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CHAPTER

Real Number System

1 (Axiomatic Study of Real Numbers)

INTRODUCTION

Real analysis is a development of the set of real
numbers which is reached through a series of
successive extensions and generalisations starting
from the set of natural numbers. The real number
system is the foundation on which the whole branch
of mathematics known as real analysis rests. The real
number system can be described by means of certain
axioms which can be divided into three categories :

1.
2.
3.

Field axioms
Order axioms

Completeness axioms

Field Axioms

Let R be the set of real numbers having at least two
distinct elements equipped with two algebraic
operations denoted by + and X, and called additon
and multiplication respectively. These operations
satisfy the following axioms :

Addition Axioms

1.
2.

Closure Law : a+ be R ¥a,be R
Associative Law :

(a+b)+c=a+(b+c) Ya,bceR
Commutative Law : a+ b=b+a Ya,be R
Existence of Additive Identity :

a+0=a=0+a VYaeR, then 0 is called
additive identity.

Existence of Additive Inverse :

a+(-a)=0=(-a)+a VYaeR,
called additive inverse of a.

then —a is

Multiplication Axioms

1.
2.

Closure : a,be R Ya,be R

Associative Law : a.(b.c) = (a.c).c ¥ a,b,ce R

Commutative Law : a.b=b.a Y¥a,be R
Existence of Multiplicative Identity :

al=a=1a YaeR, then 1 is called the
multiplicative identity.

Existence of Multiplicative Inverse :
a.at=1=a"l.a Vae Rthena liscalled the
multiplicative inverse of a Distributive Law.
a.b+c)=ab+ac Mab,ceR
(@a+b).c=a.c+b.c ¥a,b,ceR

Due to these properties the algebraic structure
(R,+,") is called a field.

Order Axioms
The order relation greater than (>) between pairs of
real numbers satisfies the following axioms :

1.

Law of Trichotomy : For any two real numbers
a, b one and only one of the following is true
a>b,a=b,a<b

Transitivity Law : For a,b,ce R, a>b,b> ¢
=a>c

Monotone Property for Addition : For all real
number a,bandc,a>b=a+c>b+c.
Monotone Property for Multiplication : For all

real numbers a,b and c,a>b and ¢>0
= ac> bc.

In view of the above axioms, the set R is said to be
ordered. Thus R is an ordered field. The system Q of
all rational numbers is an ordered field while the
system C of all complex numbers is a field which is not
ordered.

Some More Relations

1.

The order relation less than (<) between the
real numbers aand bis defined asa < bif b> a.
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2. A real number a is said to be greater than or
equal to b(a> b) if either a> bor a=b.

3. Areal number a is said to be less than or equal
to b(a< b) if either a< bor a=b.
a is said to be negative if a < 0.
a is said to be positive if a> 0.

If R* and R~ are sets of all positive and negative
real numbers then

R=R"u{0} UR~

The Extended Real Number System

It is often convenient to extend the system of real
numbers by the addition of two elements « and — .
The enlarged set is called the extended real numbers.

If a is any real number, then

— o< g< oo, g+ o0 =00+g=—(Q+ =00,

Q

—oc0o=—00+Qg=—0c0—Q=—o00

o if a>1

8 |a

:O,i:ooxa:a)(oo:

a —ifa<0

AlsO 00X 00 =(—00) X (—0) =0+ oo =00,
oo)((—oo)+(—oo)(oo):—oo—oo:—oo

The following combinations are meaningless

co— oo, — oot 00, 0x o0, 00 x 0, 2,
o 0
Intervals
A subset S of R is called an interval if
a,beS xeR a<x<b=xeS
Open interval : It is defined as
(a,b)=la,b[={xe R:a< x< b}
Thus both the end points a and b do not belong to the
interval.
Closed interval : It is defined as
[a,b]={x e R:a<x<b}
Here both the end points a and b belong to the
interval.
Semi-open or closed open interval : It is defied
as [a,b)={xeR:a<x< b}
Semi-closed or open closed interval : It is

defined as (a,b]={xeR:a<x<b}

Each of the above intervals have length b — a which is
a finite positive real number.

Infinite open intervals or open rays : It is defined

as
la,o]={xeR:x>a}
and ]-=,a[={xeR:x<a}
Infinite closed intervals or closed rays : It is
defined as
[a, o [={xeR:x>a}
and ]-o,al={xeR:x<a}
The intervals [a, «[,]a, = [,]— o, a[,]— e, a] and

]— oo, o< [ are called infinite intervals.

Absolute Value (Modulus of a Real Number)
The absolute value (modulus) of a real number x
denoted by | x| is defined as

x if x>0,

Ix|=9 .

—x if x < 0.
Itis clear thatifa = b =|a|=|b|butif|a|=| b| then it
is not necessarily implies that a = b.

Properties : Forall x,ye R

1. |x|=20

2. |x|=max.{-x,x}
3. |x|=zx

4. x2-|x|

5. Ix|=|-x|

6. |x|?=x%=-|x|?
7. Ixyl=[x].]y]

8. |x+yl<|x|+|yl
9. Ix-vylzllx][-yll
10 [x —ylz]x[-|y]
11 [x = ylz]y|-]x]
12. |x|l<eo -e<x<e
13. |x-a|l<eesa-e<x<a+e

Bounded and Unbounded Subsets of Real
Numbers

1.  Aggregate: A non-empty subset S of R is
called an aggregate.
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Upper bound: A subset S of R is said to be
bounded above if there exists a real number r
such that every element of S is less than or
equal tor, i.e.

x<r ¥xeS

The number r is called an upper bound of S. If
there exists no real number r such that
x <r¥ x e S, then the set S is said to be not
bounded above or unbounded above.

Least upper bound or supremum: [fr is an
upper bound of a subset S of R and any real
number less than r is not an upper bound of S
then r is called the least upper bound (l.u.b) or
supremum (sup) of S.

There a real number r is supremum of S if
(i) ris an upper bound of S,
(i) r<r; for every upper bound r of S.
Lower bound : A subset S of R is said to be
bounded below if there exists a real number r
such that every element of S is greater than or
equal tor, i.e.

x2r ¥xeS

The number r is called a lower bound of S. If
there exists no real number r such that
x>r ¥ x e S, then the set S is said to be not
bounded below or unbounded below.

Greatest lower bound (Infimum): If s is an
lower bound of a subset S of R and any real
number greater thanr is not a lower bound of S,
then Sis called the greatest lower bound (g.l.b.)
or infimum of S.

Bounded set: A subset S of R is said to be
bounded if it is bounded above as well or
bounded below.

Thus a subset S of R is bounded if there exists a
positive real number k such that | x|<k for all
xeS.

A subset S of R is said to be unbounded if it is
not bounded above or not bounded below.

A5

7. Properties of supremum and infimum:
(i) IsupS=Kandinf.S=K then K<K.
If K is an upper bound of Sand K € Sthen

sup.S=K.

(iii) If x is a lower bound of S and k € S, then
inf.S=k.

(iv) If supremum of a non-empty subset of R
exists, then it is unique.

(v) If infimum of a non-empty subset of R
exists, then it is unique.

(vi) sup (A v B)=max.{sup A, sup B}

(vii) inf (A U B) = min.{inf. A, inf. B}

(viii) If A < B then
inf B<inf A<sup A<supB

(ix) supS=max.Sand inf S=minS.

Completeness Axiom

A system S of numbers is said to be complete if every
non-empty subset of S, which is bounded above has a
member of S for its supremum.

Complete ordered field: An ordered field F is said
to be a complete ordered field if every non-empty
subset of F which is bounded above has an element
of F for its supremum.

The field R of real numbers is a complete ordered field
while the field Q of rational numbers is an ordered
field but is not complete.

Result :

1. Any non-empty subset of real numbers which is
bounded below has an infimum.

2. The set Q of rational numbers is not a complete
ordered field.

Archimedean Property of Real Numbers
Let a be real number and b any positive real number,
then there exists a positive integer n such that

nb>a
Archimedean ordered field : An ordered field F is
said to be an archimedian ordered field if V¥ x, y € F,
y> 0, there exists some n € N such that ny > x.

The field R of real numbers is an Archimedean
ordered field.
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Results :
1. For any real number a there exists a positive

integer n such thatn > a.

2. For any positive real numbers x, there exists a
e 1
positive integer such that — < x.
n
3. For any real number x, there exist two integers

m and n such thatm< x <n.

4, For any real number x, there exists a unique
integer n such thatn< x<n + 1.

5. For any x € R, there exists a unique integer n
such that x —1<n< x.

6. For any x € R, there exists a unique integer n
such that x —1<n<x.

10.

Dedixind-Cantor axiom: To every real
number there corresponds a unique point on a
directed line and conversely, to every point on
a directed line there corresponds a unique real
number.

Between any two distinct real numbers there
always lies a rational number and therefore
infinitely may rational numbers.

Between any two distinct real numbers, there
always lies an rational number and therefore
infinitely many rational number.

Between any two distinct real numbers, there
lie an infinite number of real numbers.

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose
the correct answer.

1. The set of natural number N is :
a. Bounded b. Bounded above

c. Bounded below d. None of these
2. The supremum and infimum of
S={xeZ: xZ< 25} are respectively :
a. 5-5 b.-55
c. —2525 d. 25 -25
3. ThesetS={xeR:x=n+3 ne N}is:

a. Bounded below b. Bounded above

c. Bounded d. None of these
4. The supremum of the set (1, 2] U[3, 8) is :
a. 2 b.3
c. 8 d. Not exist
5. The supremum and infimum of the set
(-1)"

n

S= {x eQ:x= ,ne N} are respectively :

a. =,-1 b._—l,l
2

1
2
c. -1, 1 d. -1, ;1

2 2

The set Q of rational numbers is :

a. Field only

b. Ordered only

c. Complete ordered field

d. Ordered field only

For any real number x, there exist two integer m and
nsuch that :

a. x<m+n

b. x>m+n

c. m<x<n

d. None of these

The supremum of the set of positive integer z* is :
a. 1 b. 2

c. o d. Not exists
The infimum of the set {(-1)"-n:ne N}is :

a. -1 b..0

c. oo d. Not exist
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10.  The Lub. of the set {n + 17 _— l, _— 17 } is. 18, The setRis real numbers s :
2 4 8 a. Bounded below b. Bounded above
[Kanpur 2018] c. Unbounded d. Bounded
1
a. m b. 75+Z 19.  The supremum of the setS:{m+1:m,ne N}is
u
c. m+ % d. Not exist a. 2 b.1
C. oo d. Does not exist
11.  The supremum of the set 41+ +—— 1" :ne N ="
n 20. The infimum of the set{1+-~~"_:ne N
n
a. 1 b. 2
3 a. 0 b. 1
c. = d. Not exist 3
2 c. 5 d. Not exist
12.  The set R of real number is : [Kanpur 2018]
21.  For any x € R there exists a unique integer n such
a. Complete only that : [Meerut 2017]
b go;npledtef olt;;iere]d only a. x-1<n<x b.x-1<n<x
¢ Videredieid only c. n<x<n+1l d. None of these
d. Complete ordered field )
22.  The supremum of the set {(-1)"n“:ne N}is:
13. If a be any real number and b is any positive real
number then exist positive integer nsuch that : a. -1 b.2
a. nb>a b.na>b ¢ = d. Not exist
c. b>na d. n>ab 23.  Theset {222 2% .24 }is:
14. Theset{x:x =(-2)", ne N}is: a. Bounded above but not below
a. Bounded above b. Bounded below b. Bounded
¢. Bounded d. Unbounded c. Bounded below but not above
d. None of these
15. The set {l, l, i,i, i} is : 4
4’ g2 43 4" 24.  Thesupremumoftheset{x € R:x =2*'" ne N}is:
a. Bounded above only a. 2 b. 2%
b. Bounded below only c. 0 d. Not exist
¢. Bounded 25. Theset{-1-2-3-4...}is:
d. Unbounded a. Bounded above b. Bounded below
16.  The supremum of the set {3n+ 2 ‘ne N} is : ¢. Bounded d. None of these
3 5 26.  Between two distinct real numbers there always lies
a. 5 b. 5 infinitely many :
5 a. Rational numbers b. Irrational numbers
< 3 d. Not exist c. Real numbers d. All are true
17.  The closed interval [a,b] is : 27.  The set Q of rational numbers is :

a. Finite bounded set
b. Infinite bounded set
c. Finite unbounded set
d. None of these

a. Archimedean ordered field

b. Complete ordered field
Complete field

d. None of these
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20.

30.

31.

32.

33.

34.

35.
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The infimum of the set {n+ 1 :myne N} is :
m

a. 0
c. 2

b. 1
d. Does not exist

For any real number x, there exists a unique integer

nsuch that : [Kanpur 2018]

a. n<x<n+1

b. x+<n<x

c. n<x<n+1

d. None of these

The infimum of the set {n+ 3:ne N}is:
a. 3 b. 4

C. oo d. Not exist

The supremum of the null set ¢ is :

a. 0 b. 1

c. Finite d. Does not exist
The number +/3 13 is :
a. Natural number b. Integer

c. Rational number d. Irrational number
The set {x : 0< x < y} has :

a. Supremum but not infimum

b. Infimum but not supremum

c. Supremum and infimum both

d. Neither supremum nor infimum

The supremum of the set {sin% ‘ne N} is :

a. ﬁ b. @
2 2
c. 1 d. Does not exist

If Sis a non-empty bounded subset of R such that

sup S = inf Sthen the number of elementsin S are :

a. One

b. Two

c. Finitely many points
d. Infinite

If a set Sis bounded then the set {|x|: x € S}is :
a. Bounded

b. Unbounded

c. May be bounded or unbounded

d. None of these

37.

38.

39.

40.

41.

42.

43.

45.

ThesetS:{i:ne N}is:
2n

a. Bounded
b. Unbounded
c. Bounded above only

d. Bounded below only

The supremum of the set {—1 ‘ne N} is :
n

a. 1

C. o

b. -1
d.0

The infimum of the set {sin% ‘ne N} is :

0 b Y2
2

a.

-3
2

d. Does not exist

The supremum and infimum both exist for :
a. R b.Q
c. Z d. None of these

Which of the following is not true ?
a. |-x|=|x|

b. |x|= max.{x, —x}

c. |x|=m,n{x, —x}

d. |x/y|=|x|/|y| provided y # 0
Which of the following is not true ?
a. |x+yl<|x|+ly]  b.|x=-y|< |x]+]y]
¢ |x—yRlx|=ly|  d.|x-y|x|+]y]
The set {x € R : x > a} is represented by :
b. (a, o)

d. [a,9]

a. [a, )
c. (—oo,q)
To every real number corresponds a unique point
on a directed line and to every point on the directed
line corresponds a unique real number is known as :
a. Completeness axioms

b. Ordered axioms

c. Field axioms

d. Dedekind-Cantor axioms
Which of the following is meaningless ?
a. ooXoo b. coX(— o)

(o]
d —,a#
a

C. o0 — oo
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46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

If a,b e R then one and only one of the following is 56.
true a> b, a = b, a< b, this is called :

a. Closure law b. Transitivity law

c. Trichotomy law d. Associative law 57.
Every non-empty bounded above subset of R has a
supremum in R, is known as :

a. Ordered axiom

b. Field axiom 53.
c. Completeness axiom

d. Dedekind-Cantor axiom

[a,b) is defined by : 59
a. {xeR:a<x<bb.{xeR:a<x<b}

c. {xeR:a<x<btd.{xeR:a<x<bh}

The supremum of the set {x € R: —5x < 3} is :

a =3 b 22 60.
5 3

c. 0 d. Does not exist

The supremum of the set {cos% ‘ne N} is: 61.

a. 1 b.0

c. -1 d. Does not exist

Every non-empty finite subset of R is :
a. Bounded

b. Unbounded 62.
c. Bounded above only

d. None of these

The infimum of the set of all positive even integers is :

a. 0 b. 1 63.
c. 2 d. Not exist

How many real numbers are there in[1,4]:

a. 1 b. 4

c. 3 d. Infinite

If A< Bsuch that Aand B are non-empty subset of R
then :

a. supA=supB b. supA>supB
c. supA<supB d. None of these

If Aand B non-empty subset Sof R then inf (A U B) is 65.
equal to :

a. max{inf A,inf B} b. min {inf A,inf B}

c. max{sup A,supB}d. min {sup A,sup B}

A9

fS={1,357,...2n+1} then supSis :

a. 1 b.2n+1

C. oo d. Not exist

If A and B are non-empty subsets of R then
sup(AUB) is equal to :

a. min{sup A,sup B} b. min {sup A,inf B}

c. max{inf A,supB} d. max{sup A,supB}

Which is true :

a. Qis an open set

[Meerut 2018]
b. R is not complete
c. Qis not complete d. Both (a) and (c)
Every non-empty set of real number which
bounded has its :
b. Infimum
d. All elements

a. Supremum
c. Both (a) and (b)

Which one of the following is a complete order :

b. Q
d.R

a. I
c. C

The supremum of the set

S= {(l—leinL;, ne N} js: [Meerut2018,19]
n

a. 0 b. 1

c. 3 d -1

The supremum of the set S={x:xe N and
|x]<13.33} :
a. 13.33

c. 13

Which is true :

a. Supremum is always unique

b. 14
d. -13

[Meerut 2018]

b. Infimum is always unique

c. Set of upper bound is always infinite, if exist

d. All the above

The infimum of set S = {x : x € R and |x|< 7.7} is:
[Meerut 2018]

b. -7.7

c. -7 d.0

The least upper bond of the set {%‘ :ne N } is :

[Meerut 2017]
. b. -1
c. O d. 2
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66.

67.

68.

69.

70.

71.

72.

73.

74.
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The Null ¢ is :
a. Bounded
c. Both (a) and (b)

[Meerut 2018]
b. Unbounded
d. None of these

If a and b be any two positive real numbers then

from archimedean property 3 a positive integer n

such that : [Meerut 2014]
a.a>nb b.na=b
c. na>b d.na>a

Which set is complete with respect to boundeness :
a. N natural numbers

b. Q rational numbers

c. Zinteger

d. Both (a) & (c)

to the set is a
[Meerut 2014]

Supremum of a bounded set

limit point of the set :

a. Belonging
c. (a)or (b)

b. Not belonging
d. None of these

If lim f(z) = nthen lim|f(z)|is : [Meerut 2014]
a. n b. |n|
c. —n d.0

Between two distinct real number there exist at least

one rational number is known as: [Meerut 2014]
a. Archimedean property

b. B.V. property

c. Density property

d. None of these

Ais said to be dense in Xif : [Meerut 2014]
a. AcX b.Ac X

c. A=X d. None of these

The function f(x) = x" decreasing on the interval :

[Meerut 2016]
a. 10.¢l b.]o,l[
e
c. 10,1[ d. None of these
Let x,yand z are real numbers then if x < yandz < 0
then : [Meerut 2019]
a. xz>yz b. xz< yz

C. xz=yz d. None of these

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

If x and y are two real numbers and x > 1 then 3 a

natural number nsuch that : [Meerut 2014]
a. x"<y b.x">y
c. x"=vy d. None of these

The least upper bond of the set {l ‘ne N} is :

n
[Meerut 2017]

a. 1 b. -1

c. 0 d.2

The set of all real numbers is : [Meerut 2017]

b. A closed set
d. None of these

a. An open set

c. Both (a) and (b)
The Null set ¢ is :

a. Bounded

c. Both (a) and (b)
Aand Bare setssuch thatae A, be B = a< bthen:

b. Unbounded
d. None of these

[Meerut 2017]
a. lubA<glbB b.lubA>glbB
c. lLub<g.lbB
The derived set of the closed interval [3,5] is :

d. None of these

a. 13,9] b. 13,5]
c. [3,5] d. [3,5]
The limit points of the set S = {3n+ 2 ‘ne N} is:
2n+1
a. 2 b. 3
3 2
c. 1 d.3
3

Derived set of the set S= {1+ 3" :ne N} :
a. {1,2} b. {1,2,3}

c. Singleton {1} d. None of these
The derived set of the set S= {1,3,7,11} is :
a. {1,3,7,11} b. {1,3}

c. Empty set ¢ d. None of these

If A=]2 7[ then Ais equal to : [Meerut 2018]
a. [2,7] b. [2,7]
c. [2,7] d. 12,7]
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85.

86.

87.

88.

89.

90.

91.

92.

Every non empty set of real number which is 93.

bounded has its : [Meerut 2018]
b. Infimum

d. All elements

a. Supremum
c. Both (a) and (b)

The infimum of the set

Sz{x:xeandx=(—1")~(l—i1)ne N}is:
n n
[Meerut 2018]
a _2 b. 3
3 3
c. § d.g
2 3

The infimum of the set S = {x : x € N and |x|< 57} :

[Meerut 2018]
a. 0 b. =57
c. -5 d.1
Which is true : [Meerut 2018]

a. Union of arbitrary family of open set is open
Intersection of finite collection of open set is
open

c. Both (a) and (b)

d. None of the above

Qis equal to : [Meerut 2018]
a. Q b.R-Q
c. R d. ¢
The infimum of the set
S={x:xeR" and |x|> 58}: [Meerut 2018]

a. 5
c. -58

b.-5
d. Does not exist

The supremum and infimum of the set

S={]|cosx|and x € R} : [Meerut 2018]
a. land-1 b.-land 1
c. landO d.-land O
Which is true : [Meerut 2018]

Q is an open set

a
b. Ris not complete set

o

Q is not complete set
Both (a) and (c)

e

9.

95.

96.

97.

98.

99.

100.

A-11

If x>0and ¥ ye R dne N such that:

[Meerut 2018]
a. nx=y b.nx>vy
c. nx<y d.nx>y
Which is true : [Meerut 2019]

a. The null set ¢ is unbounded
b. The null set ¢ is bounded
c. A finite subset of R is unbounded

d. None of the above

Supremum of a set Sis always : [Meerut 2019]
a. Belongsto set S

b. Not greatest member of S

c. Exist

d. Greatest member of S

Let S={y:y=|sinx|V¥x e R}, then supS is equal

to: [Meerut 2019]
a. -1 b. 1
c. 0 d.
Let A= {x:x =|siny| ¥y € R}, then inf A is equal
to: [Meerut 2019]
a. -1 b.1
c. 0 d. —oo
IfS= {x:x :m+l,m,ne N}thenD(s) is :
" [Meerut 2019]

a. o b. {0}
c. 0 d. None of these
Let S={x€[-1, 4] and sinx > 0}, then which is
true: [Meerut 2019]
a. infS<0
b. sup Sdoes not exist
c. supS=mw
d. infS=mn/2

set of real number has a non empty derived
set : [Meerut 2019]
a. Every finite bounded set
b. Every infinite set
c. Every infinite bounded set
d. Every infinite unbounded set
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101.

102.

103.

104.
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Which one is not a perfect set : [Meerut 2019] 105.
a. A={x:x=l,ne N}
n
b. A:{x:x=m+l,neN,meN} 106.
n

C. A={x:x=l+l,neN,meN}
m n

d. (b) and (c) and (a) also 107.

Sup and Inf of Sis, where
S={x:xez|x[?>[2599]}: [Meerut2019]

a. Sup S=winfS=-c

b. Sup S=26infS=25 108.

c. SupS=0infS=5

d. Does not exist

If A= {x:xeR-Qand|x[?<[81,99]} then supA
and inf Aare : [Meerut 2019]
a. SupA=9infA=-9

b. Sup A=9 infA=0

c. SupA=0,infA=-9

d. Sup A=99 infA=-99 110.

Which of the following sets is bounded below but
not bounded above : [Meerut 2015]

a. N b.Z
c. Q d. R

109.

Every bounded set has its : [Meerut 2018]

a. Supremum b. Infimum

c. Both (a) and (b) d. Limit point

The domain of a sequence is always [Meerut 2018]

a. N b.R

c. RT d. Q

IfS= {m+l:m,ne N}then sup Sis :
n [Meerut 2019]

a. oo b. —

c. Does not exist d. 0

LetS= {rz + lz, rse N} then inf Swill be :
s

a. 0 b.1 c.—-1 d.2

Letr_ _ands___ ,then3t _ suchthatst__ r:
a. eReR'el>

b.eRteRtel<

c. eR*eRel>

d. None of these

Which is true :
a. Qis nbd of all its points
b. R-Qis nbd of all its points
R — Q is not nbd of all its points
d. R is not nbd of its points
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ANSWERS

MULTIPLE CHOICE QUESTIONS

11.
21.
31.
41.
51.
61.
71.
81.
91.
101.

(c) 2. (a) 3. (a) 4. (c) 5. (a) 6.
(c) 12. (d) 13. (a) 14. (d) 15. (c) 16.
(b) 22. (d) 23. (c) 24. (d) 25. (a) 26.
(d) 32, (d) 33. (b) 34. (b) 35. (a) 36.
(c) 42. (d) 43. (a) 44. (d) 45. (c) 4.
(@ 52. () 53. (d) 54. (c) 55. (b) 56.

d 7. (© 8 (d 9 (d 10. (o
(© 17. (b) 18. (o) 19. (d) 20. (a)
(d) 27. (a) 28. (b) 29. (c) 30. (b)
(@) 37. (a) 38 (d) 39. () 40. (d)
() 47. (c) 48 (c) 49. (d) 50. (a)
(b) 57. (d) 58 (d) 59. () 60. (d)

(b) 62. (a) 63. (d) 64. (d 65. (c) 66. (a) 67. (b) 68. (d 69. (b) 70. (b)
(c) 72. () 73. (b) 74. (a) 75. (b) 76. (a) 77. (c) 78. (a) 79. (a) 80. (¢
(b) 82. (c) 83 (c) 8. (c) 85 () 8. (b) 87. (d) 88 (c) 89. (c) 90. (d)
() 92. (d 93. (b) 94. (b) 95. (b) 96. (b) 97. (c) 98. (d) 99. (c) 100. (c)
(d) 102. (d) 103. (b) 104. (a) 105. (c) 106. (a) 107. (c) 108. (b) 109. (d) 110. (c)

11. S:{1+(_1)n:neN}

N={,234..} n
Its infimum is 1 so it is bounded below by 1. 1 1 1
S- ez x< 25 or S={1—1,1+§,1—7,1+7,1—g ..... }
SO, S:{_57_&_37_27_1707172737&5} 3 2 5 4 3
Thus, supremum = 5and infimum = -5 or S= {O’ 234577 5}

_ e
S_{XEQ‘X_ n ,neN} So,itssupremung

-1 -1 111
=4-1 =, ==, = = — [(—9)"
or S { "33 e a 2} 14. S={(-2":ne N}
or S={..-8-2416...}

So, supremum = %, infimum = -1

The set Q is not complete but ordered field.
zt={1,234,..}

Hence, infimum = 1 but supremum does not exist. 15,
Let S={(-1)".n:ne N}

then S={..-5-3-1,246...}

Thus neither supremum nor infimum exists.

Thus, neither supremum nor infimum exists.

i.e., Sisunbounded.
111 1
S=41-, = — .., ...
{ 44243 4" }

Here sup = 1 and infimum = 0 but does not belongs
to S. Thus the set Sis bounded.
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16.

19.

20.

22.

23.

25.

30.
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SZ{MIHGN}
2n+1

lfn=1then S=>
3
Also S:3n+2:3+2/n
2n+1 2+1n
. 3
So, hmn_,w8=§
Thus, sup = 5 and infimum = 3
3 2

S:{m+l:m,ne N}
n

S:{1+1,1+1,1+14...}u{2+1,2+l,4...}u .....
23 2

Here infimum =1 ¢ Sand supremum does not exist.

S={l+(_1)n:neN}

n

S={1-1,1+1,1-1,1+1,...}
2 3 g

Thus, infimum =0
S={(-1)"n*-ne N}
or S= {1222~ (3%@%- (5.}
or S={..-25-9-1416,...}
Thus, neither supremum nor infimum exist.
S=1{2,2%,2% .. 2" ..}

sup = lim,, , ., 2" =co
and infimum =2
Thus, Sis bounded below but not bounded above.
S={-1,-2-3-4..}
Here supremum = —1, infimum = not exist.
So, Sis bounded above by —1.
S={n+3=ne N}
or S=1{4567,...}

So, sup is not exist but infimum = 4

33.

34.

39.

49.

50.

53.

S={x:0<x<4}

Here, infimum of S = 0 and supremum of S = 4 but

supremum does not exist in S.
S= {sinn—n:ne N}
3
{ .M. 21 . . 4n }
or S ={sin=,sin==,sin {,sin—, ....
3 3 3

or S= \/§7;170’§’;\/§

2 2 2

V3

Thus, supremum of S = o
S= {i ine N}
2n

or S:{l7i,i’0}
292 23

1. .
Here, supremum = BY infimum = 0

So, Sis bounded set.

S:{_—lzneN}:{—L_—l,_—l, ..... }
n 2 3

Here, supremum = 0 ¢ Sand infimum =-1€ S

By the solution of question (34) infimum of S

2

S={xeR:-5x<3}

or S={xeR:x>-3/5
Thus, S:]_—S, [
5

So, its supremum does not exist but infimum S = %3

S={sinﬂzne N}
2

or S=4{,0-10,...}
Thus, supremum of S = 1 and infimum of S = -1

Here S =11, 4] since it is an interval so S contains

infinite number of real numbers.

000



CHAPTER

2

Countable and Uncountable Sets

COUNTABLE AND UNCOUNTABLE SET

1.

Equivalent sets : Two sets A and B are said to
be equivalent or equipotent if there exists a
one-one onto mapping i.e. bijective mapping
f:A— Band is denoted by A ~B.
Denumerable set : A set A is said to be
denumerable or countable infinite if there exists
a one-one correspondence between the set A
and the set N of natural numbers i.e. there
exists a one-one f : N — A.

Then A is denumerable since f:N— A is

Example: Consider the set A = {1 2 3 }

defined by f(n) =L, ¥ne N is one-one
n+1

and onto.

Countable set : A set which is either finite or
denumerable is said to be countable.

Uncountable set : A set which is neither finite
nor denumerable is said to be uncountable or
non-denumerable.

USEFUL RESULTS

1. A subset of a countable set is countable.

2. Every superset of an uncountable set is
uncountable.

3. Union of a finite number of countable set is
countable.

4. The union of a countable family of countable
sets is countable.

5. The set N x N is countable.

6. Union of two countable sets is countable.

7. Finite set is countable.

8. If A and B are countable then A x B is also
countable.

9. If one enumerable set is subtracted from the
other enumerable set then remaining set will be
enumerable.

10. If enumerable set is subtracted from non-

enumerable set then the remaining set will be
non-enumerable.

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose
the correct answer.

1.

2.

The set z of all integers is :
b. Uncountable

d. None of these

a. Finite

c. Countable
Denumerable set is :
a. Countable finite b. Uncountable

c. Countable infinite d. None of these

The set A, = {7,7,—, = = ...}Vne Nis:

a. Bounded

b. Countable

c. Uncountable
d

Unbounded and uncountable both
The set [a,b], a< bis always :
Bounded and countable

Unbounded and countable

Bounded and uncountable

a0 oo

Unbounded and uncountable
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11.

12.

13.

14.
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The super set of a countable set is :

a. Countable

b. Uncountable

c. Countable or uncountable

d. None of these

Theset{+ 1, +£4 +9 +16...}is:

a. Finite and bounded

b. Infinite and bounded

c. Bounded and countable

d. Unbounded and countable

The set of all rational points in the co-ordinate plane
R%is:

a. Countable b. Uncountable

c. Finite d. Bounded
The set of all irrational numbers is :
b. Bounded

d. Uncountable

a. Finite

c. Countable

The cardinal number of the empty set @ s :
a. 0 b. 1

c. Finite d. Infinite

A countable set is :
a. Finite only b. Infinite only

c. Finite or infinite  d. Neither finite nor infinite

The set R of real number is :

a. Bounded b. Countable

c.  Uncountable d. Finite

The super set of uncountable set is :

a. Bounded b. Countable

c.  Uncountable d. None of these

The cardinal number of the set {+ 1,+ 2, + 3, + 4}
is :

b.0

d. 4

a. Infinite
c. 8

If A;is enumerable set fori =1,2 3, ....onto A= U A
i=1

then card Ais equal to :

b.c

d. Finite

a. a

C. oo

15.

16.

17.

18.

19.

20.

21.

A subset of a countable set is always :

a. Bounded b. Unbounded

c. Countable d. Uncountable

The union of countable family of countable sets is :

a. Countable

b. Uncountable

c. Countable or uncountable

d. None of these

Every denumerable set is equivalent to :

a. N b.Z

c. Q d. R

If A; is non-enumerable fori =1, 2, 3 with A= OA,-
i=1

then card (A) is equal to :

b.c

d.0

a. a
c. o
The family of all finite subsets of N is :

b. Countable infinite

d. None of these

a. Countable finite
c. Uncountable

If a,c and f denote the cardinal numbers of set of all
natural numbers, real numbers and set of all real
valued functions defined over [0, 1] respectively
then :

a. c<a<f b.a<c<f
c. f<a<c d.a<f<c

Which of the following set is countable :

a. C b.R

c. Q d. [a,b)

If ais any real number and b is positive real number

then there exists a positive integer n, such that :
b.nb>a

d.nb<a

a. nb>a
c. nb<a
The bounded set is always :
a. Countable

b. Uncountable

Infinite

o

o

May or may not be countable
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24.

25.

26.

27.

28.

29.

30.

31.

If a and ¢ are the cardinal numbers of set of all
natural numbers and real numbers then :
b.a+a=a

d. All are true

a. at+c=c¢

C. ac=c

Every isolated set of points is :

a. Countable

b. Uncountable

c. Countable or uncountable

d. None of these

The set of all polynomial functions with integer
(rational coefficient) is :

a. Countable

b. Uncountable

c. Countable or Uncountable

d. None of these

The set of all sequences whose elements are the
digits 0 and 1 is :

a. Countable

b. Uncountable

c. Countable or uncountable

d. None of these

If a finite set of elements is added to an enumerable
set then the resulting set is :

a. Finite b. Enumerable

c. Finite or enumerable

d. None of these

If the range of f : A— B is uncountable the domain
of fis:

a. Countable

b. Uncountable

c. Countable or uncountable

d. None of these

The set of all characteristic functions on R is :

a. Countable

b. Uncountable

c. Countable or uncountable

d. None of these

The set of all real valued functions on [0, 1] has the
cardinal number :
a. 2° b. a®

c.2¢ d. c?

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

c%is equalto :

b.c

c. a d. None of these
The set of all algebraic numbers is :

b. Enumerable
d. None of these

a. Finite
c.  Uncountable
The set of all transcendental numbers in any interval
is:
a. Finite b. Enumerable

c. Non-enumerable d. None of these

Every infinite set is always :

a. Countable

b. Uncountable

c. May be countable or uncountable
d. None of these

The unit interval [0,1] is : [Kanpur 2018]
a. Countable b. Denumerable

c. Non-denumerable d. None of these
Which is true :

a. The set R is uncountable

b. The set R is countable

c. There is no subset of countable set

d. N is not countable

Which is not true : [Meerut 2018]
a. The set Qis numerable

b. The set Q is non-numerable

c. Theset Nx N is countable

d. The interval [0,1] is uncountable

The sequence < (—1)" > is : [Meerut 2018]
a. Convergent b. Divergent

c. Oscillates finitely d. Oscillatory

limrY™ = 1if - [Meerut 2018]
a. r=0 b.r>-1

c. r<l d. None of these

Which is true : [Meerut 2018]

a. The set R is uncountable
b. The set R is countable

There is no subset of countable set

a o

N is not countable
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ANSWERS

MULTIPLE CHOICE QUESTIONS

2. (g 3. (b) 4. (c) 5

&
-}

(d) 7. (a) 8. (d) 9. (a) 10. (c)
16. (@) 17. (a) 18. (b) 19. (b) 20. (b)
26. (a) 27. (b) 28. (b) 29. (b) 30. (b)
c) 36. (c) 37. (a) 38. (a) 39. (c) 40. (d)

11. (c
21. (b) 22. (a) 23. (d) 24. (d) 25.
31. () 32. (b) 33. (b) 34. (c) 35.

12. (c) 13. (c) 14. (a) 15.

&

—_ o~ =~ =
Q

41. (a)
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HINTS AND SOLUTIONS

Let N and Z denotes the set of natural number and 8.
integer. Consider f : N — Z by

f(r) =" ; 1 where r is odd and

f(r) = —% where r is even 11.
f is one-one, since f(1) = 0, f(2) = -1, f(3) =1,

f@=-2f(5=2...
fisonto: Letye Z. If y> 0, then 12.
2y+1e Nand f(2y+ 1) :{(ZLZD‘”: v
If y< 0, then, —2y € N and

—(=2 15.
f(=2y) Shin'n: 1)) (Zy)} =y

Thus, y € Z i.e. there exist some x € N such that
f(x)=vy. Therefore, f is onto. Hence z is
countable.

Let A, = {7, -, == } so A, is the set of all

those rationals whose denominator is ne N.

Each A, is equivalent to N'since f : N — A, defined
by

7"2_ 1, when ris odd

—J 2n

f(r) o . 21.
—, when ris even
2n

is one-one onto as by the solution of example (1).  23.

Also U A, is the set of all rationals. Thus the set of all

n=1

rationals i.e. U A, is countable.

n=1
LetA={+1%2 + 22 + 3% + 4%}
Consider f : N — A defined by

2
(”;1) if nis odd

n2
- 92 , if nis even

Then f is one-one onto. Hence, Ais countable.

26.

Since the set R of real numbers is uncountable and
the set Q of rational numbers is countable, if follows
that the set R—Q of all irrational numbers is

uncountable.

We know that a subset of a countable set is
countable. Hence if R was countable, then [0,1]
would also be countable. This contradicts that [0,1]
is uncountable. Thus, R is uncountable.

Let Abe uncountable set and A < B.

Suppose B is countable. Since A c B therefore A
must be countable which is against our hypothesis.

Hence B must be countable.
Let Abe any subset (countable) and B ¢ A
If B is finite then B is countable.

If B is infinite then A is also infinite. Thus A is
countably infinite i.e. denumerable so A can be
written as a sequence < dy,d9,03....dy, >. Let m be
the smallest positive integer such that a, € B. Again
let ny be the next smallest positive integer such that

ny>n and a, € Basso on.
Then,

Thus the mapping f : N — Bdefined by f(k) = a,, is
one-one and onto. Hence, B is also countable.

Qs countable as proved by the solution of question

(3).

Consider A= {l, 2 3, 4, 5} then it is bounded and
countable also.

Now consider A =[1, 2] then B is bounded but not
countable.

Consider P,(x) = o,x™ + 0, ;x" 14 agx

+op(or, # 0) with integer (rational) coefficients.

Ifou,| + |or, = 1| +.... + |otg|= m then for each pair of
natural numbers (m, n), the set P,,,, of all polynomials

n-1

of the form P,(x) = a,x" + 2,_1x" " +...+0qn+ 0y

is finite and hence countable. Also the sets
Bny =PoK=(mneNxN

countable. Therefore, the set P =

themselves  are
| JPmnis also

countable. (m,n) eNxN
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Let cord A= o i.e. Ais infinite set. Since Ais infinite
set so Fa subset B of Asuch that B is enumerable i.e.

cord B = a.

Now, A=(A-B)uUB
or AUN=(A-B)uUBUN
or AUN=(A-B)uUBUN)

Band N are enumerable sets
= B u Nis enumerable
= BUN~N

Now, BUN~N,N~B=BUN~B
=(A-B)JU(BUN)~(A-BjUB 3%

ie. AUN~A

or cord (AUN) =cord A=so+a=o

Consider the algebraic equation,

o<+ o x" 4o, of degree n with ag# 0.
Define the rank of this equation by

ol + lotg | +.... oty |[=m

Here, mis positive. Also a, s are integers ry rank is an
integer greater than 1. Also for a given rank the roots

of the equation will be finite and so enumerable.

Now put a one-one correspondence in the set N
with algebraic equation arranged with respect to
rank and hence the set of all algebraic equation is
enumerable. Now each algebraic equation has
enumerable number of roots and so the set of all
algebraic number is enumerable collection of

enumerable sets and hence enumerable.

We know that the set of all algebraic numbers and
transcendental number is the set of all real numbers
which is known to be uncountable. But the set of
algebraic numbers is an interval i.e. enumerable.
Also we know that if an enumerable set is removed
from a non-enumerable set the remaining set is
non-enumerable so the set of all transcendental
number is non-enumerable.

000
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3

Point Set Theory

NEIGHBOURHOOD OF A POINT
A subset N of R is a said to be a neighbourhood (nbd.)
of a point p € R if there exists a real number € > Osuch
that

pelp—-g p+tec N
In other words, N c R is nbd of a point p € R if there
exists an open interval contained in N whose centre is
the point p.
In very simple form the open interval (p — €, p + €) is
called an e-neighbourhood of p and is denoted by
NS(P)-
Deleted neighbourhood : The set N — { p} is called
a deleted nbd of p.

PROPERTIES

1. Asubset Nof R is a nbd of a point p e R if and
only if there exists an open interval ]a, b[
containing p and contained in N is

pelab[c N

2. A non-empty subset A of R is anbd of p € R iff
there exists a positive integer n such that

pelp-¢g pte[cA

3. Any open interval is a nbd of each of its points.
For let] a, b [be any open interval and x be any
arbitrary point of ] a, b [. We have to show that
] a, b[isanbd of x. Choose € as the minimum of
two positive numbers x —a and b — x then
€ > 0is such that

xelx—g x+elc]a bl
Hence, ] a, b[is anbd of x. Since x € ] a, b [ so
every open interval is anbd of each of its points.

4. Any closed interval [a, b] is a nbd of each of its
points except the two end points a and b.

5. On the real line R, for each point p € R, there
exists at least one nbd of p.

if N is a nbd of any point pe R then pe N.

Any superset of anbd of a point is also a nbd of
that point.

8. The intersection of two nbds of a point is also a
nbd of that point.

9. On the real line R for each point p € R and each
nbd N of p, there exists a nbd M of p such that
M < N and M is a nbd of each of its points.

10. The intersection of finitely many nbds of a point

is also a nbd of that point.

11. If p and g are any two distinct real numbers,
then there exist nbd of p and g which are
disjoint. This property is called Hausdarff
property.

Let be any point of the nbd N(p, €), then there
exists a nbd of a which is entirely contained in

N(p, €).

Let a be any point of the intersection M of the
nbds N(ay, €1)and N(ag, €9) of a; and ay. Then
there exists a nbd of a which is entirely

12.

13.

contained in M.

LIMIT POINTS AND CLOSED SETS

1. Limit point or limiting point : A point pe R
is said to be a limit point (or accumulation point
or condensation point or cluster point) of a set
A c R if every neighbourhood (nbd)N of p

contains a point of A distinct from p i.e.
IN-{ptInA=0.

Thus pis a limit point of A iff for each € > 0, the
open interval ] p— €, p+ €[ contains a point of
A other than p. The set of all limit points of A is
called the derived set of A and is denoted by
D(A).
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Adherent point : A point p € Ris said to be an

adherent point of a set A < R if every nbd of p
contains a point of A.

The set of all adherent points of A is called the
adherence of A and is denoted by Adh A.

Remark : It is clear that every limit point of
A c R is also an adherent point of A. But the
converge is not always true. For example, for
the set A={1,1/2,1/3,....1/4....}, adherent
point of Ais 1 but it is not a limit point of this set.

Closed set : A set A c Ris said to be closed if
it contains all its limit points. There A is closed
set is D(A) c A.

Isolated points : A pointa € Ais said to be an
isolated point of A < R if it is not a limit point of
Al.e. if there exists a nbd of a which contains no
points of A other than a itself.

Discrete set : A set A ¢ R is called a discrete

set if all its points are isolated points.

,1,1,....1....}thenall
2 3 n

the points of A are isolated and so A is a
discrete set.

Example : Let A = {1

Dense-in-itself set : A subset A of R is said to
be dense-in-itself if it possesses no isolated
points i.e. every point of A ¢ R is a limit point
of A.

Perfect set : A subset A of R is said to be
perfect if A =D(A) where D(A) is the set of all
limit points of A is derived set of A.

In other words a set A ¢ R s called a perfect set
if it is dense-in-itself and if it contain all its limit
points.

Example: Let A =0, 1] then D(A) =10, 1] so
A=D(A)ie. Ais a perfect set.
Every

bounded infinite subset of R has at least one
limit point.

Bolzano-weierstrass theorem

9.

10.

11.

Closure of a set : Let A — R, then the closure

of A is the intersection of all closed super sets of
A and is denoted by A.

Thus, A=n{F:Fisclosed and A c F}
Obviouslly Ac A

Further @ =¢ and R=R

Dense set : A subset A of R is said to be dense
in R i.e. everywhere dense if A = R.
Properties :

(i) Apoint pe Ris a limit point of aset A ¢ R
iff every nbd of p contains infinitely many
points of A.

(i) Apoint pe Ris alimit pointof aset A ¢ R
iff for each nbd of p

(AnN) -{p}=0
If a non-empty subset of A of R which is
bounded above has

member, then its supremum is a limit point
of the set A.

(iii)

no maximum

If a non-empty subset A of R which is
bounded below has no minimum member,
then its infimum is a limit point of the set A.

(v) If ¢ be the empty set, then its derived set
D(9) = ¢.

The derived set of any bounded set is again
a bounded set.

(iv)

Every infinite bounded set has the greatest
and the smallest limit points i.e. the derived
set of any infinite bounded set attains its
bounds.

(viii) A set is said to be of first species if it has
only a finite number of derived sets and if
there exist infinite number of derived sets
then the set is of second species.

(ix) A set where n™ derived set is a finite set so
that its (n + 1) the derived set is empty is
called a set of n! order.

(x) The smallest and greatest limit points of an

infinite bounded set S, or they do exist are
called the lower (inferior) limit and the
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upper (superior) limit of S and denoted by
p=1lim S and g=1im S respectively and
satisfying lim S< lim S.
(xi) The derived set of a set is always closed set.
(xii) If A and B be two subsets of R then
(@) AcB=D(A)cD(B)
(b) D(A v B)=D(A) u D(B)
(c) D(A n B)<D(A) nD(B)
(d) xe D(A) = x e D(A —{x})

(xiii) The intersection of an arbitrary collection
of closed sets is closed.

(xiv) The union of a finite collection of closed -

sets is closed.
(xv) If A any subset of R then
(a) Ais closed
(b) A is the smallest closed superset of A
(c) Ais closed & A= A
(d) A=A uU D(A)
(xvi) If A and B are two subsets of R then
(@) AcB = AcB
b) A =AUB

(
(c) AnB
(d)

3\\ 3>
I/\

)=

INTERIOR POINTS AND OPEN SETS

1.

Interior points : Let A be a subset of R. A
point p € A is said to be an interior point of A if
there exists a nbd ] p — ¢, p+ €[ of p which is
entirely contained in A is

pelp-¢g p+te[cA
The set of all interior points of A is called the
interior of A and is denoted by int (A) or A°
obviously A° c A.
Open sets : A subset A of R is called an open
set if every point of A is an interior point of A. It

C3

is obvious that a set A is open iff A°= Aand A
is open iff it contains a nbd of each of its points.
Exterior points : Let A be a subset of R. A
point p € R is said to be an exterior point of A if
there exists anbd of pwhich is contained in A€.
Clearly p ¢ A.

Frontier points or Boundary points : Let A
be a subset of R. A point pe R is said to be a
frontier or boundary point of A if every nbd of p
contains points of A and AC.

The set of all boundary point of A is called the
boundary of A and denoted by B(A).

Properties :

(i) Every point of an open interval is an
interior point of the interval.

(i) Every point of a closed interval except the
end points of the interval is an interior
point of the interval.

(iii) Every open interval is an open set but not
conversely.

(iv) The union of an arbitrary family of open
sets is open.

(v) The intersection of a finite collection of
open sets is an open set.

(vi) A subset A of R is open iff it is a union of
open intervals.

(vii) Let A be a subset of R then

(a) Int(A)equals the union of all open subsets
of A.

(b) Int(A)is an open set.

(c) Int(A)is the largest open subset of A.
(d) Aisopen < Int (A) = A.

(

viii) No point of an open set A can be bound of
A.

(ix) A subset A of R is closed if and only if its
complement ACis open.
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C-4
EXERCISE
MULTIPLE CHOISE QUESTIONS c. The set Q of rational nubmers
Direction : Each of the following question has four d. Open interval
alternative answers. One of them is correct. Choose ¢ A point p e R will be a limit point of a subset A
the correct answer. of Riff :
1. The set of all real numbersis: [Kanpur 2017,18] a. NnA-{pt=0
a. Closed only b. (N-{p})n=0¢
b. Open only c. Nn(A-{p})=1¢
c. Both open and closed d. None of these
d. Neither open nor closed 10.  The set of rational number Q is :
2. Which of the following set is a nbd of each of its a. Open
points : [Meerut 2018] b. Closed
a N b.Q c. Either open or closed
c. 7 d. R d. Neither open nor closed
3. The set {1, 2, 3, 4} is a nbd of : 11.  The intersection of finite number of open set is :
a 2 b. 3 a. Closed
c. land4 d. None of these b. Open

c. Neither open nor closed
d. None of these

4. The finite set is :

a. Open 1
b. Closed 12.  Theset[1, 3] - {25} is a nbd of :
c. May be open or closed 1
a. 2 b. 2=
d. Neither open nor closed 2
5. 1fA={1,1,1,1, ..... }thenlisa: c. 1 d.3
234

13.  Which of the following is true :

a. Every limit point is adherent points
b. Adherent point b.

a. Limit point

Every adherent point is limit points

¢ Limit point and adherent point both c. Limit points and adherent parts are same

d. None of these d. None of these
6. If a set contains all its limit points then the set is 14 Which of the following set is a nbd of each of its
called : points :
a. Open set b. Dense set a. Finite set
c. Closed set d. Neighbouring b. Set of natural number N
7. A set Ais called discrete set if all its points are : c. Set of rational number Q
a. Limit points b. Adherent points d. Empty set
c. Isolated points  d. None of these 15, I, =] —717 1+ 1 [ Vne N then ﬁ,n i -
n n

n=1

8. Which of the following is nbd of each of its points :
a. Closed interval a. 1017 b.1-1,2[
b. The set N of natural number c. [01] d. ¢
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

The set A =] a,b] is a nbd of each of its points except
at :

b.b

d. None of these

a. a
c. Bothaand b

Which of the following is an open set but not

interval:
a. (071 b.[2 4]
c. (00)u@a2 d. (23) u(45)

Which of the following set is not closed :

a. Ja oo b.[0,21 U3 4]

c. Q d. Finite subset of R
The nbd of 2 is :

a. N b.Z

c. Q d. R

Which of the following set is a nbd of 3 :
a. (3,6) b. (3,6]

c. [2,4]-{3} d. (2,4)

Which of the following is true :

a. A=AdhA b.Ac Adh A

c. AdhAcA d. None of these

A set A c Ris said to be a closed set if it contains all
its :

a. Isolated points  b. Adherent points

c. Interior points d. Limit points

The set A= {1, l, l, 1} isa:
23 n

a. Closed set b. Open set

c. Discrete set d. Uncountable set

If a set Ais dense-in-self and contains all its limit
points then Ais :
a. Open set b. Perfect set

c. Discrete set d. Uncountable set

The derived set of (a,b) is :

a. (a,b) b. [a,b]

c. {ab} d. Whole real set

The union of an arbitrary family of open sets is :
a. Open

b. Closed

c. Not necessary open

d. Both open and closed

28.

29.

30.

31.

33.

34.

35.

C5

Which of the following set has no limit points :
a. Set of real numbers
b. Set of rational numbers

c. Set of natural numbers

1
d. {—:neN
{nz }

If A=]ab[then Int (A)is:

a. {ab} b. [a,b)

c. lab[ d. ¢

Which of the following is a nbd of 2 :
a. (2,5) b. (2,4)

c. (1,2) d. (1,3)

A non empty finite set is a nbd of :
a. lIts all points b. Same of its points

c. Only one points  d. None of points

A pointa e Ais said to be an isolated point of Aif it B
nota:

a. Interior points

b. Adherent points

c. Limit points

d. Isolated points

The intersection of an arbitrary collection of open

sets is :
a. Open
b. Closed

c. May be open or closed

d. May or may not be open

Every finite subset of Ris a :
a. Open set

b. Closed set

c. May be open or closed
d. Neither open nor closed

The union of a finite collection of closed sets is :

a. Closed

b. Open and closed both

c. Not necessarily closed

d. Neither open nor closed

If Ais bounded infinite subset of R then its minimum
number of limit points are :

b. Two

d. Infinite

a. One
c. Nil
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36.  Which of the following sets are closed : 45,  If Ais finite set their int(A) is : [Kanpur 2018]
(i) finite set (ii) set of integers a. A b.R
(iii) [a, b] (iv) derived set c. ¢ d. A€
(v) [%’ 2]..&)[3’”4[ . FVi) 0 46. The boundary point of a set Ais :
a. (i), (ii), (iii), (iv), (vi) 4 Point of A
b (i), (i), (iv) . b. Not a point of A
c. (i), (i), {iv), (v), (vi) c. May or may not point of A
d. (i), (i), (iii), (iv), (v), (vi) d

. None of these

37. For the set of rational number Q, Q is equal to : 47. If Q be the set of all rational numbers then Q° or
a. Q b. Irrational number int (Q) s :

c K d.¢ a Q b.R

c. Q¢ d. ¢

48.  Superset of a nbd of a point is always a :

38. ACR is said to be dense-in-itself every energy
point of Aisa:

a. Limit point of A b. Isolated point of A
a. Closed set b. Open set

c. Interior point of A d. Frontier point of A
c. Nbd d. Not a nbd

39.  Which of the following is a nbd of 3 :
49.  If Aand B are nbds of a point p then which one of the

a. 1371 b.13,5] L
1 following is a nbd of p :
c. [3,6] d.[2 4]~ {3;}} a. AUB b. AnB
. A®UBC d. None of th
40. The derived set D(A) of the set A={1,2 3 4} is : ¢ v one ot fhese
a (1,4) b. [1, 4] 50. The. interse?:tion of .the family of all nbds of an
. {123 4} d o arbitrary point x € R is :
a. R b. R - {x}
41. Aisclosed iff :
_ _ c. {x} d. Uncountable set
a. AcA b.Ac A
c A—A d A= AC 51. ThesetA=]12[u]34[isnotanbdof:
1 a. 1,3 b.2,4
42. lan:|},1:| ¥ne Nthen U{F,:ne N}is: c. 1234 d. None of these
n 12,59, .
a. Closed only 52.  The derived set of any set is : [Kanpur 2018]
b. Open only a. Closed
c. Both open and closed b. Open

c. Closed and open both
d. None of these

d. Neither open nor closed

43.  The subset of an open set is :

a. Open only 53.  Theintersection an arbitrary collection of closed sets
b. Closed only is:

c. Both open and closed a. Open b. Both open and closed

d. May or may not be open c. Closed d. Not necessarily closed

44. Interior of [a,b] is given by : 54. If A°is the set of all interior points of Athen :

a. [ah] b.lab| a. AcA° b.A=A°C
c. {ab} d. None of these c. A°CA d. A°c A
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55.

56.

57.

58.

59.

60.

61.

62.

A countable set is :
a. Perfect b. May be perfect

c. Never perfect d. None of these

The set {i ‘ne N}is :
2n

a. Open

b. Closed

c. Both open and closed

d. Neither open nor closed

The set of all limit

(e e
a {G) ne N} U

b. {l ‘ne N} only

points of the

n

c. {0} only

d. R

IfI, = (—1,1): ne N then nln is :
nn el

a. (-1,1) b. {0}

c o d. (oo, o)

The set of non-zero real numbers is :

a. Open b. Closed

c. Open or closed

Which of the following is not a nbd of 1 :

a. (0,2) b. (-1 2

c. (22 d. {0,1,2,3}

The intersection of an infinite collection of open sets is :
a. Open set

b. Closed set

c. Open and closed both

d. Not necessarily open set

Ais defined :

a. Union of all closed sets containing A
b. Intersection of all closed sets contained in A
c.  Union of all closed sets contained in A

d. Intersection of all closed sets containing A

d. Neither open nor closed

63.

64.

65.

66.

68.

69.

70.

71.

72.

73.

Int (R) is equal to :

a. Q b. N

c R d. ¢

The exterior point of the set [0,2] is :

a. 0 b. 1

c. 2 d. None of these

The interior points of the set {1,2,3,4,5} are :
a. {1} b. {5}

c. {1,2,3,4,5} d. None of these
The limit points of the set {ZL ‘ne N} are :
n
a. 0 b1
2

11
o d.
{2’22’ } ¢

The limit points of the set {(—1)4[1 + (l)]} are :
n

a. {0,1} b. {0, -1}

c. {0,1,-1} d. {1,-1}

The set of non-zero real numbers is :
a. Open set

b. Both open and closed

c. Not necessarily open set

d. Neither open nor closed

The empty set is :

a. Open only

b. Closed only

c. Neither open nor closed

d. Both open and closed

If D(A) be the derived set of Athen which one is true:

a. Ac AUD(A) onlyb. AuUD(A) < Aonly
c. A=AuUD(A d. A= AuD(A)

IfAnz[l,l] ¥ne NthenU{A,:ne N}is:
n

a. [0,1] b.10,1]

c. 10,1] d.[0,1]

If A =[a,b] then boundary points of Aare :
a. [ab] b.lab]|

c. {ab} d. R

A c Ris open iff :

a. Ac A° b. A°c A

c. A=A d. A= A



74.

75.

76.

77.

78.

79.

80.

81.
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IfA= {i ‘ne N} then adherent (A) is :

2n
11
b.lZ, =, ...
{2 22 }

c. Au{0} d. ¢

The set of natural number N is :

a. {0}

a. Dense but not closed

b. Closed and dense both

c. Closed but not dense

d. Neither closed nor dense

A°is :

a. Smallest open set contained in A
b. Smallest open set containing A
c. Largest open set containing A

d. Largest open set contained in A

The set of all

{(—1)" +Y.mne N} are -
m

limit points of the set

a. {0,1,-1}
c. R

b. {1,-1}

d. o

The collection of disjoint intervals of positive
length is :

a. Countable

b. Uncountable

c. May be countable or uncountable

d. None of these

Every non-empty open set contains :

a. Rational points

b. Irrational points

c. Both rational and irrational points

d. None of these

Every closed set in R is the intersection of :
a. Countable collection of open sets

b. Countable collection of closed sets

c.  Uncountable collection of closed sets
d. Uncountable collection of open sets

Which of the following is not true :
a. A°c A b. (AnB)°= A°nB°
c. A°°=A° d. A°°=A

82.

83.

84.

85.

86.

87.

88.

89.

90.

If Qbe the set of all rational numbers then boundary

points of Q are :

a. Q b.R

c. Finite set d. ¢

If A=]0,1[then ext(A)is:

a. 10,1 b.[0,1]

c. {01} d.]—ee,0[ U] o]

If the derived set of Ais D(A) is closed then Ais :
a. Closed

b. Open

c. Either open or closed

d. None of these

If Ais open and B is closed then A-B:
a. Open only

b. Closed only

c. May be open or closed

d. Neither open nor closed

Limit point of the set A:

a. Belongto set A

b. Does not belong to set A

c. May or may not belong to set A

d. None of these

Which of the following statement is wrong :
a. Every closed interval is closed set

b. Every open interval is open set

c. Intersection of two open set is open

d. Union of finite collection of open set is open

Which of the following is a perfect set :

[Kanpur 2018]
a. (ab) b. Q
c. N d. [a,b]
The interior points of the set {x : 0< x <1} are :
a. {0,1} b. [0,1]
c. 10,17 d. {0}

IfS= {l+ l:m,ne N}then D2(S) is equal to :
m n

a. {lzne N}
n

C. {l ne N} U {0} d. None of these
n

b. {0}
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91.

92.

93.

9.

95.

96.

97.

98.

99.

If S = [0, 1] then D2(S) =:

a. S b. {0}

c. {1} d. None of these

Which set is the nbd of all its point : [Meerut 2018]
a. 0 b.R

c. Both (a) and (b) d. None of theses

The derived set of rational number Q is :

[Kanpur 2018]
a. o b. ¢
c. R d. None of these
A set, which is a nbd of each of its points with the
exception of two points is : [Kanpur 2018]
a. (2,5) b. [2,5]
c. (2,5] d. (3,4) U (5,6)

If a set is closed and bounded, then it is :
[Kanpur 2018]
a. Covering set b. Compact set

c. Derived set d. Cluster set

The null set ¢ is : [Kanpur 2018]
a. Open

b. Closed

c. Both open and closed

d. None of these

Which of the following sets is not closed :

[Kanpur 2018]

b. {l:ne N}
n

d.R

a. [2,5]

c. {1,234}

Which one of the following sets is a perfect set :
[Kanpur 2018]

a. Finite set

b. The set N of natural numbers

c. The set Q of rational numbers

d. ThesetE =[0,1]

If a point p € Sis not a limit point of S then it is
called : [Kanpur 2018]

a. Perfect point b. Isolated point

c. Adherent point  d. Boundary point

100.

101.

102.

103.

104.

105.

106.

107.

108.
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IfS= {1, 11 1} then D(S) is equal to :
23 n
[Meerut 2018]
a. 0 b. -1
c. 1 d. ¢
If Sis bounded then D(S) is : [Kanpur 2018]

a. Unbounded b. ¢

c. Convergent d. Always bounded
Which is true :

a. Ao B=D(A > D(B)
b. D(AnB)=D(A nD(B)
c. D(AuUB)=D(A uD(B)
d. all the above

Which is not true :

(@)
v

[Meerut 2018]
a. Any open interval is not nbd of all its point

b. Finite set is the nbd of all its point

The set N is nbd of 3

d. All of the above

o

D(R - Q) is equal to : [Meerut 2018]
a. R b. N
c. Q d. ¢
The set D(Q) is equal to : [Meerut 2018]
a. R b. Rt
c. Q d.R-Q
IfS= {l+ 1. mne N}then D(S)is
m n
[Meerut 2018]
1
a. ¢ b. { ‘me N}
m
1
c. {0} d. {7:neN}u{0}
n
Which is not nbd of 2 : [Meerut 2018]
a. 124] b.114]
c. 11,3 d.]10,3]
The infimum of the set S= {x : x € N and |x|< 5.7}
is : [Meerut 2018]
a. 0 b.-5.7
c. -5 d. 1



| C-10

109.

110.

111.

112.

113.

114.

115.

116.
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Which is true :

a. Union of arbitrary family of open set is open

b. Intersection of finite collection of open set is
open

c. Both (a) and (b)

d. None of the above

Which is true :

a. The R-Qis nbd of all its points

b. The set Qis not nbd of all its points

c. Both (a) and (b)

d. The set N is nbd of all its points

[Meerut 2018]

Which is true : [Meerut 2018]
a. If Ac Rthen D(A)is closed

b. A=AuD(A

c. Aisclosediff A=A

d. All the above

If A=12 7 [then Ais equal to : [Meerut 2018]
a. [2,7] b.12,7]

c. [2,7] d.12,7]

Which is not true : [Meerut 2018]

a. fA=[2 6[thenD(A =[2 6]
b. If A=]26]then D(A) =]2, 6]
c. fA=]2 6[then D(A) =2, 6]
d. Both (a) and (b)

The derived set of the closed interval [3,5] is :

[Meerut 2017]
a. 13,5] b.13,5]
c. [3,5] d.[35]
The limit points of the set S = {3n+ 2 ‘ne N} is:
2n+1

[Meerut 2016, 17]

a. g b.§
3 2

o 1 4.3
3

Derived set of the set S= {1+ 3" :ne N}is:
[Meerut 2017]

a. {1,2}

c. Singleton {1}

b. {1,2,3}
d. None of these

117.

118.

119.

120.

121.

122.

123.

124.

The derived set of the set S={1,3,7, 11} is :
a. {1,3,7,11} b. {1,3}
c. Empty set ¢ d. None of these

The value of :
1

2 (-2

[Meerut 2019]
a
a. 34 b. 5—4
e e
55 5
c. — d. =
e? et

A one are map f : (x,T) — (y,U) is homomorphism
iff : [Meerut 2014]

a. f(A)=fA b. f(A%) = [f(A)1°
c. Both (a) & (b) d. None of these

If Sand S’ are closure and derived set of Sin R" then

S= [Meerut 2014]
a. SNn§ b.S+ S
c. Su§ d. None of these
U [1 1 l] _ [Meerut 2014]
NN n n
a. [1,3] b. (1, 3)
c. [1,3) d. (1, 3]
Least and greatest element of the set

{l,g,i n ,} in Q are :

234 n+l [Meerut 2014]
a. 1, 0 b. l, 1
2 2

1
c. 0= d. None

2

Infimum and supremum of the set

S:{lzneN} are :
n

a. 0,1

c. 0, does not exist

[Meerut 2014]

b. 1, does not exist
d. Does of exist, 1

Every infinite
a. Bounded

c. Finite

Subset at R has a limit point :
b. Unbounded
d. None of these
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125.

126.

127.

128.

129.

130.

131.

132.

A sequence whose associated set is singleton is

called : [Meerut 2014]

a. Identity sequence b. Singleton sequence

c. Constant sequence d. None of these

[a,b] is a nbd of each of its points except the :
[Meerut 2014]

b.b

d. None of these

a. a
c. a&b

A non empty subset S of R is a nbd of x € R iff 3an

open interval (a, b) such that : [Meerut 2014]

a. xe(abcs b.xel(ab) s
c. xel(abcs d.xe(ab) s
Let Sbe any given bounded and
T={|x-y|:xeS yeStthenSup T =
[Meerut 2014]
b.infS

d. supS—infS

a. supS
c. supS+infS

A closed interval [a, b] is not an open set because its

end point a and b are not of the interval :
[Meerut 2014]

a. Llimit point b. Interior point

c. Adherent point  d. None of these

The set of all limit points of a sert PCR is called the :

[Meerut 2016]
a. Derived set of P b. Closed set of P
c. Open set of P d. None of these

Any set S cannot be neighbourhood of any point of

the set : [Meerut 2016]
a. R-S b.R+S
c. g d. None of these

The least upper bound of the set

A= {X:X = (l—l)ne N} is: [Meerut 2015]
n

a. 0
c. 1

b. -1
d. None of these

133.

134.

135.

136.

137.

138.

139.

140.

141.
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Neighbourhood of% is the set : [Meerut 2015]

STRE

c R d. None of these

If Aand B are any subsets of R, then Ac B =
[Meerut 2015]

b. D(A) > D(B)

d. None of these

a. D(A) < D(B)
c. D(A) =D(B)
The set of all limit points of a set A R is called :
[Meerut 2015]

a. Derived set of A b. Closed set of A
c. Open setof A d. None of these
If Sis a finite set then :

[Meerut 2015]
b. ¢
d. None of these
The set of all limit points is called the :
a. Discreate set b. Closed set
c. Derived set d. Open set

Which interval is a neighbourhood of each of its

points :

a. Closed interval  b. Open interval

c. Both (a) and (b) d. None of these

fS={xeR:x=n+3 ne N}theg.lb. of of Sis :
[Meerut 2016]

a. 3

c. 5

b. 4

d. 6

The supremum and infimum of the set
S={xeR:2" ne N}will be: [Meerut2016]

a. infS=2 supS=3

b. infS=3 supS=4

c. infS=2 supS-not exist

d. None of these

The set of all empty sets ¢ are : [Meerut 2016]
a. Closed b. Open
c. Discrete d. None of these
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142.

143.

144.

145.

146.

147.

148.

149.

150.

151.
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x(1-6)

If0<6<1land|x|<1then
1+6x

is :
[Meerut 2016]

b. Less than one

a. Equal one

c. Equal two d. None of these

Which of the following subset of R are nbds of 3 :
a. [2,4] b. 13, 71

c. 13,5] d. None of these

The derived set of any bounded set is again a :
[Meerut 2016]

b. Not bounded set
d. None of these

a. Bounded set

c. Closed set
Every finite subset of Ris a : [Meerut 2016]
b. Closed set

d. None of these

a. Open set
c. Null set
The derived set of the closed interval [3, 5] is :
[Meerut 2017]
a. 13,5[
c. [3,5]

b. 13, 5]
d. [3, 5[

The limit point of < 1 > is/does not : [Meerut 2018]
n

a. Belong to the range set
b. 0

c. -1

d. Both (a) and (b) true

The limit point of < (=1)" > is : [Meerut 2018]

a. A finite set b.[1,-1]

c. {,-1} d. Both (a) and (c) true
Which is not true : [Meerut 2018]
a. IfA=[2,6[then D(A) =[2,6]

b. If A=[2, 6[then D(A) =]2, 6]

c. IfA=1[2,6[then D(A) =12, €]

d. Both (a) and (b)

Which is not nbd of 2 : [Meerut 2018]
a. 12,4] b. 11, 4{

c. 11,3[ d. 10, 3]

D(R-q)is equal to : [Meerut 2018]
a. R b. N

c. Q d. ¢

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

IfS= { " ne N}then D(S) is equal to :
n+1
[Meerut 2018]
a. 1 b. -1
c. 0 al
2
Every bounded sequence has limit point :
[Meerut 2018]
a. One b. Two
c. Atleast one d. Infinite

The set of limit point of a bounded sequence is :

[Meerut 2018]

a. o b. Bounded
c. Convergent d. Finite
The supremum of the set

S= {(1 —l)sin”l, ne N} is: [Meerut 2018]

n 2

a. 0 b. 1
c. 3 d -1
Which is true : [Meerut 2018]
a. Ao B=D(A > D(B)
b. D(AnB)=D(A nD(B)
c. D(AuUB)=D(A uD(B)
d. All the above
The set D(Q) is equal to :
a. R b.R*
c. Q d.R-Q
The supremum of the set S={x:xe N} and
[x|< 1333} : [Meerut 2018]
a. 13.33 b. 14
c. 13 d.-13
The set D(N) is equal to : [Meerut 2018]
a. R b. ¢
c. R-Q d.R*
If Sis bounded then D(S) is : [Meerut 2018]

a. Unbounded b. ¢

c. Convergent d. Always bounded

Which set is the nbd of all its point : [Meerut 2018]
a. ¢ b.R

c. Both(a)and (b) d. N
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162.

163.

164.

165.

166.

167.

168.

169.

Which is not true : [Meerut 2018]
a. Any open interval is not nbd of all its point

b. Finite set is the nbd of all its point

The set N is nbd of 3

d. All the above

o

2mi
Letz=e7 and6=2z* +z2+z, then
[Meerut 2019]

a. 0eQ
b. 0 Q(VD)for some D> 0
c. 8e Q(WD)forsomeD<0
d. 6€iR
Which is true :
a. D(Q =R b.DIR-Q) =R
c. D(R)=D(Q) d. All of these
The limit point of the set

A:{x:x=%, re N}is: [Meerut 2019]
a. 1 b. -1
c. 0 d.2
Which is true : [Meerut 2019]
a. D™HQ #D(R-Q)
b. D"(Q#D™(R-Q)
c. D"MQ=D"(R-Q
d. D"R-Q=#D™(Q
The limit point of | - 2, 2 [ is :
a. The solution of [x —1|< 1
b. The solution of |[x —=1|=1
c. The solution of [x —1|>1
d. None of these
The empty set ¢ s : [Meerut 2019]
a. Open
b. Closed
c. Open and closed both
d. Finite

Intersection of all closed set containing a closed set
A is equal to (A) :
a. ¢

c. {0}

b. A
d. {¢}

170.

171.

172.

173.

174.

175.

176.

177.

178.

C13

Which one is not nbd of zero : [Meerut 2019]
a. 1-11[ b.[-1,1]

c. 1-1[Ul0 1] d.]-1,2[

If Ais a closed set then D(A) : [Meerut 2019]
a. Does not exist b.D(A c A

c. DA>A d.D(A=¢

Let B ¢ R and every infinite sequence in B has a
subsequence which converges in B. The above
statement is true if : [Meerut 2019]
a. B=[0,] b. B=[0,1uU[3 4]

c. B=[-1,1]u[},2 d.B=]1-11]
If Sis a finite set them : [Meerut 2019]
a. Shas at least one limit point

b. Shas more than one limit point

c.  Shas only one limit point

d. Shas no limit point

The radius of convergence of power series :

f(x) = ix".logx
n=2

a. 0 b. 1

c. 3 d. none of these

Radius od convergence of power series iz"2 is :
n=1

a. 0 b. oo

c. 1 d. 2

If f is holomorphic is an open nbd of z; e C and
3f"(z) is absolutely convergent, then :
f is constant
f is polynomial
f can be extended to an entire function
fix) e R¥xeR
Which is true, if
A c R, p € Ris limit point of A
a. Nn(A-{p}) =06V Nbd NofP

peo oo

b. NU(A-{p})# ¢V Nbd N of P
c. Nn(A-{p})=¢¥V Nbd N of P
d. NU(A-{p}) =06V Nbd Nof P
Which is true :
a. D(Q =D(R-Q)=D(I)
b. D(Q) # D(R-Q) =D(I)
c. DQ=DER-QandD{)=9¢

(
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MULTIPLE CHOICE QUESTIONS

1.

11.
21.
31.
41.
51.
61.
71.
81.
91.

101.
111.
121.
131.
141.
151.
161.
171.

(c)
(b)
(b)
(c)
(c)
(d)
(d)
()
(d)

If p € R then for every ¢ > Owe have

1 p—¢ p+ e[ < R. then R contain a neighbourhood

25

12.
22.
32.
42.
52.
62.
72.
82.
92.

102.
112.
122.
132.
142.
152.
162.
172.

(d)
(a)
(d)
(d)
(d)
(a)
(d)
()
(b)
()
(b)
(c)
(d)
(a)
(b)
(a)
(d)
(b)

3.

13.
23.
33.
43.
53.
63.
73.
83.
93.

103.
113.
123.
133.
143.
153.
163.
173.

(d)
(a)
(c)
(b)
(d)
()

(b)
(d)
()
(d)
(d)
(a)
(b)
(@)
()
()
(d)

4.

14.
24.
34.
44.
54.
64.
74.
84.
94.

104.
114.
124.
134.
144.
154.
164.
174.

ANSWERS

(b)
(d)
(b)
(a)
(b)
()
(d)

5. () 6. () 7. (0 8 (d 9 (d 10. (d)
15. (o) 16. (b) 17. (d) 18. (o) 19. (d) 20. (d)
25. (b) 26. (a) 27. (o) 28. (¢ 29. (d) 30. (d)
3. (a) 36. (a) 37. (o) 38 (a) 39. (d) 40. (d)
45. () 46. (c) 47. (d) 48. (c) 49. (b) 50. (c)
55. () 56. (d) 57. (a) 58. (b) 59. (a) 60. (d)
65. (d) 66. (a) 67. (d) 68. (a) 69. (d) 70. (c)
75. () 76. (d) 77. (b) 78. (a) 79. (c) 80. (a)
85. (a) 8. (c) 87. (d) 8. (d) 8. () 90. (b)
95. (b) 9. (c) 97. (b) 98 (d) 99. (b) 100. (a)
105. (a) 106. (d) 107. (a) 108. (d) 109. (c) 110. (b)
115. (b) 116. (c) 117. (c) 118. (d) 119. (c) 120. (c)
125. (c) 126. (c) 127. () 128. (d) 129. (b) 130. (a)
135. (a) 136. (a) 137. () 138. (b) 139. (b) 140. (c)

155. (c

)
)

145. (a) 146. (c) 147. (d) 148. (c) 149. (d) 150. (d)
) 156. (d) 157. (a) 158. () 159. (b) 160. (c)
)

165. (c) 166. (c) 167. (d) 168. (c) 169. (b) 170. (c)

175. (c) 176. (c) 177. (c) 178. (o

HINTS AND SOLUTIONS

8. Let (a,b) be an open interval and p €(a,b). Since,
a<p<b,wehave p—a>0and b—p > 0. Choose
e=min{p—a, b—p}sothate> 0.

of each of its points. Hence R is an open set. Now

RC = ¢ which is open. Since ¢ has no points, the
condition that ¢ contains a nbd of each of its point is
vacuously satisfied, so ¢ is open i.e. R is closed.

LetE = {x1,xg,....x,,} be a finite subset of R. We can
write it as E = {x;} U{xg}u...{x,}. But every

Now we show (p—¢ p+ €) <(a,b)

Let xe(p—¢&p+e
= p—e<Xx<p+e
= —e<x-p<eg

Since,e<p-a or a-p<-eande<b-p

we havea—p<x—-p<b-p = a<x<b

singleton set in R is closed set and the union of finite or x €(a,b)

collection of closed sets is closed. So E is closed set.

Thus p e(p—¢ p+ € <(a,b) i.e. (a,b) is an open set.
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10.

11.

17.

23.

26.

32.

Since Q°= ¢ so Q°# Qi.e. Qis not an open set.

< Q" =R - Q =the set of all irrational numbers and
Q1 is not open. For if p € Q" then for every &> 0,
] p — & p + €[ contain rational number also and so is
not a subset of Q. Thus if p € Q" then p is not an
interior point of Q" and so Q’is not open. Hence, Q

is not closed set.
n
Let G = ﬂ G;, where each G; is an open set.
i=1
If G = ¢ then it is open.
fG#dletpe Gsope G Vi=12..,n
Since, each G; is an open so for everyi =12 ..., n
there exists €; > Osuch that
Ip-ep+glcG
Let e=mpn e, ey.... €]
Then Ip-gp+elclp-¢g,p+elV=12..,n
n
= ]p—&p+£[CﬂGi
i=1
Ip+&p+el[c Gie. pisan interior point of G. So

n
Gis open set i.e. ﬂG,- is open.
i=1
(2,3
open sets but it is not an interval.

Giventhat A= {1 % é } Since all the points of A

U (4,5) is an open set, since it is union of two

are its isolated points so it is a discrete set.

Let {G, : A € A} be an arbitrary family of open sets
and G = UGL' Let x € G then x must belong to
G,, for LeA

some A € A. Since, Gko is open there exists a nbd
N of x such that xe N c Gho' But Gho c G so
N c G. Thus, x e N ¢ Gi.e., x is an interior point

of G. Hence, Gis open set.

1 1

LetG, =]1-=,=[:ne N.Then each G, is an open

set because every open interval is an open set.

34.

37.

42.

44,

49.
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1 1
Now () G, =()1-=, =[= {0} which B not open
ﬂ ﬂ bl
because there exists hye>0 such that

] —¢ e[ < {0}. Hence the intersection of a infinite

collection of open sets is not necessarily an open set.

n
F,, be nclosed sets. Let F (] F;.
i=1

Let F17F27

Since each F; is closed so each F/ is open

Vi =1 2, ..., n. But intersection of a finite collection

n
of open sets is open i.e. ﬂ F/ is open.
i=1

n n
By De Morgan’s law [ﬂ F,-] =N F
i=1 i

n n
So [ﬂ Fi) is an open set. Hence, (| F;=F is a
i i=1

closed set.
Q=QuD(Q
But DQ=R so Q=QUR=R

LetF, = [%17 1] :ne Nthen each F,, is a closed set in

R since each closed interval is a closed set.

{Fy:ne Ny = {1}UE,1]UE,1]U ......

=]10,1]
which is neither open nor closed.
Let A=
that ] a—¢g a+¢e[ © A Hence a is not an interior

[a,b] then a € Abut there exists hy £ > Osuch

point of A Similarly b is not an interior point of A
If we choose
that
Ip—e,p+elc]lablso pis an interior point of
la,b[. Thusint [a,b] =] a,b][.

Let A and B be two nbds of a point p then there
exists € >0, €,> 0 such that | p—g;, p+g[c A

Now let pelab| so a<p<hb.
e=mini{p—a, b—p} then €>0 is such

and ]| p—¢€,5,p+ &y [ © B choose €=mini{g, ey}
then
Ip-gp+telclp-g,pteglcA
and ]p —g p+eclp—eg p +elc B
so Ip-gp+e[cAnBie AnBisanbd of p.
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53.

57.

64.
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Let [F).A € A] be an arbitrary collection of closed 77

sets. Since each F, is a closed set so each F; is an
open set. But union of arbitrary collection of open

sets is open so U {F; : A e A} is open.
By De Morgan’s law

(N{Fy:re A = J{Fy :he A}
so [ {Fy : A e A}]"is an open set
ie. ﬂ {F) : L e A} is a closed set.

Let S:{l+l:m,neN}
m n

Keep m fixed and very n. As we increase n, 1 gets
n
1 1 1

nearer to 0 so that —+ = gets nearer to — and
m n m

consequently 1 is a limit point of S. Since m is any
m

number of N there for all the points of the set

{l ‘me N} are limit points of S.
m

Again very both m and n so that 1 + 1 sets nearer
m n
and nearer to 0 and consequently O is also a limit
point of S. Thus
D(S) ={1:me N}U{O}
n

Point does not belongs to the set. Here 0,1,2 are
belongs to the set [0, 2).

72.

84.

90.

91.

A,,:[l,l] Vne N
n

UA, = {1} UE l]u[%, l]u...u] 0.1]
=101]

A=[a,blthen AC =]—co, al U] b, oo [
So boundary of A= {a,b}
Let Abe any open or closed subset of R. If D(A) is
empty then D(A) is closed.
If (A) # ¢, Let x € [D(A)]€ so x ¢ D(A). Then there
exists a nbd N(x) of x which does not contain any
point of A except possibly x. We now show that
Nc(x) does not contain any point of D(A). For let
y e N(x) so N(x) is a nbd of y which contains only
a finite number of points of A. So y cannot be a limit
point of Ai.e. y ¢ D(A). Thus N(x) does not contain
any point of D(A). Thus N(x) < [D(A)]° which
shows that [D(A)]€ is open. Hence, D(A) is closed.

By the solution of question (57) for

S:{l+l=m,ne N}
m n
D(S):{l;new}u{O}
n
So D?S= {0}y U {0} = {0}

If S = [0, 1] then D([0, 1]) = [0, 1]
and so D4([0,1]) = [0, 1]
000



CHAPTER

4

Sequences

SEQUENCE

A sequence is a function f whose domain is the set N
of natural numbers and whose range is the set R of
real numbers.

Thus a sequence in a set S is a rule which assigns to
each natural number a unique element of S.

The value of function f atn e Nis f(n) = x,, say. It is
customary to denote the sequence f by the symbol
< fln)>or< x,>or< x1,Xg, .... x,>. The range x, of
n is called the n' term of the sequence.

Examples :
1. <l>isthesequence<1,l,l,....l>
n 2 3

n
2. <(-1)™1>isthesequence<1,-1,1,-1,...>
111

2 b 4 b 8 b
Equal sequence : Two sequence < x,,>and < y,,>

1.
3. < o > is the sequence <

are said to be equal if x,, = y,,, ¥ne N.

Range of a sequence : The set of all distinct terms
of a sequence is called its range. The range of the
sequence < x,, > is the set {x1, xo, .... x,}.

Constant sequence : A sequence< x,,> defined by
x,=a ¥ne Nis called a constant sequence.

The sequence < a> is a constant sequence and its
range is {a}.

OPERATIONS ON SEQUENCES

Let< x,,>, <y, > be two sequences then

(i) x,+y, is called the sum and denoted by
<Xp+Yp>

(ii)  x,— ypis called the difference and denoted by

<Xp—Yp>

(iii) x,-y, is called the product and denoted by

<XptYn>

(iv) If x,,# 0 then 1 is called the reciprocal and

Xn

denoted by < 1 >
xn

Xn is called the quotient of the sequence < x,, >

Yn
by the sequence <y, > and is denoted by

<Xn> here v, %= 0.
Yn

SUBSEQUENCE

Let < x,,> be any sequence. If <ny,ng,....n. >be a
strictly increasing sequence of positive integers i.e.
A>dJ = n;>ny, then the sequence<x,,xp,
- Xp, ... > is called a subsequence of < x, >.
Sincei> J = n; > ny so the order of various terms in
the subsequence is the same as it is in the sequence.
Examples :

1. Consider a sequence<1,0,1,0,1,0,...> then
<1,11,..> and <0,0,0....0> are the

subsequence.

2. Consider a sequence <1, 2, 3,...n> then its
subsequence are <135 ..> and
<2,4,6,..>.

BOUNDED SEQUENCES

1. Bounded above sequence : A sequence

< x,, > is said to be bounded above if the range
set of < x,,>is bounded above i.e. if there exists
a real number k such that

xp,<k ¥ne N

The number k is called an upper bound of the
sequence < X, >.
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2. Bounded below sequence : A sequence Results :
< x> is said to be bounded below if therange 1. If< x,, > is a sequence of non-negative numbers

set of < x,, > is bounded below i.e. if there exists
a real number k such that

xp,2k ¥ne N

The numberk is called a lower bound of< x,,>.
3. Bounded sequence : A sequence < x,,> is

said to be bounded if the range set of < x,,> is
both bounded above and bounded below i.e.
there exist real numbers k and K such that

k<x,<K ¥neN

A sequence which is not bounded is called
unbounded sequence.

4. Supremum (or Least upper bound) of a
sequence) : An upper bound of a sequence is
called the supremum (or lub) if it is less than or
equal to every upper bound of the sequence.

5. Infimum (or Greatest lower bound) : A
lower bound of a sequence is called infimum
(or g.l.b) if it is greater than or equal to every
lower bound of the sequence.

6. Important results :

(i)  Iftherange of a sequence is a finite set than
the sequence is bounded.

(i) Every subsequence of a bounded
sequence is bounded.

(iii) A sequence < x,,> is bounded iff there
exists me N, e R and a> 0 such that
|x,—I|<a ¥n=m.

CONVERGENT SEQUENCE

A sequence< x,, > is said to converge to a number |, if
for any given €> 0 there exists a positive number m
such that

|x,—I|<e ¥nzm

The number | is called the limit of the sequence< x,, >
and we write x,— [ as n— « or lim x,=1 or
. n—eo

limx, =1.

Here the positive integer m depends on €.

8.

such that lim x,, =/ then /> 0.
The limit of a sequence is unique.

If< x,,> converge to [ then any subsequence of
< x,,> also converges to [ i.e. all subsequences
of a convergent sequence converge to the same
limit.

A negative number can not be the limit of a
sequence of non-negative numbers.

Iflim x,, = and! < Othen there exists a positive
integer m such that x,, < Ofor alln>m.

A sequence < x,, > is null sequence if
limx,=0.

If the subsequences < xg,,_1> and < xg,,> of
the sequence < x,, > converge to the same limit
I, then the sequence < x,, > converges to [.

Every convergent sequence is bounded.

DIVERGENT AND OSCILLATORY SEQUENCE

1.

2.

Divergent sequence : A sequence < x,,> is

said to diverge to + oo if for any given k>0
(however large) there exist me N such that
x>k for alln>m. If < x,,> diverge to o, we
write x,, — o Orn — oo or lim x,, = + co.

A sequence< x,,> is said to diverge to — « if for
any given k > 0 (however sum all) there exists
m e N such that x,, < k for alln > m.

If <x,> diverges to —c then we write

X, — —easn— oo or lim x,, = — .

A sequence is said to be a divergent sequence if

it diverges to either + co or — oo,

Examples : (i) <1,2 3,....n...> diverge to

+ oo,

(i) <-2,—-4,-6,....2n ....> diverges to — oo.

(i) <x,x2x3...x"...> x>1 diverges to
+ oo,

Oscillatory sequences : A sequence < x,, >

is said to be an oscillatory sequence if it is
neither convergent nor divergent.
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An oscillatory sequence is said to oscillatory
finitely or infinitely according as it is bounded or
unbounded.

Examples :

(i) < (=1)"> oscillator finitely

(ii) < (=1)"n > oscillator infinetely
Results :

(i) If a sequence < x,,> diverges to infinitely
then any subsequence of <x,> also
diverges to infinitely.

(ii) If xo,— e and xg,, = o or n — e then
Xp—> 0 0rn— oo,

(iii) Ifx,>0 ¥ne Nthenx,— wasn—

1
& ——>0asn— oo,
xn
(iv) If the sequence < x,,>, < y,,> diverge to o
then <x,+y,> and <x,y,> also
diverge to oo.
(v) If <x,> diverges to o and <y,> is
bounded then < x,, + y,,> diverges to eo.

(vi) If <x,> diverges to « and <y,>
converges then < x,, + y,, > diverges to eo.

ALGEBRA OF CONVERGENT SEQUENCES

1.

If limx,=/ and limy,=1" then
lim (x,, £ y,) =1 £’ respectively.

If lim x,, =1 and c € R then lim (cx,) = cl.

If limx,=!/ and limy,=I1" such that

Xpn<y, ¥ne Nthenl <"

lim x,, = O and the sequence < y,, > is bounded
then lim (x,.y,) = 0.

If lim x,, =1 and lim y,, = 1" thenlim (x,.y,) =1l
but not conversely.

Iflim x,, =/ and ! # Othen there exists a positive
number k and a positive integer m, such that
| x>k ¥n=>m.

Iflim x,, =1"and!’” # Owith y,, # 0¥ n € Nthen

. [1] 1
lim | — =
o) 1

8 If limx,=I/ and limy,=0"1"#0,v,#0
¥ne N then
lim [X”J = 1—,
Yn !
9. Sandwich Theorem : If <x,> <y,> and
< z,> are three sequences such that
(i) For some positive integer
k,x,<z,<vy, ¥nxk
(i) limx,=limy,=Ithenlimz,=I
10. If< x,>and< y,, > are two sequences such that
|x, <y, ¥n=k where k € N and limy,, =0
then lim x,, = 0.
11. Cauchy’s first theorem on limits : If
lim x,, =1 then
In X1+ X9 +...X, =]
n
12. Cauchy’s second theorem on limits : If
< x,,> is a sequence such that x,,> 0 for all n
and lim x,, =1 then
lim (Xl, X9, ...Xn)l/r1 =1
13. If<x,> is a sequence such that x, > O for all
ne Nand lim XL = [ then
xn
lim (x,) V" =1
14. Cesaro’s theorem If limx,=/ and
lim y,, =1" then
lim X1Yn+XoVp o +....XnV1 _ ik
n
MONOTONIC SEQUENCES
A sequence < x,,> is said to be
1. Monotonically increasing (non-decreasing) if
Xp<xpi1V¥neNie x1<xp<xg<....
2. Strictly increasing if x,<x,,1 ¥ne N ie
X1<X9<X3....
3. Monotonically decreasing (non-increasing) if
Xp2 Xy ¥neNie x12x92x32....
4.  Strictly decreasing if x,>x,,1 ¥ne N ie.

X1>Xg9>Xg3>....
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Monotonic if it is either monotonically
increasing or monotonically decreasing.

Examples :

<1,2,3 4,....n....> is strictly increasing.

(i) <1, %, é, % ....> is strictly decreasing.
(ili) <2 2,4,4,6,6....> is monotonically
increasing .
(iv) <1,1, l, =, l, 1 ....> is monotonically
2 2 3 3
decreasing.

(v)

Results :

(i)

<0,1,0,1,0,1,0.....> is not monotonic.

Monotonic convergence theorem:
Every bounded monotonically increasing
sequence converges.

(i) Every bounded monotonically decreasing
sequence converges.

(iii) Every bounded monotonic sequence
converges.

A non-decreasing (monotonically increasing)
sequence which is not bounded above
diverges to infinity.

A non-increasing (monotonically decreasing)
sequence which is not bounded below
diverges to minor infinity.

has a monotonic

(vi)

Every sequence
subsequence.

LIMIT POINTS OF A SEQUENCE

A real number p is said to be a limit point (cluster
point) of a sequence < x,, > if every neighbourhood of
p contains infinite number of terms of the sequence.

Examples :

(i)
(ii)

< 1 > has only one limit points i.e. 0.
n

< (-1)"> has 1 and —1 as limit points.

Results :

(i)

Limit point of a sequence is different from the
limit of a sequence. The limit of a sequence is a

(i)

(iv)

(vi)

(wii)

(viii)

limit point of the sequence while a limit point of
a sequence need not be the limit of the
sequence.

Limit point of sequence need not be a term of
the sequence.

If x,, = I for infinitely many values of n thenl is a
limit point of < x,,>.

If I is a limit point of the range of a sequence
< x,>, then | is a limit point of the sequence
< X, > but not conversely.

If x,, > I then | is the only limit point of < x,,>
but not conversely.

Bolzano-weistrass theorem for sequences.
Every bounded sequence has at least one limit

point.

Every sequence in a closed bounded set of real
number has a limit point in closed set.

Every sequence in a closed interval I has a limit
point in [.

If a sequence < x,,> is bounded and has only
one limit point say I then x,, — I.

If a real number pis a limit point of a sequence
< x,,> iff there exists a subsequence of < x>
converging to p.

The set of limit points of a bounded sequence is
bounded.

Every bounded sequence has the greatest and
the least limit points.

CAUCHY SEQUENCE

A sequence < x,, > is said to be a Cauchy sequence if

given € > 0 there exists m € N such that

|xp—Xpl<e ¥n2m

or |Xpp —Xp<€ ¥n=mand p=0
or [Xpyp —Xml<€ ¥p=20

or |xp—xgl<e ¥p,g=m
Results :

(i)

Every cauchy sequence is bounded but

converge need not be true.
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(ii)

Cauchy convergence criterion: A sequence
converges iff it is a cauchy sequence.

LIMIT SUPERIOR AND LIMIT INTERIOR OF A
SEQUENCE

1.

Limit Superior : Let< x,> be a sequence of o

real numbers which is bounded above and let
Xp=SUP{Xp Xpels oo}

If <Xx,> converges then the limit superior
(upper limit) of < x,,> is defined by

lim x,, = lim sup x, = lim <Xx,>
n— oo N— oo

If < X, > diverges to — e then
lim sup x,, = —oo
n—oo

If < x,,> is not bounded above then

lim,_,., sup x, =

2. Limit Interior : Let < x,> be a sequence of
real number which is bounded below and let
Xy =inf {xp, X4 gy oeen )
f<x,> co;/erges then limit interior or lower
limit of < x,,> is defined by
lim x,, = lim infx, = lim x,
s oo oo D
If < x,,> diverges to « then ’lir; inf x, = co.
If< x,,>isnotbounded then lim inf x,, = —eo.
Remark : mr
1. limx,=inf{xy,xg, ....xp, ...}
2. limx,=sup{xq{,X9,....Xn...}
Examples : B
1.  Letx,=-n ¥ne N.Itis bounded above by

—1 but not bounded below.

D-5

Xp=sup{-n,-n-1..}=-n

Since, x,,— —e asn — o so lim x,, = —co.

Since, <x,> is not bounded below so
lim x,, = — ee.

Let x,=(1)" ¥neN

Then it is bounded above by 1 and bounded
below by —1.

So, )Tnzlandﬁ:—l ¥neN

Hence, lim x,, =1 and lim x,, = -1

Results :

1.

w N

If <x,> is convergent sequence of real
numbers and if lim x,, = I then, lim x,, = lim x,,

=l e R. Conversely if Exn =limx,=/eR
then < x,,> is convergent and lim x,, =1.
oo

< x> diverges to + oo iff lim x,, = lim x, = ce.
< x,,>diverges to — e ff lim x, = lim x,, = — oo.
If < x,,>and < y,, > are bounded sequences of
real numbers such that x, <y, ¥ne N.
then lim x,< lim y,, and lim x, < limy,,
If < x,,>and < y,, > are bounded sequences of
real numbers, then

lim (x,, + y,) < lim x,, + lim y,,
and  lim (x,+y,)2lim x, + lim y,
Cantor’s Intersection Theorem : For each
ne N, let I, =[a,, b,] be a non-empty closed
and bounded interval on R, such that< I,, > is a

nested sequence with lim (b, — a,) = 0, then
n—> oo

ﬂ I,, contour precisely the point.

n=1
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EXERCISE

MULTIPLE CHOICE QUESTIONS

1.

If x,+12x, ¥ne N then the sequence < x,, > is :
[Kanpur 2019]
a. Monotonic decreasing
b. Monotonic increasing
c. Strictly monotonic decreasing
d. None of these
The range of the sequence < (-1)" > is :
[Meerut 2018]
a. {1} b. {-1}
c. {1,-1} d. o
Which of the following is not a subsequence of the

sequence< n>:

a. <2,38,6,...> b. <1,3,5,7,...>
c. <2468,...> d <2357..>
The sequence < n?>is:

a. Bounded set

b. Bounded below but not bounded above
c. Bounded above but not bounded below
d. None of these

The range set of the sequence < 1+ (-1)" > is :

a. {0} b. {1,0,-1}

c. {1,-1} d. {0,2}

If a sequence < x,, > is convergent then its limit is :
a. Unique b. Finite

c. Infinite d. Not exist

The subsequence of a convergent sequence is :
a. Divergent

b. Convergent

c. Convergent or divergent

d. None of these

The sequence < r" > converge to zero if :
b.|rl<1
d.V¥reN

a. |r|>1

c. |rl=1

10.

11.

12.

13.

14.

15.

The sequence < ZL > is convergent to :
n

a 1 b1
2
c. O d. None of these
The range of the sequence < 1 >is:
n
a. {0} b. {0,1}
c. N d. Infinite set

The sequence < —n?>is:

a. Bounded above by 1

b. Bounded below by 1

c. Bounded above by -1

d. Bounded sequence

If the sequence is divergent then its subsequence :
a. Convergent

b. Divergent

c. May be convergent or divergent

d. Neither convergent nor divergent

Which of the following sequence is not convergent :

a. < 1 > b. Constant sequence

n

3n n

c. <——M——> d.<(-1)">

n+ 5nY2
If 2n -2|< 1 ¥ n>m then the least value of

n+3 5
me Nis:
a. 2 b.3
c. 20 d. 28
The sequence < ilz >is:
n+ 5nY

a. Convergent with limit é

b. Divergent

c. Convergent with limit 3

d. Convergent with limit %
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

The range set of < (—1)"2 >is:
a. {0,1} b. {1, -1}
{-1, 0} d. None of these
If the sequence < x, > is convergent then its
subsequence is :
a. Convergent
b. Divergent
c. May be convergent or divergent
d. None of these
A monotonic increasing sequence which is not
bounded above is :
a. Divergesto+< b. Convergent

c. Divergesto —«  d. Oscillatory

The range of a constant sequence has :
a. One element b. Two elements
c. Infinite elements d. None of these
The sequence < (-1)"n>is :

a. Bounded below

b. Bounded above

c. Bounded

d. Neither bounded above nor bounded below

If p> Othen lim <i>is:
nP

a. p b. 1
n
c. O d. e

The sequence < sin nmf > is convergent for :
b.6=1only
d.6=0and 6 =1both

a. 6=0only
c. 6#0andb=1
Which of the following sequence is convergent :
a <246..> b.<33% 3% ..>
c. <-2-4-6,..> d.<1, 1 >

23
The sequence < (-1)".n>is :
a. Convergent b. Divergent
c. Oscillate infinitely d. Oscillate finitely
The sequence < x,, > is bounded if fork > 0:
b.x,<k
d. |x,|<k

a. xp,2k

c. |xplzk

26.

27.

28.

29.

30.

31.

32.
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If Xn+1 1 and || < 1then limx,, is :

xn
a. | b.1
c. 0 d. o

Which of the following is not true :

a. Every bounded and monotonic sequence is
convergent

b. A decreasing sequence which is bounded
below diverges to — oo

Every convergent sequence is bounded

o

d. Every convergent sequence is cauchy

sequence

1_.
The sequence< = > is :
n

a. Bounded above by 1
Bounded below by 1

c. Bounded below by %

d. Unbounded

Which of the following is not true :

a. Every cauchy’s sequence in R is convergent

b. Every convergent sequence in R is cauchy’s
sequence

c. Every convergent sequence is bounded

d. Every bounded sequence is cauchy’s sequence

A sequence < x,, > is converges to limit [ if for given

¢>0,3me Nsuch thatforn>m:

b.|S,-1|>¢

d.|S,-I|>¢

a. |S,-l|<e

c. |S,-l|<e

If x, = (—1)”(1+ l) , then liminf of x,, is :

n
a. 1 b.0
c. -1 d. —o
The sequence < >is:

n+1
a. Bounded above by 1
Bounded below by 1

c. Bounded above by %

d. Unbounded



33.

34.

35.

36.

37.

38.

39.

40.

41.
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2
The sequence < 2n2 +1 >is:
2n“ -1
a. Convergent b. Divergent

c. Oscillatory d. None of these

If the sequence < S, > defined by §; :%, Spi

= % ¥ne N is convergent then its limit is :
a. 1 b. 2
2 3
c. 1 d. Not exist
The sequence < S,> defined by § =2
Sn:1+i+i+ 1 foralln>2is :
1 |2 [n-1

b. Divergent
d. None of these

a. Convergent
c. Oscillatory
The sequence < (-1)" > is :

b. Bounded below
d. All the above

a. Bounded above
c. Bounded

Every bounded sequence is :
a. Convergent

b. Divergent

c. Cauchy sequence

d. None of these

_q\n-1
The sequence < (1) > converges to :
n
a. 1 b. -1
c. 0 d. e

The sequence < —logn>is :
a. Convergent b. Diverges to 0

c. Divergesto+e d. Diverges to —e

If < x,, > diverges to e and < y,, > is bounded then

<Xpt+y,>is:

a. Bounded b. Convergent
c. Oscillatory d. Diverges to
1" _.
The sequence< ~~ >is :
n

a. Bounded above only
b. Bounded below only
Bounded
Unbounded

a o

42.

43.

44.

45.

46.

47.

48.

49.

50.

Every convergent sequence is :
a. Cauchy sequence

b. Bounded

c. Converge to unique limit
d. All of the above

IfS, =(-1)" ¥ne Nthen, lim S, is :

a. -1 b. 1
c. 0 d. None of these
The sequence S, = 2— 1 is :
2"
a. Convergent b. Divergent

c. Oscillatory d. None of these

Oscillatory sequence is :

a. Not convergent

b. Not divergent

c. Neither convergent nor divergent

d. Both convergent and divergent

If sequence diverges to infinity then any of its
subsequence is :

a. May be convergent

b. May be oscillatory

c. Diverges to —c

d. Diverges to +

If lim(x,, + y,) =1 +1"then:

a. limx, =1

b. limy, =1

c. <x,>and< y, > both are convergent

d. None of these

IfS,=-n¥ne N, then:

b.lim S, < limS,,

c. imS,=-limS, d.limS,=1mS,

If the sequence <S,> defined by S = V2,

S,11 = /2S, ¥ne Nis convergent then lim S, is :
[Meerut 2017]

a. limS,>1limS,

a. J2
c. 0

b. 2
d' oo
The sequence < \/n+ 1 —+/n > is convergent to :

[Kanpur 2019; Meerut 2018]
b. 1

d. None of these

a. 0

c. e
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51. The sequence< (-1)" >is : [Meerut 2018] 59. The sequence < S,, > defined by
a. Convergent b. Divergent S, =1+ 1.1, 1. [Meerut 2018]
c. Oscillatory finitely d. Oscillates infinitely 2 3 n
. t . Di t
52.  Consider the following statements : a. Convergen b. Divergen
A (S, +t)<TmS, + fimt c. Oscillators d. None of these
. n n/ — n n
. 1n.. .
B. lim(S,+t,)>limS, + limt, 60. Ifr>Othenlimr’"is:
For< §,, > and < t,, > are bounded sequence then, a. 0 b. -1
a. Ais true only c. 1 d. e
b. Bis true only 3N AN a1\ Yn
¢ AandB both are true 61. lim (I)(E) (g) (T) is equal to :
d. Neither A nor B is true
T a. 0 b. 1
53. limn’"is equal to : o e d e
a. e b.1
0 d 62. The number of limit points of the sequence
“ - <1,-111..>are:
54. The sequence < sinnn®> where c <8< 1and is a a 0 b 1
rational number is : - d. co
a. Convergent b. Divergent
Oscillat d. Unbounded 63.  Which of the following is not a Cauchy sequence :
c. Oscillatory . Unbounde
n 2
b.
55.  Which of the following sequence is convergent : a < n+1 > sne
14 2n 1
a. <=,—,1.. > el <
2’5" "2+ 3 “ =7 .
2 3
b <-3-3%-3%..> 64. If < x,> diverges to « and < y,, > converges then
c. <-x,-x%-x3.>x>1 <xXp+y,>is: [Meerut 2018]
d <xxZx3 > x>1 a. Convergent b. Bounded
n el c. Oscillatory d. Diverges to e
56. IfS,=(-1)"andt,=(-1)"" ¥ne Nthen S, +t, 1
Vne Nis equal to : 65. Ifx,= (—1)”(1+ ;), then limit superior of x,, is :
a. 1 b. -1 [Meerut 2018]
c. 0 d. Not exist a. 0 b. -1
57. 1f<S,>isdefined by S, =15, = 27591 e N ¢ 1 doe
3+25, 66. The sequence < S, > defined by
is convergent to ] then I is : 1 1 1 .
4 n = + + is :
a 1 b = n+l n+2 n+n
3 3 a. Convergent b. Divergent
c. 5 d. <2 c. Oscillatory d. None of these
58.  An oscillatory sequence is : 67. i< S, >is defined by

a. Always bounded

b. Always unbounded

c. May be bounded or unbounded
d. None of these

§=1S5,,1=2+S,¥ne N
then limS,, is :
a. 1 b. /2
c. 2 d. Not exist
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69.

70.

71.

72.

73.

74.

75.

76.

77.
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Which of the following sequence is bounded : 78.  If< S, > be a sequence of positive numbers defined
a. <n> b.(-1)"n by S, = %(Sn_1 +S,_9) ¥n> 2 is convergent then
n+2
c. (-1 d.<-n> ims, is :
. 1. 1
lim ["* % s : ) b. (S, +S
n a 2(81 2)
a. 0 b.1 c. %(s1 +25,) d. %(s1 +Sy)
c. -1 d. Not exist
lim is equal to : [Meerut 2019] 79.  The sequence < nP >where p > Ois :
(lﬂ)l/n a. Convergent b. Divergent
a 0 b. 1 c. Oscillatory d. None of these
c. e d. Not exist 80.  The limit of the sequence <1+ é+ %+....2 L I
The sequence defined by S,, = 1if nis divisible by 3 ) n-
and S, = O, therewise is : 15 4
a. Bounded above by 0 a. 1 b. 3
b. Bounded below by 1 e 0 d. Not exist
c. Bounded above by 1 ] 1n
4. None of these 81. lim[{(n+)(n+2)...n+n}'"/n] =
If the sequence < S,, > converges to [ then |S,| is a. 0 b. Z
converges to : c. 4de d. =
e
a. lonly b. -l only .,
c. |l d. Nothing to say 82. IS, =(-1)"then:
If limx,, =/ and k & R then lim(kx,,) is : a. <S5, >is convergent
a k b b. <|S,|>is convergent
c ki d0 c. Both< S, >and<|S,|> convergent
If S, =n¥ne Nthen, lim S, is equal to : d. None of them is convergent
4
a. n b.0 83. IfS,= W then lim S, is equal to :
c. 1 d. e (n"+2)(n°+1)
n 3
The sequence (1 + l) is : a. 3 b. 92
n
1
a. Convergent b. Divergent c. 9 d.0
c. Oscillatory d. None of these
The sequence < S, > defined by 84.  The sequence /3,+/3+/3, 1/3+/3+/3, converges to :
n
Sy =2, S, =2S,)is : a. 0 b.3
a. Convergent b. Divergent c. 3 d. e
c. Oscillatory d. None of these 85. 1imw is equal to :
Which of the following sequence is convergent : "
b
a. <(-)p> b.<n> a. 0 b~§
n+l
c. <cos™®> d.< D7 ¢ L d. e
2 n 3
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86. liml(l +2Y24 3V3 4 s - 94.  If the sequence < S, > is defined by
n
3 1
§=5,5,1=2-—¥n2>1
a. 0 b. -1 o’ Nt S,
.o+1 d. =
e then limS,, is :
n+3 3
87.  The sequence <(1 + 7) > converges to : a. 5 b. 2
n
c. 1 d. 1
[Meerut 2017] 2
, b.e?+3 n
a e e 95.  If x be any real number then lim X s
c. e d. e n—ee n
2 .0 b. 1
88.  The limit of the convergent sequence an”+1 is : a )
3n? -1 ¢ |n d. Not exist
a. 1 b.3 96.  The limit point of the sequence (-1)" (1 + 1) is
c. -1 d. 0 n
. lonl .—lonl
89. If<Sn> converges to zero then : a ony b ony
c. 01 d +1
a. < S, > converges to zero . .
b. <S, > not converges to zero 97. If the sequ;ance <2 S, > is defined by S; =a>0,
c. <S,>may be oscillatory S, = M, b>a,n>1then imS, is :
d. None of these a+l
2
90. If< S, >convergestol # Othen< (-1)"S, > is: a. Vab? b. ab ]
a+
a. Convergent b. Divergent e a d b
. Oscillat d. N f th
¢ sciiatory one ot fhese 98.  The set of limit points of every sequence is :
91.  The limit of the sequence a. Open b. Closed
1 + 1 R 1 is : c. Compact d. None of these
2 2 2
V241 n? 2 4 n 99.  The sequence < sinnm > converges to :
a. 0 b. 1 a. 0 b. 1
c. -1 d. = c. -1 d=n
[ 3n ‘Il/ n 100. Which of the following sequence is divergent :
92. lim =3 = . b (="
a. <sinnm> <>
= .
a. |3 b.eB c <i> d.<sin?%>
3" 2
c. 27 d.0
y 101. Abounded set has :
03. lim[(m) n1 _ a. One limit point  b. Two limit points
n c. No limit points  d. Infinite limit points
a e b 1 102. A bounded sequence has : [Meerut 2017]
€ a. One limit point  b. Two limit points
c. 0 d. e c. No limit points  d. At least one limit point
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103.

104.

105.

106.

107.

108.

109.

110.

111.

B.Sc. Objective Mathematics (Real Analysis)

Every bounded monotonically increasing sequence
converges to it’s :

a. Supremum b. Infimum

c. 0 d. None of these

The limit of sequence < 1 > is: [Meerut 2017, 2018]
n

a. 1 b. 2

c. 3 d. 0

A sequence < S,, > is oscillatory sequence if it is :
[Meerut 2017]

a. Convergent

b. Divergent

c. Neither convergent nor divergent

d. None of these

The limit of sequence < S, > where S, = ilz
n+ 5nY

is: [Meerut 2014, 17]

a. 1 b.2

c. 3 d. 4

If limit S, = 0 and the sequence < t,, > is bounded

then limit< S, t,, > is : [Meerut 2017]

a. 0 b. 1

c. 2 d.3

If limit S, = and limt,, =1, then lim(st,) is :
[Meerut 2017]

a I% b. iy

c. h d.ly

Every cauchy sequence is : [Meerut 2017]

a. Oscillatory
¢. Unbounded

b. Divergent

d. Convergent

The supremum of the sequence < >is:
n+1
[Meerut 2017]
a. 1 b. 2
c. 3 d. 0
If x;=+7 and x,,1=+7+x,) then <x,>
[Meerut 2018]

converges to :
a. Positive value

b. Positive root of x2 —x -7 =0

112.

113.

114.

115.

116.

117.

118.

c. 7
d. All the above

The infimum of the set S = {x : x € Qand x = (-1)"

1 4 .
~—"| neNt}is:

(n n) [Meerut 2018]
a. 2 b. -3

3 2
c. 3 d. 2

2 3
The domain of the sequence is always :

[Meerut 2018]
a. N b.R
c. R* d.Q
The supremum of the set S = {2n+ 1 ‘ne N} is :
n+
[Meerut 2018]

a. 3 b. 2

2 3
. 2 4.3

3 2

n

The sequence < Z is : [Meerut 2018]

n
a. Monotonic
b. Monotonic increasing
c. Monotonic decreasing
d. Divergent
Iflims,, =/ and limt,, = t then limSn = ! is :

n

[Meerut 2018]
b. False
d. Always true

a. True

c. Trueift=0
The limit points of < (—1)" > is : [Meerut 2018]
b.[-1,1]

d. Both (a) and (c) true

a. A finite set
c. {1,-1}
Which is not true :

1
a. < = >converges to zero

n
3n 3
b. < ——— 75 > converges to=
n+ 5n? 5
c. < n>isdivergent sequence
d. < 3" >is divergent sequence
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119.

120.

121.

122.

123.

124.

125.

The limit point of < 1, is/does : [Meerut 2018]

n

a. Does not belong to the range set

b. 0

c. -1

d. Both (a) and (b) true

I£S, = 2n—7’ then< S, >is: [Meerut 2018]
3n+2

a. Convergent

b. Divergent

¢.  Monotonic increasing

d. Both (a) and (c)

1 + 1 + 1 + 1

IfS,= , then < §, >
n+l n+2 n+3 n+n

is - [Meerut 2018]

a. Monotonic decreasing

b. Monotonic increasing

c. Convergent

d. Both (b) and (c)

The sequence < sinnmO > is : [Meerut 2018]

a. Convergent when6 =0

b. Convergent when6 =1

c. Divergent when6> 0

d. Both (a) and (b)

Which is not true : [Meerut 2018]

a. Every bounded sequence is convergent

Every convergent sequence is bounded

1
c. lim—=0;p<0
nP

d. Both (a) and (c)

If lims, =/; and limt,, =I5 then lim(s, + t,) is:
[Meerut 2017]

a. I -l b.ly+1y

c. hLiy d. None of these

If the sequence <|S,|> is convergent then the
sequence < S, > s : [Meerut 2017]
Convergent

a
b. Not convergent

o

May or may not be convergent

o

None of these

126.

127.

128.

129.

130.

131.

132,

133.

134.
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A sequence is said to be a divergent sequence if it

diverges to : [Meerut 2017]
a. o b. —
c. Eithereoor—-—~ d.0

If 1 0l< 1 Vn>m, thenm s equal to :
2n 0

[Meerut 2018]

a. —250 b. =300

c. 300 d. 250

The set of limit point of a bounded sequence is :
[Meerut 2018]

a. o b. Bounded

c. Convergent d. Finite

The sequence < x,, >, where x,, = 3" :ne Nis:
[Kanpur 2019]
a. Divergent b. Convergent
c. Oscillatory d. None of these
Every convergent sequence must be :
[Kanpur 2019]

a. Oscillators b. Unbounded

c. Bounded d. None of these

. (nm

gn(??) [Meerut 2017]
lim— > 2 Zis equal to : eeru

in q
a. 0 b. 1
c. -1 d. None of these
If im 52 =1 Othen< S, >is:  [Meerut 2014]
nsco n

a. Bounded b. Unbounded

c. Convergent d. None of these

The sequence < a,, > defined by

1 1 1 1.
a, = 1—1+ ? + ?+....+ ? is converged
whose limit lies between : [Meerut 2014]
a. Oand1 b.1land 1/2
c. land3/2 d.3and 7/2

Sequence < a,, > where
1 1 1
+ +ot

a, = is:
n ntl n+2 nen [Meerut 2014]
a. Convergent b. Divergent
c. Oscillatery d. None
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135. The sequence <a,> defined by 143. The sequence< S, > where
ap = 1 +Z a> 0, a; > 0 converges to the positive S, = 5n . has the limit - [Meerut 2015]
n-1 -
root of the equation : [Meerut 2014] n+ 3n
a. x?-x+a=0 b.x’+x+a=0 a. 3 b. 1
c. x?-x-a=0 d.x?+x-a=0 c. % d. 5
136. Every Cauchy Sequence is : [Meerut 2014] 1
a. Convergent b. Bounded 144. The sequence <S,> where §,=3- P
c. Both (a) and (b) d. None of these converges to : [Meerut 2015]
137. Find the least positive integer nsuch that a 1 b. 2
2n 1
-2|<= .3 d. -3
n+3 5 [Meerut 2014] c
145. The sequence < S,, > where
a. 20 b. 27 11 1
c. 28 d. None of these S,=1+ 3 + 4t - is : [Meerut 2015]
__1\n o
138. Sequence< S,, > where S, = (-1)" has limit point : A Cauchy sequence
M t 2014
(Meeru ] b. Not a Cauchy sequence
a. 1 b. -1
c. May or may not be a Cauchy sequence
c. -land1 d. None of these
) d. None of these
139. If limit S,, = O and the Sequence < P, > is bounded .
then the limit< S, P, > is : [Meerut 2014] 146, If s, - (1 N l) then
a. 0 b. 1 "
1
c. 2 d. None of these . -
lim (s;85....5,)" = [Meerut 2015]
140. The function f(x) = cosx —2Px is Monotonically n—ee
decreasing for : [Meerut 2014] a. e b.e!
a. P>l b.P<% c. ae d. ae™?
147. Every bounded monotonic sequence :
p-1 4Pzl
¢ Ty EEy [Meerut 2015]
141. Which of the following is not true for x > 0: a. Divergent b. Convergent
[Meerut 2014] c. Unbounded d. Oscillatory
1 148. If a sequence < S, > is convergent then the
a. li ix =0 b. lim n" =1 sequence <|Sn| >is: [Meerut 2015]
n—oo p n— oo
1 a. Convergent b. Divergent
c. r}‘_}”; xn =1 d. All are true c. Oscillatory d. None of these
i 1\ 149. If limS, = 0 and the sequence < t, > is bounded
142. Thesequence< S, >= ;i(l + 7) lies between : then, [Meerut 2015]
n— oo n
[Meerut 2015] lim< S,t,>is:
a. 3and4 b.1and2 a. 1 b. o
c. 2and3 d. None of these c. 0 d. None of these
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150.

151.

152.

153.

154.

155.

156.

Iflimt, =1"1"# 0and t,, # 0 ¥nthen lim(ljis :

n

[Meerut 2015]
b.I’

[ = =

d. None of these

—_
<

Iflim S, =1 and lim t,, =1’ then

Jim Stfn + Sotn_1 +t Sty 5. [Meerut 2015]
n
a. | b.I’
e L d.r
ll
Every bounded sequence has at least :
[Meerut 2015]

a. Two limit point
b. One limit point

c. Three limit point
d. None of these

The Set S= {1+(_21n)n

: n is positive integer} is:

[Meerut 2016]
a. Bounded
b. Only bounded above
c. Only bounded below
d. None of these
Every infinite bounded set of real numbers has :
[Meerut 2016]
a. Only two limit points
b. At least one limit point
c.  No limit points

d. None of these

Derived set of the set Q of all rational numbers is :

[Meerut 2016]
a. Q b.R
c. Z d. None of these
Every singleton set in R is : [Meerut 2016]
a. Open
b. Closed

Neither open nor closed

a o

None of these

157.

158.

159.

160.

161.

162.

163.

164.
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A set which contain all of its limit points is called :

[Meerut 2016]
a. Ddiscrete set b. Derived set
c. Closed set d. Open set
Sequence < S, > where
S,=1+ ﬂ is : [Meerut 2016]
n

a. Bounded
c. Both (a) and (b)

b. Not bounded
d. None of these

Sequence< S, >where S, = converges to :

n+1
[Meerut 2016]
a. 1 b. 2
c. 3 d. 0
4
1S, = B0 =1 o limitof < S, > s
(n+2)(n>+1)
[Meerut 2016]
a. 1 b. 2
c. 3 d. 4
Sequence < S, > where
2
= % converges to : [Meerut 2016]
2n“+5n+7
a. 1 b. 3
2 2
c. 5 d. 7
2 2
1/n
s = B3 o fim S s [Meerut 2016]
n (|1] e 00 n
a. 25 b. 26
c. 27 d. 28
2n-17 .
IfS, = then, sequence< S, > is :
3n+1
[Meerut 2016]
a. Monotonic increasing
b. Bounded above
c. Bounded below
d. All of the above
1 1 1
If S,=—+—+...+ then sequence
12 23 n(n+

< S, >will be : [Meerut 2016]

a. Convergent
c. Both (a) and (b)

b. Increasing
d. None of these
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165. Every bounded monotonically increasing sequence 174. A sequence< S,, > is oscillatory sequence if it is :
converges to : [Meerut 2016] [Meerut 2017]
a. Its supremum b. Its infimum a. Convergent
c. O d. 1 b. Divergent
166. Every subsequence of a convergent sequence is : c. Neither convergent nor divergent
[Meerut 2016] d. None of these
a. Divergent b. Convergent 175. Thesequence< 2 -2 2 -2 2 -2>is:
c. Oscillatory d. None of these [Meerut 2016]
167. Iflim S, =1 and lim t,, =" then lim(S, t,,) = a. Bounded b. Unbounded
[Meerut 2016] c. Oscillatory d. Convergent
I bl 176. A sequence is said to be a divergent sequence if it
I’ ' diverges to : [Meerut 2017]
c. 1+I d.l-I a. oo b. —
1\"*2 c. eitherecor—c d.0
168. IfS, = (1+ 7) then lim S, is: [Meerut 2016]
n noe 177. The supremum of the sequence < >is:
1 n+1
a. e b. =
e [Meerut 2017]
e % 4.2 a. 1 b.2
€ c. 3 d. 0
169. The sequence S, =<1,-11-11 ~1..>is: 178. Every bounded sequence has at least :
[Meerut 2016] [Meerut 2017]
a. Bounded b. Unbounded a. Two limit points
c. Oscillatory d. Convergent b. One limit point
170. The sequence < S,, > defined by c.  No limit point
S, =+2,S,,1 =4(2S,) d. None of these
converges to : [Meerut 2017] 179. If the sequence <|s,|> is convergent then the
a 1 b. 2 sequence< s, >is: [Meerut 2017]
c. 3 da a. Convergent
171. The sequence < S, > where b. Not convergent
n+3 c. May or may not be convergent
S, = (1 + ;) converges to : [Meerut 2017] d. None of these
2 1 n+l
a. e b. e 180. lim (1+ 1) is equal to : [Meerut 2018]
n—eo +
c. e+3 d.e?+3 "
. a. 0 b. 1
172. Every Cauchy sequence is : [Meerut 2017] 1 d
c. - .e
a. Oscillatory b. Divergent
181. The sequence< sinnn® > is : [Meerut 2018]
¢. Unbounded d. Convergent
1 [Meerut 2017] a. Convergent when6 =0
imi - eeru
173. The limit of sequence < - >is: b. Convergent when 6 =1
a 1 b. 2 c. Divergent when 6> 0
c 3 d 0 d. Both (a) and (b)
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182. IfS, =(-1)" (1 " l) then lim S, is equal to : 190. The supremum and infimum of the set
n 1 .
S={m+—:rn,ne N}ls: [Meerut 2018]
[Meerut 2018,19] m
a. 0 b. 1 a. 1landO
c. -1 d. ¢ b. Oand1
183. If xy= V7 and Xp41 = m then <x,> c. —landO
converges to : [Meerut 2018] d. sup does not exist and inf = 1
a. Positive value 191. Which is not true : [Meerut 2018]
b. Positive root of X2 - X - 7=0 a. < 1 > converges to zero
n
.7
) b. < _8n > converges to 3
d. All the above C T i a2 5
184. The supremum of the set S = {g::: ; ‘ne N} is : c. < n>is divergent sequence
d. < 3" >is divergent sequence
[Meerut 2018]
3 2 192. IfS,=1{x:x¢€ R*}and limS,, =1, then :
L= b.-=
a 2 3 [Meerut 2018]
c. 2 a.-3 a. 1=0 b.I1>0
3 2 c. 1<0 d.1>0
185. 1fS={(-1)":ne NythenD(S)is: [Meerut 2018] 193 \Which is not true : [Meerut 2018]
a. 1 b. -1 a. Every bounded sequence is convergent
c. ¢ d {1, -1} Every convergent sequence is bounded
n 1
186. The sequence < —> is : [Meerut 2018] c. llmg =0,p<0
n!
a. Monotonic d. Both (a) and (c)
b. Monotonic increasing 194. The range of the sequence < (-1)" > is :
¢.  Monotonic decreasing [Meerut 2018]
d. Divergent a. ¢ b.1
2n 1 . c. -1 d {1, -1}
187. If|—=—— -2|<=V¥n>=mthenmis equal to : 1 1
2n+3 4 195. —-0[<—-V¥n=m, thenmis equal to :
[Meerut 2018,19] 2n 0
12 b. 13 [Meerut 2018]
a. .
c. -12 d. None of above a. =250 b.-300
. .2
188. IfS, = Vn+1—+/n, then!lim S, is equal to : c. 300 d. 250
[Meerut 2018] 196. Iflim S, = e~ and < t, >is bounded then< S, + t,, >
eert is : [Meerut 2018]
a. 0 b. 1 .
a. Convergent b. Divergent
c. -1 d. Does not exist . .
1 o c. Divergentto e~  d. Divergent to —co
189. IS, =(-1"- (1 + ;)’ then lim Sy is equal to : 197. The solution of equation |S,, —1|< eis :
[Meerut 2018] [Meerut 2019]
a 0 b 1 a. Sp<l+e b.§,>1-€
c. -1 d. o c. 1-e<§,<l+e d.1-e>§5,>1+¢€
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198. The domain of the sequence S, = (-1)" is : 205. Let {S,} be a real sequence such that S; >1 and
[Meerut 2019] S,41 2 S,1 then which is true :
a. The series XS __» converges
a. <-11> b. {-1,1} b <S >isb ndd
c. [-11] d. set of natural number, N © < on>lsbounde
1 c. The series XS . converges
199. For the sequence S,, = 7 Ye>01S,-0|<eif: d. None of these

[Meerut 20191 206. LetS, = 2n ,E= 1 and lim S, = 2, then using
n+3 5
a. n<-—loge/log3

b. n>loge /log3 Ye>0,[S,-€|l<IV¥n= M, gives :

c. n>-loge/log3 a. M=28 b.M <28
d. n<loge /log3 c. M>28 d. Does not exist
200. Which is not true : [Meerut 2019] 207- Domain of a sequence is always :
a limn'/"=0 b lim A" = 1 a. Set of real number
%n b. Set of integers
c. limn77=1 d. Both (b) and (c) c. Set of natural number
201. Every cauchy sequence is : [Meerut 2019] d. All the above
a. Bounded . 1\
b. Convergent and bounded 208. ,}l_r::o(l B ?) equals : [Meerut 2019]
c. Divergent 1
a. 1 b. —
d. May be convergent Je
202. Every convergent sequence : c. 1 d 1
2
a. Has limit point e €
b. Has limit and limit point 3 1
n
c. Has limit point and bounds 209. lim (E El) ) is equal to : [Meerut 2019]
n—eo| (|3n
d. All the above k )
203. Let< a, > be areal sequence, where a. 3 b.-27
- c. 27 d. -3
%lan—an71|<°° 210. L =lim 1 , then :
n= n |I]
then the series Ta,x", x € R is convergent : a. L=0 b L=1
[Meerut 2019] c. O<L<e d. None of these
a. NowhereonR b. Every where on R 211. Consider the sequence
c. On(-1,1) d. None of these 1\"
S, = (1+ (-1)’L) , then
204. Consider a sequence < S,, > such that S, €(-1,1), n
then : (Meerut 2019] a. limsupS, =liminfS, =1
Every limit point of {S,,} is in (-1, 1) b. limsupS, =liminfS, =e

a
b. Every limit point of {S,;} is in [-1, 1] c. limsupS, = liminf S, = 1
e

o

The only limit points are -1, 0, 1

a

The limit points are not -1, 0, 1 d. limsupS, = eand liminf S, = 1
e
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ANSWERS

MULTIPLE CHOICE QUESTIONS

. () 2 (o) 3. (3 4 (b) 5 (d 6 (3 7. (b) 8 (b)) 9 (o) 10. (d)
11. (o) 12. (¢ 13. (d) 14 (d) 15. (¢) 16. (b) 17. (a) 18. (a) 19. (a) 20. (d)
21. () 22. (d) 23. (d) 24. (o) 25. (d) 26. (c) 27. (b) 28. (a) 29. (d) 30. (a)
3. (0 32. (a) 33. (a) 34 (o) 35 (a) 36. (d) 37. (d) 38 (o) 39. (d) 40. (d)
41. (o) 42. (d) 43. (b) 44. (a) 45. (o) 46. (d) 47. (d) 48. (d) 49. (b) 50. (a
5. (o) 52. () 53. (b) 54. (b) 55. (a) 56. (o) 57. (d) 58. (o) 59. (b) 60. (c
61.  (

(

7. () 72. (¢) 73. (c) 74. (d) 75. (a) 76. (a) 77. (d) 78. (c) 79. (b) 80. (c

)
)
c) 62. (c) 63. (b) 64. (d) 65. (c) 66. (a) 67. (c) 68. (c) 69. (b) 70. (c
)
81. (d) 8. (b) 8. (a) 8. (b) 8. (a) 8. (c) 87. (c) 88 (a) 89. (a) 90. (o)
91. (b) 92. () 93. (b) 94. (d) 95. (a) 96. (d) 97. (d) 98 (b) 99. (a) 100. (d)
101. () 102. (d) 103. (a) 104. (d) 105. (c) 106. (c) 107. (a) 108. (b) 109. (d) 110. (a)
111. (b) 112. (b) 113. (a) 114. (¢) 115. (d) 116. (c) 117. (d) 118. (b) 119. (d) 120. (d)
121. (d) 122. (d) 123. (d) 124. (b) 125. (c) 126. (c) 127. (d) 128. (b) 129. (a) 130. (c)
131. (d) 132. (b) 133. (c) 134. (a) 135. (d) 136. (c) 137. (c) 138. (c) 139. (a) 140. (a)
141. (d) 142. (¢) 143. (d) 144. (c) 145. (a) 146. (a) 147. (b) 148. (a) 149. (c) 150. (c)
151. (d) 152. (b) 153. (a) 154. (b) 155. (b) 156. (b) 157. (b) 158. (a) 159. (a) 160. (c)
161. (a) 162. (c) 163. (d) 164. (c) 165. (a) 166. (b) 167. (b) 168. (a) 169. (a) 170. (b)
171. (b) 172. (d) 173. (d) 174. (¢) 175. (a) 176. (c) 177. (a) 178. (b) 179. (b) 180. (d)
181. (d) 182. (c) 183. (d) 184. (c) 185. (d) 186. (c) 187. (d) 188. (a) 189. (b) 190. (d)
191. (b) 192. (d) 193. (d) 194. (d) 195. (d) 196. (c) 197. (c) 198. (d) 199. (c) 200. (a)
201. (b) 202. (d) 203. (d) 204. (b) 205. (d) 206. (d) 207. (c) 208. (a) 209. (c) 210. (d)

211. (d)
HINTS AND SOLUTIONS
2. Let S,=<(-1)"> Supremum not exist but infimum =1 so s, is
then S, =<-11-11-11.> bounded below by 1.

_ _q\n
Thus range of S, = {-1,1}. 5. S,=1+(-1)
or Sp={1-1,1+11-1,1+1..}
Le. Sn = {01 2}

Thus the range of S,, = {0, 2}.

4, S,=<n’>

ie. S,=<1%2,2%3% 42 >



11.

13.

14.

20.

22.
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Given, sequence is S, = % 23.

limS, = lim (i) 0

n—soo{ 2N

So, <§,,> is a convergent sequence which is

convergent to 0. 31
S, =< -n?>
or S,=<-1,-4-9-16,..>
Supremum = -1, infimum does not exist.
Thus S, is bounded above by —1 but not bounded
below.
limL =0 lim<k>=k
" 34.
n+ 5nt/2
lim(-1)"=<1,-1,1,-1,...>
We have, 2n —2‘< l
n+ 5
2n-2n-6| 1 35.
= . gt
n+3 5
= 6 < 1 = n>27
n+3 5
If we take a positive integer m > 27, we have
2n _ 2|< 1 VYn>m
n+3 5

Hence, fore= %the required last value of m = 28,

S,=(-1)"n
or S,={-12-34-5..}
or S,={..-5-3-124..}

Thus neither supremum nor infimum exist i.e. S,, is

neither bounded above nor bounded below.
S, =<sinnn® >

If6 — Othen nm® — Oi.e. sinnn® =0

If6 — 1then nm6 — nmi.e. sinnn® =0

So <S§,,> is a convergent sequence and it is
converge to 0.

Let S, =

S

limS, = limL = 0
n

then,

i.e. S, is a convergent sequence.

Xp = (—1)"(1+ 1)

n
Then, xn=<—2,§,il,§,_—6,z ..... >
23456
So =223 %225 =0
155 X255, X35 1 Xg = e
4 -4 -6
and X1 =2 Xg=——,Xq=—,Xg = —...
S A A N
So limx, =sup{-2 -4/3,-6/5,...} = -1
1 25, +1
31=§’3n+1= ’é Vne N
If limS, = limS, 1 =1
then, 1=2+1 L g3_g41
= =1

Sn+1—Sn=l>0VneN
In

So < S, > is monotonically increasing.

Forn> 2, n= 1, 2, 3,....ncontains (n — 1) factors each
of which is greater than or equal to 2.

Hence, |n> 2" foralln> 2.

1

—< foralln>2
m 2n—1
Thus, Sn=1+l+l+....+ 1
1 12 n-1
£1+l+l+i. 1
1 2 22 2n—1
n—1
()
=1+ \2)  _3vn>2
1
1-2
2
Also, S5 =2<32<§5,<3¥neN

ie, < S, >is bounded.

Since, < S, > is bounded monotonically increasing

sequence so it is convergent.
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39.

41.

43.

48.

49.

53.

<§,>=<-logn> ¥ne N
So, limS,, = —logee = —co
So it is divergent sequence and diverge to —eo.

n
Sn:ﬂVneN
n

or S,,:—l,l,—l,l,—l .....
2 34 5
ie., <Sn>:<—1,_—1,_—1....0,....1,l>
3 5 4 2
Thus, sup S, :% and infS, =-1

ie, <S,>isbounded.

S,=(-1)"V¥ne N

55.

or <S,>=<-1,1-11,..>
Thus, Si,zland&z—l\#neN
Hence, limS, =1andlimS, = -1
Let S,=-n ¥ne N
ie. <§,>=<-1,-2-3-4..>
So it is bounded above by —1 but not bounded
below.

_ 57.

S,=sup {-n,—n-1..} =-n
Since, §n — —o0 as n—> o, Hence, ﬁSn = —oo,
Also, < S, > is not bounded below so by definition
limS,, = —eo.
Thus, lim S, =lim S, = —
S, =+2,8,,; =425, ¥ne N
Let limS, =1 53,
then, 1=V = 12=92

1-2=0 = [=2 since,l #0
So, limS, =2
Letn/" =1+ h, for h, >0
59.
n=(1+h,)"
=1+ nh, + n(n—1) h2 4.+ R}
2
Snn=Dp2 "t h,20
h,z, < forn>2
n—

D-21

ie., |h,| < ifor n>2
n-1

Lete> Othen, | h,|< (Ll) < € provided

2
<e? or n>—2+1

n-— S

If we choose m € N such thatm > % + 1 then,
€

lhyl<e ¥nzm

ie, |n'"-1l<eV¥n>m
lim n¥/" =1
Given, S, = 2n so, limS, =lim =1 so
2n+ 3 2+§
n

convergent.

If S, =-3" then, limS,, = - so divergent

If S, = —x", x > 1then, limS,, = — so divergent
If S, =x", x> 1limS,, = « so divergent

4+ 3S
=1S,.,,=——"%¥n
Sl n+1 3+28n

eN

Let limS, =1
_4+3
3+2

or  20%2-2=0 = =42

then, I = 31+21%2=4+3

Since, | cannot be equal to —/2 so limS,, = +/2.

Let S,=(-1)" ¥n=N then, it is oscillatory
sequence and is bounded.

Let S,=(-1)" ¥ne N then, it is oscillatory

sequences but unbounded.

Let S,,,:1+l+l+....+l

n

If |S,-Snl<e ¥n2m then <S,> is Cauchy

sequence
Choose n = 2mthen, n>m and
|Sn _Sm|: |82n _Sml
1 1 1
+ +




61.

63.

65.
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1 1 1
>+ 4+ —+...uptomterms
2n  2m 2m
1 1
=m-— = —
2n 2

Thus if we take e = %then, whatever positive integer
m we take, we have
n=2m>m

1
and |Sn_Sm|: |82m _Sm|>§

ie. |S,-Spl>e€
Thus fore= % > (, there exists no positive integer m

suchthat |S,-S,,|<eV¥n2m

i.e.< S, >is nota Cauchy sequence. So< S,, >is not

convergent i.e. it is divergent.

2 3

cwmmn 12123

n n
Let Sn=(n+1) =(1+1)
n n
then, limS,=e
Here, S,>0V¥neN

we know that im(S;,S,...S,)"" = e

since,
2 3 n
2 3 4 n+1
_778 =| — 7.S = — 5 S =
8112(2)3(3) (n)
2y 34y (ne1y ]
() G- =
2)\3 n
LetS, = n®

2 =(n-m)(n+m)

If m>n then, S,-S,, = n?-m
> 2m > 1for any value of m. Takinge = 1, we can not
find a positive integer m such that |n2 - m2|< eforall

n>m. Thus< n?

S, = (—1)"(1+ l)

n

> is a Cauhy sequence.

Let

>

9 Ty eeee

<Sn>:<—2,§>,—i§,—
2 34

[S2]Ke)
[N

70.

74.

= 3 3 b b 7
=2,5,=5,5=5,5,=5,S=-...
S =SS ==
limS,, = inf §,§,z,,. }zl
246
6. S,=—L L 1
n+l n+2 n+n
1 1 1
Si1—-Sh = + -
LT T onl 2042 n+l
= 1 _ 1 >0V¥ne N
2n+1 2n+2
Hence, the sequence <s,> is monotonically
increasing.
Now, Ispl= s, = 1 + 1 +... 1
n+l n+2 n+n
<1+1+....+l (upto nterms)
n n n
=n.l=1
n
[spl<1 ¥ne N

Hence, the sequence < s,, > is bounded.

Since, <s,> is a bounded, monotonically
increasing sequence, hence it is converges.

n

Let S, =
[n
n+l
then, Sn+1 :&
n+1
Spp _ ()™ 1
Sn n+1 nn
n n
(%) =(+3)
n n
Also, S,>0¥ne N
. 1/n_~S+1_- 1n_
Hence, lim(S,)”" = lim—*1 =lim|1+ = | =e
S, n
lim—" _=e
(m)l/n
Let S,=nV¥neN

It is bounded below but not bounded above.
% =inf{nn+1n+2 ..} =n
Since, S,, = o0 as n— oo, hence lim S, = oo.

Also, < S,, > is not bounded above so limS,, = .
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n
75.  Since 1im(1+ 1) =e 84 Sp=y3{3y3..
n
If limS,, =1 then,
so it is convergent sequence.
¢ ) a 1=v3l = 12=3
78. Given, S, = E(Sn_l +S,.9), putn=345, ... 1-3=0 = 1=3
1 I = Ois not possible.
Sy=(S+S) P
2 86. LetS, =n""and we know limn"/" = 1
1
S, = 5(33 +Sy) So by Cauchy’s first theorem on limits
: : hm 81 +Sy+...+ S, =
: 1 :
Skt = 5(Sk-2+ Se-3) or  lmligV2y3Us, 4 plimoq
n
1
S ==(S 1+ S,_9) n+3
KTt 87. nm(1+§)
Seq 1 "
Adding these, S + Zk=1 = 2(S; + 2S,) 2\" 212
2 2 =hm(1+4).(1+7)
Let this k — e we get, (if limS, = 1) " "
3 1 =el=e
=— Sl + 282
272 91, S=—Lt 4 1 .
1 \/n2+1 \/n2+2 \/n2+n
= ~(S + 2Sy) 1 1
3 \7’n>1,Sn>\/2 +\/ ..... \/ n
81  Let Sn=(n+ 1)(n+§)..,.(n+ n) n“+n n®+n n“+n
" or S, > 2“ = %
&H:m%+n(r1f Vn©+n o 142
S,  (n+1) (n+1 "
and S, < ! + ! 4o
[ n?+1 n?+1 n“+1
So, lim—n+l Sl _ =lim 2@n+D 1 1
S, | n+1 (1+1)”| = or S, < -
- 1
[ n J n-+ 1+ ?
1 4
=4';=; Thus, 1 <S,< ¥n>1
1+ 1 1+ 5
So, limS, 1n _ mePr1 :é n n
Sn e 1
But, limi1 =
83. S, = (Bn=1)(n" —n) /1+;
(n“+2)(n°+1) )
1 1 and lim 1 =1
3-= 1——3 1+ —
n n =3 n2

limS,, = lim

e i)

So by sandwitch theorem limS,, =1



92.

93.

94.
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3
sn:%,s,,>ovneN s0,
(n

If S, >0 ¥ne N then,

lim(S,)!/" = lim Sn+1
n

provided the letter limit exists. 97.
3
NOW, Sn+1 — M ) (B)
S, (n+1% [3n
_(Bn+3)(3n+2)(3n+1)
(n+13
S (3+ §)(3+ gJ(3+ 1)
or lim Zntl = [im n n n
S I
()
n
or limh =27
n
. n _ S 1 _
So lim(S,)"" = lim 1+l = 27
Sn
|
Let S, ==, then,§,>0 ¥ne N
n
S 99.
Also, lim (Sn)l/ " = lim 21+ provided the limit exists
n
Now, Snil _ [n+1 ot = n"
Sp (n+)™ n (n+1)" 100.
or lim Shi1 = lim 1 = 1
S, 1+ 1)” e
n
or lim(S,)Y" = lim Sni1 _ 1
S, e
3 1
=25 . 1=2-"¥n2>1
Sl 2 n+1 Sn

1=2—% = 2-2-1

or, 2-21+1=0 = (-1%=0 = I=1

so, limS, =1
2 2
Given, S, =a>0,5,,, =2 *5" psan>1
a+1
Let, lim S,, =1 then,
[ |ab? 412
a+1
2 42
- Izzab +1
a+1

Pa+12 =ab?+12

= al? =ab® = 1% =
or I=%b

I£-b
Since, S,>2a>0V¥neN
So, I=1limS,=b
Let, S, =sinnn
then, <S5,>=<000,..>

Solim S, =0 i.e. < S, > converges to 0.

Let S; = sinnm then, limS; = Oi.e. convergent

n
n

then, limS, = Oi.e. convergent
Let S5 = ?Tln then, limS3 = Oi.e. convergent

LetS, = sinﬂthen, <§,>=<1010.>
2

This is an oscillatory sequence i.e. not a convergent

sequence.

000



CHAPTER

)

Uniform Convergence of Sequences

and Series of Functions

UNIFORMLY BOUNDED SEQUENCE

A sequence< f,, > is said to be uniformly bounded on
an interval [ if

| folx)|< M for every x € I

and for every positive integer n.

Examples :

1.  The sequence < f,>, where f,=sinnx or
cosnx is uniformly bounded on R since

|sinnx| or |cosx|<1 ¥xeRand ¥ne N.
2. Thesequence< f,>where f, = 1 is bounded
nx

in (0, 1] but not uniformly bounded because
there does not exist any positive real number M
such that
(l)s m ¥ xe(0,1]and ¥ne N.
nx

However < f,,> is uniformly bounded in [a,1]
where a > 0.

POINTWISE CONVERGENCE OF A SEQUENCES
OF FUNCTIONS

A sequence < f,> of real valued functions defined
over an internal I is said to be pointwise convergent if
for each x € I, the sequence < f,(x)> of real numbers
is convergent.

Thus if < f,, > converges pointwise on I, then define a
function f : 1 - R by

f(x)=lim f,(x), ¥xel

Here f is called the limit function of < f,, >.

Sum function of a series :

..(1)
be the series of real valued functions defined on the
interval I. Define,

Letuq(x) + ug(x) +....+u,(x)

fnlx) = uq(x) + ug(x) +....+ up(x)

then series (1) is convergent is the sequence < f,,(x) >
is convergent and the limit function f of the sequence
is called the sum function of the series.

UNIFORM CONVERGENCE OF SEQUENCES

Let < f,,> be a sequence of functions defined on an
interval I. The sequence < f,,> is said to converge
uniformly to the function f on I if for every £ > 0, there
can be found a positive integer m such that

| flx) = f(x)|<e
foralln>mand forall x e I.

The function f is called uniform limit of the sequence
<fy,>onl.

Results :

1. The sequence < f,> does not converge
uniformly to f on an interval I iff there exists
€> Osuch that there is no positive integer m for
which

[ falx) = fix)|<e ¥n>mand x eI

2. Uniform convergence of a sequence < f,,>on |
implier pointwise convergence of the sequence
<f,> at every point of I but pointwise
convergence does not necessarily ensure its
uniform convergence on I.

3. The point of non-uniform convergence of the
sequence is a point, such that the sequence
does not converge uniformly in any nbd of it,
how ever small.

4. Cauchy’s general principle of uniform
convergence. Let < f,> be a sequence of
real-valued function defined on an interval I.
Then < f,> converges uniformly on I iff for
every €> 0, there exists a positive integer in
such that

| fn(x) — fplx) |<eforalln,p>mand ¥x el
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A sequence < f,,> is uniformly convergent on |
if given €> 0 there exists a positive integer in
such that

Ifn+p(x) = falx
¥ xel and ¥ pe N.

A series Zu,,(x) will converge uniformly on I iff
for every € > 0, there exists a positive integer m
such that

)|<e ¥n2m

[Up1(x) + Uppo(X) +.c+ Uupp (x) [< €

VY¥n>m, forallxelandforall p=1,2 3....

TEST FOR UNIFORM CONVERGENCE

1.

Uniform convergence of a series of
functions

Let ZU

the mterval I and let f,(x)=uq(x)+us(x)
+.... Uuy(x) ¥n e N.Then the series X u,, is said
to be converge uniformly on I if the sequence

) be a series of functions defined on

< f,> converges uniformly on I.

M ,-Test

Let< f,, > be a sequence of functions defined on
an interval I.

Let lim f,(x)=f(x) Vxel

Set | M, =sup{|fx)—fix)|:xel}

Then< f,, > converges uniformly to f ifft M,, — 0
asn — oo,

Weierstrass’s M-test

A series Zun(x) of functions will converge
n=1
uniformly on I if there exists a convergent series

Y M, of positive constants such that| u,,(x) |< M,
n=1

for alln and for all x e I.
Abel’s Test

The series Zun(x).vn(x) will  converge
uniformly on [a, b] if

(i) 2 up(x) is uniformly convergent on [a, b].

(i) The sequence <wv,(x)> is monotonic for
every x in [a, b].

(iii) <wv,(xq)> is uniformly bounded on [a, b]
ie. there is a positive number k,
independent of x and n, such that
|v,(x) |< k for every value of x in [a, b] and
every positive integer n.

Dirichlet’s Test

The series Y uy(x)
convergent on [a, b] if

.Up(x) will be uniformly

(i) <uv,(x)> is apositive monotonic decreasing
sequence converging uniformly to zero on

[a, b].

(ii) |fn<x) | =

i u.(x)|<k
r=1

Interchange of hints

Let < f,> be a sequence of real valued
functions defined on I =|[a, b] and let < f,,>
converges uniformly onI. Let xy € I such that

lim f(x)=a,n=123....

X—X

Then the sequence < a,,> of real constants
converges and

lim f(x)= lim a,
X—Xg n—oeo

ie. lim {lim f,(x)} = lim { lim f,(x)}

X—C noeo n—eo X—X,

UNIFORM CONVERGENCE AND CONTINUITY
Result :

1.

Let< f,,> be a sequence of real-valued functions
on [a, b] which converges uniformly to the
function of f on|a, bl. Ifeach f,,(n =1, 2, 3...)is
continuous on [a, b, then f is also continuous
on [a, b].

LetZu

functions defined on [a,b], if the series
converges uniformly to the function f on [a, b],
then f is continuous on [a, b]. Thus the sum

x) be a series of real valued continuous

function of a uniformly convergent series of
continuous functions is itself continuous.
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If the sum function of a series, whose terms are
continuous functions on an interval I, is a
discontinuous function, then the series cannot
be uniformly convergent on I.

UNIFORM CONVERGENCE AND INTEGRATION

Results :

1.

Let< f,,>be a sequence of real-valued functions
defined on the closed and bounded interval
[a, b] and let f,e Ra,b], forn=1,2 3, ... . If
< f,,> converges uniformly to the function f on
[a, b], then f € R[a, b] and

[ ftc)d = lim [ fofx)dx

Let <f,> be a sequence of real-valued
continuous functions defined on [a, b] such that
fn— f uniformly on[a, b]. Then f € R [a, bland

. b b
,l,i’lja £ x) dx =ja £(x) dx
Term by term integration

Let ZU

deflned on [a, b] such that u,(x) « R|[a, b], for
n=1,2 3, ....If the series converges uniformly
to f on [a, b], then f € R [a, b] and

j[zu :|dx—2j nlox) dx

x) be a series of real-valued functions

UNIFORM CONVERGENCE AND DIFFERENTIATION

Results :

1.

Term by term differentiation in a sequence of
functions :

Let <f,> be a sequence of real-valued
functions defined on an interval [a, b] such that

(i)  Each f, is differentiable on [a, b]

(i) < fulx)>
xq €la, b]

converges for some point

(iii) < f;> converges uniformly on [a, b]. Then
the sequence< f,, > converges uniformly to
a differentiable function f (called limit
function) and

E-3

lim,, . fi(x)=f'(x) ¥xe€la,b]

Term by differentiation in a series of functions :

Let Zu

defmed on an interval [a, b] such that

(i)  Eachu,(k) is differentiable on [a, b]

) be a series of real-valued functions

(ii) 2 u,(x) converges for some point x € [a, b]
n=1

(iii) 2 uy(x) converges uniformly on [a, b]
n=1

Then the series )’ up(x)
n=1

on [a, b) to a differentiable sum function s(x)

and

converges uniformly

s’(x )—llmn_mZu ), ¥ x ela, b

r=1

In other words if n € [a, b] then

{Zu x)} 21[ —_ (x)]

Let <f,> be a sequence of real-valued
functions defined on [a, b] such that

(i)  f,isdifferentiable on[a, blforn =1, 2, 3, ...
(ii) < f,> converges to f on [a, b]

(iii) < f}> converges uniformly to g on [a, b]
(iv) Each f; is continuous on [a, b]

Then ag(x)=f"(x)(a<x < b)

ie. lim,, . fi(x)=f'(x),(a<x<b)
Let z up(x) be a series of function defined on
n=1
[a, b] such that
(i) ( ) is differentiable on [a,b] for
=1,23,.
(i) The series z up(x)
n=1

convergesto f on[a, b]
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(iii) The series Z uy,(x) converges uniformly to
n=1
gon|a, b]

(iv) Each uj, is continuous on [a, b]

Then f’(x) = g(x) (a< x < b)

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose the

correct answer.

1. The sequence < f,, > where f,(x) = % in(0,1] is :
a. Bounded b. Uniformly bounded
c. Unbounded d. None of these
2. The sequence< x" > over (0,1) converges pointwise
to:
a. 0 b. 1

c. BothOand1 d. (0,1)
3. If the sequence < f,, > defined over an interval is
uniformly convergent then it is :
a. Pointwise convergent
b. Not pointwise convergent
c. May or may not be pointwise convergent
d. None of these
4, If f,(x) = x" ¥x €[0, 1] then the limit function f is :
a. Oforallxe[0,1] b.1forallxe[01]
c. Oforallxe[0,1[and1forx=1
d. None of these

5. A sequence < f,, > is said to be uniformly bounded
on an interval I if for every x € I and for every

positive integer n:

a. |fpx) |2 M b. [fu(x) |2 M
c. |fulx)|sM d. None of these
6. The sequence of functions < f,, > defined by
n
00 =1 Vxe(-1,1)is -
1-x

a. Pointwise convergent only

b. Uniformly convergent only
c. Both pointwise and uniformly convergent
d. None of these
The sequence < sin nx > over the interval R is :
a. Unbounded
b. Uniformly bounded
c. Not uniformly bounded
d. None of these
The sequence < f,, > of functions defined by
fulx) =x" ¥xe{01}is:

a. Uniformly convergent only

Pointwise convergent only
¢. Uniformly convergent and pointwise convergent

both
d. None of these
M, -test is applied over the sequence of functions
< f, >to checkits :
a. Uniform continuity
b. Uniform convergence
c. Pointwise convergence

d. Pointwise continuity

The sequence < f,, > where f,(x) = % is :
1+ n“x

a. Uniformly convergent on R

b. Uniformly convergent on (0,1)

c. Uniformly convergent on [0,1]

d. None of these

Let< f, >be a sequence of real-valued functions on
I which converges uniformly to f on I. If each f, is
continuous on I, then the limit function f is :

a. Continuous on [

b. Discontinuous on |
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12.

13.

14.

15.

16.

c. Neither continuous nor discontinuous on I 17.

d. None of these

The series {u,(x)n™} is uniformly convergent on
[0,1] if ZUn(x) is :
a. Converges on [0,1]

b. Continuous on [0,1]

c.  Uniformly converges on [0,1] 18.

d. None of these

The sequence < f,, > defined over I is said to be

pointwise convergence to f if for €> 0 and x €,

there exists ny € N such that 19.

n>ng = |f,(x) - f(x)|< €

then no depends on :
b. eonly
d. None of these

a. xonly

c. x and gboth

If the sequence < f,, > is pointwise convergent in [

then it is :

a. Uniformly convergent 20.

b. Not uniformly convergent
c. May or may not be uniformly convergent
d. None of these

The point of non-uniform convergence for the
sequence fu(x) = x" ¥xe {0, 1}is:

a. 0

b1 21.

c. All the points of [0,1]
d. None of these

The series ZUn(x)vn(x) will be uniformly
convergent on [a,b] if < v,,(x) > is positive monotonic

decreasing sequence converging uniformly to zero
n
> up(x)
r=1

x in [a,b] and for all integral value of n, where k is

on [a,b] and |f,(x)|= < k for every value of

fixed number independent of x. This is called :
a. Abel’s Test

b. Dirichlet’s Test

c. Weierstrass’s M-Test

d. M, -Test

22.
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The sequence < f,(x) > on R where
fal) =1-(1=xH)"is :
a. Uniformly convergent
b. Not uniformly convergent
c. Converges pointwise to a continuous function
d. None of these
The number of positive integer ng for a given £> 0
such that |x4 —-0|< efor n>nyand ¥x €(0,1) is :
a. 0 b. 1
c. BothOand1 d. None of these

A series ZUH(X) of functions will converge
n=1

uniformly on I if there exists a convergent series

Y M, of positive constants such that Jup(x)[< M,

n=1

for all nand for all x € I. It is called :

a. M, -Test b. Abel’s Test

c. Dirichlet’'s Test  d. Weiestrass’s M-Test

The sum of nterms of a series

over [0,1] is :

n2X
fn(x) = P

1+n*x
Converges uniformly

a
b. Converges non-uniformly

o

Not uniformly bounded
d. None of these

The series ZX e ™ in the closed interval [0,1] is :
n=0

a. Uniformly convergent
b. Pointwise convergent
c. Not uniformly convergent

d. None of these

If M,, is supremum of u,,(x) where the series

R

(n+ x

then M, is equal to :

A 3 b V3
" lend? “lend?
33 3
“ lend? d Llen/2



23.

24.

25.

26.

27.

28.
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. x .
The series ) r— is :

a. Uniformly convergent

b. Not uniformly convergent
c. Divergent

d. Not pointwise convergent
A

real-valued function f, over an interval I is 3q

uniformly convergent on [ iff for every > O, there
exists a positive integer in such that

[ f(x) = fp(x) |< eforallnp>mand ¥x eI thenitis
called :

a. M, -test

b. Cauchy general principle of uniform convergence
c. Abel’s test

d. Dirichlet’s test

The series ng‘lcojiznx is :

a. Divergent on R

b. Uniformly convergent on R

c. Not uniformly convergent on R

d. None of these

The sequence < f,(x) > where f,(x) = x" on [0,1] is
convergent pointwise to a function which is :

a. Continuous

b. Discontinuous at x =0

c. Discontinuous at x =1

d. Continuous on [0,1]

The sum function of the series for which

fol) = 1

=~ (0<x<1is:

1+ nx
a. Continuous on [0,1]
b. Discontinuous at x =1
c. Discontinuous at x =0

d. Discontinuous on [0,1]

The sum function of the series for which 34

falx) =nx(1-x)" (0<x<1)is :

a. Continuous and uniformly convergent both
b. Continuous only

¢.  Uniformly convergent only

d. Neither continuous nor uniformly convergent

In M, -test for uniform convergence of sequence of
functions, M, is defined by :

a. Supremum |f,(x) — f(x)|

b. Supremum |f,(x) + f(x)]

c. Infimum |f,(x) - f(x)|

d. None of these

Let < f,, > be a sequence of function defined on I
such that

lim,,_, . f,(x) = f(x) ¥xel.
Define M,, = sup { |f,(x) - f(x)|: x € I}
then for n— eo< f, > is uniformly convergent iff :
a. M, > e
b. M,—>0
c. M, tents to any finite number

d. None of these

The point of non-uniformly convergence of
< falx) > defined by fo(x) = " is :
1+ n“x
a. 0 b. 1
c. (0,1) d. None of these

A sequence < f, > is uniformly convergent on I, if
given £ > Othere exists a positive integer m such that
VYn>m,V¥xeland ¥pe N.

a. |fpapX) + flx)[< €
b fuip ) = folx) < €
C nipl) = fol)|> &
d. [frep(x)+ fpx)[> &

The sum function of a uniformly convergent series

of continuous functions is :
a. Continuous

b. Uniformly continuous
c. Discontinuous

d. Not uniformly continuous

The series 2 3 is term by term :

n-+ n4x2

a. Differentiable
b. Integrable
Both differentiable and integrable

o

None of these
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35.

36.

37.

38.

39.

40.

41.

n-1
The series Z&X" is uniformly convergent : 42.
n
(Kanpur 2018)
a. (-L1) b.[-1,1]
c. [0,1] d. [-1,0]

The series ZUn(x) will converge uniformly on I, iff
for every € > 0, there exists a positive integer m such
that ...... V¥n>m,xelandforallp=12 ...

a. |upq(x)+up o) +....4 Upyp(X) |<e

b, |u,,1(x) + Uy o(x) +..+ un+p(x)|> € 43.

o

[Upg1 () + Uy o)+t U p(X) [= €
d. None of these
The point of non-uniformly convergence of the

sequence < f,, >where f,(x) =1-(1- xz)" is :

a. 0 b.1
c. -1 d. None of these 4.
The series EX— is converge uniformly on :
n

a. R b.[0 e
c. ]—o,0]
d. Every bounded subset of R 45,
The sum function of the series for which

fux) =nx(1-x)",(0<x<1)is:
a. Continuous at x = O only
b. Continuous at x =1 only
c. Continuous for all x €[0, 1]
d. Discontinuous
In M,-test the sequence of function < f,(x)> is 16

uniformly convergent only when :
a. lim M, = b. lim M, =0

n— oo n— oo

c. limM,=1 d. None of these
n—oo

If < f,> be a sequence of real valued functions

defined on closed and bounded interval [a, b] such

that f, € R[a,b], then f € R[a,b]only when< f, >is: 47.

a. Convergent
b. Uniformly continuous
c.  Uniformly convergent

d. Continuous

E-7

The series ZUn(x)vn(x) converge uniformly on [a, b]
of :

(i) Zun(x) is uniformly convergent on [a, b]

(ii) <wvp(x)>is monotonic for every x in [a,b]

(iii) <uwvp(x)> is uniformly bounded in [a,b]

This is called :

a. Weierstrass’s M-Test

b. M,-Test

c. Abel’s Test d. Dirichlet’s Test

The point of non-uniform convergence of the series
2xe7"x in the closed interval [0,1] is :

n=0

a. 0 b. 1

c. -1 d.

Th - x4
e series _
E‘O (1+xH"

on the interval [0,1] is :

a. Uniformly convergent

b. Divergent

c. Not uniformly convergent

d. None of these

Let< f, >be a sequence of real valued functions on
[a,b) which converges uniformly to the function f on
[a,b]. If each f,(n=1,2, 3,....) is continuous on [a,b],
then f is :

a. Uniformly continuous

b. Continuous

c.  Uniformly convergent

d. None of these

1= A
J Z% dx is equal to :
0 T'n

< n |

a. b.
T n+ 1 ; n(n+1)

c. 22; d. None of these
1 n“(n+1)

If ZUn(x) converges to f and ZUQ(X) converges
uniformly to g[a,b] such that u,(x) is differentiable
and each uj, is continuous on [a,b] then ;

b.f=g"

d. None of these

a. f=g
c. f'=g



48.

49.

50.

51.

52.

53.

54.

55.

E-8
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If the series of continuous functions defined on [a,b)
has discontinuous sum then the series is :
a. Uniformly convergent
b. Not uniformly convergent
¢. May or may not be uniformly convergent
d. None of these
The sum function s(x) of the series for which
fax) =nx(1-x)", (0<x<1)is:
b.1
d. None of these

a. 0

c. 0and 1 both
The series of function which is continuous on I can
be integrated term by term only when the series is :
a. Convergent

b. Uniformly convergent

c.  Uniformly continuous

d. Continuous

. & nx?
The value of lim,, ,; z 33 is:
1 ntXx
1 n
b.
z n+1 z nd+1
1 n
c. d.
z n?+1 2 n?+1
n
The sequence < f,(x) > which f,(x) = L, 0<x<1
n
converges uniformly to : [Kanpur 2018]
a. 0 b. 1
c. [0,1] d. None of these

If z a,, converges absolutely then 2 a,x™ converges

0 0
uniformly on :
a. [0,1] b. [-1,1]
c. R d. None of these
The series Z X s uniformly convergentin :
n(l+ nx2)
a. [0,1] only b.10,1[ only
c. [0, o=. only d. R
The sum function of the series 2xe_”x is :

n=0
a. Continuous at x =0

b. Discontinuous at x =0

56.

57.

58.

59.

60.

61.

c. Continuous over R

d. Discontinuous over R

If the sum function of a series on I is discontinuous
function then the series is :

a. Uniformly convergent

b. Not uniformly convergent

c¢. May or may not be uniformly convergent

d. None of these

The condition of uniform convergence of the series
for continuity of sum function is :

a. Necessary

b. Sufficient

c. Both necessary and sufficient

d. None of these
The series 2 up(x) for which

falx) = ilog(l + n4x2) is :
2n?

a. Term by term differentiable

b. Term by term integrable

c. Both term by term diff. and integrable
d. None of these

1 is [Kanpur 2018]

1+ n’x

The series 2

Converges in [-1, 0]

a
b. Converges in [1, =)

o

Diverges in [1, )

d. None of these

oo

The series ,0<x< o is uniformly

1 n +x
convergent on :
a. R
c. (—oo, 0]

b. [0, o)
d. None of these

The series for which

nx

falx) :W,OSxﬁlis:
a. Integrable term by term at x =0
b. Integrable term by term at x =1
c. Differentiable term by term at x = 0
d. None of these
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62.

63.

64.

65.

66.

67.

The sequence < f,(x) > where f,(x) = X 4. 68

1+ n?x?

a. Uniformly convergation on [0, 1)
b. Uniformly convergent on R

c.  Not uniformly convergent on R
d. None of these

If 2un is a convergent series of positive constant

then it is : 69.

a. Uniformly convergent
b. Not uniformly convergent
c. May or may not be uniformly convergent

d. None of these

If < f,, > be a sequence of real valued continuous

functions defined on [a,b] such that f,— f 70.

uniformly on [a,b] then f is :
a. Riemann integrable
b. Not a riemann integrable

c. May or may not be a riemann integrable

d. None of these 71.

d |« sinnx |.
- z is equal to :
dx| 9 3

n

— COSNX — sinnx
2 b. z 3
1 n’ 1 n
o COSNX o 1
-2 42 72.
1 n 1
The series for which f,(x) = 1 ,0<x<1is:
1+ nx

a. Term by term differentiable
b. Uniformly convergent

c. Term by term differentiable and uniformly

convergent both 73.

d. None of these

X

The sequence f,(x) = ,(0< x < ) is

1+ nx
a. Uniformly convergent to 0
b. Not uniformly convergent to 0

Uniformly convergent to e

o

o

None of these

E-9

If the terms of the series are continuous on I such
that its sum function is discontinuous then the series
is:
a. Uniformly convergent on |

Not uniformly convergent on [

May or may not be uniformly convergent
d. None of these

The series 2

a. Uniformly convergent

b. Non-uniformly convergent

c. May or may not be uniformly convergent
d. None of these

Let Zu

[a,b] such that u,(x) € R[a,b]. If the series converges

x) be a series of real valued functions over

uniformly to f on [a,b] then f is :
a. R-integrable only b. [-integrable only
c. Not R-integrable d. None of these
For the validity of term by term integration, the
condition of uniform convergence of the series is :
a. Necessary
b. Sufficient
c. Both necessary and sufficient
d. None of these
If the sum of first nterms of a series is
n’x(1-x)", (0< x < ) then it is :
a. Term by term integration
b. Not term by term integration
c.  Uniformly convergent
d. None of these

The series for which

falx) = nexe X (n— 1)2xe_("_1)zxz
these sum function f(x) is :
a. Continuous in [0,1]
b. Discontinuous in [0,1]
Continuous in R
d. None of these
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74.

75.

76.

77.

78.

79.

80.

81.
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The point of non-uniformly convergence of a series

2 _—n’x?

which f,(x) = n“xe is :
a. 0 b. 1
c. -1 d. e
The series for which f,(x) = xl/(zn_l), x=0isa:

a. Point of non-uniform convergence only
b. The sum function f(x) is discontinuous
Both (a) and (b) are true

d. Neither (a) nor (b) is true

o

The series iﬂ on bounded subset of R is :
o[n
a. Uniformly convergent
b. Not uniformly convergent
c. Divergent
d. None of these
If the series Zun(x) is convergent such that ZUQ(X)
converges uniformly on I then the series is :
a. Continuous
b. Term by term differentiable
c. Term by term integrable
d. None of these
If< f, >is converge to f and uniformly converge to g

such that f, is differentiable and f;; is continuous on
[a,b] then :

a. g=f b.g'=f

c. g=f d.g'=f

The integral in which term by term integration hold

for a series for which f,(x) = nxe™™ s

a. [01) b. [k, 1] where O<k <1

c. [0e) d. [k, ] where O<k <1

The series Z % is uniformly convergent in :
[Kanpur 2018]

a. (01 b.[0,1]

c. [-L0 d.(-1,0

The property associated with the whole domain is :
b. Differentiability

d. Uniform convergence

a. Continuity

c. Convergence

82.

83.

84.

85.

86.

87.

88.

The sequence< f,, >where f,(x) = 5 converges
1+ nx
uniformly on :
a. [0,1] b. [-1,1]
c. 01. d. R
The sequence < f,, > where f,(x) = converges
n+x

uniformly on :
b.x<0
d. R

a. x20
c. xe[01]
The series for which f,,(x) = nx (1 - x)" over [0,1] is :
a. Uniformly convergent

Integrated term by term
c. Both uniformly convergent and term by term

integrated
d. None of these

The series ZX”_I(I —2x"in [0,1] is :

a. Term by term differentiable
b. Term by term integrable

c. Not term by term integrable
d. None of these

The series 2x”_1 (1-x) ¥x [0, 1] is:

[Kanpur 2018]
a. Uniformly convergent
b. Not uniformly convergent
c. May or may not be uniform convergent
d. None of these
oo 2
lim 3nx 3 is equal to :
x—1 1 no+x
a i 3n b. i 31
n=1n" + 1 n=1n" + 1
¢ Yy 1 d. None of these
n=1 2n
. - 1 . .
The series 2 ,0<x< o is uniformly
2 2
n=1N +X
convergent :
a. J—oo, oof b. [0, e[
c. 0 d. 1
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89.

90.

91.

92.

93.

94.

95.

L 1. 1.
The series sinx + 5stx + gsm 3x +.... converges

uniformly on :

a. —=<as<x<b<e

b. O<a<x<b<ew

c. O<a<x<b<2m

d. O<a<x<b<4rn

The sequence < f,> of functions, defined by
falx) =x"V¥x €[0,1) is :

a. Uniformly convergent

b. Not a pointwise convergent
c. Non-uniformly convergent
d. None of these

n
If 18| < 1, then z X s uniformly convergent in :
n+1
a. (-6,0 b. (0,9)
c. (6,9 d. None of these

If z a,, converges uniformly on [0,1] then the series
zgn n*on[0,1]:

a. Not converges

b. Uniformly converges

c. Not uniformly convergent

d. None of these

If 3" a, converges absolutely then " a,x" is :
n=0 n=0

Convergent uniformly in R

a
b. Converges uniforms in [0,1]

o

Non-uniform convergent
d. None of these

n
a,x .
g

S:
2n

If Zan is absolutely convergent then 2
1+ x

a. Non-uniformly convergent
b. Uniformly convergent on R
Uniformly convergent on [0,1]
d. None of these

o

The series Z(—l)"flx" is :
n=1
Converges uniformly in R

a
b. Converges uniformly in 0< x <1

o

Non-uniformly convergence

e

None of these

96.

97.

98.

99.

100.

101.

102.

103.
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The sequence < f,, > of functions defined by

fulx) = Vx €[0, b], b> Ois: [Kanpur 2018]

X+n
a. Uniformly convergent
b. Not uniformly convergent
c. Not pointwise convergent
d. None of these

The series i (1-x)x"is: [Kanpur 2018]
n=1

a. Continuous at x = 0€[0, 1)

b. Discontinuous at x = 0€[0, 1]

c. Uniformly convergent on [0,1]

d. None of these

The sequence <§,> where §,=n.(1-x)" is

uniformly convergent on : [Meerut 2018
a. [0,1] b. [0,1]
c. 10,1] d. 10,1]
falx) = x"(0< x < 1) is uniformly convergent on :
[Meerut 2014]
a. [0,1] b.[0,c],c>1
c. [0cl,c<1 d. None of these
n’x

Sequence < f,, > where f,(x) =

1+ nx?
does not converges uniformly in :  [Meerut 2014]
a. (ab) b. [0, 1]
c. (0,1. d.0,1]

oo

The series 2 r" cosn® is uniformly convergent for

n=1
all real value of 8 and [Meerut 2014]
a. r<lonly b.r>1only
c. O<r<lonly d. O< ronly
Transcendental number is : [Meerut 2014]

b. Not algebric
d. None of these

a. Algebric

c. Both (a) and (b)

The point of non-uniform convergence of the

sequence < Sy,(x) > where S, (x) =1-(1 —xz)" is :
[Meerut 2014]

b.x=0

d. None of these
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104.

105.

106.

107.
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The series & is : (Meerut 2018)

(n+ x2 )2

a. Convergent

b. Divergent

c.  Uniform convergent

d. Unbounded

The sequence < S, >, where S,=nx(1-x)" is

uniformly convergent on : [Meerut 2018]
a. [0,1] b. [0, 1]
c. 10,1] d. 10, 1[

Let f : (0, ) = R is uniformly continuous, then :
[Meerut 2019]

a. lim f(x)and lim f(x) exist
x—0, X—>o0

b. lim f(x)exist but lim f(x) does not exist
X‘)O+ X—> o0

c. lim f(x)does not exist, but lim f(x) exist
x—0, X—>o00

d. None of these
Let F,(x)= xe_”"z, where n>1 and xeR, the

<F,(x)>is: [Meerut 2019]

108.

109.

Uniformly convergent on R

o9

Uniformly convergent of subset of R

o

Bounded and not uniformly convergent on R
d. Unbounded functions

z+z1

2

is :

The transformation o = [

[Meerut 2019]
a. Conformal everywhere
b. Not conformal
c. Conformal exceptatz==%1

d. Conformalatz =1

Consider f(z) = 1 a mobius transformation, z € ¢
z

and z # 0, then f map (c\ {O})to a ....., where cis a

circle with positive radius passing through the

origin: [Meerut 2019]

a. Circle

b. Line

Line passing through (0, 0.

a o

Line not passing through (0, 0)
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HINTS AND SOLUTIONS

The sequence< f,, >where f,(x) = b is bounded in
nx

(0,1] since for each xe(0,1] the sequence
<l,i,i....> is bounded below by 0 and
x 2x 3x

bounded above by the first term l This sequence is
x

not uniformly bounded in (0,1] since there does not

exist any positive real number  such that

<uV¥xe(01] and ¥ne N

nx

However it is uniformly bounded in [a, 1] where
a> 0.

frlx) =x"¥x e(0,1)
then f(x) = lim,, ,..x* =0
Let x €(0, 1) and £> Othen

[fnlx) = f(x)[= |x" = O]= x"

S0 [falx) = f(x) < &
n (1 )” 1
E==1 X <€ & — > —
X €
= n> LQ(US)
log(1/ x)

If we choose positive integer ng such that
s log(1/¢€)
log(1/ x)

then  [fy(x)-f(x)|<eV¥n2n
So < f,, > converges pointwise to 0 on (0,1).

_ 1-x"

Given falx) Vxe(-11)
1-x
) . 1-x"
then f(x) = lim f,(x) = lim,,_, .,
n—oco 1-x
-1 ovrer1
- X

Hence, < f, > is pointwise convergent.

10.

15.

falx) =sinnx ¥x e Rand ne N

Since, |sinnx|<1 ¥x e Rand ne N so < f,(x) > is

uniformly bounded.

folx) = —%
" 1+ n’x?

flx) = mfn(X)

Vxe(01)

= lim " _0VxeR
n>e] 4 nx2
[falx) — flox) | = ]
" 1+ n?x?
If x =lthen
n
1
=y
| fnlx) = f(x) |= "2 =—
1+ 2
n?

Here x = 0 is the point of non-uniform convergent
so fu(x) is uniformly convergent in (0,1) which

contains no point of non-uniform convergent.
folx) = x" ¥x €[0,1]

0if 0<x<1

fa) = lim ) = {l, if x=1

n— oo

The sequence < f,(x) > converge for all x €0, 1]

Now  [|fy(x)-f(x)[<e
= Ix*l<e = x"<e
1)1 1 1
= >= = nlog=>log=
X € X €
- ns log(1/¢)
log(1/ x)

Thus m(x, €) is an integer. That greater than
log(l/'€) for x #1
log(1/ x)
At n— = as x starting from O, increases and
approaches 1 and hence it is not possible to find a
positive integer m such that
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_ > 2
|£o(x) = f(x)|< € ¥n>=mand ¥x €[0,1] and then 9 uzn is negative when x = \ﬁ “
So < f,, > is not uniformly convergent in [0, 1[ —1 is dx 3
the point of m uniformly convergent. n/3 3.3
o Mn = max|un(x)|:i2: g2
17.  fulx)=1-(1-x%) (n+E) 16n
fx) = lim f(x) = Owhen x =0 3
e 1 when 0< |x|< V2 25 cosnx|_ 1 _p
’ 2 -2
n n
M, = sup {|f,(x) - f(x) |: x €]0, V2[} )
sup {(1=x9)": x €]0,V2[} and 2? is convergent so by Weierstrass’s M-test
1" 1 the given series is uniformly convergent on R.
2(1—7) == o n— o 1
nj e 27, fu =
Hence, M,, does not tend to zero as n— o so the ™
sequence< f,(x) > is non-uniformly convergent and f(x) = lim f,(x) = 0.if O<x<1
. . . n—soo Lifx=0
0 is a point of non-uniform convergent.

nex so sum function f is discontinuous at x = 0.
20.  fulx) = — Vx €[0,1]

1+n'x 28.  fux)=nx(1-x)",(0<x<1])
flx) = r}g‘lfn(x) [f0< x <1 lim, ., fy(x)= lim nx(1-x)"
2 nee
=lim — "X _—0Vxe[01
"g[:" 1+ n*x? x [0l f(x) = lim nx
) e (1-x)™"
_ n’lx|
|fn(x)—f(x)|—m = lim X

n—eo —(1-x) "log(l - x)
M, =sup{|f,(x)-f(x)|: x € R}

) flx)=0
= sup %ZXGR Also fo(x)=0if x=0or 1
1+n“x
Hence,  f(x) = lim f,(x) = 0¥x €[0,1]
2 1 noe
n-— 1 Thus the sum function f(x) is continuous for all
> n -
1+n4~i4 2 x €[0, 1.
n 34. Given that up(x)= 1
S + ntx?
Since, M,, cannot tend to zero as n — <. Hence by
M, -test the sequence is non-uniformly convergent. up(x) = — 2x
X n2(1 + nx2)2
22, upylx)= — d
(n+x%) up(x) is maximum when d—u,’,,(x) =0
. .. duy(x) X
For maxima or minima —2=2 =0 2.2 2 2
dx ie. (14 nx®)*—4nx“(1+ nx*)
(n+x%)?-4x%(n+x%) =0 1-3nx%2=0 or x=

+ 1
~3n
or xtronx?-n?=0 5

2 n n Also iu;(x) is negative at x = —
x“== or x=_|— dx?
3 3

ﬁr—‘
>
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35.

38.

43.

, 2
S0 max. |up(x)|= —
J3n0/2 (1 N 1)
3
_ 343
8n5/2
so that |uj,(x)|< % Y x
n”

1 . H ’
but z W is convergent so by Weierstrass’s M-test

ZU;,(X) convergent uniformly for all value of x.
Hence ZUH(X) can be differentiated term by term.

. I | o
Given series is zix Vx e[0,1]
n

n

Let up(x) = ( and v,(x) =x

Then< v,(x) > is uniformly bounded and monotonic
(_1)n—1

decreasing on [0,1]. Also 27
n

is convergent
by Leibnitz test. Hence, by Abel’s test the given
series is uniformly convergent on [0,1].

Let [-a,a] be a bounded subset of R then

n

n
P e <EVanandxe[—a,a]
n| \n) p
SoVn>mand for all p € N set.
xn+1 Xn+2 5P ‘ xn+1 n+p
+ +.t < +.ot
[n+1 |n+2 |n+p‘ [n+1 n+p

<E. p = € Thus fro ¢ > Othere existm &€ N such that
P

for any p € N and ¥x €[—aq, a].
x x4
[forp — fnl< ewhere f =1+ =+ + =
17
Hence by Cauchy’s principle ZU,,(X) converges
uniformly on [-a,a] i.e. Zun(x) convergent
uniformly or any bounded subset of R.

Given series is ZX e ™ in[0,1]
n=0

fn(x) = ug(x) + ug(x) + ...+ up(x)

44,

46.

n=0 1-
eX
_ xe* (1 1 )
e -1 e™
0 ,x=0
— |5 —_ X
f(x)_mfn(x)_ Xe ,0<XS1
P -

Consider the interval ]0,1]
M,, = sup {|f,(x) - f(x)|: x €] 011}

X
= sup L:xe]o,l]
(ex_l)enx

146_1/” )
27’} by putting x = =

" ~1e n

Mn—>l as n—>e, so the sequence is
e

non-uniformly convergent by M, -test and O is a

point of non-uniform convergence.

4
Givenseriesisz x4 on [0,1]
1+ n™)"
(LY
4 1+x% ;
Splx) =x — g provided 0< x <1
1-
1+x?
So  S(x) = lim S,(x)
n—oo
=x41;§) —1+x* V0<x<1
1- 4
1+x
ThusSp = %, *7°
1+x* 0O<x<1

Each term of the series is continuous on [0,1]. But
S(x) is not continuous at x = 0. Hence, the given

series does not uniformly convergent on [0,1].
X4

The series 27 is uniformly convergent for
n

0<x <1, by weierstrass’'s M-test so it can be

integrated term by term. Hence,
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53.

54.
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-] x - 1
;[(n+ nn?|, gnz(m 1)
nx?
The series z 3 is uniformly convergent on
n"+ x

[0, k] for k > 0. For

2

up(x) = and v,(x) = nx

3 3

lup(x) | < % Vx €[0,k]
n

But zig is convergent so by Weierstrass’s M-test
n

Zun(x) is uniformly convergent on [0k].

Also < v,,(x) > is monotonically increasing in [0,k] so

by Abel’s test ¥ u,(x)v,(x) = ¥
n

X2
3 converges
+ X

uniformly on [0, k].

0 2 ) 2
Hence, lim z 3nx 3|= z lim 3nx 3
=1 n’+x 7 \=2ln” 4+ x

Let up(x) = anx4

then |un(x) |: |ann|S |an|

Vxe[0,1]and Vne N

But Sup =3 la,|

converges so by Weierstrass’s M-test Zun(x)

converges uniformly on [0,1].

Given that  u,(x) = %
n(l+ nx*)

For maxima, n(1+ nxz) —2n%2%=0

1
= x=t"—
Jn
1/+n 1
Thus, M, =sup u,(x) = = -
n = SUP Unlx) n(l+1) 2,32

58.

61.

1 . . )
but z W = 2 W, is convergent so by Weierstrass’s

M-test the given series is uniformly convergent for all

value of x i.e. in R.

1
falx) = = log(1+ n*x?)
2n
So, f(x) = lim f(x)
n— oo
4.2
- lim log(1+ n"x“)
n—>eo 2n?
. an®x?
f(x) = lim —=
n—e 14+ ntx?
4n
=0Vxe[0,1]]
Hence, f(x)=0
n®x
Also lim,,_, ., fp(x) = lim,, ,.,——— = 0¥x €[(, 1]
1+ n%x?
Since, f(x) =lim,_, .. f7(x)

So given series can be differentiated term by term

but zu;l(x) does not converse uniformly in [0,1].

Since < f;(x) > has 0 as a point at of non-uniform

converges.

fol)=—"X _vxe[01]
1+ n2x2

Given

f(x) = 1imn—>oc fn(x)

ux

1+ n’x2

=0¥x€[01]

=lim, .

f(n=0

) = Tim Fl0F D+ £,(0
n [ h

Also

=n—>wash— 0

Thus f(r) #lim,_ g fA(r)

So given series can not be differentiable term by

term at x = 0.
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65.

69.

70.

Let z sin nx
1 n
i 72.
and up(x) = smgx
n
Then up(x) = c052nx
n
o iy o COSNX
So, ZU,,(X) = Z 5
1 n
. 1
Since, cosznx S7 X
n n

and ziz is convergent.

Hence, Eu;,(x
x by weierstrass’s M-test. Thus the series 2un(x)

) converges uniformly for all value of

can be differentiated term by term.

, , o COSNX
Thus, fx) = Zu (x) = 2 5
1 1 n
Given Yu X _in 0,
Z nl zl“n(n+ ! [
juy () |= — X k< k vxelok
n(n+ 1) nin+1) 2

Since, M,, = 2% = kziz is convergent so by

weierstrass’s M-test ZU

on]0, k[. Let Zu ) is uniformly convergent ] 0, o[,
take e = 1
4

X + X + X ‘ < 1

Mm+1(m+2 Mm+2dm+ 3 2m(m+1)‘ 4

forn=p=m

or L<1Vxe]0,w[
2m(2n+1) 4

n
Let Zun(x) =
n=1

Then f,, € Ra,b] for each fixed n, since the sum ofa 75,

finite number of R-integrable function S is
R-integration. Also we know that the uniform
convergence of the series 2un(x) is the same thing

as the inform convergence of the sequence< f,, >so

) is uniformly convergent 73.

E-17

that< f,, > converges uniformly to f on[a,b]. Hence,

f € R[a,b).
Here f,(x) = n’x(1-x)" ¥x [0, 1]
Obviously f,(x) =0 whenx =0 or 1

when 0< x < 1, we have

2
lim,, .., f,(x) = lim nx =
n—eoJn nove (1—x) " oo
. 2nx )
=lm —— ~——
—(1-x)"log(1-x)
= lim 2x =0
e (1-x)"[log(1 - x)?
Hence, f(x)=lim f(x)=0 ¥0<x<1
n— oo
J(l)f(x)dx =0

But j; £,(0)dx = j; n?x(1 - x)" dx

_ n2 _x(l_x)n+l B (1_X)n+2
n+1 (n+1)(n+ 2 0
n2
=— S lasn—o oo
(n+1(n+ 2

Hence, term by term integration over [0, 1] is not
justified.

2.2 2.2
un(X) _ n2xe—n X —(n-1)°x

—(n-1%xe
up(x) = xe ™" 0
ug(x) = 22xe X" _ e’

2.2 2.2
us(x) = e 3x 922

Fnx) = ug(x) + ug(x) + ..o+ upy(x)

2.2
= nPxe X

f(x) = lim f,(x) =

n—oo
Thus the sum function f(x) is continuous for all

0 ¥x €[0,1]

values of x in [0,1].

Given that f,(x) = x1/(2n-1)
So, f(x) = lim
n— oo

f ) = 0 for x =0
771 for all other values of x
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79.

82.
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The function f is discontinuous at x = O and so zero
is a point of non-uniform convergence of the series.

2
nx

Given that  f,(x) = nxe™

f(x) = lim nxe ™ =0
n— oo

then

Consider the interval 0< x < 1, we have

j; F(x) de = j; 0.dx = 0

and J; falx)dx = J; nxe ™ dx

= [_le_nxz :ll
2 0
:l[l—ef"] Slasns e
2 2

So term by term integration is not justified in [0,1].

However term by term integration is justified over
[k, 1) where 0< k < 1, for we have

1 _ 1 *I’]XZ

Jk falx)dx _J'k nxe dx

= l [einx g

—e M- 0asn— o
2

Thus, ji f(x)dx = lim ji () dx

falx) = —*—
1+ nx
So, f(x) = lim
n— oo
folx) = lim =0VxeR
n=e 1+ nx
Let V= folo) = flx) = ——
1+ nx

For maximum or minimum values of y we put
dy

=0
dx
ie 1+ nx2) — 2nx? _

’ (1+ nx?)?

2
e, 1—7“22 -0

(1+ nx“)

1

which gives x =+

In

dy2 —2nx(1+ nx2 (3—- nx2)

Also

)
dx 1+ nx2)*

84.

86.

1
<Owhenx =—"—
vn
Further Y.« = L\/Hl - L
1+ n(—) 2Jn
n
So, M, = sup|f,(x) - f(x)]|
xeR
oL
Clearly, lim M, =0
n—oo

Hence by M -test, the given sequence is uniformly

convergent on R.

Given that f,(x) = nx(1-x)" over [0,1]

flx) = lim fy(x)=0

n—oo

So. j; f(x)dx = 0

Then

and '[;fn(x)dx = j; nx(1-x)"dx

. _x(l_x)n+1 B (l_x)n+2
n+1 (n+1(n+ 2 0
=" 50asn—o e
(n+1)(n+ 2

Hence, the given series can be integrated term by

termin 0< x <1
We have uy(x) = x"1(1-x)
So, Sp(x) = uq(x) + ug(x) +....+ uy(x)

=1+ x+x2 4. x"(1-x)

:[1‘X")(1_x)=1—x"

1-x
So, S(x) = lim Sp(x)
n—oo . _
= tim (- x") = [0 Ex=1
n—oco 1if 0<x<1

For each value of n, the function u,(k) is continuous

on [0,1]. But S(x) is not continuous at x =1 as

Hence, given series does not converges uniformly
on [0,1].
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oo 2
87. First we show that z nx is uniformly
3 3
n=1n +X
convergent on [0, x] for any k > 0.
1
Let up,(x) =
i n+x3
and vp(x) = nx2
Then  |uplx)|< 5 Vx el0.K]
n
But Zis is convergent. Hence by Weierstrass’s
n

M-test ZUn(x) is uniformly convergent on [0, k].
Also, for every x €[0, k], < v,(x) > is monotonically
increasing. So by Abel’s test.

nx?

T3 ZUH(X).UH(X)

n°+ x

converges uniformly on [0, k]. Thus, we get

oo 2 oo 2
. nx . nx
lim,_,; [ 3 3 J = z (hmx—ﬂ 33]

n=1"" +X n=1 n-+x

-y "
n=1 n3 +1
89.

. S 1.
Given series is 27511’1 nx
n

up(x) = sinx, v,(x) = 1
n

Let

falx) = sinx + sin2x +....+ sinnx

. n-1 . nx
sin x+7x sin—

_ 2
. X
sin=
2
. (n+1) . nx
sin X - sin—
- 2 2
X
sin=
2
. (n+1 . nx
sin 5 X sm7 1
(x)|= <
[nf)] [sinx/2|

X
sin=
2

| fn(x) |<|cosec x / 2|

But cosec x/2 is bounded for all values of x + n.

91.

92.

9.

E-19

0O< a< x<b< 2m Ifk be its least upper bond in this
interval then |f,(x)|< k for all values of x in this

interval.

. 1. " . .
Again < => is a positive monotonic decreasing
n

sequence converging to zero. Hence by Dirichlet’s
test the given series is uniformly convergent in
O<a<x<b<2m

Consider that

1

up(x) = x", vp(x) =
n+1

Since, ¥x in [-§, 8], we have |x|<d< 1.

So, 1) | =[x + x4+ ...+ x|

< x|+ |x 2+t x|

_d1-8" _ 3

1-38 1-38

<8+8%+ . 48"

Also <v,> is a positive monotonic decreasing
sequence converging to zero.

Hence, by Dirichlet’'s test the given series is
uniformly convergent in (-9, 9).

Let

up(x) = ax"
then  |up(x)|=]ax"|<|a,| ¥x €[0,1]

lup(x) | < |a,| ¥x €[0,1]and ¥ne N

But ) M, =Y|a,| convergent and hence by
Weierstrass’s M-test Zun(x) converges uniformly
on [0,1].

n

Given that u,(x) = anxz
14 x“"
Then % =0
dx
1+ x2") nanx"_1 - 2nx2”_1.anx" -0
(1+ x2n)?
n-1 2n
om0k
1+ x°"

This gives x = 0,1

2
du, <Owhenx =1
dx?

It can be shown that
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provided a,, > 0. So u,(x) is maximum when x =1,

provided a,, > 0.

n
Also max u,(x) = a, x1
neR 1+1%"

-1,
2 n
So that |uy,(x) |< %an V x € R, provided a> 0.

Even when a,, < 0, we have

lun(x)

<

la,| ¥x e R

— N

Thus, |u,(x)|< 2 la,| Vx eR

(whatever a,, > Oor <0)

Take M, :%|an|

95.

Then " M, i.e. %Z|an| is convergent as »" a,, is

given to be absolutely convergent.

Hence by Weierstrass’s M-test, the given series is

absolutely convergent.

Let Uy = ()" up(x) = x"

falx) = iur =0or1
r=1

Since,

according as nis even or odd, f,(x) is bounded for all
n. Also {v,(x)} is a positive monotonic decreasing
sequence, converging to zero for all values of x in
0< x <k < 1. Hence, by Dirichlet’s test, the given

series is uniformly convergent in 0< x <k < 1.

000



CHAPTER

6

Sequential Continuity, Boundedness and Intermediate

Value Properties of Continuous Functions

LIMITS

1.

Limit

Let f be a function defined on some nbd of a
point a except possibly at a itself. Thenl € R is
said to be the limit of f at a if for each ¢> 0,
however small, there exists a positive number &
(depends on €) such that

O<|x—-al<d = |flx)-I|<e

and written by lim f(x) =1

X—a

Left hand limit

A function f is said to approach a number [ as
x — a from the left if corresponding to an
arbitrary number €> 0, there exists a number
6> O such that

xela-9,a) = |[flx)-I|<e
and denoted by lim f(x)=1
x—a-0
or fla=0)=1

Right hand limit

A function f is said to approach a number [ as
x — a from the right if corresponding to an
arbitrary number € > 0, there exists a number
4> O such that

xe(aa+d) = |flx)-I|<e
and denoted by
lim f(x)=1
x—a+0
or fla+0)=1

Four functional limits at a point

Let f be defined on (a,b) with ce(a, b). For
h> 0, consider a sequence h>hg>hg>.....
converging to zero then for (c, ¢ + h), putu(h,) =
supremum of f(x) on (c,c+h,) and u(h,) =
infimum of f(x) on (c, ¢ + h)).

Then clearly, w(hq)=p(hg)>.....
and pthy)<pho)< ...
Thus, <p(h,)> and <u(h,)> are decreasing

and increasing sequences respectively so both
are convergent.

Define, flc+0)= lim p(h,)
n—oo

and flc+0)= lim p(h,)
T now

These limits are called upper and lower limits of
f and c on the right.
If flc+0)=f(c+0)

then right hand limit exists and denoted by
flc+0).

Again for (c — h, ¢), put

w’(h,) = supremum of f(x) on (c — h,, ¢

w’(h,) = infimum of f(x) on (c — hy, ¢

Define f(c—0)= lim w’(h,)

n—oo

and  f(c—0)= lim p’h,)

n—sco
These limits are called upper and lower limits of
f at ¢ respectively.

If flc=0)=f(c-0)

then left hand limit exist and denoted by
fle=0)
Here f(c+0), f(c+0), f(c=0),f(c—0) are

called the four functional limits of f at x = c.

Example :

Let f(x)= 1 sin( 1 ),x;tathen
x-—a X—a

fla+ Q) =eo, fla+0)=—oo, fla—0) =0

fla=0)=—
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F-2

Algebra of limits

If lim,_,, f(x) =1 and lim,_,, g(x) = m then

(i) lm(f+g)x)=1+m
(i) lim (f —g)(x)=I-m

(iii) lim (fg)(x) =Im

lim (f)(x) = 1—, provided g(x)= 0
m

x—>a\ g

andm=0

(v) lim (kf)(x) = kl, where k is a constant.
X—a

CONTINUOUS FUNCTIONS

1.

Continuity

A function f(x) is said to be continuous at a
point a if for each positive number €, however
small, there exists a positive number d such that

[x —al<d = |f(x)-fla)|<e
Here & depends both € and a.
or

A function f(x) is said to be continuous at a if

XET-of(x) = f(a) = XEr;Of(X)

or  fla=0)=f(a)=fla+0)
A function f(x)is said to be continuous in (a, b) if
it is continuous at each point of (a, b).

A function f(x) is said to be continuous in the
[a, b] if it is

(i) Continuous in (a, b)
(i) Continuous from the right at a i.e.
fla+0)= f(a)

(ili) Continuous from the left at b i.e.

f(b=0)= f(a)

Results :

1.

A function f defined on ICR is continuous at a
point a € I iff for every sequence < x,,> in I,
converging to a, the sequence < f(x,)>
converges to f(a).

10.

A function f : R — R is continuous iff for every
open set G in R, the inverge f 1G)is an open
set in R.

A function f : R — R is continuous on R iff for
every closed set H in R, f _I(H ) is closed in R.

If f and g defined on an interval I are continue
at a point ae then the following are also
continuous.

i) f+g (ii) fe

(iv) kf, k is constant

(i) f-g

(v) i, provided g(a) # 0
g

(vii) (min.{f, g}
If f(x) is continuous and g(x) is discontinuous at
a then f(x) + g(x) is discontinuous at a.

(vi) max.{f,g}

If f is continuous at a then| f | is also continuous
at a but not convergels.

If f and g be defined on intervals I and J with
f(I)CJ. If f is continuous at ael and g is
continuous at f(a), then the composite mapping
g,f is continuous at a.

Borel’s theorem

If f is a continuous function on the closed
interval [a, b] then the interval can always
divided up into a finite number of subintervals
such that, given €>0,|f(xq)— flxa)|<e,
where x 1 and x o are any two points in the same
subinterval.

Boundedness theorem

If a function f(x) is continuous in a closed
interval [a, b], then it is bounded in that interval
but converge need not be true.

The mostest theorem

If a function f(x) is continuous in [a, b], then it
attains its supremum and infimum at least once
in [a, b].

If f(x) is continuous at x = x where f(xg) # 0,
then a positive number § can be found such that
f(x) has the same sign as f(x) for every value
of x in]xqg — 9§, xg + 81
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12.

13.

Bolzano’s theorem

If f(x) is continuous in [a, b] and f(a) and f(b)
have opposite signs, then there is at least one
value of x for which f(x) vanishes.

The intermediate value theorem

If a function f is continuous in the closed
interval [a, b), then f(x) must take at least once
all values between f(a) and f(b).

14.

15.

F-3

Let f be continuous on [a, b] and let k € [m, M]
where m=inf f and M =sup f on [a, b] then
there exists ¢ € [a, b] such that f(c) = k.

Let f be continuous on [a, b]. Then

f(la, b]) = [m, M] where m = inf f

M = sup f on [a, b] and thus f([a, b]) is
a closed set.

and

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction :

Each of the following questions has four

alternative answers. One of them is correct. Chosse the 6

correct answer.

1.

The function f(x) is continuous at x = aiif :

a. lim f(x) exists
X—a

b. lim f(x) exist and unique
X—a

c. lim f(x) = f(a)

X—a

d. lim f(x) = f(a)

X—a
lim tanx is equal to :
X—>a X
a. 0 b. 1
C. oo d. Not exist

If f and g continuous on interval I then which one of
the following is not continuous :

a. f+g b.f-g
c. fg d.é

If for every sequence < a,, > in interval I converging
to a, lim f(a,) = f(a) then fis :
X—a
a. Continuous everywhere
b. Differentiable at a
c. Discontinuous
d. Continue at a
x if x is rational
I fix) = {

1-x if x is irrational

then f takes every value between :

10.

a. Oand?2
c. Oandl1
If f(c)=0 for at least one ce€la,b] then f(x) is
continuous in [a,b] only when :

a. fla) = f(b) b. fla)- f(b)> 0

c. fla).f(b)<O d. f(a).f(b) =0

Which of the following function is not continuous on
R:

b. 0 and

d. —c and oo

a. flx)=k b. f(x) =x
c. flx)=sinx d. f(x) = 1
X

If for every open set hin R, the inverge image f_l(h)
is over set in R then f : R — Ris always :

a. Continuous

b. Differentiable

c. Continuous but not differentiable

d. None of these

lim & Jfora> Ois :

X—a X

a. a b.a-1

c. loga d. 0

The signum function f(x) = x/Jx| x # 0 is
0,x=0

continuous at :

a. Everywhere in R

b. x=0

c. Everywhere in R except at x =0
d. Nowhere
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If f is continuous in {a,b} and f(a) and f(b) have
opposite signs, then there is at least one value of x
for which f(x)

a. Mostest theorem b. Bolzano’s theorem

vanishes, then it is known as :

c. Borel'stheorem d. Boundedness theorem

If f: R— Rbe defined by :

x when x is rational
flx) =

—x when x is irrational

then f(x) is continuous at :
a. x=0

b. Rational number

c. Irrational numbers

d. Whole real number

. a . -1 .
If lim =logathen lm —=_—~ s
x—0 x =01+ x)Y2 -1
equal to :
a. log2 b. 2
c. 1+log2 d. 2log2

If f(x)=xP cos(l 0 then the

), x #0 and f(x) =
X
value of p for which f(x) is continuous at x = Ois :
b.p>0

d. -l<p<l1

a. p=0
c. p<l
If f and g be continuous on [a,b] and f(a) < g(a) with

f(b) > g(b) then for some c €(q,b) :

a. f(b)>glc) b. f(c) < glc)
c. flc)=glc) d. f(c) # glc)
The function f(x) = |x|at x = Ois :

a. Continuous and differentiable
b. Differentiable

c. Continuous d. Bounded

lim sinl is equal to :

x—0 X

a. 0 b.1

c. sine d. Does not exist

Which of the following function is continuouson R :

a. f(x)=logx b. f(x) = sinl

19.

20.

21.

22.

23.

24.

25.

26.

sinx

The value of lim =—=is:
X—eo X
a. 0 b. 1
c. o d. Does not exist
If f(x) = x is rational and 1 - x if x is irrational then
f(x) is continuous at :
a. 0 b. 1
c. % d. Everywhere in R

If f: R — R be continuous and f(x) = 0Oon a dense
set then f is :
a. Identically zero  b. Non-zero

c. Any real number d. None of these
Every continuous function f is :

a. Differentiable b. Uniformly continuous

c. Bounded d. None of these

The limit of f(x) = ﬁ x # 0and f(0) = Oatx = Ois:
X

a. 1 b. -1

c. 0 d. Does not exist

If f is continuous at a and ¢ € R then cf is continuous

at :

a. ca b.a

c. R d. Nowhere

If f is not continuous then f2 is :

a. Continuous

b. Discontinuous

c. May or may not be continuous
d. None of these

If f is differentiable at x and f’(x() # Othen :

) ——
- o

o
¢ (oo
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27.

28.

29.

30.

31.

32.

33.

If f(x) =[x], ¥x € R be the greatest integer function 34.

then lim f(x)is equal to :

1xel/2
a. = b.0

2
c. 1 d. does not exist

tan (px)
0

The value of p for which f(x) = x X<

3x2+ 2p2,x2 0

will be continuous at x = Ois :

a. 2 b.5
c 3 al
2

If f(x) is continuous in [a,b] then f(x) must take at
least once all values between f(a) and f(b) then it is
called :

a. Bolzano’s theorem

b. Mostest theorem

c. Intermediate value theorem
d. Borel’s theorem

If f(x) = x if x is irrational and O if x is rational on

[~1, 1] then f is continuous at : [Meerut 2017]
a. -1 b. +1

c. 0 d. All real numbers
iinz% is equal to :

a. 0 b.1

c. -1 d. Does not exist

The function f(x)=x—[x] where x is positive
variable and [x] be the integral part of x then f(x) is

discontinuous at :

a. R

b. Q

c. Integral values of x
d. None of these

If f is continuous on [a,b] such that f(c) = k where
k e[m,M]and m = inf f, M = sup f on [a,b] then :

a. cel(ab)
b. ceR
c. celab]

d. ce Rbut never equal to aor b

35.

36.

37.

38.

39.

40.

If f(x) = 2 then the value of f(0+ 0) s :
a. 0 b. 2
C. oo d. Does not exist
If f(x)=1, when x is rational and -1 when x is
irrational then f(x) is continuous at :
a. Whole R
b. The real numbers
c. Negative real numbers
d. Nowhere
If the inverse image of every closed set is closed then
function is :
a. Continuous b. Discontinuous
c. Differentiable d. None of these
2x+1forx<1
If f(x) = JaxZ + bfor 1< x < 3
5x + 2a for x> 3

is continuous everywhere then :

a. a=1,b=2 b.a=1b=1

c. a=2b=2 d.a=2b=1
A polynomial function is :

a. Continuous in R

b. Not continuous in R

c. May or may not be continuous in R
d. None of these

If | f]is continuous at a then at a f is :

a. Continuous

b. Discontinuous

c. May be continuous or discontinuous

d. None of these

Which of the following is continuous at a, if f and g
are continuous atae [ :

b. min {f,g}

d. All the above

a. max{f,g}
c. flgifg#0

The function f(x) = sin (1) for x # 0, f(0) = 0 over
X

[0,1]is:

a. Continuous but not bounded
b. Bounded but not continuous
c. Both continuous and bounded
d. None of these



42.

43.

44,

45.

46.

47.

48.

49.
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If f(x) is continuous at x = ain (g, ) definition then &

depends on :
b. aonly
d. None of these

a. eonly
c. Bothaande

If f and g are continuous at ael then at g,
max. {f,g} is :

b. Discontinuous

d. None of these

a. Continuous
c. Differentiable
If f(x) is continuous in a closed interval I = [a, b] then
it is always :

a. Differentiable in I

b. Bounded in |

c. Bounded but not differentiable in I

d. None of these

If a function f(x) is continuous in [a, b] then it attains
its supremum and infimum :

b. At two time

d. None of these

a. Atone time

c. Atleast once

If f(x) is an even function and f’(0) exist then the
value of f(0) is :

a. 0 b.1
c. -1 d. Infinite
2x -1 when x #1
If f(x) = {2x“ = 7x+5
;1 when x =1
3
then f’(1) is equal to :
a. 1 b. g
9
c. 2 d. _—2
2 9

f(x) = xP cos(l), x # 0and f(0) = O, then the value
x

of p for which f(x) is differentiable at x = Qs :

a. p>0 b.0<p<1
c. p>1 d. forallpel
x O<x<1

atx =1is:

The function f(x) =
x-1 1<x<2

b. Differentiable
d. None of these

a. Continuous
c. Bounded

50.  If f is continuous then |f]is :

[Meerut 2017]
a. Differentiable

b. Continuous

c. Not necessarily continuous

d. None of these

51.  Every bounded function is :

a. Continuous

b. Differentiable

c. Continuous but not differentiable
d. None of these

52. If f is continuous on [a,b] such that f([a,b]) = [m,M]

where m = inf f and M = sup f then f([a,b]) is :
a. Closed set b. Open set

c. Dense set d. None of these

53.  The function f(x) = |x —1|atx =1is :

a. Continuous

b. Differentiable

c. Neither continuous nor differentiable
d. Bounded

54.  The function f(x) = tanx defined on (_—zn,g) is :

[Kanpur 2018]
a. Bounded
b. Continuous
c. Bounded and continuous both
d. None of these
55. If f and g are continuous and differentiable

functions such that

f/(x) = g’(x) ¥x €]a,b[ then :

a. f(x)=gl(x) ¥xelabl
b. f(x)# g(x) ¥x €]a,b[
c. f(x) = g(x) differ only by a constant

d. None of these

56.  The function f(x) = xtan~! (i} x #0is :

x2

a. Continuous atx =0
b. Differentiable at x = 0
c. Continuous and differentiable at x = 0

e

None of these
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57.

58.

59.

60.

61.

62.

63.

64.

If f(x) is differentiable function such that 65.
f(x) < f(2) then :

a. f(2=0 b. f12=0

c. 1<x<3 d.0<x<3

If f is continuous on [a,b] then the interval can be 66.

divided up into finite number of sub intervals such

that |f(xq) — f(xo)|< & where x; and x5 are two

points in the same sub interval, it is called :

a. Mostest theorem b. Bolzano’s theorem 67.

c. Borel’s theorem d. Boundedness theorem

The greatest integer function [x] is : [Kanpur 2018]

a. Continuous atx =1

b. Differentiable at x =1 68.

c. Not differentiable at x =1

d. None of these

If f + g is differentiable then f and g are :

a. Differentiable

b. Not necessarily differentiable

¢. May or may not be differentiable 69.

d. None of these

If f is continuous on [a,b] and f’(x) > Oon]a,b[ then f

is:

a. Increasing in[a,b] b. Increasing in R

c. Decreasing in [a,b]d. Decreasing in R 70,

The function f(x) = {t" x# 0: [Kanpur 2018]
1L,x=0

a. Has removable discontinuity at x = 0

b. Has discontinuity of first kind at x = 0

c. Has discontinuity of second kind at x = 0

d. Discontinuous at x = 0

The function f(x) = [x] —[-x] at x = Ohas : -

a. Discontinuity of first kind

b. Discontinuity of second kind

c. Removable discontinuity

d. Continuity 79,

If f(x) is continuous in [q, b] then it attains its supremum
and infimum at least once [q, b], it is know as :
a. Bolzano’s theorem b. Mostest theorem

c. Borel's theorem d. None of these

F-7

If f is diffrentiable in I then f(I) on I is either an
interval or a :

a. Null set b. Infinite set

c. Singleton set d. None of these

If ffx) is positive at x =a, then in the

neighbourhodd of x = g, the function f(x) is :

a. Increasing b. Decreasing
c. Positive d. Negative
If f is continuous in [a, b] and f(a). f(b) < 0, then for at
least one point ¢ €[a, b] : [Kanpur 2018]
a. fla)=f(b)=flc) b.flc)=0
c. fle)=0 d. All of these
If f(x) = sin & , x # 0 then the value of k for which
X
f(x) is continuous at x = Ois :
a. 1 b. 3
2 2
. 2 d.0
2

If f(x) = [x] + [-x] ¥x €Rthen for all integral values
of x, f(x)is :
a. Continuous
b. Discontinuity of first kind
c. Discontinuity of second kind
d. Removable discontinuity
If f,g and hare defined on a deleted neighbourhood
D of a point a such that
h(x) < g(x) £ f(x) ¥Vxe D
and lim f(x) = lim h(x) =1

X—a X—a
then lim,._,, g(x) is :
a. <I b.>1
c. | d. 0

If f and g are continuous at a and f(a) respectively
then at x = agof. is :

a. Continuous b. Discontinuous

c. May or may not be continuous

d. None of these

The function f(x) is piecewise continuous if it has :
a. Finite number of jumps

b. No jump

c. Infinite number of jumps

d. None of these



73.

74.

75.

76.

77.

78.

79.
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If a function f(x) is continuous in a closed interval
then f(x) is :

a. Bounded above only

b. Bounded below only

c. Bounded

d. Unbounded

If f is continuous on [a,b] such that inf f <k < sup f

then there exists ¢ €[a, b] such that :

a. fl)=0 b. flc) =k

c. fllo)=k d. None of these

lim sin is equal to : [Kanpur 2018]
X—a X—a

a. 0 b.a

c. -a d. Does not exist

X x 20 .

The function f(x) = { 0 xo0 is : [Kanpur 2018]

Continuous at x =0

a
b. Discontinuous at x = 0

o

Continuous everywhere
d. None of these

. 1
The function  f(x) = {(x -a sm( x—a )’ x7a

, x=a
continuous at : [Kanpur 2018]
a. x=0 b.x=a
c. x=-a d.x= 1

a

The function f(x) = cos(l), x # 0and £(0) = 1 then
X

fis:

a. Continuous everywhere
b. Dontinuous atx =0

c. Discontinuous at x =0
d. Differentiable at x = 0

The function f(x) = S™X . x % 0and £(0) = 1is :
X

a. Continuous everywhere
b. Continuous at x =0

Discontinuous at x = 0

a o

None of these

80.

81.

82.

83.

84.

85.

86.

If f(x) is continuous at x = Othen x f(x) is :

a. Differentiable at x = 0

b. Not differentiable in R

c. Differentiable everywhere except at x = 0

d. None of these

If f and g are continuous on [a, b] such that

f(a) < gla) and f(b)> g(b)

then for c €]a,b[ :

a. fl)=g(c)=0

c. fle)—glc)=0

If f: R — Ris continuous at x = a such that
fc+y) =flx)+ fly ¥x,ve R

then f is also continuous at :

b. f(c)+glc)=0
d. f(c)-glc) =0

a. a+lonly b.a—1only

c. 2aonly d. Whole real number

The function

X n.
09 =lim,y ., <250 05 x5 7
! T 14x" 2
atx =1is:

a. Continuous

b. Discontinuous
c.  Uniformly continuous

d. None of these

The function f(x) = tan™! (%) atx =0is:

a. Continuous

b. Discontinuity of first kind

c. Discontinuity of second kind

d. Removable discontinuity

The function f(x) = xlog x for x > 0 and f(0) = 0 at
x =0is:

a. Continuous

b. Discontinuous of first kind

c. Removable discontinuity

d. Discontinuity of second kind

Let f(x + v) = f(x).f(v) ¥x,ve R and f(5 = -2 and
f(0) = 3then f(5)is :
a. 1

c. 6

b.3
d. -6
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87. A function defined on [0,1] and given c. Continuous at x = 2
fx) = X : x is rational s d. Not continuous at x =0
1-x:x isirrational  [Meerut 2017] 1
The function f(x) = sin (7) atx = 0is :
. . 1 X
a. Discontinuous at x = 5 [Kanpur 2019]
. Mi i tinui
b. Continuous at x = 1 a ixed discontinuity
2 b. Removable discontinuity
C. Uniformly continuous at x = 1 C. Discontinuity of first kind
2 d. Discontinuity of second kind
d. None of these ) o . . .
95.  Afunction f is said to be continuous at point x = aq, if
88.  If function f defined by for each £> Othere exists a, d > Osuch that :
2n _.
£(x) = lim log(2+ x) —x“"sinx [Kanpur 2019]
e 1+x2" a. |fx)-fla|<e=|x—-al<?d
then at x = 1the function f is : [Meerut 2017] b. [flx)-fla)|<e=]|x+a<?
a. Continuous ¢ |x—al<d=|f(x)-fld]|<e
b. Continuity of first kind d. |x-a|>8=|f(x)-fld]|<e
c. Discontinuity of first kind tanx
d None of these 96. The function f(x) defined by f(x) = x
' 3x+2x2, x>0
89.  The function f(x) = x-Dix— is unbounded at will be continuous at x = 3 then non-zero value for
. the constantk is :
the points : [Kanpur 2019]
a. x=0x=1 b.x=1x=2 a 1 b.l
c. x=-1x=2 dx=1x=-2 i’ Lll
90. cosx is a continuous function when: [Kanpur 2019] c. 3 d. 9
a. xeR b.xeQ 97.  The function
c. xel d. None of these « n.
i f(x) = lim & X X i
91.  If f(x) = 2™ then f(0-0)is : [Kanpur 2019] e 14 x"
X
a. -2 b. 2 is where x > 0and x < g [Meerut 2015]
c. -1 d. 1
a. Continuous at x =1
92.  lim xsin (l) is equal to : [Kanpur 2019] b. Discontinuous at x =1
x—0 X
c.  Uniformly continuous at x = 0
a. 0 b.1
d. None of these
c. -1 d.
) 98. If fand g are continuous at ae [ then f + g is :
. hen x<0 .
93.  The function f(x) = * ¥ is : Meerut 2015
5x —4 when x>0 [Meeru ]
a. Discontinuous at a
[Kanpur 2019] b. May or may not be continuous at a
a. Continuous at x =0 c. Continuous at a

b. Continuous at x =1

o

None of these
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99.

100.

101.

102.

103.

104.
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A function f(x) is said to be bounded over the

interval I if there exist two real number aand b(b > a)

such that : [Meerut 2015]
a. a<f(x)<bV¥xel
b. asf(x)<bV¥xel
c. a<f(x)<b¥xel
d. a<f(x)<b¥xel
The function f : R — R defined by

fix) = { 1, when x '{s 1.ratio-na1

-1, when x is irrational

then at every point of R, f willbe :  [Meerut 2016]

a. Continuous

b. Discontinuous

c. Totally discontinuous
d. None of these

If f is continuous at point aand C € R then Cyis:

[Meerut 2016]
a. Continuous at a
b. Discontinuous at a
c. Discontinuous at C
d. None of these
If f continuous at athen |f|is also : [Meerut 2016]

a. Discontinuous at a

b. Continuous at a

c. May be continuous at a

d. None of these

If a function f(x) is continuous in closed interval
[a,b], then f(x) in [a, b] will be :

a. Bounded

b. Unbounded

c. Only bounded above

d. None of these

A function defined on [0, 1] and given

fx) = x :If x is rational s - [Meerut 2017]
1-x:If x is irrational

a. Discontinuous at x = %

b. Continuous at x = 1

2

105.

106.

107.

108.

109.

110.

¢.  Uniformly continuous at x = 1

2
d. None of these

If a function f is continuous at g, then |f|is :

[Meerut 2017]

a. Continuous at a
b. Discontinuous at a
c. Uniformly continuous at a
d. None of these
If function f defined on [-1, 0] and

f= {0 1X .rati(?nal

X : x irrational

then f is continuous at : [Meerut 2017]
a. x=0 b.x=1
c. x=-1 dx=%2
The function f : R — R defined by

lim {lim (cosm!mx)"} is [Meerut 2017]
m—>co nN—oo

flx) =

a. Totally continuous b. Continuous
c. Discontinuous d. None of these

At x = 1 the function

n

fx = lim is’has :  [Meerut 2017]
noee] 4 x e
a. Continuous
b. Continuity of first kind
c. Discontinuity of first kind
d. None of these
Find Zli_r)noxiz(i _y;x), where z — 0 along the curve
y= x3 . [Meerut 2018]
a. i/2 b.—i/2
c. i d. i

3 .
Find lim M, when z — 0 along any radius

z—0 X6 + Y
vector : [Meerut 2018]
a. 0 b. —i
c. —i/2 d.i/2
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111 5imSPP3 5 oqual to [Meerut 2018] a. lim f(x) = im f(x)
Jn x—0 x—0
a. 0 b. 1 b. lim f(x) < lim f(x)
: ! x—0 x—0
c. -1 d. None of these ¢ lim flx)=1
112. Which is not true : [Meerut 2019] x=0
1. . d. lim f(x)=-1
a. f(x) =sin=is continuous ¥x > 0 -x—0
X
. X 12 g
b. flx)= sinl is uniformly continuous ¥x > 0 116.  Improper Riemann Integral JO y o dyis:
x [Meerut 2019]
c. flx)= sin% is continuous, but not uniformly a. Continuous in [0, o]
continuous Vx € R* b. Continuous only in (0, )
c. Discontinuous in (0, )
d. All the above
d. Discontinuous only in 1,
113. Which is true, for ' 2’
flx) = x? siniz\!x el-1,1]: 117. Let f: R — R be a continuous function and
X
a. f(x)is continuous fle+1)=flx) Vx € R, then :
b. f(x)is not continuous Vx €[1, 1] a. fis bounded above, but not bounded below
c. f(x) s not bounded ’ b. fis bounded but not attain its bounds
d. All the above c. fisbounded and attain its bounds
. v
d. fis not uniformly continuous
114. LetS={f:R— R} 3 &> Osuch that
118, K§£09=1% X2 then fis conti tx =
V> 0, |x — y|< & = | flx) - f(v) |< &} LI f(x) = x xecR— en f is continuous at x =
then : [Meerut 2019] (Meerut 2019]
1 b. -1
a. S=1{f:R— R|f is continuous} a 0 4N (i
. . t
b. S={f:R— R|f is uniformly continuous} ¢ one ot fhese
c¢. S={f:R— R|f is bounded} 119. Let f: R — Ris a monotone function, then :
d. S={f:R— R|f is constant} a. fis continuous
115. Which is true for the function b fhas finite point of discontinuity

flx) = sinx.sianx €]0,1[

[Meerut 2019]
X

f has countable point of discontinuity

f has uncountable many point of discontinuity



F-12

B.Sc. Objective Mathematics (Real Analysis)

MULTIPLE CHOICE QUESTIONS

1.

11.
21.
31.
41.
51.
61.
71.
81.
91.

101.
111.

(0)
(b)
(a)
(d)
(b)
(d)

(d)

22

12.
22.
32.
42.
52.
62.
72.
82.
92.

102.
112.

(b)
a)

)

O

(b)
(b)

Sk

13.
23.
33.
43.
53.
63.
73.
83.
93.

103.
113.

(d)
(d)
(d)
(c

(a

Q

4.

14.
24.
34.
44.
54.
64.
74.
84.
94.

104.
114.

ANSWERS

(d)
(b)
(b)
()
(b)
(b)
(b)
(b)
(b)
(d)
(b)

5 (c) 6 (c) 7 (d) 8 (a) 9 (c) 10 (c)
15. (c) 16. (c) 17. (d) 18. (d) 19. (a) 20. (c)
25. (¢c) 26. (a) 27. (b) 28. (d) 29. (c) 30. (o)
35. (d) 36. (a) 37. (d) 38. (c) 39. (c) 40. (d)
45. (c) 46. (a) 47. (d) 48. (c) 49. (c) 50. (b)

55. (c) 5e6. (a) 57. (c) 58. (c) 59. (c) 60. (b)
65. (c) 66. (a) 67. (b) 68. (c) 69. (d) 70. (c)
75. (d) 76. (b) 77. (b) 78. (c) 79. (b) 80. (a)
8. (a) 8. (d) 87. (b) 8. () 89. (b) 90. (a)
95. (c) 96. (d) 97. (a) 98. (c) 99. (b) 100. (b)
105. (a) 106. (a) 107. (c) 108. (b) 109. (b) 110. (a)
115. (a) 116. (a) 117. (c) 118. (d) 119. (a)
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HINTS AND SOLUTIONS

lim 10X 12.
x—0 x
XS
X+ —+....
= lim #
x—0 X

2
= lim {1+ X+...} =1
x—0 3

We know that if f and g be defined and continuous

on an interval I and g(a) # Othen i is continuous at
g

f

a. Here g(a) # O is not given so = is not necessarily
g

continuous.

Let c€[0,1]. If ¢ is rational then f(c)=c. If ¢ is

irrational then 1 — ¢ also irrational and
d<l-c<1 ie 1-ce[01]
we have f(l1-c¢)=1-(1-¢)=c

Thus, f takes every value c in [0, 1].

Here f(x) = 1 is not defined on x =0 so it is not
x

. . 1. .
continuous at x = 0 i.e. f(x) = = is not continuous

X
on R
X
limZ "2 a>0
x—=0 x
- 2 ,
1+ xloga+ Z—(loga)“ +.... 1
= lim 12
x—0 X
N 14.
= lim |loga+ £(loga)2+ ..... = loga
x—0 2
x +1 x>0
= . x#0
fx) =1 |x] ={-1 x<0
0x=0 0 x=0

Here f(0+ 0) =1, f(0—0) = -1and f(0) = Oso f(x) is

not continuous at x = 0 only.

Let € > 0 be given and choose & :g then if x is

rational we have
|x—-0]|]<d
= [f() = f(O) | = |=x = 0] = |-x]|

:|x|<6:§<e
2

If x is irrational, we have

|x-0]<d
= [f(x)=f(0]=|x-0]=|x|<d< e
Thus, we get |x]|<d = |[f(x)-f(0)|<e
So f is continuous at x = 0.

Now consider x # 0 and x be any rational number.

For each positive integer n, let x,, be an irrational

number such that |x,, — x| < l
n

Then < x,,> is a sequence of irrational numbers
such that

lim x,, =x
n—eo
Given that f(x,) =x, ¥n
So, we have
lim f(x,) = lim x,
n—oo n—eo

=x #—x = f(x)

Thus, f(x)is not continuous at any non-zero rational
number. Similarly f(x) is not continuous at any

irrational number.

Given that f(x) = xP cos (lJ
x

x#0and f(0)=0
For continuity at x = 0

f(0+0) = lim (0+ h)

h—
= lim hP cos(l) =0
h—co X

only whenp >0
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Similarly, f(0-0) = lim (O—h) 28.
h— e

17.

19.

27.

B.Sc. Objective Mathematics (Real Analysis)

- lim (~H)P cos(%) -0

only whenp> 0
So f(0+ 0 =f(0-0= (O
exists only when p > 0.

Given flx) = sin%, x=z0

f(0+0 = hlim f(0+ h)

o1
= lim sin=
h—oo h

which does not exist.

Similarly, f(0-0) = lim f(O-h)
h— e

. ( 1)
= lim sin| ==
h—eo h

which does not exist. 31.

So given limit does not exist.

Putx=l
v

im y'l:O

we get, |
yv—0 v

Given that f(x) = [x] ¥xe R
f(l N o) - lim f(l + h)
2 h—0 \ e

= lim [l+ h]:O
2

32.

h—0

. . . 1
i.e. fis continuous at x = —.

2

f(x) will be continuous at x = 0 only when

f(0+0 = f(0-0 = f(O)

or lim f(0+ h) = lim f(0—h)
h—0 h—0
or  lim (3K + 2p?) = lim 2PN
h—=0 h>0 —h
or 2p? = lim -SMPh_, P
h—-0hcosph p
or 2p% = lim [P
h—0{ cosph
lim M =1
h—0 ph
z 1
or 2p°=p = p=0 or 3
Le p= l
’ 2

Ix-2| [lifx>2
T )-lifx<2

So, f(2+0 = lim f(2+ h =1
h—0

and f(2-0) = lim f(2-h =-1
h—0
|

So, lim LZ' does not exist.
x—2 x—2

fx) = x —[x]

Given

x—(n=-1)forn-1<x<n

or flx) = {

x—-nforn<x<n+1

So, fin=0
Also  f(n+0)= lim f(n+ h)
h—0
= lim {(n+ h) —-n}
h—0
=lim h=0
h—0
and  f(n—0) = lim f(n—h)
h—0
= lim {(n—-h-(n-1)}

h—0
=1lim (1-h=1
h—0
f(n=0) = f(n+ Q)

So, f is discontinuous at x = n

i.e. all integral values of x.
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34, f(x)=2Vx a7 _ x-1
2% -7x+5
f(0+0) = lim f(O+ h)
h—0 -1
= lim 2YM0 _ [y ol/h when x #1and f(1) = —
h—0 h—0 3
_ol0 o= Then, f/1+ 0) = lim f0+P=f1)
h—0 h
2x+1 x<1
37, fix)=dax®+b 1<x<3 12”"1 <1
5x+2a x=>3 - lim 20+ H°-71+H+5 3
h—0 h
If f(x) is continuous at x =1 h 1
- 4=
then 2x1+1=a+b - lim 2h2—3h 3
or a+b=3 (1) h—0 h
If f(x) is continue at x = 3 1 + 1
B — lim 2h-3 3
then 9a+ b=15+ 2a hino h
or 7a+b=15 ...(2)
. = lim L = ;2
Solving (1) and (2), we geta=2,b=1. h—0 3h(2h-3) 9
(1
41. x)=sin| = [ x#0 ~
flx) (x) Similarly,  f(1-0) = 32
and £(0) = Oover [0,1] 9
) So, fy ==
1500 | = sin(f) <1 9
x
x,0<x<1
So f(x) is bounded Vx €[0, 11 49 fk) {X Cllex<?
Now f(0+ 0) = lim f(O+ h)
h—0 1 f(l) =1
= lim sin (7J
h—0 h and f(1+0 = lim f(1+h)
h—0
A value between —1to +1. = lim {1+ -1}
£(0-0) = lim f(0-h) h=0
h—0 . and f(1-0)= lim f(1-h)
= lim sin (;) h—0
h-0  Lh = lim {1-h} =1
) h—0
A value lies between —1 ot +1. So, f1+0) % f1-0)
So, f(x) does not exist at x = Oi.e. not a continuous
function i.e., f(x)is not continues and so not differentiable
at x = 1. But f(x) is bounded at x = 1.
43. If f and g are continue at a € I then
50. Let< a, > be asequence converging to a. Since f is

1 1
f+gf-g If—gl,g(f+g),§|f—gl

are all continues at ae I.

Also max.{f,g} = %(f+ g)+ %[f—gl

So, max. {f,g} is also continuous at ae I.

continuous at aso lim f(a,) = f(a).
h—0

Now, lim |f]|(ay,) = lim |f(a,)|

n— oo n— oo

=|lim flay)|=[f(a)|=fl(a)

Hence, |f|is also continuous at x = a.
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52.

56.

59.

62.
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Since f is continuous on [a, b] then f(x) takes at least
once all values between its infimum and supremum

so f(x) takes all values between m and M and hence
[m, M] c f(la,b])

Again since every value of f(x) on [a,b] lies between

m and M we have
f(la,b]) < [m, M]
Thus, we get f([a,b]) = [m, M] and then f([a,b]) is a

closed set.

fx) = xtan~! (iz), x#0

X

f(0+0 = Aim f(0O+ h)

—0
= lim htan™! (i)
h—0 h2
f(0+0=0
f(0-0) = lim f(0-h)
h—0

= lim — htan™! (i) =0
h—0 h2
Also flO=0
So,  f(0+0) = f(0-0=f(0)
i.e., f is continuous at x = 0.

0 0<x<1

f(x)=[x]={1 1<x<2

f1+0) = lim f(1+h)

h—0

=lim1=1

h—0
1-0)=1 1-h
f( )hgnof( )

=lim 0=0
h—0

f1+0 = f1-0)
So, f(x) is not continuous at x = 1.

i.e., f(x) is not differentiable at x = 1.
Ix| 1 x>0
f(x)={x’”o={_1 T
Lx=0
f(0+0) = lim f(O+ h)
h—0

=liml=1
h—0

f(0-0) = lim f(O-h)
h—0

63.

68.

69.

= lim (-1) =-1
h—0

So, f(x) has discontinuity of first kind at x = 0.
flx) =[x]-[-x]atx =0
£(0) =[0]-[-0]

=0-0=0

f(0+0) = lim f(O+ h)
h—0

= lim ([h] -[-h])

h—0

= lim [0-(-1)] =1
h—0

f(0-0) = hlii)no f(0—=h)

Here,

Also

and

= lim ([-h]-[h])
h—0
= lim {(-1)-0} =1
h—0
Thus, f(0+ 0)= f(0-0) = f(0)

So, f(x) has a discontinuity of the first kind at x = 0.

sin bx
Given that f(x)={ 2n

x=0
x=0

and f(x) is
k

continuous at x = 0
f(0+0) = lim f(O+ h)
h—0
= lim sin 5h
h—0 2h

sinbh bh
= lim L
h—0 5h 2h

—1.2-°
2 2

f(0-0) = ;}imo f(0-h)
sin(—5h) 5
2

lim S

h—0 —2h

For continuity,
f(0+ 0 =f(0-0 = f(0
5

So, k==
2

flx)=[x]+[-x] ¥xeR
fix) = {_0, if x is an integer

Given that

1, if x is not an integer

Let x = n, where nis an integer then f(n) = 0

Also  f(n+0) = }}imo filn+ h)y=-1
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75.

76.

77.

and  f(n-0)= lim f(n—h =-1
h—0

So, lim f(x) =-1

X—n

Thus, f(n+ h) = f(n—h) # f(x)

i.e., f has removable discontinuity at every integer

value of x.
fla+0) = lim f(a+ h)
h—0

= lim sin
h—0

a+h-a

. 1
= lim sin=
h—0 h

which does not existso lim sin does not exist.

X—a X—a
fx) = e’ x 20
0,x=0
f(0+0) = lim f(O+ h)
h—0
=lim e/"=e” =
h—0
f(0-0) = lim f(0O-h)
h—0
=lim e VM= =
h—0

Since, f(0+ 0) # f(0-0)
So, f(x) is discontinuous at x = 0.

Given that

flx) = {(x—a)sin(xia) ., X#a
0

, X=a

fla+ 0) = lim f(a+ h)
h—0

= lim (a+h—a)sin( 1 )
h—0 a+h-a

= limh sinl =0
h—0
Also  fla—0) = lim f(a—h)
h—0
= lim (a—h—a)sin( 1 )
h—0 a-h-a
= lim h sinl =0
h—0
Thus, fla+0) = f(a-0) = f(a)

Hence, f(x) is continuous at x = a.

F-17

79.  Given that

£ = 51X % 0and £(0) = 1
X

f(0+0) = }Eimo f(0+ h)
- sinh -1

= lim ——
h—=0 h

f(0-0) = lim f(0-h)
h—0
- lim sin(—h)
h—0 —h

=1

So,  f(0+0) = f(0-0 = f(0)

i.e., f(x)is continuous at x = 0.

84.  Given that f(x) = tan™! (l)

Thus both limits exist but not equal. Hence, f(x) has

a discontinuity of the first kind at x = 0.
85.  Given that
f(x) = xlogx
For x> 0and f(0)=0
f0+0 = ;Eiino f(0+h)

= lim hlogh
oo S
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Since, f(0+0)=0=f(0)

So, f is continuous at x = 0 from the right. Here f is
defined in [0, =) i.e. only on the right hand side of 0.
Hence, continuity at x = Ofrom the right implies that

f is continuous at x = 0.

flx+y) = fx).f(v)
So,  f(5+0 =f(9.f(0
= f(8) = £(5).f(0)
So, flo=1

Ao f(0=3 = lim/0FH=-fO0_3
h—0 h

- s

Also 18 = lim SO NSO
h—0 h

= lim
h—0 h

— (5). lim (f(h)‘l]

h—0

= f(5).3by (1)
= (-2)x3=-6
So, £15) = -6

000



CHAPTER

/

Uniform Continuity

DEFINITION DIFFERENCE BETWEEN CONTINUITY AND
A function f defined on an interval I is said to be  UNIFORM CONTINUITY

uniformly continuous on I if given £ > 0, there existsa 1

4> 0, such that
| f(x)— f(y)|< € whenever | x — y|<d

where x, y € I and 8 depends on € only.

It should be noted that uniform continuity is a 2.

property associated with an interval and not with a
single point.

RESULTS

1. The concept of continuity is local in character

In continuity, the positive number & depends
upon ¢ as well as the point a i.e. s=s(a,€)
whereas in uniform continuity, & depends on €
only i.e. s = s (€).

Continuity is basically defined at a particular
point whereas uniform continuity is define on a
set and cannot be defined at a point. Thus
continuity is local while uniform continuity is
global in nature.

whereas the concept of uniform continuity is NON-UNIFORM CONTINUITY CRITERION

global in character. A function f is not uniformly continuous on I, if there

2. If f is uniform continuous on an interval I, then
it is continuous on I.

3. A function which is continuous in closed and
bounded interval I=[a,b] is uniformly
continuous in [a, b].

exists some € > 0 for which nod > 0 server i.e. for any
8 > O there exist x, y € I such that

|x - yl<8but| fix) - fv) |2 €

EXERCISE

MULTIPLE CHOICE QUESTIONS 2.

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose the

correct answer.

1. If f is uniformly continuous in = [a,b]theninl, fis:

3.

a. Continuous only
b. Bounded only
c. Continuous and bounded both

d. Continuous but not bounded

If f is continuous in I =[a,b] then in I, fis :
a. Uniformly continuous

b. Not uniformly continuous

c. May or may not be uniformly continuous
d. None of these

If f(x) = 1 Vx €]01[, then f(x) is :
X

a. Uniformly continuous
b. Bounded only

Continuous

o o

None of these
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If f(x) = sin(l) Vx e R*, x> Othen f(x) s :
X

a. Uniformly continuous

b. Continuous

c. Unbounded

d. None of these

If f and g are uniformly continuous on an interval [
thenonl, f.gis:

a. Uniformly continuous

b. Not uniformly continuous

c. Continuous but not uniformly continuous

d. None of these

If f: R— Rbedefined by f(x) = x V¥x € Rthen fis:
a. Unbounded
b. Discontinuous
c.  Uniformly continuous
d. Continuous but not uniformly continuous
If f : R — Rbe defined by f(x) =1 V¥x € Rthen over
R, fis:
a. Uniformly continuous
b. Continuous only
c. Bounded only
d. None of these
If f is uniformly continuous in[a,b] = I theninI, fis:
a. Continuous but not bounded
b. Bounded but not continuous
c. Continuous and bounded both
d. Neither continuous nor bounded
If f: R — Rbegivenby f(x) = xZthenin R, f(x)is:
a. Bounded
b. Continuous
c. Uniformly continuous
d. None of these
A function f define on [a,b] is said to be uniformly
continuous on [a,b] if for every €> 0 there exists a
&> Osuch that
|x1 —xp[<8 = [flx))—flxp)[<e
then & depend upon :
a. xy b. x5

c. xpandxy d.e

11.

12.

13.

14.

15.

16.

17.

Uniform continuity define over :

a. A point

b. An interval

c. A point and interval both

d. None of these

If f(x) = x3 is uniformly continuous in [-2, 2], then

maximum value of § is :

a. & b. £
12 9
c. & d £
6 3

If f(x) = g(x) = v/x ¥x €[0, o[ are two unbounded
functions then fg over the same interval is :

a. Bounded

b. Uniformly continuous

c. Not uniformly continuous

d. Continuous but not uniformly continuous

If f: R — Rbe defined by

Zn}

f(x) = lim {lim (cosmnx)
m—oo n—oo

then over R, f is :

a. Uniformly continuous

b. Continuous

c. Discontinuous

d. None of these

If f is continuous in a closed and bounded interval
I =[a,bltheninl, fis:

a. Uniformly continuous

b. Not uniformly continuous

c. May or may not be uniformly continuous
d. None of these

If f(x) = x> on [-2 2 then f(x)is: [Meerut 2016]

a. Continuous

b. Uniformly continuous

c. Bounded

d. All the above

If f(x) = x2¥x e [-2, 2] is uniformly continuous then
maximum value of § is :

a. € b.

d.

®lm Nolm

£
4
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18.

19.

20.

21.

22.

23.

24.

The function f(x) = sinx ¥x €[0, [ then f(x) is :
a. Unbounded

b. Discontinuous

¢.  Uniformly continuous

d. Not uniformly continuous

If f(x) = L Vx e(0,1) then f(x) is: [Kanpur 2018]
x

a. Unbounded

b. Discontinuous

¢.  Uniformly continuous

d. Not uniformly continuous

If f(x) = iz Vx €[a,~[and a > Othen the maximum

X
value of dis :
2 2
3
ae 4.9°¢
2 3
The function f(x) = X vx el0 2] is :
x+1

a. Unbounded
b. Discontinuous
c. Uniformly continuous
d. None of these
The function f(x) = iz Vxel[-1,0]is:
X
a. Continuous
b. Uniformly continuous
c. Continuous and uniformly continuous both

d. Neither continuous nor uniformly continuous
If f(x) = x2 ¥x €[-1, 1] uniformly continuous then
Smaximum 18 ¢

a.

NI

c. d. e

N|m oolm

If f(x)= 2x2 - 3x+5 is uniformly continuous in

[-2, 2] then maximum value of s :

b &
'3

£ 4 &
7 11

a. €

25.

26.

27.

28.

29.

30.

31.

G-3

If f(x) = sinx is uniformly continuous in [0, o[ then

maximum value of d may be :

a. € b.E
2
c. & d.E
4 8
The function f(x) = —— in [0, so[ s :
x+1

a. Uniformly continuous

b. Not uniformly continuous

c. May or may not be uniformly continuous
d. None of these

The function f(x) = x2 over the interval (0, ) is :

a. Bounded and continuous

b. Continuous and uniformly continuous

c. Bounded and uniformly continuous

d. Continuous but not uniformly continuous

The function f(x) = 2x 1+ 3 ¥x e[-21]is :

a. Continuous

b. Bounded

c. Uniformly continuous

d. All the above

If f(x) = 2x2 11 Vx e[-2, 3]is uniformly continuous

over then maximum value of 6 may be :

a. € b. £
5
¢ & d &
10 20

If fix)= x2 + 3x Vx e[-1,1] is  uniformly

continuous then the maximum value of 8 may be :

€ b &
10 5

c. £ d. e
3

The product of the uniformly continuous function
is :

a. Uniformly continuous

b. Not uniformly continuous

May not be uniformly continuous

e o

None of these
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33.

34.

35.

36.

37.

38.
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a4

If f(x)= xzsin(iz) for x #0 and f(0) =0 in the
x

interval I =[-1, 1] then over I, f is :
a. Bounded

b. Continuous

[Meerut 2016]

c.  Uniformly continuous
d. All the above
If f(x) =x2is uniformly continuous in [0, 1] then

maximum value of 8 may be :

a. € b. £
2
c. £ d £
3 4

If f(x) = X s uniformly continuous in [0,2] then

1+x

maximum value of § is :

a £ b. £
2 3
c. & d. e
4
The function f(x) = L Vxe(01)is:
-x

a. Continuous but not uniformly continuous

b. Uniformly continuous

c.  Uniformly continuous but not bounded

d. Continuous but not bounded

The function f(x) = e* ¥x €(0, o) is :
Continuous

a
b. Uniformly continuous

o

Continuous and uniformly continuous both

d. Neither continuous nor uniformly continuous
. SR

The function f(x) = sin (;) onR" is:

a. Bounded and uniformly continuous

b. Bounded and continuous

c. Continuous and uniformly continuous

d. None of these

The function f(x) = 2x2 +1 Vx e[-2 3)is:

a. Continuous

b. Bounded

c.  Uniformly continuous
d. All the above

39.

40.

41.

42.

43.

44,

45.

46.

If the function f(x)=2x*+3Vxel-21 is

uniformly continuous in [-2, 1] then the maximum

value of 6 may be :

a. € b. &
10

< d &

20 30

The function f(x) = xZ 4 3x, x e[-1,1]is :

a. Bounded and continuous

b. Continuous and uniformly continuous

c. Bounded and uniformly continuous

d. All the above

If f: A— R is continuous mapping then f is :

a. Uniformly continuous always

b. Uniformly continuous if Ais bounded

c. Uniformly continuous if Ais compact

d. None of these

If f is uniformly continuous in an interval I and
< x, > is a Cauchy sequence of elements in I then
< flx,)>is:

a. Convergent sequence only

b. Cauchy sequence only

c. Both convergent and Cauchy sequence

d. None of these

If f and g are uniformly continuous on an interval [
then f — gover[is:

a. Uniformly continuous

b. Not uniformly continuous

c. May or may not be uniformly continuous

d. None of these

Which one is uniformly continuous in [0, e[ :

a. X2

b. sinx

c. sinx? d.x3

Which one is uniformly continuous in [0, e[ :
a. x b. sin®x

c. e d. All the above

The function f(x) = sin? Vx €[0, [is :

a. Uniformly continuous

b. Not uniformly continuous

Continuous but not bounded

e o

None of these
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G-5
47. If f(x) is differentiable on I such that 54.  The function f(x) = l, x> Ois : [Kanpur 2018]
[f(x)|<1 ¥ I>00nl then f(x)is : X
a. Continuous but not uniformly continuous a. Discontinuous in (0,1)
b. Uniformly continuous but not continuous b. Continuous in (0,1)
c. Continuous and uniformly continuous both c.  Uniformly continuous in (0,1)
d. None of these d. None of the above
48 The function f(x) = 1 x>1is 55.  For all real values of x, the function f(x) = xZis:
x’ [M t 2015]
eeru
a. Not continuous at x =1 Coni
a. Continuous
b. Not differentiable
b. Discontinuous
c.  Uniformly continuous Uniforml .
c.  Uniformly continuous
d. Not uniformly continuous Y
d. None of these
49. If f and g are uniformly continuous with o ) )
g(x)> 0 Vx € R then which of the following is 56. If f is uniformly continuous on an interval I, then f
uniformly continuous : will be ..... onl: [Meerut 2016]
f a. Discontinuous
a. f+g b. = .
g b. Continuous
c. f.g d. None of these c.  Uniformly discontinuous
50. I f()=3x2+2Vxel-12 is uniformly d. None of these
continuous then maximum value of 3 may be : 57.  If fis continuous in closed interval I and bounded in
e b £ closed interval I then it is : [Meerut 2017]
a. — L&
3 6 a. Continuous on I
c. & d & b. Discontinuous on I
9 12 c. Uniformly continuous
51.  The function f(x) = sinx in [0, e[ is : d. None of these
a. unbounded oo
. . 58.  The series converges uniformly if x € :
b. discontinuous 1+
c. uniformly continuous [Meerut 2018]
d. non uniformly continuous a. ]1,00f b. [1, =]
52.  The function f(x) = x2 is : [Kanpur 2018] c. [L ] d. 11, o]
a. uniformly continuous on [-2, 2] 59.  The series 2% is : [Meerut 2018]
+
b. uniformly continuous on [-1, 1] n(l+nx%)
c. continuous on [-1, 1] a. Convergent
d. all the above b. Divergent
53 The function c. Converges uniformly
c n. d. Unbounded
i) = i &2 vicel 0.7 s e
1+x 2 60. The series x™ converges uniformly if x € :
a. Continuous at x =1 " [Meerut 2018]
b. Ufnforrr-lly continuous at x =1 a. [0.1] b.10.1[
c. Discontinuous at x =1 ¢ 10.1] 4.10.1]

e

None of these
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Which function is not uniformly continuous on
10,1[:
b. f(x) = €*

c. f(x)=sinx

 tan[ ™
d. flx) —tan( > )

ANSWERS

MULTIPLE CHOICE QUESTIONS

il

11.
21.
31.
41.
51.
61.

(c) 2. (c) 3. (c) 4. (b) 5. (a)
(b) 12. (@) 13. (b) 14. (c) 15. (a)
(c) 22. (a) 23. (c) 24. (d) 25. (a)
(c) 32. (d) 33. (a) 34. (d) 35. (a)
(c) 42. (c) 43. (a) 44. (b) 45. (d)
() 52. (d) 53. (c) 54. (b) 55. (¢
(d)

16.
26.
36.
46.
56.

(c) 7. (a) 8. (c) 9. (b) 10. (d)
(d) 17. (c) 18. (c) 19. (d) 20. (a)
(@ 27. (d) 28. (c) 29. (c) 30. (b)
(@ 37. (b) 38. (c) 39. (d) 40. (d)
(b) 47. (c) 4s. (c) 49. (c) 50. (c)
(b) 57. (c) 58. (c) 59. (c) 60. (d)

HINTS AND SOLUTIONS

Let xg eI and €> 0 be given. Since f is uniformly

continuous on [ so there exists > 0 such that
|f(x) = f(v)| < e whenever [x —y|<d ¥x,ye
put y = x5, we get
| f(x) = f(xg) | < ewhenever |x — x| <8 ¥x el

So, f is continuous at x(. Since every continuous

function is bounded so f is bounded also.

Given fx) = l Vx €]0,1[
x
Since, lim f(x)
X—C
—iml=1-0
X—=>CcX C

So, f(x) is continuous at each point ¢ in]0, 1[.

Let xlzlandxz:i
m Z2m

then x1,x5 € 10, 1[ if m is a positive integer.

1 1

We have X{—Xo|=|=——
|x1 = xol ‘m ?m‘
:‘L‘:L
2m| 2m

or |x1—x2|<l<8
m

If we choose l <dandd>0
m

1 1

X] X2

Also  [f(xq) = flxp)|=

= m—2m|=|-m|=m> L
2

Thus, if we take € = % > 0, then whatever 6 > Owe try
Jx1,x9€]0]1[ such that |x{ — x5|< d but

1
|f(X1)—f(X2)|> 8_5
So fore = % > (O there exists no 6 > Osuch that

[f(x1) = flxo) | < e whenever |x; — x| < §,
x1,%x9 €]01[.

Hence, f(x) is not uniformly continuous in ]0, 1[.

Given f(x) = sir1l ¥x>0and xe R". Let ae R*
X

then we have

fla+ 0 =lim, o fla+ h)



Uniform Continuity

L ( 1 ) 1
= lim sin[ ——— |=sin>
h—=0 a+h a

fla—0) = lim f(a—h)
h—0

. ( 1 ) 1
= lim sin =sin=
a—h a

h—0
Also f(a) = sin1
a

Thus, fla+ 0)+ fla=0) = f(a)

i.e. f is continuous at a and so continuous on R
Letd>0and xq = i,
nm
1 2
Xg = =
nn+ /2 (2n+1)w

where nis a positive integer such that

X{—X :i—idi
L2 @n+ D

Now |x1 — x| < d but

(2n+1)m

|f(x1) = f(xo) | =|sinnm —sin =1>¢

If we choose € = % >0

Thus, fore = %we are unable to find 6 > Osuch that

[flx1) = flxo) < €

whenever  |x; —x5|<8 ¥xq,x9 € RT

Hence, f is not uniformly continuous on R™.

By Archimedes property for any 8 > 0 there exists a

positive integer nsuch that

nd%> e ..(1)
Choose x; =nd and x, = nd+ gthen
)
[xq —x2|=§<6

1£(x1) = flxg) | = |xZ = x|

= |X1 —X2||X1 +X2|

and

- g(ZnS +5/2)

2
_ n82+%> eby (1)

12.

14.

17.
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Hence, for xi,x5 € R,|f(xq)— f(xo)|>& whatever
&> Owe take. Thus f is not uniformly continuous
onR.

Here,  f(x)=x¥xe[-22
Let x1,x5 €[-2, 2] then we have
|foeg) = flxp)| = 1x3 =7
=|(xg —xl)(xg + x12 + X1X9) |
< g =y [{Ixgf + Py + gl
<12 |x9 — x|

|x1]<12 and |xo|<12

|f(x9) — f(x1) |< e whenever |xo — x1| < 1—82

Thus given &£> 0 there exists 6=% such that

|xg —x;1|<8. So f(x) is uniformly continuous in

(-2 2]

Let x = P be a rational number. If m is large then
q

cos(mmx) =+ 1
lim (cos@nx)zn =1
n— oo

Hence, f(x) = 1when x is rational.

If x is irrational then (cos|m n)?" = (rm)2"

where |r,,| < 1, for a fixed value of m.

f(x)= lim lim (r,)?" =0
m—>con—>co

Hence,

Thus, f(x) is discontinuous for all values of x.
Let x1,x5 €[-2, 2]
then |x;|< 2 and |x,| €2

Also |f(xq) - f(xo)| = |X12 —x%|

= |0y = x)(xq + x7) |
=|x1 = xg| [x1 + x5
<|x;—x9|(2+ 2)
=4|x;—xg|=¢

provided |x; — xo| < lEl Thus, choose § = Z

We find |x1 —xo|<8 = |flxq)—flxo)|< e

and so f(x) is uniformly continuous.



20.

21.
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Given flx) = %Vx €la, »[and a> 0 24, f(x)= 2x2 _3x + 5V¥x el-2 2]
X
9 9 If x1,x9 €[-2 2] so |x1|< 2, |xo|< 2
|Fley) = floxg) | =| =S| = | X2 |flxg) = flxg) | = [(2x2 = Bx, + 5) — (2x% — 3xp + 5)|
X1 X9 X1Xo 1 2 1 1 2 2
= |2(x2 - x3) - 3(x; — x5)]
_ (X —x ) X1 +X2
S = Il — ) (2x; + 2x3 - 3)
X1 X3 |(x1 —x2)(2x7 + 2x5 - 3)|
; ) < |xq = x2] (2]xq| + 2]xg| + 3)
=|lxg —xq) + _
X12X2 X2 < lxq —xo| (4+ 4+ 3)
= 11(X1 —Xz) =&
=Ixg —X2|( 21 - ] provided |x; — x| < -
XXz X1X2 R T
x1,xg>0 Choosed = i, we find that
11
< Ixq —xgl 1.1
@ &3 |x1 —xo|<8 = |flx1)— flxo)|< €
" xpXg2a>0 So, f is uniformly continuous in [-2, 2].
_ 2
S%|x1—x2|—s 29.  flx)=2x“+1 V¥xe[-2 3
a If x1,x5 €[-2, 3] then |x;|< 3and |x,|< 3
3
provided  |xq —x5|< ae_ | f(x1) = flxg) | = |(2X12 +1) _(2"% +1)
Thus, we get =12(x1 + x9)(x1 — x|
Ix1 —x9|< 8 < 20xq = xa (x| + [x2l)
= [fixq) - flxo)|< & =12|x; —xp|=¢
Hence, f is uniformly continuous on [g, eo[. provided |x; — x| < %
fl) = ¥x el0,2 ¢
x+1 choose 8§ = — we get
12
_ X1 X2
o) = el 1= = o [flxg) — flxg) < € V]xy —xp] <
_ Ix; — xo| So f is uniformly continuous.
|(x1 + (xg + 1| 32, f(x)= xzsin(iJ
x2
Xl >0
ie., x;+121 and x,+121 x#0and f(0)=0Vxel-11]

1

so—— <1
(Xl + 1)()(2 + ].)

|fxy) = floxg) | < g —xg] = €
provided |x] — x| < &
Choose 8 = e we get
[x1 —xo|<& = |flx1) - flxo)|< €

Hence, f is uniformly continuous on [0,2].

[f0x)]=

2. (1
x“sin| —
)
sin(i]
X2

<ll=1land f(0)=0

= [f(0)]<0<1
So f is bounded in [-1, 1].

2
=|x7|




Uniform Continuity

34.
36.

Letce[-1,1Jandc# 0

lim f(x) = lim x2 sini
x—=c x—=c X2
=c? sini = f(c)
C2

So, f(x)is continuous for all ¢ €[-1, 1] exceptatc # 0
at x = 0, we have
f(0-0) = lim f(0—h)
h—0
= lim f(-h)
h—0

= lim (~h)%sin (7) =0
h—0

and f(0+ 0) = lim f(O+ h)
h—0

= lim hzsini =0
h—0 h2

Also flO=0

So,  f(0+0=£(0-0=f(0
i,e. f(x)is continues of atx = 0.
Thus f(x) is continues in [-1, 1].

Since, f(x) is continue in closed interval [-1, 1] so, it

is uniformly continuous in [-1, 1]
See the solution of question 21.
flx) = €* ¥x €[0, [
Let ¢ €[0, «[ then

fle) = € = lim f(x)

X—C
So, f(x) is continuous in [0, oo[.
Let x1,x5 €[0, e[ then

|f(x1) - f(xo) |= |eXl - exz|

46.
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If |x; —xo[<

This term cannot be finite when x1,xg — e so
|f(x1) = f(xo) |« e whenever |x] — xo|< &

Thus, f(x) is not uniformly continuous in [0, e[
Let e> Obe given and x1,x5 €[0, =) then

|f(X1) — f(xo) | = |sinx1 - sinx2|

2005(X1 * Xz)sin(xl _Xz)
2 2

cos(x1 * x2) sin(Xl —xz)
2 2

32><1><2|x1—x2|

=2

Since,  |cosB|<1 and sinbl

=[xy = xg]
< g provided |x; —xo|< €
Now selecting & = e we get
X1 =xg| <8 = [f(x1) - flxo) < &

Hence, f(x) = sinx is uniformly continuous on

[0, e].
Given that  f(x) = sinx2 Vx €[0. )
Let > Obe given and x1,xg € [0, ) then

|f(xq) = flxo) | = |sinx12 - sinx§|

2 2 2 2

2cos| X1 + X3 sin| X1 =X2
2 2

2 2 2 2

cos Xyt X2 sin X1-X2
2 2

Slex%|x12—x§|

=2

Since,  |cosB|<1 and sinbl

< Ixq = xgllxq + X
Here xy,x5€[0, ) so [x;+ x,| always has no
bounded value so for |x; — x| < &

We cannot always find |f(x;) — f(x,) |< e i.e. f(x)is

not uniformly continuous in [0, «].



48.

50.
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Given that f(x) = L, x > 1
X

Let > Obe given and xy,x5 > 1then

1 Xog—X
[fcp) = flxg) | = | ———|= =2 -1
X1 X2 X1X2
=[x1 —x2:
X1X2

x121s0 1 < 1similarly iZ <1
X1 X

So, [£lx1) = flxg) | < |xq —xgl
< eprovided |x; —xg|< €
Thus, we get
[x1 —x2|<8 = |flxq)—flxo)|<e
Here, f is uniformly continuous on x > 1.
flx) = 3x% + 2 ¥x €[-1, 2]
Let £> Obe given and xq,x5 € [-1, 2] then
|fxy) = flxg) | = [(3xf + 2= (3x5 + 2]
= |3><12 —3x§| = 3|xq + x5|x1 = x9|
or [f(x1) = flxo) | < 3(1+ 2)|x; —xo|
=9xq —xq

< & provided |xq — x| < g

Choose 6 = gwe find that

Ix1 =xo|<8 = [flxq)-flxg)|<e
So maximum value of 8 is g when f(x) is uniformly

continuous.

flx) = x?

Let > Obe given and x1,x5 €[-2, 2] then

|flxp) - fxg) | = |xf - x3]

=[x1 = xg||x7 + xg
<xp—x5l(2+ 2)
= 4|x1 — x|

Thus, |f(x;) - f(x5) | < & provided 4 |x; — x5|< €

ie. |xq —xo|< £
4

€
Choose 6 = 4 we get

|x1 = xo[<8 = [flx1) = flxo)[< &
Thus, f(x) is uniformly continuous in [-2, 2].

It can be easily seen that if f(x) is uniformly
continuous in [-2, 2] then it is also uniformly
in [-1,1].

continuous function is continuous so f(x) is

continuous Again every uniformly

continuous in [-1, 1].

000



CHAPTER

8

Meaning of Sign of Derivatives

and Darboux Theorem

DIFFERENTIABILITY
1. Differentiable function

Let f be defined on I and c € I, then f is said to
be differentiable or derivable at c if
fx) = flc)

X—c

fim flc+h)—flc)
h—0 h

lim
X—C

or

exists finitely and denoted by f’(c).
2. Right hand derivative
It is defined by

Rf(0)= lim J€FN=f0) g
h—0 h

provided the limit exists finitely. It is also known
as progressive derivative and denoted by
f'(c+0).

3. Left hand derivative

It is defined by
f'le=0)=Lf"(c)

;Hof(c—ﬁi]— f(C)’h 20
provided the limit exists finitely and also know
as regressive derivative.

Thus, function f(x) is said to be differentiable at
x =ciff
Rf’(c)=Lf’(c) = f'(c)

4. Differentiability in an open interval
A function f defined on I = (a, b) is said to be
differentiable in (a, b) if it is differentiable at
every point in (a, b).

5. Differentiability in a closed interval

A function f defined on a closed interval [a, b] is
differentiable if

(i) f is differentiable in (a, b)
(ii) f is differentiable from the right at a
(iii) f is differentiable from the left at b

MEANING OF THE SIGN OF DERIVATIVE
Let f be differentiable in [a, b] and c € (a, b) and
(x) = flc)

£4¢) = lim
X—C X —-C

1. If f/(¢)> Othen
f(x)> flc), ¥x e(c, c+9)
and fx)< flc), ¥xe(c-9,c)
2. If f’(¢)> Othen
f(x)> flo), ¥xe(c-9, )
and  f(x)< f(0)¥x e(c, c+9)
3. If f’(a)> Othen
fix)> fla), ¥x €(a, a +9)
4.  If f’(a)< Othen
flx)< fla), ¥x €(a, a +9)
5. If f’(b)> O then
flx)< f(b), ¥x e(b-13, b)
6. If f’(b)< 0then
f(x)> f(b), ¥x e(b-13, b)

then

INTERMEDIATE VALUE THEOREM OR

DARBOUX THEOREM

If f is finitely differentiable in a closed interval [a, b]
and f’(a), f’(b) are of opposite signs, then there exists
at least one point ¢ € Ja, b[ such that f’(c) = 0
Results :

1. If f is, finitely differentiable on [a,b] and
f’(a) # f(b), then f’(x) takes all values between
f’(a) and f’(b) at least once in (a, b).
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2. Iff isfinitely differentiable on[a, bJand f'(x) # 0 2.  f(f — g)’ (x) = f’(x).g(x) + f(x).g"(x)
for any x € (a, b) then f’(x) returns the same g3 (kf)’ (x) = kf"(x)
sign, positive or negative in (a, b).

3. If f is finitely differentiable on I = [a, b}, then the 4. (1J (x)= ')

range f’(I) of f” on I is either an interval or a f (flx ))2

singleton. 5 () o S50 - £ ')
4, Continuity is necessary but not sufficient g - [ g(x)]2

condition for differentiability.

- (gof) (x)=g’(f(x)). f"(x)

ALGEBRA OF DERIVATIVES 7. I f is derivable at x and is one-one on nbd of x
Iff and g are derivable at x € I then then (f—l)r(f(x)) — provided f/(x) =0
Lo f(f+gr)=f1)+g'x) Vxel f)

EXERCISE

MULTIPLE CHOICE QUESTIONS 5. For differentiability, continuity is :
Direction : Each of the following questions has four a. Necessary but not sufficient
alternative answers. One of them is correct. Choose the b. Sufficient but not necessary
correct answer. c. Necessary and sufficient both
1. The function f(x) = |x|at x = Ois : d. None of these
a. Continuous 6. If f(x) = (x)—1 V¥x € Rthen Rf"(0) is equal to :
b. Differentiable a. 0 b. 1
c. Continuous and differentiable both c. -1 d. does not exist
d. None of these 7. If f’(c) > O then for any 8> 0
2. If f is derivable on [a,b] and f’(a)# f(b) with a. flx)> flc) Vxelc-8 c+9)
f"(a) < k < f'(b) then there exists a point ¢ &(a, b) such b. f(x)< f(c) ¥x e(c—8, c+9)
that : c. f(x)> f(c) ¥xel(c,c+9)
a. flc)= b. flc) = d. f(x)< f(c) ¥xe(c,c+9)
c. flk)=c d. f'k)=c 8. If f(x) be an decreasmg function then :
3. The sum and difference of two differentiable a. flx)< b. f(x) <
function : c. f'(X)> 0 d. f(x) >
a. Differentiable 8 If f(x) = {X +3x+a x< 11s differentiable at x = 1
b. May or may not be differentiable bx + 2 x>1
c. Non-differentiable then a and b are respectively :
d. None of these a. 53 b.2,3
4, A function f(x) is differentiable at x = c if i c. 3,5 d. 3,2
a. f'(c+ 0) exist 10.  If f is derivable on [a,b] and f’(a). f'(b) < Othen there
b. fllc- 0) exist exists ¢ €(a, b) such that

o

(
fle+0=flc-0) a. flc)=0 b. f(a) =
. fle+ ) f(c — 0) and both exist c. flb=0 d. f(c) =

o
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11.

12.

13.

14.

15.

16.

17.

If f(c)< Othen for6>0:

a. f(x)> f(c) Vxe(c-8 ¢
b. f(x)> f(c) ¥x €lc,c+9)

c. flx)< flc) ¥xe(c,c+9)

d. f(x)> f(c) Vxe(c—8 c+9)

The function f(x) = [x =1| + |x + 1| ¥x e Ris:
a. Derivable at x =1

b. Derivable at x = -1

c. Derivable at x =1and -1 both

d. Not derivable at x =1and x = -1

The function f(x) = x3-6x2+12x -4 ¥xeRis:

a. Increasing

b. Decreasing

c. Neither increasing nor decreasing
d. Bounded

If f is derivable on an interval +, then f(I) is
a. An interval only

b. Singleton only

c. Both interval and singleton

d. Either an interval or singleton

Let f be the function defined on R by

f(x):{xzsml/x » X #0 e .

0 , x=0
a. fisderivable Vx e R
b. fis not derivable Vx € R
c. f’is continuous atx =0
d. None of these
If f and g are continuous and differentiable with
f(x) = g’(x) on (a,b) then :
a. f'(x)# g’(x) Vx e(a,b)
b. f(x)=g(x) Vx € (a,b)
c. fand g differ only by a constant
d. None of these
If f/(x) # 0 ¥x €(a,b) then the sign of f'(x) is
a. Positive only
b. Negative only
c. Retains the same sign

d. Positive and negative both

18.

19.

21.

22.

23.

24.

25.
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If f’(c) > Othen f(c)is :

a. Negative

b. Positive

c. May be positive or negative
d. None of these

If f(a) > Othen for 6> 0:

a. f(x)> fla) Vx ela, a+9)
b. f(x)> fla) ¥x € (b—38,b)
c. f(x)< f(b) ¥x e (b—8,b)
d. f(x)> f(a) ¥x e(a,b)

The function f(x)
a. Not monotonic
b. Differentiable ¥x € R

c. Strictly decreasing function

=x |x]is:

d. Differentiable ¥x € R except at x =0

If f(x) = x? ¥x € Qand f(x) = 0 otherwise then :
a. fis differentiable at x = 0
b. fis differentiable at x =1

f is continue but not differentiable at x = 0

e o

None of these
If f is derivable on [a,b], f(a) = f(b) =
f"(a).f'(b) > Othen 3 c €(a,b) such that :

a. flc=0 b. f(c)>0

c. flc)<O d. flc) =

If f(x) is continuous at a point then at that point
f(x)is :

a. Differentiable

b. Not differentiable

c. May be differentiable or not differentiable
d. None of these

If f/(b) > Othen for§> 0:

a. f(x)> f(b) ¥x e (b-3, b)

b. f(x)< f(b) ¥x € (b—28,b)

c. flx)> f(b) ¥x € (a,b)

d. flx)< f(b) ¥x € (a,b)

The function f(x)= —2x3 —ax?
increasing function in :
a. (-2-1)

c. (-L2

0 and

-12x+1 is an



26.

27.

28.

29.

30.

31.

32.

33.

34.
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If f(x) an increasing function then :

a. fx)>0 b. f(x)>0

c. flx)=0 d. f(x)>0
The function f(x) = |x|3 ¥ x € R, then at x =0 f(x)
is:

a. Continuous but not differentiable
b. Twice differentiable

c. Thrice differentiable

d. None of these

If /(x) < Othen f(x) is :

a. Decreasing function

b. Increasing function

c. Oscillatory function

d. Bounded function
The function f(x) = e* ¥x e Ris :

Strictly decreasing

a
b. Strictly increasing

c. Bounded

d. Oscillatory

If f(x) = {a +sin”! be+b) x=1 is differentiable at
x x <

x =1then:

a. a=-1,b=-1 b.a=1b=-1

c. a=1b=1 d. None of these

If f(x) =|x]|is defined on [-2, 2] then the point at

which f is differentiable are :

a. 01 b.-1,01

c. 0,12 d. None of these

The function f(x)=2x3-15x%+36x+1 s
decreasing in :

a. (2,3) b. (—, 2)

c. (3 ) d. None of these

f(x) = |x + 2|is not differentiable at :

a. x=0 b.x=2

c. x=-2 d.x=-1

If f is an increasing function then :
a. fisdecreasing b.—f is increasing

c. fis constant d. —f is constant

35.

36.

37.

38.

39.

40.

41.

42.

If f:R— R be define by f(x)=2x%+3x+4 if
x€]—-oo,1[ and f(x)=px+9-x if xe[l, [ is
differentiable on R then p must be :

a. 7 b.5

c. 3 d.1

The function f(x) is strictly decreasing on R if
x,yeR:

a. x<y = fly

(v) < flx)
b. x<y = f(y) = flx)
(V) < flx)
( )

c. x<y = fly< flx

d. x<y = flx)< fly

The function f(x)=2x2-15x2+36x+1 is
increasing in :

a. [0,1]U[2 [ b.]— o0, 1] U[2, oo

c. [-e=,21U[3 e[ d.None of these

The derivative of the function f(x) = x2nlis.

a. Constant function b. Even function

c.  Odd function d. None of these

If f is increasing function on R then for x,y € R we
have :

a. x>y = f(x)= f(y)

b. x<y = f(x)=fly

c. x<y = fx)> f(y)

d. None of these

The derivative of the function f(x) = sinnx is :

b. Odd function

c. Constant function d. None of these

a. Even function

Which of the following statement is not true :

a. Every differentiable function is continuous

b. Every constant function is differentiable

c. If f/(x) = Oat each point in (a,b) then f(x) = ¢

d. If f is differentiable in [a,b] and f(a), f'(b) have
opposite signs then there exist no any point
c €(a,b) such that f/(c) =0

If f(a) = f(b) then between aand b f(x) is :

a. Maximum

b. Minimum

Maximum or minimum

a0

Neither maximum nor minimum
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43.

44.

45.

46.

47.

48.

49.

Which of the following is not true ? 50.

a. The polynomial function is differentiable

b. If f.g is differentiable at ¢ € D then f is also
differentiable at ¢

c. If f/(x) # f'(b) for differentiable function f then
f'(x) takes all values between f’(a) and f’(b) at

least once in (a, b)

d. The identity function is differentiable function 51.

If f(x) = x tan"1 (1) x#0 and £(0)=0 then the
X

value of f(0+ Q) is :

a. I b. T
2

c. 1 d. 0 59,

If f(x) = x2 sin(l), x # 0and f(0) = Othen :
X

a. fis differentiable at x = 0

b. f10+0=0
c. f10-0=0
d. All the above
If f(x) = x" then : 53.
a. f(x) is not differentiable at x = 0
b. f(0+0 = f(0-0)
c. f(x)is differentiable at x = 0
d. None of these
If f and g are differentiable function (a,b) and
f(x) = g’(x) ¥x €(a,b) then :
a. flx)=cglx) b. flx) =glx)/ o4.

c. flx)=glx)+c d. None of these

If |y|= 2y — x then for negative value of y, % is :
x
a. 2 b.3
1 1
c. = -
2 3

If f(x) = xa

differentiable at x = Owhen :

a. a<l b,agl
2 2
c aZl d.a>l
2 2

cosL. x #0and £(0) = 0 then f(x) is 55-
X

H-5

If f(x) is differentiable in [a,b] and f(a) = f(b) =0
then :

a. f(x)=0 V¥x €la,b]

b. f(x)=0 ¥xela,b[

c. fllx)=0¥xelab|

d. f’(x) = Ofor some x €]a,b[

If £(0) = Oand f”(x) > 0 Vx €(0,00) then I i :
X

a. Decreasing in (0,c0)

b. Increasing in (0, =)

c. Oscillatory

d. None of these

If f(x + v) = f(x).f(v) ¥x € Rand f(x) is continuous
at x = Othen f(x) is :

a. Differentiable at x = 0

b. Not differentiable at x = 0

c. Differentiable for all x € R

d. None of these

If f"(a).f"(b) < Oand f(x) is differentiable in [a, b] then
there exists at least one point ¢ €(a,b) such that
f’(c) = 0, then c is called a point of :

a. Minima
b. Maxima
c. Either minima or maxima

d. None of these

The function f(x) = tanx on (_—;,g) is :

[Kanpur 2018]
a. Continuous
b. Bounded
c. Continuous are bounded
d. Discontinuous
If f(x) =0 Vx e (a,b) then fis :
Constant

a
b. Strictly increasing

o

Strictly decreasing

o

None of these
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x|

56. The function f(x) = { whenx #0 ..

57.

a.
b.
c.
d.

If f(x) is continuous in [a, b] then it is bounded in that ().

X
1whenx =0

[Kanpur 2018]
Removable discontinuity at x = 0
Discontinuity of first kind at x = 0
Discontinuity of second kind at x = 0

Discontinuous at x = 0

interval is called :

a.
b.

C.

Reimann theorem
Rolle’s theorem
Lagrange’s theorem

Boundedness theorem

58.

59.

If f is continuous in [a,b] and f(a). f(b) < Othen for at

least one point ¢ €[a,b] : [Kanpur 2018]
a. fla)=flc)=f(b) b.flc)=0
c. fle)=0 d. All the above

If f(x)= xt —62x% 4 px + 9 attains its maximum

value at x = 1in [0, 2] then p is equal to :

a. 100 b. 62
c. 120 d. 130
2 .
The function f(x)= x“+3x+aifx<1
bx+ 2 if x>1

differentiable at x = 1then the value ofaand b are :
[Kanpur 2019]

a. a=2b=3 b.a=5b=3

c. a=-3b=-5 d.a=3b=5
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ANSWERS

MULTIPLE CHOICE QUESTIONS

1. (@ 2 (b)) 3. (a3 4 (d 5 (a) 6.

11. (¢) 12. (d) 13. (a) 14. (d) 15. (a) 16.
21. (a) 22. (a) 23. (c) 24. (b) 25. (a) 26.
31. (d) 32. (a) 33. (c) 34. (a) 35. (a) 36.
41. (d) 42. (c) 43. (b) 44. (b) 45. (d) 46.
51. (b) 52. (a) 53. (c) 54. (a) 55. (a) 56.

(b) 7. (c) 8. (b) o. (c) 10.
(c) 17. (c) 18. (c) 19. (a) 20.
(@) 27. (b) 28. (a) 29. (b) 30.
(c) 37. (c) 38. (b) 39. (a) 40.

(c) 47. (c) 48. (d) 49. (a) 50.
(b) 57. (d) 58. (b) 59. (c) 60.

HINTS AND SOLUTIONS

1. flx)=|xlatx =0
f(0+ 0) = lim f(0+ h)
h—0
= lim |h|=0
h—0
f(0-0 = lim f(0-H
- i11i—I>nO |_h| =0 9.
fO=0
f(0+0 = f(0-0 = fla)
So, f(x) is continuous at x = 0
10+ 0 = lim O+ R =fO
h—0 h
= lim h-0_ 1
h>0 h
£10-0) = lim {O=P =10
h—0 “h
h—-0_

=lim—— =1
h—0 —h

Since,

f(0+0) = f(0-0

So, f(x) is not differentiable at x = 0. 12.

6. flx)=|x|-1V¥xeR
So, flo=-1

Rf’(O) = lim f(0+ h) - f(o)

h—0 h

I |h|-1+1
= lim*~—"_ - =

h—0 h
_hog

h

2
Here f(x):{x +3x+a , x<1

bx + 2 , o x>1

is differentiable at x = 1so

fA+0=f1-0

Now f(1+0)=b
and f1-0=2+3=5
So, b=5

Also f(x) is continue at x =1

So f1+0=£1-0

or b+2=4+a = b-a=2
or a=b-2=5-2=3
A a=3b=5
fix)=|x-1|+ |[x+1| ¥xeR

-2x x<-1
or flx)={4+2 -1<x<1

2x x>1

(a)
(b)
(b)
(@)
(d)
(d)
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o f(1+0) = lim/tA-SO
h—0 h
i 204 R -2
h—0 h
F+0) =2
Similarly, f(1-0=0

Since, f1+0) = f(1-0)
So, f is not differentiable at x = 1.

Now at x = -1

fi-14 0 = fim SELH A =D
h—0 h
- lim +2-2
=0 h
f-1+0=0

Similarly  f(~1-0) = -2
Since, f(~1+ 0) # f/(-1—0)

So, f is not differentiable at x = —1.

Given that
fix)=x3—6x2+12x—4 VxeR
then Fx) = 3x% —12x + 12
=3(x%—4x + 4
=3(x-2%VxeR

Thus, f’(x)> 0 when x # 2 and f'(2) = 0. Consider
[c,2],ce R then f is continuous in [c, 2] and
f'(x1)> 0 forallx € ]c,2[. So f is strictly increasing in
[c, 2[ similarly f is strictly increasing in [2, d] : d € R.

xx=x2 x>0

ﬂﬂ=XMF{ 5

x(=x)=-x* x<0

f(0+h - £(0)
h
i h2 -0
= lm
h—»0 h

"0—0 = 1im J(O—h-f0
rio-0-pn JO=1

f(0+ 0 = lim
h—0

=0

i k-0 _
= lim =
h-0 —h

f(0+0=f1(0-0
So, f(x) is differentiable at x = Oi.e. Vx € R.

0

25.

27.

30.

32.

flx) = —2x3 —9x? -12x + 1
Fx) = —6x% —18x —12
=-6(x®+3x+2)
or flx)=-6(x+2)(x+1)
Here f'(x) > O only when x (-2, — 1)
So, f(x) increasing function.

x3 if x>0

flx) = |x|3: -3 if x<0
0 if x=0
32 if x>0
fx)=1-3x% if x<0
0 if x=0
ox if x>0
and fx)=4-6x if x<O
0 if x=0
6 if x>0
and f"x)=4-6 if x<0
0 if x=0

So, f(x) is twice differentiable at origin but not trice
differentiable.

f(x) = {a+ sin"l(x+ b) xzi and f(x) is :
<

x x <

differentiable i.e. continues at x = 1so
a+sin(1+b) =1

due to continuity at x =1

and 1 =1

1-(1+b)?

due to differentiability at x =1
So, J1+(1+h? =1

= 1-(1+bh2 =1

= b=-1

and by first equation a = 1.

flx) = 2x3 —15x2 + 36x + 1

fx) = 6x% — 30x + 36
= 6(x% - 5x + 6)
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35.

37.

44.

or fx)=6(x-2)(x-23
Thus, f(x) is decreasing when f’(x)< 0 i.e. when

x €(23).

flx) = 2x2 + 3x + 4 Vx €] = oo, [

and flx) =px+9—-k V¥x €]l o[

and f is differentiable on Ri.e. at x =1so
LHD=RHDatx=1

ie., 41+3=p = p=7

Flx) = 2x3 —19x% + 36x + 1

then £/(x) = 6x2 - 30x + 36
=6(x-2)(x -3
So, f(x)> Ofor x < 2,

fx)<Ofor2<x<3
f(x)>Oforx>3
f(x) = O0forx = 2and 3

48.
Hence, f’(x) is positive in ] — oo, 2[ and ]3, [ and
negative in ]23[. This f is monotonically increasing
in]— o, 2[ and ] 3,o<[ and monotonically decreasing
in]23[
_1(1
£(x) = xtan (7)
X
x#0and f(0)=0
. , . f(0+ h) - f(Q)
Since, f1(0+0) = lim 0P =f0
ince, £(0+0)= lim FO0 54.
_ o = £O
h—0 h
htan™! (l) -0
= lim h
h—0 h
= lim tan! (l)
h—0 h
-1 T
= tan o0) = =
(=) 5

x#20 and f(0)=0

£10+ 0 = lim 1O+ =10
0 h

_ i S0 = (0
h—0 h

h? sin (l) -0
h—0 h
. (1
=lim h sm(f) =0
h—0 h
#0-0 — tim 0= - £(0
h—0 —h

i JER =510
h—0 —h

h? sin (_—1) -0
= lim 7]’]

h—0 —h

=lim-h sin(_—l) =0
h—0 h

Since, f1(0+0) = f(0-0)

So, f(x) is differentiable at x = 0.
Given that |y|=2y—x
Ify>O0then|y|=y

ie. y=20-x = y=x

If y< Othen |y|=-y

ie. —Yy=20—-x = _X
v Y v 3
So when y < O,ﬂ:l
dx 3
Given that

x) =tanx V¥x e j,ﬁ)
£x) (2 :
Letae (j,ﬁ) then

2 2

fla+ 0) = lim f(a+ h)
h—0
= lim tan(a+ h) = tana
h—0
-0)=1 —h
fla-0) Jim, fla-h)
= lim tan(a—h) = tana

h—0

Thus, f(a+0) = f(a—0)=tana

i.e., f(x)is continuous at x = a e(;;,g) But a is

arbitrary so f(x) is continuous in whole interval

53)
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Atx =0

Thus,

f(0+0) = }Eimo fl0+h =1
f(0-0) = lim f(0—h =-1
h—0

f(0+ 0 # f(0-0)

So, f(x) is discontinuity at x = 0. Also f(x) has

discontinuity of first kind at x = 0.

flx) = x* —62x% + px + 9

then fx) = 4x3 -124x + p
or f)=4-124+p=0
= p =120

000
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The Riemann Integral

INTRODUCTION

The German mathematician G.F.B Riemann gave the
first rigorous arithmetic treatment of definite integral
which is free from geometrical concepts. It covered
only bounded functions. After that Cauchy extended
this definition to unbounded functions. Later that
Lebesgue introduced the integral on a firm foundation
with many refinements and generalisations.

PARTITIONS AND RIEMANN SUMS

1.

Partition : If I = [q, b]is a closed and bounded
interval in R, then by a partition of I we mean a
finite set of real numbers P = {x, X1, X92,...X,}
such thata=xg<xy<x9<...<x,=b

The closed sub-intervals

Il = [Xo,Xl], 12 = [Xl,Xz], In = [xn_l,xn]
determined by P constitute the segments of the
partition.
The length of the segment [x,_1, x,] is defined
by Ax, =x, —x,_1forr=1,2,...,n
The norm of a partition P is the greatest of the
lengths of the segments of a partition P and it is
denoted by || p|| i.e.,

|| pl|= max.(Ax,:r=1,2, ...n)

Refinement : The partition P* is called a
refinement of another partition P or P* is finer
than Piff P* o P, i.e. every point of P is used in

the construction of P*.

P* is called the common refinement of two
partitions P; and Py if P = Py u Py

Lower and upper Riemann sums

Let f be a bounded function defined on a
bounded interval [a, b] and

P ={a=xq,x1,%9,..., X, = b}

be any partition of [a, b]. Also let M, and m, be

the supremum and infimum of the function f or
I, =[x,_1,x]Jforr=1,2 ..

M, = sup {f(x):x

and m, =inf{f(x):x,_1<x<x,}

,n then

X 1<X<X}

Then the sums U(P, f) = ZM Ax,
r=1

and L(P, f) = Zm Ax, are called the upper
r=1

Riemann sum (upper Darboux sum) and Lower

Riemann sum (lower Darboux sum) of f on

[a, b] respectively.

Results :
1. L(P,f)<UP,J)
2. Let f be a bounded function defined on [a, b]

and letm and M be the infimum and supremum
of f(x)in[a, b]. Then for any partition P of [a, b]

m(b—a)<L(P,f)<U(P,f)<M(b- a)
If f :[a, b] > R is bounded function then
U(P,-f)=-L(P,f)
and L(P,—f)=-U(P,f)
Let f be a bounded function defined on [a, b]
and let P be a partition of [a,b]. If P* is a
refinement of P, then
L(P*, f)> L(P, f)
and U(P™,f)<U(P,f)
If p; and py be any two partitions of [a, b]then
U(P, f)= L(Py, f)
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6. Let f and g be bounded functions defined on
[a, b] and let P be any partition of [a, b] then

L(P,f+g)2L(P, f)+L(P,g)

and UP,f+g)<UP,f)+UP,g)

UPPER AND LOWER RIEMANN INTEGRALS
Let f be a real valued bounded function defined on
[a, b] then

1. The upper Riemann integral (upper R-integral)
of f over [a, b] is the infimum of U(P, t) over all
partitions PePla,b] and denoted by

ja‘b flx) dx.

Thus, ja‘b fx)dx = inf {U(P, f): P is partition
of [a, b]}

2. The lower Riemann integral (lower R-integral)
of f over [a, b] is the supremum of L(P, f) over
all partitions P e Pla,b] and denoted by

| :f(x)dx.

Thus, J:f(x) dx =sup {L(P, f): P is a partition
of [a, b]}.

Results :

Lo 7 ftddes [ flx)dx

2. [Pen=-]"fand [ -f=-["
3. Darboux Theorem :

Let f be a bounded function defined on [a, b].
Then to every £> 0 there corresponds 6> 0
such that

UP, f)< ja‘bf +eand LP, f)> j_baf _e

for all partitions P with || P||< 8.
4. If f be bounded on [a, b] and P is a partition of
[a, b] then

, b
AP =L

and

, b
AP0l

R-INTEGRABILITY

Let f be a bounded function defined on the bounded
interval [a, b], then f is called Riemann integrable
(R-integrable) on [a, b] iff

[Lr=1"7

Their common value is called the R-integrable of f on
[a, b] and denoted by j:f .

The class of all Riemann integrable functions on [a, b]
is denoted by R [a, b]. The numbers a and b are called
the lower and upper limits of integration.
Second definition of R-integral
A function f defined on [q, b] is said to be R-integrable
over [a, b] iff for energy € > 0, 36> 0 and a number I
such that for every partition

P ={a=xq,x1,X9,....X, = b}
with || P|| < & and for every choice of &, € [x,_1, X,

n

N fENx, —x,_) - T|<e

r=1

and [ is said to be R-integral of f over [a, b] i.e.,

I= j:f(x) dx

Results :
1. Every constant function is R-integrable.
2. Existence of R-integral.

A necessary and sufficient condition for
R-integrability of a bounded function
f :la, b] = R over [a, b] is that for every €> 0,
there exists a partition P of [a, b] such that for P
and all its refinements.

O<U(P, f)-L(P, f<e
If f is continuous on [a, b] then, f € R|a, b].
4. If f is monotonic on [a, b], then f € R]a, b].

w

5. If the set of points of discontinuity of a bounded
function f defined on [a, b] is finite then
f e R]la, b].

6. If the set of points of discontinuity of a bounded

function f defined on [a, b] has only a finite
number of limit points then f € R|[a, b].
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ALGEBRAIC PROPERTIES OF THE R-INTEGRAL

1.

Let f : [a, b] —» R be an R-integrable function on
[a, b]. If k is any constant in R, then kf is also
R-integrable and

Jo =k J.1

If f and g are R-integrable functions on [a, b]
then the function f + g is also R-integrable in
[a, b] and

J 0= 1[0

If f,g are R-integrable on [a, b] and k1,ky are
any two constants, then the functionk + kog is
also R-integrable on [a, b] and

[esf +kag) =k f +ko[ g

Let I =[a,bland f : ] — Rbe R-integrable onI.
If f(x)>0 ¥ xelthen

el

Let f g :I - R be R-integrable on I.
If f(x ) ¥ x e, then

JafZLQ

Let f : 1 — R be R-integrable on I = [a, b].
Ifm< f(x)<M ¥xel, then

m(b-a)sj:fsu(b—a)

Let f : 1 —» R be R-integrable on I = [a, b].

If a< c< b, then f is R-integrable on [a, c] and

[c, bl and
Jof =Jof + 02t

If f is R-integrable on I = [a, b], then | | is also
5

R-integrable on [a, b] and

<J21

If f is an R-integrable function on [a, b], then f 2
is also R-integrable on [a, b].

I-3

10. If f and g are R-integrable functions on [a, b]
then fg is also R-integrable on [a, b].

[a,b] and

then f/g is

11. If f,g are R-integrable on
|g(x) |2k, k>0, ¥xela,b]
R-integrable on [a, b].

FUNDAMENTAL AND MEAN VALUE THEOREM
OF INTEGRAL CALCULUS
1. Fundamental theorem of integral calculus

If f is bounded and Riemann integrable on [a, b]
and if there is a differential function F on [a, b]
such that F” = f, then

[[/ fix) dx = F(b) - Fla)

2. First mean value theorem

If f € R|a, b], then there exists a number it lying
between the bounds mand M of f on [a, b] such

b
that ja f(x)dx =u(b-a)
Moreover if first continuous on [a, b], then
[ fec)dx = (b~ a) flc), a<c<b

3. Second mean value theorem

If f,ge Rl[a,b]and g(x)>0or< 0,V x € [a, b],
then there exists a number in with m<pu <M
such that

Jf x)dx = MJ X,

where m, M are the bounds of f on [a, b].

b

If f,geR]la,b],f is continuous on [a, b] and
g(x)=0 or <0, ¥ x € [a, b], then there exists a
point ¢ € [a, b) such that

[/ Fx) gte) dx = f(clf ) dx

Bonnet’s mean value theorem
Let ge R[a,b] and f be monotonic and
non-negative on [a, b]. Then for some & or
n e [a, b].

<

[/ fx) gty dx = f(a)]” glx) dx
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or jf x)dx = f(b )jbg(x)dx

according as f is monotonically non-increasing
or non-decreasing on [a, b].

6.

Letg € R[a, bland f is bounded and monotonic

on [a, b] then
jfg f(a) jg+f j

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction

: Each of the following questions has four

alternative answers. One of them is correct. Choose the

correct answer.

1.

The partition P* is the refinement of another

partition P iff :
a. PPcP b.P* o> P
c. PP=P d. None of these

If f is bounded and P be any partition of [a, b] with P*

is the refinement of p then : [Meerut 2017]

a. U(P*.f)=U(P.f) b.UP".f)2U(P.f)
c. UP*.f)<UP,f) d.LPP*.f)<L(P,f)

If f : [a,b] = R is a bounded function then :
a. U(P~f)=L(P,f)

b. U(P,f) = -L(P,f)

c. U(P~f)=LP-f)
d. U(P~f)=-L(P,f)
If Ax, is the length of the segment. [x,_1,x,] then the
norm of partition P i.e. ||P||is defined as :

a. max{Ax,:r=12..n}

b. min.{Ax,;r=12..n}

c. {Ax,:r=12..n

d. Both (a) and (b)

If f is bounded function and P be any partition of
[a,b] then :

a. U(P,f)zLP.f) b.U(P,f)=LP,f)

c. UP,fy<LP,f) d.UP,f)=-LP,f)

Which of the following is true :
Lozl e =g
j_‘: fz j_‘: f d. None of these

7.

10.

11.

If fis bounded and P is a partition of [a,b] then

lim L(P,f)is:
HPH—>([)) ,
I b [
IR d.-]1

P* is common refinement of two partitions P; and P,

if

a. P"=P+P, b.P* =P, NP,

c. PP=PUP, d.P*=P -P,

sup {L(P, f) : P is a partition of [a,b]} is defined by :
[[fdx b[° fdx
Ja_bf dx d. None of these

b
The statement thatj f exists indicate that f is :
a

a. Bounded only
b. Integrable only
c. May be bounded or integrable
d. Bounded and integrable both
If f is bounded and P be the partition of [a, b] then for
supremum M and infimum m the form result is :
a. mb—a)=M(b-a)
b. m(b—a) < M(b-aq)
c. mb-—a =M(b-a)
d. None of these
If f is defined on [a,b] by f(x)
is constant then :
a. feRlab]
b. f #Rlab]
f may or may not be R integrable
d. None of these

=k ¥x €[a,b] where k
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13.

14.

15.

16.

17.

18.

19.

20.

The oscillatory sum (P, f) of a bounded function

over a partition p is defined by :

a. iu,Ax, b. zn:urAx,
r=1 r=0
c. UPf)+LPf) d.UPf)-LP,f)

If f is bounded over [, b] then for € > Othere exists a
8> Oover all partitions P with ||P||< & such that :

a. L(P,f)> j_baf-e b. L(P,f)> '[;bf—e
c. L(P,f) <'[_ba f—¢ d. None of these

If f is bounded and P* is the refinement of P which is
a partition of [a, b] then : [Meerut 2017]
a. L(P,f)<L(P",f) b.L(P,f)=LP"f)

c. L(P,f)y=L(P",f) d.None of these

If f : [a,b] = R is a bounded function then :

a. L(A -f)=-L(Pf)b. L(P,-f) = -U(P,f)

c. LP-f)=U(P.f) d.L(Pf)=-UP,f)

If f is bounded on [a,b] and P is a partition of [a, b],
then| lim U(P,f)is equal to :

|pll—0
a J:f b. J.—ba f
o I a-f's

If f :[a,b] — R is bounded then f is R-integrable on
[a,b] iff for every £> O there is a partition P of [a, b]
such that U(P, f) — L(P,f) is :

b. Less then €

d. None of these

a. Equaltoe

c. Greater then ¢

If f is bounded then for € > 0 there exists 8 > 0 over
all partitions P with ||P|| < & such that :

a. UP,f)> I;bf+ e b. L(P,f) < -[_baf—e

¢ UPA<["fredUPn<[ fre

If f € Rla,b] and F is primitive of f on [a,b] then
([ fx)dx = (b~ Fla

This is called : [Kanpur 2018]

a. Fundamental theorem of integral calculus

b. First mean value theorem

21.

22.

23.

24,

25.

26.

27.

c. Second mean value theorem

d. None of these

If P, and P, be any two partitions of [a,b] then :
[Meerut 2017]

a. UP,f)<L(Pyf) b.U(P,f)=L(P,,f)

c. UP,f)=LPyf) d.U(Pyf)<LP,f)

Which of the following statement is wrong :

a. UP,f+g) <UP,f)+U(P,qg)

b. L(P,f+g)=L(P,f)+ L(P,g)

UP,f+g)zU(P,fl+U(P,g)

L(P,f + g) < L(P*,f) <U(P*,f) <U(P, f) where

P* is the refinement of P

a o

2
I fe) =] XFX X ismational i c(g9) then
x“+ x°, x is irrational
-2 .
JO flx)dx is:
a. 53 b. 73
12 12
C. 83 d. 7
12 12
The oscillatory sum for the function f on the interval
[a,b]is :
n n
a. Y u,Ax, b. Y m, Ax,
1 1
n n
¢ Z(“r_mr)Axr d'Z(Mr_ur)Axr
1 1

A bounded function f is integrable on [a,b] iff for

each € > (0, there exists a partition p of [a, b] such that:
[Kanpur 2018]

a. UP,f)-L(P,f)>eb.UP,f)—L(P,f)=¢

c. U(P,f)-L(P,f) < ed. None of these

If f is defined on [a,b) by f(x) =2 V¥x € [a,b] then

over[a,b] fis:

a. R-integrable b. Not R-integrable

c. Not bounded

If {U(P,f) : P is a partition of [a,b] } is equal to :

a [ fd b [ fa

d. Not continuous

b
c. J fdx d. None of these
a



28.

29.

30.

31.

32.

33.

34.

35.
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Which of the following is wrong :
Len=-f, o 1=
I NI

A bounded function f is R-integrable on [q,b] if :
-b b

a. J. f exists only  b. j f exists only
a —a

-b b
o 1=1.1
If f is R-integrable on [a, b] then :
[PF x| >["|fldxb. | [ Fax|=
a a a

d. J:bf ¢.[—ba f

~1flax

b
‘J Fdx <|f|dx
a

sjf|f|dxd.‘j:Fdx

If f is defined on [0,1] by f(x)=x then
J._lo f(x) dx is equal to :
a. 0 b. 1

c. d. None exist

N+

The sup {L(p, f)}, where P is a partition of [a, b]
is called : [Kanpur 2018]
a. Upper R-integrable

b. Lower R-integrable

c. R-integrable

d. None of these

If f is continuous on [a,b] then f is :
a. Differentiable on [a,b)

b. R-integrable on R

c. R-integrable on [a,b]

d. Not R-integrable on [a,b]

If P, and P, are two partitions of [a,b] and P; c P,

then : [Kanpur 2018]
a. [Pl IRl b [Pyl = [P
c. |P|=1Pyl d. |Py|2 |P|

If f is bounded on [a,b] and M be the
supremum of f(x
[a, b] which one is true :
a. UP,f)=pub-a
b.U(P,f) =u(a-b)
c. UP,flzub-ad
d.U(P,f)<u(b-a)

36.

39.

40.

41.

)in [a, b] then for partition P of 42.

2 .
I f(x) X+ xs, x is rational Vxe(02 then
x“+ x7, x is irrational
2 H .
J.Q f(x)dx is :
a. 7 b. 53
12 12
c. 83 d. None of these
12

If f is monotonic on [a,b] thenf is :
b. Continuous
d. Not R-integrable

a. R-integrable
c. Differentiable

For the function

fix) = {

1, x is rational J-
1, x is irrational” J0

b. -1
d. None of these

a. 1
c. O

The function f(x) = sinx over [O, g] is :

a. Bounded only

b. R-integrable only

c. Bounded and R-integrable both
d. None of these

If f is bounded on [q,b] and P is a partition of [a,b]
then :

5
o PN =[S
> ||131||r30UPf J I
© pmoH j f

d. None of these

If f:[a,b)— R is a bounded function and P is a
partition of (a,b) then which one of the following is

correct :
a. L(P,fy<U(P,f) b.L(P~f)=-U(P,f)
c. U(P~f)=-L(P,f) d. All the above

The oscillation of a bounded function f on an
interval [a, b] is :

[U(P,f) = L(P,f) |

b. sup{|U(P,f)-L(P,f) [}

inf { |U(P, f) - L(P,f) [}

d. None of these

o

e
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43.  The function f(x) defined by f(x) = x ¥x €[0,1]is: 50. If f be function defined on [0,1] by

a. Discontinuous b. Unbounded () = {0, x is irrational then ﬁo fis equal to :

c. R-integrable d. Not a R-integrable 1, x is rational
44,  The function f defined on [0,1] by : a. 0 b.1
0, x is irrational c. 1 d. Does not exist
flx) = o 2
1, x is rational
T 51.  If f(x) = x ¥x €[0, 1] is R-integrable then U(P, f) and
is not R-integrable over [0,1] then '[0 f(x)dx is equal L(P, f) are respectively given by :
n+1 n-1 n-1n+1
to: a. , b. ,
n n n n
a. 0 b.1 n+1 n-1 d n-1n+1
c. % d. Does not exist 2n " 2n 2n " 2n

1 x is rational 52. If the set of points of discontinuity of a bounded
45.  For the function f(x)= x {S 1.'a 1o.na ,L(P,f) function f defined on [a, b] has only a finite number
-1 x is irrational

of limit points then f is :

over the interval [0,1] is : [Meerut 2018] a. R-integrable

a. 1 b. -1 b. Not R-integrable

c. 0 d. None of these c. May or may not be R-integrable
46. If the set of points of discontinuity of a bounded d. None of these

function f defined on [a, b] is finite then f is : 53.  If f is R-integrable w.r.t. o on [a,b] then :

a. R-integrable a. fand o are bounded

b. Not R-integrable b
c. May or may not be R-integrable

f and a are increasing

c. fisincreasing and o is bounded
d. None of these d

47. If f e R[a,b) and f(x)> 0V¥x €[a,b] then for b> q,

None of these

54. If f(x) =x over [0,3) and P = {0, 1, 3, 4} be the its

J:f(x) dx is : partition then U(P, f) is :
a. =0 b.20 a © b3
c. £0 d. Does not exist ¢ 0 d. None of these
1 when x is rational 55.  Let f be continuous on [a, b] such that
48. If f(x)= then : x
{—1 when x is irrational flx) = L f(t)dt ¥x € [a,b] then :
a. fand|f|both R-integrable a. F(x) = f(x) ¥x e [a,b]
b. f is R-integrable b. F’'(x) = f(x) ¥x e [a,b)]
c. |f|is R-integrable c. f(x) = f(x) ¥x elab]
d. None of these d. None of these

49. A necessary and sufficient condition for a bounded 56. The function f defined by f(x) = X3 V¥xe [0,a],
function f to be integrable over [a,b] is :

U(P,f)-L(P,f)< e a. Bounded on [0, d]
b. oP,f)<e b.

limw(P,f) = 0as||P||- 0 c. R-integrable on [0,d]
All the above d. All the above

a>0is:

p

Continuous on [0,d]

a o



57.

58.

59.

60.

61.

62.

63.
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2 . .
If £(x) = sinx over [0, g] then Jno/ fis equal to : 64. If f € R(a,b)then the function F defined on [a, b] by

a. 1 b. -1
d

c. O
2
b
lffeR[a,b]andm<;.1<Mforfthen.[ fisequalto:
a
a. (b—a)
c. wb-a)

b.(a—-b)
d.u(a-b)

The integral of integrable function is :
b. Differentiable
d. None of these

a. Continuous
c. Not integrable

If f is continuous on [a,b] such that
Fld) = [ f(t)dt Vx e [ab]
a

then over the interval [a,b) :
a. F(x)= f1x) b. F'(x) = f(x)
c. F(x)=f(x) d. None of these
The function f defined on [0,1] by
fx) = { 1, when x '%s 1.ratio.nal
-1, when x is irrational
then fis:
a. Bounded only
b. R-integrable only
c. Bounded but not R-integrable
d. Bounded and R-integrable

b
Ifb< athenJ' f= —Jsf provided f is :
a

a. Continuous

b. Differentiable

c. Limit exist at a and b both
d. R-integrable

If f(x)=x for x€[0,1] and P = {0,%%,1} be a
partition of then L(P, f) is : [Kanpur 2018]
a 2 p 1

3 3
o 1 a3

2 2

65.

66.

67.

68.

69.

Flx) = j;‘ ft)dt s :

a. Continuous on [a,b)
b. Differentiable on [a,b]
c. R-integrable on [a,b]
d. None of these

_ 1 1 1,
If f(x) = lwhen x # EandOwhenx = E‘[herl Jofls.

a 0 b L
2
c. 1 d. Does not exist

Consider the following statements :

(I) If f,g € Rla,b) then f # g € R[a,b]

(Il) If f,g € Rla,b) then f.g € R[a,b) then

a. landIl are true

b. lis true but Il is false

c. Ilistrue but 1 is false

d. None of these

If f is continuous on [a,b] then there exists a point

¢ ela,b) such that | ® ) dx =
a

a. (b—a)f(c) b.b—a
c. (b-a)flc) d. c[f(b) - f(a)]
If J: f(x)dx = @(b) — ¢(a), where ¢ be a differential

function on [a, b] such that
¢(x) = f(x) ¥x €[a,b]
then f must be :
a. Continuous only
b. R-integrable only

Either continuous or R-integrable

o

Q.

None of these
cosx, if x is rational

Function f(x)=< "~ er [ O, il
sinx, if x is irrational 4

is :

a. Continuous b. R-integrable

c. Not R-integrable d. None of these



The Riemann Integral

I-9
70. If f(x) = 2rx when il <x<)r=123.. over 77. Thefunction f(x) = x* over [0,1]is:
r+ r
[0,1] then f s : a. Continuous b. Differentiable
a. Continuous c. R-integrable d. All the above are true
. -n/2
b. R-integrable 78.  If f(x) = cosx V¥x e[o, E} then jo ™/ flx)dx is :
c. Continuous and R-integrable both 2
d. None of these a. 0 b. 1
71. If f,ge Rla,bland f > g thenfor b< a: c. ® d. -1
a [zl b ]rs i
a a a a 79. lf fe Rla,blandk € Rthenk.fis:
b b
C. J‘a f= J'a g d. None of these a. R-integrable
b. Not a R-integrable
2 . . -1
72, Iff(x) = JV1=x" xisrational 5, 10 1] then [ fis: .
e 0 c. May or may not be R-integrable
1-x x is irrational
1 d. None of these
a. = b. 1
2 80. If f,ge R[a,b] and f is continuous on [a,b] with
T b,
c. T d.Z aSchthenJ‘afg—
73.  If f e Rla,cland f € R[c,bl where ¢ €(,b) then over a. flo) Jfg b. g(c) I: f
[a,b] fis :
b
a. R-integrable c. c_[a fg d. None of these
b. Not a R-integrable 1
K 1 x#=
¢. May or may not be R-integrable 81 Iffx) = % over [0.1] then f s :
d. None of these 0 x=-"
2
74. If f e Rla,bl and |f(x)|< k V¥x €[a,b] then :
b a. Continuous b. Differentiable
a |[’f|<Ifb-fla)] ,
a c. R-integrable d. None of these
b. be <k|f(b) - f(d)| 82. If ge R[a,b] and f be bounded and monotonic on
a

[a,b] then for c €[a, b], beg =
a

e |[’f|<klb-al
a

b b
a. fla)f g b.gb)[ f
a a
d. None of these
c b c b
75. If f(x) = cosx when x is rationzl and sinx when x C. f(a)J.a g+ f(b)J.C gd f(C)[L g+ J.C 9]
irrational over [O, E] then J‘(;n/ fis: cosx x is rational
4 83. If flx)= { ) o and the interval
1 1 sinx x is irrational
a. 1-— b. 1+ —
2 V2 [0, g] be divided into nequal parts then M, is equal
1 1
c. —— d —
V2 V2 to:
76. If f(x) = x and g(x) = €* over [-1, 1] then : a. sin(r_l) T b. cos(r—l)ﬁ

a. feR[-11]only b.ge R[-11]only
¢ fgeRl-L1  d fgeR[-L1] c. cos(r—l)f d.sin(r-1)



84.

85.

86.

87.

88.

89.
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1

2n+1 and

If f(x)=— for —<x<tn-012..
2" 2n

f(0) = Oover [0,1] then f is :

a. Continuous

b. R-integrable

c. Continuous and R-integrable both

d. None of these

If [0,1] be divided into n subintervally for f(x) = x4
then for rth sub-interval M, is :

a L b. r-1
n n
S e
n* n*

If f and g are R-integrable on [a,b) and |g(x)

k>0 V¥x €la,b] theniis :
g

>k,

R-integrable
b. Not R-integrable
c. May or may not be R-integrable
d. None of these

If fx) = {Vl—xz x is rational

over [0,1] then

1-x x isirrational
1 . )
J.—O fis:
a * b. 1
4 2
c. m d. -1
2
I flx) = cosx X is rational ver 1071 then
~\sinx  x is irrational [ ’Z]
4
™/ f(x)dx is
-0
1 1
a. 1+ — b. —
2 V2
1 1
c. 1-— d -
7z 7z

If f(x) = x4 over [0,1] then _[ f )dx is equal :

a. b.1

c. d.

Bl= O

1
5

90.

91.

92.

93.

94.

95.

96.

If [O, g} be divided into nparts for f(x)cosx thenm,

is equal to :

a. cos™ b. cos T 1T
n n

c. cos™ d. cos(r —In
2n 2n

If f(x) =3x+1 Vx€[l, 2] then f is :

a. Continuous only b. Bounded only

c. R-integrab]e only d. All the above
1

If f(x) =——when——<x<=,n=123,....over
n+ 1 n+1 n
[0,1] and f(x) =1at x = Othen fis :
a. Continuous at x = 1
n
b. fis R-integrable
Continuous and R-integrable
d. None of these
If f(x)=x Vxe[0,1] and P = {0, 113 1} is a
424
partition of [0,1] then U(P, f) is
a. 3 b. 5
8 8
c. 7 d. 9
8 8
If f,g € R[a,b] then :
b b b
<
a [(f+a<[ f+] g
b b b
>
b (f+a=] f+] g
b b b
o [U+a=[f+] g
d. None of these
If f(x) is bounded on [a, b] then it is : [Kanpur 2018]
a. R-integrable
b. Not R-integrable
c. May or may not be R-integrable
d. None of these
Let f(x)= 1 when i<x<i r=123..
ar—l a -1’

where a is an integer greater then one over [0,1].

Consider the following statements :

(A) fis continuous at x = ir, r=123
a

(B) fis R-integrable
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97.

98.

99.

100.

101.

102.

a. Ais true only

b. Bis true only

c. Aand B both are true

d. Neither A nor B is true

The norm or the partition is defined as the length of
the segments of partition which is :

a. Maximum

b. Minimum

c. Either maximum or minimum

d. None of these

If f(x) =[x] the greatest integer function on [0,4]

4
then _[0 [x]dx is equal to : [Kanpur 2018]
a. 0 b.4
c. 6 d.8
n 1 1
If f(x) = when —— _<x<= n=12 3...over
n+1 n+1 n
1 .
[0,1] then jo flx)dx is :
1 1
a. b.yY —
2 Z(n+ 12
c. 2 1 d. None of these
(n+1)°
lff(x):%when%<x<%for r=123..

1
a>1land ais an integer then -[0 flx)dx is :

a 1 b.cz+1
a a

c. a d.a
a+1

If f(x) is bounded and integrable such that
£x) = [ f(x)dx then f(x)is :
a

a. Continuous on [a,b]

b. Continuous everywhere
c. Discontinuous on [a,b)
d. None of these

Abounded function f is R-integrable in [a, b] if the set  109.

of its points of discontinuity are :
b. Finite
d. None of these

a. Unique

c. Infinite

103.

104.

105.

106.

107.

108.
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The greatest integer function f(x) = [x] over [0,4] is :
a. R-integrable
b. Not R-integrable

c. May or may not be R-integrable
d. None of these
2 . .
It f(x) = x3 when x is rational on [0.2] then
x° when x is irrational
-2

Jo fbdx =
a. 31 b. 4l

12 12

49 05

12 12

If f : [a,b] = R be bounded such that f(x) > 0 for all
x €[a,b] then be :
a

b. Greater then zero
d. None of these

a. Equal to zero
c. Less then zero
If f(x) is R-integrable on [a, b) then f(x) is :
a. Bounded

b. Unbounded

c. May or may not be bounded

d. None of these
0 0sx<lt

If f(x) = 1 2is R-integrable on [0,1] then
1 5<x<1

1
.[0 fdx is equal to :

a. 0 b.

c. 1 d.

NIW N

Every constant function is :

a. R-integrable

b. Not R-integrable

c. Improper integral

d. Proper integral

The maximum of the length of the subintervals of a
partition P is called the :

b. Net

d. None of the

a. Norm

c. Dissection
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110. lfb f(x) =k ¥x €la,b] where k is constant then a. lis true only
Ja flx)dx is equal to : b. Ilis true only
a. 0 b. k c. land Il both are true
c. k(b—a) d.(b-aq) d. Tand Il both are false
111. If f,g € Rla,b) and |g(x) [2 k, k > O ¥x e[a,b] then f 116. Which one of the following is wrong :
g a. The functions f(x) = €, g(x) = x Vx € [-1,1]
IS hold Bonnet’s mean value theorem
a. Reintegrable b. If f is continuous in [a,b] such that c € [a,b]

b. Not R-integrable

b
c. May or may not be R-integrable then .[a fix)dx = f(c)(b—a)

d. None of these c. Every constant function is R-integrable
2 . . . . .
112, If flx) = xS x is rational on [0.2] then d. If the set of points of discontinuity of f on [a,b]
x° x is irrational is infinite then f € R [a,b]
2 117. Which of the following is true :
'[ f(x)dx =
-0 a. If a function is continuous in closed interval
a. @ b. ﬂ then it is bounded and uniformly continuous
12 12
31 b. Continuous function is not a R-integrable
c. = d. 0 e
0, tional -1
12 e I =]® x 1§ 1rra.1ona then J. ko
1, x is rational 0

113. Iff,g:[0,1] — R defined by

1 . 1

Z oifx=2= N
f(x)={n T

0 otherwise 118. Consider the statements :

2
d. Jn/ sinxdx =0
0

n

and gl = {8 N en W [[ftegda= | lm 3 is] si)an
a. fis R-integrable only (1) J_b £(x) = dx = glb {L(p, f)}
b. g is R-integrables only a
c. fand g both are R-integrable a. listrue
d. None of these b. Ilistrue
114. f(x)is called a primitive of F(x) for all x €[a,b] if : c. land Il both are true
a. F(x)= f(x) b. f(x) = F(x) d. None of these
c. F'(x)=f(x) d. F'(x) = f'(x) 119. Consider the statements :
115. Consider the following statements : (I)  Every R-integrable function on [a,b] is
(I) If f is continuous and non-negative on [a, b] b;)unded
then [ >0 M |° f=sup.Lip.f)

(I) If the set of points of discontinuity of a Lis true only

a
bounded function f defined on [a, b] has only a b. Ilis true only

finite number of limit points then f is [ and Il both are true

o

R-integrable :

o

None of these
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120.

121.

122.

123.

124.

Consider the following statements :

(I) If f € Rla,b] thenf? e R[a,b]

(I) If|f|e Rla,b] then f € R[a,b]

a. landll are true

b. listrue but Il is false

c. Ilistrue butlis false

d. land Il are false

If f,g € R[a,b) where g(x)> 0 or < 0Vx e[a,b] and
m<u <M then -[:fg is equal to :

b.uj':gdx

d. u(f(b) - f(a))

Which one of the following is true :

a. uJ':fdx

c. whb-a

a. If the function f is monotonic then it is
R-integrable

b. Every bounded function f is R-integrable in
[a,b]

c. If f € R[a,b] such that |f(x)|< k ¥x € [a,b] then

I

d. The integral of an integrable function is

2k|b—al

continuous
Which of the following is true ?

a. The function

flx) = V1-x? when x is rational
1-x  when x is irrational
over [0,1] is not R-integrable
b
b. If f e R[a,b] thenm(b—a) > J fz2ub-a
a
ifb>a
c. If f is bounded and R-integrable over [a,b] and
F is differentiable on [a,b] such that F" = f
then

[[ ) dx = (b - Fla

d. All the above are true
If f € R[a,b) then :

]2 1

f.1

a.

o |[1]= L1

c. d. None of these

< [71f]

125.

126.

127.

128

129.

130.

131.
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If g e R[a,b] and f be monotonic non-increasing

b
non-negative on [a, b] then for some ¢ €[a, b], ja fg =

a. fla’g b.gla)["f

NI d gt s

If I =[ab] and f:I - R be bounded such that
f(x) = Ofor all x € I then :

a. j:f=o b.j:fso

b
c. J f=0 d. None of these
a
If f:[a,b] > R is a bounded function such that

f(x) = Oexcept for x in {ky,ko,.....k,,} in [a, b] then be
a

is equal to :

a. ky+ky+..+k, b.b-a

c. 0 d.a-b

A bounded function f is R-integrable in [a, b], if the

set of its points of discontinuity is : [Meerut 2017]

b. Finite
d. None of these

a. ¢
c. Both (a) and (b)

0 wh
Let f(x) = whenx €@ be a function defined on
1 whenxeo

1 -1 .
[0,1] then the value of J_O fdx and J.o fdxis:
[Meerut 2017]
a. land1 b.0and 0
c. 1landO d.0Oand 1

If :[0, 1] —» R such that

is irrational
f(x) = 0 X IS TAHOnAL 4o - Meerut 2017)
1 x isrational

a. Upper an lower integral of f not exist
b. fis R-integrable
c. fis not R-integrable
d. None of these
Let f(x)=x(0<x<1) and P be the partition
(0, %%) of [0,1] then value of L(P, f) is :
[Meerut 2017]

Nl wind



132, If f(x) = cosx Vxe[O,g)then fis: Meerut 2017 139 [t f(x):{

133.

134.

135.

136.

137.

138.
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a. Integrable on |:O, g]

b. Not integrable on [O, g]

c. Noth (a) and (b)

d. None of these

If f € R[a,b], g € R[a,b] then :
a. fg ¢R[a,b]

b. fg e Rla,b]

c. (a)is true (b) is false

[Meerut 2017, 19]

d. None of these

Which is not true if P = P, WPy and f : [a,b] —» R :
[Meerut 2018]

b. L(P,f) <U(Py,f)

d. All of these

a. L(P,f)<U(P,f)
c. U(P,f)<L(P,f)
If f(x) = sinx V¥x e|:0, g], then L(p, f) is equal to :

[Meerut 2018]

a. i(tanﬂ—l) b,ﬂ(tanﬂ_l)
4 4 4

c. i(tani—l) d.i(cotﬂ—l)
4n nm 4n 4n
Which is not true if p* is refinement of p :

[Meerut 2018]

a. L(P*,f)<L(P,f)
b. U(P*,f)<U(P,f)
c. L(P*f)=L(P*, —f)
d. Both (a) and (c)
If P* is refinement of P then which is true :

[Meerut 2018]
b. L(P*,f) < L(P,f)
c. U(P* f)<U(P,f) d.Both (a)and (c)
If f:[a,b] - R is bounded function then —L(P, f) is

a. L(P*,f)=L(P,f)

equal to : [Meerut 2018]
a. -U(P,f) b.UP,-f)
c. L(-P,f) d. -L(-P,f)

140.

141.

142.

143.

144.

xeQ
if xeRQ

then U(P, f) is equal to :
/8m -2sin? X
8

"(a)
sin| —
8n
b. §n ~sin2§-cos(n_l)
sin(§) 11 8n
T

§n -sinzé» sinE

cos§/m 11 8
m/8n »2cos(n_1) LT

-sin—
sin (l) 8n
8n

If f(x) = x Vx €[0,1], then U(P, f) is equal to :

cosx if

sinx

and f—[O, E] >R,
4
[Meerut 2018]

a.

[Meerut 2018]
N 1 b N+ 1
2n 2n
o n +1 4. n- 1
n n
If f(x) = x? Vx [0, 1] then L(P, f) is equal to :
[Meerut 2018]
n(n+1)(2n+1) b n(n-1)(2n+1)
6n° 6n°
n(n-1)(2n-1) d n(n+1)(2n-1)
6n° 6n°
If P* refinement of P then : [Meerut 2014]

a. L(P,f,0)<L(P* f0)

b. UP" fa)<U(P,f,0)

c. Both (a) and (b)

d. None of these

Let f(x) = sinx for x €[0, 7/ 2] then value of U(P, f)

is [Meerut 2014]
a. i(cot£+ 1) b. l(l—cotﬂ)
4n 4n 4n 4n
c. ﬂ(cosi) d. l(cotl—l)
b 4n 4n 4n
Let f(x) = x.x €[0,1] and P = {o, 113 1} is any
424
partition of [0, 1] then value of L(P, f) is :
[Meerut 2014]
a. 5/8 b. 3/8
c. 4/8 d. 1/8
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145.

146.

147.

148.

149.

150.

If f is continuous in [a, b] then there is a ¢ €[a, b] such

that : [Meerut 2014]
[Jfx)de=f10) b [ fddx = fe)b-a
[[fx)de =) d. [ fix)dx = fe)b-a)

Let f:[a,b] > R be bounded function. If P is a

partition of [a,b] and if Q is refinement of P then :
[Meerut 2014]

UQf)zU(P.f)

UQf)<U(P.f)

c. LQf)zLP.f),UQS)<U(P.f)

d. LQf)>L(P.f),UQf) =U(P.f)

Let f :[a,b] = R be bounded function. Then for all

partitions P over [a,b] with ||P||< 8 and every €> 0
[Meerut 2014]

L(Q.f)= L(P,f),

(
b. L(Qf) < L(P.f),
(
(

there correspond 6 > O such that :

a. UP.f)< J'ffdx+ e
b. UP.f)> j:fdx—g

c. Both (a) and (b)
d. None of above

f is defined as

0 when x is irrational
flx) = L
1 when x is rational

an [a, b] then value of L(P, f) & U(P, f) are :
[Meerut 2014]
a. Oand-1 b.1and -1
c. landO d.Oand 1
Let f(o) : [0, 1] — R defined such that

£(x) = ax) = xZ then JO fdx is : [Meerut 2014]

a. Does not exist b.1

c. 12 d. None

Let f(x) = 2rsfor —— < x < 1 on]0,1[ then fis :
r

[Meerut 2014]
a. Non-negative b. Non-positive

c. 0 d. None of these

151.

152.

153.

154.

155.

156.

157.

158.
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If f is R-integrable and Non-negative on [q,b] then

Jb fis: [Meerut 2014]
a

a. Non-negative b. Non-positive

c. 0 d. None of these

Every monotonic function is :

b. Non R-integrable

d. None of these

[Meerut 2014]

a. R-integrable
c. Increasing

If f(x) =x on[O a), a> Othen :
a. feRI[0 q b. f ¢ R[O, d]

c. fisdiscontinuous d. None of these

The value of” 11”m U(P,f)is

[ flax) b. [ fla)

b
J fldx) d. None of these
a

The oscillation of a bounded function f on an

interval [a, b] is given by : [Meerut 2015]

a. sup{|U(P,f)—L(P,f): x1,xo €la,b] |}

b. inf {|U(P,f) - L(P,f) : x1,x5 €[a,b] |}

c. Both (a) and (b)

d. None of these

Let Aand A" be partition of a closed and bounded

interval [a, b]. Then A" is called a refinement of Aif :
[Meerut 2015]

b.A" S A

d. None of these

a. A'cA
c. A"cA

The upper and lower Riemann integrals for the

function f defined on [0, 1] as follows :

flx) = {\/1 -x? if x isrational is .

(1-x) if x isirrational
[Meerut 2015]
a landﬁ b.landE
3 4 4
c 1 and * d. None of these

Let f be a bounded function at defined on [a,b] and
let P be partition of [a, b]. If P, be the refinement of P

then : [Meerut 2015]
a. L(P,f)SLP,f) b.UP,f)<U(P,S)
c. UP,f)zU(P,f) d.L(P,f)=U(P,f)
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The function f : R — R defined by 166. Let f € R(a,b) then
x when x is irrational
flx) = o lim th a+rh) = j fifth=  [Meerut 2015]
—x when x is rational
is continuous at x = [Meerut 2015] a. b-a b.b+a
a 1 b1 c. b=¢ 4. bra
n n
c. 0 d. None of these
If be a function defined AR 167. 1If f(x) = x+x2 if x isirrational x e (0,2
fx) be a function define on( ’Z) v xZ4+x3 if xisrational x € (0,2
cosx ; if x isrational -2 2
flx) = sinx ; if x is irrational then the value of -[f and Jf are : [Meerut 2015]
a -0
then in interval [0, E:|f is : [Meerut 2015] a 53 83 b, 83 83 53
4 1212 12'12
a. R-integrable b. Not R-integrable c. é7 % d. None of these
c. Discontinuous d. None of these
If P, and P, be any two partitions of [a, b] then : 168. If f is continuous on [a,b], then : [Meerut 2016]
[Meerut 2015,17,19] a. feRlab] b. f ¢ R[a,b]
a. UPLf)2LP,f) b.UP.f<LP,f) c. feRlab d. None of these
c. UPLN)<U(P,,f) d.U(P,f) = L(Py,f) 169. If f be continuous function on [a,b] and ¢ be a
Let f be a real valued bounded function defined on differentiable function on [a,b], such that
[a,b]. The lower Riemann integral of over [a,b] is the 0(x) = f(x) ¥x €[a,b] then : [Meerut 2016]
........... f L(P Il partition P € P[a,b] :
of L(P, f) over all partition P € P[a,b] a jf a)+ o(b)
[Meerut 2015]
a. Infimum b. J f(x)dx = &(b) — ¢(a)
b. Supremum
c. J f(x)dx = d(a) — d(b)
c. May or may not be infimum
d. None of these d. None of these
For function f(y) =y in the interval [0, 3]. Let 170. Letgbe abounded function defined on{a,b]and let
P ={0,1, 2 3} be the partition of [0, 3], then the R be a partition of [a,b]. If R is a refinement of R,
value of L(P, f) is : [Meerut 2015] then : [Meerut 2016]
a. 0 b. 1 a. L(R",9)<L(Rg) b.UR"g)<U(Rg)
c 2 d. 3 c. UR*,g)2U(R,g) d.None of these
The greatest of the length of the segments of 171. If f is Riemann integrable on [a,b] then :
partition P is called : [Meerut 2015]
[Meerut 2016]
a. Norm b. Mesh b ol b J
c. Both (a) and (b) d. None of these a. jaf(x) X\ = Ja 1£(x) |dx
1
Let f(x) = x on [0,1] then the value of Jl()X dx is : b. j:'f(x) |dx < J‘:f(x) dx
[Meerut 2015] b b
N oo c ‘ [“fedx < 71700 lax

d. None of these

N =

d. None of these
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172.

173.

174.

175.

176.

177.

Let f be a bounded function defined on the 178.

bounded interval [a,b] then f is called Riemann
[Meerut 2016]

integral if :
b b b b
a. J‘iafdx =ja fdx b. Lafdx = Ja fdx
J.b fdx = J.b fdx d. None of these
—a a

A bounded function f is Riemann integrable in [a, b].

Then the set of its points of discontinuity is : 179.
[Meerut 2016]

a. Finite b. Infinite

c. Oscillatory d. None of these

If the partition P;,P; € [a,b], then P UP; is : 180.

[Meerut 2016]
a. Common refinement
b. Norm
c. Segment
d. None of these

Let f be a bounded function defined on [a, b] then for
each partition P of [a,b] :

a. U(P,-f)=-U(P,J)
b. UP-f)=-U(P,f)
c. U(P~f)=-LP,f)

d. None of these
If f is bounded on [a,b] and P is a partition of [a,b]

then : [Meerut 2016] 182.
f= lim U(P,f)
J IPII-0
b
b. j f= lim L(P,f)
-4 |IP|—-0
J' f= lim U(P,f)
(1P|l
d. None of these
Let f be a continuous function on [a,b] and Let 183.

= j b f(t) dt Vx €[a,b] then : [Meerut 2016]
a

F'(x) = f(x) ¥x €[a,b]
F'(x) = f(x) ¥x €la,b]
F'(x) = f(x) ¥x €la,b]

None of these

e o9

o

[Meerut 2016] 151-
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Let f(x) be a function bounded on [a,b] and let P
and P, be two partitions of [a,b] such that P, < P,

then : [Meerut 2017]
a. U(P,f) - L(P,f) 2 U(Py,f) = L(Py,f)
b. U(P,f)—L(P,f) <U(Py,f) — L(Py, f)

c. Both (a) and (b)

d. None of these

Let f be a bounded function defined on [a,b] and let
P be the partition of [a,b]. If P, is a refinement of P
then :

a. L(P,f)<L(P.f) b.UP,f)<U(PLS)

c. UPy,f)2U(R.f) d.L(Py,f)=U(Pf)

If f:[a,b] > R,P and Q are partitions of [a,b] such
that P < Qthen : [Meerut 2017]

o o 9

==
v
=
v
=

a
B
@
o
=
c
o
C
@
—
=N
w
®

0 when x¢Q

be a function defined
1 when xeQ

Let f(x) = {

1 -1
n [0, 1] then the value of .[—0 fdx and JO fdxis:

[Meerut 2017]
a. land1 b.0and 0
c. 1landO d.0Oand 1

If f:[0,1] » R such that
0 x is irrational
1) = {

o then
1 x isrational

[Meerut 2015,17]
a. Upper and lower integral of f not exist
b. fis R-integrable
c. fisnot R-integrable
d. None of these

Let f(x)=x(0<x<1). Let P be the partition
(0 1 3) of [0, 1] then value of U(P, f) is

33 [Meerut 2017]
a. 2 b.l

3 3
c. 2 4.0

3
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_ .2 : . 2. .3
If f(x) = x*, ¥x €[0, 1] then U L(P, f) is equal to : 189, 1ffp) =X * XZ xeQ 4o jfand jfare
[Meerut 2018] x+x° xeR-Q o
n(n+1)(2n+1) -1)(2n+1)
a. 6 6 [Meerut 2019]
~1)(2n-1) n(n+1)(2n-1) a 1212 p. 23 83
6 6 53 83 12 12
L ) c 83 53 412 12 12
Which is not true, if f ; [a,b] = R and M supremum © 12°12 83'53
of fis: [Meerut 2018]
190. If f(x) = x ¥x €[0, 1] then L(P, f) equal to for
a. L(P,f)<U(P,f) h dtion Jo 1 2 1.
b. M(b—a)> L(P.f) eparllon{ 53 }
c. UP,f)=zM(b-a) . 2 b 2
d. Both (b) and (c) 3 3
Which is true : c. é d. —é
a. L(P,f)=-U(P~f)
xZ xeQ n/2 .
b. L(P~f) =-U(P,f) 191, If f(x)=1%) then j f(x)dx is equal
x3 xeR- Q -0
c. UP~f)=-LPf) ’
d. All the above to:
12 12
.= [oJ—
i< L WP XE€Q 0 LR then & 3 31
-1 whenxeR-Q
31 d 31
L(P,f) is equal to [Meerut 2018] 12 12
a | 192. Let f(x) be a function on [0,1] defined by f(x) =%
c. 0
Let f is R-Integrable on [a,b] and P, is refinement of and f(l) = Othen:
2
P1 then : [Meerut 2019] . o . .
a. UPf)>UPf) [f)=[fx) b [fx)# [ flx)
b. U(P,,f)<U(P,f) -0 0 -0 0
U(P,,f) = U(P. 1 -
o Y n=UE [foa< [f0  dfeRO
d. U(Py,f)=U(R,f) i) o
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MULTIPLE CHOICE QUESTIONS

11.
21.
31.
41.
51.
61.
71.
81.
91.

101.
111.
121.
131.
141.
151.
161.
171.
181.
191.

Let p = {a = x¢,xq,X9, ...., X, = b} be any partition
of [a,b]. Let M, and m, be the supremum and

(b)
(b)
(b)
(c)
(d)
(0)
(c)
(b)
(0)
(d)
(a)
(a)

(d)
(d)

2.

12.
22,
32.
42.
52.
62.
72.
82.
92.

102.
112.
122.
132.
142.
152.
162.
172.
182.
192.

(c)
(a)
()
(b)
(b)
(a)
(d)
(d)
()
(b)
(b)
(c)
(d)
(@)
(c)
(a)
(b)

(c)
(a)

S8

13.
238
33.
43.
53.
63.
73.
83.
93.

103.
113.
123.
133.
143.
153.
163.
173.
183.

(d)
(d)
(c)
(c)
(c)
(d)
(b)
(a)

(b)
(a)
(a)
(c)
(b)
(a)
(a)
(d)
(b)
(a)

14.
24.
34.
44,
54.
64.
74.
84.
94.

104.
114.
124.
134.
144.
154.
164.
174.
184.

ANSWERS

15.
25.
35.
45.
55.
65.
75.
85.
95.

105.
115.
125.
135.
145.
155.
165.
175.
185.

(a)
(a)
(c)
(d)
(b)
(b)
(c)
(d)
(c)
(c)
(b)
(c)
(a)
(d)
(d)
(c)
(c)

(d)

6.

16.
26.
36.
46.
56.
66.
76.
86.
96.

106.
116.
126.
136.
146.
156.
166.
176.
186.

(c)
(b)
(@)
(b)

(b)
(a)
(d)
()
(d)
()
(b)
()
(b)
(d)

17.
27.
37.
47.
57.
67.
77.
87.
97.

107.
117.
127.
137.
147.
157.
167.
177.
187.

(a)
(c)
(c)
(a)
(b)
(a)
(c)
(d)
(b)
(@)
(b)
(a)
(c)
(d)
(c)
(c)
(b)
(a)
(b)

18.
28.
38.
48.
58.
68.
78.
88.
98.
108.
118.
128.
138.
148.
158.
168.
178.
188.

(c)
(b)
(b)
(a)

()

()
(b)

(b)

HINTS AND SOLUTIONS

infimum of finI,.

Again f is bounded on [a,b] = —f is bounded on
[a,b).

Again M,,m, are supremum and infimum of f in I,

then -m,, —, are supremum and infimum of —f in

I

re

6.

n

19.
29.
39.
49.
59.
69.
79.
89.
99.

109.
119.
129.
139.
149.
159.
169.
179.
189.

U(Pv_f) = 2(_mr)Axr

r=1

by definition of upper R-sum

(b)
()
()
(c)
(d)
(@)
()
(a)
(d)
(b)
(@)
(c)
(d)
(d)
(c)
(c)
(b)
(b)

10.
20.
30.
40.
50.
60.
70.
80.
90.

100.
110.
120.
130.
140.
150.
160.
170.
180.
190.

= _imr AXr = —L(P,f)
r=1

I-19

(d)

If P, and P, are two partitions of [a, b] then we know

L(P, f) < U(Py, f)
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Keeping P, fixed and taking the supremum over all
partitions P, it gives

b
[ 1<UPy)
Now taking infimum over all partition P, it gives
b -b 16.
<
IR
Let P = {a = x(,Xq,....,x,, = b} be any partition of
[a,b]. Then I, = [x,ﬁl,x,], r=12..,n are the
subintervals of [a,b]. Let m, and M, be the infimum
and supremum of f(x) in [x,_;,x,] then
m<m,<M,<M
or mAx, <m,Ax, <U,Ax, <pHAX,
Ax, >0
n n
or Y mAx, <Y uAx,
r=1 r=1
19.
n n
Now Y mAx,=m3y Ax,
r=1 r=1
=m(x, —xg) =m(b-a)
n
Similarly, Zp. Ax, =M(b-aq)
r=1
m(b—a) < M(b-a)
f(x) =k V¥x €[a,b] is bounded over [a, b]
LetP = {a = x¢,xq,X9,.....X, = b} be any partition of
[a,b]. Then for any subinterval [x,_1,x,].
We havem, =k and M, =k
n n
Now, U(P,f) = ZmrAx, = ZkAxr
r=1 r=1
n
=k Ax,
r=1
=k(x,—xg) =k(b—a
(xp—xg) =k(b-a) 93,

n
and L(P,f) = ZmrAx,
r=1

Hence, I;bf = infU(P, )

=inf {k(b—-a)} =k(b—aq)

and J-i f =supL(P,f)
=suptk(b—a)} =k(b—a)

[} f=]."f =k(b-a) so f < Riab

Since,

Let P = {a = x¢,xq,...,x,, = b} be any partition of
[a,b]. Let M, and m, be the supremum and infimum
of finl,.

Now f is bounded on[a,b] = —f is bounded on[aq, b]
If M,,m, are supremum and infimum of f in I, then

-m,, — M, are supremum and infimum of —f in I,.

Now Lip~f)= 3 (-M,)Ax,

= -3 M, Ax, = -U(P.f)
r=1

-b
Let €> Obe given and infU(P, f) = J'a f

b
with supL(p, f) = J f for all partitions P.
—a

So, for £> 0 there exists partitions P; and P, such
that

UPLf < L_bf+ ¢
and  L(Ppf)> j_baf—s (1)

If P; be the common refinement of P; and P, then
U(Py,/)<UIP.f)

and L(P3,f) 2 L(Ps, f) ...(2)

Thus by (1) and (2) we get

U(P.f) < L‘bf+ g

and L(P,f)> f_ba f-¢

Given that
X+ x2, when x is rational
f)=27""3 Coe
x“+ x°, when x is irrational
Here, (x+ x2) - (x2 + x3) =x(1 —x2)

But x(1-x2)>0

If x € [0,1] andx(l—xz)s Oif x e [1, 2],
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31.

36.
38.

2

Sothat x+ x 2x2+x3ifxe[0,1]

andx+x2£x2+x31fxe[1,2]

Let m. = xZ4+x3 whenxe [0, 1]
' x+x2 whenxe [1, 2]

and M. = x +x2 when x € [0, 1]
" 1x2+x3 whenxe 1, 2]

where M, and m, are the supremum and infimum of

f(x) in [x,_1,x,].
Hence, [ flx)dx =[) (<% + x%)de + [ (x+ x®)dx

2
3 4 2 3
N E ST B E S o =
3 40 2 3112

1
Alsoj f(x)dx Jo(x+x dx+'[ X +x3)dx
_8
12
Let P:{0,1,3,....,2,1....&1}
nn n n n
Here m, = %, M, =i
1
and Ax, = Zfor r=12..,n
n
Then L(P,f) =y u, Ax,

on? 2n
So, j ' dx = lim L(p,f)
-0 llpll—0
—fim 11
noe 2n 2
See the solution of question (2,3).

Given that

1, x is rational
o) = {_

Here f(x) is bounded on [0,1]. If P is any partition of

1, x isirrational

[0,1) then for any subinterval [xt1 ,x,] of P, we have

m,=-land M, =1r=12..,n

1-21

=1 ZAX 1-0)
r=1
and then J. f 1m U(P,f) =
n 2% (r—

39. Let P= {0——

n nn_n}
on' 2n” "7 2n '2n 2n 2

be the partition of[ 2] in which rth subinterval

1
Ir:[( 2n)n Z)]mthleng’[h—?

n
Here, m, = sin( -1
2
and M, =sin——r=12..,
2n
n
So, U(P,f) = ZMrAx,
r=1
L ( . m) T
= Z sin— |—
wl 2n)2n
=
b [ b 2n nn’]
= _—|sin—+sin==+....+ sin
2n 2n 2n 2n
= 1(cot£+ 1)
n 4n
Since, sina+ sin(a+ d)+....+ sin(a+ (n—1)d)

. [ n-1 ] . d
sinja+ ——d |sinn—
_ 2 2

. d
sin—
2

Similarly, L(P, f) = — cot-® -1
v, LIP.f) = 4n( X )

{707 1 = lim LP.f

lim 1(cotl+ 1) =1

n—e4n 4n
—n/2
and | "2 _ lim UP.f)
0 n—oo

lim f(cotf + 1)
n—e 4n

“/2f jo”/2f=1 s feR[O,g]
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1-22
Given that f(x) = x ¥x €[0, 1]
Let p- {01 2 ...,’;1,1....E=1}
nn n n n
then m, = r-1
n
and M, = I with Ax, = 1 Vr=12..n
n n
n
So, L(P,f) =y m, Ax,
r=1
Tr-11 1 &
=3- =521
=1 TonT o
1 n-1
=_[1+2+..+(n-1]=
5! (n-m1="
Similarly, U(P.f) = 3 M, Ax, = 1
= 2n
r=1
1
So, dx = lim L(P,
SRR Lt
.. n-1_1
= lim ==
n—e 2n 2
-1 X
and .[0 x dx ”glllrgoU(P,f)
= lim n+l =l
n—e 2n 2
1 _ -1 _1_ 1
So, Lof_k f_E_kf
ie., feRI[01]
Given that

f

(x) = 0, when x is irrational
- 1, when x is rational

Obviously f(x) is bounded.

ie. 0< f(x)<1 V¥x€[0,1]

Let P be any partition of [0,1] then for any

subinterval [x,_{,x,Jof P,m, =0, M, =1

n n

So, f)=2p.rAx,=21.Axr:1
r=1 r=1

Also J f 1m U(P,f) =

45.

50.

54.

56.

1, when x is rational
o) = {_

Obviously f(x) is bounded on |

1, when x is irrational

0,1]. If P is any

partition of [0,1] then for [x,_;,x,] of Pm, = —1and
M,=1¥r=12..n
So, Zm Ax,

r=1

n n

= 2—14Axr = —ZAX,
r=1 r=1
[(Xl—Xo) (X2—X1)+
+(xp —xp1)]

=(x,—xg)=-1

0 when x is irrational
flx) = o
1 when x is rational

Here, 0< f(x)<1 V¥xe[0,1]

Let[x,_1,x,] be any subinterval of a partition P then

m, = 0, M, =1then

P,f) = im,Ax, ZZO.Ax, =0
r=1

[lof = lim LiP.f) =
flx)

Consider

=xover [0,3]and P = {0, 1, 2 3}
I;=001],1,=11,2],13=[2 3]

then length of these subintervals are
Aj=1-1=0A,=2-1=1A3=3-2=1

Let M, and m, be the supremum and infimum of
fix)=xinl,, r=1 2 3then

M;=1m =0;My=2my=1Mz=3mg=2

n
then fl= ZM, Ax,

r=1
=1x1+2x1+3x1=6

flx) = x3 over [0, a]

pofoc n=bem |

nn n n

Let

be the partition of [0, a] then
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and Ax, =9
n

f < [fr=de ]

n n

Let M, andm, be the supremum and infimum of f in

I, then
33 33
Mr:rg ,m,:%,rzl,z,.,n
n n
" 69.
So, =) m, Ax
r=1
En‘(r—l)sasg iz
= n3 n 4 =
:‘L[13+23+ +(n=1)73
fl4

4>

2]
2

L(P.f) = i(l—lf

n n

n 4 2
.= Y a0, = (147
r=1

Similarly, U (P

n
—a
So, = lim U(P,
° [y f=limUP.f)
4 2 4
= lim i(1+1) -4
n—oeo n 4
a
d = lim L(P,
an [ o/ = Jim LP.f)
4 2 4
= lim i(1+1) -a
n—eo n n n
S eI RI0]
o, J‘—Of_J-O f—?SO fG Nol
64.  Since, f € R[a,b], f is bounded on [a,b].
So, [f(t)|<p Vtelabl
Let a<x<y<b then

IF)=F6) = |2 flode - [} st
= jay f(t) dt + jx" f(t) dt‘

<Mly-x|=M(y-x)

= [ fdt

Let €¢>0 be given then if |y—x|<E then
[

[F(v)-F(x)[<e.

1-23

Thus given €> O there exists 6 = £ 0such that
u

|F(y)-F

Thus, F is uniformly continuous on [a,b) and hence

(x)|< e whenever |y—x| ¥x,y € [a,b]

continuous on [a, b).

) = cosx, if x is rational 0T
" \sinx, if x is irrational [ ’7}
LetP {Oi 2l .,(r_l)TC’E,““’nin:E}
4n’ 4n’ 4dn  4dn 4n 4
be a partition then
I _[( -I)= rn]
r - T
4n  4n
T
and Ar=—V¥r=12..n
4n
M, = costr DT
4n
and m, = sin (r=D=
n
So, L(P,f) = Y m, Ax, sm T
f 2 Z 4n 4n
n[. T . (n—l)n]
= |sin—+...+ sin
4n n 4n
. ( -2 n) . nm
sin -sin——
_ T 4n 2 4n 8n
4n sin*
84
(&)
8n 2T
L(P,f) = 2sin“ =
. T 8
sin| —
(Sn)
n
Similarly, U(P, f) = ZM,Axr
r=1
R
=_84 ~2cos(n_1)nsinE
sinl n 8

7[/4 . . 2T
= lim L(P,f) =2 =
J—O f nl_r:; (P,f) sin 3
1
—1-cos™=1-
4 “a

and J(;n/4 f= ’}i_r)TLU(P,f)
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o n-ln n 72. f(x):{m if x is rational

1-x if x isirrational
(1-x%)—(1-x)? = 2x(1-x)> 0 ¥x €01
So, Mrzm and m,=1-x
f for the subinterval [x,_1,x,].

J(;lf = J(l) 1-x2.dx

T, .
= 2cos—=sin= = sin
8 8

vl

-n/4 n/4
o 21
So, f is not R-integrable over [O, %]

1

. -1
f(x) = 2rx | X1 ox2 S x| T
2 2 o 4

when L <x<1r=123 . over[0,1]
relor 75.  Let p:{0,i,Zl,....,("l)“,E....ﬂzE}
( 1 4n 4n 4n  4n 4n 4
2x 5<x£1
be the partition and I,:[(r_l)n,ﬁ] with
1 1 4n 4n
4x §<XS§ o123
Ax, = — = LN
then  fix)= P gy VLB
1 1
2(r-1)x ;<xs; So. M,:cos(r_l)n
4n
1 1 n
2rx Tl Thus, U(P.f)= Y M, Ax,

r=1

1 . 1
So, ~+0|=1 ~+h
a 4n  4n

r r

— lim 2(r—1)(1+ h) _p_2
h—0 r r n
-8 o (n-)m n
f(1—0)= 1imf(1—h) (m) % e "
r h>0" \r sinf —
=1im2r(1—h)=2 fter solvi
Pt (after solving)
-n/4
So, = lim U(P,
So, f(1+0J¢f(1—0) Jo 1= Jm UP)
r r
i
i.e. f is not continuous at x = 1 — lim 84 gsn-Um T
r n—eo ( ) n 8
sin| —
Also (1) = 2and f(1-0) 84
. . . 1
= lim 2(1-h) =2 =2cos Fsin ™ =sin = _—
hsoo 8 8 4 42
So, f is continuous at x = 1. Thus f is not continuous
b
at x = 1, r=2234,.. and the set of point of 78. flx) = cosx ¥x €|:O’ E]
r
discontinuity %%, ....of f has only one limit point at then 0< f(x)<1 V¥x e|:0, g]
x =0, So f is R-integrable. Lot p_ {0 w2 m onn_ E}
"2n'2n" 2n" 20 2
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be the partition of[ ]then
e
b1
and Ax,=— ¥r=12..n
2a
So, M, = cos( hm
2n
and m, = cos™®
2n
n
Then, > M, Ax
r=1

B i (r-1)m =n
=Y cos -
- 2n 2n

b1 [ b1 (n
=_—cosO+ cos— +....+ cos
n n
(n—l) n] . nn
cos| 0+ - [-sin—
_ T 2 2n 4n
2n sin-©
4n
R
_  4n

=12cos T =1
44

81.

Let P be a partition of [0,1] such that

the]x,_1,xs[. Thenm, =M, =1forr=1,2...
r#s,mg =0 Mg =
n
So,  UP.f-LP.f=Y (M, -m,)Ax,
r=1

r#s

+(Ms _ms)(xs —Xs,l)

= Z(l—l)(x, -x, 1)+ (1-

r=1

=Xs —Xs-1

n

-I)=

O)lxs —x5_1)

]

f(x)isbounded in [0,1] since 0< f(x) <1 Vx €[0, 1]
1

= belongs to
5 g

nand

(1)

84.

87.

89.

I-25

Let €> 0, choose a partition p such that 1 is an

interior point of one of the subinterval whose length

is less then € then by (1) U(P,f)-L(P,f)< ¢ so
f e RI[01].
f(x)=ifor <x<i n=012
on 2n+1 _2n’ [
1 1
we have f(§+ 0)— P

and f(i - o) -1
on on

which shows that the function f(x) is discontinuous

atx = i, n=123..... Also forn= 0,
2n

f(%)=ﬂn=1
2
f(i_o) -

2n

so that f(x) is continuous at x = iO =1
2

and

Thus the points of discontinuous of f are
111 1

57?7?7 ?7
Since, the set of these points of discontinuity of f has

only one limiting point at x = 0so f € R[0, 1].

flx) = {\/1 —-x? if x is rational

1-x

if x is irrational

Hence, (1 - x2) - (1-x)% = 2x(1-x)> 0 ¥x €]0, 1]

So, 1-xZ>(1-x) ¥xel01]
Thus, m, =(1-x),M, = 1-x?2
s ot aoxde=|x-X 1
A e
0
_q-1_1
2 2

£(x) = x* defined on [0,1]

{0 12 n-ln
n

be the partition of [0,1] then

Let
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-1 r n n
I, = L,f] 1 3y _1[, .3
r [ n n —;24(4+7 =4 4n+;gr
r=1 r=1
1
d A== Vr=12-
" rey EeEn Upf) =4+ 21+ 244 1)
n
4
Then supremum M, = r—4 44 §(1 + 1)
n 2 n
. C(r-1* n
and infimumpu, = i = 1,23 ..n and L(P,f) = zmr Ax,
" r=1
UP.f =S, e, =37 L
=S, ax, =Y .= B 3(r-171 1
r=1 r=1n" 1 - 2[{4+ n } ;:|
_1goa
_nfr,zr :4+§(1—1)
r=1 2 n
1 n(n+1)(2n+1),, 2 ~
=—. = “(3n“+3n-1) g
S 30 So, [ Fx)dx = lim U(P.)
=i(1+l)(2+l)(3+§—i :4+§:E
30 n n n n 2 2

j;}(x) dx = lim U(P.f)

- 119321
30 5
f(x) = 3x + 1 over [1,2] then f(x) is bounded.
Since, u< f(x)<7 ¥xell, 2
Let P={1,1+1,1+?,...,1+B:2}
n n 4
be the partition of [1,2) then
I, =[1+ r=1 14 1}
n n
and Ax, -1 Vr=12..n
n

Supremum of f=M, = 3(1 + 1)+ 1
n

=4+ &
n
and infimum of f =m, = 3(1+ r—_1)+ 1
n
44 3(r-1)

n

C L 3ry 1
So,  UPf)=3 M,Ax, = Z(n+ f).,
r=1 r=1 nj/ n

and J._21 f(x)dx = lim L(P,f)

:4+§:E

2 2
2 -2
So, j—l f(x)dx =J1 f(x)dx

= jlz f(x)dx = % ie. feRI[l2

92,  flx)=-"_ over [01] when -1 <x<l
n+ n+1 n
n=123..and f(x)=1,x=0
[n-1 when 1<x£ 1
n n n-1
flx) =
when <x£l
n+1 n+1 n

n
and f(l—o):nm( n —h): n
n h—-0\n+1 n+1

%
=
(o)
0
~n
/N
S =
+
o
N—_—
+
~n
VY
S =
|
o
N S +
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1-27
f is not continuous at x = 1 The set of points of = 1(1_1)+ l(l_iJ+ i(i_i).,.
4 a ala 02 02 02 ab’
discontinuity 1 l 1 ..of f has only one limit point _1 1 1 1
= —£+ a—2—0—3+,
atx =0, so f € R[0,1].
1 _ 1 _a
96. f()c)zaF1 1+l a+1
a
1
when—<x<—,r—123 2 o
o ] 104, f(x) = x3 x is rational over [0.2]
x°  x is irrational
fLeo)=tim f[Lsn)=_L
r h—0" \ g" g1 Obviously f is bounded since
0< 8V 02
(20)-pm (1) 2 <8 Vxclo
h=0 \a a Now x2 -x3 = x2(1-x)
Thus f(1r+0)¢f(ir ) So, xZ>x3if0<x<1
a a
1 and x2<x3iflax<?2
Le. f is not continuous at x = o r=123.. and If P be any partition of [0,2] then for rth subinterval
the set of points of discontinuity l,%,% of f has M. = x? 0<x<1
d¢a”a xS 1<x<2
only one limit point at x = 0so f € R[0, 1]. 5
98.  f(x)=Ixlon[0,4] and m, =X O<x<l1
x“ 1<x<2
Consider I;=[01],1,=11,2],
I;=[23,1, =[3.4] So, .[0 f(x)dx = Jox dx+J‘1 x dx
4 1 2 3
then IO [x]dx ZJO [x]dx + Jl [x]dx +J.2 [x]dx _ %[x3]1 + %L[x4]12
4
+ |, [x]dx _1.15_49
3 =—+==—
3 4 12
1 2 3 4
:JOOdX+J.1 1.dx+j22dx+J.33dx 0 when O<x§1
107. f(x) = 1 2 over [0,1]
=1+2+3=6 1 when Z<x<1
1/n n
99. x)dx =
Jo st ZJ/n+1n+1 Lot p:{o,i,i, on- 1@_1}
2n 2n 2n  2n
- 1 1
= Z n [f - :| be the partitions of I = [0, 1] which divides I into 2n
n:1n+1 n n+l vl r
sub-intervals [—,—] where x=1,2,....2n and
B 1 n 2n
Zn+1)? Ax, = L
2n
1a? 1
100. J.O dx—Zj So, M,:sup{f(x):xe[r_l,L}}
2n 2n
r=12..n

S 11 1
_Zar—l ar—l r

r=1

B {O when

11 when r=n+1n+2..2n
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1-28
and m, :{O when r=12..n+1 = (F-¢/(x)=0
1 when r=n+2n+3..2n = f(f—9)(x)=c forsomeceR
2n
Now  L(P,f) =Y m,Ax, = Fx)-o¢lx)=c
r=1 Thus, F(x) = ¢(x)+ ¢
_1&  n-1 So, F(b)-F(a) = ¢(b) - ¢(a)
2n ] 2n a
. Also F(a) = j fihdt=0
2n a
and — UP.f)= E“’A"f and F(b) = J'bf(t)dt
:ianrzﬂzl Thus, we get
2n o 2n 2 b
ja f(t)dt = ¢(b) — ¢la)
So, lim {U(P,f) - L(P,f)} )
T n—l] or [ flx)dx = o{b) - ¢la)
= lim | = - = a
nse |2 2n

= lim n-1_1
n—e 2n 2
168. Let Flx) = *f(t)dt
then F’(x) = f(x) ¥x € [a,b] (1)

By hypothesis

©'(x) = f(x) ¥x € [a,b] ..(2)
By (1) and (2) we have

F'(x) = ¢'(x)
or F'(x)—¢(x)=0 Vx e[ab]

191.

12
(x)=x¥xe[01land P = {O, -, =2 1}
I 33
1 12 2
Let IZO,f,I :7,7’1 :7’1
! [ ]2 [33]3 [3]
1 2
Then, m=0my==,my=2=
1 2 3 3 3
1 1 1
Aj=2Ag==,Ag=—
17372737873
3
SO, L(P»f) = zmr A,— :mlAl +m2A2 +m3A3
r=1
O1 11 21
=0-2+>-2+Z2.2
3 3 3 33
1 2 1
=4+ ===
a a 3

000



CHAPTER

10

Convergence of Improper Integral

S

1.

OME DEFINITIONS

Finite interval : The interval whose length is
finite is called a finite interval. Thus, the interval
[a, b]is finite or its length is b — a which is finite.
Infinite interval : The interval whose length is
infinite is called a infinite interval. Thus, the
intervals (a, ), (—oo, b) are infinite intervals.
Bounded functions : A function f(x)is said to
be bounded over the interval I if there exists two
real numbers a and b such that
a<f(x)<bVxel

[fx)|<k ¥xel

For example, f(x) = cosx is bounded over the
interval [, 7] since

or

|cosx|< ¥ xe[-x, nt]
Unbounded functions : A function f(x) is

said to be unbounded over the interval I if it
becomes infinite at a point belongs to I.

X

——  is bounded
(x —a)(x — b)

For example, f(x)=

atx =aand x = b.

Monotonic functions A real valued
function f defined on an interval I is said to be :
(i) increasing (non-decreasing) if

x>y = flx)>fly) ¥x,vel
(ii) strictly increasing if

x>y = f(x)>fly) ¥x,pel

(ili) decreasing (non-increasing) if

x>y=f(x)<fly) ¥x,vel
(iv) strictly decreasing if

x>y=flx)<fly) ¥x,vel

For example, f(x)=sinx 1is monotonic

. N b . .
increasing in | O, 5 and monotonic decreasing

K
in|—,m|
[2 }

6. Proper Integrals
b
The definite integral Ja f(x)dx is said to be a
proper integral if the range of integration is
finite and the integrand f(x) is bounded. For
2
examples, the integrals J.g/ sinx dx and
/2 .
-[0 cos xdx are proper integrals.
7. Improper Integrals
b
The definite integral _[a f(x)dx is said to be an
improper integral if
(i) The interval (a, b) is infinite and f(x) is
bounded over this interval.
(i) The interval (a, b) is finite and f(x) is not
bounded over this interval.
(iii) Neither the interval (a, b) is finite nor f(x) is
bounded over this interval.
For examples,
J'°° d7x o dx J~2 dx
a x 14+ x0(x -1)(x -2
are the improper integrals.
8. Improper Integral of the First Kind

(Infinite Integrals)
b
A definite integrals Ja f(x) dx in which the range

of integration is infinite (either a = — or b = o
or both) and the integrand f(x) is bounded, is
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called an improper integral of the first kind or an
infinite integral.

is an improper integral

For example, J;Q 7

1+x
of the first kind.

For improper integrals of the first kind, we
define
J f(x)dx = lim f f(x)dx, provided the
X—>o00

limit exist finitely

(ii) J f(x)dx = lim J’ dx, provided
- X—>o0 ¥ 7X
the limit exists finitely

(iii) J. flx)dx = lim J x)dx +

Xy —>e0 ¥ X1
lim J f(x) dx, provided both the limits
Xy—>o00
exist finitely.

Improper Integrals of the Second Kind

A definite integral J.:f (x) dx in which the range

of integration is finite but the integrand f(x) is

unbounded at one or more points of [a, b], is

called an improper integral of the second kind.
X dx

Ox -1)(x -2

integral of the second kind.

For example, is improper

If j:f(x) dx is an improper integral of the

second kind then the value is defined as
follows :

(i) If f(x) > o or x — a only then
[Pftrd = tim [ flo)dx,

x = lim
e—0
provided the limit exists finitely.
(i) If f(x) > o as x — b only then
Jofecrdbe = tim [ flx) .
provided the limit exists finitely.

(ili) If f(x) > e at x = c only where a<c< b
then

j:f(x)dx - lim [ f o)

. b
+ Sl'lino JHS, f(x)dx

provided that both these limits exist
finitely.

(iv) If f(x) is unbounded at both the points a
and b of the interval (a, b) and is bounded
at each other point of this interval then

[2f0x) e = [fx) e + [fx) e

where a<c<b and the value of the
integral exists only if each of the integrals
on the right hand side exists.

CONVERGENCE OF IMPROPER INTEGRAL

1.

If the limit of an improper integral or defined
above, is a definite finite number then the given
definite integral is convergent and the value of
the integral is equal to the value of that limit.
If the limit is o or —oo, the integral is said to be
divergent and the value of the integral does not
exist.

If the limit is neither a definite number nor o or
—oo, the integral is said to be oscillatory and the
value of the integral does not exist.

The integral on f(x)dx is said to converge to
a

the value I, if for any arbitrary chosen number
€> 0, however small but not zero, there exists a
corresponding positive number (integer) ng
such that

“:f(x)dx ]

<eVbzng

Similarly, we can define the convergence of an
integral, when the lower limit is infinite or when
the integrand becomes infinite at the upper or
lower limit.

TEST FOR CONVERGENCE OF IMPROPER
INTEGRALS OF THE FIRST KIND

If an integral of the form _[: f(x)dx or ﬁ) f(x)dx

cannot be actually integrated, its convergence is
determined by the following tests.
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1. Comparisons test : 3. Abel’s test for the convergence of integral
Let f(x) and g(x) be two functions which are of a product
bounded and integrable in the interval (a, ). If J‘ > f(x) dx converges and o(x) is bounded and
Also, let g(x) is positive. a
tonic f then [ dx i
(i) If|f(x)|< g(x) for x> a and ng(x)dx < monotonic for x> a, then Ja f(x) ox dx is
- ? convergent.
convergent,  then -[a flx)dx is also 4. Dirichlet’s test for the convergence of
convergent. integral of a product
(ii) If|f(x)|=g(x) for all values of x greater If f(x) be bounded and monotonic in the
than some number x> a and J.: g(x)dx interval [a, =] and if Xli_r)nmf (x)=0, then the
- integral J f(x) dx dx converges provided
is divergent, then Ja f(x)dx is also a
divergent. '[;q)(x)dx is bounded as x takes all finite
(iii) Alternative form : If lim fx) is a values.
x—e g(x) 5.  Absolute convergence : The infinite integral
definit b ther th th oo
einite m:om e omet wan zero, e J f(x) dx is said to be absolutely convergent if
integrals Ja f(x)dx and Ja g(x)dx either a
both converge or both diverge. the integral J. a | fx) | dx is convergent.
Results : If the integral Jm f(x)dx is absolutely
L oo dx . . .
1. The comparison integral _[a W where a> 0, is convergent, it is necessarily convergent but not
x conversely.
convergent when n>1 and divergent when
n<l TEST FOR CONVERGENCE OF IMPROPER
2. The p-test : Let f(x) be bounded and INTEGRALS OF THE SECOND KIND

integrable in the interval (a, =) where a > 0.
(i) If there is a number u>1, such that

lim x" f(x) exists, then J.oof(x)dx is
X—> o0 a

convergent.

(i) If there is a number w<1, such that

lim x" f(x) exists and is non-zero, then
X—>o0

J.m f(x) dx is divergent and the same is true
a

if lim x" f(x)is + o or — oo,
X—yo0

Note : While applying the pi-test, the value
of w is usually taken to be equal to the
highest power of x in the denominator of
the integrand minus the highest power of x
in the numerator of the integrand.

Now we shall discuss the convergence of a definite

integral of the type J.:f (x)dx in which the range of

integration is finite and the integrand f(x) is
unbounded at one or more points of the given
interval [a, b].

1. Comparison test
b
Consider the improper integral J f(x)dx,
a

where the interval of integration (a, b) is finite
and f(x) is unbounded at x = a. Let g(x) is
positive in (a+ €, b) for € — 0 then

(i) I |fix)|<glx) for all xela+¢g b] and
'[:g(x)dx is convergent, then _[:f (x)dx is

also convergent.
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(i) If [f(x)|=g(x) for all xe(a+¢, b) and
J:g(x)dx is divergent, then I:f(x)dx is

also divergent.

Alternative form of the above comparison
test

f(x)

If lim 2=~ is a non-zero definite finite quantity,
x—a g(x

the integrals f:f (x)dx and f:g(x) dx are either

both convergent or both divergent.

Results :

b dx

(i) The comparison integral fa is

(x —a)"

convergent when n<1 and divergent
whenn>1.

If lim fx) =0and J':g (x) dx is converges

x—a g(x

b
then Ja f(x)dx is also converges.

(iii) If lim Lx; = o and _[:g(x)dx is diverges

x—a g{x

then J:f (x) dx is also diverges.
(iv) If f(x) is unbounded at x = b then find
lim M and the result will be same.
x—b g(x)

The p-Test

Let f(x) be unbounded at x =a and be
bounded and integrable in (a+ €, b) where
O<e<b-a.

(i)  If there exist a number p lying between 0O

and 1 such that lim (x — a}* f(x) exist

x—a+0

b
then ja f(x)dx is convergent.
(ii) If there exist a number u>1 such that

lim (x — a)}* f(x) exists, and is non-zero
x—a+0

b
then I . f(x) dx is divergent, and the same is

true if lim (x — a)* f(x) = oo or —oo.
x—a+0

If f(x) is unbounded at x = b then we find
lim (b - x.f(x), but the other condition
x—b-0

(i)

of the test remaining the same.

4. Abel’s test for the convergence of integral
of a product

If J.:f (x) dx converges and ¢(x) is bounded an

monotonic in the interval (a,b) then
b
Ja f(x).0(x) dx is convergent.

5. Dirichlet’s test for the convergence of

integral of a product
If J:+£ f(x) dx is bounded and ¢(x) is bounded
and monotonic in (a, b) such that

lim ¢(x) =0, then J:f(x) ox dx

X—a

is convergent.

6. Absolute convergence of J': f(x)dx

b
An improper integral _[a f(x)dx is said to be

absolutely convergence if the integral

b
J | f(x)|dx is convergent.
a

IMPROPER INTEGRAL OF THE THIRD KIND

The definite integral with infinite limits and infinite
integrand is called improper integral of third kind.
Thus, if is a combinations of both first kind and
second kind of unproper integral.

For example, j(;o ) is an improper integral of

x(x -1
third kind.
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EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose the

correct answer.

. e dx .
1. The integral -[ ——is:
1 Jx

a. Convergent b. Divergent
c. Oscillatory d. None of these
2. The integral J.s(x—lo)lﬁ is an improper integral
of :
a. First kind b. Second kind
c. Third kind d. None of these

3. If one or both limits of the integral be(x) dx is/are
a

infinite then it is an improper integral of :
a. First kind b. Second kind
c. Third kind d. None of these

4, The integral J'lmd—x is :
x

a. Convergesto e~ b. Diverges to o
c. Converges to —eo d. Diverges to —

5. Consider the integrals :

(i) _[l e*dx and (ii) JO e > dx then

a. (i) is convergent (ii) is divergent
b. Both are convergent

c. Both are divergent

d. (i) is divergent and (ii) is convergent
6. The integral '[100 de is :
x“+a
a. Convergent b. Divergent
c. Oscillatory d. None of these
7. The integral '[: dx is : [Meerut 2017]
(x-2)
a. Convergent b. Divergent
c. Oscillatory d. None of these

10.

11.

12.

13.

14.

15.

16.

sin2

. esin“x .
The integral J.O 5 dx is:
x
a. Convergent b. Divergent
c. Oscillatory d. None of these

1
The integral J-O e dxis :

a. Convergent b. Divergent

c. Oscillatory d. None of these
b

The integral J f(x)dx in which (a,b) is finite but
a

integrand is unbounded at one or more points of
[a,b] then it is improper integral of :

a. First kind b. Second kind

c. Third kind d. Zero kind

The integral J: e ™dx (m> 0)if :

a. Convergent b. Divergent

c. Oscillatory d. None of these

. ldx .
The mtegralJ. ——is:
04x

a. Convergesto 0 b. Diverges to o
c. Convergesto2 d. Divergesto —oo
Every proper integral is :

a. Convergent

b. Divergent

c. May be convergent or divergent

d. Oscillatory

The integral J: dx - is convergent for :
(x-a)

a. n>1 b.n>1

c. n<l d.n<1

If limit of the integral J bf(x)dx are finite and
a

integrand is infinite then it is a proper integral of :
a. Zero kind b. First kind
c. Second kind d. Third kind

The integral J: e dx is :

a. Convergent b. Divergent

c. Oscillatory d. None of these



17.

18.

19.

20.

21.

22.

23.

24.

25.
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J'” dx 2 where a> Ois : 26. If f(x) is bounded and integrable over (a, =), a> 0
a =
xy/(1+x%) such that lim x"f(x) exists its then J f(x)dx is
n— oo a
a. Convergent b. Divergent convergent when :
c. Oscillatory d. None of these a p=1 bous1
The integral '[100 e X MM X gxis ; c. u<l du=>1
X
a. Convergent b. Divergent 27.  The mtegral_[ 1+ X)Z/S is
c. Oscillatory d. None of these a. Converge to 0 b. Converge to 1
0
The integral '[ sinhx dx is : c. Diverge to e d. Diverge to —
. 1 .
a. Convergent b. Divergent 28.  The integral -[0 Is :
c. Oscillatory d. None of these a. Convergent b. Divergent
The integral r'di); where a > Ois divergent when : c. Oscillatory d. None of these
a x
dx .
29.  The integral is :
a. n>1lonly b.n>1only .[ 1/3 1+ xl/z)
<
c. n<lonly d.n<lonly a. Convergent b. Divergent
If sum of two improper integrals is convergent then c. Oscillatory d. None of these
both of them are : -
30. The integral '[ x" e ™ dx is convergent for :
a. Convergent 1
b. Divergent a. n>1lonly b.n<1only
c. One is convergent and other is divergent c. n=0only d. All vale of n
d. None of these 31. If '[mf(x) dx converges and ¢(x) is bounded and
a
. b dx . .. -
The integral ,[a x—a)" is divergent for : monotonic for x > athenj £(x) d(x) dx is convergent
- a
a n>1 b.n>1 then it is called :
c. n<l d n<1 a. Abel’s test b. Dirichelet’s test
The definite integral with infinite limits and ¢ p-est d. Comparison test
unbounded integrand is improper integral of : 32. The integral '[0 coshxdx is :
a. Zero kind b. First kind a. Convergent b. Divergent
¢ Second kind d. Third kind c. Oscillatory d. None of these
. ° _xsinx , . oo
The integral _[0 e X dxis: 33.  The integral '[Ocosx dx is :
a. Convergent b. Divergent a. Convergent b. Divergent
c. Oscillatory d. None of these c. Oscillatory d. None of these
xdx . 2
The mtegral_[ x5 where a> Ois : 34. The mtegral_[ sin”x dx, where a> Ois :
x
a. Convergent b. Divergent a. Convergent b. Divergent

c. Oscillatory d. None of these

c. Oscillatory d. None of these
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35.

36.

37.

38.

39.

40.

41.

42.

43.

If the sum of two improper integrals is divergent
then :

a. Both are convergent

b. Both are divergent only

One is convergent and one is divergent only

d. (b) and (c) are true

o

b
The integral '[ dx ; is convergent for :
a(h—

[Kanpur 2018]
a. n>1 b.n>1
c. n<l d.n<1
The integral J;% is :
a. Convergent b. Divergent

c. Oscillatory d. None of these

is:

The integral ro

14 x2

a. Convergent b. Divergent

c. Oscillatory d. None of these

If f(x) is bounded and integrable on (a,o) where

a> Osuch that lim x" f(x) exists and non-zero then
n— oo

J‘mf(x) dx is divergent when :
a

a. pu=1 b.u>1

c. u<l1 dp=1

The integral wa(x)dx is said to be absolutely
a

convergent if J‘w|f(x) |dx is :
a

b. Divergent
d. None of these

a. Convergent

c. Oscillatory
The integral ro e Xdxis:

a. Convergentto 0 b. Divergent to e

c. Divergentto —e d. Convergent to 2

The integral rq x where a> Ois :
a1

+ Xx)

a. Convergent b. Divergent

c. Oscillatory d. None of these

CosxX

The integral _[ dx where a> Ois :

a. Convergent b. Divergent

c. Oscillatory d. None of these

44,

45.

46.

47.

48.

49.

50.

51.

52.
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sinmx

a +X2

dx is :

The integral J.O

a. Absolutely convergent
b. Not absolutely convergent
c. Not convergent

d. Oscillatory
The mtegralJ' _dx is :
X“+2x+2

a. Convergentto O b. Divergent to «

c. Divergent to—e d. Convergentto ©

b
The integral j m dx - is divergent for :
a —

b.n<1

d.n<0

2m
o dx where a> 0and m and n

. a x
The integral I
01+

are positive integer is :

a. Convergent b. Divergent

c. Oscillatory d. None of these
3/2
The integral dxis:
J‘ b2X2 + C2)

a. Convergent b. Absolutely convergent

c. Divergent d. Oscillatory

a. Convergent b. Divergent

c. Oscillatory d. None of these

1
The integralj 1d—)2< is
“ix

a. Convergent b. Divergent

c. Oscillatory d. None of these

The mtegralj dx —3 4> 1is divergent when :
x (sinx)"

a. n>1 b.n20

c. n<l d.n<0

1
The integral JO x"1 e dx is divergent for :

b.p>0
d.p<O

a. p<O0
c. p=0



53.

54.

55.

56.

57.

58.

59.

60.

61.
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1
The integral'[ 1% is :
—ix

a. Convergent to 2/3 b. Convergent to 0

c. Convergentto3 d. Convergent to 6

dx where a> Qis :

<sinx
e
a. Convergent b. Divergent

d. None of these
2m

X
2n

c. Oscillatory

dx is divergent when (where

The integral Jm
41+ x

m in are positive integers) :
b.m<n
d. None of these

a. m<n

cC. m2n
1
Josinx2dx is :

a. Convergent only b. Proper integral only

c. Bounded only d. All the above

dx is convergent for :

2
The integral .[(T)E/ cosnx
X

b.n>1
d.n>-1

a. n<l
c. O<n<2

sinx , .
X dx is

1
The integral_[ e

0 b'S
a. Convergent b. Divergent

c. Oscillatory d. None of these

If f(x) is bounded and integrable over (a,o) where

a>0 such that lim x" f(x) is +o or —e then
X—>00

J'mf(x)dx is divergent when :
a

a. uw>1lonly b.u<1lonly
c. u=1 dp<l
The integral Jwix dx is :
0 (1+x)?3
a. Convergent b. Divergent

c. Oscillatory d. None of these
If f(x) is bounded and monotonic in (a,~) and

lim f(x) =0, then the integral wa(x)¢(x)dx is
a

X—>00

convergent, provided ‘ J' mq)(x) dx | is bounded as x
a

takes all finite values then it is called :

62.

63.

64.

65.

66.

67.

68.

69.

b. Abel’s test
d. p-test

a. Comparison test
c. Dirichlet’s test
SINX Jx where a> Ois :
X2

The integral Jm
a

b. Divergent
d. Unbounded

x%'2 dx
Vix* —a%)

a. Convergent

a. Convergent

c. Oscillatory

The integral J': where b> ais :

b. Divergent

c. Oscillatory d. Absolutely convergent
. oo dx .
The integral | —————is:
J <31+ Jx)

a. Convergent b. Absolutely convergent

c. Oscillatory d. Divergent

The integral J'lm e dxis :

a. Convergent b. Divergent
c. Oscillatory d. None of these
The integral J'midx I where a>1 is
a x(logx)™
convergent when :
a. n>-1 b.n>0
c. O<n<l1 d.n<1
The integral J.w dx is :
@ (x-2?

a. Convergent

b. Divergent

c. Both convergent and divergent
d. None of these

If J'bf(x)dx is convergent and ¢(x) is bounded and
a

b
monotonic in (a, b) such thatJ. £(x) 0(x) is convergent
a

then it is called : [Kanpur 2018]

a. U-test b. Comparison test
c. Abel’s test d. Dirichlet’s test
2
The integral J. dx is :
1 2 1
x2_
a. Convergent b. Divergent

c. Oscillatory d. None of these
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70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

1
The integral x"1 logx dx is divergent for :
0

a. n20 b.n<0

c. n21 d.0<n<1

The integral _[ =1 - cosx dxis:

a. Convergent b. Divergent

c. Oscillatory d. None of these
1

The integral'[ _ode is :

Olx + IV1-x2

a. Convergent b. Divergent

c. Oscillatory d. None of these

The integral ro(l ) SO5X i where a> Ois :
a x2
a. Convergent b. Divergent

c. Oscillatory d. None of these

 sinx
dx where a> Qis :

The integral '[

b. Divergent
d. None of these

a. Convergent

c. Oscillatory

The integral J:, sinx? dx is :

a. Convergent b. Divergent

c. Oscillatory d. None of these

COSOX

The integral '[ ——dxis:

a. Convergent b. Divergent
d. None of these

Vx >a and

c. Oscillatory
If g(x) is positive when |f(x)|< g(x)

J:g(x) dx is convergent then Jmf(x) dx is :
a

a. Convergent b. Divergent

c. Oscillatory d. (a) or (b)

The integral '[: e ™ cos mx dx is :

a. Oscillatory

b. Divergent

c. Absolutely convergent

d. None of these

The integral _[ %dx is :

b. Divergent

d. None of these

a. Convergent

c. Oscillatory

80.

81.

82.

83.

84.

85.

86.

87.

88.
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The integral J.

\/X —X -

b. Divergent
d. None of these

a. Convergent

c. Oscillatory

/ sm X

The integral J dx is convergent for :

a. n>1 b.n>1

c. n<l d.n<1

The integral J 3 ; 2

a. Convergent b. Divergent

d. None of these

_x sinx

c. Oscillatory

The integral J' e 2" dx where a> Qis :
a

a. Convergent b. Divergent

c. Oscillatory d. None of these

If Jb+ f(x)dx be bounded and ¢(x) is bounded and
a+ée

monotonic in the interval (a,b) such that

lim o(x) = 0, then j:f(x) )

is convergent is known

X—a

as:

a. Abel’s test b. Comparison test
c. U-test d. Dirichlet’s test

The integral J.:%dx is : [Kanpur 2018]
x

a. Convergent b. Divergent

c. Oscillatory d. None of these

is :

. 2 dx
The integral
J'l \/x4 -1
a. Oscillatory b. Divergent

c. Convergent d. Bounded

The integral J'Om x""1 &7 dx is convergent for :

b.n<0
d.n>0

a. n<0

c. n>0
1
The integral IO x"1 logx dx is convergent for :

b.n<0
d.n>0

a. n<0

c. n>0
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90.

91.

92.

93.

94.

95.

96.

J-10

B.Sc. Objective Mathematics (Real Analysis)

2
The integral .[(T)E/ logsinx dx is : [Meerut 2017]

b. Divergent
d. None of these

a. Convergent

c. Oscillatory

dx is :

oo cim2
The integral -[ sm_x
T
x

a. Divergent b. Convergent

c. Oscillatory d. None of these
I“dix is : [Meerut 2017]
a Jx+1)(x-1)

a. Divergent

b. Convergent

c. Oscillatory

d. Absolutely convergent

The integral _[w e~ SINX 4 where a> Qs :
0 x
a. Convergent b. Divergent

c. Oscillatory d. None of these

e sinx

The integral J dx is:

a. Bounded only
b. Convergent only

c. Absolutely convergent only
d. All the above are true

If f(x) is unbounded at x =a and lim fix) is a
x—ag(x)
non-zero definite number such that J x)dx is

convergent then J f(x)dxis :
a

a. Absolutely convergent
b. Convergent

c. Divergent

d. Oscillatory
The integral _[ is :
x3+1
a. Convergent b. Divergent

c. Oscillatory d. None of these

° sinmx . .

0324 g2

a. Convergent b. Divergent

c. Oscillatory d. None of these

97.

98.

99.

100.

101.

102.

103.

104.

105.

e x sinx

The integral J. dx is :

1+x?
b. Convergent

d. None of these

n/2cosx , .
dx is :

a. Oscillatory

c. Divergent

The integral j

a. Divergent
b. Convergent

c. Absolutely convergent

d. Oscillatory
dx .

The mtegralJ' W is :
a. Convergent b. Divergent
c. Oscillatory d. None of these
The integral J' /2 cosx ——= dx is divergent for :
a. nx1 b.n<1
c. 0<n<1 d.n>0
The mtegralJ‘ cosx dx is :

1+ x2
a. Convergent b. Divergent

c. Oscillatory d. None of these

oo 2.2
The integral J.O e X cosbxdxis:

Convergent only

a
b. Absolutely convergent

c. Divergent
d. Oscillatory
. 2
The integralj X% dx is :
0 1+x)?
a. Oscillatory b. Divergent

c. Convergent d. Absolutely convergent

Jm x" e dx, where a> Ois :

a

b. Divergent

d. None of these

4
/ “cotx dx is :

a. Convergent

c. Oscillatory

The integral jg

b. Divergent
d. None of these

a. Oscillatory

c. Convergent
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. e dx . ; ;
. P s c. Convergent and its value is 0
106. The integral '[0 P is .
xvl+x d. Divergent
a. Divergent -
114. The integral j xtan _x dx is
b. Convergent 0 (14 xHY/3
c. Absolutely convergent a. Convergent b. Divergent
d. None of these c. Oscillatory d. None of these
107. The integral J Vx dx is 115.  Which of the following is convergent ?
x?+4 a. r: dx b. wa sinx dx
a. Convergent b. Absolutely convergent € xlogx 0
c. Divergent d. Oscillatory c. J = 1+ x2 dx d j )EOSX iy
108. Which of the following intervals are infinite L+ x
intervals: [Kanpur 2018] {1g  The integral J‘4 dx is - [Kanpur 2018]
1T (x=D(x+1
a. (a) b. (—e, b) b . |
C. (—eo, o) d. All of these a. Properintegra
b b. Improper integral of the first kind
109. The definite integral Lf(x) dx is called proper c. Improper integral of the second kind
integral if : d. Improper integral of the third kind
(I)  The range of integration is finite 117. The integral J' Isecx dx is -
(II)  The integrand f(x) is bounded
. a. Convergent b. Divergent
a. listrue only
. c. Ooscillatory d. None of these
b. Il is true only
c. land Il both are true 118. The integral j dx exist when :
d. None of these sin”x
a. n<m+1 b.n>m+1
110. If the limit of improper integral is oo or — then the
. . c. n=m+1 d.n=m
integral is :
. o 5
a. Convergent b. Divergent 119. Which of the following is divergent *
Oscillat d. None of th Jl o b. [ 09
c. Oscillato . None of these _ :
’ u He—xn1-x2  0VZ-x
111. If Zu,, is convergent then y’ “1 s : 1
" b) n J' dx d. None of these
0J1-x
a. Convergent b. Divergent
. n/2]log(sinx) , . ]
c. Oscillatory d. None of these 120. The integral j 7)dx is convergent when :
(sinx
112. Ifja|f(x)|dx<oothenjaf(x)dxis: a O<n<l b.n>1
a. Convergent b. Divergent c. n<l d.n=0
c. Oscillatory d. None of these 121. The integral J' is :
1+x?

113. The improper mtegralj is: [Kanpur2018]

3/2

a. Convergent and its value is 2

b. Convergent and its value is %

a. Proper integral of first kind
b. Proper integral of second kind

Improper integral of first kind

o

Q.

None of these
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If lim fix) is a non-zero definite finite quantity then
x—ag(x)

b b
I f(x)dx and J g(x)dx are either both convergent
a a

or both divergent, this is called :
a. Abel’s test b. Dirichelt’s test
c. Comparison test d. None of these

The sum of finite number of improper integrals
diverges iff one or more of these integrals :

[Meerut 2017]
a. Convergent b. Divergent

c. Oscillatory d. None of these

b
The definite integral J f(x)dx is said to be a proper
a

integral if : [Meerut 2017]
a. The range of integration is finite

b. The integrand of f(x) is bounded

c. Both (a) and (b)

d. None of these

1
The integral _[0 (x—;ﬁ is an improper integral
of the : [Meerut 2017]
a. First kind b. Second kind

c. Neither (a) nor (b)d. None of these

The integral J‘md%, where a > Ois divergent when :
a x
(Meerut 2017,18)

b.p<1
d.p<l

a. p=1

c. p>1
: . | n-1 .

The integral J‘O x"(1-x)"""dx is convergent

when : [Meerut 2016]

b.n>0
d. None of these

a. m>0

c. m>0n>0

The integral Jw 1. sinzxdx, a>0Ois:
a 2

[Meerut 2016]
a. Convergent
b. Divergent
c.  Uniformly convergent
d. None of these

129.

130.

131.

132.

133.

134.

135.

The integral J.; dx 5 is an improper integral of
1+x

the - [Meerut 2016]

a. First kind b. Second kind

c. Neither (a) or (b) d. None of these

The integral J'Om e x"dx is convergent if :

a. n=0 b.n>0
c. n<O0 d. None of these
. 1 dx .
The integral [ —— s [Meerut 2016]
J‘O x1/3(1 + X2)

a. Convergent

b. Divergent

c. May or may not be convergent
d. None of these

1
By comparison test integral IO SeEX dx is divergent
X
because : [Meerut 2016]
11, .
a. j —dx is convergent
0 x
1 .
b. .[0 secx dx is convergent
1 .
c. J secx dx divergent
0
11, . .
d. J —dx is divergent
0 x
The val - o dx .
e value of integral L Wi is : [Meerut 2016]
a. 2 b. -2
c. 1 d. e

For the integral J;c v~ "™ dx where m> 0, which is

true : [Meerut 2016]

a. The value of integral is 1
m

b. Integral convergent

c. Both (a) and (b)

d. None of these

The sum of finite number of improper integrals

diverges iff one or more of these integrals :
[Meerut 2017]

b. Diverges
d. None of these

a. Converges

c. Oscillates
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136.

137.

138.

139.

140.

141.

142.

Which of the following integrals is divergent ?
[Meerut 2017]

J-l dx
0,131+ x?)

e dx
a J‘S (X 2)2

e dx
¢ J‘l( )1/2

= d
d | ———
x +1 .’.2 (x2_1)1/2

2
The integral .[(;[/ logsinx dx is : [Meerut 2017]

a. Converges

b. Diverges

c. Both (a) and (b) false
d. None of these

b
e definite integra x)dx is said to be a proper
The def 1| flx)d dtob
a

integral if : [Meerut 2017]

a. The range of integration is finite

b. The integrand of f(x) is bounded

c. Both (a) and (b)

d. None of these

The mtegral'[ = is: [Meerut 2017]
(x— 2)

a. Convergent b. Divergent

c. (a) false d. None of these

The integral _[ Podx is :

x3(1+x?)
[Meerut 2017; Kanpur 2017]
a. Convergent

b. Divergent
c. Both (a) and (b) false
d. None of these

b
If '[ f(x)dx converges and ¢(x) is bounded and
a
b
monotonic for a< x < bthen J flx)o(x)dx is :
a

[Meerut 2017]

a. Converges
c. Neither (a) nor (b)d. None of these

b. Diverges

a-1
The integral J —dx is : [Meerut 2017]

a. Convergentif O<a<1

b. Divergentifa>1

143.

144,

145.

146.

147.

148.

149.

150.
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c. Divergentifa< 0

d. All above
The function f(x) = is unbounded at
(x =1)(x —
the points : [Meerut 2017]
a. x=0x=1 b.x=1x=2
c. x=-1,x=2 dx=1x=-2
Which is true : [Meerut 2018]
a. c;)smxz dx is convergent
0x%+a
b. [~ sin”x is convergent
3 9
JM SINX g divergent
0 x

d. Both (a) and (b) true
Which integral is divergent : [Meerut 2018]

j L g b. [ Lax

1 Jx 0 x

Jm ﬁ d. None of these

1 3/2

X
The integral J. 5 dx is : [Meerut 2018]
xZ + 4a

a. Convergent b. Divergent

c. Convergesto m d. Equal to zero

The value of the integral j —dx [Meerut 2018]

a. 2 b. -2

c. 1 d. -1

The integral j dxis: [Meerut 2018]
1+ x2

a. Equal to zero b. Convergent

c. Divergent d. Converges to 1

The integral J'm e Xdxis: [Meerut 2018]

a. Convergent b. Convergent to zero

c. Divergent d. Equal to zero

The value of integral J': e "™ dx is : [Meerut 2018]
a. m b. l
m

a-1
m
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151. The integral Jm 1+ x2 dx is : [Meerut 2014]
~1+x
a. Convergent
b. Divergent
c. May or may not be convergent
d. None of these
152. lntegralJ‘ COSMX. i is : [Meerut 2014]
a gt x
a. Neither convergent nor divergent
b. Divergent
c. Convergent
d. Oscillatory
153. Find value of pu for '[: xl/?’(ldi xl/z) and test it
convergence : [Meerut 2014]
5
a. U= 5 , convergent
5
b. u= P convergent
5 ..
c. w==, divergent
3
5 ..
d. n ==, divergent
6
e X cosx
154. Test the convergence jo 72dx and name the
x
test also : [Meerut 2014]
a. Convergent by comparison test
b. Convergent by Abel’s test
c. Divergent by comparison test
d. Divergent by Abel’s test
155. For the integral J = Wthh is/are true :
[Meerut 2014]
a. Itis divergent
b. Its principal value is zero
c. Both (a) and (b) are true
d. None of these
156. The mtegral'[ ) is convergent when :
a(x —
[Meerut 2014]
a. n<l b.n>1
c. n=1 d.n>1

157.

158.

159.

160.

161.

162.

163.

smx

The integral J. dx is : [Meerut 2014]

a. Convergent

b. Divergent

c. May or may not be convergent
d. None of these

What is the value of 1.1 in the p-test of convergency

for the integral J‘ 3 dx : [Meerut 2014]
1+ x)

a. 1 b. -1

c. 2 d. 3

Find 11m .[1 5 7 and test the convergence of

J""dix : [Meerut 2014]

1 X5/2

a. g , convergent  b. g , divergent

c. % , convergent  d. % , divergent

1
The B function -[Oxm_l (1-x)""! dx is convergent if :
[Meerut 2014]

b.m<0 n>0
dm>0 n<O0

a. m>0 n>0

c. m<0 n<0
The integral J':x""l e dx is divergent when :

[Meerut 2014]

a. n>0 b.n>1

c. n<0 d. None of these

Let f(x) be bounded and integrable in the interval
(a, =) where a> 0, such that lim x" f(x) exist then

X—>o0

J:f(x) dx is convergent if : [Meerut 2015]
a. u=1 b.u<l

c. u<l d. None of these

For the integral J'; e ™ dx(m> 0) which is/are

correct : [Meerut 2015]

a. The value at integral is 1
m

b. The integral is convergent
Both (a) and (b)
d. None of these
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164. If the limit of an improper integral is neither a c. Proper integral when n>1

definite number nor e or —e then integral is said to d. Proper integral when n< 1

be : [Meerut 2016] « g

168. [ Xdxis:

a. Convergent b. Divergent 0 2 [Meerut 2019]

c. Oscillatory d. None of these a. Convergent b. Divergent
165. The integral Jmidx, where a> 0 is convergent c. Proper d. Always divergent

“x" 1odx
when : [Meerut 2014, 16] 169 [, FRR [Meerut 2019]
a. n=1 b.n<1 .
a. Divergent
. n<l d.n>1

¢ n " b. Convergent
166. [ SMX s [Meerut 2019] c. May be convergent

0 ¢c24x2

d. Finite
a. Convergent 4
b. Divergent 170. Jidx is an integral of : [Meerut 2014]
x —
c. Absolutely convergent 0
d. May be convergent a. Improper integral
1 o integral of first ki

167. Integral jo x"_l.logx dxis: [Meerut 2019] b. Improper integral of first kind

a. Proper integral, when x > 1

b. Proper integral when x <1

Improper integral of second kind

a o

Proper integral
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131. (a) 132. (d) 133. (d) 134. (c) 135. (b) 136. (d) 137. (a) 138. (c) 139. (a) 140. (b)
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HINTS AND SOLUTIONS

e dx . x dx 2
X _im [C9X _ esin“x
flﬁx_mlﬁ 8. I—OXZdX
. X -1/2
= lim X dx . 2 w2
x_mJI :J‘asm de+J' sin xdx,a>0
. vz 0 x a i
= lim [2¥ [
Xz sin®x
o _ Since, lim =1
= lim [2Jx -2 = K00
X—>o0 X
Thus, the limit does not exist finitely and so the 9
asin®x . . .
given integral is divergent. So, '[0 5 dx is a proper integral so it is
0 . 0 X
J._w e dx = )}E)nw J._X e dx convergent.
. .2
= lim [eX]QX Now consider = sinx dx
X—>o0 a X2 ’
=lim [1-eX]1=[1-0=1 2 )
X—>o00 sin“ x
o . - Let flx) = ===, glx) = —
i,e. limit exist and is unique and finite so X X
convergent. obviously g(x) is positive in (a, o).
0 0 _
e X dx = lim e Xdx .2
L. x—>e0 I Now,  |ft)|=S2 X /< 1
; -x10 x2 x2
= lim [-e ]2,
X—>00 °°dx
- _ lim [eO_ ] = oo and J. — is convergent so by comparison test
- - a
X—>00 X
i e limit d . . lis di R sinzxdx ) )
i.e. limit does not exist so integral is divergent. J 5—is also convergent. Thus| is convergent.
a
x

e dx
I_J.S (X—2)2 oo
11. 1:]0 e ™ dx (m> 0)

. X dx
=1 _@x
xinoo JB (x — 22

lim J. e ™ dx
x—>o0 40

. X _2
1 —924
xinw-[3 (-2 x ) e mx X

17T xlinw[ -m ]
= :
X—>o00

3 Jim [—l(e—mx -1)]

lim [—71 +1]=1 oelm

xoee | x—2 Thus, the limit exists and finitely unique so I is
a definite number so I is convergent. convergent.

_1
m
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14.

17.

19.

24.

J-b dx
Ix —a)"
-1 b dx
= lim
e—>0 a+e(x a)
n+l
= lim |:(X—Cl) :|
e=0| -n+1
ate
1-n 1-n
- lim (b—a) ™" &
e—0 1-n 1-n
Ifn<lthe lime!™ =0 so
e—0
b _\l-n
I AR
a(x —a)" 1-n

so this integral is convergent when n< 1.

1:'[°°d7)<
® xV1+x2
1 1
flx) = =
><\/1+x2 Xz\/1+i2

X

Let a>0

and

put g(x) = iz we get lim fix) =1 which is finite
x

x> g(x)

and non-zero. So, J f(x)dx and j x)dx either

both convergent or both diverge. But J' — is

dx

is also convergent.
a 2
xV1+x

divergent so

L sinhxdx = lim JO

X—>o0 v X

sin hx

—X

= lim JO g’ dx

X—>o0 2
= Lllim (€19, - lim [~e¥]9
X—> o0 X—> o0
1
=Z[l-—o]=—
2
So, the given integral diverges to — oo,
Let I= Jm e X SInX g
0 x

1 _ysinx e _ysinx
:J e dx+J e ¥ X dx
0 1

X x
. . _x sinx
Since, lim e >—Zdx =1, so it is bounded.
X—o0 x
. 1 _xsinx . .
ie., Joe X" dx is proper integral and so
x

convergent.

27.

29.
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Let flx) = &7 SIX
X

then f(x) is bounded in (1, ).
Put g(x) = e * then it is positive in (1, o).

1f(x) | = e X sinx
X
=e ¥ |sinx| Lo
x
Thus, | f(x)| < g(x) through out (1, o).
Nowj x)dx = '[ e ™™ d
= lim e dx
Jm )
= lim [e ¥} =1
X—>o0 e

which a definite finite number. So leg(x)dx is
convergent. So by comparison test J; X SInX 4o
x

is convergent

J‘O 1+x2/3

lim | 1+ ) 3dx

X—yo0

i [0225°]
0

x—e| 1/3

lim 3{1+x)"3-1} = o

X—>o0

Thus, the limit does not exist finitely and so the

given integral is convergent.

Given integral is

- fdix
1 x1/3( 1/2)

1+ x
1 1
Let flx) = =
1/3 1/2
x7P(1+ x4 56 1
X (1 + W]
so f(x) is bounded in (1, o). Choose u = gwe have
lim x" f(x) = lim =1
X—>o0 X—>o0 1+
x1/2

which is finite and non-zero. Since, 1 = g< 1so by

U test [ is divergent.
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38.
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43.
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Given that I= jlmxnfl e X dx Since, J.Nd—;c is convergent so by comparison test
a
X
_ n-1_-x oo
Let fix)=x""e J coszx dx is also convergent.
a
then f(x) is bounded in (1, ). x
yn-1 44.  Given that [ = [~ Sinmx = | flx
Now lim x" f(x) = lim,._,., a?+x? 70
e e sinmx | _ [sinmx]| 1
Now < <
-1
- lim xHn -0 ?+x%] a?+x? d®+x?
X—>o0 2 oo
T+x+ 4. Also J‘ < _ pm '[X dx
|12 0 g2 4 x2 x50 42,42
X
= Oforallp and n lim [1 tan~! x] = lim [ tan1X O}
) el —x ) x— | a alp x-ela a
Taking L > 1, by p1-test L x"!e™ dx is convergent
b1
for all values of n. 2a
J- cosxdx = lim J- cosxdx = lim sinx which is definite real number
X—>o0 X—> oo
So '[ 1s convergent.
This limit does not exist finitely. Hence, this integral 0 o2+ x?
oscillatore and so not convergent i.e. oscillatory Hence, J- ( sinmx ) dx is convergent i.e. I is also
between -1 and +1. 0 {a?+x2
I = J‘°° dx solutely convergent.
1+ x?
< d 47.  Let I= jo
= lim J X 3 1+x”
oo V=X
x I+x where m,n are positive integers. Since, [ is a proper
= lim (tan™! X)X, integral so it is convergent.
X—>o0 - dx
. _ - 51, = ——  _wherea>1
= lim [tan Iy —tan™t (=x)] .[ n+l
g 2 x(logx)
=T, T Let logx=tsoldx=dt
2 2 X
a finite and unique number so I is convergent. = J _[w f(t)dt
d loga tn+1 loga
xdx
I+ J. 1+ x .[ flx)dx, Then f(t) is bounded in (loga, ).
Putpy = n+ 1then
then f(x) is bounded in (a, o). K el
t
_ _ Mo = =
Takep = 3—1= 2 then, Jim ££() = lim o 1
i u — 2_x  _
xlgnm x7 flx) = xlinw X 1+ x)° =1 which is finite and non-zero.
So by u-test I is divergent if
which exists i.e. is equal to a definite real number. . .
u<lie n+1<lie n<O0
Since L > 1o by ui-test is convergent. o w2
j 1+x) 5. I=] %dx
4 x
Let I=["%%dx sinZx 1
¢ x Let f(x) = and g(x)=—
2 2
cosx 1 x x
Here, 2 < x7 as |cosx|<1 then g(x) is positive in (a, o).
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55.

57.

62.

65.

- 2
I£(x) | = sm2x < iz
X X
= sinZx
so by comparison test, j dx is convergent if
a
x

J‘oc dx is convergent. But J = dx is convergent so [ is
a 42 a 42

also convergent.
2m

X
I= dx
L 1+ x2n
putp =2n-2m
we have
2m
lim x"
X—oeo 14 x2N
2m
= lim x22m. X
X—>00 2n |:1+ 1 :|
x2n
S
X214 1
x2n

2
I = J'“/ COsX dx
0 x"
when n< 0/ is a proper integral and hence
convergent. when n> 0 the integrand becomes

unbounded at x = 0.

Let flox) = ©%
x
then lim x" f(x) = lim x"* "cosx =1
x—0 x—0
ifu=n

Hence, by p-test it follows that the given integral I is
convergent whenr< n< 1.

Since sm2x Siz and J.md—)zc is convergent,
X X 4 x
therefore by comparison test J'w SINX ix is also
a x2
convergent.
oo 2
Let I =J e ™™ dx
1
and flx)=e

Put g(x) = xe ™™ so g(x) is positive throughout the

X

interval (1, =) so |f(x)|= e <xe™ for x>1so0

| f(x)| < g(x) throughout (1, ).

73.

78.
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oo 2
So by comparison test .[1 e ™ dx is convergent if
o 2 i
.[1 xe * dx is convergent.

oo 2 . X _yv2
Now L xe X dx = lim Jl xe X dx
X—>o0

X
lim (—le_xz)
x—eo \ 2 1

lim (—le_XZ + le_l)
x—eo \ 2 2
21371

2

which is a definite number

oo 2 oo 2
_[1 x e * dx is convergent and so'[1 e * dx is also

convergent.
_ 1 n-1
Let I= Jox logx dx
and Flx) = x"1 logx
then lim x"f(x) = lim x"**"!logx
x—0 x—0
[0 if u>1-n
"l if u<l-n

when n< Owe can take = 1so by u-test the integral

is divergent when n< Q.

Let I:J.m(l—e_x)%dx, when a> 0
a x2
Let flox) = <X
x
and glx)=1-¢e7%
we have COSZX < iz and _[X izdx is convergent
X X 4 x

CO!

so by comparison testJ‘ 52x dx is also convergent.
a

X
Again g(x) =1-e™™ is monotonic increasing and
bounded function for x > a. Hence, by Abel’s test

J 1-e )95 gxis convergent.
a X2

Jg e cosmxdx will be absolutely convergent if
Jg |e™™ cosmx|dx is convergent.

Let f(x) = |e™™ cosmx]|

Then f(x) is bounded in (0, o).
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83.
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flx)=]e™

<e ™

Now
, since |[cosmx|< 1

So by comparison test J':f(x)dx is convergent if
J: e ™ dx is convergent.

But '[ exdx—llmj e X dx

X—>o0

= lim [~ ™¥]3
X—>o0

= lim [-e X +1] =
X—>o0

o ;

e * dx is convergent.

Hence, '[Omf(x) dx is convergent and so the given

integral is absolutely convergent.

9w
= n/ sm);d
0 Xn+
9 /i
_ n/ (smx)idx
0 X x"
Now lim —/—= sinx =1 for n<0
x—0 x

So integrand is bounded in (O, g) i.e. I is a proper 89,

integral and hence it is convergent if n< 0.

If n> 0, the integrand is unbounded at x = 0

lim xM sinx _ lim xHn sinx
x=0 ™l ys0 X

=lifu-x=0ie u=n

by p-testif 0OSpu < lie O< n<1, 1 isconvergent.

Given that
™ _xsinx
I—'[a e 2 dx,a>0
Let (x) 5‘“2" d ox)=e*
x
sinx <i
x2 | x2

and Jm% dx is convergent so by comparison test
a

sinx
J. dx
a x2

is also convergent. Again e * is

monotonic decreasing and bounded function for

x> a. Hence by Abel's test '[m e . 3NX
a

dx is
X

convergent.

cosmx | = e* |cosmx| 87

« . oL

1
[fn>1thenl = J-O x"le X dxisa proper integral so

I is convergent.

nl—x

If O<n<1, then integrand f(x)= is
unbounded at x = 0. If g(x) = x"~ ! then
m % xS 0ex =1
x—0 g(x)

a finite and non-zero number. So by comparison

test J f(x)dx and '[ x)dx either both convergent

or both divergent.

J-O x)dx —j x" L dx

1 -
= lim [ x" Ldx
€

x" 1
=lim|[>=—| ==
e—0| x e n

which is definite real number.

1 1
.[0 g(x)dx is convergent. Hence, jO x"1e ™ dx also

convergent.

2
Let I:Jg/ logsinx dx

The only point of infinite discontinuity of the
integrand is x = 0.

Now lim x* logsinx

whenp >0
x—0
- lim logsinx
x—0 x7H

. cotx
lim

x—0 - x_u_l

Il
=
|

x—=0 U tanx

n
= fim - 10+ DxT
x>0 [ sec?x
=0ifu>0
Taking 0< 1 < 1, by p-test I is convergent.
I = J‘”dix
2 (x+1)(x-1

Let

Take
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96.

98.

then lim M = lim # =1

x—e g(x)  x—oe 1

1-
X2

which is finite and non-zero so J:f(x)dx and

J;g(x) dx either both converge or both diverge. By

comparison  test ‘[widx is divergent so
2,2

I= J =_dx _ isalso divergent.
2 2
x“-1
Given integral is jm%d
x“+a

Let flx) = sinmx
x?+ d?

and a(x) = 5 1 5
x“+a

Here g(x) is positive in (0, ).

i 1
Also If(x)|=|2omX | L
x?+ad®| x%+d?
Then [f(x)|< g(x) when x>0
By comparison test '[oo SINMX_ i s convergent if
0x244q?

oo

Jo

is convergent.

x“+a
oo X
But J zdx 5 = lim J de 5
0 x%+a x—=e0 20 524 g
X
= lim [ltan_li] =T
x—e | a alp Z2a
. e dx
a definite real number so .[0 55 IS convergent

X"+ a

ie [ sinmx dx is also convergent
o2, 2 gent.

2
I = /2 cosx dx

0,2
Let f(x) = COSZX and g(x) = iz
X X

Here f(x) is unbounded at x = 0.

lim Mz lim [ €95X . x2|=1

x—=0g(x) x—0| x2

2 2
So by comparison test Jg/ f(x)dx and jg/ g(x)dx
either both converge or both diverge.
2
But jg/ gbadx = [ L ax

0 2

100.

102.

105.

J-21

|
=lim|-=4+Z|=0
e—0 m €

2
_[g/ g(x)dx is diverge. Hence, I is also diverge.

2
Let I= j(’)‘/ COSX i

Xn

when n< 0, [ is proper so convergent. When n> 0,
the integrand becomes unbounded at x = 0.

Let flx) = 2%

X

then lim x" f(x) = lim x"™"cosx
x—0

x—=0
=lifu=n
Hence by p-test I is divergent when n> 1.

oo 2,2 oo 2,2
J lem® X cosbx|dx£_[ le” X | dx
0 0

o 2.2 b _ 2.2 o _ 2.2

I e X dx=Jeade+J‘ e 4% dx

0 0 b
where b> 0

oo 2.2
But JO e %X dx is proper integral so convergent.

Also J: e dxis convergent by p-test. for

2.2 u
lim x*e™ X =lim,_,., X
X—>00 2 2 (14 4
1+ a“x“+ +....
=0 for all values of u

X o _ 42,2 X
Takingpu > 1, .[b e dx is convergent.
o _42y? X
So _[0 e dx is convergent.

o 2,2
Hence, J-O |e”®* cosbx|dx is convergent i.e.

given integral is absolutely convergent.

Given that [ = ng JJcosx dx
Let f(x) =~ cotx

which is unbounded at x = 0.

Takep = %we have
lim x"+/cotx = lim /i«/cosx =1
x—0 x—0 Vsin

Since 0<p <1 so by p-test the given integral is
convergent.
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J-22
o L en )
107. I:J ;/; dx = )lli)nox logsin x
0x+4 -
- — lim logsinx
=J~a Jx dX+J Vx dx xino =
0x244 ax?i4

117.

120.

The first integral is proper integral so it is

convergent.
Let flx) = f
x“+4
Jx 1
and glx)="2=——_
x x3/2
then lim fx) = lim 1 =1
x> g(x) xoeq, 4
x2

which is finite and non-zero.
Therefore, j f(x)dx and j x)dx either both

converge or both diverge. But by comparison test

J'm dx is convergent so \/7 dx is also
a x3/2 axZi4
convergent. Hence, I is convergent.

1
Let I={ %

0 x
and flx) = 58X

X

which is bounded at lower limit i.e. at x = 0.

Take alx) = 1
x
Then lim fix) = lim [ﬂ-x] =1
x-0g(x) x>0 x

which is finite and non-zero.
So by comparison test '[ f(x)dx and J x) dx either
both converge or both diverge.

1 11
Now, .[0 glx)dx = J'O;dx

Isecx , . .
dx is also divergent.

divergent. Hence, J‘

7‘/2 logsin x dse

Let I=

0 (sinx)"
The integrand has an infinity at x = 0. Also

lim " logsinx
x—0

n
= lim x”"”logsinx( X )
sinx

(sinx)"  x—=0

146.

152.

cotx

1l
?

x—0 (n_u)X"*H*1

1 xp+1—n
= lim
n—-u x—=0 tanx

) xcHen
_ 1 lim W+1-nx

n-p x—=0 sec?x

-n

_u+l-n xt

n—p

=0

lim 5
x—0 sec” x

W can be taken between 0 and 1 if O<n<1so by
u-test I is convergent.

_J‘ 4adx
0 x2 + 4d?
= lim Ix 74adx
x—e 90 2 4 442
1 X
= lim E(tanf1 L]
x—e 20 2a]o
=2 T _ s
2
So, a finite and unique limit i.e. [ is convergent.
1
Let flx) = 2 g(x) =
xZ+a? x2 4+ a?

Here, g(x) is positive in the interval (0, o).

Also  [f(x)|= C‘Z)S’”XZ <L
x“+a x“+a
Thus |f(x)]< gl when x>0
j‘” dx _ J‘ dx
0 x2+a2 X—>°° 0x2+a2
. 1, x|
= lim |:7tan 1£:|
x—e | a alo
= lim ltan_1£ =T
Xx—o0 @ a Za
So J 2 15 convergent so by comparison test
0 x24 g2
e cosmx dx .
.[0 s also convergent.
x“+a

000
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11

Integral as a Function of a Parameter

DEFINITE INTEGRAL AS A FUNCTION OF

A PARAMETER

Let f be a continuous function of two variables x and

4. Integrability of proper integrals
If f(x, t) be continuous in [a, b] X [t1, t2], then

t. For a fixed t € [t, to], the function of x with domain ftz{fbf (x, 1) dx} dt = f b {Jt2 fix, 1) dt} dx
t a a t
[a, b] is continuous so J.:f(x,t) dx exists and is a ' '

function of a single variable t.
If ¢ be a function of t such that

- j:f(x, ) dx

then ¢ is called in integral function of f(x, t).

Results :

1. The function ¢ (t) J f(x, t) dx, where f(x,t) is

DIFFERENTIATION UNDER THE SIGN OF
INTEGRATION (LEIBNITZ RULE)

Let f(x,t) and % be continuous on [a, b] X [c,d] in a

xt-plane. Let u and v be functions of t, which are
differentiable in [c, d] such that for all t in [c, d] the
points (u(t),t) and (v(t),t) belong to R. Then the
function ¢ defined by

continuous in a<x<b, a f = v nd
continuous function of t on [ty, t5]. (t) = qu(x’ ) dx
2. Derivability of proper integrals is differentiable in [c, d] and
If f(x,t) and f; be continuous in [a, b] X [tq, to] v af dv du
then ¢ (t) is differentiable and _[ x + fl, ) — dt - flu, t)a

= j:ft(x, t)dx Vte [ty to]

or %{f:f(x, t) dx} = [Pt 1 dx

where f; denotes the partial derivative of f with

respect to t.

If u and v are constants then

=15

IMPORTANT RESULTS

3. If f(x,t) and f; be continuous in [a, b] X [t1, 2] 1 x™1 dx = — T 0<n<1
and h(t), g(t) be two functions differentiable in 01+x sinnm
[t1,to] such that for all te [ty,ty] the points 9 w0 sinnx dc="ifn>0
(h(t),f) and (g(t),t)e [a,b] x [t;, o] then the Jo L X Tghn
function . b
(t) 3. e ® sin bx dx =

(6= [, fx. flx J a® + b’
is differentiable in [t;, t Zemax =2
is differentiable in [tq, to] 4, .[0 e " cos bx dx Y

and ()= | [7 x|~ 0. St

+g’(t). f(g(8), 1)

o x™1 _ tim).tn) _
Jo = e P
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In

n+1

® —cx _n _
6. _[Oe xobc-C

CONTINUITY OF IMPROPER INTEGRALS AS A
FUNCTION OF A PARAMETER

The improper integral
o) = [ flx,dx
is continuous in [tq, to] if
(i) f(x, 1) is continuous for x > t and t € [ty, to].
(ii) J:o f(x,t)dx is uniformly convergent for
telty, to].

INTEGRABILITY OF IMPROPER INTEGRALS AS
A FUNCTION OF A PARAMETER

If (i) f(x, 1) is continuous for x >t and t € [t;, to] and

(ii) J.m f(x,t) dx is uniformly convergent for t € [ty to]
a

then the improper integral
o) = [ flx,dx
can be integrated under the integral sign and

J. {J: el dx} dt= [0t dt
= {f:"f(x, 0 dt} dx

DERIVABILITY OF IMPROPER INTEGRALS AS A
FUNCTION OF A PARAMETER

If (i) f(x, t) is continuous and has a continuous partial
derivative with respect to t for x > tand t € [t1, tp] and

(ii) J-: fi(x,t)dx converges uniformly in te [ty,t],
then ¢ (¢) is differentiable and
o) = filx, f)dx

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose the

correct answer.

1. The value of Jm e dx s :
0
a T b.Vn
2

F 4.2
Ve “Jn

2. IfI = nwdx thenﬂis equal to :

0 cosx dy
2
a Y b T
1-n 1-¢?
c. ml- y2 d. None of these
3. The definite integral as a function of a parameter is
defined as :

a o) = jff(x)dx b. o(x) = j:f(x,t)dt

¢ o= j:f(x,t)dx d. None of these

4. The value of J'(;o x3e=" dx is -
2 1
a. ¢ b. ?
c. i d. None of these
62
5. The value of J'g de when —-1<y<1
CosX
is:
-1 -1
a. mtan 'y b. Tcos "y

c. msin! % d. None of these

o0 1 w0 @™ _ e—bx
6. If_[ e dx==,¢c> Othenj' T  dxis:
0 c 0 x
a. logé b. logg
a b

c. loga+ logb d. None of these

The order of integration in a definite integral
changed when :

a. Integrand is constant

b. Limits depend on variables

c. Limits are not depend on variables

d. None of these
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continuous in a<x<bt;<t<t, then in the
integral [t,t5] for the function ¢(t) :

a. Limit exist only b. Continuous

c. Differentiable d. None of these

K-3
/2 2 2 2.2
8. If I= .[0 log(a®cos“0+ b“sin“0)dé and a#b 15  The value OfJ‘ 1tan” VX dx is
X\/]. x2
then :
aq a. Elog(y—\l1+y )
a. I:nlog5+c b.I = nlogab+ ¢ 2
(a+ b) b. Elogs/1+ yz
c. I=nlog(a—b)+cd.1=nlogT+c 2
c. Elog(y+ 1+ y2)
9. If f(x,t) is continuous in [a,b]x[t{,ts] and
olx,t) = J‘ |:J‘ i, t dx]dt then : d. None of these
6. I J° Cbg(l%x)dx Liog1+ c?tanl¢, then the
%0 9o _ 2% . 0% 1+x 2
a. =0 b2+ -—"2=0 log(l
Bxat oton u®  du alue fj 70g +x) dx is :
22 52 1+ x?
c. 7@)_74):0 d. None of these T ioq2 b. Flog?
oxot  dtox a. 3 og 4 og
10.  The value ofJ de when |y|< 1is : c. ElogZ d. None of these
cosx
a. mcos la b. msin"ta 17, The value ofj log(1+ sinycosx) d is -
c. T d. None of these cosx
o 2 a. my b. Y
11.  The value of '[0 e ™ dx is equal to : T
c. W dr
a. \/E b. [~ 2 y
c 2c
18.  If f is continuous in a rectangle [a,b] X [t;,t5] then :
TE r -
c. |— d. None of these ty[ b _ ¢b[ ¢t
2 ISl f(x,t)dt]dx -1 f(x,t)dt]dx
12.  The value of [~ 2™ (x is equal to t,[ ¢b _ (b[ct
Iy 2,0 o 1|1, f(x,t)dt]dx SN[ f(x,t)dledt
a. e b. e “ 1Pt |dt = 7] [ .ty dt | d
2a 2a ¢ Ll J fotidx \dt = [ .[tl fi, x
c. Kegma d. None of these d. None of these
a
oo 2
13 J.g, sinmx e 0 equal to - 19.  The value of integral Jo e cosyxdxis:
X
T a eV/4 b.ﬁe_yz/2
a. 5 b. 2
c. Tev'/4 d. None of these
c. 0 d. —g 2
20.  If f(x,t)is continuous function in [a, b] X [c,d] then the
14. If the function o(t) J' f(x,t)dx, where f(x,t) is [Kanpur 2018]

function ¢(t)

fotdx1s

a. Continuous function of t on [a, b]
b. Continuous function of t on [c,d]

Continuous function of t on [a,b] X [c,d]

o

None of these



21.

22.

23.

24.

25.

26.
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If a,b> Othen the integral

Jm(e_ax — e bx) COSMX 4 is equal to :

0 X

a llog m? + b b 1log m? - d?
T2 M2t 2 "2\ m2_p2

2 2 2 2
c. 210g(m2+bz] d. 210g(m2_22]

m~ +a m

The value of J: sinmx dx ifm=0is :

x
a b. "
2 2
c. O d. None of these
0o 2.2
The value of the integral J' log(1+ a®x%) .
0 14+ p%2
a Elog(a+ b)
a b
b Elog(a‘f' b)
b b
T (a—b)
c. Zlog|—=
a a

-b
d. Tlog(@ J
g( -

If F is bounded and integrable in [a,b] and f(x,t) is
b

continuous in [a,b] X [t;,t5] then J' f(x,t), F(x)dx is :
a

a. Continuous in (t;,t5)

b. Differentiable in (t;,t,)

c. Continuous in [t;,t5]

d. Differentiable in [t{,t,]

lfJ‘Oco e X dx = lthen the value of J: e x"dx is:
a

a. I b. E
an+1 a"
-1
c. % d. None of these
a

The value of J: e dx is :

Jr

b. =
2a

a.

d. None of these

o
[\]
m é\“"

27.

28.

29.

30.

31.

32.

33.

If there exists p(x)> ¥x >0 such that jmu(x)dx
a

converges and |f(x,t)|<u(x) for all x>o and

t e [c,d] then o(t) = J:f(x,t) dx is :

[Kanpur 2018]
a. Discontinuous
b. Divergent
c.  Uniformly convergent
d. None of these
The value of J':e_ax%bxdx, a>0is:

a. tan_l(é)
a
C. cotf1 (9)
a

1
The value of J-O

b. tan! (E)
b

d. None of these

dx, wheny> —1is:

x¥ -1
logx

a. logy b. log(1+y)

c. log(l + 1)
v

n/2 1 log[ 1+ ysinx
0 sinx 1-ysinx

d. None of these

)dx when y2 < lisequal to:

a. mcos ! v b. ntan_ly

c. msin’! v d. None of these

If Jm COSMX_ 1y = T &™M3 then wasmmx dx is
0 a

a? + x2 a? + x?
equal to :
a. Fema b. Tema
2
c. me ™ d. None of these
“ax .
~e inm .
The value ofJ‘ #dx,c > Qis :
0 x
_ _1m
a. tan 12 b. cot 1™
a
c. tan 1M d. cot 12
a m

R . e
If f(x,t) = — then which one is true :
oxot

a. Lth(X,t) dt = 0y (x7,t) + 0y (x7,L9)

b [l )t = 0, x1,04) + 0 (xy. )
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34.

35.

36.

37.

38.

t
Jtzf(x,t) dt = O (x1,to) + Oy (xq,1)
d. None of these

If o(t) J f(x,t)dx is differentiable then by Leibnitz
do

rule = is equal to :
v 9 du
a. J‘ —f(x,t) dx + f(v,t) u — flu,t)=— o
b [0 flxdx o) &2~ ) &
dt dt

j fxtdx+fut)g+fut)—
d. None of these
If o(t) J f(x,t) is continuous in [t;,t5] then :

a. f(x,t)is continuous for x > t;, t €[ty,to]
b. f(x,t)is differentiable in [t;,to]

c. J‘wf(x,t) dx is uniformly continuous in [ty,to]
a
d. None of these

2
If Jg/ secx log(

1+ acosx
————" |dx
+ bcosx

= %[(cos_l— b) —(cos_1 a)z]

forall0<a<1, 0< b<1then

2
Jg/ secx.log(l + %cosx)dx is equal to :

a 37 b, 57
" 58 © 72
7n?

d. None of these
61

If f(x,t) and f; be continuous in [a,b] x [t;,t5] then :
a. f; is differentiable

b. &(t) is continuous

c. o(f) is differentiable

d. None of these

The value of integral J de is :
1+ x%)
[Meerut 2015]
a T b. Elog 2
2 8
c glog 3 d. None of these

K-5
The value ofj sinmx 2 T dxifm< Ois:
a. L b. "
2 2
c. 0 d. None of these
If f(x,t) is continuous for x >t and t € [t;,t5] and

J:f(x,t) dx is uniformly convergent for t € [t;,t,] then

j:f(x,t) dx is :

a. Continuous in [t;,t,]

b. Differentiable in [t;,t,]

c. Differentiable in (t1,t5)

d. None of these

7/2log(1+ cosycosx)

The value of integral '[ dxis:
cosx
2 2
T 2 1{n 2
a. —+ b. 2| = —
4 Y 2( 4 Y ]
2 2
T 2 1 2
c. —- d. 2| —-
2 Y ( 2 Y ]
In the Leibnitz rule if ¢(t) J' f(x,t)dx is differentiable

and u is constant then do is equal to :
t

v of dv
—Ldu+ f(v,t) —
'[“ ot u+ flo )dt

of du du
b, [ Zdu+ flo,) ™ funt
Ju =~ flo )dt flu )dt
ngdu
u ot

d. None of these

If f(x,t) is continuous for x >t and t € [t;,t5] and

Jmf(x,t) dx is uniformly convergent for t € [t;,t,] then
a
[ Fx i :

a

a. Differentiable in [t{,to]

b. Integrated under the integral sign

c. Cannot be integrated under the integral sign
d. None of these

The value of J: e X G a> Ois :
X

a. tan? (l) b. tan_l(a)
a
c. —tan? (1) d. —tan"la
a



45.

46.

47.

48.

49.

50.

51.

K-6

B.Sc. Objective Mathematics (Real Analysis)

The value of '[ xsmm)zc dx is : 52.
a“+ x
a. Fema b, Fema
3
c. Tema d e ma
2a 3a
The value of'[ _ dx when ¢ > -1is :
1
a. log(1+ ¢) b. Zlog(1+ ¢)
2 53.
c. glog(l +c) d. None of these
If f(x,t) is continuous and has a continuous partial
derivative w.r.t. t for x>t and te[t,t;] and
jwft(x,t) dx converges uniformly in t € [t;,t,] then
a
o(t) is : 54,

a. Continuous only

b. Differentiable

c.  Uniformly convergent

d. None of these

n/2log(1+ ysin®x)

sm2x

The value ofJ dx is :

a. myl+y? b. nly1+v? 1] 55.

d. None of these

c. mlyl+v?+1]

7/2log(1 + cosm cosx)

The value ofJ dx is :
cosx
2 2 2
a M b. ™ +m?
8 2 8
2 2
. .M d. None of these
4 2

Differentiable under the sign of integration is 56.

studied under the rule :
b. Maclawn
d. Leibnitz

a. Lagranges
c. Dirichlet’s

If f(x,t) is continuous and has a continuous partial 57

derivative w.r.t. t for x>t and te|[t,t;] and

j:ft(x,t)dx converges uniformly in t € [t,t;] then
o'(t) is equal to :

a. j:ft(x,t) dx
[REUES

b. J':ft(x,t)dx

d. None of these

If f be a continuous functions of two variables x and

tin[a,b] X [c,d] then be(x,t) dx defines a function of :
a

A single variable x with domain [a,b]

a
b. A single variable t with domain [c,d]

o

Two variable x and y with domain [a, b] X [c,d]
d. None of these
0(,2

- —(x2+ 5 )Bz
The value of .[0 e x dx is :

a, T B’ b, T g2Bo
200 200
ﬁe—Zoch d. None of these

2p

0

—ox eBx
The value of — ~ |sinpxdx when
X

B>a>0and p>0is:

a. arf1E tan 1% b. tan~ 1B+’[an 1%
p p p p
c. tan'P _tan1P 4. tan"1P 4 tan"1P
o o
b
J = ,a>0,|bl< a then the
0 a+bcosx [;2_ 12
value of J'ndix‘? is :
(a+ bcosx)
b Ta
a. —— b.———
02 _ b2 (02 _ b2)3/2
b d b
02 _ b2 (02 _ b2)3/2

-1 dx is equal to :

The value of '[
logx

a. log(3) b. log (2

c. —log3 d. None of these

If J‘(;Oe_ax %dx = tan_lﬁ, o > Othen
x o

J‘w%dx forf > Ois :
0 x

b T
"2

a. 0

r d =
2
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58.

59.

60.

61.

62.

63.

If>a>0and p> Osuch that

oof ,—0X _ —Px
J. e -e sinpx dx = tan~! B_ tan~1 %
0 x p p

sinpx dxis:

then for p > O the value ofj

a. b.

wla

c. d. 0

Sla A

If J;e_w( %dx =tan"! B for o. > O then
x o

J‘;%dx whenff = Ois :
b.0

a.

d. None of these

m‘;‘ Dola

2

o —X
The function y = .[0 e 5 dz satisfy the following
+2z

differential equation :

a. y'-y=x b.y"+y=x
” 1 ” 1
c. Vi+y== dy-y==
X X
2
If I= J:/ sinGcosfl(cosoc cosec 0)dO then dar is
——a do
2
equal to :
a. msino b. mcosa
. T
c. —sino d. =coso
2 2

fr1=(" log(1+ acosx)

dx, |al<1 thenﬂ is equal
do.

0 cosx

to:

a. nx/l—a2 b. mvl+ a?
T d b

N 1-d?

If l—j /2 log(a 2 c0s20+ b2 sin? 0)d6 where a> 0,

C.

b> Othen dr is equal to :
da

b
\/a2 + b2
c. i d. m/a? - b2

64.

65.

66.

67.

68.

69.

K-7

1
If I—J' de=£log(l+ a) for a> 0 then
0 x(1+x?) 2

the value of I fora< Ois :

T . - .
a. —sin(l-a b. —sin(l-a)
2 ( ) 2

c. _—nsin(l —a) d. None of these

If L;Q e ®dx = lthen the value of J(;Q e xtdxis:

a
a. % b. %
a a
c. % d. %
a a
1 Ix —ag—si
Ifj x* dx =sin(1+ y) then '[ wdx is
sinx (sinx)
equal to :
a. log2-1 b.log3-1
c. logd-1 d. 2log2+1
If f is continuous on [0, 1] then [Meerut 2014]
hm Jol
—£(0 b. = (0
4f (0 2f )
b b
c. —f(m d. =f(rn/2
5 flm) 4f (n/2)
An improper integral is called convergent if :
[Meerut 2015]
a. Limit is a finite number
b. Value of integral and limit same
c. Both (a) and (b)
d. None of these
Let f(x,o) be continuous in [a,b] X (0;j,00) and
o(x,0) J' [I f(x,0 dx]doc then : [Meerut 2016]
L 00 _ 9%
© Oxda dodx
b 00 _
ox do. 00.0x

c. Both (a) and (b)
d. None of these



70.

71.

72.

73.

74.

75.

76.

77.
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The integral '[: x"1e % dx is divergent if :

[Meerut 2015]
a. n>0 b.n>1
c. n<0 d.n= l
2
The mtegral'[ cosx dx is : [Meerut 2015]
1+ x2

b. Convergent
d. None of these

a. Divergent
c. Both (a) and (b)

The value of integral _[lm C;)/(Z is :
X

[Meerut 2015]
a. 0 b. «
c. 2 d. -2
. 1 dx .
The integral | —————is: M t 2015]
J‘O X1/3(1+x5) eeru

a. Convergent
c. Both (a) and (b)

b. Divergent
d. None of these

Which of the following integral is divergent :

[Meerut 2015]
dx o )2
a. [ b. [ e™ dx
J.O 31+ xh JO
J-°° CcOS X d J-w sinzxdx
1+ x2 0 52

If the limit of an improper integral is e or —c the

integral is said to be : [Meerut 2015]

a. Convergent b. Divergent

c. Oscillatory d. None of these

The integral J: L2 is an improper integral of
the - [Meerut 2015]
a. First kind

b. Second kind
c. Neither (a) nor (b)
d. None of these

b
The integral '[ X - is convergent if :
a

X —a)
[Meerut 2015]
a. n=0 b.n>0butn<1
c. n<O d. None of these

78.

79.

80.

81.

82.

For integral j dx which is/are correct :

x2+4q®
[Meerut 2015]
a. The value at integral is 7
b. The integral is divergent
c. Both (a) and (b)
d. None of these
%
If f(x,00) = then we have : [Meerut 2015]
X OO0

Oy
a. [ flxo)do = 0 (x,00) = O (x,09)

Oy

oy

b, [flx.0)do = o, (x,0) = 0 (x,0)

c. ff(x,oz) dx = ¢, (x,011) — d, (x,000)

Oy

d. None of these

1x%-1, .
If o > -1, then j dx is equal to :
0 logx
[Meerut 2015]
a. log(l+a)! b. log(1 + 0)?
c. log(1+ o) d. None of these

The value of integral P is where

1 -1
p= tan axdx:

0 V1-x?
a. glog o+ \/1+(x2]

b. glog [a—\/1+0c2]
c. mloglo+ \/1+OLZ]

d. None of these

[Meerut 2015]

If f is continuous in [a,b] x [0t1,015] then we have

f:f {f: flx,a)dx }da = [Meerut 2015]
a. dx
b. J: {I:jf(x,a) do. } dx
c. Both (a) and (b)

d. None of these
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83.

84.

85.

86.

87.

The value of '[: X367(XXZ dx is : [Meerut 2015]
a b. -

200 o

2
c. — d. None of these

0L2

If ot |< 1 then value of integral

T log(1l+ ocosx .
J-O %dx o [Meerut 2016]
T
sin"a
c. msin"lo
d. None of these
The improper integral
0(0) = [ flx.0)dx
is continuous in [0, 005] if : [Meerut 2016]

a. f(x,0)dx is uniformly continuous for x > a,

o €log,000]
b. Jmf(x,a) dx is uniformly continuous for
a
o eloy,00]
c. Both (a) and (b)
d. None of these

If f is continuous in [a,b] x [017,0.5] then :
[Meerut 2016]

a. j: [ j:f(x,a) doc]dx - j:‘ jzlz £(x,0) dot|dx

o

o [ j:f(x,a) da]da - j:‘ [ ftx.0) da|dx

c. Both (a) and (b)
d. None of these

If F is a function of which is bounded and Integrable
in [a,b] and f(x,0) is continuous in [a,b] X [01,0t5]
then : [Meerut 2017]

b
a. J' f(x,00) dx is continuous in [oi7,0l5]
a

b
b. Jaf(x,a) dx is continuous in (oty,05)

88.

89.

90.

Ne}

1.

K-9

b
C. J fx,0) F(x) dx continuous in [oi1,0t]
a

b
d. J'af(x,a)F(x)dx is continuous in (0t,015)

If f is continuous in [ab]x[0og,0] then
J‘“Z {be(x,a) dx}do, = [Meerut 2017]
o, Ja
b| .o,
a. Ja‘_[alf(x,a)doc dx
b
b [ 4] flx00 dort dx
a Jo,
b
[ 4] ftc.0) dory e
o, Ja
d. None of these
The integral J'm 1- &) %% dx where a> Ois :
a x2
[Meerut 2017]
a. Diverges
b. Converges
c. Both (a) and (b) true
d. None of these
1.
| SINX fix s [Meerut 2019]
x
0
a. Proper integral
b. Improper integral
c. Improper integral of first kind
d. Improper integral of second kind
Jg e Mdtis equal to :
a. r b. 1
r
c. -r d. 1
r
J_N eXdxis:

a. Convergent
b. Divergent

Conditional convergent

e o

Zero
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MULTIPLE CHOICE QUESTIONS

ANSWERS

il

11.
21.
31.
41.
51.
61.
71.
81.
91.

(c) 2. (b) 3. (c) 4. (b) 5. (c) 6. (b) 7. (c) 8. (d) 9. (c)
() 12. (b) 13. (a) 14. (b) 15. (c) 16. (a) 17. (a) 18.  (c) 19. (b)
(@ 22. (c) 23. (b) 24. (c) 25. (a) 26. (b) 27. (c) 28. (a) 29. (b)
(@ 32. (c) 33. (c) 34. (a 35 (a 36. (b) 37. (c) 38. (b) 39. (b)
(b) 42. (a) 43. (b) 44. (a) 45. (b) 46. (a) 47. (b) 48. (b) 49. (a)
(@) 52. (b) 53. (c) 54. (a) 55. (b) 56. (@) 57. (c) 58. (a) 59. (b)
(c) 62. (c) 63. (c) 64. (b) 65. (b) 66. (c) 67. (b) 68. (c) 69. (a)
(b) 72. () 73. (b) 74. () 75. (b) 76. (a) 77. (b) 78. (a) 79. (a)
(@) 82. (b) 8. (a) 8. (c) 8. (c) 8. (b) 87. (c) 88. (b) 89. (b)
(b) 92. (b)
HINTS AND SOLUTIONS
Let flx,v) = log(1+ beosx) put tanX = t, lseczidx =dt
cosx 2 2 2
XET/Z 109(1;59; ey > 0=l (1+y) fo(’; —yt
and fy(x,y) - 1+ ycosx - 2 - .

Here f and f,, are continuous in [0, n] and [y|< L

Let o(y) = [ fix,v)dx
So, o) = [ Sy dx
_ J'Tf dx
0 1+ ycosx
_ J'" dx
0 sin?X 4 cos?
2

+ y(cos2 x_ sin2 i)
2 2

:Jn seczx/de
0 1+ y)+(1—y)tan2x/2

10.
20.
30.
40.
50.
60.
70.
80.
90.

T

(b)
(b)
(c)
(@)
(d)
(c)
(a)
()
(a)

Let I = J;xge_cxzdx
Put cx2 =t
then 2cxdx = dt
or dx = i
2cx
I J'w t3/2 e—t dtcl/Z
0 C3/2 2C4t1/2
D S i |
= ?-[0 e 't dt
J: e 1t Ldt = 1(p)
S0, P lay- L

2c2 2c

ﬂ—wf+v_2=ﬁ_ﬁ
1-y
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Given that
jme_cxdx :lforc>0
0 c
B 0 @O _ e—bx
Let o(b) = jo Tozx
= jo f(x,b) dx
So, folx,b) = e

Since, [ f(x,b)dx and [ F,(x,bldx are uniformly

convergent so ¢’(b) exists.

ie., o'(b) = J:f(x,b) dx

_J‘ —bxdx_i

Integrating ¢(b) = logb+ ¢ ...(2)
Put b = ain equation (1) and (2) we get,
o(a) = 0fora>0
and o(a) =loga+ c
¢ =-loga,fora>0
Put it in (2), we get
6(b) = logh — loga = log?
a
me ™ g p
So, J-O fdx = log,g
Let f©,0) = log(a2 cos20 + b2 sinze)
2acos20
then f,0,0) = ——— — (1)
¢ a®cos?0+ b%sin?e
/2
Let o(a) = .[0 £(©,a)do
2
= Jg/ log(a2 cos20+ b2 sinze) do
..(2)
2
then ol = [ f0c)do

_ (2 2acos?0 do

0 4?cos?0+ b?sin’0
_ (/2 2ade

0 4%+ b’tan?0

_ 2ab 1
_b Zjo a +t2

b2 + t2

]dt

11.

15.

K-11

By puttingt = btan® or dt= bsec?® do

So, 0’(a) = T Integrating w.r.t. a
a+b
nda
= +
¢(a) jw+w c
= nlog(a+ b)+ ¢ ...(3)
or 0(0) = wlogb+ ¢ ...(4)

put a = 0in equal (2), we get

2
0(0) = (1:/ log(b? sin®6) do
1
= nlogb+ mlog=
2
1
So,weget c= nlogE

Put it in equation (3), we get

¢(a) = mlog(a+ b) + nlog%

_ nlog(a+ b)
2
Let I= J:e_cxz dx
Put cx2=torx:\ﬁ
c
4 t—1/2 d
or X = t
2Jc
. -ty V2
=)o 2Jc
L N e tY2 g
C O
- Lt(lJ _r _ [
2Jc 2Je V4
1
Let o(y) = [ fix.y)dx
_t tan~! YX
0 xv1-x?
then fylx,v) = 1

1+ y2 —xz)\/l—x2

So. W= [ by

—k“““‘z

1+yx 1-x
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Put x = sin®, dx = cos0d, we get

, n/2 sec?0de

oly) = 0 M4 2\4ar2n, 1
(1+y°)tan“0+1

T

21+ y?

Integrating w.r.t. y,
T
oy) = Elog(y+ Vi+v9)+c
put y = Owe get

¢(O)=O=glog1+c =c=0

1 tan™! VX ix

0 X\/l—x2
= glog(y+ 1+ y2)

oy =

16.  Given that
Jcilog(l + cx) dx = llog(l + cz)tanf1 c
0 1+x? 2
put ¢ = 1we get
1
| log(1+ x) 1+ *) i = Llog(1+ Dtan~11
0 142 2
1=z
2. Tlog2 = "log2
T2 g 8T g
19, Let = [ Jbcy)dx
oo 2
='f0 e cosyxdx (1)
then fy(x,y) = —xe™* * sin yx. Obviously j;f(x, y)dx

and J;fy(x, y)dx are uniformly convergent i.e. ¢'(v)

exists.
So, o'(y) = J';—xefxz sin yx dx
= [le_XZ sinle -y
2 0 2
J: e cos yx dx
4
2 o(v)
or " _ v
oly) 2

Integrating it, we get

2
Mw=—%+c
or o(y) = ce V)4 ..(2)

puty=0in (1) and (2)

o(0) = j:efxzdx - %

and o(0) = ¥ =c
So, c= ﬁ
2
) N
Le. ( ) =_ _e—72_
oy 3 4
21.  Let fx,t) = e cosmx ¥x 2 0,t= 0> 0
Let IO * sinmx dx
and y(m) = .[0 e cosmx dx
o(x) = lim '[ e sinmx dx
Cc—oo
— lim e sinmx ‘
Cc—oo —t 0
+—_[ce xt cosmxdx]
t J0
-m —My
t wom) t cgr:o
J e cosmx dx
2
m m
=™ im)
2 2
So, we get
yim) = j(;oe_n cosmx dx
t
= >0
m2 + t2
o p—0X _ _—bx b
or j € cosmx dx =J' tht 5
0 x am? 4t
1
E“Og( m?)15
2 2
llog%, ab>0
2 "a“+m
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Iz-'-(()mefaxdx:l

a

25.  Let

Differentiating w.r.t. a, we get

% = J: e ™ (—x)dx

1
02
Differentiating again

&

= [T e ™ (—x)2dx =
o

Sl

continuity it, we get

jm e ® x"dx = [n
0 an+1

28, Let flab) = [ e sinbx 4 4> 0
0 X
‘efax sin bx < e
X X
e*ax

for x > 0and JOM
X

so by weierstrass -test J'O e
X

uniformly convergent.

Similarly, J: e ™ cosxbxdx is also uniformly

convergent so fy(a,b) exists.

fpla,b) = '[:e"’x cosx bx dx
=[e" ™ {bsinbx —acosbx}]y

fplab) =

a® + b?
Integrating it w.r.t. bwe get

flab) =tan 1Py ¢
a

Put b = Owe get,
0=f(a,0)=0+c = c¢c=0

© _gx Sinbx
ab) = [ e @ SMOX g
fla,b) JO .

=tan! 9

dx is convergent at « if a> 0

© _gx sinbx
ax dx

29.

31.

36.
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1xY —
Let f(x,y)zj X2 -1 fory>-1
0 logx
_xYlogx _ _y
then fylxy) ==—=2=x
logx
15 _
Let o) = [ "Ly
0 sinx
or o'(y) = Jl xYdx = 1 when y> -1
0 v+1
Integrating it
o(y) =log(1+ y)+ ¢ (1)

Put y = Owe get

0(x) = J';de —0 and 6(0) = c

So, c=0 ie by(1)
1xY -1
0(y) =log(L+y) = [ Z—dx
0 log x
Given that
r’ c;)smx2 dc = T g-ma
0 a®+x 2a

Differentiating both sides w.r.t. m we have

-[‘x’ —X SInmx dx = le—ma (—O)
0 424 x2 2a
or J'm x251nm>2< dx = Tema
0 o4 x 2
Given that
n/2 1+ bcosx
J secx log| = — =227 |dx
0 1+ acosx

= 1[(cos_l a)2 - (cos_1 b)z]
2
1
put b = 5,a = Owe get

2
Jn/ secx log(l + 1 cosx ) dx
0 2

2
= 1|:(cos_1 O)2 - (cos_1 1) }
2 2
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38.  Consider that _ \/Ero -atzt-m?/4z?)
alog(l + ax) 0
I=| =" " dx 2
0 1+ X2 —2ma
\/* «/E 2a
=Jn.-"e
I , logll+d% 2a
01+ x? )1+ ax 1+ d? oo
) or j cosmx 4 _ T -ma
Ja l: a :|d 0 o2 4 x? 2a
- x
2 2
0l1+x? 1+x% l+ax Differentiating both sides w.r.t. m we get
log(1+ a2) e —xsinmx ;T __ma,_
1 [1 2 -1 * x sinmx T —ma
= Zlog(l+ a“)+ atan™ " a or dx ==e
1+d?L2 J.O a® + x?
2 o 1 _ p,—CX
—log(1+ a?) +M 46. Let o(c) = 1-e dx
1+ad® 0 xe*
-1 = [“flx,c)dx ~(1)
dl 1 log(1+ 02) + atan” " a _[0
da 201+ d?) 1+ d? e
Then  f.ix,c)=% — =e{ctDx (2
Integration w.r.t. a, we get e’
I= %log(1+ az).tan_1 a+c Since, J.:f(x,c) dx and J;fc(x,c) dx we uniformly
But [ = Owhen a0 soc<0 convergent so ¢’(c) exists.
=0w =0, =
o) = [~ fulx,c)dx
I = llog(1+ az).tarf1 a IO ¢
2 _J‘ —(c+1) x 1
_ ﬂlog(1+ax)d 0 Tt
=| == _—dx
J‘O 1+ 2
X if integrating w.r.t. ¢ we get
puta=1we get o(c) =log(1+ ¢)+d
jl log(l+x) 3. _ Tyog0 then 00 =d
0 1+x2 8 .
put c = 0in (1) we get
45.  Consider that 6(0 =0
_ = cosmx 3
I= 0 md So, c=0
we have ie., c) = .[0 - dx =log(l+ c)
1
2670 +x7)2" g, - 2
I a® + x2 53. Let 1= exp{—[ 2+°‘2Jﬁz}dx (1)
X
Multiplying both sides by cosmx and integrating
w.r.t. x from 0 to o, we have, Differentiating w.r.t. o we get
o0 ao0 oo o 2 2
cosmz.2ze (@ X7 gp gy = [ COSMX gy da _ expl-| x2+ % |p? B~ i
o Iy | 2+ 2 do o 2 2
[ﬁ) o o
_J,: 9y e-a'zt VT \ 427 ) o put ;=z or jdx=dzwe have

4
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d 2 ¢ o 9)a2
E__ZB .[O exp{—[zz+z ]B }dx

= —2np?
d _ 52
or -[T =-28 jdoc
Integrating we get,
logl = —211[32 + logc

or I = ce 28’ ..(2)
puto = 0in (1) we get

I = J‘ooefﬁzxzdx = ﬁ
0 2

Thus, c= ﬁ
B
By (2) we get,
o 2
J' expl— 2+(% B2 Ldx :ﬁe—QaBZ
0 X 2B
54. Let flx,t) = e sin pX

then it continue for all x > Oand t > o > Oso
bl B —xt - _ B < _xt .
-[0 (J‘a e *sinpx dx)dx = fa UO e *sinpx dx)dt

w g X B _ (B padt
.[0 D sinpx dx = J
-10

o 2 2
B
= |:tan_1 i] = tan_1 E —tan "=
Py, P p

pe+x

where o, > 0
55.  Given that
T dx T
J.O ( a2 _ b2

a+ bcosx)

for a> Oand |bl< a

Differentiating it w.r.t. a, we get

_'[ —an
0 (a+ bcosx (02 - b2)3/2
an
or
JO (a+ bcosx (02 - b2)3/2

57.  Given that

Jw e ™ %dx =tan! E, >0
0 x o

59.

60.

61.
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put o = Owe get
J: sinpx dx = tan™! B

Given that

—tan! i

T ™

px 1
sinpx dx = tan™

=) — 0 — |
i (exe

puta — Oand B — o« we get

'[m sinpx 1-0dx = tanlo—tan"10
0 x

Jw sinpxdx_ﬁ
0 x

or

N

Given that

S}

e

y=| ——dz (1)
‘[0 1+ 22

Differentiating w.r.t. x we get

XZ

—ze
vy _jo 2 (2

Again differentiating w.r.t. x

X

2%

= ..(3)
'[0 1+ 22

Adding (1) and (3

1+ 22
v IO 1+ 22

), we get

e ¥ dz

=)

—XZ

= J-w e X2 dz = € =

2
Let I= JTT:/ sinecosfl(cosoc cosec 6) do
o

X | =

—sin®

dl _Jn/Z
do \/1 cos®o, cosec? 0

(—sin® cosec 6) dO — sin (g - oc) cos~!

G alz)
COSOL cosec| —— o e — =0
{ 2 do\ 2

dl n/2  sinosinfd@
or ==

[f e
do 2  Jsin20 - cos2a.
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n/2 sino.sin@do
T
2 (1= cos26) - (1 - sinZq)

_(m/2 sinosin@d@
= [, - Snoesnvdv
5 ¢ sin20c — cos20

F

= San(J.

putting cosO = tsina
or ﬂ = sinoc[sin_1 t]%) = "sina
do 2

-1
Given that ¢(a) =J‘ tania);dx
)

0 x(1+x

:glog(1+ aifa>0

N 65.
then dx
‘[0 1+x2 1+a x2)
:r 2( - 2 azz z)d
01-a?\1+x l1+a
provided a # +1
do 1 -1

[tan

x —atan™? ax]y

. T
when a < 0, tan 1ax—>—§asx—>ooso

w el 3
da 1—02 2 2
=E(L)
2\1-a

Integrating w.r.t. a we get

—T
=—log(l-a)+
o 2 og(l-a)+c

But¢ - O0asa— 0soc=0

Hence, o(a) = ;anog(l —a)

By solution of question (25), we have

Jmefaxx"dx _In
0 an+1

put n = 4, we get

J':e_‘”‘x4 dx = 4

Q

000



CHAPTER

12

Limits and Continuity of Functions of Two Variables

FUNCTIONS OF TWO VARIABLES

The function z = f(x, y) is a real valued function of
two independent real variables x and vy, if for each

pair of values of x and v i.e. (x,y) of A C RZ, there

corresponds a unique value of z in R.

Examples z = xy + x sin y is a real valued function of
two real independent variables x and v.

Here x and y are independent variable and z the
dependent variable.

NEIGHBOURHOOD OF A POINT

1.

Circular neighbourhood
The set N(a, b) = {(x,v):x e R, ye R and

\/(x - a)2 + (v — b)2 <d } is called a circular
neighbourhood of the point (a, b), where & is an
arbitrarily small positive real number.
Rectangular neighbourhood
Theset N(a, b)={(x,v):xe R,ve R,a—h<x
<a+h,b—k<y<b+k}iscalled a rectangular
neighbourhood of (a, b), where h and k are
arbitrarily small positive real numbers.

It should be noted that energy circular
neighbourhood of a point contains a rectangular
neighbourhood and vice versa.

Deleted neighbourhood

The set obtained by deleting the point (a, b)
from its neighbourhood N(a, b) is called deleted
neighbourhood of (a, b).

LIMIT OF FUNCTIONS OF TWO VARIABLES

1.

Simultaneous limits (Double limits)

Let f be a function defined on some
neighbourhood of a point (a, b) except possibly

at (a, b), then a real number | is said to be the
simultaneous limit of f at (a, b) if for each £> 0,
however small, there exists a 6 > 0 such that
| f(x,v) —I|< € whenever (x, v) satisfies
|x —al<dand|y - b|<d
It is denoted by  lim  f(x,y)

(x,9)=>(a,b)

or lim f(x,v)
X—a
yv—b

Non-existence criterion for simultaneous limit.
If f(x, y) tends to two different real numbers as
(x, y) = (a, b) through two different points, then
the simultaneous limit does not exists.

Iterated limits (Repeated limits)

If function f is defined in some deleted
neighbourhood of (a, b), then the limit,

limb f(x, v)if it exists is a function of x say g(x). If
V=

then the limit, lim ¢(x) exists and is equal to A,
we write X—a

lim lim f(x,y)=2A

x—ay—b
and then A is called the repeated limit of f as
v— b x— a.

If the order of taking the limit is changed, we
obtained the other iterated limit

lim lim (f(x, y) =

y—bx—a
or x—andy— b

These two limits may or may not be equal.

Note : If the simultaneous limit exists, these
two repeated limits if they exist are necessarily
equal but the converse is not true. Also, if the
repeated limits are not equal, the simultaneous
limit cannot exist.
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Results :

1. Let the simultaneous limit  lim  f(x, y) exist

and be equal to A and let()':ﬁéTi(r?lli)t. lim f(x, y)
exist for each constant value of y in tff: nabd ofb
and likewise set the limit lim f(x, y) exist for
each constant value of x inyﬁle nbd of a then

lim lim f(x,y)= lim lim f(x,y)=A
x—ay—b y—bx—a

CONTINUITY OF FUNCTIONS OF TWO VARIABLES

The function f(x, v) is said to be continuous at (a, b) if

for every € > 0, there exists & > 0 such that
|x —al<d,|y-bl<d = |f(x,v) - fla,b)|< e
Thus f(x,y) is said to be continuous at (a, b) if the
lim  f(x, v)exists and is equal
(x,y)—>(a,b)
to its functional value f(a, b) at (a, b). The function f is

simultaneous limit

said to be continuous on the domain D < RZ if fis
continuous at each point of domain D.

If f is not continuous at (a, b) € D then f is said to be
discontinuous at (a, b).

Removalbe discontinuity : A function f(x,y) is

said to be removable discontinuity at (a, b) if both

lim  f(x, y)and f(a, b) exist but are not equal.
(x,y)—>(a,b)

Results :
1. KfAxB=DcR%andf:D— Rbe afunction

continuous at (a, b) then

2. The function f(x)= f(x,b) is continuous at
x=aeA.

3. The function fo(y) = f(a,y) is continuous at
y=beB.

Differentiability : A function f(x, v) of two variables

is said to be differentiable at (x, v) if there exists two
numbers A and B such that we have the simultaneous

double limit.
flxg + Ax, yg + Ay) - f(xq, vo)
lim — AAx - BAy
Ax—0 Alx, v)
Ay—0

where A(x,y) = (Ax)2+<Ay)2

Azfx(XanO)
. Ax, yg) — ’
=11mAx_>0f(x0+ Z(l) f(x0, vo)
B = fy(x0, o)
= llmAy—>0 f(x()vyo + Ay) - f(xo,yo)

Ay

TAYLOR’S THEOREM FOR FUNCTIONS OF TWO
VARIABLES

If f(x, y) and all its partial derivatives are continuous in
a certain domain of the point (x, v) then

f(X+h,y+k):f(x,y)+(haf+kaf)

ox oy
2 2
L hza—];+2hk +k2% +o
|2 ox oy
In particular

f(X,9)=f(0,0)+x(gf) . y(af)
X /(0,0) dy (0,0)
+2(a"'f) - { 7 ]
2
Ig ox (0,0) aXOy (0.0)

2 2
V[ag) .

This is called Maclaurin’s theorem for two variables.

MAXIMA AND MINIMA OF TWO VARIABLES

Let f(x, v) be a continuous function and finite for all

values of x and v in the neighbourhood of x = a and

vy = b. Then f(x, y) is maximum at (a, b) if
fla+h,b+k)< f(a,b)

and minimum if f(a —h, b —k)> f(a, b) for the small

values of h and k.

Necessary and sufficient conditions for the existence

of maxima and minima.

Necessary condition : The function f(x, y) should

maximum or minimum at x = aand y = b if

(af) ~0and (31‘)
0x Jx=a ay )x
y=b

=a
y=b

=0
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Sufficient condition : Considerr = [
X

i)y
0x. 0y

&)Zf) 1. f(x, v) is maximum ifrt — s> 0forr<O0.

Q

2. f(x, v) is minimum if rt — s2>0forr>0.

X=a
y=b
52 f f(x,y) is neither maximum nor minimum if

[ nt—s?<0.
dy“ )x=a
y=b 4. f(x,v)is doubtful when rt — s2=0.

X=a
y=b

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four a. Exist

alternative answers. One of them is correct. Choose the b. Does not exist

correct answer. c. Cannot be determined
1. The simultaneous limit of f(x,y) exist and equal to A d. None of these

as (x,y) — (a,b) if for every £> 0, 36> Osuch that 6. If lim  f(x.y) exists then it has :

|f(x,v) - Al< € ¥x,y (x,9)=(a,b)
in the neighbourhood of (a, b) defined by : a. Uniquevalue  b. Finite values

a. |x—a|>8 |y-b[> c. Infinite values d. None of these

b. |x—a|<d, |y—b|>d 7. lim f(x,y) is called :
X—a
c. |x-a|<d, |y-b|>8 y—b

d. |x-a|<d |y—b|<d Iterated limits

a
b. Repeated limits

2. The simultaneous limit  lim ysinl exists and is
(x.9)-(00 X c. Simultaneous limits
equal to: d. None of these
a. 1 b.0
8. lim lim —=> l+x y-x, is equal to

c. -1 d. None of these y>0x=01+y y+x
3. lim lim ¥=% i+ Xis equal to : a. 0 b. -1

x->0y->0py+x 1+

Y Y c. 1 d. Not exists
a. 1 b. -1
. If simult: limit i t exist
e 0 d. Does not exist 9 simultaneous limi . y}gl;(a b f(x,v) does not exis
then iterated limits are :

4. lim Mis equal to : Exist

(x.9)-(0,0 2x — 3y a. kxis

3 2 b. Not exist
a. = b. = .
2 3 c. May or may not exist

c. 0 d. Does not exist d. None of these

5. The simultaneous limit of 10. lim xyz is equal fo -
11 (x,9)-(00 xZ 4 y?
) = xsin=+ysin= , xy#0
v X a. 1 b. -1
0 , xy=0 1
c. = d.0
at origin : 2
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. . . - 3,3
11.  The function f(x,y) is continuous at (a, b) if : 18. lim X +vy is equal to :
a. lim  f(x,v) exists (x9=(00 x—-y
(x.y)=>(a,b) a 1 b. 0
b. (x&%ir}qb) f(x,y) exists and equal to f(a,b) c % d. Does not exist
c. flx,y) at(a,b) exists 19.  The function f(x,y) is continuous at (a,b) if for all
d. None of these e> 08> Owe have :
12.  Thesimultaneous limt( }irr}oo) (x + y)isequalsto: a. |f(x,v)- fla,b)|< ewhen |x —a|> 3, |y—b|>5
y - el
> b. |f(x,y)— fla,b)|> ewhen [x —a|> &, [y— b|> &
a0 o1 ¢. |f(x.y)- flab)|< ewhen|x-al<8, |y-b|<3
c. 2 d. Does not exist

d. None of these

13.  The function xy3
20. lim is equal to :
i) = {Xz +2v () #(12) (x.9)-(00 x2Z 4 y© d
0 (x,v)=(12)
Y a. 0 b1
at (1,2) is : [Kanpur 2018] 2
a. Continuous b. Discontinuous c. 1 d. Does not exist
c. Differentiable d. None of these 21 lim wl(x23;2 + 12) -1 is equal to :
14. If lim f(x,y) exists then its value is : (x9)=(00  x“+y
(x,9)>(a,b)
a. 0 b. 1
a. Dependent of the path 1 WD st
b. Independent of the path < 2 - J0oes not exis
¢. May or may not depend on the path 22. If (abeR? then Niab ={(xy):x,veR,
d. None of these (x—a)? + (v—B)Z <8} is called :
15. If R* th
> (abe en a. Square nbd b. Rectangular nbd

N(a,b) = {(x,y) : x,ye R, a3
<x<a+db-6<y<b+d 93

c. Circular nbd d. None of these
If lim lim f(x,y)and lim lim f(x,y) exists then they
b y—>b x—2

is called : x=ay=
a. Circular neighbourhood are :
b. Rectangular neighbourhood a. Equal
c. Square neighbourhood b. Not equal
d. None of these c. May or may not be equal
16.  Which of the following limits does not exist : d. None of these
[Kanpur 2018] 24. The domain of z = e ) g
a lim ysinl b. lm (x+y) a. Whole xy-plane b. Whole yz-plane
(x,9)—(00 x (x,9)=(0.0 c. Whole zx-plane d. None of these
c. lim d. None of these 1 1
(x.)-(00 25.  The function f(x,y) = {5, T VSR W7 0
17. If lim  f(x,y) exists then two iterated limits if 0 xy=0
(x,)—>(a,b)
exist are : the repeated limit :
a. Equal a. Exist
b. Not equal b. Does not exist
c. May or may not be equal c. May or may not exist

None of these d. None of these
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26. lim lim f(x,y) is called :
x—a y—b 34.

a. lIterated limit b. Simultaneous limit

c. Double limit d. None of these

27. If lim )f(x,y)andf(a,b)existat(a,b)butarenot 35.

(x,)—=>(a,b)
equal then fis :
Continuous

a.
b. Discontinuous of first kind

c. Discontinuous of second kind
d. Removable discontinuous 36
28. If (a,b) € R? then the set N(a,b) = {(x,1) : x,y € R,
a—-h<x<a+hb-k<y<b+k}iscalled :
a. Circular nbd b. Square nbd
c. Rectangular nbd d. None of these
29. lim XY s equal to :
(x,1)—(0,0) X2 + 92 qd 37.
a 1 b.0
2
c. 1 d. Does not exist
30. If simultaneous limit lim  f(x,y) exists then
iterated limits are : beyi=(ab)
' 38.
a. Exist
b. Not exist
c. May or may not exist
d. None of these
31.  On expending f(x+ h, y+k) by Taylor’s theorem
the second term is :
a. f(x,v) b. hf, +kfy
c. kfe+hf, d. h?f, +k%f, 39.
33
32. lim XY s equal to :
(x,9-(00 x2 4+ y?
a. 0 b.1
c. 1 d. Does not exist
2
33. If lim f(x,y) exists then which one of the 40.
(x,9)=(a,b)

following exist :

a. lim,_,, f(x,y)

c. limy_, f(x,b)

b. limy_)bf(x,y)
d. Both (a) and (b)

(s ]

.2
lim xy Y_is equal to :
(x9)-(00" xZ 4y
a. 0 b. 1
c. -1 d. Does not exist

If f:AXBc R? - R be a continuous function at
(a,b) € D such that f;(x) = f(x,b) then f; is :
a. Continuous at x = b
b. Continuous at x = a
c. Discontinuous at x = a
d. Discontinuous at x = b
If lim lim f(x,y) = lim lim f(x,y) then lim f(x,v):
x—a y—b y—bx—a x—a
y—b
a. Exist
b. Not exist
c. May or may not be exist
d. None of these
The expansion of e* cos(1 + y) in Taylor series in the

nbd of (0,0) is :

9 2

a. X+xy+ vy + ... b x—xy+%+ .....
2 2
v v

C. Y+xy—Z—+.. dy—-xy+=—+....
2 2

Consider the following statements :

1
ysin— exists

(i) lim
(x,9)—(0,0) X

(ii) lim ysinl =0
(x,9)—(0,0) X

(iii) lim ysinl exist
x—0 X

b. Il and III are true
d. LILIII are true

a. [and Il are true
c. landll are true

The function

3xy , (x,v)#(23)

f(X,V)={ 6 . (xy)=(23 is :

a. Continuous at (2,3)

b. Discontinuity of first kind at (2,3)

c. Removable discontinuity at (2,3)

d. None of these

If repeated limits do not exist the simultaneous limit:
a. Exist

b. Does not exists

c. May or may not exists

d

None of these
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41.

42.

43.

44.

45.

46.
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. . . 2xy2
The value of simultaneous limit  lim ——Z
(x,9)-(00 x2 4 y*

[Kanpur 2018]
a. 0 b.1
c. % d. Does not exist
The second degree term in Taylor’s expansion of
COSX COSV is :
2 2
X v
a. xy—-— b. xy— 2
Y 2 Y 2
2 2 2 2
o XTtvy d [ Xty
2 2
f(x,v) has a removable discontinuity at (a,b) if :
a. lim  f(x,y) exist
(x,9)=(a,b)
b. lim  f(x,y) does not exist
(x,9)=(a,b)
c. lim  f(x,y) exist and equal to f(a,b)
(x,9)—>(a,b)
d. lim  f(x,y) exist but not equal to f(a,b)
(x,9)=(a,b)

The second degree term in Taylor’s series for the
function f(x,y) = € log (1 + y)in the nbd of (0,0) is:

2 2
Y Y
a. xy—=— b. —xy+ =
Y 2 Y 2
2 2
. X ;y d. None of these
Which of the following statement is true for the
function f(x,y) = 2xy > where (x,y) # (0,0) :
x“+y

(I)  order of iterated limit can be interchanged
(II) simultaneous limit exist

a. listrue

b. Ilis true

c. BothIandIl are true

d. None of these

Which of the following statement is true for the

function

fley) = Y=X 15X (b= (00)
v+x 1+vy

(I) repeated limit exist at (0,0)

47.

49.

50.

51.

(IT) repeated limit are unequal
a. listrue only

b. Ilis true only

c. land Il both are true

d. None of these

lim 2xy is equal to :

x—0 xX“ 4+ v

v—0

a. 1 b.2

c. O d. Does not exist

The second degree term of e* siny in Taylor series

expansion is :

2 2
X v
a. xy+ — b. xy—Z—
YT ar
c. Xy d. None of these
1if
For the function f(x,y) = 1 xy #0 at (0,0) :
Oif xy=0

a. Simultaneous limit exist

b. Repeated limit exist

c. Both simultaneous and repeated limit exist
d. None of these

For the function

f(xy)_{xsin1+y if x=0
R v

0 if y=0

which of the following statements are true :

I lim  f(x,y) exist
(x,u)—(0,0

II lim lim f(x,y) does not exist
y—=0x—>0

Il lim lim f(x,y) exist
x—0y—0

b. Il and III are true

c. Llland II are true d. Iis true

a. landlIl are true

If f: AXxB c R%Z 5 Rbe a continuous function at

(a,b) such that
fi(y) = fla,y) then f; is :

a. Discontinuous at a
b. Discontinuous at b
c. Continuous at b
d. Continuous at a
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52.

53.

54.

55.

56.

For the function

2
fles) = 2V
x7 + 3y

(x,v) #(0,0) and f(00) =0

consider the following statements :

I lim  f(x,y) does not exist

(x,9)—(0,0)

I fis not continuous at (0,0)
Il is true only

b. listrue only

c. land Il both are true

d. Iand Il both are false

The function f(x,y) = {3)(5} » boy) #(23) at (2,3)
6, xy)=(23

is:
a. Continuous b. Discontinuous
c. Differentiable d. None of these
The function f(x,y) = |x| + |y|at (0,0) is :

Differentiable
b. Not differentiable
c. Cannot be determined
d. None of these
The function

fle) = xzsin%+ yzsin1 , xy#0
, x=0y=0
at (0,0) is :
a. Discontinuous
b. Not differentiable
c. Continuous but not differentiable
d. None of these
The function f(x,y) = ———.,(x,y) # (00 and
x“+y

(0.0 = 0at (0, 0) is : (Kanpur 2018)

a. Continuous
b. Discontinuous

Uniformly continuous

o

o

None of these

57.

58.

59.

60.

61.

62.

(7]

(x,v) = (00)

X3P
x2 4 y?

and

The function f(x,y) =

f(00)=0at (0,0) is :

a. Continuous only

b. Differentiable only

c. Continuous but not differentiable

d. Continuous and differentiable both

If f(x,y) is differentiable at (a, b) then at (g, b) it is :
a. Continuous

b. Discontinuous

c. May be continuous or discontinuous

d. None of these

K4yl
The function f(x,y) = R (x,9) =00

0 (x,y) = (0,0)

(0,0)is :

a. Continuous

b. Differentiable

c. Continuous but not differentiable

d. None of these

The second degree term in taylors expansion of the

function €* cosy is :

a XY b XY
2 2
c. x2—y2 d x2+y2
12 12
The function f(x,y) = L, (x,y) # (00 and
22

f(0,0)=0at(0,0)is :

a. Continuous only

b. Differentiable only

c. Continuous and differentiable both

d. None of these
2.2
XY (x,y) #(00 and

The function f(x,y) = 4
x*+y

f(0,00=0at(0,0)is :

a. Continuous

b. Differentiable

c. Continuous but not differentiable
d. None of these
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63.

64.

65.
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The function 66.
fe) = izzz (5.9) # (00
0 (xy=(00
at origin is :
a. Continuous
b. Discontinuous 67.
c. Cannot be determined

d. None of these

The function f(x,y) =

2
Y (x,y) # (0,0 and
X2+y2

£(0,0) = Othen at (0,0) f(x,y) is :

a. Continuous and differentiable both 63

b. Continuous but not differentiable
c. Differentiable but not continuous
d. None of these

The third degree terms in the Taylor’s expansion of

the function e* siny is : 69.
2 3 2 3
a XY_ YV b. Y X
2 6 2 6
2 3
. YV d. None of these

If f(x,y) = xX- y’ (x,v) # (0,0) then iterated limit are :
x+y

a. Exist and equal

b. Not exist but equal
c. Exist but not equal
d. None of these

X3 _ 93
The function f(x,y) = 5 (x,v) #(0,0) and
x“+y

f(x,y) = Othen at (0,0), f is :

a. Continuous

b. Differentiable

c. Continuous but not differentiable
d. None of these

2

If flx,y) = —~
P v

(0,0), f(x,y) is :
a. Continuous

c. Differentiable

5 ,(x,v) #(0,0)and f(0,0) = Othen at

b. Discontinuous
d. None of these

Y2 when x,v# 0 and

The function f(x,y) = (|x,y|)
f(0,0) = Othen :

a. fx and f, not exist at origin

b. fis differentiable at origin

c. fx and f, both exist but is not differentiable

d. None of these
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ANSWERS

MULTIPLE CHOICE QUESTIONS

i,

11.
21.
31.
41.
51.
61.

(d) 2. (b) 3. (b) 4. (d) 5. (a)
(b) 12. (a) 13. (b) 14. (b) 15. (c)
(a) 22. (c) 23. (c) 24. (a) 25. (b)
(b) 32. (a) 33. (c) 34. (a) 35. (b)
(d) 42. (d) 43. (d) 44. (a) 45. (a)
() 52. (c) 53. (b) 54. (b) 55. (d)
(c) 62. (d) 63. (a) 64. (b) 65. (a)

6.

16.
26.
36.
46.
56.
66.

(a) 7. (c) 8. (c) 9. (c) 10. (d)
() 17. (a) 18. (d) 19. (c) 20. (d)
(@) 27. (b) 28. (c) 29. (d) 30. (c)
(c) 37. (c) 38. (c) 39. (c) ao. (c)
(c) 47. (d) 48. (c) 49. (b) 50. (d)
(b) 57. (d) 58. (a) 59. (d) 60. (c)
(c) 67. (a) 68. (a) 69. (b,c)

HINTS AND SOLUTIONS

Lete> Obe given and d = ethen for all x, y satisfying

0< |x]<dand O<|yl< 8, we have

=|y|

ysinl— O‘ =
x

1
ysin—
x

1
sin —
x

<yl

<d=¢

So, lim ysinl =0
(x,9)—=(0,0) X

i.e., the simultaneous limit exists.
lim fim Y=X1+X
x=>0y—-0y+x1+y

When (x,v) — (0,0) along the line y = x then

. 3x-2y .. 3x-2x
lim = = =|m = ==
(x,v—=(00 2x —3y x>0 2x — 3x
= lim X =-1

x—>0—-x

Again when (x,y) — (0,0) along the line y = 0 then
3x-2y . 3x-0_3
im = lim ==
(x9)=(00 2x—3y x-02x—0 2

Since here different limiting values exist so the

simultaneous limit does not exist.

5.

Let ¢> Oand for all (x,y) # (0,0) such that xy = 0
we have
[f(x,v)-0[=|0-0]=0<e
Again for all (x,y) # (0,0) such that xy # 0
We have,

1 .1
|f(x,9) = O = | f(x,y) | = |x sin =+ ysin =

x
< xsinl + ysinl
x
1 !
=|x||sin=|+ |y| sin=
x
< x|+l

< ZVXZ + y2
[x|< JxZ+ y2 and |y|< JxZ+ yz

2
<eifx?< & andy2<i
) 8

_&_and|yl< -t

22 22

Choose 8 = —£_ then for any € > Othere exists 8> 0
2.2

ie. if x <

such that|f(x,y) — 0| < ewhenever|x|< dand |y|< 8.

Hence, lim 0 flx,v)=0

(x,9)-(0,



8.

10.

13.

18.
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1+x v-x

lim lim
v>0x—>01+y y+1

= lim 1 =1
y—0 1+y

Take € > Othen for all (x,y) # (0,0) we have

xy2

x2+y2

_ r3 cosesinze‘

- 2

x2+y2

Xy —0l=

by taking x = rcos6,y = rsin®

=r |cos6| |sin6|2£ r

xZ+ y2
2 2
< eifx2<%andy2<f
i.e. if x|< and |y|< 21.
Ix]| ﬁ vl \/E
Choose 8 = - we have for &> 0 there exists 8> 0
72
such that
xy2
5 —0|< ewhenever |x|<dand |y|< d.
x“+y
2
Hence, Y -0
(x9-(00 x2 4 y2
We have
lim x2+2y=1+4=5
(x,9)—-(1,2)

So the limit exists and equal to 5

Since, (1,2 = Oand( 11rrz1 ) flx,v)=5
ie. lim  f(x,y) # f(1,2)
(x,9)—(L,2)

So, the function is not continuous at (1,2).
Let (x,y) — (0,0) along the curve y = x —mx3 then

X3 + y3
(x9)-(00 x—y

r ‘ 20.

2- 3mx? + 3m?x? —m3®

= lim
x—0 m

-2
m

which is different for different values of m.

3 3
So, lim X *Y  Joes not exist.
(x,9—=(00 x-vy

Let (x,y) — (0,0) along the line y = x then
3 4
lim Y = fim -~ =0
(x9=(00 x2 4 0 x—>0x2 4 x©
Again let (x,y) — (0,0) along x = y3 then
3 6
lim Y = lim Y -1
(900 x2 4 0 y-0 64 & 2

Two limits are different so the limit does not exist.

Since, x and y are small in absolute values so

VAP +1-1 1+ xBH)Y2 -1

X2+y2 X2+y
lxzyz
x2+y2

Choose £ > Owe have

1 22
s/x2y2+1—1_0 _ Y
2, 2 - 2
X“+vy xX“+y
1 r* cos?0sin?0
_2
r2
putting x = rcos6, y = rsin®
2
lr2coszesin263L 1(x +vy )
2 2 2

<eifx®<e or x<+e
and y2<eory<\/€

Choose & = V& we get for any £> Othere exists > 0
such that

2 2
VXY +1-1
R 0

x2+y

< gwhenever |x|<dand |y|< &

So lim
(x 900 x2Z4 2
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_ xsinl + ysinl xv#0 34. Take > 0and putting x = rcos, y = rsin@

25.  Let =
e flx,9) v o x 2 2 2 2
xy=0 WX 7Y ol =X 7Y
) Yo 2
x“+vy x“+vy
Since, lim f(x,y) and lim f(x,y) do not exist and so 5
v—0 x=0 = |r®sinBcosh.cos 26|
both the repeated limits lim lim f(x,y) and
x—0 yHO 2 2 2 2
lim lim f(x,y) do not exist. =" singo|< ™ =X ty
y—0x-0 4 4 4
29. Giventhat  flx,y)=—">—
x“+vy

2
<eif <& and L <&
4 2 4 2
Let (x,y) — (0,0) along the line y = x we have
ie,if |x|<.2eand]|yl< 2e

Yy 1 |
(x)=>(00 x2 4 2 x50x2 4 x2 2 Take & = ,/2¢ then for £> 0 there exists §> 0 such
that
Again let (x,y) — (0,0) along y axis i.e. x = 1. 9 9
. Xy . 0 xvX_"Y__0|< ewhenever |x|<8and |y|< &
lim —22 = lim =0 x2+y
(x9-(00 xZ 4+ 2 v=200+y
2 2
Since two methods give different results the Hence, lim  xy X2 —Y 5= 0
simultaneous limits does not exist. o000 x4y
32.  Choose g¢> Qthen for all (x,y) # (0, 0) we have 37.  Let F(x,y) = * log(1 + y) then f(0,0) = 0
x3y3 _0l= x3y3 F, (x,y) = € log(1+ y)
2 2 2 2
Xty Xty so F.(00 =0
=|r* cos>0sin30|, Fy(x,y) = e¥ log(1 + )
putting x = rcos6,y = rsin® so F (00 =0
=rt |cose|3|sine|3 Fy () = 1ex
+
Sr4:(x2+y2)2<s y
so F, (00 =1
1/2 A
if x2<£or|x|< ﬁ e~
2 2 Fyy(x,y) = ——=—
1+v)
1/2
and vZ< % or (y) < [f) so F,,(00 = -1
X
| Fey(x,y) =
Choose 8 = % we have for £ > O there exists Y 1+y
4> Osuch that so Fy(0.0) =1
3 3 Taylor’s theorem states that
)ZC Y__0 < gwhenever |x|<dand |y|<d 9
XT+y F(x,y) = F(0,0) + x F, (00) + yF,(0,0) + x
3.3 L2
Hence, XY __o

2 2 2
b0 %7 +y Fie(00) + xvF,, (00 + yEFW(O,O) T
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2
or exlog(1+y):O+x-0+y-1+XE-0+xy~1

2
+¥ (c)+...
12
lim (x,y) = lim 3xy=18

(x,y)—>(23)f Y (x,9)—(23 Y

Since, (23 =6

So, lim  f(x,y) # f(2,3)

(x,y)—>(2,3)f n=f

Hence, f(x,y) is discontinuous at (2, 3). Since,

lim  f(x,y) exists but not equal to f(2,3) so the
(x,9)—(23)

discontinuous is removable.

Let f(x,y) = cosx cosy
then f(00 =1
fi(x,y) = —sinx cosy
then (00 =0
fylx,y) = —cosxsiny
then fy(0,0) =0
frx (X,1) = —cosx cosy

so fxc (00 = -1
fry(x,y) = sinxsiny

so  fu(00=0

fyy(x,9) = —cosx cosy
so fw(0,0) =-1
Taylor’s theorem states that
o) 0
fix,v) = f00) + [ x —+ y— |f(00)
ox ay

2

3
+1(x 9 4 i) f(0,0)+l(xi+ yi) £00) + ..

207 ox oy 1307 ax Ty

2
= f(0,0) + x £ (00 + yf,(00) + %

2
fx(00) + xy £, (0,0) + %fw(0,0) +o
cosx.cosy=1+0+0+ %(—1)

+xy(0) + %(—1) + X0+

43.

48.

=1- Lz - ﬁ + é +oene
2 24
2 2
So, second degree ferm is % - y2

Let (x,y) — (0,0) along the curve x = my2

We have
2 4
29" lim 2my
(x9-(00 x2 1 y*  v-0 (m2+ 1)yt
I 2m 2m
= lim 2 = B
v=01+m* 14+4m

which is different for different values of m since it
gives different limiting values so the simultaneous

limit does not exist.

Let flx,y) = €5 siny
then (00 =0
felx,v) =e*siny so £(00)=0
fylx,y) =€*cosy so f£,(00 =1
foc(x,9) = €¥siny so £, (00)=0
fylx,v) = €* cosy so  f£,(00 =1
fypx,9) = —€*siny so  f£,,(00)=0
By taylor’s theorem,
flx.s) = £1001+ [x% + ya%)f(0,0)
+é(x%+ yaay]zf(o,O) o

2
= f(00) + x £ (00) + vf,(00) + %

2
foc(00) + xy £, (00) + VE fpu(00) + ...

2
or e siny = 0+ x(0) + y(1) + %(0)

or eXsiny=y+xy+....
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49.  We have lim f(x,y)= lim 3xy=18
(x,9)—-(23) (x,9)—(23)
lim f(x.9) {1 it x#0
= ; _ Since, f(23) =6 and lim (x,v) =18
y0 0 if y=0 f (x,y)_ﬂwf v
lim 11m flx,y)=1 So, the function f(x,y) is discontinuous at (2,3).
x—0y—0
s if v#0 Again  lim exists but is not equal to (2,3
Similarly, iino fle,y) = 0 if v=0 S (23 flrprex d fz3
so the discontinuity is removable.
lim lim f(x,y)=1
y—=0x-0 56.  Given that
Hence, repeated limits exist and are equal.
flx,y) = 5+ (069 #(00),f(00 =0
Let (x,y) — (0,0) along the line y = 0, so f(x,y) =0 x“+y
ie., lim f(x,y)=1lm0=0 Let (x,y) — (0,0) along the line y = Othen
(x,9)—=(0,0 x—0
-0
Y lim  f(x,y) lim 1
Again let (x,y) — (0,0) along y = x then f(x,y) = 1 (x,9-(00 (x,9-(00 x2 4 y2
(y—=0) (y—=0)
So lim x,y)=1lim 1=1
(x,v)—=(0,0) fley) x—=0 -5 1
y=r = lim = = e
x—=0 x
Since, these gives different limiting values so the
simultaneous limit ~ lim  f(x,y) does not exist. = lim_ f(xy)
(x,9)—(0,0)  (x,y-(00)
52. Gi that
fven tha does not exist i.e. f(x,y) is discontinuous at (0,0).
2
flx,y) = 2X7y,(><,y) #(00) Let £> Obe given then for all (x,y) # (0,0) we have
x3+ 3y3
and (00 = 0l = ZXV 5 - ZXV 2
\/x +y \/x +y
when (x,y) — (0,0) along the line y = x, we have
2 _|rcos6.rsin®
_ 2x.x =\
lim  f(x,y) = lim r
(x,9—(0,0) x—0x3 4 353
3 putting x = rcos6,y = rsin@
_ 2x 1
XLOE_E = r|cos6||sin®|=r
2 2
Again when (x,y) — (0,0) along the line y =0, we SyxTHyT<e
have 1 e
5 provided x2<Z¢% and y2 <=
2x.0
lim  f(x,y) = —_ 5
(x,9)—(00) X—>0x3+302 . € I
ie. |x|<7and|y|<T
= lim0=0 2 2
x—0 e
Since, two different limiting values exists so the Choose § = ﬁwe get
simultaneous limit does not exist. Hence, the
function is not continues at (0,0). |f(x,y) — 0| < e whenever |x|< and [y|< &
. So, li ,u) =0
53.  Given that o (x,y)f}0,0) flx,y)
3xy , () #(23 Also 060 =0
fle,v) =
6 ., (xy=(23
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So, lim  f(x,y) = f(0,0) 22 22
(x.5)=(00 fx9) =0 =| 52— | =
x“+vy xX“+vy
Hence, f is continuous at (0,0).
2 20 2 2
=r“cos“Osin“0<
Now  f(x)(00) = lim f(Ax0 — f(00) r r
Ax—0 Ax

= lim

&0 g

Similarly, £,(00) =0

Hence,
lim f(Ax,Ay) - £(0,0) - Ax £, (0,0) — Ay £,(0,0)
Ax—0 Alx,y)
Ay—0
%—o—mo—w.o
_ hmo (Ax)“ + (Ay) : .
Ax
AY30 (Ax)“ + (Ay)
64.
- fim _ AxAy
Ax>0(Ax)? + (Ay)?
Ay—0

Let Ay = mAx we get
. Ax.mAr m
lm 5 2= 2
Ax—=0(Ax) + m°(Ax)*  1+m

which depends on m so limit does not exist. Hence,
f(x,v) is not totally differentiable at (0,0).

Let (x,y) — (0,0) along the line y = mx then

X R T X
(9000 x4 4 y* (95000 x4 m3x?
y=mx y=mx
o xtm?m?
x=>0x%1+mt) 1+m?

Which is different for different values of m so

lim  f(x,y) does not exist. Hence, f(x,y) is
(x,u)—(0,0

discontinuous at (0,0). Since, f(x,y) is not
continuous it is not differentiable.
Given that
X2 2
flx.9) = 52— (x,9) % (Q0) and £(00) = 0
x“+vy

Let € > Othen for (x,y) # (0,0) we have

putting x = rcos6, y = rsin®

2 2
+y2<sisx2<%andy2<8—

if x|< Eand <\/E
||\f2 ble ¢

Choose 6 = \E then for £ > 0 there exists 6 > 0 such

that | f(x,y) — 0| < e whenever |x|< & and so

lim  f(x,y) = f(00)
(x.5)-(00)

Hence, f(x,y) is continuous at (0,0).

Given that

2
flx,v) = zxy 5
X +y

when (x,y) # (0,0) and f(0,0) =0
Let £> 0and x = rcos6, y = rsin6 then

2 .2
rcos0r<.sin“0
f(x,y)—ir2

= rcosf.sin%@

So, |flx,y)-f(00)]= |rcose.sin29|

= r|c059||sin6|2
< r for all values of 6

Choose 1y = € then for all values of 8 and r < ry we

have

| f(rcos®,rsin®) — f(0,0)|< &
So, f(x,y) is uniformly continuous in r for all 6 i.e.
f(x,v) is continuous in (x, y) together at (0,0)

£.00 = lim {46000
o Ax—0 AX

= li il: AxQ _ ]=0
Ax—>0Ax [ Ax"+ 0

Now,

Similarly fy(0,0) =0
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f(AX,Ay) - f(0,0) - AXfX(O,O) NOW f (0 O) — hm f(AX,O) - f(0,0)
o i ~AVA(00 pof A
o, lim 2
Ax— Alx,v) = lim 1A _0_0 =1
A0 A0 Ax| (Ax)2 + 0
. 1
=lm — - fOAy £(00)
Ax—0 2 2 and (00) = E b A
0 (8% + (ay) 00 =
2 1 ]o-(ay?
Ax.(A _ Y _
2( 2 2_AX'O_Ay'O _AITOA{OAS_O =
(Ax)” + (Ay) 4 V[ 0+ (Ay)
g A 50
2x—>g[( Ax)? + (Ap)?)Y/2 lim f(Ax,Ay) - £(0,0) - Ax £, (00) - Ay £,(00)
v Ax—>0 A(x,y)
Ay—0
putting Ay = m Ax we get
. 1 Ax)3 = (Ay)®
L sy S —— [( P’y Ay]
Ay—0
2 2
Ax)” + Ax. Ay + (A
. AXmZ(AX)Z [(Ax) v+ (Ay)
8e=0(Ax)%(1+m*) 2 C lim (A Ay~ = (4]
A0 2 2:3/2
e o [(Ax)2 + (a9)?
(1+m?)3/2 i (X - Ay AxAy
e o 8e-0[(Ax)? + (Ap) 42
Hence, this limit does not exist since it depends Ay—0
upon m. So f(x,y) is not differentiable at (0,0). If we put Ay = m Ax then
67. Given that lim (Ax —=mAx)AxmAx _ (1-m)m

A0 (Ax)3(1+m2)3/2 - (1+m?)%2

X343
flx9) = =5—=5,(x,9) # (00)
x“+vy Hence, this limit does not exist since it depends

upon m. So f(x,v) is not differentiable at (0,0).
68.  Given that

and (00 =0

Put x = rcos6, y = rsin® we have

2
3 —sin3 fley) = P (x.y) = (00) at £(00) =
£, 0) - F(0,0)| = M 0 21y
(cos 0+ sin 9)
Let e> 0and x = rcos6,y = rsin6 then
= r|cos30 - sin®6| < r[|cos> 0| rcos0r2sin26 )
f(rcos6,rsin®) = TR PR rcos0sin“0
+ |sin36|) r“(cos“6 + sin“6)
< 2r for all values of 0 So, | f(r cos®,rsin6) — £(0.0)|= |r cosBsin?6 — 0|
. 2
Choose 1y = g then for all values of 6 and r < 1y we =r|cos6[sin“0< r
have for all values of 6 put ry = € then for all values of 6

and r < 1y we have

| f(rcos®,rsin®) — f(00) |< &

So, f is uniformly continuous in r for all values of 6

|f(x,v) = f(O,y) | < eso f(x,y) is continuous at (0,0)

i.e. f(x,y)is continuous in (x,y) together at (0,0).
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Now  £.(00) = lim f(Ax,0) - f(00 im Ax (Ay)?
M0 A Ax-0[(Ax)? + (ay)?%/ 2
= lim 1|:AX'O :| .
2
Ax=0Ax| (Ax)“+ 0 Put Ay = mAx we get
Similarly fy(0,0) =0 2
: Ax(Ay)
f(ax,Ay) - £(00) A}gfgom
B _ Ay—0
and = limO Axfx(Of) Av,(000
Ax 2 2
b (x,v) Clim  Am(Ax)
= lim
Ao (A% + (g om?
(1+m2)3/2
Ax (A
AT 0 ax0-Ap0
(Ax)” + (Ay) which depends upon in so f is not differentiable at

(0,0).
000
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Maxima and Minima of Three Variables

MAXIMA AND MINIMA OF SEVERAL VARIABLES

Let f(x, v, z, ...) be a function of several independent
variables x, vy, z, ... . Further let f be continuous and
finite for all values of x, v, z,... in the nbd of their
values a, b, c, ... respectively. Then f(a, b, ¢, ...) is said
to be a maximum or a minimum values of f(x, y, z)
according as f(a+ h,b+k,c+1,....)is less or greater
than f(a, b, c, ...) for all sufficiently small independent
values of h, k, 1, ... positive or negative, provided they
are not all zero.

NECESSARY CONDITIONS FOR THE EXISTENCE
OF MAXIMA OR MINIMA
The necessary conditions for the existence of maxima
or minima is

W0 o ¥

ox ay 0z

It should be noted that the conditions,

oW o g

ox Jdy 0z
are necessary but not sufficient for the existence of
maxima and minima.

STATIONARY AND EXTREME POINTS
Stationary Point

Apoint(ay, ag, ...., a,) is called a stationary point, if all
the first order partial derivatives of the function
f(x1,x9,...,x,) vanish at that point. Also then the
value of f(x1,x9,...x,) is said to be stationary at the
point

Extreme Points

A stationary point which is either a maxima or a
minima is called an extreme point and the value of
the function at that point is called an extreme value.

Note : Stationary point is not necessarily an extreme
point. Thus a stationary value may be a maximum or
a minimum or neither of these two.

MAXIMA AND MINIMA FOR A FUNCTION OF
THREE VARIABLES LAGRANGE’S CONDITIONS
To discuss the maximum or minimum of f(x, v, z) at
any point (a, b, ¢) obtained on solving the equations.
W o ¥
ax Yy 0z
We find the values at (a, b, c) of six partial derivatives
of second order of f(x, v, z) defined as

RN
ox? 8y2 0z2
Fo Pf 0 . _ O
dyoz’ dzox 9xdy
A H G
If the expressions A, A H, H B F
G F C

(i)  All positive, we shall have a minimum of
flx,y,2)at(a, b, c).
(i)

Alternately negative and positive, we shall have
a maximum of f(x, y, z) at (a, b, c).

LAGRANGE’S METHOD OF UNDETERMINED
MULTIPLIERS

Consider the function f(x,y,z) subject to the
conditions

01(x,v,2)=0 and ¢2(x,y,2)=0
To find the maximum and minimum of f.

(i) Put F=f+7\.1(])1+7\,2q)2
(i)

Find the equations
oF :ai+k %+k2&ﬂzo

o9 ox ! ox ox
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F O, %0y, g
Jdy  dy Jy oy
oF _of A d01 o dog. ~0
9z 0z 0z 0z

If x=a,y=b,z=c be the solution of these
equation then find d°F at (a, b, c).

If d°F < 0 then f is maximum

If d°F > 0 then f is minimum

2
where d°F = (dx ai + dyi + dz aa] F

X dy Z
2 2 2
S0P a2 I g2 OF g
ox ay 0z
2 2
o 2F ey s 2F avdz + OF duac
dxoy dyoz 0z0ox
92F
= z +2 2 - dx dy
ox2

EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction :

Each of the following questions has four

alternative answers. One of them is correct. Choose the

correct answer.

1.

Two conditions i Oi—O o _ =0 for the
0x ay 0z

existence of maxima and minima are :

a. Necessary

b. Sufficient

c. Necessary and sufficient

d. None of these

The points at which all first order partial derivatives
of f(x,v,z) vanish are called :

a. Boundary points b. Extreme points

c. Stationary points d. None of these

2

The function p = x?+ y2 +2z“+ x — 2z —xy has its

minimum value at : [Kanpur 2018]

a. (;2 -1 1) b. (;2,1,1)
3 3 3 3
c. (3,;1,-1) d. (3,1,1)
3 3 33
A H G
If the expressions A, and [ H B F|beall
G F C

positive for a function f(x,y,z) at (a,b,c) then f is :
a. Minimum

b. Maximum

c. Neither maximum nor minimum

d. None of these

The maximum of the function

u=(x+ y+z)3 = 3(x + v+ z)— 24xyz + a3 existat :
a. (1,1,1) b. (1,1,0)

c. (-1,-1-1) d. (-1,0,-1)

if u=Y (x-a)®+ Y (v-b)?+ Y (z-c)® then
the stationary points are :

a. (nZay,nZby,nZc;)

b. (n,n,nJ
Za; Xby Xcp
(Zal b ch)
n n n
d. (-nZcy,—nZb;,—nXc,)
A stationary point which is either maximum or a
minimum is called :
a. Supremum b. Infimum

c. Boundary point d. Extreme point

If for a functionf(x,y,z) at (a,b,c) the expression
A H G

H B F|are all negatives then f(x,y,z)

A H
s
G F C

H B

at (a,b,c) is :

a. Maximum

Neither maximum nor minimum

c.  Minimum
d. None of these



Maxima and Minima of Three Variables

M-3
9. Consider the following statements : 15.  The stationary point of the function
(I)  Ewvery stationary point is extreme point u= axy223 - x2y223 - xy323 - xy224 is :
(I) The point at which the function is neither [Kanpur 2018]
maximum nor minimum is called saddle point. (g 2a E) b. (@ 2a g)
a. listrue 777 777
b. Ilis true c. (3a,2a,7q) d. (2a,3a,74q)
c. land Il both are true 16.  The maximum value of
d. Tand Il are not true (ax + by+ cz).e’(“ZXZJ“BZVZWQZQ) is :
10.  The maximum of u = f(xq,xg,...x,) exist only 1 (o2 BZ 2
o Y
. a il o SERNES NI S
when : % [ Z 2 2 ]
a. du=0 b.d%u=0
¢ du<0 d. d%u>0 b | L[ PP
. 2e(0? By
11.  For arectangular parallelopiped the cube has :
a. Maximum surface 1 o2 [32 72
c. —. |=+=+1
b. Minimum surface 2e\ a2 b c?
c. Neither maximum nor minimum d. none of these
d. None of these 17.  The value of the greatest rectangular parallelopiped
12.  The stationary points for the function that can be inscribed in the ellepsoid
. . . 2 2 2
u = sinxsinysinz X YV .2 _qis-
2 2 2 ’
where x, v,z are the angles of a triangle is : a® b® ¢
(E = E) b (E n E) a 2abc b. 8abc
2°2°2 4’474 V3 V3
c 2abc d 8abc
c (g,g,g) d. None of these " 3J3 " 3J3
b A H G 18. In a plane triangle, the maximum value of
13. If the expressions A, Bl H B F| be U= COSXCOSYCosz s :
G F C a X b L
8 16
alternatively negative and positive for f(x,y,z) at 1 1
. c. = L=
(a,b,c) then f(x,y,z) is : 4
a. Maximum 19. The maximum and minimum values of
b. Minimum u = a?x? + b%y® + c%2? where x? + y* + z2 = 1and
¢ Neither maximum nor minimum Ix + my + nz = O are the roots of the equation :
d. None of these i m n
a. 5t 5+ 5= 0
14.  The minimum value of 4-—a° 4-b° 4-c
2 2 2
x=x2+v?+ 2%+ x-2z—xyis: b. ! I L Ly
1 b 2 4-a® 4-b% 4-c?
a. — L=
3 3 12 m? n®
C. + + =
-4 2 4-q 4-b 4-c
c. — d. =
3 3 d. None of these



20.

21.

22.

23.

24.

25.

B.Sc. Objective Mathematics (Real Analysis)

M-4
Which one of the following is not a stationary point a l b §
for the function 8 8
u=(x+y+2?-30x+y+z) -24xyz +a . V3 438
8 8
a. (1,1,1) b. (-1,-1,-1)
. m, n_p . _ .
e (1-1.1) d. None of these 26. Maximum of x™y"zP subject to x+y+z=a is
The maximum value of stationary at :
xyz am bn cn
= is : a. ; ;
(x+a)(x+y)(y+z)(z+b) m+n+p m+n+p m+n+p
a 1 b. 1 b. am an ap
|2 . pli2 (a/% + p/%y4 m+n+p m+n+p m+n+p
o d. None of these c. a ) b ) €
(a¥/® + p/%)2 m+n+p m+n+p m+n+p
Consider the following statements : d. None of these
(I)  Every extreme point is stationary point 27.  The stationary values of x?+ y2 +22 subject to the
(I) The value of function at extreme point is conditions ax? + by® + cz% = 1and Ix + my + nz = 0
called supremum is given by :
a. listrue R o2 . b2 ) c2 0
b. Ilis true Clu-1 mu—-1 nu-1
c. land Il both are true al bm cn
b. st ot = 0
d. None of these u“-1 u“-1 u“-1
For all rectangular parallelopiped of same volume 12 m? n 0
c =
the surface of cube is : au-1 bu-1 cu-1
a. Greatest d. None of these
b. Least 28. The stationary points of xP,y9,z" subject to the
¢ Cannot be determined conditions ax + by+cz =p+ q+ris:
d. None of these . (@ bec b (o b c
The stationary points for the function minimum “\p'q'r \2p72q 2r
value of x?2+ y2 +2° subject to the condition . (3 q 1) d (2713 2q &)
ax+by+cz=pis: abc a' b’ c
( p , p , p ) 29.  The minimum value of x? + y® + z subject to the
a?+b2+c? d+ b2+ c? a®+ b7+ c? . .
condition ax + by + cz =pis:
b ( p p p J P . p?
) 2 42, 2 [2 42 2 [2 12 2 a 5 T
\/a +b“+c \/a +b“+c \/a +b“+c a? + b2+ ¢2 [ + b2 + o2
2
C. [ ap ) bp ) P ) c. p d. p
\/(12+b2+c2 \/¢12+b2+c2 \/a2+b2+c2 \/a2+b2+02 a®+ b%+c?
d. ( ap , bp , p ) 30. The stationary point for the function
®+b2+c? d+b+c? d®+bP+c?

The maximum value of the function
u =sinxsinysinz

where x, v,z are the angles of a triangle is :

u =COSXC05yCOSZiS:
(EEE) b(ﬁﬁﬁ)
2'2°2 ‘13’3’3

(E,E,E) d. None of these
4 4 4
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31.

32.

33.

34.

35.

36.

37.

The minimum of x* + y4 +2z% subject to xyz = 3

is :

a. 3c* b. 3¢

c. 2c* d.c*

The stationary points of maximum of _ Sz
X+ 2y+ 4z

subject to the condition xyz = 8is :

a. (1,2,4) b. (4,2,1)

c. (2,14) d. (4,1,2)

The stationary points at which the value of the

greatest rectangular parallelopiped that can be
X2 y2 2

inscribed in the ellepsoid oIt

z .
Z_=1lis:
a b2 c?

b ¢
a. (a,b,c b. i,—,—)
(abel (s
a b c
=== d. None of these
(ﬁ V3 fSJ
The maximum value of xyz subject to the condition

xX+y+z=ais:

a 4 b.a—3
3 27
c. 0—3 d @
9 9

The maximum value of xP.y%.z" subject to the

condition ax + by+ cz =p+ g+ ris:

S BIREIRIBIE]
O @

If the area of a triangle is maximum with constant
perimeter then the triangle is :

a. Isoscele b. Right angle
c. Equilateral d. None of these

The minimum of x + y + z subject to the condition

g+é+leis:
X v z
a. (a+b+c)? b. (Wa+ b+ c)?

2

c. d2+b+c d.a+b+c

38.

40.

42.

43.

M-5

The maximum of sin™ Asin” Bsin" C subject to
A+ B+ C= mis given by the equation :

a. msinA=nsinB =psinC

b. mcosA=ncosB=pcosC

c. mtanA=ntanB =ptanC

d. mcotA=ncotB=pcotC

The stationary points of maximum of
a3x? + b3y2 +c322 subject to 1 + 1 + 1_ lare:
X vy z
a. (a+b+c,a+b+c,a+b+c)
b. (a,bc)
a+b+ca+b+ca+b+c)
a b ' ¢

d ( a b c )
" \la+b+ca+b+c a+b+c
The area of the quadrilateral is greatest when it can

be inscribed in a :

a. Triangle b. Ellipse
c. Parabola d. Circle
The maximum and minimum values of u = x2
2 2 2
L + i =1

+ yz +22 subject to the conditions XZ +

and z = x + yis given by :
1 1 1

a. + + =0
u-4 u-5 u-25
b. 4 + 5 + 25 =0
u-4 u-5 u-25
2 + 3 + 4 =0
u-4 u-5 u-25

d. None of these

The extreme value of a®x? + b3y2 +c322 subject to
l+1+1=1isgivenby:

v z

x_v_z2 xX_Yv_2

a b ¢ 02 b2 C2

X v
c. —====1 d.ax=by=cz

@ b oc

Ifu = xy+ yz + zx is a function of three independent
variables x,y,z then u has :
a. Maximum value
b. Minimum value
Neither maximum nor minimum
d. None of these



44,

45.

46.

47.

48.
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The extreme value of u = x? + y2 + xy subject to
ax?+ by2 = abis given by :

a. (u+au+b=ab

b. u—a{u->b)=ab

c. ulu+a(u+b) =ab

b) = ab

d. ulu-—a(u-

The extreme value of u = x?+ y2 +2°
2 2 2

subject to

x—+y—+z—:1andpx+qy+rz:0isgivenby
2 b 2
c
the equation :
a? b? c?
a 5+ 5+ 2:0
u—-a“ u-b° u-c
2 2
b. P 5t q 5t r 2:0
u-a“ u-b° u-c
. p202 . q2b2 . r2c2 o
u-—a® u-b* u-c?

d. None of these

The maximum value of x2y324 subject to

2x + 3y+ 4z =ais given by :
a 9 9

 (5) " (2)
9 2
ay ay

c. H d. H
3 4

The highest distance from origin to the curve

x2+y2+222:5,x+2y+z=515:

a. 5 b.+/5
c. 10 d. V10
The extremum of u=x2+ y2 subject to

ax? + by2 + 2hxy = 1is given by the equation :

a. u—au-»b= h?

o (22
e
e

49.

50.

51.

52.

53.

54.

55.

56.

The stationary points of maximum of x2y324 subject

to the condition 2x + 3y + 4z = a are :

(933)
2’3’4

(3 a 9)
44’4

The

u=x2

maximum

the equation :

a. u(u+ 1)2

c. ufu- 1)2

or minimum

=1
=1

b, (9,3,9)
333

d (9 a 9)
9'9'9

value of

+xy + v? subject to xZ+ y? =1 is given by

b.u+1)%=1
dwu-1%2=1

The shortest distance between origin (0,0,0) and the
curve, xZ+ 7y2 + 8xy =225,z = 0is :

a. 5
c. 15

b. 10
d. 25

The minimum value of x+y+2z subject to

1,2

7+7+§=1is:

X Y
a. 6
c. 14

If u= xy223

z

stationary at :
a. (1,1,1)
c. (1,3,2)

The minimum value of x?+ y2 +2°

2x+3y+z=pis:

a P
6
¢ P
14

b. (1++/2++/3)
d. (1+ 2+ 4/3)?

subject to x+ 2y+ 3z =6 then x is

b. (1,2,3)
d. None of these

subject to

b2
14

d P

6

The maximum value of xyz subject to the condition

X+y+z=2is:

p 2
9

416
81

The minimum wvalues of x+y+z subject to

2
a. =

3

8
Cc. —

27
l+1+l:1is:
X Y z
a. 1

c. 3

b.3
d.9
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57.

58.

The maximum value of xyz subject to 1 + 1 +=-=1
X

The minimum value of x* + y4 +2z% with xyz =1

b.1
d. 6

b.3
d. 6

MULTIPLE CHOICE QUESTIONS

il

11.
21.
31.
41.
51.

(a)
(b)
(b)
(a)
(b)

2.

12.
22,
32.
42.
52.

(c)
(c)
(a)
(b)
(d)
(d)

3.

13.
23.
33.
43.
53.

(a)
(a)
(b)
(c)
(c)
(@)

4.

14.
24.
34.
44,
54.

v

59.

60.

M-7

If a number 9 be divided into there parts such that

their product will be maximum then the division is :
a. (1,3,5) b. (2,3,4)

c. (3,3,3) d. (1,4,4)

The maximum value of u= xzysz4 subject to
2x+ 3y+4z =9is :

a. 1 b.9

c. 9 d. ¢’

ANSWERS

(a)
(c)
(d)
(b)
(d)
(b)

15.
25.
35.
45.
55.

(c)
(a)
(d)
(a)
(c)
(c)

26.
36.
46.
56.

© 7. (d) 8 (b) 9  (b) 10. (a)
(b) 17. (d) 18. (a) 19. (b) 20. (c)
(b) 27. () 28. () 29. (d) 30. (b)
() 37. (b) 38 (d) 39. () 40. (d)
(@) 47. (b) 48. (b) 49. (d) 50. (c)
(d) 57. (a) 58. (b) 59. (c) 60. (a)
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HINTS AND SOLUTIONS
Given u=x2+y2+22+x—22—xy Z—Z=3(x+y+z)2—3—2uxy=0

For a maximum or a minimum of u, we have
After solving we get (1,1,1) and (-1,-1,-1) are the

d
87)1: =2x-y+1=0 stationary points.
Now at (-1,-1,-1)
% =—x+2y=0
By A= azu =6 —
== (x +y+z)=-18
M 9, 2-0 ox
0z 2
. B= =6(x+y+2z) =-18
The solution is dy
—T4 y="1 521 2
X=g Y=gt =Y g+ y+z)=-18
0z
2 2 2
Now ﬂ=27ﬂ=2ﬂ=2 22y
ox? 8y2 0z° F= = )—24x =6
dyoz
2 2 2
au:Qau:O’au: PYS
oyoz 0z0x XY = =6(x+y+2z)-24y=06
0zox
So at (_—2, _—1, 1) we have Q%
3 3 H=""=6(x+y+2)-24z=6
2 2 2 9x9y
o“u J“u d“u
A=—_=2B=——-=2C=—_-=2 A H| |-18 6
2 2 2 So, A=-18 = =288
ox Jdy 0z o H B‘ ‘ 6 —18‘
2 2 2
F=94 _0G6=2Y _qgg=9" - AH G|l [-18 6 6
dydz dz0x 9xdy H B F|=| 6 -18 6|=-6"16
So, A= Z‘A II-BI‘: 21 —21‘:3 G F C 6 6 -18
These expressions are alternately negative and
A H G 2-10 positive so u is maximum at (-1,—1,-1).
H B F|=|-1 2 0|=6 6 Given that
G FCl |0 02 ‘ wven fha

u:E[(x—al —b)2+(z-c)?
Since these three expressions are all positive, we
_ 2 2 2
have minimum of u at(g2 31 1) or u —Z(X‘al) +Z(9‘bl) +2(2_C1)

For maximum or a minimum of u, we have

u=(x+y+z)3—3(x+y+z)—2uxyz+03
——22 x—ay)=2nx-2%a =0

For maximum or minimum

%:3(x+y+z)2—3—2uyz:o afu:ZZ(y—bl):Zny—22b1:O
X

du 2

—=3(x+y+2)°-3-2uzx=0 ——2 z—cy)=2nz-2Y¢; =0
% (x+y+z) Z 1) 21
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Solving these equations, stationary points are Thus at (ul/ 3,01/ 3,u1/ 3), we have
_xa _xbh _Ya 325 925 2%s
X = n V= n 2= n r:72_ _7:27t_72_4
0x dxay Jdy
11. If x,y,z be the dimensions of the rectangular 2
r+-s“=12>0 and r=4 (positive)

parallelopiped then
Surface S =2xy + 2yz + 22x ..(1)
and volume V = xyz = constant ..(2)
For maximum or a minimum of s,ds = 0
eg. (v+2z)dx+(z+x)dy+(x+y)dz=0 ...(3)
Differentiating equation (2)

vzdx + zxdy+ xydz =0 ...(4)
Multiplying (3) by 1 and (4) by A and adding and
then equating to zero the coefficients of dx,dy and

dz, we get

W+2z)+Ayz=0(z+x)+Azx =0, (x+y)+ Axy=0

These give —k=1+1=l+l=l+l
v z z x x VY
So, x=y:z=v1/3
Thus, S is stationary when the rectangular
parallelopiped is a cube.
aS 0z 0z
By (1) = =2v+2 +22+2x %%
Y x 7 Vax ox
By (2) yz+xya—zz 0
ox
0z -z
or —=_=
ox X
So, 95 _ 2y— 2yz
ox X
and a7?:4—5}22—4&)(:;}—2
ox X
%S
Similarly by symmetry = Jatx=y=2z
y
2
and oS 2- 2z _2yoz
dxay X X dy
Differentiating partials eq. (2) w.r.t. y, we get
xz+xy—=0 or %:_E
Y G
2
So, 9°S _ o_ 2z 2z 9

12.

15.

Hence, s is minimum i.e. all rectangular parallelopipeds

of the same value, the cube has the least surface.
Given that

u = sinx.siny.sinz ..(1)
with x+y+z=m ..(2)
For a maximum or a minimum of u, we have

du = cosx.siny.sinz dx + sinx.cosy.sinz dy
+sinx.siny.coszdz = 0 ...(3)

By (2) dx+dy+dz=0 ..(4)
Multiplying (3) by (1) and (4) by A and adding and

then equating to zero the coefficients of dx,dy and
dz.

cosxsiny.sinz+ A =0

sinxcosysinz+ A =0
and sinxsinycosz+ A =0

These gives —A = cosxsinysinz

= sinx cosysinz = sinx sinycosz

or cotx = coty = cotz
= X=y=z= E
3
Thus, u is stationary at (ﬁ E,E}
333

Given that

u= axy223 - x2y223 - xy323 - xyzz4

M 2,36 0% _y—z)=0
o0x

Ju

— =Xxyz (20 2x-3y—22)=0
ay

Jdu

P xy?z%(3a—3x —3y—4z) = 0

Z

Solving these equations the stationary points are

X =
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Let Ulax + by + cz)e (@™ X +B*y*+7°2’

logu = log(ax + by + cz) — (o 2 2+B2y2+Y z )

For maximum or minimum

Tou_ @ g42c-0
uox ax+by+cz
EQZL_ZﬁZZ:o
udy ax+by+cz
l@:;_zyzz:o
udz ax+by+cz
These gives x(ax + by + cz)=%
20,
b
y(ax+by+cz):72
3
and z(ax + by + cz) = —5
2y

Multiplying by a, b,c respectively and adding

2 2 2
(ax + by + cz)? :1(a+b+c)

2(a2 B2 2
b2
or ax+by+cz= + +& =dsay
2 BZ ,Y2
Then X = az,y: b272: 62
20°d 2B“d 2yed
are the stationary points.
2 2 2
Now l%_l(i“) = %_QQZ
U ox ox (ax + by + cz)
. .. du
At the stationary points — =0
ox
2 2
So, ou =ul— 9 494?
ox2 (ax + by + cz)

which is negative so u is maximum at these points.

L1(a® b c®
4d22 2 BZ ,YIZ

,LQRZ _

=de 4" =de

u 1 b2 c?
max. 26 (X 67 7

Also,

Upax, = de

N =

ﬂ&

17.

Let x,y,z be the dimensions of the rectangular

parallelopiped then

maximum of volume

V = 8xyz ...(1)
subject to the condition
2 2
o+ Lz i2 =1 .(2)
a b

For a maximum or a minimum of V, we have

dV = 8yzdx + 8zxdy + 8xydz =0
or yzdx + zxdy+ xydz =0 ...(3)
Differentiating (2),

X Y z
Zdx+ Zdy+-—-dz=0 ...(4)
a? b? c?

Multiplying (3) by (1) and (4) A adding and then

equating the coefficients of dx,dy,dz to zero.

yz+af—02x+}\'

. 0andxy+k_o
a C

After solving we get

x=2 y=b ,_ ¢

NI I
By(1), Vo840
X ox

Differentiating (2) partially w.r.t. x, we get

2x 2z 0z _
02 c2 ox
0z c2x
or L=
ox azz
2.2
al = 8y 8cx v
ox a?z
and | 20 _g, 92 16y, 8%y 3z
ax2 ox a’z a’z%  ox
-8y —c% B 16czxy B 802x2y &
a’z a’z a?z %z
which is the when x = % Y= i, z=%
V3 377 V3
. 8abc
So, maximum of V =
33
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19. u:a2x2+b2y2+czz2 ..(1) _ ay—x2
+ +
with x2+yz+z2 =1 ..(2) x{atx)lx+y)
and b+ my+ nz =0 3 So, for maximum or miniml;m
For maximum or minimum of u, du = 0 a—u = M =
ox  x(a+x)(x+v)
or d®xdx + bzydy+ c22dz =0 ...(4) 9
Slmllarly % = M =0
Differentiating (2) and (3) we have T v+ y(v+2)
xdx+vydy+zdz=0 ...(5) %: (by—zz)u _
and ldx +mdy+ndz=0 ...(6) 0z z(y+z)(z+b)
Multiplying (4),(5) and (6) by (1) A and u or ay—x2 -0 2x _y2 -0 by—z2 -0
respectively and adding and the equating to zero the b
x z
coefficients of dx,dy and dz or a = % =—=-
e+ ax+pl =0 A7) "
L b
so each of these function is| X ¥. 2.2
b2y+?»y+um=0 -.(8) (a Xy z
c?z+Az+un=0 ..(9) (b)l/‘l 4
Multiplying (7), (8) and (9) by x,y and z respectively a
and adding, Thus, x =ad,y=xd = ad?, z = yd = ad®
uti=0 A=-u and b=zd=ad*
putting A = ~u in (7), putting these values in given equation we get,
azx—ux+u1=0 ad.ad?. ad®
u=
or X = w a(l+ d)ad(1+ d)ad?®1 + d)ad3(1 + d)
2
u—a 1 1
m un “= g~ 4
Similarly, y= ,Z = a(l+d) 1/4
u-b? u-c? 01+(9)
a
putting these in Ix + my + nz = 0, we get
[2 m2 n2 = ;
gt =0 (aV% + p¥4)*
u-a“ u-b" u-c
o ) o It can be easily shown that it is maximum value.
it gives the maximum or minimum values of u.
, 24. Let F=(x*+y?+2z%)+Max+ by+ cz—p)
21.  Given that

u= xyz
(a+ x)(x+ v)(v+2z)(z+ b)

Taking logarithms,
logu = logx + logy + logz — log(a + x)
—log(x + y) —log(y + z) — log(z + b)
Differentiating partially w.r.t. x, we get

lou_1_ 1 1

uox x a+x x+vy

For maxima and minima of F, we have

F o oiar=0 (1)
ox
F oibr=0 (2
ay
F _oien=0 (3

Z

Multiplying (1) by q, (2) by b, (3) by c and adding the
resulting equations, we have



26.

28.
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2(ax + by + cz) + MaZ+b%+cd)=0 For maximum or minimum, du = 0
ie., 2p+ Ma?+b?+c?) =0 or ngJfng“LgdZ:O ~(3)
or A= i Differentiating equation (2)
a®+ b?+c? ged '

Using it, by equation (1),(2) and (3) we get

_ ap _ bp
X_az+b2+cz’y_az+b2+c2’
_ cp
T a®+b%+c?
Let u=x"y"zP ..(1)
with x+y+z=a ...(2)
By (1) logu = mlogu + xlogy + plogz
Differentiating lo!u =Max + de + Pz
u x Y z
For maximum or minimum of x, du = 0
or Max+dy+Pdz=0 ..(3)

X Y z
Differentiating equation (2), we have
dx+dy+dz=0 ...(4)

Multiplying (3) by (1) and (4) by A and adding and
then equating the coefficients of dx,dy,dz to zero.

Dyr=02+n=02+2=0

or X=—1,y=—,2=—"

or 1 a
A m+n+p

So, u is stationary when

am an ap
X = V= y 2 =

m+n+p m+n+p m+n+p
Let u=xPylz" (1)
with ax+by+cz=p+q+r ..(2)
By (1), logx = plogx + glogy + rlogz

Differentiating lcIu =Pax+ gdy + 1 dz
u X v z

30.

adx + bdy + cdz = 0 ...(4)
Multiplying (3) by 1 and (4) by A, and adding and

then equating the coefficients of dx,dy,dz to zero,

Pina=09+=0"+xr=0
X v z

_=q ,_-r

or x=i,y—7, =
Aa Ab Ac

putting in equation (2), we get

p,q.r
-1 T+ 2+ —|=p+q+r = A=-1
(l A k) prd

So, u is stationary when

r
U = COSX COS Y COSZ (1)
with X+y+z=" ..(2)
By (1), log u = logcosx + logcosy + logcos z
or 1du = —tanx dx —tanydy —tanz dz

u
For maximum or minimum of x, du = 0
or tanx dx + tanydy + tanzdz = 0 ..(3)
Differentiating equation (2), we get
dx+dy+dz=0 ...(4)
Multiplying (3) by 1 and (4), by A and adding and
then equating to zero the coefficients of dx,dy,dz
tanx+ A =0tany+A=0tanz+ A =0
—A =tanx =tany = tanz

T

or X=y=z=—
3

. . TR
Thus, u is maximum at (777 7).

3’3’3
Giventhat  x - oz (1)
X+ 2y+4z
with xyz = 8 ...(2)
By (1) u=— "0
X+ 2y+x
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33.
34.

So, du = ‘7“02((:& + 2dy + udz)
(x + 2y + uz)

For maximum or minimum ofu = du =0

or dx + 2dy+udz =0 ...(3)

By (2), logx + logy + logz = log8

Differentiating ldx + 1dy + ldz =0 ...(4)
x v z

Multiplying (3) by 1 and (4) by A and adding and
then equating to zero the coefficients of dx,dy and
dz

1+&:O,2+&=0,4+&:0
X v 2

—A —A
or ——7\, =—,z2=—
Y 2 4

putting in (2) we get

3
i=8 or A=-4
8

So, uis stationaryatx =4, y=2,z=1
See the solution of question (17).
Let u=xyz, withx+y+z=a
logu = logx + logy + logz
Define F =logx + logy+ logz+ AMx+y+2z—a)

For maxima or minima of F,

IF_Lia=0

ox X

IF_1i-o0

CI

ai:l-;-)\,:o

0z z
or l:l:l:-}b

X v z
or x:y:z:m:g

3 3

So,x:%,y:%z glsstatlonary point

For maximum or minimum

2
dF =[x +dy % +dz 0| F
ox ay ay

2
:2372 +22—dxdy
X

- izalx2 + izdy2 + izdz2
X Y z

=0

dx dy dz®
= 9(2+ 5 +2]

oF
0xdy

a a a

d%F < 0, so u is maximum at (g bt 7).

(S5

Let a,b,c be the sides and 2s be its parameter then its

area is :

u? = s(s—a)(s—b)(s-c) (1)
with  a+b+c=2s ..(2)
By (1), 2logu = logs+ log(s—a)+ log(s — b)

+log(s—c)
or gc1u=— 1 da— 1 db—- 1 dc
u s—a s—b s—c¢

For maximum or minimum of u, du = 0

da db dc
+ +

s—a s—-b s-c

=0 ..(3)

Differentiating (2),
da+db+dc=0 ...(4)
Multiplying (3) by 1 and (4) by A and adding and the

equating to zero the coefficients da,db and dc.

=0t sa=0-Lt sa=o0
s—a s— s—c

or s—a=s—-b=s-c

or a=b=c

Thus, u is stationary at (a,a,a).

Differentiating (1) logarithmically with a and b as
independent variables and c is a function of aand b
20u 1 1 dc

u da s—a s—cda
By (2), 1+% 0 gz 1
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40.
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29u 1 + 1 So, area Ais given by
a da s—a s-—c 1
A= Z(of.sinx + ydsiny) ..(1)
oo 20%u_ 2 (0u) 1 1 2
® U9l L2 Y 2
U da da (s—a)” (s—c)” du In AABC,
- 1 AC? = a2 + B% - 20B cosx
2 2
(5= (s=c) and In AADC,
. . au _
u is stationary at P 0 AC? = yz +8%- 2ydcosy

“287; =4 2t : 2
Jda 2| (s—aq) (s—c)
which is negative so area is maximum at a=b=c
i.e. when it is equilateral.

Given that

u = sin™ Asin" Bsin? C ..(1)
and A+B+C=mn ..(2)
From (1),

logx = mlogsin A+ nlogsin B + plogsin C

or ldu=rnco’[AdA+ ncotBdB + pcot CdC
u

For maximum or minimum, du = 0
i.e., mcotA.dA+ ncotB.dB+ pcotCdC=0 ...(3)
Differentiating (2), we get

dA+dB+dC=0 ..(4)

Multiplying (3) by 1 and (4) by A and adding and
then equating to zero the coefficients of dA,dB and
dC, we get

mcotA+ A =0ncotB+A=0,pcotC+A=0
or —A=mcotA=ncotB=pcotC
Hence, u is stationary when
mcot A= ncotB =pcotC
The area of a quadrilateral ABCD will be a function

of x and v (see figure).

Thus, we get
o + B2 — 203 cosx = yz +8%— 2vdcosy

or ofcosx —ydcosy+c=0 ...(2)
where C= 2(y +8%2-a?-p?

which is constant.

Define F = %(OLB sinx + ydsin y) + Mo cosx

—Ydcosy + z)

For maximum and minimum of F, we have

JF _ lochosx —AoBsinx =0 ...(3)
ox 2

and oF _1 —Ydcosy+ Aydsiny=0  ..(4)
By 2

ie., X=lcotx =—lcoty

q 2

or cotx = —coty = cotx = cos(-vy)

or cotx = cos(m—y)

ie., X=-Y Oof X=T-Y

Butx = —yisnotpossiblesox = t—yie.x+y=mn

2
So, d?F = (dxai+ dyi) F

X Jdy
2 2
a7Fdx +ald +2aFdxdy
ox ay? 9xdy

—%aﬁ(sinx + 2\cosx)dx?

—%yﬁ(sin y—2Acosy)
1 2 2
—E(ochosec cx dx“ + Y0 cosec y dy“)

= A negative quantity
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43.

So F and hence u is maximum when x + y =1t
Thus, area of the quadrilateral is greatest when
X + y = mi.e., when it can be inscribed in a circle.
2 2
Define F = (x2 + y? + 22 )+ 2 7+V7 z
4 5 25
+ho(x +y—2)

For maximum and minimum of F,

ai_2x+2x7”1+x2_ (1)
ox
oF A

=20+ 207142, =0 (2
» v+ 2yt Ay (2)
9F orr2:M py=0 (3)
0z 5

Multiplying (1) by x, (2) by y and (3) by z and then
adding, we get

2 2 2
2(x2+y2+22)+27»1 X ¥,z
4 5 25
+Ao(z+y—-2)=0
or 2u+20 =0 = A =-u
put it in (1) we get
-2 4%y =0
n
U)\.z
2u-4)

Similarly, Y= S ,Z = 25h;
2u -5 2(u—25)

= X =

putting these values in x + y—z = Owe get
4h, 5ko 25M,
2uU-4) 2u-5 2u-25

or 4+5+25:O

u-4 u-5 u-25

We know that u will be minimum if
A H G
H B F
G F C

A H

A‘H B?

be all positive and a maximum if they be alternately

negative and positive.

Now A=——="(z+y =0

45.
-1

46.
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Since A is neither negative nor positive, so u has
neither a maximum nor a minimum, i.e. no extreme

point exist.

Define F = (x2 + y2 + zz) + M(px + qu+rz)

2 2 2
+Xo AN SIS |
[az B2 o2

For maximum and minimum of F,

Fooeipy+22=0 (1)
0x (12
oF A
Z 2+ gh+ 2022 =0 (2)
oy "l
Foprimgr2:2=0 @3
aZ C2

Multiplying (1) by x, (2) by v, (3) by z and adding
2(x? + y2 + 2%) + M (px + qu + 12)
2 2 2
+2x2["+ LA ]=O
02

b? 2

or 2u+2h =0 = Ay=-u

put it in equation (1),

u
2x+p7»1—2)<—2:0
a
2
or XZLGZ
2(u—a“)
2 2
Similarly, y= }qubz ,Z = klncz
2(u—b*) 2(u—c”)

putting these values in px + qu+ rz =0
2 2 2b2 r202

we get 5—22+uq—b2+u—c220

Let u —x2y324 ..(1)
with 2x+3y+4z=a ..(2)
By (1), logx = 2logx + 3logy + 4logz

or ldu _2 3 4

Zdx+Zdy+ —dz
u x Y z

For maximum or a minimum of u,du = 0
3

e, 2+ 3dy+ 2dz=0 (3
x Y z
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and by (2), 2dx + 3dy+ 4dz =0 ...(4)

Multiplying (3) by 1 and (4) by A and adding and
then equating the coefficients of du,dy,dz we get

E+27L:0,§+37\.:O,§+47\.:O
x v z
or X=y=z= —l
A
So by equation (2)
a2
a
Thus, u is stationary at x =y =z = %
B, lu_2 4%
uodx x zox
when z is a function of x and v.
Differentiating (2) partially w.r.t. x
2+4% g o 92_-1
ox ox 2
lou_2_2
udx x z
S 1% 1(8u)2_—2 2 oz
0, B P
ugx? u?lox x2 z%2 ox
_=2_1
X2 22
when u is stationary U_o
X
2
So, Ll; —u(% + %)
0x x“ z
234(z 1
=-x“y°z"| =
(x2 22)
which is negative, hence u is maximum at
X=y=z= a
9
aV(aV(a}t (a)
and u, =2 [Z]|Z2] =[2
e (9) (9) (9) (9)
Let u=x2+y? (1)
with ax? + 2hxy + by? = 1 .2
For maximum or a minimum of u, du = 0
ie., xdx+ydy=0 ...(3)

Differentiating (2),

2ax dx + 2hx dy + 2hydu + 2bydy = 0
or (ax + hy)dx + (hx + by)dy =0  ...(4)
Multiplying (3) by 1, (4) by A and adding and then

equating the coefficients of dx, dy to zero.

X+ Max + hy) =0 ...(5)
and v+ Mhx + by) =0 ...(6)
Multiplying (5) by x, (6) by and adding

x?+ y2 + Max? + by2 + 2hxy) =0

or u+A=0 = A=-u
So, by (5), x—u(ax+ hy) =0
or x(1-au)—hxy=0
or (a—%)x+hy:0 A7)
Similarly by (6),
hx+(b—l)y=0 (8
u
By (7) and (8) eliminate x and vy
a—1 h
|
u
e
u u
Given that
u=x2+y2+xy ..(1)
and xZ+y?=1 -(2)

For maximum or minimum of u, du = 0

ie., 2xdx + 2ydy+ ydx + xdy =0
or (2x+ y)dx+ (2v+ x)dy =0 ...(3)
By (2), xdx+ydy=0 ...(4)

Multiplying (3) by 1, (4) by A and adding and then
equating to zero the coefficients of dx and dy,

2x+y+Ax=0 ...(5)
and (2y+x)+Av=0 ...(6)
Multiplying (5) by x and (6) by v and adding

2(x2 + v? + xy) + MxZ + vH) =0
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or 2u+A=0 or A=-2u
but it in equation (5), we get

(2x+y-2ux=0
= 20-ux+y=0 (7)
Similarly by (6),

(2y+x)—2uy=0
or x+21-u)y=0 ...(8)
Eliminating x and y from (7) and (8),

2(11 ! 2(11—u) =0
= 41-uw?=1 or 4u-1%=1
Let u=x+v+z ..(1)
with 1,234 (2)

x vy 2

For maximum or a minimum of x, du = 0

ie., dx+dy+dz=0 ...(3)
By(2), - Lax-2dy-3dz=0 ()
X2 y2 22

Multiplying (3) by 1, (4) by A and adding and then
equating the coefficients of dx,dy and dz to zero.
A 2\ 3\

I—F—OI—?—OI—?—O
or x=~A, y=+2L, z=-/3L
putting these values in equation (2)

%(1+J§+J§)=1
= JA=1+42+3
so u is stationary when

x=1+~2+43
y=+201+~2+3)
z=+/31++2+/3)
u Z
v e

if z is a function of x and v.

Differentiation (2) partially w.r.t. x taking vy as

constants

M-17
oz —z°
or — =
ox  3x?
Ju 1_72
ax 3x2
S %u 2% 22 oz
o, s
ox 3x°  3x“ox

3x3  3x2 3x?

which is positive so u is minimum at these values

and
Uin, = (14 V2 + V/3) + V2(1 + /2 + V/3)
+/3(1++/2+4/3)
= (1+ 2+ 3)?
u=x4+y4+z4 ..(1)
with xyz =1 ...(2)
By (1), du = ux3dx + uy3dy+ uz3dz = 0
For maximum or minimum of u, du = 0
So, x3dx + y3dy + z%dz = 0 -(3)
By (2), logx + logy + logz = 0
or Laus Yoy taz=0 ()
x Y z

Multiplying (3) by 1, (4) by A, adding and equating
the coefficients of dx,dy,dz to zero.

x3+&:O,y3+&:0,23+&:O
X v 2
or x4=y4=z4=—?»

soby (2), -23=1 or A=-
so u is stationary at (1,1,1)

a—u=4x3+423a—z

By (1),
y (1) ox ox

and by (2), logx + logy + logz = 0
1 1oz

or —+=-==0
X zadu

0z -z

= 22 -_=2

Ju x

4
u_43_ 420
ox x
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and LZU —12¢2 4 g + 162* logx = 2logx + 3logy + 4logz
du? x?  x? lou 2 40z
So, ="+ 22
Q% o . uox x zou
At (1,1,1), = = 32 which is positive.
ox By (2), 2+4 ai):o
So,uis minimumat (1,1,1) anduy,;, =1+1+1=3 ox
u=x%3* (1) N oz _ 1
2+ 3y+ 4z =9 (2) 2
_ . lou 2 2
By (1), log4 = 2logx + 3logy + 4logz . ——==-=
1 2 3 4 u ax X z
or Zdu=Zdx+ =dy+—dz 5
“oox v and lai“_i(i“) --2_1
For maximum or minimum of 4,du = 0 uax? u?\ox x2 22
2 3 4
So, ;dx+;dy+§dz =0 -(3) But u is stationary soazo
Differentiating (2), iy & L (£+ i)
2du+ 3dy+ 4dz =0 ...(4) ’ Ix2 2 2
Multiplying (3) by 1, (4) by A and adding and then )
equating the coefficients of dx,dy,dz to zero. = —x2ysz4(—2 + iz)
x° z
Zia=03+amn=0dian=0
x v 2 which is negative forx =y =z =1
1 . .
or X=y=z= —x So, maximum of u is
_(M21\31\4 _
put these values in (2) Umax = ()7()°(1)" =1
223 . 4_9 4 -1 000

A A A

So u is stationary at (1,1,1)
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14

Metric Spaces

METRIC SPACE

Let X be a non-empty set. A mapping d of X x X into
Ri.e d: X x X — Ris said to be a metric or distance
function on X iff d satisfies the following axioms :

ml1]:d(x,v)20 ¥x,ve X
m2]:d(x,y)=0iffx =y
m3]:d(x,y)=d(x,v) ¥x,ve X
[m4]: d(x,v)<d(x,2z)+d(z,v) ¥x,v,ze X
(triangle inequality)

(non-negativity)

(symmetry)

If d is metric for X, then the ordered pair (X, d) is .

called a metric space and d(x, v) is called the distance
between x and y.
Pseudo-metric : A mappingd : X x X — Ris called

a pseudo-metric or semi-metric for X iff d satisfies the
axioms [mq],[ms],[my4] of the metric d and the
axioms.

m2] dix,x)=0 ¥xe X
Thus, every metric is a pseudo-metric but a
pseudo-metric is not necessarily a metric.
Results :
1. Let(X, d)be a metric space and x, v, z € X then
d(x, y)>|d(x, z) - d(z, y)|
2. Let (X, d) be a metric space and x, y, x’, v’ € X
then
ld(x,y) - d(x’, y")| < d(x,x") + d(y, y’)
3. Let X be anon-empty set. Thend : X x X - R

is metric on X iff the following condition are
satisfied.

m*1]:d(x,v)=0iff x =y ¥x,ve X
m*2]:dx,y)< d(x,2z) + d(y, z) ¥x,v,ze X

Examples :

1. Letd:R xR — R defined by
dix,v)=|x -y| ¥x,veR

is a metric on R called usual metric on R.

Solution :

[ml]:since|x —y|>0 ¥x,ye Rsod(x,y)>0

[m2]:we have|x —y|=0 = x-y=0 © x=y

. dix,v)=0 iff x=y

[m3]: we have |x —y|=|y - x| ¥x,veR

dix,y)=d(y,x) ¥xeR

mé]:|x —y|l=|lx—2)+(z -]
<|x-z|+|z-y| ¥x,v,zeR

So, dix,y)<d(x,z)+d(z,v)¥x,y,ze R

Hence, d is a metric space.

2. Let X be a non-empty set. The mapping

d: X x X - R defined by
0 if x=
d(x,y>={ Y

1 if x#vy

is a metric on X called the discrete metric space.

APPLICATION OF METRIC OR A DISTANCE
FUNCTION

1. Distance of a point from a set

Let (X, d) be a metric space and A ¢ X. Then
the distance between a point x € X and the set
A is defined by

d(x, A)=inf{d(x,a):ae A}
If x € A then
dix,A)=0

Result : If A is non-empty subset of a metric
space (X, d), then



N-2

B.Sc. Objective Mathematics (Real Analysis)

[d(x, A) - d(y, A)|< d(x, y)
for any points x, y € X.

Distance between two subsets of a metric
space

Let (X, d) be a metric space and A and B be any
two non-empty subsets of X. The distance
between the sets A and B is defined by

d(A,B) =inf{d(x,v):x € A,ye A}
Evidently d(A,B)=0

If An B #0 then d(A, B) = 0 but converge is
not necessarily true.

Diameter of subset of a metric space

Let (X, d) be a metric space and set A be any
non-empty subset of X. Then the diameter of
A, is defined by

0(A)=d(A) =supid(x,v):x,ve A}
Evidently d(A)=0

If d(A) < oo then A is bounded and the diameter
of A is said to be finite otherwise infinite.

By convention d(¢) = — e

Result : Let A and B be non-empty subsets of
a metric space (X, d), then

(A u B)<8(A) +8(B) + d(A, B)

BOUNDED AND UNBOUNDED METRIC SPACE
Let (X, d) be a metric space. Then X is bounded if
there exists a positive number M such that d(x, y) < M
for every pair of points x, y € X. A metric space which
is not bounded is said to be unbounded.

Thus, a metric space (X, d) is bounded if its diameter
is finite or 8(A) is finite.

Example :

1.

Let X=R and d(x,y)=|x-y| ¥x,veR.
Then X is unbounded since the diameter of R is
infinite.
The discrete metric space (X, d) where
0 if x=
d(x,y)= . Y
1 if x=vy

is bounded since §(X) = 1.

Result : Let (X, d) be any metric space and let
M be a positive number, then there exists a
metric d* on X such that the metric (X, d”) is
bounded with §(X) < M.

OPEN AND CLOSED SETS IN A METRIC SPACE

Spheres (or balls) : Let (X, d) be a metric
space and x € X. Ifr € R" then the set

{xe X:dx,xg)<r}
is called an open sphere (or open
ball). The point x( is called the
centre and r the radius of the sphere. It is
denoted by S(xg,r) or B(xg,r) or S,(xg) or
B,(xq)-
So, S(xg,r)={x e X:d(x,xg)<r}
Similarly a closed sphere (or closed ball) is
defined by
Slxg,rl={x e X :d(x,xg)<r}

Open sets : Let (X, d) be a metric space. A
subset A of X is said to be d-open iff to each
x € A, there exists r > 0 such that S(x,r) < A.
Example : On the real line every open interval
is an open set.
Properties :
(i)  Inametric space (X, d)the empty set ¢ and

the whole space X are open sets.
(i) In a metric space (X, d) every open sphere

is an open set.

(iii) In a metric space, the union of an arbitrary
collection of open sets is open.

(iv) Inametric space, the intersection of a finite
number of open sets is open.

(v)  Asubset of a metric space is open iff it is the
union of a family of open spheres.

(vi) Every non-empty open set on the real line
is the union of a countable collection of
pairwise disjoint open intervals.

(vii) In adiscrete metric space every set is open.
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CLOSED SETS
Let (X, d) be a metric space. A subset A of X is said to
be d-closed if the complement of A is open.

Example : In a usual metric for R every closed

interval is a closed set for,

let a, b e R with a < b then

R —[a,b]={xeR:x<a or x> b}

={xeR:x<a}u{xeR:x> b}
=], alu]b, o

which is open, being a union of two open sets. Hence,

[a, b] is closed.

Properties :

(i) In a metric space every closed sphere is a closed

set.

The intersection of an arbitrary collection of

closed sets is closed.

(ili)  The union of a finite number of closed sets is

closed.

(iv) In a metric space every finite subset is closed.

NEIGHBOURHOODS
Let (X, d) be a metric space and x € X. A subset N of
X is said to be a neighbourhood of x if there exists an
open set G such that

xeGc N
If N is an open then it is called an open nbd of x. In a
similar way N is said to be neighbourhood of a subset
A of X if there exists an open set G such that

AcGc N

Properties :

(i)  Everysuperset of a nbd of A is also a nbd of é
x x

The intersection of a finite number of nbds of

M is also a nbds of é

X X
(iii) A set is open iff it contains a nbd of each of its
points.

Let (X, d) be a metric space and let A ¢ X.
Thentheset N, (A)={xe X :d(x,A)<r},r>0
is an open neighbourhood of A.

(iv)

N-3

LIMIT POINTS AND ADHERENT POINTS

1. Limit point of a set : Let (X, d) be a metric
space and let A be a subset of X. A point x € X
is called a limit point or accumulation point of A
if every neighbourhood of x contains a point of
A other then x.

The set of all limit points of A is called the
derived set of A and is denoted by D(A).

2. Adherent point of a set : Let (X,d) be a
metric space and A ¢ X and let x € X. Then x
is called an adherent point of A if every
neighbourhood of x contains a point of A not
necessarily distinct from x.

The set of all adherent points of A is called the
adherence of A and is denoted by Adh(A).

Let (X,d) be a

metric space. A point x € X is said to be a point

of condensation of A if every nbd of x contains

uncountably many points of A.

3. Point of condensation :

4. Isolated point of a set : A point x of a metric
space X is said to be an isolated point of a subset
A of X if x € A but x is not limit point of A.

5. Perfect set : A closed set having x( isolated
points is said to be a perfect set.

Results :

1. Let (X, d) be a metric space and A < X. A point
x € X is limit point of A iff every open sphere
centred at x contains infinitely may points of A.

2. Let (X, d) be metric space and let Ac X. A
point x € X is an adherent point of A iff
d(x,A)=0.

3. A subset A of a metric space X is closed iff
D(A) c Ai.e. A contains all its limit points.

4. Let A be any subset of a metric space (X, d).
Then the derived set of A i.e. D(A) is a closed
set.

5. Let A and B be two subsets of a metric space X
then,

(i) D(¢)=(9)
(i) AcB=D(A)cD(B)
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(iii) D(A ~ B) c D(A) ~ D(B)
(iv) D(A U B) = D(A) U D(B)

CLOSURE OF A SET

Let A be a subset of a metric space X. The closure of
A denoted by A or cl A is the intersection of all closed
sets containing A i.e.,

A=n{F:FisclosedandF o A}

If x € A then x is called the point of closure.

Properties :

(i)

If A is any closed subset of a metric space X,
then A is the smallest closed set containing A.

A subset A of a metric space is closed iff A = A.
Let A be a subset of a metric space. Then
A=AuUD(A)

Let A and B two subsets of a metric space (X, d)
then

(@) 0=0 b)AcA

(0AcB=AcB (d)AcB=AUB
©ANBcAnB () A=A
Let (X, d) be a metric space and A c X, then

the following are equivalent.

(a) Ais closed

(b) A contains all its limiting points
(c) A=A

INTERIOR, EXTERIOR, FRONTIER AND
BOUNDARY OF A SET

1.

Interior points : Let (X, d) be a metric space
and A ¢ X. The point x € X is said to be an
interior point of A if A is a neighbourhood of x.
The set of all interior points of A is called the
interior of A and is denoted by A° or int (A).

Exterior points : Let (X, d) be a metric space
and A ¢ X. The point x € X is said to be an
exterior point of A if it is an interior point of A€.

The set of all exterior points of A is called the
exterior of A and is denoted by ext (A) or A®.

Frontier points : A point x € X is said to be
frontier point of a subset A of X iff it is neither
an interior nor an exterior point of A. The set of
all frontier points of A is called the frontier of A
and is denoted by Fr(A).

Boundary points : A point x € X is said to be
a boundary point of a subset A of X if It is a
frontier point of A and belong to A. The set of
all boundary points of A is called the boundary
of A and is denoted by b(A).

Dense sets : Let X be a metric space and let
A, B be two subsets of X then

(i) Aissaid to be dense inBif Bc A

(i) A is said to be dense in X or everywhere
dense if A = X.

(iii) A is said to be non-dense in X if (A)° = ¢

(iv) A is said to be dense-in itself if A < D(A).

Separable spaces : A metric space X is said

to be separable if X contains a countable dense

subset i.e. there exists a countable subset A of X
such that A = X.

Properties :

(i)

(ii)

(vi)

Let (X, d) be a metric space and A ¢ X, then
(a) A°is an open set

(b) A° is the largest open set contained in A
(c) Aisopen iff A°=A

Let (X, d) be a metric space and A ¢ X, then
(a) A°=U{G:Gisopen, Gc A}

(b) ext A=U{G:Gisopen Gc A’}

A point x € X is an exterior point of A iff x is not

an adherent point of A i.e. x € (A)".

A point x € X is a frontier point of A ¢ X iff
every neighbourhood of x intersects both A
and A’

Let A be any subset of a metric space X then
A° ext (A) and Fr(A) are disjoint and
X =A°uU ext(A) U Fr(A).

Let A and B are two subsets of a metric space
(X, d) then
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(wii)

(viii)

(ix)

c) AcB= A°cB°
(AnB)°=A°nB°
A° U B°c(Au B)°

Bolzano-weierstrass property : Every
infinite subset of a compact metric space X has
a limit point in X.

Bolzano-weierstrass theorem : Every
infinite bounded set of real numbers has a limit
point.

Let A and B be two subsets of a metric space
X, d) then

a) ext(X)=0,ext(0)=X
b) ext (A)c A’
c) Ac B = ext(B)cext(A)
d) A° c ext (ext (A))
) ext (AU B)=ext(A) N ext (B)

Let A and B be two subsets of a metric space
X, d) then :

a) Fr(A)=A-A°

) Fr(A°) c Fr(A)

) Fr(A) c Fr(A)

) Fr(A v B) c Fr(A) u Fr(B)

e) Fr(An B)cFr(A)u Fr(B)

) Aisopeniff A n Fr(A)=oie, Fr(A)c A’
g) Ais closed iff Fr(A) c A.

e

(
(
(
(
(
(

o o
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—

(
(
(
(
(
(
(
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BASES

1.

Base of the neighbourhood system of a
point : Let N(x) be the family of all
neighbourhoods of point x in a metric space X.
Then a subfamily B(x) of N(x) is said to be a
base for N(x) if to each member N of N(x) there
exists B € B(x) such that B < N. B(x) is also
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called a local base at x or a fundamental system
of neighbourhoods of x.

Example : For the usual metric
dix,y)=|x —-y| for R and any xeR the
collection.

B(x)={]x —¢& x + €[ &> 0} ofall open
intervals with x as mid-point constitutes a, b etc.
for the neighbourhood system of x.

2. Base for the open sets of a metric space :
Let h be the family of all open subsets of a
metric space (X, d). A subfamily B of h is said to
be a base for h if for each points x € X and each
nbd N of x, there exists some B € 3 such that

xeBPcN

3. First countable space : A metric space (X, d)
is said to satisfy the first axiom of countability if
each point of X possesses a countable local
base. (X, d) is then called first countable or first
axiom space.

4, Second countable space : A metric space
(X, d) is said to satisfy the second axiom of
countability if there exists a countable base for
h. The space (X, d) then called second countable
or second axiom space.

Properties :

1. Let (X, d) be a metric space and h be the family
of all subsets of X. A subfamily B of h is a base
for h iff every member of h can be expressed as
a union of member of f.

Every metric space is first countable.

A metric space is separable iff it is second
countable.

SUB-SPACES OF A METRIC SPACES

Let (X, d) be a metric space and y be a proper subset
of X. Let d* be the restriction of d to Y x Y i.e.
d*(x, ) = d(x, v) whenever x, y € Y. Then the metric
space (Y,d") is called a subspace of metric space
(X, d).
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Properties :

1.

Let (X, d) be a metric space and (Y, d”) be its
subspace. Then a subset A of Y is d* open iff
there exists a d-open subset G of X such that

A=hnY
Let (Y,d") be a sub-space of a metric space

(X, d). Then for B ¢ Y, which is open in Y be
open in X. It is necessary and sufficient that Y
be open inX .

Let (Y, d”) be a subspace a metric space (X, d)
then

(i) Asubset AofY is closed in Y iff there exists
aclosed set Fin X suchthat A=FnY.

(i) A" =ANY where A" is a subset of Y.

Apointy € Y is d*-limit point of a subset A

& Y iff it is a d-limit point of A and
D*(A)=D(A)nY

where D*(A) and D(A) are d*-derived set

and d-derived set of A respectively.

A subset N* of Y is a d*-nbd of a point
ve Yiff N = N N Y for some d-nbd N of
v.

(v) IfAcY then

A°c A°" and Fr*(A) c Fr(A)

Let (Y,d") be a subspace of a metric space
(X,d) and B be a base for the family h of all
open subsets of X then the base for family G*
of all open subsets of Y relative to d™ is :

B*={BnY:Bep}
Every subspace of a second countable space is
second countable.

Every subspace of a separable metric space is
separable.

SEQUENCE AND SUBSEQUENCE IN A METRIC
SPACE

1.

Sequence in a metric space : Let X be a
metric space. Then a function f:N— X is

called a sequence in X, where N is the set of
natural numbers. The value of function f at
n € Nis denoted by f(x) = x,,. The sequence of
f be denoted by < x,,>.
Subsequence in a metric space : If < x>
be a sequence in a metric space (X, d)and< i, >
is a strictly increasing sequence in N such that
i1<ip <..ip<..... then <x;,> is called a
subsequence of < x,,>.

1\, 1
Example : (— ) is a subsequence of { = ).

2n n
Convergent sequence in a metric space :
Let (X, d) be a metric space then a sequence
< x,,>in X is said to convergent to x € X if for
€> O there exists a positive integer nyy such that
¥n2ng dix, xg)<e.

The point xpe X is called the limit of the
sequence < x,, > and denoted by

lim x,,=xq or limx,=xq

Cluster potc;ints of sequence : Let (X, d)be a
metric space. A point xg € X is said to be a
cluster point of < x,,> iff for any €>0 and
positive integer m, 3 an integer n > m such that
d(xg, x,) <&

Thus, x will be a cluster point of < x, > iff every
open sphere centred at x( contains infinitely

many terms of the sequence.

Properties :

(i)
(ii)

(i)

(iv)

The limit of a convergent sequence is unique.

Let (X, d) be a metric space. If x is a limit point
of a subset A of X, then there exists a sequence
<xp,> of A, all distinct from xg, which
converges to x.

If the range set of a convergent sequence in a
metric space consists of infinitely many distinct
points, then the limit of the sequence is a limit
point of the range set of the sequence.

Let (X, d) be a metric space and x, yg be two
points of X. If < y, > in X converges to y( then
<d(xg,y,)> of real number converges to
d (Xo, yo).
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(v)  Let(x, d) be a metric space. If< x,,>and < y, >
in X converge respectively to x and yg in X,
then the sequence < d(x,, y,)> converges to

d(x0, o).

CAUCHY SEQUENCE IN A METRIC SPACE

Let (X, d) be metric space. A sequence < x,,> in X is
said to be a cauchy sequence in X if for given €> 0,

there exists a positive integer m such that
d(x,, xy) < eforalln>m

or d(xp,xq)< eforall p,g=m(e)

Complete metric space : A metric space (X, d) is

said to be complete iff every cauchy sequence < x,,>
in X converges to a point in X.

Properties :

1. Every convergent sequence in a metric space is
a cauchy sequence but not conversely.

2. If a cauchy sequence in a metric space has a
convergent subsequence then the sequence is
convergent.

3. If < x,,> be a sequence in a metric space (X, d)
and E,, be defined by

El = {Xl,XZ,...}, E2 = {X2,X3,...}
By =X, X1y b

then < —x,, > is a cauchy sequence iff §(E ;) —» O
asn — oo,

4. Let < x,,> be a cauchy sequence in a metric
space (X, d)and let< Xj, > be a subsequence of

< x,>then lim d(x,, Xin) =0.
n—oo

5. Let < x,,> be a cauchy sequence in a metric
space (X, d) and < Xj, > be a subsequence of
< x,,> converging to xg € X. Then < x,,> also
converges to x.

6. Let (X, d) be a metric space and < x,,> be a
cauchy sequence in X. If< y,, > be sequence in

X such that d(x, v,) < 1 for every n € I then
n

(i) <uy,>Iisalso acauchy sequence in X.
(i) <wy,> converges to yge X iff <x,>
converges to y.
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7. Let (X, d) be a complete metric space and let Y
be a subspace of X. Then Y is complete iff Y is
closed.

Nested sequence

Let (X, d) be a metric space. A sequence A,, of subsets
of X is said to be monotonic decreasing iff
Ao Ay A3D....

Such a sequence is also called a nested sequence.
Cantor’s Intersection theorem

Let (x, d) be a metric space and let < F,,> be a nested
sequence of non-empty closed subsets of X such that

8(F,) — 0 as n — . Then X is complete iff [F,

n=1
consists of exactly one point.
Properties :
1. The real line i.e. usual metric for R is complete
metric space.
2. The set ¢ of complex numbers with usual metric
is a complete metric space.
3. The set R" of all n-tuples x = (x1, x9,....x,) of

real numbers is a complete metric space with
respect to the usual metric d-defined by
1

n 2
dlx,y) = (z (x; — yi)2]
i=1

4, The metric space of rational number with the
usual metric is incomplete.

PRODUCT OF COMPLETE METRIC SPACES

Let (X, d) and (Y, e) be two complete metric spaces.
Then the product space z = X x Y with metric

pla1.z5) = \d2(x1, x5) + €2(y1,vo)]
is complete where z1 = (x1, y1) and z9 = (x9, Y9)

CANTOR’S TERNARY SET

The cantor set is the set of all numbers in the interval
[0,1] which have a ternary expansion without the
digit 1.
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EXERCISE

MULTIPLE CHOICE QUESTIONS

Direction : Each of the following questions has four
alternative answers. One of them is correct. Choose

the correct answer. 5
1. In a metric space (X, d) the metric dis a function from

Xx Xto:

a. R? b. N 9

c. N? d.R
2. The function d : R x R — R defined by

d(x,y) =|x-y| ¥x,ye R

is called : [Kanpur 2018] 10.

a. Discrete metric  b. Indiscrete metric

c. Usual metric d. Euclidean metric
3. If (X,d) is a metric space then ¥x,ve X:

a. dix,y)<0 b. d(x,y)= 0

c. dx,y)=0 d. None of these 11
4, If (X,d) is a metric space then ¥x,y,z e X:

a. d(x,y) > d(x,z)+ d(z,y)

b. d(x,y) < d(x,z)+ d(z,v)

c. dix,y) =d(x,z2)+ d(z,y)

d. None of these 12.
5. The metric defined by

d(x,y) = \/(xl —x9)? + vy —vg)? ¥x = (xq,0y)

and y = (x5,y5) € RxRis :

a. Usual metric on R

b. Usual metric on R?

c. Discrete metric on R 13.

d. Discrete metric on R®
6. In a metric space (X,d) if x,y,z € X then :

|d(x,2) - d(z,y) | < d(x,y) 14
|d(x,2) + dl(z,y)| < d(x,y)

c. |dix,z)-d(z,v)|= d(x,y)

d. None of these
7. Which of the following is not a metric :

a. dx,y) =
b. d(x,y) =

|x-y| ¥x,ve R
Oiff x =yand 1iff x #y V¥x,ye R

c. d(x,y) =min{l, d(x,v)} Vx,ve R

d. d(x,y) = |x —y|nyeR

If (X, d) be a metric space then d(x,y) = 0 ¥x,y e Xif
and only if :

a. x=y b.x>vy

c. x<y d. (x,y)=0

If (X, d) be a metric space then symmetric property is
defined by :
a. dx,y) < d(y,x) b. d(x,y) =0iff x =y
c. dxy=0 d. d(x,y) = d(y,x)
The mapping d : ¢ x ¢ — R defined by
d(z1,29) = |21 — 25|, ¥z1,z29 € Cis:
a. A metric space
b. Not a metric space
c. Usual metric space over R
d. Discrete metric space
Which of the following is true :
a. Every metric is a pseudo-metric
b. Every pseudo-metric is a metric
c. Metric and pseudo-metric are independent
d. None of these
Ifd: Xx X — R be defined by
(i) dx,y)=0iffx =y V¥x,ye X
(ii) d(x,v) < d(x,z)+ d(y,z) ¥x,u,z € X, then dis:
a. Pseudo-metric only
b. Metric only
c. Both pseudo and metric
d. None of these
If x,y are two real numbers then :
a. |x+y|=Ix[+[y| b.|x+y[z]x][+]y]

¢ Ix=yl<|x|=1lyl d.|x+yl<|x|+ |yl

It d(x,y)={0 Hox=y

Vx,y € R then the metric
1 iff x#vy

d is called :
a. Usual metric on R
b. Indiscrete metric on R

Discrete metric on R

d. Euclidean metric on R
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15.

16.

17.

18.

19.

20.

21.

22.

A sequence in a set X is a mapping whose domain is
the set of :
a. I

c. R

b. N

d.C

In a metric space (X, d) the distance between a point
p e Xand set Ai.e. d(p,A) is defined by :

a. sup{d(p,x):xe A}

b. sup{d(p,x):xe X}

c. inf{d(p,x):x e A}

d. inf{d(p,x):x e X}

If Aand B are non-empty subsets of a metric space
(X, d) with diameter 6 then :

a. dAuUB)=35A) +3B)

b. dAUB)<§(A) +(B)

c. 8(AUB)<(A +3(B)+ d(AB)

d. 3(AuB)<d(A)+9(B)-dAB)

The metric space over R defined by d(x,y) = |x — y|
is:

a. Finite b. Bounded

c. Unbounded d. Diameter is finite

If d(x,y) = |x — y|be a usual metric on X = [0, 1] then

s(% 1) -
L B

c. [0,1] d. None of these

For the usual metric d(x,y) = |x — y|, which of the
following set is open set :

a. {1} b. {1,2,3}

c. 10,1] d. 10,1 [u] 2,3[

If (X;,d;) and (X5,dy) be metric space and
X = X1 x Xy then d(x,y) = dy(x1,y7) + dg(x9,V0) ¥x
=(x1,x9) and v = (y1,y5) € Xis :

a. Metric

b. Not a metric

¢. May or may not be metric

d. None of these
The mapping d(x,y) = |x -y | Vx,ye Ris:
a. Metric space

b. Pseudo-metric space

23.

24.

25.

26.

27.

28.

29.
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c. Usual metric space

d. Discrete metric space

Which of the following shows that d is not a
bounded metric :

a. dix,y)<k V¥x,ye X

b. d(x,y)=k V¥x,ye X

c. dX)<k

d. None of these

If (X, d) is any metric space then d” defined by

d(x,y)

d*(x.y) = a0y
) = T

is a metric for X with :

a. 8(X.d")= b.8(X,d")>1

c. §(Xd <1 d. None of these

For the usual metric d(x,y) = |x — y| over the set
=[0,1], S(%,%) is equal to :

S Ier B

c. O,% d. none of these

If dx,y)= 0 when x=y and xge X then
1 when x=#vy

S(xg, 1) is equal to :

a. X b. {xo}

c. 1 d. 0

In a metric space (X,d) which of the following
statements are true :

(I)  union of open sets is open

(Il) finite intersection of open sets is open

b. Il is true only

d. None of these

a. listrue only

c. landll are true

In a metric space (X,d) if pe A c Xthen d(p,A):
a. p b. A
c. 0 d. Not exist

If Abe any non-empty subset of a metric space (X, d)
then for any points x,y € X: |d(x, A) — d(y,A) | is :

a. >d(x,y) b. < d(x,y)

c. =dx,y) d. d(x —y,A)



30.

31.

32.

33.

34.

35.

36.
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If A=[01) and B = (1, 2] in the usual metric space 37, IfA= {1 l l 1 }and B= 1 1 1 i}
(R,d) then d(A B) is equal to : 35 2n-1 246 2n
a 2 b. 1 are two subsets in a metric space (X,d) then d(A B) is
c. 0 d. 3 equal to :
1
If (x,d) be a discrete metric space and x( € X then a. 0 b. 5
fi iti 1 b 1 i lto:
or a positive real number r > 1, s(x,r) is equal to . A_B d e
a. 0 b. 1
X d. Not exist 38. For t?e usual metric d(x,y) = |x —y| ¥x,ve€l0,1]
Which of the following is not true in a metric space S(O’ g) is equal to
(X,d):
s(2 17 b.5(1,2
a. ¢and X are open sets 8 8
b. Every open sphere is open set S(i i) S(i i)
c.  Union of arbitrary collection of open set is open 32" 32 32" 32
d. Intersection of arbitrary collection of open setis  39.  In a discrete metric space every set is :
open a. Closed
If the usual metric space d(x,y) = |[x —y| ¥x,ye R b. Open
mﬂ -11 [ ne N} c. Either open or closed
n'n d. None of these
a. Closed 40.  For the usual metric dfor R the singleton setin R is :
b. Open a. Closed
c. Both open and closed b. Open
d. Not necessarily open c. May be open or closed
Which of the following is not a nbd of 1 for the usual d. None of these
metric d(x,y) = |x -yl for R 41.  In a metric space (X,d), if x e Ac X but x is not a
1
a. 102 [—15 b.[0,2]- D) limit point of Athen x is called :
. R 411, 2[ a. Limit point b. Adherent point
c. Isolated point d. Exterior point
Let (X,d) be a metric space and A < X such that ) ) ) )
x € X. If every nbd of x contains a point of A other 42. IfA. be the.mterlor of Ain a metric space (x,d) then
than x then x is called : which one s not true :
a. Limit point b. Point of condensation a. A°is the largest open set contained in A
c. Isolated point d. None of these b. A%is an open set
. Ai iff A°=
Ifd: Xx X R be defined as :1 Afs open fff o
() dix,y)=0 (i1) d(x,x) = 0 - Asopen A=
(iii) d(x,y) = d(y,x) (iv) dix,y) < d(x,2) + d(z,y) 43. If Abe a subset of a metric space (X,d) then the
diameter of A,8(A) is defined by :  [Kanpur 2018]
Thendisa:

a. Metric space

b. Pseudo-metric space

c. Both metric and pseudo-metric space
d. None of these

a. sup{d(x,y):x,ve X}
b. sup{d(x,y):x,ve A}
c. inf{d(x,y):x,yve X}
d. inf{d(x,y): x,yve A}
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44.

45.

46.

47.

48.

49.

50.

If in a metric space (X,d),d(p,A =0 Vpe Ac X

then :
a. peX b.pe A
c. peA dpeX

If Aand B are two non-empty subsets of a non space
(X,d) then diameter of Ais :

a. dix,y) ¥x,ve A

b. inf {d(x,y): x,v e A}

c. sup{d(x,y):x,yve A}

d. sup{d(x,y):x,ve X}

If8(A U B) < §(A) + &(B) where d be the diameter exist

only when :
a. AuB=¢
c. AnB=#¢

b.AnB=¢

d. None of these

If d be a usual metric for R defined by

d(x,y) = |x —y| ¥x,ye R

then S(-1,1) is equal to :

a. [0,1] b. [-2,0]

c. 1-2,0[ d. -1, 1]

If a metric space every singleton set is :
Open

b. Closed

c. May be open or closed

d. None of these

Which of the following is true in a metric space :
Every closed sphere is a closed set

b. Intersection of an arbitrary collection of closed

sets is closed
c.  Union of finite number of closed sets is closed
d. All of the above

If in a metric space every nbd of x € X contains a
point of A ¢ X not necessarily distinct from x then x

is called :
a. A limit point
b. Adherent point

c. Isolated point

e

Interior point

51.

52.

53.

54.

55.

56.

57.

58.
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If d(A B) = Ofor Aand B are non-empty subsets of X
then :

a. AnB=¢only
b. AnB=#0only
c. Non-necessarily AnB = 0
d. None of these

The supremum of the set of all distances between

the points of Ais called :
a. Displacement b. Circumference
c. Radius d. Diameter

Consider the usual metric d(x,y) =|x—y| and
A=[1,2], B=[2 4] then d(5, B) is equal to :

a. 1 b. 2

c. 4 d.5

If d(zq,25) = |x; —x9| + |v; — yo| where z; = (x1,y)
and z, = (x9,U) € R? then the open sphere of limit
radius about (0,0) is :
a. |x+yl<1 b. x|+ |y|<1
c. |x|+y|>1 d.|x+y|>1

Ifd(x,y) = |[x —y| ¥x,ye Xwhere X = [0, 1] then the
set A=1[0,1[is:

a. Closed in X b. Open in X

c. Semi-openin X d. Semi closed in X

In a metric space (X,d), consider the following
statements

(I)  Every singleton set is open

(II) Complement of a finite set is open
a. listrue only

b. IlIis true only

c. land Il both are true

d. None of these

For the usual metric d(x,y) =|x—y| consider

I, = H_—nl,%[ ‘ne N} of open interval in R then
NI, is equal to :

a. ]—oo, 00 b. -1,1[

c. {0} d. 0

In a metric space (X,d), d(¢) is equal to :

a. 0 b. 1

C. oo d. —o



59.

60.

61.

62.

63.

64.
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If dix,y)=|x-y| is a usual metric for R and

A=[1,2], then d(g,A) is -

a. b. 1

N N

c. d. 0

If  d(z,29) = max.{|x; —xo|, |y —vy|}  above
21 = (x1,b1), 29 = (x9,09) € R? then the open sphere
of unit radius about (0,0) is :

a. {(xy)eR?: max.{|x],|y|} < 1}

b. {(x,y)eR*:
c. {lx,ye RZ.

d. {(x,y) e R? :max. {|x], |v|} > 1}

max.{ |x —y|< 1}

max.{|x + y|< 1}

0 when x=vy

If dx,y)= { and xpe X then

1 when x=#vy
S(xo,g) is equal to :

a. ¢
c. X

b. {xq}

d. None of these

If every open sphere centred at x contains infinite
many points of A ¢ X in a metric space (X,d) then x
is called :

a. Limit point b. Isolated point

c. Interior point d. None of these

Let R be the set of real numbers. The metric space
(R",d) with the usual metric d on R" is called :
[Kanpur 2018]

a. Usual n-space

b. Real n-space

c. Real euclidean n-space

d. Frechet space

If Ais subset of metric space X then true statement

is:

a. Int(A) equals the union of all open subsets of A

b. Int(A) equals the intersection of all closed
subsets of A

c. Int(A) equals the intersection of all open
subsets of A

d. Int(A) equals the union of all closed subsets of
A

65.

66.

67.

68.

70.

If d(zq,29) = \/(xl —x2)2 + (v —y2)2 then open

sphere of limit radius about (0,0) is :

2

a. x +y2=1 b.x2+y221

c. x%+ yz <1 d. None of these

For the usual metric on R the internal [a,b[ is :
Open

b. Closed

c. Both open and closed

d. Neither open nor closed

Which of the following is not true in a metric space :

a. Every open sphere containing x is an open
nbd. of x

b. Every superset of nbd of x is again a nbd of x

c. Ais open iff it contains a nbd of each of its
Points

d. every subset of nbd. of x is again a nbd of x

The

neighbourhoods of a set is :

intersection of an infinite number of

a. Neighbourhood

b. Not a neighbourhood

c. May or may not be neighbourhood
d. None of these

A subset A of a metric space (X,d) is closed if and
only if :

b. A’is open

d. None of these

a. Ais open
c. Ais closed

A subset G in a metric space (X, d) is said to be open
if to each x € G, 3 r > Osuch that :

a. 8(x,r)c G b.d(x,r) =G
c. dx,n>2G d. None of these

If (X d) is a pseudo-metric space and if d(x,y) =0
then :

a. X#yY
b. x=y
c. Eitherx =yorx =y

d. None of these
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72.

73.

74.

75.

76.

77.

78.

79.

80.

If d(x,y) = x2 —y2 Vx,ye Rthendis :

a. Pseudo-metic

b. Metric

c. Both metric and pseudo-metric

d. None of these

If (X,d) be a discrete metric space and x € X, then
every subset of X containing x is :

a. Open set
c. Neighbourhood d. All of these

A point x € X is a limit point of A ¢ X in a metric
space (X, d) if d(x,[A ~{x}]) is equal to :

b. Open sphere

a. 0 b. {0}

c. {x} d A

A point x € X is an adherent point of A ¢ Xiff :

a. dx,A=A b. d(x,A) = {x}

c. dix,A=X d. d(x,A) =0

If Ais a finite set in a metric space (X, d) then D(A) is
equal to :

a. X b. A

c. X-A d. o

The theorem ‘Every infinite subset of a compact
metric space X has a limit point in X is stated by :
a. Bounded theorem
b. Abel’s theorem
c. Bolzano-weierstrass theorem
d. Dirichlet’s theorem
Which of the following is not a base for x in metric
space d(x,y) = |x —y| ¥x,vye R:
a. lx—-¢gx+¢g[:0<eeR
b. ]x—l,x+l[:neN
n n
c. [x—-g,x+¢:0<eeR
d. None of these
If Abe any subset of a metric space (X,d) then :
a. ext A=ext(X-A)
b. ext A=int(X)
c. ext A=int(X-A)
d. ext(X-A=intX
The frontier of a subset A of X in a metric spaces :
a. Open
b. Closed

81.

82.

83.

84.

85.

86.

87.

88.

89.
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c. Either open or close
d. None of these

A subset A of a metric space (X,d) is closed iff :

a. A=¢ b.A=X

c. A=A d. None of these

A subset Aof a metric space Xis closed if and only if:
a. D(A=0¢ b. Ac D(A)

c. DAcCA d. None of these

The derived set of Ai.e. D(A) in a metric space (X,d)
is :

a. Open set

b. Closed set

c. Both open and closed set

d. None of these

Which of the following is not true :

a. AcA b.(AnB)c AnB

c. A=A d.AUB=ANB

If Abe a subset of a metric space (X,d) then :

a. A°=n{G:Gisopenand G2 A}

b. A°=u{G:Gisopenand GO A}

c. A°=uU{G:Gisopenand Gc A}

d. A°=uU{G:Gisopenand Gc A%}

In the usual metric space (R,d) if A=]a,b[ then A is

equal to :
a. lab[ b.]a,b]
c. [ab[ d. [a,b]

In a metric space (X,d) a subset N is called

neighbourhood of x if there exists r > Osuch that :
b.s(x,r) c N
d. None of these

a. s(x,r)=N
c. s(x,)o N

A subset A of a metric space (X,d) is closed if and

only if :

a. A=AuDA)  b.A=A

c. A=D(A d.A=AnD(A

If Abe a subset of a metric space (X,d) then :
a. A=A b. A=D(A)

c. A=AnD(A) d. A= AuD(A
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Which one of the following is not true in a metric
space (X,d) :

a. D(o)=0¢

b. Ac B =D(A) < D(B)

c. D(AuUB)=D(A uD(B)

d. D(AnB)=D(A nD(B)

If x € Xis frontier point of Aand belongs to Athen x
is called :

a. Limit point b. Isolated point
c. Boundary point  d. Interior point

In a metric space (X, d), Ais said to be dense in Bif :
a. A=B b.A=B

c. AcB dBcA

If d(x,y) = |[x —y| ¥x,ye Rthenint ]0,1[ is :

a. [0,1] b.]0,1]

c. [0,1] d. 10,1[

In the usual metric space (R, d) the derived set of the

set ¢ of all rational numbers i.e. D(¢) is equal to :

a. Q b.R

c. R-Q d. ¢

In a usual metric space (R,d), the following is true :
a. Q=0 b.Q=6

c. Q=R d. None of these

Let R" be the set of all ordered ntubes of real
numbers and x = (x1,Xg,....Xp), ¥ = (V1,V5...Y,,) then
d(x,v) usual metric d on R" is defined by :

1/2
a. Y (xi- v)? b. {Z(Xi - yi)z]
1/2
c. [Z(X,- - y,»)] d. None of these

In a usual metric space (R,d), A= {1 ‘ne N} then A
n

is equal to :

a. {0}

[ {l:ne N}
n

b. {l:ne N}U{O}

n

d. o
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In the metric space (X, d) a subset Aof Xis openiff :
a. A°c A b.Ac A°
c. A=X d. A=A
If every neighbourhood of x intersects both Aand A”
in a metric space (X,d) then x is called :
a. Limit point b. Isolated point
c. Adherent point  d. Frontier point
Which of the following is correct in a metric space
(X,d):
a. Asubset Aof Xisopeniff A=A
b. A subset Aof Xis closed iff int(A) = A

If a subset A of X is not open then it is closed

d. A subset Ais open iff Ais a nbd of each of its

points
In a discrete metric space every set is :
[Kanpur 2018]
a. Open
b. Closed

c. Either open or closed

d. None of these

If x is the limit point of Ain a metric space (X, d) then:
b.xe A

dxeA

In a metric space (X,d) A is defined as :

a. xeX
c. xegX

a. Union of all closed subsets of A

b. Intersection of all closed subsets of A

c.  Union of all closed supersets of A

d. Intersection of all closed supersets of A

Which of the following is true in a metric space (X, d):

a. Union of arbitrary collection of closed subsets
of Xis closed

b. Ac Xis open iff Aconstant all its limit points

c. If Ac Xthen int(X - A)is closed

d. Every convergent sequence in X is a Cauchy
sequence

The diameter of a finite subset in a metric space

(X,d)is :

a. Finite

b. Infinite
May be finite or infinite

d. None of these
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107.
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The mapping d : R x R — R defined by 112.

dix,y) = |x2—v?|, Vx,ye Ris: [Kanpur 2018]
a. Discrete metric on R
b. Usual metric on R
c. Indiscrete metric on R
d. Pseudo metric on R 113.
Consider the following statements in a metric space
R.
0 dxy ==Y vxyer

1+ [x -yl
M dey =Y veyer 114.
I-|x -yl
a. lis metric
b. Il is metric
c. Both I and II are metric
d. None of these
In a metric space (X,d) :
a. 0°=0¢
b. X°=X 115.
c. 0°=¢and X°= Xboth
d. None of these
If in a metric space (X,d) each point of X has a
countable local base then X is called :
a. Countable space
116.

b. First countable space
c. Second countable space
d. None of these

Which one of the following statements is a metric for
metric space (X,d) :

() d*(x,y) = max.{1, d(x,y)}
(I d*(x,v) = min {1, d(x,y)}

b. Il
d. Neither I nor Il

a. |

c. Bothlandll
If Aand B are disjoint subsets of a metric space (X, d)
then d(A,B) is equal to :

a. 0 b. «

c. Finite distance d. None of these

N-15

Let (R,d) be a metric space, where d is the usual
metriconRand A= {x e R: 0< x < 1}then d(0,A)is

equal to : [Kanpur 2018]
a. 0 b.1
c. -1 d. None of the above

The usual metric space (R,d) is :

a. First countable space

b. Second countable space

c. Both (a) and (b)

d. None of these

Consider the following statements :

(I) Every separable metric space is second

countable.
(Il)  Every second countable space is separable.
a. listrue only
b. Ilis true only
c. Both I and Il are true
d. land Il are not true
Every metric space is :
a. First countable
b. Second countable
c. First and second countable both
d. None of these

If X is a metric space and N is the set of natural

numbers then function f is sequence in X when :
a. f:X->N b.f:N—> X

c. Both (a) and (b) d. None of these

Consider the following statements in a metric space

(X,d) :
IO di(xy = max.{%, d(x,y)}

W d () = min.{%, d(x,y)}

a. [is metric
b. 1l is metric

Both I and II are metric

o

Q.

None of these



B.Sc. Objective Mathematics (Real Analysis)

N-16
118. Let(y,d”)be asubspace of (X,d)then asubset Aof Y 125. Which of the following is a subspace of the usual
is d” open iff there exist a d-open subset G of Xsuch metric space R :
that : a. [0,1] b.Q
a. G=ANY b.G=AUY c. R d. All the above
c. A=YnG d X=YnG 126. Every finite subset of R with respect to usual metric
119. If Abe a subset of a metric space (X, d) then d(A, ¢) is for Ris:
equal to : a. Open b. Closed
a. 0 b. o c. Both (a) and (b) d. None of these
c. —oo d. Cannot defined 127. If sequence< x,, > is convergent in a metric space X
120. Consider the metric space (R, d), where d is the usual then its limit is/are :
metric on R and A= {1, l,l,.... 1 } and a. Finite b. Unique
111 35 2n-1 c. Infinite d. None of these
B= {5’16%} then d(AB) = [Kanpur 2018] 128 If Aand B are non-empty subsets of a metric space
1 (X,d) such that d(A,B) = Othen :
a = b3 a. AnB=0 b. ANB # ¢
c. 1 d0 c. Either (a) or (b) d. None of these
2
129. Metrics d(x,y) and _dbey) defined on a
121. Which of the following function is a metricon R : 1+ d(x,y)
a. dix,y) = llx —y| VxyeR non-empty set X are : [Kanpur 2018]
. 3 a. Equivalent b. Reciprocal
0 if x=zvy
b. 1 if x=vy c. Complementary d. None of these
. 1 1 )
c. dix,y)=3(x—-y) ¥xyeR 130. To each x € R the family {]x—;,x+;[:ne N}IS:
d. None of these
a. Local base at x only
122. Which of the following is not a subspace of the usual
. b. Countable only
metric space C of complex numbers :
a Unit circle b. Open disc c. Countable local base at x
c. Closed unit disc d. Open sphere d. None of these
123. A sequence< x,, > in a metric space (X,d) is said to 131 A sequence < x, >.in a metric space (.X’d) is Cél%ed
be convergent sequence if for each € > Othere exists F:auchy sequence if for &> O there exists a positive
a positive integer x such that for n> ng : integer n such that form,n2 ng :
a. d(x,,x)>¢ b. d(x,,x) = ¢ a. dlxpxm)se  b.dxpxy)2e
c. dix,x)<e d. None of these c. dlxpxm)<e d. d(xp,x,,)> €
124. 1f(X.d) be a metric space then d’(x.y) = d(x,y) is 132. If Abe a subset of a metric space (X,d) such that
1+ d(x,y) d(x,A) = Othen :

Metric on X

oo w

Pseudometric on X

Neither metric nor pseudometric on X

o o

None of these

a. xeA

b. x¢A

c. Eitherxe Aorxe¢A
d. None of these
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134.

135.
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138.

Consider the following statements in a metric space

R (I)d(x,y) = MV}(;}GR
—lx=yl

() dix,y)=|x+y| ¥x,veR
a. [is metric

b. Il is metric

c. Iland Il both are metric

d. Neither I nor II are metric

If< x,, >and < y,, > are sequences in a metric space
(X,d) such that x,,_,, and y,, = ythen the sequence
< d(x,,V,,) > of real numbers converges to :

b. d(x,y)

d. None of these

a. (x,y)
c. (0,0)

Which of the following is a metric on R :

a. d(x,y) =|x+y| ¥x,ye R
if _
b. d(x,w:{o LY
o if x#y
c. dix,y) = MnyeR
1+|x+y
d. dx,y) =|x-y| ¥x,ye R

Cantor’s ternary set is a :

a. Closed set

b. Open set

c. Both open and closed set

d. None of these

Consider the following statements in a metric space

(x,d)

(I)  Every convergent sequence is a Cauchy
sequence

(II)  Every Cauchy sequence is a convergent

sequence
a. listrue
b. Ilis true

c. land Il both are true

d. None of these

If d(x,y) = |x —y|for Rand Y = [0,1]then]%,1:|i5'

b. Closed in R

c. Open relative to Yd. Semi closed relative to Y

a. OpeninR

139.

140.

141.

142.

143.

144.
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Which of the following is a countable base :

a. ]a,b[ where a,b are rationals

b. ]a,b[ where a,b are reals

c. Ja,b[ where a,b are irrationals

d. ]a,b[ where a,b are integers

In a discrete metric space (x,d) the open sphere

s(xq,r) is defined as :

{1
a.
0
r>1

b X if
’ {xor if O<r<1

X if O<r<1
c.
{xot if r>1
X if r>1
0 if O<r<1

if x#y
if x=y

If (0,1] be ths subspace of usual metric space R then

1_.
the sequence < = > s :
n

a. Cauchy sequence

b. Convergent sequence

c. Both Cauchy and convergent

d. None of these

The subset [0,3] in X =[0,3] under the metric
d(x,y) =|x—y| ¥x,ye Xis:

a. Closed

b. Open

c. Both open and closed

d. None of these

If F, :[ , n ] Y¥ne N in the usual metric (R,d)
n+1
then OFn is :
n=1
a. [0,1] b. {0, n]
c. {0} d. [0,1]
Theset A={1, 2 3,4, ...., n...} in the usual metric on
Ris:
a. Open
b. Closed

Both open and closed
d. None of these
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If every Cauchy sequence in X is convergent in a 152.

metric space then it is called :
a. Pseudo-metric space

b. Compact metric space

c. Cauchy metric space

d. Complete metric space

If d(x,y) = |x —y|for Rand Y = [0, 1] then ]O, %} is :

a. Open relative to Yb. Open in R

c. Closed in R d. None of these

If A={1,23..},B= {n+1 ‘ne N} in a usual
n

metric R then d(AB) =

a. 0 b. o

c. 1 d.1-n

If A=[ab] in the usual metric space (R,d) then
boundary (A) is :

a. [a,b]
c. {ab}

In the discrete metric space (X,d) the closed sphere

b.]a,b[
d. None of these

s(x,r) is defined by :

X if O<r<1
a.
{xot if r>1
b X if O<r<1
“lo if r>1
c X if r>1
' {xor if O<r<1
d X if r>1
' {xor if O<r<1
Theset A= {n+ l ‘ne N}in usual metricon Ris :
n
a. Closed
b. Open

c. Both closed and open
d. None of these

If Abe any subset of a metric space (X,d) then A is
defined by :

a. {xe X:d(x,x)=0b. {x e X:d(x,A =0}
c. {xeA:dx,A)=0Hd. {xe X:d(x,A) = 0}

153.

154.

155.

156.

157.

158.

If A=[a,b] is closed interval in the usual metric

space (R,d) then Fr(A) s :

a. [a,b] b.]a,b[

c. {ab} d. ¢

Consider the following statements :

(I) R with usual metric is complete

(II)  Cwith usual metric is complete

a. listrue only b. Il is true only

c. landIl aretrue d.None of these

The theorem “Let X be metric space and< F,, >be a

decreasing sequence of non-empty closed subsets

of Xsuch that d(F,,) — 0, then ﬁ F,, contains exactly
n=1

one point” is called :

a. Abel’s theorem

b. Cantro’s intersection theorem

c. Weierstrass theorem

d. None of these

In the metric space (R, d) where d is the usual metric

on R, boundary of set of integers z is :
a. o b.Q

c. R d.Z

Consider the following statements :

(I)  R™under usual metric is complete

(Il)  Every subspace of a complete metric space is

complete
a. listrue
b. Ilis true

c. land Il both are true

d. None of these

The diameter of a finite subset of a metric space is :
b. Infinite

d. None of these

a. Finite

c. Does not exist
The set Q of all rational number with usual metric is:
a. Complete

b. Not complete

o

May or may not be complete

o

None of these
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162.

163.

164.

Consider the following statements :
(I) The set {l,_—l,g,_—z ..... n , -
2233

limit points.

(I) The set ]1,2[ has no limit points.

a. listrue

b. Ilis true

c. land Il both are true

d. None of these

The metric space X is called complete if every

Cauchy sequence in Xis :

a. Convergent

b. Not convergent

c. May or may not be convergent

d. None of these

A metric space d on a non-empty set X is said to be

bounded if there exists a real number x > 0 such

that: [Kanpur 2018]

a. dix,y)<k ¥x,ye X

b. d(x,y)>k ¥x,ye X

c. dx,y) = Vx,ve X

d. None of these

Consider the following statements :

(I)  The set of positive integers z* has no limit
points

(II)  Every point of A =[2, 3] is limit points of A

a. listrue only

b. Ilis true

c. Iland Il both are true

d. None of these

The set of all real valued bounded continuous

functions on [0,1] is :

a. Complete

b. Not complete

c. May or may not be complete

d. None of these

In a metric space (X, d) which one of the following is

true : [Kanpur 2018]

a. Every singleton set is open set
b. ¢and X are closed

165.
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c. Every subset is neither open nor closed

d. None of these

In the usual metric space (R, d) the interior of the set

A= {1 ne N} is : (Kanpur 2018)
n

a. A b. ¢

c. {1} d. Au {0}

Consider the statements :
(I) (R,U)is second countable
(IT) (RZ,U) is second countable

a. listrue only
b. Ilis true
[ and Il both are true

d. None of these

o

1 (1)?
In a usual metric space R, if A= 0,5, (7) s

2
then :
a. Ac D(A) b. Ao D(A)
c. A=D(A d.D(A) = ¢

If A=[0 1[, B =]1, 2] in a usual metric space on R
then D(A) N D(B) is equal to :

a. {1} b. [0,2]

c. 10,2] d. {0,1,2}

Consider the statements :

() QisdenseinR

(Il)  Z is no where dense in R

a. listrue only

b. Ilis true only

c. land Il both are true

d. None of these

If d(x,y) = |x —y| ¥x,y e Rthen[a,b[is :

a. Open only

b. Closed only

c. Both open and closed

d. None of these

If Abe a subset of a metric space (X,d) then :
a. Auext(A =0 b. Anext(A = X

c. Anext(A=¢ d Auext A=A
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MULTIPLE CHOICE QUESTIONS

11.
21.
31.
41.
51.
61.
71.
81.
91.

101.
111.
121.
131.
141.
151.
161.
171.

(a) 12.
(a) 22.
(c) 32.
(c) 42.
c) 52.
c) 62.
c) 72.
c) 82.

a) 102.
a) 112.
c) 122.
c) 132.

(
(
(
(
(c) 92.
(
(
(
(
(

a) 142.
(b) 152.
(a) 162.

We have

So,
Also,
So,

or

ANSWERS

By (1) and (2), we get

© 3 () 4 () 5 () 6 (@ 7. (d 8 (@ 9 (d 10. (a)
(€ 13. (d) 14. (o) 15. (b) 16. (o) 17. (o) 18 (o) 19. (o) 20. (d)
(b) 23. (b) 24. (c) 25. (c) 26. (b) 27. (c) 28. (c) 29. (b) 30. (c)
(d) 33. (d) 34 (d) 35. (a) 36. (b) 37. (a) 38 () 39. (b) 40. (a)
(d) 43. (b) 44. (b) 45. (o) 46. (c) 47. (c) 48. (b) 49. (d) 50. (b)
(d) 53. (@) 54. (b) 55. (b) 56. (c) 57. (c) 58. (d) 59. (d) 60. (a)
(a) 63. (c) 64. (a) 65. (a) 66. (d) 67. (c) 68. (c) 69. (b) 70. (a)
@ 73. (d) 74 (1) 75. (d) 76. (d) 77. (c) 78. () 79. () 80. (b)
() 83. (b) 84 (d) 85 () 8. (d) 87. (b) 88 (b) 89. (d) 90. (d)
(d) 93. (d) 94 (b) 95. (c) 96. (b) 97. (b) 98. (d) 99. (d) 100. (d)
(@) 103. (d) 104. (d) 105. (a) 106. (d) 107. (a) 108. (c) 109. (b) 110. (b)
(a) 113. (c) 114. (c) 115. (a) 116. (b) 117. (d) 118. (c) 119. (b) 120. (d)
(d) 123. (c) 124. (a) 125. (d) 126. (b) 127. (b) 128. (c) 129. (a) 130. (c)
(c) 133. (d) 134. (b) 135. (d) 136. (a) 137. (a) 138. (c) 139. (a) 140. (b)
(b) 143. (d) 144. (b) 145. (d) 146. (d) 147. (a) 148. (c) 149. (c) 150. (a)
(c) 153. (c) 154. (b) 155. (d) 156. (a) 157. (a) 158. (b) 159. (a) 160. (a)
(c) 163. (a) 164. (b) 165. (b) 166. (c) 167. (b) 168. (a) 169. (c) 170. (d)

HINTS AND SOLUTIONS
10.  Given that
d(x,z) < d(x,y) + d(y,z) by [M4] d(zy,29) = |21 — 25|, V21,29 C
=d(x,y) + d(z,y) by [M3] [M1] : we have |2y —z5|> 0 ¥zy,z0€ C
> d(x,z)—d(z,y) ..(1) d(z1,29) 20 ¥zq,29€ C
d(z, y)< d(z,x) + d(x,y) by [M4] [M2]:since |z; —29|=0 &2z, -2, =0 o2z =2z,
d(x,y) = d(z,y) — d(x,z) So, d(zq,25) = 0 iff 2z =z,
=d(x,2) + d(x,y) by [M3] [M3] since |z; —zy| = |29 — 21| ¥21,29€ C
d(x,y) = —[d(x,z) — d(z,v)] ..(2) So, d(zq,25) = d(zg,21) Vz1,29€ C
[M4] : If z{,25,253 € Cthen
d(x,y) > |d(x,z) - d(z,y)| |21 — 29| = |21 — 23 + 23 — 29|
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<lzy —z3|+ |23 — 29| 25, dx,y) =|x—y|overthesetX={0,1]
So, d(zy,29) < d(zq,23) + d(23,29) S(l 1) { c[01]: — i<x<i+i}
16’16 16 16 16 16

So, d is a metric on C.
19.  Given that = {x €[0,1]: 0<x< %}
d(x,y) = |x — y| over the set X =10, 1]
=0z
then (1 ) { 1<1} ] 8[
2 2

26.  Given that

1 1
_{xe[O,I].§—1<x<§+1} i 0 when x =y
Y711 when x % vy
1 3
=Ixel01]:-Z<x<=
2 2 Let xo € Xand ris any positive real number greater
=[01] than 1, then
22.  Given that S(xg,r) ={xe X:d(x,y< O <r}
d(X,9)=|X2—y2| Vx,ve R =X
[ml] - |x Y |> 0 Vx,yeR Since, d(x,xq) = Oor 1 each of which is less than r so
that xe X = xeS(xqr)
So, d(x,v)=0 ¥x,ve R

If 0< r<1then
(m2] d(x,x) = [x? ~x?|= 0 Vx e R
S(xg,r) = fx € X:d(x,xg) < r}

[m3] since |><2 —y2|= |y2 —x2| V¥x,ye R
= {XO}

So, dix,y) =d(y,x) Vx,ye R
[m4] Let x,y,z € R then

Since, d(xg,xg) =0<r

and dix,xg) =1« rifx #xq

b= v?| =" - 2 + (22 = o) | put r = 1 we get
<|x? - 22|+ |2° - v? S(xg, 1) = {xg}
d(x,y) < d(x,z) + d(z,y) ¥x,y,ze R 29.  Since, d(x,y) = d(y,x), we may assume that
Hence, d is a pseudo-metric on R. However d is not d(x,A) = d(y,A)

a metric space on R for, Let £> Obe given

12 _ 2 =
dx,y) =[x"-y7[=0 Since, d(y,A) =inf{d(y,z):ze A}

= x?-y?=0 = x=ty we can choose a € Asuch that

Thus, d(x,y) = 0 does not necessarily imply that d(y,a) < d(y,A) + ¢

X=y. then |d(x,A) - A)|l=d —-d(y,A)

d(x,y)
24. - dX(x,y) = 20 -
1% 1+ dx.9) < d(x,a) —d(y,A)

B <d(x,a)—d(y,a) + €
d"(x,y) < 1for every pair of points x,y of X.

0 _dixy) -
1+ d(x,y) Since, ¢ is arbitrary, we have

<d(x,y) + €

Hence d”* is a bounded metric for X with §(X) < 1. d(x,A) - d(y, A < d(x,y).
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33. - dx

v)
mﬂ%l %[ neN} o

which is not open since there exists nyr > 0 such that
I-r,r[ = {0}

38 d(x,y) =|x-y|over X =
S(O,l) = {X €l0,1]: O—l< x< 0+ l}

{xe[O 1]: —1<x<1}
8 8

Again
S(i,i):{xe[ 1]: — 3<x<i+£}
32 32 32 32 32 32
65.
-1 1
“xeton:Zle <7}
{X © 16" "8
-[odl
8
76.
(05)-5(zz%)
8 32 32
47.  Ifd(x,y) =|x-y| ¥x,y e R then
S-1,1)=1-1-1,-1+1[=]-20[
53.  Given that
d(x,y) = [x -y
83.
and A={1,2},B=1[24
Since, d(A,B)=inf{d(x,y):x€ A, ye B}
then d(5B) = inf {d(5y):ve B}
=d(54) =
54.  S{(0,0), 1} = {(x,v) ) e R? (x=0]+ |y-0|]< 1}
= {(xv)e R?: |x|+ |y|< 1}
59.  Given that 93.

d(x,y) = |x - y| ¥x,ye R?

and A=[1, 2[ then

d(% A)z inf{(g,x):xe[l,Z[} 94,

=0, since 5 ell, 2[
4

= |x —y|then 60.

[0, 1] then 61.

Given that

d(z1,29) = max.{|x; —xs|, |y; — Vo [}

50,5{(0,0), 1} = {(x,y) € R? : max. {|x = O], |y— O[}
={(x,y) e R? : max. {|x|, [y} < 1}
Given that

dlx.u) = 0 when x=vy
711 when x=#y

Let x( € X, then

S(XO,Z) {x e X:d(x,xq) < 3/2}

= X[ d(x,xg) =0
or each of which is less than r so that xe X =
x € S(xq,7)]

5{(00),1} = {(x,y) e R? : (x - 0% + (y-0% =1}

d(zy,29) = \/(xl —x)? + vy — vg)?
S{(00,1} = {(x,v) e R?: x?+ y? = 1}

Let S be any finite subset of X. Since Sis finite so if
r> 0, then S(p,r) contains only finitely many points
of the set S. Thus, S(p,r) is a nbd of p which does not
contain infinitely many points of Sand so p is not a
limit point of S. Thus, every p € Xis not a limit point
of Sand so a finite set S has no limit points i.e. the
derived set of a finite set is empty.

Let p be any limit point of the derived set D(A). Then
for every r> 0, the open sphere S(p,r) contains
infinitely many points of D(A) and since each point
of D(A)is a limit point of A, every open sphere S(p,r)
must contain infinitely many points of A Thus p is
also a limit point of A and so p e D(A). Therefore
D(A) contains all its limit points and so D(A) is
closed.

d(x,y) =|x—y|¥x,ye Rand A=]01[

Since, Ais an open set, it is a nbd of each of its
points and so every point of Ais its interior point.
Hence, A°= A=]01[.

Let pe Rand > Obe given, Thenp—egand p + ¢

are two distinct real numbers and we know that
between two distinct real numbers there lie infinitely
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many rational numbers. Therefore for every > 0,
the open interval | p — € p + €[ contains at least over
point of Q other than p. Hence, p is a limit point of
Q. Since, p is an arbitrary real number so every real

number is limit point of Q. Hence,

DIO) =R 107.
Given that A= {% ‘ne N} is a usual metric space
(R.d)
Here, D(A) = {0}
So Z\:AuD(A)z{%:neN}u{O}

Let Abe any subset of a discrete metric space (X,d).
If A= ¢, then Ais open. If A # ¢, let x be an arbitrary

point of A Since, s(xé) ={x}, we have
s(x%)s A Hence, Ais open.

Given that
d(x,y) = |x? - v?| Vx,ye R
[m1] we have
|x2—y2|2 0 V¥x,yeR
So, d(x,)>0 ¥x,ye R
Myl d(x,x) = |x2 —x?|= 0 ¥x e R
[M3]|x* = ?| = |[v* = x*| Vx,ye R
So, d(x,y) =d(y,x) ¥x,vye R
[M4]Let x,v,z € R then
Ix? - y?] = [(x® = 2) + (2% - y?)|
< |x?~2%| + |22 - 7|
So, d(x,y) < d(x,z)+ d(z,v) ¥x,v,ze R

Hence, d is a pseudo-metric on R. However d is not
a metric on R. For if d is metric on R then d(x,y) = 0

iff x =y.
But d(x,y) = |x2—y2|=0
= xX2-y?=0 = x=+y

|x =y

N-23

Thus, d(x,y) = 0 does not necessarily imply that

x = y. For example,
d2 -2 =122 -(-2?|= 0 while 2 # -2
Hence, d is not a metric on R.

Given that

|x -yl

d(x,y) =
Y 1+ |x -yl

Vx,vyeR

ml]|x-y|=0 V¥x,vye R
Ix -yl

SO >0 V¥x,yeR
1+ |x—y|
= dix,y)>0 ¥x,ye R
m2d(x,v)=0 & _x=yl g
1+|x—y|
= |X_y|:0 & X=Y
M3 dix,y) = 1X=vl__ _ly=x]
1+|x-y| 1+|y-x|
=d(x,y) Vx,ye R
md] [x —y|=|x—z+z-y|<|x—z|+ |z-y|
1+|x-y|<1+ |x—z|+|z-y|
or 1 > 1
L+lx—y| 1+|x—z|+|z-y]
or — 1 < — 1
1+|x—y| 1+|x—z|+ |z -]
S S 1
1+ [|x -yl 1+|x—z|+ |z-y|
o Xyl o Ix—z|+|z-y|
1+ |x-y| 1+[x—z|+|z—y|
or -yl |x —z|
1+ |x-y| 1+[x-z|+|z-y|
2=l
1+|X—Z|+|z—y|
or Ix -yl < |x —z| |z—-vy|
1+ |x—y| 1+|x-2z| 1+]|z-y|
or dx,v) < d(x,z)+ d(z,v) ¥x,u,z€ R

Thus d is a metric space.
Now it can be easily shown that for d(x,y) =

- | V¥ x,y e R, the fourty property does not
—|x-v

hold i.e. it is not a metric space.
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110. Given that d*(x,y) = min {1, d(x,y)} Vx,ve X and =d*(x,2z)+ d*(z,v) ...(2)
d is a metric on X. But d*(x,y) =min{l, d(x,9)} <d(x,y)  ..(3)

[mq] : since d is a metric on X, so
d(x,v) =0 ¥x,ve X
Now, d'(x,y)=1 or d"(x,y) =d(x,y)

By (2) and (3), we get
d*(x,y) < d*(x,2) + d*(z,y)

Hence, d* is a metric for X.

So, d'(xy)20¥xyeX Since, d*(x,y) <1 for every pair of points x,y e X

[m2] : If d*(x,y) = 0, then therefore d* is a bounded metric for X with §(X) < 1.

d*(x,y) =d(x,y) = 0 It can be easily shown that for

Since, d is a metric, so d”(x,y) = max. {1, d(x,y)}

dix,y)=0 = x=uy fourth property does not hold hence it is not a

Again if x = y then d(x,y) = Oand so metric.

N 113. Consider the wusual metric space (R,d) i.e.
d (x,y) =d(x,y) =0

d: R xR — R defined by

Hence, d*(x,y) = 0iffx =y dix,y) = |x - y| Vx,ye R
[m3] : we have either then to each x € R the family.
d*(x,y) = d(x,y) or d(x,y) =1 Hx —1, X+ 1[ ‘ne N}isacountable local base at
n n

Ifd* =d then d 1
(x,9) = dlx,y) then dix,y) < x 1y (R, d) is first countable. Again the collection of all

Hence, d(y,x)=d(x,y)<1 open intervals ] a,b[ where a,b are rational numbers
But dy,x) <1 forms a countable base for G; where G s the family
N d*(v.x) = d(y.x) = d(x.5) = d*(x.9) of all open subsets of X. So, (R,d) is second
countable also.
Aandif d"(x,y) = 1 then 115. Let(X,d)be a metric space and x € X. Consider the
d(x,y) 2 1and so d(y,x) 2 1 collections of open spheres B(x) = {S(x,l) ‘ne N}.
But dyx)>1 = dux) =1 "

. ‘ We claim that this collection form a countable local
Hence, d (x,y) =d (v,x) base at x. Let N be a nbd of x, then there exists an

Thus in either case, open set G such that

d*(x,v) = d"(v,x) xeGc N
By definition of open sets, there exists £> 0 such
that Sinefc G N

[m4] : we show that

d*(x,y) < d*(x,2) + d*(z,v) ..(1) 1
Choose nso large that = < e then
Now, d*(x,y)<1 n
Hence, if either S(x, 1) cSx,§ cGc N
n

d*(x,z) =lord"(z,y) =1 )
Thus every nbd of x contains a member of f(x) and

then d*(x,2) = d(x,2z) and d"(z,y) = d(z,y) so B(x) forms a countable local base at x. Thus (X,d)

So we have, d(x,y) < d(x,z)+ d(z,y) is first countable.
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Given that
d(x,y)

d’ =9I
bey) 1+d(x,y)

where d is a metric

d(x,y)

[m1] - kb L
1+ d(x,y)

d(x,v) >0 so >0

ie., d(x,) =20 ¥x,ye X

[m2] d'(x,y) =0 d(x,y)

XY ) sdyx) =0
1+ dx.) )

&x=y

3] d'x.y) = d(x,y) d(y,x)

- - —d
Tt dicg)  Txdi  dw

[m4] Let x,y,z € X then,

dicy) =208 __q 1
1+ d(x,y) 1+ d(x,y)
<q_ 1 _ dix,z)+d(zy)
T 1+d(x,2)+d(zy) 1+dx,z)+d(zy)
_ d(x,z) d(z,y)
1+ d(x,2z)+ d(z,y) 1+ d(x,z)+ d(z,v)
_ dxz) | dlzy
1+d(x,z) 1+d(zy)

<d(x,z)+ d'(z,v)
So, d’is a metric for X.

Let < x,,> be a convergent sequence in a metric
space (X,d). Take €>0 and < x,, > converges to

xq € X so there exists m € N such that

d(xp,,xg) < g ¥n=m

In particular d(x,,,xq) < g

Now for n>m we have
d(xp,X ) < d(xp,x0) + d(xg,Xxp,)
= d(xp,Xxq) + d(xm,,x0)
<Eif_g
2 2
Thus, for e > 0, there existsm € N such that
d(Xp,Xp) <€ ¥n2m
Hence, < x,, > is a Cauchy sequence in X.

Converge is not necessarily true for

141.

143.

152.

155.

N-25

dix,y) =[x -y ¥x,ye X
and X=10,1]
Consider < x,, > inX such that

1

X, == ¥neN
n

Obviously0<xn:lsl ¥ne Nsox,e X
n

lim x,, = limle,butOeX

n—oo n—e n

Also

S0 < x,, > is not converge to a point of X.

< x,, > is a Cauchy sequence in X for,

1 1
Choosem>Zor —< &
€ m

Now for all n>m, we have

1 1]_

n-m 1
= <

nm m

or |x,—xm|<e

Thus, for €> Othere exists m € N such that
d(XpXpm) =|Xp—xpl<e ¥nzm

Thus, < x,, > is a Cauchy sequence in X.

See the solution of Questions (137).

Given that F, = [0, n

] Y¥ne N, then
n+1

UF, = [o, %]U[O, g] U0} =101

n=1
A=a,b]
Here every point of Ais its interior point except at a
and b, so
A°= A—{a,b} =]a,b[
Also A =]—ooal U]b,eo|
Hence, extA=(A)°=]-o, al u]b,oo|

Fr(A) =[A° uext (A))
=[la,b[ U]- e, a[U]b,e[]

= {a,b}
z=zuUD(z)=2zUd w D(z) =6
So, z=2z

Also z is not a neighbourhood of any of its points. So

no point of z is an interior point of z.



B.Sc. Objective Mathematics (Real Analysis)

N-26
7°= 2 3
¢ 167. A= o,l,(l) (l)
Now, Friz)=z-2z°=z-0=12 2'\2) (2
So boundary of z = {x : x € Fr(z) and x € z} The only limit point of Ais 0 and ry D(A) = {0}. Thus,
=z DA c A
159. Let A= {1,;1, 2-2 n on } 168. dix,y) = |x—y| ¥x,ye R
22 33 n+ln+l
and A=[01[,B=11,2]
then Ahas exactly two limit points and they are +1
. - So, D(A) =10, 1]
and -1. Again let B=]12[ then B has infinite
number of limit points. Each point of the closed and D(B) =11, 2]
interval [1,2] is its limit point. D(AYND(B) = {0,1} n[1,2] = {1}
165. Giventhat A= {1 ‘ne N} 169. Qck
n _
So, Q=QuD(Q)
tlhen A cannot be a nbd of any of its points —QUR-=R
e n=123..., since there exists x €> Osuch that So, Qis dense in R.
]l—al+e|:SA AgainZ cRsoZ=ZuD(Z)=Zu6=2
n n 7

Hence, no point of Acan be its interior point so that
A°= ¢

(Z)°e=Z°= o
Hence, Z is nowhere dense in R.

000
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