + +





= =∫ ∫ ∫y x

x y z dz dx dy
0

3

0

2

0

1
( )

= + +











= + +

= =∫ ∫ ∫ ∫y x
xz yz

z
dx dy x y

0

3

0

2 2

0

1

0

3

0

2

2

1

2
( ) dx dy









= + +











= + = +




∫ ∫0

3 2

0

2

0

3 2

2 2
3 2 3

2

2

x
xy

x
dy y dy y

y
( )









=
0

3

18 .

Ex am ple 16: Eval u ate the fol low ing integrals.

(i) 
0

1

0

1

0

1

∫ ∫ ∫
− − −x x y

xy z dx dy dz ;

(ii) 
− − −∫ ∫ ∫ + +

c

c

b

b

a

a
x y z dx dy dz( ) .2 2 2

So lu tion: (i) We have

0

1

0

1

0

1

∫ ∫ ∫
− − −x x y

x y z dx dy dz =












∫ ∫
−

− −

0

1

0

1 2

0

1

2

x
x y

xy
z

dx dy ,

in te grat ing w.r.t. z re gard ing x and y as con stants

= − −∫ ∫
−1

2
1

0

1

0

1 2x
xy x y dx dy{ }( )

= − − − +∫ ∫
−1

2
1 2 1

0

1

0

1 2 2 3x
x y x x y y dx dy[ ( ) ( ) ]

=
−

−
−

+












∫
−

1

2

1

2

2 1

3 40

1 2 2 3 4

0

1

x
x y x y y

dx

x
( ) ( )

,

in te grat ing w.r.t. y re gard ing x as con stant
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= − − − + −∫
1

24
6 1 8 1 3 1

0

1 4 4 4x x x x dx[ ( ) ( ) ( ) ]

= −∫
1

24
1

0

1 4x x dx( )  = ∫
1

24
2

0

2 2 8π
θ θ θ θ θ

/
sin cos . sin cos ,d

putt ing x = sin2 θ so that dx d= 2 sin cosθ θ θ

       = = ⋅ =∫
1

12

1

12

1
0

2 3 9π
θ θ θ

/
sin cos d

2.8.6.4.2

12.10.8.6.4.2 720
⋅

(ii) Here the integrand x y z2 2 2+ +  is a sym met ri cal ex pres sion in x y,  and z and

there fore the lim its of in te gra tion can be as signed at plea sure. We have the given

integral

= + +
= − = − = −∫ ∫ ∫z c

c

y b

b

x a

a
x y z dx dy dz( )2 2 2

= + +
= − = − =∫ ∫ ∫2

0

2 2 2

z c

c

y b

b

x

a
x y z dx dy dz( ) ,

be cause x y z2 2 2+ +  is an even func tion of x

= + +










= − = −∫ ∫2

3

3
2 2

0
z c

c

y b

b
a

x
y z x dy dz( ) ,

in te grat ing w.r.t. x re gard ing y and z as con stants

= + +










= − = −∫ ∫2

3

3
2 2

z c

c

y b

b a
ay az dy dz

= + +










= −∫ ∫4

30

3
2 2

z c

c b a
az ay dy dz ,

be cause 
a

az ay
3

2 2

3
+ +  is an even func tion of y

= + +










= −∫4

3 3

3
2

3

z c

c a
y az y

ay
dz , 

in te grat ing w.r.t. y  re gard ing z as con stant

= + +












= + +
= −∫ ∫4

3 3
8

3

3
2

3

0

3
2

3

z c

c ca b
abz

ab
dz

a b
abz

ab

3













dz

= + +












8
3 3 3

3 3 3

0

a b
z ab

z ab
z

c

= + + = + +
8

3

8

3
3 3 3 2 2 2( ) ( ) .a bc abc ab c abc a b c

Ex am ple 17: Eval u ate 
0

4

0

2

0

4 2

∫ ∫ ∫
√ √ −z z x

dz dx dy
( )

.

So lu tion: The given tri ple in te gral is
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=












=∫ ∫ ∫ ∫ ∫
√ √ − √ √

0

4

0

2

0

4

0

4

0

2

0
4

2z z x z z
dy dz dx y

( ) (
[ ]

− x
dz dx

2)

= √ −∫ √
0

4 2
0
2

4[ ( ) ]z x dx dz
z

= √ − +
√









∫ −

√

0

4 2 1

0

2

2
4

4

2 2

x
z x

z x

z
dz

z

( ) sin

= +
√
√









 = =∫ ∫ ∫−

0

4 1

0

4

0

4
0

4

2

2

2
2

2

z z

z
dz z dz z dzsin .

π
π  

=












= =π
π

π
z2

0

4

2 2
16 8[ ] .

Ex am ple 18: Find the vol ume of the tet ra he dron bounded by the co or di nate planes and the plane

x y z+ + = 1. (Rohilkhand 2013B

So lu tion: Here the re gion of in te gra tion V  to cover the vol ume of the tet ra he dron can

be ex pressed as 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x, 0 ≤ z ≤ 1− −x y .

Therefore the required volume of the tetrahedron

= =∫∫∫ ∫ ∫ ∫
− − −

V

x x y
dx dy dz dx dy dz

0

1

0

1

0

1
(Note)

= = − −∫ ∫ ∫ ∫
− − − −

0

1

0

1

0
1

0

1

0

1
1

x x y x
z dx dy x y dx dy[ ] ( )

= − −












= − −
−





∫ ∫
−

0

1 2

0

1

0

1 2
2

1
2

1
1

2
( ) ( )

( )
x y

y
dx x

x
x 





dx

= − =
−

−













= − − =∫0

1 2
3

0

1
1

2
1

1

2

1

3 1

1

6
0 1

1
( )

( )

.( )
[ ]x dx

x

6
⋅

Ex am ple 19: Eval u ate ∫∫∫ + +( )x y z dx dy dz over the tet ra he dron x = 0,  y = 0,  z = 0

and x y z+ + = 1.

So lu tion: The re gion of in te gra tion V  for the given tet ra he dron can be ex pressed as 

0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x , 0 ≤ z ≤ 1− −x y .

Hence the re quired tri ple in te gral = + +∫∫∫ V
x y z dx dy dz( )

= + +∫ ∫ ∫
− − −

0

1

0

1

0

1x x y
x y z dx dy dz( )

= + +












∫ ∫
−

− −

0

1

0

1 2

0

1

2

x
x y

x y z
z

dx dy( )

= + − − +
− −











∫ ∫
−

0

1

0

1 2

1
1

2

x
x y x y

x y
dx dy( ) ( )

( )
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= − − + +
− −



∫ ∫

−

0

1

0

1
1

1

2

x
x y x y

x y
dx dy( )

= − − + +∫ ∫
−

0

1

0

1 1

2
1 1

x
x y x y dx dy( ) ( )

= − + = −
+











∫ ∫ ∫
−1

2
1

1

2 30

1

0

1 2

0

1 3

0

1
x

x y dx dy y
x y

[ ( ) ]
( )

− x

dx

(Note)

= − − +








 = − +









∫ ∫

1

2
1

1

3 3

1

2

2

3 30

1 3

0

1 3
x

x
dx x

x
dx

= − +
×













= − +





= ⋅
1

2

2

3 2 3 4

1

2

2

3

1

2

1

12

1

2

1

4

2 4

0

1

x
x x

= ⋅
1

8

Ex am ple 20: Eval u ate ∫∫∫ z dx dy dz2  over the sphere x y z2 2 2 1+ + = .

So lu tion: Here the re gion of in te gra tion can be ex pressed as

− 1≤ x ≤ 1, − √ −( )1 2x ≤ y ≤ √ −( ) ,1 2x  − √ − −( )1 2 2x y ≤ z ≤ √ − −( ) .1 2 2x y

∴ the re quired tri ple in te gral

=
− − √ −

√ −

− √ − −

√ − −
∫ ∫ ∫1

1

1

1

1

1 2
2

2

2 2

2 2

( )

( )

( )

( )

x

x

x y

x y
z dx dy dz

=










− − √ −

√ −

− √ − −

√ − −

∫ ∫1

1

1

1 3

1

1

2

2

2 2

2

3( )

( )

( )

(

x

x

x y

x
z

y

dx dy

2)

= − −










− − √ −

√ −
∫ ∫

1

3
2 1

1

1

1

1 2 2 3 2
2

2

( )

( ) /( )
x

x
x y dy dx

= − √ −



− −∫ ∫

2

3
1 1

1

1

2

2 2 2 3 2 2

π

π
θ θ θ

/

/ /[( ) cos ] . ( ).cosx x d


dx

[putt ing y x= √ −( ) sin1 2 θ so that dy x d= √ −( ) cos ;1 2 θ θ

also when y = 0 , θ = 0 and when y x= √ −( ) ,1 2  θ π= / 2]

= −



−∫ ∫

2

3
2 1

1

1

0

2 2 2 4. ( ) cos
/π

θ θx d dx

= − ⋅ ⋅ = −
− −∫ ∫

4

3
1

2 4
1

1

1 2 2

1

1 2 2( ) ( )x dx x dx
3.1

4.2

π π

= − + = − +



∫

π π
4

2 1 2
2

2

3

1

50

1 2 4 3 5

0

1

. ( )x x dx x x x

= − +





= ⋅ = ⋅
π π π
2

1
2

3

1

5 2

8

15

4

15
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Eval u ate the fol low ing integrals :

 1. (i)
x y z

x yz dz dy dx
= = =∫ ∫ ∫0

1

0

2

1

2 2 .

(ii)
0

1

0

1

0

1

∫ ∫ ∫ + +e dx dy dzx y z .

(iii)
− −

+
∫ ∫ ∫ + +

1

1

0

z

x z

x z
x y z dy dx dz( ) .

(iv)
0

2

0 0

log log
.∫ ∫ ∫

+ + +x x y x y ze dx dy dz

 2. (i)
0

1 1

0

1
2∫ ∫ ∫

−

y

x
x dy dx dz.

(ii)
0

1

0

1

0

1

31∫ ∫ ∫
− − −

+ + +
⋅

x
x y dx dy dz

x y z( ) (Kanpur 2008; Avadh 13)

(iii)
1

3

1

1

0∫ ∫ ∫
√

/

( )
.

x

xy
xyz dx dy dz

(iv)
0

2

0 0

2 2π θ
θ

/ sin ( )/
.∫ ∫ ∫

−
d dr r dz

a a r a

 3. (i)
0 0 0

a x x y x y ze dx dy dz∫ ∫ ∫
+ + + .

(ii)
0 0 0

2a a x a x y
x dx dy dz∫ ∫ ∫

− − −
.

 4. Evaluate the triple integral of the function f x y z x( , , ) = 2 over the region V

enclosed by the planes x y z= = =0 0 0, ,  and x y z a+ + = .
(Avadh 2012; Rohilkhand 12)

 5. Find the volume of the tetrahedron bounded by the plane x a y b z c/ / /+ + = 1

and the coordinate planes.

 6. (i) Eval u ate ∫∫∫ + + +

dx dy dz

x y z( )13
 over the re gion x y z≥ ≥ ≥0 0 0, , , 

x y z+ + ≤ 1. (Avadh 2013)

(ii) Eval u ate ∫∫∫ xyz dx dy dz over the el lip soid 
x

a

y

b

z

c

2

2

2

2

2

2
1+ + = .

(Kanpur 2011)

(iii) Eval u ate ∫∫∫ +( )z z dx dy dz5  over the sphere x y z2 2 2 1+ + = .

(iv) Eval u ate ∫∫∫ R
u v w du dv dw2 2 , where R is the re gion u v2 2 1+ ≤ ,

0 1≤ ≤w .
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 1. (i) 1  (ii) ( )e − 13  (iii)  0

 (iv) 
8

3
2

19

9
log −  

 2. (i) 
4

35
  (ii)  

1

2
2

5

8
log −





(iii) 
1

6

26

3
3−





log

(iv) 
5

64

3a π

 3. (i)  
1

8
6 8 34 2( )e e ea a a− + − (ii) 

a5

60

 4.
a5

60
 5.  

abc

6

 6. (i) 
1

2
2

5

8
log −





 (ii) 0 (iii)  0 (iv) 
π

48

   8  Change of Order of Integration

If in a double integral the limits of integration of both x and y are constant, we can

generally integrate ∫∫ f x y dx dy( , )  in either order. But if the limits of y are functions

of x , we must first integrate w.r.t. y regarding x as constant and then integrate w.r.t. x .

In this case the order of integration can be changed only if we find the new limits of x as

functions of y and the new constant limits of y . This is usually best obtained from

geometrical considerations as will be clear from the examples that follow.

Ex am ple 21: Change the or der of in te gra tion in the dou ble in te gral 

0 0

a x
f x y dx dy∫ ∫ ( , ) .       (Lucknow 2006, 08; Kashi 13)

So lu tion: In the given in te gral the lim its of

in te gra tion are given by the straight lines y = 0 , y x= , 

x = 0 and x a= . Draw these lines bound ing the re gion

of in te gra tion in the same fig ure. We ob serve that the

re gion of in te gra tion is the area ONM .

In the given integral, the limits of integration of y being 

variable, we are required to integrate first w.r.t. y

regarding x as constant and then w.r.t. x .
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To reverse the order of integration, we have to integrate first w.r.t. x regarding y as

constant and then w.r.t. y . This is done by dividing the area ONM into strips parallel to

the x-axis. Let us take strips parallel to the x-axis starting from the line ON  ( . ., )i e y x=
and terminating on the line MN i e x a( . ., ) .=  Thus for this region ONM x,  varies from y

to a and y varies from 0 to a .

Hence by changing the order of integration, we have

0 0 0

a x a

y

a
f x y dx dy f x y dy dx∫ ∫ ∫ ∫=( , ) ( , ) .

Ex am ple 22: Prove that 
a

b

a

x

a

b

y

b
dx f x y dy dy f x y dx∫ ∫ ∫ ∫=( , ) ( , ) .

(Lucknow 2007)

So lu tion: Let  I dx f x y dy
a

b

a

x
= ∫ ∫ ( , ) .

We are required to change the order of

integration in the integral I . In the integral I  the 

limits of integration of y are given by the

straight lines y a=  and y x= . Also the limits of

integration of x are given by the straight lines 

x a=  and x b= . Draw the straight lines 

y a y x x a= = =, ,  and x b= , bounding the

region of integration, in the same figure. We

observe that the region of integration is the area

of the triangle ABC .

In the integral I  we are required to integrate first w.r.t. y and then w.r.t. x . To reverse

the order of integration we have to integrate first w.r.t. x and then w.r.t. y . This is done

by dividing the area ABC into strips parallel to the x-axis. Let us take strips parallel to

the x-axis starting from the line AC i e y x( . ., )=  and terminating on the line 

BC i e x b( . ., ) .=  Thus for the region ABC , x varies  from y to b and y varies from a to b.

Hence by changing the order of integration, we have

a

b

a

x

a

b

y

b
dx f x y dy dy f x y dx∫ ∫ ∫ ∫=( , ) ( , ) .

Ex am ple 23: Change the or der of in te gra tion in 
0

2

0

2 2a ax x
f x y dx dy∫ ∫

√ −( )
( , ) .

(Meerut 2013B)

So lu tion: In the given in te gral the lim its of

in te gra tion of y are given by y = 0 (i e. ., the x-axis)

and y ax x i e y ax x= √ − = −( ) . .,2 22 2 2 

i e. ., ( )x a y a− + =2 2 2 which is a cir cle with cen tre 

( , )a 0  and ra dius a . Again the lim its of in te gra tion of x

are given by the straight lines x = 0 ( i e. ., the y-axis)

and x a= 2 .
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Draw the curves  ( ) ,x a y a− + =2 2 2  y = 0 , x = 0 and x a= 2 , bounding the region of

integration, in the same figure. From figure we observe that the area of integration is 

OMNO .

In the given integral we are required to integrate first w.r.t. y regarding x as a constant

and then w.r.t. x .

To reverse the order of integration, divide the area OMNO into strips parallel to the

x-axis. These strips will have their extremities on the portions ON  and NM of the circle.

Solving the equation of circle ( )x a y a− + =2 2 2 for x , we get 

( ) . .,x a a y i e− = −2 2 2  x a a y− = ± √ −( )2 2  i e. .,  x a a y= ± √ −( ) .2 2

So for the region OMNO , x varies from a a y− √ −( )2 2  to a a y+ √ −( )2 2  and y varies

from 0 to a .

Therefore, changing the order of integration, the given double integral transforms

to    
0 2 2

2 2a

a a y

a a y
f x y dy dx∫ ∫ − √ −

+ √ −

( )

( )
( , ) .

Ex am ple 24:  Change the or der of in te gra tion in the dou ble in te gral

0

∞ ∞ −

∫ ∫ x

ye

y
dx dy

and hence find its value. (Agra 2002; Kumaun 01; Avadh 07; Kashi 14; Purvanchal 14)

So lu tion: In the given in te gral the lim its of in te gra tion are given by the lines y x= , 

y = ∞ , x = 0 and x = ∞ . There fore the re gion of in te gra tion is

bounded by x = 0 , y x=  and, an in fi nite bound ary. In the given

in te gral the lim its of in te gra tion of y are vari able while those of x

are con stant. Thus we have to first in te grate with re spect to y

re gard ing x as con stant and then we in te grate w.r.t. x . This is done

by first in te grat ing w.r.t. y along a strip drawn par al lel to the y-axis 

and then in te grat ing w.r.t. x along all such strips so drawn as to

cover the whole region of integration.

If we want to reverse the order of integration, we have to first integrate w.r.t. x regarding 

y as constant and then we integrate w.r.t. y . This is done by dividing this area into

strips parallel to the x-axis. So we take strips parallel to the x-axis starting from the line 

x = 0 and terminating on the line y x= . Now the limits for x are 0 to y and the limits for 

y are 0 to ∞ .

Hence by changing the order of integration, we have

0 0 0 0 0

∞ ∞ − ∞ − ∞ −

∫ ∫ ∫ ∫ ∫= =
x

y y y y
ye

y
dx dy

e

y
dy dx

e

y
x dy[ ]

        = ⋅ = =
−













=
∞ − ∞ −

− ∞

∫ ∫0 0
0

1
1

e

y
y dy e dy

ey
y

y
.
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Ex am ple 25: Change the or der of in te gra tion in the in te gral 
0 0

2 2a a x
f x y dx dy∫ ∫

√ −( )
( , ) .

So lu tion: In the given in te gral the lim its of in te gra tion of y are given by the straight

line y = 0 (i e. ., the x-axis) and the curve

y a x i e y a x i e x y a= √ − = − + =( ) . ., . .,2 2 2 2 2 2 2 2

which is a circle with centre at the origin and radius a .

Again the limits of integration of x are given by the lines 

x = 0 and x a= .

We draw the curves y x y a x= + = =0 02 2 2, ,  and 

x a= , giving the limits of integration, in the same very

figure and we observe that the region of integration is the

area OAB of the quadrant of the circle x y a2 2 2+ = .

To change the order of integration in the given integral, we have to first integrate w.r.t. x

regarding y as a constant and then we integrate w.r.t. y . This is done by covering the

area OAB by strips drawn parallel to the x-axis. These strips start from the line OB 

( . ., )i e x = 0  and terminate on the arc AB of the circle x y a2 2 2+ = . So on these strips x

varies from 0 to √ −( ) .a y2 2  Also to cover the area OAB y,  varies from 0 to a . Hence by

changing the order of integration, we have the given integral

= ∫ ∫
√ −

0 0

2 2a a y
f x y dy dx

( )
( , ) .

Ex am ple 26: Change the or der of in te gra tion in

0

2
2 2

a

a x

x a
f x y dx dy∫ ∫√ −

+

( )
( , ) .

(Kumaun 2009, 15)

So lu tion: Here the area of in te gra tion is bounded by the curves

y a x= √ −( )2 2  i e. .,  x y a2 2 2+ =

which is a circle with centre ( , )0 0  and

radius a y x a, = + 2  which is a straight line

passing through ( , ) ,0 2a  x i e= 0 . ., the

y-axis and the line  x a=  which is a line

parallel to the y-axis at a distance a from

the origin.

We draw the curves x y a2 2 2+ = ,

y x a= + 2 , x = 0 and x a= , 

giving the limits of integration, in the same 

figure. We observe that the region of

integration is the area MLANM .
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To reverse the order of integration, cover this area of integration ML ANM by strips

parallel to the x-axis. Draw the lines MC and NB parallel to the x-axis so that the region

of integration ML ANM is divided into three portions MLC , NMCB and NAB .

For the region MLC,  x varies from the arc ML of the circle x y a2 2 2+ =  to the line x a=  

i e. ., x varies from √ −( )a y2 2  to a and y varies from 0 to a .

For the region NMCB , x varies from 0 to a and y varies from a to 2a.

For the region NBA x,  varies from y a− 2  to a and y varies from 2a to 3a.

Therefore, changing the order of integration, the given integral transforms to

0

2

02 2

a

a y

a

a

a a
f x y dy dx f x y dy dx∫ ∫ ∫ ∫√ −

+
( )

( , ) ( , )

+ ∫ ∫ −2

3

2a

a

y a

a
f x y dy dx( , ) .

Change the or der of in te gra tion in the fol low ing integrals.

 1.
0

1 2

∫ ∫
−

x

x x
f x y dx dy

( )
( , ) .

 2.
0

3

1

4

∫ ∫
√ −

+
( )

( ) .
y

x y dy dx

 3.
0

2 2a

x

a x
f x y dx dy

cos

tan

( )
( , ) .

α

α∫ ∫
√ −

(Kanpur 2005; Avadh 11; Kumaun 02, 10)

 4.
0

a

mx

lx
f x y dx dy∫ ∫ ( , ) .  (Lucknow 2010)

 5.
0

2

4

3
2

a

x a

a x
f x y dx dy∫ ∫

−

/
( , ) .

 6.
0 0

a b b x
f x y dx dy∫ ∫

+/( )
( , ) .

 7.
0

2a

x

a x
f x y dx dy∫ ∫

/
( , ) .

(Lucknow 2009; Kanpur 10; Kumaun 12)

 8.
c

a

b a a x

b
f x y dx dy∫ ∫ √ −( / ) ( )

( , )2 2 , where c a< .

 9.
0

2
2

2a

x a

x x a
f x y dx dy

/

/

( / )
( , ) .∫ ∫

−

10.
0

2

2

2
2

a

ax x

ax
f x y dx dy∫ ∫√ −

√

( )

( )
( , ) .

(Kumaun 2013)

11.
0 0

2 2 2 2ab a b a b b y
f x y dy dx

/( ) ( / ) ( )
( , ) .

+ √ −
∫ ∫
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12.
0

2

0

2π θ
θ θ

/ cos
( , ) .∫ ∫

a
f r d dr

(Kanpur 2009; Kumaun 11)

13. Change the or der of in te gra tion in the dou ble in te gral

0 0

a x y dx dy

a x x y∫ ∫
φ ′

√ − −
( )

( ) ( ){ }
 and hence find its value.

[Hint: Put x a y= +cos sin2 2θ θ]

 1.
0

1

1 1∫ ∫ − √ −( )
( , )

y

y
f x y dy dx

 2.
1

2

0

4 2

∫ ∫
−

+
x

x y dx dy( )

 3.
0 0 0

2 2a y

a

a a y
f x y dy dx f x y dy

sin cot

sin

( )
( , ) ( , )

α α

α∫ ∫ ∫ ∫+
√ −

dx

 4.
0

am

y l

y m

am

al

y l

a
f x y dy dx f x y dy dx∫ ∫ ∫ ∫+

/

/

/
( , ) ( , )

 5.
0 0

4 3 3a ay

a

a

a

a y
f x y dy dx f x y dy dx∫ ∫ ∫ ∫

√ −
+

( )
( , ) ( , )

 6.
0 0

1

0

1b a b a

b a b

b y y
f x y dy dx f x y dy

/( )

/( )

( )/
( , ) ( , )

+

+

−
∫ ∫ ∫ ∫+ dx

 7.
0 0 0

2a y

a

a y
f x y dy dx f x y dy dx∫ ∫ ∫ ∫+

∞
( , ) ( , )

/

 8.
0

1

1

2 2

2 2

b c a

a y b

a
f x y dy dx

√ −

√ −∫ ∫
{ ( / )}

{ ( / )}
( , )

+
√ −∫ ∫b c a

a

c

a
f x y dy dx

{ ( / )}
( , )

1 2 2

 9.
0

4
1

2
42

a

a a ay

ay
f x y dy dx

/

[ ( )]

( )
( , )∫ ∫ − √ −

√

10.
0 2 0

2
2

2 2

2 2

a

y a

a a y a

a a y

a
f x y dy dx f x∫ ∫ ∫ ∫

− √ −

+ √ −
+

/

( )

( )
( , ) ( , y dy dx)

+ ∫ ∫0

2

2

2
2

a

y a

a
f x y dy dx

/
( , )

11.
0 0

2 2 2 2ab a b ab a b
f x y dx dy

/ ( ) / ( )
( , )

√ + √ +
∫ ∫

+
√ +

√ −
∫ ∫ab a b

a b a a x
f x y dx dy

/ ( )

( / ) ( )
( , )2 2

2 2

0
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12.
0

2

0

21a r a
f r dr d∫ ∫

−cos ( / )
( , )θ θ

13.
0

0
a

y

a y dy dx

a x x y
a∫ ∫

φ ′
√ − −

= φ − φ
( )

( ) ( )
[ ( ) ( )]

{ }
π

   9  Change of Variables in a Double Integral

Sometimes, the evaluation of a double integral becomes more convenient by a suitable

change of variables from one system to another system.

Let the variables in the double integral ∫∫ A
f x y dx dy( , )  be changed from x y,  to u v,

where x u v= φ ( , ) and y u v= ψ ( , ) .

Then on substituting for x and y , the double integral is transformed to 

∫∫ ′A
F u v J du dv( , ) , where J u v( , ) is the Jacobian of x y,  w.r.t. u v,  i e. .,

J
x y

u v

x

u

y

u
x

v

y

v

=
∂
∂

=

∂
∂

∂
∂

∂
∂

∂
∂

( , )

( , )
 ,

and A ′ is the region in the uv-plane corresponding to the region A in the xy-plane. Thus

remember that dx dy J du dv= .

Spe cial case: Change to po lar co or di nates from the car te sian co-or di nates.

To change the variables from cartesian to polar coordinates we put x r= cos ,θ  

y r= sin .θ  In this case

J
x y

r

x

r

x

y

r

y

r

r
=

∂
∂

==

∂
∂

∂
∂

∂
∂

∂
∂

=
−( , )

( , )

cos sin

sin coθ
θ

θ

θ θ
θ s

,
θ

= r

and there fore dx dy J d dr r d dr= =θ θ .

This change is specially useful when the region of integration is a circle or a part of a

circle.

Ex am ple 27: Trans form ∫∫ f x y dx dy( , )  by the sub sti tu tion x y u+ = , y uv= .

So lu tion: We have x y u+ =   and  y uv= . ...(1)

From these, we have

x u y u uv= − = −   and  y uv= .  ...(2)
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∴ 
∂
∂

= −
x

u
v1 , 

∂
∂

= −
x

v
u , 

∂
∂

=
y

u
v  and  

∂
∂

=
y

v
u .

∴ J
x y

u v

x

u

x

v
y

u

y

v

v u

v u
u=

∂
∂

=

∂
∂

∂
∂

∂
∂

∂
∂

=
− −

=
( , )

( , )

1
.

∴ dx dy J du dv u du dv= = .

Hence the given integral transforms to

∫∫ F u v u du dv( , ) .

Ex am ple 28: Trans form ∫∫ f x y dx dy( , )  to po lar co or di nates.

So lu tion: We have x r= cos ,θ  y r= sin .θ

Now  J
x y

r

x

r

x

y

r

y

r

r
=

∂
∂

==

∂
∂

∂
∂

∂
∂

∂
∂

=
−( , )

( , )

cos sin

sin coθ
θ

θ

θ θ
θ s θ

= r .

∴ dx dy J d dr r d dr= =θ θ .

Hence the given integral transforms to ∫∫ F r r d dr( , ) .θ θ

Ex am ple 29: Eval u ate ∫∫ √ − −( )a x y dx dy2 2 2  over the semi-cir cle x y ax2 2+ =  in the

pos i tive quad rant.

So lu tion: Here the re gion of in te gra tion is a semi-cir cle. There fore, for the sake of

con ve nience, chang ing to po lar co or di nates by putt ing x r= cos θ and y r= sin θ in 

x y ax2 2+ = , we have

r r a r2 2 2 2cos sin cosθ θ θ+ =   or  r ar2 2 2(sin cos ) cosθ θ θ+ =

or r a= cos .θ

The equation r a= cos θ represents a circle passing through the pole and diameter

through the pole along the initial line.

For the given region r varies from 0 to a cos θ and θ varies from 0 to π / .2

∴ ∫∫ ∫ ∫√ − − = √ −( ) ( ) . ,
/ cos

a x y dx dy a r r d dr
a2 2 2

0

2

0

2 2π θ
θ

      [ ]∵ x y r dx dy r d dr2 2 2+ = =and θ

= − − −



∫ ∫0

2

0

2 2 1 21

2
2

π θ
θ

/ cos /( ) . ( )
a

a r r dr d          (Note)

= − ⋅ −



∫0

2 2 2 3 2

0

1

2

2

3

π θ
θ

/ /
cos

( )a r d
a

= − − = − −



∫

1

3 3

2

20

2 3 3 3
3π

θ θ
π/

( sin )a a d
a

3.1
 = −

1

3

1

2

2

3
3a ( ) .π
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 1. Trans form 
0 0

a a x
f x y dx dy∫ ∫

−
( , ) , by the sub sti tu tion x y u y uv+ = =, .

 2. By us ing the trans for ma tion x y u y uv+ = =, , show that

0

1

0

1 1

2
1∫ ∫

− + = −
x y x ye dx dy e/( ) ( ).

 3. By us ing the trans for ma tion x y u y uv+ = =, , prove that

∫∫ − −{ }xy x y dx dy( ) /1 1 2

taken over the area of the tri an gle bounded by the lines

x y x y= = + =0 0 1, ,  is 2 105π / .

 4. Eval u ate ∫∫ +( ) /x y dx dy2 2 7 2  over the cir cle x y2 2 1+ = .

 5. Eval u ate ∫∫ +xy x y dx dy( ) /2 2 3 2  over the pos i tive quad rant of the cir cle 

x y2 2 1+ = .

 6. Eval u ate ∫∫ − +e dx dyx y( )2 2
 over the cir cle x y a2 2 2+ = .

 1.
0 0

1a
F u v u du dv∫ ∫ ( , ) 4. 2 9π / 5. 1 14/ 6. π ( )1

2
− −e a

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. The value of the dou ble in te gral 
θ

π
θ

= =∫ ∫0

2

0r

a
r d dr is

(a) πa2 (b) 
πa2

2
(c) πa (d) 2 2πa

 2. The value of the tri ple in te gral 
0

1

0

1

0

1

∫ ∫ ∫ xyz dx dy dz is

 (a) 
1

2
(b) 

1

8
(c) 

1

4
(d) 1

(Kumaun 2009, 11)
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 3. The value of the dou ble in te gral 
0 0

2 2a a y
dy dx∫ ∫

√ −( )
 is

 (a) πa2 (b) 2 2πa (c) 
πa2

2
(d) 

πa2

4
(Kumaun 2013)

 4. The value of the tri ple in te gral 

0

2

0

2

0

2 2 2 2π / π π
∫ ∫ ∫

/ /
cos cos cosx y z dx dy dz is

 (a) 
π2

16
(b) 

π
64

(c) 
π3

8
(d) 

π3

64

 5. The value of the tri ple in te gral 
0

1

0

1

0

1

∫ ∫ ∫ + +e dx dy dzx y z  is

 (a) e 3 (b) 
e 3

4
(c) ( )e − 13 (d) ( )e + 13

(Kumaun 2012)

 6. The value of the tri ple in te gral 

0

2

0

2

0

2π π π/ / /
cos cos cos∫ ∫ ∫ x y z dx dy dz is

 (a) 1 (b) 
π
2

(c) π (d) 
3

2

π

(Rohilkhand 2005)

 7. The value of 
0

2

0

π θ
θ

/ sin

∫ ∫ r d dr is equal to 

 (a) 
0

2π
θ θ

/
sin∫ d (b) 

0 2

sin θ π
∫ r dr

 (c) 
0

2 2

2

π θ
θ

/ sin
∫ d (d) none of these

(Garhwal 2003)

 8. Value of  
0

2

0

2 2 2∫ ∫ +( )x y dx dy is

 (a) 
3

13
(b) 

32

3
(c) 

34

4
(d) 1

(Kumaun 2014)

 9. Value of  
0 0

a b dx dy

xy∫ ∫  is

 (a) ab (b) (log ) (log )b a⋅

 (c) 0 (d) a b/ (Kumaun 2015)

10. Value of  
0

2

0

π
θ θ θ

/
cos sin∫ ∫

a
r d dr is

 (a) a2 (b) 6 2/ a (c) a2 6/ (d) 0
(Kumaun 2015)

11. Value of  
0 0

π
∫ ∫

x
y dy dxsin  is

 (a) π (b) 0 (c) 1 (d) π
(Kumaun 2015)
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Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. The value of the dou ble in te gral 
0

3

1

2

∫ ∫ dx dy is …… .
(Agra 2002)

 2. The value of the dou ble in te gral 
0

1

0

1

∫ ∫ xy dx dy is …… .

 3. The value of the dou ble in te gral 
0

1

0∫ ∫
x

xy dx dy is …… .

 4. The value of the dou ble in te gral 
0

2

0

2π θ
θ

/ cos

∫ ∫
a

r d dr is …… .

 5. The value of the tri ple in te gral 
0

2

0

2

0

2

∫ ∫ ∫ xyz dx dy dz is …… .

 6. The value of the tri ple in te gral 
1

2

1

2

1

3

∫ ∫ ∫ dx dy dz is …… .

 7. The value of the dou ble in te gral 
−

√ −
∫ ∫a

a a x
dx dy

0

2 2( )
 is …… .

True or False

Write ‘T’ for true and ‘F’  for false state ment.

 1. The value of the dou ble in te gral 
θ π

π
θ

= − =∫ ∫/

/

2

2

0r

a
r d dr is 

πa2

2
⋅

 2. The value of the dou ble in te gral 
− − √ −

√ −
∫ ∫a

a

a x

a x
dx dy

( )

( )
2 2

2 2

 is πa2.

 3. The value of the dou ble in te gral 
−

√ −
∫ ∫a

a a x
x dx dy

0

2 2( )
 is 0.

Multiple Choice Questions

 1. (a) 2. (b) 3. (d) 4. (d)  5. (c)

 6. (a) 7. (c) 8. (b) 9. (b) 10. (c)

11. (d)

Fill in the Blank(s)

 1. 3 2. 
1

4
3. 

1

8
4. 

πa2

2

 5. 8 6. 2 7. 
πa2

2

True or False

 1. T 2. T 3. T

¨
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    1  Quadrature

The process of finding the area of any bounded portion of a curve is called quadrature.

   2 Areas of Curves Given by Cartesian Equations

If f x( ) is a continuous and single valued

function of x , then the area bounded by the

curve y f x= ( ) , the axis of x and the

ordinates x a=  and x b=  is

a

b

a

b
 y dx,         f x  dx.∫ ∫or ( )

Proof: Let CD be the arc of the curve 
y f x= ( ) and AC and BD be the two
ordinates x a=  and x b= .

Consider 
P x y( , ) and Q x x y y( , ) ,+ +δ δ  
the two neighbouring points on the curve. Draw PM and QN  perpendiculars to the
axis of x , then
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C

x
 

 
a

=

P

S Q

R

δx

D

y = f(x)

x
 =

 b
 

Y

XBA M NO



PM y= , QN y y= + δ  and MN x= δ .

Draw PR and QS perpendiculars to NQ and MP produced respectively. The area 

AMPC depends upon the position of P on the curve. Let A denote the area AMPC and 

A A+ δ  be the area ANQC . Then the area 

MNQP ANQC AMPC= −area area

            = + − =A A A Aδ δ .

But clearly this area δA  (i e. ., the area MNQP) lies in magnitude between the areas of

the rectangles MNRP and MNQS .

Thus, we have

area of the rectangle MNQS A> >δ  area of the rectangle MNRP

i e. ., ( )y y x A y x+ > >δ δ δ δ  

or  y y
A

x
y+ > >δ

δ
δ

.

Now as Q P→ , δx → 0 and δy → 0. Therefore we have

dA

dx
y f x= = ( )   

or  dA y dx= .

Integrating both sides between the limits x a=  and x b= , we have

x a

x b

a

b
dA y dx

=

=

∫ ∫=  

or  [ ]A y dxx a
x b

a

b

=
= = ∫  

or (Area A when x b=  ) − (Area A when x a= ) = ∫a

b
y dx 

or  Area ABDC y dx
a

b
− = ∫0

or Area ABDC =  y dx =  f x  dx.
a

b

a

b

∫ ∫ ( )

Similarly, it can be shown that the area bounded by the curve x f y= ( ),  the axis of y and the

abscissae y a=  and y b=  is

a

b

a

b
 x dy,    or     f  y  dy.∫ ∫ ( )

Note 1: In choos ing the lim its of in te gra tion, the lower limit of in te gra tion should be

taken as the smaller value of the in de pend ent vari able while the greater value gives us

the up per limit of in te gra tion.

Note 2: If the curve is sym met ri cal about x-axis or y-axis or both, then we shall find

the area of one sym met ri cal part and mul ti ply it by the num ber of sym met ri cal parts to 

get the whole area.
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Ex am ple 1: Find the area bounded by the el lipse 
x

a

y

b

2

2

2

2
1+ = , the or di nates x c= , x d=  and

the x-axis. (Meerut 2000)

So lu tion: Equa tion of the el lipse is 

x

a

y

b

2

2

2

2
1+ =  

or
y

b

x

a

2

2

2

2
1= −  

giving  y
b

a
a x= √ −( ).2 2         ...(1)

∴  the required area = the area ABDC

= ∫ c

d
y dx

= √ −∫ c

d b

a
a x dx( ) ,2 2  from (1)

= √ − + 















−b

a
x a x a

x

a c

d
1

2

1

2
2 2 2 1( ) sin

= √ − − √ − + −








− −b

a
d a d c a c a

d

a

c

a2
2 2 2 2 2 1 1( ) ( ) sin sin




⋅

Ex am ple 2: Find the area bounded by the pa rab ola y ax2 4=  and its latus rec tum.

(Garhwal 2003; Agra 05; Avadh 05; Bundelkhand 08)

So lu tion: Latus rec tum is a line through the fo cus S a( , )0  and per pen dic u lar to x-axis 

i e. ., its equa tion is x a= . Also the curve is sym met ri cal about x-axis.

∴ the required area LOL′ 

= × = ∫2 2
0

area OSL y dx
a

.  

= √∫2 4
0

a
ax dx( ) ,

 [ , . ., ( )]∵ y ax i e y ax2 4 4= = √      

= √ 





= ⋅ =2 4
2

3

8

3

8

3
3 2

0

3 2 2( ) ( ) ./ /a x a a a
a

Ex am ple 3: Find the area of a loop of the curve xy x a x a2 2 2 0+ + + =( ) ( ) .

So lu tion: The curve is sym met ri cal about x-axis. Putt ing y = 0 , we get x a= −  and 

x a= − 2 .
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The loop is formed between x a= − 2  and x a= − .

To find the area of the loop, we first shift the origin to the point ( , ) .− a 0  The equation

of the curve then becomes

( ) ( )x a y x a a− + − +2 2{ }  ( )x a a− + =2 0 

or y x a x x a2 2 0( ) ( )− + + =

or y
x a x

a x
2

2

=
+

−
⋅

( )
   ...(1)

Note that the shifting of the origin only changes the equation of the curve and has no

effect on its shape. Now the origin being at the point A , the new limits for the loop are 

x a= −  to x = 0 .

∴ required area of the loop 

= ×2 area CPA =
−∫2
0

a
y dx, [the value of y to be put from (1)]

= −
+
−





















−∫2
0

a
x

a x

a x
dx, [Note that in the equation (1), for the

portion CPA , y x a x a x= − √ + −{ }( ) /( ) ]

=
− +

√ −−∫2
0

2 2a

x a x

a x
dx

( )

( )
,

multiplying the numerator and the  denominator by  √ +( )a x

=
− − −

⋅ −∫2
2

0

π

θ θ
θ

θ θ
/

( sin ) ( sin )

cos
( cos ) ,

a a a

a
a d

putting x a= − sin θ and dx a d= − cos θ θ

= − − = −∫ ∫2 22

2

0
2 2

0

2
2a d a d

π

π
θ θ θ θ θ θ

/

/
(sin sin ) (sin sin )

= − ⋅2 1
1

2

1

2
2a [ ] ,π  by Walli’s formula = −2 1

1

4
2a ( ) .π

Ex am ple 4:  Find the whole area of the curve a y x a x2 2 3 2= −( ).

(Meerut 2006B; Bundelkhand 12; Avadh 13; Kumaun 13; Rohilkhand 14)
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So lu tion: The given curve is a y x a x2 2 3 2= −( ). ...(1)

It is symmetrical about x-axis and it cuts the x-axis at the

points ( , )0 0  and ( , ) .2 0a  The curve does not exist for 

x a> 2  and x < 0 . Thus the curve consists of a loop lying

between x = 0 and x a= 2 .

∴ the required area = ×2 area OBA 

= ∫2
0

2a
y dx 

=
√ −

∫2
2

0

2 3 2a x a x

a
dx

/ ( )
, from (1).

Now put x a= 2 2sin θ so that dx a d= 4 sin cos .θ θ θ

When x = 0 , θ = 0 and when x a= 2 , θ π=
1

2
.

∴  the required area 

= √∫2
2 2 4

0

2
3 2 3

a
a a a d

π
θ θ θ θ θ

/
/( ) sin . ( ) .cos . sin cos

= ∫32 2

0

2
4 2a d

π
θ θ θ

/
sin cos  = ⋅32

2
2a . ,

3.1.1

6.4.2

π
 by Walli’s formula.

= πa2 .

Ex am ple 5: Find the whole area be tween the curve x y a y x2 2 2 2 2= −( ) and its as ymp totes.

So lu tion: The given curve is sym met ri cal about

both the axes and passes through the or i gin. The

tan gents at ( , )0 0  are given by y x2 2 0− =  i e. ., 

y x= ±  are the tan gents at the origin.

Equating to zero the coefficient of the highest

power of y (i e. .,  of y2) the asymptotes parallel to 

y-axis are given by x a2 2 0− =  i e. ., x a= ± .

The asymptotes parallel to x-axis are given by  

y a2 2 0+ =  which gives two imaginary

asymptotes.

∴ the required area  = ×4  area lying in the first quadrant

          = =
−









√∫∫4 4

2 2

2 200
y dx

a x

a x
dx

aa
,

[∵  from the equation of the given curve,  y a x a x2 2 2 2 2= −/( )]

 I-139

(x, y)P Q B

(2a, 0)
X

x
 =

 2
a

A

Y

O

NM

y

δx

X

Y

O

P

Q

M N A

x
 =

 –
 a

x
 =

 a

y = –x
A′

(–a, 0)
X′

y 
= x δx (a, 0

Y′



=
√ −

= −
−

√ −
= −

−
∫ ∫4 2

2
2

0 2 2 0 2 2

2 2 1a aax dx

a x
a

x dx

a x
a

a x

( ) ( )

( ) /2

0
1 2/













a

= − − =4 0 4 2a a a[ ] .

1. Find the area bounded by the axis of x , and the following curves and the given

ordinates :

(i) y x= log ; x a= , x b b a= > >, ( ).1

(ii) xy c= 2 ; x a= , x b= , ( ) .a b> > 0 (Kashi 2012)

 2. (i) Find the area bounded by the curve y x= 3 , the y-axis and the lines y = 1  

and y = 8 .

(ii) Show that the area cut off a pa rab ola by any dou ble or di nate is two thirds of 

the cor re spond ing rect an gle con tained by that dou ble or di nate and its

dis tance from the ver tex.

 3. (i) Find the area of the quad rant of an el lipse ( / ) ( / ) .x a y b2 2 2 2 1+ =

(Bundelkhand 2010; Kanpur 11)

(ii) Find the whole area of the el lipse ( / ) ( / ) .x a y b2 2 2 2 1+ =

(Avadh 2010; Rohilkhand 10B; Kumaun 12)

 4. (i) Trace the curve ay x a x2 2= −( ) and show that the area of its loop is 

8 152a / . (Avadh 2008)

(ii) Find the area of the loop of the curve 3 2 2ay x x a= −( ) .

(iii) Find the area of the loop of the curve y x x2 21= −( ) .

 5. Find the area 

(i) of the loop of the curve x x y a x y( ) ( )2 2 2 2+ = −  

or     y a x x a x2 2( ) ( ) .+ = −

(ii) of the por tion bounded by the curve and its as ymp totes. (Meerut 2004)

 6. (i) Trace the curve y a x x2 32( )− =  and find the en tire area be tween the curve

and its as ymp totes. (Avadh 2011)

(ii) Find the area be tween the curve y x x2 24( )− =  and its as ymp tote.

(Avadh 2012; Kanpur 14; Bundelkhand 14)

(iii) Find the whole area of the curve a x y a y2 2 3 2= −( ) .

 7. (i) Find the area bounded by the curve xy a a x2 24 2= −( ) and its as ymp tote.

(Rohilkhand 2009 B)

(ii) Find the area en closed by the curve xy a a x2 2= −( ) and y-axis.
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(iii) Trace the curve a y a x x2 2 2 2 4= −  and find the whole area within it.

(Rohilkhand 2012; Avadh 12, Bundelkhand 14)

 8. (i) Prove that the area of a loop of the curve a y x a x4 2 4 2 2= −( ) is πa2 8/ .

(ii) Show that the whole area of the curve a y x a x4 2 5 2= −( ) is to that of 

the cir cle whose ra dius is a, as 5 to 4. (Kanpur 2010)

 9. (i) Find the area be tween the curve y a x x2 3( )− =  (cissoid) and its asymptotes. 

Also find the ra tio in which the or di nate x a= / 2 di vides the area.

(ii) Find the area of the loop of the curve y a x x a x2 2( ) ( ) .− = +
(Purvanchal 2011)

10. Trace the curve y a x a x2 3( ) ( ) .+ = −  Find the area between the curve and its

asymptote. (Purvanchal 2007)

1. (i) b b e a a elog ( / ) log ( / )− (ii) c a b2 log ( / )

2.  (i) ( ) / .45 4

3.  (i) πab / .4 (ii) πab

4.  (ii) 8 15 32a /( ).√ (iii) 8 15/( )

5.  (i)
1

2
42a ( ).− π (ii)

1

2
42a ( )+ π

6.  (i) 3 2πa . (ii) ( ) / .64 3 (iii) πa2

7.  (i) 4 2πa (ii) πa2 (iii) 4 32a /

9.  (i) 3 4 3 8 3 82π π πa / ; ( ) : ( )− + (ii)
1

2
42a ( )− π

10.    3 2πa .

   3  Area between Two Curves

It is clear from the adjacent figure that the area lying

between the curves y f x y g x= =( ), ( ) and the ordinates 

x a x b= =,  is

= area ABNM − area CDNM

= − ∫∫ f x dx g x dx
a

b

a

b
( ) ( )

= −∫ { ( ) ( )} .f x dx g x dx
a

b
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Ex am ple 6: Find the area in cluded be tween the curves y ax2 4=  and x by2 4= .

(Bundelkhand 2011; Rohilkhand 10; Kumaun 09, 10))

So lu tion: Solv ing the equa tions of the two given

curves, we have y a by a by4 2 216 4 64= =( ) .

∴ y y a b( ) ,3 264 0− =  

giving y = 0,  4 2 3 1 3a b/ / .

When y = 0 , x = 0 and when 

y a b= 4 2 3 1 3/ / , x a b= 4 1 3 2 3/ / .

Hence, the points of intersection of the given curves 

are O ( , )0 0  and  A a b b a( , ) ./ / / /4 41 3 2 3 1 3 2 3

∴  the required area (i e. ., the shaded area)

= −area areaOPAL OQAL 

=




 ∫0

4 1 3 2 3a b
y dx

/ /

, from the curve y ax2 4=






−




∫0

4 1 3 2 3a b
y dx

/ /

, from the curve y by2 4=






(Note that for the required area x varies from 0 to 4 1 3 2 3a b/ / )

= √ −








∫ ∫0

4

0

4 21 3 2 3 1 3 2 3

4
4

a b a b
ax dx

x

b
dx

/ / / /

( )  

= √












−












2
2

3

1

4 3

3 2

0

4 3

0

41 3 2 3 1 3

a
x

b

x
a b a b/

/ / / 2 3/

 

=
√

√ −
4

3
8

1

12
64 2a

a b
b

ab[ ( ) . ] ( ) = − =
32

3

16

3

16

3
ab ab ab .

Ex am ple 7: Find the area of the seg ment cut off from the pa rab ola y x2 2=  by the straight line 

y x= −4 1.

So lu tion: The given curves are y x2 2= , ...(1)

and y x= −4 1. ...(2)

The two curves have been shown in the figure. 
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A

Q
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2y  = 4ax

P

O

2
x

 =
 4

b
y

Y



Solving (1) and (2) for y, we have

y y2 2
1

4
1= +. ( ) or  2 1 02y y− − =  

or  ( ) ( ) .y y− + =1 2 1 0

∴  y = −
1

2
1, .

Thus the curves (1) and (2) intersect at the points where

y = −
1

2
  and  y = 1.

Now the required area of the segment POQ (i e. ., the

dotted area) 

 = the area bounded by the st. line y x= −4 1 and the y-axis from y = −
1

2
 to y = 1

− the area bounded by the parabola  y x2 2=  and the y-axis from y = −
1

2
 to y = 1

=








 −











− −∫ ∫1 2

1

1 2

1
2 1

/ /
, ( ) , ( )x dy r x dyf om from

= + −
− −∫ ∫1 2

1

1 2

1
21

4
1

1

2/ /
( )y dy y dy 

= +





−
−

−
1

4

1

2

1

6
2

1 2

1
3

1 2
1

y y y
/

/[ ]  

= − −











− +





1

4

3

2

1

8

1

2

1

6
1

1

8
 

= +





− ⋅ = ⋅ − ⋅
1

4

3

2

3

8

1

6

9

8

1

4

15

8

1

6

9

8

= − = ⋅
15

32

3

16

9

32

Ex am ple 8: If P x y( , ) be any point on the el lipse x a y b2 2 2 2 1/ /+ =  and S be the sec to rial

area bounded by the curve, the x-axis and the line join ing the or i gin to P, show  that

x a cos S ab= ( / ) ,2  y b sin S ab= ( / ) .2

So lu tion: The given el lipse is shown in the fig ure. 

We have

          S = the sectorial area OAP 

              (i e. ., the dotted area)

= the area of the ∆ OMP + the area PMA 

              = + ∫1

2
OM MP y dx

x

a
. ,  for the ellipse
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Q

X

P

R

O

Y

′Y

S

1y = – –
2

y = 1

M

B

Y

P(x, y)

A

b

O a
(a, 0)

X



= + √ −∫1

2
2 2xy

b

a
a x dx

x

a
( )

          [∵   from the equation of the ellipse, y b a a x= √ −( / ) ( )2 2 ]

= √ − + √ − +





−1

2 2

1

2
2 2 2 2 2 1x

b

a
a x

b

a

x
a x a

x

a x

a

. ( ) ( ) sin

= √ − + + − √ − −


−bx

a
a x

b

a
a

x
a x a

x

a2
0

1

2 2 2

1

2
2 2 2 2 2 2 1( ) . ( ) sin

π





= √ − + ⋅ −





− √ −−bx

a
a x

b

a
a

x

a

bx

a
a x

2

1

2 2 2
2 2 2 1 2 2( ) sin ( )

π
 

= −





= ⋅− −ab x

a

ab x

a2 2 2
1 1π

sin cos

Thus S
ab x

a
= ⋅−

2
1cos

∴ cos− =1 2x

a

S

ab
  or  

x

a

S

ab
= cos

2
  or  x a

S

ab
= ⋅cos

2

Also y
b

a
a x

b

a
a a S ab b

S

ab
= √ − = √ − = ⋅( ) cos ( / ) sin2 2 2 2 2 2

2
{ }

Ex am ple 9: Show that the larger of the two ar eas into which the cir cle x y a2 2 264+ =  is

di vided by the pa rab ola y ax2 12=  is 
16

3
8 32a [ ] .π − √

So lu tion: x y a2 2 264+ =  is a cir cle with cen tre 

( , )0 0  and ra dius 8a and y ax2 12=  is a pa rab ola

whose ver tex is at ( , )0 0  and latus rec tum 12a .

Both the curves are sym met ri cal about x-axis.

Solv ing the two equa tions, the co-or di nates of

the com mon point P are ( , ).4 4 3a a √  Draw PM

per pen dic u lar from P to the y-axis.

Now the area of the larger portion of the circle 

(i e. ., the shaded area)= the area PRSTQOP

= the area of the semi-circle RST OPR+ 2 area

= + +
1

2
8 22. ( ) [ ]π a OPM MPRarea area

= + ∫1

2
8 22

0

4 3
π ( ) ,a x dy

a
 for  y ax2 12=  + ∫2

4 3

8

a

a
x dy , 

for  x y a2 2 264+ =

= + + √ −∫ ∫32 2
12

2 642

0

4 3 2

4 3

8
2 2π a

y

a
dy a y dy

a

a

a
( )
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X

Y

O

S

M

R

A

(0, 8a)

(4a, 4a√3)

Q
T

P



= +












√

32
1

6 3
2

3

0

4 3

πa
a

y
a

+ √ − +












−

√

2
1

2
64

64

2 8
2 2

2
1

4 3

8

y a y
a y

a
a

a

( ) sin

= +
× √











32
1

6

64 3 3

3
2

3

πa
a

a

+ − √ + − √− −2 0 8 3 32 1 3 22 2 1 1[ sin sin ( / ) ]{ } { }a a

= +
√

− √ +32
32 3

3
16 3

32

3
2

2
2 2π πa

a
a a  

= − √ = − √
128

3

16

3
3

16

3
8 32 2 2a a aπ π( ) .

Ex am ple 10:  Find by dou ble in te gra tion the area of the re gion en closed by the curves 

x y a2 2 2+ = ,  x y a+ =  (in the first quadrant).

So lu tion: The given equa tions of

the cir cle x y a2 2 2+ =  

[centre ( , )0 0  and radius a] and of the

straight line x y a+ =  (with equal

intercepts a on both the axes) can be

easily traced as shown in the figure.

The required area is the area

bounded by the arc AB and the line 

AB . To find it with the help of

double integration take any point 

P x y( , ) in this portion and consider

an elementary area δ δx y at P . The

required area can now be covered by

first moving y from the straight line x y a+ =  to the arc of the circle x y a2 2 2+ =  and

then moving x from 0 to a .

∴  the required area =
= = −

√ −

∫ ∫x

a

y a x

a x
dx dy

0

2 2

( )

( )
, the first integration to be performed

w.r.t. y  whose limits are variable

= = √ − − −∫ ∫−
√ −

0 0

2 2
2 2a

a x
a x

a
y dx a x a x dx[ ] [ ( ) ( )]

( )
( )

= √ − +







− +





−1

2

1

2

1

2
2 2 2 1 2

0

x a x a x a ax x
a

( ) sin ( / )

= − + = −
1

2

1

2

1

2

1

2

1

2
12 2 2 2a a a a. ( ) ( )π π

= −
1

4
22a ( ) .π
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Note: The re quired area can also be cov ered by first mov ing x from the straight line 

x y a+ =  to the arc of the cir cle x y a2 2 2+ =  and then mov ing y from 0 to a .

1. Find the common area between the curves y ax2 4=  and x ay2 4= .

(Meerut 2004B, 08; Agra 14)

 2.  (i)    Find the area included between y ax2 4=  and y mx= .

(ii) Find the area of the segment cut off from the parabola y x2 4=  by the line 

y x= −8 1.

 3. (i) Find the area common to the two curves y ax2 = , x y ax2 2 4+ = .

(Meerut 2005B, 06, 09B)

(ii) Find the area lying above x-axis and included between the circle 

          x y ax2 2 2+ =  and the parabola y ax2 = . (Bundelkhand 2007)

 4. (i) Show that the area included between the parabolas 

y a x a2 4= +( ) , y b b x2 4= −( ) is 
8

3
( ) ( ) .a b ab+ √

(Rohilkhand 2013)

(ii) Show that the area common to the ellipses  a x b y2 2 2 2 1+ = , 

b x a y2 2 2 2 1+ = , where  0 < <a b , is 4 1 1( ) tan ( / ) .ab a b− −

5. If A is the vertex, O the centre and P any point ( , )x y  on the  hyperbola 

x a y b2 2 2 2 1/ / ,− =  show that x a S ab= cosh ( / ) ,2  y b S ab= sinh ( / ),2  where S is

the sectorial area OPA .

6. Prove that the area of a sector of the ellipse of semi-axes a and b between the major 

axis and a radius vector from the focus is 
1

2
ab e( sin ) ,θ θ−  where θ is the eccentric

angle of the point to which the radius vector is drawn.

7. Find the area common to the circle x y2 2 4+ =  and the ellipse x y2 24 9+ = .

(Purvanchal 2009)

8. Find the area included between the parabola x ay2 4=  and the curve 

y a x a= +8 43 2 2/( ) . (Rohilkhand 2008B)

9. Find by double integration the area bounded by the curves y x x( )2 2 3+ =  and 

4 2y x= .

10. Find by double integration the area lying between the parabola y x x= −4 2 and

the straight line y x= .

I-146

C Eomprehensive xercise 2



1. 16 32a / 2. (i) 8 32 3a m/ (ii) 9/(64)

3. (i) a2 3 3
4

3
√ +





π (ii) a2 1

4

2

3
π −





7. 4 9
1

3
7 3 8

1

2
7 31 1π + √








− ⋅ √







− −sin ( / ) sin ( / )

8. 2
4

3
2π −





a 9. ( / ) log ( / )3 2 3 2 3−

   4  Areas of Curves given by Parametric Equations

To find the area of a curve given by parametric equations is explained by the following

examples.

Ex am ple 11:  Find the area in cluded be tween the cycloid x a sin= −( ) ,θ θ  y a cos= −( )1 θ  and

its base. (Kumaun 2001, 11; Meerut 07B; Purvanchal 07; Kashi 13)

So lu tion: The para met ric equa tions of the given

cycloid are  x a= −( sin ) ,θ θ  y a= −( cos ) .1 θ

We have dx d a/ ( cos ),θ θ= −1   dy d a/ sin .θ θ=

∴ 
dy

dx

dy d

dx d

a

a
= =

−
/

/

sin

( cos )

θ
θ

θ
θ1

     = =
2

1

2

1

2

2
1

2

1

22

sin cos

sin
cot .

θ θ

θ
θ

In this curve y = 0 when a ( cos )1 0− =θ  

i e. ., cos . .,θ = 1 i e  θ = 0 .

When θ = 0 , x a= − =( sin ) ,0 0 0  y = 0 and dy dx/ cot .= = ∞0  Thus the curve passes

through the point ( , )0 0  and the axis of y is tangent at this point.

In this curve y is maximum when cos . .,θ = − 1 i e  θ π= . When θ π= ,

x a a= − =( sin ) ,π π π  y a= 2 ,
dy

dx
= =cot .

1

2
0π  Thus at the point θ π= , whose cartesian co-ordinates are ( , ) ,a aπ 2  the 

tangent to the curve is parallel to x-axis. This curve does not exist in the region y a> 2 .

In this curve y cannot be −ive because cos θ cannot be greater than 1. Thus one

complete arch of the given cycloid is as shown in the figure.

Now this cycloid is symmetrical with respect to the line x a= π (axis of the cycloid) and

its base is the x-axis. Therefore the required area
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= = ⋅ = − −
= =∫ ∫ ∫2 2 2 1 1

0 0 0x

a
y dx y

dx

d
d a a

π

θ

π π

θ
θ θ θ( cos ) . ( cos ) dθ 

= −∫2 12

0

2a d
π

θ θ( cos )  = =∫ ∫2 2
1

2
8

1

2
2

0

2 2 2

0

4a d a d
π π

θ θ θ θ( sin ) sin  

= φ φ∫8 22

0

2
4a d

π /
sin , putting  

1

2
θ = φ so that 

1

2
d dθ = φ

= φ φ = ⋅ ⋅∫16 16
2

2

0

2
4 2a d a

π π/
sin ,

3.1

4.2
 by Walli’s formula 

= 3 2π a .

Ex am ple 12: Find the whole area of the curve (hypocycloid) given by the equa tions 

x a cos t= 3 , y b sin t= 3 . (Gorakhpur 2005; Rohilkhand 09; Kashi 11)

So lu tion: Elim i nat ing t from the given equa tions

the car te sian equa tion of the curve is ob tained as  

( / ) ( / )/ /x a y b2 3 2 3 1+ =

i e. ., { } { }( / ) ( / ) ./ /x a y b2 1 3 2 1 3 1+ =

Since the powers of  x and y are all even, the curve is

symmetrical about both the axes. It does not pass

through the origin. It cuts the axis of x at the points 

( , )± a 0  and the axis of y at the points ( , ) .0 ± b  The

tangent at the point ( , )a 0  is x-axis. At the point B , 

x = 0 and t =
1

2
π . At the point A , x a=  and t = 0 .

∴ the required area = ×4 area OAB

= = ⋅ ⋅
= =∫ ∫4 4

0 2

0

x

a

t
y dx y

dx

dt
dt

θ /

= −∫4 3
2

0
3 2

π /
sin .( cos sin ) ,b t a t t dt   (putting for y and dx dt/ )

= ∫12
0

2
4 2ab t t dt

π /
sin cos (Note)

  = ⋅ ⋅ =12
2

3

8
ab ab

3.1.1

6.4.2

π
π .

1. Find the area included between the curve x a t t= +( sin ) , y a t= −( cos )1  and its
base. (Agra 2005)

2. Find the area of a loop of the curve  x a t= sin ,2  y a t= sin  

or  a x y a y2 2 2 2 24= −( ) .
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3. Show that the area bounded by the cissoid x a t= sin ,2   y a t t= ( sin )/cos3

and its asymptote is 3 42πa / .

4. Find the area of the loop of the curve

x a t= −( ) ,1 2  y at t= −( ) ,1 2  where − ≤ ≤1 1t .

1. 3 2πa 2. 4 32a / 3. 3 42πa / 4. 8 152a /( )

   5  Areas of Curves given by Polar Equations

If r f= ( )θ  be the equation of a curve in polar coordinates where f ( )θ  is a single valued

continuous function of θ , then the area of the sector enclosed by the curve and the two radii vectors 

θ θ= 1 and θ θ= 2 ( ) ,θ θ1 2<  is equal to 
1

2 1

2 2

θ θ

θ
θ

=∫ r d .

Proof: Let OAB be the area of the curve

 r f= ( )θ  between the radii vectors θ θ= 1 

and θ θ= 2 .

Let P r( , )θ  be any point on the curve between 

A and B . Take a point Q r r( , )+ +δ θ δθ  on the

curve very near to P and draw the radius vector 

OQ . Let the sectorial areas AOP and AOQ be

denoted by A and A A+ δ  respectively.

Then the curvilinear area OPQO

= + − =A A A Aδ δ .

Also we have OP r= ; OQ r r= + δ  and ∠ =POQ δθ .

The area of the circular sector POQ′ 

=
1

2
 ( ) . ,radius arc× = =

1

2

1

2
2r r rδθ δθ

and the area of the circular sector P OQ′  

= + + = +
1

2

1

2
2( ) .( ) ( ) .r r r r r rδ δ δθ δ δθ

Now, area POQ OPQ P OQ′ < < ′area area ,

i e. .,  
1

2

1

2
2 2r A r rδθ δ δ δθ< < +( ) , i e. ., 

1

2

1

2
2 2r A r r< < +δ δθ δ/ ( ) .

Proceeding to limits as δθ → 0 , we get 
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P′
P(r, )θ

Q′

O
θ2
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X



   
dA

d
r

θ
=

1

2
2 or dA r d=

1

2
2 θ .

∴ [ ] .A r dθ
θ

θ

θ
θ

1

2

1

2 1

2
2= ∫

Now the L.H.S. = the value of A for θ equal to θ2 − the value of A for θ equal to θ1

  = − =( ) .the area areaAOB AOB0

Hence the required area AOB = ∫1

2 1

2 2

θ

θ
θr d .

Note: In some cases it is more con ve nient to find the re quired area by us ing dou ble

in te gra tion. In that case the area is given by 
r

f
r d dr

== ∫∫ 01

2 ( )
,

θ

θ θ

θ
θ  ( ) .θ θ1 2<

Re mem ber: The num ber of loops in r a n= cos θ   or  r a n= sin θ  is n   or   2n ac cord ing as 

n is odd or even.

Ex am ple 13: Find the area of the curve r a cos2 2 2= θ .

(Agra 2006, 07; Rohilkhand 07; Meerut 10B; Kumaun 11)

So lu tion: The given curve is sym met ri cal about the ini tial line θ = 0 and about the

pole. Putt ing r = 0 in the given equa tion of the curve, we get  

cos 2 0θ =   or  2
1

2
θ π= ±   or  θ π= ±

1

4
. 

Thus two consecutive values of θ for which r is zero

are −
1

4
π and 

1

4
π . Therefore for one loop of the

curve θ varies from − π / 4 to π /4 .

When 
1

2
2

3

2
π θ π< < i e. ., 

1

4

3

4
π θ π< < , r 2 is

negative i e r. .,  is imaginary. Therefore this curve

does not exist in the region  
1

4

3

4
π θ π< < .

Hence this curve has only two loops as shown in the figure.

∴  whole area of the curve = ×2 area of one loop

= =
− −∫ ∫2

1

2
2

4

4
2

4

4
2

π

π

π

π
θ θ θ

/

/

/

/
cos ,r d a d [ cos ]∵ r a2 2 2= θ

= ∫2 22

0

4
a d

π
θ θ

/
cos ,     [by a property of definite integrals]

= 





= =2
2

2

2

2
2

0

4 2
2a

a
a

sin
.

/θ π
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Ex am ple 14: Find the area of the cardioid r a cos= +( ) .1 θ

(Agra 2002; Garhwal 02; Meerut 03, 04B, 10B; Kashi 12)

So lu tion: The given curve is sym met ri cal about

the ini tial line since its equa tion re mains

un al tered when θ is changed into − θ .

We have r = 0 , when cos . ., .θ θ π= − =1 i e

Therefore the line θ π=  is tangent at the pole to

the curve. Also r is maximum when cos . .,θ = 1 i e  

θ = 0 and then r a= 2 .

When θ increases from 0 to π , r decreases from 2a

to 0. Thus the curve is as shown in the figure.

Now the required area  = ×2 area of the upper half of the curve 

= ∫2
1

20

2
π

θr d  = +∫2
1

2
1

0

2 2
π

θ θa d( cos ) , [ ( cos )]∵ r a= +1 θ

= =∫ ∫a d a d2

0

2 2 2

0

42
1

2
4

1

2

π π
θ θ θ θ( cos ) cos .

Now put 
1

2
θ = φ so that 

1

2
d dθ = φ .

Also when θ = 0 , φ = 0 and when θ π= , φ = π / .2

∴ the required area = φ φ∫8 2

0

2
4a d

π /
cos  = ⋅ ⋅8

2
2a

3.1

4.2

π
, by Walli’s formula 

   = 3 22π a / .

Ex am ple 15: Find the area of a loop of the curve r a cos b sin= +3 3θ θ . (Meerut 2000)

So lu tion: In the given equa tion of the curve  put a k= cos ,α  b k= sin α so that 

k a b= √ +( )2 2  and  α = −tan ( / ).1 b a

Thus the given equation reduces to r k k= +cos cos sin sin3 3θ α θ α

or r k k= − = −cos ( ) cos ( ) .3 3
1

3
θ α θ α (Note)

Now rotating the initial line through an angle α /3, the given equation of the curve
becomes

r k k= + − =cos ( ) cos .3
1

3

1

3
3θ α α θ (Note)

It should be noted that the rotation of the initial line changes only the equation of the

curve and has no effect on its shape. Therefore the area of a loop of the given curve is

the same as the area of a loop of the curve r k= cos .3θ

The curve r k= cos 3θ is symmetrical about the initial line. 

Putting r = 0 in it, we have 

cos 3 0θ =   i e. ., 3 2θ π= ± /  i e. ., θ π= ± / .6
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∴ one loop of this curve lies between θ π= − / 6 and θ π= + / 6 and it is symmetrical

about the initial line.

∴  the required area = ∫2
1

20

6
2. ,

/π
θr d              (By symmetry)

      = ∫0

6
2 2 3

π
θ θ

/
cos .k d

Now put 3θ = t,  so that 3 d dtθ = .  Also when θ = 0,  t = 0 and when θ π= / ,6   t = π / .2

∴  the required area = = ⋅ ⋅ =∫k
t dt

k k2

0

2
2

2 2

3 3

1

2

1

2 12

π
π π

/
cos

     = +( ) / .a b2 2 12π      [ ]∵ k a b2 2 2= +

1. Find the area between the following curves and the given radii vectors :

(i) The spiral r aθ1 2/ ;=   θ α= , θ β= .

(ii) The parabola l r/ cos ;= +1 θ   θ = 0 , θ α= .

2. Find the area of the loop of the curve r a= θ θcos  between θ = 0 and θ π= / .2

(Kanpur 2009)

 3. (i) Find the area of one loop of r a= cos .4θ

(ii) Find the area of a loop of the curve r a= sin .3θ

 4. (i) Find the whole area of the curve r a= sin .2θ (Bundelkhand 2009)

(ii) Find the whole area of the curve r a= cos .2θ

 5. (i) Find the whole area of the curve r a b2 2 2 2 2= +cos sin .θ θ

(ii) Find the area of the cardioid r a= −( cos ) .1 θ (Kumaun 2014)

 6. (i) Show that the area of the limacon r a b= + cos ,θ  ( )b a<  is equal to

π a b2 21

2
+




.

(ii) Prove that the sum of the areas of the two loops of the limacon r a b= + cos ,θ
( )b a>  is equal to π ( ) / .2 22 2a b+

7. Calculate the ratio of the area of the larger to the area of the smaller loop of the

curve r = +
1

2
2cos .θ

8. Show that the area of a loop of r a n= cos θ is π a n2 4/ ,  n being integral. Also prove

that the whole area is π a2 4/  or π a2 2/  according as n is odd or even.

9. Trace the curve r = √ +3 3 3cos sin ,θ θ  and find the area of a loop.
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 1. (i) 
1

2
2a log ( / )β α (ii)

1

4

1

2

1

3

1

2
2 3l tan tanα α+





2.
π

π
a2

2

96
6( )−

 3. (i) πa2 16/ ( )  (ii) πa2 12/ ( )

 4. (i) πa2 2/  (ii) πa2 2/

 5. (i) 
1

2
2 2π ( )a b+  (ii) 3 22πa /

 7.
4 3 3

2 3 3

π
π

+ √
− √

9. π / 3

   6  Area Bounded by Two Curves (Polar equations).

To find the area bounded by two curves given in polar form is explained by the

following examples.

Ex am ple 16: Find the area com mon to the cir cles r a= √ 2 and r a cos= 2 θ.

(Agra 2000; Kumaun 08; Meerut 05, 11, 12; Rohilkhand 11B; 
Kanpur 14; Purvanchal 14)

So lu tion: The given equa tions of cir cles are r a= √ 2 and r a= 2 cos .θ  The first

equa tion rep re sents a cir cle with cen tre at pole and ra dius a √ 2. The sec ond equa tion

rep re sents a cir cle pass ing through the pole and the di am e ter through the pole as the

ini tial line. Both these cir cles are sym met ri cal about the ini tial line. Elim i nat ing r

be tween the two equa tions, we have at the points of intersection

a a√ =2 2 cos ,θ  i e. ., cos / ,θ = √1 2 i e. ., θ π= ± / .4
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P

B

π/4π/4

θ = —
π
2

Y

θ = —
π
4

r =
 a√2

O

θ = 0

r 
= 2

a c
os

 θ

Q

X
A



Thus at P , θ π= / .4  For the circle r a= 2 cos ,θ  at O r, = 0 and so cos θ = 0

i e. ., .θ π=
1

2

Now the required area = Area OQAPBO

= 2 ( ) ,area OAPBO  (by symmetry)

= +2 [ ]Area AreaOAP OPBO  

=



 ∫2

1

2 0

4
2

π
θ

/
,r d  for the circle r a= √ 2

+ ∫1

2 4

2
2

π

π
θ

/

/
,r d  for the circle r a=




2 cos θ

= √ +∫ ∫0

4
2

4

2
22 2

π

π

π
θ θ θ

/

/

/
( ) ( cos )a d a d   

= + +∫2 2 1 22
0

4 2

4

2
a a d[ ] ( cos )/

/

/
θ θ θπ

π

π

= 





+ +





2
4

2
2

2
2 2

4

2

a a
π

θ
θ

π

πsin

/

/

= + − −





π π πa
a

2
2

2
2

2 4

1

2
 

= + − = − = −
1

2

1

2
12 2 2 2 2 2π π π πa a a a a a ( ) .

Ex am ple 17: Find the ra tio of the two parts into which the pa rab ola 2 1a r cos= +( )θ  di vides

the area of the cardioid r a cos= +2 1( ).θ

So lu tion: Elim i nat ing r be tween the given equa tions of the curves, we get 

2 1 2 1a a( cos ) / ( cos )+ = +θ θ  or  ( cos )1 12+ =θ

or cos (cos )θ θ + =2 0  

or  cos ,θ = 0     [ cos ]∵ θ ≠ − 2

or  θ π= ± / .2

Thus at the point of intersection P of the

two curves, θ π= / .2

Now area of the whole cardioid

= × ∫2
1

2 0

2
π

θr d , 

(by symmetry)

= +∫0

2 24 1
π

θ θa d( cos )
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θ = —
π
2

, r = 2a

P

Y

C
B

θ = 0, r = a

AO

θ = π

θ = π

r = 0

Q

θ = 0
r = 4a



= ∫4 2
1

2
2

0

2 2a d
π

θ θ( cos )  = ∫16
1

2
2

0

4a d
π

θ θcos

= φ φ∫16 22

0

4a d
π / 2

cos . ,     (putting 
1

2
θ = φ so that 

1

2
d dθ = φ ;

also when θ = 0 , φ = 0 and when θ π= , φ =
1

2
π )

= ⋅ ⋅ =32
2

62 2a a
3.1

4.2

π
π . ...(1)

     Area OACPO r d= ∫1

2 0

2
π / 2

θ, for the parabola r
a

=
+

2

1 cos θ

= ⋅
+

=∫ ∫1

2
4

1 2

1

2
2

0 2

2

0

4a
d a

d
π / 2 π / 2θ

θ
θ θ

( cos )
sec

= +∫1

2
1

1

2

1

2
2

0

2 2a d
π / 2

θ θ θ( tan ) sec

= +





= +





= ⋅a a
a2 3

0

2
2

21

2

1

3

1

2
1

1

3

4

3
tan tan

/

θ θ
π

 ...(2)

Also  area OPBO r d= ∫1

2
2

π / 2

π
θ, for the cardioid  r a= +2 1( cos )θ

= +∫1

2
4 12 2

π / 2

π
θ θa d( cos )  = + +∫2 1 22 2a d

π / 2

π
θ θ θ[ cos cos ]

= + + +∫2 1 2
1

2

1

2
22a d

π / 2

π
θ θ θ( cos cos )  

= + +





2
3

2
2

1

4
22

2
a θ θ θ

π

π
sin sin

/
= −

3

2
42 2π a a . ...(3)

Adding (2) and (3) and multiplying by 2, we get the whole area included between the

two curves i e. ., the area of the smaller portion of the cardioid

= × + −











= −





2
4

3

3

2
4 3

16

3
2 2 2 2a a a aπ π  

= −
1

3
9 162a [ ] .π ...(4)

Also the shaded area (i e. ., the area of the larger portion of the cardioid)

= − (Area of the whole cardioid )  (unshaded area) i e. ., ( ) ( )= −1 4

= − − = +6
1

3
9 16

1

3
9 162 2 2π π πa a a( ) ( ) . ...(5)

∴ Ratio of the two parts = =
+

−
 
Larger  area

Smaller  area

1

3
9 16

1

3
9 16

2

2

a

a

( )

( )

π

π
=

+
−

⋅
9 16

9 16

π
π
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Ex am ple 18: Find the area ly ing be tween the cardioid r a cos= −( )1 θ  and its dou ble tan gent.

So lu tion: Let PQ be the double

 tan gent of the cardioid. Clearly it

is perpendicular toOX i e. ., it must

be in clined at an an gle of 90o to the

ini tial line i e. ., ψ = 90o at P .

Also we know that at any point of a

curve,

ψ θ= + φ .    ...(1)

Now 

tan ( / ) / ( / )φ = =r d dr r dr dθ θ

         = −a a( cos ) / ( sin ) ,1 θ θ  [ ( cos )]∵ r a= −1 θ

         = =
2

1

2

2
1

2

1

2

1

2

2sin

sin cos
tan .

θ

θ θ
θ

∴        φ =
1

2
θ .

Putting the value of φ in (1), we get

 ψ θ θ θ= + =
1

2

3

2
. 

Since at P , ψ π=
1

2
, therefore at P,  

1

2

3

2
π θ=   or  θ

π
=

3
.

∴ the vectorial angle of the point of contact P of the double tangent is π /3 i e. ., 60o.

Substituting this value of θ in the equation of the curve, we get the radius vector 

OP a a= − =( cos ) / .1 60 2o

Thus in the triangle OPM ,

OP a=
1

2
, ∠ =POM 60o, ∠ =PMO 90o.

∴ OM a a a= = ⋅ =
1

2
60

1

2

1

2

1

4
cos o   

and PM a a= = √
1

2
60

1

2
3 2sin ( / ).o

∴  area of the triangle OPM OM PM a a= = 





√
1

2

1

2

1

4
3 4. ( / ) = √( / ) .1 32 32a

Also the sectorial area OPO of the cardioid r a= −( cos )1 θ  i e. ., the dotted area

= = −∫ ∫1

2

1

2
1

0

3
2

0

3
2 2

π / π /
θ θ θr d a d( cos )
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Y

oψ = 90

M θ = 0
X

Q

O

P

A
θ = π

θ = —
π
2

r = —, θ = —
a

2

π
3

θ = —
π
3



= − + +∫1

2
1 2

1

2

1

2
22

0

3
a d

π /
θ θ θ( cos cos )

= − +





1

2

3

2
2

1

4
22

0

3

a θ θ θ
π /

sin sin

= − √ + √





= − √
1

2

1

2
3

1

8
3

1

16
4 7 32 2a aπ π( ).

Hence the required area (i e. ., the area shaded by vertical lines)

= −2 [ ]area of area of sector∆ OPM OPO

= √ − − √





2
1

32
3

1

16
4 7 32 2a a ( )π  = √ −

1

16
15 3 82a ( ).π

Ex am ple 19: Find the area of a loop of the curve r a sin= 3θ out side the cir cle r a= /2 and

hence find the whole area of the curve out side the cir cle r a= / .2

So lu tion: Elim i nat ing r be tween the two

given equa tions, we get ( / ) sina a2 3= θ

i.e., sin 3
1

2
θ =

i.e., 3 6θ π= /   or  5 6π /

i e. .,  θ π= / 18   or  5 18π /

i e. ., θ = 10o or 50o.

Thus the loop of the curve r a= sin 3θ lying

between θ = 0 and θ π= / 3 intersects the

circle r a= / 2 at the points B and B′ where 

θ = 10o at B and θ = 50o at B′ . This loop is

symmetrical about OA and θ π= / .6 at A

Now the required area of a loop of the curve r a= sin 3θ lying outside the circle r a= / 2

= the area BAB CB′   (i e. ., the shaded area)

= ×2 area BACB ,   (by symmetry)

= ×2 [(area of the curve r a= sin 3θ between the radii vectors OB 

and OA  i e. ., θ π= / 18 and θ π= / 6)  − (area of the circle r a= / 2 

between the radii vectors OB and OC i e. ., θ π= / 18 and θ π= / 6 )]

=



 ∫2
1

2 18

6
2

π /

π /
θr d , for the curve r a= sin 3θ

− ∫1

2 18

6
2

π /

π /
θr d , for the circle r

a
=




2

= −∫ ∫π /

π /

π /

π /
θ θ θ

18

6
2 2

18

6 2

3
4

a d
a

dsin  
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O

Y πθ = —
2

πθ = —
3

πθ = —
6

πθ = —
18

A
C

B
X

θ = 0

B′

1
r = —

2
a



= − −∫a
d

a2

18

6 2

18
6

2
1 6

4π /

π /

π
π /θ θ θ( cos ) [ ] /

= −





− −





a a2

18

6 2

2

6

6 4 6 18
θ

θ π π

π /

πsin /

 

= −







− −















 − ⋅

a a2 2

2 6 6 18

1

6 3 4 9

π π π π πsin
sin

= − − ⋅
√




















−
a a2 2

2 6 18

1

6

3

2 36

π π π

= +
√







 − = + √

a a a2 2 2

2 9

3

12 36 72
2 3 3

π π
π[ ] .

Again the curve r a= sin 3θ has 3 equal loops.  [∵ n = 3 which is odd.]

∴ whole area of the curve r a= sin 3θ outside the circle r a= /2

= × ′3 area BAB CB i e. ., 3 times the shaded area 

= × + √ = + √3
1

72
2 3 3

1

24
2 3 32 2a a[ ] [ ].π π

1. Find the area outside the circle r a= 2 cos θ and inside the cardioid 

r a= +( cos ) .1 θ

2. Find the total area inside r = sin θ and outside r = −1 cos .θ

3. Find by double integration the area lying inside the circle r a= sin θ and outside

the cardioid  r a= −( cos ).1 θ  

4. Find the area common to the circle r a=  and the cardioid r a= +( cos ).1 θ

(Meerut 2007)

5. Find the area of the portion included between the cardioids r a= +( cos )1 θ  and

 r a= −( cos ).1 θ

6. Show that the area contained between the circle r a=  and the curve r a= cos 5θ is

equal to three-fourth of the area of the circle.

7. Find the area between the curve r a= +( cos )sec θ θ  and its asymptote.

(Purvanchal 2010)

8. O is the pole of the lemniscate r a2 2 2= cos θ and PQ is a common tangent to its

two loops. Find the area bounded by the line PQ and the arcs OP and OQ of the

curve.
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 1. πa2 2/ 2.  1 4− ( / )π      3.  a2 1 4{ }− ( / )π

 4. a2 5

4
2π −





5.  2
3

4
22a π −





     7.  5 42πa /

 8.
1

8
3 3 42a ( )√ −

   7  Cartesian Equations Changed to Polar Form

Sometimes it is convenient to find the required area if the given cartesian equation of

the curve is changed to polar form by putting x r= cos θ and y r= sin .θ

Ex am ple 20: Find the area of a loop of the folium x y axy3 3 3+ = . (Meerut 2001)

So lu tion: Chang ing the equa tion of the curve

 x y axy3 3 3+ =  into po lar form by putt ing  

x r= cos θ and y r= sin ,θ  we have

     ( cos ) ( sin ) ( cos ) .( sin )r r a r rθ θ θ θ3 3 3+ =

or    r a= +3 3 3cos sin / (cos sin ) .θ θ θ θ   ...(1)

From (1), r = 0 when θ = 0 and when θ π= / .2

∴  the loop lies between θ = 0 and θ π= / .2

Hence the required area of the loop

= ∫1

2 0

2
2

π
θ

/
r d

=
+









∫1

2

3

0

2

3 3

2
π θ θ

θ θ
θ

/ cos sin

cos sin
,

a
d putting for r from (1)

=
+∫9

2

2

0

2 2 2

3 3 2

a
d

π θ θ

θ θ
θ

/ cos sin

(cos sin )

=
+∫9

2 1

2

0

2 2 2

3 2

a
d

π θ θ

θ
θ

/ tan

( tan )
,

sec

dividing the numerator and the denominator by cos .6 θ

Now put 1 3+ =tan θ t so that 3 2 2tan .θ θ θsec d dt=

Also when θ = 0 , t = 1 and when θ π→ / ,2  t → ∞.

∴  area of the loop

= ⋅
∞

∫9

2

1

3

2

1 2

a

t

dt
 = −





= ⋅
∞3

2

1 3

2

2

1

2a

t

a
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y =
 x

O θ = 0 X

A

Y

Y′

P θ = θ

B

θ

C x +
 y +

 a = 0

θ = —
π
2

3θ = —
π
4

X′

Answers 5



1. Find the area of a loop of the curve x y a xy4 4 24+ = .

2. Find the area of a loop of the curve ( ) .x y axy2 2 2 24+ =

3. Prove that the area of a loop of the curve x y a y x6 6 2 2 2+ =  is  π a2 12/ .

4. Find the area of a loop of the curve x x y y a xy4 2 2 4 23 2+ + = .

5. Prove that the area of  a loop of the curve x y ax y5 5 2 25+ =  is five times the area

of one loop of the curve r a2 2 2= cos .θ (Purvanchal 2014)

 1. a2 2( / )π   2. πa2 4/  3. 
1

4
22a log

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

 1. The area bounded by the axis of x, and the curve y x= sin2  and the given

ordinates x x= =0
2

,
π

 is

(a) 
π
4

(b) 
π2

4
(c) 

π
2

(d) π

 2. The loop of the curve 3 2 2a y x x a= −( )  will lie between

(a) x x a= =0,  (b) x a x a= − =,

(c) x x a= = −0, (d) y y a= =0,

 3. The area of one loop of the curve r a2 2 2= cos θ is

(a) a2 (b) 
a2

2
(c) 

3

2

2a
(d) 

a2

4
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 4. The whole area of the ellipse  
x

a

y

b

2

2

2

2
1+ =  is

(a) 
π
2

ab (b) π ab (c) π2 ab (d) 
2

3

π
ab

(Agra 2006; Bundelkhand 06, 08; Kumaun 09)

5. The area of the curve r a=  is

(a) πa2 (b) 2πa (c) 2 2πa (d) 4 2πa

(Rohilkhand 2006)

6. The whole area of the curve r a n= cos θ is πa2 4/ if n is:

(a) odd  (b) even

(c) odd and even both            (d) none of these (Kumaun 2008)

7. Quadrature is the process of evaluating the

(a) length of plane curves (b) area under plane curves

(c) volume formed by revolution of curve about the axis

(d) none of these (Kumaun 2010)

Fill in the Blank(s)

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. The process of finding the area of any bounded portion of a curve is called …… .

 2. If f x( ) is a continuous and single valued function of x, then the area bounded by

the curve y f x= ( ) the axis of x and the ordinates x a=  and x b=  is …… .

 3. The area between the curve r a e m= θ and the given radii vectors θ α θ β= =,  is

…… .

 4. The curve r a= sin 3 θ has …… loops.

 5. The area bounded by the axis of x, and the curve y c
x

c
= 





cosh  and the ordinates 

x x a= =0,  is …… .

True or False

Write ‘T’ for true and ‘F’ for false statement.

1. If r f= ( )θ  be the equation of a curve in polar co-ordinates where f ( )θ  is a

single-valued continuous function of θ, then the area of the sector enclosed by the

curve and the two radii vectors θ θ= 1 and θ θ θ θ= <2 1 2( ), is equal to 
1

2 1

2 2

θ θ

θ θ
θ

=

=

∫ r d .

2. The number of loops in r a n= cos θ is n or 2n according as n is even or odd.

3. The area of the astroid  x y a2 3 2 3 2 3/ / /+ =  is 
3

8
2π a .

(Agra 2003)

4. The area of ellipse x a y b2 2 2 2 1/ /+ =  is 2 2a b. (Agra 2002)
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Multiple Choice Questions 

 1. (a)  2. (a)  3.  (b) 4.  (b) 5.  (a)

 6. (a)  7. (b)

Fill in the Blank(s)

 1. quad ra ture  2.  
a

b
f x dx∫ ( )

 3.
a

m
e em m

2
2 2

4
( )β α−  4.  three  5.  c

a

c
2 sinh

True or False

 1. T 2. F 3. T 4.  F

¨
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    1  Rectification

The process of finding the length of an arc of a curve between two given points is called

rectification.

   2  Lengths of Curves (Meerut 2009B)

If s denotes the arc length of a curve measured from a fixed point to any point on it, then

as proved in Differential Calculus, we have

ds

dx

dy

dx
= ± + 
















√ 1

2

,

where +ive or –ive sign is to be taken before the radical sign according as x increases or

decreases as s increases. Hence if s increases as x increases, we have

ds

dx

dy

dx
= + 
















√ 1

2

  or  ds
dy

dx
dx= + 
















√ 1

2

.
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Integrating, we have s
dy

dx
dx

a

x
= + 
















∫ √ 1

2

,

where a is the abscissa of the fixed point from which s is measured.

Hence the arc length of the curve y f x= ( ) included between two points for which 

x a x b= =and  is equal to √∫ + 
















1

2dy

dx
dx

a

b
, ( ).b a>

Sometimes it is more convenient to take y as the independent variable. Then the

length of the arc of the curve x f y= ( ) between y a=  and y b=  is equal to 

√∫ +





















1

2
dx

dy
dy

a

b
, ( ).b a>

Remark: Suppose we have to find the length of the arc of a curve (whose cartesian

equation is given) lying between the points ( , )x y1 1  and ( , ) .x y2 2  We can use either of

the two formulae

s dy dx dx
x

x
= √ +∫

1

2
1 2{ }( / )  and s dx dy dy

y

y
= √ +∫

1

2
1 2{ }( / ) .

If we feel any difficulty in integration while using one of these two formulae, we must

try the other formula also.

Ex am ple 1: Show that the length of the curve y log sec x=  be tween the points where x = 0 and 

x =
1

3
π is log ( ) .2 3+ √

(Kanpur 2005; Rohilkhand 14)

So lu tion: The given curve is y x= log .sec ...(1)

Differentiating (1) w.r.t. x , we get 
dy

dx x
x x x= =

1

sec
sec tan tan .

Now  
ds

dx

dy

dx
x x





= + 





= + =
2 2

2 21 1 tan .sec ...(2)

If the arc length s of the given curve is measured from x = 0 in the direction of x

increasing, we have 
ds

dx
x ds x dx= =sec or sec .

Therefore if s1 denotes the arc length from x = 0 to x =
1

3
π , then

0 0

3

0
31s

ds x dx x x∫ ∫= = +
π π/

/[log ( tan )]sec sec

or s1
1

3

1

3
1 2 3= +





−





= + √log tan log log ( ) .sec π π

I-164



Ex am ple 2: Find the length of the arc of the pa rab ola y ax2 4=  ex tend ing from the ver tex to an

ex trem ity of the latus rec tum. (Lucknow 2005; Meerut 09)

So lu tion: The given equa tion of pa rab ola is 

y ax2 4= . ...(1)

The point O ( , )0 0  is the vertex of the parabola and the

point L a a( , )2  is an extremity of the latus rectum LSL′.
We have to find the length of arc OL . Differentiating (1)

w.r.t. x , we get 2 4y dy dx a( / ) .=

∴         dy dx a y/ /= 2   or   dx dy y a/ / .= 2

Now 
ds

dy

dx

dy

y

a









 = +









 = +

2 2 2

2
1 1

4

      = +
1

4
4

2
2 2

a
a y( ) . ...(2)

If ‘s’ denotes the arc length of the parabola measured from the vertex O to any point 

P x y( , ) towards the point L , then s increases as y increases. Therefore ds dy/  will be

positive. So extracting the square root of (2) and keeping the positive sign, we have

ds

dy a
a y= √ +

1

2
4 2 2( )  or  ds

a
a y dy= √ +

1

2
4 2 2( ) .

Let s1 denote the arc length OL . Then

0 0

2
2 21 1

2
4

s a
ds

a
a y dy∫ ∫= √ +( )  

or  s
a

y
a y

a
y a y

a

1
2 2

2
2 2

0

2
1

2 2
4

4

2
4= √ + + + √ +













( ) log ( ){ }

   = √ + + + √
1

2
4 4 2 2 82 2 2 2

a
a a a a a a[ ( ) log ( ){ } − −0 2 22a alog ( )]

    = √ + + √
1

2
2 2 2 2 2 2 22 2

a
a a a a a[ log ( ) / ]{ }

    = √ + + √ = √ + + √
2

2
2 1 2 2 1 2

2a

a
a[ log ( )] [ log ( )] .

Ex am ple 3: Find the per im e ter of the loop of the curve 3 2 2ay x a x= −( ) .

(Meerut 2000, 04, 06B, 07B, 11B; Purvanchal 10; Kashi 14)

So lu tion: The given curve is 3 2 2ay x a x= −( ) . ...(1)

Here the curve is symmetrical about the x-axis. Putting y = 0, we get x = 0, x a= . So the 

loop lies between x = 0 and x a= . Differentiating (1) w.r.t. x, we get

6 2 3 2ay
dy

dx
ax x= −   or  

dy

dx

x a x

ay
=

−
⋅

( )2 3

6
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∴ 1 1
2 3

36
1

2 3

12

2 2 2

2 2

2 2

2
+ 





= +
−

= +
−dy

dx

x a x

a y

x a x

a x

( ) ( )

( )a x−

[Substituting for 3 2ay  from (1)]

= +
−

−
=

− + −
−

=1
2 3

12

12 12 2 3

12

42 2 2( )

( )

( )

( )

(a x

a a x

a ax a x

a a x

a −
−

⋅
3

12

2x

a a x

)

( )

∴  the required length of the loop

= twice the length of the half loop lying above the x-axis

[By symmetry]

= + 
















=

−
∫ √ ∫ √2 1 2

4 3

120

2

0

2a ady

dx
dx

a x

a a

( )

( −











x
dx

)

=
√

−
√ −∫1

3

4 3

0( )

( )

( )a

a x

a x
dx

a
 =

√
− +

√ −∫1

3

3

0( )

( )

( )a

a x a

a x
dx

a

=
√

−
√ −

+
√ −









∫1

3

3

0( )

( )

( ) ( )a

a x

a x

a

a x
dx

a
 

=
√

√ − + −∫ −1

3
3

0

1 2

( )
[ ( ) ( ) ]/

a
a x a a x dx

a

=
√

− ⋅ − − −





1

3
3

2

3
23 2 1 2

0( )
( ) . ( )/ /

a
a x a a x

a

 

=
√

+ =
√

⋅
1

3
2 2

4

3
3 2 3 2

( )
[ ]/ /

a
a a

a

Ex am ple 4: Find the length of the astroid x y a2 3 2 3 2 3/ / / .+ =

(Meerut 2002, 03, 13B; Kumaun 02, 10; Agra 05; Purvanchal 08; Kashi 12)

So lu tion: The given astroid is  x y a2 3 2 3 2 3/ / / .+ = ...(1)

The curve is symmetrical in all the four quadrants. For the arc of the curve in the first

quadrant x varies from 0 to a. Differentiating (1), w.r.t. x, we get

 
2

3

2

3
01 3 1 3x y

dy

dx
− −+ =/ /  

so that 
dy

dx

y

x
= − 





⋅
1 3/

∴  the required whole length of the curve 

 = ×4 length of the curve lying in the Ist quadrant

 = + 
















= +









√ ∫ √4 1 4 1

2

0

2 3

2 3

dy

dx
dx

y

x

a /

/
∫ dx

a

0
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Y

O

a

a

X

t = 0

t = —
π
2



 =
√ +

=
√

∫ ∫4 4
0

2 3 2 3

1 3 0

2 3

1 3

a ax y

x
dx

a

x
dx

( ) ( )/ /

/

/

/

= = 





=∫ −4 4
3

2
61 3

0

1 3 1 3 2 3

0
a x dx a x a

a a
/ / / / .

 1. (i) Find the arc length of the curve y x x= −
1

2

1

4
2 log   from x = 1 to x = 2.

(Meerut 2012B)

(ii) Find the length of the curve y
e

e

x

x
=

−

+
log

1

1
 from x = 1 to x = 2 .

(Meerut 2004B; Agra 06; Avadh 08; Kanpur 11; Rohilkhand 13; Kashi 13)

 2. (i) Show that in the catenary y c x c= cosh ( / ) , the length of arc from the  vertex 

to any point is given by s c x c= sinh ( / ).

(ii) If s be the length of the arc of the catenary y c x c= cosh ( / ) from the vertex 

( , )0 c  to the point ( , )x y , show that s y c2 2 2= − .

 3.    (i) Find the length of an arc of the parabola y ax2 4=   measured from the vertex.

(ii) Find the length of the arc of the parabola y ax2 4=  cut off by its latus rectum.

 4. (i) Find the length of the arc of the parabola  x ay2 4=  from the vertex to an

extremity of the latus rectum. (Kanpur 2008; Purvanchal 09)

(ii) Find the length of the arc of the parabola x y2 8=  from the vertex to an

extremity of the latus rectum.

 5.    (i) Find the length of the arc of the parabola y ax2 4=  cut off by the line y x= 3 .

(ii) Show that the length of the arc of the parabola y ax2 4=  which is intercepted

between the points of intersection of the parabola and the straight line 

3 8y x=  is a log .2
15

16
+





 
(Gorakhpur 2006; Purvanchal 06)

 6.  (i)    Find the perimeter of the curve x y a2 2 2+ = .

(Avadh 2010; Rohilkhand 12B)

(ii) Find the length of the arc of the semi-cubical parabola ay x2 3=  from the

vertex to the point ( , ).a a (Bundelkhand 2010)

 7. (i) Show that the length of the arc of the curve  x a e y a2 2 1= −( )/  measured from 

the origin to the point ( , )x y  is  a a x a x xlog ( ) / ( ) .{ }+ − −
(Rohilkhand 2010B)

(ii) Prove that the length of the loop of the curve 3 2 2ay x x a= −( )  is 4 3a / .√

(Meerut 2005B, 08, 09B)
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 8.  (i)    Find the perimeter of the loop of the curve  9 2 52 2ay x a x a= − −( ) ( ) .

(ii) Show that the whole length of the curve  x a x a y a2 2 2 2 28 2( ) .− = √is π

(Bundelkhand 2006; Purvanchal 11)

1. (i)
3

2

1

4
2+ log (ii) log e

e
+





1

3. (i)
1

4
4 4

4

2
2 2 2

2 2

a
y y a a

y y a

a
√ + +

+ √ +




















( ) log

( )



(ii) 2 2 1 2a [ log ( )]√ + + √

4. (i) a [ log ( )]√ + +2 1 2 (ii) 2 2 1 2[ log ( )]√ + + √

5. (i) a
2 13

9

2 13

3

√
+

+ √



















( )
log

( )

6. (i) 2 aπ (ii)
1

27
13 13 8a [ ( ) ]√ −

8. (i) 4 3a √

   3  Equations of the Curve in Parametric Form (Meerut 2009B)

If the equations of the curve be given in the parametric form x f t= ( ), y t= φ ( ) , then s

is obviously a function of t . In this case if we measure the arc length s in the direction of 

t increasing , we have

ds

dt

dx

dt

dy

dt
= 





+ 
















√

2 2

 or ds
dx

dt

dy

dt
dt= 





+ 
















√

2 2

.

On integrating between proper limits, the required length

s =
dx

dt
 + 

dy

dt
  d

t

t    

1

2
2 2

∫ √ 






















t.

(Meerut 2003)

Ex am ple 5: Show that 8a is the length of an arch of the cycloid whose equa tions are

  x a t sin t y a cos t= − = −( ), ( ) .1

(Agra 2002; Meerut 06; Rohilkhand 08; Kashi 11; Avadh 12; Purvanchal 14) 

I-168

Answers 1



So lu tion: The given equa tions of the cycloid are x a t t y a t= − = −( sin ), ( cos ) .1

We have dx dt a t dy dt a t/ ( cos ),and / sin .= − =1

∴ 
dy

dx

dy dt

dx dt

a t

a t

t t
= =

−
=

/

/

sin

( cos )

sin cos

sin1

2
1

2

1

2

2
12

2

1

2t
t= cot .

Now y = 0 when cos t = 1 i e. ., t = 0. At t x= =0 0, , y = 0 and dy dx/ .= ∞  Thus the curve

passes through the point ( , )0 0  and the tangent there is perpendicular to the x-axis.

Again y is maximum when cos t = − 1 i e. ., t = π . When t = π , x a= π , y a= 2 , dy dx/ .= 0

Thus at the point ( , )a aπ 2  the tangent to the curve is parallel to the x-axis.

Also in this curve y cannot be negative. Thus an arch OBA of the given cycloid is as

shown in the figure. It is symmetrical about the line BM which is the axis of the

cycloid.

We have
ds

dt

dx

dt

dy

dt







= 





+ 





2 2 2

 = − +{ }a t a t( cos ) ( sin )1 2 2

   = +a t t t2 2 2 22
1

2
2

1

2

1

2
{ }( sin ) ( sin cos )

   = + =4
1

2

1

2

1

2
4

1

2
2 2 2 2 2 2a t t t a tsin (sin cos ) sin . ...(1)

If s denotes the arc length of the cycloid measured from the cusp O to any point P

towards the vertex B, then s increases as t increases. Therefore ds dt/  will be taken with

positive sign. So taking square root of both sides of (1), we have 

ds dt a t/ sin= 2
1

2
  or  ds a t dt= 2

1

2
sin .

At the cusp O, t = 0, and at the vertex B, t = π .

Now the length of the arch OBA OB= ×2 length of the arc

= = −





= − 



∫2 2

1

2
4 2

1

2
8

1

20 0

π π
a t dt a t a tsin cos cos

0

π

= − − =8 0 1 8a a[ ] .

Ex am ple 6: Find the length of the loop of the curve x t y t t= = −2 31

3
, .

(Kanpur 2010)

So lu tion: Elim i nat ing the pa ram e ter t from x t= 2 and y t t= −
1

3
3 , 
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we get y x x2 21
1

3
= −( )  as the cartesian equation of the curve and hence we observe

that the curve is symmetrical about the x-axis. The loop of the curve extends from the

point ( , )0 0  to the point ( , )3 0 . Putting y = 0 in y t t= −
1

3
3 , we get t = 0 and t = √ 3.

Therefore the arc of the upper half of the loop extends from t = 0 to t = √ 3.

Now the required length of the loop

= ×2 length of the half of the loop which lies above x-axis

= 





+ 

















√

∫ √2
0

3 2 2
dx

dt

dy

dt
dt 

= √ + − ⋅
√

∫2 2 1
1

3
3

0

3
2 2 2{ }( ) ( )t t dt

= √ + + = +
√ √

∫ ∫2 1 2 2 1
0

3
2 4

0

3
2( ) ( )t t dt t dt 

= +












= √ + √ = √
√

2
3

2 3 3 4 3
3

0

3

t
t

[ ] .

Ex am ple 7: Show that the length of an arc of the curve 

x sin t y cos t f t x cos t y sin t f t+ = ′ − = ′ ′( ), ( )  is given by

s f t f t= + ′ ′( ) ( ), where c is the constant of integration. (Agra 2003)

So lu tion: The given equa tions of the curve are  x t y t f tsin cos ( )+ = ′ ...(1)

and x t y t f tcos sin ( ) .− = ′ ′ ...(2)

Multiplying (1) by sin t and (2) by cos t and adding, we get

x t t t f t t f t(sin cos ) sin . ( ) cos . ( )2 2+ = ′ + ′ ′

or x t f t t f t= ′ + ′ ′sin ( ) cos ( ) . ...(3)

Again, multiplying (1) by cos t and (2) by sin t and subtracting, we get

y t f t t f t= ′ − ′ ′cos ( ) sin ( ) . ...(4)

Now differentiating (3) and (4) w.r.t. t , we get

dx dt t f t t f t t f t t f t/ cos ( ) sin ( ) cos ( ) sin ( )= ′ + ′ ′ + ′ ′ ′ − ′ ′

          = ′ + ′ ′ ′[ ( ) ( )] cosf t f t t 

and dy dt f t f t t/ [ ( ) ( )] sin .= − ′ + ′ ′ ′

Now if s be the arc length in the direction of t increasing, then

ds

dt

dx

dt

dy

dt
= 





+ 
















√

2 2

 

     = √ ′ + ′ ′ ′ + ′ + ′ ′ ′[cos ( ) ( ) sin ( ) ( ) ]2 2 2 2t f t f t t f t f t{ } { }

     = ′ + ′ ′ ′ √ + = ′ + ′ ′ ′[ ( ) ( )] (cos sin ) ( ) ( ).f t f t t t f t f t2 2
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Integrating both sides, we have s f t f t dt c= ′ + ′ ′ ′ +∫ [ ( ) ( )]

= + ′ ′ +f t f t c( ) ( ) , where c is the constant of integration.

 1. (i) Find the whole length of the curve (astroid) x a t y a t= =cos , sin .3 3

(Rohilkhand 2011)

(ii) Find the whole length of the curve (Hypocycloid)    

  x a t y b t= =cos , sin .3 3

2. Rectify the curve or find the length of an arch of the curve

x a t t y a t= + = −( sin ), ( cos ).1 (Rohilkhand 2009B)

3. Prove that the length of an arc of the cycloid  x a t t y a t= + = −( sin ), ( cos )1

from the vertex to the point ( , )x y  is √ ( ) .8ay (Bundelkhand 2007; Meerut 12)

4. Find the length of the arc of the curve 

x e t y e tt t= =sin , cos , from t = 0 to t =
1

2
π .

(Kumaun 2008; Kanpur 09)

5. Show that in the epi-cycloid for which

x a b b a b b= + − +( ) cos cos ( ) / ,θ θ{ }  

y a b b a b b= + − +( ) sin sin ( ) / ,θ θ{ }

the length of the arc measured from the point θ π= b a/  is 

{ } { }4 2b a b a a b( ) / cos ( / ) .+ θ

6. In the ellipse x a y b= φ = φcos , sin , show that ds a e d= √ − φ φ( cos ) ,1 2 2  and

hence show that the whole length of the ellipse is

2 1
1

2 1

1 3

2 4 3

1 3 5

2 4 6

2 2 2 4

πa
e e

− 





⋅ −








 ⋅ −






.

.

. .

. .




 ⋅ −















2 6

5

e
… ,

where e is the eccentricity of the ellipse. (Meerut 2005)

1. (i) 6a (ii) 4 2 2( ) / ( )b ab a b a+ + +

2. 8a 4. √ −2 12[ ]/eπ
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   4  Equation of the Curve in Polar Form

For the curve r f= ( )θ , if we measure the arc length s in the direction of θ increasing, we

have

ds

d
r

dr

dθ θ
= + 
















√ 2

2

 or ds r
dr

d
d= + 
















√ 2

2

θ
θ.

On integrating between proper limits, the required length

s =  r  + 
dr

dq
 dq.

θ

θ

1

2 2
2

∫ √ 




















(Meerut 2003)

If the equation of the curve be θ = f r( ) , then the required length is given by

s =  + r 
dq

dr
 dr.

r

r

1

2
1

2

∫ √ 

















Ex am ple 8: Find the per im e ter of the cardioid r a cos= −( ) .1 θ

(Meerut 2007; Bundelkhand 11)

So lu tion: The given curve is r a= −( cos )1 θ . ...(1)

It is symmetrical about the initial line.

We have r = 0 when cos θ = 1 i e. ., θ = 0. Also r is

maximum when cos θ = − 1 i e. ., θ π=  and then r a= 2 .

As θ increases from 0 to π , r increases from 0 to 2a .

So the curve is as shown in the figure.

By symmetry, the perimeter of the cardioid

= ×2 the arc length of the upper

          half of the cardioid.

Now differentiating (1) w.r.t. θ, we have 

             dr d a/ sin .θ θ=

We have     
ds

d
r

dr

d
a a

θ θ
θ θ





= + 





= − +
2

2
2

2 2 2 21( cos ) sin

= +a a2 2 2 2 22
1

2
2

1

2

1

2
( sin ) ( sin cos )θ θ θ  

= +4
1

2

1

2

1

2
2 2 2 2a sin (sin cos )θ θ θ

                      = 4
1

2
2 2a sin .θ ...(2)
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If s denotes the arc length of the cardioid measured from the cusp O (i e. ., the point

θ = 0) to any point P r( , )θ  in the direction of θ increasing, then s increases as θ increases.

Therefore ds d/ θ will be positive.

Hence from (2), we have

 ds d a/ sin ,θ θ= 2
1

2
 or ds a d= 2

1

2
sin .θ θ ...(3)

At the cusp O, θ = 0 and at the vertex A, θ π= .

∴ the length of the arc OPA a d= ∫0
2

1

2

π
θ θsin

= −





= − 





= − − =4
2

4
2

4 0 1 4
0 0

a a a acos cos ( ) .
θ θπ π

∴ the perimeter of the cardioid = × =2 4 8a a .

Ex am ple 9: Find the length of the arc of the equiangular spi ral r a e cot= θ α , be tween the

points for which ra dii vec tors are r1 and r2 . (Kanpur 2007; Kumaun 09)

So lu tion: The given equiangular spi ral is r ae= θ αcot . ...(1)

Differentiating (1) w.r.t. θ, we get dr d ae r/ . cot cot ,cotθ α αθ α= =  from (1),

∴ d dr r i e r d drθ θ θ θ/ / ( cot ), . ., ( / ) tan= =1 …(2)

If s denotes the arc length of the given curve measured in the direction of r increasing,

we have

ds

dr
r

d

dr
= + 
















√ 1 2

2θ
(Note)

    = √ + = √ =( tan ) (sec ) sec ,1 2 2α α α  from (2)

or ds dr= sec .α (Meerut 2001B)

Let s1 denote the required arc length, i e. ., from r r= 1 to r r= 2 .

Then ds dr r
s

r
r

r

r

0

1

1

2

1

2

∫ ∫= =sec (sec )[ ]α α  or s r r1 2 1= −(sec )( ).α

Ex am ple 10: Prove that the per im e ter of the limacon r a b cos= + θ, if b a/  be small, is

ap prox i mately 2 1
1

4
2 2πa b a+





/ .

So lu tion: The given curve is

r a b a b= + >cos , ( ) .θ ...(1)

Note that b a/  is given to be small so we must have b a< . The curve (1) is symmetrical

about the initial line and for the portion of the curve lying above the initial line θ varies

from θ = 0 to θ π= .
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By symmetry, the perimeter of the limacon

= ×2 the arc length of the upper half of the limacon.

Now differentiating (1) w.r.t. θ, we have  dr d b/ sin .θ θ= −

We have 
ds

d
r

dr

d
a b b

θ θ
θ θ





= + 





= + + −
2

2
2

2 2( cos ) ( sin )

    = + + +a b ab b2 2 2 2 22cos cos sinθ θ θ

       = + +a b ab2 2 2 cos .θ

If we measure the arc length s in the direction of θ increasing, we have

ds d a b ab/ ( cos )θ θ= √ + +2 2 2  

or    ds a b ab d= √ + +( cos ) .2 2 2 θ θ

The arc length of the upper half of the limacon

= √ + + = + +








∫ ∫0

2 2

0

2

2

1

2 1
2π π

θ θ θ( cos ) cosa b ab d a
b

a

b

a

/2

dθ

= + + ⋅ +
−



 


∫a

b

a

b

a

b

a0

2

2

2

2
21

1

2

1

2

1

2
1

2
4

π
θ θcos

!
cos
























dθ

[Expanding by binomial theorem and neglecting powers of b a/

higher than two because b a/  is small]

= + + −










∫a

b

a

b

a
d

0

2

2
21

1

2
1

π
θ θ θcos ( cos )

= + +










∫a

b

a

b

a
d

0

2

2
21

1

2

π
θ θ θcos sin

= +







+










∫a

b

a

b

a
dθ θ θ θ

π π
sin sin

/

0

2

2 0

2
21

2
2  

= + ⋅ ⋅ ⋅












= +












⋅a
b

a
a

b

a
π

π
π

1

2
2

1

2 2
1

4

2

2

2

2

∴ the perimeter of the limacon = × + = +2 1 4 2 1 42 2 2 2a b a a b aπ π[ ( / )] [ ( / )] .
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Ex am ple 11: If s be the length of the curve r a tanh=
1

2
θ be tween the or i gin and θ π= 2 , and ∆

be the area un der the curve be tween the same two points, prove that ∆ = −a s a( ) .π

So lu tion: The given curve is r a= tanh .
1

2
θ

...(1)

Differentiating (1) w.r.t. θ, we get dr d a/ .θ θ= ⋅
1

2

1

2
2sech

We have
ds

d
r

dr

d
a

a

θ θ
θ θ





= + 





= +
2

2
2

2 2
2

41

2 4

1

2
tanh sech

= +
1

4
4

1

2

1

2
2 2 4a [ tanh ]θ θsech

= − +
1

4
4 1

1

2

1

2
2 2 4a [ ( ) ]sech sechθ θ  = −

1

4
2

1

2
2 2 2a [ ] .sech θ ...(2)

If we measure the arc length s in the direction of θ increasing, we have

ds d a/ θ θ= −





1

2
2

1

2
2sech

 [Retaining +ive sign while taking the square root of (2)]

or ds a d= −
1

2
2

1

2
2( ) .sech θ θ

Now at the origin r = 0 and putting r = 0 in (1), we get θ = 0.

∴ the arc length of the given curve between the origin ( )θ = 0  and θ π= 2  is given by

s a d= −∫1

2
2

1

20

2
2

π
θ θ( )sech  

  = −∫ ∫1

2
2

1

2

1

20

2

0

2
2a d a d

π π
θ θ θsech

       = ⋅ − 





1

2
2

1

2
2

1

2
0
2

0

2

a a[ ] tanθ θπ
π
 

  = −2a aπ πtanh . ...(3)

Also the area between the radii vectors θ θ π= =0 2,  and the curve is

∆ = =∫ ∫1

2

1

2

1

20

2
2 2

0

2
2

π π
θ θ θr d a dtanh

   = − = −



∫1

2
1

1

2

1

2
2

1

2
2

0

2
2 2

0

2

a d a
π π

θ θ θ θ( ) tanhsech

    = − = −
1

2
2 22 2a a[ tanh ] [ tanh ]π π π π

   = − = − −a a a a a a a[ tanh ] [( tanh ) ]π π π π π2  

   = −a s a( ).π [From (3)]
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   5  Equation of the Curve in Pedal Form

Let p f r= ( ) be the equation of the curve and r r1 2and  be the values of r at two given

points of the curve. Then by differential calculus we know that

ds

dr

r

r p
=

√ −( )2 2
 

or ds
r

r p
dr=

√ −( )
,

2 2
 where s increases as r increases.

On integrating between proper limits, the required length

s =
r

(r   p )
 dr.

r

r

 
1

2

2 2∫ √ −

The value of p should be put in terms of r from the equation of the curve.

Remark: If the curve is symmetrical about one or more lines, then find out the length

of one symmetrical part and then multiply it by the number of symmetrical parts.

Ex am ple 12: Prove the for mula s
r dr

r p
=

√ −
⋅∫ ( )2 2

Show that the arc of the curve p a r a r2 4 4 4 2( )+ =  between the limits r b= , r c=  is equal in

length to the arc of the hyperbola xy a= 2 between the limits x b x c= =, .

So lu tion: From dif fer en tial cal cu lus, we know that

tan andφ = = + 

















⋅√r
d

dr

ds

dr
r

d

dr

θ θ
1

2

∴
ds

dr
= √ + φ = √ φ = φ( tan ) ( )1 2 2sec sec

=
φ

=
√ − φ

=
√ −

1 1

1

1

12 2 2cos ( sin ) ( / ){ }p r
[ sin ]∵ p r= φ

=
√ −

⋅
r

r p( )2 2

Thus  ds
r

r p
dr=

√ −( )
.

2 2

Integrating between the given limits, we get s
r

r p
dr=

√ −∫ ( )
.

2 2
...(1)

Now the given curve is p a r a r2 4 4 4 2( )+ =  

I-176



or p a r a r2 4 2 4 4= +/ ( ) .

We have r p r
a r

a r

r

a r

2 2 2
4 2

4 4

6

4 4
− = −

+
=

+
⋅

( ) ( )
...(2)

Therefore from (1), the arc of the given curve between the limits r b= , r c=  is

=
√ −

=
√ +∫ ∫b

c

b

cr dr

r p

r dr

r a r( ) / ( )2 2 6 4 4{ }
[From (2)]

=
√ +

=
√ +

∫ ∫b

c

b

cr a r

r
dr

a r

r
dr

( ) ( )
.

4 4

3

4 4

2
...(3)

Also, for the hyperbola xy a i e y a x dy dx a x= = = −2 2 2 2. ., / , / / .

∴ the arc length of the hyperbola xy a= 2 between the limits x b x c= =,

= + 
















= +












∫ √ ∫ √
b

c

b

cdy

dx
dx

a

x
1 1

2 4

4 
dx 

=
√ +

=
√ +

∫ ∫b

c

b

cx a

x
dx

r a

r
dr

( ) ( )4 4

2

4 4

2
[Changing the variable 

from x to r by a property of definite integrals]

=
√ +

∫b

c a r

r
dr

( )
.

4 4

2
...(4)

From (3) and (4) we observe that the two lengths are equal.

1. Find the entire length of the cardioid r a= +( cos ).1 θ
(Purvanchal 2007; Rohilkhand 09, 11B)

2. Find the perimeter of the curve r a= +( cos )1 θ  and show that arc of the upper half

is bisected by θ π= / .3 (Gorakhpur 2005; Purvanchal 07)

3. Prove that the line 4 3r acos θ =  divides the cardioid r a= +( cos )1 θ  into two

parts such that lengths of the arc on either side of the line are equal.

4. Show that the arc of the upper half of the curve r a= −( cos )1 θ  is bisected by 

θ π= 2 3/ .

5. Find the length of the cardioid r a= −( cos )1 θ  lying outside the circle r a= cos θ.

6. Find the length of the arc of the equiangular spiral r a e= θ αcot , taking s = 0

when θ = 0.

7. Find the length of any arc of the cissoid r a= (sin / cos ) .2 θ θ
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8. Show that the whole length of the limacon r a b a b= + >cos , ( )θ  is equal to that of 

an ellipse whose semi-axes are equal in length to the maximum and minimum

radii vectors of the limacon.

1. 8a 5. 4 3a √ 6. a esec [ ]cotα θ α − 1

7. f f( ) ( ),θ θ2 1−  where f a a( ) (sec ) log cos cosθ θ θ θ= √ + − √ + √ +













2 23 3
1

3

   6  Intrinsic Equations

Definition: By the intrinsic equation of a curve we mean a relation between s and ψ,

where s is the length of the arc AP of the curve measured from a fixed point A on it to a

variable point P, and ψ is the angle which the tangent to the curve at P makes with a

fixed straight line usually taken as the positive direction of the axis of x . 

The co-ordinates s and ψ are known as Intrinsic Co-ordinates.

(a) To find the intrinsic equation from the cartesian equation:

Let the equation of the given curve be 

y f x= ( ) . Take A as the fixed point on the

curve from which s is measured and take the

axis of x as the fixed straight line with reference 

to which ψ is measured. Let P x y( , ) be any

point on the curve and PT  be the tangent at

the point P to the curve.

Let arc AP s=  and ∠ = ψPTX .

Now, we have tan / ( ).ψ = = ′dy dx f x ...(1)

Let a be the abscissa of the point A from which s is measured. Then

s
dy

dx
dx

a

x
= + 















∫ √ 1

2

 = √ + ′∫a

x
f x dx[ ( ) ] .1 2{ }   ...(2)

Eliminating x between (1) and (2), we obtain the required intrinsic equation.

Note: To find the intrinsic equation from the parametric equations

we use  
dy

dx

dy dt

dx dt
=

/

/
 and then proceed as in case (a).

(b) Intrinsic equation from Polar equation:

Let the equation of the given curve be r f= ( ) .θ  

Take A as the fixed point on the curve from which s is measured. 
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Let P be any point ( , )r θ  on the curve.

Let arc AP s=  and ∠ = ψPTX , where OX is the

initial line.

If φ is the angle between the radius vector and the

tangent at P, then

tan
/

φ = =r
d

dr

r

dr d

θ
θ

     =
′

f

f

( )

( )
,

θ
θ

 ...(1)

and    ψ = + φθ .                ...(2)

Let α be the vectorial angle of the point A . Then we have

s r
dr

d
d= + 
















∫ √

α

θ

θ
θ2

2

 = √ + ′∫α

θ
θ θ θ[ ( ) ( ) ]{ } { }f f d2 2 ...(3)

Eliminating θ and φ between (1), (2) and (3), we get a relation between s and ψ, which

is the intrinsic equation of the curve.

(c) Intrinsic equation from Pedal Equation:

Let the pedal equation of the curve be p f r= ( ) . ...(1)

Then s
r dr

r pa

r
=

√ −∫ ( )
,

2 2
...(2)

the arc length s being measured from the point r a= .

Also the radius of curvature ρ =
ψ

= ⋅
ds

d
r

dr

dp

…(3)

Eliminating p rand  between (1), (2) and (3), we obtain the required intrinsic

equation.

Ex am ple 13: Show that the in trin sic equa tion of the pa rab ola y ax2 4=  is

  s a cot cosec a log cot cosec= ψ ψ + ψ +( ),ψ

ψ being the angle between the x-axis and the tangent at the point whose arcual distance from the

vertex is s.

So lu tion: The given pa rab ola is y ax2 4= . ...(1)

Differentiating (1) w.r.t. x , we get 2 4y dy dx a( / ) .=

∴ tan / / /ψ = = =dy dx a y a y4 2 2 . ...(2)

If s denotes the arc length of the parabola measured from the vertex ( , )0 0  in the

direction of y increasing, then
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ds

dy

dx

dy

y

a
= +






















= +












√ √1 1

4

2 2

2
∵

dx

dy

y

a
=











2

=
+











= √ +√ 4

4

1

2
4

2 2

2
2 2a y

a a
a y( ) .

∴ ds
a

a y dy= √ +
1

2
4 2 2( ) .

Integrating, 
0 0

2 21

2
4

s y
ds

a
a y dy∫ ∫= √ +( )

or            s
a

y a y a y a y
y

= √ + + ⋅ + √ +





1

2

1

2
4

1

2
4 42 2 2 2 2

0
( ) log ( ){ }  

= 





√ + + ⋅ + √ + − ⋅
1

2

1

2
4

1

2
4 4

1

2
2 2 2 2 2

a
y a y a y a y[ ( ) log ( ){ } 4 22a alog ]

                = √ + +
+ √ +











⋅
1

4
4 4

4

2
2 2 2

2 2

a
y a y a

y a y

a
( ) log

( )
...(3)

Now to obtain the intrinsic equation of the given parabola we eliminate y between (2)

and (3). From (2), we have y a= ψ2 cot . Putting this value of y in (3), we get

s
a

a a a a
a a a

= √ + +
+ √ +1

4
2 4 4 4

2 4 42 2 2 2
2 2

cot ( cot ) log
cot ( c

ψ ψ
ψ ot )2

2

ψ
a













= ψ √ + + ψ + √ + ψ
1

4
2 2 1 4 12 2 2

a
a a a[( cot ) . ( cot ) log cot ( cot )ψ { }]

= ψ ψ + ψ + ψa acot log (cot ),cosec cosec

which is the required intrinsic equation.

Ex am ple 14: Show that the in trin sic equa tion of the cycloid 

x a t sin t y a cos t= + = −( ), ( )1  is s a sin= 4 ψ .

Hence or otherwise find the length of the complete cycloid.

(Meerut 2001, 06B, 07, 10; Agra 01; Kanpur 04; Avadh 04, 09, 10;
Rohilkhand 07 B)

So lu tion: The given equa tions of the cycloid are

x a t t y a t= + = −( sin ), ( cos ) .1 ...(1)

We have dx dt a t dy dt a t/ ( cos ),and / sin .= + =1

∴
dy

dx

dy dt

dx dt

a t

a t

t t
= =

+
=

/

/

sin

( cos )

sin cos

cos1

2
1

2

1

2

2
12

2

1

2t
t= tan .

Hence tan / tanψ = =dy dx t
1

2
 or ψ =

1

2
t . ...(2)

If s denotes the arc length of the cycloid measured from the vertex (i e. ., the point t = 0)
to any point P (i e. ., the point ‘t’) in the direction of t increasing, then
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s
dx

dt

dy

dt
dt

t
= 





+ 
















∫ √

0

2 2

 = √ + +∫0

2 2 2 21
t

a t a t dt{ }( cos ) sin

  = √ +∫0

22 1
t

a t dt{ }( cos )  

  = = 





=∫2
1

2
2 2

1

2
4

1

20 0
a t dt a t a t

t t

cos sin sin ...(3)

Eliminating t from (2) and (3), we get s a= 4 sin ,ψ ...(4)

which is the required intrinsic equation of the cycloid.

Second Part: In the intrinsic equation (4) of the cycloid the arc length s has been

measured from the vertex i e. ., the point ψ = 0. At a cusp, we have t = π and ψ π= / .2  If s1
denotes the length of the arc extending from the vertex to a cusp, then from (4), we

have s a a1 4
1

2
4= =sin .π

∴ the whole length of an arch of the cycloid = × =2 4 8a a .

Ex am ple 15: Find the in trin sic equa tion of the cardioid r a cos= +( ),1 θ (Garhwal 2003)

and hence, or otherwise, prove that s a2 2 29 16+ =ρ , where ρ is the radius of curvature at any

point, and s is the length of the arc intercepted between the vertex and the point.

(Meerut 2005B)

So lu tion: The given curve is r a= +( cos ) .1 θ ...(1)

Differentiating (1) w.r.t. θ, we have dr d a/ sin .θ θ= −

∴ tan
/

( cos )

sin

cos

sin
φ = = =

+
−

=
−

r
d

dr

r

dr d

a

a

θ
θ

θ
θ

θ

θ

1 2
1

2

2
1

2

2

cos
1

2
θ
 

    = − = +cot tan ( ) .
1

2

1

2

1

2
θ π θ

Therefore φ = +
1

2

1

2
π θ, 

so that ψ θ θ π θ π θ= + φ = + + = +
1

2

1

2

1

2

3

2
 

or 
1

2

1

3

1

2
θ ψ π= −( ) . ...(2)

If s denotes the arc length of the cardioid measured from the vertex ( . ., )i e θ = 0  to any
point P i e( . ., )θ θ=  in the direction of θ increasing, then

s r
dr

d
d= + 
















∫ √

0

2
2θ

θ
θ = √ + +∫2 1

0

2 2a d
θ

θ θ θ{ }( cos ) sin

 = √ + + +∫2 1 2
0

2 2a d
θ

θ θ θ θ{ }cos cos sin

 = √ + =∫ ∫2 2 1 2
1

20 0
a d a d

θ θ
θ θ θ θ{ }( cos ) cos

 = 





=2 2
1

2
4

1

20
a asin sin .θ θ

θ
...(3)
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Eliminating θ between (2) and (3), we get s a= −













4
1

3

1

2
sin ,ψ π ...(4)

which is the required intrinsic equation.

Also  ρ
ψ

ψ π= = −
ds

d

a4

3

1

3

1

2
cos ( ),  from (4)

or 3 4
1

3

1

2
ρ ψ π= −a cos ( ) . ...(5)

Squaring and adding (4) and (5), we get

s a2 2 2 2 29 4
1

3

1

2

1

3

1

2
+ = − + −ρ ψ π ψ π( ) sin ( ) cos ( ){ }

        = =16 1 162 2a a. .

Ex am ple 16: Find the in trin sic equa tion of the equiangular spi ral p r sin= α .

(Meerut 2000, 01, 04, 06, 09, 10B)

So lu tion: The given pedal equa tion of the curve is 

p r= sin .α ...(1)

Differentiating (1) w.r.t. r, we have 

dp dr/ sin .= α

∴ ρ
ψ α

α= = = = =
ds

d
r

dr

dp

r

dp dr

r
r

/ sin
.cosec ...(2)

If we measure the arc length s from the point r = 0 in the direction of r increasing, we
have

s
r dr

r p

r dr

r r
dr

r r r
=

√ −
=

√ −
=∫ ∫ ∫0 2 2 0 2 2 2 0( ) ( sin )α

αsec

  = = =∫sec sec [ ] sec .α α αdr r rr
r

0
0

...(3)

Eliminating r between (2) and (3), we have

( / )
cot

ds d

s

ψ α
α

α= =
cosec

sec
[Dividing (2) by (3)]

or ds s d/ cot .= α ψ
Integrating, log cot log ,s a= +ψ α  where a is constant of integration

or log ( / ) cots a = ψ α 

or s a e= ψ αcot ,

which is the required intrinsic equation of the curve.

Ex am ple 17: Find the in trin sic equa tion of the curve for which the length of the arc mea sured

from the or i gin var ies as the square root of the or di nate. Find also para met ric equa tions of the

curve in terms of any pa ram e ter.
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So lu tion: Let s de note the arc length of the curve mea sured from the or i gin to any

point P x y( , ) such that s in creases as y in creases. As given s y∝ √  so that s y= √λ ,

where λ is some con stant.

Choosing this constant λ = √ ( )8a , we have (Note)

 s ay= √ ( )8  or s ay2 8= . ...(1)

Now differentiating (1) w.r.t. y, we have 2 8s ds dy a( / ) =

or  ds dy a s/ / .= 4 ...(2)

Now we know that dy ds/ sin .= ψ  

∴ sin / /ψ = =dy ds s a4 [From (2)]

or s a= 4 sin ,ψ  which is the required intrinsic equation.

Again from (1), we have 

y
s

a

a

a
= =

2 2 2

8

16

8

sin ψ
[ sin ]∵ s a= 4 ψ

    = −a ( cos ).1 2ψ ...(3)

Also
ds

dx

ds

d

d

dx
a

d

dx
= ⋅ =

ψ
ψ

ψ
ψ

4 cos     ∵
ds

d
a

ψ
ψ=









4 cos

or
1

4
cos

cos
ψ

ψ
ψ

= a
d

dx
∵

dx

ds
=





cos ψ

or dx a d a d= = +4 2 1 22cos ( cos ) .ψ ψ ψ ψ ...(4)

If x = 0 when ψ = 0, then integrating (4), we get

0 0
2 1 2

x
dx a d∫ ∫= +

ψ
ψ ψ( cos )   

or  x a= +





2
1

2
2

0
ψ ψ

ψ
sin  

or x a= +[ sin ] .2 2ψ ψ ...(5)

So from (3) and (5), the required parametric equations of the curve are

x a= +( sin )2 2ψ ψ  and y a= −( cos ),1 2ψ

which are the parametric equations of a cycloid.

1. Prove that the intrinsic equation of the parabola x ay2 4=  is

s a a= + +tan sec log (tan sec ).ψ ψ ψ ψ
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2. Find the intrinsic equation of the parabola y ax2 4= . Hence deduce the length of

the arc measured from the vertex to an extremity of the latus rectum.

3. Show that the intrinsic equation of the semi-cubical parabola 

3 22 3ay x=  is 9 4 13s a= −( ) .sec ψ
(Meerut 2005, 09B; Rohilkhand 08B)

 4. Find the intrinsic equation of the catenary y c x c= cosh ( / ) .

(Rohilkhand 2007; Kumaun 08; Kanpur 14)

Hence show that c c sρ = +2 2 , where ρ is the radius of curvature.

 5. Prove that the intrinsic equation of the curve

x a t y a t= + = +( sin ), ( cos )1 1  is s a+ ψ = 0.

 6. Find the intrinsic equation of the cardioid r a= −( cos ) .1 θ
(Meerut 2007B; Avadh 05, 12; Rohilkhand 12)

 7. Find the intrinsic equation of r a e= θ αcot , where s is measured from the point 

( , )a 0 .

 8. Find the intrinsic equation of the spiral r a= θ, the arc being measured from the

pole.

 9. Find the intrinsic equation of the curve p r a2 2 2= − .

10. In the four-cusped astroid x y a2 3 2 3 2 3/ / /+ = , show that

  (i) s a s=
3

4
2cos ,ψ  being measured from the vertex;

  (ii) s a= ψ
3

2
2sin , s being measured from the cusp on x-axis;

(Purvanchal 2014)

  (iii) whole length of the curve is 6a .

11. Find the cartesian equation of the curve whose intrinsic equation is s c= tan ψ
when it is given that at ψ = 0, x = 0 and y c= .

 2. s a a a= ψ ψ + ψ + ψ �√ + + √cot log (cot ), log ( )cosec cosec { 2 }1 2

 4. s c= ψtan

 6. s a= ψ8
1

6
2sin

 7. s a e= −−sec α ψ α α[ ]( ) cot 1

 8. s a= √ + + + √ +
1

2
1 12 2[ ( ) log ( ) ],θ θ θ θ{ }  where ψ = + −θ θtan 1

 9. s a= ψ
1

2
2

11. y c x c= cosh ( / )
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. If the equations of the curve be given in the parametric form x f t y t= = φ( ), ( ),

and the arc length s is measured in the direction of t increasing, then on

integrating between the  proper limits, the required length s is given as 

(a) √∫ 





+ 















t

t dx

dt

dy

dt
dt

1

2
2 2

(b) √∫ 





+ 













dx

dt

dy

dt
dt

t

t

1

2

(c) √∫ 





+ 















t

t dx

dt

dy

dt
dt

1

2
3 3

(d) √∫ 





+ 















t

t dx

dt

dy

dt
dt

1

2
1 2 1 2/ /

(Meerut 2003)

 2. For the curve r a ds d= +( cos ), /1 θ θ is 

(a) 2
1

2
cos θ     (b) 2

1

2
a cos θ

(c) a cos
1

2
θ (d) 

3

2

1

2
a cos θ

(Kumaun 2011)

 3. If x a t y a t= =cos , sin ,3 3  then 
ds

dt







2

 is

(a) ( sin cos )a t t 2 (b) (sin cos )t t 2

(c) ( sin cos )3 2a t t  (d) 3a t tsin cos

 4. The entire length of the cardioid r a= +( cos )1 θ  is

(a) 8 a      (b) 4 a

(c) 6 a (d) 2 a

 5. Rectification is the process of evaluating the:

(a) double integrals     (b) multiple integrals

(c) the length of arcs of plane curve

(d) the area under plane curve (Kumaun 2007, 08, 09)

Fill in the Blank(s)

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. The process of finding the length of an arc of a curve between two given points is

called …….

 2. The arc length of the curve y f x= ( ) included between two points for which x a=
and x b=  ( )b a>  is …… .
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 3. The arc length of the curve y x x= −
1

2

1

4
2 log  from x = 1 to x = 2 is …… .

 4. If r a e= θ αcot , then ds = …… . (Meerut 2001, 03)

 5.
ds

dr
= √…… . . (Meerut 2001)

 6. The length of an arch of the cycloid whose equations are

x a t t y a t= − = −( sin ), ( cos )1  is ……

True or False

Write ‘T’ for true and ‘F’ for false statement.

1. The length of the arc of the curve x f y= ( ) between y a=  and y b b a= >, ( ) is

 equal to 
a

b dx

dy
dy∫ √ +






















1

2

.

2. The relation between s and ψ for any curve is called its polar equation.

3. If the equation of the curve be θ = f r( ), then the arc length from r r= 1 to r r= 2 is

given by 
r

r
r

d

dr
dr

1

2
1

2

∫ √ + 

















θ
.

4. If the equation of the curve be r f= ( ),θ  then the arc length from θ θ= 1 to θ θ= 2 is

given by 
θ

θ

θ1

2 2
2

∫ √ + 

















r
dr

d
dr . (Meerut 2003)

5. The whole length of curve x y a2 3 2 3 2 3/ / /+ =  is 8a. (Agra 2002)

Multiple Choice Questions

 1. (a)  2. (b)  3. (c) 4. (a)  5. (c)

Fill in the Blank(s)

 1. rectification  2. √∫ + 
















1

2dy

dx
dx

a

b
 3.

3

2

1

4
2+ log

 4. r dcosec α θ  5. 1

2

+





















r

d

d r

θ
 6. 8a

True or False

1. T 2. F 3. T 4. F 5. F

¨
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    1  Revolution

Solid of revolution: If a plane area is revolved about a fixed line lying in its own

plane, then the body so generated by the revolution of the plane area is called a

solid of revolution.

Surface of revolution: If a plane curve is revolved about a fixed line lying in its own

plane, then the surface generated by the perimeter of the curve is called a surface of

revolution.

Axis of revolution: The fixed straight line, say AB, about which the area revolves is

called the axis of revolution or axis of rotation.

    2  Volumes of Solids of Revolution

(a) The axis of rotation being x-axis.

If a plane area bounded by the curve y f x= ( ) , the ordinates x a= , x b=  and the x-axis revolves

about the x-axis then the volume of the solid thus generated is

a

b

a

b
y  dx =  f x  dx,∫ ∫π π2 2[ ( )]
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where y f x= ( ) is a finite, continuous and single valued function of x in the interval a x b≤ ≤ .

                            Or

The volume of the solid generated by the revolution of the area bounded by the curve y f x= ( ) ,

x-axis and the ordinates x a= , x b=  about the x-axis is 
a

b
y dx∫ π 2 .

Proof: Let AB be the arc of the curve y f x= ( ) included between the ordinates x a=
and x b= . It is being assumed that the curve does not cut the x-axis and f x( ) is a

continuous function of x in the interval ( , ) .a b

Let P x y( , ) and Q x x y y( , )+ +δ δ  be any two

neighbouring points on the curve y f x= ( ). Draw

the ordinates PM QNand . Also draw PP′ and QQ′
perpendiculars to these ordinates.

Let V  denote the volume of the solid generated by

the revolution of the area ACMP about the x-axis

and let the volume of revolution obtained by

revolving the area ACNQ about x-axis be V V+ δ ,

so that volume of the solid generated by the

revolution of the strip PMNQ about the x-axis is δV .

Now PM y QN y y MN x x x x= = + = + − =, and ( ) .δ δ δ  

Then the volume of the solid generated by revolving the area PMNP y x′ = π δ2   

and the volume of the solid generated by revolving the area Q MNQ y y x′ = +π δ δ( ) .2

Also the volume of the solid generated by the revolution of the area PMNQP (i e. ., the

volume δV ) lies between the volumes of the right circular cylinders generated by the

revolution of the areas PMNP P′  and MNQQ′ i e. ., 

δV  lies between π δ π δ δy x y y x2 2and ( )+

or ( / )δ δV x  lies between π y 2 and π δ( )y y+ 2

i e. ., π δ δ π δy V x y y2 2< < +( / ) ( ) .

In the limiting position as Q P→ , δx → 0 (and therefore δy → 0), we have

dV dx y/ = π 2  

or  dV y dx= π 2 .

Hence
a

b

a

b

x a
x by dx dV V∫ ∫= = =

=π 2 [ ]

= (value of V  for x b= ) − (value of V  for x a= ) 

= volume generated by the area ACDB − 0

= volume of the solid generated by the revolution of the given area

    ACDB about the axis of x .
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∴ the required volume = ∫π
a

b
y dx2 .

(Meerut 2003)

(b) The axis of rotation being y-axis:

Similarly, it can be shown that the volume of the solid generated by the revolution about y-axis 

of the area between the curve x f y= ( ), the y-axis and the two abscissae y a=  and y b=  is given

by

a

b
x dy∫ π 2 .

Re marks:

(i) If the given curve is symmetrical about x-axis and we have to find the volume

generated by the revolution of the area about x-axis, then in such case we shall

revolve only one of the two symmetrical areas and shall not double it as in the

case of area or length. Obviously each of the two symmetrical parts will generate 

the same volume.

(ii) If the curve is symmetrical about x-axis and it is required to find the volume

generated by the revolution of the area about y-axis, then the volume generated

will be twice the volume generated by half of the symmetrical portion of the

curve.

Ex am ple 1: Show that the vol ume of a sphere of ra dius a is 
4

3
3πa .

(Bundelkhand 2010; Avadh 10)

So lu tion: The sphere is gen er ated by the rev o lu tion of a semi-cir cu lar area about its

bound ing di am e ter. The equa tion of the gen er at ing cir cle of ra dius a and cen tre as

or i gin is x y a2 2 2+ = .

Let AA′ be the bounding diameter about which the semi-circle revolves.

Take an elementary strip PMNQ where P is the point ( , )x y  and Q is the point

( , ).x x y y+ +δ δ  
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We have PM y=  

and MN x= δ .

Now volume of the elementary disc formed by revolving the strip PMNQ about the

diameter AA′ is

= = = −π π δ π δ. . ( ) .PM MN y x a x x2 2 2 2

Also the semi-circle is symmetrical about the y-axis and for the portion of the curve

lying in the first quadrant x varies from 0 to a .

∴ the required volume of the sphere

= − = −



∫2 2

1

30

2 2 2 3

0

a a

a x dx a x xπ π( )  

= − =2
1

3

4

3
3 3 3π π[ ] .a a a

Ex am ple 2: The curve y a x x a x2 2 3( ) ( )+ = −  re volves about the axis of x . Find the vol ume

gen er ated by the loop. (Meerut 2004; Bundelkhand 05)

So lu tion: The given curve is  y a x x a x2 2 3( ) ( ) .+ = − ...(1)

It is symmetrical about x-axis. Putting y = 0 in (1), we get x = 0 and x a= 3  i e. ., a loop is

formed between ( , )0 0  and ( , ) .3 0a

The volume generated by the revolution of the whole loop about x-axis is the same as

the volume generated by the revolution of the upper half of the loop about x-axis.

Take an elementary strip PMNQ where P is the point ( , )x y  and Q is the point 

( , ) .x x y y+ +δ δ  We have PM y MN x= =and .δ

Now volume of the elementary disc formed by revolving the strip PMNQ about the

axis of x is = =π π δPM MN y x2 2. .

∴ the required volume generated by the loop

= =
−

+∫ ∫0

3
2

0

3 2 3a a
y dx

x a x

a x
dxπ π

( )
[From (1)]

= − + − +
+












∫π

0

3
2 2

3

4 4
4a

x ax a
a

x a
dx, dividing the Nr. by the Dr.
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= − + − + +












π
x ax

a x a x a

a3 2
2 3

0

3

3

4

2
4 4 log ( )

= − + − + −π [ (log log )]9 18 12 4 43 3 3 3a a a a a a

= − + = −π π[ log ] [ log ] .3 4 4 8 2 33 3 3a a a

Ex am ple 3: Find the vol ume of the solid gen er ated by the rev o lu tion of the cissoid 

y a x x2 32( )− =  about its as ymp tote. (Meerut 2007; Kanpur 14)

So lu tion: The given curve is y a x x2 32( )− = . Its shape is as shown in the fig ure.

Equat ing to zero the co ef fi cient of high est power of y, the as ymp tote par al lel to the

axis of y is x a= 2 . Take an el e men tary strip PMNQ per pen dic u lar to the as ymp tote 

x a= 2  where P is the point ( , )x y  and Q is the point ( , ) .x x y y+ +δ δ

We have PM a x MN y= − =2 and .δ

Now volume of the elementary disc formed by revolving the strip PMNQ about the

line x a= 2  is 

  = = −π π δ. . ( ) .PM MN a x y2 22

The given curve is symmetrical about x-axis and for the portion of the curve above

x-axis y varies from 0 to ∞.

∴ the required volume  = −
=

∞

∫2 2
0

2

y
a x dyπ ( ) . ...(1)

From the given equation of the curve y a x x2 32( )− =  we observe that the value of x

cannot be easily found in terms of y. Hence for the sake of integration we change the

independent variable from y to x . (Note)

The curve is y
x

a x
2

3

2
=

−
;

∴ 2
2 3 1

2

2 3

2

2 3

2

2

2
y

dy

dx

a x x x

a x

a x x

a x
=

− − −

−
=

−

−

( ) . ( )

( )

( )

( )
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or dy
a x x

a x

a x

x x
dx

a x x a x

a
=

−

−
⋅

√ −
√

=
− √ √ −( )

( )

( ) ( ) ( )

(

3

2

2 3 2

2

2

2 − x
dx

)
.

2

Also when y x= =0 0,  and when y x a→ ∞ →, .2

Hence from (1), the required volume

= −
− √ √ −

−











=∫2 2

3 2

20

2
2

2
π

x

a
a x

a x x a x

a x
dx( )

( ) ( )

( )

= − √ √ −∫2 3 2
0

2
π

a
a x x a x dx( ) ( ) .

Now put x a= 2 2sin θ so that dx a d= 4 sin cos .θ θ θ  When x = =0 0,θ  and when x a= 2 , 

θ π= / .2  Therefore the required volume

= − √ √ −∫2 3 2 2 2 1
0

2
2 2π θ θ θ

π /
( sin ) ( ) sin [ ( sin )]a a a a

× 4a dsin cosθ θ θ

= −∫16 3 23

0

2
2 2 4 2π θ θ θ θ θ

π
a d

/
( sin cos sin cos )

= −

















16
3

3

2

3

2
2 3

2
5

2

3

2
2 4

3πa
Γ Γ

Γ

Γ Γ

Γ

( ) ( )

( )

( ) ( )

( )

=
⋅ ⋅ √ ⋅ ⋅ √

−
⋅ ⋅ ⋅ √ ⋅ ⋅ √



16
3

1

2

1

2
2 2 1

2
3

2

1

2

1

2
2 3 2 1

3π
π π π π

a
. . . . .













= −





=16
3

16 16
23 2 3π

π π
πa a .

Note: If the given curve is y a x x2 3( )− = , then the re quired vol ume can be ob tained

by putt ing a for 2a in the above Ex er cise. The vol ume so ob tained is 
1

4
2 3π a .

Re mark: When we are to re volve an area about a line which is nei ther the x-axis nor the y-axis

we must take an el e men tary strip which is per pen dic u lar to the line of rev o lu tion as ex plained in

the above example.

Ex am ple 4: The area be tween a pa rab ola and its latus rec tum re volves about the di rec trix. Find

the ra tio of the vol ume of the ring thus ob tained to the vol ume of the sphere whose di am e ter is the

latus rec tum.

So lu tion: Let the pa rab ola be y ax2 4= . Then the di rec trix is the line  x a= − . Let LL′

be the latus rec tum. The area LOL SL′  is re volved about the di rec trix. The vol ume of

the ring thus ob tained = (the vol ume V1 of the cyl in der formed by the rev o lu tion of the
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rect an gle LL R R′ ′  about the di rec trix) − (the vol ume V2 of the reel formed by the

rev o lu tion of the arc LOL′ about the directrix).

Now the volume V1 of the cylinder 

= = ′π πr h LR LL2 2( ) .

= =π π( ) . .2 4 162 3a a a

To find the volume V2 of the reel consider an

elementary strip PMNQ where P x y( , ) and 

Q x x y y( , )+ +δ δ  are two neighbouring points on the

arc OL and PM QN,  are perpendiculars from P and Q

on the directrix.

We have PM a x MN y= + =and .δ

∴  the volume V2 of the reel

= +∫2
0

2
2

a
a x dyπ ( )  [By symmetry about x-axis]

= + + = + ⋅ +







∫ ∫2 2 2 2
4 160

2
2 2

0

2
2

2 4

2

a a
a ax x dy a a

y

a

y

a
π π( )  dy

[ / ]∵ x y a= 2 4

= + + ⋅












2
1

2 3

1

16 5
2

3

2

5

0

2

π a y
y

a

y
a

= + +





= ⋅ = ⋅2 2
4

3

2

5
2

56

15

112

15
3 3 3 3

3

π π
π

a a a a
a

∴  Volume of the ring 

= volume of the cylinder − volume of the reel

= − = − =V V a a a1 2
3 3 316

112

15

128

15
π π π .

Volume of the sphere whose diameter is the latus rectum 4a i e. ., the radius is 2 a 

= = =
4

3

4

3
2

32

3
3 3 3π π πr a a( ) .

∴  the required ratio = = ⋅
128 15

32 3

4

5

3

3

π
π
a

a

/

/

 1. (i) Find the volume of a hemisphere.

(ii) Find the volume of a spherical cap of height h cut off from a sphere of radius a.

(Kanpur 2010)
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 2. (i) A segment is cut off from a sphere of radius a by a plane at a distance 
1

2
a from

the centre. Show that the volume of the segment is 5/32 of the volume of the

sphere.

(ii) The part of the parabola y ax2 4=  cut off by the latus rectum revolves about

the tangent at the vertex. Find the volume of the reel thus generated.

3. Prove that the volume of the solid generated by the revolution of an ellipse round

its minor axis is a mean proportional between those generated by the revolution of

the ellipse and of the auxiliary circle about the major axis. (Rohilkhand 2010)

 4. (i) Find the volume of the solid generated by the revolution of an arc of the

catenary y c x c= cosh( / ) about the x-axis. (Meerut 2009B; Purvanchal 11)

(ii) Find the volume of the solid generated by the revolution of the curve 

y a a x= +3 2 2/ ( ) about its asymptote. (Meerut 2009)

5. If the hyperbola x a y b2 2 2 2/ /− = 1 revolves about the x-axis, show that the

volume included between the surface thus generated, the cone generated by the

asymptotes and two planes perpendicular to the axis of x, at a distance h apart, is

equal to that of a circular cylinder of height h and radius b.

 6. (i) Find the volume formed by the revolution of the loop of the curve 

y a x x a x2 2( ) ( )+ = −  about the axis of x. (Kanpur 2008)

(ii) Find the volume of the solid generated by the revolution of the loop of the

curve y x a x2 2= −( ) about the axis of x. (Kanpur 2011)

7. Show that the volume of the solid generated by the revolution of the upper half of

the loop of the curve y x x2 2 2= −( ) about x-axis is 
4

3
π.

(Meerut 2005)

8. The area of the curve x y a2 3 2 3 2 3/ / /+ =  lying in the first quadrant revolves about

x-axis. Find the volume of the solid generated. (Agra 2014)

9. Find the volume of the solid obtained by revolving the loop of the curve

a y x a x x a2 2 2 2= − −( )( ) about x-axis.

10. A basin is formed by the revolution of the curve x y y3 64 0= >, ( ) about the axis of 

y. If the depth of the basin is 8 inches, how many cubic inches of water it will hold?

11. Show that the volume of the solid generated by the revolution of the curve 

( ) ,a x y a x− =2 2  about its asymptote is 
1

2
2 3π a .

(Meerut 2004B, 06B; Kumaun 07, 08, 12; Rohilkhand 12)

12. The figure bounded by a quadrant of a circle of radius a and tangents at its

extremities revolves about one of the tangents. Prove that the volume of the solid

generated is 
5

3

1

2
3−





π πa .
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13. The area cut off from the parabola y ax2 4=  by the chord joining the vertex to an

end of the latus rectum is rotated through four right angles about the chord. Find

the volume of the solid generated. (Rohilkhand 2008; Bundelkhand 09)

1. (i) 
2

3
3πa (ii) πh a h2 1

3
−





2. (ii) 
4

5
3πa 4. (i) 

πc
x

c x

c

2

2 2

2
+





sinh (ii)
π2 3

2

a

6. (i) 2 2
2

3
3a π log −





(ii)
1

12
4πa 8.

16

105
3πa

9.
23

60
3πa 10.

1536

5
π cu bic inches 13.

2

75
5 3√ πa

   3  Volume of a Solid Revolution when the Equations of

the Generating Curve are given in Parametric Form

(i) If the curve is given by the parametric equations, say x t y t= =φ ψ( ), ( ), then the

volume of the solid generated by the revolution about x-axis of the area bounded by the 

curve, the axis of x and the ordinates at the points when t a=  and t b=  is

= = ′∫∫ π π ψ φy
dx

dt
dt t t dt

a

b

a

b
2 2{ ( )} ( ) .

(ii) The volume of the solid generated by the revolution about y-axis of the area

between the curve x t y t= =φ ψ( ), ( ), the y-axis and the absissae at the points where 

t a t b= =,  is

= = ′∫∫ π π φ ψx
dy

dt
dt t t dt

a

b

a

b
2 2{ ( )} ( ) .

Ex am ple 5: Find the vol ume of the solid formed by re volv ing the cycloid      

x a sin y a cos= − = −( ), ( )θ θ θ1

( )i  about its base ( )ii  about the y-axis.

So lu tion: The given equa tions of the cycloid are

x a y a= − = −( sin ), ( cos ) .θ θ θ1  ...(1)
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(i) The arc OBA is revolved about the base i e. ., the x-axis. For the arc OBA,θ varies from 

0 to 2π and at B, θ π= .

Take an elementary strip PMNQ where P is the point ( , )x y  and Q is the point 

( , ) .x x y y+ +δ δ  

We have PM y=   and  MN x= δ .

Now the volume of the elementary disc formed by revolving the strip PMNQ about

the base (i e. ., the x-axis) is 

= =π π δPM MN y x2 2. .

Now the cycloid is symmetrical about the line BH .

∴   the required volume = ∫2 2πy dx, the limits of integration being extended from O 

to B

=
=∫2

0

2π
θ

θ
θ

π
y

dx

d
d = − −∫2 1 1

0

2 2π θ θ θ
π

a a d( cos ) ( cos )  [From (1)]

= −∫2 1
0

3 3π θ θ
π

a d( cos )

= 





=∫ ∫2 2
2

16
2

3

0

2
3

3

0

6π
θ

θ π
θ

θ
π π

a d a dsin sin

= φ φ∫32 3

0

2
6π

π
a d

/
sin , putting 

θ
2

= φ so that d dθ = φ2  

= ⋅ ⋅ ⋅ ⋅ =32
5

6

3

4

1

2

1

2
53 2 3π π πa a .

(ii) When the curve revolves about y-axis, the required volume of the solid

generated 

= the volume generated by the revolution of the area OABDO about y-axis 

 − the volume generated by the revolution of the area OBDO 

about the y-axis.    ...(2)

Also at A, ;θ π= 2  at B,θ π=  and at O, .θ = 0
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Now the area OABD is bounded by the arc AB of the cycloid and the axis of y .

Therefore volume of the solid generated by the revolution of the area OABDO about

y-axis

= =
= =∫ ∫θ π

π

θ π

π
π π

θ
θ

2

2

2

2x dy x
dy

d
d

= −
=∫π θ θ θ θ

θ π

π

2

2 2a a d( sin ) sin  [From (1)]

= − +
=∫π θ θ θ θ θ θ

θ π

π

2

2 2 22a a d( sin sin ) sin  

= − +
=∫π θ θ θ θ θ θ

θ π

π
a d3

2

2 2 32( sin sin sin )

= − − + −
=∫π θ θ θ θ θ θ θ

θ π

π
a d3

2

2 1 2
1

4
3 3[ sin ( cos ) ( sin sin )] (Note)

= − − − + − +


π θ θ θ θ θ θ θ θa3 2 22 2
1

2

1

2
2.( cos ) ( sin ) cos ( sin )

− − − + 


1
1

4
2

3

4

1

12
3

2
( cos ) cos cosθ θ θ

π

π
, 

the values of the integrals ∫ θ θ θ2 sin d  and ∫ θ θ θcos 2 d  

have been written after applying integration by parts

= − − + + −








π π πa3 2 22
1

2

1

4

3

4

1

12
 − − + − + − +







4 2 2
1

4

3

4

1

12
2 2π π

= −





⋅π πa3 213

2

8

3
...(3)

Again volume of the solid generated by the revolution of the area OBDO about y-axis

= =
= =∫ ∫θ

π

θ

π
π π

θ
θ

0

2

0

2x dy x
dy

d
d

= −∫π θ θ θ θ
π

0

2 2a a d( sin ) . sin

= − +∫π θ θ θ θ θ θ
π

a d3

0

2 22( sin sin ) sin  

= − +∫π θ θ θ θ θ θ
π

a d3

0

2 2 32( sin sin sin )

= − − + −



∫π θ θ θ θ θ θ θ

π
a d3

0

2 1 2
1

4
3 3sin ( cos ) ( sin sin )

= − − − + − +


π θ θ θ θ θ θ θ θa3 2 22 2
1

2

1

2
2( cos ) ( sin ) cos ( sin )

− − − + 


1
1

4
2

3

4

1

12
3

0
( cos ) cos cosθ θ θ

π
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= − − + + −





− + − +








π π πa3 2 22
1

2

1

4

3

4

1

12
2

1

4

3

4

1

12



 

= −





π πa3 21

2

8

3
. ...(4)

∴ from (2), the required volume = −( ) ( )3 4

= −





− −





= =π π π π π π πa a a a3 2 3 2 3 2 3 313

2

8

3

1

2

8

3
6 6[ ] .

Ex am ple 6: Find the vol ume of the solid gen er ated by the rev o lu tion of the tractrix 

x a cos t a log tan t y a sin t= + =
1

2
22 ( / ),  about its as ymp tote.

(Meerut 2000, 05B; Garhwal 03; Rohilkhand 06; Avadh 09, 11;
Kashi 12; Purvanchal 14)

So lu tion: The given curve is

x a t a t y a t= + =cos log tan ( / ), sin .
1

2
22 ...(1)

∴
dx

dt
a t a

t
t t= − + ⋅ ⋅ ⋅sin

tan ( / )
tan ( / ) ( / )

1

2

1

2
2 2 2

1

22
2sec

= − + = − +a t
a

t t
a t

a

t
sin

sin ( / ) cos ( / )
sin

sin2 2 2

=
−

=a
t

t
a

t

t

( sin )

sin

cos

sin

1 2 2

...(2)

Now the given curve is symmetrical

about both the axes and the

asymptote is the line y = 0

i e x. ., -axis.

For the portion of the curve lying in

the second quadrant y varies from a

to 0, t varies from π /2 to 0 and x

varies from 0 to − ∞.

∴ the required volume 

= = ⋅
− ∞∫ ∫2 2
0

2

0

2
2π π

π
y dx y

dx

dt
dt

/

= ∫2
0

2
2 2

2

π
π /

sin .
cos

sin
a t

a t

t
dt  [From (1) and (2)]

= = =∫2 2
2

3
3

0

2
2 3 3π π π

π
a t t dt a a

/
cos sin .

1

3.1
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1. Find the volume of the solid generated by the revolution of the cycloid

x a y a= + = − − ≤ ≤( sin ), ( cos ), ,θ θ θ π θ π1

(i) about the x-axis, (ii) about the base.

2. Show that the volume of the solid generated by the revolution of the cycloid

x a y a= + = − ≤ ≤( sin ), ( cos ), .θ θ θ θ π1 0

about the y-axis is π πa3 23

2

8

3
−




.

3. Prove that the volume of the reel formed by the revolution of the cycloid

x a y a= + = −( sin ), ( cos )θ θ θ1

about the tangent at the vertex is π2 3a . (Kumaun 2013)

4. Prove that the volume of the solid generated by the revolution about the x-axis of

the loop of the curve x t y t t= = −2 31

3
,  is 

3

4
π.

5. Find the volume of the spindle shaped solid generated by revolving the astroid

x y a2 3 2 3 2 3/ / /+ =  about the x-axis.

6. Find the volume of the solid generated by the revolution of the cissoid

x a t y a t t= = 32 22sin , sin / cos  about its asymptote.

(Kanpur 2006; Bundelkhand 14)

1. (i) π2 3a (ii) 5 2 3π a 5.
32

105
3πa 6. 2 2 3π a

    4  Volume of Solid of Revolution when the Equation of the  

Generating Curve is given in Polar Co-ordinates

If the equation of the generating curve is given in polar co-ordinates, say r f= ( )θ , and

the curve revolves about the axis of x, the volume generated

s y dx y
dx

d
d

x a

b
= =

== ∫∫π π
θ

θ
θ α

β
2 2 ,

where α and β are the values of θ at the points where x a=  and x b=  respectively.

Now x r= cos θ and y r= sinθ. Therefore the volume
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=
=∫π θ

θ
θ θ

θ α

β
r

d

d
r d2 2sin ( cos ) ,

in which the value of r in terms of θ must be substituted from the equation of the given

curve.

A similar procedure can be adopted in case the curve revolves about the axis of y.

Alternative method in the case of polar curves:

The volume of the solid generated by the revolution of the area boudned by the curve 

r f= ( )θ  and radii vectors θ θ θ θ= =1 2,

(i) about the initial line θ = 0 ( . .,i e  the x-axis) is 
2

3
3

1

2
π θ θ

θ

θ
r dsin ,∫

(ii) about the line θ π= / ( . .,2 i e  the y-axis) is 
2

3
3

1

2
π θ θ

θ

θ
r dcos ,∫

(iii) about any line ( )θ γ=  is 
2

3
3

1

2
π θ γ θ

θ

θ
r dsin( ) ,−∫

where in each of the above three formulae the value of r in terms of θ must be

substituted from the equation of the given curve.

Note: The above re sults are im por tant and should be com mit ted to mem ory.

    5 Volume of the Solid Generated by the Revolution when

the Axis of Rotation being any Line

If, however, the axis of rotation is neither x-axis nor y-axis, but is any other line CD,

then the volume of the solid generated by the revolution about CD of the area bounded by the curve 

AB, the axis CD and the perpendiculars AC, BD on the axis is

π ( ) ( ),PM d OM
OC

OD
2∫

where PM is the perpendicular drawn from any point P on the curve to the axis of

rotation and O is some fixed point on the axis of rotation.

Ex am ple 7: The cardioid r a cos= +( )1 θ  re volves about the ini tial line. Find the vol ume of the

solid thus gen er ated. (Kumaun 2000, 10; Meerut 01, 03, 07B;
 Agra 01, 06, 07, 08; Rohilkhand 13, 13B)

So lu tion: The given curve is r a= +( cos ) .1 θ ...(1)

It is symmetrical about the initial line. We have r = 0 when cos θ = − 1 i e. ., θ π= .
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Also r is maximum when cos θ = 1 

i e. .,θ = 0 and then r a= 2 . As θ increases

from 0 to π, r decreases from 2a to 0.

Hence the shape of the curve is as shown

in the figure. For the upper half of the

curve, θ varies from 0 to π .

∴ the required volume

 = ∫2

3 0

3
π

π θ θr dsin

 = +∫2

3
1

0

3 3π
θ θ θ

π
a d( cos ) sin      [From (1)]

 = − + −∫2

3
13

0

3π θ θ θ
π

a d( cos ) ( sin )   (Note)

 = −
+











2

3

1

4
3

4

0

π
θ

π

a
( cos )

, using power formula

i e. ., ∫ ′ =
+

+

[ ( )] ( )
[ ( )]

f x f x dx
f x

n
n

n 1

1

 = − − =
1

6
0 2

8

3
3 4 3π πa a( ) .

Aliter: (By double integration)

Take a small element r rδθ δ  at any point 

P r( , )θ  lying within the area of the upper 

half of the cardioid. Draw PM

perpendicular to OX . Then 

PM r= sin .θ  The volume of the

elementary ring formed by revolving

the element r rδθ δ  about OX  

 = 2π θ δθ δ( sin )r r r

 = 2 2π θ δθ δr rsin .

∴ the required volume formed by revolving the whole cardioid about the initial line

 =
=

+

= ∫∫ r

a
r d dr

0

1

0

22
( cos )

sin
θ

θ

π
π θ θ

 =










∫

+

0

3

0

1

2
3

π
θ

π θ θ
r

d

a ( cos )

sin
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Y

θ = π

θ = π/2

θ = –π/2

O
θ = 0
A X

B

B'

r δθ δrY

θ = π
O

θ
r

P (r, θ)
r sin θ θ = 0

A XM



= +∫2

3
1

0

3 3π
θ θ θ

π
a d( cos ) sin

= − + − = −
+






∫2

3
1

2

3

1

4

3

0

3
3 4π

θ θ θ
π θπa

d
a

( cos ) ( sin )
( cos )



 0

π

= − ⋅ − = ⋅ ⋅ ⋅ =
2

3

1

4
0 2

2

3

1

4
16

8

3

3
4 3 3π

π π
a

a a[ ] .

Ex am ple 8: Find the vol ume of the solid formed by re volv ing one loop of the curve r a2 2 2= cos θ
about the ini tial line. (Rohilkhand 2007B)

So lu tion: For the up per half of the loop θ var ies from 0 to π / 4. Here the curve is

re volv ing about the ini tial line ( . .,i e x-axis).

∴ the required volume = ∫2

3
3

0

4
π θ θ

π
r dsin

/

= √∫2

3
2 3

0

4π
θ θ θ

π
{ (cos )} sin

/
a d [ cos ]∵ r a2 2 2= θ

= −∫2

3
2 1

3
2 3 2

0

4π
θ θ θ

πa
d( cos ) sin ./

/
(Note)

Put √ =2cos secθ φ so that − √ =2sin sec tan .θ θ φ φ φd d

When θ φ π= =0 4, /  and when θ π= / 4, φ = 0.

∴ the required volume

= −
−

√∫2

3
1

2

3
2 3 2

4

0π
φ

φ φ
φ

π

a
d(sec )

( sec tan )/

/

=
√

=
√

−∫ ∫2

3

2

3
1

3

0

4
4

3

0

4
2 2π

φ φ φ
π

φ φ
π πa

d
a

d
/ /

tan sec (sec ) sec φ

=
√

− +∫2

3
2

3
5 3

0

4π
θ φ φ φ

πa
d(sec sec sec ) .

/
…(1)

Also we know the reduction formula

sec
sec tan

sec .n
n

nd
n

n

n
dφ φ

φ φ
φ φ=

−
+

−
−

−
−∫∫

2
2

1

2

1
[Establish it here]

∴ sec
sec tan

sec
/

/
/

5
3

0

4

0

4
3

0

4

4

3

4
φ φ

φ φ
φ φ

π
π

π
d d=













+∫ ∫

=
√

+ 





+











∫2

2

3

4 2

1

20

4

0

4sec tan
sec

/ /φ φ
φ φ

π π
d

=
√

+
√

+ +








2

2

3

4

2

2

1

2 0
4[log (sec tan )] /φ φ π
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=
√

+
√

+ √ + =
√

+ √ +
2

2

3 2

8

3

8
2 1

7 2

8

3

8
2 1log ( ) log ( )

0

4
3

0

4

0

4

2

1

2

π π π
φ φ

φ φ
φ φ

/ / /
sec

sec tan
sec∫ ∫= 





+d d

                  =
√

+ √ +
2

2

1

2
2 1log ( )

and sec log ( ).
/

φ φ
π

d = √ +∫ 2 1
0

4

Hence the required volume from (1) is

=
√ √

+ √ + −
√

+ √ +








+
2

3

7 2

8

3

8
2 1 2

2

2

1

2
2 1

3πa
log ( ) log ( ) log ( )√ +













2 1

=
√

√ + −
√









2

3

3

8
2 1

2

8

3πa
log ( )

=
√

√ + − √
πa3 2

24
3 2 1 2[ log ( ) ].

Aliter: The equation of the given curve is

r a2 2 2= cos θ  or  r a r4 2 2 2 2= −(cos sin )θ θ .

Changing to cartesians, the equation becomes

( ) ( )x y a x y2 2 2 2 2 2+ = −    or   y y x a x a x4 2 2 2 4 2 22 0+ + + − =( )

Solving for y2 , we have

y x a x a x a x2 2 2 2 2 2 4 2 22 2 4 2= − + ± √ + − −[ ( ) {( ) ( )}] / .

Neglecting the negative sign because y2 cannot be –ive, we have

y
x a a x a

x a a x a
2

2 2 2 2 4
2 2 2 2

2 8

2

2 2 2
1

8=
− + + √ +

=
− + + √ √ +

( ) ( )
( ) 




2

Now for one loop of the given curve x varies from 0 to a.

∴  the required volume = ∫π
0

2
a

y dx

  = − − + √ √ +









∫π

2
2 2 2

1

80

2 2 2 2
a

x a a x a dx

  = − −


+ √ ⋅ √ +





π
2

2

3
2 2

2

1

8
3 2 2 2x a x a

x
x a  + √ ⋅ + √ +
















2 2

1

16

1

8
2 2 2

0

a a x x a
a

log

  = − −


+ √ ⋅ ⋅
√

π
2

2

3
2 2

2

3

2 2
3 3a a x a

a a
 + √ +

√






−
√














1

8
2

3

2 2 2 2
3a a

a a
log log          
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  = − + + √
√ +
√

⋅
√














π
2

5

3

3

2

1

8
2

2 2 3

2 2

2 23 3 3a a a
a

a
log

( )





  = − + √ √ +





π
2

1

6

1

8
2 2 2 33 3a a log ( )

  = − + √ √ +





π
2

1

6

1

8
2 2 13 3 2a a log ( )

  = ⋅ √ √ + −





= √ √ + −
π πa a3 3

2
2

1

8
2 2 1

1

6 2

1

4
2 2 1

1

6
log ( ) log ( )





  = √ √ + − =
√

√ + − √
π πa a3 3

24
3 2 2 1 2

2

24
3 2 1 2[ log ( ) ] [ log ( ) ].

Ex am ple 9: Show that if the area ly ing within the cardioid r a cos= +2 1( )θ  and with out the

pa rab ola r cos a( )1 2+ =θ  re volves about the ini tial line, the vol ume gen er ated is 18 3πa .
(Kumaun 2009)

So lu tion: The equa tion of the cardioid is r a= +2 1( cos ),θ ...(1)

and that of the parabola is r a= +2 1/ ( cos ) .θ ...(2)

Equating the values of r from (1) and (2),

we get

                                       2 1 2 1a a( cos ) / ( cos )+ = +θ θ

or ( cos )1 12+ =θ  

or cos (cos ) .θ θ + =2 0

Now cos .θ ≠ − 2

Therefore cos θ = 0

i e. .,  θ π π= −/ , / .2 2

Thus the curves (1) and (2) intersect

where θ π= / 2 and θ π= − / .2

Also both the curves are symmetrical about the initial line (i e. ., x-axis). The required

volume is generated by revolving the upper half of the shaded area about the initial

line.

∴ the required volume = (Volume generated by the revolution of the area OABO of

the cardioid) − (volume generated by the revolution of the area OPBO of the parabola)

= −∫ ∫2

3

2

30

2
3

0

2
3π

θ θ
π

θ θ
π π/ /

sin sinr d r d

  (for cardioid)           (for parabola)

= + −
+











∫2

3
8 1

8

10

2
3 3

3

3

π
θ

θ
θ θ

π /
( cos )

( cos )
sina

a
d

=
−

+ − + −∫ −16

3
1 1

3

0

2
3 3π

θ θ θ θ
πa

d
/

[( cos ) ( cos ) ] ( sin ) (Note)
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θ = π

O

θ = 0

B
Y

X

2
θ = –

π



=
− +

−
+

−













−16

3

1

4

1

2

3 4 2

0

2
π θ θ

π
a ( cos ) ( cos )

,

/

 using power formula

=
−

− + −











=
−

− +
16

3

1

4
1 16

1

2
1

1

4

16

3

15

4

3

8

3
3π

π
a

a( ) 





= −





−





=
16

3

27

8
183 3π πa a .

1. Find the volume of the solid generated by the revolution of r a= 2 cos θ about the

initial line.

2. The arc of the cardioid r a= +( cos )1 θ , specified by − ≤ ≤π θ π/ /2 2, is rotated

about the line θ = 0, prove that the volume generated is 
5

2
3πa .

3. Find hte volume of the solid generated by the revolution of the cardioid 

r a= −( cos )1 θ  about the initial line. (Rohilkhand 2010)

4. Show that the volume of the solid formed by the revolution of the curve, 

r a b a b= + >cos ( )θ  about the initial line is 
4

3
2 2πa a b( )+ .

(Meerut 2008)

5. Find the volume of the solid generated by revolving one loop of the lemniscate 

r a2 2 2= cos θ about the line θ π=
1

2
.

(Meerut 2006; Kumaun 07, 11)

1.
4

3
3πa 3.

8

3
3πa 4.

4

3
2 2πa a b( )+  5. ( ) /π2 3 4 2a √

   6  Surfaces of Solids of Revolution

(a) Revolution about the axis of x. To prove that the curved surface of the solid

generated by the revolution, about x-axis, of the area bounded by the curve y f x= ( ), the

ordinates x a x b= =,  and the x-axis is

x a

x b
 y ds,

=

=

∫ 2 π

where s is the length of the arc measured from x a=  to any point ( , )x y .
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                                   Or

Show that the area of the surface of the solid obtained by revolving about x-axis the arc of the curve

intercepted between the points whose abscissae are a and b is

a

b
y 

ds

dx
 dx.∫ 2π

Proof: Let AB be the arc of the curve y f x= ( ) included between the ordinates x a=
and x b= . It is being assumed that the curve does not cut x-axis and f x( ) is a

continuous function of x in the interval ( , ) .a b

Let P x y( , ) and Q x x y y( , )+ +δ δ  be any two neighbouring points on the curve 

y f x= ( ) .

Let the length of the arc AP be s and arc AQ s s= + δ  

so that arc PQ s= δ .

Draw the ordinates PM and QN . Let S denote

the curved surface of the solid generated by the

revolution of the area CMPA about the x-axis.

Then the curved surface of the solid generated by 

the revolution of the area MNQP S= δ .

We shall take it as an axiom that the curved

surface of the solid generated by the revolution of 

the area MNQP about the x-axis lies between the

curved surfaces of the right circular cylinders

whose radii are PM and NQ and which are of the

same thickness (height) δs. There is no loss in assuming so because ultimately Q is to

tend to P .

Thus δS lies between 2 2π δ π δ δy s y y sand ( )+

i e. ., 2 2π δ δ π δ δy s S y y s< < +( )   

or 2 2π δ δ π δy S s y y< < +( / ) ( ).

Now as Q approaches P i e s. ., ,δ → 0   δy will also tend to zero. Hence by taking limits as 

δs → 0, we have

                  
dS

ds
y dS y ds= =2 2π πor .

∴                2πy ds dS S x a
x b

x a

x b

x a

x b
= = =

=

=

=

=

=

∫∫ [ ]  

                   = (the value of S when x b= ) − (the value of S when x a= )

= surface of the solid generated by the revolution of the area ACDB − 0.

∴  the required curved surface =
x a

x b
 y ds

=

=

∫ 2π  
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A

x 
=

 a

P
Q

B

x 
=

 b
O C M N D X

Y

s

arc PQ = δ s



=  y 
ds

dx
 dx,

x a

x b

=

=

∫ 2π  where 
ds

dx
 =  + 

dy

dx
 

 

√ 
















⋅1

2

(b) Axis of revolution as y-axis. Similarly the curved surface of the solid generated by the

revolution about the y-axis, of the area bounded by the curve x f y= ( ), the lines y a y b= =,

and the y-axis is

 2π
y a

y b
 x ds

=

=

∫    or    S = x 
ds

dy
 dy,

y a

b
2π

=∫

where   
ds

dy
 =  + 

dx

dy
 

 

√ 




















⋅1

2

Re mark: If an arc length re volves about x-axis, the ba sic for mula for the sur face of

rev o lu tion in all cases is ∫ 2πy ds, be tween the suit able lim its. If we want to in te grate

w.r.t. x , we shall change ds as ( / )ds dx dx and ad just the lim its accordingly.

A similar transformation can be made if we want to integrate w.r.t. y or with respect to 

θ or w.r.t. some parameter, say t .

Ex am ple 10: Find the curved sur face of a hemi sphere of ra dius a .(Agra 2005; Kanpur 14)

So lu tion: A hemi sphere is gen er ated by the rev o lu tion of a quad rant of a cir cle about

one of its bound ing radii.

Let the equation of the circle be x y a2 2 2+ = . ...(1)

Let the hemisphere be formed by revolving about x-axis the arc of the circle (1) lying in

the first quadrant.

Differentiating (1), w.r.t. x , we get

2 2 0x y dy dx+ =( / )  or dy dx x y/ / .= −

Therefore  
ds

dx

dy

dx

x

y
= + 
















= +












√ √1 1

2 2

2
 =

+










=









√ √y x

y

a

y

2 2

2

2

2

 [From (1)]

 = a y/ .

For the arc of the circle (1) lying in the first quadrant x varies from 0 to a .

∴ the required surface

= = ⋅
=∫ ∫2 2

0

0
π π

x a

a
y ds y

ds

dx
dx  

= ⋅ = =∫ ∫2 2 2
0 0

0π π π
a a ay

a

y
dx a dx a x[ ] = =2 2 2π πa a a. .
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Ex am ple 11: Find the sur face gen er ated by the rev o lu tion of an arc of the cat e nary 

y c cosh x c= ( / ) about the axis of x . (Meerut 2000, 04B, 07, 07B, 10; Rohilkhand 14)

So lu tion: The given curve is, y c x c= cosh ( / ). ...(1)

Differentiating (1) w.r.t x , we get

dy

dx
c

x

c c

x

c
= ⋅ = ⋅sinh sinh

1

∴
ds

dx

dy

dx

x

c
= + 
















= +








=√ √1 1
2

2sinh cosh
x

c
⋅ ...(2)

If the arc be measured from the vertex ( )x = 0  to any point ( , )x y , then the required

surface formed by the revolution of this arc about x-axis

= = ⋅
=∫ ∫x a

x
y

ds

dx
dx c

x

c

x

c
dx

0

0
2 2π π cosh cosh ,  from (1) and (2)

= = +



∫ ∫π πc

x

c
dx c

x

c
dx

x x

0

2

0
2 1

2
cosh cosh (Note)

= +





= +





π πc x
c x

c
c x

c x

c

x

2

2

2

2

0
sinh sinh

= +





⋅π c x c
x

c

x

c
sinh cosh

Ex am ple 12: Prove that the sur face of the prolate spher oid formed by the rev o lu tion of the el lipse 

of ec cen tric ity e about its ma jor axis is equal to 2 × area of the el lipse 

× √ − + −[ ( ) ( / ) ] .1 12 1e e sin e

So lu tion: [Note. Prolate spher oid is gen er ated by the rev o lu tion of an el lipse

about its ma jor axis]

Let the equation of the ellipse be 
x

a

y

b

2

2

2

2
1+ = , ...(1)

the x-axis being the major axis so that a b> .

The parametric equations of (1) are x a t y b t= =cos , sin .

∴ dx dt a t dy dt b t/ sin and / cos .= − =

We have 
ds

dt

dx

dt

dy

dt
a t= 





+ 
















= √ +√

2 2
2 2( sin b t2 2cos )

= √ + −{ }a t a e t2 2 2 2 21sin ( ) cos ,    [∵ for the ellipse b a e2 2 21= −( )]

= √ −a e t( cos ) .1 2 2 ...(2)

Now the ellipse (1) is symmetrical about y-axis and for the arc of the ellipse lying in the 

first quadrant t varies from 0 to π /2. At the point ( , )a 0  we have t = 0 and at the point 

( , )0 b  we have t = π / .2
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Hence the required surface S formed by the revolution of the ellipse (1) about the

x-axis

= ∫2 2πy ds, between the suitable limits

= = √ −∫ ∫4 4 1
0

2

0

2
2 2π π

π π/ /
sin . ( cos ) ,y

ds

dt
dt b t a e t dt

[∵ y b t ds dt a e t= = √ −sin and / ( cos ),1 2 2  from (2)]

= √ −∫4 1
0

2
2 2π

π
ab t e t dt

/
sin ( cos ) .

Put e t zcos =  so that − =e t dt dzsin . When t z e= =0,  and when t =
1

2
π , z = 0.

∴ S ab
e

z dz
ab

e
z dz

e

e
= − √ − = √ −∫ ∫4

1
1

4
1

0
2

0

2π
π

( ) ( )

= √ − +





−4

2
1

1

2
2 1

0

πab

e

z
z z

e

( ) sin  = √ − +





−4

2
1

1

2
2 1πab

e

e
e e( ) sin

 = √ − + −2 1 12 1πab e e e[ ( ) ( / ) sin ]

= × × √ − + −2 1 12 1area of the ellipse [ ( ) ( / ) sin ].e e e

Remark: The solid of revolution formed by revolving an ellipse about its minor axis is

called an oblate spheroid.

Ex am ple 13: The part of the pa rab ola y ax2 4=  cut off by the latus rec tum re volves about the

tan gent at the ver tex. Find the curved sur face of the reel thus gen er ated.

(Kumaun 2010; Bundelkhand 11)

So lu tion: The given pa rab ola is

           y ax2 4= . ...(1)

Differentiating (1) w.r.t. x , we get

          dy dx a y/ / .= 2

∴          
ds

dx

dy

dx

a

y
= + 
















= +












√ √1 1

4
2 2

2
  

                = +











=

+





⋅√ √1
4

4

2a

ax

x a

x

The required curved surface is generated by the

revolution of the arc LOL′ (LSL′ is the latus

rectum), about the tangent at the vertex

i e y. ., -axis. The curve is symmetrical about x-axis 

and for the arc OL x,  varies from 0 to a .
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∴ the required surface =
=∫2 2

0x

a
x

ds

dx
dxπ

=
+



∫ √4

0
π

a
x

x a

x
dx

= √ +∫4
0

2π
a

x ax dx( )

= +





− 
















∫ √4

2 20

2 2

π
a

x
a a

dx (Note)

= +





√ + − ⋅ +





+ √ +4
1

2 2

1

2 4 2
2

2
2π x

a
x ax

a
x

a
x a( ) log ( x

a

)


















0

 ∵ ∫ √ − = √ − − + √ −





( ) ( ) log ( )x a dx x x a a x x a2 2 2 2 2 2 21

2

1

2
{ }

= ⋅ √ − + √







+ 





4
1

2

3

2
2

1

8

3

2
2

1

8

1

2
2 2π a a a a a a alog log







= √ − + √


























4

3

4
2

1

8

3

2
2

1

2
2 2π a a a a alog






= √ − + √





πa2 3 2
1

2
3 2 2log ( )

= √ − √ +





πa2 23 2
1

2
2 1log ( ) (Note)

= √ − √ +πa2 3 2 2 1[ log ( )] .

1. Find the surface of a sphere of radius a. (Kanpur 2006)

2. Show that the surface of the spherical zone contained between two parallel

planes is 2πah where a is the radius of the sphere and h the distance between the

planes. (Kanpur 2009)

3. Find the area of the surface formed by the revolution of the parabola y ax2 4=

about the x-axis by the arc from the vertex to one end of the latus rectum.

(Rohilkhand 2011)

4. Find the surface generated by the revolution of an arc of the catenary 

y c x c= cosh( / ) about the axis of x, between the planes x a=  and x b= .

5. For a catenary y a x a= cosh( / ), prove that aS V a ax sy= = +2 π ( ), where s is the

length of the arc from the vertex, S and V  are respectively the area of the curved

surface and volume of the solid generated by the revolution of the arc about

x-axis.
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6. Find the surface of the solid generated by the revolution of the ellipse 

x y2 24 16+ =  about its major axis. (Meerut 2005, 06)

7. Find the surface of the solid formed by the revolution, about the axis of y, of the

part of the curve ay x2 3=  from x = 0 to x a= 4  which is above the x-axis.

1. 4 2πa 3.
8

3
2 2 12πa [ ]√ −

4. πc b a
c b

c

c a

c
( ) sinh sinh− + −



2

2

2

2
6. 8 1

4

3 3
π

π
+

√






7.
128

1215
125 10 12πa [ ( ) ]√ +

   7  Surface Formula for Parametric Equations

Suppose the equation of the curve is given in parametric form x f t y t= =( ), ( ),φ  t being

the variable parameter. Then the curved surface of the solid formed by the revolution

about the x-axis

  = ∫ 2πy
ds

dt
dt , between the suitable limits

where
ds

dt

dx

dt

dy

dt
= 





+ 
















√

2 2

.

Ex am ple 14: Find the sur face of the solid gen er ated by rev o lu tion of the astroid 

x y a2 3 2 3 2 3/ / /+ =  or  x a cos t y a sin t= =3 3,   about the x-axis.

(Kumaun 2000, 13; Agra 01; Rohilkhand 07, 09, 11B; Meerut 06,09; Kashi 12)

So lu tion: The para met ric equa tions of the curve are

       x a t y a t= =cos , sin .3 3

∴       
dx

dt
a t t

dy

dt
a t t= − =3 32 2cos sin and sin cos .

Hence  
ds

dt

dx

dt

dy

dt
= 





+ 

















√
2 2

                 = √ +[ cos sin sin cos ]9 92 4 2 2 4 2a t t a t t
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= √ + =[ sin cos (cos sin )] sin cos .9 32 2 2 2 2a t t t t a t t

Also the given curve (astroid) is symmetrical about both the axes and for the curve in

the first quadrant, t varies from 0 to π /2.

∴ the required surface =
=∫2 2

0

2

t
y

ds

dt
dt

π
π

/

= =∫ ∫4 3 12
0

2
3 2

0

2
4π π

π π/ /
sin . sin cos sin cosa t a t t dt a t t dt

=












= −





= ⋅12
5

12
1

5
0

12

5
2

5

0

2
2

2

π π
π

π

a
t

a
asin

/

Ex am ple 15: Prove that the sur face  of the solid gen er ated by the rev o lu tion of the tractrix

x a cos t a log tan t y a sin t= + =
1

2

1

2
2 ,

about its asymptote is equal to the surface of a sphere of radius a .

(Agra 2002; Gorakhpur 06; Meerut 09B)

So lu tion: The given tractrix is

  x a t a t y a t= + =cos log tan , sin .
1

2

1

2
2

∴
dx

dt
a t a

t

t
a t

t
= − + ⋅ = − +sin

tan
sin

sin cos

sec2 1

2
1

2

1

2

1

2
1

2

1

2
t

















= − +








 =

− +
=a t

t
a

t

t

a t

t
sin

sin

( sin )

sin

cos

sin

1 12 2

and          
dy

dt
a t= cos .

Hence      
ds

dt

dx

dt

dy

dt
= 





+ 
















√

2 2

 = +











= ⋅√ a t

t
a t

a t

t

2 4

2
2 2cos

sin
cos

cos

sin

The given curve is symmetrical about both the axes and the asymptote is the line y = 0 

i e. ., x-axis. For the arc of the curve lying in the second quadrant t varies from 0 to 
1

2
π .

∴ the required surface = ∫2 2
0

2
.

/π
πy

ds

dt
dt (Note)

= =∫ ∫4 4
0

2
2

0

2
π π

π π/ /
sin .

cos

sin
cosa t

a t

t
dt a t dt 

= =4 42
0

2 2π ππ /a t a[sin ]

= the surface of a sphere of radius a .
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1. Find the surface area of the solid generated by revolving the cycloid

x a y a= − = −( sin ), ( cos )θ θ θ1  about the x-axis.

2. Find the area of the surface generated by revolving an arc of the cycloid.

x a y a= + = −( sin ), ( cos )θ θ θ1  about the tangent at the vertex.

3. The portion between two consecutive cusps of the cycloid x a= +( sin )θ θ , 

y a= +( cos )1 θ  is revolved about the x-axis. Prove that the area of the surface so

formed is to the area of the cycloid as 64 : 9.

4. Prove that the surface area of the solid generated by the revolution, about the

x-axis of the loop of the curve x t y t t= = −2 31

3
, is 3π.

5. Prove that the surface of the oblate spheroid formed by the revolution of the

ellipse of the semi-major axis a and eccentricity e is 2 1
1

2

1

1
2

2

πa
e

e

e

e
+

− +
−



















log .

1.
64

3
2πa 2.

32

3
2πa

   8  Surface Formula for Polar Equations

Suppose the equation of the curve is given in the polar form r f= ( )θ . Then the curved

surface generated by the revolution about the initial line, of the arc intercepted

between the radii vectors θ α=  and θ β=  is

2π θ
θ

θ
θ α

θ β
( sin ) ,r

ds

d
d

=

=

∫  where 
ds

d
r

dr

dθ θ
= + 
















√ 2

2

. [ sin ]∵ y r= θ

Note: In some cases we may use the for mula

S y
ds

dr
dr= ∫ 2π , where 

ds

dr
r

d

dr
= + 
















√ 1

2θ
.

   9  Curved Surface Generated by Revolution about any

Axis

If the given arc AB is revolved about a line CD other than the coordinate axes, then the

curved surface thus generated is
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= ∫2π ( ) ,PM ds (between the proper limits of integration)

where PM is the perpendicular drawn from any point P on the arc AB to the axis of

revolution CD and ds is the length of an element of the arc AB at the point P.

Ex am ple 16: Find the sur face of the solid gen er ated by the rev o lu tion of the lemniscate 

r a cos2 2 2= θ about the ini tial line. (Garhwal 2000, 02; Meerut 04, 10B, 11; 
Rohilkhand 08B; Agra 14; Purvanchal 14)

So lu tion: The given curve is r a2 2 2= cos .θ ...(1)

Differentiating (1) w.r.t. θ, we get

2 2 22r
dr

d
a

θ
θ= − sin  

or 
dr

d

a

rθ
θ

=
−

⋅
2 2sin

∴ 
ds

d
r

dr

dθ θ
= + 
















√ 2

2

= +











√ a

a

r

2
4 2

2
2

2
cos

sin
θ

θ

= √ +
1

2 22 2 4 2

r
r a a{ }. cos sinθ θ  

= √ +
1

2 24 2 4 2

r
a a{ }cos sin ,θ θ   [ cos ]∵ r a2 2 2= θ

= a r2 / . ...(2)

The given curve is symmetrical about the initial line and about the pole.

Putting r = 0 in (1), we get cos 2 0θ =  giving 2
1

2
θ π= ± i e. ., θ π= ±

1

4
.

Therefore one loop of the curve lies between θ π= −
1

4
 and θ π=

1

4
.
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There are two loops in the curve and for the upper half of one of these two loops  θ

varies from 0 to 
1

4
π .

∴ the required surface 

= ×2 the surface generated by the revolution of one loop

= ∫2 2
0

4
. ,

/π
π

θ
θy

ds

d
d  where y r= sin θ  

= ⋅∫4
0

4 2

π θ θ
π /

sinr
a

r
d [From (2)]

= = −∫4 42

0

4
2

0
4π θ θ π θ

π πa d a
/ /sin [ cos ]

= − √ + = − √4 1 2 1 4 1 1 22 2π πa a[ ( / ) ] [ ( / )] .

Ex am ple 17: A cir cu lar arc re volves about its chord. Find the area of the sur face gen er ated,

when 2α is the an gle sub tended by the arc at the centre.

So lu tion: Let the para met ric equa tions of the cir cle be

x a y a= =cos , sin ,θ θ …(1)

θ being the parameter.

Take any point P a a( cos , sin )θ θ  on the circular arc ABC which is symmetrical about

the x-axis and which subtends an angle 2α at the centre O so that ∠ =AOB α.

We have OD OA a= =cos cosα α. Draw PM perpendicular from P to AC, the axis of

rotation. Then

 PM ON OD a a= − = −cos cos .θ α …(2)

For the upper half of the arc to be rotated i e. ., for the arc BA,θ varies from 0 to α.

Also
ds

d

dx

d

dy

dθ θ θ
= 





+ 
















√

2 2
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= √ + ={ sin cos } .a a a2 2 2 2θ θ

∴ the required surface

= ×2  surface generated by the revolution of the arc BA about the chord AC

= × ∫2 2
0

π
θ

θ
α

( )PM
ds

d
d

= −∫4
0

π θ α θ
α

( cos cos ). .a a a d [From (2)]

= − = −4 42
0

2π θ θ α π α α ααa a[sin cos ] [sin cos ].

1. Find the area of the surface of revolution formed by revolving the curve 

r a= 2 cos θ about the initial line.

2. Find the surface of the solid formed by the revolution of the cardioid 

r a= +( cos )1 θ  about the initial line. (Purvanchal 2006, 10; Kashi 11)

3. The arc of the cardioid r a= +( cos )1 θ  included between − ≤ ≤
1

2

1

2
π θ π is rotated

about the line θ π=
1

2
. Find the area of the surface generated.

(Purvanchal 2010)

4. A quadrant of a circle of radius a revolves about its chord. Show that the surface

of the spindle generated is

2 2 1
1

4
2π πa √ −




.

5. The lemniscate r a2 2 2= cos θ revolves about a tangent at the pole. Show that the

surface of the solid generated is 4 2πa . (Meerut 1993, 2005B; Kumaun 12)

1. 4 2πa 2.
32

5
2πa 3.

48

5
2 2√ πa

   10  Theorems of Pappus and Guldin

(Agra 2014)

State and prove the theorems of Pappus and Guldin.
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Theorem 1: Volume of a Solid of Revolution:

If a closed plane curve revolves about a straight line in its plane which does not intersect it, the

volume of the ring thus obtained is equal to the area of the region enclosed by the curve multiplied

by the length of the path described by the centroid of the region.

Proof: Let AP BP A1 2  be the closed plane curve and let it rotate about the axis of x .

Let AL x a( )=  and BN x b( )=  be the tangents to the curve parallel to the y-axis ( ) .a b<
Also let any ordinate meet the curve at P P1 2,  and let MP y1 1= , MP y2 2=  so that 

y y1 2,  are functions of x .

Now volume of the ring generated by the revolution of the closed curve AP BP A1 2

about the axis of x

= volume generated by the area ALNBP A2   

− volume generated by the area ALNBP A1

= − = −∫ ∫ ∫π π π
a

b

a

b

a

b
y dx y dx y y dx2

2
1
2

2
2

1
2( ) . ...(1)

Also if  y  be the ordinate of the centroid of the area of the closed curve, then

y

y y y y dx

A

y y dx

A

a

b

a

b

=
+ −

=
−∫ ∫1

2

1

2
1 2 2 1 2

2
1
2( ) ( ) ( )

, ...(2)

where A is the area  of the closed curve. [See the chapter on centre of gravity]

Hence from (1) and (2), the required volume = = ×2 2π πA y A y

= area of the closed curve × circumference of the circle of radius y

= (area of the curve) × (length of the arc described by the centroid

 of the region bounded by the closed curve).

Theorem 2: Surface of a solid of revolution :

If an arc of a plane curve revolves about a straight line in its plane, which does not intersect it, the

surface of the solid thus obtained is equal to the arc multiplied by the length of the path described by 

the centroid of the arc.

Proof: Let l be the length of the arc AB and let it revolve about OX .

Let the abscissae of the extremities A Band  of the arc be a and b.
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Then the surface generated by the revolution of the arc AB about x-axis is

=
=

=

∫ x a

x b
y ds2π    ...(1)

Also we know that (see the chapter on centre of gravity) the ordinate y, of the centroid

of the arc from x a=  to x b= , of length l, is given by

y

y ds

l

x a

b

= =∫
      ...(2)

From (1) and (2), we get the required surface

     = = ×2 2π πy l l y

= (length of the arc) × (length of the path described by the centroid of the arc).

Note 1: The closed curve or arc in the above the o rems must not cross the axis of

rev o lu tion but may be ter mi nated by it.

Note 2: When the vol ume or sur face gen er ated is known, the the o rems may be

ap plied to find the po si tion of the cen troid of the gen er at ing area or arc.

Ex am ple 18: Find the vol ume and sur face-area of the an chor-ring gen er ated by the rev o lu tion

of a cir cle of ra dius a about an axis in its own plane dis tant b from its cen tre ( ) .b a>

So lu tion: Here the given curve (cir cle) does not in ter sect the axis of ro ta tion, so

Pappus the o rem can be ap plied.
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In this case,   A = area of the region of the closed curve 

  = area of the circle of radius a 

  = πa2

and l = length of the arc of the curve

   = circumference of the circle 

  = 2πa .

As the centroid of the area of a circle and also of its circumference lies at the centre, so 

y b=  in both the cases and hence the length of the path described by the C.G. = 2πb .

Now by Pappus theorem, the required volume of the anchor-ring

 = (area of the circle) × (circumference of the circle generated by the centroid)

      = =π π πa b a b2 2 22 2. .

And the surface area of the anchor-ring

= (arc length of the circle) × (circumference of the circle generated by the centroid)

  = =2 2 4 2π π πa b ab. .

Ex am ple 19: Show that the vol ume gen er ated by the revolution of the el lipse 

x a y b2 2 2 2 1/ /+ =  about the line x a= 2  is 4 2 2π a b.

So lu tion: Area of the given el lipse is πab.

The C.G. of the ellipse will describe a circle of radius 2a when revolved about the line 

x a= 2 . Hence the length of the arc described by the C.G. = =2 2 4π π( ) .a a

∴ by Pappus theorem the required volume

= (area of the ellipse) × (length of the arc described by its C.G.)

= =π π πab a a b. .4 4 2 2

Ex am ple 20: The loop of the curve 2 2 2ay x x a= −( )  re volves about the straight line y a= .

Find the vol ume of the solid gen er ated.

So lu tion: The given curve is 2 2 2ay x x a= −( ) . …(1)

The curve (1) is symmetrical about the x-axis and the loop lies between x = 0 and x a= .

Differentiating (1) w.r.t. x, we get
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A' A

Y

Y'

O
a

b

B

B'

M X

x 
=

 2
a



4 2 2ay dy dx x x a x a( / ) ( ) ( )= − + −  = − +3 42 2x ax a .

Now   ( / )dy dx = 0 when 3 4 02 2x ax a− + =

or   when x a= / 3, which gives from (1),

y a= √ √( ) / ( )2 3 3 , i e. ., < a,

showing that the loop does not intersect the straight line y a= .

By symmetry the C.G. of the loop lies on x-axis i e. ., the distance of the C.G. from the

axis of revolution ( )y a=  is a. When the loop is rotated about y a= , its C.G. will

describe a circle of radius a whose perimeter is 2πa.

Also the area A of the loop

= =
− √
√∫ ∫2 2

20 0
y dx

x a x

a
dx

a a ( )

( )
, ∵ from( ),

( )

( )
1

2
y

x a x

a
=

− √
√











= 





−√ ∫2 3 2

0

1 2

a
x ax dx

a
( )/ /  = 





−












= √√ 2

5 2 3 2

4

15
2

5 2 3 2

0

2

a

x ax
a

a/ /

/ /
.

∴ by Pappus theorem, the required volume

= × = × √ = √2 2
4

15
2

8

15
22 3π π πa A a a a .

Ex am ple 21: Prove that the vol ume of the solid formed by the ro ta tion about the line θ = 0 of the

area bounded by the curve r f= ( )θ  and the lines θ θ θ θ= =1 2,  is 
2

3
3

1

2
π θ θ

θ

θ
r dsin .∫

So lu tion: Let OAB be the area bounded by the curve r f= ( )θ  and the ra dii vec tors 

θ θ= 1 and θ θ= 2 . We have to find the vol ume formed by the rev o lu tion of area OAB

about the ini tial line OX .

Take any point ( , )r θ  inside the area OAB and take a small element of the area r rδθδ  at

the point P. Drop PM perpendicular from P to the axis of rotation OX. We have

PM OP r= =sin sin ,θ θ

Now the volume of the ring formed by revolving the element of area r rδθδ  about OX

= =2 2 2π θ δθδ π θδθδr r r r rsin . sin .
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Therefore the whole volume formed by revolving the area OAB about OX

=
== ∫∫ 2 2

01

2
π θ θ

θ

θ θ

θ
r d dr

r

f
sin

( )
 =











=∫ 2

3

3

01

2
π θ θ

θ

θ θ

θ
sin

( )
r

d

f

= = ∫∫ =

2

3

2

3
3 3

1

2

1

2
π θ θ θ π θ θ

θ

θ

θ θ

θ
[ ( )] sin sin .f d r d

where r is to be replaced from the equation of the curve r f= ( )θ .

Note:  Pro ceed ing as above we can also show that the vol ume of the solid formed by the

ro ta tion of the above men tioned area about the line θ
π

=
2

 is equal to 
2

3
3

1

2
π θ θ

θ

θ
r dcos∫ .

Use Pappus theorem to find: 

1. The position of the centroid of a semi-circular area.

2. The volume generated by the revolution of an ellipse having semi-axes a and b

about a tangent at the vertex.

3. Find by using Pappus theorem the volume of the ring generated by the revolution 

of an ellipse of eccentricity 1 2/ √  about a straight line parallel to the minor axis

and situated at a distance from the centre equal to three times the major axis.

4. Find the volume of the ring generated by the revolution of the cardiod 

r a= +( cos )1 θ  about the line r acos θ + = 0, given that the centroid of the

cardioid is at a distance 5 6a /  from the origin.

5. A semi-circular bend of lead has a mean radius of 8 inches; the initial diameter of

the pipe is 4 inches and the thickness of the lead is 
1

2
 inch. Applying the theorem

of Pappus and Guldin find the volume of the lead and its weight, given that 1

cubic inch of lead weighs 0.4 lb.

[Hint: Internal diameter of pipe = 4 inches.
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O
θ

M

r sin θ

P(r, θ)

r δθ δ r

r

X

A

θ = θ1

r = f(θ)

B

 =
 

θ
θ 2
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Thickness of metal =
1

2
 inch

∴ external diameter of the pipe = + =4 1 5 inches.

∴ area of lead = − =
1

4
5 4

9

4
2 2π π.( )

The centroid of this area is at a distance of 8 inches from the axis of rotation.

Therefore the length of path traced out by its centroid in describing a semi-circle 

= 8π inches.

∴ volume of the lead = × =8
9

4
18 2π π π  cu. inch.

∴ weight of the pipe = volume × density = × =18 0 42π . .lb 71.1lb]

6. State the theorems of Pappus and Guldin. (Meerut 2008)

1. 4 3a / π

2. 2 2 2π a b or 2 2 2π ab

3. 6 2 2 3√ π a , where a is the semi-ma jor axis

4.
11

2
2 2π a

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. The volume of the solid generated by the revolution of the area bounded by the

curve r f= ( )θ  and the radii vectors θ θ θ θ= =1 2,  about any line ( )θ γ=  is

(a) 
θ

θ
π θ γ θ

1

2 2

3
3∫ −r dcos( )

(b) 
θ

θ
π θ γ θ

1

2 2

3
3∫ −r dsin( )

(c) 
θ

θ
π θ γ θ

1

2 2∫ −r dsin( )

(d) 
θ

θ
π θ γ θ

1

2 2∫ −r dcos( )
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 2. The volume of the paraboloid generated by the revolution about the x-axis of the

parabola y a x2 4=  from x = 0 to x h=  is

(a) 2 2πah (b) 2πah

(c) 
2

3
2πah (d) 

2

3
πah 

(Rohilkhand 2005)

 3. The curved surface of the solid generated by the revolution about the  of y-axis

the area bounded by the curve x f y= ( ), the lines y a y b= =,  and y-axis is

(a) 
a

b
x ds∫ π (b) 

a

b
x ds∫ 2π

(c) 
a

b
x ds∫ 2

3
π (d) 

a

b
x ds∫ π2

Fill in The Blank(s)

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. The volume of the solid generated by the revolution of the area bounded by the

curve y f x= ( ), x-axis and the ordinates x a x b= =,  about the x-axis is …… .

(Meerut 2003)

 2. The volume of the solid generated by the revolution of the area bounded by the

curve r f= ( )θ  and the radii vectors θ θ θ θ= =1 2,  about the initial line is …… .

(Meerut 2001)

 3. If the equation of the curve in the polar form is r f= ( )θ , then the curved surface

generated by the revolution about the initial line of the arc intercepted between

the radii vectors θ α=  and θ β=  is

 
θ α

θ β
π θ

θ
θ

=

=

∫ 2 ( sin ) ,r
ds

d
d  where 

ds

dθ
= …… .

 4. If the equations of the curve in parametric form are x f t y t= = φ( ), ( ),  t being the

variable then the curved surface of the solid formed by the revolution about the

x-axis is ∫ 2πy
ds

dt
dt, between the suitable limits, where 

ds

dt
= …… .

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. The volume of the solid generated by the revolution of the area bounded by the

curve r f= ( )θ  and the radii vectors θ θ θ θ= =1 2,  about the initial line θ = 0 is 

θ

θ
π θ θ

2

1 2

3
3∫ r dsin .

 2. If an arc length revolves about x-axis, the basic formula for the surface of

revolution in all cases is ∫ 2π yds, between the suitable limits.
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Multiple Choice Questions

 1. (b) 2. (a) 3.  (b)
  

Fill in the Blank(s)

 1.
a

b
y dx∫ π 2  2.  

θ

θ
π θ θ

1

2 2

3
3∫ r dsin

 3. √ +





















r

d r

d
2

2

θ
 4.  √ 





+ 

















dx

dt

dy

dt

2 2

True or False

 1. T 2. T

¨
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