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Preface

This book on Functions of Several Variables and Partial Differential
Equations has been specially written according to the latest Syllabus to meet the
requirements of B.A. and B.Sc. Semester-V Students of all colleges affiliated to
Kumaun University.

The subject matter has been discussed in such a simple way that the students will find
no difficulty to understand it. The proofs of various theorems and examples have been
given with minute details. Each chapter of this book contains complete theory and a fairly
large number of solved examples. Sufficient problems have also been selected from various
university examination papers. At the end of each chapter an exercise containing objective
questions hasbeen given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care, might
have been there.

The authors, in general, hope that the present book will be warmly received by the
students and teachers. We shall indeed be very thankful to our colleagues for their
recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam Rastogi,
Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of KRISHNA
Prakashan Media (P) Ltd., Meerut for bringing out this book in the present nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is
meant. Suggestions for the improvement of the book are always welcome.

— Authors



Syllabus

FUNCTIONS OF SEVERAL VARIABLES

AND PARTIAL DIFFERENTIAL E()lJATIONS
B.A./B.Sc. V Semester
Kumaun University
Fifth Semester — Third Paper
B.A./B.Sc. Paper-Ill M.M.-60

Functions of several variables: Limit, continuity and differentiability of functions of
several variables.

Partial Derivatives: Partial derivatives and their geometrical interpretation, differentials,
derivatives of composite and implicit functions, Jacobians, Chain rule, Euler's theorem on
homogeneous functions, harmonic functions, Taylor's expansion of functions of several
variables.

Maxima and Minima: Maxima and minima of functions of several variables — Lagrange’s
method of multipliers.

Partial differential equations: Partial differential equations of first order, Charpit’s
method, Linear partial differential equations with constant coefficients. First-order linear,
quasi-linear PDE's using the method of characteristics.

Partial differential equations of 2nd-order: Classification of 2nd-order linear
equations in two independent variables: hyperbolic, parabolic and elliptic types (with
examples).
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Partial Differentiation

1 Functions of Several Independent Variables

S o far we have considered functions of one independent variable only. However, in
practice, we often come across functions of more than one independent variable.
For example, the area of a rectangle depends upon two independent variables, namely
the length and the breadth. Similarly, the volume of a rectangular parallelopiped
depends upon three independent variables, namely the length, the breadth and the
height.
There are a number of differences between the calculus of one and of two variables.
Fortunately the calculus of functions of three or more variable differs only slightly from
that of functions of two variables. The study here will be limited largely to functions of
two variables.
Definition: Letz be a symbol which has one definite value for every pair of values of x and y.
Then z is called a_function of the two independent variables x and y,and is usually written as
z = f(x, y).A function of x and y is also written as ¢ (x, y) or y (x, y) etc.

(Kanpur 2014)
Asimilar definition can be given for functions of more than two independent variables.
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If to each point (x, y),of a part of the xy-plane is assigned a unique real number z ,even

thenz issaid tobe givenasafunction,z = f (x, y),of theindependentvariablesxand y.
The locus of all points (x, y,z) satisfying z = f (x, y) is a surface in ordinary space.

2  Continuity of a Function of Two Variables

A function f (x, y)is said to have a limit A as x — a and y — b if for any arbitrarily
chosen positive number &, however small (but not zero), there exists a corresponding
number 6 > 0 such that

| f(x,0) = Al <e,
for all values of x and y satisfying O < \/{(x —a) + (y- by} <.

Here 0 < \/{ (x - a)z +(y - b)z} < 8 defines a deleted neighbourhood of (a, b), namely

all points except (a,b) lying within a circle of radius § and centre (a,b).
A function f (x, y) is said to be continuous at (a,b) provided f (a,Db) is defined and

im f(x,9)=f(a,b).

x—>a, y—b

3 Partial Differential Coefficients

Suppose z = f (x, y)is a function of two independent variables x and y. Since x and y
are independent, we may (i) allow x to vary while y is kept fixed, (ii) allow y to vary
while x is kept fixed, (iii) allow x and y to vary simultaneously. In the first two cases, z is
practically a function of a single variable and we can differentiate it in accordance with
the usual rules.

The partial differential coefficient of z = f (x, y) with respect to x is the ordinary
differential coefficient of f (x, y)withrespecttox when yisregarded asaconstant. Itis
usually written as

A

or 9% or f,.

ox ox
Thus, % = lim S+, ) - fx,9) , provided the limit exists.
ox -0 ox

Similarly, the partial differential coefficient of z = f (x, y) with respect to y is the
ordinary differential coefficient of f (x, y)withrespectto_y when xis kept as constant.
It is written as

A

or % or f,.

y dy
In a similar manner, if z = f (1, %9 ,..., x,,) be a function of n independent variables
X, Xy ,...,%,, then the partial differential coefficient of z with respect to x;, is the

ordinary differential coefficient of z with respect to x; ,when all the variables except x;
are regarded as constants.
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We shall write it as — or ——.
X 8x1

4 Partial Differential Coefficients of Second Order

The partial differential coefficient g—z of z= f(x,y) may again be differentiated
I

partially with respect to x and to y, thus giving the second partial differential
coefficients

%z 3 (0z 0%z 9 (0z
z_r -9|= d 22 - f =2[%)
2 = I BX(Bx) and 2w = o E)y(&x)

Similarly, from g—z may be obtained
4

%z o (oz 0%z o (oz
- =% d 22_f¢ 2%
gy T ax(ay) and 7 I ay(ayj

Ifz = f (x, y)and its partial derivatives are continuous (as is true in all ordinary cases),
the order of differentiation is immaterial, that is,

3’z _ 9%z
oxdy dyar

lllustrative Examl)les

u u

an :
dy ox ox dy
Solution: We have, u=ax’> +2hxy + by*.

Example 1: Ifu=ax> +2hxy +by?, find

? =2ax + 2hy. [ Treating y as constant]
X
2
Hence, o"u = 9 (au) = 9 (2ax + 2hy) = 2h.
dyox dy\ax) Jy

[ Treating x as constant]

Again ? =2hx + 2by. [ Treating x as constant]
7y

2
o _ 9 (auJ—a(th+2by):2h.

ady orlay) o
[ Treating y as constant)]
2 2
Here we note that Su _ du
axdy dy dx

Example 2: If u= f (y/ x),show that x (du / dx) + y (ou / dy) =0.
(Agra 2003; Garhwal 07)
Solution: We have u= f (y/x).
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du/ox=[f"(y/x)] (_J’/xz)7 [Treating y as constant]
. x@u/ox)==(y/x) f' (y/x). (1)
Again du/dy=[f"(y/x].0/x), [Treating x as constant]
' y(@u/d)=(y/x) f(y/x). (2)

Adding (1) and (2), we get
x(ou/ox)+ y(du/dy)=0

Example 3: If u = log (x3 + y3 +z°0 - 3xyz), show that

+ PR
Sx ay oz X+ y+z or Jdy oz Y+ y+z
(Kanpur 2007; Purvanchal 07; Garhwal 08, 11; Rohilkhand 12; Avadh 13; Kashi 14)

o ou ou_ 3 > a2 oY ~9
—=——— and + = uzi( )2-

Solution: 'We have u = log (o + y3 +2° - 3xyz).

du _ 3x2—3yz ou _ 3y2—3zx
ox x3+y3+z3—3)g/z, ay x3+y3+23—31gyz
2_
and du _ . 323 33’9’ _
z ¥+ y’+z° -3z
Qe dw ou S+t o yzozio )
dr dy oz x3+y3+23—3xyz
3(x2+y2+22_yz—zx—xy) _ 3 . (I)
(x+y+2) (P + P +22 —yz—z—xy) x+y+z h
2
N d d 0 d 9 0 Bu Bu ou
ow, —t—+— | U=—+—+——\| = il
or dy oz axayazaxByaz
= i"'i"'i L, [From (1)]
av Jdy Odz )\x+ y+z
:3[8 SR SR 2N N S #1
ox\x+y+z) dpl\x+y+z) oz x+y+zJ
[ - - ] -
=3 ! g+ ! 5 + ! 5| = ? .
(x+y+z)° (x+y+z) (¥ +y+2) (r+y+2)

Example 4: If x=rcos®, y=rsin®, show that

o o or 90 %0 9%
T2 A, am47+—7o
dr  oJr rdo Bx e

Also find the value of 9
o (Garhwal 2002)
Solution : We have x=rcos6.

ox

> =cos 0. [Regarding 6 as constant]
r
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Also we have, =Py y2‘

2r ? =2x [Regarding y as constant]
X
or x rcos6
or — === =cos 0.
ox r r
Thus or = o
ox or
Again, % =—rsin6. [Regarding r as constant]
1 a—x =—sin®.
r 00
Also we have, 6 = tan™! (y/x).
0 1 (_y)__ y _ _rsin®  sin6
ox y2 + P y2 ” r
I+ =5
X
r 9 =—sin®.
ox
Hence o =r 9.
70 ox
Finally, we have 6 = tan™! (y/x).
®___y
ox (X + y2)
2’0 2xy
and — = (1
2 WY W
20 1 1 X
Also — = =
Iy - ) x 2ty
xZ
2 _
and 70 2y (2

o
Adding (1) and (2), we get

o0 0”6
ot =0
ox®  dy
Example 5: If u=(1-2xy+ y )12, prove that

0 9. ou J 9 du
R N G M.
ax{( ")ax}+ay{y ay}

Solution: Here ”=(1—2xy+y2)—1/2.
ad 1 _
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and a—— 5(1—2)9}+y )3/2.(—2x+2y):(x—y)u3

p) ou p) 3
Now, ax{(l xz)ax} ax{(l—xz).yu}

=y (=201 + y(1-22).3u° ou

ox
=-2xy i +3y (1-x2)u? .yu3
:—nyu3 +3yZu5 (l—xz). (1)
Also ai{ﬁ g;‘} = (; (=)= aay (=)
2 ou
£
=y -3y") 0 + yP (v - y).30 (x = y)
=(2)g/—3y2)u3 +y2(x—y)2.3uS
=2)gm3 +3y2u5[(x—y)2 - u_z]
=2)g/u3 +3y2u5[(x—y)2 —(1—2xy+y2)], [ u? =l—2xy+y2]
=2y + 3% [x* —1]=2xpu° = 3% (1- 2°). (2)
Adding (1) and (2), we have

d 9. du 0 9 ou
— (- — —+=0.
sl ol

=2y -3y") 1’ +(y*x-5*).3

Example 6: If6=t"¢"" /4t what value of n will make ia(rz ae)zae?
or or ot
(Garhwal 2003; Lucknow 11; Meerutl2B)
2 2
Solution: We have @=t”.e’r /4t ( 2’) — Dynelgmrt /A
or 4t 2
B e I e s
or 2
i 7'2 @ :_37'2 tn—l 6—1'2/4t_1r3 tn—l g—r2/4t ( ZF)
or or 2 2 4
=—%I’2 t”_l e—r2/4t+ir4 tn—Z e—r2/4t.
18( 2 539)2_3tn—1 ol Lo e e
P or 2 4
Also @:nt n—-1 g—r2/4t+t1g—r /4t i
ot 41

n-l =2 ae Lo -0~ 4

=nt t
4




Partial Differentiation

63N

New b2 (220).8
or or ot
3t e Lo o mP A -t % /4t
2 4
LIRS B eRY:
4
2 2
- % e LA L S L T possible values of r and ¢
3
n=-—=.
2
@mprehensive Exercise 1
2
Find%and@whenu=é+y—2—l.
ox 9y a
Pu
Prove that = in each of the following cases :
ardy dyox
(i) u=x4+x2y2+y4, (ii)) wu=logtan(y/x),
2
(iii) u =log {m}, (iv) u=x’.
X+ y
Ifu=sin 'L+ tan ! l, show that x%+y%=
y x ax ady

Ifu=xyf ( x) then write the value of the expression xg—x +y ou.

ol
(Meerut 2001; Kanpur 07)
Ifz=f (x+ay)+ ¢ (x —ay), prove that 822/8)}2 =a’ (822 /8)(2) .
(Bundellkkhand 2001; Kanpur 05; Meerut 2013B)

Ifu= f (r),where =+ yz show that

Pu  %u o
87 9 SN2 f + f
X y (Meerut 2001; Agra 01; Avadh 04)
2 22
Ifz=x2tanfly——yztanfll,provethat Pz _x y
ox dy x2 +y
2 2
(i) If u=2(ax+by)* —(* + y*)and a® + b* = 1, prove thatM+a—2—0.
o’
Pu  Fu

(ii) If u = ¢*(x cos y — ysin y), then show that — + — =0.
o (Garhwal 2003)
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2
9. Ifz:(x2+y2)/(x+y) show that 0z _ 0z =4|1- 9z _ 9z,
ox dy oar  dy

(IKumaun 2000; Bundelkhand 11; Kashi 12, 13; Kanpur 11; Avadh 14)

10. Ifu=e¢*?, show that 9°u/dx dy 3z = (1 + 3xpz + x* y?z%) ¢ "V 7

(Kumaun 2001; Kashi 12; Kanpur 11; Rohilkhand 13)
11, Ifx*pYz% =¢, show that at x = y =z, 3°z / oxdy = — {x log (ex)} .
(Garhwal 2009; Rohilkhand 13; Bundelkhand 14; Purvanchal 14)

2 2
12.  Show that a—g + a—g =0 when
ox~  dy
(i) u=e" cosmu. (Agra 2014)
(i) u=1log («* + y?) (Agra 2014)

(i) u = tan”! (y/x)
13. ItV =2+ y? +22)71/2 show that
V. 9V v

i) x—+y—+z—=-V
R

2V PV v
+ +

(11) 2 9 = O.
ot e (Kumaun 2008)
_ o’u 1
14. Ifu=tan'—— % , show that = .
V(l+x%+y?) wdy (I+x”+y?p~?

2 2 2

15, If—> 4+ J +-= =], prove that
A vu b ru Eru P

(BMJE oY (au] L ou ou _ du
— | +[=] +|=—| =2 +y—+z
ox dy oz T ady dz

(Garhwal 2004; Rohilkhand 11B, 12B)

16. Ifx=rcos6, y=rsinb, prove that
(i) /o) +@r/ ) =

P 2 1(or >
s R ll(ax) ( )Jl

(Lucknow 2007, 11; Garhwal 11)

17. (i) Ifu=x y+y z+z xshowthat%+%+%_(x+y+z)2
or  dy oz
1 1 1 o a
(it) fu= x y =z , show that 2% + 2% 4 91 _
2 2 2 or dy oz
Xy z

(Rohilkhand 2013B)
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9 Homogeneous Functions

(Gorakhpur 2006)
An expression inx and y in which every term is of the same degree is called a homogeneous

Sfunction of x and y. Consider the function defined by
) =agx"+a x" 7 yrayx"2 P+ v, " ra, p" ()

In this function every term is of degree n. Therefore it is a homogeneous function of x
and y of degree n. Moreover, (1) may be written as

[ 2 n)
f o, y)=x"4ag+a (l)+a2 (l) +..+a, (1) b
| x x x) |
or f,p)=x"F(y/x),
where F ( y/x)is some function of y/x. Thus a homogeneous function of x and y of
degree n may be putin the formx " F (_y/x). Therefore we give the general definition of

a homogeneous function as follows :
x"F (y/x) is called a homogeneous function of x and y of degree n, whatever the function F

may be. Similarly, y " F (x/ y) is also a homogeneous function of x and y of degree n.

Thus x> sin ( y/x) is a homogeneous function of x and y of degree 3. Similarly,

2 cos (x/ y) is a homogeneous function of x and y of degree 2.

In general, if the function f (x1, x9 ,...,xp)ofthepvariables X[, X9 ..., X, CAN be putin
the form
X1 X2 X
xr”F —,—,...,—p ,
X, X, X,
then f (xy,xy ,...,x,) is called a homogeneous function of xy,xy ..., x, of degree 1.

Notel: Totestwhetheragiven function f (x, y)ishomogeneous or not we put
tx for x and ¢ y for y in it.

If we get f @ ep)=¢"f (x, ),

the function f (x, y) is homogeneous of degree n; otherwise f (x, y) is not a
homogeneous function.

Note 2: If u is a homogeneous function of x and y of degree n then du / ox and

du / Jy are also homogeneous functions of x and y each being of degree n — 1.
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Let u=x"f(y/x).
[-  uis a homogeneous function of x and y of degree n]
Then %:nx"_lf(y/x +x™f(y /).~y ] ¥P)
=x" M nfy/x=-/0f (y/2)]
= x"~!. (some function of y/ x)

= a homogeneous function of x and y of degree (n —1).
Similarly, ——x”{f (y/x)}-==x""1f"(y/x
ady x
n-1

=x"7". (some function of y/ x)

= a homogeneous function of x and y of degree (n - I).

6 Euler's Theorem on Homogeneous Functions

If u is a homogeneous function of x and y of degree n , then x g— +y g” .
X oy
(Meerut 2000; Garhwal 06; Gorakhpur 06; Kashi 11, 13, 14)
Proof: Sinceuisahomogeneous function of xand y of degree i, therefore » may be put

in the form

u=x"f(y/x). (1)
Differentiating (1) partially w.r.t. “x’, we have
du_ 9y
=L f (/)]
=[f (/0" x L f (/0] ).
x%:nx” (p/x)=x""Yy fr(y/x). - (2)

Again differentiating (1) partially w.r.t.  y’, we have

a a n n 1 n—
WD peng (yrl=e L f (101 e
y *
0 P
y%:y.x lf (y/x) (3)
7y
Adding (2) and (3), we have
%4.‘);7_}1)( f y/)( = nu. [From(l)]
ax dy
Hence xa—u+yau nu.
ox ay

This proves the theorem.
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Note: Euler’s theorem can be extended to a homogeneous function of any
number of variables. Thus if f (x|, x,,..., x,) be a homogeneous function of x;,xy,...,x, of
degree n, then

This proof is similar to that of two variables.

Illustrative Examl)les

xl /4 +J71 /4
xl /5 +)71/5 :
(Meerut 2012B; Rohilkhand 14)

Example 7:  Verify Euler's theorem for the function u =

Solution: Here u is a homogeneous function of x and y of degree

I 1. 1
——— e, —.
4 5 20
Therefore in order to verify Euler’s theorem we are to show that
ou/aox)+ y (du/dy)=—u.
X @u/ 30+ y (ou/ ) = 55
We have log u = log (xl/4 +y1/4)—10g (xl/5 +yl/5). (1)

Differentiating (1) partially with respect to x, we have

Tow_ b (Losay_ L (1 a5
war A g G555 s
w1 34 s

—=ul|- -= )

P [4 LA TS T +y1/5J

xau_u|:l /4 1 K73 }

$ le/él +)71/4 EXI/S +)71/5

Again differentiating (1) partially with respect to y, we get
Low [1 p374 1oy
;@_F pyE: +y1/4 B +y1/5J'

y%zu 1 N 21 N . .(3)
P PRI R I TR R YE
Adding (2) and (3), we get

[ x1/4+y1/4 1xl/5+yl/51
X*Jf)’*:”l* 1/4 /4 = 1/5 1/5J
ox ay 45+ y Sy +y

This verifies Euler’s theorem.
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Example 8: If u=sin"'{(x*> + y?) / (x + y)}, show that
Ju ou
X—+ y—=tanu.
dx y (Garhwal 2002; Kumaun 08; Avadh 12)
Solution: We have,
sinu:(x2 +y2)/(x+y).
Let V:(x2+y2)/(x+y).
Then v is a homogeneous function of x and y of degree2 — li.e, 1. Therefore by Euler’s
theorem, we have

v v
— + pyp—=1l.v=y (1
X P y Py v="v (1)
Now v =sin u.
av ou v ou
— =CoS U — and —=CcoS U — -
ox ox )y )y

Putting these values in (1), we get

Ju ou
XCOSU—+ JCOSU—=7V
ox 0

7y
ou ou v sin u . x4 y 2
or Yr—+y—|= = =tanu. | v=sinu=-—-——
ox dy) cosu cosu [ x+y
This proves the result.
@mprehensive Exercise 2
1. State Euler’s theorem on homogeneous functions. (Bundellkhand 2001)
2. Verify Euler’s theorem in the following cases :
3 3
(i) u=ar®+ 2y + by (ii) u=%,
x4y
i) u= + byz + czx, iv) u=x"sin X
(iii) u = axy + by (iv) "sin (y/x)
(v) u=x"log (y/x), (Vi)uzl/\/(x2+y2).

3 3
3. (i) Ifu=tan |t ) ,showthatx@+ya—u:sin2u.
x—y ox ay
(Rohilkhand 2012B)
Vx—y

Vx++y

},showthat 3—”:—18—%

x x dy
(Garhwal 2002; Gorakhpur 05)

(ii) Ifu:sin_l{

4. (i) If u =sin™! ATy , show that x%+y%=ltanu.
Vx+ y a 2

Ty

<<
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(i1) If u =cos™! Ty , show that x%+)]%+lcotu=0.
Nrx+vVy vy ) ax ay 2
(Rohilkhand 2013B)

1/2 1/2
Ly ou ou 1
(iii) If u =sin (W),show thatx(ax)+y( ) ﬁtanu

+y ay
(Garhwal 2014)

(iv) Ifu =cot™! % show that x ou +y o S sin 2u.
ox )y
y (Kumaun 2015)
3 3
(i) Ifu:logw showthatxa—+y% 2.
x+y ox ady
P y4 ou du
(ii) If u =log , show that x — + y —=3.
x+y ox ay
2
(iii) If u = log ek J , show that xa— +y— o _ L
x a Ty (Kanpur 2006; Avadh 13)
Use Euler’s theorem on homogeneous functions to show that if u = tan”! 2,
x
thenx%+y ou =0.
ox ay
If u be a homogeneous function of x and y of degree n, show that
2 2
. 9 0°u 0“u Ju
-+ — _ 1 -
() Sy =t-D
2 2
(i) v 2y Iy 2
) )y
2 2 2
(iii) +* S ou 2L§=n(n—1)u
x ox dy By
2 32
Tfu=—2 Fu , 2 L;‘ 0.
x+y’ x2 ox 3)/ Iy
Fu 5 u

Ifu= that 2 O 4o IU_y.
u=x06(y/x)+wy(y/x),prove tha x2+ Waxay”’ >

(Kanpur 2008)

T Composite Functions and Total Differential Coefficient

If u= f (x, y) where x = ¢;(¢) and y = ¢4 (t), then x and y are not independent

variables. Substituting the values of x and y in u, we can express u as a function of the

single variable ¢ and we can find the ordinary differential coefficient du / dt. Here u is
called a composite function of the single variable ¢.

If z= f(x,y) where x=¢(u,v) and y =y (u,v) , then z is called a composite

function of two variables u and vand we can find the partial differential coefficients
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a—z and a—z .
Ju o
To distinguish du / dt from the partial differential coefficients du / dx and du / dy, we
call du / dt as the total differential coefficient.

8 Chain Rule for Differential of Composite Functions

We shall now obtain a formula which will enable us to find du / dt without first
expressing u in terms of ¢ only.

Letu = f (x, y),where x = ¢ (t) and y = y (t). Suppose &, dy and du are the increments
in x, y and u respectively corresponding to an increment &t in ¢.

Then u+du=f (x+3d, y+9y).

du= f (x+dx, y+8) = f (v, y).
du _ f (x+dry+8) - f (%)

ot ot

By )~ f oy )+ 0y + )~ f (6 )
ot

[adding and subtracting the term f (x, y +dy) in the numerator]

_ SOty ) - fly+dy)  fy ) - f ()

St St
_ Sty ) - f ey +dy) & floy+E) - floy) Y
R 8t 8y 8t
du lim Ou
N = =
o dt  8t—0 o
_ lim S (+8 y+) - f (x, y+3y) ar
8t —0 &r ot
lim S (,p+8)-f(xy) o )
8 —0 Sy o

Now &r and &y also tend to zero when &t tends to zero.
So we have

lim f(+8,y+8)- f(rn,y+8) o du
& —0 &t o dr

because while x becomes x + 8x, y + 3y remains unchanged.

lim S,y +8&)-f(xny) _of _ou

Similarly,

1m1ary 6)}—)0 6); ay ay

Also lim Qzﬂ and _lim Sl:dl
o—0 & dt o—0 & dt

Therefore (1) gives
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du du dx+8u dy

At ox dt 3y dt

Similarly, if u = f (x,xy ,...,x,) and 1, x5 ,..., x,, are all functions of ¢, we can prove
that
du  oJu dxl ou dxy N 814 dx,,

dt  ox dt ax2 a7 ax,,, dt

Corollary: Ifz = f(x, y), where x, y are functions of u and v, then
az_az.ax oz 9y ndaz_az Bx dz dy

w w W™y Tw vy

O Differential Coefficient of Implicit Functions

Suppose u = f (x, y), where y = ¢ (x). Then supposing ¢ to be the same as x in the

formula of article 7, we get
du _ du dx+8u dy du_8u+8u dy

dxaxdxaydx de ox Jy dx

Now suppose we are given an implicit relation between x and y of the form
u= f (x, y)=c, where ¢ is a constant and y is a function of x.

Then, we have du / dx =0

or @+%dl=0 or dl:—au/ax or dl:—af/ax=—&
ar  dy dx dx ou / dy dx of / oy Sy
Differentiating dl =- & with respect to x , we get

dzy l[
|

A’ fyZ

RRCE A8 Ak e
o fy

PR Ay A A
G R B e
_ -
N S fS fS b = Fef o+ i f
i fy |

dzyz —f,\vcfj_zfxfyf)gi'f'fyyfsz
Lo fy J
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10 Geometrical Interpretation of Partial Derivatives

The graph of a function defines a surface in Euclidian space. To every point on this
surface, there are an infinite number of tangent lines. Geometrically partial
differentiation is the act of choosing one of these lines and finding its slope. Usually, the
lines of most interest are those that are parallel to the xz-plane, and those that are
parallel to the yz-plane (which result from holding either y or x constant, respectively.)

Illustrative Examlales

Example 9:  If (tan x)” + y “'* = a, find the value of dy / dx. (Rohilkhand 2014)
Solution: Let f (x,y)=(tanx)” + y ' ¥ =aq.
Then,wehavedl=—af/ax- (1)
dx odf /dy
Now gl = y (tan )7 71 sec? x+ y €' log y.(-cosec? x),
x
af cot x —1
and = =(tan x)” log tan x + (cot x). y .

Iy

Therefore (1) gives

2

dl__}(tanx)y_lsec x—yco”.logy.cosec2 X

dx (tan x) 7 log tan x + cot x . y ©t*~!

Example 10: Ifu= x>y, where x* + xp + p* =1, find du / dx.

Solution: We have, du = ou + o dl (1)
dv  ox  dy dx
Now , @=2)g/and%=x2.
ox ady
Let f(x,y)zx2+)g;+y2=1.

Then dy __of /oxr _ 2x+y
dx df / dy x+2y
So putting the values in (1), we get

dx x+2y x+2y
Ju  Ju du
Example 11: If u=f(y—-z,z—-x,x— y),prove that —+—+—=0.
or dy 0z

(Kanpur 2009; Avadh 10; Garhwal 10, 11; Kumaun 15)
Solution: Wehave u=f(y-z,z-x,x-y).

Let y-z=A,z-x=B, and x-y=C.
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Then u = f (A, B,C)where A, B and C are functions of x, y and z.

ou _ du aA Ju BB ou BC
+— +

Now = . o 9=
o aA ox E)B or BC ox
SO0y My By By O
0A oB oC oB oC
. ou Jdu 0dA Ju 0B odu dC
Similarly s =, 2, =
dy d0A dy dB dy JC Iy
Ju Ju Ju
1) + 0)+ — . (-1
aA() aB()+ac< )
_du Ju
T9A oC
ou _ du BA ou E)B du dC
and o 9=

oz E)A 9z aB 3z BC 0z

ou du
=7. -+ 2+ 0
( )+aB ( )+ac ©)
au ou
= +—
C0A B
Adding (1), (2) and (3), we have
ou Jdu du
—+—+—=0.
v dy oz

(19

@mprehensive Exercise 3

Find dy / dx in the following :

(i) xV+y*=a" (i) ax® + 2y + by? =1
If\/(l—x2)+\/(1—y2)=a(x—y),provethat
 _Va-y)
e N(1-2)

Find du / dx if u = sin (x* +y2), where a” x* +172y2 =c2.
Ifu:x4y5,wherex:t2 andy:tg,finddu/dt.

If f(x,7)=0,06(y,z)=0, show that
v

E)yazdx ax dy

(Kashi 2013)

(Lucknow 2009)

Ifu=+ (x2 + y2) and x> + y3 + 3axy = 54, find the value of du / dr when

X=a,y=a.
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L _{yxy_1+yxlogy} (ii)_(ax+hy).
{xylogx+xyx_l} ' (hx + by)
. 2
3. 2)c{cos()(Z +y2)}(l—22]. 4. 23t22, 6. 0.

@)jective Type Questions

Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).

1. Ifz=tan(y+ax)+(y—ax)3/2,then az—z —a® aZ—i is equal to
a’ Jy

(a) 0 (b) (y—ax
(c) 1 (d) sec(y+ax)
2. If uis a homogeneous function of x and y of degree n, then x ? +y ? is
equal to y Y
(a) n (b) nu
n
- d
(©) u (d) u (Kanpur 2016)
3. Ifl:\/(x2 +y2 +z2),thenx%+y%+z%is equal to
u ox ady oz
(a) u (b) —u
(c) (d) 0
4. If xand y are connected by an equation of the form u = f (x, y) =c¢, then
dy .
s
dx
(a) L/ by -1y LI
o | o |
J /9 J /o
() L7 @ - L7

of /ox - of / dy (Garhwal 2007)
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If x =7 cos 6, y =rsin6, then the value of ? is

X
sin © r
(a) - (b) —
r sin 0
sin 6 1
(c) ; (d) - prpry (Garhwal 2002)

If f(x, y) be a homogeneous function of x and y of degree n, then

9 9 9
@ T ey Ty ) y LoxLo g
ox ox ay
<@yg#xi=# @ xLiy Loy
ar  Jy ar 7 dy (Garhwal 2003)
Ife=t"e™” /4t then what value of n will make : 128[ 2 89] _ 9%
) or] ot
3
-1 b) =2
(a) (b) 2
1 5
() - (d) ==
2 2 (Kanpur 2016)
Ifz=f(y/s%) thenxa—+2ya—z—
oy
4 4
a) =5 f1(y /) (b) 25 f* (/)
e X
(c) O (d) none of these (Kumaun 2015)
Fill in the Blanks
Fill in the blanks “...... 7, so that the following statements are complete and correct.
2 2
Ifu=¢" cos mx,then—g+a—g— .......
2y

_1X2+J/2 e %:
x+y ox

If u = tan

An expression in which every term is of the same degree is called a ......
function.

If u= f (x, y),where x = ¢ (t) and y = y (¢), then % =......

If u (x, y) is a homogeneous function of x and y of degree n, then

b ad
ax( ) J;@(ux): ....... where ux=§'
2 242
u  a“o‘u
Ifu:f(y+ax)+q)(y—mc),thena?— ay2 IRITRTER (Agra 2002)
ou

o (Agra 2003)
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True or False

Write “T” for true and °F’ for false statement.

If u= f (x, y) and its partial derivatives are continuous, then the order of

differentiation is immaterial.

If uis a homogeneous function of x and y of degree 1, then ? and u are also
x

y
homogeneous functions of x and y each being of degree .
If f(x,y)=0Dbean 1mphc1t function of x and y
2 2
and p—l,q af, f afandt:%,then
ax T ay Jy
d2
Sa = @r-2ps 0/
@HSWQIS
Multiple Choice Questions
(a) 2. (b) 3. (b) 4. (d) 5. (a)
(d) 7. (b)
Fill in the Blank(s)
2 2
0 2. (x ;2 ’9’2 J 3 3 3. homogeneous
{x+ ) +(x"+y7)7)
d
ou dx ouw D 5. (n-Du, 6. 0 7. 0
av dt Jy dt

True or False
T 2. F 3. T




Jacobians

1 Jacobian. Definition

(Kanpur 2014)

f w,uy,...,u, are functions of n independent variables xj, x9, ..., x,, then the
determinant
gy o 9y
™ T ax,
auz 8u2 8142
Txl 78)42 ......... —axn
Oty Oty 9ty
a T ax,
is called the Jacobian of uy, uy ..., u, withrespecttoxy, xo, ..., x, and is denoted either by

0 (uy, Uy, ..., Uy)

or by J (u,uy,...,u,). The second notation is used when there is no
0 (X, X9,..., X,)

doubt as regards the independent variables.

Thus if u and v are functions of two independent variables x and y, we have
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I ou % I
3 (M V) x Il
{ @ ﬂ =] ().
I
Similarly if u, » and ware functions of three independent variables x, y and z, we have
o o
ox y 0z
Q) [0 O (.
a(x,y,z) |ox dy oz
W oy W
ox @ 0z
Note: 1f the functions i, uy ,..., u, of n independent variables x;, x9, ..., x,, are of the

following forms,

w = f1(xq),ug = fo (x,%9),....uy = f (¥, X9,..., Xy),

dm oy 0 .. 0
axl
8u2 ablz
. —= —= 0 0
then CACHOISTV Pv oy
0 (X, Xx9,...,X,)
ouy, ou,, o, ouy,
oy oxy oy ox,,
_ duy duy ou,,
oy doxy axn’

i.e.,in such cases the Jacobian reduces to the principal diagonal term of the determinant.

(Gorakhpur 2013)

Illustrative Examlales

Example 1: If x=r sin®cos ¢, y =r sin 0 sin ¢,z = r cos 0, show that
2 (5,.2) _ »
d(r,0,0)

(Meerut 2003; Garhwal 02; Lucknow 07; Rohilkhand 12; Avadh 07, 12)

Solution: We have

sin 0.

ox ox ar
o 09 90
oxy.z) 1y Y
d(r,0,0) [or 90  do
9z 0z g
or 00 aiq,
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| sinBcos ¢ rcos@cosd —rsin@®sing|
:|sinesin¢ rcos@sind  rsinBcos ¢ ‘
| cos & —rsin® 0 |

2

=cos 0 (r2 sin 6 cos 6 cos” 0+ 7r°sin6cos 6 sin’ 0)

+7sin6 (r sin? 0 cos? oO+r sin? 0 sin® 0),

expanding the determinant along the third row

2 2

=r sinecos2 0+7r

= r2 sin 6.

sin® 0 =72 sin O (c:os2 0 +sin® 0)

Example 2:  Find the Jacobian & y.2) being given
d(r,6,0)

x:rcosecosq),y:rsinG\/(l—m2 sin® 0),

z=rsinoN(1- n? sin’ 0), where m? +n? =1

Solution: Here

x2+y2+22:r2coszecosz¢+r sin 0 — r m28m 0 sin’ 4)
9 22

+ 12 sin? [0} sin q)sm29

=2 (Cos2 0 cos” o+ sin® 0 + sin” o - sin” 0 sin” 0)
[~ m? 40 =1]

=2 (Cos2 0 cos” o+ sin® 0 + sin” [0 cos” 0)

=2 (sin2 0 + cos? 0)
=72
ox ay 0z
g o1 v or i or ]
Bx ay az
0= 0 e
0 (1)
ax a)} oz
and Y% 0.
a0 7 0 "% a0
oxr ox ﬂ o o x%
or  or s s
or 06 90 or 00 90
Now Sy 2 2y Y
or 00 9¢| x| or 0 90
ai aj 9z ai ai 0z
ar 98 3¢ or 00 N
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r 0 O
1{dy 9dy 9y | byadding y Ry +zR3to Ry
“x|or o8 30| and using the relations (1)
0z 0z Oz
or 00 00
y v
rloe 0l rfwaer ez
e ‘{aeaq,‘aeaq,}
ECY

:r{rcose\/(l—m2 sin’ 0) .r cos (1)\/(1—;12 sin® 0)
x

7 sin ¢. n” sin@cos® rsin®.m” sin 0 cos (])}

V(- n? sin® 0) V(- m?® sin® 0)
_ 73 cos 0 cos [0} r(l — m? sin’ 0) (1- n? sin® 0) — w>m? sin® @ sin® qﬂ
x [ V(1= n? sin” 8) (1 - m” sin® )]
_ 73 cos 0 cos o
r cos 0 cos ¢
[1- m? sin” o - n? sin” 0 + m*n® sin® [0} sin? 0 — m*n® sin® @ sin’ (l{l
[ V(1= n” sin’ 0) (1- m? sin” 0)]

2 (m* cos? ¢ + 1’ cos® 8) ,
- . . _ l
V(A= sin? 0) (1 - n? sin® ¢)] [oom® +n® =1

Example 3: If y| =1 sin® sin®y, yo =71 sin 6y cos 0y, y3 =7 cos 0 sin 63,

Y4 =1 cos Oy cos O, find the value of the Jacobian (172,03, 04)
a(l”,el,ez,eg)

Solution: Squaring and adding the given relations, we have

2 2 2 2_ 2
I Ty 3T 4 =

J—

Jfl +)’28+J/3a+ya =r

aa)] a)’ a)] a)] ..(1)
1 2 3 4

+ =0, r=12,3.

and T30, T2 0, T3 36, T e, '

Also y32 + y42 =% cos? 0], so that

@773+y4 %:—rZ cos 6] sin @y ;

D5y, Yio, ro23.
20, - o8,

J3

J3
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Now the required Jacobian

y D d
; 891 892 893
yy V2 2 V2
or 08 00y 963 |
V3 s Y3 Y3
or 861 862 893

Vi s Py Wa
o 98, 90y 003

Operating y1 R + (y9 Ry + y3R3 + y4Ry4), and using the results (1), we get
o 00000 ) b} 9
2 2 2

5 98 98y 63 ! 2 3

1 r1ds d3 I3
=— dyg 3 g | =—| == =2 22
J 3 V3 I3 D3 0, 90, 905

1 or 891 892 893 N 3 3 3
or 861 892 893 ! 2 3

w CINC)
06, 26y 003
=—" -+ cos 0] sin 6; 0 0
J1J3
iz} Pi s
20 009 003
adding y4R3 to y3 Ry and using the results (2)
= r rzcoselsn'lel{%a‘)&l_a‘)hla);z_]
J1 )3 892 863 892 393

B r3 cos 0] sin 6;

3

[(—7sin®) sinBy) (— 7 cos B sinB3) — 0]

5 w12 2 . .
7~ sin” 6; cos” 0y sin 69 sin O .
=5 1 1_ 2. 3=r351nelcosel.
77 sin 6] cos 0y sin B9 sin 63

@)mprehensive Exercise 1

1. Ifx=rcos®, y=rsin6,show that
. O(x,
M) (x, )

—_— }’,
9(r,6) (Kanpur 2005; Meerut 13B; Kashi 13; Gorakhpur 15)
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(ii) a(r,0) 1

d(x,y) r (Kanpur 2005; Meerut 13)
2. Ifx=u(l+v), y=v(+u),find the Jacobian of x, y with respect to u, .
(Lucknow 2011; Meerut 13)

3. Ifx=ccosucoshv, y=csinusinh p, prove that

oty _1 ¢? (cos 2u — cosh 2v) .
d(u,v) 2 (Rohilkhand 2013)
2 2
" IfuzL,szZ+y 7ﬁnd8(u,v),
2x 2x d(x, y) (Meerut 2012)

5. Ifw =x9 x3/x,u9 =x3 31/ x9,u3 =x] X9 / x5, prove that

] (Ltl, uy, I/lg) =4. (Kumaun 2011; Bundelkhand 14; Purvanchal 14;
Gorakhpur 14, 15)

6. Ifx=sinov(1- ¢? sin? ), y = cos 8 cos ¢, then show that

a(x, y) ) [(1—62)C0829+L‘2 cos? 0]
———=-sin¢ 55 :
d (6,9) V(1= c¢*sin” ¢)
d (u,v,w)
7. fu=xyz,v=xy+ yz+2zt, w=x+ y +z,compute ——————-
d(x,p,z)

(Rohilkhand 2013; Kumaun 14)
8. If ylzl—xl,yg =X (1—)(2),)}3 =X X9 (1—)(3),...,
Yp=x X ...x, _1 (I-x,), prove that
-1 -2
J w2y =0 0" 0" T
(Kumaun 2007, 11; Gorakhpur 12, 14)
9. If yj=cosux, yy =sin x| cos xy, y3 =sin x| sin xy cos x3,...,
Yy =sin xj sin xy sin x3 ...sin x,, _| cos x,, find the Jacobian of y|, yo ,

..., yy with respect to x) , xo,..., x,,.

@nswers 1

2. l+u+v 4, - =

7. (x=p)(y-2z)(z-x) 9. (=1)"sin” x sin” ! xy . sinx,
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2 Case of Functions of Functions (Chain Rule)

We shall establish the formula for two variables and the result can be easily extended to
any number of variables.

Theorem: If uy, uy are functions of yy, yo and yy, yo are functions of x|, xo, then

9 (uy,up) _ 0 (m,u) 9 (y1,02)
d(x,x9) 9(y1,p2) 9(x,x2) (Kumaun 2003)
Proof: We have
Ow _Ow dyy  dw Jy Oy _ 9w I 0w Py |
dq 9y ox dyy Ay dvy Iy Ay g Oy )
duy _duy O duy Uy duy _ duy 1 Ay Iy
dq  Jpp A dpp O Ay dyy vy dyy Oy
|20 o | oy o
Now d (up,up) 0 ()1, 02) =| I I |><| N o |
T dbnw) |an o |
[ | [ an |
dm Y Yy dw I dm Py |
oy g an oAy gy Ao |
om I owy By dwy I Ay Ya |
W o gy dyp vy Iy Oy |
applying row-by-column multiplication rule
duy 9y |
= o 9% i , using the relations (1)
duy Oy
ax[ 8 |
_ 9@, up)
d (1, x2)
Note: The above formula resembles very much with the formula d_. Zi for the
derivative of the function of a function.
Generalization of the above formula:  Ifuj, uy, ..., w,are functionsof yy, yo,..., y,and
V1> V25 --er Yy are functions of xy, xo, ..., Xy, then

a(bll,blz,..., B(yl,yz,...

8 (XI,XQ,...

”n)z a(ul7u2v'-':un) . 7,)711).
%) O (D 25 es V) )

The proof may be easily extended as in the case of two variables and has been left as an

8 (XI,XZ,...

exercise for the students.




Krislne's T.B, Functions of Several Variables and PDE’s

A(>)

D Jacobian of Implicit Functions

Theorem 1:  Supposeuy, uy, ..., u, instead of being given explicitly in terms of xy, xo, ..., X, are
connected with them by equations such as

F (q,u9,...,u, x1,X9,...,Xx,) =0,
E (uj,uy,...,u,,x,%9,...,%,) =0,

E, (uj,u9,...,u,,x1,%9,...,%,) =0.

d(u,uy,...,u,) w0 (X, x9,...,x,)
Then, we have —2 227 W —(_ )t 2Lt
It OB By )

o (uy,uy, ..., 1)
Proof: Here also we shall establish the result for two variables and the proof can be
extended easily for n variables. The students should themselves write the proof for
variables on the basis of the proof given below for two variables.
In the case of two variables, the connecting relations are
By (ug,u 50, x9) =0, }
Ey (uy, 19, x,%9) =0.

From relations (1), we have by differentiation

O L AR |, OF duy
ox;  dup dxp duy oy
OR | ok ow ok duy
oxy  Oup dxg  duy Iy @)
oxp  duy dxy duy dxy
8x2 8u1 ax2 8u2 ax2

:0,

OF  ohR | |oy  Ou |

Now O(R, Fy) d(m,m) _|om  ou lea oy |
TR R E

dy  owy | | oy o |

OF du  OF dw 9w, OF du |
dup dx;  duy dxy duy dxy  duy Oxy |
aul axl au2 a)(] aul BXQ 8u2 8x2 |

applying row-by-column multiplication rule




Jacobians

)N

|-9F oK
| axl 8x2 | . .
= , using the relations (2)
-Jdf  -db
| E)xl E)x2 |
2B,
9 (x1,%9)
Accordingly, we have
J(h, B)
3(“17@)_( )2 d (¥, %9)
9 (11, x2) A(H, B)
d (uy, uy)

Illustrative Examl)les

Example 4: If ] is the Jacobian of u, v with respect to x, y and ]’ is the Jacobian of x, y with

d (u,v) o d(x,y)
d(x,y) d(uv)
(Kanpur 2008; Bundelkhand 11; Meerut 12; Avadh 13)

Letu= fi (x, y),v=fo (x, y). (1)

Obviously xand y can also be expressed as functions of u and v. Differentiating

respect to u, v then prove that J|” =1 or

Solution:

relations (1) partially with respect to u and v, we get

| Oudx oudy _Ouox oudy ]
ox ou  dy du’ T ar 81/ ay o’ @)
_Ovox vy | _ovor vy
S ox au dy ou’ S or av dy v
EINE N
Now u,v Xa(x,y)z ax Y X|8u av |
aw>awwbz@l@4ﬂ
lax o] lou vl
o iy wa
oo o o o]
e, vy war aVay"
oar du  dy du ox dv 9y Iv |
applying row-by-column multiplication
Lo |
=0 1 i using the relations (2)
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ExampleS: I]C”3+V+W=X+y2+z , UtV +w=x"+ yp+z7,
rw) _ 1-4(y+yz+a)+l6yz
I(%p,2) 2-30% +v* +w?)+27 i w?

u+v+w =1 +y2 + z, prove that

Solution: The given relations can be written as
K =i +V+W—x—y2 pe =0,
F =u+1> +w— 2 —y—zz =0,

—u+v+w —x2 - > —z=0.
J

NOW a(u’V7W)= _lga(FI?FZ’FB)/a(F‘I’FJZ’Fg) (1)
d(x, y,2) d(x, y,z) d (u, v, w) v
S (F | -1 -2y =2z
Here wz‘—bc -1 -2z
A T P
=—1(1-4yz2)+2x 2y -4yz)-2x (4 yz - 2z2)
=—1+4(yz +zt + xy) — 16xyz.
5 |32 1 -
And glzl’FZ’I?):il 371 |
u, v, w
T e
=312 (9P w? =)= 103w> =) +1.(1-3/%)
=2 -3 +17 +wh) + 271w,
From (1), Jd,v,w)  1-4(yz+azx+xp)+16xpz

I(X, p,2) 2-3G2 + 17 + W)+ 2Ti2Pw?

@mprehensive Exercise 2

2 2
1. Ifu3+V3=x+y,u2+V2=x3+y3,shovvthat owy) 1y —x

a(x,y)_Z MV(I/!—V).
(Kumaun 2002; Garhwal 03)

2. lfx+ y+z=u y+z=ur,z=uvw, show that M:u2 V.
d (u, v, w)
(Rohilkhand 2005; Gorakhpur 11; Kashi 14)
3. If u° :)glz,l:l+l+l,w2 _— +y2 +z2,prove that

v ox y z

d (u, v, w) =_V(y—z)(z—x)(x—y)(x+y+z)

d(x, y,z) 31 w (yz + 20 + xp)
(Kumaun 2009, 13; Rohilkhand 12B)
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4. If i+ +w =x+y+z, W s wt =y

+y3 +23,

U+ v+ w=x +y2 + 22, then prove that

o(m,v,w) (y-z)(z—-x)(x-y)

a(x, y,z)  (w=v)(v—mw)(w-u) (Purvanchal 2007; Kanpur 12)

d (u,v)

r,0)

where

5. Compute the Jacobian

u=2)g;,V=x2 —yz,x=rcose,y=rsin6.

6. If up=x +x9 +x3+ x4, Wy = X9 + X3 + Xy, UjlgU3 = X3 + Xy,
0 (0, X9, ¥3, %4) = s,

9 (, uy , u3, uy) (Kumaun 2012)
7. Given y| (x) —x9)=0, yy (x12 + XX + x22)

9 (1, 02)

9 (x1,%9)

g3 Uy = x4, show that

=0, show that

x| + X9

=30 02 T

x13—x2
8. Ifu:x(l—rZ)_IQ,V:y (l—rz)_l/z, w=z (1—”2)_1/2’

2

:xz

- +y2 +2z2, show that Qwrw) =(l—r2)_5/2 .

d(x, y,2)
9. (a) Find the Jacobian of y|, yo, y3,..., y,, being given
n=xd=-x), yo=xx I=x3),..., yy_1 =01 ... x, _1 (1-xp),

V=X XoX3 ... Xy

where 7

(b) If yy=rcos®;, yy =rsin® cos 6y, y3 =rsin® sinBy sinBOs,...,

Vy—1 =7sin0 sinBy ....sin 0O, _9 cos O, _

and y, =rsin6; sinBy ...sin O, _;, prove that

J ( V1> V25--e v)’n) - n-1 Sinn_z 91 Sinn_3 92
9(r,0,....,6,_1) (Kumaun 2010)
10. If A,u,v are the roots of the equation in £,
A S S L,
a+k b+k c+k

prove that I p,z) W=V (V=2 R -
J(A,u,v) (b-c)(c—a)la-Dh)
11. The roots of the equation in A,

A= +0=-pP+h-2P2=0

are u, v, w. Prove that

d (u, v, w) =_2(J;—z)(z—x)(x—y)

d(x, y,2) v=w)(w—u)(u-"v)
(Lucknow 2007; Kumaun 08; Kanpur 10; Gorakhpur 11)
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12. If x, y,z are connected by a functional relation f (x, y,z) =0, show that

9(),2) _ (ay)
a (x,Z) ax z = const.

13. (i) Prove that I(vw) 0d(xp.2)

o(x, y,z) d(uvw) (Kanpur 2008, 09; 11)

(ii) Prove that a(ylvy?.’---vyn). a(xl7x27-~~xn) -1

(X, X0see k) O (Vs V2roer V)
d (u,v) _xz—yzl
o(x, p) u+1?

(KKumaun 2015)

14. If i +y2 +1> -2 =0 and uv + xy =0, prove that

@nswers 2

4 Necessarg and Sufficient Condition for a Jacobian
to Vanish

Theorem 1: Let uy,uy, ..., u, be functions of n independent variables xy,xy, ..., x,,. In order
that these n_functions may not be independent, i.c., there may exist between these n_functions a
relation

F (u,u9,...,u,)=0, (1)

o (uy,uy, ..., uy,)

it is necessary and sufficient that the Jacobian
9 (X, X9,..,X,)

should vanish identically.

Proof: The conditionisnecessaryi.c.,if there exists betweenu,uy,...,u, arelation
F (u,u9,...,u,)=0 (1)

their Jacobian is necessarily zero.

Differentiating (1) partially with respect to xy, x9 , ..., x,, we get
oF du;  dF oduy oF ou,
— et E .t =0,
8u1 Bxl 8142 axl aun axl
oF duy ~ JF duy oF ou,
— et =t .+ =
aul 8x2 8u2 axZ aun ax2

oF azq oF 8u2 oF aun
— —t— =+, +——2=0
ouj dx, duy Ox, ou,, ax,,
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oF

ouy,
£
a”n
Ay

Iy

. . .. doF OoF
Eliminating EE
Uy u Uy

oy duy
8x1 axl
Oy Ouy
BXQ sz
O Ouy
dr,, o,

The condition is sufficient, i.c.,if the Jacobian J (uj, u, ...
exist a relation between uy, uy, ..., u,.

ax,,

=0 or

—— from these equations, we get

0 (uy,uy,..., uy) 0
d (¥, x9,... '

’ xl‘l)

, Uy is zero, then there must

The equations connecting the functions uy, uy, ..., u,, and the variables x;, x, ..., x,, are
always capable of being put into the following form :

(h (XI,X2,...,Xn, Ml) =0

& (xo,x3,...,%,u,uy)=0
O (X Xy 4 1seee, X g, U 5oy tty) =0
&, (X, up,u9,...,u,) =0.
9 (4, 95--- By)
o (u,uy, ..., uy,) 0 (X, X9,..., X,)
Then, we have | = —— 2" - (_])" L
Xp, X9, eeey Xyy) = a (4, d,..., 0,
0 (uy, Uy, ..., uy)
901 993 99,
=(—I”M. [See note after article 1]
001 993 09,
azq ald2 aun
Now, if ] =0, we have
90 2 A,
axl axz E)x, E)xn

ie., gi)r =0 for some value of r between 1 and n.
xr

Hence, for that particular value of  the function ¢. must not contain x,;and accordingly
the corresponding equation is of the form

O (Xp 41, X1, U, .., 1) =0,
Consequently between this and the remaining equations ¢, , 1 =0,¢, , 9 =0,...,¢, =0,
the variables x, ,1,%, . 9,..., x,, can be eliminated so as to give a final equation between
u, Uy ..., u, alone.

Hence the theorem is established.
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Illustrative Examlales

Example 6:  Show that the functions
U=x+y—z,v=x—p+z,w=x>+ > +2° -2z

are not independent of one another. Also find the relation between them.
(Garhwal 2000; Lucknow 10)

Solution: Here
1 1 -1 | |1 1 0]
1 -1 NRE -1 o,
2x  2(y-2z) 2@@-p)| |2x 2(y-z) O]
adding C) to G
=0.
Since the Jacobian is zero, the functions are not independent.
Nowu+v=2xand u-v=2(y - z).
Therefore (u + V)2 + (u - V)2 =4 (x2 + yz +22 - 2 yz) =4w.

This is the required relation between u, v, w.

Example7: Show thatax” + 2hxy + byz and A< + 2Hxy + By2 are independent unless
a_h_b,
A H B

Solution: Let u=ax’ + 2hxy + by2, v= A + 2Hxy + By2. If the functions u, v are

not independent, then

= 3
F
a(”,V) :O or ax y :0

9 (x, ) ‘@ @

| ox 9y

|2(ax+hy) 2 (hx + by) ‘ 0
or |2(Av+ Hy) 2 (Hx+ By)|
or (ax + hy) (Hx + By) — (hx + by) (Ax + Hy) =0
or (aH — Ah) x* + (aB — Ab) xy + (Bl — bH) y* =0.

Since the variables x, y are independent, the coefficients of +* and y2 in the above

equation must be separately zero. Hence, we have
aH — Ah=0 and Bh-DbH =0
a_h b

whence —_— ==
A H B
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@mprehensive Exercise 3

1 If u=x +y2+ZZ,V=x+y+Z,W=)g/+yZ+ZX,ShOW that the Jacobian

M vanishes identically. Also find the relation between u, v and w.
d(x, y,z) (Avadh 2014)
2. Ifu=(x+y)/(1-uxp) and v= tan”! x + tan_ly, find ;)((u, V)) . Are u and »
X,y

functionally related ? If so, find the relationship.

3. If the functions u, v, w of three independent variables x, y, z are not independent,
prove that the Jacobian of u, v, w with respect to x, y, z vanishes.

4. Show that the functions u=3x+2y -z, v=x-2y+zand w=x(x+2y —z)
are not independent and find the relation between them.

5. Show that the functions
U=Xx+y+z,v=xy+ yz +zr,w=1 +y3 +z° -3xyz
are not independent. Find the relation between them. (Meerut 2013B)
6. Ifu=x+2y+z,v=x-2y+3zand w=2xy —xz +4yz —222,showthatthey

are not independent. Find the relation between u, v and w.
(Lucknow 2009, 11)

7 Ifu=x+y,v=y+z,w =y(x+y+z)

, show that u, v, w are not independent
z x Xz

and find the relation between them.

8. If u:x+y+z+t,v=x+y—z—t,w:;g;—zt,r:xz+y2—22—t2,
d(u,v,w,r . .
show that ¥ =0 and hence find a relation between u, v, w and r.
d(x, y,z,t)

9. If f(O)=0and f " (x)= l% ,prove without using the method of integration,
+x

thatf(x)+f(y)=f(x+y]-

I-y (Meerut 2012B, 13; Gorakhpur 13, 14)

@nswers )

. v =u+2w 2. u=tanv 4, u* — v =8w
5. w2 =3ur+w 6. u* — v =4w 7. ww=w+l

8. uv=r+2w.
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@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1. If x=rcos®, y=rsin6, then

a (x, a (x, 1
(@ 20D (by 202 1
a(r,0) a(r,0) r
a (x, : , 1
() (xy)=,2 (d) x‘)])zf
d (r,0) 9(r,0) r (Kumaun 2007)
2 2
2 Ifu=y—, Xty then
2x 2x
d (u,v d (u,v
(@) S0 _ () 20 _ )
o(x,y) 2x 9 (x, p) 2x
©) a(u,v):27x d) 8(u,v):_2l
d(x,y) 0(%, )  J  (Kumaun 2011)
3. The Jacobian 9 (u,v) for the functions u = ¢* sin_y, v =x + log sin y is
9 (x, )
(a) 0 (b) 1
(c) -1 (d) e*
. . d(u,v) .
4. Ifu=uxsin y and v= ysinx, then is
d (x, y)
(a) 1 (b) -1
(c) O (d) sin xsin y — xy cos x cos y
5. Ifx=rcos6, y=rsinb,z =z,thenMis
d(r,0,z)
(a) —r (b) r
1 1
() —= (d) =
r r
6. The two functions u (x, y) and v (x, y) are functionally dependent if their
(a) Jacobian is zero (b) Jacobian is not zero
(¢) Product is real (d) none of these
7. 1 7= 200 g =200 e
d(x, y) 0 (u,v)
(a) J]'=0 (b) JJ'=1

() JJ'=-1 (d) none of these
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8. Ifx=rcos6, y=rsin6, then (.8) X (. y) is equal to
X, ) (r,0)
(a) 0 (b) 1
(c) 2 (d) o (Kumaun 2015)
Fill in the Blank(s)
Fill in the blanks “...... 7 so that the following statements are complete and correct.
1. Ifu and v are functions of two independent variables x and y, then
jou |
dr) o |
a(x.y) |0 o]
or |
2. Ifx=rcos6, y=rsin6,then 9(r,9) =
d(x, y)
3 d (u,v) y d(x, y) _
I(x,p) 9w
4. Ifx=u(l+v), y=v(l+u), then oxy) _
d (u,v)
0 (u, v, w)
5. fu=xpz,v=xp+ yz+xz, w=x+ y+z,then ———==_....
(x, y,2) (Lucknow 2010)
6. If uzzi,v—?)—zx, w= 4W,then (M’V’W)
X y z (X, ,Z
7 Ifu—y— V—g,wzﬂ,th n 0 (v, w) _
y z X, 0,z)

True or False
Write “I” for true and ‘F’ for false statement.

Xy X X3 X x| X 0 (uy, uy, u
Lo Mg =25 =80 o0 g Qi)
A 29 X3 0 (¥, x9,x3)

2. If u, uy are functions of yj, y9 and y|, yo are functions of x, xo, then
9 (up,up) _ 0 (uy,u9) 9 (1, 72)
d(n,x) 9(y,y2) 0(x,x)

d(x, y,z)
3 (r,0,0)

3. Ifx=rsinBcos ¢, y =rsinOsin ¢,z =r cos 6, then — ="~ =72 sin 6.
4. Ifu,vand w are functions of three independent variables x, y and z , then
d(u,v,w) d(x,y,z)
d(x, y,2) . 9 (u, v, w) a
5. If u,uy and ug are functions of three independent variables x|, 1y and x3
connected by the equations
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K (u,up,u3 ,x1,x9,x3)=0,

Ey (uy, up,u3, 21, %9, x3) =0,
and F (w1, u9,u3, 31, x9,x3) =0,

Jd(H, K, K)
0 (uy, up,u3) _ 9 (¥, % ,%3)

th
o (v, x9,x3) (A B, B)
9 (u, ug, u3)

The functions u:x2+y2+z2, vV=xX+y+z, w=xp+ yz+zt are not

independent of each other.

d(x, y,2) 9
Ifx+y+z=u y+z=urv,z=uvw,then ———=u"n.
9 (u, v, W) (Lucknow 2006, 08)
If u, v, w are functions of three independent variables x, y,z, then u, v, w are not
. o (u,v,w
independent of each other if .y
d(x, y,2)

312 L 2+2)

The functional relation between the functions u = V= 5
2(y+2) 3(x-y)
w:uis urw? =1.

X

@nswers

Multiple Choice Questions
(a) 2. (b) 3. (a) 4. (d) 5. (b)
(a) 7. (b 8. (b)

Fill in the Blank(s)

o 2. L 3. 1 4. l+u+vw
ay r
(x=p)(y-2)(z—-x) 6. 96 7. 4

True or False
F 2. T 3. T .
T 7. T 8. F 9. T

NN
!
“u
!




Maxima and Minima

(Of Functions of Several Independent Variables)

1 Definition

Let f (x, y,z,...)be any function of several independent variables x, y, z,...supposed
to be continuous for all values of these variables in the neighbourhood of their
valuesa, b, c,...respectively. Then f (a,b,c,...)is said to be amaximum or a minimum
value of f (x, y,z,...) according as f (a+h,b+k,c+1,...) is less or greater than
f(a,b,c,...) for all sufficiently small independent values of h,k,I,..., positive or
negative, provided they are not all zero.

2 Necessary Conditions for the Existence of

Maxima or Minima

From the definition it is obvious that we shall have a maximum or a minimum of
f(x,y,z,...) for those wvalues of «x,y,z,... for which the expression
f@x+h y+kz+1..)- f(x,p,z,...)is of invariable sign for all sufficiently small
independent values of /1, k, [,... provided they are not all equal to zero. There will be a
maximum or a minimum according as this sign is negative or positive.
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Expanding by Taylor’s theorem for several variables, we have
fa+hy+kz+1..)

fa+hy+kz+l..)- f(x,p,2z,..)
= h%+ki+li+... + terms of the second
ax dy oz

and higher orders in 1,k,1,.... (1)
Now by taking /1, k, [,... sufficiently small, the first degree terms in /1, k, /,...can be made
to govern the sign of the right hand side and therefore of the left hand side of (1). But if
h i +k i +1 s +

X dy oz

changing the signofeach of 1, k, ,...,. Hence as a necessary condition for the occurrence
of a maximum or a minimum of f (x, y,z,...), we must have

WYY o, (2)
Loid i

Since (2) is true whatever be the values of /1, k, [,...independent of each other, we must
have as a necessary consequence

I 0% -0 %0

...,is not equal to zero, the sign of this expression will change by

ax oy oz

3 eee

Ifthere are nindependent variables, we have then obtained # simultaneous equations to
give us the valuesa, b, c,...of the nvariables x, y, z,...forwhich f (x, y ,z,...)mayhave a
maximum or a minimum value.

af:o,%zo,izo,.
0z

The conditions =

3 3 .. are necessary but not sufficient for the existence of
x 7y

maxima and minima.

5 Stationary and Extreme Points

Apoint(ay,ay ,...,a,)is called a stationary point, if all the first order partial derivatives
of the function f (x|, x9 ,..., x,)vanishat that point. Also then the value of the function
f (x1, % ,..., x,,)is said to be stationary at that point. A stationary point which is either a
maximum or a minimum is called an extreme point and the value of the function at
that point is called an extreme value. A stationary point is not necessarily an extreme
point. Thus a stationary value may be a maximum or a minimum or neither of these
two. To decide whether a stationary point is really an extreme point, a further
investigation is required.
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4 Lagrange’s Necessary and Sufficient Conditions for the

Maxima or Minima of a Function of three Independent

Variables

Necessary Conditions: Let f (x, y,z)be a function of three independent variables

x, yandz . Then as derived in article 4.2, for f (x, y, z) to be amaximum or a minimum

at any point (a,b,¢), it is necessary that % =0, i =0 and % =0 at that point.
ox ay oz

Hence the points where the value of the function f (x, y,z)is stationary (i.e., may be a
maximum or a minimum) are obtained by solving the simultaneous equations

Y 0¥ 0,
ox ady oz

Sufficient Conditions: Before deriving the sufficient conditions for the existence
of a maximum or a minimum of a function of three independent variables, we obtain
the following two algebraic lemmas regarding the signs of quadratic expressions.

Lemma 1: Letly = ax’ + 2hxy + by2 be a quadratic expression in two variables x and

y . We can write

Iy = L[ + 2y + aby?] i a %0
a

= L ar 1) + @b - 12) 521,
a

The expression within the square brackets will be positive if ab — W is positive and in that case the
sign of the expression 1o will be the same as that of a .
In case ab — k> is not positive, we can say nothing about the sign of the expression

within the square brackets and hence nothing about the sign of the given quadratic
expression Iy .

Lemma 2: In three variables x, y and z,
e = ar’ -i-by2 +cz? +2fyz + 2 gzx + 2hxy

1 [a2x2 +aby2 + acz? +2 fayz + 2 gazx + 2haxy] ,if a # 0
a

-1 [a®x” + 2ax (gz +hy) + aby2 +acz” + 2 fayz]
[(ax + hy + gz)* + aby? + acz? +2 fayz — (gz + hy)*]

[(ax + hy + gz)2 + (ab —h2)y2 +2yz ( fa— gh)+ (ac — g2)22].

Q== a

Now I3 will be of the same sign as a provided the expression within the square brackets
is positive which will of course be so if

ab — k% and {(ab — h2) (ac — gz) —( fa - gh)z} are both positive
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Le.,if ab — h* and a (abc + 2 fgh — af = - bgz — ch”) are both positive.
0 a h g
Thus 13 will be positive if a, Wb ’ ,|h b f
h

g f ¢

be all positive and will be negative if these three expressions are alternately negative and positive.

Nowwe are in a position to derive Lagrange’s sufficient conditions for the existence of a
maximum or a minimum of a function of three independent variables at a stationary
point.

Let a set of the values of x, y,z obtained by solving the equations

i=i=i=0 bea,b,c.
ax a)] aZ

Let the values of the six second order partial derivatives

If P Pf PSS PSS
a® " 9y? " 9z” Tpoz dzax  oxdy

at the point (a,b,c) be denoted by A, B,C, F,G and H respectively.

Then, we have

fla+hb+kec+1)= f (abc)
=%(Ah2 + Bk? + CP + 2Fkl + 2Glh + 2 Hhk) + Rs (1)

where Ry consists of terms of third and higher orders of small quantities /, k and I . By
taking /i, k and [ sufficiently small, the second degree terms in /i, k and / can be made to
govern the sign of the right hand side and therefore of the left hand side of (1). If this
group of terms forms an expression of invariable sign for all such values of 1, k and [ ,we
shall have a maximum or a minimum value of f (x, y,z)at(a, b, c)according as that sign
is negative or positive.

Hence by our lemma 2, if the expressions

a2 s
,HB,
G F C

be all positive, we shall have a minimum of f (x, y,z)at(a, b, ¢) and if these expressions
be alternately negative and positive, we shall have a maximum of f (x, y,z)at(a,b,c),
whilst if these conditions are not satisfied, we shall in general have neither a maximum
nor a minimum of f (x, y,z) at (a,b,c).

5 Working Rule for Fincling the Maxima and Minima of a
Function of Three Independent Variables

Suppose f (x, y,z)is a given function of three independent variables x, y and z . Find
of / ox, df / dy and df / dz and solve the simultaneous equations dof /dx =0, df /dy =0
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anddf / dz =0 .Allthetriads(a, b, c)of the values of x, y and z obtained on solving these
equations will give the stationary values of f (x, y,z)i.c.,will give the points at which
the function f (x, y,z) may be a maximum or a minimum.

To discuss the maximum or minimum of f (x, y,z) at any point (a, b, c) obtained on
solving the equations df / dx =0 ,9f /dy =0 and df / dz =0 ,we find the values at this

point of the six partial derivatives of second order of f (x, y,z) symbolically denoted as
follows :

2 2 2 2 2 2
YAV Y AP YTV I W e TN PV v

S P az2 oz’ oz ox ar oy
If the expressions
Al
? H B ?
G F C

be all positive, we shall have a minimum of f (x, y,z)at(a, b, ¢) and if these expressions
be alternately negative and positive, we shall have a maximum of f (x, y,z)at(a,b,c),
whilst if these conditions are not satisfied, we shall in general have neither a maximum
nor a minimum of f (x, y,z) at (a,b,c).

Illustrative Examr)les

Example 1: Discuss the maximum or minimum values of u where

2

u:x2+y2+z +x—-2z—-xy.

Solution: For a maximum or a minimum of u , we must have

ou

—=2x—-y+1=0,
ox e
@z—x+2y=0,
Iy

and %:22—220.
z

These equations give x=-2/3, y=-1/3,z=1.

(=2 /3,-1/3,1)is the only point at which u is stationary i.e.,at which # may have a
maximum or a minimum.

2 2 2 2 2
Now a%‘:2,78;‘:2,87;‘:2, U _, 9 _
ox dy oz dy oz 0z ox
2
and U __
ax dy

If A, B,C, F,G and H denote the respective values of these six partial derivatives of
second order at the point (-2 /3,-1/3,1), then

A=2,B=2,C=2,F=0,G6=0,H=-1.
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N h A—2AH—2_1—3

OW wWe nhave —,HB__12_
A H G| |2 =10

and H B F|=|-1 2 0|=6.
G F cl o o 2

Since these three expressions are all positive, we have a minimum of u when
x=-2/3,y=-1/3,z=1.

Example 2:  Show that the point such that the sum of the squares of its distances from n given
points shall be minimum, is the centre of the mean position of the given points.

Solution: Let the n given points be (ay, by, c;), (ay ,by ,c9), ...... ,(a,,b,,c,) and let
(¥, y,z) be the coordinates of the required point.
If u denotes the sum of the squares of the distances of (x, y,z) from the n given points,
then

u=Z[(x—a) +(y-h)’+@-a)]

=S(r—a) +Z(y-h)P’ +Z(z-q)

For a maximum or a minimum of u , we must have

9 _ 9% (v — ay) = 2nr — 23, =0,
ox
ou
—=23(y—-b)=2ny -23h =0,
I
ou
and a—=22(z—cl)=2nz—22q=0.
Z

Solving these equations, we get
>a >h >
e 8 y 1 o U

X Sy =—,z=
n n
2 2 2
Now Aza—g=2n,B=a—;=2n,C=a—;’=2n,
ox dy oz
2 2 2
po 0 =0,G=Q=O,H= ou _
dy oz 0z dx ox dy
We Aoy |4 H|_|2 0,0
€ have —n,HB—O 2n—l’l,
A H G| |20 0 0
and H B F|=|0 21 0|=8.

G F C 0O 0 2n

Since these three expressions are all positive, # is minimum when

Xa b Xc
=—1,y=—landz=—I
n n

X

i.e.,uis minimum when the point (x, y, z)is the centre of the mean position of the n given
points.
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Example 3:  Find the maximum value of u where
xyz
u= :

(a+x)(x+py)(y+z)(z+D)
Solution: We have

log u=log x + log y + log z — log (a + x)
—log (x+ y)—log ( y +z)—log (z + D).
low_1 1 | @/—xz

uox x a+x x+y_x(a+x)(x+y)

ou _ (uy—xz)u

or —=— =7 .
o x(a+x)(x+y)
2
Similarly %: (xz — y~)u
Iy yx+y)(y+z)
2
and ou_ (by-z")u .

dz z(y+z)(z+Dh)

Now for a maximum or a minimum of « , we must have

%=0 ie., uy—xz =0
ox
%:0 ie., xz—y2:0
y
Ju . 9

and —=0 ie, by-2z"=0.
0z

From the above equations, it follows thata, x, y,z and b are in geometrical progression.
Let r be the common ratio of this geometrical progression. Then
a*=b or r=@0/a'*

Alsox:ﬂr,y:arz,z:ar3.

Substituting these values, we get
2 3

ar.ar- .ar
u =

a(l+r).ar(l+r).ar2 (1+r).ar3 I+7r)
1 1 1

Talant a0/ @A

This gives a stationary value of . To decide whether this value of # is a maximum or a
minimum we proceed to find the second order partial derivatives of u .

2
We have a;4=_2x”+(@;_x2)a|:”],
ox x(a+x)(x+y) ox|x(a+x)(x+y)

s Whenx=ar, y= arz,z = arj,we have

_& —-2.ar.u

A=—5=
o2 ar.a(l+r).ar(1+7)
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A(>9)
—2u

which is negative.
r(l+r)

a2 27

Hence the above stationary value of # is a maximum.

. 1
Ans. Maximum value of u = W :
Note: In the complicated problems in order to find whether a stationary value of u is a
maximum or a minimum, it is sufficient to find the value of a second partial differential
coefficient of u with respect to any of the independent variables. The value of u will be
maximum or minimum according as the value of this second partial derivative at the
stationary point under consideration is —ive or +ive.

@mprehensive Exercise 1

1. Show that u=(x+ y+ 2)3 -3 (x+ y+z)-24xpz + 4> has minimum at (L1L1)
and maximum at (- 1,—1,-1).
2. Find the maximum or minimum values of u where
u=aw?23 — 2225 — 33— gt
3. Find the maximum value of

(ax+ by +cz) e (00 B 17

@swers 1

2. wis maximum when x=a /7, y=2a/7,z=3a/7 and the maximum value is

1084’ /7.

il 55

6 Lagrange,s Method of Undetermined Multipliers

Let wu=f(x,x,...,x,)

be a function of n variables x, xy ,..., x,, . Let these variables be connected by m

equations

Op(x, X9 5., X)) =0,09 (1, %9 .., x,) =0,...,0,(x, %9 ,...,x,) =0

so that only n — m of the n variables are independent.
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For a maximum or a minimum of u , we have
=" e+ O ey + O g v+ e =0
BXI 8x2 aX3 axn
Also differentiating the m given equations connecting the variables, we get
d d ) 0
do = e+ s M g s ¥ 20
ox| oxy oxg ox,,
b b b 0~
d¢2 Zﬂdxl +£d)€2 +£d)€3 +...+£dxn:0 ,
ax| oxy oxg ox,,
9 d d )
d¢,, = O dy + O dry + O dvg + ...+ %om dx, =0
oxy dxy oxg ox,,

Multiplying the above m + 1 equations obtained on differentiation by I, A, A9 ,..., A,
respectively and adding, we get an equation which may be written as

PldXI+P2dX2+P3dX3+...+Pndxn=0, (1)
d d 9
where P,=ﬂ+klﬂ+k2 ¢2+...+7\m&~
ox, ox, ox, ox,

Now the m multipliers A}, A9 ,..., A, are at our choice. We choose them such that they
satisfy the m linear equations

B=0,P=0,.,P,=0.

Then the equation (1) reduces to

By 1 dxy 11+ Py g0 dxy 1o + .4 By dr, =0 -(2)
It is immaterial which of the n —m of the n variables xj, xy ,..., x,, are regarded as
independent. Let us regard the n — m variables x,, ;1 ,x,, y9 ,..., X, as independent.
Then since the n —m quantities dx,, , |,dx,, , 9 ,...,dx, are all independent of one

another, their coefficients must be separately zero in the relation (2). Hence we must
have

Pyi1=0,Py,9=0,.,P=0.

Thus we get m + n equations
PB=0,P=0,..,P=0
and 01=0,¢9=0,...,¢9,,=0,

which together with the relation u = f (x, 19 ,...,x,) determine the m multipliers
A, A9 ..., A, ,thevalues of x1, xy ,..., x,, and u at the stationary point. This method is
known as Lagrange’s method of undetermined multipliers. It is very convenient to
apply and it often gives us the maximum or minimum values of  without actually
determining the values of the multipliers Ay, ..., A, . The only drawback of this method
is that it does not determine the nature of the stationary point.
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Illustrative ExamFles

Example 4: If u=x> +y2 + 22, where ax” +by2 +cz? +2fz +2gzc+ 2hxy =1, find

the maximum or minimum values of u.

Solution: We have u = x* +y2 +z2, (1)

where the variables x, y,z are connected by the relation
ax2+by2+cz2+2ﬁ/z+2gzx+2hyg/:1. (2)

For a maximum or a minimum of u , we have du =0

= 2xdx +2 ydy +2zdz =0

= xde+ ydy+zdz=0. ..(3)

Also differentiating the given relation (2), we get
2av dx +2by dy +2cz dz + 2 fy dz + 2 fz dy + 2 gz dx
+2gvdz +2hx dy +2hy de =0
or (ax+hy + gz)dx + (hx + by + fz)dy + (gx + fy +cz)dz =0 . ..(4)
Multiplying (3) by 1, (4) by A and adding, and then equating the coefficients of
dx ,dy ,dz to zero, we have

x+A(ax+hy+ gz)=0, ..(5)
y+A(hx+by+ f2)=0, ...(6)
and z+A(gx+ fy+cz)=0. .(7)

Multiplying (5) by x, (6) by y, (7) by z and adding, we get

2 +y2 +22 40 (ar? +Iay2 +cz? +2fyz + 2 gzx + 2hyy) =0
or u+A.1=0, using (1) and (2).

A=—u.
Hence from (5), we have

x—u(ax+hy + gz)=0

or x (I —au)—huy — guz =0
or (ﬂ—l)x+hy+gz=0. ..(8)
u
Similarly from (6) and (7), we have
hx+b-1/u) y+ fz=0, ..(9)
and g+ fr+-1/u)z=0. ..(10)
Eliminating x, y,z from (8), (9), (10), we get
a—(1/u) h g
h b—(»1/u) f =0. ..(11)
g S c—(1/u)

Hence the required maximum or minimum values of u are the roots of the equation

(11).
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Example 5:  Find the stationary values of 2+ y2 +22 subject to the conditions

ax2+byz+czzzlandlx+my+nz=0.

Interpret the result geometrically. (Lucknow 2009)
Solution: Let u=x>+ y* +22, (1)
where the variables x, y and z are connected by the relations

a’ +by? +cz? =1, (2)
and Ix+my+nz=0. ..(3)
For a stationary value of u , we have

du=0
= 2xdy+2ydy +2zdz =0
= xdx + ydy +zdz =0 . .(4)

Also differentiating the given relations (2) and (3), we get

2ax dy + 2by dy + 2cz dz =0
ie., axdy +by dy +cz dz =0 .(5)
and ldx+mdy +ndz=0. ...(6)
Multiplying (4) by 1, (5) by A and (6) by u and adding, and then equating the
coefficients of dx ,dy ,dz to zero, we get

X+ Aax +ul =0, .(7)
Y+ Ay +um=0, ..(8)
and z+ Mz +un=0. ..(9)
Multiplying the equations (7), (8) and (9) by x, y andz respectively and adding, we get
¥ +y2 +z22 4 (ax2 +by2 +czz)+u (x+my +nz)=0,
or u+A.l+pn.0=0,using (1), (2) and (3)
or A=—u.

Substituting for A in the equations (7), (8) and (9), we get
X = ul V= L ,Z = B :
au—1 bu -1 cu—1

Substituting these values of x, y,z in (3), we get
2 2 2
WSt
au—-1 bu-1 cu-1

I m? n?

or + + =0. ...(10)
au—-1 bu-1 cu-1

Hence the stationary (i.e., maximum or minimum) values of u are given by the equation
(10). The equation (10) is a quadraticin# and so it gives two stationary values of u .

Geometrical Interpretation: The surface ar® +by” +cz? =1 represents an

ellipsoid (or a hyperboloid) whose centre is origin, and Ix + my + nz =0 is a plane
passing through the origin. Therefore the point (x, y,z) satisfying both the conditions
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(2) and (3) lies on the conic in which (2) and (3) intersect. Also X+ y2 +2° gives the

square of the distance of (x, y, z) from the origin which is also the centre of the conic of
intersection. The maximum and minimum values of this distance are the major and
minor semi-axes of the conic. So the equation (10) gives the squares of the lengths of
the semi-axes of the conic of intersection.

Example 6: Find the maximum and minimum values of

when lx+my+nz=0andx2 /a2+y2 /172+z2 /czzl.

Interpret the result geometrically. (Lucknow 2011)
Solution: Letu=x"/a* + y2 /b* + 22 / ¢* Then for a maximum or a minimum of
u ,we have
x z
=0 = ﬂ—4dx+bl4dy+c—4dz=0 (1)

Also differentiating the two given equations connecting the variables x, y andz ,we get

ldx+mdy +ndz =0, ..(2)
X y z

and S dx+ L dy+ = dz=0. ...(3
2 )2 y 2 )

Multiplying (1), (2) and (3) by ], A and u respectively and adding, and then equating to
zero the coefficients of dx , dy and dz , we get

X X
bl4+xm+ubl2=o, (5)
and Ci4+xn+uci2=o. ..(6)

Multiplying the equations (4), (5) and (6) by x, y andz respectively and adding, we get
u+A.0+pn.1=0 or pu=-u.
Puttingu = — u in (4), we get

X xu X 1 Ma*
— +AM-=55=0, or {u—}:M, or x= .
at a’ a a? a*u—1
Similarly from (5) and (6), we get
Amb? et
= and z=— .
bou—-1 c“u-—1
Substituting these values of x, y,z in Iy + my + nz =0 , we get
2 4 214 2 4
FFa m*h et o (7

Au-1 u-1 cu-1

The equation (7) gives the required maximum or minimum values of u .
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Geometrical Interpretation: The equation of the tangent plane to the ellipsoid
2/ d +y2 /B +2% )P =lat any point (x, y,z) on it is

Xx Yy Zz
a2 ol ©)
If p be the length of the perpendicular from origin which is also the centre of the

ellipsoid to the tangent plane (1), then
1

pz_xz/a4+y2/b4+zz/c4.
If the point (x, y,z) on the ellipsoid also lies on the given plane Ix + my + nz =0 , the
problem consists of finding out the maximum or minimum values of the perpendicular

distance from the origin to the tangent planes to the ellipsoid at the points common to
the plane Ix + my + nz =0 and the ellipsoid.

Example 7:  Prove that of all rectangular parallelopipeds of the same volume, the cube has the
least surface.

Solution: Let x, 7,z be the dimensions of the rectangular parallelopiped, V' be its
volume and S be its surface. Then

S=2xp+2yz +2zx (1)
and xyz =V =some constant. (2)
For a maximum or a minimum of S , we have

AS=2(y+z)dv+2(z+x)dy +2(x+ y)dz =0
ie., (y+z)de+(z+x)dy+(x+ y)dz=0. ..(3)
Also differentiating (2) and observing that V' is constant, we have

yzdx+ztdy +xp dz =0. ..(4)
Multiplying (3) by 1 and (4) by A, and adding and then equating to zero the
coefficients of dx ,dy and dz , we get

(y+z)+Nz=0, (5)

(z+x)+Azx =0, ...(6)
and (x+y)+dy=0. (7)
Thesegive—k=l+l=l+l=l+i.

y z z x x y

l—l=0 or x=y

yox

Similarly y==z.
Hence for a stationary value of S, we have
x=y=z=V 13 from (2).
Thus S is stationary when the rectangular parallelopiped is a cube.

Let us now find the nature of this stationary value of S .
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Here S is a function of three variables x, y,z which are connected by the relation (2) so
that only two variables are independent. Let us regard x and y as independent variables
and z to be dependent on them.

Then from (1), aS—2y+2ya—+2z+2xa—z
ox ox ox
Also from (2), yz+)g/——0 ie., 9=__z
ox x
LA N D oy S .
ox X x
825 2yz 2y E)z _2yz 2yz _4yz
and = - — + = =4atx=y=z.
wt i X e e e Y

2
Similarly by symmetry g—i =4atx=y=z.
y

S _, 2z 2y

Also -
ox dy x x Jy
But differentiating (2) partially w.r.t. y taking x as constant, we get
oz oz z
xz+xy—=0 or —=-—-
& »y
2
IS 5 22 2y(_z)_o_ 22z 2z _,
ax dy X X y x X
Thus at the stationary point x= y=z=V 173 we have
2 2 2
_9S =45 aS=Zandt=g=4.
S Sy Iy

rt—s*=4x4-2%=12whichis>0.
Also r =4 which is>0 .

Hence the stationary value of S givenby x= y=z=V 173

is a minimum.

Thus of all rectangular parallelopipeds of the same volume, the cube has the least
surface.

Example 8: Discuss the maxima and minima of the function
u = sin x sin y sinz ,where x, y,z are the angles of a triangle.

Solution: We have u =sin xsin ysinz, (1)

where X+ y+z=m. ..(2)
For a maximum or a minimum of u , we must have
du =cos xsin ysinz dr +sin xcos ysinz dy +sin xsin y cos z dz
=0. ..(3)
Also from (2), we have
de+dy +dz =0. ..(4)
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Multiplying (3) by I and (4) by A and adding and then equating to zero the coefficients
of dx ,dy ,dz ,we get

cos xsin ysinz +A =0,

sinxcos ysinz+2A =0,
and sinxsin ycosz+A=0.
From these, we get

— A =cos xsin ysinz =sinxcos ysinz =sinxsin ycos z
or cot x =cot y =cot z [Dividing by sin xsin y sin z]
ie., x=y=z=mn/3. [From (2)]
Thus u is stationary when x = y=z=mn/3.
Let us now find the nature of this stationary value of u .

Since variables x, y and z are connected by the relation (2), only two of them may be
regarded as independent.
Let us regard x and y as independent and z to be dependent on them by the relation
(2).
Then from (1),

ou . . . . 0z

— =sin ysinz cos x +sinxsin y cosz —-

ox ax
Also form (2),

1+a—Z=O or a—zz—l.

ax ax

u . . . .
a—=smysmzcosx—smxsmycosz
x

Fu_ . oz
and 5 =—sin ysinzsinx +sin y cos xcosz —
ox ox
. . . .oz
—cos xsin y cos z +sin xsin ysinz —
=—2sinxsin ysinz —2sin _y cos xcos z .
o u . . dz
Also =cos ysinz cos x +sin y cos xcos z —
ar %

. . . . 0z
—sin x cos y cos z +sin xsin y sin z Fw

7y
=C0S y sinz cos x —sin y cos x cos z —sin x cos y cos z.
—sin xsin y sinz
Hence putting x= y=z=n /3 ,we get
_Pu__ o V3 N3 V3 N3 1 1_ 393 V3 _
2

LI 3V3 N33,
2 2 4 4
3.

TR T T
o Pu V3 N3 N3 393 _ 43
xdy 8 8 8 8 2
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Also by symmetry, t = P V3.
4

At the stationary point x= y =z =n /3 ,we have
rt—s>=3—-(3/4)=9/4which is>0
and r=-3 whichis<0.

At the stationary point x = y =z =1 /3, u is maximum.

Hence u is maximum when x = y =z =t / 3 and the maximum value of
WAE\EREY
2 8

Example 9: Show that the volume of the greatest rectangular parallelopiped that can be

inscribed in the ellipsoid
2 2
ﬁz+y—z+z—2 1 is 8?/1% -
a b 343 (Gorakhpur 2010)

Solution: Let (x, y,z) denote the coordinates of the vertex of the rectangular

parallelopiped which lies in the positive octant and let V' denote its volume. Then, we
have to find the maximum value of

V =8uxyz (1)
subject to the condition

"2 LZ 7_1. - (2)
a b c
For a maximum or a minimum of V', we have
AV =8 yzdx + 8zxdy + Sxydz =0
ie., yzdx+zedy +xp dz =0 . ..(3)

Also differentiating (2), we get
—dx+ by dy+—dz =0

a’
. X z
ie., a—zdx+b12dy+c—2dz=0. ..(4)

Multiplying (3) by 1 and (4) by A , and adding and then equating the coefficients of
dx ,dy ,dz to zero, we get

)}Z+M—O zx+2y

5 —= Oand)g/+xz =0.
a 2

From these, we get

or
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P yz 22 X2/d2+y2/b2+22/62
— === =—, 1 2
or T2 3 3usmg()
or x:a/\/?),y:b/\/S,z:c/\/B.

Thus V is stationarywhenx:a/\/fi,y:b/\/3,2=c/\/3.

Nowregard xand y asindependent variables and z as a function of xand y given by (2).
Then from (1), ﬂz 8 yz + 8xy a—z
ox ox

Differentiating (2) partially w.r.t. x taking y as constant, we get
2x 2z 0z oz ’x
0 or .

a2 2o n alz
_802x2y

vV 2y
—=8yz+8xy|-——|=8yz
ox J Jgi[ azzJ 7 az

>V 0z 16c2xy 862x2y 0z
d — =8y — - + :
anaso o’ " a’z a’z?>  or

2 2 22 2
:8)%( cx]_l6c xy 8xy x

ﬂ2Z azz ﬂZZ ﬂZZ

which is—ivewhenx:a/\/3,y:b/\/3,z:c/\/3.
Hence V is maximum whenx =a / V3 ,y:b/\/B,z =¢ / V3 and the maximum value

of V = 8abc ‘
343

Note: In complicated problems to show that whether the stationary value of a
function is maximum or minimum, it will be sufficient to see whether the second partial
differential coefficient of the function w.r.t. any of the independent variables is
negative or positive.

Example 10: A rectangular box open at the top is to have a given capacity. Find the dimensions
of the box requiring least material for its construction.

Solution: Let the given capacity of the box be V, its three edges be x, y,z and its
surface be S . Then

S=xy+2ypz+2z (1)
and xpz=V. .(2)
For a maximum or a minimum of S , we have

AS=(y+2z)de+(x+2z)dy +2 (x + y)dz =0. ..(3)
Also from (2), since V' is constant, we have yz dx+zxdy + xp dz =0 . ..(4)

Multiplying (3) by 1 and (4) by A, and adding and then equating to zero the
coefficients of dx ,dy and dz ,we get
(y+22)+ Nz =0, ..(5)
(x+2z)+Azx =0, ...(6)
and 2x+2y+hy=0. (7)
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Multiplying (5) by x, (6) by y and subtracting, we get
2z¢=2zp=0o0r2z(x— y)=0,0orx=y.
[The root z =0 is inadmissible because the depth of the box cannot be zero.]
Similarly, from the equations (6) and (7), we get y =2z .
Hence the dimensions of the box for a stationary value of S are
x=y=2z= (2V)1/3,fr0m (2).
Let us now find the nature of this stationary value of S .

Regard xand y asindependent variables and z asafunction of xand y givenby (2).

Then from(l),§:y+2ya—z+2z+2xa—z-
ox ox X

Differentiating (2) partially w.r.t. x taking y as constant, we get

zZ + a—Z:Oiﬁ az:—i-
J Wax T ox X
§=y—2£+22—2z:y—2£
ox X X

PS _2yz 2y 0z _2yz 2yz 4y

and so = = = =2atx=y=2z.
P d
Thus at the stationary point x= y =2z = @V)'3, we have
o’S
r = —= =2 ,which is positive.
o’ P
2 2
Similarly we can find s = ) and t = g
ax dy dy

at the stationary point x= y =2z =2V )'/3 and can show that r ¢ — s is positive.

1/3,r t—s>>0andr>0 ,therefore the

Since at the stationary pointx = y =2z =(2V')
stationary value of S at this point is a minimum.

Hence the dimensions of the box requiring least material for its construction are given
by x=y=2z=@2V)"3

@mprehensive Exercise 2

1. Find the maximum and minimum values of u = a%x* + bzyz + 0222,

wherex2+y2+22:landlx+my+nz:O.

2. Show that the maximum and minimum values of u = x> + yz + 22

subject to the conditions px +¢qy +rz =0 and + /u2 + yz /b2 + 22 /02 =1
aZPZ . b2q2 . 62722

2

- =0.
u—a u—b* u—c

are given by the equation
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3. Find the maximum and minimum values of #* when
W =’ + b2y2 + %22
while X2 + J/z + 22 =land Ix + my +nz =0. (Lucknow 2008)
4. Find the maximum value of x™ y"z? subject to the condition
X+ y+z=a.
5. Find the minimum value of x + y + z , subject to the condition
(a/x)+m/ y)+(c/z)=1.
6. Find the minimum value of x* + yz + zz, given that
ax + by +ecz=p. (Lucknow 2006)
7. Find the maximum or minimum value of x” yz" subject to the condition
ax+by+cz=p+q+r.
8. Find the maximum or minimum value of x” y?z" subject to the condition
ﬁ + k + £ =1.
x y z
9. Find the minimum value of x* + y4 +z* where xyz = 3.
10. Divide a number a into three parts such that their product will be maximum.
11. In a plane triangle ABC, find the maximum value of
u=cos Acos Bcos C. (Lucknow 2007)
12. Find a plane triangle ABC such that u =sin™ Asin” Bsin? C
has maximum value.
13. Show that if the perimeter of a triangle is constant, its area is a maximum when
it is equilateral.
14. Find the triangle of maximum area inscribed in a circle.
15. Prove that the rectangular solid of maximum volume which can be inscribed in
a sphere is a cube.
16. Given u=5xpz / (x+2y+4z). Find the values of x, y,z for which u is
maximum subject to the condition xyz =8 .
17. Show that the maximum and minimum of the radii vectors of the sections of
2 2
the surface (x2 +y2 +z2)2 = é+ y—2+ Z—Z
a b c
by the plane Ax +uy + vz =0 are given by the equation
2232 b2 22 0
1-a? /2 1-0272 1-c202 )
18. If two variables x and y are connected by the relation a’® + by2 = ab ,show that

the maximum and minimum values of the function u = x* + yz + xy will be the

roots of the equation 4 (u—a) (u —b)=ab .




y_ |
19

20.

21.
22.

23.

24.

25.
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Find the maximum or minimum value of x* + yz + 22 ,subject to the conditions

k+my+nz=1,"x+m’" y+n’z=1.
Show that the maximum and minimum values of
u=a’® + by’ +cz® +2 fyz + 2 gzv + 2y
subject to the conditions lx +my +nz =0 and 2+ yz +22 =1are given by
a-u h g I
. h b-u f m
the equation =0
g f c-u n
[ m n 0

Find the maximum value of ,when u = x2y324 and2x+3y+4z=a.

Find the points where u =ax? + byl + cz" has extreme values subject to the
condition x '+ y "4z "=k,
Determine the maximum value of OP,O being the origin of coordinates where
P describes the curve x +y2 +222 =5,x+2y+z=5.

Prove that if x + y +z =1, apz + bzx + cry has an extreme value equal to

abc _
2be + 2ca + 2ab — a* — b* — ¢*

Prove also that if a, b, ¢ are all positive and c lies between a + b — 2V (ab) and
a +b + 2 (ab) this value is true maximum and that if a, b, ¢ are all negative and ¢
lies between a + b + 2\ (ab) , it is true minimum.

Find the maxima and minima of x” + y2 subject to the condition

ax2+2hxy+byzzl.

@swers 2

The maximum or minimum values of « are the roots of the equation

& N m? n?
2

5+ = =0.
U—a u->n u—c

2

The required values are the roots of the equation
12 2 2

Lom L _0
W -t - -2 '
mmnnppam+n+p /(m+n+p)ﬂ1+n+p'
Aminimumwhenizlziz\/u+\/b+\/c.
Va b e

and the minimum value = (Na + Vb + 0)2.

pz /(@® +b* + %)
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7. A maximum value is (p / a)l (q / b)1(r / ¢)".
8. A minimum when ﬁ=%=E=p+q+r.
a
9. A minimum when x = y =z =¢ and the minimum value = 3¢,
10. a/3,a/3,a/3.
11. uis maximum when A=B=C= g and the maximum value of u = é .
12. A maximum when tan A _tanB_tanC .
m n p
14. An equilateral triangle.
16. x=4,y=2,z=1.
19. The minimum value T (/ - I )2 / Z(mn’ - m'n)z.
21. (a/9).
p—1 q- r—n
22. The values of x, y,z are given by a =t =z .
[/pa m/qb n/re
23. Vs
@)jective Type Questions
Multiple Choice Questions
Indicate the correct answer for each question by writing the corresponding letter from (a)
(b), (c) and (d).
1. The function u =sin xsin y sinz , where x, y,z are the angles of a triangle, is
stationary at the point
T T n
= — = — b = = = —
(a) x 2 =iy (b) x=y=2 3
T T T T T
—,y=—=,z=— d 0, p==,z==
(C)?€4)/2Z4 (d) x= I ==Y
2. The maximum and minimum values of u=a’x> + b’ yz +¢%z% where

x2+y2+zzzland Iy + my + nz =0 are the roots of the equation

(a) e + o + ” l +
wu—a’ u-b> u-c? wu—a® u-b> u-c
2 2 2

© ) + =0
u—a u-bh u-c u—a u-bh u-c

m n
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Fill in the Blank(s)

Fill in the blanks “...... ” so that the following statements are complete and correct.

1. Let f(x, y,z) be a function of three independent variables x, y and z. The
necessary conditions for the existence of a maximum or a minimum of f (x, y,z)
atx=a, y=>bandz =c are

i=0, i:o and iz
ox ady oz

..atx=a,y=bz=c.

2

2. Foramaximum or a minimum of = x> + yi +2z° + x — 2z — xp,we must have

2x—y+1=0,..., and 2z -2=0.

True or False
Write “I” for true and ‘F’ for false statement.

1. The function u = x* + y2 +22 +x-2z - xy has a maximum at the point
X=- 2 -1 z=1
377773
2. Thevolume of the greatest rectangular parallelopiped that can be inscribed in the
ellipsoid
e y2 z? . 8abc
7 + T + 72 = 1 1S .
a b ¢ 343

3. The maximum orminimum values of u = x* + y* + z% subject to the conditions

axz+by2+czzzlandlx+my+nz=0

1 m> n?

+ + =
au—-1 bu-1 cu-1

are the roots of the equation

.. . .. a b ¢ .
4. The minimum value of x + y +z, subject to the condition —+ —+—=1, is

X y z
@’ISWGFS

Multiple Choice Questions
1. (b) 2. (a)

(a+b+c).

Fill in the Blank(s)
1. 0O 2. —x+2y=0.

True or False
1. F 2. T 3. T 4. F
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Limit and Continuity of
Functions of Several Variables

1 Functions of Two Variables

Let R denote the set of real numbers.
We have R>=RxR={(r, y):xeR, yeR}.
Let AcC R

If f: A— R, then f is called a real valued function of two real variables.
The set A is called the domain of this function and the range of this function is some
subset of R.

Definition: We say that z = f (x, y) is a real valued function of two independent real
variables x and y, if for each pair of values of x and y of a certain set {(x, y)}over which the point
(x, y) ranges, there exists a unique real value of z.

For example, z = P y2 —xy,z =xsin y + y cos x etc., are real valued functions of

two real independent variables x and y.
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2 Neighbourhood of a Point

Rectangular neighbourhood of a point:
Let (a, b) be any point ofRz.

The set N (a,b)={(x, y):xeR,yeR,a-h<x<a+hb-k< y<b+k}is called a
rectangular neighbourhood of the point (a,b), where h and k are arbitrarily small positive real
numbers.
In particular,

N (a,b)={(x,y):xeR,yeR,a-8<x<a+38,b-06< y<bh+35)}
is a square neighbourhood of the point (a, b), where & is an arbitrarily small positive
real number.
A neighbourhood of a point (a, b) is denoted by N (a, b).
We shall often write the word neighbourhood in the abbreviated form as nhd or nbd.

Circular neighbourhood of a point:

The set N (a,b) ={(x, y):xe R, ye Rand \/(x - a)2 +(y - b)2 < 8} is called a circular

neighbourhood of the point (a4, b),wheredis an arbitrarily small positive real number.

It can be seen that every circular neighbourhood of a point contains a rectangular neighbourhood
and vice versa.

Deleted neighbourhood of a point: If from the neighbourhood N (4, b) of the point
(a,b),we delete the point(a, b),then the remaining set is called a deleted nbd of (a, b).

3  Simultaneous and Iterated Limits

For a function f (x, y) of two variables x and y,we can define several kinds of limits. If
(a,b)is the limiting point of a set of values in two dimensional space, then we have the
limits

lim lim lim lim lim
(%, y)— (a,b) f ), x—=a y—b fx), y—>b x—>a S %7).

The first type of limit is known as ‘simultaneous limit’ or ‘double limit’ and the last
two types are known as ‘iterated limits’ or ‘repeated limits’.

lim
(x, y) = (a,b)
lim  f (x, y).

x—a
y—b

The simultaneous limit, f (x, y)is also written as

The notion of an iterated limit is nothing but a limit of a limit and it can be obtained as
in the case of a function of a single variable. However, the notion of simultaneous limit
is quite different from that of the limit of a function of single variable.
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Simultaneous Limit:
Definition: We say that the simultaneous limit of f (x, y) exists and is equal to A as
(x, y) = (a,b), if for every €> 0, there exists a &> 0 such that

| f (v y) - Al<e
for all values of x and y in the nbd of (a, b) defined by |x —a|<39,

Non-existence of simultaneous limit:

y-b|<é.

For the existence of simultaneous limit, not only must we have same limiting value if
the variable point (x, y) approaches the limiting point (a, b) through any set of values
dense at the point, but we must also have the same limiting value as the variable point
approaches its limiting position along any curve whatsoever.

Thus if we can find two methods of approach to the limiting point which give different
limiting values then we can conclude that the simultaneous limit does not exist.

Illustrative Examrles

3
lim

v
()= (0,0) 2 4
(Gorakhpur 2010)
Solution: Firstlet(x, y)approach(0,0)alongtheline y = xwhichisaline through the

Example 1: Show that the simultaneous limit does not exist.

origin. For this, we first put y = x in the function and then allow x to approach 0. We

thus get

lim P lim X

x>0 x2+x6ZX—>O 1+ x*

2
=0.

Again, let (x, y) approach (0,0) along the curve x = y3. For this, we put x = y3 in the

function and then allow y to approach zero. In this case, we get
lim )76 _1

Since two methods of approach to the limiting point give different limiting values, the
simultaneous limit does not exist.

Note 1: It can be seen that if we approach the origin along any line y = mx, the limit
comes out to be zero. But we cannot conclude that the simultaneous limit exists and is O

. 1
as we have seen that the limit along x = y3 comes out to be 3

lim
Note 2: The existence of the simultaneous limit, (x, y)implies that
| . (5, )= @p) 7 )P
the single limits xlina f (x,b), yhj: b f (a, y)also exist. However, it does not follow
that the single limits xlina f(x ), yh;nb f (x, y)existfor y # b,x # arespectively.

It is shown by the following example :
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lim

Example2: Show that the simultaneous limit sin —
4 (x, y)— (0,0) 7

exzsts and is equal to O

o i 1 ,
but the single limit 0 1S ~ (1 #0) does not exist.

T
Solution: First we shall show that the simultaneous limit m y sini
(x, y)— (0,0) X
exists.

Let £>0 be given. Taking 6 = ¢, we see that for all x, y satisfying the inequalities
0<|x|<3,0<]| y|<3d,we have

1 1
ysin—-0|= ysm =| y| sm—
X
<| P-mlsq
X
<d==¢.
fim inL=0ic, the simult limit exist
sin — =0 ie., the simultaneous limit exists.
(x, ) ©0,0) 7%
But, for any constant value of y = y; #0, we get
fim o sin — 1 e 1:)“0 n 1 ,which does not exist.

Repeated limits or Iterated limits: If a function f is defined in some deleted

neighbourhood of (4, b),then the limit ylinb f (x, y), ifitexists,isafunctionofx,

lim

¢ (x) exists and is equal to A, we write
—a

say ¢ (x).If then the limit, B

lim lim _
x—sa y—b S5y =2

and say that A is a repeated limit of f as y — b, x — a.

If we change the order of taking the limits, we get the other repeated limit
lim lim _

y—>bx—a Sy =p(say)

when first x — a and then y — b.

These two limits may or may not be equal.

Note: In case the simultaneous limit exists, these two repeated limits if they exist are
necessarily equal but the converse is not true. However, if the repeated limits are not equal,
the simultaneous limit cannot exist.
y-x l+ux
i ey
exist at the origin but are unequal.

o lim lim _ lim _(1+x)_
Solution: We have $50 yp>0 f(x,p)= (1 )— 1.

Example 3: Let f (x, y) = ,(x, ) #(0,0). Show that the two repeated limits
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. lim  lim _lim I
Again, y—=0 x—>0f(x’y)_y—>0 [l+y]_1'

Thus the two repeated limits exist at the origin but are not equal.

Nowwe give a theorem which is only a sufficient but not a necessary condition for the
interchange of the order of iterated limits.

lim

Theorem 1: Let the simultaneous limit
(x, y)— (a,b)

f (x, y)exist and be equal to A and

let the limit xlina f (x, y)exist for each constant value of y in the nhd of b and likewise let the

limit lim  f (x, y) exist for each constant value of x in the nhd of a. Then
y—=b

lim  lim _ lim  lim _
x—=a y—b f ) y—=>b x—>a foy)=A.

Proof: Since the limit xli_r)na f (x, y)exists for each value of yinthenhd ofb,we geta

set of these limiting values which defines a function of y, say F (a, y). Thus, we can

write
lim
f &, p)=F(a p), (1)

X—a

where F (a, y) may or may not be identical with f (a, y).

Let €> 0 be given. By virtue of (1), there exists §; > O such that for each value of yina
nhd of b, say in the nhd defined by | y — b|< 3, , we get

| F(a,y)= f (x,p)[<e/2 (2
for all x satistying the inequality | x — a| < §;.
Again, since the simultaneous limitof f (x, y)at(a, b)is A,there existsdy > O such that

| f(x, y)— Al<e/2 ...(3)
D/ b | < 82 .

for all x, y satistying|x — a| <&y,
Taking § = min (3¢ ,89), we get for all y satistying| y —b|<3§,
| F(a, y) = Al=|F (a, y) - f (x, y)+ f (x, y) = A|
S| F(a, y)= f ()| +] f (x, p) = Al
<§+§=e,by (2) and (3).

It gives that ylii)nb F(a, y)=A

lim lim B '
. )7—>b X—a f(x7y)—A,US1ng(1).

Similarly, we can prove that
lim lim B
x—sa y—b fxy)=A
lim lim lim lim

lim _ _
Thus (x, y) = (a,b) SE= y—b f(x’y)_y—ﬂa xoat )
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Example 4: Give an example to show that the order of iterated limits can be interchanged
although the simultaneous limit does not exist. (Gorakhpur 2012)
Solution: 'We consider the function f (x, y) = — v o for simultaneous and iterated
¥ +y

limits at (0,0).Firstlet (x, y)approach (0,0)alongtheline y = x.Putting y = xand then
making x approach 0, we get
2

1

lim X _1
x>0 2142 2
Again, let (x, y) approach (0, 0) along y-axis. Putting x =0, we get
lim 0
=0 0+ yz

=0.

Since two methods of approach give different results, the simultaneous limit does not
exist.
For iterated limits, we get
lim lim v _ lim x .0 _
x>0 y—>0 42 +y2 r—=0 240

and lim  lim v lim O'y, _o.
720 x=0 242 30 04,72
Thus the order of iterated limits can be interchanged.
2 2
lim X =y
Example 5:  Show that ——=0.
P (r )= 0,00 V22
Solution: Let €>0 be given.
For all (x, y) # (0,0), we have
PNC o B I (P ot | IO BT . BRI
1) 21y 21y
Nowforallxandy,wehave(|x|—|y|)220
= |2 +1 P ~2]x].] y[20
= x2+y222|)g/|
lwl 1 .
<
= x2+y2_2,1f(x,y)¢(0,0), @)

From (1) and (2), for all (x, y) #(0,0), we have
(o = %)
2t =0

1 2,1 2
< |- < |2+
2| Al 2| Nl

)
=—(x" + <Eg,
2(x J7)

ifx2<£andy2<£ ie.,if|x|<+eand| y|<+e.
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Now ifwe taked = v/e,then we see that for any given & > 0, there existsd > 0 such that
)
M—O <€, whenever|x|<d and | y|<3.
2y
lim )(2 J;
(x, y) > x2 + y
Alternative Solution: Take anygivene> 0.Putting.x = cos 0, y = r sin 6,we have
2 -y Sl B
-0= =|r “ sin® cos 0 cos 20
vy 22| |
2 2
=" sin46|=""| sin40|
4 4

. 2
< — o |sin40|<1

4 [ [sin40]< 1
_ Py’

4
<E, 1fﬁ<gandy <E ie.,
4 2 4 2

if|x|<\/gand|y|<\/f.

Now ifwe taked = ,/2¢ ,thenwe see that for any given € > 0, there existsd > O such that

2
)g;ﬁJrj}]z—O < g, whenever |x|<dand| y|<3.
. 2 2
Hence hm )/ =0.
(5, y) = Ve
lim 3x-2y

does not exist.

B : Show th
xample 6:  Show that (5, 9) = (0,0) 2x=3

Solution: When (x, y) — (0,0) along the st. line y = x, we have

lim lim 3r-2x _ lim «x lim
= = _= — I: - 1.
(X,J/)—>(0,0)f(x’y) ¥r—=0 2x-3x x—>0 —x x>0
Again when (x, y) — (0,0) along the st. line y =0, we have
lim lim 3x-0 _ lim 3x_ lim 3 3

X, y)=

(x, y)— (0,0) I x>0 2r-0 x—0 92y x=>02 2

Since the two methods of approach to the limiting point give different limiting values,
the simultaneous limit does not exist.

lim 2)9/2
(6, )= (0,0) 2 4 ,F

Solution: Let(x, y)approach(0,0)alongthe curvex = my2 .For this, we putx = my2 in

Example 7:  Show that does not exist.

the function and then allow y to approach zero. Thus in this case we have
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lim 2@/2 _ lim 2my4
(x, y) = (0,0) 4 +y4 y—=0 (m2 +1)y4
_ lim 2m
=0 14p?
_2m
1+ m?®
which is different for different values of m.
For example, if m =1, then this limit = 127112 =1
+
and if m =2, then this limit = 2722 = é
1+2¢ 5

Since two methods of approach to the limiting point give different limiting values,
therefore the simultaneous limit
lim 21972

———~ does not exist.
(6, 7) = (0,0) 24

Example 8:  Show that the simultancous limit exists at the origin but the repeated limits do not,
where

xsini+ysinl xy #0
f(x,y)z x’

0, x=0. (Lucknow 2009)

Solution: Here ylii;ﬂ() f(x, ), xlinO f (x, y) do not exist and therefore both the

... lim lim lim  lim .
1 .
repeated limits ¥50 yo0 f(x,») andy 50 550 f (x, y) do not exist

lim
(x, »)—(0,0)

shown below. Take any given > 0.

However, the simultaneous limit f (x, y) exists and is equal to O as

For all (x, y) # (0,0) such that xy =0, we have
| f(x,y)-0]=]0-0]=0<e.

Again for all (x, y) #(0,0) such that xy =0, we have
| f (e p)=0l=]f(x, »)]=

.1 1
xsin—+ ysin —
J

x
1 1
<|xsin—| + ysm} [~]a+Db|<|al+]|b]]
y x
1 1
=|x||sin—|+]| y| sm;‘ [|ab|=|al| b|]
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lsl]

sin —
X

sir\l <1 and

J

<[ x[+[yl {

SZ,/xz +y2

['.'|x|S./x2 +y2 and |y|S,/x2 +y2]

€ 9 &
<E, ifx2<—andy <— ie.,
8 8

if |x|<—S— d <& .
if [ < 55 and | yl<s
Now if we taked = ﬁ ,then we see that for any given € > 0, there existsd > O such that
| f (x, y)—0|]< e whenever|x|<dand| y|<38.
H o F=0
ence, x, y)=0.
(x, y)— (0,0) 7 Y
@mprehensive Exercise 1
1.  Show that fim % does not exist
' (£, 9) > 0,0) 24 '
lim
2. Show that x+ y)=0.
(5, 0,00 “+Y)
lim
2xy .
3. Show that x— 0 . 5 does not exist.
+
y—0 J (Gorakhpur 2013)

lim 2y 11

4. Show that T o,
(xay)_>(070) Xz +Jf

. 3, .3
5. Showthat 1™ X *J
(%, )= ©0,0) x-y

Py
6. Let f (v, y)=qx*+ >’
0 , if x=y=0.

does not exist.

if x4+y2¢0

Show that the straight line approach gives the limit zero at the origin but the
function possesses no limit at the origin.

2

lim Xy
7. Show that ———=0.
(X$y)%(070) )f‘z+y2
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8. Show that the limit, when (x, y) — (0,0), exists in each case :
3.3
x
() lim—2 ) lim
,/x2 + y2 ¥ +J’
"'J’ J’
iii) hm hm
R ) i )2
9. Show that the repeated limits exist at the origin and are equal but the

imult limit d t exist, wh Lif =0
simultaneous limit does not exist, where f (x, y) = 0, if 17 =0.
10. Show that the limit and the repeated limits exist when (x, y) — (0,0):
2
X , (v, 1) # (0,0
f(X,J/)= yx2+ 2 ( .y) ( )
0, (x,)=(0,0).

lim lim  lim .
11. Sh h
Show that (5, 7)= (0,0) S (x,y) and 50 150 f (x,y) exist, but
xlino ylino f (x, y) does not exist, where
1
+xsin|—|, if p=0
fp=17 “‘“m o

0 ,if y=0.

12. Show thatif f (x, y) = =) then the repeated limits exist but the double limit
X+ y

does not exist when (x, y) — (0,0). (Lucknow 2010)

4  Continuity of Functions of two Variables

Definition:  Thefunction f (x, y)issaidtobecontinuous at(a, b)iffor every € > 0, there exists
8> 0 such that
|x—a|<d,| y—b|<d = | f(x,y)- f (a,b)|<e.
Equivalently, f (x, y) is said to be continuous at (a, b) if the simultaneous limit
) ) £ )
exists and is equal to its functional value f (a,b) at (a,b).
If £ is not continuous at (a,b)e D c R?, then f is said to be discontinuous at (a, b).
f is said to be continuous on the domain D if f is continuous at each point of D.

Note I: Let D c R? and f :D— R be a function continuous at (a,b) € D.

Let f; (x)= f (x,b). Then f; is a function of a single variable .




Limit and Continuity of Functions of Several Variables

D-75;l‘\‘§

f is continuous at (a, ) = for each £> 0 there exists §> 0 such that
| f(x, p)— f(a,b)|<e for (x, y)e D and |x—a|<§,| y —b|<d

= | f (x,b)— f (a,b)|<e for(x,h)e D and |x—a|<d
= | A ()= fi(a)] <e for(x,h)e D and |x—a|<d
= /i is continuous at a.

Similarly, we can show that f, ( y) = f (a, y) is continuous at b.

Hence, if f (x, y)is continuous at (a, b), then

(i) f (x,b)is continuous at x =a and (ii) f (a, y) is continuous at y =b.

The converse of the above result is not true. Thus, if f (x, b)is continuous at x = 4 and
f (a, y)is continuous at y =b then f (x, y) need not be continuous at (a, b).

Note2: For f (x, y)to be continuous in both the variables together, it must have the

same limiting value by all possible approaches to the critical point. Thus the necessary
and sufficient condition is that the function is not only continuous in each direction
but the continuity is uniform for all directions.
In the definition of continuity, if we put x =a +rcos 8, y =b + rsin 6, we get

| f(a+7rcos®,b+rsin®)— f (a,b)|<e,
which must hold for all values of r less than some number 7y which is independent of 6.
In other words we say that the transformed function must be uniformly continuousin r
for all values of | 6| <2 .

Illustrative Examl)les

Example 9:  Examine the continuity at (1,2) of the function

Foy)= {xz +4y when (x, y)#(1,2)
0 when (x, y)=(1,2).
Solution: We have x, y)li:)n L.2) P+ 4y= P4+4x2= 9,s0 that the limit exists and
is equal to 9.
lim

Since f (1,2)=0 and (x, ) =9, we have

- 0.2

(x, y)lig 12) Sy = f(L2).

Hence, the function is not continuous at (1, 2).

i 2 2
Example 10:  Show that the function f R’ 5 R defined by f (x, y)= %ﬁ)r
+
(x, y) #(0,0) and f (0,0) =0 is continuous at the point (0,0).
. lim
Solution: First we shall show that x, y)=0.
(5, )= 0,0) L )

Let €> 0 be given.
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For all (x, y) # (0,0), we have

()* =) x| | o ]
X, y)=0|=———5"= - 2. . (1
| f (v ») -0l ’ Z1 5 |y | Z1 5 (1)
Nowforallxandy,wehave(|x|—|y|)220
= I+ P =20xp120 = 457 22]y]

|| 1.
= X2+y2 Si,lf(x,y);t(0,0). (2

From (1) and (2), for all (x, y) #(0,0), we have
1 1 1
| f ) =011y =P 0P+ = (2 + %)

<e if ¥’ <e and y2<s ie.,
if |x|<+/e and | y|<+e.
Nowifwe taked = v/¢ ,then we see that for any given £ > 0, there existsd > 0 such that

| f (x, y)—0|<e,whenever|x|<§ and | y|<d

lim -
(v, ) (0,0) /0 =0
But £(0,0)=0. G
lim .
(x, y)— (0,0) S (xy)=f0,0).

Hence f (x, y) is continuous at the origin.
Example 11:  Discuss the continuity of the function
2)9;2

3, (%, »)#(0,0)and f(0,0)=0,

f(x’y):m

with respect to both variables.

. lim .
Solution: First we observe that x, y) does not exist.
When (x, y) — (0,0) along the st. line y = x, we have
lim f )= lim  2x.x _ lim 253 _ lim 1_1
()= 0,07 T 50 333 x50 4.3 1502 2
Again when (x, y) — (0,0) along the st. line y =0, we have
. . 2 .
lim F o p) = lim 2x.0°  lim 0=0

(x, y)— (0,0) xr—0 31303 x>0

Since the two methods of approach to the limiting point give different limiting values,
the simultaneous limit does not exist. Consequently the function is not continuous at
(0,0) in (x, y) together.

However, the function is continuous in x alone and in_y alone at the origin. Because if
we put either variable zero and then let the other variable approach zero, we find the
limiting value zero, which is the value of the function at (0,0).
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Example 12:  Show that the function f (x, y) = 2 G (%, ) #(0,0)and f (0,0)=0is
+y

not continuous at (0,0) in x, y together but that the function is continuous in x alone and in y
alone at the origin. (Purvanchal 2009)
Solution: Simultaneous limit of f (x, y) at (0,0) does not exist as shown below :
First let (x, y) approach (0,0) through any line y = mx. We have
lim . X _lim m3 % 0
=0 2 4ml® x=0 14,04 140
Now let (x, y) approach (0,0) through the curve x = y3 .

Then lim 0" 1
=0 50450 2

Since the limits obtained by two different approaches are different, the simultaneous
limit does not exist. Consequently the function is not continuous at (0,0) in (x, y)
together.

The function is however continuous in x alone and in_y alone at the origin. For putting
either variable zero and then letting the other variable approach zero, we get the
limiting value zero, which is the value of f (0,0).

v
———, (x, ) #(0,0
Example 13:  Show that the function f (x, y)= \/(x2 + y2) (.92 0.0)

0 , (x,y)=(0,0)
is continuous at the origin in x-y together.

(Rohilkhand 2008; Garhwal 10; Lucknow 09, 10; Gorakhpur 10)
lim

Solution: First we shall show that
(x, y)—

(0,0) f (er’)=0-

Let €> 0 be given. For all (x, y) # (0,0), we have
_0_‘ 7 cos O 1 sin 6|

ol xy "4 ‘:‘
| f (%) -0] ‘\/(x2+)/2) ‘\/(x2+y2)‘ | r |

[Putting x =7 cos 6, y =rsin 6]

=7]|cos 0||sin 6|

<r [ |cosB|<L|sinB|< 1]

=V (7 + y?)

<£ifx2<éand 2<iie if|x|<iand| |<i~
’ g S S NN}

£
V2
such that| f (x, y) — 0| < &, whenever|x|<d and| y|<3.

Now if we take 8 =—=,then we see that for any given £> 0, there exists § >0

lim _
Hence, (5, 7)— (0,0) f(x, y)=0.
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Since f (0,0) =0, therefore fim f (x, )= f10,0).

(x, y)— (0,0)
Hence, the given function f is continuous at (0,0) in x-y together.
Note: 1If rli_r:]O f(a+rcos®,b+rsin®) = f (a,b) for every value of , then it is not

necessary that the function is continuous at (a, b).

For example, we have seen in Example 12 of article 4 that the simultaneous limit of
3

f(x,py)= 2)97 3 ,x#20, y#0 and f (0,0)=0 does not exist as (x, y)— (0,0).
X+

Therefore, this function is discontinuous at the origin. However, if we put x = r cos 6,
y =rsin6,we get

lim * cos 0sin® 0 _lim 5 cos@ sin” @

- = r -
r—0 r2c0526+r6sin66 r—0 c0526+r4sin66

=0=/10,0)

for each constant value of 0.

@mprehensive Exercise 2

1. Investigate for continuity at (I,2), the function

22y, () 2(1,2)
f(x’y)_{ 0, (x5 )=(012).

2. Show that the function f defined as follows has a removable discontinuity
at (2,3).
Sxy, (x, y)#(2,3)
f o= _
6, (x,y)=@2,3).

Suitably redefine the function to make it continuous at (2, 3).

3. Show that the function f defined by

_ 2
foy)= M’(XJ)#(O,O)
0, (x,)=(0,0)

is not continuous at the origin.

2
4. Prove that f (x, y)=uxy ﬁ )/2 when (x, y)#(0,0) and f(0,0)=0 is
+y

continuous at the origin. (Gorakhpur 2015)
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A function f is defined as follows :

0 , when (x, y)=(0,0).
Show that this function is continuous at the origin in x alone and y alone but is
discontinuous at the origin with regard to both the variables x and y.
xy2
Show that the function f defined by f (x, y) = 2 v ,(x, ) #(0,0) and
ty

£ (0,0) =0 is discontinuous in x — y at the origin.

Show also that this function is continuous along the radius vector@=mn /2.

3)97 5 ,whenx =0, y#20and f (0,0)=01is
X+

Show that the function f (x, y) =

discontinuous in (x, y) at the origin.

Investigate the continuity at (0,0) of the function

% , © 4 y3 #0
fpy)=4x" +y
0, v +y3 =0.
Show that the function f is continuous at the origin, where
S 3
9 9 ’ * 070
fa=tze,z BF00
0 ’ (x’y) =(0,0) (Gorakhpur 2011)

Show that the following functions are discontinuous at the origin :
1
-5, (X, * 0,0
Z1 2 (x, y)#(0,0)
0 ,(x, »)=(0,0).

(i) f (v p)=

Xy
(i) f (. p)=1% 4 )3 ,(x, ) #(0,0)
0

,(x, 7)=(0,0).
oS 0,0
(iii) £ (x, )=t + )2 (v, ) #(0,0)
0 ,(x,»)=(0,0).

() f (v )= {2 4 2 000
0 ,(x,»)=(0,0).
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11. Show that the following functions are continuous at the origin :

[ 3,3
ﬁ)f@ypig+yzﬂ%ﬁ¢®ﬁ)
0, (x,)=(0,0).

[ 2,2
= (£,)#(0,0
(i) f(x,y):ixl+yz (x, ) #(0,0)
0, (x,)=(0,0).

12.  Show that the following function is discontinuous at (0,0) :

x3 * yg X #
fp={ -y 77
0 ,x=y. (Lucknow 2011; Meerut 12)
@swers 2
, . Sxy, (x, ) #(2,3)
1. Discontinuous 2. f(xy)= { 18, (x, y) = (2,3)

8. Discontinuous

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).

1 lim 3x-2y _
(x, )= 0,0) 2x-3y
3 2
2 b) £
(a) 7 (b) 3
(c) 1 (d) does not exist
9 lim 2 J{yz _
(6,) = 0,0) 24 )
(a) O (b) does not exist
(c) 1 (d) 2
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Fill in the Blank(s)

Fill in the blanks “...... 7, so that the following statements are complete and correct.
1. We say that the simultaneous limit of f (x, y) exists and is equal to A as

(x, y) = (a,b), if for every given e>0, there exists a 8>0 such that
| f (x, y)— Al<e for all values of x and y in the nhd of (a4,b) defined by

. 2
9. lim &

y - —
(r, )= (0,0) ¥ 2 R

3. The function f (x, y)is said to be continuous at (a, b) if
lim

(5, ) (a,b) fxy)=...

True or False
Write “I” for true and ‘F’ for false statement.

1. lim Y
(5, )= (0,0) 2+ 2

2. The function
(2 5
» (6, ) #(0,0)
f =32+ J
0 , (x,»)=(0,0)
is discontinuous at the origin.

3. The function

Y _ 0,0
f(xp)= V<x2+y2)’(’y)¢(’ )
0 ,(x»)=(0,0)

is continuous at the origin.

y 2
[@z’;;;, (x, ) % (0,0)

0, (xy)=(00,0)

4. The function f (x, y)=

is discontinuous at the origin.
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@nswers

Multiple Choice Questions
1. (d) 2. (b)

A(>)

Fill in the Blank(s)
1. | y-b|<d 2. 0 3. f(ab)

True or False
1. F 2. T 3. T 4. F




Partial Derivation and Differentiability

of Functions of Several Variables

1 Partial Derivatives

efinition: Let z = f (x, y) be a function of two independent variables x and y.
Then the partial derivative of z with respect to x is the ordinary derivative of z with
respect to x when y is regarded as a constant and is denoted by

oz of
fo or 5 7
Thus if hli_r)no flax h’b}z —f@h) exists, then this limit is called the partial derivative of

f (x, y) with respect to x at the point (a,b) and is denoted by

fela,b)  or (E)z) or (af) .
9% (4, ) 9 .1

lim f(a,b+k)— f(a,D)

Similarly, if k=0 . exists, then this limit is called the partial

derivative of f (x, y) with respect to y at (a,b) and is denoted by
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f J,(a,b) or (E}z] or (af]
ay (a,b) ay (a,b)

Let f: X — R and X < R? If the function f has partial derivatives at each point of X

A(e2)

then f is partially differentiable on X.

Note 1: We have, by definition

fela,b) = hlinO Sfla+hb)- f(ab) _ lim M

i
fy(a,b)zk“_r:‘of(”’“k;{‘f(“’h) _ lim f@p)- flab)

Note2: Inthe case of functions of two variables the existence of partial derivatives ata
point need not imply continuity at that point.

Illustrative Examlales

Example 1: Findgi,giat(l,z) if f(x, ) =2 x> —xp +2)°.
e Jy

Solution: We have (af)

_ lim fO+12)- f(1L2)
Y0,2) h

h—0

Clim 20+R? —(+h).2+2.22) (2.2 -1.2+2.2%)

“h—0 i
. 9 )
=hlino wzhlino Qh+2)=2
and (afJ _ lim f(L2+K)- f(L2)
ady 1.2) k—0 k
lim 2-QC+h+2Q+k*)-{2-2+8)
“k—0 A
lim 2k +7k  lim
ko0 5 koo GkrD=
Example 2:  Find f,(0,0)and f,(0,0) if
‘-
—, (%, »)#(0,0
f(xp)= X+ y (xr, y) # ( )

0 ,(x»)=(0,0).
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Solution: We have

i =h.0
_lim fO+h0)-f(©0,0) lim h+0 _lim
f"(O’O)_h—>0 h _hAOT_hAOI_l
_ lim fO,0+k)-f0,0)_ lim 0-0_ Iim ,_
and £, 0,0)=,"7) . k50 § ko0 9=0
2yl
Example3: If f (x, y) = ,x# yandQifx = ythen show that f is discontinuous at
r-Jy
the origin but the partial derivatives exist at the origin. (Lucknow 2007)
Solution: 1f we let (x, y) approach (0,0) through the curve y = x — mx>, we have

lim 3 lim o
(x, y) = (0,0) f(x,y)—(x’y)%(()’()) f(x,x —mx°)

_lim © +(x—m)cg)3 _lim x3{1+(1—mx2)3}
x50 (y-m’) ¥—0 m
_ lim T

= {2 —m3x0 = 3m? +3m2x4}
xr—0 5,

_ lim {%— m*x® = 35° +3mx4} =z.
x>0, m

Hence the simultaneous limit does not exist since it depends upon m. So the function
f (x, y) is not continuous in x-y at the origin.

JE
. Y S
_lim fO+h0)-f0,0) lim B lim B
But f:0,0)=,"" P =10 " T ho0 h=0
3
. . — =0 .
1 0,0 +k)— (0,0 1 _ 1
and £,0,00= i k) A )=kin0 kk = o Ch=0.

Thus the partial derivatives exist at the origin.

Example 4: Let f (x, y)= 4x2y 5 Jor (x, y)#(0,0) and f(0,0)=0. Show that the
X+ y
partial derivatives f, f, exist everywhere in the region —1< x <1, - 1< y <1,although f (x, y)

is discontinuous in x-y at the origin.
Solution: We have forx#0, y #0
2 4 4 2
Fooog Vo S

L fy =x
W+ 20 o+ 2P

For x =0, y =0, we get
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_lim fO+£40)-£(©0,0)  lim f(#0)-£(0,0)
fx—h—)O h “h—=0 h
lim 0-0 i
“hs0 T ~hoo 00
r--f(hO)—M—Oandf(OO)—O]
[ 0= g =0 0010
li 0,0 +k) - f0,0) _ i 0,k) - £(0,0)
and 5= k LOD- L kf

lim 0-0  [lim

“k—>0 k “k—>0 0=0.

Also, we can show that

fe(x, »)=0 for x=0,y=20;
fo(x, p)= for x#0,y=0;
fy(x,y =0 for x=0,y=20;

and fyy)=— for x#0,y=0.

Hence the partial derivatives f,, f y exist at all points of the given region. However, the
function f (x, y)is not continuous in x-y at the origin as the simultaneous limit does
not exist. We can see that the limit along the line y =0 is O whereas along the curve

— 2 itis L
y itis

Example 5: Let f R? — R be a function defined by

2
f(x,y)=x2” - for (x, ) % (0,0) and f(0,0)=0,
+

Using definition calculate f,(0,0) and f), (0,0).

Solution: By definition,

fe (0,0)=h“_r>’ﬂ0 fO +h70}2_f(0,0)

lim f(,0)-f(0,0) lim 0-0  lim

“h—>0 ) “h>0 " T h-oO0

0=0.

h.0? 1
: f(h,O)_W—Oandf(O,O)—OJ

.

_ lim f0,0+k) - f(0,0)

Again fJ,(O,O)—k_)0 P
_lim fO,k)- f(0,0)  lim O0-0 _ lim 0-0
“k—>0 k k>0 r k>0
[ 0.k |
 f0,k)=——5=0,f(0,0)=0
[f( ) L /0,0) J
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2 Differentiability

Definition: Letz = f (x, y) be a function of two independent variables x and y and suppose

f (x, y) possesses a determinate value at a point (a,b) and at any point (a + h,b + k) in the
neighbourhood of (a,b). The function f (x, y) is said to be totally differentiable (or simply
differentiable) at (a,b) if there exist two numbers A and B independent of h, k such that

Fla+hb+k)— f(a,b)= A+ Bk +\ (> + k%) o (hk)
where (h,k)lin(0,0) o (h k) =0,
The part Ah + Bk is called the derivative of f (x, y) at (a,b).
The distance between the fixed point (a,b) and the variable point (a + h,b + k) is
\ (112 + k2 ),which may be regarded as a simultaneous increment of the two variables.
Remarlk:Another definition of differentiability of the function f (x, y)at a point
of its domain. The function f (x, y) is said to be differentiable at (a,b) if

fla+hb+k)— f(ab)=Ah+ Bk+ho(hk)+kwy (hk),
where Aand Bare constants independent of 1, k and ¢, y are functions of i, k tending to
zero as I, k tend to zero simultaneously.
According to this definition the concept of differentiability of the function f (x, y) at
any point (x, y) of its domain can be discussed as below.
Let (x, y),(x + &x, y + &y) be two neighbouring points in the domain of the function
f (x, y). The change$ f in the value of the function f as the point changes from (x, y)to
(x +0dx, y +9dy) is given by

8f = fx+8y+3y)~ f(x, ).
The function f is said to be differentiable at (x, y)if the change §f can be expressed in the
form

Sf =Adr+ By +dx ¢ (&x,dp) + 3y y (&, dy) ..(1)
where Aand B are expressions independent of r, 3y and ¢, y are functions of &x, 3y each
tending to zero as &r,dy tend to zero simultaneously.
Also, Adx + By is then called the differential of f at (x, y)and is denoted by df. Thus,
we have df = Adx + BJy.
From (1), when (3x,3y) — (0,0), we get

3f—>0 = fx+d, y+dy)- f(xr,y)=0
= fx+dr, y+3y)—> f(x,y) = f(x, p)is continuous at (x, y).
Hence, every differentiable function is continuous.
The converse is not true i.e., a function f (x, y) may be continuous at (a, b) but may not
be differentiable at (a, D).
Again, from (1), when 8y =0 i.c., when y remains constant, we have

& = Adr +&x ¢ (3x,0).
Dividing by & and taking limits of both sides as &x — 0, we get




Krabes's T.B. Functions of Several Variables and PDE’s

4l pss)
I _a
ox
Similarly, i = B.
y

Thus the expressions Aand B are respectively the partial derivatives of f with respectto
xand y.

Hence, a function which is differentiable at a point possesses the first order partial derivatives at
that point.

The converse of this statement is not true i.e., there may exist functions which are
continuous and may even possess partial derivatives at a point but are not
differentiable at that point. We shall later on give some examples of such functions.

Theorem 1: Ifthe function f (x, y)is differentiable at the point (a, b),then it is continuous in
x-y together at (a b). (Lucknow 2014)

Proof: Since f (x, y) is differentiable at the point (a4, )) so we have a relation
fla+hb+k)— f(ab)=Ah+Bk+N0> +k) o (hk), ()

where (i) (a+h,b+k)is apoint in the nhd of (a,b),
(ii) A, B are independent of /1, k and
(iii) (h,k)li—r>n(0,0) o (k) =0.
Taking limit of both sides of (1) as (h, k) — (0,0), we get
(h7k)li_r>n(070) fla+hb+k)= f(a,b),
which shows that f (x, y) is continuous in x-y together at (a b).

Note: The above theorem shows that continuity in the two variables is a necessary
condition for differentiability. However, it is not a sufficient condition as shown in
example 8.

Theorem 2: Ifthe function z = f (x, y)is differentiable at (a, b), then the partial derivatives

fy(a,b)and fy (a,b) both exist and are finite. (Lucknow 2014)
Proof:Since f (x, y)is differentiable at the point (a, /) so we have a relation
fla+hb+k)— f(ab)=Ah+Bk+NH + k%) 0 (k) .(1)

where (i) (a+h,b+k)is apoint in the nhd of (a, b)
(ii) A and B are independent of 1, k and

1
(i) (5, 1y 2‘(070) o (k) =0.
Putting k = 0 and proceeding to the limits as # — 0, we see from (1) that

im f(a+hb)— f(a,Db)
h—0 I

=A or f.(ab)=A.

fx(a,b) exists and is equal to A.
Similarly we can show that f, (a,b) exists and is equal to B.
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Note: The converse of the above theorem need not be true i.e.,if f is continuous and

possesses partial derivatives at a point then f need not be differentiable at that point.
This is illustrated in example 10.

lllustrative Exam[)les

Example 6:  Show that

2oy
5 5 | ) 070
0 ; (x, »)=(0,0)
is differentiable at the origin. (Lucknow 2002)
2 12
Solution: We have f (0 +h,0 + k)= f (h,k)=hk [HJ
+

ik (I = k%)
FO+10+k) - £(0,00=0.h+0 .k + (> +k2)m
hk (P - k%)

(hz +k2)3/2 '

Thus A and B are independent of /i, k. Now we shall show that ¢ (h,k)— O as
(h, k) = (0,0).

Let > 0 be given.

For all (1, k) # (0,0), we have

so that A=0,B=0and ¢ (h, k)=

ik - k2 Tk -k
|6 (hk)-0]= V02 + 12 12 + 12 = ) 'l 7 2|
W +k%) W +k NI+ k)| W +k
hk 2 2 2 42
<l -k <h vk
N+ k%) [ | ]
| Ik |
=N+ K
2 k) (D)

Now for all h and k,we have (| i|-|k|)*=0

= |2 +|k|?=2|h]|.|k|=0

= W+ k? = 2| hk|

- L Lk 2 0.0) 2)
2 Sy i ,0).

From (1) and (2), for all (h, k) # (0,0), we have
|¢(h,k)—0|£%\/(h2 +12)

<N + k%)
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2 2
<e if <& and K2 <& e,
2 2
€ €
if |h|<— and |k|<—-
if | 77 [ k| N
Now ifwe taked = % , thenwe see that forany givene> 0, there existsd > 0 such that
| & (b, k) —0]|< e whenever|h|<dand|k|<?d.
lim B K20
(h,k)— (0,0) ¢ (1, k) =0.

- f is differentiable at (0,0) and the derivative of f at (0,0)= Ah + Bk =0.

Example 7:  Show that f (x, y)=|x|+| y|is not differentiable at the origin.

Solution: We have f (0 +h,0+k)=|h|+|k]|.
h|+k]|
0+ 0 +k)— £(0,00=0.h+0.k+ (2 + k2. J KL
A )— /0,0 ( >{x/(h2+k2)
so that A=O,B=Oand¢(h,k)=M~
V(i + k%)
Thus Aand Bare independent of /1, k. To find the limit of ¢ (%, k)let (h, k) approach (0, 0)
along the line k = /.

Putting k = 1 and then making / to approach 0, we get

lim 214l lim 214l lim N
- = —_— = 2:'\/2.
h—0 \/(2]12) h—0 \/2’|h| h—0

lim

Since (h, k)= (0,0) ¢ (h, k) #0, f is not differentiable at the origin.

Example 8:Show that the function defined by

S nd =
S p) T2+ %) Jor (x, y) #(0,0) and f(0,0)=0

is continuous in x-y at the origin but is not differentiable in x-y at the origin.
(Lucknow 2013)

Solution: Continuity of f (x, y) in x- y at the origin.
. lim

First we shall show that (x, ) = (0,0) f(x,»)=0.

Let £> 0 be given. For all (x, y) # (0,0), we have

_0|= v
| f(x, ) =0] T2 + 59 0

3 xy | rcos®rsin®

INE A

r

[Putting x =7 cos®, y =rsin 6]
=r|cosO||sin0]

<r [+ |cosO|<L|sin®]<]]
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=V + %)

2 2

. € e .
<&, if <?andy2 <?l.€.,

if| x| < and| y|<

] 5

. € . .
Now if we take 8 = —= ,then we see that for any given € > 0,there exists § > 0 such that

V2
| f(x, y)—0|<e whenever|x|<dand]| y|<3é.
lim

(x, 7) = (0,0) J (#7)=0

Hence,

Since f(0,0) =0, therefore

]
(x,y):n(0,0) f(xy)=£(0,0).

Hence, the given function f is continuous at (0,0) in x-y together.

Now we shall show that f (x, y) is not differentiable at the origin.

hk
We have 0+h0+k)=—FF—
S )\/(hZ &)
hk
0+h0+k) = £(0,00=0.h+0 . k+N(* +k%) —
S )= f(0,0) ( )(h2+k2)
so that A=O,B=0and¢(h,k)=i~
W+ k2
Thus A and B are independent of /1, k.
lim lim hk
H _
ere (k)= 0,0) *BR =015 0,0) 7, 2

This limit does not exist as shown below.
Taking k = mh, we have

lim hk lim mh®
(h,k)— (0,0) 2 2 “h—0 12+ 212

_ lim mh?
=0 32 14 m2)
lim m

“h—0 1+ m?

= ILZ ,which depends upon m.
+m

lim 0
Ifsz,then(h k) — (0,0) = 150 =0

. lim 1 |
and 1fm=1,then(h’k)_) ©,0) =m=§.
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Since these two methods of approach to the limiting point give different limiting

values, therefore the simultaneous limit, h, k)hem(0,0) % does not exist.

Since h, k)li—r>n(0,()) ¢ (h, k) # 0, therefore f is not differentiable at the origin.

Example 9: Ldf(%y)zgg;ggifixjo¢ULOﬁmdeQO)=O.methnfhm
\ (x2 + )

partial derivatives at (0,0) but is not differentiable at the origin. (Lucknow 2013)

Solution: We have

lim (0 +h0)- £(0,0)

fx(o’o):hﬁo I
_lim  f(h0)-f(©0,0)  lim 0-0 _ Ilim 0=0
“h—0 L “h>0 5 Th>0 "7
. li 0,0 +k)- £(0,0
Again fy(0,0)=kinof( k) /0.0
_lim f0,k)- f£(©0,0)  lim 0-0 _ lim 0=0
k-0 k k>0 p Tk->0"7""T

Thus f has partial derivatives at (0,0).
To show that f (x, y) is not differentiable at the origin, see example 8 above.

33
Example 10: Let f (x, y) = x2 J’2 when (x, y) #(0,0)and f (0,0)=0. Show that the

X +y
function f is continuous and possesses partial derivatives but not differentiable at the origin.
(Lucknow 2010)

Solution:Continuity of f at (0, 0):
The function f (x, y) will be continuous at (0,0) if

lim

(x, 7) = (0,0) f 1) = f(0,0)=0.

lim
Now we shall show that (x, ) = (0,0) f(x, »)=0.

Take any given > 0.
For all (x, y) # (0,0), we have

| f(x, p)-0]= xg—f} _ 3 (cos® 0 — sin® 0)
24yt 2
[Putting x =rcos © and y =rsin 6]
=r|cos® 6 —sin’ 0]
<r[|cos® 8] +|sin® 0[] [la-b|<|a|+]|b]|]

<2r [~ |cos® @]|<1 and |sin® 6|<1]
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<e,ifx2 <—andy <§ ie.,

iff x]<——=and| y|<—

%2 2¢2

. £ . .
Now if we take § = ——, then we see that for any given €> 0, there exists 8> 0 such

242

that | f (x, y) —0|< g whenever|x|<dand| y|<38.
lim

(x, )= (0,0) / ©)=0=7(0,0).

Hence f is continuous in x-y together at the origin.

Partial derivatives at (0, 0) :

lim fO+10)-£0,0) Tim 1[r2-0 ]
0,0 = — | = -0 =1;
[:0.00=) 0 2 h—>0h[h2+0 J

li 0,0 +k)— £(0,0) i 1ok ]
fy(O’O)Zkinof 2 ! =550 E[W_OJ:_I'

Thus f,(0,0) and fy (0,0) exist.

Differentiability at (0, 0) :
We have f(0+h,0+k):?;;g:h—k+w.

FO+10+k) - £(0,0)=1. 1+ (=) .k +V (> +k?) {(h};kihk;)&}
so that A:I,B:—landq)(h,k)=m~

Thus A and B are numbers independent of 1, k. If we put k = mh, then we have

lim lim  mh® (h — mh)
(k) 0,0) *"D=ps0 G e

_lim B3 m (1= m)
“h->0 h3( 2\3/2

1+ m*)
_ m(l-m)
This limit does not exist since it depends upon m and so is not unique.

lim ¢ (b, k) # 0 as (i, k) = (0,0).

It follows that the given function is not differentiable at (0,0).
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3 DBounded Function

Let f:X—>R,Xc R? be a function of two variables. If the set

fFX)={f(x y)eR:(x, y)e X}
is bounded , then we say that f is bounded on X.

Theorem 1: (Mean-value theorem):

Iff : X->R,XcC R’ and (a,b) € X besuch that (i) fy (a,D)exists, (ii) f, exists throughout a

nhd N (a,b) of (a,b), then _for every point (a + h,b + k) e N (a,b)
fla+hb+k)=f(ab)=hf (a+6hb+k)+k[f,(ab)+¢(k)]

.
wher60<e<1andkﬁ’j0 o (k)=0.

Proof: We have f (a+h,b+k)— f(a,b)
=fla+hb+k)- fa,b+k)+ f(ab+k)— f(aD). ..(1)
Since (a+h,b +k)e N (a,b) and f, exists in N (a,b), by Lagrange’s mean value
theorem we have
fla+hb+k)— f(ab+k)=h f,(a+6hDb+k), ...(2)
where 0 <8< 1.

Also, since f y (a, D) exists, we have

klino f(a,b+kk)—f(a,b):fy(ﬂ’b)'
flab+ky=f(ab)=kf,(@b)+kok) ..(3)

where ¢ (k) - 0 as k — 0.
Using (2), (3) in (1), we get the required result.

Now we shall prove a sufficient condition for continuity.

Theorem?2: Iff: X —->R,X c R2, (a,b) e Xissuchthat (i) f, exists and is bounded on a

neighbourhood N (a,b) of (a,b) and (ii) fy (a,D) exists then f'is continuous at (a, b).

Proof: Since the conditions of mean-value theorem are satisfied by f so for every

(@a+h,b+k)eN (a,b) we have

Sla+hb+k)= f(a,b)=h f,(a+6hb+k)+k[ f,(a,b)+0¢(k)]

..(1)

where O <8< land ¢ (k) > 0 ask — 0.

Since f, is bounded on N (a,b) and (a+h,b+k)e N (a,b), f,(a+06h,b+k) is

bounded.

lim

ol B fo(a+6ib + k) =0.

Also lim kfy (a,b)=0,lim ¢ (k) =0 as k — 0.
Taking limit of both sides of (1) as (h, k) — (0,0), we get
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k) 0,0) L (@b K= f @) =

by 0.0y f@+hb+k)= f(@b).

Hence f is continuous at (a, b).

Theorem 3: (A sufficient condition for differentiability).
Iff:X->R,XcC R2,(a,h)e X is such that (i) f, is continuous at (a,b) and (ii) f), (a,b)

exists then f is differentiable at (a,b).

Proof: Since f, is continuous at (a,b), f, exists in a nhd N (a,b) of (a,b). Also
Sy (a,b)exists. Thus the function f satisfies the conditions of mean value theorem and
so for each (a + h,b + k) e N (a,b), we have

fla+hb+k)= f(ab)=hf(a+6hb+k)+k[f,(ab)+0o (k)]

..(1)
where O <8< land ¢; (k) > 0 ask — 0.
Again f is continuous at (a, b) gives
(h,k)h—r>n(0,0) fola+0hb+k) = f,(a,b).
fela+0h,b+k)= f.(a,b)+ oy (h,k) ..(2)
where &y (h,k)—> 0 as (h, k) — (0,0).
Using (2) in (1), we get
flat+hb+k)= f(a,b)=h{fi(ab)+ oy (k}+k{f)(ab)+o (k)
—hfxah +k f,(a, +{h¢2(hk)+kc])1()}
=hf,(a,b)+k f, (a
VP + k) PR St
+ ( + ){\/(1’12 )¢2( ) \/(h2+k2)¢l()}
=h fy(a,b)+k f)(a,b)+N (" + k) ¢ (1, k) ..(3)
h k
h k)= ———5—5— g (1, k) + ——5—— 07 (k).
where 00 ) = &0 () + o B

h

k
, are bounded and
N+ k) N+ k)

Since

lim lim

(h, k)= (0,0) 2 k)=0, 5o o1 (k)=

so we get lim ¢ (h,k) =0 as (1, k) — (0,0).
Also, the numbers f, (a,b), fy (a,D) are independent of 1, k.
Hence from (3), f is differentiable at (a, ).

Note I1: Similarly we can prove that if (i) f, (a,b) exists and (ii) f, is continuous at

(a,b) then f is differentiable at (a,b).
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Note 2: The conditions of the theorem are not necessary for differentiability as the
following example illustrates :

Illustration: Let f be the function defined by
fxy)= X2 sin (1) + y2 sin [1];()(,)/) #(0,0)
x J
f (x,0) =% sin (l);x;t()
x

£(0, p)= y* sin (IJ;J,¢0 and  £(0,0)=0.
J (Lucknow 2011)

Forcs0. - fto=aein(y e eon () ()= 2esin(() o]

Also f, (x, y) 2ysm( )—Cos( Jfory;to and  f,(0,y)=0, f,(x,0)=0.

1
Thus folny 2x sin (x) co (f) ;7 x#0
0; x=0
lim lim 1 lim 1
(x, 7)— (0,0) fx(x,y): 50 2xsm; Y0 cos;,

. S lim 1 . . .
which does notexistsince /"'y cos —doesnotexist. Hence f (x, y)isnot continuous
x

at (0,0).
Similarly, we can show that fy (¥, ) is not continuous at (0,0).
Now FO+10+K)= £0,0)=) sin%+k2 sin%

=O.h+0.k+\/(h2+k2){hzsin+k2 nl}
Nk N+ k
so that A=0, B =0 are independent of 1, k.

" 1 k? 1
i+ Ve "k

lim 1 h k

lim 1
Since h sin—=0, ksin—=0 and ,
= he ko0 T V2 + 1) N +12)

Also O (h, k)=

are bounded so lim ¢ (1, k) =0 as (h, k) — (0,0).
f is differentiable at (0,0).

4 Partial Derivatives of Higher Order

The derivative functions f,, f, are in general functions of x and y and hence may
themselves have partial derivatives with respect to x or y. Thus we are led to higher
order partial derivatives. Second order partial derivatives of f are denoted by
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ax[a)J-axaMw ay( ) ot

The second order partial derivatives at a particular point (a, b) are often denoted by

i Pf (a,b)
[ax]; l " fax or fr
[;jg)’la b),azgx(g);b) or fy(a,b)and soon.
Thus, Fuo (@b =0 (a+h,b]3— fe(@,b)
Sy (a,b) = hlino Sy @ +h’b2_ fy(a.b)
fetay= g L@ N S D)
fp @b =" [y @ b+kk>— fy(@,b)

provided the limits exist.

lim f,(a+hDb)— f,(a,b)
h—0 h

We have S (@, b) =

_lim 1| lim f(a+2hb)— f(a+hb) lim f(a+hDb)— f(ab)
“h—>0 (k>0 I “h—>0 2

lim f(a+2hb)-2f(a+hb)+ f(ab)

“h>0 2
Similarly,

1 b+2k)=2f(a,b+k)+ f(a,b)

fyy (a,h) = kinofﬂ J;zﬂ AC
i i hb+k) - h,b) — b+ k b

fotah) =52 {klimof(a+ 0 f(“hk) flab+k)+fab)
lim lim f(a+hb+k)— fla+hDb)— f(a,b+k)+ f(ab)

fyx(“’b):k_ﬂ) =0 "

Note 1: The existence of higher derivatives requires the existence of the
corresponding derivatives of lower order. Thus in order that f ), should exist at a point,
it is necessary that the partial derivative f, should exist in the neighbourhood of that
point. But, it is possible for the limit defining f), to exist without the existence of the
partial derivative f,. In such cases higher derivatives cannot be said to exist.

Note 2: The existence (and even the continuity) of f,, need notimply the existence

of f,.
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Note 3: JSL“ and fW do not always give the same value. However, under certain

conditions the equality f, = f,, canhold. We shall examine these conditionslater on.

Illustrative Examl)les

Example 11: Letf(x,y)=xsinl+ysinl,(x,y)¢(0,0);
¥ J

f(O,y)zysini,y;tO;f(x,0)=xsinl,x¢0, and f(0,0)=0.
y X

Examine the existence of f, and f,, at (0,0).
Solution: We have

1
Cdim fO+R0)= £(0,0)  fim SNy —0

fX(O’O)_h%O 2 “h—>0 2
_lim .1
Th—0 My

which does not exist. So f, (0,0) does not exist.

lim [ i (k) = £ (1,0) = £ (0,K)+ £(0,0)
Now k50 [hino{f ! hkf ! H

. . hsinl+ksinl—hsinl—ksinl+0
lim  lim k h k

T k>0 h>0 Ik

lim lim O _

k>0 h—0 3=

Thus, the limit used for defining the second derivative f, does exist. In spite of this
fact, the derivative f e (0,0) cannot be said to exist, since f, (0,0) does not exist.

Example 12: Let f (x, y) = g(x),wheregis nowhere differentiable. Showthat f , exists and is

continuous and yet f, does not exist.
Solution: We have f (x, y)= g (x).
9 ,
fo=L-gw,
X
which does not exist since g is nowhere differentiable.

Again g (x) is a function of x only so its partial derivative with respect to y is zero.

¥ o
=L = =0.
e y Y 8
d

Thus fxy exists and has the value O at every point. Being a constant function, f)g/ is
continuous.
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D Interchange of the Order of Differentiation

o’z o’z
dy ox ox dy

Ifz = f (x, y)is a function of two independent variables x and y,then

do not always give the same value.
oz _ &z
dy ox  dx dy

However, under certain conditions the equality

can hold. These conditions we shall examine later. First we give some examples in which
Jxy may be different from f,.

Illustrative Examl)les

2
Example 13: If f(x, )= %;(x,y) #(0,0) and £(0,0)=0 show that
Ty
f)g/ 0,0)= f_yx 0,0). (Lucknow 2012)
Solution: Let us define f)g/ = 8£ [ng and fyx = Bi (2][)
x  dy )y \ ox

lim fy(o +h70)_fy 0,0)
-0 '

Thus fiy 0,0)=, )
Now Sy O +h0)= fy(hvo)kli_lfo f(h’0+kk)‘f(h,0)
im BeR i 08
k—0 k k—0 12 1 52 )

li 0,0+k)- (0,0 li 0 li
and 50,00 =y LECEDZLO0_ fimy O im0 -0,
S ©0,00= 5 T:hinolzl-

Again Fye (070):](13)110 f+0,0 +kk)—fx 0,0)
But fX(O,O+k):fX(O’k):hlinO f(0+h7kh)_f(0,k)
_ lim Ak _lim k(=K _
TS0 T 0T T

and £0(0,0)= g LEDZLO00 T o 2,
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lim k-0 i
fp0,0)= 00 —— T = 50 (D=-1

Hence fzg/ 0,0) # fyx (0,0) in this case.

w () -5
Example 14: If f(x, y) ==—5——— when (x, y) #(0,0) and f (0,0)=0, calculate
yo+x

Sy ©,0)and f,.(0,0). Are they equal ?

Solution: Let us define fg, = ai (af) and f x = o (af)

ox Iy
lim £, (0,0 +k)- f.(0,0)
Then fxy 0,0)= =150 p X .
Now £:0,0 +K) = £, 0,5 =, f0O +h,k2—f(0,k)
Clim fOLk)= £Ok)  Tim 1| hk (K - K?) 0
Sh-0T g Tho03 | 22
lim & (k> = 1) '
Tho0 TR TR
lim fO+10)-f(0,0)  lim f(,0)-f(0,0)
and fe0.00=5 50 . =10 .

lim 0-0  lim
“h—0 T, =p>0 0=0.

lim k-0  Ilim
S ©.0)= 50— =k>o0 =1

lim Sy ©+h0)= £,0,0)

Again fyxoo “h—0 )
lim f(h,O+k)— f(h,0)
But £y 0 +10)= f,(,0)= " )
_lim fOLK)= f(R0) _ lim 1[hk (* - 7% 01
—kaof—kaOE[W‘J
_ lim h(k2—h2)_ h
Tho0 Kl
1 0,0+k)- (0,0 li 0,k)— £(0,0
and £,0,0)=Jim L k>f< ) lim S )kf( )

lim 0-0  lim
k>0 “k—-009=0

m -h-0 I
fre0,0)= T—hino—l‘—l

We observe that here f,g, 0,0) # fyx 0,0).
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Example 15:  Examine the equality of f.,,(0,0) and f,.(0,0) for the function

f y):{(xz + ) ™ (y /%), x 20

e (Lucknow 2013)
Solution: Let us define Sy = ai] (g{c) and f, = % (gj;)
Then fip 0,0) = lim [20.0 +’fk>—fx ©0.0)_ tlim /i <o,k>;fx 0,0)
Now £ 0= limg LOTRDZFO0) _ tim ) f05) =S 05
_ hn;no (h* +k*) tan™! (}Ilc /)y —n (k> /2) {Form %]
e +k2>'1+(k21/hz> .(-hiz)wh can”! G)—o
“h—0

1

lim

=h—>0[_k +2h tan” ! (Z)}:—k

. I _ ) .\ B
and fx(()’O):hlinO f(0+ 70}3 f(o’o)zhlino f( vo)hf(0,0)

[By L" Hospital’s rule]

“h—>0 ", Th-O0 0=0.

k-0 1=t (1)
Again

li k-0 li
f©,00= m

0.0y lim fyO+10)=- £,0,0)  qim fy*#0)= f,(0,0)
f]"( ’ ):h—>0 h “h—>0 I '
~ 1,0 +k)— f (1,0 i k)= f (0
But f](h’o):klin() f( + k) f( ):klin() f( )kf('l )
lim (2 +k)tan”" (k/h)-0  lim . k%) tan”' (k / h)
k-0 i Tk-0\ " T

=h

r._ lim tan”! (k/h)
[' k—0

lim tan”'t _ lim 1/0+¢) |
Tk /n to0T T Tt 0T T
and £y (0,0)=kli_1>110 S©,0+k)- f(0,0) =klim f(O,k);f(Q())

-0

lim w

lim w(k?/2)-0
% k-0 5 k=0

“k—>0
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lim 2-0 _ lim
Sr @0 =50 =m0 151 -(2)

From (1) and (2), we observe that fYJ’ 0,0) # fyx 0,0).

06 Sufficient Conditions for the Equality of f o and f o

We have seen that the equality f,, = f), does not always hold. We now give two
theorems the object of which is to set out precisely under what conditions it is safe to
assume that f,, = f), atapointi.c.,sufficient conditions for the equality of f,, and

Sy

Theorem 1: (Schwarz’s Theorem):

Iff:X->R,Xc R? and (a,b) e X is such that (i) f exists in a neighbourhood N (a, b) of

(a,b) and (ii) f)gz is continuous at (a, b), then fyx (a,D) exists and is equal to fU’ (a, D).
(Lucknow 2013)

Proof: Since f)g, is continuous at (a,b),fy and f)g, exist at every point in N (a,b).

Let o k)= fla+hb+k)— fla+hb)— f(ab+k)+ f(aDb) ..(1)
where (@a+h,b+k)eN (a,b).
If we take g(y)y=fla+h, y)— f(a, y) ..(2)
then gh+k)=fla+hb+k)— f(ab+k)
and gb)=f(a+hb)- f(ab).

O(hk)y=gb+k)—gb). ...(3)

Since f, exists at every pointin N (a,b), f (a + h, y) = f (a, y)is differentiable at each
point of N (a,b) i.c., g ( y) is differentiable in [b,b + k ] < N (a,b).
Using mean value theorem for g ( y) in [b,b + k], we get
g(h+k)— g(b)=kg’ (b +6k)where0<6<1
O ky=k[f,(a+hb+6k)— f,(ab+06k)] ~..(4)
[From (2), ¢"(p) = fy (a+h y)= [, (a, p)]
Now f, exists at each pointin N (a,b)so f (x,b + 6k)is differentiable at each point in
N (a,b)iec., f,(x,b+6k)is differentiable in [a,a + h] = N (a,b).
Using mean-value theorem for f y (x,b +6k)in [a,a + h], we get
Syla+hb+0k)— f,(a,b+6k)=hf,,(a+6 hb+06k)
where 0<06 <L
O (hk)=k[h fg(a+6 hb+6k];0<6,6 <1

or %:f,@(aw I b + 6k)
. V[ fla+hb+k) - f@b+k) fla+thb) - f(ab)]
Al h - I

= fw (a+6; h,b+6k).
Taking the limits as i — 0, we get
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L fe@b+k) = fot@b)l= "™ fy @+ b+ k)

. Jim J (a,b+kk)—fv (a,b) = Jm {hhjlo fup(a+6 hb+ek]
= fy (a,b).

Thus f, exists and f, (a,b) = f,, (a,b).
Similarly, we can prove that if fy exists in N (a,b)and f "y Is continuous at (a, b),then

fw (a,b) exists and is equal to fyx (a,D).

Note: If f)g/ and fyx are both continuous at (a, b), then f\y (a,b) = fyx (a,D).

Theorem 2: (Young’s Theorem):
Iff:X>R,Xc R? and (a,b) e X is such that f, ,f), are differentiable at (a,b), then

f)g/ (a,b) = fyx (a,b).
Proof: Since f,, f, are differentiable at (a,b) so f, f, exist in a neighbourhood

N (a,b)of (a,h) and f, ,fyx ,fxy 1fyy exist at (a,b).

Let O h)y= f(a+hb+h)— f(a+hb)y— f(ab+h)+ f(ab)
and g(y)=fla+h,y)- f(a,p).
Then 0, hy=g (b +h)— g (b).

Now, using mean value theorem to g ( y)in [b,b + ],
g +h)— gb)y=hg"(b+6h),0<6<1.
O hy=h[ f,(a+hb+6h)— f,(ab+6h)]. ..(1)
Since fy is differentiable at (a, b), by definition, we have
Sfyla+hb+6h)— f,(ab)
= fy (a,0) +0h £, (a,b) + (" +6°1*) o1 (1, h) .
and Syla,b+0h)— f,(a,b)=0h f,,(a,b)+6h ¢y (h,h) ...(3)

where 61 —>0and ¢y > 0ash— 0.
From (1), (2) and (3 ) we conclude that

¢( —fxy DY +N(1+6%) oy (I h) =0y (h )

li h, h)
hi“o )

Similarly, if in place of g ( y) we take F (x)= f (x,b+h)— f (x,b)

we can prove that

li h,h
0 (b(h2 )=fyx (a,h).

Hence f,g, (a,b) = fJ,X (a, D).

Note: The conditions of above two theorems are only sufficient but not necessary.
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Illustrative Examlales

Example 16: Letf(x,y)z%(xz + 9%) log (¥ + y*)for (x, y) # (0,0)and f (0,0)=0.

Show that f)g/ = fyx at all points (x, y).Also show that neither of the derivatives is continuous in
x-y at the origin.

Solution: We have for (x, y) # (0,0)

flex{1+log (x* +y2)},fy=21y{l+log (* +y2)}

and hence =
fo=Fn =g

Using the definition of partial derivatives, it can be easily shown that forx =0, y =0
fxzfy Zfngzfyx =0.
Thus f,, = f,, atall points (x, y).
However, f)g/ =f yx 18 not continuous at (0,0).
lim Xy
x, y)—(0,0) 2 +y2
(x, y) approach (0,0) through the line y = mx, we get

We find that the simultaneous limit( does not exist. For if we let

lim Xy lim X . mx _ . m
(x, y)—(0,0) 2 +y “x—0 Lam P 1+’

This limit depends upon m so it does not exist. It implies that f,, = f, is not
continuous at the origin.

@mprehensive Exercise 1

x2 +y » () #(0,0)
0, (x)=(00,0),

show that f is discontinuous at the origin but both the partial derivatives exist
at the origin.

1. If f(x,p)=

2. I fey)=1 2+ ,° (x, 7)#(0,0)
0 (xy)=00),
show that f, (0,0)=0 and f, (0,0)=0.

2 2
3. Iff(x,y):)g/[x: yzjwhenxz + 2 #0 and f (0,0) =0, show that
X +_y

fe(x,0)=0=f,(0,y) and f, (0, y)=~ y.
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Show that the function f(x, y)= )2)} for (x, y)#(0,0) and f (0,0)=0

4. .
P yl
possesses partial derivatives at the origin but the function is discontinuous at
the origin.
5. If f(x,p)= \/(|)g; ), find f, (0,0) and fy 0,0).
)9]2
——, (x, 0,0
6. Show that the function f (x, y)= {2 + y2~ ) *0)
0, (x, )=(0,0)
is continuous in x-y together at the origin but not differentiable at (0,0).
7. Prove that the function f (x, y) = (| xy|)is not (totally) differentiable at (0,0)
but that f, and f, both exist at the origin and have the value 0.
8. Show that for the function f (x, y) =| P y2 |, we have fjg, 0,0)= fyx 0,0).
2y
9 9 ) 0 ’ O
9. Show that for the function f (x, y)= 2+ J;Q () #(0.,0)
0 , (x,»)=(0,0)
f W 0,0)=f " (0,0),even though the conditions of Schwarz’s theorem and also
of Young’s theorem are not satisfied.
2 2
v =y7)
9 9 > ’ 0 ’ 0
10. Show that the function f(x, p)=1 s + J;Z (x7)#(0,0)
0 » (6, )=1(0,0)
does not satisfy the conditions of Schwarz’s theorem and fg, 0,0) = fyx 0,0).
11. State a set of conditions undezr which f,, = f,, where f is a function of two
variables. If f (x, y)= w where (x, y)#(0,0) and f(0,0)=0,
Yo+
calculate f,, (0,0) and f), (0,0). Are they equal ?
12. Show that the function
[ 2 sin(l/x)+y2 sin(l/ y), xp#0
xzsinl/x ,x#20 and y=0
f )= ) 4/ J
y-sin(l/ y) ,x=0 and y=#0
0 , x=y=0
is differentiable at the origin.

I3.  Show thatif f) exists in a certain neighbourhood of a point (4, b) of the domain
of definition of a function f,and fyx is continuous at (a, b), then f)gy (a, b) exists,
and is equal to f, (a,b).

@n swers 1
5. f+(0,0)=0, f,(0,0)=0 11. No
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[ Implicit Functions

Whenever we come across a functional equation f (x, y) = 0, we generally assume that
it determines y as a function of x. But in some cases such an equation may not define
any such function or it may define one or more than one such functions.

For example, the equation x> + yz —16 =0 determines two functions

y:./l6—x2 and y:—./16—x2, for ¥* <16

whereas the equations x* + y2 +7=0 and x* + y4 +9=0 determine no such
function.

Definition:Let f (x, y)be a function of two variables x and y and y = ¢ (x) be a function of x
such that, for every value of x, for which ¢ (x) is defined, f (x, ¢ (x)) vanishes identically, i.c.,
¥ = 0 (x)is a solution of the functional equation f (x, y) =0. Then we say that y = ¢ (x)isan
implicit function defined by the functional equation f (x, y) =0.

It is only in elementary cases, such as those given above, that an implicit function
determined by a functional equation f (x, y) =0 may be expressed in the explicit form
7 =0 (x). In the case of complicated functional equations the determination of the
implicit function in an explicit form may be too laborious or in some cases it may not
even be possible. However, the difficulty of actual determination of an analytical
expression does not rule out the possibility of the existence of the implicit function or
functions, defined by a functional equation. We shall now consider an existence
theorem, known as Implicit function theorem, that mentions conditions which
guarantee that a functional equation does define an implicit function even though its
actual determination in explicit form may not be possible.

For many mathematical purposes the real importance lies in the fact that a given
functional equation defines an implicit function rather than in finding an expression
for the implicit function defined by it.

Hence, the implicit function theorem has its own utility in mathematics.

8 Implicit Function Determined by a Single Functional
Eqguation

Implicit Function Theorem: Let f (x, y) be a function of two variables x and y and let

(a,D) be a point of its domain such that

i) f@bh=0

(ii) the function f (x, y) possesses continuous partial derivatives f, and fy in a certain
neighbourhood of (a, b) and

(i) f) (a,b)#0;
then there exists a rectangle [a — h,a + h ;b — k, b + k] about (a,b) such that for every
value of x in the interval [a — h, a + h],the equation f (x, y) =0 determines one and only
one value y = ¢ (x), lying in the interval [b — k, b + k], with the following properties :
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(1) b=0¢(a),
(2) flxo(x)]=0, forevery xinla—h,a+ h],and
(3) o (x)is derivable and both ¢ (x) and ¢’ (x) are continuous in [a — h,a + h].
Proof: It is given that f), (a,b)#0.
So, either fy (a,b)>0 or fy (a,b)<0.
Without any loss of generality we may assume that fy (a,b)> 0, forif fy (a,b)<0,we
should only have to replace f (x, y) by — f (x, y) and this change would leave the
equation f (x, y) =0 unaltered.

Uniqueness and the existence of the implicit function:
Let f,, f, be continuous in a rectangular neighbourhood
R =la-h,a+h;b—-k ,b+k ]of(ab).
Since f,, fJ, are continuous in Ry, therefore, f is differentiable and hence continuous in
R;.
Again, since f), is continuous at (a, /) and fy (a,b) >0, there exists a rectangle
Ry=la-ly,a+hy;b—kb+k] hy<hyk<k
(i.e., Ry < Ry) such that for every point (x, y) of this rectangle Ry, f), (x, y)>0.
Now, since fy (x, )>0 for all (x, y)e Ry, therefore, for all xe[a—1hy ,a+hy], the
function f of y strictly increases as y increases from b — k to b + k.
In particular, since f (a,b)=0,we have f (a,b —k)<O, f (a,b +k)>0.
In view of this and the fact that f is continuous, there exists a positive real number
h < hy such that for every x in [a — h,a + h], f (x,b — k) is as close to f (a,b — k) and
f(x,b +k)is as close to f (a,b + k) as we please and, therefore, we have
f,b-k)<O, f(x,b+k)>0 forall xe [a—h,a+h].
Now for every fixed value of x in [a — &, a + It], the continuous function f of y strictly
increases from a negative to a positive value as y increases from b —k to b + k and
therefore there exists one and only one value of y for which the function f vanishes.

Thus, foreachxin[a — h,a + h]thereis auniquely determined value of yin[b — k,b + k]
forwhich f (x, y) =0;this yis afunction of x, say ¢ (x) such that the properties (1) and
(2) are true.
Hence, there exists a rectangular neighbourhood

Ry =la—-h,a+h;b—k,b+k]of(a,b)
such that for each x belonging to [a — I, a + h] there exists a unique value of y = ¢ (x)
belongingto[b — k, b + k]suchthath = ¢ (a)and f (x,¢ (x)) =0 forallxin[a — h,a + I].

This completes the proof of the existence and the uniqueness of the implicit function ¢.

Continuity and derivability of the implicit function:

Let (x, y), (x + &x, y +Jy) be two points in Ry =[a — h,a+ h ;b — k,b + k] such that
I=0(x), y+=0(r+8)

and f(x, y)=0, f(x+d, y+3dy)=0.

Since f isdifferentiablein R} and R3 < R |, therefore f is also differentiablein R 5 .




Krabes's T.B. Functions of Several Variables and PDE’s

AMp-105

fe+8r, y+08p) = f(x, y)=8 f, +8y f, +dc y; + 3 vy,
where yy , 9 are functions of &r and dy, each tending to zero as (dx, dy) — O.

But fx+dr, y+3y)— f(x, y)=0-0=0.
InRy, & fe+® fy+oy +& vy =0
or Syfy:_sxfx SAURIVATE (1)

Since f,>0in Ry and R 5 ¢ Ry, therefore f, #0in R3. So, dividing both sides of( )
by &x fy7 we have

Proceeding to limits as (&x,3y) — (0,0), we get
dy _ _ Ja
o=L=-Lr.
dx Sy

Thus ¢ (x) is derivable and continuous in Rs. Also ¢’(x), being a quotient of two
continuous functions, is itself continuous in Rs.

Note 1: The function y = ¢ (x) is said to be the unique solution of f (x, y) =0 near
(a,b) or the unique implicit function determined by f (x, y) =0 near (a, b).

Note2: Itshouldbe clearly understood that the theorem just proved is essentially of a
local character. It states that if f is a function of two variables satisfying certain
assumptions in respect of continuity and derivability in a neighbourhood of a point
(a,b) and if f(a,b)=0, then there exists a rectangular neighbourhood
l[a—h,a+h;b—k,b+k]of (a,b)such that for each x belonging to [a — ), a + h] there
exists a unique y belonging to [b — k,b + k] such that f (x, y) =0.Thus, f (x, y) =
determines a unique implicit function y = ¢ (x)in[a — h,a + h], y lyingin[b — k,b + k]
and this function ¢ of x is derivable. The implicit function y = ¢ (x)is a unique Solution
of f(x,y)=0 in a certain neighbourhood [a—/h,a+h;b—k,b+k] of (a,b). The
functional equation f(x, y)=0 may have a different Solution if a different
neighbourhood of (a, b) is considered.

lllustrative Examlales

Example 17:  Examine the following equation for the existence of a unique implicit function near
the point indicated and verify your assertion by direct calculation. Find also the first derivative of
the solution : P y2 —1=0, in the nbd of the point (0,1).
Solution: Let f(x, y)=+> + y* -1
Then fx:2x,fy:2y.
We have F£0O,)=02+2-1=0

fy0,)=2.1=2=0.
Obviously f, and f are continuous functions in the whole x-y plane and so also in
some neighbourhood of (0, 1).
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Thus f (x, y) satisfies all the conditions of implicit function theorem in some
neighbourhood of (0, 1). Hence, by implicit function theorem, there exists a rectangular
neighbourhood [0 — /1,0 + /i ;1—-k,1+ k] of (0,1) such that for each x belonging to
[0 = 1,0 + K] there exists a unique y belonging to [1 - k,1+ k] such that f (x, y)=0.
Thus, f (x, y) =0 determines a unique implicit function y = ¢ (x) in [0 — /1,0 + K], y
lying in [1 — k,1 + k] and this function ¢ of x is derivable.

Solving the equation 2+ y2 —1=0 as a quadratic in y, we get
yz =1- 2

or y=i,ll—x2.

Obviously (0,1) satisfies the equation

y= 1- 2.

Hence, y=+1-x% is the unique implicit function y =¢ (x) determined by the
equation f (x, y) =0 in some neighbourhood of (0,1), where | x|< 1, y > 0.

We have (dl) =— [fXJ =— (Z’CJ -0
0,1 Sy 0,1) 27 )0,

Remark: Here, y=- x> —1 is the unique implicit function determined by the

equation f (x, y) =0 in some neighbourhood of (0, - 1), where| x|< 1, y <0.

Example 18:  Show that the following equation determines a unique Solution near the point
indicated ; find also the first derivative of the solution :

Jg/sinx+casy=0,(0,%1t).
Solution: Let f (x, y) = xy sin x +cos y.
Then Sfe=ysinx+xycosx, f,=xsinx-sin y.

We have f(O,an)=0+cos%n=0,

fy(O,%n):O—sin%n:—l;tO
Obviously, the partial derivatives f, and f, are continuous functions in a

neighbourhood of (0, % n).

Thus f (x, y) satisfies all the conditions of implicit function theorem in a

neighbourhood of (0,2175). Hence, by implicit function theorem, the equation

f (x, y) =0 determines a unique implicit function, say y = ¢ (x),in a neighbourhood of

)
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dy , fr ysinx + xy cos x
We have S =y ()=t =— : : .
Sy xsin x —sin y
dy B 0+0 0_O
7y P D B
©,5m) 0-sin—m
2

Example 19:Examine the following equation for the existence of a unique implicit function near
the point indicated and verify your assertion by direct calculation :

y2 —yxz -2 =0, point (1, - 1).
Solution: Let f(x, y)= y* — px*> =2 x°.
Then fe==2wp-10x" f,=2 y— 2"
We have FU-D=( -(=).2P-2.P =0
fy(L=D=2.(-)-F =-3=0.
Obviously, the partial derivatives f, (v, y) == 2xy =10 x*and f, (v, y) =2 y - x* are
continuous in a neighbourhood of (1, - 1).

Hence, by implicit function theorem, the equation f (x, y) =0 determines a unique
implicit function y = ¢ (x) in a neighbourhood of (I, - I).

Solving the equation y2 - yxz -2 =0asa quadratic in y, we get

4 5 2
=J2i— VX8 x M+ /T+8x] 1

S X2 = —-
2 2

J

Of the above two possible solution, y = x; [I-/1+8x],x>- éis the unique solution

of f (¥, y)=0 in a neighbourhood of (I, - 1), since, =1 = y (1).

@mprehensive Exercise 2

Show that the following equations determine unique solution near the
points indicated; find also the first derivatives of the solution :

1. +y3 —-3xy + y =0,point (0,0).
2. y3 cos X + y2 sin? x =7, point (% TC,Z)
3. 2xy—-logxy=2,point (1, 1).

Examine the following equations for the existence of a unique implicit
function near the point indicated and verify your assertion by direct
calculations :

4. p? — p* —2x° =0, near (0, 0).
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5. y2 +2x2y+x5 =0, near (I, - ).
6. y2 + yx3 + 2 =0, near (0,0).
7. y4 + 12 y2 —2x =0, near (I, 1).
8. x2+)gi+y2—l:0,near(l,0).
@nswers 2
1. 0 2. & 3. -1
9
4. ¢ (x) not unique near (0, 0) 5. ¢ (x) not unique near (I, - I)
0 (x) does not exist near (0,0) 7. ¢ (x) unique near (1,1)

8. ¢ (x) unique near (1,0)

0 Taglor’s Theorem for Functions of Several Variables

(Lucknow 2007, 10; Gorakhpur 10, 11, 13, 14, 15)
Toexpand f (x + h, y + k) in powers of h and kin case f (x, y)and all its partial derivatives are
continuous in a certain domain of the point (x, y).
Regarding f (x+/, y + k) as a function of one variable only, say that of x (that is,
supposing that only x varies while y remains constant), and expanding by Taylor’s
theorem for one variable only, we have

f(x+h,y+k)=f(x’y+k)+haf(x’y“‘k)_’_ﬁazf(x,y-i—k)

ox 21 ox?
3 43
3! o

Now expanding each term on the right hand side of (1) by Taylor’s theorem
regarding y as variable and x as constant, we have

f(x+h y+k)
=f(xJ,)+kMJrﬁazf(f@y)jLﬁfﬁf(){,y)Jr
’ ay 21 31 0

9 o (x,y) kK Pf(x,)
+hax{f(x,y)+k P +2! @}2 +}

s o (x,p)
+2!axz{f(x,y)+kay+...
/R

+§${f(x,y)+...}+...
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Hence, f(x+h,y+k)=f(x7y)+ hi+kaf
ox dy
2 2 2
ihQaf ok -2 k2af
2100 o ax y Iy’
3 3
h3af 3h2k af + 3hk* af k3% ..
Symbolically we may put this result as
fx+hy+k)=f(x,p)+ hi+kif
oY
2 3
PR AR I PR
210 ox ady 31 v dy
Jath,y+k)=f e, p)+0fe+kfy)

2 2
+2—!(h Foo+ 20k fo + K1)

1
# 5 7 U Fase + 30 K fry 4 3HE fryy + B2 f ) e (2)
Corollary 1: Putting x =a and y =) in equation (2), we get
fla+hb+k)y=f(ab)+{hfy(a,b)+k, (a,b)}+%{h2 fu (@, b)
1
+ 201k fo (@,b)+ K f,, (a,b)}+§{h3fm, (a,b)

+31°k fog (@,b)+ 30k fo,, (@, b)+ K> £, (a,b)}+

Corollary 2: Puttinga =0,b =0, =x,k = y,in equation (2), we get
f(x,y>—f(00 +x f0,0)+y f,(0,0)
2

ﬂx00+wa00 S fw 0,00+

of Jf > f
where £ (0,0) ( ) , f,0,0)= [ ] e 0,0) = [)
9 )i, 0y 7 5 ©,0) o’ ©0,0)

7005
1 (0,0) = 0,0 =...

which is Maclaurin’s theorem for two variables.

Illustrative Examl)les

Example 20: Find the first six terms of the expansion of the function e* log (1+ y)

in a Taylor series in the neighbourhood of the point (0,0).
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Solution: Let F (x, y)=¢” log (1+ y). Then
F (x, y)=¢"log (1+ y) = F (0,0)=0
Fy(x, y)=¢"log (I1+ y) = F(0,0)=0
Fy (x, y)=¢"log (1+ y) = F. (0,0)=0

X

F,(x,y)= i) = F,0,0)=1
F, (x, )=~ (1fy)2 = F,0,0)=-1
F, (x,y):(lj_iy) = Fy(0,0)=1

Using Taylor’s theorem, we get
F (x, y)=F (0,0) + xF, (0,0) + yF, (0,0)

e 0,0)+xy F (00)+J’2 F, (0,0)+
27! xx ’ Xy Xy ) ? oy y
xZ yZ
ie., exIog(l+y):O+x(0)+y(l)+j(0)+xy(l)+T(—l)+...
2 . .
ie., exlog(x+y):y+yg;—y7+,,,

Example 21:  Find the expansion for cos x cos y in powers of x, y upto fourth order terms.

Solution: Let f (x, y)=cos xcos y. Then

f (x, y)=cos xcos y =  f0,0)=1
fe(x.y)=—sinxcos y = £0,0)=0
fy(x,y)=-cosxsin y = f,0,0)=0
fxz(x,y):—cosxcosy = fx2(0,0)=—l
Sy (x, y)=sinxsin y = fy(0,0)=0
fyz(x,y)=—cosxcosy = fy2(0,0)=—1
fx3 (x, y)=sinxcos y = fxg 0,0)=0
fXZy(x,y)zcosxsiny = fx2y(0’0)20
f}g}z(x,y):sinxcosy = fW2(070):0
£, () =cos xsin y = f,50,0)=0
f 4 (¥, y)=cos xcos y > f400=1
S, () ==sinrsiny = fs,0,0)=0
=

fx2y2 (¥, y)=cos xcos y fXZyZ 0,0)=1
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f)gz3 (¥, y)=—-sinxsin y = f\y3(0’0)=0
fy4 (¥, y)=cos xcos y = fy4 0,0)=1

Using Taylor’s theorem, we get

f(x1y>=f(0,0)+[xaa+ya)f(o,O)
e Ty

2 3
(a2 1( o, a
12 0,00+ [+ L+ 32] 70,0
+2!( ax”a)f( )+3!(x8x+yayJ S0.0
4
1( o, a
19 0,0) +
+4!(xax+yay]f( )+

2
= £ 0,0)+x £, 0,00+ y £, 0,0)+ "~ f: (0,0)
2

+ 19fyy (0,0) + fyyOO 3fm00
+§x2yfw (0,0)+§)9/ S 0,0)

1 3 1 4
+g)} fyyy(ovo)"'zjx fx4 (070)

sy fy <0,0>+1x2y2f2y2 0,0)

6
—)g; f 0,0) +—y f )+
2 3
Le., cosxcosy:l+0+0+x22(—l)+xy(0)+J;(—l)+x6(0)
2 3 4 3
J %4 J X 'y
0 = () +—%=(
2()+2() 6()24()+6()
4
J’ ’9’ J
+ 22— 0)+=—(1)+......
(1) + < ()+24( )+
2 4 2 2 4
ie., cosxcosyzl—ﬁ—y—+x—+xly +y—+ .......
2 2 24 4 24

Example 22: If F (x, y) = tan™! (xp), compute an approximate value of F (0-9,—1-2).
(Gorakhpur 2014)
Solution: Let us expand F (x, y) near the point (1, - I).

By Taylor’s theorem, we get
F©0-9,-1-2)=F(1-0-1,-1-0-2)
=F(LD+{1-0-9) F, L1)+1-0-2) F, (L1)}

+%{(1—0-9)2 Fo (1)+2(1-0-9)(1-0-2) Fy, (11)
+(1-0-27 F ) LD} +... (1)
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Herea=1b=-1

F(x,y):tan_lxy = F(l,—l):tan_l(—l):_g.
y -1 1
F=—22 F (L-)=—=——.
R = BlD=r=y
11
F,=—2% _ F,(L-l)=— =—-.
Y 1+)c2);2 = 50D I+1 2
(2x) y -2 =D 1
Fo=-—22 o F,(l-)=—"F""-_.
P 1+ 2y 2y w2 (=D 1+1)> 2
—x (22 ) 2 1
=22 5 F,(-D= ==.
P 1+ 2y 52 =D 1+12% 2
1+ - x2u?)
£4 1+ y?)
1- 22 y? 1-1
=5 o9 9 = F L—lz =
1+ 2> %) w (b= (1+1y7

Putting all these values in (1), we get

T 1 1 1 9 1
F0O-9,-1-2)=—=4+(-0-) (- )+ (-0-2) =+ =[(-0 -1 (=
( ) 4+( ) ( 2)+( )2+2[( ) (2)

£2(=0-1(=0-2)0+(=0-2) (%)]Jr

=—%+O-OS—O-1+O~0125=—0~823.

Example 23:  Expand ¢*. cos y near the point (l, g) by Taylor’s Theorem.

Solution: We have

Fx+h y+k)=F(x, )+ hi+ki F
or  dy

2 3
+i hi+ki F+i hi+ki F+... .. (1)
210 ox ady 3 o ady

Again excosy=F(x,y)=F|:l+(x—l),Z+(y—2)]=F(l+h,:+k)

where h:x—l,kzy_g.
F (x, y)=¢" cos y = F(LE):L
ofF _ « E)F(
—=¢"cos y = Z
ox
oF v ap(
—=-¢"siny = Z

) ay
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’F =¢" cos = 821:(1 £)=i
o J a2 \"4) "2
oF . FPFE( n\ —e
—5 =—¢ COos y = — L =7
& 9 \4) 2
>*F v 82F( 11:) —¢
=—¢" sin y = L—|=——-
ax dy dy oy \ 4 V2

Substituting these values in Taylor’s theorem, we get
e ) —e¢
et cos p=——+|(x-1 -
P [( Tzt (y 4)%2}

et el 5)(E) -5 )

@mprehensive Exercise 3

Expand ¢*.sin y in powers of x and y as far as terms of third degree.
2. Expand : F (x, y) = xzy + 3y —2 in powers of (x—1) and ( y +2) by Taylor’s
theorem. (Gorakhpur 2015)

-1 J’

3. Obtain Taylor’s expansion of tan™" = about (1, 1) upto and including the second

degree terms. Hence compute F (1- LO -9). (Gorakhpur 2012, 13)

N

. Expand x/ in powers of (x — 1) and (_y — 1) upto the third degree terms.

@HSWGI’S 3

3
1. exsiny:y+)g/+xz2y—y6+

2. Py+3y-2=-10-4(x-D+4(y+2)-2(x-17
2 =D (y+2)+x-17(y+2)
3. tan_l%:g—%(x—l)+2l(y—l)+%(x—l)2 —%(y—l)Z +...; 07862
1

4 =l D =D =D =P -
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@)jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).
1‘Laf@yp‘ﬁﬁ%}ﬁwnﬁ¢@m
0 ,(x,py)=0.
Then
(a) f(x,p) is discontinuous at (0,0)  (b)
(d)

f (x, y) is continuous at (0,0)
(©) f,(0,0)=1 d f

,(0,0)=1.
2

v
2. Let f(x,y)={Z+ )
0, (xy)=(0,0).

» (1, 7)#(0,0)

Then
(a) f (x, py) is not defined at the origin (b) £, (0,0)=0
() f+©0,0)=1 (d) f,(0,0) does not exist.

Fill in the Blank(s)
Fill in the blanks “......", so that the following statements are complete and correct.
1. The partial derivative f, (a,b)of a function f (x, y)at the point (a, b) is given by
Em £ (a+hb)—......

(a,bh) =
fx (ﬂ7 ) h N 0 h ’
provided the limit exists.
2. If a function f (x, y) is differentiable at (a,b), then it is ...... in x-y together at

(a,b).

3. f f:X->R,Xc R? and (a,b)e X is such that fx,fy are differentiable at
(a,b), then f)g, (a,b)=.......

True or False

Write “17 for true and °F’ for false statement.

1. If afunction f (x, y)is continuous at a point (a, b), it must also be differentiable
at (a,b).

2. Ifafunction f (x, y) possesses both the partial derivatives f, (a,b) and f), (a,b),
it must be differentiable at (a, b).

3. If a function f (x, y) is differentiable at (a,b), it must be continuous at (a, b).
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Multiple Choice Questions
1. (b). 2. (b).

Ap119

Fill in the Blanks
1. f(ab). 2. continuous. 3. fyx (a,b).

True or False
1. F. 2. F. 3. T.




Partial Differential Equations
of the First Order

1 Partial Differential Equations

quations which contain one or more partial derivatives are called Partial Differential
Equations. Such equations arise in geometry and physics when the number of
independent variables in the problem under consideration is two or more. Whenever
we consider the case of two independent variables, x and _y will usually be taken as the
independent variables and z as the dependent variable. The partial differential

coefficients % , % will be denoted by p and g respectively. The second order partial

X gy
derivatives are denoted by r, s, t, so that
9%z 9%z o’z

Ew) =7, dy =5, ay—Z
Some examples of partial differential equations are :
pz—qz =2+ (x+ y), (1)
ptan x +q tan y =tanz, ..(2)

P +q - 2pr—2qy +21 =0, .(3)
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r-qrt =yt -2 (4
r—2s+t=sin(2x+3y), ...(5)
) 9 A2 2
2072, P2 00y P
o’ ox Jy »: x o y Iy ---(6)

Order and Degree of a Partial Differential equation.

As in the case of ordinary differential equations, we define the oxder of a partial differential
equation to be the order of the highest order derivative occurring in the equation.

The degree of a partial differential equation is the degree of the highest order derivative which
occurs in it after the differential equation has been rationalised (i.e.,made free from radicals and
fractions so far as derivatives are concerned).

In the above mentioned examples equations (1) and (2) are of first order and first
degree.

Equations (3) and (4) are of first order and second degree. Equations (5) and (6) are of
second order and first degree.

In the present chapter we shall discuss the partial differential equations of the first
order.

2 Formation of a Partial Differential Eqguation

Partial differential equations can be derived in two ways :
(a) By the elimination of arbitrary constants from a relation between x, y and z
(b) By the elimination of arbitrary functions of these variables.
Now we illustrate these methods.
(a) By the elimination of arbitrary constants:
Let z be a function of x and y such that
f(x, y,z,a,b)=0, (1)
where a and b denote arbitrary constants.

Differentiating (1) partially with respect to x and y, we get the relations

%4_%.872—0 1 af.ﬁ.%

YT ie., P p=0 ...(2)
and %+i~a—z= i.e.,i+%q=0~ (3)
5 % o o

By means of the three equations (1), (2) and (3) two constantsa and b can be eliminated
and we obtain a relation of the form

F(x,y,z,p,q)=0. ...(4)
This shows that the system of surfaces (1) gives rise to a partial differential equation of
the first order given by (4).
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Note: We observe that if the number of constants to be eliminated is equal to the
number of independent variables then the derived partial differential equation is of the
first order. Butif the number of constants to be eliminated is greater than the number of
independent variables then, in general, the derived partial differential equations will be
of the second or higher order.
(b) By the elimination of arbitrary functions:
Suppose we have a relation between x, y and z of the type

f (w,v)=0, ...(1)
where v and vare known functions of x, yandz and f is an arbitrary function of u and ».
This relation can also be expressed in the form u = ¢ (v), where ¢ is arbitrary.
Differentiating (1) partially with respect to each of the independent variables x and y
regarding z as dependent variable, we get

of (du ou of (dv v

~ | — - AN . =O

ou (8x+azp)+ay (8x+8zp) -(2)

of (ou ou of (dv v

d T =+ — | —+—¢q |[=0.
o 8u(8}1+82q)+81/(8y+aqu (3)
Eliminating i and % between (2) and (3), we get
Jdu av

(8u au) o ov ou  du (81) BV)

—+p—||=+tq=—|=|=—Ftq=—||=—+p=—

ox dz )\ dy 0z ay dz )\ ox 0z
o ) (oo g, o oo i

dy 9z Jy oz dar dz  ox oz ar dy dy dx
or Pp+Qq=R ... (4)
where P:%i—@%— d (u,7)

o dwdr ()
or 9z ox oz 9(z,x)

ou dv du dv _ 9 (u,v)

and R=— ——-——

The equation (4) is a partial differential equation of the first order.

Note 1:1f the given relation between x, y,z contains two arbitrary functions then the
derived partial differential equation will contain partial derivatives of an order higher
than two, except in particular cases.

Note2: Itshouldbe observed that the partial differential equation (4) derived in (b) is
a linear equation i.c., powers of p and ¢ are both unity while the partial differential
equation (4) derived in (a) need not be linear.
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Example 1: Form a partial differential equation by the elimination of the constants h and k

from

(= (= e 2® = (1)
Solution: Differentiating (1) partially w.r.t. x and y, we get

x—h+zp=0 and y-k+zq=0.
Putting the values of x — hand y — k from the last two equations in the given equation
(1), we get

22 (p2 +q2 +1)=¢2,
which is the required partial differential equation.

Example 2:Form a partial differential equation by eliminating a, b, ¢ from

¥ ]2 72
——t Tt ——=1 (1
222 (1
Solution: Differentiating (1) partially w.r.t. x and y, we get
X oz

2t r=0 (2
y z
and b—2+c—2q20. ..(3)

Since therelations (1), (2) and (3) are not sufficient to eliminate the constantsa, b and ¢
so we require one more relation.

Differentiating (2) partially w.r.t. x, we get

1y oz
—+—+—71r=0. 4
2272 . (4)

Multiplying (4) by x and then subtracting (2) from it, we get
1
C—2<{xzr+xp2 -pz}t=0

or pz = xpz + xzr.
Thus after the elimination of 4,/ and ¢ we obtain a partial differential equation of
order 2.
Note: In this case one more partial differential equation can also be obtained.
Differentiating (3) partially w.r.t. y,we get
1 q2 z
—+ -5 +—t=0.

2 2 2

Multiplying it by y and then subtracting (3) from it, we get
qz = qu + yzt,

which is also a partial differential equation of order 2.
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Example3: Form apartial differential equation by eliminating the arbitrary function ¢ from

z=¢ ¢ (x- p). (1)
Solution: Differentiating (1) partially w.r.t. x and y,we get

p=e¢V ¢ (x - y), (2)
and g=ne? ¢(x—y)-eV ¢ (x - y). .(3)

From (1), (2) and (3), we get
q=nz—-p or p+q=nz,
which is the required partial differential equation of order one.

Example 4:  Form a partial differential equation by eliminating the functions f and F from

z=f(x+iy)+ F (x—ip). (1)
Solution: Differentiating (1) partially w.r.t. x and y, we get
& F )+ F =) )
and a—zzif'(x+iy)—iF’(x—y/)
Y ..(3)

Differentiating (2) and (3) partially w.r.t. x and y respectively, we get

&z ” . ” .
yzf (x+ip)+ F” (x —ip),

9%z

and a—2=—f”(x+iy)—F”(x—iy).
7y
8272 _822 o’z 822_

Hence 0,

=—— o —t—p=
> o w9y’

which is the required partial differential equation of the second order.

@mprehensive Exercise 1

Form partial differential equations by eliminating arbitrary constants
from the following relations :

z=(x+a)(y+Dh).

z=ax+ﬂ2y2+b.

1
z=axe) +§ﬂ2€2y +b.

W o=

z=Ael sin pr.

Form partial differential equations by eliminating the arbitrary functions
from the following equations :

5. z=f(y/x).
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6. z=f(x+ay)+ F(x—-ay).
7. z=y2+2f(§+logy)~

8. f(x+y+z,x2+y2—zz):().

@nswers 1

22 o Pz 9 &z
4. T+ 0= 5. pr+qp=0 6. —o=a 5

o o e v’ o’
7. X28i+yai:2y2 8. (y+z)p-(z+x)q=x—-y

ox ady

D Linear Partial Differential Equation

Definition: A partial differential equation is said to be linear if the dependent variable z and
all its partial differential coefficients occur in it in first degree.

A partial differential equation is said to be non-linear if some or all the partial
differential coefficients appearing in it do not occur in first degree.

Every linear partial differential equation is necessarily of first degree but a partial
differential equation of first degree may or may not be linear. For example, the partial
differential equation

9 2
8;+4(az~) +Sa—z+6z:9
> ox y

is of first degree but it is not linear.

Below we give some examples of linear partial differential equations.

(i) The partial differential equation

(x2+y2)a—z+3xya—z+(x+y)z=ex+J’
ox dy

is a linear partial differential equation of first order.

(ii) The partial differential equation

2 2 2 )
xa—,z+(3x+4y) 9z +exa—,z+5xa—z+6ya—z+9z e +y2
ox’ ox dy ayz ox ay
is a linear partial differential equation of second order.
Pu  o’u
(iii) The partial differential equation —+—5=0
o’ Iy

is a linear partial differential equation of second order.
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(iv) The partial differential equation
o’y oz
is a linear partial differential equation of second order.
(v) The partial differential equation
p 8372 9 %z oz 0z

+rE 4y E 6229 + P
Ay Ry ey

is a linear partial differential equation of third order.

(vi) The partial differential equation

is a linear partial differential equation of first order.

(vii) The partial differential equation

is a linear partial differential equation of order 4.
(viii) The partial differential equation

is a first-order linear partial differential equation in three variables.
Here are some examples of partial differential equations which are not linear.
(i)  The partial differential equation pzx + q2 y =z is not linear.
(ii) The partial differential equation (- yz) pq—x y (p+q)—1=0 is not linear.
2 2
(iii) The partial differential equation Iz +4 9z 92 +5 a—g =0 is not linear.
> o oy
However the partial differential equation
2 2 2
a—Z+4 gz +Sa—§=0 is linear.
a? oy oy

4 C(lassification of Partial Differential Equations of First
Order into Linear, Semi-Linear, Quasi-Linear and

Non-Linear

A first order partial differential equation in two variables in its most general form is
given by
F(x, y,z,p,q) =0, (1)
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0z
her ==
where )4 p»
0z
d =2
o Ty

In this differential equationz is dependent variable and x, y are independent variables.

When the function F is not a linear expression in pand g, the equation (1) is said to be
non-linear.

(a) Non-linear partial differential equation of first order:

A first order partial differential equation in which dependent variable is z and is a

function of two independent variables x and y is called a non-linear equation if the partial

.. 0z, oz . R,
derivatives — i.e., p and 5, e.,q do not occur in it in first degree.
x 7y

For example, the partial differential equations of the first order such as
(et ) (pra) + (=) (p-aP =L 2 pPg=2",
(P =L 2 (P =) =x -,
22 ( pz + q2 )= 2 + yz etc., are all non-linear equations.

(b) Quasi-linear partial differential equation of first order:

A first order partial differential equation F (x, y,z,p,q)=0 in which dependent
variable isz and is a function of two independent variables x and y is called a quasi-linear
equation if the function F is alinear expression in pand g but not necessarily linearinz.

A quasi-linear partial differential equation of first order is of the form
f (x,y,z)g—z+ g(x,y,z)a—zzh (x, y,z)
x o

where the functions f and g depend on z also.

Thus the first order partial differential equations such as
(x+y+z)a—z+)g/a—z+xz:3x2 +5)12 +6z 2,
ox ay

(x2+y2)a—z+4xyza—z:32+ex+y,
Y

228—2+5ya—2:6z2+10gx+ey etc.,
ox dy

are all quasi-linear equations.

(c) Semi-linear partial differential equation of first order:

A first order partial differential equation F (x, y,z,p,q) =0 in which dependent
variable is z and is a function of two independent variables x and y is called a semi-linear
equation if it is of the form

S (x,J/)a—Z

)
3 + g(x,y)—zzh(x,y,z).
X

&y
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In a semi-linear partial differential equation of first order the coefficients of g— and a—z

"y

are functions of xand y only and they donot depend onz.The terms that do not involve

0z 0z
— and 5 contain some terms that are not of first degree in z.

ox )y
Thus the first order partial differential equations such as
(x+y )—+xlogy——22 x+ap+e,
or »

3

pcos (x+ y)+gsin(x+ y)=z> +sinx+e’,

(yx 2x)3 (Zy 3y)gj']:9(x2—y2)logz,etc.,
are all semi-linear equations.
(d) Linear partial differential equation of first order:
A first order partial differential equation F (x, y,z,p,q) =0 in which dependent

variable is z and is a function of two independent variables x and y is called a linear

equation if in this differential equation the dependent variable z and its partial

differential coefficients ?Tz and % all occur in first degree.
v y

Thus a linear partial differential equation of first order is of the form
0z 0z
fy)—+gxy)—+h(x, p)z=c(x, )
ox dy

where f (x, ), g (x, y),h (x, y)andc (x, y)are functions of xand y only and they do not
contain any term of z.

For example, the first order partial differential equations such as

(x +y)a (3x+5y)—+(x y)z =sin(x+ y),
ar 9

pcos (x+ y)+gsin(x+ y)=z+¢/ sinx,

logxa—z+e]a—z=x(y—z),
ox ady
p+3g=5z+tan( y - 3x),
x%+y%+z%=5u+ﬂ,x2 %+ Z%+zga——u+lgiz
ox ay oz z ox dy 0z
(y3x—2x4)p+(2 y4 —xgy)q:9z o3 —yS),etc.,

are all linear equations.
Remark: Inmanystandard text books on partial differential equations the concepts of
quasi-linear and semi-linear differential equations of first order are not introduced.

There we find only two categories of first order partial differential equations — one
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linear and the other non-linear. According to this classification a partial differential
equation is said to be linear if all the partial derivatives occurring in it appear only in
first degree and there is no restriction on the dependent variable, it may or may not
occur in first degree. Also, a differential equation is said to be non-linear if it is not
linear. Thus a first order partial differential equation F (x, y,z, p,q) =0 is linear if in
this differential equation the partial derivatives p and g occur only in first degree and
there is no restriction on the dependent variable z, it may occur in any form.

Accordingly every first order partial differential equation of the form
0 )
[y St g yz) = h(x, y.2)
ox Iy

is linear where f, g, i are any functions of x, y,z. Thus the partial differential equa-

tions such as

Z—Zx)qzzz—)g/,

(mz —ny) p+ (nx —lz) g = ly — mx,

(*—yz)p+(p

(y2 +22 —xz)p—2)g/q+2zx=0,
x(y—-z)p+y(z—-x)q=z(x— y),etc., are all linear.

On the other hand the partial differential equations such as
PPy =2 g =3pg,
p=5.(y =) gy~ p)=(p-q,
pz =22 (1- 1q), p3 + q3 =27z etc., are all non-linear.

5 Lagrange,s Linear Partial Differential Equation

The partial differential equation Pp + Qq = R ,where P, Q and Rare any functions of x, y,and z
is called Lagrange’s linear partial differential equation of first order.

Thus Lagrange’s linear partial differential equation is of the form
0z 0z
fyz2)—+ g pz)—=h(x, pz),
ox dy

where f, g, are any functions of x, y,z .
The partial differential equations such as
()/2 + 22 —xz)p—2yg;q+2zx:0,

pcos (x+ y)+gqsin(x+ y)=z,

x(y—z)a—z+y(z—x)a—zzz(x—y),etc.,
ox ay

are all Lagrange’s linear partial differential equations of first order.
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10.

11.
12.

13.

14.

15.

@)mprehensive Exercise 2

Tell whether the following partial differential equations are linear or

nonlinear'

22 232% 29 g,
8x2 0z2

3 2

92 592, 4ai % 52290t

o> o2 ox Jy
2%z 822 2%z oz oz

4972 4y +9 +5—+6—=1 .
22 wxdy o oy Bt

8272_4 82z _Ax o
o’ ax dy yZ $
2 2 2
Iz _ 90z (0 =(y-De
a’  oxdy y

Which of the following partial differential equations of first order are

non-linear, quasi-linear, semi-linear or linear ?

(x2+y2)a—z+(x—y)a—z+xz=3x+4y.
ox ay

zy2p—W=X(z—2y>-
oz

2 _ oz _ _
(y xz)ax )g/ay x2+y Xz

2

(y3+x3)a—z+4x2y—2=x3z—4y2+yz.
ox dy

4aiai 52 46% 43:2902 1,7
ox dy ox ay
(xz—yz)p+(y2—zx)q:zz—yg/.
(mx—ny)p+(nx+my)q=z+ly—mx2.

T R R
T

2
x%+y ou +3%:x2+y2+z2.
ox ady 0z

(% =2yz - y*)p+x(y+2z)q=x(y-2).
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@nswers 2
1. Linear 2. Non-linear 3. Linear
4. Linear 5. Non-linear 6. Linear
7. Quasi-linear 8. Semi-linear 9. Linear
10. Non-linear 11. Quasi-linear 12. Linear
13. Semi-linear 14. Non-linear 15. Quasi-linear

6 Equation Equivalent to the Linear Equation

A partial differential equation which is linear in p and g is of the type
Pp+Qq=R, (1)
where P, Q, R are functions of x, y, z.

Let any relation u = a be an integral of (1). Differentiating it partially with respect to x

and y,we get
%+%p:() and %—k%q:
or oz dy oz
ou ,du ou ,du
Th i = =
ese give p E)x/ Pl P / 5
Putting these values of p and g in (1) it changes to
du ou ou
P—+Q—+R—=0.
5 T Q » R (2)

Hence, if u = a satisfies (1), u = a also satisfies (2).
Conversely, dividing (2) by ? and substituting p and ¢q for their values given above we
Z

see that if u = a is an integral of (2), it is also an integral of (1).

Thus equation (2) can be taken as equivalent to equation (1).

4 Lagrange’s Solution of the Linear Partial Differential
Eqguation of First Order

The first systematic theory of the linear partial differential equations was given by
Lagrange. For that reason the equation Pp+ Qg = R is referred to as Lagrange’s
equation. The method of solving a linear equation of this form is contained in the
theorem given below :
Theorem: The general solution of the linear partial differential equation

Pp+Qq=R ..(1)
is f (u,v)=0, .(2)
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where f is an arbitrary function and

u(x, y,z)=c; and v(x, y,z)=cy ...(3)
form a solution of the equations

o & _d

P Q R ...(4)

Proof: We shall give a purely analytic proof of this theorem. If the relation
u (x, y,z) =y satisfies the equations (4) then the equations

de d d
%dx+%dy+%dz =0 and —:l:i
ox ady 0z P Q R
must be compatible i.c., we should have
Ju ou Ju
P—+Q—+R—=0.
5 FQ » R ..(5)
Similarly we should have
P o +Q o + R o’ =0

Solving the equations (5) and (6), we get
rF__.__¢ _.___K__ @)
ou dv Ou dv  Judv Oudv Ou dv Odu I

dy dz dz dy dz dx Odrdz drdy dy dy

Earlier we have seen that the relation f (u, v) = O gives the partial differential equation

ou dv  Ju dv ou dv  du dv ou dv  du Jv
***** * 1=~ 5 "5, 5. ..(8)
or dy dy ox

dy 0z 0z dy 0z dx ox 0z

Substituting from the equations (7) into the equation (8), we find that (2) is a solution
of the equation (1) if # and v are given by the equations (3).

Note: Inplaceof f (u,v) =0 the functional relation can be written asu = ¢ (v),where ¢
denotes an arbitrary function.

It is called Lagrange’s solution of the linear equation (1) and the equations (4) are
called Lagrange’s auxiliary equations or Lagrange’s subsidiary equations.

8 TheLinear Equation Containing more than two
Independent Variables

The generalisation of Lagrange’s method is as follows :
Let the linear equation with n independent variables x|, xo,..., x;, be
P1p1+P2 p2+P3p3+...+Pn Pan- (1)

. 0z
where P, P, ..., P, and R are functions of xj,x9,...,x, and z. Here p; denotes — for
Xi

i=12,.. n
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Then the general solution of (1) is given by
f (”17 Uy, o Mn) =0

where u; (xX),%9, ..., %,,z)=c¢;, i=L2,...,n

are any independent integrals of the auxiliary equations
ey dvy _dxn_dz.
?1 = ?2 = h TR

O Geometrical Interpretation of Lagrange’s Linear

Equation

Lagrange’s linear equation is
Pp+Qq=R or Pp+Qq+(-1) R=0. (1)
Since d.r.’s of the normal at the point (x, y, z)onthesurface f (x, y,z) = care givenby

S U or —i/% —i/%—l

ax’ay’az or 9z’ ay oz’
0z oz

i.c., ,—,—1 ,q,— 1,

ie o or pq

hence the equation (1) shows that the normal to a certain surface is perpendicular to
the line whose d.r.’s are P, Q, R.
But we know that the simultaneous equations

% = % = % .(2)
represent a family of curves in space such that the direction ratios of the tangent to any
member of this family at any point (x, y,z) are P,Q, R If u=a and v=> are two
independent integrals of (2) then f (u,v) = 0 represents a surface through such curves.
Through every point of such a surface passes a curve of the family, lying wholly on the
surface.
Thus the general solution of (1) is the family of surfaces such that the normal to a
surface at any point must be perpendicular to the tangent to a curve of the family
represented by (2).

10 The Equation Pp+0g=R Represents a Family of
Surfaces Orthogonal to the Family of Surfaces

Represented by Pdx + Qdy + Rdz =0 (If Integrable)

We know that d.r.’s of the normal at the point (x, y,z) to a surface of the family
represented by Pp+ Qg = R are p,q,— .
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Alsod.r.’s of the normal at the point (x, y, z)to a surface of the family represented by

Pdr+Qdy+Rdz=0are P,Q,R.

Since the equation Pp+ Qg + (—1) R=0 shows that the two lines whose d.r.’s are
p.q,—land P, Q, R are perpendicular, hence the surfaces represented by Pp + Qg = R
are orthogonal to the surfaces represented by P dx + Q dy + Rdz =0.

1 Integral Surfaces Passing Through a Given Curve

Now we shall indicate how the general solution of a linear partial differential equation
may be used to find the integral surface passing through a given curve. Suppose that we
have obtained two solutions

u=a and v=>» ..(1)
of the auxiliary equations (4) of article 7. Then we know that the general solution of the
corresponding linear equation is of the form

f w,v)=0 ...(2)
arising from a relation
f(a,b)=0 ...(8)

between the constants a and b. We have to consider the problem of determining the
function f in special cases.

If we want to find the integral surface passing through the curve whose parametric
equations are x=x(t),y=y(t),z=2(1),
t being a parameter, then the solutions in (1) must be such that

u(x(6), y (0),z () =a, v(x(t), y (t),z (t)) =b.
Eliminating the single variable ¢ from these two equations we find a relation of the type
(3). The required solution is then given by the equation (2).

12 Working Rule to Find the Solution of Lagrange’s
Equation Pp+Qg=R

Form the auxiliary equations

dv _dy dz

P Q R
Find two independent integrals of these auxiliary equations, say # = a and v = b. Then
the general solution of the partial differential equation Pp+ Qg = R is given by
f (u,v) =0,where f isan arbitrary function or it can also be written asu = ¢ (v),where ¢
is an arbitrary function.
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lllustrative Examl)les

Example 5:  Solve (z2 -2yz —y2)p+()g/ +2X) q = Xp — zX. ...(1)

Solution: The Lagrange’s auxiliary equations of the given differential equation (1) are
dx dy dz

2 0y ) wrm yoz

Taking the last two members, we get

(y-z)dy=(y+z)dz or ydy—(zdy+ ydz)—zdz=0.
Integrating, yz -2yz - 22 = .
Again choosing x, y,z as multipliers, we get

xdv+ ydy +zdz
0

each fraction =

= xdv+ ydy+zdz=0.

Integrating, 2+ y2 +27 = ) .

Hence the general solution of (1) is given by
f(y2 -2yz —z2,x2 +y2 +22)=O

or y2—2yz—22:¢(x2+y2+z2).

Example 6: Solve (mz —ny) p+ (nx - Iz) g = ly — mx. ...(1)
(Garhwal 2001, 14)

Solution: 'The Lagrange’s auxiliary equations of the given differential equation (1) are
dx dy dz

mz—ny:nx—lz ly—mx.

Choosing x, y,z as multipliers, we get
xdy+ ydy +zdz
0

each fraction =

= xdy + ydy +zdz =0.

2 2

Integrating, x~ + yz +z% =¢.

Again choosing [, m, n as multipliers, we get

ldx+mdy +ndz
each fraction = 0 = ldv+mdy +ndz=0.

Integrating, lx + my + nz =cy.
Hence the general solution of (1) is given by

f (? +y2 +22,lx+my +nz)=0,
where f is an arbitrary function.
2_ 2

Example 7: Solw:(y2 +z p—2xpq +2zx =0. (1)

(Garhwal 2004; Kumaun 11)

Solution: The Lagrange’s auxiliary equations of (1) are
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dx _ dy _ dz
yz +z2 —x2 —2)97 —2zx
Taking the last two members, we get
Y _dz,
y oz
Integrating, log S log ¢; or S cl.
z z
Again choosing x, y,z as multipliers, we get
each fraction = xar +2)7 dy2+ : dzz .
—x(x*+ T +2z7)
xdy+ ydy +zdz dz xdv+ ydy +zdz dz
N = 2=
—x(x2+y +z7) -2z X+ yT 4z z

Integrating, log (x2 + yz + 22) =log z +log ¢y or 2+ yz +22 = zc9.

Hence the general solution of (1) is

2 2
S ()/,xz-l-y-kz):o, or X2+y2+22:z¢(

N

z z

)

Example 8:  Solve ( y+z)p+(z+x)gq=x+ y. ..(1)
(Garhwal 2001, 12)

where f and ¢ are arbitrary functions.

Solution: The Lagrange’s auxiliary equations of (1) are
i
y+z_z+x_x+y.
de—dy dy-dz de+dy+dz
y-x B z—-y _2(x+y+z)’
Taking the first two members, we get
log (y —x)=log (z - y) +log ¢
or y—x=c(z-y).
Again taking the first and the last members, we get

—2log (x— y)=log (x+ y +z) —log ¢y

or (x—y)2(x+y+z):cz.
Hence the general solution of (1) is given by

Jy—x 2

f J(x=p) (x+y+2z)|=0.

z-J

-z z-x x—
Example 9: Solve(y ) p+( ) q= S )

yz zx xy

(Kumaun 2008)

Solution: The auxiliary equations of (1) are
dx dy dz
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LI ML
y z
0

dx +dy + dz

. X
Each fraction = and also =

detdy+dz=0 and Lar+ L dy+Ldz=o.
z

X J
Integrating, x+ y+z =¢| and xpz =cy.
Hence the general solution of (1) is given by
fx+y+z, xpz)=0.
Example 10:  Solve p+3q =5z + tan (y — 3x).

Solution: The auxiliary equations of (1) are
dx _dy _ dz

1 3_52+tan(y—3x)

Taking the first two members, we get
dy —3dx =0.
y-3x=¢.
Again taking the first and the last members, we get
=7
5z +tanc¢
log (5z + tan¢;) =5x + log ¢y
or ¢ {5z + tan ( y - 3x)) = ¢
Hence the general solution of (1) is given by

e {5z +tan( y-3x)}=f ( y—3x).

Example 11: Solve ¥* (y—z)p+y2 (z—x)q:z2 (x= ).

Solution: The auxiliary equations of (1) are

dx dy dz

xz(y—x) Yy (z-x) zz(x—y)

dx d d

7'}‘%*‘% @+dl+di
Each fraction = J(]) i and also = xé;iz .

ﬂ+dl+d—z=0 and @+dl+d—z=0.

P y2 22 x y oz

1

1 1
Integrating, —+ —+—=¢; and xyz =cy.
x z

Hence the general solution of (1) is given by

S (1+1+1,xsz=O.
x oy z

(D)

(Garhwal 2012)
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Example 12: Solvcx(y2+z)p—y(x2+z)q=z(x2 -y

Solution: The auxiliary equations of (1) are
dx dy dz

(P42 —yalra z(E- P

Choosing 1/x,1/ y,1/z as multipliers, we get

dl + dl + di =0.

x y oz
Integrating, log x +log y + log z = log ¢|
or xyz = cj.

Again choosing x, y,— 1 as multipliers, we get
xdv+ ydy —dz =0.
Integrating, 2+ y2 -2z =¢y.

2y

GEE

Hence the general solution of (1) is given by f (xy z A+ yz -2z)=0.

Example 13:  Find the equation of the integral surface of the differential equation

2y(z-3)p+(@2x—-z)q=y@2x-3),
which passes through the circle z = 0, 2+ yz =2x.

Solution: The auxiliary equations of (1) are
dx dy dz

2y(z-3) 20—z y@2x-3)

Taking the first and the third members, we get
2x=3)dx=2(z-3)dz.

Integrating, ¥ -3x-z%2+6z=a.

Again, using 21 , y,— 1 as multipliers, we get
%w+y@—&:0

Integrating lx+1y2 -z =lb or x+y2 —-2z=b

"2 2 2 '

The parametric equations of the circle are
x=t, y=N@t-1%),z=0.

Putting these values in the equations (2) and (3), we get
2 -3t=a and t+2t—t2)=h.

Eliminating ¢ from these, we find the relation
a+b=0,

showing that the required integral surface is
(x2 —3x-2z2 +6z)+(x+y2 -2z)=0

or x2+y2—22—2x+4z=0.
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10.
11.

12.

Solve the following equations :
xzp + yzq = xy.

(i) ptan x + g tan y = tan z.

(ii) pcos(x + y)+¢qsin(x+ y)=z
xzp + y2q =22

Yzp + zvq = xy.

2

z
J/—p+zxq=yz.

X
(xz—yz)p+(y2—zx)q:zz—)g/.
z—px—qyza\/(xz +y2+22).

z (xp= yq) = y* - x*

Bx+y-z)p+(x+y—-2)q=2(z - y).
dx dy dz

@mprehensive Exercise 3

3x+y—z:x+y—z 2(z—y).

{Hint. =
(

i) Choose —1,3,1 as multipliers.
dv—dy+dz  dv+dy —dz

(i)

po +p3=1+py

L S -
n Ty TV

(Kumaun 2012; Garhwal 13)

(Garhwal 2000)
(Kumaun 2008; Garhwal 10)

Find the integral surface of the linear partial differential equation

(P p-y P rzg=(2 -y

which contains the line x + y =0,z =1

13. Find the general integral of the partial differential equation

Q- p+(E-2+2)q=2(x- yz)

and also the particular integral which passes through the line x =1, y =0.

14. Find the family of surfaces orthogonal to the family of surfaces given by the

differential equation

(y+z)p+z+x)q=x+y.

15. Find the integral surface of the partial differential equation

x2p+y2q+22=0

which passes through the hyperbola xy =x+ y, z=1
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1. f(zz—)g/,l)=0 2. (i)wzf(W]
x sin z sin y

(ii) [cos (x+y)+sin(x+y)]e)’_x=f{zdz CO‘(;*?*Q)}
3. l_l: (l_l) 4~f(X2—y2,X2—Z2)=0

x y X oz
5 f(xg—y3,x2—z2)=0 6.f(x_y e ZJ 0

y-z z-x

7. yl_“={Z+V(X2+y2+Z2)}f(j’] A

9. (x—y+z)2:(x+y—z)f(x—3y—z)

10. f (xj+2,x + %y, x5 +13)=0 ll.f[x,y,)g/z—Buj=0
y z
12. ¥+ )% 4292 -22+2=0 13. %+ y? —xz— y+2-1=0
14. xyy+ yz+zx=c¢ 15.l+i+g=3
X y z

15 The Integrals of the Non-Linear Equation

The complete and particular integrals: We have seen that the relation of the type

f(x,y,2z,a,h)=0 (1)
gives rise to a partial differential equation of the first order of the form
F(x,y,z,p,q)=0 ...(2)

on the elimination of arbitrary constants a and b. Here x, y are independent variables
and z is dependent variable. The relation (1) is a solution of (2). Any such relation which
contains as many arbitrary constants as there are independent variables and is a solution of a
partial differential equation of the first order is called a complete solution or a complete
integral of that equation.

A particular integral of (2) can be obtained by giving particular values to a and b in (1).
The singular integral: If the envelope of the doubly infinite system of surfaces
represented by (1) exists, it is also a solution of the equation (2). The reason is that the
envelope of all the surfaces represented by (1) is touched at each of its points by some

one of these surfaces. Hence the coordinates of any point on the envelope of surfaces (1)




Krualsa's T.B. Functions of Several Variables and FPDE’s

-
;Q_IDlsesJ

with the corresponding values of p and ¢, being identical with the x, y, z, p, q of some
point on one of these surfaces, must satisfy (2). The equation of the envelope of the
surfaces represented by (1) can be obtained by eliminating 2 and b between the three

equations

f:o,i=0 and i=0.
da ob
This equation of the envelope is called the singular integral of the differential equation
(2).
It differs from a particular integral in the sense that it is not contained in the complete
integral, i.e.,it cannot be obtained from the complete integral by giving particular values

to the constants.

The general integral: If in the equation (1), one of the constants is a function of the
other, say b = ¢ (a), then this equation becomes

f(x,p.z,a,0(a)=0. ..(3)
It is a one-parameter subfamily of the family (1). The equation of the envelope of the
family of surfaces represented by (3) is also a solution of the equation (2).

It is called the general integral of (2) corresponding to the complete integral (1).

The equation of the envelope of the surfaces represented by (3) is obtained by
eliminating a between

f(x, y,z,a,0(a))=0 and i:o.
oa

14 General Method of Solution of a Non-Linear Partial
Differential Equation of Order One with two
Independent Variables. (Charpit’s Method)

Let the given partial differential equation be

f(x, y,z,p,9)=0. ~..(1)
Since z depends upon x and y, it gives that

dz = pdx + q dy. ..(2)
The fundamental idea in Charpit’s method is to introduce a second partial
differential equation of the first order F (x, y,z, p,q,a) =0, ...(3)

containing an arbitrary constant 4 and which is such that :
(i) The equations (1) and (3) can be solved to find
p=px, y,z,a),q=q(x, y,z,a).
(ii) Substituting these values of p and ¢ in (2), the equation
dz=p(x, p,z,a)dx +q (x, y,z,a)dy ...(4)
is integrable.
If such a relation (3) has been found, the solution of equation (4),

o(x, y,z,a,b)=0 ...(5)




Partial Differential Equations of the First Order

D139,

containing two arbitrary constants a and b will be a solution of the equation (1). Also it
is a complete integral of the equation (1).

Now the main problem is to devise a method of finding the relation (3). Let us assume
that (3) is the relation which when taken along with (1) gives those values of p and ¢q
which make (2) integrable. Differentiating (1) and (3) with respect to x, we get

S S o ]
—+—p+— =0
ar oz ap BX aq ar
oF aF aF dp OF oq

ax 0z E)p or dq ox

...(6)

and

Again, differentiating (1) and (3) w.r.t. y, we get
o of o op o o |
— gt — —+— =0
y &l py w oy
oF  oF oF dp OoF oq
—t— gt ——+——=
y el py oy

and

9 0
Eliminating 8L from the equations in (6) and A from the equations in (7),
x

e
we get
YOF_YOr\, (O o) ag(FF Yo, o
ox dp dp ox dz dp dp oz ax doq dp dp 9Iq o
wa [P GO (O Y (Y F GO
dy dq 9dq dy 0z dq 0q oz By dp 9q 9q dp
oq oz ap
Since — = —, hence adding (8) and (9) and re-arranging, we get
ox E)x&y ady

ox oz ) dp ay oz ) dq op oq ) oz

( f) ( f) =0. ...(10)
dp ) ox oq ) dy

This is a linear partial differential equation of the first order with x, y,z, p,q as
independent variables and F as dependent variable. Lagrange’s auxiliary equations of
(10) are

dp _dq - dz _dx Ay gF "
S S A o o o 0 ol

o P oy T Py Ty T Ty
These equations are known as Charpit’s auxiliary equations.
Any of the integrals of (11) will satisfy (10). If such an integral contains p or ¢,it can be
taken as the required second relation. It should be noted that not all of Charpit’s
equations (11) need be used, but that p or 4 must occur in the solution obtained. Of
course, the simpler the integral containing p or ¢, or both p and 4 that is derived from
(11), the easier will be the subsequent labour in finding the solution of (1).
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lllustrative Examl)les

Example 14: Find a complete integral of the equation

2z¢ — pi® = 241 + pq =O0. (Garhwal 2000, 14; Kumaun 10)

Solution: The given differential equation is

f (52,2, p.q) =220 - p® = 2q1p + pq =0. (1)
Charpit’s auxiliary equations are
dp dgq dz dx dy
22-2p 0 p-pg+2qy-pg P -q 20-p
from which it follows that dg =0 or g =a (a constant). ...(2)
Solving the equations (1) and (2) for p and ¢, we get
2x(z —ay)
=g =
Putting these values of p and g in dz = p dx + q dy, we get
p 2x(z —ay) et ad
z=—————dr+a
7 !
dz —ad
or o dx.
z-ay 2 -a
Integrating, log (z — ay) = log (x2 —a)+log b
or z—ayzb(x2—a) or z=ay+b(x2—u),
which is a complete integral of (1).
Example 15: Find a complete integral of px + qy = pq. (Kumaun 2008; 10)
Solution: Here f (x, y,z,p,q) = px+qp — pq =0. (D)
Charpit’s auxiliary equations are
dp _dq _ dz dx dy

poq —p(x—q>—q(y—p)z—(x—q)z—w—p)

from which it follows that

@:@, or p=aq. -(2)
po4q
Solving the equations (1) and (2) for p and g, we get
y+ax
q="—,p=y+ax
Putting these values of p and ¢ in dz = pdx + q dy, we get
dz =y +ax)de + 2T g
a
or adz=(y+ax)(dy + a dx).

Integrating, az = % (y+ ux)2 + b, which is a complete integral of (1).
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Example 16: Find a complete integral of pz + qz) y=qz.
(Garhwal 2000, 08; Kumaun 11, 13)
Solution: The given differential equation is
f=(F+q*) y-qz=0. ()
Charpit’s auxiliary equations are
dp dq 3 dz _dv  dy
“M (P -q 27y -2 yrqz 2 2z

from which it follows that

p_dq or pdp+qdg=0
-y
or p2+q =a? (say) (2)
Solving the equations (1) and (2) for p and g, we get
2

a
S 4 q—\/(z2

z

_ 2%,

Putting these values of p and g in dz = p dx + q dy, we get

=44 >dx+—ydy
or W =a dx.
\V(z* -a by9)
Integrating, (% - azyz) =ar+Db
or 2= azyz + (ax + Db )2, which is a complete integral of (1).

Example 17: Find a complete integral of p= (qy + z).

Solution: The given differential equation is

F=p-(q+2)*=0. (1)
Charpit’s auxiliary equations are
dp = dq = d‘)/ ......
2p(qp+z) 4q(q+z) -2y(qy+2z)
from which it follows that d =— b,
14 J
Integrating, py = a. - (2)

Putting p=a/ y in (1), we get
(g +2)* ==

J

[ a ]

4[\/(y] o

J

\<\~
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Putting these values of p and ¢ in dz = pdx + g dy, we get

- +<\/( ]—zw

or ydz+zdy:adx+\/(a]dy.
J

Integrating, yz = ax + 2 v (ay) + D,

which is a complete integral of (1).
1/2

Example 18: Find a complete integral of px+qy =z (1+ pq)’'~. (Garhwal 2011)
Solution: Here f=pr+qy—z (1+ pq)l/2 . (1)
Charpit’s auxiliary equations are
dp _ dq

p-p+pp'? g-q 1+ pg)?
from which it follows that

dp _ dq

—=—F = p=aq.

g ..(2)
Putting p = aq in (1), we get

q @+ y)=z (+ag)
or q2 [(ux+y)2 —azz]:zz.

q= < and p=aq = az

[(ax + )2 - az? |72 [ax+ y)? —az? 72

Putting these values of p and q in dz = p dx + q dy, we get

z (a dx + dy)
dz = 2 2
\/{(ax+y) az”}

dz adx+dy

or —

z \/ {(ax + y) azz}

Letmc+y=\/amsothatadx+dy=\/adu.

dz \a du

z A (uu2 - azz)

du \/(uz —22)
or —=

dz z

To solve this, putting u = vz, we get
v+z @ ! —A sz e

dz z
or z@:\/(Vz—l)—V
dz
or dz_ v
z NG -D-v

or di:—{\/(vz—l)+v}dv.
z
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Integrating,
10gZ=—|:;\/(V2—1)—;log{v+\/(vz—l)}]—y22+b
vy 1
or 10gz+—+—\/(1/2—1)——10g{V+\/(V2—1)}=b,
2 2 2
. . . u ax+y
which is a complete integral of (1), where v =—=—F—-
z  zva

Example 19:  Find a complete integral of p2x + qzy =z.

Solution: The given differential equation is
f=rx+q y-z=0. (1)
Charpit’s auxiliary equations are
dp  dg
—ptrt g 2w 2
from which it follows that
p2 dx +2px dp q2 dy+2qydq'

Py 7y
I i = log ¢*
ntegrating , log pzx =log q° y + log a.
prx=aq’y. (2)

Solving (1) and (2) simultaneously for p and g, we get

1/2 1/2
= z and p= = :
u+a)y (I+a)x

Putting these values of p and ¢ in dz = pdx + q dy, we get

1/2 1/2
dz ={—% dv+{—= dy
(1+a)x (I+a)y

d
or \/(I+a)fi=\/aji+j;«

Integrating , V {(1+a) z} =V (ax) + ¥ y + b,

which is a complete integral of (1).

@)mprehensive Exercise 4

Apply Charpit’s method to find the complete integrals of the following

equations:
1. 2 (P22 +4%)=1
2. (p+q)(pr+q)=1 (Garhwal 2009)

3. pyw+pi+qy=yz.
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4. z=px+qy+p2+q2.
5. z=pq.

6. ﬁ+ﬁ=2x.

7. q=—px+p2.

8. q=3p2.

9. yzpz—q:().

10. zpg=p+q.

11. 2(z+px+qy)=yp2.
12. z2=popgy.

13. PP +4° —2px—2qp + 2y =0.
14. PP +q° —2px—2qp +1=0.

5. 2\/z=\/ax+(l/\/a)y+b

7. z:xzil[

4 2|2
8. z=ar+3a’y+h
9. zz(a—yz):(x+h)2

10. 22 =2@+){c+( y/a)+b

2
1. 2= -
o4y

12. z= bx“yl/“

L2
y

13. 22=x2+ax+y2+ay+

where u =2 (x - y).
2

3

14. (@® +1)z="
(a® +1)z 7

where t =ax + y.

@nswers 4

1. (@z? +1)> =94* (ax + y + b)?

3. (z-a0)(y+a)'=be”

i{;\/{tz —@? 41}

(Garhwal 2010)
(Garhwal 2009; Kumaun 15)

(Garhwal 2006)

(Kumaun 2014)
(Garhwal 2010B,15)

(Garhwal 2012)

2.N(+a)z=2(ax+ y)+b

4.z=ax+by+a2+h2

6.z=%(2x—u)3+u2y+b

IV (2 +4a) +2a log fx + (+ +4a)}]+ay+b

2
12 l\/(u2 - az) - %log{u + (u2 - az)}} +D,

_a2+1
2

log [t +V{£* - (a® + 1)}]} +b,
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15 Application of Charpit's Method to Standard Forms

There are a few standard forms to which many first order differential equations are
reducible and which can be integrated by methods which are sometimes shorter than
the general method.

Standard I: Equations involving only p and g and no x, y, z

Let the equation be written as
f(pp=0. (1)

The complete integral is given by

z=ax+by+c, .. (2)
where a and b are connected by
f (a,b)=0. ...(3)
Obviously, from (2) we have
= ai =a
P ox
and = 9z =b.
Iy

Substituting p=a and g =5 in (3), we get (1).
From (3) we may find b in terms of a

ie., b = ¢ (a) say.

The complete integral of (1) is

z=ax+ ¢ (a). y+c. ...(4)
General Integral: Putting ¢ = y(a) in (4), where y denotes an arbitrary function, we
get z=ax+ ¢(a)y + y(a). ...(5)
Differentiating (5) partially w.r.t. 4, we get

O=x+0¢"(a)y+vy/ (a). ...(6)

The general integral is obtained by eliminating a between (5) and (6).

Singular Integral: The singular integral, if it exists, is obtained by eliminatinga and ¢
between the complete integral (4) and the equations formed by differentiating (4)
partially w.r.t. @ and ¢ i.e., between the equations

z=ax+¢(a)y +c,

O=x+¢"(a).y
and 0=1L

Since 1= 0 is inconsistent, therefore, in this case there is no singular integral.

Note: In many cases, using some transformations, equations can be reduced to the
form of the standard I.
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Illustrative Examl)les

Example 20:  Solve pz + q2 =m?.

Solution: The given equation is of the form f ( p,q) =

Therefore a complete integral is given by

z=ax+by +c¢ where a> + > =m®

ie., z=ax+\/(m2—a2)y+c.

To find the general integral put ¢ = ¢ (a) in (2).

Then z=ax+\/(m2—a2)y+¢(a).
Differentiating (3) partially w.r.t. 4, we get
a
O=x—-—F— y+0(a).
N (m2 B a2) y+o )

Eliminating a from (3) and (4) the general integral is obtained.

Example 21: Find a complete integral of

(+ ) (p+rgf +(x—p)(p-qP =L

Solution: Putx+y=X2, x—y:Y2

so that —

These give p + :ia—z — :iai
EVEPTI=yvox P17y 3y

Substituting these values in the equation (1), we get

0z 2 0z 2

— | +=1 =1,

0X Y
which is of the form of standard I.

Hence, a complete integral of (2) is given by
z=aX +bY +c¢, where a2 +h% =1

a complete integral of (1) is given by

z:u\/(x+y)+\/(l—az)\/(x—y)—i-c,

where a and ¢ are arbitrary constants.
Example 22:  Solve xzpz + y2q2 =22

Solution: The given equation can be written as

92 2
(xaz) + laj =1
z ox z dy

_9dz_0dz d9X dz JdY _ 1 .az+

l.az

P ToX or oY ar  2X oX 2Yy oy

Jdz 0dz dX 0z 9Y 1 oz
and =— = + - - 9
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d d
put®oax, gy, Eosuz
x y z
ie., =logx, Y =log y, Z =logz
0z oz aX oz dY oz 1
so that = — = .
T or X ox BY o 9X «x
o oz b 1w
X odz X z b z Bx
Similarly % = e a—z .
Y z oy
Substituting these values in (1), we get
zy  (zY
X oY ) ... (2)
which is of the form of standard I i.e., of the form
oZ o7
/ (axay) -

Hence, a complete integral of (2) is given by
Z =aX + DY +c¢|, where a2+ %=1
A complete integral of (1) is given by
log z :alogx+\/(l—a2)logy+cl.
If we take a = cos o, ¢| = log ¢ then complete integral can be written as

log z =cos o log x +sina log y +log ¢

or z=¢x*%. y*"™* where o and ¢ are arbitrary constants.

General integral is obtained by eliminating o from
z = ¢ () x5 % pIN% \where ¢ = ¢ (a1)
and 0 =¢" (o) ¥ ]Sin “+o(o) (% log x. (- sina). ysm a

+ xS % Jog y.cos o}

Singular integral is obtained by eliminating o. and ¢ between the equations
coso sino

z=cx .y ,
0 =c &% log x.(-sina). psN* 4 xCOS % SN o0 5 cos o
and Ozxcosoc.ysin(x.
Hence the singular integral is z = 0.
Example 23: Find a complete integral of ( y — x) (qp — px)=(p— q)z.

Solution: Putx+ y=X, xp=Y,so that
dz _ dz 8X dz dY oz 14 oz

o X ar oy o ax Tav Y
=az 0z 8X+az aY_ail 0z

X oY o X oy

Substituting these values of p and ¢ in the given equation, we get

and
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Crmol(Z e ) (22 22 ) ey ow? ()
y x v ) T lax Ty ) 7YY Y%
202 _ o 22
or (- )E)X (y—2x) (BYJ
or az:(az ,which is of the form of standard I.
0X Y

Hence, a complete integral is given by
z=aX +DbY +c,wherea= 2.

A complete integral of the given equation is
z=a(x+y)+\/a(xy)+c,
where a and ¢ are arbitrary constants.

m_n 21

Example 24: Find a complete integral of pq = x"" y"z

Solution: The given equation can be written as
) -1

pz " gz -1
I
m+ 1 n+1 1-1
Put x=" y=t 7%
m+1 n+1 1-1
0Z 32 dv _ 1 1 Z Lz dy 1
so that —=————=z ' .p— =z lg—.
X ox dX P Yy E)y ay yn

Putting these values in (1), we get

% % =], which is of the form of standard I.

aX 9Y
Hence a complete integral is given by
Z =aX +bY +c,where ab =1.

a complete integral of the given equation is
2= / m+ 1 n+1

=a’ +7
1-1 m+1 am+])

+c,

where a and ¢ are arbitrary constants.
Standard II: Equations involving only p, 4 and zi.e., equations of the form

f(zp,q9)=0. (1)
Let us assume z = f (x + ay) as a trial solution of given equation (1), where a is an
arbitrary constant.
z=f (X )where X =x+ay.
0z _dz dX _dz
T dX o dX
_0z _dz X _ dz

and £e
ay T Aax ay dX




Partial Differential Equations of the First Order

D-149|\n,

Equation (1) reduces to the form f (z dz 4= ) =0

] a——
dX  dX
which is an ordinary differential equation of order one. Integrating it we may get the
complete integral.
The general and the singular integrals are to be found in the usual way.

Rule : 'The method of solving the equations of the Standard II can be formulated in
the following rule :

Put Z—)Z( for p,a j—)z( for 4, where X = x + ay.

Now solve the resulting ordinary differential equation in the variables z and X. Then substitute
x + ay for X.

This gives a complete solution.

Note: Sometimes using transformations equations reduce to the form of standard II.

Illustrative Examl)les

Example 25:  Find a complete integrals of the following

(i) 9(pPz+q")=4 (i) 9(pPz+q")=1 (Kumaun 2013)
Solution: (i) The given equation is of the form f (z, p,q) =0.

Putting j—)z( for p,a j—)z( for ¢, the given equation becomes

dz Y 9 ( dz 2
9l z| = | +a°| = =4, where X =x +ay
dx dx

2
or 9(z+a2)(d—z) =4, or d—zz%
ax ax 3\/(z+a)
or %\/(z+a2)dz=dX.
Integrating, (z + a )3/2 =X+Db
or (z+u2)3/2=x+@;+h
2\3 _ 2
or (z+a”)y =(x+ay+b),

which is a complete integral of the given equation.

(ii) Proceed as in part (i). Ans.4(z + a2)3 =(x+ay+ b)Z.

Example 26: Find a complete integral of 22 ( pzz2 + qz) =1

Solution: Putting j—)z( for p,a j—)z( for ¢, the given equation becomes

92 |( dz 2 9  9ofdz 2
z (—) Z5+a (—) =1, where X =x + ay
ax ax

9, 9, o (dzY
or z2(z%+a )(—) =1
ax
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or z\/(z2+a2)dz=dX.

Integrating, é(z2 + a2)3/2 =X+b

or 9 (x+ay+b) = (> +a)>,

which is a complete integral of the given equation.
Example 27:  Find a complete integral of pz =1+ q2.
Solution: The given equation is of the form f ( p,¢q,z)=0.

Putting di)z( for p,a j—)z( for ¢, the given equation becomes

dz 9 (dz 2
z—=1+a (—) ,where X =x +ay
ax ax
2
or a? (d—z) —zd—z+l:0.
ax ax
di_ziV(zz—4a2)
ax 24>
dz AX 2 7V (2% - 4a?) Ax
or T 02 49 o2 O —Zdz:72
z 2V (z% —4a”) 2a 4a 2a
or (z V(2 - 4a®) dz =2 dX.

Integrating, we get

2
%I[%\/(zz—4a2)—%~4a2 log {z +V (22 —4a2)}]=2X+b
or 2 32V (% - 4a%) —4a” log (z + V(2 ~4a” )] =4 (xr +ap) + ,

which is a complete integral of the given equation.

Example 28:  Find a complete integral ofp2 =22 (- Pq)-

Solution: The given equation is of the form f ( p,q,z)=0.

Putting j—)z( for p,a j—)z( for g, the given equation becomes
2
(d—z) =22 {I—d—zad—z},whereX:x+ay
dx X —dx
2
or d—z) (1+a22):z2
dx
2
or N1+ az) dz = dX
z
2
or HiuzZ dz =dX
z N (1+ az®)

or ! — + 2 g =ax.
Z\/(1+MZZ) \/(l+azz)
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Integrating, \/L log [z Va+V(1+ azz)] +V(1+ ﬂz2) =X+Db

a
L
Va
which is a complete integral of the given equation.
Standard III: Equation of the form f (x, p) = F (y, q).

or Iog[z\/a+\/(l+az2)]+\/(l+azz)=x+ay+b,

As a trial solution let us put each side equal to an arbitrary constant
ie., f,p=F(y,q=a ..(1)
from which we obtain
p=/fi(xa) and gq=f(y,a).
Now from dz = pdx + q dy,we have dz = f (x,a) dx + fo ( y,a)dy.
Integrating , we get z = _[fl (x,a) dx +J fo (p,a)dy +b

which is the complete integral.

The general integral can be obtained in the usual way. As in the case of standard I, there
is no singular integral.

Rule: Write the differential equation in the form (1). Put both the sides of the
equation equal to an arbitrary constant. Solving them find the values of p and 4.
Substitute the values of p and q in dz = pdx + q dy and integrate to find a complete
integral.

Note: Sometimes using transformations equations reduce to the form of standard I11.

Illustrative Examlales

Example 29:  Find a complete integral ofp2 + qz =x+y. (Kumaun 2012)

Solution: Separating 4 and y from p and x, the given equation can be written as
p2 —xzy—qz =a, (say).
p=\/(x+a) and qz\/(y—a).
Putting the values of p and g in dz = p dx + q dy, we get
dz=\/(x+a)dx+\/(y—a)dy.
32,2 ( 32 1)

Integrating, z = % (¥ +a) y—a)

which is a complete integral of the given equation.
Example 30: Find a complete integral of yp=2 yx + log q.

Solution: The given equation can be written as

p=2x+ilogq
J

or p—2x= 1 log g = a, (say).
J




Kriafsa's T.B. Functions of Several Variables and FDE's

y D152

p=2x+alogq=ay ic., q=¢v.

Putting the values of p and g in dz = p dx + q dy, we get
dz = (2x +a) dx + Y dy.

. 1
Integrating, z=x +ar+—¢V + b,
a

which is a complete integral of the given equation.
Example 31: Find a complete integral of

2 ()=
Solution: Putzdz=d47 ; ie., Z = %,22, so that

Jz 092 Jz dZ
_——= , —_——= .
e P (say), z yo Q (say)

Putting these values the given equation becomes
p? +Q2 =i +y2 or P2 - i =y2 —Q2 =a? (say).
P=v(@®+x*),Q=N(y*-d*).
Now AZ = Pdx + Qdy = (a® + ) de +\ (y* - a®) dy.
Integrating ,

2
Z=%x\/(ﬂ2+x2)+%log o+ (@ + )

2
+%y\/(y2—az)—%log{y+\/(y2—a2)}+b

or 22=x\/(a2+x2)+u2log{x+\/(a2+x2)}+y\/(y2—u2)

- a? log{y+\/(y2 —a2)}+b,
which is a complete integral of the given equation.
Example 32: Find a complete integral ofxzy?’pzq =23

Solution: ~ The given equation can be written as

2
23 Loz)" 1oz =1
T za) 2o (1)
Put lﬂlz =dZ ie., Z =log z. Then
z

10z dZ 10z dZ

77:7:1) , —— == .

e (say) cy Q (say)
The equation (1) reduces to e y3P2Q:l
or ¥ p? :%:az, (say).

Qy
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1

a
P= :
612)}3

X

, Q=

NowdZ = Pdv+Qdy =" dv + ' dy.
X ay

Integrating, Z =alog x - % +b
2a”y
1
or logz=alog x — ——++D,
g g 2a2y2

which is a complete integral of the given equation.
Example 33: Find a complete integral of z ( pz - qz) =x- .

Solution: The given equation can be written as

2 2
(\/zaz) —[\/zaz] N
o o (1)

Putting Nzdz =dZ ie., Z =§23/2,

aﬂzszizp (say),aileza—zzQ (say),
dy y

so that z
ox ox

the equation (1) reduces to

P2—Q2=x—y or P2—x=Q2—y=a (say).
- P=vV(a+x),Q=\(a+y).
Now dZ =Pdx+Qdy = (a+x)dc+\(a+ y)dy.

Integrating, 7 = % (a+ x)3/2 i % (a+ )7)3/2 b
or Zg/z:(a+x)3/2+(a+y)3/2+b,

which is a complete integral of the given equation.
Standard IV: Equation of the form

=px+qy+ f(p,q) (1)
(analogous to Clairaut’s form)

We know that the solution of Clairaut’s equation
o
dx

Similarly the complete integral of Clairaut’s equation (1) is

y=px+ f(p) where p=—=1is y=ax+ f (c).

z=ax+by + f (a,b).
Rule: To get the complete integral of the equation of this type replace pand g by a,b
(two arbitrary constants) respectively.
General Integral is obtained as in other cases.

Singular Integral: The complete integral is




AP

and
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F=z-ax-by—- f(a,b)=0 (1)
Z—I;:O,givesx+giﬂ:(), .(2)
%zO,givesy+%=0. ...(3)

Singular integral is obtained by eliminating a, b from (1), (2) and (3).

lllustrative Examl)les

Example 34: Find a complete integral of

z:px+qy+p2+q2.

Solution: The given equation is of the form of standard IV i.e., of the form

z=px+qy+ f(pq).

Hence a complete integral is given by

z:ux+by+a2+h2.

Example 35: Find the singular integral of

z=px+qy+log pq.

Solution: The complete integral of the given equation is

and

z = ax + by + log ab. (1)
Differentiating (1) partially w.r.t. 2 and b, we get
0=x+l
a
1
O=y+ 3
a=-1/x
b=-1/y. .. (2)

and

Eliminating 2 and b between (1) and the equations (2), we get

or

Example 36:

() ()
z=x|-—|+y|-—|+]log|—

x J 22
z = —2 —log xp,which is the required singular integral.

Find a complete integral and the singular integral of
4xyz = pq +2px2y +2 q)g;Z.

Solution: Put x* = X, y2 =Y, so that

p=02 02 dX _ox1p 92 gyl 02
ox  dX dx ox’ Y

The given equation then reduces to

sox 92 Ly 92 0z 9z
oX Y dX 9Y
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A complete integral is z = aX + bY +ab
or z =ax’ +by2+ab. (1)
Differentiating (1) partially w.r.t. 2 and b, we get
0=x’>+b and 0=y2+a. (2)

Eliminating @ and b between (1) and the equations (2), the singular integral is
z:—x2y2 —x2y2+x2y2 ie., z+x2y2:0.
Example 37: Find the singular integral of
z=px+qy+0\/(l+p2 +q2).
Solution: The complete integral of the given equation is
z=ax+by+c\/(l+u2+b2). (1)

Singular integral. Differentiating (1) partially w.r.t. 4 and b, we get
ac be

O=x+———,0=p+——F—,
V(1 +a? +b%) Y VA+a?+b? -(2)
2 2 2 2
b” ¢
so that P R
Y 1+a” +b?
2
: 2 2 2 4
Le., cT —x - - @
1+a” + b
. 2,2 2
e e =y .03
Also, from (2)
ﬂ__x\/(l+a2+b2)_ —-x
= P NE-2- 7 .(4)
yNA+a® + 1) -y
and b=- =5 5 s
¢ V(e - x" = p°) - (5)
Putting the values from (3), (4) and (5) in (1), we get the singular solution as
z=- s - y2 + ¢
L e o B e O I R e )
2 2 2
_ e -r -y e 22222 20 24 2422
or z=— e, 2" =" —x" = yTie, X"+ yS +z7 =c".
\/(cz—xz—yz) J J

@mprehensive Exercise 5

Find complete integrals of the following equations :
1. g=cP 2. P-4 =
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3. Vp+ig=1 4 p2=zq.

5. p3 + 1’13 ‘3MZ =0. 6. p(l+ (,I) =qz.

7. \/p+\/q:2x. 8. pq=ux.

9. p—3x2=q2_)}, 10. Z:px+qy+pq.

11 z=pr+qy -2 (pg). 12. z=pr+qy - pyq.

13. p2+q2=z2(x+y). 14. Z=Px+@7+1—p.
p

15. z =px+qy+3p1/3 q1/3.

@nswers S5

—a/o

1. z=axr+ ye +c 2. z=ax+(a2—k)l/2y+c
3. z:ax+(l—\/a)2y+c 4, z=hetw)
5. 3a(x+ay)+b=(l+a3)logz 6. az—1=hetY
7. z:%(a+2x)3+u2y+b 8. Zaz:a2x2+y2+2ab
9. z=x3+ax+§(y+ﬂ)3/2+b 10. z=ar+by +ab
11. z=ar+by -2 (ab) 12. z=ar+by—a’b
13. %1ogz=(a+x>3/2+(y—a)3/2+h

b 1/3
14, z=ax+by+——a 15. z=ax+by+3 (ab)

a

16 Compatible Systems of First Order Partial
Differential Equations

Definition: If every solution of the first order partial differential equation

S, y.z,pq9=0 (1)
is also a solution of the first order partial differential equation
g(x, y,2z,p,q)=0, .(2)

then the differential equations (1) and (2) are said to be compatible.
To find the condition for the pair of equations (1) and (2) to be compatible.

If ] = %((f ’ g) ) # 0, then the equations (1) and (2) can be solved to obtain the explicit
Pq

expressions p=0(x, y,z),q=vy (x, y,z) ...(3)

for pand 4.

The condition that the pair of equations (1) and (2) should be compatible reduces then
to the condition that the system of equations (3) should be completely integrable.

If z is a function of x and y, then we know that
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dz a—zdx+a—zdy pdx+qdy.
ox ay

Therefore, the system of equations (3) will be completely integrable if and only if the
single differential equation

dz=¢dv+wydy e, ¢dv+ydy—-dz=0 .(4)
is integrable.
We know that the necessary and sufficient condition for the single differential
equation P dx + Q dy + Rdz =0 to be integrable is that

p[22- )42 a2 20).
oz dy or oz dy  ox
Therefore, the single differential equation (4) is integrable if and only if
Oy, -0)+y (O _¢z)_1(¢y -¥)=0 [+ P=¢,Q=y,R=-1]
ie.,if and only if y, + ¢y, =0, + Vo, ...(5)

Substituting from equations (3) into equation (1) and differentiating with respect to x
and z, respectively, we obtain the equations

Se+ fpOct fywe=0 ---(6)
and Se+fp &+ fyw.=0. . (7)
Multiplying (7) by ¢ and adding to (6), we get

Fet 0 fot (0 +00)+ fy (Wit 0y, =0. (8)
In a similar manner, equation (2) will give

Gt 08+ 8O0 +00)+ g, (Wy+00,)=0. -9
Now solving the equations (8) and (9), we obtain

W”WZ_I{G&C,;) ¢aa((f,,,§)} ...(10)
where = 9(f.8).

I(pq)

If we had differentiated the given pair of equations (1) and (2) with respect to y and z
after substituting in them from equations (3), then we would have obtained

__1a(fe (S 9]
AR 1[9(y,q)+w a(z,q)]

Substituting from equations (10) and (11) in (5), we get the desired condition that the

L.(11)

two equations (1) and (2) should be compatible as
[/ 8]=0, --(12)
SCAWEY NI AY INCAGLY NPCAOAY I} (13)
9 (%, p) d(z,p) 3()’701) d(z,q)

[ p=0and g=y]

where L f, gl
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Particular Case:

Theorem: The first order partial differential equations

p="rxy), 4=Q(xy)
are compatible if and only if P _9Q,
dy  ox

Proof: We know that if z is a function of two independent variables x and y, then

dz =a—zdx+a—2dy=pdx+qdy.

ox ay

So, the partial differential equations p= P (x, y),q = Q (x, y) are compatible if and
only if the single differential equation

dz=Pdx+Qdy
is integrable.
Now we know that if P and Q are functions of two variables xand y,then P dx + Q dy is
an exact differential 4 ¢ (x, y) if and only if

P _0Q.
dy o
The single differential equation dz = P dx + Q dy is integrable if and only if
P _0Q.
dy  ox
Hence, the differential equations p= P (x, y),q = Q (x, y) are compatible if and
only if
P _Q,
dy  ox

17 TheMethod of Characteristics

The method of characteristics is a technique for solving partial differential equations. It

is a powerful method that allows one to reduce any first order linear partial differential
equation to an ordinary differential equation, which can be subsequently solved using
ODE techniques. Typically it applies to first-order equations, more generally this
method is valid for any hyperbolic partial differential equation.

18 Characteristics of First Order Partial Differential

Equations

The method of characteristics discovers curves for a first order partial differential
equation, along which the PDE becomes an ODE. These curves are called the
characteristic curves or simply characteristics. Once the ODE is found, it can be solved
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along the characteristic curves and transformed into a solution for the original PDE.

Here we confine our study to the case of a function of two independent variables x and
y.Consider a quasi-linear PDE of the form
oz

ayzc(x,y,z). (1)

a(x,yz)g—i+ b(x, y,z)

Suppose that a solution z is known. Consider the surface graph z =z (x, y) in R3. A

normal vector to this surface is given by

0z 0z
(ax(x:])v 5("7])7 - 1)'

The equation (1) is equivalent to the geometrical statement that the vector field

(@(x,yz), b(x,y,2), ¢ (x,7,2))
is tangent to the surfacez = z (x, y)atevery point, for the dot product of this vector field
with the above normal vector is zero.

In otherwords, the graph of the solution must be a union of integral curves of this vector
field. These integral curves are called the characteristic curves of the original partial
differential equation.

The equations of the characteristic curve may be expressed invariantly by the
Lagrange-Charpit equations
v  dy  dz

a(x,yz) b(x,yz) c(x,yz)

If a particular parametrization ¢ of the curves is fixed, then these equations may be

written as a system of ordinary differential equations for x (¢), y (¢), z () as

%:g(m‘yz);%:b(x,yz);%:c(x,yz). ...(2)

These are the characteristic equations for the original system.

19 Characteristics of Linear and Quasi-linear

Partial Differential Equations

Consider a partial differential equation of the form

u
ai(xl,...,xn,u)7=c(x1,...,xn,u). ...(1)
1 i

IVE

1
For this partial differential equation to be linear, the coefficients a; may be functions of
the spatial variables only, and independent of . And for it to be quasi-linear a; may also
depend on the value of the function, but not on any derivatives.

For a linear or quasi-linear partial differential equation, the characteristic curves are
given parametrically by
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(s ey, w) = (a1 (8), o, X (5), u(s) u (X (s)) =Us)

such that the following system of ordinary differential equations is satisfied

dx:

7’:;1,-(;51, Xy ) .2
S

du

?=C(xl,...,x;z, I/l)- (3)
S

Equations (2) and (3) give the characteristics of the partial differential equation.

lllustrative Examl)les

Example 38: Show that the equations
Wp-yq=1x, x2p+q:xz
are compatible and find their solution.
Solution: We know that the first order partial differential equations
S & y.2,pq)=0
and gx y,z,p,q)=0
are compatible if and only if [ f, g] =0,
e aa(f,g) pL9 90f0 900
(wp) = dp Ay 99

Here, the given equations are f (x, y,z,p,q)=xp— yq—x=0

where

and g(x,y,z,p,q)zx2p+q—xz:().
LA ?)i p-1 x
WL e P = (p-D-x@xp-2),
T A
ox ap i3
LA i 0 x
0f.0) (o= | 0 ()=
d(z,p) % % 2
oz op
f
oo |1
00/, _|V T|_ =—q
I(rag) (9% %l |,
» o
af i 0 -y
oz o
and 90(/.8) _|oz q|_ -
a(z’q) % % —x 1

oz oq
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Therefore, [f,g]=x2(p—l)—2X2p+XZ+PX2—q—qu’
:xzp—x2—2x2p+xz+px2—q—qu
=P txz-q-qry
=— +Pprq-q-qxy
[~ from the given differential equations, xz = 2 p+q]
= - +x(xp- yq)
=P xx

[~ from the given differential equations, xp— ygq = x|
—— 2+ =0.

Hence, the given equations are compatible.
Now, let us find p and ¢ by solving the equations

p-yq=x (1)
and x2p+q=xz (2)
Multiplying (2) by y and adding to (1), we get

yx2 prap=xyz+x

or ap(L+ ) =x (1+ yz)
I+ yz
or p= .
I+ xp
From (2),q:xz_x2p:xz_ﬂ
I+x y
_xz(1+)g;)—x2—x2yz
I+ xp
_x(z-x)
B I+ xp
Thus, poltyz _rE-y
1+ xy 1+ xp
0z 0z
Now dz=—dx+—dy=pdv+qdy
ox dy

So we have to solve the single differential equation

(I+xp)dz —(1+ yz)dx—x(z - x)dy =0

(I+xp)dz —(I+xp)de+ A+ xp)de—(1+ pz)de—x(z —x)dy =0
(I+xp)(dz —dx)— y(z—x)dx—x(z—-x)dy =0

U

U
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(I+ ) (dz —dx) = (z = x) (y dx + x dy)
= 3 =0
I+ 1)
. (1+)g/)(dz—dx)—(zz—x)d(l+)g7):0
(I+ xp)
= d (Z - "] =0
I+ xp
z—x . .
= = ¢, where ¢ is an arbitrary constant.
I+ xpy
Hence, the required solution of the given equations is
z—x=c(+2xp)
or z=x+c¢ (1+ xy), where ¢ is a constant.

Example 39: Show that the differential equations p=5x-4y +3,q=4x+5y +2 donot
possess any common solution.
Solution: We know that the first order partial differential equations

p="Pxy), 4=Q(x )

are compatible if and only if

or_9Q.
dy  ox
Here, P=5x-4y+3, Q=4x+5y+2.
We have a—P:—AJ: and a—Q:4.
ay ox
. oP  0Q . . . . .
Since > # > therefore the given differential equations are not compatible.
Jy  odx

Hence, the given differential equations do not possess any common solution.

Example 40:  Show that the differential equations

a—Z=6x+3y, a—z=3x—4y

ax ay

are compatible and find their solution.

Solution: 'We know that the first order partial differential equations
p=Prxy), 4=Q(xy)

are compatible if and only if

9P _dQ.

dy  ox
Here, P(x,y)=6x+3y, Q(x,y)=3x-4y.
We have a—P:?) and a—Q:?).

ay ox
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. dP _9Q . . . . .
Since > "3 therefore the given differential equations are compatible.
Jy  ox
oz 0z
Now dz=—dv+—dy=pdc+qdy
ox dy
=(6x+3y)dc+Bx—-4y)dy
=6xdc+3(ydc+xdy)—4ydy
=6xdx+3d (xy) -4y dy.
Integrating both sides, we get
% I
=6-—+3xy—-4- =+
z 5 T3 5 te
or z=3x2+3)g/—2y2+c
as the required solution of the given differential equations.
Example 41:  Show that the differential equations
2
p=x'—ay,q=y* - ax
are compatible and find their common solution.
Solution: 'We know that the first order partial differential equations
p=Py),q=Q(xy)
are compatible if and only if
oP_0Q.
dy  ox
Here, P(x, y)= 2 - ay,Q (x, y) = yz - ax.
We have a—P:—a and Q:—a.
dy ox
. dP _0Q . . . . .
Since > = a therefore the given differential equations are compatible.
Jy  ox
oz 0z
Now dz=—dx+—dy=pdc+qdy
ox dy

=()c2 —uy)dx+(y2 — ax) dy

= dv+ y? dy —a(xdy + y dr)

=2 dx+y2 dy — ad (xy).
Integrating both sides, we get

3 3

2y
"
FTg T W

as the required common solution of the given differential equations.
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Example 42:  Solve the simultaneous differential equations
2 _ X
ox

Solution: 'We know that the first order partial differential equations

p=P(x, ), 4=Q(x, y)

are compatible if and only if

o 2)9/ + 77, —(2x2y—4)g/3+siny).

oP _dQ
ay ox
Here, P= 4—2)9/2+y4,Q:—2x2y+4)g/3—siny.
We have £=—4w+4y3,£=—4w+4y3.
dy ox
. dP _0Q . . . . .
Since > =% therefore the given differential equations are compatible.
Jy  ox
oz oz
Now dz=—dv+—dy=pdc+qdy
"y
=Pdx+Qdy

=@t -2 )g/z +y4)d)c+(—2x2 y+4)g)3 —sin y) dy.
Integrating both sides, we get

z= [ P + [Qay +c

(treating y as a constant) (taking in Q only those
terms which do not contain x)

:I (x4—2)g/2+y4)dx +J (=sin y)dy +¢

(treating  y as a constant)

:éxS—x2y2+xy4+cosy+c.

Hence, the required common solution of the given simultaneous equations is

z:éxS—x2y2+Jg/4+cosy+c,

where ¢ is an arbitrary constant.

@)mprehensive Exercise 6

1. Show that the differential equations

a—Z:7x+8y—5, a—Z:‘)x+11y+3
ox ady

are not compatible.
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Show that the differential equations p=4x+3y+1, g=3x+2y +1
are compatible and find their solution.
Show that the differential equations p=1+4xy + 2y2, g=l+4xy +2 ¥

are compatible and find their common solution.

Show that the differential equations in each of the following systems are

(iii) p=2ax+by) y, q=(ax+2by) x

. y X
(V) p=x——2>  g=yp+—t
I A G

J

2 2
Vi) p= y2eV +4x23, g=2xp ¢V —3y°

(viii) p=sinxcosy+62x, g =cos xsin y + tan y.

Show that the equations f (x, y,p,q)=0, g(x, y,p,q)=0
20,0, 90,0 _,
I(np  9(y.q)

@nswers 6

2.

3.

4.
compatible and find their solution :
() p=ax+ly+g q=h+by+f
(ii) p=2x-y,q=5-x-2y
(V)p=l+eX/y, ng’C/J’ [I—XJ
(vii) p=(¢” +)cos x, g=¢ 7 sinx

5.
are compatible if

2. z:2x2+3ygl+x+y2+y+c
z:x+2x2y+2)g/2+y+c

4.

(i)z:%ax2+hyg/+gx+%by2+ﬁ/+c

(ii)z:xz—)g;—y2+5y+c

(iii)z=ayx2+b)g/2+c

(iv)z:l)cz—tam_1 X +ly2+c
2 y 2

v) z=x+ye'V 4 ¢

(vi) z=e)9’2+x4—y3+c

(vii) z = (¢ + I)sin x + .

(viii) z = — cos xcosy+%e2x+log sec y +c.
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@j ective Type Questions

Multiple Choice Questions

Ap-15

Indicate the correct answer for each question by writing the corresponding letter from (a),

(b), (c) and (d).
1. Equation ptan y +qtanx= sec? z is of order
(a) one (b) two
(c) zero (d) none of these

2. Equation 2 +2s — t* =0 is of order

(a) one (b) two
(¢) three (d) none of these
2 2 3
3. Equationa—Z—Z o7z + % =0 is of degree
o2 Ty |\
(a) one (b) two
(¢) three (d) none of these

4. Equation p3 + qxz +z1=0is of degree
(a) two (b) three

(c) four (d) one
(Garhwal 2011; Kumaun 11)

5. The equation Pp+ Qg = R is known as
(a) Charpit’s equation (b) Lagrange’s equation

(c) Bernoulli’s equation (d) Clairaut’s equation
(Kumaun 2007)

6. Out of the following four partial differential equations, the differential equation
which is linear is

93z 9%z oz 0%z

(a) &73_38?'5+8a)]72:sinx
9 2

<b>az+[az) +% 49,20
aw? \ax) oy

2 2 2
(c) 4gi+5aaaz +6§—§+7g—z+82—z+32=(x3+y3)sinx
x dy )y X y

oV 822_ 2
(d) (ax) +(6y] —x2+y

7. The differential equation 2x +3 y) p+4xq—8pg=x+ yis

(a) linear (b) non-linear

(c) quasi-linear (d) semi-linear (Kumaun 2012)
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10.

11.

12.

13.

14.

15.

[o1o7in

The differential equation (x2 + y2) g—z +(x+y) g—z +@Bx—-4y)z= P y2 is
X 7y

(a) linear (b) quasi-linear

(c) semi-linear (d) non-linear

The differential equation (x + y —3z) ?9 +@Bx+4y) g— +2z=x+yis
x 7y

(a) linear (b) quasi-linear

(c) semi-linear (d) non-linear

The differential equation gt 0z 2 gz (x+y)z2 +4xis
7y

(a) linear (b) quasi-linear

(c) semi-linear (d) non-linear

Out of the following four pairs of first order partial differential equations,
mention the pair in which the differential equations are compatible :

(a) p=4y-7x+3,q=7Tx+4y+2 (b) p=x+y,q=y—-x
() p=3x+8y,q=8x-3y (d) p=x+y+Lg=2x-y+1
Lagrange’s auxiliary equations of Pp+ Qg = R are given by
s wE b

de _dy dz

(c) =

(d) none of these
(Garhwal 2005, 10, 15; Kumaun 09, 11, 13)

Q R P

For the equation z = pq, Charpit’s auxiliary equations are :
(a) @zﬁ: dz =@=dl (b) @zﬁzdizﬂzdl

p 49 2pqg q p 9 p pr4 P 4
o W _dq_dz_dx_dy ) Woda_ A _dx &y
P 49 v p 1q p 4 2p4 p 4

(Garhwal 2014)
For the equation ( p2 + qZ) y = qz, Charpit’s auxiliary equation is

dp d dp d
(a) L= (b) L=
-q P q P
dp _ _dq (d) dp _dq
q p+l q+1 p (Garhwal 2015)

A partial differential equation has
(a) One independent variables
(b) Two or more independent variables
(c) More than one dependent variables
(d) Equal number of independent and dependent variables
(Garhwal 2013, 15)
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16. Solution of the equationz = px + qy + f (p, q) is
(a) z = f (ax,by) (b) z=ax+by + f(a,b)
(c) z= f(ax/by) (d) none of these

17.

AU

10.

(Kumaun 2006)

The complete integral of equations of the type f (p,q) =01isz =ax+by +c,
where a and b are connected by the relation

(a) f(a,b)=0 b) f(ab)=
(©) fla+b)=0 d) f(a )

Fill in the Blank(s)

Fill in the blanks “...... ” s0 that the following statements are complete and correct.
The order of the differential equation
2>z 822 o’z oz oz

4 - +8— 6—+3—+8=0is.
axzay 8x2 a

In a linear partial differential equation all the partial derivatives occurring in it
are in ... degree.

Lagrange’s linear equation is of the form ... .

Lagrange’s auxiliary equations or Lagrange’s subsidiary equations are ... .
Lagrange’s auxiliary equations of (y2 +22 -2 p—2xpq +2zx =0 are ... .

Lagrange’s subsidiary equations of z (xp — yq) = y2 — 2 are ...

. dp dq dz dx 4 4F
Equations = = = =

P) oF 9 P} P) P) ) oF 0
iﬂ,l /A _pi_qi _d I
ox dz  dy oz ap oq op oq

are known as ... .

For the differential equation p 2x+ q2 y =z,Charpit’s auxiliary equations are ....
The first order partial differential equations

% P (x,y),a—z =Q (x, y) are compatible ifa—P =

ax % &
If every solution of the differential equation f (x, y,z, p,q) =0 is also a solution
of the differential equation g (x, y,z, p, q) = 0, then the two differential equations
are said to be ...

True or False

Write “ T for true and “F for false statement.
oz

The differential equation — - 9 3xy is non-linear.
ax dy

2 2 .
The differential equation M +2 o +5 du +6 ou +7u=x" is linear.
o2 oxdy  ox  dy
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. . %y oy . .
3. The differential equation — + —5 =0 is non-linear.
a9y
4. The differential equation z = px + gy is linear.
5. pz—qy= 22+ (x+ y)2 is a linear differential equation.
6. The differential equations g—z =5x-7y, g—z =6x+ 8y possess a common
x y
solution.
7. The differential equations p=12x+7y +1,4=7x+4y +1 are compatible.
8. The differential equations p=—; J g~ Lq=- ﬁ are compatible.
X+ +y
9. The differential equations g—z = ysin2x, g—z =—(+ y2 + cos? Xx)
x 7y
are not compatible.
10. The differential equations
p=cos x (cos x —sinosin y),q =cos y (cos y —sin o sin x) are compatible.
11. Singularintegral of a differential equation is obtained by giving particular values
to arbitrary constants in its general solution.
12.  The equation of envelope to a surface is the singular integral of its differential
equation.
@n swers
Multiple Choice Questions
1. (a) 2. (b) 3. (a) 4. (b) 5. (b)
6. (o) 7. (b) 8. (a) 9. (b) 10. (¢)
11. (o) 12. (b) 13. (a) 14. (a) 15. (b)
16. (b) 17. (a)
Fill in the Blank(s)
1. 3 2. first 3. Pp+Qq=R
dc _dy dz dx dy dz
4, —==—=— 5. = =
r Q R y2+z2—x2 —2)9/ —2zx
6. b Zdz 7. Charpit’s auxiliary equations
o —yz pP o
g W _ 4 _ dz ey
-p+ pz —q+q2 —2p2x—2q2y —2px —2qp
9. Q 10. compatible

ox
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True or False

1. T 2. T 3. F 4. T 5. T
6. F 7. T 8. T 9. F 10. T
11. F 12. T




Linear Partial Differential Equations
with Constant Coefficients

1 The General Linear Partial Differential Equation of an
Order Higher than the First

Apartial differential equation in which the dependent variable and its derivatives
appear only in the first degree and are not multiplied together, their coefficients
all being constants or functions of x and y, is called a linear partial differential
equation. The general form of such an equation is

n n n n-1
—gxi | ax'?—lzay +...+ A, SJ; + By ?Mj + ...
+MZ+N§;+PZ=f(x,JJ), (1)

where the coefficients A, ..., A, ,Bg,..., M,N, Pare constants or functions of xand y.
If the coefficients of various terms are constants then it is called a linear partial
differential equation with constant coefficients.
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2 The Homogeneous Linear Partial Differential Equation

with Constant Coefficients

In this equation all the partial derivatives appearing in the equation are of the same
order. A linear homogeneous partial differential equation of order n with constant coefficients is of
the form

n n n
3);+Alaxffay+...+An;i=f(x,y), ()

where Ay, ..., A, are constants.

Denoting the operators 8% and (_;} by D, D’ respectively, the equation (1) can also be

written as D"+ A, D' D" +..+A,D")z= f(x, p)

or F(D,D")z=f(x,7), ...(2)

where F(D,D")=D"+ A D"'D'+..+A,D™.

Note that F (D, D ) is a homogeneous function in D, D * of degree n.

D  Solution of a Linear Homogeneous Partial Differential

Eqguation with Constant Coefficients.

As in the case of ordinary linear differential equations the basic theorem is :
Theorem 1: Ifu is the complementary function and z | a particular integral of a linear partial
differential equation F (D, D ")z = f (x, y) then u + z| is a general solution of the equation.
Proof: The complementary function of the equation

F(D,D")z=f(x, ) (1)
is the most general solution of the equation F (D, D)z =0. ...(2)
It must contain as many arbitrary constants as is the order of the differential equation
(2).
Any solution of (1) is called a particular integral of (1). It does not contain any arbitrary
constant.

Since the equations (1) and (2) are of the same order, the solution « + z; will contain as
many arbitrary constants as the general solution of (1) requires. Also

F(D,D")u=0,
F(D,D")z = f (x,9)
so that F(D,D’")u+z)=f (x, p).

This shows that, in fact, u + z; is a solution of (1). This completes the proof.

The next result is of extensive use in the solution of the partial differential equations.
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Theorem 2: If u ,uy ,...,u, , are solutions of the homogeneous linear partial differential
n
equation F(D,D ")z =0 then X ¢, u, is also a solution, where c¢.’s are arbitrary
r=1
constants.

Proof: The proof of this theorem is obvious.
We have F (D,D ") (¢, u,)=c, F (D,D")u, .

0 1
Also F(D,D") IZIVr= ’ZIF(D,D’)V,, for any set of functions v, .
r= r=
n n
Hence F(D,D") Zlcr u, = ZIF(D,D')(C, u,)
r= 7=
n n
= X2¢ F(D,D")u,= % ¢,.0=0.
r=1 r=1

4 Determination of the Complementarg Function (CF) of
the Linear Homogeneous Partial Differential Equation

with Constant Coefficients

Consider a linear homogeneous nth order partial differential equation with constant

coefficients of the form F (D,D ")z = f (x, y). (1)
The complementary function of (1) is the general solution of

F(D,D")z=0
ie., (D"+AD"' D'+ A D"?D?+ . +A,D")z=0 (9
This is equivalent to

[(D-mD’")(D-my D")...(D-m, D")]z=0, ...(3)
where my,my ,...,m, are some constants.

The solution of any one of the equations
(D-mD")z=0,(D=my D")z=0,...,(D-m,D")z=0 ...(4)
is also a solution of (3) and we know that the general solution of (D —mD ")z =0 is

z = ¢ (_y + mx),where ¢is an arbitrary function. Hence we can assume that a solution of
the equation (3) is of the form z = ¢ (_y + mx).

Differentiation will give

Dz =m¢’( y+mx),D" z = m"p") (y+mx),D""z = ¢ (y + mx)
and, in general,

D™D z=m"6" 9 ( y+m).
Therefore, the substitution of ¢ ( y + mx) for z in (2) gives

m"+ A"+ L+ A) 0" (y +mx) =0.
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This is true if m is a root of the equation
m"+ A" e+ A =0. ..(5)
The equation (5) is called the auxiliary equation (A.E.) and is obtained by putting
D=m,D’"=1in F(D,D")=0.
It will give in general nroots, say, my, my , ... m,.Each value of m will give a solution of (2).
Hence if all the roots of the Auxiliary equation are distinct, the general solution of (2)
i.e., the complementary function of (1) is
z=01(y+m x)+ 0y (y+myx)+...+0,(y+m,x) ...(6)
where ¢1,¢9,..., ¢, are arbitrary functions.
Solution when the auxiliary equation has equal roots
i.e., the roots of the A.E. are repeated.
The equation corresponding to two repeated roots each equal to m is
(D=mD"Y(D-mD")z=0.
Putting (D —mD ")z =u, this becomes (D —mD ") u =0, the solution of which is
u=o¢(y+mx).
Hence (D-mD ")z =¢ ( y + mx)

or p—mqg=0(y+mx).
Lagrange’s auxiliary equations of this linear equation are
de dy dz

1 -m - O (y+mx) '

Taking the first two members, we get
dy + mdx =0.
y+mx=a.

Taking the first and the third members, we get
dz = ¢ ( y + mx) dv = ¢(a) dx.
z=0(a).x+bh.

Hence z=x0(y+mx)+ vy (y+m).

Proceeding in the same way it can be shown that when a root m is repeated r times, the
corresponding part of the complementary function is

¢1(y+mx)+x¢2(y+mx)+x2 ¢3(y+mx)+...+xr_1¢, (y + mx).

Illustrative Examlales

Example 1:  Solve 2r + 55 + 2t = 0. ..(1)
Solution: We know that
2 2 2
r:aiz_ ZZ’S: aZ DD/Z,t:aZ_DIZZ
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Hence the given equation can be written as

@QD? +5DD’ +2D ")z =0.
AE.is 2m* +5m+2=0 or (2m+1)(m+2)=0.

m=——,-2.

Therefore the general solution of (1) is
1

z:f(y—ix)+w(y—2x) or z=02y-x)+vy(y-2x).
Example 2:  Solve (D3 —6D*’D’+11DD"”? —6D "3 )z =0. (1)
Solution: The auxiliary equation is

m> —6m®> +1lm-6=0 or (m—1)(m—-2)(m-3)=0.

m=1,2,3.
Therefore the general solution of (1) is

z=01 (y+2)+ 02 (y+2x)+ 03 (y+3x).
Example 3:  Solve (D> —3D? D’ +2DD ")z =0. (Lucknow 2010)
Solution: The auxiliary equation is

m> = 3m* +2m=0 or m(m—1)(m—-2)=0.

m=0,1,2.
Therefore the general solution of (1) is

z=01()+02 (y+x)+03(y+2x).

4 4
Example 4:  Solve a—i - a—i =0.
dr’ 9y (Avadh 2012) ...(1)

Solution: The equation (1) can be written as (D4 - D* )z =0.
AE.ism*—1=0 or (m-1)(m+ l)(m2 +1)=0.
R m=L-1L%1i
Therefore the general solution of (1) is

z2=01 (+0)+02 (y-0)+03 (y+ix)+ 04 (y—ix).
Example 5: Solve (D* —2D°D’ +2DD” - D'*)z =0. (Lucknow 2006, 09) ...(1)
Solution: The auxiliary equation is

m* = 2m® +2m-1=0 or (m+1)(m-1°=0.

m=-LLL1L
Therefore the general solution of (1) is

2201 (y =0+ 0y (740 +303 (y+0)+27 b4 (y+2).
Example 6:Solve 25r —40s + 16t = 0. ~..(I)

Solution: The equation (1) can be written as




LD

A.E. is
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(25D* -40 DD’ +16 D"*)z =0.
25m®> —40m+16=0 or (5m-4)*
m=4/54/5.

Therefore the general solution of (1) is

or

4 4
z=¢1(y+§x)+x¢2(y+§x)
z=f0y+4x)+x fo Oy+4x).

1. Solve r = at.
2. Solve (D> -4D?> D’+4 DD ")z =0.
3. 501ve83—§—7 8322+683—§:O.

ox ox dy ay
4. Solve (D* =3aDD’ +24*D ")z =0.
5. Solve2i—3 o’z 82—Z=O.

o oy P
6. Solve%—%—().

ox”  dy
7. Solver+it+2s=0.
8. Solve @D* +12DD’+9D ")z =0.
9. Solve(D*+D"*-2D?’D"?)z=0.
10. Solve (D*+ D)z =0.

@nswers 1

L. z=¢; (y+ax)+ ¢y (y—ax)
2. z=01 () + 02 (y+2x)+x03 (y+2x)
3. z=01(y+0)+0s(y+20)+¢3(y-3x)
4. z=0 (y+ax)+ 0y (y+2ax)
5. z=¢ 2y-x)+0s (y+2x)
6. z=01(y+x)+02(y-x)
7. z=01(y-x)+x06y(y-x)
8. z=0;2y-30)+x06y (2y-3x

@mprehensive Exercise 1

=0.

(Rohilkhand 2010, Avadh 10)

(Kanpur 2009)
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9. z=m(y+w+x%(y+w+%ﬂy—w+x%<y—wi
10. z=¢1(y+axn)+dp (y+ax)+03(y+Bx)+ds (y+Px)

where (x=i+ii andﬁz_i_ﬂ' 1

V2 2 N2 N2

5 Determination of the Particular Integral (P.I.)

The particular integral of the equation (1) of 9.4 will be denoted byﬁ f (x, p).

1
F(D,D")
F(D,D").
The symbolic function F (D, D ") can be treated as an algebraic function of Dand D ".
It can be factorised, resolved into partial fractions or can be expanded in ascending

V' is defined as the function which gives V' when it is operated upon by

powers of Dor D .

1 . . 1 . .
Note: B means mtegratlon w.r.t. X7F means mtegratlon w.r.t J and so on and

particular integral would be different according as F (D, D ") is expanded in ascending

powers of D or D".

Illustrative Examlales

Example 7:  Solve (D2 +3DD"? +2D " )z=x+y. (Avadh 2012; Kanpur 14)
Solution: The auxiliary equation is

m* +3m+2=0 or (m+2)(m+1)=0.

m=-1-2.

CE=0;(y-x)+0y (y-2x).
1 1 P+3D’ 2D

Now P.I.=

6 G + = —5 — + 5
D2+3DD'+2D¢(X J) D? D D?
_ 1 (,. 3D’

D? D

] (x+ )

+”yxﬂw=$2u+ﬁ—£;D'u+ﬁ

=—+y-———l=—+—x2y—3~%=—31x3+2lx2y.

Hence the general solution of the given equation is

z:CE+RL=m(y-xyuh(y_zw_%w3+%£y,

Example 8:  Solve (D* —6DD’ +9D ")z =12x" + 36xy.
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Solution: A.E.ism*> —6m+9=0 or (m—3)2:0.
m=3,3.
CF=0; (y+3x)+x¢y (y+3x).

1
1= 1242 +36
D2—6DD’+9D’2( V)

1
(D-3D"Y

, \—2
:Dlz(l—gg) (12 % +361y)

Now P

(12 x> +36xy)

1 6D’ D" 9
=—{1+ +27 ——+...; (12x* +36
02{ D D’ }( ¥ r3ty)

(12 12 +36@/)+%D’(12x2 +361)

SIE

IS

6
=x 1653 p+— (36x
J Dg( )

=yt +6)53y—i-9x4 =10 +* +6x3y.
Hence the general solution of the given equation is

z:C.F.+P.I.:<|)1(y+3x)+x¢2(y+3x)+10x4+6x3y.

Example 9:  Solve r + (a +b) s + abt = xy. (Purvanchal 2014)
Solution: The given equation can be written as

{D* +(a+b) DD’ +ab D"*}z = xy.
AE.ism> +(a+b)ym+ab=0 or (m+a)(m+b)=0.

m=-—a,—b.

C.F.=0; (y—ax)+ ¢y (y—bx).
1

D? +(a+b) DD’ + abD " &

-1

1 D’ D"
=—l+(a+bh) —+ab— X
DZ{ @D Dz} 7

Now P.I=

1 D’ 1 1 ,
:Dz{l_(“+b)D---}(JQ’):DQ(W)_(”{+I7)D3{D (o)}

3 4
S e

6 24

Hence the general solution of the given equation is
3 4

Z=CEA4PL=0y (y—ar)+ oy (y—ho)+> ~a+h) S

Example 10: Solve
@2D? -5DD’ +2D "2 )z =24 (y - x).




Linear Partial Differential Equations with Constant Coefficients

D179,
Solution: A.E.is2m* —5m+2=0
or @m-1)(m-2)=0.
=2,
CF.=0; 2y+x)+09 (y+2x).

1

Now P.I. = 5 22
2D° -5DD’ +2D"

4(y-x

, 2\
=211)2(1_52DD +%2) 24 (y—-x)

1 5D’ 1 5
I+ |24 (y-x)=——=24(y-x)+—=24
( ) (y-x) (y-x) 1D

=—=| 1+
2D? 2D 2D?
1 x3 5 x3
12| p -2 [+2.24. 2 —64% y 4355,
(J’ 276 )Ta e T T

Hence the general solution of the given equation is
z=CF.+PL=0; 2y+x)+ ¢y (y+2x)+6x2y+3x3.

2 2
Example 11: Solve Iz a—g =
o’ W (Lucknow 2008)

Solution: The given equation can be written as

(Dz—D’z)z=x—y.
AE.is m? -1=0.

m=1-1
CFE=0;(y+x)+0y (y-x).
2!
Now P.I.=D2_1D,2(x—y)=D12(l—g2] (x=y)

2
=D12(1+%2 +...)(x—y)
=§(x—y)=éx3—y»%x2.

Hence the general solution of the given equation is

z=CF.+PL=0;(y+x)+0dy (y—x)+%x3 —%yx2.
Example 12:  Solve
3 3 3 3 . . .
87?4-87;{4_8%_3 9"u =x3+y3+zj—31972. (1)
w0z dr dy oz (Avadh 2012)

Solution: The given equation can be written as

(D +Dy* + Ds* =3 D Dy Dy)u=2+ y> +2° -3z
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or (Dy + Dy + D) (D + Dy* + Dy* = Dy Dy = Dy Dy — Dy Dy)u
=5 +y3 + 23 - 3xyz
or (Dy + Dy + D3) (D + 0Dy +° Dg) (D) +0° Dy +D3) u

=x3+y3+23—3)g/z

where o is an imaginary cube root of unity.

Now consider (D + ®Dy +0)2D3)u=0. (2
Auxiliary equations are

de dy dz

— ==

1 0 o)
These give y —aw=a, z —w’x=b.
Hence solution of (2) is ¢ ( y —ax, z — 0)2x) =0.

Similarly (D) + Dy + Ds) u=0 and (D} + ®> Dy +oDs) u =0 give
09 (y—x2z-x)=0 and ¢3 (J/—m2 x,z —aw) = 0 respectively.

C.F. of (1)=¢y (y—(nx,z—(nzx)+¢2 (y—x,z-x)+ 03 (y—a)Zx,z—mx).

Now P.I. corresponding to s
1 3

DE+D3 DS -3 Dy Dy
1 D23 - 3 1 3 x° K0
=[1+D13+...] x> =

= == .
D3 D3 4-5-6 120
)76 Z6
Similarly particular integrals corresponding to y* and z> are 120 and 120 respectively
and P.I. corresponding to (- 3xyz)
1
= (=3xpz)
D + Dy + D3> =3 Dy Dy Dy
2 -1
- ! [1— Dy ) (= 392)
3D, D, Dy | Dy Dy
1 x2 222
=_7(_3,g,z)=y7.
3D, D, Dy 8
Hence the general solution of the equation (1) is
z=C.F.+P.L

@mprehensive Exercise 2

9 )
1. Solve (D" =2DD "+ D) z = 12Xy ucknow 2008; Avadh 10, 11; Kanpur 12)

3 3
2. SolveIZ_9Z_ 3,3
o~ dy
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3. Solve (D* —a’D"?)z =4
2 2 2

4. SolvePZ43 92 992 _9ii3,
a? oy
2 2 2

5. Solve 9213 9% +Za—§:6(x+y).
oy

6. Solve (D> =DD’-6D"?)z = .

@nswers 2

L z=0; (p+0)+x¢y (p+1)+2x°y+x*
) 1 . P
2. z= P
2=01 (y+0)+02 (y+@)+03 (y+0" X)+ =Xy + 100
1
3. z=¢1(y+ax)+¢2(y—“x)+ﬁx4
7 3 3 9
4. z=¢1(]—x)+¢2(y—2x)—gx o

5. z:¢1(y—x)+¢2(y—2x)+3x2y—2x3

6. z=0¢;(y—-2x)+ 0y (y+3x)+%x3y+ix4

6 Short Method for Finding the Particular Integral

When f (x, y)is a function of ax + by, we have a shorter method for determining the
particular integral.

Let f(x, y) =0 (ax + by).
Then D" (ax +by) = a" ") (ax + by), D" ¢ (ax + by) = b" 6" (ax + by),
and D" D" ¢ (ax+by)=a" b* o'+ (ax + by),

where 01" is the rth derivative of ¢ w.r.t. ar + by as a whole.

Since F (D, D ") is homogeneous in D and D ’ of degree 7,
hence F(D,D") ¢ (ax+by) = F (a,b) 0" (ax + by)
1

() ..
o FO.DH Y W= E

0 (ax +by),

provided that F (a,b) #0.

1
Putti by =t, t——— 0" ()=
utting ax + by we ge F(D,D')q) (t) Flab)

Now integrating both the sides n times w.r.t. ‘', we get
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1
F(D,D’)

1
o(t) = Fab) _”j O (t) dt...dt,where t =ax + by .

Working Rule: To  find  the  particular  integral of an  equation
F(D,D’)z = ¢ (ax + by), where F (D, D ") is a homogeneous function of D, D’ of
degree n, proceed as follows :

(i) Putax+ by =t and integrate ¢ (¢), n times with respect to t.
(ii) Find F (a,b), replacing D, D’ by a, b respectively in F (D, D).

(iii) Now P.L=— !
F

) x nth integral of ¢ (¢£) w.r.t. t’, where ¢ = ax + by.
a,

Exceptional case when F (a, b) = 0.
If F (a,b) =0 then the above method fails.
Now F(a,b) =0 if and only if (bD — aD ") is a factor of F(D,D").
Let us consider the equation (bD —aD )z =x" ¢ (ax + by) (1)
or bp—aq =x" ¢ (ax + by).
Lagrange’s auxiliary equations are
b _dy A
b —a x" ¢(ax+by)
Taking the first two members, we get
adv+bdy=0.
ax + by = ¢ (constant).
Again taking the first and the last members, we get

xr

dz=%r(])(ax+by)dx=7¢(c)dx.

bir+) T

It gives the solution of (1).
|

From (1), z=mxr¢(ﬂ+bﬁ~ ...(3)
Th ! "o Gar s by) = 5 +b
us mx ¢ (ax )’)—mq)(”x W) - ...(4)
1
H if =— - + by),
ence i z (bD—aD')"q)(ax y)
then z= L : ¢ (ax + by)
(D —aD’)"~' | (bD-aD") 7

S S
(bD— ﬂD l)l‘l—l h

¢ (ax + by), using (4)
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prosin

1 1 X
“(bD-aD’y'? {(bD—aD')b¢(ax+lW):|

1 1 22 .
D —ap 7y 2y e ®

n

=r ¢ (ax + by), by repeated application of (4).

b n!
Thus L (ar e by) = —E o (ax + by)
(bD - aD’)" b" n! '
lllustrative Examlales
Example 13: Solve 4r —4s+t =16 log (x + 2 y). (Lucknow 2007; Purvanchal 09;

Rohilkhand 14)
Solution: The given equation can be written as

@D? —4DD’ + D)z =16log (x +2 ).
AE.is4m®> —4m+1=0 or 2m-1?* =0.

CF=0,2y+x)+x¢y 2y +x).

1
Now PL=———16log (x+2
(2D—D')2 g ( J)

:22X22'1610g(x+2y)=2x2Iog(x+2‘)]). [... F(ﬂ,b):o]

Hence the general solution of the given equation is
z=CF.+PL=0, 2y+x)+xdy (2y+x)+2)c2 log (x +2y).

Example 14:  Solve (D° —=4D*D’+4DD ")z =4sin (2x+ y).  (Rohilkhand 2011)

Solution: A.E.is m> —4m®> +4m=0 or m (m —2)2 =0.

m=0,22.
CFE=0 (p)+02 (y+20)+x03 (y+2x).
1
Now P.I.= 4sin (2x +
D? - 4D*D’ + 4DD"? @x+7)
1 1
= — —4sin(2x +
(D_2p ¢ D ety
1
=~ {~2cos 2x +
(D—2D’)2{ Qx+ y)
=—2;cos(2x+y)

(D-2D")
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2
=-2- 2—cos(2x+y xzcos 2x+ y). [~ F(a,b)=0]
Hence the general solution of the given equation is
z=CF.+P.L

=01 () + 02 (+20)+x 03 (y+20)—x” cos 2x+ ).

Example 15: Solve (D? =2DD’+D"?)z=¢*"27 1 13
(Lucknow 2010; Rohilkhand 14)

Solution: A.E.ism?> -2m+1=0 or (m - 1)2 =0.

m=11
CFE=0(y+x)+x09 (y+x).
Now P.I.=;2ex+2y+;x3
(D-D") (D-D")
, \—2
_ b w2y 1(1 D) 3
- 2
(1- 2y D D
: 1 2D
=2 |1+ o]
w15
_px+2y b3 w2y oS
20
Hence the general solution of the given equation is
z=C.F.+PL=¢; (p+x)+x09y (y+x)+ex+2y+%x5.
2 2
Example 16: Solvea—2+a j—cos X oS 1y.
ar® dy (Lucknow 2006; Kanpur 07; Avadh 14)

Solution: The given equation can be written as
(D2 +D"”? )z = % [cos (mx + ny) + cos (mx — ny)].
AE.is m? +1=0. Som==%i

CE=0; (y+x)+0y (y-ix).

Now PI—2l ﬁcos(mx+ny)+§mcos(mx—ny)
-1 ! {~cos (mx +n )}+l» ! {~ cos (mx — ny)}
2 m® + v 2 w4’ v
1
=— ————— {cos (mx + ny) + cos (mx — ny)}.
2(m2+n2){ ( ) ( )

Hence the general solution of the given equation is
z=CF.+PL=0¢; (p+ix)+ 09 (y—ix)

- 2(m21+n2) [cos (mx + ny) + cos (mx — ny)].
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Example 17: Solve 2r — s — 3t =5¢"/¢”. (Rohilkhand 2009)

Solution: The given equation can be written as

@D* -DD’-3D"?)z=5¢%".

A.E. is 2m> =m—-3=0 or @m—3)(m+1)=0.
C.F.=¢1(2y+3x)+¢2(y—x).
Now P.1= L 256"_)’ = - 1 - S5e*V
2D* - DD’ -3D’ (D+D’)2D-3D")
:#. l .ngiy: 1 gxi.y
D+D’ 2+3 D+ D’

R R A L
—“t’ xXe . ['.'F(ﬂ,b)=0]
Hence the general solution of the given equation is
z=CF+PL=0¢; 2y+3x)+y (y—x)+xe* /.
Example 18: Solve (D* +3DD’"+2D"? )z =x+ .
(Rohilkhand 2010; Agra 02; Avadh 14; Purvanchal 14)
Solution: A.E.ism”> +3m+2=0 or (m+2)(m+1)=0.

m=-1-2.
CFE=01(y-x)+0y(y—-2x).
1
Now P.I1 = X+
D2+3DD’+2D’2( J)
_ 1 .(x+y)3 _(x+y)3 .
T (143114200 6 36

Hence the general solution of the given equation is

3
z=CF.+PL=0; (y—-x)+0y (J"Z")*%'

Example 19:  Solve (D? —5DD’ +4D" ) z = sin (4x + ). (Lucknow 2006)

Solution: A.E.ism?> —5m+4=0

or m-L)(m-4)=0 som=14.
: C.F.=(])1(y+x1)+(])2(y+4x).
Now Pl= sin (4x +

D7 spp aap? D)

I S
=(D-4D) D=D "W
I

1
=(D—4D’).(4—l) {—cos (4x + y)

= ﬁ {— éCOS (4x+y)}
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=—%~ xcos (4x + y). [+ F(a,b)=0]

Hence the general solution of the given equation is

z=CF.+PL=0;(y+x)+0dy (y+4x)—%xcos(4x+y).

@mprehensive Exercise 3

1. Solve (D? =6DD’+9D ")z =6x+2y.
P’z &z
2. Solve ——+—= =12 (x+ p).
2? Ty (x+y)

3. Solve (D* —=4D*D’ +4DD ")z =cos (y +2x). (Purvanchal 2011)

4. Solver—-2s+t=sin(2x+3y). (Kanpur 2010; Meerut 13)

5. Solve 2D? =5DD’ +2D"?)z =5sin 2x + ).

6. Solve (D* +2DD’+ D" )z=¢2**37, (Purvanchal 2007)

7. Solve (D* + D)z =30 2x+ ).

8. Solve (D® -2D’D’'-DD"”? +2D"3)z=¢**7.

9. Solve (D> —7DD"? —6D ")z =x* +x y* + y> +cos (x - y).

10. Solver+s-2t=v(2x+ ). (Lucknow 2010)

11. Solve (D* —4D?’D’+5DD"? -2D"3)z=¢*2* +( y+ )2

12. Solve (D? —=3DD’ +2D %)z ="~ +¢**7 4cos (x+2 ).

13. Solve log s =x + .

14. Solve (D,*>-7D,D,?>-6D )z =sin(x+2y)+¢>*"7. (Meerut 2013)
@HSWGI’S 3

1. z:¢1(y+3x)+x¢2(y+3x)+%x2(3x+y)

2. z=0;(p+i)+0y (y—in)+(x+p)

3. z=¢1(y)+¢2(y+2x)+x¢3(y+2x)+%xzsin(y+2x)

4. z=0¢ (y+x)+xy (y+x)—sin2x+3y)

5. z=¢1(2y+x)+¢2(y+2x)—31~5xcos(2x+y)

6. i€2x+3y

Z=¢1(J’—X)+X¢2(Jf—x)+25
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7. z=0, (p+ix)+0y (yp—ix)+Q2x+y)°
8. z=¢1(y—x)+¢2(y+x)+¢3(y+2x)—%xgx+)/

5 ¢ 1 s 7 5
9. z= —x)+ —2x) + +3x) + > 2
z=01(y—-x)+09 (y—-2x)+d3 (y+3x) 72x +60x +20x y

+ix4y2+éx3y3—ixcos(x—y)‘

10. z=¢; (y+x)+09 (y—2x)+%(2x+y)5/2

11. z=¢1(y+x)+x¢2(y+x)+q)3(y+2x)+xcy+2x—%x2(y+x)3/2
12. z=¢, (y+x)+¢2(y+2x)+$ezx_y—xex+y—%cos(x+2y)

13. 2=0; (1) + 0y () +e* "

14. z:¢1(y—x)+¢2(y—2x)+¢3(y+3x)+%cos(x+2y)+%egx+y

Il A General Method of Finding the Particular Integral

Consider the equation (D-mD ")z =¢(x, y) or p—-mq=06/(x, y).
Lagrange’s auxiliary equations are
dx dy dz

1 ~m o(xyp)

Taking the first two members, we get dy + m dx =0.

y + mx =a (a constant).
Again taking the first and the last members, we get
dz = ¢ (x, y) dx = ¢ (x,a — mx) dx.
z :J¢(x,a—mx)dx.
Thus z = ﬁq)(x, y) = J.q)(x,a - mx) dx ,
where after integration the constant a is to be replaced by y + mx, as the particular
integral does not contain any arbitrary constant.
Now if the equation is F (D, D ")z = ¢ (x, y)
where F(D,D"y=(D-m D")(D=mg D")...(D=m, D"),

]
th PlL=— —  4(x
n FD.D) ™)
R ]
D=mD’ D=mD’ D-m, D’

o (x, »),

which can be evaluated by the repeated application of the above method.
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lllustrative Examl)les

Example 20: Solver +s—06t= y cos x. (Avadh 2009, 10, 11; Purvanchal 07)

Solution: The given equation can be written as
(D2 +DD’—6D'2)Z = ycosx.

AE.is m> +m-6=0 or (m+3)(m-2)=0.
m=2,-3.
C.F.=0; (y+2x)+ 09 (y—3x).
Now P.I= 1 ! Jy COs x

D2+pD —6D27 T (D_2D")(D+3D")

=DBoaD’ J(u+3x)cosxdx,wherey—3x=a

=———[asinx+3xsin x+ 3 cos x|
D-2D’

a 1
D-2D’

:;[ysinx+3cosx]

(D-2D")
= J.[(h—Zx)sinx+3cosx]dx, where y+2x=5

[( y—3x)sinx + 3xsinx+3cos x|

=—bcosx—2 (- xcosx+sinx)+3sinx
=—(py+2x)cos x +2xcos x +sinx =— pycos x +sin x.
Hence the general solution of the given equation is
z=CF.+PL=0¢; (py+2x)+ ¢y (y—3x)— ycosx+sinux.

Example 21:  Solve (D* +2DD’+ D)z =2 aos y ~ xsin . (Lucknow 2011)
Solution: A.E.ism”> +2m+1=0 or (711+1)2=0,
m=-1-1
CE=0;(y-x)+xdy(y—x).
1
Now P.I= 2.cos y — xsin
D2 20D+ D7 LY )
1
= 2 _ .
(D+D’)(D+D’)( cos y - xsin y)
=ﬁJ[ZCOS(x+ﬂ)—XSin(X+a)]dx, where y—x=a
=D:D,[2Sin(x+ﬂ)—{—xcos(x+a)+sin(x+a)}]

= D+1D’ [sin (x 4+ a) + x cos (x + a)]
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[sin y + xcos y ]

1
"D+D’
= j[sin(x+b)+xcos(x+b)]dx, where y —x=h
=—cos (x+Db)+ xsin (x +b) +cos (x + b)=xsin (x + b) = xsin y.
Hence the general solution of the given equation is
z=CF.+PL=¢;(py—-x)+x09 (y—x)+xsin y.
Example 22:  Solve (D* —=2DD’ =15D"*)z =12 x y. (Purvanchal 2010)
Solution: A.E.ism”> —2m—-15=0 or (m—5)(m+3)=0.
m=>5,-3.
CF=0(y+5x)+0d9 (y-3x).
Now Pl=— 1, - 12y = - l -
D -2DD’ -15D (D+3D’)(D-5D")
12
D+3D’

=4J£7{LM_§;}
D+3D’ | 2 3

12 1 9 5 3}

=9 = +5 Xz—f
D+3D’{2(y NA

2
D+3D"

:2][3;;2 (Bx+Db)+5x3 ] dr,where y —3x=b

12xy

Jx(a—Sx)dx,Wherey+5x:u

{3yx2 + 5x3}

=2 j(14x3+3x2b)dx
4 3 .
=2014. 2 +3. 2 p |=7x* 423D
4 3

=7xt 42,8 (y—3x):x4 +2x3y.
Hence the general solution of the given equation is
z=CF.+PL=0;(y+5x%)+¢y (y—3x)+x4 +2x3y.
Example 23:  Solver —t = tan> x tan y —tan x tan’ . (Lucknow 2006; Avadh 10)

Solution: The given equation can be written as
(D* -D"?)z = tan® xtan y — tan x tan’ .

AE.is m”> —1=0. o om=1-1
CE=01(y+x)+0¢,(y-x).
1 3 3
Now Pl=———— (tan” x tan y — tan x tan
7 p7 J J)
1 3

=(D+D’)(D—D')(mn xtany—tanxtan3 7)




Krislne's T.B, Functions of Several Variables and PDE’s

b=

1
"D+ D’

J[tang X tan (a — x) — tan x tan> (a —x)] dx,

where y+x=a
|

“D+D’

J[{— 1+sec?x} tan x tan (a — x)]

— tan x tan (a — x) 1+ sec? (a — x)}] dx
= 5 ID' [Itan(a—x)tanxsecZde
+

- jtan x tan (a — x) sec? (a—x) dx]

1 tan? x
= tan (a — x) -
D+ D’ 2

+% J-sec2 (a—x)~tam2 X dx

2 —_—
+tanx~m—l Jsecz x tan’ (a—x)dx
2 2
1 9 2
=————[tan” x tan (4 — x) + tan x tan” (a — x)
2(D+D")

—jsec2 x{sec’ (a—x)-1- sec? (a—x)- (sec2 x—1)}dx]

1
= [tan2 X tan (a — x) + tan x tan’ (

a—x)
2(D+D")
+‘[{sec2 x — sec? (a—x)} dx]
1
2D+ D)
1

= 5D+D) [tan x.sec? ¥y + tan y.se(:2 x|

[tan2 X tan y + tanx tan® y + (tan x + tan y)]

=21J‘[tanxsec2 (b+x)+tan (b + x) sec2x] dx,where y —x=b
=itanxtan(b+x)—i‘|‘sec2 x tan (b + x) dx
2 2
+% Jtan(h+x)secz X dx
=%tanxtan(b+x)=§tanxtany.

Hence the general solution of the given equation is

z=CF.+PL=0;(y+x)+0dy (y—x)+%tanxtany.

@mprehensive Exercise 4

1. Solve a—Z+a—2=sin X.
ax 9y
2 2 2
2. Solve oz + 07z a—; = ysinx. (Kanpur 2011)

oy  dy
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2 2
3. SovelZ-_49Z_ % 0.

dx 'y X (Rohilkhand 2000; Agra 03)
4. Solver—s—2t=(2x> +)g/—y2)sin)g/—cos xy.

Solve (D? = DD’ —=2D"? )z =( y-1)e™.
@nswers 4
z=0; (y—x)—cosx

z=01 (y+2x)+ 093 (y—3x)—(ysinx+cosx)
z=01(y+2x)+0y(y—2x)+xlog y+ ylogx+3ux
z=01 (y+2x)+ 9 (y—x)+sinxpy.

z=01 (y+20)+ 0y (y—x)+ ye*.

G W

8 Non-Homogeneous Linear Equations with Constant

Coefficients

A linear partial differential equation which is not homogeneous is called a non-homogeneous linear

equation.

Consider the differential equation F (D, D)z = f (x, y). (1)

When F (D, D") is a homogeneous function in D, D" it can always be resolved into

linear factors. But the result is not always true when F (D, D") is non-homogeneous.

We classify linear differential operators F (D, D”) into two main types. These are :

(i)  F (D, D’)isreducible if it can be written as the product of linear factors of the
form D + aD’ + b, with a, b constants.

(i)  F (D, D) is irreducible if it cannot be so written.

Complementary function of non-homogeneous linear equation:

When F (D, D’) can be resolved into linear factors.

The complementary function of non-homogeneous linear equation (1) is the general

solution of the equation

F(D,D")z=0. (2)
Let us consider a simple non-homogeneous equation

(D-mD"-k)z=0 ..(3)
or p—mqg=kz.

Lagrange’s auxiliary equations for it are
& _& _dz
I -m kz
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The first two members give
dy + mdx =0.
y + mx =a (a constant).

Again taking the first and the third members, we get

d—zzkdx.

z

log z =k x +log b
or z = be™.

z=¢M ¢ y +mx), which is the solution of (3).

If F (D, D’) can be factorised into non-repeated linear factors
(D=m D" =k),(D=my D' =ky),...(D=m, D' —k,),
then the equation (2) is equivalent to
[(D=mD" —k)(D-myD" —kg)...(D=m,D"—k,)]z=0 ..(4)
The complete solution of (2) or (4) is made up of the solutions of
(D-=mD" —k)z=0,(D-my D"—ky)z=0,....(D-m, D" —k,)z=0.
Hence the general solution (complete solution) of (2) is
z=eh* o1 (y+m x)+elt g, (p+myx)+..+ efn* 0, ( y +my, x). (5
Note 1: If the operator F (D, D") is reducible, the order in which the linear factors
occur is immaterial.
Note 2: It can be shown that if the equation is
(@D +BD’ +7)z=0, then z = ¢~ /) o (Br—ap).
F (D, D’) has repeated factors.
Let a factor (D — mD’ — k) occur twice in F (D, D).
Consider the equation (D — mD’ - k)* z =0. ...(6)
Let (D — mD’" — k) z = u. Then (6) reduces to
(D-=mD’"-k)u=0.
This gives u=e** ¢, (y + mx).

Hence (D—mD'—k)z:ek’( ¢ (y + mx)
or p—qukz+ekxq)l(y+mx).
Lagrange’s auxiliary equations for this are
d_ & _ dz .
1 -m kz+ek“q)1(y+rnx)

The first two members give, y + mx = a (a constant).

From the first and the last members, we get

o= oy (4 mo) = o) (a),

which is an ordinary linear equation.
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LF.= el kb= ok |
2= [ Mo @de+b=x0,(a)+D,
2= [x 0 (p+m)+ 0y (y+m)], A7)

which is the general solution of (6).
Henceif (D — mD’” — k)occurs twicein F (D, D")then the C.F. corresponding to this factor is

e [x 01(y + mx) + 0y (p + mx)] .(8)
It can be shown that the general solution of

(D-mD’"—k) z=0
is 2= o (p+m)+x0y (y+m)+..+x" " o, (y+mr)]
Henceif (D —mD " — k)occursrtimesin F (D, D ") then the C.F. corresponding to this factor is

01 ( +m)+ x4y (y+mx)+.+ X0, (p )] (9)

Case when linear factors of F (D, D’) are not possible:

In case F (D, D) is irreducible, i.e., it cannot be resolved into linear factors in D and
D, the above methods of finding the complementary function fail. In such cases a trial
method is used to find solutions.

O Particular Integral

The complete solution of F (D,D")z = f (x, y)

is z=CF. +P.L
1
h PlL=—-—— , V).
where F(D,D’)f(x )

The methods of obtaining particular integrals of non-homogeneous partial differential
equations are very similar to those of ordinary linear equations with constant
coefficients. We give some cases of finding the particular integrals.

Casel: — L oty L acsly 56 piopys0.
F(D,D’) F(ab)

We have D (e™*Wy=q" g™+
D/S (gtlx+by)=bsgzlx+by

and (Dl’ D/S)(gﬂx+l?)/):ﬂl’ bsgtlx+by'
F(D,D")(e™*Y)=F (a,h) e ®*V.

Operating both the sides by F

;,Weget
(D,D")

€M+1W=F(a,b);eﬂx+by
F(D,D")
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= ;e”’”hy :¥e“‘“by, provided F (a,b) #0.
F(D,D’) F (a,b)

Case II: The value of ﬁ sin (ax + by) is obtained by putting

D?=—a*,DD’=—ab and D" =-}?,
provided the denominator is not zero. Similar is the rule for cos (ax + by).

Case III: ﬁ Kyt =[F (D, D) 2" ",

which can be evaluated after expanding [ F (D, D’ )]_1 inascending powers of Dor D”.
1 1

Case IV: ——— (e™*W y)=¢®+ly
F(D,D") F(D+a, D’ +b)

It follows from the fact that
F(D,D) ™Y Vi=e™ W F(D+a,D"+b) V.

[llustrative Examl)les

Example 24: Solver +2s+t+2p+2q+2z=0.

Solution: The given equation can be written as
(D?> +2DD’ + D" +2D+2D’ +1)z =0
or (D+D’+1%z=0 or {D-(-)D’=(-1)* z=0.
There are repeated linear factors.
Hence the solution is
z=¢ "o (y-x)+xe " 0g(y-x).
Example 25: Solve (D* —a?D"* +2ab D +2abD") z =0.

Solution: The given equation can be written as
(D+aD’) (D —-aD’+2ab)z =0.
There are distinct linear factors. Hence the solution is
2=01(y—an) +e 2 0y (y +av).
Example 26:  Solve 2D* ~3D*D’+ D)z =0.
Solution: The given equation can be written as
QD? -D’)(D*-D")z =0.
Let z = Ae ™ *¥ be the solution corresponding to
(D> -D’)z =0.
(D> =D")yz= AW W _ pAge o+ by
=AM —k) et =0
= W-k=0 = k=i
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Hence the general solution of (D2 -D")z=0is
Z=sA Ry
Similarly the general solution of (2D 2_D’ yz=0is
2 =3 Be nx +2h’2y.
Hence the most general solution of the given equation is
— Aehx+th +3 Be h’x+2h'2y.
Example 27:  Solve (D - D’ -1)(D- D’ =2)z =¢?>* ™V 4 x.
Solution: C.F.=¢" ¢ ( y+x)+ ¥ 0y ( J+ x).

Now P.I. corresponding to ¢~
— 1 €2x—y
(D-D'-)(D-D’"~2)
_ 1 €2x—y:l€2x—y
2+1-1)2+1-2) 2

and P.I. corresponding to x
(D-D’"-1)(D-D"-2)
1 1

“Lacpspyta-tpilpyty
P 27"

1 , 1 L.,
Lasp-p ya+ip-tp )«
P 2779

1 1
=—(1+D+-D+..)x

P 2

13 1,3
=—(I+=D)x==—(x+2).

g Uty Pla=g )

Hence the general solution of the given equation is

Example 28:  Solve (D> -DD’+ D’ -1z =cos(x+2yp)+e’.

Solution: The given equation can be written as
(D-1)(D-D’"+1)z=cos (x+2y)+e’.

CFER=¢"01(p)+e " 09(y+u).

Now P.I. corresponding to cos (x + 2 y)
= ! cos (x +2y)
D> DD+ D'~ 1 7
1
= cos (x + 2
P -(-1.2+D’-1 (x+27)

z=C.F.+PL=¢" ¢1(y+x)+ezx ¢2(y+x)+%eb_y+£+—~

D195,

3
2 4

(Avadh 2010, 11)
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:gcos (x+2y):%cos (x+2y)

’

= D22 Cos(x+2y)=—i{—25in(x+2y)}

=2lsin(x+2y)

and P.I. corresponding to ¢”

1 J 1 J
= e = [4
D> -DD’+D’ -1 (D-1)(D-D’+])

= ! ey=—ey%l
O-)(D-D'+1) D-(D' +1)+1

s\l
:—61’¥1:—63’i I—D Iz—eyil:—xey.
D-D’ D D D

Hence the general solution of the given equation is

z=C.F+PL=¢"01(p)+e " 0o (y+x)+2lsin(x+2y)—xey.
Example 29:  Solve

(D> =D -3D+3D")z=xp+e**2V.

(Rohilkhand 2007; Lucknow 08; Purvanchal 2007)

Solution: The given equation can be written as

(D-D’)(D+D’'=3)z=xp+e* 27,

CFE=0(y+x)+ 0y(y—2x).
Now P.I. corresponding to xy

1

" D-D)D+D -3

__ 1L (,_DY'(,_p_DN!
“"3pl D 373 Y

( D D’ 2DD’ )
AL+ =+ + +... |y

3 3 9
D’ D’ 2DD’ )
+.. |y

+ +
3 D 3 9

and P.I. corresponding to e* *2y

— 1 ex+2y
(D-D’")(D+D’-3)
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_ 1 €x+2y=_;€x+2y
1-2)(D+D’-3) (D+D’-3)
=_ ¢ D,1 252J’, putting D=1
=—e".e2yﬁl=—ex+2y%1
+ —_
=— ye x+2y.
Hence the general solution of the given equation is

z=CF.+PL=0,(y+x)+ 09(y—2x)

1 1)(2 1 1 2 1 3 2 ) x+2y
-—| = o+ -+ +=x |- .
3(2 FEGI TG T Tt )T
Example 30: Solve (D? = DD’ —2D"? +2D+2D")z = 37 + xp + sin 2x + ).
(Avadh 2013)

Solution: The given equation can be written as
D+D’)(D-2D"+2)z =%V + yp +sin 2x + y).
22 J

C.F.:¢1(y—x)+ef2x 0o (y +2x).

Now P.I. corresponding to ¢2**3

_ 1 62x+3y
(D+D’)(D-2D"+2)
— 1 2x+3y=_i€2x+3y7
2+3)2-6+2) 10
P.I. corresponding to xy
(D+D’)(D-2D"+2)
-1
1 D’ 1 1
=—|[1+ 1+—(D-2D’
5D ) {5 ( oy

1 D’ 1 1 9
- |1- |- (D-2D")+=(D-2D") +...
5D ot ){ 2( )+4( )+

L l—D,+ ( L +x-1)
op\ D )WY
1 ] 15 1
= S —_1-= -
2D()gz 2y+x 2x +2x)
1 1 12,3
= |ww-—y-=+2x-1
20()9’ 9r Tt Tyt )
(1o 1 1 3 3 9 )
= — | — —_—— —_—— + — j—
2(2 STV Tt Tyt Tt
and P.I. corresponding to sin (2x + y)
= ! sin (2x + y)
D> - DD’ -2D"? +2D+2D’ y
1

= sin (2x +
2 an-2 CPs2prap )
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y d|D-198J
1 D-D’
=———sin(2x+ y)=—————sin(2x +
S+ D7) BN =y ey S @)
=;_21.3:(1312)sin(2x+y)=—é(D—D’)sin(2x+y)
=—é{2cos(2x+y)—c:os(2x+y)}=—écos(2x+y).
Hence the general solution of the given equation is

z=C.F.+PL
Example 31:  Solve (D —3D "’ - 2)* z =2¢%* tan ( y + 3x).

Solution:  C.F.=¢”% ¢, (y+3x)+ xe? ¢y (y+3x).

1 2x
Now PlL=— ————~2¢“" tan(y + 3x
(D-3D"-2)* (7+31)
1

(D+2)-3D" -2

=2¢2%

5 tan (y +3x)

=22 ——  _tan(y+3x
(D_3D") (¥ +3x)
2

=232x-%tan (y +3x) =" ¢2F tan (_y + 3x).

Hence the general solution of the given equation is
z=C.F.+P.L

Example 32:  Solve (D° —=3DD’ + D +1)z =¢2**37. (Kanpur 2008)

Solution: Since D°> —3DD’ + D + 1 cannot be resolved into linear factors in D and

D’ hence C.E.=3 A" *h

3
where W Shk+h+1=0 ic, k=l L
3h
Now Pl=— 1 g2 +3y
D’ -3DD’"+ D +1
= — 1 62,\'+3y=_i62x+3y.
2°-3:2-3+2+1 7

Hence the general solution of the given equation is

z=CF.+PL= X AW _%62“3%
where B3 =3hk+h+1=0.
Example 33:  Solve (D* = DD’ =2D) z = sin (3x +4 y).

Solution: Since D* — DD’ — 2D cannot be resolved into linear factors in D and D’ )

hence
C.F.=% A" where h2 —hk =2h=0 ie, k=h—-2.
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S

Now P.L.= ! sin Bx +4 )

D*-DD’-2D

I
- in (3x + 4
Z9-(3a)—2p "B

- ! sin(3x+4y)=3+2D
3-2D 9 - 4D?

__3+2D
9-4(-9)

sin Bx +4 y)
sin(3x+4y)

=%{3Sin(3x+4y)+2~3cos(3x+4y)}

= % {sin Bx +4 y) +2cos 3x +4y).

Hence the general solution of the given equation is
z=CF.+PL

2 2 2
Example 34:  Solve J Z 4 oz 0z =

o2 Bxay_ Byz xzsin(x+y).

Solution: The given equation can be written as
(D> + DD’ -6D")z = * sin (x + y)

or (D-2D")(D+3D")z =+ sin (x + y).
C.F.=¢I()/+2X)+¢2(y—3x),
1
NOW P.I.= xzsin X+
D? + DD’ —6D"? (+)
1 o
= imaginary part of —, 2 it y)
sinayP D? + DD’ —6D"?
—IP.of /(*+ ) 1 2

(D+i)2+(D+i) (D' +i)—6(D"+i?
1
D?+3iD+ DD’ -11D"i-6 D" +4

-1
[ 2 / 4 ’ 2
=I.P.ofe’(x+y)-ill+[D L3D DD’ 11D7i 6D H 2

=LP.of/(*+ )

4 4 4 4 4

—1P. ofeitrt L 1_2_@_1313 LHDE 6 50
4 4 4 4 4 4
2 2
(92D }2
16

=L.P. 0fei<x+y),l|:x2_l_§x_2j|
4 2 2 8




=

=1.P. of — {cos(x+y)+zsm(x+y)}{
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:l(xz_
4

8

13 . 3
3 sm(x+y)—§xcos (x+ y).

Hence the general solution of the given equation is

z=CF.+PL=0;(y+2x)+09(y—-3x)

2-13_

2

}

+i(x2—%)sin(x+y)—%xcos(x+y).

@)mprehensive Exercise 5

(Avadh 2007)
(Avadh 2010)

(Rohilkhand 2008)

(Avadh 2010)

(Avadh 2009)

1. Solve(D*-D"”?+D-D")z=

2. Solve DD’ (D-2D’-3)z =0.

3. Solve(D-2D’-1)(D-2D"% -1z =0.

4. Solvet+s+q=0.

5. Solver-s+p=1.

6. Solve(Dz—D')z=2y—x2.

7. Solve (D? + DD’ + D’ — 1)z =sin (x + 2 y).
2 2 2

8. Solvea—z—élaz 4a—+a—z—23—zzex+y.
ax2 8x8y 8‘)72 ox ay

9. Solve (D* — DD’ —2D)z =sin 3x+4 y) — e2* T

10.  Solve (D? - )z=xe”“x+“2y.

11. Solve (D> =D +D-D")z=¢2**37,

12. Solve (D* —4DD’+ D 1)z =¢3¥ =27,

13. Solve (D? =D’ -1z =x"y.

14. Solve(D2 DD’+D’-1)z=2cos (x+2y)—¢’.
2 2 2

15. Solve 9Z2_3 0% 19072 02,502 15 4,
o’ ox dy ayZ ox ady

@HSW€IS5
1. z=¢1(p+x)+e " 99 (y—x)
2. z2=01(W+ 03 () +7 03(y+20)
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3. z=¢ 0, (p+20+T ALK D x

4. z=01(x)+¢ T o9 (y-w)

5. z=¢1(p)+e Yoy (y+x)+x

6. z=2Aehx+h2y+yx2

7. zze_x¢1(y)+ex¢2(y—x)—%{cos(x+2y)+2sin(x+2y)}

8. z=¢1(y+2x)+e_x¢2(y+2x)+%yex+y

9. z=¢1(y)+ezx(])2(y+x)+%{sin(3x+4y)+2cos(3x+4y)}+%e2x+].

10. z:ZAethrth’+ ﬁ—i c”x+”2y
4a  44%
11. z:¢1(y+x)+e_x(I)z(y—x)—éez’”gy

12, z=x Al o L 3v-20 peer = L g2 oo
35 0

13. z:ZAc]“+(h2_l)y+x2—xzy—2y+4

14. z=¢"¢1(p)+e " 09 (y+x)+sin(x+2 y)+xe)
15. z=01(p+20)+c 0y (y+0)+e 7 (x+ 1)

10 Eguations Reducible to Linear Form with Constant

Coefficients

Avpartial differential equation having variable coefficients can sometimes be reduced to
an equation with constant coefficients by suitable substitutions. We shall discuss the
reduction of an equation of the form
n n n
Ag x" 9z +A1x”_1y8721+...+Anyn Iz +o|=f(xvyp)
ar " a9y U (1)

into a linear equation with constant coefficients.
n
It should be noted that in the equation (1) the term % is multiplied by the
X gy

variable expression x” y” 7.

X Y

To transform the equation (1), we put x=¢”", y=¢" so that, X =logx and

Y =log y.
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=

2 _0z X _ 10z

Then — ===
or dX or xodX
dz oz
or X— ==
or  dX
d
gza—ED (say). (2)
Now xa(x az): 7822 92
ar U or u2 ox
= 827Z= xi_l ai
n2 ox ox
=(D-1) Dz
=D(D-1z. (3)
"z
In general " 7 =DD-D)(D=-2)... .D-n+]z. ..(4)
x
Similarly differentiating w.r.t. y, we get
dz oz d 0
7=7=D, .. .y 7575D,7
Yy Ty T Yy Ty
2
2 d ZZZD,(D,—I)Z,
dy
n
”;Zn_D’(D’—l).. (D' —n+1)z.
7y
2
Also o7z =DD’z
ox dy
m+n
and x’"y"aiz:D(D—l)...(D—m+l)D’(D’—l)...(D’—n+1)z.
axma)/il

These substitutions reduce the equation (1) to an equation having constant
coefficients and now it can easily be solved by the methods discussed for homogeneous

and non-homogeneous linear equations with constant coefficients.

Illustrative Examl)les

o’z Pz 9z
Example 35:  Solve v* 22 +2 + —=0.
14 2 xy x 3 J 8)/2

Y

Solution: Putting x = X, y=e
and denoting aix and aiy by Dand D “respectively, the given equation transforms to

[D(D-1)+2DD’+ D’ (D’ -1)]z=0
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or [D?+2DD’+D”? -D-D"]z=0
or (D+D"Y(D+D’-1)z=0.
Hence the general solution of the given equation is

2=01 (Y = X)+eX op (Y - X)

=01 (log y —log x) + x ¢9 (log y —log x)

oo 2)ornfor )4 (2] (2)

9%z 9%z 9 9z 2 3 4
Example 36: Solve x* 22 _ 4 +492 %% 16 =x .
14 2 xy x 3 J Byz Y- P J

Solution: Puttingx=¢ X y= &Y

and denoting BiX and aiy by Dand D ’respectively, the given equation transforms to
[D(D-1)-4DD’ +4D" (D’ -1+ 6D’ |z =X +4Y

or (D> = D-4DD’ +4D"2 +2D ")z =X+ 47

or (D-2D")(D-2D" -1z =X*+4
CF.=0; (Y +2X)+eX ¢y (Y +2X)

=0 (log y+2log x)+ x ¢9 (log y +2 log x)
=0, (log () +x 0 (log (1))

= fi ()5 fo ().
Now _ 1 SX+ay
(D-2D"Y(D-2D"-1)
_ 1 €3X+4Y=ix3y4_
(3-24)(3-24-1) 30

Hence the general solution of the given equation is

z=C.F.+P.I.=f1(J/)(2)+xf2(yx2)+i)63y4

2 2
Example 37: Solvexzz?2+2)g; B?c;y N 7_(x2+ n/2

Solution: Puttingx =e¢ X y= ¢¥ and denoting 87 and a—Y by D and D’ respectively,

the given equation transforms to

(DD-)+2DD’+D’ (D’ -1}z =(62X +62Y)"/2
or {D?>+2DD’+ D? =D - D"}z = (X + &Y y/?
or (D+D’)(D+D’-1)z=(X+2Y)"2
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CF=0, (Y = X)+eX ¢y (Y = X)

=¢; (log y —log x) + x ¢9 (log y —log x)

o2 oo 24 255 (2)

Now PI= ! (2% 4 o2V yn/2

(D+D’)(D+D’ -1

=(D+D’)(ID+D’—) AT
_ 1 [cnerlm(n—z))uzy
(D+D")(D+D’' 1) 2
1
—n(=n-1)
+%e(n—4)}(+4y+

nX

= [1+ln€2(Y—X)+m]
nn-1) 2

X [l+€2 Y -X )]11/2 (62){ +€2Y)n/2 ~ (x2 +y2)n/2

n(n-1) n(n-1) n(mn-1)

Hence the general solution of the given equation is

z—CF+PI—f1( )+xf( ) W

Example 38: Solve yt —q = xy. (Avadh 2009)
Solution: The given equation can be written as

Pe_2x_,

w2y Y

2

9 0z 0z 9

or -y — =
» Ty Y

Putting x = eX, y= ¢¥ and denotmg i and aiy by D and D’ respectively the given

equation transforms to
(D' (D" -)-D"yz=eX*2Y
or D’(D’—Z)z:ex+2Y.
CF.=0; (X)+e? 9y (X)
= ¢ (log x) + y* ¢, (log x)
= fi@+y* fo ()
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Now P.I.=

T2 (D' -2
_ L x+oy 1 1
2 D’"+2-2
=l€X+2Y lelygxwy
2 D’ 2

L 2
== 1 .
o W08
Hence the general solution of the given equation is
z=C.F.+PL=f](x +y fo (X)+— )gzlogy

Example 39: Solve—a————z—z—z———-

Solution: Put % ¥ = X and % y2 =Y,

so that xdv=dX and ydy =dY.
dz 0z ox 1oz

Hence
X ax aX xor
Pz 0 (oz
and =—|=
ox?2  oX \aX
_9d(ladz) or
ax xax X
1 d (1 oz
T x E)x X or
o 19
©oar 2 e
Le iaziz_iai: 822
2 oad O or gx?
.. 1 9%z | R
Similarly N R 5
DA )

Thus the given equation transforms to

0%z _ 9%z or 0%z 3 0%z _
ax?  ay? ax?  ay?
or (D> -D'?%)z=0
where = 9 D’ = 9
aX oY

(D209l
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or (D+D")Y(D-D")z=0.
Hence the solution is

=0, (Y = X)+0y (Y +X)
= f (P =)+ o (S 44

@mprehensive Exercise 6

2 2
1. SOlVexza%—yza%—yai.’_xai:O.
ox Iy dy ox

2 9 9
2. Solvexza—z+2)g/ Jz +‘y2872+xai+‘yai_2=o‘
o ox dy a),Z o y

3. Solvexzr—3)g/s+2y2t+px+2qy:x+2y.

2 2
2072 2072 _ o
o2 yayz J-

5. Solve (x*D? +2xyDD’ +y2D’2)z ="y

4. Solve x

0%z 2z

6. Solve x* a—z +2x 5

axz axay g_ b

2

2
7. Solve x“r — y“t + px — qy = log x. (Lucknow 2006)

@nswers 6

L z=fily)+ fo (i})

2. z:xfl(i})+if2 (Jx’)

3. z=f()+ fy (XZJ’)+X+J’
4 2= @)t fy (04 Py

— y y 1 m _.n
> Z_fl(x)erfZ (x)+(m+n)(m+n—l)x

6. Z=f1()7)+x2f2(y/xz)—é(x3/y2)

7. z= (/0 fo ()9/)+é(10gx)3




Linear Partial Differential Equations with Constant Coefficients

D207)Mn,

11  Classification of Linear Partial Differential Equation
of Second Order

The linear partial differential equation of the second order in 7 independent variables

Xy, X9 ,..., X, can be written as
n n 2 n
> > aijﬂ+ bi%+6‘u=0 (1)
i=lj=l axiaxj i=1 Bxi
where a@jj ,b; and ¢ are constants or functions of x, x9 ,..., x, .
0 .
Let §; represent — , fori=12,....n
Bxi
82
and 8,8 represent , for i=12,3,...,n and j=12,3,... ,n
Gx,- Bxl
n n
Consider the operator ¢= X X ajj ; 6}- ...(2)
i=1j=1

for all real values of §; positive or negative.

Now at a point xy, x9 ,..., x,, we call the linear partial differential equation given by (1)

as :

(i) elliptic if ¢ is positive for all real values of §; and it reduces to zero only when all
;s are zero.

(ii) hyperbolic if ¢ can be both positive or negative.

(iii) parabolic if the determinant A vanishes, where

ﬂl 1 al 2 e ﬂln
ayp Aagy ... Ay,
A= ... ... ... .. |=0.
Ayl 4y -~ App
If a;; are functions of xj,xy ,..., x,, the same differential equation can be elliptic,

hyperbolic and parabolic at different points.

If a;; are constants, the equation will have the same nature throughout.

12 Classification of Linear Partial Differential Equation of
Second Order in Two Independent Variables

Let us consider the equation of second order in two independent variables x and y

2 2 2
AL, g o +cﬂ+f xy,u,%,‘l” -0, (D)
o ox dy ayz ox Jy

where A is positive.
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=
Here ¢ = A% + B8 8y + C 5y
The equation (1) is

(i) ellipticif B? -4AC<O0,

(ii) hyperbolic if B 2_4AC>0,
(iii) parabolic if B 2 _4AC=0.

Notel: 1f A, B, Careconstantsthen the nature of the equation (1) will be the same in
the whole regioni.c.,forall values of xand y.The nature willdepend on B 2_4 AC.

The equation (1) will be elliptic if B 2 _4AC<0.
The equation (1) will be hyperbolic if B 2 _4AC>0.
The equation (1) will be parabolic if B 2_4AC=0.

Note2: 1f A, B, Care functions of xand y then the nature of equation (1) will not be

same in the whole region iec., for all values of x and y.

The equation (1) will be elliptic in the region where B 2 _4AC<0.

The equation (1) will be hyperbolic in the region where B 2 _4AC>0.
The equation (1) will be parabolic in the region where B 2_4AC=0.

lllustrative Exam[)les

Example 40:  Classify the operator
2 2 2
(i) u N o“u  Ju

+ PR
a  arar o (Meerut 2011)
82u 82u 82u
i) S -4 + 27
@ > oror g’
) ) )
M 4 “u 4 °u

+ +4—-
o2 ox . ot o
Solution: (i) Here A=1,B=1,C=1and so B2-4AC=1-4=-3<0.

(iii)

Therefore, the given operator is elliptic.

(ii) Here A=1, B=-4, C=1and so B> -4 AC=16-4=12>0.
Therefore the given operator is hyperbolic.

(i) Here A=1, B=4, C=4andso B> -4 AC=16-16=0.

Therefore the given operator is parabolic.
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Example 41: Classify the equation
o’z o’z 9 o’z 0z 9 0z

-2 +(1- +x—+3 ——-2z=0.
2 Waxay ( y)ay2 x= xyay z

1- %)

Solution:Consider the operator

0= A2+ B8, 8y +Cd,% whered =2 5, =
ox Iy
Here A:l—xz,B=—2)g;,C=1—y2,
and so B2 -4AC=422y" —4 (- P) (1= yH) =4 (- 1+ 4% + p%).

Since A, B, C are functions of x and y, the given differential equation is
hyperbolic in the region where

B2 —4AC>0 ic, 2+ y>>1,
parabolic in the region where

B2 _-4 AC=0 ie., at points on the circle 4 y2 =]
and elliptic in the region where

B> -4 AC<0 ie, ¥* + p* <1

@)mprehensive Exercise 7

1. Classify the following equations :
2 2 2
(i) M + d ;l + 87;{ =0
or? y 0z (Laplace’s equation) (Meerut 2007, 08, 11)

?u Fu Fu 1 u

(i) S+ 5+ o= 5
o’ Iy~ oz " ot (Wave equation) (Meerut 2007, 10)
u Fu u 1 ou

(iii) <2 + —

oyt e .
X oy z (Heat equation) (Meerut 2007)

2. Find where the following operator is hyperbolic, parabolic and elliptic
u u ou

i) —+t——+x—
) o arar | ol
.. u 9
(11) Xzyg—gg'ku

o%u o%u *u  ou
i) t —+2 ——+x — +—-
(iii) ot ax ot xaxz o




=T
3.

4.
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tu_ 9 % :
Show that the equation — =¢” — is hyperbolic.
ot o> (Rohilkhand 2008, 10)

Classify the following as elliptic, parabolic or hyperbolic :
@) &:aj (ii) &:‘9272

I a9y’

2 2

Iz 87; =0.
> dy

Classify the partial differential equation

(iii)

2 2 2
ﬁ%+3§a”t+xg?u+l7%=100u.
X

Classify the following differential equation as to type in the second quadrant of
xy-plane
(y2 + 1) Uy +2(X = p) Uy +‘/(y2 +x7) Uy, =0.

ARG e

@HSWGIS 7

(i) elliptic (ii) hyperbolic (iii) parabolic

hyperbolic if ¢ 254y , parabolic if ¢ 2 -4y and elliptic if ¢ 2.4y
(i) parabolic (ii) hyperbolic (iii) elliptic

hyperbolic if 9> 4x3 parabolic if 9 = 4x> and elliptic if 9 < 4x3
hyperbolic

@j ective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from (a),
(b), (c) and (d).
Out of the following four P.D.E., the equation which is linear:

3 2 2 2 2

(a) a—g—aa—;aiwa—;:smx b L2 [Z] o0
ox ox” Iy o> 9y
2 2

(c) a—Z+Sa—Z=O (d) none of these

7
an? y (Rohilkhand 2003)
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10.

P2

The A.E. of the equation 2r + 5s + 2t =0 is

(a) 2m® +5m+2=0 (b) 2m® —5m+2=0
() 2m* +5m-2=0 (d) 2m* =5m-2=0
The general solution of the differential equation (D2 ~2DD’+ D" yz=01is
a) z=cje +ege’
yz=ceXt 2 )

€) z=01 (x+y)+ 02 (y+x)
)z=0 (y+x)+x09 (y+x) (Rohilkhand 2002)

The C.F. of the equation (D3 -3DD?%+2D7 Yz =(x+ 2)/)“2 is

(
(b
(
(d

a) 01 (y+x)+0y(y-2x)

b) 0p (y+1)+x09 (y+x)+05(y+2x)

) O(y+x)+xdy (y+x)+03(y—-2x)

d) none of these.

The P.I. of the differential equation (D2 +3 DD’ +2 D’2)z=x+yis

o~ o~ o~ —~

(x+ ) (x+ )
s b
(a) ¢ (b) B
3

(c) (x+.) (d) none of these

36
The C.F. of the equation log s =x + y is
(@) o1 (x)+ 03 () (b) 01 () +x 02 ()
(©) oy () +xd9 () (d) none of these
The C.F. of the equation (D2 +2 DD’ + D" )z =2cos y—xsin yis
@ o1 (y+1)+02(y-x) (b) o1 (y+x0)+x0y (y+x)
() O (y—x)+x09(y—ux) (d) none of these
The solution of non-homogeneous equation (D — mD' k)z=01is
(a) z=e ¢ (y+mr) (b) z=¢™ ¢ (y—mr)
(©) z=¢"0(y+my) (d) z=¢"0(y—m)
If z = Ad™ * ¥ be the solution of (D - D" )z =0 then
(a) h=k (b) I = k>
() h=k3 (d) none of these
The C.F. of(D2 -DD’-2D)z=sin(3x+4y)isX Ae e+ B where
(a) W2 —hk-2h=0 (b) h2 +hk-2h=0

() W2 —hk+2h=0 (d) none of these
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y Q_ID-zlzJ
11. P.L of the equation (D> =3 DD’ + D’ + 1)z =¢** ¥ 3 is

12.

13.

14.

15.

(a) lg4x+5y (b) l€4x+5y
5
(c) %6’4)” > (d) none of these
The equation
"z _1 " 2 Py
Ay x" axn+A1Xn )’m+--~+AnJ’nayn+~--=f(x,)7)

can be reduced into a linear equation with constant coefficients in the variables
X and Y by substitutions

(a) x=log X, y=logY (b)x:eX,y:eY
(c) x =X, y =2y (d) none of these
The partial differential equation

Aty + Buyyy + Cu oy + f (%, 9, 1y, uy) =0
is hyperbolic if
(a) B2 -4AC=0 (b) B> -4AC<0
(c) B> —4AC>0 (d) A=B=C=0
The partial differential equation

Attyy + Bty + Cuyy o+ f(x, p, 1y, uy) =0
is parabolic if

(a) BZ-4AC=0 (b) BZ-4AC<0
(c) B2 -4AC>0 (d A=B=C=0
2 2 2

The partial differential equation 2 Iu +4 U +3 a—g =0

aZ  oxdy gy
is classified as
(a) parabolic (b) elliptic
(c) hyperbolic (d) none of these
Fill in the Blank(s)
Fill in the blanks “...... ” s0 that the following statements are complete and correct.

In the homogeneous linear partial differential equation with constant
coefficients all the partial derivatives appearing in the equation are of the ......
order.

If u is the complementary function and z; a particular integral of a linear partial
differential equation F (D, D ")z = f (x, y)then ...... is a general solution of the
equation.

A linear partial differential equation which is not homogeneous is called a ......
linear equation.
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4. The A.E. of a linear homogeneous nth order partial differential equation with
constant coefficients will give in general ...... roots.

5. The AE. of (D> +D?)z=302x+ y)is ... .

6. The partial differential equation

Attyy + Buuyy + Cuyy oy + f(x, p, 1y, 1uy) =0
is classified as elliptic if ...... .
2 2 2
7. The partial differential equation 2 I +6 su +3 a—; =0
a’  oxdy gy
is classified as ...... .
2 2 2

8. The equation AM+ B o u +Cﬂ+f x,y,u,%,% =0

> ax dy (9)/2 ox  dy
is elliptic, hyperbolic or parabolic according as B> -4 AC....
True or False
Write T for true and °F’ for false statement.

1. The A.E. of a linear homogeneous nth order partial differential equation with
constant coefficients of the form F (D, D")z = f (x, y) is obtained by putting
D=1,D"=min F(D,D")=0.

1 , x}’ + 1
2. The value of ———— +by) = +by).
e value o (D —aD’) x ¢ (ax + by) b+ ¢ (ax + by)
3. The solution of(D2 ~2aDD’ +a®> D" )z=01is
z=01 (y+a)+x0y (y+ax).

4. In case of non-homogeneous linear partial differential equation with constant

coefficients the value of ——— @+ b) y_+ly 1y
F(D,D") (D—-a,D’"-Db)

5. The CF.of(D?-3DD’+D+l)z=¢2"3Visx Ae* ™
where 1> ~3 hk + 1 +1=0.

6. In the equation (D —mD ")z = ¢ (x, y) the value of

z =ﬁ¢(x,y)=j ¢ (x,a — mx) dx, where a = y + mx .
@n swers
Multiple Choice Questions

L. (o) 2. (a) 3. (d)

4. (¢ 5. (o 6. (a)

7. (¢ 8. (a) 9. (b)




10.
13.

—_—

A2
(a)

o & wW =
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(c)

Fill in the Blank(s)
same
non-homogeneous.

B> -4AC<0
<0,>0,=0

True or False
F
F

11.
14.

b

7.

(c)
(a)

U+ zy
n

hyperbolic

12. (b)
15. (b)
5. m?+1=0
3. T
6. T
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