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Preface

This book on Geometry and Vector Analysis has been specially written according
to the latest Syllabus to meet the requirements of B.A. and B.Sc. Semester-I Students
of all colleges affiliated to Kumaun University.

The subject matter has been discussed in such a simple way that the students will find
no difficulty to understand it. The proofs of various theorems and examples have been
given with minute details. Each chapter of this book contains complete theory and a fairly
large number of solved examples. Sufficient problems have also been selected from
various university examination papers. At the end of each chapter an exercise containing

objective questions has been given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care, might

have been there.

The authors, in general, hope that the present book will be warmly received by the
students and teachers. We shall indeed be very thankful to our colleagues for their
recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam
Rastogi, Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of
KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out this book in the present

nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is

meant. Suggestions for the improvement of the book are always welcome.

— Authors
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PAPER III: GEOMETRY AND VECTOR ANALYSIS

Polar Equation of conics: Polar coordinate system, Distance between two points, Polar
equation of a Straight line, Polar equation of a circle, Polar equation of a conic, Chords,
Tangent and Normal to a conic, Chord of contact, Polar of a point.

Vector Algebra and its Applications to geometry (Plane and Straight Line):

Triple product, Reciprocal vectors, Product of four vectors. General equation of a Plane,
Normal and Intercept forms, Two sides of a plane, Length of perpendicular from a point to
aplane, Angle between two planes, System of planes.

Direction Cosines and Direction ratios of a line, Projection on a straight line, Equation of a
line, Symmetrical and unsymmetrical forms, Angle between a line and a plane, Coplanar
lines, Lines of shortest distance, Length of perpendicular from a point to a line, Intersection
of three planes, Transformation of coordinates.

Vector Differentiation: Ordinary differentiation of vectors, Applications to mechanics,
Velocity and Acceleration, Differential operator-Del, Gradient, Divergence and Curl,
Vector Integration: Line, Surface and volume integrals, Simple applications of Gauss
divergence theorem,Green ’s theorem and Stokes theorem (without proof).
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Polar Equation of a Conic

1 Conic Section

efinition: A conic section, or conic is the locus of a point which moves so that its

distance from a fixed point is in a constant ratio to its perpendicular distance from a

fixed straight line. The fixed point is called the focus, the fixed straight line is
called the directriv and the constant ratio is called the eccentricity of the conic.

2 Polar Coordinates

(Agra 2006)
In this chapter we shall discuss P6.6)
another system of coordinates,
known as polar system. In polar

system, the position of a point in a

iy

plane is determined by its distance 7’
from a fixed point O, called the pole
or origin, and the angle ‘0’ that the

line joining the pole to the point
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makes with a fixed line OX through the pole, called the initial line. The angle 8 is
called the vectorial angle and is taken to be positive if measured in anti-clockwise
direction, otherwise negative. The distance r is called the radius vector and is
taken to be positive if measured along the line bounding the vectorial angle, and
negative if measured in the opposite direction.

In the figure, O is the pole and OX the initial line.

Let OP = r and £ XOP = 6.Then the polar coordinates of Pare (r,6).IfOQ = OP,
then Q is the point (- r, 6).

Also the points (r, 8), (r, 0 + 2 m),(— r, 0 + m)etc. are all coincident. Thus in the polar
system the coordinates of a point are not unique but can be expressed in an infinite
number of ways.

3 Relation between Cartesian and Polar Coordinates

Take the pole O as origin, the initial line as the positive direction of x-axis, and the

line through O making angle g with OX in the anti-clockwise direction as the

positive direction of y-axis. Suppose (r, 0) are the polar and (x, y) are the cartesian

coordinates of any point P. Draw PM perpendicular to OX. Then OM = x and

MP = y.

From A OPM, we have Y/
X = rcos 6, ..(1)

y =rsinb...(2)

P, 8)
Squaring and adding (1) and (2), we get //‘
24 )/2 — 2 0

and dividing (2) by (1), we get 0 M X
tan6=l or 0=tan”! L.
X X

4 Distance between Two Points

Referred to some origin O. Let P (1,0, )and Q (1, , 8, ) be two given points. Here
OP =r;,0Q=ry and ZPOQ =6, —6,. Q(ry, 8y)
From A OPQ), we get
cos (8, —0,) = cos POQ

P(ry, 6)
_ OP? + 0Q? - PQ?
20P.0Q
r12 +r22 —PQ2 X

2r 1y
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2,2 2
or 2ryry cos(@y —0;) =r" +71," = PQ
or PQ* =1 +r) =211y cos©®, —6;)
or PQ =+ {rl2 + }'22 — 21719 cos (05 —6; }.

5 Polar Equation of a Straight Line

Let PQbe a straight line whose equation is required, intersect the initial line OX at
A.Draw OM perpendicular upon the given line PQ. Let OM = pand £ XOM = o..
If r, 0 be the co-ordinates of the point P, then

OP=r, ZXOP =06 and ZPOM = o —6.
From the right angled triangle OMP, we have
OM = OPcos POM
or p =rcos(o—0)

or rcos(@®—oa) = p,

which is the required equation of the straight line.

Remark 1: The polar equation of a straight line passing through the pole and
inclined at an angle o to the initial line is

0=o.
The equation of straight line passing through origin and making an angle cowith the
x-axis is

Jy = Xxtano.
Changing to polar co-ordinates, we have

rsin® = (rcos6) tano.
or tan@ = tano,

or 0=o.

Remark 2: In cartesian form the general equation is
ax+by +c¢ =0.
Changing to polar coordinates, we have

arcos®+brsin@+c¢ =0

or =0 — 4cos®+bsin®
r

or 1 = Acos0+ Bsin®,
r

which is equation of straight line in polar co-ordinates.
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6 Polar Equation of a Straight Line Perpendicular
to the given Line

The polar equation of the straight line
ax+by +c¢=01is

l = Acos0+ Bsin®.
,

The cartesian equation of a line perpendicular to this line is
bx—ay+A=0.

Changing to polar co-ordinates, we have
7(bcosB —asin®) = —A

or bcos® —asin® = —
,
or lzacos(g+9)+bsin(g+9}
r 2 2

which is the required equation of the perpendicular straight line.
Thus in polar co-ordinates, the equation of a line perpendicular to the given line is

obtain by replacing 6 by g + 0 in the given equation and changing the coefficient of

1
— to a new constant.
7

[ Polar Equation of a Straight Line through Two Points

Let M (r;,8;)and N (9, 6, ) be two given points and N(ry, 85)
P (r,0) be any point on the line joining M and N.
We have

area of A MON = area of A MOP
+ area of A PON.

%rlrz sin Z MON X

-1 rry sin Z MOP + 1 11y sin £ PON
2 2
or 7179 Sin(@y —06;) =77y sin(@—0;) +rry sin(0, —6)

sin(@y —0;) sin(0-6)) N sin(®, —0)

r %) r

or

which is the required equation.
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8 Polar Eqguation of a Circle

Let P (r, 6) be any point on the circle with centre C(R, o) and radius a.
We have
OC=R,£XOC=q
OP=r,ZCOP =6-q..
From A COP, we have

2 2 2
cos(®—a) = &
2rR
or r2 —2rRcos®-0o) + R? =a?,

which is the required general equation of the circle.

O Particular Cases of the General Eqguation of the Circle

1. Centre C of the circle lies on the initial line:
In this case we have oo = 0 and so the equation of the circle is
r> —2Rrcos®+R? =a®.

2. Pole O lies on the circle:
In this case OC = R = a and so the equation of the circle is
> —2arcos ®-0o)+ a’ =a’

or r=2acos(®—o).

3. Pole lies on the circumference and centre on the initial line:

Let P(r, 6) be any point on the circle and OCA be a diameter.

We have Pir, 0)
L AOP =9,
£ APO =90°

and OA =2a.

From A AOP, we have
r =2acosé,

which is the required equation of the circle.

4. Pole is the centre of the circle:

In this case for any point P (r, 6) on the circumference, we have
r=a,

which is the required equation of the circle of radius a.
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5. Initial line is the tangent at the pole:

Let P (r, 8)and Bbe any points on the circumference such that OCBis the diameter,
where C is the centre of the circle with radius a. We have

OB =2a,
ZOPB = 90° T
and ZXOP =6 = 20BP. P(r, 6)
From A OPB, we have
r =2asinb,
which is the required equation of the circle. A R
0 X

10 The Polar Eqguation of a Conic

To find the polar equation of a conic with its latus rectum of length 21, eccentricity e and the

focus being the pole. (Kumaun 2001, 07; Gorakhpur 05;
Rohilkhand 06; Kanpur 11)

Let S be the focus which is taken as the pole. Let ZM be the directrix of the conic.
Draw SZ perpendicular to the directrix, and take SZ as the initial line SX.

Consider a point P on the conic and let its polar coordinates be (r, 6) so that
SP=r, £ XSP =6.
Let LSL’ be the latus rectum of length 2/ so that L

r=e.52 —e¢.SN
=¢.5Z —¢.SPcos®
[~ SN = SP cos 0]
=¢.SZ — er cos 6. (1)
But the point L is also on the conic. Therefore
I=SL=¢.LE=¢.SZ.
Putting ¢.SZ =/in (1), we have

—————————— E
the semi-latus rectum SL = [. AN M
Since the point Pis on the conic, therefore by the .
definition of a conic, we have ' -
SP=¢.PM=¢.NZ =e¢(SZ - SN). S, 72 X
:
1
1

r=1—-ercos®
or r(l+ecos®) =1

or =1+c¢cosb. ..(2)

N |~

The equation (2) is the required polar equation of a conic referred to the focus as
the pole and the axis of the conic as the initial line.

Remark: While deriving the equation (2) the positive direction of the initial line
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has been taken as the direction directed from the focus towards the directrix.
However, as shown in the adjoining figure, if we take the positive direction of the
initial line opposite to the direction directed from the focus towards the directrix,

the equation of the conic will come out to be
/

;—I—ecose. ...(3) J : _}f
We clearly see that if we rotate the initial line :
through an angle min the equation (2) i.c.,if \%\B
we replace @ by  + 8in the equation (2), we 5

Bt ]

get the equation (3). Hence any result for the
conic (3) can be obtained from the
corresponding result for the conic (2) by
increasing each vectorial angle by =, i.e., by

writing6 + nfor®, o + nforo, B + nforPetc.,
where o, B etc. are vectorial angles.

Corollary 1: If the conic is a parabola, then ¢ = 1.

The equation (2) becomes

2

[/r=1+cos0=2cos 0

N[ —

or r=(1/2) sec’ %e ..(4)

and the equation (3) becomes
r=(/2) cosec’ %e. ..(5)
Corollary 2: From the equation (2), we have

r=1/(+ecos0).

Therefore the coordinates of a point P (r,6) on the conic (2) may be written as

( # ,0 J -This is called the point ‘0.
1+ ecos©

1 The Equation to the Directrix of the Conic

(Avadh 2009; Meerut 12)
To find the equation to the directrix of the conic  1/r =1+ e cos 6.

Let S be the focus. Let Pbe any point on the directrix ZM. Let the polar coordinates
of P be (r,0), so that

L ZSP =6,SP =r.

We have % =cos O
SP
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or SZ =r cos 6. M
Also, SL=¢.LE - \L --------- £
=e.SZ \ "
= er cos 6. [Using (1)] /ﬂ/ X
[ =ercos® S I x
or ’l =e¢cos 0,
which is the required equation of the directrix. / L

12 The Polar Equation of a Conic with its Focus as the Pole
and its Axis Inclined at an Angle O to the Initial Line

(Rohillkhand 2005; Kumaun 08, 10, 15)

To find the polar equation of a conic with its focus as the pole and its axis inclined at an
angle o to the initial line.

Let SZ, the axis of the conic, be inclined to
the initial line at an angle a. Consider a

point P with coordinates (r, 6) on the conic.
We have

r=SP =e¢.PM

[By the definition of a conic]

AN 4
s ! ‘ :

=¢.NZ =¢(SZ - SN) \/

=¢(LE- SN)

=6{L—S—SPCOS (e—OL)} L \

]
kY
=y

pat it

e

_—

[4

:g{l_rcos(e—a)}:l—ercos(G—oc)
e
or [=r+ercos(®—a)

or [/r=1+¢ecos (60— a), is the required equation.

Corollary: The equation of the directrix in this case is given by
[/r=ecos (®—0a),as in article 11.

]llustrative Examl)les

Example 1: Show that the equations

[/r=1+ecos® and
represent the same conic.

l/r=—=1+¢cos®
(Agra 2006, 10; Bundelkhand 04, 13; Kanpur 09, 11;
Meerut 07B, 10, 12B; Kashi 13, 14; Purvanchal 11;

Rohilkhand 05, 06, 09, 10; Kumaun 10, 14)
Solution: The given equations are
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[/r=1+¢cosb, (1)
and [/r=-1+¢cos®. .. (2)

First we shall show that every point on the curve (1) also lies on the curve (2). Let
P (r, ,0;) be any point on the curve (1) so that

I/ =1+ ecos 6. ...(3)
Now the coordinates of the point P can also be expressed as (- 77,8, + m)instead of
(1, 0;). These coordinates will satisfy the equation (2) if

l/(-n)=-1+¢cos (8 +m)
ie,if=1/ry ==1-ecos® ic.,ifl/r; =1+ ecos®; which is true by virtue of (3).
Thus every point Pon the curve (1) alsolies on the curve (2). Similarly we can show
that every point on the curve (2) is also a point on the curve (1). Hence the
equations (1) and (2) represent the same conic.

Example 2: In a conic prove the following :—
(i) The semi-latus rectum is the harmonic mean between the segments of a focal chord.
(Kashi 2013; Rohilkhand 11, 12; Purvanchal 13; Bundelkhand 13)

(ii)  The sum of the reciprocals of the segments of any focal chord is constant
1 1

Y — +
Sp  Sp’

ie = % (constant).

(iii) The sum of the reciprocals of two perpendicular focal chords is constant

ie., 1 + = constant.
PP QY
(Meerut 2004B; Bundellkhand 06; Kanpur 06, 08, 10; Purvanchal 13)
Solution: (i) Let the equation of the conic 0 T4a
be
[/r=1+¢cosé. ..(1)
Let PSP’ be a focal chord. If the vectorial Fre
angle of P is o, the vectorial angle of P’ is S 0 '\
7 + o. Thus the coordinates of P and P ”are i lx
respectively (SP, o) and (SP”, o + m). Q'
L:1+ecosoc, .. (2)
SpP FPlasw
and i=l+ecos(0¢+n)
spP’
=1-¢cos o. -(3)
Adding (2) and (3), we have
[ /

—+ =
SpP SpP’
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I, trn .(4)

o 2lsp s T

.. 1/11is the arithmetic mean of 1/ SP and 1/ SP’ and so [ is the harmonic mean of
SP and SP’.

(ii) The equation (4) implies that the sum of the reciprocals of the segments of any
focal chord is 2 / [ which is a constant.

(iii) Now suppose QQ " is a focal chord at right angles to PP “i.e., PP "and QQ” are
two perpendicular focal chords. Hence if the vectorial angle of P is a, then the

vectorial angle of Q is % n + o Also the vectorial angle of P ”is 7 + o

From (2) and (3), we have

PP’ =SP+ SP’ = ! + ! = 21
l+ecoso l—cecoso 1-¢2 cos? o
or 1 :]—62 cos? o .(5)
PP’ 21

Now if the vectorial angle of the extremity P of the focal chord PSP’ is o, then the
vectorial angle of the extremity Q of the focal chord QSQ" is % T + o. So replacing

PP’ by QQ’ and o by% 7 + o in the relation (5), we have

1-¢® cos? (in+oc)
2

1 _ :1—32 sin? o (6)
QQ’ 21 21
Adding (5) and (6), we have
1 1 2-7

which is a constant.

+ =
PP’ QQ’ 21
Example 3: 1IfPSQ and PS’ R be two chords of an ellipse through the foci S and S’, show

PSs PSS’
that — + is independent of the position of P.
(Bundelkhand 2005, 12; Purvanchal 08)

Solution: Let the polar equation of the ellipse Do’
be s 5’ LA

[/r=1+ecos®. (1) AR TYS§ A
Since PSQ is a focal chord, therefore if the
vectorial angle of Pisa,then thatof Q is w + o Gn+o

[/SP =1+ ecos o, ...(2)
and [/SQ=1+¢ecos(m+0a)=1-ecoso. ..(3)

Adding (2) and (3), we get
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[ )
- 4+ =
SP SQ
or L, 1_2 (4)
SP SQ I
Multiplying both sides of (4) by SP,we have
SP_2gp 1. .(5)
SQ I
Similarly for the focal chord PS’R, we have
SP _2gp_y ..(6)
SR |
Adding (5) and (6), we get
SP + SP_2 (SP + S’P) -
SQ SR 1

But in the ellipse,
SP + S’P = the sum of the focal distances of the point P
= the length of the major axis = 2 4, say.
SP s'P 2. 2a
SQ S'’R 1

which is a constant and so is independent of the position of P.

’

Example 4: A point P moves, so that the sum of its dzstancesﬁ om two fixed points S, S is
a(l-¢®)

r

constant and equal to 2a. Show that P lies on the conic————— =1 — ¢ cos Oreferred to S as

pole and SS’ as initial line, SS” being equal to 2ae.
Solution: Taking S as the pole and SS” as the initial
line, let the polar coordinates of P be (r, 6).
PS=r, and PS' =2a-r
because PS + PS’ =2a (given).
Also SS” = 2ae (given).
Now from A PSS’ ,we have
r? 4 Qae)’ - Qa-r)’

cos 6=

[By cosine formula]

2.r.(2ae)
_r+a(€2 -1
B er
2
-1
ecosezl+a(€7)
B
2
-1
or le—ecos&
r

which is the required locus of P and is a conic.
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@mprehensive Exercise 1

1. If PSP’ and QSQ’ be two perpendicular focal chords of a conic, prove

at ! -+ - is constant.
SP.SP”  SQ.SQ (Meerut 2004, 06B; Rohilkhand 06;
Kanpur 07; Bundellhand 14; Kashi 14; Kumaun 09, 13, 15)

2. Prove that the perpendicular focal chords of a rectangular hyperbola are

th

equal.
3. Achord PQof aconicwhose eccentricity is eand semi-latus rectum /subtends
2 2 2
a right angle at the focus S, show that (i - 1) + (1 - 1) = e‘— .
SP 1 SQ 1 12

(Kumaun 2012)

4. PSP ’is afocal chord of a conic. Prove that the locus of its middle point

is a conic of the same kind as the original conic.

5. Adcircle passing through the focus of a conic whose latus rectum is 2/meets the

conic in four points whose distances from the focus arer, ,, , 13 and r , prove
1 1 1 2

that l+—+—+—:—-
non o ornoor |
6. If the circle r + 2a cos 8 = 0 cuts the conic [/r=1+¢ cos (8 — o) in four
points, find the equation in r which determines the distances of these four
points from the pole. Show that if the algebraic sum of these four distances is
equal to 24, the eccentricity is equal to 2 cos o

7. Show that the equation of the directrix of the conic [/r=1+¢cos®
_ 2
corresponding to the focus other than the pole is L . € cos 6.
r +e

(Kumaun 2013)
8. Acircle of given radius passing through the focus S of a given conic intersects
it in A, B,C, D; show that SA. SB. SC. SD is constant. (Kumaun 2012)

15 ChordJ oining any Two Points on the Conic

To find the equation of the chord of the conicl / r = 1 + ¢ cos 8,whose extremities are (1;, 0, )
and (ry ,0,). (Meerut 2005B, 06, 07)
The equation of the conic is

[/r=1+¢cos®. (1)
Suppose the points P (r;,0,) and Q (r;, , 0, ) lie on (1). Then

I/ =1+ecos®, and /1 =1+ecos6,.
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Let the polar equation of any line be

AcosO+ Bsino=1/r. ...(2)
[The equation (2) represents a straight line because if we change it to cartesian
coordinates we get Ax + By = [ which is linear in x and y].
If the straight line (2) passes through the point P (7, 6, ), we have

Acos® + Bsin® =1/1n =1+c¢cosB

or (A-¢)cos O + Bsin6; —1=0. ...(3)
Similarly if the straight line (2) passes through the point Q (r,, 6, ), we have
(A-¢)cosBy + Bsing, —1=0. ...(4)
Solving (3) and (4) for A — ¢ and B, we get
A-e B B
sin B, — sin 6, " cos 0, —cos 0,
B 1 B 1
sin®, cos B, —cos O, sin®; sin (6, —6;)
A-e B
o I 1 - 1 ]
2 — (0, +65)sin— (06, —6 2sin—(0; +6,)sin— (0, — 6
C052(1 2)Sm2(2 1) Sln2(1 2)51n2(2 1)
_ 1
2sin - @, —0,)cos - ©, —6)
5 P2 7% 5 W2 7Y
A-ce B 1
o I T T '
— (6, +6 in— (8, +6- — (0, -6
cos 5 (0 +8,) sing (B +8,) cos_ (B, ~6)

Azcosl(el +92)sec%(92 -0;)+e

N

1
B=sin—(®, +6 — (05 —0,).
Sm2(1 2)5302(2 1)

Putting these values of A and B in (2), the equation of the chord PQ is given by
l/r= {COS%(GI +0,) sec%(ﬁz -0;)+e¢}cosB

+ {sin%(@l +0y) sec%(@z —0,)}sin®

or l/r=ecose+sec%(6—61)cos {6—%(61+92)} ..(5)

Thus remember that (5) is the equation of the chord joining the points ‘6, ’and ‘9, ’
on the conic!/r =1+ ¢ cos 6.
Corollary: Ifthe points P and Qare such that theirvectorial angles areo. — fand

o + B, so that the sum of the angles is2o.and their difference is 2B, then the equation
(5) of the chord PQ becomes

I/r =ecosB +secP cos(d—0q). ...(6)
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14 Tangent to the Conic at a Given Point on it

To find the equation of the tangent at the point (ry, 0, ) of the conic

I[/r=1+c¢cosb. (Rohilkhand 2005, 07; Meerut 07B;
Bundelkhand 10; Kumaun 07, 09, 14)

Let P be a given point (r;,0;) on the conic //r =1+ e cos 6. Take another point
Q (ry , 0, )onthe conic. Proceeding asin article 13, we get the equation of the chord
joining the points P and Q as

l/r=ecosG+sec%(92 —-0,) cos {9—%(61 +6,))

[Derive the equation here].

Now the tangent at P to the conic //r =1+ ¢ cos 8is the limiting position of the
chord PQasQ — P ie.,as6, — 0,.5So taking the limit of the equation of the chord
PQas6, — 0;,we get the equation of the tangent to the conic//r =1+ ¢ cos 0 at
the point whose vectorial angle is 6, as

I/r=e¢cos®+cos (0-6). (1)
Corollary 1: If the conicis//r =1+ e cos (6 — o), the tangent at the point ‘6, "is
given by I/r=ecos (®—-0)+cos (O —-6). ...(2)
Corollary 2: If the conicis//r =1- ¢ cos 6, the tangent at the point 0, is
I/r=ecos (m+86)+cos{(m+86)—(n+6)}
ie., l/r=—-e¢ecosB+cos (©—6). ..(3)
(Bundelkhand 2008)

Corollary 3: To find the slope of the tangent (1). The equation (1) may be
written as

l=rcos®cos® +rsin@sin® +e¢.rcosb

or l=xcos® + ysin® +ex
or ysin® =—x(e+cosO)+1
0
the slope of the tangent (1) __Lreosh ...(4)

sin 6,

9] Asymptotes

To find the equation of the asymptotes of the conic  1/r =1+ ¢ cos 6.
(kumaun 2013, 15)

The equation of the conic is

[/r=1+ecos6. (1)
Suppose (r’, o) is a point on (1), so that

[/r"=1+e¢coso. .. (2)
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The equation of the tangent to the conic (1) at the point (r’, o) on it is
[/r=ecos6+cos (0—a). ..(3)

We know that an asymptote is the limiting position of the tangent as the point of

contact tends to infinity. Hence (3) will tend to an asymptote if r " tends to infinity.
Now if 7” tends to infinity, we have from (2),

O0=1+ecosa.
cosoo=—1/¢ and sina=+V{1-(1/¢*)} ..(4)
From (3), we have
I/r=ecos6+cosBcos o +sin B sino.
Substituting for cos o and sin o from (4) in it, we have
I/r=ecos®+cos®.(—1/e)+sin®V{l—(1/e)}
or le/r=(c* —1)cos @+ (¢* —1)sin6. .(5)

The equation (5) represents the equations of the two asymptotes of the conic (1).
Clearly the asymptotes are real only when ¢ > 1i.e., the conic (1) is a hyperbola.

[llustrative Examl)les

Example 5: A chord of a conic subtends a constant angle at a focus of the conic. Show that
the chord touches another conic.

Solution: Referred to the focus S as the pole, let the equation of the conic be
[/r=1+¢cosb. (1)

Suppose a chord PQof the conic (1) subtends a constant angle 2 at the focus S.Let
o, — B and o + B be the vectorial angles of the extremities of the chord PQ.Then the
equation of the chord PQ is

[/r=ecos0O+secPcos(®—a)
or (lcosPB)/r =ecosPcosb+cos (0—a). .. (2)
Obviously the straight line (2) 1is the tangent to the conic
(IcosB)/r =1+ (e cos B) cos 6 at the point whose vectorial angle is o.

Hence the proposition.

Example 6:  Find the condition that thelinel / r = A cos © + B sin O may be a tangent to

the conicl/r =1+ e cos 6. (Meerut 2004B, 06B, 07, 11, 12B; Kanpur 07, 09;
Kumaun 08, 13, 15; Bundelkhand 04; Avadh 07, 09, 13;
Purvanchal 08, 13; Rohilkhand 13)

Solution: Suppose the line

l/r=Acos0+ Bsin® (1)
is a tangent to the conic

I[/r=14+ecos6 .. (2)
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at the point whose vectorial angle is o. The equation of the tangent to (2) at the
point ‘o is

l/r=cos (®—0a)+ecos0
or [/ r=(e+cosa)cosB+sin 0 sin o ..(3)

The equations (1) and (3) should represent the same line. So comparing the
coefficients of 1/ r, cos 6 and sin 0, we have
- ¢+coso  sina

A B

or cosao=A—-¢ and sino = B.

Squaring and adding, we have
(A-e¢? +B%> =1
This is the required condition.

Example 7: A conic is described having the same focus and eccentricity as the conic
I/ r =1+ e cos 6, and the two conics touch at the point © = o;; prove that the length of its latus
rectum is 21 (1= ¢*) / (¢* + 2e cos o + 1). (Avadh 2007)

Solution: The equation of the given conic is

[/r=1+e¢cosO (1)
the focus being at the pole.
Let the equation of the conic having the same focus and eccentricity as the given
conic be

Iy /r=1+ecos (®—-v), ...(2)
where v is the angle of inclination of its axis to the initial line and /; is its semi-latus
rectum. Since the conics (1) and (2) touch at the point 6 = o, the tangents to them
at the point o are the same lines.
The equation of the tangent to (1) at the point o is

[/r=cos(®—oa)+ecos6
or I/r = (cos a + e) cos 0 + sin o sin 6. ..(3)
The equation of the tangent to (2) at the point o is

ly /r=cos (®—0a)+ecos (®—7)
or I, /7= (coso +ecosy)cos B+ (sino + ¢ sin y) sin 6. ...(4)
Now the equations (3) and (4) are identical because they represent the same line.

So comparing (3) and (4), we have
/ cos o +e sin o

I, coso+ecosy sino+esiny

elcosy=() —I)coso+el, ..(5)
and elsiny= (] —1I)sina. ...(6)
To eliminate y, squaring (5) and (6), and adding, we get
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A1 =l =17 + 21 +2el, (I 1) cos o

or —? (17 =1%) =@ = D* +2el; (I - 1) cos o

Since [, # [, therefore, dividing both sides by /; — [, we have
—® (L, +1)=(; — 1)+ 2el, cos o

or I (1+2ccosa+e?)=1(1-¢).

the length of the latus rectum of the conic (2)
20(1-¢)

(1+26COSOL+€2).

=2l =

Example 8:  Two equal ellipses of eccentricity e, are placed with their axes at right angles
and they have one focus S in common. If PQ be a common tangent, show that the angle PSQ is
equal to 2 sin”! (e/N2).

Solution: Take the common focus S as the pole and the axis of one ellipse as the

initial line so that the axis of the other ellipse makes an angle % n with the initial

line. Let the equations to the two equal ellipses be

I[/r=14+ecos® (1)
and I[/r=1+e¢ecos (®—m/2) or [/r=1+esin®. .. (2)
It is given that PQis acommon tangent to the two ellipses. Let the vectorial angles
of P, a point on (1), and Q, a point on (2), be o and B respectively. Therefore the
tangent to (1) at the point o, ie., [/r =cos (8 —o) + ¢cos 8
or [/r=(cosa+e)cos O +sin o sin O ...(3)
and the tangent to (2) at the point B ie., [/r=cos (6 —P) +esin®
or [/r=cosPcos6+(sinP +e¢) sind ...(4)

should be identical. Hence comparing (3) and (4), we have
l_(:osoc+e _ sina

cos B _sin[3+e

coso+e=cosP ie, cosp—-cosa=¢

and sino=sinP +e¢ ie., sino—sinP =e.
Squaring and adding, we get 2 -2 (cos 0. cos B + sin o sin B) = 2¢
or cos(()c—[3)=l—e2
or 1—251112%(0(—[3):1—62
.o 1 1 - ] e
or sin® —(w—-B)=—¢ or sin—(a—-B)=—.
5 @=B) =2 5 @=B) 7
1

o (@ —PB)=sin"! (¢/2).

ZPSQ=0-p=2sin"! (e/+2).
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Example9: A focal chord PSP’ of an ellipse is inclined at an angle oto the major axis. Show
that the perpendicular from the focus on the tangent at P makes an angle
tan~" {sin o/ (¢ + cos o)} with the axis.
Solution: Let the conic (given to be an ellipse) be
l[/r=1+¢cos,
the focus S being at the pole.

Since the focal chord PSP’ makes an angle oowith the major axis i.e., the initial line,
therefore the vectorial angle of P is c.

X
The tangent at P is
[/r=cos (®—0a)+ecos0
or [ =(cos o +e¢)(rcos®) +sina.(rsin®)
or I=(coso+e)x+sino. y. (1)

If the tangent (1) makes an angle ywith the major axisi.e.,with the initial line, then

tan y = the slope of the line (1)

coso + ¢

__cosare (2)

sin o

Let SQ be the perpendicular from § to the tangent (1).
Then the angle which SQ makes with the major axis is y — % . (See the figure.)

Now tan (w—%n)z—cotw

sin o
=——, using (2).
cosa+e¢

the required angle = y — % T

=tan"! {sina/ (e +cos a)}.
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10.

@mprehensive Exercise 2

Prove that the condition that theline / / r = A cos 8 + B sin  may touch the
conic//r=1+e¢cos (0 —a)is
A? + B> ~2¢(Acosa + Bsina) +¢> —1=0.
(Meerut 2009, 10B; Avadh 13)

Prove that the line ! =cos (6 — o) + ¢ cos (0 — ) is the tangent to the conic
r

! =1+ ¢cos (6 — v) at the point for which 8 = o
’

Show that the two conics [} /r=1+¢ cos® and I, /r=1+¢, cos (0 —0)
will touch one anotherif L2 (1—-e,2) + 1,> (1-¢%) =21, (1-¢/ey cos ).
(Bundelkhand 2006, 07, 08; Purvanchal 07, 10)

PSP’is afocal chord of a conic; prove that the angle between the tangents at P
2 e sin o
1-¢?
major axis. (Meerut 2005, 06; Kanpur 06, 08, 14;

Purvanchal 07, 13)
Show that the locus of the point of intersection of two tangents to the

and P’ is tan™! ( ]Where o is the angle between the chord and the

parabola [/ r =1+ cos 8, which cut one another at a constant angle o is the
hyperbola, [ / r = cos o. + cos 6. (Rohilkhand 2007)
Prove that the portion of the tangent intercepted between the conic and the
directrix subtends a right angle at the corresponding focus.

or
Let the tangent at any point P on a conic whose focus is S meet the directrix
in K, show that the angle PSK is a right angle.
PSP’ is a focal chord of the conic. Prove that the tangents at P and P’
intersect on the directrix.
Two conics have a common focus; prove that two of their common chords
pass through the intersection of their directrices.
If the tangent at any point of an ellipse makes an angle o with its major
axis and an angle  with the focal radius to the point of contact, show
that ecosa = cos 3.
QR,a chord of the conic/ /r =1 - ¢ cos 6, subtends a constant angle 2a. at its
focus S, and SP, the bisector of the angle QSR, meets QRin P. Show that the

locus of P is the conic (/cosa)/r=1-¢cosacos 6.
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11. Prove that two points on the conic [/ r =1+ ¢ cos © whose vectorial angles
are o, and B respectively will be the extremities of a diameter if
e+1 o B

— =tan— tan — -
¢ — 2 2

12. If POP’ be a chord of a conic through a fixed point O, prove that
tan %P'SO tan % PSO is constant, S being a focus of the conic.

13. Ifthe tangent from a point Pto the conic/ / r =1+ ¢ cos 8 subtends the fixed
anglep at the focus, prove that the locus of the middle point of SPis a conic of
eccentricity esec f.

16 Auxiliarg Circle

Definition:  The locus of the foot of the perpendicular from the focus on any tangent to a

conic (ellipse or hyperbola) is a circle called the auxiliary circle of the conic.
The equation of the auxiliary circle:  Tofind the locus of the foot of the perpendicular
from the focus of the conic 1 / r =1+ ¢ cos © on a tangent to it.

Or

To find the polar equation of the auxiliary circle of the conic 1/r =1+ e cos 6.
(Goralchpur 2006)

The equation of the conic is

I/r=1+¢ecos®. (1)
Consider a point ‘o’ on (1). The equation of the tangent at the point ‘o is
I/r=cos (®—a)+ecos 0. ..(2)

Changing (2) to cartesian coordinates, we have

I=(coso+e) x+sino y. ...(29)
The equation of the line perpendicular to (2”) and passing through the focus (i.c.,
the pole or origin) is

0 =sino.x—(cosa+e) y.
Changing it to polars, we have

O=sino.rcos®—(cosa+e)rsind
or sin (0 —a) = —esin 6. ..(3)
Now the foot of the perpendicular from the focus S to the tangent (2) is given by
the intersection of (2) and (3) , and hence its locus is obtained by eliminating the
variable ‘o’ between (2) and (3). The equations (2) and (3) may be rewritten as

l—ecosezcos(e—oc) and —esin®=sin (0 — ).
’

Squaring and adding these equations, we have
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(f—ecoseJ +¢° sin” 6 =1
;
2
or %—ZECOSG-%CZ—I:O
r r
or €2 =Dr?> —2lercos®+ 1> =0. ..(4)

This is the required equation of the auxiliary circle.

Particular case: If the conic be a parabola i.c., ¢ = 1, the equation (4) becomes

—2lercos®+1%2 =0

or l/r=2cos®

or [/r=cos(©®—-0)+1.cos®

which is the equation of the tangent to the parabola//r =1+ cos 8 at the vertex
(i.e.,at the point 6 = 0). (Gorakhpur 2006)

[{ The Point of Intersection of the Two Tangents

To find the point of intersection of the two tangents at the points o. and B on the conic
I/r =1+ ¢ cos®.

The equation of the conic is

[/r=1+ecos®. (1)
The equations of the tangents to (1) at the points o and P are respectively

[/r =cos (60— o)+ ecos b, .. (2)
and [/r=cos (0—f)+ecos 6. ..(3)

To find the points of intersection of (2) and (3), subtracting (3) from (2), we have
0 =cos 6 — o) —cos 6 —P),

or cos (0 — a) =cos (6 — B).
0-—a==x(0-0).

If we take the +ive sign, we get oo =  which is inadmissible.

So taking the —ive sign, we get

0—0=—0+B or e:%@+ﬁy (4
Putting the value of 6 from (4) in (2) or (3), we have
[/r =cos {%(a+ﬁ)—a}+ecos%(a+ﬁ)
=cos%(a—[3)+ecos%(oc+[3).

If the point of intersection is (r”,0”), then we have

0 = @+
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and I/r :cosi(oc—[_’))+ecos§(oc+[3). ...(5)
Particular case: If the conic is a parabola i.c., ¢ = 1, then from (5),
l/r’=cos%((x—[3)+cos%((x+[3) :2COS%OLCOS%B
or r’=(l/2)sec%ocsec%[3, and 6’=%(0c+[3). ...(6)

Note: Students are advised not to use the results of equations (5) or (6) directly in
solving the problems.

18 Director Circle

Definition:  The locus of the point of intersection of two perpendicular tangents to a conic,
is called the director circle of the conic.

The equation of the director circle: To find the equation of the director circle of the

conicl/r =1+ ¢cos 0. (Rohilkhand 2005; Kumaun 08;
Avadh 09; Purvanchal 12, 13)

The equation of the conic is
[/r=1+¢cosb. (1)

The director circle of the conic (1) is the locus of the point of intersection of
perpendicular tangents to the conic (1).

The equations of the tangents to (1) at the points o and B are
[/r =cos (60— o)+ ecos b, .. (2)
and [/r=cos (0—p)+ecos6 ..(3)
respectively.
To find the point of intersection of (2) and (3), subtracting (3) from (2), we have
O=cos(®—0a)—cos (®—P) or cos (®—a)=cos (O-f).
0—a=-(0-B) or 6=%(oc+[3).

Putting 6 = % (o +B)in (2), we have
1 1
[/r =cos {§(a+[3)—oc} +ecos§(a+[3)

:Cos%(oc—ﬁ)+ecos%(oc+[3).

Thereforeif(r”,0")be the point of intersection of the tangents (2) and (3), we have
9’=%(0L+[3)and l/r’=cos%(oc—[3)+ecos%(a+[3). ...(4)

Changing the equation (2) of the tangent at the pointocto cartesian form, we have

I=(coso+e)x+(sina) y.
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- m; = slope of the tangent (2) =—(cos o + ¢)/ (sin o).
Similarly my = slope of the tangent (3) = —(cos B +¢)/(sin B).
The tangents (2) and (3) are perpendicular, if mym, =—-1
[ (cosa+e)][ (cosP+e)]
or - - =-1
sin o sin 3
or (cosoccos[3+sinasin[3)+e(cosa+cosB)+e2=O
or cos(oc—B)+2€cos(a+B)cos(OL_B)JreZ=O
2 2
or 2 cos” L_B — 1+ 2¢cos o+P cos - +¢2 =0 ...(5)
2 2 2
Now from (4), we have
%(oc+[3)=6’ and Cos%((x—ﬁ)=l/r’—ecose’. ...(6)
Eliminating oo and B with the help of (5) and (6), we have

2

2(1,—ecose’) —l+2€cos(9’.(l,—ecos@’)+e2 =0
r r

or I-e?)r'? +2ler’ cos®’ —21% =0.
the locus of (r 7,0") is

(1—62)1’2 +2ler cos 0 — 21> =0, (7)

which is the required equation of the director circle.

Particular case: Iftheconicisaparabolai..,ife =1, the equation (7) becomes
2lrcos 0 —1> =0

or [/ r=cos6,

which is the equation of the directrix of the parabola//r =1+ cos 6.

Hence in the case of a parabola the locus of the point of intersection of
perpendicular tangents is the directrix of the parabola.

lllustrative Examlbles

Example 10:  Show that the locus of the feet of perpendiculars from the focus S of a conic on
chords subtending a constant angle 2y at S is the circle whose polar equation referred to S as
pole is 2 (& = sec? v) — 2ler cos © + =0

where 21 is the latus rectum and e the eccentricity of the conic. (Kumaun 2015)

Solution: Referred to the focus S as the pole let the equation of the conic be
[/r=1+¢cosb. (1)
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Let PQbe achord of (1) subtending an angle 2y at the focus S.Leto. — yand o + ybe
the vectorial angles of the extremities of the chord PQso that ZQSP = 2y;hereais
a parameter. Then the equation of the chord PQ is

[/r=ecosB+sec ycos (0-a) .. (2)
or [/r =ecos 0 +secycosBcoso +secysin 0 sin o
or [=(e+secycosa)rcosB+(secysina)rsin. (29

Mentally transforming (2) to cartesians, we see that the equation of the

perpendicular drawn from the focus S (i.e., the pole or origin) to the line ( 2’) is
0 = (e + sec ycos o) r sin 6 — (sec y sin o) r cos 6

or —esin® = sec ysin (6 — o). ..(3)

The foot of the perpendicular drawn from the focus S to the chord (2) is the point of

intersection of the lines (2) and (3). To find its locus we have to eliminate the

variable o between (2) and (3).

The equation (2) can be written as
(I/r —ecos ) =secycos (®—a). ...(4)
Squaring and adding (3) and (4), we get

¢? sin? 0+ (I/r — e cos 0)* =sec” y
o 1221 .
or €Z+%——ecosezsecly
r r
or r? (¢? —sec? ¥) =2 lercos®+ 1> =0,

which is the required locus.

Example 11: IfA, B, C be any three points on a parabola, and the tangents at these points
Sorm a triangle A’B’C”, show that SA. SB. SC = SA” . SB’ . SC”, S being the focus of the
parabola.

Solution: Let the equation of the parabolabel / r =1+ cos 6,referred to the focus
S as the pole.

Let the vectorial angles of A, B, C be a, B, y respectively. The equations of the
tangents at these points are

[/r=cos (0 —a)+cos 6, (1)
[/r=cos (0—p)+cos6, ..(2)
and [/7r=cos (0—1)+cos 6. ...(3)

If C”is the point of intersection of the tangents (1) and (2), then the vectorial angle
of C’ = % (o0 + B) and the radius vector of C’

ie., SC"=(l/2) sec 51 o sec 51 B. [See equation (6) of article 17 ]
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Similarly SA"=(l/2) sec % B sec % vand SB” = (I/ 2) sec % Y sec % o

SA’.SB’.SC’ = (I® /8) sec? %oc sec? %B sec? % Y. ...(4)
Again since the point Awhose vectorial angle isocand radius vectoris SAlieson (1),
therefore

ZNM:Hmma=2w¥%aor&%ﬂ”%w&%m
Similacly  SB=(I/2) sec? % B and SC = (1/2) sec? % Y

&mSBsczw/&m&%am&%Bm&%y ..(5)

From (4) and (5) the required result follows.

Example 12:  Find the equation of the circle circumscribing the triangle formed by tangents
at three given points of a parabola.
Solution: Let the three points on the parabola

I/r=1+cos6
be A, B, Candleta, B, ybe their vectorial angles. Alsolet A", B”, C”be the points of
intersection of these tangents. Then as in Example 11,

the point A’ is ( EI secg sec 1 , M) ,

2 2
the point B’ is lsecgsecz,OHM{ ,
2 2 2 2
and the point C” is lsecgsecﬁ,owrB .
2 2 2 2
By actual substitution we see that the three points A”, B”, C” lie on the curve
r:lsecgsecgsecxcos G—LM : (1)
2 2 2 2 2

The equation (1) is of the type

r=2acos (®—2)
which is the equation of a circle passing through the pole, the diameter through the
pole making an angle A with the initial line and the length of the diameter equal to
2a.
Hence the equation (1) is the equation of the circumcircle of the triangle A" B” C’,
the length of the diameter of the circumcircle being equal to

1 1 1
[/2)sec — o sec — [ sec —
(1/2) < CZB cy

and the diameter through the pole making an angle 1/2 (o + B + y) with the initial

line.
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Remark: The centre of the circle (1) is the middle point of its diameter passing
through the pole. So the vectorial angle of the centre of the circle (1) is

1/2 (o + B + v) and the radius vector is (//4) sec % o sec % B sec % Y.

@mprehensive Exercise 3

1. Prove that the centres of the four circles circumscribing the four triangles
formed by the four tangents drawn to a parabola at points whose vectorial
anglesarea, B, v , 8lie on another circle which passes through the focus of the
parabola.

2. If the tangents at any two points P and Q of a conic meet in a point T',and if
the chord PQ meets the directrix corresponding to S in a point K ,prove that
2 KST is a right angle.

3. PQisavariable chord of a conic having S for focus and angle PSQis constant.
Prove that the locus of the point of intersection of tangents at P and Qs a
conic having S for a focus and the corresponding directrix is common with
the given conic.

4. Prove that, if chords of a conic subtend a constant angle at a focus, the
tangents at the ends of the chord will meet on a fixed conic and the chord will
touch (or envelope) another fixed conic.

5. Provethat thelocus of the point of intersection of tangents at the extremities
of perpendicular focal radii of a conicis another conic having the same focus.

6. Prove that the radius vector TS of the point of intersection of tangents at P
and Qbisects the angle between the radii vectors of Pand Q (i.e., between PS
and QS).

7. A chord PQ of a conic subtends a constant angle 2y at the focus S and
tangents at P and Q meet in T" ; prove that

i+i_2cosy=25in2 Y
SP - SQ ST l

8. Show that the locus of the intersection of two perpendicular tangents one

drawn to each of the two parabolas with a common focus whose axes are
neither coincident nor perpendicular is a conic.

9. P,Q,Rare three points on the conic//r =1+ ¢ cos 8 the focus S being the
pole. The tangent at Q meets SP and SRin M and N so that SM = SN = [.
Prove that the chord PR touches the conic [/r =1+ 2¢ cos 6.
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10. If PQis the chord of contact of tangents drawn from a point T to a conic
whose focus is S, prove that
(i) ST? =SP.SQ,if the conic is a parabola;
(if) 1 — 1 = i sin’ PSQ
SP.SQ sT? p?

its semi-minor axis.

if the conic is a central conic and b is

19  Pairof Tangents

To prove that the equation of the pair of tangents drawn to the conicl / v = 1 + ¢ cos 6 from the
point (r*,8")is (S* - 1)(S"* - 1) = P?,
where S=1l/r-ecs0,S = 1/r"—ecos®’
and P= (I/r—ecos®) (/1" —ecos®”)—cos (0—6").
Hence to prove that the equations of the asymptotes of the conic are
le/r=(® =1 cos©+(e? =1 sin6.

Consider a point P with vectorial angle o on the conic

I/r=14e¢cosB (1)
The tangent to (1) at the point o is

[/r=cos(®—a)+eccosb. ...(2)
If the tangent (2) passes through the point (r*,8"), we have

[/r"=cos (® —a)+ecos0’. ...(3)

The required equation of the pair of tangents is obtained by eliminating o.between
(2) and (3).

We have
(S? —=D(S”? =D={(/r-ecos0)? =1} {(I/r"—ecos0’)> -1}
= {cos® (0 — o) — I}{cos® 0’ —a) — 1}, [Using (2) and (3)]
={—sin® 0 - a)}{-sin® 0’ - )}
=sin® (0 — o) sin? (0’ — ). ..(4)
Also P=(/r—ecos®)(I/r"—ecosB’)—cos (®—-6")

=cos (0 —o)cos (0" —a)—cos (0—-6") [Using (2) and (3)]
=l{2 cos(@—o)cos (0" —a)} —cos (6—-0")

{cos ®+06"—20) +cos (0—0")} —cos (0—-6")

{cos (@ +6" —20) —cos 0—-0")}
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=% {2 sin (0 — a) sin (0 — 07)}
=—sin (0 — o) sin (0" — o).
P? =sin® (0 — o) sin® (8’ — a). ...(5)
From (4) and (5), we have
(S? - (S”? -1 =Pr°. ...(6)

Since the equation (6) does not contain o, therefore it is the required equation of
the pair of tangents drawn from the point(r ”,8") tothe conic //r =1+ ¢ cos 6.

To find the asymptotes: The asymptotes can be regarded as the pair of tangents
drawn from the centre of the conic. The coordinates of the centre referred to the

focus S as pole are (ae, m) i.c., [1 el ; ,n)'
—¢

Therefore to find the asymptotes the point (r”,0") is to be taken as the point
4
1-¢?’

Taking these values of r” and 6, we have
cos (0—0")=cos (6 — ) =—cos 6,

r’= e and 0’ =m. (7)

1-¢2

1-¢* 1-
S':l—ecose’zig—ecosn— ¢ +e—1]

r’ e EL .(8)
and P=(£—ecos@)}+cose=i- l

r e er

Putting the values from (8) in (6), the equation of the asymptotes is

[ (esod) -

221 2
or {ZQ—ECOSG+€2COS —1}(1—g> r
r r B
2 2712 21 ) { 9
or %_ei e(l—e)cose+e2 (l—ez)cose—(l—gz):L
r r r P
272 21
or ezl 2 (1-e?)cos0=¢” (1-¢?)cos” 8- (1-c?),
r r

by transposition of terms.
Adding the term (I - ¢?)? cos® 0 to both sides, we have

2712 21
. —E(l—e)cose+(l—e) cos’ 0
7 r

=(l—e2)2 cos® 0 + ¢ (1—82)COSZ 9—(1—62)
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2
or {‘i’+(1—32)cose} —(l=e?)cos® B{l—c® +e2)—(1-¢)
r

=(1—€2)(C082 6-1
=—(1-¢*)sin’® 0
= (62 -1 sin® 6.
Taking square root of both sides, we get
(le/r)+(1—e2)c056:i\/(62 —1)sin®
or le/r=(c* —1)cos @+ (c? —1)sin6.
These are the equations of the asymptotes of the conic

[/r=1+¢cos6.

20 Chord of Contact

To find the polar equation of the chord of contact of the point T (r’,0" ) with respect to the
conic 1/r =1+ e cos 6.

The given conic is
I[/r=14+ecos. (1)

Let P and Q be the points of contact of the
tangents drawn from the point T (r’,0") to the

conic (1).

X
Then the chord PQis the chord of contact of the
point T" with respect to the conic (1).
Let the vectorial angles of P and Q be o and
respectively.
The point of intersection T (r’,0’) of the
tangents at P and Q is given by
, 1

0 =§(OL+B), .. (2)

and l/l"=COS%(OL—[3)+€COS%(OL+B). ...(3)

[See article 17]
The equation of the chord PQ joining the points o and J is

l/r=sec%(0c—[3)cos {9—%((x+[3)}+ecose. (4

The equation (4) will become the equation of the chord of contact if o, are
eliminated with the help of (2) and (3).

The equation (4) may be written as
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1
COS{G——(OL+B)}
_ 2
——ecos 0= I
’
7(x_
COS2( B)
0-90’
or l—ecose: cos ( ) ,using (2) and (3)
r (I/r"—ecos®”)
) [ , ,
or (f—ecoseJ — —¢ecosB’|=cos (0-0").
r r

This is the required equation of the chord of contact of the point (r’,6”) with
respect to the conic [/ r =1+ ¢cos 8.

21 Polar of a Point

To find the equation of the polar of a point (r’,0) w.r.t. the conic 1/r =1+ ¢ cos 6.
(Avadh 2006; Purvanchal 09; Kumaun 08)

Suppose we want to find the equation of the polar of a given point R (r*,8”) with

respect to the conic [/r=1+¢cos6.

If we draw chords of the given conic Lo

passing through the point R,then the RG6) T (ry, 6
locus of the point of intersection of

the tangents at the extremities of .
these chords is said to be the polar of 5 X

QP
R with respect to the given conic.

Let PQ be any such chord meeting
the conic in points P and Q whose
vectorial angles are o and B respectively.
If P (r, 6, )is the point of intersection of the tangents at the points P ‘o’and Q ‘B,
then proceeding as in article 17, we have

0, =5 (0 +P) ()
and I/n =cos%(oc—[3)+ecos%((x+[3)
Le., I/r —ecos 9 =COS%((X—B). .. (2)

The equation of the chord PQ joining the points o and B is
l/r= sec%(oa—ﬁ)cos ‘{9—%(oc+|3)} + ¢ cos 6.

Since it passes through the point R (r *,0"), therefore
l/r’=sec%(oc—[3)cos {9'—%(0(-%—[3)} +ecos0’
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cos {6' - % (o +B)}

or I[/r’—ecos®’ = I

cos 3 (o —B)
or (I/r"—ecos®) = 7 7: (—e;;oeslél) [Using (1) and (2)]
or (I/ry —ecos®))(I/r"—ecos®’)=cos (0" —6). ...(3)

the polar of the point (r *,0") i.e., the locus of the point (7}, 6, ) is
(I/r—ecos®)(I/r"—ecosB’)=cos (0’ —0)
[Replacing r; by rand 6, by 6 in (3)]
or (I/r—ecos®)(I/r"—ecos®’)=cos (®—-0"). ...(4)

Remark 1: The pole of a line is the point of intersection of the tangents at its
extremities.

Remark 2:  Articles 20 and 21 show that the polar of a point with respect to a
given conic is the same as the chord of contact of the tangents drawn from that
point to the conic. But here the point must lie outside the conic.

22 Perpendicular Lines

Let the equation of a straight line be

[/r=Acos®+ Bsin6. (1)
Multiplying both sides by r the equation (1) may be written as

I = Ar cos 8 + Br sin 6.

Changing to cartesians this equation becomes

I = Ax + By. . (2)
The equation of any line perpendicular to the line (2) is

Bx — Ay = L, where L is any real number

or Br cos 8 — Ar sin @ = L, changing to polars
or L/r=Acos(%n+e)+Bsin(%n+6J. ...(3)

Thus (3) is the equation of any line which is perpendicular to the line (1). In the
equation (3) Lis any real number.

Rule:  The equation of any line perpendicularto 1/ r = A cos © + B sin © is obtained by

writing © + % « for © and changing  to a new constant, say, L.
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23 Normal to the Conic

To find the equation of the normal at a point “o on the conic 1/r =1+ e cos 6.

(Rohilkhand 2005; Bundelkhand 07, 09;
Kumaun 11, 14; Kashi 13; Avadh 14)

Let P (r;, o) be a point on the conic

[/r=1+¢ecos®. (1)
The tangent to (1) at the point P (1, o) is
[/r=cos (60— o)+ ecosb. .. (2)

The normal to (1) at the point Pis the line perpendicular to the line (2) and passing
through the point P.

The equation of any line perpendicular to the line (2) is

L/rzcos(e+ln—oc)+ecos(9+an
2 2

or L/r=—-sin(0—a)—esin®. ...(3)
Theline (3) will be the normal at the point Pif it passes through the point P (1}, o).
So putting r = 7; and 6 = o in (3), we have

L/n =-sin(o—0a)—e¢sino=-¢sino
or L=-71 esino
Now putting L = — 1 e sin oin (3), the equation of the normal to (1) at the point
P (r,0)is

—(nesino) /r=—sin(®@—o) —esin®
or grlslﬂzsin(e—oc)+esin9. ...(4)
Again the point P (r;, o) lies on (1).

I/ =l+ecosa ie, n=I0/(1+ecosa).
Putting the value of 7; in (4), the equation of the normal at the point Pin terms of o
alone, is given by

e si
Lﬂa.l:sin(e—a)+esin9. ..(5)
(I+ecosa) r

Corollary : In the case of the parabola//r =1+ cos 8,we have ¢ = 1and so the

equation (5) of the normal at the point ‘o becomes
['sin o
L-l=sir1(6—0c)+sir16. ...(6)
l+coso r
(Kashi 2013)

Remark: The equation of the normal at the point P (5;,0) to the conic

I[/r=1-e¢cos0is
—lesi

ﬂ.l:sin(@-a)-gsine_

l-ecosa r
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Illustrative Examlales

Example 13: If the normals at o, B, Y on the parabola 1/ r =1+ cos © meet at a point
(p, §), prove that 26 = o + B + 7. (Purvanchal 2009)

Solution: The equation of the normal to the parabolal/r =1+ cos 8at the point

Isi
sin A 1:si1f1(6—7u)+sir19.

A on it is -
l+cosA r

If it passes through the point ( p, ¢), we have

Isind 1 Gn 0= )+ sin 6.
l+cosA p

Changing cos A,sin A to half angles this equation takes the form
I tan® %l+0.tan2 %7»+(l+2pcos ()] tan% A—=2psin¢=0.
(1)

This equation being a cubic in tan% A gives three values of tan% A and hence three
values of A . Thus there are three points on the parabola the normals at which pass
through the point ( p, ¢).If these points areo, f, y, then tan% o, tan % B, tan % yare

the roots of the cubic (1) in tan % A.

By the theory of equations, we have for the cubic (1),

tanla+tanlB+tanly:Ztanloc:O,
2 2 2 2
Ztan%atan%ﬁz(l+2pcos 0) /1,

tan%(xtan%[.’)tanéyzZpsinq)/l.

Now from trigonometry, we have

Ztanla—tanlatanlﬁtanly

tan(loc+l[3+ly): 2 21 21 2
2 2 2 I—Ztaniatani[_’)

0 -(@2psino/I)

C1-{(I+2pcosd)/1}

3 —2psino/! .y
1-{1+@2pcosd)/1}

an ¢.

%a+%[3+%y:¢ or o+p+7y=20
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Example 14: Find the locus of the pole of a chord of the conic I/ r =1+ ¢ cos © which
subtends a constant angle 2+ at the focus. (Meerut 2006, 09B; Kumaun 10, 11)

Solution: The pole of a chord is the point of intersection of the tangents at its

extremities.

Let PQbe avariable chord of the conicl/ r =1 + ¢ cos ®which subtends a constant
angle 27y at the focus S of the conic. Let o, B be the vectorial angles of the points P
and Q respectively. Then £ PSQ =o —B. But according to the question
£ PSQ = 2y. Therefore

o—p =2y (D)
If T (r’,6”)be the point of intersection of the tangents at P and Q,then proceeding
as in article 17, we have

,_o+p
e - 2 ’ ...(2)
and lzcos(a_ﬁ)+ecos(a+ﬁ)- ..(3)
r’ 2 2

The pole of the chord PQis the point T and we have to find the locus of the point T".
The locus of T will be obtained by eliminating oo and B between (1), (2) and (3).
Substituting the values of o — B and o + § from (1) and (2) in (3), we have
[/r’=cosy+ecos®’
or (Isecy)/r’ =1+ (esecy)cos®’.
the locus of T' (r”,0") is
(I'secy)/r =1+ (esec y)cos 6,

which is a conic whose focus is the pole S i.e., the focus of the given conic.

@mprehensive Exercise 4

1. Show that three normals can be drawn from a point (p, ¢) to a parabola.

2. If the normals at three points of the parabola r = a cosec? 1/2 6 whose

vectorial angles area, B and ymeet in a point whose vectorial angle is ¢, prove
that 20 =a+B +y -

3. [Ifthetangent and normal at any point P of a conic meet the transverse axis in

T and G respectively and if S be the focus, then show that 1 L is

SG ST

constant.
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4. If the normals at o, 3, 7,8 on the conic [/r=1+¢cos® meet at a point
(p, 0) (i.e., these normals are concurrent), prove that

2
tangtanﬁtanx tar1§+ u =0,
2 2 2 2 \l-e
and o0+B+v+0-20=©2n+1) miec, an odd multiple of n radians.
(Rohilkhand 2010)

5. If the normal at L, one of the extremities of the latus rectum of the conic
[/ r =1+ ecos 6, meets the curve again at Q, show that

SQ=1(1+3¢> +e*)/(1+e* —¢*).

@)jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

1. The polar equation of the directrix of the COIliCl =1+ ¢ cos 6 corresponding
r

to the focus taken as pole is

- 2
(a)l:— 62 ecos 0 (b)l:ecose
r 1+e r
) )
(c) —=—-ecosH (d) —=esech.
r r

(Bundelkhand 2005, 07)

2. The equation of the tangent to the conic— = I — ¢ cos 8 at the point ‘o on it is

;
(a)lzecose+cos(6—(x) (b)lz—ecose+cos(9—0c)
r r
(C)lz—ecose—cos(e—(x) (d)lzecose—cos(e—a)
r r
3. The conic!/r =1+ ¢cos @ represents a hyperbola if
(a) e=0 (b) e=1
(c) e<l (d) e>1

(Rohilkhand 2005; Agra 14)
4. For a second degree curve if ¢ = 1, then the curve shall be
(a) a hyperbola (b) an ellipse

(c) a parabola (d) none of these
(Kumaun 2015)
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5.

10.
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For a second degree curve if ¢ < 1, then the curve shall be
(a) Hyperbola (b) Parabola
(c) Ellipse (d) Circle (Kumaun 2007, 11)

The polar equation of the circle, when its radius is 2 and its circumference
lies on the pole and the centre on initial line is

(a) r=2a (b) r =2asin®

(c) r=2acos6 (d) 2a=rcos® (Kumaun 2007)
The polar equation of a circle of radius 2 whose centre is at the pole is

(a) r =2acos6 (b) r =2asin6

(¢)r=a (d) r? = a® cos® (Kumaun 2009)
Conicg =4 -5cos0is

(a) a parabola (b) a straight line

(c) an ellipse (d) a hyperbola (Kumaun 2010)
r = 2acos represents

(a) an ellipse (b) a parabola

(c) a circle (d) none of these

(Kumaun 2013)

For a second degree curve if ¢ > 1, then the curve shall be

(a) a hyperbola (b) an ellipse

(c) a parabola (d) none of these
(Kumaun 2014)

Fill in the Blank(s)

Fill in the blanks “......" so that the following statements are complete and correct.

A conic is the locus of a point which moves so that its distance from a fixed
pointisina ...... to its perpendicular distance from a fixed straight line.

The length of the latus rectum of the conic//r=1+¢cosBis ...... .

Ife<1,the conic//r=1+ecos@isan ...... .

The polar equation of a conic with its focus as the pole and its axis inclined at

T |
an angle o to the initial lineis —=1+¢......
r

where [ is the length of the semi-latus rectum of the conic and e is the
eccentricity of the conic.

The equation of the tangent at the point (;, 6 ) of the conic I I+e¢cos® is
r

. e
The slope of the tangent to the conic — =1+ ¢ cos 6 at the point ‘o’ on it is
r
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The locus of the foot of the perpendicular from the focus on any tangent to a
conic (ellipse or hyperbola) is a circle called the ......

The locus of the point of intersection of two perpendicular tangents to a

conic, is called the ...... of the conic.

The polar equation of the chord of contact of the point (r, 8" )with respect to

r r

theconic£=l+ecoseis(l—ecosBJ (Z,—ecose’

=3 N

of the conic.

. P 1 .
The equation of the normal at a point ‘o’ on the conic — =1+ ¢ cos 8 is

Write “T” for true and °F° for false statement.

The conicl =1+ 3 cos 0is an ellipse.

The COHiCl =1+ cos @ is a parabola.

The equation of the tangent to the conic L 1+ ¢ cos (6 — a)at the point ‘'

7

on it is £=6’COS(9—B)+COS(9—OC).
r

. . . . .
The equation of the director circle of the conic — =1+ ¢ cos 6 is

-
(I-¢*)r? +21lercos0—-21% =0.

The equation of the polar of a point (r”,0”) with respect to the conic

r r

. . .
The equation of the chord of the conic — =1 + ¢ cos @whose extremities are

7

l=ecosG+sec(62;el)cos(9—elJ2rez)-

l=1+ecos€)is(l—ecosOJ(l,—ecos@’)=sin(6—6’).

@HSWGIS

(b) 2. (b) 3. (d) 4. (o)

7.
8.
9.
.
10.
lesinoe 1
l+ecosa r
True or False
1.
.
2.
.
3.
4.
5.
,
6.
the points (r,0,) and (r, ,0, ) is
r
Multiple Choice Questions
1.
6.

(c) 7. (¢ 8. (o 9. (0

5.
10.

(c)
(a)
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Fill in the Blank(s)

1. constant ratio

4. cos (0 —a)
6. — [4 +.COS o
sSin o

8. director circle

True or False

1. F 2. T
6. T

21 3. ellipse

lzecose+cos(9—91)
,

auxiliary circle

cos 6—0") 10. sin (0 — o) + esin 6
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Systems of Co-ordinates

1 Introduction

tudents know well that in co-ordinate geometry of two dimensions (i.e., plane
Sanalytiml geometry) the position of a point in a plane is referred to two
intersecting lines (in the plane of the point) called the axes of reference and their
point of intersection called the origin of co-ordinates. The axes are called
rectangular axes if they are at right angles, otherwise they are called oblique
axes. Whatever the axes may be, they divide the plane into four quadrants called
the first, second, third and fourth quadrants respectively.
But it is not always possible to determine the positions of all the points we can
imagine with reference to above co-ordinate axes. For example, consider the five
corners of arectangular parallelopiped, they do not lie in one plane. Such points are
called points in space. A point in space can be demonstrated as follows :
Consider your study room and let dimensions of the room be that of a rectangular
parallelopiped. Now consider any particle in air, then this particle in air is a point in space.
The geometry of such points in space is discussed in “Analytical geometry of
three dimensions” also called “Solid geometry.”
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2 Definitions

Analytical geometry is that branch of
mathematics which treats geometry ¥
algebraically ie., we have equations of c / M

geometric curves which reveal to us
their nature and properties.

Origin, Coordinate Axes and
Coordinate Planes. Let O be the W
point of intersection of two mutually 1‘;: O B

el

perpendicular straight lines X” OX and xy-plane

Y’OY drawn in the plane of paper. A
Imagine a third straight line Z"OZ N
passing through O and perpendicularto ¥ x 7'
both X”OX and Y’OY. Thus OZ is

perpendicular to both OX and OY i.e., OZ is perpendicular to the plane of the

paper. Also suppose that OZ points in that direction in which a right handed screw
will translate if rotated from OX to OY. Such a system of three mutually
perpendicular lines namely X" OX, Y’ OY and Z’ OZ is called a right handed system
of three dimensional rectangular coordinate axes. These lines are called x-axis, y-axis and
z-axis respectively. The point Ois called the origin. OX, OY and OZ are taken to be
positive directions whereas OX’, OY " and OZ’ as negative directions of x-axis, y-axis
and z-axis respectively.

We get three planes XOY (xp-plane), YOZ ( yz-plane) and ZOX (zv-plane) if the
above three axes are taken in pairs. They are called the coordinate planes. The three
coordinate planes divide the space into eight parts, called octants. The octant
OXYZ is called the positive octant.

DO Coordinates of a Point in Space

Let Pbe a point in space. Through P draw three planes PLAN, PNBM and PLCM
parallel to yz-plane, zx-plane and xp-plane respectively and meeting the x-axis,
y-axis and z-axis in the points A, Band C respectively. Complete the
parallelopiped whose coterminous edges are OA, OB and OC respectively. Let
OA = x,0B = y and OC = z,where x, y, z are taken with proper signs by the rule
explained in article 2. Then x is called the x-coordinate of P, y is called the
y-coordinate of P and z is called the z-coordinate of P. These coordinates are
written in the form of the ordered triad (x, y, z) and we say that the coordinates of P
are (x, y, z).

Obviously the x-coordinate of P is the algebraic distance of P from the yz-plane,
the y-coordinate of P is the algebraic distance of P from the zx-plane and the




Systems of Co-ordinates

|\.. G-43 |\ A\

z-coordinate of P is the algebraic

distance of P from the xy-plane. These cl©.0.2
— M

coordinates are taken positive or
negative in the sense explained in z x.v2)

article 2. Thus the perpendicular

=

distances of a point P with proper signs

Ty ""Ql

from the three coordinate planes 0
respectively are the coordinates of the X
point P. {x,0,0)
Obviously the coordinates of A are 4
(x,0,0), those of B are (0, y,0) and *x
those of C are (0,0, z).
Theline PAis in the plane LANPwhich is parallel to the yz-planei.e.,perpendicular
to OX and so PAis perpendicular to OX .Similarly PBis perpendicular to OY and
PC is perpendicular to OZ . Thus if the coordinates of P are (x, y, z) and if the
perpendiculars from P on x-axis, y-axis and z-axis meet them at A, Band C
respectively, then

OA=x,0B=y,0C=z.
The z-coordinate of Pis zero if and only if Plies in the xy-plane, the y-coordinate of

0x0 vy

L

Pis zero if and only if Plies in the zv-plane and the x-coordinate of Pis zero if and
only if P lies in the yz-plane. The coordinates of the origin O are (0,0, 0). The
y and z coordinates of each point on x-axis are both zero, the z and x coordinates
of each point on y-axis are both zero and the x and y coordinates of each point on
z-axis are both zero.

Relation between the position vector of a point in space and the coordinates
of that point.

e I . . - - A 2 N
Let 7 be the position vector of the point P (x, y,z)ie,OP = 7. Let i, jand k

denote the unit vectors in the directions OX, OY and OZ respectively. Draw PN
perpendicular from P to the xy-plane so that NP =z with proper sign and

NP=zFk. Through N draw a straight line NA parallel to y-axis and meeting the
r-axis at Aand a straight line NB parallel to x-axis and meeting the y-axisat B.Then
OA = x with proper sign and OB = y with proper sign.

- - N
We have OA=xi  and OB = yj = AN .

e T T T S - - o
Now r =0P =0ON + NP=0OA+ AN + NP [ ON = OA + AN ]
=xi + yj + zk.
Instead of writing F=xi+ yj + zk, we often find it convenient to write it as

7 = (x, y,z).
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Thus the position vector of a point P is the vector xi + yj + zk if and only if the coordinates of
the point P are (x, y, z).

4 QOctants

The three co-ordinate planes namely yz-plane, zv-plane and xy-plane divide the
space into eight parts called the octants, and to which octant the point P belongs is
determined by the signs of the co-ordinates of the point P.[See figure of article 2.]
The octant OXYZ in which the three co-ordinates are all positive is called the first
octant. The following table determines the signs in eight octants :

Octant | OXYZ |OXY' Z | OXY' Z' |OXYZ' |OX'YZ |\OX'Y' Z|0X'YZ' | OX'Y'Z'

x + + + - - - - -
y + - - - - - - -
z + + - - - - - -

[llustrative Examl)les

Example 1: What are the positions of the following points ?
(i) 12,3), (i) (1,-2.,3), (iii) 0,0,-3),
(iv) (-1,-2,0), (v) 2,0,0), (vi) (-1,-2,-3).
Solution: (i) (12 ,3)is a point in the octant OXYZ and its distances from the

co-ordinate planes yz, zv and xy are 1, 2 and 3 respectively.

(i) (L-2,3) is a point in the octant OXY’Z and its distances from the
co-ordinate planes yz, zx and xy are 1,2 and 3 respectively.

(iii) (0,0,-3) is a point on OZ’ i.e., on the —ve side of the z-axis situated at a
distance 3 from the origin O.

(iv) (=L —-2,0)isapoint in the co-ordinate plane xy since its z-coordinate is zero.
Itlies in the octant OX” Y’ Z and its distances from the co-ordinate planes yz
and zr are 1 and 2 respectively.

(v) (2,0,0)is a point on the positive side of the x-axis situated at a distance 2
from the origin O.

(vi) (=L -2,-3)is a point in the octant OX"Y’Z’ and its distances from the
co-ordinate planes yz, zv and xy are 1, 2 and 3 respectively.
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5 Change of Origin

Let OX, OY, OZ be a rectangular set of axes.
Referred to these axes let the co-ordinates of
two points P and Q be (x, y;,z;) and
(x9, y9,24) respectively. Suppose we want to

shift the origin from O to the point P i.c., we
want to find the co-ordinates of Qreferred to P

as origin.

Draw the new axes PX, PY; and PZ, parallel
to the original axes OX,0Y and OZ
respectively.

Y

The position vectors of the points Pand Qwith respect to Oas origin are given by
%
OPlei +y1j+zlk;
%
%
Also the position vector of the point Q with respect to P as origin is PQ. Now we
- o o
have PQ=0Q—-0P = (xyi + yyj+2z9k) — (vji+ y;j+2,k)

=y —x)i+(yy — )i+ —2))k

= (¥ =X, y9 = 1,29~ 21)-
Therefore, the co-ordinates of the point Q with respect to the new origin P are

(g =X, ¥ — V1,29 —21).

@) Spherical Polar Co-ordinates

Let X" OX,Y’OY and Z’ OZ be the set of rectangular axes. Let P be a point in
space. Draw PN perpendicular from P to the 74
xy-plane. The position of Pis determined if the
length OP, angles ZOP and XON are known.
Suppose OP =r, £ ZOP =6 and £ XON = ¢,
measured positively in the directions shown by Y
arrows in the figure. The quantities r,6, ¢ 8 - Az
defined as above, are called the spherical polar ol 2~

co-ordinates of P and are written as (r, 6, 0). y 9

EST

Now we shall find relations between these Y ]

co-ordinates and cartesian co-ordinates. Let N
(¥, y,z) be the cartesian co-ordinates of P. Hence we have

z = PN = OP cos (£ OPN )=r cos (£ ZOP) = r cos 6. (1)
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Also ON = OP sin £ OPN =rsin0 [ ZONP =90°]
x =ON cos ¢ =r cos ¢sin 6, .. (2)
and y =ON sin ¢ = r sin ¢ sin 6. ...(3)

Thus relations (2), (3) and (1) give the relations between x, y,z and r, 8, ¢.
Now squaring the relations (2) and (3) and adding, we get

x? +y2 = ON?
or u? = x? +y2, where u = ON
or \/(x2 +y2)=u=rsin6. ...(4)

Dividing (4) by (1), we get
tan @ = (x* + y?)/z.
Dividing (3) by (2), we get
tan o= y/x.
Squaring (1) and (4) and adding, we get
24yt ezt =2
Thus the relations between spherical polar co-ordinates and cartesian co-ordinates
are
X=rcos¢sin®, y=rsin¢dpsin6,z =rcosO

2

oy’ ez =2 tan0=N(? + y?)/z,tan o= y/x.

{ Cylindrical Co-ordinates

See figure of article 6. Let P be a point in space. The position of P can also be

determined if the measures of ON, Z XON and NP are known. Suppose
ON =u, Z XON = ¢, NP =z . The quantities u, ¢,z are called the cylindrical
co-ordinates of P and are written as (&, ¢, z).

Let (x, y, z) be the cartesian co-ordinates of P,then N has the co-ordinates (x, y,0).
Hence, we have

x=ONcosdo=ucos ¢, y=usind,z=z.
Also w? =x* + y? tano=y/x.
We observe that the z-coordinate is the same in the two systems i.e., cartesian and
cylindrical.

8 Formula for Distance between Two given Points

Theorem: To show that the distance between the points P (x;, yy,z;) and

Q (x9, yy,zy) is given by PQ:\/(xz _xl)z +( )y —J’l)2 + (29 —Zl)2 .




Systems of Co-ordinates

(47 I
Proof: Referred to some origin O let the Q 62,32, %)

coordinates of two given points P and Q be

(x, ¥1,2,) and (xy, yy,z, ) respectively. Cnyna) B

%
Then  OP = position vector of the point P

= xl/i\ +.)]lj +ZlI€
%
and OQ = position vector of the point Q O

=X2,l\+y2j+221€
e . . . . R .
We have PQ=0Q - OP = (xy1 + yy] +2z9k )= (xj1 + y;J +21k)
=(ry —x) i+ (yy = y1) ]+ 2y —2) k.
> P P P
g distancePQ=|OQ|=\/(x2 X))+ (pg =) +(2g —2)" .
Hence distance between the points P (x;, y;,z;)and Q (xy, y9,25)
=PQ=\(ry ~ 1) + (=) 4y —21)
Corollary:  The distance of the point P (x, y, z ﬁom the origin O (0,0, 0) is
OP = \/xO +(y - 0 +(z-0 \/x +y +z°

[llustrative Examl)les

Example 2:  Show that the points (0,7,10) ,(— 1,6,6) ,(— 4,9, 6) form an isosceles right
angled triangle.

Solution: Let ABC be a given triangle and let the coordinates of the vertices
A, Band Cbe (0,7,10), (- 1,6,6)and (- 4,9, 6) respectively. We have

AB=/(-1-0)* +(6-7)> +(6-10)> = T+1+16 =18
BC=y(-4+1> +(9-6> +(6-6)> = 9+9+0 =18

and CA=J0+4? +(7-97 +(10-6)> = [T6+4+16
Since AB = BC, therefore A ABC is an isosceles triangle.
Again AB*> + BC? =18 +18=36=CA*. .. ZABC=90°.

Hence A ABC is also a right angled triangle. Therefore the given triangle is an
isosceles right angled triangle.

Example 3: P is a variable point and the coordinates of two given points A and B are
(= 2,2,3)and (13, - 3,13) respectively. Find the locus of P if 3PA =2PB .
Solution: Let the coordinates of P be (x, y, z). Then
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,f’-f:-[@l
PA=\(x+2)* +(y-27 +(z -3
and PB:\/(x—IS)z +(y+3)2 +(@z-13)?%.
Now it is given that 3PA = 2PB.
9PA? = 4PB*
= 9{x+2)% +(y-2)% +(z - 3%}
=4{(x-13)% +(y+3)* +(z -13)*}
= 9O + p* +22 +4x -4y -6z +17)
=4 (x* + p® +22 —26x+ 6y — 26z +347)
= 5x2 +5p% +522 +140x - 60 y + 50z —1235=0
= x2+y2+22+28x—12y+102—247:0.

Hence the required locus of the point P is the surface
x4yt 422 +28x—12y +10z - 247 = 0.

O Section Formulae

To find the co-ordinates of the point which divides the straight line joining two given points.

Let P (x, y;,z;)and Q (xy, yy,z9) be z

. . Ly 2
the given points. N

]
Let (x, y, z)be the required co-ordinates !
of R ,the point which divides the join of ; &

the line joining the two points : 0 o2
‘ - 2 ¥ dn
P(x, p1,2;)  and  Q(xy, yy,2y) ! LT

internally in the ratio m; :m, . The (="

X
position vectors of the points

P(x, y1.21),  Qxy,y3,29) and
R (x, y,z) are given by

N

-

%
OR=xi + yj+zk. ...(3)

Now the point R divides the join of P and Q in the ratio m; : m, ,so that

m__ PR

", = R—Q or m; (RQ) =my (PR).

— —
Hence my PR=m RQ
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- - - -

= my (OR— OP)=m (OQ - OR)

— — —

- -
. O_I>{:m1 0oQ + my OP

ny +m2

. . ml (xZi+y2j+Z2k)+m2 (x1i+)71j+z]k)

= xi+ yj+zk =

ny +m2

[Using (1), (2) and (3)]
(myxg +myxy )i+ (myyy +myyy) j+ (mzy +myz) k

my + ny
Equating the coefficients of i, j, k,we get
oo mXy +myx , _ "M +my ) oM +myz)
my + my my + ny nmy + ny
Corollary 1: Mid-point formula. The co-ordinates of the mid-point of the join of
(xp, yrozp) and (xy, yo, 29) are
x=x1+x2’y=J/1+)’2 ,z=21+22.
2 2 2
Corollary 2:  If m; :my = A :1,then the co-ordinates of the point R are
(x1+7»x2 It Ay zl+7»22).
| A+l oA+l r+l

[Putting m; = my |

’

These are called general coordinates of a point on the line PQ.

Corollary 3: If the ratio (m; /my) is positive, then the point R divides PQ
internally and if it is negative then externally.

The co-ordinates of the point R (x, y, z) which divides the join of the line joining
thetwo points P (x;, y;,z;)andQ (xo , ys , 25 )externallyintherationm, : m, are

[ml Xo — My X my Yo —my Jp my z9 —my ZIJ.

’ ’

my =y my =y my =y
General coordinates of a point on a line:
Let P (x;, y;,z;)and Q (xy , yy ,29)be any two given points. Let Rbe any point

on the line PQ . Suppose Rdivides PQ in the ratio A : . Then the coordinates of R
are

Axyg +x; A yy+y Azy +2z4 N1
A+l 7 A+l T A+l ) )

These are called the general coordinates of a point on the line PQ .If A is positive,
then R divides PQ internally and if A is negative, then R divides PQ externally.
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10 Centroidofa Triangle and Centroid of a Tetrahedron

Theorem 1: To show that the centroid of the triangle with vertices A (xy, yy,z,),
B (xy, y9,29)and C (x5, y3, z3 ) is the point
(xl + Xy +X3 Yy + Y3 2z +2y +23J

’

3 3 3

Proof: Let D be the middle point of BC . Then the coordinates of D are
A (113_?1921)

’ ’

Yo + X3 Yo * )3 Zg t2Z3)
2 2 2

The centroid of the A ABClis the point G
on the median AD dividing AD
internally in the ratio 2:1 So the

B (xp, 2, 2) D C (x2,93.29)

x-coordinate of G

2()(22-")63) +1-x

2+1

X+ Xy +xg

R
Similarly the y-coordinate of G

_ Nt t s

3

and the z-coordinate of G

_z) +zy 23

S —
Hence the coordinates of the centroid of the triangle ABC are

x1+x2 +X3 )71+J72 +y3 Zl+22 +23
( 3 ’ 3 ' 3 )

Theorem 2:  To show that the centroid of the tetrahedron with vertices A (x;, y;,z;),
B (xy, y9,29),C (x3, y3,23)and D (x4, y4,24)is the point

’ ’

4 4 4
Proof: Let G, be the centroid of the face ABC of the tetrahedron DABC. Then

the coordinates of G, are

(xl t+Xxy +x3 +x4 yp+yyt+ystyys zp +z9 +2zg +z4).

’

X +x2 +X3 DA +_)72 +J]3 Zy +22 +23
( 3 ’ 3 3 )
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The centroid of the tetrahedron DABCs the point D
G on the line DG, dividing DG, internally in the
ratio 3 : 1. So the x-coordinate of G
5 (W] lx, s
3 G
- 3+1 ! ¢
L&)
X Xy +xy xy Y
4 B

Similarly we can find the y and z coordinates of G .
Hence the centroid of the tetrahedron DABC is the point

(xl +Xy +X3 +Xg4 Y+ Yo+ Y3+ Yy zZyp +2Z9 +23 +z4).

’ ’

4 4 4

Remark: Remember the following facts about different types of quadrilaterals.
A quadrilateral ABCD is

(i)  a parallelogram if AB = CD and BC = AD

(ii) arhombusif AB=BC=CD= DA

(iii) a rectangle if AB = CD, BC = AD and AC = BD
(iv) asquare if AB=BC=CD = DAand AC = BD.

lllustrative Examl)les

Example 4: Find the coordinates of the point which divides the join of the points
AB,1,—=2)and B (1,-3,-1).

(i) internally in the ratio 2 : 3 (i) externally in the ratio 3 : 1

Solution: Ais the point (3,1, — 2) and B is the point (I, — 3, - 1).

(i) Coordinates of the point dividing AB internally in the ratio 2 : 3 are
(3(3)+2(1),3(l)+2(—3),3(—2)+2(—1)) e, (11 3 8)_

2+3 2+3 2+3 5 5
(ii) Coordinates of the point dividing AB externally in the ratio 3 : I are
(1(3)—3 O 1H-3(-=3) 1(-2)-3 (—1)) e (0’_5,_1).

1-3 7 1-3 ’ 1-3 2

5

’ ’

Example5: A point P lies on the line whose end points are A (1, 2, 3)and B (2,10, 1). If the
z-coordinate of P is 7, find its other coordinates.
Solution: Let the coordinates of the point Pbe (x, y, z)and let it divide the join of

A (L 2,3)and B (2,10, 1) in the ratio A : 1. Then
Al+1.3 A +3
z = =

A+l A+1
But it is given that the z-coordinate of P is 7.
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7=t TA47=a43 or 6h=-4 or A=-2/3
A+
LM24Ll 2(2/3)41_ (-4/3)+1_
oA+l (=2/3)+1 /3
A10+1-2 10(=2/3)+2  (=20/3)+2
and y= = = =-14.
A+l (-2/3)+1 1/3

Example 6:  Find the ratio in which the join of A (2,1,5)and B (3, 4, 3) is divided by the
plane 2x + 2y — 2z = 1. Also find the coordinates of the point of division.
Solution: Suppose the plane 2x + 2 y — 2z = I meets the line joining the points

A (2,1,5)and B (3,4, 3) at the point C and Cdivides ABin the ratio A : L. Then the
SAh+2 4h+1 3A +5]

A+1 7 A+17 A +1 (1)

But the point Clies on the plane 2x + 2 y — 2z = L. So its coordinates must satisfy
the equation of this plane.

9 3X+2 49 4 +1 _9 3L +5 _1
A+1 A+l A+1

or 6N +4+8A+2-6A-10=A+1 or 7A =5 or k:;-

. the required ratiois (5 / 7) : li.e, 5 : 7i.e.,the plane divides ABinternally in the
ratio5 : 7.

coordinates of C are (

Putting A =5/7 in (1), the coordinates of the point of division C are

29 9 25Y,
(12’4’ 6)

@mprehensive Exercise 1

1. (i) Find thelocus of a point P which moves in such a way that its distance
from the point A (u, v, w) is always equal to a.
(ii) A, B, C are three points on the axes of x, y and z respectively at
distances a, b, ¢ from the origin O ; find the co-ordinates of the point
which is equidistant from A, B, C and O.
2. (i) Show that the points A(0,1,2), B(2,-1,3) and C(1,-3,1) are the
vertices of an isosceles right angled triangle.
(ii) Show that the points (1,2, 3), (2, 3, 1) and (3, 1, 2) form an equilateral

triangle.
3. (i) Find the co-ordinates of the point which divides the join of (2 , 3, 4) and
(3,-4,7) in the ratio 2 : — 4. (Meerut 2003)

(ii) Find the ratios in which the sphere +* + yz + 22 = 504divides the line
joining the points (12, — 4, 8) and (27, - 9, 18).
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4. (i) Using distance formula show that the points A(3,2,-4), B(5,4,-6)
and C(9, 8, -10) are collinear. Find the ratio in which B divides AC.
(Kumaun 2007)
(ii) Find the ratio in which the line joining the points A(2,3,4) and
B(-3,5,-4) is divided by the yz-plane. Also, find the point of
intersection.
5. Three vertices of a parallelogram ABCD are A(3,4,-1), B(7,10,-3) and
C(8,1,0). Find the fourth vertex D.
6. What are the perpendicular distances of the point (x, y,z) from the
coordinate axes ?
7. Find the ratio in which the xp-plane divides the join of A (- 3,4, - 8) and
B (5, - 6,4). Also find the point of intersection of the line with the plane.
8. The mid-points of the sides of a triangle are (1,5, - 1), (0,4, — 2) and (2, 3, 4).
Find its vertices.
@nswers 1
1. (i) x* +y2 +22 —2xu—2yv—2wz+u2 +2 +w? —a® =0
.. (a b ¢
ow&ii)
3. (i) (10,1 (ii) 2:3and2:-3
. .. 19 4
4. 1 . 2 2 : 3; [
(i (i) (55)
(47_572) 6. \/Z2 +)]2;\/22 -I—xz;\/xz +y2
7. (7/3,-8/3,0) 8. A(1,2,3),B(3,4,5) and C (- 1,6,-7)
@)jective Type Questions
Multiple Choice Questions
Indicate the corvect answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
1. If the vertices of a triangle ABC are the points A (2,-10), B (3,3, -3) and

C (0, 1,4), then the coordinates of its centroid are

(a) GJQ (b) pjz—g

© (.2, m>ﬂé@




s
2.
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If A, Band C are the points A (2,3,4), B(3,-2,2)and C (6,-17,—4),then
the ratio in which C divides AB is

(a) —4:3 (b) 3:4
(c) 4:3 (d) 1:2

Fill in the Blank(s)

Fill in the blanks “...... ”, so that the following statements are complete and correct.

1. If the vertices of a triangle are the points (v, y;,z), (x9, y9,2) and
(3, y3,23),then the coordinates of its centroid are ......
2. The coordinates of the point dividing the line joining the points P (x;, y;,z;)
and Q (xy, yy, 24 ) externally in the ratio m : nare ...... .
3. The distance between the points A (-2,1,—3)and B (4,3,-6)is ...... .
4. The ratio in which the yz-plane divides the join of the points (-2 ,4,7) and
(3,-5,8)is ...... .
@n swers
Multiple Choice Questions
1. (a) 2. (a)
Fill in the Blank(s)
L x1+x2+x3 VI + Vo + V3 zp +29 +23
SN R R
9 mx2—nx1 mYy =y mzy —nz
m-—n " om-n
3. 7
4. 2:3
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| Angle between Two Non-coplanar
(ie. Non~intersectin8) Lines

Let PQ and MN be two non-coplanar lines. The angle between two
non-coplanarlines PQand MN is equal to the

angle between two straight lines OA and OB N

drawn from any point O parallel to PQ and MN B
respectively. Thus the angle between the lines PQ M /
and MN is equal to the angle AOB. p € O A

2 Direction Cosines of a Directed Line or a Vector

(Kumaun 2001; Kanpur 11)
Definition:  Suppose a directed line or a vector makes angles o,  and y with the positive
directions of x-axis, y-axis and z-axis respectively. Then

cos o, cos B, cos vy
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are called the direction cosines (briefly written as d.c.’s) of that directed line or vector. These
are usually denoted by I, m, n respectively.
Thus I =coso,m=cosf,n=cos Y.
The angles o, B, y are known as direction angles of the
line.
Let AB be a given directed line or a vector. Draw a
line OP through the origin O in the direction of the
line AB.Measure anglesa, B, ymade by OPwith OX,
OY, OZ respectively as shown by arrows. Then
cos o, cos B,cos y are d.c.’s of the line AB.
Clearly OP” i.e.,the line through O in the direction of the directed line BA makes
angles180° — a,180° — B,180° — ywith OX,0Y, OZ respectively. So d.c.’s of the
directed line BA are

cos (180° — ), cos (180° — B), cos (180° —v)
ie., — COSs o, — oS B, — cos Y.
Thus if the d.c.’s of a directed line AB are [, m, n, then the d.c.’s of the directed line
BA whose direction is opposite to the direction of AB are — [,—m, — n .

Remark: Sincetheanglesa , B, yare not coplanar, therefore oo + 8 + y # 360°.

Direction Cosines of the Coordinate Axes:

Since the axis of x makes angles 0°, 90°, 90° with the axes of x, y, z respectively, therefore
by definition, its d.c.’s are cos 0°, cos 90°, cos 90°i.e.,1,0,0. (Kumaun 2008)

Hence the d.c.’s of the x-axis are 1, 0, O.
Similarly the d.c.’s of the y-axis are 0, 1, 0 and the d.c.’s of the z-axis are 0,0, 1.
(Kumaun 2008)

3 Direction Ratios of a Line or a Vector

Definition:  Suppose I, m, n are the direction cosines of a line or a vector. Then any three
numbers a, b, c which are proportionaltol, m, ni.e.,l/a=m/b = n/ carecalled direction
ratios (briefly written as d.r.’s) of that line or vector.

Direction cosines of a line are unique. But the direction ratios of a line are by no
meansunique. Ifa, b, ¢ are direction ratios of aline, then Aa, Ab, Ac are also direction
ratios of that line where A is any non-zero real number.

4 Position of a Point by Radius Vector and
Direction Cosines

If I, m, n are the direction cosines of a line OP, and OP = r,then the co-ordinates of P are
(Ir, mr, nr).
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Let P (x, y,z) be a point in the space and O the origin. Then length OP = r is the
radius vector of the point P. Draw PM

78
perpendicular from P to OX meeting it at M.
Then x = OM.From the right angled AOMP,we P
have
OM ¥
—— =cosa =1
or
or 2o or x=1Ir 0 b 90° -
r M X
Similarly, y =mrandz =nr.
Hence, co-ordinates of P are (Ir, mr, nr). 4
Corollary: If(x, y,z)be the co-ordinates of a
point P, such that OP = r, then the direction cosines of OP are fd , s , z.
ror r

5 Relation between the Direction Cosines

2

If I, m, n are the direction cosines of a line, then 2 +m? +n?=1.

(KKumaun 2001; Kanpur 05; Agra 14;
Bundelkhand 12; Kashi 12)

Through O draw aline OP parallel to the given line. Then the direction cosines of
OP are [, m, n and let OP = 1.
the co-ordinates of P are (/, m, n) and the co-ordinates of O are (0, 0, 0).
OP? =(I-0)* +(m—-0)* +(n-0)*
or (=12 +m?® +n? [~ OP=1]
or 12 +m? +n? =1.

Corollary: Ifa, B,y are the angles which a line makes with the axes, then

2 2 2
cos” o+ cos” B+ cos” y=1. (Kanpur 2004; Kashi 13)

6 Direction Cosines of the Vector 7 =ai+ bj'+ cz, where

N
r=|r|

(Avadh 2014)

Theorem 1: If7 =ai+b]+ck,then prove that
(i) a, b, c are direction ratios of 7

.. . . . d .
(ii) direction cosines I, m, n of v are given by
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a b ¢
[ = ,m = n=
a’ +b% +¢? a’ +bh% +¢? a’ +bh% +¢?
(i) 2 +m® +n® =1

(iv) wunit vector in the direction of 7 is1i+mj +nk and

7= AT +m]+nk).

Proof: Suppose the vector F=al+b f + ¢ k which is in the direction of a given

line, makes angles o, B, y with the positive directions of x-axis, y-axis and z-axis
respectively. If [, m, n are the direction cosines of 7, then [ =cos o, m = cos f3,

1 = Cos .
We have Fel=(@i+bj+ck)ei=a, 7ej=band7ek=c
Now Feiz=a = | 7||ilcosa=a=|F|cosa=a = cosa=—""1;
7|
- 2 =002 - b
rej=b = |7||jlcosBp=b = |F|cosPp=b = cosP=—;
7]
and ?°I€=c:>|7||l€|cosy=c:>|7|cosy=c:>cosy=L~
| 7|
a a
l=cosoo=—=—-——
| 7| a® +Db* +c?
[~ 7 | |=lai+b]+ck|l=1la> +b* +c* ]
oot b
| 7| Ja? +b% +¢?
and n=CosYy= ¢ - ¢
| 7| \Ja® +Db% +c?
We have
2 B2 2
P +m? +n? = a + + ¢
a? +b0% +c2 a® +b? A +b? + P
_a2+b2+02_1
a’ +b% +c*
Also Lm_n_ 1
a b a2 4 p? 4P

. . v
ie, a,b,c are proportional to d.c.’s,m,nof .

a, b, ¢ are direction ratios of 7 =ai + hj +ck.
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Finally unit vector in the direction of 7
1 1 ~ ~ 7~ a » b ~ ~
=—7 =——(ai+bj+ck) =7l+—]+Lk
- - - - -
|7 | 7| I D N N
=li+mj+nk.
Fo=|7 AT +mj+nk).
Remember the following results established in theorem 1:
(i)  IfI, m, nare the direction cosines of aline oravector, then I + m? + n”> =1

(ii) 1, m, nare the direction cosines of a line or a vector if and only if / I+m f +nk
is a unit vector in the direction of that line or vector.

(i) 1f7 =ai+b j + ¢ kis any vector in the direction of a given line, then a, b, ¢
are direction ratios of that vector or line.

Remark: If [, m, n are direction cosines of a line, then [, m, n are also direction

ratios of that line. But if a, b, ¢ are direction ratios of a line, then a, b, ¢ are direction

cosines of that line if and only if a’ + b +c =1

Theorem 2:  To show that the direction cosines of a line whose direction ratios are a, b, ¢
a b c

\/(ﬁt2 +bh? +62)’\/(a2 +bh? +c2)7\/(a2 +bh? +cz).

are

Proof: Letl, m, nbethe direction cosines of aline whose direction ratios area, b, c.
Then

l_ﬂ:ﬁ:x (say).
a b ¢
Il=ah, m=bA, n=ch (1)
But 12 +m? + 0% =1
1
A @ +b%+c%)=1 or M=—
( ) a’ +b% + 2
1
or A== .
V@ +b? +¢?)
b c
o from (1), 1= . a, —,m= : - —, n= - - -
() V@a? +b? +¢?) V@a? +b? +¢?) V@ +b? +¢?)
or [=- a m=— b n=- ‘
Va* +b? +¢?)’ V@ +b? +¢?)’ V@® +b?% +¢?)

depending upon the direction of that line.

Thus, if [, m, n are the direction cosines of a line whose direction ratios are a, b, ¢,
Il m n \ ( 2 em? + n2) 1

then P ) 2 N g2 2 2N
a b ¢ N@ +b*+c*) N@ +b° +c*)
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b c
l= a ,m= , N = .
V@® +b?% +¢?) V@a® +b? +¢?) V@ +b? +¢?)

Rule: Leta, b, c be the d.r.’s of a given line, then, to find actual direction cosines
of this line, divide each of 4, b, ¢ by \/(ﬂz +h? +c? ).
Theorem 3:  Ifthe length of a line OP through the origin O is r, then the coordinates of P
are (Ir, mr, nr) ,where I, m, n are the direction cosines of the line OP.
Proof: The unit vector in the direction of the line OP whose d.c.’s are [, m, n
=li+mj+nk.
- - . . R ) . . . .
OP =|OP |(li+mj+nk)=r(i+mj+nk)=rli+rmj+rnk.
the coordinates of P are (r I,y m,r n) .
Theorem 4: Direction cosines of the join of two points:
To show that the direction ratios of a line PQ joining two points P (x|, y;,z;) and
Q(xy, py,z9)are xy —X|, Yo — V|, 2o —zy and its direction cosines are
Yo -8 Yo~ Z2 T E
PQ "~ PQ T PQ
Proof: Let O be the origin and (x;, y;,z;) 00, 3.2

. (x] 1+ ¥l Z])P
and (xy , yy ,z,) be the coordinates of the

points P and Q respectively.

%
We have PQ = position vector of Q

— position vector of P 0
= (e iy Jrzg k)= T+ p ] +2 k)
=(ry —x)i+(py =) j+Ey —2)k.

R -
Now direction ratios of PQare the coefficientsof 7, j, k inthe resolutionof PQ

as a linear combination of i, j, k.

direction ratios of PQare xy — xy, vy — J;,29 — Z2].

ﬁ
Also a unit vector in the direction of PQ

— —
- PQ _rQ

- PQ

| PQ

1 s . -
=P7Q{(x2 —x0) i+ (yy =) )+ (g —2p) k)
_ B THh e 27N ]e+22 “A

PQ PQ PQ

the direction cosines of PQ are
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Xo =X Vo =1 22 — 2
PQ = PQ  PQ ’
where PQ =1t — 1) + (g = 1) + (29 —2,)°

Remember: Direction ratios of a line PQ joining the points P (x|, y;, z;) and

Q(xy , yy ,z9)are xy —x1, yg — yy, Zg — 2.

7 Projections

"

Projection of a point on a given line:

Let P be a given point and AB the given straight line.
Draw PM perpendicular from Pto AB, meeting ABin
M. Then the foot M of the perpendicular PM is called
the projection of the given point P on the given line a0

AB. i M A4

Projection of a given line segment on another given line:

To find the projection of the line joining two points P (x|, yy,zy) and Q (xy, yy,29)on
another line whose direction cosines are |, m, n.
Let AB be a given line whose direction cosines are L. m. n.

If @ is a unit vector along AB, then g3, )
i=li+mj+nk . o

Let P and Q be two given points (x;, y;,z;) (2, ¥y, 7) Pl Op

and (xy, yy, 29 ) respectively. Draw PM and

QN perpendiculars to AB. Then MN is the

projection of PQ on AB. . o

Draw PR parallel to AB to meet QN at R. A N:EDO 905\{ B

Then PR = MN.
If 6 is the angle between the lines PQ and AB, then ZQPR = 6.

The projection of PQ on AB = MN = PR
- —
=PQcos6=]| PQ |cos®=PQ - a,
where 4 is unit vector in the direction PR
ie., in the direction of the given line AB
= {(xzf+y2f +zzl€) - (xlf +y1f+zll€)} e (i +mf+ nlg)
={(xy —x) T+ (py = y)]+(zy —2z) kYo (i +mj +nk)
=l(xy —x)+m(yy —y1)+n(zy —zp).
Hence the projection of the line joining the points P (x;, y;,z;)and Q (xy, yy,2z9)
on a line whose direction cosines are [, m, n

=l(xg —x)+m(yy — ) +n(zg —2z;p).
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Remark: Ifthe projection of PQon ABis zero, then PQis perpendicular to AB.

Corollary 1:  If O and P are two points (0,0, 0) and (x|, yy, zy),then the projection of
OP on a line whose direction cosines are |, m,n is Ix; + my; + nz;. (Kumaun 2007)
Corollary 2: The projection of the line joining the points P (x;, y;,z;) and

Q (xy, 9, z9)on a line whose direction ratios are a, b, c is
Ly mx)at(yy - b+ —z)e
V@ +b* +c?)

]llustrative Examl)les

Example 1: Find the direction cosines of a line whose direction ratios are 2,3, — 6.

Solution: We have \2> +3% + (- 6)° = [4+9+36 =

Hence the direction cosines of the given line are

2 3 -6

7777
Example 2: Find the direction cosines of the line segment joining the points P(-2,1, — 8)
and Q (4,3, - 5). (Kashi 2011)

Solution: The direction ratios of the line segment PQ are
4-(-2),3-1,-5-(=8) ie, 6,2,3.

We have J6? +2) +3)* =36 +4+9 =449 = 7.

the direction cosines of PQ are g ,% ,;

Example 3: If P (6,3,2),Q(5,1,4),R(3,-4,7),S (0,2,5) are four points, find the
projection of PQ on RS.
Solution: The direction ratios of RS are
0-3,2+45-7 ie, -3,6,-2.
Hence the direction cosines of RS are

-3 6 -2
VO+36+4) VO +36+4) V(O +36+4)
-3 6 -2
or —, =,
777

Now the projection of PQ upon RS

=(5—6)(—§)+(1—3)?+(4—2)(_§)

3 12 4 13 13 .
- _=_= =——"= — numerically.

77 7 7
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@mprehensive Exercise 1

Find the d.c.’s of a line whose direction ratios are — 1,2, — 1.

2. Findthe direction cosines of the line which is equally inclined to the axes.
(Gorakhpur 2005; Kanpur 11; Bundellhand 13; Purvanchal 13)

3. Find the direction cosines [, m, n of two lines which are connected by the
relations [—=5m+3n=0 and 71% +5m®> - 3n®> =0.

(Meerut 2010, 12; Purvanchal 13)

4. Find the direction cosines /, m, n of the two lines which are connected by the

relations [+ m +n =0 and mn — 2nl — 2Im = 0.
(Goralhpur 2005; Kanpur 07; Purvanchal 08; Kumaun 13)

5. If P,Q RS are four points with co-ordinates (3,4,5), 4,6,3), (1,2 ,4),
(1,0,5) respectively, then find the projection of PQ on RS. Also find the
projection of RS on PQ. (Agra 2001)

6. Provethatsin® o +sin® B +sin® y = 2, wherea, B, yare the angles which the

given line makes with the positive directions of the axes. (Agra 2001)
@nswers 1
ooz oo g sl sl 1
6 V6 6 3 3 V3
3, L2 g L2 3
' 6 V66 J14 V14 V14
1 1 -2 1 -2 1 4 4
4' T oy T oy T o T o T o T 5 R R
676" V6 V666 “373)

8 Angle between Two Lines or Vectors

(Kumaun 2002)
Theorem 1: If 0 is the angle between two lines or vectors whose direction cosines are
L, my,ny andly ,my ,ny ,then prove that
(i)  cos® =141y +mmy + nny

(ii)  the lines are perpendicular if and only if L1y +mymy + mny =0.
(Avadh 2013)

= \/Z (mymy = mymy)?
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mo_nm

(iv) the lines are parallel if and only if li == =
ly —my ny (Avadh 2013)

Proof: Let @ and T be unit vectors along the lines or vectors whose direction

cosines are I}, my, n; and I, ,m, , n, respectively. Then
d=Li+mj+n lgandﬁ=12 P+my j+my k.

Since 6is the angle between the given lines, therefore the angle between the vectors

4 and D is also 0.

—

(i) Wehaved b =i +mj+mk)e (ol +my] +nyk)
= |a | |F|Cose=lllz +mymy + nyny
= cos 0 =1y +mymy +nyny
[ |Z> |=1= |Z> | ,d and b being unit vectors]

Hence cos O =1y +mmy +mnny .
(ii) The given lines or vectors are perpendicular if and only if 6 = 90°
i.e., ifand onlyifcos®=0 e, if andonlyiflly +mmy +nny =0.
(iii) To prove this result we shall make use of Lagrange’s identity stated below.
Lagrange’s Identity: If /;,m,n andl,,m,,n, are two sets of real numbers,
then

@2 +m? +m2) (12 +ny% + 1y )= (Ll +mymy +myny)?

= (mymy —mymy)* + (mly = nyly)* + (hmy = lymy)*.

Now, we have sinZ 8 =1-cos> @

=02 +m? + ) (2 +my? +ny®) = (hly + mymy +myny)?

= (mymy = mym)* + (mly = myy)* + (ymy = lymy)?

[By Lagrange’s identity]

=3 (myny —mznl)2 sin6=\/2(mln2 —m2n1)2

Alternative proof for the value of sin 6:
We have| @ x B | =|(4i +my ] +mk) x (L7 +my] +nyk)|

= |F)||?|sin9=|(m1n2 —m2"1)3+("112 —"211)i+(11m2 —12m1)1€|

[ |Z> |=1= |Z> | Jdand b being unit vectors]
(iv) The given lines or vectors are parallel
= the vectors @ and b are parallel & a=\7D ,where A is some scalar
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[Equating the coefficients of 7, j, £ on both sides]
=N l—l =M ,each ratio being equal to A .

ly —my  ny

Remark 1: If 6is the angle between two lines, then
n — 0 is also the angle between those lines. We have
cos (mr — 0) = — cos 0 so that |cos (r — 0)| =|cos 0].

If8is an acute angle, then cos 6is positive and if8is an
obtuse angle, then cos 6 is negative.
If on applying the formula  cos © = [}l + mymy + nyny,
we get cos 0> 0, then 0 is the acute angle between the lines and if we get cos 6 < 0,
then 6 is the obtuse angle between the lines. If we wish to get the acute angle
between the given lines, we can modify the formula giving cos 6 as

cos 0=l +mmy +nny|.
Remark 2: Rule to remember the formula for sin 6:

Direction cosines of one line are [}, my, n

and direction cosines of the other line are Iy, my, 1, .

2 2 2
m n no L m
We have sinf@=| ! ! b ! !

+ +

ny Iy ly my

My My
Theorem 2: If 0 is the angle between two lines or vectors whose direction ratios are
ay,a,,as and by, by , by ,then prove that
albl +dy b2 + ds b3

(i) cos©= . '
\/alz +a22 +a32 \/hl2 +b22 +h32

(ii) the lines are perpendicular if and only if a;by + ay by +as by =0
(Avadh 2013)

\/(ﬂz by —as by)* +(as by —ajhs)” +(a; by —ay ;)

\/a12 +ay? +as? \/blz +by? + by

(iii) sin@ =

(iv) the lines are parallel if and only ifﬂ—1 =h %

by by b3 (Meerut 2013B; Avadh 13)
Proof: Let 4 and B be vectors along the lines whose direction ratios are
ay,a, ,as and by, by , by respectively.
Then D =aji+ayj+ask and T =Dbi+by] +bsk.
Since 6is the angle between the given lines, therefore the angle between the vectors

Zand b is also 6.

(i) Wehaved * B = (ayi+ay] +ask)e (bi+byj+byk)
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= |d| |B|cos®=ayb, +ayby +ashy
ayby + ayby + asbs
e
la||b]
ﬂlbl +ﬂ2b2 +613b3

\/alz +a22 +a32 \/b12 +b22 +l732

= cos 0 =

(ii) The given lines or vectors are perpendicular
= 9=9OO<:>COSO=O @ﬂlbl +ﬂ2b2 +ﬂ3b3 =0.
(iii) We have

|4 x| =|(a] +ayj +azk)x (bi+byj+byk)|
= |;l>| |Z)|Sine:|(ﬂ2b3 —ﬂgbz)?‘i‘(ﬂgbl —ﬂle)i +(611b2 —ﬂ2b1)]€|
J(azhy —ashy)” +(ashy —ahy)” +(@hy —ayhy)* .

\/QIZ +ﬂ22 +6132 \/b12 +b22 +b32

= sin @ =

(iv) The given lines or vectors are parallel

& the vectors  and b are parallel

= a=>\ ?,where A is some scalar

& ai+ay]+ask =\ (i +byj+byk)

o ay = My, ay =Aby ,a3 =Ab; [Equating the coefficients of 1, j, k|
& N9 % each ratio being equal to A .

by by, by
Remark 1: The condition of perpendicularity of two lines is the same whether
we use their direction cosines or direction ratios.
Remark 2: Two lines are parallel if and only if their direction ratios are
proportional.
Remark 3: How to show that three given points are collinear ?

If we are to show that the three given points P, Q and R are collinear, we should
find direction ratios of PQ and PR.If these direction ratios are proportional, then
PQ and PR are parallel. Since both PQ and PR pass through P, so they are in the
same straight line. Hence the points P, Q and R are collinear.

Remark 4: If6is the angle between the straight lines whose direction cosines are
Ly, my,n; and Iy, my , ny , then (Bundelkhand 2014; Kumaun 14)

cos 0 =11y +mmy +nny, and sinez\/Z (myny —mznl)z.

sin 0 \/2 (myny — mym )?
cos©® Ly +mmy +nyny
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Again if8is the angle between the straight lines whose direction ratios are ay, by, ¢;
and a,, by, c9, then
ayag + ble +C1Cy

cos 0 = :
\/alz +I7l2 +cI2 \/azz +b22 +c22
Y (hicy — bycy)?
and sin @ = - \/ (1r2 %1) - — -
\/alz +l71Z +cl2 \/422 +I92Z +622
in 6 T (byey = bycy)?
can < S0 =\/ (byeg = byer)”™

cos® ajay +bby +cicy

We observe that the formula for tan 0 is the same whether we are given direction
cosines or direction ratios.

9] Perpendicular Distance of a Point from a Line

To find the perpendicular distance of a point P (x", y’, z") from a line through A (a, b, c)

and whose direction cosines are I, m, n.

Let AB be a line through A (a, b, ¢) and whose d.c.’s A
are [, m, n.
Let PN be the perpendicular from P to AB.
Now AN = projection of the line segment joining
Af(a,b,c)and P (x’, y’,z") on
the line AB A(:, 5 7 =
=(x'-a)l+(y’'-b)ym+z’'-c)n,
and AP = distance between the points A and P
=V[(x =) +(y ' =b)* +( —c)*].
Wehave, ~ PN? = AP* - AN?
or PN? ={(x"—a)* +(y ' =b)? +(z " -¢)*}
—{(x’—a)lJr(y’—h)m+(z’—c)n}2
or PN2={(x’—a)2+(y'—b)2+(z’—c)2}{12+m2+n2}

—{(x’—a)lJr(y’—Ia)m+(z'—c)n}2
[ 1% +m® +n” =]
=X{(y ' -b)n-(z" -¢) mj? [By Lagrange’s identity]
PN =VN[Z{(y’ =b)yn-(@z" -c)m}*]
Aliter: Let £ PAN =6.
We have, PN ? = AP? sin” 0.
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Now 6 is the angle between the lines AP and AB. Here the d.c.’s of AP are
(x"—a)y/ AP,(y’-b)/ AP,(z" —¢)/ AP

and the d.c.’s of ABare I,m,n
2

4 ’ 2 , ,
sin26=‘(y “h/AP e _C)/AP‘ L&/ AP @7 =)/ AP
m n l n
L& AP (y’-b)/ AP|
! m
_ 1 vy’ =b Z'—C2+x'—a z'—c2+x’—a y,_bzl
AP 2 m n I n i m
: : 2 y'=b 2=’ |x'-a z'-c]
PN ? = AP? sinze:‘ +
m n ! n
2
’r_ ,—b
+ e < (D)
l m

Remark: Inthe formula (1), [, m, nare the d.c.’s of the line AB.If however,a, B, y

are the d.r.’s of the line AB,then to get PN 2 we should divide the R.H.S. of (1) by
o +p2 + 2.

Illustrative Examlales

Example 4: Show that the three points A(2,-1,3), B(4,3,1) and C (3,1,2) are
collinear. (Meerut 2010B)

Solution: The direction ratios of the line AB are

4-23-(-D,1-3 e, 2,4,-2.
The direction ratios of the line ACare 3-2,1-(-1,2-3 e, 1,2,-1
We see that the direction ratios of the two lines AB and AC are proportional

because we have % = % = ,each ratio being equal to 2.

the lines AB and AC are parallel.
But both the lines ABand AC pass through the point A.So AB and ACare in the
same straight line. Hence the points A, B and C are collinear.

Example 5:  Prove that the straight lines whose direction cosines are given by the relations
al +mb + cen =0and fmn + gnl + him = O are perpendicularif f /a+ ¢g/b+h/c=0

and parallel if \ (af ) N (bg) £V (ch) = 0. (Meerut 2007B, 10;
Purvanchal 09, 10; Kumaun 15)

Solution: As given, n=— (al + bm)/c .

Substituting this value of 7 in the second relation, we get
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fm(— al+bm)+gl(_ ﬂl+bm)+hlm:0
¢
or afml + bfm* + agl* + bglm — chlm =0
or agrly;+rf1(af+hg—ch)+hf=0. (1)

Now if [}, my, n; and [, , m, , n, are the direction cosines of the two lines, then the
roots of (1) are l; /my and I, /m, .
ho b _Yf

product of the roots = — -
mymyag

fla  g/b
L1 _mmy oy

= = b .
(fla) (g/b) (e 2 ommen

Now the lines are perpendicular if [;ly + mymy +njny, =0

ie., it f/a+ g/b+h/c=0.

Again, if the lines are parallel then the direction cosines are same i.e.,the roots of (1)
are equal

ie., (af + bg — ch)* =4ag . bf . [+ B* =4AC]
Taking square root, we get
af +bg — ch =+ 2\ (afbg)
or af 2 (afbg) + bg = ch
or Naf ) £V (bg)Y* = (ch).
Taking square root,
V(af )£ (bg) == (ch)
or V(af YN (bg) £ (ch) =0,

which proves the second result.

Example6:  Show that the straight lines whose direction cosines are given by the equations

2 pwn? =0

al + bm+cn=0 and ul® + vm
are perpendicular, | a2 w+w)+b? w+w)+c? (u+v)=0 and parallel, if
a b
o + > + T =0. (Meerut 2001, 12; Kanpur 09, 11, 14;
Kumaun 12, 14)
Solution: The given relations are
al + bm +cen=0 (1)

and ul®> +vm® +wn®> =0 (2)

From (1), we have n=— (al + bm) /¢
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Putting this value of nin (2), we have

2
c

or u+a’w) 12 + 2abwlm + b*w + c2v) m? =0
or u+a’w) (1/m)> +2abw(l/m)+ B> w+c>v) =0 .(3)

Let [;, my,n; and I, my, ny be the d.c.’s of the two lines. Then the roots of the
quadratic equation (3) in (I/m) are [, /my and [y /m, .
B2 2
product of the roots = hoh LCZV :

my my 621/1 + ﬂ‘ w
hi my 1y 1
= = ,by symmet ...(4)
Pw+c?v Cu+a’w  d’v+bu Y oymmeRy
The lines will be perpendicular if
ie., O w+c2v) + (Pu+ a’w) + (@®v + b*u) =0, putting the

proportionate values of [;l, ,mym, and nyny, from (4) in (5)
Le., a(+w) + b2+ w +c>v+u)=0.
Now the roots of the equation (3) will be equal i.e., we shall have
L/m =1, /my if B> =4AC

Le., 4 a’p*w? :4(czu+a2w) (bzw+czv)

or ¢ (a®wv + b uw + ¢ vu) =0

or a?wv + b*uw +c¢?vu=0
2 2 2
a b ¢

or —+—+—=0. ...(6)
u v w

[Dividing by uvw]
If instead of eliminating nbetween (1) and (2), we eliminate /,then by symmetry of
the result (6), (6) is also the condition for m; /n; =my /n,y.

if (6) is satisfied, we have

l L mm
A -2 g 2L =T2
nmy my mom
. ll nmy n . . .. .
ie., — =— = — which is the condition for the lines to be parallel.

ly —my  ny

Hence the lines will be parallel if

2 2 2
L + L + L =0.
u voow

Remark: The right hand side of (5) is 0. So instead of putting actual values of
L1y ,mymy ,mny in (5), we can put their proportionate values also.
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Example 7: Show that the lines whose d.c.’s are given by l+m+n=0 and
2 mn + 3ln — 5lm = 0 are at right angles.
(Meerut 2000, 02, 04, 05, 08, 13B; Kumaun 08, 11; Purvanchal 07, 11)

Solution: From first relation, we get

[=-m-n. (1)
Substituting this value of / in the second relation, we get

2mn+3(m—-n).n-5Fm—-n)m=0
or Sm? +4mn - 3n* =0
or 5m/n? +4m/n)-3=0. (2
Ifl,, my,ny and I, , my , ny be the d.c.’s of the two lines, then the roots of (2) are
my /ny and my / ny .

product of the roots
momy _ 3

nooony 5
memy _ny

3 T s .(3)

Also from (1), n=-1-m.

or

Putting this value of 7 in the second given relation, we get
2m (=l —=m)+3l(-[-m)-5lm=0

or 3(/m? +10(1/m)+2=0.
ho b2 o b mmy
mo omy, 3 2 3 —-(4)

From (3) and (4), we have
hiy —mmy _mny
2 3 — (say)

the given lines are at right angles.

Example8: Ifl,, m, ny andly, my, ny aredirection cosines of the two lines, show that the
direction cosines of the line perpendicular to both are proportional to

myny — mony, nyly —ngly, Lmy —lymy.
Prove further if the given lines are at right angles to each other then these direction ratios are the
actual direction cosines. (Avadh 2012)
Solution: Suppose that the required direction cosines of the line are /, m, n. Since
the line is perpendicular to the given lines, we have

I +mm; +nn =0 (1)
and Iy + mmy +nny =0. ..(2)
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Solving (1) and (2), we have
[ m n

My — My :”112 = nyly :llmZ = lym, | )
This shows that the required d.r.’s are

myny — myny, nyly —nyly, Lmy —Ilymy.
Now suppose 8 is the angle between the two given lines whose d.c.’s are [}, m , iy
and Iy, my, 1y .
Then sin @ = V{Z (myny — myny)? ) ..(4)

[See article 8, Theorem 1, part (iii)]

If 8 = 90° i.e., the lines are perpendicular, then (4) gives

V(E (mymy —mym)* }=1. ..(5)

in this case from (3) the d.c.’s [, m, n of the line are given by
) m n

myny — myny B mly =yl - Limy — lymy
AN it 1,
V{Z (myny —mym)* )1

Using (5) and 12 + m? +n? =1
g

Hence in this case the actual direction cosines [, m, n are

mnyg — m2 n, m 12 ) ll , ll m2 - 12 ml . PI’OVCd.

Example 9:  If the edges of a rectangular parallelopiped be a, b, ¢, show that the angles
between the four diagonals are given by
L |£a® £b? 22
s S —————¢
a? + b +c?
(Meerut 2002; Agra 05; Avadh 07)

Solution: Let the vertex O of the rectangular
parallelopiped be taken as origin and the 2
coterminous edges OA, OB, OC as the c
coordinate axes. We have OA = a, OB = b,
OC = ¢. The coordinates of the eight vertices  p F

of the parallelopiped are given by O (0, 0, 0),
A(a,0,0), B(0,b,0),C(0,0,¢), D (a,b,0),
E©,b,c), F (a,0,c)and P (a, b, c).

The four diagonals of the parallelopiped are Fo)
OP, AE, BF and CD whose direction ratios

are respectively a, b, ¢; —a, b, c;a,— b, ¢; and

a,b,—c.
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- direction cosines of OP, AE, BF and CD are respectively
a b c )
ﬂ2+b2+6‘2, a2+b2+c2, a2+b2+c2’
—a b ¢ )
a2+h2+c2, a2+h2+cz, a2+b2+02’
a -b ¢ )
a2+b2+c2’ a2+b2+c2’ a2+b2+62,
a / -

and , ,
\/a2 +b% + 2 \/a2 +b% + 2 \/a2 +b% + 2
. the angle 6 between the diagonals OP and AE is given by

a(ma)+b.b+c.c

cos 0 =
\/a2+h2+cz \/a2+h2+c2
—a? +b% + 2
a’ +b% + ¢
L (-a® + b + P
a“ +b° +c¢

The total number of pairs of the diagonals is * C, i.e.,6. In a similar way the angles

between the remaining five pairs of the diagonals are determined and all of these six
angles are given by

| xa® £ b? £
COS —————F

a’ +b% +¢?

The above expression will give only six valid values because the ambiguous signs
cannot be either all +ive or all —ive for in that case

O=cos' 1 or cos”! (=)
ie., 0=0 or 180°

which is impossible as no two of the diagonals are parallel.

Example 10:  Aline makes angleso., B, vy, & with the four diagonals of a cube; prove that

‘ 4
cos® o + cos” [3+cos2 y+cos2 8=§-

(Meerut 2013B; Avadh 09)

Solution: Take the coordinate axes OX, OY, OZ along the coterminous edges

OA, OB, OCrespectively of a cube of edge of length a. Then the coordinates of the
eight vertices of the cube are :
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0 (0,0,0), A (a,0,0), B (0, a,0), z
C©0,0,a), D (a,a,0), E,a,a), C0.0.0) e
F (a,0,a) and P (a, a, a). o
The four diagonals of the cube are 0.0
OP, AE, BF and CD whose direction @0aF —
ratios are respectively (0.0.0) B0.2,0)
a—-0,a-0,a-0; Y
O—a,a—O,u—O; {a,0,0 4
a-0,0-—aa-0:; Dig.ad)
and a -0,a-0,0 —a X
ie., a,a,a;, —a,a,a; a,—a,a; and a,a,—a
or LI, -1,1,1; 1,-1,1; and I,1,-1.

the direction cosines of OP, AE, BF and CD are
1 1 1 1 1 1 1 I 1

1 1
MCAN f

Let [, m, n be the direction cosines of a line which makes angles o, 8, y, d with the

respectively.

four diagonals of the cube. Then

1 1 1 [+m+n
coso=1- =

BB BT
1 1 1 —-Il+m+n
COSB_Z( )+m +n- = -

V3 V3 V3 V3

o=t e (L) L
V3 V3 V3 V3

and cosS:l~1+m-l+n-(_1):l+m_n-
V3 V3 V3 V3

On squaring and adding, we get cos? o+ cos® B +cos? v +cos® &

(T+m+n)? +(=l+m+n)? +U=m+n)? +1+m-n?}

(41% +m? +n*)}

@mprehensive Exercise 2

1. If points P,Q are (2,3, - 6),(3, - 4,5), then find the angle between OP and
OQ,where O is the origin.
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Prove that the line joining the points (1,2,3) and (-1,-2,-3) is
perpendicular to the line joining the points (-2,1,5) and (3, 3, 2).

Show that the three points A(6,-7,-1), B(2,-3,]) and C4,-5,0) are
collinear.

Prove that the three lines drawn from a point with direction cosines
proportional tol, -1,1;2,-3,0 and 1,0, 3 are coplanar.

Show that the lines whose direction cosines are given by the equations
204+ 2m —n=0,and mn + nl + Im = 0 are at right angles.  (Kanpur 2008)

Prove that the acute angle between the lines whose direction cosines are
given by the relations [+ m+n=0 and [% +m* —n* =0isn/3.
(Meerut 2005B, 13)
If I,,my,n; and l,,my,n, be the direction cosines of two mutually
perpendicular lines, show that the direction cosines of the line perpendicular
to both of them are myny —myn;, mly —nyly, [my —Ilymy .
(Kumaun 2007)

If a variable line in two adjacent positions has direction cosines /, m, n and
I +8l, m + dm,n + dn , show that the small angle 66 between the two positions
is given by (80)> = B1)%> + (m)* + (5n)*. (Avadh 2010)
Show that the angle between any two diagonals of a cube is cos™ (1/3).
(Garhwal 2001)
If (I, my,m),(ly,my,ny), (I3, mg,ny) are the direction cosines of three
mutually perpendicular lines, then find the direction cosines of a line whose
direction cosines are proportional to [} +1, + 13, m +my + mg,
m + ny + ng and prove that this line is equally inclined to the given lines.

(Kanpur 2002)

The direction cosines of two straight lines, inclined at an angle 6 are [, , m , iy
and Iy, my,ny . Show that direction cosines of the bisector of the angle
L +1 my + my n + Ny

between them are , , .
2cos(©/2) 2cos(®/2) 2cos (©®/2)

If two pairs of opposite edges of a tetrahedron are perpendicular, then prove
that the third pair is also perpendicular. (Garhwal 2003)

1.

@nswers 2

cos™! (— 183;5] 10. cos™! (1/3)
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Multiple Choice Questions
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Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

1. If coso,cosB,cosy are the direction cosines of a straight line, then

sin? o + sin” B +sin’ yis equal to
(a) 1 (b) 2
() 0 (d) 3
2. Direction cosines of the line joining the point (0, 0, 0) and (1, 1, 1) are
I 1 1 I 11
a) |—=,—,— b) [=,=-,=
@ (55 %) ® (533)
() (VW3,43,43) (d) (3, 3, 3)
3. The equation of x-axis are
(a) x=0,y=0 (b) y=0,2=0
(c) z=0,x=0 (d) none of these

(Kumaun 2015)
4. The direction cosines of x-axis are
(a) 1, 0, 0 (b) 1, 1, 0
(¢) 0,0, 1 (d) 0, 1, 1 (Kumaun 2015)

5. If (I, m, n) are direction cosines of OP and OP = r, then the co-ordinates of

P are
(a) £7ﬂ7ﬁ (b) Ir, mr, nr
roror
(c) rrr (d) none of these
[ mn (Kumaun 2007)

6. The direction cosines of z-axis are
(a) 1,0, 0 (b) 0, 1, 0
(c) 0,0, 1 (dy 0, 1, 1 (Kumaun 2008)

7. The point (1, 1, 0) lies on

(a) xy-plane (b) yz-plane
(c) xz-plane (d) none of these
(Kumaun 2009, 14)
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If the coordinates of the point A and Bare (1, -1, 0) (0, O, 1) respectively
the direction cosines of AB are

@ oL oL -1 by L L -1
-1 1 1
) —, —,— d) none of these
© v3 V343 @ (Kumaun 2009)
Direction cosines of the line joining the points (0, 0, 0) and (1, 1, 1) are
(a) (3, 3, 3) (b) (V3,43,43)
I 11 1 1 1
— o= d) [—, — —
(C)(333) ()(ﬁﬁﬁ)

(Kumaun 2011, 13)

If cosa, cosP, cos y are the direction cosines of a straight line then
2

sin” o0 +sin? B +sin® 7 is equal to
(a) 1 (b) 2
(c) O (d) 3 (Kumaun 2014)

Fill in the Blank(s)
Fill in the blanks “...... ", so that the following statements are complete and correct.

If o, B, v are the angles which a given directed line makes with the positive
directions of the axes of x , y and z respectively then the direction cosines of
the line are ...... :

D.C.’s of a line which makes equal angles with the positive directions of the
coordinate axes are ...... . (Agra 2006; Bundelkhand 05)

If I, m, n are the direction cosines of any line then 12 +m? +n% =..... .

The direction cosines of aline whose direction ratios are2 , 3, — 6are ...... .
Projection of the line joining the points (x;, y;, z;)and (x5, y,,z5)onaline
whose direction ratios are a, b, c is ...... .

The angle 8 between any two lines whose direction cosines are /|, m;, n; and
Iy, my, ny is given by cos 0 =.......

If @ is the angle between the lines whose d.c.’s are [, my, n; and [y ,my , ny
thensin® B =...... .

True or False

Write “T7 for true and °F for false statement.

Two lines whose direction cosines are I, m;,n; and Iy, my,n, will be
perpendicular if [ I, + mymy +nyny =0. (Agra 2005)
The direction cosines of intersecting lines are 0, 0, 0.

If [, m, n are the direction cosines of a line the P oym? +n? =1.
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4. The direction cosines are also the direction ratios.

@HSWGIS

Multiple Choice Questions

1. (b) 2. (a) 3. (b) 4. (a) 5. )
(c) 7. (a) 8. (¢ 9. (d) 10. (b)
Fill in the Blank(s)
1 1 1
1. cosa,cos B, cos y 2. ﬁﬁ—g 3. 1
2 3 6 a(xy —x))+b(yy —y1)+c(zy —2zp)
4, = = = 5.
77 7 V@ +b? +¢?)

6. Ll +mmy +nny

7. (mny —mym)* + (mly —nylp)* + (I my —ly my)*

True or False
1. T 2. F 3. T 4. T




0.

The Plane

1 Plane

efinition: A planeis a surface such that every straight line joining any two points on
Dit lies wholly on it.

Normal to aplane: A straight line which is perpendicular to every line lying in a plane is
called a normal to that plane. It is also called a line perpendicular to that plane. All
the normals to a plane are parallel lines.

2 Normal Form of the Eqguation of a Plane

To find the equation of a plane whose perpendicular distance from the origin is p and
cos o, cos P, cos 'y are direction-cosines of this perpendicular.

Let P (x, y, z) be any point on the plane. Let ON be the perpendicular drawn from
origin to the plane. Since ON = pand the direction cosines of ON are cos a, cos f3,
cos v, therefore the co-ordinates of N are ( p cos o, p cos B, p cos y). Therefore the
direction cosines of PN will be proportional to

X —pcosa, y—pcosP,z— pcos 7.
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Since ON and PN are at right angles to each other, therefore
cosa (x—pcosa)+cosP( y— pcosP)
+cosy(z—pcosy)=0
or xcoso + ycosfP+zcosy

2

=p(cos” o+ cos? B +cos? y)

or xcoso+ ycosP+zcosy=p

Henceifl, m, nbe the direction cosines of the normal
to a plane directed from the origin to the plane and p *
be the length of the perpendicular from the origin to
the plane, then the equation of the plane is Ix + my + nz = p.

This is known as the equation of a plane in normal form.

D General Equation of a Plane

Theorem: To prove that every equation ax + by + ¢z + d = O of first degree in x, y and z
always represents a plane and the coefficients a, b, ¢ of x, y, z in this equation are direction
ratios of normal to this plane. (Garhwal 2000)

Proof: The general equation of first degree in x, y, z is given by

ax +by +cz +d=0. (1)
Let A (x;, y;,z;)and B (xy , yy ,z5)be any two points on the surface
represented by (1), so that we have

ax, +byy +czy +d=0 .(2)
and axy +byy +cz9 +d=0. ...(3)
Multiplying (3) by A and adding to (2), we get

a(x +Ax)+b(y, +A yo)+c(zy +hzy)+d(1+A)=0.
Dividing both sides by (1 + A), we get

M RN PN TILR T IY  T 2 I o
I+ I+ 1+ A
The relation (4) shows that for every value of A # — 1, the point

Xy + Ay gy + Ay oz + A2y
I+x  I+A 7 1+

lies on the surface (1). But these are the general coordinates of a point which
divides the join of A (x;, y;,z;)and B (x, , yy ,z,)in the ratio A : L. Since A may
take any real value other than — I, every point of the straight line AB lies on the
surface (1). Hence the equation (1) represents a plane.

Subtracting (2) from (3), we get

a(xy —x)+b(yy —y)+c(zy —z;)=0. ...(5)




The Flane

'.

210N

The relation (5) shows that the two lines whose direction ratios are 4, b, ¢ and
Xy —X;, Yo — V1,29 —2z; are perpendicular. But x, —x;, yy — y;,29 —z; are
direction ratios of the line ABwhich is any line lying in the plane (1). Therefore a
line whose direction ratios area, b, ¢ is perpendicular to every line lying in the plane
(1) and so it is perpendicular to the plane (1). Hence a, b, ¢ are direction ratios of
the normal to the plane (1).
Note: The number of arbitrary constants in the general equation of the
plane.
The general equation of the plane is
ax+by+cz+d=0 or (a/d)x+®/d)y+(/d)z=-1
This equation shows that there are three arbitrary constantsnamelya /d, b /d,c/d
in the equation of a plane. Therefore the equation of a plane can be determined to
satisfy the three conditions, each condition giving us the value of a constant.
AnImportant Remark: Theequation of any plane passing through the origin is
ax + by +cz =0.

4  To Reduce the General Eqguation of the Plane to the
Normal Form

The general equation of the plane is
ax+by +cz+d=0. (1)

If I, m, n are the d.c.’s of the normal to the plane, then the equation of the plane in
the normal form is

Ix + my + nz = p. .(2)
If (1) and (2) represent the same plane, then

lzmzﬁ:£:+\/(lz+m2+n2):+ 1

a b ¢ —d " AN@+b%+c?)  AN@ +b?+c?)

where the same sign either +ive or —ive is to be chosen throughout.

I=ta/N@® +b? +c?),m=+b/N@® +b? +¢?),

n=x+c/N@® +b* +c?),and p=+d/N@* +b? +c?).
Substituting these values in (2), the normal form of the plane (1) is given by

ax + by + cz
V@? +b?2 +¢?) N@® +b%2+¢?) N@® +b? +¢?)
d
il ey 9

The sign in equation (3) is so chosen that pi.e., + d/N@® +b? +¢?)is always

+

positive.
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Working rule to reduce the general cartesian equation of a plane to normal
form. Suppose the general cartesian equation of a plane is

ax +by +cz +d=0. (1)
Transpose the constant term d in the equation (1) to the R.H.S. and adjust the
equation in such a way that this constant term on the R.H.S. is positive. Now
divide the equation byﬁa2 + b2 42 ,where a, b, ¢ are the coefficients of x, y, z in
the equation of the plane. The resulting equation will be the equation of the plane
in the normal form Iy + my + nz = p.

Here pwill be the length of the perpendicular from the origin to the plane and /, m, n
will be the direction cosines of the normal to the plane directed from origin to the
plane.

5 Equation of a Plane in Intercepts Form

Theorem: Ifa plane makes intercepts a, b and c on the axes of x, y and z respectively, then

the equation of the plane is LA
a c (Kumaun 2007)
Proof: Let O be the origin and let the plane 7

meet the coordinate axes at the points A, B, C
respectively such that OA=a, OB =h, OC =¢
with proper signs. Then the coordinates of the
points A, B,C are A (4,0,0), B(0,b,0) and
C(0,0,c¢).

Let the equation of the plane be

Ax+ By +Cz + D=0, (D)

where dD # 0 because the plane does not pass
through the origin (0, 0, 0).

Since (1) passes through the points (4,0, 0), (0, b,0) and (0, 0, ¢), therefore

cli.o.0

Aa+D=0 = A:—Q
a
Bh+D=0 = BZ_%
and Cc+D=0 = C:—Q-
¢
Putting these values of A, B and Cin (1), the required equation of the plane is
D D D
-—x-—y-—z+D=0
a b ¢
or DPx—y—Z+q:O
a b ¢
or X _Z 120 [+ D#0]
a b ¢
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or g + % + % =1

This is called equation of a plane in intercepts form.

The intercept made by this plane on x-axis is 4, that on_y-axis is b and that on z-axis
is .

Working rule to reduce the equation of a plane Ax + By + Cz+ D =0 to
intercepts form:

Transpose the constant term to the R.H.S. and then divide both sides of the

equation by this transposed constant term to make the R.H.S. 1. Then put the

. Lo x z
resulting equation in the form = + S|

a b ¢
Equations of coordinate planes: The equation of xy-plane is z =0, the

equation of yz-plane is x = 0 and the equation of z x-plane is y = 0.

0 General Eqguation of a Plane through a given Point and
Perpendicular to a given Line

To find the equation of a plane through a given point A (x|, y;, z; ) and perpendicular to a
line whose direction ratios are a, b, c .
Let (x, y, z) be the coordinates of any current point P on the plane. Since the plane
passes through the point A (x|, yy, z;), the line AP lies in the plane.
The d.r.’s of the line AP are x — x;, y — y;,z — z;.Also the d.r.”s of the normal to
the plane i.e., of a line perpendicular to the plane are a, b, ¢ .
Now the normal to the plane is perpendicular to every line lying in the plane and
therefore the lines whose d.r’s are a,b,¢c and x-ux, y— y;,z -z are
perpendicular.
a(—x)+b(y-y)+ciz-2)=0,
which is the equation of the required plane.
Remark: The equation of any plane passing through the point (x;, y;,z;)is
ax—-x)+b(y—-y)+cz-2)=0.
In this equation 4, b, ¢ are d.r.’s of normal to the plane.
As a particular case, the equation of any plane passing through the origin is
ax + by + ¢z = 0,in which the coefficients of x, y, zi.e.,a, b, ¢ are d.r.’s of the normal
to the plane.

l Equation of a Plane through Three Points

To find the equation of a plane which passes through three points whose co-ordinates are
(X1, y1,21) (X9 , py ,z9)and (x5 , ys ,z3). (Kumaun 2000)
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Let the general equation of the plane be

ax + by +cz +d=0. (1)
If the equation (1) of the plane passes through the given points (x, y;,z;),
(x¥9 , ¥y ,2z9) and (x5, y3,z3) the coordinates of these points will satisfy the
equation (1), so that we have

axl +b)]l +CZl +d=0, ...(2)
and axs +bys +czq +d=0. ..(4)

Eliminatinga, b, ¢ and d from the above equations (1), (2), (3) and (4) the equation
of the required plane is given by

x oy oz 1
]
ST R B | .(5)
Xo Py zZ9 1
X3 V3 Z3 1]

Corollary: Condition for four points (x, yy,zy), (X9 , ¥y ,29), (X3 , p3 ,23) and
(x4 , 4 ,24) to be coplanar.

The equation of the plane passing through first three points is given by equation
(5). If the fourth point namely (x4 , y, ,z4) also lies on this plane, then the
co-ordinates of this point will satisfy the equation (5), so that we have

Xy yy oz4 |1 X J1 zp |1

v ooz 1 —0 ie Xy yy zy 1 ~0 (6)
Xo Yy Zg 1 o v ys zg 1
X3 V3 zZ3 1 Xy V4o 24 ]

The condition (6) is the required condition for four given points to be coplanar.

8 Equations of The Co-ordinate Planes

(i) The equation to yzplane: The x-coordinate of each point lying on the

yz-plane is zero, and hence the equation to yz-plane is given by x = 0.
(ii) The equation to zx-plane: It is given by y =0.
(iii) The equation to xy-plane: It is given by z = 0.

O The Equations to the Planes Parallel to
the Co-ordinate Planes

The equation of the plane parallel to the yz-plane and at a distance “a' from it. The
x-coordinate of every point on this plane is equal to “a'. Hence the equation of the
required plane is given by x = a.
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Similarly, the equation of the plane parallel to the xz-plane and at a distance ‘b’ from it is

given by  y =bh.
Also the equation of the plane parallel to the xy-plane and at a distance “¢' from it is
given by z =c¢ .

10 The Equations of the Planes Perpendicular to the
Co-ordinate Axes

The equation of the plane perpendicular to the x-axis. This plane is obviously parallel to

the yz-plane and hence its equation is given by x = a. [See article 9]

Similarly the equations of the planes perpendicular to y and z axes are respectively

givenby y=bandz =c.

11 PlanesParallel to Axes

If the plane ax + by + ¢z + d = 0 (where a, b, ¢ are proportional to direction cosines
of the normal to the plane) is parallel to the x-axis, then the normal to the plane will

be at right angles to the x-axis, hence

Therefore the equation of the plane will be
by +¢z+d=0.

Similarly equations to the planes parallel to y and z axes can be written as
ax +cz +d =0 and ax + by + d = 0, respectively.

Remember: Equation of the plane parallel to x-axis does not contain x , and equation of
the plane parallel to the plane YOZ does not contain y and z.

12 Angle between two Planes

Definition: The angle between two planes is defined as the angle between their normals
drawn from any point to the planes.

Let the equations of the two planes be

mx+by+cz+d =0 ..(1)
and agX + by y +c9z +dy =0. -..(2)
The d.r.’s of the normal to the plane (1) areay, by, ¢; and the d.r.’s of the normal to
the plane (2) are ay ,by , ¢y .
If@is the angle between the planes (1) and (2), then 6is the angle between the lines
whose d.r.’s are a;, by, ¢y and ay , by , ¢y .

ayay +byby +cycy

V(a2 + b2 +c?)V(ay? +Dby? +¢y2) ~-(3)

cos 0 =
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ey —bye))? +(eyas —cyay)® +(ayhy —ashy)’
and tan 0 =

ayay +biby +cpcy
For the acute angle between the two planes, cos 6 is positive and for the obtuse

angle it is negative. The numerical value of cos 6 in both these cases is the same
because cos (m — 6) = — cos 6.

Condition of perpendicularity of two planes:
Two planes are perpendicular if their normals are perpendicular. Therefore the
planes (1) and (2) are perpendicular if the lines whose d.r.’s are a;, by, ¢; and
a, ,by ,cy are perpendicular the condition for which is

ayay +byby +cycy =0. ..(4)
Condition of parallelism of two planes:
Two planes are parallel if their normals are parallel. Therefore the planes (1) and
(2) are parallel if the lines whose d.r.’s are a; , by, ¢; and a, , b, ,c, are parallel the
condition for which is

ie., the coefficients of x, y,z in the equations of the two planes should be
proportional.

Remember: The equation of any plane parallel to the plane
ax+by +cz+d=0 is ax+by +cz+ L =0.

15 The Two Sides of a Plane

To find the condition that the two points should lie on the same or opposite
sides of a plane.

Let the equation of the plane be ax+by +cz+d=0
and A(x;, y;,z;)and B (xy , y5 ,z,)be any two points.
Suppose the line ABmeets the plane in Pwhere P divides ABin the ratio A : . Now
A is positive or negative according as P divides AB internally or externally i.e.,
according as A and B lie on opposite sides or on the same side of the plane.
The co-ordinates of the point P are

Axy +x; Mot Nz, 4z

{ A+l A+l A+ }

’

It lies upon the plane, therefore
a (A xy +xl)+b(7b)/2 + 1) +C(7\,22 +zy)
A+1 A+1 A+1

+d=0

or ax) + by +czy +d+ A (axy +byy +czy +d)=0
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ax; + by, +cz; +d
or A=-

axy + byy +czy +d

If the points A and B lie on the same side of the plane, A is negative, therefore
ax, +byy +czy +d and  axy +byy +czy +d

have the same sign (both positive or both negative).

If the points A and B lie on opposite sides of the plane, A is positive, therefore
ax; + by, +¢z; +d and  axy + by, +czo9 +4d

have opposite signs.

Thus we see that the points Aand Blie on the same or on opposite sides of the plane
according as the expressions

ax; +bxy +czy +d and avy + by, +cz9 +d

have the same or opposite signs.

14 Perpendicular Distance of a Point from the Plane

To find the length of the perpendicular from the point (x;, y;, z) to a given
plane:
Let the equation of the given plane be
ax+by +cz+d=0 (1)
To find the length of the perpendicular from the point (x;, y;, z; )tothe plane (1).
Shifting the origin to the point (x;, y, z;) the equation (1) becomes
ax+x)+b(y+y)+c(z+z)+d=0

or ax + by +cz + ax; + by, +cz; +d=0. ..(2)
Dividing both sides of (2) by\/(a2 +b? +c?),we get
a b

X + + - z
\/(u2+b2+c2) \/(a2+b2+cz)y \/(a2+h2+02)
axy + by, +czy +d

V@® +b? +¢?)

=0. .(3)

The equation (3) of the plane is in the normal form with a proper adjustment of
sign throughout the equation.

The length of the perpendicular from the new origin to the plane (3)
axy + b)’l + cZy +d

V@ +b? +¢?)

=+

Hence the length of the perpendicular from the point (x;, y;, z;)tothe plane (1)
ax; + by, +czy +d
V@ +b” +¢?)

Since the perpendicular distance of a point from the plane is always positive,

==
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pMoss)

therefore a positive or negative sign is to be attached before the radical according as
ax; + by, +cz; + d is positive or negative ie., according as (x|, y, z;) lies on the
same side or on opposite side of the plane as the origin, provided 4 is positive.
Working Rule: To find the length p of the perpendicular from the point
(x1, y1,z7) to the plane ax + by + ¢z + d = 0,we substitute the co-ordinates of the
given point in the left hand side of the equation of the plane and then divide this
expression by  V[(coeff. of x)? + (coeff. of y)z + (coeff. of z)?].
Thus, p= ax +2h)/1 -lz-czl ;—d'

V@® +b* +c¢*)

If the value of pobtained from this formula is negative, we can ignore the sign and

give the positive value in answer, unless there is some special reason.
Remark: To avoid the negative value of p,we can take

_|ax; + by +ezp +d|

V@ b+

If the equation of the plane is in the normal form Ix + my + nz — p = 0,thelength p,
of the perpendicular from the point (x;, y;,z;) to the plane is given by

p = b +my, +nz, — pforin this case V(I? + m* +n*) =1

1D Distance between Two Parallel Planes

Find the lengths of perpendicular distances of each plane from the origin and retain
their signs. The algebraic difference of these two perpendicular distances is the
distance between the given parallel planes. But while applying this method we
should be careful that the coefficients of x in the two equations of the planes are of
the same sign.

Alternate method: Take a point on one of the two given planes, then the required

distance is the length of the perpendicular drawn from this point to the other
plane.

Illustrative Examlales

Example1: Find the equation of the plane which cuts off intercepts 6, 3, — 4from the axes of

co-ordinates. Reduce it to normal form and find the perpendicular distance of the plane from
the origin.

Solution: The equation of the plane which cuts off intercepts 6, 3, — 4 from the

co-ordinate axes is

3

. Z =1 or 2x+4y-3z=12. (1)

4
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Dividing both sides of (1) by /2% + 4 + (- 3)* ie., by v29, we get
2 .4 3 12
N RN NG RN T

which is the equation of the plane in normal form Ix + my + nz = p.

The length of the perpendicular from the origin to this plane
12
V29

Example2: A plane meets the co-ordinate axes in A, B, C such that the centroid of triangle

ABC is the point (p, q, r). Show that the equation of the plane is YLy Eos
poq r
(Meerut 2000, 05, 10, 12; Avadh 09, 10;
Kanpur 10; Kashi 13; Kumaun 11, 13)
Solution: Let the equation of the plane in intercepts form be
L] (1)
a b ¢
Then the co-ordinates of the points A, B and C are

A (a,0,0), B(0,b,0)and C (0,0, ¢).
So the centroid of the triangle ABC is the point (% a, é b, % c).
But it is given that the centroid of the A ABC is the point ( p, ¢, r).
= l a,q = l b, r= 1 c
P=344=3"%

3
= a=3p,b=3q,c=3r.
Putting the values of a, b, ¢ in (1), the equation of the required plane is
r L E
3p 3q 3i
or R J +2=3
poq 7

Example 3: Find the equation of the plane passing through the point (1,2,1) and
perpendicular to the line joining the points (1,4, 2) and (2, 3, 5). Find also the perpendicular
distance of the origin from the plane.
Solution: The direction ratios of the line joining the points A (I,4,2) and
B(2,3,5 are 2-1,3-4,5-21iec.,1l,—1,3. These are the direction ratios of the
normal to the required plane. Also the required plane passes through the point
(1, 2,1). Hence its equation is

Ix-1)-1(y-2)+3(@z-1)=0
or Xx—y+3z=2
The perpendicular distance of the origin from the plane (1)
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Example 4:  Find the angle between the planes 2x — y +z =7 and x + y + 2z = 9.

(Bundelkhand 2007)
Solution: The angle 6 between the given planes is the angle between their
normals whose direction ratios are 2, - 1,1land 1,1, 2.

. DWFEDMOE) 33
22 =02+ 2 P12 422 V646 6

or 0=m/3.

Hence the acute angle between the given planes is 60°.

1
2

Example 5: Find the equation of the plane passing through the points (1, —1,2) and
(2, = 2,2) and which is perpendicular to the plane 6x —2y + 2z = 9.
(Meerut 2005; 12)
Solution: The equation of any plane passing through the point (I, - 1, 2) is
a(x=D+b(y+)+c(z-2)=0. (1)
If the plane (1) passes through the point (2, - 2, 2), then
a@-D+b(=2+D)+c2-2)=0
Le., a-b+0c=0 .. (2)
Now we know that two planes are perpendicular if their normals are perpendicular.

Direction ratios of normal to plane (1) are 4, b, ¢ and direction ratios of normal to
the plane 6x — 2y + 2z = 9 are 6, — 2, 2. So if the plane (1) is perpendicular to the

plane 6x — 2y + 2z =9,then 6a —2b + 2¢ = 0. ...(3)
Solving (2) and (3) by cross-multiplication, we have
a b c

Z9-0 0-2 -2+6

or

b
)

e

a
-2
_C_
-2

—

a
or —=
1

Putting the proportionate values of a, b, ¢ in (1), the equation of the required plane
is

lx-D+1(yp+1)-2(z-2)=0
or x+y-2z+4=0.

Example 6: Find the equation of the plane through the point (1, 3, 2) and parallel to the
plane 3x — 2y + 2z + 33 = 0. Find the perpendicular distance of the point (3, 3, 2) from
this plane.

Solution: The equation of the plane through the point (1, 3, 2) and parallel to the
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plane 3x -2y +2z+33=0is
Sx-D)-2(y-3)+2(z-2)=0
or 3x-2y+2z-1=0. (D)
The perpendicular distance of the point (3, 3, 2) from the plane (1)
133 -203)+2@) -1 _[9-6+4-1 6
e VA v

Example 7: Find the distance between the parallel planes

2x—y+3z-4=0and 6x-3y +9z +13=0.
(Bundelkhand 2007; Avadh 14)

Solution: LetP (x;, y;,z;)beanypointontheplane2x — y + 3z —4 =0.Then
2X1 _,yl +3Zl —4:O i.e., 2)(1 _.yl +3Zl :4 (1)
The distance between the given parallel planes = the length of the perpendicular

from P to the plane 6x -3y +9z +13 =0
_|6x1 -3y +9z +13|_|3(2x1 -y, +3z)) +13]

J6% + (= 3)7 +9? Vi26
3@ +13
- V126 [Using (1)]
_ 25
3414

Example 8: A variable plane which remains at a constant distance 3p from the origin cuts

the coordinate axes at A, B, C. Show that the locus of the centroid of triangle ABC is

-2 -2 -2 _ -2
ro+y t+z o =p . (Kumaun 2001; Meerut 01, 12)
Solution: Let the equation of the variable plane be Ty % +2=1, (1)
a ¢

where a, b, ¢ are parameters i.e.,a, b, ¢ are variables.

The plane (1) is at a constant distance 3p from the origin i.c., the length of the
perpendicular drawn from the origin to the plane (1) is always 3p,whatever a, b, ¢

may be.
1 p)
=9
(1/a)? +1/b)*> +1/c)? r
111 1
or 7+7'+7=7‘ 2
a? bt 9y )

The plane (1) meets the coordinate axes at the points A (4,0, 0), B (0, 5,0) and
C (0,0,¢). Let (x;, y;, z;) be the coordinates of the centroid of A ABC.

Then xlzw_“ :O"'b"'O:h =0+O+c

c
EE R L T
ﬂ:3xl,b:3yl,62321.
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Putting these values of 4, b, ¢ in (2), we get

1 1 1 1 _9 ) ) _9
+ + = or x ° + +z, " =p°.
9x12 9)712 9212 9p2 1 ) 1 p
Hence the locus of the point (x;, yy, zy) is x 7?2 +y_2 +z72 = p_z.

10.

@mprehensive Exercise 1

(i) Reduce the equation of the plane x +2y — 2z — 9 =0 to the normal
form and hence find the length of the perpendicular drawn from the
origin to the given plane.

(ii) Find the perpendicular distance from the origin to the plane
2x + y + 2z = 3. Find also the direction-cosines of the normal to the
plane.

(i) Findtheequation to the plane through P (2, 3, — l)atright angles to OP.

(Meerut 2007B)

(ii) Find the equation of the plane passing through the points (2,2, - 1),
(3,4,2) and (7,0, 6).

(i) The foot of the perpendicular from the origin to a plane is (4, — 2, - 5).
Find the equation of the plane.

(ii) Ois the origin and Ais the point (a, b, ¢). Find the equation of the plane
through A and at right angles to OA.

A plane makes intercepts 9,9/2, —9/2 upon the co-ordinate axes. Find the

length of the perpendicular from origin on it.

A plane meets the coordinate axes at A, Band Csuch that the centroid of the

triangle ABC'is (1, -2, 3). Find the equation of the plane.

Find the equation of the plane perpendicular to the line segment from

(-3,3,2) to(9,5,4) at the middle point of the segment.

Find the equation to the plane through the points (1, 1,0), (1,2, 1), (- 2,2, = 1).

(Agra 2006)

Show that the four points (0,-1,-1),(4,5,1), (3,9,4) and (—4,4,4) are

coplanar. (Purvanchal 2011; Avadh 12)

Show that the four points (0, — 1,0), (2,1, - 1), (1, L ) and (3, 3, 0) are co-planar

and hence show that the equation of the plane passing through these points is

4x -3y +2z =3. (Kanpur 2011)

Find the equation of the plane through (I, 0, — 2) and perpendicular to each of

the planes 2x+ y -z -2=0and x - y —z =3 =0. (Rohilkhand 2009B)
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12.

13.

14.

15.

16.

17.

= N

(i) Find the equation of the plane through the points (I, -2, 2),(-3,1, - 2)
and perpendicular to the plane x +2y -3z =5.
(Meerut 2009; Rohilkhand 13)

(ii ) Find the equation to the plane through the points (=1, 1, 1) and (I, = 1, I)

and perpendicular to the plane x +2y + 2z =5. (Kumaun 2009)

(iii) Find the equation of the plane through the points (I, -2, 4) and
(3, —4, 5)and parallel to the x-axis (i.e., perpendicular to the yz-plane).

(Kumaun 2007, 13)

(iv) Find the equation of the plane passing through (2, 3, —4) and (1, - 1, 3)

and parallel to the x-axis. (Kumaun 2014)

(i) Find the angle between the planes 2x — y + z =1land x + y + 2z =3.

(Rohilkhand 2012)
(ii) Find the angle between the planes 3x+4y-5z=3 and
2x+6y+6z=7. (Kumaun 2007)
Find the distance of the point P (2,1, — 1) from the plane x -2y + 4z = 9.
(Rohilkhand 2010)
(i) Find the distance between the parallel planes 2x -2y + z + 3 =0 and
4x -4y +2z+7=0. (Rohilkhand 2010)
(ii) Find the distance between the parallel planes 2x -2y + z +1=0 and
4x -4y +2z+3=0. (Kumaun 2014)
(i) Find the equations of the planes parallel to the plane
x+2y —2z +8=0 which are at a distance of 2 units from the point
2, L1).
(ii) Find the equations of the planes parallel to the plane which are at a unit
distance from the point (1, 2, 3).
(iii) Find the equation of the plane that passes through the point (2, 3,4) and
is parallel to the plane 5x -6y + 7z = 3. (Kumaun 2015)
(iv) Find the equation of the plane through (0,1, —2) and parallel to the
plane 2x -3y +4z =0. (Kumaun 2008)
Avariable plane is at a constant distance pfrom the origin and meets the axes
in A, B and C. Show that the locus of the centroid of the triangle ABC is
P4y 427 =9p7 (Meerut 20058, 07B, 13; Kanpur 2009,10)
A variable plane is at a constant distance p from the origin and meets the
coordinate axes in A,B,C. Show that the locus of the centroid of the
tetrahedron OABCis x™2 + y™2 +z72 =16p™2.

(Kanpur 2005; Agra 06; Meerut 06, 07; Avadh 13)
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@nswers 1

1. (i)%x+§y—%z=3;3 (i) 2/3,1/3,2/3

2. ()2x+3y-z=14 (i) 5x+2y-3z=17

3. (i)4x -2y —-5z=45 (ii) ax+by +cz =a’® +b* +c*
4. 3 5. 6x-3y+2z=18

6. 6x+y+z=25 7. 2x+3y-3z2-5=0

10. 2x-y+3z+4=0
11. (i) x+16y+1lz+9=0  (ii) 4x+4y-6z2+6=0

(iii) y+22-6=0 (iv) 7p+4z-5=0
. .. 13
12. T i 22
(i) 3 (ii) 5 1
1 1
14. (i) - i) —
(1) 3 (ii) 3

15, (i) x+2y-22+8=0; x+2y-2z2+4=0
(i)x=2y+22=0; x-2y+22-6=0
(iii) 5x -6y +72-20=0; x-2y+22-6=0
(iv)2x =3y +4z+11=0; -2y +2z-6=0

16 APlane through the Intersection of Two given Planes

Theorem : The equation of any plane passing through the line of intersection of two given
planes P=a x+b y+cz+d =0andQ=ay x+by y+cyz+dy =0

is P+ AQ =0, where A is a parameter i.c.,\ is any real number.

Proof: The equation

P+2Q2=0 (1)
is ax+by+ez+d +A(ax+byy+cyz+dy)=0
or (ap +hay)x+ by +Aby) y+(cg +Acy)z+d +rdy =0....(2)

The equation (2) is the equation of a plane because it is an equation of first degree
in x, y and z. Moreover all the points which satisfy both the equations P = 0 and
Q =0 i.e.,which lie on the line of intersection of the planes P =0 and Q =0 also
satisfy the equation (1) because O + A (0) =0.

Hence (1) is the equation of any plane passing through the line of intersection of
the planes P =0 and Q = 0.
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Remark: The axis of xis the line of intersection of the planes y =0 andz = 0. So

the equation of any plane passing through the axis of xis y + A z = 0.The axis of y
is the line of intersection of the planesz = 0 and x = 0.So the equation of any plane
passing through the axis of y is z + Ax = 0. Similarly the equation of any plane
passing through the axis of zis x + Ay =0 .

I{ ConditionforaLine tobeParallel or Perpendicularto a
given Plane

To find the condition that a line whose d.r.’s are I, m, nmay be parallel or be perpendicularto a
given plane.
Let the equation of the given plane be

ax +by +cz +d=0. (D)
Then the d.r.’s of the normal to the plane (1) area, b, ¢ . The d.r.’s of the given line
are [, m, n.
The line is parallel to the plane: If the given line is parallel to the plane (1), itis
perpendicular to the normal to the plane (1), the condition for which is

al + bm + cen=0. .. (2)

The line is perpendicular to the plane: If the given line is perpendicular to the
plane (1), it is parallel to the normal to the plane (1), the condition for which is
a/l=b/m=c/n.

18 The Angle between a Line and a Plane

Definition:  The angle between a line and a plane is defined to be the complement of the
angle between the line and the normal to the plane.

Clearly this angle can be determined by the methods explained earlier.

lllustrative Examl)les

Example 9:  Find the equation of the plane through the line of intersection of the planes
x+2y+3z+5=0,x -3y +z + 6 =0 and passing through the origin.

Solution: The equation of any plane passing through the line of intersection of
the planesx +2y +3z +5=0andx -3y +2z+6=01s

¥+2y+3z2+5+A(x-3y+2z+6)=0. (1)
If the plane (1) passes through the origin (0,0,0),then5+6A =0orA =—-5/6.
Putting A = —5/6in (1), the equation of the required plane is

¥+2y+3z2+5-05/6)(x-3y+2z+6)=0




Kridea's T.B. Geometry

M cos)
or 6x+12y +18z+30-5x+15y -52-30=0
or x+27y+13z =0.

Example 10: Find the equation of the plane which contains the line of intersection of the

planes x +2y +3z —4 =0 and 2x + y — z + 5 = 0 and which is perpendicular to the

plane 5x + 3y — 6z + 8 =0.

Solution: The equation of any plane passing through the line of intersection of the

planesx +2y +3z-4=0and2x+ y-2z+5=01is
x+2y+3z-H+A2x+y-z+5)=0 ..(1)

or I+20) x+@2+A) y+B-1X)z-4+51=0. (2)

If the plane (2) is perpendicular to the plane
S5x+3y-6z+8=0,then5(1+20)+32+A)-63-1)=0

or -7+19A =0 or A=7/19.

Putting A =7/19in (1), the required plane is
(x+2y+3z-4)+(7/19)2x+y-2z+5)=0

or 19x +38y +57z2 - 76 +14x+7y -7z +35=0

or 33x+45y +50z -41=0.

19 Planes Bisecting the Angles between Two Planes

Theorem: The equations of the planes Dbisecting the angles between the planes
ax+by+cz+d =0andayx+byy+cyz+dy =0are
ax+by+cz+d _+a2x+b2y+czz+dz

(Garhwal 2001)

a? + b2 + )2 \/azz + Dy + ey
Proof: Let P (x, y,z)be any point on either of the planes bisecting the angles

between the given planes. Then the perpendicular distances of these planes from P
must be equal.

layx+byy+cz+d | lagx+byy+cyz+dy|
2 2 2 2 2 2
\/“1 + b7+ \/az +by" +0c9
ﬂ1x+b1y+clz+d1 +ﬂzx+b2y+622+d2
or == ,
2 2 2 2 2 2
\/“1 + b7+ \/a2 +by" +0¢9

which are the required equations of the bisector planes.

Remark 1: Equation of the plane bisecting the angle in which the origin
lies.

Let the given planes be
ax+by+cz+d =0 (1)
and agx +by y+cyz +dy =0. .(2)
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First write the equations (1) and (2) in such a way that the constant terms
d, and d, are of the same sign i.c., either both d; and d, are positive or both are
negative. Then the equation of the plane bisecting the angle in which the origin lies
is

ayx+byy+cz+d _+a2x+b2y+czz+d2

a? + b2 +c)? \/a22 + Dy + ey
and the equation of the plane bisecting the angle in which the origin does not
lie is
mx+byy+ez+d  agx+byy+cyz+dy

a? + b2 +c)? \/a22 + Dy + 0y
Remark 2: How to find that the angle between the given planes in which
the origin lies is acute or obtuse ?
First write the equations (1) and (2) in such a way that the constant terms
d, and d, are of the same sign.
Ifayay + b by + cicy <0,thenthe angle between the planes in which the origin lies
is acute.
Ifayay +byby + cycy >0, thenthe angle between the planes in which the origin lies
is obtuse.
Note that the angle between the two planes in which the origin lies is acute or
obtuse according as the angle between the normals to the two planes drawn from
the origin is obtuse or acute.
Remark 3: Ifthe angle between the bisecting plane and one of the given planes s
less than 45°, then the bisecting plane will be the plane bisecting the acute angle.

lllustrative Examlales

Example 11: Show that the origin lies in the acute angle between the planes
X +2y+2z=9and4x — 3y + 12z + 13 = 0.Find the equation of the plane which bisects
the obtuse angle between them.

Solution: The equations of the given planes in the normal form are

1 2 2 4 3 12
—x+=y+-z=3and-—x+—y-—z=1
3 3 3 13 13 13

Therefore the direction cosines of the normals to the planes from the origin are

1 2 2 4 3 12 )
—, =, Zand - —,— , - — respectively.
3 3 3 13 13 13

If 8 be the angle between these normals, then

1( 4) 2(3) 2( 12) 4 6 24 22
cosf=—|-— |+ | —|+=|-—|=-"""+——-"F=-"""
3 13 3\13 3 13 39 39 39 39
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Therefore8is an obtuse angle and hence the angle between the planes, in which the
origin lies, is acute.

The equation of the plane which bisects the obtuse angle i.c.,the angle in which the
origin does not lie is

x+2y+2z-9 -4x+3y-12z -13
Vi+4+4) N(16+9+144)
X+2y+2z-9 4x -3y +12z +13
N 3 ) E
or 13x+26y +26z =117 =12x -9y + 36z + 39
or x+35y —-10z =156.

20 Condition for the Equation to Represent a Pair of
Planes and the Angle between the Two Planes

Prove that the equation
ax®> + by® +cz® +2fyz+2gzx + 2hay = 0
represents a pair of planes if abc + 2 fgh — af* - bg® — ch* = 0.
Prove also that the angle between the planes is
a2¢f% + g + 1% - be - ca - ab)'?
a+b+c

tan

(Agra 2001, 02; Bundellkkhand 09)
Proof: The given general homogeneous equation of second degree in x, y, z is
ax2+byz+czz+2ﬁiz+2gzx+2hxy20 (1)
Let the equations of the two planes represented by (1) be
hx+my+mz=0andly x+my y+mny z=0.
These equations will not contain the constant terms for otherwise their product
will not be homogeneous. Thus we have
ax? +b);2 +ez? +2fz +2gzx + 2y = (hx + myy + mz) (lhx + my y + nyz).
Comparing the coefficients of like terms on either side, we have
Ly =a,mmy =b,mny =c,mny +myn; =2f, } .

(2)

The required condition is obtained by eliminating /;, m;, n; and [y , m, , ny from
therelations (2). This is conveniently done by considering the following product of
two zero-valued determinants :
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L I, O L I, O
my my, O|x|my m 0|=0. [Remember]
no ny 0O n  ny O

Multiplying the two determinants by row-by-row multiplication rule, we have

211 Limy + lym, Lny +1lym
mly +nyl| nmy + 1y my 2nny

On putting the values of [;1, , jm, + l,m etc. from (2), we have

2a 20 2¢ a h 4
2h 2b 2f (=0 or |h b f1=0
2¢  2f 2 & f o«
or abe + 2 fgh —af > —bg? —ch? =0. --(3)

This is the required condition that the equation (1) represents a pair of planes
passing through the origin.

To find the angle between the planes: Let 6 be the angle between the two
planes represented by the equation (1).

Then 6 is the angle between the planes Lx+m y+mz=0 and
lyx +my y +nyz =0 and so is given by

tan = = mny —mym )1 ,
Ly +mmy +nyny
where Lily +mmy +mny =a+b+c
and X (myny —m2n1)2 =X [(myny +m2n1)2 —4mymynyny |
=X @4f % —4he)
=4(f? -be)+4(g? —ca)+4 (h?> - ab),
so that [Z (myny —}112111)2]1/2 =2 \/(f2 +g2 +h? —be - ca—ab).
2 2 2 _ _
tan9:2\/(f + g +h” —bc —ca— ab) )
a+b+c
2 2 2 _ _
or 0 - tan-! 2N(f*+g +h” —bc —ca ab).
a+b+c

Condition of perpendicularity: The two planes given by (1) will be

perpendicular if 6 = % Tie.,tan O = tan % T = o. Hence the relation (4) gives

a+ b+ c=0.
Thus, the two planes given by (1) will be perpendicular if
the coefficient of x? + the coefficient of y2 + the coefficient of z2 = 0.
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Illustrative Examl)les

Example 12:  Prove that the equation 2x* —6y? —12z% +18yz + 2z + xp =0
represents a pair of planes and find the angle between them.

(Garhwal 2000; Agra 01; Rohilkhand 05, 07; Avadh 10)

Solution: Comparing the given equation with the equation
ax? +by? +ez? +2fpz + 2gzx + 2y = 0, we get
1 1 1
=2,b=-6,c=-12,f=--18=9,¢g=—-2=Lh=—-
‘ ‘ /=5 §73 2
abe + 2 fgh —af 2 —bg? — ch?
:2(—6).(—12)+2.9.1.%—2.81+6.1+12.i
=144+9-162+6+3=162-162=0.
Hence the given equation represents a pair of planes.
If @ be the angle between the planes, then
2N(f %+ g> +h* = be - ca— ab)
a+b+c

tan 0 =

| 1
2\/(81+1+Z—72+24+12)=2\/[Z-(185)]=_\/@.

2-6-12 _16 16
sec 20 =1+ tan® e:1+§:ﬂ
256 256
secez2 or CosG:E or 0=cos ! (EJ
16 21 21

Alternative method: Arrangingthe given equation asa quadraticinx,we have
2% +x 2z + y) - (6y* +12z% —18yz) =0.
—Qz+ ) EV[Q2z+ )t +4.2.(6y* +122% —18y2)]
X =
2.2

or 4x==2z— y+[4z% +4zp + y* +48y? +96z% — 144 2]
=-2z— y+V(@49y* — 140 yz +100z )
=-2z - y+\N(7y-10z)
=-2z-y*x(7y-10z).
i 4x=-2z-y+7y-10z and 4x=-2z+ y -7y +10z
or 4x -6y +12z2=0 and 4x+8y -82=0
or 2x -3y +6z=0 and x+2y-2z=0.
These beinglinear equationsin x, y andz prepresent the two planes. If@is the angle
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between these planes, then using
ayay, +byby +cicy
cos 0 = ,we have
V(a? + 5% +c?)V(ay? +Dby? +¢y2)
2.1+(=3).2)+6.(-2 —
g 21FED.@2)46.) 16

’

N@E+9+36)VA+4+4) 21
giving the obtuse angle between the planes.

If @ is the acute angle between the planes, thencos®=16/21
0=cos™ (16/2]).

21 Projection on a Plane

Recall the definitions of the projection of a point and the projection of the segment
of a line on a plane (see article 7 of chapter 3).

Similarly the projection of an area A on a given plane is defined. Let Abe an area
enclosed by the curve PQR ... .Let P, Q ", R’,...be the feet of the perpendiculars
drawn from P, Q, R,... to the given plane. Then the projection of the area A
enclosed by the curve PQR... on the given plane is the area A’ enclosed by the
curve P Q" R’ ... 1f0is the angle between the plane of the area Aand the plane of
projection, then A” = A cos 6.

Now we shall discuss two theorems on the projections.
Theorem 1: Let the projections of an area A on the co-ordinate planes yz, zx and xy be
Ay, Ay and A, respectively, then A2 =A%+ AJ,2 + A2

Proof: Let the direction cosines of the normal to the plane of area A be [, m, n.

Also the normal to the yz-plane is x-axis whose d.c.’s are 1,0, 0. If o be the angle
between the plane of area A and the yz-plane, then o is the angle between the
normals to these planes and so  coso=/.1+m.0+n.0=1L
Now the projection A, of the area A on the yz-plane is given by

A, =Acoso=AlL
Similarly we have A, = Am, A, = An.
Squaring and adding, we have

A2+ A2+ A=A (P +m® +07)= A 1= A%

Theorem 2:  The projection of a given plane area A on a given plane §is equal to the sum of
the projections of A , A, and A on the given plane § where A, , A, and A, are the
projections of the area A on the co-ordinate planes viz., yz, zx and xy-planes respectively.

Proof: Letl, m, nbethed.c.’s of the normal to the plane A,andlet!”, m”, n’be the

d.c.’s of the normal to the plane & Now if 6 is the angle between these two planes,
then cos O=1"+mm’ +nn’. (1)
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Now let the projection of the area A on the plane £ be A”;then we have
A"=Acos® or A'=Al"+mm’+nn’). ...(2)
Also by definition and in view of theorem I, we have
Ay =ALA, = Am, A, = An. ...(3)
From (2), we have A’=(Al)l"+ (Am)m’ + (An) n’
=AU+ A, m+ A n [using the relations (3)]

= (the projection of the area A, on the plane &)
+ (the projection of the area A, on the plane €)
+ (the projection of the area A, on the plane &).

Proved.

22 Aveaofa Triangle

To find the area of a triangle ABC the co-ordinates of whose vertices are A (x|, y;,z),
B (xy , yy ,z9)and C (x5 , y3 ,23).

Let [, m, n be the d.c.’s of the normal to the plane of the triangle ABC and let A
denote the area of this triangle.

Let A, , B, and C, be the projections of the three vertices A , Band Crespectively
on the ypz-plane. Clearly the co-ordinates of these points are given by
Ae 0, 01,21), By 0, 35 ,29) and €, (0, y5 , 23).

Let A, denote the area of the triangle A, B, C, ic.,A, is the area of projection of
the area A on the yz-plane, so that we have

A, =A.l (1)
Also by the co-ordinate geometry of two dimensions,
| NIRRT
A, = 3 y ozy 1 ..(2)
Js o z3 1

Similarly if A, and A are the areas of the projections of the area A on zr and
xy-planes, then

Ay,=A-m ...(3)
and A, =A-n ...(4)
| Yooz 1 oo 1
where Ay, = 5 |2 % LI, A, ==|xy yy 1}

X3 zg 1 x3  yy 1

Squaring (1), (3) and (4) and adding, we get
AZ+A 2 +A2 =N (17 +m” +0°)=A .1

or N =A2+A2+A% ..(5)
This gives area A of the triangle ABC .
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Illustrative Examlales

Example 13: A plane makes intercepts OA = a,OB = b and OC = ¢ respectively on the

co-ordinate axes. Show that the area of the triangle ABC is% Vb 2c? +c%a® +a’b?).

(Meerut 2008, 09)
Solution: The points A, Band C lie on the axes of x , yandz respectively, so that
their co-ordinates are A (4,0,0), B (0, 5,0), C (0,0, ¢).

Let A denote the area of the triangle ABC . The projection of the triangle ABC on
the yz-plane is the triangle OBC and if A, denotes its area, then

Ax=l.OB.OC=lbc. (1)

2 2
The projection of the triangle ABC on the zx-plane is the triangle OCA and its area
A, is given by Ayzé.OC.OAzéca. ..(2)

Also the projection of the triangle ABC on the xy-plane is the triangle OAB and its
area A, is given by

A=+ oaoB=La. .(3)
2 2

the area A of the triangle ABC is given by

N =A% +A 72 +A7 =i(b262 +c2a® +a’h?)

or A=%\/(b2cz+czu2+u2b2).

23 Volume of a Tetrahedron

If V is the volume of the tetrahedron A, BCD whose vertices are the points
Ax;, y1,21),B(xy, yy,29),C(x3, y3,2z3)and D (x4, y4,z4), then
ooz 1
1| Yo 3y 2o 1
6 x3 y3 z3 |1
Xy vy oz4 1

Particular case: If V is the volume of the tetrahedron O, ABC whose vertices are

the points O (0,0,0), A (x;, y;,21), B(xy, yy,z9) and C (x5, y3,z3), then
o) 4

Yo J2 22 |-

Y3 V3 %3

1

V=
6
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Illustrative Examl)les

Example 14: Prove that the four planes my + nz =0, nz +lx=0,Ix + my =0,
2 p3

mn

(Kanpur 2009; Kumaun 11)

Ix + my + nz = pform a tetrahedron whose volume is

Solution: The equations of the given planes are

my +nz =0 (1)
nz +lxr=0 .. (2)
Iy +my=0 ...(3)
and Ix + my + nz = p. .(4)
Solving (1), (2) and (3), we get x =0, y =0,z =0.
Solving (2), (3) and (4), we get x = — 7p,y = E,z e
m n
Solving (1), (3) and (4), we get x = ? , Yy =- E,z _
m n
Solving (1), (2) and (4), we get x = ?,y ' ,Z =— L
m n
Hence, the coordinates of the vertices of the tetrahedron are
(07070)’(_papap)v(p’_pva and(papa_p)
[ "m n I m n [ m n
Therefore, the volume V of the tetrahedron
_r r p
/ m n -1 1 1 -1 0 0
il p op_ P _r G, + G
=—| L -2 = -1 1|= 10 2/,
6| I m n| 6lmn |1 -1 6 Imn I C; + G
porop - 20
[ m n
L,k
6 Imn 3 Imn

@mprehensive Exercise 2

1. Find the equation of the plane passing through the line of intersection of the
planes2x =7y +4z =3,3x =5y +4 z +11=0, and the point (-2,1, 3).
(Bundelkhand 2005)
2. Find the equation of the plane through the line of intersection of the planes
ax+by +c¢z+d=0andox + By + 1z + 8 =0 and parallel to x-axis.
(Bundellkkhand 2006, 14)
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13.

14.

G109,
Find the equation of the plane which is perpendicular to the plane

5x+ 3y + 6z +8=0 and which contains the line of intersection of the
planesx +2y +3z -4=0,2x+ y -z +5=0. (Rohilkhand 2009)

A variable plane at a constant distance p from the origin meets the axes in
A, B and C. Through A, B, C planes are drawn parallel to the co-ordinate
planes. Show that the locus of their point of intersection is

-2 -2, -2 _ -2
X4y 4z =p (Rohilkhand 2008B)
A variable plane passes through a fixed point (o, B, y) and meets the axes of

reference in A, B, C. Show that the locus of the point of intersection of the
planes through A, B, C parallel to the co-ordinate planes is

-1 -1 -1
o +By + =L (Meerut 2009B; Kumaun 12)

Apoint Pmoves on the plane Y+ 4 2 _iwhichisfixed. The plane through

a b ¢
P perpendicular to OP meets the co-ordinate axes in A, Band C.The planes
through A, B and C parallel to the yz, zv and xp-planes intersect in Q. Prove
that if the axes be rectangular, the locus of Q is

o r v
2 yZ z? ax by ez

Find the equations of the bisector planes of the angles between the planes
3x-2y+6z+8=0 and 2x- y+2z+3=0 (Purvanchal 2010)
Find the equation of the plane that bisects the angle between the planes
3x -6y +2z+5=0and4x — 12 y + 3z = 3which contains the origin. Is this
the plane that bisects the obtuse angle ? (Avadh 2011)
Find the equations of the bisectors of the angles between the planes
2x— y—-2z2-6=0 and 3x+2y -6z -12=0 and distinguish them.
(Purvanchal 2010)
Prove that the equation x* +4y? —z2 +4 xy =0 represents a pair of

planes and find the angle between them. (Rohilkhand 2008)

. a b c .
Show that the equation + + =0 represents a pair of

y-z z-X x-J

planes. (Goralchpur 2006; Kanpur 06; Rohilkhand 10)
Find the area of the triangle whose vertices are A (1,2,3), B(2,-1,1) and
C(l,2,-4). (Meerut 2013)

Find the area of the triangle included between the plane3x — 4 y + z = 12and
the co-ordinate planes. (Meerut 2000; Rohilkhand 08)

Fromapoint P (x *, y ’, z")aplaneis drawn at right angles to OP to meet the
co-ordinate axes at A, B and C. Prove that the area of the triangle ABC is
r’/@2x ’ y’z"),where r is the measure of OP. (Meerut 2011)
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@nswers 2

(bao—aPB) y +(co—ay) z + (do —ad) =0

33x +45y +50z - 41=0
5x—y-4z-3=0,23x-13y +322 +45=0
67x—-162y +47z +44=0
S5x—13y+4z-6=0; 23x - y-322-78=0

tan™! (% \/5)

% V(490) square units

I15x -47y +282 =7

3(26) square units

@Jjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

Equation of a plane through the point P (o, B, y)and perpendicular to OPis

(a) ocx+[3y+yz=m(b) ox+By+y=0

(© ox+By+y =0 +Bp* +y° (d) ax+Py+y=1
The angle between the planes3x -4y +5z=0and2x - y -2z =51s
(a) /3 (b) m/2

(c) n/6 (d) n/4
(Meerut 2009B)

The ratio in which the x y-plane meets the line joining the points (-3, 4, — 8)
and (5, - 6,4) is
(a) 2:3 (b)y 2:1

(c)4:5 (d) none of these
(Agra 2007)
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A plane meets the coordinate axes at A, B, Csuch that the centroid of the
triangle ABC is the point (a, b, ¢). Then the equation of the plane ABC'is

(a)f_{_’yi_yi:] (b)f.p’yi_}.i:()
a b ¢ a b ¢

(c) f+J]7+5=3 (d) none of these
a ¢

Ifd, andd, are both positive and the origin lies in the acute angle between the
planes ayx+byy+cz+d =0 and ayx+byy+c9z+dy =0
then the value of a; ay +b; by +¢; ¢y is

(a) negative (b) positive

(c) O (d) none of these

The intercept form of plane is

@ T+ 4 i by ¥ 2o
a b ¢ a b ¢

() ax+by+cz=1 (d) none of these

(Bundelkhand 2005)
The equation of the plane parallel to x-axis is
(@) y=0 (b) z=0

(¢) ax+d =0 (d) by+cz+d=0
7y
(Kumaun 2008)

The angle between the planez =0 and x+ y =0 is

(a) 60° (b) 90°
(c) 180° (d) none of these
The angle between the planes 3x -4y +5z =0 and2x— y—z =5 s
T T
d b) =
(a) 2 (b) 3
(c) & (d) %
4 6 (Kumaun 2011, 14)
The equation of the XOY plane is
(a) x=0 (b) =0
(c) z=0 (d) none of these

(Kumaun 2014)

Fill in the Blank(s)

Fill in the blanks “......”, so that the following statements are complete and correct.

The equation ax + by + cz + d =0 represents a ...... .

The direction cosines of normal to the plane 4x — y — 8z + 7 = 0 directed
from the origin to the plane are ...... .
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3. 2x + 3y + 4z = Oistheequation of a plane which passes through the........ .
(Meerut 2001)

4. oo(x=0)+B(y—-m)+vy(z—-n)=0 represents a plane passing through the
point ...... . (Meerut 2001)

5. Equation of the plane through a given point (x;, y|, z; ) and perpendicular to
a line whose direction ratios are a, b, c is ...... .

6. The equation of the plane which cuts off intercepts 4, b, ¢ from the axes is
The intercept made by the plane 3x +4y + 8z =2 on p-axis is ...... .
The equation of the plane x =2y + 2z — 9 =0 in normal form is ...... .
The planes  ajx+byy+ciz+dy =0 and ayx+byy+cyz+dy =0
are perpendicular if and only if ...... .

10. The equation of the plane through the point (1, 4, -2) and parallel to the
plane -2 x + y -3z =71is ...... .

11. Theequation of the plane parallel to the zr-plane and at a distance ‘b’ from it is
given by ...... .

12. Thelength of the perpendicular drawn from the point (x;, y;, z; ) to the plane
ax+by +cz+d=01is ...... .

13. The length of the perpendicular drawn from the origin to the plane
x+4y -8 +18=0is...... .

14. The perpendicular distance of the point (2,-1-4) from the plane
Sx-4y+12z=9is ...... .

15. The distance between the parallel planes x+ y -z +4=0 and
¥+ y—-z+5=0is...... .

16. The length of the perpendicular from the origin to a plane is 5 units and the
direction ratios of a normal to the plane are 2, 3, — 6. The equation of the
plane is ...... . (Meerut 2002)

17. Theequation of the plane passing through the origin and parallel to the plane
4x -9y +7z+3=01is ...... .

18. The foot of the perpendicular drawn from the origin to a planeis(12 , -4, 3).
The equation of the plane is ...... .

19. The angle between the normals to the planes 2x— y+z =13 and
X+ y+2z=9is ... .

20. Twopoints(x;, y;,z;)and(xy , yy ,zy)willlie on the same side of the plane

Kridea's T.B. Geometry

ax+by +cz+d=0 if avy +by; +czy +d and axy +byy +cz9 +d
are of the ...... signs.
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21. The bisector of the acute angle between the planes2 x — y +2 z + 3 =0 and
3x-2y+6z+8=0is...... .

22. Two planes represented by ax 2aby? 42?42 fz+2 gar+ 2y =0
will be perpendicular if ...... .

23. The areas of projections of A ABC on the coordinate planes yz , zx , xy are
respectively A, , A), , A, .If Ais the area of A ABC, then A% = .
True or False
Write “T" for true and °F for false statement.

The number of arbitrary constants in the general equation of a plane is 3.
2. Theplanesx — y +z =7and 3x + 2y — z + 9 = 0 are perpendicular to each
other.
3. The planes 3x -4y +8z +7 =0 and 6x + 8y + 16z + 9 =0 are parallel to
each other.
4. The planes3x +4y + 9z =8 and 6x + 8y + 18z — 7 = 0 are parallel to each
other.
5. Theanglebetween the planes2x — y -2z -6 =0and3x+2y -6z -12=0
in which the origin lies is acute.
@n swers
Multiple Choice Questions
1. (o) 2. (b) 3. (b) 4. (c) 5. (a)
6. (a) 7. (d) 8. (b) 9. (c) 10. (c)
Fill in the Blank(s)
4 1 8 -
1. plane 2. ——,—, = 3. origin
P 999 8
4. (I, m,n) 5. ax=x)+b(y—-y)+c(z-2)=0
6. X+ = +2=1 7 1
a b ¢ 2
1 2 2
8. §X—§y+§Z:3 9. ayaq +blb2 +6152:0
10. 2x-y+3z+8=0 11. y=»b
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12.

15.

17.
20.
22.

Kridea's T.B. Geometry

|ax, + by, +cz; +d|

1

V3

4x -9y +7z=0
same

a+b+c¢c=0

True or False
T 2. T

16.

18.
21.
23.

3.

47

2 14. —
13

2x+3y -6z =35

12x -4y +3z=169 19. =n/3
23x =13y +32z+45=0
A2+ A+ AP

X




The Straight Line

1 TheEquations of a Straight Line

l zvery equation of the first degree in x, y ,z represents a plane. Also as two
planes intersect in a line, therefore the two equations together represent that
line. Thus ax+by +cz+d=0 and a’x+b’'y+c’z+d" =0

represent a straight line.

These are called the general equations of a straight line.

2 Equations of the Straight Line in the Symmetrical Form

To find the equations of a straight line passing through a given point A (o, B, y) and having
direction cosines | , m, n. (Kumaun 2001)

Let P (x, y,z)be any point on the line such that AP =r.

Now projecting AP on the x-axis, we have

x—-o
=r.
)

Similarly projecting AP on the y and z-axes, we have

x—o=Ir or
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P
x_a:y_B:z_rY 1?/:/
I
[}

) m n

are the equations of a straight line in the o

I

I

1

! -
symmetrical form. M N X
Alternative method: (By vectors).

Let P (x, y,z) be any point on the line AP,

where A (o, B, 7) is the given point.

- - -
AP=0P - OA=7 —d = (xi+ yj + zk) — (0 + Bj + Vk)

=x-o)i+(y-P)j+@E-7k. (1)
Since [, m, n are the direction cosines ¢e,B,1 A P {x,»,2)

of the line AP, therefore A—IB: rt,

where AP=r and ¢ is the unit

vector along AP given by
t=li+mj+nk. 0

%
AP =7t =r (li+mj+ nk). .. (2)
From (1) and (2),

or J- B)i+(Z—Y)k=7’(li+mj+nk).
r,y-p= —Y=nr.
_EY

X —q
Hence = -are the required equations of the line.
a c

Corollary 1: The equations of the straight line passing through (o, , y) and
x-o_y-B_z-v,

having direction cosines proportional to a, b, ¢ are 5
a c

Corollary 2: Any point on the line. Any point P (x, y,z) on the line

— - z =
r-o_J P i =r(say)is (o +Ir, B + mr,y + nr).
n

[ m
Here, [, m, nare the d.c.’s of the line and ris the distance of any point P (x, y ,z)on
the line from the given point (o, B, ).

Similarly any point on the line

— — zZ —
Yoo J P = ! =r(say)is (o +ar, B +br, yv+cr)
a b c

It should be noted here that ‘7’is not the actual distance of any point P (x, y , z)

on the line from the given point (o, , y).




The Straight Line

DN

5 Line through Two given Points

(Meerut 2010B)
To find the equations of a straight line through two given points (x; , y; ,z;)and
(X2 5 y2 ,29).
The direction cosines of the line will be proportional to xy — Xy, y9 — y;,29 — 2}
and it passes through (x, y;, z}).
Y h _ "N _F74
Yo =4 D2 = %2 T2

Therefore the equations of the line will be

Alternate method: (By vectors).

Let A (x;, yy,21), B(xy , yg ,29) be &X?Mﬂ (3. 33029) (:;;3'»2)
B

the given points and P (x, y, z) be any
point on the line AB .

- —
Since the vectors AP and AB are

- -
collinear, therefore AP =t AB,
where t is some scalar
or (—x)i+(y-y)j+E-z)k

=t{(xy —x))i+(py — ) )+ (29 —27) k)
x—x =t(xy —x), y- =t(y2 =)
and z -z =t(z9 —2z;p).
Hence, h A 274
Xo =X V2 = |

are the required equations of a line through two given points.

)

lllustrative Examl)les

Example 1: Find the co-ordinates of the point of intersection of the line
x+1 y+ 3 _z-
3

2 with the plane 3x + 4 y + 5z = 20.

(Kumaun 2015)
x+1 _J +3 z -2

3 - 3 =1, (say).

(-1+7r,-3+3r,2+ 2r) are the co-ordinates of any point on the line.

Solution: Suppose

If this point lies on the plane 3x + 4 y + 5z = 20, then
Sr-D)+43r-3)+5@2r+2)=20.

. 25r=25o0rr=1

Putting the value of r we get the required co-ordinates of the point as (0,0, 4).
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Example 2:  Find the distance of the point (2 , 3, 4) from the point where the line

_ —4 _
x13:)/2 =225 meets the plane x + y +z =22,

Solution: Any point on the lineis 3 +7r,4 +2r,5 +2r).

If it also lies on the plane x + y + z =22 ,then
S+r+4+2r+5+2r=22 or 5r=10.
. r=2.
Putting the value of r we get the required co-ordinates of the point as (5, 8,9).
the required distance = the distance between (2, 3,4) and (5, 8,9)

= J6-27 +(8-3)7 +(9 -4
=./9+25+25=59.
Example 3: Find the distance of the point (1,3,4) from the plane 2 x — y +z =3

measured parallel to the line % = y—l = il . (Meerut 2007B, 08, 12)

Solution: Line through (1, 3, 4) parallel to the given line is
x=1 7= 3 _z-4

2 -1 -l
Any point on this line is (1 +2r ,3 —r,4 - r).

=7, (say).

If it also lies on the plane 2x — y + z = 3, then
20+2r-C8-r+4-r=3 or 2+4r-3+r+4-r=3
or 4r=0 or r=0.
Putting the value of r we get the co-ordinates of the point as (1, 3,4).
Distance required = the distance between the points (1, 3,4) and (1, 3, 4) which is
obviously zero.
Example 4: Find the co-ordinates of the foot of the perpendicular drawn from the origin to
the plane3x + 4y — 6z + 1 = 0.Find also the co-ordinates of the point on the line which is at
the same distance from the foot of the perpendicular as the origin is.
(Bundelkhand 2005; Meerut 13B)

Solution: The equation of the given plane is G
3x+4y-6z+1=0. (1)
The d.r.’s of the normal to the plane (1) are 3,4, — 6. f

d.r.’s of the line perpendicular to the plane (1) are / i /
3,4,-6.
Hence the equations of the line passing through (0, 0, 0) and 0

perpendicular to the plane (1) are

%:%:_i():r(say). .. (2)
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any point P on the line (2) is (3r, 4r, — 6r). ...(3)
If this point lies on the plane (1), then
3@Br)+4@r)-6(-6r)+1=0
or r=-1/61-
Putting this value of r ie.,r =—1/611in (3), the coordinates of the foot of the
. -3 4 6
perpendicular P are | —,—,— |-
61 61 61

Nowif Q (¥, yy, z; ) be the point on the line which is at the same distance from the
foot of the perpendicular as the origin is, then P is the middle point of OQ .

x1+02;3, Nr0_4 and a*0_6
2 61 2 61 2 61
ivin X -6 -8 z _12
gving S A S S
.. the co-ordinates of Q are (_—6,_—8,2)
61 61 61

@mprehensive Exercise 1

x=2 y+1 z-2
==
plane x — 2y + z = 20. (Rohilkhand 2013)
(ii) Find the distance from the point (3,4, 5) to the pont where the line
x-3 J- 4 _z-5
1 2

2. Find the coordinates of the point where the line joining the points (2, — 3, I)

and (3, - 4, — 5) meets the plane2x + y +z = 7.
(Kumaun 2007; Rohilkhand 08)

3. Show that the distance of the point of intersection of the line
x—-3 _J- 4
2

is 3.

4. Find the points in which the line

1. (i) Find the point in which the line meets the

meets the plane x + y +z = 2.
(Kumaun 2009)

-5
= 5 andtheplanex + y + z = 17fromthe point(3, 4, 5)

x+1 y-12 z-7
s

I =5y" +2% =0. (Meerut 2004, 05, 07, 09B; Kanpur 06)
5. Find the distance of the point (I, —2,3) from the plane x— y +z=5

measured along a line parallel to % =L (Kanpur 2010)

3 "6

cuts the surface

6. Find the image of the point (1, 3,4) in the plane 2x — y +z + 3 =0.
(Meerut 2004, 05, 06B, 07, 10; Rohilkhand 08)
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7. Avariable plane makes intercepts on the co-ordinate axes the sum of whose
squares is constant and equal to k. Show that the locus of the foot of the

perpendicular from the origin to the plane is

(x_2 +y_2 +z_2)(x2 +y2 +22)2 =k?2.

@nswers 1

1. (i) (8726) (i) 6 2.
4. (1,2,3):2,-3, 1) 5.

(Garhwal 2001)

L-27)
] 6. (-3,5,2)

4 Transformation of the General Form of the Equations of
a Straight Line to Symmetrical Form

To transform the equations a;x + by y +c¢1z +d; =0,a,x + by y +cyz +dy =0 of a
straight line to the symmetrical form.
Let the general form of the equations of the straight line be given by the equations
amx+by+cz+d =O}' ()
ayX +by y+cyz +dy =0

Now we are required to write down the symmetrical form of the straight line given
by the equations (1). For this we must know (i) the direction cosines or direction
ratios of the line and (ii) the co-ordinates of a point on the line. To find these two
we proceed as follows :
Step 1: To find the direction cosines or the direction ratios of the line given
by the equations (1).
Let I, m, n be the direction cosines or direction ratios of the line. Since the line is
common to both the planes, therefore it is perpendicular to the normals of both the
planes. The direction ratios of the normals to the planes given by equations (1) are
ay,by,cy and ay , by ,cy respectively. Hence we have

lay + mby +nc; =0 and lay + mby +ncy =0.
Solving these equations for [, m, n, we have

l m n

bicy =byey  cray —coay  ayhy —ayh,
the direction ratios of the line are

biey —bycy,cia9 —coay,athy —ayby. ..(2)

Step 2: To find the co-ordinates of a point on the line given by the equations

(1).
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The co-ordinates of a point on aline can be chosen in many ways. One of these ways
is that we choose the point as the one where the line cuts the xp-plane (i.c.,the plane
z =0), provided the line is not parallel to the plane z =0 ie., provided
ayby —ayb; # 0. Putting z = 0 in both the equations given by (1), we get

mx+by+d =0, ayx+byy+d, =0.
Solving these equations for x, y, we get

x _ J _ 1

bidy =bydy — dyay —dyay — ayhy —ayby ’

Hence the co-ordinates of a point on the line (1), where it cuts the planez = 0 are

bydy —byd, dyay —dya ol (3)
ayhy —ayb, ,“1172 — ayb ,

Hence the equations of the line in symmetrical form are

P bydy —byd, _ dyay —dyay
ﬂlbz _ﬂ2b1 y ﬂ]bZ _ﬂZhI z —0

byey = bye C1dy = Cady _“1b2 - ayb
Note: If ajb, — ayb, =0,then instead of taking z = O we should take the point

where the line cuts x = 0 plane or y = 0 plane.

Illustrative Examlales

Example 5: Find in symmetrical form the equations of the line

Sx+2y—-z-4=0=4x+ y -2z + 3and find its direction cosines.
(Meerut 2005B)

Solution: The equations of the given line in general form are
S3x+2y-z2-4=0, 4x+ y-2z+3=0. (1)

Let !/, m, nbe the d.c.’s of theline (1). Since the line is common to both the planes, it

is perpendicular to the normals to both the planes.

Hence we have 3l[+2m —-n=0, 4l+m—-2n=0.

Solving these, we get

-4+1 -4+46 3-8 -3 2 -5

the d.r.’s of the line (1) are — 3,2, - 5.
We have, \/(—3)2 +22 4 (—5)2 =./38.

The d.c.’s [, m, n of the line (1) are given by
3 2 5

, m= , n=
V38 V38 V38

Now to find the co-ordinates of a point on the line given by (1), let us find the point
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where it meets the planez = 0.Puttingz = 0 in the equations given by (1), we have
3x+2y-4=0, 4x+ y+3=0.
Solving these, we get
X J 1 x J 1

or — ==

6+4 -16-9 3-8 10 -25 -5

giving x=-2,y=>5.
The line meets the plane z = 0 in the point (-2 , 5, 0) and has direction ratios as
-3,2,-5. Therefore the equations of the given line in symmetrical form are
x+2 )= 5 z-0
3 2 -5

Example 6: The planes 3x — y +z +1=0,5x + y + 3z = 0 intersect in the line PQ.
Find the equation to the plane through the point (2 ,1,4) and perpendicular to PQ .
Solution: Let [, m, nbe the direction cosines of PQ . Since the normal to each of
the given planes is perpendicular to the line PQ , therefore

3l-m+n=0 and S5l+m+3n=0.

/ _m _ n
-3-1 5-9 3+5
I m n
or ==
1 1 =2

Since we have to find the equation of the plane which is perpendicular to PQ ,
therefore the coefficients of x, y and z in its equation must be quantities
proportional to [, m, n so let the equation of this plane be x + y =2z + A =0.
If it passes through the point (2,1, 4), then

2+1-8+A=0 or A=5.
Hence the required equation is

x+y-2z+5=0.

@mprehensive Exercise 2

1. Find in symmetrical form the equations of the line

¥+ y+z+1=0=4x+ y -2z +2 and find its direction cosines.
2. Find the angle between the linesx +2y -2z =1L, x -2y +z =9 and
x—-3 _J+ 5 _z-1
I 3 2
3. Provethatthelinesx=ay +b,z=cy+d and x=a’y+b’,z=c"y+d’
are perpendicular if aa” + ¢cc” +1=0.
(Kanpur 2006, 09; Rohilkhand 07; Bundelkhand 09; Kumaun 09)
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4. Find the equations to the line through the point (I, 2, 3) parallel to the line
X—-y+2z2-5=0;3x+y+z-6=0. (Avadh 2013)
5. (i) Show thatthelines2x+3y-4z=0,3x-4y+z=7
and5x - y-3z+12=0,x-7y +52 -6=0 are parallel.
(i) Show  that the lines x+ y-z=59%-5y+z=4 and
6x -8y +4z=3,x+8y —6z+7=0are parallel.  (Kumaun 2008)

6. Show that the lines3x+2 y+z=5x+y-2z=3
and 2x - y-z=0,7x+10 y — 8z =15 are mutually perpendicular.

@nswers 2

x+1/3_y+2/3_z+0_—1 2 -1

l' T =9 —  —
-1 2 -1 'J6 J6 V6
_ 1 x-1 y-2 z-3
2. L 4. - -
o’ («/406) 3 5 4

5 Angle between a Straight Line and a Plane

(Rohilkhand 2005)
To find the co-ordinates of the point of intersection of a given line and a given plane and to
deduce the conditions that :
(i) the line may be parallel to the plane,
(ii)  the line may be perpendicular to the plane, and
(iii)  the line may be lying in the plane.
Let the equations of the given straight line in symmetrical form be

x—oc:J/—B :z;yzr(say). (D)

/ m

and the equation of the given plane be

ax + by +cz +d =0. ...(2)
The co-ordinates of any point on the line (1) are

o+ 1Ir,B+mr,y+nr). ...(3)
If this point lines on the plane (2), then

al+r)+b(B+mr)y+c(y+nr)+d=0
or ral+bm+cen)+ac+bp+cy+d=0

ao+bp+cy+d

C a+bmton

or r =
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Substituting this value of rin (3), we get the point of intersection of a given line and
a given plane.

Corollary 1: Conditions of parallelism of a line and a plane:
(Bundellhand 2005; Agra 06)
. x-a_J-B z-v
To deduce the conditions that the line = = may be parallel to the plane
m n

ax +by +cz +d=0.
If the line (1) is parallel to the plane (2), then this line must be perpendicular to the
normal to the plane (2).
o al +bm +cn =0.
Again the point (o ,B,y) should not lie on the plane ie, we must have
ao + bB + ¢y + d # 0, for otherwise the line (1) will not be simply parallel to the
plane (2) but it will lie in the plane (2).

al+bm+ecn=0 and ac+DbB+cy+d=0
are the required conditions.
Corollary 2: Condition of perpendicularity: If the line (1) is perpendicular

tothe plane (2), then it must be parallel to the normal of the plane (2), so that
a_ b ¢

[ m n

is the required condition of perpendicularity.
Corollary 3: Conditions for a line to lie in a plane: If the line (1) lies in the
plane (2), then for all values of r the point (o + 7, + mr ,y + nr) will lie on the
plane (2) ie, a@+Iry+b(B+mr)+c(y+nr)+d=0
or r(al + bm + cn) + (ao. + b + ¢y + d ) = 0 is true for all values of .

The coefficient of r = 0 and the constant term =0
ie., al +bm+en=0 and ac+Dbp+cy+d=0,

which are the required conditions.

lllustrative Examlales

- - z -
Example 7:  Find the equation of the plane through the line al 7 o_J P = !

B ’ ’ m n
—_ ’ — z —
and parallel to the line al ,Oc _J e = T
m n
—_— —_ Z —_
Solution: Any plane through the line ul 7 o_J P = ! is
m n
a(x—o)+b(y-B)+cz-v)=0 (1)

where al + bm + en =0. .. (2)
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—a’ -B’ z—-v’
Since the plane (1) is parallel to the line a ; ,Oc -7 B, = T ,therefore
m n
al”+bm’ +cn’ =0. ...(3)
From (2) and (3), we have
a _ b c

mn’ —m’n al’ —n’l Im —1'm
Putting the proportionate values ofa, b , cin (1), the required equation of the plane
is

(mn’ —=m’'n)(x—o)+ml’ " —n'l)(y-B)+Um’ =1"m)(z-7v)=0.

Example 8: Find the equation of the plane through the line
P=ax+by+cz+d=0,Q=a’x+b’y+c’z+d’=0

and parallel to the line x /1= y/m=2z/n.

Solution: The equation of any plane through the line P = 0, Q = Oi.e.,through the

line of intersection of the planes P =0 and Q=0 is

P+2M2=0 (1)
or (ax+by+cz+d)+A(a’x+b" y+c’z+d’)=0
or (a+Ma’)x+Ob+M")y+(c+i’)z+d+ A" =0. ..(2)

The d.c.’s of the normal to the plane (2) are proportional to
a+ia’,b+Ab ¢+ A’

The plane (2) [or (1)] will be parallel to thelinex /[ = y / m = z / nif the normal to

the plane (2) is perpendicular to the line x /I = y / m = z / n. Hence we have
@+’ )l+b+M " Ym+(c+ " )n=0

or A@a’l+b’ m+c’'n)=—(al + bm + cn)

or A=—(al+bm+cn)/(a’l+Db " m+c’n).

Putting this value of A in (1), the required equation of the plane is given by
P—{@+bm+cn)/(@a’l+b ' m+c’'n)} Q=0

or P@’l+b ' m+c’n)=Q (al +bm + cn).

@mprehensive Exercise 3

1. Find the equation of the plane which passes through the line of intersection
of the planes u; =a;x + by y + ¢,z +d; =0 and
Uy =d9X + by y + 9z +dy =0 and is parallel to x-axis.
2. Find the equation of the plane through the line
3x -4y +5z=10,2x + 2y — 3z =4 and parallel to the line x =2y = 3z.
3. Find the direction cosines of the line whose equations are x + y =3 and
x+ y+2z=0 and show that it makes an angle of 30° with the plane
y-z+2=0.
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4. Find the equation of the plane through the points (2,-1,0), (3,-4,5)
and parallel to the line3x =2y = z.

5. Find the equation of the plane through (2, 1, 4) perpendicular to the line of
intersection of the planes3x +4y +7z+4=0andx - y +2z +3 =0.

@HSWQFS 3

1. way =uya 2. x-20y+27z=14 3

1 1
. 0777_7

V2 N2
4. 33x-4y-92-70=0 5. ISx+y-72z-3=0

0 Plane through a given Line

(Equations of the given Line in the Symmetrical Form)

x-o V=B z-v
= = I
m n

The equation of any plane through the line

a(x—o)+b(y—PB)+c(z—-7y) =0whereal +bm+cn=0.
The equations of the given line in symmetrical form are P53
x—o y-B z-v
= = : ..(1)

II 1
/ m n ]

The equation of any plane through (o, B, ) is
a(x—o)+b(y-B)+c(z—7)=0. () ——
If it passes through the given line, its normal is perpendicular to
the given line v
Le., al + bm + cn =0. ...(3)
Form (2) and (3), the equation of any plane through the given line is
a(x-o)+b(y-B)+c(z-7v) =0, where al + bm + cn =0.
Corollary: Plane through one line and parallel to another line.

—oc_y—ﬁ z-=0

The equation of the plane through the line o = , and parallel to the

l ny m
y x-o y-B z-vy
line l = — = i iS ll ml nl = 0.
VL )]
Ly my ny
y-B z-v

The equation of any plane through the line * l_ ¢ = is
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a(x-—o)+b(y—-B)+c(z-7v)=0, (1)
where aly +bmy +cn =0. ..(2)
If it is parallel to the line r_r = ,its normal is perpendicular to this line
2 My
i.e., 6112 +bm2 +Cn2 =0. (3)
Eliminating a, b, ¢ from (1), (2), (3), we get
r-o y-B z-v
I m n, | =0,which is the required equation.

I ny )

Illustrative Examlales

Example 9:  Find the equation of the plane through the point (o.”, B, y”) and through the
x-o y-B z-v

line whose equations are
m n

Solution: The equations of the given line are

- -B z-v
Al IR A S : (1)

[ m n

The equation of any plane through the line (1) is

ax-—o)+b(y-B)+cz-7=0 .. (2)
where al + bm + cn =0, ...(3)
If the plane (2) passes through the point (o.”,”,y”), then from (2)

a@ —o)+b (B -B)+c(y' -7 =0 ..-(4)
Eliminating a, b, ¢ from(2), (4), (3), we get

x-o  y-B  z-vy
o’—o B’-B v’ —7v|=0, which is the required equation.
) m n

Example 10:  Find the equation of the plane which contains the two parallel lines

x+1 y-2 z x—-3 y+4 z -1

= = — ﬂnd = = .
3 2 1 3 2 1

Solution: The equations of the two parallel lines are
x+1 V- 2 _z-0

3 2 1
x-3 y+4 z -1
d = = )
an 3 p 1 +(2)

The equation of any plane through the line (1) is
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ax+D+b(y-2)+cz=0, ...(3)
where 3a+2b+c=0. ...(4)
The line (2) will also lie on the plane (3) if the point (3, — 4, 1) lying on the line (2)
also lies on the plane (3). Hence

aB+D)+b(-4-2)+c.1=0

or 4a-6b+c=0 ..(5)
Solving (4) and (5), we get

a_b_ ¢

8 1 -26

Putting these proportional values of 4, b, ¢ in (3) the required equation of the plane
is

S(x+D)+1.(y-2)-26z=0
or 8x+ y—-26z+6=0.

Example 11: Show that the plane through the point (o, B,y) and the line
X pyptq rz+s
x=py+q=rz+sisgivenby (oo pB+q ry+s|=0.
1 1 1
(Meerut 2001; Kumaun 11)

Solution: The equations of the given line are x = py + g =71z +35,

or in symmetrical form are

x—O_)’+(q/P) _z+(s/r)

1 1/p 1/r (1)
The equation of any plane through the line (1) is
ax-0)+b(y+q/p+c(z+s/r)=0 ...(2)
where lL.a+1/p).b+1/r).c=0. ...(3)
The plane (2) will also pass through the point (a, B, v) if
aon+b (B+q/p+c(y+s/r)=0. ...(4)

Eliminatinga, b, ¢ from the equations (2), (4) and (3), the equation of the required
plane is

X y+qlp z+s/r x pt+q 7z +§
o B+q/p y+s/r|=0 or joo  pB+q  ry+s|=0.
I 1/p L/r 1 1 1

[Multiplying the second and third columns by p and r respectively.]

Example 12:  Find the equation of the plane through the point (2 , —1,1) and the line

4x-3y+5=0=y-2z-5.
Solution: The given equations of the line are
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4x-3y+5=0, y-2z-5=0.
The equation of any plane through the given line is
(Ax -3y +5)+A(y-22-5)=0 (1)
If the plane (1) passes through the point (2, -1 1), we have
42)-3@=)+5+Ar(-1-2.1-5)=0
or 16 -8L=0 or A=2.
Putting A =2 in (1), the equation of the required plane is
4x -3y +5+2(y-22-5)=0 or 4x—y-4z=>5.

@mprehensive Exercise 4

-2 -3 -4
1. Find the equations of the planes through the line ul 5 = J 5 - : B

and

parallel to the co-ordinate axes.

—1_y+6_z+1

4 2
-2 -1 4
and parallel to =~ = J’g LR 26x 11y =17z =109 =0 and

show that the point (2, 1, — 4) lies on it.

Prove that the equation of the plane through the line ul

3. Find the equation of the plane determined by the parallel lines
x-4 y-3 z-2 x=-3 y+2
= = and = =

1 -4 5 1 -4 5
4. Find the equation of the plane which contains the line
x=(y-3)/2=(z-5)/3
and which is perpendicular to the plane 2x + 7y -3z =L

5. Show that the equation to the plane containing the line
x+1 y-3 z+2

-3 2

that the line % =

and the point (0,7,-7)is x + y + z = 0. Hence show

-7 _z+7

also lies in the same plane.
2 -3 (Garhwal 2001)

Find the equation of the plane containing the line % +2=1x=0
4

and parallel to the line r_E I, y=0.
a ¢

7. The plane Ix + my = 0 is rotated about its line of intersection with the plane
z =0, through an angle o. Prove that the equation of the plane in its new
position isly + my * z \/(12 + mz) tan o. = 0. (Meerut 2000, 06B)
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@nswers 4

1. 5y-3z2-3=0;5x-22-2=0;3x-2y =0

3. Ilx—=y-32-35=0 4. 9x-3y-z+14=0
6. Y- Zi1-0
a b ¢

{ Footand Length of Perpendicular from a Point to

a Line

(A) Line in symmetrical form:

To find the perpendicular distance of a point P (x|, yy,z,), from a given line when its
equations are given in the symmetrical form.

Let the equations of the given line in symmetrical form be

r-o_ 7P :Z_ny = r (say). (1)

/ m

The co-ordinates of any point N on the line (1) are

(o +Ir,B + mr,y+nr). .. (2)
If N be the foot of the perpendicular from P (x, y;,z;)to (1), then the line PN is
perpendicular to (1). The direction ratios of the line PN are

o+lr—x, B+mr—y, y+nr—z. ...(3)
As the line (1) is perpendicular to PN, using the condition

ayay +byby +cycy =0, we get

lo+lr—x)+mB+mr—y)+n(y+nr—z;)=0

or r% +m? +n®) =1 —o)+m(p —B)+n(z —7)
or r:l(xl—oa)+m(y1—[3)+n(zl—y) . )
12 +m? +n?

Substituting this value of r from (4) in (2), we can determine the co-ordinates of N,
the foot of perpendicular, and then PN can be easily calculated.

Corollary: Equations of the perpendicular line. The equations of the
perpendicular from the point P (x;, y;, z;) to the line (1) are given by
x—x  J7IN z-z

o+lr—x B+mr—y y+nr-z
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(B) Line in general form:
To find the equations of the perpendicular line from the point P (x,, y|, z,) to a line whose
equations are given by

ax+by+cz+d=0=a’x+b’'y+c’z+d’.
The equations of the given line in general form are

ax+by+cz+d=0, a’x+b’y+c’z+d’ =0 ..(1)
The perpendicular from a given point Pto a given line is the intersection of the two
planes namely (i) the plane through the given point P (x;, y,, z; ) and also through
the given line ; and (ii) the plane through the point P perpendicular to the given
line. Now the equation of any plane through the line (1) is given by

(ax+by+cz+d)+A(@ x+b"  y+c’z+d’)=0 (2)

If this plane (2) passes through P (x, y;, z;), then
(ax; + by +czy +d)+A(@ x; +b" yy +c' 2z +d’)=0

ax; +byy +czp +d
or A= 1+ 1

a’xy +b’ y +c¢’z +d’
Substituting this value of A in (2), the equation of the plane through the point P
and the line (1) is given by

ax+by +cz+d a’x+b’y+c’z+d’

- : .(3)

axy +byy +czy+d  a'xy +b’y ¢’z +d’

Also if [, m, n be the d.c.’s of the given line (1), then we have
al+bm+ecn=0 and a'l+b’'m+c’'n=0.

Solving these, we get
m n

bc’—b’c:ca’—c’a:ah’—a’b. ...(4)

Now we are to find the equation of the second plane which passes through P and is
perpendicular to the line (1).
Since the plane is perpendicular to the line (1), therefore d.r.’s of its normal are
proportional to [, m, n given by (4).

the equation of the plane perpendicular to the line (1) and passing through
P (x, yr1,21)is

lx=x)+m(y—-y))+n(iz-2)=0 ...(5)

Therefore the equations of the perpendicular line from the point P (x;, y;, z;) to
the line (1) are given by the equations (4) and (5).

Illustrative Examlales

Example 13:  Find the equations of the perpendicular from the point (3, — 1, 11)to the line
x V=2 z-3

2 3
the length of the perpendicular. (Kanpur 2006; Kumaun 12)

-Find also the co-ordinates of the foot of the perpendicular. Hence find
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Solution: The given pointis P (3, — 1, 11)and the equations of the given line are
x—-0 - 2 z-3

3 3 = 2 =7 (say). (1)
The co-ordinates of any point N on the line (1) are
@2r,3r+2,4r +3). .(2)

Let this point N be the foot of the perpendicular from the point P (3, -1, 11)to the
line (1). Then the d.r.’s of the perpendicular PN are

2r=3,8r+2)-(-1),@r +3)-11
or 2r = 3,3r +3,4r - 8. ...(3)
The d.r.’s of the given line (1) are 2, 3, 4.
Now PN is perpendicular to theline (1). The condition of perpendicularity gives
2r-3).2+@r+3).3+@r-8).4=0,
or 29r -29=0, or r=1.
Putting the value of rin (2), the foot N of the perpendicularis the point (2 , 5, 7).
Putting the value of r in (3), the d.r.’s of PN are -1,6,-4.

Hence the equations of the perpendicular PN from the point P (3, -1 11) to the
xr-3 y+l1 z-11
16 4
The length of the perpendicular PN
= the distance between the points P (3,-1, 1) and N (2,5,7)

= JB-27 +(-1-57 +(11-7)
- JT+36+16 = ¥53.

Example 14: Find the distance of the point P (3,8, 2) from the line
- -3 -
x2 LY . : 3 2 measured parallel to the plane 3x +2 y -2z +17 =0.

Solution: The equations of the given line are

x—1 I 3 o z- 2
2 4 3

Any point Q on the line (1) is (2 7 +1,4r + 3,3r + 2).

Now P is the point (3, 8,2) and hence d.r.’s of PQ are
2r+1)-3,@4r+3)-80Cr+2)-2 e, 2r-2,4r-53r.

It is required to find the distance PQ measured parallel to the plane
Sx+2y-2z+17=0. ...(2)

Now PQ is parallel to the plane (2) and therefore PQ will be perpendicular to the
normal to the plane (2). Hence, we have

2r-2)@)+@d-52+3Bnr(-2)=0

line (1) are

=7 (say). (1)
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or 8 -16=0, or r=2.

Putting the value of r , the point Qis (5,11, 8).
Required distance = The distance between P (3,8,2) and Q (5,11, 8)

= JB-5%+B8-1)> +2-8)> = [4+9+36=7.

8 Projection of a Line on a given Plane

Definition 1:  The projection of a line on a given plane is the line of intersection of the two
planes namely (i) the given plane and (ii) the plane through the given line and perpendicular
to the given plane.

Definition 2:  If P be the point of intersection of the given line with the given plane and Q
be the foot of the perpendicular from any point on the line to the plane, then the line PQ is called
the projection of the given line on the given plane.

Illustrative Examl)les

. , - ox-1_y+l -3
Example 15:  Find the equations of the projection of the line ST T
the planex +2 y + z = 6. (Rohillkkhand 2012)
Solution: The equations of the given line are
x-1 y+1  z-3
5 - 1 4 (1)
and the given planeis x+2y +z =6. ..(2)
The equation of any plane through the given line (1) is
a(x-D+b(y+D+c(z-3)=0 ..(3)
where 20 —b+4c=0 ...(4)
The plane (3) will be perpendicular to the plane (2),if a +2b+¢ =0 ..(5)
. b ¢
Solving (4) and (5), we get = = 2 = <.
olving (4) and (5), we ge 9"3"3

Putting these proportionate values of a, b, ¢ in (3), we have
-9 -D+2(y+D)+5(z-3)=0
or 9x-2y-52+4=0 ...(6)
The equations (2) and (6) together are the equations of the line of projection.
Alternate Method: (Use of definition 2)
x—1 y+1 z-3
=T
Any point P on this line (1) is @r + L, —r — 1L 4r + 3).
If P lies on the given plane x + 2y + z = 6, then
2r+14+42(=r-)+4r+3=6, or r=1L

The given line is

= r (say). (1)
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Putting this value of r , the point of intersection P of the line (1) and the given
plane is 3,-2,7).

Now evidently the line (1) passes through the point (I, -1, 3) and hence this is a
point on the given line (1). We are to find the foot of the perpendicular Q from
(I, =1 3) to the given plane.

The d.r.’s of the normal to the given plane are 1, 2 , land hence these are d.r.’s of the
line through (I, -1, 3) and perpendicular to the given plane, and therefore the
x—1 _Jt 1 o z- 3

21

equations of this perpendicular line are

=1 (say).

Any pointonitis(n +L2n1 —1n +3).
If this be the point Q, then it will lie on the given planex + 2 y + z = 6. Sowe have
n+1+2@2n-)+n+3=6 or n=2/3.
Putting this value of 1, , the foot of the perpendicular Qis (5/3,1/3,11/3).
the required equations of the projection i.c.,the equations of the line PQjoining

the points P (3,-2,7) and Q (é 1 E) are

3’373
x-3 y+2 z—-7 o -3 y+2 z—-7
= = T = = .
3.2 _o_1 S 11 4 -7 10
3 3

@mprehensive Exercise 5

1. Find the equations of the perpendicular from the point (1, 6, 3) to the line
x_ y-1 z-2

1 2

-Find also the co-ordinates of the foot of the perpendicular.

(Kanpur 2011)
2. Find the equations of the perpendicular from the origin to the line
ax+by+cz+d=0=a’x+b"y+c’'z+d" =0.
3. The equations to AB referred to rectangular axes are % = lg = % :
Through a point P (1,2,5), PN is drawn perpendicular to AB and PQ is
drawn parallel to the plane 3x +4y + 5z =0 to meet AB in Q. Find the
equations to PN and PQ and the co-ordinates of N and Q.

@HSWQIS S5

1. x-1=0, 2y+3z=21;(1,3,5)
2. (ad’ —a’d)x+0d" -b'd) y+(d’ —c’d)z=0 and
(be " =b'dc)yx+(ca’"—c’a) y+(@ab’ —a’b)z=0
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|IG-131.ih'§(.eat
3 x—l_y—2_z—5.x—l_y—2_z—5.
"3  ~176 -89 4  -13 -8~
59 —78 156
N[22, 22 2221.03,-9/2,9
(49 49 49) Q /2.9)

0 Coplanar Lines

To find the condition that two given lines may intersect and to obtain the equation of the plane
containing them. (Kumaun 2000)
Let the equations to the given lines be

—o y-B  z-v
b = (1)

[ m n
and x—OL':J/—B' :z—y’ .
1’ m’ n’ (2
If the lines intersect, they lie in a plane. Any plane through the line (1) is
ax-—o)+b(y—-B)+cz-7)=0 ..(3)
where al + bm + en =0. ...(4)
If the plane (3) contains the line (2), then
a@’ —o)+b (B =P)+c(y -v)=0 - (5)
and al”+bm’"  +cn’" =0 ...(6)

Eliminatinga, b and ¢ between (4), (5) and (6), the condition forlines (1) and (2) to
o'-a B'-B y'-v
be coplanar is given by l m n |=0.
1’ m’ n’
Also eliminatinga, b and ¢ between (3), (4) and (6), we get the equation to the plane
x-—o y-p z-vy
containing the given lines as | A m n |=0.
I m’ n’
Another Method: Any point on the line (1) is (o + Ir, + mr, y + nr) and any
point on the line (2)is (@ " +/'r’,B " +m'r ",y " +n’'r’).
If the lines are coplanar i.e., they intersect, then they must have a common point.
Therefore o+lr=a’+1'r" or oa-o'+lIr-1"r"=0
B-B " +mr—-m’r’ =0, and y-vy ' +mw-n’'r’"=0.
Eliminating  and r ’, we have
o-a’ 1 I’ o' —o B-B y'-vy
B-B” m m’'|=0 or ) m n |=0.

’ ’

y-v’° n n’ 1’ m n
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10 Condition for the Two Lines to Intersect

To find the condition that two given lines (one in symmetrical form and the other in
general form) may intersect and to obtain the equation of the plane containing them.
Let the equations of the given lines be

x—o_JV-B _z-v (1)

[ m n
and ax+by+cz+d =0=ayx+byy+cyz+d, ..(2)
The equation of any plane through the line (2) is
(mx+byy+ciz+d)+A(@x+byy+cyz+dy)=0 ...(3)
or (ap +hay) x+(by +Aby) y+(c; +Aey)z +(d +Ady)=0.

If this plane is parallel to the line (1), then we have

Lay +hag)+m by +Mby) +n(c; +Aey) =0
or A(agl +bym+con)=—(ajl + bym + ¢;n)
ayl+bym+cin

.(4)

or A=-
asl +bym +con
Putting this value of A in (3) the equation of the plane through the line (2) and
parallel to the line (1) is given by
ax+hy+ez+d ayx+byy+cyz+d

ayl + bym+c¢yn - asl+bym +cyn ...(5)

If theline (1) lies in this plane, then the point (o, 3, y) on the line (1) must satisfy (5)
and so the condition for the lines (1) and (2) to be coplanar is
ao+bB+ey+d  ayo+byf+cyy+dy

ayl +bym+c¢n asl+bym+cyn ...(6)

If the condition (6) is satisfied, the lines (1) and (2) are intersecting (or coplanar)
and the plane containing both the lines is given by the equation (5).

11 The Condition that Two Lines whose Equations are
given in General Form may Intersect

To find the condition that two lines whose equations are given in general form may
intersect.

Let the equations of the two lines be

mx+byy+cz+d =0=ayx+byy+cyz+dy (1)
and asx + by y+c3z+dy =0 =ax+byy+cuz+4d, ..(2)
If these two lines are coplanar, then they intersect and let (o, B, ¥) be their point of
intersection.
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The co-ordinates of this point must satisfy the equations of the four planes
representing the two lines.

we have
ao+bB+cy+d =0, ayo+byB+cyy+dy, =0,
aso+b3P+c3y+d; =0 and ago+ b +cyy+d, =0.
Eliminating o, B, y from these we have the required condition as
a b 4
ay by oy dy
as by g dy
ag by ¢y dy
Note: In numerical examples it is convenient to solve after transforming the
given equations (general form) into the symmetrical form.

Illustrative Examl)les

1 y-3 2 -7 7
Example 16:  Show that the lines i J 2N d X J _ET
-3 2 1 1 -3 2
intersect.Find the co-ordinates of the point of intersection and the equation to the plane
containing them. (Kanpur 2009; Kumaun 09, 13; Rohillkkhand 09, 11)
+1 -3 +2
Solution: Any point on the line ul 3 - J , = z =0 (say)
is (_1_37’1,3"'27’1 ,_2+r1) (l)
-7 7
and any point on the line % _J Ca : ; =71, (say)
is (ry ,7-3r ,—7+21) ...(2)

If the two given lines intersect (i.c.,are coplanar) then for some values of r; and r;
the above two points (1) and (2) must coincide ie.,

-3n -l=r, or 35 +n =-1 ...(3)

2n+3=-3rn+7 or 21 +3n =4 ...(4)
and n—-2=2r -7 or n-2r=-5 ..(5)
Solving (3) and (4), we get

n=-1Lrn=2.

These values of 1; and r, also satisfy the third equation (5).
Hence the given lines intersect.

Substituting these values of ; and r, in (1) or (2), we get the required co-ordinates
of the point of intersection as (2, 1, - 3).

Also the equation of the plane containing the given lines is
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x+1 y-3 z+2
-3 2 1 |=0
1 -3 2
or x+D)@d+3)-(y-3)(-6-D+(z+2)(9-2)=0
or X+ y+z=0.

Example 17: Prove that the lines

= Z will lie in one plane if
n

7 - - ’

_J’:z x y:z E:L
B cy [ m

B y’a(x_h

R~ Q%

b-c)+2c-ay+ @a-bh)=0.
p Y
(KKanpur 2006; Rohilkhand 12; Kumaun 12)

Solution: We observe that all the three given lines pass through the origin O and
hence they will be co-planar if they are perpendicular to a line through the origin O.

Let d.c.’s of this line through the origin O be [, m, n.

Hence if this line is perpendicular to the given lines, we have

Li+mm+nmn=0 .(2)
Eliminating /;, m;, n; from (1), (2) and (3) we have the required condition as
o B v 1 1 1
) m n|=0 or (I[/a m/B n/y|=0
aon bR ey a b c
or (/o) (c=Db)+m/B)(c—a)—n/y) (b —-a)=0,
expanding the determinant with respect to the second row
or i(b—c)+ﬂ(c—a)+ﬁ(a—b)=0.
o Y
-1 -2 -
Example 18: Show that the lines x2 _J 5 - : 4 > and

4x -3y +1=0=5x-3z +2

are coplanar. Also find their point of intersection.
(Bundelkhand 2014; Rohilkhand 10)

Solution: The equations of the given lines are
x=1 7= 2 z-3

2 3 4
and 4x -3y +1=0, 5x-3z+2=0. .. (2)

The coordinates of any point on the line (1) are

=r (say) (1)
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@r+1, 3r+2, 4r +3). ...(3)

The lines (1) and (2) will intersect (i.e.,will be coplanar) if the point (3) also lies on

the line (2).

This point satisfies both the equations of the line (2), if we have
4Q2r+)-3@r+2)+1=0 or r=-1

and 5Cr+)-3@r+3)+2=0 or r=-1

As both the values of r are the same, the two given lines intersect.

Putting this value of r in (3), the point of intersection is (-1, — 1, - I).

@mprehensive Exercise 6

1. (i) Show that the lines (x+3)/2=(y+5)/3=-(z-7)/3 and
(x+1D)/4=(y+1)/5 =-(z +1) are coplanar. Find the equation of the
plane containing them. (Purvanchal 2007)

(ii) Show that the lines 7x -4y +7z+16=0=4x+3y -2z +3 and
x-3y+4z+6=0=x—- y+z+1 are coplanar.

2. Prove that the lines (x-1)/2=(y-2)/3=(z-3)/4 and
(x-2)/3=(y-3)/4=(z—-4)/5 are coplanar; find their point of
intersection. Also find the equation of the plane in which they lie.

(Meerut 2003; Rohilkhand 08; Kanpur 10; Kashi 13; Kumaun 15)

3. (i) Show that the two given lines are coplanar :

P
2
the point of intersection and the equation of the plane in which they lie.

(y—2)=%(z+3);%(x—2)=%(y—6)=i(z—3). Also find

-1 _y-1_z-1 x-4 y-6_ z-8

(ii) Show that the lines al and are
1 2 3 2 3 4
coplanar. (Kumaun 2009, 14)
4. Prove that the lines
x—u:y—b:z—c and ¥4 :y—b _z-¢
a’ b’ c’ a b c

intersect and find the co-ordinates of the point of intersection and the

equation of the plane in which they lie. (Meerut 2000)
- - 1
5. Prove that the lines ~ 4=y+3=2+landx 1:JHL :Z+10
-4 7 2 -3 8

intersect, and find the co-ordinates of their point of intersection.
(Kanpur 2007)
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6. Prove that the lines = = J_z ;i =S -7
om o b my
homom
and ¥ = 2 = % will be co-planarif | I, my, mn, |=0.
Iy mg  ng
Iy ms n
7. Provethatthelinesx =ay + b =cz + dandx = oy + 3 = 1z + dare coplanar if
(@B = bo) (v = ¢) = (¢d - dy) (@ — a) = 0.
8. Show that the following pairs of lines are coplanar :
(i) é(x+4)=é(y+6)=—%(z—l)and
S3x-2y+z+5=0=2x+3 y+4z-4. Also find their point of
intersection and the equation of the plane in which they lie.
(ii) x—4=-(y+1)/2=zand4x - y+5z2-7=0=2x-5y -z - 3.
Also find the equation of the plane containing them. (Kumaun 2008)
(iii) (x=3)/3==(y—-2)/4=z+1and
x+2y+3z=0=2x+4y +3z+3. Also find the point of
intersection.
9. Find the equation of the plane through the line ; =Lz
m n
and perpendicular to the plane containing the lines
Y V% o 2V F
mon n I m
10. Find the foot and hence the length of the perpendicular from the point
-15 -2 -5
(5,7,3) to the line i =7 g 9 - s Find the equations of the
perpendicular. Also find the equation of the plane in which the perpendicular
and the given straight line lie. (Purvanchal 2011)
@n swers 6
1. 6x-5y-2z=0 2. (-L-L-Dx-2y+2z=0
3. x-2y+z+7=0;(2,6,3)
y z
4. (a+a’,b+b’,c+c’); | a b c|=0 5. (5,-7,6)
a’” b’ ¢’
8. (i) 45(-4)-17(-6)+25(1)+53=0;(2,4,-3)

(i) x+2y +32 =2 (iii) (9,-6,1)
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9. m-nm)x+m-1)y+(I-mz=0
10. Foot N (9,13,15); Length of the perpendicular from (5, 7, 3) is 14.
x=5 y-7 z-3
T3 6
Equation of the required plane 9x -4y —z - 14 =0.

Equation of the perpendicular are

12 Eqguations of a Straight Line Intersecting Two

given Lines

Case I: The equations of the two lines are given in symmetrical form.
Let the given lines be
x—o, VB oz-y

= = l=
L m W (say), (1)

X =0y _J’—B2 _zZ=y
L omyom =7y (say) ..(2)

and

Any point on the line (1)is P (4 +oy ,mn +By ,mn +7v;)

and any point on the line (2) is Q (lyry, + 0y ,my7y + By , 10975 +75).

We are required to find the equations of a line which intersects the lines (1) and
(2). Let the required line intersect the lines (1) and (2) in the points P and Q
respectively.

The required line is one which joins the points P and Q . The values of ; and r;, will
be determined by some additional given conditions.

Case II: The equations of the two lines are given in general form.
Let the equations of the given lines be
uyy =0=v and uy, =0=v, .
Then the equations of the required line intersecting both the given lines are
u +wry =0 and  uy +uyvy =0,
where the values of 1| andp, are determined by some additional given conditions.

Illustrative Examl)les

Example 19: A line with direction cosines proportional to 2,7, =5 is drawn to intersect
x—5=)/—7 =z+2 and x+3=y—3=z—6'

-1 1 -3 2 4
Find the co-ordinates of the points of intersection and the length intercepted on it.

the lines

Solution: The given lines are
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x-5 y-7 z+2
g == = e, (1)
x+3 y-3 z—-6

and 3 = = =71y (say). (2)

Any point Pon (1)is 3y +5,—-n +7,11 = 2),
and any point Qon (2) is (=31, —3,2r, +3,4r, +6).
The direction ratios of QP are

Gn +3rn +8,-n -2 +4,1n —4r, - 8). ...(3)
Let the line with d.r.’s 2,7, = 5 meet the lines (1) and (2) in the points P and Q
respectively. Thenthed.r.’s(2 , 7, — 5)will be proportional to thed.r.’s given by (3).

3n +3n +8 -1 -2rn+4 1 —4r -8
D) = 7 = s : ...(4)
From the first two of (4), we get 7 (3r; +3r, +8)=2(-n -2 1, +4)
or 23n +25r, +48=0. ...(5)
And from the 1st and 3rd of (4), we get 2 (5 —4r, —8)=-5(3n +3r, +38)
or 171 + 71y +24 =0. ...(6)

Solving (5) and (6), we getr; =1, =—1

Putting these values of ; and r,, the co-ordinates of the points of intersection are
P (2,8 -3)and Q(0,1,2).

The required length intercepted by the lines (1) and (2) on the line with d.r.’s
2,7,-5

= PQ=,/2-0)* +B -1 + (-3 -2

=.4+49+25=./78.

Note: The equations of the line PQ are given by

x—2_)7—8 _z+3
2 7 =5

Example 20:  Find the equations of the straight line through the origin and cutting each of
M o _ETAa e AT T 272
1 m m Ly Ty 1y

(Agra 2007)
M _ TN _f2TE

1 my n

X
the lines

Solution: Equation of any plane through the firstline ul

is ax—-x)+b(y—-y)+c(z-2z)=0, (D)
where aly +bmy +cnp =0. -(2)
If the plane (1) passes through the origin (0, 0, 0), then from (1)

ax; + by, +¢z; =0. ...(3)
Eliminating a, b, ¢ from (1), (3) and (2), the equation of the plane through the
origin and through the first line is
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Y=Y Jy-on z-%
Xl J/I Zl = 0
h m n
Adding the second row to the first row, we get
x y z
no oz |=0
homom
or myr —mz) x+(hzy —mx) y+mx - y)z=0. . (4)
Similarly the plane through the origin and through the second line is
X oy oz
Xy Yy 29|=0
by my my
or (g yo —mozy) x +(lyzg —nyXy) y+ (Myxyg —1ly y9)z=0. ...(5)

The planes (4) and (5) together give the required line.

@mprehensive Exercise 7

1. Find the equations to the planes through the point (1,0, — 1) and the lines
4x-y-13=0=3y-4z-land y-2z+2=0=x-5 and show that
the equations to the line through the given point which intersects the two
given lines can be writtenasx = y +1=z + 2.

2. Find the equations to the straight line drawn from the origin to intersect the
lines 2x +5y +3z-4=0=x—- y -5z -6 and
Sx—y+2z-1=0=x+2y-2z-2.

3. Find the equations to the line drawn parallel to i X=y=z,s0asto

meet the lines5x —6=4y+3=zand2x-4=3y+5=2z.
4. Aline with direction cosines proportional to 2 , 1, 2 meets each of the lines
given by the equations x= y+a=z,x+a=2y=2z.
Find the co-ordinates of each of the points of intersection.
5. Find the equations to the line intersecting the lines
x-l=yp=z-12x+2=2y=z+1
and parallel to the line % x=-D=(y-1= % (z —2).

6. Find the equations to the straight line drawn through the origin which will

intersect both the lines
x—1=y+3=z—5 and x—4=y+3=z—14.
1 4 3 2 3 4
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I. x+2y-3z-4=0and x+ y-2z-3=0
2. 4x+17y+192=0 and 5x-4y+5z=0
3. 15x-76y+16z-75=0 and 4x-21y+5z-43=0
4. (3a,2a,3a); (a,a,a) 5. %(x—l)=y=%(z—l)
6. 9x-2y-32=0

15 Perpendicular Distance Formula for the Line

To find the perpendicular distance of a point from a line and the
co-ordinates of the foot of the perpendicular.

Let P (x, y,z;) be a given point and let AB be a Pix, 3.2

given line. Let the equations of the line AB in

symmetrical form be

x—oczy—ﬁ _z-Y )

l m n
where [, m, n are the d.c.’s of (1). The line (1) is N x* i
passing through the point A (o, B,y) and has (e By

direction cosines [, m,n. From P draw PN
perpendicular to AB .Now it is required to find PN.From the right angled A APN,
we have

PN? = AP? - AN?. (2)
Now AP = the distance between (o, B, v) and P (xy, y;,z;)
Z\/(Xl —0)® +(y =B +(z -V, (3)
and AN = projection of AP on ABi.c.,the projection of AP on a line

whose d.c.’s are [, m, n
=1 ~0) [+ (y ~B)m+( —Pn (4)
Putting the values from (3) and (4) in (2), we get
PN? ={(x; —0)* +(y; =B + (1 =7’} —{(x —0) !
+ (0 =B)m+ (@ —y) )
={(q =) + (=B +( =V} +m® +07)
~{(q =) [+ =By m+(z =) n}?

[~ 1% +m® +n® =1]
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=(m(z =) =0y =B + 0y —0) =1 -

(=B = m (o — o))’
[By using Lagrange’s identity]
2 I m 12
+

w-o oy -p
...(5)

Note: In the equations (1) of the line AB, [, m, n have been taken as the actual

m n n [

‘J’l -0z =y

direction cosines of the line. In case direction ratios a, b, c of AB are given, we
should either first find the direction cosines of ABorwe should divide the R.H.S. of
G)by (@ +b?% +¢?).

To find the co-ordinates of the foot of the perpendicular N.

Since N, the foot of the perpendicular, is a point on the line AB given by (1), its
co-ordinates may be written as

(Ir+o,mr+B,nr+vy). ...(6)
The d.r.’s of PN are Ir + oo — x;,mr + — y;,nr +v — zy.
Also PN is perpendicular to AB .
(r+o—-x).l+mr+P—y) . m+m+y-2z;).n=0
or r(ZZ+m2+n2):Z(x1—0L)+m(y1—B)+n(zl—y)
or r=l(x; —o)+m(y —B)+n(z -7 [ 12 +m® +0® =1

Putting this value of r in (6) the co-ordinates of N are obtained.

[llustrative Examl)les

Example21: Fromthepoint P (1,2 ,3), PN is drawn perpendicular to the straight line
1/3(x-2)=1/4(y-3)=1/5(z-4).

Find the distance PN, the equations to PN and co-ordinates of N.

Solution: The equations of the given line AB (say) are
(x=2)/3=(y-3)/4=(z—-4)/5=r (say) (1)

The line (1) is passing through the point A (2,3,4). Since N , the foot of the

perpendicular, is a point on the line (1) [i.e., AB |, the co-ordinates of N may be
written as (3r + 2 ,4r + 3,5r +4) ...(2)

d.r’s of PN are
3r+2-1,4r+3-2,5r+4-3ic,are3r+1,4r+1,5r+1 ...(3)
The d.r.’s of the line AB whose equations are given by (1), are 3, 4, 5.
Since PN is perpendicular to AB ,we have
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3.8r+)+4. @ +D)+5.6r+1)=0, or r=-6/25.
Putting the value of rin (2), we get N =(32/25,51/25,14/5).
PN = the distance between the points P and N

2 2 2
S ERREERE
25 25 5 5
Putting the value of rin (3), thed.r.’sof PN are7 / 25,1/25,-5 / 25i.e.,are7,1, - 5.

the equations to PN i.c.,of aline passing through P (1,2, 3)and having d.r.’s
x—1 _J- 2 _z- 3

=
Example 22: Find the locus of a point which moves so that its distance from the line
X = y = — z is twice its distance from the plane x — y + z = 1.

7,1,=5 are

Solution: Letthe given pointbe P (x;, y,, z; )whose locus is required to be found.

The equations of the given line AB are

x/1=y/l=z/(-]). (1)
The line (1) is clearly passing through A (0,0,0)and hasd.r.’s1, 1, — L Hence d.c.’s
I,m,nof (1)arel/~3,1/43,-1/+/3.
Let p; be the perpendicular distance of P from the line (1), then by article 4.13, we

, |uvs -yl |-uv usl |us o ub [
have p° = + +
-0 z -0 z; -0  x -0 -0 3y -0
. 1
or n’ :§{<Zl + )+ —z) (- )P
2
:§(x12 +)/12 "‘Zl2 + 12tz 4 - X ) ~(2)

Let py be the perpendicular distance of P (x;, y;, z; ) from the plane x — y +z =L
Then

X - +z; -1
Py = 1 I 1 . (3)

JI+1+1

According to the condition given in the question, p; =2 p, .

Squaring, we get p12 = 4p22

2 . . . 4
or g(’ﬁ2 Jf)’l2 +212 Tzt - x J’l)zg(xl -tz ‘1)2

-2xp +2x zy = 2% =21z + 2y, - 2z)
or xlz +y12 +zl2 =5y 21 +3z1x =35y, —4x; +4y, -4z, +2=0.
the required locus of P (x, y;, z;) is given by

x? +y2 +z° —5yz+3zx —3xy —4x+4y -4z +2=0.
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@)mprehensive Exercise 8

1. Find the distance of (-2, 1, 5) from the line through (2 , 3, 5) whose direction
cosines are proportional to 2, -3, 6.

2. Prove that the equations of the perpendicular from the point (1, 6, 3) to the
-1 — -1 -6 -

J = 2 are =~ = J = 3 and the co-ordinates of
3 0 -3 2

the foot of the perpendicular are (1, 3, 5).

line x =

3. How far is the point (4,1,1) from the line of intersection of
X+ y+z-4=0=x-2y-2z-47?

4. Find the length of the perpendicular drawn from origin to the line
x+2y+3z+4=0=2x+3y +4z+5. Also find the equations of this
perpendicular and the co-ordinates of the foot of the perpendicular.

@I’ISWQI‘S 38

3+ (42)
14
x_y_z V@)
2 -1 -4~ 3

1 Aol 3,

7

4. (2/3,-1/3,-4/3);

14 Intersection of Three Planes

Let the equations of three planes be given by

u=sax+by+cz+d =0, (1)
Uy =agX +by y+cyz +dy =0, -(2)
and Uz =asx +by y+cqz +dy =0, ..(3)

where u;, uy and u5 denote respectively the left hand members in the equations
(1), (2) and (3). No two of these three planes are parallel.

We know that two non-parallel planes intersect in a straight line and hence we get
three lines of intersection by taking two planes at a time out of the three planes
given by (1), (2) and (3). There arise the following three cases :

Casel: The threelinesof intersection explained above may coincide i.e.,the three
given planes have a common line of intersection.

Case II: The three lines of intersection explained above may be parallel to each
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other and no two of them coincide. In this case the three given planes form a
triangular prism.

Case III: The three lines of intersection explained above may intersect in a
common point. In this case the three planes intersect in a point.
Before proceeding to prove the actual theorem, for convenience, we make use of
some notations given as follows :
Consider the matrix (or a rectangular array)
a by d
D=\ay by ¢y d, ..(i)
as by c¢3 ds
Let the determinant obtained by omitting the first column in (i) be denoted by A;
by e 4
ie,weput Ay =\by ¢y dy
by ey dy
Similarly, the determinants obtained by omitting the second, third and fourth
columns will be denoted respectively by A, , A3 and A4. Thus we put

ap ¢ 4 a b4 ag b g
A2 = ﬂz C2 d2 5 A3 = ﬂ2 b2 dz 5 A4 = a2 b2 C2
az ¢y dg ay by dj az by ¢y
The symmetrical form of the line of intersection of the planes (1) and (2) is
bidy —byd diay —d
P e 24 y- 142 24
ﬂlbz — ﬂzhl _ ﬂlhz - ﬂ2b1 _ zZ — O (4)
byey = bye B C1dy — oy B ahy —ayby
where ay by —ay by 0.

Now we shall discuss the three cases given above in detail as follows :
Case I: The three planes intersect in a common line:
The equation of any plane through the line of intersection of the planes (1) and (2)
is given by u; + Auy =0
or (mx+byy+cz+d )+A(ayx+by y+c9z+dy )=0
or (ap +hay) x +(by +Aby) y+(c; +Aey)z+(d +Ady )=0. ...(5)
If the three given planes intersect in a common line, then for some value of A the
plane (5) should represent the plane (3). Thus comparing the coefficients in the
equations (5) and (3), we have

ap +hay by +Mpy  cp + Aoy dp + My

ag by g dg

=l (say).

o ﬂl+7\,ﬂ2_“ﬂ3=0,b1+7\,h2_pb3=0,61+7\L‘2_HL'3=O,
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Now we are to eliminate two arbitrary constants A and p and this can be done from
any three out of the four equations given above. Hence eliminating A and p from
any three equations taken at a time out of these four equations, we have the

ap b ap b 4

conditions as|ay, by ¢y =0 ie, Ay =0,lay by dy|=0 ie, A3 =0
as by ey as by ds
ap o 4 by ¢ 4
a, ¢y dy|=0 ie, Ay =0,{by ¢y dy|=0 ie, A} =0.
ay ¢z ds by ¢y ds

Hence the three planes (1), (2) and (3) will have a common line of
intersection if A, =0, A3 =0, Ay, =0 and A} =0.
Case II: The three planes form a triangular prism:

The three planes will form a triangular prism if the line of intersection of any two
planes is parallel to the third plane and does not lie in it.

The line of intersection of the planes (1) and (2) is given by (4). The line (4) will be
parallel to the plane (3) if

as (bycy —bycy) + by (ciay —coay) +cs (ahy —ayh) =0

ap b ¢
i.e., ﬂz h2 6'2 =O i.L’., A4 =O
as b3 ¢y

The line (1) will not lie in the plane (3) if

bydy, —byd dia, —d
s (1221)+b3 (1“22“1)”3 0 +dy 20

ayby —ayh, ayby —ayhy
i.f., as (ble —b2d1)+b3 (dlﬂZ —d2ﬂ1)+d3 (ﬂlb2 —ﬂzbl)io
a b, dy
ie., ay by dy|#0 ie, Ay #0.

as by ds
Hence the three planes will form a triangular prism if
Ay =0and Ay #0orAy #0o0rA; #0.

Case III: The three planes intersect in a point:

The three planes will intersect in a point if the line of intersection of the planes (1)
and (2) given by (4), is neither parallel to nor lie in the plane (3). Rather than the
line (4) must meet the plane (3) in a point.

Thus the condition that the three planes meet in a point is that A, # 0.

Alternative method: Solving the equations (1), (2) and (3) by the method of
determinants [ This method is called Cramer’s Rule], we have
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X B -y B z B -1
by ¢ 4 ap ¢ 4 ap by 4 a b ¢
by ¢y dy ag  cy dy ag by dy ay by ¢y
by ¢3 dy as ¢y dy as by dy as by ¢y
= — A A A
or L: y = z = 1 OI‘X:—il, =727Z=—73(6>
Ay Ay Ay A Ay A, A,

Hence the three planes will intersect in the point whose coordinates are given by
(6)if Ay #0.

Working Rule: Let the three planes be given by the equations (1), (2) and (3).
Now proceed as follows :
(1) Firstevaluate Ay .If A, # 0, then the three planes intersect in a point whose
co-ordinates are given by the relations (6) above.
(2) IfA,4 =0,then evaluate A3 ,A, and A .
(i) IfAg #0(orA; £00rA, #0),then the three planes form a triangular
prism.
(ii) If A3 =0,A, =0 and A| =0, then the three planes intersect in a
common line.
Remark: If A; =0 and A; =0 and at least one of the three common minors
ayby —ayhy, ayby —aszhy anda by — azbhy of Ay and A is not zero, then it can be
proved algebraically that Ay =0 and A; = 0. Consequently in this case the three
planes will have a common line of intersection.

lllustrative Examlales

Example 23:  Find the nature of the intersection of the sets of planes :
(i) x-2y+2z=32x+3y-2=53x-4y+52=10;

(ii)) 2x+4y+2z=75x+y—-2=9x-y-z2=6;

(iii) x+2y+2z=0,3x+y-2z=1L3x-4y-7z=2.
Solution: (i) The equations of the given planes are

x-2y+2z-3=0 (D)
2x+3y-2z-5=0 ..(2)
S3x -4y +5z-10=0. ...(3)
The rectangular array of coefficients is
1 -2 2 -3
D=2 3 -1 -5]. ..(4)

3 4 5 -10
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Omitting the fourth column from (4), we have
1 -2 2
Ay =12 3 -1}
3 4 5
Expanding this determinant along the first row, we have
Ay =1(15-4)-(=2)[10 = (-3)]+2 (-8 -9)
=1.11+2.13+2.(-17) = 3,which is # 0.
Hence the given planes intersect in a point.
(ii) The equations of the given planes are
2x+4y+2z-7=0 (D)
S5x+y-2z-9=0 .(2)
x—-y-z-6=0. ...(3)
The rectangular array of coefficients is
2 4 2 -7
D=|5 1 -1 -9 ..(4)
I -1 -1 -6
Omitting the fourth column from (4), we have
2 4 2
Ay =|5 I
I -1 -1
Expanding by means of the first row, we have
Ay =20E1-D-4[-5-(-D]+2(-5-)=-4+16-12=0.
Since A, =0, therefore the three planes either intersect in a line or form a
triangular prism. Now omitting the third column from (4), we have

2 4 -7
I -1 -6

2(=6-9)-4[-30-(=9]+(-7)(-5-1])
=—-30 + 84 + 42 =96, which is # 0.
Hence the given three planes form a triangular prism, as no two of the three planes

are parallel.

(iii) The equations of the given planes are

x+2y+z=0 (1)
3x+y-2z-1=0 .. (2)
S3x-4y-7z-2=0. ...(3)

The rectangular array of coefficients is




L
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1 2 1 O
D=3 1 -2 -1
3 -4 -7 =2
Omitting the fourth column from (4), we have
1 2 1
Ay =13 1 -2|:
3 -4 -7

Expanding this determinant along the first row, we have

Ay =1(-7-8)-2[-21-(=6)]+1(-12-3)
=-15+30-15=0.

.(4)

Since A, =0, therefore the three planes either intersect in a line or form a

triangular prism.

Now omitting the third column from (4), we have

1 2 0
3 -4 -2

=1(-2-4)-2[-6-(-3)]+0=-6+6=0.

Similarly, we find that

11 0 2 1 0
Ay=|3 =2 -1|=0 and A, =| I -2 -I|=0.
3 -7 =2 -4 -7 -2

Hence the given three planes intersect in a line.

1.

2.

@mprehensive Exercise 9

Examine the nature of the intersection of the sets of the planes :

(i) x=y+z=32x+5y+3z2=0,3x-2y-6z+1=0;
(ii) 3x+2y+2=65v+4y+32=43x+4y+52+12=0;

(ili) x— y+2z-4=0,2x—y-z+4=0,x+ y-52+14=0;

(iv) 2y =3y -z==-3,x+2y+3z=2and x+2y+z=2.

(Kumaun 2010, 15)

Examine the nature of the intersection of the sets of planes :
(i) x+2y-5z=L4x+ y+z=2,6x+y+3z=3;

(ii) x+4y+6z2=52x+5y+92=10,x+3y +5z=5;
(ili) x— y+2z2=22x-3y+4z=8,x+ y+z=2

(iv) x+3y-z=6,x+2y+4z+5=0,2x+6y -2z +7=0.
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3. Show that the planes
2x-3y-72=0,3x-14 y-132=0,8x - 31y - 332 =0
pass through one line and find its equations. (Meerut 2011)

4. Prove that the planesx+ay + (b +¢)z+d=0,x+by+(c+a)z+d=0,
x+c¢y+(a+b)z+d=0,pass through one line. (Rohilkhand 2008)

5. Prove that the planes x= ysiny +zsin¢, y=zsin6+ xsiny, and
y z .
if

. . o . . x
z=xsin ¢+ ysin® will intersect in the line = =

Cose_cosq)_cosw
@nswers 9

1. (i) The planes intersect at a point

6+¢+\u=§1n.

(ii) The planes have a common line of intersection

(iii) The planes form a triangular prism

(iv) The planes have a common line of intersection
2. (i) The planes form a triangular prism

(ii) The planes have a common line of intersection

(iii) The planes intersect at a point

(iv) The plane (3) and (1) are parallel, and the plane (2) intersects them
3 Y _J_ z

-59 5 -19

1D Shortest Distance between Two Lines

Skew lines: Skew lines are those lines which do not intersect or the lines which do not lie in
a plane.

Shortest distance: The length of the line intercepted between two lines which is
perpendicular to both is the shortest distance between them. The straight line which is
perpendicular to each of the two skew lines is called the line of shortest distance.
The shortest distance is sometimes abbreviated as S.D.

16 The Shortest Distance between any Two
Non-~intersecting Lines is Perpendicular to Both

To prove that the shortest distance between any two non-intersecting lines is perpendicular to
both.
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Let AB and CD be two non-intersecting lines
and LM a line perpendicular to both of them.
RS is the portion of LM intercepted between
AB and CD. Now we have to prove that RS is
the shortest distance between AB and CD.

Let P and Q be any points on AB and CD
respectively. RS is the projection of PQon LM.
If @ is the angle between PQ and LM, then

RS = PQcoseorﬁzcos 0.
rQ

Since cos 8 < | therefore g <1

or RS < PQi.c., RS is the shortest distance.

17 Length and Equations of the Line of Shortest Distance

To find the length and equations of the shortest distance between lines whose equations are
given.

Ist Method: Projection Method: The equations of the skew lines being
given in symmetrical form. (Bundelkkhand 2006)
Let the equations of the given lines be

x—a:y—ﬁ _Z- ()

and = = ...(2)

1’ m n
LetA ,u, vbe the direction cosines of the S.D. Since S.D. is perpendicular to each
of the given lines, therefore /A +mu +nv=0 and ['A+m'p+n’v=0.
A u %

’

mn’—m'n nl"—=n’l Im"-1"m

1

\/(mn ')+l =0 D)+ (I =1 m)?

mn’ —m'n nl" —n’l

- VI ;2

V{Z (mn " — m’ n)*} V{Z (mn " — m’ n)*}
Im"—1"m

V:\/{2‘.(}11;1'—m'n)2}.

’

If P (o, B, v) is any point on the line (1) and Q (o *, B *, v *) is any point on the line
(2), then the S.D. will be the projection of the line PQ joining these points on the
line whose d.c.’s are A, , v.
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SD.=@-a”)A+(B-B)pu+(y-v')v
_(oc—oc')(mn'—m’n)+([3—[3’)(nl’—n’l)+(y—y’)(lm’—l’m)
\/{Z(mn’—m’n)2}
o-a’ B-B" yv-v’

= / m n V{Z (mn " = m’ n)* ).

’

1’ m’ n
Equation of the plane containing the line (1) and the S.D. is
xr—a y-pf z-vy
[ m n =0 ..(3)
A u v
Equation of the plane containing the line (2) and the S.D. is
x _ a ’ y _ B 4 Z _ ’Y 7|
[’ m’ n’ |=0 ...(4)
A n v

Equations (3) and (4) taken together will represent the equations of the line of
shortest distance.
Note: If the lines are coplanar, the S.D. between them is zero.
a-a’ B-B° y-v
Then / m n |(=0.
[’ m’ n’

Or Two lines are coplanar if the shortest distance between them is zero.

Another method (By vectors):
Let the equations of the given lines be
7 =da+th and 7 =a'+th’,
where @ and a” are the position vectors of the points P (o, B, y)and Q (@ ", ", v ")

and B, B” are the unit vectors along AB and CD . (Refer fig. of article 16.)
Thus b = li + mj + nk andb_)' =1"i+m’j+n"kwhere(l,m,n)and(l’,m’,n")are

the d.c.’s of AB and CD respectively.
RS, the S.D. between the lines, is perpendicular to both and hence parallel to

b xD’. Also it is the projection of PQ upon RS.
RS = PQ cos 6, where 0 is the angle between PQ and RS
_PQ.RS _(a-d).(Bx1")
|RS | (B x5")]
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~ {@—a)i+ (B=PB)j+ O =7k} [Uitmj+nk)x ("i+m’j+n"k)]
- |(li+ mj +nk)x ('i+m’ j+n'k)|

a’'—a B'-p y'-v
= ) m no |+ V{E (mn’ = m' n)?).

1’ m’ n

Equation of the plane containing AB and RS is

> D >

(7 -4, b, bxb’]=0 (1)
[+ it contains the vectors 7-a, b and b x 77)’]

Similarly the equation of the plane containing CD and RS is

[7—;1)', _h>',_h>><_h>']=0 . (2)
Theline of intersection of the planes (1) and (2) will be the required line of the S.D.
2nd Method: General co-ordinates: The equations of the two lines being
given in symmetrical form :
Let the equations of the two lines be

r-a_ B — 27T (say) (1)
n

and i :)/—B Y =r’ (say). .(2)

1’ m’ n’

Any point on (1) is P (Ir + oo, mr + B, nr + )
and any pointon (2)isQ('r’+a’,m’'r’+B",n'r" +y’).
Let the line joining the points P and Q be the shortest distance. Then PQ is
perpendicular to (1) and (2) both. The d.c.’s of this line PQ are proportional to
Ir+o-101"r"—a’,mr+B-m’r' =B, mr+y-n'r’ —vy’.
Since PQ is perpendicular to (1) and (2) both, therefore
IlIr+a-1"r"—a’)+mmr+B-m'r’ —B")
+nmr+y-n'r’'—y’)=0
and Vir+a-1"r"—a’)+m " (mr+B-m’'r’ =B")
+n’ (mr+y-n’'r’ ' —y’)=0.
Solve these two equations to determine the values of r and r *. Then putting these
values in the coordinates of the points Pand Q ,we get the two points at which the
S.D. meets the two lines.
S.D. = the distance between the points P and Q,
and equations of S.D. are the equations of the line joining the points P and Q .

Note: This methodisuseful when the coordinates of Pand Qare also required.

3rd Method: (Oneline in general form and the other in symmetrical form):

This method is generally used when the equations of one line are given in general
form while those of the other line in the symmetrical form.
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Let the equations of one line be
and the equations of the second line be
x-o V-8B z -
- _E7V. (2

/ m n

Equation of any plane through the line (1) is

u; + vy =0. -(3)
Find A such that the plane (3) is parallel to the line (2) and then put this value of A
in (3).
Then the length of shortest distance is equal to the length of perpendicular from
any point, say, (o, B, y) on the line (2) to the plane through the line (1) and parallel
to the line (2).

4th Method: (Both the lines in general form):
Let the equations of the lines be

ul =O=Vl (1) and MZ =0=V2 (2)
Then planes containing respectively the lines (1) and (2) are

Choose A and p such that the planes(3) and (4) are parallel.
Then the required shortest distance is the distance between these parallel planes.

Note: For convenience we generally reduce the given equations of the straight
lines to symmetrical form and then use the method I or II as explained above.

Illustrative Examl)les

Example 24: Find the shortest distance between the lines
x—l_y—2 _z—3.x—2_y—4 z—-5

’

2 3 4 3 4 5
Show also that the equations of the shortest distance are
Ilx+2 y-7z+6=0=7x+y -5z +7.

(Rohilkhand 2008, 13; Kanpur 2005; Kumaun 11)
Solution: The given lines are
x=1 - 2 z- 3

2 3 4

x32:]44 =255:”2 (say). ®)
Method 1: (Projection method): Let [, m, nbe the d.c.’s of the line of S.D.

Since it is perpendicular to both the given lines (1) and (2), therefore we have

=1 (say) (1)

and
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20+3m+4n=0;31+4m +5n=0.

Solving these, we get

/ _.m _n
15-16 12-10 8-9
l m n 12 +m2 +n2 1
or _— e = — = = —
L2 -1 ez @ w2 A6
12 -1

The d.c.’sof S.D.are —,—,—-
V6 V6 6

Now A (1,2, 3)isapointontheline (1) and B (2,4, 5)isapointon theline (2).
The length of S.D.

= the projection of join of A and B on the line whose d.c.’s are

124
76" V6" J6
1 2 1 1
=——(2-N+—=¢4-2)-——=06-3)=—"
7 2= 7 -2 NG ©-=3) N
The equations of S.D.
The equation of the plane through the line (1) and S.D. is
x=1 y-2 z-3
2 3 4 |=0 or Ilx+2y-7z+6=0 ..(3)
-1 2 -1
And the equation of the plane through the line (2) and the S.D. is
x-2 y-4 z-5
3 4 5 |=0 or 7x+y-52+7=0 ..(4)
-1 2 -1
From equations (3) and (4) the equations of the S.D. are
llx+2y -72+6=0,7x+ y -5z +7=0.
Method 2: Any point P on the line (1) is (21 +1L 31 +2,4n +3), ..(3)
and any point Q on the line (2) is 3r, +2,4r, +4,5r, +5). ...(4)

The d.r.’s of the line PQ are

Gry +2)-2n +1),dr, +4) - Gn +2),5r5 +5) - (4 +3)
or 3ry =21 +1,4r =3 +2,5r, —4n +2. ..(5)
If PQ is the line of shortest distance, then PQ is perpendicular to both the given
lines (1) and (2) and, therefore, we have

2@ -2n+)+3@rn -3 +2)+406r -4 +2)=0
and 3C@ry -2 +D)+4@r -3 +2)+50rn —4r +2)=0
or 381 =291 +16=0 and 501 -3875 +21=0.

Solving these equations, we getr; =1/3,r, =—-1/6.
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Substituting the values of r; andr, in (3), (4) and (5), we have the co-ordinates of P

5 13 3 10 25
d P 77377 ) a e 0 S
and Qas (3 3) Q(z 3 6)

i ’iy_li.e.,_l,z ,—1.
6 3 6
the length of S.D. = the distance between the points P and Q

SRR
e 6}

The equations of S.D. are either given by equations (3) and (4) of method 1 above

and the d.r.’s of the line of shortest distance PQ as —

or we can write the equations of a line passing through the point P and havingd.r.’s
-12,-1L

Example 25:  Find the shortest distance between the lines
x—3_)/—8 _2—3 x+3_)/+7 _z—6
3 -1 1 3 2 4
Find also its equations and the points in which it meets the given lines.
(Meerut 2002, 05B, 07B, 12; Bundellkkhand 2006;
Kanpur 2009, 11; Purvanchal 10, 11; Kumaun 12, 14)
Solution: The equations of the given lines are

xr—-3 y-8 z-3
= = =71 (say) (1)

3 -1 1
x+3 y+7 z—6
and SR S =71, (say). .. (2)
Any point P on the line (1)is (31 +3,-1 +8,13 +3), ...(3)
and any point Q on the line (2) is (=31, - 3,21, —7,4r, +6) ...(4)

The d.r.’s of the line PQ are
(-3, =3)-0Cn +3),2r -7)—(-n1n +8),4dr, +6)— (1 +3)
or -3rn -3n —-6,2r, +1, - 15,41, — 1y +3. ...(5)
If PQbe the line of S.D., then PQ is perpendicular to both the given lines (1) and
(2), and so we have
3(-3rn -3n-6)-1.2r +n -15+1.4r, -1 +3)=0
and -3(-3r -3n-6)+2.2r +1-15)+44r, -1 +3)=0
or -7ry =11y =0 and 291, + 71 =0.
Solving these equations, we getr; =71, =0.

Substituting these values of r; andr, in (3), (4) and (5), we have the co-ordinates of
Pand Qas P (3,8,3)and Q (-3,-7, 6)
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and the d.r.’s of the line of shortest distance PQ are —6,-15,3 or -2,-5,1
The length of S.D. = the distance between the points P and Q
= J(3-3)% + (7 -8 + (6-3)> =330.
Also the line of shortest distance PQ is the line passing through P (3,8, 3) and
having d.r’s -2 ,-5,1L
So its equations are given by
x—3_J7_8 z-3 x—3_)7—8 z—3.

= or

-2 -5 1 2 5 -1

Example 26: Find the length and position of the shortest distance between the lines

+1 -
f:y :7222,5x—2y—32+6=0=x—3y+22—3-

4 3
(Meerut 2005, 09B; Rohilkhand 13)

Solution: The equations of the given lines are
x Y+l z-2
1 3 ) (1)
and Sx-2y-324+6=0, x-3y+2z-3=0. ..(2)
The equation of any plane through the line (2) is
Ox-2y-32+6)+A(x-3y+22z-3)=0
or O+AM)x+(-2-3%) y+(-3+2)z+(6-31)=0. ..(3)
If the plane (3) is parallel to the line (1), then the normal to the plane (3) will be
perpendicular to the line (1) and so we have
40+A)+3(2-30)+2(=-3+2X1)=0 or A =8
Putting this value of A in (3), the equation of the plane through the line (2) and
parallel to the line (1) is given by
13x =26y +13z -18=0. ..(4)
Clearly, A (0, -1,2)is a point on the line (1).
Length of the shortest distance
= The length of perpendicular from the point A (0, — 1, 2) to the plane (4)
_13.0-26.(-)+132)-18 34 176
TON(3)? + (=262 + (132} 1346 39

The position of S.D. i.e., the equations of shortest distance.

The equation of the plane through the line (1) and perpendicular to the plane (4) is

given by
x y+1 z-2 x y+1 z-2
4 3 2 |=0 or 13]4 3 2 |=0
13 -26 13 I -2 1

or tB+4)—(y+)(@E-D+(z-2(-8-3)=0
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or 7x—2 y—11z +20 =0, (5

Againif the plane (3) which is any plane through the line (2) is perpendicular to the

plane (4), we have

I3G+A)-26(-2-30)+13(-3+2A)=0 or 7»=—§-
Putting this value of A i.e.,A = — 2/ 3in (3), the equation of the plane through the
line (2) and perpendicular to the plane (4) is given by

13x =13z +24=0 ...(6)

The equations (5) and (6) together are the required equations of the S.D.

Example 27: Find the length and equations of the shortest distance between
3x-9y+5z2=0=x+y-z

and 6x+8y+3z-13=0=x+2y+2z-3.

Solution: Here we shall use method IV of article 17.

The equations of the planes through the given lines are

Bxr=9y+52)+A; (x+y—-2)=0

and 6x+8y+3z—-13)+Ay (x+2y+2z-3)=0
or YGB+A)+y(=9+A%)+2z(5-A)=0 ~..(1)
and Y6 +hy))+ yB+2hy)+2z2 B +Ay)—-(13+3%,)=0. ..(2)

If the planes (1) and (2) are parallel, then their coefficients are proportional and so
we have
3+A -9+ A  5-N
6+hy 8+2%, 341,

Taking the ratios 1st, 2nd and 3rd with k respectively in (3), we get

=k (say). ...(3)

B+A)=k(6+1,y) or 34+ A, —6k—-krky =0 ...(4)

9+X)=k@B+2%y) or =9+A; -8k—-2kr, =0 ...(5)

O-A)=kB+1y) or 5—A; =3k —-kry =0. ...(6)
Subtracting (6) from (4), we have

2427 -3k=0. ~.(7)
Subtracting 2 times (6) from (5), we have

-19+ 31, -2k =0. ...(8)

Solving (7) and (8), we have
A =53/5k=32/5.
Putting the values of A, and k in (4), we get
Ay =-31/8.
Substituting the values of A; and A, in (1) and (2), the equations of the parallel
planes through the given lines are

17x+2y -7z2=0 ..(9)
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and 17x+2y -7z -11=0. ...(10)
The required S.D. is the distance between the parallel planes (9) and (10).
Any point on the plane (9) is (0, 0, 0).

The length of S.D.
= the length of perpendicular from (0, 0, 0) to the plane (10)
B 0+0-0-11 11
N7 + (2% + (=72 V(342) [Numerically]

The equations of S.D.

The equation of any plane through the first given line is
YEC+A)+y(=9+A1)+2z2(05-A)=0 (1)

[See equation (1)]

If the plane (11) is perpendicular to (9) or (10), we have
I7@+X)+2(=9+X)=705-A;)=0 or A} =1/13.

Putting the value of A in (11) the equation of the plane through the 1st given line

and perpendicular to the plane (9) or (10) is given by

10x -29y +16z =0. ..(12)
Again the equation of any plane through the 2nd given line is
YO +h))+yB+2hy)+2zB+Ay)—-(13+30y)=0. ...(13)

[See equation (2)]

If the plane (13) is perpendicular to (9) or (10), we have

1706 +Xy)+2@8+20y) =73 +Ay)=0
or Ay ==58/7.
Putting the value of A, in (13), the equation of the plane through the 2nd given
line and perpendicular to the plane (9) or (10) is given by

13x+82y +55z -109 =0. ..(14)
The equations (12) and (14) are the required equations of the shortest distance.

Note: We can solve the above problem by reducing both the lines to symmetrical
form and then using method I or II. The problem can also be solved by reducing
only one line to symmetrical form and then using method III.

@mprehensive Problems 10

1. Find the length of the shortest distance between the lines
x=3 y-5 z-2 x+1 y+1 z+1

1 -2 1 7 -6 1
(Meerut 2000, 06B; Rohilkhand 05, 09, 09B; Kanpur 06)
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Find the equations of the shortest distance and its length between the lines
x=3 y-5 z-7 x+1_y+1 z+1
1 -2 17 -6 1
(Rohillkhand 2005; Kanpur 08; Lucknow 11; Meerut 12;
Kumaun 09, 15)
x-1 y-2 z-3
3 4

Find the length of the shortest distance between the lines
x=3 y-5 z-7 x+1_y+l_z+1

1 -2 1 7 -6 -1
Find also its equations. (Meerut 2006B; Kanpur 06, 10)

Show also that its equations are given by

Find the shortest distance between the lines
x-=1 y-2 z-3 x-2 y-3 z-4

’

2 3 4 3 4 5
Hence show that the lines are coplanar.(Bundelkhand 2005; Meerut 07B)

Find the points on the lines

x—6 —-x y+9 z-2
3 (y=-7=z e T 4

which are nearest to each other. Hence find the shortest distance between the

lines and also its equations.

Find the equations of the straight line perpendicular to both the lines
x—l_)/—l _z+2_x+2_)/—5 _z+3

12 2 72 -1 2
Find the length and equations of the common perpendicular to the two lines
x+3 =6 ; x+2 ¥ z-7

’

4 3 27 4 1 1 (Meerut 2010B)
Show that the shortest distance between any two opposite edges of the

tetrahedron formed by the planes
y+z=0,z+x=0,x+y=0,x+ y+z =ais2a/\N6
and that the three lines of shortest distance intersect at the point

X=ypy=z=-a. (Garhwal 2002)
Show that the shortest distance between the lines x + a =2y = - 12z and
X=y+2a=6z—6a is 2a. (Meerut 2011)
Find the length of the shortest distance between the z-axis and the line
X+ y+2z-3=0=2x+3y+4z-4 (Kumaun 2010)
Find the shortest distance between the z-axis and the Iline
ax+by+cz+d=0=a’x+b’ y+c’z+d’. (Kumaun 2008)

Show also that it meets the z-axis at a point whose distance from the origin is
(ab” —=d’b)y(bc”=b’c)+(ca’—c’a)(ad’ —a’d)

(e’ =b’c) +(ca’ —c’a)’
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12. Show that the equation of the plane containing the line
y/b+z/c=1x=0 and parallel to the line x/a-z/c=1y=0 is
x/a—y/b—-z/c+1=0 and if 2d is the shortest distance, then show that

-2 -2 -2 -2
d™=" =a"+Db" +c . (Meerut 2008; Rohilkhand 06; Avadh 09)

13. Show that the shortest distance between the diagonals of a rectangular
parallelopiped and the edges not meeting it are
be ca ab

VB* +c?) V@ +a®) V@ +b)

where a4, b, ¢ are the lengths of the edges.

@nswers 10

34
1. 22 lx—2y+72429=0,27x+26y — 332 — 34 =0
429 y y
9. 09, "3V =5_2-7 448 4. 0

2 3 4
5. P(3,8,3),Q(-3,-7,6);3V(30);

x-3 y-8 z-3

2 5 1

x-2 y-3 z-1

7 4 -5

7. 32x+34y +132=108,4x + 11y + 52 =27, 9

(db"—=d’b)ybc’=b’c)+(ca”—c’a)(ad" —a’d)
(b’ =b’c) +(ca’ —c’a)’

10. 2 11.

18 The Eqguations of Two Non-~intersecting (Skew) Lines

To show that by a proper choice of axes the equations of two skew lines can be given by the
equations y=xtand, z=c; y=—Xtand, z=—c.

In the adjoining figure let ABand A’ B ’ be the two given skew (non-intersecting)
lines, and let CD of length 2 ¢ be the shortest distance between them.

Take the axis of zalong DCand O ,the middle point of DC ,as the origin. Draw OK
and OL parallel to ABand A’ B ’respectively and take the plane KOL as the plane
z = 0.Take the internal and external bisectors of the angle KOL as the axes of xand
yrespectively. In the figure, OX and OY represent the axes of xand y respectively.
Let the angle between the lines OK and OL (i.c., between the given lines AB and
A’B’)be2o.
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As explained above the line OK (which is parallel to AB) is inclined at angles
1

o, 5 -0, % nwithx, y, z axes respectively and therefore, the d.c.’s of OK (i.e.,of

1 1 . .
AB) are cos o, cos (5 T — 0),Cos 3 mie.,coso,sino,0.

Again theline OL (whichis parallel to A” B *) isinclined at angles— o , % T+, % T

with the co-ordinate axes respectively and, therefore, the d.c.’s of OL (i.e.,of A’ B”’)

1 1 .
are  cos (- o), cos (5 T + OL), COS B m orcosa,—sino,0.

Now it is required to find the equations of the given skew lines ABand A’ B ’.
Since CD = 2 ¢ and O is the middle point of CD , therefore OC = OD = ¢ . Hence
the co-ordinates of the points C and D (on the z-axis) are (0,0, ¢) and (0,0, —¢)
respectively.
Thus we see that the given line ABhasd.c.’scos o, sin o , 0 and passes through the
point C (0,0, ¢) and hence its equations are

x-0 -0 z-¢

CoS o sin o 0

or y=xtano,z=c. (1)

Also, the line A”B’ has d.c.’s cos o, —sin o ,0 and passes through the point
D (0,0, - ¢) and hence its equations are
x—-0 - 0 _z+c

coso —sina 0

or y=-xtano,z=-c. .. (2)

The equations (1) and (2) are the required equations of the given skew lines AB
and A’B".
If we put tan o = m, the equations (1) and (2) become

y=mx,z=cand y=—mx,z=—c. ..(3)
The equations (3) may be written as
x_ J _z-c
1

d *-J _ .
m o0 I TuT o . (4)

Illustrative Examlales

Example 28: Prove that the locus of a variable line which intersects the three given lines

YEMX,Z=C;y=—MmMX,z=—C; )=z ,MX=—C
is the surface y > —m*x* =z* —¢?. (Meerut 2006, 07, 10; Kanpur 08)
Solution: The equations of the given lines are
y=mx,z=c; (D)
y=—mx,z=-c; ...(2)

and y=z,mx=-c. ...(3)
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We know that any line intersecting the lines (1) and (2) is given by two planes, one
through each line.

The equation of any plane through the line (1) is

(p—mx)+ X (z-¢)=0. ...(4)
Also, the equation of any plane through the line (2) is

(yp+mx)+u(z+c)=0. ...(5)
The planes (4) and (5) intersect in a line and if this line meets the line (3), then
putting mx = — ¢ and z = y in (4) and (5), we have

(p+e)+A(yp—-¢c)=0 and (y-c)+u(y+c¢)=0

+e -c
or A=- J and p=- J :
y-c y+e
Multiplying these relations, we get Ap = L ...(6)

The required locus is obtained by eliminating A and p between (4), (5) and (6) and
so eliminating A and u between these equations, the required locus is given by

[ (y—mx):| [ y+mx:|

- x|~ =1
z+c z—c

2 _ 2.2 _,2_ .2

or b

Example 29: A variable line intersects the x-axis and the curve x = y, y > = cz and is
parallel to the plane x = 0. Prove that it generates the paraboloid xy = cz .

Solution: The equation of any plane through x-axis i.e., y =0 =z is

y=Az. (1)
The equation of any plane parallel to the plane x =0 is
X =U. .(2)

The planes (1) and (2) intersect in aline which intersects the x-axis and is parallel to
the plane x = 0. If this line meets the curve x = y, y > = ¢z , we have by putting

x=yin(2),
y=u. ...(3)
c c
From (1), n=2--2 -2 [ez=p?]
z cz D4
or A=c/y or A=c/u, [Using (3)]
or AL =c. ...(4)
The required locus is given by eliminating A andp between (1), (2) and (4), and is
(p/z)x=c

or Xy =cz.
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@)mprehensive Exercise 11

1. Find the surface generated by the lines which intersect the lines
y=mx,z=c;y=—mxy,z=—cand r-axis.

2. Show that the straight lines which intersect the three lines

y-z=1x=0;z-x=1,y=0 and x- y=12z=0 lie on the surface

2

whose equation is x +)/2 +z?2 -2 yz =2zx - 2xp - 1=0.

3. Prove that the locus of a line which meets two lines y = + mx, z = + cand the

2

circle x? + y? =a®,2=0 is

c>m? (cy — mzx)2 +c? (yz - me)2 =a’m? (z2 —6‘2).
4. Find the surface generated by a straight line which meets two lines
y=mx,z=c;y=—mx,z=—c at the same angle.

5. Show that the locus of lines which meet the lines
x+a y z  x—a_y z

0 sina -cosa’ O  sina cosa
at the same angle is (xy cos o0 — az sin o) (z x sin o0 — ay cos a) = 0.
6. P, P’are two variable points on two given non-intersecting lines and PP ’is
of constant length 2k. Find the surface generated by PP ’.

7. Find the equation to the surface generated by a straight line which is parallel

to the line y = mx,z = nx and intersects the ellipse
2 2
¥ be =1z=0.

8. How many lines can be drawn from a point to intersect two non-coplanar

X
ﬂ2

lines neither of which passes through the point? Find the equations of the
lines or line which can be drawn from the point (2 , — 1, 3) to intersect the lines
x—l_)/—2 _2—3.)(—4_J’ _z+3

(Bundellkkhand 2005)

2 3 4 7 4 5 3
@nswers 11
1. ¢y =mzx 4. (mex — yz) (cp — mzx) =0

2

6. ¢’ (mzx—cy)2 +c2 m? (yz —me x)2 =m? (kz —02)(22 —52)2

1 9 1 2 2
7. — (m—-2)" +—(yn—-—mz)" =n
(= 2)? 4 (=)

8. I;12x4+4y-9z+7=0 and 1lxr-10y+2z-28=0
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@)jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
1. The direction cosines of any straight line perpendicular to z-axis are
(a) 0,cos o, sin o (b) cos a, 0, sin o
(c) cosa,sina,0 (d) cosa,sina, 1 (Agra 2007)
2. The equations of the straight line passing through the point (2,5,7) and
parallel to y-axis are

x—-2 y-=-5 z-7 x—-2 y-=-5 z-7

0 1 0 1 0 1

x+2 V+5  z4+7 x—-2 y-=-5 z-7
(C) = = (d) = =

0 1 0 1 1 0

3. Perpendicular distance of the point (x, y;, z;) from the z-axis is

(2) \x2 + 2 (b) \i* +2°

2

(©) z,2 + x (d) none of these

4. Image of the point (-5, 3,2) in the yz-plane is

(a) 5,3,2) ) 2.3,-5)
(c) (-5,-3,2) (d) 5,3,-2) (Agra 2007)
5. The shortest distance between the lines x+a=2y=-12z and
X=y+2a=6z—6ais
(a) O (b) a
(c) 2a (d) none of these
6. The equation of the plane through (2,1,4) perpendicular to the line of
intersection of the planes3x +4y +7z+4=0andx—- y+2z+3=01is
(a) I5x+ y -7z -3=0 (b) I5x - y-72-3=0
(¢) 15x+ y+72-3=0 (d) I5x+ y+7z2+3=0
7. The symmetrical form of the line x+2y +3z +4 =0,

2x+3y+4z+5=0is

3 L, _ 3 ,_
(a) x+2:y _z 0 (b)x 2:y+ _z 0
1 2 -1 -2 1 -1
x—2:y+3:z—0
-1 2 -1

(c)

(d) none of these
(Kumaun 2008)
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13.

14.

c-165]In

The equation of z-axis in symmetrical form is

x Jy z x V z
—_— = = — b —_ = — = —
@1=0"0 ®5=T0
(c) r_J_z (d) none of these
0O 0 1 (Kumaun 2010)

Fill in the Blank(s)

Fill in the blanks “...... ", so that the following statements are complete and correct.
If two planes are not parallel, they intersect ina ...... .

The equations of the straight line passing through a given point (x;, y;, z;)
and having direction cosines [, m, n are ...... .

The equations of the straight line passing through the points (x|, y;, z; ) and
(¥9, y9,z9)are ...... . (Meerut 2001)

The equations of the straight line passing through the point (2, -3, 5) and
having its direction cosines proportional to 2, -1, 3 are ...... .
x+1 - 3 z-5

= are ...... .

1 -2

The direction cosines of the straight line

The coordinates of any point P on the straight line
x-3 - 4 z- 5
2 =2

are ...... .

. The coordinates of the two points on the straight line

x—2_)/+3 _z+1
6 2 3

which are at a distance 14 from the point (2,-3,-1)are ...... .

The equations of the straight line passing through the point (2, -5, - 3) and
x=5 U+t 2 z—4
-1 3 5

The equations of the straight line parallel to
x—l_}f—2 z ex—2_)7_2 z

2 3 4 8 (Meerut 2001)

The direction cosines of the straight line y =0,z =0 are ...... .

parallel to the straight line are ...... .

The equations of the straight line x — y =0,z =1in symmetrical form are

The direction cosines [, m, n of the straight line
3x+2y-5z=0=4x+2y -3z + 3 satisfy the equations ...... .

The straight line 3x+2y-z-4=0,4x+ y -2z +3=0 meets the

xy-plane at the point ...... .

The equations of the straight line passing through the point (2,3, -7) and
perpendicular to the plane2 x -3y +4z =7 are ...... .
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15.

16.

17.

18.
19.

20.

21.
22.
23.
24.

Yt

. The straight line

. Thelines i

Kaisdna's T.B. Geometry

The line§ =L F perpendicular to the planeax + by + cz +d = 0,if ......
men (Meerut 2001)

N _ VTN _ZTA (G pe parallel to the
m n

X
The conditions for the line

plane ax + by + ¢z + d = 0 but not lying in it are ...... (Bundelkhand 2005)
r-3 y+4
-l

The angle between the straight line = % and the plane
y—z+2=0is...... .
The foot of perpendicular from (2 , 3,4)totheplanex + y —z +4 =0is......

The equation of the plane containing the straight line
Y-hw _J-h _F7E
h n m

Yy _ VT2 _ET %
2 mny, 1y

and parallel to the straight line is ...... .

The straight lines
X —x - z-z xX—x - z -z
1 _ V-0 _ U and 2 _JV~J2 _ 2
I m m L Ty Ty

are coplanar if ...... .

The shortest distance between two intersecting straight lines is ...... .
Two lines are ...... if the shortest distance between them vanishes.
The shortest distance between two skew lines is ...... to both the lines.

The shortest distance between two non-intersecting lines is the projection of
the straight line joining any two points on these lines on a straight line
perpendicular to ...... .

True or False
Write “T" for true and ‘F’ for false statement.
x+1 - 2 _z+ 4

is parallel to the plane
3 s p p

6x+8y+6z=7.

-2 +9 -
x -7 == : 1 6 is perpendicular to the plane

The straight line

6x+10y -2z =09.
. . ox=2 y-bL z41
The straight line =" "2 lies in the plane2 x + 3y — 7z = 5.
+1 y+3  z+5 x-2 y-4 z-6
= = an = =
5 7 1 4

Two parallel straight lines are always coplanar.

are coplanar.
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6. If two straight lines intersect, they are always coplanar.
7. Two non-coplanar lines are always intersecting lines.
8. The lines x=ay+b,z=¢p+d and x=a’y+b’,z=c’y+d’ are
perpendicular ifaa " + cc * +1=0.
9. The conditions that the line * _lxl =F TN _ET A parallel to the plane
m n
ax + by + ¢z + d = 0 but does not lie in it are
ﬂl+bm+cn:0,ﬂxl +b_)71 +CZI +d:0
10. Straight line which is perpendicular to each of the two skew lines is called the
line of shortest distance.
11. The symmetrical form of straight line is ik WP A ) Wl
m n
@HSWCIS
Multiple Choice Questions
1. (o) 2. (a) 3. (a) 4. (a) 5. (o)
6. (a) 7. (o 8. (o)
Fill in the Blank(s)
1. straight line 9. XM TN 274
l m n
3 X-n _ Y-y _z-7 4 x—2_J7+3 _z-5
Yo =N D21 2277 - -1 3
5. gl—% 6. r+3,2r+4,-2r+)5)
33 3
7. (14,1,5) and (-10,-7,-7)
- +5
g YT2_JT2 243 9. 46
-1 3 5
— -0 —
10. 1,0,0 o0yt _enl
1 1 0
12. 31+2m-5n=0,4l+2m—-3n=0 13. (-2,5,0)
- -3
14, Y272 2t 15, 4-b_¢
2 -3 4 I m n
16. al+bm+cn=0,ax; +by; +cz; +d#0
17.

n/6 8. (i,i,ﬂ)
3'3°73
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[‘[é-lss
r=x J-n
19. I m
L 1y
21. 0
23. perpendicular

True or False

1. T 2.
6. T 7.
11. T

z -z

n
ny

w

Xo =X D2 =1 Z2 — 3
= O 20. ll ml nl = O
L ny ny
22. coplanar
24. both these lines
F 4 T 5. T
T 9 F 10. T
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Multiple Products

1 Triple Products

We know that the vector product a X bof two vectors a and bis itself a vector

quantity. Therefore we can multiply it by another vector eboth scalarly and
vectorially. The product(a x b) « ¢ is called scalar triple product, which is a pure

number. On the other hand the product(a x b) x cis called vector triple product,
which is again a vector quantity.

Note. Since a ¢ b is a scalar quantity, therefore the products (a ¢ b)* ¢ and
(a ¢ b) x ¢ are meaningless. Moreover in the product (a x b) ¢ ¢ we can omit the

parentheses and we can simply writeitasa x b ¢ ¢. Obviously the producta x be ¢
has meaning only if we regard it as the product (a x b) e c.

2 Scalar Triple Product

The scalar product of two vectors one of which is itself the vector product of two vectors is a
scalar quantity called “Scalar Triple Product”. Thus if a, band c¢be three vectors, then
(a x b) e cis called the scalar triple product of these three vectors.

Since the scalar triple product involves both the signs of ‘cross” and ‘dot’ therefore
it is sometimes also called the mixed product.
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Geometrical Interpretation of Scalar Triple Product.
Let us consider a parallelopiped whose coterminous edges OA , OB , OC have the
lengths and directions of the vectors a, b, crespectively. Let V be the volume of this
parallelopiped. We shall regard V, as necessarily ny ¢

... F
positive.
G E
Let a x b=n. Then from our definition of vector \
product, the vector n is perpendicular to the face 0 B
OADB ,and its modulus 7 is the measure of the area of ) 0
the parallelogram OADB . Also, by definition, the D

vectors a, b and n form a right handed triad.

%
Let ¢ denote the angle between the directions of the vectors OC and n. Then the

vectors a, band ¢ will form a right handed or a left handed triad according as ¢ is
acute or obtuse.
Now (axb)ec=|(axb)||c|cosd=|n]||c|cos ¢
= (area of the parallelogram OADB).(OC cos ¢)
[+ |e]=OC]
Now OC cos ¢ will be positive or negative according as ¢ is acute or obtuse. Its

absolute value will give us the length of the perpendicular from Cto the plane of the
parallelogram OADB .

Now the volume V of the parallelopiped = (Area of the parallelogram OADB) x
length of the perpendicular from C on this parallelogram. Therefore
(axb)ec=+V,if ¢ is acute iec, if a, b, c form a right handed triad and
(a xb)ec=-"V,if ¢is obtuse ic.,if a, b, ¢ form a left handed triad.

Now we know that if the vectors a, b, ¢ form a right handed triad, then the vector
triadsb, ¢, aand ¢, a, bare also right handed. Hence each of the products(b x ¢)« a
and (¢ x a) « bwill have the same value + V or — V according as a, b, ¢ form a right
handed or a left handed triad. Thus we conclude that in all the cases

(axb)ec=(bxc)ea=(cxa)eb.
Now aeb=beaandaxb=-bxa.
(axb)ec=ce(axb)=(bXc)ea
=zae(bxc)=(cxa)eb=Dbe(cxa)
=—(bxa)ec=—ce(bxa)==(cxXb)ea

=—ae(cxb)=—(@XxXc)eb==Dbe(a xc).

From this we conclude that the value of a scalar triple product depends on the cyclic order of
the factors and is independent of the position of the dot and cross. These may be interchanged at
pleasure. However, an anticyclic permutation of the three factors changes the value of the
product in sign but not in magnitude. (Important)




Multiple Products

| vs | A

Notation: In view of the properties discussed above, the scalar triple product is
usually written as (a x b) e ¢ = [abc]or [a, b, c]. This notation takes into consideration
only the cyclic order of the three vectors and disregards the unimportant positions of dot and
cross. Thus [abe] = [bea] = [cab] = - [cba] etc.

The signs of dot and cross can be inserted at pleasure i.c.,
[a,b,c]=ae(bXc) or =(axb)ec.
Note 1: Ifi, j, k constitute an orthogonal right handed triad of unit vectors,
then li, j, Kl=(ixj)ek=kek = 1.
Note 2: The scalar triple product [abe]is positive or negative according as a, b, ¢

form a right handed or a left handed triad of vectors.

3 Distributive Law for Vector Product

To prove that a X (b + ¢)=a X b+ a X ¢, where a, b, care any three vectors.

Let r=ax(b+c)—-axb-axc (D)
Now forming the scalar product of both sides of (1) with an arbitrary vector d,we
get

der=de[ax(b+c)—axb-axc] ...(2)
or der=defax(b+c)]-de(axb)—de(axc)

[Since scalar product is distributive]
Now in a scalar triple product the positions of dot and cross can be interchanged
without affecting its value. Therefore from (2), we get
der=(dxa)e(b+c)—(dxa)eb-—(dxa)ec
=(dxa)eb+(dxa)ec—(dxa)eb-—(dXxa)ec
[Since scalar product is distributive]
=0.
Therefore either d =0, or r = 0 or d is perpendicular to r. But the vector d is
arbitrary. Therefore we can take it to be non-zero and not perpendicular to r.
Hence r=0ic, ax(b+c)—axb-—axec=0
ie., ax(b+c)=axb+axec

4 Properties of Scalar Triple Product

(i) The value of a scalar triple product, if two of its vectors are equal, is zero.
We have [aab] = a « (a X b).
Now a x bis a vector perpendicular to the plane of a and b.

Therefore ae(axb)=0.
(ii)  The value of a scalar triple product, if two of its vectors are parallel, is zero.

Let a, b, cbe three vectors such that a and bare parallel i.e.,b = ta, where ¢ is
some scalar.
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(iii)

(iv)

5

Now [abc]=(a X b)ec=(axta)ec=ft(axa)ec=t(0ec)

[~ axa=0]

=0.

The necessary and sufficient condition that three non-parallel and non-zero vectors
a, b, ¢ be coplanar is that [abe] = 0.
Let a, b, cbe three coplanar vectors. Now a X bis a vector perpendicular to
the plane of a and b. Since a, b, ¢ are coplanar, therefore a x b is also
perpendicular to e¢. Now the dot product of two perpendicular vectors is
equal to zero. Hence (a x b) e ¢ = 0 i.e.,[abc] = 0. Therefore the condition
is necessary.
The condition is also sufficient: Because if [abe] =0 ie.,(a X b)e ¢ =0,
then cis perpendicular to a x b. But a x bis a vector perpendicular to the
plane of a and b. Since ¢ is perpendicular to a x b, therefore ¢ is parallel to
the plane of a and b.
Hence a, b, ¢ are coplanar.
Since the distributive law holds for both scalar and vector products, it holds also for
the scalar triple product.
Thus [a, b+ d, ¢+ r] = [abc] + [abr] + [adc] + [adr], the cyclic order of the
factors being maintained in each term.

To Express The Value of The Scalar Triple Product [a]oc]

In Terms of Rectangular Components of The Vectors

Let

Now

a=a i+ﬂ2 j+a3 k,b:bl i"rbz j+b3 k,

C=70y i+62 j+C3 k.

bxc=(b; i+by j+b3 k)x(cpi+cy j+eg k)
i j k
:bl b2 h3
1 2 3

=(by ¢35 —b3 cy)i—(by ¢35 —b3 ¢;) j+ (b ¢cg —by ¢;) K.
asbxe)=(a i+ay j+as k)e[(by c3 —b3 cy)i
—(by ¢3 =bg ¢y) j+(by ¢y =Dy ¢) K]
=ay (by 3 =bg cy)=ay (by ¢35 =bg ¢) +as (b ¢y = by )
[ iei=jej=kek=1and isj=jek=kei=0]
a az as
[abc] = (B by by (1)

(1 Co 3
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V7 _|'-‘ Y
€y € €3 a dy a3

AlSO (aXb)°C=C0(aXb)= ﬂl ﬂz ﬂ3 = hl bz b3
by by by € €y 03

showing that the value of a scalar triple product is independent of the positions of
dot and cross.

Note: 1f OA,OB,OC be three concurrent edges of a parallelopiped and if

(ay,a9 ,as3), (b, by ,b3),(c;,cy ,cq) be the rectangular coordinates of A, B,C
referred to O as origin, then the determinant (1) gives the volume of that
parallelopiped.

6 To Express the Scalar Triple Product [a, b, c] in Terms
of any Three non-Coplanar Vectorsl, m,n

Let a=a l+a, m+asn, b=b 1+by) m+b3 n,
and c=c¢; l+¢y m+c¢y n.
Now bxe=({ 1+by m+by n)x(; 1+¢c9 m+cq n)

=b ey 1 x1+bycy I xm+bycg1xn+by ¢y mxl1
+by co mxm+Dby cg mxn+by e nxl
+by co nxm+by c3 nxn

=(bycg —b3cy) mxn — (bycy —byep)nxl
+ (bycy —byc;) 1 xm
[“Ix1=0 and 1 xm=-mxXx1 etc.]
ae(bxc)=(a 1+ay m+as n)e[(by ¢c3 —b3 ¢cy)mxn
—(by c3 =bg cy)nx1+ (b ¢y —Dby ;)1 xm]
=ay (by ¢35 — b3 ¢y) [Imn] —ay (by c3 = b3 ¢;) [Imn]

+asg (by ¢c9 — by c;) [Imn].
[+ [Imn] = [mnl] = [nlm] and all the scalar

triple products of the type [Iml] in
which two vectors are equal vanish]

a ay as
Hence, [abe] = (b, by b5 | [Imn].
‘1 €2 3

Note: Since[i, j, k] = 1, therefore article 5 is particular case of article 6.
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Illustrative Examl)les

Example 1: Find the volume of the parallelopiped whose edges are represented by
a=2i-4j+5k, b=i—-j+k, c=3i-5j+2k.

Solution: The required volume of the parallelopiped is equal to the absolute

value of [a b c].

2 -4 5
Now [a b c]=]|1 -1 1
3 -5 2

=2(-2+5)+4@2-3)+5(-5+3=6-4-10=-8.
Neglecting the negative sign, we get the volume of the parallelopiped = 8 cubic
units.

Example2: Find the constant p such that thevectorsa =21i - j+k,b=i+2 j- 3k,

c=31i+pj+5 karecoplanar. (Kumaun 2013)
Solution: If the vectors a, b, ¢ are coplanar, then we should have [abe] = 0.

2 -1 1
Now [a b c]=]|1 2 -3

3 p 5

=210+3p+156+9+1(p-6)=7p+28.
[abe] will be zero if 7p+28 =0 or p=-4.
Hence for the given vectors to be coplanar, we should have p = - 4.

Example 3: Prove that the four points 4i+5 j+k, - (j+ k), 3i+9 j+4Kk)and
4 (=i + j+ k) are coplanar. (Kumaun 2012)
Solution: Let A,B,C,D be the four given points whose position vectors

referred to some origin O are
4i+5j+k, —(j+k),3i+9j+4k)and4 (-i + j+ k).

- = —
If the four points A, B, C, D are coplanar, then the vectors AB, AC and AD

should also be coplanar.

We have /T}B = position vector of B — position vector of A
=—(j+k)-(@i+5j+k=-4i-6j-2k=a (say).

Similarly /T)C=(3i+9j+4k)—(4i+5j+k)=—i+4j+3k=b (say),

and A_>D=4(—i+j+k)—(4i+5j+k)=—8i—j+3k=c (say).

Now the vectors a, b, ¢ will be coplanar if [a b ¢] =0.
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| Vo Ih Y
-4 -6 -2
Now [a b ec]=|-1 4 3
-8 -1 3

=—4(12+3)+6(-3+24)-2(1+32)
=-60+126-66=0.
. The points A, B, C, D are coplanar.

Example 4: Show that the four points —a + 4b — 3¢,3a + 2b— 5¢, —3a + 8b - 5S¢
and —3a + 2b + care coplanar.

Solution: Let A, B, Cand Dbe the points whose position vectors are respectively
—a+4b-3c,3a +2b-5¢,—3a +8b—-5cand -3a + 2b + c.
We have /T}B = position vector of B — position vector of A
=3a +2b—-5¢—-(—a+4b-3¢c)=4a - 2b-2c,
f?C = position vector of C — position vector of A
=(—3a+8b-5¢)—(—a+4b-3c)=-2a +4b - 2c,
and A—>D:(—33+2b+c)—(—a+4b—3c):—2a—2b+4c.

- > -
Now the scalar triple product of the vectors AB, AC and AD

4 -2 -2
N T
=|AB, AC, AD]=|-2 4 -2 [abc] [Refer article 6]
-2 -2 4

={416-4)+2(-8-4)-24+8)}[abc]
=48 -24-24)[abe/=0[abc|=0.
- = -
Since the scalar triple product of the vectors AB, AC and AD is zero, therefore

these vectors are coplanar. Hence the points A, B, C and D are coplanar.

Example5: Ifa, b, carethe position vectors of A, B, Cprovethata xb+bx c+cx a
is a vector perpendicular to the plane of ABC .

— — —
Solution: We have AB=b-a,BC=c-b and CA=a —c.
Let d=axb+bxc+cxa.
%
Now deAB=de°*(b-a)=(axb+bxc+cxa)e(b-a)
=(axb)eb—(axb)ea+(bxc)*b-(bxc)ea
+(cxa)*b-(cxa)ea
= [abb] — [aba] + [bcb] — [bca] + [cab] — [caa]
= — [beca] + [cab], since [abb] = O etc.
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A 10|
= — [bca] + [bca], since [cab] = [bca]
=0.
%
Therefore vector d is perpendicular to AB. Similarly, we can show that d is

%
perpendicular to BC.

Now since d is perpendicular to two lines in the plane ABC, hence it is
perpendicular to the plane ABC .

Example 6: Prove that[a + b, b + ¢, ¢ + a] = 2 [abc]. (Kumaun 2010)

Solution: L.H.S.
=(@+b)*[(b+c)X(c+a)]

=(a+b)e[bxc+bxa+cxc+cxal

(a+b)e[bxc+cxa+bxal,sinceexe=0
a°(bxc)+ac(cxa)+ac(bxa)+be(bxc)
+be(cxa)+be(bxa)
= [abc] + [aca] + [aba] + [bbc] + [bca] + [bba] = [abc] + [bea],
since all the scalar triple products in which two vectors are equal vanish.
But [abc] = [beal].
Hence the L.H.S. =2 [abc].

le a leb lec
Example 7: Prove that [Imn][abc]=|mea meb mec|-
nea neb nec
Solution: Letl=1Li+1j+ 3k, m=mi+myj+msk,
n=mi+nyj+nsk; a=aji+ayj+ask,
b=b1i+b2j+b3k, C=Cli+fzj+63k.

Now L.H.S. = [Imn] [abc]
L o) I ||a ay as
=1 my ms || by by by
n ) n3 (|1 €2 3
ll ay + 12 ay + 13 as ll bl + ZZ b2 + 13 b3
= ml ﬂl + m2 ﬂ2 + m3 ﬂg ml hl + m2 bz + m3 hg
nmoa + ny ay + ng as m bl + ny bz + ng b3

liep +1y cog +13 ¢4
my ¢y + my Co + mg Cg
nl Cl + n2 62 + n3 53

by the rule for the multiplication of determinants of the same order.
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| V-1l |h A

NOW l.a:(lli+12j+13 k).(ﬂli+ﬂ2j+ﬂ3 k)
=ll ﬂl +l2 ﬂz +13 ﬂ3,etC.
lea leb lec

Hence the LHS. ={mea meb mec
nea neb nec

Example 8: Prove that if 1, m, n be three non-coplanar vectors, then
lea leb 1
[Imn](axb)=|mea meb m |-
nea neb n
Solution: Let
I=hi+hj+ Lk, m=mi+myj+mgk, n=mi+n,j+nk,

and a=ai+ayj+ask, b=Dbi+Dbyj+bsk.
ll 12 13 i i k
Now [Imn]=|m My ms| and (ax b) =|q a, as|-
m ) 13 by by by
L L Iy 1] j k
[lmn](a x b) =|m 1y my || a a, as
mn 7y ns || by by by
Li+lhj+ 1k Lay +lyay + l3as Lby +1yby + 13Dy

=|\mi+myj+msk may + myay +mgas  mby + myby + msbs)|.
mi+nyj+nglk  may +nyay +nyas  mby + nyby + ngbg
Now lea=( i+l j+l3 k)e(a i+ay j+as k)
=l ay +1y ay + 13 ag etc.
1 lea leb lea leb 1
[Imn](axb)=m mea meb|=mea meb m|
n nea neb| nea neb n

@)mprehensive Exercise 1

1. Define scalar triple product of three vectors a, b, ¢ and interpret the same
geometrically.

2. Define scalar triple product of u, v, w. Prove that the value of the scalar
triple product of u, v, wremains unchanged if the cyclic order of the vectors
is maintained.
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3. If a, b, care any three vectors, prove that
ae(bxc)=be(cxa)=ce(axbh).

Prove thataebxc=a xbec.

Show thatie jx k =1.

Show that [Aa + ub, ¢, d] = A [a,¢c,d] +u [b, ¢, d].

Prove that [i — j, j— k, k—i]=0.

® N oo»om

Find the volume of the parallelopiped whose edges are represented by

(i) a=2i-3j+4k, b=i+2j-k, ¢=3i- j+2k.

(ii) a=i-2j+3k, b=2i+j-k, c=j+k.

9. Show that the vectors i — 2j+ 3k, — 2i + 3j — 4k, i — 3j + 5k are coplanar.

10. Show that the vectors 2a—-b+3c,a+b—-2¢ and a+b-3c are
non-coplanar where a, b, ¢ are non-coplanar vectors.
[Hint: Show that the scalar triple product of the three given vectors is not
zero. |

11.  Prove that the four points6a — 4b + 10¢, — 5a + 3b—10c,4a — 6b — 10cand
2b + 10c are coplanar.

12.  Showthatthevectorsa, b, carecoplanarif b + ¢, ¢ + a, a + b are coplanar.

13.  Prove that four points with position vectorsa, b, ¢, d are coplanar if and only
if[b,c,d]+[c,a,d]+[a,b,d]=[a,b,c].

@nswers 1

8. (i) 7 cubic units, (ii) 12 cubic units.

T Vector Triple Product

The vector product of two vectors one of which is itself the vector product of two vectors is a vector
quantity called a “Vector Triple Product”. Thus if a, b and ¢ be three vectors,the
products of the form a x (b x ¢) and (a x b) X ¢ etc. are called “Vector Triple

Products”.

Theorem: To prove thata x (bxc¢)=(asc)b—(asb)c.

Let r=ax(xcandbxc=d.

Since b x ¢ = d, therefore dis a vector perpendicular to the plane containing band
c.Also r = a x d. Therefore r is a vector perpendicular to both a and d. Now the
vector r is perpendicular to the vector d, whereas the vector d is perpendicular to
the plane containingband ¢. Therefore the vector r must lie in the plane containing
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b and ¢. Hence the vector r can be expressed linearly in terms of b and cin the form
r = /b + mec, (1)

where / and m are scalars.

Since r is perpendicular to a, therefore r e a = 0.

(/b+mc)ea=0 or [(bea)+m(cea)=0.
/ -m

=A .
cea bea (say)

Putting the values of [ and m in (1), we get
r=A(cea)b—A(bea)c=A[(cea)b—(bea)c| ...(2)
Now we are to find the value of A.
Consider unit vectors j and k, the first parallel to b and the second perpendicular to
it in the plane containing b and c¢. Then we may write b=Db,j and
c=c¢yj+csk.
In terms of jand k and the other unit vector i of the right handed system, the
remaining vector a may be written as
a=mi+ayj+asgk.
Now bxe=byjx(coj+c3 K)=by ¢y jXj+Dbycy jxKk=Dbycq i
[+ jxj=0 and jxk=i]
r=ax(bxc)=(ai+ayj+ask)x (bycsi)
=aybycg i xXi+aghycyg jXi+asbycs kKxi
=aghycy j—asbycy k ..(3)
[+ ixi=0, jxi=-k and kxi=j]
Also r=A[(cea)b—(bea)c|
=M [(coj+c3Kk)e (ayi+ayj+ask) by j
= (byJ) * (ayi + ayj+ ask) (cy j+ c3K)]
=M\ [eoaghyj+cgashyj—Dyascyj—byascsk]
[ iei=Liej=0 etc]

Now from (3) and (4) we conclude that A = 1.
Hence ax(bxec)=(cea)b-(bea)c=(aec)b-(aeb)c

[ cea=acec|
Corollary: (a xb)xc=—[cx(a xb)]
=—[(ceb)a—-(cea)b]=(cea)b—-(ceb)a.

Rule to remember a x (b x ¢).It is a vector to be expressed linearly in terms of b
and ¢ which are the vectors within the brackets. Also

a X (b x ¢) = [Dot product of a and ¢| b

— [Dot product of a and b] c.

Similarly we may remember (a x b) x c.
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8 Vector Triple Product is not Associative

Ifa, b, cbe three vectors, then a x (b x ¢)gives a vector which lies in the plane of b
and cand which is perpendicular toa.Moreover(a x b) x cgives a vector which lies
in the plane of a and b and which is perpendicular to ¢. Hence, in general,
a X (b x ¢) #(a x b) x ¢. Thus in the case of vector triple product the position of
brackets cannot be, in general, changed without altering the value of the product.

Illustrative Examl)les

Example 9: Prove that a x (bx ¢)+bx(cxa)+cXx(axb)=0.

Solution: We have
ax(bbxc)=(aec)b—(aeb)c, bx(cxa)=(bea)c—(bec)a,
and cx(axb)=(ceb)a—(cea)b.
Adding these three expressions, we get
ax(bxc)+bx(cxa)+cx(axb)
=(aec)b—(aeb)c+(bea)c—(bec)a+(ceb)a—-(cea)b

= 0. [ aec=cea, aehbh=bea, bec=-ceb]

Example 10:  Show that thevectors a X (b X ¢), b X (¢ x a), ¢ X (a X b)arecoplanar.
Solution: let ry=ax(bxc), ry =bx(cxa), r; =cx(axbh).

Now first prove that r; +r, + ry =0, as we have done in the previous exercise.

Since there exists a linear relation between the vectors ry, r,, ry therefore any of
these vectors can be expressed as a linear combination of the other two. Hence
these three vectors are coplanar.

Example 11: Ifa=i-2j+k, b=2i+j+k, c=i+2j-Kk, finda x(bxc).
Solution: We have
ax(bxc=(@ec)b-(aeb)c
=i -2j+K)e(i+2j—-Kk)]2i+j+k)
—[i-2j+K)e2i+j+Kk)](i+2j-k)
=1-4-DQRi+j+k-2-2+D)@{i+2j-k)
=(-8i-4j-4k) - (i +2j—-k)=-9i - 6j - 3k.

Example 12: Show that i x(a xi)+ jx(ax j)+kx(axk)=2a.
(Kumaun 2009)
Solution: We have
ix@xi)=@Gei)a—(iea)iza—(iea)i [ iei=1]

ixaxj=(jejla-(jea)j=a-(jea)] [ jei=1]
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and kx(@axk)=(kek)a—-(kea)k=2a - (ke a)k. [~ kek=1]
Adding these three expressions, we get
ix@axi)+jx@axj+kx(axk)
=3a—(iea)i-(jea)j—(kea)k
=3a-[(aei)i+(aej)j+(aek)K]. [-aej=jea etc]
Now we shall show that
a=(aei)i+(@acj)j+(ack k.
Let a=ux+ yj+zk.
Taking dot product of both sides with i, jand k successively, we get
x=aei, y=asej z=ask.
a=(asi)i+(@sjj+@skk.
Hence ix(@axi)+jx@xj+kx(axk)=3a-a=2a.

Example 13: Show that i x( jx k)= 0.
Solution: We have i x(jxKk)=1ixi [ jxk=i]
= 0. [+ ixi=0]
Example 14: Show that [a xb, bxc, c¢xa]= [abc]?, and express the result by
means of determinants. (Kumaun 2011)
Solution: We have
[axDb, bxe, exal=(axb)e[(bxc)X(cxa)l.
Let us first find the value of (b x ¢) X (¢ X a).
Let bxc=d.
Then (bxc)x(exa)=dx(cxa)=(dea)c—(dec)a
=[(bxc)ea]ec—[(bxc)ec|a
= [bca] ¢ — [bec] a = [abc] ¢,
since [bee]=0 and [bea] =[abc].
[axb,bXxc,cxal=(a xb)e[abc]c
= [abc] (a X b) e ¢ = [abc] [abc] = [abc]z.
Second part: Let
a=a i+ay j+as k, b=b i+by j+by Kk,
c=c¢ i+cy j+eg ke

a, ay as
We have [abc] =B, by bs |-
‘1 €2 3
i j Ik
Again axb=|qg ay as
b, by by
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:(ﬂ2b3 —b2ﬂ3)i+(blﬂ3 _ﬂlb3)i+<“lb2 _ﬂZbI)l('
i j k
Similarly bxc =|h by by
0 ) €3
= (bye3 = byey) i+ (e1by = bye3) j+ (biey —1by) Kk
i j k
and cxa=|¢ Cy c3
a ay as

= (cpa3 —ayes) i+ (aeg —ase)) j+(cay —aey) k.

[axb,bxc,cxa]

aybs —byas
=|byc3 = bsey
Cgag —C3dy
G Gy
=14 Ay
B, B,

byas —aybs
¢1by = byey
@3 —ascy
Gy |4
Az =B
Bs| |G

where the capital letters A, A, , A5 etc. denote the cofactors of the corresponding

small letters a;, a, , as etc. in the determinant |b;

Since [abe]?
ay ay
bl b2
1 €y

as
by
‘3

=[axb,bXc,cXxal,
2

A
=B,
G

Ay
B,
G

arby —ayh;
C1ay — Coay
AZ A3
BZ BS ’
C2 C3
a )
by
o o
A3
By
C3

Example 15: Prove that (a x b) x (a x ¢)e d = (a « d) [abc].

Solution: Let axb=r.
Then (axb)x(axc)
Therefore

Example 16:

as
by |-

‘3

=rx(axcec=(rec)a—(rea)c
=[(@axb)ecla—-[(axb)ea]c

= [abc] a — [aba] ¢ = [abc] a, since [aba] = 0.

(axb)x(axc)ed=[abc]aed=(aed)[abc].

which a makes with band ¢, b and ¢ being non-parallel.

Solution:

It is given that a X (bXx ¢) = % b.

If a, b, ¢ be three unit vectors such that a x (b X ¢) = % b, find the angles

(Kumaun 2009)




Multiple Products

[v-17 ]
1
(aoc)b—(aob)c—ib,
or (a-c—%)b—(a-b)c:& (1)

Since b and ¢ are non-parallel, therefore for the existence of the relation (1) the
coefficients of b and ¢ should vanish separately. Therefore, we get

a-c—lzo, ie., a-c=l and aeb=0.
2 2

Let 6 and ¢ be the angles which a makes with band crespectively. Since a, b, care
unit vectors, we have

aeb=cos0=0 = 0=90°,
and a-c=cosq)=% = ¢=60°.

Example 17: Prove that (a X b) x ¢=a x (b x ¢), ifand only if (¢ x a)xb=0.
Solution: We have (axb)xc=ax(bxc¢)

if and only if (cea)b-(ceb)a=(aec)b-(aeb)c

ie, ifandonlyif -(ceb)a=-(aeb)c, sincecea=aec

ie., ifandonlyif (ceb)a—-(aeb)c=0

ie., ifandonlyif (bec)a—(bea)c=0, sinceceb=becandaeb=bea
ie., ifandonlyif (exa)xb=0.

Note: (cxa)xb=0 is possible when (i) a and ¢ are collinear because then

¢ x a = 0or (ii) bis parallel to ¢ x ai.e.,bis perpendicular to both cand a or (iii) at
least one of the vectors a, b, ¢ is a null vector.

@)mprehensive Exercise 2

1. Evaluate (b X ¢) x a,
wherea =2i +3j—5k, b=-i+ j+ k,and ¢ =4i +2j + Ok.
2. (i) Verify the formula for vector triple product
axXx(bxc)=(aec)b—-(aeb)c
by taking a =i+ j, b=-i+2k, c=j+k.
(ii) Verifyax(bxc)=(aec)b—(aeb)cfora=i-2j+k,b=2i+j-k
and ¢ = 3i - 2j+ 3k. (Kumaun 2014)
3. DProve that (b x ¢) X (¢ x a) = [abc] c.
4. Prove that for any three vectors A, Band C,

(AXB) e BXC)X(CXxA)=(A « Bx C)?.
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5. Prove that for any three vectors a,band ¢, [a xb,bX¢c,cx a]= [abe]?.

Hence show that the vectors a, b, ¢ are non-coplanar if and only if the
vectorsa X b,b X ¢, ¢ X a are non-coplanar.
aea a
6. Show that[axb,bxc,cxa]=|bea be
c

Cea

asc
bec|=[abc]’.
cecC

oo o

[Hint: First prove that[a x b, bx ¢, ¢xa]= [abc]2.
For proof see Ex. 6. For the next part proceed as in Ex. 7.]

7. Provethat ax(bxa)=(axb)xa.

@nswers 2

1. 8(~4i+j-K).

O Scalar Product of Four Vectors

Ifa, b, ¢, d are four vectors, the products (a x b) e (¢ x d), (a x d) « (b X ¢) etc. are
called scalar products of four vectors.

Theorem: To prove that

b ) = aec bec
(axb)e(cxd)= aed bedl
Let axb=r.

Then (@axb)e(cxd)=re(cxd).

Now in a scalar triple product the position of dot and cross may be interchanged
without altering the value of the product.

Therefore re(cxd)=(r xc)ed.
(axb)e(cxd)=[(axb)xcled=[(cea)b—(ceb)a]ed
=(cea)(bed)-(ceb)(asd

=(acc)(bed)-(bec)(asd)=

aec b'c‘

aed bed|

This relation is known as Lagrange’s Identity.

10 Vector Product of Four Vectors

Let a, b, ¢, d be four vectors. Consider the vector product of the vectorsa x b and
¢ x d. This product can be written as (a x b) x (¢ x d) and is called the vector
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product of four vectors. Itis a vector perpendicular toa x band, therefore coplanar
with a and b. Similarly it is a vector coplanar with cand d. Hence this vector must
be parallel to the line of intersection of a plane parallel to a and bwith another plane
parallel to ¢ and d.

Theorem: To prove that

(i) (a xb)x(cxd)=[abd]c - [abc]d

(i1) (a xb)x(cxd)=[acd] b-[bed] a.

Proof:

(i) (a xb) x (¢ x d)is a vector which can be either expressed in terms of cand d or

intermsofaandb.Toexpressitintermsofcandd,letusputa x b=1.Then

@xb)xexd=Ix(ecxd)=0ed)c—(Nec)d

=[(axb)ed]lc—[(axb)ec]d
=[abd] ¢ —[abc] d.

(ii) Again to express (a x b) x (¢ x d)in terms of a and b, let us put ¢ x d = m.

Then (@axb)x(exd)=(axb)yxm=-mx(a xb)
=—[(meb)a—-(mea)bl]=(mea)b—(meb)a
=[(cxd)eal]b—-[(cxd)eb]a
=[cda] b - [cdb] a =[acd] b - [bed] a.

Linear Relation connecting four vectors: Equating the above two expressions
for the value of (a x b) x (¢ x d), we get

[abd] ¢ — [abc] d = [acd] b — [bed] a
or [bed] a — [acd] b + [abd] ¢ — [abc] d = 0, ..(1)
which is the required linear relation connecting the four vectors a, b, ¢, d.
To find an expression for any vector r, in space, as a linear combination of
three non-coplanar vectors a, b, c.
Replacing d by r in the relation (1) just established, we get

[ber] a — [acr] b + [abr] ¢ — [abc] r = 0
or [abc] r =[ber] a — [acr] b + [abr] c. ...(2)
Since a, b, ¢ are non-coplanar, therefore [abc] # O.

Therefore dividing both sides of (2) by [abc], we get
= [ber] a — [acr] b + [abr]c

[abc]
[ber] a + [car] b + [abr] ¢
or r= , since [acr] = — [car]
[abc]
[rbc] a + [rca] b + [rab]c
or r= ...(3)
[abc]

which is the required expression for r.
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11 Reciprocal System of Vectors

’

If a, b, ¢ be any three non-coplanar vectors so that [abe] # O, then the three vectorsa’, b, ¢
defined by the equations
bxec , cxa , axb
a = ’ = y C =
[abc] [abc] [abc]

’

are called reciprocal system of vectors to the vectors a, b, c.

(i) Toshowthataea” =beb' =cec =1.

bxc_a-(bxc)_[abc] ~

[abc]  [abc]  [abc]

cxa be(cxa) [beal [abe]

’ [abc] B [abc] B [abc] B [abc] B
axb ce(axb) [cab] [abc]

“labcd  [abe]  [abc]  [abe]

We have aea’ =ae

Similarly beb’ =b

and cec' =¢

Note: The reason for the name reciprocal lies in the relations
aea’=beb =cec’ =1
(ii)  The scalar product of any other pair of vectors, one from each system, is zero i.e.,
aeb'=aec’=bea’=bec’'=cea’=ceb =0.
We have
cxa as(cxa) [aca]

= = =0, since[aca] =0.
[abc] [abc] [abc]

aeb =ae

Similarly we can prove the other results.

(iii) The scalar triple product [abe] formed from three non-coplanar vectors a, b, ¢ is the
reciprocal of the scalar triple product [a’ b" ¢’ formed from the reciprocal system
a’,b’, ¢ ie,[abc][a’ b ¢’ ]=1.

We have [a,b,c,]=ar.(b/><c,)= bxc .{C xXa % (a)(b)}
[abc] |[abc]  [abc]
(bx c)s[(cxa)x(axb)]
B [abc]3

Now expanding (¢ x a) X (a x b) by vector triple product treating ¢ x a as one
vector, we get
(ecxa)X(@axb)=[(cxa)eb]la—[(cxa)ea]b=[cab]la —[caa] b
=[abc] a, since [caa] =0
and [cab] = [abc].
(bx c)e[abc] a [(b X c¢)ea] [abc]

[a” b ¢ ]= =
[abe]® [abe]®
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_[beal[abe]l  [abc)* 1 _
"~ [abe]®  [abc]®  [abc]

[a” b" ¢’ ][abc] = 1.
Note 1: Since [abc] #0, therefore from the relation, [a’ b’ ¢’][abc] =1, we
conclude that[a” b" ¢’]# 0.
Hence the vectors a’, b’, ¢” are also non-coplanar.

Note2: Thesymmetry ofresults proved in properties (i), (ii) and (iii) suggest that
if a’,b’, ¢ is the reciprocal system to a, b, ¢ then a,b, ¢ is also the reciprocal

’

system toa’,b’, ¢’.
Note 3: The relation[abe][a’ b ¢’ ] = Ishows that the scalar triple products[abc]

and[a” b" ¢’ ]are either both positive or both negative. Hence the two systems of
vectors a, b, cand a’, b’, ¢ are either both right handed or both left handed.

(iv)  The orthonormal vector triads i, j, k form a self reciprocal system.

Leti’, j, k" be the system of vectors reciprocal to the system i, j, k.

C ko

Then by definition i’ = Ixx _1_
[ijkl 1

Similarly, j =jand Kk’ = k.

Hence the result.

Theorem: If a, b, cbe three non-coplanar vectors and a’, b, ¢ constitute the reciprocal
system of vectors, then any vector r can be expressed as

r=(rea’)a+@eb’ )b+(rec)ec
Proof: Let r be expressed as a linear combination of the non-coplanar vectors
a, b, ¢ in the form

r=uxa+ yb+zc (1)
where x, y, z are some scalars.
Multiplying both sides of (1) scalarly with b x ¢, we get

re(bxc)=xae(bxc)+ ybe(bxc)+zce(bxc)

= x [abe] + y [bbc] + z [cbe] = x [abc],

since [bbe] =0 = [cbe].

re(bxc) (b X ¢) .. , bxec
X=————"=rTe =rea’, sincea’ = .
[abc] [abc] [abc]

Similarly multiplying both sides of (1) scalarly with ¢ x a and a x b, we can show
that

y=r°b' and z=rec’.
Putting the values of x, y and z in (1), we get
r=(rea’)a+(@eb )b+(rec)c. ...(2)
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Note I: In a similar manner, we can prove that
r=(rea)a’+(reb)b +(rec)c.

Note2: Since the systemof vectorsi, j, kisself-reciprocal, therefore from (2) we

conclude that r =(rei)i +(re j) j+(rek)Kk.

Illustrative Examlales

Example 16: Find a set of vectors reciprocal to the set 2i +3j-k, i- j—2k,
—-i+2j+2k.
Solution: Let a=2i+3j—k, b=i-j-2k, c=—1i+2j+2k.

Leta’, b’, ¢’ be the set of vectorsreciprocal to the set a, b, ¢.Then by definition

, _bxe , ecxa , axb
Y T label T label C T [abel
2 3 -1
Now [abc]=]| 1 -1 -21=22)-30)-1(1)=3
-1 2 2
i j k
and bxc=| 1 -1 -2|=2i+0j+k=2i+k
-1 2 2
bxc 2i+k (2 1
BT R
[abc] 3 3
i j k . .
Similarly b’=;>:)a =1 -1 2 2 =m
abe] 3 9 3 -1 3
P K
and c'=aXb212 3 —lzm-
[abc] 3 | 0 9 3

Example 17: Prove that a x {bx (cx d)} =(bed)(a X c)—(bec)(a xd).

Hence expand a x [b x {e x (d x e)}].
Solution: First part: We have
ax{bxexd}=ax{(bed)c—(bec)d}
=(bed)(axc)—(bec)(axd).
Second part: We have
bx{cx(dxe)}=bx{(cee)d—-(ced)e}
=(cee)(bxd)—(ced)(bxe).
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axX[bx{ecx(dxe)}l=ax[(cee)(bxd)—(ced)(bxe)
=(cee)[ax(bxd)]-(ced)[a x(bXe)]
=(cee)[(aed)b—(asb)d]
—(ced)[(aee)b—(aeb)e].

Example 18: Prove that d «[a x {b X (c x d)}] = (b« d) [acd].
Solution: ax{bx(exd}=ax{(bed)c—(bec)d}

=(bed)(axc)—(bec)(a xd).
de[ax{bx(ecxd)}]=de[(bed)(axc)—(bec)(axd)]
=(bed)[de(aXxc)]—(bec)[de(axd)]
= (b e d)[dac] — (b e ¢)[dad]
= (b« d)[acd],
since [dad] = 0 and [dac] = [acd].

Example19: Ifthefourvectorsa, b, ¢, d arecoplanar, showthat(a x b) x (¢ x d) = 0.

Solution: a x b is a vector perpendicular to the plane containing a and b.
Similarly ¢ x d is a vector perpendicular to the plane containing ¢ and d.

Since a,b,c,d are all coplanar, therefore the vectors a xb and ¢xd are
perpendicular to the same plane. Therefore a x band ¢ x d are parallel.

Now we know that the vector product of two parallel vectors is equal to a zero
vector, therefore (a x b) x (¢ x d) = 0.

Example 20: Prove that
(@axb)x(exd+(axe)x(dxb)y+(@axd)x(bxc)=-2[bed]a.
Solution: (@axb)yx(exd) =1x(ecxd),wherel =a xb
=(led)c—(1ec)d
=[(axb)ed)]c—[(axb)ec]d
=[abd] ¢ — [abc] d. ..(1)
Again (axe)x@xb)=(axec)xm, wherem=d xb
=(mea)c—(mec)a
=[(dxb)ealc—[(dxb)ec]a

=[dba] ¢ — [dbc] a = — [abd] ¢ — [bed] a, ...(2)
since [dba] = — [abd], as we have changed the cyclic order of the vectors and
[dbc] = [bed], as the cyclic order has been maintained.
Also (axd)yx(xc)=(@axd)xn, where n=bx ¢

=mea)d-(med)a
=[(bxc)eald—-[(bxc)ed]a
=[bca] d — [bed] a =[abc] d — [bed] a. ...(3)




Krishena's T.B. Vector Analysis

Adding (1), (2) and (3), we get
@xb)xexd+(@xe)xdxb)y+(@xd)x(bxc)=-2[bed] a.

Example 21: Prove that
[axp,bxq,exr]+[axq,bxr,cxp]l+[axr,bxp,exq]l=0.
(Kumaun 2012)
Solution: We have
[a xp,bxq,exr]=(axp)e[(bxq)X(cXr)]
=@axpe[{(bxqerfe-{(bxq)ec}r]
=(axp)e{{bgr]c-[bgc]r}
= [apc] [bqr] — [apr] [bqc]. (1)
Again [axq,bxr,expl=[bxr,ecxp,axq]
=(bxr)ef(cxp)x(axqg]
=(bxr)e[{(cxp)eq}a-{(cxp)ea}q]
= [bra] [cpq] — [brq] [cpa]. ...(2)
and [axr,bxp,exql=[cxq,axr,bxp]
=(eXx q)e[(axr)x(bxp)]
=(ecxqe[{(axr)ep}b-{(axr)eb}p]
= [cqb] [arp] - [cqp] [arb]. -(3)
Adding (1), (2) and (3) we get
[a xp,bxq,exr]+[axq,bXr,expl+[axr,bxp,cXxq]
= [apc] [bgr] - [apr] [bgc] + [bra] [cpq]
- [brq] [cpa] + [cqb] [arp] — [cqp] [arb]
= [apc] [bgr] - [apr] [bgc] + [bra] [cpq]
- [bgr] [apc] + [bqc] [apr] — [cpq] [bra]
=0, since [brq] = — [bqr], [cpa] = — [apc] etc.

Example 22: Prove that [a x b, ¢ x d, e X f] = [abd] [cef] - [abc] [def]
= [abe] [fcd] — [abf] [ecd] = [cda] [bef] — [cdb] [aef].
(Kumaun 2012, 15)

Solution: We have[a xb,exd,exf]l=(axb)e[(cxd)x(exf)]

=(@axb)e[l x(exf)],wherel =¢cxd

=(@axb)e[(lef)e—(ee)f]

=(@axb)e[{(cxd)ef}e— {(cxd)ee}f]

= [cdf] [abe] — [cde] [abf]

= [abe] [fcd] — [abf] [ecd], since [cdf ] = [fed] etc.




Multiple Products

| v-25 i,

Again [axb,exd,exf]l=[cxd,exf,axb]
=(cxd)e[(exf)x(axDb)]
=(cxd)e[{(exf)eb}a-{(exf)ea}b]
= [cda] [efb] — [cd b] [efa]
= [cda] [bef ] — [cdb] [aef].

and [axb,exd,exf]=[exf,axb,cxd]
=(exf)e[(a xb)Xx(cxd)]
=(exf)e[{(axb)ed} c—- {(axb)ec}d]
= [efc] [abd] — [efd] [abc]
= [abd] [cef ] — [abc] [def].

Example 23: Prove that (b x ¢)e(a xd)+(cxa)e(bxd)+(axb)e(cxd) =0.

Solution: We have

boa bod

(bxc) e(axd)= con c-d‘
=(bea)(ced)-(cea)(bed) (1)

.. COb Cod

Similarly, (c xa)e(bxd)= aeb aed
=(ceb)(aed)-(aeb)(ced) ..(2)

aec aed

and (axb)e(cxd)= bec bed
=(aec)(bed)—-(bec)(aed) ...(3)

Adding (1), (2) and (3), we get
(bxc)e(axd)+(cxa)e(bxd)+(axb)e(cxd) =0,

since aeb=Dbeaectc.

@mprehensive Exercise 3

1. Prove the identity a x [a X (a X b)] = (a « a) (b X a). (Kumaun 2011)

2. Establishtheidentity [a bc]d =[bcd]la +[ca d]b+[a bd]cforanyfour
vectorsa, b, ¢, d. Hence show that any vector r can always be expressed as a
linear combination of three given non-coplanar vectors.

3. Obtain a set of vectors reciprocal to the three vectors
-i+j+k,i-j+k,i+j+k.
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4. Ifa,b,cbe aset of non-coplanar vectors and

, bxe , exa , axc
= ) = »C = ’
[abc] [abc] [abe]
then prove that
b’ x ¢ ¢ xa’ a’xb’
as= b= and c=———-
[a/ b/ cr] [a/ b/ c/] [ar br c/]

5. Ifa,b,canda’,b’, ¢ are reciprocal system of vectors, prove that
(i) axa’+bxb +exc =0
a+b+c
(i) a’xb +b'xc+c’'xa" =—F—

[a bc]

(iii) aea’+beb +cec =3.

@ILSWGI'S 3

@bjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
1. Thevalue ofie(jxk)+jo(kxi)+ke(ixj) is
(a) O (b) 1
(c) 2 (d) 3
2. The volume of the parallelopiped whose edges are given by

— — —
OA=2i-3j,0B=i+j-k, OC=3i-kis

(a) 1 (b) 4
(c) 2/7 (d) None of these
3. If[a b c]is the scalar triple product of three vectors a, band ¢, then[a b c]is
equal to
(a) [bac] (b) [eba]

(c) [bca] (d) [a cb]
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Ifi, j, k constitute an orthogonal right handed triad of unit vectors and a is
any vector, then ix(a xi)+ jx(ax j)+kx(axKk) isequal to

(a) a (b) 2a

(c) 3a (d) 0

[@’,b’,c']is qual to

(a) [a,b,c] (b) [a,b,c]?

(c) ! (d) None of these

[a,b,c] (Kumaun 2009)

Fill in the Blank(s)

Fill in the blanks “...... ” so that the following statements are complete and correct.

If {i, j, k}be a set of orthonormal unit vectors, then [i jk]=...... )

- = -
If A, B, C be three non-coplanar vectors, then

- 2 > e
A*BxC BeAxC_
St =

For any three vectorsa,b,c,ax (bxc)+bx(cxa)+ecx(axb)=....
Ifa,b,cand a’, b’, ¢’ are reciprocal system of vectors, then

aea +beb +cec' =.......

If a, b, c are any three coplanar vectors, then (a xb)ec=.......
(Kumaun 2008)

@Xb)X¢=....... (Kumaun 2015)
If i, j, k are unit vectors, then (ixj)ek =......... (Kumaun 2009)
Value of vector [(b+c¢c) x(c+a)]=............ (Kumaun 2013)

True or False
Write “T7 for true and °F for false statement.

Ifx ea =xe¢b=xec=0,for some non-zero vector x, then [a b ¢| =0.

If {i, j, k} be a set of orthonormal unit vectors, theni x ( j x k) # 0.

The orthonormal vector triads i, j, k form a self reciprocal system.
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Multiple Choice Questions
(d) 2. (b) 3. (0 4. (b) 5. (¢

Fill in the Blank(s)

1 2. 0 3. 0 4. 3 5. 0
(cea) b—(ceb)a 7. 8. bxc+cxa+bxa

—

True or False
T 2. F 3. T




Differentiation of Vectors

1 Vector Function

We know that a scalar quantity possesses only magnitude and has no concern
with direction. A single real number gives us a complete representation of a
scalar quantity. Thus a scalar quantity is nothing but a real number.

Let D be any subset of the set of all real numbers. If to each element t of D, we
associate by some rule a unique real number f (t), then this rule defines a scalar

function of the scalarvariable t .Here f (t)is ascalar quantity and thus f is a scalar
function.
In a similar manner we define a vector function.

Let D be any subset of the set of all real numbers. If to each element t of D, we associate by some
rule a unique vector £ (t), then this rule defines a vector function of the scalar variable t.

Here £ (t) is a vector quantity and thus f is a vector function.

We know that every vector can be uniquely expressed as a linear combination of
three fixed non-coplanar vectors. Therefore we may write

fe)=fH@O i+ fr()j+ f5(0)k
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where i, j, k denote a fixed right handed triad of three mutually perpendicular
non-coplanar unit vectors.

2 Scalar Fields and Vector Fields

If to each point P(x, y , z) of aregion Rin space there corresponds a unique scalar
f(P), then f is called a scalar point function and we say that a scalar field f has

been defined in R .

Examples: (1) The temperature at any point within or on the surface of earth ata
certain time defines a scalar field.

(2) f(x,p,2)= x? —y3 — 3z defines a scalar field.

Ifto each point P (x, y , z)of aregion Rin space there corresponds a unique vector
f(P),then f is called a vector point function and we say that a vector field f has
been defined in R.

Examples: (1) If the velocity at any point (x, y, z) of a particle moving in a curve
is known at a certain time, then a vector field is defined.

(2) f(x, y,z)=xp%i + 3pz> j - 2x” zk defines a vector field.

D Limitand Continuity of a Vector Function

Definition 1: A vector function £ (t)is said to tend to a limit 1, when t tends to ty , if for any
given positive number €, however small, there corresponds a positive number & such that

|f(t) -1 |<e whenever 0<|t—t,|<3d.

If £(t) tends to a limit 1 as ¢ tends to ¢, ,we write . Iimt fty=1.
— b

Definition 2: A vector function f(t) is said to be continuous for a value t, of t if
(i) f£(ty) is defined and

(ii) for any given positive number €, however small, there corresponds a positive number &
such that |[f(t) —£(ty)| <€, whenever |t—ty|<3d.

Further a vector function £ (t)is said to be continuous if it is continuous for every value of t for
which it has been defined.

We shall give here (without proof ) some important results about the limits and
continuity of a vector function.

Theorem 1: The necessary and sufficient condition for a vector function £(t) to be

continuous at t = t, is that lim ¢ () =1f(ty).
t—1 (Purvanchal 2014)
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Theorem 2: Iff(t) = fi ()i + fo ()j+ f3(t)k ,then £ (t)is continuous if and only if

[i(®), fo(t), fs(t)are continuous.
Theorem 3: Let f(t) = f(0)i + fo (O)j+ fa(Okand 1 =Li+1,j+ 3k

Then the necessary and sufficient conditions that ; imt f(t) =lare
0

lim _ lzm lim _
t =, fi©) 11’ fz(f lzﬂndt_ﬂofﬂf)—ly

Theorem 4: If f(t), g (t) are vector functzons of scalar variable t and ¢ (t) is a scalar

function of scalar variable t , then

G) mo[fe)xe@))= lm gy £ Mmoo

t =t t =t t =t
o T T
(), 160 +g0)] [t fim f<t>} [t fim g(t)}

(iii)  om [f(t)xg(tn:[t o f<t>]><[ fim g(t)}

t— ty

vy fim o) f<t>]=[t fim ¢<t>][t o f(t)}

t—t, to
) o iew (=] B

4 Derivative of a Vector Function with Respecttoa Scalar

Definition: Let r = f(t) be a vector function of the scalar variable t. We define

r + Or = f(t + o).

dr = (¢ +8t) — £(¢).

Consider the vector or _ w .
ot St

f lim lim f(t +0ot) — £(¢)
o

= exists, then the value of this limit, which we shall
t— 0 6t 8t >0 St

denote by Z— ,is called the derivative of the vector function v with respect to the scalar t.
t

Symbolically
dr _ gy (0O —r g, (€48 - 1)
de ot —0 ot ot — 0 ot

dr . . . . . . or . .
If = exists, then r is said to be differentiable. Since ™ is a vector quantity,
t t

dr . .
therefore o is also a vector quantity.
t
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Successive Derivatives: If we differentiate o again, we get—zwhlch is called

dt
the second derivative of r w.r.t. ¢, and so on.

Thus, we continue differentiating successively upto n times and get

dr d’r &’r d"r
at” a4 oa T At
n
where y " is called the n™ diff. coeff. (or derivative) of r w.r.t. t. (Here diff. coeff.
tn
means differential coefficient.)

dr  d*r

We often represent — , —— ,...... r respectively.
p it a2 p Y

A scalar or vector function of ¢ is called differentiable of order 7 if its n™ order
derivative exists.

5 Differentiation Formulae

Theorem: If a, band c are differentiable vector functions of a scalar t and ¢ is a
differentiable scalar function of the same variable t, then

L4y da
dt dt dt
2. i(a-b):a @+@
dt dt dt
3. i(axb)_ax@+@
dt dt dt
d da do
4., — =0—+—
dt (02) = ¢ dt  dt
5. i[a bc]=[@ bc]+|:ad—bc]+[a dc:|
dt dt dt dt] (Meerut 2013B; Purvanchal 08)

6. i{ax(b><c)}—d—x(bxc)+ax(@xc)+ax(bx@)
d dt dt dt
(Meerut 2000; Purvanchal 08)

lim {(a+da)+(b+3b)}—(a+bh)

Proof: 1. 4 (a+b)=
dt

ot — 0 ot
. da+ob . da Sb
= lim = lim [—
-0 Ot 8t—0 \ Ot dt
da . ob da Ldab d b

= 11 [R— _—
50 Ot 8t—-0 dt  dt dt
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Thus the derivative of the sum of two vectors is equal to the sum of their derivatives, as it is also

in Scalar Calculus.
Similarly we can prove that 4 (a—b)= da _db
dt dt  dt

In general ifr; ,ry ...... , 1, are vector functions of a scalar ¢, then
dr dr dr
_ 1 + 2 + + n .

dt dt dt

Z.i(aOb): lim (a+da)e(b+3db)—aeb
dt & —0 ot
_ lim 2°btaedb+tdaeb+daedb-aeb
-0 St
_ lim @a°9b+daeb+daedh
-0 St

= _lim {ao&)+&10b+6306b}
ot — 0 ot ot ot

lim ,Sb lim 830b+ lim @OSb

o0 to00 L ot—o0 o

= ao@+@0b+@-0, sincedb — zerovectorasoét — 0
dt  dt dt
db da

—ae_— 4~
dt  dt

Note: Weknowthata e b= be a. Thereforewhile evaluatingd% (a o b), we should

not bother about the order of the factors.

(a+0a)x(b+3b)—axb

3. Laxp=_lim

dt ot — 0 ot
_ lim axb+axdb+daxb+daxdb-—axb
80 St
_ lim @x0db+dax b+daxdb
T 8t—0 St
= lim {ax&)+8axb+6ax6b}
ot — 0 ot ot ot
lim b lim da lim da
= 2 P b % % &b
5t>0 "5 Teto0 or L st—0 o
=ax%+%xb+@x0,sinceSb—)zero vector as ot — 0
db da db da

=aX—+—Xb+t0=ax—+—Xb.
dt dt dt dt
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Note: We know that cross product of two vectors is not commutative because
a X b=- bx a.Therefore while evaluating% (a X b), we must maintain the order
of the factorsaand b.
4 4 oa) = lim (0 +30)(a + 0a) — da
dt &t — 0 ot

_ lim $a+ ¢da + dda + 30da — da
8- 0 8t

_ lim ©¢da + d0a + 6¢da

-0 St

lim {¢83+6¢a+6¢83}

Tot—0 | ot ot ot

lim % lim 3, lim %4

T6to0 ot t—>0 o st—0 ot
da do  do

=0 —+—a , since 6a — zero vector as 6t — 0
dt  dt dt

=¢@+@a+0=¢@+@a.
dt  dt dt  dt

Note: ¢a is the multiplication of a vector by a scalar. In the case of such

multiplication we usually write the scalar in the first position and the vector in the
second position.

5. dit[a bCIZd%{iﬂ(bX c)}=aodit(b>< c)+fi—?0(bx V) [by rule (2)]
=ao(bx%+%’xc)+§0(bxc) [by rule (3)]
:aO(bx@J+a0(d—bxc)+@0(bxc)

dt dt dt

=|:a b@}+[a@c:|+[@ bc:|
dt dt dt

=|:@ bc]+|:a@c]+|:ab@]-
dt dt dt

Note: Here [abe]is the scalar triple product of three vectors a, band ¢. Therefore

while evaluatingdi [abc] we must maintain the cyclic order of each factor.
t

@
dt
:ax(d—ch+b><@)+@x(bxc)

dt dt dt

d B d
6. g{ax(b><c)}—a><%(b><c)+ x (b X ¢) [by rule (3)]
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=ax(@xc)+ax(bx@)+@x(bxc)
dt dat) dt

=@x(bxc)+ax(@xc)+ax(bx@)-
dt dt dt

6 Derivative of a Function of a Function

Suppose r is a differentiable vector function of a scalar variable s and s is a
differentiable scalar function of another scalar variable t. Then ris a function of t.

An increment 8¢ in ¢t produces an increment 8r in r and an increment &s in s. When
0t - 0,6r — 0 and &s — O.

We have ﬂz lim 671.: lim §87r
dt o —0 & ot—0\dt &

_ lim S| lim Or|_dsdr
o —>0 & )(dt—>0 & dt ds

{ Derivative of a Constant Vector

Avector is said to be constant only if both its magnitude and direction are fixed. If
either of these changes then the vector will change and thus it will not be constant.

Let r be a constant vector function of the scalar variable t. Let r = ¢ , where ¢is a

constant vector. Thenr +0r =c.
0

=—=0.
ot

or = 0 (zero vector).

Sl
ot
lim Or _ lim 0=0. % = 0 (zero vector).

>0 & ot—0

Thus the derivative of a constant vector is equal to the null vector.

8 Derivative of a Vector Function in Terms

of its Components

Let r be a vector function of the scalar variable ¢ . (Avadh 2014)
Let r = xi + yj + zk where the components x, y,z are scalar functions of the
scalar variable ¢ and i, j, k are fixed unit vectors.
We have r+dr=x+)i+(y+0d)j+(z+) k.
: Or =(r +0r) —r =dv i+ dyj + dzk.
S—r = @ i+ SL j+ 8—2 k
ot ot ot ot
lim O _ lim {a"i+6y -+82k}.
ot

St—0 ot 86— 0 o T s
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dr dv, Y . 4
—=—1i+—j+—Kk
dt  dt dt dt

Thus in order to differentiate a vector we should differentiate its components.

Note: Ifr =xi+ yj+ zk, then sometimes we also write it as r = (x, y, z). In this

2
_ dr (dv v dz) d%r |[d*x 7y 4Pz
notation — ==, = =, =— ===, —=_ Z = and soon.
dt \dt’ dt “dt) a> 4> dr> O dr?
Alternative Method:
We have r=uxi+ yj+zk, where i, j,k are constant vectors and so their

derivatives will be zero.

Now, ‘Z ;t (xi + pj+ k) = (xl) ( SRS (zk)
Cde. 4 Y dj , dz dk
i+x—+—j+y— k+z
T dt At dt at " dt At
de . Y dz . di .
=—1i+— j+— k,since — , etc. vanish.
e dt © dt dt

O Some Important Results

Theorem 1:  The necessary and sufficient condition for the vector function a (t) to be

constant is that @ = 0.
dt (Purvanchal 2014)

Proof: The condition is necessary. Leta (t)be a constant vector function of

the scalar variable ¢ . Then a (t + 6t) = a (¢). We have
da _ [im a(t+8t)—a(t): lim 0 _
dt -0 ot & — 0 &t
Therefore the condition is necessary.

e . . da .
The condition is sufficient. Let i 0. Then to prove that a is a constant
t

vector. Let

at)y=a; ()i+ay (t)j+as (£) k.
Then @=dﬂi+dﬂj+d£k
dt dt dt dt

Therefore @ = 0 gives, di i+—j+ —=
t dt dt dt
Equating to zero the coefficients of i, jand k , we get
dﬂ:(),@:o’dﬁ:o_
dt dt dt

Hencea, , a, ,as are constant scalarsi.e.,they are independent of t . Therefore a (¢)
is a constant vector function.
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Theorem 2: Ifais a differentiable vector function of the scalar variable t and if | a | = a,

then
Lod 9 da . da da
i =24 25, aa .
® dt(a) adt ) a.dt ﬂdt
Proof: (i) We have a> =a e a = (a) (a) cos 0 = a’.
Therefore 1(32):1(42):26,@.
dt dt dt
(ii) Wehavei(aQ)zi(aoa)=@03+30@=230@-
dt dt dt dt dt
Also i(az):i(gz):ZQﬁ.
dt dt dt
23'@=261dl or ao@:gﬁ.
dt dt dt dt

Theorem 3: If a has constant length (fixed magnitude), then a and % are

perpendicular provided

da’;ﬁo.
dt

Proof: Let|a|=a = constant. Then a ® a = a” = constant.

i(aoa)=0 or @-aJrao@:O
dt dt dt
or 230@=0 or ao@=0.
dt dt

da .
Thus the scalar product of two vectors a and = is zero.
t

Therefore a is perpendicular to % provided % is not null vector i.c., provided

da
dt
Thus the derivative of a vector of constant length is perpendicular to the vector provided the
vector itself is not constant.

#0.

Theorem 4:  The necessary and sufficient condition for the vector a (t) to have constant

. ) da
magnitude is a e i 0. (Meerut 2001, 04B, 06, 07, 11, 13; Avadh 13;
Kashi 10, 12; Purvanchal 11)
Proof: Let abe a vector function of the scalar variable ¢ . Let|a| = a = constant.

Then a e a = a® = constant.
i(aoa)zo or ao@+@oa:0
dt dt  dt
or 230@:0 or aoézo.
dt dt

Therefore the condition is necessary.
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Condition is sufficient. Ifa e % =0, then

da da d
ae—+ —ea=0 or ——(aea)=
t  dt dt
or a e a = constant or a’ = constant
or a® = constant or |a| = constant

Theorem 5: If ais a differentiable vector function of the scalar variable t, then
d ( da) d*a
—lax ax
dt dt At 2

Proof: We have

d ( da) da _ da d*a d*a
—laxXx—|=—X—+axXx——=0+ax ——,
e " dt)ar T dt dt? dt >
da d’a
since the cross product of two equal vectors = is zero =ax 7
t

Theorem 6:  The necessary and sufficient condition for the vector a (t) to have constant

direction is a x @ =
(Meerut 2004B, 06, 07, 10, 11, 13B; Avadh 14)

Proof: Letabe avector function of the scalar variable ¢ .Let A be a unit vector in

the direction of a . If a be the magnitude of a,then a=aA.
da dA da

ﬂ N
dt dt dt
Hence aX@ (aA)x(ad—A+@A)
dt dt dt
=a Axd—A+a@AxA
dt dt

dA
=a’Ax [ AXA=0] (1)

dt
The condition is necessary. Suppose a has a constant direction. Then A is a
constant vector because it has constant direction as well as constant magnitude.

Therefore A =0.
dt
From (1), we get a x % =a’Ax0=0.
Therefore the condition is necessary.
The condition is sufficient. Suppose that a x % = 0.

Then from (1), we get
dA
2axM oy o axttoy (2)
dt dt
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Since A is of constant length, therefore A o 5 0. ..(3)

From (2) and (3), we get (Z—? =0.

Hence A is a constant vector ie., the direction of a is constant.

10 Curvesin Space

Acurve in a three dimensional Euclidean space may be regarded as the intersection
of two surfaces represented by two equations of the form
K (x, y,2)=0,F, (x, y,z)=0.
It can be easily seen that the parametric equations of the form
x=fit),y=f2(0),2=f3(0)
where x, y,z are scalar functions of the scalar ¢, also represent a curve in three
dimensional space. Here (x, y, z) are the coordinates of a current point on the
curve. The scalar variable t may range over a set of valuesa<t<b .

In vector notation an equation of the form r = f (¢), represents a curve in three
dimensional space if r is the position vector of a current point on the curve. As ¢
changes, r will give position vectors of different points on the curve. The vector f (t)
can be expressed as

JOi+ fo @5+ f5 @Ok
Also if (x, y, z) are the coordinates of a current point on the curve whose position
vector is r, then r = xi + yj + zk.

Therefore the single vector equation r = f (¢)
ie., Yi+ yj+zk=fi0i+ fo0)j+ f3()k
is equivalent to the three parametric equations
x=fi{0), = fr(0),z= f50).
Thus a curve in a space may be defined as the locus of a point whose coordinates may be

expressed as a_function of a single parameter.
For example, the two equations

2 2
x z
—Z—y—E=L x =acosh =
a b a
specify a curve in three dimensional space. The parametric equations of this curve
are x=acoshu, y=>bsinhu, z=au.

And its vectorial equation is
r=acoshui+bsinhu j+au k.

The vector equationr = acosti + bsintj + Ok represents an ellipse, as for different
values of ¢, the end point of r describes an ellipse.

Similarly r = at?i + 2atj + Ok is the vector equation of a parabola.

The terms skew, twisted or tortuous are often used for curves in a space.
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11 Geometrical Significance of dr / dt and Unit Tangent

Vector to a Curve

Geometrical Significance of dr/dt :

Let r = f (t) be the vector equation of a curve
in space. Let r and r +dr be the position
vectors of two neighbouring points P and Q
on this curve. Thus we have

%
OP=r=1()

%
and OQ=r +0r =f(t +ot).

e
PQ=0Q - 0P
=(r +0r) — r=0r. c

Thus % is a vector parallel to the chord PQ .

As Q— Pie.,asd — 0,chord PQ — tangent at P to the curve.

lim Or_dr is a vector parallel to the tangent at P to the curve r = f ().

St—0 & dt

Unit tangent vector to a curve:

Suppose in place of the scalar parameter ¢, we take the parameter as s where s
denotes the arc length measured along the curve from any convenient fixed point C
on the curve. Thus arc CP = s and arc CQ = s + ds .

. dr . .
In this case = will be a vector along the tangent at P to the curve and in the
s

direction of s increasing. Also we have
dr or

ar or lim |8r | lim chord PQ _
ds Os

T5t—0 arc PQ Qo0 arc PQ

lim

= 1.
ot — 0

dr . . . . . . .
Thus R is a unit vector along the tangent at P in the direction of s increasing. We
s

denoteit by t. Note that talways points in the direction of motion along the curve.

12 Application to Velocity and Acceleration

Velocity: If the scalar variable ¢ be the time and r be the position vector of a
moving particle P with respect to the origin O, then ér is the displacement of the
particle in time 8¢ .

The vector 2—; is the average velocity of the particle during the interval 8t . If v

. . . or dr
represents the velocity vector of the particle at P,then v= lim —=—-
8t—0 8t dt
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. dr . . o
Since d—r is a vector along the tangent at P to the curve in which the particle is

t
moving, therefore the direction of velocity is along the tangent.
Acceleration: If dvbe the change in the velocity vduring the time 8t ,theng—v is
t

the average acceleration during that interval. If arepresents the acceleration of the
particle at time ¢, then

. 8v dv d(dr) d’r
a=lim —=—=— -4 .
-0 & dr dt dt 2

dt

[llustrative Examlbles

Example 1: Ifr =sinti+costj+tk, find

2
i (Kashi 2013) (ii) d—;,
dt dt (Meerut 2010B)
2
(iii) ‘dl‘, (Kashi 2013) (iv) d—; :
dt dt (Meerut 2009)

. . .. di
Solution: Sincei, j, k are constant vectors, therefore e = 0 etc. Therefore
t

(i) Z—;:%(sint)i+d%(cost)j+dit(t)k=costi—sintj+k.
3 d*v _d (dry_d cod . dk

— == |=|== £i—— t)j+—
(i) de? dt (dt) dt (cos ) dt (sinf) § dt

=-sinti—-cost j+ 0=-sinti—cost j

(iii) Z—;:\/[(cos 0% + (—sint)?> + ()?]=V2.

d’r 2 2
(iv) d—2=\/[(—sint) +(—cos )] =1

t

Example 2:  If a, b are constant vectors, o is a constant, and v is a vector function of the

scalar variable t given by r = cos ot a + sin ot b, show that

2 -
(i) d—; +o’r=0
dt (Rohilkhand 2006)

. dr
(ii) rx—=waxb.
dt (Bundelkhand 2004; Kanpur 05)
Solution: Since a, bare constant vectors, therefore
da =0, db =0
dt dt




— Krishena's T.B. Vector Analysis

A ﬂl V-42 |
. dr d d .
(i) — =— (cos ®t) a+ — (sinwt) b
dt dt dt
=—sinwta+0coswtb.
d’r .
—2:—0)2 cos of a — > sint b
dt
=— 0’ (cos ota + sin wth) = — w’r.
2
d—2r+m2r:0.
dt
. dr . .
(ii) rxd—:(cos ota + sin o b) X (— © sin ota + ® cos wth)
t
= cos’wt ax b— o sin’ot bx a [ axa=0,bx b=0]

= cos’ot ax b+ osinot ax b

= (cosEmt +sin2(ot) ax b=mwax b.
Example 3: Ifr=acosti+asint j+at tan o K, find
drx&an |:dr Pr Br

-, 2 > 3 N
dt - dt>  dt } (Purvanchal 07, 10; Agra 14)

dt  de?
: dr S .
Solution: We have d—:—asmt1+acost1+atanak
t
d4* L dk
—r:—acostl—asmtj, vo—=0
dt? dt
Sr L .
—5-=asinti-acostj.
dt
i j Kk
v d*r .
— X ——=| —asint acost a tan o
dt  dt? .
—acost —asint 0
_ 2 .2 .9
=a“sinttano i —a“costtana j+a“k.
dr _ d* .
aedn. V(a*sin? ¢ tan® o + a*cos? rtan’o + at)
dt  de?
= a? seco.
de  d’r LPr| (de  d*r) v
Also 7RIt sl bl et ol Rlcs
t =~ de”  de dt  dt dt

2

=@’ sinttanoi-a® costtano j+a’ k) e(asinti—acostj)

=a’ sin® ttanoiei+a’ coszttanochj [ iej=0 etc.]
=a® tano (sin® ¢ +cos” t) [ iei=1=jej]
3

=a~ tano.
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dv

du
E. le 4: If — =wxu,
xample If priai il e

= WX V,ShUWthﬂt%(uX v) =wxX (u X V).

(Garhwal 2003; Bundelkhand 09)
Solution: We have

i(uxv)zd—uxv+uxé’=(wxu)xv+ux(wxv)
dt dt

dt
=(vewu—(veuyw+ (uev)iw—(uewyv
=(vewu—(uewv [ uev=veu]
=(wWeviu—-—(weu) v=wX (u X v).
Example 5: If R be a unit vector in the direction of ¥, prove that
><dR= 1

frx§,wherer= | r].

R _
e ? t (Bundelkhand 2008, 11)

Solution: We have r = rR ;so that R = 1 r.
7

R _Tdr 1
At rdr 2 dt
dR 1 (ldr_ 1 dr )

Hence RX—=-rXx|-——-———r
dt  r rodt 2 dt

_ L dr 1
r2 dt r3 dt
1 dr

X .

=—5 I X—
rz dt

rxr
[ rxr=0]

Example 6:  If v is a vector function of a scalar t and ais a constant vector, m a constant,
differentiate the following with respect to t :

(i) rea, (ii) rxa,
dr . dr
iii) rx—, iv) re—,
(i) dt () dt
2
9 1 . dr)
v + -, 12 — 1,
) oi) m (%
(vii) 2r+a2 , (viii) rxa.
r° +a rea
Solution: (i) LetR=r o a. [Note thatr e aisascalar]
Then @:£0a+ro@
dt dt dt
dr l: da . :|
=—eatrel *+ — =0, as a is constant
dt dt
_ﬂ ea+(
dt
dr
=—ea,
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(ii) Let R=r x a.
Then d—Rzﬂxa+rx@
de  dt dt
:£Xa+rx0 [ @=O:|
dt dt
_@x +0=—r><a
dt
(iii) Let R=r x I
dt
2
Then d—Rzﬂxdr+r><d—,r
At dt dt di?
2
=0+er [ ﬂxﬂzﬂ]
At? dt ~ dt
dat*
(iv) LetR:ro@-
dt
2
Then %:ﬂodr-Fr.Q
At dt dt d?
(dr)Z A’ r
=[—]| +re—-.
dt dar*
(v) Let R=r2+i2-
r
Then dR:d(rz)+d(l)
At dt dr \ 2
—i(Z +d(%),wherer: [r|
dt dt \ 2
_opdr_ 2 dr
dt r3 dt
2
(vi) Let R:m(ﬂ) .
dt
Then dR:md(dr)z
dt de \ dt
2 2
= mdroﬂ Note: dL:Zroﬂ
at  d? dt dt
dr  d*r
= ® — .

" "




Differentiation of Vectors

V45 I
r+a
vii) Let R = .
(vii) Y
dR I d i 1
Th = o rta)t— n
. dt (¥ +a%) dt (r+a) {dt (r2+azj} (r +a)
[Note that r? +a? is a scalar]
1 dr da 1 d )
r2 + a2 (dt dt) {(1‘2-#212)2 g7 (r a )} (r + a)
dr
2re —
1 dl‘ dt
- - r+a
2yl dt (r? +a2)2( )
[ @:0, a2 =2ro@, d o =O:|
dt dt dt’ dt
(viii) Let R=122.
rea
Then m_ i(rX3)+i : (r x a)
dt  readt dt \rea

[Note that r e a is a scalar quantity]

1 (dr da 1 d .
_r.a(dtxa+rxdt)—{(r.a)2 dt(r a)}(rxa)

L
_ dt - ! (dr. +r-—) (r x a)
rea (l‘ ° 3)2 dt
dr r
— xa —ea
_ dt _ dt (r x a). [ @=0:|
rea (r ° a)2 dt
Example 7: Find
od| dr &Pr A2 | dr dPr
@ [ it dtz} (#) dtz{dtdt}
2
(iii) j{r X (ir X d;}:| .
t Lot (Kumaun 2010)
. . dr d*r . .
Solution: (i) Let R=]|r, e d—z -Then Ris the scalar triple product of three
t

2
zzr -Therefore using the rule for finding the derivative of a scalar
t

triple product, we have

dr
vectorsr, — and
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AR |dr dr d’r d2r A’ | dr &
— = | y Ty T + T o9 T o +
dt | dt’ de’ gg? dtz At? T a3

r d°r
=0 —,—
de " dg’

since scalar triple products having two equal vectors vanish.

2
(i) Let R= |:r, Z—; thr] - Then as in part (i)

an_[, e Or]
At Tde T 43

M vas |

Differentiating again, we get
d>R |dr dr &r d2r A s d*r
— =0 |t s |t
de? | de T dt T ae? dt2 a3 D de*
v r dr d'r
=|r,——,—|+|r,—,
dr* " de3 dt dr*

dr dzr]
X .

(iii) Let R—rx(dt yE

Then R is the vector triple product of three vectors. Therefore using the rule for

dr d3
dt de3

tinding the derivative of a vector triple product, we have

dR _dr _(dr d’r sr dr
— = +r X +r X
dt dt dt dat* dt? dt
dr dr  d*r
= — X|—x—|+rx
e \dt  a¢?
v d*r
since yra X i = 0, being vector product of two equal vectors.
t
Example 8: Ifa=sin0i+cos0 j+0k,b=cos01i—sin0j— 3k, and

d v
c=2i+3j-3k, find — {fax (bxc)latd=="-
! S de{ ( ) 2 (Kumaun 2010)

i j Kk
Solution: We have bx ¢ =|cos 0 —sin® -3
2 3 -3

=@3sin0+9)i+(3cos®—-06)j+(3cosd+2sin0d) k
i i Kk
ax(xec)=| sinbd cos 6 0
3sin®+9 3cos0-06 3 cos 0 +2sin6
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= (3 cos® 8 +2sin0cos®—30cos0+60) i
+(30'sin 0 + 96 — 3 sin 6 cos 6 — 2 sin” 6) j

+(-6sin®—-9cosB) k.

die fax (bx ¢)}=(—6cosOsin O +2 cos’ 6 —2sin” O

—3¢cos0+30sin®+6)i+ (3sin6+30cosO+9
—3cos? 0+ 3sin® §—4sin 6 cos ) j

+ (-6 cos 0 + 9sin 0) k.
Putting ® = m /2 ,we get the required derivative

=(4+%n)i+15j+9k.
Example 9: A particle moves along the curve x =4 cos t , y =4 sint ,z = 6t . Find the

velocity and acceleration at timet =0 and t = % n . Find also the magnitudes of the velocity

and acceleration at any time t. (Bundelkhand 2007, 14)
Solution: Let r be the position vector of the particle at time ¢ .

Then r=uxi+ yj+zk =4costi+4sint j+6tk.If vis the velocity of the
particle at time ¢ and a its acceleration at that time, then

v=ﬂ=—4sinti+4costj+6k
dt
2
and :d—;:—4costi—4sintj.
dt

Magnitude of the velocity at time ¢ = | v|

=V(16sin® t +16cos® t +36) =V (52) =2V (13).
Magnitude of the acceleration =|a|= (16 cos? t +165sin® ¢) = 4.
Att=0,v=4j+6k,a=-4i.
Att=%n,v=—4i+6k,a=—4j.

Example 10: A particle moves along the curve x = 3+ Ly=t>,2=2t+5 wheret

is the time. Find the components of its velocity and acceleration at t = lin the direction
i+j+3k. (Purvanchal 2012)

Solution: Ifristhe position vector of any point(x, y , z)onthe given curve, then
r=xi+)/j+zk=(t3 +Di+2j+C@t+5k.

Velocity = v=%=3t2i+2tj+2k=31+2j+2k att=1.

2
Acceleration:a:ﬂ:i(ﬂJ:6ti+2j:6i +2jatt=1
dt>  de \dt

Now the unit vector in the given direction i + j + 3k
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i+ j+3k i+ j+3k
[i + j+ 3K]| V(1)

= b, say.

the component of velocity in the given direction
—veb= (31+2J+2k)0(1+_]+3k): 11 V(L)
V(1) V(1)
and the component of acceleration in the given direction

(6i +2j) o (i +j+3k) 8
=aeb= = .

V(1) V(1)

@mprehensive Exercise 1

1. (i) If ris the position vector of a moving point and ris the modulus of r ,

dr dr

showthat r e — =r — -Interpret the relationsr dr_ Oand r x dr_ 0.
At dt dt dt

(11) If r xdr = 0, show that f = constant. (Garhwal 2001; Meerut 05B;
Purvanchal 12; Bundelkhand 12; Avadh 13)

2. (i) HrzU+Di+@%¢+Dj+@3+ﬂ+t+Dk,mﬁ%%md—7-
t

(i) Ifr=t’i—tj+@Qt+1)k, find at ¢t =0, the values of
de dr ] Jd]
dt” ge? 7 ldel | ae?

’

(KKanpur 2002; Bundelkhand 2010, 13)

3. Showthatf‘xdlA‘z(rxdr)/rZ,wherer:r;.

4. (i) The position vector of a moving particle at time ¢ is given by
r=0Bt-4) i+ - 2)j+ 4¢3 k. Find its velocity and acceleration at

time t = 2. (Kanpur 2005; Bundelkhand 13)

(ii) Hrzﬁi+@ﬁ—l)yﬂmmerxh:k.
5¢ 2 dt (Agra 2007)

(iii) If r = (cos nt) i + (sin nt) j,where n is a constant and ¢ varies, show that

dr
rx =k, (Garhwal 2002)
5. (i) Ifr=(sink¢) a+ (cosh t) b,where aand b are constant vectors, then
2
show that d—; =r.
dt

(i) fu=t’i-tj+Qt+)k and v= 2t -3)i + j— tk ,find

d
— (u e v),when t=1.
dt (Bundelkhand 2007)
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(i) Ifr=¢"" a+¢™" b,where a, bare constant vectors, show that

d’r 9
d? -n'r=0. (Kumaun 2000; Rohilkhand 07; Agra 07; Kashi 14)

(ii) Showthatr = ae¢™ + be™, whereaand b are the constant vectors, is the
. . . . d*r dr
solution of the differential equation e (m + n) m +mnr=0.
t
Hence solve the equation
2
d——ﬂ—Z =0, where r—1andd——3 fort = 0.
de? dt dt

. ct .
(iii) If r = asin f + bco s of + —5 sinot, prove that
®

d’r 9 2¢
—— +®°r === cos ot,
At? ®
where a, b, ¢ are constant vectors and ® is a constant scalar.

-t

(i) A particle moves along the curve x = ¢, y =2 cos 3t,z = 2 sin 3¢.

Determine the velocity and acceleration at any time ¢ and their
magnitudes at ¢t = 0. (Bundelkhand 2005; Rohilkhand 08)

(ii) Show that if a, b, ¢ are constant vectors, then r = at> + bt + ¢ is the
path of a particle moving with constant acceleration.

A particle moves so that its position vector is given by r = cos ot i + sin ot j
where ® is a constant; show that

(i) the velocity of the particle is perpendicular to r,
(ii) the acceleration is directed towards the origin and has magnitude
proportional to the distance from the origin,

dr .

(iii) r x o is a constant vector.
IfA:5t2i+tj—t3kandB:sinti—costj,ﬁnd

Nood A oy A

i) —(AeB); 1) — (A X B); i) — (A eA).

(i) dt( *B) (ii) dt( )5 (iii) dt( *A) (Agra 2005)

Prove the following :

2 2
O Afaetoode g e
dt dtde N
2 2
() 4 [ax - xp|=ax 2= 2y
T T at*  dt?
If r is a unit vector, then prove that
} dr | _|dr|
rx —
de | lde|

(Purvanchal 2006)
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12. Ifrisavectorfunctionofascalar¢, rits module,and a, bare constant vectors,
differentiate the following with respect to t :

d
(i) 1’3r+axd—:, (ii) r2r+(a1r)b,
(iii) " r, (iv) (ar +r b)>.
13. Find the unit tangent vector to any point on the curve
XY=acost,y=asint,z=>nt.
14. Ifthedirection of a differentiable vector functionr (t)is constant, show that
r X (dr) =0. Or
dt
If r () is a vector of constant direction, show that its derivative is collinear
with it.

15. Ifeis the unit vector making an angle 8 with x-axis, show that de/d6 is a unit
vector obtained by rotating e through a right angle in the direction of 6
increasing.

@nswers 1

2. () i+Q+Dj+B2+2c+ ) k:2j+ (6t +2) k

(i) — j+2k; 2i;V5; 2
4. (i) V=3i+4j+48k,a=2j+48k
5. (i) r (ii) 6t> =10t -2;-6
7. (i) V37; V(325)
9. (i) (St2 —l)cost+11tsint

(ii) £ (tsint —3cost)i— £ (tcost+3sint) j

—(lltcost—St2 sin ¢t +sin t) k
(iii) 100 £ 3 +2 ¢ + 6¢°
2
12. (i) 3r? ﬂr+r3 E+axd r
dt dt dr
d d
(ii)2rﬂr+r2 r+(a-r)b
dt dt dt
d
(iii) (nr el ﬂ) r+r" ax
dt dt
(iv)2(ar+rb)0(adr+drb)
dt  dt

13. ! (masinti+acost j+bk)
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@Djective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d). )

_ d’r
1. Ifr=ae¢® +be ~“, where a, bare constant vectors then = — ?

ris
dt*
equal to
(a) 1 (b) 0
(c) 2 (d) none of these

(Bundellkkhand 2001; Agra 06)

2. A particle moves along the curver =¢ ~ cos ti+e ‘sint j+e " k.The
magnitude of its velocity at t = 0 is

(a) 23 (b) V3 /2
(c) V3 (d) none of these
2
3. Ifr:xi+yj+zk,thend—2r= ...... .
dt
dx dy dz
0 0 k b .7 -7 ki
(a) ix+jy+kz ()ldt+Jdt+ 7
2 2 2
(c) i;l; + jilg + kjl; (d) none of these
t t t

(Kumaun 2011)

Fill in the Blank(s)
Fillinthe blanks “...... ”, so that the following statements are complete and correct.

. 2
1. Ifr=3i—6t2j+4tk,then%= ...... ;Q—

d* (Bundelkhand 2008)
2. Ifu=¢ i—tj+(2t+1)k,V=(2t—3)i+j—tk,then%(uov)z ...... .
2

3. Ifr =(cos wt)i+(sin(ot)j,thenr><d—2r= .......

4. The necessary and sufficient condition for the vector a (¢) to have constant
direction is ......

2
5. Ifr=5i+3t% j+2t k, then % L S (Bundelkhand 2010)

(Kumaun 2009)
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True or False
Write “T for true and °F for false statement.

1. A vector is said to be constant only if its magnitude is fixed and direction
changes.

2. The necessary and sufficient condition for the vector a (f) to have constant

@HSWGIS

Multiple Choice Questions
1. (b) 2. (o) 3. ()

magnitude isa o da_ 0.
dt

Fill in the Blank(s)

1. —12¢tj+4k;—12j 2. 6t2-10t-2 3.0
d

4. axd—:l=0 5. 66j+2K;6]

6. a @-{‘@ b
dt  dt

True or False
1. F 2. T




Gradient, Divergence
and Curl

1 Partial Derivatives of Vectors

Suppose r is a vector depending on more than one scalar variable. Let
r =f(x, y,z)ie,let r be a function of three scalar variables x, y and z . The
partial derivative of r with respect to x is defined as

or _ lim fx+dr, y,z) - f(x, y, 2)

dax w—0 o

if this limit exists. Thus dr / dr is nothing but the ordinary derivative of r with
respect to x provided the other variables y and z are regarded as constants.

Similarly we may define the partial derivatives or and 2.

dy oz
Higher partial derivatives can also be defined as in Scalar Calculus. Thus, for

example,
a%za@j ?r_ 9 (or &%zapj
o ox\ax)” g oy loy) 92 9z \az)

o’r _ 0 (or a%:a(w)
oxdy ax\dy) adpoxr Iy \ax
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If r has continuous partial derivatives of the second order at least, then,
a*r _ 9r
oax dy  dy dx

i.e., the order of differentiation is immaterial. If r = f (x, y, z), the

total differential dr of r is given by dr = g— dx + or dy + ? dz .
2

&y

2  The Vector Differential Operator Del (V)

The vector differential operator V (read as del or nabla) is defined as
Vzii+ij+ikzii+ji+ki
a  Jy oz ax "y oz

and operates distributively.

The vector operator V can generally be treated to behave as an ordinary vector. It

possesses properties like ordinary vectors. The symbols 9 , 9 , 9 can be treated
ox dy oz

as its components along i, j, k

5 Gradient of a Scalar Field

(Agra 2005)
Definition: Let f (x, y,z) be defined and differentiable at each point (x, y,z) in a

certain region of space (i.e., defines a differentiable scalar field). Then the gradient of f, written
as Vf or grad f, is deﬁned as

Vf =|— 1 + i k|f= l + i f k.
P ™
. . o Jf
It should be noted that Vf is a vector whose three successive components are >3
o

and gf -Thus the gradient of a scalar field defines a vector field. If fis a scalar point
z

function, then Vf is a vector point function.

4  Formulas Involving Gradient

Theorem 1: Gradient of the sum of two scalar point functions. If fand gare
two scalar point functions, then

grad ( f + g)=grad f + grad g or V (f+ g =Vf +Vg.
Proof: We have

grad(f+g>=V(f+g)=[iaax+jay+kaaz)(f+g>
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i%<f+g>+ji<f+g>+ki<f+g>

7 af %-i-k%-i-k %
Nor 8x y By 0z 0z

:[1af+1f+k f) [+J8g kagJ

|
I
+
¥
+

x ady ox ay oz
d d d d
=[i—+j—+k— +i—+j—+k—
[’ " az)f [ " az)g

=Vf +Vg=grad f +grad g.
Similarly, we can prove thatV ( f — g) = Vf - Vg.
Theorem 2: Gradient of a constant. The necessary and sufficient condition for a
scalar point function to be constant is that Vf = 0.

Proof: 1If f (x, y,z)is constant, then i =0, i =0, i =0.
ox ay oz

Therefore, gradf:ii+ji+ki20i+0j+0k:0.
ox ay oz
Hence the condition is necessary.

Conversely, let grad f = 0. Then i i +j=— af f =0.
ax E)y E)z

Therefore, % =0 i =0, % =0.

’

ox ady

f must be independent of x, y and z .

f must be a constant. Hence the condition is sufficient.

Theorem 3: Gradient of the product of two scalar point functions.

If f and g are scalar point functions, then grad( fg) = f grad g + g grad f

or V(fo)=fVg+gVf. (Kumaun 2014)
Proof: Wehave V ( fg)= iiJrji+ki ( fo
o " dy oz

=i§<fg>+ji<ﬁg>+ki<fg>

. g o

G RGNS

—f(1+ 8g+k8g) g(af+‘af+kafJ
ax " dy 0z

=fVg+gVf=fgadg+ ggadf.
In particular, if ¢ is a constant, then
Vi f)=ceVf+ fVe=cVf+0=cVf.
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Theorem4: Gradient of the quotient of two scalar functions. If fand g are two
scalar point functions, then 'V (f) = szvg

g g (Kumaun 2013)

Proof: We have
\V, L = ii+ji+ki L
g ar " dy az)\ g

f) .a(f) a(f)
—|+j=——|+tk=—|—1
g CIAWY oz \ g

IS _ % g%—f%
B a(fJ S ) a[f) v Ty
ut Pl el e e S
or g g g g
P s
and N A P R -
az\ g g2

o) e D22

i%+j%+ki - f i%+j%+k%
ox ay oz ox ady oz

=;2{gi—ng}.

lllustrative Examlbles

Example 1: IfA=x2yzi—2xz3j+x22 k,B=22i+yj—x2k,ﬁnd the value of

82
(AxB)at(1,0,-2).

ax dy
i i Kk
Solution: We have A x B=|x* yz —2xz° xz?
2z y 2
=(2xgz3 —)g/zz)i+(2xz3 +x4yz)j
+(x2y22 +4xzt) k.
ai(AxB):—xzzi+x4zj+2x2yzk.
. 9 Jd | o 2. 3
Again AXB)=—<{—(AxB); =—z"i+4x"zj+4xpz k. ...()
ox dy oxr |dy
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Puttingx =1, y=0and z = -2in (1), we get the required derivative at the point

(L,0,-2)=—-4i-8j.

Example 2: If f(x, y,z)=3x" y — y°z?, find grad f at the point (I, =2 , - 1).
(Rohilkhand 2009)

Solution: We have

grad f =Vf = ij+ji+ki (3x2y—y3zz)
ox ay 0z
.0 n9 39 .0 40 3 9
=i -G y-yz)+j -G y-yz7)
ox ady
ki(3x2y—y3z2)
0z
=i 6xy) + jBx* =3p%z%) + k (-2y°2)
=6x yi+Bx® -3y*2%)j-2y°z k.
Putting x=1, y=-2,z =-1, we get
VF=6()(-2)i+(3(1)" -3(-2)* (-)*}j-2(-2)° (-Dk
=-12i-9j-16k.

Example 3: Ifr =|r|wherer = xi + yj+ zk, prove that

(i) V f = f"(r)Vr, (Rohilkhand 2008; Meerut 11)
(ii) Vr==r
r
(iii) V f (r)xr =0,
. 1 r
(iv) V (;) i (Rohilkhand 2008, 09B)

r
(v) V10g|r|=—2,

r (Garhwal 2000; Kumaun 07; Rohilkhand 08;

Bundelkhand 08; Meerut 11)

. )
(vi) Vr'=nr"""r. (Rohilkhand 2008, 11; Bundelkhand 11)
Solution: Ifr=xi+yj+z k,thenr:|r|:\/(x2+y2+22).

1"2 =X2+)/2+22.

: (.0 .0 ) —ii . J Kl
() Vf(i’)—(laxﬂayﬂiazjf(r)— axf(r)"fjayf(r)‘*‘kazf(r)
:1f(r +]f(r—+kf f’(r)(ig:+12; kg:]
= f"(r)Vr.
or E)r ar

(ii) We haveVr =i — + j —
ox ay az
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Now rz—x2+y +z2
2 g:2x ie., or _x
ox ox r
Similarly, ar=)’7 and i:i.
y 1 dz r
V7‘=Ei+yfj+ik— (x1+yj+zk) L
r r r r

(iii) We have as in part (1 Vf(r)=f'(r)Vr

But as in part (ii), Vr=—=r.

[ rxr=0]

fi+y—j—+-£k =—%(xi+yj+zk)=—%r.
r r r

[see part (ii)]
(v) WehaveVlog|r|=Vlogr

=i£€10gr+ja(jzlogr+kaazlogr

:lal" +lij+lailk 1[xl+yj+k)

7 ox r ay r oz rir r r
1 1
=— (xi+ pj+zk)=—-r.
r2( Ji+zk) :
(vi) We have Vr”" —12;’ +]ir +ki
ox dy 0z
S Ny r"_1@+k w1
dy 0z
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B r
=2

Example 4: (i) Interpret the symbol a oV (ii) Show that (aeV) ¢ =aeV ¢
(iii) Show that (aeV)r =a. (Kumaun 2008; Purvanchal 14)

Solution: (i) Leta =ai +ayj+ azk . Then

aOV:(a1i+a2j+a3k)0(iaa+ja+ka)
x

dy oz
)
:ﬂ17+ﬂ2 +ﬂ37'
)y oz
. ) ) d
Vo=|a S +a, > +ay 2|0
(ii) (aeV) o (ﬂl ax+azay+a3 azj¢
Also aeVh=(aqi+ayj+azk)e @14.@“_@1{
ox ady oz
:ﬂl@+ﬂ2%+ﬂ3@~

ox ady 0z
Hence (aeV)op=aeVi.

(iii) (aeV)r = ali+azi+a3— r=a1ﬂ+a2 a—r+a3ﬁ
ox ay ox ay oz
But r=xi+ yj+zk.
o _yar_ o
x "y Va

(aeV)r=ai+ay)j+ask =a.

@mprehensive Exercise 1

1. IfF=e¢*V i+ (x-2y)j+xsin y k,calculate

. OF .. OF .0
(1) g ’ (11) 5 ’ (lll) 8)572 )
2 2
(iv) aiF v) LZF
ox dy B)

2. If f =(2x2y—x4)i + (Y - ysin x)j+x2(:osy k , verify that
’f _
dy dx  dx dy




Mvo0 |
3.
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Ifu=xyzi+xz? j—y>kand v=x>i-x yzj+x? zk,calculate

2 2
J uxzzvatthepoint(l,l,O).
X

a)] 2
4. Ifo(x,y,z)=x"y+y?x+z%, find Vo at the point (1, 1, 1).
Find grad f,where f is given by f = x> — »® + xz?  at the point (I, - 1, 2).
6. Ifo(x, y,2)= 19722 and f =xzi — xpj + yzzk , show that
83
——(¢f Yat (2,-1 Dis4i +2j.
ox? oz
7. Wu=x+y+z,v=x>+ y> +2%, w= yz + zv + xp, prove that
(grad u) e [(grad v) x (grad w)] =0. (Meerut 2007B)
8. IfF= )/%—zi i+ z%—xi j+ x%—y% k , prove that
0z ady ax oz dy ox
(i) F=rxVf, (ii) Fer=0, (iii) FeVf =0.
9. Ifo=@3r2-4r'? +6r 13) showthat V=23 —r 32 - 73)r.
10.  Prove that Vo e d r = d¢. (Meerut 2005, 06, 09B; Kumaun 08)
11. Prove that f (u) Vu :VJ f (u) du . (Kumaun 2012, 13)
12. pand pare two scalar point functions such that p is a function of p; show
that Vp = ap Vp.
dp
do dr . . . .
13. Showthatd— :Vq)od—, wherer =xi+ y j+z kand ¢is a function of
s s
x,yandz.
A
14. Prove that A e (V l) =— ;r .
r r (Meerut 2010)
15. Prove thatVr = =—3r 2r. (Meerut 2009, 12)
16. Show that
(i) grad (rea)=a, (Avadh 2010)
(ii) grad [r,a,b]=ax b,
where a and bare constant vectors.
@nswers 1
1. (i) pe*?V i+ j+sinyk (i) x*’i-2j+xcos yk

(iii)yzexyi (iv) e*? (x y+Di+cos yk
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v) x?

3. —36j 4. 3i+3j+2k
5. 7i-3j+4k

eV i-xsin yk

5 Equipotential Surfaces or Level Surfaces

Let f (x, y,z)beascalarfield overaregion R . The points satistying an equation of

the type
f (x,y,z)=c, (arbitrary constant)

constitute a family of surfaces in three dimensional space. The surfaces of this
family are called level surfaces. Any surface of this family is such that the value of
the function f at any point of it is the same. Therefore these surfaces are also called
iso-f-surfaces.

Theorem 1: Let f (x, y,z)beascalar field over a region R . Then through any point of

R there passes one and only one level surface.

Proof: Let (v, y;, z) be any point of the region R..

Then the level surface f (x, y,z)= f (¥, y;,z,) passes through this point.
Now suppose the level surfaces f (v, y,z) =¢; and f (x, y,z) = ¢y pass through
the point (¥}, yy, z;). Then

S, onz)=¢ and  f (v, y,2)=¢
Since f (x, y, z) has a unique value at (x|, y;, z;), therefore we have ¢; =¢, .
Hence only one level surface passes through the point (x;, yy, z;).

Theorem 2: Vfisavectornormaltothe surface f (x, y ,z) = cwherecisaconstant.

Proof: Letr = xi + yj+ zk be the position vector of any point P (x, y ,z)on the

level surface f (x, y,z) =c .LetQ (x + &r, y + 8y , z + 6z) be a neighbouring point
on this surface.

Then the position vectorof Q=r+0r=(x+&)i+(y+3)j+(z+d)k.

%
PQ=(r+0r)-r=0r=0ri+d j+ozk.
As Q — P ,the line PQ tends to tangent at P to the level surface.
Therefore d r = dx i + dy j+ dz k lies in the tangent plane to the surface at P .

From the differential calculus, we have

df:%dx+%dy+idz
ox ay oz

= ii+ji+k% e(dri+dy j+dzk)=Vfedr.
ox ay 0z
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Since f (x, y ,z) = constant, therefore df = 0.

Vf e dr =0 so that Vf is a vector perpendicular to d r and therefore to the
tangent plane at P to the surface f (x, y,z) =c.

Hence V f is a vector normal to the surface f (x, y,z) =c.

Thus if f (x, y,z)is a scalar field defined over a region R, then Vf at any point
(x, y,z)is a vector in the direction of normal at that point to the level surface
f (x, y,z) = ¢ passing through that point.

6 Directional Derivative of a Scalar Point Function

Definition: Let f (x, y, z)define a scalar field in a region R and let P be any point in
this region. Suppose Q is a point in this region in the neighbourhood of P in the direction of a
given unit vector a.

lim f(Q) - f(P)

Then o p 0 Jif it exists, is called the directional derivative of fat P in the

. . A
direction of a .

Interpretation of Directional Derivative: Let P be the point (x, y, z) and
let Q bethe point (x +8x, y +3y, z +0z). Suppose PQ = 8s . Thendsis a small
element at P in the direction of a. If

O =f (x+&, y+d,z+82)— f (x,y,2)=f(Q - f(P),
o

then 5 represents the average rate of change of f per unit distance in the direction
s

of 4. Now the directional derivative of f at P in the direction of a is

QlimP SQQ-J@P)_ lim & 4 -It represents the rate of change of f with
- PQ s =0 & ds

respect to distance s at the point P in the direction of unit vector a.

Theorem 1: The directional derivative of a scalar field f at a point P (x, y, z) in the
direction of a unit vector A is given by Fak V fea.
s

Proof: Let f (x, y,z) define a scalar field in the region R.Let r = xi + yj+ zk
denote the position vector of any point P (x, y, z) in this region. If s denotes the
distance of P from some fixed point A in the direction of a, then 8s denotes small

. . . dr . . . .
element at P in the direction of a . Therefore = is a unit vector at P in this
s

. . . dl‘ A
direction i.e.,— = a.
ds

But r=xi+yj+zk.
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dr  dy. 4 dz
—=—1it+—j+—k=
ds ds ds ds
d
Now Vf-ﬁzii+j%+ki -@Hijﬂlik
ox ay oz ds ds ds

Al A F i df

dy ds dy ds dz ds ds

= directional derivative of f at P in the direction of a.
Alternative Proof: LetQbe apointin the neighbourhood of Pin the direction of
the given unit vector a.If [ m, n are the direction cosines of the line PQ , then

i+ m j+ n k =theunitvectorin the direction of PQ = a. Furtherif PQ = s, then
the co-ordinates of Qare (x + [8s, y + mds, z + nds). Now the directional derivative

of f at P in the direction of a is

m S Q-fP)
Q%P PQ
_lim f(x+18s, y+mds,z+nds)— f(x,y,z)
T85>0 os

f(x,y,z)+[l§saf+mﬁsaf+n&vaf) +.—f(x,y,2)
ox 0 0z

_ lim Y
85— 0 3s ’
on expanding by Taylor’s theorem
/A A
x dy 0z

= ii+ij+ik o(li+mj+nk)=Vfea.
ox ay oz

Theorem 2: If 0 be a unit vector normal to the level surface f (x, y ,z) = ¢ at a point

P (x, y ,z)and nbe the distance of P from some fixed point A in the direction of 1 so that dn

de

represents element of normal at P in the direction of 0, then grad f =

Proof: We have grad f =Vf = af af gf k.
y z

Also grad f is avector normal to the surface f (x, y ,z) = ¢. Since fiis a unit vector

normal to the surface f (x, y ,z) = ¢, therefore let grad f = A n, where Ais some

scalar to be determined.




Krishena's T.B. Vector Analysis

ve4 |
Now i directional derivative of f in the direction of n
n
=Vfeh=Anen=A [V f=grad f=An |
daf s
grad f=V f=="n
dn

df

Note: If the vector n is in the direction of f increasing, then - is positive.
n

Therefore Vf is a vector normal to the surface f (x, y, z)= ¢ in the direction of f
increasing.
Theorem 3: Grad f is a vector in the direction of which the maximum value of the

d
directional derivative of fi.e., df oceurs.
s

Proof: The directional derivative of f in the direction of a is given by

Lol -]
df @ df

a)_dn

d d
Nowﬂli is fixed. Therefore di cos 61is maximum when cos 6 is maximum i.c.,when
n n

cos 6, where 0 is the angle between aandn.

cos 6 = 1 .Butcos 8 will be 1 when the angle betweena and nis Oi.e.,whena is along
the unit normal vector n.
Therefore the directional derivative is maximum along the normal to the surface.

df

Its maximum value is = ol |grad f|.
n

7 Tangent Plane and Normal to a Level Surface

Tangent plane to a surface: The tangent to any curve drawn on a surface is
called a tangent line to the surface. All the tangent lines to a surface at the point Plie
inaplane. This plane is called the tangent plane to the surface at the point Pont.
Normal to a surface: The normal to a surface at the point P is a straight line
passing through P and perpendicular to the tangent plane at P.

Angle between two surfaces: The angle between the two surfaces at a point Pis
the angle between the normals to the two surfaces at that point.

Equations of the Tangent Plane and Normal to a Surface:

To find the equations of the tangent plane and normal to the surface
fx,y,z)=c.

Let f (x, y,z) = cbe the equation of alevel surface. Letr = xi + y j+ z k be the
position vector of any point P (x, y , z) on this surface.
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ThenVf = s i+ i i+ sy kis avector along the normal to the surface at Pi.e.,Vf
ox ady oz

is perpendicular to the tangent plane at P .

Tangent plane at P: Let R=Xi+Y j+Z k be the position vector of any

current point Q (X ,Y , Z) on the tangent plane at P to the surface. The vector
%
PQ=R-r=X-x)i+Y -y j+Z-2)k

lies in the tangent plane at P . Therefore it is perpendicular to the vector Vf.

(R-r)eVf=0
9 9 )
or [(X—x)i+(Y—y)j+(Z—z)k]o(a];i+a§j+ajzckJ:0
9 9 9
or x-9dsw-pLiz-nZ-0 )

is the equation of the tangent plane at P.

Normal at P: Let R=Xi+Y j+Zk

be the position vectcg of any current point Q (X ,Y , Z)on the normal at P to the

surface. Thevector PQ=R-r=(X -x)i+ (Y — y) j+(Z —z) k liesalongthe

normal at P to the surface. Therefore it is parallel to the vector Vf.
R-1)xVf=0 (2)

is the vector equation of the normal at P to the given surface.

Cartesian form: The vectors

X-9i+¥ -pj+Z-mkand Vf=Li:TL 5.y
ox ay oz

’

will be parallel if

9 9 9
X-0)i+Y -y j+Z-z2)k=p (£i+£]j+ajsz)7

where pis some scalar.

Equating the coefficients of i, j, k, we get

Jf o
X-x=pL Yoyp=pL 7 _;=pL
x=p ” J=p P z=p 92
or X —x a Y -y a Z —z
% - % - % ...(3)
ox ady oz
which are the equations of the normal at P.
Note: The vector a—F a—F a—F is along the normal to the surface
ax dy oz

F (x, y,z) =0 at the point (x, y, z).
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lllustrative Examlales

Example 5:  Find a unit normal vector to the level surface x* y + 2xz = 4 at the point
2,-2,3). (Kashi 2014)
Solution: The equation of the level surface is f (x, y,z) = x 2 y+2xz =4

The vector grad f is along the normal to the surface at the point (x, y , z).
We have gradf=V(x2y+2xz)=(2xy+2z)i+x2j+2xk.

at the point (2,-2,3), grad f=-2i+4j+4k.

-2i+4 j+4 kisavector along the normal to the given surface at the point
2,-2,3).

Hence a unit normal vector to the surface at this point
-2i+4j+4k -2i+4j+4k 1, 2. 2
= - : = =——i+—-j+=-k.
-2i+4j+4k] V@+16+16) 3 37 3

Thevector — | - 1 i+ 2 j+ 2 k i.‘s'.,l i— 2 j— 2 k isalso a unit normal vector to
3 3 3 3 3 3

the given surface at the point (2,-2,3).
Alternate Solution: The given surface is

[0 (x,y,z)5x2y+2xz—4=0.

We have @=2xy+22,@=x2,@=2z.
b dy z

At the point (2, -2, 3), we have
00 L0,

ox dy 0z
A vector along the normal to the given surface at the point (2, — 2, 3)
od Jdo JIP
=l—,—,— :—2,4,4 - 2,2.
(axayazj< ) or (-12,2)

We have |(-1,2,2)] = /(- )> +2% +2° =3,

Hence, a unit normal vector to the given surface at the point (2, - 2, 3)
Lazyo(-122)
3 333
Example 6: Find the directional derivative of f (x, y,z) = x* yz +4xz> at the point
(L =2, —1)in the direction of the vector 21 — j—2 k .
(Bundellhand 2007; Rohillkhand 11; Kashi 13; Agra 14)

Solution: 'We have f (x, y,z) = x* yz +4xz”.
grad f = 2xpz +4z2) i+ x’zj+ (ny + 8xz) k
=8i — j—10 k at the point (l, -2, -1).




Gradient, Divergence and Curl

| V-67 h‘ A

If a be the unit vector in the direction of the vector 2i — j — 2k, then

A 2i-§-2k 2. 1. 2
a=———=—i-—j-—-k.
V4+1+4) 3 37 3

Therefore the required directional derivative is

‘#zgmdfoﬁz(&—j—lmq-(ii—;j—

w N

ds
16 1 20 37
=44+ ==
3 3 3 3

Since this is positive, f is increasing in this direction.

‘)

Example 7:  Find the directional derivative of the function f = x* — y* +2z% at the

point P (1,2, 3) in the direction of the line PQ where Q is the point (5,0, 4).
(Purvanchal 2007; Kashi 14)

Solution: Here

gradf=%i+ij+ik
ax dy oz
=2xi — 2 yj+4zk =2i — 4j + 12k at the point (1,2, 3).
%
Also PQ = position vector of Q — position vector of P

=0i+0j+4k)-(i+2j+3k)=4i-2j+k.

A —
If a be the unit vector in the direction of the vector PQ , then
4i-2j+k _4i-2j+k

A
a= =

V({16 +4+1) V@21

the required directional derivative

~ A4 -2+ k
_(grzagf)2;_(21 4:]+12 k) {\/(21) }
=765=§IVQD=§VQU

Example 8: In what direction from the point (1,1, —1) is the directional derivative of
f=x*=2y* +4z% a maximum ? Also find the value of this maximum directional
derivative. (Kanpur 2008)
Solution: We have
grad f =2xi—-4y j+8z k
=21i-4j- 8k atthe point (L 1, -1).
The directional derivative of f is maximum in the direction of grad f

=2i-4j-8k.
The maximum value of this directional derivative

=|grad f|=]2i-4j-8k|=V(@+16+64)=(84)=2V(2]).
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Example 9:  What is the greatest rate of increase of u = xyz* at the point (1,0,3) ?

Solution: 'We have Vu = pz® i + xz% j+2xpz k .

at the point (1, 0, 3), we have Vu =0i+9 j+ 0 k =9 j.
The greatest rate of increase of u at the point (1,0, 3)

= the maximum value of % at the point (1, 0, 3)
s

=|Vu|,at the point (1, 0,3) =|9j|=9.

Example 10: Find the equations of the tangent plane and normal to the surface
2xz% — 3xy — 4x = 7 at the point (1, - 1,2).
Solution: The equation of the surface is

f (x, y,2) =2xz2 -3y —4x=7.
We have

grad f = (22 =3y -4)i-3rj+4rzk

=7i - 3j+ 8k, at the point (I, -1, 2).
7i -3 j+ 8 kisavectoralong the normal to the surface at the point (I, — 1, 2).

The position vector of the point (I, -1, 2)is =r =i - j+ 2k.
IfR=Xi+Y j+ Z kis the position vector of any current point (X, Y, Z) on the
tangent plane at (I, -1, 2), then the vector R — r is perpendicular to the vector

grad f.
the equation of the tangent plane is (R —r)egrad f =0

ie., {Xi+Y j+ZKk)-(i—j+2k)}e(7i-3j+8k)=0

ie., {(X-Di+Y +D)j+Z-2)k}e(7i-3j+8k)=0

ie., 7X-D-3Y¥ +1)+8(Z-2)=0.

The equations of the normal to the surface at the point (I, -1, 2) are
X-1 Y+1 Zz-2 X-1 Y+1 Z-2
%ziziw.,7=_3=8'

ax dy 0z

Example 11:  Find the equations of the tangent plane and normal to the surface xyz = 4 at
the point (1,2,2). (Meerut 2000)

Solution: The equation of the surfaceis f (x, y,z)=x yz -4=0.

We have grad f = yzi+xz j+x y k=4i+2j+ 2k ,at the point (1, 2, 2).
4i + 2j + 2kisavector along the normal to the surface at the point (1, 2 , 2).

The position vector of the point (L2 ,2)is=r =i +2j+ 2k .

IfR=X1i+Y j+ Z kisthe positionvector of any current point (X , Y , Z)on the
tangent plane at (I, 2, 2), the equation of the tangent plane is

(R-r)egrad f =0,




Gradient, Divergence and Curl

(60 I
ie., {(Xi+Y j+ZKk)—(i+2j+2k)}e(di+2j+2k)=0
ie., {X=-Di+Y -2)j+(Z -2)k}e(di+2j+2k)=0
ie., 4(X-D+2)Y -2)+2Z-2)=0
Le., 4 X+2Y +27Z=12,ie,2X+Y +Z=6.

The equations of the normal to the surface at the point (I, 2, 2) are
X-1 Y-2 Z-2
O 7
*  y %
X-1Y-2 Z-2

X-1 Y-2 Z-2

ie., , LeE.,

4 2 2 2 1 1
Example 12: Find the angle between the surfaces x* + y* +z> =9, and
z=x" + y®—3at the point (2,-1,2). (Meerut 2001)

Solution: Angle between two surfaces at a point is the angle between the normals
to the surfaces at that point. Let f; =x* + y* +z% and f, =x* + y* —z.

Thengrad fi =2xi+2 yj+2zkandgrad f, =2xi+2 yj-k.
Let n; =grad f; at the point (2,-1,2) and n, =grad f, at the point (2, -1, 2).
Then n =4i-2j+4k and n, =4i-2j-k.
The vectors n; and n, are along normals to the two surfaces at the point (2, -1, 2).
If @ is the angle between these vectors, then
n; en, =|n;||ny|cos6

or 16+4-4=J16+4+16) V(16 +4 +1)cos 6.

16 -1

cosO=——— or O=cos

8
621 3@l

@)mprehensive Exercise 2

1. (i) Find the gradient and the unit normal to the level surface
x? + y —z =4at the point (2,0,0).

(ii) Find the unit normal to the surface z =x” + y2 at the point

(-1,-2,5).
2. (i) Find the unit vector normal to the surface x>~ y? +z = 2 at the point
1,-1, 2).
(i) Find the unit normal to the surface x* — 3xpz + 2% +1=0 at the point
1, 1, 1).

(iii) Find a unit normal vector to the surface x* y +2xz =4 at the point
2,-2,3).
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3. (i) Find the directional derivatives of a scalar point function f in the
direction of coordinate axes.

(ii) Find the directional derivative of ¢ = xy + yz + zr in the direction of
the vectori + 2j+ 2k at (I, 2, 0). (Kumaun 2015)

(iii) Find the directional derivative of ¢ (x, y,z) = X2 yz + 4xz? at the
point (I, -2, 1) in the direction of 2 i — j — 2k.

(iv) Find the directional derivative of f (v, y,z) = x* - 2y? +4z? at the
point (I, 1, — 1) in the direction of 2i + j - k.

(v) Find the directional derivative of the function f = xy + yz + zv in the
direction of the vector 2i + 3j + 6k at the point (3, 1, 2).

(vi) Find the directional derivative of the function xy* + yz? + zx? along
the tangent to the curve x =t , y =t 2,z =t > at the point (I, 1, 1).

4. Find the directional derivatives of ¢ =x y z at the point (2,2,2), in the
directions (i) i, (i) j, (i) i+ j+k.
5. For the function f=y/(x? + y?), find the value of the directional

derivative making an angle 30° with the positive x-axis at the point (0, I).

6. (i) Findthe greatest value of the directional derivative of the function
2x* — y — z* at the point (2, -1, ).

(ii) In what direction the directional derivative of ¢ = x* yzz from (1, 1, 2)
will be maximum and what is its magnitude ? Also find a unit normal
vector to the surface x> y?z = 2 at the point (I, 1, 2).

(iii) Find the maximum value of the directional derivative of ¢ = x* yz at
the point (1, 4,1).

(iv) Calculate the maximum rate of change and the corresponding
direction for the function ¢ = x2y32 * at the point 2i + 3j - k.

(v) Find the values of the constants a, b, ¢ so that the directional derivative
of ¢ = ax 2 +by2 +cz?at (1, 1, 2) has a maximum magnitude 4 in
the direction parallel to y-axis.

7. Find the equation of the tangent plane to the surface yz -zt + x y +5=0,

at the point (1, -1, 2).

8. (i) Find the equations of the tangent plane and normal to the surface
x? + y? +2z% =25 at the point (4,0, 3).

(ii) Given the curve x 2 + y 24z =1x+ 7 + z =1 (intersection of two

surfaces), find the equations of the tangent line at the point (1,0, 0).

(iii) Find the equations of the tangent plane and normal to the surface
z=x2 +y2 at the point (2, -1, 5).
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9.

10.

11.

12.

13.

14.
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(i) Find the equations of the tangent plane and the normal to the surface
x? +2p% +32? =12at the point (1, 2, - ).

(ii) Find the equations of the tangent plane and the normal to the surface
xy + yz +z x = L, at the point (2, 3, -1).

(iii) Find the equations of the tangent plane and the normal to the surface
z=x* =2 xy — y* at the point (I, 2, 7).

(iv) Find the equation of the tangent plane to the surface 24yt ez =9
at(2,-1, 2).

(v) Find the equation of the tangent plane to the surface z = X2

+ y? at
the point (1, -1, 2).

Show that the directional derivative of a scalar point function at any point

along any tangent line to the level surface at the point is zero.

If F and f are point functions, show that the components of the former,
tangential and normal to the level surface f =0 are

Vf X ®xVf)  (FeVf)Vf
(Vf )? (Vf )?

Find the angle of intersection at (4, — 3, 2) of spheres o+ yz +z2 =29and

X+ y? 42?2 +4x -6y -8z —47=0.
Find the constants a and b so that the surface ax® — byz = (a + 2) x will be

orthogonal to the surface 42 y+ z3 =4 at the point (1, -1, 2).

Show that the sum of the squares of the intercepts on the coordinate axes

2/3 +.))2/3 +22/3 2/3 is

made by the tangent plane to the surface x =a

constant.

@nswers 2

1 Givj-x (i)

342
(i)%(2i+2j+k) (ii) i‘fgl;k(m) (
J o of

, and = in the directions of i, j and k
ax dy 0z

(i) % (iii) ‘% (iv)
45 18

(v) 7 (vi) m

- (2i +4j+k)
V' (@21)
1 2 2
‘§’§’§)

(i)4i +j — k;

(i)

&l




A
4.

5.
6.

12.
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V72 )
(i) 4 (i) 4 (iii) 4+/3
-1/2
i 9
(i) V(33) in the direction of the vector 4i +4 j+k; 41\7(43;;1(

(iii) 9
(iv) 3242 in the direction of the vector 108 (i + j—4 k)
v) a=0,b=2,c=0
3X-3Y +272 =10
x—-4 y z-3

(i) 4x + 3z =25 ; = =
4 0 3

-2 +1 _

x=1_ y-2 z+1
(W) xrdy=3z 1 4 -3

-2 -3 1
(ii)2x+y+52=2;x2 =J/l =Z;
(iii)2x+6y+z:7;x_1:y_2zz+7

6 1

(iv) 2x-y+22z=9 (V) 2x-2y-z=2
cos™ V(19/29) 13. a=5/2b=1

8 Divergence of a Vector Point Function

(Agra 2005)

Definition: Let V be any given differentiable vector point function. Then the divergence of
V, written as, VeV or divV,

is defined as diVV=V0V=(iaa+ja+ka]0V

X ady 0z
=i.al+joal+k.al=2i.al
ox ady 0z ax

It should be noted that div V is a scalar quantity. Thus the divergence of a vector point
function is a scalar point function.

Theorem: IfV =V, i+ V, j+ V3 kis a differentiable vector point function, then

A% N aV, N Vs, .
ox ady 0z

divV =

Proof: We have by definition
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ax Ty T e

WV _WVi g, IV j+aV3 K.
ox ox ox ox
LV i.(avl ARG k)_ v,

i+ +
ox ox ox

Bx o
Similarly, je a—v = 8& and Kk e 8l — % .
dy Iy oz oz
Hence, divV = Vi + oV + ALH
ox ay 0z

Solenoidal Vector: A vector V is said to be solenoidal if div V = 0.

O Curl of a Vector Point Function

(Agra 2005)

Definition: Let f be any given differentiable vector point function. Then the curl or
rotation of £ ,written as V. x £ ,curl f or rot f is defined as
curl £ =V x f = iiJrji+ki x f
a9y oz
of of of of

=iX—+jx—+kx—-= X — -
= ox ] ady oz Zi ax

It should be noted that curl f is a vector quantity. Thus the curl of a vector point function
is a vector point function.
Theorem: Iff = fii + f,j+ fykis a differentiable vector point function, then

curlf:[afg—afZ]iJr[afl—afg)j*‘(afz_afl)k
Iy 0z 0z ox ar  Jdy

Proof: We have by definition
Cu11f—VXf—lX§+JXa—f+kX§
ox ay oz

:iXai(fli+fzj+f3k)+l'><i(f1i+f2j+f3k>
v Jy

+k><i(f1i+fzj+f3k)
(B2 D)y [fl fz.afng

i+ ==
24

P
+k><(f1 _+8f2j+8f3k]

0z 0z
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v
(afkafq)[afkaf][af,af)
ox ox dy dy 0z 0z
:(%_%Ji+(%—%)j+(%—aﬂJk.
Iy 0z 0z ox ar  dy

Note: It should be noted that the expression for curl f can be written immediately
if we treat the operator V as a vector quantity. Thus

Curl f =V xf= iiﬂ'i+ki X(fii+ foj+ f3k)
ox ay 0z
j k

d d

1
I
ox dy 0z

S o /3

9 2 o 2] |2 2
I oz|i-|ax  dz|j+|lor Y|k
fo S3 N /3 h fo

(2ol rD)
dy oz 0z ox o Jy

But we must take care that in the expansion of the determinant the operators
Jd 9 9 .

— ,— , — must precede the functions f, fy, f3.

or dy oz

Irrotational vector: A vector f is said to be irrotational if V x f =0.

10 The Laplacian Operator V E

2 2 2
The Laplacian operator V* is defined as V> = a—z + a—z + a—z :
a”  Jdy 0z
2 2 2
d 2f N d { . d { '
ax ady 0z

If f is a scalar point function, then V? f =

It should be noted that V2 f is also a scalar quantity.
2 2 2
If f is a vector point function, then V? f = a—zf + a—zf 8721' :
ox ady oz
It should be noted that V*f is also a vector quantity.

Laplace’s equation:  The equation V? f = 0 is called Laplace’s equation. A function

which satisfies Laplace’s equation is called a harmonic function.
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[llustrative Examlales

Example 13: Prove that div r = 3. (Kumaun 2000; Garhwal 01;

Bundelkhand 01, 04; Meerut 03, 04, 07B, 08;
Agra 08; Lucknow 05; Kanpur 13; Avadh 09; Purvanchal 11)

Solution: Wehaver=xi+ yj+zk.

Bydefinitiom,divr:Vor:[iaJrjanLka)cr:ioa or or

roo.
—+ je—+ke—
ax " Jdy 0z ox dy 0z

—iei+jej+kek {:grngrzygrzq
X )y z
=1+1+1=3.
Example 14:  Prove that curl r = 0.

(Kumaun 2000; Garhwal 02; Meerut 11; Bundellkhand 06; Agra 08;
Avadh 09; Kashi 13; Purvanchal 11; Rohilkhand 14)

Solution: We have by definition

curlr =V xr= ii+ji+ki Xr
ox 0z

bl
or . _Or or
=iX—+jxXx—+kx—
x ay z
Now r=xi+yj+zKk.
e
ox ady oz

curlr=ixi+jxj+kxk
=0+0+0=0.

Example 15: If f=x>yi-2xz j+2yz k, find
(i) div f,

(ii) curl f,

(iii) curl curl £.

Solution: (i) We have

(Kumaun 2008)
(Meerut 2012)
(Meerut 2001; Kanpur 14)

divf=Vef= ii+ji+ki O(xzyi—2x2j+2yzk)
ar " dy oz
0 , 9 0 d
=— — (=2 — (2
ax(x y)+ay( xz)+az(yz)
=2xy+0+2y
=2y (x+1).
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M6 |
i j k
(ii) Wehavecurlf =V xf = 9 9 KA
ax a)] az

X%y -2xz 2yz
_|9 _ 9 Comli— |2 92l
{@@m &um}[&@m 2wl
VP I
+[8x( 2xz) ay(x y):|k
=2z +20)i-0j+(-2z - x*)k

=@2r+22)i-(% +22)k.
(iii) We have curl curl f =V x (VX £ )=V x [(2x +2z2) i — (x* +2z) k]

i j k
- 2 9 9
ox ady oz

2x + 2z 0 2 _9;

_—i_Z_ i_£_2_ _9 i
= _E)y( X 22)] l:ax( x° —2z) > (2x+2z):|J

+|:O _9 2x + 22)] k
&y
=0i-(-2x-2)j+0-0)k =@2x+2)j.
Example 16: Determine the constant a so that the vector

V=x+3y)i+(y—-22z)j+ (x+az)kis solenoidal.
(Rohilkhand 2009B)

Solution: A vector V is said to be solenoidal if div V = 0.
We have diVV:VOV:j(x+3y)+i(y—2z)+i(x+az)
ox ay oz
=l+l+a=2+a
Now divV=0if2+a=0ie,ifa=-2.

Example 17: Show that the vector V = (sin y +z)i+ (xcos y —z) j+ (x — y) k is
irrotational.

Solution: A vector V is said to be irrotational if curl V =0. We have

curl V=V xV
i i k
_ d d d
= % > %

sin y +2z xXcos y—z r=J
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I alicl e = 9 (s NE
—[ayu »-2 (weos y >} [axu 2= (sin y+ )]J

X

+ i(xcosy—z)—i(siny+z) k
2 %

=(=1+D)i—-(I-1) j+ (cos y—cos y)k =0.
V is irrotational.

Example 18: Prove that V e rr)=6r3. (Purvanchal 2006, 10)

Solution: Wehaver=xi+ y j+zk.

=3 (xi+ yj+zKk) =r3xi+r3yj+r32k.

Ve (r3 r) =div r3 r)

_ 90 ,3,, 90 3 Jd 3
—ax( X)+ay(r J/)+az(r z)
=r3+3r2xg+r3+3r2yi+r3+3r22i
x ady oz
=3r> + 312 xg+yﬁ+zg (1)
ox ady oz
Now r2=x2+y2+22.
2i=2x or ar_x
ox ox I
Similarly o_J and a_z.
a r oz r
- from (1), Ve(3r) =3 +3+2 (x.x+y.J’+z.Z)
r r r
3,3 437 [W)
r

2
r

=33 +3r2 . =33 +3°% =63,
r

Example 19: If'V is a constant vector, show that

(i) divv =0, (Rohilkhand 2005; Purvanchal 14)
(ii) curl V. =0. (Purvanchal 2014; Kumaun 15)
Solution: (i) We have
diVV:ioa—V+joa—V+koa—V
ox ady 0z

=ie0+je0+ke0=0.
(i) We have
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Cuer=i><a—V+j><aiv+k><aiV
ox dy oz

=ix0+jx0+kx0=0.

Example 20: If ais a constant vector, find
(i) div (r x a) , (Bundellkhand 2006; Kumaun 07, 11)

(i)  curl (r x a). (Bundelkhand 2006; Kanpur 06; Kumaun 07;
Agra 08; Rohilkhand 14)

Solution: Wehaver =xi+ y j+zKk.

Leta=a; i +a, j+as k.Then the scalars a;, a,, a5 are all constants.
We have

i i k
rxa=|x y
a a, as

=(a3y —ayz)i+(ayz —asx) j+ (ayx —a; y) k.
d

(1) div(rxa)= =

d d
(a3 y —ayz) + @ (az —azx)+ 5% (agx — ay y)

=0+0+0=0.

(ii) curl (r xa) =V x (r x a)

i i K

B 0 0 0

| & > 5%
azy —dayz a4z —dasx g X —apy

d d .
=| = (@yx—ayp) — = (@2 —asx) i
dy oz

0 0
- [ax (agx —ayy) - % (asy — “22):| J

+ i(“1 z —“3)5)—1(“3)’_“22) k
ox dy
=—2a,i-2ay j—2a3 k=-2(ai+ayj+azk)=-2a.
Example 21: IfV =¢7* (i + j+K), find curl V.
k

i
) J

i

Solution: We have curl V =

ox ay oz
eV* ez eV*
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:i vz _i 1z i_[a xpz _i )g/z}-
[ay(e ) az(e ):| ax(e ) Bz(g )|

J . y: _i 1wz
+|:ax(€y) ay(tfy)]k

=eV* (xz —xp)i+eV* (xy— yz)j+eV* (yz —xz) k.
Example 22:  Evaluate div £ where £ =2x*zi — xp*z j+ 3y xk.

Solution: We have
. . d .0 J 2. 2. 2
divf=Vef=|i —+j—+k_—|e@x"zi-xy"zj+3y°xk)
ox ay oz

822 d 2 d 92
= 3
ax(xz) 8);()9}2) az(yx)

=4xz —2xpz +0 =2xz 2 - ).

Example 23:  Show thatV* (x /r°) = 0. (Kumaun 2008)
. 2 2 2
Solution: v? (x) = 872 + 872 + 872 (x)
r oax”  Jdy 0z r3
Now Gquzaapjza{l_wﬂ?
a? 3 or |ax \;3 a [ st ox
_90 1 Bxx| [, 2_ 92 o o . O X
_ax{r?’_r“r} [ re=x" 4y +z glvesax—r:l
_9 1 3| 3 o 6x 15 or
ax r3 r5 r4 ax rS r6 ax
:_31_@_‘_15152{ _9x+15x3
7'4 r 7 r6 7 rs r7
. 0> (x)Y_ o ]o(x o | 3x or
Again — | F|= =S5l =5 =
- \r dy |dy \r ap | r* I
o[ L)
»| A T
o ( 3w 3x 15w o 3x 151 p?
| — —_ [ + —_— e
ay 7’5 7’5 }’6 ay rS I’7
. 02 ( x ) 3x  15xz2
Similarl ===
y aZZ 1”3 }"5 r7

Therefore, adding we get

. 2 2 2
v ()12 2+ 22| (3)
r ox ay oz r’
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’;G_,Lv-so |
9x 15+3 3x 15)972 3x  15xz°
STt T st T T st
r r r r r r
15x 15x , 9 9 9 15x  15x o
-+ = (x" 4+ +z9)=——"F+—7r" =0.
7'5 7'7 y }"5 7’7
@mprehensive Exercise 3
1. (i) If F=x’zi-2p°2%j+ w?zKk, find divF, curl Fat (I,-1,1).

N 0 R

10.

(i1) Iff:(y2 +z2 —)cz)i+(z2 +x° —yz)j +()c2 +y2 —zz)k,
find div f and curl f.

(i) If f = )972 i+ 2x2yz j- 3yz2 k, find div f and curl f. What are
their values at the point (I,-1,1) ? (Rohillkhand 2005)

Find div F and curl Fwhere F = grad (x> + p® + 2% - 3xp2).
(Rohilkhand 2007)

Find the divergence and curl of the vector

f=0u"-p*)i+2i+ () - k. (Bundelkhand 2004)
Given ¢ = 2x3y224, find div (grad ¢).
Ifu=x* — y* +4z,show that V?u = 0.
Ifu= 3x2y and v = xz? - 2y, then find grad [(grad u) e (grad v)].
Iff=x+y+1)i+j+(—x— y)k,prove thatf ecurl f =0.
(i) Iff=f i+ fy j+ f3 k,show that

Vef =Vf ei+Vf, ¢j+Vf; ek. (Bundellkkhand 2001)
(ii) Prove thatVe(r> r)=6r°.
Find the constants a, b, ¢ so that the vector
F=x+2y+az)i+(bx-3y—-z)j+@x+c y+2z)k isirrotational.

(Bundelkhand 2005; Rohilkhand 08B)

Show that the vectorF = 3 p*z% i + 4x32% j - 3x? »? K is solenoid but not
irrotational. (Kashi 2014)

@HSWG_I‘S 3

(i) -2x+y+2);2(y-2)i+2@E-1j+2(x-yk

(i) -3;-6i
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|ﬂh“"a
(iii) p? +2x%2-6y2z;9 ;- 3z +2x% y) i + (@4xyz - 20p) k; — i — 2k
6(x+y+2)0 3. 4x;2y-x)i+yj+4yrk
12)9}224 +4x3 2% +24x3y222

6yz? —12x)i + (6xz°) j+ (12xpz) k

a=4,b=2,c=-1

A

11 Vector Identities

1. Provethat div (A+B)=div A+divB or Ve(A+B)=VeA+VeB.

Proof: We have
. . d . d d
div (A+B)=Ve(A+B)=|i—+j—+k —|e(A+B)
av "y 0z

_ied A+B) +jel A+B) kel (A+B)
ox ay oz

: (aA E)B) . [0A 0B (E)A BB)
=i —|t+je|l—+—|+kel]—+—
ox  ox ay Iy oz oz
. 0A . OA J0A . OB oB 0B
=|lie—+joe—+Kke +ie +joe—+ke
ox dy oz o ady 0z
=VeA+VeB=div A+divB
2. Prove that curl (A+B)=curl A+curl Bor Vx(A+B)=VxA+VxB.

(Rohilkhand 2008)
Proof: We have curl (A +B)=V X (A +B)

= ii+ji+ki x (A + B)
ox ay oz

—le—(A+B)—2 X(E)A+8B)
ox ox  ox

—lea—A+21xa—B—curlA+curlB
ox ox

3. If A is a differentiable vector function and ¢ is a differentiable scalar function, then
div (0A) = (grad ¢) e A+ o div A or Ve (0A)=(Vh) e A+ ¢ (Ve A).
(Garhwal 2001; Agra 05; Kashi 14)
Proof: We have
d )

div (JA) =V e (¢A)—(1+]+k) (0A)
a1y




A=)

4.
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=i.ai(¢A)+joi(¢A)+k°i(¢A)
v dy

Sxfie(Zow) sl (2 ave )
:2{io(§¢A)}+Z{i°(¢A)}
{3 folee2)

[~ ae(mb)=(ma)eb=m(aeb]
={Za¢1}OA+¢Z(1 .BA) (Vo) e A+ ¢ (VeA).
a ox

X

Prove that curl (0A) = (grad ¢) x A + ¢ curl A
or V x (0A) = (Vo) x A+ ¢ (V x A).
(Garhwal 2002, 03; Bundelkhand 06)

d d
Jy

Proof: We have curl (A) =V x (¢A) = (i 9 +j—+k ) x (GA)
ox 0z

5.

=g (Eaced)
H(a) e s
== -3

[ ax (mb)=(ma)x b=m(ax b)]
{ (aq) )}XA+¢Z( 8A) Vo) x A+ ¢ (VX A).
ox

Prove that div (A X B) =B ecurl A— A e curl B

or Ve(AxB)=Be(VxA)—Ae(VxB).

(Garhwal 2003; Agra 05; Meerut 04, 05B, 08, 09;
Bundelkhand 05, 07; Kashi 13; Avadh 09)

Proof: We have

diV(A><B)=Z{ioaa(AxB)}:Z{i.(%AXB+AX%B)}
X X
:Z{io(anB)}+E{ (AxaB)}
ox ox
=Z{(ixaA)oB}—Z{io(anA)}
ox ox

[ ae(bxc)=(axb)ec and ae(bxc)=—ae(cxb)
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ofens - 2)e
Centmyen- (o B

= (curl A) e B— (curl B) e A =B ecurl A— A ecurl B.
6. Provethat curl AxB)=(BeV)A—-BdivA—(AeV)B+ AdirB.

(Garhwal 2001; Meerut 06B; Kumaun 09, 11, 12)
Proof: We have curl (A x B) =V X (A X B)

zz{ixaa(AxB)}= { (Ax%lj+%: B)}
S
:z{l. (oA)aal;}+E{(-B)x (i %‘;‘)B}
-3 et

) -sfio 2
:{z(i.?;)}A_{A.zi£}3+{B.zi§}A

=(divB)A-(AeV)B+(BeV)A—(divA)B.

(v-83 i,

7. Provethat grad (AeB)=(BeV)A+(AeV)B+Bxcurl A+ A Xxcurl B.
(Agra 2001; Kumaun 15)

Proof: We have

grad(AOB)=V(AOB)=Zia(AoB):zi(A LB 0A B)
ox ox  ox

~

=Z{(Ao%§)i}+2{(Bo%‘3)}- (1

Now we know that a x (bx c¢)=(aec) b-(aeb)c.
(aeb)c=(aec)b-ax(bxec).

(A.aB)l—(A )—Ax(an )
ox a

X

:(Aoi)B+A><(i><aB)~
ox

ox
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ms s os e s a9

{A 21}B+A><Z(i><aB)
ox

=(AeV)B+ AX(VxB). ...(2)

Similarly p) {(B-%A) } (BeV)A+Bx(VxA) ..(3)

X

Putting the values from (2) and (3) in (1), we get

grad (AeB)=(AeV)B+A X (VxB)+(BeV)A+Bx((VxA).
Note: If we put A in place of B, then

grad (A e A) =2 (A o V) A +2A x (V x A)

or %gradA2=(A0V)A+AxcurlA.

8. Prove that div grad ¢ = V2§ ie,V e (V) =V?0.
Proof: We have

Vewe=|i L+ L ok 2]e[20490;,90
a "y 0z ox dy 0z
(2] 3(3) 212
“ar (ar By dy) 0z \oz
2 2 2 2 2 2
:M_FM_{_B(]): 0 + J a q) V2¢
a2 et |a? Tyt el

9. Prove that curl of the gradient of ¢ is zero i.e.,V x (VO) =0, ie., curl grad ¢ =0.
(Bundelkhand 2014)
Proof: We have grad ¢ = ? + % j+ 9 k.
X

curl grad ¢ =V x grad o

(2052 ) [0, 00, 00,
ax "y 0z ox 8)/ 0z

i i k

A
=|ox dy oz

9% 9% 9

ox dy oz

2 2 2 2 2 2

_[9%0 e ) (970 e | (e e ),

dy 0z 0z dy dz dx  ox dz ar dy  Jy ox
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=0i+0j+0k=0,
provided we suppose that ¢ has continuous second partial derivatives so that the
order of differentiation is immaterial.

10. Prove that div curl A =0 ,ie., Vo(VxA)=0.

(Garhwal 2000; Meerut 02, 06B, 09; Agra 2000;
Rohilkhand 05; Bundelkhand 08; Kumaun 14)

Proof: LetA= A, i+ Ay j+ A; k.Then

i j k
cul A=VxA= 9 9 9
T
A Ay As
dA;  dA, dA; 0945 dA,  dA,
= - i+ - jt|——-——1k
ay oz oz ox ox ay
Now divcurl A=V e (V x A)
ox | dy oz ay | oz ox 0z | ox ay

7 Ay 0°A, A Ay %A, A
= —_ + — + —
ordy dxdz dyodz dyox dzdx 0z dy

=0, assuming that A has continuous second partial derivatives.

" _ 2
11. Provethat Vx(VxA)=V(VeA)-V-A. (Meerut 2000, 07B, 10B;
Rohilkhand 14; Kumaun 10)

Proof: LetA=A; i+ A, j+ Az k.

i j Kk
Then VXxA= 9 9 9
o dy oz
A Ay Ag
s 0A, A, A, A, A
= - i+ - j+ - k.
dy oz 0z ox ox Iy
i j k
VxWxa=| < 9 9
or B oz
dAs Ay 9A;  0A, dAy 04,
A R S T T
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[ (94, 9A) 5 (A, 45| .
vl ) el )
(024, 245 (%4, %A, )|
+ - — + i
dy ox  0dz ox a2 9z 2

:2'i My Ay 24, +82A1 :
x|y oz > 0z’

M ves |

[ (04, 04, 045 (924, %A, A
- + + - + + i
ox | ox ady oz ox 2 8);2 0z 2
J 2 .

S wen-w A”H

=Eg{aaxN-A)}i:|—V2 T A=V (VeA) -VZA

lllustrative Exam])les

Example 24:  Taking F = x> yi + xzj + 2 yzk , verify that div curl F = 0.
(Garhwal 2002; Bundelkhand 04; Kanpur 10)

i i K

Solution: We have curl F= a— 87 i
ox dy oz
2

0 0 , 9

e k

+[ax(xz) ay(x J’)]
=2z-0i-0j+z-Hk=Q2z-0i+Ez-+)k.

Now div curl F =div [(2z - x) i + (z — x*) k]
:a—ax(2z—x)+a%(z—x2):—l+120.

Example 25:  Prove that div (r" r) = (n+3) r". (Bundelkhand 2006)

Solution: We have
div (0A) = ¢ (div A) + Aegrad ¢.
Putting A =r and ¢ = r" in this identity, we get
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div (7" r)=r"divr + r egrad r"
=3" +re(mr"! grad r)
[+ divr=3and grad f(u)= f’(u) grad u]
:3r"+r0[nr”_llr] [ gradr:?zlr]
r r
=3r" +nr""2 (rer)
=3 "2 2
=(n+3)r".
Example 26: Prove that div (g) =0.
r (Bundelkkhand 2010)

Solution: We have

div (g r) =divr > r)=r>divr+re grad r3

r

=33 +re(=-3r* grad r) = 3r3 +re (—3r74 1 r)

,
=3r> -3r> (rer)=3r—> =372
=3r -3r7 =0.

3

the vector r " r is solenoidal.

Example 27:  Prove that divr =2/ r. (Bundelkhand 2007; Kanpur 05)
Solution: div ( r ) =div (l r) -Now proceed as in Example 25.

r
Alternative Method:

div r =div(1r)=div[1(xi+yj+z k)]
’
0

r

L (x., V. oz B(x) J a(z)
=div|Zi+—j+Zk|=— 2|+ |—|+=—|=
r r r ox \r ay \ r oz \r

(l x E)r) 1V or (l z Br)
=l 2|+ |+ -2
roor? ox ror? oy rooy? oz

Now 1’22)62 +y2+z2_
2,ﬂ=2x e., o _x

X ox r

Similarly Jr :Landi:i.
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3 x2+y2+22_3 P31 2
=== =

. 3 .

2
Example 28: Prove that V> f ()= /(") + = £/ (r).
- S =170 r S0 (Meerut 2003, 05, 06B)

Solution: 'We know that if ¢ is a scalar function, then V?¢ =V o (V0).
V2 () =V e (Vf(r)} =div {grad f()}
=div {f’(r) grad r}=div { f'(rr }

lf dlvr+rograd{1

r rf,(”)}
=%f'(”)+r .|:;r {%f’(r)} grad rjl
:3f’(”)+l"|:{ f(1)+ f”(r}l :|

g r
=if,(r)+[i {—rgf’(r)+:f"(r)}:| (rer)
:3f,(r)+|:l{—sz'(r)+1f"(r)}:|r2

r rl p
:§f,(r)_lf’(”)+f,,(’”)=f"(r)+gf’ )

r 7 ,

Example 29:  Prove that V* (1) =0 or div ( grad 1) =0.
r r

( Agra 2002; Meerut 07, 13)

Solution: We have

()=

( gladr) le( 3
(—1)dlvr+rograd( £)=—33+r0|:;(—é)grad r]

r 7
3 31 )y 3 3 3 3 92
——r3+r-(r)——3+5(ror)——3+5r =0.

1/ ris a solution of Laplace’s equation.

Example 30: Prove that div grad r" = n (n + 1) P2 e, V2 =+ 1) 2

(Bundelkkhand 2005, 10; Meerut 2000, 08; Avadh 10; Agra 14)
Solution: We have V2" =V o (Vr") = div (grad r")
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=div (""" grad r) = div (nr”_1 1 r) =div ("% r)

’
= (nr"2) div r+re(grad nr'"” 2y
=3wr" 2 tre[n(n-2)r""3 grad r]
=3nr" % +r O[n (n-2)r""3 1 r]

r

=32 kren(n=2) """t r]=3m""2 +n(n=-2)r""* (rer)
=32 e n -2 2 =" G- =n(m+1) "2,

Note: Ifn=—-1thenV?(r )= (-D(-1+1)r> =0.

3 4

Example 31: Prove that V e {r \% (l)} = El or, div[r grad r3]=3r"4
r r (Meerut 2009B)

Solution: We have V (lj) = grad r7°

,
) -3 0 -3 d 3
S 0
Now i (7’_3) = — 3;’_4 i .
ox ox
But r2:x2+y2+22.
ar o x
Therefore 2r —=2x or —=2=.
ox ox r
So 9 3y =3t F o35,
ax 7
Similarly 9 r3)==3r"yand 9 r3)=-3r"z.
ay 0z

Therefore \Y ( =
r

d

IY_o 4 9 4 4

Vo(rvr,j)—ax(—& x)+$(—31 y)-i—a—z(—?)r z).

d —4 5 0 -4
Now — (=3r " x)=12r x —3r

ox X

=12/ = x-3 =12r%x2 - 3,7%
r

Similarly (=3rt y)=12r 6y2 37t

and ( rtz)=12r"° -3
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Hence VO(rV£):121”_6 o+ p* +z2%) -9t
,

=127 ot =127 —9p7t 2370
Example 32: If ais a constant vector, prove that div {r" (a x r)} = O(I(anpur 2008)
Solution: 'We have div (¢A) = ¢ div A + Aegrad ¢.

div{r" (axr)}=r"div(axr)+(axr)egrad r"
=r"div@xr)+@xr)e(m” ! grad r)

=r" (recurla—aecurlr) + (a x r)O(nr”_I 1 r)
,

n-2

=r"(re0—ae0)+nr (axr)er

[+ curl of a constant vector is zero and curl r =0 ]
=" % [a,r,r]
=0, since a scalar triple product having two equal vectors is zero.

Example 33: If a and bare constant vectors, prove that

(i) div[(rxa)x b]=-2bea. (Bundelkhand 2010)
(i) curl[(rxa)x b]=bxa. (Bundelkhand 2010)
Solution: (i) We have (r x a) X b=(ber)a— (bea)r

: div [(r x a) X b =div [(ber)a— (bea) r]

=div [(ber) a] —div [(bea) r] (1)
But div (¢A) = ¢ div A + A egrad ¢.
Taking ¢=Dberand A =a,we get

div [(ber) a] = (ber)diva+aegrad (ber).
Since a is a constant vector, therefore diva =0 .
Also let b="Dbi+Dbyj+bsk.
Then ber = (bji+byj+byk)e(xi + yj+ zk)
=byx+byy+byz, where b, ,b, , by are constants.
grad (ber)=b; i +byj+ b3k =b.

. div [(ber)a]=aeb. .. (2)
Again div[(bea)] r = (bea)div r + r egrad (bea).
But divr =3.
Also grad (be a) = 0 because be a is constant.
div [(bea) r|=3 (bea). ...(3)

Substltutmg the values from (2) and (3) in (1), we get
div[(rxa)x bj=(aeb)—3 (bea)=—2bea.
(ii) curl [(r x a) x bl =curl [(ber) a— (bea) r]
=curl [(ber) a] —curl [(bea) r].
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But curl (0A) = grad ¢ x A + ¢ curl A.
curl [(ber)a]=[grad (ber)] x a+ (ber)curla=bxa
[+ curla=0 and grad (ber)=b]
Also curl [(bea)r]=[grad (bea)]xr + (bea)curlr=10
[ grad (bea)=0 and curl r =0]
curl [(r xa)x bj]=bxa-0=bx a.
Example 34: Prove that curl [r x (a X r)] =3r X a, where a is a constant vector.
(Purvanchal 2009)
Solution: curl [r x (axr)]
=Vx|[(rer)a—(rea)r]| [+ ax(bxc)=(aec)b—(aeb)c]
=V><[r2a—(roa)r] [+ rer=r2=,%]
=Vx(*a)-Vx[(reayr] [+ Vx(A+B)=VxA+VxB]
=(Vr2)><a+r2 (Vxa)—[V(rea)]xr—(rea)(Vxr)
[V x (0A) = (V4) x A+ 0 (V x A)]
=(2rVr)><a+r2 0-[V(rea)]xr—(rea)0
[ Vf(r)=f'(r)Vr;Vxa=0,a

being a constant vector ; and V x r = 0]

=(2rlr)xa—W(r'a)]Xr

;
=2rxa—axr [ V (rea)=a,if aisa constant vector]

=2rxa+rxa=3rxa.

Example 35: If ais a constant vector, prove that

axr a 3r
cur173=——3+—5(aor).
r r r (Meerut 2009B; Bundelkkhand 09, 11)
Solution: We have curl a i ' V x (a 2 r) =3 {i X i (axBr]} .
r r ox \ r
X -
Now a(a,rJz—ga’(axr)+}(axar)+%(aaxr) (1)
ax r3 r4 ax r‘)’ ax 7 3 ax
Now ? = (0 because a is a constant vector.
X
. . or
Also r=xi+yj+zk. — =i
ox
Further a—’ S
ax 7

(1) becomes aa(axr):_g E(a><r)+i3(a><i)
x
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3x 1
=—"—"(axr)+— (axi).
rS r3

ixa(axr)——gxix(axr)+lix(axi)
ar L3 5 3

— X [Gera-Geayr]+—[(ei)a —(iea)il
r 7

= 3x)ca+3xar+la lai
== = g a5 aq
}’5 rS ,,3 r3

[ ier=x and iea=a, if a=ai+ayj+ask]

= 3¢ a+ apxr + 1 a ! ap i
== — 4 S a—- —5 aql.
e I 3 3

_ 3 2 3 3 1 .
—{—SZX }a+{r52al x}r+3a—32a11

r r r

3 o 3 3
=——7r“a+-—(rea)r+—a——a

1’5 I’S 1’3 7'3

[ T 2 =r2,2a1x=r-a,2a1i=a]

a 3
=— -+ -——(aer)r.

}’3 7'5

@mprehensive Exercise 4

1. (i) Verity that curl grad f = 0,where f = X2y +2xp + 2%,
(ii) Prove that grad f (u) = f "(u) grad u.

(iii) Find V¢ and |Vo|when ¢ = (x 2 +y2 +z2)e ’

+}/2 +22)1/2

(Kumaun 2012)
2. (i) Prove that curl (yVo) = Vy x Vo = — curl (V).
(ii) Prove that V2 (0y) = 0V y + 2V e Vy + yV2 . (Kumaun 2014)
(iii) Prove that div (V¢ x Vy) = 0.
(iv) If A and B are irrotational, prove that A x B is solenoidal.
(v) Prove that curl (¢ grad ¢) = 0.

3. (i) Prove that ae{V(vea)—-V x(vxa)}=div v, where a is a constant
unit vector.

(ii) Prove that vector f (r) r is irrotational.

(iii) If f and g are two scalar point functions, prove that
div( fV g =fV? g+Vf eVg.
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(iv) Show that curl (a er) a = 0, where a is a constant vector.
(Kumaun 2007, 09)
[ Hint: Use identity 4. Note that V (a e r) = a, if a is a constant vector.]
If a is a constant vector, then prove that
(i) V(aeu)=(aeV)u+axcurlu,
(ii) Ve(axu)=—aecurl u,
(iii) Vx(axu)=adivu—(aeV)u,
(i) Given that p F = Vp, where p, p, F are point functions, prove that
Fecurl F=0.
(ii) A vector function f is the product of a scalar function and the gradient
of a scalar function. Show that f e curl f =0.

1, .
(iii) Show that curla ¢ (r) = — ¢’ (r) r X a, where a is a constant vector.
r

(i) Prove that curl[r" (axr)]=n+2)r" a—nr""? (rea)r,

where a is a constant vector. (Kumaun 2008)
ii) Prove thatV? (" r)=n(n+3)r" "% r.
(ii)
. no_
(i) Prove that curl grad " = 0. (Avadh 2010; Kanpur 11)
i) If V2f()=0 ,show that f (r =C—I+cr ,
(ii) 2
r
where r? = x? + y 2 422 and ¢y, cq are arbitrary constants.
Ifris the position vector of the point (x , y , z)showthatcurl (" r) = 0, where

7 is the module of r.

Prove that r” r is an irrotational vector for any value of n but is solenoidal

onlyifn +3=0.

(i) Ifu=(1/r)r,showthatV xu=0. (Avadh 2010)

(ii) Prove that div(A xr)=recurl A.

(i) If sz (r) =0 show that f(r) =¢; log r + ¢, where =2+ yz and
¢1, ¢y are arbitrary constants.

(ii) If a and b are constant vectors, then show thatV e(a ebr)=3a eb.

If u=(/r)rfind grad (div u).

(i) Prove that V? |:V . (r)] =2r7%.
r (Kumaun 2011, 13)

(ii) Prove thata e (V l) __asr
r

(i) Prove that Ve (UVV -V VU)=UV? V -V V? U.
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(iv) Prove that bOV(a0V1)=3(a.r)(b.r) aeb
,

where a and b are constant vectors. (Kumaun 2015)

14. Evaluate div {a x (r x a)}, where a is a constant vector. (Kanpur 2007)

15. (i) Prove that div {f(r) r} = % 4 > f).
7 di"

r (Kumaun 2007, 14)

(ii) Prove that%V a’ =(aeV)a +axcurla.

16. Prove that curl [r x (a X r)] = 3r x a, where a is a constant vector.

17. Provethat VX(Fxr)=2F—-(VeF)r +(reV)F. (Kumaun 2015)
18. If a and b are constant vectors, prove that
grad [(r xa)e(r xb)]=(bxr)xa+(axr)xh (Kumaun 2015)
@nswers 4
. . 2
1. (i) @Q-re’"r; C=-rye’r 12. - r

B
14. 2a”

@)jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

1. IfthevectorV=(x+3y)i+(y—-2z)j+ (r+az)kissolenoidal, then the
constant a is

(a) O (b) 1
(c) -2 (d) 2
2. The directional derivative of ¢ (x, y,z) = X2 yz + 4xz% at (1,-2,-1) in the

direction of the vector2 i — j— 2 k is

(a) 37/3 (b) 3/37

(c) 3 (d) none of these
3. Ifr=|r|wherer=xi+yj+zk,thenV2 r" =

(@ nm+)r”" b) n(m+1)r"!

(c)n(m+1)r =2 (d) none of these (Agra 2007)
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(a) =2/r° (b) 0

(c)2/r3 (d) none of these
(Kumaun 2014)

5. Ifr=uxi+ yj+zk and ais a constant vector, then curl (r x a) is

| V-95 h‘ A

(a) —a (b) —3a

(c) —2a (d) none of these
6. The value of divr is

(a) 2/r (b) O

(c) 1/r (d) none of these  (Agra 2014)
7. The V is a constant vector, then div V is :

(a) 3 (b) 3V

(c) O (d) none of these

(Kumaun 2007, 11)
8. Iff = x? yi — 2xzj + 2 yzk, then div f is equal to
(a) 2x(x+1) (b) 2y (x+1)

(c) y(y+1) (d) none of these
(Kumaun 2008)

9. Vx(Vf)isequal to

(a) V* f (b) 0

(c) O (d) none of these
(Kumaun 2010)

Fill in the Blank(s)
Fillin theblanks “...... 7, so that the following statements are complete and correct.
1. IfF=(x? +y2)i—2391j,thenchr: .......
2. IfP:e’g’i+(x—2y)j+(xsiny)k,then?z ...... .
v

3. If ais a constant vector then grad (aer) =...... .
(Rohilkhand 2007; Kumaun 12)

4. Ifais a constant vector, thenV e (axr)=.......

If r = xi + yj+ zk ,then the value of divr =.......
(Agra 2008; Kumaun 15)

6. IfA=x%zi - 2y3z2j + )g/ZZk,then divAat(l,-1,1)=...... .

7. Ifr =xi+ yj+ zKk, then the value of curl r =...... .
(Agra 2008; Rohilkhand 14)
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8. For any vector A, div curl A =.......
9. Avector V is said to be solenoidal if ...... . (Rohilkhand 2005; Agra 06)
10. A vector Fis said to be irrotational if ...... .
11. Ifo=x"y+2xp + 22, then curl grad g = ....... (Bundelkhand 2007)
12. Iff = xzyi + 2xzj + 2 yzk, then div (curl f) =....... (Kumaun 2010, 12)
13. Value of div grad ¢ is...... . (Kumaun 2011)
14. If ais a constant vector, then curl (r xa)=...... . (Kumaun 2013)
True or False
Write “T for true and °F’ for false statement.
1. Ifr=uxi+ yj+ zk,then r is solenoidal.
2. If Vis a constant vector, then divV =0. (Rohilkhand 2005)
3. IfF=2xpz i+ y’zj—2yz?k, then Fis irrotational.
4. If ¢ is a differentiable scalar function, then curl grad ¢ = 0.
5. [If ¢ is a differentiable scalar function then div grad ¢ = V2.
6. Ve(AXxB)=Ae(VxB)—Be(VxA).
7. Afunctionwhich satisfies Laplace’s equation is called a harmonic function.
@n swers
Multiple Choice Questions
1. (o) 2. (a) 3. (o)
4. (b) 5. (¢ 6. (a)
7. (¢ 8. (b) 9. (b)
Fill in the Blank(s)
1. (x2+y2)dx—2)gw§y 2. yeVi+j+sinyk 3. a
4. 0 5. 3 6. -3
7. 0 8. O 9. divv=0
10. curl F=0 11. O 12. 0
13. V%o 14. —2a
True or False
1. F 2. T 3. F
4. T 5. T 6. F
7. T




Integration of Vectors

| Integration of Vector Functions

e shall define integration as the reverse process of differentiation. Let £ () and F (¢)

be two vector functions of the scalar ¢ such that

d
— F (@) =1 (¢).
L FO=f0
Then F (¢) is called the indefinite integral of f (t) with respect to t and symbolically

we write
jf(t)dt:p(t). (1)
The function f (t) to be integrated is called the integrand.

If ¢ is any arbitrary constant vector independent of ¢, then
d
—{F(t)+c}=1 ().
o F@O+ei=1(@)
This is equivalent to
[t de=F@)+e. (2

From (2) it is obvious that the integral F (¢) of f (¢)is indefinite to the extent of an
additive arbitrary constant ¢ . Therefore F (¢)is called the indefinite integral of f ().
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The constant vector ¢is called the constant of integration. It can be determined if we
are given some initial conditions.

If% F (t) = f (t)for all t in the interval [a , b], then the definite integral between the
limits t = a and ¢ = b can, in such case, be written as

j’” £ (t)dt:j: {%F(t)} dt =[F (&) +c]" =F(b)-F(a).
Theorem: If f(t)= f; (t)i+ fo (t) j+ f3 (t) Kk, then

[tde=i| f@di+i| fo @de+xk [ f3(@0)de

Proof: Let% F(t)=f (t) (1)
Then jf (t) dt = F (t). ()
Let Foy=H )i+ FE (t) j+ F5 (H k

Then from (1), we have

%{ﬁ@i+5an+%aw}=uo

d . Jd .. ]d
or {dt K (t)} i+ {dt F, (t)} it {dt F; (t)} k
=h @i+ fo i+ f3 Ok
Equating the coefficients of i, j, k,we get

iﬁ )= fi 0.4 B ©=f2 0.4 F ©=f5 ©

dt
O =[f @dtF @)= fo O dt Fy (¢)=[ f5 () dt.

F(t):{jfl (t)dt}i+{jf2 (t)dt}j+{jf3 (t)dt}k.

So from (2), we get
[t@de=i[fi @de+iffy @ de+x][fs (@ adt.

Note: From this theorem we conclude that the definition of the integral of a
vector function implies the definition of integrals of three scalar functions which
are the components of that vector function. Thus in order to integrate a vector
function we should integrate its components.

2  Some Standard Results

We have already obtained some standard results for differentiation. With the help

of these results we can obtain some standard results for integration.

1. Wehavei(roS)zﬂos.H«.é.
dt dt dt
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Therefore J'(ﬂos+roé)dt=r es +c,
dt dt

where ¢ is the constant of integration. It should be noted that ¢ is here a scalar
quantity since the integrand is also scalar.

2. Wehavei(r2)=2r0£- Therefore I(Zrod—)dt—r +c.
dt dt dt

Here the constant of integration ¢ is a scalar quantity.
d (dr\* _dr d’r

3. Wehave—(—) =2 e
de \ dt dt  dt?

9 2
Therefore we have j [2 Z—; ° Zl;J dt = (%) +c.
t

Here the constant of integration ¢ is a scalar quantity.
2
Also (ﬂ) _dr dr
dt et dt
d ( dr) dr  dr d*r d’r
r X = +

4. We have — — r X =rx
dt dt)  dt dt dr? dt?

2
J‘(rxd;Jdt:rxdr+c.
At

dt

Here the constant of integration ¢ is a vector quantity since the integrand
d’r .
r X el is also a vector quantity.
t

5. Ifais a constant vector, we have

d da dr dr
—(axr)=—Xrt+tax—=ax—-
dt dt dt dt

Therefore j (a X ﬂ) dt=aXxr+ec.
dt

Here the constant of integration ¢ is a vector quantity.

6. Ifr=|r|and r is a unit vector in the direction of r, then

7() d(lr) ldr—iﬂr
dt dt  p2 dt

Therefore_[ (— )dt=;+c.
7. Ifcisaconstantscalarandravector function of ascalar¢ ,then obviously

jcrdtzc_[rdt.

8. Ifrand s are two vector functions of the scalar ¢ , then obviously

J(r+s)dt=_[rdt+Jsdt.
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lllustrative Examlales

. 2
Example 1: Evaluate Lz r X er dt, where r = 2% i+t j- 33 k.
t

(Bundellkkhand 2004; Kumaun 08; Kanpur 13)
Solution: Givenr =221+t j- 3t k.

2
& hi+ -9 Kk and ’;;=4i+0j—18tk.
t

dt
r xj;r =2t%1 + tj - 3t°Kk) x (4i + 0j — 18¢k)
i i k
=2t 2 t -3¢3
4 0 ~18¢

=—18t%i — (- 36> +126%) j—4t k
=—18¢%i + 2463 j — 4tk.

2 dr o, g2 2, 3.
L rxpdt_jl (18621 + 2413 j — 4tk) dt

- _18i le t2dt+24jjlz tgdt—4kj12 tdt

32 42 22
=—18i[t] +24j|:t] —4k[t:|
3 1 4 1 2 1
- 6@-Di+6(16-1)j-2@-Dk

=-42i +90j - ok.
2
Example 2:  Find the value of r satisfying the equation er = ta + bwhere aand b are
t

constant vectors.
. . . d’r dr 1 9
Solution: Integrating the equatlond—2 =ta + b we getd— =5 t= a+tb+ c,where
t t
¢ is constant.
Again integrating, we get

1 1 .
r = gt3 + 5 b+te+d ,where d is constant.

Example 3: If v (t) = 5ti + tj — t> k, prove that

2
2
[, (r x”i;J dt = —14i + 75j - 15k.
de (Kumaun 2000; Meerut 01, 04, 05, 07, 10, 10B;
Kanpur 10; Rohilkhand 13)
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dr?

2 d*r [ dr]z

j rX ——|dt=|rx—| -

! dt? dt |y
Letusmowfindr><%-Wehave%:lOti+j—3t‘2 K.

2
Solution: We havej (r X dr] dt =r X % + ¢

rx%:(StZ i+tj-2 kK)xA0ti+j-3t? k)

i i k
=|5¢2 t 2 l==23 i+5t" j-5:2 k.
IOt 1 —3t2

jz (r xder dt = [—2t3 i+5t4j—5t2k];2

1 dt?
Lo e
= _14i +75j - 15k.

2i — j+ 2k, when t=2

Example 4:  Given thatr(t)={4. 9 i +3Kk. when t=3
i-2j , when t=3,

show that J‘,g (r J ﬂ) dr =10.
2 dt (Meerut 2003, 13B; Bundelkhand 08;
Kanpur 09, 11; Agra 06; Avadh 10; Purvanchal 13)

3
Solution: We have j (r ° ﬂ) dt = |:1 erJ .
d 2

t 2
When t=3,r=4i-2j+3k.
when t=3r> =4i-2j+3Kk)e(4i—-2j+3k)=16+4+9=29.
When t=2,r=2i-j+2k.

when t=2,1r>=4+1+4=09.

[) (r-@)dt=l[29—9]=10.
2 dt 2

Example 5:  The acceleration of a particle at any time t > 0 is given by

a:%:12ws2ti—8sin2tj+16tk.

If the velocity vand displacement x are zero at t =0, find vand v at any time.
(Agra 2007)

Solution: We have Z—: =12cos2ti—8sin2t j+16¢ k.

Integrating, we get
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v=ij12cos2t dt+jj—8sin2t dt+kj 16¢ dt

or v=6sin2ti+4cos2tj+8t2k+c.
Whent=0,v=0.
0=0i+4j+0k +¢ or c=-4j.
V=%=6sin2ti+(4c032t—4)j+8t2 k.
Integrating, we get
r:ij6sin2tdt+jj(4cos2t—4)dt+kj8t2 dt
=—3C0$2ti+(2sin2t—4t)j+§t3 Kk +d,

where d is constant.
When t=0,r=0.
0=-3i+0j+0k +d. d=3i.

r:—3c052ti+(2sin2t—4t)j+§t3 Kk +3i

:(3—3c052t)i+(251n2t—4t)j+§t3 K.

@mprehensive Exercise 1

1. Iff@O)=(0-t>)i+2¢ j-3k,find (i) jf(t)dt (ii) jlz f (¢) dt.
2. Evaluate '[; elit+e? jrek)dt. (Garhwal 2001, 02)

3. Iff(r) =ti+ (> —21) j+ (3 +3t3)k,find‘|.; f (¢) dt.

(Garhwal 2003; Bundelkhand 07)

4. Ifr=ti-t2j+ (- kands =2t i+ 6t k, evaluate

. 2 .. 2
i) IO resdt, (ii) .[0 r xXsdt
(Rohillkkhand 2008)
2
5. (i) Find the value of r satistying the equation er =a,whereaisa
t
constant vector. Also it is given that when t =0, r = 0 and dr_ u.
dt
.. _d’r . .
(ii) Solve the equation o7 = awhere a is a constant vector ; given that
t

r=0 andﬂzowhentzo.
At

(Bundelkhand 2008)
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dz r 2
6. Find the value of r satisfying the equation o 6ti —24t" j+4sint k,
t

given thatr =2i + janddr /dt =—i-3 katt=0.
(Agra 2001; Meerut 11)

7. The acceleration of a particle at any time ¢ is ¢'i + ¢*'j + k.
Find vglven that v=i + jatt=0.
8. Evaluatej (a ® bx ¢) dt ,where
a=ti-3j+2tk,b=i-2j+2k ,c=3i+tj-k. (Meerut 2013)

d*r 2
9. Integrate —5 =— nr”.
dt (Kumaun 2009)
@nswe_rsl
2 3 4
1. () [+t3)1+t2]—3tk+c (ii) %l+%j—3k
N ! 1. 2. .7
2. -Di-— -Dj+=-k 3. —i—-Zj+>Kk
(e=Di-5 ™ =Di+g 2! 3’404 o
4. (i) 12 (i) —24i-—j+—Kk
1 . 3 5
5. () —t*a+t i) ¢
(i) 3 a+tu (ii) D) a
6. r=( —t+2)i+(1-2t")j+(t-4sino)k
7. eti+%(c’2t+l)j+tk 8.0
9. —n’r? +¢

@Jjective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢c) and (d).

I UHF@=ti+@ -20)j+ 32 +363) Kk then the value ofj; F (¢) dt is

1 2 7 1 2 7

Si+Zj+lk b) —i-Zj+ik

(3)21 3J4 ()21 334

() - = _%- Z (d) None of these
3374

(Bundelkhand 2001)
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2. Ifr=ti-?j+(—1)kands =262 +6tk, then the value of_[(l) resdtis
(a) 10 (b) 12
(c) 15 (d) None of these

(Kumaun 2007, 10)
Fill in the Blank(s)

Fillin theblanks “...... ”, so that the following statements are complete and correct.

1. j; i+ =20 fldi=.....

2. IfF(@) =3t i+tj+2kandG (t)=6t> i+ (t—1) j+ 3¢k, then
j ( eG+Fe dG)dtz .......
0 dt

3. Ifr(t)=5t2 i+¢tj-+¢° k,thenjl2 rxo—di=.....

(Meerut 2011)

(Kumaun 2013)

4. Ifr=¢ i+j—tk,then_[ re—dt=.....
(Kumaun 2014)

True or False
Write “T" for true and ‘F for false statement.

1 J dr.& dt:(dr)erc
’ dt 42 dt ’

2. Thevalueofj‘; Ei+e 2t j+ek)deis e-i-(? -1)j+k.

CA:HSWC_I'S

Multiple Choice Questions

1. (b) 2. (d)
Fill in the Blank(s)

1 1io2; 2. 24
2 3

3. —14i+75j-15k 4. 1

True or False
1. T 2. F
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Line Integrals

1 Some Preliminary Concepts

Oriented curve. Suppose C is a B A
curve in space. Let us orient C by c

taking one of the two directions
along C as the positive direction; the
opposite direction along C'is then called
the negative direction . Suppose A is the A
initial point and B the terminal point of

Oriented closed curve

C under the chosen orientation. In case these two points coincide, the curve Cis
called a closed curve.

Smooth curve. Let r (t) =x(t)i + y (t) j+z (t) k, where r () is the position
vector of (x, y, z), be the parametric representation of a curve Cjoining the points A
and B,wheret = t; andt = t, respectively. We know that dr / dtis a tangent vector
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to this curve at the point r. Suppose the function r (t) is continuous and has a
continuous first derivative not equal to zero vector for all values of ¢ under
consideration. Then the curve Cpossesses a unique tangent at each of its points. A
curve satisfying these assumptions is called a smooth curve.

A curve C is said to be

A Gy
piecewise smooth if it is G Gy s
composed of a finite number
of smooth curves. The curve Piecewise Smooth Curve

C in the adjoining figure is

piecewise smooth as it is

composed of three smooth curves C;, C, and Cs . The circle is a smooth closed
curve while the curve consisting of the four sides of a rectangle is a piecewise
smooth closed curve.

Smooth surface. Suppose S is a surface which has a unique normal at each of its
points and the direction of this normal depends continuously on the points of S.
Then S is called a smooth surface.

If a surface S is not smooth but can be subdivided into a finite number of smooth
surfaces, then it is called a piecewise smooth surface. The surface of a sphere is
smooth while the surface of a cube is piecewise
smooth.

Classification of regions. A region R in which
every closed curve can be contracted to a point
without passing out of the region is called a |
simply connected region. Otherwise the region
Ris multiply-connected. The region interior to a
circle is a simply-connected plane region. The

region interior to a sphere is a simply-connected
region in space. The region between two
concentric circles lying in the same plane is a
multiply-connected plane region.

If we take a closed curve in this region surrounding the inner circle, then it cannot
be contracted to a point without passing out of the region. Therefore the region is
not simply-connected. However the region between two concentric spheres is a
simply-connected region in space. The region between two infinitely long coaxial
cylinders is a multiply-connected region in space.

2 Line Integrals

(Avadh 2014)

Any integral which is to be evaluated along a curve is called a line integral.
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Supposer (t) = x (t) i + y (t) j +z (¢) k ,wherer (t)is the position vectorof(x, y, z)
ie, r(t)=x1i+ y j+z k ,defines a piecewise smooth curve joining two points A
and B. Lett = t; at Aandt = ¢, at B.Suppose F(x, y,z) = i + F, j+ Fykisavector
point function defined and continuous along C.If s denotes the arc length of the

r_ . . .
curve C,then e tis a unit vector along the tangent to the curve Cat the point r.
s

The component of the vector F along this tangent is F e ? .The integral of F e ?
s s

along C from A to B written as
jj[ Zr]d—j FOdr—.[ F e dr
is an example of a line integral. It is called the tangent line integral of F along C.
Since r=xi+y j+z k,therefore,dr =dri+dy j+dz k.
Fedr=(Ri+F j+Fk)e(xi+dy j+dz k)
=F dv+ F, dy + Fy dz.
Therefore in components form the above line integral is written as

o Fedr=[_ (F dv+F dy+F; dz).

The parametric equations of the curve C are x = x(t), y = y(t) and z = z(¢).
Therefore we may write

[ F.dr—jtz [Fl %+FQZJ+F3 Zﬂdt.

Circulation: If C is a simple closed curve ( i.e. a curve which does not intersect itself
anywhere), then the tangent line integral of F around Cis called the circulation of ¥ about C.
It is often denoted by

§Fedr={(F dc+F, dy + F; dz),

Work done by a Force. Suppose a force Facts upon a particle. Let the particle be
displaced along a given path Cin space. If r denotes the position vector of a point

r. . o N
on C,then = is a unit vector along the tangent to Cat the point r in the direction of s
s

increasing. The component of force F along tangent to Ciis F e fi—r . Therefore the
s

work done by Fduring a small displacement ds of the particle along Cis [F o ?}ds
s

i.e.,F o dr. The total work W done by Fin this displacement along C,is given by the
line integral
W= J. F e dr,
C

the integration being taken in the sense of the displacement.
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lllustrative Examlales

Example 1:  Evaluate IC F o dr, where F = i+ y3 jand curve C is the arc of the
parabola y = x* in the x-y plane from (0, 0) to (1, 1).

Solution:  We shall illustrate two methods for the solution of such a problem.
Method 1. The curve Cis the parabola y = x> from (0, 0) to (1, 1).

Let x = ¢ ;then y = ¢*.If r is the position vector of any point (x, y) on C, then

r(t)=xi+yj=ti+t2j. §=i+2tj.
t
Also in terms of ¢, F = t2i +° j.

At the point (0, 0), t = x = 0. At the point (1, 1), ¢ =L
_ ey ol o 6 .
jCF-dr_jC (F-E)dt_jo(t i+60 je(i+2tjde

1, ; T I T R
= [ 4200y de=|—+ | = .
0 3 8 o

Method 2: In the xy-plane we have r = xi + yj.
dr = dxi + dyj.
Therefore, F o dr = (x*i + y3j) o(dxi+dyj)= x2dx +y3dy.
JC Fedr = J.C (P dx + p3dy).
Now along the curve C, y = x? . Therefore dy = 2x dx.
1
JC Fedr = J.x:() [x? dr + x° 2x) dv]

L 9 7 % 2)(81 7
:j 2 42y de =+ 2| =L,
0 3 8|, 12

Example2: If F=3xy i — y° j, emluatej-c F o dr, where Cis the curve in thex y-plane,

y =247, from (0,0) to (1,2).  (Garhwal 2001, 02; Kumaun 07; Rohilkhand 12)

Solution: The parametric equations of the parabola y = 2x* can be taken as
x=ty= 2t% .

Atthepoint(0,0), x =0andsot = 0. Againatthe point(l,2), x =landsot =1

Now JCFOdr=JC (3)g/i—y2j)0(dxi+dyj)

[ r=uxi+ pj sothat dr =dxi+dyj]
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_ 258! dc o dy
_Ic Gy dx -y d)’)—L:O (3’90#_] dt)dt

:f; B.t.2¢> 1-4¢* 4t dt

[v x=t y=2t> sothat dx/dt=1 and dy/dt=4t]

L ; A t61
=j 63 —16£2)dt=]6.-— -16."—
0 4 6,

6_16_3_8__7
4 6 2 3 6
Example 3:Emluate‘|. F o dralong the curve x* + y* =1, z = lin the positive direction
Sfrom (0,1, 1) to (1,0, 1) where F = 2x + yz) i + xzj + (xp + 22) k.
Solution: Let the given curve be denoted by Cand let Aand Bbe points (0, 1, 1) and
(1,0, I) respectively.
Along the given curve C,we have r = xi + yj + zk.
dr =dxi+dy j+ dz k.
IC FOdrzj.f [@x+ yz)i+xz j+(p+2z)K]e(dvi+dy j+dz k)

:jj [@x + yz) de + xz dy + (xy + 22) dz). (1)
In moving from A to B, x varies from O to 1, y varies from 1 to O and z remains

constant. We havez =1 and so dz =0.

Hence from (1)

jC FOdr=.|.é (2x+y)dx+J‘lo xdy +0

= [0 e VA=) de- [ NA- P dy =[] =],

the last two integrals cancel by a property of definite integrals.

Example 4: Emluatej’ (x dy — y dx) around the circle x* + y* =1. (Meerut 2002)

Solution: Let C denote the circle x* + p* = 1. The parametric equations of this

circle are x = cos t, y =sint.
To integrate around the circle C we should vary ¢ from O to 2.
dx

2n dy
§C (xdy—ydx):jo (xdt_ydt)dt

= -[27: (cos2 t + sin’ t) dt = _[27[ dt = 2.
0 0
Example5: If F=2 x+ y)i+ 3y —x) j, evaluate J'C F o dr where C is the curve in

the xy-plane consisting of the straight lines from (0,0) to (2,0) and then to (3,2).
(Agra 2007; Meerut 11; Purvanchal 14)
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Solution: The path of integration C has been shown in the figure.
It consists of the straight lines OA and AB.

¥
We have _[ Fedr

3, 2

—J [Qx+ y)i+Cy—x) jle(dei+dy]

_.[ [@x+ p)dy+ 3y —x)dy]. om0 Az X

Now along the straight line OA, y =0, dy =0 and x

varies from O to 2. The equation of the straight line AB is
92—
y-0-= 3_(2) (x=2) ie, y=2x-4
along AB, y =2 x -4, dy =2 dx and x varies from 2 to 3.

jc Fodr:j(f [(2x+0)dx+0]+j23 [(2x + 2x — 4) dx

+ (6x =12 — x) 2 dx]
[+ ]z ]2 (4x - 28) de

x—2)? ’
:l =4+7=11
2

=4+ 14f) (x—2)dx=4+14|:(

Example 6: Evaluate IC FedrwhereF = (x? + p?) i — 2xpj, curve Cis the rectangle in

the x y-plane bounded by y =0, x=a, y=Db, x=0.

(Meerut 2000, 06B, 07B, 09B, 12, 13; Kanpur 10; Bundellkhand 09;
Purvanchal 09)

Solution: In the xy-plane z = 0. v
Therefore ) < B
r=xi+yjand dr=dri+dyj. ©. 5 @

The path of integration Chas been shown in

the figure. It consists of the straight lines > >
OA, AB, BD and DO. o A0 X
We have

[ Fedr ={ 1% +y*)i-2w jlevi+dy
_[ [(x? +y ) dx — 2xy dy].

Nowon OA, y =0, dy =0 and xvaries from Otoa ;on AB, x =a, dv=0and y
varies from O to b; on BD, y=Db, dy =0 and x varies from a to 0; on
DO, x=0, dx=0 and y varies from b to 0.

ICF'dr=I§x2 dx_.[ob 2aydy+.|‘: (o +h2)dx+J‘: 0 dy
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574 o b 5 0
| _24L 2| +0=-2ab.
3], 2] |3 .

Example 7: Find the total work done in moving a particle in a force field given by
F = 3xyi — 5zj +10xk
along the curve x = t2 +1, y =2t2, z = tgﬁumt=lt0t=2.
Solution: Let C denote the arc of the given curve from ¢t = 1to t = 2. Then the total

work done
:jC F-drzjc Bxyi—5z j+10x K)o (dx i +dy j+ dz k)

=|  Bxpdx—-5zdy+10xdz
c BV y

= [ (Sxydx—Szdy+10xdszt
dt dt dt

= 12 [3 (2 +1) 262 (20) - (563)@t) +10 (£ + )(3t?)] dt

=726 +126% ~206* +306% +306%) dt
- 12 1265 +106% #1263 +30¢%) de = 303,
Example 8: Emluatejc Fedr,whereF = yz i +zv j+ xy kand Cis the portion of the

curver =acosti+bsint j+ctk, fromt=0tot=m/2. (Avadh 2010)
Solution: Along the curve C,
r=xi+yj+tzk=acosti+bsintj+ctk.
o x=acost, y=hbsint, z =ct.
Now jCFOdr:'[C(yzi+zxj+xyk)0(dxi+dyj+dzk)

:JC (yzdx+zxdy+xydz):_|'c d (xyz)

t=m/2 /2

= [xyz ] Ly [(@cost).(bsint). ()],

= abe [t cos tfsint]g/2 =abc (0 -0)=0.

@mprehensive Exercise 1

1. Find IC t o dr where ¢ is the unit tangent vector and C is the unit circle,

in xp-plane, with centre at the origin. (Bundelkkhand 2008)
2. (i) Integrate the function F = i - xyj from the point (0, 0) to (I, 1) along

parabola y* = x.
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(ii) Evaluate J‘C xp> ds,where Cis the segment of the line y =2 x in the
xy-plane from (-1, - 2) to (1, 2).

Evaluate jC F e dr,where F =icosy — jxsiny and C is the curve

y =V (1- %) in the xy-plane from (1,0) to (0, 1). (Agra 2001)

(i) Evaluate JC F e dr where F is x* p”i+ yj and Cis y* =4x in the
xy-plane from (0, 0) to (4, 4).

(Garhwal 2003; Meerut 04, 06;
Kanpur 09, 11, 12; Rohillkkhand 11)

(i) Evaluate jC Fedr, where F=xyi+ yz j+zxk and Cis the curve

r =ti + t2j + t°k, t varying from —1 to + 1.

iii) Evaluate F edr, where F=(2x+y)i+(3y—x) j+ yzx k and C is
C 4 J J

the curve x = 2t2, y=tz= t3 fromt=0tot=1. (Kumaun 2011)
Evaluate .[C F e dr where

F=c[—3asin2tcosti+a(2sint—35in3t)j+bsin2tk]
and Cisgivenbyr=acosti+asint j+ bt kfromt=n/4ton /2.
Evaluate jC Fedr where F=z i+ x j+ y k and C is the arc of the curve

r=costi+sintj+tk from¢=0tot=2m.
Evaluate IC Fedr where F=xy i + (22 +y2) jand C is the x-axis from

x =2 to x =4 and the straight line x =4 from y =0 to y =12.
Find the work done in moving a particle in a force field
F=3x2 i+ 2xz— ») j+ z k along the line joining (0,0,0) to (2,1,3).

Calculate JC [(+* + y2) i+ (- yz) jl ® dr where C is the curve :

(i) »* =xjoining (0,0) to (L ). (Meerut 2005B)

(ii) x” = yjoining (0,0) to (1, 1).

(iii) consisting of two straight lines joining (0, 0) to (I, 0) and (1,0) to (1, I).

(iv) consisting of three straight lines joining (0,0) to (2,-2), (2,-2) to
0,-Dand (0,-1) to (1, 1).

Find the circulation of F round the curve C, where

F=¢"sin yi+e” cos yj and Cis the rectangle whose vertices are

<0,0),<1,o>,<1,% n),(O,% ).

Find the circulation of F round the curve C, where F= (x — y)i + (x + y) j
and C is the circle x? +y2 =4, z=0.
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12. (i) IfF=@2x + yz) i+3y—4ux) j, evaluate J F o dr around the triangle
ABC whose vertices are A (0,0), B (2,0) and C (2, ]).

(Kumaun 2008)

(i) If F=(3x% + 6y)i-14 yz j+20 xz? k, then evaluate J F e dr from

0,0,0) to (I, 1, 1) along the curve x = ¢, y = t2 ,Z = £3.

@nswers 1

(Kumaun 2012)

1 16
L2 2. ()L i 3 -1
" Wy 073
. ... 10 1 2 2
4. (i) 264 (i) — 5. 5c(ﬂ +b*) 6. 2n+m=3n
7. 768 8. 16
() % (ii)% Giy 1 (iv) —g 10. 0
11. 8n 12. (i) -14/3 Gi) 5

5 Surace Integrals

(Avadh 2014)

Any integral which is to be evaluated over a surface is called a surface integral.

Suppose S is a surface of finite area. Suppose

f (x, y,z) is a single valued function of position
defined over S.Subdivide the area S into n elements
of areas 85,85, ,...,8S,. In each part &S, we
choose an arbitrary point P, whose coordinates are

(> Vi 2g)-
We define fP)=f (v, v 25)

Form the sum kZ f(P,)8S;.
=1

Now take the limit of this sum asn — e in such a way that the largest of the areas
&S} approaches zero. This limit if it exists, is called the surface integral of f (x, y, z)
over S and is denoted by .”s f (x, y,z)dS.

It can be shown that if the surface S is piecewise smooth and the function f (x, y, z)
is continuous over S, then the above limit exists i.e.,is independent of the choice of
sub-divisions and points P,.
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Flux: Suppose S is a piecewise smooth surface
and F(x, y,z) is a vector function of position
defined and continuous over S.Let Pbe any point
on the surface S and let nbe the unit vector at Pin
the direction of outward drawn normal to the

surface S at P. Then Fen is the normal
component of Fat P.The integral of F e nover S is

-”S FendS.
It is called the flux of Fover S.

Let us associate with the differential of surface area dS a vectordsS (called vector area)

whose magnitude is 4S and whose direction is that of n. Then 4S = n d4S.Therefore
we can write .”s FendS = .”S F o dS.

Suppose the outward drawn normal to the surface S at P makes angles o, B, y with
the positive directions of x, y and z axes respectively. If [, m, n are the direction
cosines of the outward drawn normal, then
[ =cos o, m=cos B, n=cos Y.

Also n=cosai+cosP j+cosyk=I1i+mj+nk.
Let F(x, y,z)=F i+ F, j+ F; k. Then

Fen=F cosa+F, cos B+ F; cosy=Fl+F,m+F;n.
Therefore, we can write

jjs F-ndS:J.[S (F coso+ F, cos B+ I3 cos y) dS

=[], (F dydz + F, dz dv + Fy dv dy),
if we define .”s F cos o dS =“‘S F dy dz,
J.J‘S F, cos B dS =.”S F, dz dx, J.J‘S F; Cosde=jIS F; dx dy.

Note 1: Other examples of surface integrals are '”S f ndS, .”S F x dS

where f (x, y,z) is a scalar function of position.

z
Note2: Important. Inorder to evaluate surface
D

integrals it is convenient to express them as

i |
double integrals taken over the orthogonal : !
projection of the surface S on one of the : :
coordinate planes. But this is possible only if any / : -
X

line perpendicular to the co-ordinate plane @

chosen meets the surface S in no more than one

point. If the surface S does not satisfy this

condition, then it can be sub-divided into surfaces which do satisfy this
condition.
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Suppose the surface S is such that any line perpendicular to the xp-plane meets S in

no more than one point. Then the equation of the surface S can be written in the
form z=h(x,y).

Let R be the orthogonal projection of S on the x p-plane. If v is the acute angle
which the undirected normal n at P(x, y, z) to the surface S makes with

z-axis, then it can be shown that cos y dS = dx dy,
where dS is the small element of area of surface S at the point P.

dx d dx d
Therefore dS = Y J ,where Kk is the unit vector along z-axis.
cosy |nmek|
dx dy
Hence IJSF-ndS:jJR F.n|n0k|.

Thus the surface integral on S can be evaluated with the help of a double integral
integrated over R.

lllustrative Examl)les

Example 9: Emluute_[ -[S Fen dS,whereF = yz i + 2zt j+ xy kand S is that part of the
surface of the sphere x* + y* +z* = Lwhich lies in the first octant.
(Garhwal 2003; kumaun 14))
Solution: ~Avector normal to the surface Sis given by Y
V(x2 +)/2 +2z° )=2xi+2yj+2z k.
Therefore n = a unit normal to any point (x, y, z) of S
2xi+2y j+2zk R

= =xi + yj+ zk,
V@x? +4y% +4z%) 7 o 5
‘ X
since x* + p® +z% =1lon the surface S.
dv d
We have _[J FondS:_[I Fen J ,
S R |Il0k|

where R is the projection of S on the xp-plane.
The region R is bounded by x-axis, y-axis and the circle ¥+ y2 =1, z=0.

We have Fen=(ypzi+zvj+xyk)e(xi+ yj+zKk)=3xyz

Also nek=(xi+yj+zk)ek=z. . |nek|=z.
Hence jJSFondS:JJR 3xyzdxdy:3'”R xy dx dy
z

= 3!:1(2) J‘%—() (r cos 0) (r sin ©) r dO dr, on changing to polars

4!
:3'[1”2 T cosesinedez§ l :§.
0 4 0 4\2 8
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Example 10: Emluﬂtejjs Fen dSwhereF =z i + x j— 3 p° zkand Sis the surface of

the cylinder x* + y* =16 included in the first octant between z = 0 and z = 5.

Solution: A vector normal to the surface S is given by
V (x +y2 )=2xi+2yj

Therefore n = a unit normal to any point of S
_ 2xi+2yj  xi+yj
Vdx? +4y*) 4 7
2

since x> + p? =16,0n the surface S.

dy d.
We havej JS FendS = “.R Fen Z ,where Ris the projection of S on the x-z

[nej

plane. It should be noted that in this case we cannot take the projection of S on the
x-y plane as the surface S is perpendicular to the x-y plane.

Now Fcn:(zi+xj—3yzzk)0(xl:m):i(xz+xy),
n.j:(W).jJ.
4 4
Therefore the required surface integral is

XZ XY gy dz
_J. R 4 /4

5 4 Xz
= 4 x |dvdzsince y=V(16-x*)on S
.[z:O .[x:() (\/(16_)52 ) ) ‘y ( )

:j(f (4z + 8) dz = 90.

4 Volume Integrals

(Avadh 2014)

Suppose V' is a volume bounded by a v

surface S. Suppose f (x, y,z) is a single

valued function of position defined over V. . 5"; N & )
Subdivide the volume V into n elements of Y 4
volumesdV;, 8V, ,...,8V, IneachpartdV;

we choose an arbitrary point P, whose ) i Ale O ¥

co-ordinates are (x;, y;,z;). We define

S P =f (ko zp )

Form the sum

kél [ (B)8V .
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Now take the limit of this sum as n — e in such a way that the largest of the
volumes§ V. approaches zero. Thislimit, if it exists, is called the volume integral of

f (x, y,z)over V and is denoted by “-J‘V f(x, y,z)dV.

It can be shown that if the surface is piecewise smooth and the function f (x, y, z)
is continuous over V,then the above limit exists i.e.,is independent of the choice of
sub-divisions and points P,.

If we subdivide the volume V into small cuboids by drawing lines parallel to the
three co-ordinates axes, then dV =dx dy dz and the above volume integral

becomes .“.J.v f (x, y,z)dx dy dz.

If F (x, y, z) is a vector function, then J.”v FdV

is also an example of a volume integral.
Exvample 11: If F=(2x" =3z )i ~2xy j—4xk, then evaluate [[[ VeFaV

where 'V is the closed region bounded by the planes x=0, y=0, z=0 and
2x+2y+z=4 AlsoEmluﬂtejJJV VxFdV.

Solution: We have F=(2x*> -3z )i - 2xy j-4xk

VeF= ii+ji+ki 0[(2)52 -3z )i—-2xy j-4rk]
ox 0z

Iy
:i(zxz -3z)+i(—2xy)+i(—4x) =4y - 2x =2x.
ox dy 0z
j”VV-FdV=j” 2x dx dy dz [ dV =dxdy dz |

IR M

[Note that we have taken a thin column parallel to z-axis as the elementary volume.
It cuts the boundary atz =0 and z =4 — 2x — 2 y. Also the projection of the plane
2x + 2y + z = 4 on the xp-plane is bounded by the axes y =0, x =0 and the line
x + y = 2.Hence the limits for y are from 0 to2 — xand those for xare from O to 2]

) 4-2x-2
J.J‘J-vv°FdV=2.[x:o y() [ ] ydxdy

=of" jj:o (4-2x-2y)dedy

_ 2

—2'[ [4xy 2xy Xy ] »

:2]0 [Ax2-x)-2x> 2-x)-x(2—x)*]dx
:ZIS [ x® —4x* +4x ] dx, on simplifying

2
:2[1x4—fx +2 27 } 2[4—¥+8] 8.
4 3 0 3 3
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Second part: We have
i i Kk
VxF=| 2 2 ?
ox dy 0z
2x% — 3z - 2xy — v

X

Jd _ 9 92 _
+|:a( 2xy) ay(2)c 32)]k

=0i-(-4+3)j+(-2y)k=j-2yk
jjj VdeV=IJL,U—2ykﬁh@yh

=17 : T -2y 0 v dy de
:LEOfiﬁ(j—zyk)ﬁ—Zx—2y)h@y

:.[jzo [j(4y—2xy—y2 ) -2k 2p% —xp? _y3)]2_x I
=] e @-2x-2+x)

—ZkQ—xf{Z—x—iQ—x%}M

[@—x)J—%Q-ka}a

Jo
j Bx 2)J+§(x—m3k}a

[x-2® 2)3 . Je-2'T L 88, 8
BT k=—]—§k=—(1—k).
0

@mprehensive Exercise 2

1. (i) Evaluate“.S Fen dS,where F=18zi-12 j+ 3y k and S is the

surface of the plane 2x + 3 y + 6z =12 in the first octant.
(Bundelkhand 2005)

(ii) Evaluate J..”V 0 dV, where ¢ =45 xzy and V is the closed region

bounded by the planes4x +2y +z =8, x=0, y =0,z =0.
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2. Evaluate “‘S Fen dS,where F=(x+ y* )i—2xj+2yz kand S is the
surface of the plane 2x + y + 2z = 6 in the first octant.

3. Evaluate .”S AendS, where A=xyi —x% j+(x+z)k,Sis the portion
of the plane 2x + 2 y + z = 6 included in the first octant and n is a unit
normal to S.

4. If F=2yi -3 j+x* kandSis the surface of the parabolic cylinder y* = 8x
in the first octant bounded by the planes y =4 and z = 6, then evaluate
JI Fen dS.

S

5. Evaluate .”S Fen dS, where F = yi + 2xj — z k and S is the surface of the
plane 2x + y = 6 in the first octant cut off by the plane z = 4.

6. Evaluate j j jv FdV where F=x1i+ y j+z kand V is the region bounded
by the surfaces x=0, x=2, y=0, y=6, z=4andz = x*.

@nswers 2

1. (i) 24 (ii) 128

2. 81 3. 24—7 4. 132

5. 108 6. 24i+96j+35ﬁk

@bjective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter
from (), (b), (c) and (d).

1. If F=x?i+ y? jand curve C is the arc of the parabola y = x? in the
xy-plane from (0, 0) to (1, 1), then jc Fedris
(a) 7/12 (b) 5/12 (c) 11/12 (d) None of these

2. The work done in moving a particle in a force field

F=3x2i+@Qrz- y)j+3k

along the line joining (0,0,0) to (2,1,3) is
(a) 12 (b) 16 (¢) O (d) 20
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3.
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For a closed surface S, the value of J JS r endSis
(a) V (b)y 2V (c) 3V (d) 0
where V is the volume enclosed by S. (Kumaun 2013)

Fill in the Blank(s)

Fillin theblanks “...... ”, so that the following statements are complete and correct.

1. Any integral which is to be evaluated along a curve is called a ...... .
2. Any integral which is to be evaluated over a surface is called a ...... .
If r denotes the position vector of a point on a curve C, then % is a unit
s
vector along the ...... to C at the point r in the direction of s increasing.
4. _”S F e n dS is called the ...... of Fover S.
5. [Iftisthe unit tangent vector and Cis the unit circle in x _y-plane, with centre
at the origin, then -[C tedr=.......
6. The value of J (x dy — y dx) around the circle x? + y? =1lis ...... .
7. fF=0Cx%+6y)i-14yzj+20xz? k and C is a straight line joining
0,0,0)to (I, 1,1), then jC Fedr=....
True or False
Write “T7 for true and °F’ for false statement.
1. If Cis a simple closed curve, then §C F o d r is called the circulation of F
about C.
2. If F=axi+Dby j+cz k,a,b,care constants, then
JIS FendS = % n (a + b + c¢),where S is the surface of a unit sphere.
@n Swers
Multiple Choice Questions
1. (a) 2. (b) 3. (c)
Fill in the Blank(s)
1. line integral 2. surface integral
3. tangent 4. flux
5. 2n 6. 2n 7.13/3
True or False
1. T 2. F




Green's, Gauss's and

Stoke's Theorems

1 Green's Theorem in the Plane

Let R be a closed bounded region in the x-y plane whose boundary C consists of finitely

many smooth curves. Let M and N be continuous functions of x and y having continuous

partial derivatives oM and IN; in R. Then

dy ox
f], (aN aM)dxd =§, (Mdc+Ndy),

the line integral being taken along the entire boundary C of R such that R is on the left as one
advances in the direction of integration.
(Meerut 2004, 05, 07, 10; Avadh 10; Purvanchal 08;

Rohilkhand 09B, 12; Kashi 13)
Proof: We shall first prove the theorem for a special region Rbounded by a closed
curve C and having the property that any straight line parallel to any one of the
coordinate axes and intersecting R has only one segment (or a single point) in
common with R. This means that R can be represented in both of the forms

as<x<h, f(x)<y<gk)
and c<ysd, p(y)<x<q(y).
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In the adjoining figure, the equations of the curves AEBand BFAare y = f(x)and
y =g (x) respectively.  Similarly the
equations of the curves FAE and EBF are

x=p(y)and x = g (_y) respectively.
We have

¥ i

=0

r=f®
= [7 Mz g(x)] =ML f ()] de
== [ MLx f@)de= [} M5 g(0)]dv
=- §C M ( x, y) dx,since y = f(x) represents the curve AEB
and y = g (x) represents the curve BFA.

If portions of C are segments parallel to _y-axis v
such as GH and PQ in the adjoining figure,

then the above result is not affected. The line P
integral J M dx over GH is zero because on -

GH, we have x=constant implies 0

dx = 0. Similarly the line integral over PQis
zero. The equations of QGand HP are y = f(x)

by

and y = g (x) respectively. Hence we have

oM
— R —_— dx = C 5 . e
JJ » dy § M (x, y)dx (1)

o N 4 q() oN
Similarly, “'R gdx@/—qu [x=p(y) E)xdledy

4 r=q(y)
= ley)] dy
_)/—L‘

x=p(»)

:Jyd:c [NLq(»),y]1=NLIp(y) sl]dy
=J‘:1N[’Z()’),)/]dy+j; Nip(y)yldy
=§o N (x0)dy )
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: oN oM

From (1) and (2), we geton adding -”R [ RN )dx dy = :ﬁc (M dx + N dy).
The proof of the theorem can now be extended to a region R which can be
subdivided into finitely many special
regions of the above type by drawing  rA
lines (7'S in the adjoining figure). In this
case we apply the theorem to each
subregion (R, and R, in the figure) and
then add the results. The sum of the left
hand members will be equal to the
integral over R. The sum of the right
hand members will be equal to the
integral over Cplus the line integrals over
the curves introduced for subdividing R.
Each of the latter integrals comes twice,
taken once in each direction (as ST and TS in the figure). Therefore these two
integrals cancel each other and thus the sum of the right hand members will be
equal to the line integral over C.

)

bW

Note: Extension of Green’s theorem in plane to multiply
connected regions.

Green’s theorem in the plane is also
valid for a multiply-connected
region R such as shown in the
adjoining figure. Here the boundary
C of R consists of two parts; the
exterior boundary C; is traversed in
the anticlockwise sense so that R is
on the left, while the interior
boundary C, is traversed in the
clockwise sense so that R is on the o x
left.

In order to establish the theorem, we construct a line such as AD (called a cross cut)
connecting the exterior and interior boundaries. The region bounded by
ADEFGDAPQLHA is simply-connected and so Green’s theorem is valid for it.
Therefore

N M
fe Mde+Ndy =[], (ax‘ay)d”ly
ADEFGDAPQLHA

The integral on the left hand side leaving out the integrand is equal to

jAD Jr.[c2 +.[DA +.[C1 :jcz +-[C1 ’Since.[AD :_.[DA
:ﬁ?c (M dx+ N dy).

Hence the theorem.
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2  Green's Theorem in the Plane in Vector Notation

We have r=xi+ yjsothatdr=dvi+dyj

Let F = Mi + Nj.
Then Mdc+Ndy=(Mi+N je(dxi+dyj=Fedr.
Also curlF =V x F

J
p) P) P) ON . oM . (aN BM)
— =- i+ jt+ k

x 9y oz o0z oz Iy
M N 0
(VxF).k=aﬂ_aﬂ.
or  dy

Hence Green’s theorem in plane can be written as

”R (V><F)-kalR=§C Fedr

where dR = dx dy and k is unit vector perpendicular to the x y-plane.
If s denotes the arc length of C and t is the unit tangent vector to C, then

dr .
dr = — ds = tds. Therefore the above result can also be written as
s

”R (VxF)-de=§C Fetds.

lllustrative Examl)les

Example 1: Verify Green’s theorem in the plane for E{) xyp + y%) dv + x*dy ,where C

is the closed curve of the region bounded by y = x and y = x°. (Rohilkhand 2011)

Solution: By Green’s theorem in plane, we have

[]a (aN aM}dxdy_y(MdHNdy). 7

>

Here M = xy + y*, N =x”.

4 =

The curves y = xand y = x? intersect at (0, 0)and N f i

(L, 1). The positive direction in traversing C is as

shown in the figure. o >
X

We have II (BN M )dxdy

=1 [ax<x2>—ai<w+y2>]dx@f

=[[, @r-x-2y)dedy=[] (x-2y)dcdy
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X

1 X | ‘
- x=0 J.y=x2 (x_2y>@7dxzjx=0 |: W_y2:| 2 v
y=x

=J.; 2 —x? =% +x*de = J (xt = x3) dx

AR
5 40 5 4 20

Now let us evaluate the line integral along C. Along y = x?,dy = 2x dx. Therefore

along y = x*, the line integral equals

j [(x)(x?) + x*yde + X% (20) dr | = j Bx® + xt) dr = ;g
Along y = x, dy = dx. Therefore along y = x, the line integral equals

jlo [{(x) () + £} dx + 12 dszjlo 3¢t dv=-1.
Therefore the required line integral = % -1=- % Hence the theorem is

verified.
Example 2: Evaluate by Green’s theorem fi;c (x* = cosh y ) dx + (y + sin x) dy, where

C is the rectangle with vertices (0,0), (r,0), (m, 1), (0,1).
(Meerut 2002, 05B, 06, 13B; Rohilkhand 14)

Solution: By Green’s theorem in plane, we have

I, (BN aM)dxdy—5£ (M dv+ N dy).

Here M = x* —cosh y, N =y +sinux.

b
oN oM .
—— =cos x, — =—sinh y. .
dr Rl &b . ®1
Hence the given line integral is equal to f R
A
[ [, (cosx+sinh y)drdy . N ,
. ' 00 my X
:I 0 J 0 (cos x +sinh y ) dy dx
x= y=
1
=J.n [ycosx+coshy ] dx
¥=0 =0
Y
:jn 0 [cos x + cosh 1 —1] dx :lsinx+xcoshl - X =(cosh 1-1).
x=
0

Example 3: Show that the area bounded by a simple closed curve C is given by
% SEC (x dy — y dx). Hence find the area of the ellipse x = a cos ®, y =Db sin .
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Solution: By Green’s theorem in plane, if Ris a plane region bounded by a simple
closed curve C, then

/1, (aN aMded =§. Mdr+N dy.

Putting M = - y, N = x,we get
§o (xdy - ydv) = ”[ (x) = y(ﬁ}ﬂbcdy
ZZ,HR dv dy
=2 A, where Ais the area bounded by C.
Hence A——5£ (xdy — y dx).
The area of the ellipse
1 1 c2n dy dx
:—§C (xdy—ydx):—.[ezo acosede bsmed—e ae
1

=2J() (ab cos® © + ab sin’ G)de—— bJ‘( A0 = nab.

@mprehensive Exercise 1

1. Verify Green’s theorem in the plane for
Jol@w =) det 02 + %) dy ],
where C is the boundary of the region enclosed by y = x* and y* =
described in the positive sense.
2. Verify Green’s theorem in the plane for
§o [Bx* =8y ) dr+ @4y - 69) dyl,
where C is the boundary of the region defined by y =V, y=x~.
3. Apply Green’s theorem in the plane to evaluate
jC {( y —sin x ) dx + cos x dy},
where C is the triangle enclosed by the lines y =0, x =2n, my = 2x.
(Avadh 2010)
cos y dy),

—X

4. Evaluate by Green’s theorem in plane IC (e7'sin ydr+e
where C is the rectangle with vertices (0, 0), (r, 0), (n% n), (0, % n).

5. Evaluate by Green’s theorem §C (cos x sin y — xy) dx + sin x cos y dy,
where C is the circle x* + p* =1. (Kumaun 2012)

6. IfF=(x* —y2 )i+2xy jand r = xi + yj, find the value ofj Fedr
around the rectangular boundary x =0, x=a, y =0, y = b.
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7. Verify Green’s theorem in the plane for
[o & —9®)dr+(p? -20) dy,

where C is the square with vertices (0,0), (2,0), (2,2), (0,2).
(Meerut 2001)
8. Apply Green’s theorem in the plane to evaluate

IC [(2x? - yZ) de + (x? + yz) dy], where C is the boundary of the

surface enclosed by the x-axis and the semi-circle y = (I - x*)!/2.

9. [If Cis the simple closed curve in the xp-plane not enclosing the origin,

show that J . F-dr:O,whereF:%.
C X4y
@nswe_rs 1
3, _T_2 4.2 -1 5.0 6. 2abh’
4 T

5 The Divergence Theorem of Gauss

Suppose V is the volume bounded by a closed piecewise smooth surface S. Suppose F (x, y, z)is
a vector function of position which is continuous and has continuous first partial derivatives in

V. Then .”.[v VOFdV=.”S Fen dS,

where n is the outward drawn unit normal vector to S.

(Meerut 2000, 01, 06, 10B, 12, 12B;
Bundelkhand 09, 11; Avadh 14; Kashi 14)

Since F e nis the normal component of vector F, therefore divergence theorem may
also be stated as follows :

The surface integral of the normal component of a vector ¥ taken over a closed surface is equal to
the integral of the divergence of F taken over the volume enclosed by the surface.

Cartesian equivalent of Divergence Theorem:

Then VOF:diszaF1 +ai+a£.
a oz

If o, B, v are the angles which outward drawn unit normal n makes with positive
directions of x, y, z-axes, then cos o, cos B, cos y are direction cosines of n and we
have n=cosoi+cosP j+cosyKk.

Fen=(Hi+ Fj+ Isk)e(cosoi+cosP j+cosyk)
=F cosa+ F, cos B+ F; cos y.
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Therefore the divergence theorem can be written as

I

=IIS (F cosa + F, cos B+ F; cosy)dS

= [[ F dydz + F, dz dx + Fy dv dy).

The significance of divergence theorem lies in the fact that a surface integral
may be expressed as a volume integral and vice versa.

Proof of the divergence theorem:

z
We shall first prove the theorem for a special
region V' which is bounded by a piecewise

smooth closed surface S and has the property

that any straight line parallel to any one of the
coordinate axes and intersecting V' has only

one segment (or a single point) in common o >
with V. If Ris the orthogonal projection of S

on the xp-plane, then V' can be represented in ) ‘\/#—Tx\

the form f (x, p)<z < g (x, y) where (v, y) p——
varies in R.

Obviously z = g (¥, y) represents the upper portion S; of S,z = f (x, y)represents
thelower portion S, of S and there may be a remaining vertical portion S5 of S.

We have
1, Grav=[]], 5w
[ | aa
=[] By 50 drdy
=[], [ v ¢ =Fs [xp, f (5 p)]] dvdy
=[], B lx . g@wyldedy

_”R E [x p, f(x,p)]dcdy (1)

Now for the vertical portion S5 of S,the normal n; to S; makes aright angle ywith
k. Therefore jJS F; keng dS; =0, since kens =0.
3

For the upper portion S; of S,the normal n; to S; makes an acute angle y; with k.
Therefore ken; dS; =cos vy, dS, =dx dy.

Hence ”.51 F; ken| dS, =JJR Fy [x, y, g(x, p)]dxady.
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For the lower portion S, of S,the normaln, toS, makes an obtuse angley, withk.
Therefore ~ k en, dS, =cos Yy dS, = —dx dy.
Hence jjsl F; ken, dS, = _.”R E [x y, f(x y)]dxdy.

[]s Fs keong dsSs +”51 F; k en, dS, +”52 F; ken, dS,
=0+ [, Fs[x g (x p)ldedy

_.”R E [x, y, f(x p)]ldxdy

or with the help of (1), we get

” F;, kendsS = ”j aF3 av. (2)
Similarly, by projecting S on the other co-ordinate planes, we get

[[¢ Bjenas=][], BFZ av -(3)
and ” F iendS = ”j aFl v .(4)

Adding (2), (3) and (4), we get

[[o Ri+h i+ B wends=[]], [aﬁ % aa?)dv

or IJJVVOFdV:jJSFOndS.

The proof of the theorem can now be extended to a region V which can be
subdivided into finitely many special regions of the above type by drawing
auxiliary surfaces. In this case we apply the theorem to each sub-region and then
add the results. The sum of the volume integrals over parts of V' will be equal to the
volume integral over V. The surface integrals over auxiliary surfaces cancel in pairs,
while the sum of the remaining surface integrals is equal to the surface integral over
the whole boundary S of V.

Note: The divergence theorem is applicable for a ToIIIZIIc:

region V' if it is bounded by two closed surfaces

T
(RN R R RNE!

S, and S, one of which lies within the other.
Here outward drawn normals will have the SroTmEme—emTioa:

directions as shown in the figure.
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4 Some Deductions from Divergence Theorem

1. Green’s theorem: Let ¢ and y be scalar point functions which together with their

derivatives in any direction are uniform and continuous within the region V bounded by a
closed surface S, then

[T], @V w=yV? 9)av =[] oV y-yV o) ends.

Proof: By divergence theorem, we have J.”v VeFdV = '”5 Fen dS.

Putting F=¢Vy,we get VeF =V e (6Vy)
= 0(V o V) + (Vo) o (Vy) = V> y + (Vo) o (V).
Also Fen = (¢Vy)en.
divergence theorem gives
[], [0V v+ (Vo) e (V)] dV =[]  (¢Vy)ends (1)

This is called Green’s first identity or theorem.
Interchanging ¢ and y in (1), we get

[I], wv? o+ (w)e(Vo)ldV = [ [ [yV¢]endS (2)
Subtracting (2) from (1), we get
[J], ©V2 w—yv® 9)av =[] @Vy-yVoendS  .(3)
This is called Green’s second identity or Green’s theorem in symmetrical form.
Since Vy = Al nand Vo = % n, therefore
on on
d d
<¢w—ww>>-n=(¢“’n Sy n)-n
on on
_oV %
-0 on v on

Hence (3) can also be written as

[I], @V w—wv* 9pav =[] (¢aa§'1""’§i))”’5'

Note: Harmonic function: If a scalar point function ¢ satisfies Laplace’s equation
V26 =0, then & is called harmonic function. If ¢ and y are both harmonic functions,
thenV?¢ =0, V>y =0.

Hence from Green’s second identity, we get JJS ( aa—w -y Zq)) s =0.
n n

2. Prove that”jv Vq)dV:”S on dS.

Proof: By divergence theorem, we have J J. .[v VeFdV = .”s Fen dsS.
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Taking F = ¢Cwhere Cis an arbitrary constant non-zero vector, we get

[I], Ve@Oav =[] (4C ends. (1)

Now Ve (0C)=(Vd)eC+ ¢V eC)=(Vd)eC,sinceVeC=0.
Also (¢C)en =Ce(dn).
(1) becomes

”jv C-(Vq>)dV=”S Ce(0n)dS
or C'j.”\/ V¢dV=C-jS (om) dS
or C.UHV Vq)dV—_”S q)ndS]:O.

Since Cis an arbitrary vector, therefore we must have

I, voav =], mis
3. Prove that'”JV VdeV:_”S n x B dS.

Proof: In divergence theorem taking F = B x C, where Cis an arbitrary constant

vector, we get

”jVV-(Bxc)dvzjjS (BXxC)en dS. (1)
Now Ve(B xC)=Cecurl B-—Becurl C =Cecurl B,since curl C= 0.
Also (BxC)en=[B,Cn]=[C,n,B]=Ce(n xB).

(1) becomes
jjjv (C ecurl B) dV:”S Ce(nxB)dS

or c-j”v (VxB)dV:C-”S (n x B) dS

or c-[”jv (VxB)dV—”S (an)dS}:O.

Since Cis an arbitrary vector therefore we can take Cas a non-zero vector which is
not perpendicular to the vector

j”v (VxB)dV—”S (n x B) dS.

Hence we must have

J”v (VXB>dV—”S (n xB)dS =0
o ”Jv NXB)dV:jJS (n x B) dS.

[llustrative Examrles

Example 4: (i) For any closed surface S, prove that “.S curl Fen dS =0.
(Meerut 2009B; Purvanchal 14; Avadh 14)
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(ii) Evaluate -”S r en dS,where S is a closed surface.
(Agra 2006; Kumaun 07; Bundelkhand 09; Purvanchal 14)
(iii) If F=axi+by j+cz k, a,b, c are constants show that
” FondSzén(a+b+c),
N 3
where S is the surface of a unit sphere.

(Bundelkhand 2001, 07, 08; Rohilkhand 07; Kashi 13)
Solution: (i) By divergence theorem, we have

-”S curl Fen dS = jjjv (div curl F) 4V,

where V is the volume enclosed by S
=0, since div curl F =0.
(ii) By the divergence theorem, we have
.”s rondS:ijV VordV:.”J'V 34v,
sinceVer=divr=3
=3V, where V is the volume enclosed by S.
(iii) By the divergence theorem, we have

”S F-ndszjjjv (VeF)dV,

where V' is the volume enclosed by S
:jjj (Ve(@axi+by j+czk)|dV

_.“-J‘V [x ax +y(by)+(cz)}dV

:”jv (@a+b+c)dV
:(a+b+c)V:(a+b+c)gn

since the volume V enclosed by a sphere of unit radius is equal to % n(1)? e, % .

Example 5(i): Show that .”S n dS = 0 for any closed surface S. (Purvanchal 14)

(ii) Prove that .”S r X n dS = 0 for any closed surface S. (Agra 2007)

(iii) Prove thutj IS n X (a X r) dS = 2Va, where ais a constant vector and V'is the volume

enclosed by the closed surface S. (Avadh 2011, 12)

Solution: (i) Let Cbe any arbitrary constant vector.
Then COJISndS=JJSCondS

- J ,[ .[ v (V eC) dV, by divergence theorem
=0, since div C = 0.
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Thus Ce j J.S n dS =0, where Cis an arbitrary vector.

Therefore we must have “‘S ndS =0.

(ii) Let Cbe any arbitrary constant vector. Then
C'”s rxndszjjs Ce[(r xn)]dS :”S (Cxr)endS

= .”.[v [Ve(Cxr)]dV,by divergence theorem

- -HJV [recurl C— Cecurl r] 4V =0,

since curl C= 0 and curl r = 0.
Thus Ce J -[S r X n dS =0, where C is an arbitrary vector.

Therefore, we must have .”S rxndS =0.

(iii) We know that
J,”v \% XBdVZ.Hs n X B dS. [See article 4, part 3]

Putting B = a X r,we get
”S nx(axr)dszj” Vx(axr)dV

_JJJ curl (axr)dV
= .[.Hv 2adV, since curl (a x r) =2a
=2af [ dV =2Va.

Example 6: Using the divergence theorem, show that the volume V of a region T bounded by
a surface S is

O [N I

1
=— dy dz + y dz dx + z dx dy).
3 '['[5 (e dy dz + y dz : v (Meerut 2010)

Solution: By divergence theorem, we have

[ vvie=]]], (5 @]av=]]], av=v
[ yaeae=[[], ( y))dV [, av=v
[zt =[], (Z@)av=[]], av=v.

Adding these results, we get
3V =[], (xdydz+ydzdetzdedy)

or V:%”S (cdy dz + y dz de + z d dy).




Krishena's T.B. Vector Analysis

A ( |v 1 54-1}

Example 7: Verify divergence theorem for
F=(x2 —yz)i+(y2 —zx)jJr(z2 -xy)k
taken over the rectangular parallelopiped 0 < x<a,0< y<b, 0<z <c.

(Meerut 2006B; Avadh 09; Rohilkhand 13)
Solution: We have

divF=V eF

2

2 (e 2 (5P m ) ()
x ¥

=2x+2y+2z.
volume integer=jjjv VOFdV:”‘J 20x+ y+2z)dV

=2J:=() Jj:o Jx o W+ y+z)dedydz

Y L E Yy
- jz:O jy=0 5 TRt ) ly dz
X =

Y N L dy d
- L:o J.y=0 o totazadz

b
9 2
:2.[::0 [ﬂy+aJ’2+azy] dz

2
=0
2 2
:2JC M+ﬂ+abz dz
z=0 2 2
2 2 27¢
—2[“ +ﬂz+ b:|
2 0

=[a’bc + ab’c + abc® | = abc (a + b +¢).

Surface Integral: We shall now calculate J.J'S F e n dS over the six faces of the

rectangular parallelopiped.

Over the face DEFG,n =i, x = a. Zh
Therefore, J J DEFG Fen dS c B
. D E
—jzojyo[w -y 2)i
+(y*=za) j+ (2% —ap) K] eidy dz 0 4y
¢ b . X G F
:jzzo jyzo @ - yz) dy dz <
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:J-C—o |:a2h—2b]dz:|:a2bz—zb2] =a2bc—i~
z= 2 4 0 4

Over the face ABCO, n = - i, x =0.Therefore
”ABCO FendS=[[[0-yz)i+..+..]e(i)dydz

9 b
e b _re y
_Iz:O =0 J}Zdydz_-'-z:o [ 2 z:| dz

=I5 ;
Over the face ABEF,n = j, y =b.Therefore
J‘J‘ABEF FendS = Jj:o f:zo [(x? = bz) i+ (b - zv)

+(z? —br)k]ejdrdz
262

=J'::0 j:=o (b? - zv) dx dz = b* ca—a4

Over the face OGDC, n =—j, y =0.Therefore

c2a?

”()GDC F'ndsz.[::o jf:o ze dv dz =—

Over the face BCDE, n =k, z =c. Therefore

”BCDE F°ndsz.[j;:o J:=0 (¢* —xp)drdy =c*ab -

Over the face AFGO, n = -k, z =0. Therefore

2b2
4

a

b a 2192
”AFGO F””lszj.y:o Jx:O xydedy =" 4

Adding the six surface integrals, we get

292 212 . 2.2 2.2
““Fond5= a2hc—6b +Cb | p2ea -1 L2 C
S 4 4

4 4

212 212
+c2ab—ﬂb +ﬂh
4 4

=abc (a+b +c).
Hence the theorem is verified.

Example 8: If F=xi—-y j+ (2% - DK, find the value of JJS F e n dS where S is the

closed surface bounded by the planes z = 0, z = 1and the cylinder x* + y* =4.
(Garhwal 2000; Kanpur 05; Avadh 13; Kumaun 15)

Solution: By divergence theorem, we have JJS FendS = .[.”V div FdV.
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Here divF:i(x)+i(—y)+i(z2-1)=1-1+2z=2z.
ox ady 0z
Y-y ?)
”J div FdV = .[z ()J. - L:—d(4— 2) 2z dv dy dz
-y?)
_Jzoj—z V(4 32 dy dz
2
:L=o j L, ANE -y dyd
1
z* 2
—J. - [ o (4_)7 )] dy
z=0
2 2
=2, N@-phdy=4f  NE- ") dy
2
=4|:y\/(4—y2)+25in1 y]
2 2 N
=4[2sin”! 1]=4(2)g=
@)mprehensive Exercise 2
1. (i) Verity divergence theorem for F = (2x — z)i + x? Jj- xz2 K taken over

(ii)

(i)

(ii)

(i)

the region bounded by x=0,x=2, y=0, y=2,2=0,z =2

Verify divergence theorem for F = (2x — z) i + x? V- xz2k taken

over the region bounded by x =0, x=1, y=0,y=1z=0,z=1
(Garhwal 2001; Kumaun 14)
If F=4xzi- y”j+ yz k and S is the surface bounded by

x=0, y=0, z=0, x=1 y=1 z=1 evaluate .”S Fen dS.
Evaluate.[_[s x*dy dz + y?dz dv + 2z (xp — x — p) dx dy

where S is the surface of the cube 0 <x<1, 0< y<1, 0<z<lL
(Kumaun 2015)

Evaluate .”s [4xz dy dz — y? dz dv + yz dx dy] where S is the

surface of the cube bounded by the planes x =0, y =0,z =0,x =1,
y=landz =1 (Meerut 2005, 06B, 10B, 11)




Green’s, Gauss'’'s and Stoke’s Theorems

10.

{v-157 |l\ \

(ii) Apply Gauss’s divergence theorem to evaluate
[ 167 = y2)dy dz =24 p dz dv +z dx dy ]
over the surface of a cube bounded by the coordinate planes and the
planesx = y =z =a. (Rohilkhand 2011)
(i) State divergence theorem of Gauss.

(ii) Use Gauss divergence theorem to show that

jjs {(x° —yz)i—2x2yj+2k}ondS:%g5,

where S denotes the surface of the cube bounded by the planes

x=0,x=a, y=0, y=a, z=0, z=a. (Bundelkhand 2005, 06)
Evaluate j IS (xi+ y j+z k)endSwhereS denotes the surface of the cube
bounded by the planes x =0, y=0, 2z=0, x=a, y=a, z=a by the

application of Gauss divergence theorem. Verify your answer by evaluating the
integral directly. (Garhwal 2003)

(i) Evaluate by divergence theorem the integral
.”S xz?dy dz + (x* y - 23) dz dv + 2xp + y*z) dx dy,
where S is the entire surface of the hemispherical region bounded by
z=V(@® -x* - y? Yandz =0
(ii) Evaluate “. (p?z? i+2°x* j+z2y* k)endS
where S is the part of the sphere x* + y? +z? =1above the xy-plane
and bounded by this plane. (Bundellkkhand 2006)

i) f F=axi+by j+cz k where a,b,c are constants, show that
7y
” (neF) dS——(a+b+c)
S being the surface of the sphere (x — )2 + (y - 2?2 +(z-3?% =1

(ii) If S is any closed surface enclosing a volume V and
F=xi+2yj+3zk, provethatj_[ FendS =6V.
(Rohllkhand 2009B)
Verify the divergence theorem for F=4xi -2y 2i+ 2%k
taken over the region bounded by the surfaces x> + y? =4, z=0, z =3.

(Garhwal 2002; Bundelkhand 08)
Use Gauss divergence theorem to find JJS Fen 4S5, where

F=2x"yi- y* j+4xz? k and S is the closed surface in the first octant
bounded by y* + 2% =9and x = 2.
IfF=yi+(x—-2xz)j-xyk,evaluate “‘S (V x F) en dS where S is the

2

surface of the sphere x* + y? +z% =4 above the xy-plane.
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11. Evaluate “-s (VXF)endsS,
where F = ( x? +y-4)i+3xyj+(2xz +2z2) k and S is the surface of the
paraboloid z = 4 — (x* + yz ) above the xy-plane.

12. Compute
(i) -”S (a’x* +192y2 +¢222 )12 4S, and
(ii) .”S (a®x* +192y2 +c2z2) 12 48
over the ellipsoid ax® + by* +¢z% =1.

13. Evaluate “‘s ( o+ y2 )dS, where S is the surface of the cone
22 =3 (42 +y2 )bounded by z =0 and z = 3.

14. Show that .”s (x? i +y2 j+z? k) en dS vanishes where S denotes the

2 2 2
surface of the ellipsoid x—z +2 i o
a b* e

(Meerut 2005, 07; Kumaun 11, 13)
15. If nis the unit outward drawn normal to any closed surface S, show that

”jv divndV =S.

@nswers 2

3
2. () % (ii) % 3. (i) % (ii) a? (ng
: 2na’ T
5. 343 6. (i i) —
a (i) S (ii) 9
. 180 10.0 ,
11. -4 12.(i) = m abe. i)
T (1) 3 T abc (ii) V(abe)

13. 9x

5 Stoke’s Theorem

Let S be a piecewise smooth open surface bounded by a piecewise smooth simple closed curve C.
LetF ( x, y, z )be a continuous vector function which has continuous first partial derivatives

in a region of space which contains S in its interior. Then

§C F-dr=JJS (VxF)-ndS=“.S (curl F) o dS
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where Cis traversed in the positive direction. The direction of Cis called positive if an observer,
walking on the boundary of S in this direction, with his head pointing in the direction of
outward drawn normal n to S, has the surface on the left.
(Meerut 2009; Bundellkkhand 10)
dr

Note: 5{) Fedr = 5#; Fe— [ds= 5#; (F o t) ds,where tis unit tangent vector
C C ds C

to C. Therefore F e tis the component of Fin the direction of the tangent vector of
C. Also (V x F) e n is the component of curl Fin the direction of outward drawn

normal vector nof S. Therefore in words Stoke’s theorem may be stated as follows:

The line integral of the tangential component of vector ¥ taken around a simple closed curve Cis
equal to the surface integral of the normal component of the curl of F taken over any surface S

having C as its boundary.

Cartesian equivalent of Stoke’s theorem:

LetF=F i+ F, j+ F; k. Let outward drawn normal vector n of S make angles
o, B, y with positive directions of x, y, z axes.

Thenn =cosa i+ cosf j+cos v k.

i j kK
Also VXxF= 9 9 9
or dy oz
Fl FZ F3
A PG PN LA
dy oz Jdz  ox ar  Jy
(VXxF)en= o b cosoc+(aFl—aF3)cosB
ady oz oz ox
ok, dFf
+|—==—-—"|cosy.
or  Jdy
Also Fedr=(F i+ F j+F k)e(dri+dy j+dz k)

=F de+ F, dy + F5 dz.
Stoke’s theorem can be written as

§Cﬁdx+5dy+1ﬁ3 dz

], KE’;_%?)COSM

+ 9 ok cos y|dS.
ax  Jdy

(ZFI - aFjJ cos B

4 ox
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Proof of Stoke’s theorem: Let S be a
surface  which is such that its
projections on the xy, yz and zx planes
are regions bounded by simple closed
curves. Suppose S can be represented
simultaneously  in the forms
z=f(xy) y=g(xz), o
x=h(z,y) where f,gh are

continuous functions and have
continuous first partial derivatives. X

Consider the integral

”S [V x (F i)]en dS.

i j k
We have VX (K i)= 3 i i =ﬁ _ﬁ
or dy oz 0z ay
F 0 O
[V x (K 1)]0n:ai aik _aic B—aiCOS’y
az a)] az a)/

jjS[Vx(ﬁ YendS = J.J [8131 cos —aE;I(:osdeS.
We shall prove that

-”S (ail cos aaj]lcos y)d5= fﬁc F dx

Let R be the orthogonal projection of S on the xp-plane and letT" be its boundary
which is oriented as shown in the figure. Using the representationz = f( x, y )ofSS,
we may write the line integral over C as a line integral over I'. Thus

§o B (xyz)dv=§ Flx y, f(x p)]de
=§F{F1xyf x, y)]dx +0 dy}
9
=— dx dy,
il sy
by Green’s theorem in plane for the region R.
o [y, f(oy)] ok (xpz) of (xp,2)
9 9 =
z=f(x )]

[
OF  oF 9
§o R (xpz)de==[] (1 a;ég}]dxdy (1)

But

Now the equation z = f( x, y ) of the surface S can be written as
0(x y,z)=z~-f(xy)=
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Wehavegradq):—ii—ij+k.
ox ady
Let | grad ¢ | = a.
grad ¢
Since grad ¢ is normal to S, therefore, we get n = + .
a

But the components of both nand grad ¢in positive direction of z-axis are positive.
Therefore

grad ¢
n=-+
a
or Cosai+cos|3j+cosyk:—l%i—l%“rlk_
a ox a dy a
cosa:—l%,cosﬁz—li,Cosy:l~
a ox a dy a
Now dS=dXdJ/=adxdy.
cos vy

“‘ ﬂcosﬁ—ﬁcosy das
S\ oz dy
:“' of (_ 19 _ailadxdy
R oz a dy dy a

_ oh | oF of
= ”R (ay+azadexdy. (2

From (1) and (2), we get

§C F dx=-”5 (a;lcos[i—aajjcosy)dS

=”S [V x (F i)]endS ..3)

Similarly, by projections on the other coordinate planes, we get
fo o dy=[[s IVx(F plends )
§C F; dz =”S [V x (F; k)] endS ..(5)

Adding (3), (4), (5), we get
§C (F dx+ F, dy + Fy dz):“s VX (F i+F, j+F; k)]endS

or §CF-dr=”S (V x F) en dS.

If the surface S does not satisfy the restrictions imposed above, even then Stoke’s
theorem will be true provided S can be subdivided into surfaces S, , S, ,..., S
with boundariesC; , C, , ..., C; which do satisfy the restrictions. Stoke’s theorem




Krishena's T.B. Vector Analysis

M v-142)
holds for each such surface. The sum of surface integrals over S; , S, ,..., S will
give us surface integral over S while the sum of the integrals over C, ,C, , ..., C;

will give us line integral over C.

Note: Green’s theorem in plane is a special case of Stoke’s theorem. If Risa
region in the xy-plane bounded by a closed curve C, then in vector form Green’s
theorem in plane can be written as

”R (VX F) ek dR = jC F e dr.

This is nothing but a special case of Stoke’s theorem because here k = n = outward
drawn unit normal to the surface of region R.

[llustrative Exam])les

Example 9:  Prove that §C redr=0. (Meerut 2010)

Solution: By Stoke’s theorem 5£C redr = _”S (curl r) en 4S = 0,since curlr = 0.

Example 10: By Stoke’s theorem prove that div curl F = 0.

Solution: Let V' be any volume enclosed by a closed surface.

Then by divergence theorem

[[], VeudFyav =[]  (curdFendas.

Divide the surface S into two portions S; and S,
by a closed curve C. Then
JJ (curl F)en d4S = J_[S (curl F) en dS,

+H (curl F)en dS, . (1)
By Stoke’s theorem rlght hand side of (1) i —E#; ler—ﬁ Fedr =0.

Negative sign has been taken in the second integral because the positive directions
about the boundaries of the two surfaces are opposite.

”jv V e (curl F) 4V =0.

Now this equation is true for all volume elements V. Therefore we have
Ve(curl F)=0 or divcurl F=0.

Example 11: Verify Stoke’s theorem for F = y i + z j+ x k where S is the upper half

surface of the sphere X+ yz +2z% =land Cis its boundary.

(Agra 2000, 06; Kanpur 09; Kumaun 07, 10, 13)
Solution: The boundary Cof S is a circle in the xy-plane of radius unity and centre
origin. The equations of the curve C are o y2 =1 z =0. Suppose

x=cost, y=sint, z=0,0<t<2rare parametric equation of C. Then
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§CF0dr=§>C (yi+zj+xk)e(dvi+dy j+dzk)
=f. (ydetzdy+xdz)

:fﬁ ydy,sinceon C, z=0anddz =0

—.[ 31nt—dt—J§n—sin2 tde

in 2 2n
——ljzn (1—C052t)ﬂlt=—l -0 i
270 2 0

2
= — TT. ...(1)
Now let us evaluatej_[s curl Fen 4S. We have
i j k
curl F=V x F= 9 9 9 =—i-j-k.
or dy oz
y z X

If S, is the plane region bounded by the circle C, then by an application of
divergence theorem, we have

jjs curlFondS:ij curl Fek dS
1

[See example 4 after article 4]

” (—i—j-k)ek dS

”51 ds——j dSz—Sl.

But S, = area of a circle of radius 1 = = (1)? =

_”S curl Fen dS = -1 ...(2)

Hence from (1) and (2), the theorem is verified.

Example 12: Verify Stoke’s thearemforF = (2x— y)i— yz? j— y*z k,where Sis the

upper half surface of the sphere x* + y* + 2> =land C is its boundary.
(KKumaun 2003; Kanpur 10, 14; Avadh 09)

Solution: The boundary Cof S is a circle in the xy-plane of radius unity and centre

origin. Suppose x =cos t, y =sint, z =0,0 < ¢ <2 mare parametric equations of
C.Then
§C FOdr=§;C [(2x—y)i—y22 j—yEZ k]e(dvi+dy j+dz k)

= [@x = y)de= yz* dy - y°z dz ]
=§>C (2x — y) dx,since z =0 and dz =0

= J.2n (2cos t —sin t) e dt
0 dt
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=- _[Ozn (2cos t —sin ) sin t dt
2n . 1
=- L) [sin 2t — B (I —cos 2t)] dt
[ cos2t ] lsin2t]2“
2 2 2 2 )
1, 1, 1 1
[(E5+9)-5@-0)+70-0)]=x ()
i J k
And (VxF)= 9 9 9
ox dy 0z

2x—y - yzZ -y°z
=(-2yz+2yz)i-0-0)j+ O+ k =k.
Let S| be the plane region bounded by the circle C.If S” is the surface consisting of
the surfaces S and S; , then S”is a closed surface.

by an application of Gauss divergence theorem, we have

JJS, curl FendS =0 [See example 4(i) after article 4 |
or jjs CurlFondS+J‘J‘Sl curl FendS =0
[+ S’ consists of S and S|
or jjs CurlFondS—J‘J‘S1 curl Fek dS=0 [+ onS;, n=-Kk|
or ”.S CurlFondS:J‘J‘Sl curl Fek 4S.

-”.S CurlF'“dsz,”S curl Fek 4S
1
=”51 Kk ek d5=”51 S =5, =m. (2)

Note that S| = area of a circle of radius 1 == (1)? =n=.

Hence from (1) and (2) Stoke’s theorem is verified.

Example 13: Verify Stoke’s theorem for ¥ = (x* + p%)i—2xypj taken round the

rectangle bounded by x =+a, y =0, y=D». (Bundelkhand 2007; Agra 08;
Kumaun 15)

i ik
Solution: We have curl F = i i J
ox ady 0z

2+ y? 2w 0
=(-2y-2y)k=-4yk

Also n = k.
_”S (CurlF)ondS:jj:O Jﬂ (—4y k)ek dxdy

X=-a
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b a
:_4-[)/:0 Jx:—a ydx V4
_ b a . y=2b
==4f ) Wl d E
¥ rea
:_4.[ 0 2ay dy r=-a| § o 1
=—4[ay2](h)=—4“b2~ b ¥=0 A X
Also 9§CF0dr=§C [(x2+y2)i—2)g/j]0(dxi+dyj)

= [6% + ) de =22y dy ]
=.[DA [ +y2)dx_2)9/dy]+.[AB +J‘BE +J.ED'

Along DA, y =0anddy =0. Along AB, x =aand dx =0.
Along BE, y =banddy =0. Along ED, x =—aand drx =0.

§CFodr:J.j=_ﬂ x? dx+J’i:O —2ay dy
W [ 2y
el
5 b
==, ¥ ”lx“*“LfJ’dJ/:—ZahZ—éla[J;] = — 4ab® .

0
Thus §C Fedr = JJ.S (curl F) en dS.

Hence the theorem is verified.
Example 14: Evaluate §C F o dr by Stoke’s theorem where

F:y2 i+x? j—(x+2)k

and C'is the boundary of the triangle with vertices at (0,0,0), (1,0,0), (1,1, 0).
(Avadh 2013)

Solution: We have

Y 4
i j k
Curl F = 4 4 9 B(1.1)
o Jdy 0z
)/2 X (x +2)
=0i+j+2(x-y)k
Also we note that z co-ordinate of each vertex 0 > >

of the triangle is zero. Therefore the triangle lies A0 X

in the xy-plane. So n = k.
: Curl Fen=[j+2(x - yk]ek=2(x- y).
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In the figure, we have only considered the xy plane.
The equation of the line OBis y = x.
By Stoke’s theorem

§C FOdr:J_[S (curl F )en dS

vmo |y 2(x =) dxdy

2 X
J
=2_H=o {’U"z} dx

—2j { :|dx 2T)

1 1
=J0 x dx=§-

@mprehensive Exercise 3

1. (i) State Stoke’s theorem.
(ii) By Stoke’s theorem prove that curl grad ¢ = 0. (Kumaun 2014)
(iii) Verify Stoke’s theorem for the function F = zi + xj + y k where curve
is the unit circle in the xy-plane bounding the hemisphere
2
z=V(1-x" - y°). (Garhwal 2003; Agra 07)

2. Verify Stoke’s theorem for the vector F =z i + x j+ y k taken over the half

of the sphere x* + y* +z? = 4® lying above the xy-plane.

3. (i) Verify Stoke’s theorem for the function F = i+ xy j integrated along
the rectangle, in the plane z = 0, whose sides are along the lines
x=0, y=0, x=aand y =D.

(ii) Verify Stoke’s theorem for the function F = (x? — y?) i + 2y jin
the rectangular region in the xy-plane bounded by the lines
x=0, x=a, y=0and y=> . (Kanpur 2008)
(iii) Verify Stoke’s theorem for the function F = x2i + xy j, integrated
round the square, in the plane z = 0, whose sides are along the lines
x=0, y=0, x=4a, y=a. (Agra 2002)
4. Verify Stoke’s theorem for the vector A =3y i - xz j+ yz° k,where S is
the surface of the paraboloid 2z = x> + y® bounded by z = 2 and C is its
boundary.
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(i) By converting into a line integral evaluate
JJS (Vx A)endS,where A=(x—z)i+(x° +yz)j—3)g}2 k

and S is the surface of the cone z =2 — V (x* + y2 ) above the

xy-plane.
(ii) By converting into a line integral evaluate JIS (VxF)endS

where F = (x? +y-4)i +3Jg/j+(2)g;+zz) k and S is the surface of
the paraboloid z =4 — (x* + y?) above the xy-plane.

(i) Evaluate by Stoke’s theorem §C (" dx+2ydy —dz)

where Cis the curve x* + y* =4,z =2 (Garhwal 2001; Meerut 09B)
(ii) Evaluate by Stoke’s theorem ﬁ;c (yz dx + xz dy + xy dz)

where C is the curve x* + y* =1, z = y?. (Meerut 2006B)
(i) Evaluate.[.[s (VxF)endS,where F=(y-z+2)i+

( yz +4) j— xz k and S is the surface of the cube x = y =z =0,
x = y =z =2 above the xp-plane.
(ii) Evaluate by Stoke’s theorem S{)C (sin z dx — cos x dy + sin y dz) where
Cis the boundary of the rectangle0 < x<m,0< y<1z=3.
(Meerut 2009)
If f =V ¢ and g = Vy are two vector point functions, such that V29 =0,

V? y =0, show that
“‘S (goV)f edS = JC (f x g)odr +.”s (f eV)gedsS.
Prove that a necessary and sufficient condition that fi;c F e dr = 0 for every

closed curve C lying in a simply connected region R is that V. x F =0
identically.
Apply Stoke’s theorem to prove that
jc (ydx+zdy+xdz):—2\/2na2
where C is the curve given by 4?4z —2ax —2ay =0,x+ y =2a
and begins at the point (2 4,0, 0) and goes at first below the z-plane.
(Meerut 2005, 06B)

. Use Stoke’s theorem to evaluate .”s (VXxF)endsS,

where F=ypi+(x—-2xz)j—xyk and S is the surface of sphere

x* + y* + 2% = a®, above the xy-plane. (Kumaun 2012)
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@HSWGIS 3
5. () 12n (i) —4n 7. () -4 (i) 2
11. 0

0 Line Integrals Independent of Path

LetF (x, y,z)= f (x, y,z) i+ g (x, y,2) j+ h (x, y, z) kbe avector point function
defined and continuous in a region Rof space. Let P and Q be two points in Rand
let Cbe a path joining P to Q. Then

jCFOdr:_[(fdx+g@/+hdz) (1)

is called the line integral of F along C. In general the value of this line integral
depends not only on the end points P and Q of the path C but also on C.

In other words, if we integrate from P to Q along different paths, we shall, in
general, get different values of the integral. The line integral (1) is said to be
independent of path in R, if for every pair of end points P and Q in R the value of the
integral is the same for all paths C in R starting from P and ending at Q.

In this case the value of this line integral will depend on the choice of Pand Q and
not on the choice of the path joining P to Q.

Definition: The expression f dx + g dy + h dz is said to be an exact differential if there
exists a single valued scalar point function ¢ (x, y, z), having continuous first partial
derivatives such that do = f dx + gdy + h dz.

It can be easily seen that f dx + g dy + h dz is an exact differential if and only if the
vector functionF = f i + g j+ h kis the gradient of a single valued scalar function
¢ (. y,2).

Because F = grad ¢

if, and only if f1+gj+hk——¢ 7(1) @k
ox ay oz
if, and only if f=@, g:ﬁ, h:ﬁ
ady oz
if, and only if £ dr+ gdy +hdz =22 de+ 90 gy + 90 4
ox 8)/ oz

if, and only if fdx+ gdy +hdz=4d¢.

Thus F =grad ¢ if, and only if f dx + g dy + h dz is an exact differential d¢.
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Theorem 1: Let f (x, y, z), g (x, p, z) and h (x, y, z) be continuous in a region R of space.
Then the line integral
[ (fde+gdy+hdz)
is independent of path in R if and only if the differential form under the integral sign is exact in
R.
Or
Let F (x, y, z) be continuous in region R of space. Then the line integral jc F e dr

is independent of the path C in R joining P and Q ifand only if ¥ = grad ¢ where ¢ (x, y, z)
is a single-valued scalar function having continuous first partial derivatives in R.

Proof: Suppose F =grad ¢ in R. Let P and Q be any two points in Rand let Cbe

any path from P to Qin R.
Then JCFOdr:J‘ Vo edr
_JC(X BJ/J+aZ J(&lx1+dy]+dzk)
_J(%ﬂ+%d+%k)
c Iy 2
= [Jdp=101¢
=0(Q -9 (P).

Thus the line integral depends only on points P and Q and not on the path joining
them. Thisis true, of course, only if ¢ (x, y, z)is single valued at all points Pand Q.

Conversely, suppose the line integral JC F e dr is independent of the path C

joining any two points P and Qin R.Let P be a fixed point (x, , y, , zo)in Rand
let Q be any point (x, y,z)in R.

(x, 7,2)
Let ¢(x’y’z)=.[(v o0 %0)

XJ/Z
—J‘JLO . Zo( )ds.

Differentiating both sides with respect to s, we get

) CFe dr

ds ds
But @:%@.}ﬂdl.kﬁdi
ds oxds dy ds 0z ds

aq) ¢]+@k o(dxi+dyj+dzk)
ax ay 0z

F e dr
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dr
=V —.
¢e ds
F oﬂ =V o oﬂ
ds ds
dr
or Vo-—F)e—=0.
ds

Now this result is true irrespective of the path joining P to Q i.e. this result is true

. . N 7 S
irrespective of the direction of — which is tangent vector to C. Therefore we must
s

have V¢-F=0 ie, Vo=F.

This completes the proof of the theorem.

Definition: Avectorfield ¥ (x, y, z)defined and continuous in a region R of space is said to
be a conservative vector field if the line integral .[C F o dr is independent of the path C in R

joining P and Q where P and Q are any two points in R.

By theorem 1, vector field F (x, y, z) is conservative if and only if F =V ¢ where
¢ (x, y,z) is a single valued scalar function having continuous first partial
derivatives in R. The function ¢ (x, y, z) is called the scalar potential of the vector

field F.

Theorem 2: Let F (x, y, z) be a vector function defined and continuous in a region R of

space. Then the line integral J 1? F e dr is independent of the path joining any two points P

and Q in R if and only if §C F edr = 0for every simple closed path in R.

Proof: Let Cbe any simple closed pathin Rand A
let the line integral be independent of path in Q
R.Take two points Pand Qon Cand subdivide ¢
C into two arcs PBQ and QAP. Then

fﬁc F.dr:.[PBQAP Fodr ' g

:IPBQ Fedr +'|.QAP Fedr

= J Fedr - j F e dr
PBQ PAQ
=0,
since the integral from Pto Qalong a path through Bis equal to the integral from P
to Q along a path through A.

Conversely, suppose that the integral under consideration is zero on every simple
closed path in R.Let P and Q be any two points in Rwhich join P to Q and do not
cross. Then




Green’s, Gauss'’'s and Stoke’s Theorems

(v-151 ]

§PBQAP F.dr:J‘PBQ F.dr+JQAP Fodr

= _[ Foedr - _[ F e dr.
PBQ PAQ
But as given, we have
43 Fedr =0.
PBQAP
[op, Fodr—[,  Fedr=0
PBQ PAQ
or J. Fedr = J. Fedr.
PBQ PAQ

This completes the proof of the theorem.

Theorem 3: Let F (x, y,z)= f i+ g j+ h k be a continuous vector function having
continuous first partial derivatives in a region R of space. If J fde+ gdy +hdzis
independent of path in R and consequently f dx + g dy + h dz is an exact differential in R,
then curl F =0 everywhere in R. Conversely, if R is simply connected and curl F =0

everywhere in R, then f dx+ gdy +hdz is an exact differential in R or
J f dx + gdy + h dz is independent of path in R.

Proof: Suppose J (fde+ gdy+hdz) is independent of path in R. Then
f dx + gdy + h dz is an exact differential in R Therefore
F=fi+gj+hk=grad¢.
curl F =curl (grad ¢)=0.
Converse Suppose Ris simply connected and curl F = 0 everywhere in R. Let Cbe

any simple closed path in R. Since Ris simply connected, therefore we can find a
surface S in R having C as its boundary. Therefore by Stoke’s theorem

§C Fedr = JIS (curl F)en 4S =0.
Thus §C F e dr is zero for every simple closed path Cin R.

Therefore .[ F e dr is independent of path in R.
Therefore F =V ¢ and consequently f dx + g dy + h dzis an exact differential ¢.

Note:  The assumption that R be simply connected is essential and cannot be
omitted. It is obvious from the following illustration.

Illustration: Let F=- J i+ ol j.

x2 +)72 x2 +y2

Here Fis not defined at origin. In every region Rof the xy-plane not containing the

origin, we have
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i j
culF=| 2 9 9
ox ay oz
_ x 0
x2 +J72 X2 +)]2

. .. ] x ad y
=0i+0j+ | ——"—|+—| "=t k
i J {a)f[x2+y2] ay[x2+y2J}

x2+y2—2x2 x2+y2—2);2
- 2 VI p) 2.2 k
(= + ) (" + %)

=0k

=0.
Suppose R is simply connected. For example let R be the region enclosed by a
simple closed curve C not enclosing the origin. Then

J x
§CF.dr_§c (_XZ +)72 dx+x2 +)72 d)’J

=J'JR 9|l _x J_of_ dx dy,
a2+ 7)) w2y

by Green’s theorem in plane

=0.
Suppose Ris not simply connected. Let Rbe the region of the xp-plane contained
between concentric circles of radii % and % and having centre at origin. Obviously
Risnot simply connected. We havez = 0, everywhere in R.Let C be a closed curve

in R. The parametric equations of C can be taken as x =cos t, y =sint,z =0,
0<t<2m

X2+y2 X2+y

_ J-tzzno |:_ sin t Ay . cos t d)/ ]dt

We have i;CFOdr:J.C (— J dx + J 2@/]

cos’t +sin’t dt  cos®t +sin’t dt
2n X
= jo (sin’t + cos?t) dt

=2
Thus we see that i;c Fedr #0.

Definition: Irrotational vector field: A vector field Fis said to be irrotational if curl
F=0.
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We see that an irrotational field F is characterized by any one of the three
conditions :

(i) F=Vo
(i) V x F=0,
(iii) Eﬁc F e dr =0 for every closed path.

Any one of these conditions implies the other two.

lllustrative Examlales

Example 15:  Are the following forms exact ?
(i) e dv+e” dy+e” dz
(ii) yz dy + xz dy + xy dz.

Solution:
(i) Here F=e¢Vi+e" j+e k.
We have
i j Kk
Culp=| 2 9 9
ar dy oz
EJ/ ex 52

=0i+0 j+ (" —¢’)k.
Since curl F # 0, therefore the given form is not exact.

(i) Here F=yzi+uxz j+uxyk

We have
i j k
Curl F = i i i
or Jdy oz
yz xz xp
=(@-0i-(y-pi+E-2k
=0.

Since curl F =0, therefore the given form is exact.

Example 16:  In cach of following cases show that the given differential form is exact and
find a_function ¢ such that the form equals d¢ :

(i) cosxdv—2yzdy — y* dz.
(ii) (2% = 2xp) dx — x* dy + 2xz dz.

Solution: (i) Here F=cos xi -2yz j— y* k.




LD

We have
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i i k

Curl F = 9 9 9
ox ady oz

Cos x -2z _ y2

=(-2y+2y)i+0j+0k=0.

the given form is exact.

Let

or

Then

F=V o,

. . 9. <l> 99

-2 k = k.
cos xi—2yz j- ax ay az
o) .
a=cosx whence ¢ =sinx+ f| ( y,z) (1)
% 2y wh =2 2
5— yz whence ¢0=- y“z + fy (x,2) .. (2)
N2 wh - 3
% - y° whence ¢=-y7z+ f3 (x, p). .. (3)

(1), (2), (3) each represents ¢. These agree if we choose

(ii) Here F=

fi (1) ==z f, (v2)=sinx, f3 (v, y)=sinx.
o =sin x — y%z to which may be added any constant.
¢=sinx—y2z + C.
% - 2xy)i-— x% j+2xz k. We have
i j k

culF=| 2 22

X ay a
- 2xy -2 2z
=0i+0j+0k=0.

the given form is exact.

Let

or

Then

F=V¢
(z? 2)9;)1—)( ‘]+2X2k_@ +@j+@k.
ox ay oz

?222—2@/ whence ¢=22x—x2y+f1(y,z) (D)
x
@_—Jg whence ¢ =— x?

= =—22y+ fy (x2) e)
ol
aq)—2xz whence ¢ = xz?
& d=xz% + f3 (x, y). -3

0z
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(1), (2), (3) each represents ¢. These agree if we choose
h(02)=0, fy wz)=x2%, fy (1) ==2"y.
0 =z?x — x* y to which may be added any constant.

¢=z2x—x2y+C.

Example 17:  Show that the vector field F given by
F=(x" —y2)i+ (0" —20) j+ (" -w)k
is irrotational. Find a scalar ¢ such that F =V¢.

Solution: We have
i j K
culF=| 2 9 9
x dy 0z
¥ - yz yz —z z% - xy
=(-x+x)i-(-y+yp)j+(-z+z2)k=0.
The vector field F is irrotational.

Let F=Vo¢
or (xz—yz)i+(y2—zx)j+(zz—)g/)k=@i+@j+@k.
ox dy 0z
9 _ o x
Then a—:x - yz whence(]):?— xyz + fi (y,2) .. (1)
x
3
@=y2 —zxwhence(p:y——)g/z + fy (7,2) .. (2)
ay 3
3
?:zz—xywhence¢=%—xyz+f3 (¥, ). .. (3)
4
(1), (2), (3) each represents ¢. These agree if we choose
3 3 3 3 3 3
z X’ 4z X’ +
filpa =2 fy a) =T fy (r) =
3 3 3
Therefore ¢ = rryorE xyz + C.

3

l Physical Interpretation of Divergence and Curl

Physical interpretation of divergence: Suppose that there is a fluid motion whose
velocity at any pointis v (x, y, z). Then the loss of fluid per unit volume per unit time in a small
parallelopiped having centre at P (x, y, z) and edges parallel to the co-ordinate axes and having
lengths &x, 8y, 8z respectively, is given approximately by

div v=Vev.
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Let v=r i+vry) j+ry k.
x-component of velocity vat P =, (x, y,z). ZA D By 5
. x-component of v at centre of face AFED C H
which is perpendicular to x-axis and is nearer 5 *p
4 -y
to origin 2 F
B ox B &
=y |x——, )z o S
2 ¥
& Iy X
=v (¥, y,z)—— — +...
2 ox

by Taylor’s theorem

o aV] .
=y (v, y,z) - 3 o approximately.

Similarly x-component of v at centre of opposite face GHCB

o aV] .
=1 +— — approximately.
2 ox

volume of fluid entering the parallelopiped across AFED per unit time

Also volume of fluid going out the parallelopiped across GHCB per unit time

dx Jn
=y +— —|dydz.
(5 S o

loss in volume per unit time in the direction of x-axis

:(VI +6xavl)5y52_(,,l _Sxavl)sy&

2 ox 2 ox
o
=— ardyoz.
ox
Similarly, loss in volume per unit time in y direction
R
i
and loss in volume per unit time in z direction
~ P gy,
0z

total loss of the fluid per unit volume per unit time symbol -

LU INCIER PO SE S
av  dy oz

dx dy oz
oy,  dvy  ov

— +7+75:V.V:dlvv-

ox ady 0z
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Physical interpretation of curl: Let S be a circular disc of small radius r and centre
P bounded by the circle C. Let F (x, y, z) be a continuously differentiable vector
function in S. Then by Stoke’s theorem

J-C FOdr:_[JS (curlF)ondS=(cur1F)0nJ-J-S das,

by mean value theorem of integral calculus where (curl F)en is some value

intermediate between the maximum and minimum values of (curl F ) e noverS.

JC Fedr=(curl F)en S.

curl F)en =
( ) S
Taking limit as r — 0, we get at P,
§C F e dr
(curl F Yen = lim
r—0 S

Now (curl F ) e n is normal component of curl Fat Pand ﬁc F e driscirculation of

F about C. Therefore the normal component of the curl can be interpreted
physically as the limit of the circulation per unit area.

1.

@mprehensive Exercise 4

Are the following forms exact ?
(i) xdv—ydy+zdz.
(ii) y223 dx + 2)9/23 dy + 3@7222 dz.
In each of following cases show that the given differential form is exact
and find a function ¢ such that the form equals d¢ :
(i) xdv—ydy—zdz.
(ii) dy+zdy + ydz.
(i) Show that
()/223 cos x — 4x>z) dx +223y sin x dy + (3)/222 sinx — x*) dz
is an exact differential of some function ¢ and find this function.
(ii) Show that F = (2xy + 23)i+ 2% j+3x? kis a conservative force
field. Find the scalar potential. Find also the work done in moving an
object in this field from (I, - 2,1) to (3,1, 4).
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4. (i) Show that the vector field
F=(2)g/2 +yz)i+(2x2y+xz +2y22)j+(2y22 +xy) k

is conservative.
(ii) Show that F = xi + yj + zk is conservative and find ¢ such that F = V¢.

5. (i) Showthat F=(sin y+z)i+(rcos y—z)j+(x—-y)kisa
conservative vector field and find a function ¢ such that F =V¢.
(ii) Evaluate jC 2xpz? dy + (x*z% + zcos yz)dy + (2x* yz + y cos yz) dz
where Cis any path from (0,0,1) to (I, ® /4, 2).

6. Show that the following vector functions F are irrotational and find the
corresponding scalar ¢ such that F=V¢.
(i) F=(sin y+zcosx)i+(xcos y+sinz)j+(ycosz+sinx)k.
(i) F=(ysinz —sinx)i+ (xsinz +2yz) j+ (xy cos z +y2)k.
(i) F= x’i + p°j+z°k.

7. Finda, b, cif F=@x-3y+az)i+(br+2y—-4z)j+2x+cyp+2)k
is irrotational.

8. Evaluate JC yz dx + (xz + 1) dy + xy dz, where Cis any path from
(L0,0) to (2,1,4).

9. Show that the form under the integral sign is exact and evaluate

J‘(Z’O’l) [ze* dx + 3 yz dy + (e* +)/2) dz].
0,2,1)
@n swers 4
1. (i) Exact (ii) Exact
2 2 2

2. (i) Exact; o= %+C
(ii) Exact; 0 =x + yz +C

3. (i) ¢= y223 siny — x*z + C
(i) ¢ = xzy— xz3 + C:202

4. (ii) ¢=%(x2 +y2 +z2)+ C

5. ()o=xsiny+xz-yz+C

(i) m+1
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6. (i) ¢=xsin y+zsinx+ ysinz+C
(ii) ¢=)g;sinz+cosx+yzz+c
(iii) ¢=%(x4+y4+z4)+C
7. a=2,b=-3,c=-4
9. ¢* -5

@jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
1. If Cis the curve x* + y* =1,z = y?, then by Stoke’s theorem
§c (pz dx + zx dy + xy dz) is
(a) O (b) 3
(c) 5 (d) None of these
2. IfSdenotes the surface of the cube bounded by the planesx =0, x = a, y =0,

y =a,z =0,z = athen by the application of Gauss divergence theorem the
Valueof'[.[s (xi+yj+zk)endSis

(a) a® (b) 2a°
(c) 3a> (d) 0

Fill in the Blank(s)

Fillin theblanks “......"7, so that the following statements are complete and correct.

1. For any closed surface S,“‘S cul FendS=.......

2. If nis the unit outward drawn normal to any closed surface S, then

JI], divndv=... (Bundelkhand 2008)

3. The value of § redr=......
C (Agra 2008)

4. A necessary and sufficient condition that ff)c F e dr =0 for every closed

curve Clying in a simply connected region Ris that V. x F=......

identically.
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5. By Stoke’s theorem, Sﬁc Fedr=......

6. “. rendS=.... .
N (Kumaun 2009)

True or False
Write “T" for true and °F for false statement.

1. J_[S n dS = 0 for any surface S.

2. Green’s theorem in plane is a special case of Stoke’s theorem.

3. Green’s theorem states that “the surface integral of the normal component of
avector Ftaken over a closed surface is equal to the integral of the divergence
of F taken over the volume enclosed by the surface”.

@HSWGIS

Multiple Choice Questions

1. (a) 2. (c)
Fill in the Blank(s)

1. O 2. S 3. 0 4. O
”S (VX F)en dS 6. 3V

True or False
1. F 2. T 3. F
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