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From the preface to the first (German) edition.

‘There is no general agrcement as to where an account of the theory
of infinite series should begin, what its main outlines should bc, or what
it should include. On the onc hand, the whole of higher analysis may
be regarded as a ficld for the application of this theory, for all limiting
processes — including differentiation and integration — are based on
the investigation of infinite scquences or of infinite series. On the other
hand, in the strictest (and therefore narrowcst) sense, the only matters
that are in place in a textbook on infinite serics are their definition, the
manipulation of the symbolism connected with them, and the theory
of convergence.

In his “Vorlesungen uber Zahlen- und Funktioncnlehre”, Vol. 1,
Part 2, A. Pringsheim has trcated the subject with these limitations.
I'’here was no question of offering anything similar in the present book.

My aim was quite different: namely, to give a comprehensive
account of all thc investigations of higher analysis in which infinite serics
are the chief object of intcrest, thc trcatment to be as frce from assump-
tions as possible and to start at thc very beginning and lead on to the
extensive frontiers of present-day research. To sct all this forth in as
interesting and intelligible a way as possible, but of course without in
the lcast abandoning exactness, with the object of providing the student
with a copvenient introduction to the subject and of giving him an idea
of its rich and fascinating variety — such was my vision.

The material grew in my hands, however, and resisted my efforts
to put it into shape. In ordcr to make a convenient and useful book,
the field had to be restricted. But I was guided throughout by the ex-
periencc I have gained in teaching — I have covered the whole of the
ground several times in the general course of my work and in lectures
at the universities of Berlin and Konigsberg — and also by the aim
of the book. It was to give a thorough and reliable treatment which would
be of assistance to the student attending lectures and which would at the
same time be adapted for private study.

The latter aim was particularly dear to me, and this accounts for
the form in which I have presented the subject-matter. Since it is gener-
ally easier — especially for beginners — to prove a deduction in pure
mathematics than to recognize the restrictions to which the train of
reasoning is subject, I have always dwelt on theoretical difficulties, and



VI Preface.

have tried to remove them by mcans of repeated illustrations; and
although I have thereby deprived myself of a good deal of space for
important matter, I hope to win the gratitude of the student.

I considered that an introduction to the theory of real numbers
was indispensable as a beginning, in order that the first facts relating
to convergence might have a firm foundation. Lo this introduction I
have added a fairly extensive account of the theory of sequences, and,
finally, the actual theory of infinite series. The latter is then constructed
in two storeys, so to speak: a ground-floor, in which the classical part
of the thcory (up to about the stage of Cauchy’s Analysc algébrique)
is expounded, though with the help of very limited resources, and a super-
structure, in which I have attemptcd to give an account of the later
developments of the 19th century.

For the reasons mentioned above, I have had to omit many parts
of the subject to which I would gladly have given a place for their own
sake. Scmi-convergent serics, Euler's summation formula, a detailed
trcatment of the Gamma-function, problems arising from the hyp.r-
geometric series, the theory of double scrics, the newer work on power
series, and, in particular, a more thorough development of the last chapter,
that on divergent scries — all these I was rcluctantly obliged to set
aside. On the other hand, I considered that it was essential to deal with
sequences and series of complex terms.  As the theory runs almost parallel
with that for rcal variables, however, I have, from the beginning, for-
mulated all the definitions and proved all the thcorems concerned in
such a way that they remain valid without alteration, whether the ‘‘arbi-
trary” numbers involved are real or complex. These definitions and
theorems are further distinguished by the sign °.

In choosing thc examples — in this respect, however, I lay no
claim to originality; on the contrary, in collecting them I have made
extensive use of the literaturc — I have taken pains to put practical
applications in the fore-front and to leave mere playing with thcorctical
niceties alone. Hence there are e. g. a particularly large number of exer-
cises on Chapter VIII and only very few on Chapter IX. Unfortunately
there was no room for solutions or cven for hints for the solution of
the examples.

A list of the most important papers, comprchensive accounts, and
textbooks on infinite series is given at the end of the book, immediately
in front of the index.

Konigsberg, Scptember 1921.
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From the preface to the second
(German) edition.

The fact that a second edition was called for after such a remarkably
short time could be taken to mean that the first had on the whole been
on the right lines. Hence the general plan has not been altered, but
it has been improved in the details of expression and demonstration on
almost every page.

The last chapter, that dealing with divergent series, has been wholly
rewritten, with important extensions, so that it now in some measure
provides an introduction to the theory and gives an 1deca of modern work
on the subject.

Konigsberg, December 1923.

Preface to the third (German) edition.

The main difference between the third and sccond editions is that
it has become possible to add a new chapter on Euler’s summation formula
and asymptotic expansions, which I had reluctantly omitted from the
first two cditions. 'This important chapter had meanwhile appcared in
a similar form in the English translation published by Blackie & Son
Limited, T.ondon and Glasgow, in 1928.

In addition, the whole of the book has again been carefully revised,
and the proofs have been improved or simplified in accordance with the
progress of mathematical knowledge or teaching experience. This applics
especially to theorems 269 and 287.

Dr. W. Schébe and Herr P. Securius have given me valuable assist-
ance in correcting the proofs, for which I thank them heartily.

Tibingen, March 1931.

Preface to the fourth (German) edition.

In view of present difficulties no large changes have been made for
the fcurth edition, but the book has again been revised and numerous
details have been improved, discrepancies removed, and several proofs
simplified. The references to the literature have been brought up to
date.

‘I'ibingen, July 1947.
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Preface to the first English edition.

This translation of the second German edition has been very skil-
fully prepared by Miss R. C. H. Young, L. és Se. (Lausanne), Research
Student, Girton College, Cambridge. The publishers, Messrs. Blackie
and Son, Itd., Glasgow, have carcfully superintended the printing.

In addition, the publishers were kind enough to ask me to add a
chapter on Euler’s summation formula and asympiotic expansions. 1 agreed
to do so all the more gladly because, as I mentioned in the original pre-
face, it was only with great rcluctance that I omitted this part of the sub-
ject in the German edition. This chapter has been translated by Miss
W. M. Deans, B.Sc. (Aberdeen), M.A. (Cantab.), with equal skill.

I wish to take this opportunity of thanking the translators and the
publishers for the trouble and care they have taken. If — as I hope —
my book meets with a favourable reception and is found useful by English-
spcaking students of Mathematics, the credit will largely be theirs.

Tibingen, February 1928.
Konrad Knopp.

Preface to the second English edition.

The second English edition has been produced to correspond to the
fourth German edition (1947).

Although most of the changes are individually small, they have none-
theless involved a considerable number of alterations, about half of the
work having been re-sct.

The translation has been carried out by Dr. R. C. H. Young who
was responsible for the original work.
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Introduction.

The foundation on which the structure of higher analysis rests is
the theory of real numbers. Any strict trecatment of the foundations of
the differential and integral calculus and of related subjects must in-
evitably start from there; and the same is true even for e. g. the cal-
culation of roots and logarithms. The theory of real numbers first creates
the material on which Arithmetic and Analysis can subsequently build,
and with which they dcal almost exclusively.

The nccessity for this has not always been realized. The great
creators of the infinitesimal calculus — Leibniz and Newton! -— and
the no less famous men who developed it, of whom FEuler 2 is the chief,
were too intoxicated by the mighty strecam of learning springing from
the newly-discovered sources to fecl obliged to criticize fundamentals.
To them the results of the new methods were sufficient cvidence for
the sccurity of their foundations. It was only when the stream began
to ebb that critical analysis ventured to examine the fundamental con-
ceptions. About the end of the 18t century such efforts became stronger
and stronger, chicefly owing to the powerful influence of Gauss 3. Nearly
a century had to pass, however, before the most essential matters could
be considered thoroughly cleared up.

Nowadays rigour in connection with the underlying number concept
is the most important requirement in the treatment of any mathematical
subject. Ever since the later decades of the past century the last word
on the matter has been uttered, so to speak, — by Weierstrass* in the
sixties, and by Cantor 8 and Dedekind ® in 1872. No lecture or treatise

1 Gottfried Wilhelm Leibniz, born in Leipzig in 1646, died in Hanover in
1716. Isaac Newton, born at Woolsthorpe in 1642, died in London in 1727. Each
discovered the foundations of the infinitesimal calculus independently of the other,

2 Leonhard Euler, born in Basle in 1707, died in St. Petersburg 1in 1783.

3 Karl Friedrich Gauss, born at Brunswick in 1777, died at Gottingen 1n 1833,

¢ Karl Weierstrass, born at Ostenfelde in 1815, died in Berhin in 1897. The
first rigorous account of the theory of real numbers which Weierstrass had expounded
in his lectures since 1860 was given by G. Mittag-Leffler, one of his pupils, 1n his
essay: Die Zahl, Einleitung zur Theorie der analytischen Funktionen, The T'6hoku
Mathematical Journal, Vol. 17, pp. 1567—209. 1920.

8 Georg Cantor, born in St. Petersburg in 1845, died at Halle in 1918: cf.
Mathem. Annalen, Vol. 5, p. 123. 1872.

8 Richard Dedekind, born at Brunswick in 1831, died there in 1916: cf. his
book: Stetigkeit und irrationale Zahlen, Brunswick 1872.

1



2 Introduction.

dealing with the fundamental parts of higher analysis can claim validity
unless it takes the refined concept of the real number as its starting-
point.

Hence the theory of real numbers has been stated so often and
in so many different ways since that time that it might secm superfluous
to give another very detailed exposition 7: for in this book (at least in
the later chapters) we wish to address ourselves only to those already
acquainted with the elements of the differential and integral calculus.
Yet it would scarcely suffice merely to point to accounts given elsewhere.
For a theory of infinite scrics, as will be sufliciently clear from later
developments, would be up in the clouds throughout, if it werc not
firmly based on the system of real numbers, the only possible foundation.
On account of this, and in order to leave not the slightest uncertainty
as to the hypotheses on which we shill build, we shall discuss in the
following pages those ideas and data from the theory of real numbers
which we shall need further on. We have no intention, however, of con-
structing a statement of the theory compressed into smaller space but
otherwise complete. We merely wish to make the main ideas, the most
important questions, and the answers to them, as clear and prominent
as possible. So far as the latter are conccerned, our treatment throughout
will certainly be detailed and without omissions; it is only in the cases
of details of subsidiary importance, and of questions as to the complete-
ness and uniqueness of the system of real numbers which lie outside the
plan of this book, that we shall content ourselves with shorter indications.

7 An account which is easy to follow and which includes all the essentials
is given by H. v. Mangoldt, Einfuhrung in dic hohere Mathematik, Vol. I, 8 edition
(by K. Knopp), Leipzig 1944, — The treatment of G. Kowalewski, Grundzige
der Differential- und Integralrechnung, 6" edition, Leipzig 1929, 1s accurate and
concise. — A rigorous construction of the system of real numbers, which goces into
the minutest details, is to be found in 4. Loewy, I.ehrbuch der Algebra, Part I,
Leipzig 1915, i1n A. Pringsheim, Vorlesungen uber Zahlen- und Funktionenlehre,
Vol. I, Part I, 27 edition, Leipzig 1923 (cf. also the review of the latter work by
H. Hahn, Gott. gel. Anzeigen 1919, pp. 321—47), and 1n a book by E. Landan
exclu-ively devoted to this purpose, Grundlagen der Analysis (IDas Rechnen mat
ganzen, rationalen, irrationalen, komplexen Zahlen), Leipzig 1930. A critical account
of the whole problem is to be found in the article by F. Bachmann, Aufbau des
Zahlensystems, in the Enzyklopadie d. math. Wissensch., Vol. I, 27 ¢dition, Part I,
article 3, Leipzig and Berlin 1938.



Part L
Real numbers and sequences.

Chapter L
Principles of the theory of real numbers,

§ 1. The system of rational numbers and its gaps.

What do we mean by saying that a particular number is “known’
or “given” or may be “calculated”? What does one mean by saying
that he knows the value of Y2 or z, or that he can calculate V5?
A quesuon like this 1s easier to askh than to answer. Were I to say
that V2 = 1-414, I should obviously be wrong, since, on multi-
plying out, 1-414><1-414 does not give 2. If I assert, with greater
caution, that V2 = 1-4142135 and so on, even that is no tenable
answer, and indeed in the first instance it is entirely meaningless. The
question is, after all, how we are to go on, and this, without further
indication, we cannot tell. Nor is the position improved by carrying
the decimal further, even to hundreds of places. In this sense it
may well be said that no one has ever beheld the whole of VE, —_
not held it completely in his own hands, so to speak--whilst a
statement that Y9 = 3 or that 35-—7 = 5 has a finished and thorough-
ly satisfactory appcarance. The position is no better as regards
the number x, or a logarithm or sine or cosine from the tables.
Yet we feel certain that V2 and  and log 5 really do have quite definite
values, and even that we actually know these values. But a clear
notion of what these impressions exactly amount to or imply we do
not as yet possess. Let us endeavour to form such an idea.

Having raised doubts as to the justification for such statcments
as “I know \/5", we must, to be consistent, proceed to examine
now far one is justified even in asserting that he knows the number
— 22 or is given (for some specific calculation) the number £. Nay
more, the significance of such statements as “I know the number 97
ar “for such and such a calculation I am given a = 2andb = 5” would
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require scrutiny. We should have to enquire into the whole significance
or concept of the natural numbers 1, 2, 3, . . .

"This last question, however, strikes us at once as distinctly trans-
gressing the bounds of Mathematics and as belonging to an order of
ideas quite apart from that which we propose to develop here.

No science rests entirely within itself: ecach borrows the strength
of its ultimate foundations from strata above or below it, such as experi-
ence, or theory of knowledge, or logic, or metaphysics, . . . Every science
must accept something as simply given, and on that it may proceed to
build. In this sense neither mathematics nor any other science starts
without assumptions. The only question which has to be settled by
a criticism of the foundation and logical structure of any science is what
shall be assumed as in this sense ‘“‘given’; or better, what minimum of
initial assumptions will suffice, to serve as a basis for the subsequent
development of all the rest.

For the problem we are dealing with, that of constructing the system
of real numbers, these preliminary investigations are tedious and trouble-
some, and have actually, it must be confessed, not yet reached any entirely
satisfactory conclusion at all. A discussion adequate to the present
position of the subject would consequently take us far beyond the limits
of the work we are contemplating. Instead, therefore, of shouldering
an obligation to assume as basis only a minimum of hypotheses, we
propose to regard at once as known (or ‘‘given”, or “securcd”) a group
of data whose deducibility from a smaller body of assumptions is familiar
to everyone — namely, the system of rational numbers, i. e. of numbers
integral and fractional, positive and negative, including zero. Speaking
broadly, it is a matter of common knowledge how this system may be
constructed, if — as a smaller body of assumptions — only the ordered
scquence of natural numbers 1, 2, 3, ..., and their combinations by
addition and multiplication, are regarded as ‘‘given’’. For everyone knows
— and we merely indicate it in passing — how fractional numbers arise
from the need of inverting the process of multiplication, — negative
numbers and zero from that of inverting the process of addition 1.

The totality, or aggregate, of numbers thus obtained is called the
system (or set) of rational numbers. Each of these can be completely and
literally “given” or “‘written down” or ‘‘made known” with the help of at
most two natural numbers, a dividing bar and possibly a minus sign.
For brevity, we represent them by small italic characters; a, b, .. .,
x, ¥, . . . The following are the essential properties of this system:

1 See the works of Loewy, Pringsheim, and Landau mentioned in the Intro-
duction; also Q. Holder, Die Anithmetik in strenger Begriindung, 2"! edition, Berlin
1929; and O. Stolz and ¥. A. Gmeiner, 'Theoretische Arithmetik, 37! edition, Leipzig
1911,




§ 1. The system of rational numbers and its gaps. 5

1. Rational numbers form an ordered aggregate; meaning that
between any two, say a and b, one and only one of the three relations

a <b. a=b, a>b

nccessarily holds 2; and these relations of ‘“order” between rational
numbers are subject to a set of quite simple laws, which we assume known,
the only cssential ones for our purposes being the

Fundamental Laws of Order. 1.

1. Invariably 3 a —= a.

2. a == b always implies b — a.

3. a=b,b = cimpliesa =c.

4. axbb<c —ora<bb=<c — impliessta<ec.

2. Any two rational numbers may be combined in four distinct
ways, referred to respectively as the four processes (or basic operations)
of Addition, Subtraction, Multiplication, and Division. These operations
can always be carried out to one definite result, with the single exception
of division by 0, which is undefined and should be regarded as an entirely
impossible or meaningless process; the four processes also obey a number
of simple laws, the so-called Fundamental Laws of Arithmetic, and further
rules deducible therefrom.

These too we shall regard as known, and state, concisely, those
Fundamental Laws or Axioms of Arithmetic from which all the others may 2.
be inferred, by purely formal rules (i. e. by the laws of pure logic).

1. Addition. 1. Lvery pair of numbers a and b has invariably associ-
ated with 1t a third, ¢, called their sum and denoted by a + b.

2. a=2a',b=>0"alwaysimplva | b =a' + b

3. Invariably, a 4+ b = b + a (Commutative Law).

4. Invariably, (@ 4 b) + ¢ = a 4 (b + ¢) (Associative Law).
5. a < b always implies a + ¢ < b + ¢ (Law of Monotony).

II. Subtraction.
To every pair of numbers a and & there corresponds a third number
¢, such that a 4 ¢ = b.

2a > b and b < a are merely two different expressions of the same relation,
Strictly speaking, the one symbol “ <’ would thereforc suffice.

2 With regard to this seemingly trivial “law” cf. footnote 11, p. 9, remark 1, p. 28,
and footnote 24, p. 29.

4 'T'o express that one of the relations of order: a < b, a == b, or a > b, does
not hold, we write, respectively, @ = b (“greater than or equal to”, “at least equal
to’”, “not less than”), a -+ b (‘‘unequal to’’, “‘different from') or a <~ b. Each of
these statements (negations) definitely excludes one of the three relations and leaves
undectded which of the other two holds good.
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III. Multiplication.

1. To every pair of numbers a and b there corresponds a third
number ¢, called their product and denoted by a b.

2. a = a’, b = b’ always implies a b == a’ b’".

3. In all cases ab = ba (Commutative Law).

4. In all cases (ab)c = a (b¢) (Associative Law).

5. In all cases (a + b) ¢ = ac + b c (Distributive Law).

6. a < b implies, provided ¢ s positive, ac < b ¢ (Law of Mono-
tony).

IV. Division.

To every pair of numbers a and b of which the first is not O there
corresponds a third number ¢, such that @ ¢ = b.

As already remarked, all the known rules of arithmetic, — and
hence ultimately all mathematical results, — are deduced from these
few laws, with the help of the laws of pure logic alone. Among these
laws, one is distinguished by its primarily mathematical character, namely
the

V. Law of Induction, which may be reckoned among the fundamental
laws of arithmetic and is normally stated as follows:

If a set M of natural numbers includes the number 1, and if, every
time a certain natural number 7z and all those less than 2 can be taken to
belong to the aggregate, the number (# | 1) m1y be inferred also to belong
to it, then W includes all the natural numbers.

This law of induction itself follows quite easily from the following
thcorem, which appears even morc obvious and is therefore normally
called the fundamental law of the natural numbers:

Law of the Natural Numbers. In every set of natural numbers that
is not “empty’ therc is always a number less than all the rest.

For if, according to the hypotheses of the Induction Law, we con-
sider the set % of natural numbers not belonging to M, this set % must
be “empty”, that is, M must contain all the natural numbers. For other-
wise, by the law of the natural numbers, % would include a number less
than all the rest. This least number would exceed 1, for it was assumed
that 1 belongs to #; hence it could be denoted by # 4 1. Then n would
belong to %, but (n + 1) would not, which contradicts the hypotheses
in the law of induction.®

In applications it is usually an advantage to be able to make state-
ments not merely about the natural numbers but about any whole numbers.

5 The following rather more gcneral form of the law of induction can be
deduced in cxactly the same way from the fundamental law of the natural numbers.
If set M of natural numbers includes the number 1, und if the number (n - 1)
can be proved to belong to the aggregate provided the number n does, then M con.
tains all the natural numbers.
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The laws then take the following forms, obviously equivalent to those
above:
Law of Induction. If a statement involves a natural number z (e. g.
“if m = 10, then 2" > »n?’, or the like) and if
a) this statement is correct for n = p,
and
b) its correctness for n =p, p+ 1, ..., k (where k is any natural
number = p) always implies its correctness for n =k + 1, then the
statement is correct for every natural number = p.
Law of Integers. In every sct of integers all 7z p that is not “empty”’,
there is always a number less than all the rest.®
We will lastly mention a theorem susceptible, in the domain of
rational numbers, of immediate proof, although it becomes axiomatic
in character very soon after this domain is left; namely the

VI. Theorem of Eudoxus.

If a and b are any two positive rational numbers, then a natural
number n always exists 7 such that nb > a.

The four ways of combining two rational numbers give in every
case as the result another rational number. In this sensc the system
of rational numbers forms a closed aggregate (naturlicher Rationalitats-
bereich or number corpus). This property of forming a closed system with
respect to the four rules is obviously not possessed by the aggregate of
all natural numbers, or of all positive and negative integers. Thesc are,
so to speak, too sparscly sown to mect all the demands which the four
rules make upon them.

This closed aggregate of all rational numbers and the laws which hold
in it, are then all that we regard as given, known, secured.

As that type of argument which makes use of wequalities and absolute values
may be a hittle unfanuhar to some, 1ts most important rules may be set down here,
briefiy and without proof:

I. Inequalities. Idere all follows from the laws of order and monotony.
In particular

1. The statements in the laws of monotony are reversible; e. g. a + ¢
< b +- ¢ always imphes @ < b; and so does ac < b ¢, provided ¢ > 0.

2. a < b, c <dalways impliesa + ¢ < b + d.

3. a < b, ¢ < d implies, provided b and c are positive, ac < b d.

4. a < b always implies — b < — q,

and also, provided a is positive, 2 < %

% T'o reduce these forms of the laws to the previous ones, we need only con-
sider the natural numbers m such that, in the one case, the statement in question
is correct for n —= (p — 1) 4 m, or, in the other, that (p — 1) 4 m belongs to the
non-‘‘empty’’ set under consideration.

? This theorem is usually, but incorrectly, ascribed to Archimedes; it is already
to be found in Euclid, Elements, Book V, Def. 4.

3.
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Also these theorems, as wecll as the laws of order and monotony, hold (with
appropriate modifications) when the signs <5, .-, ¢ 2 und “#” are sub-
stituted for “<”’, provided we maintain the assumptions that ¢, b and « are posi-
tive, 1n 1, 3, and 4 respectively.

II. Absolute values. Definition: By |a|, the absolute value (or modulus)
of a, 1s meant that one of the two numbers +a and —a which 1s positive, sup-
posing a % 0; and the number 0, :f a — 0. (Hence|0| — Oandifa = 0,|a| > 0)

‘'I'he following theorems hold, amongst others:

Lial--|—al. 2 |abl=1|al |5l
1] 1 b1 18] .
3'?4,—]"]’ ]a,-—lal,prowdeda:f:O.
J4.|a+b|;‘>|al+lb|;Ia—l—b]glal——]b[,andmdced[a»l—bl
Zllal—181]
6. The two relations |a| <7 and — r < a < r arc exactly equivalent;

similarly for [x —a| <randa—r<x<a+r
6. | @ — b| is the distance between the pownts a and b, with the represen-
tation of numbcrs on a straight hine described immediately below.

Proof of the first relatton 1n 4: +a <~ |a|, £ b <]|b]|, so that by 3, I, 2,
(@4 b)=|a|+]|b|, and hence |[a | b| =|a]| 4 |b].

We also assume it to be known how thc relations of magnitude
between rational numbers may be illustrated graphically by relations
of positions between points on a straight line. On a straight line or
number-axis, any two distinct points arc marked, one O, the origin (0)
and one U, the unit point (1). The point P> which is to represent a number

a:? (g >0, p S 0, both integers) is obtained by marking off on the

axis, | p| times in succession, beginning at O, the ¢t part of the dis-
tance O U (immediately constructed by elementary gcometry) cither in
the direction O U, if p > 0, or if p is negative, in the opposite direction.
This point® we call for brevity the point a, and the totality of points
corresponding in this way to all rational numbers we shall refer
to as the rational points of the axis. — The straight linc is usually
thought of as drawn from left 1o right and U chosen to the right of O.
In this case, the words positive and negative obviously become cquiva-
lents of the phrases: to the right of O and to the left of O, respectively;
and, more generally, a < b signifies that a lies to the left of b, b to the
right of . This mode of expression may often assist us in illustrating
abstract relations between numbers.

8 The position of this point is independent of the particular representation
of the number aq, i. e. if a = p’/q” is another representation with ¢° > 0 and p’ :\\ 0

both integers, and if the construction is performed with ¢’, »” 1in place of g, p, the
same point P is obtaned.



§ 1. The system of rational numbers and its gaps. 9

This completes the sketch of what we propose to take as the
previously secured foundation of our subject. We shall now regard
the description of these foundations as characterizing the comcep? of
numeber, in other words, we shall call any system of conceptually well-
distinguished objects (elements, symbols) a nwseber systemz, and its
clements numbers, if — to put it quite briefly for the moment — we
can operate with them in esscntially the same ways as we do with rational
numbers.

We proceed to give this somewhat inaccurate statement a precise
formulation.

We consider a system S of well-distinguished objects, which we
denote by «, B, . . .. S will be called a number system and its elements
a, B, . . . will be called numbers if, besides being capablc of definition

cxclusively by means of rational numbers (i. c. ultimately by mecans of
natural numbers alone) 9, these symbols «, B, . . . satisfy the following four
conditions:

1. Between any two elements « and B of S one and only one of the
three relations 10

a<B) ‘Z::B’ “>B

nccessarily holds (this is expressed briefly by saying that S is an ordered
system) and these relations of order betwcen the clements of S are subject
to the same fundamental laws 1 as their analogues in the system of rational
numbers 11,

2. Four distinct methods of combining any two elements of S are
defined, called Addition, Subtraction, Multiplication and Division. With
a single exception, to be mentioned immediately (3.), these processes
can always be carried out to one definite result, and obey the same Fun-
damental Laws 2, I-—IV, as their analogues in the system of the rational

9 We shall come across actual cxamples 1n § 3 and § 5; for the moment, we
n.ay think of decimal fractions, or similar symbols constructed from rational numbers.
See also footnote 16, p. 12.

10 Cf. also footnotes 2 and 4.

11 As to what we may call the practical meaning of these relations, nothing
is implhed; “<” may as usual stand for “less than”, but 1t may equally well mean
“before”, “to the left of”, “higher than”, “lower than”, “subsequent to”, in fact
may express any relation of order (including ‘‘greater than’). This meaning merely
has to be defined without ambiguity and kept consistent. Simularly, ‘‘equality”
need not imply identity. Thus, for example, within the system of symbols of the
form p/g, where p, g are integers and g % 0, the symbols 3/4, 6/8, —9/—12 are
generally said to be “equal’; that 1s, for certain purposes (calculating, measuring,
and so on) we define equality within our system of symbols 1n such a way that 3/4 =
6/8 = —9/—12, although 3/4, 6/8, —9/—12 are in the first instance different
elements of that system (sce also 14, note 1).
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numbers 2. (The ‘““zero” of the systemn, which must be known in order
that the clements can be divided into positive and ncgative, is to be defined
as explained in footnote 14 below.)

3. With every rational number wec can associatc an clement of S
(and all others “equal” to it) in such a manner that, if a and & denote
rational numbers, «, B their associates from .S':

a) the relation 1. holding between « and B is of thc same form as
that holding between a and b.

b) the element resulting from a combination of « and 8 (i. e. « + B,
o — B, - B, or « = B) has for its associated rational number the result
of the similar combination of @ and b (i. c. a4+ b, a— b, a-b, or a - b
respectively).

[This is also cxpressed, more shortly, by saying that the system S
contains a sub-system S’ sémeilar and isomeorphous to the system
of rational numbers. Such a sub-system is in fact constituted by those
elements of S which we have associated with rational numbers 13.]

In such a correspondence, an element of S associated with the rational
number zcro, and all elements equal to it, may be shortly referred to as
the ‘“‘zero” of the system of elements. The exception mentioned in 2.
then relates to division by zero 4.

12 With reference to thcse four processes 1t should be noted, as in the case
of the symbols < and —, that no practical interpretation 1s imphed. — We also
draw attention to the fact that subtraction 1s already completely defined in terms
of addition, and division in terms of multiplication, so that, properly speaking,
only two modes of combining clements need be assumed known.

13 Two ordered systems are s#zzg/ar 1if 1t 1s possible to associate each clement
of the one with an elcment of the other in such a way that the same onec of the
relations 4, 1 as holds between two elements of the one system also holds between
the two associated clements of the other. they are zsomzorplious relatively to the
possible modes of combining their elements, if the element resulting from a com-
bination of two elcments of thc one system 1s associated with that resulting from
the similar combination of the two associated elements of the other system.

1 The third of thc stipulations by means of which we here characterise the
concept of number 1s fulfilled, morcover, as a consequcnce of the first and second.
For our purposes, this fact 1s not essential; but as 1t 1s significant from a svstematic
point of view, we briefly indicate its proof as follows: By 4, 2, there 1< an element
¢ for which « + § == a. FFrom the fundamental laws 2, 1, 1t then quite easily follows
tha one and the same element { of S satisfies o - { - «, for every «. T'his element
£, with all elcments equal to 1t, is called the neutral element relatively to the process
of wddition, or for brevity the “zero’”’ in S. If « is different from this ‘““zero”, there
1s, further, an element e for which « € = «; and 1t again appears that this element
is the same as that satisfying » € = « for any other « 1n S. This ¢, with all elements
equal to 1t, 1s called the neutral element relatively to thc process of multiplication,
or, briefly, the “‘unit’’ in S. The elements of S produced by repeated addition or
subtraction of this ““unit”, and any others equal to them, are then called “intcgers”
of S. All further clements of .S (and all equal to them) which result fiom thesc
by the process of division then form the sub-system .S’ of S in question; that 1t
1s similar and isomorphous to the system of all rational numbers 15 1n fact easily
deduced from 4, 1 and 4, 2. — Thus, as asserted, our concept of number 1s already
determined by the requircments of 4, 1, 2 and 4.
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4. For any two clements x and B8 of S both standing in the relation
“>" to the “zero” of the system, there cxists a natural number n for
which # 8 > a. Here n 8 denotes the sum 8+ B8+ ... - B containing
the element B8 n times. (Postulate of Eudoxus; cf. 2, VL)

To this abstract characterisation of the concept of number we
will append the following remark *: If the system S contains no other
clements than those corresponding to rational numbers as specified
in 3, then our system does not differ in any essential feature from the
system of rational numbcrs, but only in the (purely external) designation
of the elements by symbols, or in the (purely practical) interpretation
which we give to these symbols; differcnces almost as irrelevant,
at bottom, as those which occur when we write figures at one time in
Arabic characters, at another, in Roman or Chinese, or take them to
denote now temperature, now velocity or electric charge. Disregarding
external characteristics of notation and practical interpretation, we
should thus be perfectly justified in considering the system S as identical
with the system of rational numbers and in this sense we may put a = a,
b=8 ... .

If, however, the system S contains other elements besides the above
mentioned, then we shall say that S ncludes the system of rational
numbers, and is an extension of it. Whether a system of this more com-
prehensive kind exists at all, remains for the moment an open question;

15 We have defined the concept of number by a set of properties characterising
it. A crnitical construction of the foundations of arithmetic, which 1s quite out
of the question within the lmits of this volume, would have to comprise a strict
investigation as to the extent to which these properties are independent of one
another, i. e. whether any one of them can or cannot be deduced from the rest as
a provable fact. Yurther, it would have to be sh.wn that none of these fundamental
stipulations 1s 1n contradiction with any other — and other muatters too would
require consideration. ‘I'hese investigations are tedious and have not yet reached a
final conclusion.

In the treatment by E. Landau mentioned on p. 2, footnote 7. 1t 1s proved with
absolute rigour that the fundamental laws of arithraetic which we have set up
can all be deduced from the following 5 axioms relaiing to the natural numbers:

Axiom 1: 1 1s a natural number.

Axiom 2: For every natural number » there 1s just one other number
that is called the successor of n. (I.et 1t be denoted by »’.)

Axiom 3: We have always n’ & 1.

Axiom 4: From m’ — n’, it follows that m == n.

Axiom 5: The induction law V is vahd (in its first form).

These 5 axioms, first formulated as here by G. Peano, but 1n substance set up
by R. Dedekind, assume that the natural numbers as a whole are regarded as given,
that a relation of equality (and hence also inequality) 1s defined between them,
and that this equality satisfies the relations 1, 1, 2, 3 (which belong to pure
logic).
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but an cxample will come before our notice presently in the system of
rcal numbers 19,

Having thus agreed as to the amount of preliminary assumption
we require, we may now drop all argument on the subject, and again
raisc the question: What do we mean by saying that we know the number
v2orm?

It must in the first instance be termecd altozether paradoxical that
a number having its squarc equal to 2 does not exist in the system so
far constructed 7, — or, in geometrical language, that thc point 4 of
the number-axis, whose distance from O equals the diagonal of the
square of side O U, coincides with none of the ‘‘rational points”. For
the rational numbers are dense, i. e. between any two of them (which
are distinct) we can point out as many more as we please (since, if a - b,
the 7 rational numbers given by a + vz{%‘ll, forv=1,2, ..., n evi-
dently all liec between a and b and are distinct from these and from one
another); but they are not, as we might say, dense cnough to symbolisc
all conceivable points. Rather, as the aggregate of all integers proved
too scanty to meet the requirements of the four processes of arithmetic,

18 The mode of defining the number-concept given in 4 is of course not
the only possible one. Frcquently the designation of number is still ascribed to
objects which fail to satisfy some one or other of the requirements there laid down.
Thus for instance we may relinquish the condition that the objects under con-
sideration should be constructively developed from rational numbers, regarding
any entities (for instance points, or distances, or such like) as numbers, provided
only they satisfy the conditions 4, 1—4, or, 1n short, are sinular and 1somorphous
to the system we have just set up. — This conception of the notion of number,
in accordance with which all 1somoiphous systermns must be regarded as in the ab-
stract sense identical, 1s perfectly justified from a mathematical point of view, but
objections necessarily arise in connection with the theory of knowledge. — We
shall encounter another modification of the numbcr-concept when we come to
deal with complex numbers.

17 Pyoof: There 1s certainly no natural number of square equal to 2, as
12 == 1 and all other integers have their squares == 4. Thus 42 could only be a

(positive) fraction z, where ¢ may be taken == 2 and prime to p (1. e. the fraction

is in its lowcst terms). But if § is 1n its lowest terms, so 1s (?)2 —= z g
fore cannot reduce to the whole number 2. In a slightly different form: For any
two natural numbers p and ¢ without common factor, we have necessarily p2? 4 2 g%
For since two integers without common factors cannot both be even, either p 1s
odd, or else p 1s even and ¢ odd. In the first case p? is again odd, hence cannot
equal an even integer 2 g2, In the second case p* = (2 p’)? 1s divisible by 4, hut 2 ¢*
1s not, since it 15 double an odd number. So p? &= 2 ¢* again. This Pythagoras 1s
sald to have already known (cf. M. Cantor, Gesch. d. Mathem., Vol. 1, 2" ed., pp.
142 and 169. 1894),

, which there-
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so also the aggregate of all rational numbers contains too many gaps 8
to satisfy the more exacting demands of root extraction. One feels,
nevertheless, that a perfectly definite numerical value belongs to the point
A and therefore to the symbol V2. What arc the tangible facts which
underlie this feeling?

Obviously, in the first instance, this: We do, it is true, know
perfectly well that the values 1-4 or 141 or 1414 etc. for V2 are in-
accurate, in fact that these (rational) numbers have squares <2, i. c.
are too small. But we also know that the values 1-5 or 142 or
1-415 etc. are in the same sense too large; that the valuc which we
arc attempting to reach would have therefore to lie between the corres-
ponding too large and too small values. We thus reach the definite
conviction that the value of V2 is within our grasp, although the given
values are all incorrect. The root of this conviction can only lic in
the fact that we have at our command a process, by which the above
values may be continued as far as we please; we can, that is, form
pairs of decimal fractions, with 1, 2, 3, . . . places of decimals, one frac-
tion of each pair being too large, and the other too small, and
the two differing only by one unit in the last decimal place, i. e. by (%)%
if 7 is the number of decimal places. As this difference may be made
as small as we please, by sufficiently increasing the number 7 of given
decimal places, we are taught through the above process to enclose
the value which we arc in search of between two numbers as near
as we please to one another. By a metaphor, somewhat bold at the
present stage, we say that through this process V2 itsclf is “‘given”, -—
in virtue of it, V2 is “known’, -— by it, V2 may be “calculated”’, and
SO on.

We have precisely the same situation with regard to any other value
which cannot actually be denoted by a rational number, as for instance
m, log 2, sin 10° etc. If we say, these numbers are known, nothing more
is implied than that wec know some process (in most cases an extremely
laborious onc) by which, as detailed in the case of V2, the desired value
may be imprisoned, hemmed in, within a narrower and narrower space
between rational numbers, — and this space ultimately narrowed down
as much as we please.

For the purpose of a somewhat more general and more accurate

18 This is the paradox, scarcely capable of any direct illustration, that a set
of points, dense 1n the sense just explained, mav already be marked on the number
axis, and yet not comprise all the points of the straight line. The situation may
be described thus: Integers form a first rough partition into compartments; rational
numbers fill these compartments as with a fine sand, which on minute inspection
inevitably still discloses gaps. To fill these will be our next problem.
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statement of these matters, we insert a discussion of sequences of rational
numbers, provisional in character, but nevertheless of fundamental im-
portance for all that comes after.

In

§ 2. Sequences of rational numbersl.

the process indicated above for calculating v'2, successive well-

defined rational numbers were constructed; their expression in decimal
form was material in the description; from this form we now propose
to free it, and start with the following

Definition. If, by means of any suitable process of construction, we
can form successively a first, a second, a third, . . . (rational) number and
if to every positive integer n one and only one well-defined (rational) number

x, thus

(in this

corresponds, then the numbers
Xy, Xgy Xygy ooy Xpy e

order, corresponding to the natural order of the integers 1, 2, 3, . . .

b

n, . . .) are said to form a sequence. We denote it for brevity by (x,)
or (xy, X3 . . .).

ot

A
S s

7.

Examples.
X, = ;l'; i. e. the sequence (}z)’ or 1, %, ':li' Ceey rlt’ cee

x, — 2%; 1. c. the sequence 2, 4, 8, 16, . ..
x, = a"; i. e, the sequence a, a? @ . .., where « is a given numbcr.

%, — 3 {1 — (=1)"}; 1 e. the sequence 1,0, 1,0, 1,0, . ..

x, = the decimal fraction for v 2, terminated at the n!" digit.
—nn-1 ., 1 1 1

x, = L—n)—ff; i. e. the sequence 1, — > +- T

Let x, =1, x,=1, %, =2x, + x, = 2 and, generally, for n >3, let

x, —= Xp_1 + %,_,. We thus obtain the sequence 1, 1, 2, 3, 5, 8, 13, 21,..., usually
called Fibonacct’s sequence.

9.

10.

11.

12,

1 1 1 . 1
1,2,§.—2,—§,3,§,—-—3,—.3,...
2,345 n+1
PP Ty 00
012314 n—1
3L w0
X, = the zn'" prime number 2; i. e. the sequence 2, 3, 5, 7, 11, 13, ... \

” 3 11 25 137 1 1Y
L5, o 35 e = ot oot =
The sequence 1, > 512 6 , m which x, (l + 2 + + n)

1 In this section all literal symbols will continue to stand for rational numbers

only.

% Euclid proved that there is an infinity of primes. If py, p,, ..., p, are any
prime numbers, then the integer m —= (p,p, ... p,) + 1 is either a prime different
from p,, ps, ..., P, or else a product of such primes. Hence no finite set of prime
numbers can include all primes.
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Remarks.

1. The law of formation may be quite arbitrary; it need not, in particular,
be embodied in any explicit formula enabling us to obtain x,, for a given n, by
direct calculation. In examples 6, 5, 7 and 11, clearly no such formula can be im-
mediately written down. If the terms of the sequence are individually given, neither
the law of formation (cf. 6, 5 and 12) nor any other kind of regulanty (cf. 6, 11)
among the successive numbers is necessarily apparent.

2, It 1s sometimes advantageous to start the sequence with a “0'” term x,,
or even with a (— 1)t or (—2) term, x_,, x_,. Occasionally, it pays better to start
indexing with 2 or 3. The only essential is that there should be an integer m f 0

such that x,, 1s defined for every n == m. The term x,, 1s then called the initial term
of the sequence. We will however, even then, continue to designate as the zt" term
that which bears the index #n. In § 6, 2,3 and 4, for instance, we can without further
difficulties take a O'h term or even (— 1)t or (—2)'" to head the sequence. The “first
term”’ of a sequence is then not necessarily the term with which the sequence begins.
The notation will be preferably (x,, xy, . . .) or (x_,, Xy, . . .), etc., as the case may be,
unless 1t 1s either quite clear or irrelevant where our enumeration begins, and the
abbreviated notation (x,,) can be adopted.

3. A sequence is frequently characterised as mnfimte. The epithet is then
merely intended to emphasize the fact that every term 1s succeeded by other terms.
It is also said that there 1s an mnfinite number of terms. More generally, there 1s
said to be a finite number or an mnfinite number of things under consideration accord-
ing as the number of these things can be indicated by a definite integral number
or not. And we may remark here that the word infimte, when otherwise used 1n
the sequel, will have a symbolic significance only, intended as a concise expression
of some perfectly definite (and usually quite simple) circumstance.

4. If all the terms of a sequence have one and the same value ¢, the sequence
1s said to be identically equal to ¢, and in symbols (x,,) = ¢. More generally, we shall
write (x,,) = (x,") if the two sequences (x,,) and (x,) agree term for term, i. e. for
every index in question x, = x,,".

5. It is often helpful and convenient to represent a sequence graphically
by murking off its terms on the number-axis, or to think of them as so marked.
We thus obtain a sequence of points. But in doing this it should be borne in mind
that, in a sequence, one and the same number may occur repeatedly, even ‘““in-
finitely often’’ (cf. 6, 4); the corresponding point has then to be counted (i. e. con-
sidered as a term of the sequence of points) repeatedly, or infinitely often, as the
case may be.

6. A graphical representation of a different kind is obtained by marking,
with respect to a pair of rectangular coordinate axes, the points whose coordinates
are (n, x,) for n = 1, 2, 3, . . . and joining consecutive points by straight segments.
‘I'he broken line so constructed gives a picture (diagram, or graph) of the sequence.

To consider from the most diverse points of view the sequences hereby
introduced, and the real sequences that will shortly be defined, will be the
main object of the following chapters. We shall be intercsted more par-
ticularly in properties which hold, or are stipulated to hold, for all the
terms of the sequence, or at least for all terms beyond (or following) some
definite term 3. With rcference to this last restriction, it may sometimes

3 E. g. all the terms of the sequence 6, 9 are > 1. Or, all the terms of the
sequence 6, 2 after the 6" are > 100 (or more shortly: for n > 6, x,, > 100).
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be said that particular considerations in hand are valid “a finite number
of terms being disregarded”, or only concern the ultimate behaviour of
the sequence. Our first examples of considerations of the kind referred
to are afforded by the following definitions:

Definitions. 1. A sequence is said to be bounded?, if there is a
positive number K such that each term x, of the sequence satisfies the
inequality

|2 | =K o —K=ux,=K.

The number K is then called a bound of the sequence.

Remarks and Examples,

1. In definition 8, it is a matter of practical indifference whether we write
“<K” or “<K”. For if | x,| = K holds always (1. e. for every n in question),
then we can also find a constant K’ such that | x, | < K’ holds always; indeed,
clearly any K’ > K will serve the purpose. Conversely, if | x,, | < K always, then
a fortior: | x, | = K. When the exact magnitude of the bound comes 1n of course
the distinction may be essential.

2. If K is a bound of (x,;), then so is any larger number K’.

3. The sequences 6, 1, 4, 5, 6, 9, 10 are evidently bounded; so is 6, 3, pro-
vided | a| < 1. The sequences 6, 2, 7, 8, 11 are certanly not so. Whether 6, 3
for every | a| >1, or 6, 12, 1s bounded or not, 1> not immediately obvious.

4. If all we know is the existence of a constant K, such that x, < K, for
every n, then the sequence 1s said to be bounded on the right (or above) and K, 1s
called a bound above (or a right hand bound) of the sequence.

If there is a constant K, such that x,, > K, always, then (x,) is said to be
bounded on the left (or below) and K, is called a bound below (or a left hand bound)
of the sequence.

Here K, and K, necd not be positive.

5. Supposing a given sequence is bounded on the right, it may still happen
that among 1ts numbers none is the greatest. For instance, 6, 10 1s bounded on
the night, yet every term of this sequence is exceeded by all that follow 1t, and none
can be the greatest®. Simuilarly, a sequence bounded on the left need contain no
least term; cf. 6, 1 and 9.— (With this fact, which will appear at first sight para-
doxical, the beginner should make himself thoroughly familiar.)

Among a finite number of values there 1s of course always both a greatest and
a least, i. e, a value not exceeded by any of the others, and one which none of the
others falls below. (There may, however, be several equal to this greatest or least
value.)

6. The property of boundedness of a sequence x,, (though not the actual value
of one of the bounds) 1s a property of the tail-end of the sequence; 1t is unaffected
by any alteration to an isolated term of the sequence. (Proof?)

4 This nomenclature appears to have been introduced by C. Yordan, Cours
d’analyse, Vol. 1, p. 22. Paris 1893.

5 The beginner should guard against modes of expression such as these,
which may often be heard: “for z infinitely large, x, = 1”; “l is the greatest
number of the sequence”. Anything of this sort 1s sheer nonsense (cf. on this point
7, 3). For the terms of the sequence are 0, 4, %, 4, . . . and none of these is = 1, on
the contrary all of themare < 1. And there is no such thing as an “infinitely large n”’.
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I1. A sequence is said to be monotone ascending or increasing

if, for every value of n,
Xn é Xnt1s
it is said to be monotone descending or decreasing if, for every n,

Xn = Xnyye

Both kinds will also be referred to as monotone sequences.

Remarks and Examples.

1. A sequence need not of course be either monotone increasing, or mono-
tone decreasing; cf. 6, 4, 6, 8. Monotone sequences are, however, extremely com-
mon, and usually casier to deal with than those which are not monotonc. 'That
1s why 1t is convement to give them a distinguishing name.

2. Instead of ‘“‘ascending” we should more strictly say ‘“non-descending”,
and instead of ‘“‘descending’’, “non-ascending”. 'This, however, is not customary.
If 1n any special instance the sign of equality is excluded, so that x, < x,,, or
¥, > %,,1, as the cas¢ may be, for every n, then the sequence 1s said to be strictly
monotone (increasing or decreasing).

3. The sequences 6, 2, 5, 7, 10, 11, 12 and 6, 1, 9 are monotone; the first-
named ascending, the others descending. 6, 3 1s monotone descending, 1f 0 < a < 1,
but monotone ascending 1if @ > 1; for a < 0, 1t 1s not monotone.

4. The designation of “monotone” is due to C. Neumann (Uber die nach
Kreis-, Kugel- und Zylhnderfunktionen fortschreitenden Entwickelungen, pp. 26,
27. Leipzig 1881).

We now come to a definition to which the reader should pay
the greatest attention, sparing no cffort to make himsclf master of 1ts
meaning and all that it implies.

I11. A sequence will be called a null sequence if it possesses the fol-
lowing property: given any arbitrary positive (rational) number e, the in-
equality

|2, | <e
is satisfied by all the terms, with at most a finite number ® of exceptions. In
other words: an arbitrary positive number e being chosen, it is always possible
to designate a term x,, of the sequence, beyond which the terms are less than
€ in absolute value. Or a number ny can always be found, such that

|x,| <e for every n>ny

Remarks and Examples.

1. If, in a given sequence, these conditions are fulfilled for a particular e,
they will certainly be fulfilled for every greater e (cf. 8, 1), but not necessarily for
any smaller e. (In 6, 10, for instance, the conditions are tulfilled for ¢ = 1 and there-
fore for every larger ¢, if we put n, = 0; for e = } it is not possible to satisfy them.)
In the case of a null sequence, the conditions have to be fulfilled for every positive

s Cf. 7, 3.

10
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¢, and in particular, therefore, for every very small ¢ > 0. On this account, it is
usual to formulate the defimtion somewhat more emphatically as follows: (x,)
is a null sequence if, to every € > 0, however small, there corresponds a number
7y such that

| x, | < € for every n > n,.

Here n, need not be an integer.

2. The sequence 6, 1 1s clearly a null sequence; for
|2, | < ¢ provided n > },
€

whatever be the value of €. It is thus sufficient to put n, = :

3. The place 1n a given sequence beyond which the terms remain numeri-
cally < ¢, will naturally depend in general on the magnitude of €; speaking broadly,
it will lie further and further to the mght (i. e. n, will be larger and larger), the
smaller the given € 1s (cf. 2). This dependence of the number n, on € 1s often
emphasised by saying explicitly: “To each given € corresponds a number n, — n, (¢)
such that...”

4. The positive number below which | x,, | is to lie from some stage onwards
need not always be denoted by e. Any positive number, however designated, may
serve. In the sequel, where ¢, o, K, ..., denoting any given positive numbers, we

. €
may often use instead , ae, €%, etc.

€ €
:-;’ k) €7,

5. The sign of x, plays no part here, since |—x,| =|x,|. Accordingly
6, 6 is also a null sequence.

6. In a null sequence, no term need be equal to zero. But all terms, whose
index is very large, must be very small. For if I choose € = 1078, say, then for cvery
n > a certain ny, | x,, | must be < 107% Simularly for ¢ - - 1071° and for any other e.

7. The sequence (a™) specified in 6, 3 1s also a null sequence provided | a| < 1.

Proof. If a = 0, the assertion is trivial, since then, for every ¢ > 0, | x, | < €

for everyn. If 0 < |a| < 1, then (by 3, 1, 4) == > 1. If therefore we put

1
lal
1
l_;l—i~l+p’ then p > 0.

But in that case, for every n = 2, we have
(a) A4+2)">14np.

For when n = 2, we have (1 + p)2 =1+ 2p + p%2 > 1 + 2p; the stated relation
therefore holds in that case. If, forn — k& = 2,

QA +p*>1+kp,
then by 2, III, 6

A+ >A+Ekp)A+p)=1+(R+Dp-+kp*>1+4(k+1)p,

therefore our relation, assumed true for n = k&, is true for n =k + 1. By 2, V
it therefore holds ? for every n = 2.

7 The proof shows moreover that (a) is valid for » = 2 provided only 1 + p
>0,i e.p> —1, but 0. For p -= 0 and for n = 1, (a) becomes an equality.
For p > 0, tlie validity of (a) follows immediately from the expansion of the left-
hand side by the binomial theorem. — The relation (a) is called Bernoulli’s Inequality
(James Bernoulli, Propositiones arithmeticae de seriebus, 1689, Prop. 4).
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Accordingly, we now have

g n . 1 1 1
| x| [ a™| |a] (1+P)"<l+np<np’
so that, however small € > 0 may be, wc have
1
pe
. 1 . . 1 1
8. In particular, besides the sequence < ) mentioned in 2., < -), ( = ),
n 2n an

l ’ ((4)1:) etc., arc also null sequences
10" 5 ’ " ’

|xy| = |a™| < ¢ for every n >

9. A similar remark to that of 8, 1 may be appended to Definition 10: no
essential modification 1s produced by reading “= ¢’ for “< €’ there. In fact,
if, for every n > n,, | x,| < ¢, then a fortiori | x,,| = €; conversely, if, given any
€, n, can be so determuned that | x, | =< € for every n > n;, then choosing any posi-
tive number €, < e there is certainly an #; such that | x, | < ¢,, for every n > ny
and consequently

|x,| <e for every n > n,;

the conditions in their original form are thus also fulfilled. — Precisely analogous
considerations show that in Definition 10 “> n,” and “ == n,”’ are practically inter-
changecable alternatives.

In any individual case, however, the distinction must of course bc taken into
account.

10. Although in a scquencc ¢very term stands entircly by itself, with a definite
fixed value, and 1s not neccssarily in any particular relation with the preceding
or following terms, yet it 1s quite customary to ascribe “to the terms x,”, or ‘“to
the general term’ any peculiarities 1in the sequence which may bc observed on
running through it. We might say, for instance, in 6, 1 the terms diminish; in
6, 2 the terms incrcase; in 6, 4 or 6, 6 the terms oscillate; in 6, 11 the general
term cannot be expressed by a formula, and so on. — In this sense, the character-
1stic behaviour of a null sequence may be described by saving that the terms become
arbitrarily small, or mfimtely small ®; by which neithcr more nor less is meant than
1s contamned in Definition ? 10, viz. that for every € > 0 however small the terms
are ultimately (i. e. for all indices # > a suitable 7,; or from and after, or beyond,
a certain n,) numericallv less than e.

11. A null sequence 1s 1pso facto bounded. For if we choose € = 1, then there
must be an integer n, such that, for every #» > ny, | x,| < 1. Among the finite
number of values | xy |, | x2|, ..., | x,1 |, however, one (cf. 8, 5) is greatest, = M
say. Then for K — M + 1, obviously | a,, | is always < K.

12. To prove that a given sequence 1s a null sequence, it is indispensable
to show that for a prescribed € > 0, the corresponding 7, can actually be proved
to exist (for instance, as in the examples that follow, by actually designating such
a number). Conversely, if a sequence (¥,) is assumed to be a null sequence, it 1s
thereby assumed that, for cvery e, the corresponding n, may really bc regarded as
existent. On the other hand, the student should make sure that he understands
clearly what 1s meant by a sequence not being a null sequence. The meaning is
this: it is not true that, for every positive number ¢, beyond a certain point | x,, |

8 This mode of expression is due to A. L. Cauchy (Analyse algébrique, pp. 4
and 20).

? There need of course be no question here of the sequence being monotone.
Also, in any case, some | x,, |’s of index < 7, may already be < e.
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1s always << €; there eaists a speceal positive number ¢, such that | x, | is not, beyond
any n, always < ¢,; after every n, therc is a larger index n (and therefore an in-
finite number of such indices) for which | v, | == ¢,

13. Finally we may indicate a means of interpreting geometrically the special
character of a null sequence.

Using the graphical representation 7, 5, the sequence is a nuii sequence 1if
its terms ultimately (for n > n,) all belong to the interval® — e...+ e Let
us call such an interval for brevity an e-neighbourhood of the origin; then we niay
state (x,) is a null scquence if every e-neighbourhood of the origin (however small)
contains all but a finite number, at most, of the terms of the scquence.

Similarly, using the graphical representation 7, 6, we can state: (x,) is a
null sequence 1If every e-strip (however narrow) about the uvis of abscissae contains
the entire graph, with the exception, at most, of a finite 1nitial portion, the e-strip
being himited by parallels to the axis of abscissac through the two points (0, + €).

14. The concept of a null sequence, the ‘‘arbitrarily small given positive
number €”’, to which we shall from now on have continually and indispensably to
appeal, and which may thus be saild to form a main support for the whole super-
structure of analysis, appears to have been first used 1in 1655 by ¥. Wallis (v. Opera
I., p. 382/3). Substantially, however, 1t 1s already to be found in Euclid, Elements V.

We are alrecady in a better position to comprechend what is involved
in the idea, discussed above, of a meaning for v'2 or 7= or log5. — In
forming on the onc hand (we kcep to the instance of v/2) the numbers

x, = 14; x,=141; x,=1414; x,==1-4142;.,.
on the other, the numbers
¥y =15; y,=142; y,—=1416; y,=1-4143;...

we arc obviously constructing two sequences of (rational) numbcers (x,,)
and (y,) according to a perfectly definite (though possibly very laborious)
method of procedure. These two sequences arc both monotone, (x,)
increasing, (¥,) decrcasing. Furthermore x, is <y, for every n, but the
differences, i. c. the numbers

Yn — Xp == dn
form, by 10, 8, a null sequence, since d, = ﬁljn' These are clearly the
facts which convince us that we “know” V2, and can ‘“‘calculate” it
and so on, although —as we said beforc — no one has yet had the
value V2 complctely within his view, so to speak. — If we refer
again to the more suggestive representation on the number-axis, then,
obviously (cf. fig. 1, p. 26): the points x, and y, determine an interval

10 The word wnterval denotes a portion of the number-axis between a definite
pair of its points. According as we reckon these points themseclves as belonging
to the interval or not, this 1s termed closed or open. Unless otherwise stated, the
interval will always in the sequel be regarded as closed. (For 10, 13 this is immaterial,
by 10, 9.) Supposing a to be the left end point, b the right end point, of an interval,
we call this for brevity the interval a . .. b.
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/1 of length dy; the points x, and y,, similarly, an interval /, of length
d,. Since
0 S Xy <Y Sy,

the second interval lies wholly within the first. Similarly, the points x4
and v; dctermine an interval of length d; completely within /,, and
generally, the points x, and y, determine an interval /, completely
inside /,_;. The lengths of these intervals form a null sequence; the
intcrvals themselves shrink up, — one surmises, — about a definite
number, — contract to a quite definite point.

It only remains to examine how near this surmise is to truth. With
this purpose in view, wc state, more generally, the following:

Definition. To express the fact that a monotone ascending sequence
(x,) and a monotone descending sequence (v,) are given, whose terms for
every n satisfy the condition

Xn = Yn
and for which the differences
dn =Yn— %Xy

Jorm a null sequence,— we say for brevity that we are given a nest of
intervals (Intevvallschachtelung)*. The n*h nterval stretches
from x, to y, and has length d,. The nest itself will be denoted by (/,) or
by (% | yn)-

The conjecture which we made above now finds its first confirma-
tion in the following:

11.

Theorem t. There is at most one (rational) point s belonging to all 12.

the intervals of a given nest, that is to say satisfying, for every n, the in-
equality
Xy SSE Yoo

n ==

Proof: If therc were, besides s, another number s’ differing from
it, and also satisfying the inequality

% 8= Yn
for every n, then, for every n, besides
X =SS Yo

* A set or series of similar objects is said to form a nest or to be nested (inein-
ander geschachtelt) when each smaller one is enclosed or fits into that which 1s next
in size to it. The word nest 1s here used with the additional (ideal) characteristic
implied, that the sizes diminish to zero. When this is not implied, we shall use the
more explicit phrase that each is contained in the preceding (or we might say that
they are nested).

+ We note here for future reference that this theorem continues to hold un-

altered when the numbers which occur are arbitrary real numbers.
2 (G 51)
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we should also have (v. 3, I, 4)
— Y= — 5= X,
by 3, I, 2 and 3, II, 5, the inequalities
—d,=s—s5=d, o |s—s|=d,

would therefore hold for every #n. Choosing € = | s — 5" |, d,, would never
(a fortiori not for every n beyond a certain ny) be <<e. This contradicts
the hypothesis that (d,) is a null sequence. The assumption that two
distinct points belong to all the intervals is therefore inadmissible .

Q. E. D.

Remarks and Examples.

1. Letx, ="-';—-1,y,, =n: 1; that is to say, /, = :!...—n—:—l,dn :i

We can at once verify that we actually have a nest of intervals here, since

¢

2
Xy < Xpyy < Ypyp1 <, for every n, and since, for every n > o we have d, <,

however € > 0 be chosen.

The number s = 1 here belongs to all the /,’s, since n ;—1 <l< n—;};l
for every n. No number other than 1 can belong therefore to all the intervals.

2. Let /, be defined as follows 12: /, 1s the interval 0. .. 1; /, the left half
of /4; ./, the right half of /,; /s the left half of /,; and so on. These intervals are

obviously each contained in the preceding; and since /, has length d, = .)lw and

these numbers form a null sequence, we have a nest of intervals. A little considera-
tion shows that the sequence of the x,,’s consists of the numbers

1 2
1 l+l+ 1

1,1 _5
0 3 74+1(3H1_(3' 4716 61 6

each taken twice running; and that the sequence of y,’s begins with 1 and con-
tinues with

1_1 ;_1_1_3 ,_1_1_1_11
== 1= s 17278 32 32"
each taken twice running. Now

1 1 1 1 1 1 1

5 ot e e+ =51 — 5
4+161(54+ +47‘ 3( 4"‘)<3
1 1 1 1 2 1
13 — sz meee = o= (14 2} >
and 1 s 3 e 3 ( + 41) 3

1" From a graphical point of view, what the proof indicates is that if s and
s’ belong to all the intervals, then each interval has a length at least equal to the
distance | s — s’ | between s and s’ (v. 3, 11, 6); these lengths cannot, therefore,
form a null sequence.

12 Flere we let the index start from O (cf. 7, 2).

13 For any two numbers a and b, and every positive integer k, the formula

ak — bk = (@ — b)(@*¥ ' + ak-2 b + ... + a bk + b))

is known to hold. Whence, more particularly, for @ % 1, the formulae

—ak —
1+a+...+a"‘1=—ll-—:% and a + a® + ...+ at = L =@

l—__a.d.
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Hence, for every n, x, < } < y,; thus s — 1 is the single number which belongs
to all the intervals. Here, therefore, (/) ‘‘defines” or ‘““determines” the number 4%,
or (/) shrinks up to the number }.

3. \€ we are given a nest of intervals (/,), and a number s has been recog-
nised as belonging to all the /,’s, then by our theorem, s 1s quite uniquely deter-
mined by (/,). We therefore say, more pointedly, that the nest (/,) ‘“‘defines’ or
“encloses’’ the number s. We also say that s 1s the innermost point of all the intervals.

4. If s 1s any given rational number and we put, forn = 1,2, ...,x, = s — ’11

1 .
andy, =s + » then (x, | ¥,,) is evidently a nest of intervals deternining the number

s itself. But thus is also the case if we put, for every n, x, —= s and y,, — s. — Mani-
festly, we can, in the most various ways, form nests of intervals defining a given
number.

This theorem, however, only confirms what we may regard as one
half of our previously described impression; namely, that if a number
s belongs to all the intervals of a nest, then there is nonc other besides
with this property, — s is uniquely determined by the nest.

The other half of our impression, namely, that there must also
always be a (rational) number belonging to all the intervals of a nest,
is erroneous, and it is preciscly this fact which will become our induce-
ment for extending the system of rational numbers.

This the following example shows. As on p. 20, let x; = 14; x, == 1-41; .. .;
y, — 15; y, = 1-42; . .. Then there is no rational number s, for which x,, =~s <y,
for every n. In fact, 1f we put

[ 2 [ 23
Xn = Xp5 Yn = Yn

’

then the intervals /,’ == %, . . . ,,” also form a nest!’®. But x,” = x,? < 2 for all n,
2

and v, — y,* = 2 for all n (bccause this was how x, and y, were chosen), 1. e.
x,’ < 2 <y,. On the other hand, if x, <s = ¥, we should have, by squaring
(as we may, by 3, 1, 3), x,/ = s* < y,’ for all n. By our thecorem 12 this would 1n-
volve s? == 2, which 1s however impossible, by the proof given in footnote 17 on
p. 12. Hcre, therefore, there 1s certainly no (rational) number belonging to all the
intervals.

In the following paragraphs, we will investigate what, in a case such

as this, should be done.

§ 8. Irrational numbers.

We must come to terms with the fact that there is no rational
number whose square is 2, that the system of rational numbers is too
defective, too incomplete, too full of gaps, to furnish a solution for the

1 For 1t follows from x, < x,,1 < ¥,41 = ¥, — since all the numbers are

positive, so that squaring (cf. 3, I, 3) is allowed — that x,," S 8", < 300 = V05

further v, — x,” -~ (¥, + x,)(¥n, — x,,); thercfore, since ¥, and vy, are certanly

< 2 for every n, y, — x,’ < iy i. e. <'s, provided < ;; and this, by 10, 8,

107’
is certainly the case for every n > a certain n,.

1
107
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equation x? = 2. Indeed, this is only one of many equations for whose
solution the material of the system of rational numbers proves insufficient.
Almost all the numerical values which we are in the habit of denoting
by 4/n, log n, sin a, tan « and so on, are non-cxistent in the system of
rational numbers and can no more be immediately “obtained”, or ‘“deter-
mined”, or be “stated in figures”, than can V2. The material is too coarse
for such finer purposes.

The considerations brought forward in the preceding paragraphs
point to means for providing ourselves with more suitable material.
We saw, on the one hand, that, behind the conviction that we do
know V2, there lay no more, substantially, than the fact that we possess
a method by which a perfectly definite nest of intervals may be
obtained; for its construction, the solution of the equation x%?=:2 of
course gave the occasion ™.  We saw, on the other hand, that if a
nest (/,) encloses any number s capable of sp:cification at all (this still
implying that it is a rational number) then this number s is quite uniquely
defined by the nest (/,), -— so unambiguously, indeed, that it is entirely
indifferent, whether I give (write down, indicate) the number dircctly,
or give, instead, the nest (/,) — with the tacit addition that, by the latter,
I mean precisely the number s which it uniquely encloses or defines. In
this sensc, the two data (the two symbols) are equivalent, and may
to a certain cxtent be considered equal!é, so that we may write in-
deed:

(o) =s or (x,|yn)=-s.

15 The kernel of this procedure is in fact as follows: We ascertain that
12 <2, 22 > 2 and accordingly put x, =1, y, — 2. We then divide the interval

Jo = Xo...% Into 10 equal parts, and taking the points of division, 1 4 10’ for

k=0,1 2 ...,9, 10, determine by trial whether their squares are > 2 or < 2.
We find that the squares corresponding to k == 0, 1, 2, 3, 4 are too small, those
corresponding to k = 5, 6, ..., 10 too large, and accordingly we put x; = 14 and
¥, == 1-6. Next, we divide the interval /, == x, . . . y, into 10 equal parts, and go
through a similar test with regard to the new points of division — and so on. The
known process for extracting the square root of 2 1s intended mamnly to make the
successive trials as mechanical as possible. — The corresponding treatment of,
for instance, the equation 10% = 2 (1. e. determination of the common logarithm
of 2) involves the following nest of intervals: Since 10" < 2, 10! > 2, we here pu:
Xo = 0, ¥ = 1 and divide /, = %y . . . ¥ into 10 equal parts. For the points of

division, 1’:), we next test whether 10%#/10 < 2 or > 2, that is to say, whether 10%
< 210 or > 219, As a result of this trial, we shall have to put x, == 0-3, y, == 0-4,
The interval /, = x, ...y, is again divided into 10 equal parts, the same pro-

o e c e 3 k
cedure instituted for the points of division 0 +- 100
equal to 0 30 and y, to 0 31 — and so on. — This obvious procedure is of course

much too laborious for practical calculations.
18 The justification for this is provided by Theorems 14 to 19,

and, 1n consequence, x,; put



§ 3. Irrational numbers. 25

Consequently, we will not say merecly: “the nest (/,) defines the number
s” but rather ““(/,) is only another symbol for the number s, or in fine,
““(/n) s the number s” — exactly as we are used to look upon the decimal
fraction 0-333 . . . as merely another symbol for the number }, or as being
precisely the number % itself.

It now becomes extremely natural to introduce tewntatively an
analogous mode of expression with regard to those nests of intervals
which contain 7o rational number. Thus if x,, y, denote the numbers
constructed previously in connection with the equation x%= 2, one
might — seeing that in the system of rational numbers there is not
a single one whose square = 2 — decide to say that this nest (x, | y,)
determines the ‘“true” ‘“value of v'2” though one incapable of being
symbolised by means of rational numbers, — that it encloses this

value unambiguously — in fine, “it is a newly crcated symbol for this
number”, or, for brevity, “it is the number itself”. And similarly in every
other case. If (/;) —= (x,|y,) is any nest of intervals and no rational
number s belongs to all its intervals, we might finally resolve to say that
this nest encloses a perfectly definite value, — though one incapable of
being directly symbolised by means of rational numbers, — it deter-
mines a perfectly definite number, — though one unfortunately non-
existent in the system of rational numbers, -— it is a newly created symbol
for this number, or briefly: is the number itself; and this number, in
contradistinction to the rational numbers, would then have to be called
an trrational number.

Here certainly the question arises: Can this be done without
Sfurther justification? Is it allowable? May we, without more ado,
designate these new symbols, the nests (%, |y,), as numbers? The fol-
lowing considerations are intended to show that to this course there is
no obstacle whatever.

In the first instance, a simple graphical illustration of these facts
on the number-axis (see fig. 1) gives every appearance of justification to
our resolution. If, by any construction, we have marked a point P on
the number-axis (e. g. by marking off to the right of O the length
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of the diagonal of a square of side O U) then we can in any number
of ways define a nest of intervals enclosing the point P. We may
do so in this way, for instance. First of all we imagine all integers

EZLO marked on the axis. Of these, there will be exactly one, say p,

such that our point P lies in the stretch from p inclusive to (p + 1)
exclusive.  Accordingly we put x; =p, yo=p + 1, and divide the
interval /o= x5 ..., into 10 equal parts'?’. The points of division

are p + _IIZ) (with k=0, 1, 2, . . ., 10), and among them, there will again
be exactly one, say p -+ {C(l), such that P lies between x, ==p -}- ﬁ‘)

inclusive and y, = p + i0 exclusive. The interval /;, =%, ...y,

is again divided into 10 equal parts, and so on. If we imagine this process
continued indefinitely, we obtain a perfectly definite nest (/,) all of whose
intervals /, contain the point P. No other point P’ besides P can lie in all
the intervals /,. For, if that were so, all the intervals would have to con-
tain the whole stretch P P’, which is impossible, as the lengths ot the

intervals ( J/» has length l(l)n) form a null sequence.

For every arbitrarily given point P on the number-axis (rational or
not) there are thus nests of intervals — obviously, indeed, any number
of such nests — which contain that point and no other. And in the
present instance, — i. €. in the graphical representation on the number-
axis — the converse appears most plausible; if we consider any nest
of intervals, there seems to be always one point (and by the reasoning
above, only this one) belonging to all its intervals, which is thus deter-
mined by it. We belicve, at any rate, that we may infer this dircctly from
our conception of the continuity, or gaplessness, of the straight line 8.

Thus in this geometrical representation we should have complete
reciprocity: every point can be enclosed in a suitable nest of intervals
and cvery such nest invariably encloses one and only one point.

This gives us a high degree of confidence in the adequacy of our
resolve to consider nests of intervals as numbers, — which we now for-
mulate more precisely as follows:

Definition. We will say of every nest of intervals (/,,) or (x,|¥,),
that it defines or, for brevity, it is, a determinate number. To represent

17 Instead of 10 we may of course take any other integer = 2. For furthei
detail, see § 6.

18 The proposition, by which the “continuity of the straight line” is expressly
postulated — for a proof cannot be here expected, since it is essentially a description
of the form of our concept of the straight line which is involved — is called the
Cantor-Dedekind axiom.
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it, we use the symbol denoting the nest of intervals itself, and only as an ab-
breviation replace this by a small Greek letter, writing in this sense®, e. g,

(Jn) or (x.]|y,) =e.

Now, in spite of all we have said, this cannot but seem a very arbi-
trary step, — the question has to be repeated most insistently: will it
pass without further justification? 'These purely ideal objects which we
have just defined — these nests of intervals (or else that still extremely
questionable ‘something’ which such a nest encloses or determines) — can
we speak of these as numbers? Are they after all numbers in the same
sensc as the rational numbers, --— more precisely, in the sense in which
the number concept was defined by our conditions 4?

The answer can only consist in deciding, whether the totality or
aggregate of all conceivable nests of intervals, or of the symbols (/,) or
{%s | ¥n) or o introduced to denote them, forms a system of objects satis-
fying these conditions 4 20; a system therefore — to recapitulate these
cenditions briefly — whose elements are derived from the rational numbers,
and 1. are capable of being ordered; 2. are capable of being combined
by the four processes (rules), obeying at the same time the fundamental
laws 1 and 2, I—IV; 3. contain a sub-system similar and isomorphous
to the system of rational numbers; and 4. satisfy the Postulate of Eud-
oxus.

If and only if the decision turns out to be favourable, all will be
well; our new symbols will then have vindicated their numerical char-
acter, and we shall have established that they are nwumebers, whose
totality we shall then designate as the system or set of real numbers.

Now the decision in question does not present the slightest diffi-
culty, and we may accordingly be brief in expounding the details:

Nests of intervals — or our new symbols (x,|y,) — are certainly
constructed by means of rational number-symbols alone; we have there-
fore only to settle the points 4, 1—4. For this, we shall go to work in
the following way: Certain of the nests of intervals define a rational
number 2!, something, therefore, for which both meaning and mode of
combination have been previously established. We consider two such
rational-valued nests, say (x,|y,) == s and (x| y,’) = §’. With the two
rational number-symbols s and s’, we can immediately distinguish whether
the first s is <<, = or > the second §’; and we can combine the two by
the four processes of arithmetic. Essentially, what we have to do is to
endeavour directly to recognise the former fact, and to carry out the latter
processes, on the two nests of intervals themselves by which s and s’ were

1% ¢ is an abbreviated notation for the nest of intervals (/) or (x5 | 3',).
20 The reader should here read these conditions through again.
31 We will describe such nests for brevity as rational-valued.
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given, and finally to extend the result to the aggregate of all nests of intervals.
Each provable proposition (A) relating to rational-valued nests will ac-
cordingly give rise to a corresponding definition (B). We begin by setting
down concisely side by side these pairs of propositions (4) and
definitions (B) 2.

Equality: A.Theorem. If(x,|y,) = sand (x, | y,’)=+s" are two
rational-valued nests of intervals, then s=sholds if, and only fif,
besides

Xn = In and xn’ é yn'|
we have B
%, <y, and x, < y,’
Jor every n.
On this theorem we now base the following:

B. Definition. Two arbitrary nests of intervals o = (x,|y,) and
o' = (x," | ¥s') are said to be equal if and onlv if
xnéyn,r xﬂlgyﬂ
Jor every n.

Remarks and Examples.

1. The numbers x,, and «,,’ on the one hand, y, and v,” on the other, need
of course have nothing whatever to do with one another. This is no more sur-
prising than that rational numbers so entirely different in appearance as 3, {4,
and U 375 should be referred to as “equal”. Eguality is indeed something which

22 'The import of proposition and definition should in each case be interpreted
in relation to the number-axis.

* Into the very simple proofs of the propositions 14 to 19 we do not propose
to enter, for the general reasons explained on p. 2. They will not present the
shghtest difficulty to the reader, once he has mastered the contents of Chapter II,
whereas at this stage they would appear to him strange; moreover they will serve
as exercises in that chapter. Merely as a specimen and example for the solution
of those problems, we will here prove Theorem 14:

a) If s = ¢’, then we have both x, <s <y, and x,’ < s < y,’, whence at
once, ¥, < ¥,’ and x,’ < y,, for every n.

b) If conversely x,, < v, for every n, then s = s’ must hold. For if we had
s> s’ i. e. s — s’ > 0, then, since (y, — «x,,) 1s a null sequence, we could so choose
the index p, that

Vp—%p<s—¢ or x,—s >y,—s
As however s is certainly =< y,, this would imply x, — s’ > 0. We could therefore
choose a further index » for which
v —xy < xp—',

Since x,’ = ¢’, this would imply y," < x,. Choosing an integer m exceed-
ing both p and r, we could deduce, in view of the respective ascending and descend-
ing monotony of our sequences of numbers, that a fortiori y,,’ < x,,, — which con-
tradicts the hypothesis that x,, < y,,’ for every n. Thus s < s’ is ensured.

By interchanging throughout the above proof the accented and non-accented
letters, we deduce in the same manner that if x,” <<y, for every n, then s’ =< s
— If then we have both ~,’ =<y, and x,, = v, holding for every n, then s ==
necessarily follows. Q. E. D,
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is not fixed a priori, hut needs to be established by same form of definition, and

it 15 perfectly compatihle with marked dissimilarity 1in a purely external aspect.

n—1|n-
3n 3n

1
2, The two nests ( ) and 12, 3 are equal in accordance with

our present defimtion

3. By 14, we may write e. g. (: 1 s |- ’ll) = s = (5| 5), the latter symbol

n
denoting a nest all of whose intervals have both their left and their nght endpoints

I
- = (0} 0) = 0.
n ! n) ©f) =0
4. It still remains ta establish — but the proof 1s so simple that we will not

go into 1t further — that (cf. IFootnote 23), 1n consequence of our definition, we
have a) ¢ — o (Footnote 24), b) ¢ == ¢’ always implies ¢’ = o, and c) 0 = ¢’, ¢’ —= ¢”

,

involve o = o”’,

Inequality: A. Theorem. If (x,|),) == and (x,'|y,’) =5 are
two rational-valued nests, then we have s <s', if and only 1f

-= 5. In particular, (—

Xn

=y, for every n, but not x," =<y, for every n,

i.e. v, <<x, for at least one m.

B. Definition. Given any two nests of intervals o = (x,|y,) and
o — (x| ¥,), then we shall say o . o', if

x, = v, for cvery n, but not x, =y, for every n,

i. e. for at least one m, y,, -. x,,".

Remarks and Examples.

1. It is clear that by 14 and 15 the totahity of all conceivable nests is ordered.
For if ¢ and ¢’ are any two of them, cither there 1s equality, o = d’, or, for at least
one p, we have y, < x)/, implying ¢ < ¢, or findlly, for at least one 7, v,” < x,,
mplying ¢ < o. The last two cases cannot occur simultaneously, since, far m
greater than r and », we should then have, a fortior, v,,” < ~,)’, which 1s impossible.
T'hus between ¢ ard ¢’ one and only one of the thrce relations

<o, o=0, <o

always holds, and the totality of these new symbols 1s thus ordered by 14 and 15.
2. Here again 1t would have to be established 1n all detail that the laws of
order 1 continue ta hold good with the adopted definitions of equality and in-
equahty. Taking as model the proof in the footnote to Theorem 14, this presents
so few essential difficulties that we will not enter into 1t further: The laws of order
do, effectually, all remain val:d.
3. In consequence of 14 and 15 we now have, therefore, for every n

« <«
Ap L0y,

What does this meani It means that each of the rational numbers x,, is, in ac-
cordance with 14 and 15, not greater than the nest ¢ == (v, | ¥,). Or: if we con-

2 Jlere 1t may be clearly recognised that this “law” is by no means trivial:
it has indeed to be proved that with the given definition of equality every nest of
intervals 1s effectually “equal” to 1itself, that is to say that the conditions of that
definition are fulfilled, when the same nest is taken for both of the nests of intervals
which we are comparing.

15
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sider any particular one of the numbers x,, say x,, and denote 1t for brevity by x,
then we may write (see 14, Rem. 3)

(xp—) x= (x—;’ }x—l-’ll) or = (x|x)
and our statement takes the form
(x| %) = (v lap).
We may prove it as follows. If it were not true, then for at least one 7,
y<x, ie y <x,
and so a fortiori, if m is greater than r and p,
Y < Xy

which certainly cannot be the case. In the same way we see that o < y,. Accord-
ingly, o is to be regarded as Iying between x,, and y, for eacl n, in other words, as con-
tained within the interval /,.

The fact that no other number o', besides o, can possess the same property
is now easily proved. If in fact there were a second nest of intervals o’ -= (\,," | »,)
such that for every defimite index p we also had x,, = ¢’ < y,, then the left hand
inequality mecans, more precisely (cf 3), that (v, | v;) = (v,”| ") and so, by 14
and 15, x, =y, for every n. Since this must hold in particular for n  p, we
deduce x,, = y,’ for every p, which signifies, by 14 and 15, that o0 =~ ¢’. In the
same manner the right hand inequality 1s seen to imply that ¢’ < 0. 'T’hus neces-
aanily ¢ == o', which was what we sct out to prove.

4. By 15, ¢ 15 > 0, i. e. “positive”, 1f and only if (v, |v,) > (0]0), that is
to say, if for some suitable index p, x, > 0. But in this case, as the x,’s increase
with n, we have a fortiort x, > 0 for every n > p. We may therefore say: o =
(¥p | ) 18 posttive iof, and only if, all the endpomts x,, y, arc positive from and

after a defimte index. — T'he exact analogue holds of course for ¢ << 0.
5. If o > 0, and, for every n =X p, x,, = 0, let us form a new nest (v,” | ¥,)
= o’ by putting x,” = x’3 — ... = ¥';_, all equal to x,, but every other x,” and

¥, equal to the corresponding x,, and y,. By 14, obviously ¢ == ¢’; and we may
say: If o 1s positive, then there are always nests of intervals equal to 1t, for which
all the endpoints of intervals are positive. The exact analogue holds for ¢ < 0.

So far then, in respect of the possibility of ordering them, our nests
of intervals may be said to vindicate their character as numbers com-
pletely. It is no more difficult to establish a similar conclusion with regard
to the possibilities of combining them.

Addition: A. Theorem ®. If(x,|y,)and(x,'|y,’) are any two nests
of intervals, then (x, + x,', ¥ + ¥,') is also one, and if the former are both
rational-valued and respectively — s and = s’', then the latter is also rational-
valued, and determines the number s + s'.

B. Definition. If (x,|y,) = o and (x,’ | y,') == o’ are any two nests
of intervals and o'’ denotes the nest (x, + x,', ¥n + ¥,") deduced from them,
then we write

o' =04 d

and o’ is called the sum of o and o',

38 With regard to the proof, cf. footnote 23.
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Subtraction: A. Theorem. If (x,]|y,) s anest of intervals, then so
is (— Yu| — %,); and if the former is rational-valued == s, then the latter
is also rational-valued, and determines the number — s.

B. Definition. If o = (x,|y,) is any nest of intervals and o' de-
note the nest of intervals (— y, | — x,), we write

’
g = —a0

and say o' is the opposite of . — By the difference of two nests of inter-
vals we then mean the sum of the first and of the opposite of the second.

Multiplication: A. Theorem. If(x,|y,)and (x,|y,’) are any two
positive nests of intervals, — replaced, if necessary, (in accordance with
15, 5) by two nests of intervals equal to them, for which all the endpoints
of intervals are positive (or at least non-negative), — then (x,x,' | Y, ¥n")
is also a nest of intervals; and if the former are rational-valued and respec-
tively = s and = s', then the latter is also rational-valued, and determines the
number s s'.

B. Definition. If (x,|y,) =0 and (x,'|y,)=0' are any two
positive nests of intervals for which all the endpoints of intervals are positive
— which is no restriction, by 15, 5 — and o'’ denote the nest (x, %, | ¥y ¥»')
derived from them, then we write

0"20’0,

and call o'’ the product of o and o'.

The slight modifications which have to be made in this definition if
one or both of ¢ and ¢’ are negative or zero, we leave to the reader, and
henceforth consider the product of any two nests of intervals as defined.

Division: A. Theorem. If (x,]|y,) s any positive nest of intervals
for which all endpoints of intervals are positive, (cf. 15, 5) then so is (i xl) N

yﬂ n
and if the former is rational-valued, and = s, the latter is also rational-

valued, and determines the number }
s

B. Definition. If (x,|y,) = o is any positive nest of intervals for
—1—), then we

which all endpoints are positive, and o' denote the nest (-1 -
n

\Vn

write
g' — 3 .]_'

a
and say o' is the veciprocal of o.— By the guotient of a first by a second
positive nest of intervals we then mean the product of the first by the reciprocal
of the second.

The slight modifications necessary in this definition, if o {in the one
case) or the second of the two nests of intervals (in the other) is negative,

19.

18.

19.
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we may again leave to the reader, and henceforth consider the quotient
of any two nests of intervals of which the second is different from 0, as
defined. — If (x,|y,) = o = 0, then the above method fails to produce
a “reciprocal” nest: division by O is here also impossible.

The result of the preceding considerations is thus as follows: By
definitions 14 to 19, the system of all nests of intervals is ordered in the
sense of 4, 1, and admits of having its elements combined by the four
processes in the sense of 4, 2. In consequence of the theorems 14 to 19,
as stated in each case, this system possesses further, in the aggregate of
all rational-valued nests, a sub-system, similar and isomorphous to the
system of rational numbers, in the sense of 4, 3. It remains to show that
the system also fulfils the Postulate of Eudoxus. But if (x,|y,) = o and
(%, | ¥2") — o’ are any two positive nests for which all endpoints of in-
tervals are positive (cf. 15, 5), let »,, and y,,’ be a definite pair of these
endpoints; the theorem of Eudoxus ensures the cxistence of an integer
p, for which p x,, >-,,/, and the nest p o, or (p x, | p y,), in accordance
with 15, is then effectually > o',

The next step should be to establish in all detail (cf. 14, 4 and 15,
2) that the four processes defined in 16 to 19 for nests of intervals obey
the fundamental laws 2. This again offers not the slightest difficulty and
we will accordingly spare ourselves the trouble of setting it forth 26. The
Fundamental Laws of Arithmetic, and thereby the entire body of rules valid
in calculations with rational numbers, effectually retain their vahdity in the
new system.

By this, our nests of intervals have finally proved themselves in
every respect to be numbers in the sensc of 4: The system of all
nests of intervals is a number-system, the nests themselves are numbers %7,

26 As regards addition, for instance, it should be shown that:

a) Addition can always be carried out. (This follows at once from the defini-
tion.)

b) The result is unique; i. e. ¢ =—= 0, 7 = 7’ (in the sense of 14) imply
o -7 =0 | 7/,—if the sums are formed in accordance with 16 and the test
for equality carried out 1n accordance with 14. In the corresponding sense, 1t should
be shown further that

c) ¢ + 7 =7 -+ o always.

d) (e + o) + » = ¢ + (o + 7) always.

e) 0 < o’ implies 0 + 7 < o’ + 7 always, —

And similarly for the other three processes of combination.

27 Whether, as above, we regard nests of intervals as themselves numbers,
or imagine some hypothetical entity introduced, which belongs to all the intervals
Jn (cf. 15, 3) and thus appears to be in a special sense the number enclosed by
the nest of intervals and, consequently, the common element in all equal nests —
this at bottom is a pure matter of taste and makes no essential difference. — The
equality o =- (x, | ¥,) we may, at any rate, from now on, (cf. 13, footnote 19) read
indifferently either as ““o is an abbreviated notation for the nest of intervals (x, | ,,)",
or as ““o is the number defined by the nest of intervals (x, | ¥,,)"".



§ 4. Completeness and uniqueness of the system of real numbers. 33

This system we shall henceforth designate as the system of real numbers.
It is an extension of the system of rational numbers, — in the sense in
which the expression was used on p. 11, — since there are not only rational-
valued nests but also others besides.

This system of real numbers is in one-one correspondence with
the whole aggregate of points of the number-axis. For, on the strength
of the considerations set forth on pp. 24, 25, we can immediately assert
that to every nest of intervals o corresponds one and only one point,
namely that common to all the intervals /,, which on account of the Cantor-
Dedekind axiom is considered in cach case as existing. Also two nests of
intervals ¢ and ¢’ have, corresponding to them, one and the same point,
if and only if they are equal, in the scnse of 14. To each number o (that
is to say, to all nests of intervals cqual to each other) corresponds exactly
one point, and to each point exactly one number. The point corresponding
in this manner to a particular number is called its image (or representative)
point, and we may now assert that the system of real numbers can be uniquely
and reversibly represented by the points of a straight line.

§ 4. Completeness and uniqueness of the system of real
numbers.

Two last doubts remain to be dispelled #®: Our starting point in
§ 3 was the fact that the system of rational numbers, by reason of its
“gaps’’, could not satisfy all demands which would appear in the course
of the clementary processes of calculation. Our newly created number-
system — the system Z as we will call it for brevity — is in this respect
certainly more cfficient. E. g. it contains ? a number o for which o2 == 2.
Yet the possibility is not excluded that the new system may still show
gaps like the old, or that in some other way it may be susceptible of still
further extension.

Accordingly, we raise the following question: Is it conceivable that
a system Z, recognizable as a number-system in the sense of 4, and con-
taining all the elements of the system Z, should also contain additional
elements distinct from these? 30

28 Cf. the closing words of the Introduction (p. 2).

2 For if ¢ = (x, |¥,) denote the nest of intervals constructed on p. 20
in connection with the equation x? = 2, then by 18 we have o® = (x,?| y,?). Since,
however, x,? < 2 and y,,? > 2, it follows that o2 = 2. Q. E. D.

3 J.e. Z would have to represent an extension of Z in the same sense as Z
itself represents an extension of the system of rational numbers.
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It is not difficult to see that this cannot be so, so that we have in
fact the following theorem:

Theorem of completeness. The system 7 of all real numbers is in-
capable of further extension compatible with the conditions 4.

Proof: Let Z be a system which satisfics the conditions 4 and
contains all the elements of Z If « denotc an arbitrary element of Z,
then 4, 4 — in which we choose for 8 the number 1, contained in Z,
and also, thercfore, in Z — shows that there exists an integer p > a,
and similarly another p° > — «. For these® wc have —p' <o <p.
Considering successively the (finite number of) integers between — pf
and p, starting with — p’, we know that we must come to a last onc which
is still < «. If tlus be called g, then

Ta<g+ 1.

By applying to this interval g...g 4 1 the method, alrcady re-
peatedly used, of subdivision into ten parts, a perfectly definite nest of
intervals (x,|y,) is obtained. And a repetition word for word of the
proof in 15, 3 shows that the number thus defined can neither be > nor
< a. Every element of Z is therefore cqual to a real number, so that Z
can contain no clements other than real numbers.

A final objection might be this: We have succeeded in forming the
systein Z in a comparatively natural, but after all an arbitrary, manner.
Other measures, obviously, might be adopted for filling up the gaps in
the system of rational numbers. (In the very next scction we shall come
across other, equally ready mcans to this end.) It is conceivable that
a different method would lcad to other numbers, i. e. to number-systems
differing, in more or less cssential particulars, from the one constructed
by us. — The question thus indicated may be given a precise formulation
as follows:

Let us suppose that we have somchow, starting with the system
of rational numbers, succeeded in constructing a system 3 of elemcnts
which, besides still satisfying thc conditions 4, — as is thc case with our
system Z, — and therefore descrving the name of a number-system, also
fulfils a further requircment, usually referred to as the Postulate of
completeness, on account of the theorem proved above. — On the
strength of 4, 3, 3 contains elements, corresponding to the rational numbers.
Let (x, | y,) be any ncst and let 1, and v, be the elcments of 3 associated
with x,, y, in accordance with 4, 3; the stipulation then runs thus: 3
shall always contain at least one element s satisfying, for every n, the con-
ditions v, < 5 = Y.

In exact form, our problem is now: Can such a system 3 differ in

$1 At this point, the Postulate of Eudoxus gains 1ts axiomatic significance.
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any essential particulars from the system Z of real numbers, or must the
two systems be regarded as substantially identical, in the perfectly definite
sense that they can be brought into relation as similar and isomorphous
to one another?

The thcorem stated below, by solving this problem in the sense
which we should anticipate, closes the construction of the system of real
numbers.

Theorem of Uniqueness. Ewvery such system 3 is necessarily similar
and isomorphous to the system Z of real numbers as constructed by us. Essen-
tially, only one such system therefore exists.

Proof. By 4, 3, 3 contains a sub-system &', which is similar and
isomorphous to the system of rational numbers contained in Z, and whose
elements may therefore be called, for short, the rational elements of 3.
If o = (%, | ¥») is any real number, $ must, according to our new stipula-
tion, contain an clement g, which for every n satisfics the conditions
In 2=, if 1, and y, are the elements of 3 corresponding to the
rational numbers x, and y,,.

Also, thesc conditions define s umiquely. For if a second element
¢, simultaneously with &, satisfied the conditions 1, = s <y, for every
n, then it would follow, word for word as in the proof of 12, that for
cvery n

‘)n_lnglﬂ—'ﬂ'li

i. e. = the non-negative onc of the two clements ¢ — ¢’ and ¢ — 8.
Let » stand for an arbitrary positive rational number, and 1 for the cor-
responding element in & (therefore in &’); then, on account of the similarity
and isomorphism of &’ with the system of rational numbers, we must
have, simultancously with y, — x, <7, the relation y, — r, <t holding
for a suitable index p. For every such r therefore

|s—¢| <

If thercfore r; denotes one particular such 1+ and if v,, n=1,2, ...,
denotes the element (certainly present in 3, by 4, 2) which, when repeated
n times, yields the sum v;, we sce, after writing down the above inequality
for r =1, and adding it to itself # times, that for every n =1, 2, . . .,

nls—d|=n

must also hold. Since, however, 3 satisfies the postulate 4, 4, it follows
that s = &'

If we proceed to associate this uniquely defined clement & and
the real number o, it becomes clear that § contains a sub-system *,
similar and isomorphous to the system Z of all real numbers. That
such a system &* is not susceptible of further extension compatible

21.



36 Chapter 1. Principles of the theory of real numbers.

with the conditions 4, but must be identical with &, was the import
of the previously established theorem of completeness. Thereby, it is
proved that & and / arec similar and isomorphous to one another,
and therefore may be regarded, in all essentials, as identical: Ouwr svstem
Z of all real numbers is in all essentials the only one possible satisfying both
the conditions 4 and the postulate of completeness.

After these somewhat abstract considerations, the main result of our
whole investigation may be summarised as follows:

Besides the rational numbers with which we are familiar, there cxist
others, the so-called irrational numbers. Each of them may be enclosed
(determined, given, . . .) by a suitable nest of intervals and this indeed
in many ways. These irrational numbers fit in consistently with the
rational numbers, in such a manner that the conditions stated in 4 are
fulfilled by the joint system of all rational and irrational numbers, with
which, to be brief, all calculations may be effected, formally, exactly as
with the rational numbers alone, but with greater success.

This wider system is moreover incapable of any further extension
compatible with conditions 4, and is in all essentials the only system of
symbols which satisfies these conditions 4 and also the postulate of com-
pleteness.

We call it the system of real numbers.

It is with the elements of this system, with the real numbers, that
we work (at first exclusively) in the sequel. We consider a particular
real number as given (known, determined, defined, calculable, . . .) if
either it is a rational numbcr and so can be literally written down with
the help of integers — inserting if need be a fractional bar or a minus
sign — or (and this holds in any case) we are given 3 a nest of intervals
defining the number.

We shall very soon see, however, that many other ways and means,
besides the nests of intervals, exist, for defining a real number. In pro-
portion as such ways become known to us, we shall widen the above-
mentioned conditions, under which we consider a number as given.

32 1.e. by the complete explicit specification of the (rational) endpoints 1n
the manner just described.
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§ 5. Radix fractions and the Dedekind section.

A few of the methods for defining real numbers may be mentioned
at once, as particularly important from the points of view of both theory
and practice.

In the first place, a nest of intervals nced not always be given in
the form (x,|y,) considered by us; it may often be written in a more
convenient form. 'I'hus, as we have alrcady seen, a decimal fraction,
c.g. 1-41421 . . ., may be immediately interpreted as a nest of intervals,
with the assumptions

x, = 1-4; x,=111; x;=1414; ...,

and, gencrally, x, equal to the decimal fraction broken off after thz
n™ digit; y, bcing derived from x, by raising the last digit by one,

. 1 . . .
i.e. Yp -2 %, + 5. DPractically, we may thus say that decimal fractions

represent a peculiarly clear and convenient specification of nests of
intervals 33,

It is obviously quite an uncssential part that the base or radix 10
of the ordinary scale of notation plays in this connection. If g 1s any
integer = 2, we have the cxact analoguc for fractions in a scale of
radix g or radix fractions with base g. 'I'o begin with, given a real
number o, an integer p (>, =, or <JU) is uniquely defined by the
condition

p=o<p |-L

The interval J, between p and p 4+ 1 is next divided into g equal
parts, and cach of these parts considered — both here and simularly
in the following steps — as including its left endpoint, but nof its
right one. Then ¢ beclongs to one, and to one only, of these parts,
i. e. among the numbers 0, 1, 2, ..., g— 1 there is one and
only one — which we shall call for brevity a “digit” and denote by
%y — for which

%~ 7 +1
P+g=0<p+ g .

3 I'he drawback to it is that we can seldom perceive the law of suecession
of the digits, i, ¢ the law of formation of the x,’s and y,,’s.
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The interval /; thus defined we proceed to divide again into g equal parts,
and o will, as before, belong to one, and to one only, of these parts, i.e.
a definite “digit” z, will be found for which

%y % Lng et
P+g+ge-_<_0<1>1'g+ P

The interval /, thus defined we proceed to divide again into g equal parts,
and so on. The nest of intervals ( /,) = (%, | ¥») determined by this pro-
cess, for which
= VA g Zn-1 2n
e i s i SRR S ]

gﬂ.—l
n=1,2,3,...)

— 2y 2 _B%n 2t 1
P TN S
clearly defines the number o, so that # ¢ = (x,, | y,). But on the analogy
of decimal fractions we may now write

=2 I-0-z.

— where of course the base g of the radix fraction must be known from
the context.
We have therefore the

Theorem 1. FEvery real number can be represented in one and essen-
tially only one * way by a radix fraction in the scale of base g.

We mention the following theorem relating further to this represen-
tation, but shall make no use of it in the sequel:

Theorem 2. The radix fraction for a real number o — whatever be

31 That we have a nest of intervals is immediately obvious, since x,_, <
. 1
X, < ¥p = y,_, throughout, and y, — x, ~—'£'" forms a null scquence, by 10, 7.

4 The shght alteration in our method, required if all the intervals are con-
sidered as including their right and not their left endpoints, the reader will doubtless
be able to carry out for himself. The two results differ if, and only if, the given
number ¢ 1s rational, and can be written as a fraction having, as denominator, a
power of g, so that the point o 1s an endpoint of one of our intervals. — Actually
the two nests of intervais

P+ O0m2...2 @ —DE—1DE—=1)...andp-|- 0z, 2,...2.,2,00...,

where the digit 2, is supposed = 1, are equal by 14. In every other case, two radix
fractions which are not identical are unequal, by 14. — The reader will easily prove
for himself that, except in this case, the representation of any real number o as
a radix fraction with base g is absolutely unique,
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the chosen radix g == 2 — will prove periodic (or recurring) if and only if
o is rational ®8.

A particularly advantagcous choice to make is often g = 2; the pro-
cess for expressing the number o is then called briefly the method of
bisection and the resulting radix fraction, whose digits can in that casc
only be 0 or 1, is called a binary fraction. The method, in a somewhat
more general light, is this: we start from a decfinite interval /, and, in
accordance with some particular rule or point of view, definitcly select
onc of its two halves, calling it /,; we then again make a definite choice
of one of the two halves of /;, calling it /,; and so on. By so doing, we
specify, in every case, a well-defined real number, determined with ab-
solute uniqueness by the method which regulates at cach stage the choice
between the two half-intervals 37,

In radix fractions, just as in decimal fractions, we accordingly see
a peculiarly clear and convenient mode of specifying nests of intervals.
They shall accordingly in future be admitted for the definition of real
numbers on the same footing as decimal fractions.

The distinction lies somewhat deeper between nests of intervals and
the following mcthod of definition of real numbers.

We supposc given, in any particular way 3, two classcs of numbers
A and B, subject to the following three conditions:

1) Each of the two classes contains at least one number.

2) Every number of the class 4 is = every number of the class B.

3) If an arbitrary positive (small) number € 1s prescribed, then two
numbers can be so chosen from the two classes, — a’, say, from A and
b, say, from B, — that 3

b — d <e

— Then the following thcorem. holds:

36 Ilere for simplicity we regard terminating radix fractions as periodic with
period 0. — That every rational number cun be represented by a recurring decimal
fraction was proved by J. Wallis, De Algebra tractatus, p. 364, 1693. ‘That conversely
every irrational number can always, and 1n one way only, be represented as a non-
recurring decimal fraction was first proved generally by O. Stol: (Allgememe Anth-
metik I, p. 119, 1885).

37 An example waus given in 12, 2,

38 E. g. A contains all rational numbers whose cube is < 5, B all rational
numbers whose cube 1s > 6.

3 We say for short: the numbers of the two classes approach arbitrarily
near to one another. In the example of the preceding footnote, we see at once that
conditions 1) and 2) are satisfied; that 3) is also satisfied we recognise from the
possibility of calculating (by the method of partition into tenth parts, for instance)
two decimal fractions x,, and y, with n places of decimals, differing only by a umt

. . 1
in the last place, and such that x,* < 5, ,® > 5; n being so chosen that on <€
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Theorem 8. There exists one and only one real number o such that
for every number a in A and every number b in B the relation

a<ao=bh
s always true.

Proof. It is again obvious that no two different numbers o, o’
with this property can exist. For putting | ¢ — o' | == ¢, we should have
€ >0, yct b — a = ¢ for every pair of clements a and b from A and B
respectively, contrary to condition 3.

There exists then at most one such number o. We find it in the
following way: By hypothesis, there is at least one number @, in 4 and
one number b, in B. If a; = b;, then the common value is manifestly
the number ¢ which we are in search of. If a, == b;, and therefore by
2), a; < b;, then we choose two rational numbers x, << a,, and y, = b,
and apply the method of bisection to the interval /; which they deter-
mine; we denote the left or right half by /,, according as the left half
(endpoints included) does or does not still contain a point of the class B. By
the same rule we next select one of the halves of /,, calling it /,, and
SO on.

The intervals /;, /o, . - ., /n» - - + , being obtained by the method of
bisection, necessarily form a nest

(/ﬂ) = (xn|yn): a.

From their mode of formation, they possess moreover the property that
no number of B can lie to the left of any of their left endpoints, and no
number of A to the right of their right endpoints.

But from this it follows at once that the number o enclosed by them
is the number required by theorem 3. In fact, if, contrary to thc assertion
in that theorem, a particular number @ of 4 were > o, so that @ — o > 0,
then we could choose from the succession of intervals /, a particular one,
say /p == %, . . .Y, wWith length < @ — ¢. Since x, < ¢ < y,, this would
imply

Vo — OV, — X, < d—o, ie. y,<a,

whereas, actually, no point of A4 lies to the right of the right endpoint
9, of /,. If on the other hand, in any instance, b < g, it would similarly
follow that for a suitable index ¢, b < x,, whercas actually no point of
B lies to the left of the left endpoint of an interval /,. Hence we must in-
variably have a < o < b. Q.E.D.

As a special corollary, we have the following theorem, which sup-
plements Theorem 12, forming an cxtension of it to the case when the
numbers there occurring are arbitrary real numbers. In the formulation,
we anticipate the obvious definitions 23 — 25 of next paragraph.
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Theorem 4. If (x,) is a monotone ascending, and (y,) a monotone des-
cending, sequence of (any) real numbers; if, further, x, < y, for every n,
and the differences y, — x, = d, form a null sequence; then there is invariably
one and only one real number o, such that for every n

xngagyn-

We then say, as before (cf. Defimtion 11), that the two given sequences defiie
a nest of intervals (x, | y,) and that o is the number which it (uniquely) deter-
mines.

Proof. If with all the left endpoints x, we constitute a class 4,
and with all the right endpoints ¥, a class 3, of real numbers, these clearly
satisfy conditions 1) to 3) of Theorem 3, from which the correctness of
the above statement at once follows.

Remarks and Examples.

1. Instead of 3), 1t 1s often more convenient to stipulate that e.g. every
rational mamber should bclong cither to A or to B (as was the case in the
example of last footnote). In fact, in that case, since rational numbers are
dense on the number axis, the requirement 3) 15 fulfilled of wself. To sce this,
we have only to mmagine the whole number-axis subdivided into equal portiuns of
length < €/2. Now consider any one of the portions containing an element from
A, and, to the right of 1t, take another portion contamning an element from B, together
with these two portions, take the finite number of portions, if any, between them.
One of these considered portions must be the first of them to contain an clement
b from B. Either this particular portion, or the preceding one, will contain an element
a from A, and we have b — a -Z e.

2. It 1s often still more convement to divide all real numbers into two classes
A and B. In that case of course 3) 1s, a fortimi, also satisfied of itself.

3. If the two classes .1 and B are given i one of the last-mentioned ways,
then we say that a Dedekind sectiosn 1s made 1in the domain of either rational or
real numbers, as the case may be . The somewhat more general specification of
two classes !! involved in our theorem 3 will also for brevity be termed a secfion
and denoted by (A | B). Our theorem 3 can then be stated briefly in the form:
A section (A | B) mvariably defines a deterimnate real number. And 1ts proof consists
simply 1n pointing out that the specification of a section carries with 1t the speci-
fication of a nest of intervals, which furnishes a number o with the properties required.

4. Seeing then that every section immediately provides a definite nest of
intervals, we shall henceforth regard sections as permissible means of defining
(determining, specifying, . . .) real numbers; also, we now wrte, 1f the section

(A | B) defines the number o,
(41B) - o.

4 Cf. p. 1, footnote 6.
4 This was given 1n the above form by 4. Cupelli, Giornale di Matematica,
Vol. 35, p. 209, 1897,
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5. The converse is of course cqually true and even more easily proved. Given
a nest (x, | ¥,) = o, we can consider all left endpoints x,, as forming a class 4,
and rnight endpoints a class B, and these two classes evidently furnish a section, which
defines the same number ¢ as the ncst 1tself. — A nest can accordingly be regarded
as a particular kind of section.

6. By our last remark, the method of scctions (for the definition of real
numbers) 1s superior 1n generality to that of nests. It 1s also quite as convenient
from the intuitional pont of view. For if we take, say, the section (A4 | B) in the
somewhat niore special form, mentioned in 2, of a section 1in the domain of real
numbers, then what our theorem imnplies 1s this. If we imagine all points of the
numbecr-axis separated into two classes 4 und B, thinking c¢. g. of points of the
one class as marked black and thosc of the other as white; and if, when this is
done, (1) there 1s at least one pomnt of each kind, (2) every black point lics to the
left of cvery white point, and (3) every pomnt on the number-axis is effcctually
coloured cither black or white, then the two classes must come into contact at a
perfectly definite place, and to the left of this place all is black, to the right of 1t all
1s white.

7. We must take care, however, not to accept the illustration just given as
a proof. IHad we not already with the help of nests of intervals invented the class
of real numbers, our thecorem could not be proved at all — any more than 1t could
be proved that every nest defines a number. We sunply agreed — and were amnply
justified by the result — to regard every nest as a number. In exactly the same
way we can agree — and this 1s actually the course followed by R. Dedekind **
in his construction of the system of real numbers — to regard every scction 1n the
domuin of rational numbers as a “real munber”, and we should then, exactly as
in our nvestigations n § 3, only have to examine whether this 1s pernussible; 1. e.
we should have to make sure whether the totality of all such scctions (4 | B) forms
a number system in the sensc of conditions 4 — which 1s not more diflicult than
the analogous investigations carried out 1n § 3.

Henceforward — and for the present exclusively —real numbers
form our working material. We may cven, if we please, drop the word
“real”; For the present, “number” shall invariably mean a real number.

Exercises on Chapter I.

1. From the fundamental laws 1 and 2 deduce the most important of the
further arithmetical rules, e. g. (a) the product of two negative numbers 1s positive ;
(b) a + ¢ < b + ¢ invariably imphes a < b; (c¢) for every a we have a-0 — 0;
etc.

2. When 1in 3, I, 4 are the signs of equality correct?

3. Express the following numbers as binary and as ternary fractions (1. e.
in scales of notation of which the bases are respectively 2 and 3):

131110
2’8 3 71T

find the first few figures of the binary and ternary fractions for v2, V'3, = and e.

42 Stetigkeit und irrationale Zahlen, Brunswick 1872,
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n ___ n
4. In the sequence 6, 7 prove x,, — al __Z , where a and B are the roots
of the quadratic equation x2 —= x 4 1. (kHhint: the sequences (2") and (8") have
the same law of formation as the sequence 6, 7.)

5. Form the sequence (x,) of numbers given, for n _2 1, by the formula

Npgy == axy b -1y

where @ and b are given positive numbers and the mitial terms x,,, x, 0, 1; 1,0,
-= 1, ; ==1, B; or are arbitrary. (Here « and B denote respectively the positive
and the necgative root of the equation x* — ax -} &) In each of the four cases
give an exphiat formula for x,,.

6. If /o, /1, /2, ... 1s a sequence of nested intervals (i. ¢. each contained
in the preceding) ahout whose lengths nothing further is known, then there 1s at
least one point which belongs to all the /,’s.

7. A real number ¢ 1s irrational, if we can find an ascending sequence of
integers (g,), such that ¢,o 1s not an integer for any #n, but if, when p, stands for
the integer nearest to q,0, (7,0 — p,) 1s a null sequence.

8. Prove that (v, | 3,,) 1s a nest in each of the following examples:

2 . 3 — 2 2__22_ .. 2
124 224 ... ] (n—1) :1_‘_1__“{_- | n (n=1.2,..);:

a) x, n® »Yn " n’ ’

b) 0 <Zx; <<3yand foreveryn "1, v, — Vi vam - Y (v 4 a);

C) 0 -2 \ < Moo ”» 1) ’ s ¥ptr T } (\.n -+ :\‘n)t Mopr \'Yn o Mps
- 1 . - Y . .

d) 0 -2 xy < Y1 ow ”» ”» ”» yVYntr - 2 (\n | .“n): Ykl V&g Myt
e — - / an . -1 - .

e) 0 < Ny XY ” ”» ’e s\p+kt VXV, MV Gl (\nFl -+ yn)’
— /A , . = (g ' .

f) 0 -7 IR ”» ”» ” y Va1t = VA ¥ny Xppr = 2 (\n, | M I)’

) <2 < 1 , . . ¥n"Vn
g) 0 <y <oy, » ”» ”» y¥nh 2 (V" k- :\,,): Npd1 -~ [ .
st

Evaluate the numbers defined in examples (a) and (g). (Cf. problems 91
and 92))

Chapter IL
Sequences of real numbers.

§ 6. Arbitrary sequences and arbitrary null sequences.

We now resume our considerations of § 2, — and generalise them
by allowing all the numbers which there occur to be arbitrary rcal numbers.
Since, with these, we may operate precisely as with rational numbers,
both the definitions and the thcorems of § 2 will, in all cssentials, remain
unchanged. We may accordingly be brief.
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°Definition!. If to each positive integer 1, 2, 3, ..., corresponds
a defimte real number x,, then the numbers

Xy, Xy Xgyeeay Xpyeoo

are said to form a sequence.

Examples 6, 1—12, may, of course, also serve here. Similarly, the Remarks
7, 1— 6 retan full vahidity. We give a few more examples, in which 1t 1s not 1im-
mediately apparent whether the numbers in question are rational or not.

Examples.

1. Teta— 03010 , .., i e. equal to the decimal fraction whose first few

digits were obtained 1n a footnote (p. 24) from the equation 10* — 2; and put
Xp==a® for n=-1,23, ..,
1

a-+n

3. Apply the method of succcssive bisection to the interval /, =0, . . 1,
taking first the left half, then twice running the right half, then for the next three
steps again the left half, then four times running the right half, and so on. Denote
the number 2 so defined by & (what 1s 1ts value, approximitely?), and put for x,,
successively,

4 b, = b, oF

2. With the same meanmg for a, let x,, =

1
b

1 1

— . 3
g g 1 B

1 2 2
_b’ +b-’—b’ 1

4. With the same meaning for b, put for x,, successively,
1—6, 146,154 11 b 1-0%1-+40%...

5. With the same meaning for a and b, let ¢, bz the middle point of the stretch
between them, 1. e. xy — 4 (a - b); x, the middle point between x; and b, x,,
that between x, and a, x,, that between x, and b; — 1. e. generally, x,,, ,, the middle
point between x,, and cither a, or b, according as 7 1s ¢cven or odd.

Definitions: °1. A4 sequence (x,) is said to be bounded if a constant
K exists, such that the inequality

|| = K
is satisfied for every n.

2. A sequence (x,) is said to be monotone increasing if x, < x,,, for
every n; monotone decreasing, if x, = x,,, for every n.

All remarks made 1n 8 and 9 retain their full vahdity.

! For the meaning of the mark ° cf. the preface, as also later the beginning
of § 52.
2 Written as a binary fraction, b —= 001100011110, .,
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Examples.

1. The sequences 23, 1, 2, 4 and 5 are evidently bounded. Sequence 3 is
not bounded, and in fact neither on the left nor on the rnight; for we certainly have

1 1
0<b <% and therefore pm > 2™ > m, and accordingly — g < —m Terms

of the sequence may therefore always be found, which are > K or < — K, how-
ever large the constant K is chosen. — For 5, the boundedness follows from the
fact that all the terms lie between a and b.

2. The sequences 23, 1 and 2 are monotone decreasing: the others are not
monotone.

The definition 10 of a null sequence and the appended remarks —
which the student should read through again carefully — also remain
unchanged.

° Definition. A sequence (x,) shall be termed a null sequence if,
subsequently to the choice of an arbitrary positive number €, a number ny = ny (€)
may always be assigned, such that the inequality 3

[%,] <e
is fulfilled for every n > n,.

Examples.

1. The sequence 23, 1 1s a null sequence, for the proof 10, 7 is valid for any
real a, for which |a| < L.

2. 23, 2 1s also a null sequence, for here | x, | < ;1-1, thercfore < ¢, provided
n > 1.

€

For null sequences — these will later on play a dominating part —
a number of quite simple theorems, which will be continually applied in
the sequel, will also be proved here. The following two, in the first place,

are obvious enough:

°Theorem 1. If (x,) is a null sequence and the terms of the sequence
(x,"), for every n beyond a certain value m, satisfy the condition | x,' | < | x|,
or, more generally, the condition

|22 | = K- |,

in which K is an arbitrary (fixed) positive number, — then x,' is also a null
sequence. (Comparison test.)

3 Given any positive real number ¢, a positive rational number €’ < € can be
designated; in fact, by the fundamental law 2, VI, we can fiad a natural number

1 1 . . N -
n > e and ¢’ == n satisfies the requirements. From this it follows that, for rational

sequences, the above defimtion is equivalent to the dcfinition 10, in spite of the
fact that only rational € were allowed there.

25.

26.
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Proof. If the condition |x,"| < K-|«,| is satisfied for n >m
and € > 0 is given, then by the assumptions we can assign n, > m, so
€
x
also have | x,’ | <&, (x,’) is therefore a null sequence.

The following theorcm is only a special case of the preceding:

that for every n >ny, | x,| < Since for these values of n we then

°Theorem 2. If (x,) is a null sequence, and (a,) any bounded sequence,
then the numbers
x, = a, x,
also form a null sequence.
On account of this theorem we say for short: A null sequence “may”
be multiplied by a bounded factor.

Examples.

1, If (»,) is a null sequence,
x x,
10 x,, TS, 10 x5, I(‘)’ 10x;...

is also a null sequence.

2. If (x,) 1s a null sequence, so is (| x, |).

3. A sequence, all of whose terms have the same value, say ¢, is certainly
bounded. If (x,) 1s a null sequence, (¢ x,) is therefore also a null sequence. In

c
particular, (;), (ca™) for | a| < 1, etc. arc null sequences.
The next propositions are less obvious:

°Theorem 1. If (x,) is a null sequence, then every sub-sequence (x,')
of (x,) s a null sequence 4.

Proof. If, for every n > ny, | x,| <e, then we have, ipso facto,
for any such #,
[ | = =, | <e,

since k,, is certainly > n,, when 7 is.
°Theorem 2. Let an arbitrary sequence (x,) be separated into two
sub-sequences (x,) and (x,'"), — so that, therefore, every term of (x,) belongs

to one and only one of these sub-sequences. If (x,") and (x,"") are both null
sequences, then so ts (x,) itself.

CIfky <ky <ky<...<k,<...is any sequence of positive integers, then
the numbers

Xy = X, n=123,...)

are said to form a sub-sequence of the given sequence.
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Proof. If a number £ > 0 be chosen, then by hypothesis a num-
ber »’' cxists, such that for every n > #', |2/| < e, and also a num-
ber #”, such that for every n > ", |2 |<e. The terms z,’ with
index < #' and the terms x” with index < #”, have definite places,
i. e. definite indices, in the original sequence (z,). If #n, is the higher
of these indices, then for every n > n,, obviously |z | <e, q.e.d.

O©Theorem 8. If (x,) is a null sequence and (x,)) an arbitrary
rearrangement® of it, then (x.') is also a null sequence.

Proof. For every #n > n,, |z,] <e&. Among the indices belong-
ing to the finite number of places which the terms x,, x,, ..., z,

occupy in the sequence (z,’), let #’ be the largest. Then obviously,
for cvery n > ', |z,/| < &; hence (z,/) is also a null sequence.

OTheorem 4. If (z.) is a null sequence and (x,') is obtained from
it by any fimite number of alterations®, then (x,) is also a null se
quence 7,

The proof follows immediately from the fact, that for a suitable
integer p%O, from some » onwards we must have x”’ =T . For
if every =z, for m > #n, has remained unchanged, and z,, has received
the index #' in the sequence (z,’), then in pomt of fact for every
n>n, ,

x =
if we put p=mn, —n'. " e’

Theorem 5. If (x,') and (x,”) are two null sequences and if the

sequence (x,) ts so related to them that from a certain m onwards

¢, <z, <= (n > m)

then (x,) is also a null sequence.

Proof Having chosen & > 0, we can chose ny, > m so that, for
every n > n,, — &< z,) and x,” < 4 ¢. For these »'s we then have,
ipso facto, —e<w, <+ ¢, thatis |z | <e; q e d.

51If ky, kgy « o« kyy - - . is a sequence of positive integers such that every in-
teger occurs once and only once in the sequence, then the sequence formed by

l-—-
Xy = Xk,

is said to be a rearrangement of the given sequence.

¢ We will describe this concept as follows: If we alter any sequence, by
omitting, or inserting, or changing, a finite number of terms (or by doing all three
things at once), and then renumber the altered sequence, without changing the
order of the terms left untouched, so as to exhibit it as a sequence (x,"), then we
shall say, (x,’) is obtained or has resulted from (x,) by a fimte mnnber of alterations.

7 It is precisely because of this theorem that one may say of a sequence that
the property of being a null sequence concerns only the ultimate behaviour of 1ts terms
(cf. p. 16).
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Calculations with null sequences, finally, are founded on the
following theorems:

OTheorem 1. If (x,) and (x,)) are two null sequences, then

(yn) = (xn + zn’) ’

i. e. the sequence whose terms are the numbers y, ==z, +,, is also
a null sequence. — Briefly. Two null sequences “may” be added term
by term.

Proof. If e >0 has been chosen arbitrarily, then by hypothesis
(cf. 10, 4 and 12) a numbcr 7, and a number 7, exist such that for every

n>n, | x| < ;, and for every n > ny, |, | < If n, is a number

€
9"
= ny and = ny, then for n > n,
’ ’ s
|9l = | ot 2 | S || + |2 | <5+ 5 =

(y,) is therefore a null sequence 8,

Since, by 26, 3 (or 10, 5), (— «,") is a null sequence if (z) is,
(y,)) = (x, — x,) is then by the above also a null sequence, 1. e. we
have the theorem-

OTheorem 2. If (x,) and (z,") are null sequcnces, then so fis
(¥,)) = (x, — ). Or briefly: null sequences “may” be subtracted term
by term

Remarks.

1. Since we may add fwo null sequences term by term, we may also do
so with three or any definite number of null sequences. For supposing this prov-
ed for (p—1) null sequences (z,"), (Z."), ..., (:t,‘]"”), i. e. supposing the
sequence

(@ + 2"+ -+ + 2P Y)

to be already recognised as a null sequence, Theorem 1 ensures that the
sequence (z,), for which

Ty = (3 + e e+ 2P0 4 2P,

ts also a null sequence. The theorem thus holds for every fixed number of null
sequences.

2. That two null sequences “may’ also be multiplied term by term, is
immediately clear from 26, 1, since null sequences, by 10, 11, are necessarily
bounded.

3. Term by term division, on the contrary, is in general not allowed, as

is already obvious, for instance, from the fact that when z, % 0, x—" is con-
n

1 1 .
stantly =1. If we take z, =3 :v,.'=?, then the ratios %”—; do not even pro
¢ ]
vide a bounded sequence.

8 For the last inequality 3, 11, 4 is used.
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4. In the case of other sequences (z,) also, little can be said in the first
instance about the sequence (%) of the rcciprocal values. The following is
n

an obvious, but often useful thcorem:

OTheorem 8. If the sequence (| z,|) of absolute values of the terms of (zn)
have a positive lower bound, — if, thevefore, a number y > QO exists, such that for
every n,

l Tn I Z 4 > 0,

then the sequence (—:c—) of reciprocal values is bounded.
n

In fact, from |z, | =y >0 it at once follows that for K=-1- we have
1

Tn

<K

for every n.

In order to increasc the scope both of the application of our con-
cepts and of the consiruction and solution of examples, we insert a
paragraph on powers, roots, logarithms and circular functions.

§ 7. Powers, roots and logarithms. Special null sequences.

As, in the discussion of the system of real numbers, it was not
our intention to give an exhaustive treatment of all details, but i1ather
to put fundamental 1deas alone in a clear light, assuming as known,
thereafter, the body of arithmetical rules and concepts, with which
after all everyone is thoroughly conversant, so here, in the discussion
of powers, roots and logarithms, we will restrict ourselves to an exact
elucidation of the basic facts, and then assume known the details of their
application.

I. Powers with integral exponents.

If x is an arbitrary number, we know that the symbol x* for positive
intcgral exponents k = 2 is defined as the product of k factors, all equal
to x. Here we have therefore only another notation for something we know
alrcady. By a! we mean the number x itself, and if x 5= 0, it is convenient
to agree, besides, that

2 represents the number 1, z~* the number ~£,‘— (k=1,2,3,...,
so that z? is defined for every integral p%o. For these powers*
with integral exponents, we merely emphasize the following facts:

1. For arbitrary integral exponents p and ¢ (%0) the three
fundamental rules hold:

P .x¢ = gxPt4; x?.y?.—_(xy)l’; (x?)¢1=x1’¢,

* 2P is a power of base x and expoment p. This continental use of the
word power cannot be here dispensed with, in spite of the slight ambiguny
resulting from by far the most frequent use of the word in English to designate
the exponent., This sense should be entirely discarded from the reader’s mind,
notably for § 85,2a and others. (Tr.)

29.
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from which all further rules may be deduced, which regulate calcu-
lations with powers?.

2. Since, in a power with integral exponent, merely a repeated
multiplication or division is involved, its calculation has of course te
be cffected by 18 and 19. If therefore x is positive and defined
for instance by the nest (z,!y,), with all 1its endpoints > 0 (cf. 1§, 5),
then we have simultancously with

~(@,l9,), #*—(=k|5t) at once,

for all positive integral exponcnts: and similarly — with appropriate
restrictions — for # <0 or k <L o.
8. For a positive x we have furthermore

k412 gk - =
zktl Zx according as le

as we at once deduce from x%l, if we multiply (v. 3,1, 3) by a*. —
And quite as simply we find:
If x,, , and the integral exponent %k are positive, then
xl’céx‘g" according as xléxg.
4. For positive integral exponents # and arbitrary @ and p we
have the formula

(@+b)"=a"+ (’{)a"‘lb + (g) an—2b® + ...
et ()
where (Z), for 1 <k < #n, has the mcaning

(n)=n(n—l)(n~—-2)...(n—k+l)
k 1.2 - 8 ... &

and (3) will be put—=1. (Binomial Theorem.)

II. Roots.
If @ be any positive real number, and %k a positive integer, then
k—
Va
shall denote a number whose k' power = 4. What interests us here
is solely the existence question: Is there such a number, and to what

extent is it determined by the problem thus set?
This is dealt with in the

9 In this, the value O for the base x or y is only admissible if the cor
responding exponent is positive.
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Theorem. There is, invariably, one and only one positive number & 30.

satisfying the equation Fea (@> o).
We write §=1A/a_ and call & the k*™ root of a.

Proof. One such number may immediately be determined by a
nest of intervals, and its existence thercby established We use the
decimal-section method. Since 0% = 0 < @, but, p denoting any positive
integer > a, p* > p > a, — there is one and only one integer g > 0

1 10
for which gké a < (g+ 1),‘.

Ihe interval J, determined by g and (g4 1) we divide into 10 equal
parts and obtain, in the manner now repcatedly worked out, a defi-
nite one of the digits 0, 1, 2, ..., 9, — which we may denote, say, by z,,
— and for which

(o4 5) gas e 1)

and so on, and so on. We therefore obtain a nest of intervals
(/) = (=,]y,) whose endpoints have definite values of the form

r,a=g+t bttt B=1,2,8,..)

and

Zy_y 2, +1
+ 10_ + + 107-1 + 10" °

If &= (z, Iy) be the number thereby determined, then since here all
endpomts of intervals are >0, it at once follows by 29, 2 that

&= (% | yE).
But, by construction, 28 < a < y* for every n, heuce, by § 5, Theorem 4,
we must have & —a

That this number & is, moreover, the only positive solution of the
problem, follows directly from 29, 3, since it was thcre pointed out
that for a positive £, = &, necessarily 5’;‘ + &, ie Fa.

If 2 is an even number, then — £ is also a solution of the
problem. We shall not, however, take this into account in the follow-
ing pages, but interpret the k" root of a positive number g as
meaning only the positive number &, completely and wuniquely deter-

E—
mined by 301, — For a =0, we may also put Va =01

10 g is the last of the numbers 0,1, 2, ..., p whose kth power is < a.

" In accordance with this we have, for instance, \/2® not always =z,
but always = |z|.

18 For negatlve a’s we will not define Va at all; we can, however, if

k is odd, write Va=—1/la1.
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o

We will not enter further into the rules for calculations with roots,
but consider them as familar to every one, and will only prove the
following simple thcorems:

29, 3 gives at once the

ko o ko )

Theorem 1. If a> 0 and a, > 0, then Va S Va, , according as

a éal . — Further we have the
n—
Theorem 2. If a > 0, then (l/a) is a monotone sequence; and
we have, more precisely,
— 3,
a>Va>Va >-->1, if a>1,
but
— 8
a<vVa<Va<- <1, ifa<l.

(For a =1, the sequence 1s of course =1.)
Proof DBy 29,3, a> 1 involves g*t! > g" >1, and thereiore
by the preceding thevrem, taking #(» - 1)!® roots,

" n+1,__
Va > Va >1.

Since for a <1 all the irequality signs are reversed, this proves the
whole statement. — Hence finally we deduce the

Theorem 3. If a > 0, then the numbers
z, = \7 a—1

form a null sequence (momotone by the preceding theorem).
Proof. For a=1, the assertion is trivial, as then z, =0. I

n,— n—
a >1, and therefore Va >1, ie. z,=Va — 1> 0, then we reason

as follows: By the inequahty of Bernoulli (v. X0, 7), \"/; =14z,

gives a=(1+4z)>14+nx, >nz,.

Consequently z, = |z, | < —z—, therefore (x,), by 26,1 or 2, is a null

scquence.
If 0<a<1, then —} >1, and so, by the 1esult obtained,

{2

1s a null sequence. 1f we multiply this term by term by the factors \”/_a,

n—
— which certainly form a bounded sequence, as ¢ < Va <1, — then
it at once follows, by 26, 2, that

(1 — 1"/;), and therefore also (z,),

is a null sequence, — q.e. d,
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III. Powers with rational exponents,

We again regard as substantially known, in what manner one may

pass from roots with integral exponents to powers with any rational
?
exponent: By a?, with integral p%O, q > 0, we mean, for any posi-

tive a, the positive number uniquely defined by

?
a? = (1%5)p.
P
If p > 0, then a may also be = 0; a? must then be taken to have
the value O.
With these definitions, the thrce fundamental rules 29, 1, i. e. the

formulae
ar a” =a™tr; @b = (ab)y; (a") =ar"

remain unaltered, for any rational exponents, and therefore calculations
with thcse powers are formally the same as when the cxponents are
integers.

These formulae contain, at the same time, all the rules for working
with roots, since every root may now bc written as a power with a
rational exponent. — Of the less known results we may prove, as
they are particularly important for the sequel, these theorems:

Theorem 1. When a > 1, — then a* > 1, if, and only if, r > 0. 32.
Similarly, when a < 1 (but positive), then a™ ts <1 if, and only if,
r>0.

Proof. By 31,2, a and 1%; are eithcr both greater or both less

. q“ p . .
than 1; by 29 the same is true of a and (Va) = a’ if and only if
p>0.

Theorem la. If the rational number » > 0, and both bases are

positive, then a’%al", according as a%al.

The proof is at once obtained from 31,1 and 29, 3.

Theorem 2. If a > 0, and the rational number v lies between the
rational numbers v and 1", then a' also always lies between a” and
ar’8, and conversely, — whether a be <, =or>1, and v <,
= or >17¢".

Proof. If, firstly, @ >1 and » <7”, then

v
ar

' ’
at' =a’ -a’ r=...r,_,_7..
a

13 The term ‘“between” may be taken, as we please, either to include
or exclude equality on both sides, — excepting when @ =1, and therefore all
the powers o’ also =1.

3 (Gg61)
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By Theorem 1, this already proves the validity of our statement for this
case, and in the other possible cascs the proof is quite as casy. — From
this proof we deduce, indeed, more precisely, the

Theorem 2a. If a >1, then to the larger (rational) exponent also
corresponds the larger value of the power. If a <1 (but positive)

then the larger exponent gives the smaller power. — In particular:
If the (positive) base a + 1, then different exponents give different
powers. — Hence we deduce, further,

Theorem 3. If (»,) is any (rational) null sequence, then the

numbers .
zn::a”_l’ (a>0)
also form a null sequence. If (r,) is monotone, then so is (x,).

_— n
Proof. By 31, 3, ({/a — 1) and (\/1— —_ 1) are null sequences.

If therefore ¢ > 0 be given, we can so choose #, and ng that
I”—
for n>u,, |Va ——1‘<8,
:/l — 1‘ <&,
| a

If m is an integer larger than both #, and #,, then the numbers

and for u > n,,

1 1
(az — 1) and (a m —1) both lie betwcen — ¢ and -} ¢, i. e
1 1
a® and a ™ lie betwcen 1 — g and 1 +¢.

By Theorem 2, g7 then lies between the same bounds, if » hes be-
1 .
tween — -;7 and - . By hypothesis we can, however, so choose »,,

that for every n > n,,
1 1 1
lr”l<—,; or —7n—<r”<+7n_;

for n > n,, a™ is therefore between 1 —¢ and 1-}-¢. Ilence, for
these #’s,
I an—1 | <e,
proving that (4" —1) is a null sequence. — That it is monotone, 1if
(r,) is, follows immediately from Theorem 2a.

These theorems form the basis for the definition of

IV. Powers with arbitrary real exponents.
For this we first state the
Theorem. If (x,|v,) is any nest of intervals (with rational end-
points) and a is positive, then
for a>1, o=/(a"]|a"

and for a <,1, o= (a'» ]a”‘)
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is also a mest of intervals. And if (x,|y,) is rational valued and =7,
then o = a’.

Proof. That in either case the left endpoints form a monotone
ascending sequence, the right endpoints a monotone descending se-

quence, follows at once from 32, 2a. By the same theorem, a™ < 4"
in the onc case (2 > 1) and 4"* < 4™ in the other (a < 1), for cvery #.
Finally, that in both cases the lengths of the intervals form a null
sequence, follows, with the aid of 26, from

laVn _ “’n‘ - ‘avn“’n__ ll.a"n;

for here the first factor, by 82, 3, is a null sequence, because (y, — )
is by hypothesis a null sequence with rational terms; and the second
factor is bounded, becausc for cvery »

0<a™ La™
in the one case (a > 1),
La"
in the other (a <1). o
Now if (x,|y,) =7, then » hes between z, and y,, for cvery =,
and so by 32,2, ar lies between g"» and a4, for every n; hence by
§ 5, Theorem 4, neccssarily ¢ = a’.
In consequence of this theorem, we may agree to the following
Definition ¥, If a0, and o= (x, 1y,) is an arbitrary real
number, then:
= (@™ |a%) it a1

a®=o, i e
=(a" |a®) if a<1,

This definitton can of course only be regarded as appropriate,
if the concept of a gemeral power thereby determined obeys substan-
tially the same laws as the type of power so far considered, that
with rational exponents. That this is so, in the fullest sense, is shewn
by the following considerations.

1. For rational exponecnts, the new definition gives the same result 34,
as the old.

2. If p == ¢, then 15 g¢ == g2,

14 This combination 33 of theorem and definition is, from the point
of view of mecthod, of exactly the same kind as thosc set forth in 14—19:
What is demonstrable in the case of rational exponents 1s raised, in the
case of arbitrary exponents, to the rank of a definition, — whose appropriate-
ness has then to be verificd.

15 This assertion, formally rather trivial in appearance, when put some-
what more explicitly, runs thus: If (z,]y,) =¢ and (z,”|¥,) =0’ are two nests
of intervals, which may be regarded as equal 1n the sense of 14, then so are
those nests of intervals equal (again 1 the scnse of 14), which by Definition 33

give the powers a2 and a¢’, ~
AL2483
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3. For two arbitrary real numbers g and g', and positive a and b,
the three fundamental rules

a¢-q¢ = gete’; (a('-b(') = (a b)Q; (aa)e' = gee’,

hold, so that with the general powers now introduced we may cal
culate formally in precisely the same way as with the special types
hitherto used.

Into the extremely simple proofs of these facts we will, as
emphasized on p. 49, not enter further!®; we will also, so far as
concerns the extension of theorems 32, 1—3 to general powers, now
immediately possible, content ourselves with the statement and a few
indications of the proof. We have therefore the theorems, generalized
from 32, 1—3:

Theorem 1. When a > 1, we have a® > 1 if, and only if, o0 > O.
Similarly, when a <1, (but positive), we have ae <1 if, and only
if, 0 > 0.

For by 82, 1, we have e. g. for a > 1, a®™ > 1 if, and only if,
z, > 0.

Theorem la. If the real number o is > 0, and both bases are
positive, then aé’éaf, according as aéa1 .

Proof by 32, 1a and 15.

Theorem 2. If a > 0 and o is between o' and ¢”, then a¢ is al-
ways between a? and a¢’. — The proof is precisely the same as
32, 2. It yields, more exactly, the

Theorem 2a. If a > 1, then to the larger exponent corresponds
the larger value of the power; if a <1 (but positive), then the larger
exponent gives the smaller power. In particular: If a 4= 1, then different
exponents give different powers. — And from this theorem, exactly as
in 82, 3, follows the final

16 As a model we may sketch the proof of the first of the three fundamental
rules: If o= (@, 7,) and ¢’ = (%' |7, then by 16, o+¢’ = @a -+’ | In-+ )
and therefore — we assume a =1 —:

a2 =(a® a¥), a? = (a™ | a¥n), atte’ = (gzten’ | g¥ntun'),

Since all endpoints (as powers with rational exponents) are positive, we
have, by 18,
a?.a? =(a%.q%" | g¥n.q¥n").

Since, however, for rational exponents, the first of the three fundamental rules
has alrendy been seen to hold, this last nest of intervals is not only equal, in
the sense of 14, to that defining a®*¢’, but even coincides with 1t term
by term.
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Theorem 3. If (o,) is any null sequence, then the numbers
r,=a —1 (a>0)

form a null sequence. If (o,) s monotone, then so is (x,).

As a special application, we may mention the

Theorem 4. If (x,) is a null sequence with all its terms positive,
then for every positive w,
n xna’
18 also the term of a null sequence. — Thus (—1&) for every ¢ >0 is a
null sequence, »

1
Proof Ife > 0be given arbitrarily, e is also a positive number. By
hypothesis, we can choose g so that, for every n > ny (cf. 10, 4 and 12),
1

| )
Ixn:_'xn<8 .

For n > n,, by 35, 1a, we then also have, however,
’
xﬂa = Ixﬂ I < e
which at once proves the whole statement.

The above theorems comprise the main principles used in cal-
culations with generalized powers.

V. Logarithms.

The foundation for the definition of logarithms lies in the

Theorem. If a >0 and b > 1 are two real, and in all further 36.
respects quite arbitrary numbers, then one and only one real number &
always exists, for which

bt =a.

Proof. That at most one such number can exist, already follows
from 38, 2a, because the base b with different exponents cannot give
the same value 4. That such a number does exist, we show con-
structively, by assigning a nest of intervals which determines it, —
thus for instance by thc method of decimal sections: Since b > 1,

"= (b—ln) is a null sequence, by 10, 7, and there exists, conse-
quently, since ¢ and % are positive, natural numbers p and g for which
b P<a and b"q<—al— or b >a.

If, now, we consider the various intcgers between — p and 4-g¢ in
succession, as exponents of b, there must be one, and can be only
one — call it g — for which

b <a, but ' >q.
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The interval J, = g...(g -+ 1) thereby determined we divide into 10
equal parts and obtain, just as on p. 51, a “digit” z,, for which
z atil
b'+‘°§a, but ' 10 >g.
By repetition of the process of subdivision we find a perfectly definite

nest of intervals
zll

2y~
xn=g+lj(15+ e + 10n11+10i’
E=(z,|y,), with
" " zl z’l—l zll+l
y,,=-“g—!‘ 10 e+ 10"—1 + 107°°
for which
bzn é a < bﬂn

for every m, — for which, therefore, in accordance with 33,
bt = a.
This theorem justifies us in the following

Definition. If a > 0 and b > 1 are arbitrarily given, then the real
number &, uniquely determined by

b¢=a
ts called the logarithm of a to the base b; and, symbolically,
§=logb a.

(g ¢s also called the characteristic, and the set of the digits z,, z,, 2, ...
the mantissa, of the logarithm.)

We speak of a system of logarithms, when the base b is assum-
ed fixed oncc for all and the logarithms of all possible numbers are
taken to this base b. The suffix b in log, is then usually omitted
as superfluous. Very soon a particular rcal number, usually denoted
by e, appears quite naturally as the most convenient for all theo-
retical considerations; the system of logarithms built up on this
base is usually called the system of natural logarithms. For practical
purposes, however, the base 10 is, as we know, the most convenient;
logarithms to this base are called common or Briggs’ logarithms. These
are the logarithms found in all the ordinary tables?'’.

The rules for working with logarithms we assume, as we did
with powers, to be already known, and content ourselves with a mere
mention of the most important of them. If the base b > 1 is arbitrary,

17 As a matter of course, a system of logarithms may also be built up on a
positive base less than 1. This, however, is not usual. The first logarithms cal-
culated by Napier in 1614 were, however, built up on a base 4 < 1, which presents
some small advantages, particularly for logarithms of trigonometrical functions,
Neither Napier nor Briggs, however, really used any base. The i1dea of logarithms
as the inverse of powers only developed in the course of the 18th century.
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but assumed fixed in what follows, and if a,a’,a” ... denote any
positive numbers, then

1. log (¢’ @") = log a’ | log a”. 37.
2. log1=0; log—;—-—_ —loga; logb=1.
3. loga? =ploga (o arbitrary, real).
4. logaélog @', according as a><a'; in particular,
5. log a% 0, according as a%l.
6. If b and b, are two different bases (>1), and ¢ and ¢, the
logarithms of the same number ¢ to these two bases, i. e.
& =logya, &, =logy, a,
£=£1']0gbb1) -

as follows at once trom (a =)b% = b, by taking logarithms on both
sides to the base b and taking account of 37, 2 and 3

then

1 . 1
1. (l'(E;z)’ n=23,4,... is a null sequence. In fact logm < &
1
provided log#n > %, that is, # >b*.

VI. Circular functions.

To introduce the so-called circular functions (the sine of a given
angle!®, with the cosine, tangent, cotangent etc.) in an cqually strict
manner, i e. avoiding on principle all reference to geometrical in-
tuition as element of proof and tounding solely on the concept ot
the real number, is at this stage not yet possible. This question will
be resumed later (§ 24). In spite of this, we will unhesitatingly enlist
them to enrich our applications and enliven our examples (but of
course never to prove genecral propositions), in so far as their know-
ledge may be presupposed from clementary work.

Thus e. g. the following two sunple facts can at once be ascertained: @7da.

1. If o, 0ty ..., @, ... are any angles (that is to say, any numbers), then

(sine,) and (cos «,)
are bounded scquences; und

18 Angles will in general be measured in radians If in a circle of radius
umity we nnagine the radius to turn from a defimte initial position, then we
mecasure the angle of turning by the length of the path which the extremity
of the moving radius has traversed — taking it as positive when the sense of

turming is counterclockwise, otherwise as megafive. An angle is accordingly a
pure number; a straight angle has the measure + & or — &, a right angle the

ineasure +—g- or —i:;-. To every definitely placed angle there belongs an
infinite number of mecasures which, however, differ from one another only by
integral multiples of 2z, i. e. by whole turns. The measure 1 belongs to the
angle, the arc corresponding to which is equal to the radius, and which there-
fere in degrees is 57917’ 44”.8 nearly.
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(sin (x,,) and (cos a,.)
n n

are (by 26) null sequences, for their terms are derived from thosc of the

2. the sequences

null sequence (%) by multiplication by bounded factors.

VII. Special null sequences.
As a further application of the concepts now decfined, we will
examine a number of special sequences:
O1 If |a| <1, then besides (a”) even (M @™) is a null sequence.
Proof. Our reasoning is analogous to that of 10, 71: For
a=0, the assertion is trivial; for 0 <|a|<1, we may wnte,
with o > 0,

|a| = -l—-, and therefore |a"|=-—, - r
(e ()
1/ev nl®
Since here in the denominator each term of the sum is positive, we
have for every n > 1,

|a™| < (nl) o therefore |na™| < (n—_l_%—b—g
2 (4
Thus we have
n 1.2
|na®| < & as soon as m<a

i. e. for every
2
n>1 +;?.

The result thus proved is very remarkable: it asserts, in fact,

that for a large # the fraction is very small, and its denominator

n
(1+0)"
therefore very much greater than its numerator. This denominator is
however constant (=1) for p =0, and when g is very small (and
positive), it only increases very slowly with n. Nevertheless, our result
shows that provided only # be taken sufficiently large, thc deno-
minator is very much larger than the numerator 2. The point 7, from

2

which |na"| = lies below a given ¢ — we found #, =14~ e

L
(1+o"
does indeed lie very far to the right, not only when ¢, but also when

0= I—i |~ 1, is very small (i. e. |a| very near to 1). Substantially this

19 Except that @ and g need no longer be rational.
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and only this is truc: However |a| <1 and € > 0 may be given, we
have always, from a readily assignable point onwards, | na" | <-«.

From this result many others may be deduced, e. g. the still more
paradoxical fact:

°2. If |a| <1 and « real and arbitrary, then (12*a") is also a null
sequence.

Proof. If o <0, then this is evident from 10, 7, because of 26,

1

2; if « > 0, write |a|;= a,, so that by 35, la, the positive number
a, is also << 1. By the preceding result, (n a,"”) is a null sequence. By
35, 4

[na,]%, i.e. n*|a|® or |n*a"|,

therefore, finally, (by 10, 5), n* a itself is also the term of a null sequence 2.

3. If ¢ > 0, then (loiun) is a null sequence *3, to whatever base b > 1

the logarithms are taken.
Proof. Since b > 1, o > 0, we have (by 35, 1a), b° > 1. There-

fore (( b%l) ,i)

from a certain point onwards, — say for every n > m —

is a null sequence, by 1. Given € > 0, we have consequently

n r €
(b’)"' <€ = bo
But, in any case,

logn _g+1_ ,,. 8+1

no (bv)° (6°)o+°

if g denote the characteristic of logn (so that g <logn <g -+ 1). If,
therefore, we take n > b™, log n, and a fortiori g + 1, is > m. Hence the
last valuc above, with our choice of m, is

log n

n()’

<b- & =g <e for every n>mn,=>b",

be

20 Writing as above |a| = , |na®| — we may also say:

1 L
I+ QQ +eyv
(1 4- @)™ becomes — for a positive ¢ — more pronouncedly large, or, also more pro-
nouncedly infinite, than n itself, — by which we again (cf. 7, 3) mean nothing more
and nothing less than that our sequence is precisely a null sequence. — For future
reference we remark here that the results proved in 1 and 2 arc also valid for a
complex a, provided only | a| < 1.

21 With the same change of notation as above, we may say here: “(1 4 g)"
becomes more pronouncedly infinite than every (fixed) power however large of =
itself”,

22 Or, in words, ‘“log n becomes less pronouncedly large than every power, how-

ever small (but determinate and positive), of n itself”’.
3 (c51)
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4. If o and 8 are arbitrary positive numbers, then

(Qosm)*.
n I

is a null sequence —, however large o and however small B may be®.
log n B .
Proof. By 3, (},ﬂﬁ Tz—>0’ by
335, 4, therefore, so is the given sequence.

) is a null sequence, beccause

n__

5. (wn)E(Vn—l) is a null sequence. (This result is also very
remarkable. For when # is large, we have a large number under
the V ; the exponent of the V s, it is true, also large; but it is
not at all evident a priori which of the two — radicand or exponent —
will, so to speak, prove the stronger.)

n__
Proof. For n>1, we cerlainly have V#n >1, therefore

n __
x, = Vn — 1 certainly > 0. Hence 1n

== (et (1)

all the terms of the sum are positive. Consequenily we have, in
particular,

n .2~_i("_‘i) ?
'n>(2>:1,” = 179 x

n
or 24

Hence

n__
so that (z,) = Vn — 1 is in fact by 26,1 and 3%, 4 a null scquence.
6. If (=, is a null sequence whose terms are all > — 1, then for
every (fixed) integer k, the numbers

ke
xp=V1+a,—1

also form a null sequence®®.

#3 «Every power of log =z, however large, (but fixed) becomes less
pronouncedly large than every power of = itself, however small (but fixed).

% The substitution, when n>1, of the value n——;- for (n — 1) which
it cannot exceed, is an artifice often useful 1n simplifying calculations.

2% By the assumption that all z,’s > — 1, we merely wish to ensure that
the numbers z,” are defined for every n. From a definite pont onwards
this is automatically the case, since (x,) is assumed to be a null sequence and
therefore from some point certainly |z, | < 1, and hence z, >—1.
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Proof. From the formulae set forth on p. 22, Footnote 13, where
R
we put @ = V1 Fx, and b=1, it follows that?2®

xl= - Zn

W s e

therefore, since the terms in the denominator are all positive and
the last is 1,
’ .
lxn I é Ixn I ’
whence, by 26, the statement at once follows.

7. If (x,) is a null sequence of the same kind as in 6., then
the numbers

y.=log (1 -+ x,)

also form a null sequence.
Proof. If 5 >1 is the base to which the logarithms are taken, and
€ > 0 is given, we write
b—1=¢g, 1—bc=g¢g

so that we have €; = b g, > €, > 0. We then choose n, so large, that
for every n > m,, | %, | < e, For those #’s we have, a fortiori,

— g T X, <&, e b <1 x, << bty
therefore (by 35, 2 or 37, 4)
[ n] == log (1 -+ x,) | <e;

with which the statement is proved.
8. If (x,) is again a null sequence of the same kind as in 6.,
then the numbers

zn=(1+'rn)e—1

also form a null sequence, if o denote any rcal number.
Proof. By 7. and 26, 3, the numbers

o, =e-log(l+2)

form a null sequence. By 35, 3 and 37, 3 the same is true of the numbers

b —1= (1 -+ xn)g — 1= q- ¢ d

n?

1 We assume k =>2, since for k=1 the assertion is trivial.
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§ 8. Convergent sequences.
Definitions.

So far, when considering the behaviour of a given sequence, we have
been chiefly concerned to discover whether it was a null sequence or not.
By extending this point of view somewhat, in a manner which readily
suggests itself, we reach the most important conccpt of all with which
we shall have to deal, namely, that of the convergence of a sequence.

We have already (cf. 10, 10) described the property which a sequence
(x,) may have, of being a null sequence, by saying that its members
become small, become arbitrarily small, with incrcasing n. We may also
say: Its terms, as n increases, approach the value 0, — without, in general,
ever reaching it, it is true; but they approach arbitrarily near to this
value in the sense that the values of its terms (that is to say, their differences
Jrom 0) sink below every number € (> 0), however small. If we substitute
for the value O in this conception any other real number ¢, we shall be
concerned with a sequence (x,) for which the differences of the various
terms from the definite number & — that is to say, by 3, II, 6, the valucs
| x, — &|, — sink, with incrcasing #, below every number € > 0, how-
ever small.

We state the matter more precisely in the following:

° Definition. If (x,) is a given sequence, and if it is related to a
definite number ¢ in such a way that

(xn - g )
forms a null sequence?, then we say that the sequence (x,) converges
to &, or that it is convervgent. The number ¢ is called the limiting value
or limeit of this sequence; the sequence is also said to converge to §, and
we say that its terms approach the (limiting) value £, tend to &, have the
limit £, This fact is expressed by the symbols
X,—>E or limx,=E§.
To make it plainer that the approach to ¢ is effected by taking the index n
larger and larger, we also frequently write *

xX,—>§ for > or limx,=
n—>w

Including the definition of a null sequence in the new definition,
we may also say:
x, > & for n—> o (or limx, = £) if for every chosen € >0, we can
n—>m

always assign a number ny = ny (), so that for every n > ny, we have
| %, — €| <e.

1Or (¢ — xp) or | x, — £|; by 10, 5 the result is exactly the same.

2 Read: “x, (tends) towards ¢ for n tending to infinity” in the one case, and
“Limit x, for n tending to infinity equals £’ in the other. In view of the definitions
40, 2 and 3, it would be more correct to write here “n - + ®’; but for simplicity
the + sign is usually omitted.
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Remarks and Examples.

1. Instead of saying “(x,) is a null sequence’”, we may now, more shortly,
write “x,, = 0”. Null sequences are convergent sequences with the special limiting
value 0.

2. Substantially, all remarks made in 10 therefore hold here, since we are
concermned only with a very obvious generahisation of the concept of a null sequence.

3. By 31, 3 and 38, 5, we have fora > 0

»\"/E—»l and \”/n > 1,

4. If (x, | y,) = o, then x), - 0 and y,, — o. For both
|x, — o] and also |y, — o] are =|y,—x,],

so that both, by 26, 1, form null sequences together with (y, — x,,).

) . 14 65
5. Forx, =1— (- nz , that is, for thc sequence 2, > ‘—::, Bg > 1,

1
for |x, — 1| = n forms a null sequence.

6. In geometrical language, x, -> £ means that all terms with sufficiently
large indices lie 1n the neighbourhood of the fixed point £. Or more precisely (cf.
10, 13), 1n every e-ncighbourhood of £, the whole of the terms, with at most a finite
manber of exceptions, are to be found 3. — In applying the mode of representation
of 7, 6, we draw parallels to the axis of abscissae, through the two points (0, £ + )
and may say: x, -> £, if the whole graph of the sequence (x,), with the exception
of a finite 1nitial portion, lics 1n cvery e-strip (however narrow).

7. The lax mode of expression: ‘“for n = ®©, x, = £’ instead of x, - §,
should be most emphatically rejected. — For an integer n = oo does not exist and
v, need never be = (. We are concerned merely with a process of approximation,
sufficiently clear from all that precedes, which there is no ground whatever for
imagining completed 1n any form. (In older text books and writings we frequently
find, however, the symbolical mode of wrting: “lim x,, = £”, to which, since 1t

n-—=o0

1s after all meant only symbolically, no objection can be taken, — excepting that
1t is clumsy, and that wrniting “n — 00’ must necessarily create some confusion
regarding the concept of the infinite in mathematics.

8. If x, - £, then the isolated terms of the sequence (x,) are also called
approximations to £, and the difference ¢ — x,, is called the error corresponding to
the approximation x,.

9. The name “convergent” appecars to have been first used by ¥. Gregory
(Vera circuli et hyperbolae quadratura, Padua 1667), and “divergent” (40) by Bernowlli
(Letter to Letbms of 7. 4. 1713). It was through the publications of A. L. Cauchy
(see p. 72, footnote 18) that a limiting value came to be denoted generally by the
prefixed symbol “lim”. The arrow sign (=), which is so particularly appropriate,
came into common use after 1906, through the works of G. H. Hardy, who himself
referred it back to J. G. Leatham (1903).

To the definition of convergence we at once append that of diver-

gence:
° Definition 1. Ewvery sequence which is not convergent in the sense

of 39 is called divergent.

2 Frequently this is expressed more briefly: In every e-neighbourhood of
¢ “almost all” terms of the sequence are situated. The expression ‘‘almost all”
has, however, other meanings, e. g. in the Theory of Sets of Points.

40.
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With this dcfinition, the sequences 6, 2, 4, 7, 8, 11 are certainly
divergent.

Among divergent scquences, one type is distinguished by its
particularly simple and transparent bchaviour, e. g. the sequences (n?),
(n), (a") for a > 1, (logn), and others. Their common property is
evidently that the terms increase with increasing # beyond every bound,
however high. Ior this rcason, we may also say that they tend to 4 oo,
or that they (or their terms) become infinitely large. This we put
more precisely in the following

Definition 2. If the sequence (x,) has the properly that, given an
arbitrary (large) positive number G, another number ny can always be
assigned such that for every n > n,

x, - G,

then * we shall say that (x,) diverges to |- ®, tends to -+ o, or is definitely
divergent ® with the limit - o ; and we then write

X, >+ o (form—> o) or kmx,= -+ o0 or limx,= -+ 0.
n—>x%

We are merely interchanging right and left by defining further:

Definition 3. If the sequence (x,) has the property that, given an
arbitrary negative number — G (large in absolute wvalue), another number
ny can always be assigned such that for every n > n,

xll<—Gl

then we shall say that (x,) diverges to — a0, tends to — oo or is definitely
divergent > with the limit — oo, and we write

X, > — 0 (forn—> ©) or limx,=—o0 or limx, =— .
n-—>aw

Remarks and Examples

1 The sequences (n), (n?), (n®) for & >0, (logn), (log n)* for « >0,
tend to 4 oc; those whose terms have these values with the negative sign
tend to — 0O.

2.In general* If z,— 4 00, then x,/ = — 2z, — — 00, and conversely. —
It is therefore sufficient, substantially, to consider divcrgence to 4+ 0 1in what
follows.

3. In geometrical langnage, z, — + 0O means, of course, that however a
point G (very far to the right) may be chosen, all points z,, except at most a
tinite number of them, remain beyond it on the right. — With the mode ot

4 Notice that here not merely the absolute values |z, |, but the numbers z,
themselves, are required to be > G.

5 It is sometimes even said, — with apparent distortion of facts, — that
the sequence converges to 4+ 00. The reason for this is that the behaviour
described in Definition 2 resembles in many respects that of convergence (39).
We will not, however, subscribe to this mode of expression, although a mis-
understanding would never have to be feared. — Similarly for — 0.
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representation in 7, 6, it means that* howcver far above the axis of abscissae
we may have drawn the parallcl to it, the whole graph of the scquence (x,) —
excepting a finite initial portion, lies still further above 1t.

4. The divcrgence to 4 0O nced not be monotone; thns for instance the
sequence 1, 21, 2,22 3, 23, 4,24, ..., k, 2%, ... also divcrges to 4 00.

5. The succession 1, —2, 43, —4, ..., (= 1)"~*#u, ... docs not diverge
to 4+00 or to —00. — This leads us to the furthcr

Definition 4. A sequence (x,), which either converges in the sense
of definition 89, or diverges definitely in the sense of the defini-
tions 40, 2 and 3, will be said to behave definitely (for n— o).
All other sequences, which therefore neither converge, nor diverge defini-
tely, will be called indefinitely divergent or, for short, indefinite®.

Remarks and Examples.

1. The scquences [(— 1)*], [(—2)*], (a") for a < —1, and hkewise the se-
quences 0,1,0,2,0,8,0,4,...and 0, —1, 0, —2, 0, -3, ..., as also the sc-
quences @, 4, 8 are obvionsly indefimtely divergent.

2. On thc contrary, thc sequence (] a”|) for arbitrary a, and, in spite of
all irregulanties in detail, the sequences (3" (—2)"), (#-+ (—1)"log =),
(n® 4+ (— 1)" n), show definite bchaviour.

8. The geometrical interpretation of indefinite behavionr follows imme-
diately from the fact that there is neither convergence (v. 39, 6) nor definite
divergence (v. 40, 3, rem 3).

4. Both from z, —+4-00 and from z,-—»—00 it follows, provided every

1
term + 07, that Z—»O; for |z, | > G=%- cvidently imphes 3:1—— < 8. — On

the other hand, z, —0 1n no way involvcs definite behaviour of (—);—).
) — 1) 1\ o e
Example: For z, = T we have z, — 0, but = indefinitely diver-
n
gent. — We have however, as 1s easily proved, the
Theorem: If (x,) 1s a null sequence whose teyms all have the same sign,

then the sequence (—:—) is definitely divergent; — and of course to + 0O or

‘n
— 00, according as the x,'s are all positive or all negative.

8 We have therefore to consider three typical modes of behaviour of a
cquence, namely: a) Convergence to a number &, in accordance with 39;
b) divergence to 4 00, 1n accordance with 40, 2 and 3; c) neither of the
wo. — Since thc behaviour b) shows somc analogy with a) and some with c),
modes of expressions in usc for it vary. Usually, 1t is true, b) is reckoned as
livergence (the mode of ecxpression mentioned in the last footnote cannot
be consistently maintained) but “limiting values” 4-00 and — 00 are at the
ame time spoken of. — We therefore speak, in the cases a) and b), of a de-
inite, in the casc c) of an indefinite, bchaviour; in case a), and only in
this case, we speak of convergence, in the cases b) and c) of divergence. —
Instead of “definitcly and tndefinitely divergent”, the words “properly and im-
properly divergent” are also used Since, howcver, as rcmarked, definite di-
vergence still shows many analogies to convergence and a limit is still spoken
of in this case, it does not secm advisable to designate this case prccisely as
that of proper divergence.

? From some place onwards this is certainly the case
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To facilitate the understanding of certain cases which frequently
occur, we finally introduce the following further mode of expression:

O Definition 5. If two sequences (z,) and (y,), not mecessarily con-
vergent, are so related to ome another that the quotient
Tn
Yn
tends, for n— -j-00, to a definite finite limit different from
zerod, then we shall say that the two sequences are asymnptotically
proportional and write briefly

Zy ™~ Y-

If in particular this limit is 1, then we say that the two sequences are
asymptotically equal and write, more expressively
. xu o yn M
Thus for instance

‘/;;‘iil‘__f\_f,n, log (5 #" 4 23) ~ log n, yn+l—\/-17~Vl-,:,
n

14+24---4n~Avn?, 19422 fceepnt e i nd.

These designations are due substantially to P. du Bois-Reymond (Annali
di matematica pura ed appl. (2) IV, p. 338, 1870/71).

To these definitions we now attach a serics of simple, but quite

fundamental
Theorems on convergent sequences.
41. O©Theorem 1. A convergent sequence determines its limit quite
uniquely®.

Proof. If x,— £, and simultaneously z, — &', then (z, — &) and
(=, — &) are null sequences. By 28, 2,

(@ =& — (@, —8)=FE -9

is then also a null sequence, i.e. £ = ¢, q. e.d. 0

8 z, and ¥, must then necessarily be $ 0 from some place onwards. This
is not required for every n in the above definition.

® A convergent sequence therefore defines (determines, gives...) its
limit quite as uniquely as any nest of intervals or Dedekind section defines the
number to which it corresponds. Thus from this point we may consider a real
number as giwen if we know a sequence converging to it And as formerly we
said for brevity that a nest of intervals (z,|y,) or a Dedekind section (4 |B)
or a radix fraction s a real number, so we may now with equal right say that
a sequence (%,) converging to £ s the real number &, or symbolically: (z,)=§.
For further details of this conception, which was used by G. Cantor to construct
bis theory of real numbers, see pp. 79 and 95,

10 The last step in our reasoning, by which the reader may at first sight
be taken aback, amounts simply to this: If with respect to a definite numerical
value ¢« we know that, for every ¢>0, we always have |a|<Ce, then we



3§ 8. Convergent sequences. by

° Theorem 2. A convergent sequence (x,) is invariably bounded. And
if | x, | = K, then for the limit £ we have | ¢ | =< K.
Proof. If x,— &, then we can, given € > 0, assign a number m,

such that for every n > m
E—e<x, <E&+e

If thercfore K, is a number greater than the m values |, |, | 5], . - .,
| %4 |, and greater than | ¢ | 4 €, then obviously

x| < K,
for cvery n. Now let K be any bound of the numbers | x, |. If we had
| €| > K, then || — K >0 and therefore, from some place onwards

in the sequence,
[l — x| = — ¢l <|é]—K

and thercfore | x, | > K, which is contrary to the meaning of K.

° Theorem 2a. x,—> ¢ implies | x, | —| € |.

Proof. We have (v. 3, 11, 4)

12| = €] S 12— €15

therefore (| x,| — | £]) is by 26, 2 a null sequence when (x, — £) is.

° Theorem 3. If a convergent sequence (x,) has all its terms different

from zero, and if its limit & is also == 0, then the sequence (;1-) s bounded;
n

or in other words, a number y > 0 exists, such that | x,| = y > 0 for every
n; the numbers | x, | possess a positive lower bound.

Proof. By hypothesis, 3| §| =€ > 0, and therc exists an integer
m, such that for every n > m, | x, — £ | < e and therefore | x, | > 3| £] 12
If the smallest of the (m - 1) positive numbers | x, |, | 2], . . ., | %,,]
and 1| £&| be denoted by y, then y >0, and for every n, |x,| =7,

Li<k=1 qed
Y

Xn

If, given a scquence (x,) converging to £, we apply to the null se-
quence (x, — £) the theorems 27, 1 to 5, then we immediately obtain
the theorems:

necessarily have « = 0. For 0 is the only number whose absolute value is less than
every positive €. (In fact | 0] < € is true for every € > 0. But if « 3 0, so that
| @] > 0, then | «| is certainly not less than the positive number € = }| « [.) Simi-
larly, if we know of a definite numerical value « that, for every ¢ > 0, we always
have « < K + ¢, then we must have further « < K. The method of reasoning
involved here: “If for every € > 0, we always have | « | < ¢, then necessarily « = 0”
is precisely the same as was constantly applied by the Greek mathematicians (cf.
Euclid, Elements X) and later called the method of exhaustion

11 I{ere the sign of equality in “| § | < K’ must not be omitted, even when,
for every n, | x, | < K. .

12 For n > m, all the x,,’s are therefore necessarily == 0.
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OTheorem 4. If (z,') is a sub-sequence of (x,), then
z,—& implies x—E.

OTheorem 5. If the sequence (x,) can be divided into two sub-
sequences™® of which each converges to &, then (=) itself converges to &.

OTheorem 6. If (x,) is an arbitrary rcarrangement of x,, then

x —& implies x]—E&.

OTheorem 7. If x — & and (x,) results from (x,) by a finite
number of alterations, then x| —§&.

OTheorem 8. If x,/—¢& and =) — &, and if the sequence (x,) is
so related to the sequences (x,) and (x,”) that from some place onwards,
(i. e. for every n =m, say,)

xn' é , g xn”’
then x, — &.

Calculations with convergent sequences are bascd on the following
four theorems:

OTheorem 9. z,— & and y, — 0 always implies (x,+y,)— &+,
and the corresponding statement holds for term by term addition of any
fixed number — say p — of convergent sequences.

Proof. If (x, — &) and (y, — %) are null sequences, then so, by
28,1, is ((x, +v,) — (£ + 7). In the same way, 28, 2 gives the

©Theorem9a. x,—& and y,— 1, always implies (x, — v,)—&— 7.

©Theorem 10. z,— & and y,— 17, always implies z,y, —E&1,
and the corresponding statement holds for term by term multiplication
of any fixed number — say p -— of convergent sequences.

In particular: z,—¢& implies cx,—c&, whatever number p
denote.

Proof. We have

xnyn*§n=(xn_§)yn+(yn_77)5;
and since here on the right hand side two null sequences are multi-
plied term by term by bounded factors and then added, the whole
expression is itself the tcrm of a null sequence, q. e. d.
OTheorem 1l. z,— & and y,—n always implies, if every x, 40
and also £ 40,

Proof. We have

Yo _ M _Vnb—2am __ Un—mE—(@a—8)n

2 E ) xn'& xn'f

13 Or three, or any definite number.
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Here the numerator, for the same reasons as above, represents a null

are, by theorem 3, bounded. Therefore

1
sequence, and the factors Pz

the whole expression is agamn the term of a null sequence. — Only
a particular case of this is the
°Theorem 11al. x,-> ¢ always implies, if every x, and also ¢ are

:*:0’ l 1

P

xy &

These fundamental theorems 8—11 lead, by repecated application,
to the following more comprchensive

°Theorem 12. Let R =R (2, 2™, 2®, .. ., 2®) denote an ex-
pression butlt up, by a finite number of additions, subtractions, multi-
plications, and divisions, from the letters xV, 2™, ..., P, and arbutrary
numerical coefficients'®; and let

=), @), ... (=P

be p given sequences, converging respectively to £V, E®, ..., E® . Then
the sequence of the numbers

R, = R(xgl), x;f’, e x,('pl)_,R(é:(l)' E@ 5(,,))

provided neither in the evaluation of the terms R, nor in that of the
number R(EW, ED, ..., &), division by O is anywhere required.

These theorems give us all that 1s required for the formal mani-
pulation of convergent sequences: We give a few more

Examples.
1. z, — & implics, if a > 0, nvariably, 42,

a™—~at.
For

a*n —ab =at (a"""‘e-— l)

ts a null scquence by 89, 3
2. x, — & mmplies, if every x, and also § arc >0, that

logar, —log §.
Proof. We have
log z, — log & = log —'22 =log (1 + f"éﬁ)

rn—§&

which by 88, 7 is a null sequence, since z, >0 implics -—E_

>-1.

1 In theorems 3, 11 and 1la, it is sufficient to postulate that the limit of
the denominators is ¥ 0, for then the denominators are, from some index m on-
wards, necessarily & 0, and only “a finite number of alterations” need be made,
or the new sequence need only be considered for n > m, to ensure this being the

case for all.
18 More shortly: a rational function of the p variables ™, x®, . . | a® with

arbitrary numerical coeflicients.
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3. Under the same bypotheses as in 2., we also have, for arbitrary real p,

w,f-»g@
Proof. We have

0 xif xn_ee
il

which by 38, 8 is a null sequence !¢, since g”—fr—-é > — 1 and tends to 0 as n — 00O,

(This 1s to a certamn extent further completed by 35, 4.)

Cauchy’s theorem of limits and its generalisations.

There is a group of theorems on limits!? essentially more pro-
found than the above, and of great significance for later work, which
originated in their simplest form with Cauchy'® and have in recent
times been extended in different directions We have first the simple

OTheorem 1. If (x,, 2,,...) is @ null sequence, then the arith-

mettc means
z Tt Et .. T

A g R n=0,12...,

also form a null sequence.
Proof. If ¢ is given > 0, then m can be so chosen, that for
every # > m we have Ixnl < % For these n’s, we then have

En—m
2 n41°

|2+ 2,4+ oo o 2
|$"'I§—) ln_*_l +

Since the numerator of the first fraction on the right hand side now
contains a fixed number, we can further determine m,, so that for

n > n, that fraction remains < —;— But then, for every n >mn,, we

have |«,'| <e¢, — and our theorem is proved. — Somewhat more
general, but ncvertheless an immediate corollary of this, is the
OTheorem 2. If x,— &, then so do the arithmetic means

Tyt 2,4 ... +2
&) =t —— ¢

16 Examples 1. to 8. mean — in the language of the theory of functions —
that the function a% is continuous at every point, the functions logx and z¢
at every positive point.

17 The reader may defer the study of these theorems until, in the later
chapters, they come into use.

18 Augustin Lows Cauchy, born 1789 in Paris, died 1857 in Sceaux. In
his work Analyse algébrique, Paris 1821 (German edition, Berlin 1885, Julius
Springer) the foundations of higher analysis are for the first time developed
with full rigour, and among them the theory of infinite series. In what follows
we shall frequently have to refer to it; the above theorem 2 may be found on
p- 59 of that treatise.
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Proof. By theorem 1,

((xo_‘f) + (@ —nej-':‘ <ot (@n —E)) — (w"l _ 5)

is a null sequence when (z, — &) is, q.e d.
From this theorem, the corresponding one for geometric means
now follows quite easily.

Theorem 3. Let the sequence (y,, ¥y, ---)— 7, and have all its
members and iis limit n positive. Then also the sequence of geo-
metric means

. ____
Y =Vy e Y1

Proof. From y, —»7, since all the numbers are positive, we
deduce, by 42, 2, that

z, = log y, —& = log 7.

By theorem 2, it follows that

[
x“' —_ ?l__’_:ﬁ’i”.—_’-f’! = log Vyl Yy ...y, =log y”'—->log 7.

By 42, 1, this at once proves the truth of our statement.

Examples.

1. ——————— -0, Dbecause —L——» 0.
n . /93 n ”
2. Vn=‘/1.1-.~2<...n:—1-—>1, because ;—_—i—-»l.

. n__
8. —1, because Yn—1.

n
4. Because (l -1—%) —¢ (v. 46 a in the next §), we have by theorem 3,

VT T T - Y e
v Vnl

or, therefore,

1 r— 1
—n—Vn! -

n__
a relation which may also be noted in the form “y/ nl_.g—:'—”.
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Essentially more farreaching, and yet as easily proved, is the
following genecralisation of Cauchy’s theorems 1 and 2, due to
- Toeplitz"?:

" OTheorem 4. Let (%, «,,...) be a null sequence and suppose
the coefficients a,, of the sysiem

2o
20 %1
(A) @30 @Ay Aas
....... e e
2po %1 an2 s Ay,

salisfy the two conditions:
(a) Every column contains a null sequence, i. e. for fixed p >0

a,,—>0 when n— + oco.

(b) There exists a constant K, such that the sum of the absolute
values of the terms in any one row, t.e., for every n, the suin

lanol + Ianl I + .- +lann| remains < K.

— Then the sequence formed by the numbers

[
xn - “no"’o —‘}_ anlxl _*~ an2x9 + b + ann xn
is also a null sequence.
Proof. If ¢ 1s given > 0, determine m so that for cvery n > m

|z, | < 2—% ‘Then for those #’s,

Ixn’l< Ian0x0+ ot +anmxm|+—%'

By the hypothesis (a), we may now (as m is fixed) choose n, > m,
&
so that for every n > n,, we have |a 2, + -+ a,, %, | < 5 Since

for these #’s |xn'| is then < g, our theorem is proved.
In applications it is useful to have the following

OComplement. If, for the coefficients a.., are substituted other
numbers Ay = A -0x1, obtained from the numbers a,; by multiplication

19 Cauchy’s Theorem 1 has been gcneralised in several ways, in particular
by ¥. L. W. V. Jensen (Om en Sitning af Cauchy, Tidskrift for Mathematik, (5)
Vol. 2, pp. 81—84, 1884) and O. Stolz (Uber eine Verallgemeinerung eines Satzes
von Cauchy, Mathemat. Annalen, Vol. 33, p. 237, 1889). The above formulation,
due to O. Toephtz (Uber lineare Mittelbildungen, Prace matematycznofizyczne,
Vol. 22, p. 113—119, 1911), is in a certain sensc a final generalisation, for this reason
that 1t shows (l. c.) the conditions, recognised in Theorem 5 as sufficient, to be
also necessary, for x, - - € to amply x,/ -- € mn all cases (cf. 221, and the work of 7.
Schur: Uber lincare Transformationen 1n der Theorie der unendlichen Reihen, Jour.
f.d. reine u. angew. Math., Vol. 151, pp. 79—111. 1920).
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by factors ¢, — all in absolute value less than a fixed constant e, —
then the numbers

’ ’ ’ ’
Xg = Ago%o+ Ag1 1+ <= + Ann Ty
also form a null sequence.

Proof The a;’s also satisfy the conditions (a) and (b) of
theorcm 4; for, if p is fixed, a,,—0 by 26, 1, and the sums

lano| 4+ |ans| 4 -+ + |ann} remain < K' = «K.

From Theorem 4 we may now deduce the sesull”

OTheorem 5. If x,— &, and the coefficients a,, satisfy, besides
the conditions (a) and (b) of Theorem 4, the further condition

(C) o .!_ s + toT +ann=An'—’1’,0
then also the sequence formed by the numbers

xn'=an0x0+anlx1 + ot + a",,x""'f-

Proof. Wec now have
x”’ = An£ ~'|‘ ano(xo - é) 4_ anl(xl - §)+ tt + ann(xn - E)’

whence our statement at once follows, in consequence of condition (c),
by theorem 4.

Before giving examples and applications of these important theorems,
we may prove the following further generalisation, which pomts in a
new direction.

OTheorem 6. If the coefficicnts a,, of the system (A) satisfy, ,
besides the conditions (a), (b) and (c) mentioned in Theorems 4 and b,
the further condition, that

(d) the numbers in each of the “diagonals” of A form a null
sequence, i.e. for fixed p, a,, _ —0 when n— + 00,

then it follows from x,— & and y,—n that the numbers

— .o £ 2U
2, =0Ty Yy + 1% Yn-1 +- - + B Tn Vo617
Proof. Since

Ty Yp—y = (xv - E) Yn-» + é'yn—-w

we have

n n
2, = g{)a’“’ y”"'(x" - 6) + & A:S/(')anv Yn-ve

% In the applications, we shall generally have 4, =1.

% For positive auy, this theorem may be found in a paper by the author
“Uber Summen der Form ayb,+a, b,_, + -+ +a,b,” (Rend. del circolo mat.
di Palermo, Vol. 32, p. 95—110. 1911).
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Here the first sum tends to zero, by Theorem 4 and its complenient,
for (x, — &) is a null sequence and the factors y,_, are bounded.
And if the second sum be written in the form

n n
£ appyy=§2 any Yy
»=0 =0

we see, by theorem 5, that this, and thereby also z,, tends — &#;
for the numbers a,, = ay,,-, satisfy, in consequence of (d), precisely
the condition (a) there supulated.

Remarks, applications and examples.
1. Theorem 1 is a particular case of Theorem 4; we need only put, in
the latter,

n=0,1,2...

1
ano=an1="'=anu=m;
Theorem 2 is derived in the same way from Theorem 5. The conditions

(a), (b), (c) are fulfilled.
. If «y, o, ... are any positive numbers, for which the sums

ao-}-a,-’r- oot op=0,—>+00,
it follows 22 from x,, —> ¢ that

x,_aoxo+a.x‘+...+ot,,x,,

n also — §.
ot oyt oo oy ¢
In fact, we need only put, in theorem 5,
o= n=012 ...
" on y=0,1,...,n

to see that the statement is corrcct. The conditions (a), (b), (c) are fulfilled.
— For ,=1, we again obtain Theorem 2.

2a. The theorem of no. 2. remains true for £=4 o0 or £=—o0. The
same remark holds for the general thcorem 5, provided all the a,»’s are =0
there. For if z, — 4 00 and, as in the proof of Theorem 4, m be so chosen,
given G > 0, that for every n>m we have z,> G- 1, then for those n’s
we have

xn'>(G+l)(anm+1+---+ann)_anolxo'-"- _anmlxm|°

In consequence of the conditions (a) and (c) in Thcorems 4 and 5, we may
therefore so choose #, that for every #»>mn, we have z,’ > G. Hence
2,/ —> 40,

¢ 3. Instead of assuming the «,’s positive and ¢, = + o0, it suffices [by (b)]
to require only that | oy | + | &, | + ... 4+ | &, | &> + 00, with thc proviso, however,
that a constant K exists, such that 2® for every »

foaal + oyl +oeet+ oy SK-Jag+ oy + .o+ oyl

(For positive «,, K=1 gives all that is here required.)

22 0. Stolz, loc. cit. — Of course it also suffices, that the «,’s be from
some point onwards = 0, provided only ¢, — +400. The x,’’s must then be con-
sidered from that point onwards, after which ¢, is > 0.

2 Jensem, loc. cit. — If a,, is the first of the o’s to be 3 0, then the z,.’’s
are defined only for n =m.
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4. If in 2. or 3 we put, for brevity, «,,=2y,, then we obtain:

M#E, provided .y_".._;E’
oyt o+ ... oy oy

and provided the o,’s satisfy the conditions given in 2. or 3.

5. If we write further yo49, + ... + ¥, =Yn, and g+ o, + ..o +ay=4,,
then the last result takes the form:
Yo=Y,y

-Yi—> &, provided 2 Y
n — ‘g3

An

—-§,

and provided the numbers o, =4, — 4,_, (n =1, o, = A4,) satisfy the conditions
given in 2. or 3.
6. Thus we have, for instance, by 5.:

1424 n L 1
im —— g =lm L Ty = img, o y= g
Similarly we have
L 124284 ... 4 m? . n? 1
l = - ————————— Tl —
im i lunns_(n__])a 3
and genecrally
4 4 4 4
liml +2P 4 4n — lim »
nP+1 n'H'l—('n—-l)’H'l
n? 1

= lim

= ’
(p+l)n"'—(p;1)n”"1+... p+1

if p denotes a positive integer.
7. Similarly we find, if we anticipate the proof in 46 a of the convergence

n+1l

»

of the sequence of numbers (l+—’1‘—)

logl+log2+...4logn lognl
nlogn " log n"

v =5:(7)
et T

fulfil the conditions (a), (b) and (c) of the theorems 4 and 5; for if p be fixed,
2, p—> 0, sccing that it is

-1, i.e lognla~logn".

8. The numbers

»
=%(:), and therefore <-;-'—,; (v. 38, 2)
while

lalol+"'+la”ﬂ‘=an0+'--+ann=lp

for every n. Therefore x, — & always implies

et (DDt (2)

2”

— &,
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9. The same specialisations as were given in 1., 2., 3. and 8. for theorem §
may of coursc also be applhed to thcorem 6. We merely mention the two
following thcorems:

(a) From z, — & and y, — n it always follows that

M"_i_x.’l’i‘}i TeVn-gt - 'l‘:l:n_yq_’
n41
(b) If (x,) and (¥,) are two null scquences, the second of which fulfils
the extra condition that for every =

lyo|+|y1|+---+lyn|

remains less than a fixed number K, then the numbers

&9,

2y =%y VYn+ X Vgt .o +2Ta ¥,

form a null sequence. (For the proof wc put an, = ¥u—» in thcorem 4.)

10. The reader will have noticed that it 1s 1n no wise essential that the
rows of the system (A) of thcorem 4 should break off exactly at the n't term.
On the contrary, these 1ows may contain any number of terms. Indced, after
we have mastcered the first principles of the theory of infinitc series, we shall
see that these rows may contain even an infinity of terms (8,0, 4., . -+, @ny, .. .),
provided only the other conditions imposed on the system be fulfilled. The
theorem hereby indicated will be formulated and proved in 221.

§ 9. The two main criteria.

We are now sufficiently prepared to attack the actual problems of
convergence. There are two mam points of view from which we
propose, in what follows, to examine the sequences which come before
us. We have above all to consider the

Problem A. Is a given sequence (x,) convergent, or definitely
or indefinitely divergent? (Briefly: How does the sequence behave
with respect to convergence?) — And if a sequence has pioved to
be convergent, so that the existence of a limiting value is ensured,
we have further to consider the

Problem B. To what limit & does the sequence (x,), recognized
to be convergent, tend?

A few exam ples may make the significance of these problems
clearer: If for instance we are given the sequences

(n@z—1), (aVm—1), ((1 + %)”) ((1 + %)")

1 1
3 H .

n? log »

examination of their construction shows that there are always two (o1
morc) forces which here, so to spcak, oppose one another and thereby
call forth the variation of the terms. One force tends to increase,
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the other to diminish them, and it 1s not clear at a glance which of
the two will get the upper hand or in what degree thus will happen.
Every means which enables us to decide the question of convergence
or divergence of a given sequence, we call a criterion of convergence
or of divergence; these scrve, thercfore, to solve the problem A.

The problem B is in general much more difficult. In fact, we
might almost say that it is insoluble, — or else 1s trivial. The latter,
because a convergent sequence (), by thcorem 41, 1, entirely deter-
mines its limit £ which may thercfore be regarded as “given” by the
sequence itself (cf. footnote to 41,1). On account, however, of the
boundless complexity and multiphicity of form which sequences show,
this conclusion does not scem very satisfactory. We shall wish, rather,
not to consider the limit & as “known”, until we have before us a
Dedekind section, or still better a nest of intervals, for instance a radix
fraction, in particular a decimal fraction. These latter especially are the
methods of represcnting a real number with which we have always been
most familiar. If we regard the problem in this lhight, we may call
it the question of numerical calculation of the limitl.

This question, one of great practical significance, is usually in
theoretical considerations of very second-rate importance, for from a
theoretical point of view, all modes of representation for a real number
(nmests, sections, sequences, ...) are precisely equivalent. If we observe
further, that the representation of a real number by a sequence may
be considered as the most general mode of representation, our problem B
may be stated in the following form.

Problem B’. Two convergent sequences (r,) and (z,) are given, —
how may we determine whether or not both define the same limit, or
whether or not the two hmits stand in a simple relation to one another?

A few examples will serve to illustrate the kind of question referred to:
. L n n
1. Let :t,,=<l+%> and a:,(:(l+%> . 45,

Both sequences are quite easily (v. 46a and 111) scen to be convergent,
But it is not so apparent that if & denotes the limit of the first scquence, that
of the sccond is = ¢x,

2. Given the sequence

1 8 1 17 4

17 22 57 12’ 29°°°°

in which the numerator of each fraction is formed by adding twice the nume-
rator of the last fraction preceding to the namerator of the last fraction but
one (e. g. 41 =2.17 +7), and similarly for the denominators. — The question of

1 Numerical calculation of a real number == representation of that num-
ber by a decimal fraction. For further details, sece chapter VIII.
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convergence again gives no trouble, nor does the numerical evaluation of the
limit, — but how are we to recognise that this limit = | 2?

8. Let 1,1 1 1y _
m=(l-g+g-g++ G5 (n=12...

and let z,: be the perimeter of the regular polygon with # sides inscribed in
the circle of radius 1. Here also both sequences are easily seen to be con-
vergent. If & and &’ are their limits, — how does one see that here & = 8.&?

These examples make it seem sufficiently probable, that Problem B
or B’ is considerably harder to attack than Problem A. We therefore
confine our attention in the first instance entirely to the latter, and to
begin with make ourselves acquainted with two criteria, from which
all others may be deduced.

First main criterion (for monotone sequences).

A monotone bounded sequence is invariably convergent; a mono-
tone sequence which is not bounded is always definitely divergent.
(Or, therefore: A monotone sequence always behaves definitely, and
1s then and only then convergent, when it is bounded, and then and
only then divergent, when it is #ot bounded. In the latter case the diver-
gence is towards - 00 or — oo according as the monotone sequence is
ascending or descending.)

Proof. a) Let the sequence (z,) be monotone ascending and not
bounded. Since it is then (because z, > =z,) certainly bounded on
the left, it cannot be bounded on the right; given any arbitrary (large)
positive number G, there is then always an index n,y, for which

Tp, > G .

But then, since the.sequence is monotone increasing, we have for
every n > my, a fortiori, z, > G, and so, by Definition 40, 2, actually
z, — - 00. Interchanging right and left, we see in the same way
that a monotone descending sequence which is not bounded must
diverge to — 0o0. Thus the second part of the proposition is also proved.

b) Now let (z,) be a monotone ascending, but bounded sequence.
There is then a number K, such that Ixnl Z K for every n, so that

zléxnéK

for cvery n. The interval J, = z, ... K therefore contains all the terms
of (2,); to this interval we apply the method of successive bisection:
We denote the 7ight or the left half of J, by J,, according as the
right half does or does not still contain points of (z,). From J, we
select one half by the same rule, and call this J;; and so on. The
intervals of the nest so constructed have the property?, that no point

® The reader should illustrate the circumstances on the number-axis.
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of the sequence lies to the right of them, but at least one lies inside
each of them. Or in other words: the points of the sequence (while
monotonely progressing towards the right) penetrate info each interval,
but do not emerge from it again; in each of these intervals, therefore,
all points from a certain index onwards come to lie. We may there-
fore, if we suppose the numbers #,, n,, ... properly chosen, say that:

In J, lie all x,'s with m > n,, but to the right of J, lic no
more x,’s.

If £ is now the number determincd by the nest (J), it can at
once be shewn that z — &. For if ¢is given >0, choose the index p
so that the length of ]p is less than ¢. For n > Ny all the z,'s lie,
together with &, in ]p, so that for these n’s we must have

'xn - El <e.
(x, — &) is therefore a null sequence, and z,— £, q. e. d.
By a suitable interchange of right and left, we see that monotone

descending bounded sequences must also be convergent. Thus every
part of the theorem is proved.

Remarks and Examples.
1. We f{irst draw attention again to the fact that (cf. 41, 1) even when
| 2a | << K, we may have for the hmiting value £ the equality |&| = K.

2. Let
1 1 1 \
x.=n+l+m+---+2—”- n=1,2,....
As
1 1 1 1 1
e N TFS T Ie s fak prwr Gk prerd Rl
the sequence is monotone increasing, and as =z, < n-nl i <1, it is also bound-
ed. It is thevefore convergent. Of its limit & we know no more, so far, than that
z, <EZ 1
for every n, which e. g. for n =3 becomes g%«:.fg 1. Whether it has a ra-

tional value, or whether ¢ bears a close relation to a number appearing in any other
connection — in short: an answer to problem B — cannot here be perceived at
once. Later on we shall see that £ is equal to tt e natural logarithm of 2. I. e. the
logarithm of 2 whose base is the number e introduced in 46a below.

3. Let z,= (1 +.%.+ % 4 e .117) , so that the sequence (x,,) is monotone

increasing (cf. 6, 12). Is it bounded or not? — If G is given arbitrarily > 0,
chosc m > 2 G; then for n > 2™

o () (D)4 (s Do (i )
>%+2~%+4-%+8-%+---+2"‘“-2—1,;=’§”>G.

The sequence is therefore not bounded and consequently diverges — +4 0O.
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4. If 6 =(z,|,) is an arbitrary nest of intervals, the left and right end-
points of the intervals respectively form two monotone, bounded and therefore
convergent sequences, We then have

lima, =limy, =, |¥a) =0.

46a. As a particularly important example, we will consider the twc
b w & N &
sequences whose terms are Zy~ \‘ ’*1 DR SESVYRIR L |

1\n 1\n+1
zﬂ=<1—|—;) and yn=(1—|——;l-> . (n=1,‘2‘,3,...)
i Agpko - Q i
We have no means of percewmg immediately (cf. the general remark

on p. 78) how the sequences bchave as # increases.
We proceed to show first that the second sequence 1s monotone
descending, that is to say that for n > 2

Ya—1>>9, OF (1 + n_i__) (1 i _A)n+1

This incquality is m fact equivalent ® to

14+-1\"
—1 1
—1 | >ty
14—
or to
n? . 1 \n 1
(nﬁ ) l—l—— i. e. to (1+F-—l>>1+?{

But the truth of fhis inequalty is evident, since, by Bernoull’s in-
equahty 10, 7 we have, for « > — 1, @ =0 and every #n >1,

4+« >14ne,
or in particular

() > 14wy > 1k =1ty

As, moreover, y, > 1 for every n, the sequence (y,) is monotone des-
cending and bounded, and thercfore convergent Its limut will ofter
occur later on; it is, since Euler’s ume, denoted by the special # letter e.
As rcgards this number, we can only deduce for the present that

1<e<y,
which for e. g. n = 5 becomes
6
1Le< -g; <3.

3 T'hat is to say, each inequality follows from all the others.

4 Euler uses this letter to designate the above hmit 1n a letter to Goldbach
(25. Nov. 1731) and 1n 1736 1n his work: Mechanica sive motus scientia analytice
exposita, 11, p. 251,
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The first of our two sequences, on the contrary, is monotone ascending.
In fact, x,_; << x,, here means?

(il =)

n
: ) (2

n— 1

e IS I (B
n?

But, again by 10, 7, we have actually for every n > 1,

1\" n 1
1—.») 1—"=1-—"7.
( n2 = n? n

The sequence (x,,) is therefore monotone increasing.
As, in any case,

R

we have, for every n, x, < y,, i. ¢. (x,) is also bounded and Zence con-
vergent. As, finally, the numbers

pomnam () (13 1) =

are all positive and (by 26, 1) form a null scquence, we conclude at once
that (x,) has the same limit as (y,). Thus
limx, = limy, =e.

And for this number e we have furthermore, as has appcared in the proof, in

e = (x| ¥n) ="((1 + i)n | (l + 114)””)

a ncst of intervals defining it. (It provides, for instance taking n — 3,
the inequality $% << e < %%%; we shall however become acquainted later
on (§ 23) with other sequences converging to e, which are more convenient
for numerical calculation.)

This is the number e that (cf. p. 58) forms the base of the natural
logarithms. We shall accordingly agree to use the symbol log to mecan
this natural logarithm to the base e, unless the contrary is expressly stated.

The fruitfulness of the first main criterion is due above all to the
fact that it allows us to deduce the convergence of a sequence of
numbers from very few hypotheses, and these such as are usually very
easy to verify — namely, from monotony and boundedness alone. On
the other hand, however, it still relates only to a special, even though
particularly frequent and important kind of sequence, and therefore

5 Cf. footnote 3.
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appears theoretically insufficicnt. We shall therefore ask for a criterion
which enables us to decide guite gemerally as to the convergence or
divergence of any sequence. This is accomplished by the following

°Second main criterion (1% form).

An arbitrary sequence (x,) is convergent if and only if, given
e> 0, a number n,=n,(e) can always be assigned, such that for any
two indices n and w' both greater than m,, w2 have in every case

|t — | <e. —
We first give a few

Explanations and Examples.

1. The remarks 10, 1, 3, 4 and 9 are also substantially applicable here;
and the reader is recommended to read them through once more in this con-
nection.

2. The criterion stales — to put it in intuitive language: all gz,’s with
very high indices must lie very close together.

3. Let 2,=0, z, =1, and let every term after thesc be the arithmetic
mean between the two terms which precede it, i. e. for n =2

_ZTp—y +ZTa_g
A=y
so that zg=14%, 2, =4, #,= &, .... In this evidently nof monotone sequence it
is clear, on the one hand, that the differences between consecutive terms form
a null sequence; for it may be verified quite easily by induction that®
(=1
2n
and so tends to 0. On the other hand, between these two consecutive numbers
all the following ones he. If therefore, after ¢ has been assigned >0, we

Tppy— Ty =

choose p so large that 515 < &, we have

l2n—2) | <&

provided only # and #»’ are >>p. By the 2" main criterion the sequence (z,)
is therefore convergent. The limit & also happens to be easily obtainable. A little
reflection in fact leads to the surmise that £ =£. In point of fact, the formula

e_2_2 (4t
"3 8 n

can immediately be proved by induction and shows that z,— ¢ is actually a
null sequence.

Before trying to fathom the mecaning of the 27¢ main criterion
further, we proceed to give its

Proof. a) That the condition of the theorem — let us call it for
brevity its e-condition — is mecessary, i. e. that it is always fulfilled
g —xy X — Tp—

+12 +__l5 2 1

it follows that if proved for every n <k, it is true for n=F%41.

¢ This is true for n=0 and 1. From zj 4, — &k 4,=




§ 9. The two mam critcria. 85

if (z,) is comvergent, is scen thus: If a, —»&, then (x, - &) is a null
sequence; given ¢ > 0, we can so choose 5, that for every n > n,,

|z, —&] is < —; If besides #, we also have n' > n,, then |x, — &|
&
'2_:
|2y —an | = | @ — &) — (w — O | S |2, — | F|aw — | <5 +5=0¢
which proves this part of the theorem.

b) That the ¢-condition is also sufficient is not so easy to see
We again prove it constructively, by deducing from the sequence (z,)
a nest of mtervals (J) and then showing that the number determined
thereby is the limit of the sequence. This is done as follows:

Any g > 0 being chosen, |z, — x,’| must always be < ¢ provided
only the indices # and »n’ both exceed some sufficiently large value.
If we suppose the one fixed and dcnote it by p, then we may also
say: Given any ¢ > 0, we can always assign an index p (actually, as
far to the right as we pleasc) so that for every n > p

is also < and so

|2, —z,| <e.
. 1 1 1
f we choose successively g = R U R L UREE then we get:

1) Therc is an index p, such that
1

for every n > p,, we have |z, — =z, |< R
2) There is an index p,, which we may assume > p,, such that
for every n > p,, we lhave |z, —ap | < ,;:_’
and so on. A k™ step of this kind gives:
k) There is an index p,, which we may assume > p,_,, such that

for cvery n > p,, we have |z, — :r,,k| < %‘

Accordingly we form the intervals J;:

1. The interval o, — 3 ..., -+ 3 call J; it contains all the s
for n > p,, in particular, therefore, thic point z, . It therefore contains
in whole or part thc interval z,, —i e xpz—]-—%, in which all x,’s
with # > p, lic. As these points also lie in J,, thcy he in the common
part of the lwo intervals. This common part we denote

2) by J, and may state: J, lies in J, and contains all points a,
with # > p,. If in this result we replace p, and p, by p,_, and p,,

and denote therefore

k) by J, the portion of the interval zp, — % e Ty, -+ gik which

1ie§ in ]k—-y we may then state: J, lies in J, _, and contains all
points z, with n > p,.
4 (G 51)
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But (J,) is then a nest of intervals; for cach mterval hes in the
preceding and the length of J, is < 2%
Now if & is the number thus determined, we assert, finally, that
z, — £.
In fact, if an arbitrary ¢ > 0 be now given, we choose an index # so
large that 52—’< eg. We then have
for every n >p_, |z, —&| is'<e,

since &, together with all z's for # > p,. lics in J and the length
of J is <e. This proves all that was required’.

Further examples and remarks.
1. The sequence 43, 3 can easily now be seen to be convergent For
we have lere, if #' > n:

u—%=i(

1 1 (—1r-n-1
PN G P S P )-

If inside the bracket, we take the successive terms in pairs, we see (cf. later
81 ¢, 3) that the valuc of the bracket is positive, so that

S B S e

“2n+4+1 2n+43 2n' +1 °

It we now let the first term stand by itself and tike the following terms in
pairs, we see further that

| Zn’ — 2n |

|t = T | <
n n <2n+1'

Therefore |z, —=z,| is <&, provided » and »’ are both > §l— The sequence
)

is therefore convergent.
1 1 .
2. If z, = (1+7Z+'“+Z)’ we have already scen in 46, 3 that (x,) 1s
not convergent, With the aid of the 274 main criterion, this 1s dedncible fiom
the fact that here the g-condition is not satisfied for & <%. For however n,

may be chosen, we have for #n>n, and #' =2 (also therefore > n)

1 1 1 1 1
—-”_—+—1+‘"_:l:§+“'+ﬂ>n2_’;—§’

not therefore <Ce&. The sequence is therefore divergent, and in fact definitely
divergent, since it is evidently mmonotone ascending.

3. The previous example shows at the same time that the contrary of the
fulfilment of the s-condition is the following (cf. also 10, 12): Not for every
choice of §>>0 can n, be so assigned that the e-condition is then fulfilled;
there exists on the contrary (at least) one particular number s, > 0 such that,

Tp' — Tn

? We shall become acquainted with other proofs of this fundamental cri-
terion. The proof given above leads immediately to the definition of the limit
by the aid of a nest of intervals. — A critical account of earlier proofs of the
criterion may be found in A. Pringshesm (Sitzungsber. d. Akad. Mtinchen, Vol. 27,
p. 303. 1897).
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above every mumber m,, however large (therefore infinitely often) two positive in-
tegers # and #' may be found for which
| @p' —Xn | =8, >0.

4. The 24 main criterion is now usually, after P. du Bois Reymond (Allge-
meinc Funktionentheorie, Tubingen 1882), called thc general principle of conver-
gence. In substance, it originated with B. Bolzano (1817, cf. O. Stolz, Mathem.
Ann. Vol. 18, p. 259, 1881) but was first made a starting point, as an cxpressly
formulated principle, by A. L. Cauchy (Analysc algébrique, p. 125).

Our main criterion may also be given somewhat different forms,
which are sometimes more convenient in applications. We supposc
the notation for thc numbers #n and »’ so chosen that #' > #, and
therefore we may write n' = # -}- k, where & is again a positive integer.
We then formulate thus the

O Second main criterion (Form 1a). 49.

The necessary and sufficient condition for the convergence of the
sequence (x,) is that, given any € > 0, a number ny = n, (&) can always
be assigned so that for every m > n, and every k > 1 we always have

| pgr—xa] < &.
From this statement of the criterion we can draw further con-

clusions. If we suppose quite arbitrary natural numbers %, k,,..., %, ...
chosen, then we must have, in view of the above, for every # > n,

| Zpit, — 2, | <.
But this implies that the sequence of differences

dﬂ = (x,,_”‘n — xn)
forms a null sequence. — In order to make ourselves more readily
understood, we will call the sequence (d,) for short a difference-sequence

of (z,). In it, d, is therefore the difference betwcen x, and some de-
finite later term. Our criterion may then be formulated thus:

O Second main criterion (2" form). 50.

The sequence (x,) is convergent if and only if every one of ils
differvence-sequences s a null sequence.

Proof. The necessity of this condition we have just proved; we
have still to show that it is sufficient. We accordingly assume that
every difference-sequence tends to 0, and have to show that (x,) con-
verges. But if (x ) were divergent, there would, by 48, 3, exist a par-
ticular number ¢, such that above every number #,, however large,
two numbers #n and #' =mn -4k would always lie, for which the
difference

Iwn-Hc - xnl was ; o
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Since this must be the casc infinitely often, there would — in contradic-
tion to the hypothesis — exist difference-sequences ® which did not tend
to 0; (x,) must therefore converge, q. e. d.

Remark. If(x,)1s convergent, and we choose a particular difference-sequence
(d,), we therefore certainly have d, — 0. But 1t should be expressly emphasized
that from d,, — 0 alone the convergence of (x,) need not follow. On the contrary,
for this, 1t 1s only sufficient that every arbitrary difference-sequence (not merely
a particular one) should prove to be a null sequence.

If for instance the sequence (1, 0, 1, 0, 1, .. .) is considered, every difference-
sequence for which all k,;’s (from some pomnt onwards) are even numbers 1s a null
sequence. Nevertheless the sequence in question is not convergent. Smularly n

5 . 1
the divergent sequence (v,) with x, =14 4 ... 4 , ey difference-sequence
for which the indices k,, arc bounded forms a null sequence.

Extending somewhat further the last obtained formulation of the
criterion, we may finally formulate it thus:

i

°Second main criterion (3¢ form).

If vy va, . .+, Yy - « . Is any sequence of positive integers ® which
diverges to -}- w, and ky, k,, . .., k,, . .. are any positive integers (with-
out any restriction), and if we again call the sequence of differences

X,

dyp = x, nthny 77 Mg

for short a difference-sequence of (x,), then for the convergence of (x,)
it is again necessary and sufficient that (d,) is in every case a null sequence.

Proof. ‘I'hat this condition is sufficient is obvious from the pre-
ceding form of the criterion, since (d,) must, in the present case also,
always be a null sequence when v, is chosen == 2. And that it is necessary
may at once be secen. For if € 1s chosen > 0, there certainly exists, if
(*,) is convergent (v. Form 1a), a number m, such that for every n > m
and every k = 1, we have

| Xpir — Xp | <e.

As v, diverges — -|- o0, there must be a number n, such that

for n>mn, wc have always v, >-m.

But then, by the preceding, we have, for n > n,, always

| ®piny — % | =1dal| <,

i. e. (4,) is a null sequence, q. e. d.

¥ For 1if we denote by n,, ny, n;, . . . the infinite number of values of »n for
which that inequality (each time with a surtable choice of &) is assumed to be poss-
1ible, a difference-sequence would exist whose ny', n,th, myth, . . . terms were all in
absolute value =~ ¢, ~ 0. This could not then be a null sequence.

¥ Equal or unequal, monotone or not monotone.
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§ 10. Limiting points and upper and lower limits.

The concept of the convergence of a sequence of numbers as
defined in the two precedmyg paragraphs admits of another, some-
what more general mode of trecatment, by which we shall at the same
time bccome acquainted with some other concepts, of the utmost
importance for all that comes after.

In 89, 6, we have already 1llustrated the fact of a given sequence
(z,) being convergent by saymg that every e neighbourhood (however
small) of & must contain all the terms of the sequence — with the possible
cxception of a fimte number at most. — There is thercfore in evely
neighbourhood of &, however small, certamnly an infinite number of
terms of the sequence. For this rcason, & may be called a limiting
point or point of accumulation of the given sequence. Such points
may, as we shall at once sce, occur also in the case of divergent
sequences, and we define therefore quite generally:

ODefinition. A nwumber & shall be called a limiting point* of
a given sequence (x,) if every neighbourhood of &, however small, contains
an infinite number of the terms of the scquence; or, thercfore, i, for
any chosen ¢ > 0, there is always an infinite number of indices #

for which
Imn - El <e.

Remarks and examples.

1. The distinction between thus definition and the definition of limit given
in 39 lics, as already indicated, in the fact that here | ¢, — & | «<Z# nceds to be ful-
filled not for cvery n after a certain point, but only for any infinite number
of #’s, and thercfore n particular for at least one n beyond every n,. On the
other hand, in accordance with 39, the linut § of a convergent scquence (r,)
1s always a hmiting point of the sequence.

2. The scquence 6, 1 has the hmting point 0; @, 4, the limiting points
0 and 1. (Every number which occurs an infinite number of tunes in a
sequence () 18 tpso facto a lnmting point.) @, 2, 7 and 11 have no limting
point; 6, 9 and 10 have the hmiting pomnt 1.

3. We now form an example of more than allustrative significance: If p
18 an integer = 2, there is obviously only a fimte number of positive fractions
for which the sum of numecrator and denomunator = p, namely the fractions

Ly
P—_;—l, B_gul, ceny 1?_1_—1 Of these we suppose left ont all those wlnch are not
in their lowest terms, and now consider in succession all the fractions thus
formed for p=2,3,4,.... This gives the seqneuce, beginning with

3 2 1

2:“3'; "4_1 LAY

which contains all positive rational numbers. 1f after cach of these numbers
we insert the same number with sign changed and start with 0 as first term,
we have in the sequence

* German: Hiufungswenrt, Hiufungspunkt or Haiufungsstelle. (Tr)

1 1
(a) 1)2» 'Q‘: 3:?14:

52.

53.
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1 1 5 1 1
(b) 0! 17 —1) 21 —21 2‘7 '—_2” 3’ _31 ’3') - 3' 4) —4;
8 82 21
2’ 723" T8 4ar

thus formed obviously all rational numbers occurring, each exactly once.

For this remarkable sequence every real number is a limiting point; for
every neighbourhood of every real number contains an infinity of rational
numbers (cf. p. 12).

4. We shall frequently make usc of the principle of arrangement in order
applied in this example We therefore formulate it somewhat more generally:
Suppose that for every k of the series k=0, 1, 2, ... a sequence

’ z®, 2B, P, .. *=0,1,2,...)
is given. We can then, tn many different ways, form a sequence (z,) which con-
tains every levin of each of these sequences and contains it exactly omce.

The proof consists simply 1n assigning a sequence (x,) which fulfils what
is required. For this purpose we write the given sequences in rows one be.
low the other:

0)
’

(0) ( 0)
Zy s Ty

. 0
.zg, .oy x,('), ces

1 1 "
M, =M, 2N, .., 20, Ll

2P, 2, 2@ L, 2B

The “diagonal” of this system which joins the element x(‘)”) to the element xf’

then contains all elements m,("‘) for which 24 #n =2, and no others. They are

p 41 in number. These terms we write down in succession, taking p=0,1,2, ...,
and describe each of the diagonals say from bottom to top. Thus we obtain
the sequence

9
x(()O)’ xél). m{O)’ x(g ): xil)y xéO)' m(().'!), m§2)1 ooy
which evidently fulfils the requirements. (Arrangement by diagonals¥*).

Another arrangement frequently used is that “by squares”. Here we
first write the elements x(()”’, xip), ooy x’(,m of the p® row, then the elements

standing vertically above x;,p) in the above system: x;,p'l), ...,xz(,o). These

groups of 2p+ 1 terms are then written down in succession for =0, 1,2, ...,
and this gives, beginning with

1 1 2 2 2 0;
20, 2®, 20, 2O, £®, 2@, 2@ 2, 2O, 2O, ..

the arrangement by squares**.

If some or all of the rows in the above system consist of only a finite
number of terms, or if the system consists of only a finite number of rows,
then the arrangements described above undergo slight and immediately ob
vious modifications.

* German: Anoydnung nach Schrdglinien. (Tr.)
* German: Anordnung nach Quadraten. (Tr.)
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5. An cxample similar to 3. is the following: For every p = 2 there are
exactly p —1 numbers of the form —;—--{-% for which the sum of the positive

integers k and m is equal to p. If we supposc these written down in succession,
for p=2, 3, 4,..., we obtain the sequence

3 3 4 1 4 5 5 5
2! @ gt Ty 4 g 6

o e 1 1
We find that this sequence has the limiting pomnts 0, 1, L %, RPN

and no others,

6. As in the case of the limit of a convergent sequence, the limiting
points of an arbitrary sequence may very well not beclong to the sequence
itself. Thus in 3. the irrational nuinbers, and in 5. the value 0, certainly do
not belong to the sequence concerned. On the other hand, in both cases the
value }, for instance, is both a lhmiting point and a term of the seqnence.

We proceed to give a theorem which 1s fundamental for our
purpose, due originally to B. Bolzano 9, though its significance was first
fully recognised by K. Weierstrass 1.

OTheorem. FEuvery bounded sequence possesses at least one limit-
ing point.

Proof. We again detcrmine the number in question by a suitable
nest of intervals. By hypothesis there exists an interval J, which
contains all the terms of the given scquence (r,) To this interval
we apply the method of successive bisection and designate as J, its
left or right half according as the left half contains an infinite
number of the terms of the sequence or not. DBy the same rule we
designatc a defimte half of J| as J,, and so on. Then the intervals
of the nest (J) so formed all have the property that an infinite
number of terms is contained ix each, wlilst to the left of their left
endpoint there is always at most a finite number of pomnts of the
sequence. The point & thus defined is obviously a lmiting point;
for if ¢ > 0 is given arbitrarily, choose from the succession of iuter-
vals [ one, say J, whose length is <e& The terms of (z,), in
number infinite, which belong to the interval J then lie ipso facto
in the e-neighbourhood of &, — which proves all that we require.

The similarity of the definitions of limiting point and limit (or
limiting value) in spite of the difference emphasized in 58, 1 (“every
limit is also a limiting point, but not conversely”) naturally creates
a certain rclationship between them. This is elucidated by the
following

10 Rein analytischer Beweis des Lehrsatzes, dafi zwischen je zwey Werthen,
die ein entgegengesetztcs Resultat gewiihren, wenigstens eine reelle Wurzel
der Gleichung liege, Prag 1817.

' In lus lectures.
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OTheorem. Every limiting point & of a sequence (v,) may be re
garded as the limit of a suitable sub-sequence of (x,).

Proof. Since for every &> 0, we have, for an infinite number
of indices, |x, — &| < &, we have, in particular, for a suitable n = £,
|2z, —&| < 1; for a suitable n =k, > k,, we have similarly |z, — &| < %,
and in general, for a suitable n =k, > k,_;

1
Ixz.-,.—'§|<7 (r=23,...).

For the subsequence (z,’) = (;,) thus picked out, we have z,’— &,
as (x;, — &), by 26, 2, forms a null sequence.

The proof of the thcorem of Bolzano-Weierstrass gives occasion
for a further most important remark: The intervals J, of the nest
there constructed not only had the property that within them lay an
infinite number of terms of the sequence (z,), but as we notced,
they had the further property that to the left of the left endpoint of
any definite one of the intervals there lay always a finite number
only of the terms of the scquence. Irom this, however, it follows
at once that no further hmiting point can lie to the left of the limiting
point & alrcady determined. For if we choose any real number &' < &,
we have &=} (& — £’) < 0; choosing an interval J, of length < g, we
have the whole of the &-neighbourhood of the pomt & lying to the
left of the left endpoint of J and thcrefore containing only a finite
number of terms of the sequence. Therefore no point & to the left
of & can be a limting point of the sequence (z,), and we have the

Theorem. FEvery bounded sequence has a well-defined least limit -
ing point (i. e. one farthest to the left).

If we interchange right and left in these considerations, we obtain 12
quite similarly the

Theorem. Every bounded sequence has a well-defined greatest limiting
point 3 (i. e. one farthest to the right).

These two special limiting points we will designate by a special
name.

Definition. The least limiting point of a (bounded) sequence will
be called* its lower Umit or lnes inferior. Denoting it by x,
we write
limz, = or lminfe, =x%

n-r>x n->x

12 Or by reflection at the origin.

13 These theorems are again obvious except in the case in which the sequence
(x,,) has an infinite number of limiting points, Like e. g. the sequence 53, 5. For
among a finite number of values there must always be both a greatest and a least.

* T'he German text has “untere Ilaufungsgrenze, unterer Limes, Limes inferior”,
(Tr.)
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(possibly omitting the subscript m—oo). If p 1is the greatest bi-
miting point of the sequence, we write

limg,=p or limsupz,=pu

n->x n->w
and call u* the upper limit or limes superior of the sequence (a:n)
We have necessarily always = < u.

Since every e-neighbourhood of the point % contains an infinite
number of terms of the sequence (z,), and since on the other hand
only a fimite number of terms of the sequence can lie to the left of
the left endpoint of any such neighbourhood, % (or similarly u) is also
characterised by the following conditions:

Theorem. The number % (or ) is the lower (or upper) limit of 59.
the sequence (x,) if and only if, given an arbitrary &> 0, we have
still for an infinite number of n’s,

x, <x+s (or >p—e),
but for at most a finite number * of u's,
x, <n—ce (or >pn-+e)

Before we give a few examples and explanations of this theorem,
let us complete our definitions for the case of unbounded sequences.

Definitions. 1. If a sequence is unbounded on the left, then we 60.
will say that — oo is a limiting point of the sequence;-and if it is
unbounded on the right, we will say that oo is a lumiting point
of the sequence. In these cases, however large we choose the number
G > 0, the sequence has an infinity of terms 1° below — G or above 4 G.

2. If therefore the sequence (x,) is unbounded on the left, then — a0
is the least limiting point, so that we have to write

®=lmx, = — co.
n>+w»
Similarly we have to write
m= ii—r;x" = 4 oo
n->+o
if the sequence is unbounded on the right. In these cases, nowever
large we choose the number G > 0, we have, for an infinity of indices,
r, <—Gorz >4G.

* The German text has “‘obere Hdufungsgrenze, oberen Limes, Limes superior”.
(Tr.)

M Or: There is an index n, from and after which we never have &, < x — ¢
(> u + €) but beyond every index n, there is always another n for which x,, < x + ¢
(> n—e).

15 Here therefore — and similarly in the following definitions — the portion
of the straight line to the right of + G plays the part of an s-neighbourhood of
+ 00, the portion to the left of — G that of an s-neighbourhood of — oco.

VPSRN
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3. If, finally, the sequence is bounded on the lcft, but not on the
right and (besides -+ oco) has mo ofher limiting pomt, then -+ oo is
not only its greatest, but at the same time its least limiting point, and
we shall therefore equate the lower limit also to -+ oo:

x =limz, = 4 00;
25T
and correspondingly we shall have to equate the upper limit to — oo,
p—Tmz, = — oo
. n>+o
if the sequence is bounded on the right, but not on the left, and (besides — @)
has no other limiting point. The former (latter) case occurs if and only
if, given any G > 0, the inequality
#n>G (¥ <—G)
holds for an infinite number of n’s, but the inequality
2, <G (¥, > — G)
for at most a finite number of n’s, that is to say therefore when x, - + o
(— ), Cf. 63, Theorem 2.

Examples and explanations.

61. 1. In consequence of the preceding definitions, every sequence of numbers
now of itself defines, absolutely uniquely, two determinate symbols x and g,
(which may now, it is true, stand for 400 or —oo, and which bear the re-
lation x =X p to one another 18, And the following examples show that » and u
may actually assume all finite or infinite values compatible with the in
equality »x < u.

In fact, for the sequence we have

(g, @y, 5, ...) = | u=

1. (»=122384,... 4+ | 400
2. (a %n(—')")za+1, a2, a+~;—, a4, ... a + o0
8.ababab,... (a < b) a b
4. (a-}-(:’%)f‘):—a—l, a—{—-;,a—%—,ajt-i—-,... a a
5. (m1)yr-m)=-1, +2, -3, +4,... — | 400
6. @a—n""")y=a—1, a—-2,a—-—g,a—4,... — a
7. (—n)=-1, -2, =3, ... —00 | —oo

2. The reader should note particularly that it is not contradictory to
theorem 39 that an infinite number of terms of the sequence should lie to the
left of » or to the right of u. Thus for instance we have, for the sequence

R AN 3 4 5 6
((—l) n ), i. e. for the sequence — 2, +7, -5 +T’ -5

y « - - evidently

16 ' We say of every real number that it is <400 and > <00, and for
this reason we occasionally designate it expressly as “finite”.
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#x=—1, p=+41, and both to the left of » and to the right of p lies an
infinite number of terms of the sequence (and befween x and u lies no term of
the sequencel). It is therefore mot at all necessary that there should be only a
finite number of terms of the sequence outside the interval x ...ux. Theorem
59 only asserts in fact that at most a finite number of terms of the sequence
can lie to the left of x — ¢ or to the right of u+¢.

3. “A finite number of alterations” has no effect on the lIimiting points
of a sequence — none, in particular, on its upper and lower limits. These
therefore represent an ultimate property of the sequence.

4. Since a sequence (z,) determines both the numbers x and u with
complete uniqueness, and since their value, in connection with our definition, was
also enclosed by a well defined nest of intervals, we have heremn a new legi-
timate means of defining (determining, giving) real numbers: a real number
shall henceforth also be vegarded as “givew”’, if 1t is the upper or lowey hmit of a
given sequence. This means of determining real numbers is evidently still more
general than thc one mentioned in 41, 1 since now the sequence utiliséd need
not even be convergent, or be subject to any restriction whatever??.

As may be seen, in the light of &3, we have also the following

Theorem. The upper limit p of the sequence (x,), p=lima,, is
also, in the case pu == + 0o, characterised by the two following conditions:

a) the limit &' of every comvergent sub-sequemce (x,) of (x,) is
invariably < u; but there exists

b) at least one such sub-sequence, whose limit is equal to u; —
and correspondingly for the lower limit.

A concept related to that of the upper and lower limits, though
one which must be sharply distinguished from it, is the concept of
upper and lower bounds of a scquence (), which is derived from
the following consideration: If no term of the sequence lies to the

right of ,u=l_i—r;xﬂ, so that for every n, x, < u, then x is a bound
above (8, 4) of the sequence, — but one which cannot be replaced
by any smaller one; y is thercfore in this case the least bound above.
But such a least bound also exists if there is a term of the sequence
> u. For if for instance z, is > u, then by 89 there is certainly
only a finite number of terms in the sequence which are gxp, and
among these there is necessarily (8, 5) a largest one, say z,. We
then have, for every m, x, <z, i. e. z, is a bound above of the se-
quence, — but again one, which cannot be rcplaced by any smaller
one. Every sequence bounded on the right therefore possesses a definite
least bound above. Since, in the same way, every sequence bounded

17 Whereas therefore a nest of intervals (with rational endpoints) was at
first to count as the only means of defining a real number, we have now
deduced quite a series of other means which we now admit as equally legi-
timate: Radix fractions, Dedekind sections, nests of intervals with arbitrary
real endpoints, convergent sequences, upper and lower limits of a sequence In
all these cases, however, we saw how at once to assign a nest of intervals
(with rational endpoints) which encloses the given number.

62.
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on the left must have a definite greatest bound below, we are justified
in the following

Definition. We define as the upper bound * of a sequence bounded
on the right the least of its bounds above (invariably determinate by our pre-
liminary remarks), and similarly as the lower bound * of a sequence
bounded on the left the greatest of its bounds below. A sequence unbounded
on the right is said to possess the upper bound - oo, one unbounded on the
left, to possess the lower bound — oo.

The concepts of upper and lower limits are due to 4. L. Cauchy (Analyse
algébrique, p. 132, Paris 1821) but werc first made generally known by P. di Bois-
Reymond (Allgemeine Funktionentheorie, Tubingen 1882). Both nomenclature
and notation have remained variable up to the present day. The particularly con-

venient notation hm and hm used in the text was introduced by A. Pringsheim
(Sitzungsber. d. Akad. zu Munchen, vol. 28, p. 62. 1898), to whom the designations
of upper and lower linuts are also due **,

It should be expressly pointed out again that the upper (and similarly the
lower) bound 15 not necessarily determined by the tail-end of the sequence. Thus

1\ . .
the upper bound of the sequencc (’—1) is 1, and 1s obviously altered if the first term of
the sequence 1s altered.

The previous investigations of this paragraph were carried out quite
independently of the considerations on convergence of §§ 8 and 9, and
give us, for this very rcason, a new means of attacking the problem of
convergence A of §9. It may be shewn that the knowledge of the lower
and upper limits » and pu of a sequence — the knowledge, therefore, of
two numbers whose existence is a priori ensurcd — entirely suflices to
decide whether or how the sequence converges or diverges. We have
in fact the thcorems

Theorem 1. The sequence (x,) is convergent if and only if its lower and
upper limits » and p are equal and finite. If X is the common value (different,
therefore, from + o0 or — ) of x and p, then x, - A

Proof. a) Letx = p and their common value = A. Then, by 59,
given ¢, therc is at most a finite number of #’s for which

X, SKk—e=A—c¢,

* German: Obere, untere Grenze (frontier). The word ‘“frontier” is not usual
in English writings, though sometimes found in French. The distinction between
any bounds and the narrowest bounds is emphasized chiefly by the article the 1n the
latter case; the upper bound and the lower bound always denoting the latter. For
fear of ambiguity, howevcr, the word “bound” in the general sense is avoided as
much as possible in English text-books. (Tr.)

** We have omitted reference here to the untranslated term “Haufungsgrenze”
of the German text: *“Die 1m Texte benutzte ausfuhrlichere Bezeichnung Haufungs-
grenze soll nur den Unterschied zu der soeben definierten unteren und oberen
Grenze starker betonen”. (Tr.)



§ 10. Limiting points and upper and lower limits. 97

and similarly at most a finite number of #’s for which
X, =pte=A+te
For every n == some n;, we therefore have
A—e<x,<A+eg or |x,—A|<g,

i. e. the sequence is convergent and A is its limit.
b) If, conversely, lim x, = A, then, given € > 0, we have, for every
n>ny(e), A —e <x, <A+ e. Therefore the inequality

%, <A+e (>A—52)
is satisfied for an infinite number of #’s, but the inequality
X, <A—eg (>A+4¢)

for at most a finite number of #’s. The former inequalities (with <C) imply
x = A, the latter p =— A. This proves all that we required.

Theorem 2, The sequence (x,) is definitely divergent if, and only if,
its upper and lower limits are equal, but have the common value'® + oo or
— o0. In the former case it diverges to + oo, in the latter to — oo.

Proof. a)If x=pu=- oo (or — ), then this signifies, by
60, 2 and 3, that, given G > 0, we have from and after a certain n,

x>+ G (<-G);

we thercfore then have lim x, = - o0 (— o0).

b) If, conversely, lim x, —= 4+ oo, then, given G > 0, we have for
every n after a certain n,, x, > -- G; thercfore

the incquality x, << 4 G is satisfied for at most a finite number of
n’s, whereas

the inequality x, > + G is satisfied for an infinite number of n’s.
But this implies, by 60, that x = 4 oo and i#pso facto also p = + oo.
Therefore x == p == - . And in precisely the same way we show that
if limx,, = — o0, then x = p = — 0.

From thesc two theorems we at once deduce further:

Theorem 3. The sequence (x,) 1s indefinitely divergent if and only if
its upper and lower limits are distinct.

The content of these threc theorems provides us with the following

Third main critevion for the convergence or divergence of a sequence: G4«

The sequence (x,) behaves definitely or indefinitely, according as its
upper and lower limils are equal or distinct. In the case of definite behaviour,
it s convergent or divergent, according as the common value of the upper
and lower limits is finite or infinite.

18 In occasionally speaking of the symbols + 0 and — o (which are cer-
tainly not numbers) as ‘“‘values’, we make use of a mere verbal licence, to which
no importance should be attached.



98 Chapter II. Sequences of rcal numbers.

The following table gives a summary of possibilities as regards the
convergence or divergence of a sequence and of the designations used
in this connection.

=mu, both =4+ 4 00 ®=p=400 or —O0 <l
convergent (with hmit 1) | divergent (or possibly: con-
li =1 vergent) towards (or: with
- ij‘;" - limit) 4 00 or — 00; in both indefinitely
cascs: definitely divergent. divergent
x, 1 lim %, =+ 00 or — 00
(for n— -+ 00) z,~—>-4 00 or — Q0
convergent divergent
indefinite

definite behaviour

behaviour

§ 11. Infinite series, infinite products, and infinite
continued fractions.

A numerical sequence can be specified in the most diverse ways;
this is sufficiently evident from the examples which have been given,
In these, however, for the most part, the ntt term x, was for conveni-
ence given by an explicit formula, enabling us to calculate it at once.
This is by no means the rule, however, in the applications of sequences
in all parts of mathematics. On the contrary, the sequences to be examined
generally present themselves indirectly. Besides several less important
kinds, threc types espccially come into consideration; of these we will
now give a brief discussion.

I. Infinite series. These are sequences given in the following
way. A sequence is at first assigned in any manner (usually by direct
indication of its terms), but without being intended itself to form the
object of discussion. From it a new sequence is to be deduced, whose
terms we now denote by s,, writing

So=4GQp; Sy =ay+ ay; S, =ay+ a; + a,;
and generally
s,=ayta ta,+...+a, r=012..)).
It is the sequence (s,) of these numbers which then forms the object of
investigation. For this sequence (s,) we use the symbolical expression

a) ata t+ta,+...+a,+ ...
or more shortly
b) . a+a +a,+...
or still more shortly and more expressively:
[}
Za,

a-0



§ 11. Infinite series, infinite products, and infinite continued fractions. 99

and this new symbol we call an Znfinite series; the numbers s, are
called the partial sums or sections* of the serics. — We may therefore
state the

° Definition. An infinite series is a symbol of the form 68.
Zfa,, or ay{-a;"fa,+ ...
n--0

or

a+a, +ay+...4a,+...
by which is meant the sequence (s,) of the partial sums
Sp—@ay-Fay+ ...+ a, (n=0,1,2,...).
A
Remarks and Examples.
1. The symbols

»n k) n
a, + X2 a,; a, | ay -t z a,; a, ta 4 ...+ ay, + 2 oa,
n 1 n—2 n mi1

on
shall be entirely equivalent to Z'a,. The index n 1s called the index of summation.
n=10

Of course any other letter may take 1its place
] o
ay; ay+ay+az+ Za,; etc
v—0 e-3
The numbers a,, are the terms of the series. They need not be indexed from 0 on-
wards. Thus the symbol

a0
X a), denotes the sequence (ay, a, + ap, a; + a; + ag,...)
A=1

and more generally,
0

Ja
kop F

denotes the sequence of numbers s, $,,1, $,42, . . . given by
Ssp=ay,+a,1+...+a, for n=p,p-1,

Here p may be any integer E 0. Finally we also write quite shortly
Zay

when there is no ambiguity as to the values which the index of summation has to
assume, — or when this 1s a matter of indifference.

2. Forn=20,1,2,...leta,be

1 1
A e D e nery 970 d=m

o ;(,:—-E);‘ H=(=D% g =(—1)"@2n+1);

1

L e Y CE )

o = a real number % 0, — 1, — 2, .

* German: Teilsummen oder Abschnitte.
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We are then concerned with the infinite series

l 1 1 A
=1 3+_4_T§+”"

1,11
2 0(n.|.1)(n-|_2) T2t 2375
O 14141405 @) 041424340003

& (=1 — 1,1 1,
e)g»-:)()"“l 1_'2""7' "4+ ’

P

deey

1) 2?(—1)‘—_——1—1+1—1+—---; g 1-34+5—-T4+9—4...;

1 1 1 1
b) 2(a+k)(a+k+l) TR CES T D NICE D IO

And we have in these simply a new — and as will be seen, very con
venient — symbol for thc sequences (s, S5, 3. «+.) for which s, is

1 1 1 1
a) =1+-2+_4.+...+.2.7‘=2___- (\

an’
1 1 1 1
®) =tetostsat  tarneTy
1 1 1 1 1 1
) =nt1; q =24l

1 1 (=1
e) =1—§-+§—+...+hﬁ (cf. 45, 3 and 48, 1);

£) = 3[1 — (—1)*"] (see footnote 19);

=(—D"(n+ D;
S 1 Fout !
~m(m+1) @E+D@+2) " T @+ n)(@+an+1)

= (5 a+ 1) (= i‘x‘a“;lcfz) Feent (:Jl?nﬁ ﬁ‘L:x)
1
o

h)

o {-n+l

3. We emphasise above all that the new symbols have no significance in them-
selves. Addition, 1t 1s true, 1s a well-defined operation, always possible, with regard
to two or any particular number of values, in one and only one way. The partial
sums s,, therefore, however the terms a, may be given, have under all circumstances

©

definite values. But the symbol X a, has in itself no meaning whatever, — not
n=0

even in a case as transparent, seemingly, as 2 a; for the addition of an infinite number

of terms is something quite undefined, something perfectly meaningless. It must

be considered substantially as a convention that we are to take the new symbol
to mean the sequence of its partial sums.

19 Equal to 1 or 0, according as 7 is even or odd.
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4. The reader should take particular care to distinguish a series from a se-
quence 2°: A series is a new symbol for a sequence deducible by a definite rule from it.
5. The symbol with the sign of summation “Z” can of course only be used
when the terms of the scries are formed by an explicitly assigned law, or when a
particular notation is available for them. If for instance the numbers
1 1 1 1 1 1 1
P A S U L F A 1 A
or the numbers
1 1 1 1 1 1 1
3T 8 15 20 26" 31
are to be the terms of a scries, we shall have to use the explicit symbols
1 1 1 1 1 1
ptgtsta gt t--
and
1
3
and write down as many terms as necessary, till we may assume that the reader
has recognised the law of formation. For the first of these two serics, this may
be expected after the term ,';: the terms arc the reciprocals of the successive prime
numbers. In the second example 1t will not be known even after the term }; how
to proceed: the denominators of the terms are meuant to be the integers of the form

pq__]_ (P»q__213:4,'--)

1 1 1 1 1 1
Pitgtiztartogtart

in order of magnitude.

We now adopt the further convention that all expressions used to
describe the behaviour, in respect of convergence, of a scquence are to
be carried over from the sequence (s,) to the infinite scries X' a,, itself.
Thereby we obtain in particular the following

Definition. An infinite series X a, is said to be convergent, definitely 69.
divergent or indefinitely divergent, according as the sequence of its partial
sums shows the behaviour indicated by those names. If, in the case of con-
vergence, s, —> $, then we say that s is the value or the sumnn of the convergent
infinite series and we write for brevity

o>
zauzsi
v -0

so that 2? a, denotes not only the sequence (s,) q'f the partial sums, as laid down
v—=0
in the preceding definition, but also the limit lim s,, when this exists?'. In
the case of definite divergence of (s,), we also say that the series is definitely
divergent and that it diverges to + o or — o0 according as s, —> + ®©
or — —o0. If finally, in the case of indefinite divergence of (s,), » and u
are the lower and upper limils of the sequence, then we also say that the series
is indefinitely divergent and oscillates between the (lower and upper) limits

% and p.

20 The additional epithet of “infinite’” may be omitted when obvious.
21 Exactly as we may now, 1n accordance with the footnote 9 to 41, 1, write

(5p) = =
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Remarks and examples.
1. It is at once obvious that the series 68, 2a, b and h converge and have

for sums 42, 1 and l respectively; 2c and d are definitely divergent towards
@

4+ 00; 2e is convergent and has for sum the number s defined by the nest 22
(sar—11s2;); 2f, finally, oscillates between 0 and 1, and 2g between —o0 and
-} co.

2. As regards the term sum the reader must be expressly cautioned about
a possible misunderstanding: The number s is nof a sum in any sense previously
in use, biit only the Iimit of an infimite sequence of sums; the equation

ganr.s or a,+a,+ - +a,+-2-=5$
n=0

is therefore neither more nor less than another way of writing

lims, =s or s,—s.
It would therefore seem more appropriate to speak not of the sum but of the
limit or value of the series. However the term “sum” has remained in usec
from the time when infinite series first appeared in mathematical science and
when no one had a clear notion of the underlying limiting processes or,
generally, of the “infinite” at all.

8. The number s s therefore no sum, but is only so named, for the sake
of brevity. In particular, calculations involving series will in no wise obey
all the rules for calculating with sums. Thus for instance in an (actual) sum
we may introduce or omit brackets in any manner, so that for instance,

1-1+1—-1=1—-1)+0-1)=1—(1—1)—1=0.

But on the contrary
S 1r=m1—141—14—ees
n=0

is mot the same thing as

A=) +A =)+ A —1)4 - =040+04...

1-1-H-1-1)—1-1)—++e=1-0—-0—-0—=--..,
Nevertheless, calculations involving series will 'have many analogies with those
involving (actual) sums. The existence of such an analogy has, however, in
every particular case to be first established.
4. It is also, perhaps, not superfluous to remark that it is really quite

or as

Qo
paradoxical that an infinite series, say Z'El—;, should possess anything at all
n=0

1) (1 1) ( 1 l) 1

22 pu —— — o m— eee — — T ———

In fact s;, ;= (1 5 + 3 1 + + 5h—1 %% i3
1 1 P

+ 37 e o (_—_2k — l__)2k’ so that st‘< S5 < 8y <L «+«; similarly from Sok

=1 _(%__;_) —.ee — (-51; —--2—k—l+—l) we deduce that sy>> s3> §,>> +++. Finally
Sor— Sop—1 =+ ﬁ_l.‘;.—i’ i. e. positive and tending to 0. By 46, 4 and 41, 5,

we have s, —(s,3_; | S5;)- Cf. 81e, 3 and 82, 5 where these considerations
are generalised.
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capable of being called its sum. Let us interpret it in fourth-form fashion by
shillings and pence: I give some one first 1 s., then !/;s., then !/, s., then 1/y s., and
so on. If now I never come to an end with these gifts, the question ariscs, whether
the fortune of the recipient must thereby nccessarily increase beyond all
bounds, or not. At first one has the feeling that the former must occur; for
if I continue constantly adding something, the sum inust — it seems — ulti-
mately exceed every value. In the case under consideration this 1s not so,
since for every =
1

=1+;+‘11+"' 2};*—'2—211,remains<2_ —

The total gift therefore never reaches even the amount of 2s. And if we now, in
spite of this, say that 2,' is equal to 2, then we are really only using an abbreviated

expression for the fact that the sequence of partial sums tends to the limit 2. — Cf.
the well-known paradox of Achilles and the tortoise (Zenon’s paradox).

5. In the case of definite divergence we can also, in an extended sense, speak
of a sum of the series, which then has the ‘“‘value’ + 90 or — . Thus for instance

the series
21 _ 1 1 1
D=l batgd gt Ve

is definitely divergent, and has the ‘‘sum” -}- 00, because by 46, 3 its partial 3 sums
- + o0. We write for short

% +uo/

bvs

Il
-

n
which is only another mode of writing for
1 1
. l. ( .- e ————-) = .
im{14 9 + + " + oo
6. In thc case of an indefinitely divergent series however, the word
“sum” loses all significance. If in this case lims, =x and f;ﬁs,=,u(> %),

then we said, in the above, that the series oscillates between x and u. But it
must be carefully noted (cf. 61, 2), that this refers only to a description of the
ultimate behaviour of the series. In fact the partial sums s, need not lie between
x and g. Thus, for instance, if g, =2, and for n >0,

= PRI 2ER

we can at once verify that

Sp= Ryt @y Feeetay =(~ 1)

n+2
n+1

and therefore lim s, =—1, lims, =+ 1. But all the terms of the sequence (Sn)

(n=0,1,2,..)

23 If therefore the payments dis:ussed in 4. have the values 1s,, Y, s,
g sy Y¢S.,... the fortune of the recipient now does increase beyond all
bounds. It is not at first at all obvious to what it is due that in the case 4, the
sum does not exceed a modest amount, whereas in the present case it exceeds
every bound. The divergence of this series was discovered by John Bernaulls
and published by James Bernoulli in 1689; but seems to have been already known
to Leibniz in 1673,
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lie outside the interval — 1. .. + 1, alternately on the left and on the right, so that
an infinite number of terms of the sequence lies on both sides of the interval.
7. As we emphasized above that a series Z a,, represents merely the sequence
(s,) of its partial sums, — and therefore is merely another mode of symbolising a
sequence, so we may easily convince ourselves that conversely every sequence
(%0, %1, - - .) may be written as a series. We need only write
Ay =1%), Q) =X — Xy, Q3 =X3 — X3, 4.0, Qg =Xp — Xp_1,-00. (M=1).

k) @D
For then the series } a, = x, + X (xp — xg_,) has for partial sums s, = x,, §; = X
n=0 k=1
+ (%; — x,) = x; and generally for n = 1

Sn=%XF(x;—x)F (xg—x) + ...+ (g —xp_9) + (X — x5_1) = %,

so that the above written series does actually stand for the sequence (x,). The
new symbol of the infinite series is therefore neither more special nor more general
than that of the infinite sequence. Its significance resides principally in the fact
that the emphasis is on the difference a, = s, — s,_, of each term of the sequence
(s,) from the preceding, rather than on these terms themselves.

The convention laid down in 68, 1, by which for instance

@® -]
Ja,and gy +a;,+...+a,+ X a,
n=0 n=m+1
are to mean the same thing, now becomes the theorem (cf. 70 and 82, 4) that the
two series involved converge and diverge together, and that, when convergent,
the two expressions have the same value.

8. With regard to the History of Infinite Series, an excellent account is given
in a little book by R. Reiff (Tibingen 1889). Here it may suffice to mention the
following facts: The first example of an infinite series is usually ascribed to Archi-
medes (Opera, ed. J. L. Heiberg, Vol. 2, pp. 310 seqq., Leipzig 1913). He, however,

merely shows that l+i+...+zl,—,

remains less than g, whatever value n may
. .11

have, and that the difference between the two values is 3 and consequently

less than a given positive number, provided n be taken sufficiently large. He therefore

@®
proves — in our phraseology — that the series J/
n=0

o is convergent, and shows that

. 4 . . . .
its sum equals 3 A more general use of infinite series does not, however, begin

till the second half of the 17 Century, when N, Mercator and W. Brouncker, in
1668, while engaged on the quadrature of the hyperbola, discovered the logarithmic
series 120, and when I. Newton, in 1669, in his work De analysi per aequationes
numero terminorum infinitas placed their use on a firmer basis. In the 18 Century
the consideration of principles was, it is true, entirely neglected, but the practice
of series, on the other hand, was developed, above all by Euler, in a magnificent
manner. In the 19% Century, finally, the theory was established by 4. L. Cauchy
(Analyse algébrique, Paris 1821) in an irreproachable manner, except for the want
of clearness which then still attached to the concept of number as such. (For further
historical remarks, see Introduction to § 59.)

II. Infinite products. Here we are concerned with products of
the form

L
Up UgUg...Uy... OF [Jlu,;
n=1
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they must be taken, in a preciscly similar manner to the infinite series just
considered, simply as a new symbolic form for the well-defined sequence
of the partial products

Dr=Uy; Pp—Uyp Uy ...y Pp=U Uy .Uy ... .
However we shall later, with reference to the exceptional part played by
the number 0 in multiplication, have to make a few special conventions
in this connection.

- (n + 1)2 .
1. If for instance we have, for every n == 1, u,, - n(n - 2) then the infinite
product
O e B P
L n(n -+ 2) 132435 46" "n@m-}2°""

represents the sequence of numbers
4 2-3 2-4 2(n |- 1)

Pr=73; P2=" 5 Pa= "% ooy P P R A
2. The additions and remarks just made in I retain mntatis mutandis their
significance here. All further details will be considered later (Chapter VII).
III. Inﬁmte continued_fractions. Here the sequence (x,) under examination

is formed by means of 7o other sequences (a,, a, . . .) and (b, by, . . ), by wnting:
a a :
o - b, x‘:b°+bl’ xg—bot+ U o xg - byt -— e
1 a: a,
by |- b, - -7 —
I)z , 7| ag
sy

and so on, x,, in the gencral case, being deduced from «x,_, by substituting for
n n—-1 y
. a
the last denominator b, _, of x,_, the value b, ; 4+ ,", and procceding thus ad
n n—1t n bn

infimetum. TFor the “mfimte continued fraction” so formed the notation

“ |
bu"*‘l(;lll IZ""'--. I(bl"' l‘
n

is fairly usual. The most natural notation for 1t would be

w
by I- K Zn
0 bn

n=1

Y

Here also a few spccial conventions have to be made, to take the fact into account
that 1n division the number 0 again plays an exceptional part. ‘I’he subject of con-
tinued fractions we shall not, however, enter into 1n this treatise 24,

Of the threc modes of assigning a sequence discussed above,
that by infinite serics is by far the most important for all applications
in higher mathematics. We shall therefore have to deal mainly with
these. — Since series merely represent sequences, the intreductory
developments of § 9 provide us with the points of view from which
a given series will have to be investigated: Together with the
problem A which concerns the convergence or divergence of a given
series, we have again the harder problem B, which rclates to the sum
of a scries already scen to be convergent. And for exactly the same

24 A complete account of their thcory and applications is given by O. Perron,
Die Lehre von den Kettenbruchen, 2n Edition, Leipzig 1929,
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reasons as we there explained, the second problem will generally
prescnt itself in the form: A4 series 2a, is known to be convergent;
does its sum coincide with that of any other series or with the limit
of any other sequence, or does it stand in any assignable relation
such another sum or limit?2s

Since the problem A is the easier and since — in contradistinction
to problem B — it admits of a methodical solution, we will proceed
in the first place to give our attention to this in detail.

Exercises on Chapter IIZ%.
9. Prove Theorcms 15 to 19 of Chapter I by the method indicated in
the footnote to 14.

10. Prove in all details that the ordered arrangcment, defined by 14
and 15, of the system of all nests of intervals, obeys each of the theorems of
order 1. (For tlus cf. 14, 4 and 15, 2.)

11. Carry out the details of the proof required on p. 32; i. e. prove that
the four modes of combining nests of intervals, defined by 16 to 19, obey
all the fundamental laws 2.

12. For fixed g, with 2 < 1,
Zp=m+1)°—n%—0.
13. For arbitrary positive « and 8,
a
(log log #)“ 0.
(log »)*

Vs
14. Which of the two numbers (—;—) and (\/—‘2—) is the larger?

1R |

-

25 Thus e. g. the‘ series l+1+-2!!+§17+---+’%+ +.+ will easily be
shown to converge, How do we see that its sum coincides with the number ¢
given by the sequence (l +%—)n? Similarly we may very soon convince our-
selves of the convergence of the two series

1 1 1 1 1 1
1+7+_9_+ ...+’_‘.§+ «o+ and 1——3—+—g—-7—+....._

. : . 8
But how do we discover that if s and s’ are their sums, s=?s” and 4s' =

(i. e. equal to the limit in a third limiting process, which occurs in relation to
the circle; cf pp. 200 and 214)?

26 In several of the following exercises, a few of the simplest results
with regard to logarithms, and the numbers ¢ and x, are assumed known,
although they are only deduced later on in the text.

.
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15. Prove the following Limiting relations:
» [+
O beloomootooor -
S N

n n n T

<
ys

R RS I Caxy B

Note that in examples a) to d) a term by lerm passage to the limit gives
a wrong result; whercas in e) it gives a correct result

16. Let a be >0, x; >> 0 and the sequence (x;, g, ...) defined by the
convention that for n > 2

a) Tn = V& Zp_yy
a
b = ———,
) T 14+,

Shew that in case a) the sequence tends monotonely to the positive root of
z*— 2z -—a =0; that in case b) it tends to that of x?+x—a =0, but with z,
lying alternately to the left and to the right of the Limit

17. Investigate the convergence or divergence of the following sequences-
a) z,, , arbitrary; for every n =2, %, =1} (¥a_y + Ta—g);
b) %y, %, ..., Z,—, arbitrary; for every n =9

Ty =8, Ty +AgXpu_g+ *-° 18, %p_p

. 1
(al, @gy ..., @p given constants, e. g. all equal to —}-);

c) z,, x, positive; for every n =2, x, = ‘/.r,,_, Tn_y;
. 22, Xn_g

d) z,, #, arbitrary; for every n =2, z,=—" —".

Tp—y + Zn—g

18. If in Ex. 17, ¢ we put, in particular, 2y =1, z, =2, then the limit of

8 __
the sequence is =V 4.
19. Let a,, aq, ..., a, be arbitrary given positive quantities and let us
write, for n=1, 2, ...
al+ap+ .- +ay
d

n__
=s, and Vs, =2
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Show that z, always increases monotonely and if one, say a,, of the given
numbers is greater than all the others, then x,, — a; as hmit.
(Hint: First show that
s, Sy

Bxts).

20. Somewhat similarly to last Ex., write

S

IA
IA

It

n n __+ +n,__
/ a. e ’a}
V“l + ¥ 2{, ‘/ » =5n' and (5,{)":9}.'

J
and show that x,’ decreases monotonely and — \/al Ay ... ap.

21. Divide the mterval a ... b (0 << a <(b) mto = cqual parts; let x,=a,
Xy, Xy, ooey Tn= b denote the points of division. Show that the geometric mean

A 5
nil, —_— 1 /6b\5s=a 1
|\l/.\(, Ny Vse..¥p o> ( ) -- exp (b‘—— a {logxdx)

e \a"

. n-41 b—a
and the harmonic mean S S T logb — log @'
N -
Ag X An
22, Show that in the case of the gencral sequence of Ex 5

23. Set x>0 and let the sequence (x,) be defined by

2y =2, Z,=z", 2g=2™, ..., Zy,=xT"T1, ., ,
For what values of z is the sequence convergent? (Answer: If and only if

“lﬂe /;1,‘.
( )<x£e .)

e ) =

24. Let limz, =x, hmz, =p, lima, =2, Imz,’ = 4#'. What may be
said of the position of the hmits for the sequences

(=), (;)’ @n+2n) @n—2), (@a2), (ﬁ) ?

Tn

Discuss all possible cases.

25. Let («,) be bounded and (with the possible exception of a few initial
terms) let us put

®p _fn
10g(l+;—) T m
Then (a,) and (B,) have the same npper and lower limits. The same holds

if we put
Cn )_ l__ B
nlogn n  nlogn’

log(l+%+

26. Does Thcorem 43, 3 still hold if =0 or =+o00?

7. If the sequences (z,) and (y,) given in 483, 2 and 3 are monotone,
then so arc the scequences (z,’) and (y,’) mentioned there.
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28, If the sequence (%‘) is monotone and b, >0, then the sequence
n

baving #'t term

“;_—l: +---tan
b+ + e+ b,
is also monotone.
29. We have
a a, — a
lim - = lim -2 "1t
bn bp—bnyy '

provided the limit on the right exists and (a,) and (b,) are null sequences,
with (b,) monotone,

30. For positive, monotone c,’s,
zo+x1+ LR
implies
Coy+ 0y 2 + - +Cn1&3
[ 2 e 2

&

providcd (C") is bounded and C, —+o0. (Here C, =cy+c¢, 4 «++ +¢,.)
n

31. If b, >0, and b,+ b, + +++ + b, = B,—>+4 0, and z, -+ 00, then

B
bn (Xn4y — xn) = ¢
n

imphies

[r _boxa b6y x, + + bn ”n] Ny
Tni bo + by + * +b,. :

32. For every scquence (x,,), we 1nvariably have

To+ 2+ - +xn<ﬁx
= n*

l <l
m x, < lim Py

(Cf. Theorem 161.)
33. Show that if the cocfficients % of the Theorem of Toeplitz 48, 5
are positive, then for every sequence (x,) the rclation

limg, <hme, <imaz,

holds, where 2,/ =a, 2y + ap, &, + +++ +ap, Za.



Part II.

Foundations of the theory
of infinite series.

Chapter IIL

Series of positive terms.

§ 12. The first principal criterion and the two
comparison tests.

In this chapter we shall be concerned exclusively with serics, all of
whose terms arc positive or at least non-negative numbers. If Xa, is
such a series, which we shall dcsignate for brevity as a series of positive
terms, then, since a, == 0, we have

Sp=S$p_1 -+ an = Sn—1>
so that the sequence (s,,) of partial sums is a monotone increasing scquence.
Its behaviour is therefore particularly simple, since it is then determined
by the first main critcrion 46. 'This at once provides the following simple
and fundamental

First principal criterion. A series with positive terms either con-
verges or else diverges to + © . And it is convergent if, and only if, its partial
sums are bounded 1.

Before indicating the first applications of this fundamental theorem,
we may facilitate its use by the following additional propositions:

Theorem 1. If p is any positive integer, then the two series
N 0
2a, and X a,
n-0 n=p
converge and diverge together 2, and when both series converge,
» on
Za,=ay+a;+...+a,y+ 2a,
n-0 n-=p
1 Only boundedness on the right (boundedness above) comes into question,
since an increasing sequence is invariably bounded on the left.
? More shortly: We “may’” omit an arbitrary initial portion. — For this
reason, 1t 1s often unnecessary to indicate the limits of summation (between which

the index n 1s made to vary).
110
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Proof. Ifs, (n=0,1,...)arc the partial sumns of the first serics,
ands,” (n = p,p + 1, . ..) those of the sccond, then, for n = p,
Spe=ag +-ay+ ...+ apy + 5,
whence, for n — oo, both statements follow, — even without requiring
the terms a, to be non-negative.

Theorem 2. If X ¢, is a convergent sevies with positive terms, then so
ts 2 yuCu, tf the factors v, are any positive, but bounded, numbers 3.

Proof. If the partial sums of X'¢, remain constantly < K and
the factors y, < y, then the partial sums of 2 ¥, €, Obviously remain
always < y K, which, by the fundamental criterion, proves the theorem.

Theorem 3. If 2'd, is a divergent series with positive terms, then
so is 20,d,, if the factors O, are any numbers with a positive
lower bound §.

Proof. If G > O be arbitrarily chosen, then by hypothesis the
partial sums of 2'd,, from a suitable index onwards, are all > G: 4.
From the same index onwards, the partial sums of 24, d, are then
> G. Thus X§,d, is divergent.

Both theorems are substantially contained in the following

Theorem 4. If the factors o, satisfy the inequalities
<L, L,

then the lwo series with positive terms Xa, and X, a, converge and
diverge together. Or otherwise expressed. Two scries with positive terms
2a, and 2'a’ converge and dwerge together if two positive numbers
o and o” can be\assigned for which, constantly, (or at least froin some
n onwards)®

o S %ﬁ_’ é o

n

in particular therefore if a,' ~ a, or, a fortiori, if a,'o~a, (v. 40, 5).
Examples and Remarks.

1. If K is a bound above for the paitial sums of the scries Ma, with
positive terms, then the sum s of this series 15 < K (v. 46, 1).
2. The geometric series. Given a > 0, and the so-called geometric senes

Sar=1+atate-fartees,
n=0

we have, if a =1, then s, >n and so (s,) is certainly not bounded; the series

3 We shall in future usually denote by ¢, the terms of a series assumed
convergent, and by d, those of a series assumed divergent.

4 Since, in this formulation of the hypothescs, division by a, occurs, the
assumption is of course implied that a, >0 and never = 0. — Corresponding
restrictions should be observed in the morc frequent cases in the sequel
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is therefore in that case divergent. But if a << 1, then

sp=14a+4a*+4-- +a"=-1—Ia , (cf. p. 22, footnnte 13)
and therefore we have, for every n,
1
s'l < 1 —a )

so that the series is then convergent. Since furthcr

1 1
—_ = anrtt
"1 _a i—a?
forms a null sequencc, by 10, 7 and 26, 1, we at the same time obtain — this
is rarely the case — a simple expression for the sum: of the series:
w
1
at= .
n=0 l—a
8. The series 5 1 —-1 + 1 + 1 + has th tial
3 "é:ln(n+l)_l-2 53t 354 .« ha he partial sums

_ 1) (1 ]) (1 1 ) _ 1
s.—(l 3)t\g 3/t t\5 nt1 _1—;:+1'
These are constantly <1, the scries is thcrefore convergent. As it happens,
we can see at once that s,— 1, so that s=1.
a0

) 11 1 .
4. Harmonic series. 3 =1t g-o + o+ oo s duwergent, for,

as we saw in 486, 3, its partial sums
Som Lo b
TR "

diverge ® to + oo. But the series

z R R

n=1

is convergent. Tor its n'h partial sum is

s.=1+§%+§%+"' - an <1 +12+2 gt +(n—ll)n
hence =1+(1—%)+(%—%)+“'+(T}i"7li)=2“71i’

and therefore s, 1s constantly < 2, so that the given series is convergent. — The
sum s is not so readily obtainable in this case; we have however at any rate s < 2,

2
indeed certainly s < . We shall find later (see 136, 156, 189 and 210) that s = —é' —

A series of the form Z —!- is called an harmonic series.
_—-‘-"’-_h

T e

5. The series"é'o'—l—! =141+ §I + 5—1 4+ ... has the partial sums s, = 1,

sy = 2, and for n = 2,

5 Cf. footnote 23, p. 103,
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1 1 1
m=2tg gttt
Replacing each factor in the denominators by the lcast, namely 2, we deduce that
1 1 1
b - — e
R S PO R TR P B
1 1 1 . 1

=2+§+22+"'+§h:i=3_2n:i<3'

The serics is therefore convergent, with sum < 3. We shall see later that this sum

RS —— N

n
coincides with the limt e of thc numbers (1 + 711) .

e -

6. As we remarked above that every scries with positive terms represents
a monotone increasing sequence, so we sce, conversely, that every monotone in-
creasing sequence (xy, Xy, . . .) may be expressed as a series with positive terms,
provided x, is positive. We nced only write

A =Xgy Gy = X3 — Xpgyeeey, Ay =Xy — Xy 156003
for, actually,
Sp =% (o —x) oo (X, — X)) — 2,
and all the @,’s are > 0.

From our fundamental theorem we shall in due course deduce criteria
which are more special, but are also easicr to manipulate. This we shall
be enabled to do chicfly by the instrumentality of the two following ‘“‘com-
parison tests” *:

Comparison test of the 15 kind.

Let Xc, and X d, be two series with positive terms, already known to
be the first convergent, the second divergent. If the terms of a given series
2 a,, also with positive terms, satisfy, for every n > a certain m,

a) the condition

a,=c

n—=— vn

then the series X a, ts also convergent. — If, however, for every n > a cer=
tain m,
b) we have constantly
a, g dm

then the series X a,, must also diverge 8.
Proof. By 70, 1, it suffices to establish the convergence or di-

(2]
vergence of X a, In case a) the convergence of this series results
n=m+1

[
at once, by 70, 2, from that of 2 c¢,, because by hypothesis we may,
i=m-1

* German: Vergleichskriterien. (Tr.)

8 Gauss used this criterion in 1812 (v. Werke III, p. 140). It was not, how-
ever, formulated explicitly, nor was the following test of the 2" kind, before Cauchy,
Analyse algébrique (Paris 1821),
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for every m > m, write a, = y,c,, with y, <1. In case b) the di

D
vergence results similarly ? from that of 3 d,, because here we may

n=m+1
with 4, > 1.

n’

write a, =0, d

Comparison test of the 2" Lind.
Let Xc, and 2 d, again denote respectively a convergent and a
divergent serics of positive terms. If the terms of a given senes Za, of
positive terms satisfy, for every n > a certain m,

a) the conditions

. an-|-l S 0n+l

= ’
a, c

n

then the series Xa, ts also convergent. If, however, for every n=>
a certain m, we have
b) constantly
an-l-l 2 dn-l»-l
a, = d,°

n n

then Xa, must also diverge.
Proof. In case a), we have for every n >m

Gty o On
Cnt1~ Cn

n

. Qy . .
The sequence of the ratio V=" Is, from a certain point on-
n

wards, monotone descending, and consequently, since all 1ts terms are
positive, it is necessarily bounded Theorem 70, 2 now establishes the

a.
convergence. In case b) we have, analogously, '—;”"“ = a—", so that the
n4+1 n

ratios ¢, = —Z—" increase monotonely from a point onwards. But as they
n

are constantly positive, they then have a positive lower bound. Theo-
rem 70, 3 now proves the divergence.

These comparison tests or criteria can of course only be useful
to us if we are already acquainted with a large number of convergent
and divergent series with positive terms. We shall therefore have to
lay in as large a stock as possible, so to speak, of series whose con-
vergence or divergence is known. For this purpose the following
examples may form a nucleus:

? Or else — almost more concisely —: In case a) every bound above
of the partial sums of ¢, is also one for the partial sums of 3a,; and in
case b), thc partial sums of 2'a, must ultimately exceed every bound, since
those of Xd, do so.
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Examples.

a1 < |

1. Y , Was seen to be divergent, 2 ut convergent. By the first compurison
n-=1 n-1

test, the so-called harmonic series

v 1
2

n=1

is therefore certainly divergent for « "< 1, convergent for x = 2, It is, however,
only known 1n the case « == ¢ven integer how 1its sum may be related to numbers

occurring in other conncctions; for instance we shall see later on that for a = 4
4

. mw
the sum is 90"

. 1 .
2. By the preceding, the convergence or divergence of 2 s only remains
\

questionable in case 1 < o < 2. We may prove as follows that the series converges
for every « > 1: I'o obtain a bound above for any partial sum s, of the series,
choose k so large that 28 > n. Then

i DS I 1,1 .1 1 1 1
Spasphoy =1+ (éz""gri) + (4¢+5/ +01+7/ MEERN (-_)I»——l)x"'--'*‘(’zk_.l)z)-

Here we group in one parenthesis those terms whose indices run from a power
of 2 (inclusive) to the next power of 2 (exclusive). Replace, in each pair of paren-
theses, every separate term by the first; this involves an increuase ot value and we
have therefore

B 9 4 9L—1
S, 14 ‘2<a+ 4‘a+ eeet {2ty

If we now write for brevity :?5!14 = 9, — a positive number certainly < 1, since
a > 1, — then we have
s, <2149+ 92 4+ _I_Sl—lﬁ.l._glf< 1,
n =3 T 1—9 1—-9°

L]
and since this holds for every », the partial sums of our scries are bounded, and

the series itself 1s convergent, q. e. d. (Cf. 77.)

. . 1 .
All harmonic series 2 i for « =1 are divergent, and for « > 1, convergent.

In these, with the geometric series, we have already quite a useful stock of com-
parison series.

3. Series of the type

o 1
n§1 (an +_b_)7"'

where @ and b are given positive numbers, also diverge for « < 1, converge for
a > 1, For since
VN L e UL
‘' (@ntbET (a N b> a VO G o A
n

and 70. 4 oroves the truth of our statement.
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Accordingly the scries

S U - N U
+3¢+5¢+---—-n~0(2n_{ l)“’

in particular, are convergent for a > 1, divergent for « = 1.

N
4, If X ¢, 1s a convergent series with positive terms, and we deduce from

n =0
it a new series 2 ¢,’ by omitting any (possibly an infinite number) of its terms, or
by inserting in any way terms with the value 0, thus “diluting” the serics, then the
resulting “sub-series’” X ¢,,” 1s also convergent. For every number which 1s a bound
above for the partial sums of X ¢, is then also a bound above for those of the new

series.

. . 1
In accordance with this, the series % 1—’&. where p runs through all prime in-
tegral values, 1. e. the senes

1 1 1 1 1
satg@mtatatimt...

is certainly convergent for & >>1. (On the other hand, of course, we cannot
conclude without further examination tbat 1t diverges for « < 1))

5. Since T a" is already recognised as convergent for 0 < a -1, we mnfer
in particular the convergence of

Sl 1
& 107 10 1 10 or T
If 2,2, ...y 2, ... dcnote any “digits”, i. e. if each of them be one of the

numbers 0,1, 2,...,9, and if z, is any integer %0, then, by 70, 2, the series

a0 :n
25 107

is also convergent. — Thus we see that an infinite decimal fraction may also
be regarded as an infinite series. In tkis sense we may say that every infimite
dccimal fraction is convergent and therefore represents a definite real number. —
In this form of series we also have, according to our customary order of ideas,
an immediate conception of the value of its sum.

t/§ 13. The root test and the ratio test.

We prepare the way for a more systematic use of these two
comparison tests, by the two following theorems. If we take as com-
parison series, to begin with, the geometric series 2'a", with 0 <a <1,
then we immediately obtain the

Theorem 1. If, given a series 2 a, of positive terms, we have,
from some place onwards in the series, a, < a" with 0 <a <1, i.e.

Va.<a<1,
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then the series is comvergent. If however, from some place onwards,

n
Va, 21,
then the series is divergent. (Cauchy’s root testb)

n__
Supplementary note. For divergence it clearly suffices that }/a, =1

should be known to hold for infinitely many distinct values of m. For we then
also have, for those values of n, @, = 1; and a particular partial sum s, will
consequently exceed a given (positive integral) number G, if m is chosen so
large that the inequality a, = 1 occurs at least G times while 0 <# <<m. The
sequence (s,) is therefore certainly not bounded.

The second comparison test gives immediately:

Theorem 2. If, from some place onwards in the series, a, > 0, and
a, +1
St ga<t,

then the series 2'a, is convergent. If however, from some place
onwards,

an+1
w, =0

then the series 2 a, ts divergent. (Cauchy’s ratio test?.)

Remarks and Examples. 6.
n__
1. In both these theorems, it is essential for convergence that }/a, and

‘-l’;“ respectively should be ultimately less than a fixed proper fraction a. It
n

does not at all suffice for convergence that we should have
n__
Ve, <1, or It -9
an

. ] . . 1
for every #. An example presents itself at once in the harmonic series 3] -

for which we certainly always have

n
]/l 1 .1 1
—”—<1 and also "+].7—l—”+1<l,

though the series diverges. It is quite essential that the root and ratio should
not approach arbitrarily near to 1,

n
2. If one of the sequences (\/a,.) or (‘—z;’;-"—'-‘) is convergent, say with limit ¢,
n

then theorems 1 and 2 show that the series Xa, is convergent if a<1,

% Analyse algébrique, p. 132 seqq.
* Analyse algébrique, p. 134 seqq.

£~ R1IN
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n - -
divergent if « > 1. For suppose Va,. — a <2 1, for instance; then ¢ = 1 B ot >0
and m may be determined so that, for every n > m, we have

n__ 1+«

Va,.<a+s=—-;—-—=a.
And since this value a is << 1, theorem 1 proves the convergence. If on the
contrary o > 1, then & = e—1 > 0, and m’ may be so determined that, for
every n > m', we have

n__ 1

Va,,>a— =~+E=a.

2

And since this value a is > 1, theorem 1 proves the divergence. — The proof

in the case of the ratio is quite analogous.
If =1, these two theorems prove nothing.

3. The reasoning just applied in 2. is obviously also legitimate when

—n =—a . . Loh— . a4 .

lim Va, or llm—;;-'*—‘ is < 1, in the one case, and lim }a, or lim ,;_4'1 is > 1,
n - h— n

in the other. If one of these upper or lower liniits is = 1, or the upper limit

> 1, the lower < 1, then we can infer almost nothing as to the convergence or diver-

gence of X a,. The supplementary note to 75, 1, however, shows that, in the root
test, 1t 1s sufficient for divergence 1° that m v/a,, > 1.

4. The remarks just made in 2. and 3. are so obvious that, in similar
cases in future, we shall not specially mention them.

5. The root and ratio tests are by far the most important tests used in
practice. For most of the series which occur in applications, the question of
convergence or divergence can be solved by their means. We append a few
examples, in which z, for the present, represents a positive number.

a) Sn%z™ (a arbitrary).

Here we have
a, n 4 1\a
Gnyy _ (_Jr_) 2 a3,
an »n

as n-:‘l =1 +-'l:-—>l and is permanently positive (v. 38, 8). The series is
therefore — and this without reference to the value of ¢ — convergent if

z < 1, divergent if 2 >1. For z =1 our two tests are inconclusive; however
we then get the harmonic series, with which we are already acquainted.

0 ECIm=Ber (e ez
Here we have

“n__-_t-;=(”+1’+l)(”+?)--~(”+2) P'_x=”+P+1
a, (mB+p)(n—14+p)...(n+1)-p! nt1

T— 2.

¥ Thereby the criterion obtains a disjunctive form. I a, is convergent

—n
or divergent according as lim Va,, is <<1 or > 1. (Further details in §§ 36
and 42.)
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Hence this series too is convergent for x < 1, divergent for x > 1, whatever be

the value of p. For x = 1 and p = 0 it obviously diverges, since then a;‘i‘ =1 for
n
every n. In the case of convergence we shall later on find for its sum the value

1 prl
(1 —x) :

) xn . xz xn .
<) ) l__1+x+2!_|““+';t—?+“ .

llere we have for every x>0

@ni1 = __ai_l_. 0 (< 1);

a, n 4

the series is thereforc convergent for every z=>0. For the sum we shall
later on find the value e®.

§ NT for 520, s |/% = T
) N a5 I8 convergent for 20, as |/ 5= -—»0.

e (Jog )" is convergent !, as again v a, > 0.
A 1 b 1 .
Hn > g convergent, because a, <;§,

2

! 1.2... 2
> ;:;‘ convergent, because a, = i Me o for every n=>2;

nn...n=—
P

1 1
— divergent, because a, >~

Vn(n+1) +1'

1
_____ convergent, because a, < —-
yn(l+n? . n?

g) X (log )P (p fixed > 0), is divergent, since by 38, 4 from some n on-

wards (log n)? < n.

h) Zo— (log ,,)10,,,. is convergent, as we may at once recognize by wnting the
generic term in the form
1
7log log n*

11 In this series, summation may only bcgin with n = 2, since log1 = 0,
Such and similar obvious restrictions we shall in future not always expressly men-
tion; it suffices, for the question of convergence or divergence, that the indicated
terms of the series, from some place onwards, have determinate values. — In all
that follows, as alrcady agreed on p. 83, the sign “log” will always stand for the
natural logarithm, i. e. that to the base ¢ (46a),
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On the other hand
1 N
1 — —(log log )
(logn)loglogn - 2 ¢
is divergent, because by 38, 4 and Ex. 13, (loglogn)® <<logn from some #

: N 1
onwards, so that the generic term of the series is >—;—.

§ 14. Series of positive, monotone decreasing terms,

Before passing from these quite elementary considerations, we
will mention a particularly simple class of series of positive terms,
namely those series whose terms ag,, at least from some place
onwards, form a monotone sequence. To this class belong nearly all
the series given as examples above and also the majority of those
which occur in applications. For such series we have the following:

L
Cauchy’s theorem of convergence'’. If J3' a, is a series whose
n=1
terms form a positive monotone decreasing sequence (a,), them it con-
verges and diverges with

kg(" 2%agx=a, + 24, + 4a, + 8a, + ---

Preliminary remark. What is particularly remarkable in this theorem
is that it shows that a small proportion of all the terms of the series suffices
to determine the convergence or divergence of the whole series. For this
reason it is also called the condensation theorem.

. . 1 . . .
It shows that the harmonic series 2 W for instance, is certainly diver-
gent, for it converges and diverges with the series

2k
Sm=1+l+14..

which is unmistakably divergent. And speaking generally, the series —l: is

inferred to converge and diverge with the series
k

2 e o)

but this is a geometric series and therefore converges or diverges according
as a>1or a<1.
These examples also show us that the convergence or divergence of

22kagk is often more easily ascertained than that of the series 2 a, itself;
it is just in this that the value of the theorem lies.

Proof. We denote the partial sums of the given series by s,,
those of the new series by #,. Then we have (cf. 74, 2)

12 Analyse algébrique, p. 185.
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a) for n< 2%

Sy §a1+(ae+as)+"' +(“e"+"' +as"+l-1)
La, +2a,+4a,+ - F+2%ay =1,

i e.
Sa St
b) for n > 2*
Sa= 8y +ay + (33 +a) + o (agp-ryy + 000+ agi)
= 34, +ay+ 24, + oo - 2F1g, =54,
ie.

2s, =t

Inequality a) shows that the sequence (s,) is bounded if the sequence (¢,)
is bounded; inequality b), conversely, that if (s,) is bounded, so is (¢,).
The two sequences are therefore either both bounded or both un-
bounded, and therefore the two series under consideration either both
converge or both diverge, q.e. d.

Before given further cxamples illustrating this theorem, we Inay
extend it somewhat?; for it is immediately evident that the number 2
plays no essential part in the theorem. In fact we have, more
generally, the

Theorem. If Xa, is again a series whose terms form a positive 78,
monotone decreasing sequence (a,), and if (g,, g4, ...) is any monotone
increasing sequence of integers, then the two series

2 a, and L%Z) (&1 — &) g,

are either both comvergent or both divergent, provided g,, for every
k > 0, fulfils the conditions

8> 8-1 =0 and g, —g < M-(g, — g)
in the second of which M stands for a positive constant™.
Proof. Exactly as before we have

a) for » < g,, — denoting by A the sum of the terms possibly
preceding a,, (or otherwise 0), —

Sn ésakéA + (ag,+ -+ + ag_y) + - +(“a,‘+ +“v,‘+1—1)
LA+ (g —8&)ag+ -+ (s — gk)“a,,»
i.e.
s, A+ ¢,

13 Schlomilch, O.: Zeitschr, f. Math. u. Phys., Vol. 18, p. 425. 1873.

4 The second condition signifies that the gaps in the sequence (gy), re-
latively to the sequence of all positive integers, must not increase at too
great a rate,
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b) for n > g,
Sp = Sg, > (@gpy + --- +ag)+ - +("o,‘_1+1 el o “ak)
= (81— &o)ag, + -+ + (& — &1-1) ag,>
Ms, = (g, — &) g+ -+ + (@1 — &) 4,

Ms, =t —¢t,.

And from the two inequalities the statements in question follow in
the same way as before.

Remarks.

1. It suffices of course that the conditions in ecither theorem be fulfilled
from and after a definite place in the serics. Therefore we may, in the extended
theorem, suppose, as a particular case,

gr=38% =4% ..., or =[g¥4

where g is any real number >1 and [g¥] the largest integer not greater
than gk. We also satisfy the requirements of this theorem by taking

g=~k? =Fk% =FR4 ...
0
With g, =k? we obtain, for instance, the theorem that the series 3 a,, — if

n=0
(@a) is a positive monotone decreasing sequence, — converges and diverges with

k%(zk“) a,,=a,+8a,+5a,+ Ta, + -

We may also replace this last series, according to 70, 4, by the series
Zkak,:a1+2a‘+3ao+--- .

2. 2,' lo is dwergent, — although its terms are matcrially less than
n
n=2
those of the harmonic series; for according to our theorem, this series con.
verges and diverges with

) 1
2 g @Y 2 (g D

and is therefore, by 70, 2, like the harmonic series, divergent. The divergence
of this series and of those considered in the ncxt examples was first discovered
by N. H. Abel® (v. Buvres II, p. 200).
1
J
8. 2’ 3 1 log n-log log »

consxderably less than those of the Abel’s series just considered. For by
Cauchy’s theorem it converges and diverges with

0 k 0
3 : =3 rreraTEy
h 2%.10g 2% . log (log 2F) ~ <3 # log 2-log (klog 2) 1

is also still divergent, although its terms are again

18 Niels Henrik Abel, born Aug. 5%, 1802, at Findoe near Stavanger (Nor-
way), died April 6h, 1829, at the Froland ironworks, near Arendal.
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and this, since log 2 < 1, has larger terms than Abel's series 2 3 ll % discussed

above, and must therefore diverge.

4. Thus we may continue as long as we please. To abbreviate, let us
denote by log,z the rPl° rcpeated or terated logarithm of a positive number x,
so that

logoz =2, log,z=1logz, log,x=1log (logz),...
log, z = log (log,_, ) .
We may also take log_, # to denotc the value e®.

These iterated logarithms only have a meaning if x is sufficiently large;
thus log z only for x>0, loggx only for > 1, log;x only for z>e, and
so on; and we shall only place them in the denominators of the terms of our
series if they are positive, i. e. log z only for > 1, log,x only for z>e,
logg  only for £ >> %, and so on. If therefore we wish to consider the series

1
—
2”' nlogn-logyn ... log, n

(p integer = 1),

then the summation must only begin with a suitably large index, — whose
exact value, however, (by 70, 1), does not matter. Since the logarithms increase
monotonely with n, and the terms therefore decreasc monotonely, the series,
by Cauchy’s theorem, converges and diverges with

1
%,log 2F.10g, 2% ... log, 2%

and this, since 2 <C e, must certainly diverge, if

1
-
2’klog;k...log,,_lk

diverges. Since the divergence of the latter series was proved for p=1 (and
p=2), it follows by Mathematical Induction (2, V) that it diverges for

every p = 1.
5. The series above considered, however, become convergent if we raise

the last factor in the denominator to a power > 1. That 2—1(; converges for
n

«>1, we alrcady know. If we assume provcd for a particular (integer) p>1,

that the series1$
1

®) %‘ k-logk...logp o k-(log,_, k)* (@>1
is convergent, it follows just as before that thc series
1
n n-logn...logy,_n-(log,n)*
is also convergent. For this, by the extended Cauchy’s theorem ‘78, converges
and diverges with the series — we choose gy = 8% —
3k+l - 3k

k 8%log 3% ... (logp 8")“'

(¢>1)

1* For p=1, this reduces to the series ) ;:;.
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As 8> e, this series has its terms less than those of the series (*) (assumed
convergent), if the terms of the latter are multiplied by 2 (which by 70, 2
leaves the convergence undisturbed).

The series brought forward in the two last examples will later on render
us most valuable services as comparison series.

We will prove one more remarkable theorem on series of positive
monotone decreasing terms, although it anticipates to a certain extent

the general considerations on convergence of the following chapter
(v. 82, Theorem 1).

«,* Theorem. If the series 5 a, of positive monotone decreasing terms
s to converge, then we must have not only a,— 0, but1?
na,—0.

Proof. By hypothesis, the sequence of partial sums @, + a, - --
+a,=s, is convergent. Having chosen ¢ > 0, we can therefore so
choose m that for cvery v > m and every 1 >1 we have

Isv+l_"sv|<";:

8
i1t aiat o F < 5

If we now choose n > 2m, then, taking » = [1 ], the largest integer
not greater than 1n, we have ¥ > m and thercfore

&
Gyi1t g+ o00 2, < 53
a fortiori, therefore,
("' - ’V) a, < ";—

and
”

5y < 21, e na,<e.
Therefore na,— 0, q.e. d.

Remark. We must expressly emphasize the fact that the condition
na,— 0 is only a mnecessary, not a sufficient one for the convergence of our
present type of series, i. e. if na, does not tend to 0, then the series in question
is certainly divergent®, while na,— 0 does not necessarily imply anything
as to the possible convergence of the series. In point of fact, the Abel’s series

diverges, although it has monotone decreasing terms and

1
logn

1
anogn

Na, = — 0.

17 Olwier, L.: Journ. f d. reine u. angew. Math., Vol. 2, p. 34. 1827.

. . . 1 . .
18 Accordingly, the harmonic series 3 —, for instance, must diverge
g y’ n 3 t} g

. . 1
because it has monotone decreasing terms, but n. w does not tend to 0.
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Exercises on Chapter III.

34. Investigate the bchaviour (convergence or divergence) of a series
2 @n, for which a,, from some index onwards, has the following values:

e S R T S SR LT R P /(a+n)
1't'—l', nl’ nion’ @n)’ nr ’ nn ! n /’
no '

1 n__ n_ 1 N 3 3
TTa (Va—l), (Va-—l—-—;): (Vn+1—yn), (Vn+l—ﬁ),
Vvr :i—‘/_ﬁ, 1 ' 1 aV/n glogn aloglogn

” (log log n)'&™ (log, n)1o8 ™’ ’ ’ !
n n__ a n__ "
-2 (Va-1)s (Fe-). '
35. If X'd, diverges, so also does )_—,’l—_?_f'd—. What is the behaviour of

d d,
n___ [ d .
21+nd" and 21+ngdn? (”>0)
836. Undcr the same assumption that 3'd, diverges and d, > 0, what is

d
the behaviour of the serics 21-_'_—"‘1—5?
n

37. Suppose p, — -+ oo. What is the behaviour of the series

1 1 1
o S e

88. Suppose p,— -+ e, but with
0 <lim (py, — pu) <+e0.
What must be the uﬁper and lower limits of the scqucnce (o) so that
1
\
S~ 2 Pnon
convcrge or so that it diverge?

89. For every n>1,

» 1 1 1 1
‘2—‘<1+'2 +’3‘+';1 +"'+"2*m<”

40. The sequence of numbers
= [1 + 1 1 lo n]
is monotone descending.

41. If Ya, has positive terms and is convergent, then 3'ya, a,,, is also
convergent. Show by an example that the converse of this theorem is not
true in general, and prove that it does nevertheless hold when (a,) is monotone.

/
42, If X a, converges, and a,, = 0, then X' -‘-—”-a—ﬂ also converges. and also indeed

the series 2 (—\%’%"Tc, for every 8 > 0,

6® (a51)
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43. LEvery positive real number z, is, in one and only one way, ex-
pressible in the form

m=a bt

where a,, is a non-negative integer with a, < n — 1 for n > 1, subject to the con-
dition of not being —= n — 1 for every n after a definite ny.  If x, 1s rational, and only
then, the series terminates.

44, If 0 <z <1, then there is one and only one sequence of positive
integers (ky), with
<k Sk Sk,
for which

1 1 1

CTRtRRET U TRR R

z is rational if, and only if, the %,’s are all equal after some index v,

Chapter IV.
Series of arbitrary terms,

§ 15. The second principal criterion and the algebra of
convergent series.

e
An infinite series 3 a,, — whose terms are now no longer assumed
n==0

subjected to any restriction, but may be arbitrary real numbers, —
was, we agreed, to be considered as essentially a new symbol for
the sequence (s,) of its partial sums

Spa=ay+a,+---+a, (n=0,1,2,..))

and we proposed to transfer immediately to the series itself the de-
signations introduced to characterise the convergence or divergence
of (s,). The case of convergence again occupies our main attention.
The second main criterion (47 —81), expressing the neccessary and
sufficient condition for convergence, at once provides the following

OFundamental theorem (First form). The necessary and sufficient
condition for the comvergence of the series 3a, is that, having chosen
any ¢ >0, we can assign a number ny=n, () such that for every
n>n, and every k > 1, we have

| Sn4r—8n| <&,
that is to say, in the present case, that

| Ongr 4 Quge 4 @ugr | <e.
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Starting with the second form of the main criterion, we also ob-
tain for the present fundamental theorem the following

©Second form. The series D) a, converges if, and only if, given 81a.
a perfectly arbitrary sequence (k,) of positive integers, — the sequence
of numbers

Tp= (”n-l-l + ) 42 + e + an-}-k”)

invariably proves to be a null sequence'. And as before we can
extend this somewhat to the

OThird form. The series ) a, comverges if, and only if, given 81b.
two perfectly arbitrary sequences (v,) and (k,) of positive integers, of
which the first, at least, tends to 4 0o, — the sequence of numbers

Tn=(”vn+l + a’l‘”+2+ e +awu+kn)
tnvariably proves to be a null sequence.

Remarks.

1. A serics represents esscentially a new symbolic expression for se-
quecnces of numbers, and in particular, as wc remarked, not only cvery series
represents a sequence, but every scquence 1s also expressible as a series; all
remarks und examples given on p. 84 have their parallels here.

2. The contents of the fundamental theorem may be formulated as follows:
Given ¢ >0, every portion of the serics, however long, provided only its initial
index be sufficiently large, must have a sum whosc absolute valuc is <e.
Or: Given ¢£> 0, we must be able to assign an indcx # so that for n > m the
addition, to s,, of an arbitrary number of terms immediately consecutive to a, can
only alter this partial sum by less than e.

3. Our present theorems and remarks of course also hold for series of
positive terms  This the reader should verify in each scparatc case.

A finite part of the series, such as

Ayt + @yye o0 - appa,

we may for brevity call a poition of the series, denoting it by T, if it
begins immediately after the »* term. When required, we may further ex-
plicitly indicate the number of terms in the portion by denoting this by
T, If we are considering an arbitrary sequence of such portions
whose initial index — -}- 00, we shall refer to it for short as a “ge-
quence of portions” of the given series. The second and third form
of the fundamental theorem may then also be expressed thus:

Ogth form. The series J'a, converges if, and only if, every 8le.
“scquence of portions” of the series is a null sequence.

! 1t is substantially in this form that N. H. Abel cstablishes the criterion
in his fundamental inemoir on the Binomial sevies (Journ f. dic reine u. angew.
Math., Vol. 1, p. 811. 1826).
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.Remarks and examples.

1. Ja, is thus divergent if, and only if at least one sequence of portions
can be assigned which 1s not a null sequence. For the harmonic serics

1 .
S —, for instance, we have
”

1 1 1 1
Ta=Tan n+l+n+2+ + >” =9

The sequence (T,) is therefore certanly not a null sequence, and therefore

> —:‘— is divergent.

2

1 1
T'=T"‘=(7Tr)“+"'+(er_l)"“
<14 L +eoo 4 1
Yo+ 1) G+D)(+2) GFAi—D)(+d

"‘(%“T:fl)'*(ﬁl:l v-+2)+ +(;+;.—1 741,1>=%“.%71'

therefore T, < —1— , so that 7, —+0, whcn »— 4+ 00. The series therefore
v

2. For 2-;— we have

converges.
3. For the sequence
== 1.1 1 1
,,2_'1 o Slmgtg gty ot
we have
_ _ A1 1 1 (._1)k—n]
Ti=Tur=(=1) [n+1_n+2+n+3_-+“'+ ntk J°

Whether k is even or odd, the expression 1n brackcts is certainly positive and

<»Fi ” + 1’
ing negative term, the sum of the two i- in each case positive. If & is even
all terms are exhausted in this manner, if 2 ¢s uneven a positive term remains,
so that in either case the complete cxpression is seen to be positive. If, on
the other hand, we write it in the form

. For if we take together, in pairs, each positive term and the follow-

J___(_l,__l_)_(_l_ -1 )
ni1 n+2 n+4+3 n+4 n4+b e
all the terms are now exhausted when % is odd and a negative term remains

over if k is even, so that in both cases only subtractions from

occur,
and thus the expression is <——:_—i As we now have
1
T, | =T,
l l ' ’Ilk I < n+ l

this involves
. I,—0,

and our series converges. — We shall see later (cf. 120) that its sum coincides
with the limit of the sequence 46, 2 and has the value log 2.
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To these four separate forms of the second fundamental criterion we
may at once attach the following simple but important considerations:
Since in the second form, by putting k2, =1, we obtain

a,,,— 0, we have also (by 27, 4), 4,— 0, i. e. we have the

° Theorem 1. In a convergent series, the terms a, necessarily form
a null sequence: a, — 0.

That this condition is not sufficient for convergence, we know
already, from the example of the harmonic series.

If, on the other hand, we already know that 3' g, converges,

o
then so does the series a,,,+a,, 4+ 4,5+ =2 a,, whose
r=n+1

sum is usually, as the so called remainder of the serics a,,
denoted by 7, (so that s, 47, =s= the sum of the complcte
series). Now we may, in the inequality

| Gpir+piatFta, ] <e

valid for n > n, and every k£ > 1, allow k to increase beyond all bounds
and so obtain, for every n > n,,», <e. Thus we have the

o
OTheorem 2. The remainders r, = > a, of a convergent series

© y=n+1

a,=s, — i.e the numbers
n=0

(P ==8) 705 Pys ParenesPpsonny —

always form a null sequence.

In 80, we saw further that if the terms of a convergent series
> a, (of positive terms) are momotone decreasing, then, over and
above the theorem just proved, the condition 74, —0 must hold.
That this need no longer be the case in scries of arbitrary terms is
already shewn by the series given in 81 ¢, 3. We can, however, show
that we must have

a1+2a2+---+na,,_’0

n

i. e. that the terms of the sequence (na,) are small on the average.
In fact we have 2 the more general
a0
OTheorem 3. If 3 a, is a convergent series of arbitrary terms
n=0
and if (py, py» +..) demotes an arbitrary monotone increasing se-
quence of positive numbers tending to 4 0o, then the ratio

?oao+flal+°--+?nan_>0'

n

2 L. Kronecker, Comptes rendus de I'Ac. de Paris, Vol. 103, p. 980. 1886,
— Moreover, this condition is not only necessary, but also, in a quite determinate
sense, sufficient, for the convergence of the series X a,, (cf. Ex. 58a),

82.



130 Chapter IV. Series of arbitrary terms.
Proof. DBy 44, 2, s, — s implies

Q P15+ (e — 1) 5, +; <+ (Pa ':_Pu—n) sn--l_>

S.

. S,
Since p—°—°—>0 and s, —s, we must thercfore have

n

s _(Pl_po)so'l"(Pz_f’l)sl’l""'+(Pn—f7n—1)3u—1_>0
» bn .

But this is precisely the relanon we had to prove, as may be seen
at once by reducing to the common denominator p, and grouping in
succession the terms which contain p,, p,,..., p, respectively?

As regards any condition for convergence whatsoever, we have
to repeat expressly that the stipulations made theremn always concern
— or only need concern — those terms of the series which follow
on some dcterminate one, whose index may moreover be replaced
by any larger index. In deciding whether a serics 1s or is not con-
vergent, the beginning of the series, — as itis usually put for brev-
ity, — does not come into account. This we express more exactly
in the following

L
OTheorem 4. If we deduce, from a given series 3 a,, a new
n=0

o
series > a, by omitting a finite number of terms, prefixing a finite
n=0
number of terms, or altering a finite number of terms (or doing
all three things at once) and now designating afresh the terms of the
series so produced by ay,a,’,...,* then either both series converge
or both diverge.

Proof. The hypotheses imply that a definite integer q=>—<—0 exists

such that from some place onwards, say for every # > m, we have

Every portion of the one series is therefore also a portion of
the other, provided only its initial index be > m -+ | ¢ | . The fun.
damental theorem 81 & immediately proves the correctness of our
statement.

3 Instead of the positive p, we may (cf. 44, 8 and 5) take any se-
quence (p,), for which, on the one hand, | p, | = + 0O and, on the other, a
constant K is assignable for which

' Po |+IP1—POI+"‘+|Pn—Pn-1|<Klpu|
for every =.
4 L e. in short: “... by making a finite number of alterations (27, 4) in
the sequence (a,) of the terms of the series...”
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Remark.

It should be expressly noted that for series of arbitrary terms, compari-
son tests of every kind become entirely powerless. In particular, of two scries
X a, and Xa,’ whose terms are asymptotically equal (a, 2~ a,'), thc one may

— 1\»
gquite well converge and the other diverge. Take for instance a, = (_1)__
1
and a,’ = a, + m.

Finally we prove the following criterion of convergence, which
appears almost unique in consequence of its particularly elementary
character, and relates to the so-called alternating series, i. e. to series
whose terms have alternately positive and negative signs:

Theorem 5. [Leibniz’s ruleb) An alternating series, for which
the absolute values of the terms form a monotone null sequence,
is invaritably convergent.

The proof proceeds on quite similar lines to that of 81 e, 3.
For if Y a, is the given alternating scrics, then @, has cither the
sign (— 1)", for every =, or the sign (—1)#+!, for every n. If we
write, therefore, | @, | = «,, we have

Tn= Tn,k == [un+1 T 04 Oy 4 — + - + (— l)k—lan+h]‘

As the o's are monotone decreasing, we may convince ourselves
precisely as in the example referred to, that the value of the square
bracket is always positive, but less than 1ts first term «,,,. Thus

|Tﬂl=lTn,k| <an+l’

which, since «, forms a null sequence by hypothesis, involves T, — 0
and therefore convergence of 3'a,, by 81e.

The algebra of convergent series.

Already in 69, 2, 3, it has been emphasized that the term ‘“‘sum”,
to designatc the limit of the sequence of partial sums of a series,
is misleading in so far as it arouses a belicf that an infinite series
may be operated on by the same rules as an (actual) sum of a definite
number of terms, e. g. of the form (a 4 & 4 ¢ 4 d), say. This is not
the case, however, and the presumption is therefore fundamentally
erroneous, although some of the rules in question do actually remain
valid for infinite series. The principal laws in the algebra of (actual)
sums are (according to 2, I and III) the associative, distributive and
commutative laws. The following theorems are intended to show how
far these laws remain true for infinite series.

8 Letters to J. Hermann of 26. V1. 1705 and to Jokn Bernoulli of 10.1.1714.
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® Theorem 1. The associative law holds for convergent infinite series
unrestrictedly in the following sense only:

ao‘—l— a, ._,_a’ +...=
implies
(@g+ ay -+ --- +“1',)+ (av,+1 + a2t + a-',) +eee=s,
if »,,%,,... denote any increasing sequence of different infegers and

the sum of the terms enclosed in each bracket is considered as one
term of a mew series

Ay A+ A, +---
where, therefore, for k=0,1,2, ...,

Ak = Gy, +1 + By +2 + R ark_'_,
(vo = — 1). The converse is however not always true.
Proof. The succession of partinl sums S, of X4, is ob-
viously the sub-sequence s, , s, , ..., Svoseee of the sequence of partial
sumns s, of 2'a,. By 41, 4, S, therefore tends to the same limit as s,,.

Remarks and examples.

2 (—1n-1 1 1 1 .
1. The convergence of 3 -~ =1-—--4--——... therefore im-
=t n 2 3 4
plies that of
*® 1 1 ) 2 1 1 1 1
N (e ) = % —— . EEZ e i —_— ees
k%l(zk—l 58 = 2 @r-iekietaatset
and also, similarly, of
1_(,2_1)_(H1<_l)_ =11 _1_1_
23 475 = 723 45767 7
and all three series have the same sum. If we denote this by s, the second
. . 1 1 .
series shows that in any case, s > l—-§+3-—4—ﬁ' and the third, that
_ 1 10
3\1—‘2'—3——1—2. Thus
7 10
12<*<1

2. That we may introduce brackets, but may not without consideration omit
brackets occurring 1n a series, the following simple example shows: The series
0 4+ 0 + 0 + ... 1s certainly convergent and has the sum 0. If we substitute every-
where (1 — 1) for 0, we obtain the correct equality

A=D4+A=D+...=2Z(1=1)=0.
But by omitting the brackets we obtain the divergent series

1—14+1—1+4—...,
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which therefore may not be put “= 0”. For we should then by again grouping
the terms, though in a slightly different way, obtain

1-1—-1)—(1—=1)—...=1—-0—-0—0...,

which again converges and has the sum 1. We should therefore finally deduce that
0 =11!19,

We proceed at once to complete Theorem 1 by the following

- [
° Theorem 2. If the terms of a convergent infinite series X A, are
k=0

themselves actual sums (say, as above, Ay, = a,, ;3 + ...+ Ay, 1s k=0,
1,...; vo= —1), then we “may” omit the brackets enclosing these if,

a0
and only if, the new series X a, thus obtained also converges.
n=0

In fact in that case, by the preceding theorem, X a,, = X' 4,, while in
the case of divergence of X a,, this equality would become meaningless.

A usually sufficient indication as to whether the new series converges
is provided by the following

°Supplementary theorem. The new series X a, deduced from X A,
in accordance with the preceding theorem is certainly convergent if the quantities

Ak'=|al‘k+1l+la“k+2| +"'+|a”k|,1|

form a null sequence.
Proof. If € be given > 0, choose m; so large that, for every k2 > m,,
we have

€
| Sk-a -"|<§

and choose mj, so large that, for every & > m,, we have 4, < % If m

is larger than both these numbers m; and m,, then we have, for every
n>vpy,
| sn — 5| <e.

¢ In former times —- before the strict foundation of the algebra of infinite
series (v. Introduction) — mathematicians found themselves fairly at a loss when
confronted with paradoxes such as this. And even though the better mathematicians
instinctively avoided arguments such as the above, the lesser brains had all the
more opportunity of indulging in the boldest speculations. — Thus e. g. Guido
Grandi (according to R. Reiff, v. 69, 8) believed that in the above erroneous train
of argument which turns 0 into 1, he had obtained a mathematical proof of the
possibility of the creation of the world from nothing!

7 As A, — 0, this is of itself the case if the terms which constitute 4; have
one and the same sign — in particular, therefore, if by omission of the brackets
we obtain a series of positive terms. Furthermore, this is always the case if the terms
a,, form a null sequence and if the number v, — v;, of terms grouped together in
A; forms a bounded sequence for k=0, 1,2, ... (An example is afforded by the
series 2 (a, - b,) in the next Theorem 3.)
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For to each such n corresponds a perfectly definite number %, for
which

Y <N Vyq

and this number k£ must be > m. In that case, however,

, '3
Sp=Sk-1ta, 4+t a, [, — Si-1 | < 4, <3
And since
Sp—8=1(5,— S4_1) +(Si—1 — 9)

we then have, effectually,

[l
|s, —s|l<e, iLe Ya,=s, qed

n=0

Example.

L 1 1) (1 1 1) ( 1 1 1)

A= i e —= — e e
2 (1“"3 g)t\st7—7)t "t st —1 9w/
is convergent; for Ay is positive, and, for every 2> 1, is

2 1 1 1

<TF—d 2F 2G-DR=F%"

IA

Since similarly, for every 2> 1,

1
’
W <gr—3 4+2k<

(4x) is a null sequence. Therefore the series

1 1 1 1 1
l+§—'2 +'§+-7——j4-++—-"
is also convergent. — Its sum — call it S — is certainly > 4, 4- 4, > ;, as

the series in its first form had only positive terms.

©Theorem 3. Convergent series may be added term by term. More
precisely,

S‘ a,=s and 5,‘ b,=t¢
n=0 n=0
imply both
Sa, +b)=s+¢
n=0
and also — without brackets! —

a,+by+a, +b, +a,+---==s+¢.
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Proof. If s, and f, are the partial sums of the first two
series, then (s, 4 ¢,) are those of the thurd. By 41,9, it therefore
follows at once that (s, ¢,)— s ¢. That the brackets may be
omitted, in the series thereby proved convergent, follows from the
supplementary theorem of Theorem 2, since (|a,|) and (|b,|) and
therefore also (|a,|— |b,|) are null sequences.

OTheorem 4. Convergent series may in the same sense be sub-
tracted term by term. The proof is identical.

OTheorem 5. Convergent series may be multiplied by a constant,
that is to say, from Za,=s it follows, if c is an arbitrary number, that

. 2(ca,)=cs.

Proof. The partial sums of the new series are cs,, if those
of the old are s,. Theorem 41, 10 at once proves the statement. —
This theorem, to some extent, provides the extension to 1nfinite series
of the distributive law.

Remarks and Examples.

1. These simple theorems are all the more important, as they not only allow
us to deduce the convergence of the new series from the convergence of known series,
but also set up a relation between its sum and that of the known series. They form
therefore the foundation for actual calculation 1n terms of infinite series.

[ l)n -1
2. The series 2—-——;‘

n=1
theorem 1, the series

S ;1___L) m(_}_A 1 .1 1)
ké’l(w;—l aw ™ 2\GmmoethioiTm

was convergent. Let s denote its sum. By

arc then also convergent with the sum s. Multiply the first by }, in accor-
dancc with Theorem 5, — this giving

& 1 l)_s
lé,(rr_é“n =3

— and add this term by term to the second; we obtain

) 1 1 1 3
2, —————-————f———-——v—- =—~5,
oy \Mk—38 " 4k—1 2k 2

or more precisely: we obtain the convergence of the series on the left hand side
and the value ol its sum, — the latter expressed in terms of the sum of the
series from which we started. The convergence was also proved directly in
connection with theorem 2; the present considerations have led however appre-
ciably further, since they afford a definite statement as to the sum of the series.

Before we examine the validity of the commutative and distributive
laws and investigate, in relation to the latter, the possibility of forming
the product of two series, we still require an important preliminary.
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§ 16. Absolute convergence. Derangement of series.

The series 1 —1 41 —1 4 .. proved (81¢, 3) to be convergent.
But if we replace each term by its absolute value, the series becomes
the divergent harmonic series 143+ 3 4 ---. In all that follows, it
will usually make a very material difference whether a convergent
series 2 a, remains convergent or becomes divergent, when all its
terms arec replaced by their absolute values. Here we have, to begin
with, the

OTheorem. A series Za, is certainly convergent if the series (of
positive terms) Z|a,| converges®. And if Za,=s, Z|a,|=S then
ls|<s.

Proof. Since

Ian+l+an+‘)+'“+an+k|§|an+ll+“'+'an+kl

the left hand side is here certainly < ¢ if the right hand side is,
whence by the fundamental theorem 81 our first statement at once
follows. Since further

lsnl él“ol"" lall+'“+lanl <s’
we have also, by 41, 2, |s| < S.

By this theorem, all convergent series are divided into two classes
and g, belongs to the one or the other according as 3'|a,| is or
is not also convergent. We define

° Definition. If a convergent series X a, is such that 2| a,| also
converges, then the first series will be called absolutely convergent, and other-
wise non-absolutely convergent ®.

T ) Examples.
e series
® ] © _ 1)in(n—1) ®
Z‘f?ﬂ; Zu)'—ix——-, (x>1); Za, 0>a>—1;
n=1 n=1 n=0

® xn . B an .

2 ?" x <0, 2 ;[!) x < 0’

n=0 n=1""

are absolutely convergent. — Every convergent series of positive terms is of course
absolutely convergent.

The very great significance of the concept of absolute convergence
will first appear in this: the convergence of absolutely convergent series
is much more easy to recognise than that of non-absolutely convergent
series, — usually, in fact, by comparison with series of positive terms,

8 Cauchy, Analyse algébrique, p. 142. (The proof is inadequate.) — On
the other hand, the example just given showed that the convergence of 3a,
need not involve that of 3'|a,|.

9 A series is thus “non-absolutely convergent” if it converges, but
not absolutely. The designation “non-absolutely convergent” applies therefore
to convergent series only.
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so that the simple and farreaching theorems of the preceding chapter
become available for the purpose. But this significance will imme-
diately become further visible in that we may operate on absolutely
convergent series, on the whole, precisely as we operate on (actual) sums
of a definite number of terms, whereas in the case of non-absolutely
convergent series this is in general no longer the case. — The following
theorems will show this in detail

OTheorem 1. If Zc, is a convergent series of positive terms and 87,
if the terms of-a given series X' a,, for every n > m, satisfy the condition

|a,| L¢, or the condition

a Cp
then Xa, is (absolutely) convergent.®

Proof. By the 1% and 2" comparison tests, 7% and 73, respec-
tively, 2'| a, | is in either case convergent!, and so therefore, by 8%,
is 2 a,.

In consequence of this simple theorem the complete store of con-
vergence tests relating to series of positive terms becomes available
for series of arbitrary terms. We infer at once from it the following

O©Theorem 2. If Xa, is an absolutely convergent series and if
the factors e, form a bounded sequence, then the series

Z:x”a

n
is also (absolutely) comvergent.

Proof. Since (|e,|) is a bounded sequence simultaneously with
(e,), it follows from 70, 2 that X|e,|-|a,|=23|«,a,| is convergent
simultaneously with X'|a,|.

Examples.

1. If Z'¢c, is any convergent series of positive terms and if the a, 's are
bounded, then I o, ¢, is also convergent, for then J¢, is also absolutely con-
vergent. We may thus, for instance, instcad of joining the terms ¢, ¢,,¢q, ...
with the invariable sign -, replace this by quite arbitrary 4-.and — signs, —
in every case we get a convergent series; for the factors 4 1 certainly form
a bounded sequence. Thus for instance the series

S=1ren, sl S(=1yllorniy
are all convergent, where [z], as usual, stands for the largest integer not
greater than z.

10 In the second condition, it is tacitly assumed that, for every # > m,

ay % 0 and ¢, & 0.
11 The corresponding criteria of divergence,

Aty

n

Gn 41
a

“la,|=d,", and »

=

are of course abolished, since the divergence of 2'| a, |, not necessarily of Xa,,
is all that follows. Cf. Footnote 8.
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2. If X a, is absolutely convergent, then the series obtained from it by
an arbitrary alteration in the signs of its terms, is invariably an absolutcly
convergent serics.

We shall now — rcturning thereby to the questions put aside at
the end of last section (§ 15), — show that for absolutely convergent series
the fundamental laws of the algebra of (actual) sums are in all essen-
tials maintained, but that for non-absolutely convergent series this is
no longer the case.

Thus the commutative law “a-}b =0b 4 a” does not in general
hold for infinite series. The meaning of this statement is as follows:
If (v,,7,,%,,...) is any rearrangement (27, 3) of the sequence (0, 1,
2,...) then the series

o @
Da' =D a, (i.e. with ¢ '=a, for n=0,1,2,..))
n= n=0 " n
W
will be said, for brevity, to result from the given serics Ya, by
n=0
rearrangement or derangement of the latter. The value of (actual)
sums of a definite number of terms remains unaltered, however the
terms may be rearranged (permuted). For infinite series this is mo
longer the case®® This is shown alrcady by the two serics considered
as examples in 81¢, 3 and 83 Theorems 1 and 2, namely

1—}+i=3+ = and 1hi—1hiri—d4 4 e
which are evidently rearrangements of one another, but have different
sums. The sum of the first was in fact s < %g, while that of the second
was s’ > 11; and indeed the considerations of 84, 2 showed more
precisely that s’ =$s.

This circumstance of course enforces the greatest care in working
with infinite series, since we must — to put it shortly — take account
of the oider of the terms?3. It is therefore all the more valuable to
know in which cases we may not need to be so careful, and for this

we have the

OTheorem 1. For absolutely convergent series, the commutative law

holds unrestrictedly*.
Proof. Let Za, be any absolutely convergent series (i. e. 2| a, |
is convergent as well), and let X'a,” = X'a, be a derangement of X a,.

1 This was first rcmarked by Cauchy (Résumés analytiques, Turin 1833).

13 As Xa, merely rcpresents the sequence (s,), and a rearrangement of
Za, produces a series X'a,’ with entirely different partial sums s,’, — these
not merely forming a rearrangement of (s,), but representing entively diffe-
rent numbers!! — it seems a priori most improbable that such a derangement
will be without effect on the behaviour of the series.

14 Lejeune-Divichlet, G.: Abh. Akad Berlin 1837, p. 48 (Werke I, p. 819).
Here we also find the example given in the text, of the alteration in the sum
of the series by derangement.
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Then every bound for the partial sums of X'| a, | is clearly also a bound
for the partial sums of X'| a,"|. So Z'a,’ is absolutely convergent with
2 a,. Let s, denote the partial sums of X a,, and s,’ those of X' a,’. Then
if € is arbitrarily given > 0, we may first choose m, in accordance with
81, so large, that for every £ =1 .

| @Gmir | | iz |+ o oo+ | @iz ] <€

and now choose 7, so large that the numbers vy, v4, vy, « o ., ¥, 0 comprise 18
at least all thé numbers 0, 1, 2, ..., m. Then the terms ay, a,, a,, . . . ,
a,, evidently cancel in the difference s,” — s,, for every n > n,, and only
terms of index > m remain, — that is, only (a finite number of the) terms
@py1s Qmygs - « « Since, however, the sum of the absolute values of aay
number of these terms is always < &, we have, for every n > n,,

IS"’-—S,,|<€,

and therefore (s,” — s,) is alnull sequence. But this implies that
sy’ = $p + (s, — s,) has the same limit as s,, i. e. 2'a,’ is convergent
and has the same sum as X' a,, q. ¢ d.

This property of absolutely convergent series is so essential that it
deserves a special designation:

° Definition. A convergent infinite series which obeys the commutation
law without any restriction, — i. e. remains convergent, with unaltered sum,
under every rearrangement, — shall be called unconditionally conver-
gent. A convergent series, on the other hand, whose behaviour as to con-
vergence can be altered by rearrangement, for which therefore the order of
the terms must be taken into account, shall be called conditionally con-
vergent.

The theorem proved just above can now be expressed as follows:
“Every absolutely convergent series is unconditionally convergent.” —

The converse of this theorem also holds, namely

° Theorem 2. Every non-absolutely convergent series is only condi-
tionally convergent8, In other words, the validity of the equality

in the case of a non-absolutely convergent series X a, depends essentially
on the order of the terms of the series on the left, and may therefore, by
a suitable rearrangement, be disturbed.

15 That such a number 7, exists follows from the very definition of derange-

ment.
16 Cf. Fundamental theorem of § 44.

89.
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Proof. It obviously suffices to prove that, by a suitable rearrange-
ment, we can deduce from X a, a divergent series X a,’. This we may
do as follows: The terms of the series X a, which are = 0, we denote,
in the order in which they occur in X' a,, by p,, ps, pP3, . . . ; those which
are < 0 we denote similarly by — ¢;, — g3, — @3, ... Then Z'p, and
2 g, are series of positive terms. Of these, one at least must diverge. For
if both were convergent, with sums P and Q say, then we should obviously
have, for each n,

|a| +|ay]|+.c.+|a. | S P+ Q,

hence X a, would, by 70, be absolutely convergent, in contradiction with
our assumption '?. If for instance X' p, diverges, then we consider a series
of the form

PrtPeteeit P — Ut Pmrrt Pt oo P — 2t Prgr T o0 o

in which, therefore, we have alternately a group of positive terms fol-
lowed by a single negative term. This series is clearly a rearrangement
of the given series X a, and will, as such, be denoted by X a,’. Now since
the series X' p, was assumed to diverge, and its partial sums are therefore
unbounded, we can, in the above, first choose m; so large that p, + p, +
e s+ P > 1+ q, then my > m, so large that

P1+P2"‘---+Pm1 +---+sz >2+q1+92
and, generally, m, > m,_, so large that
Prtpatecitbn,>vt+at+t...+yg,

(v=3,4,...). But X a,’isthen clearly divergent; for each of those partial
sums of this series whose last term is a negative term — g, of X' a,, is by
the above >v (v =1, 2, ...). And since v may stand for every positive
integer, the partial sums of X a,’ are certainly not bounded, and X a,’
itself is divergent, q. e. d. 18,

If X' g, is divergent, we need only interchange X'p, and X g, suitably
in the above to reach the same conclusion.

17 It is not difficult to see that actually both the series Zp, and Z ¢, must
diverge (cf. § 44); but this is for the moment superfluous.
18 X' a,’ clearly diverges to + o0,
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Example.
o
— 1" 1 1 1 1
"flgT)— = =14 273 + 175 ‘+... was seer to be non-absolutely
convergent. Since (jj 46, 3), for A =—1,2,...,
J1 1 1 1.2
% '2’*'4+6+.o.+_2’x/4

-~

we have, forv==1,2,...,

1 1 1
gt atgte-t

1
—_— >
2 Zv.

28v

)

— n
If therefore we apply to the series J/ (——”174 the procedure described above, we

need only put m, = 28 to deduce from it by rearrangement the diwergent series

1 1 1 1 1 1 1
2+4+6+..-+28—1+23—_‘|_—'2+-.-+2’j(;_‘3+-..

For the partial sums of this series terminating with the v*" negative term is greater
than 2 v minus v proper fractions, — i. e. certainly > v,

Theorem 88, 1 on the derangement of absolutely convergent series
may still be considerably extended. For the purpose, we first prove the
following simple

° Theorem 3. If X a, is absolutely convergent, then every “‘sub-series”
2 ay, — for which the indices A, denote, therefore, any monotone increasing
sequence of different positive integers, — is again convergent and in fact again
absolutely convergent.

Proof. By 74,4, X| a),| converges with 2 (a,). By 85, the state-
ment at once follows.

We may now cxtend the rearrangement theorem 88, 1 in the fol-
lowing manner. We begin by picking out a first sub-series X a), of the
given absolutely convergent series 2 a,, and arranging this first sub-series
in any order, denote it by

a® 4+ a2, 4 ... 4 a,OF...;

let 2( be the sum of this series, certainly existing, by the preceding theorem,
and independent of the chosen arrangement by 88, 119, We may also
allow this and the following sub-series to consist of only a finite number
of terms, — i. e. not to be an infinite series at all. From the remaining

19 The letter 2 is intended as a reference to the rows of the following doubly
infinite array.
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terms — as far as is possible — we again pick out a (finite or infinite)
sub-series, and denote it, arranged in any order, by

ag®+ a, M+ a,V 4 ... Fa, W ...,

its sum by 21; from the remaining terms we again pick out a sub-series,
and so on. In this manner, we obtain, in general, an infinite scries of finite
or (absolutely) convergent infinite series:

a,® + a; O + a;,® ...+ aq, @4, =20
a,W + a; W + @, 4 ..+ a, M- ., =21
a® +a; D+ a,® 4 ...+ a4 ., =20

. . . . . . . . . .

If the process was such as to give cach non-zero term 2 of the scrics X'a,
a place in one (and only one) of these sub-series, then the series

2O 2 2 )
or, that is to say, the series
(Zan®) + (Za,®) + (Fa,®) + .

may in a further extended sensc be called a rearrangement of the given
series 21, For this again we have, corresponding to theorem 88, 1:

° Theorem 4. An absolutely convergent series ‘“‘may” also in the ex-
tended sense be rearranged. More precisely: The series

20 4 20 4 2L,
is again (absolutely) convergent, and its sum is equal to that of X a,,.

Proof. Ife > 0 be given, first determine m so that, for every k= 1,
the remainder | @, | + | @pie| + ... <€, and then choose 7, so that
in the first 7y + 1 sub-series X'a,™, v =0, 1, .. ., n,, the terms a,, a,, a,,
..., ay of the given series certainly appear. If # > n, and > m, then
the series

FO+ 204, 4 20) — ¢,

20 The introduction or omission of zero terms in X a, or in the partial sums
is obviously without influence on the present considerations.

1 Put into the first sub-series, besides @, and a,, all those terms a,, for in-
stance, in any order, whose indices # are divisible by 2; into the next all those of
the remaining terms whose indices are divisible by 3; into the next again all re-
maining terms whose indices are divisible by 6; and so on, using the prime numbers
7, 11, 13 . . . as divisors.
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contains only terms H- a, whose indices are > m. Hence, by the choice
of m, the absolute value of this difference is < ¢, and tends therefore,
with increasing n, to zero, so that

lim (2 4 20 4, , + 2®M) = lims, = s = Y a,.
n—>mw n—>n

Moreover, the convergence of 2 2 which is thus established is also
absolute, since for each #» we have obviously

|2O] 4204 ... 4|20 < S=2]a,l.
The converse of this thcorem is, of course, cven less valid than

that of theorem 83, 1, without further consideration. Given, for & = 0,
1, 2, ..., the convergent series

N
2B = X q (B
n=0

if the aggregate of terms a,(® be arranged in any way as a scquence (cf.

53, 4), thcn X a,, need not at all converge, — even should g‘ 2 be con-

k—0
vergent. To show this is possible we have only to take, for each of the
series 3, the scries 1 — 14040404 ... . And even if Xa, con-

verges, the sum need not be equal to that of X ),

A general discussion of the question under what circumstances this
conversc of our theorcm does hold, belongs to the theory of double series.
However, we may even here prove the following case, which is a par-
ticularly important one for applications:

° Main rearrangement theorem 22. We suppose given an infinite 90.
number of convergent series

20 =g, 4 a4 ... 4 a,® ...
GV e e e e e e e e e
200 — gy® 4 @, 4 ., 4 a,® ..,

\ . . . . . . . .

[z«» = ay©® + a,® 4 ...+ a,© + ...

and assume that these series are not only absolutely convergent, but satisfy
the stricter condition that, if we write

Bla,w|=(® (k=0,1,2,...,fired),

n=0
the series ©
LW =g

k=0

22 Also called Cauchy’s Double Series Theorem.
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s convergent. Then the terms standing vertically one below the other also
Jorm (absolutely) convergent series; and if we write 23

3 a,® = s (n=0,1,2,..., fixed),
k=0

then X s is again absolutely convergent and we have

] -]
Zsm = 3z,
n=0 k=0
in other words, the two series formed by the sums of the rows and by the sums
of the columns, respectively, are both absolutely convergent and have the same
sum.

The proof is extremely simple: Suppose all the terms in (A) arranged
anyhow (in accordance with 53, 4) in a simple sequence, and denoted,
as terms of this sequence, by a,, a4, @5, . . . . Then X a,, is absolutely con-
vergent. For every partial sum of 2'| a4, |, for instance

lao| +[ay|+...+]aml,

must still be =< o, since by choosing % so large that the terms a,, a,, a,,
.., a, all occur in the % first rows of (A), we certainly have

Lap] + | @y | + - o et | an | S LO+ L0 4 ...+ L,

i. . =< o. A different arrangement of the terms 4,(*) in (A) as a simple
sequence a,’, a,’, a,, ... would produce a series XZ'a,” which would be
a mere rearrangement of X' a,, and therefore again absolutely convergent,
with the same sum. Let this invariable sum be denoted by s.

Now both Z'2® and also X's( are recarrangements of Xa, =,
in the extended sense of theorem 4, just proved. Therefore these two
series are both absolutely convergent and have the same sum s, q. e. d.

This rearrangement theorem may be expressed in somewhat more
general form as follows:

° Supplementary theorem. If M is a countable set of numbers
and there exists a constant K such that the sum of the absolute values
of any finite number of the elements of M remains invariably < K,

—

# Here the letter s is intended as a reference to the columns of (A).
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then we can assert the absolute convergemce — with the invariable
sum s — of every series 2 A, whose terms A, represent sums of a
finite or infinite number of elements of M (provided each element
of M occurs in one and only ome of the terms A,). And this remains
true if we allow a repetition of the elements of M, provided each ele-
ment occurs exactly the same number of times in all the A,’s taken
together, as tn M itself?4.

Examples of these important theorems will occur at several crucial
points in what follows. Here we may give one or two obvious applicatious:

1. Let 3'a, =s be an absolutely convergent series and put

a+2a,+4a,4-.-42"a, —at

9gn+1 n (”=O: la2l---)

Then we also have Xa,’=s. The proof results immediately, by the previous
rearrangement theorem, from the consideration of the array

%-—'—‘-l-—-l‘ +—Q+"'
2%
0+2 +2 16+“'

=0+ 0 +4g+470 4.0

1 1
tTernery T T

2. Similarly, from (v. 68, 2h), and

1
pp+1)

the array

=%, %, %,
%=1t 73T 34t
a,= 0 +22"+3+23—‘f‘—4+---

a2= O + 0 +3 +-.-

we deduce the equality, valid for any absolutely convergent series X a,:

@y ao+2a! a,+2a,+3a,
,é.',“" T2t~ 2.3 T7 34

Feee

8. The preceding rearrangement theorem evidently holds whenever every
a,® is =0 and at least one of the two series Z2® and 3s™ converges;
it holds further whenever it is possible to construct a second array (A’) similar
to (A), whose terms are positive and = the absolute values of the corresponding
terms in (A), and such that, in (A’), either the sums of the rows or the sums
of the columns form convergent series.

24 An infinite number of repetitions of a term different from zero is ex-
cluded from the outset, since otherwise the constant KX of the theorem would
certainly not exist. And the number 0 can produce no disturbance,
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§ 17. Multiplication of infinite series.

We finally enquire to what extent the distributive law “a (b + )
=ab -+ ac” holds for infinite series. That a convergent infinite series
2'a, may be multiplied term by term by a constant, we have alrealy
seen in 83, 5. In the simplest form

c(Za,)=2(ca,)

the distributive law is therefore valid for all convergent series. In the
case of actual sums, it at once follows further, from the distributive
law, that (a4 b)(c+d)=ac+ad +bc+bd, and more generally, that
(@g+a,+---+a)(by+ b, + - +b,) =agby +ayb, -+ a,b,,
or in short, that
] m
(2a1>-(25p)=2a1bn
A=0 a=0 2=0,..4,1
n=0,...,m
where the notation on the right is intended to convey that the indices
A and u assume, independently of one another, all the integral values
from O to ! and O to m respectively, and that all (! 4 1) (m + 1) such
products a; b, are to be added, in any order we please.
Does this result continue to hold for infinite series? 1f Xa =s
and X'b, = ¢ are two given convergent infinite scries of sum s and ¢,
is it possible to multiply out in the product

im0 ()
A=0 a=0

in any similar way, and in what sense is this possible? More precisely:
Let the products

A=0,1,2,...\
a1 by (p=0,1,2,.../

be denoted, in any order we choose 2, by pg, p;, P, - -« 3 is the series
2 p, convergent, and if convergent, does it have the sum s-¢? — Here
again absolutely convergent series behave like actual sums. In fact we
have the

° Theorem 2. If the series Xa, =s and X'b, =1 are absolutely
convergent, then the series Xp, also converges absolutely and has the
sum s- 1.

% We suppose, for this, that the products a) b, are written down exactly in
the same way as a,® or a,® for 53, 4 and 90, to form a doubly infinite array (A).
We can then suppose in particular the arrangement by diagonals or the arrangement
by squares carried out for these products.

2 Cauchy: Analyse algébrique, p. 147,
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Proof. 1. Let # be a definite integer > 0 and let s be the
largest of the indices 4 and u of the products a, b, which have been
denoted by p,, p;5 ..., p,- Evidently

PARRTARSRERPAE GS{EN) RS TA)

i.e. < 0.7, if 0 and 7 denote the sums of the series 2'|a;| and X|b,].
The partial sums of X|p,| are thercfore bounded and Xp, is ab-
solutely convergent.

2. The absolute convergence of 2'p having been proved, we need
only determine its sum — call it S — for a special arrangement
of the products a;b,, for instance the arrangement “by squares”. For
this we have, however, obviously,

aobo=Po’ (ao+a1)(bo+b1)=Po _I'Pl +p2 +?3
and in gecneral
(@44 +a) (B + -+ b)=1p+ "+ patir-1»
an equality which, by 41, 10 and 4, becomes, when #— oo,
st=3S

which was the relation to be proved.

Remarks and Examples.

1. As remarked, for the validity of the relation X' p, = s.# under the hypo-
theses made, it is perfectly indifferent in what manner the products a, b'u are
enumerated, that is to say arranged in order as a simple sequence (p,). The
arrangement by diagonals is particularly important in applications, and leads,
if the products in each diagonal are grouped together (83, 1), to the following
relation:

Za“n Zb = ag by + (a9 by +a; by) + (a0, + 6, by 6, b)) 4+«

n=0 n=0

writing for brevity a,b,+a,b,_,+a3b,_a++--+a,b,=c,. The validity of
this relation is therefore secured when both series on the left converge ab-
solutely.

We are also led to this form or arrangement of the “product series”,
sometimes called Cauchy’s product of the two given series?’, by the consnde-
ration of products of rational integral functions and those of power series, which
latter will be discussed in the following chapter: If in fact, we form the pro-
duct of two rational integral functions (polynomials)

ay+a,x+a,a2%+.c-+ax! and b, +bxt+bat+-.-+b,a™

*" Cauchy loc. cit. examines the product series in this special form only.



148 Chapter IV. Series of arbitrary terms.

and arrangc thc result again in order of increasing powers of z, then the first
terms are
ag by + (a5 b, + a, b)) 2+ (a4 by +a, by +a, ) 2+ - <,
so that we have the numbers ¢, ¢,, ¢, +-+, above introduced, appearing as
coefficients. It is precisely due to this connection that Cauchy's product of two
series occurs particularly often.
2. Since I'z" is convergent for |z| <1, we have for such an z

(l—m) 2‘”" 2«:" —m‘g)(n-kl)w”

8. The series 2 T cf. 76, 5¢ and 85, is absolutely convergent for

every real number x. If therefore z, and 2, are any two real numbers, we
may form the product of

2 a, = 7'- and 2 b,. = -;tT
according to Cauchy’s rule. We get
n n 2 ﬂ—‘v 1 n (z +$)'
—_ Y b _ .l k!__ _ 1 4 n--v= 1 2.
P R T 1= Tt e )lx, = TR
Therefore we have — for arbitrary z, and z; — putting 2, 4 %, = z,:
o m" @ ot

2 - Z'———“

—
n=0 n! ne=0 =0 n:

By our theorem, we have now established that the distributive
Jaw may at any rate be extended without change to infinite series,
— and this, moreover, with an arbitrary arrangement of the products
a1 b, —, if both the two given serics are absolutely convergent. It is
concé¢ivable that this restricting assumption is unnecessarily strict. On
the other hand, the following example, given already by Cauchy®
for the purpose, shows that some restriction is necessary, or the theorem
no longer holds: Let

o =0,=0 and a, 6= n==£——'7n—- for n >1,

so that Zqg, and 2'b, are convergent in accordance with Leibnitz's
rule 82,5. Then ¢, =¢, =0, and for » > 2,

St

c,=(—1

n 1

) [\/T\/ﬂ——l ‘/2\/1; ‘/n—l\ll]
Replacing each root in the denominators by the largest, Vn —1,
it follows that, for n > 2,

n—1
el 2 = 1

and therefore the product series 2'c, = 2'(a, b, + a, b,_, + +++ + a, b,)

18 Analyse algébrique, p. 149.
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is certaiuly divergent in accordance with 82, 1. This is therefore a
fortiori the case when we omit the brackets.

Nevertheless, the question remains open, whether we may not
be able, under less stringent conditions than that of absolute conver-
gencc of both the series 2'a, and 2'b,, to prove the convergence of
the product series 2 p, — at least for some special arrangement of
the terms a,b,, for instance as in the series ¢, above. To this
question we shall return in § 45.

Exercises on Chapter IV,

435. Examine the convergence or divergence of the series X (— 1)"a,,
for which a,, from some » onwards, has one of the following values:

1 1 1 1 1 1 LE
e ’

atn' an+d \/—n—' log n' loglogn’ 1"/;‘. ‘/,, n

46. What alterations have to be made in the answers to Ex. 34, when
the behaviour of X (— 1)* a, is required?
47. Let

1 f 22k Sn 22k+1
:,={+ or e , (*k=0,1,2,..)

—1 for 22k+l <y 22542,
Then the series

3! Sn
=) nlogn

~onverges. What is the behaviour of 2%?

G 2n-}1
D A L. E Skt a
48 n%l( ) n(n+l)

is convergent and has the sum 1.

49. Let the partinl sums of the series 1—%-*——:‘——}4__...1,.3
1
denoted by s,, and 1its sum by s, and put |_”+2_|_ +2-;=x,,. Show
that, for every =,
Xy = Sgp
o Lt
so that limz,= Y *—"——=s(=log?2).
n=1
50. Let s(=1log 2) denote as above the sum of the series 1 — -; - ; A T
Prove the following relations:
11 1 11 1 1 1 1 1 1 .
) 35 7ts e utr B BT T T3 Tgled
1 1.1 1 1 1 1 1 1
B 1-5—3+3 6 gt 10 1zt~ " =gle%
1 1.1 1 1 1 2
9 l-g—gtz+g—g-qt+—— gl
1 1 1 1 1
) 1+§+5_§_Z+++__...=§10g63
1. 1 1 1
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S1. With reference to the last two questions, show generally that the
series remains convergent when we alternately write throughout p positive terms

?

and ¢ negative ones, and that the sum is then =log2+%log e

52. The harmonic series 14 ;‘lé + % +%+ -+« remains divergent, when the

signs are so changed that we have throughout alternately p positive terms
and g negative ones, with p 3 ¢. 1f p =g the resulting series is convergent.
® (_ 1\n—-1
53. Consider the rearrangements of the series ) co
n=1 n

exactly corre-

sponding to those of the series 2( ) - in Ex. 50 and 51. When is the

resulting series convergent and when is xt not? When is the sum expressible
in terms of the sum of the given series?

B4. Consider, with the series Z’L, the same alterations in signs as in
n

Ex. 52, for the series 3] % When is a convergent series obtained?

88. For which values of o do the following two series converge:

1,1 1,1 1
l—— - o — e,
2% 3 4“ 5 6°

1+—;—-——+ +;——-—++~'--?
56. Th m of the series 1 — ! +l—-l+—- lies between 1 and 1,
e s 2% 3% 4° 2
for every o> 0.
57. Given
@ 1 "ﬂ)
”élm-‘('F
show that
1 1 1 3
1+§;+’5—,+7,'+"'=Z$p

1 1 1 1 2
l+5—,,+;7.3'+'11', +1‘3~,‘+"' =35

(With the latter equality cf. Ex. 50c.)
B58. In every (conditionally) convergent series the terms can be grouped
together 1n such a manner that the new series converges absolutely.

58 a. The following complement to Kronecker's theorem 82, 3 holds good:
If a series Za, is so constituted that for every positive monotone sequence (p,)
tending to 4 9°, the quotients

Do + P18, oo + PnGa
Dn

tend to O, then X a, is convergent. — In this sense, therefore, Kronecker’s condition
is mecessary and sufficient for the convergence.
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59. If from a given series Xa,, with the partial sums s,, we deduce,
by association of terms, a new series 3 A4, with the partial sums S, then
the inequalities

lim s, < lim Sy, < lim S <Tims,,

invariably hold good, whether Xa, converges or not.

60. 1If Ya,, with the partial sums s,, diverges indefinitely, and s’ is a
value of accumulation (3%) of the sequence (s,), then we can always deduce
from Ja,, by association of terms, a series X A4y converging to s’ as sum.

61. If Na,, with the partial sums s,, diverges indefinitely, and a,— 0,
then every point of the stretch between the upper and lower limits of s, is a
point of accumulation of this sequence.

62. If every sub-series of 2 a, converges, then the series itself is absolutely
convergent

63. Cauchy’s product of the two definitely divergent series

-

(o )3 )+ O )

3 3\? [(3\3 .
g+ () + )+
that of the two series 3+§l3" and —2+2‘l2" is —64+0+04+04....

In both cases it is absolutely convergent. How can this paradox be explained?

and

Chapter V.
Power series.

§ 18. The radius of convergence.

The terms of the series which we have examined so far were,
for the most part, determinate numbers. In such cases the series
may be more particularly characterised as having constant terms. This
however was not everywhere the case. In the geomctric series Xg",
for instance, the terms only become determinate when the value of ¢
is assigned. Our investigation of the behaviour of this series did not,
consequently, terminate with a mere statement of convergence or
divergence, — the result was: X'q" converges if|a| < 1, but diverges
if|a|=1. The solution of the question of convergence or divergence
thus depends, as do the terms of the series themselves, on the value
of a quantity left undetermined — a wvarigble. Series which have their
terms, — and accordingly their convergence or divergence, — depending
on a variable quantity (such a quantity will usually be denoted by z
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and we shall speak of series of variable ferms') will be investigated
later in more detail. For the moment we propose only to consider
series of the above type whose generic term, instead of being a
number g, has the form

a,z",
i. e. we shall consider series of the form 2

ay,+a,x+a,z*F---F-a, 2" 4 .- =:

la z".

n

3
ilvzg
3

Such series are called power series (in z), and the numbers g, are
their coefficients. For such power series, we are thus not concerned
simply with the alternatives “convergent” or “divergent”, but with the
more precise question: For what values of x is the series convergent,
and for what values divergent?

Simple examples have already come before us:
1. The geometric series Xz" is convergent for |z| <1, divergent for
z|>=1. For |z 1, indeed, we have absolute convergence.
I I = < B ) g
z" . .
2. Z’m is (absolutely) convergent for every real z; hikewisc the series

2k x2k+1

2( l)k(2k)! and Lé{)(—l)k@_km

n n
8. 2%, because l%lg[ﬂn, is absolutely convergent for |[z|<1.
For |z |>> 1, the series is divergent, because in that case (by 38, 1 and 40),

z" . . .
— |—++4o00. For z=1 it reduces to thc diwergent harmonic scries, and for

n
z=—1,t0a series convergent by 82, Theorem 5.
4. 2 ———” is (absolutely) convergent for |z | <2, but divergent for
lz]> 2
5. E n"x™ is convergent for z =0; but for every value of z:: 0 it 1s
n=1

divergent, for if x4 0, |nx|—>+o00 and a fortionn |n™z™|—> 4+ 00, so that
(by 82, Theorem 1) thcre can be no question of the series converging.

For z =0, obviously every power series X'q x" is convergent,
whatever be the values of the coefficients g,. The gencral case is
evidently that in which the power series converges for some values
of z, and diverges for others, while, in special instances, the two
extreme cases may occur, in which the series converges for every «
(Example 2), or for none < 0 (Example 5).

1 The harmonic series 27%. is also of this type: it converges for # > 1,

diverges for z < 1.
% We here write, for convenience, z° = 1, even when z=0.
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In the first of these special cases we say that the power series
s everywhere convergent, in the sccond — leaving out of account the
self-evident point of convergence z =0 — we say that it is nowhere
convergent. In general, the totality of points  for which the given
series X'a, " converges is called its region of comvergence.

In 2. this consists therefore of the whole axis of z, in 5. of the
single point 0; in the other examples, it consists of a stretch bisected
at the origin, — sometimes with, sometimes without one or both of
its endpoints.

In this we may see already the behaviour of the series in the
most general case, for we have the

OFundamental theorem. If Xa x" is any power series which 93.
does mot merely converge everywhere or nowhere, then a definite positive
number v exists such that Xa x" converges for every |x| < r (indeed
absolutely), but diverges for every || > r. The number r is called the
radius of convevgence, or for short the vadius, and the stretch
— 7...4r the interval of convergence, of the given power series 3.

— Fig. 2 schematizes the typical situation cstablished by this theorem.

:— conv: =
dur  -r 7 er dw:
Fig 2.

The proof is based on the following two theorems,

OTheorem 1. If a given power series 2a, x" converges for x = =,
(o + 0), or cven if the sequence (a,x,") of its terms is only bounded
there, then X a,x" is absolutely convergent for every T =1x, nearer
to the origin than %y, i e. with |z, | <|x,]|.

Proof. If |a, x| < K, say, then

Z

Ty

|a,2,"| = |a,z,"|-| 2 [ < Ko,

where 1} = the proper fraction —:l By. 87,1 the result stated follows

0
immediately.

" OTheorem 2. If the given power series 2 a,x" diverges for x =z,
then it diverges a fortiori for every x =, further from the origin
than =z, i.e. with |z, | > |z,].

3 In the two extreme cases we may also say that the radius of conver-
gence of the series is =0 or r:: 400, respectively.



154 Chapter V. Power series.

Proof. If the series were convergent for ,, then by theorem 1
it would have to converge for the point z,, nearer 0 than z,, —
which contradicts the hypothesis.

Proof of the fundamental theorem. By hypothesis, there
exists at least one point of divergence, and one point of convergence
4 0. We can therefore choose a positive number z, nearer 0 than
the point of convergence and a positive number y, further from 0
than the point of divergence. By theorems 1 and 2, the series 3 g, 2"
is convergent for x=x,, divergent for x=1y,, and therefore we
certainly have xz; < y,. To the interval J,=2,...y,, we apply the
method of successive bisection: we denote by J, the left or the right
half of J, according as X a, 2" diverges or comverges at the middle
point of J,. By the same rule, we designate a particular half of J,
by J,, and so on. The intervals of this nest (J,)all have the property
that 3 a_ " converges at their left end point (say z,) but diverges at
their right end point (say y,). The number » (necessarily positive),
which this nest determines, is the number required for the theorem.

In fact, if 2 =4’ is any real number for which |’| < r (equality
excluded), then we have |2’| < z,, for a sufficiently large £, i. e. such
that the length of J, is less than » — |2/|. By theorem 1, 2’ is a
point of convergence at the same time as z, is; and indeed at 2/ we
have absolute convergence. If, on the contrary, 2” is a number for
which |2”| >, then |2”| > y,,, provided m 1s large enough for the
length of J to be less than |2”| — 7. By theorem 2, 2 is then a
point of divergence at the same time as y, is. This proves all that
was desired.

This proof, which appeals to the mind by its extreme simplicity,
is yet not entirely satisfying, in that it merely establishes the existence
of the radius of convergence without supplying any information as to
its magnitude. We will therefore prove the fundamental theorem by
an alternative method, this time obtaining the magnitude of the
radius itself. For this purpose, we proceed — quite independently
of our previous theorem, — to prove the moie precise

OTheorem*: If the power series 2 a,x" is given and u denotes
the upper limit of the (positive) sequence of numbers

| J— n
la,l, V]aals  Vial,-- Via,], .

tu:li—r—n{‘/'anl’

¢ Cauchy: Analyse algébrique p. 151. — This beautiful theorem remained
for the time entirely unnoticed, till J. Hadamard (J. de math. pures et appl., (4)
Vol. 8, p. 107. 1892) rediscovered it and made use of it in important appli
cations.
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then
a) if u=0, the power series is everywhere convergent;
b) if u= -+ 00, the power series is mowhere convergent;
c) if 0 < u< -+ o, the power series

converges absolutely for every |z| < 1it’

but diverges for every |z| > %
Thus — with the suitable interpretation,
”=%=—n‘l'_‘:_
=V [

is the radius of comvergence of the given power series®.
Proof. If in case a) %, is an arbitrary real number <=0, then
1

——-> 0 and therefore by 59,
2|z,

‘”/T;: < Ql‘:’-o—i or |a,z"| < 2%
for every n > m. By 87, 1, this shows that X a, 2" converges ab-
solutely, — which proves a).
If conversely X' g, 2" converges for x = z, <= 0, then the sequence
(a,z,") and, a fortiori, the sequence (?T&:;::"—I), are bounded., If
”\/]—a_:x—l_'rl < K,, say, for every n, then \"/|Z:| < f:;‘

b K, for every =,

| (S
i. e (\/| a, |) is a bounded sequence. In case b), in which the sequence
is assumed unbounded above, the series therefore cannot converge for

any == 0.

Finally, in case c), if 2’ is any number for which |2’| <-;l‘— ,
then choose a positive g for which |2/| << o < —’—1‘—, and so % > u. By
the definition of u, we must have, for every n > some g,

Vm < —:’- and consequently {’WT‘T < —:'— <1

By 75,1, X a, 2" is therefore (absolutely) convergent.

8) For convenience of exposition, we here exceptionally write %= 400,

_.L. = 0. — Furthermore it should be noticed that -————-}-—— is not for instance

—n
+oo lim V] a, |

the same as lim , — as the student should verify by means of obvious

Viad

examples. (Cf. Ex. 24.)
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On the other hand, if || > 71—, so that |%| < u, then we must
have, for an infinite number of n’s (again and again; v. 59)
| Jp—
Via,| >
By 82, Theorem 1, therefcre the series certainly cannot con-

verge$,
Thus the theorem is proved in all its parts.

%l or |a,2""|>1.

Remarks and Examples.

1. Since the three parts a), b), c) of the preceding theorem are mutually
exclusive, it follows that the conditions are not mcrely sufficient, but also
necessary for the corresponding bechaviour of 3 a, 2".

| ——

2. In particular, we have V | a, | = O for any power series everywherc
convergent. For by the remark above, =0, and since we are concerned
with a sequence of positive numbers, these certamly havc their lower limit
x = pn. Since on the othcr hand » must be < u, we must have x=p=0.

| (P
By 63 the sequence (V | an |) is thereforc convergent with limit 0
Thus for instance

n1 n___
g 0, or an - 00,
»
because 22'— converges everywhere. (Cf. 43, Example 4.)

8. Theorcms 93 and 94 give us no information as to the bchavionr of
the series for x = 4+ r and for x = — r; this differs from case to case: zx",

—~ " z" . . .
> P > — all have the radius 1. The first converges neithcr at 1 nor at
n

— 1, the second only at one of tlie two, the third at both.

4 Further examples of power series will occur continually in the course of
the next paragraphs, so that we need not indicate any particular examples here,

We saw that the convergence of a power serics in the interior of
the interval of convergence is, indeed, absolute convergence. We
proceed to show further that the convergence is so pronounced as to
be undisturbed by the introduction of decidedly large factors. We have
in fact the

OTheorem. If 3 a,x" has the radius of comvergence r, then the
7=0

(o @

° S -1 . B n

power senes” 20, na,x"~1, or what is the same thing, 2:) (n+1)a,, ",
= n=

has precisely the same radius.

¢ Case c) may be dealt with somewhat more concisely: If
— . . R
limA/| @n | = p, then im' /| @ %" | = im v/l an | *| | = | 2|
(for what reason?). By 76, 3 the series is therefore absolutely convergent for
g+ ] x| <1, and certainly divergent for p-| x| > 1, q. c. d.
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Proof. This theorem may be immediately inferred from Theo-

rem 94. For if we write na, = a ', then
n -—

{‘/ l an' l = Vau.{‘/;'
Since (by 38, 5), 1"/;-—-1, it follows at once from Theorem G2 that

the sequences (‘”/ [a, ') and ({/| “nl) have the same upper limits. For
if we pick out the same sub-sequences from both, as corresponding
terms only differ by the factor {'/;, which — - 1, these sub-sequences
either both diverge or both converge to the same limit?

Examples.
1. By repeated application of the theorem, we dcduce that the series
Sna,a"=1, ISnn—1a,z*-2,...,Inmn—1).c. n—k+1)a, 2"—¥
or, what is exactly the same thing, the scries
Sm+1Nany, 2%, Z(n+1)(n+2)a, 2", ...,
n4-k
S+ (n+2) coe (k) a, Lz =k! 2( _:; )a,,_,.kx"
all have thc same radius as Xa,z", whatever positive integer be chosen

for k.
2. The same of course is true of the series

Qn Qa, (%
2T 2arye T 0 Carhery S mihT

Thus far we have only considered power series of the form
2'a,z". These considerations are scarcely altered, if we take the more
general type

0
B -
Putting x -- z, = 2/, we sec that these series converge absolutely for
|xl|=|m—m0l <'r

but diverge for | £ — &, | > », if » again denotes the number deter-
mined by Theorem 94. Thc region of convergence of this series
— except in the extreme cascs, in which it converges only for
x =x,, or for every , — is therefore a stretch bisected by the
point z,, sometimes with, sometimes without one or both of its end-
points. Except for this displacement of the interval of convergence,
all our considerations remain valid. The point «, will for brevity be
called the cemtre of the series. 1f z, = 0, we have the previous form
of the series again.

? Alternative proof. By 7@, 5a or 91, 2, the series Znd9*-1 is
convergent for every |¥| <1. If |z | < 7, and o is so chosen that
| % | < e <7, then ZXa,g" converges, (2,0" is therefore bounded, say

n—1
|ane" | < K. We infer that |na,.xo""1|<—§-n i , Wwhich, since

e

x
20«1, proves the convergence.

¢ (ab61)
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In the interval of convergence, the power series 2'a, (¥ — x,)"
has a definite sum s, for each x, and usually of course a different sum
for a different ¥, In order to express this dependence on x, we

write
Lo}

a, (x — %) = s (%)

n=0

and say that the power series defines, in its interval of convergence, a
Sfunction of x.

The foundations of the theory of real functions, that is to say the
foundations of the differential and integral calculus, we assume, as remarked
in the Introduction, to be already known to the reader in all that is essential.
It is only to avoid any possible uncertainty as to the extent of the facts
required from these domains, that we shall rapidly indicate, in the fol-
lowing section, all the definitions and theorems which we shall need,
without going into more exact elucidations or proofs.

§19. Functions of a real variable.

Definition 1 (Function). If to each value x of an interval of the
x-axis, by any prescribed rule, a definite value y is made to correspond,
then we say that y is a_fzesectior of x defined in that interval and write,
for short,

y =f(%),

where “f”’ symbolises the prescribed rule in virtue of which each x has
corresponding to it the relevant value of y.
The interval, which may be closed or opcn on one or both sides,
bounded or unbounded, is called the interval of definition of f (x).
Definition 2 (Boundedness). If there exists a constant K, such
that for every x of the interval of definition we have

f@) =K,

then the function f(x) is said to be bounded on the left (or below) in the
interval, and K is a bound below (or left hand bound) of f (x). If there exists
a constant K, such that for every x of the interval of definition f(x) < K,,
then f(x) is said to be bounded on the right (or above) and K, is a bound
above (or right hand bound) of f(x). A function bounded on both sides is
said simply to be bounded. There then exists a constant K such that for
every x of the interval of definition, we have

/()| =K
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Definition 3 (Upper and lower bound, oscillation). There is
always a least one among all the bounds above of a bounded function, and
always a greatest among all its bounds below8. The former we call the
upper bound, the latter the lower bound, and their difference the oscillation
of the function f(x) in its interval of dcfinition. Corresponding desig-
nations are defined for a sub-interval a’ . . . b’ of the interval of definition.

Definition 4 (Limit of a function). If £ is a point of the interval
of definition of a function f(x), or one of the endpoints of that interval,
then the notation

limf(x) =¢
z—>¢
or
f(@®)—>c for x—§
means that

a) for every sequence of numbers x, of the interval of definition which
converges to &, but with all its terms different from £, the sequence of the
corresponding values

yn::f(xn) (n:lb 2:3;"')

of the function converges to c¢; or

b) an arbitrary positive number & being chosen, another positive
number § —= 3 (¢) can always be assigned, such that for all values of x in
the interval of definition with

|Jx— €] <8 but x=E¢
we have ?
[f(x) —c| <=

The two forms of decfinition a) and b) mean precisely the same thing.

Definition 5 (Right hand and left hand limits). If, in the case
of dcfinition 4, it is stipulated besides that all points x, or x taken into
account lie to the right of ¢ (which must not of course be the right hand
endpoint of the interval of definition of f(x)), then we speak of a right
hand limit (or limit on the right) and write

lim f(x) = c;

z—>E+0

lim f (%) = ¢,
z—>E—0
and spcak of a left hand limit (or limit on the left), if ¢ is not the left hand
endpoint of the interval of definition of f(x), and if points x, or x to the
left of £ are alone taken into account.

similarly we write

8 Cf. 8, 2, and also 62.
9 The older notation lime f(x) for lim ef (x) should be absolutely discarded since
z= z—>

the whole point is that x is to remain = §.
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Definition 5a (Further types of limits). Besides the three types
of limit already defined, the following may also occurl?:
lim f (x) =
or ¢, +oo, —o0©
f(@)—
with one of the five supplementary indications (“motions of «")
for zt—¢&, —¢(4+0, —-¢&—-0, —--+00, ——o0.
With reference to 2 and 3 there will be no difficulty in formulating
precisely the definitions — in the form a) or b) — which correspond
to the definitions just discussed.
Since, as remarked, we assume these matters to be familiar to the
reader, in all essentials, we suppress all elucidations of detail and examples,
and only emphasize that the value ¢ to which a function tends, for instance

for x — &, need bear no relation whatever to the value of the function at &.
Only for this we will give an example: let f(x) be decfined for every z by

putting f(x) =0 if x is an irrational number, but f(z) =—;— if z is a rational

number which in its lowest terms is of the form -g— (g>0). Thus e. g. f(-;:)

=3 fO=fD=1, fJD=0, etc.
Here we have for every &
lim f(z) =0.
z->§
For if & is an arbitrary positive number and m is so large that —’l; < &, then

there are not more than a finite number of rational points whose (least posi-
tive) denominator is < m . These we imagine marked in the interval &§—1
...&41. Asthere are only a finite number of them, we can find one ncarest
of all to &; (if & itself is one of these points we of course should not take it
into account here). Let 8 denote its (positive) distance from &. Then every x,
for which

I<jz—-¢| <3,
is either irrational, or a rational number whose least positive denominator ¢
is > m . In the one case, f(x)=0; in the other, =% <-’l;<s. Therefore we
have, for every x in 0 < |2 —-&| < 8,
If@—-0]<s

limf(z)=0.
z->§

i. e., as asserted,

If therefore & is in particular a rational number, then this Zmit differs decidedly
from the value f (&) itself.

Calculations with limits are rendered possible by the following
theorem:

¥ In the first of these three cases we say that f(x) tends or converges
to ¢; in the second and third cases: f(x) tends or diverges (definitely) to + 0o
or —o0; and in all three, we speak of a definite behaviour or also of a limat
in the wider sense. If f(x) shows none of these three modes of behaviour, then we
say that f (x) diwerges indefinitely for the motion of x under consideration.



§ 19. Functions of a real variable. 161

Theorem 1. If f, (z), f,(x), ... f, (%) arc given functions (p some
determinate positive integer), eqch of which, for one and the same
motion of z of the types mentioned in Definition 5a, tends to a finite
bmit, say f, ()—cy,..-» fo (x)— c,, then

a) the function

f@=[HE+ L@+ -+ @)+t ey
b) the function
f (= =[f (x)'fs(x)'"fp(x)]_’cx'ca"'cp;

c) in particular, therefore, the function q f, (¥)— a ¢, , (@ = arbitrary

real number) and the function fi(@)—fa(@)—c, — ¢y

d) the function m — i provided ¢, 4-0.

Theorem 2. If 11mf(x)—~ ¢ ( 4 00), then f(z) is bounded in a
z->§

neighbourhood of &, i. e. two positive numbers 4 and K exist
such that
|f(®)] < K, when|z—¢|<d,

and corresponding statements hold in the case of a (finite) lim f ()
for x—£&¢(+0, £ —0, 400, — 0.

Definition 8 (Continuity at a point). If £is a point of the interval
of defintion of f(z), then f(x) is said to be continuous at & if
lim £ ()
z->§
exists and coincides with the value f(&) of the function at §:

11m f @) =r(%.

If we include the deﬁmtxon of lim in this new definition, we may
also state:

Definition 6a. f(z) is said to be continuous at a point &, if for
every sequence of z,’s of the interval of definition, which tends to &,
the corresponding values of the function

Yn =1 (*n) > f(§)-

Definition 6b. f(x) is said to be continuous at ¢, if, having chosen
an arbitrary € > 0, we can always assign 8 = 8 (¢) > 0, such that for
every x of the interval of definition with

|2 —¢] <8 we have |f(*)—f(§)| <e

Definition 7 (Right hand and left hand continuity). f(x)is
said to be continuous on the right (right-handedly) or on the left (left-hand-
edly) if lim f(x) cxists at least for x — ¢ 4 0 or x — ¢ — O respectively,
and coincides with f(¢). ’

Corresponding to Theorem 1 we have here the

Theorem 3. If f; (x), f2(%), ..., [, (x) are given functions (p a
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particular positive integer), all continuous at ¢, then the functions

D) fi(®) +F @)+ - +f (3),

b) fi (%) f2 (%) .- . fp (%),

c) af, (x) (@ = an arbitrary real number), f; (¥) — f, (x), and

. 1

d) if £, (¢) &= 0, also ®
are all continuous at £. Corresponding statements hold, when only right
hand or only left hand continuity is assumed.

By repeated application of this theorem to the function f(x) = x,
certainly continuous everywhere (since for ¥ — £ we have precisely x — £),
we at once deduce:

All rational functions are continuous everywhere, with the exception
of (at most a finite number of) points where the denominator = 0. In
particular: Rational integral functions are continuous everywhere.

Similarly, the limiting relations 42, 1—3, showed that: a*, (a > 0) is
continuous for every real x; log x is continuous for every x > 0; x* (==
arbitrary real number) is continuous for every x > 0.

Definition 8 (Continuity in an interval). If a function is con-
tinuous at every individual point of an interval /, then we say that it is
continuous in this interval. Continuity at an endpoint of the interval is
here taken to be continuity ‘“inwards”, i. e. right handed continuity at
the left hand endpoint, and left handed continuity at the right hand end-
point. These endpoints of / may or may not, according to the circum-
stances, be reckoned as in the interval. Functions which are continuous
in a closed interval give rise to a series of important theorems, of which
we may mention the following:

Theorem 4. If f(x) is continuous in the closed interval a < x < b
and if f (a) > 0, but f(b) < 0, then there exists, between a and b, at least
one point ¢ for which f(£) = 0.

Theorem 4a. If f(x) is continuous in the closed interval a < x < b
and 7 is any real number between f (a) and f (), then there exists, between
a and b, at least one point £ for which f (§) = . Or: The equation f (x) = 9
has at least one solution in that interval.

Theorem 5. If f(x) is continuous in the closed interval a < x < b,
then, having chosen any € > 0, we can always assign some number 8§ > 0
so that, if " and %"’ are any two points of the interval in question whose
distance | 2" — &’ | is < 3, the difference of the corresponding values of
the function, | f(x”') — f(x')|, is <e. (The property, established by this
theorem, of a function continuous in a closed interval is called uniform
continuity of the function in the interval.)

Definition 9 (Monotony). A function defined in the interval
a ... b issaid to be monotone increasing or decreasing in the interval, if for
every pair of points x, and x, of that interval, with x;, < x5 we in-
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variably have f(z,) < f(z,) in the one case, or invariably f(z,) = f(z,),
in the other. We also speak of sirictly increasing and strictly de-
creasing functions, when the equality signs, in the inequalities between
the values of the function just written down, are excluded.

Theorem 6. The point &, certainly existing under the hypotheses
of Theorems 4 and 4a, is necessarily unique of its kind if the func.
tion f(x) under consideration is strictly monotone in the interval q...b.
Thus in that case, to each % between f(a) and f(b) corresponds one
and only one £ for which f(£)=#. We say in this case: The inverse
function of y = f(x) is everywhere existent and one-valued (or y = f(x)
is reversible) in the interval.

Definition 10 (Differentiability). A function f(x) defined at a
point & and in a certain neighbourhood of £ is said to be differentiable
at & if the limit . f@—1@

z>E z—§
exists. Its value is called the (unique derivative or) differcntial coefficient
of f(x) at & and is denoted by f’(§). If the limit in question only
exists on the left or on the right (that is, only for —&4-0 or
x— & — O respectively), then we speak of right hand or left hand
differentiability, differential coefficient, etc.

If a function is differentiable at each individual point of an inter-
val J, then we say for brevity that the function is differentiable in
this interval.

The rules for differentiation of a sum or product of a particular (fixed)
number of functions, of a difference or quotient of two functions, of functions
of a function, as also the rules for differentiation of the elementary functions
and of their combinations, we regard as known to the reader.

All means necessary to their construction have been developed in the
above, if we anticipate a knowledge of the hmit defined in 112 and there
deterniined in a perfectly direct manner, If, for instance, it is inquired whether
a®(a >0 and 5 1) 15 differentiable, and, if so, what is its differential coefficient,
at the point &, then, following Defs. 10 and 4, we have to choose a null se-

quence (x,) with terms all £ 0 and to cxamine the sequence of numbers

Etan __ & Tn __
X,.=a LA 1 )
Zn Tn

If we write y, for the numerator in the last fraction, then by 33, 3 we know
that (y,) is also a null sequence, and indeed onec for which none of the terms
is equal to 0. X, may then be written in the form
X.=aE ——————'y..loga . J
log (1+vw)

But since, as remarked, y, is a null sequence, we have by 112

log(1+ya)

Yn

Since the samec then holds for the reciprocal values, by 41, 11a, we deduce

X,—+a%.loga. The function a* is thus differentiable for every z and has the
differential coefficient a%.log a.
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In the same way, as regards differentiability and differential coefficient
of logz for £ >0, we deduce, by consideration of

x, = oBE+ z:) —log§ _ log (:' 3?) _ ; . (1 + x,.)wa

that the differential coefficient exists hcre and =-1-.

&

Of the properties of differentiable functions we shall for the pre-
sent require scarcely more than is contained in the following simple
theorems:

Theorem 7. If a function f(x) is differentiable in an interval J
and its differential coefficient is there constantly equal to 0, then f(z)
is constant n [, that is to say is =={f(z,), where x, is any point of J.

If two functions f, (x) and f, (x) are differentiable in J and their
differential coefficients constantly coincide there, then the difference of
the two functions 1s constant in J, therefore we have

i (@) =1 + =1+ [ (%) — (%)
where z, is any point of J.
Theorem 8. (First mean value theorem of the differential calculus.)
If f(x) is continuous in the closed interval 4 < « < b and differentiable
in at least the open interval ¢ < z < b, then there is, in the latter
intcrval, at least one point & for which

1O/ _ ),

(In words: The finite diffcrence quotient relative to the endpoints of the
intervals is equal to the differential coefficient at a suitablc interior point.)
Theorem 9. If f(x) is differentiable at ¢ and f' (£) is > 0 (<< 0) then
f(x) “increases” (‘“‘decreases”) at &, i. e. the difference
F(%)— £(&) has {(t}f:"o;;';ite)} sign as (to) (x — ),
provided | x — £ | be less than a suitable number 3.

Theorem 10. If f(x) is differentiable at an interior point £ of its
interval of definition, then unless f’'(£) = 0 the functional value f(§)
cannot be = every other functional value f(x) in a neighbourhood of ¢
of the form |x — ¢ | < 3§, i. e. £ cannot be a (relative) maximum point.
Similarly the condition f'(£) = 0 is neccessary for ¢ to be a (relative)
minimum point, i. e. such that f(£) is not greater than any other functional
value f (x), as long as x remains in a suitable ncighbourhood of £.

Definition 11 (Differential coefficients of higher orders. If
f(x) is differentiable in /, then (in accordance with Def. 1) f’ (x) is again
a function defined in /*. If this function is again differentiable in /,

* and called the derived function of f(x).
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then its differential coefficient is called the second differcntial coefficient
of f(x) and is denoted by f”(z). Correspondingly, we obtain the third
and, generally, the & differential coefficient of f(x), which is denoted
by f®(x). For the existence of the k" differential coefficient at & it
is thus (v. Def. 10) necessary that the (k¢ — 1)*® differential coefficient
should exist both at& and at all points of a certain neighbourhood of &. —
The Jtb differential coefficient of f® (z) is f*+D(x), £ >0, 1 > 0. (As
Ot differential coefficient of f(x) wec then take the function itself)

Of the integral calculus we shall, in the sequel, require only the
simplest concepts and theorems, except in the two paragraphs on Fourier
serics, where rather decper material has to be brought in.

Definition 12 (Indefinite integral). If a function f(x) is given in
an interval g ... b and if a differentiable function F(x) can be found
such that, for all points of the interval in question, F’(z)= f(x), then
we say that F(x) is an indefinite integral of f(x) in that interval. ( Be-
sides F(x), the functions F(x) 4 ¢ are then also indefinite integrals
of f(x), if ¢ denotes any real number. Besides these, however, there
are no others). We write

F(z)= [ 1 (@) de.

In the simplest cascs, indefinite integrals are obtained by inverting the
elementary formulae of the differential calculus E. g. from (sin ¢ )’ = ¢ cosax

Sinax
it follows that jcosaxdx: —, and so on Thesc elementary rules we
o

assume known Special integrals of this kind, excepting the very simplest, are
little used in the sequel; we mention

dx 1 2:::—1
l 1 -—-—1 r(1— 2) 4 —— tan—1——
J‘l'i‘ og (14 ) og ( :c+:c)+\l an ‘/3 ,
— . =
f_d:i_=\/—2- obx +x\/2 +1 ‘—g[tan"(x\/2—l)+tan"‘(x\/2+I)],

J'[cot:c——l—] dx=1o gSl:'t.

Though in indcfinite integrals, we find no more than a new mode
of writing for formulac of the differential calculus, the definite integral
introduces an essentially new concept.

Definition 13 (Definite integral). A function defined in a closed
interval @ ... b and there bounded is said to be integrable over this
tnierval f it fulfils the following condition:

Divide the interval ¢ ... b in any manner into » equal or un-
equal parts (n > 1, a positive integer), and denote by z,, z,, ..., z,
the points of division bctween a ==, and b = z,. Next in each of

these n parts (in which both endpoints may be reckoned) choose any
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point, and denote the chosen points in corresponding order by £,, &, .. .,
¢,.. Then form the sum!

Sa= 20 — v )€

Let such sums S, be evaluated for each n=1, 2, 3, ... independently
(that is to say, at each stage x, and £, may be chosen afresh). But, at the
same time, /,, the length of the longest of the n parts into which the
interval is divided when forming S,, shall tend to 012,

If the sequence of numbers S,, Sy, . . ., in whatever way they may have
been formed, invariably proves to be convergent and always gives the same '3
limit S, then f (x) will be called integrable in Riemann's sense and the limit
S will be called the definite integral of f (x) over a ... b, and written

}f(x)dx.

x is called the variable of integration and may of course be replaced by
any other letter. — Instead of f(£,) we may also take, to form S,, the
lower bound «, or the upper bound B, of all the functional values ™ in the
interval x,_; < x < «,.

Theorem 11 (Riemann’s test of integrability). The necessary and suffi-
cient condition for a function f(x), defined in the closed interval a ... b
and there bounded, to be integrable over a. .. b, is as follows: Given
€ > 0, a choice of # and of the points x,, x5, . . ., ¥,_, must be possible,
for which

n
2o, <c¢
v
if 4, =|x, — x,_,| is the length of thc »** part of @...bd and o, the
oscillation of f(x) in this sub-interval.

This criterion may also be expressed as follows, assuming the notation
chosen so that a < b: After choosing &, we must be able to assign two
“step-functions” (functions constant in stretches) such that in a < x < b

we have always
gx)=f(x) =G (x)

N If f(x) > 0, a > b, and we consider a plane portion S bounded on the
one side by the axis of abscissae, on the other by the verticals through a and b and
by the curve y = f(x), then S, is an approximate value of the area of S. This
however only provides a satisfactory representation if ¥ = f(x) is a curve in the
intuitive sense.

12 We may then also say that the subdivisions, with increasing », become
indefinitely closer. ’

13 It is easily shewn that if the sequence (S,) is invariably convergent it alsa
ipso facto always gives the same limit.

14 In these cases S, gives the area of a (‘“step-’’) polygon inscribed or circum-
scribed to the plane portion S,
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as well as 18 ?(G (x) —g(x)dx <e.

It suffices in fact to put, in x,_; =< ¥ < «,,
gx)—~a, GMXx)=PB, v=12,...,n

together with 2= o, G(@b) =28,

From this criterion, the following particular theorems are deduced:

Theorem 12. Every function monotone in a <X x < b, and also every
function continuous in a < x < b, is integrable over a. .. b.

Theorem 13. The function f (x) is integrable overa ... b, if,ina ... b,
it is bounded and has only a finite number of discontinuities.

Riemann’s test of integrability may also be given the following form:

Theorem 14. The function f(x) is integrable over a ... b if, and
only if, it is bounded there and if, two arbitrary positive numbers § and ¢
being assigned, the subdivision of a... b into n sub-intervals described
in theorem 11 can be so carricd out that the sub-intervals Z, in which the
oscillation of f(x) exceeds 8 add up to a total length less than ¢.

Theorem 15. The function f (x) is certainly not integrablc overa...b
if it is discontinuous at every point of that interval.

Theorem 168. If f(x) is integrable over a. .. b, then f(x) is also in-

tegrable over every sub-interval @’ ... %" of a. .. b.
Theorem 17. If the function f(x) is integrable over a ... b, then
every other function f; (x) is integrable over @ ... b, and has the same

integral, which results from f(x) by an arbitrary change in a finite number
of its values.

Theorem 18. If f(x) and f, (x) arc two functions integrable over
a...b, then they have the same integral provided that they coincide at
least at all points of a set everywhere dense in @...¥b (e. g. all rational

points).
For calculations with integrals we have the following simple theorems,
where f(x) denotes a function integrable over the interval a . . . b.

a b
Theorem 19. We have [f(x)dx == — [f(x)dx and if a;, a,, ag
b a
are threc arbitrary points of the interval a. .. b,
[ ds+ [f)dx+ [f@dx=0.

Theorem 20. Iff(x) and g (x) are two functions integrable overa. . . b,
(a <b), and if in @...b we have constantly f(x) = g (), then we also

have b ,
[f(x)dx< [g(x)dx.

15 It is immediately obvious from the first form of the criterion that a step-
function such as G (x) — g (x) is integrable.
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Theorem 20a. | f(x)] is integrable with f (x) and we have, if a <,

b b
[[f@)dx|=]|f(x)]|dx
a a
Theorem 21, (First mean value theovem of the integral
calculus.) We have

[f@)dx=p-(b—a)

if p is a suitable number between the lower bound « and the upper bound
Boff(x)ina...b(a= pu=B). In particular we have
b

|[f®)dx|=K-(6—a)

if K denotes a bound above of |f(x)| ina...b.

Theorem 22. If the functions f; (%), f2 (%), . . . , f, (x) are all integrable
over a...b (p = fixed positive integer), then so are their sum and their
product and for the integral of the sum we have the formula

b b
[+t fy @) de= i) dx bt [f, ()

i. e. the sum of a fixed number of functions may be integrated term by term.
Theorem 22a. If f(x) is integrable over a ... b and if the lower

. . 1

bound of | f(x)|ina...bis > 0, then
|f@)] 7o

Theorem 23. If f(x) is integrable over @ . . . b, then the function

F(x):ff(t)dt

is continuous in the interval a . .. b and is also differentiable at every point
of the interval, where f (x) itself is continuous. If x, is such a point, then
F’ (%) = f (%) there.

Theorem 24 (Fundamental theorem of the differential
and integral calculus). If f(x) is integrable over a . . . b, and 1f f (x)
has an indefinite integral I (x) in that interval, then

b
{_[f(x)dx: F (b) — F (a).

is also integrable over a . . . b.

Theorem 25 (Change of the variable of integration). If
f(x) is integrable over @ . . . b and x = ¢ (¢) is a function differentiable in
«...pB, with ¢ («) = a and ¢ (B) = b, if further, when ¢ varies from « to
B, @ (t) varies monotonely (in the stricter sense) from a to b, and if ¢’ (?),
the differential coefficient of ¢ (), is integrable 1 over « ... B, then

b
[1@)ds= /G 0) ¥ Ot

1 The derivative of a differentiable function need not be integrable. Examples
of this fact are, however, not very easily constructed (cf. e. g. H. Lebesgue, Legons
sur 'intégration, 2°¢ Edition, Paris 1928, pp. 93—94),
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Theorem 26 (Integration by parts). If f(x) is integrable over

. b and F(x) is the indecfinite integral of f(x), if further g(x) is a
function, differentiable in a ... b, whose differential cocflicient is inte-
grable over a...b, then?

b b
[f@g@dx=[F(x)-g®),— [F(x) g (x)dx

The following penetrates considerably further than all the above
simple theorems:

Theorem 27 (Second wmean value theovem: of the inte-
gral calculus). If f(x) and ¢ (x) are integrable over a... b and ¢ (x)
is monotone in that interval, then a number £, witha < ¢ < < b, can be so
chosen that

b 3 b
[e(®) f(x)dx '=?(a)ff(x)dx+¢(b)£f(x)dx-

Here ¢ (@) may also be replaced by the limit, certainly existing under the
hypotheses, ¢, = lim ¢ (x), and similarly ¢ (b) by ¢, == llm ¢ (x); but in
5540

x—>a+0
this case a different value may have to be chosen for &.

We mention only the following of the applications of the concept of
integral above considered:

Theorem 28 (Area). Iff(x) is integrable overa. .. b, (a << b) and,
let us suppose, always positive in the interval 18, then the portion of plane
surface bounded by the axis of abscissae, the ordinates through a and b,
and the curve y = f(x) — or more precisely, the set of points (x, y) for
which a =< x << b, and at the same time, for each such x, 0 < y = f(x),

— has a measurable area and its measurc is f f(x) d x.
a

Theorem 29 (Length). If x = ¢ (¢) and y = ¢ (¢) are two functions
differentiable in o« =< 1= 8, and if ¢’ (¢) and ¥’ (f) themselves arc con-
tinuous in « . . . B, then the path traced out by the point x == ¢ (2), y = y (?)
in the planc of a rectangular coordinate system O x, O y, when ¢ describes
the interval from « to B, has a measurable length and this is given by the
integral

EOET A0

Rem>

Finally we may say a few words on the subjcct of so-called improper
integrals.

17 Here [h (x)]% denotes the difference ki (b) — I (a).
18 which may always be arranged by the addition of a suitable constant.
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Definition 14. If f(?) is defined for ¢ = a and is integrable over
a < t < x, for every x, so that the function

Fx)=[f()dt

is also defined for every x = a, then, if lim F (x) exists and = ¢, we say
that the improper integral ¥

+ o0
[f(@)dt
a
converges and has the value c.
Theorem 30. If f(¢) is constantly == 0 or constantly < O for every

t = a, then [ f () d t converges if and only if the function F (x) of Def. 14
a

is bounded for x > a. If f(?) is capable of both signs for t = a, then the
same integral converges if, and only if, given an arbitrary € > 0, xy > a
can be so determined that

170 de| <e

for every &’ and x”’ both > x,.

And quite analogously:

Definition 15, If f(x) is defined, but not bounded, in the interval
a <t=b, open on the left, and is integrable, for every x of a <l x <,
over the interval x =< ¢ < b, so that the function

F¥)=[f()ds

is defined for each of these &’s, then, if lim ¥ (x) exists and = ¢, we say
a—>a+0

that the improper integral (improper at a)

b
[f(@®)dt

is convergent and has the value c.

Exactly analogous conventions are made for an interval open on the
right. 'The case of an interval open on both sides is reduced to the two pre-
ceding cases by dividing it at an interior point into two half-open intervals,
and then taking theorem 19 as a definition.

Theorem 31. If in the case of Def. 15, we further have f () = 0 every-
where or =< O everywhere, then the improper integral in question exists
if, and only if, F (x) remains bounded in a < x < b. If f(t) assumes both
signs, then the integral exists if, and only if, given € > 0, we can choose
8 > 0 so that

.
1@t <e

for every x’ and x’ both between a (excl.) and a + 8.
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§ 20. Principal properties of functions represented by
power series.

We interrupted our discussion of power series at the observation,
terminating § 18, that the sum of a power serics, in the interior of
its interval of convergence, defines a function, which we will now
denote by f(z):

f@)=Sa,(z—x)"  |e—z,]<r
n=0

We resume it at that point, and agree in this connection, unless
special remark to the contrary is made, to leave the interval of con-
vergence open at both ends, even should the power series converge at
one or both of the endpoints.

Now if, as is the case here, an infinite series defines a function
in a certain interval, then the most important problem is, in general,
to deduce from the series the principal properties of the function re-
presented by it — interpreting these for instance in the sense of the
summary of the preceding section.

In the case of power series, this presents no great difficulty. We
shall see, on the whole, that a function represented by a power series
posscsses all the properties which we may consider particularly im-
portant and that the algebra of powecr series assumes a pcculiarly
simple form. For this reason, power series play a prominent part,
and it is precisely on this account that their discussion belongs to the
elements of the theory of infinite series.

In these investigations, we may, without thereby restricting the
scope of the results, assume z,= 0, i. e. assume the series to be of
the simplified form Xa z". Its radius of convergence is of course
assumed positive (> 0), but may be -} 0o, i. e. the series may be
everywhere convergent. — We then have, first, the

OTheorem. The function f(x) defined, in 1its interval of conver-
gence, by the power series ) a,(x — x,)", is continuous at x = z,;
n=0
that is to say, we have

lim f(x) = lim 2'0 a,(x — ) = a, = f(x,)-
PEYS Z>2 n=0

Proof. If 0 < o <7, then by 83, 5,
2“;'|a"|9”‘l converges with 5’|a"|g".
n=1 n=0
If we write K(> 0) for the sum of the former, then we have, for
every |z —z,| L o,
lf(x)—ao|=I(x—xo)‘ﬁla..(x—%)""‘Iélx—xolK-
n=

96
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If therefore ¢ > 0 is arbitrarily given and if 6 > 0 is less than both
e

o and e

then we have, for every |z — z,| < 8,
| (@) — ap| < &;
which by § 19, Def 6b, proves all that was required.

From this theorem, we immediately deduce the extremely far-
reaching and very frequently applicd:

©Identity Theorem for power series. If the two power series
ﬁ a,x” and j’ b, "
n=0 n=0

have the same sum in an interval | x| < ¢ in which both of them converge 19,
then the two series are entirely identical, that is to say, for every n = 0, 1, 2,
e o, we then have

a, = b,.

Proof From
(a) ay+a,x+a, 2+ .- =0, Fb,x - b2 .-
it follows, by the preceding theorem, letting 2— 0 on both sides of

the equation, that
ay == b,.

Lecaving out these terms and dividing by «, we infer that for 0 < |z]| < ¢
(b) a +a,xta,x*4 .- =b + bz b2+ ...,
an equation from which we deduce, in exactly the same way?, that
a, =b
a, ._I_aax_’_ cee == bg +b3x+ cee »

Proceeding in this manner, we infer successively (more precisely: by
complete induction) that for every n the statement is fulfilled.

and

Examples and illustrations.

1. This identity theorem will often appear both in the thcory and in
the applications. We may also interpret it thus: if a function can be re-
presenied by a power series in the neighbourhood of the origin, then this is
only possible 1n one way. In this form, the theorem may also be called the
theorem of uniqueness It of course holds, in the corresponding statement, for
the general power series 2 a, (x — 2,)".

9. Sincc the assertion in the theorem culminates in the fact that the
corresponding coefficients on both sides of the equation (a) are equal, we may
also speak, when applying the theorem, of the method of equating coefficients.

¥ Or even for every ¥ = x, of a null sequence (xv) whose terms are all = 0,
— In the proof we have then to carry out the limiting processes in accordance with
§ 19, Def. 4a.

3 For x = 0, equation (b) is not in the first instance secured, since it was
established by means of division by x. But for the limiting process x — 0 this is
quite immaterial (cf. § 19, Def. 4).
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3. A simple example of this form of application is the following: We
certainly have, for every z,

A +*A+aF=(1+2)*

k k 2k
Y’(k)x’- 37 (k)x"= (2k):c‘.
1:0 v v:.:) 4 ).é; 2

or

If we multiply out on the left, by 91, Rem. 1, and equate the coefficients on
both sides, then we obtain, for instance, by equating the coelficients of z:

(6) (1) + (1) G20+ -+ (3) () = (6)' ()4 -+ ()= ()

a relation betwecen the binomial coecfficients which would not have been so
casy to prove by other methods.
4. If f (x) is defined for |z| <<r and we have, for all such z's,

f(=2) = fx),
then f(x) is called an even function. If it is representable by a power series,
then we at once obtain by equating cocfficients,

al=a3:a_-:... =a2k+’=0

so that in the power scries of f(x), only even powers of x can have coefficients
different from 0.

5. If on the other hand, f(—2)= —f(z), then the function is said to be
odd. Its cxpansion in power series can then only contain odd powers of z. In
particular, f(0) = 0.

We now proceed one step further and prove a number of theorems
which must be regarded as in every respect the most important in
the theory of infinite series:

OTheorem 1. If » n

’;:Zl:)an (x - xo)
is a power series with (positive) radius », then the function f(x) thereby
represented, for |x — x| <7, may also be expanded in a power series
with any other point x, of the interval of convergence as centre; we

have, in fact, o k
f@) =2 b (@ —=,)
where k=0
S (n+k
by 2"270( k )“n+k(‘”1 — )",
and the radius r of this new series is at least equal to the positive
number v — | &, — x,|.
Proof. If z, lies in the interval of convergence of the series, so
that |2, — 2,| < », then

f@)=3a,l@ —2) +@—=))"

ie
(a) f(x) =ﬂ§ ay, [(xl - xo)" + (’lt) (xx - xo)"—l (x - xx) + e
ok () @ =)'

98.
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and all that we have to show is that we may here group together
all terms with the same power of (x — z,), i. e. that the main re-
arrangement theorem 90 may be applied. If, however, to test its
validity, we replace, in the latter series, every term by its absolute
value, then we obtain 'the series

) n,

%Ianl[lxl—xol-i_lx—xll] 5

n=
and this is certainly still convergent, if

|2, — 2| + |z —2,| <7, or Ix—x1|<r—lx1-—x0|.

If therefore z is nearer to z, than either of the endpoints of the
original interval of convergence, then the projected rcarrangement is
allowed, and we obtain for f(z), as asserted, a representation of
the form

@)= b @—2)  (z—=n|<r—|z =)

If we proceed in detail to group the terms containing (x——xl)"' to-
gether, by writing the terms of the series (a) in successive rows one
below the other, then the kth column gives

k k41 5 + &
bk = (k) @y + ( k )ak+l (xl - xo) '{" e =n§0 " k )aﬂ+l~(x1 - xo)"»
which completes the required proof 2,
From this theorem we deduce the most diverse consequences. First
we have the
OTheorem 2. A function represented by a power series

f@)=3a,@— )

n=0
is continuous at every point x, interior to the interval of convergence.
Proof. By the preceding theorem, we may write, for a certain

neighbourhood of =,,
f@)= Sa,@—z) = 3, — )"
n=0 n=0
with

bo =ﬂ§; a,(z, — z,)" = f(=,)-

For x#—x,, the second of the representations of f(z), by 96, at once
gives the required relation (v. § 19, Def. 6):
lim f(z) = f(z,).

2>

OTheorem 3. A function represented by a power series
F@)=3a,@—z
n=
s differentiable at every interior point x, of the interval of convergence

2! We thus have, quite incidentally, a fresh proof of the convergcnce,
already established in 98, of the differcnt series obtained for the coefficients b;.
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(v. § 19, Def. 10) and its differential coefficient at that point, f'(z,),
may be obtained by means of term-by-term differentiation, i. e. we have

(o) = Sna, (o — 2yt = S+ 1a, @ =2
Proof. Since f(z)= Zb (x — x,)", we have for every z suf-

ficiently near z,:
f(x) f(xn) =b, +by(x—z,)+ -

whence for z—z,, by 96, taking into account the meaning of b,,
we at once deduce the required result: f’(x,)=0b, = S na,(x, —z,)**

Theorem 4. A function represented by a power series,
f (x) = 2?) a, (z - zo)",
n=

has, at every interior point x, of its tnterval of convergence, differential
cocfficients of every order and we have

10 (2) = kib, = S+ 10+ 2) .. (8K gy (5 — 2"

Proof. For every x of the intcrval of convergence we have, as
we have just shown,

f(x) = j‘('n + 1) ap 41 (x — z,)"

n=0
f’(x) is thus again a function represented by a power series, — and
in fact by one which, in accordance with 93, has the same interval
of convergence as the original series. Hence the same result may be
again applied to f’(z), giving
f"@)=3Snn+41)ap . (x —z)" 1= fa(n +1) (1 4 2) agis (2 — )"
n=] n=
By a repetitlon of this simple process, we obtain for every &,
f® () = ” + 1)@ +2) ... (n+ k) (a4, (@ — )", —
valid for evcry x of the original interval of convergence. Putting in
particular z = z,, we therefore at once deduce the required statement.
If we substitute, for the coefficients b, in the expansion of theorem 1,

the values ——f(k)(x) now obtained, then we finally infer from all the

above the so-called
OTaylor series?®, If for lz—. x,| < r, we have

f(z) = "a n (@ — )"
and if x, is an interior pomt o/ the interval of comvergence, then we
3 Brook Taylor: Methodus incrementorum directa et inversa, London 1715.

~ Cf. A. Pringsheim, Geschichte des Taylorschen Lehrsatzes, Bibl. math. (3)
Vol. 1, p. 433. 1900.
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have, for every x for which® | x — x,| <ry =71 —|x; — %],

@) = s + L85 (x—x)  LE (2 e

f()(x1)(x 2k +

With Theorem 3 for the differentiation of our series, we couple the cor-
responding theorem for integration. Since a function represented by a
power serics is continuous in the interior of its interval of convergence,
it is also, by §19, Theorem 12, integrable over every interval contained,
together with its endpoints, in the interior of this interval of convergence.
For this we have the

°Theorem 5. The integral of the (continuous) function f (x) represented
0
by X a, (x — xo)" in the interval of convergence, may be obtained by means
n=0

of term by term integration, with the formula

5 — w1 — (3 — 1],

T ) a,
jfyde=E o
0 =07 -1
provided x, and x, are both interior to the interval of convergence.

Proof. By 95, 2, the power series
— 3 _n
F (x) —”{"O,T_]_'j (x — xo)n+1
has the same interval of convergence as the given series
f@ =& ay(x — s

By 98, 3, the first series is an indefinite integral of the second. Ilence by
§ 19, Theorem 24, the statement follows at once.

These theorcms on power series we may complete in a special
direction by the following important addition: Theorem 2 on the
continuity of the function represented by a power series was, as we
may again expressly observe, only valid for the open interval of con-
vergence. Thus, for instance, in the case of the geometric scries X x",

23 The number 7, = r — | x, — x, | of the text need not be the exact radius
of convergence of the new series. On the contrary, the latter may prove considerably
1 1 .
larger. Thus for f(x) = Za™ = 1= and x; = — 5 we obtain, by an easy cal-
culation 2 ro\k+1 1\ *
' @ =2 (3) (24 )
k=0 M

. . L. 1 .
and the radius of this seriesis not = r — | x; — %, | == 3 but is = 5

W
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1 . . . .
of sum 1= We can deduce from our considerations neither its con-

tinuity at the pont x= — 1, nor its discontinuity at z= 41, by
immediatc inspection of the series. Even if the power series con-

n
verged at one of the endpoints of the intervals (as here 2%— for

= — 1), we should not be able to conclude this fact directly. That

however, in this last particular case, the presumption is, at least to
somc cxtent, justified, we learn from the following:
o
Abel’s limit theorem®. Let the power series f(x)= 3 a_ z" 100.
n=0
have radius of convergence v and shll converge for x = J-».
@
Then im f(x) exists and =Y a,r".
x->r—=0 n=0

Or in other words: If 3 a, x" still converges for x = —+r, then
n=0

the function f(x) defined by the series in —r <z < -7, is also
continuous on the left at the endpoint x — 7.

Proof. Therc is no restriction® in assuming 7 = 4 1. For
if 3'a, x" has radius 7, then the series Ya 2", in whicha/=a, s,
obviously has radws 1; and the latter scries is convergent at -1 or
—1, if, and only if, the former was at -}-7 or — 7 respectively.

We thercfore in future assume 7 = -4 1. Our hypothesis is,
therefore, that f(x)=2'a, 2" has radws 1 and that Xa =s con-
verges; and our statement is that

limf(z)=s, ie ———S‘an.

z->1-0 n=0
Now by 91 (v. also later, 1022), we have for lz] <1,
1 ;a o= Vgt §a 2" = ;'s "
11—z <~ "n < n a “n ’

n=0 n=0 n=0 n=0
if by s, we denote the partial sum of Xa,. Consequently f(z)
= (1—=x) 2's,2" and since 1 = (1—=z) X2", we therefore deduce, for
el<1,

(a) s—f(@)=(1-— x)é:o(s —s)"=Q1— xzt‘gr" a™.

* Journal f. d. reine u. angew. Math. Vol 1, p. 311. 1826. cf. 2883 and
§ 62. — The thecorem had already been stated and used by Gauss (Disquis.
gencrales circa seriem ..., 1812; Werke III, p 148) and in fact precisely 1n
the form proved further on, that 7, — 0 involves (1 —2) Sr,2" -0 if z — 1
from the left (v. eq. (a)). The proof given by Gawuss loc. cit. is howecver in-
correct, as he interchanged the two limiting processes which come under con-
sideration for this theorem, without at all testing whether he was justified in
so doing

* This remark holds in general for all discussions of (not everywhere
convergent) power series of positive radius r.
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Here we have written s — s, = r,, the “remainder’”’ of the series;
these remainders, by 82, Theorem 2, form a null sequence.
If now € > 0 is arbitrarily given, then we first choose m so large that,

for"éveryn > m, we have | r,,| < ; We then have, for 0 < » < 1,
m € 0
Js—f@|I=|1(1—% Zrpem|+ 5 (1 —x)-2 an,
n==0 2 n--m+1

hence, if p denotes a positive number greater than |ry| + |7, |+ ..

4 | 7|, this is
Sp -0+ 5 1—n) P

_...x.
If we now write 8§ = the smaller of the two numbers 1 and € then we
2p,
have, for 1 —d <x < 1,
ls—f@] <5+ 5=

which, by §19, Def. 5, proves the required statcment “f (x) — s for x — 1
—_— O’).

We have of course, quite similarly, Abel’s limit thcorcm for the left
endpoint of the interval of convergence:

If 2’ a, x™ still converge for x = — r, then

n=0
o0
lim f (x) exists and =2 (— 1)"a,r"
x—>—r+0 n—0

The continuity theorem 98, 2 and Abel’s theorem 100 togethcr assert

that

lim (Ya,x")=2a,t"

x—>¢
if the series on the right converges and x tends to £ from the side on which lies
the origin.

If the series X'a, " diverges, we cannot asscrt anything, without
further assumptions, as to the behaviour of X a, x® when x—¢. We
have however in this connection the following somewhat more definite:

Theorem If X a, is a divergent series of positive terms, and X a, x™
has radius 1, then

f(x):f' a, x" — -+ o
n=0

when x tends towards + 1 from the origin.

Proof. A divergent series of positive terms can only diverge to
+ oo . If therefore G > 0 is arbitrarily given, we can choose m so large
that @y + a; 4+ ...+ a, > G+ 1, and then by §19, Theorem 3, choose
8 <1 so small that for every 1 > x >1— 8, we continue to have

a+ ayx+ ...+ a,x">G.
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But then we have, a fortiori,
0
f®) = 2 a,x" > G,
n- 0

which is all that required proof.
Remarks and examples for the theorems of the present paragraph
will be given in detail in the next chapter.

§ 21. The algebra of power series.

Beforc we make use of the far-reaching theorems of the preceding
section (§ 20), which lcad to the very centre of the wide field of application
of the theory of infinite series, we will enter into a few questions whose
solution should facilitate our operations on power series.

That power scrics, as long as they converge, may be added and sub-
tracted term by term already follows from 83, 3 and 4. That we may
immediately multiply out term by term, in the product of two power
series, provided we remain in the interior of the intervals of convergence,
follows at once from 91, since power series always converge absolutely
in the interior of their intervals of convergence. We therefore have, with

Za,x" 4+ 2b, x" = X (a, -+ b,) x"
@ ] 2]
also X a,an- X b,an= 2 (agb, + a; by + ...+ a, b)) x*,
n-0 n- 0 n--0
provided x is interior to the intervals of convergence of both series 28,

The formulac 91, Rem. 2 and 3 were themselves a first application
of this thcorem. If the second series is, in particular, the geometric series,
then we find

0 0 N
2oa,xn- X an= X s,

n -0 n=0 n=-0
1 0
i e. = Xagan= 2 s,
11— Xn-o0 n--0
0 0
or 23'0 a, x" = (1--x) 20 s, X", 102.
n-- n-=

where s, =a, 4-a4;+ ...+ a,, and |x| <1 and also less than the
radius of X a, x™.
We infer in as simple a manner that cvery series may be multiplied
— and in fact, arbitrarily often — by itself. Thus
€x 2 0
()_','oa,l x") = Zo(aoa,, +ayapy+...+ a,a,) x"
n n =
and generally, for every positive integral exponent X,
k
(2‘ a, x") = 3 a0 xn 103.
0

n =0 n-=

26 Here we see the particular importance of Cauchy’s product (v. 91, 1).
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where the coefficients a,(,") are constructed from the coefficients ¢, in a
perfectly determinate manner — even though not an extremely obvious
one?? for larger k's. And these series are all absolutely convergent,
so long as Ygq 2" itself is.
This result makes it seem probable that we “may” also divide
by power series, — that for instance we may also write
1 2
ayta, x+a, x4 ——c°+clx+c‘3x +
and that the coefficients ¢, may again be constructed in a perfectly
detcrminate manner from the coefficients 4,. For we may first,

writing — % =gq,/, forn=1, 2,3, ..., replace the left hand ratio by
0
1 1

—a—o.l——(al'x—{-a,'x“‘—f—---)

and then by
alo[l—{—(a,’x—i—a.,'xﬁ+...)_|_(al'x_|_...'a_|_(al'x+...)s_|_...]

which must actually result in a power series of the form X¢ 2", if
the powers are expanded by 103 and like powers of = then grouped
together.

Our justification for writing the above may at once be tested
from a somewhat more general point of view:

We suppose given a power series 2'a, 2" (in the above, the

series ja”' 2™, whose sum we denote by f(z) or more shortly by y.
n=0

We further suppose given a power series in y, for instance

g(y)=21b,9" (in the above, the geometric series 2'y") and in this

we substitute for y the former power series:

b+ b, (ag+a,x+--)+by(ay+a,z--) + oo

Under what conditions do we, by expanding all the powers, in
accordance with 103, and grouping like powers of z togcther, ob-
tain a new power series ¢, -} ¢, & 4 ¢, 2* 4 .-+ which converges and
has for sum the value of the function of a function g(f(z))? We
assert the

OTheorem. This certainly holds for every x for which _;;‘ |a, 2" |
n=0
converges and has a sum less than the radius of b, y".

37 Recurrence formulae for the evoluation of a:f) are to be found in
J- W. L Glaisher, Note on Sylvester’s paper: Development of an idea of Eisen
stein (Quarterly Journal, Vol. 14, p. 79—84. 1875), where further references to
the bibliography may also be obtained. See also B. Hansted, Tidskrift for
Mathematik, (4) Vol. 5, pp. 12—16, 1881.
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Proof. We have obviously here a case of the main rearrangement
theorem 90, and we have only to verify that the hypotheses of that
theorem are fulfilled. If we first write

¥ = (@, +“1x+"')k = ao(k) +a,Yz4a,"2% ...,
forming the powers by 103, and also suppose this notation 2 adopted
for £ =0 and k = 1, then we have, in

_b (a“»—l—a(o’z—l—---—I—a(mxn—{----)
b, y—b (a“)—l-a x+ —L-a“)x"—}—---)

(A) M * . .
y —b (a(k)+a x+...+a(k)xn+ )

the series z® occurring in the theorem 90. lf we now take, instead
of y=Za, a", the series = 2|a,2"|, and, writing |z|=¢, form,
quite similarly,

|b |=|b ‘(a(0)+“(0)§+ _i_a(O)tn_i_“.)
b n=1b, |(a“’+a“’s+---4 &)

JALSII |(ay>+a<k>5+.. +am5,.+ "

(&)

then all the numbers in thls array (A’) are g 0 and since furthermore
2| bkln" was assumed to converge, the main rearrangement theorem
1s applicable to (A’), But obviously every number of the array A is
in absolutec value < the corresponding number in (A'); hence our
theorem is a fortiori applicable to (A) (cf. 90, Rem. 3). In particular,
thercfore, the coefticients standing vertically one below the other in
(A) always form (absolutely) convergent series

.
kg;b,‘ aB=c, (for every definite n=0,1,2,...)
and the power scries formed with these numbers as coefficients, i. e,

j’c "

ne n
1s again, for the considered values of z, (absolutely) convergent and
has the same sum as X'b, y". We therefore have, as asserted,

g(f) —L;c,.x
with the indicated meaning of c,.

Remarks and Examples.

1. If the “outer” series g(¥)=Zby2* converges everywhere, then our
theorem evidently holds for every x for which Z'a, ® converges absolutely.

8 We have therefore to writta®=1, 2 =4a{"=...=0, and all )=a,,
the latter for n=0,1, 2,....
7 (a51)
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If both series converge everywhere, then the theorem holds without restriction
for every z.

2. If a,=0 and both series have a positive radius, then the theorem
ceitainly holds for every ‘sufficiently” small z, that is to say, there is then
certainly a positive number g, such that tlie theorem holds for every |z | <p.
For if y=a, x+ag2®+---, then n=|a,|-|x|+|a,|-|2*|+---; and since for
z— 0, we now also, by 96, have » — 0,  is certainly less than the radius
of b, y* for all x whose absolute value is less than a suitable number p.

n
8. In the series 2%— , we “may” for instance substitute y =3 2" for

x"
|z| <1, 0or y= 2}7 for every m, and then rearrange in powers of z.

4. To write, as we did above:
1 N
= 2 “coe
ay+a, x+ay 2?4 - Cot 1T+ ey 2+

is, we now see, certainly allowed if a, 3 0 and further z is in absolute value
so small that

+ +--e L1,

a
Jut )
a,

Qa,
22 0
Qa,

7=

which by Rem. 2 is certanly the case for every |z| <p with a suitable
choice of p. We may therefore say: We “may” divide by a power series of
positwve radius if ils constant term 1s == 0 and provided we restrict ourselves to
sufficiently small *® values of x.

To determine the coefficients ¢, by the general method used to prove
their existence, would, — even for the first few indices, — be an extremely
laborious process. But once we have established the possibility of the expansion
— which is at the same time necessarily unique by 97, — we may determine
the ¢,'s more rapidly by remarking that

Za,a"-Seaxt =1,

so that we have successively

ayco=1

a,¢c, +a,¢,=0

ayCy+ay 6, +a,6,=0

ayc;+a, cg+ay¢, +a,¢c,=0
From these relations, since a, == 0, the successive coefficients ¢;, ¢g, €3, . . . may be
uniquely determined, the simplest method being with the aid of determinants, by
Cramer’s Rule, which immediately yields a closed expression * for ¢, in terms of
Qgy A1y « -« 5 Ape

6. As a particularly important example for many subsequent investigations
we may set the following question 3!:

Expand 5 or z 3
x | x® | X
1+'2—!+3—!+... (l+x+—2—!+3—!+,,,)—l

x

2 How small x has to be, is usually immaterial. But what is essential, is that
some positive radius g exists, such that the relation holds for every | x| < a.
— The determination of the precise region of validity requires deeper methods of
function theory.

3 Explicit formulae for the coefficients of the expansion, in the case of the
quotient of two power series, may be found e. g. in J. Hagen, On division of series,
Americ. Journ. of Math., Vol. 5, p. 236, 1883.

31 Euler: Institutiones calc. diff., Vol. 2, § 122, 1755,
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wn poweys of x. Here the determination of the new coefficients becomes

peculiarly elegant if we denote them, not by c¢,, but by %, or as we shall

B Lo
do, for historic reasons, by ;'!5 Then the above equation is

at . ( By Bse ):
(14t git) Bt fot gie o) =1

and the equations for determining B, are, in succession,

1B, 1 B
Bo=1, 4igpitTi 1i=0
and, in general, for n=2,3,...,
18 1 B 1 1 B,_,
YR TRAY P YO WL Y 21+ e -0

If we multiply by »!, we may write this more concisely:

()5t () (§) 3 (s

Now 1if we here had B” in place of B,, tor cach », then we could write instcad
(B+1)"'—B"=0; 106.

and the recurring formula under consideration also may be borne in mind under
this convenient form, as a symbolic equation, i. e. onc which is not intended to
be interpreted literally, but only becomes valid with a particular convention, —
here the convention that after expanding the »n'® power of the binomial (34-1),
we replace each B” by B,. Our formula now yields, for n=2,3,4,35,...
successively, the equations

2B,+1=0,

8B, +3B,+1=0,

4B, +6B,+4B,+1=

SB +IOB +1013 +5B +1=0
from which we deduce

1 1
Bi=—%, By=%, B=0, B,=—g

and then

By=B, =By =B, =B);=B,;=0,
and

1 1 5 691

Bo=z2‘: Bs=—‘@‘: B:o‘—‘g‘gr 3121—277‘3_0, By = z
These are called Bernoulli’s numbers and will be mentioned repcatedly
later on (§ 24, 4; § 32,4; § 55,1V, § 64). For thc moment, we are able to infer
only that the numbers B, are definite rafional numbers. They do not, however,
conform to any apparent or superficial law, and have formed the subjcct of
many elaborate discussions®

% Bernoulli’s numbers are frequently indexed somewhat differently, B,,
By, By By, B,, ... being omitted and (— 1)¥—2 By, written instead of By, for
k=1,2,... A table of the numbers B,, B,, ..., to B,, may be found in
J. C. Adams, Journ. f. d. 1eine u. angew. Math,, Vol. 85, 1878 We may mention
in passing that By,, has for numerator a number with 113 digits, and for de-

nominator the number 2 358 255 930; while By, has the denominator 6 and,
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Finally we will prove one more general theorem on power series:
0
Given the power seriesy = X a,, (¥ — x,)", convergent for | x — x,| <7,
n=—=0

we have, for every x in the neighbourhood of x,, a determinate corre-
sponding value of y, in particular for x == x, the value y = a,, which we
will accordingly denote by y,. Then we have
Y—Yo=ay(x— %) + Ay (x — %) + ... .

Because of the continuity of the function, to every x near x, also corre-
sponds a value of y near y,, We would now enquire whether or how far
every value of y near v, is obtained and whether it is obtained once only. 1f
the latter was the case, not merely y would be determined by «, but con-
versely x would be determined by ¥, and therefore x woilld be a function
of y. The given function y = f(x) would, as we say for brevity, be
reversible in the neighbourhood of x, (cf. §19, Theorem 6). The
question of reversibility is dealt with by:

° Reversion theorem for power series. Given the expansion

Y= Yo=ay(x — %) + a5 (x — % ...,
convergent for | x — x,| <r, the function y = f(x) thereby determined is
reversible in the neighbourhood of x,, under the sole hypothesis that a, = 0;
1. e. there then exists one and only one function x = ¢ (y) which is expressible
by a power series, convergent in a certain neighbourhood of y,, of the form

x —xg="by(y —y0) +- b (¥ —¥0)* + ...
and for which, in that neighbourhood, we have (in the sense of 104)

feO) =y

Moreover by = 1: a,.

Proof. As we have already done more than once, we assume in
the proof that x, and y, are = 0, — which implies no restriction 33, But
we will then further assume that @, = 1, so that the expansion
(a) y=x+ayx*+ a; x>+ ...
is the one to be reversed. That too implies no restriction, for since a, &= 0,
by hypothesis, we can write a, x + a, 4% + ... in the form

(ay x) + aizz (ay x)? + 3‘-’3 (ayx®+....
1 1

in the numerator, a number with 107 digits. The numbers B,, B,, . . . , to By,
had previously been calculated by Ohm, ibid., Vol. 20, p. 111, 1840, — The
numbers B, first occur in_James Bernoulli, Ars conjectandi, 1713, p. 96. — A com-
prehensive account is given by L. Saalschutz, ‘““Vorlesungen uber die Bernoullischen
Zahlen”, Berlin (J. Springer) 1893, and by N. E. Nérlund, “Vorlesungen uber
Differenzenrechnung”’, Berlin (J. Springer) 1924. New investigations, which chiefly
concern the arithmetical part of the theory, are given by G. Frobenius, Sitzgsber.
d. Berl. Ak., 1910, p. 809—847.

3 Or: we write for brevity x — xy = »’ and y — y, = »  and then, for sim-
plicity’s sake, omit the accents,
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If we write for brevity a, # = 2’ and, for » > 2,

ay ’
——-—an=an,
1

and subsequently, for simplicity’s sake, omit the accents, then we
obtain precisely the above form of expansion. It suffices therefore to
consider this. But we can then show that a power series, convergent
in a certain interval, of the form
(b) T=y+ by + bgy’ + -
exists which represents the inverse function of the former, so that
(C) (y+bqy2+"')+az(y+bgy2+"')a+as(y"i‘bgy2 'l"")a+"'
is identically == v, if this series is arranged in powers of y, in accor-
dance with 104, — i. e. all the coefficients must be = 0 except that
of y!, which is =1.

Since we have written, for brevity, = instead of a, x, we see that
the series on the right hand side of (b) has still to be divided by a,
to represent the inverse of the series a, x 4 a,2® -J----, where g, has
no specialised value. In this general case we shall therefore have

b, = —:—1 as coefficient of y.

If we assume, provisionally, that the statement (b) is correct,
then the coefficients b, are quife uniquely detcrmined by the condition

that the coefficients of y% 9% ... in (c) after the rcarrangement, have
all to be = 0. In fact, this stipulation gives the equations

by +a,=0
d) by, - 2b,ay a3 =0

b, + (b,® + 2b,) a, + 3b,a; +a, =0

from which, as is immediately evident, the coefficients b, may be
determined in succession, without any ambiguity. Thus we obtain, the
values

by = — a4

by = — 2bya, — a, = 2a,® — a,
() by = — (by* + 2b5) a, — Bbya; — g,

by, =

but the calculation soon becomes too complicated to convey any clear
idea of the whole. Nevertheless, the equations we have written down
show that if there exists at all an inverse function of y = f(z),
capable of expansion in form of a power series, then there exists
only one.

Now the calculation just indicated shows that whatever may have
been the original given series (a), we can invariably obtain perfectly
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deternminate values b, so that we can invariably construct a powet
series y 4 b,y? .-+ which at least formally satisfies the conditions
of the problem, the scries (c) becoming identically =y. It only
remains to be seen whether the power series has a positive radius
of convergence. If that can be proved, then the reversion is completely
carried out.

The required verification may, as Cauchy first showed, actually
be attained, in the general case, as follows: Choose any positive
numbers ¢, for which we have

la,| < e,
and 2 e, z* has a positive radius of convergence. Proceeding in the
above manner, for the series: )
y=2 — ;2 — otz 2% | - .-
whose inverse is, then, say,
T=y-+pyy + By + -+
we obtain, for the coefficients g8, the equations
By =104
Bs =28y + oy
Bys= (ﬂgg -+ 2/33) oy + 3B, oy + o,

in which all the terms are now positive. Thus for every »,

ﬂv ; |bv "
If, therefore, it is possible so to choose the ¢, that the series X' g, v
has a positive radius of convergence, it would follow that 3'b 4 also
had a positive radius and our proof would be complete.

We choose the «’s as follows: There is certainly a positive
number g, for which the original series x - a,2%-- ... converges
absolutely. A positive number K must, however, then cxist (by 82,
Theorem 1 and 10, 11) such that we have, for every »=2,3,...,

|a, | <K or |a

We then choose, for » =2, 3, ...,
K

n .2
e'l
so that we are concerned with reversing the series, convergent for
lz| <e
z? z z? K.2?
=33—K'——(1 _— — ...)=x____.
y g\t tm+ ce—2)

But this function is immediately reversible. For we may at once see
by differentiation — we are dealing, in fact, with a simple hyperbola,
of which the student should draw a graph for himself —, that in

~w<e<n=o(1- /i)
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the function increases monotonely (in the stricter sense) from — oo
to the value

y.=2K+eo—2VK(K+o)
and therefore possesses, for y < y,, a uniquelv determined inversc
whose values arc < x,. For this, since

ﬁ;-'_f;) or (K+e)2"—e(e+y)z+e’y=0,

we have, uniquely,

r=gmrglety — VY —2C@K+eoy+el

y=—

Further
¥ —20@K+0)y+eo*=(y—y)y - v)

if we write for brevity, with the above defined value of y,,

ys=2K o+ 2VEE o) —
and both y, and y, are > 0, since the sccond is and the two have

product = g% But
1

e’ y y\: AL
=2 Y _(1=2) (1 =2).

v 2(K+0) [1+9 (1 yl) ( y,) ]
In the following chapter we shall see that, for |z| <1, the power
(1——z)zf can actually be expanded in a power series — beginning
with 1 — »;- 4 +-.. Assuming this result, it follows immediately that

z also may be cxpanded in a power series, convergent at lcast for
7= * y y y
= __° Y (1 —2Z ... — ...
T=3&+o [1“"@ (1 3y, T ><1 2y, 1 )]
=y+hay e

By our first remarks the proof is hereby entirely completed.
The actual construction of the series

yHbyy e
z+a,x? 4.

here also involves in gencral considerable difficulties and necessitates
the use of special artifices in each particular case®. Examples of
this will occur 1n §§ 26, 27.

We only note further, a fact which will be of use later on, — that
if (b) is the inverse of (a), then the inverse of the series
(") y=x—a, 2 +a, 2% — 4 —-..
where the signs are alternated, is obtained from (b) by similarly
alternating the signs, i. e.

(v) T=y—by + by — + — -

from the series

3 The general values of the cocfficients of cxpansion b, are worked out
as far as by, by C. E. van Orstrand, Reversion of power series, Philos. Magazine (6),

Vol. 19, p. 366, 1910.
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This is at once evident, if we first actually expand the powers of

v+ b2y + )
in (c), obtaining, say,
© O+ b2+ .. )+ @y (P + bP 3P 4. )
+az (B +5Py 4. )+ ... .
Under the new assumption, the same process, since the product of two
series with alternating coefficients is again a series with alternating co-
efficients, gives
() O —bedP ) —ay (7 — bPy .. )
+az (P —b@ Yyt )— ...
And from this we immediately infer that on equating to zero the cocffi-
cients of y2, 3%, ..., we must obtain the identical equations (d), thus de-
ducing for b, precisely the same values as before.
The exact analogue holds good when the two power series contain,
from the first, only odd powers of x. Thus, if the inverse series of
y=x-+azx* - a;x°-|- ...

is x=y4 b3+ b3+ ...,

then the inverse series of
y=ux—azx> 4 a;x5— -}- ...

is necessarily x=19—byy3+ by — |- ... .

Exercises on Chapter V.

64. Dctermine the radius of convergence of the power series X a, ", when
a, has, from some point onwards, the values given in Ex. 34 or 45.
65. Determine the radii of the power series
1-2...m 2
n3,,.n . R n.
2aman, 0<y <1 2(3_5___(2n+ ])) am;
nl .. n! . . =13 ,
Zn”x ’ Zangx, a>1; 2(3,‘1‘)—!"‘ .
n_ l, the radius
. Apya i
r of the power series 2 a,x™ invariably satisfies the relation ¥ <7 < u. In par-

66. Denoting by x and u the lower and upper limits of

ticular: If lim Iaa”— exists, it has for value the radius of X a, x™.
n+1

67. X a, x® has radwus r, Za,’ x" radius . What may be said of the radius

of the power series
2ay £ a,)x", Xapa,x", X Z", x"?
n
67 a. What is the radius of X a, 2" 1f 0 < m| a,| < + o0?
2]
68. The power series 2 -- n x™, where €, has the same value as in Ex. 47,
noanlogn

converges at both ends of the interval of convergence, but in either case only con-
ditionally.

69. Prove, with reference to 97, example 3, that

B (Y- B e (2 ()

v=0 v=0
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70. As a complement to Abel’s theorem 100, it may be shewn that in every
case in which X a, x™ has a radius = 1, we have

o
hms, < lim (z,' ap ™) < Tims,,
x—>1—0 \n=0
(5p—ay+ a4 ...+ ayp).
71. The converse of Abel’s theorem 100, not in general true, holds, however,
if the coefficients a,, are = 0; if therefore, 1n that case,

Im Za,x"
x—>r—0
exists, then Z a, r™ converges and its sum is equal to that limit.
a @
72. Let 2 a,x" —=f(x) and X b, x" =g (x),
n=1 n=1

both series converging for | x| < ¢. We then have (for what values of x?)

x o0
2 by f (™) = X a, g (™).
n—1 n=1
(By specialising the coefficients many interesting identities may be obtained. Write
1
e. g b, =1, (=D, W etc.)
73. What are the first terms of the series, obtained by division, for
1 1
x2 Xt ’ ?

x |, x°
g1 Tay—Fe I+5+g+.-

(Further exercises on power series will be found in the following Chapter.)

1 —

Chapter VI.
The expansions of the so-called elementary functions.

The theorems of the two preceding sections (§§ 20, 21) afford us the
means of mastering completely a large number of series. We proceed to
explain this in the most important cases.

A certain — not very large — number of power series, or functions
represented thereby, have a considerable bearing on the whole of Analysis
and are therefore frequently referred to as the elementary functions.
These will occupy us first of all.

§ 22. The rational functions.

From the geometric series
1+x—|—x2+...=2x"=1~1—~, |x]| <1,
n=0 —X
which forms the groundwork for many of the following special investi-
gations, we deduce, by repeated differentiation, in accordance with 98, 4:
-4 l [ n _I_ 9 1
L no_ _ _T___
né'o(n—l—l)x == nfo( g )% A=

and generally, for any positive p:
(i) an = i | x| < 1. 108.

n=0 »n
7* (c61)
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If we multiply this equation once niore, in accordance with 91, by
2:&:"=1—_1_—x, we obtain, by 91 and 108:
o [ (? p+1 P+m\] & m+p+1\
v cee == .
,r;o[(p)+( p )T+ (5 )]x ,.5:;( b1 )"
By comparing cocfficients (in accordance with 97), we deduce from

this that
P p+1 p+n\ __ (ni+p+1
(p)+( p )+ +( 14 )“( p+1 )
which may of course be proved quitc easily directly {by induction).
If we do this, we may also deducc the equality 108 by repcated mul-
tplication of 3" =1 with iself, by 103. -
Since we have
n+p\ _ (PP _ g\ —p—1
(P)_—(rz)_( 1)( n )
we obtain from 108, if we there write — x for x aud — & for p 41,
the formula
® 1k
)k = > ar,
(1+ ) N:O (7;)
valid for |z| <1 and negative integral k. This formula is evidently
an extension of the binomial theorem (29, 4) to negative integral
exponents; for this thcorem may for positive integral % (or for £ = 0),
also be written in the form 109, as the terms of the series for n > k&

are in that case all = 0.

Formulae such as those we have just deduced have — as we may observe
immediately, and once for all — a two-fold meaning; if we read them from
left to right, they give the expansion or representation of a function by a
power serics; if we read them from right to left, they give us a closed ex-
pression for the sum of an infinite series. According to circumstances, the one
interpretation or the other may occupy the foremost place in our attention.

By means of these simple formulae we may often succeed in
expanding, in a power scries, an arbitrary given rational function
ay+a, x4 Fa, z™
f@)= bbb, &t bea¥
namely whenever f(x) may be split up into partial fractions, i. e. ex-
pressed as a sum of fractions of the form
A
@—a)?

Every separate fraction of this kind, and therefore the given func.
tion also, can be expanded in a power series by 108. And in fact
this expansion can be carried out for the neighbourhood of every point
z, distinct from a. We only have to write

(zla)p - (zoia)” '(l ~ (i_ﬂ))ﬂ

a —x,
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and then expand the last fraction by 108. By this means we sce,
at the same time, that the expansion will converge for |z — x| < |a — z,|
and only for these values of z.

This method, however, only assumes fundamental importance when
we come to use complex numbers.

Examples. 110.
S 1 &n+1
L N,.=2 9. Sty
n=0 n -0
3. _\;('i“!'lzg‘lf_?)=8 4. E(”'H’).(z)__gm-l.
n=0 2 n=0 P 3

§ 23. The exponential function.

1. Besides the geometric serics, the so called exponential scries
w n B 3 n
SL=ttatg gt
plays a specially fundamental part in the sequel. We procced now
to examme in more detail the function which 1t represents. This
so-called exponential function we denote provisionally by E (x). As
the seiies converges everywhere by 92,2, E (x)1s certainly, by 98,
defined, continuous and differentiable any number of times, for every z,
For its derived function, we at once find
E'(z)=E (x),
so that for all derived functions of higher order we must also have
E® () = E(x).

We shall attempi to deduce all further properties from the series
self. We have already shown in 9K, 3 that if », and x, are any two
real numbers, we have 1 all cases

(a) E(w1+wg)=E(m|)-E(wg).
This fundamental formula is referred to bricfly as the addition theorem
for the exponential function. It gives further

E (2, + %y + 25) = E (¥, + %) E (z,) = E () E (%,)- E ()
and by repetition of this process, we find that for any number of rcal
numbers ,, Z,, ..., Ty,

(b) E(@ + 24+ 4 2)=E (2,)-E (2,)...E(,).
! Alternative proof. The Taylor's series 99 for E (z) is

E(@x) =E (z,)+ Elfxx)(x—x1)+"';

valid for all values of z and z,. If we observe that E® (x,) = E (z,), then it
at once follows, replacing x by z, 4 %, that

2
E@+m)=E@) 1+ 243 | =By B,

q.e.d.
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If we here write x, =1 for each », we deduce in particular that
E®)=[E®]"
holds for every positive integer k. Since E (0) =1, it also holds for

k=0. If we now write, in (b), a:,=% for each », denoting by m

a second integer > 0, then it follows that

m m\ |k
£(e-5)=[£(%)]
or, — since E (m)=[E (1)]™, — that
m n
E (™) =[E@W]*.
If we write for brevity E(1)=E, we have thus shewn that the
equation
(<) E(x)=E”
holds for every rational z > 0.
If & is any positive trrational number, then we can in any
number of ways form a sequence (z,), of positive rational terms, con-
verging to £. For each #, we have, by the above,

E (x,)= E™.

When #n — -4 co, the left hand side, by 98,2, tends to E (&), and the
right hand side, by 4%, 1, to E® so that we obtain

E(§) =E*~

Thus equation (c) is proved for every real x > 0.
But, finally, (a) gives

E(—z)E(x)=E(@—2)=E(0)=1,

whence we first conclude that E (x) = 0 cannot hold * for any real x
and that for x >0
E(—p)=2 -1 _fp—=
E (z) E®
But this implies that equation (c) is also valid for every negative
real z.

We have thus proved that the equation holds for every real z;
and at the same time the function E () has justified its designation
of exponential function; E (z) is the «® power of a fixed base,
namely of

~

E=EM)=1+1q+g+g++a+-e

2 This may of course, for 2 >0, be deduced immediately from the series,
by inspection, since this is a series of positive terms whose term of rank
0is = 1.
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2. It will next be required to obtain some further information
about this base. We shall show that it is identical with the number e
already met in 464, so that3

. T\» & 1
lim (1 +W) =2 3T

The proof may be made somewhat more comprehensive, by at
once establishing the following theorem, and thus completing the investi-
gation of 46, a:

o Theorem. For every real x, 111.
. z\n . . . B x
lim ( 1-}- 7) exists and is equal to the sum * of the series X or
n>oe v -0
Proof. We write for brevity
(1+2) = d 37 @)=
\1-—|—7) =z, an '%O;T—s(x)—-s.
It then suffices to prove that (s — z,)— 0. Now if, — given, first, a
definite value for x, — & is chosen > 0, we can assume p so large

that the remainder
|z P! JelP* e
G+ T e T <7

Further, for n > 2,

o=t ()3 o (i (5
—rret (=Bl D=t

i (=) (=) (= et e

a series which terminates of itself at the n'® term. The term in z*,
k=0,1,..., evidently has a coefficient > 0, but not greater than
the coefficient 1/%! of the corresponding term of the exponential series.
The same is also true, therefore, of the difference of the former and
the latter term. Accordingly we have, for # > p — from the manner in
which p was chosen 8 —

|s—x"|§%[l— (1-—%)]-]:::["’4—---

1 1 p—1 p ,
S Uy RO O ) P e
Every individual term of the (p — 1) first terms on the right hand side

3 We have here, therefore, a significant example of problem B. Cf,. intro-
duction to § 9.

¢ First proved — if not in an entirely irreproachable manner — by Euler,
Introductio in analysin infinitorum, Lausanne 1748, p. 86. — The exponential
series and its sum e” were already known to Newfon (1669) and Leibniz (1676),

8 We assume p > 2 from the first.
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is now obviously the #th term of a null sequence®; hence their sum —

for p is a fixed number — also tends to 0, and we may choose
n, > p so large that this sum remains < —;— for cvery n > n,. DBut
we then have, for every n > #n,,
IS - xnl <e

which proves our statement’. — For 2 =1, we deduce in particular

21 . 1\"

E= g (i) —e
and more generally, for every real x,
* w" N
E(@x)=) —=e".
e/ T

The ncw representation thus obtained for the number e, by the
exponential series, is a very much more convenient one for the further
discussion of this number. In the first place, we can, by this means,
casily obtain a good approximation to ¢. For, since all the terms of the
series are positive, we evidently have, for every #,

1 1 1
Sw<e<sStoinitmrviern T Grhierny T

or
1 n41
S”<8<S”+-(”—_'"_—1—)—l' 7
i e.
1
(a) Sn<6<$”+-;!*1—1,

% We have (l—%)—»l, (1—%—)—»1, cee (l—f—;—l)—»l,andsotheir

product (by 41, 10), also — 1, or [l - (1 ——’ll)( —f—;—l)]—»O; so, as ®

and p are fixed nnmbers, the product of this last cxpression by Elil:vlp
also — 0; and sinnlarly for the other terms. — We can also infer the result
directly from 41,12

? The artifice herc adopted is not one imagined ad %oc, but one which
is frequently mnsed: The termns of a sequence are represented as a sum

#p=2,™ +2,™ +... 4 2™, where the terms summed not only depend in-
n

dividually on n, but also increase in number with n: k, - 00. If we know
how each individual term behaves for »— 00, as for instance, that z () for
fixed » tends to &,, then we may often attain onr end by separating outa fixed
number of terms, say z,™ +x,™ +... 4+, with fixed p; this tends, when
n—>oco, to §+& +++++&, by 41,9. The remaining terms, x;,”ll +eeet x,g"’

n
we then endeavour to estimate in the bulk directly, by finding bounds above

and below for them, which often presents no difficulties, provided p was
suitably chosen.



§ 23. The cxponential function. 195

where s, dcnotes a partial sum of the new serics for e. If we cal-
culatc these simple values e. g. for n = 9 (v. p. 251) then we find

2.718281 < e < 2-718282,

which already gives us a good idea of the valuc 8 of the number e.
— From the formula (a) we may, however, draw further important
infcrtences. A number is not completely before us unless it is rational

and is written in the form % Is e perhaps a rational number? The

inequalities (a) show quite easily that this is unfortunately nof thc case.

For if we had ¢ = —2—, then for # = ¢, formula (a) would give:

b 1
Sq<'?<3q"{'-;@

where s, =2 - él—, deee - "qlf If we multiply this inequality by gql,

then gls, 1s an integer, which we will denote for thc moment by g,
and it follows that

g<1>-(q—1)'<g+~;—§g+1-

But this is impossible; for between the two comsecutive integers g and
g -+ 1 there cannot bec another integer p-(¢ — 1)! distinct from either:
e is an irrational number.

3. The above investigations give us all the information, with regard

n
to the hmit of (1 —[—i:—) , which we, in the first instance, require; the

two problems 4 and B (§ 9) are both satisfactorily solved. In spite
of this, we propose, in view of the fundamental importance of these
matters, to determine the same limit agamn and in a different way, —

entircly independent of the preceding.

n
We use only the fact, previously established, that (1—}——:‘—) —e.

This we will first extend by showing that

1\v
(1 -+ —) "—e
Yn

also, when (y,) is any sequence of positive numbers tending to + oc.
When y, = a positive integer, for every », this is an immecdiate con-

sequence of the previous recsult®.

8 The number e has been calculated to 348 places of decimals by
/- M. Boormann (Math. magazine, Vol. 1, No. 12, p. 204, 1884),

9 For if ¢ is given >0, and =, is determined, by 46 a, so that

|(1 +—£—>n—-e

(1+5,)""~

n>>n, we have y, > #n,.

remains <& for every #n>>m,, then we shall also have

< ¢ for every # > n,, provided », is so chosen that for every
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If the numbers y, are not integers, there will still be for each
one (and only one) integer %, such that
ky Sy, <k, 41,
and the sequence of these integers k, must evidently also tend to 4 co.
Now, however, if k, >1,

() < (< (1)
And since the numbers k, are integers, the sequence
(2" = (k2™ (1+5)
and the sequence

1 \k, 1 k1 .
(14 571) "=+ 551) -

both tend to ¢, by our first remark. Hence, by 41, 8, we also have

(1 -+ ;,1:)”" —e.

We may next show that when y,/'— — oo, we also have

(e

or, otherwise, that when y_ — -}-co, we have

(12 e

All the numbers y,' must, however, be assumed < — 1, i. e.
y,> 1, so that the base of the power does not reduce to 0 or a
ncgative value; this can always be brought about by “a finite number
of alterations”. Since

(=) "= G2y =+ (1 +5)

and since, with y,, ¥ — 1 also — - 0o, the statement to be proved
is an immediate consequence of the preceding one.

Writing 7]-=z", we may couple the two results thus:
n

1
(U 42) e

provided (z,) is any null sequence with only positive or only negative

terms, — the terms in the latter case being all > — 1. From this

we finally obtain the theorem, including all the above results:

112. Theorem: If (x,) is an arbitrary null sequence whose terms are
different from O and > — 1 from the first 1°, then 11
1

(@) lim (1 4 2,) ™ =e.

T The latter may always be effected by “a finite number of alterations’
(cf. 38, 6).
11 Cauchy: Résumé des legons sur le calcul infinit., Paris 1823, p. 81.
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Proof. Since all the z,'s 4= 0, the sequence (%,) may be divided
into two sub-sequences, one with only positive and one with only ne-
gative terms. Since, for both sub-sequences, the limit in question, as
we have proved, exists 12 and = e, it follows by 41, 5 that the given sequence
also converges, with limit e.

By 42, 2, the result thus obtained may also be cxpressed in the
form
(b) logc (lx+ xn) — l
which will frequently be used. "

By §19, Def. 4, the result also signifies that, invariably:
1

tim (1 4 %) =

x>0

From these results, it again follows, — quite independently, as
we announced, of our investigations of 1. and 2. —, that

n
(14 5) e
for (%) is certainly a null sequence'?, so that we have, by the pre-

ceding theorem,
n

3 n
(1 -} %)z—> e and therefore (1 + %) —c", —
which was what we required!*.

4. If a > 0, and x is an arbitrary real number, then, denoting by log
the natural logarithm (v. p. 211),

& = eﬂcga___l_l_logax_i_(loga)?xz_'_(loga)axs_l_”.

is an expansion in power series of an arbitrary power. We deducc the
limiting relation 15

ax—l—>loga for x—0, a>0.

12 If one of the two sub-series breaks off after a finite number of terms,
then we can, by a finite number of alterations, leave it out of account.
13 We consider this null sequence for n > |z| only, so that we may al-

ways have %>—1.
14 Combining this with the result deduced in 2., that the above limit has
the same value as the sum of the exponential serics, we have a second proof
of the fact that the sum of the exponential series is =e6?.
15 Direct proof: If the z,’s form a null sequence, then by 38, 3, so
do the numbers y, = a""—l and consequently, by 112 (b),
-—l y.-loga loga
Ty Iog (14 y,.) 1

=loga.

113
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This formula provides us with a first means of calculating loga.
rithms, which is already to a certain extent practicable. For it gives,
e. g (cf. §9, p. )

log @ =1limn (V& —1

n->wo

2t _
=1lim2*(Va —1).
k>
As roots whose exponent is a power of 2 can be calculated dircctly
by repeated taking of square roots, we have in this a means (though
still a primitive one) for the cvaluation of logarithms.

5. We havc already noted that ¢” is everywhere continuous and
differentiable up to any order, — with " = (&) = ()" =-... It also
shares with the general power a”, of base a > 1, the property of
being everywhere positive and monotone tncreasing with z.

More notcworthy than these are the properties cxpressed by a
scries of simple inequalitics, of which we shall make use repeatcdly
in the sequel, and which are mostly obtained by comparison of the
exponential with the geometric serics. The proofs we will leave to
the reader.

o) For every® x, ¢*>1+x,
p) for x <1,
y) for x> — 1, 1_”f_g{:<1—-c‘“’<:z:,
) for x < 41,

z
e)forx>—1 —|-x\em,

¢) for x>0, € >p" (p=0,1,2,...),

z
x\v 4

) for >0 and y >0, e">(1—|—;) > gzty,
9) for every 20, |e®—1|<el?l —1<|x|elol.

§ 24. The trigonometrical functions.

We are now in a position to introduce the circular functions
rigorously, i. e. employing purely arithmetical methods. For this pur-
pose, we consider the series, everywhere convergent by 92, 2:

C(x)=1'";_‘:+':_:_+""|‘( )(Zk)!+

18 Only for =0 do these and the following inequalities reduce to equa-
lities. — The reader should illustrate the meaning of the inequalities on the
relative curves.
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23 5 m2L+1
S(@ =& =gyt g — b (= D gy b
Each of these series reprcsents a function everywhere continuous and
differentiable any number of times in succession. The properties of
these functions will be established, taking as starting point their ex-
pansions in scries form, and it will be seen finally that they coincide
with the functions cosz and sinz with which we are familiar from
elecmentary studies.
1. We first find, by 98, 3, that their derived functions have the

following values:

CI=__S, CII=__C’ Clllzs, CII”________C;

S'=C, S"=-—-S5, §"=-C, S"=S;
— relations valid for every x (which symbol is for brevity omitted).
Since, hcre, the 4t derived functions are seen to coincide with the
original functions, thc same series of values repeats itself, in the same
order, from that point onwards in the succession of differentiations.
Further, we sce at once that C(x) is an even, and S(x) an odd,
function: C(—2)=C), S(—2) = — S(@).
These functions also, like the exponential function, satisfy simple ad
dition thcorems, by means of which they can then be further examined.
They arc most easily obtamned by Taylor’s expansion (cf. p. 191, foot-
note 1). This gives, for any two values z, and x,, — since the two

series converge everywhere (absolutely), —
C (=) C" (z,)
C(xl + xs) = C(xl) + 1 Ta + '_—721"“‘:”22. Feee
and as this series converges absolutely, we may, by 89, 4, rearrange
it in any order we please, 1in paiticular we may group together all
those terms for which the dcrived functions which they contain have
the same value. This gives

Cla, o) =Cla) [t — 2 20 — 4]

and

or '_s(xl){:xe_?:”l‘%s—:_—l—“']
(a) C(x, + x,) = C(x,) C(x,) — S(x,) S (x,);

and we find Y quite similarly

(b) S(#, + @) = S(x,) C(x,) + C(x,) S(,).

17 Second proof. By multiplying out and rearranging in series form,

we obtain from
C(z,) C(xg) — S (%) S ()

the series C (x, + %), — as in 91, 3 for the exponential series.

Third proof. The derived function of f(z) =

[C(x +2)— C(x) C(x)+ S () S @) +[S (%, +2) — S (@) Cl2) - C(x,) S ()

is, as may at once be seen, =0. Consequently (by § 19, theorem 7), f (z)=/(0)=0.
Ilence each of the square brackets must be separately = (0, which at once gives
both the addition theorems.
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From these theorems, — whose form coincides with that of the
addition theorems, with which we are already acquainted from an ele-
mentary standpoint, for the functions cos and sin, — it easily follows
that our functions C and S also satisfy all the other so called purely
goniometrical formulae. We note, in particular:

From (a), writing &, = — x,, we deduce that, for every z,
© C @) + S (@) = 1;
from (a) and (b), replacing both z, and x, by z:

@ C(22) = C*(x) — S*(x)
S2x)=2C(x)S(x).

2. It is a little more troublesome to infer the properties of

periodicity directly from the series. This may be done as follows:

We have
C(0)=1>0.

On the other hand, C(2) < 0; for
2\! 2‘ 20 28 2!0 2]2
cO=1-5+5-G-5-Gm—1 -

where the expressions in brackets are all positive, — since for n > 2,
on on+a
TR T T e

and therefore C(2)<1— % + %2— = — %, i. e. certainly negative. By

§ 19, Theorem 4, the function C(x) therefore vanishes at least once
between O and 2. Since further, as may be again easily verified,

s@=z(1—2)+Z5(1—-5%) +-

is positive for all values of 2 between O and 2, and thercfore
C'(x) = — S(x) constantly negative there, — it follows that C(z) is
(strictly) monotone decreasing in this interval and can only vanish at
one single point & in that interval. The least positive zero of C (),
i. e. &, is accordingly a well-defined real number. We shall imme-
diately see that it is equal to a quarter of the perimeter of a circle

of radius 1 and we accordingly at once denote it!8 by ;:
T 44
¢=3.  c(3)=o.
From (c), it then follows that S? (g) =1, i. e. since S(z) was seen
to be positive between 0 and 2, that

s(g)—1.

18 The situation is thus that & is to stand for the moment as a mere ab-
breviation for 2¢&; only subsequently shall we show that this number x has
the familiar meaning for the circle.
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The formulae (d) show further that
Cln)=—1, S(n)=0,
and by a second application, that
C2m) =1, S(2n)=0.
It then finally follows from the addition theorems that, for every z,

C(z+3)=—S@E), S(z+3)=C@),
(c) Cx+n)=—C(z), S+ x)= — S(x),

Cx—2x)= —C(2), S —2z)=S(2),

Cx+2a)=C(x), S(x+2a)=8(x).

Our two functions thus possess 12 the period 2 7.

3. It therefore only remains to show that the number z, intro-
duced by us in a purely arithmetical way, has the familiar geometrical
significance for the circle. Thereby we shall have also established the
complete identity of our functions C(x) and S(x) with the functions
cosz and sinz respectively.

Let a point P (fig. 3) of the plane of a rectangular coordinate
system OXY, be assumed to move in such a manner that, at the
time ¢, its two coordinates are given by

z=C() and y=35();

then its distance |O P| = V2® } »°® from the origin of coordinates is
constantly =1, by (c). The point P therefore moves along the peri-
meter of a circle of radius 1 and centre O.

If, in particular, ¢ increases from 0 to 2=, +Y
then the point P starts from the point A of p

the positive z-axis and describes the peri-

meter of the circle exactly once, in the mathe.

matically positive (i. e. anticlockwise) sense. 5 OF\J
In fact, as ¢ increases from O to z, z = C(f) \j

dccreases, as is now evident, from -1
to — 1, monotonely, and the abscissa of P
thus assumes each of the values between -1 Fig. 3.

and — 1, exactly once. At the same time,

S(¢) remains constantly positive; this therefore implies that P describes
the upper half of the circle from A to B steadily, and passes through

19 2 5 is also a so-called primitive period of our functions, i. e. a period,
no (proper) fraction of which is itself a period. For the formulac (e) show that
?2i‘=n is certainly not a period. And a fraction g”%‘, with m > 2, cannot be
a period, as then e. g. S(?’;:-‘
seen to be positive between 0 and 2 and in fact, as S (w —x) =S (), is positive

2x

)= S(0) =0, which is impossible since S(z) was

Yetween 0 and x. Similarly for C(z), (m > 1) cannot be a period.
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each of its points exactly once. The formulae (e) then show further
that when £ increases from z to 2%, the lower semi-circle is described
in exactly the same way from B to A. These considerations provide
us first with the

Theorem. If x and y are any two real numbers for which x> y*=1,
then there exists ome and omly one mumber t between O (incl.) and 2n
(excl.), for which, simultancously,

Ct)==z and S()=y.

If we next require the length of the path described by P when
t has incrcased from O to a value ¢, the formula of § 19, Theorem 29
gives at once, for this, the value

oo ty
SV FS7at= [dt=1,.
0 0
In particular, the complete perimeter of the circle is
2 27
= [V FS at= [dt=2n.
0 0

The connection which we had in view between our original conside-
rations and the geometry of the circle, is thus completely established:

C(t), as abscissa of the point P for which the arc AP— ¢, coincides
with the cosine of that arc, or of the corresponding angle at the centre,
and S(¢), as ordinate of P, coincides with the sine of that angle. From
now on we may therefore write cos¢ for C(¢) and sin¢ for S(¢). —
Our mode of trcatment differs from the clementary one chiefly in that
the latter introduces the two functions from geometrical considerations,
making usc naively, as we might say, of measurements of length, angle,
arc and area, and from this the expansion of the functions in power
series is only reached as the ultimate result. We, on the contrary,
started from these series, examined the functions defined by them, and
finally established — using a concept of length elucidated by the in-
tegral calculus — the familiar interpretation in terms of the circle.

4. The functions cotz and tanz are defined as usual by the ratios
cosx sinx
sinz ’ tanx:cosaf;
as functions, they therefore represent nothing esscntially new.

The expansions in power series for these functions are however
not so simple. A few of the coefficients of the expansions could of
course easily be obtained by the process of division described in 103, 4.
But this gives us no insight into any relationships. We proceed as
follows: In 103, 5, we becamc acquainted with the expansion 2°

cotx =

20 The expression on the left hand side is defined in a neighbourhood of
0 exclusive of this point; the right hand side is also defined in such a ncigh-
bourhood, but inclusive of 0, and morevver 1s continuwous for 2z = (0. In such case
we usually make no special mention of the fuct that we define the left hand
side for = 0 by the value of the right hand side at the point.
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0

x “;B,-w"_ n,.x B-;Jl‘
2 S e S R

where the Bernoulli's numbers B, are, it is true, not explicitly known,
but still are easily obtainable by the very lucid recurrence formula 1086.
These numbers we may, and accordingly will, in future, regard as
entirely known ?!. 'We have therefore, — for cvery “sufficiently” small 2
(cf. 103, 2, 4) —

Ff—‘i"“z 1+ 50 0T R

The function on the left hand side is however equal to

zr _Z

z 2 xe"‘+1_xe2+e 2
_E(er—l+1)—~§‘e”~l_§_§_ _z
ef—e 2

and from this we see that it is an even function. Bernoulli’s numbers By,
B;, B, are therefore, by 97, 4, all = 0, as already seen in 106, and we

x
have, using the exponential series for e% and writing for brevity ; = 3

22 z
145+ 47+
e —— =1 P R T (22)
S Vil T

If on the left hand side, we had the signs 4 and — occurring alter-
nately, both in the numerator and denominator, we should have pre-
cisely the function zcotz. Dividing out on the left hand side by the
factor z, so that only even powers of z occur, may we then deduce
straight away that the relation

3cot 2 = —r—) ——————— = _____(2 )‘.I ?(22)4__’_”‘

obtained from our equality by alternating the signs throughout, is also
valid? Clearly we may. For if, to take the general case, we have for
every sufficiently small 2:
14a,88fa, 2800 a .
ixsorbar o —1tazs +ezi4--,
the same relation holds good when the - signs throughout are re-
placed by alternate 4 and — signs. In either case, in fact, the coeffi-
cients cas, are obtained, according to 108, 4, from the equations:

6+ bg=a,; c,+cyby b, =a,; cg+c,by+cgb, +b;=a,; ...;
02v+c2v—2bg+"'—|‘02b3v—2+b37=a2v; coe

1 As appears from the definition, they are certainly all rational.
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We therefore, as presumed, — now writing z for 3z, — have the
formula 22;
2’3,, 2tk p,
(] =] = ‘ — oo — —-——k 2k e s e
115. xcotaxr =1 + “ 4+ (—1)* M +
_ 1 s 1l . 2 . 1
1—g2 — g2 —gp? —gm® —

The expansion for tan x is now most simply obtained by means
of the addition theorem
cos?z —sinfzy

2cot2x = — == cotx — tanx,
cos - sma:

from which we deduce

tanx = cotx — 2cot2
and therefore 28

22k(2‘3k_ 1) ng
K=1 2 ’3)3

=z+3 ‘”3+15“’ +315’”7+""

From the two expansions, with the help of the formula

wﬁk—‘

1

cotx 4 tan —2— =na
we obtain further

® o*k_9) B

r __ E 1 G =D B,
(b) e 2D cnr ¥
= 2 4 8 L.. 928
1+ % ”"'360 +1512o"+

(An expansion for 1[cosz will be found on p. 239.) — These ex-

pansions, at the present point, are still unsatisfactory, as their interval
of validity cannot be assigned; we only know that the series have a
positive radius of convergence, not, however, what its value is.

5. From another quite different starting point, Euler obtained an
interesting expansion for the cotangent which we proceed to deduce,
especially as it is of great importance for many problems in series?24,
At the same time, it will give us the radius of convergence of the

series 115 and 116 (v. 241).

22 This and the following expansions are almost all due to Euler and are
found in the 9* and 10* chapters of his Imiroductio wn analysin infinitorum,
Lausanne 1748.

28 We shall afterwards see that B,, has the sign (— l)"'1 (v. 136), so

that the expansion of z cotz, after the initial term 1, has only negative coeffi-
cients, those of tanz and ;:—; only positive coefficients.

# The following considerable simplification of Eulers method for obtaining
the expansion is due to Schriter (Ableitung der Partialbruch- und Produkt-
entwicklungen tir die trigonometrischen Funktionen. Zeitschrift fur Math. u,
Phys., Vol. 13, p. 254. 1868).
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We have, as was just shewn,

_l( k2 y)
coty = 5 |cot 5 — tan &

or
1 X 7 (x ;|: n
*) cotmx = o {cot -5 -}- cot —=; }
a formula in which we may, on the right, take either of the signs +.
Let x be an arbitrary real number distinct from 0, +1, + 2,
whose value will remain fixed in what follows. Then
mrcotmx _-~2— {c t——- -+ cot ”(x;l)}

and applying the formula (*) once more to both functions on the right
hand side, taking for the first the 4 and for the second, the — sign,
wc obtain
nxcotnx—a—{c t—4—--|—[co "(“H'l)—}— cotZ 1)]-{—cot’i(i:‘g:—z-)}.
A third similar step gives, for mz cotzz, the value

+ ” (x + 1) + 7‘ {11384' 2) + cot "__(“’8‘_"_3)

’_‘ z cot ]_’E [ + cot _”_(_xgﬂ) ,

8 8
4co -, Ot.n(x =D cot™ 83) I

since here cach palr of terms whlch occupy symmetrical positions
relatively to the centre (@) of the aggregate in the curly brackets give,
except for a factor 1, a term of the preceding aggregate, in accordance
with the formula (*) If we procced thus through # stages, we obtain
for n > 1

¢ (.l:

n—l
x -+ 7 (x — x
(f) mzcotmzr =717 T {cot o+ 2 [cot’i( ")-{—cot (z o )] tanJ;—n}
Now by 115,
lim zcotz =1
z->0
and hence for each ¢ =0
lim-Lcot % — 1,
n>o2" 2" o’

if in the above expression we let # — o0 and, at first tentalively, carry
out the limiting process for each term separately, we obtain the ex-
pansion

nxcotnx—1+x2(z+v+—~— )—0=1-|—2x‘-'§;;'—1—v;.

We proceed to show that this in general faulty mode of passage to the
limit has, however, led in this case to a right result.

We first note that the series converges absolutely for every
z=+1, +2, ..., by 70, 4, since the absolute values of its terms
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are asymptotically equal to those of the series 2715. Now choose an

arbitrary integer k£ > 6|z|, to be kept provisionally fixed. If % is so
large that the number 2n-1 — 1, which we will denote for short by m,
is > k, we then split up the expression (1') for macotx, as follows?30;

ua:cot:na:=; {C t2" —tan7z" + Y'[ ]} 2n{ [ ]}

(In the square brackets we have of course to insert the same expression
as occurs in (1)) The two parts of this expression we denote by
A,and B,. Since A, consists of a finite number of terms, the passage
to the limit term by term is certainly allowed there, by 41, 9, and
we have
|
limAd, =14 22° Ex—,—_—’,—
n-> o r=1
Also B, is precisely mxzcotmx — A,, hence lim B, certainly exists.
Let r, denote its value, depending as it does upon the chosen value k;
thus

k

limBn=rk=na:cotna:~—[1+ 2af ,_,1 ,].
n->wo =1 T

Bounds above for the numbers B,, for their limit 7, and so finally for

the difference on the right hand side, may now quite easily be esti-

mated:

We have
cot(a + b) +cot(a — b) = ‘si_ﬁ?"bgm—“
sinfa
and hence
x (x4 v) x (x— v) — 2 cot o
cot —~, —-—+ cot— o W’
sin?e
writing for the moment E;; =« and 2 5 ._—,3, for short.
As 2" >k > 6|z|, we certainly have |a| = ‘ = ‘ < 1 and so 26
|sine| = Ia—— l_|a|(1+3!—|—5!+ )<2]a|.

Since, further, 0 < 8 < »2— < 2, we have ¥
s B B I's B
sinf=p(1— ) +5 (1= )+ > 5

% Cf. Footnote 7, p. 194.

% For the sake of later applications we make these estimates in the above
rough form.

37 Cf. p. 200.
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A
6e| 6IJﬂl

the latter, because » > k > 6 |«|. It therefore follows that (for » > )

sin g
sin &

Hence >1,

L a@ty) x@—»)| 2 cot 5 '
|°n +-cot — 2:.'”‘§,,T‘—‘—
36:::"_1
and hence
72 22
1B, |15 2~ +1v-—66x-'

The factor outside the sign of summation is — quite roughly estimated

was <1, and for |z]| <1 wec have 28

— certainly < 3; for

2'!
: g 1 1
T-pitg—+ TR TR
|zcotz|=|— g — | -1 — T —5 < 3.
2 A 1 11
grrgi—t 317 51
Accordingly,
B,|<216a%- 3 — ! 2162? . N ——
|B| <2162 Y iy < 2160% - X i

But this is a number quite independent of #, so that we may also
write

. e 1
|llmBn'=|7k| §216x‘3y‘=f‘\£1m.

But the bound above which we have thus obtained for 7, is equal
to the remainder, after the At term, of a convergent serics . Hence
r,—>0 as k— 4 . If we refer back to the meaning of r;, we see that
this implies

lim nxcotw.v—[l+2x22k ,Ly_,]}.—o,

k—>w® n--1"
or, as asserted,
ki 1
nxcotnx —1+2x%22 ——,\
y 1 X5 — V*

117.

— a formula which is thus proved valid for every x40, + 1, 42, ... .

6. We shall in the next chapter but one make important applications
(p. 236 seqq.) of this most remarkable expansion in partial fractions, as it is
called, of the function cot. We can of course easily deduce many further
such expressions from it; we make note of the following:

8 The convergence is obtained just as simply as, previously, that of the series
1

X8 — i
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The formula
ncot’%p — 2ncotnx ==m tanle
first of all gives29

X & 4
Atan— =

2 Serty—o e +1, £3, £5, ...

J 1 1
22’((2;'-4—1) z (2v+1)+:c)'
The formula

z 1
cotz - tan T =5z

then gives further, for x40, + 1, + 2,

b1 1 22 2
sintx _I+ lﬁ—mg—‘z""—w""+—“.

=+ (Zs— ) — (e le —oha) + =

Finally if we here replace # by 2 — x, we deduce

x 2 + ( 2 2 ~) _ (_?
cosnz 1—2z ' \1+2z 38-2= 3+2x 5-— 2 /ARl
By 83, 2, Supplementary theorem, the brackets may heie be
omitted. But if we then take the terms together again in pairs startmg
from the beginning, we obtain, — provnded x =|= +3, +3 3 99 tees
T 1 _ _
L18. cosmx (32— x2 (g)2 —= T (g)a —=—t
With these expansions in partial fractions for the functions cot, tan,
s_ilﬁ and -‘%g, we will terminate our discussion of the trigonometrical
functions.

§ 25. The binomial series.

We have already, in § 22, seen that the binomial theorem for
positive integral exponents, if written in the form

a+ar=5(5)a

remains unaltered in the case 3 of a negative integral k. But we have
then to stipulate || < 1. We will now show that with this restriction

% The formula first follows only for 4 0, 4 1, 42, ... but can then
be verified without any difficulty for =0, 42, £+ 4, .... (The series has
the sum O, as is most easily seen from the second expression, for an even
integral z.)

% In the former case the series is infinite only in form, in the latter it
is actually so.
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the theorem holds 3 even for any real exponent a, i. e.

a__ S [¢@ ”n xl <1
Sk -—,.é;(n)w {!x s!tny rcal number.

As in the preceding cases, we will start from the series and shew
that it represents the function in question

The convergence of the series for [ x| < 1 may be at once established;
for the absolute valuc of the ratio of the (# 4 1)t to the uth term is

= ::;‘x and therefore —s |z,

which by 76, 2 proves that the exact radius of convergence of the
binomial series is 1. It is not quite so easy to see that its sum is
equal to the — of course positive — value of (14 z)2- If we denote
provisionally by £, (z) the function represented by the series for |z| < 1,
the proof may be carried out as follows.

\
Since 2(: ) z" converges absolutely for | 2| < 1, whatever may be

the value of e, it follows, by 91, Rem. 1, that for any ¢ and §, and
every |z| <1, we have

SR 5= =2[E) G+ () G0+ + (G ()]

= n=0
SO ()=(1)
(8) )+ oot ;
as may quitc easily be verified e. g. by induction3®. Hence — for

8t The symbol (;’:) is defined for an arbitrary real « and integral n =0

by the two conventions

(‘(x))=l’ (") “gg—ufaﬂ for n>1

and for every real « and every » =1, it satisfies the relation, which may at
once be verified by calculation.

() + (3=

n—1 n n)’

1 For this, give the statement, by multiplying by »!, the form
(5)FE=DG=nt 1)+

+(:)oz(oz—1)...(o¢-—k+15-ﬂ(ﬂ—1)...(ﬂ—n-|—k+l)-|—...

+(Z)a(a—’1)...(&--u+1) =@+ B (@ t+B—1)...(c+f—n+1).
Then multiply each of the (n 4 1) terms on the left hand side first by the corres-
ponding term of

oy (@=1), ..., (@—k), ..., (x—mn),
then by the corresponding term of

—n), B—n+1), ..., 8—n+k), ..., 8
and add, so that in all we multiply by («+ 8 — #); grouping together the similar
terms on the left, we obtain precisely the asserted equality, where # is replaced
by 4+ 1. — The above formula is usually called the addition theorem for the
binomual coefficients.



210 Chapter VI. The expansions of the so-called elementary functions.

fixed [z| < 1, — we have, for any « and 8,

fa g = fa+p-
By precisely the same method as we used to deduce from the addjti
theorem of the exponential function, — E (x,)-E (2,) = E (x, 4 %,),

that for every real  we had (E(z)=(E (1), — so we could he
conclude that for every «,
fa == (fl)a b

if we knew here also that f, was for every real a (with fixed z) a
continuous function of e. As f, =1 -z, the equality
fa=(1+ 2)°
would then be established generally for the stated values of z.
The proof of the continuity results quite simply from the main
rearrangement theorem 90: If we write the series for f, in the more
explicit form

O vt (—g)a (S g)e

and then replace each term by its absolute value, we obtain the series
Slel(lel+D---(Jel+n—=1), a_ Sfle|+n-1 n
”ﬁ\% 1. 2. ... n |z] _20( n )lxl’

also convergent for || < 1 by the ratio test. We may accordingly
rearrange the above series (a) in powers of «, obtaining

b) fom1d+(p—F+Z— 4 EX 0 Yy,

i. e. certainly a power series tn «. Since this — still for fixed z in
|2| <1 — converges, by the manner in which it was obtained, for
every o, we have an everywhere convergent power series in «, hence

certainly a continuous function of e.
This completes the proof 3 of the validity of the expansion 119 and

at the same time fills the gap left in the proof of the reversion thcorem
§ 21.

83 An alternative proof, perhaps still casier than the above, but using the
& (¢ .
differential calculus, is as follows: From f, (@)= 3/ (n) z it follows that
n=0

o 3e () Seen(LT)e

=, n=0

Since however (n+1) (n_a;_ 1) =« (a; 1> , it follows further that
fi@=afe_y@-

But

A+2)f,_ @®=01+2) _n‘go (a; 1) -

=1+ Z[( N+ G ] 20

=1
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The binomial series provides, like the exponential series, an expansion
of the general power a2: Choose a (positive) number ¢ for which, on the

one hand, ¢ may be regarded as known, and on the other, 0 < S < 2.

Then we may write : =1+ x with | | <1 and so obtain, as the required
expansion,

@=c-(1+ 27 =c |:1+(§)x }_(g LI

Thus e. g.

)
e @)
= (Da Dl (e ]
N

is a convenient expansion of V2.

The discovery of the binomial serics by Newton ** forms one of the
landmarks in the development of mathematical science. Later Abel 3
made this series the subject of rescarches which represent a perhaps cqually
important landmark in the development of the theory of series (cf. below
170, 1 and 247).

§ 26. The logarithmic series.

As already observed on pp. 58 and 83, in thcoretical investigations
it is convenient to employ exclusively the so-called natural logarithms,
that is to say, those with the base e. In the sequel, log x shall therefore
always stand for log, x (x > 0).

If y = log x, then x = e¥ or
2 3
—l=y+ 545+

By the theorem for the reversion of power series (107), y = log x is there-

thus, for every | x| < 1, we have the equation
I+ %) f (%) — afy (x) = 0.
Since (1 4+ x)* > 0, this shows that the quotient

fu®)
T o
has everywhere the differential coefficient 0, i. e. is identically equal to one and the
same constant. For x == 0 the value is at once calculated and = + 1; thus the
assertion fa (¥) = (1 4 x)* is proved afresh.
3¢ Letter to Oldenburg, 13 June 1676, — Newton at that time possessed no

proof of the formula; the first proof was found in 1774 by Euler.
38 J. f. d. reine u. angew. Math., Vol. 1, p. 311, 1826,
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fore expansible in powers of (x — 1) for all values of & sufficiently near
to 4 1, or y = log (1 4 x) in powers of x, for every sufficiently small | x |:
y=log(l+x)=x-+bya®+byx*+4 ... .
The coefficients b, may actually be evaluated by the process indicated,
provided the working is skilfully set out 3. But it is advisable to seek more
convenient methods: For this purpose, the developments of the preceding
section suffice. For | x| <1 and arbitrary «, the function f, = f, (%)
there examined is
— (]_ _I_ x)‘l — exlog(1+x),
Using, for the left hand side, the expression (b) of the former paragraph
and for the right hand side, the exponential series, we obtain the two
power series everywhere convergent:
1)n—1
L [a— Y+ 5 -4+ EV g e

— 1+ [log (1 + ]« +.
By the identity theorem for power series 97, the coeflicients of corre-
sponding powers of « must here coincide. Thus, in particular 3, — and

for every | x| <1—

@ lg+x)—x—2+5 4.4y

Thus we have obtained the desired expansion, which, we also see a pos-
teriori, cannot hold for | x| > 1. If we replace in this logarithmic series,
as it is called, x by — x and change the signs on both sides of the equality,
we obtain, — equally for every | x| <1, —

1 x  x® xn
(®) g =2+F +5 +eeet ...
By addition we dcduce, — again for every | x| <1, —

xth1
© s E-e[x T gt

There are of course various other ways of obtaining thesc expansions;
but they either do not follow so immediately from the definition of the
log as inverse function of the exponential function, or make morc extensive
use of the differential and integral calculus %

38 Herm. Schmidt, Jahresber. d. Deutsch. Math. Ver., Vol. 48, p. 56, 1938,
37 Cf. the historical remarks in 69, 8.
8 We may indicate the following two ways:

1. We know from the reversion theorem that we may write

log(l +x)=x+ by +bx° + ...
it follows from Taylor’s series 99 that

b (d" log (1 + x) _ (=1
k= Rl Tdxk x=0 k °
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Our niode of obtaining the logarithmic series — also the two
modes mentioned in the footnote — do not enable us to determine
whether the representation remains valid for £ = 41 or z = — 1.
Since however 120a reduces, for x = -} 1, to the convergent series

(v. 81¢, 3)

1 1 1
t—g+Hi—+—

the value of this series, by Abel's theorem of limits, is
= lim log(14 o) =log 2.
x-»>1—0
Our representation (a) there remains valid for = - 1; but for 2z = — 1
it certainly no longer holds, as the series is then divergent.

§ 27. The cyclometrical functions.

Since the trigonometrical functions sin and tan are expansible in
power series in which the first power of the variable has the coeffi-
cient 1, different from O, this is also true of thcir inverses, the so-
called cyclometrical functions sin~! and tan~'. We have therefore to
write, for every sufficiently small |z,

y=sin"lez=x-4b,x* 4 b, 2® 4 .-
y=tan"‘x=x+4+b,/2* 4 b,/ 4 -..
where we have left out the even powers at once, sincc our functions are
odd. Here too it would be tedious to seek to evaluate the coefficients
b and b’ by the general process ot 107. We again choose more con-
venient methods: The series for tan™!z is the inverse of
3 b
siny y—%+%~.—+---
(a) z =tany = == = ,
1— 3 + oot
or of thc series obtained by 10, 4 after carrying out the process of
division in thc last quotient. If here all the signs, in numerator and
denominator, were -, then we should be concerned with reversing

the function

dlog(142) 1 . s _ TN — Rk
2. iz —l+x_l T+ — oo (— Dk 4. -_”2:,0(—1) zk.
Integrating, it follows at cnce, by 99, theorem 5, — since log 1 =0, — that
' 1)k=1
tog (1-+2) = 5 =07 D S

The method in the text lS so far simpler that it proceeds entirely without

the use of the differential and integral calculus,
8 (G 51)
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But the inverse of this function is, as we immediately find,
1 1+x__ x% At
2logl_x—ac—[—i-I- 5 4.

By the general remark at the end of § 21, the reverse serics of the series
for x = tany actually before us is obtained from the series last written
down by alternating the signs 3 again, i. e.

-1 . _x" x"'_
tanlx =x— 4+ 3 — +

If therefore this power series, which obviously has the radius of conver-
gence 1, is substituted for y in the quotient on the right of (a), and this
is then rearranged, as is certainly allowed, — we obtain the terminating
power series ». Hence its sum for an arbitrary given | x| <1 is a solution
of tan y = x, and is precisely the so-called principal value of the function
tan~! x hereby defined, i. e. the value which is = 0 for x = 0 and then
varies continuously with x. Hence for — 1 <x < + 1, it satisfies the
condition . .

—i<y<+g
and is defined, in the interior of this interval, without any ambiguity.

For | x| > 1 the expansion obtained is certainly no longer valid;
but Abel’s theorem of limits shews that it does still hold for x —= - 1.
For the series remains convergent at both endpoints of the interval of
convergence and tan~!x is continuous at both these points. We have
therefore in particular the series, peculiarly remarkable for clearness and
simplicity: E:l—.l.-l—l—.l.-}-—__,
4 3 & 7
giving at the same time a first means of determining = of some practical
value. This beautiful equation is usually named after Leibniz 4°; it may
be said to reduce the treatment of the number = to pure arithmetic. It
is as if, by this expansion, the veil which hung over that strange number
had been drawn aside.

39 A different method is the following: We have

dtan__lic_ 1 _ 1 _ l___-_ L, )
dx _dtan_}{—1+tan’y_"1+x2_l R tat— F...,
dy
the latter for | x| < 1. As tan™* 0 = 0, it follows by 99, theorcm 5, that for|x] <1,
x3 x5
U - A
tan” ' x 3+5 +.o..

A method corresponding to that given first in the preceding footnote is some-
what more troublesome here, as the differential coefficients of higher order of tan™ x
— even at the single point 0 — are not easy to find directly. — The expansion of
tan~! x was found in 1671 by ¥. Gregory, but did not become known till 1712.

4 He probably discovered it in 1673 from geometrical considerations and
without reference to the inverse tan-series,
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For the deduction of a series for sin"1z, the mcthod which we
have just used for tan™*z is not available. The process indicated
in the last footnote, however, provides the desired series: We have

for |z| <1
dsin—lzg 1 1 1 o~
dx dsiny _cosy—_‘/l_’x'a_(l—x) ’
( dT)

the positive sign being given to the radical since the derived function
of sin1z is constantly positive in the interval — 1...-}-1. From

1 -1
=1, 1 [(T2) 2 N4 ...
(sin7t o) =1 = (F)a" + (5) = — +
it at once follows, however, by 99, theorem 5, as sin~10 == 0, that
for x| <1
123 1.3 2°  1.83.5 &’
in—190 — LR a4 oo
sin~to=a+55+5g T tege v+ 123.
This power scries also has radius 1, and on quite similar grounds to

the above we conclude that for |z| <1 its sum is the principal value
of sin"'z, i e. that uniquely determined solution y of the equation

siny =« which lies between -—% and -]—%.

For z = +4 1, the equality is not yet secured. By Abel's theorem
of limits it will hold there if, and only if, the series converges there.
As we have a mere change of sign in passing from -z to — =z, this
only needs testing for the point 4+ 1. There we have a series of po-
sitive teims and it suffices to show that its partial sums are bounded.
Now for 0 < z < 1, if we denote by s, (z) the partial sums of 123,

s, (%) <sin"lx < sin"l1= g
And as this holds (with fixed n) for every positive z < 1, we also have
. T
lim s, (2) =s,(1) < 55
z->1

and as this holds for every n, we have proved what we required. Thus

1.3 1, 1.35 1
=tttz stirstEreat o 124.

§§ 22 to 27 have thus put us in possession of all the power seres
which are most important for applications.

Exercises on Chapter VI.

74. Show that the expansions in power scries of the following functions
huve the form indicated in each case:

a) e”sinx = Y’— z" with s, _‘/2" smn—- ile s53,=0,
n=o™
Seppr=(=1k2% 5., g=(-1)k2%%I1, ‘u+s‘-(— l)kzu"'"

1 ® 22k .
b) 0l (tan=1 ) = N (= 1)k- 1. 5 with =1 + - + droeets

2/1
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1+ © k42 3
9] -—tan 1g. log z"S""m:—z with ck_1—~+ -4 +4k+l
e+
d) 3 tan=3z-log (1 +2) = 2,(—1)" "’2k°2k+1’

with 4, _1+ +...+__

h
e) 3 [log‘1 ] 2,’ l""‘ ®, with the same meaning of %, as in d).
n=2
'¢5. Show that the expansions in power scries of the following functions
begin with the terms indicated:
a T _qg_x_ @ 2
) 1 2 12 24 ’

1 ——
og i=

x
T+t
b) 1—z)e * m_1-"__

m+1+' o (mz1);
tan (sin —sin(tan:v)—-l—xV -2—9—:::"—]—---'
©) tan (sin 2) =30% t 756 ;
1
1 Tl B M T 2447 959 .
9 (l"'”‘) =l=5+3" — 16" t5w60” "2304% T3

—_——x’.._.__
©) z—1log (1 +2)

'76. Deduce, with reference to 1035, 5, 115 and 116, the expansions in
power series of the following functions

4 1 8
=2tgrog Tt

a) log cosz; b) lo g.s.m_x
tanx z
c) log d) e
xz? 1
€) 1—cosz’ B cosz’
x 1
g) log —=q—3 ) &=F1
2sin —x
2
ex 1
) e+ 1° k) cosx—sinz "’

77. Show that, fora 0, — 2, — 4, ...
1 1 1 1.3 2
] __.[;+~_x_+_. z_.+...]=

vi—z 2a+4+2 2.4 a+4
_1 a+1 (a+1)(a+3) " ]
=2 [l+a+2 tarn@ry” Tl
78. We have (:%:-}) —e. Is the sequence monotone? Increasing or

decreasing? What, in this respect, is the behaviour of the sequences

+
(1 +-:;)” % 0<a<1?
79. From z, — £ it invariably follows that

(142) e
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and also, if x, and & are positive, that
(Y n—1) - log &.
80. If (xz,) is an arbitrary real sequence, for which -{j — 0, and we write

z,\" .
(1 _7") =¥,, then, in every case,

VDL E %,

81. Prove the inequalities of 114
82. Express the sums of the following series by closed expressions in
terms of the elementary functions
1 z 22 2
B gtgtgtagto
(Hint: If f(x) be the required function, then obviously

(@ f (=) =

xl

whence f(z) may be determined. Similarly in the following examples.)
x.’i x?

xﬂ

D13 35 57 Tt
1 x x?

9 1.2.3F

2.3 atgagt

83. Obtain the sums of the following scries as particular values of ele-
mentary functions

4
a) 2,+ + it et

=13
1.1 1.3 135
b g tagte aetriast ol
1, 13 35 1.3.5.7.9-11 1
)gteaste 4p8 0t a6 810121 "2 Ve
1 1.8, 1.35.7 1357911 VE—1
V5556t es6810 246810.127187 ‘/ Vs
84. Deduce from the expansion in partial fractions 117 scq. the following
expressions for z: .
7 1 1 1 ]
"“‘"‘“‘E'[l'a—1+a+1_2a—1+2a+1"+"' '
1 1 1 1
LRl Rt S S s S P S ]
where a = 0, £1, 4 4, 4§, ...

Substitute in particular o = 3, 4, 6
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Chapter VIL
Infinite products.

§ 28. Products with positive terms.
An infinite product
Uy Uy U™ oo Uy oo,
is, by § 11, II, to be taken merely as representing a new symbol for the
sequence of the partial products

Up Uy e Uy,

Accordingly such an infinite product should be called convergent, with
value U,

IHu,=U,
n—=1

if the sequence of the partial products tends to the number U as limit.
But this is particularly inconvenient, owing to the fact that then every
product would have to be called convergent for which a single factor was
=0. For if u,, were 0, then the sequence of partial products also would
tend to U = 0, since its terms would all be cqual to 0 for n == m. Simi-
larly every product would be convergent — again with the value 0 — for
which from some m onwards

lun|§0<l'

In order to exclude these trivial cases, we do not describe the behaviour
of an infinite product by that of the sequence of its partial products,
but adopt the following more suitable definition, which takes into
account the peculiar part played by the number 0 in multiplication:

oDefinition. The infinite product

L

]]l Up == Uy Uy Ugeee

n=
will be called convergent (in the stricter sense) if from some point
onwards — say for every n>m — no factor vanishes, and if the
partial products, beginning immediately beyond this point

Pn=“m+1'um+2""'un’ ("’>m)

tend, as m increases, to a limit, finite and different from O
If this be = U, then the number

U=u-4ye...-u,-U,,
obviously independent of m, is regarded as the value of the product?.

m’

1 Infinite products are first found in F. Vieta (Opera, Leyden 1646, p.400)
who gives the product

2_\/1‘/1 1‘/T‘/1 1.1 1 J1
== V2V gte Vo ?+"é‘\/'2”+'2‘ 2
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We then have first, as for finite products, the

oTheorem 1. A convergent infinite product has the value O if,
and only if, one of its factors is = O.

As further p, _, — U, with p —U,, and as U, is 5= 0, we
have (by 41,11)

and we have the

oTheorem 2. The sequence of the factors in a convergent infinile
product always tends — 1.

On this account, it will be more convenient to denote the factors
by #,=1- a,, so that the products considered have the form

”lz(l +a,).

For these, the condition a,— 0 is then a necessary condition for con-
vergence. The numbers ¢, — as the most essential parts of the factors —
will be called the terms of the product. If they are all >0, then
as in the case of infinitc series, we speak of products with positive
terms. We will first concern ourselves with these.

The question of convergence is entirely answered here by the

Theorem 3. A product II (14 a,) with positive terms a, is
convergent 1f, and only if, the series 3 a, converges.

Proof. The partial products p, = (1-+a,)...(1+a,), since
a, > 0, increasc monotonely; hence the First main criterion (46) is
available and we only have to show that the partial products p_are

bounded if, and only if, the partial sums s, = a, +a, -+ 4 a, are
bounded. Now by 114 «, 14 a, < ¢% and so for each #
Pa S et

on the other hand

po=Q0+a)...A+a)=14a +ay+--+a,+aa,+->5,
the latter because in the product, after cxpansion, we have, besides the
terms of s, many others, but all non-negative ones, occurring.
Thus for each =

S” < 1’»'

(cf Ex.89) and in J. Wallis (Opera 1, Oxford 1695, p.468) who in 1656 gives
the product

w 22 4488 ..
271833 5 5 1
But infinitc products first secured a footing in mathematics through Euler, who
established a number of important expansions in infinite product form. The first
criteria of convergence are due to Cauchy.
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The former inequality shows that p, remains bounded when s, does,
the latter, conversely, that s, remains bounded when p, does, — which
proves the statement.?

Examples.

1. As we are already acquainted with a number of examples of con-
vergent series X' a, with positive terms, we may obtain, by theorem 3, as many
examples of convergent products I7(1+4a,). We may mention:

II (1 +—1;) is convergent for « > 1, divergent for ¢ < 1. — The latter
n

is more easily recognised here than in the corresponding senes?, for

(1+_1_) (1+_1_)...(1+_1_)=3.%.%~...l‘_ﬂ=n+1_.+oo,

n
2. IT(I +z") is convergent for 0 < z < 1; similarly IT(1 + 2" ).

n—1)n+4+2) 1
8. H( n(n+1)) ]]2- n(nn) =3

With theorem 3 we may at once couple the following very
similar

Theorem 4. If, for every n, a, >0, then the product I1(1 — a)
also is convergent if, and only if, 3 a, converges.

Proof. If a, does not tend to O, both the series and the pro-
duct certainly diverge. But if g,— 0, then from some point onwards,
say for every n >m, we have a, <3}, or 1 —a, >1. We consider
the series and product from this point onwards only.

Now if the product converges, then the monotone decreasing
sequence of its partial products p, = (1 — a,,,,)..-(1 —a,) tends to
a positive (> 0) number U,, and, for every n > m,

(1_ m+1) l_a)2Um>O'
Since, for 0 < a, <1, we always have

1
A+ae)S -+
(as is at once seen by multiplying up), we certainly have

(Ut 2y)) A+ Gpyg) - (U 2,) < -

? In the first part of the proof of this elementary theorem, we use the
transcendental exponential function. We can avoid this as follows: If Ya,=s
converges, choose m so that for every n_>m

1
a-n+1+a'n+i+"‘+au<—2‘-

As, obviously, for these n's, we now have
(l +an+1)"'(l ’*‘an)g 1 +(am+l,+' "+an)+(am+|,+"'+an)g+
+(am+1+' "+an)" <2
we certainly have, for all n's,
Pr<2 (1+4a)-+-(14+a,) =K,
hence (p,) is bounded.
3 In this we have therefore, on account of theorcmn 3, a new proof of the

divergence of 3] -’1—'-
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Accordingly the convergence of the product IT(1+ a,), and hence of
the series 2'a,, results from that of II(1 —a,). — If, conversely,
X a, converges, then so does 2'2 a,, and consequently by Theorem 3 the
product IT (1 4 2 a,) also does. Hence, with a suitable choice of K, the
products (1 4- 2 ay4y) - . . (1 -+ 2 a,) remain < K. If we now use the fact
that, for 0 < a, =< 4,

1
l1—a, = 1+ 2a,
— as may again be seen by multiplying up — we infer
1
(1 - am+1)"'(1— an) >—]? > O;

and the partial products on the left hand side, as they form a mono-
tone decreasing schence, therefore tend to a positive limit: i. e. the
product IT(1 — a,) is convergent.

Remarks and Examples, 126.

s

1. (l ——l:) is convergent for « > 1, divergent for « < 1.

n

i
3

n

2. If a, < 1 and if Za, diverges, then IT(1 — a,) is not convergent, with
our definition. As however the partial products p,, decrease monotonely and remain
> 0, they have a limit, but one which 1s necessarily = 0. We say that the product
diwverges to 0. The exceptional part played by the number 0 thus involves us 1n
some slight incongruity of expression. A product is called diwvergent whose partial
products form a decidedly convergent sequence, namely a null sequence, (p,,). The
addition ““in the stricter sense’”’ to the word ‘‘convergent’” mn Def. 125 1s intended
to serve as a reminder of this fact.

o
8. That e. g. ]](1 --%-) diverges to 0 is again very easily seen from
n=2

§ 29. Products with arbitrary terms.*
Absolute convergence.

If the terms g, of a product have arbitrary signs, then the following
theorem — corresponding to the second principal criterion 81 for
series — holds:

oTheorem 5. The infinite product I1(1+- a,) converges if, and

4 A tull and systematic account of the theory of convergence of infinite
products may be found in A. Pringsheim: Uber die Konvergenz unendlicher
Produkte, Math. Annalen, Vol. 33, p.119—154, 1889.

Re A RTY
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only if, given ¢ > 0, we can determine® ny so that for every n > n,
and every k> 1,
[(1 + an+1) (1 + an+2)" '(1 + an+k) - 1] <e

Proof. a) If the product converges, then from some point on-
wards, say for every # >m, we have g, 3= — 1, and the partial
products

Pn=(1+am+1)"'(1+ an)’ (”>m)
tend to a limit <= 0. Hence there exists (v.41, 3) a positive number g
such that, for every n >m, |p,|=p>0. By the second principal
criterion 49 we may now, given >0, determine s, so that for
every n > n, and every k> 1,
|Pasr— Pal < &8

But then, for the same # and &,

1;’:_k_ll-—:.I(l_'“a'H'l)(l—I—aﬂ"‘g)"‘(]‘_I—arrl-h:)__1|<89

which is precisely what we asserted.

b) Conversely, if the g-condition of the theorem is fulfilled, first
choose ¢ =1, and determine m so that, for every n > m,

|(1+am+1)"‘(1+an)_1|=|pn_ll<%'
For these n's we then have
'Llf < ‘pnl < g’

showing that, for every # > m, we must have 14 a,==0; and further,
that ¢f p, tends to a limit at all, this certainly cannot be 0. But
we may now, given ¢ > 0, choose the number #u, so that for every
n>mn, and every k>1,

Pa

Pn-}-k 8
—_— 1‘ < 0}
or

Ipn+k—pizl<|pn|'%<8.

And this shows that p_ really has a unique limit. Thus the conver-
gence of the product is established.

As in the case of infinite series, so similarly in that of infinite
products, those are the most casily dealt with which converge “abso-
lutely”. By this we do not mean products ITu, for which IT|u, |
also converges, — such a definition would be valuelcss, since then
every convergent product would also be absolutely convergent, — but
we define, on the contrary, as follows:

o Definition. The product I1(1 -+ a,) is said to be absolutely con
vergent if the product II(1+4|a,|) converges.

6 Or — v. 81, 2nd form — if invariably
[(At+an4) At ans) oo (U4 Bagp,)] -1
or — v, 81, 8rd form — if invariably
[(A+avus1)ee. (14 argtrn)] 1.
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This definition only gains significance through the theorem:

oTheorem 6. The convergence of II(1+|a,|) involves that of
o(1+a,).

Proof. We have invariably

l(l + an+1) (1 + “n+e)° ° '(1 + an+k) — 1'
§(1+lan+1|)(1 —I-Ian+ﬁl)"'(1+|an+kl)_1’
as is at once verified by multiplying out. If therefore the necessary
and sufficient condition for the convergence of Theorem 5 is satisfied
by II(1+-|a,|), it is ipso facto satisficd by II(1+ a,), g.e.d.

In consequence of Thecorem 3, we may therefore at once state

oTheorem 7. A product II(1-}a,) is absolutely convergent if,
and only if, 3a, converges absolutely.

As we have an already sufficiently developed theory for the
determination of the absolutc convergence of a series, Theorem 7 solves
the problem of convergence in a satisfactory manner for absolutely
convergent products. In all other cases, the following theorem reduces
the problem cf convergence of products completely to the correspond-
ing onc for series:

Theorem 8. The product II(1 -+ a,) converges if, and only if
the series

Y log(1+a,)
n=m+1
commencing with a suitable index®, converges. And the convergence of
the product is absolute if, and only if, that of the series is so.
Furthermore, if L is the sum of the series, then

”jz(l +a)=@1+a)...(1 +a,) ek

Proof. a) If 1I(1 + a,) converges, then 4,— 0 and hence from
some point onwards, say for every n > m, we have ]a”] < 1. Since,
further, the partial products

Pn=(1+am+1\"'(1+an)’ (">m)’
tend to a limit U, == O (hence positive), we have by (42, 2),
log p,—1log U,,.
But log p, is the partial sum, ending with the »th term, of the series
in question. This, therefore, converges to the sum L =logU,,.
As U, =eL, we thus have
IH1+4a,)=01+4a,)...0+a,)e®

b) If, conversely, the scries is known to converge, and to have
the sum L, then we have precisely logp,— L, and consequently
(by 42,1)

P, = el8Pn s gL,

This completes the proof of the first part of the theorem, since ¢Z==0.

¢ It suffices to choose m so that for every » >>m we have |a,| <1.
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To deduce, finally, that the series and product are, in every
possible case, either both or neither absolutely convergent, we use with
theorem 7 and 70, 4, the fact that (112, b), when a,, — 0
log d +a,)

all

— 1.

(Here any terms g, which = 0 may be simply omitted from con-
sideration.)

Although we have thus completely reduced the problem of the
convergence of infinite products to that of infinite series, yct the
result cannot entirely satisfy us, becausc of the difficulties usually
involved in the practical determination of the convergence of a series
of the form J'log (14 a,). The want here felt may, at least partially,
be supplied by the following

OTheorem 9. The series (starting with a suitable initial index)
Zlog (1 - a,) and with it the product I1 (1 - a,), is certainly convergent,
if 2a, converges and if Za,® is absolutely convergent’.

Proof. We choose m so that for every n > m, we have |a,| <},
and consider IT(1 + a,) and X'log (1 -}- a,), starting with the (m - 1)th
terms. If we write

log (1 + an) =a, + 071 ' ane or _li’_gL':;i)A—_”ﬂ_ = 01)’
then the numbers }, so dctermined certainly form a bounded sequence,
for®, as a,—>0, 9,->— 4. If therefore X'q, and X|a, |* are con-
vergent, X'log (1 + a,), and hence also IT(1 - a,), is convergent.

This simple thcorem lcads easily to the following further theorem

© Theorem 10. If 2'a ? is absolutely convergent, and |a"| is <1
for every n > m, then the partial products

P, = ﬁ (1 -+ a,) and the partial sums s, = 2”,‘ a,, (n > m),

r=m+1 r=m+1
are so related that Pn~en

i. e. the ratio of the lwo sides of this relation tends to a definite limat,
finite and & 0, — whether or no X'a, converges.

7 ¥a,? if convergent at all, is certainly absolutely convergent. We adopt
the above wording so that the theorem may remain true for complex a,’s,
for which a,? is not necessarily >0 (cf. § 57).

8 For 0 <|z| <1 we have in fact
lo 1+x)—x+x”[——l—+£ ca ]
g( = 5 3—T+_.“
or ( ) )
log(l+2z)—2 z
.__—.;.3—.————_-__2__'__3___1.....

And those terms which are possibly =0 may be again simply neglected, as
they have no influence on the question under consideration.
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Proof. If we adopt the notation of the preceding proof, then, as
log 1+ a,) = a, -+ 9,-a,?, we have for every n>m
% ay+9,0,9 Ta, Td,a,°
(b am) oot Fa) = T o= o B0,
if the sums in the last two exponents are taken also from » = m - 1
to ¥ =mn.
And as X2'd,a,?, the 9 s being bounded, converges absolutely

nn

when Zang does so, we can, from the above cquation, at once infer
the result stated. — This theorem also provides the following, often
useful

Supplementary theorem. If 2'a ? converges absolutely, then Xa
and II(1+ a,) converge and diverge together.

Remarks and examples. 128.

1. The conditions of Theorem 9 are only sufficient; the product II(1 4 a,)
may converge, without 3'a, converging. But in that case, by Theorem 10,
Z|a, |* must also diverge.
2. If we apply theorem 10 to the (divergent) product Jf (l +— ) , then it
n=1
follows that
ehn ~ "

if &, denotes the n't partial sum of thc harmonic series 4, =1+ _%_ oot 1 .

h
Accordingly the limits lim f”—" =c¢ and lim[k, —logn]=1logc=C exist, the

latter because ¢ 3 0, hence > 0. The number C defined by the second limit is
called Euler's or Mascheroni's constant. Its numerical valueis C = 0-5772156649 . ..
(cf. Ex. 86a, 176, 1 and § 64, B, 4). 'The latter result gives us further valuable
information as to the degree of divergence of the harmonic series, as 1t gives

h, >z logn,
Further the estimates of bounds above made for the proot of Theorem 3 show,

. . 1
even more precisely, if we there put a,=—, that

3"n>e"ﬂ—l>n or h,,>hﬂ_l>logn
so that Euler’s constant cannot be negative.

1 n—1
3. Il (1+-(——)—) is convergent. Its value niay, as it happens, be
n=1
found at once by forming the partial products, and is =1.

4. ]I(l-{-—) diverges for x 4= 0. However, theorem 10 shows that
=1

1
+g e
]/ (1 + ) ( ) or — what is the same thing by 2, — ~_ n?,

r=t

i. e. (v. 40, def. 5) the ratio
I[ (l+ ) (z+1)(x+2)...(x+n)

n! n*

r=1
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has, for every (fixed) z, when #— 00, a determunate (finite) limit which is alse
different from Q if x is taken  —1, —2, ... (cf. below, 219, 4).

2
5 1/ (l _F —) is absolutely convergent for every z.

2
n=1

¢ I(i-3%)-7

§ 30. Connection between series and products.
Conditional and unconditional convergence.

We have more than once observed that an infinite series 2'a,_ is
merely another symbol for the scquence (s,) of its partial sums. Apart
from the fact that we have to take into account the exceptional part
played by the value O in multiplication, the corresponding remark holds
good for infinite products. It follows that, with this reservation, every
series may be written as a product and every product as a series.
As regards detail, this has to be done as follows:

129. 1. If ]I (1+a) is glven then this product, if we write
]l (1+a,)=>p,,

represents essentially the sequence (p,)- This sequence, on the other
hand, is represented by the series

1’1"*‘(1";—?1)‘!‘(1’3"1’2)"*‘5?1"*‘ .E:;(l_l—‘ﬂ)'“(l ""aﬂ—l) a,

This and the given product have the same mecaning — if the product
converges in accordance with our definition. But the series may also
have a meaning without this being the case for the product (e. g. if
the factor (1} a;) is = 0 and all other factors are = 2).
L
2. If conversely the scrics 3 q, is given, then it represents the
n=1

n
sequence for which s, = >'q,. This is also what is meant by the
y=1

product

) . R O )
’
1 Sa n=2 Sn~1 n=2 a4 +ay4--ta,

— provided it has a meaning at all. And for this obviously all that
we require is that each s, 3= 0. In general the convergence of the product
implies the convergence of the series, and conversely. In the case, however,
of s, — 0, although we call the series convergent with sum 0, we say that
the product diverges to 0.

@® I- 1 . % 1
Thus e. g. the symbols nfl of and 3 n_g (1 + —-—2,,_2).

®© 1 1 * 1
or ,,{:1 n(n-{ti) and 2 .,,él-_; (1 + ;la—‘l)’

have preciscly the same meaning.
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It is, however, only in rare cases that a passage such as this
from the one symbol to the other will be advantageous for actual
investigations. The connection between series and products which 1s
theoretically conclusive was, moreover, established by Theorem 8 alone,
— or by Theorem 7, if we are concerned with the mere question of
absolute convergence. In order to show the bearing of these thcorems
on gencral questions, we may prove — as analogue of Theorem 88, 1,
and 89, 2, — the following:

O Theorem 11. Awn infinite product II(1+ a ) is unconditionally 130

convergent — 1. e. remains convergent, with value unaltered, however
its factors be rearranged (v. 7, 3) — if, and only if, it converges
absolutely?®.

Proof. We suppose given a convergent infinite product I1(1-} a,).
The terms a4, certainly finite in number, for which |a, | >4, we re
place by 0. In so doing, we only make a “finite number of alterations”
and we ensure |a,| < 1 for every n. The number m in the proof of
theorem 8 may then be taken == (0. We first prove the theorem for
the altered product.

Now, with the present values of g, ,
II(1+a,) and Zlog (14 a,)

are convergent together, and their values U and L stand in the relation
U = ¢L to one another. It follows that a rearrangement of the factors
of the product leaves this convergent, with the same value U, if and
only if the corresponding rearrangement of the terms of the series also
leaves this convergent, with the same sum. But this, for a series, is
the case 1if, and only if, it converges absolutely. By theorem 8 the same
therefore holds for the product

Now if, before the rearrangement, we have made a finite number
of alterations, and then after the rearrangement make them again in
the opposite sense, this can have no influence on the present question.
The theorem is thercfore true for all products

Additional remark. Using the theorem of Riemann proved later
(187) we can of course say, more precisely: If the product is not
absolutely convergent and has no factor = 0, then we can by suitable
rearrangement of its factors, always arrange that the sequence of its
partial products has prescribed lower and upper limits » and u, provided
they have the same sign as the value of the given product®. Here
» and u may also be 0 or &+ oo.

9 Dunz, U.: Sui prodotti infiniti, Aunali di Matem., (2) Vol. 2, pp.28—38. 1868.

W For a convergent infinite product has certainly only a finite number
of negative factors; and their number is not altered by the rearrangement.
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Exercises on Chapter VII,

85. Prove that the following products converge and have the values indi-
cated:
w—1_2 o 1\
z 2. 1 - .= 2
a)IIn°+l 8’ b>,£0 "'(2) ) ’

n=2
2n 4+ 1 4
<) I{ ( e T-T)(,;Tr)a) =3

85a. By 128, 2 the sequences
1 1
n:l+}+...+—_—-i—logn and y,,=1+§+...+’—l—logn

n

have positive tcrms for n >> 1. Show that (x, | y,) is a nest of intervals. The value
so defined is Euler’s constant.

86. Determine the behaviour of the following products:
@ — 1" 17 — 1)
a) 17 |1+ (’71—3‘); b) 17 (1 + (=" H
=2

logn

n—=2

c)( 713)(1+71§)(1_7115)(1 vl'i)(“r )( v9)""
O(1+ 2 ) (1= o5=1) (g =) -1z i)

11
g g

87. Show that I7 cos x,, converges if X | x,, |2 converges.

for a =1

88. The product in Ex. 86 d has, for positive integral values of «, the
value »\1/ 2.
[Hmt: The partial product with last factor (l 3 kozl ) is = I] ( — —A) ]
v=Fk+1

89. Prove, with reference to Ex. 87, that cos z . cos%r

(We rccognise Vieta’s product mentioned in footnote 1, p. 218.)

. =2
60816...—"

90. Show, more generally, that for every x

s*.cos % cos%-cos X .., =%

COS 5+ COS 4 * COS g * €OS fuaus =~ 0

x x x x sinh x

coshé cosl'x-‘1 cosh 3 coshiﬁ. pran
&+ e . -

in which latter formula cosh x = — 9 sinh € denote the hyperbolic

cosine and sine of x.

91. With the help of Ex 90, show that the number defined by the nest of

2

intervals in Ex. 8c is = s_ 31, where 9 is defined as the acute angle for which

cosd = sl Similarly the number defined by Ex. 8d is = %y, if & is defined
1

sinh &
¥

N
by cosh® = '
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92. In a similar way, show that the numbers defined in Ex. 8e and 8f
have the values:

sinh 2 ¢ . 20_ N
€) o % with  cosh? § = z
sin2 d x
- C it 29 =1,
f) o N Wi h cos?d ”
93. We have
=z ®(e—a) e T@E—a) .. (x—a._,)
e L ) Mt

=(1~-’-’-) (1——”—)...(1——”-).

a, ag an

What can you deduce for thc series and product of which we here have the
initial portions?

94, With the help of theorem 10 of § 29, show that
1-35...2n-—1) 1

T 246020 R
935. Similarly, show that, for 0 <z <y,
z@+1)(=+2)...(x+n) 0
yo+)@+2)...¢+n)
96. Similarly, show that if a and b are positive, and 4, and G, are
respectively the arithmetic and geometric means, of the n quantities

a, a-}b, a+4+2b, ..., at(n—1)0,
n=23,4 ... then

97. What can be deduced, from the convergence of I/(1+a,) and
IT(1+41b,), as to that of
I +a)(l+b,) and J[—F%

%0,

(Cf. 83, 3 and 4.
98. Given (#,) monotone decreasing and — 1, is
1

“1';‘:' ils-;;-uo .
always convergent? (Cf. 82, theorem 5.)
99. To complete § 29, theorem 9, prove that IT(1 +a,) ccrtainly con-

verges if the two series
3@, —%a,2) and X|a,|3

converge. — How may this be generalized? — On the other hand, show, by
the example of the product

(B0 E ) 0-B (R

whcre we assume § < o<}, that I7(1 4 a,) may converge even when Ya,
and Ya,? both diverge.
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Chapter VIIL
Closed and numerical expressions for the sums
of series.

§ 31. Statement of the problem.

In Chapters IIl and IV, we were concerned mainly with our
problem A, the question of the convergence of series, and it was not
till the last few chapters that we considered also the sum of the
series. This latter point of view we shall now place in the fore-
ground. It is necessary, however, in order to supplement our deve-
lopments of pp. 78-79 and 105, that we should make it quite clear once
more what is the significance of the questions which arise in this
connection. If, for instance, we have proved the relation 122:

F 7 1 1 1
Tl ty -t
we may interpret it in two ways. On the one hand, the equation indi-

cates that the sum of the series on the right has the value —;1, one
quarter of the value of a number! which we meet with in many other
connections and to which approximations are well-known. In this
sense, it may be claimed that we have specified the sum of the serics
written down above. But such a statement can only hold in a very
relative sense; for it is not possible to give a complete specification
of the number 7z, otherwise than by a nest of intervals or some
cquivalent symbol, and such a symbol is precisely furnished by the
series; 1. e. the expression on the right, in the above equation. We
are therefore equally justified in claiming the exact opposite, namely
that the equation provides an (extremely simple) expression for the
number m in series form, — that is to say, by means of a conver-
gent sequence of numbers, — which happens indeed in our case to
have a peculiarly straightforward and convenient form and may also
(69, 1) be immediately expressed as a nest of intervals®.

The circumstances are entirely altered when we come to the
equation (cf. 68, 2b):

1 1 1
retag gt =1

! In former times, when these matters were all interpreted rather geo-

metrically, % was always thought of as the ratio of the area of a circle to
that of the circumscribed square.

% Namely:

x
1= (S2x]| Sax+1)»

where
Sa=1— +___.+ +(—__1_)::.: n=238,...)
L] 2n—-1" '
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Here we are perfectly satisfied with the statement that the sum
of the series is =1, precisely because the number 1 (and similarly
every rational number) can be fully and literally assigned. In such
cases, we have a perfect right to assert that we have a closed
expression for the sum of the series. But in all other cases, where
the sum of the series is not a rational number, or at any rate not
known to be one® we cannot strictly speak of evaluating the sum of
the series by means of a closed expression. On the contrary, the
series ought then to be regarded as a (more or less imperfect) means
of representing or approximating lo its sum. By proceeding to express
these approximations (usually in the form of decimal fractions) and
estimating the errors involved, we form what is called a numerical
evaluation of the sum.

Lastly, as above in the case of the series for we may have

T
"4",
ascertained merely that the given series has for sum a number related
in some simple (or at any rate specifiable) manner to a number which
we meet with in other connections; as e. g. it follows from 122 and

124 that
1 1.3 1 1 1
145 3'245 t- "_2[1 3 T3 |]

In that case, we should still welcome the information so obtained,
since it establishes a connection between results where formerly we
saw none. It is usual, in such cases, still to say — though in an
extended sense — that we have evaluated the sum by means of a
closed expression; in fact, the number concerned is then regarded as
“known” through those other connections, and we simply express the
sum of the series “by means of a closed expression” involving this
number. Here the student must, however, guard against self-delusion.
If it has been ascertained, for instance (v. p. 211) that the sum of the
series

1 1,18 1 1.3.5
1+ 535 taa g0 o 50= Tt

has the value g— V2, it is still only in a very relative sense “deter-

mined in the form of a closed expression”. The number V2 is not
per se any better known than the sum of any arbitrary convergent

series. It is only because V2 occurs in so many hundreds of other
connections and has, for practical purposes, been so often evaluated
numerically, that we are in the habit of considering its value as almost
as perfectly “known’” as any literally specified rational number. If

3 For instance, if we have determined the sum of a serics to be equal to Euler’s
constant, we do not know to this day whether we are confronted with a rational number
or not.
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instead of the above scries, we consider, for instance, the following
binomial series:
24 4 242 49 243 ]
7 1+ 5 To55 — 516" 7005 + Fioas " oo —
and its sum has been ascertaincd to be equal to Vlf)6, we shall
be less inclined to regard the sum as fully determined thereby; on
the contrary, we shall prefer to accept the series as a most useful

means of evaluating 15/10_6 to a degree of approximation not so easily
attainable by other means. In other words, — with the exception of
those few cases in which the sum of a series can be specified as a
definite rational number, — when we consider equalities of the form
“s = X'a, ", the emphasis will be laid somectimes on the right hand
side and sometimes on the left, according to the circumstances of the
case. If s may be considered as known through other connections,
we shall still (though in an cxtended sens&) say that the sum of the
series has been evaluated ¢n the form of a closed expression. If this
is not the case, we shall say that the series 1s a means of evaluating
the number s (of which it provides the definition). (Obviously both
points of view may be taken with regard to the same equality.) In
the former of the two cases, we shall, so to spcak, have achieved our
object, since the problem B (v. p. 105) also is then solved to our satis-
faction. In the latter case, however, a new task now begins, that of
actually expressing the approximations, provided by the series itself,
to its sum, in a convenient and simple form (e. g. in decimal fraction
form, as the most desirable for our purposes), and of estimating the
errors involved in these approximations.

§ 32. Evaluation of the sum of a series by means
of a closed expression.

1. Direct evaluation. It is obvious that we may without difficulty
construct series with any assigned sum. If s be the assigned sum,
construct, by any one of the many processes at our disposal, a sequence
{s,) converging to s, and consider the series

So (53 — 5o) (59 — 8;) + o+ (5, — $,—y) + -
Since its »*" partial sum is precisely =s,, this series is convergent
and has the sum s. This simple procedure affords an inexhaustible
means of constructing series capable of summation in the form of a
closed expression; e.g.we need only assume one of the numerous null
sequences (z,) known to us, and write s, =s—ux,, n=20,1,2,....

Examples of series of sum 1.

1 . 1 1 1
L) =(5) eve mptpptaat
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s wm () - gt
2 o n 1
3. (@) (n+l) " n_IF(Ti"l"F':l
Cem(h) - Eim
5 (x,,)_(-;—,_) " é’—zl?.—.l
— 1 & 1
o (= (\7(?!+1)) AN Wt nryntl)

7. If we multiply the terms of one of these series by s, we obtain a
convergent series of sum s.
It is not superfluous to be able to construct such examples, as we shall
sce that the power to provide seriecs with known sum is an advantage in
the discussion of further series.
The converse of the Principle just treated is cxpressed by the
g
OTheorem. Given a sevies > a,, whose tcrms a, are expressible 131.
n=0
in the form a,=x, —=x,, ,, where x, is the term of a convergent

sequence of known limit &, the sum of the series can be specified, for
we have »
a,=1x,—&.
n=0
Proof. We may wnte

Sp =T —2,) (&, — %)+ (X, — Tppy) =T — %, 4,

Since x, — £, the statement follows.

Examples. 132.
1. If « be any real number # 0, —1, —2,..., then (v. 68, 2hb):
2 1 1 1 1
—~——————— =—, as here a,= -

n‘%’o (¢« +n)(c+n+ 1) ct+n oatntl

2. Similarly
® 1 1

N T I CE T RSV PEa) il Py oy

n=0

as here

1 [ 1 1 ]

Y e F @t D) (atntD@rnrol”

3. Generally, if p denotes any positive integer,
1 1

°
S @IV GT At @FnFD P @D (@rh-D"
4. Putting « =}, we thus obtain, for instance, from 2.:
1 1 1
T4 tigio ot T
5. Putting ¢ =1 in 3. we obtain
1 1
e r) 28, . T T popl
or e 1. p+l
,.§o(p+n+1)’ 2
p+1

[y
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The following is a somewhat more general theorem.

133. OTheorem. If the term a, of a given series Za, is expressible
in the form x, — =, , where x, is the term of a convergent sequence
of known limit &, and q denotes a fixed integer > 0, then

Sa, =242, 4oz, — gk,

n=0
Proof. We have, for n > g,
sn = (”o - xq) + (xl - xq+1) + e + (xq—l - x‘)q—l) + (xq - x‘.‘.q)
+ tee + (xn - xn+q)
= (‘EO + 2, +--- +xq~1) - (xn+1 +- ZTpta 4+t wn+q)'

Since z, — & (by 41, 9), the statement at once follows.

Examples.
% 1 RS N — -
1 ,:)o(a+n)(a+n+q)‘q Tt +a+q—1)’

since here we have
1 ( 1 1 )
y=—|————.
g\at+n a+n+g
In particular, writing « =1,
S%_ 1__ _-1.(1+_1_+...+»__1_..)
n:0(2n+1)(2n+2q+1)'2q 3 29—-1/"
2 For ¢ =1 and ¢ =2 we have accordingly:

1 1 1 3
T3taategt =7

and for ¢ =§, ¢=3:
1 1 1 23
Tatgetsnt =%

3. Somewhat more generally, if &, as well as ¢, denotes a fixed integer >0:

O 1
ng) (“+”)(“+”+q)--.(a+n+kq)=

) 1
—kqg.=o (@a+»)(@+r+¢q...(a+r+k— l‘q).
4. Thus for a =}, ¢=2, k=2 we find
1 1 1 13
59 tarmi 593 =10
The artifices here employed may be extended to obtain, finally,
the following considerably further reaching
134. OTheorem. If the terms of a series 2 a, are expressible, for
every n, in the form
8, =0Ty + Gyt 0,2,y (k constant, 2 2)
where (x,) denotes a convergent sequemce of known limit &, and the
cocfficients ¢, satisfy the condition

Gt+et+o =0
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then X a,

”;{-;;an="1x1+(cl+°-:)‘”a+"‘+(c1 2 3 nEREs SR S
+(cq+2cs 4+ k—1c)¢E.

The proof is at once obtained by writing the expressions for
a,, a4y, ---, 4,,, one below the other so that terms involving z, occupy
the same vertical. Carrying out the addition in columns, — which of
course is allowed even without reference to the main rearrangement
theorem -— we find, for m > k, taking into account the condition ful-
filled by the coefficients ¢,,

m k—1 k-1
Z:)“n ="21'("1 Feat+-- )z, +‘21(01+1 + ) B e
n= = oy
which is again the sum of a finife number of terms. Letting m — oo,
we at once obtain the required relation.

ts convergent and has for sum:

Examples.
. n? .
1 Putting x"=nT-FT’ k=2, ¢,=—1, ¢,=+1, we obtiin
3 5 7 2n -1 1
sstsmtent Y yer ey T

0. 1 _1 w( 1 1 )=1_3.
e @n+1)Bn410) 27 S \—f4n41 —3+n+4/ 84
These examples may of course easily be multiplied to any extent desired.

2 Application to the elementary functions. The above few theo-
rems have, speaking generally, made us familiar with all types of series
which may, without requiring any more refined artifices, be summed
in the form of a closed expression.

By far the most frequent series, in all applications, are those ob-
tained by substituting particular values for x in series expansions of
elementary functions and in series derived from these by every species
of transformation or combination, or other known processes of deduction.
Examples, obtained in this manner, of summation by closed expres-
sions are innumerable. We must content ourselves with referring the
rcader to the particularly ample selection of examples at the end of
this chapter, in the working out of which the student will rapidly be-
come familiar with all the main artifices used in this connection. The
developments in this and the following section will afford further
guidance in this part of the subject Let us merely observe quite
generally, for the moment, that it is often possible to deal with a given
series by splitting it up into two or more parts, each of which again
represents a convergent series; or else by adding to or subtracting
from X' g, , term by term, a second scries of known sum. In particular,
if a, is arational function of n its expansion tn partial fractions will
frequently be a considerable help.
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3. Application of Abel’s theorem of limits. A further means of
evaluating the sum of a series, — one of great theoretical importance,
differing from that just indicated in the principle it involves, though
in most cases intimately connected with it in virtue of 101, — con-
sists in applying Abel's theorem of limits. Given a convergent se-
ries X'q,, the power series f(z)=2a,a" converges at least for
—1<x< +1, and hence, by 101,

S i g
If we suppose that the function f(x) which the power scries represents
is so far known, that the latter limit can be evaluated, the surnmation
of the scries is achieved. The developments of Chapter VI offer a
wide basis for this mode of procedure, and in fact Abel's theorem has
already been uscd there more than once in the sense now explamed.

We shall give here only a few relatively obvious cxamples, with
a reference to the exercises at the end of this chapter.

Examples, We are already acquainted with the series:

L $E0 - im STy

+1
= lim log(1+2)=1o0g?2,
z-»1-0

;r-—() z>1-0p=
+1
R 1) = lim )’(—1)" — = lim tan~lg=72
n—o2”+1 Z>1-0 5o +1 z->1-0 4
We have the further example
(= n* . ( zt 27
= lim —_——F =),
23n+1 Tasimo\ T T )
The series inside the bracket has for derived series
]—m“+x°—+...___1__
1428
and therefore represents the function (v. § 19, Def. 12)

x
dz 1 (x4 1)® 1 2z-1 n
[T s e S
0

Accordingly, the sum ot the given series is =%—Iog2+

L
3y8°
4. Similarly we find (v. § 19, Def. 12)
(-nn (1,1 1 1
ol L ML SRR (T

For further series constructed on the same lines, the formulae of course become
more and more complicated.

4. Application of the main rearrangement theorem., Equally great
theoretical and practical significance attaches, in our present problem,
to the application of the main rearrangement theorem. This application
we proceed at once to illustrate by one of the most important cases;
additional examples will again be furnished by the exercises.

In 115 and 117, we obtained two entirely distinct expansions
of the function x cotz, both valid at least for every sufficiently small EZB
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If, in the first of these, we replace by mx, we obtain, certainly for
every sufficiently small ]x]

1+2('-1) (2n)| * ()t _é’;}'f—f';a

Each term of the series on the right may obviously be expanded in
powers of x:

222‘ @ xﬁ .
= _ﬂgz ( ) (k=1,2,... fixed)

These are the series z® of the main rearrangement theorem;
since the series (™ of that theorem in our case only differ in sign
from the series z® themselves, the conditions of that theorem are all
fulfilled, and we may sum ¢#n columns. The cocfficient of 22?7 on the
right then becomes

-2 5 (p fired)

and since, by 97, it has to coincide with that on the left, we obtain
the important result (once more denoting the index of summation

by n)

2 1 By, (27)°? ,
né‘ o (—n*- W' (p fixed) 136.
This gives us the sum of the series
1 1 1 N
1+22;+§2‘,;+"'+;.5+'" (b fixed)

in the form of a closed expression, since the number # and the (ra-
tional) Bernoulli's numbers may be regarded as knownd4,
In particular,

@ 2 r 3 4 o 6
y1l_z 2_?4.=£., 2_16=_"_
n=1MN 6 n=1MN 0 n=1n 4

¢ Quite incidentally, formula 136 shows that Bernoullt’s numbers B,, are
of alternating signs and that (— 1)»—1 B, is positive; further, that they increase

L |
with extreme rapidity as # increases; for since the value of ) PED lies between 1
k=1

and 2, whatever be the value of #, we necessarily have
2 (2 n)! _ 2(2n)!

2(2 )an >(=n» 1BM> (2 )en'

Ben+a
Bhl
holds for |z| <1, it also follows that the series 115 converges absolutely at
least for |z| < x=. But for |2|>m it certainly cannot converge absolutely,
for then cotx would be continuous for x =z, by 98, 2, which we know is not
the case; thus the series 113 has exactly the radius x. 1t follows from this

whence it follows that — +00. Finally, as the above transformation

that 116 & has the radius —;— , 116 b the radius x.
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It is not superfluous to try to realise all that was needed to obtain
even the first of these elegant formulae 5. This will be scen to involve
much of our investigations up to this point.

The above provides us with the sum of every harmonic series with
an even integral exponent; we know nothing yet of the sum of a harmonic
series with odd exponent (> 1); that is to say, we have not succeeded
as yet in finding any obvious relations that might result in connccting

such a sum (e. g 2 ;{1,) with any numbers occurring elsewhere. (There

is of course no obstacle to our evaluating the sum of any harmonic series
numerically, to any degree of approximation®; v. §35). On the other
hand, our results readily yield the following further formulac: We have

$5,=3 "+ 5 2
ney n2P y=1(2v—1 y=1 (2v) ip’
.. . . 1 2
The latter series is precisely the same thing as P > “1,,- Subtract-
n=1n"

ing this from both sides, we obtain

S_1 (1) s L
“:1(211—-1 P 22” ,;_:_Il ngp

or
_ 2% —1
14 i.,,"l- ¢,,+"'=(—1)” lWB”’ ntp,
For p=1,2,3,..., the sums are in particular

LA 2 no
8’ 96’ 960° "°°

If we again subtract the same series ~.1 - 3
22p

n=1 n?P
7 ("1)”_1 — __2« ng' _1_
u%l n'? = (1 221)) n%l n“’
or 1 1 1 22r—1_4
— — ——— —e s = f——1)P—1 .
1 2P | gZp 4 (=pr @2p)! Bip-a%®

6 James and Jokn Bernoulls dlid their utmost to sum the series
1 1
1+ 7 + 9 + 16 +e

The former of the two did not live to see the solution of the problem, which
was found by Euler in 1786. Jokn Bernoull:, to whom it became known soon
after, wrote in this connection (Werke, Vol. 4, p. 22): Atque ita satisfactum est
ardenti desiderio Fratris mei, qui agnoscens summae huius pervestigationen
difficiliorem quam quis putaverit, ingenue fassus est omnem suam industriam fuisse
elusam ... Utinam Frater superstes esset' A second proof, of a quite different
kind, will be found in 156, a third in 189, and a fourth in 2X0.

0
8 T. J. Stieltjes (Tables des valeurs des sommes S, = ) nl"’ Acta mathe-
n=1
matica, Vol. 10, p. 299, 1887) evaluated the sums of these series, up to the ex-
ponent 70, to 32 places of decimals.
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In particular, for p= 1,2, 3, ... the sums are

1 . 7 , 81
7 727 30240
Here again, however, we know nothing of the corresponding series
with odd cxponents. -— The last two results might of course also have
been obtained by starting with the expansions in partial fractions of

ﬂ, cee

the functions tan or Ei?,' and reasoning as above for that of the func-
tion cot. We may deduce further results by treating the expansion

in partial fractions, given in 118, of the function =’ i. e

a1 o= SN
4cosi‘z 1P -z z*+5“—x’ +ee= Z (2,,_'_1)9
2

The »t" term 1s here expressible by the power series
2k
(— ) ‘_/

after rearranging, the coefficient of xz2# thus becomes:

5 (=) 1 1
<0 (2»-{-1)2’”'1 =1 guer T g T T

Let us denote these sums provisionally by o, then

tp+1)

—-ol—[—osx + o 2t -

T

4cos_2-

or 1 4 22\ 22\¢
cosz=;[01+63(_n_) + 9 (7) +]
On the other hand, this power series may be obtained by direct division

and its coefficients — just like Bernowlls's numbers in 103,5 —
by simple recurring formulae. We usually write

IR n_Ein an
cosz néo( 1) (2n)lz

so that
LI E E
(-F+H-—+)(EB-ge+het =+ )=

This gives E, =1, and, for every » >1, recurring formulae? which
may be written as follows (after multiplication by (2 #)!):

Bt (3) Boncst () Beni 4+ Bamo, 139.

7 The numbers determined by these formulae (which are moreover rattonal
integral numbers) are usually referred to as Euler’s numbers. The numbers Ey up
to v = 30 have been calculated by W. Scherk, Mathem. Abh., Berlin 1825,
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or in the shorter symbolical form (cf. 106):
(B4 1)* 4 (B—1F =0,
now holding for every £ >1.
We deduce without difficulty:

EE=E,=E , =:..=0
and
E,—1, E,——1, E,—=5, E,=—61, E,—1385,....
In terms of these numbers, which we arc perfectly justified in con
sidering as known, we have, finally,

E, 4 2?7
(=1 @p)i— = Taptt ap
i e.
1 1 E»
1—— — o= (—1D)P——22 __air+t,
32p+l+ 521}-}-1 + ( ) 221)-}-3(21,)!

In particular, for p =0,1,2,3, ..., this gives the values
1 1 s 5 5 61 .
2% 337 15367 4T

for the sums of the corresponding series.

§ 33. Transformation of series.

In the preceding section (§ 32), we became acquamnted with the most
important types of series which can be summed by means of a closed
expression — either in the stricter or in the wider sense of the term.
In the evaluations last made, which are really of a profound nature,
the main rearrangement theorem played an essential part; indeed, in
virtue of this theorem, the original series was changed, so to speak,
into a completely different series which then yielded further informa-
tion. We were therefore principally concerned with a special ¢rans-
formation of series8. Such transformations are frequently of the greatest
use, and indced even more so in the numerical calculations which
form the subject of the following two sections, than in the dctermina-
tion of closed expressions for the sums of series. To these trans-
formations we will now turn our attention, and we start at once with
a more general conception of the transformation deduced from the
main rearrangement theorem and repeatedly applied to advantage
already in the preceding section.

® Such transformations were first indicated by J. Stirling (Methodus diffe-
rentialis, London 1730); they are based, in his case, on similar lines to the
above, excepting that he fails to verify the fulfilment of the conditions under
which the processes are valid.
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e

Given a convergent series 3 2%  let each of its terms be
E=0

expressed, tn any manner, (e. g. by § 32, p. 232) as the sum of an

infinite series:

2 = ao(o) + al(o) + aa(o) e - a”(o) 4.
(A) 20 — ao(l) + al(l) + aa(l) e a”(l) R

et e e e
2()2%()+al()+ag()+""|‘“n()+"‘
We shall assume further that the vertical columns in this array them-
selves constitute convergent scries, and denote their sums by
-
sO s s™ .. Under what conditions may the series 3 s™
n=0
formed by these numbers be expected to converge, with
3,0 3
22 = 3s"7
k=0 n=0

If this cquality is justified, we have certainly effected a trans-
formation of the given series. The main rearrangement theorem im-
mediately gives the

OTheorem. If the horizontal rows of the array (A) all comstitute

-
absolutely convergent series and — denoting by L™ the sum, ¥'|a,®|, of
n=0

the absolute values of the terms in one row —, if the scries S is
convergent, the sevies X s™ also comverges and = = z®.

It is this theorem that we have applied in the preceding para-
graph. The question arises whether its requirements are not un-
necessarily stringent, whether the transformation is not allowed under
very much wider conditions.

A. In this direction, an extremely far-reaching theorem was proved
by A. Markoff®. He assumes first only that the series constituted by the
vertical columns of the array (A) converge, as well as the original series
and the series constituted by the horizontal rows of the array. The

J @
numbers s™ have thus determinate values. Since 3 z™ and 3 q,®
k=0 k=0

4
converge, so does ! (z) — a,™); and also, similarly, for any fixed s,
k=0

the series
@
k
> (z( "o — g — g (m fixed).
k=0
9 Mémoire sur la transformation de séries (Mém. de I'Acad. Imp. de
St. Pétersburg, (7) Vol. 37. 1891). Cf. a note by the author, “Einige Bemer-
kungen zur Kummerschen und Markoffschen Reihentransformation”, Sitzungs-

berichte der Berl. Math. Ges., Vol. 19. pp. 4—17, 1919.

141.
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The terms of this series are, however, precisely the remainders, cach
with the initial 1° index m, of the series constituted by the individual rows
of the array. If, for brevity, we denote these remainders by rf:), so that

D 3 g (k and m fixed),
n=m
the series
2 /M- R, (m fixed)
k—0

is convergent. The further assumption is then made that

R, -0 when m—> 0.
It may be shown that under these hypotheses 2's® converges and = 2 2.,
The theorem obtained will thus be as follows:

° Mavrkoff’s transformation of sevies. Let a convergent series
@
2 2 be given with each of its terms itself expressed as a convergent series:
k=0

A) W =g® - q® 4 4 aq®4 ., (k=0,1,2...).
Let the individual columns z a,® of the array (A) so formed represent
k=0

convergent series with sum s, n=20, 1, 2, ..., so that the remainders

(k) v (k)

. —Ja (m=0)
"—-ﬂl

of the series in the horisontal rows also constitute a convergent series

f r® = R, (m fixed).

In order that the sums by vertical columns should form a convergent series
s, it is necessary and sufficient that lim R, = R should exist; and in
order that the relation
ﬁ s = £ 200
n=0 k=0
should hold as well, it is necessary and sufficient that this limit R should be 0.
The proof is almost trivial, for we have

(a) sO s 4+ s=R,—R,,,,
whence the first statement is immediate. Since it follows that
o
2 s =R,— R,
n=0
a0
and since R is snmply Z' 1 = X 2, the second statement now follows
== " k=0
also.

10 Here we of course take m -— 0 to give the whole serics, i. e. 2® itself.
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B. The superiority of Markoff’s transformation over Theorem 141
consists, of course, in the absence of any mention of absolute conver-
gence, only convergence pure and simple being required throughout. Its
applications arc numerous and fruitful: those bearing on numerical evalua-
tions will be considered in §35, and we shall only indicate in this place one
of the prettiest of its applications, which consists in obtaining a trans-
formation given by Fuler ' — of course, in his case, without any con-
siderations of convergence.

It is advantageous here to use the notation of the calculus of finite
differences, and this we will accordingly first elucidate in brief. Given
any sequence (¥, *;, X5, . - .), the numbers

Xog— X1y X3 — Xgy ooy Xpg— Xjp1y o9
are called the first differences of (x,) and are denoted by
Ax,, Axyy ..., dx, ...

The differences of the first order of (4 x,), i. e. the numbers 4 x;, — 4 x4,
k=0,1,2, ..., are called the second differences of (x,), denoted by

2 P "
Arxy, A2y, ..., A2 x;, . .
In general, we write for n =
A'H_lx[u:: ”xk—A”xk+l (k:(),],2,...)

and this formula may also be taken to comprise the case n = 0 if we in-
terpret 4° &, as being the number x, itself. It is convenient to imaginc the
numbers x;, and 4" x; arranged in rows so as to form the following tri-
angular array, in which each difference occupies the place in its own row
immediately below the space, in the row above, between the two terms
whose difference it is:

X, x5, Xg, xg, Ky oo e v
Axy, dx,, dx,, dx; ......
4 Axy, A2, A2xy, . ... ..
A3xy, A2y, oo ...
dxg, o 0oL

The difference 4" x;, may be expressed in terms of the given numbers
x; directly. In fact

A2x, = Adx,— 4 Xprr = (¥ — Xip1) — (Frp1 — ¥iga)

L. = X — 2 Xpp1 + Frya
and similarly
8, — .
A%y = 2 — Bapyy + B Xpyy — Xiys s

11 Institutiones calculi differentialis, 1755, p. 281,
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the formula

n

drx) = x; — (l)xk+l + (Z)xk+2 —+ ..o+ (D" (z) Ziin

for fixed k&, is thus established in the cases » =1, 2, 3. By induction, its
validity for every = follows. For, supposing 143 proved for a particular
positive integer 7, we have for n 4 1:

Ay, = Arx, — A% %y
= X — (:') A (g) Xppo — + oo (1) (:) Xirn
- (3) Xpp1 + (7;) Xppo — + oo (1) (n f 1) Xin

+ (=1 (:) Xptnils

whence by addition, since (:,') +- ( " ) = (n+l), we have the formula

v—1 v
143 for n - 1 instead of #n. This proves all that is required.
Making use of the above simple facts and notation, we may now state
the following theorem:

° Euler’'s transformation of servies. Given an arbitrary con-
vergent series 12

ké:)(~—1)"akt~_‘ao——al—|—a2—+...,

we tnvariably have:

5 s 4" a
—1)g, =3 4%
kzo( 1)* as ,Eo gnhr?

1. e. the series on the right also converges and has the same sum as the given
series 13,

12 The series need not be an alternating series, i. e. the numbers @, need not
all be positive. There are however small, though by no means essential, advan-
tages in writing the series in alternating form as above, when effecting the trans-
formation.

13 This general transformation is due to FEuler (Inst. calc. diff., pp. 281 seq.,
1755). 'The particular transformation given below in example 2 is to be found
already in a letter to Leibniz dated 2. 8, 1704, from /. Bernoulli, who attributed the
discovery to N. Fatzius. (Cf. also /. Hermann, letter to Leibniz of 21. 1. 1705.)
An early investigation of a more searching kind, using remainder terms, was under-
taken by /. V. Poncelet, Journ. f. d. reine u. angew. Math., Vol. 13, pp. 1 seq., 1835.
The proof that the transformation is always valid, provided only the series Z (—1)* q;,
is assumed also convergent, was first given by L. D. Ames (Annals of Math., (2)
Vol. 3, p. 185. 1901). Cf. also E. Jacobsthal (Mathem. Zeitschr., Vol. 6, p. 100.
1920) and the note bearing on that by the author (ibid. p. 118).



§ 33. Transformation of series. 245

Proof. In the array (A) of p. 211, we substitute for a,™:
1 1
(b) a,® = (<1)* [ gn A" @, — guzz dnt1 @]

By 131, if we now sum for cvery n, keeping % fixed (i. e. form the sum
of the &' horizontal row), we obtain

s = Z'a = ( 1)" s A%a; — (—1)* a (k fixed).
For
n n ,
lim 4" % im @ (o = 1 07 (D an
n—>no” 2% > 21
is equal to zero by 44, 8, because a;, — @y, @.g, ... certainly form

a null sequence. Accordingly (b) gives an expression for the individual
terms of the given series 2'(—1)* 4, in infinite series. Forming the sum
of the nt® column, we obtain the series

) 1 1
2 (—1)k [2,; 4™ ap — gnyi A" a,:l (n fixed);
k=0

the generic term of this series, as 4™ q;, — 4" a;, — 4™ a;,, can be written
in the form

A, 1
G 147 @y + A7 @] = g0 (1) 4" @ — (= 1)+ A7 gy, ],

so that the series under consideration may again be summed directly, by
131. We obtain

ga k) 2,l+, [4™ ay — hm ( ¥ 4™ a;] (n fixed).
k=0

Since, however, the numbers @, form a null sequence, so do the first differ-
ences and the n'™ differences gencrally, for any fixed n. The vertical
columns are thus scen to constitute convergent series of sums

s — _A_fﬂ_
= Ton41
The validity of Euler’s transformation will aceordingly be established when
we have shown that R,, —> 0. Now the horizontal remainders are scen
to have the values
" _ 4™ a
rn‘ - (—l)k __2’_7!_ M
9 (G 51)
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— following precisely the same line of argument as was used above
for the entire horizontal rows. Thus

e S (—1)fdAma (fixed m).

m 2mL= \
If we write for brevity
(= 0@ =ty Fag—+-)=n,

this series for R,, may be thought of as obtained by term-by-term
addition from the (m - 1) series:

N TP (P . P
_ ot (D) nr(E)nre () e

m gm

Hence

therefore, as 7, is the term of a null sequence, so is R,, by 44, 8.
This proves the valhdity of Euler's transformation with full generality.

Examples.
1. Take
1 1 1
s=1——7z+§~—4—+_...,

The triangular array (4) takes the form

1 1
l; 'Q" ':T;‘r Z‘r 5’ L ]
1 1 1 1
120 2:3° 34 4.5 °°°
2

The general expression of the ™ difference is found to be
n!

F+D)E+2)...(k+n+1)"

1

n+1°

This is easily verified by induction. Accordingly we have

1 1 1 1 1
s=log2=l=gtz—gt—= 2'+2 2~+3.2“+4.2‘+""

The significance of this transformation e. g. for pnrposes of numerical calcu-
lation (§ 34) is at once apparent.

4% a;, =
so that in particular

g e e
4" a,

2. With equal facility, we may deduce
7 1 1 1 I[ 1.2.3
Fet—gts—gt— - =glrg g Hiaa ]

Jn what cases this transformation is particularly advantageous for pur-.
poses of numerical calculation will be seen in the following section.
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C. O Kummer’s transformation of series. Another very oblvious
transformation consists simply in subtracting from a given series one
whose sum is capable of representation by means of a known closed
expression and which at the same time has terms as similar in con-
struction as possible to those of the given scrics. By this means,

. . 1
subtracting for instance fiom s=2"—,

3 1

”:Jl 1_1'- (T"I__—-f) ’

the known series (v. 68, 2b)

1=

we deduce the transformation

1 o 1
—_ N T N . —
s ”‘—’21 n? 14 = ntn+1)°

The advantage of this transformation for numecrical purposes is at
once clear,

Simple and obvious as this transformation is, it yet forms what
is really the kernel of Kummer's transfornation of series*; the only
diffcrence being that a particular cmphasis is now laid on a suitable
choice of the series to be subtracted. This choice 1s regulated as
follows: Let 2'a, = s be the given series (of course, by hypothesis,
convergent). Let ¢ = C be a convergent scries of known sum C.
Let us suppose that the terms of the two series are asymptotically
proportional, say

lim -q-'f::y:i:o.

n->o C"
In that case

& 4 Cn
3'—=,£0";;=}'C+"2=7“<|_7a) Ay y 145.

and the new series occuring on the nght may be rcgarded as a trans-

formation of the given serics. The advantage of this transformation

lies mamnly in the fact that the new scrics has terms less in absolute
. 0 . C'

value than those of the given series, as in fact (1— ya—’)——»O. Con-
n

sequently its field of application belongs for the most part to the do
main of numerical calculations and examples illustrating it will be
found in the following paragraph.

§ 34. Numerical evaluations.

1. General considerations. As repeatedly explained already, it
is only on very rare occasions that a closed expression, properly so-
called, cxists for the sum of a series. In the general case, the real

Y Kummer. E. E.: Journ. f. d. reine u. angew. Math., Vol. 16, p. 206, 1837-
Cf. also Leclert and Catalun, Mémoires couronnés et de savants étrangers de I'Ac.
Belgique, Vol. 33, 1805—67, and the note by the author mentioned in footnote 9.
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number to which a given convergent series, or the sequence of num-
bers for which it stands, converges, is, so to speak, first defined (given,
determined, ...) by the serics itself, in the only sense in which a number
can be given, according to the discussion of Chapters I and II8. In
this sense, we may boldly affirm that the convergent series is the
number to which its partial sums converge. But for most practical
purposes we gain very little by this assertion. In practice, we usually
require to know something more precise about the magnitude of the
number and to compare different numbers among themselves, etc. Ior
this purpose, we require to be able to reduce all numbers, defined
by any kind of limiting process, to one and the same typical form.
The form of a decimal fraction is that most familiar to us to-day, and
the expression, in this form, of numbers reprcsented by series accor-
dingly interests us first and foremost®. The student should, however,
get it quite clear in his own mind that by obtaining such an expres-
sion we have merely, at bottom, substituted for the definition of a
number by a given limiting process, a representation by means of
another limiting process. The advantages of the latter, namely of the
decimal form, are mainly that numbers so represented are easily com-
parcd with one another and that the error involved in terminating an
infinite decimal at any given place is easily evaluated. Opposed to
this there are, however, considerable disadvantages: the complete ob-
scurity of the mode of succession of the digits in by far the greater
number of cases and the consequent labour involved in their succes-
sive evaluation.

These advantages and disadvantages may be conveniently illustrated
by the two following examples:

x 1,1 1 .
(Z _____)1_.54_3_7—1——---—0785398...

(log 2 =-)1 __%+%_%+_..._—_0-693147...

By the series, distinct laws of formation are given; but they afford us
no means of rccognizing which of the two numbers is the larger of
the two, for instance, or what is its cxcess over the smaller number.
The decimal fractions, on the other hand, exhibit no such laws, but
give us a direct sensc of the relative and absolute magnitudes of
both numbers.

15 Indeed an infinite series — our previous considerations give ample
confirmation of the fact — is onc of the most useful modes of so defining a
number, one of the most significant both for theoretical and practical purposes.

13 And only 1n special cases the expression in ordinary fractional form.
The reason 1s always that of convenience of comparison; which, of 4} or {3},
is the larger, we cannot say at once, whereas the answer to the same question
for 0 647 and 0-641 requires no calculation whatever.
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We shall therefore henceforth reserve the term numerical eva-
luation for the expression of a number in decimal form.

As no infinite decimal fraction can be specified in tofo, it will
be necessary to break it off after a definite number of digits. We
have still a few words to say as to the significance of this process
of breaking off decimal fractions. If it be desired, for iustance, to
indicate the number ¢ by a two-digit decimal fraction, we may with
equal justification write 2:71 and 2:72, — the former, because the two
first decimals are actually 7 and 1, — the latter, because it appears
to involve a lesser crror. We shall therefore make the following con-
vention: when the # specified digits after the decimal point are the
actual first n digits of the complete infinite decimal which cxpresses
a given number, we shall insert a few dots after the nt® digit, writing
for instance ¢ = 2-71...; when, however, the number is indicated by
the ncarest possible decimal fractton of % digits, we insert no dots
after the n*h digit, but write 17 e. g. e &~ 2-72, in the latter casc the »*" digit
written down is thus the z!" digit of the actual infinite fraction raised or
not by unity according as the succceding part of the infinite fraction re-
prescnts more or less than one half of a unit in the #'® decimal place.

In point of fact, cither specification has the effect of assigning an
interval of length 1/10" containing the required number. In the one
case, the left hand endpoint is indicated, in the other, the centre of the
interval. The margin, for the actual value, is the same in both cascs.
On the other hand, the error attaching to the indicated value, relatively
to the true valuc of the number considered, is in the former case only
known to be = 0 and = 1/10%, in the latter to have modulus = %/10%.
We may thercfore describe the first indication as theoretically the
clearer, and the second as practically the more useful. The diffi-
culty of actual determination of the digits is also in all essential par-
ticulars the same in both cases. For in cither, it may become ne-
cessary, when a specially unfavourable casc is considered, to diminish
the error of calculation to very appreciably less than 1/10" before
the #® digit can be properly determined. 1f we are, for instance,
concerned with a number « = 5:'27999999326..., — to determine
whether & = 527... or 528... (retaining two decimals), we have
to diminish the crror to less than a unit in the 8t" decimal place. On the
other hand, if we are concerned with a number 8 = 2:3850000026...,
the choice betwcen g~ 2838 and 2:39 would be influenced by an
uncertainty of one umit in the 8% decimal place 18,

17 In e=271..., the sign of equality may be justified as representing
a limiting relation.

18 The probability of such cases occurring is of course extremcly small,
By mentioning them, wc have merely wished to draw attention to the signi-

ficance of these facts. In Ex. 131, however, a particularly crude case is indicated.
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2. Evaluation of errors and remainders. When given a conver
gent series g, =s, we shall of course assume that the individual
terms of the series are “known”, i e. that their cxpressions in decimal
form can'ecasily be obtained to any number of digits. By addition,
every partial sum s, may accordingly also be evaluated. The question 1®
remains: what is the magnitude of thc error attaching to a given s,?
Here the word error designates the (positive or negative) number which
has to be added to s, to obtain the required value s. Since this error
is s -— 5,, i. e. is equal to the remainder of the series, staring im-
mediately after the nth term, we will denote it by #,, and tlic process
of determining this error will also be dcsignated by the term evaluation
of remainders.

In practical problems, cvaluations of remainders almost invariably
reduce to one of the two following types:

A. Remainders of absolutely comvergent series. If s = Xa_  con-
verges absolutely, determine a scries X' a,’ of positive terms, capable
of summation in a convenicnt closed expression, and with terms zof
less than the absolute values of the corresponding terms of the given
serics (though also exceeding thesc by as lttle as possible). Obviously

lrnlglan+1|+laﬂ+ﬂ|+' Sa"f‘l—l a”+3 !—'”-—

and the number r”', which is assumed known, thus provides a mcans
of estimating the magnitude of the remainder 7, i. e. |7, | <7/, and
this all the morc closcly the less a ' exceeds |a”|.
A particularly frequent case is that in which, for some fixed m,
and every k> 1:
la, el < la,,|-a" with 0 < a < 1;
in that case, ot course,

' r”‘ll S l a
and in particular, if 0 <a <3

’”ll-——ll

Irmlélaml‘
The absolute value of the remainder is in this case not greater than

that of the term last calculated *°

B. Remainders of alternating series. Given a series of the form
s=2(—1)"a,, and supposing that the (positive) numbers ¢, form
a monotone (decreasing) null sequence, we have (cf. 82, Theorem 5):

0< (— 1)n+1 Yy = (an+1 - an+‘2) +(an+8 - an+4) + tee
=y (an+‘3 = Bpyy) T < 8y g

1% Or in more practical form: Up to what order of decimal does s, coin.
cide with the required value s?

2 In forming these estimates, it should be noticed that they give no in.
dications as to the sign of the remainder 7,, only as to its absolute value.
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Hence we may assert that the error », has the same sign as the first
neglected term, but has a smaller absolute value.

When neither of these two modes of procedure is applicable, the
evaluation of remainders is usually more troublesome, and it becomes
neccssary to adopt special artifices in each particular case. We shall,
then, designate the scries considered as rapidly or slowly convergent,
according as 7, does or does not fall within the desired limit of error
for moderate values 2! of n.

A few further fundamental remarks may be elucidated by the

3. Evaluation of the number e. We found
1 1 1 1
e=1+q+g+g+ -+t

Already, on p. 194, we have mentioned that the (positive) remainder 7,
was less than the ' part of the term immecdiately before, so that

s"<e<s"+1—ﬂl’—l.
In effecting the numerical calculations, we have now to take into ac-
count the following fact: When we express the individual ferms of the
series in decimal form, we have even at that point to break off the
decimals at some particular digit, and we thercfore incur a certain
error. Unless # remains comparatively small, thesc errors may accu-
mulate to such an extent that the whole calculation is in danger of
becoming illusory. The mode of procedure is then as follows: Sup-
posing that we are retaining 9 digits, we write 22
@y + @ -|- ay = J = 2:500000000

']
2

a, = 0166666667~
a, —0.41666667"
a; =0'..8333333"%
a, = 0..1388889~
a, ==0...198413~
a, = 0.. .24802~
a, =0..... 2756

a,, =0...... 276~
a,, --0. . 25t
Ay, =0... ... .. 2%
[714 <O0.e. ... .. 0%

Here the small 4 and — signs are intended to indicate whether the

error in the term in question 1s positive or negative. In eitlier case
it is in absolute value less than one half of a unit in the last decimal
place. By addition, we obtain the number

2:718281830.

% A more precise definition of rapid convergence will be given in § 37.
32 g, is deduced from a,_, by simple division by ».
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But s,, itself may possibly (namely if all positive errors are nearly O
12 y y y p y
and all negative oncs nearly } of a unit in the last decimal place)
fall short of the number required by as much as % of a unit in the
last decimal place; or it may, on the other hand, be as much as  of
a unit in excess, since there arc 7 negative and 3 positive crrors.
Taking also into account the remainder, we can only deduce with

certainty, since s, < e =s, -}- 7, that
2718281826 < e << 2:718281832.

Our calculation thus secures only the first seven frue decimals, while
the approximate value * is obtained with eight digits: e &~ 2-71828183.

In practice it will generally suffice to proceed a few decimal places
further (2 or 3 at most) with the evalnation of the terms than it is desired to
procced for the sum. The number # of terms taken into account will be chosen
so large that the remainder », contribntes at most one unit in the last deciinal
place constdered. The error in the individual terms will then, in general, have
no appreciable effcct. But to obtain perfect sccurity for the resnlting digits,
it is nccessary to procecd as described above. For we may retain a large
nminber of digits beyond the desired number 1n calculating the individual terms,
— yet as an error attaches to each of the decimals broken off and thesc errors
accumulate, they may, in particnlarly unfavourable cascs (cf. the ecxample on
p. 249), influence some of the much earlier digits

4. Evaluation of the number swx. The chief means placed at
our disposal, up to the present, for the evaluation of the number z,
are the series expansions of the functions tan™! and sin™2; of these,
the former has the preference, owing to its simple mode of formation.
From this series, we deduced the expansion

LV S
which for numerical purposes is practically valueless. In fact, by
p. 2560, we can say no more on inspection about the remainder 7, in

this expansion, than that it has the sign (— 1)#+! and is in absolute

value < —2—1;?5 In order to secure 6 decimals, we should therecfore

be obliged to take n > 10%, but an evaluation of a million terms is,
for practical purposes, quite impossible. The rapidity of the conver-
gence may be increased very materially by FEuler’s transformation
144, 2. In the ncxt paragraph, we shall discuss the utility of such
transformations for purposes of numerical calculation. Our present
object is to deduce more convenient series expressions for z directly
from the tan—? series itself.

The series expansion for tan™2

<l,_.
ol

=% is alrecady of appreciable

use: this gives
1

ﬁ

A
6

1 1 1
[1—3—2»,‘*"5735"‘7—3»'+—"'J'

® Cf. p. 249.
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The following mode of procedure, however, provides considerably more
convenient series 4,
The number
1 1 1 1 1
—tan~ ! — el —_—
e=tniy=-y—yatsn— Ty T

is easily calculated from the series itself (sce bclow). TFor this value
of ¢, tane =%, and so

5
2tan « 5
an 26 =y e T 1
and
120
tand o= 19

Consequently 4 ¢ cxceeds —Z by only a small amount. Writing

4o — ;—=ﬂ,

we have

tan4dae —tanix 1
tan g — T+ undetantaw 239"

Hence S can very easily be evaluated from the series
1 1 1 1

1S s —_—.ee

339 339§ 2599 T .

The two numbers ¢ and g give us

w=1(4a—p)

1 1 1

=16 |- ———F -3 | — | ——

' [ tre—t ] [

5  3.5% 39 3.239%

p = tan™

+—..-]. 146.

If it be desired to obtain the first seven true decumals of m, we may
endeavour to attain this end by taking, say, 9 decimals for cach of the terms
and for the remainder? — a scanty enough margin, for the crrors incurred
on the numbers « and § have ultimately to be multiplied by 16 and 4 respec-
tively  Denoting the first series by a,—a;+a;—+--., the second by
a'—ay +a’—+---, and the corresponding partial sums by s, and s/, the
calculation proceeds as follows:

a, = 0200000000 a; = 0002666667
a, -- 0000064000 a, - 0000001829 -
ay 0 ....... 57" ay -0 2=

a, + a; + a, — 0200064057~ @y + a; + ay — 0002668498~ =~

Hence, as the errors change signs in a subtraction,
s = 0-197395559 +++ =
and
0< (4% < 10 1o
Accordingly
3158328936 < 16 « < 3-158328970,

2 /. Maclon (in W. Jones: Synopsis, l.ondon 1706).

2 The result alone can show whether this suffices. In fact we do not know
a priori whether we are not in the presence of one of the particularly unfavourable

cases described on p. 249.
9e (c51)
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for after multiplying by 16 we have to subtract 1 2 =8 units of the 9th dec1-
mal place, or add 48 8 _ 24 of these units, to obtain bounds on cither side

for 165s,,. Since
0 <167, <2:1070,
we have finally to add 2 units to the bound above, to obtain the correspond-

ing bounds of 16 ¢. Further
a,’ = 0004184100+

a/=0...... 024+ 0< 7’ <107,
ay — a) =0004184076%

hence
— 0016736307 << —4 8 <<—0:016736302.
Combining the two results, we get
3141592629 < & < 3141592668 .
This brief calculation thus really gives us the seven first true decimals of x:
n=31415926 ..

(The same procednre would only have secured six decimals for the approxi-
mate value; cf. calculation of e, where circumstances, 1n this respect, were
the exact reverse)

The scries here utilized for the calculation of z are among the most
convenient; by their means, a very mnch greater nmnber of decimals may
also be sccured?® with relatively small trouble, and we are thercfore fully
justified in regarding z henceforth as one of the *‘known” numbers.

147. 5. Calculation of logarithms. The starting point for the cal-
culation of logarithms resides in the series

log 12—z fa+ 5+ 5 4. (le] <.

This series converges with considerable rapidity for =1, and at
once gives

log2 =2 [—13— -+~ .3.133 -+ 3..13_' + } }

Denoting by a,, a,,..., the terms of the series inside the square
bracket, we have

T, -( 1),3?71_+T
and
1 1 1
0<r, < grgagees 1+ g +gt ]
or
1 1 9 a
0<7"< (2n+1) g2n+1 '-,7}—2 _-él

26 The number 7 has been evaluated to 810 places of decimals (Mathematical
Gazette, Feb, 1948, p. 37).
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Our calculations then proceed as follows, 1f we again take 9 decimals

for each of the terms a,-
a, = 0333333333+

a,==0012345679+
a, = 0000823045+
ay = 0-...065321+
a,=0-...00)645+
a,=0...... 513+
ay—0-.. ...048%
a,=0.... .00>~
[, <0ttt 001]
0346573 589
Whence it follows, taking into account 1he remainder and the small 4 and

— signs:
log2=06931471... or log2=06931472

with seven decimals secured?’.
Once log 2 1s evaluated, the calculation of the logarithms of all

other numbers involves very hittle further trouble. In fact, our seiles
1
2p+1°
1 1 1
log(p41)=logp 2[ - . ---]-148.
g(»+1) &P+ '.’p-}-l+3(2])+1)"+5(2'p+l)"+ ;
thercfore if logp 1s known (p=2,3,...), we obtamn the value of
1 1
2p+1- B2 T
the expression involves a scries converging wery rapidly. In fact
(cf. above, case p = 1)

0<r, <

gives, for o =

log (p -}- 1), by the above formula. Moreover, since

1 1 a,
@n iy Epr DT 1 S Tpp 1y
S @1

so that the remainder 1s alrcady very small for quite moderate valucs
of n. The rapidity of convergence of course incrcases when p is
given somewhat larger values, 1 e. as soon as the first few logarithms
have been successfully determined. 1t 1s uscful to observe that by
37,1, only logarithms of prime numbers 2, 3, 5, 7, 11, 13, ... need be
evaluated; those of all other numbers follow by mere combination.

Now supposing that we have effected the calculations for the
logarithms of the first four prime numbers, 2, 3, 5, 7, the labour in.
volved in calculating the logarithms of further primes is small. Thus,
for instance, taking p = 10, we have

1 1 1
with ’

QAn

0<7.<iia0

27 The series 1 —3+3 —1 +... for log 2 is of course inappropriate for
the evaluation of this number; even its Euler’s transformation effected in 144, 1
is less convenient than the series utilized above.



256 Chapter V1II, Closed and numerical expressions for the snms of series

Thus already for n = 3,
1 1 1 1
0 7 <7l 1140 < 202177 < Tom-277 = 10%
ensuring a degrec of approximation sufficient even for the most refined
scientific needs.
It would accordingly appear desirable to possess somewhat more con-

venient methods of calculation for log 2, log 8, log 5, and also, at any rate,
log 7. Diverse artifices may be applied for the purpose, all of which consist

. . . k .
mainly in finding rational numbers )’ as ncar as possible to 1, whose

numecrators and denominators are products of powers of these first four primes.
If g of these primes have been utilized, ¢ fractions will be needed to deduce
the logarithms of those g primes from those of the fractions. For actually
effecting these calculations, it is convenient to follow the mecthod indicated

by Adams®®. Evaluate the logarithms of 1;) gi, Z(l) by means, not of the series
120, c just employcd, but of the original series 120, a and b, which here give
1 1 1 1
—_.l(r J— — —— —_— —— cee
tog g =08 (1 10) 102108 T30t
25 4 4 1 16 1 64
=--1 — )= e ..
log yg =~ log (1 100) 100 T2 T00: T3 1008 T

108—10(1+1)——1 1 1 1
g0~ A" 78/ T8 10 2°64.10° ' 3 510-10°
Owing to the occurrence, in the denominator, of powers of 10, the calculation
herc becomes extrcmely simple With the aid of these logarithms, we then
obtain, as may bc verified immecdiately:

—eee,

10 25 81
log2 = 7log—§~—2logf—ﬁ+3logq—6
10 25 81
log3—lllog—~—310g 24+5log 0

logb = 1610g%~410g §i+ 710g S(l)

If we proceed further to evaluate, as we may with equal facility,2°

126 8 ) 8 1 8 1 83

108 195 =198 (1+ 1000) = 705~ 7 108 T 3105~ +" ">
wec also obtain

10 81 126
log7=19log,—g-—4lo 24+810f,80{—l 195

28 Proc. of the Royal Society, Vol. 27, p. 88, 1878.
29 The facility with which this calculation is effected may be seen by

the following, which in 5 simple lines provides log igg with 10 decimals
secured:

..032000000

+0...... 170667

-0 ...... 001024
+0.........007-

126

+ 0-008000 000 000 l
i log —2
] 125

= 000796816986 ...
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We have thus, for the actual calculation of natural logarithms, a method which
is convenient and easily applicable in practice. Into further details of the com-
putation of logarithmic tables we cannot enter in this place.

Having obtained log 2 and log 5, we have also the value of log 10;
and hence, in
1
= Tog 10
the “modulus” of Briggs’ system of logarithms to the base 10, or
factor by which the natural logarithm of a number must be mult-
plied to give the Briggian logarithm®,

6. Calculation of roots. Once logarithms have been mastered
no great practical importance attaches to the problem of obtaining
simple methods of calculation for the roots of natural numbers. We
shall therefore be quite bricf in the following explanations. The ra-
pidity of convergence of the binomial series

(1+2)2=3 (7)o"

n

= 043429448190 ..,

1

. - . . — -

increases as |z | diminishes. Now the calculation of a power Vg = g?
1

can always be reduced to that of a power of the form (1 —1—2:)71;, with
some small value of |z|.

A few examples may serve to illustratc the above. On p. 211, we gave 149,

- . . 7 1\"¥

for y/2 the scries expansion of §(1 ——6) :
. D)

= 7[,, 11 1.3 1 135 1 ]

VI=¢ [yt ra st st

-1
Since (— 1)"( ‘) is constantly positive and forms a monotone decreasing se-
n

quence, the remainder 7, may be cstimated by means of the inequality
1 1 a
0<ra<an(gotgget) = gy
showing that, even for small values of #, a considerable dcgree of approxi.
nmiation is attained®*. The mecthod is even more cffective if we write
1

= 99 1\°% = 141 119 \~4

Z =2 (1 o or 2=—(1__-~)

v 70( *9800) ’ V2 =155 ~20000)

30 We may rcmark in passing that we have certainly found ample jusu-
fication, by this time, for what scemed at first the rather arbitrary designation
of the logarithms with the remarkable base e as the “natural” logarithms.

3 How simply the calculation proceeds is shewn by the following details:

ay+a, =1010......... 0) hence — indecd without any error! —
ag=0...15.......0 s, = 1010152544 5375
. 4
aa=g ..... 2()‘;‘;’}5.8 0<r,<17.10-1
a,=0...... 4375. . o
GO 7875[ V2 =14142135623 ...,

by which the first 10 dceimals are thus already secuied.
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or other similar cxpressions, obtained by taking any rough approximation a

C
to ‘/5 (;—g in the first case, 1-41 in the second), and putting

VT-a)/Z.

Since a? is chosen to be very near 2, the quantity under the ‘/_ is of the form

14 #, with small | x|. — Sinularty, if we arc already aware that \/§= 1-732...,
we have only to write

_ -4
5 176
V3=1132 V(—;ﬂm—s =1732 [1 - 3_060_(-)56]

to obtain, with the greatest ease, an expansion of ‘/_3_ to 50 or more places of
decimals.
We may, without further explanation, indicate the examples:

— 10 14} 18 1\
VIT= g (1-yg) - V= (1-g55)

8 5 3\ 5 10/ . 297}
VE=g(tms), V=7 (t+ )

7. Calculation of trigonometrical functions. The series expansions
of sinz and cosx converge with even grcater rapidity than the ex-
ponential serics, since only the even or only the odd powers occur
in them, and these have, moreover, alternating signs. Accordingly, no
special artifices are required; for angles of no cxcessive magnitude,
the series furnish all that can possibly be desired.

To determine, for instance, sin1°% we have first to express 1° in
J

180 = 0017453292 ..., i. e. cer-

tainly < 510 Denoting this quantity by «,

. ad o’

51n1()=“__3_!__|__5!_ ._l._... = a, _.al_I._az - -'—.‘-,
and the error », may at once be estimated (p. 250, B) by

circular measure. We have 1% =

a‘.‘.n+3

+1
0 < (=" < Gogan

which last expression is already less than —1—-10"1“ for n = 2.

Circumstances are similar in the case of cos1?; this quantity may

also, however, since sin?1° < %ﬁ , be obtained easily from the relation
cos 1% = (1 — sin? 10)*
by means of the binomial series: — tanz and cotz are then obtained

by division, or from their expansions 116 and 115, whose conver-
gence is still quite sufficiently rapid when || is small

These latter series also lead to useful expansions for the log-
arithms of sinx and cosz, — which for practical purposes are of
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greater importance than the values of sinz and cosz themselves. We
have ® (cf. § 19, Dcf. 12)

sinz
x

x
log sinx == log = |- log = logz —|—J‘[cotx—%] dx
V]

3 k 2%%.Byp
=logz —}—A_:,l (—1) S h (2 k) 2k

and sinmlarly from 116

.
n ) Q24 (22/:_ l) Bx
— log — — V(-1 2T B2k ag.
log cos z ftanxdx zé—lx( 1) Y RO
0

log tanz and log cotz may be obtamned from these by simple addition.
As rcgards the convergence of these series, we can only state in the
first instance that they certainly do converge for all sufficiently small
values of |x | However, the remarks of p. 237, footnote 4, show further

that the scries in 151 has the radius 7, that in 152 the radius g
Further detalls in the computation of trigonometrical tables will
not be entered into here, as they do not concern the thecory of in-

finite series.

8. More accurate evaluation of remainders. In the cases pre-
viously considcied, the sum of a given series was invariably deduced
by evaluating suitable partial sums and estimating the error involved
in the corresponding remainder. It is obvious that this method is im-
practicable unless the convergence of the serics is rclatively rapid. If
it be desired to evaluate, with some degrce of approximation, for
instance

8

1

A‘_
dd 2y 2
n=1"

]

8§ =

i

chis direct method is pretty hopeless®3. Even if we are very cautious
in the margin we allow, we can only deduce, as an upper estimate

of the remainder

1 1

Gl cEn R R T

32 The function in the square bracket has to be understood to stand for
the series 113 after division by x and subtraction of thc foremost term -:1;
The function is thercfore defined and continuous also for z = 0.

3 As we happen to know that the sum is —Jg, its evaluation indirectly

by means of the value of &« is of course quite simple. But for the moment we
are assuming that we know as little about this sum as e. g. about the sum

1
of 2];,—.

151.
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the inequality
1 1
n(n+41) +(n+ 1) (n42)

r, < 4= %;
according to this, it would become nccessary to calculate a million
terms, in order to secure 6 places of decimals. This of course is out
of the question.

This state of things may frequently be improved to some extent,
if it is possible to supplement the upper cstimate of the remainder 7,
by a lower estimate, i. e. to deduce an inequality for 7, of opposite sense
to the above in our case. In our example, the same principle as that

already used gives
1 1 1
" >(;{+1)(n+2)+(n+2‘)(n+3)+"'—n+1’

we are thus able to assert that our sum s satisfies the conditions
1 1 1 1 1 1
L yate b by <s<ltgt--d a5

n?

for every n. To securc 6 decimals, we may accordingly need only
1000 terms. This is still too large a number for practical purposes.
But in special examples this method of upper and lower estimates
of the remainder (cf. Ex. 131) may lead to a satisfactory result.

These cases are, however, so rarc, that they do not come into
account for practical purposes. Greater importance attaches to methods
for transformation of slowly convergent into rapidly convergent series,
because they admit of a far wider range of applications. To these
mcthods we proceed to give our attention.

§ 35. Applications of the transformation of series
to numerical evaluations.

In cases of slow convergence, one naturally attempts to change
the given series into onc with a more rapid convergence, by means
of some suitable modification. We proceed to examine in this light
the transformations discussed in § 33, so as to see how far they will
be of use to us here.

A. Kummer’s transformation. For this transformation it is im-
mediately obvious whether and to what extent an increase in the ra-
pidity of the convergence can be obtained by it. In fact, using the
notation of 148, we have

) o Cn
_),a"=yC+_)_,(1-—ya—)a”;
n=0 n=0 »
as (1 — y—i")——»(), the terms of the new series (from some index on-

wards) are less than those of the given series. The method will ac-
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cordingly be all the more effective the smaller the factors (1 — y—S’—')
n
are, from the first; or in other words, the ncarer the terms of X'c,
are to those of 2'aq,.
Examples. 153

1. We found on p. 247 that 2%: 1 +2F(_nl—+-f)-' The terms of the

new serics are asymptotically eqnal to thosc of the series

o 1 1 27 1 1 1
A TES ) kS 3( 1) (n+l)(n+2)) 1

n=1
thus hcere C=% and y=1, and so
jl_l.}. + 2 ‘.—1_
=) ont 4 \nin+1)(n+2)°

Procceding in this m'mner, we obtain, at the pth stage:
&1 1

=1 + =+
Samtrt e 8 ey ey
The latter series, even for moderate values of p, shows an appreciably rapid
convergence.
2. Consider the somewhat more gcneral scries

g, = S 1 « arbitrary 4 0, —1, ...
n‘;'oan=n‘:o ntea)®(r+atl)...(n+a+p—1)2°]p, integer =1
Here we take

ea=(n+y)a,—(n+1+4+9y)ant1, n=01,2 ...,
and wec try to dctermine y (independent of n) so that ¢, is as near a, as
possible®. Ilcre we have C=y a, and a simple calenlation gives y=.2p_]_1,

Hence we obtain

%1 _ ya 0 \v (1 (n+y)a,,—(n+1+y)a,,+1)
”:0 = 2p—1 @p—1)a,

The cxpression in the large bracket is

nty)(ntatp)?—(n+1+9)(n+ o)
@p-—1)(n+atp)’

Since, by simplification, the terms 1n %8 and n® must disappear of themselves,

this gives

1-

@a+3p—2-2y)pnt@p—1—9) @+ +a®(1+5)
@p—D(n+atp)

If we now choose ¥ so that the terms in n also disappear, i. e, take y=a+%~p-1 '

then the expression in thce large bracket above now becomes
p° 1
2@p-1) (nt+a+p)®’
% The choice of a nnmber ¢, of the form x, — ap 1 will, by 131, always

prove most converient, as in that case C at any ratc inay be specified at
once and the choice still be so arranged that the ¢,’s are near to the a,’s.
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and accordingly

1
n+e)?.. .(nt+at+p—1)7

— s

n=0

(“""23—”’ )21:—-1 ps 1

L) T @Dt 2@s -1 2(n+a)2 NP

The transformation thus has the cffect of introducing an additional quadiatic
factor in the dcnominator. — Particular cascs:

a) a=1.

® 1

e R LN e

3 1
) ”2p—_1 A 1
U R 10 g A TR VLN CE LI TR R

Write for brcvnty

p;

1 °° 1
=5

Lé", R r) L (krp—1)2 = (r k1) (k)

the result then takes the formn

3p p?
Sp=gp 1) 1020 P TR A1) e

This formula enables us easily to obtain very rapidly convergent serics for

o1

s=S=2 5"

154.

b) Similarly, for « :-;A:
& 1
20 AT @8 @A =)
8p-1 1 29 % 1

applied.

=g@F—1) T8 @p=1)3 2p—1, 2 @t ... @ni2pt D)y

This formula similarly lecads to rapidly convergent series for 2(27[4_‘1)}'

For further cxamples, see Exercises 127 seq.

B. Euler’s transformation.

Euler's transformation 144 need not by any means involve an

increase in the rapidity of convergence3 of the series to which it is

1\* . .
For 1instance the transformation of 2,( ) gives the series
n=0

> (—4—) , which evidently has a less rapid convergence. But even
0

% The explicit definition of what we mean by more or less rapid con-

vergence will be given in § 37: 2'a,’ 1s said to be more or less rapidly con-
vergent than Xa,, according as

'
n

a,.+1-l—a,.+ +--- \—»0 or — 400.
'ﬂ

Gpir1tOnyat---
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in the casc of altcrnating series, the effect need not be an incrcased
rapidity of convergence; indeed the following three examples show
that all conceivable cases may actually occur here:

o w0
1 2,; (=" §1; gives a more rapidly convergent series, ; ‘:\_,(‘)-1—,‘
n= n=

3 1 . . ‘1.
2. Y (— 1)"§; » » series with the same rapidity of conver-
n=0

gence, ;— P
® 1 : 1 my

3. Y(—1)f 4o» o less rapidly convergent serics, o > (8) .

n=0 n=0

Wec shall now show, however, that such an increasc in the rapi-
dity of the convergence does result, in the casc of those alternating
series 3 (—1)"a,, a, > 0, whose terms, though not showing rapidity
of convergence, still tend to zero in a particular regular manner, which
we procecd to describe. These are the only types of alternating series
of any practical importance.

The hypothesis required will be that not only the numbers a,
form a monotone decreasing sequence, i. e. have positive first diffe-
rences Aa,, but that the same is true of all differences of every order.
A (positive) sequence 4, @,, 4,, ... is said to have p-fold monotony 3
if its first, second, ..., p*™ differences are all positive, and it is said
to be fully monotone if all the differences A"a", (k,n=0,1, 2, )
are positive. With these designations, the theorem referred to 1s:

Theorem 1. If Y (—1)"a, 1s an alternating series for which 158
n=0
the (positive) numbers ay, a,, ... form a fully monotone null se

quence, while, from the first, EZ" =a >; (for every n)3, then the

n

1
transformed series X - gnii A" ay converges more rapidly than the given
series.

a"-l-l ~

The proof is very simple. As > a, we have a, = a,- a™

a n
Further, for the remainder 7, of the given serics we have

("'1)"+lrn: Any1 — Auio+ — ... ——“Aan+l+Aan+3+Aan+5+ ooy

hence, since (A a,) is itself a monotone null sequence,

1
Irnli"' (Aan+l+Aam2+Aan+a+"') “' an+ >2a0'a"+1'

38 Cf. Memoir of E. Jacobsthal referred to in 144.
3 This assumption is the precise formulation of the expression used above,
that the given series should not converge particularly rapidly. The series will 1n

fact, as the example shows more distinctly, converge less rapidly than X' ( )
Cf. further the work by F. V. Poncelet quoted in footnote 13.
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On the other hand, as 4"g, — 4"!'q, = A"qa, > 0, the numerators
of the transformed series also form a monotone null sequence, and
in particular are all <g,. Conscquently the remainders 7, of the
transformed serics, — which, moreover, is a series of positive terms, —
satisfy

1
r'=A"+ a, a, ay

. "‘2ﬁT+"'§W(1+"}+711—+"')='2—"“°

Consequently, we have
7. 171\
7,:\ = a (27) :

which proves our statement completely. Further, we sec that the
larger a is, the greater will be the increase in the rapidity of con-

’
vergence, i. e. the more rapidly will :—"—>0. In particular, we may
n
transform into series which converge with practically the same rapid-
. 1\" . . .
ity as 2(-5) , all alternating series for which the ratio of two con-
secutive terms tends to 1 in absolute value; such series have usually
a slow convergence.

Examples. The two most striking examples of Euler’s transformation,
n — n
that of 2(;_:_)1 and 22(’1_1: 7 were anticipated in 144. For further appli-
cations it is essential to know which null sequences are fully monotone. We
may prove, in this connection, by repeated application of the first mean
value thcorem of the differential calculus (§ 19, Theorem 8), the following
theorem:
Theorem 2. A (positwe) sequence ay, a,, ... 1s fully monotone decreasing if
a function f(x) exists, defined for x =0, and possessing differential coefficients of
all orders for x>0, for which f(n)=a, while the kth denved function has the
constant sign (— )%, (#=0,1,2,...).
Accordingly the numbers
an, O<a<li ——, (>0 a>0; —
(n+p)* log (n + p)
for instance, form fully monotone decrcasing scquences; and from these many
further sequences of this kind may be deduced, by means of the
Theorem 8. If the numbers ay, a,, ... and by, b, ... constitute fully mono-
tone decreasing sequences, the same 1s true of the products ayb,, a, b,, a,b,, ...

p>1;5 ...

Proof. The following formula holds, and is easily verified by induction
relatively to the index k:

E ok
A%a, by = Z:](,,)AL—"“,,H'A”’"'
=
It shows that, as required, all the differences of (a, b,) are positive, if those
of (a,) and (b,) are so.

The following may be sketched as a particular numerical example:

The series

® 1 1 1

Y (— 1) == _ —
”%0( D" a, = log10 log 11 + log 12

L
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has extraordinarily slow convergence;in fact, it converges with practically as small
a rapidity as Abel's series 3 1/n (logn)®. Yet by means of Euler's transformation,
its sum may be calculated with relative ease. If we use only the first seven

1 .
terms (to ---—-1—6 mcluswe), we can deduce the first seven terms of the trans-

formed series. If we use logarithms to seven places of decimals, we find,
with 6 decimals secured, the value 0221840... for the sum of the scries®.

C. Markoff’s transformation.

As the choice of the array (A), p.241, from which Markoff's
transformation was deduced, is largely arbitrary, it is not surprising
that we should be unable to formulatc general theorems as to the
effect of the transformation on the rapidity of the convergence. We
shall therefore have to be content with laying down somewhat wider
dirccting lines for its effective use, and with illustrating this by a few
examples:

Denoting as bcfore by 2% the given series (assumed convergent),
we choose the terms of the O column in our array (A) to be as
near as possible to those of the given series, and at the same timec
to posscss a sum s which we can indicate by a convenient closed
expression; this is analogous to the condition of Kummer's trans-
formation. The series X (z(k) - ao(")) now certainly converges more
rapidly than 2 z®; proceed with this new scries in the same way, for
the choice of the next column in our array, and so on. The effect
of the transformation will be similar to that of an indefinitely repeated

Kummer's transformation, — the possibility of which was already indi-
cated in the examples 1583, 2a (cf. Ex. 130)
As an example, we may take the series 2J ;1— which is practically useless 156.
k=1

for the direct evaluation of its sum ]%8. Ilere we think of the 0% row and
column as consisting entirely of noughts, which we do not writc down The
choice of the scries 3 k(k+ ) for the first column, which was alrcady used
on p. 247, then appears obvions enough. This gives

1
D (zW —a, )= ZW:F—T)

As second column, we shall then, as in 183, 1, choose the series

w1
Y EICEN
and so on. The k% row of the array thus takes the form
1 ol 11 21
Bk F D TECTVRTD TERT DG roy T o T (kfixed).

The further calculations are, however, simplified by breaking off this series at
the (k — 1) term and adding as k™ term the missing remainder 7, after

3 This example is taken from the work of 4. 4. Markoff: ‘Differenzen-
rechnung”, Leipzig, p. 184. 1896,
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which the series is regarded as consisting entirely of noughts. The &% row
now has the form:
1 0! 1! (k —2)!

BTRGID T REF DRI T T EGRT D @ACD

+ 7.

Subtracting the terms of the right hand side from the left in succession,
we easily find
S 2 VL
k= ek, QE=1)"
- . 1 .
In our case, the process of splitting up the series ‘-yfe"' into an array of the

form (A) of p. 241 thus gives:

1= 1
1o 1!

2:7 23 233

1 0! 1! 21

39 34 t31.5 MEEE T

1o 11 (k—2)! + (& — 1)
B2 BR4+1)...(2k--1)

FEAD T RGFDGEFY T T+ ) T @RS

Since all the terms of tlus array are = 0, the main rearrangement
2
. . 4
theorem 90 itsclf shows that we may sum in columns and must obtain 5 as

ultimate result. Now in the n'* column we have the series
e | ! + L et
m+1) ..2n+1) (n+2)...(2n42)
By 132,83 for ¢« =n-41 and p =%, the serics in the square brackets has
the sum 1
nnt+1)...2n"
Hence the ntth column has for sum

, (nfixed).

(n) — l 1

s )_(n—l)![”2(”_{_1)“_(2”__1)+n(n+1)...2nJ
=11  (r—1)12

nm+1)...(2n) ° (2n))

=3

Therefore we have

> 1 & (n—1)12
—=3. —_———ee,
ké‘l I"L né’l (2 “) !

This formula is significant not only for numerical purposes, in view of
the appreciable increase in the rapidity of thc convergence, but almost mnore

so because it provides a new means of obtaining the closed expression for the
. 1 . . s

sum of the series ZF, which we only succceded in determining indirectly

by using the expansion in partial fractions as well as the series cxpansioa of

the function cot. In fact we can casily establish directly (cf. Ex. 123), that

123 implies the expansion, for |z| < 1:

(sin“x)‘-‘=% 21 —(%2_—;;5]—1):‘ (2=x)%».
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Putting z = 2 , wc at once dednce®
] __3 v(”—l) -8 2.<f)q=f_’
2‘ k’z (2 n! 6 6"

A further appllcatlon of fundamental importance of Markoff's transforma-
tion we have already come across (v. 144) in Euler's transformation, which
was indeed deduced from Mavrkoff’s.

For further applications of Markoff’s transformation we must refer to the
accounts of Markoff himsclf (v. p. 265, footnote 38) and of E. Fabry (Théorie des
séries A termcs constants, Paris 1910). Their succcss depends for the most
part on special artificcs, but they are somectimes surprisingly effective. Nu-

merous examplcs will be found, completely worked out, in the writings re-
ferred to.

Exercises on Chapter VIII.

I. Direct formation of the sequence of partial sums.

4 8
100. a) 1+x+12—|—xx3+14:::x‘+18-|icx"+'“=if—x for |z|<1.
L for Je) <1
b) x_1“_f:2 +__i”_‘_+_.£_ o= 1—= ! '
1—22 1—24 1—28" 1—g1¢ 1
-z for [z]|>1.
101. f s is, for a, positive, invariably conver-

Wi+ a) (e (T+a)
gent When does the scries still continuc to converge for arbitrary a,, and
what is its sum?

102. a) gmn—xi—%ﬁ,
1 2
int: tan—1 — -1 = -1
(hmt. tan ooty tan | tan 'n"')'
_ 1 7
b) Ztan nintl 4°
3 n 1 e 1 1
108. =) 2’(1;-}—1)(23:-{—1) oy ) TR A it D T SHT
1 z x (x4 1) 1 .
b)) — . e Em ——— f .
)yt D T ye e+t Ty H ¥>E>0
a af(a+1) a(a+1)(a-+2) o b—1
91t ex D Trer e+ T T voasT
if b>a41>1.
=t 1 (=) (k=) 1 1,
104. k+ k S RS N Y

every ky >0 and 3’ ;— is divergent.
v

3 Cf. a note by I. Schur and the author: “Uber die Herleitung der Glei-
1 2
chung EF':%"’ Archiv der Mathematik und Physik, Ser. 8, Vol. 27,

p 174. 1918.
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S 1 3 4
1035. d) ”é)?tanw—?:;’
b) 412,. an%:%—cotx;

(hint: coty —tany =2cot2y).

< g(m
oot p+n)(x+pat+n) ... (e+prt
denote fixed given natural numbers, all different, and « 4 0, —1, —2, ... any
real number, while g (x) denotes an integral rational function (polynomial) of
degree << k—2. We assume the expansion in partial fractions:
g(x—a) __f1~_+...+_f_"__
@+t --(x+p) z+b z+ P
The given series then has the sum
k
1 1
-y [ﬁ
=1 il + a+1

1 1 1 1 149
107. 2) TT@T'i_S_-IS’Ig“LsTlW—*'""_("-_)'

106. In

”) ) let Pl., Pzn L | Pl.

+.“+a+171y—1]'

1 1 1 5 1
Doy FE 5467756809 T 7% ®
1 1 1
Vioistsicitseest

1 33 53
Yygr segatsiga T
1 1 1 X,
V1@ 3@ THTEGE T T T 6
5 1 1 1
T@TFD 2 @2 F D T3 @8 | D

1 1
O 15t

&~
A

1
—ee=log2—g;

1
567gt o =gle?-

1 1

)12'—.3'_456+789F

”.

§Z»

=25 -Liogs
12 1 :

1I. Determination of closed expressions by means of the expansions
of elementary functions.

108. a) 1— 13-3—7_13,+11?35+13T30——++--.=10g\/7;
R .
c)l+-%-—-:;~-—';—+;+111 Fee=3 V2
)_+’°— +§:l-—y 3:"—12?'+5?1"27+"'=1;'°°‘%£

gives for y =7 and z=1, 2, 8:
1+%-—-§+%—%—-:5—+%++—+——+15---=l.
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1 1 1 1
109. a)123+345+ 67+"'=1°g2_—‘2’
1 1 1
T Ri I's ettt TR LY
1 1 1 1 .
©) 584 456+678 Hoee= g (@3
1 z®—8
b ] —_ 1
d)n‘%"in -1 2 2’(47:”—-1) 16 °’
= ] 32 39
”43(?4"‘1—1)5_ o4’
1 1 1 1 1 x
Ol-gt7 -ttt “oJ3°
1.2 1.2.3 12 3.4 x
0. a) 75+ g5t gE T T g
1.2 1.23 2
P ot astasert Ty T
1 12 1.2 3 1.
o.3dtsaset 5678t T8
@ 1
) N =2log2—1;
n@EnT— ) i
8 91009
)Zn\‘in“’—l)“’ g~ 2log2;
ked 1 n?
f) Szh.né‘_‘ﬁ_@'(]‘)g?)"
n=1
111. If we write ;’(—L>’—T then
) W \PEmY T
ad a2 39 5 197
Ty =— — = = — 7% —
=33 T=g-15 T=g5" g

nP
112, If we write )" =gp e, (p=1,2,...), then the numbers g, are
et
integers obtainable by the symbolical formula gPtl_ (1+g)?. We have g, = 1
g'=2, g,=5,....
1 1 1 1

ns. Z zyyTzioy z3y T
may be summed in the form of a closed expression by means of elementary
functions when z/y is a rational number. Special cases are:

1,1 1 1/ =

1— 4+7__1_0.+_...=—_3(—-‘/_§+10g2)

1 1,1 1 1/ =

-5ty 11+—...__3_(‘/__§—log2).
1,1 1

1—y +g =izt =g +2le2+D).
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’l
114. Writing 2 T —_L(x), (Jz] < 1), we have, if (z,) denotes

Fibonacci’s sequence 6 7,
~3V5) .
5 —

1 1 3—yo 7
S rbeden 1594

. m 1 @ (—1)*-1h
And if we write 3 ———=s, and \} —5:___5 we have —, -\/5.
i=1x5_, i1 2k

III. Exercises on Euler's transformation.
115. We have (for what values of z?)
oy S D1 3 )
) ;_‘0 z+n _k‘:—(’)‘z"‘“ z(xz+1...(c+k) '

D 1 1 z 1.2 zr \?
b) ,,Zba-l-n a(l-l—x)[l—. “+1(1+x)+(—a—-—i-m'2)'(m) +...J;

9 3 e iy~ S e
s FD (2. Fp 1) Pl 2 (o D)
116. If we put
* x” had "
-z, Y\ = N (- jadil
ST
we have b, =4"a, In particular, therefore,
—z Let+2x ) (e42) (et 4)e? . ]
a) [““”” Fi2it e @@rost T
z® 1 !
"1+a+1 ot. 1'+(a+1)(a+3) 99.37"
& (-1 . 1 1
A ”%111 2 (h,._l—i 2*+---+,-1-).

11'7. Quite special cases are:

D))+ () r ST enered o
b””%(?)’*%() et 1)"2n+1(n)=::;:::(2(3;1%1)"

118. If A”a,=0b,, then 4"b, =a,. What accordingly are the invcrse
equations to those of thc preceding exercise?

119. If (a,) be a null sequence with (p + 1)-fold decreasing monotony (p = 1),

*x
the sum s of the series X' (—1)" @y, satisfies the mnequalities

n 0
Aa., 4P~ 1a, 4a, 4P~la, APa,
—— ~oi "+——2—<$< 24 2,‘?‘ -+ 2p_+—2?\_
Use this to prove the equality
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120. If s and S, denote the paitial sums of both the series in 144,

we have
+1 1
("7 s+ ("y Dot (0D s

S = o .

Use this rclation to prove the vahdity of Euler's transformation.

121. The following relations hold, if the summation on cither side is
taken to start with the index 0 and the difference-symbols 4 operate on the
cocfficients on the left, ay, a,x, a,x4, respectively:

a) Z(=Draak=(1-y) T A%a,y" with (1+2)(1-9)=1;
b) (= 1hay e = (1— 9% X A" ay-y*" with (1+a%) (1 —9%=1;
€) I (1) ayy, 2t =1—y2 J A" a, y2 +1 with (1 +2%) (1 - y%) = 1.
122, Thus e. g.

2 . 2 \2
“"'_1”:1%[”;‘ et %)*]
1 1 1 2 3
27 38" 7' 11’ 79

series for s, as for instance

Putting z = ..., this provides pecculharly convenient

- N —-l_lr —-1_1,—_4_ 3(2,) “ oo ,3,_ ;2A<lﬁ> e
4_mn 2—{-tan 3 =1 l—l—3 10+ +10 1+3 10+ )
T _ Ll a1l . -l 18

4 = 2tan 3 + tan 7 = b tan 7 42 tan 79" and others.

123. The preceding series for tan—!  may also be put m the form

tQ

sin—1y s -4
=Y - 3 Yok ¥

V1=

Ilence deduce the cxpansion

1 ,(n ) 2,
2 (sin~1y) = ”\1 ("n)' ~(29)

e«

IV. Other transformations of scrics.

1
124. \Vntmg‘ \’ . ~ Sp, we have
TTan

3
a) Syt S+ Sy +---=1; b) Sy Syk Syt re =
1

1 1
c) SJ'|'55+S7+"'=_4—; d) 53"‘—2‘54'{"_3‘ Sg+ -+ =1log2;

1 1
h) _2_53__3. S;+—---=log2+4+C—-1,

where C denotes Euler's constant, defined in 128,2 and Ex. 85a.
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125. With the same meaning for S, as in the preceding exercise, writing
1 1 nler
—_ )= lim — -2 —
(k+l 2k) b, and lim by A,
we have
bySe+b; S, 4---=1—logh.
(The existence of the limit 4 results from the convergence of the series. We
have 4 = ‘/—2_7; -)

126.
= 1 B LR N S ]
a) néo z(x+1)...(z+n) = ?_I-la:+l_+2ﬂlx+2;—-+“ ’

S I S @ _ ...
b) ”2:,0”! Tt =* e txte +.-..
111 1 21 1 1
P ITCE D R 1T S [C ) B iy v st

127, a) 1 +
! =10 — a®
b) 2 NCESILICETE

128. With reference to § 35 A, establish the relation between

; 1 and 2“;' 1
oyttt )P (ntatp—1)2 ncy (rta—12... (n+a+p)?

and, by giving special values to « and p, prove the following transformations:

25 4 1
"‘) ) == tsrai— = !
N il RS I T | TR Yoy
9 133 3 4 & 1
=gtoegt 5 )_1 n3(n+ 1) (n+ 2)% (n i‘3)3(n+4)"
ne1

1 83  23.3¢ 1
b) é WP 60 T 3 2 WE (2 (e

Evaluate the sum of the first series to 6 places of decimals.

129. Prove similarly the transformations:

7n(n+l)+2

a) )‘ 21’ 6‘”5(‘”4-1)5 H

n—l 6
o1 7 S 28n2(n+§)+24n45
o e F RS | A
S o el
©) ”">="1 B+ . (ntp—1)%8
_5¢r+2 1 p+1? {% (= n-t
4 +1) (#Y)* 4 nm+1)P.. . (n+p+1)°

Evaluate the sums of the series a) and b) to 6 places of decimals.



Exercises on Chapter VIII. 273

130. a) Denoting by T, the sum of the series c) in the preceding exercise,
we obtain relations between T, and T4, T, and Ty4,. What are these
relations? Is the process £—> 9 allowed in them? What s the transformation
thus obtained? Is it possible to deduce 1t directly as a Markoff transformation?

b) We have
& (=n=-t 1 1 &Cn~—* 3 1
log2= ) (————--—-—-=-——+— MY = T,
”é’l n 272, Smmt+1) 4 477
Give the form now taken by the transformations of the series for log 2
which were indicated in a).
c) Carry out the same process with the series 122 for

1
n log n log, n (log, n)?’

ar
4 .

where n starts from

131. The sum of the series 3]

the first integer satisfying log, # >~ 1, evaluated to 8 decinal places, is exactly
~1-:00000000. — How may we dctermine whether the actual decimal expan-
sion begins with 0-... or with 1-...? — The solution of this problem requires

€
a knowledge of the numerical value of ¢/’ =¢(®?) to one decimal place at least:
this 15 ¢/ = 8814279-1... It suffices, however, to know that ¢’/ — [¢'’] = 0-1....
(Cf. remarks on p. 249.)

132. Arrange in order of magnitude all natural numbers of the form p?,
(P, g positive integers == 2) and denote the nth of the numbers so arranged
by pn., so that
(Pys tar--+) =4 8,9, 16, 25, 27, 32, ...).
We then have

(Ct. 68, 5.)
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158.

Part III.
Development of the theory.

Chapter IX.
Series of positive terms.

§ 36. Detailed study of the two comparison tests.

In the preceding chapters we contented ourselves with setting
forth the fundamental facts of the theory of infinite series. IHenceforth
we shall aim somcwhat further, and cndeavour to penetrate decper
into the theory and proceed to give morce extensive applications. For
this purpose we first resume the considerations stated from a quite
elementary standpomnt in Chapters III and IV. We begin by examin-
ing in greater detail the two comparison tests of the first and second
kinds (?2 and 73), which were deduced immediately from the first
main criterion (70), for thc convergence or divergence of serics of
positive terms. These, and all reclated criteria, will in the sequel be
expressed more concisely by using the notation X¢, and 2'd, to de-
note any series of positive terms known a priori to be convergent
and divergent respectively, whereas 2'a, shall denote a scrics —
also, in the present chapter, of positive terms only — whose con-
vergence or divergence is being examined. The criterion 7@ can then
be written in the simple form

) a, < ¢, : T e, a,=>d, : D.
This indicates that, if the terms of the series under consideration
satisfy the first inequality from and after a certain n, then the series
will converge; if, on the other hand, they satisfy the second incquality,
from and after a certain m, then it must diverge.

The criterion 73 becomes in the same abbreviated notation

n  On a, = d,

a c a d
(II) f’lt+‘ < 1::+l @’ ﬂ+‘ 2 N+| - ®.
Before procecding we may make a few remarks in this connexion,

But let us first insist once more on one point: Neither these nor any
274
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of the analogous criteria to be established bclow will necessarily solve
the question of convergence or divergence of any particular given
serics. They rcpresent sufficient conditions only and may thercfore
very well fail in special cases. Their success will depend on the
choice of the comparison series 2'c, and 2'd, (see below). The fol-
lowing pages will accordingly be devoted to establishing tests, as
numerous and as efficacious as possible, so as to increase the pro-
bability of actually solving the problem in given special cases.

Remarks on the first comparison test (157).

1. Since for cvery positive number g the series Jgc, and Xgd,
necessarily converge and diverge respectively with 2'¢c, and 2'd,, the
first of our criteria may also be expressed in the form:

ay a, .
oSe(<Hoo) e 2g(>0 9
or, even more forcibly, in the form

lxm <+oo : e, hm >O : .

2. Accordingly we must always have:

— dn_ _
lim w = —+ oo, lim & }l 0

or, otherwise expressed:

—’7 . o .

lim " == -|-00 is a necessary condition for the divergence of Xgq ,
C’l

. a, .

lim *=0 n n necessary ” » = convergence » a,.

— n

3. Here, as in all that follows, it is n0f necessary that actual
unique hmits should cxist. This may be inferred, to take tlie question
quite generally, from the fact that the convergence or divergence of
a series of positive terms remains unaltered when the series is sub-
jected to an arbitrary rearrangement (v. 88). The latter can in every
case be so chosen that the above limits do 1ot exist. For instance
X'c, can be takento be 14} 41 4% 4.+, and Xa, to be the serics

iFi+s+itestdt+

obtained from the former by interchanging the terms in each successive

pair; the ratio ;ﬁ certainly tends to no unique limit; in fact, it has
n

distinct upper and lower limits 2 and . Similarly, let 3'd, be chosen
to be the series 14143414 ---, and let Xa, be the series

S R R EE L S RN Ea
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deduced from the former by rearrangement, (in this serics every fwo

odd denominators are followed by ome even one). Ilere sﬂ has the
n

two distinct upper and lower limits  and £. In a similar manner we

may convince oursclves by examples in the other cases that an actual

unique limit need not exist. If, however, such an unique limit does

exist, it necessarily satisfies the conditions indicated for m and lim,

since it is then equal to both.

a)l
a,
for the convergence of X'a, — unless all the terms of the divergent
series 2'd, remain greater than a fixed positive J. Ior, even if we
only have limd, = 0, by choosing

4. In particular: No condition of the form —* — 0 is necessary

k1<k2<”'<k,<""
so that
1

dl:, < é‘y
and writing @, = dkv, a, =0 or = the corresponding term c, of any
convergent series ¢, for cvery other n, we evidently obtain a convergent

series a,, but it is equally evident that %1‘ does not — 0.
n

Remarks on the sccond comparison test (138).

1. The validity of the comparison test Il may now be established
more conciscly as follows:

In the case marked (€), we have, from and after a definite #,
312-‘32‘—‘-, i. e (fﬁ) is a monotone descending sequence, whose limit
Cn — Cmt1 Cn

y is defined and > 0. In particular h_m% =y < + o0, and, by 159, 1,

a,\ .
57 is monotone ascend-
n

ing from and after a particular #, and accordingly also tends to a

Za, is convergent. In the case marked (D), (

definite limit > 0, or to - oco. In either case the condition lim >0
of 159, 1 is fulfilled and this shows that 3a_ is divergent.

2. The comparison test II thus appears as an almost immediate
corollary to the comparison test I. If the convergence or divergence
of a series Ja, can be inferred by comparison with a (definitely
chosen) series 2'c, or 2d, in accordance with 158, then this may
also be inferred by means of 187 (or 189, 1), but not conversely,
i. e. if I is decisive, 1I need not be so.

Examples of this have already occurred in the pairs of series of
159, 3. TFor the first pair we have fl‘rﬁ% =2, while &‘Jﬂ alter-

n n
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1 . .. . .
nately == 2 and —= grleitls sometimes greater, sometimes less than the

corresponding ratio 6’;&, since this constantly = % The second
n
pair of series represents an equally simple case.

3. This relation between the two types of comparison tests be-
comes particularly interesting when we come to deal with the two tests
to which we were led in § 13 as immediate applications of the first
and second comparison tests. These were the root and ratio tests,
inferred from I and II by the use of the geometric scries as com

parison series, and they may be stated thus: —
L <d<1 : €| g, [Sd<1
a Sats
"1=>1 : D >1

Our remark 2. shows that the ratio test may very well fail when the
root test applies (the series 2'a, given there are obvious examples of
this). On the other hand our remark 1. shows that the root test must
necessarily work, if the ratio test does so. This relation between the
two comparison tests is expressed in more significant form by the
following thcorem, which may be regarded as an extension of 43, 3.
Theorem. If %, ®,, ... are arbitrary positive terms, we always 161.
have *

[
D,

an

n— —_—, —
lim 2t < lim Vo, < lim Vo, < m 20tL,
_— %p T — "= n= Ln
Proof. The inner inequality is obvious?, and the two outer in-
equalities arc so closely similar that we may be content with proving
one of them. Let us choose the right hand inequality and put
—_—n - @,
— ] b1
m Ve, =u, llm—";n-‘—_‘u,
so that the statement reduces to “u < u’'”. Now if u’ = -}~ 00, there
is nothing to prove. But, if x4’ < 400, we may, given & > 0, assign
an integer p, such that, for every » > p, we always have

Ty ry 8
Z, <u +2'

1 This theorem is of the same character as 43, 3. In fact, writing
o

¥y» Y21 ¥sy - - - for the ratios ?, ==

, » +..y We are concerned with a com-
T, %

|
parison of the upper and lower limits of ¥, and of ¥,/ = V%, % ...%,.
2 For this reason, it is usual to write more shortly:

— N — —

lim 2241 < Tim Yz, < Tim 2241,
— 2z, — = Zn

implying that in the centre, either lim or lim may be considered indifferently.

Such an abbreviated notation will frequent?be used by us in the sequel.
10 (a 51)
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This incquality may be supposed written down for every » =5,
p+1,...,n—1, and we then multiply all these inequalities together,
deducing, for n > p, -
z, < xp-(/l,'-l-—;—) P

Let us, for brevity, denote the comstant number z . (;4’ —|—%)_p by 4;

then, for n > p, we always have
”n,— ”n, — P
Va, <VA- (/t’ -]——2~).
But {l/g — 1, and hence (,u’ -+ %) {/Z—-» U+ % . We can thercfore

so choose #, > p that, for every n > n,, we have (/1,' + —%) Vd < u' +e.
We then have a fortiori, for every n > n,,

{‘/:-r: <y +e
and hence also u < u' + ¢, or, as asserted, since ¢ is arbitrary, u < 1.
(Cf. p. 68, footnote 10.) Moreover we can show by simple examples

that the sign of equality need not hold in any of the three incqualitics
of 161, which is now completely established.

4. The preceding theorem shows in particular that, if limf:lvi—l
n

exists, lim n‘/x: must also exist and have the same valuc. Ilence in
particular: If the ratio test works in the form given in 76, 2, then so
will the root test, necessarily, (but not the converse!). To sum up: —
The ratio test is theoretically less powerful than the root test. (Never-
theless it may frequently be precferred, as being easier of application.)

5. In this place we have also to refer to the remarks 79,1
and 76, 3.

§ 37. The logarithmic scales.

We have already observed that such criteria as those just dis-
cussed only provide sufficient conditions and may accordingly fail ia
particular cases. Their efficiency will depend on the nature of the
chosen comparison series 2'¢, and 2'd,; in general terms we may
say that a @-test will present a better prospect of success thc greater
the magnitude of the ¢,’s, a D-test, on the contrary, the smaller the
magnitude of the 4,’s. In order to express these circumstances more
precisely, we proceed first to define the concept of the rapidity of
convergence: A convergent series will be said to converge more or
less rapidly according as its partial sums approach more or less ra-
pidly to the sum of the series; and a divergent series will be said to
diverge more or less rapidly in proportion to the rapidity with which
its partial sums increase. More precisely:
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Definition 1. Given two convergent series 2c, =s and Zc, ==s ' 162.
of positive terms, whose partial sums are denoted by s, and s,’, the
corresponding remainders by s —s,=r,, s—s,/ = v, we say that
the second converges more or less rapidly (or better or less well)
than the first, according as

.1 Y
lim-> =0 or lim-* = 4 o00.
n L

If the limit of this ratio cxists and has a finite positive value, or
if 1t be known merely that its lower limit > O and its upper limit
< -+ 00, then the convergence of the two series will be said to be
of the same kind. In any other case a comparison of the rapidity of
convergence of the two series is impracticable3.

Definition 2. If 2'd  and Xd, are two divergent series of posi-
tive terms, whose partial sums are denoted by s, and s, respectively,
the second is said to diverge more or less rapidly (or more or less
markedly) than the first according as

.8 .S
lim-* = 400 or lim =% = 0.
Sn Sn

If the upper and lower limits of this ratio are finite and positive,
then the divergence of both series will be said to be of the same kind.
In any other case we shall not compare the two series in respect of
rapidity of divergence®.

The two following theorems show that the rapidity of the con-
vergence or divergence of two series may frequently be recognised
from the terms themselves (without reference to partial sums or re-
mainders):

Theorem 1. If %"——»0(—]— 00), then X, converges more (less)

rapidly than Zc,.

’ )
8 In the case lim r;,._ =0 (>0) and lim %—< + 00 (= + 00), we might also

speak of the series Z¢,’ as “no less” (“no more”) rapidly convergent than the
series X c,; this however presents no particular advantages In the casc of the
lower limit being 0 and the npper limit 4+ 00, the rapidity of the conver-
gence of the two scries is totally incommensurable. A similar remark holds
for divergence. (The student should illustrate by examples the fact that all
the cases mentioned can really occur) — These definitions may be directly
transferred to the casc of series of arbitrary terms, replacing r, and 7, by
their absolute values.

4 The properties referred to in these definitions are obviously transitive,
i.e. if a first given scries converges more rapidly than a second, and this
again more rapidly than a third, the first series will also converge more ra.
pidly than the third.
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Proof. In the first case, given g we choose n, so that for every
n > n, we have ¢ <ec,. We then also have
’ ’
7_,.’__‘ f"+1+c"j:3_+.“ o Cnggtece

— S =g,

<
n Capr1tCutateee Cngrteee

Consequently this ratio tends to 0. The second case reduces to the
first by interchanging the two series (cf. the thcorem of 40,4, Rem. 4).
This proves all that was required.

Theorem 2. If %’—'——-0(—[— 00), then Xd,’ diverges less (move)
rapidly than 2d,.
’

Proof. By 44, 4 it follows immediately from %—-0 that

d1'+dg'+"'+dn’ . S,,'

—0.

dl+d‘l+"'+du - Sa

This proves the statement.

Simple examples, 1. The secries

1 1 1 1 1 1 1
Diega Sw 2w g g Mg o

are such that each converges more rapidly than the preceding. In fact we
have e. g. for n> 3:

1.1 _38" (8-3:3,.3...3 <2.(§)"‘“
nl 3"_n!“(1-2-3)-4...n 2 \4 ’
. . log®n
which tends to 0. Similarly —n*—-»() (by 38,4); the other cases are even

simpler.

2. The series
1 1 1

e, Zn, X, ‘l";’ anogn’ 2 nlognloggn® " ° "
are such that each diverges less rapidly than the preceding.

Besides the above simple examples, the most important cases of
series with rapidity of convergence forming a graduated scale are
afforded by the series which we came across in § 14. As we saw in
that paragraph, the series

1 5 1 1 1

e 2

nllogm)® “mlogn(log,m® "7 “mlogn... log, ., n-(log, »)*

converge for & > 1 and diverge for « < 1. Our theorems 1 and 2 now
show more precisely that when p is fixed each of these series will
converge or diverge less and less rapidly as the exponent e approaches
unity (remaining > 1 in the first case and <1 in the sccond). Simi-
larly each of these series will converge or diverge less and less ra-
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pidly, as p increases, whatever positive® value may be given to the ex-
ponent & (> 1 in the first case, <1 in the second).

The sccond alone of these statements perhaps requires some justi-
fication. Divide the generic term of the (p - 1) series with the ex-
ponent ¢/ by the corresponding term of the p'" series taken with the
exponent ¢. We obtain

(logp n)*
log, n: (logp an”

In the case of divergent series, o and o are positive and <1; the
ratio therefore tends to 0, q e. d. In the case of convergence, i.e. «
and ¢ both > 1, the ratio tends to - o0; in fact, — by reasoning
analogous to that of 88, 4, — we have the auxiliary theorem that
the numbers

(logpr1n)® _ {log (log,m}*

-_(l.ogp n)ﬁ B (logp n)/f

form a null sequence, f =& — 1 denoting any positive exponent and
p any positive integer. This proves all that was requred.

The gradation 1n the rapidity of the convergence and divergence
of these series enables us to deduce complete scales of convergence
and divergence tests by introducing these series as comparison scries
in the tests I and II (p. 274). We first immediately obtain the fol-
lowing form of the criteria:

a, < 1 . «>1 t
)] "= —~  with ¢
a, > nlogn...log,_, n(logp n) <1 . )
164.
@  GnS)n e logpoin (e )"
a, 2 n-l-1 log(n+1) log,_,(n4+1) \log, n + 1)
a>1 : e
with
e<1 : 9.

These criteria will be referred to briefly as the logarithmic fests
of the first and seccond kinds — also in the case p=0. Their effi-
ciency may be increased by the choice of p, and, for fixed p, by the
choice of e, in accordance with our previous remarks®.

® For « =—f <0, each series of course diverges more rapidly than the
n)ﬁ .
MR

preceding one with the exponent replaced by 1; thus e. g. 2(_1£g with

n
. . 1
B> 0, diverges more rapidly than §,';.

% The convergence and divergence of series of the above type was known
to N. H. Abel in 1827, but was not published by him ((Euvres II, p. 200).
A. de Morgan (The differential and integral calculus, London 1842) was the first
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For practical purposes it 1s advantagcous to give othcr forms of these criteria.

Such transformations are given below with a few remarks appended, but without
completely carrying out the necessary calculations.

Transformation of the logarithmic tests of the 1st kind.

1. When a and b are positive, the two inequalities @ < b and loga < logb
are equivalent; aftcr a slight alteration the inequalities 164, I accordingly become:

I’ logan {-logn +-log, 72 |- -+ +logye | = —B<0 e
a log, 7 ( =0 HERON
2. Denoting for a moment by A, the expression on the left of (I’), we have,
in
(%) limA, <0 : e, lim4, > 0 : D,

a test of practically the same effect. The parts relating to convergence are indecd
completely cquivalent in (I’) and (I”’); that relating to divergence is not quite
so powerful in (1) as in (I’), since it 1s required in (I'") that A4, should remain,
from some value of #» onwards, not mercly = 0 but greater than a fixed positive
number 7,

3. If we use the somewhat more explicit notation A4, = AL” ', and consider

both Ag') and A;p *h , we obviously have

logyp n P
APY — 1 L 982 . AP
n l—logp_‘_ln "

. logpn logy, n . ..
8 oep?n _ __9%5p » S
And since, by 38, 4, i ) Toz (logy 7) tends as n incrcases to -+ o, this simple

transformation leads to the following result: If for a particular p one of the limits
of A, = AL"’ is different from zero, it is necessarily co for the following p, in fact
400 or —oo according as the preceding p was positive or negative. More prc-

cisely, if we denote by p, and x, the upper and the lower lumits of 4, = Af.") , for
every p, then if we have, for any particular p,

) %y Sp, <0, wehave ¥, =p, = — o0,
and if
Rty =%, >0, wehave pp, =%y, =+ oo.

If, however,

%, <0, p,>0, wehave %, ;= —00, py1 = + 0.

The scales of reference (I) thus lead to the solution of the question of conver-
gence or divergence if, and only if, for a particular p, the values %, and g,
have the same sign. If the sign is negative, the series converges; if positive, it

to use these series for the construction of criteria. Essentially, these criteria are
consequences of 164, I and II; numerous transformations of them were subse-
quently published as special criteria, e. g. by /. Bertrand (J. de math. pures et appl.,
(1) Vol. 7, p. 35. 1842), O. Bonnet (1bid., (1) Vol. 8, p. 78. 1843), U. Dini (Giornale
di matematiche, Vol. 6, p. 166. 1868).

7 It would clearly, however, be wrong to write the last D-test in the form
lim 4, = 0, since the lower limit may very well be 0 without a single term being
positive.
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diverges; if the two numbers have opposite signs for some value of p, then for
all higher p’s we have

lm_'lA:f)=-'°°, lim A% = + ©

and the scale therefore is not decisive. Similarly it fails when both numbers are
zero for every p.

Transformation of the logarithmic tests of the 2°¢ kind.  jg6.

1. The following Lemmas are easily proved:
Lemma 1. For every integer p := 0, for every real o and every sufficiently large
n, an equalty of the form

(lqu (n — I\ o S,

log, n T T hlogn... logyn  w
holds, where (3,) is bounded 8. 'The index = is here assumed to start with a value from
and after which all the denominators are defined and positive.

We immediately infer that, for every integer p == 0, for every real « and every
suffiuently large n,

n—1log(n—1) log,_,(n—1) (log,(n— ))a
T Tlogm T log, . m log, n

1 1 1 o 1 7 . o Mn
T T nlogn nlogn...log,_,n nlogn...log,n u?
where (7,) is again certainly bounded?®.

Lemma 2. Le! Sa, and Xa,’ be two series of positwe lerms; if the sevies 1Q'7.
whose ntd teym s
Gty O 1
In= a, a"z 1 -

1s absolutely convergent, the two given series ave either both convergemt or both
dwergent.
In fact, we have y,>—1 for every y; taking, then, any positive in-
teger m, writing down the relations
ay 1 a,’
-

1T

for y=m, m+41, ..., n—1, and multiplying them together, we at once de-
duce that the ratio a,’a, for »n > m lies between two fixed positive numbers. —

8 An equality of the above form of course holds under any circumstances.
In fact we can consider the numbers , as defined precisely by the equation:

Op = n® [1 — d _ (102',, (n— l))a] '

nlogn...log,n log,n

The emphasis lies on the statement that (0,) is bounded. — The proof is ob-
tained inductively, with the help of the two remarks that if ($,’) and (4,”) are
defined, for every sufficiently large #, by

ny, n?
they are necessarily bounded, provided (z,) is a null scquence and the nun-
bers y, are in absolute value =1, say.

9 The interpretation in the case p = ( is immediately obvious.

4
l—2n)*=1—ax,—3' 2, and log(l -—-1—)- 1 Ox
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. a
The conditions of the Lemma are fulfilled, in particular, when the ratios -':-‘i!
an la an ,1'
and "";1 lie between fixed positive bounds and the series 3} —1ai—' -——Z—*',—
n n n
converges.

2. In accordance with the above we may express the logarithmic test of
the second kind e. g. in the following form?20:

(I:n+l§ 1__1'____1_____..._ ! - <
a, = n_ nlogn nlogu...log, ,n  nlogn...log,n
o' >1 : e
with
{a’él H 9)

or, after a simple transformation,

an+l 1 1 ] » -
[—_"'n "'1+W+“.+?————_—blogn...lo—gpn nlogn ... log,n
S—8<0 : A
=0 : D,

or, finally, denoting the expression on the left hand side for brevity by B,,
and slightly restricting the scope of the D-test (cf. 165, 2),

Tim B, <0 : e, linp -0 : 9D,

Remarks analogous to those of 163, 2 hold hcere.
3. The developments of 163, 3 also remain valid, with gnitc unessential

alterations. For, if we use thc more explicit notation B,,=B,“7’), we have ob-

viously
BP*V =14 B,("”-log‘,,,,_l n.

And, as log, 4, % — 400, we may reason with this relation in prccisely the
same manner as with its analogue in 163, 3. It is unnecessary to devclop this
in detail.

4. Still more generally, we may at once prove that a scries of the form

1
2,((1—1)15_

1% (log n)*1 (log, #)™. . . (log, n)™
converges sf, and only if, the first of the exponents e, o, e, ..., &, which
differs from 1 is >> 1. The values of the subsequent cxponents have no further
influence. — When the comparison scries is put into this form, Raabe's test
(§ 38) and Cauchy's ratio test appear naturally as the 0% and the (—1)® terms
of the logarithmic scale.

§ 38. Special comparison tests of the second kind.

The logarithmic tests deduced in the preceding article are un-
doubtedly of greater theoretical than practical interest. They afford in.
deed a more profound insight into the systematic theory of the con-
vergence of series of positive terms, but are of little use in actually
testing the convergence of such series as occur in applications of the

10 Here we make the n' term of the investigated series YMa, correspond
to the (n— 1) term of the comparison series, which, by 82, thcorem 4, 1s
allowable.
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theory. (For this reason we have only sketched the considerations
relating to them.) For practical purposes the first two or three terms,
at most, of the logarithmic scales may be turned to account; from
these we proceed to deduce by specialization a number of simpler
tests, which were discovered at various times, rather by chance, and
each proved in its own way, but which may now be arranged in
closer connexion with one another.

For p =0 the logarithmic scale provides a criterion already estab-
lished by J. L. Raabe''. We deduce it from 169, first in the form

[an+l___1_l__1_]” é——ﬂ<0 e
n " =0 : 9,
or, as we may now write more advantageously,
a L—a<—1 : e
[ "+'—1] ni=
y >—1 9.

The very elementary nature and great practical utility of this cri-
terion makes it worth while to give a direct proof of its validity: the
@-condition means that, for every sufficiently large #,

An «
EhL1—g o e, Z(—Ye,—fa,

oo

where 8 =« — 1> 0. Hence
(h—1a, —na,,, =pa,>0

and therefore #a,,, is the term of a monotone descending sequence,
for a sufficiently large #. Since it is constantly positive, it tends to

a limit y > 0. The series ¢, with ¢, =(n — 1)a, —na, , there

fore converges, by 181. Since a, < %cn, the convergence of
S a, immediately follows. — Similarly, if the 9-condition is fulfilled,

we have
a'HZ 1— 1

x 1 o w—1a,—na,, 0.
Accordingly na,,, is the term of a monotone increasing sequence
and therefore remains greater than a fixed positive number y. As

Gy oy > -17;, y > 0, the divergence follows immediately.

If the expression on the left in 1'70 tends, when #— - 00, to
a limit }, it follows from the reasoning already repeatedly applied
(v. 76, 2) that !/ < — 1 involves the convergence of 2'a,, and I > — 1,
its divergence, while ] = — 1 leads to no immediate conclusion.

1t Zeitschr. f. Phys. u. Math. von Baumgarten u. Fttinghausen, Vol, 10,
p. 63, 1832. Cf. Dukamel, J. M. C.: Journ. de math. pures et appl., (1) Vol. 4,

p. 214, 1839.
10 (a 51)

170.
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Examples.

1. In § 25 we examined the binomial series and were unable to decide
there whether the series converged or not at the endpoints of the interval of
convergence, that is, whether for given real «'s the series

WL b «
> aa Zev(;)
n=0 \" n=0 "
were, or were not, convergent. We are now able to decide this question.
For the second series we have

p 4y a—n (n+l)—(a+1)

a, m+1  atl
Since this ratio is positive from a certain stage on, it follows that the terms
then maintain one sign; this we may assume to be the sign 4, since changing the
signs of all the terms does not, of course, affect the argument. Further, ac-
cording to this,

(an+1_1)n=_(a+1).;_$.i—>—-(a+ 1,

all
from which we at once deduce, by Raabe's test, that the second of our series
converges for ¢« > 0, and divergcs for ¢ << 0. For =0, the series reduces
to its initial term 1.
For the first series we have
%n 41 _ 1
a, + n41

and since this value becomes negative from some stage on, the terms of the

se, have an alternating sign from that stage on. If now we suppo‘se a+1=0,
we efore have

‘ %n+1
aﬂ
when®® we infer that ultimately the terms a, are non-decrcasing. The series

must thercfore”diverge. If lowever we suppose ¢+ 1> 0, we have ultimately,
say for every n =m, a'-
1

(a) w41

>1

8y +1
@n

=1

<1,

and the terms ultimately decrease i1n absolute value. By Leibmiz's criterion for
series with alternately positive and negative terms, our series must therefore

converge, provided we can show that (:)-—»0. If we write:-down the rela-

tions (a) for m, m+41, ..., n—1 and mmitiply them all together, we dednce

for every n >m
+1
onl=lanl - IF (1-% =)

r=m 1

Since, however, the product JJ (1 -2 :- 1) , by 126, 2, 8, diverges to 0, a, must

g3
also — 0, and therefdre Zk”) must converge. Summing up, we therefore
have the following results relating to the binomial series:

0
The senes ) (z) x" converges 1f, and only 1f, ether || <1, or z=—1
n=0
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and « >> 02 or x = +1and o« > —1. The sum of the series is then by Abel’s theorem
of limits always (1 -+ x)*. If « 15 an integer and is non-negative, then the series is finite
and hence converges for each x. In all other cases the series is divergent. (An appreciable
addition to this theorem 1s provided by 247.)

2, The following criterion docs not differ essentially from that of Raabe;
it 1s due to O. Schlomilch:

A (X—a< —1 :
n log a, { -1 : .
a -t i
In fact, 1n the case (D), we have, by 114, 2“ —en>]1— n?
T

from which the divergence follows by Raabe's tcst. In casc (C) we have,
ultimatcly,
a
__a’l+l 3—; l_i'_
a, n’

IA

Y

if e>a'">1. By 170, this involves convergencc.
If, in the loganthmic scale, we choose p =1, we obtain a cri-

terion of the sccond kind which, omitting the limiting case ¢ =1,

we may write

(ln"'l_l_l__ y with auga>1 H e
a, n  nlogn a, <a<1 . 9.

A direct proof of the vahdity of this critcrion can be given as
follows As in the proof of Raabe’s test we first put the criterion in
the following form:

> fBa, with $ >0 : €
— 1+ (n—1)lognla, — [nlog = "
[ +( ) g"] n [ én]an"'l{g_ﬂlan With ﬂ'>0 . Q,

If now the C-condition is fulfilled, since, as we may immediately
verily by 114, ¢, . ¢

(n—1)log(n—1) > — 1+ (n — 1)logn,
we have a fortiori
("’ - 1)10g(n - 1)'au - nlogn'an+l Z ﬂan'
Accordingly nlogn-a, , is the term of a monotone descending se-
quence and accordingly tends to a limit y > 0. By 131, the serics
whose #n®h term is
¢,=(n—1)log(n —1)-a, —nlogn-a,,,

must converge. As a, g%-c”, the same is true of X'a,.
If, on the other hand, the D-condition is fulfilled, we have
(n—1)log(n —1)-a, — nlogn-a, .,
1
g[~ﬂ'+1—(n—1)nog(1+m)] a,.

For n— -}- 00, however, the expression in square brackets — — 8’

12 For ¢ =0, see above

171.
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(by 112, b), and is therefore negative for every sufficiently large =
Hence for those #’s the expression nlogn-a, , increases monotonely
and consequently remains greater than a certain positive number y

As a,,, gn—lzg—;, y >0, it follows that 3'a, must diverge.

Here again we may observe, as repeatedly in previous instances,
that, if & tends to a limit /, then /> 1 involves convergence, and
1 < 1 involves divergence, while, from =1, nothing can be directly
inferred.

Even this, the first properly logarithmic criterion of the scale, will
rarely be actually applied in practice. In fact, the scries which are
amenable to this test, and not alrcady to a simpler one (Raabe's test,
or the ratio test), occur exceedingly seldom; and as their convergence

is no more rapid than that of 2—(}1 g
n (log 7,

(¢ >1), these series are

useless for numerical calculation.

It enables us, however, to deduce easily one or two other cri-
teria. We will above all mention

172. Gauss's Test3: If the ratio % can be expressed in the form
an+1 — 1 — _‘f_ — g;
a, n g,

where 2> 1, and (9,) is bounded', then 3a, converges when o > 1
and diverges when o < 1.

The proof is immediate: when a21, Raabe's test itself proves
the validity of thc assertion. For o =1, we write

Gnt1__ 4 1 1 (0,,-logn).

a, T n T mlogn\ ,i-1 )’

and as now the factor in brackets tends to zero since (1 — 1) >0,
the series certainly diverges, by 171.

Gauss expressed this criterion in somewhat more special form as

follows: “If the ratio a’; 1 can be expressed in the form
n

Guyy _ mEtbmh=i4 4 by

@y mEF b mEiL .. by (k an integer > 1)

then Za, will converge when b, — b’ < — 1 and diverge when b, —b,’
= —1.” — The proof is obvious from the preceding.

13 Werke, Vol. 3, p. 140. — This criterion was established by Gauss
in 1812.
14 Cf, footnote 8, p. 283.
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Examples.
1. Gauss established this test in order to determine the convergence of
the so called hypergeometric series

. ﬁ pp LE@ED BEHYD , a@+D(@+D) FE+DELY)
12 po+D” 1-2.3 r+1)+2)
_____S, o(e+1).. (a+n—l) BB+Y.. ('B+”_1):c
n=0 1.2. 7(7"‘1) +n-1)
where «, 8, y are any real numbers ** different from 0, — 1, — 2,... . Here

%n 41 =(a+n)(ﬂ+”)x
a,  (A+n)@+n
which shows in the first instance that the series converges (absolutely) for
jz| <1, and diverges for [z|>1. Accordingly it only remains to examine
the values x=1 and z=—1. This is analogous to the case of the binomial
series, to which, of course, the present one reduces when we choose 8=y (=1)
and replace o and 2 by — o and — z.
For =1, we have
ant1 '+ (e+Pfntaf
a, nt+@+Dn+ty
This shows that for every sufficiently large »n, the terms of the series have
one and the same sign, which mnay be assnmed positive. Gawuss's test now shows
that the series converges for ¢+f—y—1<—1, i. e. for ¢+8 <y, but di-
verges for a4+ =y
For z = —1, the series has, from some stage on, alternately positive and

negative terms, since —a’;—+—‘—>—l, i. e. is ultimately negative. The relation®
n
Gptyr_ n2+(a+ﬂ)n—|—aﬁ [1+a+/3—y—-l+f,_,]
a, WrG+)nty n nil*
with word for word the same reasoning as was employed in 170, 1 for the
binomial series, now shows that thc hypergeometric series will

diverge when o+4+f8—y>1
converge when a4 f—y<<1.

We have only to verify further that it also diverges when a«+8—y =1,
as this does not follow from precisely the same reasoning as before. If for

every n>p > 1 we have
a,;+1=_(1+%) with |9,| <9 for every =,

then, assuming p chosen so large that p? > 3,

|a,.|>|a,,|(1_£_)(1_@—J':l—),)...(l—(—”_il)—,).

Since on the right hand side we have the product of the first (n — p) factors of
a convergent infinite product of positive factors, it follows that |a,|, for all
these values of n, remains greater than a certain positive number. The series
can therefore only diverge.

18 For these values, the series would terminate or become meaningless,
For n =0, the general term of the series should be equated to 1.
16 As before, (¥,) denotes a bounded sequence of numbers.
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2. Raabe's @-test fails if the numbers «, in the expression
Gkt _q_%
a, n

though constantly > 1, have the value 1 for lower limit. In that case, writing
oy =1+ B,, the condition

limz g, =400
is a necessary condition for the convergence ot Za,. In {act, if n B, were bhoundcd,
we should have

and Sa, would be divergent by Gauss’s test'’.

§ 39. Theorems of Abel, Dini and Pringsheim and their
application to a fresh deduction of the logarithmic scale
of comparison tests.

Our previous manner of deducing the logarithmic tests invests
these, the most general criteria yet obtained, with something of a for-
tuitous character. In fact everything turned on the use, as comparison
series, of Abel's series, which were obtained themselves only as chance
applications of Cauchy’'s condensation test. This character of fortuitous-
ness disappears to some extent if we approach the subject from a
different direction, involving a greater degn;ee of inevitablencss. Qur
starting point for this is the following

Theorem of Abel and Dini'®: If 3'd_is an arbitrary divergent
n=1

series of positive terms, and D, = d, 4 dy 4+ 4 d, denotes its partial
sums, the series
= ® d, [ converges when o > 1
2,‘1 a,= 3 — { &
n=

a
n=1 D”

Proof. In the case ¢ =1,

diverges when o < 1.

dn+t "n+k du+| +"'+dn+k Du
- =T e eee e L —————-————:1—-~ .
Dy, ] l_Dn+lc 2 Dy 4k Dy 4k

As D, — 4 0o by hypothesis, we can therefore choose k=1F%,, for

each n, so that
D, _1 . 1,
<§n 1L e an+1+an+n+'”+an+k,,>‘2‘;

Dﬂ-{'l‘n

17 Cahe—n. E.: Nouv. Annales de Math., (3) Vol. 5, p. 535.
18 N. H. Abel (J. f. d. reine u. angew. Math, Vol. 3, p. 81. 1828) only

proved the divergence of 3’

9 *—; U. Dini (Sulle serie a termini positivi, An-
n—1

nali Univ. Toscana Vol. 9. 1867) established the theorem in the above com-
plete form. 1t was not till 1881 that writings of Abel were discovered ((Euvres 1,
p. 197) which also contain the part relative to convergence of the theorem

given above.
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by 81, 2, the series X'a, must accordingly diverge when ¢ =1, and
a fortiori when o < 1.

The proof of its convergence in the case ¢ > 1 is shghtly more
troublesome. We may at the same time prove the following extension,
due to Pringsheim*?.

Theorem of Pringsheim: The series 174.
v 3 DumDnr
=: D,-D2 .  n=s D,.D2 "
n=2 Yy g 4 n=2 nta

where d, and D, have the same meaning as before, converges for
every o > 0.

Proof. Choose a natural number p such that %<Q. It then
suffices to prove the convergence of the above series when the ex-
ponent g is replaced by ‘t=-1l;. Since, further, the series

© 1 1
M (e — —
net (D’ D’)

n—1 n

converges, by 131, since D,_, < D, — --00, and since its terms are
all positive, it would also suffice to establish the incquality

—D 1/ 1 1 Dy_, 1 Dy_
R TR Y )
DyDy_y = *\Dg, Dy n v D
that is to say, to prove that

A—a")<p(1—2) [ = (21"5—1)%]

n

for every z such that 0 < 2 <1. But this is obvious at once, from

1—2?)=01—2)1+a - 2?7,

Thercfore the theorem is established.

Additions and Examples. 175.

1. In the theorem of Abel-Dini, we may of course replace the quantities
D, by any other quantities D,’ asymptotically equal to them, or for which the
’

ratio ==

lies between two fixed positive numbers, for every # (at least from
n

some stage on). By 70,4 the convergence or divergence of the series Ja,
cannot be affected by this change.
2. By the theorem of Abel-Dini,

d

Jd/=3-">

n .l)'|
diverges with 2'd,. We may cnquire what is the relation as to magnitude
between the partial sums of the two series. llere we have thie following elegant

¥ Math. Annalen, Vol. 35, p. 329. 1890.
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Theorem?, If -@'——» 0, we have ®
D,
a, dy a, ~lox D
]—)l'l"—;-l- +'j)—”= og D, .
The new partial sums thus increase essentially hike the logarithms of the old ones.

Proof. It x,:%-—» 0, we have, by 112,b,
n

4n
% __ D .
1 n
log 1=z log bn—l

The undefined number D, we here assume =1, also replacing the above ratio
by 1 for all indices »n for which z,=0. By the theorem of limits 44,4, since
log D, — + 0O, we then have

d,

b‘*"‘*"‘*’ 1 [
_ T e Tm + 5 +--.+~-] 1.
log D, +logg «oo4log DD IogD

n—1
This proves the thcorem.

Further, it is at once clear that in the statement of this theorem, the
numbers D, may on both sides be replaced by others D,’ asymptotically equal
to them.

3. These remarks now enable us to elaborate in the simplest manner the
considerations indicated at the beginning of this section:

]
a) The series ¥ d,, with d, =1, i. e. D, =#, must be considered as the
n=1
simplest of all divergent series, for the natural numbers D, = n form the proto-

type of divergence to 4 0O. The theorem of Abel-Dini then shows at once that

the harmonic series
1 converges for ¢ >1
n=1n% | diverges for a <1,

and the theorem in 2. shows further that in the latter case we have for =1,

1 1 1
=t — 1
14 g tgt+t+ xlogn
(cf. 128, 2).
b) Now choosing for 2'd,, in the theorem of Abel-Dini, the series 2%

newly recognised to be divergent by a), and replacing, as we may by 1.and 2.,
D, by D,’ =logn, we conclude that

kd 1 converges when o> 1
n=2 n(log ») {
The theorem in 2. shows further that
_1
2log 2 3log 3

20 v._asdro, E.: Nouv. Annales de Math., (3) Vol. 9, p. 353. 1890.
21 This condition is certainly satisfied if the numbers d, remain bounded, —
hence in all the series which will occur in the sequel.

diverges when o< 1.

+ - + 1 m log log n =loggn.
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c) By repetition of this extremely simple method of inference, we obtain
afresh, and quite independently of our previous results*
Starting from a switably large index (e, + 1), the series 23

1 { converges when o > 1,

nlogn...log,_, n(log,n)® | diverges when «=<1,

whatever value 1s given to the positive integey p. The partial sums of the series

for o =1 satisfy the asymptotic relation
e 1
2

=g, +1 vlogy...log,_, v-log,»

log, g n.

4. A theorem analogous to 173, bnt starting from a convergent series,
is the following:

Theorem of Dini®. If 3¢, 1s a convergent sevies of positive terms, and
Ym_1=Cpn+Cpny,+ - denoles 1ts vemainder after the (n — 1, term, then

% Cn converges when o« <1,
=) o= (cn < J- e )* | diverges when o >1
n—1 n "~ n 1 30 = .

Proof. The divergent case is again quite easily dealt with, since,

for ¢ =1,
O ey (k> Cntrertlnik _ g _Tnik
"n—1y "m+Ek—1 V5 —1 m—1

. 1 . .
and for every (fixed) n, this value may be made >§ by a suitable choice

of k, as 7,—0. By 81,2 the series must therefore then diverge. For « > 1

this will a fortiori also be the case, since 7, is <1 for every sufficiently
large n.

o 1
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