














   1  Functions of Several Independent Variables

So far we have considered functions of one independent variable only. However, in

practice, we often come across functions of more than one independent variable.

For example, the area of a rectangle depends upon two independent variables, namely

the length and the breadth. Similarly, the volume of a rectangular parallelopiped

depends upon three independent variables, namely the length, the breadth and the

height.

There are a number of differences between the calculus of one and of two variables.

Fortunately the calculus of functions of three or more variable differs only slightly from

that of functions of two variables. The study here will be limited largely to functions of

two variables.

Def i ni tion:  Let z  be a symbol which has one definite value for every pair of values of x and y.

Then z is called a function of the two independent variables x and y, and is usually written as 

z f x y= ( , ). A function of x and y is also written as φ( , )x y  or ψ ( , )x y  etc.

(Kanpur 2014)

A similar definition can be given for functions of more than two independent variables.
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If to each point ( , ),x y  of a part of the xy-plane is assigned a unique real number z , even

then z is said to be given as a function, z f x y= ( , ), of the independent variables x and y.

The locus of all points ( , , )x y z  satisfying  z f x y= ( , ) is a surface in ordinary space.

  2  Continuity of a Function of Two Variables

A function f x y( , ) is said to have a limit A as x a→  and y b→  if for any arbitrarily

chosen positive number ε , however small (but not zero), there exists a corresponding

number δ > 0 such that

| ( , ) | ,f x y A− < ε

for all values of x and y satisfying 0 2 2< − + − <{( ) ( ) } .x a y b δ

Here 0 2 2< − + − <{( ) ( ) }x a y b δ defines a deleted neighbourhood of ( , ),a b  namely

all points except ( , )a b  lying within a circle of radius δ and centre ( , ).a b

A function f x y( , ) is said to be continuous at ( , )a b  provided f a b( , ) is defined and

lim ( , ) ( , ).
,x a y b

f x y f a b
→ →

=

  3  Partial Differential Coefficients

Suppose z f x y= ( , ) is a function of two independent variables x and y. Since x and y

are independent, we may (i) allow x to vary while y is kept fixed, (ii) allow y to vary

while x is kept fixed, ( )iii  allow x and y to vary simultaneously. In the first two cases, z is

practically a function of a single variable and we can differentiate it in accordance with

the usual rules.

The partial differential coefficient of z f x y= ( , ) with respect to x is the ordinary

differential coefficient of f x y( , ) with respect to x  when y is regarded as a constant. It is 

usually written as

∂
∂
f

x
 or 

∂
∂
z

x
 or f x .

Thus,
∂
∂

δ
δδ

f

x

f x x y f x y

xx
=

+ −
→

lim
( , ) ( , )

,
0

 provided the limit exists.

Similarly, the partial differential coefficient of z f x y= ( , ) with respect to y is the

ordinary differential coefficient of f x y( , ) with respect to y when x is kept as constant.

It is written as

∂
∂
f

y
 or 

∂
∂
z

y
 or f y.

In a similar manner, if z f x x xn= ( , , ..., )1 2  be a function of n independent variables 

x x xn1 2, , ..., , then the partial differential coefficient of z with respect to x1 , is the

ordinary differential coefficient of z with respect to x1 , when all the variables except x1
are regarded as constants.
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We shall write it as 
∂
∂

z

x1
 or 

∂
∂

f

x1
.

  4  Partial Differential Coefficients of Second Order

The partial differential coefficient 
∂
∂
z

x
 of z f x y= ( , ) may again be differentiated

partially with respect to x and to y , thus giving the second partial differential

coefficients

∂
∂

∂
∂

∂
∂

2

2

z

x
f

x

z

x
xx= = 




 and 

∂
∂ ∂

∂
∂

∂
∂

2z

y x
f

y

z

x
y x= = 




.

Similarly, from 
∂
∂
z

y
 may be obtained

∂
∂ ∂

∂
∂

∂
∂

2z

x y
f

x

z

y
x y= =







  and 

∂
∂

∂
∂

∂
∂

2

2

z

y
f

y

z

y
y y= =







 .

If z f x y= ( , ) and its partial derivatives are continuous (as is true in all ordinary cases),

the order of differentiation is immaterial, that is, 

∂
∂ ∂

∂
∂ ∂

2 2z

x y

z

y x
= .

Ex am ple 1: If u ax hxy by= + +2 22 ,  find  
∂

∂ ∂

2u

y x
  and  

∂
∂ ∂

⋅
2u

x y

So lu tion: We have,  u ax hxy by= + +2 22 .

∴ 
∂
∂

= +u

x
ax hy2 2 .        [ Treating  y as constant]

Hence,  
∂

∂ ∂
= ∂

∂
∂
∂







= ∂
∂

+
2

2 2
u

y x y

u

x y
ax hy( ) = 2h.

              [ Treating x as constant]

Again 
∂
∂

= +u

y
hx by2 2 .      [ Treating x as constant]

∴  
∂

∂ ∂
= ∂

∂
∂
∂







 = ∂

∂
+

2

2 2
u

x y x

u

y x
hx by( ) = 2h.

            [ Treating   y as constant)]

Here we note that 
∂

∂ ∂
= ∂

∂ ∂
⋅

2 2u

x y

u

y x
 

Ex am ple 2: If u f y x= ( / ), show that x u x y u y( / ) ( / ) .∂ ∂ + ∂ ∂ = 0

(Agra 2003; Garhwal 07)

So lu tion: We have u f y x= ( / ).
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∂ ∂ = ′ −u x f y x y x/ [ ( / )] ( / ),2  [Treat ing y as con stant]

∴ x u x y x f y x( / ) ( / ) ( / ).∂ ∂ = − ′ ...(1)

Again ∂ ∂ = ′u y f y x x/ [ ( / )] . ( / ),1        [Treating x as constant]

∴ y u y y x f y x( / ) ( / ) ( / ).∂ ∂ = ′  ...(2)

Add ing (1) and (2), we get  

x u x y u y( / ) ( / ) .∂ ∂ + ∂ ∂ = 0

Ex am ple 3: If u log x y z xyz= + + −( ),3 3 3 3  show that

∂
∂

+ ∂
∂

+ ∂
∂

=
+ +

u

x

u

y

u

z x y z

3
 and 

∂
∂

+ ∂
∂

+ ∂
∂







 =

−
+ +

⋅
x y z

u
x y z

2

2

9

( )

(Kanpur 2007; Purvanchal 07; Garhwal 08, 11; Rohilkhand 12; Avadh 13; Kashi 14)

So lu tion: We have u x y z xyz= + + −log ( ).3 3 3 3

∴ 
∂
∂

=
−

+ + −
u

x

x yz

x y z xyz

3 3

3

2

3 3 3
,  

∂
∂

=
−

+ + −
u

y

y zx

x y z xyz

3 3

3

2

3 3 3
 

and 
∂
∂

=
−

+ + −
⋅u

z

z xy

x y z xyz

3 3

3

2

3 3 3

∴ 
∂
∂

+ ∂
∂

+ ∂
∂

=
+ + − − −

+ + −
u

x

u

y

u

z

x y z yz zx xy

x y z xyz

3

3

2 2 2

3 3 3

( )

=
+ + − − −

+ + + + − − −
=

3 32 2 2

2 2 2

( )

( ) ( )

x y z yz zx xy

x y z x y z yz zx xy x + +
⋅

y z
...(1)

Now ,
∂
∂

+ ∂
∂

+ ∂
∂







 = ∂

∂
+ ∂

∂
+ ∂

∂








∂
∂

+ ∂
∂

+ ∂
∂x y z

u
x y z

u

x

u

y

u
2

z







  

= ∂
∂

+ ∂
∂

+ ∂
∂









+ +








x y z x y z

3
, [From (1)]

= ∂
∂ + +







 + ∂

∂ + +






 + ∂

∂ + +









3

1 1 1

x x y z y x y z z x y z







=
−

+ +
+

−
+ +

+
−

+ +









 =

−
+ +

3
1 1 1 9

2 2 2( ) ( ) ( ) ( )x y z x y z x y z x y z 2
⋅

Ex am ple 4: If x r= cos θ , y r= sin θ , show that 

∂
∂

= ∂
∂

r

x

x

r
,  

∂
∂

= ∂
∂

x

r
r

xθ
θ

, and 
∂
∂

+ ∂
∂

=
2

2

2

2
0

θ θ
x y

.

Also find the value of  
∂
∂

⋅θ
x (Garhwal 2002)

Solution : We have  x r= cos θ.

∴ 
∂
∂

=x

r
cos θ.       [Regarding θ as constant]
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Also we have,  r x y2 2 2= + .

∴ 2 2r
r

x
x

∂
∂

=      [Regarding  y as constant]

or 
∂
∂

= = =r

x

x

r

r

r

cos
cos

θ
θ.

Thus 
∂
∂

= ∂
∂

⋅r

x

x

r

Again,
∂
∂

= −x
r

θ
θsin .       [Regarding r as constant]

∴   
1

r

x∂
∂

= −
θ

θsin . 

Also we have, θ = −tan ( / )1 y x .

∴ 
∂
∂

=
+

−





= −
+

= − = − ⋅θ θ θ
x y

x

y

x

y

x y

r

r r

1

1
2

2

2 2 2 2

sin sin

∴  r
x

∂
∂

= −θ θsin .

Hence   
∂
∂

= ∂
∂

⋅x

r
r

xθ
θ

Finally, we have θ = −tan ( / )1 y x .

∴ 
∂
∂

= −
+

θ
x

y

x y( )2 2
        

and 
∂
∂

=
+

⋅
2

2 2 2 2

2θ
x

xy

x y( )
 …(1)

Also 
∂
∂

=

+










⋅ =
+

θ
y y

x

x

x

x y

1

1

1
2

2

2 2
 

and 
∂
∂

=
−

+
⋅

2

2 2 2 2

2θ
y

xy

x y( )
 …(2)

Adding (1) and (2), we get  

∂
∂

+ ∂
∂

=
2

2

2

2
0

θ θ
x y

.

Ex am ple 5: If  u x y y= − + −( ) /1 2 2 1 2 , prove that 

  
∂
∂

− ∂
∂









+ ∂
∂

∂
∂









=
x

x
u

x y
y

u

y
( ) .1 02 2  

So lu tion: Here  u x y y= − + −( ) ./1 2 2 1 2

∴ 
∂
∂

= − − + − =−u

x
xy y y yu

1

2
1 2 22 3 2 3( ) ( ) ,/
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and 
∂
∂

= − − + − + = −−u

y
xy y x y x y u

1

2
1 2 2 22 3 2 3( ) . ( ) ( ) ./

Now, 
∂
∂

− ∂
∂









= ∂
∂

−
x

x
u

x x
x yu( ) ( ) .1 12 2 3{ }

= − + − ∂
∂

y x u y x u
u

x
( ) ( ) .2 1 33 2 2

= − + −2 3 13 2 2 3x y u y x u yu( ) .

= − + −2 3 13 2 5 2x yu y u x( ). ...(1)

Also 
∂
∂

∂
∂









= ∂
∂

− = ∂
∂

−
y

y
u

y y
y x y u

y
y x y u2 2 3 2 3 3{ } { }( ) ( )

= − + − ∂
∂

( ) ( ) .2 3 32 3 2 3 2xy y u y x y u
u

y
 

= − + − −( ) ( ) . . ( )2 3 32 3 2 2 3xy y u y x y u x y u

= − + −( ) ( ) .2 3 32 3 2 2 5xy y u y x y u  

= + − − −2 33 2 5 2 2xyu y u x y u[( ) ]

= + − − − +2 3 1 23 2 5 2 2xyu y u x y xy y[( ) ( )],   [∵  u x y y− = − +2 21 2 ]

= + − = − −2 3 1 2 3 13 2 5 2 3 2 5 2xyu y u x xyu y u x[ ] ( ). ...(2)

Adding (1) and (2), we have

∂
∂

− ∂
∂









+ ∂
∂

∂
∂









=
x

x
u

x y
y

u

y
( ) .1 02 2

Ex am ple 6: If θ = −t en r t2 4/ , what value of n will make 
1
2

2

r r
r

r t

∂
∂

∂
∂







= ∂
∂

θ θ
?

(Garhwal 2003; Lucknow 11; Meerut12B)

So lu tion: We have  
∂
∂

= ⋅ −



 = −− − −θ

r
t e

r

t

r
t en r t n r t. ./ /2 24 1 42

4 2

∴ r
r

r t en r t2 3 1 41

2

2∂
∂

= − − −θ / .

∴ 
∂
∂

∂
∂







= − − −− − − −
r

r
r

r
t e r t en r t n r t2

2
1 4 3 1 43

2

1

2

2 2θ / / .
2

4

r

t





  

         = − +− − − −3

2

1

4
2 1 4 4 2 42 2

r t e r t en r t n r t/ / .

∴ 
1 3

2

1

42
2 1 4 2 2 42 2

r r
r

r
t e r t en r t n r t∂

∂
∂
∂







= − +− − − −θ / / .

Also  
∂
∂

= + ⋅− − −θ
t

nt e t e
r

t

n r t n r t1 4 4
2

2

2 2

4

/ /  

      = +− − − −nt e r t en r t n r t1 4 2 2 42 21

4
/ / .
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Now 
1
2

2

r r
r

r t

∂
∂

∂
∂







= ∂
∂

θ θ

⇒ − + =− − − − − −3

2

1

4
1 4 2 2 4 1 42 2 2

t e r t e n t en r t n r t n r t/ / /

                   + − −1

4
2 2 42

r t en r t/

⇒ − =− − − −3

2
1 4 1 42 2

t e n t en r t n r t/ / , for all possible values of r and t

⇒ n = − ⋅3

2

 1. Find 
∂
∂
u

x
 and 

∂
∂
u

y
 when u

x

a

y

b
= + −

2

2

2

2
1.

 2. Prove that 
∂

∂ ∂
∂

∂ ∂

2 2u

x y

u

y x
=  in each of the fol low ing cases :

(i) u x x y y= + +4 2 2 4 , (ii) u y x= log tan ( / ),

(iii) u
x y

x y
=

+
+









log
2 2

, (iv) u x y= .

 3. If u
x

y

y

x
= +− −sin tan ,1 1   show that  x

u

x
y

u

y

∂
∂

+ ∂
∂

= 0.

 4. If u x y f
y

x
= 





, then write the value of the ex pres sion x
u

x
y

u

y

∂
∂

∂
∂

+ ⋅

(Meerut 2001; Kanpur 07)

 5. If z f x ay x ay= + + φ −( ) ( ), prove that  ∂ ∂ = ∂ ∂2 2 2 2 2z y a z x/ ( / ) .

(Bundelkhand 2001; Kanpur 05; Meerut 2013B)

 6. If u f r= ( ), where r x y2 2 2= + , show that 

      
∂
∂

+ ∂
∂

= ′ ′ + ′
2

2

2

2

1u

x

u

y
f r

r
f r( ) ( ).

(Meerut 2001; Agra 01; Avadh 04)

 7. If z x
y

x
y

x

y
= −− −2 1 2 1tan tan , prove that 

∂
∂ ∂

=
−
+

⋅
2 2 2

2 2

z

x y

x y

x y

 8. (i) If  u ax by x y= + − +2 2 2 2( ) ( ) and a b2 2 1+ = , prove that 
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ = .

   (ii) If u e x y y yx= −( cos sin ), then show that 
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ = .

(Garhwal 2003)
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 9. If z x y x y= + +( ) / ( )2 2 , show that 
∂
∂

− ∂
∂







 = − ∂

∂
− ∂

∂






 ⋅z

x

z

y

z

x

z

y

2

4 1

(Kumaun 2000;  Bundelkhand 11; Kashi 12, 13; Kanpur 11; Avadh 14)

10. If u e x y z= , show that  ∂ ∂ ∂ ∂ = + +3 2 2 21 3u x y z xyz x y z e x y z/ ( ) .

(Kumaun 2001; Kashi 12; Kanpur 11; Rohilkhand 13)

11. If x y z cx y z = , show that at x y z= = , ∂ ∂ ∂ = − −2 1z x y x ex/ log ( ) .{ }

(Garhwal 2009; Rohilkhand 13; Bundelkhand 14; Purvanchal 14)

12.  Show that 
∂
∂

∂
∂

2

2

2

2
0

u

x

u

y
+ =  when

(i) u e mxmy= cos . (Agra 2014)

(ii) u x y= +log ( )2 2
(Agra 2014)

(iii) u y x= −tan ( / )1

13. If V x y z= + + −( ) /2 2 2 1 2 , show that

(i) x
V

x
y

V

y
z

V

z
V

∂
∂

∂
∂

∂
∂

+ + = −

(ii) 
∂
∂

∂
∂

∂
∂

2

2

2

2

2

2
0

V

x

V

y

V

z
+ + = .

(Kumaun 2008)

14. If u
x y

x y
=

√ + +
−tan

( )
,1

2 21
 show that 

∂
∂ ∂

=
+ +

⋅
2

2 2 3 2

1

1

u

x y x y( ) /

15. If 
x

a u

y

b u

z

c u

2

2

2

2

2

2
1

+
+

+
+

+
= , prove that

     
∂
∂







+ ∂
∂







 + ∂

∂






= ∂
∂

+ ∂
∂

+u

x

u

y

u

z
x

u

x
y

u

y
z

2 2 2

2
∂
∂







 ⋅u

z

(Garhwal 2004; Rohilkhand 11B, 12B)

16. If x r= cos θ , y r= sin θ , prove that

(i) ( / ) ( / )∂ ∂ + ∂ ∂ =r x r y2 2 1

(ii)
∂
∂

+ ∂
∂

= ∂
∂







+ ∂
∂





















2

2

2

2

2 2
1r

x

r

y r

r

x

r

y
.

(Lucknow 2007, 11; Garhwal 11)

17. (i) If u x y y z z x= + +2 2 2 , show that 
∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
x y z+ + = + +( )2 .

(ii) If u x y z

x y z

=
1 1 1

2 2 2

 , show that 
∂
∂

∂
∂

∂
∂

u

x

u

y

u

z
+ + = 0.

(Rohilkhand 2013B)
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 1.
2 2

2 2

x

a

y

b
,  4. 2 u 

  5  Homogeneous Functions
(Gorakhpur 2006)

An expression in x and y in which every term is of the same degree is called a homogeneous

function of x and y. Consider the function defined by

f x y a x a x y a x yn n n( , ) = + + + …− −
0 1

1
2

2 2 … + +−
−a xy a yn

n
n

n
1

1 . …(1)

In this function every term is of degree n. Therefore it is a homogeneous function of x

and y of degree n. Moreover, (1) may be written as

f x y x a a
y

x
a

y

x
a

y

x
n

n

n

( , ) = + 





+ 





+ … + 






 0 1 2

2







or f x y x F y xn( , ) ( / )= , 

where F y x( / ) is some function of y x/ . Thus a homogeneous function of x and y of

degree n may be put in the form x F y xn ( / ). Therefore we give the general definition of

a homogeneous function as follows :

x F y xn ( / )  is called a homogeneous function of x and y of degree n, whatever the function F

may be. Similarly, y F x yn ( / ) is also a homogeneous function of x and y of degree n.

Thus x y x3 sin ( / ) is a homogeneous function of x and y of degree 3. Similarly, 

y x y2 cos ( / ) is a homogeneous function of x and y of degree 2.

In general, if the function f x x xp( , , , )1 2 …  of the p variables x x xp1 2, , ,…  can be put in

the form

x F
x

x

x

x

x

x
r
n

r r

p

r

1 2
, , ,…









  ,

then f x x xp( , , , )1 2 …  is called a ho mo ge neous func tion of x x xp1 2, , ,…  of de gree n.

Note 1: To test whether a given func tion f x y( , ) is ho mo ge neous or not we put 

t x for x and t y for y in it.

If we get f tx t y t f x yn( , ) ( , ),=

the function f x y( , ) is homogeneous of degree n; otherwise f x y( , ) is not a

homogeneous function.

Note 2: If  u  is a ho mo ge neous func tion of x and y of de gree n then ∂ ∂u x/  and 

∂ ∂u y/  are also ho mo ge neous func tions of x and y each be ing of de gree n − 1.

D-11

Answers 1



Let u x f y xn= ( / ).

                   [∵  u is a ho mo ge neous func tion of x and y of de gree n]

Then   
∂
∂

= + ′ −−u

x
nx f y x x f y x y xn n1 2( / ) ( / ) . ( / ){ }

   = − ′−x n f y x y x f y xn 1 [ ( / ) ( / ) ( / )] 

   = −x n 1. (some func tion of y x/ )

     = a ho mo ge neous func tion of x and y of de gree ( )n − 1.

Similarly, 
∂
∂

= ′ ⋅ = ′−u

y
x f y x

x
x f y xn n{ }( / ) ( / )

1 1  

   = −x n 1.  (some func tion of y x/ )

   = a ho mo ge neous func tion of x and y of de gree ( ).n − 1

  6  Euler’s Theorem on Homogeneous Functions

If u is a homogeneous function of x and y of degree n , then  x
u

x
y

u

y
nu

∂
∂

+ ∂
∂

= .

(Meerut 2000; Garhwal 06; Gorakhpur 06; Kashi 11, 13, 14)

Proof: Since u is a ho mo ge neous func tion of x and y of de gree n, there fore u may be put 

in the form

  u x f y xn= ( / ). ...(1)

Differentiating (1) partially w.r.t. ‘x’, we have

∂
∂

= ∂
∂

u

x x
x f y xn[ ( / )] 

  = + ′ −−[ ( / )] [ ( / )] ( / ).f y x nx x f y x y xn n1 2

∴     x
u

x
nx f y x x y f y xn n∂

∂
= − ′−( / ) . ( / ).1 ...(2)

Again differentiating (1) partially w.r.t. ‘ y’, we have

∂
∂

= ∂
∂

= ′ ⋅ = ′−u

y y
x f y x x f y x

x
x f y xn n n[ ( / )] [ ( / )] ( / ).

1 1

∴    y
u

y
y x f y xn∂

∂
= ′−. ( / ).1 ...(3)

Adding (2) and (3), we have

x
u

x
y

u

y
nx f y x nun∂

∂
+ ∂

∂
= =( / ) . [From (1)]

Hence x
u

x
y

u

y
nu

∂
∂

+ ∂
∂

= .

This proves the theorem.
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Note: Eu ler’s the o rem can be ex tended to a ho mo ge neous func tion of any

num ber of vari ables. Thus if f x x xn( , , , )1 2 …  be a ho mo ge neous func tion of x1, x2 , … , xn of

de gree n, then

x
f

x
x

f

x
x

f

x
nf 

 
 

 
n

n
1

1
2

2

∂
∂

∂
∂

∂
∂

+ + + =… .

This proof is sim i lar to that of two vari ables.

Ex am ple 7: Verify Euler's theorem for  the function u
x y

x y
=

+
+

1 4 1 4

1 5 1 5

/ /

/ /
.

(Meerut 2012B; Rohilkhand 14)

So lu tion: Here u is a ho mo ge neous func tion of x yand  of de gree 

1

4

1

5
−   i e. .,  

1

20
. 

Therefore in order to verify Euler’s theorem we are to show that  

x u x y u y u( / ) ( / ) .∂ ∂ + ∂ ∂ = 1

20

We have log log ( ) log ( ) ./ / / /u x y x y= + − +1 4 1 4 1 5 1 5        ...(1)

Dif fer en ti at ing (1) par tially with re spect to x, we have

1 1 1

4

1 1

51 4 1 4
3 4

1 5 1 5
4 5

u

u

x x y
x

x y
x

∂
∂

=
+

⋅ 



 −

+
⋅− −

/ /
/

/ /
/





∴ 
∂
∂

=
+

−
+











− −u

x
u

x

x y

x

x y

1

4

1

5

3 4

1 4 1 4

4 5

1 5 1 5

/

/ /

/

/ /
.

∴ x
u

x
u

x

x y

x

x y

∂
∂

=
+

−
+











1

4

1

5

1 4

1 4 1 4

1 5

1 5 1 5

/

/ /

/

/ /
. …(2)

Again differentiating (1) partially with respect to y, we get

1 1

4

1

5

3 4

1 4 1 4

4 5

1 5 1 5u

u

y

y

x y

y

x y

∂
∂

=
+

−
+











− −/

/ /

/

/ /
.

∴ y
u

y
u

y

x y

y

x y

∂
∂

=
+

−
+











1

4

1

5

1 4

1 4 1 4

1 5

1 5 1 5

/

/ /

/

/ /
. …(3)

Adding (2) and (3), we get

    x
u

x
y

u

y
u

x y

x y

x y

x

∂
∂

+ ∂
∂

=
+
+

−
+
+

1

4

1

5

1 4 1 4

1 4 1 4

1 5 1 5

1 5

/ /

/ /

/ /

/ y1 5/









 

= −





=u u
1

4

1

5

1

20
.

This verifies Euler’s theorem.
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Ex am ple 8: If u sin x y x y= + +−1 2 2{ }( ) / ( ) , show that 

x
u

x
y

u

y
tan u

∂
∂

+ ∂
∂

= .
(Garhwal 2002; Kumaun 08; Avadh 12)

So lu tion: We have, 

sin ( ) / ( ).u x y x y= + +2 2

Let  v x y x y= + +( ) / ( )2 2 . 

Then v  is a homogeneous function of x and y of degree 2 1−  i e. ., 1. Therefore by Euler’s

theorem, we have

x
v

x
y

v

y
v v

∂
∂

+ ∂
∂

= =1. .  ...(1)

Now v u= sin .

∴  
∂
∂

= ∂
∂

v

x
u

u

x
cos and 

∂
∂

= ∂
∂

⋅v

y
u

u

y
cos

Putt ing these val ues in (1), we get

x u
u

x
y u

u

y
vcos cos

∂
∂

+ ∂
∂

=

or x
u

x
y

u

y

v

u

u

u
u

∂
∂

+ ∂
∂







 = = =

cos

sin

cos
tan .  ∵ v u

x y

x y
= =

+
+









sin

2 2

This proves the re sult.

 1. State Eu ler’s theorem on ho mo ge neous func tions. (Bundelkhand 2001)

 2. Ver ify Eu ler’s the o rem in the fol low ing cases :

(i)  u ax hxy by= + +2 22 (ii)  u
x x y

x y
=

−
+

( )
,

3 3

3 3

(iii)  u axy byz czx= + + , (iv)  u x y xn= sin ( / )

(v)  u x y xn= log ( / ), (vi)  u x y= √ +1 2 2/ ( ).

 3. (i) If u
x y

x y
=

+
−









−tan ,1

3 3

 show that x
u

x
y

u

y
u

∂
∂

+ ∂
∂

= sin .2

(Rohilkhand 2012B)

(ii) If u
x y

x y
=

√ − √
√ + √









−sin ,1  show that  
∂
∂

= − ∂
∂

⋅u

x

y

x

u

y

(Garhwal 2002; Gorakhpur 05)

 4. (i) If u
x y

x y
=

+
√ + √









−sin ,1  show that  x

u

x
y

u

y
u

∂
∂

+ ∂
∂

= 1

2
tan .
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(ii) If u
x y

x y
=

+
√ + √









−cos ,1  show that  x

u

x
y

u

y
u

∂
∂

+ ∂
∂

+ =1

2
0cot .

(Rohilkhand 2013B)

(iii) If u
x y

x y
=

+
+









−sin ,

/ /

/ /
1

1 2 1 2

1 3 1 3
 show that x

u

x
y

u

y
u

∂
∂







+ ∂
∂







 = 1

12
tan .

(Garhwal 2014)

(iv) If u
x y

x y
=

+
+

−cot ,
/ /

1
1 2 1 2

 show that x
u

x
y

u

y
u

∂
∂

+ ∂
∂

= − 1

4
2sin .

(Kumaun 2015)

 5. (i) If u
x y

x y
=

+
+

log ,
3 3

 show that x
u

x
y

u

y

∂
∂

+ ∂
∂

= 2.

(ii) If u
x y

x y
=

+
+

log
4 4

, show that x
u

x
y

u

y

∂
∂

∂
∂

+ = 3.

(iii) If u
x y

x y
=

+
+

log
2 2

, show that x
u

x
y

u

y

∂
∂

∂
∂

+ = 1.
(Kanpur 2006; Avadh 13)

 6. Use Eu ler’s the o rem on homogeneous functions to show that if  u
y

x
= −tan ,1  

then x
u

x
y

u

y

∂
∂

+ ∂
∂

= 0. 

 7. If u be a homogeneous function of x and y of degree n, show that

(i) x
u

x
y

u

x y
n

u

x
2

2

2

2

1
∂
∂

+ ∂
∂ ∂

= − ∂
∂

( )

(ii) x
u

x y
y

u

y
n

u

y

∂
∂ ∂

+ ∂
∂

= − ∂
∂

⋅
2 2

2
1( )

(iii) x
u

x
xy

u

x y
y

u

y
n n u2

2

2

2
2

2

2
2 1

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= −( ) .

 8. If u
xy

x y
=

+
 , show that  x

u

x
xy

u

x y
y

u

y

2
2

2

2
2

2

2
2 0

∂
∂

∂
∂ ∂

∂
∂

+ + = .

 9. If u x y x y x= φ + ψ( / ) ( / ), prove that x
u

x
xy

u

x y
y

u

y

2
2

2

2
2

2

2
2 0

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= .

(Kanpur 2008)

  7  Composite Functions and Total Differential Coefficient

(i) If u f x y= ( , ) where x t= φ1( ) and y t= φ2( ), then x and y are not independent

variables. Substituting the values of x and y in u, we can express u as a function of the

single variable t and we can find the ordinary differential coefficient du dt/ . Here u is

called a composite function of the single variable t.

(ii) If z f x y= ( , ) where x u v= φ( , ) and y u v= ψ ( , ) , then z is called a com pos ite

func tion of two vari ables u and v and we can find the par tial dif fer en tial co ef fi cients 
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∂
∂
z

u
 and 

∂
∂
z

v
 .

To dis tin guish du dt/  from the par tial dif fer en tial co ef fi cients ∂ ∂u x/  and ∂ ∂u y/ , we

call du dt/  as the to tal dif fer en tial co ef fi cient. 

  8  Chain Rule for Differential of Composite Functions

We shall now obtain a formula which will enable us to find du dt/  without first

expressing u in terms of t only.

Let u f x y= ( , ), where x t= φ ( ) and y t= ψ ( ).  Suppose δ δx y,  and δu are the increments

in x y,  and u respectively corresponding to an increment δt in t.

Then u u f x x y y+ = + +δ δ δ( , ).

∴ δ δ δu f x x y y f x y= + + −( , ) ( , ).

∴   
δ
δ

δ δ
δ

u

t

f x x y y f x y

t
=

+ + −( , ) ( , )

   =
+ + − + + + −{ } { }f x x y y f x y y f x y y f x y

t

( , ) ( , ) ( , ) ( , )δ δ δ δ
δ

    [adding and subtracting the term f x y y( , )+ δ  in the numerator]

   =
+ + − +

+
+ −f x x y y f x y y

t

f x y y f x y

t

( , ) ( , ) ( , ) ( , )δ δ δ
δ

δ
δ

    =
+ + − +

⋅
f x x y y f x y y

x

x

t

( , ) ( , )δ δ δ
δ

δ
δ

 +
+ −

⋅
f x y y f x y

y

y

t

( , ) ( , )δ
δ

δ
δ

Now  
du

dt t

u

t
=

→
lim

δ
δ
δ0

   =
→

+ + − +
⋅ ∂

∂
lim ( , ) ( , )

δ
δ δ δ

δt

f x x y y f x y y

x

x

t0

+ lim ( , ) ( , )
.

δ
δ
δt

f x y y f x y

y

y

t→
+ −

⋅
∂
∂0

…(1)

Now δx and δy also tend to zero when δt tends to zero.

So we have

lim ( , ) ( , )
,

δ
δ δ δ

δx

f x x y y f x y y

x

f

x

u

x→
+ + − +

=
∂
∂

= ∂
∂0

because while x becomes x x y y+ +δ δ,  remains unchanged.

Similarly, lim ( , ) ( , )

δ
δ
δy

f x y y f x y

y

f

y

u

y→
+ −

=
∂
∂

= ∂
∂

⋅
0

Also lim
δ

δ
δt

x

t

dx

dt→
=

0
  and   lim

δ
δ
δt

y

t

dy

dt→
= ⋅

0

Therefore (1) gives   
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du

dt

u

x

dx

dt

u

y

dy

dt
 = ∂

∂
⋅ + ∂

∂
⋅ ⋅

Similarly, if u f x x xm= …( , , , )1 2  and x x xm1 2, , ,…  are all functions of t, we can prove

that

du

dt

u

x

dx

dt

u

x

dx

dt

u

x

dx

dt
 

m

m=
∂
∂

⋅ + ∂
∂

⋅ + + ∂
∂

⋅ ⋅
1

1

2

2 …

Corollary: If z f x y= ( , ), where x y,  are functions of u and v, then

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

u

z

x

x

u

z

y

y

u
= ⋅ + ⋅ ; and 

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

z

v

z

x

x

v

z

y

y

v
= ⋅ + ⋅ ⋅

  9  Differential Coefficient of Implicit Functions

Suppose u f x y= ( , ), where  y x= φ ( ). Then supposing t to be the same as x in the

formula of article 7, we get

du

dx

u

x

dx

dx

u

y

dy

dx
= ∂

∂
⋅ + ∂

∂
⋅   or 

du

dx

u

x

u

y

dy

dx
= +

∂
∂

∂
∂

⋅ ⋅

Now suppose we are given an implicit relation between x and y of the form 

u f x y c≡ =( , ) , where c is a constant and y is a function of x.

Then, we have du dx/ = 0

or 
∂
∂

+ ∂
∂

=u

x

u

y

dy

dx
0 or 

dy

dx

u x

u y
= − ∂ ∂

∂ ∂
/

/
 or 

dy

dx

f / x

f / y
= −

∂ ∂
∂ ∂

= − ⋅
f

f

x

y

Dif fer en ti at ing  
dy

dx

f

f

x

y

= −  with re spect to x , we get 

d y

dx

f
d

dx
f f

d

dx
f

f

y x x y

y

2

2 2
= −

−















( ) ( )

   = −
+ ⋅









 − + ⋅









f

f

x

f

y

dy

dx
f

f

x

f

y

dy

dx
y

x x
x

y y∂
∂

∂
∂

∂

∂

∂

∂ 

f y
2

   = −

−












− −












f f f
f

f
f f f

f

f

f

y xx yx
x

y
x xy yy

x

y

y
2

   = −
− − +











f f f f f f f f f f

f

xx y x y xy x y xy yy x

y

2 2

3

∴
d y

dx

f f f f f f f

f

xx y x y xy yy x

y

2

2

2 2

3

2
= −

− +











⋅
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  10  Geometrical Interpretation of Partial Derivatives

The graph of a function defines a surface in Euclidian space. To every point on this

surface, there are an infinite number of tangent lines. Geometrically partial

differentiation is the act of choosing one of these lines and finding its slope. Usually, the 

lines of most interest are those that are parallel to the xz-plane, and those that are

parallel to the yz-plane (which result from holding either y or x constant, respectively.)

Ex am ple 9: If ( )tan x y ay cot x+ = , find the value of dy dx/ . (Rohilkhand 2014)

So lu tion: Let  f x y x y ay x( , ) (tan ) cot≡ + = . 

Then, we have 
dy

dx

f x

f y
= −

∂ ∂
∂ ∂

⋅
/

/
…(1)

Now 
∂
∂

= + −−f

x
y x x y y xy x(tan ) . sec . log . ( ),cot1 2 2cosec

and 
∂
∂

= + −f

y
x x x yy x(tan ) log tan (cot ) . cot 1.

Therefore (1) gives 

dy

dx

y x x y y x

x

y x

y
= −

−−(tan ) sec . log .

(tan ) log

cot1 2 2cosec

tan cot . cotx x y x+
⋅−1

Ex am ple 10: If u x y= 2 , where x xy y2 2 1+ + =  , find du dx/ .

So lu tion: We have, 
du

dx

u

x

u

y

dy

dx
= ∂

∂
+ ∂

∂
⋅ ⋅ …(1)

Now , 
∂
∂

=u

x
xy2  and 

∂
∂

=u

y
x2 .

Let f x y x xy y( , ) ≡ + + =2 2 1 .

Then  
dy

dx

f x

f y

x y

x y
= −

∂ ∂
∂ ∂

= −
+

+
⋅

/

/

2

2

So putting the values in (1), we get 

du

dx
xy x

x y

x y
xy

x x y

x y
= + −

+
+







 = −

+
+

⋅2
2

2
2

2

2
2

2

.
( )

Ex am ple 11: If  u f y z z x x y= − − −( , , ), prove that 
∂
∂

+ ∂
∂

+ ∂
∂

=u

x

u

y

u

z
0.

(Kanpur 2009; Avadh 10; Garhwal 10, 11; Kumaun 15)

Solution: We have  u f y z z x x y= − − −( , , ).

Let y z A− = , z x B− = , and  x y C− = .
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Then u f A B C= ( , , ) where A B,  and C are functions of x y,  and z.

Now 
∂
∂

= ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u

x

u

A

A

x

u

B

B

x

u

C

C

x

      = ∂
∂

⋅ + ∂
∂

⋅ − + ∂
∂

⋅u

A

u

B

u

C
( ) ( ) ( )0 1 1 = − ∂

∂
+ ∂

∂
⋅u

B

u

C
...(1)

Sim i larly 
∂
∂

= ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u

y

u

A

A

y

u

B

B

y

u

C

C

y

  = ∂
∂

⋅ + ∂
∂

⋅ + ∂
∂

⋅ −u

A

u

B

u

C
( ) ( ) ( )1 0 1

   = ∂
∂

− ∂
∂

u

A

u

C
 ...(2)

and 
∂
∂

= ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u

z

u

A

A

z

u

B

B

z

u

C

C

z

        = ∂
∂

⋅ − + ∂
∂

⋅ + ∂
∂

⋅u

A

u

B

u

C
( ) ( ) ( )1 1 0

  = − ∂
∂

+ ∂
∂

⋅u

A

u

B
...(3)

Add ing (1), (2) and (3), we have  

∂
∂

+ ∂
∂

+ ∂
∂

=u

x

u

y

u

z
0.

 1. Find dy dx/  in the fol low ing :

(i) x y ay x b+ = . (ii) ax hxy by2 22 1+ + = . (Kashi 2013)

 2. If √ − + √ − = −( ) ( ) ( )1 12 2x y a x y , prove that 

dy

dx

y

x
=

√ −
√ −

⋅
( )

( )

1

1

2

2

 3. Find du dx/  if u x y= +sin ( )2 2 , where a x b y c2 2 2 2 2+ = .

 4. If u x y= 4 5 , where x t= 2  and y t= 3 , find du dt/ .

 5. If f x y( , ) = 0, φ =( , )y z 0, show that 

∂
∂

⋅ ∂φ
∂

⋅ =
∂
∂

⋅ ∂φ
∂

⋅
f

y z

dz

dx

f

x y (Lucknow 2009)

 6. If u x y= √ +( )2 2  and x y axy a3 3 23 5+ + = , find the value of du dx/  when

x a y a= =, .
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 1. (i) −
+

+

−

−
{ }

{ }

y x y y

x x xy

y x

y x

1

1

log

log
, (ii) −

+
+

⋅
( )

( )

ax hy

hx by

 3. 2 12 2
2

2
x x y

a

b
{ }cos ( )+ −









 ⋅  4. 23 22t .  6. 0.

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

 1. If z y a x y a x= + + −tan ( ) ( ) ,/3 2  then 
∂
∂









 − ∂

∂











2

2
2

2

2

z

x
a

z

y
 is equal to 

(a) 0 (b) ( )y a x−
(c) 1 (d) sec ( )y a x+

 2. If u is a homogeneous function of x and y of degree n, then x
u

x
y

u

y

∂
∂

+ ∂
∂

 is

equal to

(a) n (b) n u

(c) 
n

u
(d) u

(Kanpur 2016)

 3. If 
1 2 2 2

u
x y z= √ + +( ), then x

u

x
y

u

y
z

u

z

∂
∂

+ ∂
∂

+ ∂
∂

 is equal to

(a) u (b) −u

(c) u2 (d) 0

 4. If x and y are con nected by an equa tion of the form u f x y c≡ =( , ) , then 

dy

dx
 is

(a) 
∂ ∂
∂ ∂
f x

f y

/

/
(b) ( )

/

/
−

∂ ∂
∂ ∂

1 n f x

f y

(c) 
∂ ∂
∂ ∂
f y

f x

/

/
(d) −

∂ ∂
∂ ∂
f x

f y

/

/ (Garhwal 2007)
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 5. If x r y r= =cos , sinθ θ, then the value of 
∂
∂
θ
x
 is 

(a) −
sin θ

r
(b) 

r

sin θ

(c) 
sin θ

r
(d) − 1

r sin θ (Garhwal 2002)

 6. If f x y( , ) be a ho mo ge neous func tion of x yand  of de gree n, then

(a) x
f

x
y

f

y
f

∂
∂

+
∂
∂

= (b) y
f

x
x

f

y
f

∂
∂

+
∂
∂

=

(c) y
f

x
x

f

y
nf

∂
∂

+
∂
∂

= (d) x
f

x
y

f

y
nf

∂
∂

+
∂
∂

=
(Garhwal 2003)

 7. If θ = −t en r t2 4/ , then what value of n will make : 
1
2

2

r r
r

t t

∂
∂

∂
∂







= ∂
∂

θ θ

(a) −1 (b) − 3

2

(c) − 1

2
(d) − 5

2 (Kanpur 2016)

 8. If z f y x= ( / ),2  then x
z

x
y

z

y

∂
∂

+ ∂
∂

=2

(a) 
4

2
2y

x
f y x′ ( / ) (b) 

4
3

2y

x
f y x′ ( / )

(c) 0 (d) none of these (Kumaun 2015)

Fill in the Blanks

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. If u e mxmy= cos , then 
∂
∂

+ ∂
∂

= ……
2

2

2

2

u

x

u

y
. 

 2. If u
x y

x y
=

+
+

−tan ,1
2 2

 then 
∂
∂

= ……u

x
.

 3. An expression in which every term is of the same degree is called a ……

function.

 4. If u f x y= ( , ), where x t= φ ( ) and y t= ψ ( ), then 
du

dt
= …… .

 5. If u x y( , ) is a ho mo ge neous func tion of x  and y of de gree n, then 

x
x

u y
y

ux x
∂
∂

+ ∂
∂

= ……( ) ( ) ,  where u
u

x
x = ∂

∂
⋅

 6. If u f y ax y ax= + + φ −( ) ( ), then 
∂
∂

− ∂
∂

=
2

2

2 2

2

u

x

a u

y
...... .

(Agra 2002)

 7. If u f y x= ( / ), then, x
u

x
y

u

y

∂
∂

+ ∂
∂

= ...... .
(Agra 2003)
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True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. If u f x y= ( , ) and its partial derivatives are continuous, then the order of

differentiation is immaterial.

 2. If u is a homogeneous function of x and y of degree n, then 
∂
∂
u

x
 and  

∂
∂
u

y
 are also

 homogeneous functions of x and y each being of degree n.

 3. If f x y( , ) = 0 be an im plicit func tion of x and y 

and p
f

x
q

f

y
r

f

x
s

f

x y
=

∂
∂

=
∂
∂

=
∂
∂

=
∂
∂ ∂

, , ,
2

2

2

 and t
f

y
=

∂
∂

2

2
, then

 
d y

dx
q r pqs p t q

2

2
2 2 32= − − +( ) / .

Multiple Choice Questions

 1. (a)  2. (b) 3. (b)  4. (d) 5. (a) 

 6. (d)  7. (b)

Fill in the Blank(s)

 1. 0  2. 
( )

( ) ( )

x xy y

x y x y

2 2

2 2 2 2

2+ −
+ + +{ }

 3. ho mo ge neous

 4. 
∂
∂

⋅ + ∂
∂

⋅u

x

dx

dt

u

y

dy

dt
5. ( )n u x− 1  6. 0  7. 0

True or False

 1. T  2. F 3. T

¨
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   1  Jacobian. Definition
(Kanpur 2014)

I
f u u un1 2, , ,…  are functions of n independent variables x1, x2, ..., xn then the

determinant

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

u

x

u

x

u

x

u

x

u

x

u

x

n

n

1

1

1

2

1

2

1

2

2

2

… … …

… … …

… … … … … … …

u

x

u

x

u

x
n n n

n∂
∂
∂

∂
∂























1 2

… … …

is called the Jacobian of u u un1 2, , ,…  with respect to x x xn1 2, , ,…  and is denoted either by 

∂
∂

( , , , )

( , , , )

u u u

x x x
n

n

1 2

1 2

…

…
 or by J u u un( , , , ).1 2 …  The second notation is used when there is no

doubt as regards the independent variables.

Thus if u vand  are functions of two independent variables x and y, we have

2

Jacobians



    
∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
( , )

( , )
( , ) .

u v

x y

u

x

v

x

u

y

v

y

J u v

Similarly if u v w, and  are functions of three independent variables x y z, and , we have

∂
∂

=

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂

( , , )

( , , )

u v w

x y z

u

x

v

x

w

x

u

y

v

y

w

y

u

z

v

z

w

z

J u v w

∂





















= ( , , ).

Note: If the func tions u u un1 2, , ,…  of n in de pend ent vari ables x1, x2, ..., xn are of the

fol low ing forms, 

u f x u f x x1 1 1 2 2 1 2= =( ), ( , ), ,…  u f x x xn n n= ( , , , )1 2 … , 

then
∂
∂

=

∂
∂

…

∂
∂

∂
∂

( , , , )

( , , , )

u u u

x x x

u

x

u

x

u

xn

n

1 2

1 2

1

1

2

1

2

2

0 0 0

0…

…

…

… … … … …
∂
∂

∂
∂

∂
∂

… ∂
∂























0

1 2 3

u

x

u

x

u

x

u

x
n n n n

n

 

                    = ∂
∂

∂
∂

∂
∂

u

x

u

x

u

x
n

n

1

1

2

2

…… ,

i e. ., in such cases the Jacobian reduces to the principal diagonal term of the determinant.

(Gorakhpur 2013)

Ex am ple 1: If x r sin cos y r sin sin z r cos= φ = φ =θ θ θ, , , show that

      
∂
∂ φ

=
( , , )

( , , )
.

x y z

r
r sin

θ
θ2

(Meerut 2003; Garhwal 02; Lucknow 07; Rohilkhand 12; Avadh 07, 12)

So lu tion: We have

  
∂
∂ φ

=

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂

∂
∂φ
∂
∂φ
∂

( , , )

( , , )

x y z

r

x

r

y

r

z

r

x

y

z

x

y

θ

θ

θ

θ
z

∂φ




















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    =
φ
φ

φ
φ

−

−sin cos

sin sin

cos

cos cos

cos sin

sin

sinθ
θ
θ

θ
θ

θ

r

r

r

r θ
θ

sin

sin cos

φ
φ













r

0

    = φ + φcos ( sin cos cos sin cos sin )θ θ θ θ θr r2 2 2 2

+ φ + φr r rsin ( sin cos sin sin ) ,θ θ θ2 2 2 2

ex pand ing the de ter mi nant along the third row

  = + = +r r r2 2 2 3 2 2 2sin cos sin sin (cos sin )θ θ θ θ θ θ

  = r2 sin .θ

Ex am ple 2: Find the Jacobian 
∂
∂ φ
( , , )

( , , )

x y z

r θ
 be ing given

x r cos cos y r sin m sin= φ = √ − φθ θ, ( ),1 2 2

z r sin n sin= φ √ −( ),1 2 2 θ  where m n2 2 1+ = .

So lu tion: Here 

x y z2 2 2+ +  = φ + − φr r r m2 2 2 2 2 2 2 2 2cos cos sin sin sinθ θ θ
+ φ − φr r n2 2 2 2 2 2sin sin sin θ

              = φ + + φ − φr2 2 2 2 2 2 2(cos cos sin sin sin sin )θ θ θ

[ ]∵ m n2 2 1+ =

              = φ + + φr2 2 2 2 2 2(cos cos sin sin cos )θ θ θ

              = +r2 2 2(sin cos )θ θ

              = r2.

∴

and

      

x
x

r
y

y

r
z

z

r
r

x
x

y
y

z
z

x
x

y
y

∂
∂

+
∂
∂

+ ∂
∂

=

∂
∂

+
∂
∂

+ ∂
∂

=

∂
∂φ

+
∂
∂

;

;
θ θ θ

0

φ
+ ∂

∂φ
=










z
z

0.

...(1)

Now J x y z

x

r

y

r

z

r

x

y

z

x

y

z

( , , ) =

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂

∂
∂φ
∂
∂φ
∂
∂φ









θ

θ

θ














 =

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂

∂
∂φ
∂
∂φ
∂
∂φ











1

x

x
x

r

y

r

z

r

x
x

y

z

x
x

y

z

θ

θ

θ










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=
∂
∂

∂
∂

∂
∂φ

∂
∂

∂
∂

∂
∂φ

+1

0 0

2 3 1

x

r

y

r

y y

z

r

z z

y R z R R

θ

θ

,
by adding to

and using the relations (1)

=

∂
∂
∂
∂

∂
∂φ
∂
∂φ

















=
∂
∂

∂
∂φ

− ∂
∂

∂
∂φ

r

x

y

z

y

z

r

x

y z z yθ

θ
θ θ







= √ − φ φ √ −






r

x
r m r ncos ( sin ) . cos ( sin )θ θ1 12 2 2 2

−
φ

√ −
⋅

φ φ
√ −

r n

n

r msin . sin cos

( sin )

sin . sin cos

(

2

2 2

2

1 1

θ θ
θ

θ
m2 2sin )φ





=
φ − φ − − φ

√
r

x

m n n m3 2 2 2 2 2 2 2 21 1cos cos ( sin ) ( sin ) sin sinθ θ θ
[( sin ) ( sin )]1 12 2 2 2− − φ











n mθ

=
φ

φ
⋅

r

r

3 cos cos

cos cos

θ
θ

                
1 2 2 2 2 2 2 2 2 2 2 2 2− φ − + φ − φ

√
m n m n m nsin sin sin sin sin sin

[(

θ θ θ
1 12 2 2 2− − φ











n msin ) ( sin )]θ

=
φ +

√ − − φ
⋅

r m n

n m

2 2 2 2 2

2 2 2 21 1

( cos cos )

[( sin ) ( sin )]

θ
θ

[ ]∵ m n2 2 1+ =

Ex am ple 3: If y r sin sin y r sin cos1 1 2 2 1 2= =θ θ θ θ, , y r cos sin3 1 3= θ θ ,

y r cos cos4 1 3= θ θ , find the value of the Jacobian 
∂

∂
⋅

( , , , )

( , , , )

y y y y

r
1 2 3 4

1 2 3θ θ θ

So lu tion: Squar ing and add ing the given re la tions, we have

y y y y r1
2

2
2

3
2

4
2 2+ + + = .

∴

and

y
y

r
y

y

r
y

y

r
y

y

r
r

y
y

y
y

r r

1
1

2
2

3
3

4
4

1
1

2
2

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

=

∂
∂

+
∂
∂θ θ

+
∂
∂

+
∂
∂

= =











y
y

y
y

r
r r

3
3

4
4 0 1 2 3

θ θ
, , , .

...(1)

Also  y y r3
2

4
2 2 2

1+ = cos ,θ   so that

y
y

y
y

r

y
y

y
y

r r

3
3

1
4

4

1

2
1 1

3
3

4
4

∂
∂

+
∂
∂

= −

∂
∂

+
∂
∂

=

θ θ
θ θ

θ θ

cos sin ;

0 2 3, , .r =










...(2)

D-26



Now the required Jacobian

J

y

r

y

r

y

r

y

r

y

y

y

y

y

=

∂
∂
∂
∂

∂
∂

∂
∂

∂
∂
∂
∂
∂
∂
∂
∂

∂
∂

1

2

3

4

1

1

2

1

3

1

4

1

1

θ

θ

θ

θ

θ

θ

θ

θ

θ

θ

θ

θ

2

2

2

3

2

4

2

1

3

2

3

3

3

4

3

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂
∂
∂










y

y

y

y

y

y

y



















⋅

Operating y R y R y R y R1 1 2 2 3 3 4 4+ + +( ) , and using the results (1), we get

   J
y

r

y

r

y

r

y

r

y

y

y

y

y=

∂
∂

∂
∂

∂
∂

∂
∂
∂
∂
∂
∂

∂
∂
∂

1

0 0

1

2

3

4

2

1

3

1

4

1

2

2

3

θ

θ

θ

θ

∂
∂
∂

∂
∂
∂
∂
∂
∂

























θ

θ

θ

θ

θ

2

4

2

2

3

3

3

4

3

0

y

y

y

y

  =

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂
∂
∂

∂
∂
∂
∂

r

y

y

y

y

y

y

y

y

y

1

2

1

3

1

4

1

2

2

3

2

4

2

2

3

3

θ

θ

θ

θ

θ

θ

θ

θ

θ

3

4

3

∂
∂



















y

=

∂
∂

−
∂
∂

∂
∂

∂
∂

∂
∂

r

y y

y

r

y

y

y

y

1 3

2

1

2
1 1

4

1

2

2

4

2

2

3

0

θ

θ θ

θ

θ

θ

θ
cos sin 0

4

3

∂
∂



















y

θ

,

add ing y R4 3 to y R3 2 and us ing the re sults (2)

  = ⋅
∂
∂

⋅
∂
∂

−
∂
∂

⋅
∂
∂






r

y y
r

y y y y

1 3

2
1 1

2

2

4

3

4

2

2

3

cos sinθ θ
θ θ θ θ 



  = − − −
r

y y
r r

3
1 1

1 3
1 2 1 3 0

cos sin
[( sin sin ) ( cos sin ) ]

θ θ
θ θ θ θ

  = =
r

r
r

5 2
1

2
1 2 3

2
1 1 2 3

3sin cos sin sin

sin cos sin sin

θ θ θ θ
θ θ θ θ

sin cos .θ θ1 1

 1. If x r y r= =cos , sin ,θ θ  show that

(i)
∂
∂

=
( , )

( , )
,

x y

r
r

θ (Kanpur 2005; Meerut 13B; Kashi 13; Gorakhpur 15)
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(ii) 
∂
∂

= ⋅
( , )

( , )

r

x y r

θ 1

(Kanpur 2005; Meerut 13)

 2. If x u v y v u= + = +( ), ( ),1 1  find the Jacobian of x y,  with re spect to u v, .

(Lucknow 2011; Meerut 13)

 3. If x c u v y c u v= =cos cosh , sin sinh , prove that

∂
∂

= −
( , )

( , )
(cos cosh ) .

x y

u v
c u v

1

2
2 22

(Rohilkhand 2013)

 4. If u
y

x
v

x y

x
= =

+2 2 2

2 2
, , find 

∂
∂

⋅
( , )

( , )

u v

x y (Meerut 2012)

 5. If u x x x1 2 3 1= / , u x x x2 3 1 2= / , u x x x3 1 2 3= / , prove that 

                     J u u u( , , ) .1 2 3 4= (Kumaun 2011; Bundelkhand 14; Purvanchal 14;
 Gorakhpur 14, 15)

 6. If x c y= √ − φ = φsin ( sin ), cos cos ,θ θ1 2 2  then show that

∂

∂ φ
= − φ

− + φ

√ − φ

( , )

( , )
sin

[( ) cos cos ]

( sin

x y c c

cθ

θ1

1

2 2 2 2

2 2 )
⋅

 7. If u xyz v xy yz zx w x y z= = + + = + +, , , compute 
∂
∂

⋅
( , , )

( , , )

u v w

x y z

(Rohilkhand 2013; Kumaun 14)

 8. If  y x1 11= − , y x x2 1 21= −( ), y x x x3 1 2 31= −( ), ,…  

y x x x xn n n= −−1 2 1 1… ( ), prove that 

J y y y x x xn
n n n

n( , , ..., ) ( ) .1 2 1
1

2
2

11= − − −
−…

(Kumaun 2007, 11; Gorakhpur 12, 14)

 9. If  y x y x x y x x x1 1 2 1 2 3 1 2 3= = =cos , sin cos , sin sin cos , …, 

y x x x x xn n n= −sin sin sin sin cos ,1 2 3 1…  find the Jacobian of y1, y2 , 

…, yn with re spect to x x xn1 2, , , .…

 2. 1+ +u v  4. −
y

x2

 7. ( )( )( )x y y z z x− − −  9. ( ) sin sin− −1 1
1n n nx  x xn2 …sin  
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   2  Case of Functions of Functions (Chain Rule)

We shall establish the formula for two variables and the result can be easily extended to

any number of variables.

Theorem: If u u1 2,  are functions of y y1 2,  and y y1 2,  are functions of x1, x2,  then

∂
∂

=
∂

∂
⋅

∂
∂

( , )

( , )

( , )

( , )

( , )

( , )

u u

x x

u u

y y

y y

x x
1 2

1 2

1 2

1 2

1 2

1 2

⋅
(Kumaun 2003)

Proof: We have

∂
∂

= ∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

= ∂
∂

∂
∂

u

x

u

y

y

x

u

y

y

x

u

x

u

y

y1

1

1

1

1

1

1

2

2

1

1

2

1

1

1,
x

u

y

y

x

u

x

u

y

y

x

u

y

y

x

2

1

2

2

2

2

1

2

1

1

1

2

2

2

1

+ ∂
∂

∂
∂

∂
∂

= ∂
∂

∂
∂

+ ∂
∂

∂
∂

∂

,

,
u

x

u

y

y

x

u

y

y

x
2

2

2

1

1

2

2

2

2

2∂
= ∂

∂
∂
∂

+ ∂
∂

∂
∂

⋅










...(1)

Now 
∂
∂

⋅
∂
∂

( , )

( , )

( , )

( , )

u u

y y

y y

x x
1 2

1 2

1 2

1 2

  =

∂
∂
∂
∂

∂
∂
∂
∂

















×

∂
∂
∂
∂

∂u

y

u

y

u

y

u

y

y

x

y

x

y1

1

2

1

1

2

2

2

1

1

2

1

1

2

2

2

∂
∂
∂

















x

y

x

=

∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

∂
∂

+ ∂
∂

∂
∂

u

y

y

x

u

y

y

x

u

y

y

x

u

y

y

x

1

1

1

1

1

2

2

1

2

1

1

1

2

2

2

1

1

1

1

2

1

2

2

2

2

1

1

2

2

2

2

∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

∂
∂

+ ∂
∂

∂
∂

u

y

y

x

u

y

y

x

u

y

y

x

u

y

y

x2

















,

ap ply ing row-by-col umn mul ti pli ca tion rule

=

∂
∂
∂
∂

∂
∂
∂
∂

















u

x

u

x

u

x

u

x

1

1

2

1

1

2

2

2

, using the relations (1)

=
∂
∂

⋅
( , )

( , )

u u

x x
1 2

1 2

Note: The above for mula re sem bles very much with the for mula 
df

dx

df

dt

dt

dx
= ⋅ , for the

de riv a tive of the func tion of a func tion.

Generalization of the above formula: If u u un1 2, , ...,  are functions of y y yn1 2, , ,…  and 

y y yn1 2, , ...,  are functions of x x1 2, , ..., xn, then

∂
∂

=
∂

∂
( , , , )

( , , ..., )

( , , ..., )

( ,

u u u

x x x

u u u

y y
n

n

n1 2

1 2

1 2

1

…

2

1 2

1 2, ..., )

( , , ..., )

( , , ..., )y

y y y

x x xn

n

n

⋅
∂
∂

⋅

The proof may be easily extended as in the case of two variables and has been left as an

exercise for the students.
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   3  Jacobian of Implicit Functions

The o rem 1: Sup pose u u un1 2, , ...,  in stead of be ing given ex plic itly in terms of x x xn1 2, , ...,  are

con nected with them by equa tions such as

F u u u x x xn n1 1 2 1 2 0( , , ..., , , , ..., ) ,=

F u u u x x xn n2 1 2 1 2 0( , , ..., , , , ..., ) ,=

…  …  …  …  …  …

F u u u x x xn n n( , , ..., , , , ..., ) .1 2 1 2 0=

Then, we have 
∂
∂

= −

∂
( , , ..., )

( , , ..., )
( )

( , , ...,

u u u

x x x

F F F

n

n

n

n

1 2

1 2

1 2

1

)

( , , ..., )

( , , ..., )

( , , ..., )

∂
∂
∂

⋅
x x x

F F F

u u u

n

n

n

1 2

1 2

1 2

Proof: Here also we shall establish the result for two variables and the proof can be

extended easily for n variables. The students should themselves write the proof for n

variables on the basis of the proof given below for two variables.

In the case of two variables, the connecting relations are

F u u x x

F u u x x
1 1 2 1 2

2 1 2 1 2

0

0

( , , , ) ,

( , , , ) .

=
=





...(1)

From relations (1), we have by differentiation

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂

=

∂
∂

+ ∂
∂

∂

F

x

F

u

u

x

F

u

u

x

F

x

F

u

u

1

1

1

1

1

1

1

2

2

1

1

2

1

1

0,

1

2

1

2

2

2

2

1

2

1

1

1

2

2

2

0
∂

+ ∂
∂

∂
∂

=

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂

x

F

u

u

x

F

x

F

u

u

x

F

u

u

,

x

F

x

F

u

u

x

F

u

u

x

1

2

2

2

1

1

2

2

2

2

2

0

0

=

∂
∂

+ ∂
∂

∂
∂

+ ∂
∂

∂
∂

=















,

.




...(2)

Now    
∂
∂

⋅
∂
∂

( , )

( , )

( , )

( , )

F F

u u

u u

x x
1 2

1 2

1 2

1 2

 =

∂
∂
∂
∂

∂
∂
∂
∂

















×

∂
∂
∂
∂

∂F

u

F

u

F

u

F

u

u

x

u

x

u1

1

2

1

1

2

2

2

1

1

2

1

1

2

2

2

∂
∂
∂

















x

u

x

       =

∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

∂
∂

+ ∂
∂

∂
∂

F

u

u

x

F

u

u

x

F

u

u

x

F

u

u

x

1

1

1

1

1

2

2

1

2

1

1

1

2

2

2

1

1

1

1

2

1

2

2

2

2

1

1

2

2

2

2

∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

∂
∂

+ ∂
∂

∂
∂

F

u

u

x

F

u

u

x

F

u

u

x

F

u

u

x2

















,

ap ply ing row-by-col umn mul ti pli ca tion rule
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         =

− ∂
∂

− ∂
∂

− ∂
∂

− ∂
∂

















F

x

F

x

F

x

F

x

1

1

2

1

1

2

2

2

, using the relations (2)

         = −
∂
∂

⋅( )
( , )

( , )
12 1 2

1 2

F F

x x

Accordingly, we have

∂
∂

= −

∂
∂
∂
∂

( , )

( , )
( )

( , )

( , )

( , )

(

u u

x x

F F

x x

F F

u

1 2

1 2

2

1 2

1 2

1 2

1

1

, )u2

⋅

Ex am ple 4: If J is the Jacobian of u v,  with re spect to x y,  and J ′ is the Jacobian of x y,   with

re spect to u v,  then prove that JJ ′ = 1  or  
∂
∂

×
∂
∂

=
( , )

( , )

( , )

( , )
.

u v

x y

x y

u v
1

(Kanpur 2008; Bundelkhand 11; Meerut 12; Avadh 13)

So lu tion: Let u f x y v f x y= =1 2( , ), ( , ). ...(1)

Obviously x yand  can also be expressed as functions of u and v. Differentiating

relations (1) partially with respect to u vand , we get

1 0

0

= ∂
∂

∂
∂

+ ∂
∂

∂
∂

= ∂
∂

∂
∂

+ ∂
∂

∂
∂

= ∂
∂

∂
∂

u

x

x

u

u

y

y

u

u

x

x

v

u

y

y

v

v

x

x

u

, ,

+ ∂
∂

∂
∂

= ∂
∂

∂
∂

+ ∂
∂

∂
∂

⋅










v

y

y

u

v

x

x

v

v

y

y

v
, 1

...(2)

Now
∂
∂

×
∂
∂

( , )

( , )

( , )

( , )

u v

x y

x y

u v
 =

∂
∂
∂
∂

∂
∂
∂
∂

















×

∂
∂
∂
∂

∂
∂
∂
∂








u

x

v

x

u

y

v

y

x

u

y

u

x

v

y

v 




     =

∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

∂
∂

+ ∂
∂

∂
∂

∂
∂

∂
∂

+ ∂
∂

∂u

x

x

u

u

y

y

u

v

x

x

u

v

y

y

u

u

x

x

v

u

y

y

∂
∂
∂

∂
∂

+ ∂
∂

∂
∂

















v

v

x

x

v

v

y

y

v

, 

     ap ply ing row-by-col umn mul ti pli ca tion

     =

 


1

0

0

1
, using the relations (2)

     = 1.
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Ex am ple 5: If  u v w x y z3 2 2+ + = + + , u v w x y z+ + = + +3 2 2,

u v w x y z+ + = + +3 2 2 , prove that 
∂
∂

=
− + + +

− + + +
( , , )

( , , )

( )

( )

u v w

x y z

xy yz zx xyz

u v w

1 4 16

2 3 2 2 2 27 2 2 2u v w
⋅

So lu tion: The given re la tions can be writ ten as

F u v w x y z1
3 2 2 0≡ + + − − − = ,

F u v w x y z2
3 2 2 0≡ + + − − − = ,

F u v w x y z3
3 2 2 0≡ + + − − − = .

Now 
∂
∂

= −
∂

∂
∂( , , )

( , , )
( )

( , , )

( , , )

( , ,/u v w

x y z

F F F

x y z

F F
13 1 2 3 1 2 F

u v w
3)

( , , )∂
…(1)

Here 
∂

∂
=

−
−
−

−
−
−

−
−
−












( , , )

( , , )

F F F

x y z
x

x

y

y

z

z1 2 3

1

2

2

2

1

2

2

2

1




= − − + − − −1 1 4 2 2 4 2 4 2( ) ( ) ( )yz x y yz x yz z

= − + + + −1 4 16( ) .yz zx xy xyz

And       
∂

∂
=















( , , )

( , , )

F F F

u v w

u

v

w

1 2 3

2

2

2

3

1

1

1

3

1

1

1

3

                   = − − − + −3 9 1 1 3 1 1 1 32 2 2 2 2u v w w v( ) ( ) . ( )

                   = − + + +2 3 272 2 2 2 2 2( ) .u v w u v w

∴ From (1),   
∂
∂

=
− + + +

− + + +
( , , )

( , , )

( )

( )

u v w

x y z

yz zx xy xyz

u v w

1 4 16

2 3 2 2 2 27 2 2 2u v w
⋅

 1. If u v x y u v x y3 3 2 2 3 3+ = + + = +, , show that  
∂
∂

=
−

−
⋅

( , )

( , ) ( )

u v

x y

y x

uv u v

1

2

2 2

(Kumaun 2002; Garhwal 03)

 2.  If x y z u y z uv z uvw+ + = + = =, , , show that 
∂
∂

=
( , , )

( , , )
.

x y z

u v w
u v2

(Rohilkhand 2005; Gorakhpur 11; Kashi 14)

 3. If  u xyz
v x y z

w x y z3 2 2 2 21 1 1 1= = + + = + +, , , prove that

∂
∂

= −
− − − + +

+
( , , )

( , , )

( ) ( ) ( ) ( )

(

u v w

x y z

v y z z x x y x y z

u w yz z3 2 x xy+
⋅

)

(Kumaun 2009, 13; Rohilkhand 12B)
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 4. If  u v w x y z3 3 3+ + = + + , u v w x y z2 2 2 3 3 3+ + = + + ,

u v w x y z+ + = + +2 2 2, then prove that

∂
∂

=
− − −
− − −

⋅
( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

u v w

x y z

y z z x x y

u v v w w u (Purvanchal 2007; Kanpur 12)

 5. Com pute the Jacobian 
∂
∂

( , )

( , )

u v

r θ
 where 

u xy v x y x r y r= = − = =2 2 2, , cos , sin .θ θ

 6. If  u x x x x u u x x x1 1 2 3 4 1 2 2 3 4= + + + = + +, , u u u x x1 2 3 3 4= + , 

u u u u x1 2 3 4 4= ,  show that 
∂
∂

=
( , , , )

( , , , )
.

x x x x

u u u u
u u u1 2 3 4

1 2 3 4
1
3

2
2

3
(Kumaun 2012)

 7. Given y x x1 1 2 0( ) ,− =  y x x x x2 1
2

1 2 2
2 0( ) ,+ + =  show that

∂
∂

=
+
−

⋅
( , )

( , )

y y

x x
y y

x x

x x

1 2

1 2
1 2

1 2

1
3

2
3

3

 8. If u x r v y r= − = −− −( ) , ( ) ,/ /1 12 1 2 2 1 2  w z r= − −( ) ,/1 2 1 2  

where  r x y z2 2 2 2= + + ,  show that 
∂
∂

= − −( , , )

( , , )
( ) ./u v w

x y z
r1 2 5 2

 9. (a) Find the Jacobian of y y y yn1 2 3, , , ..., , be ing given

y x x y x x x y x x x xn n n1 1 2 2 1 2 3 1 1 2 11 1 1= − = − = −− −( ), ( ), , ( ),… …  

y x x x xn n= 1 2 3 … .

(b) If y r1 1= cos ,θ  y r2 1= sin θ  cos ,θ2   y r3 1 2 3= …sin sin sin , ,θ θ θ  

y rn n n− − −=1 1 2 2 1sin sin .... sin cosθ θ θ θ  

and y rn n= −sin sin sin ,θ θ θ1 2 1…  prove that

∂
∂

=
−

− −( , , .... , )

( , , ...., )
sin sin

y y y

r
rn

n

n n n1 2

1 1

1 2
1θ θ

θ −
−

3
2 2θ θ..... sin .n

(Kumaun 2010)

10. If λ µ ν, ,  are the roots of the equa tion in k,

x

a k

y

b k

z

c k+
+

+
+

+
= 1,

prove that  
∂
∂

= −
− − −
− − −

⋅
( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

x y z

b c c a a bλ µ ν
µ ν ν λ λ µ

11. The roots of the equa tion in λ,

( ) ( ) ( )λ λ λ− + − + − =x y z3 3 3 0

are u v w, , . Prove that

∂
∂

= −
− − −
− − −

⋅
( , , )

( , , )

( ) ( ) ( )

( ) ( ) ( )

u v w

x y z

y z z x x y

v w w u u v
2

(Lucknow 2007; Kumaun 08; Kanpur 10; Gorakhpur 11)
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12. If x y z, ,  are con nected by a func tional re la tion f x y z( , , ) = 0, show that

∂
∂

=
∂
∂





 =

( , )

( , )

y z

x z

y

x z const.

13. (i) Prove that 
∂
∂

×
∂
∂

=
( , , )

( , , )

( , , )

( , , )
.

u v w

x y z

x y z

u v w
1

(Kanpur 2008, 09; 11)

(ii) Prove that 
∂

∂
⋅

∂
∂

( , , , )

( , , )

( , , )

( , , ...,

y y y

x x x

x x x

y y
n

n

n1 2

1 2

1 2

1 2

…

…

…

yn)
= 1.

14. If x y u v2 2 2 2 0+ + − =  and uv xy+ = 0, prove that 
∂
∂

=
−
+

⋅
( , )

( , )

u v

x y

x y

u v

2 2

2 2

(Kumaun 2015)

 5. − 4 3r 9. (a) x x xn n
n1

1
2

2
1

− −
−...

   4  Necessary and Sufficient Condition for a Jacobian

 to Vanish

The o rem 1: Let u u un1 2, , ...,  be func tions of n in de pend ent vari ables x1, x xn2, ..., . In or der

that these n func tions may not be in de pend ent, i.e., there may ex ist be tween these n func tions a

re la tion

F u u un( , , ..., ) ,1 2 0= ...(1)

it is necessary and sufficient that the Jacobian 
∂
∂
( , , ..., )

( , , .., )

u u u

x x x
n

n

1 2

1 2

 should vanish identically.

Proof: The con di tion is nec es sary i e. ., if there ex ists be tween u1, u2, ..., un a re la tion

F u u un( , , ..., )1 2 0= ...(1)

their Jacobian is necessarily zero.

Differentiating (1) partially with respect to x x1 2,  , ..., xn, we get

∂
∂

∂
∂

+ ∂
∂

∂
∂

+ + ∂
∂

∂
∂

=F

u

u

x

F

u

u

x

F

u

u

xn

n

1

1

1 2

2

1 1

0… ,

∂
∂

∂
∂

+ ∂
∂

∂
∂

+ + ∂
∂

∂
∂

=F

u

u

x

F

u

u

x

F

u

u

xn

n

1

1

2 2

2

2 2

0… ,

∂
∂

∂
∂

+ ∂
∂

∂
∂

+ + ∂
∂

∂
∂

=F

u

u

x

F

u

u

x

F

u

u

xn n n

n

n1

1

2

2 0… .
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Eliminating 
∂
∂

∂
∂

∂
∂

F

u

F

u

F

un1 2

, , ,…  from these equations, we get

∂
∂
∂
∂

∂
∂

∂
∂
∂
∂

∂
∂

∂
∂
∂

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

n n

n1

1

1

2

1

2

1

2

2

2

1

… …

…

…

…

…

n

n

n

x

u

x

∂

∂
∂























=2 0

…

 or 
∂
∂

=
( , , ..., )

( , , ..., )
.

u u u

x x x
n

n

1 2

1 2

0

The condition is sufficient, i e. ., if the Jacobian J u u un( , , ..., )1 2  is zero, then there must

exist a relation between u u un1 2, , ..., .

The equations connecting the functions u u un1 2, , ...,  and the variables x1, x xn2, ...,  are

always capable of being put into the following form :

φ =1 1 2 1 0( , , ..., , )x x x un

φ =2 2 3 1 2 0( , , ..., , , )x x x u un

..............................................

φ =+r r r n rx x x u u u( , , ..., , , , ..., )1 1 2 0

...............................................

φ =n n nx u u u( , , , ..., ) .1 2 0

Then, we have J
u u u

x x x
n

n

n=
∂
∂

= −

∂ φ φ
( , , ..., )

( , , ..., )
( )

( , , ...,

1 2

1 2

1 2

1

φ
∂
∂ φ φ φ
∂

n

n

n

n

x x x

u u u

)

( , , ..., )

( , , ..., )

( , , ..., )

1 2

1 2

1 2

    = −

∂φ
∂

∂φ
∂

∂φ
∂

∂φ
∂

∂φ
∂

∂φ
∂

( ) .1

1

1

2

2

1

1

2

2

n

n

n

n

n

x x x

u u u

…

…

           [See note af ter ar ti cle 1]

Now, if J = 0, we have

∂φ
∂

⋅ ∂φ
∂

∂φ
∂

∂φ
∂

=1

1

2

2

0
x x x x

r

r

n

n

… …

i e. ., 
∂φ
∂

=r

rx
0 for some value of r be tween 1 and n.

Hence, for that particular value of r the function φr must not contain xr; and accordingly 

the corresponding equation is of the form

φ =+r r n rx x u u u( , ..., , , , ..., ) .1 1 2 0

Consequently between this and the remaining equations φ =+r 1 0, φ =+r 2 0, ..., φ =n 0,

the variables xr +1, x xr n+ 2, ,…  can be eliminated so as to give a final equation between 

u u un1 2, , ...,  alone.

Hence the theorem is established.
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Ex am ple 6: Show that the func tions

u x y z= + − , v x y z= − + , w x y z yz= + + −2 2 2 2

are not independent of one another. Also find the relation between them.
(Garhwal 2000; Lucknow 10)

So lu tion: Here

∂
∂

= −
−

−

−















( , , )

( , , )
( ) ( )

u v w

x y z
x y z z y

1

1

2

1

1

2

1

1

2

 = −
−















1

1

2

1

1

2

0

0

0x y z( )

, 

    add ing C2 to C3

         = 0.

Since the Jacobian is zero, the functions are not independent.

Now u v x u v y z+ = − = −2 2and ( ).

Therefore ( ) ( ) ( ) .u v u v x y z yz w+ + − = + + − =2 2 2 2 24 2 4

This is the required relation between u v w, , .

Ex am ple 7: Show that ax hxy by and Ax Hxy By2 2 2 22 2+ + + +  are in de pend ent un less

a

A

h

H

b

B
= = ⋅

So lu tion: Let u ax hxy by v Ax Hxy By= + + = + +2 2 2 22 2, . If the func tions u v,  are

not in de pend ent, then

∂
∂

=
( , )

( , )

u v

x y
0  or  

∂
∂
∂
∂

∂
∂
∂
∂

















=

u

x

v

x

u

y

v

y

0 

or 
2

2

2

2
0

( )

( )

( )

( )

ax hy

Ax Hy

hx by

Hx By

+
+

+
+



 


 =

or ( ) ( ) ( ) ( )ax hy Hx By hx by Ax Hy+ + − + + = 0

or ( ) ( ) ( ) .aH Ah x aB Ab xy Bh bH y− + − + − =2 2 0

Since the variables x y,  are independent, the coefficients of x y2 2and  in the above

equation must be separately zero. Hence, we have

aH Ah Bh bH− = − =0 0and  

whence  
a

A

h

H

b

B
= = ⋅
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 1. If u x y z v x y z w xy yz zx= + + = + + = + +2 2 2, , , show that the Jacobian 

∂
∂

( , , )

( , , )

u v w

x y z
 van ishes iden ti cally. Also find the re la tion be tween u,  v and w.

(Avadh 2014)

 2. If u x y xy= + −( ) / ( )1  and v x y= +− −tan tan ,1 1  find 
∂
∂

( , )

( , )

u v

x y
 . Are u and v

functionally related ? If so, find the relationship.

 3. If the func tions u, v, w of three in de pend ent vari ables x, y, z are not in de pend ent,

prove that the Jacobian of u, v, w with re spect to x, y, z van ishes.

 4. Show that the func tions u x y z v x y z= + − = − +3 2 2,  and w x x y z= + −( )2

are not in de pend ent and find the re la tion be tween them.

 5. Show that the func tions

u x y z v xy yz zx w x y z xyz= + + = + + = + + −, , 3 3 3 3

are not in de pend ent. Find the re la tion be tween them. (Meerut 2013B)

 6. If u x y z v x y z= + + = − +2 2 3,  and w xy xz yz z= − + −2 4 2 2, show that they

are not in de pend ent. Find the re la tion be tween u, v and w.
(Lucknow 2009, 11)

 7. If u
x y

z
v

y z

x
w

y x y z

xz
=

+
=

+
=

+ +
, ,

( )
 , show that u v w, ,  are not in de pend ent 

and find the re la tion be tween them.

 8. If u x y z t= + + + , v x y z t= + − − , w xy zt= − , r x y z t= + − −2 2 2 2, 

show that 
∂
∂

=
( , , , )

( , , , )

u v w r

x y z t
0 and hence find a re la tion be tween u v w, ,  and r.

 9. If f ( )0 0=  and f x
x

′ =
+

( ) ,
1

1 2
 prove with out us ing the method of in te gra tion,

that f x f y f
x y

xy
( ) ( )+ =

+
−







 ⋅

1 (Meerut 2012B, 13; Gorakhpur 13, 14)

 1. v u w2 2= + 2.  u v= tan 4.  u v w2 2 8− =

 5.  u uv w3 3= + 6.  u v w2 2 4− = 7.  uv w= + 1

 8.  uv r w= + 2 .
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. If x r y r= =cos , sin ,θ θ  then

(a)
∂
∂

=
( , )

( , )

x y

r
r

θ
(b)

∂
∂

=
( , )

( , )

x y

r rθ
1

(c)
∂
∂

=
( , )

( , )

x y

r
r

θ
2 (d)

∂
∂

=
( , )

( , )

x y

r rθ
1
2

(Kumaun 2007)

 2. If u
y

x
v

x y

x
= =

+2 2 2

2 2
, , then

(a)
∂
∂

=
( , )

( , )

u v

x y

y

x2
(b)

∂
∂

= −
( , )

( , )

u v

x y

y

x2

(c)
∂
∂

=
( , )

( , )

u v

x y

x

y

2
(d)

∂
∂

= −
( , )

( , )

u v

x y

x

y

2

(Kumaun 2011)

 3. The Jacobian 
∂
∂

( , )

( , )

u v

x y
 for the func tions u e y v x yx= = +sin , log sin  is

(a) 0 (b) 1

(c) −1 (d) e x

 4. If u x y= sin  and v y x= sin , then 
∂
∂

( , )

( , )

u v

x y
 is 

(a) 1 (b) −1

(c) 0 (d) sin sin cos cosx y xy x y−

 5. If x r y r z z= = =cos , sin , ,θ θ  then 
∂
∂

( , , )

( , , )

x y z

r zθ
 is

(a) −r (b) r

(c) − 1

r
(d)

1

r

 6. The two func tions u x y( , ) and v x y( , ) are func tion ally de pend ent if their

(a) Jacobian is zero (b) Jacobian is not zero

(c) Prod uct is real (d) none of these

 7. If J
u v

x y
=

∂
∂

( , )

( , )
 and J

x y

u v
′ =

∂
∂
( , )

( , )
 then

(a) JJ ′ = 0 (b) JJ ′ = 1

(c) JJ ′ = − 1 (d) none of these

D-38

O T Qbjective ype uestions



 8. If x r y r= =cos , sin ,θ θ  then 
∂
∂

×
∂
∂

( , )

( , )

( , )

( , )

r

x y

x y

r

θ
θ

 is equal to

(a) 0 (b) 1

(c) 2 (d) ∞ (Kumaun 2015)

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If u and v are functions of two independent variables x and y, then

∂
∂

=

∂
∂
∂
∂

∂
∂















⋅
( , )

( , )

...
u v

x y

u

x
v

x

v

y

 2. If x r y r= =cos , sin ,θ θ  then 
∂
∂

= …
( , )

( , )
.

r

x y

θ

 3.
∂
∂

×
∂
∂

= …
( , )

( , )

( , )

( , )
.

u v

x y

x y

u v

 4. If x u v y v u= + = +( ), ( ),1 1  then 
∂
∂

= …
( , )

( , )
.

x y

u v

 5. If u xyz v xy yz xz= = + +, ,  w x y z= + + , then 
∂
∂

=
( , , )

( , , )

u v w

x y z
 … .

(Lucknow 2010)

 6. If  u
yz

x
v

zx

y
w

xy

z
= = =

2 3 4
, , , then 

∂
∂

=
( , , )

( , , )

u v w

x y z
 … .

 7. If u
yz

x
v

zx

y
w

xy

z
= = =, , , then 

∂
∂

=
( , , )

( , , )

u v w

x y z
 … .

True or False

Write ‘T’  for true and ‘F’  for false statement.

 1. If u
x x

x
u

x x

x
u

x x

x
1

2 3

1
2

3 1

2
3

1 2

3

= = =, , , then 
∂
∂

= −
( , , )

( , , )
.

u u u

x x x
1 2 3

1 2 3

4

 2. If u u1 2,  are functions of y y1 2,  and y y1 2,  are functions of x x1 2, , then

∂
∂

=
∂

∂
⋅

∂
∂

( , )

( , )

( , )

( , )

( , )

( , )

u u

x x

u u

y y

y y

x x
1 2

1 2

1 2

1 2

1 2

1 2

⋅

 3. If x r y r z r= φ = φ =sin cos , sin sin , cos ,θ θ θ  then 
∂
∂ φ

=
( , , )

( , , )
sin .

x y z

r
r

θ
θ2

 4. If u v,  and w are func tions of three in de pend ent vari ables x y,  and z , then 

∂
∂

⋅
∂
∂

=
( , , )

( , , )

( , , )

( , , )
.

u v w

x y z

x y z

u v w
0

 5. If u u1 2,  and u3 are functions of three independent variables x x1 2,  and x3
connected by the equations 
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F u u u x x x1 1 2 3 1 2 3 0( , , , , , ) ,=  

F u u u x x x2 1 2 3 1 2 3 0( , , , , , ) ,=

and F u u u x x x3 1 2 3 1 2 3 0( , , , , , ) ,=  

then 
∂
∂

=

∂
∂
∂

( , , )

( , , )

( , , )

( , , )

( ,

u u u

x x x

F F F

x x x

F
1 2 3

1 2 3

1 2 3

1 2 3

1 F F

u u u
2 3

1 2 3

, )

( , , )∂

⋅

 6. The functions u x y z= + +2 2 2, v x y z= + + , w xy yz zx= + +  are not

independent of each other.

 7. If x y z u y z uv z uvw+ + = + = =, , , then 
∂

∂
=

( , , )

( , , )
.

x y z

u v w
u v2

(Lucknow 2006, 08)

 8. If u v w, ,  are functions of three independent variables x y z, , , then u v w, ,  are not

independent of each other if 
∂
∂

≠
( , , )

( , , )
.

u v w

x y z
0

 9. The functional relation between the functions u
x

y z
=

+
3

2

2

( )
, v

y z

x y
=

+
−

2

3 2

( )

( )
 ,

w
x y

x
=

−
 is uvw2 1= .

Multiple Choice Questions
 1. (a) 2. (b) 3. (a) 4. (d) 5. (b)

 6. (a) 7. (b) 8. (b)

Fill in the Blank(s)

 1.
∂
∂

⋅u

y
2.  

1

r
⋅ 3. 1 4. 1+ +u v.

 5. ( ) ( ) ( )x y y z z x− − − 6. 96 7. 4

True or False
 1. F 2. T 3. T 4. F  5. F

 6. T 7. T 8. F 9. T

¨
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    1  Definition

Let f x y z( , , ,...) be any function of several independent variables x y z, , ,… supposed 

to be continuous for all values of these variables in the neighbourhood of their

values a b c, , ,… respectively. Then f a b c( , , ,...) is said to be a maximum or a minimum

value of f x y z( , , ,...) according as f a h b k c l( , , ,...)+ + +  is less or greater than 

f a b c( , , ,...) for all sufficiently small independent values of h k l, , ,..., positive or

negative, provided they are not all zero.

   2  Necessary Conditions for the Existence of

 Maxima or Minima

From the definition it is obvious that we shall have a maximum or a minimum of 

f x y z( , , ,...) for those values of x y z, , ,… for which the expression 

f x h y k z l f x y z( , , ,...) ( , , ,...)+ + + −  is of invariable sign for all sufficiently small

independent values of h k l, , ,... provided they are not all equal to zero. There will be a

maximum or a minimum according as this sign is negative or positive.

3

M Maxima and inima

(Of Functions of Several Independent Variables)



Expanding by Taylor’s theorem for several variables, we have

f x h y k z l( , , ,...)+ + +

= + ∂
∂

+ ∂
∂

+ ∂
∂

+















1

1

1!
h

x
k

y
l

z
…

+ ∂
∂

+ ∂
∂

+ ∂
∂

+








 +






1

2

2

!
( , , ,...).h

x
k

y
l

z
f x y z… …

∴ f x h y k z l f x y z( , , ,...) ( , , , )+ + + − …

=
∂
∂

+
∂
∂

+
∂
∂

+








 +h

f

x
k

f

y
l

f

z
…  terms of the sec ond

 and  higher or ders in  h k l, , ,… . ...(1)

Now by taking h k l, , ,... sufficiently small, the first degree terms in h k l, , ,... can be made

to govern the sign of the right hand side and therefore of the left hand side of (1). But if 

h
f

x
k

f

y
l

f

z

∂
∂

+
∂
∂

+
∂
∂

+ … , is not equal to zero, the sign of this expression will change by

changing the sign of each of h k l, , , ,…  . Hence as a necessary condition for the occurrence 

of a maximum or a minimum of f x y z( , , , ) ,…  we must have

h
f

x
k

f

y
l

f

z

∂
∂

+
∂
∂

+
∂
∂

+ =… 0 . ...(2)

Since (2) is true whatever be the values of h k l, , ,... independent of each other, we must

have as a necessary consequence

∂
∂

=
∂
∂

=
∂
∂

=
f

x

f

y

f

z
0 0 0, , , …

If there are n independent variables, we have then obtained n simultaneous equations to 

give us the values a b c, , ,… of the n variables x y z, , ,… for which f x y z( , , , )…  may have a

maximum or a minimum value.

The conditions 
∂
∂

=
∂
∂

=
∂
∂

=
f

x

f

y

f

z
0 0 0, , ,… are necessary but not sufficient for the existence of

maxima and minima.

   3  Stationary and Extreme Points

A point ( , , , )a a an1 2 …  is called a stationary point, if all the first order partial derivatives 

of the function f x x xn( , , , )1 2 …  vanish at that point. Also then the value of the function 

f x x xn( , , ..., )1 2  is said to be stationary at that point. A stationary point which is either a 

maximum or a minimum is called an extreme point and the value of the function at

that point is called an extreme value. A stationary point is not necessarily an extreme

point. Thus a stationary value may be a maximum or a minimum or neither of these

two. To decide whether a stationary point is really an extreme point, a further

investigation is required.
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   4  Lagrange’s Necessary and Sufficient Conditions for the

 Maxima or Minima of a Function of three Independent

 Variables

Nec es sary Con di tions: Let f x y z( , , ) be a func tion of three in de pend ent vari ables 

x y,  and z . Then as de rived in ar ti cle 4.2, for f x y z( , , ) to be a max i mum or a min i mum

at any point ( , , ) ,a b c  it is nec es sary that 
∂
∂

=
f

x
0, 

∂
∂

=
f

y
0 and 

∂
∂

=
f

z
0 at that point.

Hence the points where the value of the function f x y z( , , ) is stationary (i e. ., may be a

maximum or a minimum) are obtained by solving the simultaneous equations

∂
∂

=
f

x
0 , 

∂
∂

=
f

y
0 , 

∂
∂

=
f

z
0 .

Suf fi cient Con di tions: Be fore de riv ing the suf fi cient con di tions for the ex is tence

of a max i mum or a min i mum of a func tion of three in de pend ent vari ables, we ob tain

the fol low ing two al ge braic lem mas re gard ing the signs of quadratic expressions.

Lemma 1: Let I ax hxy by2
2 22= + +  be a qua dratic ex pres sion in two vari ables x and 

y . We can write

I
a

a x ahxy aby2
2 2 21

2= + +[ ] , if a ≠ 0 

    = + + −1 2 2 2

a
ax hy ab h y[( ) ( ) ] .

The expression within the square brackets will be positive if ab h− 2 is positive and in that case the

sign of the expression I2 will be the same as that of a .

In case ab h− 2 is not positive, we can say nothing about the sign of the expression

within the square brackets and hence nothing about the sign of the given quadratic

expression I2 .

Lemma 2: In three variables x y,  and z ,

I ax by cz fyz gzx hxy3
2 2 2 2 2 2≡ + + + + +

   = + + + + +1
2 2 22 2 2 2

a
a x aby acz fayz gazx haxy[ ] , if a ≠ 0

   = + + + + +1
2 22 2 2 2

a
a x ax gz hy aby acz fayz[ ( ) ]

   = + + + + + − +1
22 2 2 2

a
ax hy gz aby acz fayz gz hy[( ) ( ) ]

   = + + + −1 2 2 2

a
ax hy gz ab h y[( ) ( )  + − + −2 2 2yz fa gh ac g z( ) ( ) ].

Now I3 will be of the same sign as a provided the expression within the square brackets

is positive which will of course be so if 

ab h− 2 and { }( ) ( ) ( )ab h ac g fa gh− − − −2 2 2  are both pos i tive
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i e. ., if ab h− 2 and a abc fgh af bg ch( )+ − − −2 2 2 2  are both positive.

Thus I3 will be positive if a
a

h

h

b

a

h

g

h

b

f

g

f

c

, ,


 


















be all positive and will be negative if these three expressions are alternately negative and positive.

Now we are in a position to derive Lagrange’s sufficient conditions for the existence of a

maximum or a minimum of a function of three independent variables at a stationary

point.

Let a set of the values of x y z, ,  obtained by solving the equations

∂
∂

=
∂
∂

=
∂
∂

=
f

x

f

y

f

z
0 be a b c, , .

Let the values of the six second order partial derivatives

∂
∂

∂
∂

∂
∂

∂
∂ ∂

∂
∂ ∂

2

2

2

2

2

2

2 2f

x

f

y

f

z

f

y z

f

z x
, , , ,  and 

∂
∂ ∂

2 f

x y

at the point ( , , )a b c  be denoted by A B C F G, , , ,  and H respectively.

Then, we have 

f a h b k c l f a b c( , , ) ( , , )+ + + −

    = + + + + + +1

2
2 2 22 2 2

3
!
( ) ,Ah Bk Cl Fkl Glh Hhk R  ...(1)

where R3 consists of terms of third and higher orders of small quantities h k,  and l . By

taking h k,  and l sufficiently small, the second degree terms in h k,  and l can be made to

govern the sign of the right hand side and therefore of the left hand side of (1). If this

group of terms forms an expression of invariable sign for all such values of h k,  and l , we

shall have a maximum or a minimum value of f x y z( , , ) at ( , , )a b c  according as that sign

is negative or positive.

Hence by our lemma 2, if the expressions

A
A

H

H

B

A

H

G

H

B

F

G

F

C

, ,


 


















be all positive, we shall have a minimum of f x y z( , , ) at ( , , )a b c  and if these expressions

be alternately negative and positive, we shall have a maximum of f x y z( , , ) at ( , , ) ,a b c

whilst if these conditions are not satisfied, we shall in general have neither a maximum

nor a minimum of f x y z( , , ) at ( , , ) .a b c

   5  Working Rule for Finding the Maxima and Minima of a

 Function of Three Independent Variables

Suppose f x y z( , , ) is a given function of three independent variables x y,  and z . Find 

∂ ∂f x/ ,   ∂ ∂ ∂ ∂f y f z/ and /  and solve the simultaneous equations  ∂ ∂ = ∂ ∂ =f x f y/ , /0 0
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and ∂ ∂ =f z/ .0  All the triads ( , , )a b c  of the values of x y,  and z obtained on solving these 

equations will give the stationary values of f x y z( , , ) i e. ., will give the points at which

the function f x y z( , , ) may be a maximum  or a minimum.

To discuss the maximum or minimum of f x y z( , , ) at any point ( , , )a b c  obtained on

solving the equations ∂ ∂ = ∂ ∂ =f x f y/ , /0 0 and ∂ ∂ =f z/ ,0  we find the values at this

point of the six partial derivatives of second order of f x y z( , , ) symbolically denoted as

follows :

A
f

x
=

∂
∂

2

2
, B

f

y
=

∂
∂

2

2
, C

f

z
=

∂
∂

2

2
, F

f

y z
=

∂
∂ ∂

2

, G
f

z x
=

∂
∂ ∂

2

 and H
f

x y
=

∂
∂ ∂

⋅
2

If the expressions 

A
A

H

H

B

A

H

G

H

B

F

G

F

C

, ,


 


















be all positive, we shall have a minimum of f x y z( , , ) at ( , , )a b c  and if these expressions

be alternately negative and positive, we shall have a maximum of f x y z( , , ) at ( , , ) ,a b c

whilst if these conditions are not satisfied, we shall in general have neither a maximum

nor a minimum of f x y z( , , ) at ( , , ) .a b c

Ex am ple 1: Dis cuss the max i mum or min i mum val ues of u where 

u x y z x z xy= + + + − −2 2 2 2 .

So lu tion: For a max i mum or a min i mum of u , we must have

∂
∂

= − + =u

x
x y2 1 0 , 

∂
∂

= − + =u

y
x y2 0 ,

and 
∂
∂

= − =u

z
z2 2 0 .

These equations give x y z= − = − =2 3 1 3 1/ , / , .

∴ ( / , / , )− −2 3 1 3 1 is the only point at which u is stationary i e. ., at which u may have a

maximum or a minimum.

Now  
∂
∂

=
2

2
2

u

x
, 

∂
∂

=
2

2
2

u

y
, 

∂
∂

=
2

2
2

u

z
, 

∂
∂ ∂

=
2

0
u

y z
, 

∂
∂ ∂

=
2

0
u

z x
 

and 
∂

∂ ∂
= −

2

1
u

x y
.

If A B C F G, , , ,  and H denote the respective values of these six partial derivatives of

second order at the point ( / , / , ) ,− −2 3 1 3 1  then

A B C F G H= = = = = = −2 2 2 0 0 1, , , , , .
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Now we have A
A

H

H

B
= 


 


=

−
−


 


=2

2

1

1

2
3,

and 

A

H

G

H

B

F

G

F

C















= −
−













=
2

1

0

1

2

0

0

0

2

6 .

Since these three expressions are all positive, we have a minimum of u when 

x y z= − = − =2 3 1 3 1/ , / , .

Ex am ple 2: Show that the point such that the sum of the squares of its dis tances from n given

points shall be min i mum, is the cen tre of the mean po si tion of the given points.

So lu tion: Let the n given points be ( , , ) ,a b c1 1 1  ( , , ) ,a b c2 2 2  ...... , ( , , )a b cn n n  and let 

( , , )x y z  be the co or di nates of the re quired point.

If u denotes the sum of the squares of the distances of ( , , )x y z  from the n given points,

then

u x a y b z c= − + − + −Σ [( ) ( ) ( ) ]1
2

1
2

1
2

   = − + − + −Σ Σ Σ( ) ( ) ( ) .x a y b z c1
2

1
2

1
2

For a maximum or a minimum of u , we must have

∂
∂

= − = − =u

x
x a nx a2 2 2 01 1Σ Σ( ) ,

∂
∂

= − = − =u

y
y b ny b2 2 2 01 1Σ Σ( ) ,

and 
∂
∂

= − = − =u

z
z c nz c2 2 2 01 1Σ Σ( ) .

Solving these equations, we get

x
a

n
= Σ 1 , y

b

n
= Σ 1 , z

c

n
= ⋅Σ 1

Now A
u

x
n= ∂

∂
=

2

2
2 , B

u

y
n= ∂

∂
=

2

2
2 , C

u

z
n= ∂

∂
=

2

2
2 ,

F
u

y z
= ∂

∂ ∂
=

2

0 , G
u

z x
= ∂

∂ ∂
=

2

0 , H
u

x y
= ∂

∂ ∂
=

2

0 .

We have A n
A

H

H

B

n

n
n= 


 


=


 


=2

2

0

0

2
4 2, ,

and       

A

H

G

H

B

F

G

F

C

n

n

n

n















=














=
2

0

0

0

2

0

0

0

2

8 3.

Since these three expressions are all positive, u is minimum when

x
a

n
=

Σ 1 , y
b

n
=

Σ 1 and z
c

n
=

Σ 1

i e. ., u is minimum when the point ( , , )x y z  is the centre of the mean position of the n given 

points.
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Ex am ple 3: Find the max i mum value of u where

u
xyz

a x x y y z z b
=

+ + + +
⋅

( ) ( ) ( ) ( )

So lu tion: We have

log log log log log ( )u x y z a x= + + − +
− + − + − +log ( ) log ( ) log ( ).x y y z z b

∴ 
1 1 1 1 2

u

u

x x a x x y

ay x

x a x x y

∂
∂

= −
+

−
+

=
−

+ +( ) ( )

or 
∂
∂

=
−

+ +
⋅u

x

ay x u

x a x x y

( )

( ) ( )

2

Sim i larly 
∂
∂

=
−

+ +
u

y

xz y u

y x y y z

( )

( ) ( )

2

 

and  
∂
∂

=
−

+ +
⋅u

z

by z u

z y z z b

( )

( ) ( )

2

Now for a maximum or a minimum of u , we must have

∂
∂

=u

x
0  i e. .,  ay x− =2 0

∂
∂

=u

y
0  i e. .,  xz y− =2 0

and 
∂
∂

=u

z
0  i e. .,  by z− =2 0 .

From the above equations, it follows that a x y z, , ,  and b are in geometrical progression.

Let r be the common ratio of this geometrical progression. Then

ar b4 =   or  r b a= ( / ) ./1 4

Also x ar y ar z ar= = =, , .2 3

Substituting these values, we get

u
ar ar ar

a r ar r ar r ar r
=

+ + + +
. .

( ) . ( ) . ( ) . ( )

2 3

2 31 1 1 1

=
+

=
+

=
+

⋅1

1

1

1

1
4 1 4 4 1 4 1 4 4a r a b a a b( ) [ ( / ) ] ( )/ / /

This gives a stationary value of u . To decide whether this value of u is a maximum or a

minimum we proceed to find the second order partial derivatives of u .

We have
∂
∂

=
−

+ +
+ − ∂

∂ + +









2

2
22u

x

xu

x a x x y
ay x

x

u

x a x x y( ) ( )
( )

( ) ( )
 ⋅

∴  When x ar y ar z ar= = =, , ,2 3  we have

A
u

x

ar u

ar a r ar r
= ∂

∂
=

−
+ +

2

2

2

1 1

. .

. ( ) . ( )
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       =
−

+
2

12 2

u

a r r( )
, which is neg a tive.

Hence the above stationary value of u is a maximum.

Ans. Max i mum value of u
a b

=
+

⋅1
1 4 1 4 4( )/ /

Note: In the com pli cated prob lems in or der to find whether a sta tion ary value of u is a

max i mum or a min i mum, it is suf fi cient to find the value of a sec ond par tial dif fer en tial

co ef fi cient of u with re spect to any of the in de pend ent vari ables. The value of u will be

max i mum or min i mum ac cord ing as the value of this sec ond par tial de riv a tive at the

sta tion ary point under consideration is –ive or +ive.

 1. Show that  u x y z x y z xyz a= + + − + + − +( ) ( )3 33 24  has min i mum at ( , , )111

and max i mum at ( , , ) .− − −1 1 1

 2. Find the max i mum or min i mum val ues of u where

u axy z x y z xy z xy z= − − −2 3 2 2 3 3 3 2 4.

 3. Find the max i mum value of

( ) .( )ax by cz e x y z+ + − + +α β γ2 2 2 2 2 2

 2. u is max i mum when x a y a z a= = =/ , / , /7 2 7 3 7 and the max i mum value is 

108 77a / .

 3.
1

2

2

2

2

2

2

2e

a b c

α β γ
+ +























   6  Lagrange’s Method of Undetermined Multipliers

Let u f x x xn= ( , , ..., )1 2

be a func tion of n vari ables x x xn1 2, , ..., . Let these vari ables be con nected by m

equa tions

φ =1 1 2 0( , , ..., ) ,x x xn  φ =2 1 2 0( , , ..., ) , ,x x xn …  φ =m nx x x( , , ..., )1 2 0

so that only n m−  of the n vari ables are in de pend ent.
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For a max i mum or a min i mum of u , we have

du
u

x
dx

u

x
dx

u

x
dx

u

x
dx

n
n= ∂

∂
+ ∂

∂
+ ∂

∂
+ + ∂

∂
=

1
1

2
2

3
3 0… .

Also differentiating the m given equations connecting the variables, we get

d
x

dx
x

dx
x

dx
x

dx
n

nφ =
∂φ

∂
+

∂φ

∂
+

∂φ

∂
+ +

∂φ

∂
=1

1

1
1

1

2
2

1

3
3

1
0… ,

d
x

dx
x

dx
x

dx
x

dx
n

nφ =
∂φ

∂
+

∂φ

∂
+

∂φ

∂
+ +

∂φ

∂
=2

2

1
1

2

2
2

2

3
3

2
0… ,

…  …  …  …  …  …  …  …

…  …  …  …  …  …  …  …

d
x

dx
x

dx
x

dx
x

dxm
m m m m

n
nφ =

∂φ

∂
+

∂φ

∂
+

∂φ

∂
+ +

∂φ

∂
=

1
1

2
2

3
3 0… .

Multiplying the above m + 1 equations obtained on differentiation by 1 1 2, , , ...,λ λ λ m

respectively and adding, we get an equation which may be written as

P dx P dx P dx P dxn n1 1 2 2 3 3 0+ + + + =… , ...(1)

where P
u

x x x x
r

r r r
m

m

r

= ∂
∂

+
∂φ

∂
+

∂φ

∂
+ +

∂φ

∂
⋅λ λ λ1

1
2

2
…

Now the m multipliers λ λ λ1 2, , ..., m are at our choice. We choose them such that they

satisfy the m linear equations

P P Pm1 20 0 0= = =, , ..., .

Then the equation (1) reduces to

P dx P dx P dxm m m m n n+ + + ++ + + =1 1 2 2 0… . ...(2)

It is immaterial which of the n m−  of the n variables x x xn1 2, , ,…  are regarded as

independent. Let us regard the n m−  variables xm +1 , xm + 2 , ... , xn as independent.

Then since the n m−  quantities dx dx dxm m n+ +1 2, , ,…  are all independent of one

another, their coefficients must be separately zero in the relation (2). Hence we must

have

P P Pm m n+ += = =1 20 0 0, , ..., .

Thus we get m n+  equations

P P Pn1 20 0 0= = =, , ,…  

and φ = φ = φ =1 20 0 0, , , ,… m

which together with the relation u f x x xn= ( , , , )1 2 …  determine the m multipliers 

λ λ λ1 2, , , ,… m  the values of x x xn1 2, , ,…  and u at the stationary point. This method is

known as Lagrange’s method of undetermined multipliers. It is very convenient to

apply and it often gives us the maximum or minimum values of u without actually

determining the values of the multipliers λ λ1, , .… m  The only drawback of this method

is that it does not determine the nature of the stationary point.
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Ex am ple 4:  If  u x y z= + +2 2 2,  where ax by cz fyz gzx2 2 2 2 2+ + + +  + =2 1hxy , find

the max i mum or min i mum val ues of u.

So lu tion: We have u x y z= + +2 2 2, ...(1)

where the variables x y z, ,  are connected by the relation

ax by cz fyz gzx hxy2 2 2 2 2 2 1+ + + + + = . ...(2)

For a max i mum or a min i mum of u , we have du = 0

⇒ 2 2 2 0xdx ydy zdz+ + =  

⇒  x dx y dy z dz+ + = 0 . ...(3)

Also differentiating the given relation (2), we get

 2 2 2 2 2 2ax dx by dy cz dz fy dz fz dy gz dx+ + + + +
+ + + =2 2 2 0gx dz hx dy hy dx

or     ( ) ( ) ( ) .ax hy gz dx hx by fz dy gx fy cz dz+ + + + + + + + = 0 ...(4)

Multiplying (3) by 1, (4) by λ and adding, and then equating the coefficients of 

dx dy dz, ,  to zero, we have

x ax hy gz+ + + =λ ( ) ,0  ...(5)

y hx by fz+ + + =λ ( ) ,0  ...(6)

and z gx fy cz+ + + =λ ( ) .0 ...(7)

Multiplying (5) by x , (6) by y, (7) by z and adding, we get

x y z ax by cz fyz gzx hxy2 2 2 2 2 2 2 2 2 0+ + + + + + + + =λ ( )

or u + =λ . ,1 0   us ing (1) and (2).

∴ λ = − u .

Hence from (5), we have

x u ax hy gz− + + =( ) 0

or x au huy guz( )1 0− − − =  

or  a
u

x hy gz−





+ + =1
0 . ...(8)

Sim i larly from (6) and (7), we have

hx b u y fz+ − + =( / ) ,1 0 ...(9)

and gx fy c u z+ + − =( / ) .1 0  ...(10)

Eliminating x y z, ,  from (8), (9), (10), we get

a u

h

g

h

b u

f

g

f

c u

−
−

−















=
( / )

( / )

( / )

.

1

1

1

0  ...(11)

Hence the required maximum or minimum values of u are the roots of the equation

(11).
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Ex am ple 5: Find the sta tion ary val ues of x y z2 2 2+ +  sub ject to the con di tions

ax by cz2 2 2 1+ + =  and lx my nz+ + = 0 .

Interpret the result geometrically. (Lucknow 2009)

So lu tion: Let  u x y z= + +2 2 2, ...(1)

where the vari ables x y,  and z are con nected by the re la tions

ax by cz2 2 2 1+ + = , ...(2)

and lx my nz+ + = 0 . ...(3)

For a stationary value of u , we have 

du = 0

⇒ 2 2 2 0x dx y dy z dz+ + =  

⇒ xdx ydy zdz+ + = 0 . ...(4)

Also differentiating the given relations (2) and (3), we get

2 2 2 0ax dx by dy cz dz+ + =
i e. ., ax dx by dy cz dz+ + = 0 ...(5)

and l dx m dy n dz+ + = 0 . ...(6)

Multiplying (4) by 1, (5) by λ and (6) by µ and adding, and then equating the

coefficients of dx dy dz, ,  to zero, we get

x ax l+ + =λ µ 0 , ...(7)

y by m+ + =λ µ 0 , ...(8)

and z cz n+ + =λ µ 0 . ...(9)

Multiplying the equations (7), (8) and (9) by x y,  and z respectively and adding, we get

x y z ax by cz lx my nz2 2 2 2 2 2 0+ + + + + + + + =λ µ( ) ( ) ,

or u + + =λ µ. . ,1 0 0  us ing (1), (2) and (3)

or λ = − u .

Sub sti tut ing for λ in the equa tions (7), (8) and (9), we get

x
l

au
y

m

bu
z

n

cu
=

−
=

−
=

−
⋅µ µ µ

1 1 1
, ,

Sub sti tut ing these val ues of x y z, ,  in (3), we get

µ µ µl

au

m

bu

n

cu

2 2 2

1 1 1
0

−
+

−
+

−
=

or 
l

au

m

bu

n

cu

2 2 2

1 1 1
0

−
+

−
+

−
= .  ...(10)

Hence the stationary (i e. ., maximum or minimum) values of u are given by the equation

(10). The equation (10) is a quadratic in u and so it gives two stationary values of u .

Geo met ri cal In ter pre ta tion: The sur face ax by cz2 2 2 1+ + =  rep re sents an

el lip soid (or a hyperboloid) whose cen tre is or i gin, and lx my nz+ + = 0 is a plane

pass ing through the or i gin. There fore the point ( , , )x y z  sat is fy ing both the con di tions
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(2) and (3) lies on the conic in which (2) and (3) in ter sect. Also x y z2 2 2+ +  gives the

square of the dis tance of ( , , )x y z  from the or i gin which is also the cen tre of the conic of

in ter sec tion. The max i mum and min i mum val ues of this dis tance are the ma jor and

mi nor semi-axes of the conic. So the equa tion (10) gives the squares of the lengths of

the semi-axes of the conic of intersection.

Ex am ple 6: Find the max i mum and min i mum val ues of

x

a

y

b

z

c

2

4

2

4

2

4
+ + ,

when lx my nz+ + = 0 and x a y b z c2 2 2 2 2 2 1/ / / .+ + =

Interpret the result geometrically. (Lucknow 2011)

So lu tion: Let u x a y b z c= + +2 4 2 4 2 4/ / / . Then for a max i mum or a min i mum of 

u , we have

du = 0  ⇒     
x

a
dx

y

b
dy

z

c
dz

4 4 4
0+ + =  ...(1)

Also differentiating the two given equations connecting the variables x y,  and z , we get

l dx m dy n dz+ + = 0 , ...(2)

and 
x

a
dx

y

b
dy

z

c
dz

2 2 2
0+ + = . ...(3)

Multiplying (1), (2) and (3) by 1, λ and µ respectively and adding, and then equating to

zero the coefficients of dx dy,  and dz , we get

x

a
l

x

a4 2
0+ + =λ µ , ...(4)

y

b
m

y

b4 2
0+ + =λ µ , ...(5)

and 
z

c
n

z

c4 2
0+ + =λ µ . ...(6)

Multiplying the equations (4), (5) and (6) by x y,  and z respectively and adding, we get

u + + =λ µ. .0 1 0  or  µ = − u .

Putting µ = − u in (4), we get

x

a
l

xu

a4 2
0+ − =λ , or 

x

a
u

a
l

2 2

1−







= λ , or x
la

a u
=

−
⋅λ 4

2 1

Similarly from (5) and (6), we get

y
mb

b u
=

−
λ 4

2 1
    and  z

nc

c u
=

−
⋅λ 4

2 1

Substituting these values of x y z, ,  in lx my nz+ + = 0 , we get

l a

a u

m b

b u

n c

c u

2 4

2

2 4

2

2 4

21 1 1
0

−
+

−
+

−
= . ...(7)

The equation (7) gives the required maximum or minimum values of u .
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Geo met ri cal In ter pre ta tion: The equa tion of the tan gent plane to the el lip soid 

x a y b z c2 2 2 2 2 2 1/ / /+ + =  at any point ( , , )x y z  on it is

Xx

a

Yy

b

Zz

c2 2 2
1+ + = . ...(8)

If p be the length of the perpendicular from origin which is also the centre of the

ellipsoid to the tangent plane (1), then

p
x a y b z c

2
2 4 2 4 2 4

1=
+ +

⋅
/ / /

If the point ( , , )x y z  on the ellipsoid also lies on the given plane lx my nz+ + = 0 , the

problem consists of finding out the maximum or minimum values of the perpendicular

distance from the origin to the tangent planes to the ellipsoid at the points common to

the plane lx my nz+ + = 0 and the ellipsoid.

Ex am ple 7: Prove that of all rect an gu lar parallelopipeds of the same vol ume, the cube has the

least sur face.

So lu tion: Let x y z, ,  be the di men sions of the rect an gu lar parallelopiped, V  be its

vol ume and S be its sur face. Then

S xy yz zx= + +2 2 2 ...(1)

and xyz V= = some constant . ...(2)

For a maximum or a minimum of S , we have

dS y z dx z x dy x y dz= + + + + + =2 2 2 0( ) ( ) ( )

i e. ., ( ) ( ) ( ) .y z dx z x dy x y dz+ + + + + = 0  ...(3)

Also differentiating (2) and observing that V  is constant, we have

yz dx zx dy xy dz+ + = 0 . ...(4)

Multiplying (3) by 1 and (4) by λ , and adding and then equating to zero the

coefficients of dx dy,  and dz , we get

( ) ,y z yz+ + =λ 0  ...(5)

( ) ,z x zx+ + =λ 0  ...(6)

and ( ) .x y xy+ + =λ 0  ...(7)

These give − = + = + = + ⋅λ 1 1 1 1 1 1

y z z x x y

∴ 
1 1

0
y x

− =   or  x y= .

Sim i larly y z= .

Hence for a stationary value of S , we have

x y z V= = = 1 3/ ,  from (2).

Thus S is stationary when the rectangular parallelopiped is a cube.

Let us now find the nature of this stationary value of S .
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Here S is a function of three variables x y z, ,  which are connected by the relation (2) so

that only two variables are independent. Let us regard x and y as independent variables

and z to be dependent on them.

Then from (1), 
∂
∂

= + ∂
∂

+ + ∂
∂

⋅S

x
y y

z

x
z x

z

x
2 2 2 2

Also from (2), yz xy
z

x
+ ∂

∂
= 0 i e. ., 

∂
∂

= − ⋅z

x

z

x

∴ 
∂
∂

= − + − = −S

x
y

yz

x
z z y

yz

x
2

2
2 2 2

2

and 
∂
∂

= − ⋅ ∂
∂

= + = =
2

2 2 2 2 2

2 2 2 2 4
4

S

x

yz

x

y

x

z

x

yz

x

yz

x

yz

x
 at x y z= = .

Similarly by symmetry 
∂
∂

=
2

2
4

S

y
 at x y z= = .

Also 
∂

∂ ∂
= − − ∂

∂
⋅

2

2
2 2S

x y

z

x

y

x

z

y

But differentiating (2) partially w.r.t. y taking x as constant, we get

xz xy
z

y
+ ∂

∂
= 0  or  

∂
∂

= − ⋅z

y

z

y

∴ 
∂

∂ ∂
= − − −









 = − + =

2

2
2 2

2
2 2

2
S

x y

z

x

y

x

z

y

z

x

z

x
.

Thus at the stationary point x y z V= = = 1 3/ , we have

r
S

x
= ∂

∂
=

2

2
4 , s

S

x y
= ∂

∂ ∂
=

2

2 and t
S

y
= ∂

∂
=

2

2
4 .

∴ r t s− = × − =2 24 4 2 12 which is > 0 .

Also r = 4 which is > 0 .

Hence the stationary value of S given by x y z V= = = 1 3/  is a minimum.

Thus of all rectangular parallelopipeds of the same volume, the cube has the least

surface.

Ex am ple 8: Dis cuss the max ima and min ima of the func tion 

u sin x sin y sin z= , where x y z, ,  are the an gles of a tri an gle.

So lu tion: We have u x y z= sin sin sin , ...(1)

where x y z+ + = π . ...(2)

For a maximum or a minimum of u , we must have

du x y z dx x y z dy x y z dz= + +cos sin sin sin cos sin sin sin cos

   = 0 .  ...(3)

Also from (2), we have

dx dy dz+ + = 0 . ...(4)
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Multiplying (3) by 1 and (4) by λ and adding and then equating to zero the coefficients

of dx dy dz, , , we get

cos sin sin ,x y z + =λ 0  

sin cos sin ,x y z + =λ 0

and sin sin cos .x y z + =λ 0

From these, we get

− = = =λ cos sin sin sin cos sin sin sin cosx y z x y z x y z

or cot cot cotx y z= =  [Di vid ing by sin sin sinx y z]

i e. ., x y z= = = π / .3  [From (2)]

Thus u is stationary when x y z= = = π / .3

Let us now find the nature of this stationary value of u .

Since variables x y,  and z are connected by the relation (2), only two of them may be

regarded as independent.

Let us regard x yand  as independent and z to be dependent on them by the relation

(2).

Then from (1),

∂
∂

= + ∂
∂

⋅u

x
y z x x y z

z

x
sin sin cos sin sin cos

Also form (2),

1 0+ ∂
∂

=z

x
  or  

∂
∂

= −z

x
1.

∴ 
∂
∂

= −u

x
y z x x y zsin sin cos sin sin cos

and 
∂
∂

= − + ∂
∂

2

2

u

x
y z x y x z

z

x
sin sin sin sin cos cos  

 − + ∂
∂

cos sin cos sin sin sinx y z x y z
z

x

           = − −2 2sin sin sin sin cos cos .x y z y x z

Also 
∂

∂ ∂
= + ∂

∂

2u

x y
y z x y x z

z

y
cos sin cos sin cos cos

 − + ∂
∂

sin cos cos sin sin sinx y z x y z
z

y

         = − −cos sin cos sin cos cos sin cos cos .y z x y x z x y z

− sin sin sinx y z

Hence putting x y z= = = π / ,3  we get

r
u

x
= ∂

∂
= − ⋅ √ ⋅ √ ⋅ √ − ⋅ √ ⋅ ⋅

2

2
2

3

2

3

2

3

2
2

3

2

1

2

1

2
 = −

√
− √ = − √

3 3

4

3

4
3 ,

    s
u

x y
= ∂

∂ ∂
= √ − √ − √ −

√
= − √ ⋅

2 3

8

3

8

3

8

3 3

8

3

2
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Also by symmetry, t
u

y
= ∂

∂
= − √

2

2
3 . 

∴ At the sta tion ary point x y z= = = π / ,3  we have

rt s− = − =2 3 3 4 9 4( / ) /  which is > 0

and r = − √ 3 which is < 0 .

∴ At the sta tion ary point x y z= = = π / ,3  u is max i mum.

Hence u is maximum when x y z= = = π / 3 and the maximum value of 

u = √







 =

√
⋅3

2

3 3

8

3

Ex am ple 9: Show that the vol ume of the great est rect an gu lar parallelopiped that can be

in scribed in the el lip soid

x

a

y

b

z

c

2

2

2

2

2

2
1+ + =  is 

8

3 3

abc

√
⋅

(Gorakhpur 2010)

So lu tion: Let ( , , )x y z  de note the co or di nates of the ver tex of the rect an gu lar

parallelopiped which lies in the pos i tive octant and let V  de note its vol ume. Then, we

have to find the max i mum value of

V xyz= 8 ...(1)

subject to the condition

x

a

y

b

z

c

2

2

2

2

2

2
1+ + = . ...(2)

For a maximum or a minimum of V , we have

dV yzdx zxdy xydz= + + =8 8 8 0

i e. ., yz dx zx dy xy dz+ + = 0 . ...(3)

Also differentiating (2), we get

2 2 2
0

2 2 2

x

a
dx

y

b
dy

z

c
dz+ + =

i e. .,  
x

a
dx

y

b
dy

z

c
dz

2 2 2
0+ + = . ...(4)

Multiplying (3) by 1 and (4) by λ ,  and adding and then equating the coefficients of 

dx dy dz, ,  to zero, we get

yz
x

a
zx

y

b
+ = + =λ λ

2 2
0 0,  and xy

z

c
+ =λ

2
0 .

From these, we get

x

a

yz y

b

zx z

c

xy
2 2 2

= − = − = −
λ λ λ

, ,

or 
x

a

xyz y

b

xyz z

c

xyz2

2

2

2

2

2
= − = − = −

λ λ λ
, ,
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or 
x

a

y

b

z

c

x a y b z c2

2

2

2

2

2

2 2 2 2 2 2

3

1

3
= = =

+ +
=

/ / /
, us ing (2)

or x a y b z c= √ = √ = √/ , / , / .3 3 3

Thus V  is stationary when x a y b z c= √ = √ = √/ , / , / .3 3 3

Now regard x and y as independent variables and z as a function of x and y given by (2).

Then from (1), 
∂
∂

= + ∂
∂

⋅V

x
yz xy

z

x
8 8

Differentiating (2) partially w.r.t. x taking y as constant, we get

2 2
0

2 2

x

a

z

c

z

x
+ ∂

∂
=   or  

∂
∂

= − ⋅z

x

c x

a z

2

2

∴ 
∂
∂

= + ⋅ −








 = −V

x
yz xy

c x

a z
yz

c x y

a z
8 8 8

82

2

2 2

2

and so 
∂
∂

= ∂
∂

− + ⋅ ∂
∂

2

2

2

2

2 2

2 2
8

16 8V

x
y

z

x

c x y

a z

c x y

a z

z

x
 

     = ⋅
−







 − − ⋅8

16 82

2

2

2

2 2

2

2

2
y

c x

a z

c x y

a z

c x y

a z

c x

a z
,

which is –ive when x a y b z c= √ = √ = √/ , / , / .3 3 3

Hence V  is maximum when x a y b z c= √ = √ = √/ , / , /3 3 3 and the maximum value

of V
abc=
√

⋅8

3 3

Note: In com pli cated prob lems to show that whether the sta tion ary value of a

func tion is max i mum or min i mum, it will be suf fi cient to see whether the sec ond par tial 

dif fer en tial co ef fi cient of the func tion w.r.t. any of the in de pend ent vari ables is

negative or positive.

Ex am ple 10: A rect an gu lar box open at the top is to have a given ca pac ity. Find the di men sions

of the box re quir ing least ma te rial for its con struc tion.

So lu tion: Let the given ca pac ity of the box be V ,  its three edges be x y z, ,  and its

sur face be S . Then 

S xy yz zx= + +2 2 ...(1)

and    xyz V= . ...(2)

For a maximum or a minimum of S , we have

dS y z dx x z dy x y dz= + + + + + =( ) ( ) ( ) .2 2 2 0 ...(3)

Also from (2), since V  is constant, we have yz dx zx dy xy dz+ + = 0 . ...(4)

Multiplying (3) by 1 and (4) by λ , and adding and then equating to zero the

coefficients of dx dy dz, and , we get 

( ) ,y z yz+ + =2 0λ ...(5)

( ) ,x z zx+ + =2 0λ ...(6)

and 2 2 0x y xy+ + =λ . ...(7)
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Multiplying (5) by x , (6) by y and subtracting, we get

2 2 0zx zy− =  or 2 0z x y( ) ,− =  or x y= .

[The root z = 0 is inadmissible because the depth of the box cannot be zero.]

Similarly, from the equations (6) and (7), we get y z= 2 .

Hence the dimensions of the box for a stationary value of S are

x y z V= = =2 2 1 3( ) ,/  from (2).

Let us now find the nature of this stationary value of S .

Regard x and y as independent variables and z as a function of x and y given by (2).

Then from (1), 
∂
∂

= + ∂
∂

+ + ∂
∂

⋅S

x
y y

z

x
z x

z

x
2 2 2

Differentiating (2) partially w.r.t. x taking y as constant, we get

yz xy
z

x
+ ∂

∂
= 0 i e. ., 

∂
∂

= − ⋅z

x

z

x

∴ 
∂
∂

= − + − = −S

x
y

yz

x
z z y

yz

x

2
2 2

2

and so 
∂
∂

= − ⋅ ∂
∂

= + = =
2

2 2 2 2 2

2 2 2 2 4
2

S

x

yz

x

y

x

z

x

yz

x

yz

x

yz

x
 at x y z= = 2 .

Thus at the stationary point x y z V= = =2 2 1 3( ) ,/  we have

r
S

x
= ∂

∂
=

2

2
2 , which is pos i tive.

Similarly we can find s
S

x y
= ∂

∂ ∂

2

 and t
S

y
= ∂

∂

2

2

at the stationary point x y z V= = =2 2 1 3( ) /  and can show that r t s− 2 is positive.

Since at the stationary point x y z V r t s= = = − >2 2 01 3 2( ) ,/  and r > 0 , therefore the

stationary value of S  at this point is a minimum.

Hence the dimensions of the box requiring least material for its construction are given

by x y z V= = =2 2 1 3( ) ./

 1. Find the max i mum and min i mum val ues of u a x b y c z= + +2 2 2 2 2 2,

where x y z2 2 2 1+ + =  and lx my nz+ + = 0 .

 2. Show that the max i mum and min i mum val ues of u x y z= + +2 2 2

sub ject to the con di tions  px qy rz+ + = 0 and x a y b z c2 2 2 2 2 2 1/ / /+ + =  

are  given by the equa tion 
a p

u a

b q

u b

c r

u c

2 2

2

2 2

2

2 2

2
0

−
+

−
+

−
= .
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 3. Find the max i mum and min i mum val ues of u2 when

u a x b y c z2 2 2 2 2 2 2= + +

while x y z2 2 2 1+ + =  and lx my nz+ + = 0. (Lucknow 2008)

 4. Find the max i mum value of x y zm n p sub ject to the con di tion

x y z a+ + = .

 5. Find the min i mum value of x y z+ + , sub ject to the con di tion

( / ) ( / ) ( / ) .a x b y c z+ + = 1

 6. Find the min i mum value of x y z2 2 2+ + , given that

ax by cz p+ + = . (Lucknow 2006)

 7. Find the max i mum or min i mum value of x y zp q r sub ject to the con di tion

ax by cz p q r+ + = + + .

 8. Find the max i mum or min i mum value of x y zp q r sub ject to the con di tion

a

x

b

y

c

z
+ + = 1.

 9. Find the min i mum value of x y z4 4 4+ + , where xyz c= 3.

10. Di vide a num ber a into three parts such that their prod uct will be max i mum.

11. In a plane tri an gle ABC ,  find the max i mum value of 

                   u A B C= cos cos cos . (Lucknow 2007)

12. Find a plane tri an gle ABC such that u A B Cm n p= sin sin sin  

has max i mum value.

13. Show that if the per im e ter of a tri an gle is con stant, its area is a max i mum when

it is equi lat eral.

14. Find the tri an gle of max i mum area in scribed in a cir cle.

15. Prove that the rect an gu lar solid of max i mum vol ume which can be in scribed in

a sphere is a cube.

16. Given u xyz x y z= + +5 2 4/ ( ) . Find the val ues of x y z, ,  for which u is

max i mum sub ject to the con di tion xyz = 8 .

17. Show that the max i mum and min i mum of the ra dii vec tors of the sec tions of

the sur face ( )x y z
x

a

y

b

z

c

2 2 2 2
2

2

2

2

2

2
+ + = + +

by the plane  λ µ νx y z+ + = 0 are given by the equa tion

a

a r

b

b r

c

c r

2 2

2 2

2 2

2 2

2 2

2 21 1 1
0

λ µ ν
−

+
−

+
−

= .

18. If two vari ables x and y are con nected by the re la tion ax by ab2 2+ = , show that

the max i mum and min i mum val ues of the func tion u x y xy= + +2 2  will be the

roots of the equation 4 ( ) ( ) .u a u b ab− − =
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19. Find the max i mum or min i mum value of x y z2 2 2+ + , sub ject to the con di tions

lx my nz+ + = 1, l x m y n z′ + ′ + ′ = 1.

20. Show that the max i mum and min i mum val ues of 

u ax by cz fyz gzx hxy= + + + + +2 2 2 2 2 2

subject  to  the  conditions lx my nz+ + = 0 and x y z2 2 2 1+ + =  are given by

the equation 

a u

h

g

l

h

b u

f

m

g

f

c u

n

l

m

n

−
−

−

















=

0

0 .

21. Find the max i mum value of u , when u x y z= 2 3 4 and 2 3 4x y z a+ + = .

22. Find the points where u ax by czp q r= + +  has ex treme val ues sub ject to the

con di tion x y z kl m n+ + = .

23. De ter mine  the  max i mum value of OP O,  be ing the or i gin of co or di nates where 

P de scribes the curve x y z2 2 22 5+ + = , x y z+ + =2 5 .

24. Prove that if x y z+ + = 1,  ayz bzx cxy+ +  has an ex treme value equal to

abc

bc ca ab a b c2 2 2 2 2 2+ + − − −
⋅

Prove also that if a b c, ,  are all positive and c lies between a b ab+ − √2 ( ) and 

a b ab+ + √2 ( ) this value is true maximum and that if a b c, ,  are all negative and c

lies between a b ab+ ± √2 ( ) , it is true minimum.

25. Find the max ima and min ima of x y2 2+  sub ject to the con di tion

ax hxy by2 22 1+ + =  .

 1. The max i mum or min i mum val ues of u are the roots of the equa tion

l

u a

m

u b

n

u c

2

2

2

2

2

2
0

−
+

−
+

−
= .

 3. The re quired val ues are the roots of the equa tion

l

u a

m

u b

n

u c

2

2 2

2

2 2

2

2 2
0

−
+

−
+

−
= .

 4. m n p a m n pm n p m n p m n p+ + + ++ +/ ( ) .

 5. A min i mum when 
x

a

y

b

z

c
a b c

√
=

√
=

√
= √ + √ + √ .

 and the min i mum value = √ + √ + √( )a b c 2.

 6. p a b c2 2 2 2/ ( )+ + .
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 7. A max i mum value is ( / ) ( / ) ( / )p a q b r cp q r.

 8. A min i mum when  
px

a

qy

b

rz

c
p q r= = = + + .

 9. A min i mum when x y z c= = =  and the min i mum value = 3 4c .

10. a a a/ , / , / .3 3 3

11. u is max i mum when A B C= = = π
3

 and the max i mum value of u = 1

8
 .

12. A max i mum when 
tan tan tanA

m

B

n

C

p
= =  .

14. An equi lat eral tri an gle.

16. x y z= = =4 2 1, , .

19. The min i mum value Σ Σ( ) / ( ) .l l mn m n− ′ ′ − ′2 2

21. ( / )a 9 9.

22. The val ues of x y z, ,  are given by 
x

l pa

y

m qb

z

n rc

p l q m r n− − −
= = ⋅

/ / /

23. √ 5.

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. The function u x y z= sin sin sin , where x y z, ,  are the angles of a triangle, is

stationary at the point

(a) x y z= = =π π π
2 4 4

, , (b) x y z= = = π
3

(c) x y z= = =π π π
4 2 4

, , (d) x y z= = =0
2 2

, ,
π π

 2. The max i mum and min i mum val ues of u a x b y c z= + +2 2 2 2 2 2 where 

x y z2 2 2 1+ + =  and lx my nz+ + = 0 are the roots of the equa tion

(a)
l

u a

m

u b

n

u c

2

2

2

2

2

2
0

−
+

−
+

−
= (b)

l

u a

m

u b

n

u c−
+

−
+

−
=

2 2 2
0

(c)
l

u a

m

u b

n

u c

2 2 2

0
−

+
−

+
−

= (d)
l

u a

m

u b

n

u c−
+

−
+

−
= 0
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Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. Let f x y z( , , ) be a function of three independent variables x y,  and z. The

necessary conditions for the existence of a maximum or a minimum of f x y z( , , )

at x a y b= =,  and z c=  are

∂
∂

=
∂
∂

=
∂
∂

= …
f

x

f

y

f

z
0 0, and  at x a y b z c= = =, , .

 2. For a max i mum or a min i mum of u x y z x z xy= + + + − −2 2 2 2 , we must have

2 1 0 2 2 0x y z− + = … − =, , and .

True or False

Write ‘T’  for true and ‘F’  for false state ment.

 1. The func tion u x y z x z xy= + + + − −2 2 2 2  has a max i mum at the point 

x y z= − = − =2

3

1

3
1, , .

 2. The volume of the greatest rectangular parallelopiped that can be inscribed in the 

ellipsoid

x

a

y

b

z

c

2

2

2

2

2

2
1+ + =  is 

8

3 3

abc

√
⋅

 3. The maximum or minimum values of u x y z= + +2 2 2 subject to the conditions

ax by cz2 2 2 1+ + =  and lx my nz+ + = 0 

are the roots of the equa tion 
l

au

m

bu

n

cu

2 2 2

1 1 1
0

−
+

−
+

−
= .

 4. The min i mum value of x y z+ + , sub ject to the con di tion 
a

x

b

y

c

z
+ + = 1, is

( ) .a b c+ + 2

Multiple Choice Questions

 1. (b) 2. (a)

Fill in the Blank(s)

 1. 0 2. − + =x y2 0.

True or False

 1. F 2. T 3. T 4. F

¨
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   1  Functions of Two Variables

Let R denote the set of real numbers. 

We have R R R R R2 = × = ∈ ∈{ }( , ) : , .x y x y

Let  A ⊆ R2.

If f A: ,→ R  then f  is called a real val ued func tion of two real vari ables.

The set A is called the domain of this function and the range of this function is some

subset of R .

Def i ni tion: We say that z f x y= ( , ) is a real val ued func tion of two in de pend ent real

vari ables x and y, if for each pair of val ues of x and y of a cer tain set { }( , )x y  over which the point 

( , )x y  ranges, there ex ists a unique real value of z.

For example, z x y xy z x y y x= + − = +2 2 , sin cos  etc., are real valued functions of

two real independent variables x and y.

4

L C
F S V

imit and ontinuity of

unctions of everal ariables



   2  Neighbourhood of a Point

Rect an gu lar neigh bour hood of a point:

Let ( , )a b  be any point of R2.

The set N a b x y x y( , ) ( , ) : , ,= ∈ ∈{ R R  a h x a h b k y b k− < < + − < < +, } is called a

rectangular neighbourhood of the point ( , ),a b  where h and k are arbitrarily small positive real

numbers.

In par tic u lar, 

              N a b x y x y a x a b y b( , ) ( , ) : , , ,= ∈ ∈ − < < + − < < +{ }R R δ δ δ δ
is a square neigh bour hood of the point ( , ),a b  where δ is an ar bi trarily small pos i tive

real number.

A neighbourhood of a point ( , )a b  is denoted by N a b( , ).

We shall often write the word neighbourhood in the abbreviated form as nhd or nbd.

Cir cu lar neigh bour hood of a point:

The set N a b x y x y( , ) ( , ) : ,= ∈ ∈{ R R and ( ) ( )x a y b− + − <2 2 δ} is called a circular

neighbourhood of the point ( , ),a b  where δ is an arbitrarily small positive real number.

It can be seen that every circular neighbourhood of a point contains a rectangular neighbourhood

and vice versa.

De leted neigh bour hood of a point: If from the neigh bour hood N a b( , ) of the point 

( , ),a b  we de lete the point ( , ),a b  then the re main ing set is called a de leted nbd of ( , ).a b

   3  Simultaneous and Iterated Limits

For a function f x y( , ) of two variables x and y, we can define several kinds of limits. If 

( , )a b  is the limiting point of a set of values in two dimensional space, then we have the

limits

   lim
( , ) ( , )

( , ),
lim lim ( , ),

lim lim
x y a b

f x y
x a y b

f x y
y b x→ → → → → a

f x y( , ).

The first type of limit is known as ‘simultaneous limit’ or ‘double limit’ and the last

two types are known as ‘iterated limits’ or ‘repeated limits’.

The simultaneous limit, 
lim

( , ) ( , )
( , )

x y a b
f x y

→
 is also written as 

lim ( , ).
x a

y b

f x y
→
→

The notion of an iterated limit is nothing but a limit of a limit and it can be obtained as

in the case of a function of a single variable. However, the notion of simultaneous limit

is quite different from that of the limit of a function of single variable.
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Simultaneous Limit:

Def i ni tion: We say that the si mul ta neous limit of f x y( , ) ex ists and is equal to A as 

( , ) ( , ),x y a b→  if for ev ery ε > 0, there ex ists a δ > 0 such that 

| ( , ) |f x y A− < ε
for all values of x and y in the nbd of ( , )a b  defined by  | | ,| | .x a y b− < − <δ δ
Non-ex is tence of si mul ta neous limit:

For the existence of simultaneous limit, not only must we have same limiting value if

the variable point ( , )x y  approaches the limiting point ( , )a b  through any set of values

dense at the point, but we must also have the same limiting value as the variable point

approaches its limiting position along any curve whatsoever.

Thus if we can find two methods of approach to the limiting point which give different

limiting values then we can conclude that the simultaneous limit does not exist.

Ex am ple 1: Show that the si mul ta neous limit  lim
x y

xy

x y( , ) ( , )→ +0 0

3

2 6
 does not ex ist.

(Gorakhpur 2010)

So lu tion: First let ( , )x y  ap proach ( , )0 0  along the line y x=  which is a line through the

or i gin. For this, we first put y x=  in the func tion and then al low x to ap proach 0. We

thus get

lim lim
.

x

x

x x x

x

x→ +
=

→ +
=

0 0 1
0

4

2 6

2

4

Again, let ( , )x y  approach ( , )0 0  along the curve x y= 3. For this, we put x y= 3 in the

function and then allow y to approach zero. In this case, we get

lim
y

y

y y→ +
= ⋅

0

1

2

6

6 6

Since two methods of approach to the limiting point give different limiting values, the

simultaneous limit does not exist.

Note 1: It can be seen that if we ap proach the or i gin along any line y mx= , the limit

co mes out to be zero. But we can not con clude that the si mul ta neous limit ex ists and is 0 

as we have seen that the limit along x y= 3 co mes out to be 
1

2
⋅

Note 2: The ex is tence of the si mul ta neous limit, 
lim

( , ) ( , )
( , )

x y a b
f x y

→
 im plies that

the sin gle lim its 
lim

( , ),
lim

( , )
x a

f x b
y b

f a y
→ →

 also ex ist. How ever, it does not fol low

that the sin gle lim its 
lim

( , ),
lim

( , )
x a

f x y
y b

f x y
→ →

 ex ist for y b≠ , x a≠  re spec tively.

It is shown by the following example :
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Ex am ple 2: Show that the si mul ta neous limit 
lim

x y
y sin

x( , ) ( , )→ 0 0

1
 ex ists and is equal to 0

but the sin gle limit 
lim

x
y sin

x
y

→
≠

0

1
01 1( ) does not ex ist.

So lu tion: First we shall show that the si mul ta neous limit 
lim

( , ) ( , )
sin

x y
y

x→ 0 0

1

ex ists.

Let ε > 0 be given. Taking δ = ε, we see that for all x y,  satisfying the inequalities 

0 0< < < <| | , | | ,x yδ δ  we have

y
x

y
x

y
x

sin sin | | sin
1

0
1 1−


 


=


 


= 


 




  ≤| |y
∵ sin

1
1

x


 


≤





 < = εδ .

∴
lim

( , ) ( , )
sin

x y
y

x→
=

0 0

1
0 i e. ., the si mul ta neous limit ex ists.

But, for any constant value of y y= ≠1 0, we get

lim
sin

lim
sin ,

x
y

x
y

x x→
=

→0

1

0

1
1 1  which does not ex ist.

Re peated lim its or It er ated lim its: If a func tion f  is de fined in some de leted

neigh bour hood of ( , ),a b  then the limit 
lim

( , ),
y b

f x y
→

 if it ex ists, is a func tion of x,

say φ ( ).x  If then the limit, lim ( )
x a

x
→

φ  ex ists and is equal to λ, we write 

lim lim ( , )
x a y b

f x y
→ →

= λ

and say that λ is a repeated limit of f  as y b x a→ →, .

If we change the order of taking the limits, we get the other repeated limit

lim lim
( , )

y b x a
f x y

→ →
= µ (say)

when first x a→  and then y b→ .

These two limits may or may not be equal.

Note: In case the si mul ta neous limit ex ists, these two re peated lim its if they ex ist are

nec es sar ily equal but the con verse is not true. How ever, if the re peated lim its are not equal,

the simultaneous limit can not exist.

Ex am ple 3: Let f x y
y x

y x

x

y
x y( , ) , ( , ) ( , ).=

−
+

⋅
+
+

≠
1

1
0 0  Show that the two re peated lim its

ex ist at the or i gin but are un equal.

So lu tion: We have  lim lim ( , ) lim .
x y

f x y
x

x

→ →
=

→
−

+





= −
0 0 0

1

1
1
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Again, lim lim
( , )

lim
.

y x
f x y

y y→ →
=

→ +








 =

0 0 0

1

1
1

Thus the two repeated limits exist at the origin but are not equal.

Now we give a theorem which is only a sufficient but not a necessary condition for the

interchange of the order of iterated limits.

The o rem 1: Let the si mul ta neous limit lim
x y a b

f x y
( , ) ( , )

( , )
→

 ex ist and be equal to A and

let the limit lim
x a

f x y
→

( , ) ex ist for each con stant value of y in the nhd of b and like wise let the

limit lim
y b

f x y
→

( , )  ex ist for each con stant value of x in the nhd of a. Then

lim
x a

lim
y b

f x y lim
y b

lim
x a

f x y A
→ →

=
→ →

=( , ) ( , ) .

Proof: Since the limit lim ( , )
x a

f x y
→

 ex ists for each value of y in the nhd of b, we get a

set of these lim it ing val ues which de fines a func tion of y,  say F a y( , ). Thus, we can

write
lim

( , ) ( , ),
x a

f x y F a y
→

= …(1)

where F a y( , ) may or may not be identical with f a y( , ). 

Let ε > 0 be given. By virtue of (1), there exists δ1 0>  such that for each value of y in a

nhd of b, say in the nhd defined by | | ,y b− < δ0  we get

| ( , ) ( , )| /F a y f x y− < ε 2 …(2)

for all x satisfying the inequality | | .x a− < δ1

Again, since the simultaneous limit of f x y( , ) at ( , )a b  is A, there exists δ2 0>  such that

| ( , ) | /f x y A− < ε 2 …(3)

for all x y,  satisfying | | ,| | .x a y b− < − <δ δ2 2

Taking δ δ δ= min ( , ),0 2  we get for all y satisfying | | ,y b− < δ
 | ( , ) | | ( , ) ( , ) ( , ) |F a y A F a y f x y f x y A− = − + −

  ≤ − + −| ( , ) ( , )| | ( , ) |F a y f x y f x y A

  < ε + ε = ε
2 2

, by (2) and (3).

It gives that lim ( , )
y b

F a y A
→

=

or
lim lim ( , ) ,

y b x a
f x y A

→ →
=  us ing (1).

Similarly, we can prove that

lim lim
( , ) .

x a y b
f x y A

→ →
=

Thus   
lim

( , ) ( , )
( , )

lim lim
( , )

lim lim
x y a b

f x y
x a y b

f x y
y b x→

=
→ →

=
→ → a

f x y( , ).
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Ex am ple 4: Give an ex am ple to show that the or der of it er ated lim its can be in ter changed

al though the si mul ta neous limit does not exist. (Gorakhpur 2012)

So lu tion: We con sider the func tion f x y
xy

x y
( , ) =

+2 2
 for si mul ta neous and it er ated

lim its at ( , ).0 0  First let ( , )x y  ap proach ( , )0 0  along the line y x= . Putt ing y x=  and then

mak ing x ap proach 0, we get

lim
x

x

x x→ +
= ⋅

0

1

2

2

2 2

Again, let ( , )x y  approach (0, 0) along y-axis. Putting x = 0, we get

lim
.

y y→ +
=

0

0

0
0

2

Since two methods of approach give different results, the simultaneous limit does not

exist.

For iterated limits, we get

lim lim lim .

x y

xy

x y x

x

x→ → +
=

→ +
=

0 0 0

0

0
0

2 2 2

and
lim lim lim .

.
y x

xy

x y y

y

y→ → +
=

→ +
=

0 0 0

0

0
0

2 2 2

Thus the order of iterated limits can be interchanged.

Ex am ple 5: Show that 
lim

x y
xy

x y

x y( , ) ( , )
.

→
−
+

=
0 0

0
2 2

2 2

So lu tion: Let ε > 0 be given.

For all ( , ) ( , ),x y ≠ 0 0  we have

xy
x y

x y
xy

x y

x y

( ) ( )2 2

2 2

2 2

2 2
0

−
+

−








=

−
+









 = −

+
⋅| |.

| |
x y

xy

x y

2 2
2 2

 …(1)

Now for all x and y, we have (| | | |)x y− ≥2 0

⇒ | | | | | |.| |x y x y2 2 2 0+ − ≥

⇒ x y xy2 2 2+ ≥ | |

⇒ 
| |

,
xy

x y2 2

1

2+
≤  if ( , ) ( , ).x y ≠ 0 0 …(2)

∴ From (1) and (2), for all ( , ) ( , ),x y ≠ 0 0  we have

xy
x y

x y
x y x y

( )
| | | |

2 2

2 2
2 2 2 20

1

2

1

2

−
+

−








≤ − ≤ +

           = +1

2
2 2( )x y  < ε, 

        if x2 < ε and y2 < ε i e. ., if | |x < ε and | | .y < ε
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Now if we take δ = ε, then we see that for any given ε > 0, there exists δ > 0 such that

xy x y

x y

( )
,

2 2

2 2
0

−
+

−








< ε  when ever | |x < δ and | | .y < δ

∴
lim

( , ) ( , )
.

x y
xy

x y

x y→
−
+

=
0 0

0
2 2

2 2

Al ter na tive So lu tion: Take any given ε > 0. Putt ing x r y r= =cos , sin ,θ θ  we have

xy
x y

x y
xy

x y

x y
r

2 2

2 2

2 2

2 2
20

−
+

−








=

−
+









=| sin cosθ θ θcos |2

    =








=r r2 2

4
4

4
4sin | sin |θ θ

   ≤ r 2

4
[ |sin | ]∵ 4 1θ ≤

    =
+x y2 2

4

                                    < ε, if x2

4 2
< ε

 and 
y 2

4 2
< ε

 i e. ., 

         if | |x < ε2  and | | .y < ε2

Now if we take δ = ε2 , then we see that for any given ε > 0, there exists δ > 0 such that

xy
x y

x y

2 2

2 2
0

−
+

−








< ε, when ever | |x < δ and | | .y < δ

Hence 
lim

( , ) ( , )
.

x y
xy

x y

x y→
−
+

=
0 0

0
2 2

2 2

Ex am ple 6: Show that 
lim

x y

x y

x y( , ) ( , )→
−
−0 0

3 2

2 3
 does not ex ist.

So lu tion: When ( , ) ( , )x y → 0 0  along the st. line y x= , we have

  lim
( , ) ( , )

( , ) lim lim li
x y

f x y
x

x x

x x x

x

x→
=

→
−
−

=
→ −

=
0 0 0

3 2

2 3 0
m .

x →
− = −

0
1 1

Again when ( , ) ( , )x y → 0 0  along the st. line y = 0, we have

lim

( , ) ( , )
( , )

lim lim lim

x y
f x y

x

x

x x

x

x→
=

→
−
−

=
→

=
0 0 0

3 0

2 0 0

3

2 x →
= ⋅

0

3

2

3

2

Since the two methods of approach to the limiting point give different limiting values,

the simultaneous limit does not exist.

Ex am ple 7: Show that 
lim

x y

xy

x y( , ) ( , )→ +0 0

2 2

2 4
 does not ex ist.

So lu tion: Let ( , )x y  ap proach ( , )0 0  along the curve x my= 2. For this, we put x my= 2 in

the func tion and then al low y to ap proach zero. Thus in this case we have
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lim

( , ) ( , )

lim

( )x y

xy

x y y

my

m y→ +
=

→ +0 0

2

0

2

1

2

2 4

4

2 4

  =
→ +
lim

y

m

m0

2

1 2

  =
+
2

1 2

m

m

which is different for different values of m.

For ex am ple, if m = 1, then this limit =
+

=
2 1

1 1
1

2

.

and if m = 2 , then this limit =
+

= ⋅
2 2

1 2

4

52

.

Since two methods of approach to the limiting point give different limiting values,

therefore the simultaneous limit

lim
( , ) ( , )x y

xy

x y→ +0 0

2 2

2 4
 does not ex ist.

Ex am ple 8: Show that the si mul ta neous limit ex ists at the or i gin but the re peated lim its do not,

where

f x y
x sin

y
y sin

x
xy

xy

( , )
,

, .

=
+ ≠

=







1 1
0

0 0 (Lucknow 2009)

So lu tion: Here 
lim

( , ), lim ( , )
y

f x y
x

f x y
→ →0 0

 do not ex ist and there fore both the

re peated lim its 
lim lim

( , )
x y

f x y
→ →0 0

 and 
lim lim

( , )
y x

f x y
→ →0 0

 do not ex ist.

However, the simultaneous limit lim
( , ) ( , )

( , )
x y

f x y
→ 0 0

 exists and is equal to 0 as

shown below. Take any given ε > 0.

For all ( , ) ( , )x y ≠ 0 0  such that xy = 0, we have

| ( , ) | | | .f x y − = − = < ε0 0 0 0

Again for all ( , ) ( , )x y ≠ 0 0  such that xy ≠ 0, we have

 | ( , ) | | ( , )| sin sinf x y f x y x
y

y
x

− = = +








0

1 1

≤








+


 


x

y
y

x
sin sin

1 1
               [ | | | | | |]∵ a b a b+ ≤ +

=








+ 


 


| | sin | | sinx

y
y

x

1 1
[ | | | || |]∵ ab a b=
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≤ +| | | |x y             ∵ sin and sin
1

1
1

1
y x









≤ 


 


≤













≤ +2 2 2x y

[ | | and | | ]∵ x x y y x y≤ + ≤ +2 2 2 2

< ε < ε < ε
, if andx y2

2
2

2

8 8
   i e. .,

       if  | |x < ε
2 2

    and     | |y < ε ⋅
2 2

Now if we take δ = ε
2 2

, then we see that for any given ε > 0, there exists δ > 0 such that 

| ( , ) | ,f x y − < ε0  when ever | |x < δ and | | .y < δ

Hence, 
lim

( , ) ( , )
( , ) .

x y
f x y

→
=

0 0
0

 1. Show that 
lim

( , ) ( , )x y

xy

x y→ +0 0

2 2

2 4
 does not ex ist.

 2. Show that 
lim

( , ) ( , )
( ) .

x y
x y

→
+ =

0 0
0

 3. Show that 

lim

x

y

xy

x y
→
→ +

0

0

2
2 2

 does not ex ist.

(Gorakhpur 2013)

 4. Show that 
lim

( , ) ( , )
.

x y

x y

x y→
+ −

+
=

0 0

1 1
0

2 2

2 2

 5. Show that 
lim

( , ) ( , )x y

x y

x y→
+
−0 0

3 3

 does not ex ist.

 6. Let f x y

x y

x y
x y

x y

( , )
,

, .

= +
+ ≠

= =









2

4 2
4 2 0

0 0

if

if

Show that the straight line approach gives the limit zero at the origin but the

function possesses no limit at the origin.

 7. Show that 
lim

( , ) ( , )
.

x y

xy

x y→ +
=

0 0
0

2

2 2
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 8. Show that the limit, when ( , ) ( , ),x y → 0 0  ex ists in each case :

(i) lim
xy

x y2 2+
(ii)  lim

x y

x y

3 3

2 2+

(iii) lim
x y

x y

4 4

2 2

+
+

⋅ (iv)  lim
x y

x y

3 3

2 2

−
+

 9. Show that the re peated lim its ex ist at the or i gin and are equal but the

si mul ta neous limit does not ex ist, where f x y
xy

xy
( , )

,

, .
=

≠
=





1 0

0 0

if

if

10. Show that the limit and the re peated lim its ex ist when ( , ) ( , ) :x y → 0 0

f x y
x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

=
−
+

≠

=









2 2

2 2
0 0

0 0 0

11. Show that 
lim

( , ) ( , )
( , )

x y
f x y

→ 0 0
 and 

lim lim
y x

f x y
→ →0 0

( , ) ex ist, but 

lim lim
x y

f x y
→ →0 0

( , ) does not ex ist, where 

f x y
y x

y
y

y

( , )
sin ,

, .

= +








 ≠

=







1
0

0 0

if

if

12.  Show that if f x y
x y

x y
( , ) ,=

−
+

 then the re peated lim its ex ist but the dou ble limit

does not ex ist when ( , ) ( , ).x y → 0 0 (Lucknow 2010)

   4  Continuity of Functions of two Variables

Def i ni tion: The func tion f x y( , ) is said to be con tin u ous at ( , )a b  if for ev ery ε > 0, there ex ists 

δ > 0 such that 

| | ,| | | ( , ) ( , )|x a y b f x y f a b− < − < ⇒ −δ δ  < ε.

Equivalently, f x y( , ) is said to be continuous at ( , )a b  if the simultaneous limit

lim

( , ) ( , )
( , )

x y a b
f x y

→

exists and is equal to its functional value f a b( , ) at ( , ).a b

If f  is not continuous at ( , ) ,a b D∈ ⊆ R2  then f  is said to be discontinuous at ( , ).a b

f  is said to be continuous on the domain D if f  is continuous at each point of D.

Note 1: Let D ⊆ R2 and f D: → R be a func tion con tin u ous at ( , ) .a b D∈

Let f x f x b1 ( ) ( , ).=  Then f1 is a function of a single variable x.
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f  is continuous at ( , )a b ⇒ for each ε > 0 there exists δ > 0 such that 

| ( , ) ( , )|f x y f a b− < ε for ( , )x y D∈   and  | | ,| |x a y b− < − <δ δ
⇒ | ( , ) ( , )|f x b f a b− < ε for ( , )x b D∈    and  | |x a− < δ
⇒ | ( ) ( )|f x f a1 1−       < ε for ( , )x b D∈    and  | |x a− < δ
⇒ f1 is con tin u ous at a.

Similarly, we can show that f y f a y2 ( ) ( , )=  is continuous at b.

Hence, if f x y( , ) is continuous at ( , ),a b  then

(i) f x b( , ) is con tin u ous at x a=  and (ii) f a y( , ) is con tin u ous at y b= .

The converse of the above result is not true. Thus, if f x b( , ) is continuous at x a=  and 

f a y( , ) is continuous at y b=  then f x y( , ) need not be continuous at ( , ).a b

Note 2: For f x y( , ) to be con tin u ous in both the vari ables to gether, it must have the

same lim it ing value by all pos si ble ap proaches to the crit i cal point. Thus the nec es sary

and suf fi cient con di tion is that the func tion is not only con tin u ous in each di rec tion

but the con ti nu ity is uni form for all directions.

In the definition of continuity, if we put x a r y b r= + = +cos , sin ,θ θ  we get

| ( cos , sin ) ( , )| ,f a r b r f a b+ + − < εθ θ
which must hold for all values of r less than some number r0 which is independent of  θ.

In other words we say that the transformed function must be uniformly continuous in  r

for all values of | | .θ π≤ 2

Ex am ple 9: Ex am ine the con ti nu ity at ( , )1 2  of the func tion

f x y
x y when x y

when x y
( , )

( , ) ( , )

( , ) ( , ).
= + ≠

=





2 4 1 2

0 1 2

So lu tion: We have 
lim

( , ) ( , )
,

x y
x y

→
+ = + × =

1 2
4 1 4 2 92 2  so that the limit ex ists and

is equal to 9.

Since f ( , )1 2 0=  and 
lim

( , ) ( , )
( , ) ,

x y
f x y

→
=

1 2
9 we have

lim
( , ) ( , )

( , ) ( , ).
x y

f x y f
→

≠
1 2

1 2

Hence, the function is not continuous at ( , ).1 2

Ex am ple 10: Show that the func tion f : R R2 →  de fined by f x y
y x yx

x y
( , )

( )
=

−
+

2 2

2 2
 for 

( , ) ( , )x y ≠ 0 0  and f ( , )0 0 0=  is con tin u ous at the point ( , ).0 0

So lu tion: First we shall show that 
lim

( , ) ( , )
( , ) .

x y
f x y

→
=

0 0
0

Let ε > 0 be given.
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For all ( , ) ( , ),x y ≠ 0 0  we have

| ( , ) |
( )

| |.
| |

f x y
y x yx

x y
y x

xy

x y
− =

−
+









= −

+
⋅0

2 2

2 2
2 2

2 2
…(1)

Now for all x and y, we have (| | | |)x y− ≥2 0

⇒ | | | | | |.| |x y x y2 2 2 0+ − ≥  ⇒ x y xy2 2 2+ ≥ | |

⇒ 
| |xy

x y2 2+
  ≤ 1

2
, if ( , ) ( , ).x y ≠ 0 0 …(2)

∴ From (1) and (2), for all ( , ) ( , ),x y ≠ 0 0  we have

| ( , ) | | |f x y y x− ≤ −0
1

2
2 2  ≤ + = +1

2

1

2
2 2 2 2| | ( )y x x y

        < ε,  if  x2 < ε  and  y2 < ε  i e. .,  

     if  | |x < ε  and | | .y < ε
Now if we take δ = ε , then we see that for any given ε > 0, there exists δ > 0 such that

| ( , ) | ,f x y − < ε0  when ever | |x < δ and | |y < δ

∴ lim

( , ) ( , )
( , ) .

x y
f x y

→
=

0 0
0

But f ( , ) .0 0 0=   [Given]

∴ lim
( , ) ( , )

( , ) ( , ).
x y

f x y f
→

=
0 0

0 0

Hence f x y( , ) is continuous at the origin.

Ex am ple 11: Dis cuss the con ti nu ity of the func tion 

f x y
xy

x y
x y( , ) , ( , ) ( , )=

+
≠

2

3
0 0

2

3 3
 and f ( , ) ,0 0 0=

with respect to both variables.

So lu tion: First we ob serve that 
lim

( , ) ( , )
( , )

x y
f x y

→ 0 0
 does not ex ist.

When ( , ) ( , )x y → 0 0  along the st. line y x= , we have

  
lim

( , ) ( , )
( , )

lim . lim
x y

f x y
x

x x

x x x

x

x→
=

→ +
=

→0 0 0

2

3 0

2

4

2

3 3

3

3 0

1

2

1

2
=

→
= ⋅lim

x

Again when ( , ) ( , )x y → 0 0  along the st. line y = 0, we have

  lim
( , ) ( , )

( , )
lim .

.

lim .
x y

f x y
x

x

x x→
=

→ +
=

→
=

0 0 0

2 0

3 0 0
0 0

2

3 3

Since the two methods of approach to the limiting point give different limiting values,

the simultaneous limit does not exist. Consequently the function is not continuous at 

( , )0 0  in ( , )x y  together.

However, the function is continuous in x alone and in y alone at the origin. Because if

we put either variable zero and then let the other variable approach zero, we find the

limiting value zero, which is the value of the function at ( , ).0 0
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Ex am ple 12: Show that the func tion f x y
xy

x y
x y( , ) , ( , ) ( , )=

+
≠

3

2 6
0 0  and f ( , )0 0 0=  is

not con tin u ous at ( , )0 0  in x y,  to gether but that the func tion is con tin u ous in x alone and in y

alone at the origin. (Purvanchal 2009)

So lu tion: Si mul ta neous limit of f x y( , ) at ( , )0 0  does not ex ist as shown be low :

First let ( , )x y  approach ( , )0 0  through any line y mx= . We have

lim . lim
.

x

x m x

x m x x

m x

m x→ +
=

→ +
=

+
=

0 0 1

0

1 0
0

3 3

2 6 6

3 2

6 4

Now let ( , )x y  approach ( , )0 0  through the curve x y= 3.

Then 
lim .

y

y y

y y→ +
= ⋅

0

1

2

3 3

6 6

Since the limits obtained by two different approaches are different, the simultaneous

limit does not exist. Consequently the function is not continuous at ( , )0 0  in ( , )x y

together.

The function is however continuous in x alone and in y alone at the origin. For putting

either variable zero and then letting the other variable approach zero, we get the

limiting value zero, which is the value of f ( , ).0 0

Ex am ple 13: Show that the func tion  f x y

xy

x y
x y

x y

( , ) ( )
, ( , ) ( , )

, ( , ) ( , )

= √ +
≠

=







2 2

0 0

0 0 0

is continuous at the origin in x-y together.

(Rohilkhand 2008; Garhwal 10; Lucknow 09, 10; Gorakhpur 10)

So lu tion: First we shall show that 
lim

( , ) ( , )
( , ) .

x y
f x y

→
=

0 0
0  

Let ε > 0 be given. For all ( , ) ( , ),x y ≠ 0 0  we have

| ( , ) |
( ) ( )

cos sin
f x y

xy

x y

xy

x y

r r

r
− =

√ +
− =

√ +
=0 0

2 2 2 2

θ θ

[Putt ing x r y r= =cos , sin ]θ θ

         = r|cos ||sin |θ θ
         ≤ r [ |cos | ,|sin | ]∵ θ θ≤ ≤1 1

         = √ +( )x y2 2

        < ε, if x2
2

2
< ε

 and y2
2

2
< ε

 i e. .,  if  | |x < ε
2

 and | |y < ε ⋅
2

Now if we take  δ = ε
2

, then   we  see  that  for any given ε > 0, there ex ists δ > 0

such that | ( , ) | ,f x y − < ε0  when ever | |x < δ and | | .y < δ

Hence, 
lim

( , ) ( , )
( , ) .

x y
f x y

→
=

0 0
0
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Since f ( , ) ,0 0 0=  there fore 
lim

( , ) ( , )
( , ) ( , ).

x y
f x y f

→
=

0 0
0 0

Hence, the given func tion f  is con tin u ous at ( , )0 0  in x-y to gether.

Note: If 
lim

( cos , sin ) ( , )
r

f a r b r f a b
→

+ + =
0

θ θ  for ev ery value of θ, then it is not

nec es sary that the func tion is con tin u ous at ( , ).a b

For example, we have seen in Example 12 of article 4 that the simultaneous limit of 

f x y
xy

x y
x y( , ) , ,=

+
≠ ≠

3

2 6
0 0 and f ( , )0 0 0=  does not exist as ( , ) ( , ).x y → 0 0

Therefore, this function is discontinuous at the origin. However, if we put x r= cos ,θ  

y r= sin ,θ  we get

lim cos sin

cos sin

lim cos sin

r

r

r r r
r

→ +
=

→0 0

4 3

2 2 6 6
2

3θ θ
θ θ

θ θ
cos sin2 4 6θ θ+ r

    = =0 0 0f ( , )

for each constant value of θ.

 1. In ves ti gate for con ti nu ity at ( , ),1 2  the func tion 

f x y
x y x y

x y
( , )

, ( , ) ( , )

, ( , ) ( , ).
= + ≠

=





2 2 1 2

0 1 2

 2. Show  that  the  func tion  f   de fined  as  fol lows  has  a  re mov able  dis con ti nu ity

at ( , ).2 3

f x y
xy x y

x y
( , )

, ( , ) ( , )

, ( , ) ( , ).
=

≠
=





3 2 3

6 2 3

Suit ably re de fine the func tion to make it con tin u ous at ( , ).2 3

 3. Show that the func tion f  de fined by 

f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , )

=
−
+

≠

=









2 2

2 2
0 0

0 0 0

is not continuous at the origin.

 4. Prove that f x y xy
x y

x y
( , ) =

−
+

2 2

2 2
 when ( , ) ( , )x y ≠ 0 0  and f ( , )0 0 0=  is 

con tin u ous at the or i gin. (Gorakhpur 2015)
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 5.  A func tion f  is de fined as fol lows :

f x y

xy

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=

 2
0 0

0 0 0

2 2
when

when






Show that this function is continuous at the origin in x alone and y alone but is

discontinuous at the origin with regard to both the variables x and y.

 6. Show that the func tion f  de fined by f x y
xy

x y
x y( , ) , ( , ) ( , )=

+
≠

2

2 4
0 0  and

 f ( , )0 0 0=  is dis con tin u ous in x y−  at the or i gin.

Show also that this function is continuous along the radius vector θ π= / .2

 7. Show that the func tion f x y
xy

x y
( , ) ,=

+3 2
 when x y≠ ≠0 0,  and f ( , )0 0 0=  is

dis con tin u ous in ( , )x y  at the or i gin.

 8. In ves ti gate the con ti nu ity at ( , )0 0  of the func tion 

f x y

x y

x y
x y

x y

( , )
,

, .

= +
+ ≠

+ =









2

3 3
3 3

3 3

0

0 0

 9. Show that the func tion f  is con tin u ous at the or i gin, where 

f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , )

=
−
+

≠

=








3 3

2 2
0 0

0 0 0 (Gorakhpur 2011)

10. Show that the fol low ing func tions are dis con tin u ous at the or i gin :

(i) f x y x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=







1
0 0

0 0 0

2 2   

(ii) f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=









2 2

4 4
0 0

0 0 0

(iii) f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

=
−
+

≠

=









4 4

4 4
0 0

0 0 0

 

(iv) f x y

x

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=









2

2 2
0 0

0 0 0
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 11. Show that the fol low ing func tions are con tin u ous at the or i gin :

(i)  f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=









3 3

2 2
0 0

0 0 0

(ii) f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=









2 2

2 2
0 0

0 0 0

12. Show that the fol low ing func tion is dis con tin u ous at ( , )0 0  :

f x y

x y

x y
x y

x y

( , )
,

, .

=
+
−

≠

=









3 3

0 (Lucknow 2011; Meerut 12)

 1. Dis con tin u ous    2. f x y
xy x y

x y
( , )

, ( , ) ( , )

, ( , ) ( , )
=

≠
=





3 2 3

18 2 3

 8. Dis con tin u ous

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1.
lim

( , ) ( , )x y

x y

x y→
−
−

=
0 0

3 2

2 3

(a)
3

2
(b)

2

3

(c) 1 (d) does not ex ist

 2.
lim

( , ) ( , )x y

xy

x y→ +
=

0 0

2 2

2 4

(a) 0 (b) does not ex ist

(c) 1 (d) 2
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Fill in the Blank(s)

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. We say that the simultaneous limit of f x y( , ) exists and is equal to A as 

( , ) ( , ),x y a b→  if for every given ε > 0, there exists a δ > 0 such that 

| ( , ) |f x y A− < ε for all values of x and y in the nhd of ( , )a b  defined by 

| | , .x a− < ……δ

 2.
lim

( , ) ( , )
.

x y
xy

y x

x y→
−
+

= ……
0 0

2 2

2 2

 3. The func tion f x y( , ) is said to be con tin u ous at ( , )a b  if 

lim

( , ) ( , )
( , ) .

x y a b
f x y

→
= …

True or False

Write ‘T’  for true and ‘F’  for false state ment.

 1.
lim

( , ) ( , )
.

x y

xy

x y→ +
=

0 0
0

2 2

 2. The func tion 

f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , )

=
−
+

≠

=









2 2

2 2
0 0

0 0 0

is dis con tin u ous at the or i gin.

 3. The func tion 

f x y

xy

x y
x y

x y

( , ) ( )
, ( , ) ( , )

, ( , ) ( , )

= √ +
≠

=








2 2
0 0

0 0 0

is con tin u ous at the or i gin.

 4. The func tion  f x y
xy

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , )

=
−
+

≠

=









2 2

2 2
0 0

0 0 0

is dis con tin u ous at the or i gin.
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Multiple Choice Questions

 1. (d) 2. (b)

Fill in the Blank(s)

 1. | |y b− < δ  2. 0 3. f a b( , )

True or False

 1. F 2. T  3. T 4. F

¨

D-80

Answers



1 Partial Derivatives

D
efinition: Let z f x y= ( , ) be a func tion of two in de pend ent vari ables x and y.

Then the par tial de riv a tive of z with re spect to x is the or di nary de riv a tive of z with 

re spect to x when y is re garded as a con stant and is de noted by 

f or
z

x
or

f

x
x

∂
∂

∂
∂

⋅

Thus if  
lim ( , ) ( , )

h
f a h b f a b

h→
+ −

0
 exists, then this limit is called the partial derivative of 

f x y( , ) with respect to x at the point ( , )a b  and is denoted by

f a bx( , )  or 
∂
∂







z

x a b( , )

 or 
∂
∂







f

x a b( , )

.

Similarly, if 
lim ( , ) ( , )

k

f a b k f a b

k→
+ −

0
 exists, then this limit is called the partial

derivative of f x y( , ) with respect to y at ( , )a b  and is denoted by
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f a by( , )  or  
∂
∂









z

y
a b( , )

 or  
∂
∂









f

y
a b( , )

Let f X: → R  and X ⊆ R2.  If the function f  has partial derivatives at each point of X

then f  is partially differentiable on X.

Note 1: We have, by def i ni tion

f a b
h

f a h b f a b

h x a
f x b f a b

x( , )
lim ( , ) ( , ) lim ( , ) ( , )

= →
+ −

= →
−

0 x a−

f a b
k

f a b k f a b

k y b

f a y f a b
y( , )

lim ( , ) ( , ) lim ( , ) ( , )
= →

+ −
= →

−
0 y b−

⋅

Note 2: In the case of func tions of two vari ables the ex is tence of par tial de riv a tives at a 

point need not im ply con ti nu ity at that point.

Ex am ple 1: Find 
∂
∂

∂
∂

f

x

f

y
,  at ( , )1 2  if f x y x xy y( , ) .= − +2 22 2

So lu tion: We have 
∂
∂







= →
+ −f

x h
f h f

h( , )

lim ( , ) ( , )

1 2
0

1 2 1 2

  = →
+ − + + − − +lim ( ) ( ) . . . . .

h
h h

h0
2 1 1 2 2 2 2 1 1 2 2 22 2 2 2{ } { }

  = →
+

= → + =lim lim
( )

h
h h

h h
h

0
2 2

0
2 2 2

2

and
∂
∂







 = →

+ −f

y k

f k f

k
( , )

lim ( , ) ( , )

1 2
0

1 2 1 2

     = →
− + + + − − +lim ( ) ( )

k

k k

k0

2 2 2 2 2 2 82{ } { }

  = →
+

= → + =lim lim
( ) .

k

k k

k k
k

0
2 7

0
2 7 7

2

Ex am ple 2: Find f x ( , )0 0  and f y ( , )0 0   if  

f x y

x xy

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

=
−
+

≠

=









2

0 0

0 0 0
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Solution: We have

   f
h

f h f

h h

h h

h

h
x ( , )

lim ( , ) ( , ) lim

.

0 0
0

0 0 0 0
0

0

0
0

2

= →
+ −

= →

−
+

−
= lim

h → =
0

1 1

and  f
k

f k f

k k k ky ( , )
lim ( , ) ( , ) lim lim

0 0
0

0 0 0 0
0

0 0
0

0= →
+ −

= →
−

= → = 0.

Ex am ple 3: If f x y
x y

x y
x y( , ) ,=

+
−

≠
3 3

 and 0 if x y=  then show that f  is dis con tin u ous at

the or i gin but the par tial de riv a tives ex ist at the or i gin. (Lucknow 2007)

Solution: If we let ( , )x y  ap proach ( , )0 0  through the curve y x mx= − 3, we have

lim
( , ) ( , )

( , ) lim
( , ) ( , )

( , )
x y

f x y
x y

f x x mx
→

= → −
0 0 0 0

3

= →
+ −
− −

= →
+ −lim ( )

( )

lim ( )
x

x x mx

x x mx x
x mx

mx0 0
1 13 3 3

3

3 2 3{ }
3

= → − − +lim
x m

m x mx m x
0

1
2 3 33 6 2 2 4{ }

= → − − +







=lim
x m

m x x mx
m0

2
3 3

22 6 2 4 .

Hence the simultaneous limit does not exist since it depends upon m. So the function 

f x y( , ) is not continuous in x-y  at the origin.

But f
h

f h f

h h

h

h
h hx ( , )

lim ( , ) ( , ) lim lim
0 0

0
0 0 0 0

0

0

0

3

= →
+ −

= →

−
=

→
h = 0

and f
k

f k f

k k

k

k
k ky ( , )

lim ( , ) ( , ) lim lim
0 0

0
0 0 0 0

0

0
3

= →
+ −

= →
−

−
= → 0

0( ) .− =k

Thus the partial derivatives exist at the origin .

Ex am ple 4: Let f x y
x y

x y
( , ) =

+

2

4 2
 for ( , ) ( , )x y ≠ 0 0   and f ( , ) .0 0 0=   Show that the

par tial de riv a tives f fx y,  ex ist ev ery where in the re gion − ≤ ≤ − ≤ ≤1 1 1 1x y, , al though f x y( , )

is dis con tin u ous in x-y at the or i gin.

Solution: We have for x y≠ ≠0 0,

f xy
y x

x y
f x

x y

x y
x y=

−
+

=
−

+
⋅2

2 4

4 2 2
2

4 2

4 2 2( )
,

( )

For x y= =0 0, , we get
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f
h

f h f

h h
f h f

h
x = →

+ −
= →

−lim ( , ) ( , ) lim ( , ) ( , )
0

0 0 0 0
0

0 0 0

   = →
−

= → =lim lim
h h h0

0 0
0

0 0

  

    ∵ f h
h

h
f( , )

.
( , )0

0

0
0 0 0 0

2

4 2
=

+
= =









and

and f
k

f k f

k k

f k f

k
y = →

+ −
= →

−lim ( , ) ( , ) lim ( , ) ( , )
0

0 0 0 0
0

0 0 0

  = →
−

= → =lim lim
.

k k k0
0 0

0
0 0

Also, we can show that
f x yx ( , ) = 0 for  x y= ≠0 0, ;

f x yx ( , ) = 0 for  x y≠ =0 0, ;

f x yy ( , ) = 0 for  x y= ≠0 0, ; 

and f x y
x

y ( , ) = 1
2

for  x y≠ =0 0, .

Hence the partial derivatives f fx y,  exist at all points of the given region. However, the

function f x y( , ) is not continuous in x-y  at the origin as the simultaneous limit does

not exist. We can see that the limit along the line y = 0 is 0 whereas along the curve 

y x= 2  it is 
1

2
⋅

Ex am ple 5: Let f : R R2 →  be a func tion de fined by

f x y
x y

x y
( , ) =

+

2

2 4
 for ( , ) ( , )x y ≠ 0 0  and f ( , ) .0 0 0=

Using definition calculate f x ( , )0 0  and f y ( , ).0 0

Solution: By def i ni tion, 

  f
h

f h f

h
x ( , )

lim ( , ) ( , )
0 0

0
0 0 0 0

= →
+ −

              = →
−

= →
−

= → =lim ( , ) ( , ) lim lim
.

h

f h f

h h h h0
0 0 0

0
0 0

0
0 0

  ∵ f h
h

h
f( , )

.
( , )0

0

0
0 0 0 0

2

2 4
=

+
= =









and

Again f
k

f k f

k
y ( , )

lim ( , ) ( , )
0 0

0
0 0 0 0

= →
+ −

              = →
−

= →
−

= → =lim ( , ) ( , ) lim lim
.

k

f k f

k k k k0
0 0 0

0
0 0

0
0 0

  ∵ f k
k

k
f( , )

.
, ( , )0

0

0
0 0 0 0

2

2 4
=

+
= =










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   2  Differentiability

Def i ni tion: Let z f x y= ( , ) be a func tion of two in de pend ent vari ables x and y and sup pose 

f x y( , ) pos sesses a de ter mi nate value at a point ( , )a b  and at any point ( , )a h b k+ +  in the

neigh bour hood of ( , ).a b  The func tion f x y( , ) is said to be to tally dif fer en tia ble (or sim ply

dif fer en tia ble) at ( , )a b  if there ex ist two num bers A and B in de pend ent of h k,  such that

f a h b k f a b Ah Bk h k h k( , ) ( , ) ( ) ( , )+ + − = + + √ + φ2 2

where lim
h k

h k
( , ) ( , )

( , ) .
→

φ =
0 0

0

The part Ah Bk+  is called the derivative of f x y( , ) at ( , ).a b

The distance between the fixed point ( , )a b  and the variable point ( , )a h b k+ +  is 

√ +( ),h k2 2  which may be regarded as a simultaneous increment of the two variables.

Remark: An other def i ni tion of differentiability of the func tion f (x, y) at a point

of its do main. The func tion f x y( , ) is said to be dif fer en tia ble at ( , )a b   if

f a h b k f a b Ah Bk h h k k h k( , ) ( , ) ( , ) ( , ),+ + − = + + φ + ψ
where A and B are constants independent of h k,  and φ ψ,  are functions of h k,   tending to

zero as h k,  tend to zero simultaneously.

According to this definition the concept of differentiability of the function f x y( , ) at

any point ( , )x y  of its domain can be discussed as below.

Let ( , ), ( , )x y x x y y+ +δ δ  be two neighbouring points in the domain of the function 

f x y( , ). The change δ f  in the value of the function f  as the point changes from ( , )x y  to 

( , )x x y y+ +δ δ  is given by

δ δ δf f x x y y f x y= + + −( , ) ( , ).

The function f  is said to be differentiable at ( , )x y  if the change δf  can be expressed in the

form 

δ δ δ δ δ δ δ δ δf A x B y x x y y x y= + + φ + ψ( , ) ( , ) …(1)

where A and B are expressions independent of δ δx y,  and φ ψ,  are functions of δ δx y,  each

tending to zero as δ δx y,  tend to zero simultaneously.

Also, A x B yδ δ+  is then called the differential of f  at ( , )x y  and is denoted by df . Thus,

we have df A x B y= +δ δ .

From (1), when ( , ) ( , ),δ δx y → 0 0  we get 

 δ δ δf f x x y y f x y→ ⇒ + + − ⇒0 0( , ) ( , )

⇒ f x x y y f x y( , ) ( , )+ + →δ δ   ⇒ f x y( , ) is con tin u ous at ( , ).x y

Hence, every differentiable function is continuous.

The converse is not true i e. .,  a function f x y( , ) may be continuous at ( , )a b  but may not

be differentiable at ( , ).a b

Again, from (1), when δy = 0 i e. ., when y remains constant, we have

δ δ δ δf A x x x= + φ ( , ).0

Dividing by δx and taking limits of both sides as δx → 0, we get
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∂
∂

=
f

x
A.

Similarly, 
∂
∂

=
f

y
B.

Thus the expressions A and B are respectively the partial derivatives of f  with respect to 

x and y.

Hence, a function which is differentiable at a point possesses the first order partial derivatives at

that point.

The converse of this statement is not true i e. ., there may exist functions which are

continuous and may even possess partial derivatives at a point but are not

differentiable at that point. We shall later on give some examples of such functions.

The o rem 1: If the func tion f x y( , ) is dif fer en tia ble at the point ( , ),a b  then it is con tin u ous in

x-y  to gether at ( ).a b (Lucknow 2014)

Proof: Since f x y( , ) is dif fer en tia ble at the point ( , )a b  so we have a re la tion

f a h b k f a b A h B k h k h k( , ) ( , ) ( ) ( , ),+ + − = + + √ + φ2 2
…(1)

where (i)  ( , )a h b k+ +  is a point in the nhd of ( , ),a b

(ii) A B,  are in de pend ent of h k,  and

(iii) 
lim

( , ) ( , ) ( , ) .h k h k→ φ =0 0 0

Taking limit of both sides of (1) as ( , ) ( , ),h k → 0 0  we get

lim
( , ) ( , ) ( , ) ( , ),h k f a h b k f a b→ + + =0 0

which shows that f x y( , ) is continuous in x-y  together at ( ).a b

Note: The above the o rem shows that con ti nu ity in the two vari ables is a nec es sary

con di tion for differentiability. How ever, it is not a suf fi cient con di tion as shown in

example 8.

Theorem 2: If the func tion z f x y= ( , ) is dif fer en tia ble at ( , ),a b  then the par tial de riv a tives 

f a bx ( , ) and f a by ( , ) both ex ist and are fi nite. (Lucknow 2014)

Proof: Since f x y( , ) is dif fer en tia ble at the point ( , )a b  so we have a re la tion

f a h b k f a b A h Bk h k h k( , ) ( , ) ( ) ( , ),+ + − = + + √ + φ2 2 …(1)

where (i) ( , )a h b k+ +  is a point in the nhd of ( , )a b

(ii)  A and B are in de pend ent of h k,  and

(iii) 
lim

( , ) ( , )
( , ) .

h k
h k→ φ =

0 0
0

Putting k = 0 and proceeding to the limits as h → 0, we see from (1) that

lim ( , ) ( , )
h

f a h b f a b

h
A→

+ −
=0  or f a b Ax ( , ) .=

∴ f a bx ( , ) ex ists and is equal to A .

Similarly we can show that f a by ( , ) exists and is equal to B.
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Note: The con verse of the above the o rem need not be true i e. ., if f  is con tin u ous and

pos sesses par tial de riv a tives at a point then f  need not be dif fer en tia ble at that point.

This is illustrated in ex am ple 10.

Ex am ple 6: Show that 

f x y
xy

x y

x y
x y

x y

( , )
; ( , ) ( , )

; ( , ) ( , )

=
−
+









 ≠

=

2 2

2 2
0 0

0 0 0








is differentiable at the origin. (Lucknow 2002)

So lu tion: We have f h k f h k hk
h k

h k
( , ) ( , ) .0 0

2 2

2 2
+ + = =

−
+











∴ f h k f h k h k
hk h k

h k
( , ) ( , ) . . ( )

( )

( )
0 0 0 0 0 0 2 2

2 2

2 2
+ + − = + + √ +

−
+ 3 2/

so that A B= =0 0,  and φ =
−

+
⋅( , )

( )

( ) /
h k

hk h k

h k

2 2

2 2 3 2

Thus A and B are independent of h k, . Now we shall show that φ →( , )h k 0 as 

( , ) ( , ).h k → 0 0

Let ε > 0 be given.

For all ( , ) ( , ),h k ≠ 0 0  we have

| ( , ) |
( )

.
( )

.
|

φ − =
√ +

−
+

=
√ +

−
h k

hk

h k

h k

h k

hk

h k

h k
0

2 2

2 2

2 2 2 2

2 2 |

h k2 2+

≤
√ +

hk

h k( )2 2
         [ | | ]∵ h k h k2 2 2 2− ≤ +

                      =
+

⋅ √ +
| |

( )
hk

h k
h k

2 2
2 2

…(1)

Now for all h and k, we have (| | | |)h k− ≥2 0

⇒ | | | | | |.| |h k h k2 2 2 0+ − ≥   

⇒  h k hk2 2 2+ ≥ | |

⇒
| |

,
hk

h k2 2

1

2+
≤  if ( , ) ( , ).h k ≠ 0 0 …(2)

∴ From (1) and (2), for all ( , ) ( , ),h k ≠ 0 0  we have 

| ( , ) | ( )φ − ≤ √ +h k h k0
1

2
2 2

       < √ +( )h k2 2
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         < ε < ε < ε
, if and . .,h k i e2

2
2

2

2 2

   if | | and | |h k< ε < ε ⋅
2 2

Now if we take δ = ε
2

,  then we see that for any given ε > 0,  there exists δ > 0 such that

| ( , ) | ,φ − < εh k 0  when ever | |h < δ and | | .k < δ

∴
lim

( , ) ( , )
( , ) .

h k
h k

→
φ =

0 0
0

∴ f  is dif fer en tia ble at ( , )0 0  and the de riv a tive of f  at ( , ) .0 0 0= + =Ah Bk

Ex am ple 7: Show that f x y x y( , ) | | | |= +  is not dif fer en tia ble at the or i gin.

Solution: We have f h k h k( , ) | | | |.0 0+ + = +

∴ f h k f h k h k
h k

h k
( , ) ( , ) . . ( ) .

| | | |

( )
0 0 0 0 0 0 2 2

2 2
+ + − = + + √ +

+
√ +









so that A B= =0 0,  and φ =
+

√ +
⋅( , )

| | | |

( )
h k

h k

h k2 2

Thus A and B are independent of h k, . To find the limit of φ ( , )h k  let ( , )h k  approach ( , )0 0

along the line k h= .

Putting k h=  and then making h to approach 0, we get

lim | |

( )

lim | |

.| |

lim .
h

h

h h

h

h h→ √
= → √

= → √ = √
0

2

2 0

2

2 0
2 2

2

Since 
lim

( , ) ( , ) ( , ) ,h k h k f→ φ ≠0 0 0  is not differentiable at the origin.

Ex am ple 8: Show that the func tion de fined by

f x y
xy

x y
( , )

( )
=

√ +2 2
 for ( , ) ( , )x y ≠ 0 0  and f ( , )0 0 0=

is continuous in x-y  at the origin but is not differentiable in x-y  at the origin.
(Lucknow 2013)

Solution: Con ti nu ity of f x, y( )  in x- y at the or i gin. 

First we shall show that 
lim

( , ) ( , ) ( , ) .x y f x y→ =0 0 0  

Let ε > 0 be given. For all ( , ) ( , ),x y ≠ 0 0  we have

| ( , ) |
( ) ( )

cos sin
f x y

xy

x y

xy

x y

r r

r
− =

√ +
− =

√ +
=0 0

2 2 2 2

θ θ

[Putt ing x r y r= =cos , sin ]θ θ

                    = r|cos ||sin |θ θ
                                           ≤ r      [ |cos | ,|sin | ]∵ θ θ≤ ≤1 1

 D-88



                   = √ +( )x y2 2

               < ε, if x2
2

2
< ε

 and y2
2

2
< ε

 i e. ., 

    if | |x < ε
2

 and | |y < ε ⋅
2

Now  if  we take  δ = ε
2

, then we see that for any given  ε > 0, there exists  δ > 0 such that

| ( , ) | ,f x y − < ε0  when ever | |x < δ and | | .y < δ

Hence, 
lim

( , ) ( , )
( , ) .

x y
f x y→ =

0 0
0

Since f ( , ) ,0 0 0=  there fore 

lim
( , ) ( , )

( , ) ( , ).
x y

f x y f→ =
0 0

0 0

Hence, the given function f  is continuous at ( , )0 0  in x-y  together.

Now we shall show that f x y( , ) is not differentiable at the origin.

We have f h k
hk

h k
( , )

( )
0 0

2 2
+ + =

√ +
⋅

∴ f h k f h k h k
hk

h k
( , ) ( , ) . . ( )

( )
0 0 0 0 0 0 2 2

2 2
+ + − = + + √ + ⋅

+

so that A B= =0 0,  and φ =
+

⋅( , )h k
hk

h k2 2

Thus A and B are independent of h k, .

Here
lim

( , ) ( , )
( , )

lim
( , ) ( , )h k

h k
h k

hk

h k→ φ = → +
⋅

0 0 0 0 2 2

This limit does not exist as shown below.

Taking k mh= , we have

lim
( , ) ( , )

lim
h k

hk

h k h
mh

h m h→ +
= → +0 0 02 2

2

2 2 2

             = → +
lim

( )h
mh

h m0 1

2

2 2

             = → +
lim

h
m

m0 1 2

             =
+
m

m1 2
, which de pends upon m.

If m = 0, then 
lim

( , ) ( , )h k → =
+

=
0 0

0

1 0
0 

and if m = 1, then 
lim

( , ) ( , )h k → =
+

= ⋅
0 0

1

1 1

1

2
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Since these two methods of approach to the limiting point give different limiting

values, therefore the simultaneous limit, 
lim

( , ) ( , )h k
hk

h k→ +0 0 2 2
 does not exist.

Since 
lim

( , ) ( , )
( , ) ,

h k
h k→ φ ≠

0 0
0  therefore f  is not differentiable at the origin.

Ex am ple 9: Let f x y
xy

x y
x y( , )

( )
, ( , ) ( , )=

√ +
≠

2 2
0 0  and f ( , ) .0 0 0=   Prove that f has

par tial de riv a tives at ( , )0 0  but is not dif fer en tia ble at the or i gin. (Lucknow 2013)

So lu tion: We have 

f
h

f h f

h
x ( , )

lim ( , ) ( , )
0 0

0
0 0 0 0

= →
+ −

            = →
−

= →
−

= → =lim ( , ) ( , ) lim lim
.

h
f h f

h h h h0
0 0 0

0
0 0

0
0 0

Again    f
k

f k f

k
y ( , )

lim ( , ) ( , )
0 0

0
0 0 0 0

= →
+ −

          = →
−

= →
−

= → =lim ( , ) ( , ) lim lim
.

k
f k f

k k k k0
0 0 0

0
0 0

0
0 0

Thus f  has partial derivatives at ( , ).0 0

To show that f x y( , ) is not differentiable at the origin, see example 8 above.

Ex am ple 10: Let f x y
x y

x y
( , ) =

−
+

3 3

2 2
 when ( , ) ( , )x y ≠ 0 0  and f ( , ) .0 0 0=   Show that the

func tion f is con tin u ous and pos sesses par tial de riv a tives but not dif fer en tia ble at the or i gin.

(Lucknow 2010)

So lu tion: Con ti nu ity of f  at (0, 0) :

The function f x y( , ) will be continuous at ( , )0 0  if

lim
( , ) ( , ) ( , ) ( , ) .x y f x y f→ = =0 0 0 0 0

Now we shall show that 
lim

( , ) ( , ) ( , ) .x y f x y→ =0 0 0

Take any given ε > 0.

For all ( , ) ( , ),x y ≠ 0 0  we have

| ( , ) |f x y
x y

x y
− =

−
+

0
3 3

2 2
 =

−r

r

3 3 3

2

(cos sin )θ θ

          [Putt ing x r= cos θ and y r= sin θ]

 = −r|cos sin |3 3θ θ

                   ≤ +r [|cos | |sin |]3 3θ θ                  [ | | | | | |]∵ a b a b− ≤ +

             ≤ 2 r                  [ |cos | and |sin | ]∵ 3 31 1θ θ≤ ≤
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                   = √ +2 2 2( )x y

                   < ε, if x2
2

8
< ε

 and y2
2

8
< ε

  i e. .,  

                        if | |x < ε
√2 2

 and | |y < ε
√

⋅
2 2

Now if we take δ = ε
√2 2

,  then we see that for any given ε > 0,  there exists δ > 0 such

that  | ( , ) | ,f x y − < ε0  when ever | |x < δ and | | .y < δ

∴ lim
( , ) ( , )

( , ) ( , ).
x y

f x y f→ = =
0 0

0 0 0

Hence f  is continuous in x-y  together at the origin.

Partial derivatives at (0, 0) :

f h
f h f

h h h

h

h
x ( , )

lim ( , ) ( , ) lim
0 0 0

0 0 0 0
0

1 0

0
0

3

2
= →

+ −
= →

−
+

−








 = 1;

f k
f k f

k k k

k

k
y ( , )

lim ( , ) ( , ) lim
0 0 0

0 0 0 0
0

1 0

0
0

3

2
= →

+ −
= →

−
+

−








 = − 1.

Thus f x ( , )0 0  and f y ( , )0 0  exist.

Differentiability at (0, 0) :

We have f h k
h k

h k
( , )0 0

3 3

2 2
+ + =

−
+

= − +
−
+

⋅h k
h k h k

h k

2 2

2 2

∴ f h k f h k h k
hk h k

h k
( , ) ( , ) . ( ) . ( )

( )

(
0 0 0 0 1 1 2 2

2 2
+ + − = + − + √ +

−
+ ) /3 2









so that A B= = −1 1,  and φ =
−

+
⋅( , )

( )

( ) /
h k

hk h k

h k2 2 3 2

Thus A and B are numbers independent of h k, .  If we put k mh= ,  then we have

lim
( , ) ( , )

( , )
lim ( )

( ) /h k
h k h

mh h mh

h m h→ φ = →
−

+0 0 0

2

2 2 2 3 2

      = →
−

+
lim ( )

( ) /h
h m m

h m0
1

1

3

3 2 3 2

      =
−

+
⋅

m m

m

( )

( ) /

1

1 2 3 2

This limit does not exist since it depends upon m and so is not unique.

∴ lim ( , )φ ≠h k 0 as ( , ) ( , ).h k → 0 0

It follows that the given function is not differentiable at ( , ).0 0
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   3 Bounded Function

Let f X X: ,→ ⊆R R2  be a function of two variables. If the set 

f X f x y x y X( ) ( , ) : ( , )= ∈ ∈{ }R

is bounded , then we say that f  is bounded on X.

The o rem 1: (Mean-value theorem):

If f X X: ,→ ⊆R R2  and ( , )a b X∈  be such that (i) f a by ( , ) exists, (ii) f x exists throughout a

nhd N a b( , ) of ( , ),a b  then for every point ( , ) ( , )a h b k N a b+ + ∈  

f a h b k f a b h f a h b k k f a b kx y( , ) ( , ) ( , ) [ ( , ) ( )]+ + − = + + + + φθ

where 0 1< <θ  and 
lim

k
k→ φ =

0
0( ) .

Proof: We have f a h b k f a b( , ) ( , )+ + −
    = + + − + + + −f a h b k f a b k f a b k f a b( , ) ( , ) ( , ) ( , ). …(1)

Since ( , ) ( , )a h b k N a b+ + ∈  and f x exists in N a b( , ), by Lagrange’s mean value

theorem we have

f a h b k f a b k h f a h b kx( , ) ( , ) ( , ),+ + − + = + +θ …(2)

where 0 1< <θ .

Also, since f a by ( , ) exists, we have

lim ( , ) ( , )
( , ).

k
f a b k f a b

k
f a by→

+ −
=

0

∴ f a b k f a b k f a b k ky( , ) ( , ) ( , ) ( )+ − = + φ …(3)

where φ →( )k 0 as k → 0.

Using (2), (3) in (1), we get the required result.

Now we shall prove a sufficient condition for continuity.

The o rem 2: If f X X a b X: , , ( , )→ ⊆ ∈R R2  is such that (i) f x ex ists and is bounded on a

neigh bour hood N a b( , )  of ( , )a b  and (ii) f a by ( , ) ex ists then f is con tin u ous at ( , ).a b

Proof: Since the conditions of mean-value theorem are satisfied by f  so for every 

( , ) ( , )a h b k N a b+ + ∈  we have

f a h b k f a b h f a h b k k f a b kx y( , ) ( , ) ( , ) [ ( , ) ( )]+ + − = + + + + φθ
…(1)

where 0 1< <θ  and φ →( )k 0 as k → 0.

Since f x is bounded on N a b( , ) and ( , ) ( , ), ( , )a h b k N a b f a h b kx+ + ∈ + +θ  is

bounded.

∴ lim
( , ) .h h f a h b kx→ + + =0 0θ

Also lim ( , ) , lim ( )k f a b ky = φ =0 0 as k → 0.

Taking limit of both sides of (1) as ( , ) ( , ),h k → 0 0  we get
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lim
( , ) ( , )

( , ) ( , ) .
h k

f a h b k f a b→ + + − =
0 0

0{ }

∴ lim
( , ) ( , )

( , ) ( , ).
h k

f a h b k f a b→ + + =
0 0

Hence f  is continuous at ( , ).a b

The o rem 3: (A suf fi cient con di tion for differentiability). 

If f X X a b X: , , ( , )→ ⊆ ∈R R2  is such that (i) f x is con tin u ous at ( , )a b  and (ii) f a by ( , )

ex ists then f is dif fer en tia ble at ( , ).a b

Proof: Since f x is continuous at ( , ),a b f x exists in a nhd N a b( , ) of ( , ).a b  Also 

f a by ( , ) exists. Thus the function f  satisfies the conditions of mean value theorem and

so for each ( , ) ( , ),a h b k N a b+ + ∈  we have

 f a h b k f a b h f a h b k k f a b kx y( , ) ( , ) ( , ) [ ( , ) ( )]+ + − = + + + + φθ 1

 …(1)

where 0 1< <θ  and φ →1 0( )k  as k → 0.

Again f x is continuous at ( , )a b  gives

lim
( , ) ( , ) ( , ) ( , ).h k f a h b k f a bx x→ + + =0 0 θ

∴ f a h b k f a b h kx x( , ) ( , ) ( , )+ + = + φθ 2 …(2)

where φ →2 0( , )h k  as ( , ) ( , ).h k → 0 0

Using (2) in (1), we get

f a h b k f a b h f a b h k k f a bx y( , ) ( , ) ( , ) ( , ) ( , ) (+ + − = + φ + + φ{ } {2 1 k)}

= + + φ + φh f a b k f a b h h k k kx y( , ) ( , ) ( , ) ( ){ }2 1

= +h f a b k f a bx y( , ) ( , )

     + √ +
√ +

φ +
√ +

φ








( )
( )

( , )
( )

( )h k
h

h k
h k

k

h k
k2 2

2 2 2 2 2 1

= + + √ + φh f a b k f a b h k h kx y( , ) ( , ) ( ) ( , )2 2 …(3)

where φ =
√ +

φ +
√ +

φ( , )
( )

( , )
( )

( ).h k
h

h k
h k

k

h k
k

2 2 2 2 2 1

Since 
h

h k

k

h k√ + √ +( )
,

( )2 2 2 2
 are bounded and 

lim
( , ) ( , )

( , ) ,
lim

( )
h k

h k k k→ φ = → φ =
0 0

0 0 02 1

so we get lim ( , )φ =h k 0 as ( , ) ( , ).h k → 0 0

Also, the numbers f a b f a bx y( , ), ( , ) are independent of h k, .

Hence from (3), f  is differentiable at ( , ).a b

Note 1: Sim i larly we can prove that if (i) f a bx ( , ) ex ists and (ii) f y is con tin u ous at 

( , )a b  then f  is dif fer en tia ble at ( , ).a b
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Note 2: The con di tions of the the o rem are not nec es sary for differentiability as the

fol low ing ex am ple il lus trates :

Illustration: Let f be the func tion de fined by

f x y x sin
x

y sin
y

x y( , ) ; ( , ) ( , )= 



 +







 ≠2 21 1

0 0

f x x sin
x

x( , ) ;0
1

02= 



 ≠

f y y sin
y

y( , ) ;0
1

02=






 ≠   and   f ( , ) .0 0 0=

(Lucknow 2011)

For x ≠ 0, f x y x
x

x
x x

xx ( , ) sin cos . s= 



 + 



 −



 =2

1 1 1
22

2
in cos

1 1

x x





 − 





Also f x y y
y y

y ( , ) sin cos=






 −







2

1 1
 for y ≠ 0 and   f y f xx y( , ) , ( , ) .0 0 0 0= =

Thus f x y
x

x x
x

x
x ( , )

sin cos ;

;

=




 − 



 ≠

=







2
1 1

0

0 0

∴ lim
( , ) ( , ) ( , )

lim
sin

lim
cos ,x y f x y x x

x x x
x→ = → − →0 0 0 2

1
0

1

which does not exist since 
lim

cosx x→ 0
1

 does not exist. Hence f x yx ( , ) is not continuous

at ( , ).0 0

Similarly, we can show that f x yy ( , ) is not continuous at ( , ).0 0

Now f h k f h
h

k
k

( , ) ( , ) sin sin0 0 0 0
1 12 2+ + − = +

 = + + √ +
√ +

+
√ +





0 0
1 12 2

2

2 2

2

2 2
. . ( )

(
sin

( )
sinh k h k

h

h k h

k

h k k





so that A B= =0 0,  are independent of h k, .

Also φ =
√ +

+
√ +

⋅( , )
( )

sin
( )

sinh k
h

h k h

k

h k k

2

2 2

2

2 2

1 1

Since  
lim

sin ,
lim

sin
h

h
h k

k
k→ = → =

0
1

0
0

1
0  and  

h

h k

k

h k√ + √ +( )
,

( )2 2 2 2

are bounded so lim ( , )φ =h k 0 as ( , ) ( , ).h k → 0 0

∴ f  is dif fer en tia ble at ( , ).0 0

   4 Partial Derivatives of Higher Order

The derivative functions f fx y,  are in general functions of x and y and hence may

themselves have partial derivatives with respect to x or y.  Thus we are led to higher

order partial derivatives. Second order partial derivatives of f  are denoted by
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∂
∂

∂
∂







=
∂
∂

=
x

f

x

f

x
fxx

2

2
 ;         

∂
∂

∂
∂







 =

∂
∂

=
y

f

y

f

y
f yy

2

2

∂
∂

∂
∂







 =

∂
∂ ∂

=
x

f

y

f

x y
fxy

2

 ;        
∂
∂

∂
∂







=
∂
∂ ∂

=
y

f

x

f

y x
f yx

2

The second order partial derivatives at a particular point ( , )a b  are often denoted by

∂
∂











∂
∂

2

2

2

2

f

x

f a b

x
a b( , )

,
( , )

   or  f a bxx( , )

∂
∂ ∂











∂
∂ ∂

2 2f

x y

f a b

x y
a b( , )

,
( , )

  or  f a bxy ( , ) and  so on.

Thus, f a b h
f a h b f a b

h
xx

x x( , )
lim ( , ) ( , )

= →
+ −

0

f a b h

f a h b f a b

h
xy

y y
( , )

lim ( , ) ( , )
= →

+ −
0

f a b k
f a b k f a b

k
yx

x x( , )
lim ( , ) ( , )

= →
+ −

0

f a b k

f a b k f a b

k
yy

y y
( , )

lim ( , ) ( , )
= →

+ −
0

provided the limits exist.

We have  f a b h
f a h b f a b

h
xx

x x( , )
lim ( , ) ( , )

= →
+ −

0

= → →
+ − +

− →
+ −lim lim ( , ) ( , ) lim ( , )

h h h
f a h b f a h b

h h
f a h b

0
1

0
2

0
f a b

h

( , )






= →
+ − + +

⋅lim ( , ) ( , ) ( , )
h

f a h b f a h b f a b

h0
2 2

2

Similarly,

   f a b k
f a b k f a b k f a b

k
yy ( , )

lim ( , ) ( , ) ( , )
= →

+ − + +
0

2 2
2

  f a b h k
f a h b k f a h b f a b k

xy( , )
lim lim ( , ) ( , ) ( , )

= → →
+ + − + − + +

0 0
f a b

hk

( , )






  f a b k h
f a h b k f a h b f a b k

yx ( , )
lim lim ( , ) ( , ) ( , )

= → →
+ + − + − + +

0 0
f a b

hk

( , )






Note 1: The ex is tence of higher de riv a tives re quires the ex is tence of the

cor re spond ing de riv a tives of lower or der. Thus in or der that f yx  should ex ist at a point,

it is nec es sary that the par tial de riv a tive f x should ex ist in the neigh bour hood of that

point. But, it is pos si ble for the limit de fin ing f yx  to ex ist with out the existence of the

partial de riv a tive f x . In such cases higher de riv a tives can not be said to ex ist.

Note  2: The ex is tence (and even the con ti nu ity) of f xy need not im ply the ex is tence

of f x .
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Note 3: fyx and fxy do not al ways give the same value. How ever, un der cer tain

con di tions the equal ity f fyx xy=  can hold. We shall ex am ine these con di tions later on.

 Ex am ple 11: Let f x y x sin
x

y sin
y

x y( , ) , ( , ) ( , ) ;= + ≠1 1
0 0  

f y y sin
y

y f x x sin
x

x( , ) , ; ( , ) , ,0
1

0 0
1

0= ≠ = ≠   and f ( , ) .0 0 0=  

Ex am ine the ex is tence of f x and f yx at ( , ).0 0

Solution: We have

    f h
f h f

h h

h
h
h

x ( , )
lim ( , ) ( , ) lim

sin
0 0 0

0 0 0 0
0

1
0

= →
+ −

= →

−

     = →
lim

sin ,h h0
1

which does not exist. So f x ( , )0 0  does not exist.

Now 
lim lim ( , ) ( , ) ( , ) ( , )

k h
f h k f h f k f

hk→ →
− − +










0 0
0 0 0 0 



= → →

+ − − +
lim lim

sin sin sin sin

k h

h
h

k
k

h
h

k
k

hk0 0

1 1 1 1
0

= → → =lim lim
.k h hk0 0

0
0

Thus, the limit used for defining the second derivative f yx does exist. In spite of this

fact, the derivative f yx ( , )0 0  cannot be said to exist, since f x ( , )0 0  does not exist.

Ex am ple 12: Let f x y g x( , ) ( ),=  where g is no where dif fer en tia ble. Show that f xy ex ists and is

con tin u ous and yet f x does not ex ist.

Solution: We have f x y g x( , ) ( ).=    

∴ f
f

x
g xx =

∂
∂

= ′ ( ),

which does not exist since g is nowhere differentiable.

Again g x( ) is a function of x only so its partial derivative with respect to y is zero.

∴ f
f

y y
g xy =

∂
∂

= ∂
∂

=( ) .0

Now f
x

fxy y= ∂
∂

= 0.

Thus fxy exists and has the value 0 at every point. Being a constant function, fxy is

continuous.
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    5 Interchange of the Order of Differentiation

If z f x y= ( , ) is a function of two independent variables x and y, then 
∂

∂ ∂

2z

y x
 and 

∂
∂ ∂

2z

x y

do not always give the same value.

However, under certain conditions the equality 
∂

∂ ∂
= ∂

∂ ∂

2 2z

y x

z

x y

can hold. These conditions we shall examine later. First we give some examples in which 

f xy may be different from f yx .

Ex am ple 13: If f x y
xy x y

x y
x y( , )

( )
; ( , ) ( , )=

−
+

≠
2 2

2 2
0 0  and f ( , )0 0 0=  show that 

f fxy yx( , ) ( , ).0 0 0 0≠ (Lucknow 2012)

Solution: Let us de fine f
x

f

y
xy = ∂

∂
∂
∂







  and f

y

f

x
yx = ∂

∂
∂
∂






.

Thus f h

f h f

h
xy

y y
( , )

lim ( , ) ( , )
0 0 0

0 0 0 0
= →

+ −
⋅

Now f h f hy y( , ) ( , )0 0 0+ = lim ( , ) ( , )
k

f h k f h

k→
+ −

0
0 0

           = →

−
+

−
= →

−
+

=lim

( )

lim ( )
,k

hk h k

h k

k k
h h k

h k
h0

0

0

2 2

2 2 2 2

2 2

and f k
f k f

k k k ky ( , )
lim ( , ) ( , ) lim lim

.0 0 0
0 0 0 0

0
0

0 0 0= →
+ −

= → = → =

∴ f h
h

h hxy ( , )
lim lim

.0 0 0
0

0 1 1= →
−

= → =

Again   f k
f k f

k
yx

x x( , )
lim ( , ) ( , )

0 0 0
0 0 0 0

= →
+ −

⋅

But    f k f k h
f h k f k

h
x x( , ) ( , )

lim ( , ) ( , )
0 0 0 0

0 0
+ = = →

+ −

            = →

−
+

−
= →

−
+

= −lim

( )

lim ( )
h

hk h k

h k

h h
k h k

h k
k0

0

0

2 2

2 2 2 2

2 2

and f h
f h f

h hx ( , )
lim ( , ) ( , ) lim

.0 0 0
0 0 0

0 0 0= →
−

= → =
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∴ f k
k

k kyx ( , )
lim lim

( ) .0 0 0
0

0 1 1= →
− −

= → − = −

Hence f fxy yx( , ) ( , )0 0 0 0≠  in this case.

Ex am ple 14: If f x y
xy y x

y x
( , )

( )
=

−
+

2 2

2 2
 when ( , ) ( , )x y ≠ 0 0  and f ( , ) ,0 0 0=   calculate 

f xy ( , )0 0  and f yx ( , ).0 0   Are they equal ?

Solution: Let us de fine f
y

f

x
xy = ∂

∂
∂
∂






 and f

x

f

y
yx = ∂

∂
∂
∂









Then f k
f k f

k
xy

x x( , )
lim ( , ) ( , )

0 0 0
0 0 0 0

= →
+ −

⋅

Now f k f k h
f h k f k

h
x x( , ) ( , )

lim ( , ) ( , )
0 0 0 0

0 0
+ = = →

+ −

                                    = →
−

= →
−

+
−






lim ( , ) ( , ) lim ( )
h

f h k f k

h h h

hk k h

k h0
0

0
1

0
2 2

2 2



             = →
−

+
=lim ( )

,h
k k h

k h
k0

2 2

2 2

and      f h
f h f

h h
f h f

x ( , )
lim ( , ) ( , ) lim ( , ) ( , )

0 0 0
0 0 0 0

0
0 0 0

= →
+ −

= →
−
h

         = →
−

= → =lim lim
.h h h0

0 0
0 0 0

∴ f k
k

k kxy ( , )
lim lim

.0 0 0
0

0 1 1= →
−

= → =

Again f h

f h f

h
yx

y y
( , )

lim ( , ) ( , )
0 0 0

0 0 0 0
= →

+ −
⋅

But f h f h k
f h k f h

k
y y( , ) ( , )

lim ( , ) ( , )
0 0 0 0

0 0
+ = = →

+ −

 = →
−

= →
−

+
−






lim ( , ) ( , ) lim ( )
k

f h k f h

k k k

hk k h

k h0
0

0
1

0
2 2

2 2



=
→

−
+

= −
lim ( )

k

h k h

k h
h

0

2 2

2 2

and f k
f k f

k k
f k f

y ( , )
lim ( , ) ( , ) lim ( , ) ( , )

0 0 0
0 0 0 0

0
0 0 0

= →
+ −

= →
−
k

           = →
−

= → =lim lim
.k k k0

0 0
0 0 0

∴    f h
h

h hyx ( , )
lim lim

.0 0 0
0

0 1 1= →
− −

= → − = −

We observe that here f fxy yx( , ) ( , ).0 0 0 0≠
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Ex am ple 15: Ex am ine the equal ity of f xy ( , )0 0  and f yx ( , )0 0  for the func tion

f x y
x y tan y x x

y x
( , )

( ) ( / ),

( / ) , .
=

+ ≠

=







−2 2 1

2

0

2 0π
(Lucknow 2013)

Solution: Let us de fine f
y

f

x
xy = ∂

∂
∂
∂






 and f

x

f

y
yx = ∂

∂
∂
∂









Then    f k
f k f

k k
f k f

xy
x x x x( , )

lim ( , ) ( , ) lim ( , )
0 0 0

0 0 0 0
0

0
= →

+ −
= →

− ( , )0 0

k
⋅

Now      f k h
f h k f k

h h
f h k f k

x ( , )
lim ( , ) ( , ) lim ( , ) ( , )

0 0
0 0

0
0

= →
+ −

= →
−
h

        = →
+ −−

lim ( ) tan ( / ) ( / )
h

h k k h k

h0
22 2 1 2π

Form
0

0







        = →

+
+

−



 + 


−

lim
( ) .

( / )
. tan

h

h k
k h

k

h
h

h

k
0

1

1
22 2

2 2 2
1

 − 0

1

[By L’ Hos pi tal’s rule]

        = → − + 











= −−lim
tanh k h

k

h
k0 2 1

and  f h
f h f

h h
f h f

x ( , )
lim ( , ) ( , ) lim ( , ) ( , )

0 0 0
0 0 0 0

0
0 0 0

= →
+ −

= →
−
h

              = →
−

= → =lim lim
.h h h0

0 0
0 0 0

∴          f k
k

k kxy ( , )
lim lim

.0 0 0
0

0 1 1= →
− −

= → − = − …(1)

Again

               f h

f h f

h h

f h f
yx

y y y y
( , )

lim ( , ) ( , ) lim ( , )
0 0 0

0 0 0 0

0

0
= →

+ −
= →

− ( , )0 0

h
⋅

But   f h k
f h k f h

k k
f h k f h

y ( , )
lim ( , ) ( , ) lim ( , ) ( , )

0 0
0 0

0
0

= →
+ −

= →
−
k

     = →
+ −

= → +










− −
lim ( ) tan ( / ) lim

.
tan

k
h k k h

k k h
k

h0
0

0

2 2 1 2 1 ( / )

/

k h

k h

       = h  

       ∵
lim tan ( / )

/

lim tan lim / ( )
k

k h

k h t
t

t t
t

→ = → = →
+− −

0 0 0
1 1

1

1 1 2

=








1

and    f k
f k f

k k
f k f

y ( , )
lim ( , ) ( , ) lim ( , ) ( , )

0 0 0
0 0 0 0

0
0 0 0

= →
+ −

= →
−
k

      = →
−lim ( / )

k
k

k0
2 02π

= → =lim
.k k0 2

0
π
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∴ f h
h

h hyx ( , )
lim lim

.0 0 0
0

0 1 1= →
−

= → = …(2)

From (1) and (2), we observe that  f fxy yx( , ) ( , ).0 0 0 0≠

   6 Sufficient Conditions for the Equality of f xy  and f yx

We have seen that the equality f fxy yx=  does not always hold. We now give two

theorems the object of which is to set out precisely under what conditions it is safe to

assume that f fxy yx=  at a point i e. ., sufficient conditions for the equality of fxy and 

f yx .

The o rem 1: (Schwarz’s Theorem):

If f X X: ,→ ⊆R R2  and ( , )a b X∈  is such that (i) f x exists in a neighbourhood  N a b( , ) of 

( , )a b  and (ii) f xy is continuous at ( , ),a b  then f a byx ( , ) exists and is equal to f a bxy ( , ).

(Lucknow 2013)

Proof: Since f xy is con tin u ous at ( , ),a b f y  and f xy ex ist at ev ery point in  N a b( , ).

Let φ = + + − + − + +( , ) ( , ) ( , ) ( , ) ( , )h k f a h b k f a h b f a b k f a b …(1)

where ( , ) ( , ).a h b k N a b+ + ∈
If we take g y f a h y f a y( ) ( , ) ( , )= + − …(2)

then g b k f a h b k f a b k( ) ( , ) ( , )+ = + + − +
and g b f a h b f a b( ) ( , ) ( , ).= + −
∴ φ = + −( , ) ( ) ( ).h k g b k g b …(3)

Since f y exists at every point in N a b f a h y f a y( , ), ( , ) ( , )+ −  is differentiable at each

point of N a b( , ) i e. ., g y( ) is differentiable in [ , ] ( , ).b b k N a b+ ⊆
∴ Us ing mean value the o rem for g y( ) in [ , ],b b k+  we get

g b k g b kg b k( ) ( ) ( )+ − = ′ + θ  where 0 1< <θ .

∴ φ = + + − +( , ) [ ( , ) ( , )]h k k f a h b k f a b ky yθ θ …(4)

      [From (2), g y f a h y f a yy y′ = + −( ) ( , ) ( , )]

Now f xy exists at each point in N a b( , ) so f x b ky ( , )+ θ  is differentiable at each point in 

N a b( , ) i e. ., f x b ky ( , )+ θ  is differentiable in [ , ] ( , ).a a h N a b+ ⊆
∴ Us ing mean-value the o rem for f x b ky ( , )+ θ  in [ , ],a a h+  we get

f a h b k f a b k h f a h b ky y xy( , ) ( , ) ( , )+ + − + = + +θ θ θ θ1

where 0 11< <θ .

∴ φ = + + < <( , ) [ ( , ] ; ,h k k h f a h b kxy θ θ θ θ1 10 1

or
φ

= + +
( , )

( , )
h k

hk
f a h b kxy θ θ1

or
1

k

f a h b k f a b k

h

f a h b f a b

h

( , ) ( , ) ( , ) ( , )+ + − +
=

+ −





            = + +f a h b kxy ( , ).θ θ1

Taking the limits as h → 0, we get
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1
0 1

k
f a b k f a b h f a h b kx x xy[ ( , ) ( , )]

lim
( , )+ − = → + +θ θ

⇒ lim ( , ) ( , ) lim lim
( ,k

f a b k f a b

k k h f a h bx x
xy→

+ −
= → → + +0 0 0 1θ θk








      = f a bxy ( , ).

Thus f yx exists and f a b f a byx xy( , ) ( , ).=

Similarly, we can prove that if f y exists in N a b( , ) and f yx is continuous at ( , ),a b  then 

f a bxy ( , ) exists and is equal to f a byx ( , ).

Note: If f xy and f yx are both con tin u ous at ( , ),a b  then f a b f a bxy yx( , ) ( , ).=

The o rem 2: (Young’s Theorem):

If f X X: ,→ ⊆R R2  and ( , )a b X∈  is such that f fx y,  are differentiable at ( , ),a b   then 

f a b f a bxy yx( , ) ( , ).=
Proof: Since f fx y,  are differentiable at ( , )a b  so f fx y,  exist in a neighbourhood 

N a b( , ) of ( , )a b  and f f f fx x yx x y yy, , ,  exist at ( , ).a b

Let φ = + + − + − + +( , ) ( , ) ( , ) ( , ) ( , )h h f a h b h f a h b f a b h f a b

and g y f a h y f a y( ) ( , ) ( , ).= + −
Then φ = + −( , ) ( ) ( ).h h g b h g b

Now, using mean value theorem to g y( ) in [ , ],b b h+

g b h g b hg b h( ) ( ) ( ), .+ − = ′ + < <θ θ0 1

∴ φ = + + − +( , ) [ ( , ) ( , )].h h h f a h b h f a b hy yθ θ …(1)

Since f y is differentiable at ( , ),a b  by definition, we have

f a h b h f a by y( , ) ( , )+ + −θ

       = + + √ + φh f a b h f a b h h h hxy yy( , ) ( , ) ( ) ( , )θ θ2 2 2
1 …(2)

and f a b h f a b h f a b h h hy y yy( , ) ( , ) ( , ) ( , )+ − = + φθ θ θ 2 …(3)

where φ →1 0 and φ →2 0 as h → 0.

From (1), (2) and (3) we conclude that 

φ
= + √ + φ − φ

( , )
( , ) ( ) ( , ) ( , )

h h

h
f a b h h h hxy2

2
1 21 θ θ

 
lim ( , )

( , ).h
h h

h
f a bxy→

φ
=

0 2

Similarly, if in place of g y( ) we take F x f x b h f x b( ) ( , ) ( , )= + −

we can prove that  

lim ( , )
( , ).h

h h

h
f a byx→

φ
=

0 2

Hence f a b f a bxy yx( , ) ( , ).=

Note: The con di tions of above two the o rems are only suf fi cient but not nec es sary.
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Ex am ple 16: Let f x y x y log x y( , ) ( ) ( )= + +1

4
2 2 2 2  for ( , ) ( , )x y ≠ 0 0  and f ( , )0 0 0= .

Show that f fxy yx=  at all points ( , ).x y  Also show that nei ther of the de riv a tives is con tin u ous in 

x-y  at the or i gin.

Solution: We have for ( , ) ( , )x y ≠ 0 0

f x x y f y x yx y= + + = + +1

2
1

1

2
12 2 2 2{ } { }log ( ) , log ( ) ,

and hence f f
xy

x y
xy yx= =

+
⋅

2 2

Using the definition of partial derivatives, it can be easily shown that for x y= =0 0,

f f f fx y xy yx= = = = 0.

Thus f fxy y x=  at all points ( , ).x y

However, f fxy yx=  is not continuous at ( , ).0 0

We find that the simultaneous limit 
lim

( , ) ( , )x y
xy

x y→ +0 0 2 2
 does not exist. For if we let 

( , )x y  approach ( , )0 0  through the line y mx= , we get

lim
( , ) ( , )

lim .
x y

xy

x y x
x mx

x m x

m

m→ +
= → +

=
+

⋅0 0 0 12 2 2 2 2 2

This limit depends upon m so it does not exist. It implies that f fxy yx=  is not

continuous at the origin.

 1. If  f x y

xy

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ),

= +
≠

=







2
0 0

0 0 0

2 2

show that f  is discontinuous at the origin but both the partial derivatives exist

at the origin.

 2. If f x y

xy x y

x y
x y

x y

( , )

( )
, ( , ) ( , )

, ( , ) ( , ),

=
−

+
≠

=






2 2

2 2
0 0

0 0 0


show that f x ( , )0 0 0=  and f y ( , ) .0 0 0=

 3. If f x y xy
x y

x y
( , ) =

−
+











2 2

2 2
 when x y2 2 0+ ≠  and f ( , ) ,0 0 0=  show that 

f x f y f y yx y x( , ) ( , ) and ( , ) .0 0 0 0= = = −
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 4. Show that the function f x y
x y

x y
( , ) =

+

2

4 2
 for ( , ) ( , )x y ≠ 0 0  and f ( , )0 0 0=

possesses partial derivatives at the origin but the function is discontinuous at

the origin.

 5. If f x y xy( , ) (| |) ,= √  find f x ( , )0 0  and f y ( , ).0 0

 6. Show that the func tion  f x y

xy

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , )

= +
≠

=









2

2 2
0 0

0 0 0

is con tin u ous in x-y  to gether at the or i gin but not dif fer en tia ble at ( , ).0 0

 7. Prove that the function f x y xy( , ) (| |)= √  is not (totally) differentiable at ( , )0 0

but that f x and f y both exist at the origin and have the value 0.

 8. Show that for the func tion f x y x y( , ) | |,= −2 2  we have f fxy yx( , ) ( , ).0 0 0 0=

 9. Show that for the func tion  f x y

x y

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , )

= +
≠

=









2 2

2 2
0 0

0 0 0

f fxy yx( , ) ( , ),0 0 0 0=  even though the conditions of Schwarz’s theorem and also 

of Young’s theorem are not satisfied.

10. Show that the func tion  f x y

xy x y

x y
x y

x y

( , )

( )
, ( , ) ( , )

, ( , ) ( , )

=
−

+
≠

=








2 2

2 2
0 0

0 0 0

does not sat isfy the con di tions of Schwarz’s the o rem and f fxy yx( , ) ( , ).0 0 0 0≠
11. State a set of conditions under which f fxy yx=  where f  is a function of two

variables. If f x y
xy y x

y x
( , )

( )
=

−
+

2 2

2 2
 where ( , ) ( , )x y ≠ 0 0  and f ( , ) ,0 0 0=

calculate f xy ( , )0 0  and f yx ( , ).0 0  Are they equal ?

12. Show that the func tion 

f x y

x x y y xy

x x x
( , )

sin ( / ) sin ( / ) ,

sin ( / ) , and=

+ ≠

≠

2 2

2

1 1 0

1 0 y

y y x y

x y

=

= ≠
= =













0

1 0 0

0 0

2 sin ( / ) , and

,

is differentiable at the origin.

13. Show that if f y  exists in a certain neighbourhood of a point ( , )a b  of the domain

of definition of a function f , and f yx is continuous at ( , ),a b  then f a bxy ( , ) exists,

and is equal to f a byx ( , ).

 5. f fx y( , ) , ( , )0 0 0 0 0 0= =    11. No
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   7 Implicit Functions

Whenever we come across a functional  equation f x y( , ) ,= 0  we generally assume that

it determines y as a function of x. But in some cases such an equation may not define

any such function or it may define one or more than one such functions.

For example, the equation x y2 2 16 0+ − =  determines two functions

y x= −16 2  and y x= − −16 2 ,  for  x2 16≤

whereas the equations x y2 2 7 0+ + =  and x y4 4 9 0+ + =  determine no such

function.

Definition: Let f x y( , ) be a func tion of two vari ables x and y and y x= φ ( ) be a func tion of x

such that, for ev ery value of x,  for which φ ( )x  is de fined, f x x( , ( ))φ  van ishes iden ti cally, i e. ., 

y x= φ ( ) is a solution of the func tional equa tion f x y( , ) .= 0  Then we say that  y x= φ ( ) is an

im plicit func tion de fined by the func tional equa tion f x y( , ) .= 0

It is only in elementary cases, such as those given above, that an implicit function

determined by a functional equation f x y( , ) = 0 may be expressed in the explicit form 

y x= φ ( ). In the case of complicated functional equations the determination of the

implicit function in an explicit form may be too laborious or in some cases it may not

even be possible. However, the difficulty of actual determination of an analytical

expression does not rule out the possibility of the existence of the implicit function or

functions, defined by a functional equation. We shall now consider an existence

theorem, known as Implicit function theorem, that mentions conditions which

guarantee that a functional equation does define an implicit function even though its

actual determination in explicit form may not be possible.

For many mathematical purposes the real importance lies in the fact that a given

functional equation defines an implicit function rather than in finding an expression

for the implicit function defined by it.

Hence, the implicit function theorem has its own utility in mathematics.

   8 Implicit Function Determined by a Single Functional
Equation

Implicit Function Theorem: Let f x y( , )  be a function of two variables x and y and let 

( , )a b  be a point of its domain such that

(i) f a b( , ) = 0

(ii) the function f x y( , ) possesses continuous partial derivatives f x and f y in a certain

neighbourhood of ( , )a b  and

(iii) f a by ( , ) ;≠ 0

then there exists a rectangle [ , ; , ]a h a h b k b k− + − +  about ( , )a b  such that for every

value of x in the interval [ , ],a h a h− +  the equation f x y( , ) = 0 determines one and only

one value y x= φ ( ), lying in the interval [ , ],b k b k− +  with the following properties :
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(1) b a= φ ( ),

(2) f x x[ , ( )] ,φ = 0  for ev ery x in [ , ],a h a h− +  and

(3) φ ( )x  is de riv able and both φ ( )x  and φ′ ( )x  are con tin u ous in [ , ].a h a h− +
Proof: It is given that f a by ( , ) .≠ 0

So, either f a by ( , ) > 0 or f a by ( , ) .< 0

Without any loss of generality we may assume that f a by ( , ) ,> 0   for if f a by ( , ) ,< 0  we

should only have to replace f x y( , ) by − f x y( , ) and this change would leave the

equation f x y( , ) = 0 unaltered.

Uniqueness and the existence of the implicit function:

Let f fx y,  be continuous in a rectangular neighbourhood

R a h a h b k b k1 1 1 1 1= − + − +[ , ; , ] of ( , ).a b

Since f fx y,  are continuous in R1, therefore, f  is differentiable and hence continuous in 

R1.

Again, since f y is continuous at ( , )a b  and f a by ( , ) ,> 0  there exists a rectangle

R a h a h b k b k h h k k2 2 2 2 1 1= − + − + < <[ , ; , ], ,

(i e. ., R R2 1⊆ ) such that for every point ( , )x y  of this rectangle R f x yy2 0, ( , ) .>

Now, since f x yy ( , ) > 0 for all ( , ) ,x y R∈ 2 therefore, for all x a h a h∈ − +[ , ],2 2  the

function f  of y strictly increases as y increases from b k−  to b k+ .

In particular, since f a b( , ) ,= 0  we have f a b k f a b k( , ) , ( , ) .− < + >0 0

In view of this and the fact that f  is continuous, there exists a positive real number 

h h< 2  such that for every x in [ , ],a h a h− +  f x b k( , )−  is as close to f a b k( , )−  and 

f x b k( , )+  is as close to f a b k( , )+  as we please and, therefore, we have

f x b k f x b k( , ) , ( , )− < + >0 0 for all x a h a h∈ − +[ , ].

Now for every fixed value of x in [ , ],a h a h− +  the continuous function f  of y strictly

increases from a negative to a positive value as y increases from b k−  to b k+  and

therefore there exists one and only one value of y for which the function f  vanishes.

Thus, for each x in [ , ]a h a h− +  there is a uniquely determined value of y in [ , ]b k b k− +
for which f x y( , ) ;= 0  this y is a function of x,  say φ ( )x  such that the properties (1) and

(2) are true.

Hence, there exists a rectangular neighbourhood 

R a h a h b k b k3 = − + − +[ , ; , ] of ( , )a b

such that for each x belonging to [ , ]a h a h− +  there exists a unique value of y x= φ ( )

belonging to [ , ]b k b k− +  such that b a= φ ( ) and f x x( , ( ))φ = 0 for all x in [ , ].a h a h− +

This completes the proof of the existence and the uniqueness of the implicit function φ.

Continuity and derivability of the implicit function:

Let ( , ), ( , )x y x x y y+ +δ δ  be two points in R a h a h b k b k3 = − + − +[ , ; , ] such that

y x y y x x= φ + = φ +( ), ( )δ δ
and f x y f x x y y( , ) , ( , ) .= + + =0 0δ δ
Since f  is differentiable in R1 and R R3 1⊆ , therefore f  is also differentiable in R 3 .
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∴ f x x y y f x y x f y f x yx y( , ) ( , ) ,+ + − = + + ψ + ψδ δ δ δ δ δ1 2

where ψ ψ1 2,  are functions of δx and δy, each tending to zero as ( , ) .δ δx y → 0

But f x x y y f x y( , ) ( , ) .+ + − = − =δ δ 0 0 0

∴ In R3 , δ δ δ δx f y f x yx y+ + ψ + ψ =1 2 0

or δ δ δ δy f x f x yy x= − − ψ − ψ1 2 . …(1)

Since f y > 0 in R 2  and R R3 2⊆ ,  therefore f y ≠ 0 in R3.  So, dividing both sides of (1)

by δx f y , we have

δ
δ

δ
δ

y

x

f

f f

y

x f
x

y y y

= − − ψ − ψ ⋅1 2

Proceeding to limits as ( , ) ( , ),δ δx y → 0 0  we get

φ′ = = − ⋅( )x
dy

dx

f

f
x

y

Thus φ ( )x  is derivable and continuous in R3 . Also φ′ ( ),x  being a quotient of two

continuous functions, is itself continuous in R3 .  

Note 1: The func tion y x= φ ( ) is said to be the unique  solution of f x y( , ) = 0 near 

( , )a b  or the unique im plicit func tion de ter mined by f x y( , ) = 0 near ( , ).a b

Note 2: It should be clearly un der stood that the the o rem just proved is es sen tially of a

lo cal char ac ter. It states that if f  is a func tion of two vari ables sat is fy ing cer tain

as sump tions in re spect of con ti nu ity and derivability in a neigh bour hood of a point 

( , )a b  and if f a b( , ) ,= 0  then there ex ists a rect an gu lar neigh bour hood 

[ , ; , ]a h a h b k b k− + − +  of ( , )a b  such that for each x be long ing to [ , ]a h a h− +  there

ex ists a unique y be long ing to [ , ]b k b k− +  such that f x y( , ) .= 0  Thus, f x y( , ) = 0

de ter mines a unique im plicit func tion y x= φ ( ) in [ , ],a h a h− +  y ly ing in [ , ]b k b k− +
and this func tion φ of x is de riv able. The im plicit func tion y x= φ ( ) is a unique So lu tion

of f x y( , ) = 0 in a cer tain neigh bour hood [ , ; , ]a h a h b k b k− + − +  of ( , ).a b  The

func tional equa tion f x y( , ) = 0 may have a dif fer ent So lu tion if a dif fer ent

neigh bour hood of ( , )a b  is con sid ered.

Ex am ple 17: Ex am ine the fol low ing equa tion for the ex is tence of a unique im plicit func tion near

the point in di cated and ver ify your as ser tion by di rect cal cu la tion. Find also the first de riv a tive of

the so lu tion : x y2 2 1 0+ − = ,  in the nbd of the point ( , ).0 1

Solution: Let f x y x y( , ) .= + −2 2 1 

Then  f x f yx y= =2 2, .

We have  f ( , )0 1 0 1 1 02 2= + − =

f y ( , ) . .0 1 2 1 2 0= = ≠
Obviously f x and f y are continuous functions in the whole x-y  plane and so also in

some neighbourhood of ( , ).0 1
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Thus f x y( , ) satisfies all the conditions of implicit function theorem in some

neighbourhood of ( , ).0 1  Hence, by implicit function theorem, there exists a rectangular

neighbourhood [ , ; , ]0 0 1 1− + − +h h k k  of ( , )0 1 such that for each x belonging to 

[ , ]0 0− +h h  there exists a unique y belonging to [ , ]1 1− +k k  such that f x y( , ) .= 0

Thus, f x y( , ) = 0 determines a unique implicit function y x= φ( ) in [ , ],0 0− +h h y

lying in [ , ]1 1− +k k  and this function φ of x is derivable.

Solving  the equation x y2 2 1 0+ − =  as a quadratic in y, we get

y x2 21= −   

or  y x= ± −1 2 .

Obviously ( , )0 1 satisfies the equation 

y x= −1 2 .

Hence, y x= −1 2  is the unique implicit function y x= φ ( ) determined by the

equation f x y( , ) = 0 in some neighbourhood of ( , ),0 1  where | | , .x y≤ >1 0

We have 
dy

dx

f

f

x

y
x

y







= −








 = −









( , ) , ) ( , )0 1 0 1 0 1

2

2
= 0

Remark: Here, y x= − −2 1  is the unique im plicit func tion de ter mined by the

equa tion f x y( , ) = 0 in some neigh bour hood of ( , ),0 1−  where | | , .x y≤ <1 0

Ex am ple 18: Show that the fol low ing equa tion de ter mines a unique Solution near the point

in di cated ; find also the first de riv a tive of the solution :

xy sin x cos y+ = 



0 0

1

2
, , .π .

Solution: Let f x y xy x y( , ) sin cos .= +

Then f y x xy x f x x yx y= + = −sin cos , sin sin .

We have f 0
1

2
0

1

2
0, cos ,π π



 = + =  

f y 0
1

2
0

1

2
1 0, sinπ π



 = − = − ≠

Obviously, the partial derivatives f x and f y are continuous functions in a

neighbourhood of 0
1

2
, .π





Thus f x y( , ) satisfies all the conditions of implicit function theorem in a

neighbourhood of 0
1

2
, π



 . Hence, by implicit function theorem, the equation 

f x y( , ) = 0 determines a unique implicit function, say y x= φ ( ), in a neighbourhood of 

0
1

2
, π



 .
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 We have 
dy

dx
x

f

f

y x xy x

x x y
x

y

= φ′ = − = −
+
−

⋅( )
sin cos

sin sin

∴    
dy

dx







= −
+

−
= −

−
=

( , ) sin
.

0
1

2

0 0

0
1

2

0

1
0

π π

Ex am ple 19: Ex am ine the fol low ing equa tion for the ex is tence of a unique im plicit func tion near

the point in di cated and ver ify your as ser tion by di rect cal cu la tion :

y yx x2 2 52 0− − = ,  point ( , ).1 1−

Solution: Let f x y y yx x( , ) .= − −2 2 52

Then f xy x f y xx y= − − = −2 10 24 2, .

We have  f ( , ) ( ) ( ) . .1 1 1 1 1 2 1 02 2 5− = − − − − =

f y ( , ) . ( ) .1 1 2 1 1 3 02− = − − = − ≠

Obviously, the partial derivatives f x y xy xx ( , ) = − −2 10 4  and f x y y xy ( , ) = −2 2  are 

continuous in a neighbourhood of ( , ).1 1−

Hence, by implicit function theorem, the equation f x y( , ) = 0 determines a unique

implicit function y x= φ ( ) in a neighbourhood of ( , ).1 1−

Solving  the equation y yx x2 2 52 0− − =  as a quadratic in y, we get

y
x x x x

x x=
± +

= ± + ≥ − ⋅
2 4 5 28

2 2
1 1 8

1

8
[ ],

Of the above two possible solution, y
x

x x= − + ≥ −
2

2
1 1 8

1

8
[ ],  is the unique solution

of f x y( , ) = 0 in a neighbourhood of ( , ),1 1−  since, − =1 1y ( ).

Show that the following equations determine unique solution near the

points indicated; find also the first derivatives of the solution :

 1. x y xy y3 3 3 0+ − + = , point ( , ).0 0

 2. y x y x3 2 2 7cos sin ,+ =  point 
1

3
2π,





 3. 2 2xy xy− =log , point (1, 1).

Examine the following equations for the existence of a unique implicit

function near the point indicated and verify your assertion by direct

calculations :

 4. y yx x2 2 52 0− − = , near (0, 0).
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 5. y x y x2 2 52 0+ + = , near ( , ).1 1−

 6. y yx x2 3 2 0+ + = , near ( , ).0 0

 7. y x y x4 2 2 52 0+ − = , near ( , ).11

 8. x xy y2 2 1 0+ + − = , near ( , ).1 0

  1. 0 2.  
2 3

9
  3. −1

 4. φ ( )x  not unique near (0, 0)  5. φ ( )x  not unique near ( , )1 1−

 6. φ ( )x  does not ex ist near ( , )0 0  7. φ ( )x  unique near ( , )11

 8. φ ( )x  unique near ( , )1 0

   9  Taylor’s Theorem for Functions of Several Variables

(Lucknow 2007, 10; Gorakhpur 10, 11, 13, 14, 15)

To expand f x h y k( , )+ +  in powers of h and k in case f x y( , ) and all its partial derivatives are

continuous in a certain domain of the point ( , )x y .

Regarding f x h y k( , )+ +  as a function of one variable only, say that of x (that is,

supposing that only x varies while y remains constant), and expanding by Taylor’s

theorem for one variable only, we have

f x h y k f x y k h
f x y k

x

h f x y k

x
( , ) ( , )

( , )

!

( , )
+ + = + +

∂ +
∂

+
∂ +

∂

2 2

22

                     +
∂ +

∂
+h f x y k

x

3 3

33 !

( , )
… ...(1)

Now ex pand ing each term on the right hand side of (1) by Tay lor’s the o rem
re gard ing y as vari able and x as con stant, we have

f x h y k( , )+ +

    = +
∂

∂
+

∂
∂

+
∂

∂
f x y k

f x y

y

k f x y

y

k f x y

y
( , )

( , )

!

( , )

!

( , )2 2

2

3 3

32 3
+ …

 + ∂
∂

+
∂

∂
+

∂
∂

+ …








h
x

f x y k
f x y

y

k f x y

y
( , )

( , )

!

( , )2 2

22

         + ∂
∂

+
∂

∂
+ …









h

x
f x y k

f x y

y

2 2

22 !
( , )

( , )

            + ∂
∂

+ … +h

x
f x y

3 3

33 !
( , ){ } …
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Hence,  f x h y k( , )+ + = +
∂
∂

+
∂
∂







f x y h

f

x
k

f

y
( , )

+
∂
∂




 + ⋅

∂
∂ ∂

+
∂
∂




1

2
22

2

2

2
2

2

2!
h

f

x
hk

f

x y
k

f

y

    +
∂
∂

+
∂

∂ ∂
+

∂
∂ ∂

+
∂
∂




1

3
3 33

3

3
2

3

2
2

3

2
3

3

3!
h

f

x
h k

f

x y
hk

f

x y
k

f

y




 + …

Sym bol i cally we may put this re sult as

f x h y k f x y h
x

k
y

f( , ) ( , )+ + = + ∂
∂

+ ∂
∂







  

    + ∂
∂

+ ∂
∂









1

2

2

!
h

x
k

y
f  + ∂

∂
+ ∂

∂






 + …1

3

3

!
,h

x
k

y
f

f x h y k f x y h f k fx y( , ) ( , ) ( )+ + = + +

+ + +1

2
22 2

!
( )h f hk f k fxx xy yy

+ + + + +1

3
3 33 2 2 3

!
( ) .....h f h k f hk f k fxxx xxy xyy yyy ...(2)

Cor ol lary 1: Putt ing x a=  and y b=  in equa tion (2), we get

f a h b k( , )+ + = + + +f a b hf a b kf a b h f a bx y xx( , ) ( , ) ( , )
!

( , ){ } {
1

2
2

     + + +2
1

3
2 3hk f a b k f a b h f a bxy yy xxx( , ) ( , )

!
( , )} {

  + + + +3 32 2 3h k f a b hk f a b k f a bxxy xyy yyy( , ) ( , ) ( , )} …

Cor ol lary 2: Putt ing a b h x k y= = = =0 0, , , , in equa tion (2), we get

f x y f x f y fx y( , ) ( , ) ( , ) ( , )= + +0 0 0 0 0 0

            + + + + …x
f xy f

y
fx x xy yy

2 2

2
0 0 0 0

2
0 0

!
( , ) ( , )

!
( , ) ,

where f
f

x
f

f

y
fx y x( , ) , ( , ) ,

( , ) ( , )

0 0 0 0
0 0 0 0

=
∂
∂







=
∂
∂







 x

f

x
( , ) ,

( , )

0 0
2

2
0 0

=
∂
∂











f
f

x y
f

f

y
xy yy( , ) , ( , )

( , ) (

0 0 0 0
2

0 0

2

2
=

∂
∂ ∂









 =

∂
∂











0 0, )

= …

which is Maclaurin’s the o rem for two vari ables.

Ex am ple 20: Find the first six terms of the ex pan sion of the func tion e log yx ( )1+

in a Tay lor se ries in the neigh bour hood of the point ( , ).0 0
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So lu tion: Let F x y e yx( , ) log ( )= +1 . Then 

F x y e yx( , ) log ( )= +1  ⇒   F ( , )0 0 0=

F x y e yx
x( , ) log ( )= +1 ⇒   Fx ( , )0 0 0=

F x y e yxx
x( , ) log ( )= +1 ⇒   Fxx ( , )0 0 0=

F x y
e

y
y

x

( , )
( )

=
+1

⇒   F y ( , )0 0 1=

F x y
e

y
yy

x

( , )
( )

= −
+1 2

⇒   F yy ( , )0 0 1= −

F x y
e

y
xy

x

( , )
( )

=
+1

⇒   Fxy ( , ) .0 0 1=

Using Taylor’s theorem, we get

F x y F xF yFx y( , ) ( , ) ( , ) ( , )= + +0 0 0 0 0 0

+ +x
F x y Fxx xy

2

2
0 0 0 0

!
( , ) ( , ) + + …

y
F yy

2

2
0 0

!
( , )

i e. ., e y x y
xx log ( ) ( ) ( )

!
( )1 0 0 1

2
0

2

+ = + + + + + − + …x y
y

( )
!

( )1
2

1
2

i e. ., e x y y xy
yx log ( )+ = + − + …

2

2

Ex am ple 21: Find the ex pan sion for cos x cos y in pow ers of x y,  upto fourth or der terms.

So lu tion: Let f x y x y( , ) cos cos .=   Then

f x y x y( , ) cos cos=   ⇒  f ( , )0 0 1=

f x y x yx ( , ) sin cos= −   ⇒  f x ( , )0 0 0=

f x y x yy ( , ) cos sin= −   ⇒  f y ( , )0 0 0=

f x y x y
x 2 ( , ) cos cos= −  ⇒  f

x 2 0 0 1( , ) = −

f x y x yxy ( , ) sin sin=   ⇒  f xy ( , )0 0 0=

f x y x y
y 2 ( , ) cos cos= − ⇒  f

y 2 0 0 1( , ) = −

f x y x y
x 3 ( , ) sin cos= ⇒  f

x 3 0 0 0( , ) =

f x y x y
x y2 ( , ) cos sin= ⇒  f

x y2 0 0 0( , ) =

f x y x y
xy 2 ( , ) sin cos= ⇒  f

xy 2 0 0 0( , ) =

f x y x y
y 3 ( , ) cos sin= ⇒  f

y 3 0 0 0( , ) =

f x y x y
x 4 ( , ) cos cos= ⇒  f

x 4 0 0 1( , ) =

f x y x y
x y3 ( , ) sin sin= −  ⇒  f

x y3 0 0 0( , ) =

f x y x y
x y2 2 ( , ) cos cos= ⇒  f

x y2 2 0 0 1( , ) =
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f x y x y
xy3 ( , ) sin sin= − ⇒  f

xy 3 0 0 0( , ) =

f x y x y
y4 ( , ) cos cos= ⇒  f

y 4 0 0 1( , ) .=

Using Taylor’s theorem, we get

f x y f x
x

y
y

f( , ) ( , ) ( , )= + ∂
∂

+ ∂
∂







0 0 0 0

    + ∂
∂

+ ∂
∂







 + ∂

∂
+ ∂

∂








1

2
0 0

1

3
0

2 3

!
( , )

!
( ,x

x
y

y
f x

x
y

y
f 0)

+ ∂
∂

+ ∂
∂







 +1

4
0 0

4

!
( , )x

x
y

y
f …

            = + + +f x f y f
x

fx y xx( , ) ( , ) ( , ) ( , )0 0 0 0 0 0
2

0 0
2

+ +xyf
y

fxy yy( , ) ( , )0 0
2

0 0
2

+ 1

6
0 03x f xxx ( , )

   + +1

2
0 0

1

2
0 02 2x y f xy fxxy xyy( , ) ( , )

    + 1

6
0 03y f yyy ( , ) + 1

24
0 04

4x f
x

( , )

 + 1

6
0 03

3x y f
x y

( , ) + 1

4
0 02 2

2 2x y f
x y

( , )

+ + + ……1

6
0 0

1

24
0 03 4

3 4xy f y f
xy y

( , ) ( , )

i e. .,     cos cos ( ) ( )x y
x

x y= + + + − +1 0 0
2

1 0
2

 + − +
y x2 3

2
1

6
0( ) ( )

         + +
x y xy2 2

2
0

2
0( ) ( ) + + +

y x x y3 4 3

6
0

24
1

6
0( ) ( ) ( )

    + + + + ……
x y xy y2 2 3 4

4
1

6
0

24
1( ) ( ) ( )

i e. ., cos cosx y = − − + + + + ……1
2 2 24 4 24

2 2 4 2 2 4x y x x y y
.

Ex am ple 22: If F x y tan xy( , ) ( )= −1 , com pute an ap prox i mate value of F ( , )0 9 1 2⋅ − ⋅ .

(Gorakhpur 2014)

So lu tion: Let us ex pand F x y( , ) near the point ( , )1 1− .

By Taylor’s theorem, we get

F F( , ) ( , )0 9 1 2 1 0 1 1 0 2⋅ − ⋅ = − ⋅ − − ⋅
   = + − ⋅ + − ⋅F F Fx y( , ) ( ) ( , ) ( ) ( , )11 1 0 9 11 1 0 2 11{ }

+ − ⋅ + − ⋅ − ⋅1

2
1 0 9 1 1 2 1 0 9 1 0 2 112

!
( ) ( , ) ( ) ( ) ( , ){ F Fxx xy

 + − ⋅ +( ) ( , )1 0 2 112 F yy } …   ...(1)
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Here a b= = −1 1, .

F x y xy( , ) tan= −1 ⇒ F ( , ) tan ( )1 1 1
4

1− = − = − ⋅− π

F
y

x y
x =

+1 2 2
⇒ Fx ( , )1 1

1

1 1

1

2
− =

−
+

= − ⋅

F
x

x y
y =

+1 2 2
⇒ F y ( , )1 1

1

1 1

1

2
− =

+
= ⋅

F
x y

x yx 2

2

1 2 2 2
= −

+
( )

( )
⇒ F

x 2 1 1
2 1

1 1

1

22
( , )

( ) ( )

( )
− =

− −
+

= ⋅

F
x x y

x yy2

2

1

2

2 2 2
=

−
+

( )

( )
⇒ F

y2 1 1
2

1 1

1

22
( , )

( )
− =

+
= ⋅

F
x y x xy

x y
xy =

+ −
+

1 2

1

2 2 2

2 2 2

( )

( )

    =
−

+
1

1

2 2

2 2 2

x y

x y( )
⇒ Fxy ( , )

( )
.1 1

1 1

1 1
0

2
− =

−
+

=

Putting all these values in (1), we get

F ( , ) ( ) ( ) ( ) [( ) (0 9 1 2
4

0 1
1

2
0 2

1

2

1

2
0 1

1

2
2⋅ − ⋅ = − + − ⋅ − + − ⋅ + − ⋅π

)

+ − ⋅ − ⋅ + − ⋅ +2 0 1 0 2 0 0 2
1

2
2( ) ( ) ( ) ( )] ....

 = − + ⋅ − ⋅ + ⋅ = − ⋅π
4

0 05 0 1 0 0125 0 823.

Ex am ple 23: Ex pand e x . cos y near the point 1
4

,
π



  by Tay lor’s The o rem.

So lu tion: We have 

F x h y k F x y h
x

k
y

F( , ) ( , )+ + = + ∂
∂

+ ∂
∂









  + ∂
∂

+ ∂
∂







 + ∂

∂
+ ∂

∂






 +1

2

1

3

2 3

! !
h

x
k

y
F h

x
k

y
F … …(1)

Again e y F x y F x y F hx cos ( , ) ( ) , ( ,= = + − + −











= +1 1
4 4

1
π π π

4
+ k)

where h x k y= − = − ⋅1
4

,
π

F x y e yx( , ) cos= ⇒ F
e

1
4 2

,
π



 =

√
∂
∂

=F

x
e yx cos ⇒ 

∂
∂





 =

√
F

x

e
1

4 2
,

π

∂
∂

= −F

y
e yx sin ⇒ 

∂
∂





 = −

√
F

y

e
1

4 2
,

π
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∂
∂

=
2

2

F

x
e yx cos ⇒ 

∂
∂





 =

√

2

2
1

4 2

F

x

e
,

π

∂
∂

= −F

y
e yx

2
cos ⇒ 

∂
∂





 =

−
√

2

2
1

4 2

F

y

e
,

π

∂
∂

= −
2 F

x dy
e yx sin ⇒ 

∂
∂ ∂





 =

−
√

⋅
2

1
4 2

F

y y

e
,

π

Sub sti tut ing these val ues in Tay lor’s the o rem, we get

e y
e

x
e

y
ex cos ( )=

√
+ −

√
+ −





−
√





2

1
2 4 2

π

   + −
√

+ − −





−
√





 + −





1

2
1

2
2 1

4 2 4
2

!
( ) ( )x

e
x y

e
y

π π


−
√















 +

2

2

e
…

 1. Ex pand e yx . sin  in pow ers of x and y as far as terms of third de gree.

 2. Ex pand : F x y x y y( , ) = + −2 3 2 in pow ers of ( )x − 1 and ( )y + 2  by Tay lor’s

the o rem. (Gorakhpur 2015)

 3. Ob tain Tay lor’s ex pan sion of tan−1 y

x
 about ( , )11 upto and in clud ing the sec ond

de gree terms. Hence com pute F ( , )1 1 0 9⋅ ⋅ . (Gorakhpur 2012, 13)

 4.  Ex pand x y in pow ers of ( )x − 1 and ( )y − 1 upto the third de gree terms.

 1. e y y xy
x y yx sin = + + − +
2 3

2 6
…

 2. x y y x y x2 23 2 10 4 1 4 2 2 1+ − = − − − + + − −( ) ( ) ( )

+ − + + − +2 1 2 1 22( ) ( ) ( ) ( )x y x y

 3. tan ( ) ( ) ( ) ( ) ...− = − − + − + − − − +1 2 2

4

1

2
1

1

2
1

1

4
1

1

4
1

y

x
x y x y

π
 ;  0 7862⋅

 4. x x x y x yy = + − + − − + − −1 1 1 1
1

2
1 12( ) ( )( ) ( ) ( )
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. Let f x y

xy

x y
x y

x y

( , ) ( )
, ( , ) ( , )

, ( , ) .

= √ +
≠

=







2 2
0 0

0 0

Then

(a) f x y( , ) is dis con tin u ous at ( , )0 0 (b) f x y( , ) is con tin u ous at ( , )0 0

(c) f x ( , )0 0 1= (d) f y ( , ) .0 0 1=

 2. Let f x y

xy

x y
x y

x y

( , )
, ( , ) ( , )

, ( , ) ( , ).

= +
≠

=









2

2 4
0 0

0 0 0

Then

(a) f x y( , ) is not de fined at the or i gin (b) f x ( , )0 0 0=
(c) f x ( , )0 0 1= (d) f y ( , )0 0  does not ex ist.

Fill in the Blank(s)

Fill in the blanks “……”, so that the following statements are complete and correct.

 1. The partial derivative f a bx ( , ) of a function f x y( , ) at the point ( , )a b  is given by

f a b
h

f a h b

h
x ( , )

lim ( , )
,=

→
+ − ……

0

provided the limit exists.

 2. If a function f x y( , ) is differentiable at ( , ),a b  then it is …… in x-y  together at 

( , ).a b

 3. If f X X: ,→ ⊆R R2  and ( , )a b X∈  is such that f fx y,  are differentiable at 

( , ),a b  then f a bxy ( , ) .= ……

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. If a function f x y( , ) is continuous at a point ( , ),a b  it must also be differentiable

at ( , ).a b

 2. If a function f x y( , ) possesses both the partial derivatives f a bx ( , ) and f a by ( , ),

it must be differentiable at ( , ).a b

 3. If a function f x y( , ) is differentiable at ( , ),a b  it must be continuous at ( , ).a b
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Multiple Choice Questions
 1. (b).  2. (b).

Fill in the Blanks
 1. f a b( , ).  2. con tin u ous.  3. f a byx ( , ).

True or False
 1. F.  2. F.  3. T .

¨
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1  Partial Differential Equations

Equations which contain one or more partial derivatives are called Partial Differential

Equations. Such equations arise in geometry and physics when the number of

independent variables in the problem under consideration is two or more. Whenever

we consider the case of two independent variables, x and y will usually be taken as the

independent variables and z as the dependent variable. The partial differential

coefficients 
∂
∂

∂
∂

z

x

z

y
,  will be denoted by p and q respectively. The second order partial

derivatives are denoted by r s t, , , so that

∂
∂

= ∂
∂ ∂

= ∂
∂

=
2

2

2 2

2

z

x
r

z

x y
s

z

y
t, , .

Some examples of partial differential equations are :

pz qz z x y− = + +2 2( ) , …(1)

p x q y ztan tan tan ,+ = …(2)

p q px q y xy2 2 2 2 2 0+ − − + = , …(3)
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p q y y x2 2 2 2− = − , …(4)

r s t x y− + = +2 2 3sin ( ), …(5)

y
z

x
xy

z

x y
x

z

y

y

x

z

x

x

y

z

y
2

2

2

2
2

2

2

2 2

2
∂
∂

− ∂
∂ ∂

+ ∂
∂

= ∂
∂

+ ∂
∂

⋅
…(6)

Order and Degree of a Partial Differential equation.
As in the case of ordinary differential equations, we define the order of a partial differential

equation to be the order of the highest order derivative occurring in the equation.

The degree of a partial differential equation is the degree of the highest order derivative which

occurs in it after the differential equation has been rationalised (i e. ., made free from radicals and

fractions so far as derivatives are concerned).

In the above mentioned examples equations (1) and (2) are of first order and first

degree.

Equations (3) and (4) are of first order and second degree. Equations (5) and (6) are of

second order and first degree.

In the present chapter we shall discuss the partial differential equations of the first

order.

2  Formation of a Partial Differential Equation

Partial differential equations can be derived in two ways :

(a) By the elimination of arbitrary constants from a relation between x y,  and z

(b) By the elimination of arbitrary functions of these variables.

Now we illustrate these methods.

(a) By the elimination of arbitrary constants:

Let z be a function of x and y such that

f x y z a b( , , , , ) ,= 0 …(1)

where a and b de note ar bi trary con stants.

Differentiating (1) partially with respect to x and y, we get the relations

∂
∂

+
∂
∂

⋅ ∂
∂

=
∂
∂

+
∂
∂

=
f

x

f

z

z

x
i e

f

x

f

z
p0 0. ., …(2)

and 
∂
∂

+
∂
∂

⋅ ∂
∂

=
∂
∂

+
∂
∂

=
f

y

f

z

z

y
i e

f

y

f

z
q0 0. ., . …(3)

By means of the three equations (1), (2) and (3) two constants a and b can be eliminated 

and we obtain a relation of the form 

F x y z p q( , , , , ) .= 0 …(4)

This shows that the system of surfaces (1) gives rise to a partial differential equation of

the first order given by (4).
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Note: We ob serve that if the num ber of con stants to be elim i nated is equal to the

num ber of in de pend ent vari ables then the de rived par tial dif fer en tial equa tion is of the

first or der. But if the num ber of con stants to be elim i nated is greater than the num ber of 

in de pend ent vari ables then, in gen eral, the de rived par tial dif fer en tial equa tions will be

of the second or higher order.

(b) By the elimination of arbitrary functions:

Suppose we have a relation between x y,  and z of the type  

f u v( , ) = 0, …(1)

where u and v are known functions of x y,  and z and f  is an arbitrary function of u and v.

This relation can also be expressed in the form u v= φ ( ), where φ is arbitrary.

Differentiating (1) partially with respect to each of the independent variables x and y

regarding z as dependent variable, we get

∂
∂

∂
∂

+ ∂
∂







+
∂
∂

∂
∂

+ ∂
∂







=
f

u

u

x

u

z
p

f

v

v

x

v

z
p 0 …(2)

and  
∂
∂

∂
∂

+ ∂
∂







 +

∂
∂

∂
∂

+ ∂
∂







 =

f

u

u

y

u

z
q

f

v

v

y

v

z
q 0. …(3)

Eliminating 
∂
∂
f

u
 and 

∂
∂
f

v
 between (2) and (3), we get

∂
∂

+ ∂
∂







∂
∂

+ ∂
∂







 = ∂

∂
+ ∂

∂








∂u

x
p

u

z

v

y
q

v

z

u

y
q

u

z

v

x
p

v

z∂
+ ∂

∂






or
∂
∂

∂
∂

− ∂
∂

∂
∂







 + ∂

∂
∂
∂

− ∂
∂

∂
∂







=u

y

v

z

v

y

u

z
p

v

x

u

z

u

x

v

z
q

∂
∂

⋅ ∂
∂

− ∂
∂

⋅ ∂
∂

u

x

v

y

u

y

v

x

or Pp Qq R+ = …(4)

where P
u

y

v

z

v

y

u

z

u v

y z
= ∂

∂
∂
∂

− ∂
∂

∂
∂

=
∂

∂
( , )

( , )
,

Q
v

x

u

z

u

x

v

z

u v

z x
= ∂

∂
∂
∂

− ∂
∂

∂
∂

=
∂
∂

( , )

( , )
,

and R
u

x

v

y

u

y

v

x

u v

x y
= ∂

∂
∂
∂

− ∂
∂

∂
∂

=
∂
∂

⋅
( , )

( , )

The equation (4) is a partial differential equation of the first order.

Note 1: If the given re la tion be tween x y z, ,  con tains two ar bi trary func tions then the

de rived par tial dif fer en tial equa tion will con tain par tial de riv a tives of an or der higher

than two, ex cept in particular cases.

Note 2: It should be ob served that the par tial dif fer en tial equa tion (4) de rived in (b) is 

a lin ear equa tion i e. ., pow ers of p and q are both unity while the par tial dif fer en tial

equa tion (4) de rived in (a) need not be linear.
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Ex am ple 1: Form a par tial dif fer en tial equa tion by the elim i na tion of the con stants h and k

from

( ) ( ) .x h y k z c− + − + =2 2 2 2
…(1)

So lu tion: Dif fer en ti at ing (1) par tially w.r.t. x and y, we get

x h zp− + = 0 and y k zq− + = 0.

Putting the values of x h−  and y k−  from the last two equations in the given equation

(1), we get

z p q c2 2 2 21( ) ,+ + =

which is the re quired par tial dif fer en tial equa tion.

Ex am ple 2: Form a par tial dif fer en tial equa tion by elim i nat ing a b c, ,  from

x

a

y

b

z

c

2

2

2

2

2

2
1+ + = .       …(1)

So lu tion: Dif fer en ti at ing (1) par tially w.r.t. x and y, we get

x

a

z

c
p

2 2
0+ = …(2)

and
y

b

z

c
q

2 2
0+ = . …(3)

Since the relations (1), (2) and (3) are not sufficient to eliminate the constants a b,  and c

so we require one more relation.

Differentiating (2) partially w.r.t. x, we get

1
0

2

2

2 2a

p

c

z

c
r+ + = . …(4)

Multiplying (4) by x and then subtracting (2) from it, we get

1
0

2
2

c
xzr xp pz{ }+ − =

or pz xp xzr= +2 .

Thus after the elimination of a b,  and c we obtain a partial differential equation of

order 2.

Note: In this case one more par tial dif fer en tial equa tion can also be ob tained.

Differentiating (3) partially w.r.t. y, we get

1
0

2

2

2 2b

q

c

z

c
t+ + = .

Multiplying it by y and then subtracting (3) from it, we get

qz yq yzt= +2 ,

which is also a par tial dif fer en tial equa tion of or der 2.
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Ex am ple 3: Form a par tial dif fer en tial equa tion by elim i nat ing the ar bi trary func tion φ from

z e x yny= φ −( ). …(1)

So lu tion: Dif fer en ti at ing (1) par tially w.r.t. x and y, we get

p e x yny= φ′ −( ), …(2)

and q n e x y e x yny ny= φ − − φ′ −( ) ( ). …(3)

From (1), (2) and (3), we get

q nz p p q nz= − + =or ,

which is the required partial differential equation of order one.

Ex am ple 4: Form a par tial dif fer en tial equa tion by elim i nat ing the func tions f and F from

z f x iy F x iy= + + −( ) ( ). …(1)

So lu tion: Dif fer en ti at ing (1) par tially w.r.t. x and y, we get

∂
∂

= ′ + + ′ −z

x
f x iy F x iy( ) ( ) …(2)

and
∂
∂

= ′ + − ′ −z

y
if x iy iF x iy( ) ( ) …(3)

Differentiating (2) and (3) partially w.r.t. x and y respectively, we get

∂
∂

= ′′ + + ′′ −
2

2

z

x
f x iy F x iy( ) ( ),

and
∂
∂

= − ′′ + − ′′ −
2

2

z

y
f x iy F x iy( ) ( ).

Hence 
∂
∂

= − ∂
∂

∂
∂

+ ∂
∂

=
2

2

2

2

2

2

2

2
0

z

y

z

x

z

x

z

y
or ,

which is the re quired par tial dif fer en tial equa tion of the sec ond or der.

Form partial differential equations by eliminating arbitrary constants
from the following relations :

1. z x a y b= + +( ) ( ).

2. z ax a y b= + +2 2 .  

3. z ax e a e by y= + +1

2
2 2 .

4. z A e pxpt= sin .

Form partial differential equations by eliminating the arbitrary functions

from the following equations :

  5. z f y x= ( / ).
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 6. z f x ay F x ay= + + −( ) ( ).  

 7. z y f
x

y= + +



 ⋅2 2

1
log

 8. f x y z x y z( , ) .+ + + − =2 2 2 0

 1. z pq=  2. q yp= 2 2 3. q px p= + 2

 4.
∂

∂
+ ∂

∂
=

2

2

2

2
0

z

x

z

t
 5. px qy+ = 0 6. 

∂
∂

= ∂
∂

2

2
2

2

2

z

y
a

z

x

 7. x
z

x
y

z

y
y2 22

∂
∂

+ ∂
∂

=  8. ( ) ( )y z p z x q x y+ − + = −

3  Linear Partial Differential Equation

Definition:  A partial differential equation is said to be linear if the dependent variable z and

all its partial differential coefficients occur in it in first degree.

A partial differential equation is said to be non-linear if some or all the partial

differential coefficients appearing in it do not occur in first degree.

Every linear partial differential equation is necessarily of first degree but a partial

differential equation of first degree may or may not be linear. For example, the partial

differential equation 

∂
∂

+ ∂
∂







+ ∂
∂

+ =
2

2

2

4 5 6 9
z

x

z

x

z

y
z

is of first degree but it is not linear.

Below we give some examples of linear partial differential equations.

(i) The partial differential equation 

( ) ( )x y
z

x
x y

z

y
x y z e x y2 2 3+ ∂

∂
+ ∂

∂
+ + = +

is a linear partial differential equation of first order.

(ii) The partial differential equation

x
z

x
x y

z

x y
e

z

y
x

z

x
y

z

y
z xx∂

∂
+ + ∂

∂ ∂
+ ∂

∂
+ ∂

∂
+ ∂

∂
+ =

2

2

2 2

2
3 4 5 6 9( ) 2 2+ y

is a linear partial differential equation of second order.

(iii) The partial differential equation 
∂
∂

+ ∂
∂

=
2

2

2

2
0

u

x

u

y

is a linear partial differential equation of second order.
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(iv) The partial differential equation

∂
∂

+ ∂
∂

+ ∂
∂

=
2

2

2

2

2

2
0

u

x

u

y

u

z

is a linear partial differential equation of second order.

(v) The partial differential equation

x
z

x
y

z

x y
x

z

x
y

z

y
z x y4

3

3
2

2
2 26 9

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

+ = +( )

is a linear partial differential equation of third order.

(vi) The partial differential equation

x
z

x
y

z

y
x y

∂
∂

+ ∂
∂

= +3 4

is a linear partial differential equation of first order.

(vii) The par tial dif fer en tial equa tion

∂
∂

− ∂
∂

=
4

4

4

4
0

z

x

z

y

is a linear partial differential equation of order 4.

(viii) The par tial dif fer en tial equa tion

x
u

x
y

u

y
z

u

z

∂
∂

+ ∂
∂

+ ∂
∂

= 0

is a first-or der lin ear par tial dif fer en tial equa tion in three vari ables.

Here are some examples of partial differential equations which are not linear.

(i) The partial differential equation p x q y z2 2+ =  is not linear.

(ii) The partial differential equation ( ) ( )x y pq x y p q2 2 1 0− − + − =  is not linear.

(iii) The partial differential equation 
∂
∂

+ ∂
∂

⋅ ∂
∂

+ ∂
∂

=
2

2

2

2
4 5 0

z

x

z

x

z

y

z

y
 is not linear.

     However the partial differential equation

∂
∂

+ ∂
∂ ∂

+ ∂
∂

=
2

2

2 2

2
4 5 0

z

x

z

x y

z

y
 is lin ear.

4 Classification of Partial Differential Equations of  First

Order into Linear, Semi-Linear, Quasi-Linear and

Non-Linear

A first order partial differential equation in two variables in its most general form is

given by

F x y z p q( , , , , ) ,= 0 …(1)
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where p
z

x
= ∂

∂

and q
z

y
= ∂

∂
⋅

In this differential equation z is dependent variable and x y,  are independent variables.

When the function F is not a linear expression in p and q, the equation (1) is said to be

non-linear.

(a) Non-linear partial differential equation of first order:

A first order partial differential equation in which dependent variable is z and is a

function of two independent variables x and y is called a non-linear equation if the partial

derivatives 
∂
∂
z

x
 i e. ., p and 

∂
∂
z

y
 i e. ., q do not occur in it in first degree.

For example, the partial differential equations of the first order such as 

( ) ( ) ( ) ( ) , ,x y p q x y p q x y p q z+ + + − − = =2 2 2 3 2 31

( ) ( ) , ( ) ,x y p q z p q x y2 2 2 2 2 21+ + = − = −

z p q x y2 2 2 2 2( )+ = +  etc., are all non-lin ear equa tions.

(b) Quasi-linear partial differential equation of first order:

A first order partial differential equation F x y z p q( , , , , ) = 0 in which dependent

variable is z and is a function of two independent variables x and y is called a quasi-linear

equation if the function F is a linear expression in p and q but not necessarily linear in z.

A quasi-linear partial differential equation of first order is of the form

f x y z
z

x
g x y z

z

y
h x y z( , , ) ( , , ) ( , , )

∂
∂

+ ∂
∂

=

where the functions f  and g depend on z also.

Thus the first order partial differential equations such as

( ) ,x y z
z

x
xy

z

y
xz x y z+ + ∂

∂
+ ∂

∂
+ = + +3 5 62 2 2

( ) ,x y
z

x
xyz

z

y
z e x y2 2 4 3+ ∂

∂
+ ∂

∂
= + +

2 5 6 2z
z

x
y

z

y
z x e y∂

∂
+ ∂

∂
= + +log  etc.,

are all quasi-linear equations.

(c) Semi-linear partial differential equation of first order:

A first order partial differential equation F x y z p q( , , , , ) = 0 in which dependent

variable is z and is a function of two independent variables x and y is called a semi-linear

equation if it is of the form

f x y
z

x
g x y

z

y
h x y z( , ) ( , ) ( , , ).

∂
∂

+ ∂
∂

=
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In a semi-linear partial differential equation of first order the coefficients of 
∂
∂
z

x
 and 

∂
∂
z

y

are functions of x and y only and they do not depend on z. The terms that do not involve 

∂
∂
z

x
 and 

∂
∂
z

y
 contain some terms that are not of first degree in z.

Thus the first order partial differential equations such as

( ) log ,x y
z

x
x y

z

y
z x xy e x+ ∂

∂
+ ∂

∂
= + +2 22

p x y q x y z x e ycos ( ) sin ( ) sin ,+ + + = + +3

( ) ( ) ( ) log ,y x x
z

x
y x y

z

y
x y z3 4 4 3 2 22 2 9− ∂

∂
+ − ∂

∂
= −  etc., 

are all semi-lin ear equa tions.

(d) Linear partial differential equation of first order:

A first order partial differential equation F x y z p q( , , , , ) = 0 in which dependent

variable is z and is a function of two independent variables x and y is called a linear

equation if in this differential equation the dependent variable z and its partial

differential coefficients 
∂
∂
z

x
 and 

∂
∂
z

y
 all occur in first degree.

Thus a linear partial differential equation of first order is of the form

f x y
z

x
g x y

z

y
h x y z c x y( , ) ( , ) ( , ) ( , )

∂
∂

+ ∂
∂

+ =

where f x y g x y h x y( , ), ( , ), ( , ) and c x y( , ) are functions of x and y only and they do not 

contain any term of z.

For example, the first order partial differential equations such as

( ) ( ) ( ) sin ( ),x y
z

x
x y

z

y
x y z x y2 3 23 5+ ∂

∂
+ + ∂

∂
+ − = +

p x y q x y z e xycos ( ) sin ( ) sin ,+ + + = +

log ( ),x
z

x
e

z

y
x y zy∂

∂
+ ∂

∂
= −

p q z y x+ = + −3 5 3tan ( ),

x
u

x
y

u

y
z

u

z
u

xy

z
x

u

x
y

u

y
z

u

z
u xy

∂
∂

+ ∂
∂

+ ∂
∂

= + ∂
∂

+ ∂
∂

+ ∂
∂

= +5 2 2 3, z,

( ) ( ) ( ),y x x p y x y q z x y3 4 4 3 3 32 2 9− + − = −  etc., 

are all lin ear equa tions.

Re mark: In many stan dard text books on par tial dif fer en tial equa tions the con cepts of 

quasi-lin ear and semi-lin ear dif fer en tial equa tions of first or der are not in tro duced.

There we find only two cat e go ries of first or der par tial dif fer en tial equations — one
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lin ear and the other non-lin ear. Ac cord ing to this clas si fi ca tion a par tial dif fer en tial

equa tion is said to be lin ear if all the par tial de riv a tives oc cur ring in it ap pear only in

first de gree and there is no re stric tion on the de pend ent vari able, it may or may not

oc cur in first de gree. Also, a dif fer en tial equa tion is said to be non-lin ear if it is not

lin ear. Thus a first or der par tial dif fer en tial equa tion F x y z p q( , , , , ) = 0 is lin ear if in

this dif fer en tial equa tion the par tial de riv a tives p and q oc cur only in first de gree and

there is no re stric tion on the de pend ent vari able z, it may oc cur in any form.

Ac cord ingly ev ery first or der par tial dif fer en tial equa tion of the form

f x y z
z

x
g x y z

z

y
h x y z( , , ) ( , , ) ( , , )

∂
∂

+ ∂
∂

=

is lin ear where f g h, ,  are any func tions of x y z, , . Thus the par tial dif fer en tial  equa -

tions such as

( ) ( ) ,x yz p y zx q z xy2 2 2− + − = −

( ) ( ) ,mz ny p nx lz q ly mx− + − = −

( ) ,y z x p xyq zx2 2 2 2 2 0+ − − + =

x y z p y z x q z x y( ) ( ) ( ),− + − = −  etc., are all lin ear.

On the other hand the partial differential equations such as 

x p y q z p q pq2 2 2 2 2 2 2 3+ = + =, ,

pq y x qy px p q= − − = −5 2, ( ) ( ) ( ) ,

p z pq p q z2 2 3 31 27= − + =( ),  etc., are all non-lin ear.

5 Lagrange’s Linear Partial Differential Equation

The partial differential equation Pp Qq R+ = , where P Q,  and R are any functions of x y, , and z

is called Lagrange’s linear partial differential equation of first order.

Thus Lagrange’s linear partial differential equation is of the form

f x y z
z

x
g x y z

z

y
h x y z( , , ) ( , , ) ( , , ),

∂
∂

+ ∂
∂

=

where f g h, ,  are any functions of x y z, , .

The partial differential equations such as

( ) ,y z x p xyq zx2 2 2 2 2 0+ − − + =

p x y q x y zcos ( ) sin ( ) ,+ + + =

x y z
z

x
y z x

z

y
z x y( ) ( ) ( ),− ∂

∂
+ − ∂

∂
= −  etc.,

are all Lagrange’s lin ear par tial dif fer en tial equa tions of first or der.
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Tell whether the following partial differential equations are linear or

non-linear:

 1. x
u

x
y

u

y
z

u

z
u2

2

2
2

2

2
2

2

2
3

∂
∂

+ ∂
∂

+ ∂
∂

= .

 2.
∂
∂

+ ∂
∂

+ ∂
∂

⋅ ∂
∂

+ =
3

3

2

2
3 4 5 9

z

x

z

x

z

x

z

y
z e x.

 3. 4 9 5 6
2

2

2

2

2∂
∂

+ ∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

=z

x
x

z

y

z

x y

z

x

z

y
xlog .

 4.
∂
∂

− ∂
∂ ∂

= − ⋅
2

2

2

2 2
4

4z

x

z

x y

x

y

y

x

 5.
∂
∂

− ∂
∂ ∂

− ∂
∂







 = −

2

2

2 2

2 1
z

x

z

x y

z

y
y e x( ) .

Which of the following partial differential equations of first order are

non-linear, quasi-linear, semi-linear or linear ?

 6. ( ) ( ) .x y
z

x
x y

z

y
xz x y2 2 3 4+ ∂

∂
+ − ∂

∂
+ = +

 7. zy p xyq x z y2 2− = −( ).

 8. ( ) .y x
z

x
xy

z

y
x y xz2 2 2 2 2− ∂

∂
− ∂

∂
= + −

 9. ( ) .y x
z

x
x y

z

y
x z y yz3 3 2 3 24 4+ ∂

∂
+ ∂

∂
= − +

10. 4 5 6 3 9 2 2∂
∂

⋅ ∂
∂

+ ∂
∂

+ ∂
∂

+ = +z

x

z

y

z

x

z

y
z x y( ).

11. ( ) ( ) .x yz p y zx q z xy2 2 2− + − = −

12. ( ) ( ) .mx ny p nx my q z ly mx− + + = + − 2

13. x
z

x
y x

z

y
x y z2 3 3 2 2 2∂

∂
+ + ∂

∂
= + +( ) .

14. x
u

x
y

u

y

u

z
x y z

∂
∂

+ ∂
∂







 + ∂

∂
= + +

2
2 2 23 .

15. ( ) ( ) ( ).z yz y p x y z q x y z2 22− − + + = −
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 1. Lin ear  2. Non-lin ear  3. Lin ear

 4. Lin ear  5. Non-lin ear  6. Linear

 7. Quasi-lin ear  8. Semi-lin ear  9. Lin ear

10. Non-lin ear 11. Quasi-lin ear 12. Linear

13. Semi-lin ear 14. Non-lin ear 15. Quasi-lin ear

6 Equation Equivalent to the Linear Equation

A partial differential equation which is linear in  p and q is of the type

Pp Qq R+ = , …(1)

where P Q R, ,  are func tions of x y z, , .

Let any relation u a=  be an integral of (1). Differentiating it partially with respect to x

and y, we get

∂
∂

+ ∂
∂

=u

x

u

z
p 0 and 

∂
∂

+ ∂
∂

=u

y

u

z
q 0.

These give p
u

x

u

z
q

u

y

u

z
= − ∂

∂
∂
∂

= − ∂
∂

∂
∂

⋅/ , /

Putting these values of p and q in (1) it changes to

P
u

x
Q

u

y
R

u

z

∂
∂

+ ∂
∂

+ ∂
∂

= 0. …(2)

Hence, if u a=  satisfies (1), u a=  also satisfies (2).

Conversely, dividing (2) by 
∂
∂
u

z
 and substituting p and q for their values given above we

see that if u a=  is an integral of (2), it is also an integral of (1).

Thus equation (2) can be taken as equivalent to equation (1).

7 Lagrange’s Solution of the Linear Partial Differential

Equation of First Order

The first systematic theory of the linear partial differential equations was given by

Lagrange. For that reason the equation Pp Qq R+ =  is referred to as Lagrange’s

equation. The method of solving a linear equation of this form is contained in the

theorem given below :

Theorem: The general solution of the linear partial differential equation

Pp Qq R+ = …(1)

is f u v( , ) = 0, …(2)
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where f is an ar bi trary func tion and

u x y z c v x y z c( , , ) ( , , )= =1 2and …(3)

form a so lu tion of the equa tions

dx

P

dy

Q

dz

R
= = ⋅ …(4)

Proof: We shall give a purely analytic proof of this theorem. If the relation 

u x y z c( , , ) = 1 satisfies the equations (4) then the equations

∂
∂

+ ∂
∂

+ ∂
∂

=u

x
dx

u

y
dy

u

z
dz 0    and

dx

P

dy

Q

dz

R
= =

must be com pat i ble i e. ., we should have

P
u

x
Q

u

y
R

u

z

∂
∂

+ ∂
∂

+ ∂
∂

= 0. …(5)

Similarly we should have

P
v

x
Q

v

y
R

v

z

∂
∂

+ ∂
∂

+ ∂
∂

= 0. …(6)

Solving the equations (5) and (6), we get

P

u

y

v

z

u

z

v

y

Q

u

z

v

x

u

x

v

z

R

u

x

v

y

u∂
∂

∂
∂

− ∂
∂

∂
∂

=
∂
∂

∂
∂

− ∂
∂

∂
∂

=
∂
∂

∂
∂

− ∂
∂

∂
∂

⋅

y

v

x

…(7)

Earlier we have seen that the relation f u v( , ) = 0 gives the partial differential equation

∂
∂

∂
∂

− ∂
∂

∂
∂







 + ∂

∂
∂
∂

− ∂
∂

∂
∂







=u

y

v

z

u

z

v

y
p

u

z

v

x

u

x

v

z
q

∂
∂

∂
∂

− ∂
∂

∂
∂

⋅u

x

v

y

u

y

v

x …(8)

Substituting from the equations (7) into the equation (8), we find that (2) is a solution

of the equation (1) if u and v are given by the equations (3).

Note: In place of f u v( , ) = 0 the func tional re la tion can be writ ten as u v= φ ( ), where φ
de notes an ar bi trary func tion.

It is called Lagrange’s solution of the linear equation (1) and the equations (4) are

called Lagrange’s auxiliary equations or Lagrange’s subsidiary equations.

8 The Linear Equation Containing more than two 

Independent Variables

The generalisation of Lagrange’s method is as follows :

Let the linear equation with n independent variables x x xn1 2, , ... ,  be

P p P p P p P p Rn n1 1 2 2 3 3+ + + + =... . …(1)

where P P Pn1 2, , ...,  and R are functions of  x x xn1 2, , ... ,  and z. Here pi denotes 
∂
∂

z

xi

 for 

i n= 1 2, , ..., .
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Then the general solution of (1) is given by

f u u un( , , ... , )1 2 0=
where u x x x z c i ni n i( , , ... , , ) , , , ...,1 2 1 2= =
are any in de pend ent integrals of the aux il iary equa tions

dx

P

dx

P

dx

P

dz

R
n

n

1

1

2

2

= = = = ⋅...

9  Geometrical Interpretation of Lagrange’s Linear 

 Equation 
Lagrange’s linear equation is 

Pp Qq R Pp Qq R+ = + + − =or ( ) .1 0 …(1)

Since d.r.’s of the normal at the point ( , , )x y z  on the surface f x y z c( , , ) =  are given by

∂
∂

∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂

−
f

x

f

y

f

z

f

x

f

z

f

y

f

z
, , / , / ,or 1 

i e. .,
∂
∂

∂
∂

− −z

x

z

y
p q, , , , ,1 1or

hence the equation (1) shows that the normal to a certain surface is perpendicular to

the line whose d.r.’s are P Q R, , .

But we know that the simultaneous equations

dx

P

dy

Q

dz

R
= = …(2)

represent a family of curves in space such that the direction ratios of the tangent to any

member of this family at any point ( , , )x y z  are P Q R, , . If u a=  and v b=  are two

independent integrals of (2) then f u v( , ) = 0 represents a surface through such curves.

Through every point of such a surface passes a curve of the family, lying wholly on the

surface.

Thus the general solution of (1) is the family of surfaces such that the normal to a

surface at any point must be perpendicular to the tangent to a curve of the family

represented by (2).

10  The Equation Pp Qq R+ =  Represents a Family of

 Surfaces Orthogonal to the Family of Surfaces

 Represented by P dx Q dy R dz+ + = 0 (If Integrable) 

We know that d.r.’s of the normal at the point ( , , )x y z  to a surface of the family

represented by Pp Qq R+ =  are p q, , − 1.
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Also d.r.’s of the normal at the point ( , , )x y z  to a surface of the family represented by 

P dx Q dy R dz+ + = 0 are P Q R, , .

Since the equation Pp Qq R+ + − =( )1 0 shows that the two lines whose d.r.’s are 

p q, , − 1 and P Q R, ,  are perpendicular, hence the surfaces represented by Pp Qq R+ =
are orthogonal to the surfaces represented by P dx Q dy R dz+ + = 0. 

11   Integral Surfaces Passing Through a Given Curve

Now we shall indicate how the general solution of a linear partial differential equation

may be used to find the integral surface passing through a given curve. Suppose that we

have obtained two solutions

u a v b= =and …(1)

of the auxiliary equations (4) of article 7. Then we know that the general solution of the

corresponding linear equation is of the form

f u v( , ) = 0 …(2)

aris ing from a re la tion

f a b( , ) = 0 …(3)

between the constants a and b. We have to consider the problem of determining the

function f  in special cases.

If we want to find the integral surface passing through the curve whose parametric

equations are x x t y y t z z t= = =( ), ( ), ( ),

t being a parameter, then the solutions in (1) must be such that

u x t y t z t a v x t y t z t b( ( ), ( ), ( )) , ( ( ), ( ), ( )) .= =

Eliminating the single variable t from these two equations we find a relation of the type

(3). The required solution is then given by the equation (2).

12  Working Rule to Find the Solution of Lagrange’s

Equation  Pp Qq R+ =

Form the auxiliary equations

dx

P

dy

Q

dz

R
= = ⋅

Find two independent integrals of these auxiliary equations, say u a=  and v b= . Then

the general solution of the partial differential equation Pp Qq R+ =  is given by 

f u v( , ) ,= 0  where f   is an arbitrary function or it can also be written as u v= φ ( ), where φ
is an arbitrary function.
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Ex am ple 5: Solve ( ) ( ) .z yz y p xy zx q xy zx2 22− − + + = − …(1)

So lu tion: The Lagrange’s aux il iary equa tions of the given dif fer en tial equa tion (1) are

dx

z yz y

dy

xy zx

dz

xy zx2 22− −
=

+
=

−
⋅

Taking the last two members, we get

( ) ( )y z dy y z dz− = +  or y dy z dy y dz z dz− + − =( ) .0

Integrating, y yz z c2 2
12− − = .

Again choosing x y z, ,  as multipliers, we get

each frac tion =
+ +x dx y dy z dz

0
 ⇒ x dx y dy z dz+ + = 0.

Integrating, x y z c2 2 2
2+ + = .

Hence the general solution of (1) is given by

f y yz z x y z( , )2 2 2 2 22 0− − + + =

or y yz z x y z2 2 2 2 22− − = φ + +( ).

Ex am ple 6: Solve ( ) ( ) .mz ny p nx lz q ly mx− + − = − …(1)

(Garhwal 2001, 14)

So lu tion: The Lagrange’s aux il iary equa tions of the given dif fer en tial equa tion (1) are

dx

mz ny

dy

nx lz

dz

ly mx−
=

−
=

−
⋅

Choosing x y z, ,  as multipliers, we get

each frac tion =
+ +x dx y dy z dz

0
 ⇒ xdx ydy z dz+ + = 0.

Integrating, x y z c2 2 2
1+ + = .

Again choosing l m n, ,  as multipliers, we get

each frac tion =
+ +l dx m dy n dz

0
 ⇒ l dx m dy n dz+ + = 0.

Integrating, l x my nz c+ + = 2.

Hence the general solution of (1) is given by

f x y z l x my nz( , ) ,2 2 2 0+ + + + =

where f  is an ar bi trary func tion.

Ex am ple 7:  Solve ( ) .y z x p xyq zx2 2 2 2 2 0+ − − + = …(1)

(Garhwal 2004; Kumaun 11)

So lu tion: The Lagrange’s aux il iary equa tions of (1) are
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dx

y z x

dy

xy

dz

zx2 2 2 2 2+ −
=

−
=

−
⋅

Taking the last two members, we get

dy

y

dz

z
= ⋅

Integrating, log log .
y

z
c

y

z
c= =1 1or

Again choosing x y z, ,  as multipliers, we get

each frac tion =
+ +

− + +
⋅

x dx y dy z dz

x x y z( )2 2 2

∴
x dx y dy z dz

x x y z

dz

zx

+ +

− + +
=

−( )2 2 2 2
 ⇒ 2

2 2 2

x dx y dy z dz

x y z

dz

z

+ +

+ +
= ⋅

In te grat ing, log ( ) log logx y z z c2 2 2
2+ + = +  or x y z zc2 2 2

2+ + = .

Hence the gen eral so lu tion of (1) is

f
y

z

x y z

z
, ,

2 2 2

0
+ +







 =  or x y z z

y

z
2 2 2+ + = φ 





,

where f  and φ are arbitrary functions.

Ex am ple 8:  Solve ( ) ( ) .y z p z x q x y+ + + = + …(1)

(Garhwal 2001, 12)

So lu tion: The Lagrange’s aux il iary equa tions of (1) are

dx

y z

dy

z x

dz

x y+
=

+
=

+
⋅

∴
dx dy

y x

dy dz

z y

dx dy dz

x y z

−
−

=
−
−

=
+ +

+ +
⋅

2 ( )

Taking the first two members, we get

log ( ) log ( ) logy x z y c− = − + 1

or y x c z y− = −1 ( ).

Again taking the first and the last members, we get

− − = + + −2 2log ( ) log ( ) logx y x y z c  

or ( ) ( ) .x y x y z c− + + =2
2

Hence the general solution of (1) is given by

f
y x

z y
x y x y z

−

−
− + +









 =, ( ) ( ) .2 0

Ex am ple 9:  Solve 
( ) ( )y z

yz
p

z x

zx
q

x y

xy

−
+

−
=

−
⋅ …(1)

(Kumaun 2008)

So lu tion: The aux il iary equa tions of (1) are

dx

x y z

dy

y z x

dz

z x y( ) ( ) ( )−
=

−
=

−
⋅
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Each fraction =
+ +dx dy dz

0
 and also =

+ +
⋅

1 1 1

0

x
dx

y
dy

z
dz

∴ dx dy dz
x

dx
y

dy
z

dz+ + = + + =0
1 1 1

0and .

In te grat ing, x y z c xyz c+ + = =1 2and .

Hence the general solution of (1) is given by

f x y z xyz( , ) .+ + = 0

Ex am ple 10:  Solve p q z tan y x+ = + −3 5 3( ). …(1)

(Garhwal 2012)

So lu tion: The aux il iary equa tions of (1) are

dx dy dz

z y x1 3 5 3
= =

+ −
⋅

tan ( )

Taking the first two members, we get

dy dx− =3 0.

∴ y x c− =3 1.

Again taking the first and the last members, we get

dx
dz

z c
=

+
⋅

5 1tan

∴ log ( tan ) log5 51 2z c x c+ = +

or e z y x cx− + − =5
25 3{ }tan ( ) .

Hence the gen eral so lu tion of (1) is given by

e z y x f y xx− + − = −5 5 3 3{ }tan ( ) ( ).

Ex am ple 11:  Solve x y z p y z x q z x y2 2 2( ) ( ) ( ).− + − = −         …(1)

So lu tion: The aux il iary equa tions of (1) are

dx

x y x

dy

y z x

dz

z x y2 2 2( ) ( ) ( )−
=

−
=

−
⋅

Each fraction =

+ +dx

x

dy

y

dz

z2 2 2

0
 and also =

+ +
⋅

dx

x

dy

y

dz

z

0

∴ dx

x

dy

y

dz

z2 2 2
0+ + =   and  

dx

x

dy

y

dz

z
+ + = 0.

Integrating, 
1 1 1

1 2
x y z

c x y z c+ + = =and .

Hence the general solution of (1) is given by

f
x y z

x y z
1 1 1

0+ +






 =, .
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Ex am ple 12: Solve x y z p y x z q z x y( ) ( ) ( ).2 2 2 2+ − + = − …(1)

So lu tion: The aux il iary equa tions of (1) are

dx

x y z

dy

y x z

dz

z x y( ) ( ) ( )2 2 2 2+
=

− +
=

−
⋅

Choosing 1 1 1/ , / , /x y z as multipliers, we get

dx

x

dy

y

dz

z
+ + = 0.

In te grat ing, log log log logx y z c+ + = 1  

or  xyz c= 1.

Again choosing x y, , − 1 as multipliers, we get

x dx y dy dz+ − = 0.

In te grat ing, x y z c2 2
22+ − = .

Hence the general solution of (1) is given by f x y z x y z( , ) .2 2 2 0+ − =

Ex am ple 13: Find the equa tion of the in te gral sur face of the dif fer en tial equa tion

2 3 2 2 3y z p x z q y x( ) ( ) ( ),− + − = − …(1)

which passes through the cir cle z x y x= + =0 22 2, .

So lu tion: The aux il iary equa tions of (1) are

dx

y z

dy

x z

dz

y x2 3 2 2 3( ) ( )−
=

−
=

−
⋅

Taking the first and the third members, we get

( ) ( ) .2 3 2 3x dx z dz− = −
In te grat ing, x x z z a2 23 6− − + = . …(2)

Again, using 
1

2
1, ,y −  as multipliers, we get

1

2
0dx y dy dz+ − = .

In te grat ing, 
1

2

1

2

1

2
22 2x y z b x y z b+ − = + − =or . …(3)

The parametric equations of the circle are

x t y t t z= = √ − =, ( ), .2 02

Putting these values in the equations (2) and (3), we get

t t a t t t b2 23 2− = + − =and ( ) .

Eliminating t from these, we find the relation

a b+ = 0,

show ing that the re quired in te gral sur face is

( ) ( )x x z z x y z2 2 23 6 2 0− − + + + − =

or x y z x z2 2 2 2 4 0+ − − + = .
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Solve the following equations :

 1. xzp yzq xy+ = . (Kumaun 2012; Garhwal 13)

 2. (i) p x q y ztan tan tan .+ = (Garhwal 2000)

(ii) p x y q x y zcos ( ) sin( )+ + + = (Kumaun 2008; Garhwal 10)

  3. x p y q z2 2 2+ = .  

 4. yzp zxq xy+ = . 

 5. 
y z

x
p zxq y

2
2+ = .

 6. ( ) ( ) .x yz p y z x q z xy2 2 2− + − = −

 7. z px qy a x y z− − = √ + +( ).2 2 2

  8. z xp yq y x( )− = −2 2

 9. ( ) ( ) ( ).3 2x y z p x y z q z y+ − + + − = −

Hint.
dx

x y z

dy

x y z

dz

z y3 2+ −
=

+ −
=

−
⋅






( )

(i) Choose −1 3 1, ,  as mul ti pli ers.

(ii)
dx dy dz dx dy dz− +

…
=

+ −

…





 10. p p p2 3 11+ = + .

  11. x
u

x
y

u

y
z

u

z
xyz

∂
∂

+ ∂
∂

+ ∂
∂

= .

  12. Find the in te gral sur face of the lin ear par tial dif fer en tial equa tion 

x y z p y x z q x y z( ) ( ) ( )2 2 2 2+ − + = −

which con tains the line x y z+ = =0 1, .

  13. Find the gen eral in te gral of the par tial dif fer en tial equa tion

( ) ( ) ( )2 1 2 22xy p z x q x yz− + − = −

and also the particular integral which passes through the line x y= =1 0, .

  14. Find the fam ily of sur faces or thogo nal to the fam ily of sur faces given by the 

dif fer en tial equa tion

( ) ( ) .y z p z x q x y+ + + = +
  15. Find the integral sur face of the par tial dif fer en tial equa tion

x p y q z2 2 2 0+ + =

which passes through the hy per bola xy x y z= + =, .1
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 1. f z xy
y

x
2 0−





=,  2. (i) 
sin

sin

sin

sin

y

z
f

x

y
=







  

(ii) [cos ( ) sin( )] cotx y x y e f z
x yy x+ + + = + +










− √2

2 2 8

π

.

 3.
1 1 1 1

x y
f

x z
− = −



  4. f x y x z( , )2 2 2 2 0− − =

 5. f x y x z( , )3 3 2 2 0− − =  6. f
x y

y z

y z

z x

−

−
−
−







 =, 0

 7. y z x y z f
x

y
a1 2 2 2− = + √ + +







{ }( )  8. f x y x y z( , )2 2 2 0+ + =

 9. ( ) ( ) ( )x y z x y z f x y z− + = + − − −2 3

 10. f x z x x x x( , , )1 1 2 1 3 0+ + + = 11. f
x

y

y

z
xyz u, , −







 =3 0

 12. x y xyz z2 2 2 2 2 0+ + − + = 13. x y xz y z2 2 1 0+ − − + − =

 14. xy yz zx c+ + = 15.
1 1 2

3
x y z

+ + =

13   The Integrals of the Non-Linear Equation

The complete and particular integrals:  We have seen that the relation of the type

f x y z a b( , , , , ) = 0 …(1)

gives rise to a partial differential equation of the first order of the form

F x y z p q( , , , , ) = 0 …(2)

on the elimination of arbitrary constants a and b. Here x y,  are independent variables

and z is dependent variable. The relation (1) is a solution of (2). Any such relation which

contains as many arbitrary constants as there are independent variables and is a solution of a

partial differential equation of the first order is called a complete solution or a complete

integral of that equation.

A particular integral of (2) can be obtained by giving particular values to a and b in (1).

The singular integral: If the envelope of the doubly infinite system of surfaces

represented by (1) exists, it is also a solution of the equation (2). The reason is that the

envelope of all the surfaces represented by (1) is touched at each of its points by some

one of these surfaces. Hence the coordinates of any point on the envelope of surfaces (1) 
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with the corresponding values of p and q, being identical with the x y z p q, , , ,  of some

point on one of these surfaces, must satisfy (2). The equation of the envelope of the

surfaces represented by (1) can be obtained by eliminating a and b between the three

equations

f
f

a

f

b
=

∂
∂

=
∂
∂

=0 0 0, and .

This  equation  of  the  envelope  is  called the singular integral of the differential equation

(2).

It differs from a particular integral in the sense that it is not contained in the complete

integral, i e. ., it cannot be obtained from the complete integral by giving particular values 

to the constants.

The general integral: If in the equation (1), one of the constants is a function of the

other, say b a= φ ( ), then this equation becomes

f x y z a a( , , , , ( )) .φ = 0 …(3)

It is a one-parameter subfamily of the family (1). The equation of the envelope of the

family of surfaces represented by (3) is also a solution of the equation (2).

It is called the general integral of ( )2  corresponding to the complete integral ( ).1

The equation of the envelope of the surfaces represented by (3) is obtained by

eliminating a between

f x y z a a
f

a
( , , , , ( )) and .φ =

∂
∂

=0 0

14  General Method of Solution of a Non-Linear Partial

Differential Equation of Order One with two

Independent Variables. (Charpit’s Method)
Let the given partial differential equation be

f x y z p q( , , , , ) .= 0 …(1)

Since z depends upon x and y, it gives that

dz pdx q dy= + . …(2)

The fundamental idea in Charpit’s method is to introduce a second partial

differential equation of the first order F x y z p q a( , , , , , ) ,= 0 …(3)

con tain ing an ar bi trary con stant a and which is such that :

(i) The equations (1) and (3) can be solved to find

p p x y z a q q x y z a= =( , , , ), ( , , , ).

(ii) Substituting these values of p and q in (2), the equation

dz p x y z a dx q x y z a dy= +( , , , ) ( , , , ) …(4)

is integrable.

If such a relation (3) has been found, the solution of equation (4), 

φ =( , , , , )x y z a b 0 …(5)
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containing two arbitrary constants a and b will be a solution of the equation (1). Also it

is a complete integral of the equation (1).

Now the main problem is to devise a method of finding the relation (3). Let us assume

that (3) is the relation which when taken along with (1) gives those values of p and q

which make (2) integrable. Differentiating (1) and (3) with respect to x, we get

∂

∂
+

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂

∂

f

x

f

z
p

f

p

p

x

f

q

q

x

F

x

F

z
p

F

p

p

0

and
∂

+
∂

∂

∂

∂
=









x

F

q

q

x
0

    …(6)

Again, differentiating (1) and (3) w.r.t. y, we get

 

∂

∂
+

∂

∂
+

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂
+

∂

∂
+

∂

∂

∂

f

y

f

z
q

f

p

p

y

f

q

q

y

F

y

F

z
q

F

p

p

0

and
∂

+
∂

∂

∂

∂
=









y

F

q

q

y
0

…(7)

Eliminating 
∂

∂

p

x
 from the equations in (6) and 

∂

∂

q

y
 from the equations in (7), 

we get

∂
∂

∂
∂

−
∂
∂

∂
∂







 +

∂
∂

∂
∂

−
∂
∂

∂
∂







 +

∂f

x

F

p

f

p

F

x
p

f

z

F

p

f

p

F

z

q

x

f

q

F

p

f

p

F

q∂
∂
∂

∂
∂

−
∂
∂

∂
∂







 = 0, …(8)

and
∂
∂

∂
∂

−
∂
∂

∂
∂







 +

∂
∂

∂
∂

−
∂
∂

∂
∂







 +

∂f

y

F

q

f

q

F

y
q

f

z

F

q

f

q

F

z

p

y

f

p

F

q

f

q

F

p∂
∂
∂

∂
∂

−
∂
∂

∂
∂







 = 0. …(9)

Since 
∂

∂
=

∂

∂ ∂
=

∂

∂

q

x

z

x y

p

y

2

, hence add ing (8) and (9) and re-ar rang ing, we get

∂
∂

+
∂
∂







∂
∂

+
∂
∂

+
∂
∂









∂
∂

+ −
∂
∂

−
f

x
p

f

z

F

p

f

y
q

f

z

F

q
p

f

p
q

∂
∂









∂
∂

f

q

F

z

+ −
∂
∂









∂
∂

+ −
∂
∂









∂
∂

=
f

p

F

x

f

q

F

y
0. …(10)

This is a linear partial differential equation of the first order with x y z p q, , , ,  as

independent variables and F as dependent variable. Lagrange’s auxiliary equations of

(10) are

       
dp

f

x
p

f

z

dq

f

y
q

f

z

dz

p
f

p
q

f

q

∂
∂

+
∂
∂

=
∂
∂

+
∂
∂

=
−

∂
∂

−
∂
∂

 =
−

∂
∂

=
−

∂
∂

= ⋅
dx

f

p

dy

f

q

dF

0
      …(11)

These equations are known as Charpit’s auxiliary equations.

Any of the integrals of (11) will satisfy (10). If such an integral contains p or q, it can be

taken as the required second relation. It should be noted that not all of Charpit’s

equations (11) need be used, but that p or q must occur in the solution obtained. Of

course, the simpler the integral containing p or q, or both p and q that is derived from

(11), the easier will be the subsequent labour in finding the solution of (1).
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Ex am ple 14: Find a com plete in te gral of the equa tion

2 2 02zx px qxy pq− − + = . (Garhwal 2000, 14; Kumaun 10)

So lu tion: The given dif fer en tial equa tion is

f x y z p q zx px qxy pq( , , , , ) .≡ − − + =2 2 02
…(1)

Charpit’s auxiliary equations are
dp

z qy

dq dz

px pq qxy pq

dx

x q

dy

xy p2 2 0 2 22 2−
= =

− + −
=

−
=

−

from which it fol lows that dq q a= =0 or  (a con stant). …(2)

Solving the equations (1) and (2) for p and q, we get

p
x z ay

x a
q a=

−

−
=

2

2

( )
, .

Putting these values of p and q in dz p dx q dy= + , we get

dz
x z ay

x a
dx a dy=

−

−
+

2

2

( )

or     
dz a dy

z ay

x

x a
dx

−

−
=

−
2

2
.

In te grat ing, log ( ) log ( ) logz ay x a b− = − +2

or z ay b x a z ay b x a− = − = + −( ) ( ),2 2or

which is a complete integral of (1).

Ex am ple 15: Find a com plete in te gral of px qy pq+ = . (Kumaun 2008; 10)

So lu tion: Here f x y z p q px qy pq( , , , , ) .≡ + − = 0 …(1)

Charpit’s auxiliary equations are

dp

p

dq

q

dz

p x q q y p

dx

x q

dy

y p
= =

− − − −
=

− −
=

− −( ) ( ) ( ) ( )

from which it fol lows that

dp

p

dq

q
p aq= =, .or …(2)

Solv ing the equa tions (1) and (2) for p and q, we get

q
y ax

a
p y ax=

+
= +, .

Putting these values of p and q in dz p dx q dy= + , we get

dz y ax dx
y ax

a
dy= + +

+
( )

( )

or a dz y ax dy a dx= + +( ) ( ).

In te grat ing, az y ax b= + +1

2
2( ) , which is a com plete in te gral of (1).
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Ex am ple 16: Find a com plete in te gral of ( ) .p q y qz2 2+ =

(Garhwal 2000, 08;  Kumaun 11, 13)

So lu tion: The given dif fer en tial equa tion is

f p q y qz≡ + − =( ) .2 2 0 …(1)

Charpit’s auxiliary equations are

dp

pq

dq

p q q

dz

p y q y qz

dx

py

dy

qy z−
=

+ −
=

− − +
=

−
=

− +( )2 2 2 2 22 2 2 2

from which it follows that

dp

pq

dq

p−
=

2
  or  p dp q dq+ = 0

or p q a2 2 2+ = (say) …(2)

Solving the equations (1) and (2) for p and q, we get

q
a y

z
p

q

z
z a y= = √ −

2
2 2 2, ( ).

Putt ing these val ues of p and q in dz p dx q dy= + , we get

dz
a

z
z a y dx

a y

z
dy= √ − +( )2 2 2

2

or 
z dz a y dy

z a y
a dx

−

√ −
=

2

2 2 2( )
.

In te grat ing, √ − = +( )z a y ax b2 2 2

or z a y ax b2 2 2 2= + +( ) , which is a com plete in te gral of (1).

Ex am ple 17: Find a com plete in te gral of p qy z= +( ) .2

So lu tion: The given dif fer en tial equa tion is 

f p qy z≡ − + =( ) .2 0 …(1)

Charpit’s auxiliary equations are

dp

p qy z

dq

q qy z

dy

y qy z2 4 2( ) ( ) ( )
......

+
=

+
=

− +
=

from which it fol lows that 
dp

p

dy

y
= − ⋅

In te grat ing, py a= . …(2)

Putting p a y= /  in (1), we get

( )qy z
a

y
+ = ⋅2

∴ q
y

a

y
z=







 −









√1
 .
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Putt ing these val ues of p and q in dz pdx q dy= + , we get

dz
a

y
dx

y

a

y
z dy= +







 −









√1
 

or y dz z dy a dx
a

y
dy+ = +







√ .

In te grat ing, yz ax ay b= + √ +2 ( ) ,

which is a com plete in te gral of (1).

Ex am ple 18: Find a com plete in te gral of px qy z pq+ = +( ) ./1 1 2
(Garhwal 2011)

So lu tion: Here f px qy z pq≡ + − + =( ) ./1 01 2
…(1)

Charpit’s auxiliary equations are

dp

p p pq

dq

q q pq− +
=

− +
=

( ) ( )
......

/ /1 11 2 1 2

from which it fol lows that
dp

p

dq

q
p aq= ⇒ = . …(2)

Putting p aq=  in (1), we get

q ax y z aq( ) ( ) /+ = +1 2 1 2

or q ax y az z2 2 2 2[( ) ] .+ − =

∴ q
z

ax y az
=

+ −[( ) ] /2 2 1 2
   and  p aq

az

ax y az
= =

+ −
⋅

[( ) ] /2 2 1 2

Putting these values of p and q in dz p dx q dy= + , we get

dz
z a dx dy

ax y az
=

+

√ + −

( )

( ){ }2 2

or
dz

z

a dx dy

ax y az
=

+

√ + −{ }( )2 2

Let ax y au+ = √  so that a dx dy a du+ = √ .

∴ dz

z

a du

au az
=

√

√ −( )2 2

or
du

dz

u z

z
=

√ −( )2 2

To solve this, putt ing u vz= ,  we get 

v z
dv

dz z
v z z+ = √ −1 2 2 2( )

or z
dv

dz
v v= √ − −( )2 1

or
dz

z

dv

v v
=

√ − −( )2 1

or 
dz

z
v v dv= − √ − +{ }( ) .2 1
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In te grat ing, 

log ( ) log ( )z
v

v v v= − √ − − + √ −



2

1
1

2
12 2{ }  − +v

b
2

2

or log ( ) log ( ) ,z
v v

v v v b+ + √ − − + √ − =
2

2 2

2 2
1

1

2
1{ }

which is a com plete in te gral of (1), where v
u

z

ax y

z a
= =

+

√
⋅

Ex am ple 19:  Find a com plete in te gral of  p x q y z2 2+ = .

So lu tion: The given dif fer en tial equa tion is 

f p x q y z≡ + − =2 2 0. …(1)

Charpit’s auxiliary equations are

dp

p p

dq

q q

dx

px

dy

qy− +
=

− +
=

−
=

−
=

2 2 2 2
...

from which it fol lows that

p dx px dp

p x

q dy qy dq

q y

2

2

2

2

2 2+
=

+
⋅

In te grat ing ,  log log log .p x q y a2 2= +

∴ p x aq y2 2= . …(2)

Solving (1) and (2) simultaneously for p and q, we get

q
z

a y
p

az

a x
=

+








=
+









⋅
( )

and
( )

/ /

1 1

1 2 1 2

Putting these values of p and q in dz p dx q dy= + , we get

dz
az

a x
dx

z

a y
dy=

+








+
+







( ) ( )

/ /

1 1

1 2 1 2

 

or √ +
√

= √
√

+
√

⋅( )1 a
dz

z
a

dx

x

dy

y

Integrating , √ + = √ + √ +{ }( ) ( ) ,1 a z ax y b

which is a com plete in te gral of (1).

Apply Charpit’s method to find the complete integrals of the following
equations:

 1. z p z q2 2 2 2 1( ) .+ =

 2. ( ) ( ) .p q px qy+ + = 1 (Garhwal 2009)

 3. p xy pq qy yz+ + = .
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 4. z px qy p q= + + +2 2. (Garhwal 2010)

 5. z pq= . (Garhwal 2009; Kumaun 15)

 6. p q x+ = 2 .

 7. q px p= − + 2.

 8. q p= 3 2. (Garhwal 2006)

 9. yz p q2 0− = .

10. zpq p q= + .

11. 2 2( ) .z px qy yp+ + =

12. z pqxy2 = . (Kumaun 2014)

13. p q px qy xy2 2 2 2 2 0+ − − + = . (Garhwal 2010B,15)

14. p q px qy2 2 2 2 1 0+ − − + = . (Garhwal 2012)

 1. ( ) ( )a z a ax y b2 2 3 4 21 9+ = + +  2. √ + = √ + +( ) ( )1 2a z ax y b

 3. ( ) ( )z ax y a bea y− + =  4. z ax by a b= + + +2 2

 5. 2 1√ = √ + √ +z ax a y b( / )  6. z x a a y b= − + +1

6
2 3 2( )

 7. z
x x

x a a x x a ay b= ± √ + + + √ +





+ +
2

2 2

4

1

2 2
4 2 4( ) log ( ){ }

 8. z ax a y b= + +3 2

 9. z a y x b2 2 2( ) ( )− = +

10. z a x y a b2 2 1= + + +( ) ( / ){ }

11. z
ax

y

a

y

b

y
= − +

2

2

34

12. z bx ya a= 1/

13. 2
1

2 2 2
2 2 2 2

2
2 2z x ax y ay

u
u a

a
u u a= + + + +

√
√ − − + √ −




 ( ) log{ ( )}








+ b, 

where u x y= √ −2( ).

14. ( ) { ( )} log [ { ( )}a z
t t

t a
a

t t a2
2

2 2
2

2 21
2 2

1
1

2
1+ = ± √ − + − + + √ − + ] ,












+ b

where t ax y= + .
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15  Application of Charpit's Method to Standard Forms

There are a few standard forms to which many first order differential equations are

reducible and which can be integrated by methods which are sometimes shorter than

the general method.

Standard I: Equations involving only p and q and no x y z, ,

Let the equation be written as

f p q( , ) .= 0 …(1)

The complete integral is given by

z ax by c= + + , …(2)

where a and b are connected by

f a b( , ) .= 0 …(3)

Ob vi ously, from (2) we have  

p
z

x
a= ∂

∂
=  

and q
z

y
b= ∂

∂
= .

Substituting p a=  and q b=  in (3), we get (1).

From (3) we may find b in terms of a

i e. ., b a= φ ( ) say.

The complete integral of (1) is

z ax a y c= + φ +( ). . …(4)

General Integral:  Putting c a= ψ( ) in (4), where ψ denotes an arbitrary function, we

get z ax a y a= + φ + ψ( ) ( ). …(5)

Differentiating (5) partially w.r.t. a, we get

0 = + φ′ + ψ ′x a y a( ) ( ). …(6)

The general integral is obtained by eliminating a between (5) and (6).

Singular Integral: The singular integral, if it exists, is obtained by eliminating a and c

between the complete integral (4) and the equations formed by differentiating (4)

partially w.r.t. a and c i e. ., between the equations

z ax a y c= + φ +( ) ,

0 = + φ′x a y( ) .

and 0 1= .

Since 1 0=  is inconsistent, therefore, in this case there is no singular integral.

Note: In many cases, us ing some trans for ma tions, equa tions can be re duced to the

form of the stan dard I.
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Ex am ple 20: Solve p q m2 2 2+ = . …(1)

So lu tion: The given equa tion is of the form f p q( , ) .= 0

Therefore a complete integral is given by

z ax by c= + +   where  a b m2 2 2+ =

i e. ., z ax m a y c= + √ − +( ) .2 2
…(2)

To find the general integral put c a= φ( ) in (2).

Then z ax m a y a= + √ − + φ( ) ( )2 2 . …(3)

Differentiating (3) partially w.r.t. a, we get

0
2 2

= −
√ −

+ φ′x
a

m a
y a

( )
( ).

…(4)

Eliminating a from (3) and (4) the general integral is obtained.

Ex am ple 21: Find a com plete in te gral of

( ) ( ) ( ) ( ) .x y p q x y p q+ + + − − =2 2 1 …(1)

So lu tion: Put x y X x y Y+ = − =2 2,

so that p
z

x

z

X

X

x

z

Y

Y

x X

z

X Y

z

Y
= ∂

∂
= ∂

∂
⋅ ∂

∂
+ ∂

∂
⋅ ∂

∂
= ⋅ ∂

∂
+ ⋅ ∂

∂
1

2

1

2

and q
z

y

z

X

X

y

z

Y

Y

y X

z

X Y

z

Y
= ∂

∂
= ∂

∂
⋅ ∂

∂
+ ∂

∂
⋅ ∂

∂
= ∂

∂
− ∂

∂
⋅1

2

1

2

These give p q
X

z

X
p q

Y

z

Y
+ = ∂

∂
− = ∂

∂
⋅1 1

,

Substituting these values in the equation (1), we get

∂
∂







+ ∂
∂







=z

X

z

Y

2 2

1, …(2)

which is of the form of stan dard I.

Hence, a complete integral of (2) is given by

z aX bY c a b= + + + =, .where 2 2 1

∴ a complete integral of (1) is given by

z a x y a x y c= √ + + √ − √ − +( ) ( ) ( ) ,1 2

where a and c are ar bi trary con stants.

Ex am ple 22: Solve x p y q z2 2 2 2 2+ = .

So lu tion: The given equa tion can be writ ten as

x

z

z

x

y

z

z

y

∂
∂







+ ∂
∂









 =

2 2

1. …(1)
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Put 
dx

x
dX

dy

y
dY

dz

z
dZ= = =, ,

i e. ., X x Y y Z z= = =log , log , log

so that p
z

x

z

X

X

x

z

Y

Y

x

z

X x
= ∂

∂
= ∂

∂
⋅ ∂

∂
+ ∂

∂
⋅ ∂

∂
= ∂

∂
⋅ ⋅1

∴ ∂
∂

= ∂
∂

⋅ ∂
∂

= ⋅ = ⋅ ∂
∂

⋅Z

X

Z

z

z

X z
p x

x

z

z

x

1
.

Sim i larly 
∂
∂

= ∂
∂

⋅Z

Y

y

z

z

y

Sub sti tut ing these val ues in (1), we get

∂
∂







+ ∂
∂







=Z

X

Z

Y

2 2

1, …(2)

which is of the form of stan dard I i e. ., of the form 

f
Z

X

Z

Y

∂
∂

∂
∂







=, .0

Hence, a complete integral of (2) is given by

Z aX bY c a b= + + + =1
2 2 1, .where

∴ A com plete in te gral of (1) is given by

log log ( ) log .z a x a y c= + √ − +1 2
1

If we take a c c= =cos , logα 1  then complete integral can be written as

log cos log sin log logz x y c= + +α α
or z c x y= cos sin. ,α α  where α and c are ar bi trary con stants.

General integral is obtained by eliminating α from

z x y= φ( ) . ,cos sinα α α  where c = φ( )α

and 0 = φ′ + φ −( ) . ( ) . log . ( sin ).cos sin cos sinα α αα α α αx y x x y{

+ x y ycos sin. . log .cosα α α}

Singular integral is obtained by eliminating α and c between the equations

z c x y= cos sin. ,α α   

0 = − +c x x y x y y{ cos sin cos sin. log . ( sin ). . . log .cosα α α αα α}

and 0 = x ycos sin. .α α

Hence the sin gu lar in te gral is z = 0.

Ex am ple 23: Find  a com plete in te gral of ( ) ( ) ( ) .y x qy px p q− − = − 2

So lu tion:  Put x y X xy Y+ = =, , so that

p
z

x

z

X

X

x

z

Y

Y

x

z

X

z

Y
y= ∂

∂
= ∂

∂
⋅ ∂

∂
+ ∂

∂
⋅ ∂

∂
= ∂

∂
⋅ + ∂

∂
⋅1

and q
z

y

z

X

X

y

z

Y

Y

y

z

X

z

Y
x= ∂

∂
= ∂

∂
⋅ ∂

∂
+ ∂

∂
⋅ ∂

∂
= ∂

∂
⋅ + ∂

∂
⋅1 .

Substituting these values of p and q in the given equation, we get
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( ) (y x
z

X
x

z

Y
y

z

X
y

z

Y
x y− ∂

∂
+ ∂

∂






− ∂
∂

+ ∂
∂















 = − x

z

Y
)2

2∂
∂







or ( ) ( )y x
z

X
y x

z

Y
− ∂

∂
= − ∂

∂






2 2
2

or
∂
∂

= ∂
∂







z

X

z

Y

2

, which is of the form of stan dard I.

Hence, a com plete in te gral is given by

z aX bY c= + + , where a b= 2.

∴ A com plete in te gral of the given equa tion is

z a x y a xy c= + + √ +( ) ( ) ,

where a and c are ar bi trary con stants.

Ex am ple 24: Find a com plete in te gral of pq x y zm n l= 2 .

So lu tion: The given equa tion can be writ ten as

pz

x

qz

y

l

m

l

n

− −
⋅ = 1.

Put X
x

m
Y

y

n
Z

z

l

m n l

=
+

=
+

=
−

+ + −1 1 1

1 1 1
, , ,

so that 
∂
∂

= ∂
∂

⋅ = ∂
∂

= ∂
∂

⋅ = ⋅− −Z

X

Z

x

dx

dX
z p

x

Z

Y

Z

y

dy

dY
z q

y

l
m

l
n

. ,
1 1

Putt ing these val ues in (1), we get

∂
∂

⋅ ∂
∂

=Z

X

Z

Y
1, which is of the form of stan dard I.

Hence a com plete in te gral is given by

Z aX bY c= + + , where ab = 1.

∴ a complete integral of the given equation is

z

l
a

x

m

y

a n
c

l m n1 1 1

1 1 1

− + +

−
=

+
+

+
+

( )
,

where a and c are ar bi trary con stants.

Standard II: Equations involving only p q,  and z i e. ., equations of the form

f z p q( , , ) = 0. …(1)

Let us assume z f x ay= +( ) as a trial solution of given equation (1), where a is an

arbitrary constant.

∴ z f X= ( ) where X x ay= + .

∴ p
z

x

dz

dX

X

x

dz

dX
= ∂

∂
= ∂

∂
=

and q
z

y

dz

dX

X

y
a

dz

dX
= ∂

∂
= ∂

∂
= ⋅
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∴ Equation (1) reduces to the form f z
dz

dX
a

dz

dX
, ,







= 0

which is an ordinary differential equation of order one. Integrating it we may get the

complete integral.

The general and the singular integrals are to be found in the usual way.

Rule : The method of solving the equations of the Standard II can be formulated in

the following rule :

Put 
dz

dX
  for  p a

dz

dX
,  for q, where X x ay= + .

Now solve the resulting ordinary differential equation in the variables z and X. Then substitute 

x ay+  for X.

This gives a complete solution.

Note: Some times us ing trans for ma tions equa tions re duce to the form of stan dard II.

Ex am ple 25: Find a com plete in te grals of the following

(i) 9 42 2( ) .p z q+ = (ii) 9 12 2( ) .p z q+ = (Kumaun 2013)

So lu tion: (i) The given equa tion is of the form f z p q( , , ) .= 0

Putting 
dz

dX
 for p a

dz

dX
,  for q, the given equation becomes

9 4
2

2
2

z
dz

dx
a

dz

dX







+ 

















= , where X x ay= +

or 9 4
2

3

2
2

2
( ) ,

( )
z a

dz

dX

dz

dX z a
+ 





= =
√ +

or

or
3

2
2√ + =( ) .z a dz dX

In te grat ing, ( ) /z a X b+ = +2 3 2

or ( ) /z a x ay b+ = + +2 3 2

or ( ) ( ) ,z a x ay b+ = + +2 3 2

which is a com plete in te gral of the given equa tion.

(ii) Pro ceed as in part (i).  Ans. 4 2 3 2( ) ( ) .z a x ay b+ = + +

Ex am ple 26: Find a com plete in te gral of z p z q2 2 2 2 1( ) .+ =

So lu tion: Putt ing 
dz

dX
 for p a

dz

dX
,  for q, the given equa tion be comes

z
dz

dX
z a

dz

dX
2

2
2 2

2

1






+ 

















=. , where X x ay= +

or z z a
dz

dX
2 2 2

2

1( )+ 





=  
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or z z a dz dX√ + =( )2 2 .

In te grat ing, 
1

3
2 2 3 2( ) /z a X b+ = +

or 9 2 2 2 3( ) ( ) ,x ay b z a+ + = +

which is a com plete in te gral of the given equa tion.

Ex am ple 27:  Find a com plete in te gral of pz q= +1 2.

So lu tion: The given equa tion is of the form f p q z( , , ) .= 0

Putting 
dz

dX
 for p a

dz

dX
,  for q, the given equation becomes

z
dz

dX
a

dz

dX
= + 





1 2
2

, where X x ay= +

or a
dz

dX
z

dz

dX
2

2

1 0






− + = .

∴ dz

dX

z z a

a
=

± √ −( )2 2

2

4

2

or
dz

z z a

dX

a

z z a

a
dz

dX

a± √ −
=

+ √ −
=

( )

( )
2 2 2

2 2

2 24 2

4

4 2
or

or { }z z a dz dX+ √ − =( ) .2 24 2

In te grat ing, we get

z z
z a a z z a X b

2
2 2 2 2 2

2 2
4

1

2
4 4 2+ √ − − ⋅ + √ −





= +( ) log ( ){ }

or z z z a a z z a x ay b2 2 2 2 2 24 4 4 4+ √ − − + √ − = + +[ ( ) log ( ) ] ( ) ,{ }

which is a com plete in te gral of the given equa tion.

Ex am ple 28: Find a com plete in te gral of p z pq2 2 1= −( ).

So lu tion: The given equa tion is of the form f p q z( , , ) .= 0

Putting 
dz

dX
 for p a

dz

dX
,  for q, the given equation becomes

dz

dX
z

dz

dX
a

dz

dX







= −





2
2 1 , where X x ay= +

or
dz

dX
az z







+ =
2

2 21( )

or
√ +

=
( )1 2az

z
dz dX

or
1

1

2

2

+

√ +
=

az

z az
dz dX

( )

or
1

1 12 2z az

az

az
dz dX

√ +
+

√ +












=

( ) ( )
.
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In te grat ing, 
1

1 12 2

√
√ + √ + + √ + = +

a
z a az az X blog [ ( )] ( )

or
1

1 12 2

√
√ + √ + + √ + = + +

a
z a az az x ay blog [ ( )] ( ) ,

which is a com plete in te gral of the  given equa tion.

Standard III: Equation of the form f x p F y q( , ) ( , )= .

As a trial solution let us put each side equal to an arbitrary constant

i e. ., f x p F y q a( , ) ( , )= = …(1)

from which we ob tain

p f x a q f y a= =1 2( , ) and ( , ).

Now from dz p dx q dy= + , we have dz f x a dx f y a dy= +1 2( , ) ( , ) .

In te grat ing , we get z f x a dx f y a dy b= + +∫ ∫1 2( , ) ( , )

which is the complete integral.

The general integral can be obtained in the usual way. As in the case of standard I, there

is no singular integral.

Rule: Write the dif fer en tial equa tion in the form (1). Put both the sides of the

equa tion equal to an ar bi trary con stant. Solv ing them find the val ues of p and q.

Sub sti tute the val ues of p and q in dz p dx q dy= +  and in te grate to find a com plete

integral.

Note: Some times us ing trans for ma tions equa tions re duce to the form of stan dard III.

Ex am ple 29: Find a com plete in te gral of p q x y2 2+ = + . (Kumaun 2012)

So lu tion: Sep a rat ing q and y from p and x, the given equa tion can be writ ten as

p x y q a2 2− = − = , (say).

∴ p x a q y a= √ + = √ −( ) and ( ).

Putting the values of p and q in dz p dx q dy= + , we get

dz x a dx y a dy= √ + + √ −( ) ( ) .

In te grat ing, z x a y a b= + + − +2

3

2

3

3 2 3 2( ) ( ) ,/ /

which is a com plete in te gral of the given equa tion.

Ex am ple 30: Find a com plete in te gral of yp y x log q= +2 .

So lu tion: The given equa tion can be writ ten as

p x
y

q= +2
1

log

or p x
y

q a− = =2
1

log , (say).
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∴ p x a q ay i e q eay= + = =2 , log . ., .

Putt ing the val ues of p and q in dz p dx q dy= + , we get

dz x a dx e dyay= + +( ) .2

In te grat ing,  z x ax
a

e bay= + + +2 1
,

which is a com plete in te gral of the given equa tion.

Ex am ple 31: Find a com plete in te gral of

z p q x y2 2 2 2 2( ) .+ = +

So lu tion: Put z dz dZ i e Z z= =; . ., ,
1

2
2  so that

z
z

x

Z

x
P z

z

y

Z

y
Q

∂
∂

= ∂
∂

= ∂
∂

= ∂
∂

=(say) (say), .

Putting these values the given equation becomes

P Q x y P x y Q a2 2 2 2 2 2 2 2 2+ = + − = − =or (say).

∴ P a x Q y a= √ + = √ −( ), ( ).2 2 2 2

Now dZ P dx Q dy a x dx y a dy= + = √ + + √ −( ) ( ) .2 2 2 2

Integrating ,  

Z x a x
a

x a x= √ + + + √ +1

2 2
2 2

2
2 2( ) log ( ){ }

+ √ − − + √ − +1

2 2
2 2

2
2 2y y a

a
y y a b( ) log ( ){ }

or z x a x a x a x y y a2 2 2 2 2 2 2 2= √ + + + √ + + √ −( ) log ( ) ( ){ }

− + √ − +a y y a b2 2 2log ( ) ,{ }

which is a com plete in te gral of the given equa tion.

Ex am ple 32: Find a com plete in te gral of x y p q z2 3 2 3= .

So lu tion:  The given equa tion can be writ ten as

x y
z

z

x z

z

y
2 3

2
1 1

1
∂
∂







∂
∂









 = . …(1)

Put  
1

z
dz dZ i e Z z= =. ., log . Then

1 1

z

z

x

Z

x
P

z

z

y

Z

y
Q

∂
∂

= ∂
∂

= ∂
∂

= ∂
∂

=(say) (say), .

The equa tion (1) re duces to x y P Q2 3 2 1=

or x P
Q y

a2 2
3

21= = , .(say)
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∴ P
a

x
Q

a y
= = ⋅,

1
2 3

Now dZ P dx Q dy
a

x
dx

a y
dy= + = + 1

2 3
.

In te grat ing, Z a x
a y

b= − +log
1

2 2 2

or log log ,z a x
a y

b= − +1

2 2 2

which is a com plete in te gral of the given equa tion.

Ex am ple 33: Find a com plete in te gral of z p q x y( ) .2 2− = −

So lu tion: The given equa tion can be writ ten as

√ ∂
∂







− √ ∂
∂

























= −z
z

x
z

z

y
x y

2 2

.
…(1)

Putt ing  √ = =z dz dZ i e Z z. ., ,/2

3
3 2

so that 
∂
∂

= √ ∂
∂

= ∂
∂

= √ ∂
∂

=Z

x
z

z

x
P

Z

y
z

z

y
Q(say) (say), ,

the equa tion (1) re duces to

P Q x y P x Q y a2 2 2 2− = − − = − =or (say).

∴ P a x Q a y= √ + = √ +( ), ( ).

Now dZ P dx Q dy a x dx a y dy= + = √ + + √ +( ) ( ) .

In te grat ing, Z a x a y b= + + + +2

3

2

3
3 2 3 2( ) ( )/ /

or z a x a y b3 2 3 2 3 2/ / /( ) ( ) ,= + + + +

which is a complete integral of the given equation.

Stan dard IV: Equa tion of the form 

z px qy f p q= + + ( , ) …(1)

(anal o gous to Clairaut’s form)

We know that the so lu tion of Clairaut’s equa tion

y px f p= + ( ) where p
dy

dx
=  is y cx f c= + ( ).

Sim i larly the com plete in te gral of Clairaut’s equa tion (1) is

z ax by f a b= + + ( , ).

Rule:  To get the com plete in te gral of the equa tion of this type re place p and q by a b,

(two ar bi trary con stants) re spec tively.

General Integral is obtained as in other cases.

Singular Integral: The complete integral is
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F z ax by f a b= − − − =( , ) 0 …(1)

∂
∂

=F

a
0, gives x

f

a
+

∂
∂

= 0, …(2)

and
∂
∂

=F

b
0, gives y

f

b
+

∂
∂

= 0. …(3)

Singular integral is obtained by eliminating a b,  from (1), (2) and (3).

Ex am ple 34: Find a com plete in te gral of

z px q y p q= + + +2 2.

So lu tion: The given equa tion is of the form of stan dard IV i e. ., of the form 

z px q y f p q= + + ( , ).

Hence a complete integral is given by 

z ax by a b= + + +2 2.

Ex am ple 35: Find the sin gu lar in te gral of

z px q y pq= + + log .

So lu tion: The com plete in te gral of the given equa tion is

z ax by ab= + + log . …(1)

Differentiating (1) partially w.r.t. a and b, we get

0
1= +x
a

and 0
1= + ⋅y
b

∴ a x= − 1/

and b y= − 1/ . …(2)

Eliminating a and b between (1) and the equations (2), we get

z x
x

y
y xy

= −





+ −








 +









1 1 1

log

or z xy= − −2 log , which is the re quired sin gu lar in te gral.

Ex am ple 36:  Find a com plete in te gral and the sin gu lar in te gral of

4 2 22 2xyz pq px y qxy= + + .

So lu tion: Put x X y Y2 2= =, , so that

p
z

x

z

X

dX

dx
X

z

X
q Y

z

Y
= ∂

∂
= ∂

∂
= ∂

∂
= ∂

∂
⋅2 21 2 1 2/ /,

The given equation then reduces to 

z X
z

X
Y

z

Y

z

X

z

Y
= ∂

∂
+ ∂

∂
+ ∂

∂
⋅ ∂

∂
⋅
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∴ A com plete in te gral is z aX bY ab= + +

or z ax by ab= + +2 2 . …(1)

Dif fer en ti at ing (1) par tially w.r.t. a and b, we get

0 02 2= + = +x b y aand . …(2)

Eliminating a and b between (1) and the equations (2), the singular integral is 

z x y x y x y i e z x y= − − + + =2 2 2 2 2 2 2 2 0. ., .

Ex am ple 37: Find the sin gu lar in te gral of

z px q y c p q= + + √ + +( ).1 2 2

So lu tion: The com plete in te gral of the given equa tion is

z ax by c a b= + + √ + +( ).1 2 2
…(1)

Singular integral. Differentiating (1) partially w.r.t. a and b, we get

0
1

0
12 2 2 2

= +
√ + +

= +
√ + +

x
ac

a b
y

bc

a b( )
,

( )
,

…(2)

so that x y
a c b c

a b

2 2
2 2 2 2

2 21
+ =

+

+ +

i e. ., c x y
c

a b

2 2 2
2

2 21
− − =

+ +
 

i e. ., 1 2 2
2

2 2 2
+ + =

− −
⋅a b

c

c x y …(3)

Also, from (2) 

a
x a b

c

x

c x y
= −

√ + +
=

−

√ − −

( )

( )

1 2 2

2 2 2 …(4)

and b
y a b

c

y

c x y
= −

√ + +
=

−

√ − −

( )

( )

1 2 2

2 2 2 …(5)

Putting the values from (3), (4) and (5) in (1), we get the singular solution as

z
x

c x y

y

c x y

c

c x y
= −

√ − −
−

√ − −
+

√ − −

2

2 2 2

2

2 2 2

2

2 2 2( ) ( ) ( )

or z
c x y

c x y
i e z c x y=

− −

√ − −
= − −

2 2 2

2 2 2
2 2 2 2

( )
. .,  i e. ., x y z c2 2 2 2+ + = .

Find complete integrals of the following equations :

 1. q e p= − / .α  2. p q2 2− = λ.  
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 3. √ + √ =p q 1.  4. p zq2 = .

 5. p q pqz3 3 3 0+ − = .  6. p q qz( ) .1+ =

 7. √ + √ =p q x2 .  8. pq xy= .

 9. p x q y− = −3 2 2 . 10. z px qy pq= + + .

11. z px qy pq= + − √2 ( ). 12.  z px qy p q= + − 2 .

13. p q z x y2 2 2+ = +( ). 14. z px qy
q

p
p= + + − .

15. z px qy p q= + + 3 1 3 1 3/ / .

 1. z ax ye ca= + +− /α  2. z ax a y c= + − +( ) /2 1 2λ

 3.   z ax a y c= + − √ +( )1 2   4.  z be a x ay= +( )

 5. 3 1 3a x ay b a z( ) ( ) log+ + = +  6. az be x ay− = +1

 7. z a x a y b= + + +1

6
2 3 2( )  8. 2 22 2 2az a x y ab= + +

 9. z x ax y a b= + + + +3 3 22

3
( ) / 10. z ax by ab= + +

11. z ax by ab= + − √2 ( ) 12. z ax by a b= + − 2

13.
3

2
3 2 3 2log ( ) ( )/ /z a x y a b= + + − +

14. z ax by
b

a
a= + + − 15. z ax by ab= + + 3 1 3( ) /

16  Compatible Systems of First Order Partial

 Differential Equations

Definition: If every solution of the first order partial differential equation 

f x y z p q( , , , , ) = 0 …(1)

is also a so lu tion of the first or der par tial dif fer en tial equa tion

g x y z p q( , , , , ) ,= 0 …(2)

then the dif fer en tial equa tions (1) and (2) are said to be com pat i ble.

To find the condition for the pair of equations (1) and (2) to be compatible.

If J
f g

p q
=

∂
∂

≠
( , )

( , )
,0  then the equations (1) and (2) can be solved to obtain the explicit

expressions p x y z q x y z= φ = ψ( , , ), ( , , ) …(3)

for p and q.

The condition that the pair of equations (1) and (2) should be compatible reduces then

to the condition that the system of equations (3) should be completely integrable.

If z is a function of x and y, then we know that 
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dz
z

x
dx

z

y
dy p dx q dy= ∂

∂
+ ∂

∂
= + .

Therefore, the system of equations (3) will be completely integrable if and only if the

single differential equation

dz dx dy i e dx dy dz= φ + ψ φ + ψ − =. ., 0 …(4)

is integrable.

We know that the necessary and sufficient condition for the single differential

equation P dx Q dy R dz+ + = 0 to be integrable is that

P
Q

z

R

y
Q

R

x

P

z
R

P

y

Q

x

∂
∂

− ∂
∂









 + ∂

∂
− ∂

∂






+ ∂
∂

− ∂
∂









 = 0.

Therefore, the single differential equation (4) is integrable if and only if

φ ψ − + ψ − φ − φ − ψ =( ) ( ) ( )z z y x0 0 1 0 [ , , ]∵ P Q R= φ = ψ = − 1

i e. ., if and only if ψ + φψ = φ + ψ φx z y z. …(5)

Substituting from equations (3) into equation (1) and differentiating with respect to x

and z, respectively, we obtain the equations

f f fx p x q x+ φ + ψ = 0 …(6)

and f f fz p z q z+ φ + ψ = 0.  …(7)

Multiplying (7) by φ and adding to (6), we get

f f f fx z p x z q x z+ φ + φ + φ φ + ψ + φ ψ =( ) ( .) 0 …(8)

In a sim i lar man ner, equa tion (2) will give

g g g gx z p x z q x z+ φ + φ + φ φ + ψ + φ φ =( ) ( ) .0 …(9)

Now solving the equations (8) and (9), we obtain

ψ + φ ψ =
∂
∂

+ φ
∂
∂









x z

J

f g

x p

f g

z p

1 ( , )

( , )

( , )

( , ) …(10)

where    J
f g

p q
=

∂
∂

⋅
( , )

( , )

If we had differentiated the given pair of equations (1) and (2) with respect to y and z

after substituting in them from equations (3), then we would have obtained

φ + ψ φ = −
∂
∂

+ ψ
∂
∂









 ⋅y z

J

f g

y q

f g

z q

1 ( , )

( , )

( , )

( , ) …(11)

Substituting from equations (10) and (11) in (5), we get the desired condition that the

two equations (1) and (2) should be compatible as

[ , ] ,f g = 0 …(12)

where [ , ]
( , )

( , )

( , )

( , )

( , )

( , )

(
f g

f g

x p
p

f g

z p

f g

y q
q

f
=

∂
∂

+
∂
∂

+
∂
∂

+
∂ , )

( , )

g

z q∂
⋅     …(13)

[ and ]∵ p q= φ = ψ
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Particular Case:

Theorem: The first order partial differential equations

p P x y q Q x y= =( , ), ( , )

are com pat i ble if and only if  
∂
∂

= ∂
∂

⋅P

y

Q

x

Proof: We know that if z is a function of two independent variables x and y, then

dz
z

x
dx

z

y
dy p dx q dy= ∂

∂
+ ∂

∂
= + .

So, the partial differential equations p P x y q Q x y= =( , ), ( , ) are compatible if and

only if the single differential equation

dz P dx Q dy= +

is integrable.

Now we know that if P and Q are functions of two variables x and y, then P dx Q dy+  is

an exact differential d x yφ ( , ) if and only if 

∂
∂

= ∂
∂

⋅P

y

Q

x

∴ The sin gle dif fer en tial equa tion dz P dx Q dy= +  is integrable if and only if

∂
∂

= ∂
∂

⋅P

y

Q

x

Hence, the differential equations p P x y q Q x y= =( , ), ( , ) are compatible if and

only if

∂
∂

= ∂
∂

⋅P

y

Q

x

17  The Method of Characteristics

The method of characteristics is a technique for solving partial differential equations. It 

is a powerful method that allows one to reduce any first order linear partial differential

equation to an ordinary differential equation, which can be subsequently solved using

ODE techniques. Typically it applies to first-order equations, more generally this

method is valid for any hyperbolic partial differential equation.

18  Characteristics of First Order Partial Differential

 Equations

The method of characteristics discovers curves for a first order partial differential

equation, along which the PDE becomes an ODE. These curves are called the

characteristic curves or simply characteristics. Once the ODE is found, it can be solved
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along the characteristic curves and transformed into a solution for the original PDE.

Here we confine our study to the case of a function of two independent variables x and 

y. Consider a quasi-linear PDE of the form

a x y z
z

x
b x y z

z

y
c x y z( , ) ( , , ) ( , , ).

∂
∂

∂
∂

+ = …( )1

Suppose that a solution z is known. Consider the surface graph z z x y= ( , ) in R3. A

normal vector to this surface is given by

∂
∂

∂
∂

z

x
x y

z

y
x y( , ), ( , ), −









 ⋅1

The equation (1) is equivalent to the geometrical statement that the vector field

( ( , ), ( , , ), ( , , ))a x y z b x y z c x y z

is tangent to the surface z z x y= ( , ) at every point, for the dot product of this vector field 

with the above normal vector is zero. 

In other words, the graph of the solution must be a union of integral curves of this vector 

field. These integral curves are called the characteristic curves of the original partial

differential equation.

The equations of the characteristic curve may be expressed invariantly by the

Lagrange-Charpit equations

dx

a x y z

dy

b x y z

dz

c x y z( , ) ( , ) ( , )
= = ⋅

If a particular parametrization t of the curves is fixed, then these equations may be

written as a system of ordinary differential equations for x t y t z t( ), ( ), ( ) as

dx

dt
a x y z

dy

dt
b x y z

dz

dt
c x y z= = =( , ); ( , ); ( , ). …( )2

These are the characteristic equations for the original system.

19  Characteristics of Linear and Quasi-linear

 Partial Differential Equations

Consider a partial differential equation of the form

a x x u
u

x
c x x ui n

i

n

i
n( , ... , , ) ( , ... , , ).1

1
1

=
∑ =∂

∂
…( )1

For this partial differential equation to be linear, the coefficients a i may be functions of

the spatial variables only, and independent of u.  And for it to be quasi-linear a i may also

depend on the value of the function, but not on any derivatives.

For a linear or quasi-linear partial differential equation, the characteristic curves are

given parametrically by
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( , ... , , ) ( ( ), ... , ( ), ( )) ( ( )) ( )x x u x s x s u s u X s U sn n1 1= =

such that the following system of ordinary differential equations is satisfied

dx

ds
a x x u

i
i n= ( , ... , , )1 …( )2

du

ds
c x x un= ( , ... , , ).1 …( )3

Equa tions (2) and (3) give the char ac ter is tics of the par tial dif fer en tial equa tion.

Ex am ple 38: Show that the equa tions  

xp yq x x p q xz− = + =, 2

are com pat i ble and find their so lu tion.

So lu tion: We know that the first or der par tial dif fer en tial equa tions 

f x y z p q( , , , , ) = 0 

and g x y z p q( , , , , ) = 0

are com pat i ble if and only if [ , ] ,f g = 0

where [ , ]
( , )

( , )

( , )

( , )

( , )

( , )

(
f g

f g

x p
p

f g

z p

f g

y q
q

f
=

∂
∂

+
∂
∂

+
∂
∂

+
∂ , )

( , )

g

z q∂
⋅

Here, the given equa tions are f x y z p q xp yq x( , , , , ) ≡ − − = 0

and g x y z p q x p q x z( , , , , ) .≡ + − =2 0

∴
∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
−

−

( , )

( , )

f g

x p

f

x

g

x

f

p

g

p

p x

xp

1

2 z x

x p x xp z
2

2 1 2















= − − −( ) ( ),

∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
−





( , )

( , )

f g

z p

f

z

g

z

f

p

g

p

x

x x

0

2











= − − =0 2 2( ) ,x x

∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
− −



( , )

( , )

f g

y q

f

y

g

y

f

q

g

q

q y

0 1









= − q,

and
∂
∂

=

∂
∂
∂
∂

∂
∂
∂
∂

















=
−

−



( , )

( , )

f g

z q

f

z

g

z

f

q

g

q
x

y0

1









= − xy.
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There fore, [ , ] ( )f g x p x p xz px q q x y= − − + + − −2 2 21 2

= − − + + − −x p x x p xz px q q x y2 2 2 22

= − + − −x xz q q x y2  

= − + + − −x x p q q q x y2 2

[∵ from the given dif fer en tial equa tions, xz x p q= +2 ]

= − + −x x xp yq2 ( )

= − +x x x2 .

[∵ from the given dif fer en tial equa tions, xp yq x− = ]

= − + =x x2 2 0.

Hence, the given equations are compatible.

Now, let us find p and q by solving the equations

x p yq x− = …(1)

and x p q xz2 + = …(2)

Multiplying (2) by y and adding to (1), we get 

yx p xp xyz x2 + = +

or xp xy x yz( ) ( )1 1+ = +

or p
yz

xy
=

+
+

⋅
1

1

∴ From (2), q xz x p xz
x x yz

x y
= − = −

+
+

2
2 2

1

=
+ − −

+
xz xy x x yz

xy

( )1

1

2 2

=
−

+
⋅

x z x

xy

( )

1

Thus, p
yz

xy
q

x z x

xy
=

+
+

=
−

+
⋅

1

1 1
,

( )

Now dz = ∂
∂

+ ∂
∂

= +z

x
dx

z

y
dy p dx q dy

  =
+
+









 +

−
+











1

1 1

yz

xy
dx

x z x

xy
dy

( )
.

So we have to solve the single differential equation

( ) ( ) ( )1 1 0+ − + − − =xy dz yz dx x z x dy

⇒ ( ) ( ) ( ) ( ) ( )1 1 1 1 0+ − + + + − + − − =xy dz xy dx xy dx yz dx x z x dy

⇒ ( ) ( ) ( ) ( )1 0+ − − − − − =xy dz dx y z x dx x z x dy
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⇒
( ) ( ) ( ) ( )

( )

1

1
0

2

+ − − − +

+
=

xy dz dx z x y dx x dy

xy

⇒
( ) ( ) ( ) ( )

( )

1 1

1
0

2

+ − − − +

+
=

xy dz dx z x d xy

xy
 

⇒ d
z x

xy

−
+









 =

1
0

⇒
z x

xy
c

−
+

=
1

, where c is an ar bi trary con stant.

Hence, the required solution of the given equations is

z x c xy− = +( )1

or z x c xy= + +( ),1  where c is a con stant.

Ex am ple 39: Show that the dif fer en tial equa tions p x y q x y= − + = + +5 4 3 4 5 2,  do not

pos sess any com mon so lu tion.

So lu tion: We know that the first or der par tial dif fer en tial equa tions 

p P x y q Q x y= =( , ), ( , )

are compatible if and only if 

∂
∂

= ∂
∂

⋅P

y

Q

x

Here, P x y Q x y= − + = + +5 4 3 4 5 2, .

We have 
∂
∂

= − ∂
∂

=P

y

Q

x
4 4and .

Since 
∂
∂

≠ ∂
∂

P

y

Q

x
, therefore the given differential equations are not compatible.

Hence, the given differential equations do not possess any common solution.

Ex am ple 40: Show that the dif fer en tial equa tions

∂
∂

= + ∂
∂

= −z

x
x y

z

y
x y6 3 3 4,

are com pat i ble and find their so lu tion.

So lu tion: We know that the first or der par tial dif fer en tial equa tions 

p P x y q Q x y= =( , ), ( , )

are com pat i ble if and only if

∂
∂

= ∂
∂

⋅P

y

Q

x

Here, P x y x y Q x y x y( , ) , ( , ) .= + = −6 3 3 4

We have
∂
∂

=P

y
3 and 

∂
∂

=Q

x
3.
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Since 
∂
∂

= ∂
∂

P

y

Q

x
, therefore the given differential equations are compatible.

Now dz
z

x
dx

z

y
dy p dx q dy= ∂

∂
+ ∂

∂
= +

= + + −( ) ( )6 3 3 4x y dx x y dy

= + + −6 3 4x dx y dx x dy y dy( )

= + −6 3 4x dx d xy y dy( ) .

Integrating both sides, we get

z
x

xy
y

c= ⋅ + − ⋅ +6
2

3 4
2

2 2

 

or z x xy y c= + − +3 3 22 2

as the re quired so lu tion of the given dif fer en tial equa tions.

Ex am ple 41: Show that the dif fer en tial equa tions 

p x ay q y ax= − = −2 2,

are com pat i ble and find their com mon so lu tion.

So lu tion: We know that the first or der par tial dif fer en tial equa tions 

p P x y q Q x y= =( , ), ( , )

are com pat i ble if and only if 

∂
∂

= ∂
∂

⋅P

y

Q

x

Here, P x y x ay Q x y y ax( , ) , ( , ) .= − = −2 2

We have 
∂
∂

= − ∂
∂

= −P

y
a

Q

x
aand .

Since 
∂
∂

= ∂
∂

P

y

Q

x
, therefore the given differential equations are compatible.

Now         dz
z

x
dx

z

y
dy p dx q dy= ∂

∂
+ ∂

∂
= +

  = − + −( ) ( )x ay dx y ax dy2 2

  = + − +x dx y dy a x dy y dx2 2 ( )

  = + −x dx y dy ad xy2 2 ( ). 

Integrating both sides, we get

z
x y

axy c= + − +
3 3

3 3
 

as the re quired com mon so lu tion of the given dif fer en tial equa tions.
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Ex am ple 42: Solve the si mul ta neous dif fer en tial equa tions

∂
∂

= − + ∂
∂

= − − +z

x
x xy y

z

y
x y xy sin y4 2 4 2 32 2 4, ( ).

So lu tion: We know that the first or der par tial dif fer en tial equa tions 

p P x y q Q x y= =( , ), ( , )

are com pat i ble if and only if

∂
∂

= ∂
∂

⋅P

y

Q

x

Here,  P x xy y Q x y xy y= − + = − + −4 2 4 2 32 2 4, sin .

We have 
∂
∂

= − + ∂
∂

= − +P

y
xy y

Q

x
xy y4 4 4 43 3, .

Since 
∂
∂

= ∂
∂

P

y

Q

x
, therefore the given differential equations are compatible.

Now         dz
z

x
dx

z

y
dy p dx q dy= ∂

∂
+ ∂

∂
= +

            = +P dx Q dy

            = − + + − + −( ) ( sin ) .x xy y dx x y xy y dy4 2 4 2 32 2 4

Integrating both sides, we get

        z =  P dx

y
∫

(treating as a constant)

    +    Q dy

Q

x

∫
(taking in only those

terms which do not contain )

  + c

= − + + − +∫( ) ( sin )x xy y dx y dy c

y

4 2 42

(treating as a constant)

∫

= − + + +1

5
5 2 2 4x x y x y y ccos .

Hence, the required common solution of the given simultaneous equations is

z x x y xy y c= − + + +1

5
5 2 2 4 cos ,

where c is an ar bi trary con stant.

 1. Show that the dif fer en tial equa tions

∂
∂

= + − ∂
∂

= + +z

x
x y

z

y
x y7 8 5 9 11 3,

are not compatible.
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 2. Show that the dif fer en tial equa tions p x y q x y= + + = + +4 3 1 3 2 1,

are com pat i ble and find their so lu tion.

 3. Show that the dif fer en tial equa tions p xy y q xy x= + + = + +1 4 2 1 4 22 2,

are com pat i ble and find their com mon so lu tion.

 4. Show that the differential equations in each of the following systems are

compatible and find their solution :

(i)  p ax hy g q hx by f= + + = + +,

(ii) p x y q x y= − = − −2 5 2,

(iii) p ax by y q ax by x= + = +( ) , ( )2 2

(iv) p x
y

x y
q y

x

x y
= −

+
= +

+2 2 2 2
,

(v) p e q e
x

y
x y x y= + = −









1 1/ /,

(vi) p y e x q xy e yxy xy= + = −2 3 22 2
4 2 3,

(vii) p e x q e xy y= + =( ) cos , sin1

(viii) p x y e q x y yx= + = +sin cos , cos sin tan .2

 5. Show that the equa tions f x y p q g x y p q( , , , ) , ( , , , )= =0 0

are com pat i ble if 
∂
∂

+
∂
∂

=
( , )

( , )

( , )

( , )
.

f g

x p

f g

y q
0

 2. z x xy x y y c= + + + + +2 32 2

 3. z x x y xy y c= + + + +2 22 2

 4. (i) z ax hxy gx by fy c= + + + + +1

2

1

2
2 2

(ii) z x xy y y c= − − + +2 2 5

(iii) z ayx bxy c= + +2 2

(iv) z x
x

y
y c= −









 + +−1

2

1

2
2 1 2tan

(v)  z x ye cx y= + +/

(vi) z e x y cxy= + − +
2 4 3

(vii) z e x cy= + +( ) sin .1

(viii) z x y e y cx= − + + +cos cos log .
1

2
2 sec
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Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

 1. Equa tion p y q x ztan tan+ = sec2  is of or der 

(a) one (b) two

(c) zero (d) none of these

 2. Equa tion r s t2 22 0+ − =  is of or der

(a) one (b) two

(c) three (d) none of these

 3. Equa tion 
∂
∂

− ∂
∂ ∂

+ ∂
∂









 =

2

2

2 3

2 0
z

x

z

x y

z

y
 is of de gree

(a) one (b) two

(c) three (d) none of these

 4. Equa tion p qx z3 2 4 0+ + =  is of de gree

(a) two (b) three

(c) four (d) one
(Garhwal 2011; Kumaun 11)

 5. The equa tion Pp Qq R+ =  is known as

(a) Charpit’s equa tion (b) Lagrange’s equa tion

(c) Bernoulli’s equa tion (d) Clairaut’s equa tion
(Kumaun 2007)

 6. Out of the following four partial differential equations, the differential equation
which is linear is

(a)
∂
∂

− ∂
∂

⋅ ∂
∂

+ ∂
∂

=
3

3

2

2

2

2
3 8

z

x

z

x

z

y

z

y
xsin

(b)
∂
∂

+ ∂
∂







+ ∂
∂

+ =
2

2

2

9 0
z

x

z

x

z

y
z

(c) 4 5 6 7 8 3
2

2

2 2

2
3 3∂

∂
+ ∂

∂ ∂
+ ∂

∂
+ ∂

∂
+ ∂

∂
+ = +z

x

z

x y

z

y

z

x

z

y
z x y( ) sin x

(d)
∂
∂







+ ∂
∂









 = +z

x

z

y
x y

2 2
2 2

 7. The dif fer en tial equa tion ( )2 3 4 8x y p xq pq x y+ + − = +  is

(a) lin ear (b) non-lin ear

(c) quasi-lin ear (d) semi-lin ear (Kumaun 2012)
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 8. The dif fer en tial equa tion ( ) ( ) ( )x y
z

x
x y

z

y
x y z x y2 2 2 23 4+ ∂

∂
+ + ∂

∂
+ − = +  is

(a) lin ear (b) quasi-lin ear

(c) semi-lin ear (d) non-lin ear

 9. The dif fer en tial equa tion ( ) ( )x y z
z

x
x y

z

y
z x y+ − ∂

∂
+ + ∂

∂
+ = +3 3 4 2  is

(a) lin ear (b) quasi-lin ear

(c) semi-lin ear (d) non-lin ear

10. The dif fer en tial equa tion x
z

x
y

z

y
x y z x2 2 2 4

∂
∂

+ ∂
∂

= + +( )  is

(a) lin ear (b) quasi-lin ear

(c) semi-lin ear (d) non-lin ear

11. Out of the following four pairs of first order partial differential equations,
mention the pair in which the differential equations are compatible :

(a) p y x q x y= − + = + +4 7 3 7 4 2, (b) p x y q y x= + = −,

(c) p x y q x y= + = −3 8 8 3, (d) p x y q x y= + + = − +1 2 1,

12. Lagrange’s aux il iary equa tions of Pp Qq R+ =  are given by 

(a) 
dx

R

dy

Q

dz

P
= = (b) 

dx

P

dy

Q

dz

R
= =

(c) 
dx

Q

dy

R

dz

P
= = (d) none of these

(Garhwal 2005, 10, 15; Kumaun 09, 11, 13)

13. For the equa tion z pq= , Charpit’s aux il iary equa tions are :

(a)
dp

p

dq

q

dz

pq

dx

q

dy

p
= = = =

2
(b)

dp

q

dq

p

dz

pq

dx

p

dy

q
= = = =

(c)
dp

p

dq

q

dz

pq

dx

p

dy

q
= = = = (d)

dp

p

dq

q

dz

pq

dx

p

dy

q
= = = =

2

(Garhwal 2014)

14. For the equa tion ( )p q y qz2 2+ = , Charpit’s auxiliary equa tion is

(a)
dp

q

dq

p−
= (b)

dp

q

dq

p
=

(c)
dp

q

dq

p
=

+ 1
(d)

dp

q

dq

p+
=

1 (Garhwal 2015)

15. A par tial dif fer en tial equa tion has

(a) One in de pend ent vari ables

(b) Two or more in de pend ent vari ables

(c) More than one de pend ent vari ables

(d) Equal number of in de pend ent and de pend ent vari ables

(Garhwal 2013, 15)
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16. So lu tion of the equa tion z px qy f p q= + + ( , ) is

(a) z f ax by= ( , ) (b) z ax by f a b= + + ( , )

(c) z f ax by= ( / ) (d) none of these
(Kumaun 2006)

17. The com plete in te gral of equa tions of the type f p q( , ) = 0 is z ax by c= + + ,

 where a and b are con nected by the re la tion

(a) f a b( , ) = 0 (b) f ab( ) = 0

(c) f a b( )+ = 0 (d) f a b( / ) = 0

Fill in the Blank(s)

 Fill in the blanks “……” so that the fol low ing state ments are com plete and cor rect.

 1. The or der of the dif fer en tial equa tion

 4 9 8 6 3 8 0
3

2

2

2

2

2

∂
∂ ∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

+ =z

x y

z

x

z

y

z

x

z

y
 is … .

 2. In a linear partial differential equation all the partial derivatives occurring in it
are in … degree.

 3. Lagrange’s lin ear equa tion is of the form … .

 4. Lagrange’s aux il iary equa tions or Lagrange’s sub sid iary equa tions are … .

 5. Lagrange’s aux il iary equa tions of  ( )y z x p xyq zx2 2 2 2 2 0+ − − + =  are … .

 6. Lagrange’s sub sid iary equa tions of z xp yq y x( )− = −2 2 are … .

 7. Equa tions 
dp

f

x
p

f

z

dq

f

y
q

f

z

dz

p
f

p
q

f

q

dx

f

p

d

∂
∂

+
∂
∂

=
∂
∂

+
∂
∂

=
−

∂
∂

−
∂
∂

=
−

∂
∂

=
y

f

q

dF

−
∂
∂

=
0

 

are known as … .

 8. For the differential equation p x q y z2 2+ = , Charpit’s auxiliary equations are … .

 9. The first or der par tial dif fer en tial equa tions

∂
∂

= ∂
∂

=z

x
P x y

z

y
Q x y( , ), ( , ) are com pat i ble if 

∂
∂

= …P

y

10. If every solution of the differential equation f x y z p q( , , , , ) = 0 is also a solution

of the differential equation g x y z p q( , , , , ) = 0, then the two differential equations 

are said to be …

True or False

Write ‘ T’ for true and ‘F’ for false state ment.

 1. The dif fer en tial equa tion 
∂
∂

⋅ ∂
∂

=z

x

z

y
xy3  is non-lin ear.

 2. The dif fer en tial equa tion 
∂

∂
+ ∂

∂ ∂
+ ∂

∂
+ ∂

∂
+ =

2

2

2
22 5 6 7

u

x

u

x y

u

x

u

y
u x  is lin ear.
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 3. The dif fer en tial equa tion 
∂
∂

+ ∂
∂

=
2

2

2

2
0

v

x

v

y
 is non-lin ear.

 4. The dif fer en tial equa tion z px qy= +  is lin ear.

 5. pz qy z x y− = + +2 2( )  is a lin ear dif fer en tial equa tion.

 6. The differential equations 
∂
∂

= − ∂
∂

= +z

x
x y

z

y
x y5 7 6 8,  possess a common

solution.

 7. The dif fer en tial equa tions p x y q x y= + + = + +12 7 1 7 4 1,  are com pat i ble.

 8. The dif fer en tial equa tions p
y

x y
q

x

x y
=

+
− = −

+2 2 2 2
1,  are com pat i ble.

 9. The dif fer en tial equa tions 
∂
∂

= ∂
∂

= − + +z

x
y x

z

y
y xsin , ( cos )2 1 2 2

are not com pat i ble.

10. The dif fer en tial equa tions

p x x y q y y x= − = −cos (cos sin sin ), cos (cos sin sin )α α  are com pat i ble.

11. Singular integral of a differential equation is obtained by giving particular values

to arbitrary constants in its general solution.

12. The equation of envelope to a surface is the singular integral of its differential

equation.

Multiple Choice Questions
 1. (a)  2. (b)  3. (a)  4. (b)  5. (b)

 6. (c)  7. (b)  8. (a)  9. (b) 10. (c)

11. (c) 12. (b) 13. (a) 14. (a) 15. (b)

16. (b) 17. (a)

Fill in the Blank(s)
 1. 3  2. first  3. Pp Qq R+ =

 4. 
dx

P

dy

Q

dz

R
= =  5.

dx

y z x

dy

xy

dz

zx2 2 2 2 2+ −
=

−
=

−

 6. 
dx

zx

dy

yz

dz

y x
=

−
=

−2 2
 7. Charpit’s aux il iary equa tions

 8.
dp

p p

dq

q q

dz

p x q y

dx

px

dy

qy− +
=

− +
=

− −
=

−
=

−2 2 2 22 2 2 2

 9.
∂
∂
Q

x
10. com pat i ble
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True or False

 1. T  2. T  3. F  4. T  5. T

 6. F  7. T  8. T  9. F 10. T

11. F 12. T

¨
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1  The General Linear Partial Differential Equation of an

 Order Higher than the First

A partial differential equation in which the dependent variable and its derivatives

 appear only in the first degree and are not multiplied together, their coefficients

all being constants or functions of x and y, is called a linear partial differential

equation. The general form of such an equation is

∂
∂

+ ∂
∂ ∂

+ + ∂
∂

+ ∂
∂

+−

−

−

n

n

n

n n

n

n

n

n

z

x
A

z

x y
A

z

y
B

z

x
1 1 0

1

1
... ...

+ ∂
∂

+ ∂
∂

+ =M
z

x
N

z

y
P z f x y( , ), …(1)

where the coefficients A A B M N Pn1 0, ..., , ,..., , ,  are constants or functions of x and y.

If the coefficients of various terms are constants then it is called a linear partial

differential equation with constant coefficients.
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2  The Homogeneous Linear Partial Differential Equation

with Constant Coefficients

In this equation all the partial derivatives appearing in the equation are of the same

order. A linear homogeneous partial differential equation of order n with constant coefficients is of

the form

∂
∂

+ ∂
∂ ∂

+ + ∂
∂

=−

n

n

n

n n

n

n

z

x
A

z

x y
A

z

y
f x y1 1

... ( , ), …(1)

where A An1, ...,  are con stants.

Denoting the operators 
∂
∂x

 and 
∂
∂y

 by D D, ′ respectively, the equation (1) can also be

written as  ( ... ) ( , )D A D D A D z f x yn n
n

n+ ′ + + ′ =−
1

1

or F D D z f x y( , ) ( , ),′ = …(2)

where F D D D A D D A Dn n
n

n( , ) ... .′ ≡ + ′ + + ′−
1

1

Note that F D D( , )′  is a homogeneous function in D D, ′ of degree n.

3  Solution of a Linear Homogeneous Partial Differential

 Equation with Constant Coefficients.

As in the case of ordinary linear differential equations the basic theorem is :

Theorem 1: If u is the complementary function and z1 a particular integral of a linear partial

differential equation F D D z( , )′  = f x y( , ) then u z+ 1 is a general solution of the equation.

Proof: The complementary function of the equation

F D D z f x y( , ) ( , )′ = …(1)

is the most gen eral so lu tion of the equa tion F D D z( , )′ = 0. …(2)

It must contain as many arbitrary constants as is the order of the differential equation

(2).

Any solution of (1) is called a particular integral of (1). It does not contain any arbitrary

constant.

Since the equations (1) and (2) are of the same order, the solution u z+ 1 will contain as

many arbitrary constants as the general solution of (1) requires. Also

F D D u( , ) ,′ = 0

F D D z f x y( , ) ( , )′ =1

so that F D D u z f x y( , ) ( ) ( , ).′ + =1

This shows that, in fact, u z+ 1 is a solution of (1). This completes the proof.

The next result is of extensive use in the solution of the partial differential equations.
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Theorem 2: If u u un1 2, , ... , , are solutions of the homogeneous linear partial differential

equation F D D z( , )′ = 0 then Σ
r

n

r rc u
=1

 is also a solution, where cr ’s are arbitrary

constants.

Proof: The proof of this theorem is obvious.

We have F D D c u c F D D ur r r r( , ) ( ) ( , ) .′ = ′

Also F D D v F D D v
r

n

r
r

n

r( , ) ( , ) ,′ = ′
= =
Σ Σ

1 1
 for any set of func tions vr .

Hence F D D c u F D D c u
r

n

r r
r

n

r r( , ) ( , ) ( )′ = ′
= =
Σ Σ

1 1

= ′ = =
= =
Σ Σ

r

n

r r
r

n

rc F D D u c
1 1

0 0( , ) . .

4 Determination of the Complementary Function (C.F.) of

the Linear Homogeneous Partial Differential Equation

with Constant Coefficients

Consider a linear homogeneous nth order partial differential equation with constant

coefficients of the form F D D z f x y( , ) ( , ).′ = …(1)

The complementary function of (1) is the general solution of

F D D z( , )′ = 0

i e. ., ( ... )D A D D A D D A D zn n n
n

n+ ′ + ′ + + ′ =− −
1

1
2

2 2 0 …(2)

This is equivalent to

[( ) ( )...( )] ,D m D D m D D m D zn− ′ − ′ − ′ =1 2 0 …(3)

where m m mn1 2, , ... ,  are some con stants.

The solution of any one of the equations

( ) , ( ) , ... , ( )D m D z D m D z D m D zn− ′ = − ′ = − ′ =1 20 0 0 …(4)

is also a solution of (3) and we know that the general solution of ( )D mD z− ′ = 0 is 

z y mx= φ +( ), where φ is an arbitrary function. Hence we can assume that a solution of

the equation (3) is of the form z y mx= φ +( ).

Differentiation will give

Dz m y mx D z m y mx D z y mxn n n n n= φ′ + = φ + ′ = φ +( ), ( ), ( )( ) ( )

and, in gen eral,

D D z m y mxr s r r s′ = φ ++( ) ( ).

Therefore, the substitution of φ +( )y mx  for z in (2) gives

( ... ) ( ) .( )m A m A y mxn n
n

n+ + + φ + =−
1

1 0
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This is true if m is a root of the equation

m A m An n
n+ + + =−

1
1 0... . …(5)

The equation ( )5  is called the auxiliary equation (A.E.) and is obtained by putting 

D m D= ′ =, 1 in F D D( , ) .′ = 0

It will give in general n roots, say, m m mn1 2, , ... . Each value of m will give a solution of (2). 

Hence if all the roots of the Auxiliary equation are distinct, the general solution of (2) 

i e. ., the complementary function of (1) is

z y m x y m x y m xn n= φ + + φ + + + φ +1 1 2 2( ) ( ) ... ( ) …(6)

where φ φ φ1 2, , ... , n are ar bi trary func tions.

Solution when the auxiliary equation has equal roots

i e. ., the roots of the A.E. are re peated.

The equation corresponding to two repeated roots each equal to m is

( )( ) .D mD D mD z− ′ − ′ = 0

Putting ( ) ,D mD z u− ′ =   this becomes ( )D mD u− ′ = 0, the solution of which is 

u y mx= φ +( ).

Hence ( ) ( )D mD z y mx− ′ = φ +

or p mq y mx− = φ +( ).

Lagrange’s auxiliary equations of this linear equation are

dx dy

m

dz

y mx1
=

−
=

φ +
⋅

( )

Taking the first two members, we get

dy m dx+ = 0.    

∴   y mx a+ = .

Tak ing the first and the third mem bers, we get

dz y mx dx a dx= φ + = φ( ) ( ) . 

∴   z a x b= φ +( ). .

Hence z x y mx y mx= φ + + ψ +( ) ( ).

Proceeding in the same way it can be shown that when a root m is repeated r times, the

corresponding part of the complementary function is

φ + + φ + + φ + + + φ−
1 2

2
3

1( ) ( ) ( ) ...y mx x y mx x y mx xr
r  ( ).y mx+

Ex am ple 1: Solve 2 5 2 0r s t+ + = . …(1)

So lu tion: We know that

r
z

x
D z s

z

x y
DD z t

z

y
D z= ∂

∂
= = ∂

∂ ∂
= ′ = ∂

∂
= ′

2

2
2

2 2

2
2, , .
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Hence the given equation can be written as

( ) .2 5 2 02 2D DD D z+ ′ + ′ =

A.E. is  2 5 2 02m m+ + =  or  ( )( ) .2 1 2 0m m+ + =

∴ m = − −1

2
2, .

Therefore the general solution of (1) is

z f y x y x= − + ψ −( ) ( )
1

2
2  or z y x y x= φ − + ψ −( ) ( ).2 2

Ex am ple 2: Solve  ( ) .D D D DD D z3 2 2 36 11 6 0− ′ + ′ − ′ = …(1)

So lu tion: The aux il iary equa tion is

m m m3 26 11 6 0− + − =  or ( )( )( ) .m m m− − − =1 2 3 0

∴ m = 1 2 3, , .

Therefore the general solution of (1) is

z y x y x y x= φ + + φ + + φ +1 2 32 3( ) ( ) ( ).

Ex am ple 3: Solve ( ) .D D D DD z3 2 23 2 0− ′ + ′ = (Lucknow 2010)

So lu tion: The aux il iary equa tion is

m m m m m m3 23 2 0 1 2 0− + = − − =or ( )( ) .

∴ m = 0 1 2, , .

Therefore the general solution of (1) is

z y y x y x= φ + φ + + φ +1 2 3 2( ) ( ) ( ).

Ex am ple 4: Solve 
∂
∂

− ∂
∂

=
4

4

4

4
0

z

x

z

y
.

(Avadh 2012) …(1)

So lu tion: The equa tion (1) can be writ ten as ( ) .D D z4 4 0− ′ =

A.E. is m m m m4 21 0 1 1 1 0− = − + + =or ( )( )( ) .

∴ m i= − ±1 1, , .

Therefore the general solution of (1) is

z y x y x y ix y ix= φ + + φ − + φ + + φ −1 2 3 4( ) ( ) ( ) ( ).

Ex am ple 5:  Solve ( ) .D D D DD D z4 3 3 42 2 0− ′ + ′ − ′ =         
(Lucknow 2006, 09)  …(1)

So lu tion: The aux il iary equa tion is

m m m4 32 2 1 0− + − =  or ( ) ( ) .m m+ − =1 1 03

∴ m = − 1111, , , .

Therefore the general solution of (1) is

z y x y x x y x x y x= φ − + φ + + φ + + φ +1 2 3
2

4( ) ( ) ( ) ( ).

Ex am ple 6: Solve 25 40 16 0r s t− + = . …(1)

So lu tion: The equa tion (1) can be writ ten as
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( ) .25 40 16 02 2D DD D z− ′ + ′ =

A.E. is 25 40 16 02m m− + =  or ( ) .5 4 02m − =  

∴ m = 4 5 4 5/ , / .

Therefore the general solution of (1) is

z y x x y x= φ +





+ φ +



1 2

4

5

4

5

or z f y x x f y x= + + +1 25 4 5 4( ) ( ).

 1. Solve r a t= 2 . (Rohilkhand 2010, Avadh 10)

 2. Solve ( ) .D D D DD z3 2 24 4 0− ′ + ′ =

 3. Solve 
∂
∂

− ∂
∂ ∂

+ ∂
∂

=
3

3

3

2

3

3
7 6 0

z

x

z

x y

z

y
.

 4. Solve ( ) .D aDD a D z2 2 23 2 0− ′ + ′ =

 5. Solve 2 3 2 0
2

2

2 2

2

∂
∂

− ∂
∂ ∂

− ∂
∂

=z

x

z

x y

z

y
.

 6. Solve 
∂
∂

− ∂
∂

=
2

2

2

2
0

z

x

z

y
.

 7. Solve r t s+ + =2 0. (Kanpur 2009)

 8. Solve ( ) .4 12 9 02 2D DD D z+ ′ + ′ =

 9. Solve ( ) .D D D D z4 4 2 22 0+ ′ − ′ =

10. Solve ( ) .D D z4 4 0+ ′ =

 1. z y ax y ax= φ + + φ −1 2( ) ( )

 2. z y y x x y x= φ + φ + + φ +1 2 32 2( ) ( ) ( )

 3. z y x y x y x= φ + + φ + + φ −1 2 32 3( ) ( ) ( )

 4. z y ax y ax= φ + + φ +1 2 2( ) ( )

 5. z y x y x= φ − + φ +1 22 2( ) ( )

 6. z y x y x= φ + + φ −1 2( ) ( )

 7. z y x x y x= φ − + φ −1 2( ) ( )

 8. z y x x y x= φ − + φ −1 22 3 2 3( ) ( )
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 9. z y x x y x y x x y x= φ + + φ + + φ − + φ −1 2 3 4( ) ( ) ( ) ( )

10. z y x y x y x y x= φ + + φ + + φ + + φ +1 2 3 4( ) ( ) ( ) ( )α α β β

where α β=
√

+
√

= −
√

+
√

⋅1

2

1

2

1

2

1

2
i iand

5  Determination of the Particular Integral (P.I.)

The particular integral of the equation (1) of 9.4 will be denoted by 
1

F D D
f x y

( , )
( , )

′
.

1

F D D
V

( , )′
 is defined as the function which gives V  when it is operated upon by 

F D D( , ).′

The symbolic function F D D( , )′  can be treated as an algebraic function of D and D ′.
It can be factorised, resolved into partial fractions or can be expanded in ascending

powers of D or D ′ .

Note: 
1

D
 means in te gra tion w.r.t. x

D
,

1

′
 means in te gra tion w.r.t y,  and so on and

par tic u lar in te gral would be dif fer ent ac cord ing as F D D( , )′  is ex panded in as cend ing

pow ers of D or D ′.

Ex am ple 7: Solve ( ) .D DD D z x y2 2 23 2+ ′ + ′ = + (Avadh 2012; Kanpur 14)

So lu tion: The aux il iary equa tion is

m m2 3 2 0+ + =  or ( )( ) .m m+ + =2 1 0

∴ m = − −1 2, .

∴ C. F. = φ − + φ −1 2 2( ) ( ).y x y x

Now  P.I. =
+ ′ + ′

+1

3 22 2D DD D
x y( )  = +

′
+

′







 +

−
1

1
3 2

2

2

2

1

D

D

D

D

D
x y( )

         = −
′

+





 + = + − ′ +1

1
3 1 3

2 2 3D

D

D
x y

D
x y

D
D x y... ( ) ( ) ( )

  = + ⋅ − = + − ⋅ = − +x
y

x

D

x
x y

x
x x y

3 2

3

3
2

3
3 2

6 2

3
1

6

1

2
3

6

1

3

1

2
.

Hence the general solution of the given equation is

z y x y x x x y= = φ − + φ − − +C. F. + P.I. 1 2
3 22

1

3

1

2
( ) ( ) .

Ex am ple 8: Solve ( ) .D DD D z x xy2 2 26 9 12 36− ′ + ′ = +
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So lu tion: A.E. is m m2 6 9 0− + =  or ( ) .m − =3 02

∴ m = 3 3, .

∴ C. F. = φ + + φ +1 23 3( ) ( ).y x x y x

Now         P.I. =
− ′ + ′

+1

6 9
12 36

2 2
2

D DD D
x xy( ) 

=
− ′

+1

3
12 36

2
2

( )
( )

D D
x xy

= −
′






 +

−
1

1
3

12 36
2

2
2

D

D

D
x xy( )

= +
′

+
′

+











+1

1
6

27 12 36
2

2

2
2

D

D

D

D

D
x xy... ( )

= + + ′ +1
12 36

6
12 36

2
2

3
2

D
x xy

D
D x xy( ) ( )

= + +x x y
D

x4 3
3

6
6

36( )

= + + = +x x y x x x y4 3 4 4 36 9 10 6 .

Hence the gen eral so lu tion of the given equa tion is

        z y x x y x x x y= = φ + + φ + + +C. F. + P.I. 1 2
4 33 3 10 6( ) ( ) .

Ex am ple 9: Solve r a b s abt xy+ + + =( ) . (Purvanchal 2014)

So lu tion: The given equa tion can be writ ten as

{ }D a b DD ab D z xy2 2+ + ′ + ′ =( ) .

A.E. is m a b m ab2 0+ + + =( )  or ( )( ) .m a m b+ + = 0

∴ m a b= − −, .

∴ C. F. = φ − + φ −1 2( ) ( ).y ax y bx

Now   P.I. =
+ + ′ + ′

1
2 2D a b DD abD

xy
( )

 

= + +
′

+
′












−
1

1
2

2

2

1

D
a b

D

D
ab

D

D
xy( )

= − +
′








= − + ′1
1

1 1
2 2 3D

a b
D

D
xy

D
xy a b

D
D xy( ) ... ( ) ( ) ( ) ({ )}

= − + ⋅
x y

a b
x

3 4

6 24
( )

Hence the general solution of the given equation is

z y ax y bx
x y

a b
x= = φ − + φ − + − + ⋅C. F. + P.I. 1 2

3 4

6 24
( ) ( ) ( )

Ex am ple 10: Solve 

( ) ( ).2 5 2 242 2D DD D z y x− ′ + ′ = −
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So lu tion: A.E. is 2 5 2 02m m− + =

or ( ) ( ) .2 1 2 0m m− − =  

∴ m = 1

2
2, .

∴ C. F. = φ + + φ +1 22 2( ) ( ).y x y x

Now   P.I. =
− ′ + ′

−1

2 5 2
24

2 2D DD D
y x( )

= −
′

+
′







 −

−
1

2
1

5

2
24

2

2

2

1

D

D

D

D

D
y x( )

= +
′






 − = − +1

2
1

5

2
24

1

2
24

5

4
24

2 2 3D

D

D
y x

D
y x

D
... ( ) ( )

= −








 + ⋅ ⋅ = +12

2 6

5

4
24

6
6 3

2 3 3
2 3y

x x x
x y x .

Hence the gen eral so lu tion of the given equa tion is

z y x y x x y x= = φ + + φ + + +C. F. + P.I. 1 2
2 32 2 6 3( ) ( ) .

Ex am ple 11: Solve 
∂
∂

− ∂
∂

= −
2

2

2

2

z

x

z

y
x y. 

(Lucknow 2008)

So lu tion: The given equa tion can be writ ten as

( ) .D D z x y2 2− ′ = −

A.E. is m2 1 0− = . 

∴ m = −1 1, .

∴ C. F. = φ + + φ −1 2( ) ( ).y x y x

Now        P.I. =
− ′

− = − ′







 −

−
1 1

1
2 2 2

2

2

1

D D
x y

D

D

D
x y( ) ( ) 

= +
′

+








 −1

1
2

2

2D

D

D
x y... ( )

= − = − ⋅1 1

6

1

22
3 2

D
x y x y x( ) .

Hence the gen eral so lu tion of the given equa tion is

z y x y x x yx= = φ + + φ − + −C. F. + P.I. 1 2
3 21

6

1

2
( ) ( ) .

Ex am ple 12: Solve  

∂
∂

+ ∂
∂

+ ∂
∂

− ∂
∂ ∂ ∂

3

3

3

3

3

3

3

3
u

x

u

y

u

z

u

x y z
 = + + −x y z xyz3 3 3 3 . …(1)

(Avadh 2012)

So lu tion: The given equa tion can be writ ten as

( )D D D D D D u x y z xyz1
3

2
3

3
3

1 2 3
3 3 33 3+ + − = + + −

D-179



or ( ) ( )D D D D D D D D D D D D u1 2 3 1
2

2
2

3
2

1 2 2 3 3 1+ + + + − − −

= + + −x y z xyz3 3 3 3

or ( ) ( ) ( )D D D D D D D D D u1 2 3 1 2
2

3 1
2

2 3+ + + ω + ω + ω + ω  

= + + −x y z xyz3 3 3 3

where ω is an imag i nary cube root of unity.

Now consider ( ) .D D D u1 2
2

3 0+ ω + ω =  …(2)

Auxiliary equations are
dx dy dz

1 2
=

ω
=

ω
⋅

These give y x a z x b− ω = − ω =, .2

Hence so lu tion of (2) is φ − ω − ω =1
2 0( , ) .y x z x

Sim i larly ( )D D D u1 2 3 0+ + =  and ( )D D D u1
2

2 3 0+ ω + ω =  give

φ − − =2 0( , )y x z x  and φ − ω − ω =3
2 0( , )y x z x  re spec tively.

∴ C. F. of (1) = φ − ω − ω + φ − − + φ − ω − ω1
2

2 3
2( , ) ( , ) ( ,y x z x y x z x y x z x).

Now P.I. corresponding to x3 is

=
+ + −

1

31
3

2
3

3
3

1 2 3

3

D D D D D D
x

= + +








 = =

⋅ ⋅
= ⋅

−
1

1
1

4 5 6 1201
3

2
3

1
3

1
3

1
3

3
6 6

D

D

D
x

D
x

x x
...

Similarly particular integrals corresponding to y3 and z3 are 
y6

120
 and 

z6

120
 respectively

and P.I. corresponding to ( )− 3xyz

=
+ + −

−1

3
3

1
3

2
3

3
3

1 2 3D D D D D D
xyz( )

=
−

−








 −

−
1

3
1 3

1 2 3

1
2

2 3

1

D D D

D

D D
xyz... ( )

= − − = ⋅1

3
3

81 2 3

2 2 2

D D D
xyz

x y z
( )

Hence the general solution of the equation (1) is

z = C. F. + P.I.

 1. Solve ( ) .D DD D z xy2 22 12− ′ + ′ = (Lucknow 2008; Avadh 10, 11; Kanpur 12)

 2. Solve 
∂
∂

− ∂
∂

=
3

3

3

3
3 3z

x

z

y
x y .
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 3. Solve ( ) .D a D z x2 2 2 2− ′ =

 4. Solve 
∂
∂

+ ∂
∂ ∂

+ ∂
∂

= +
2

2

2 2

2
3 2 2 3

z

x

z

x y

z

y
x y.

 5. Solve 
∂
∂

+ ∂
∂ ∂

+ ∂
∂

= +
2

2

2 2

2
3 2 6

z

x

z

x y

z

y
x y( ).

 6. Solve ( ) .D DD D z xy2 26− ′ − ′ =

 1. z y x x y x x y x= φ + + φ + + +1 2
3 42( ) ( )

 2. z y x y x y x x y
x= φ + + φ + ω + φ + ω + +1 2 3

2 6 3
91

120 10080
( ) ( ) ( )

 3. z y ax y ax x= φ + + φ − +1 2
41

12
( ) ( )

 4. z y x y x x x y= φ − + φ − − +1 2
3 22

7

6

3

2
( ) ( )

 5. z y x y x x y x= φ − + φ − + −1 2
2 32 3 2( ) ( )

 6. z y x y x x y x= φ − + φ + + +1 2
3 42 3

1

6

1

24
( ) ( )

6  Short Method for Finding the Particular Integral

When f x y( , ) is a function of ax by+ , we have a shorter method for determining the

particular integral.

Let f x y ax by( , ) ( ).= φ +
Then D ax by a ax byr r rφ + = φ +( ) ( ),( )  D ax by b ax byr r r′ φ + = φ +( ) ( ),( )

and D D ax by a b ax byr s r s r s′ φ + = φ ++( ) ( ),( )

where φ( )r  is the rth de riv a tive of φ w.r.t. ax by+  as a whole.

Since F D D( , )′  is homogeneous in D and D ′ of degree n,

hence F D D ax by F a b ax byn( , ) ( ) ( , ) ( )( )′ φ + = φ +

or
1 1

F D D
ax by

F a b
ax byn

( , )
( )

( , )
( ),( )

′
φ + = φ +  

pro vided that F a b( , ) .≠ 0

Putting ax by t+ = , we get 
1 1

F D D
t

F a b
tn

( , )
( )

( , )
( ).( )

′
φ = φ

Now integrating both the sides n times w.r.t. ‘t’, we get
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1 1

F D D
t

F a b
t dt dt

( , )
( )

( , )
( ) ,

′
φ = φ∫ ∫∫ … …  where t ax by= + .

Work ing Rule: To find the par tic u lar in te gral of an equa tion 

F D D z ax by( , ) ( )′ = φ + , where F D D( , )′  is a ho mo ge neous func tion of D D, ′ of

de gree n, pro ceed as follows :

(i) Put ax by t+ =  and integrate φ ( ),t n times with respect to t.

(ii) Find F a b( , ), replacing D D, ′ by a b,  respectively in F D D( , ).′

(iii)  Now P.I. = ×1

F a b
n

( , )
th integral of φ ( )t  w.r.t. ‘t’, where t ax by= + .

Exceptional case when F a b( , ) = 0.

If F a b( , ) = 0 then the above method fails.

Now F a b( , ) = 0 if and only if ( )bD aD− ′  is a factor of F D D( , ).′

Let us consider the equation ( ) ( )bD aD z x ax byr− ′ = φ +  …(1)

or bp aq x ax byr− = φ +( ).

Lagrange’s auxiliary equations are

dx

b

dy

a

dz

x ax byr
=

−
=

φ +
⋅

( )

Tak ing the first two mem bers, we get

a dx b dy+ = 0.

∴ ax by c+ = (constant).

Again taking the first and the last members, we get

dz
x

b
ax by dx

r

= φ +( )  = φx

b
c dx

r

( ) .

∴ z
x

b r
c

x

b r
ax by

r r

=
+

φ =
+

φ +
+ +1 1

1 1( )
( )

( )
( ). …(2)

It gives the solution of (1).

From (1), z
bD aD

x ax byr=
− ′

φ +1
( ). …(3)

Thus 
1

1

1

( )
( )

( )
( ) .

bD aD
x ax by

x

b r
ax byr

r

− ′
φ + =

+
φ +

+

…(4)

Hence if z
bD aD

ax by
n

=
− ′

φ +1

( )
( ),

then         z
bD aD bD aD

ax by
n

=
− ′ − ′

φ +








−

1 1
1( ) ( )

( )

  =
− ′

φ +−
1

1( )
( ),

bD aD

x

b
ax by

n
using (4)
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 =
− ′ − ′

φ +








−

1 1
2( ) ( )

( )
bD aD bD aD

x

b
ax by

n

 =
− ′

⋅ φ +−
1 1

22

2

( )
( ),

bD aD b

x

b
ax by

n
using (4)

 …  …  …  …  …  …  …  …  …  …  …  …  

 …  …  …  …  …  …  …  …  …  …  …  …  

 = φ +x

b n
ax by

n

n !
( ), by re peated ap pli ca tion of (4).

Thus  
1

( )
( )

!
( ) .

bD aD
ax by

x

b n
ax by

n

n

n− ′
φ + = φ +

Ex am ple 13: Solve 4 4 16 2r s t log x y− + = +( ). (Lucknow 2007; Purvanchal 09;
Rohilkhand 14)

So lu tion: The given equa tion can be writ ten as

( ) log ( ).4 4 16 22 2D DD D z x y− ′ + ′ = +

A.E. is 4 4 1 0 2 1 02 2m m m− + = − =or ( ) .

∴ C. F. = φ + + φ +1 22 2( ) ( ).y x x y x

Now    P.I. =
− ′

+1

2
16 2

2( )
log ( )

D D
x y

   =
⋅

+ = +x
x y x x y

2

2
2

2 2
16 2 2 2

!
log ( ) log ( ).   [ ( , ) ]∵ F a b = 0

Hence the general solution of the given equation is

z y x x y x x x y= = φ + + φ + + +C. F. + P.I. 1 2
22 2 2 2( ) ( ) log ( ).

Ex am ple 14: Solve ( ) ( ).D D D DD z sin x y3 2 24 4 4 2− ′ + ′ = + (Rohilkhand 2011)

So lu tion: A.E. is  m m m3 24 4 0− + =  or m m( ) .− =2 02

∴ m = 0 2 2, , .

∴ C. F. = φ + φ + + φ +1 2 32 2( ) ( ) ( ).y y x x y x

Now         P.I. =
− ′ + ′

+1

4 4
4 2

3 2 2D D D DD
x ysin ( ) 

   =
− ′

⋅ +1

2

1
4 2

2( )
sin ( )

D D D
x y

   =
− ′

− +1

2
2 2

2( )
cos ( )

D D
x y{ }

   = −
− ′

+2
1

2
2

2( )
cos ( )

D D
x y

D-183



 = − ⋅ + = − +2
2

2 2
2

2x
x y x x y

!
cos ( ) cos ( ).     [ ( , ) ]∵ F a b = 0

Hence the general solution of the given equation is
z

y y x x y x x x y

=

= φ + φ + + φ + − +

C. F. + P.I.

1 2 3
22 2 2( ) ( ) ( ) cos ( ).

Ex am ple 15: Solve  ( ) .D DD D z e xx y2 2 2 32− ′ + ′ = ++

(Lucknow 2010; Rohilkhand 14)

So lu tion: A.E. is m m2 2 1 0− + =  or ( ) .m − =1 02  

∴ m = 11, .

∴ C. F. = φ + + φ +1 2( ) ( ).y x x y x

Now  P.I. =
− ′

+
− ′

+1 1
2

2
2

3

( ) ( )D D
e

D D
xx y  

        =
−

⋅ + −
′






+

−
1

1 2

1
1

2
2

2

2
3

( )
e

D

D

D
xx y

        = + +
′

+





+e

D

D

D
xx y2

2
31

1
2

...

   = + = ++ +e
D

x e xx y x y2
2

3 2 51 1

20
.

Hence the gen eral so lu tion of the given equa tion is

z y x x y x e xx y= = φ + + φ + + ++C. F. + P.I. 1 2
2 51

20
( ) ( ) .

Ex am ple 16: Solve 
∂
∂

+
∂
∂

=
2

2

2

2

z

x

z

y
cos mx cos ny.

(Lucknow 2006; Kanpur 07; Avadh 14)

So lu tion: The given equa tion can be writ ten as

( ) [cos ( ) cos ( )].D D z mx ny mx ny2 2 1

2
+ ′ = + + −

A.E. is m2 1 0+ = . ∴ m i= ± .

∴ C. F. = φ + + φ −1 2( ) ( ).y ix y ix

Now        P.I. = ⋅
+ ′

+ +
+ ′

1

2

1 1

2

1
2 2 2 2D D

mx ny
D D

cos ( )  cos ( )mx ny−

   =
+

− + + ⋅
+

− −1

2

1 1

2

1
2 2 2 2m n

mx ny
m n

mx ny{ } { }cos ( ) cos ( )

   = −
+

+ + −1

2 2 2( )
cos ( ) cos ( )

m n
mx ny mx ny{ }.

Hence the general solution of the given equation is

z y ix y ix= = φ + + φ −C. F. + P.I. 1 2( ) ( )

−
+

+ + −1

2 2 2( )
[cos ( ) cos ( )].

m n
mx ny mx ny
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Ex am ple 17: Solve 2 3 5r s t e ex y− − = / . (Rohilkhand 2009)

So lu tion: The given equa tion can be writ ten as

( ) .2 3 52 2D DD D z e x y− ′ − ′ = −

A.E. is 2 3 0 2 3 1 02m m m m− − = − + =or ( ) ( ) .

∴ C. F. = φ + + φ −1 22 3( ) ( ).y x y x

Now        P.I. =
− ′ − ′

−1

2 3
5

2 2D DD D
e x y  =

+ ′ − ′
−1

2 3
5

( ) ( )D D D D
e x y

    =
+ ′

⋅
+

⋅ =
+ ′

− −1 1

2 3
5

1

D D
e

D D
ex y x y

     = =− −x
e x ex y x y

1!
. [ ( , ) ]∵ F a b = 0

Hence the general solution of the given equation is

z y x y x x e x y= = φ + + φ − + −C. F. + P.I. 1 22 3( ) ( ) .

Ex am ple 18: Solve ( ) .D DD D z x y2 23 2+ ′ + ′ = +
(Rohilkhand 2010; Agra 02; Avadh 14; Purvanchal 14)

So lu tion: A.E. is m m2 3 2 0+ + =  or ( ) ( ) .m m+ + =2 1 0  

∴ m = − −1 2, .

∴ C. F. = φ − + φ −1 2 2( ) ( ).y x y x

Now        P.I. =
+ ′ + ′

+1

3 22 2D DD D
x y( ) 

    =
+ ⋅ ⋅ + ⋅

⋅
+

=
+

⋅
1

1 3 1 1 2 1 6 36

3 3

( )

( ) ( )x y x y

Hence the general solution of the given equation is

z y x y x
x y

= = φ − + φ − +
+

⋅C. F. + P.I. 1 2

3

2
36

( ) ( )
( )

Ex am ple 19: Solve ( ) ( ).D DD D z sin x y2 25 4 4− ′ + ′ = + (Lucknow 2006)

So lu tion: A.E. is m m2 5 4 0− + =

or ( ) ( )m m− − =1 4 0 ∴ m = 1 4, .

∴ C. F. = φ + + φ +1 2 4( ) ( ).y x y x

Now         P.I. =
− ′ + ′

+1

5 4
4

2 2D DD D
x ysin ( )

     =
− ′

⋅
− ′

+1

4

1
4

( ) ( )
sin ( )

D D D D
x y

    =
− ′

⋅
−

− +1

4

1

4 1
4

( ) ( )
cos ( )

D D
x y{ }

    =
− ′

− +1

4

1

3
4

D D
x y{ }cos ( )
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 = − ⋅ +1

3
4x x ycos ( ). [ ( , ) ]∵ F a b = 0

Hence the general solution of the given equation is

z y x y x x x y= = φ + + φ + − +C. F. + P.I. 1 2 4
1

3
4( ) ( ) cos ( ).

 1. Solve ( ) .D DD D z x y2 26 9 6 2− ′ + ′ = +

 2. Solve 
∂
∂

+
∂
∂

= +
2

2

2

2
12

z

x

z

y
x y( ).

 3. Solve ( ) cos ( ).D D D DD z y x3 2 24 4 2− ′ + ′ = + (Purvanchal 2011)

 4. Solve r s t x y− + = +2 2 3sin ( ). (Kanpur 2010; Meerut 13)

 5. Solve ( ) sin ( ).2 5 2 5 22 2D DD D z x y− ′ + ′ = +

 6. Solve ( ) .D DD D z e x y2 2 2 32+ ′ + ′ = +
(Purvanchal 2007)

 7. Solve ( ) ( ).D D z x y2 2 30 2+ ′ = +

 8. Solve ( )D D D DD D z e x y3 2 2 32 2− ′ − ′ + ′ = + .

 9. Solve ( ) cos ( ).D DD D z x x y y x y3 2 3 2 2 37 6− ′ − ′ = + + + −

10. Solve r s t x y+ − = √ +2 2( ). (Lucknow 2010)

11. Solve ( ) ( ) ./D D D DD D z e y xy x3 2 2 3 2 1 24 5 2− ′ + ′ − ′ = + ++

12. Solve ( )D DD D z2 23 2− ′ + ′  = + + +− +e e x yx y x y2 2cos ( ).

13. Solve log .s x y= +
14. Solve ( ) sin ( ) .D D D D z x y ex x y y

x y3 2 3 37 6 2− − = + + +
(Meerut 2013)

 1. z y x x y x x x y= φ + + φ + + +1 2
23 3

1

4
3( ) ( ) ( )

 2. z y ix y ix x y= φ + + φ − + +1 2
3( ) ( ) ( )

 3. z y y x x y x x y x= φ + φ + + φ + + +1 2 3
22 2

1

4
2( ) ( ) ( ) sin ( )

 4. z y x x y x x y= φ + + φ + − +1 2 2 3( ) ( ) sin ( )

 5. z y x y x x x y= φ + + φ + − ⋅ +1 22 2
1

3
5 2( ) ( ) cos ( )

 6. z y x x y x e x y= φ − + φ − + +
1 2

2 31

25
( ) ( )
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 7. z y ix y ix x y= φ + + φ − + +1 2
32( ) ( ) ( )

 8. z y x y x y x xe x y= φ − + φ + + φ + − +
1 2 3 2

1

2
( ) ( ) ( )

 9. z y x y x y x x x x y= φ − + φ − + φ + + + +1 2 3
6 5 52 3

5

72

1

60

7

20
( ) ( ) ( )

+ + − −1

24

1

6

1

4
4 2 3 3x y x y x x ycos ( ).

10. z y x y x x y= φ + + φ − + +1 2
5 22

1

15
2( ) ( ) ( ) /

11. z y x x y x y x xe x y xy x= φ + + φ + + φ + + − ++
1 2 3

2 2 3 22
1

3
( ) ( ) ( ) ( ) /

12. z y x y x e xe x yx y x y= φ + + φ + + − − +− +
1 2

22
1

12

1

3
2( ) ( ) cos ( )

13. z x y e x y= φ + φ + +
1 2( ) ( )

14. z y x y x y x x y
x

e x y= φ − + φ − + φ + + + + +
1 2 3

32 3
1

75
2

20
( ) ( ) ( ) cos ( )

7  A General Method of Finding the Particular Integral

Consider the equation ( ) ( , )D mD z x y− ′ = φ  or p mq x y− = φ ( , ).

Lagrange’s aux il iary equa tions are

dx dy

m

dz

x y1
=

−
=

φ
⋅

( , )

Tak ing the first two mem bers, we get dy m dx+ = 0.

∴ y mx a+ =  (a con stant).

Again tak ing the first and the last mem bers, we get

dz x y dx x a mx dx= φ = φ −( , ) ( , ) .

 z x a mx dx= φ −∫ ( , ) .

Thus z
D mD

x y x a mx dx=
− ′

φ = φ −∫1
( , ) ( , ) ,

where after integration the constant a is to be replaced by y mx+ , as the particular

integral does not contain any arbitrary constant.

Now if the equation is F D D z x y( , ) ( , )′ = φ
where F D D D m D D m D D m Dn( , ) ( ) ( )...( ),′ = − ′ − ′ − ′1 2

then P.I. =
′

φ1

F D D
x y

( , )
( , )

    =
− ′

⋅
− ′ − ′

φ1 1 1

1 2D m D D m D D m D
x y

n

... ( , ),

which can be eval u ated by the re peated ap pli ca tion of the above method.
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Ex am ple 20: Solve r s t y cos x+ − =6 . (Avadh 2009, 10, 11; Purvanchal 07)

So lu tion: The given equa tion can be writ ten as

( ) cos .D DD D z y x2 26+ ′ − ′ =

A.E. is m m2 6 0+ − =  or ( )( ) .m m+ − =3 2 0

∴ m = −2 3, .

∴ C. F. = φ + + φ −1 22 3( ) ( ).y x y x

Now         P.I. =
+ ′ − ′

1

62 2D DD D
y xcos  =

− ′ + ′
1

2 3( ) ( )
cos

D D D D
y x

    =
− ′

+∫1

2
3

D D
a x x dx( ) cos , where y x a− =3

    =
− ′

+ +1

2
3 3

D D
a x x x x[ sin sin cos ]

    =
− ′

− + +1

2
3 3 3

D D
y x x x x x[( ) sin sin cos ]

    =
− ′

+1

2
3

( )
[ sin cos ]

D D
y x x

    = − +∫ [( ) sin cos ] ,b x x x dx2 3  where y x b+ =2

    = − − − + +b x x x x xcos ( cos sin ) sin2 3

    = − + + + = − +( ) cos cos sin cos sin .y x x x x x y x x2 2

Hence the general solution of the given equation is

z y x y x y x x= = φ + + φ − − +C. F. + P.I. 1 22 3( ) ( ) cos sin .

Ex am ple 21: Solve ( )D DD D z cos y x sin y2 22 2+ ′ + ′ = − . (Lucknow 2011)

So lu tion: A.E. is m m2 2 1 0+ + =  or ( ) .m + =1 02

∴ m = − −1 1, .

∴ C. F. = φ − + φ −1 2( ) ( ).y x x y x

Now       P.I. =
+ ′ + ′

−1

2
2

2 2D DD D
y x y( cos sin )

    =
+ ′ + ′

−1
2

( )( )
( cos sin )

D D D D
y x y

    =
+ ′

+ − +∫1
2

D D
x a x x a dx[ cos ( ) sin ( )] ,  where y x a− =

    =
+ ′

+ − − + + +1
2

D D
x a x x a x a[ sin ( ) cos ( ) sin ( ) ]{ }

    =
+ ′

+ + +1

D D
x a x x a[sin ( ) cos ( )]
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 =
+ ′

+1

D D
y x y[sin cos ]

 = + + +∫ [sin ( ) cos ( )] ,x b x x b dx  where y x b− =

 = − + + + + + = + =cos ( ) sin ( ) cos ( ) sin ( ) sin .x b x x b x b x x b x y

Hence the gen eral so lu tion of the given equa tion is

z y x x y x x y= = φ − + φ − +C. F. + P.I. 1 2( ) ( ) sin .

Ex am ple 22: Solve ( ) .D DD D z x y2 22 15 12− ′ − ′ = (Purvanchal 2010)

So lu tion: A.E. is m m2 2 15 0− − =  or ( )( ) .m m− + =5 3 0

∴ m = −5 3, .

∴ C. F. = φ + + φ −1 25 3( ) ( ).y x y x

Now          P.I. =
− ′ − ′

1

2 15
12

2 2D DD D
xy  =

+ ′ − ′
1

3 5
12

( ) ( )D D D D
xy

   =
+ ′

−∫12

3
5

D D
x a x dx( ) , where y x a+ =5

   =
+ ′

−





12

3

1

2

5

3
2 3

D D
ax x

   =
+ ′

+ −





12

3

1

2
5

5

3
2 3

D D
y x x x( )

   =
+ ′

+2

3
3 52 3

D D
yx x{ }

   = + +∫2 3 3 52 3[ ( ) ] ,x x b x dx  where y x b− =3

   = +∫2 14 33 2( )x x b dx

   = ⋅ + ⋅








 = +2 14

4
3

3
7 2

4 3
4 3x x

b x x b

   = + − = +7 2 3 24 3 4 3x x y x x x y( ) .

Hence the general solution of the given equation is

z y x y x x x y= = φ + + φ − + +C. F. + P.I. 1 2
4 35 3 2( ) ( ) .

Ex am ple 23: Solve r t tan x tan y tan x tan y− = −3 3 . (Lucknow 2006; Avadh 10)

So lu tion: The given equa tion can be writ ten as

( ) tan tan tan tan .D D z x y x y2 2 3 3− ′ = −

A.E. is m2 1 0− = . ∴ m = −1 1, .

∴ C. F. = φ + + φ −1 2( ) ( ).y x y x

Now        P.I. =
− ′

−1
2 2

3 3

D D
x y x y(tan tan tan tan )

    =
+ ′ − ′

−1 3 3

( )( )
(tan tan tan tan )

D D D D
x y x y
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 =
+ ′

− − −∫1 3 3

D D
x a x x a x dx[tan tan ( ) tan tan ( )] ,

where y x a+ =

 =
+ ′

− + −∫1
1 2

D D
x x a x[{ } tan tan ( )]sec

                          − − − + −tan tan ( ) ( ) ]x a x a x dx{ }1 2sec

 [=
+ ′

−∫1 2

D D
a x x x dxtan ( ) tan sec

]− − −∫ tan tan ( ) ( )x a x a x dxsec2

 =
+ ′

− ⋅ + − ⋅






∫1

2

1

2

2
2 2

D D
a x

x
a x x dxtan( )

tan
( ) tansec

       + ⋅
−

− −






∫tan
tan ( )

tan ( )x
a x

x a x dx
2

2 2

2

1

2
sec

 =
+ ′

− + −1

2
2 2

( )
[tan tan ( ) tan tan ( )

D D
x a x x a x

− − − − − ⋅ −∫ sec sec sec2 2 2 21 1x a x a x x dx{ ( ) sec ( ) ( )} ]

 =
+ ′

− + −1

2
2 2

( )
[tan tan ( ) tan tan ( )

D D
x a x x a x

     + − −∫ { ( )} ]sec sec2 2x a x dx

 =
+ ′

+ + +1

2
2 2

( )
[tan tan tan tan (tan tan )]

D D
x y x y x y

 =
+ ′

+1

2
2 2

( )
[tan . tan . ]

D D
x y y xsec sec

 = + + +∫1

2
2 2[tan ( ) tan ( ) ] ,x b x b x x dxsec sec  where y x b− =

 = + − +∫1

2

1

2
2tan tan ( ) tan ( )x b x x b x dxsec

+ +∫1

2
2tan ( )b x x dxsec

 = + =1

2

1

2
tan tan ( ) tan tan .x b x x y

Hence the gen eral so lu tion of the given equa tion is

z y x y x x y= = φ + + φ − +C. F. + P.I. 1 2
1

2
( ) ( ) tan tan .

 1. Solve 
∂
∂

+ ∂
∂

=z

x

z

y
xsin .

 2. Solve  
∂
∂

+ ∂
∂ ∂

− ∂
∂

=
2

2

2 2

2
6

z

x

z

x y

z

y
y xsin .                    (Kanpur 2011)
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 3. Solve 
∂
∂

− ∂
∂

= − ⋅
2

2

2

2 2 2
4

4z

x

z

y

x

y

y

x
  

(Rohilkhand 2000; Agra 03)

 4. Solve r s t x xy y xy xy− − = + − −2 2 2 2( ) sin cos .

 5. Solve ( ) ( ) .D DD D z y e x2 22 1− ′ − ′ = −

 1. z y x x= φ − −1 ( ) cos

 2. z y x y x y x x= φ + + φ − − +1 22 3( ) ( ) ( sin cos )

 3. z y x y x x y y x x= φ + + φ − + + +1 22 2 3( ) ( ) log log .

 4. z y x y x xy= φ + + φ − +1 22( ) ( ) sin .

 5. z y x y x ye x= φ + + φ − +1 22( ) ( ) .

8  Non-Homogeneous Linear Equations with Constant

 Coefficients

A linear partial differential equation which is not homogeneous is called a non-homogeneous linear

equation.

Consider the differential equation F D D z f x y( , ) ( , ).′ = …(1)

When F D D( , )′  is a homogeneous function in D D, ′ it can always be resolved into

linear factors. But the result is not always true when F D D( , )′  is non-homogeneous.

We classify linear differential operators F D D( , )′  into two main types. These are :

( )i  F D D( , )′  is reducible if it can be written as the product of linear factors of the

form D aD b+ ′ + , with a b,  constants.

( )ii F D D( , )′  is irreducible if it cannot be so written.

Complementary function of non-homogeneous linear equation:

When F D D( , )′  can be resolved into linear factors.

The complementary function of non-homogeneous linear equation (1) is the general

solution of the equation

F D D z( , ) .′ = 0 …(2)

Let us consider a simple non-homogeneous equation

( )D mD k z− ′ − = 0 …(3)

or p mq kz− = .

Lagrange’s auxiliary equations for it are

dx dy

m

dz

kz1
=

−
= ⋅
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The first two members give

dy m dx+ = 0.

∴ y mx a+ =  (a con stant).

Again taking the first and the third members, we get
dz

z
k dx= .

∴ log logz k x b= +
or z bekx= .

∴ z e y mxkx= φ +( ), which is the so lu tion of (3).

If F D D( , )′  can be factorised into non-repeated linear factors 

( ), ( ), ..., ( )D m D k D m D k D m D kn n− ′ − − ′ − − ′ −1 1 2 2 ,

then the equation (2) is equivalent to

[( ) ( )... ( )]D m D k D m D k D m D k zn n− ′ − − ′ − − ′ − =1 1 2 2 0 …(4)

The complete solution of (2) or (4) is made up of the solutions of

( ) , ( ) ,...,D m D k z D m D k z− ′ − = − ′ − =1 1 2 20 0 ( ) .D m D k zn n− ′ − = 0

Hence the general solution (complete solution) of (2) is

         z e y m x e y m xk x k x= φ + + φ + + +1 2
1 1 2 2( ) ( ) ...  e y m xk x

n n
n φ +( ). …(5)

Note 1: If the op er a tor F D D( , )′  is re duc ible, the or der in which the lin ear fac tors

oc cur is im ma te rial.

Note 2: It can be shown that if the equa tion is

( )α β γD D z+ ′ + = 0, then z e x yx= φ −−( / ) ( ).γ α β α

F D D( , )′  has repeated factors.

Let a factor ( )D mD k− ′ −  occur twice in F D D( , )′ .

Consider the equation ( ) .D mD k z− ′ − =2 0 …(6)

Let ( ) .D mD k z u− ′ − =  Then (6) reduces to

( ) .D mD k u− ′ − = 0

This gives u e y mxk x= φ +1 ( ).

Hence              ( ) ( )D mD k z e y mxkx− ′ − = φ +1

or p mq kz e y mxkx− = + φ +1 ( ).

Lagrange’s auxiliary equations for this are

dx dy

m

dz

kz e y mxkx1 1

=
−

=
+ φ +

⋅
( )

The first two members give, y mx a+ =  (a constant).

From the first and the last members, we get

dz

dx
kz e y mx e akx kx− = φ + = φ1 1( ) ( ),

which is an or di nary lin ear equa tion.
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I. F. = =−∫ −e ek dx kx.

∴ ze e e a dx b x a bkx kx kx− −= φ + = φ +∫ 1 1( ) ( ) .

∴ z e x y mx y mxkx= φ + + φ +[ ( ) ( )],1 2 …(7)

which is the gen eral so lu tion of (6).

Hence if ( )D mD k− ′ −  occurs twice in F D D( , )′  then the C.F. corresponding to this factor is

e x y mx y mxkx [ ( ) ( )]φ + + φ +1 2 …(8)

It can be shown that the gen eral so lu tion of

( )D mD k zr− ′ − = 0

is z e y mx x y mx x y mxkx r
r= φ + + φ + + + φ +−[ ( ) ( ) ... ( )].1 2

1

Hence if  ( )D mD k− ′ −  occurs r times in F D D( , )′  then the C.F. corresponding to this factor is

e y mx x y mx x y mxkx r
r[ ( ) ( ) ( )]φ + + φ + + + φ +−

1 2
1…  . …(9)

Case when linear factors of F D D( , )′  are not possible:

In case F D D( , )′  is irreducible, i e. ., it cannot be resolved into linear factors in D and

D ′, the above methods of finding the complementary function fail. In such cases a trial

method is used to find solutions.

9  Particular Integral

The complete solution of F D D z f x y( , ) ( , )′ =
is z = C. F. + P.I.

where P.I. =
′

1

F D D
f x y

( , )
( , ).

The methods of obtaining particular integrals of non-homogeneous partial differential

equations are very similar to those of ordinary linear equations with constant

coefficients. We give some cases of finding the particular integrals.

Case I: 
1 1

0
F D D

e
F a b

e F a bax by ax by

( , ) ( , )
, if ( , ) .

′
= ≠+ +

We have  D e a er ax by r ax by( ) ,+ +=

D e b es ax by s ax by′ =+ +( )

and ( ) ( ) .D D e a b er s ax by r s ax by′ =+ +

∴ F D D e F a b eax by ax by( , ) ( ) ( , ) .′ =+ +

Op er at ing both the sides by 
1

F D D( , )
,

′
 we get

e F a b
F D D

eax by ax by+ +=
′

( , )
( , )

1
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⇒ 1 1

F D D
e

F a b
eax by ax by

( , ) ( , )
,

′
=+ +   pro vided F a b( , ) .≠ 0

Case II: The value of 
1

F D D
ax by

( , )
sin ( )

′
+  is obtained by putting 

D a DD ab D b2 2 2 2= − ′ = − ′ = −, ,and

provided the denominator is not zero. Similar is the rule for cos ( ).ax by+

Case III: 
1 1

F D D
x y F D D x ym n m n

( , )
[ ( , )] ,

′
= ′ −

which can be evaluated after expanding [ ( , )]F D D′ −1 in ascending powers of D or D′.

Case IV: 
1 1

F D D
e V e

F D a D b
Vax by ax by

( , )
( . )

( , )
.

′
=

+ ′ +
+ +

It follows from the fact that

F D D e V e F D a D b Vax by ax by( , ) . ( , ) .′ = + ′ ++ +{ }

Ex am ple 24: Solve r s t p q z+ + + + + =2 2 2 0.

So lu tion: The given equa tion can be writ ten as

( )D DD D D D z2 22 2 2 1 0+ ′ + ′ + + ′ + =

or ( )D D z+ ′ + =1 02  or { }D D z− − ′ − − =( ) ( ) .1 1 02

There are repeated linear factors.

Hence the solution is

z e y x xe y xx x= φ − + φ −− −
1 2( ) ( ).

Ex am ple 25: Solve ( ) .D a D ab D abD z2 2 2 2 2 0− ′ + + ′ =

So lu tion: The given equa tion can be writ ten as

( ) ( ) .D aD D aD ab z+ ′ − ′ + =2 0

There are distinct linear factors. Hence the solution is

z y ax e y axabx= φ − + φ +−
1

2
2( ) ( ).

Ex am ple 26: Solve ( ) .2 3 04 2 2D D D D z− ′ + ′ =

So lu tion: The given equa tion can be writ ten as

( ) ( ) .2 02 2D D D D z− ′ − ′ =

Let z Ae hx ky= +  be the so lu tion cor re spond ing to

( ) .D D z2 0− ′ =

∴ ( )D D z A h e Akehx ky hx ky2 2− ′ = −+ +

  = − =+A h k e hx ky( )2 0

⇒ h k k h2 20− = ⇒ = .
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Hence the general solution of ( )D D z2 0− ′ =  is

z Ae hx h y= +Σ
2

.

Similarly the general solution of ( )2 02D D z− ′ =  is

z Be h x h y= ′ + ′Σ 2 2
.

Hence the most general solution of the given equation is

z Ae Behx h y h x h y= ++ ′ + ′Σ Σ
2 22 .

Ex am ple 27: Solve ( ) ( ) .D D D D z e xx y− ′ − − ′ − = +−1 2 2

So lu tion: C. F. = φ + + φ +e y x e y xx x
1

2
2( ) ( ).

Now P.I. corresponding to e x y2 −

=
− ′ − − ′ −

−1

1 2
2

( ) ( )D D D D
e x y

=
+ − + −

=− −1

2 1 1 2 1 2

1

2
2 2

( ) ( )
e ex y x y

and P.I. corresponding to x

=
− ′ − − ′ −

1

1 2( ) ( )D D D D
x

= − + ′ − + ′− −1

2
1 1

1

2

1

2
1 1( ) ( )D D D D x

= + − ′ + − ′1

2
1 1

1

2

1

2
( ...) ( ...)D D D D x

= + + +1

2
1

1

2
( ...)D D x

= + = +1

2
1

3

2

1

2

3

2
( ) ( )D x x .

Hence the gen eral so lu tion of the given equa tion is

z e y x e y x e
xx x x y= = φ + + φ + + + + ⋅−C. F. + P.I. 1

2
2

21

2 2

3

4
( ) ( )

Ex am ple 28: Solve ( ) ( ) .D DD D z cos x y e y2 1 2− ′ + ′ − = + + (Avadh 2010, 11)

So lu tion: The given equa tion can be writ ten as

( ) ( ) cos ( ) .D D D z x y e y− − ′ + = + +1 1 2

∴ C. F. = φ + φ +−e y e y xx x
1 2( ) ( ).

Now P.I. corresponding to cos ( )x y+ 2

=
− ′ + ′ −

+1

1
2

2D DD D
x ycos ( )

=
− − − ⋅ + ′ −

+1

1 1 2 1
2

2 ( )
cos ( )

D
x y
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=
′

+ =
′

′
+1

2 2
2D

x y
D

D
x ycos ( ) cos ( )

=
′

−
+ = − − +

D
x y x y

2
2

1

4
2 2

2
cos ( ) sin ( ){ }

= +1

2
2sin ( )x y

and P.I. corresponding to e y

=
− ′ + ′ −

=
− − ′ +

1

1

1

1 12D DD D
e

D D D
ey y

( )( )

=
− − ′ +

= −
− ′ + +

1

0 1 1

1

1 1
1

( )( ) ( )D D
e e

D D
y y

= −
− ′

= − −
′






 = − = −

−
e

D D
e

D

D

D
e

D
xey y y y1

1
1

1 1
1

1

1

.

Hence the general solution of the given equation is

z e y e y x x y xex x y= = φ + φ + + + −−C. F. + P.I. 1 2
1

2
2( ) ( ) sin ( ) .

Ex am ple 29: Solve 

( )D D D D z xy e x y2 2 23 3− ′ − + ′ = + + .

(Rohilkhand 2007; Lucknow 08; Purvanchal 2007)

So lu tion: The given equa tion can be writ ten as

( ) ( ) .D D D D z xy e x y− ′ + ′ − = + +3 2

∴ C. F. = φ + + φ −1
3

2( ) ( ).y x e y xx

Now P.I. cor re spond ing to xy

=
− ′ + ′ −

1

3( )( )D D D D
xy

= − −
′






 − −

′







− −
1

3
1 1

3 3

1 1

D

D

D

D D
xy

= − +
′

+





 + +

′
+

′
+








1

3
1 1

3 3

2

9D

D

D

D D DD
xy... ...

= − + +
′

+
′

+
′

+
′

+







1

3
1

3 3 3

2

9D

D D D

D

D DD
xy...

= − + + + +





1

3 3

2

3

1 2

9D
xy

y
x

D
x

= − + + + +





1

3

1

2

1

3

1

3

1

6

2

9
2 2 3x y xy x x x

and P.I. corresponding to e x y+ 2

=
− ′ + ′ −

+1

3

2

( ) ( )D D D D
ex y
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=
− + ′ −

= −
+ ′ −

+ +1

1 2 3

1

3
2 2

( ) ( ) ( )D D
e

D D
ex y x y

= −
′ −

=e
D

e Dx y1

2
12 , putting

= −
′ + −

= −
′

+e e
D

e
D

x y x y.
( )

2 21

2 2
1

1
1

= − +ye x y2 .

Hence the general solution of the given equation is

z y x e y xx= = φ + + φ −C. F. + P.I. 1
3

2( ) ( )

− + + + +





− +1

3

1

2

1

3

1

3

1

6

2

9
2 2 3 2x y xy x x x ye x y.

Ex am ple 30: Solve ( ) ( ).D DD D D D z e xy sin x yx y2 2 2 32 2 2 2− ′ − ′ + + ′ = + + ++

(Avadh 2013)

So lu tion: The given equa tion can be writ ten as

( ) ( ) sin ( ).D D D D z e xy x yx y+ ′ − ′ + = + + ++2 2 22 3

∴ C. F. = φ − + φ +−
1

2
2 2( ) ( ).y x e y xx

Now P.I. corresponding to e x y2 3+

=
+ ′ − ′ +

+1

2 2
2 3

( ) ( )D D D D
e x y

=
+ − +

= −+ +1

2 3 2 6 2

1

10
2 3 2 3

( ) ( )
,e ex y x y

P.I. corresponding to xy

=
+ ′ − ′ +

1

2 2( ) ( )D D D D
xy

= +
′






 + − ′

−
−1

2
1 1

1

2
2

1
1

D

D

D
D D xy{ }( )

= −
′

+





 − − ′ + − ′ +1

2
1 1

1

2
2

1

4
2 2

D

D

D
D D D D xy... ( ) ( ) ...{ }

= −
′

+





 − + −1

2
1

1

2
1

D

D

D
xy y x... ( )

= − + − − +1

2

1

2
1

1

2

1

2
2

D
xy y x x x( )

= − − + −





1

2

1

2

1

2

3

2
12

D
xy y x x

= − − + −





1

2

1

2

1

2

1

6

3

4
2 3 2x y xy x x x

and P.I. corresponding to sin ( )2x y+

=
− ′ − ′ + + ′

+1

2 2 2
2

2 2D DD D D D
x ysin ( )

=
− − − ⋅ − ⋅ − + + ′

+1

2 2 1 2 1 2 2
2

2 2( ) ( )
sin ( )

D D
x y
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=
+ ′

+ =
− ′
− ′

+1

2
2

2
2

2 2( )
sin ( )

( )
sin ( )

D D
x y

D D

D D
x y

=
− ′

− − −
+ = − − ′ +1

2 2 1
2

1

6
2

2 2

D D
x y D D x y

( )
sin ( ) ( ) sin ( )

= − + − + = − +1

6
2 2 2

1

6
2{ }cos ( ) cos ( ) cos ( ).x y x y x y

Hence the gen eral so lu tion of the given equa tion is

z = C. F. + P.I.

Ex am ple 31: Solve ( ) ( ).D D z e tan y xx− ′ − = +3 2 2 32 2

So lu tion:   C. F. = φ + + φ +e y x xe y xx x2
1

2
23 3( ) ( ).

Now    P.I. =
− ′ −

+1

3 2
2 3

2
2

( )
tan ( )

D D
e y xx

  =
+ − ′ −

+2
1

2 3 2
32

2
e

D D
y xx

{ }( )
tan ( )

  =
− ′

+2
1

3
32

2
e

D D
y xx

( )
tan ( )

  = ⋅ + = +2
2

3 32
2

2 2e
x

y x x e y xx x

!
tan ( ) tan ( ).

Hence the general solution of the given equation is

        z = C. F. + P.I.

Ex am ple 32: Solve ( ) .D DD D z e x y3 2 33 1− ′ + + = +
(Kanpur 2008)

So lu tion: Since D DD D3 3 1− ′ + +   can not be re solved into lin ear fac tors in D and 

D′ hence C. F. = +Σ Aehx ky

where h hk h i e k
h h

h
3

3

3 1 0
1

3
− + + = =

+ +
⋅. .,

Now    P.I. =
− ′ + +

+1

3 13
2 3

D DD D
e x y

   =
− ⋅ ⋅ + +

= −+ +1

2 3 2 3 2 1

1

73
2 3 2 3e ex y x y.

Hence the general solution of the given equation is

        z Ae ehx ky x y= = −+ +C. F. + P.I. Σ 1

7
2 3 , 

where h hk h3 3 1 0− + + = .

Ex am ple 33: Solve ( ) ( ).D DD D z sin x y2 2 3 4− ′ − = +

So lu tion: Since D DD D2 2− ′ −  can not be re solved into lin ear fac tors in D and D ′ ,

hence

C. F. = − − = = −+Σ Ae h hk h i e k hhx ky, . ., .where 2 2 0 2
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Now         P.I. =
− ′ −

+1

2
3 4

2D DD D
x ysin ( )

   =
− − − −

+1

9 34 2
3 4

( . )
sin ( )

D
x y

   =
−

+ =
+

−
+1

3 2
3 4

3 2

9 4
3 4

2D
x y

D

D
x ysin ( ) sin ( )

   =
+

− −
+

3 2

9 4 9
3 4

D
x y

( )
sin ( )

   = + + ⋅ +1

45
3 3 4 2 3 3 4{ }sin ( ) cos ( )x y x y

   = + + +1

15
3 4 2 3 4{ }sin ( ) cos ( ) .x y x y

Hence the gen eral so lu tion of the given equa tion is

  z = C. F. + P.I.

Ex am ple 34:  Solve 
∂

∂
+

∂
∂ ∂

−
∂

∂
= +

2

2

2 2

2
26

z

x

z

x y

z

y
x sin x y( ).

So lu tion: The given equa tion can be writ ten as

( ) sin ( )D DD D z x x y2 2 26+ ′ − ′ = +

or ( ) ( ) sin ( ).D D D D z x x y− ′ + ′ = +2 3 2

∴ C. F. = φ + + φ −1 22 3( ) ( ).y x y x

Now  P.I. =
+ ′ − ′

+1

62 2
2

D DD D
x x ysin ( )

    = imag i nary part of 
1

62 2
2

D DD D
x ei x y

+ ′ − ′
+( )

    = I.P. of e
D i D i D i D i

xi x y( )

( ) ( ) ( ) ( )

+

+ + + ′ + − ′ +
1

62 2
2

    = I.P. of e
D iD DD D i D

xi x y( )+

+ + ′ − ′ − ′ +
1

3 11 6 42 2
2

    = I.P. of e
D iDi x y( )+ ⋅ + +












1

4
1

4

3

4

2

+
′

−
′

−
′ 










−
DD D i D

x
4

11

4

6

4

2
1

2

    = I.P. of e
D iD DD D i

Di x y( ).+ − − −
′

+
′

+ ′






1

4
1

4

3

4 4

11

4

6

4

2
2

+ +






9

16

2 2
2i D

x...

    = I.P. of e x
i

xi x y( ).+ − − −





1

4

1

2

3

2

9

8
2
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    = I.P. of 
1

4

13

8

3

2
2{ }cos ( ) sin ( )x y i x y x

ix+ + + − −





    = −





+ − +1

4

13

8

3

8
2x x y x x ysin ( ) cos ( ).

Hence the general solution of the given equation is

z y x y x= = φ + + φ −C. F. + P.I. 1 22 3( ) ( )

+ −





+ − +1

4

13

8

3

8
2x x y x x ysin ( ) cos ( ).

  1. Solve ( ) .D D D D z2 2 0− ′ + − ′ =

 2. Solve DD D D z′ − ′ − =( ) .2 3 0

 3. Solve ( ) ( ) .D D D D z− ′ − − ′ − =2 1 2 1 02

 4. Solve t s q+ + = 0. (Avadh 2007)

 5. Solve r s p− + = 1. (Avadh 2010)

 6. Solve ( ) .D D z y x2 22− ′ = −

 7. Solve ( ) sin ( ).D DD D z x y2 1 2+ ′ + ′ − = + (Rohilkhand 2008)

 8. Solve 
∂
∂

− ∂
∂ ∂

+ ∂
∂

+ ∂
∂

− ∂
∂

= +
2

2

2 2

2
4 4 2

z

x

z

x y

z

y

z

x

z

y
e x y.

 9. Solve ( ) sin ( )D DD D z x y e x y2 22 3 4− ′ − = + − + . (Avadh 2010)

10. Solve ( ) .D D z xeax a y2 2
− ′ = +

11. Solve ( ) .D D D D z e x y2 2 2 3− ′ + − ′ = +

12. Solve ( ) .D DD D z e x y2 3 24 1− ′ + − = −

13. Solve ( ) .D D z x y2 21− ′ − =

14. Solve ( ) cos ( ) .D DD D z x y e y2 1 2 2− ′ + ′ − = + −  (Avadh 2009)

15. Solve 
∂
∂

− ∂
∂ ∂

+ ∂
∂

− ∂
∂

+ ∂
∂

= + −
2

2

2 2

2
3 2 2 2 4

z

x

z

x y

z

y

z

x

z

y
x e y( ) .

 1. z y x e y xx= φ + + φ −−
1 2( ) ( )

 2. z x y e y xx= φ + φ + φ +1 2
3

3 2( ) ( ) ( )
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 3. z e y x Aex k x ky= φ + + + +
1

2 12
2

( ) ( )Σ

 4. z x e y xx= φ + φ −−
1 2( ) ( )

 5. z y e y x xx= φ + φ + +−
1 2( ) ( )

 6. z Ae yxhx h y= ++Σ
2 2

 7. z e y e y x x y x yx x= φ + φ − − + + +−
1 2

1

10
2 2 2( ) ( ) cos ( ) sin ( ){ }

 8. z y x e y x yex x y= φ + + φ + +− +
1 22 2

1

2
( ) ( )

 9. z y e y x x yx= φ + φ + + +1
2

2
1

15
3 4( ) ( ) sin ( ){  + + + +2 3 4

1

2
2cos ( ) .x y e x y}

10. z Ae
x

a

x

a
ehx h y ax a y= + −











+ +Σ
2 22

24 4

11. z y x e y x ex x y= φ + + φ − −− +
1 2

2 31

6
( ) ( )

12. z Ae ehx ky x y= ++ −Σ 1

35
3 2 , where k

h
h h= + −1

4
12( )

13. z Ae x x y yhx h y= + − − ++ −Σ ( )2 1 2 2 2 4

14. z e y e y x x y x ex x y= φ + φ + + + +−
1 2 2( ) ( ) sin ( )

15. z y x e y x e x xx y= φ + + φ + + +−
1 2

22( ) ( ) ( )

10   Equations Reducible to Linear Form with Constant

  Coefficients

A partial differential equation having variable coefficients can sometimes be reduced to 

an equation with constant coefficients by suitable substitutions. We shall discuss the

reduction of an equation of the form 

A x
z

x
A x y

z

x y
A y

z

y

n
n

n
n

n

n n
n

n

n0 1
1

1

∂
∂

+ ∂
∂ ∂

+ +
∂
∂

+



 −

− ... ...








= f x y( , )

…(1)

into a lin ear equa tion with con stant co ef fi cients.

It should be noted that in the equation (1) the term 
∂

∂ ∂ −

n

r n r

z

x y
 is multiplied by the

variable expression x yr n r− .

To transform the equation (1), we put x e y eX Y= =,  so that, X x= log  and 

Y y= log .
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Then 
∂
∂

= ∂
∂

⋅ ∂
∂

= ∂
∂

z

x

z

X

X

x x

z

X

1
 

or x
z

x

z

X

∂
∂

= ∂
∂

∴ x
x X

D
∂
∂

≡ ∂
∂

≡ (say). …(2)

Now x
x

x
z

x
x

z

x
x

z

x

∂
∂

∂
∂







=
∂

∂
+ ∂

∂
2

2

2
 

⇒ x
z

x
x

x
x

z

x
2

2

2
1

∂
∂

= ∂
∂

−





∂
∂

           
= −
= −

( )

( ) .

D Dz

D D z

1

1 …(3)

In gen eral x
z

x
D D D D n zn

n

n

∂
∂

= − − − +( ) ( )...( ) .1 2 1 …(4)

Similarly differentiating w.r.t. y, we get

y
z

y

z

Y
D z i e y

y Y
D

∂
∂

= ∂
∂

= ′ ∂
∂

≡ ∂
∂

≡ ′. ., ,

y
z

y
D D z2

2

2
1

∂

∂
= ′ ′ −( ) ,

y
z

y
D D D n zn

n

n

∂
∂

= ′ ′ − ′ − +( )...( ) .1 1

Also xy
z

x y
DD z

∂
∂ ∂

= ′
2

and             x y
z

x y
D D D m D Dm n

m n

m n

∂
∂ ∂

= − − + ′ ′ −
+

( )...( ) ( )...1 1 1 ( ) .D n z′ − + 1

These substitutions reduce the equation (1) to an equation having constant

coefficients and now it can easily be solved by the methods discussed for homogeneous

and non-homogeneous linear equations with constant coefficients.

Ex am ple 35: Solve x
z

x
xy

z

x y
y

z

y

2
2

2

2
2

2

2
2 0

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= .

So lu tion:  Putt ing x e y eX Y= =,

and denoting  
∂

∂X
  and  

∂
∂Y

  by D and D ′ respectively, the given equation transforms to

[ ( ) ( )]D D DD D D z− + ′ + ′ ′ − =1 2 1 0
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or [ ]D DD D D D z2 22 0+ ′ + ′ − − ′ =

or ( ) ( ) .D D D D z+ ′ + ′ − =1 0

Hence the gen eral so lu tion of the given equa tion is

z Y X e Y XX= φ − + φ −1 2( ) ( ) 

  = φ − + φ −1 2(log log ) (log log )y x x y x

  = φ 





+ φ 





= 





+ 



1 2 1 2log log

y

x
x

y

x
f

y

x
x f

y

x 
⋅

Ex am ple 36: Solve x
z

x
xy

z

x y
y

z

y
y

z

y
x y2

2

2

2
2

2

2
3 44 4 6

∂
∂

− ∂
∂ ∂

+ ∂
∂

+ ∂
∂

= .

So lu tion: Putt ing x e y eX Y= =,

and denoting 
∂

∂X
 and 

∂
∂Y

 by D and D ′ respectively, the given equation transforms to

[ ( ) ( ) ]D D DD D D D z e X Y− − ′ + ′ ′ − + ′ = +1 4 4 1 6 3 4

or ( ) .D D DD D D z e X Y2 2 3 44 4 2− − ′ + ′ + ′ = +

or ( ) ( )D D D D z e X Y− ′ − ′ − = +2 2 1 3 4 .

∴ C. F. = φ + + φ +1 22 2( ) ( )Y X e Y XX

    = φ + + φ +1 22 2(log log ) (log log )y x x y x

    = φ + φ1
2

2
2(log ( )) (log ( ))yx x yx

    = +f yx x f yx1
2

2
2( ) ( ).

Now        P.I. =
− ′ − ′ −

+1

2 2 1
3 4

( ) ( )D D D D
e X Y

=
− − −

=+1

3 24 3 24 1

1

30
3 4 3 4

( . ) ( . )
.e x yX Y

Hence the gen eral so lu tion of the given equa tion is

z f yx x f yx x y= = + +C. F. + P.I. 1
2

2
2 3 41

30
( ) ( ) .

Ex am ple 37: Solve x
z

x
xy

z

x y
y

z

y
x y n2

2

2

2
2

2

2
2 2 22

∂
∂

+ ∂
∂ ∂

+ ∂
∂

= +( ) ./

So lu tion: Putt ing x e y eX Y= =,  and de not ing 
∂

∂X
 and 

∂
∂Y

 by D and D′ re spec tively,

the given equa tion trans forms to

{ }D D DD D D z e eX Y n( ) ( ) ( ) /− + ′ + ′ ′ − = +1 2 1 2 2 2

or { }D DD D D D z e eX Y n2 2 2 2 22+ ′ + ′ − − ′ = +( ) /

or ( ) ( ) ( ) ./D D D D z e eX Y n+ ′ + ′ − = +1 2 2 2
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∴  C. F. = φ − + φ −1 2( ) ( )Y X e Y XX

= φ − + φ −1 2(log log ) (log log )y x x y x

= φ 





+ φ 





= 





+ 



1 2 1 2log log

y

x
x

y

x
f

y

x
x f

y

x 
⋅

Now       P.I. =
+ ′ + ′ −

+1

1
2 2 2

( ) ( )
( ) /

D D D D
e eX Y n

=
+ ′ + ′ −

+ −1

1
1 2 2

( ) ( )
( ) /

D D D D
e enX Y X{ }n

=
+ ′ + ′ −

+


− +1

1

1

2
2 2

( ) ( )
( )

D D D D
e nenX n X Y

+
−

+









− +
1

2

1

2
1

2
4 4

n n
e n X Y

( )

!
...( )

=
−

+ +





−e

n n
ne

nX
Y X

( )
...( )

1
1

1

2
2

=
+

−
=

+
−

=
+−e e

n n

e e

n n

x ynX Y X n X Y n[ ]

( )

( )

( )

(( ) / /1

1 1

2 2 2 2 2 2 2)

( )

/n

n n

2

1−
⋅

Hence the gen eral so lu tion of the given equa tion is

z f
y

x
x f

y

x

x y

n n

n

= = 





+ 





+
+

−
C. F. + P.I. 1 2

2 2 2

1

( )

(

/

)
⋅

Ex am ple 38: Solve yt q xy− = . (Avadh 2009)

So lu tion: The given equa tion can be writ ten as

y
z

y

z

y
xy

∂
∂

− ∂
∂

=
2

2
 

or y
z

y
y

z

y
xy2

2

2
2∂

∂
− ∂

∂
= .

Putting x e y eX Y= =,  and denoting 
∂

∂X
 and 

∂
∂Y

 by D and D′ respectively the given

equation transforms to

{ }D D D z eX Y′ ′ − − ′ = +( )1 2  

or D D z eX Y′ ′ − = +( ) .2 2

∴        C. F. = φ + φ1
2

2( ) ( )X e XY

   = φ + φ1
2

2(log ) (log )x y x

   = +f x y f x1
2

2( ) ( ).
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Now         P.I. =
′ ′ −

+1

2
2

D D
eX Y

( )

  =
′ −

+1

2 2
2

( )D
eX Y

  =
′ + −

+1

2

1

2 2
12e

D
X Y

  =
′

=+ +1

2

1
1

1

2
2 2e

D
YeX Y X Y

  = 1

2
2xy ylog .

Hence the general solution of the given equation is

z f x y f x xy y= = + +C. F. + P.I. 1
2

2
21

2
( ) ( ) log .

Ex am ple 39: Solve 
1 1 1 1
2

2

2 3 2

2

2 3x

z

x x

z

x y

z

y y

z

y

∂
∂

− ∂
∂

= ∂
∂

− ∂
∂

⋅

So lu tion: Put 
1

2
2x X=  and 

1

2
2y Y= , 

so that x dx dX=  and y dy dY= .

Hence 
∂
∂

= ∂
∂

∂
∂

= ∂
∂

z

X

z

x

x

X x

z

x

1

and 
∂
∂

= ∂
∂

∂
∂







2

2

z

X X

z

X

    = ∂
∂

∂
∂







⋅ ∂
∂x x

z

x

x

X

1

     = ⋅ ∂
∂

∂
∂







1 1

x x x

z

x

    = − ∂
∂

+ ∂
∂

1 1
3 2

2

2x

z

x x

z

x

i e. .,
1 1
2

2

2 3

2

2x

z

x x

z

x

z

X

∂
∂

− ∂
∂

= ∂
∂

⋅

Sim i larly 
1 1
2

2

2 3

2

2y

z

y y

z

y

z

Y

∂
∂

− ∂
∂

= ∂
∂

⋅

Thus the given equa tion trans forms to

∂
∂

= ∂
∂

2

2

2

2

z

X

z

Y
   or  

∂
∂

− ∂
∂

=
2

2

2

2
0

z

X

z

Y

or ( )D D z2 2 0− ′ =

where D
X

D
Y

≡ ∂
∂

′ ≡ ∂
∂

,
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or ( ) ( ) .D D D D z+ ′ − ′ = 0

Hence the so lu tion is

z Y X Y X= φ − + φ +1 2( ) ( )

  = − + +f y x f y x1
2 2

2
2 2( ) ( ).

 1. Solve x
z

x
y

z

y
y

z

y
x

z

x
2

2

2
2

2

2
0

∂
∂

− ∂
∂

− ∂
∂

+ ∂
∂

= .

 2. Solve x
z

x
xy

z

x y
y

z

y
x

z

x
y

z

y
z2

2

2

2
2

2

2
2 0

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

− = .

 3. Solve x r xys y t px q y x y2 23 2 2 2− + + + = + .

 4. Solve x
z

x
y

z

y
x y2

2

2
2

2

2
2∂

∂
− ∂

∂
= .

 5. Solve ( ) .x D xyDD y D z x ym n2 2 2 22+ ′ + ′ =

 6. Solve x
z

x
xy

z

x y
x

z

x

x

y

2
2

2

2 3

2
2

∂
∂

+ ∂
∂ ∂

− ∂
∂

= ⋅

 7. Solve x r y t px qy log x2 2− + − = . (Lucknow 2006)

 1. z f xy f
y

x
= + 



1 2( )

  2. z x f
y

x x
f

y

x
= 





+ 



1 2

1

 3. z f xy f x y x y= + + +1 2
2( ) ( )

 4. z f xy x f y x x y= + +1 2
21

2
( ) ( / )

 5. z f
y

x
x f

y

x m n m n
x ym n= 





+ 





+
+ + −1 2

1

1( )( )

 6. z f y x f y x x y= + −1
2

2
2 3 21

9
( ) ( / ) ( / )

 7. z f y x f xy x= + +1 2
31

6
( / ) ( ) (log )
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11  Classification of Linear Partial Differential Equation

  of Second Order

The linear partial differential equation of the second order in n independent variables 

x x xn1 2, , ,…  can be written as

Σ Σ Σ
i

n

j

n

ij
i j i

n

i
i

a
u

x x
b

u

x
c u

= = =

∂
∂ ∂

+ ∂
∂

+ =
1 1

2

1
0 …(1)

where a bij i,  and c are constants or functions of x x xn1 2, , , .…

Let δi rep re sent 
∂

∂xi
, for i n= …1 2, , ,

and δ δi j  represent 
∂

∂ ∂

2

x xi j
, for i n= …1 2 3, , , ,  and j n= …1 2 3, , , , .

Con sider the op er a tor φ =
= =
Σ Σ

i

n

j

n

ij i ja
1 1

δ δ …(2)

for all real values of δi positive or negative.

Now at a point x x xn1 2, , ,…  we call the linear partial differential equation given by (1)

as :

(i) elliptic if φ is positive for all real values of δi and it reduces to zero only when all 

δi’s are zero.

(ii) hyperbolic if φ can be both positive or negative.

(iii) parabolic if the determinant ∆ vanishes, where

∆ =

a a a

a a a
n

n

11 12 1

21 22 2

...

...

... ... ... ...

... ... ... ...

a a an n nn1 2

0

...

.=

If aij are functions of x x xn1 2, , ,…  the same differential equation can be elliptic,

hyperbolic and parabolic at different points.

If aij are constants, the equation will have the same nature throughout.

12  Classification of Linear Partial Differential Equation of

  Second Order in Two Independent Variables

Let us consider the equation of second order in two independent variables x and y

A
u

x
B

u

x y
C

u

y
f x y u

u

x

u

y

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

∂
∂









 =

2

2

2 2

2
0, , , , , …(1)

where A is pos i tive.
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Here φ = + +A B Cδ δ δ δ1
2

1 2 2
2.

The equa tion (1) is

(i) el lip tic if B AC2 4 0− < ,

(ii) hy per bolic if B AC2 4 0− > ,

(iii) par a bolic if B AC2 4 0− = .

Note 1: If A B C, ,  are con stants then the na ture of the equa tion (1) will be the same in 

the whole re gion i e. ., for all val ues of x and y. The na ture will de pend on B AC2 4− .

The equa tion (1) will be el lip tic if B AC2 4 0− < .

The equa tion (1) will be hy per bolic if B AC2 4 0− > .

The equa tion (1) will be par a bolic if B AC2 4 0− = .

Note 2: If A B C, ,  are func tions of x and y then the na ture of equa tion (1) will not be

same in the whole re gion i e. ., for all val ues of x and y.

The equation (1) will be elliptic in the region where B AC2 4 0− < .

The equation (1) will be hyperbolic in the region where B AC2 4 0− > .

The equation (1) will be parabolic in the region where B AC2 4 0− = .

Ex am ple 40: Clas sify the op er a tor 

(i)
∂
∂

+ ∂
∂ ∂

+ ∂
∂

2

2

2 2

2

u

t

u

x t

u

x (Meerut 2011)

(ii)
∂
∂

− ∂
∂ ∂

+ ∂
∂

2

2

2 2

2
4

u

t

u

x t

u

x

(iii)
∂
∂

+ ∂
∂ ∂

+ ∂
∂

⋅
2

2

2 2

2
4 4

u

t

u

x t

u

x.

So lu tion: (i) Here A B C= = =1 1 1, ,  and so B AC2 4 1 4 3 0− = − = − < .

There fore, the given op er a tor is el lip tic.

(ii) Here A B C= = − =1 4 1, ,  and so B AC2 4 16 4 12 0− = − = > .

There fore the given op er a tor is hy per bolic.

(iii) Here A B C= = =1 4 4, ,  and so B AC2 4 16 16 0− = − = .

There fore the given op er a tor is par a bolic.
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Ex am ple 41: Clas sify the equa tion

      ( ) ( )1 2 12
2

2

2
2

2

2
− ∂

∂
− ∂

∂ ∂
+ − ∂

∂
x

z

x
xy

z

x y
y

z

y
 + ∂

∂
+ ∂

∂
− =x

z

x
x y

z

y
z3 2 02 .

So lu tion: Con sider the op er a tor

φ = + +A B Cδ δ δ δ1
2

1 2 2
2, where δ δ1 2≡ ∂

∂
≡ ∂

∂
⋅

x y
,

Here A x= −1 2, B xy= − 2 , C y= −1 2, 

and so B AC x y x y2 2 2 2 24 4 4 1 1− = − − −( ) ( ) = − + +4 1 2 2( ).x y

Since A B C, ,  are functions of x and y, the given differential equation is 

hyperbolic in the region where 

B AC2 4 0− >  i e. ., x y2 2 1+ > ,

parabolic in the region where 

B AC2 4 0− =  i e. ., at points on the circle x y2 2 1+ = , 

and elliptic in the region where  

B AC2 4 0− <  i e. ., x y2 2 1+ < .

 1. Clas sify the fol low ing equa tions :

(i)  
∂
∂

+ ∂
∂

+ ∂
∂

=
2

2

2

2

2

2
0

u

x

u

y

u

z
 

(Laplace’s equa tion)
 
(Meerut 2007, 08, 11)

(ii)  
∂
∂

+ ∂
∂

+ ∂
∂

= ∂
∂

2

2

2

2

2

2 2

2

2

1u

x

u

y

u

z C

u

t
 

(Wave equa tion)  (Meerut 2007, 10)

(iii) 
∂
∂

+ ∂
∂

+ ∂
∂

= ∂
∂

⋅
2

2

2

2

2

2 2

1u

x

u

y

u

z C

u

t
(Heat equa tion)

 
(Meerut 2007)

 2. Find where the fol low ing op er a tor is hy per bolic, par a bolic and el lip tic

(i)  
∂
∂

+ ∂
∂ ∂

+ ∂
∂

2

2

2 2

2

u

t
t

u

x t
x

u

x

(ii)  x
u

t

u

x
u2

2

2

2

2

∂
∂

− ∂
∂

+

(iii) t
u

t

u

x t
x

u

x

u

x

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

⋅
2

2

2 2

2
2
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 3. Show that the equa tion 
∂
∂

= ∂
∂

2

2
2

2

2

u

t
c

u

x
 is hy per bolic. 

(Rohilkhand 2008, 10)

 4. Clas sify the fol low ing as el lip tic, par a bolic or hy per bolic :

(i)  
∂
∂

= ∂
∂

2

2

z

x

z

y
(ii)  

∂
∂

= ∂
∂

2

2

2

2

z

x

z

y

(iii) 
∂
∂

+ ∂
∂

=
2

2

2

2
0

z

x

z

y
.

 5. Clas sify the par tial dif fer en tial equa tion

 x
u

t

u

x t
x

u

x

u

t
u2

2

2

2 2

2
3 17 100

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

= .

 6. Classify the following differential equation as to type in the second quadrant of 

xy-plane

 ( ) ( ) ( ) .y x u x y u y x uxx x y y y
2 2 2 22 0+ + − + + =

 1. (i) el lip tic (ii) hy per bolic (iii) par a bolic

 2. hy per bolic if t x2 4> ,  par a bolic if t x2 4=  and el lip tic if t x2 4<

 4. (i) par a bolic  (ii) hy per bolic  (iii) el lip tic

 5. hy per bolic if 9 4 3> x ,  par a bolic if 9 4 3= x  and el lip tic if 9 4 3< x

 6. hy per bolic

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).

 1. Out of the following four P.D.E., the equation which is linear:

(a)
∂
∂

− ∂
∂

∂
∂

+ ∂
∂

=
3

3

2

2

2

2
3 8

z

x

z

x

z

y

z

y
xsin (b)

∂

∂
+ ∂

∂








 + =

2

2

2

9 0
z

x

z

y
z

(c)
∂

∂
+

∂

∂
=

2

2

2

2
5 0

z

x

z

y
(d) none of these

(Rohilkhand 2003)
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 2. The A.E. of the equa tion 2 5 2 0r s t+ + =  is 

(a) 2 5 2 02m m+ + = (b) 2 5 2 02m m− + =

(c) 2 5 2 02m m+ − = (d) 2 5 2 02m m− − =

 3. The gen eral so lu tion of the dif fer en tial equa tion ( )D DD D z2 22 0− ′ + ′ =  is

(a) z c e c ex y= +1 2

(b) z c e x c y= +( )2

(c) z x y y x= φ + + φ +1 2( ) ( )

(d) z y x x y x= φ + + φ +1 2( ) ( ) (Rohilkhand 2002)

 4. The C.F. of the equa tion ( ) ( ) /D DD D z x y3 2 3 1 23 2 2− ′ + ′ = +  is

(a) φ + + φ −1 2 2( ) ( )y x y x

(b) φ + + φ + + φ +1 2 3 2( ) ( ) ( )y x x y x y x

(c) φ + + φ + + φ −1 2 3 2( ) ( ) ( )y x x y x y x

(d) none of these.

 5. The P.I. of the dif fer en tial equa tion ( )D DD D z x y2 23 2+ ′ + ′ = +  is

(a)
( )x y+ 3

6
(b)

( )x y+ 3

12

(c)
( )x y+ 3

36
(d) none of these

 6. The C.F. of the equa tion log s x y= +  is

(a) φ + φ1 2( ) ( )x y (b) φ + φ1 2( ) ( )y x y

(c) φ + φ1 2( ) ( )x x y (d) none of these

 7. The C.F. of the equa tion ( ) cos sinD DD D z y x y2 22 2+ ′ + ′ = −  is

(a) φ + + φ −1 2( ) ( )y x y x (b) φ + + φ +1 2( ) ( )y x x y x

(c) φ − + φ −1 2( ) ( )y x x y x (d) none of these

 8. The so lu tion of non-ho mo ge neous equa tion ( )D mD k z− ′ − = 0 is

(a) z e y mxkx= φ +( ) (b) z e y mxkx= φ −( )

(c) z e y mxx= φ +( ) (d) z e y mxx= φ −( )

 9. If z Aehx ky= +  be the so lu tion of ( )D D z− ′ =2 0 then

(a) h k= (b) h k= 2

(c) h k= 3 (d) none of these

10. The C.F. of ( ) sin ( )D DD D z x y2 2 3 4− ′ − = +  is Σ Ae hx ky+  where

(a) h hk h2 2 0− − = (b) h hk h2 2 0+ − =

(c) h hk h2 2 0− + = (d) none of these
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11. P.I. of the equa tion ( )D DD D z e x y3 4 53 1− ′ + ′ + = +  is

(a)
1

4
4 5e x y+ (b)

1

5
4 5e x y+

(c)
1

10
4 5e x y+ (d) none of these

12. The equa tion 

A x
z

x
A x y

z

x y
A y

z

y
f x yn

n

n
n

n

n n
n

n

n0 1
1

1

∂
∂

+
∂

∂ ∂
+ … +

∂
∂

+ … =−
− ( , ) 

can  be reduced into a linear equation with constant coefficients in the variables 

X and Y  by substitutions

(a) x X y Y= =log , log (b) x e y eX Y= =,

(c) x e y eX Y= =2 2, (d) none of these

13. The par tial dif fer en tial equa tion

A u B u C u f x y u uxx x y y y x y+ + + =( , , , ) 0

is hy per bolic if

(a) B AC2 4 0− = (b) B AC2 4 0− <
(c) B AC2 4 0− > (d) A B C= = = 0

14. The par tial dif fer en tial equa tion

A u B u C u f x y u uxx x y y y x y+ + + =( , , , ) 0

is par a bolic if

(a) B AC2 4 0− = (b) B AC2 4 0− <
(c) B AC2 4 0− > (d) A B C= = = 0

15. The par tial dif fer en tial equa tion 2 4 3 0
2

2

2 2

2

∂
∂

+ ∂
∂ ∂

+ ∂
∂

=u

x

u

x y

u

y
is clas si fied as

(a) par a bolic (b) el lip tic

(c) hy per bolic (d) none of these

Fill in the Blank(s)

Fill in the blanks “……” so that the following statements are complete and correct.

 1. In the homogeneous linear partial differential equation with constant

coefficients all the partial derivatives appearing in the equation are of the ……

order.

 2. If u is the complementary function and z1 a particular integral of a linear partial

differential equation F D D z f x y( , ) ( , )′ =  then …… is a general solution of the

equation.

 3. A linear partial differential equation which is not homogeneous is called a ……

linear equation.
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 4. The A.E. of a linear homogeneous nth order partial differential equation with

constant coefficients will give in general …… roots. 

 5. The A.E. of ( ) ( )D D z x y2 2 30 2+ ′ = +  is …… . 

 6. The par tial dif fer en tial equa tion

A u B u C u f x y u uxx x y y y x y+ + + =( , , , ) 0

is clas si fied as el lip tic if …… .

 7. The par tial dif fer en tial equa tion 2 6 3 0
2

2

2 2

2

∂
∂

+ ∂
∂ ∂

+ ∂
∂

=u

x

u

x y

u

y
is clas si fied as …… .

 8. The equa tion A
u

x
B

u

x y
C

u

y
f x y u

u

x

u

y

∂
∂

+ ∂
∂ ∂

+ ∂
∂

+ ∂
∂

∂
∂









 =

2

2

2 2

2
0, , , ,

is el lip tic, hy per bolic or par a bolic ac cord ing as B AC2 4− …… .

True or False

Write ‘ T’ for true and ‘F’ for false statement.

 1. The A.E. of a linear homogeneous nth order partial differential equation with
constant coefficients of the form F D D z f x y( , ) ( , )′ =  is obtained by putting 
D D m= ′ =1,  in F D D( , ) .′ = 0

 2. The value of 
1

1

1

( )
( )

( )
( ).

bD aD
x ax by

x

b r
ax byr

r

− ′
φ + =

+
φ +

+

 3. The so lu tion of ( )D aDD a D z2 2 22 0− ′ + ′ =  is

 z y ax x y ax= φ + + φ +1 2( ) ( ).

 4. In case of non-homogeneous linear partial differential equation with constant

coefficients the value of  
1 1

F D D
e V e

D a D b
Vax by ax by

( , )
.

( , )
.( )

′
=

− ′ −
+ +

 5. The C.F. of ( )D DD D z e x y3 2 33 1− ′ + + = +  is Σ Ae hx ky+  

where h hk h3 3 1 0− + + = .

 6. In the equa tion ( ) ( , )D mD z x y− ′ = φ  the value of 

z
D mD

x y x a mx dx=
− ′

φ = φ −∫1
( , ) ( , ) , where a y mx= + .

Multiple Choice Questions
 1. (c)  2. (a)  3. (d)

 4. (c)  5. (c)  6. (a)

 7. (c)  8. (a)  9. (b)
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10. (a) 11. (c) 12. (b)

13. (c) 14. (a) 15. (b)

Fill in the Blank(s)
 1. same  2. u z+ 1

 3. non-ho mo ge neous.  4. n  5. m2 1 0+ =

 6. B AC2 4 0− <  7. hy per bolic

 8. < > =0 0 0, ,

True or False
 1. F  2. T 3. T

 4. F  5. T 6. T

¨
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