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Preface

This book on Differential Calculus has been specially written according to the latest
Syllabus to meet the requirements of the B.A. and B.Sc. Semester-I Students of all
colleges affiliated to Kumaun University.

The subject matter has been discussed in such a simple way that the students will find
no difficulty to understand it. The proofs of various theorems and examples have been
given with minute details. Each chapter of this book contains complete theory and a fairly
large number of solved examples. Sufficient problems have also been selected from
various university examination papers. At the end of each chapter an exercise containing

objective questions has been given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care, might

have been there.

The authors, in general, hope that the present book will be warmly received by the
students and teachers. We shall indeed be very thankful to our colleagues for their
recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, M.D., Mr. Sugam
Rastogi, Executive Director, Mrs. Kanupriya Rastogi, Director and entire team of
KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out this book in the present

nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is

meant. Suggestions for the improvement of the book are always welcome.

July, 2016 — Authors
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- _Chapt;r

Limits and Continuity

1 | Functions of One Variable

Constant: A symbol which retains the same value throughout a set of
mathematical operations is called a constant.

A variable is a quantity, or a symbol representing a number, which is capable of
assuming different values.

A continuous variable is one which can take all the numerical values between
two given numbers.

An independent variable is one which may take up any arbitrary value that may
be assigned to it.

A dependent variable is a symbol which can assume its value as a result of some
other variable taking some assigned value.

Domain of a Variable : If we give the independent variable x only those values
which lie between x= aandx= b, then all these numerical values taken collectively will
be called domain or interval of the variable. The domain is said to be closed if a and b
are included in it and is denoted by the symbol [a, b]. An open domain is denoted by
la, b[ or by (a, b). Similarly the symbols [a, b [ and ] a, b] stand for semi-open domains.
These semi-open domians are also denoted by [a, ) and (a, b] respectively.

Function : Ifydepends upon x in such a manner that for every value of x in its
domain of variation there corresponds a definite (i.e., a unique) value ofy, then yis said
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to be a single-valued function of x and is denoted by y= f(x),f denoting the kind of
dependence or relationship that exists between x and y.
This relationship is often called functional relation and f(x), f(xy), ..., [ (x,)

are called functional values of f(x) for x= x;,x,, ..., x,. respectively.

Note : The essential thingabout the definition ofa function is that for each value
of xthere must correspond a definite value of f(x). We must be in possession of a set of
rules which determine for each value of x in a certain interval, a definite value of the
function. These rules may take the shape of a single compact formula such as
f(x) = sinxor anumber of such formulae that apply to different parts of the domain of
x, for example

S =x for m/2< x< ®
f(x)= cosx for x= m.

In the first case f(x) = sin xis defined for values of x in any interval. In the second
case f(x) given by (1) is defined in the interval [0, e [.

The above definition of a function of x brings about (1) idea of the dependence
ofthe function on x (2) idea of definiteness of the values ofthe function for each value
ofx (3) idea ofsingle valuedness ofthe function (4) idea ofthe domain ofthe variable x.

We are accustomed to think that every function is capable of graphical
representation. Majority of functions are certainly capable of graphical representation
but there are some functions which cannot be represented by a graph. The function
defined as follows is such a function :

f(x) = 0 when x is rational, f(x) = 1 when x is irrational.

Set-theoretic definition of a function : Let 4 and B be two given sets. Suppose
there exists a correspondence denoted by f, which associates to each member of 4 a
unique member of B. Then fis called a function or a mapping from 4 to B.

The mapping fof 4 to B is denoted byf: 4 —B. The set 4 is called the domain of
the function f, and B is called the co-domain off. The element ye B which the mapping
fassociates to an element x € 4 is denoted by f(x) and is called the fimage of x or the
value of the function ffor x. Each element of 4 has a unique image and each element
of Bneednot appear as the image ofan element in 4. We define the range of fto consist
ofthose elements in B which appear as the image of at least one element in 4.

Equality of two functions : Two functions fand gof 4 — B are said to be equal

f(x)=sinx for 0< x< m/2
}- (D)

ifand only if f(x) = g(x) V¥ xe€ 4 and we write f= g For two unequal mappings from
A to B, there must exist at least one element x € 4 such that f(x) # g(x).

Constant function : A function f: 4 —Biscalled a constant function ifthe same
element b € B is assigned to every element in 4.

Real valued function : If both 4 and B are the sets of real numbers, then
f:4 > B iscalled a real valued function of a real variable.

Single-valued and multiple-valued functions : If y has only one definite value
when a definite value is given to x then yis called a single-valued function of x. When y
has more than one value for a value ofx, it is called a multiple-valued function of x.

Odd and Even functions : A function is said to be odd if it changes sign when
the sign of the variable is changed i.e., if f(— x) = — f(x).

A function is said to be even if its sign does not change when the sign of the
variable is changed i.e., if f(— x) = f(x).
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Bounded and unbounded functions : If for all values of x in a given interval,
f(x) is never greater than some fixed number M, the number M is said to be an upper
bound for f'in that interval, whereas if ' (x) is never less than some number m then m is
called a lower bound for fin that interval. If both upper and lower bounds of a function
are finite, the function is said to be bounded otherwise it is said to be unbounded.

By a supremum of fin an interval we mean the least of all the upper bounds of /'
in that interval. Similarly an infimum of f'is the greatest of all the lower bounds of f'in
the interval.

A rational integral function, or a polynomial, is a function ofthe form

n n—1
agx"+ a;x + ...ta,_(x+ta,
where ay, ay,...,a, are constants and 7 is a positive integer or zero.
A rational function is defined as the quotient of one polynomial by another. For

example,
Tx+ 4

22+ 3x+ 6
An algebraical function is a function which can be expressed as the root of an
equation of the form

VI AT N Ayt T2 L+ A, v+ 4,=0

is a rational function.

where 4, 4,,...,4, are rational functions of x. In particular a rational function is also

algebraical.
Atranscendental function is a function which isnot algebraical. Trigonometrical,
exponential and logarithmic functions are examples of transcendental functions.
Monotonic functions : The function y= f(x) is said to be monotonically
increasing if corresponding to an increase in the value of x in a certain interval / in
which the function f(x) is defined, the value of ynever decreases i.e.,

X > X =f(x) 2 f(x) Vx;,xe L
Similarly the function f'(x) is monotonically decreasing if
x> x=f(x) £ f(x) Vx,xne L
Also fis said to be strictly increasing iff x; > x, =/ (x)) > f(x,) and strictly
decreasing iff x; > x, =/ (x)) < f(x,).
The function fdefined by f(x) = sin x is monotonically increasing in the interval

0< x< %n and monotonically decreasing in the interval % n< x< T

Explicit and implicit functions : A function is said to be explicit when expressed
directly in terms of the independent variable or variables e.g., y= sin™ ! x+ logx.

Ifthe function cannot be expressed directly in terms of the independent variable
or variables, the function is said to be implicit e.g., the equation x¥+ y*= a? expresses
yas an implicit function of x.

Sum, Difference, Product and Quotient of two functions: Let f, g be two

functions with domains Dy and D,.If D= D; N D,, then D is common to the domains
offand g

The sum function f+ gis defined as (f+ g (x) = f(x) + g(x) V¥V xe D.

If c € R, the function ¢f'is defined as (¢f) (x) = cf(x) V' xe D;.

The difference function f— gis defined as (f— g (x) = f(x) - g(x) ¥ xe D.
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The product function fgis defined as (fg) (x) = f(x) g(x) V' xe D.
The reciprocal function 1/g of the function gis defined as
1

(;) (%) = %J\fxe D, and g (x) # 0.

The quotient function f/ g is defined as (f) (x) = At VY xe Dand g(x) # 0.

g g
2 | Limits

Consider the function y= (x> = 1)/(x— 1). The value of this function at x= 1 is
of the form 0/0 which is meaningless. In this case we cannot divide the numerator by
the denominator since x— 1 is zero. Now suppose x is not actually equal to 1 but very
nearly equal to 1. Then x— 1 is not equal to zero. Hence in this case we can divide the
numerator by the denominator.

If x is little greater than 1, then the value of y will be greater than 2 and as x gets
nearer to 1, ycomes nearer to 2. Now the difference between yand 2 is

— _ _ 2
x> 1_2=x2 a1 @= )P
x—1 x—1 x—1

- 1.

This difference (x— 1) can be made as small as we please by letting x tend to 1.

Thus we see that when x has a fixed value 1, the value of yis meaningless but when
x tends to 1, ytends to 2 and we say that the limit of y is 2 when x tends to 1. Thus we
write as

lim
e - v/e- n]= 2
Definition of limit : (Bundelkhand 2006; Purvanchal 10; Kashi 14)

Let f'be a function defined on some neighbourhood of a point a except possibly at a
itself. Then a real number | is said to be the limit of f as x approaches a if for any arbitrarily
chosen positive number €, however small but not zero, there exists a corresponding number
O greater than zero such that

lf -1l <e
forall values of x for which 0 < | X— a | < 0, where | X— a | means the absolute value
of x— a without any regard to sign.

In symbols, we then write };gaf(x) =1

We have to negate the above definition in order to show that fdoes not approach
/ as x approaches a.
If it is not true that for every e > 0, there is some & > 0 such that

0<|x—a|<8:>|f(x)—l|<8,
then there must exist an € > 0, such that for every d > 0, there is some x for which
0< |x—a|<8but|f(x)—l|<t £

This means that in order to show that fdoes not approach / as x approaches a, it
is sufficient to produce an € > 0 such that for each 8 > 0 there is some x satisfying

0< |x—al <& and |fm-1] =«
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Note 1: It is not at all necessary for }clga f(x) to exist that f'be defined at

x= a. It is enough that for some 6 > 0, fbe defined whenever 0 < | xX— a| < 0.

Note 2: If N be a neighbourhood of a, then N _ {a} is called a deleted
neighbourhood of a.

Note 3 : Ifafunction fhas a finite limit at a point a, then by the definition ofthe
limit of a function a deleted neighbourhood of a exists on which fis bounded.

Now we shall prove a theorem which is the foundation on which the definition of
limit rests. Ifthis theorem were not true, the definition oflimit would have been useless.

Theorem: [f iml)af(x) = [, and iml)af(x) =m,thenl= mi.e., ifimi)a f(x)
exists, then it is unique.

Proof: Suppose, if possible, /# m.

Let ustake e= % | [— m| .Thene> 0.

Since }Clgaf(x) = [, for a given £> 0, there exists §; > 0 such that

| f(x) - 1] < ewhenever 0< | x- al < 3, (D)

Again since };ga f(x) = m, for a given £ > 0, there exists 6, > 0 such that

|f(x)—m| < g whenever 0 < |x—a| < 9,. ...(2)
If we choose 6= min. {§,,0,}, then 0< |x— a| < 0 implies that both
0< |x— a| < d;and 0< |x— a| < 0, hold, and hence, we have

|f(x)— l| < gand |f(x)— m| < g whenever 0 < |x— a| < 0.
This implies that if0< | x— a| < &, then
li-ml = {f@-my- {f@-01 < lf@-ml+ | fe-1l
< e+ e=2¢e= |l—m|
ie., | [— m| < | [— m| , which is absurd and so our assumption is wrong.

. lim . .
Hence, I= mie,_, f(x)isunique.

3 | Algebra of Limits

Now we shall give some theorems on limits of functions which are similar to those
of limits of sequences.
Theorem1: If iml)af(x) = [# 0, then there exist numbers k> 0 and 8> 0 such

that |f(x)| > k whenever 0 < |x— a| < 0.
lim 1 1

Also then | _, m= /
Proof: Lete= % | l| . Then €> 0, because /# 0.

Since };gaf(x) = [, therefore, given € > 0, there exists > 0 such that

| f()— 1] < &, whenever 0< | x— al| < 8. (D)
Now |l = |1- i+ r@l < li- @ + lf@l <e+ | rml,

whenever 0 < |x— a| < 9, from (1).
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Whenever 0 < |x— a| < 0, we have
Lol > Lil —e= T2l = 31l =11l >0 (2)
Thus taking k = % | l| > 0, we get |f(x)| > k whenever 0 < |x— a| < 0.

This proves the first part of the theorem.

lim 1 1
Second part: Now to prove that X=a iy 1
| 1‘ I- (%) |1~ f]
We have | —- —| = = . ...(3
@7 T e |- Tl T o] )
By first part of this theorem there exist numbers k> 0 and 8, > 0 such that
1 1
xX)| > kie., < —whenever 0< | x— a| < 0,. ...(4
| )| Trol <« | | 1 4)
Let € > 0 be given.
Since };gaf(x) = [, therefore, given ¢’ > 0, there exists 8, > 0 such that
| feo— 1l < k|1l & whenever 0< | x— al < 3,. (5)
Let 8= min. {3,,0,}. Then from (3), (4) and (5), we have
1 1 1 , 1
‘f(x)_ / < / -k|l| e - kwhenever0< |x a| < 0.
=¢€.

Thus for given € > 0, there exists 8 > 0 such that

1 1
——— | < ¢ whenever 0< | x— al| < &.
‘f(x) /
lim 1 1
Hence, x—=0 m— 7
Theorem 2 : The limit of a sum is equal to the sum of the limits.

Proof: Let };ga f(x)=1 and };ga g(x) = m.

We have to show that };ga {(f+ 9 0}=1+ m.
Let £e> 0 be given.

Since };ga f(x) = [, therefore, there exists ; > 0 such that

|f(x)— l| < %8whenever0< |x— a| < 9.

Again since }Cigag(x) = m, therefore, there exists 8, > 0 such that
|g(x)— m| < %8whenever0< |x— a| < 0,.
If we take 8 = min. {§,,8,},then 0< |x— a| < d
= both0< | x-al <8 and0< |x- al < &,hold,
and consequently if 0 < |x— a| < 0, then both |f(x)— l| < %eand
|g(x)— m| < %eare true.

Nowif0< | x— a| < &, then

l(f+ 9 @-U+m)| = [ f@ -1+ gx)— m]
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< |f(X)— 1+ |g(x)— m| <%e+%e= €.

Thus | (f+ 9 - U+ m)| < € whenever 0 < |x— a| < 9.

m 4 9 () existsand 1 (f+ @ ()= 1+ m.

The above result can be extended to any finite number of functions.
In the same way, we can prove that }clga f—9x@=1-m.

Theorem 3 : The limit of a product is equal to the product of the limits.
Proof: Using the notations of theorem 2, we have to prove that

(/8) (0) =

Let e> 0 be given.
Now | (/) (9) = im|

X —a

| () g(x) = Ig(x) + Ig(x) — Im|
lf g - lg@| + | 1g) - im
lew!| lre-1l + 11l 1gw-ml. ()

Since }CHE)CZ g(x) = m, therefore g (x) is bounded in some deleted neighbourhood

IAN I

of x= a. Hence there exists k> 0 and 81> 0 such that |g(x)| < k whenever
0< | xX— a| < 9.

Since }Cl_mf(x) [ and }Clgag(x) = m, therefore, corresponding to any given

€> 0, we can find positive numbers 8, and 85 such that

|f(x)— l| < fwhenever0< |x— a| <39,

€
and |g(x)—m|<2( / +1)whenever0<|x—a|<83.
If we take & = min. {0, ,, 65}, then from (1), we get
€ €
= iml <k + L1l S

<§+E [ |l| <1]
22 ' I+ 1
¢ whenever 0< |x—a| < 0.

Thus for €> 0, we have 6> 0 such that |(fg) (%) — lm| < € whenever
0< |x—a| < 0.

Im o= 1M r() g exists and 0T (fo) (x) =

The above theorem can evidently be extended to any finite number of functions.
Theorem 4 : The limit of a quotient is equal to the quotient of the limits provided
the limit of the denominator is not zero.

Proof : Let};gaf(x) ! and }Cl_mg(x)— m# 0.

el e R

S
m g (x)

{m— g} + *{f(X)— l}‘
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| f] 1
Sm|m—g(x)|+m|f(x)—l| (1)

Since }clga f(x)= [, therefore there exists a deleted neighbourhood

Ja— 6;,a+ 8, [~ {a} of the point x= a in which the function f is bounded. Let

K> 0be such that
|f(x)| < Kwhenever 0< |x— a| < 9.

Again since g(x) # Oforallxin the domain ofgand;lga g(x)= m # 0,therefore

there exist numbers k> 0 and 82 > 0 such that

|g(x)| > k ie., W< %whenever0< |x— a| < 0,.

[See theorem 1 of article 3]
Let &’ = min (3, 6,).

The inequality (1) can then be written as

&_L Sﬂ%l»|m—g(x)|+‘l—r}1r|f(x)—l|, -(2)

g m
for all x such that 0 < | xX— a| < &.

Now take any given € > 0.

Since }c—m f(x)=land };ga g(x) = m, we can find positive numbers 65 and

9, such that

|f(x)— l| < |m| *whenever0< |x— a| < 04
and |()— |<k|m|-§heneer0<|— |<8
g(x)— m X > v X— a 4
Take 8 = min {&’, 85, 8,}. Then from (2), we get
f)

—‘ —+ —= ¢, whenever 0 < |x— a| < 0.
g(x) 2

li : li li f L.
m Jgr(—);)emsts andxlga f(();)) = xlga ( g) (x) = P ifm# 0.

Alternative Proof :

Since m # 0, therefore, by theorem 1 of article 3, };ga (1 ) exists and equals %

Now i“ia(f)(x) i‘ﬁa{f() g(x)}

= {i‘gaf( x) }{}:ga ﬁ} [By theorem 3 of article 3]
T S
T om om
Theorem 5 : Let fbe defined on D and let f(x) 2 0 forall xe D.
lim lim

If = af(x) exists, then x—)af(x) = 0.
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Proof: Suppose that }Clgaf(x) = /and /is negative.

Takinge= — %l, we can find a positive number 6 > 0 such that
|f(x)— l| < - %lwhenever0< |x— a| < 0.

It gives that
3l l
E< f(x) < §< 0 whenever 0 < |x— a| < 9.

Thisisa contradiction since we are given thatf(x) 2 0 forallxe D.Hence/cannot
be negative.
lim
Consequently , 5,f(x)= 0.

Corollary : Let fbe defined on D and let f(x) > 0 forall xe D.
If imi)af(x) exists, then iml)af(x) > 0.

Proof: Since f(x)> 0= f(x) 2 0, therefore now we can apply theorem 5 of
article 3.
Theorem 6 : Let fand g be defined on D and let f(x) 2 g(x) forallxe D. Then
iinl)af(x) > iinl)a g (x), provided these limits exist.

Proof: Let ™ rmy=14M o= m.

Let us define a function A by h (x) = f(x) — g(x) ¥ xe D. Then, we have
(i) A(x)=2 0 Yxe D.

() M g exsitsand ™ h) = 1— m.

i) ™ 7 (x) 2 0, by theorem 5 of article 3.

Thus, from (ii) and (iii), we get /— m = Oie, > m,
. lim lim
ie., xoaf® 2  S,80).

Corollary: Let f(x)> g(x) forallxe D. Then iml)af(x) > imi)a g(x), provided

these limits exist.

Theorem 7 : Letf, gand h be defined on D and let f(x) 2 g(x) = h(x) forallx.

li li

Let Y™ ()= 4 g h (%)

Then iini)a g (x) exists, and iini)a gx) = iini)a f(x) = iini)a h ().

Proof: Let '™ r="1" jh@=1

Then corresponding to any given €> 0, we can find positive numbers §; and 0,
such that

|f(x)— l| < g whenever 0 < |x— a| < 9

ie., I- e< f(x)< I+ ewhenever 0< | x— a| < §, (D)

and I- e< h(x)< I+ ewhenever 0< | x— a| < 8,. (2
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Choosing & to be smaller than 8, and 8, , we see from (1) and (2) that

I—e<h(x) < gx) < f(x) < [+ e whenever 0 < |x— a| < 9.
Thus - €< g(x) < [+ & whenever 0 < |x—a| < d
or |g(x)—l| < g whenever 0 < |x—a| < 0.

Hence }Cigag(x) exists and }Cigag(x) =1
Theorem8: If ™ ()= L then ™ | r0] = 1] .
Proof: Wehave | f)— 1] = | | ol - 1] |, forallx. (D)

(o Tp=ql = 1 1pl - Tql |
Let £e> 0 be given.

Since }Clgaf(x) = [, therefore, given € > 0, there exists a number 8 > 0 such that

| 7(x) = 1] < e whenever 0< | x— al| < 8. (2
From (1) and (2), we get

| |f(x)| - | l| |< € whenever 0 < |x— a| < o.
Consequently}ciga |f(x)| exists and }Ciga |f(x)| = | l| .

Theorem 9 : [f there is a number 8> 0 such that h(x)= 0 whenever
0< |x— a| < 9, then iml)ah(x)= 0.
Proof: Foranye> 0,the number > 0, given in the hypothesis of the theorem

is such that 4 (x) = 0 whenever 0 < |x— al <9
or |h(x)— 0| = 0< ewhenever 0< |x— a| < 0.

Hence }CHE)CZ h(x)= 0.

Corollary: If there is a number 8> 0 such that f(x)= g(x) whenever
0< | x—al <38, thenimi)af(x)= imi)ag(x).

Proof: Let us define a function / by setting

h(x)= f(x)— g(x) for all x.

Then 4 (x) = 0 whenever 0 < | xX— a| < 0.

Now, apply theorem 9 of article 3.

Note : The above corollary has deep implications. It asserts that the concept of
limit is a ‘local’ one. If two functions agree on some neighbourhood of a point a, then
they cannot approach different limits as x approaches a.

Theorem 10 : If iml)a f(x)=0 and g(x) is bounded in some deleted

neighbourhood of a, then iml)a f(x)gx)= 0.

Proof: Since g(x) is bounded in some deleted neighbourhood of a, therefore
there exist numbers k£ > 0 and 6, > 0 such that

|g(x)| < k whenever 0 < |x— a| < 9. (D)
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Now take any given € > 0.
Since }Cm_lm f(x) = 0, therefore there exists 8, > 0 such that

| r@ -0l = | rl < %whenever0< |x—al <3, (2

Now take 6 = min (8, 8,). Then for all x such that 0 < |x— a| < 0, we have
lfme@w-ol=lrmewl = lrml . lgwl

< % k=¢,using (1) and (2).
lim

Hence 5, f(x)gx) = 0.
. lim .

Illustration : We have , _y( xsin(1/x)= 0

because};go x= 0and | sin(l/x)| < 1forallx# 0 ie.,sin(1/x)is bounded in some

deleted neighbourhood of zero.

4 | Right Hand and Left Hand Limits

Definition : (Right-hand limit) : A4 function f is said to approach | as x
approaches a from right (or from above) if corresponding to an arbitrary positive number
€, there exists a positive number 8 such that | f(x) - l| < e whenevera< x< a+ 0.

It is written as}cm_lm_,_ 0f)=lorf(a+ 0)= L

The working rule for finding the right hand :
“Put a+ hfor xin f(x) where & is + ive and very very small and make 4 approach
zero”.

In short, we have f(a + 0) = }lml)of(a + h).

Definition : (Left-hand limit) : A function fis said to approach l as x approaches
a from the left (or from below) if corresponding to an arbitrary positive number €, there
exists a positive number 8 such that

|f(x)— l| < e whenevera— < x< a.

It is written as}cm_lm_ 0f)="lorf(a— 0)= 1L

The working rule for finding the left hand :

“Put a— hfor xin f(x) where & is + ive and very very small and make 4 approach
zero.”

. lim

In this case, we have f(a— 0)= j, ¢ f(a— h)

Important Note : If both right hand limit and left hand limit of fas x —a, exist
and are equal in value, their common value, evidently, will be the limit of fas x —a. If
however, either or both ofthese limits do not exist, the limit of fas x —a does not exist.
Even if both these limits exist but are not equal in value then also the limit of f as
x —a does not exist.
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S | Limits as x > + oo (— )

Definition : A function fis said to approach | as x becomes positively infinite, if
corresponding to each €> 0, there exists 8> 0 such that |f(x) - l| < € whenever
x> 0.

Then we writeimi)m f)=1 or f(x)—>lasx—oo.

Definition : A function f is said to approach | as x becomes negatively infinite, if
corresponding to each €> 0 there exists > 0 such that |f(x) - l| < & whenever
x< - 0.

Then we write imi)_ wf(X)=1

or f(x) =>lasx —>— oo,

Note 1: The results on the limits of sum, product and quotient of functions also
hold good here provided that in these cases [+ m, Im, [/m are defined.

Note 2: If };goof(x) = [ exists, };gm g(x) does not exist (as a finite real

lim . C
number), even then ;, 5, f(x) g(x) can exist. Similar is the case asx =>— oo.

6 | Infinite Limits

Definition : A4 function f is said to approach + o as x approaches a, if
corresponding to any €> 0, there exists 0> 0 such that f(x)> € whenever
0< |x— a| < 0.

. lim
Then wewrite y _y,f(x)= o or f(x)tends to - as x tends to a.

Definition : A4 function f is said to approach — o as x approaches a, if
corresponding to any €> 0, there exists & > 0 such that

f(x) < — e whenever 0 < |x— a| < 0.

. lim
Then wewrite y _s,f(x)= — o or f(x)tendsto— o asxtends to a.

I[Iuslrative Examl;)les

Example 1 : Let fbe the function given by f (x) = 2 :

Using (&, 8) definition show thatimi)af(x) = 2a.

Solution : Let € > 0 be given. In order to show that
lim
X —)af(x) = 2a,
we have to show that for any given € > 0, there exists a number 8 > 0 such that
|f(x)— 2a| < g whenever 0< | xX— a| < 0.
2= a2

X— a

If x# a, then |f(x)— 2a| - 2a = | (x+ a) - 2a| [ x# a]

| x—al.
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| f(x)— 2a | < 8,if|x— a| < €.
Choosing a number  such that 0 < 8 < &, we have
|f(x)— 2a| < e whenever 0 < |x— a| < 0.

Hence }Clgaf(x) = 2a.

Example 2 : Using (g, d) definition show thati”lo (x sin L= 0-
(Meerut 2012, 13; Rohilkhand 13B)

Solution : Let e> 0 be given. In order to show that }Cln_l>0 (x sin x) =0,

we have to show that for any given € > 0, there exists a number 8 > 0 such that

1
xsm;— 0| < e whenever 0 < |x— 0| < 0.
1 1 1
Now xsin—— 0] = | x| sin—| < |x| , because | sin— | < 1.
X X X
1
xsm;— 0| < € whenever |x| < €.
Choosing a number & such that 0< 8 < €, we have
1
xsin—— 0| < € whenever 0 < |x| < 0.
X

Hence };go xsin%= 0.

Show by (g,8) method that the function f, defined on R— {0} by

Example 3 :
(Meerut 2013B)

f(x) = sin (1/x) whenever x# 0, does not tend to 0 as x tends to 0.
Solution : In order to show that sin (1/x) does not tend to 0 as x tends to 0, take

€= % . By Archimedean property of real numbers for any & > 0 there exists a positive

integer n such that

n> L ie, 0> 1
nm

o
2 1 1
0< (4n + l)Tt< 2nn< nTt< 5.

2
Take X—m' Then 0 < |X—0| < 0.

Also, | sin(1/x)— 0| = | sin 2nm + %n)| =1>e

Thus we have shown that there exists an €> 0, namely %, such that for every

. 2 . e
8> 0 there is an x[— (n+ 1)75’ where n is a positive integer such that

ﬁ< 8} such that
0< | x— 0] < &and | sin(1/x)— 0] > &

Hence sin (1/x) does not tend to 0 as x tends to 0.
lim | X 2|

Example 4 : Show that 5o T does not exist.
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Solution: Letf(x)= | x— 2| /(x— 2)-
We have the right hand limit i.e.,

lim Clim |2+ h— 2]
fR+0)=p50fC2+ )= h=0"0% h=2)

lim A lim )
=h—0,=h—>0l=1;
and the left hand limit i.e,,
lim Clim | 2- - 2]
f(2— 0)_h—>0f(2_ h)‘h—)() 2-h-2)

_ lim |—h|_1im “h_lim B
=h—0 _, Tho0_,=h—-0-1=-1

: lim | x- 2] .
Since f(2+ 0) # f(2— 0),hence , > T_ o does not exist.
Example S : Evaluate the following limits if they exist :

lim x*+3x+ 2

(a) x—=2 x— 2
Solution : Here the right hand limit i.e.,
li li 24 W2+ 32+ h)+ 2
@+ 0= W™ @+ hy= m @7+ 32+ R
24 h—2
lim 12+ 7h+ A% 1lim (12
=h-0 5, = h—>0(h+ 7+ h)= o
and the left hand limit i.e.,
li li 2- W2+ 3Q2-h+2
F@- 0= [T or@- py= jm BT3GR
2-h-2
lim 12— 7h+ A% lim 12
=h—=0  _, = ho0|" ,t T h)= -

Since f(2+ 0)# f(2— 0), hence };ng(x) does not exist.

(b) ff’lo (1+ x)l/x

Solution : Here the right hand limit i.e,,

FO+ 0)= M or0+ = P00ty = 100 1+ )/

1) 16

_ lim 1 2 3
Shoo| Mttt Ty e 123 ot
_lim 1 L=k L= k(1= 2h ]
_h—>0[1+1!+ T 31 o

TS S T
= +1!+2!+3!+...<>o—e.

Similarly, the left hand limit i.e.,

f(0-0)= }zin—l>of(0— h) = },iniof(— h) = }fnl)o(l— By~ Vh= e



LIMITS AND CONTINUITY

D-17

Thus both f(0+ 0) and (0 — 0) exist and are equal to e.

Hence };go(l +0)lr=e

(©) lim sinx. (Bundelkhand 2008; Kanpur 09)
X
Solution: Let f(x)= %
Here  f(0+ 0)= lim 0+ hy= lim I(h) = lim sinh
- h0 T ho0! T 50 g
B
Cdim "3 T sT im R AR
T h—>0 h T h—0 3L 50 )
. lim lim
Similarly JO=0)= 50 /(0= )= p50 /(= h)
_lim sin(=h) lim sinh _ 1
Tho0 - ho0 T, T
Since  /(0+ 0)= £(0- 0)= 1, hence o ¥ = 1
lim  sinx
(d) X ooy (Bundelkhand 2008)
Solution : };gm ¥= Jl,lgo ysin (1/y), puttingx= 1/y.

Let S(y) = ysin(1/y)-
We have, right hand limit ie., f(0+ 0) = },‘“_‘>0f(o + h)
= W0y = 1™, o hsin (1/h)

= 0 x a finite quantity lying between — 1 and 1
= 0.
. S lim
Similarly, left hand limitie, f(0— 0)= 0/ (0- h)

lim lim lim

= oS (= = o= hysin(= 1/h) = o hsin (1/h) = 0.

Since  f(0+ 0)= f(0— 0)= 0, therefore ;‘go ysin (1/9) = 0

. lim sinx_0
ie., x> =0

lim 1
(e) L _osin—
X

Solution : Let f(x) = sin (1/x).

Here 70+ 0)= 1070+ = ™0/t = kg sin -

As h —0, the value of sin (1/A) oscillates between + 1 and — 1, passing through
zero and intermediate values an infinite number of times. Hence there is no definite
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number / to which sin (1/4) tends as & tends to zero. Therefore the right hand limit

f(0+ 0) does not exist.

Similarly the left hand limit /(0 — 0) also does not exist. Thus};go sin (1/x) does

not exist.
lim a*-1
(f) X —0 . (Meerut 2003; Lucknow 08; Kanpur 10)
X
. a*— 1
Solution: Let f(x)= .
1+ xloga+ (x*/2)) (loga)’+ ...— 1
B X
x[loga+ %x(loga)2+ o]
B X
h 2
h{loga+ 5(loga) + ...
Here  f(0+ 0)= 1™ /()= 1 ; = loga.
Also  f(0- 0)= i 0f(0— B = h™50f (= h) = loga.
. lim a*-
Since  f(0+ 0)= f(0— 0)= loga, therefore ,, 5 = loga.
lim 1
(g) x_)();_ el/x_
Solution: Let f(x)= %.el/x.
li li li 1
Then  f(0+ 0)= 4 T0/(0+ M= 3 D0/ 00 = D0 €
= o, since both 1/4 and ¢!”” tend to  as i —0.
li li li 1 _
Also  f(0—-0)= o/ (0— )= g hof(=h) = poso- PR
_ }lim 0= I }lim 0 -1
T hn— 1I/h = h—
he plie Lo Lo Lo
h 2! ;2
_ lim -1 B
Th=0 00 (2 L
Since  f(0+ 0)# f(0— 0), therefore }Clgoiel/x does not exist.
lim (1+ x)"-1
DS
n_
Let f(x) = M
X
li li 1+ A)"—1
Then  f(0+ 0)= 0/t = o A
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nn-1) , B
lim 1+nh+72! he+ ...— 1
= h—0 h
h[n+7n(n_ 1)h+ ]
. 21!
lim
= h—=0 h
lim nmn-1)
= h_>0|:n+ Tk+ :|= n.
li li
Also 0= 0= 30/ (0= h)= T f (= h)
_lim (1= h)"- 1
Tho0
S Y S YA Gt D PSS S
lim 21!
=h—>0 —h = n.

Since £(0+ 0)= f(0— 0)= n, therefore };gof(x)= n.

. lim x"— a™
() x—=a 4
m __ m
Solution : Let f(x)= e
x—a
lim lim (a+ M"~ a"

Then  f(a+ 0)=p S0f(a+ h)= p 50

i |1+ ) - 1]

a+ h— a

= h—>0 h
_ lim a"™ | h m@m— 1) h* |
_h—)OT + m + 21 a2 -
_lim m| m (m — 1) i _ m . M _ m—1
=504 [a+ 5 a2+ ..:|—a a—ma
: : _ p\m _ o m
Also  f(a- 0)= ™o (a~ b= };H—ﬂo%= ma" = 1.

Since  f(a+ 0)= f(a— 0)= ma™~ !, hence };fgaf(x)= ma™ = 1,

Example 6 : Find the right hand and the left hand limits in the following cases and
discuss the existence of the limit in each case :

. lim 2x*— 8 o lim e =1
(l) x—=2 x—2 Ul)x—)()e]/x_'_ 1’

(Meerut 2003; Kanpur 11; Rohilkhand 14)
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(iii) ii’lof(x) where f (x) is defined as
f(x)=x,whenx> 0; f(x)= 0,whenx= 0; f(x)= — x, when x< 0.
(Purvanchal 2008)
27 -8
x— 2

lim _lim 22+ h)*-38
h—)()f(2+h)_h—)0 24 h—2

lim 204+ 4h+ hY)— 8  lim 8h+ 2i>

Solution : (i) Letf(x)=

We have f(2+ 0)

_ Jim B (8 2h) (8; 2h) _lim 84 oy = 8.
lim lim 2(2- h)?*-38

Again - f(2=0)=p 50/ C=-MN=p50 ,_ -5
lim 24— 4h+ h%)— 8 1lim - 8h+ 2h?

= h—>0 —h = h—>0 —h
lim — 28— 2h) lim
=h—=0 _,  =h—>0@=2)=38
Since  f(2+ 0)= f(2—- 0) = 8§, therefore }Clgz 25__28 exists and is equal to 8.
1/x
e’r— 1
ii) Let X)= ——
() Let f(= "7 —
Here the right hand limit, i.e.,
lim lim lim e/"-1

SO+ 0= p—0/O0+ D=0/ =h>0 in

lim e [1- (1/eV"
h=0 7k 14 (176
Again the left hand limit, i.e.,

lim lim lim e A1
fO=0)= j 50f(0=h)= j S0f(= h)= heom

lim (/eH—-1_0-1_ .

TR0 ey e 1T 0 1T
. lim e/%— 1 ,
Since  f(0+ 0)# f(0— 0), hence , R does not exist.
(iii) We have the right hand limit i.e., £ (0 + 0)
= };H_lwf(o + h), where h is + ive but sufficiently small
= hm oy = M, [ h> 0andf(x) = xifx> 0]
= 0.
Also, the left hand limit, i.e., (0 — 0)
lim

= 5 —0/f(0— h), where his+ ive but sufficiently small
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= WM f=my= M- (= k), [- h< Oandf() = - xifx< 0]
= },lmlo h= 0.

Thus both the limits (0 + 0) and /(0 — 0) exist and are equal to zero.
Hence }Cm: 0/ (x) exists and is equal to zero.

x ifxisrational

Example 7: Let f(x)= ﬁ- x ifisirrational

l

im . -
Show that . _ , f(x) exists only when a = 0. (Purvanchal 2007)

Solution : Casel: Ifais a non-zero rational number.
In this case f(a — 0) = },mlof(a— h)
lim lim
=p_ola=h) or p o= (a- h),

according as (@ — h) is rational or irrational
= aor— ai.e, is not unique.

O f(a— 0)does not exist.
O }le o/ (%) does not exist.

CaselIl: Ifa= 0. Inthiscasef(0- 0)= };Illof(o— h) = };Illof(— h)

= }11111 o(=h) or }lml 07, accordingas —h isrational or irrational
= 0.
Again  f(0+ 0) = }tml 0f(0+ h)= }tml 0/ ()
lim

=h_0h or }11111 o (= k), according as 4 is rational or irrational
=0.
Since f(0+ 0) = f(0— 0) = 0, hence }Cm: 0f (%) exists and is equal to zero.
Case IIl : Ifais an irrational number.
In this case f(a — 0) = }linlof(a— h)
=™ o=k or ™ o= (a= h)
according as (a — h) is rational or irrational
= aor— ai.e, is not unique.
O  f(a- 0)does not exist.
O }le o/ (%) does not exist.

Thus we see that }Cm_j, of (%) exists only when a = 0.
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Example 8 : Discuss the existence of the limit of the function f defined as
f=Lifx< 1; f()=2-xifl<x<2; f(x)=2,ifx=2
atx= landx= 2.
Solution : Atx= 1. We have
f(1+ 0)= };H_lwf(l + h), where A is+ ive and sufficiently small

li li
=M o2- 1+ W)= o= )= 1;

li li
and fU=0= D= h= %0 ()= 1.
Since  f(1+ 0)= f(1—- 0)= 1, hence }Clglf(x) exists and is equal to 1.
Atx= 2. Wehave f(2+ 0)= };H_lwf(2+ h) = },‘“_ﬂo ()= 2;

li li li
and Q= 0= 350/ =502~ Q= = h50h= 0.

Since  f(2+ 0)# f(2— 0), hence ;122 f(x) does not exist.

lim lim 1
Example9: If .,/ (x)= % oo, then x%a%z 0
Solution : Let }Clgaf(x) = + oo,

Lete> 0be given.Ifg; = 1/¢,then g, > 0.

Since };gaf(x) = oo, therefore for &, > 0, there exists 8 > 0 such that

f(x) > ¢ whenever 0 < | xX— a | < d
1 1
ie., < — whenever 0< | x—a | < &
fx) & | |
1
ie., 0< ——<¢ whenever 0 < | xX— a | <90 e=1/¢e
7 [ !
1
ie., — e< ——< & whenever 0< | x—a| <90
f(x)
1
ie, 0| < € whenever 0< | xX— a | < 0.
f(x)
lim 1
x—)af(x) -
Similarly it can be proved that
lim 1 lim
x%a%= 0 whenx_mf(x): — oo,
sin [x]

Example 10: If f(x)= ,[x]# O0and f(x)= 0, [x]= 0,

[x]
where [x] denotes the greatest integer less than or equal to x, then find imi)Of(x).

(Kanpur 2010)
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Solution : Here £(0+ 0)= W™ 070+ )= 1o/ ()= W™ 00 [ [h]= 0]
= 0.
lim lim

Also  f(0—-0)= j, 0/ (0= h) =} S0/ (=h)

lim sin[— /4]

_lim sin(=1) sin(=1) .
= 150 D) - (1 =sinl=# 0.

Since f(0+ 0) # f(0— 0), therefore };gof(x) does not exist.
'@mprehensive Exercise 1

1. (i) If };ga S and};ga g(x) do not exist, can

lim lim .
)
xX=a [f(®)+ g(x)] or xX=a [f(x) g(x)] exist ? (Kumaun 2008)
(ii) Using definition of limit, show that "™ f(¥) = 1 where
_ 1+ 2 ifx= 0
S = { 0 ifx=0.

2, ifxisirrational

2. Iffisdefined on Rasf(x) = {1 ifxisrational

prove that };ga Jf(x) does not exist for anya € R.

0, ifxisirrational

3. Iffis defined on Ras f(x) = {1 fxisrational

prove that }CHE)CZ f(x) does not exist for anya € R.

4. Ifx—0, then does the limit of the following function fexist or not ?
f(x)=x, whenx< 0;f(x)=1, whenx= 0;f(x)= X2, when x> 0.
25— 1 .
(1+x02-1

6. Iff(x)= e ¥ showthatatx= 0,the right hand limit is zero while the left hand
limit is + oo, and thus there is no limit of the function at x= 0.

. x_
5. Use the formula }C‘nj)() 2

L loga to ﬁnd};go

7. Give an example to show that }CHE)CZ Jf(x) may exist even when the function is not

defined for x= a.

X, 0< x< 1
8 Letf(x)= {3_x 1< x5 2

Show that };21 + f(x) = 2.Does the limit of f(x) at x= 1 exist ?

Give reasons for your answer.
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im  x— | x|

9. Evaluate }an)() — (Meerut 2001)
; | sinx|

10. Evaluate};go B
lim el/x

11. Evaluate —_—
20 iy (Avadh 2010)

12. Iff(x) = apx"+ a; x"~ 14 a,x"” 24 4 a,,then prove that
lim

x—a &)= f(a). (Garhwal 2011)

P

- [ Answers 1 -

1. Yes. 4. Yes; }Clgof(x)=0. 5. 2log2. 8. Doesnot exist.

9. Right hand limit is 0 and left hand limit is 2 and so the limit does not exist.
10. Does not exist because the right hand limit is 1 and the left hand limit is — 1.

11. The limit does not exist because the right hand limit is 1 and the left hand limit
is 0.

7 | Continuity

(Purvanchal 2010, 11; Avadh 14)

The intuitive concept of continuity is derived from geometrical considerations. If
the graph ofthe function y= f(x) is a continuous curve, it is natural to call the function
continuous. This requires that there should be no sudden changes in the value of the
function. A small change in x should produce only a small change in y. Moreover for
the graph to be a continuous running curve, it should possess a definite direction at
each point.

But the continuity as defined in pure analysis is quite distinct from the intuitive
or the geometrical concept ofthe term. Sometimes drawing a graph is difficult. We now
give the arithmetical definition of continuity given by Cauchy.

Cauchy’s definition of continuity : A4 real valued function f defined on an open
interval I is said to be continuous at a € 1 iff for any arbitrarily chosen positive number €,
however small, we can find a corresponding number 8 > 0 such that

|f(x)—f(a)| < 8whenever|x— a| < 0. (D)
(Bundelkhand 2010; Kanpur 11)
We say that fis a continuous function if it is continuous at everyx e 1.
In other words, f'is continuous at ¢ if for any given € > 0, we can find a > 0 such
that
|x— a| < 8:>|f(x)—f(a)| < E.
Thismeansthat the function fwill be continuous at x= aifthe difference between

f(a) and the value of f(x) at any point in the interval Ja — J,a + O[ can be made less
than a pre-assigned positive number €. Note that we choose d after we have chosen €.
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Geometrical Interpretation of Continuity :

A geometrical interpretation ofthe above definition is immediate. Corresponding
to any pre-assigned positive number €, we can determine an interval of width 23 about
the point x= a (see the figure) such that for any point x lying in the interval
Jla— 8,a+ 9J[,f(x) is confined to lie between f(a) — €and f(a) + €.

The inequality (1) may be written in the form of an equality as

f@) = f(a)+ n,where | n| < e
}.’
flnp+ e

el

flal - &

M’n‘

£t g-b g a+h

Note 1: For a function f(x) to be continuous at x= a, it is necessary that
}Clgaf(x) must exist.

Note 2 : The function must be defined at the point of continuity.

Note 3: The value of & depends upon the values of € and a.

Note 4 : The interval / may be of any one of the forms :

]aab[a]_ oo’b[’]a’oo[’]— oo’oo[_

An alternative definition of continuity: A function fis said to be continuous at
ae Il iff imi)af(x) exists, is finite and is equal to f(a) otherwise the function is
discontinuous at x= a.

This definition of continuity follows immediately from the definition of limit and
the definition of continuity. Thus a function f is said to be continuous at a, if
fla+ 0)= f(a— 0)= f(a). This is a working formula for testing the continuity of a
function at a given point. (Bundelkhand 2008, 10; Kashi 12)

Important Remark: If f(x)= ayx"+ a;x"~ Ty o+ a,_1x+a, is a
polynomial in x of degree n, then by the above definition it can be easily seen that f(x)
is continuous for all xe R.

If ¢ be any real number, then

lim lim _
x—oc SO =356 tagx™+ ax” Ly L+ a,_x+ a,;}
1 lim - lim lim
ayx e X"+ ajx e X"+ Lt a, x50 Xt x50 oa,

_ lim
agc"+ a;c” Ty o+ a,_,c+a, ['-'x—>c xX=c

= f(o.



D-26 Ksiséwas DIFFERENTIAL CALCULUS

Since };n_l)c f(x) = f(c), therefore f(x) is continuous at x= c.

Thus f(x) is continuous at every real number ¢ and so f(x) is continuous for all
xe R

Thus remember that a polynomial function f(x) is always continuous at each
point of its domain.

Continuity from left and continuity from right :
Let [ be a function defined on an open interval I and let a € 1. We say that f is

continuous from the left at a if imi)a — 0f (x) exists and is equal to f (a). Similarlyfis said

to be continuous from the right at a if imi)a + 0S (x) exists and is equal to f (a).

From the above definitions it is clear that for a function fto be continuous at a,
it is necessary as well as sufficient that fbe continuous from the left as well as from the
right at a.

Continuous function : A function f is said to be a continuous function if it is
continuous at each point of its domain.

Continuityin an open interval : A function fis said to be continuousin the open
interval ]a, b[ if it is continuous at each point of the interval. (Bundelkhand 2009)

Continuityin a closedinterval : Letfbe a function defined on the closed interval
[a, b]. We saythat fis continuous at a if it is continuous from the right at @ and also that
fis continuous at b ifit is continuous from the left at b. Further, fis said to be continuous
on the closed interval [a, b], if (1) it is continuous from the right at a, (ii) continuous
from the left at b and (iii) continuous on the open interval Ja, b[.

Thus if a function f'is defined on the closed interval [a, b], then

(i) it is continuous at the left end point a if f(a) = f(a + 0)

. lim
Le., f@=x5a+0 /)
(ii) it is continuous at the right end point b if f(b) = f(b— 0)
. lim
ie., Sy = ¥5p_ 0 [
and (iii) it is continuous at an interior point c of [a, b] i.e,at ce Ja, b [if

fle=0)= f() = fle+ 0 ienif M 0 £ = f(©= 2™t 0 f(D.

8 | Discontinuity

Definition : If a function is not continuous at a point, then it is said to be
discontinuous at that point and the point is called a point of discontinuity of this function.
Types of discontinuity : (Avadh 2014)
(i) Removable discontinuity : (Meerut 2011)

A function f'is said to have a removable discontinuity at a point a if Lm_lmf(x)

exists but is not equal to f(a) i.e., if

fla+ 0)= f(a= 0)# f(a).

The function can be made continuous by defining it in such a way that



LIMITS AND CONTINUITY D-27

WDl @ = f(@).

(ii) Discontinuity of the first kind or ordinary discontinuity :  (Meerut 2010B)

A function fis said to have a discontinuity of the first kind or ordinary discontinuity
at a if f(a+ 0) and f(a — 0) both exist but are not equal. The point a is said to be a
point of discontinuity from the left or right accordingas f(a— 0)# f(a)= f(a+ 0) or
fla=0)=f(a)# f(a+ 0).

(iii) Discontinuity of the second kind: A function f is said to have a
discontinuity of the second kind, at a if none of the limits f(a + 0) and f(a— 0) exist.
The point a is said to be a point of discontinuityofthe second kind from the left or right
according as f(a — 0) or f(a + 0) does not exist. (Meerut 2003, 10B)

(iv) Mixed discontinuity : (Meerut 2012B)

A function f'is said to have a mixed discontinuity at a, if f has a discontinuity of
second kind on one side of @ and on the other side a discontinuity of first kind or may
be continuous.

(v) Infinite discontinuity : A function fis said to have an infinite discontinuity
ataiff(a+ 0)orf(a— 0)is+ o or— o.Qbviously, if fhas a discontinuity at a and is
unbounded in every neighbourhood of @, then fis said to have an infinite discontinuity
at a.

9 | Jump of a Function at a Point

Ifboth f(a+ 0) and f(a — 0) exist, then the jump in the function at a is defined
as the non-negative difference f(a + 0) ~ f(a — 0). A function having a finite number

of jumps in a given interval is called piecewise continuous or sectionally continuous.

Illuslrative Examl;)]es

Example 1 : Test the following functions for continuity .
(i) f(x)= xsin(1/x),x# 0,f(0)= 0atx= 0. (Kanpur 2005; Avadh 08;
Meerut 09B; Purvanchal 09; Kashi 12; Rohilkhand 14)
Also draw the graph of the function.
(ii) f(x) = 2V when x# 0, f(0) = 0 atx= 0.
(i) f(x) = 1/(1 = e V%), x# 0,1(0)= 0atx= 0.
Solution : (i) Here f(0+ 0)= }lm_lw £O0+ h),h> 0
= hm = WM sin%= 0. [See theorem 10 of article 3]

[ Im - h= 0and

sin% < 1forall ## Oi.e., sin(1/h) is bounded

in some deleted neighbourhood ofzero}

Similarly (0 — 0) = }lml)o fO—=h)y,h>0
lim lim . 1 lim 1
=ph50 f(=h=p 0 (= h)sin — 7 h>0 hst: 0, as before.

Also f(0)= 0.
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Thus £(0— 0)= £(0)= f(0+ 0).

- the function f(x) is continuous at ¥r
x= 0. f\]\ /(\
To draw the graph of the function we N e
puty= f(x).

So the graph ofthe function is the curve S N e
y= xsin (1/x),x# 0 A
and y= 0whenx= 0. \///1 ,}L\M A
If we put — xin place of x, the equation
ofthis curve does not change and so this curve o .,

is symmetrical about the y-axis and it is d -
sufficient to draw the graph when x> 0. P N
Also
lf@| = lxsin/wl = [ x| - [sin(1/0]
< |xl. [ ] sin (19| < 1]
for all x the curve y= xsin (1/x) lies between the lines y= xand y= — x.

Excluding origin the curve meets the y-axis at the points where

sinl= 0 i.e., where l= T, 27, 37, ... i.e., where x= 7,L,L,
x x T 2m 3m
. 1 .1 _m 5t 9n
Also y= xat the points where sin = 1 ie, =27
y 2,22
= T sg op
. 1 .1 _3m Tn
and y= — xat the points where sin = — 1 ie., =2
i = 2,2,
* - 3TE 7TE e o
We have @= sinl+ x cosl L = sinl— lcosl-
dx X X 2 X x X

So at the points where sin (1/x) = 1, we have cos(1/x) = 0 and dy/dx= 1 i.e., at
these points the curve touches the straight line y= x. Similarly at the points where

sin (1/x) = — 1, the curve touches the straight line y= — x.
Also };gm X sini [Form e x 0]
_lim  sin (1/x) [ g}
T X oo 1/x Form 0
lim sin®

=950 T’putting%= 0 so that 0 -0 as x —oo

= 1.

Thus y —>1 as x =0 and so the straight line y= 1 is an asymptote of the curve.

Although the function is continuous at the origin, yet the graph of the function
in the vicinityofthe origin cannot be drawn, since the function oscillates infinitelyoften
in any interval containing the origin.

From the graph it is clear that the function makes an infinite number of
oscillations in the neighbourhood ofx= 0. The oscillations, however, go on diminishing
in length as x —0.
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Note 1: If we are to check the continuity of f(x) at any point x= ¢, where
c# 0, then we see that }Clgc S = }Clgc xsin%= csin%=f(c) and so f(x) is
continuous at x= c.

Thus f'(x) is continuous for allxe R i.e., f(x) iscontinuous on the whole real line.

Note 2 : If we take f(0) = 2, the function becomes discontinuous at x= 0 and
has a removable discontinuity at x= 0.

(i) Here f(0+ 0)= M0/ (0+ hy= T 021/h= 27 = oo,
I lim .
FO=0= 35070 h= 502" V=2 ==y,
and f(0)= 0.

Since f(0+ 0) # f(0— 0), therefore the function is discontinuous at the origin.
It has an infinite discontinuity there.

i) Here f0+ 0= jT0/ O+ = jTo = 1.
lim lim 1

FO- 0= 30701 = 0 =0

Since f(0+ 0)# f(0— 0), hence f(x) is discontinuous at x= 0 and has
discontinuity of the first kind. This function has a jump of one unit at 0 since
f(O+ 0)— f(0- 0= 1.

Example 2 :  Considerthe function f defined by f (x) = x— [x], where x is a positive
variable and [ x] deontes the integral part of x and show that it is discontinuous for integral
values of x and continuous for all others. Draw its graph.

Solution : From the definition of the function f(x), we have

f=x—(n-1) for n— 1< x< n,
fx)=20 for xX= n,
f)=x—n for n< x< n+ 1,where nis an integer.

We shall test the function f(x) for continuity at x= n.
We have f(n)=0;

ot 0= M rnt b= P ((n+ hy— 0} [on<nt h<n+ 1]

_ lin_l>0h= 0
and F=0)= I™ o fn=hy= W™ (= h)— (= 1)} [vn— 1< n— h< n]

i
= Lo(l-h)=1;

Since f(n+ 0) # f(n— 0), the function f(x) is discontinuous at x= n. Thus f(x)
is discontinuous for all integral values ofx. It is obviouslycontinuous for all other values
ofx.

Since x is a positive variable, puttingn= 1,2,3,4,5, ... we see that the graph of
f(x) consists of the following straight lines :

y=xwhen 0< x< 1, y= 0whenx= 1
y=x— lwhen 1 < x< 2, y= 0when x= 2

y=x— 2when2< x< 3, y= 0Owhenx= 3
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y=x— 3when3< x< 4, y= 0when x= 4 and so on.

The graph of the function thus
obtained is shown by thick lines from
x= 0 to x= 4. From the graph it is
evident that :

(i) The function is
discontinuous for all integral values of
x but continuous for other values of x. | | | I

(ii) The function is bounded | | | I
between 0 and 1 in every domain |
which includes an integer. ilr=0 r=1 - r=3 =

(iii) The lower bound 0 is
attained but the upper bound 1 is not
attained since f'(x) # 1 for any value of x.

¥

Example3 : Show that the function f (x) = [x] + [— x] has removable discontinuity

forintegral values of x. (Kanpur 2009)
Solution : We observe that f(x) = 0, when x is an integer and f(x) = — 1, when
x is not an integer. Hence if n is any integer, we have f(n— 0)= f(n+ 0)= — 1 and

f(n)= 0. So the function f(x) has a removable discontinuity at x= n, where » is an
integer.

Example4 : Lety= E (x), where E (x) denotes the integral part of x. Prove that the
function is discontinuous where x has an integral value. Also draw the graph.
Solution : From the definition of £ (x), we have
Ex)=n-1 for n- 1< x<n,
Ex)=n for n<x<n+ 1
EXx)=n+1 for n+ 1< x< n+ 2,
and so on where 7z is an integer.
We consider x= n.
Then £ (n)= n,E(n— 0)=n— land E (n+ 0)= n.
Since E (n+ 0) # E (n— 0), the function E (x) is discontinuous at x= n i.e.,when
x has an integral value.
Evidently it is continuous for all other values of x.

To draw the graph, we putn= ...,— 4,— 3,— 2,—- 1,0,1,2,3,4, ..., so that

y=—4, when —4< x< - 3,

y=— 3, when - 3< x< - 2,

y= -2, when - 2< x< -1,

y=—-1, when - 1< x<0,

y=0, when 0< x< 1

y=1, when 1< x< 2

y=2, when 2< x< 3

y=3, when 3<x< 4

y=4, when 4< x< 5andso on.

The graph is shown by thick lines.
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| I | 1 }." h 1 I 1 1
I | | I -4 I I I
I I | I I I I I
I | | I -3 | I —_
I | | I I I I I
I | | I -2 | —_ I
I | | I I I I I
I | | I S T S I I
I | | I I I I I
| ] ] | | | | |
|‘4 |—3 |‘2 |—I ofr: 1| 2' 3' 4| X
I | | 1t -1 | I I I
I | | I I I I I
I | — - -2 | I I I
I I | I I I I I
I  — I --a | I I I
I I | I I I I I
I | I - -4 I I I
| | [ | | | [ |
Example 5: Show that the function ¢ defined as
0 for x=20
%— x for 0< x< %
o@=1;  Jor x=;
%— x for %< x< 1
1 for x=1

has three points of discontinuity which your are required to find. Also draw the graph of the
function. (Rohilkhand 2009; Avadh 10, 13)
Solution : Here the domain of the function ¢ (x) is the closed interval [0, 1].
When 0< x< %,q) (x) = %— x which is a polynomial in x of degree 1. We know
that a polynomial function is continuous at each point of its domain and so ¢ (x) is
1

continuous at each point of the open interval 0 < x< 5 -

Again when % <x< Lo (x)= %— x which is also a polynomial in x and so ¢ (x) is
also continuous at each point of the open interval % < x< 1
Now it remains to test the function ¢ (x) for continuityat x= 0, % and 1.

(i) Forx= 0,we have ¢ (0)= 0,

o0+ 0)= IIH_I>0¢(0+ h) = Ilin_l>0¢(h)= IIH—1>0(%— h): L

Since ¢ (0) # ¢ (0+ 0), the function ¢ (x) is discontinuous at x= 0 and the
discontinuity is ordinary.
(ii) Forx= %, we have ¢ (%)= !

55
¢(%_ o): Izm—l>0¢(%— h): Illni>0|:%_ (%— h]] [Notethat0< - h< %]
lim
= h—o0h=0.
Since ¢ (%— 0)¢ 0 (%) , the function ¢ (x) is discontinuous from the left at
x= 1/2.

Again ¢ 1+ 0)= I;“_ﬂo 0L+ h),h> 0
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}ﬁgo[;_(;+hﬂ [ i< e n<]

lim
im0 (1= m=120(})=}
1

Thus the function ¢ (x) is discontinuous from the right also at x= -

In this way ¢ (x) has discontinuity of the first kind i.e., ordinary discontinuity at
x= % and the jump of the function at x= 1/2 is ¢(%+ Oj— 0 %— Olj ie.,
1- 0 ie, 1.

(iii) Forx= 1,we have ¢ (1)= 1,

o (1= 0)= 1M o0 (1- h)

= M0 1G/2) - (1- W), [ Notethat}< 1- k< 1]

lim
= h—>o(%+ h)= 7
Since ¢ (1)= ¢ (1— 0), o (%) is re
discontinuous at x= 1 and the discontinuity is
ordinary.
Hence the function ¢ (x) has three points of
discontinuity at x = 0,%and 1.
The graph of the function consists of the
point (0, 0); the segment of the line y= %— X,
1.

I

I

I

I

I

I

: I

0< x< 5;thepoint %, éz;the segment ofthe line s s o1
3 I
I

I

_ 1 . :
y=35-%5<x< 1; and the point (1, 1). +

Thus the graph is as shown in the figure. 5 o
From the graph we observe that the function is o
discontinuous at x= 0, % and 1.

oy

Example 6 : Determine the values of a, b, c for which the function

sin(a+ 1) x+ sinx

. for x< 0
S = c for x=0
(x+ bx2)1/2_ x1/2
o2 for x>0
is continuous at x= 0.
. lim lim (h+ bh*)12— pl/?
Solution : Here f(0+ 0)= 5, _0f(0+ h)= h—)O( b})z3/2
Cfim (AW {1+ gbh+ -1
= h—>0 bh = h—>0 bh - 2
which is independent of b and so » may have anyreal value except 0.
. lim lim sin(a+ 1)(— h)+ sin(— &
Again = f(0-0)= 50/ (00— h)=} >0 ( )((_ h) Ch

2sin(%a+ 13hcos(ah/2)
lim sin(a+ 1) A+ sinh 1lim
= 7 —0 . = 7 >0 P
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_lim sin {(a+ 2)/2} h
Tho0 vy 220k

For continuityat x= 0, we have f(0+ 0)= f(0— 0)= f(0)
1 3

. _ _ . 1 - _ 3.
ie., s=a+t 2=c. R c—ianda— 5

Example 7 : A function f(x) is defined as follows :
(x2/a) — a, when x< a

f(x) = { 0, when x= a

a— (a%/x), when x> a.

(a+ 2)cos(ah/2)= a+ 2.

Prove that the function f(x) is continuous at x= a.
(Bundelkhand 2007; Avadh 09; Rohilkhand 13)

Solution : We have f(a+ 0) = }lmi)()f(a+ h)= }lmi)()[a— (a-cil-h):|’

[ f(x)=a- (a?/x) forx> a]

[a— (a*/a)]=a— a= 0;

lim Clim [ (a— h)? ey =
fla=0)=p, S0fa=h=p 50 p —al,[f(x)= (x**/a) — aforx< a]

= [(a*/a) - a]l= a— a= 0.
Also, we have f'(a) = 0.
Since f(a+ 0)= f(a— 0)= f(a), therefore f(x) is continuous at x= a.
Example 8 : Examine the function defined below for continuity at x= a .

f(x) = I cosec( ! ),xi a
X— a X— a
fx)=0,x= a. (Avadh 2004; Lucknow 08)
Solution : We have

fla+ 0= ™o fa+ h)

lim 1 1 lim 1
Tho0 O = d T P20 in (1/h)
=+ oo , since & sin (1/h) —0 as h —0.
fla—- 0)= }lm_l)()f(a— h) = };goia_ }ll_ acosec(a_ }ll_ a)
_ lim 1 1 _ lim 1
T h—07 [h sin {— (l/h)}]_ h =0} sin (1/h)
= + oo, since & sin (1/h) —0as h —0.

Also, we have f'(a) = 0.
Since f(a+ 0)= f(a— 0)# f(a), the function f(x) is discontinuous at x= a,
having an infinite discontinuity of the second kind.

Example 9 : Examine the function defined below for continuity at x= 0 :
2
S(x)= L;zax forx# 0,f(x)= 1forx= 0. (Lucknow 2006, 07; Meerut 10)
Solution: We have f(0)= 1;

li li i sin? ah
FO+ 0= hR0r0+ =30/ 00 = 150> S
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—h—>0( ah ) .ac=1.a"= a*°;
li li lim sin® (- ah
and F0=0= D070 m= 0/~ b= };Hi)Oﬁ
lim sinah _ ,
= h—>0 2 =a
Now f(x) is continuous at x= 0 iff
SO+ 0)=f(0-0)= f(0).
Hence f(x) is discontinuous at x= O unlessa = 1.
Example 10 : A4 function f(x) is defined as follows :
f) =14+ xifx< 2andf(x)= 5— xifx=> 2.
Is the function continuous at x= 27 (Meerut 2002, 06; Lucknow 09)
Solution: Here f(2)= 1+ 20r5- 2= 3;
f(2+ 0)= };H_lwf@ + h), where 4 is + ive and sufficiently small
=}lm_1>0[5_ 2+ h], [2+ A> 2andf(x)= 5—- xifx> 2]
lim
=5 500B8-h=3;
lim

and f(2- 0)= 5 _0f (2~ h), where h is + ive and sufficiently small
=}lm_l>0[1+ 2- h], [2- h< 2andf(x)= 1+ xifx< 2]
= hm G- m= s,

Thus f(2+ 0)= f(2—- 0)= f(2). Hence the function f(x) is continuous at x= 2.

Example 11 : Discuss the continuity of the function f (x) defined as follows:
f(x)= 2 forx< — 2, f(x)= 4for— 2< x< 2, f(x)= x%forx> 2.
Solution : We shall test the continuity of /(x) only at the pointsx= — 2 and 2.
Obviously it is continuous at all other points.
At x= — 2. Wehavef(— 2)= 4;
S 24 0= P or 2+ hy= 1T oa= 4

li li

WS (= 2= = p Do (= 2= WL [v=2- h< - 2]
= 4.

Since f(— 2+ 0)= f(— 2— 0)= f(— 2), the function is continuous at x= — 2.

At x= 2. Wehavef(2)=4;

f(=2-0

@+ 0= H™or@+ = 1Mo+ m2= 4,
Iim Iim

JQ2=0)=j 50fQ2=h)y=} 504= 4
Since f(2+ 0)= f(2—- 0) = f(2), the function is continuous at x= 2.
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10 | Algebra Of Continuous Functions

Theorem 1: Let fand g be defined on an interval I. If f and g are continuous at
a € I, then f+ gis also continuous at a.
Theorem 2 : Let f and g be defined on an interval I. If f and g are continuous at
a € I, then fgis continuous at a.
Theorem 3 : [ffis continuous at a point a and c € R, then cf'is continuous at a.
Theorem 4 : Let fand gbe defined on an interval I, and let g (a) # 0. If fand g are
continuous at a € I, then f/gis continuous at a .
Theorem 5 : If fis continuous at a then | f | is also continuous at a.
Note : The converse is not true. For example, if
f(x)= - l,forx< aandf(x) = 1forx= athen
};ga |f(x)| =1= |f(a)| but }Clgaf(x) does not exist.

Thus | f | is continuous at a while f* is not continuous at a.

@mprehensive Cxercise 2

1. Discuss the continuity and discontinuity of the following functions :

(i) f(x)= x> - 3x. (i) f(x) = x+ x~ L

(iii) f(x) = e~ /7, (iv) f(x) = sinx.

(v) f(x)= cos(l/x) when x# 0,f(0)= 0. (Lucknow 2005)

(vi) f(x)= si'n (1/x) when x# 0,and f(0) = 0. (Lucknow 2011)

. sin x _

(vii) / (x) = X when x# 0and f(0) = (Kanpur 2007; Avadh 08)
1/x _

(viil) f(x) = ﬁwhen x# Oandf(0)= 1. (Meerut 2004B; Kumaun 10)

1/x
(ix) f(x) = ﬁwhen x# 0,/(0)= 0. (Lucknow 11; Bundelkhand 2011)

1/
x) f(x)= ﬁ-'- sin (1/x) when x# 0, f(0) =
(xi) f(x)= sinxcos(l/x) whenx# 0,f(0)= 0

12
2 whenx# 0
_ X
2. (i) Discuss the continuity of f(x) at x= 0, if f(x) = I-e

1 , whenx= 0

(Meerut 2008)

(i) If f(x) =

Is the function continuous at x= a?

s1n ’ﬁndf(a+ 0) and f'(a — 0).

3. Find out the points of discontinuity of the following functions :
(1) f(x)= Q2+ ")~ 1+ cosel forx# 0,f(0) =
(i) f(x)= 1/2"for1/2"* 1< x< 1/2",n=0,1,2,...and f(0) =



D-36

Kaisfwa's DIFFERENTIAL CALCULUS

10.

11.

12.

Iff(x)= isin i for x# 0and f(0) = 0, show that f(x) is finite for every value of

xin the interval [- 1, 1]butisnot bounded. Determine the points ofdiscontinuity
ofthe function if any.

x, ifxisrational

A function fdefined on [0, 1] is given by f(x) = {1 ~ y ifxisirrational

Show that ftakes everyvalue between 0 and 1 (both inclusive), but it is continuous

: 1
onlyat the point x= 5 (Rohilkhand 2012B)

Prove that the function fdefined by

L ifx isrational

f(x) =
%, ifx isirrational

is discontinuous everywhere.

1/x
(i) Show that the function fdefined by f(x) = %’xi 0,£(0)= 1
+ e
is not continuous at x= 0 and also show how the discontinuity can be
removed. (Meerut 2011; Rohilkhand 06)
(ii) Show that the function f(x) = 3x2+ 2x— 1 is continuous for x= 2.
(Lucknow 2008)

(iii) Show that the function f(x)= (1+ 20)V%, x# 0, f(x)= €2, x= 0 is
continuous at x= 0.
Examine the continuity of the function
-x  ifx<0
5x— 4 if0< x< 1
42— 3y ifl<x<?2
3x+ 4 ifx>2
atx= 0,1and2. (Meerut 2004, 06B, 07B; Avadh 06; Lucknow 06; Purvanchal 06, 10)

1/x _
(i) Show that the function f(x) = 61/71 >x# 0andf(0)= 0
e+ 1

S )=

is discontinuous at x= 0.
Show that the following function is continuous at x= 0.
P
sin” ' x
X) =
f =

sx# 0,/(0)= 1.

Discuss the continuity of the function f(x) = ﬁ >whenx# 0 and f(0)= 0

for all values of x. (Lucknow 2010; Rohilkhand 10B)
| x|
Prove that the function f(x) = . for x# 0, f(0) = 0is continuous at all points
except x= 0. (Meerut 2009; Kanpur 08, 09)
1/x ;
. . . e'/*sin (1/x
Test the continuity of the function f(x) at x= 0iff(x) = 175/)6) x# 0
+ e

and £(0) = 0. (Meerut 2005)
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13.

14.

15.

16.

17.
18.

19.

Examine the following function for continuityat x= Oandx= 1:

x2 for x<0
1 for 0<x<1

f =1, (Meerut 2001, 03, 04B, 05)
: for x> 1.

Discuss the continuity of the following function at x= 0:

cosx, x= 0
S = {— cosx, x< 0.
Test the continuity of the following functions at x= 0:
(i) f(x)= xcos(l/x),whenx= 0,f(0)= 0. (Meerut 2007)

(i) f(x) = xlogx, forx> 0,f(0)= 0.
Discuss the nature of discontinuity at x= 0 of the function f(x)= [x]— [ x]
where [ x ] denotes the integral part of x.

Discuss the continuity of f(x) = (1/x) cos (1/x).
Give an example of each ofthe following types of functions :

(i) The function which possesses a limit at x= 1 but is not defined at x= 1.
(i1) The function which is neither defined at x= 1 nor has a limit at x= 1.
(iii) The function which is defined at two points but is nevertheless discontinuous
at both the points.
In the closed interval [- 1, 1] let fbe defined by
f(x) = x%sin (1/x%) forx# 0andf(0) = 0.
In the given interval (i) Is the function bounded ? (ii) Is it continuous ?

T

"

10.
12.
13.
14.
15.

| Answers 2
N

(i) Continuous for all x. (ii) Discontinuous at x= 0.
(iii) Discontinuous at x= 0. (iv) Continuous for all x.
(v) Discontinuous at x= 0. (vi) Discontinuous at 0.
(vii) Continuous for all x. (viii) Discontinuous at 0.
(ix) Discontinuous at 0. (x) Discontinuous at 0.

(xi) Continuous for all x.

(i) No, it has a discontinuity of second kind. Here both f'(a + 0) and f(a — 0) do
not exist.

(i) Discontinuous at x= 0.

(ii) Discontinuous atx= 1/2",n=1,2,3, ...

Discontinuous at 0.

Continuous at x= 1, 2 and discontinuous at x= 0.
Discontinuous only at x= 0 and the discontinuity is ordinary.
Discontinuity of the second kind at x= 0.

Discontinuous at x= 0 and continuous at x= 1.
Discontinuous at x= 0.

(i) Continuous.
(ii) Continuous.
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16. Discontinuity of the first kind.
17. Continuous for all x, except at x= 0 where it has discontinuity of the second kind.
18. (i) f(x)= x*forx> 1,f(x)= x> forx< 1.

(ii) f(x)= — x2forx< 1,f(x)= x*forx> 1.

(iii) f(x)= 0 forx< 0,f(x) = %— xfor0< x< %,f(x)z %+ x for x> %
19. (i) Yes; (ii)) Yes.
i Objective Type QQuestions
Sl

Fill in the Blanks:

Fill in the blanks “... ... ", so that the following statements are complete and correct.
1. A function f(x) is continuous at a point x= a if xlina fx)= ...... .

(Bundelkhand 2008; Kumaun 14)

lim x?—1_

2. =
lim sin (x/4)

3. — = ...
x—0 X

4 lim -1

C ol 2T
lim Vx_

5. o (e nVr= .

6. lm a-1_-

x—0 X

7. Iff(x) = x— [x],where [x]denotesthe greatest integer less than or equal to x, then

fx)= ...... ,for3< x< 4.
X , 05 x< 1
8. Let/(¥)= {3— x, 1< x< 2.
lim

Thenx_>1_ fx)= ...... .

1 ,  x< 1
9. Letf(x)=312—-x, 1<x<?2
2 , x= 2.
N N .. lim _ ... lim _
Then (1)f(§) = ... (ii) o1t f)=...... and (iii) 0 f)=......
(Meerut 2003)
: sin x
o, Mim lsmxl
x—0- X

11. A function f(x) has a removable discontinuityatx= a if xlina f(x) exists but

is not equalto ...... .
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12. The domain of the function f(x) = % s ...... .

sin x % 0
13. The domain of the function f(x) = ) x . S ...... .

1 ,x=0

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (¢) and (d).

lim X
14. xs0 I8 equal to
(a) 1 (b) -1 (c) 2 (d) The limit does not exist
(Lucknow 2011)
lim e*—1 .
15. ts0 x| is equal to
(a) 0 (b) 1 (c) -1 (d) 2
lim X2
16. x4 x— 2 is equal to
(a) —1 (b) 1 (c) 2 (d) -2
lim ¥ 3
17. ts3- x_ 3 is equal to
(a) -1 (b) 3 (¢) 3 (d) 1 (Meerut 2003; Rohilkhand 14)
lim e/*—1 .
18. 0+ m is equal to
(a) —1 (b) 1 (c) 0 (d) 2
SINSX i vz 0
19. The value of K for which f(x) = 3x is continuous at x= 0, shall be
K ,ifx=0
(a) 1/3 (b) 3/5 (¢) O (d) 5/3 (Kumaun 2008)
20. The value of '™ sin shall be
n—0 n
(a) 1 (b) -1 () O (d) non-existent (Kumaun 2009)
: m_ ,,m
21. The value of "™ *“ =97 ghall be
xX—a x—a
(a) mx™ =1 (b) a™~! (¢c) ma™=1  (d) xm~! (Kumaun 2011)

True or False:
Write T’ for true and ‘F’ for false statement.

x, when x< 0

lim
22. Iff(x)=131 1, when x=20 thenx_>0 f(x)= 0.

x2, when x> 0,
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sin x % 0
23. The function f(x) = X is continuous at x= 0.

2 ,x=0

sinx, x= 0

. is continuous at x= 0.
—sinx , x< 0

24. The function f(x) = {

25. Forxl:na f(x) to exist, the function f'(x) must be defined at x= a.

xcos(1/x), x# 0

is discontinuous at x= 0.
0 ,x=0

26. The function f(x) = {

27. Ifa function fis continuous at a, then | f | is also continuous at a.

sinx’ %0
28. The function f(x) = X . is continuous at x= 0.
1 ,x=0
1 ,  x< 1
29. The function f(x) = 12— x, 1< x< 2 isdiscontinuousatx= 1.
2 , x=2
39, fm osmx_
X—o x
31, mosindv_
x—0 X
33, lim sin2x_ .,
x—0 X
lim sinx_ 1
33. x—=0 2x 2
ST
. Answers
S
1 3
1. f(a) 2. 2. 3. Z 4. 5 5. e
6. log,a. 7. x-— 3. 8. 1
9. (i)% (ii) 1 (iii) 0. 10. -1. 11. f(a).
12. R- {0}. 13. R. 14. (d). 15. (b). 16. (b).
17. (a). 18. (b). 19. (d). 20. (d). 21. (c¢).
22. T. 23. F. 24, T. 25. F. 26. F.
27. T. 28. T. 29. F. 30. F. 31. F.
32. T. 33. T.



Differentiability

2.1 Definitions

Derivative at a point : (Bundelkhand 2010; Purvanchal 11)
Let I denote the open interval Ja, b[ in R and let x, U 1. Then a function f: I - R is

said to be differentiable (or derivable) at x; iff

lim (o + h) = [ (x) lim () = f(x)

h o0 p or equzvalentlyx .

X0 X=X
exists finitely and this limit, if it exists finitely, is called the differential coefficient or
derivative of fwith respect to x at x = x.

It is denoted by f" (x,) or by Df (x,).

Progressive and regressive derivatives :

The progressive derivative of fat x = x, is given by

lim f(x()"' h)_f(xo) h>
h -0 h ’

It is also called the right hand differential coefficient of f'at x = x; and is denoted
by R f' (xp) or by f" (xy + 0).

The regressive derivative of fat x = x; is given by
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lim f(x() - h)- f(x())
h —0 - h ’
It is also called the left hand differential coefficient of f'at x= x, and is denoted
by L 17 (xy) or by f7 (xo— 0).
It is obvious that f'is derivable at x, iff L f” (xy) and Rf’ (x,) both exist and are
equal.
Remark: Iff(x)= ayx"+ a;x"~ Ty o+ a,_ ;x+ a,is apolynomial in x of

degree n, then f(x) is differentiable at every point a of R.

Differentiability in an interval : (Meerut 2003; Purvanchal 11)
Open interval |a, b : A function f:la, b [>R is said to be differentiable in la, b[
iff it is differentiable at every point of \a, b|.

Closed interval [a,b] : A function f:[a,b] >R is said to be differentiable in
[a, b iff R’ () exists, L " (b) exists and fis differentiable at every point of la, b|.

Derivative of a function : Let fbe a function whose domain is an interval /. If
I, be the set of all those points x of  at which fis differentiable i.e., f” (x) exists and if

I, # &, we get another function /" with domain /. It is called the first derivative of f (or

simply the derivative of ). Similarly 2nd, 3rd, ..., nth derivatives of fare defined and

are denoted by £, 1", ..., /" respectively.

Note : The derivative of a function at a point and the derivative ofa function are
two different but related concepts. The derivative of fat a point a is a number while the
derivative of fis a function. However, veryoften the term derivative of fisused to denote
both number and function and it is left to the context to distinguish what is intended.

An alternate definition of differentiability :

Let fbe a function defined on an interval / and let @ be an interior point of /. Then,
by the definition of /” (a), assuming it to exist, we have

lim S () - f(a)

f (a)= X —a X— a
i.e, f'(a) exists if for a given €> 0, there exists a 8> 0 such that
X) — a
%‘f’ (a)| < e whenever 0< | x— al < &

or equivalently

xe€ Ja— 93, a+ d[=f"(a) — €< W< [ (a) + &

2 | Geometrical Meaning of a Derivative

We take two neighbouring points P [a, f(a)]and O [a+ h,f(a+ h)] on the curve
y=rf).
Let the chord PQ and the tangent at P meet the x-axis in L and T respectively. Let
ZQLX= aand £ PTX= y.Draw PN and QM 1 to OX and PH 1 to OM.
Then PH= NM=OM- ON=a+ h—a=h,
and OH= OM - MH= QM — PN= f(a+ h)— f(a).
OH _ fla+ h) = f(a)

tan o= PH— h

(1)
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As h —0, the point Q moving
along the curve approaches the
point P, the chord PQ approaches
the tangent line 7P as its limiting
position and the angle ocapproaches
the angle .

Hence taking limits as 2 —0,
the equation (1) gives

tany= 1’ (a).

Hence f” (a) is the tangent of
the angle which the tangent line to ]: o
the curve y= f(x) at the point
Pa, f(a)] makes with x-axis.

3 A Necessary Condition for the Existence of a Finite Derivative

Theorem : Continuity is a necessary but not a sufficient condition for the existence

of a finite derivative. (Meerut 2010, 10B, 11; Kanpur 07, 12; Avadh 10; Kashi 14)
lim /() = f(xp)
X =X, x—ixo

/7 (xg). Now, we can write f(x) — f(xy) = JM

Proof: Let fbe differentiable at x;. Then exists and equals

. (x— xg), ifx# x;.
0

Taking limits as x —x,, we get

lim (7 - (] 2 lim {f(x) ALY (xo xo)}

—)XO

X =X X=X
lim f(¥) = f(x) lim ,
=x—>x0 x- x, 'x—>x0(x_ x) =1 (x).0=0,
lim 3
so that x—>x0f(x) = f(xp).

Hence fis continuous at x,. Thus continuity is a necessary contidion for

differentiability but it isnot a sufficient condition for the existence ofa finite derivative.
The following example illustrates this fact :
Let f(x) = xsin(1/x),x# 0and f(0) = 0.
This function is continuous at x= 0 but not differentiable at x= 0.
. lim lim
Since x—0 S = x—0
continuous at x= 0.

xsini= 0= f(0), therefore the function f(x) is

lim f(0+ h)—f(O)= lim f(h) - f(0)

NowRf” (0) = h—0 i h—0 h
_lim hsin(I/A) - 0 |im sinl’
T h—>0 h T h—>0" "k

which does not exist. Similarly L f” (0) does not exist.
Thus f'(x) is not differentiable at x= 0, though it is continuous there.
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4 | Algebra of Derivatives

Nowwe shall establish some fundamental theoremsregarding the differentiability
ofthe sum, product and quotient of differentiable functions.
Theorem 1 : [fa function fis differentiable at a point x, and c is any real number,

then the function cfis also differentiable at x, and (cf)’ (x)) = cf” (xp).
Proof : By the definition of /” (x,), we have
lim /() = f(xy)

4
= Xp) -
A

lim (/) )= (/) () lim cf () = cf (xp)

Now x—)xO xX— xO - x—)xO xX— xO
lim S ) = f(xp)
= XX, ¢ x—ixo
lim f(x) = f(xp) ,
=c- X—>X0x—7xo= cf (XO)-

Hence cf'is differentiable at x, and (cf) " (xp) = ¢f” (x).
Theorem 2 : Let fand g be defined on an interval I. If f and g are differentiable at
X € I, then so also is f+ gand
(f+ 9 (xp) = S’ (xp) + g (%)
Proof: Since fand gare differentiable at x,, therefore

lim /() — f(x)

x—)xO xX— xO

= [ (%), (1)

lim &) — g(xy)

and X% x-x, g (xp). (2

lim (f+ 9 &) - (f+ 2 (x)

Now x>x, P
Clim U@+ g@]- 6+ gxp)]
- x—)xo xX— xo

lim [/ — f(x) g - gx)
X =Xy X=X, * X=X,

lim /() — f(x) lim () — g(xy)
XXy x— X X=X x— X ’

as the limit of a sum is equal to the sum of the limits
= f" (xp)) + & (xp), using (1) and (2).
Hence f+ gis differentiable at x; and

(f+ 9o (xg) = f (xg) + g (xg)-

Theorem 3 : Let fand gbe defined on an interval I. If f and g are differentiable at
Xy € 1, then so also is fgand (f2)" (xy) = 17 (xg) g(xg) + f(xg) & (xp)-
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Proof: Since fand gare differentiable at x,, we have

lim /() — f(x)

x—>x0x_7xo=f' (%) (1)
lim g(x) - g(x)
and x%xox_ixo= g (XO) (2)
lim (/9 ) - (/o) (xp)  lim S () g®) — f(xy) g(x)
Now x X, x- x, T xox, x— x,
_lim S() g() = f(xp) g () + f(xp) g(¥) = f(xp) & (xp)
T XX x— X,
lim | /()= f(x) g(x) — g(xp)
Saox| x-x g(X)+f(x0)x_7xO
lim /()= f(x) lim lim &) — g(xp)

=x—>x0 x— X 'x—)xog(x)+f(x0)'x—>x0 X=X,

f (xg) g (xp) + f(x()) g (xp),

y
using (1), (2) and the fact that _ ‘_f;o g(x) = g(xy).

Note that g (x) is differentiable at x= x, implies that g (x) is continuous at x, and
S0
lim
x ooy €00 = 8().
Hence fgis differentiable at x; and

(/9 (xp) = S’ (x9) g (xp) + f(x()) g (%)

Theorem 4: [f f is differentiable at x, and f(xy) # 0, then the function 1/f is
differentiable at xo and (1/f)" (xg) = — f* (xo)/{f(xo)}z.
lim f () = f(x)

’
= Xn)-
X% x— x, 17 (%)

(1)

Proof: Since f'is differentiable at x;, therefore

Since fis differentiable at x,, it is continuous at x;, therefore

lim
x_>x0f(x) = f(xp) # 0. (2

Also, since f(xy) # 0, hence, f(xy) # 0 in some neighbourhood N of x;. Now, we
have forxe N
1
lim f®  fGo)  lim [ fO-S) 1 1
Xox) x-xy x—»co{_ x-x S f(xo)}
lim f() = f(x) lim 1 1

T xoxy  x— X 'xexoﬂ' £ (%)
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11
f(x()) f(x())
= 1 )/ ()}
Hence 1/fis differentiable at x; and

(/) (x) = = 1 (xp)/{f ()}

Theorem 5 : Let fand g be defined on an interval I. If f and g are differentiable at
Xg € I, and g(xg) # 0, then the function f/gis differentiable at x, and

Ak (g (xg) f (xg) — f(x()) g (x())]
lg (xo)]

Proof: Use theorems 3 and 4 of article 4.

-/ (xy) - >using (1) and (2)

S | The Chain Rule of Differentiability

Theorem. Let f and g be functions such that the range of f is contained in the
domain of g If f is differentiable at xy and g is differentiable at f(x), then gof is

differentiable at x, and
(g0f) (xg) = & (f(xp))-f" (xg)-
Proof. Lety= f(x)andy,= f(xy).

Since f'is differentiable at x;, we have

lim f() - f(x)
x —x, x_ixoz I (%)
or f(0) = f(xg) = (x= xp) [f” (xp) + L ()] (D)
where A (x) =0 as x —x,.

Further since gis differentiable at y,, we have

lim & ~- g
Y=Y, =% =g ()
or g -g0p)= -1 W+ rnHl -(2)
where | (y) >0 asy—y.
Now  (gof) (x) = (gof) (xp) = g(f () — g(f(xp)) = g(» — g()p)
= (y= ) [ )+ (W], by (2)
=[S = fGllg (g + 1 (W]
= (x=x) [f" (xp) + AM][& (yp) + L(W], by (D).
Thusifx# x,, then
(gof) (0= (gof) (xy)

X — XO

=[& O+ uO].[f" () + M)]. ---(3)

Also f being differentiable at x,, is continuous at x, and hence as x —x,,

Sx) =f(xy) ie,y—y,.
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Consequently i () =0 as x —x; and A(x) >0 as x —x,.
Taking the limits as x —x,, we get from (3)
lim (g0/) ()~ (gof) (xp) ,
x_)xo x— xo =& (y()) f (-x())

Hence the function gof'is differentiable at x, and (gof")" (xy)= & (f(x))) f” (xp)-

6 | Derivative of the Inverse Function

Theorem : [ffbe a continuous one-to-one function defined on an interval and let
[ be differentiable at x,, , with ’ (x,) # 0, then the inverse of the function f'is differentiable

at f(x,) and its derivative at f(xy) is 1/f” (x,).
Proof : Before proving the theorem we remind that if the domain of fbe X and

its range be Y, then the inverse function g of fusually denoted by f~ ! is the function
with domain Y and range X such that f(x) = y &g (y) = x. Also gexists if fis one-one.

Lety= f(x) and y,= f(xp).
Since fis differentiable at x,, we have

lim f() - f(x)

XX x— x, =17 (%)
or )= [ = (x= x) [f” (xg) + M) (1)
where A(x) =0 as x —x,. Further, we have

g(») - g(yy)) = x— xy, by definition of g.

g-gw) x-x  x-x 1

Y= y=3o S-S S () + M)
It can be easily seen that if y =y, then x —x,.

»by (1).

In fact, fis continuous at x; implies that g= f~ I'is continuous at f(xy)) = ypand

consequently
g(y) =g (yy asy—>yyie, x >xyasy—),,so that A(x) >0asy—y,.

lim €= g(y)  lim 1 1
YN y=y YN () + A S (%)
, 1 , 1
or g ()= () or g (f(x))= m'

I[Iuslrative Examl;)]es

Example 1: Prove that the function f(x) = | x| is continuous at x= 0, but not
differentiable at x= 0 where | x| means the numerical value or the absolute value of
X. (Bundelkhand 2008; Rohilkhand 07; Avadh 11; Meeut 13B)

Also draw the graph of the function.
Solution : We have f(0) = | 0| =0,

lim lim lim lim
fO+ 0= Bof @+ = Toftn= ) Do lal = Toh=0
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and SO-0)= hlif:of(o_ h) = hlif:of(_ h) = hlif:o |-l = hlif:oh= 0.
S0) = f(0+ 0)= f(0- 0).
Hence f(x) is continuous at x= 0.
Also, we have Rf” (0) = hliir:of—(() * h})l = /O _ hliir:ofi(h) ;z /)
= hliir>10|h|h—0= hliir:o %,(h being positive)
- hlif:ol: L
and L= im SO= D= SO lim [ h)= [0
= hlif:o'_fltl_o = hliir:o _hh’ (h being positive)
- hlfo_ t=-1

Since R f” (0) # L f” (0), the function f'(x) is not differentiable at x= 0.
To draw the graph of the function f (x) = | x|
x, x20

We have f(x) = {_ 1< 0

Let y= f(x). Then the graph of the function consists of the following straight
lines :
y= X, x2 0
y=—-1x x< 0.
The graph is as shown in the figure.
From the graph we observe that the function P ¥4 3
is continuous at the point O i.e., at the point
x= 0 but it is not differentiable at this point. »
The tangent to the curve at the point O from s 4
the right is the straight line O4 and from the
left is the straight line OB. Thus the tangent
to the curve at O does not exist and so the 7] X
function is not differentiable at O.

Example 2 :  Show that the function f(x) = | x| + | x—1 | is not differentiable

atx= 0and x= 1. (Meerut 2005B, 08; Kashi 14)
Solution : We first observe that if x< 0, then
|x| =—xand|x— 1| = |1—x| =1-x;
if0< x< I,then | x| =x and |x— 1| = [ 1-x| = 1- x;
andifx> 1,then | x| = xand | x— 1] = x- L

the function f(x) is given by
1-2x, ifx< O
f(x) =11, if0< x< 1
2x— 1, ifx> 1.
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Atx= 0. Wehave Rf (0= 1M JOED=SO)

—,asf(x)=1if0< x

—0 h
~lim f() = £(0)  lim 1-1
T h—>0 h T h>0 h
lim
- h—>00_ 0,
and Lf(0) = hlﬁlof(o— fl)h— S(0)

lim f(=h)— f(0) lim [1—2(=M]-1

T h=0 —h = h =0 —h

IN

1

[ /()= 1- 2xifx< 0]

lim 2k _ lim

S ho0-h ho0 2T 772

Rf7(0)# Lf”(0), so the given function is not differentiable at x= 0.

Atx= 1. We have

lim f(1+h) - f(1)_ lim 2+ H-1-1

RIF(M =45 I = h 50 h
_lim 2+ 2%—1-1_ lim 2k _ lim
T h>0 h T h->0h h—o0

and Lf'(1)=

lim f(A=h—-f1) _ lim 1-1_ lim
h—0 - h T h=0 —h  h—0

Rf” (1) # Lf’(1), so the given function f(x) is not differentiable at x= 1.

Example 3 : Letf(x) be an even function. Iff’ (0) exists, find its value.

Solution : f(x) is an even function, so f(— x) = f(x) Vx.

£7(0) exists RS (0)= Lf’ (0)= £ (0).
Now " (0)= Rf’ (0y= im S =) 5

h—0  h
_ lim f(= )= F(0)
h—0 h
__ lim f=m)=f0) _ "0 = — f7
STho0 - - 0=
217 (0)= 0 = f" (0)= 0.
Example 4: Letf(x)= {x_— 11’ B gi ii g and

[ f(=x= /)]

g = f( | x| )+ | f(x) | . Test the differentiability of g (x) in - 2, 2].

Solution : When — 2< x< 0, |x| = — xand when 0< x< 2, |x| =X
Now— 2< x££ 0= | x| =—x
=fr(lxl)=f(=x9=-x=1. [+ 0< - x< 2]
x— 1, 0< x< 2
So we have f(|x| )—{_ ro L —25x<0
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ANVANAN
ININ N
N - O

1, -2
and | ro | = {— x+ 1, 0
1

x
x
x— 1, X

-x, —-2<x<0

g(x)=f(|x|)+|f(x)|={ 0, 0< x< 1
2x— 2, 1< x< 2.

We see that g (x) is differentiable V¥ xe ]— 2,2 [, except possiblyat x= 0and 1.
Le = lim g0=h=gO _ lim g h-=g©)

T h>0 - h /=] - h
_lim h-0_
T ho0 - ’

lim g0+ h)— g(0)  lim 0— 0

RgO)= 4 0 I “ho0 5 O

Since Lg (0)# Rg (0),g(x) is not differentiable at x= 0.

lim g1+ A)—-g(l) lim 2(1+ h)—2—0=

Again Rg (1) = h—0 ) = 10 P

25

 lim g(1= k) - g(1) _ lim 00
Lg= 40 —h = h>0 — &

=0=% Rg (1).

gisnot differentiable at x= 1.
Example S :  Suppose the function f satisfies the conditions :

() S+ D= FOD)Nxy (D)= 1+ xg() where "™ g()= 1.
Show that the derivative f” (x) exists and f’ (x) = f(x) for all x.
Solution : Putting dx for yin the first condition, we have
S+ 8x) = f(x) f(8x).
Then  f(x+ 8x)— f(x) = f(x) f(8x) - f(x)
S+ &) - fo) S L) - 1]

or

ox ox
- [ oxg (o) ngg (3% 1, given condition (i)
= f(x) g(8x).
lim f(x+ 0x)— f(x)  lim _
dx —0 dx T o _>0f(x) glx)=/f(x.1
.. lim _
[ T 8x—0 g(8x) = 1:|
[’ (x) = f(x). Since f(x) exists, f” (x) also exists.
Example 6 :  Show that the function f given by f(x) = xtan™ ' (1/x) forx# 0 and
f(0) = 0is continuous but not differentiable at x = 0. (Purvanchal 2008; Meerut 13)

L o lim _ lim 1 .
Solution : Slncex_>0 f(x) = 0 xtan P 0= f(0),therefore the function

fis continuous at x= 0.

lim f(0+ A)— f(0)  1lim f(h) - f(0)

NowRf"(0)=, ", I = hs0 &
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_lim htan~ '(1/h) - 0 lim (1) -l F
= h—0 h T a0 ()70 )
, lim f(0—h) = f(0)  lim f(= h) — f(0)
and Ly o=, —hf =h—>0%
_lim - htan” ' (= 1I/h)— 0
T h—0 - h
_olim (LY _ T
—h_>0tan ( h)— tan = 2

Since Rf” (0) # L f” (0),fis not differentiable at x= 0.

Example 7 : [Investigate the following function from the point of view of its
differentiability. Does the differential coefficient of the function exist at x= 0andx= 17
- X if x<0
f(x)={ X2 if 0<x< 1
X—x+1 if x> 1 (Meerut 2006)
Solution : Wecheck the function f'(x) for differentiabilityatx= Oandx= 1only.
For other values ofx, obviously f'(x) is differentiable because it is a polynomial function.
It can be seen that f(x) is continuous at x= Oand x= 1.

lim f(0— h)— f(0) lim - (0= h) - 0=

Now L7 (0) =, 0 - T ho0  — -1
, lim f(0+ h)— £(0 lim (0+ A)%— 0
and R R S By
Lf’(0)# Rf” (0), the function is not differentiable at x= 0.
. ) lim f(1- - f(1) _ lim (1- A)?-1
Agin 17 (= I, HEE BT U B
lim — 2h+ A%  lim
“ho0 —n T hoo?TM=2
;o dim fA+ A= £ lim I+ A= (1+ )+ 1-1
and RIEM= 4 50 I = >0 h

_lim 2h+ 3R%+ K lim N m
= 50 h T amo@F 3 My =2=Lf (D).

Hence /7 (1) exists i.e., the function is differentiable at x= 1.

x—1
Example 8 : Findf’ (1) if f(x)= {2);2— Tx+ 5
- 1/3, when x= 1.

lim f(1+ A)— £(1)
h—0 h

_ lim[ 1+ h- 1 —(—1)]/;;
h=0[2(1+ 2= 70+ h)+ 5 3
_lim 3h+ 2(1+ W)= T7(1+ )+ 5
h—=0 35121+ h)2- 7(1+ h)+ 5]
lim 2h? lim 2 2

- h—03p (- 3h+ 2h2)= h—0—-9+ 61 9

> when x# 1

Solution : We have f” (1) =
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Example 9 : Test the continuity and differentiability in — oo < x< oo, of the

following function :
f )

1 in —oo<x<0

1+ sinx in 0< x<%n

1 2 1
2+ X=5m in —M< x< oo,

2 (Avadh 2009)

Solution : We shall test f(x) for continuity and differentiability at x= 0 and

/2. It is obviously continuous as well as differentiable at all other points.
(i) Continuity and differentiability of f(x) atx= 0.
We have f(0)= 1+ sin0= 1;

£(0+ 0)= hlif)lof(0+ h) = limof(h)= “mo(1+ sinh) = 1;
and £(0- 0)=h“f:0f(0— h) = 0f( h) = h_>01 1.

Since  f(0)= f(0+ 0)= f(0— 0),f(x) is continuous at x= 0.
Now Rf” (0) = lim f(0+ A)— f(0)  lim f(h) - f(0)

T h—>0 h T h—=0 h
_lim (I1+sinh)— (1+ sin0)  lim sinh _ |-
T h>0 h T h—0 p 7
, lim f(0— h)— f0) lim f(-= h)— f(0)
and L= I KO0 i HERT
_lim 1- (14 sin0) lim 0  lim 0= 0
T h—>0 - h Tho0-h ho0

Since Rf” (0) # L f” (0),f(x) is not differentiable at x= 0.

(ii) Continuity and differentiability of f(x) at x= % .

1 1 1V
We have fgn =2+ G- ,T =2;

. 2
f(;rw o): hlfof( o+ h) hlfo{“ {(;m h]— %n} }
lim

— 2
= @t B =2;

and f[; - o) = hlfof[ h) = hlif:o [ 1+ sin [; - h)]

lim
= h—>0(1+ cosh)y=1+ 1= 2.

Sincef[;n)= f(;n+ 0)= f(;n— 0),fis continuous at x =

-

(1 ) _ lim
NowRf (2“)‘h—>o h

o ool e 1 20

h—0 h

.

N[ —
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lim 2+ A*= 2  lim

“ho0  n " ho0!7 0
1 1 . 1
| ; f[zn—h)—f[zn) . 1+ 51n(2n—h)—2
(1 _)_ lim _lim
and L (2“)‘h—>o —h T h>0 —h

_lim — 1+ cosh  lim 1— cosh  lim 2sin? (h/2)
T h—>0 —h T h—>0 h T h—>0 h
= hlfo[%/hz/z).sin (h/2)]= 1x 0= 0.

Since Rf” (0)= L[’ (0),f(x) is differentiable at x= %n.

Example 10 : [Iff(x) = x2 sin (1/x) ,forx# 0and f(0)= 0, then show that f(x) is
continuous and differentiable everywhere and that f* (0) = 0. Also show that the function
[ (x) has a discontinuity of second kind at the origin.

(Meerut 2006B; Kumaun 12; Kanpur 14)

Solution: We have f(0+ 0) = hlﬁlo (0+ h)?%sin 0_: he hlfO h? sin%= 0;

FOo-0= "0 ro-m= "0 r-m= "0 w2sin- 1/m)

__ lim 5 .1
= h—)Oh smh—O.

f(O0+ 0)= f(0— 0)= f(0), so the function is continuous at x= 0.

Now  Rf’ (0)= lim f(0+ A)— f(0)  lim f(h) - f(0)

h—0 h T h—=0 h
_lim A*sin(I/B)—= 0 lim , . 1 _
ol TN — _h_>0hs1nh—0,
’ lim f(0— h)— £(0 lim f(— &) - f(0
and Ly = Nim SO=P =1 _ tim [ D=/
lim (= A)*sin(= 1/h)= 0 lim hsinl= 0.

~ h—0 -y T h—0 h
Thus Rf’ (0) = Lf”’ (0) implies that f'(x) is differentiable at x= 0 and /" (0) = 0.
For all other values ofx, f(x) is easily seen to be continuous and differentiable.

Now [/ (x) = 2xsini— cosiatxi 0and f’ (0)= 0.

770+ 0= 0 0+ my= ;01 ()

lim 1 1 . .
=150 (2}1 sin ho cos h) which does not exist.

Similarly it can be shown that /” (0 — 0) does not exist.

Hence f” is discontinuous at the origin. Since both the limits /* (0— 0) and
/7 (0+ 0) do not exist, therefore the discontinuity is of the second kind.

Example 11 : A function fis defined by f(x) = xP cos (1/x),x# 0;f(0) = 0.

What conditions should be imposed on p so that f may be

(i) continuous atx= 0 (ii)  differentiable at x= 0?

Solution : We have
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fO+ 0=, “m o fO+ =, hm [(o+ )P cos {1/(0+ h)}]
= hl‘mo h? cos (1/h) (1)

and 10— 0)= l‘mo (0= hy= hl‘m [(0— h)Pcos {1/(0— h)}]
= h_>0(— hYP cos (1/h). (2

Now if the function f(x) is to be continuous at x= 0, then
SO+ 0)=7(0)= 0= 7(0- 0)
i.e., the limits given in (1) and (2) must both tend to zero.
This is possible only if p > 0, which is the required condition.

Now RS’ (0)= lim f(0+ A)— f(0)  lim f(h) - f(0)

h—0 h ~ h—>0 h
_ hliiqo hpCOS(;ll/h)_ 0_ hlijo hp- lcos% .3
and Lf’(0)= hlfowz hlif)l() = h)pcoi(;, =2
- hl'—>0 (= )7 h?~ 1 cos (1/h). (4

Now if f” (x) exists at x= 0 then we must have Rf’ (0)= Lf’ (0) and this is
possible onlyifp— 1> 0ie, p> 1 which gives Rf’ (0)= 0= L f’ (0). Hence in order
that f'is differentiable at x= 0, p must be greater than 1.

Example 12 : For a real numbery, let [ y] denote the greatest integer less than or
tan (m [x— m])

1+ [x]?
Solution : From the definition of [y], we see that [x— =] is an integer for all

equal to y. Then if f(x) = , Show that [’ (x) exists for all x.

values of x. Then © (x— m) is an integral multiple of ® and so tan (w [x— ©])= 0 WV x.
Since [x] is an integer so 1+ [x]?# 0 for any x. Thus /' (x) = 0 for all x i.e., f(x) is a
constant function and so it is continuous and differentiable i.e., f* (x) exists WV xand is
equal to zero.

Example 13 : Determine the set of all points where the function
f)=x/(1+ | x| )is dﬁerentmble

Solution : Since | x| = x, x> 0, |x| - xx< 0, |x| =0,x=0,
f@= 17 x< 0/ ()= 0.x= 0/(0) = X x> 0,

We have £(0+ 0)= '™ £(0+ =, M rh) = b,

v T h—0 T h—0 h—>0 1+h

. . .
10- 0=, 0= m= = =0

Since f(0+ 0)= f(0)= f(0— 0)= 0so the function is continuous at x= 0.

Further L /7 (0) = hlii%]%h_f(o)z hlfojw
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_lim [- A0+ M]I-0 iy L
T h =0 —h T h01+ k7

Rf ()= Nim fQ+ M= f(O) _ tim [A/(1F W]~ 0
h—0 h h—0 h
Since Lf’ (0) = Rf” (0), so the function is differentiable at x= 0. It is obviously
differentiable for all other real values of x. Hence it is differentiable in the interval
J= oo, 00l
Example 14 : Let f(x) = V(x) {1+ xsin (1/x)} forx> 0,f(0) = 0,
fl)=- \/(— x) {1+ xsin (1/x)} for x< 0.
Show that f (x) exists everywhere and is finite except at x= 0 where its value is + .
Solution : We have

lim f(0O+ h) = f(0) _ lim f(h) = f(0)

= 1.

RIT =13 50 h Tho0
_ lim (Vh) {1+ hsin (1/h)} = 0
_h—>0 h
- hlif:o[ﬁ"f (h) sin(l/h)]: o+ 0= oo
and Ly = im LO=R=SO lim [0 =70
-[- (- h)][1+ (- h) SinL]_ 0
_lim _
T h—>0 —
_ lim [L+(\/h)'l:|—°°+0—oo
T ho0|Vh sin | = =

Since Rf” (0)= L/’ (0)= oo, .~ f7 (0) = oo.

We havef’ (x) = ﬁ+ %\/xsin%— %cosiforx> 0

"y = ERVPERS S S |
and f(x)= + 2\/( X) smx N cosxforx< 0.

1
2= %) (- %)

Hence /7 (a) is finite for all a # 0.

Example 15 : Draw the graph of the function y= | x—1 | + | x—2 |
in the interval [0, 3] and discuss the continuity and differentiability of the function in this
interval. (Meerut 2007B, 09; Garhwal 08)
Solution : From the given definition of the function, we have
y=1—x+2—-x=3—- 2xwhen x< 1

y=x— 1+2-x=1  when 1< x<2 ¥
y=x— 1+ x— 2= 2x— 3 when x2> 2. 3 43.5)
Thus the graph consists of the segments of the 2 L

three straight lines y= 3— 2x,y= 1 and y= 2x— 3
corresponding to the intervals [0, 1],[1,2],[2,3]

respectively. The graph ofthe function for the interval b (0 2
[0, 3] is as given in the figure.

The graph shows that the function is continuous |4 | 2 X
throughout the interval but is not differentiable at
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x= 1,2 because the slopes at these points are different on the left and right hand sides.
To test it analytically, we write y= f(x). Then
f(x)=3-2x when x< 1
=1 when 1< x< 2
=2x— 3 when x2 2.

This function is obviously continuous and differentiable at all points of the
interval [0, 3] except possiblyat x= 1 and at x= 2.
Atx= 1, we have f(1) = 1;

fa-0= " po20-mi= nras 0=, =1

Since  f(1—- 0)= f(1+ 0)= f(1),fis continuous at x= 1.

. , i 1+ h) - £(1 im 1- 1
Again - Rf"(1)= hlfof( : })1 HD - hlfo poo 0
i 1- k) - £(1 3-201- M- 1_
and L (1) = hlfof( —)h Sa hlfo (_ - ) 5
Since Rf” (1) # Lf”’ (1),fis not differentiable at x= 1.
Atx= 2,we have f(2)= 1
f(2-0)= hmo(l)— 1;/(2+ 0)= 0[2(2+ h - 3]= 1.

Since f(2— 0)= f(2+ 0)= f(2), fis continuous at x= 2.
Again  Rf’ (2) = 11m f2+ h)- f(2) lim 22+ h)—3-1

h = =0 h =2
, lim fQ2- k- /()  lim 1-1
and Lf (2)=h—>oj+=h—>0—7h= 0

Since Rf” (2) # Lf” (2),fis not differentiable at x= 2.

Example 16 : Show that the function f: R - R defined by
S(x) = x[l + %sin logx2:|,x¢ 0 and f(0) =

is everywhere continuous but has no differenital coefficient at the origin.

(Garhwal 2009)
Solution : Obviously the function f(x) is continuous at every point of R except
possibly at x= 0. We test at x= 0. Given f(0) =

£(0+ 0)= hlif)lof(0+ n=, lim [(o+ h){1+ %sinlog(0+ h)ZH

= hlﬁlo [h+ (h/3)sinlogh?]= 0+ 0x a finite quantity= 0.

[ sinlog h? oscillatesbetween— 1 and+ 1ash —0]
Similarly we can show that /(0 — 0) =
Hence f'is continuous at x= 0.

0+ h){1+ %sinlog(0+ h)Z}—
Now  Rf’ (0)=

h—>0 h
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_ lim 1 2} 2
=150 {1 + — sinlogh“, which does not exist since sin log#

oscillates between — 1 and 1 as 7 —0.
- h){1+ %sinlog(O— h)Z}— 0

L= h—>0 — h

_ [lim [1 + —sinlog h2:| , which does not exist as above.
T h—>0
Hence f has no differential coefficient at x= 0.

el/x_ e 1/x
Example 17: Letf(x)= x

ot o 1 X# 0./(0) =

Show that f (x) is continuous but not derivable at x= 0.
(Meerut 2005; Purvanchal 07, 14; Kanpur 08; Lucknow 09; Bundelkhand 14)
Solution : We have f(0) =

_lim llm lim , el/h— e /A
= h—>0h71+ p 575 dividing the Nr. and Dr. by e
1-0
= 0x 1_|_0—0>< 1=0;
lim lim
and f(o_ 0)_ h_>0f(0_ h)_ h_>0f(_ h)
lim el/—h_ e—l/—h lim e—l/h_ el/h
T h>0 hel/—hJr o /=T h>0 ~ he—l/hJr o/h
_ lim e 2o 01
T h—>0 e 21hy 1 0+ 1

Since f(0+ 0)= f(0— 0) = f(0), the function is continuous at x= 0.

i 0+ h)— f(0 i h)— f(0
Now Ry (@)= [QEN=SO)_ tim [()= /O

I e e /= lim 1-e 2" 1-0
T hs0|" Vhy o~ VB

Tho014 e 2k 140

, i 0— h)— £(0 i —h)— £(0
and Ly’ (0) = hlfof( _)h f0) _ hlgr;of( _) hf( )
lim | e V/h
= h =0 (_ h) o l/h e ]/(_ h)

lim e 2/h—1 0-1

T ho0 e 2/h4 1 0+ 1 I

Since Rf” (0) # L f” (0), the function is not derivable at x= 0.

Example 18: Letf(x)= e 1/ sin (1/x) when x# 0 and f(0) = 0. Show that at
every point f has a differential coefficient and this is continuous at x= 0.
Solution : We test differentiabilityat x= 0.
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lim e Y% sin(1/h)— 0 lim sin (1/h)

RIEO=1 50 h T ho0 8
_ lim sin (1/h) _lim sin (1/h)
_h_wh 1+L+ ! + —h_>0h+l+L-L+
W2t B2 B3
_ afinite quantitylyingbetween— land+ 1 0

Similarly Lf” (0) = 0.
Since Rf’” (0)= Lf’ (0)= 0, hence the function f'(x) is differentiable at x= 0 and
77 (0)= 0.

Ifx is any point other than zero, then
)= (2/3) e Ysin (1/%) = (1/32) & V7 cos (1/x)

= {(2/%) sin (1/x) — cos (1/x)} (1/x2) (1/e/%) (1)
, _ lim _ o lim (2 .1 1 1
Now  f"(0+ 0)= h—0 f O+ h)= h—)O(h s1nh— cosh)- 7h2e1/h2

_ lim (2sin(1/h)  cos(1/h)
Ch=0| s e [P IRVIE

lim 2 sin (1/h) cos (1/h)

T h—0| 4 1 1 T, 1 1 ]
[h [1+h2+2!.h4+"') h[1+h2+2!.h4+"')

some finite quantity  some finite quantity _ 0.

oo oo

Similarly f/” (0— 0) = 0. Hence f” is continuous at x= 0.

' @mprehensive Exercise 1

1. Show that the function f(x) = | x—1 | is not differentiable at x= 1.
(a) Iff(x) = x/(1+ /%), x# 0,/(0) = 0, show that fis continuous at x= 0, but

f7(0) does not exist. (Lucknow 2005, 10; Purvanchal 14)
1/x
(b) Iff(x) = lxe ——forx# 0and f(0) = 0,show that f(x) is continuous at
+e
x= 0,but f’ (0) does not exist. (Lucknow 2006)

3. A function ¢ is defined as follows :
0 (x)=—xforx< 0,0 (x) = xforx= 0.
Test the character of the function at x= 0 as regards continuity and
differentiability.
4. Showthat the function fdefined on R by
f=lx=1] +2]x=2] +3]x- 3]
is continuous but not differentiable at the points 1, 2 and 3.  (Bundelkhand 2009)
5. Showthat the function
fx) = x 0< x< 1
=x—-1, 1< x< 2
has no derivative at x= 1.
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6.

10.

11.

12.

13.

14.

15.

Show that the function
f()=x>-1,x21=1-xx<1
has no derivative at x= 1.
The following limits are derivatives of certain functions at a certain point.
Determine these functions and the points.
0 lim logx— log2 (i) lim N(a+ h) - V()
x—2 x—2 h—0 h
Letf(x) = X2 sin (x~ 4/3) except when x= 0 and f(0) = 0. Prove that f(x) has zero
as a derivative at x= 0.
A function ¢ (x) is defined as follows :
O(x)=1+x if x< 2
O(x)=5-x if x> 2.
Test the character of the function at x= 2 as regards its continuity and differen
tiability.
Examine the following curve for continuity and differentiability at x= 0 and
x=1:
y= X2 for x< 0
y=1 for 0< x< 1
y=1/x for x> 1.
Also draw the graph of the function. (Meerut 2004B, 09B)
A function f'(x) is defined as follows :
f=1+x for x< 0,
fx)=x for 0< x< 1,
f)=2-x for 1< x< 2,
f(x)=3x—x% for x> 2.
Discuss the continuity of /(x) and the existense of / (x) at x= 0, 1 and 2.
Discuss the continuity and differentiablity of the following function :
f(x)=x for x< -2
fx)=4 for —2<x<2
f(x)=x* for x> 2.

Also draw the graph. (Meerut 2007, 10B)
A function f'(x) is defined as follows :
fx)=x for 0< x< 1

fx)=2-x for x=> 1.

Test the character of the function at x= 1 as regards the continuity and

differentiability. (Meerut 2003)

Examine the function defined by

F(x) = x%cos (e, x# 0,
f(0)=0

with regard to (i) continuity (ii) differentiability in the interval ]- 1, 1] .

(a) Define continuity and differentiability of a function at a given point. If a
function possesses a finite differential coefficient at a point, show that it is
continuous at this point. Is the converse true ? Give example in support of
your answer.

(b) What do you understand bythe derivative ofareal valued function at a point ?
Show that f(x) = xsin (1/x),x# 0,f(0) = 0 is not derivable at x= 0.



D-60 Kaisémas DIFFERENTIAL CALCULUS

(c) Prove that if a function f(x) possesses a finite derivative in a closed interval
[a, b], then f(x) is continuous in [a, b].

P

- [ Answers 1 -

3. Continuous at x= 0 but not differentiable at x= 0.
7. (i) The function is logx and the point isx= 2.
(i1) The function is Vxand the point is x= a.
9. Continuous but not differentiable at x= 2.
10. Discontinuous and non-differentiable at x= 0, continuous and non-differentiable
atx= 1.
11. Discontinuous and non-differentiable at x= 0,2 and continuous but not
differentiable at x= 1.
12. Continuous but not differentiable at x= — 2, 2.

13. Continuous but non-differentiable at x= 1.
14. Continuous and differentiable throughout R.

7 | Rolle’s Theorem

If a function f(x) is such that

(i)  f(x) is continuous in the closed interval [a, b],

(ii) f’ (x) exists for every point in the open interval a, b,

(iii) f(a) = f(b), then there exists at least one value of x, say c, where a < c< b,

such that f" (¢) = 0. (Lucknow 2007, 08; Purvanchal 07; Kanpur 08;
Meerut 12B; Avadh 14; Kashi 13,14)

Proof: Since fis continuous on [a, b], it is bounded on [a, b]. Let M and m be
the supremum and infimum of frespectively in the closed interval [a, b].

Now either M= m or M # m.

If M = m, then fis a constant function over [a, b] and consequently f” (x) = 0 for
all x in [a, b]. Hence the theorem is proved in this case.

If M # m, then at least one of the numbers M and m must be different from the
equal values f'(a) and f(b). For the sake of definiteness, let M # f(a).

Since every continuous function on a closed interval attains its supremum,
therefore, there exists a real number ¢ in [a, b] such that f(c) = M. Also, since
f(a)# M+ f(b), therefore, ¢ is different from both a and b. This implies that
celabl.

Now f(c) is the supremum of fon [a, b], therefore,

fx) < f(e) ¥ xin[a,b]. (1)

In particular, for all positive real numbers 4 such that ¢ — 4 lies in [a, b],
fle=m< [

J%h—f(@ > 0. .(2)

=

Since f” (x) exists at each point of ] a, b [, and hence, in particular /" (c) exists, so
taking limit as 7 —0, (2) gives Lf”’ (¢) 2= 0. ...(3)
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Similarly, from (1), for all positive real numbers / such that ¢+ £ lies in [a, b], we
have

Sle+ h)< f(o).
Bythe same argument as above, we get

Rf" ()< 0. (4
Since f” (¢) exists, hence, Lf’ (¢)= f’ (¢) = RS’ (¢). ...(5)
From (3), (4) and (5) we conclude that f” (¢) = 0.
In the same manner we can consider the case M = f(a) # m.
Note 1 : There may be more than one point like ¢ at which f” (x) vanishes.
Note 2 : Rolle’s theorem will not hold good
(i) iff(x)is discontinuous at some point in the interval a < x< b,

or (ii) iff” (x) doesnot exist at some point in the interval a < x< b,
or (iii) if [f(a)=# f(D).

Note 3 : It can be seen that the conditions of Rolle’s theorem are not necessary
for f’ (x) to vanish at some point in Ja,b[. For example, f(x) = cos(1/x) is
discontinuous at x= 0 in the interval [ — 1, 2] but f’ (x) vanishes at an infinite number
of points in the interval.

Geometrical interpretation of Rolle’s ¥
Theorem : ¢

Suppose the function f(x) is not constant
and satisfies the conditions of Rolle’s theorem
in the interval [a,b]. Then its geometrical
interpretation is that the curve representing the
graph of the function f must have a tangent
parallel to x-axis, at least at one point between
a and b.

Algebraical interpretation of Rolle’s Theorem :

Rolle’s theorem leads to a veryimportant result in the theoryofequations, when
f(a)= f(b)= 0and f:[a,b] >R is a polynomial function f(x). Here a and b are the
roots of the equation f(x) = 0. Since a polynomial function f(x) is continuous and
differentiable at every point of its domain and we have taken f(a) = f(b), therefore, all
the three conditions of Rolle’s theorem are satisfied and consequently there exists a
point ce€ Ja, b [ such that f” (¢c) = O ie, if a and b are any two roots of the polynomial
equation f(x) = 0, then there exists at least one root of the equation " (x) = 0 which lies
between a and b.

o= T T,

{)

¥

Db omomom o

I[Iuslrative Examl;)]es

Example 1 : Discuss the applicability of Rolle’s theorem for
f(x)= 2+ (x= )23 in the interval [0, 2]. (Lucknow 2005; Meerut 12)

Solution : We have f(x) = 2+ (x— 1)2/3. Here f(0)= 3= f(2), which shows
that the third condition of Rolle’s theorem is satisfied.

Since f(x) is an algebraic function of x, it is continuous in the closed interval
[0, 2]. Thus the first condition of Rolle’s theorem is satisfied.
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Now f* (x) = § [1/(x— 1)173]. We see that for x= 1,7’ (x) is not finite while
x= 1 is a point of the open interval 0 < x< 2. Thus the second condition of Rolle’s
theorem is not satisfied.

Hence the Rolle’s theorem is not applicable for the function
f(x) = 2+ (x— 1)*/3in the interval [0, 2].

Example 2 : Discuss the applicability of Rolle’s theorem in the interval [- 1,1] to
the function f (x) = | x| .

Solution : Given f(x)= | x| .Here f(- D= |- 1| = 1, ()= 11| = 1, s0
that f(— 1) = f(1).

Further the function f'(x) is continuous throughout the closed interval [- 1, 1] but
it is not differentiable at x= 0 which is a point of the open interval ] — 1, 1 [. Thus the
second condition of Rolle’s theorem is not satisfied. Hence the Rolle’s theorem is not
applicable here.

Example 3: Are the conditions of Rolle’s theorem satisfied in the case of the
following functions ?

(i) f(x)=x2in2< x< 3, (i) f(x)= cos(1/x)in— 1< x< 1,

(iii) f(x) = tanxin0< x< m.

Solution : (i) The function f(x) = x? is continuous and differentiable in the
interval [2,3]. Also f(2) = 4 and /' (3) = 9, so that f(2) # f(3).

Thus the first two conditions of Rolle’s theorem are satisfied and the third
condition is not satisfied.

(ii) The function f(x) = cos(1/x) is discontinuous at x= 0 and consequently is
not differentiable there. Thus the first two conditions of Rolle’s theorem are not
satisfied.

Here f(— 1)= cos(— 1)= cosl and f(1)= cosl. Thus f(— 1)= f(1) i.e., the
third condition is satisfied.

(iii) The function f(x) = tanx is not continuous at x= /2 and consequently is
not differentiable there. Thus the first two conditions of Rolle’s theorem are not
satisfied here.

Further f(0)= tan0= 0 and f(w) = tanm = 0. Thus f(0) = f(=w) i.e, the third
condition is satisfied.

Example 4 :  Discuss the applicability of Rolle’s theorem to f(x) = log[()j:;bx],
in the interval [a,b],0< a< b. (Rohilkhand 2014)
2
on - _ M] = o]z
Solution : Here f(a) = log[(a+ byal~ logl= 0,
b+ ab
and f(b) = log[(a+ b) b]_ logl= 0.

Thus  f(a)= f(b)= 0.

lim f(x+ h) - f(x)
h—0 h

_ lim 1 G+ P4 ab| P+ ab
T h—0 n| °®la+ b) (x+ h) Ela+ byx
_ lim 1 (Z+ 2xh+ h®+ ab) (a+ b)x
T h—0 h (a+ b) (x+ h) 2+ ab)

Also Rf’ (x) =
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lim 1 (x2+ 2xh+ h®>+ ab) x
= — log X

N S PO A e N {1+ ﬁ}
T h—o0 n| °f 2+ ab 8T

lim 1[2xh+h2 h ]
Wl e + ...,

Th>0 h| 24 ab  x

(1)

[ log(l+ y») = y- %yz+ :|

_ o 2x 1
P+ ab X
Again Lf’ (x)= hlfo [f—(x_f)h_ f(x)]
lim 1 |- 2hx+ k2 (- h) . .
= - + ...|, replacing A by— hin (1
h—>0(—h>{ 2rab | x placing i by=frin (1
-2 1
X+ ab X

Since Rf’ (x)= Lf’ (x), f(x) is differentiable for all values of x in [a, b]. This
implies that f(x) is also continuous for all values of x in [a, b]. Thus all the three
conditions of Rolle’s theorem are satisfied. Hence f” (x) = 0 for at least one value of x
in the open interval ]a, b[.

, _ 2x B 1 _ _
Now f (x)_o:ixu " x_o or 2x2— (¥ + ab)= 0
or = aborx= \/(ab),

which being the geometric mean of @ and b lies in the open interval ] a, b[. Hence the
Rolle’s theorem is verified.
Remark : In this question to find /” (x), we can also proceed as follows :

We have f(x) = log(x2+ ab) — log(a+ b) — logx.
frw= 5t

2+ ab X

Obviously f” (x) exists for all values of x in [a, b] .

Example S :  Verify Rolle’s theorem in the case of the functions

(i) f(x)= 28+ x2— 4x— 2,

(ii))  f(x) = sinxin[0, ],

(iii) f(x)= (x— a)™ (x— b)", where m and n are + ive integers, and x lies in the
interval [a, b)].

Solution : (i) Since f(x) is a rational integral function of x, therefore, it is
continuous and differentiable for all real values of x. Thus the first two conditions of
Rolle’s theorem are satisfied in any interval.

Here f(x) = 0 gives 23+ x2— 4x— 2= 0

or (2= 2) @+ D)= 0ie,x=+V2,— 3.

Thus  f(N2)= f(- \2)= f(— %]: 0.
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If we take the interval [— V2, \/2], then all the three conditions of Rolle’s theorem
are satisfied in this interval. Consequently there is at least one value of x in the open
interval ] — \2,V2[ for which f* (x) = 0.

Now f/(x)= 0=6x2+ 2x— 4= 0=3x2+ x— 2= 0
or Bx=2)(x+ H)=0 or x=-1,2/3 ie, f/(- )=f"(2/3)= 0.

Since both the points x= — 1 and x= 2/3 lie in the open interval |- V2,2,
Rolle’s theorem is verified.

(ii) The function f(x) = sin x is continuous and differentiable in [0, &].

Also f(0)= 0= f(m). Thus all the three condtions of Rolle’s theorem are
satisfied. Hence f” (x) = 0 for at least one value of x in the open interval ]0, 7 [.

Nowf’ (x) = 0 =cosx= 0=x= £ g,i 3775,_ 5775

Since x= m/2 lies in the open interval ]0, [, the Rolle’s theorem is verified.

(iii) We have f(x) = (x— a)” (x— b)".

As m and n are positive integers, (x— a)” and (x— b)" are polynomials in x on
beingexpanded bybinomial theorem. Hence f(x) is also a polynomial in x. Consequently
f(x) is continuous and differentiable in the closed interval [a, b]. Also f(a) = f(b) = 0.

Thus all the three conditions of Rolle’s theorem are satisfied so that there is at
least one value of x in the open interval Ja, b[ where f” (x) = 0.

Now [/ (x)= (x— a)". n(x=b)"" 14+ mx-a)" 1(x- b)"

Solving the equation f/” (x) = 0, we get x= a, b, (na+ mb) /(m + n).

Out of these values the value (ra+ mb)/(m + n) is a point which lies in the open
interval ]a, b[, since it divides the interval ]a, b[ internally in the ratio m : n. Hence the
Rolle’s theorem is verified.

Example 6 : Verify Rolle’s theorem for

fxX)=x(x+ 3) e X/2in[- 3,0]. (Kumaun 2011)
Solution : We have f(x) = x(x+ 3) e */2.

0= (xt 3)e 24 (24 30 & V2 (_ ;)

[ 1
_ o x/2 _ 12 R o % ~ x/2
=e ¥ |L2x+3 2( +3x)J|— 2( X 6)e Xz

which exists for every value of x in the interval [- 3, 0]. Hence f'(x) is differentiable and
so also continuous in the interval [- 3, 0]. Also f(— 3) = f(0) = 0.

Thus all the three conditions of Rolle’s theorem are satisfied. So /7 (x) = 0 for at
least one value ofx lying in the open interval |- 3, 0[.

Now f’(x)=0:>—%(x2—x— 6) e 2= 0 or 2= x— 6= 0

or x=—3)(x+2)=0 or x=3,—- 2.
Since the value x= — 2 lies in the open interval | — 3, 0[, the Rolle’s theorem is
verified.
: @Jmprehensive Exercise 2 -
1. (i) State Rolle’s theorem. (Kanpur 2005)

ii)Verify Rolle’s theorem when f(x)= e*sinx,a= 0,b= T.
(ii) y
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2. Verify Rolle’s theorem for the following functions :
(i) f(x) = (x— 4)° (x— 3)*in the interval [3,4].
(i) f(x)= ¥ - 6x2+ llx— 6.
(iii) f(x)= X — 4xin [~ 2,2]. (Kumaun 2007)
(iv) f(x) = e*(sinx— cosx) in [n/4, 5t/4]. (Meerut 2013B)
(V) f(x)= 10x— x%in [0, 10]. (Kanpur 2006)
3. Discuss the applicability of Rolle’s theorem to the function
f(x)= x>+ 1,when 0< x< 1
=3—-x,whenl< x< 2.
4.  Show that between any two roots of e*cosx= 1 there exists at least one root of
e¥sinx— 1= 0.
5. State and prove Rolle’s theorem. Interpret it geometrically. Verify Rolle’s
theorem for the function f(x) = *2in [- 1,1]. (Kumaun 2014)
6. Verify the truth of Rolle’s theorem for the function f(x) = xX2— 3x+ 2 on the
interval [1, 2].
7. Doesthe function f(x) = | X— 2| satisfythe conditions of Rolle’s theorem in the
interval [1, 3]. Justify your answer with correct reasoning.
8. The function f is defined in [0, 1]as: f(x)= 1 for0< x< %
=2 fory<x< 1.
Show that f'(x) satisfies none of the conditions of Rolle’s theorem, yet " (x) =
for many points in [0, 1].
9. Ifa+ b+ c= 0,then show that the quadratic equation 3ax> + 2bx+ c¢= 0 has at
least one rootin JO, 1.
10. a a; a, a,_ )
Let + —+ + ...+ + a,= 0. Show that there exists at least
n+ 1 n n—1 2 n
one real x between 0 and 1 such that ayx"+ a;x"~ Ty o+ a,= 0.
o
kAnswe rs 2
3. The given function is not differentiable at x= 1 and so Rolle’s theorem is not
applicable to the given function in the interval [0, 2].
7. The function does not satisfy the third condition that f(x) must be differentiable

in the open interval | 1,3 [ .

8 | Lagrange’s Mean Value Theorem

Theorem : [fa function f(x) is
(i) continuous in a closed interval [a, b],

and (ii) differentiable in the open interval la, b [ i.e., a< x< b, then there exists at least
one value ‘¢’ of x lying in the open interval la, b such that

)~ f@ f(a) - 0.
b- (Kanpur 2011; Rohilkhand 12, 12B;

Meerut 12; Kashi 14; Avadh 07, 12, 14)
Proof: Consider the function ¢ (x) defined by ¢ (x) = f(x) + Ax, ..(D)
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where 4 is a constant to be chosen such that ¢ (a) = ¢ (b)
ie. f(a@)+ Aa= f(b)+ Ab or A= - W- .(2)

(i) Now the function f is given to be continuous on [a, b] and the mapping
x —>Ax is continuous on [a, b], therefore ¢ is continuous on [a, b].

(ii)) Also, since fis given to be differentiable on ]a, b[ and the mapping x ->Ax is
differentiable on ]a, b[, therefore, ¢ is differentiable on ]a, 5[.

(iii) Byour choice of 4, we have ¢ (a) = ¢ (b).

From (i), (ii) and (iii), we find that ¢ satisfies all the conditions of Rolle’s theorem
on [a, b]. Hence there exists at least one point, sayx= ¢, ofthe open interval ]a, b[, such
that ¢” (¢) = 0.

But ¢’ (x) = f’ (x) + 4, from (1).

0’ (0)=0=f"(c)+ 4= 0
W, from (2).

This proves the theorem. It is usually known as the ‘First Mean Value Theorem
of Differential Calculus’.

Another form of Lagrange’s mean value theorem.

Ifin the above theorem, we take b= a + h,then a number c, lying between a and
b can be written as ¢c= a + Oh, where 0 is some real number such that 0 < 0< 1.

Now Lagrange’s theorem can be stated as follows :

Iffbedefined and continuous on [a, a + h] and differentiable on la, a + h[, then there
exists a pointc= a+ 0h (0< 0< 1) in the open interval la,a + h[ such that

Sfla+ h)— f(a)
h
or fla+ h)— f(a)= hf’ (a+ Oh).

Geometrical interpretation of the mean value theorem.

Let y= f(x) and let ACB be the graph of
y= f(x) in [a, b]. The coordinates of the point 4 are 4
(a,f(a)) and those of B are (b, f(b)). If the chord 4B
makes an angle o with the x-axis, then

or ff(e)=—- 4=

= [ (a+ Oh)

J/(b) - f(a)
tano="—————
b- a
=/ (o),
by Lagrange’s mean value theorem where a < c¢< b.

b‘:\l'

Thus Lagrange’s mean value theorem says that  {J
there is some point cin ]a, b[ such that the tangent to
the curve at this point is parallel to the chord joining
the points on the graph with abscissae a and b.

9 | Important Deductions from the Mean Value Theorem

Theorem 1: If a function fis continuous on [a, b], differentiable on la, b[ and if
[’ (x) = 0forall xin Ja, b[, then f(x) has a constant value throughout [a, b].

Proof: Let c be any point of ]a, b]. Then the function f'is continuous on [a, c]
and differentiable on ]a, c[. Thus f'satisfies all the conditions of Lagrange’s mean value
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theorem on [a,c]. Consequently there exists a real number d between a and ¢
ie., a< d< c such that
flo)=fla)= (c— a) [’ (d).

But byhypothesisf” (x) = 0throughout the interval ]a, b[, therefore, in particular
f’(d)= 0 and hence f(¢)— f(a)= 0 or f(c)= f(a). Since ¢ is any point of ]a, b],
therefore, it gives that f(x) = f(a) ¥ xin Ja,b]. Thus f(x) has a constant value
throughout [a, b].

Theorem 2 : Iff(x) and ¢ (x) are functions continuous on [a, b] and differentiable
onla, bl and iff’ (x) = ¢’ (x) throughout the interval la, b, then f(x) and ¢ (x) differ only
by a constant.

Proof: Consider the function F(x) = f(x) — ¢ (x). Throughout the interval
la, b[, we have

F'(x)=f"(x)— ¢’ (x)= 0,because /" (x)= ¢ (x).

Consequently, from theorem 1, we get

F (x) = constant or f(x) — ¢ (x) = constant.

Theorem 3 : [ff’ (x) = k foreach point x of [a, b, k being a constant, then

f(x)= kx+ C¥xe [a,b], where C is a constant.

Proof: Consider the interval [a, x] such that [a, x] lies in the interval [a, b] i.e.,
[a,x] C [a, b]. Since f” (x) exists ¥ x € [a, b], f'is differentiable on [a, b] and hence on
[a,x] and consequently continuous on [a,x]. Thus f satisfies all the conditions of
Lagrange’s mean value theorem on [a, x] and hence there is a point ¢ € ]a, x[ such that

f@) = fla)= (x=a)f’ (o).

But by hypothesis f* (x) = k¥ xe [a, b], therefore, in particular /" (¢) = k as
a< c< x< bie,a< c< b.

Hence f(x) — f(a)= (x— a)kor f(x)= kx+ f(a)— ak
or f(x)= kx+ Cwhere C= f(a)— ak is a constant.

Theorem 4 : [f fis continuous on [a, b] and f” (x) 2 0in la, b[, then f'is increasing
in [a, b].

Proof: Let x; and x, be any two distinct points of [a, b] such that x; < x,. Then
S satisfies the conditions of the Lagrange’s mean value theorem in [x;, x,]. Consequently

there exists a number ¢ such that x; < c¢< x,,and f(xy) = f(x) = (x;— x7) f” (¢).
Now x,— x;> 0 and /" (¢)= 0 (as f" (x) 2 0 V¥ xe Ja,b[ and c is a point of
la, b[), therefore
SO) = f(x) =2 0ie, f(x)) < f(xy).
Thus x; < x, =f(x) < f(x,) V' x;,x, € [a,Db].
Hence f'is an increasing function in the interval [a, b].
Similarly, we can prove that if /* (x) £ 0in ]a, b[, then fis decreasing in [a, b].

Corollary : If f is continuous on [a,b], then f is strictly increasing or strictly
decreasing on [a, b] according as

f(x)> 00r< 0 inla, b[-
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10 | Cauchy’s Mean Value Theorem

If two functions f(x) and g (x) are
(i) continuous in a closed interval [a, b],
(ii) differentiable in the open interval la, b[,
and (iii) g (x) # 0 for any point of the open interval la, b|, then there exists at least one
value c of x in the open interval la, b[, such that
fb) - fa) _ f (@
gb)-g@ g0
(Kanpur 2007; Kumaun 10; Avadh 12; Rohilkhand 14)
Proof: First we observe that as a consequence of condition (iii),
g(b)— g(a)# 0.Forifg(b) — g(a) = 0Oi.e,g(b) = g(a),then the function g (x) satisfies
all the conditions of Rolle’s theorem in [a, b] and consequently there is some x in
la, b for which g (x) = 0, thus contradicting the hypothesis that g’ (x) # 0for anypoint

sa< ¢< b.

of]a, bl.
Now consider the function F (x) defined on [a, b], by setting
Fx)=fx)+ AgX), (1)
where A is a constant to be chosen such that F (a) = F (b)
ie, f@)+ Ag(a)= f(b)+ Ag(B) or —a=I1O=J@ o
g() - g(a)

Since g (b) — g(a) # 0, therefore A4 is a definite real number.

(i) Now f and g are continuous on [a, b], therefore, F' is also continuous on
[a, b].

(ii) Again, since f and g are differentiable on Ja, b[, therefore F is also
differentiable on ]a, b[.

(iii) Byour choice of 4, F (a) = F (b).

Thus the function F (x) satisfies the conditions of Rolle’s theorem in the interval
[a, b]. Consequently there exists, at least one value, say ¢, of x in the open interval
]a, b[ such that F’ (¢) = 0.

But F'(x)=f" (x)+ AZ (x), from (1).

_f().
g (o)

F'(c)= 0=f"(c)+ A (¢)= 0 or -4

SB) = f(@) _ [ ()
gb)—-gla g (o

This proves the theorem. It isusually known as the ‘Second Mean Value Theorem
of Differential Calculus’.

Another form: Ifb= a+ h,thena+ 0h= a when 0= Oand a+ 64 = b when
0= 1. Therefore, if 0< 6< 1, then a+ 6k means some value between a and b. So
puttingb= a+ hand c= a+ 0h,the result of the above theorem can be written as

fla+ h)— f(a) [’ (a+ Oh)

gla+ h)— g(a) g (a+ 6h)

Note 1: Ifwe take g(x) = xfor all xin [a, b], then Cauchy’s mean value theorem

gives Lagrange’s mean value theorem as a particular case. For g(x) = x means

g(b)= b,g(a)= a,g (x)= 1 and so ¢ (c¢) = 1. Putting these values in Cauchy’s mean

value theorem, we get Lagrange’s mean value thoerem. Thus Cauchy’s mean value
theorem is more general than Lagrange’s mean value theorem.

.(3)

From (2) and (3), we get

s0< 6< 1.
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Note 2: Cauchy’s mean value theorem cannot be obtained by applying
Lagrange’s mean value theorem to the functions fand g
For applying Lagrange’s mean value theorem to f(x) and g(x) separately, we get
f(b)— fla)y= (b— a)f” (c;),wherea< ¢;< b

and g(b)— g(a)= (b— a) g’ (cy), where a< ¢, < b.
£y - flay S (c)

g(b)-gla) ¢ (e
Note that here ¢; is not necessarily equal to c,.

Dividing, we have

Itluslrative Examl;)]es

Example 1: If f(x)= (x— 1) (x— 2)(x— 3) and a= 0, b= 4, find ¢’ using
Lagrange’s mean value theorem. (Lucknow 2007; Rohilkhand 14)
Solution : We have

f)= (x= D(x=2)(x—3)= - 62+ 1lx— 6.
fl@)=f(0)= - 6andf(b)= f(4) = 6.

SO~ fla)_ 6= (=6 _12_

b— a 4-0 4
Also f7 (x) = 3x2— 12x+ 11 gives f’ (¢) = 3c¢2— 12¢+ 11.
Putting these values in Lagrange’s mean value theorem

f(b) - fla) _
b— a

[’ (0), (a< c< b), we get

3=3c2— 12¢+ 11 or 3c®— 12c+ 8= 0

+ —
or oo 128 V(1644 96) _ 5, 2TV3

Asboth ofthese values of ¢ lie in the open interval ]0, 4[, hence both of these are
the required values of c.
Example 2 : Letf:[0, 1] >R be defined by
f(x)= (x— D2+ 2-V¥xe [0,1].
Find the equation of the tangent to the graph of this curve which is parallel to the
chord joining the points (0, 3) and (1,2) of the curve.
Solution : Since f(x) is a polynomial function, therefore it is continuous on

[0, 1] and differentiable in ]0, 1[. Hence, by Lagrange’s mean value theorem, there is
some c € 0, 1[ such that

S = £(0) _ 2-3
0

| S@or == (@ or— 1= f7(0),

Nowf’ (x)= 2 (x— 1) givesf’ (¢)= 2 (c— 1).
Thus2(c— 1)= - lie,c= %

s fle) = %, so that the point of contact of the tangent is (; ) z) and its slope is

f’ (¢) = — 1.Hence the equation of the required tangent is

y- 2=~ 1(x— ;) or 4x+ dy= 11,
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Example 3: Compute the value of 0 in the first mean value theorem

f(x+ h)= f(xX)+ hf’ (x+ Oh), if f(x)= ax*+ bx+ c.
(Lucknow 2008)

Solution : Here f(x) = ax® + bx+ c.
f(x+ h)=a(x+ b2+ b+ h) + ¢,
[ (x)= 2ax+ b,f’ (x+ O0h) = 2a (x+ Oh) + b.

Substituting all these values in the Lagrange’s mean value theorem, we get
a(x+ 2+ b(x+ h)+ c= a2+ bx+ c+ h[2a (x+ 6h) + b] e

The relation (1) being identically true for all values of x, hence when x —0, we have

ah*+ bh+ c= c+ h[2a0h+ b]
or ah?= 2a0h*> or 0= 1/2.

Example 4: A function f(x) is continuous in the closed interval [0,1] and
differentiable in the open interval 10, 1[, prove that

S ()= f(1) = f(0), where 0< x; < 1.
Solution: Herea= 0,b= 1 so that

f(b) = fa) _ f(1) = f(0) _ _
b— a - 1—-0 _f(l) f(O)

Ifwe take ¢ = x;,and substitute these valuesin the result of Lagrange’s mean value

theorem, we get
S = f(0)=f"(x;) where 0< x; < 1.
This is a particular case of Lagrange’s mean value theorem. Students can give an
independent proof of this.
Example S :  Separate the intervals in which the polynomial
263 — 15x%2 + 36x+ 1 is increasing or decreasing.
Solution : We have /(x) = 2x° — 152+ 36x+ 1.
f7 ()= 6x%— 30x+ 36= 6(x— 2) (x— 3).
Now  f’(x)> 0forx< 2or forx> 3,
f (x)< 0for2< x< 3,and f’ (x) = 0forx= 2,3.
Thusf” (x) is+ ive in the intervals ] — o, 2[ and ]3, e[ and negative in the interval
12, 3[.
Hence f is monotonically increasing in the intervals ]— oo,2], [3,0 [ and
monotonically decreasing in the interval [2, 3].

Example 6 : Show that 1: x< log(1+ x) < xforx> 0. (Bundelkhand 2011)
Solution : Let f(x) = log (1 + x) — ﬁ - £(0)= 0.
Then f* (x) = 1 _1.(1+x)—2x.1= [ 1 . =%.

1+ x (1+ x) I+x (1+x) (1+ x)

We observe that /7 (x) > 0forx> 0.Hence f(x) is monotonicallyincreasingin the
interval [0, eo[. Therefore

f(x) > f(0) for x> 0i.e.,[log(1+ X) —

x ]> 0 forx> 0
1+ x

ie., log(l+ x)> for x> 0. ..(D)

1+ x



DIFFERENTIABILITY D-71

Again,let ¢ (x) = x— log (1 + x).
0 (0)= 0.

Then ¢’ ()= 1 — — X

I+x 1+x
We observe that ¢ * (x) > 0 for x> 0. Hence ¢ (x) is monotonically increasing in
the interval [0, oo[. Therefore

O (x)> ¢ (0) forx> Oie,[x— log(l+ x)]> Oforx> 0
ie., x> log(l+ x) forx> 0. ...(2)
From (1) and (2), we get

I+ x< log(l1+ x) < xforx> 0.

Example 7 :  Verify Cauchy’s mean value theorem for the functions x> and x3 in the
interval [1,2]. (Avadh 2013)
Solution : Let f(x) = X and g(x) = . Then f(x) and g (x) are continuous in the
closed interval [1,2] and differentiable in the open interval ]I,2[. Also
& (x) = 3x%# 0foranypoint in the open interval ] 1,2[. Hence by Cauchy’s mean value
theorem there exists at least one real number c in the open interval ]1, 2[, such that
@ =fD) _ [ "
g2)-g) g’ (o
SQ)-fa) _4-1_3
Now - gy 8- 17 7
Also f7 (x) = 2x, & (x) = 3x%.
J;, Eg = %= % Putting these valuesin (1), we get%= %or c= %which
lies in the open interval ]1, 2[. Hence Cauchy’s mean value theorem is verified.
Example 8: [f in the Cauchy’s mean value theorem, we write f(x) = e* and
g(x) = e X show that ‘c’is the arithmetic mean between a and b.

fb)— fla)y - ¢

Solution : Here = = — eleb=— ot D,
gb)y-gla) e b- e a
’ X , c
and f, (x) = % 5o that f, () L —
gx) - e g —e¢

Putting these values in Cauchy’s mean value theorem, we get

—ettb=_ o2 or 2¢=a+ b or c=%(a+ b).

Thus c is the arithmetic mean between a and b.

Example 9 : [fin the Cauchy’s mean value theorem, we write

(D) f(x) = Vx and g (x) = 1/\x, then cis the geometric mean between a and b,
and if (Rohilkhand 2014)

(i) f(x) = 1/x2 and g (x) = 1/x, then cis the harmonic mean between a and b.

J J (Bundelkhand 2005)

f(b) ~ f(a) b-a
(b~ g(@ = WAb— (1A=~ @
1. ~12

’ SX ’ - 1/2
f,(x)= 21 sothat&=—ci3/2=—c.
g _ Ex—3/2 g(c) c

Solution : (i) Here

and
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Putting these values in Cauchy’s mean value theorem, we get
— \/(ab) =—c¢ or c= \/(ab)
i.e,, cis the geometric mean between a and b.
fb) - fla) (/b - (1/a*>) a+ b

() Here o ) @~ (1/b)- (1/a) — ab
ffx) -2 3 () -2¢3 2
and n = so that—; = = —
g () - x 2 g (o) -2 ¢
Putting these values in Cauchy’s mean value theorem, we get
at+tb 2 or c= 2ab
ab ¢ T a+ b

i.e., ¢ is the harmonic mean between a and b.

@mprehensive Fxercise 3

1. State Lagrange’s mean value theorem. Test if Lagrange’s mean value theorem

holds for the function f(x) = | x| in the interval [— 1].
(Kanpur 2010; Rohilkhand 13B)

2. Iff(x)= 1/xin[- 1, 1], will the Lagrange’s mean value theorem be applicable to
f(x)? (Meerut 2012B)
3. Verify Lagrange’s mean value theorem for the function

f:[- 1,11 >R given by f(x) = x°.
4. Find ‘¢’ of the mean value theorem, if f(x) = x(x— 1) (x— 2);a= 0,b= %
(Kumaun 2012)
5. Find ‘¢’ of mean value theorem when
(i) f(x)=x>- 3x— 2in[- 2,3] (i) f(x) = 22+ 3x+ 4in[1,2]
(iii)) f(x) = x(x— 1)in[l, 2] (Meerut 2013B)
(iv) f(x) = x¥2— 3x— lin (— 171 ) 173)-
6. State the conditions for the validity of the formula
fx+ h)=f(x)+ hf’ (x+ 6h)
and investigate how far these conditions are satisfied and whether the result is
true, when

f(x) = xsin (1/x) (being defined to be zero at x= 0) and x< 0< x+ A.

7. (a) Showthat x’— 3x2+ 3x+ 2 is monotonically increasing in every interval.

2x
(b) Showthat log(1+ x)— 4 x

8. Determine the intervals in which the function (x**+ 63 + 17x2+ 32x+ 32) e ¥
is increasing or decreasing.
9. Use the function f(x) = x!/* x> 0 to determine the bigger of the two numbers
eTand me.
10. Showthat the set of all x for which log (1 + x) < xisequal to [0, e [.
11. Use Lagrange’s mean value theorem to prove that
1+ x< ef< 1+ xe* Vx> 0.

is increasing when x> 0.
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12. Ifa= - 1,b2 landf(x)= 1/| x| , show that the conditions of Lagrange’s mean
value theorem are not satisfied in the interval [a, b], but the conclusion of the
theorem is true ifand onlyifb> 1+ V2.

13. State Cauchy’s mean value theorem. (Kanpur 2007)

Verify Cauchy’s mean value theorem for f'(x) = sinx, g(x) = cosxin [—- ©/2,0].

14. Iff(x) = x4, g(x) = cosx, then find the point ce ]0,n/2 [ which gives the result
of Cauchy’s mean value theorem in the interval [0, t/2] for the functions f(x) and
g ).
15. Use Cauchy’s mean value theorem to show that
sin o.— sin

T
= cotf, where0< a< 6< < -
cosPB— cosa

2

r '\.

\ nswers >
S’

1. The mean value theorem does not hold since the given function is not
differentiable at x= 0.

2. not applicable. 4. 1- Lél
5. (i) £ N(7/3). (i1) 3/2. (iii) 3/2. (iv) 1/7.

6. Condition of differentiability is not satisfied in x< 0< x+ % since f(x) is
non-differentiable at x= 0.
8. Increasing in the intervals [- 2,— 1] and [0, 1] and decreasing in the intervals
]=eo,— 2],[- 1,0]and [1,0e].
9. e™isbigger than w°
14. Root ofthe equation sin c— (8¢/n%) = 0in the open interval ] /6, /2 [.

11 Taylor’s Theorem with Lagrange’s Form of Remainder
after n Terms

If f(x) is a single-valued function of x such that
(i) allthe derivatives of f (x) upto (n — 1)th are continuous ina< x< a+ h,

and (i) f(”) (x) existsina< x< a+ h, then

2
fla+ h)= f(a)+ hf (a)+ %f" (a) + ...

hn—l X
+ mf(”‘ D (a) + Ff("> (a+ Oh), where0< 6< 1.
Proof : Consider the function ¢ defined by
, a+ h- x? .
OX)=f(xX)+ (a+ h—x)f" (x)+ (27')f )+ ...
(a+ h=x""1 A oo
+ = 1)1 f (x)+n!(a+h x)",

where 4 is a constant to be suitably chosen.
We choose 4 such that ¢ (a) = ¢ (a+ h).



D-74 Kaisémas DIFFERENTIAL CALCULUS

Now 0 (a)= f(a)+ hf’ (a)+ h—zf" @)+ ...+ L_lf("— D (a) + A
2! T o(m= 1! n! ’
and O (a+ h)= f(a+ h).
Hence 4 is given by
2
fla+ h)= f(a)+ hf’ (a) + %f" (a) + ...
hn—l X
T - D n-
+ (n— 1)!f (a) + n!A. ..(D)

Now, by hypothesis, all the functions
VGO N A CO N A €Y R Y €

are continuous in the closed interval [a,a + 4] and differentiable in the open interval
la,a + h[.

Further (a+ h— x),(a+ h— x)2/21, ..,(a+ h— x)"/n ), all being polynomials,
are continuous in the closed interval [a,a + k] and differentiable in the open interval
la,a + h[. Also A4 is a constant.

0 (x) is continuous in the closed interval [a, a + h] and differentiable in the
open interval la, a+ Al.

By our choice of 4, ¢ (a) = ¢ (a+ h). Hence ¢ (x) satisfies all the conditions of
Rolle’s theorem.

Consequently ¢ * (a+ 0h) = 0, where 0< 6< 1.

Now 0" W=/ 0O-f" @O+ (a+ h-0)f" 0= (a+ h=x)f" ()

4 Mf(n) (x) —

_ n—1
= 1)1 (a+ h— x

4
(n— 1)!

_(a+ h- B K

-1 P @- A

since other terms cancel in pairs.
0’ (a+ 6h) = 0 gives

[a+ h— (a+ Oh)]"— 1

[/ (a+ 6h)— A]= 0

(n— 1!
n—1 _ n—1
or h (n(l_ 1)93 [F™ (a+ 8h)— A]= 0
or M@+ 0y - A4=0 or A= (M (a+ Oh).

[h#0,(1-0)% 0as0< 0< 1]
Putting this value of 4 in (1), we get
4 hz ’ /7
fla+ h)= f(a)+ hf (a)+ ;f (a) + ...

WL H" oy
+Wf (a) + ?f (a+ eh).

This is Taylor’s development of /' (a + /) in ascending integral powers of 4. The

n
(n+ 1)thterm % f(") (a+ 0h) is called Lagrange’s form of remainder after » terms in

Taylor’s expansion of f'(a + h).
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Note : If we take n= 1, we see that Lagrange’s mean value theorem is a
particular case of the above theorem.

Corollary : (Maclaurin’s development) :
If we take the interval [0, x] instead of [a, a + h], so that changing a to 0 and % to
x in Taylor’s theorem, we get

n-1
FO = O+ PO+ 5 7 O+ ot W ARIURE LI ()

which is known as Maclaurin’s theorem or Maclaurin’s development of f(x) in the

n
interval [0, x] with Lagrange’s form of remainder % f™ (6x) after n terms.

12 Taylor’s Theorem with Cauchy’s Form of Remainder

If f(x) is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n — 1)th are continuousina< x< a+ h,

and (i) f(”) (x) existsina< x< a+ h, then
2
fla+ h)= f(a)+ hf (a)+ %f" (a)+ ...

- n- 1) o
T AR s
Proof : Consider the function ¢ defined by

(a+h

(1— 0"~ 1 £ (g + 6h), where0< 6< 1.
b= )+ (a+ h=x)f )+ f”()+...

where 4 is a constant to be suitably chosen. We choose 4 such that ¢ (a) = ¢ (a + k).

2 n
Now o (a)= f(a)+ hf’ (a)+ %f” (@) + ..+ ﬁﬂ"— Da)+ h A,
and O (a+ h)= f(a+ h).
Hence 4 is given by
2 n
fla+ h)= f(a)+ hf’ (a)+ %f (@) + ...+ (}’71),14"— D)+ hd. ..(1)

As explained earlier in article 11, it can be easily seen that ¢ (x) satisfies all the
conditions of Rolle’s theorem. Consequently

0’ (a+ 6h)= 0, where 0< 6< 1.

Now ¢’ (x) = (a +( h= 1) | f(”) (x) — 4, since other terms cancel in pairs.
la+ h— (a+ 6R)]"~ !
o’ (a+ Oh)= 0 gives M (a+ 6h)— A= 0
(n— 1)!
h ! n= 1 p(n)
or A—W(l— 0) f (a+ 6h).

Putting this value of 4 in (1), we get
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hn

T -1
+ L(l— 0)"~ 1 £ (a+ Oh).

(n—1)!

(1- 0"~ £ (g + 6h) is called Cauchy’s form of

2
Sfla+ h)= f(a)+ hf’ (a)+ %f” (a) + f(n— D (g)

n

h
(n—1)!
remainder after n terms in the Taylor’s expansion of /(¢ + %) in ascending integral
powers of A.

The (n+ 1)th term

Corollary : (Maclaurin’s development with Cauchy’s form of remainder) :
If we change a to 0 and 4 to x in the above result, we get

, ﬁ ’7 x"
(0= f£0)+ xf’(0) + 2!f 0)+ ... ( Y

X a1 )
A 8 L (e,

which is Maclaurin’s theorem with Cauchy’s form of remainder. The (n + 1)th term

L rem )

xi’l

(n— 1)!

Maclaurin’s development of f(x) in the interval [0, x].

(1- 6"~ 1f (" (8x) is known as Cauchy’s form of remainder after » terms in

13 | Expansions of Some Basic Functions

(i) Expansion of e*:
Let f(x) = e~
Then f(”) (x)= e* ¥ ne N,V xe Rso that
fM0)=e"=1 V¥ne N.
Now Maclaurin’s expansion of f(x) with Lagrange’s form of remainder is

X2 x"-

S = FO)+ xf(0) + S7f7(0) + ... f(”‘ D)+ R,

( - D!
xi’l
where R, = Ff(”) (6x),0< O6< 1.
lim _ lim (n) llm X" gy
Now n—)ooR”_n—><>° n'f (6x) = con!
: n

= o0x Nm X exy g o, { .+ lim x® o}

n—oo pl n—oo pl

Thus f (x) exists in [0,x] for each ne N and R,—0 as n —oo ie, all the
conditions of Maclaurin’s series expansion are satisfied.
Hence V¥ xe R the expansion of e*is

= 1+ x+ ﬁ+ T+ Ty
X 21 3 0l

(ii) Expansion of sin x:
Let f(x) = sinx.
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Then £ (x)= sin (x+ lnn)#ne N,¥xe R

so that f(”)(O) = s1n(2 ] Y ne N
() = 0, ifniseven,
or f ( ) ][(_ 1)(}1— 1)/2’ ifnisodd.

The Maclaurin’s expansion of f(x) with Lagrange’s form of remainder is

2 x"

f(x) = f£0)+ x7(0) + ff” 0+ ...+ Wf(n— D0) + R,
h R = roay = i T) o< 0< 1
where ”_n!f (x)—n!sm > T <6< 1.
n n n
Now |R | = fsm 6x+M = | sin 6x+M < X
n! 2 n! 2 n!
. . "
fm g o MM XTH [ lim <% o]
n —oo n n—oo [pn! n—ocopl
or lim R = 0.
n-—oo 1N

Thus all the conditions of Maclaurin’s series expansion are satisfied. Hence the
expansion of sin x is
© X
51 71

%

x2n— 1

SiInx= x— (2 1)'

+ e+ (- D

W

(iii) Expansion of cos x :
Proceed as above. In this case we get

R A
COSXx = _2'+4'_6'+

(iv) Expansion of log, (1+ x) :
Let f(x)=log,(1+ x), (- 1<x<1).
Then M= (- 1)""Yn- !0+ x"" ¥ne N,

so that F™M0)y= (- D" Yn-1)! ¥ ne N.
The Maclaurin’s expansion of f(x) with Lagrange’s form of remainder is
n—1
S@ = 10)+ xf"(0) + gf"(on S e T AR URE &
x}’l
where R, = Ff(">(ex),0< < 1
x" (= D" Yn= 1! I x Y
= =(-n"-1 = .
n! (1+ 6x)" 1+ 6x

In order to show that R, —0as n —c , we consider two cases :

Casel: 0< x< 1.

Since 0< x< 1 and0< 6< 1, thereforex< 1+ 6x
lim (= D"~ !
n—oo n

X

1+ 6x =0

1 n
and hence lim ( ) = 0. Also
n—oo
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Thus, in this case, lim R = 0.
n—

n

Casell: - 1<x< 0.
In this case it will not be convenient to show that Lagrange’s form of remainder
R, —0asn —e because x/(1+ 6x) maynot be numerically less than unity. Therefore

we use the Cauchy’s form of remainder. We have

xn

= " —(1- 0" Iy
R, (n— 1) !(1 0) L (n) ()
x" - . B
= o 9T IE DT = DA+ 8
n—1
= - n=1 n 1_ e . 1 )
=1 x(l+6x] It o (0< B< 1).

Nowas0< 6< land—1< x< 0, we have

_ : _ n— 1
0< 179 4 o that 1M (1 9) =0

1+ 6Ox n—oo {1+ Ox
Also, lim x"=0as— 1< x< 0.
n—>oo

Thus, in this case also R, —0as n —oo.
Hence, f(x) satisfies all the conditions of Maclaurin’s series expansion for
- l<x< 1.

Therefore, for — 1< x< 1, we get

4 n
Iy G D LA N
4 n

A,
w‘m

log,(1+ x)=x—- 7+
(v) Expansion of (1+ x)™ :
Let fx)= 1+ x" ¥ xe R.
Then M@ =mm—- Hm—-2)...(m—n+ HA+0""" ¥ ne N.
Now we consider two cases :
CaseI: Ifm isapositive integer.
In this case, we notice that for n> m ,f(”)(x) = 0. So all the terms after the
(m + 1)th term vanish and so the expansion consists of finite number of terms in the
form

£ = O+ 2O+ = (0 + ot X pm()
- 2 T om) '
Case Il : Ifm isa fraction or a negative integer.
In this case, let | X | < 1.
We have
M@y =m@m—-1D)m—=2)...(m—n+ DA+ """ x#— 1.
Here, we use Maclaurin’s expansion with Cauchy’s form of remainder. Thus, we
have

, x2 ., n—1 .
SE=FO+ xf' O+ T3/ O+ .o+ hﬂ D(0) + R,
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n

_ X 1 g e
where R, (n—l)!(l 0) fY(0x),0< 0< 1
xn
== (1-0""Ymm-1..(m=—n+ 1)(1+ 6x)m— "
(n—1)!
-1
| 1-90 8 m—1 mm-1)..(m-—n+1)
‘(1+ Sx) 1+ 6" (n— 1! A
—_ —_ a —
If azm(m D...(m-n+ 1)~x”, then n+tl_m no.
n (n— 1! a, n

(on simplification)

. a .
lim BUES lim (m_ 1)x= 0- 1)x= - x.
n —oo a, n—oo| n

Thisgivesnh_I)nm a,= 0, since |— x| = |x| < 1.

Further 0< 6< 1=0< 1- 06< 1+ Ox

-1
1- 6 . lim [1-86)"
so that I+ 9x< 1 which gives (1+ Sx) = 0.
lim

Hence in this case " 1_>°° R, = 0. Thus f(x) satisfies the conditions of Maclaurin’s

series expansion.
Therefore for — 1< x< 1, we have
m(m— 1) 24 m(m— 1)(m — 2) 34
21 3!

1+ "= 14+ mx+

Itluslrative Examl;)]es

Example1: Iff(x)= f(0)+ xf’ (0) + gf” (6), (D)

find the value of ® as x — 1, f(x) being (1 — x)>/%.
Solution : Here /(x) = (1 - x)°/2

f@==30-9Y2 and =20 "2

Thus  f(0)= 1,f(0)= — %f (0x) = 14—5(1 - ox)l/2,
Putting these values in (1), we get

(1-x%2=1- RINE N = (1-

2 2! 4
Therefore as x — 1, we have
- 1 é i E _ 172
0=1-5+57 30-9

or (1-0=—-_- or 0=_—-

4 16 9
or(1- 2= 25 25
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Example 2 : Show that the number © which occurs in the Taylor’s theorem with
Lagrange’s form of remainder after n terms approaches the limit 1/(n+ 1) as h —0
provided that f** V) (x) is continuous and different from zero at x= a.

Solution : Applying Taylor’s theorem with Lagrange’s form of remainder after
n terms and (n + 1) terms successively, we get for 6,6 € 10, 1[,

n—1 n
fla+ h)y=f(a)+ hf (@) + ...+ hf(”— D (a) + %f(”) (a+ Oh),
n n+ 1
and fla+ h)y= fla)+ hf’ (a)+ ...+ %f(”) (a) + (:+7+1)!f(”+ D(a+ 6 h.

Subtracting these, we have
hnf(n) (a) pn+ 1
n! (n+ 1)!

or O (@t O = 0 @)= gt D s gh) (1)

n
F+ D+ 6h) = %f(”) (a+ 6h)

Applying Lagrange’s mean value theorem to the function /) (x) in the interval
[a,a + Oh], we get
D (a+ 0h)— ) ()= Ohf"+ D (a+ 007h),0< & < 1. (2)
From (1) and (2), we have
h

Orf "+ D (a+ 60" h) = mf(“ Da+ 0h)

1 O+ Da+ 6'h)
n+ 1+ (g4 007h)

lim , 1 f+ D)
h—=0"" n+ lf(n+1)(a)_n+1

or 0=

, provided f"*+ 1 (a) # 0.

Example3 : Assumingthe derivatives which occur are continuous, apply the mean
value theorem to prove that

O (x)= F" {f()}f" (x) where & (x) = F {f(x)}.
Solution : Let f(x) = ¢so that ¢ (x) = F (¢).
lim ¢ (x+ A)— ¢ (x) lim F{f(x+ h}- F{f(x)}

Now o™ ()= 4 h = h =0 h
_tim FU@F RSk 0 = FU@Y
T h—>0 h a 1< D
[ f(x+ h)=f(x)+ hf’ (x+ 6, h), by mean value theorem]
_lim F(+ H) - F() o
=150 A ,where H= hf’ (x+ 0;h)
B lim HF’ (t+ 92H)
T h—=0 h

[ F(t+ H)= F(t)+ HF’ (t+ 6, H), bymean value theorem]
lim Af (x+ 8,h) F' [t+ 6,hf (x+ 0, h)]
h—0 h
STOFE 0= F {fx)}f ().

Note : This example gives an alternative proof of the chain rule.
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@mprehen sive [ xercise 4

1. Iff(x+ h)=f@)+ hf (x)+ ;—z!f"(x+ 0h),
find the value of 0 as x —>a, f(x) being (x — a)¥’2.
2. Find 0,iff(x+ h)= f(x) + hf" (x) + ;ﬁ!f” (x+ 6h),0< B< 1,and
(i) f()=a+ bx2+ cx+ d (i) f(x) = .
3. Show that ©’ (which occurs in the Lagrange’s mean value theorem) approaches

the limit % as ‘h’approaches zero provided that /*’ (a) is not zero. It is assumed

that f’’ (x) is continuous.

4. Show that the number 0 which occurs in the Taylor’s theorem with Lagrange’s
form of remainder after n terms approaches the limit 1/(n+ 1) as h —0 provided

thatf(” + D (x) is continuous and different from zero at x= a.

i

’ "
 Answers 4
Ml

1. 0= - 2. (i) e=§- (ii) e=§-

.,

i Objective lType QQuestions

R
Fill in the Blanks:
Fill in the blanks “... ... ”so that the following statements are complete and correct.
1. A function f(x) is said to be differentiable at x= a if
lim ()~ ... .
————— exists.

X —a X— a
2. The right hand derivative of f(x) at x= a is given by
lim f(a+ h)— f(a)
h =0 ’
provided the limit exists.
3. The left hand derivative of f(x) at x= a is given by
lim f(a— h)— f(a)
h =0 ’
provided the limit exists.
4. A function f: ]a, b[ >R is said to be differentiable in ]a, 5[ if and only if it is
differentiable at everypointin ... .
5. Ifa function f(x) is differentiable at x= a, then f"(a) is the tangent of the angle
which the tangent line to the curve y= f(x) at the point P (a, f(a)) makes with ....
6. Continuity is a necessary but not a ... condition for the existence of a finite
derivative.

h> 0,

h> 0,



D-82 Kaisémas DIFFERENTIAL CALCULUS

7. The function f(x) = | x| is differentiable at every point of R except at x= ....
8. Ifa function f'(x) is such that
(i) f(x)is continuous in the closed interval [a, b],
(ii) f”(x) exists for every point in the open interval ]a, 5[,
(iii) f'(a) = f(b), then there exists at least one value of x, say c, where a < c¢< b,
such that /'(c) = 0.
The above theorem is known as ... .
9. Ifa function f(x) is
(i) continuous in the closed interval [a, ], and
(i) differentiable in the open interval Ja, b[ i.e.,a < x < b,then there exists at least
one value ‘¢’ of x lying in the open interval Ja, [ such that
J(b) - f@)
b g
10. Iftwo functions f(x) and g(x) are
(i) continuous in a closed interval [a, b]
(ii) differentiable in the open interval ]a, b[, and

(iii) & (x) # Ofor anypoint ofthe open interval Ja, b[, then there exists at least one
value c of xin the open interval ]a, b[, such that

f(b) = f@) 1)
g ()
11. Iffis continuous in [a, b] and f'(x) = 0in Ja, b[, then fis ... in [a, b].
12. Iff(x) = sinx, then
lim SO+ h)-f)
h—0 h o

Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).

13. The function f(x) = | x— 1] is not differentiable at

(a) x=0 (b) x=-1

(¢c) x=1 (d x=2
14. The function f(x) = | x+ 3| is not differentiable at

(a) x=3 (b) x=-3

(¢c) x=0 (d x=1

15. A function f(x) is differentiable at x= a if
(a) Rf'(a)= Lf(a)
(b) Rf’(a)= 0
() Lf'(a)=0
d) Rf'(a)# Lf"(a)
16. A function ¢ (x) is defined as follows :
0(xX)=1+xifx< 2
O(x)=5-xif x> 2.
Then
(a) ¢ (x) is continuous but not differentiable at x= 2
(b) ¢ (x) is differentiable at every point of R
(¢) ¢ (x) is neither continuous nor differentiable at x= 2
(d) ¢ (x) is differentiable at x= 2 but is not continuous at x= 2.
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17.

18.

19.

20.

21.

22.
23.
24.

2S.
26.
27.
28.

29.
30.

31.
32.
33.
34.

Out of the following four functions tell the function for which the conditions of
Rolle’s theorem are satisfied.

(@) f(x)=|x] in[-1,1] (b) f(x)=x*in2< x< 3
(¢) f(x)= sinxin [0, 7] (d) f(x)=tanxin0< x< 7.
The function f(x) = sinx is increasing in the interval
T
() [0,7] ) [0.2]
T 3n T
(©) [Z ’ 7} (d) [5 ’ n} (Kumaun 2014)

The value of ‘c’ of Lagrange’s mean value theorem for f(x) = x(x— 1) in [1, 2] is
given by

(a) c=
(¢) c=

The value of ‘c’ of Rolle’s theorem for the function f(x) = e*sinxin [0, ] is given
by

(a) c=

(b) c¢=
(d) c=

Sl Bl
— N W
oz ©I

(b) ¢

Il
o\‘n;‘n FNgF]

(¢) c=

The function f(x) = | x| at x= 0 shall be

(a) differentiable

(b) continuous but not differentiable

(c) discontinuous

(d) none ofthese (Kumaun 2009)

) ¢

True or False:
Write ‘T’ for true and ‘F’ for false statement.

Ifa function f(x) is continuous at x = a, it must also be differentiable at x= a.
If a function f'(x) is differentiable at x= q, it must be continuous at x= a.

If a function f(x) is differentiable at x= a, it may or may not be continuous at
xX= a.

The function f(x) = | x| is differentiable at every point of R.

Rolle’s theorem is applicable for f(x) = sinx in [0, 2 x].

Rolle’s theorem is applicable for f(x) = | x| in [- 1, 1].

Lagrange’s mean value theorem is applicable for f(x) = | x| in [- 1, 1].

The function f(x) = sinx is increasing in | — g’g :

Ifa+ b+ c= 0,then the quadratic equation 3ax®+ 2bx+ c= 0 hasno root in
10, 1[.

If fis continuous on [a, b] and f’(x) £ 0 in Ja, b[, then fis increasing in [a, b].
The function f(x) = 2x3 — 1522+ 36x+ 1 isdecreasingin the interval [2, 3].
Letf(x)= | x| + |x— 1] .Then Rf’(0) = 0.

Rolle’s theorem is not applicable for the function f(x) = x (x+ 2) e~ "2in
[-2,0].
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35. The value of ‘¢’ of Lagrange’s mean value theorem for the function
f(9=2x2+ 3x+ 4in[1,2]is given byc= 3-

lim S+ M) -/
enh_>0 —h =nx .

lim f(x) - f(a) _

36. Iff(x)= x",th

37. Iff(x)= cosx, thenx_m 4 — sina.
lim /()= f(xp)

38. Iff(x)= e, thenx_>x0 x_i)q): e*

P

. Answers

Nl
1. f(a). 2. h. 3. —h. 4. Ja, bl. 5. the x-axis.
6. sufficient. 7. 0. 8. Rolle’s theorem. 9. f'(o).
10. g(b) - g(a). 11. increasing. 12. cosx. 13. (¢). 14. (b).
15. (a). 16. (a). 17. (¢). 18. (b). 19. (b).
20. (a). 21. (b). 22. F. 23. T. 24. F.
25. F. 26. T. 27. F. 28. F. 29. T.
30. F. 31. F. 32. T. 33. T. 34. F.
35. F. 36. T. 37. T. 38. F



Differentiation

3.1 Increments

In differential calculus we use the word Tncrement’ to denote a small change
(increase or decrease) in the value of any variable. Thus if x be a variable, then a small
change in the value ofxis called the increment in x and we usually denote it by &x which
is read as ‘delta x”. It should be noted that dx does not mean & multiplied by x. It
represents a single quantity which stands for the increment in x. Sometimes we also use
the single letters 4, k etc. to denote increments.

Now suppose y= f(x) is a function of'the variable x. Let dy denote the increment
in y corresponding to an increment Ox in x.

Then y+ doy= f(x+ &).

Therefore Oy= fx+ ox) — f(x).

Oy _ fx+ &x) = f(x)

The quotient o o

is called the average rate of change of y with respect to x in the interval (x, x + x).

3.2 | The Differential Coefficient

Definition : The differential coefficient of a function y= f(x) -with respect to x is
defined as
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lim Oy lim f(x+ 8x) — f(x)
ox—0 §y Oox—0 Sx
provided the limit exists. The differential coefficient is also called the derivative, or the
derived function. The differential coefficient of y= f(x) with respect to x may be
denoted by any of the symbols
DDy @ (@, DS ).

The process of finding the differential coefficient is called differentiation. The
differential coefficient (dy/dx) is also called the instantaneous rate of change (or simply,
the rate of change) of y with respect to x.

The Differential Coefficient at a Point: Ify= f(x) is a function ofx, then

hligqo fla+ h) - f(a)

h
is called the differential coefficient of f(x) for x= a, provided the above limit exists. It
is denoted by (:g) ,(V),,0rf’ (a). It gives us the rate of change of y with respect
X=a

toxatx= a.

3 | Differential Coefficient of x" (n being Real Number)

Let y= x". Then y+ dy= (x+ ox)".
Therefore dy= (x+ 0x)" — x".

dy _ (x+ ox)" - x"

ox ox
Taking limit when dx —0, we get

dy  lim &  lim  (x+ &))" — x"

dx ox —0 ox ox —0 Sx
w14 8o o (-3 -]
_ _lim _ _lim
= dx—0 Sx = dx—0 Sx
_ 2
x”|:1+ n(ax)+ n(nl)(ax) + .- 1}
. X 2! X
lim
= dx—0 Sx

[Expanding by binomial theorem since dx/x is numerically
less than unity, dx being numerically small]

[ _ 2
x" n(ax)+ n(n'l)(fix) + }
lim |\ x 21 x
= dx—0 Sx
_ lim n>ﬁ n(ni_l)g _.n n_ n—1
—Sx—>0x_x+ X x2+ ...... :| =X .x—nx .
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Thus ix"= nx"— 1,
dx

Mlustration 1 : %(x“) = 44~ 1= 43,

PR AN (0 S DR AP 7 N SV S SR
Illustration 2 : v [X1/3J = I (x )= 3 X = 30473
4 | Differential Coefficient of sin x
d . lim sin (x+ Ox) — sinx .
We have 2 SIX = 3x —0 S , by definition
( Sx) . Ox
2cos|x+ —[sin—
. 2 2 . sin —
_ lim _ _lim X 2
= dx—0 Sx = Sdx—0 cos{x+ 2 8x
2
= cosx, since Slimo sin (0x/2) _ 1
- ’ = dx/2
d .
Thus  —sinx= cosx.
dx
Similarly, it can be shown that
icosx— — sinx.
dx - '
Note : xlglo %= 1 is true only when x is expressed in terms of radians. In

case xis given in terms of degrees, it should be first expressed in terms of radians before
applying the above results.

S | Differential Coefficient of e*

: x+ 0x _ _x
We have d%cex= 5)2151)0 . Sx 2 , by definition
_ lim ¥ —e*  lim  eX(e®- 1)
= dx—0 _Sx = dx—0 Sx
dx (0% (8x)3
) ex_1+ﬁ+T+T+ ..... -1
im
= dx—0 Sx
[&x (302 (8w
. ex_ﬁ+ X + 3] + ...
= dx—0 Sx
lim [ dx (&)
= 8x—0 ex_l 21 31 + ...|=en

Thus Ll (e¥) = e~
dx
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6 | Differential Coefficient of log, x

d lim log (x+ ox) — logx ..
We have alogx= Sx —0 S , by definition
log(x+ Sx) log(l + 8)6)
. X . X
lim lim
= dx—0 Sx = dx—0 Sx

Sr  (8x)2 N ()3

lim X 2x2 3 T
8x—>0 Sx

(the expansion is justified since dOx/x is
numerically less than unity, dx being numerically small)

lim [1 & (8%

1
- + 5 — ... -
18)6—)0 X 2x2 3x3 X

d
Thus Ec(logex) =

7 | Differential Coefficient of a Constant

Let f(x) = ¢, where c is a constant.

lim = f(x+ 8 = f(x)

d .
Then ch(x)= Sx —0 S , by definition

5;130 chc , since f'(x) = c for every value of x

lim 0

= dx—0 Sx_ 0.

Thus, the differential coefficient of a constant is zero.

8 | Differential Coefficient of the Product of a Constant and a
Function

Let c be a constant and f'(x) be a function of x. Then by definition

d%c (ef ()} = 8)?30 cf(x+ dx)— cf(x)

ox
_ S;igo .. [+ Sg))c—f(x)

Thus the differential coefficient of the product of a constant and a function is
equal to the product of the constant and the differential coefficient of the function.
INlustration 1 : da (4e®) = 4. da e*= 4e*.
dx dx

. Lod(_ 1 )\ _Ld( 1 )\_1d _y4s;
Illustration 2 : dx[2x4/3J_ 2dx[x4/3J_ >t
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N B 2 I T
) 3 - 373

9 | Differential Coefficient of log, x

We have log, x= log,xlog, e= log, elog, x, where log, eis simplya constant.
d d 1 1
a(logax)= logaea(logex)= (log, e Ty log, e

*log, a >sincelog,e.log,a= 1.

d 1 1
Thus ) (0g, ) = xlog,a xloga

10 | Differential Coefficient of the Sum of Two Functions

Let S =710+ f,().
Then  f(x+ 0x)= f; (x+ dx) + f, (x+ &x).
Therefore, by definition

d li ox) —
e glm S+ g))c S
lim {1+ )+ fx+ )} - {f1(0)+ (0}
= dx—0 Sx
lim {1+ 00) = f10)}+ {f(x+ 0x) = f5 (%)}
= dx—0 Sx
__lim Ji (x+ Sx)_fl 0 S+ Sx)_fz (x)
= dx—0 Sx + Sx
__lim Ji (x+ dx) — Ji lim > (x+ dx) — J> ()
= dx—0 Sx + 8x—>0 Sx

d d
chl (%) + chz ().

Thus, the differential coefficient of the sum of two functions is equal to the sum
of their differential coefficients.

This theorem can be extended for the sum of any number of functions. Thus
d d d d
Ec{fl O+ [+ et f[,(0} = Ixfl (x) + dixfz (X) + weeat Ixﬁ' (x) .

d ., . d d
dx7e + dx4logx+ dxXS

Te*X+ 4. (1/x) + 32
. d . d d .
Iustration 2: — (8xX° — sinx)= — 8x°— ——sinx= 24x%— cosx.
dx dx dx

Illustration 1 : %(ku 4logx+ x)
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11

Differential Coefficient of the Product of Two Functions

12

Let S ) =711 (0) 1, ().
Then  f(x+ 0x)= f; (x+ &%) f, (x+ 0Ox).
Therefore, by definition

d li + &) —
I = gy TSI

lim Ji &+ Sx)fz (x+ Ox) — J1 0 /5 ()

= dx—0 Sx
fi (x4 0x) f5 (x+ 8x) — f] (x+ Ox) £ (%)
lim + 1 (x+ 5x)f2 0= f10)fH®
= SX—)O SX

(by adding and subtracting the term f; (x+ 0x) f; (x) in the numerator)
lim Ji &+ dx) 1H G+ dx) — SH O+ ) {f; (x+ dx) — J1 (0}

= dx—0 Sx
i S (x+ 8x) = £ (%)
= 5rBo fier Sy [T ]
i fi(x+ 8x) = f1 (%)
+£ﬂoﬁm[l S

d d
= f] () chz (%) + f2 (%) chl ().
Thus, the differential coefficient of the product of two functions
= first function X differential coefficient of the second

+ second function x differential coefficient of the first.

ion1: 9 (o _ o4 d x
Illustration 1 : P (e*cosx)= e dxcosx+ cosxdxe

= — e*.sinx+ cosx.e*= e*(cosx— sinx).
d

ax3

=X . (1/x) + (logx).3x2= 2 (1+ 3 logx).

ion2: & 34
Illustration 2 : v 3 logx) = x v (logx) + logx

Differential Coefficient of the Quotient of Two Functions
f1 (%)
L —
et f(x) 5@
/i (x+ 06x)

Then  f(x+ &x) =

Therefore, by definition
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f1 (x+ ) B f1 ()

d li ox) — li fH(x+ %) fr(x)
=850 fx 89 =10 g‘i MO gimy 2 ox :
Ji (x+ SX)_ Ji _f1 (X)+ Ji

lim Hx+0x) f(x+8x) f,(x) f(x+ dx)

= dx—0 Sx
byaddi d subtracting the t fli in th t
ya Ingandsubtracting € ermf2 (x+ Sx) 1n e numerator

1 fr (x+ 8x) = f5 (x)
m {fl (x+ SX) B fl (X)} B fl (X) { f2 (X)fz (X+ Sx)

_ _lim
= dx—0 o
__lim 1 fi (x4 8x) = f1 (%)
= x>0 S5 (x+ 06x) . ox
lim 1) S (x+ 8x) = f5 (%)
x>0 > (X) f5 (x+ dx) . ox
1 d S () d
“he w7 pwam a2

L0 SR [0
) [y @12 |

(Diff. coeff. of Numerator) X (Denominator)
Thus d Si ) _ — (Numerator) x (Diff.Coeff.ofDenominator).
Tdx | fy () B Square of the Denominator

13 | Differential Coefficient of tan x

d . . d
gy Sinxfcosx— sinx - cosx

d d (sinx d
We have, — tanx= — = , by article 3.12
dx dx\ cosx COS2)C
cosx.cosx— sinx.(— sinx)  cos®x+ sin®x 1 soc? x
cos? x cos? x cos? x '
d
Thus, - tanx= sec2x.
dx

Similarly, we can show that

d
= cotx= — cosec?

dx X.
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14 | Differential Coefficient of cosec x

d d 1
We have, e cosecx= v (sin x)

11 .sin x — 1.i(sinx)
dx dx
_ _ 0-cosx

= > = 5 = — cosecxcotx.
sin“ x sin“ x

d
Thus, Icosecx= — cosecxcotx.
X

. d
Similarly, we can show that Pl secxtanx.

15 | Differential Coefficient of a Function of a Function

Consider the function logsinx. Here log (sinx) is a function of sin x whereas
sin x is itself a function of x. Thus we have case of a function of a function.

Let y=f1{6 (0}
Put = ¢ (x).
Then t+ ot= ¢ (x+ &x).
As ox =0, 8¢ also —0.
dyv_ lim &  lim (dy ot
We have de 0x—=0 5= dx—0 (St'Sx

lim dy lim &t
ox —0 St ox —0 Sx

( 8tligo g};) ( 8)?31)0 g;) , since 8t —0 when dx —0

T odt dx

Thus, ifyis a function of fand ¢ is a function of x, then yis also a function of x and
we have

_ dy. dt.

dy _ dy dt
dx~ dt dx
Similarly, if y is a function of u, u is a function of v and v is a function of x,then y
is also a function of x and we have,
dy_ dy du dy
dx du dv dx

I[Iuslrative Examl;)]es

Example 1 : Find the differential coefficient of sin 2x.
Solution : Put 2x= ¢.

d . d . d . dt d
Then as1n2x— asmt— (dt sin t)'dx_ cost. dx(2x)

= (cost).2= 2cost= 2cos2x.
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Example 2 :  Find the differential coefficient of tan® x.
Solution : Put tanx= .

dx dx dt’ ) dx

= 372 .secZx= 3tan?xsec

Example 3 : Find the differential coefficient of log sin x.
Solution : We have

Then itan3x= it3= (d t3) ﬂ= 37 d%c(tanx)

2 2

X.

ilo sinx = Llo sin x i(sinx)— . cosx= cotx
dx 83T | g (sinx) 08 " dx = sinx’ = '

16 | pifferential Coefficient of a*

We have aX= eloga)‘z exloga_
i X = i xlogay — ,xloga i
& T e e -y (loga)
= (loga) .e*1°24= g*loga.
Thus, (%xax: axloga'

17 Differential Coefficient of sin 1 X

Let sin” lx= y.
Then  x= siny.

Differentiating both sides with respect to x, we get 1 = % (sin y)

d . dy dy
= —siny. =L = cosy. 2.
or 1 dy y o OF 1 y e
dy 1 _ 1 _ 1 .
dx cosy (1-sin?y) V(-2
d 1
Thus, —-sin” lx= ———.
> odx V1 - 23
Similarly, we can prove the following other results for inverse circular functions :
d 4 1 d 1 d 4 1
——C0ST Xx=-— - ——tan” 'x= 5 ,cott Tx= — 5
dx V(1 - x2)° dx 1+ 22 dx 1+ 22’
—sec” lx= 1 icosec‘ ly= - - r
dx weE- 1) dx xN@@-1)

18 | Inverse Functions

Let y= f(x) be a function ofx. If when solved for x, this relation can be written as
x= f~ 1(y), then /= 1is called the inverse function of the function f.
Here /= ! should be regarded as one symbol like F, or ¢, or g.
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In the relation y= f(x),x is regarded as the independent variable, while in the
relation x= /'~ ! (y), yis the independent variable.

By differentiation, we get % and % respectively.

The relation between these two differential coefficients can be obtained as
follows :

Let dx and 8y be the corresponding increments in x and y respectively.

Then we have

Sy Bx_
dx &y
Taking limit of both sides when dx —0, we get
lim 8y x| _
8x—0 | &x &y~
lim  dy lim  &x) !
or x>0 §y)| dx—0 &)~
or ( 5):151)0 gﬁ)( 5;20 g;)= 1, since 8y =0 as 8x =0
dy dx_ dy_ 1
o o U T T avay
dy dx_ . dy 1
Thus dx dy” 1 e, dx~ du/dy

19 | Logarithmic Differentiation

Whenever we are required to differentiate a function of x in which a function of
x is raised to a power which itselfis a function of x, neither the formula for a* nor that
for x” is applicable. In such cases we first take logarithm of the function and then
differentiate. This process is called logarithmic differentiation. 1t is also helpful in the
cases where we are to differentiate a function which consists of the product or the
quotient of a number of functions.

I[Iuslrative Examl;)]es

Example 1 : Find the differential coefficient of (sin~ 1 x)108x,
Solution : Let y= (sin~ 1 y)logx,

Taking logarithm of both sides, we have logy= (logx). logsin~ ! x.
Differentiating both sides with respect to x, we get

dy 1 1 1 :

——= (logx) - : + —- logsin™ "x.
yae” OB G sy o8

dy _ logx + logsin~ !x

dx = 7| (sin= ') V(1= 2) x

-1
~ (sin- lx)logx|: logx log sin x:| .

(sin~ ') V(1= ) x
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20 | Differential Coefficient of the Product of any Number of
Functions

Let y=1 5L KK ... ], ).
Then logy= logf] (x) + logf; (x) + ...+ logf, (x).
1@{ﬁm C) Lam}

R WA AT
ay_ W@ L@ @
e N X I )
or %= @)L QL@ f, )+ [0 (x)f@)..f, (x)+

et L. f - ().
Thus fo differentiate the product of any number of functions multiply the differential

coefficient of each function taken separately by the product of all the remaining functions
and then add up the results.

21 | Implicit Functions

Ifyis a function ofx given by a relation ofthe type y= f(x), then yissaid to be an
explicit function of x. On the other hand, if the relation between x and y is given by an
equation involving both x and y, then yis said to be an implicit function of x. If we are
given y implicitly in terms of x, we can find dy/dx without first expressing y explicitly in
terms of x. Thinking of y as a function of x, we differentiate both sides of the given
equation with respect to x and then solve the resulting relation for dy/dx.

I[Iuslrative Examl;)]es

Example 1: Find dy/dx when ax* + 2hxy+ by* + 2gx+ 2fy+ c= 0.
Solution : Regarding yas a function of x, differentiating both sides of the given
equation with respect to x, we get

dy dy dy _
2ax+ 2hy+ 2hx dx+ 2bydx+ 2g+ 2fdx_ 0.

Therefore %(2hx+ 2by+ 2f) = — (2ax+ 2hy+ 29

or dy_ _ax+ hyt g
dx~  hx+ by+ f

d . fod
Example 2 : Findd—i ify= (cosx)(cosx)(cosx) 0 mf.

Solution : From the given expression for y, it follows that
y= (cosx)? or logy= ylogcosx.

Now differentiating both sides with respect to x, we get
Ldy _ dy

1 .
ydxo dxlogcosx+ . m(— sin x)
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or @[l—lo cosx:|—— tan x or @——M-
dxl y & =T dx~ 11— ylogcosx

22 | Parametric Equations

If x and y are both expressed in terms of a third variable, say ¢, then ¢ is usually
called a parameter. In the case of parametric equations we can always find dy/dx, without
first eliminating the parameter.

Thus, if the parametric equations are x= ¢ (¢),y= Y (), then

dy _dy dt
dx~ dt dx
dy dy sdx
or dx~ dt/ dr

Example: Ifx= a (cost+ logtan % t ), y= asint, find dy/dx.
ion : ax_ 1 I (2] L
Solution : Here e a{ sin ¢ + tan (1/2) (sec 2) 2}

. 1 1 — sin?¢ cos? t
=qa]— sint+ ﬁ = q - = qa - .
2 sin 5 t cosE; sin ¢ sin ¢

Also dy/dt= acost.

Now dy dy/dt acost ...
dx dx/dt  (acos®t)/sint '

23 | Differentiation of a Function with Respect to a Function

Suppose we are to find the differential coefficient of the function u = f(x) with
respect to another function, say, v= ¢ (x).
It means we are to find du/dv, where u and v are both given in terms of a third

du _ du/dx
variable x. Therefore, as in the case of parametric equations, we have —— =

dv dv/dx
df (x) _ df (%) /d ¢(X)

ie.,
do)
Example : Differentiate x*" X yith respect to sin~ ! x.
Solution: Let u= x%" 'Yandv=sin~ 'x.
Then logu = sin~ ' x. logx.
l@— ! lo x+lsin_1x
u dx \/(1 - & X
du = 1 logx sin” !x
or — ysin X .
dx V(1= 2 x
. dy 1
Again — = ——-
g dx  N(1-x?)
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sin— 1){ logx + sin”~ 1x:|
Now  du_ du/ds_ Va-a)  x
dv dv/dx 1
V(1 - 22
= ysin” 'x xlogx+ V(1= x%) sin "~ lx} .
x

24 | Trigonometrical Transformations

Sometimes a function can be easily differentiated after making some
trigonometrical transformation. Following formulae of trigonometry are of frequent
use in such cases :

(i) 1+ cosx= 2cos? (x/2), (i) 1 - cosx= 2sin? (x/2),
(iif) tan x= 2 tan (x/2) , (iv) sinx= 2 tan (x/2) ,
1 - tan? (x/2) 1+ tan? (x/2)
(V) cosx= 1= tan? (/2)
1+ tan? (x/2)
(vi) tan™ lx+ tan~ !y= tan™ 11)‘;"7;},

.. — 2x
Vi1 tan™ lx— tan™ 1 = tan~ lu’ viii) 2 tan™ 1x= tan™ 1 ’
(vii) y 1+ 2 (viii) 2
(ix) 3tan~ 'x= tan~ ! fx__;‘;’ (x) sin3x= 3sinx— 4 sin?x.

(xi) cos3x= 4cos’x— 3cosx.

Itluslrative Examl;)]es

. . a— X .
Example 1 : Differentiate tan~ 1 I+ with respect to x.
ax

Solution : Let y= tan™ ! a=x .
1+ ax
Then y= tan~ 'a— tan™ 'x.
%= 0- | ! 2 > since tan~ ! @ is constant
+
=— 1/(1+ ¥3).
Example 2 : Differentiate tan~ ! [{\/(1 + x2) — 1}/x] with respect to tan~ ' x.
Solution : Let wu= tan~ 1\/(1-i-¢andv= tan~ lx.
Then to find du/dv.
Since v= tan~ 1x, therefore x= tanv.
V(A + tan?v) - 1 _q1secv—1
u= tan =tan” '——

tanv tanv
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21
_11-cosv _1 Zsin 2" -1 1 1
=tan” | = "-=tan” | =tan~ tanjv= v
sm v 2sin§vcos§v

Hence du/dv= 1/2.
VA A+ VA=
V(1 + 22 = V(1= 22
VA A+ N -
V(1 + 22 = V(1 - 22

Example 3 : Differentiate tan

Solution: Let y= tan

Put x2= cos2 0.
V(1+ cos26)+ V(1 - cos26)

_ -1

Then y= tan \/(1+ cos 26) — \/(1— cos?2 0)
_ an- 10088+ sin®_ 1+ tan®
- cosO— sin® 1- tan6
Z a1 T -

tan tan[4+ 6) 4+ 0

_ 1 1. -1
y= T+ ,cos x2.

1 X

Hence @=

S S S S
dx 2(1- % V(1 - 2

25 | Hyperbolic Functions

We define the hyperbolic functions as follows :

e*+ e * e*— e *
coshx= ———— sinhx= ————>
2 2
sinh x coshx
tanhx= ——>cothx= —|——>
coshx sinhx
sechx= s cosechx= —; .
coshx sinh x

Relations between different hyperbolic functions.

We have, cosh? x— sinh?x= i(ex+ e i(ex— e 2
= (P24 - (- 2+ @ = L2+ 2)= L.

Thus, cosh?x— sinh?x= 1.
Similarly, we can establish the following other relations for hyperbolic functions :
cosh2x= cosh? x+ sinh?x, sinh2x= 2 sinhxcoshx
cosh2x= 2 cosh’x— 1,cosh2x= 1+ 2sinh?x,
sech? x= 1— tanh? X, cosech? x= coth? x— 1.
Note : In order to remember the relations for hyperbolic functions it should be
noted that theycan be obtained from the correspondingrelations for circular functions

simply by changing them to hyperbolic functions and also by changing the sign of the
term which contains the product of two sines.
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Differential Coefficients of Hyperbolic Functions :
d [ex+ e

d _d Sl T
We have dx(coshx)— e ) J— 2(e e ¥)= sinhux.

Thus, icoshx= sinh x.
dx

Similarly, %c sinhx= coshx.

. d
Again Iy (tanh x)=

dx| coshx )~

d | sinhx | _ (coshx) (coshx)— (sinhx) (sinhx)
cosh? x

cosh? x— sinh® x 1 2
= 5 = 7= sech” x.
cosh“ x cosh” x

Thus, itanhx= sech? x.
dx

Similarly, d%ccothx= — cosech?x,

icosechx= — cosechxcothx,
dx

isechx= — sechxtanhx.
dx

Inverse Hyperbolic Functions and their Derivatives

Ifsinhy= x, then we write y= sinh™ ! x. Similarly, we can define cosh™ ! x,

sech™ ! xand other inverse hyperbolic functions.

Logarithmic values of inverse hyperbolic functions.
Let y= cosh™ !x, then coshy= x.

sinhy= \/(coshzy— 1) = \/(xz— 1).
But e?= coshy+ sinhy= x+ V(2 - 1).

y=log[x+ Vo2— 1)]  ie, cosh x= log[x+ V(2 - 1)].

Similarly, sinh™ 1x= log [x+ \/(x2+ 1)] and tanh™ !x= Ly L+ x

Now, in order to find out the differential coefficient of cosh™ ! x, we have

d d 1
“cosh™ 'x= “logx+ V(2= D]= ————-
dx 2y 1ol ( )] J2- 1
d 1
Thus, ——cosh™ Ty —————.
dx V2= 1)
.. d 1
Similarly, “sinh lx= ——+—>
Y dx V2 + 1)
itanh‘ lx= 1

dx 1- 2

208
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List of Standard Results to be Committed to Memory

i n_ n—1 i — 2
dxx = nx dxtanhx— sech” x.

d
L eX = pX el — 2
dxe e Iy cothx cosech” x
d 1 d
dxlogex— . dxsechx— — sechxtanhx
ilo x= llo e icosechx— — cosechxcothx
dx Ea*= X Ea dx -
i X— X i in— 1y — 17
54 =a log,a g5 x= Vi 2
isinx— cosXx icos_ ly=— B
dx dx V(1 - 22
icosx— — sinx ~tan~ lx= !
dx - dx T+ 2
d ! d g __ 1
dxtanx— sec” x dxCOt xX= T+ x2
icotx— — cosec?x isec_ Ly= o
dx dx xVe2— 1)
isecx— secxtanx icosec_ ly=— S S
dx dx xNGE= 1)
icosecx— — cosecxcotx isinh_ ly= B
dx dx N2+ 1)
d d 1
—sinhx= coshx ~cosh™ lx= ————
dx dx V2= 1)
d ~ e d o1 ._ 1
dxCOth_ sinh x dxtanh x= -2



Successive Differentiation

. Successive Differential Coefficients

d
Let y= f(x) be a differentiable function of x ; then its differential coefficient d%c}

d
is called the first differential coefficient of y. If the first differential coefficient d%c} is

differentiable, then its differential coefficient i.e., % (2;) is called the second differential

2 2
coefficient of y and is denoted by &y Similarly, the differential coefficient ofﬂ is
3

2 2
&y

called the third differential coefficient of y and is written as —- In general, the n

x>

th

n
differential coefficient of yis denoted by %

If y= f(x) be a function of x, then the various ways of writing the successive
differential coefficients of y are as follows :
dy @y Ly d'y

H H H H >ttty D ,Dz ,D3 ,...,Dn 5 aee
dx d2 dd dx" PERES ’
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Vs V2 V3s s Voo s VS V07, ...,y(”),...
I @0 @), S (),
If y= f(x) be a function of x, then the n? differential coefficient of ¥y, is the
(n+ P differential coefficient of y
ie., D"y.=D"*"y=y _ . Inparticular, D" y,= D"* Zy= Vot 2-
The value of the n’ differential coefficient of y= f(x) at x= a is denoted by
(V)= 401 by (¥,),, 01 byf(”) (a). It should be noted that the differential coefficient of

a given order at a point can exist only when the function and all derivatives of lower
order are differentiable at the point.

Itluslrative Examl;)]es

Example 1: Find the second differential coefficient of & sin 4x.
Solution : Let y= 3 sin 4x.

Then %= 3¢ sin 4x+ 4¢3 cosdx= > (3sin4x+ 4cos4dx).

@’_ dldy|l_ d 3, '
a2 dX(dx)_ dx {e’*(3sindx+ 4cosdx)}

= 33 (3sindx+ 4cosdx)+ ¥ (12 cosdx— 16sin 4x)
= &Y (24 cosdx— 7 sin 4x).

Example 2 : [fy= (sin~ ' x)2 prove that (1 — x?) »H—xy - 2=0.
Solution : We have y= (sin™ 12,
. _ . . 2sin™ lx
Differentiating both sides with respect to x, we get y; = m :
Squaring both sides, we get
(1= 3% y2= 4 (sin” 'x)?
or (1- % y12— 4y= 0, since y= (sin~ 12,
Differentiating again, we get (1 — x2) 2y ¥y — 2xyl2 - 4y, = 0.

Since 2y, # 0, therefore cancelling 2y, we get (1 — x2) »H—xy—2=0.

2
Example3: Ifx= a(cos®+ 0sin0), y= a(sin6— 6c0s9),ﬁnd%~

Solution : We have x= a (cos 0+ 0sin 6).

%= a(— sin®+ sin®+ BcosO) = aBcosO.
Also y= a(sinf— 6cos0).

d—g= a(cosO— cosO+ OsinB) = aOsinb.
dy_ dy/d®_ aBsin6 _
dx dx/d® aBcosO

Now tan 6.
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dy_ ddy)_d _| 4 8
a2 dx(dx)_ g (1200 = [de (tan 9)} dx

= sec?0-

1 _lsec36.
a®cos® a O

Example 4 : Ifp*= a® cos®* 0+ b2 sin® 0, prove that p + o

Solution : We have p?= a2 cos? 0+ b2 sin? 6. ..(D)
Differentiating both sides of (1) w.r.t. ‘©’, we have

2p%= — 24?% cosBsin O+ 2b%sin O cosO

dp
P a0
Now differentiating both sides of (2) w.r.t. ‘0’, we have

& p (dp)z 2_ .2 2 in2
—=+ || = (b= a”) (cos“6— sin“ O
P de? ( i )

or = (b*- a?) sinBcos. ...(2)

= (b2 cos? B+ a?sin?0) — (a?cos? B+ b%sin? 0)

= (b cos? 0+ a?sin?6) — p. [From (1)]
dp\?

)

(b? cos? @+ a® sin’ @) — (b2~ a%)? sin’ Beos? 0 ’

p2

substituting for dp/d6 from (2)

p@"' p2= (b2c0326+ azsinze)— (
d6?

= iz [p2 (b2 cos? 0+ a?sin?0) — (b2 — a?)? sin? O cos? 6]

p
= i[(a2 cos? 0+ b2 sin? 0) (b2 cos? 0+ a2 sin? 0)
2
p
— (b* = a®?sin? 0 cos? 0]
= iz[aZ b? cos* 0+ a? b? sin* O+ 2a? b? sin” O cos® 6]
p
212 212
=4 2b (cos? 0+ sin? 0)% = %-
p p
d2p a? b?
Thus —+ 2 .
Pttt =
2 212
Dividing both sides by p, we have 22+ p= 4.
do P
@mprehensive Exercise 1

_ 2y 1 alt
1. Ifx=a(t— sint)andy= a(l+ cost), prove that —5= — cosec™| |-

e 4da 2
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2. (i)Ify= Asinmx+ B cosmx, prove thaty, + m2y= 0.
(i) Ify= Ae*+ Be™ *, show that y, — a’y= 0.
3. Ify= e*cosbx, prove that y, — 2ay, + (a*+ b*) y= 0.

_ 2. 2
Also prove thaty, , | = 2ay, - (a"+ b%) y,_; (Lucknow 2007; Kumaun 13)

2 | nth Differential Coefficients of Some Standard Functions

(i) Ify= e™* P theny = ae™t 0 y,= a? ™t b pi=ade®t b and so on.

n ax+ b

In general y, = a" e
Thus, D"e®+ b= gneax+b

(ii) If y= a* then y; = (loga) a*, y, = (log a)? a*, etc.

(Bundelkhand 2005; Agra 07; Rohilkhand 11B)

In general y, = (loga)" a”.
Thus D"a*= (loga)"a*. (Meerut 2001; Bundelkhand 05; Agra 07)
(iii) If y= (ax+ b)",then y; = ma (ax+ b)"~ 1
H=m(m-1) a? (ax+ by~ 2,
yy=m(m-1)(m- 2) a3 (ax+ b)™~ 3, etc.
In general y,=m(m—- 1)(m— 2)...{m— (n— 1)}a" (ax+ b)"~ "
Thus, D"(ax+ bD)"=m(m—- 1)(m—- 2)...(m— n+ 1)a” (ax+ b)y"™ "
Ifm is a positive integer we can write the above result in a compact form byusing

the factorial notation. Thus, in this case D" (ax+ b)™

_mm—-1)(m-2)..(m—n+ 1)(m—n)y(m- n- 1)...2.1_ " m—n
B (m—-—n)y(m—-n-1)..2.1 a”(ax+ b)

— m ' n m-—n

—(m_n)!a(ax+b) .

Ifm is a negative integer, saym = — p, where p is a positive integer, then

D" (ax+ b)"P= (= p) (- p= D) (= p=2) ... {= p— (n— D} a" (ax+ b= P~ "

= D'pp+ D(p+2)...(p+ n—1)a" (ax+ by~ P~ "

(p(;‘f _1)!1 Rt ave by o
Note : If m is a positive integer, the m* differential coefficient of (ax+ b)™ is
constant. Therefore the (m + 1) and all the higher differential coefficients of
(ax+ b)™ will be zero.
(iv) Ify= (ax+ b)~ I then (Agra 2007)
= (= Da(ax+ b)~ 2, p,= (= 1) (- 2)a® (ax+ b)™ 3,

3= (= 1) (= 2) (- 3)a® (ax+ b)~ 4, etc.

="

In general, y, = (= 1) (= 2) (= 3)...(= n)a" (ax+ b)~ "+ D,

Thus, D"(ax+ b~ '= (- D"n'ta"(ax+ b~ "~ 1.
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(v) If y=log(ax+ b),then y, = = a(ax+ b~ 1,

_a
ax+ b

= a* (= 1) (ax+ b)~ 2, y;= a® (= 1) (- 2) (ax+ b)~ 3, etc.
In general,y, = a" (- 1) (= 2)...{— (n— 1)} (ax+ D)~ ".

_ -1, _ Vo0
ThuS, Dn log (ax+ b) — ( 1) (n 1) a )

(Meerut 2003)

(ax+ b)"
(vi) If  y= cos(ax+ b), then
yy= — asin(ax+ b)= acos(ax+ b+ g)
W= azcos(ax+ b+ 2- g),y3= a3cos(ax+ b+ 3.%),etc.

In general, y, = a" cos(ax+ b+ nzn) :

Thus, D"cos (ax+ b)= a" cos (ax+ b+ nzn)

(vii) Similarly, D" sin (ax+ b) = a"sin(ax+ b+ ”2“)

(Gorakhpur 2005; Bundelkhand 07; Kumaun 08)
(viii) If y= e®sin (bx+ ¢), then
v = ae®sin (bx+ c¢) + be® cos(bx+ c)
= e {asin(bx+ c¢)+ bcos(bx+ ¢)}.
Putting a= rcos¢, b= rsin ¢, so that
P#=a*+ b? and ¢ = tan~ ! (b/a), we get
v = re®sin(bx+ c+ 9).
Similarly y,= ? e®sin (bx+ c+ 20), etc.
In general, y, = " e sin (bx+ c+ n0).
Thus, D" {e%sin(bx+ ¢)} = r" e®sin (bx+ c+ no),
where, r= (a®+ b)V2 and 0 = tan™ L(b/a).
(ix) Similarly,
D" {e™cos (bx+ ¢)} = r" e cos (bx+ c+ no)
where r= (a®+ V2, and 0 = tan™ L(b/a).

3  Decomposition in a Sum

All the standard results obtained in article 4.2 should be committed to memory.
In order to find the n?” differential coefficient of any other function, it will be often
necessary to express that function as the sum or difference of suitable functions with
the help of some algebraic or trigonometrical transformations as discussed below.
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4 | Use of Partial Fractions

In order to find the n' differential coefficient of a fraction in which numerator
and denominator are both rational, integral algebraic functions, we should resolve the
fraction into partial fractions after breaking its denominator into linear factors, real or
imaginary. In case we get imaginary factors in the denominator we shall make use of
De-Moivre’s Theorem of trigonometry in order to simplify the result.

Illuslrative Examl)les

xzi .
(x—a) (x=b)
(Rohilkhand 2014)

Example 1 : Find the n'" differential coefficient of

B $?
-

Since the given fraction is not a proper one, therefore we should first divide the
numerator by the denominator before resolving it into partial fractions. Here we
observe orally that the quotient will be 1. So let

—————= 1+ 4 + B

(x—a) (x— b) x—a x—b
Clearing the fractions, we get

= (x—a)(x— b)+ A (x— b)+ B(x— a).

Putting x= a, we get 4 = a®/(a— b) and putting x= b, we get B= b%/(b— a).

Solution : Let

a? b?
Hence y= 1+ a=b) (- a)+ (b= a) (= b)
=1+ (acizb) (x— a)~ - (aé b (x— b~ 1.
Therefore differentiating both sides n times, we get
a? b?
W= G b (- D"nl(x—a)y~ "~ 1= 7S (- D"nl(x= by~ "1
(= D'n! a? b?

(a— b) (x— a)n+1_ (x— b)n+1 '
Example 2 :  Find the n'" differential coefficient of

(i) tan~ L(x/a). (Meerut 2001, 05B, 09; Purvanchal 10, 14; Avadh 13)
(ii) tan~x (Lucknow 2010)
X a a
Solution : Ify= tan~ ! =>then y, = = .

Y a N X+ a2 (x+ ia) (x— ia)

a _ 4 B .
(x+ ia) (x— ia)  x+ ia x-— ia
Clearing the fractions, we get a= A4 (x— ia) + B (x+ ia).

Now let

Putting x= ia, we get B= 1/2i
and putting x= — ia,wegetd = — 1/2i

S O I RN S NN O IO 1],
y1_2i|:x—ia x+ia}_2i|:(x ia) (x+ ia) ]
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Now differentiating both sides (n — 1) times, we get

=5 D = D = - Y ) ok i) ]

_ 1= 1y,
= =D 2i(n D! |:(x— ia)~ "— (x+ ia)” ”:I .
Put x= rcos¢ and a = rsin ¢. Then
B AV R e
Vp= Sl 2i(n 1)![r_ "(cosh — isin®d)” "— r "(cosd+ isind)” ”]
B Y R e
= =D (n 1)!r_ n. [(cosn¢+ isinn ) — (cosnd — isinnq))]
21
_ 1yn— 1, _
= =D 2i(n 1)!r_ " 2isinng = (— 1)"~ 1(n— 1) !'7 "sinno
== D" lm- 1)!(Sis¢)_nsinn¢ , since r= si:ll

== D""Y(m-1!a "sin” 0 sinn ¢, where ¢ = tan™ La/x).
(ii) Proceeding as in part (i), we get

D" (tan"'x)= (= 1)"~ L(n— 1) !'sin” ¢ sinn ¢, where ¢ = tan™ ! (1/x).

S | Use of Trigonometrical Transformations

Suppose we are to find the n differential coefficient of the function

sin” x cos” x, where m and n are positive integers. With the help of trigonometry, we
express this function as the sum of sines or cosines of multiples of x and then we apply
standard results.

Illuslrative Examl)les

Example 1: Find the n'" differential coefficient of sin® x sin 2x.
Solution : Let y= sin?xsin 2x.
Then y= %(1— cos 2x) sin 2x, since 2 sinx= 1 — cos2x

1 . 1 . 1 . 1 .
= 2sm2x— 2s1n2xcos2x— 2s1n2x— 4s1n4x.

Now differentiating both sides n times, we have

v, = % 2" sin(2x+ ”2“)— %.4" sin(4x+ ”2“)

_ 1 ong LR . M]_
—4[2.2 sm(2x+ 2) 4 s1n(4x+ 2)

Example 2 :  Find the n'" differential coefficient of e cos® x sin x.
Solution : Let y= ¢“cos®xsinx.

Then y= %e“x(l + cos2x)sinx = %e“xsinx+ %e“xcos2xsinx
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N[ —

. 1 . .
e**sinx+ Ee‘”[sm 3x— sin x]

as2cosAdsinB= sin(4d+ B)— sin(4— B)

%e“x sin x + %e“x sin 3x — %e“x sin x

;[ sin x+ ¥ sin 3]
Now differentiating both sides n times, we have

. 1
%[(1+ az)”/ze“xs1n(x+ ntan~ la)

Vn

+ (9+ a®)"? "X gin (3x+ ntan~ lzﬂ

. 1
ie”|:(1+ a?)n’2 s1n(x+ ntan~ la)

+ (94 a®"?Zsin (3x+ ntan~ lzﬂ .

Example 3 :  Find the n'" differential coefficient of sin’ x cos® x.
Solution: Let z= cosx+ isinx, then
7= 1= (cosx+ isinx)~ = cosx— isinx.

Therefore z+ z~ '= 2cosxandz— z~ ! = 2isinx

Also by De-Moivre’s theorem, z™ = cosmx+ isinmx,z~ ™ = cosmx— isinmx.

Therefore z™ + z~ ™ = 2 cosmxand z™ — z~ ™ = 2isin mx.

Now  (2isinx)’ (2cosx)3= (z— z= )2 (z+ 2= 1)3
=B-zH -2 -79-2F-7H+6(2-22
= 2isin 8 — 2 (2isin 6x) — 2 (2isin 4x) + 6 (2i sin 2x).

Therefore sin’

Hence D" (sin’ x cos? x)

xcossx= 27 7 [sin 8x— 2sin 6x— 2sin4x+ 6 sin 2x].

=2 7[8” sin(8x+ ”2“)— 2.6" sin(6x+ ”2“)

— 2 . 4%sin (4x+ ”2T°)+ 6.2 sin (2x+ ”2“)} :

'@nnprehensive Exercise 2 -

Find the n'™" differential coefficients of :
1. (i) log[(ax+ b) (ex+ d)].

(i) cos2xcos3x (Bundelkhand 2001; Kashi 11)
(iii) cos x cos 2x cos 3x.
(iv) cos*x.
2. (i) cos?xsin’x (ii) e cos® bx.
(iii) €?* sin bx cos cx. (iv) €2 ¥ sin’ x.
1 1

D s e W e
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(iii) B (Kumaun 2014) (iv) & :
(x+ 2) (2x+ 3) (x—a) (x— b)(x— ¢
x4
4, ————> n=3.
x—1)(x-2) (Agra 2014)
5. (i) tan~ 1{“ x}. (Purvanchal 2011) (ii) tan~ 121
- x 1- X2 (Lucknow 2011)
6. Ify= tan~ 1{“”;;2)_1} show that y, = %(— "= 1 (n= 1) !sin" O sin n 6,
where 0= cot™ !x.
X .
7. Ify= —=——sprovethaty = (— D"n'ta "~ lsin"t 1o cos(n+ 1) 0,
= e P yy= (=1 0 cos(n+ 1)
where ¢ = tan” U(a/x). (Kanpur 2009; Kumaun 13)
8. Ify= sinmx+ cosmx, prove thaty, = m"[1+ (= 1)"sin 2mx]/2.
(Meerut 2000, 09B)
9. Prove that the value of the n'" differential coefficient 0fx3/(x2 — 1) forx= 0is
zero ifn is even, and is — n ! if n is odd and greater than 1.
10. Ify= (tan” 'x)% prove that (2 + 1)2y,+ 2x(?+ 1)y, — 2= 0.
P
L Answers 2
N
1. (1) = D" Y= D!{a" (ax+ b)" "+ ¢" (ex+ d)~ "}.
. 1{ ] 1 1 }
(i1) ) 5 cos(5x+ 2nn)+ cos(x+ 2nn)
o Ll on 1 n 1 n 1
(111)4{2 cos(2x+ 2nn)+ 4 cos(4x+ 2nn)+ 6 cos(6x+ 2nn)}.
: 1 n 1 n+ 2 1
(1V)§ 4" cos| 4x + Enn + 2 cos| 2x+ Enn .
2 (i)i 2sin| x+ lnTt + 3"sin| 3x + lnTt — 5"sin| 5x + lnTt
16 2 2 2 )
(ii) (1/4) (a® + 9b%)"2. e cos {3bx+ ntan™ ' (3b/a)}
+ (3/4) (a®+ bH"2 e cos {bx+ ntan~ ! (b/a)}.
(ii1) %r” e sin {(b+ ¢c)x+ nd} + %rl” e™sin {(b— ¢) x+ ny},
where 2= a?+ (b+ c)2,¢ = tan~ ! {(b+ c)/a},r12= a’+ (b- ¢)?,
y=tan~ ! {(b— ¢)/a}.
(iV)%.S”/Z.eZ" sin [x+ ntan” 1 (1/2)] - %- (13)"2 X [sin 2x+ n tan™ ! (3/2)].
3. ) Drntrtlx— 1" "-1-3n+v 1 3y— 1= n- 1,

(i) (172a) n ! (= D" {(x= &)~ "~ 1= (x+ @) "~ 1}
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9.2n- 1 4
2x+ 3"t (x+ 2nt 1]
a + b
(a=b)(a- o) (x—a)"" 1 (b- o) (b- a)(x— b)"*+!

(iii) (= 1)"n ![

(iv) (= 1) n !{

(c—a)(c— b)(x= )"+ 1|
4. (- D"n!l{16(x— 2"~ 1 (x— = -1,
5. () (= D" Y(n— 1)!sin" ¢ sinnd, where ¢ = tan™ ' (1/x).
(i) 2 (= D"~ Y(n— 1) !'sin” ¢ sin nd, where ¢ = tan™ ! (1/x).

6 | Leibnitz’s Theorem

This theorem is useful for finding the n” differential coefficient of the product of
two functions. The statement of this theorem is as follows :
Ifu and v are any two functions of x such that all their desired differential coefficients

exist, then the n'" differential coefficient of their product is given by
D" (uv)= (D"u).v+ "C; D"~ "u.Dv+ "C, D"~ 2u.D*v+ ...
et P DT Tu. D+ L+ u DM

(Meerut 2004, 05BP, 08, 09; Bundelkhand 05; Lucknow 05; Agra 07;
Kumaun 08; Purvanchal 11; Kashi 13)

Proof: We shall prove this theorem by mathematical induction. By actual
differentiation, we have

D (uv) = (Du) .v+ u.Dv. ..(D)
From (1) we see that the theorem is true for n = 1.
Now suppose that the theorem is true for a particular value of n. Then we have

D" (uv)= (D"u)v+ "C, D"~ 'uDv+ "C, D"~ 2uD?v+ ..
A "C.D" T "uD"v+ "C,, (D" u D™ Iyt L+ w. DM L(2)
Differentiating both sides of (2) with respect to x, we have
D" V()= {(D"* Yu).v+ D"uDv} + {"C,D"u.Dv+ "C; D"~ 'uD?v}
+ {"C, D"~ Lu.D?v+ "CyD"™ 2u.D3v} + ...
.+ {"C,. D" Ly Dy "C D" Ty DT 1y
+ {"C,. D"~ "u.D" v+ nC, D" uD T 2yt

ot {DuD"v+ uD"* 1y},
Rearranging the terms, we have
D" V)= (D" Yu).v+ (1+ "C)) (D" uDv)+ ("Cy+ "Cy) (D"~ 'uD?v)
+ ..+ ("C+"C., D)D" Tu.D"T vy + L+ uD"T v L(3)
But we know that ”C,+ "C,, = "*1C .
Therefore "C, + "C; = "* 1C1 ,where "C= 1, "C; + "C,= "% 1C2,etc.

Hence (3) becomes
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D" V= (D" Yuy.v+ "T1C; D"u.Dv+ "t 'C, D"~ 'u.D?v
+ .+t e D ru D™ vy L+ w DT N L(4)

The result (4) shows that if the theorem is true for any particular value of n, it is
also true for the next value of n. But we have already seen that the theorem is true for
n= 1. Hence it must be true for n= 2 and so for n= 3 ; and so on. Therefore the
theorem is true for every positive integral value of n.

Note : While applying Leibnitz’s theorem if we see that one ofthe two functions
is such that all its differential coefficients after a certain stage become zero then we
should take that function as the second function.

Illuslrative Examl)les

Example 1: Find the n' differential coefficient of x> cos x. (Meerut 2010)

Solution : Since the fourth and higher derivatives of x> will become zero,
therefore for the sake of convenience we should choose x> as the second function.
Applying Leibnitz’s theorem, we have

D" [(cosx) .x3]= (D" cosx).x3+ "C| (D"~ !cosx) . (Dx?)
+ 1C, (D"~ 2 cosx) (D?x%) + "Cy (D"~ 3 cosx) (D* ),

since all other terms become zero

= cos(x+ nzn) O+ ncos{x+ (n- 1)72E}.3x2

nn-1) N nn—1)(n- 2) N1
T cos{x+ (n—2) 2}.6x+ 1 2.3 cos{x+ (n—3) 2}.6
= ﬁcos(x+ nzn)_'_ 3x2.nsin(x+ nzn)

— 3n(n— 1)xcos(x+ ”2“)— n(n—1)(n-2) sin(x+ ”2“)

= [x3— 3n(n-— 1)x] cos(x+ nzn)_'_ [3x2n— nn—-1)(n- 2)] sin(x+ nzn)
Example 2 :  Find the n'" differential coefficient of x" ~ ! logx. (Meerut 2010B)
Solution: Let y= x"" logx. ..(D)
Then y; = x"~ L (/0+ (n= 1) .x"~ 2, logx.
Multiplying both sides by x, we have xy; = x"~ Ly n= 1 x"~ llogx
or xy;=x"" Ly n=1y. ..(2)
[ from (1), y= x"~ 'logx]
Differentiating both sides of (2), (n — 1) times, we have
D"~ l(yx)=D""'x"~ 14+ m— HhD"~ 1y

or D" lyp.x+ " lC, (D" 2y 1= (n— D1+ (n— Dy, _,

or xy,t (m=Dy,_ =M@=+ (n-1y,_,
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or

and

or

or

or

or

or

or

or

or

or

xy,= (n—1)! or y=(@m-1"x

Hence D" (x"~1 logx)= (n— 1) /x.
Example 3: [fy= acos(logx)+ bsin (logx), show that

Ey+ o+ y= 0, (Garhwal 2003; Bundelkhand 06, 11, 12; Avadh 08;
Kashi 12; Meerut 13)

2 _
Yo+ @n+ Dy, + (n%+ 1)y,=0. (Kumaun 2015)

Solution: We have y= acos(logx)+ bsin (logx).
Differentiating both sides with respect to x, we have
n=- %sin(logx) + gcos(logx)
xy; = — asin(logx) + bcos(logx).
Differentiating both sides again with respect to x, we have
X+ ¥y = - %cos(logx)— gsin(logx)
x2y2 + xy; = — [acos(logx) + bsin(logx)]
x2y2+ Xxy=—y or x2y2+ xy+ y=0.
Differentiating both sides of this equation »n times by Leibnitz’s theorem, we get
D" (yy)+ D" () + D" () =0
(D"y,) 2+ "Cy (D"~ 1y) (D) + "C, . (D" 2 ) . (D* )
+ (D"y)) .x+ "C; (D"~ 'y)) . (Dx)+ D"y= 0

nn-1)
xzyn+2+ 2xnyn+1+72 2ttt y,=0

xzyn+2+ 2n+ Dy, 1+ (n? + Dy,=0.
Exampled: [fy= e45i" lx, show that
(1- xz)yn+2— Cn+ Dxy,, - (n? + az)yn= 0.

(Garhwal 2000, 01; Gorakhpur 05; Rohilkhand 05, 08;
Agra 06, 08; Purvanchal 07)

Solution : We have y= esin 'x,
Therefore y, = € sin” x| a/N(1 = x2)
N N = x2) = gesin fx o ay, [replacing ?Sin 1"byy]
2 (1= %)= a?y. (1)
Differentiating (1) w.r.t. x’, we have
29 (1= ) + 32 (= 23 = 2a%yy
2y - xz) - N x= a2y]= 0.
Cancelling 2y, since 2y; # 0, we get
» (1= %) = yyx— a*y=0. ~(2) (Bundelkhand 2007)

Differentiating (2) n times by Leibnitz’s theorem, we have
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D" [y, (1= x*)]= D" (yx)— a*D"y= 0

or [yn+2.(1—x2)+nyn+1(—2x)+ (2 D (—2)]
—[yn+1x+nyn.1]—a2yn=0
or (l—xz)yn+2—(2n+ 1)xyn+1—(n2+a2)yn=

Example 5: Ifyl/m+ y= Vm = 2x prove that
(= DYy ot Qnt Dxyyy g+ 02— m)p,= 0. (agra 2002;
Meerut 04, 12B; Lucknow 08, 10; Rohilkhand 06, 09B, 10B, 11; Purvanchal 06)

Solution : Wehave /74 7 1V/m= 2y
1/m

Multiplying both sides by y'/™, we get
yZ/m+ 1= 2xy1/m or yZ/m 1/m+ 1= 0.
o 2xENEE= 4 \/(24x2— Do v V2= 1) or y= [t V@ - DI, (D)
N= mxx \/(XZ— "= 1{1i \/(xzx—l)}
E s BN D)= S from (1)

Squaring both sides, we get
2 (32— 1) = m2)2. Differentiating agai t
! . g again, we ge
210 Z- 1+ 2xy12= 2m2yy1 or 2y [» Z- 1+ Xy — mzy]= 0
or ¥, (2= 1)+ xpy, — m?y= 0,since 2y, # 0. (2)
Differentiating (2) n times by Leibnitz’s theorem, we get
D" {y, (x>~ 1)} + D" (y;x) - m*D"y= 0
or yn+2.(x2— D+ "Ciy, 4 12x+ "Cyy, .2+ y,, | .X
+"Cyy, . 1- mzyn= 0
or (x? - Dy,.,+ @2n+ 1)xyn+1+(n2— mz)yn=

Example6: If I, =

"logx), provethat I, =nl _ 1+ (n— 1)
(Meerut 2004B; Agra 06; Gorakhpur 06; Rohilkhand 08; Kumaun 09; Avadh 11)

1 1 1
= | — — .
hence show that I, n.(logx+ 1+ 2+ 3+ et n]

. d" m— 1 |: :|
Solution: Wehave, [ = x"logx]= —| — (x"logx
" dx,,[ gx] = (x" logx)
m— 1
= d [nx”‘ ogx+ x"- l:|
dxn—l X
dn—l | m— 1 |
=n g (x"~ "logx)+ g "=
=nl,_+ (n— 1) Proved. (1)

We have just proved that [, =nl, _;+ (n— 1)
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I I

R . | no_ n—1 l
Dividing both sides by n !, we have Wl - 1)1 + . ..(2)
Changing n to n — 1 in the above relation (2), we have
In— | In— 2 n 1 )
n-D!'" m=-2)! n-1
I, _
Putting this value ofni1 in (2), we have
(n—1)!
In In— 2 1 1 )

-2 a1t

Thus making repeated use of the reduction formula (2), we ultimately have

But [, = %(xlogx)= X i+ logx= logx+ 1.

I

o ogxt T4+ 24 iy 4L
ni- 8 23T Ty
or [_n|10x+1+l+l+ +l-
,= n!|log ottt
@mprehensive Fxercise 3
1. State Leibnitz’s theorem. (Meerut 2005B, 08, 11; Bundelkhand 08; Agra 08)
2. Find the 4 differential coefficients of x° logx;x2 sin 3x ; &2 sin2x.
Find the n™ differential coefficients of :
3. ()x%e X (ii) x° logx. (iii) e*logx.  (iv) x*tan” 'x.
4. Ify= xzex,showthatyn= %n(n— Dy,—n(n—-2)y + %(n— 1) (n— 2)y.
(Bundelkhand 2008)
5. Prove that the n™ differential coefficient of x* (1 — x)" is equal to
2 2 _ 2
PRI VS P S Ul () 21
121-x 12. 22 (1- x?
n!
[Hint. D'x"= ————x"~ ’:|.
(n—1n! (Rohilkhand 2007; Kanpur 08)
d" (logx) (= 1"(n! 11 1
6. Provethatdxn( . )— T logx— 1—5— 37T
7. Ify= x"logx,prove thatxy, ;= n!. (Bundelkhand 2009; Rohilkhand 11B)
8. By forming in two different ways the n’ derivative of x*", prove that
1+12+ n2n—- 12 n?m- 12— 2)>2 2!
12 12. 22 12. 22. 32 R

[Hint. Find the n'* derivative of x".x” and of x¥2" and equate].
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10.

11.
12.

13.

14.

15.

16.

17.

Prove that D”(SIEXJ= {Psin (x+ ;nn)+ Qcos(x+ ;nn)} /x”+ L

where P=x"—n(n— Dx"" 24+ n(n— ) (n—2)(n— 3)x"~4— ..,
and Q=mx""l=nn- Dn-2)x"" 3+ ...
Ify= e "% prove that
A+ )y, ,+ 2+ Dx=1]y,, |+ n(n+ 1)y, = 0.
(Avadh 2010; Kanpur 14)

Ify= cos(logx), prove thatxzynJr 2+t Cn+ Dxy,, 1+ (n® + Dy,=0.
If y= (sin~ ! x)%, prove that (1 — x?) W= xy— 2=0,
and (l—xz)yn+2—x(2n+ 1)yn+1—n2yn=0.

(Meerut 2002; Agra 08; Kumaun 14)

Ify= (x? - 1)", prove that (x? - Dy,s 2t 2xy,, ;—nn+ 1)y,=0.
(Meerut 2008; Rohilkhand 06, 11B; Kashi 13)

op _ " ; d P, _
Hence if P, = e (x2— 1", show that dx{(l x2) dx}+ n(n+ )P, = 0.

n
If cos™ I(Jb})= log(Z) , prove thatxzynJr 2+ Cn+ Dxy, .+ 2n2yn= 0.

(Meerut 2006B; Lucknow 06, 07; Rohilkhand 13; Purvanchal 14)
Ify=[x+ \/(1 + xz)]’",prove that (1 + xz) W+ Xy - m2y= 0
and (1+ xz)yn+2+ 2n + 1)xyn+1+(n2— mz)yn=0.
(Kanpur 2006; Avadh 09; Bundelkhand 14)
Ify= [log {x+ V(1 + x}]? prove that
(1+ x?) Vpp o2t Cn+ Dxy,, 1+ nzyn = 0. (Agra 2005; Purvanchal 09)

sin™ 1x
Ify= — = >prove that (1 - x? - @2n+ Dxy,— n? = 0.
Y=la- 2 P ( ) Vns 17 ( )XYy = M7V,

(Meerut 2007B; Kanpur 10)

r '\.

. Answers 3

st

(6/x);33 (3x% — 4) sin3x— 63 xcos3x;— 64e* sin 2x.
(1) (- D"e *[x2— 2nx+ n(n— 1)].
(i) (- D" (n— 4)16x "+ 3.
(iii) e* [logx+ "Cyx~ 1= "Cox™ 2+ "Cy21x" 3+ .+ (= D"~ Tm- DIx ",
(V) (= D"~ Y(n=3)1{(n— 1) (n— 2)x%sin” ¢ sin nd
- 1C;2x(n— 2)sin"~ ¢ sin(n— 1) ¢

+ 2."Cysin"~ 2(1) sin (n— 2) ¢ }, where ¢ = tan™ L(1/x%).
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7 nth Differential Coefficient for x= 0

Sometimes we are required to find the n differential coefficient of y for x= 0 i.e.
(¥,)o- This may be done even though we may not be able to find the nth differential

coefficient in a compact form for the general value of x. The method will be clear from
the following example :

llustrative Examl)les

Example 1: [fy = sin (m sin™ L) L find ()0 - (Meerut 2000, 03)
Solution: We have y = sin (m sin™ 1y).
Differentiating both sides with respect to x, we get

m

y; = cos(m sin” Iy . m ...(2)
Squaring both sides of (2) and multiplying by (1 — x2), we get
(1- % y12= m? cos? (m sin~ 1 x)
or (1- %3 y12= m2 [1- sin? (m sin~ 1x)]
or (1- % y12= m? (1 - yz) [since y= sin (m sin™ 1]
or (1= 2 y2+ m?2y>— m?= 0. ..(3)
Differentiating both sides of (3) with respect to x, we get
(1-x3) 2 = 2xy12+ 21112yy1 = 0.
Cancelling 2y, since 2y, # 0, we get (1 - x2) =+ m2y= 0. ..(4)

Differentiating both sides of (4) n times by Leibnitz’s theorem, we get
(1- xz)yn+ 2t nClyn+ 1(_ 2x)+ nCZyn (=2 - Vv 1™ nClyn+ mzyn= 0

or 1=y, ,— @n+ Dy, - (n>= m?)y, = 0. ..(5)
(Meerut 2000)
Puttingx= 01in (1), we get ()= 0.
Puttingx= 0 in (2), we get (y)g= m.
Puttingx= 01in (4), we get (1) + m? (Mo= 0ie, (¥)y= 0.
Also puttingx= 01in (5), we get (), 7)o = (n? = m?) (¥)o---(6)
Putting n — 2 in place of n in (6), we get
(7)o= {(n= 22~ m?} (3,_ 2o
= {(n= 22~ m* {(n— 4>~ m*}(y,_ o
[Since from (6), we have (¥, _ ,)o= {(n— = m?} (y,_ 4l

Now there arise two cases.
CaseI: When nis even.

(D)= {(1—=2)2= m?} {(n— 4> = m?} {(n—6)>— m?}...

(42— m?} (22— m%}(»),
= 0 ,since ()= 0.
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Case II: When #nis odd.
(o= {n=22= m? {(n— H? = m?} {(n— 6)*— m?}...
32— m?} {12 m?} (1),
= {(n- 22— m2 {(n—- 42— m? {(n— 6)2— m?2}...
(32— m2 {12— m?} m.

@mprehen sive [ xercise 4

1. Ify= sin~ !, prove that
(1- xz)ynJr 2= @n+ Dxy,, 1 — nzyn= 0,
(Agra 2005; Lucknow 2005; Bundelkhand 11)

and hence find the vlaue of (y,),.
2. Find (y,)y, when y= log[x+ V(1 + x?)].
3. Ify= [log{x+ \/(1 + 312, prove that (y, , 5)g= — n? (¥,)0> hence find (y,),.
(Meerut 2005, 09B)

dn+2y dn+1y zd”y
dx”+2+ 2n + Dxdx’” Tt w= 0.
Hence find, at x= 0, the value of (d" y/dx").

5. Ify= [x+ V(1 + ], find (3,),_ ¢ -

4. Ify= (sinh™ 1x)z,prove that (1+ x%)

(Meerut 2006, 07, 09; Bundelkhand 2001)
6. Ify= cos(m sin~ 1), find (¥)o-

7. If x= sin(:llogy) or if y= ¢4sin’ lx,prove that

(1= X))y — xy - a’y= 0, (Bundelkhand 2007)
(1- xz)ynJr 2= x@2n+ Dy, |~ (n? + az)yn= 0,
and hence find the value of ().
(Rohilkhand 2005, 08; Agra 06, 08; Gorakhpur 05)
8. Ify= e4cos lx,prove that (1-— xz)ynJr )= @2n+ Dxy,, - (n? + az)yn= 0.
Hence find the value ofy, for x= 0. (Meerut 2001; Purvanchal 14)
9. Ify= tan~ 'x, prove that (1 + x?) ¥+ 2xy; = 0, and hence find the value of all
the derivatives of y with respect to x, when x= 0.
Also show that (y,)qis 0, (n— 1) ! or — (n— 1) ! according as n is of the form
2p,4p+ 1 or4p+ 3respectively.

’ "
 Answers 4
Ml

0 when n is even, and (n — 2)2 (n— 4)%...... 52.32, 12, when n is odd.
2. Owhenniseven,and (= 1) = D2(n— 2)2(n- 4)%...32.12, when n is odd.
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3. Owhennisodd,and (- D"~ 22(n= 2)2(n— 4)2(n—- 6)%...42.22.2, when n
is even.
4. 0 when nis odd, and
(- D=2 (n— 2)2(n- 4)2(n— 6)2...42.22.2 when n is even.
5. (m?— (n—- 2% {m*= (n— H%...(m*- 1) m,nodd;
{mz— (n- 2)2} {mz— (n-— 4)2}...(m2— 2%) m2, n even.
6. 0 when nisodd, and — {(n— 2)2— m?} {(n— 4)2- m?}...(22 = m?) m?, when n
is even.
7. {(n- 2%+ a3 {(n— H2+ d%}... 3%+ a®) (12 + a®) a, n odd;
{(n— 2)2+ a%} {(n— 2+ g2 (424 a®) (22 + a?) a2, neven.
8. — {(n—22%+ a% {(n—4H+ a®...(3%+ a» (12+ d?) ae® ™2, n odd;
{(n—22%+ a®>{(n— 4%+ a?}..(4*+ d® 2%+ d?) a? ¢* ™2 n even.
9. Owhennisevenand (- 1)"~ D’2(5— 1) ! when #n is odd.
—
i Objective lType QQuestions
M
Fill in the Blanks:
Fill in the blanks “... ... ", so that the following statements are complete and correct.
1. Ify= sin(ax+ b),then D"sin(ax+ b)= ...... .
2. Ify= (ax+ b)~ ! then D" (ax+ b)~'= ...... .
3. The n" differential coefficient of e*sin®x= ...... .
4. Ify= acos(logx)+ bsin (logx),then x2y2+ XY= e .
-1
sin” ' x
5. If y= L 2 ,then(l—xz)yn+1—(2n+ Dxy,= ...... .
6. If y= ¢ Y thenD"e = ...... . (Agra 2006)
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
7. Ify= logx,then D" logxis

1\ (g — | _ 1= 1y — |
(a) (G)) (’f, 1! (b)( 1) n(n D!
X X

— D" Iy D" =1
(o Dt @ == D

x" X (Kumaun 2011)
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8.

10.

11.

12.

13.

14.

15.

16.

2
Ifx= a(cos®+ 0sin0),y=a (sin ®— Bcos ), then % is
1 sec3 6 asec’ 0
a) —— b
@ (b) ==
3
(0 Bsec”® (d) absec3o
By Leibnitz’s theorem we find the n? differential coefficient of the ...... of two
functions.
(a) sum (b) difference

(¢) product

(d) quotient (Kumaun 2013)

Ify=e@n” ' then (1+ x2)y, , ,+ [2(n+ Dx—= 11y, ;= ...

(@) =n(n= 1)y,
(©) - 5= Dy,

The value of D" cos(ax+ b) is:

(a) asin(ax+ b)

(¢) a”cos(ax+ b+ %)

The value of D" sin (a x+ b) shall be :
(a) sin(ax+ b %)

(c) a"sin(ax+ b+ %)

If y=x" logx then y, , | shall be

(a) (n— D!

(c) (nYH/x

True or False:

Write T’ for true and ‘F’ for false statement.

(®) 5+ Dy,

(d) —n(n+ 1)y,

(b) b"cos(ax+ b)

(d) a"sin(ax+ b+ %)
(Kumaun 2008)

(b) b"sin(ax+ b+ %)

0o
(d) a"sin(ax+ b) (Kumaun 2010)

b) n!

(d) (m+ 1) !/x (Kumaun 2012)

If y= f(x), then the n™ differential coefficient of y, is the (n+ )" differential

coefficient of y.

Ify= e®*sin(bx+ ¢),then

D" {e “*sin(bx+ ¢)}=r"e®sin{bx+ c+ (n+ 1) 0},
where r= (a2 + b2)1/2 and ¢ = tan ! (b/a).

While applying Leibnitz’s theorem if we observe that one of the two functions is
such that all its differential coefficients after a certain stage become zero, then we
should take that function as second function.
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T

” Y
LA
-\\h“/HSWE rs
1. 4" sin(ax+ b+ nzn)
2. (-=D"nla"(ax+ by~ "~ L.
3. %[ex— (5)"% e*cos (2x+ ntan—12)]. 4. —y. 5. nzyn_ I
6. (- D"e ™ 7. (b). 8. (a). 9. (¢).
10. (d). 11. (o). 12. (¢). 13. (¢).
14. T. 15. F. 16. T.



Expansions of Functions

5.1 Accurate Statement of Taylor’s Theorem

Iff (x) is a single-valued function of x such that
(i) all the derivatives of f (x) upto (n — 1) are continuousin a< x< a+ h,
and (i) f) (x) exists ina < x< a+ h, then

fla+ h)=f(a)+ bf" (a) + ;ﬁ,f (a) + ...

W -1 g+ )
+mf (a)+ ﬁf (a+ Gh),whereO< < 1.
Taylor’s Series : (Meerut 2009B, 10B; Kashi 11, 13)
Suppose f(x) possesses continuous derivatives of all orders in the interval

[a,a + h]. Then for every positive integral value of n, we have
I h2 n
fla+ h)=fla)+ hf' (a)+ o /" (a) + ...
W 1

(n= 1!

+ D@+ R, ..(1)

n
where R, = %f(") (a+ 04, (0< B< 1).

Suppose R, -0, as n — co. Then taking limits of both sides of (1) when n — o,

we get
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2 n
fla+ h)= f(a)+ hf’ (a)+ %f”(a)+ et %ﬂ") (@) + ... .(2)

The series given in (2) is known as Taylor’s infinite series for the expansion of
f(a+ h)asapower seriesin & .

2 | Maclaurin’s Series (Rohilkhand 2009B; Kashi 12)

Suppose f(x) possesses continuous derivatives of all orders in the interval [0, x].
Then for every positive integral value of n, we have

2 xn— 1

()= £(0)+ xf” (0) + ;f" O+ ...+ mﬂ"— DO+ R,,... ..(1)
n
where R, = %ﬂ") 0x),(0< 8< 1).
Suppose R, —0, as n —0. Then taking limits of both sides of (1) when n —eo,
we get
’ xz ’7 xn (n)
f) = £(0)+ xf” (0) + ff 0+ ...+ Ff 0+ ... ...(2)

The series given in (2) is known as Maclaurin’s infinite series for the expansion
of f(x) as a power series in x. Maclaurin’s series is a particular case of Taylor’s series. If
in Taylor’s series we put a= 0 and 4 = x, we get Maclaurin’s series.

Maclaurin’s expansion of f(x) fails if any of the functions f'(x), f* (x), /" (%), ...,
becomes infinite or discontinuous at any point of the interval [0, x] or if R, does not

tend to zero as n —oo.

3 | Formal Expansions of Functions

We have seen that for the validity of the expansion ofa function f'(x) as an infinite
Maclaurin’s series, it is necessary that R, —0 as n —<o. But to examine the behaviour

of R, asn —oo isnot an easyjob because in many casesit isnot possible to find a general

expression for the nth derivative of the function to be expanded. So in this chapter we
shall simply obtain formal expansion of a function f(x) without showing that R, —0 as

n —oo. Such an expansion will not give us any idea of the range of values of x for which
the expansion is valid. To obtain such an expansion of f(x) we have only to calculate
the values of its derivatives for x= 0 and substitute them in the infinite Maclaurin’s
series

£ = £(0) + %f’ 0)+ ...+ Z—n!f(") 0)+ ...

For the convenience of the students we shall now give formal proofs of
Maclaurin’s and Taylor’s theorems without bothering about the nature of R, asn —>oo.

Maclaurin’s Theorem : (Bundelkhand 2006; Kashi 12, 13; Purvanchal 14)
Let f(x) be a function of x which possesses continuous derivatives of all orders in the
interval [0,x]. Assumingthat f(x) can be expanded as an infinite power series in x, we have

f(x) = f(0)+ ﬁf’ (0) + gf 0)+ ...+ fl—’:ﬂ") 0)+ ...

Proof: Suppose f(x)= Ady+ A;x+ A2x2+ A3x3+ (1)
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Let the expansion (1) be differentiable term by term any number of times. Then
by successive differentiation, we have

fr()= A+ 24,5+ 3453+ 44,50+ ..,

f7 =214+ 3.245x+ 4.34,°+ ...,

7 (x)=3.2.14;+ 4.3.24,x+ ...,and so on.
Puttingx= 0in each ofthese relations, we get

fO)y=A,,f (0)= A, f"(0)=214,,f" (0)= 3144, ....
Substituting these values of 4, 4,,4,,...in (1), we get

£ = £(0)+ xf” (0) + gf 0)+ ...+ %f(”) 0)+ ...

This is Maclaurin’s Theorem. If we denote f(x) by y, then Maclaurin’s theorem
can also be written in the following way :

<2 X n
y= ot %(J’l)o+ 51 o+ 3 O3)o+ ot %(y,,)(ﬁ

Taylor’s Theorem : (Bundelkhand 2005; Avadh 09, 10, 14; Kashi 11, 13, 14)

Let f(x) be a function of x which possesses, continuous derivatives of all orders in the
interval [a, a + h). Assumingthat f(a+ h) can be expanded as an infinite power series in
h, we have

2 n
fla+ h)= f(a)+ hf’ (a) + %f”(a)+ e %f(”) (@) + ...

Proof: Suppose f(a+ h)= Ag+ A h+ A, h>+ A3 h3 + ... (1)

Let the expansion (1) be differentiable term by term any number of times w.r.t.
‘h’. Then by successive differentiation w.r.t. ‘42’°, we have

fi(a+ hy= A+ 24, h+ 3450+ ...,
S a+ h)y=2.14,+ 3.245h+ ..,
S (a+ h)y=3.2.145+ ..., and so on.

Putting 7= 0in each ofthe above relations, we get
fla)y= Ay, f (@)= A, f" (a)= 2! 4,,f""" (a) = 3! A5, and so on.
’ 1 4 1 777
Aog=fla), 4= 1" (@), 4,= 51" (@), A3= 37 /" (a), and so on.

Substituting these values of 4,,4,,4,,45,...in (1), we get

, ", "
fla+ b= f@+ hf @+ 5 f" @+ ...t ;f('ﬂ (@) + ...
This is Taylor’s theorem. Another useful form is obtained on replacing 4 by
(x— a). Thus

(x— a)® (x— a)

)= f(a)+ (x— a) f’ (a) + Tf” @+ ...... + Tf(”) @+ ...,

which is an expansion of f(x) as a power series in (x — a).
Note : If we expand f(x+ k), by Taylor’s theorem, as a power series in 4, then
the result is as follows :

2 n
f(x+ h)= f(x)+ hf” (x) + %f )+ ...+ %f(”) () + ...
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I[Iuslrative Examl;)]es

Example 1 : Expand e* in ascending powers of x. (Bundelkhand 2008)

Solution : Let f(x) = e*. Then f(0) = 1, f(”) (x) = e*so thatf(”) (0) = 1, where
n=1,2,3,4,..

Substituting these values in Maclaurin’s series

S = 1£(0)+ x7 (0) + gf"(0)+ %f”' (0) + ..., we get

=1+ +£+—+£+ +x—n+
S TR TRV TR T

This is known as Exponential series.
Example 2 : Expand (1 + x)" in ascending powers of x.
Solution : Let f(x) = (1+ x)", so that f(0) = 1.
We have /") (x) = n(n— 1) .. (n— m+ 1) (1+ x)"~ ™,
M 0)y=nmn-1...n— m+ 1).
Puttingm = 1, 2,3, ..., we have
ffO)=nf"0)=nm- 1), 0)=n(n—- 1) (n— 2), and so on.
Substituting these values in Maclaurin’s series for f(x), we get

+ nn—1)..(n— m+ l)x

_ nn-1)
(L+0)"= 1+ nx+ = Pt o i

"+
This is known as Binomial series. If n is a positive integer, the series will consist

of (n+ 1) terms.

Example 3 : Expand sin x. (Kashi 2012)
Solution : Let f(x) = sinx. Then f(0) = 0

f (x)=cosx, f'(0)=1

[ (x)=—sinx, f77(0)=10

[ (x)= - cosx, f(0)= - 1.

In general /™ (x) = sin| x+ Ly | so that

2
£ (0) = sin%nn= Owhenn=2m and = (= 1)" whenn= 2m+ 1.
Hence substituting these values in Maclaurin’s series, we get
x_’) x2m+ 1
1 = — (— — m_- @@
sinx=0+x.1+ 0+ 3!( D+0+ ...+ 0+ (=1 Qm + 1)!+
x_’) xS m x2m+1
= x- 3!+ 51 .+ (=1 Qm + 1)!+
This is known as Sine series.
Similarly we may obtain Cosine series :
2 a2
cosx= 1-— 2!+ an .+ (=1 (2m)!+ (Kanpur 2006)

Example 4 : Expand log (1 + x) by Maclaurin’s theorem.
(Meerut 2003, 11; Agra 05)
Solution : Let f(x) = log (1 + x).
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— N =1
Then f(0)= logl= 0,/® (= 1" (2= D!
(x+ )"
so that M @)y= (- D"~ Y (n— 1), wheren=1,2,3,4, ....
Now by Maclaurin’s theorem,
x2

f(x)=10)+ xf” (0) + Ef”(o)‘*'
Substituting the values of £(0), f* (0), /"’ (0), etc., we get

X2 x 4
log(1+ )= 0+ x— 3 - 11+ 5-2!—%-3!+...
n
DT - Dl
n!
P8 X e 1 X"
= x- 2+ 3~ 4+...+(— D n+...

Example S: Apply Maclaurin’s theorem to find the expansion in ascending powers
.. 4
of x of log, (1 + €% to the terms containingx".  (Garhwal 2002; Kanpur 11; Rohilkhand 12)
Solution : Let y= log,(1+ e*). Then (y)y= log,(1+ e = log, 2.

X Xy
et _U+ehH-1_ 1 ihat (y1)0=1—%=%’

Now =
NT 1+ e* 1+ e*
e* eX 1
0+ - o E U=y
Y2 (1+ €92 1+ e¥ 1+ eF ni=w=ama
2
B 2 1 1 _ 1
so that 7o= o= [l = 5~ (E] T4

1
¥3= = Wy yysothat (y)g= ;- 2- 5 ;= 0,

2
1 1
V4= y3— 2y22— 2y, ¥y so that (3,)g= 0— 2- (Z] - 0= - g,andso on.

Now by Maclaurin’s theorem, we have

X2 x 4
y= Mo+ x(V)ot+ 5(}’2)0"‘ y(y3)0+ %(M)o"‘

1 #2 1 3 x4 1
log(1+ex)—log2+x~5 2!~4+3!~0+4!~(—8)+...
= lo 2+5+£—i+
B T T T, S

Example 6: FExpand log {x+ N+ )} in ascending powers of x and find the
general term.
Solution: Let y= log{x+ V(1+ x3)}. (1)

Then  y,= m {1+ 2\/(121 x2)}= \/(1_1'_ 2 .(2)
21+ x)-1=0.
Differentiating again, we get (1 + x2) 2y 3yt 2xy12= 0
or 20 [+ xD) 3, + 1= 0
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or 1+ 2y, + x,= 0, ..(3)
since 2y, # 0.

Now differentiating (3) n times by Leibnitz’s theorem, we get

n(n-1)
(1+ xz)yn+2+ n.y, . 1-2x+ fyn.2+ Vg 1-xtn.y, . 1=0
or 1+ )y, ,+ Qn+ Dy, , |+ n’y = 0. (4

Puttingx= 01in (1), (2), (3) and (4), we get
(o= 0,(yg= 1,(1)y= 0,
and s Do=— 1> (3o ..(5)
Now puttingn= 1,3, 5, ... in (5), we get
(13)o= = 12(y)p= - 1%
(¥9)0= (= 3) (1y)g= (- 3H) (- 11 = 3212,
(3)o= (= 52 (¥5)9= (= 5 (- 31 (- 1% = - 52.32.1%, and so on.
Putting n — 2 in place of n in (5), we get
(o= {= (1= 2% (n,_ 2o ...(6)
={- (-2 {- (1= H*} (,_ 2o

[ replacing n byn— 2in (6), we have (y,_ ,)g= — (n— 4)2 (¥, — Pol

Thus if n is odd, we have
(o= {= (1=} {= (n= HH...(- (=3 (- 1)1
= (= D= D20 N2(n- 42 .52 .32 12 (D)
Again, puttingn= 2,4, 6,...in (5), we get
(o=~ 22.(n)g= 0, (¥o= — 4. (¥ = 0,and so on.
Thus, if n is even, we have (y,),= 0.
Now by Maclaurin’s theorem, we have

x? x
y= (y)()+ %(yl)o'i' 5(}72)04' ;(y3)0+ e .

4
log {x+ V(1+ 29} =0+ x.1+ %.0+ g (- 1%+ % 0

5 6 7
X 22 12 X X 2,722, 12
+5!(3-1)+6!-0+7!(—5-3-1)+...

X3 2 XS
_;14.;

x7
=x (32-12)—7(52-32-12)+...

n
The general term = ):T!(yn)o, where (y,) is given by (7) when n is odd and

(9= 0, when n iseven.
Putting 2n — 1 in place of n in (7), we find that
(V- o= (= D'~ Lon- 3)2@2n- 5)2..523% 1%
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Hence log {x + V1 + )}

7

x x X
— 2,2 2 2, 2 2 2,2
=x-1 -3!+1 -3-5!—1 -3 -5-7!+...
112 2 2 2 no
— Hn- .32, - T
+ (=1 1. 32- 54...2n- 3) (2n - 1)!+
Example 7: Ify= sin~ lx= ag+ a;x+ a2x2+ ..., prove that

(n+ D(n+ 2)a,, ,= nzan.

(Meerut 2010B; Kumaun 08)

Solution: Let y= sin” Ty ..(D)
1
Then = 5 (2
nWa-x2)-1=0.

Differentiating again, we get (1 — x2) 2y ¥y — 2xylz= 0
or 2y [(l—xz)yz—xy1]= 0
or (1-x)y,— xy =0, ..(3)
since 2y, # 0.

Now differentiating (3) n times by Leibnitz’s theorem, we get

nn-1

(1- xz)yn+2+ n.y,.q1-(=2x)+ %yn(— )= Y, 4 q-x—ny,.1=0

or A=y, - Cn+ Dxy,, — n?y,=0 (4

Puttingx= 0in (4), we get (¥, 2)o= 1> (1) ..(5)
By Maclaurin’s theorem, we have
X x2 x x"
y= (Mt ﬁ(yl)()"' 5(}’2)0"‘ ;(J@)o"‘ ot ﬁ(yn)o"'

Also we are given that

y=sin~ 1x= ag+ ay;x+ a2x2+ et oa, x4+

()
Equating the coefficients of x” in the two expansions for y, we get a, = nn'o :
n+2_ D+ 2)0. nt _ D+ 2)0. 1
a, (n+ 2! (¥ o  (+2)(n+ 1)
n? D+ 2o

substituting for from (5).

T+ 2+ 1) o

Hence (n+ 1)(n+ 2)a,, ,= nzan.

Example 8 : Expand sin x in powers of{x - % TI:] by using Taylor’s series.

(Meerut 2005; Lucknow 07; Rohilkhand 06, 10; Agra 06; Kumaun 15)

Solution : Let f(x) = sin x. We want to expand f(x) in powers of x — %n.

We can writef(x)=f[%n+ {x— %TI:”
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n]:| by Taylor’s theorem in powers of(x— ;n) ,

N[ —
~—.

Now expandingf[% T+ {x—

sw=aliwe (v )| = ) (- ) (2n)

2 3
N ;!(x_ ;n) Iz (;R)Jr ;!(x_ ;n) f”’(%n]+ (D

we get

[’ (x) = cosxgiving f’ (;n)= cos%n= ,

[’ (x) = — sinxso that /"’ (;n)= - sin%n= -1,

1
=—cos-m= 0,

T 2

1
2

N——

[ (x) = — cosxso that /"’ [

f1V(x)= sinx so thatf”(;n)= sin%n= 1, etc.

Substituting these values in (1), we get

nxe 14 (- 2n) o Lom 2e) e e Lfem La) o
sin x = X=om). 2!x ;T ( ) 3!x ST -

Example 9 : Expand log sin (x+ h) in powers of h by Taylor’s theorem .
(Garhwal 2003; Purvanchal 06; Meerut 10; Bundelkhand 09; Kashi 14)
Solution: Let f(x+ h)= logsin (x+ h).
Then by Taylor’s theorem, we have
logsin (x+ h) = f(x+ h)

2 3
= f@r @ s B @

Now f(x+ h)= logsin (x+ h).
: f(x) = logsinx,
f’ (x)= (1/sinx) .cosx= cotx,

/7 (x) = — cosec?x,

2

S (x) = 2 cosecxcosecxcotx= 2 cosec” xcotx.

Hence,

logsin (x+ &) = logsinx+ hcotx— %hzcosec2x+ %h3 cosecZxcotx+ ...
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Ex. 10. Use Taylor’s theorem to prove that
sin ©

tan— 1(x+ h) = tan” Lyt hsin® _ (hsine)z%ze

+ (hsme)3%3e+ o+ (= D 1(hsin9)nw+

where 0= cot™ x (Kumaun 2000; Gorakhpur 05; Agra 07; Rohilkhand 08B, 09B;
Kashi 11; Avadh 13)

Solution : Let y= f(x)= tan™ lx.

Then - ! 1|: : 1 }

M= 1+ x2= (x+ i) (x— i)= 2l x— i x+ i
or V= %[(x— N l— (x+ )7 1. (1)
Differentiating (1), (n — 1) times, we get
B= e l= " = D= )7 = = P s DGk )7
n—1
or ynz (_ 1) (n— 1)' [(X_ l)_ n_ (X+ l)_ n]_ (2)

21

Nowput x= rcos6,1= rsinBin (2). Then

=D w1

Vp= X r~ "[(cos®— isin®) = " — (cosBO+ isinB)” "]

S Y D P
=( D) 2i(n 1)'r‘”[(cosne+isinn@)—(cosne—isinne)],

byDe Moivre’s theorem
_ =D -1
2
= (= D" Y(n— 1)!sin" Osinn 6. [ 7 1= 1/r= sin 6]
Hence f(”) X = (- D" Y(m- 1)!sin"Bsinn 6,
where cotO= x,ie., 0= cot” Ly
Puttingn= 1,2,3,..., we get
£’ (x)= sin®.sin 6, "’ (x) = — sin? Osin 26,
777 (x) = 2!'sin? Osin 3 6, and so on.
Substituting these values in Taylor’s series

2 3 n
f(x+ h)= f(x)+ hf" (x) + %f (x) + % ) H .+ %f(”) (X) + ..., we get

7 ".2isinn 0

2
tan~ ! (x+ h)= tan~ 'x+ hsin®.sinO— h—sinzesin26

2!
39 n
* h3.2' sin®Osin 36— ...+ %(— D"~ L(n— 1lsin" Osinn O+ ..
or tan~ 1(x+ h) = tan” y+ hsin6. 511116_ (h sine)z%26

+ (hSin9)3.%3e+ et (= DT 1(hsin9)n_w+
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@:mprehensive Exercise 1

1. (i) State Maclaurin’s theorem. (Meerut 2000; Bundelkhand 01, 08, 11; Agra 07)
(i) State Taylor’s theorem. (Bundelkhand 2006, 08, 11)

Expand the following functions by Maclaurin’s theorem :

2. (i) a* (Meerut 2012B)
(ii) tan x (Kanpur 2014)
(iii) X cosXx
(iv) tan~ ' x (Bundelkhand 2001)
(v) secx.

3. (i) Obtain by Maclaurin’s theorem the first five terms in the expansion of SN,
(Bundelkhand 2007)

X
L as far as the term x°.
+ e (Meerut 2006B; Lucknow 06)

(i) Expand by Maclaurin’s theorem

(iii) Obtain by Maclaurin’s theorem the first five terms in the expansion of
log (1 + sinx). (Meerut 2007; Lucknow 07)

(iv) Find the first three terms in the expansion in the powers of x of log (1 + tanx) .
(Rohilkhand 2011B)

1 4, 1 56
TR AT MR

(Garhwal 2002; Lucknow 10; Bundelkhand 11; Rohilkhand 13)

(ii) Use Maclaurin’s formula to show that e*secx= 1+ x+ 227)22+ 437):3+

(Meerut 2004; Rohilkhand 08B)

4. (i) Apply Maclaurin’s theorem to prove that logsecx = %xz +

(iii) Expand sinh x cos x to fifth powers of x.

5. Showthat
- s 253 224 22x5+ 23x7+
(i) e*cosx= X307 a4 T sy 7
1 2n/2
+ cos(nn)- x"+
4 n!
(Bundelkhand 2014; Agra 14)
xz 2 x3 22 5 1 2n/2
o £ 3 2 5 L n
(i) e*sinx= x+ x~ + 3] 51 <t sing o nm a1~ + ...

(Meerut 2003; Gorakhpur 06; Lucknow 09, 11)

6. Apply Maclaurin’s theorem to prove that
2p_ B3
3acb- b 3

(i) e™sin bx= bx+ abx® + 3
2 2\n/2
o+ Mx” sin(ntan_ 12)+

n!
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10.

2 2 2
ac— b a (a? - 3b%)
5 2+ 3] £+ ..
2\n/2
+ Mx” cos(ntan_ 1b]+
n! a
(Kumaun 2012)

(i) e cosbx= 1+ ax+

. X 0
Show that e*°$%cos (xsino) = 1+ xcoso+ ;cos2(x+ ;cos3(x+

(Rohilkhand 2007; Avadh 11)

(i) Expand sin™ L(x+ h)in powers of x as far as the term . (Garhwal 2003)
[Hint. Use Taylor’s series]
x x2 sl
ii) Prove that log(x+ h) = logh+ — - —
(ii) g( ) S AT
(i) Expand tan~ ! xin powers of(x— in) .

[Hint. Letf(x)= tan™ I x. We can write

fo=f1- n + (x— inﬂ. Now apply Taylor’s theorem]

(i1) Expand sin (i T+ 6) in powers of 6.
(Lucknow 2009, 11)
(iii) Expand 2x> + 7x*+ x— 1 in powers of x— 2.

(Meerut 2004B, 05B; Gorakhpur 06; Rohilkhand 09;
Purvanchal 11; Kashi 11)

(iv) Write the value of o, if by Taylor’s theorem
20+ T2+ x— 1= o+ 53 (x—= 2)+ 19(x— 2)2+ 2 (x— 2)3.
(Meerut 2001)
(v) Expand logsin x in powers of (x — a).
(Meerut 2001, 06; Rohilkhand 07B; Kumaun 07; Avadh 10)

(i) Ify= edsin” lx, show that (1 - xz)ynJr )= @2n+ Dxy,, - (n?+ az)yn=
Hence by Maclaurin’s theorem, show that

2 2 2
.- a(l“+ a
edsin x_— 1 ax x2 ( )XS

21 3] (Kumaun 2008)

Also deduce that ¢®= 1+ sin0+ %s1n26+ %s1n36+

(ii) Ify= sin(m sin_ %), then show that

dy

1- X2 - x=+ m?y=0.

( ) dxz dx Y (Garhwal 2003)
Hence or otherwise expand sin m 0 in powers of sin 6. (Lucknow 2008)

(iii) Ify= sinlog (x> + 2x+ 1), prove that
(x+ D2y, o+ Qn+ D(x+ Dy, + P+ 4y, =

Hence or otherwise expand yin ascending powers of x as far as x°.
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11. By Maclaurin’s theorem or otherwise find the expansion of y= sin (e*— 1) upto
and including the term in x*. Find also the first two non-vanishing terms in the
expansion of x as a series of ascending powers of y.

12. Expandlog{l — log(l — x)} in powers of x by Maclaurin’s theorem as far as the
term x°. (Avadh 2009)
By substituting | : . for x deduce the expansion oflog {1 + log(1 + x)} as far as
the term in x°.

13. Ify= sin™ x/N(1- x) when— 1< x< 1,and — %n< sin”™ 1 x< %n, prove that

ar+1 d" an—1
(1- %) ot JI}— (2n + I)Xﬁ— nzdxni_i}= 0. (Meerut 2007B)
Assuming that y can be expanded in ascending powers of x in the form
ag+ a;x+ a2x2+ et oa, x4+
prove that (n+ 1) a,, = na,_ |, and hence obtain the general term of the
expansion.

14. Ify= emtan fx o ag+ a; x+ a2x2+ ..+ a,x"+ ..., prove that

(n+ Da,, 1+ (= 1Da,_ = ma,. (Purvanchal 2007)

15. Prove that

’ m — 1 2 ’7 m— 1 3 rr7
fmx)= f(x)+ (m— 1) xf’(x) + %xzf (x) + %x—"f x)+ ...
(Meerut 2001; Agra 07; Rohilkhand 13)
16. Prove that
. x? ) x ., ¥ )
i =f(x) - x) + - ..
()f[l e A T (1+ 0% 2! (Rohilkhand 2008)
.. ’ xz ’’ ‘X3 777
(D) /()= fO) + xf" (@) = 57 0+ 37/ @)~ .
. . : x? x
[Hint. (i) ertef[1 )= f(x— I+ x)'
Now apply Taylor’s theorem.
(il) We have f(0) = f(x— x).
Apply Taylor’s theorem and transpose the terms to get the result.]
| Answers 1
o
2 n
2. (i) 1+ xloga+ Xl0g@” (xloga)t,
2 n!
. ¥oo2
(i1) x + 3 + 5% +
(iii) 1 + x+ 22 1d 2,
2 3 24 5
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S 7 x2n—1
: L_ X _ n-1.4+*
(iv) x 3+ 5 7+...+( 1) (2n_1)+
¥ 5t 61X
AR TR TR
. 2 11 © 1
3. () 1+ x+ 5 §+ (11)§+ rEa §§+ .
P A . 1 2
(iii) x — 2+ 6~ 12+24—.... (iv) x— 5x2+ §x3+
. 2 4x
4. (111)x— = ?+
-1 2\— 172 x2 2\— 3/2
8. sinm A+ x(1- k%) +2'h(1—h)
xS 2\— 5/2 2
+3—{(1—h) (1+ 2093+ ...
9. (i) tan~ ! (n/4) + (x— in)/(1+ n2/16) — n(x— n) {41+ n2/16)2} + ...
e o o @
(11)T(1+ 0-— X §+ ﬁ+— o |
(iii) 45+ 53 (x— 2) + 19(x— 2)2+ 2 (x— 2)3.
(iv) 45.
2 _ 3
(v) logsina + (x— a) cota— (x 2') cosec? a + (x3'a) 2cosecZacota+ ....
2 _ .2 2 _ .2 2 _ .2
10.  (ii) sinm 6= m sin O+ Msnﬁm m (1 ’"5),(3 ") inS 0+ ...
4 2 34_55,.36
(iii)) y= 2x - x3 ) 3x+2x+....
5 y2
11. x+ Y + o, Y- 2
12. x+ §+ e X— X2 7x3
_ _ 2m (2m— 2) 2m — 4)...2.
BB =000 1= " s Dy am=1)..3
—
Objective Type QQuestions
Ml
Fill in the Blanks:
Fill in the blanks “... ... ", so that the following statements are complete and correct.
1. ByMaclaurin’s theorem expansion of sin™ lxis ...... .
2. By Maclaurin’s theorem
x3 5
= log(secx+ tanx) = x+ —+ X ,then (33)p= ...... .

6 24
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3. By Maclaurin’s theorem
n/2 o
y= e sinx= x+ x>+ %x—%+ ...... + %x”+ ...... ,
then (y3)p= ...... : (Meerut 2001)
4. By Taylor’s theorem the expansion of log(x+ #) in ascending powers of x
is...... .
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
5. By Taylor’s theorem the second term in the expansion of logsin x in the powers
of (x— a)is
(a) (x— a)cota (b) (x— b)coseca
(¢) (x— a)cotacoseca (d) (x= a)?cota
(Rohilkhand 2005)
6. By Maclaurin’s theorem the second term in the expansion of e*/(1 + e%) is
1 X 1
(@) 4% (®) (© 0 () - g%
(Rohilkhand 2007; Kumaun 07)
7. First term in the Maclaurin’s expansion of log(1 + sin?x) shall be
(a) x (b) 1 (c) (d)
(Kumaun 2009)
True or False:
Write T’ for true and ‘F’ for false statement.
8. The function logx does not possess Maclaurin’s series expansion because it is not
defined at x= 0.
9. Ifin Taylor’s series we put @ = 0 and 7= x, we get Maclaurin’s series.
10. Isthisf(x) = f(0) + xf” (0) + ;f” (0) + gf”’ 0+ ...... Taylor’s Theorem.
(Agra 2005, 06)
P
L Answers
N
12.x3  32.12.%3  52.32.12.x7
1. x+ 3 + 3 + 7 + o .
x 2 x
2. 1 3. 2 4. logh+ - —5+ 53— ...
S NP YRR
5. (a). 6. (b). 7. (¢)
8. T 9. T. 10. F.



Indeterminate Forms

6.1 Indeterminate Forms

The form 0/0 has got no definite value. For if we write 0/0 = y, then the equation
0y= 0 reduces to an identity in y, i.e., it is true for all values of y. We cannot cancel 0
from both sides. Therefore the form 0/0 is meaningless.

Now suppose xl_r}ja @ (x) = 0and xh_r,na Y(x) = 0.
lim
. x->a @ (x)
Then we cannot write xlina $Eg = i
X >a U (x)
. lim @ (x) L .
because in that case  _ , W) takes the form 0/0 which is meaningless. It, however,
doesnot mean that 1fx1—» a y E ; takes the form 0/0, then the limit itself does not exist.
lim
lim **- x—a (=@
For example, . _, , takes the form 0/0 if we write it as ————— [
xX—a lim
x»a (x—a)
lim xz— a? lim (x— a)(x+ a) lim _
But, we have ;. _ _ g " x-a W— ¥ oag (x+a)=2a

and thus the limit exists.
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Here it should not be confused that we have made an attempt to find the value of
0/0. We have simply evaluated the limit of a function which is the quotient of two
functions such that if we take their limits separately, then the combination takes the
form 0/0.

The form 0/0 is an indeterminate form. It has no definite value. The other
indeterminate forms are oo/oo, 00 — oo, 0 X oo, 1,00 0. In this chapter we shall
discuss methods which enable us to evaluate the limits of indeterminate forms.

2 | The Form 0/0

Suppose ¢ (x) and y (x) are functions which can be expanded by Taylor’s theorem in
the neighbourhood of x= a. Also let ¢ (a) = 0, and Yy (a) = 0. Then

lim ¢ lim ¢ (x)

X —a W(x)—x—m W'(x)'
lim 0 (x)
We have, by Taylor’s theorem,
o T4y
x=a)*

i P@F G- @@+ Por @+ Ry |

-~ XxX—>a (x— a)2
Y@+ G- ay @+ =y @+ Ry

where R, = ()‘Tq)(n) {a+ 6, (x— a)},0< 0, < 1,
and RZ—M\W) {a+ 8, (x— )}, 0< B,< 1.
But, by hypothesis, ¢ (a) = 0 and y(a) =
_ ( ’7’
- lim () _ lim (x—a) ¢’ (a) + ¢ () + ...+ R
erefore, . s, v~ x—a 3 .
= @)y’ (@) + &= “) v (@)+ ...+ R,

21
Dividing the numerator and denominator by x — a, we have

0 (a)+ (x— a){ 0 (a) + 1' (x—a) o’ (a) + }

lim ¢ (x) _lim

X=ad o= x—>a
" V@ G- @ @ S v @
0@, ,
- vy’ (a) if ¢’ (a) and y’ (a) are not both zero
lim (1)’ (%)

- X—a W’ (%) ’
This proves the theorem which is generally known as L *Hospital’s Rule.
It can be easily seen that if ¢’ (a), ¢"" (a),...... ,0 "= D(a) and vy’ (a),
v (a),...,y "= D (a) are all zero, but 6" (a) and Y™ (a) are not both zero, then

lim ¢ _ lim 0" (»
X —a W(x)—x—m \V(n)(X)
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The theorem of this article is true even if x tends to o or — « instead ofa, i.e., if
lim lim
X —> oo q)(-x): 05 X —> oo W(x): 05

l- l- ’
then e T T

Writingx= 1/y, we have as x —co, y —0.

lim ¢ _ lim ¢ (/) _ lim o (1/y)y 2 ,
X2y Y20 w1 T Y20 2
by L’Hospital’s rule

_lim o' (1) lim ¢ (%)
20 ) T T W
Note 1: The rule is named after the 17th century French mathematician
Guillaume De L’Hospitals. The rule implies
lim o _ lim o ()
X—a+ W(x)_ X—a-— \V(X)

)
e
rule for finding the differential coefficient of the quotient oftwo functions. But we are
to differentiate the numerator and denominator separately.

Note 3 : Important. Before applying L’Hospital’s rule we must satisfy
ourselves that the form is 0/0. Sometimes it happens that at some stage the resulting
function is not indeterminate of the type 0/0 and we still apply L’Hospital’s rule which
is not justified in that case. This is a fairly common error.

Note2: Whileapplying L’Hospital’srule we are not to differentiate

bythe

Itluslrative Examl;)]es

eX— e *— 2log(1+ x)
xsinx '

Example 1: Evaluate XIT;O

e*— e *— 2log(l+ x)

Solution: We have xlflo

. [form 0/0]
xsinx
im &t (lfx)
“ x>0 ginx+ xcosx [form 0/0]
X_ Xy 2
_lim (1+x)2_1—1+2_g_1
X0 cosx+ cosx— xsinx 1+ 1-0 2
im sinx— x+ éx"’
Example 2 : Evaluate . _ s
lim SinXx-— x+ éx"’
Solution: Wehavey 590 ——— %5 [form 0/0]
x

. cosx— 1+ lx2
lim 2

= x>0 T [fOI'l’l’l 0/0]
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_ lim - sinx+ x
= x>0 20)&3
_ lim - cosx+ 1
= x>0 60x2
lim sinx
x—20 o0y
lim cosx 1

x=0 "120 T 120

3 | Algebraic Methods

[form 0/0]

[form 0/0]

[form 0/0]

In many cases the limits are easily obtained by the use of well known algebraic
and trigonometrical expansions. We can also make use of some well known limits in
order to solve the problems or to shorten the work. The following expansions should

be remembered :
1) =" 1=1+x+ 2+ 3+ ..ad.inf, | x| <1

4

(ii) log(l+ x) = x— % ?— xz+ .ad.inf, | x| < L.
5 7

(iii) sinx= x— §+ %— %+ ..ad. inf.
4 6

(iv) cosx= 1— ;+ %— %+ ...ad. inf.
5 7

(v) sinhx= x+ §+ %+ %+ ...ad. inf.

X2 X4 X6

(vi) coshx= 1+ ——+ - —+ ——+ ...ad.inf.

217 417 6!

(vii) tanx= x+ §+ %x5+ ...ad. inf.
x ¥ X .

(viil) e*= 1+ ﬁ-’- 5+ ;+ ...ad. inf.

3 5 7
: -1 2. X% 2 12, X% 2 22 12, X
(ix) sin”'x= x+ 1 3!+3.1 5!+5.3.1 FER RS .

The following values of logarithms to the base e should also be remembered :

logl= 0,loge= 1,logoo = oo, log0= — oo.

Itluslrative Examl;)]es

Example 1: Evaluate xlT:O reosx— )i;)g(l + x)

Solution : We have xlglo reosx— )lcgg(l + x)

[1_x2+x4_ )_[ A

= x—0 2

(Meerut 2001)
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2 5
lim 2 gx3+
= x—0 xz

lim (1_5 L . 1
X —0 (2— ¢ X+ termscontaining higherpowersofx = -.

. 172
Example 2 : Evaluatexlfo (xx%.
eX—

Solution : Here it should be noted that we cannot apply Hospital’s rule since

x!/2 cannot be expanded by Taylor’s theorem in the neighbourhood of x= 0. However,
we can get the result by the use of algebraic methods. We have thus,

(Kanpur 2007; Rohilkhand 05)

/2

lim x?tanx
x—0

(ex_ 1)3/2
_ lim0 x!/2 tan x _ limo x!/? tan x
T X— 327 X— 3/2
x X2 /2 X
[1+1!+2!+ ...—1) o (1+2!+-~~)
_ lim sinx 1 1
Tx=0 T Cosx ( x )3/2
1+ -+
2!
= l,sincexlglo %= landxlglo cosx= l.
. lim (1+ x)V*— ¢
Example 3 : - Evaluate x X (Rohilkhand 2013; Kashi 13)
. 1/x _

Solution : Here xlglo Mfe is of the form %because

xlglo (1+ 0177 = e
To evaluate the given limit first we shall obtain an expansion for (1 + x)/* in
ascending powers of x.

Let y= (1+ x)/*  Then
x2
+ = ...

20 )_l_x
e Ea 2

1 1
logy= ;log(1+ X) = x[x— ) 3
=1+ z ,wherez=— (x/2)+ (x2/3)— ...

—[1+—x+x2— +1—£+£— 2+ }

- ¢ 273 2\7 27 3
x 21 . .

=e|l- §+ ?+ §x2+ terms containing powers of x higher than 3
1 11

= e[l— 2x+ 24x2+ :|

1 11
' ' e[1—§x+ ﬁx2+ ...:|—e
lim (1+ x)/*- e lim

Now x—0 X = x—=0 X
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e[— LEN g ]

_ L N N I
= x>0 X = x>0 2 24 A 2"

@mprehensive Exercise 1

1. State L’ Hospital’s rule.
Evaluate the following limits :

.. lim sinx
2. (xS0

... lim x— sinx

(i) x 50 2 :

... lim e*—1
(i) x50

(iv) lim 1- cosx
x>0 T2 (Meerut 2012B)

3. (p lim - 23— 4x2+ 9x— 4
SR B S S S

lim a*- bx.

(i) x 50 p (Agra 2003)
... lim  log(1— x?)
(if)) x -0 logcosx (Kumaun 2015)

. lim xe*— log(l+ x
(iv) % o

.. lim x- sinx
4 Dx=0 tan3x.

lim sin2x+ 2sin?x— 2sinx

(ii) x50 -
COSX— COS“ X

lim (I1+x"-1

(i) x 0 X
. lim logx
(iv) y 551 1 (Garhwal 2001)
. llm ex_ esinx
> W0 S iny
o i 1- V(- 22
(i) 1y G

(iii) lim tanx-— x
x>0 "2 ianx (Avadh 2014)

. lim tanx— x
(V) x -0 x— sinx
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.. lim coshx+ log(l— x)— 1+ x
6. (i Jim g(x2 ) b
(if) lim Ssinx— 7sin2x+ 3sin 3x.
x—=0 tanx— x
eX + log(l_x)
(iii) _—
x—=0 tanx— x
. lim xV (Bx— 2x%) — x5
(IV)x—>1 1—x2/3 :
. lim cosSXx
7. Dyorn2 — 7

lim a*— x

(i) x 5q g

a

1/x _ 1
lim (1+ x) e+ jex

(iii) y 0 2
. lim sinx.sin” 'x— £2
(IV)x—>0 6 :
X
. lim x*+ 2cosx— 2
8 Wx—>0 — 3.
xsin’ x
B llm ex_ exCOSX
(Wx=0 73 iy
(iii) lim coshx— cosx
x—=0 X sin x
.. lim sin2x+ asinx
(Vx50 —>35
x2
. lim sin?x— x?
9. () xo
X
... lim sinxsin™ !x
(ll)x—>0 f

lim

10. Find the values of @ and b in order that , _y

equal to 1.

lim

ae*— bcosx+ ce”

(Meerut 2001)

(Avadh 2006; Purvanchal 14)

(Kumaun 2012)

(Meerut 2012)

x(1+ acosx)— bsinx

3

, may be

(Meerut 2013B)

X

11. Find the values of a, b, ¢ so that ;. 5

xsin x (Kumaun 2007)
12. Find the value of a, band ¢ so that xlglo Ma+ bcos;c)— esmx_ .
x
( Answers 1
e
2. () 1. (i) 1/6. (iii) 1. (iv) 1/2.
3. () 4 (ii) log(a/b). (iii) 2. (iv) 3/2.
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() 1/6. (ii) 4. (iii) n. (v) 1.
() 1. (ii) 1 - (iii) 1/3. (iv) 2.
6. (i) 0. (i) - 15. (iif) — 3 (iv) 81/20.
7. () - 1. (i) igi;’%- (iii) 1le/24. (iv) 1/18.
8. (i) 1/12. (ii) 3. (iii) 1.
(iv) Infinite ifa # — 2 and 0 ifa= — 2.
9. (i) - % (i) 1.

10. a=-5/2,b=— 3/2.
11. a=1,b= 2,c= 1.
12. a= 120, b= 60, c= 180.

4 The Form z
lim

i
Supposexfa O (x)=oc0and y 5, Y(x)= oo.

lim ¢ () lim ¢ (% .

Thenx—)a W(x)_ X —a W’(x)
lim ¢ _ lim 1/y(x)
We have XA (T XA 170 (v [Form 0/0]
-V ®
- 2
= xl:na % [by L’Hospital’s rule]
[6 (0]
_ lim [w’ &) {¢ (x)ﬂ
TRl lyml I
lim ¢ _ lim y () [,. 6®]?
Thus, x—=a m— x—=a q), (x) {XII—IEZ \V(x)} . (1)
Now suppose xli_r)rla 0 _ A. -(2)

V)

Then three cases arise.

Case 1: \Aisneither zero nor infinite. In this case dividing both sides of (1) by A2,
we get

_q_ lim oy’ (% _ lim ¢" (%)
Fiasa gy O Masa gy

Case II: A= 0.In this case adding 1 to each side of equation (2), we get
lim ¢ _ lim {¢ () 1}

A+ 1= X —a

Yy 7Y |y
_lim 0+ y®  lim ¢+ Y ()
ST oy T v

{bycase I, since form iszand A+ 1# 0}



INDETERMINATE FORMS D-143

lim ¢ (%) N

X —a W/ (x) .
_ lim 0@
Therefore A= ¢Sy v
CaseIIl : A= oo.In this case, we have
L lim vy lim v ()
lim 0@ Y74 ¢ ¥4 ¢ (v [by case 11]
X —a W(x)
lim 00 _ lim ¢ ()
Therefore , 5, \If(x)_ Y —a v

Hence in every case in which xlgla 0 (x)= o and xlgna Y (x) = oo, we get
lim ¢ (x® _ lim ¢ (%)
X —a \V(X) - X—a W’ (X) ’

Note 1: By writing x= 1/y, we can show as in article 2 that the proposition of
this article is also true when x —oo or — oo in place of a.

Note 2 : Obviously the proposition of this article is true when one or both the
limits are — oo.

Important : We have seen that in both cases when the form is co/c0 or 0/0 the
rule of evaluating the limit by differentiating the numerator and denominator
separately holds good. Also we can easily convert the form oo /e to the form 0/0 and
vice-versa. Therefore at every stage we should note carefully that which form will be
more suitable to evaluate the limit most quickly. Moreover in some cases it will be
necessary to convert the form oo/ to the form 0/0, otherwise the process of
differentiating the numerator and the denominator would never terminate.

I[Iuslrative Examl;)]es

Example 1: Evaluate lim ~ logx .
ple t: x=0 Cory (Agra 2014; Purvanchal 14)

S lim logx
Solution: We have, , _ v [form oo /o]
lim 1/x
= x>0 2 [form co/oo]
— cosecx
- Nim % [form 0/0]
lim — 2sinxcosx —2x 0x 1
= x—0 1 = 1 = 0.

lim  logsin2x

Example 2 : Evaluate, _ logsin x (Agra 2001)

Solution: We have xlglo lﬁ)ggSﬁZXx

_ lim  (2/sin2x).cos2x _ lim 2cot2x
x>0 (1/sinx) .cosx  *=0 oty

[form oo /o]

[form oo /o]
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lim — 4cosed® 2x

=+ 50 [form oo /eo]

- COS@C2 X

_ [Jim) 4sin’x [form 0/0]

sin? 2x

lim 4 sin® x
x—0 (2 sin x cos x)2

lim 1
= x—0 b = L.
COSs™ X

lim_ loglog(1 - x*)

Example 3 : Evaluate , (Kumaun 2000; Avadh 13)

loglogcos x
L lim loglog(l— x?)
Solution: We have, Tloglogeosy [form oo /eo]
1 1
: (- 2x
lim log(l—x®) 1-x2 ( )
= x—-0 1 1
— - (= sinx)
logcosx cosx
-5 lim xcosxlogcosx
x—0 sinx.(l—xz)log(l—xz)
- lim x lim cosx lim log cosx
T A =0 iy

" x—0 1_xz'x—>0

log (1 - xz)

lim logcosx
2x Ix 1Ix —=
x—0 log (1 - x2)

[form 0/0]

'@nnprehensive Exercise 2 -

Evaluate the following limits :

. lim x
1' (l)x—)oo 7
e
... lim e~
(i) x oo 32

. lim log(l— x)
NORE cotmx
lim lo%cx’a

(ii) ¢ L350 > 1.
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. lim log(x— a)
3. 1 —= .
D x>a log (e*— &%)
... lim secmx
1 -,
(ll)x—>5 tan 3w x

. lim logx)3
4 () {(i)}

... lim x(logx)3

ii y ——2

WD xoe 170 2
5. (), M, xtan%-

lim logtan 2x

(i) x =0 logtan 3x
log| x— %n
. lim
6. ()x—>n2 tanx

.. lim c{/G-a_ 1}
(if) y g _ :
{el/(x a)+ 1}

. i 2 1
7. (l)xlgl)ql ‘{xz_ 1 x— 1}"

(ii)x_ll>ITrtl/2 (secx— tanx).

N

!

(Bundelkhand 2001)

(Garhwal 2002)

r'/’_
(
U nswers 2

1. (i)o. (ii)e. 2. (i)0.
3. (i) 1. (ii) 3 4. ()0
5. (i1 (ii) 1. 6. (i)o.
7. (i) - % (ii) 0.

5 | The Form o — o

(ii) 0.
(ii) 0.
(ii) c.

This form can be easily reduced to the form % orz :

Supposexlfa 0 (x)= oo andxlfa Y (x) = oo.

lim

Then 54 {0 (0 —- v}

_lim { 11 }
T 10 (x) /y(x)
1 1

= xlffa M, which is of the form % .

o).y

[form oo — oo]
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Itluslrative Examl;)]es

lim 1
Example 1 : Evaluate , sy /2 (secx— 1 Z sin x)'

Lo lim 1
Solution: We have, , 51/ (secx— 1 sinx) [form oo — oo]

im (11 form o — o]
X212 cosx  1-— sinx

lim 1- sinx— cosx
X=T/2 o5 x— cosxsinx

[form 0/0]

_lim — cosx+ sinx -0+ 1
T x—on/2

— sinx+ sin?x— cos?x —1+1-0

2 sin?

(Garhwal 2000, 02; Kumaun 07, 10; Kanpur 11)

Example 2 : Evaluatexlfo [1— ! )

Solution: We have, xlglo [xlz— ; 12 ) [form eo — o]
sin” x
lim sin?x— x?

form 0/0
x—0 *2 sin? x [ ]

li - ?+ terms containing higher powersof x
im !

x* + termscontaining higher powersofx

2 - .
— -+ termscontaining powersofxonlyin the numerator

lim 3!
~x—=0 1 + termscontaining powersofx onlyin the numerator
_-2__1
T3 3

6 | The Form 0 — «

This form can be easily reduced to the form % orto the form ; :

Suppose xli_n)1a 0 (x)= 0and xli_n)1a Y (x) = oo.
Then 0 0 (). v () [form 0 X o]
- Jim 0 f‘) [form 0/0]

v (x)
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= xli_r)ng w [form oo /o]
o (%)

We shall reduce the form 0Xx o to the form 0/0 or oo /o0 according to our
convenience.

Itluslrative Examl;)les

Example 1: Evaluate xlfo xlogsin x.

Solution : We have, xlglo xlogsin x [form 0 X oo]

lim logsinx
x—0 gl/ix [form co/oo]

lim (1/sinx).cosx

= form eo /o

x—0 _ 1/x2 [ ]
lim - x%cosx

=x-0 sinx [form 0/0]

lim  x%sinx— 2xcosx
x—0 cosx

0.

@mprehensive Fxercise 3

0 (o fons)

logx logx
1
. cotx— —
(if) lim x|
x—0 ¥
.. lim cosecx— cotx
e e
X
... lim 1 1
(i) x 50 (ex— 1_ xJ.

3. (i)x_I;ITIEl/z (xtanx— gsecx)-
(i) oWy xlogx.

4. () Ty sinx logx.
(ii)xh_rflw x (@Y% = 1).
., lim . a

5. (1 o 2%sin— -
D x> 2% (Agra 2003)

(i), ™ (1- sinw) tanx.
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6. xlglo x™ (logx)", where m and n are positive integers.

-’f‘_‘_\ﬂl\-wI
. Answers 3
M

1. ()- L (ii) — % 2. (i)%- (ii) — %
3. ()- L (ii) 0. 4. (i) 0. (ii) loga.
5. (i)a. (ii) 0. 6.0.

7| The Forms 1°, 0%, o’

Suppose xlfa {0 (X)W takes any one of these three forms.

Thenlet  y= " {6 (0}V.
Taking logarithm of both sides, we get logy= xl:na v (x). logd ().

Now in any of the above three cases, log y takes the form 0 X e which can be
evaluated by the process of aricle 6.

Itluslrative Examl;)]es

Example 1: Evaluate xlfo (cosx cot? * (Kumaun 2001; Bundelkhand 14)
Solution: Let y= xlglo (cos x)<OC ¥, [form 1%]
logy= xlglo cot? x. logcosx [form o X 0]

_ lim logcosx

=+ 50 [form 0/0]

tan? x

lim (1/cosx).(— sinx)
= x>0

(by L’Hospital’s rule)

2 tan x sec? x
_ lim —tanx _ lim 1 _
20 Stanxseclx ¥ 0 T 2sec?x 2
y= e 172,
lim aY
Example 2 : Evaluate, 5., |1+ Sl
. lim aY* -
Solution: Let y=, 5 |1+ M [form 1]
logy= le‘f; {xlog(1+ i)} [form co X 0]
_ Mim log(l+ a/x) [form 0/0]

1/x
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1
(= a/¥?
Cdim Tt ax T gim a_ _
T X — 1/x2 TXT® 14+ a/x

Therefore, y= e“

8 | Compound Forms

Suppose a function isthe product of two or more factors the limit of each of which
can be easily found. Then the limit of the entire function will be equal to the product
of the limits of the factors provided that the product is not in itself an indeterminate
form. A similar rule is applicable in the case of a sum, difference, quotient or power.

Itluslrative Examl;)]es

Example 1 : Evaluatexlfo [i— ilog(l + x):| .

x2
Solution : We have, xlglo [%— élog(l + x):|= xlgl() w[form 0/0]
m '~ 1i
= x Tfo Tx > by L’Hospital’s rule [The form is again 0/0]
L
lim  (1+x? 1
Sx->0 T, T o

2
lim tan x \1/*
Example 2 : Evaluate . _ .
X (Meerut 2000; Garhwal 01; Kumaun 02;
Agra 03; Kashi 14; Purvanchal 14)

- 1/x?
Solution : Lety= xlglo (ta}r:x) :

lim 1 tan x lim 1 1 2 2
logy= x50 leog( p )= x—0 leog[x[x+ ?+ Gx5+ )]

= im L [1+ [x2+ 2 ay )]
(xﬁ 24, )_ 1(x2+ 24, )Z
lim 3 15 23 15
= x—>0 2
lim ?+ terms containing higher powersofx
= x—0 xz

= x—0 [%+ terms containing powersofxonlyin the numerator:|
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10.

() ¢ 5 x*.

(ii) x“_>mo (cosx) /%,
(i)xli_>mo (cosx)l/xz.
(i) , 0o (sinxtany,
Cotx_

i
(i) x sm/2 (secx)

(i) , 0, (tan x)tan2x

 lim x \tan (% x/2a)
(1) x >a (2_ a)

(i) xlE}nl (1- x2)1/10g(1 - x)
(i) xlgl =)

... lim
11 w (anx™+ a, xm~ 14 .
X —> 0 1

.. lim (tanx)/*
(1) x >0 X :

. lim (tanx)/¥
(i) x >0 :

 lim (sinhx)”"
() x50 .
X
. lim (sinx)I/%
(i) xyso0 | | -
X
 lim [2(coshx— 1)]/¥
() x50 .
2
... lim log x| />
(1) y oo {75} .

i 1/.
(i) (g— tan lx) ",
(ii) xlflo (cosecx)!/1ogx,

xlgql (1-x tan%-

@mprehen sive [ xercise 4

(Agra 2002; Kanpur 04)

(Garhwal 2003)

(Rohilkhand 2012)

(Garhwal 2001, 03)

(Kumaun 2008)

(Kumaun 2003)
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i

A

’ "
| Answers 4
NS

(i) 1. (ii) 1. 2.(1) e 172, (ii) 1.
(i) 1. (ii) 1/e. 4. (i) ™. (ii) e.
(i) 1/e. (ii) 1. 6. (i) 1. (ii) oo.
(i) e!/®. (ii) e~ 176, 8. (i) e!”12, (ii) 1.
(i) 1. (ii) 1/e. 10.2/m.

—
.,

10.

i Objective lType QQuestions
R

Fill in the Blanks:

Fill in the blanks “... ... ", so that the following statements are complete and
correct.

. sinax
lim ———=
c—0 Sinbx
log (1+ kx?)

1- cosx

lim
x—0

x2 4+ 2x

lim
Yoo 5— 3x2

lim (secl)- logx=
lim oy) logx= ... .
The value of lim x- tanx_ . (Agra 2002)

x—0 XS

X_ px

The value of lim a = ...... .
x—0 X (Agra 2003)

Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (¢) and (d).

The value of lim m is

x—0 3x2 2 1
(a) 0 (®) 3 (© o (d) 1
(Garhwal 2002)
Which of the following is not an indeterminate form ?
(a) — (b) 0% oo (c) 1° (d) 0°
(Kumaun 2013)
logtan x is

The value ofthe lim
logx

x—0
(a) O (b) 1 (c) -1 (d) None ofthese
Which ofthe following is an indeterminate form ?
(a) oo+ oo (b) oo X oo (¢) 1= (d) 0=
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a*— 1- xlog,a

lim .
11. The value of 0 2 is
(log, a) (log, a)?
(a) (log, )’ (b) = (0 a=log,a (d) —
(Garhwal 2001)
12. The value of lim logx is
x—>1 x—1
(a) -1 (b) e (1 (d) 0
(Kumaun 2015)
. log,x
13. The value of 1M =7, 45 s
X —>00 ax
1
@ joga D@ (0) 1 (d) 0
(Garhwal 2003)
14. The value of 1M % gha)i be
x—0 X
(a) 1 (b) 0 () —1 (d) none of these
(Kumaun 2015)
15. The formula for De L’ Hospital’s rule is :
(@) im S _ lim /() (by Jim @ _ lim )/ ()
X —a g(x) X —a g(x) X —a g(x) X —a g’ (X)
© lim f(x) _ )f(a) (d) lim f() _ lim )/’ (a)
T g TP Y7 g (@)
(Kumaun 2007)
True or False:
Write T’ for true and ‘F’ for false statement.
. . . lim f(x) . .0
16. ’ ’ S Y,
While applying L’ Hospital’s rule to evaluate xoa 0 (x) if the form is o we
are to differentiate f(x)/0 (x) as a fraction.
17. The indeterminate form ; can be easily converted to the form % and vice-versa.
lim _ lim _ lim f() _ lim [
18. Ifx—>a f@)= e andx—m ¢ (x) = co, then x—a ¢ (x) T x—>a o’ (x)
o (d+ - e+ & -
19. lim is of the form — (Meerut 2001)
x—a x2 0
P
L inswers
a 1 2 1
1. A 2. 2k. 3. - 3 4. — 5. - 3
6. log%- 7. (c). 8. (o). 9. (b). 10. (¢).
11. (d). 12. (o). 13. (d). 14. (a). 15. (b).
16. F. 17. T 18. T 19. F



Chapter

Tangents and Normals

! Tangent and Normal to a Curve

Tangent to a Curve : Let P be any given point on a 4
curve and Q any other point on it in the neighbourhood
of P. The point Q may be taken on either side of P. As O
tends to P, the straight line PQ, in general, tends to a
definite straight line 7P passing through P. This straight
line is called the tangent to the curve at the point P.

(Kanpur 2014)

Normal to a Curve : The normal to a curve at any
point P ofit is the straight line which passes through that
point and is perpendicular to the tangent to the curve at
that point.

- Equation of the Tangent (Cartesian Co-ordinates)

Let y= f(x) be the cartesian equation of a curve. Let P be any given point (x, y)
on this curve. Take a point Q (x+ dx, y+ 0y) on this curve in the neighbourhood of P.
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If (X, Y) are current co-ordinates of any point on the chord PQ, then the equation of
the chord PQ is
s Ut -y = Yyl
Y- y= (r+ o) — x(X X) or Y- y= Sx(X X). ..(D)
Now, as Q tends to P, dx —0 and chord PQ tends to the tangent at P. Therefore
the equation (1) tends to the equation

dy . lim &y dy
Y—y=a(X—x). |: Sx =0 a—a

Hence the equation of the tangent to the curve y= f(x) at the point (x, y) is
dy
Y-y=—"(X- x.
y= &9

Note 1: Ifwe are to find the equation of the tangent to the curve y= f(x) at the
point (x;,y;) on it, we should first find the value of d)/dx of the curve at the point

(x7,1). The equation of the tangent at the point (x;, y;) will then be

y=n= (g) (x= xp),
(x50
where (x, y) are the current co-ordinates of any point on the tangent.

Note 2 : Ifthe equations of the curve be given in parametric cartesian form say
x=f(t) and y= 0 (t),then
dy dy/dt ¢’ (t)
dx  dx/di fT(t)

Hence the equation of the tangent at any point ¢’ on the curve is given by

T-0(0= 3 K- f(0)

3 | Geometrical Meaning of dy/dx

Let Pbe anygiven point (x, y) on the curve y= f(x). Suppose the positive direction
of the tangent at P is that in which x increases. Let ybe the angle which the positive
direction of the tangent at P makes with the positive direction of the axis of x. The
equation of the tangent at P is

d
Y-y= 0 (X- 29

dy dy
or Y= (dx)X-'- (y— xdx)' (1) Vb
This equation is of the form Y= mX + ¢, ...(2)
which is the equation of the straight line whose gradient is m (o
i.e., the line makes an angle, with the positive direction of
x-axis, whose tangent is m. Therefore comparing (1) and (2), W .
we get () T X
dy _
dx tan .

Thus the differential coefficient dy/dx at any point (x, y) on the curvey = f(x) is equal
to the tangent of the angle which the positive direction of the tangent at P to the curve makes
with the positive direction of the axis of x.
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4 | Tangents Parallel to the Co-ordinate Axes

Ifthe tangent at any point is parallel to the axis ofx, then y= 0O ie.,tan y= 0and
so we have dy/dx= 0 at that point.
On the other hand if a tangent is parallel to the axis ofy or perpendicular to the
axis of x, then
Y= n/2ie,tan Y= tan (n/2) = oo
and so we have dy/dx= oo or dx/dy= 0 at that point.

S | Equation of the Normal

Let P be any given point (x, y) on the curve y= f(x). The equation of the tangent

at Pis
_ dy _| dy .
Y- y= ,x(X x) or Y= ( lx)X+ (y X

Therefore the gradient of the tangent at P is dy/dx. If m be the gradient of the
normal at P, then
dy_ __ L dx
Mg ] or M= aydeT T dy

Hence the equation of the normal to the curve at P is

Y- y=- %(X— X) or %(Y— »+ X-x=0.

Important : Ifthe equation of a curve is given in the form f(x, y) = 0, then
dy af/ax_
dx of/dy

Itluslrative Examl;)]es

Example 1 : Find the equations of the tangent and the normal at any point (x, y) of

m m
the curve ™— + 7 1.
am pm
. xm ooy
Solution : Let f(x,y) = a7+ an_ 1= 0.
Then a—f= 7mxm_l and g= 7mym_l-
ox a™ ay bm

dy_ of/ox_ bmxm !
dx Bf/ay_ amym_l.
Hence the equation of the tangent at (x, y) is
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But the point (x, y) lies on the given curve.
m m
Therefore oy . 1.
am  bp"
Xxm- 1 me -1

Hence the equation of the tangent at (x, y) is +
a™ b™

Also, the equation of the normal at (x,y)is Y — y= — Z—;(X— X)

m ,m— 1 _ —
ie., Y- y= W(X— 0 e, bfxm)_‘ o= amyym{ =
Example 2 : Find the equation of the tangent at the point t’to the cycloid
x=a(t+ sint), y=a(l— cost). (Kumaun 2009; Agra 14)
Solution : We have dx/dt= a (1+ cost),dy/dt= asint.
@z dy/dt= asint _ 2sint/2 cosz‘/2= tani-
dx dx/dt a(l+ cost) 2 cos2 t/2 2

Hence the equation of the tangent at the point 7’is

y—a(l— cost)= tan%[x— a(t+ sint)]

ie., y— 2a sin2§= (x— at)tané— asint. tan%
ie., y— 2a sin2£= (x— at)tanl— 2a sinZL

2 2 2
ie., y= (x— at)tané’

where (x, y) are the current co-ordinates of any point on the tangent.

Note : If the equations of a curve are given in the parametric form
x= f(t),y= 0 (¢), then by the point + we mean the point whose co-ordinates are

x=f(t)andy= ¢ (1).

Example 3 :  Prove that all points of the curve

V= 4a {x+ asin (x/a)}

at which the tangent is parallel to the axis of x lie on a parabola.

Solution : The curveis )?= 4a {x+ asin (x/a)}. (1)

Differentiating (1) with respect to x, we get

dy _
2y i 4a {1+ cos(x/a)}

dy_ 2a
d" y [1+ cos(x/a)].

Suppose the tangent at the point (x;, y;) to the curve (1) is parallel to the axis of

x. Then
(dy/dx) at (x1,y) = 0

ie., 2an, cos (x;/a)] = 0
4|
ie., cos(x;/a)=—1, or sin(x;/a)= 0. ...(2)

Also (xy,y)) lies on (1). Therefore we have
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y12 = 4a {x; + asin(x;/a)}
= 4ax,, with the help of (2).
Hence the locus of (xy, yy) is

32 = 4ax which is a parabola.
Example 4 :  If the normal to the curve x*/3 + y2/3 = a?/3 makes an angle ¢ with
the axis of x, show that its equation is
yecosO — xsind = acos2 .
Solution : The curve is (x/a)%3 + (/a)?>3 = 1. (1)
Suppose P is any point (x,) on the curve (1). Then we can take

x= acos’t,y= asin’ t, where ¢ is a parameter. It can be seen that for all values of this
point lies on the curve (1).

Now dx/dt = — 3a cos® tsint, and dy/dt = 3a sin® t cos ¢.
d 3a sin? t cost
l= — f= — tant.
dx 3a cos® tsint

Therefore the gradient of the normal at the point ‘¢’ is
= — (dx/dy) = cott.
But we are given that the normal to (1) makes an angle ¢ with x-axis, so we have

T
tan ¢ = cotf= tan 5 t

ie., q)—g—t or t= g— 0.
Now the equation of normal to (1) at the point ¢’ is

. 3 cost 3
—asmm’t= ——(x— acos’t
Y smt( )

or ysint— xcost= asin*t— acos*t
or xXcost— ysint= a (cos? t— sin? 1) (cos? t+ sin?¢)
or xcost— ysint= acos?2t.

Ifz= g— 0, the equation of the normal becomes
xcos[g— q))— ysin[g— q)): acos(m— 20)
or ycosd — xsind = acos2 .

Example S: Ifp= xcoso+ ysin o touches the curve

n/(n— 1) n/(n— 1)
Bt

prove that p"* = (a cos )" + (b sin o)".
Solution : Differentiating the equation of the curve, we get

1 n V-1, 1L n Vin—1) 4y _
/=0 n- 1" + g/ p— 1Y dx 0

dy xl/(n— 1) bn/(n— 1)
- /- P/ =) ’
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Therefore the equation of the tangent at (x, y) to the given curve is
=1 pnsn= 1)
@/ (=1 y1/(n=1)

1/(n—1) 1/(n— 1) n/(n—1) n/(n—1)
or i ¢ L2 =% w12 - 1. (1)
an/(n— 1) bn/(n— 1) a b

Y- y= - (X - %)

Now suppose the line X coso+ Ysino= p .(2)

touches the given curve at the point (x,»). In equation (2), we have taken (X, Y)
as current co-ordinates since in equation (1) also (X, ¥) are current co-ordinates.

Now the equations (1) and (2) represent the same line. Therefore comparing the
coefficients, we get

coso sino. ~_p

=1 yl/n= 1 T
an/(n— 1) bn/(n— 1)
or acoso= p(x/a)l/(”_ D
and bsino= p (/)= 1,

Raising both sides to the power n and adding, we get

/(n—1) /(n—1)
(acoso)”+ (bsina)” = p”{(x)n " + (Z)n " }

a
=pt.1 [ (x,») lies on the given curve]

ie., (acosa)"+ (bsino)” = p",

which is the required condition.

6 | Angle of Intersection

The angle of intersection of two curves is defined as the angle between their tangents
at their point of intersection.
In order to determine the angles of intersection of two given curves

f(x» =0, (1)
and 0 (xy=20 ..(2)
we should first solve the equations (1) and (2) simultaneously to get the points of

intersection of (1) and (2).
If (x;, ;) is one of the points of intersection, then to find the angle ofintersection

at (xq, 1), we should find the slopes m; and m, of the tangents of the two curves at the
point (xp -

We have, my = (2:) at (x;,y) of the curve (1)

and my= (i) at (x;,y;) of the curve (2).

If m; = m,, the angle of intersection is 0°.
Ifmy= oo, m,= 0, the angle of intersection is 90°.
Ifm m,= — 1,again the angle ofintersection is 90° and we say that the two curves

intersect orthogonally.
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In all other cases, the acute angle between the tangents is equal to

m;— m
- 1 2
tan~™ !

1+ mym,

Itluslrative Examl;)]es

Example 1 : Find the angles of intersection of the parabolas
V2 = 4dax and x*= 4by.
Solution : The given curves are )* = 4ax, (1)
and x2= 4by. .(2)
Solving (1) and (2), we get on eliminating y
= 64ab’x  or x(x3— 64ab?) = 0.
x=0 and 4a'30¥3.
Substituting these values of x in (2), we get
y=0forx=10
and y= 4a*3 b3 forx= 4al’3 p?/3.

Therefore (0, 0) and (4a!/3 b2/3,44%/3 b1/3) are the two points of intersection of
(1) and (2).
Differentiating (1), we get

dy _ 4 ., dy_2a
2y i dai.e., e e
Differentiating (2), we have
_apW ., A x
2x= 4b v ie., i b

Angle of intersection at (0, 0).

dy - o
Iy of (1) at (0,0) =
dy -
and (dx] of (2) at (0,0)= 0.

the angle of intersection at (0, 0) is 90°.
Angle of intersection at (4al/3 p2/3, 42273 p1/3),

@of(l) at (4a173 b2/3, 442/ p1/3) = a”?

dx ’ 2pl/3

d 2a1/3
and v of(2) at (403 b3, 40?3 b)) = AV

Therefore if 0 is the acute angle between the tangents to the two curves at the
point (4a'/3 b2/3,44%/3 b1/3) then

2a1/3 al/S
0 tan 1 b1/3 2b1/3 - 1 3a1/3 b1/3
2a1/3 al/S 2(a2/3+ b2/3)

b1/3 2b1/3
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Example 2 : Show that the condition that the curves

ax*+ b= landa X+ b y*=1

should intersect orthogonally is that 1/a— 1/b= 1/a’ — 1/b. (Kumaun 2013, 15)
Solution : The given curves are ax2 + b2 = 1, (1)
and a2+ b yP=1 .(2)
If (x,y;) is a point of intersection of (1) and (2), then solving (1) and (2), we get

(" - b) (a— a)

1= (ab’ — a’ b) ’ y%z (ab' — ' b)
Differentiating (i), we get

dy _ dy _ _ ax

2ax+ 2by i 0 or dx= " by

o L dy  d'x
Again differentiating (2), we get i O

If m| and m, be the slopes of the tangents to (1) and (2) at the point (x;, ), then

_ & __9n
_dy ~ a’ x;
and my= v of (2) at (x;, ) = e "

Now (1) and (2) will intersect orthogonally, if

ax, a’ x; . aa’ x% .
- — .- = - or = - 1.
by, by, bb'y%
Substituting the values ofx% and )3, we get
aa’ (b= b) |
b (a— a’)
or aa’ b’ — aa’ b= a’ bb’ — abb’
N 11
b V¥ a d
. L1
a b dad bV

@mprehensive Exercise 1 -

1. Findthe equations of the tangent and the normal at the point (x, y) to each ofthe
following curves :

(i) x%/a*+ Y2 /b*= 1.
(ii) 2= 4dan.

(iii) xy= a2

(iv) y= acosh (x/a).
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2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

(i) Find the equations ofthe tangent and the normal at the point #’ on the curve
x= asin’t,y= bcos’ t.
(ii) Find the equations ofthe tangent and the normal to the curve % - ﬁ = lat
a
the point (a sec 0, b tan 0).
Find the equations of the tangent and normal to the curve
y(x— 2)(x— 3)— x+ 7= 0at the point where it cuts the axis of x.

Prove that x/a + y/b= 1 touches the curve y= be” ¥

curve crosses the axis of y.

Prove that the curve (x/a)” + ()/b)" = 2 touches the straight line x/a + y/b= 2
at the point (a, b), whatever the value of .

at the point where the

Show that the tangents at the points where the straight line ax+ Ay= 0 meets the
curve ax2 + 2hxy+ by* = 1 are parallel to the x-axis, and that the tangents at the
points where the straight line zx+ by= Omeetsthe curve are parallel to the y-axis.

Find the point on the curve y= 2x%— 3x— 2 the normal at which is parallel to
the straight line x+ 9y— 11= 0.

In the curve 3b%2 y= x% (x— 3a), find the points at which the tangent is parallel to
the x-axis.

Show that the abscissae of the points on the curve y= x(x— 2) (x— 4)

where the tangents are parallel to the axis of x are given by x= 2+ (2/3).

Find the equation of the tangent to the parabola ? = 4x+ 5, which is parallel to
the line 2x— y= 3.

Find the co-ordinates of the point on the curve y= x2+ 3x+ 4 the tangent at
which passes through the origin.

Find the points of the curve y= x/(1 — x%) where the tangent is inclined at an
angle m/4 to the axis of x.

Find % »when 2+ 2y= 8x— 7. Find the points where the tangent is parallel to

x-axis. Also find the slopes of the curve at the points, where x= 5 and x= 3.
Tangents are drawn from the origin to the curve y= sinx. Prove that their points

of contact lie on x2 )2 = x2 — )2,

Show that the tangents to the Folium of Descartes x> + )? = 3axy at the points

where it meets the parabola )2 = ax are parallel to the axis of y.

If the co-ordinates of a point on the curve x*/3 + 1273 = 423 are represented

parametrically in the form x= a sin3#,y= a cos’ ¢, show that 7 is the angle which
the perpendicular drawn from the origin to the tangent at the point makes with
the axis ofx.

Prove that the curves y= ¢~ “sinbx, y= e~ % touch at the points for which
bx= 2mmn + m/2, where m is an integer.

If xcosa+ ysino=p touches the curve x2/a®>+ y2/b*>= 1, show that
(acoso)?+ (bsino)?= p2

m+ n

Prove that the condition that x cos o+ ysin o= p should touch X" y" = a is

Pttt mMmpt= (m+ n)mt g™t " cos™ o sin” o
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20. Show that the tangent at the point (4am?, 8am?) of the curve x> = a)? meets the
curve again in the point (am?2, — am?).
21. Show that the normal to )? = 4ax touches the curve 27ay? = 4 (x— 2a)°.
[Hint. Show that the normal at the point (a2, — 2at) to the parabola y* = 4ax
is the same as is the tangent at the point (2a+ 3at2 2at3) to the
curve 27ayz= 4 (x— 2a)3].
22. Find the angles of intersection of the curves :
(i) y=4- x2andy= »%
(ii) xy= a?and ¥+ y* = 24>
23. Find the angles of intersection of the curves x2 — 2= a2 and X2+ 2= 42 V2.
24. Showthat the curves x> — 3x2+ 2= 0and 3x2y— ) — 2= 0 cut orthogonally.
: - ([ Answers 1
o
Lo M Tro By 0y
a b x/a v/b
(i) Yy=2a X+ x),2a Y+ yX= xp+ 2ay.
(iii) Y/y+ X/x= 2,xX — y¥Y= x2— 2.
(iv) Y- y= {sinh (x/a)} (X- x),
X—- x4+ (Y- y)sinh (x/a) = 0.
2. (i) X/asint+ Y/bcost= 1,
aXsint— bYcost= a?sin*t— b%cos*t.
(i) isece— %tan6= 1, axcos 0+ bycot 0= a®+ b2
3. 20y— x+ 7= 0,y+ 20x— 140= 0.
7. (3,7). 8. (0,0) and (2a,— 4a3/3b?).
10. 2x— y+ 3= 0. 11. (2,14) and (- 2,2).
12.  (0,0), (V3,— V3/2), (- V3,V3/2).
13. (4,9/2);- 1, 1.
22. (i) tan™ ! (aV2/7),
(ii) 0°i.e., the curves touch each other.
23. w/4.

Length of Cartesian Tangent, Normal, Subtangent and
Subnormal

The lentgh of the tangent of a curve at one of its points is defined as the length of

the portion of the tangent between its point of contact and the x-axis. The length ofthe
projection of this segment on the x-axis is called the length of the subtangent.

Similarly the length of the normal is defined as the length of the portion of the

normal between the point of contact of the tangent and the x-axis. The length of the
projection of this segment on the x-axis is called the length of the subnormal.
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Let P be any point (x,)) on the curve
y= f(x). Suppose tangent and the normal at P
meet the x-axis in 7 and N respectively. Let PS be
the ordinate of the point P.

Then PS = y.

If v be the angle which the tangent at P

makes with x-axis, then £ PTS= £ SPN = yand X
tan y= dy/dx.
Length of tangent
= PT= ycosecy= y\/(l + cot? )
I (2]
Length of sub-tangent
_ o _dx_ y
= TS= ycoty= ydy_ dy/dx
Length of normal
2 dy\?
=PN=ysec1p=y\/(1+tan y) =y 1+ o) -
Length of subnormal
- SN = I
= SN=ytany= Y iy
Intercepts made by the tangent on the coordinate axes.
The equation ofthe tangent at P (x,y) is Y — y= % (X = x).
This meets OX, where Y= 0 i.e., where
- Doy oy -
0- y= dx(X x) or X=x dy/dx
Hence the length of the intercept OT that the tangent cuts off from the x-axis is
-y
T (dy/dx)
Again the tangent meets y-axis, where X = 0, i.e., where
_dy e D
Y- y= dx(o x) or Y=y X
Hence the intercept OT’, made by the tangent on y-axisis y— x%-

I[Iuslrative Examl;)]es

Example 1 : [n the curve X"+ "= ™~ "2" prove that the m™ power of the
sub-tangent varies as the n' power of the sub-normal.
Solution : The equation of the curve is

Kt = gm=ngn (1)

To prove that (sub-tangent)” < (sub-normal)”
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m
y
dy/dx

(sub tangent)”

or = constant or ———_—— = constant

(sub normal)” dy n

Y dx
m— n)

or y(7+= constant.

@ m n

Differentiating (1) after taking logarithm of both sides, we get
(m+ n) l= 2n dy
x y dx

dy_(m+mn)y

or dx 2nx

X
y(m—n) _y(m—n) (2n)m+”xm+”
(o] e g

dx

(2n)m +n xm + n B (2n)m +n
(m+n)m+n' yZn (m+n)m+n
= constant.

a”= " [from (1)]

Example 2 : In the curve X" y'= a™t " prove that the portion of the tangent
intercepted between the axes, is divided at its point of contact into segments which are in a
constant ratio.

Solution : The given curve is x"y'= g™t ", (D
Differentiating (1) after taking logarithm of both sides, we get
(m/x)+ (n/y) (dy/dx)= 0
or dy/dx= (- my)/(nx).
.. the equation of the tangent to (1) at the point (x;, y) is

y=—n=- (myl/nxl) (x— xl)

or my; x+ nx;y= (m+ n)x; y
or X Y 1. (2)

{(m+ n)x;}/m * {(m+ n)y}/n -

. . + .
The tangent (2) meets the x-axis at the point (mmnxl’ 0) and the y-axis at the

m+ n

point (0 ’ ¥p |- Let the point of contact (x, y;) divide the line joining these points

in the ratio k£ : 1. Then
1.(”” ”x1)+ k.0
m

k+ 1 T omk+ 1)

(m+ n)x;

X1=
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. m+ n
Since x; # 0, therefore 1= ————
m(k+ 1)
or mk+ m= m+ nork= n/m= constant.

Hence the result.

Example3: [fthe tangent to the curvex'/? + y1/2 = q1/2

axes OX, OY at P, Q respectively, prove that
OP+ 0OQ= a.

C(x)72 (y\12
Solution : The curve is (a) + (a) = 1. ..(D)

at any point on it cuts the

The co-ordinates of any point (x, y) on (1) may be taken as

x= acos*t,y= asin*t.

%= — 4acos’tsint and j;= 4q sin3 t cos 1.
dy  sin’t
dx~ cos?t
The equation ofthe tangent at the point ‘#’to (1) is
(Y- asin*t)= - SiLZZ’(X— acostt)
cos“ t
or XsinZ ¢+ Ycos?t= asin®tcos? t(cos? t+ sin®¢)
or Xsin? 7+ Ycos?t= asin?tcos?t. ...(2)

Now (2) meets OX where Y= 0 i.e., where
Xsin?t= asin®tcos®tor X = acos?t.

Therefore OP= a cos? 1.

Similarly, OQ = asin?t.

Hence OP+ OQ= acos*t+ asin’t= a.

'@nnprehensive Exercise 2 -

1. Find the length of the tangent, normal, sub-tangent and sub-normal at the point
(a, a) on the curve ay2 = .

2. Show that in the curve y= alog(x*— 4?) the sum of the tangent and the
sub-tangent varies as the product of the co-ordinates of the point.

3. Showthat in the exponential curve y= be”?, the sub-tangent is of constant length
and sub-normal varies as the square of the ordinate.

4. Showthat the sub-normal at any point ofa parabola is of constant length and the
sub-tangent varies as the abscissa of the point of contact.

5. Show that the sub-tangent at any point of the curve X"y = a™* " varies as the
abscissa.

6. Show that in the case of the curve B2 = (x+ a)3, the square of the sub-tangent
varies as the sub-normal.
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7. In the catenary y= a cosh (x/a) prove that the length of the portion of normal
intercepted between the curve and the axis of x is y2/a.

8. Provethat for the catenaryy= % a (6% + ¢ ¥ the perpendicular dropped from
the foot of the ordinate upon the tangent is of constant length.

9. Inthe tractrixx= a [ cost+ %logtan2 (t/2)] ,¥y= asint, prove that the portion of
the tangent intercepted between the curve and the axis ofx is of constant length.

10.  Find the abscissa of the point on the curve ay2 = x> the normal at which cuts off
equal intercepts from the co-ordinate axes.

11.  What should be the value of n in the equation of the curve y= a! = " x" in order
that the subnormal may be of constant length.

12. Find the sub-tangent, sub-normal, tangent and the intercepts on the axes at the
point ‘#’ on the cycloid x= a (¢+ sint),y= a (1l — cos?).

13. Ifx;,y; be the parts of the axes of x and y intercepted by the tangent at any point
(x,») on the curve (x/a)>? + (3/b)?/3 = 1, show that x3/a®> + y2/b*= 1.

14.  Prove that in the curve x*/3 + 273 = 423, the intercepts made by the tangent at
anypoint on the co-ordinate axes are a®/3 x!/3, 4?3 y1/3 respectively. Hence verify
that the length of tangent intercepted by the axes is constant.

(Meerut 1988P)

15. Find the locus of the middle point of the portion of the tangent intercepted
between the axes and the curve x= a cos> 0, y= a sin’ 6.

16. Prove that in the ellipse x2/a®+ y2/b*>= 1, the length of the normal varies
inversely as the perpendicular from the origin on the tangent.

[Hint. Take anypoint (x,y) on the ellipse asx= a cost,y= bsint].

17. Showthat the normal at any point of the curve

x= a(cost+ tsint),y= a(sint— tcost)
is at a constant distance from the origin.
P
L Answers 2
N
V(13)  N(13) 2a 3a 4q 1
1. QT,QT,T,T' 10. ? 11.5
12. asint;2a sin%tsec%t; 2a sin%ttan%t;Za sin%t;at;— attan%t.
— 1,2
15. 2+ Y= 1d%

Polar Co-ordinates

Besides the cartesian system of co-ordinates, there are other systems also for

representing the position of a point in a plane. Polar system, which is one of them, will
be described here.

In polar system, we start with a fixed halfline OX, called the initial line and a fixed

point O on it, called the pole. If P is any point in the plane, the distance OP= ris called
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the radius vector of the point P and £ XOP = 0 is called the
vectorial angle of P. Also (7, 0) are called polar coordinates

of the point P. The line OP is called the revolving line. For fin
any point P (7, 0) the angle 0 is taken to be positive when e
measured in the anti-clockwise direction from the initial line : 0\“-;\':‘%

and negative when measured in the clockwise direction from (R

theinitial line. The radius vector ris considered to be positive
when measured away from O in the direction of the line
governing the vectorial angle 0. If for any point P (7, 0), r is
negative, we first drawthrough O aline makingan angle O with the initial line. Producing
this line backwards through O, we mark a point P on it such that OP = | r| ; Pis then
the required point (7, 0). Thus in polar coordinates both »and 0 are capable of varying
in the interval (— oo, 00).

To each ordered pair (7, 0) of real numbers there corresponds one and only one
point. But the converse is not true. For example, in the figure the point P whose polar
coordinates are (7, 0) mayalso be described as (, 0+ 2m), (- 7, 0+ n) etc. In particular,
the polar coordinates of pole may be given as (0, 0) where 0 is perfectly arbitrary.

It is usual to regard 0 as the independent variable and the curve whose equation
isr= f(0) or F (r,0) = 0consists of the totality of distinct points (7, ) which satisfy the
equation.

Positive and Negative radii vectors :

If we measure the distance r along the Ly
revolving line in the direction in which the line P
projects from the pole O then the radius vector Wi or oA
ris +ive and if it is measured in the opposite
direction then the radius vector ris negative.

If the distance r is measured along OP in
the direction of OP and OP; = r, then P; will be Hal=r b

ori ok

e

P

called (r, 0). But if  is measured in the opposite
direction, then the point P; obtained is called
(_ 7, 6)

Here the line OP; can be said to make an angle ©+ 6 with the initial line. In this

case the distance » measured along OP till Py will be called + ive and point P; will be
said to be the point (7, T + 6). [f now we measure a distance rin the opposite direction
of OP;, then we get the point P; which we shall call (-, + 6).

Positive and Negative Vectorial Angles :

Ifthe revolving line makes an angle 0 in the anticlockwise direction with the initial
line, then the vectorial angle is said to be positive and if it makes an angle 0 in the
clockwise direction, then the vectorial angle is said to be negative. Thus,ifOP, = 7, then
the point P, is said to be (r, - 0).

Similarly if OP, = r, then the point P, is said to be (— 7, — 0).

Relation between Cartesian and polar coordinates :

Take the pole O as origin, the initial line as the positive direction of x-axis, and

the line through O making angle g with OX in the anti-clockwise direction as the

positive direction of y-axis. Suppose (7, 0) are the polar and (x,)) are the cartesian
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coordinates of any point P. Draw PM perpendicular to OX. Then OM = x and

MP=y.
From A OPM, we have
xX= rcoso0,
y= rsin®.

Squaring and adding (1) and (2), we get x*+ y*= 12

and dividing (2) by (1), we get

tan 0= Y or O= tan™ 1y,
X X

Exercise : Plot the positions of the points whose polar coordinates are

T T T
(23) (- T () o

9 | Angle Between Radius Vector and Tangent

T 3n
4) ,(1,4), (1,— TI:), (1,TI:).

Let P be any point (r, 0) on the curve r= f(90).
The line TP T is tangent to this curve at P. We
denote by ¢ the angle which the positive direction of
the tangent at P (the direction in which 0 increases)
makes with the positive direction ofthe radius vector
OP (the direction in which r increases).

Let Q beanyother point (r+ 6,0+ & 0) on the
curve in the neighbourhood of P. Draw OM
perpendicular to OP. As Q — P, we have 80 —0, the
chord PQ —tangent at P and the angle QPM —¢.

Thus tan¢ = 8513)10 tan £ QPM = g

_ Lim (r+ or) sin 860
T 300 (4 &) cosd0— r

563

Lim 3!

(r+ Sr){ﬁe— —+ ...

Lim OM Lim oM

00 ppr =~ 800 opr— OP

] Lim r066

= 800 692

21

neglecting small quantities of the second and higher order

_ o
T dr
Hence, tan¢ = r%

or cotq):%ﬂ-

Note1: The angle ¢ is taken to be positive ifit is measured in the anti-clockwise

direction.

(r+ Sr)[l— —+ ...

=800 g
- r

Note 2 : From the figure, we have an important relation y= 0+ 0.
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Note 3: Ifthe equation ofa curve is given in the form »= f(0) and we are to find
the value of 0, then differentiating with respect to O after takinglogarithm ofboth sides,
we shall at once get cot ¢.

10 | Angle of Intersection of Two Curves

Let r= f(0) and r= F (0) be the polar equations of two curves and P be one of
their points of intersection. The two curves have a common radius vector at P. Suppose
¢, is the angle which the tangent to the first curve at P makes with the radius vector of

P and ¢, is the angle which the tangent to the second curve at P makes with the radius

vector of P. Then the acute angle of intersection of the two curves at P is obviously
=0~ Oyie, | o;—0,l.

Iftan ¢ = n, and tan ¢, = n,, then the angle of intersection is

tan ¢, — tan¢, ny— ny,
¢, — 0,= tan” tan (¢, - ¢,) = tan~ ! =tan” ! —
172 172 1+ tan ¢, tan ¢, 1+ nyn,
- . . . .
If T4 nn 18 positive, we shall get acute angle of intersection at P and if
172
- m
T 0. is negative we shall get the obtuse angle of intersection at P.
172
In particular, the two curves intersect orthogonally if nyny,= - 1, ie,
tan¢,.tan¢p,= — 1.

I[Iuslrative Examl;)]es

Example 1: Show that the parabolas r= a/(1+ cos0) and r= b/(1 — cos0)

intersect orthogonally. (Meerut 2011; Avadh 13; Rohilkhand 14)
Solution : The equations of the curves are

r=a/(l+ cos0) ...(1)

and r= b/(1 - cos9). ...(2)

Taking logarithm of both sides of (1), we get logr= loga — log (1 + cos0).
Differentiating with respect to 6, we get
-1 1
1dr (- Sine)_2s1n§9cos§6

~ar_ _ = = tanlo
r do 1+ cos© 2cos216 2
2

- o= .1 Y
cotq)—tanze—cot(zn 26) or ¢ ;T 29.

Hence ¢;= %n— %6.

Again taking logarithm of both sides of (2), we get
logr= logb— log(l— cos®).
Differentiating with respect to 6, we get
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2sin16cosle
2 2 1
= — =—C0t79.
1- cos© 2sin2le 2
2

- _ lg= _! -1
cotd = cotze—cot(n 26) or ¢=m 29.

ldr_ sinb
rde

1
Hence ¢,= 71— 76.

Therefore, angle of intersection = ¢ _ ¢, = (n— ;9)— (ln— ;9)= %n.

Thus the two curves intersect orthogonally.

Example 2: Find the angle of intersection of the curves = 16sin20 and
Psin20= 4.
Solution : The given curves are

2= 16sin286, e
and Psin20= 4. .(2)
From (1), 2logr= log16+ logsin 20.
2 dr cos 20
Therefore 0= 2sino0 or cot¢;= (1/7) (dr/d®) = cot20. Thus ;= 20.
From (2), 2 logr+ logsin2 6= log4.
2dr 2cos20 1 dr
Therefore rd6+ sin20 0 or cotd,= e de= cot20= cot(m— 26).

Thus ¢,=m- 286.
Now the angle of intersection of (1) and (2)
=0, ~ 0,=(n- 20)- 20=1— 46,
where 0is to be found at the point where (1) and (2) intersect.

Eliminating » between (1) and (2), we get sin® 20 = %- Therefore

i -4+ L.
sin20= t 5

But sin26= — % is inadmissible because it gives imaginary values of 7 from (1)
and (2). Nowsin 2 6= 2 gives 20= ¢ mor 6= 1/12.

Hence, the angle of intersection of (1) and (2) at the point 0= ®/12 is
n— 4(n/12)ie.,2n/3.

@mprehensive Fxercise 3

1. Show that in the equiangular spiral r= ae®'% the tangent is inclined at a
constant angle o to the radius vector. (Avadh 2014)
Find the angle at which the radius vector cuts the curve //r= 1+ ecos®.

Find the angle ¢ for the curve a6 = (P = aH2= qcos™ (a/p).
(Rohilkhand 2013)
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4. If¢ bethe angle between tangent to a curve and the radius vector drawn from the
origin of coordinates to the point of contact, prove that
|, dy
tan ¢ = (xdx y)/ X+ Y i
: - _ 4y =7
Hint. We havey= 0+ ¢,tany= andtan 0= —|.
dx by
1 5 (au) 1 . .
5. Prove — = u"+ 40 > where u = P and p is the lenght of perpendicular form
p
pole to the tangent of the curve at any point p (r, 0). (Bundelkhand 2001)
6. Show that the spirals 7" = a” cosn0 and " = " sin n6 intersect orthogonally.
(Kumaun 2008, 11)
7. Show that the cardioids »= a(l + cos0) and r= b (1 — cos 0) intersect at right
angles. (Meerut 2000; Kanpur 07, 11)
8. Showthat the curves 7= a (1 + sin0) and = a (1 — sin 0) cut orthogonally.
9. Find the angle of intersection of the curves 7= sin®+ cos®and »= 2sin 6.
(Lucknow 2009)
10. Showthat the curves »= 2sin 0 and r= 2 cos 0 intersect at right angles.
11. Find the angle between the tangent and the radius vector in the case of the curve
r'*= a"sec(n®+ o), and prove that this curve is intersected by the curve
r"= b"sec(n 0+ P) at an angle which is independent of @ and b.
12. Find the angle of intersection between the pair of curves
r= 6cosBand r= 2 (1+ cos0).
.//_H“"‘
]
. Answers 3
S
2. tan” ! {(1+ ecos6)/(esinB)}. 3. cos™ !(a/p).
9. mw/4. 11. (n/2)- (n6+ o).
12. (m/6).
11 | Lengths of Polar Sub-tangent and Polar Sub-normal

tangent and normal at P meet the straight line through the
pole O perpendicular to the radius vector OP in T and N
respectively. Then OT and ON are respectively called the
polar subtangent and the polar sub-normal at P.

(Kashi 2013)
Let P be any point (7, 0) on a given curve. Suppose the

We have Z OPT = ¢ and £ ONP= ¢ .

do do
From A PTO,OT = OPtan¢ = r. r—dr— o
do
Hence Polar sub-tangent = E .

| dr_ dr

Again from A PON, ON= OPcot¢ = r- Pl
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Hence Polar sub-normal = %

Example : Show that in the curve r= a0 the polar sub-normal is constant and in
the curve r© = a the polar sub-tangent is constant.

Solution : From the curve r= a6, we have dr/d0= a.

.. Polar sub-normal = dr/d® = a, which is a constant
i.e., independent of rand ©.

Again, from the curve r0= a or r= a/0, we have

dr _ ) o &
L
2 _ 02
Polar sub-tangent = @= 2. 0 = — a, which is constant.
dr 62 a

12 | Length of the Perpendicular from Pole to the Tangent

From the pole O draw OT perpendicular to the x’i};’_f_:!
tangent at any point P (7, 0) on the curve r= f(0). J%\V
Let O T= p. Thus, p is the length of the perpendicular o
from pole to the tangent. P ' s
We have £ OPT= ¢ . £ N e =z
From the right angle triangle OTP, we have I “-u-\?{;_

OT= OPsind or p=rsind. ..(1)
Often we require the value of p in terms of 7 and 6 only.

For this we shall substitute the value of ¢ in (1) from the equation cot ¢ = l%
Thus from (1), we have iz= L cosec? o= 1 (1+ cot? )
PP ?
_ 1{1 1(drﬂ_ 11 ﬂ
LR R
2
1 1 1| dr
Hence —=—+ —|—<| - )
. 4( ) (2)
(Meerut 2003)
Sometimes, we write u = % .
du 1 dr
Then B ﬁ%
a1 (@)
p2 7 do
2
1_ ., [du]
or pz_ u”+ (dﬁ) ...(3)

Note : The results (1), (2) and (3) are very important and should be committed

to memory.



TANGENTS AND NORMALS D-173

13 | Pedal Equation (Meerut 2009)

The relation between p and r for a given curve is called its pedal equation where r is
the radius vector of any point on the curve and p is the length of the perpendicular from
pole to the tangent at that point.

Casel: Toformthe pedal equation ofa curve whose cartesian equation is given.

Let f(x» =0, (1)
be the cartesian equation of the given curve.

The equation of the tangent at (x, ) to the curve (1) is

Y—y=%(X—x) or Y—X;Z+(x:2:—y)=0.

Ifp be the length of perpendicular from (0, 0) to this tangent, we have

dy
<Y
p= dx : (2)
V{21
dx
Also 2= x2+ )2 ..(3)

Eliminating x and ybetween (1), (2) and (3), we get a relation between p and ri.e.,
the required pedal equation of the given curve.
Case II: To form the pedal equation of a curve whose polar equation is given.

Let f(rn0)=20 (1)
be the polar equation of the given curve.
We have p= rsin¢, ..(2)
1 dr
and cotd = e ...(3)

Eliminating 6 and ¢ between (1), (2) and (3), we obtain the required pedal
equation of the given curve.

Important : Sometimes we do not get the value of ¢ from equation (3) in a
convenient form. In that case instead of using the relations (2) and (3), we can use the
single relation

2
1 1 1| dr
Eliminating 0 between (1) and (4), we obtain the required pedal equation of the
curve.

Illuslrative Examl;)]es

Example 1 : Show that the pedal equation of the ellipse % + ﬁ = 1,is
a

b2
1 P
?_ a2b2.

1_

Ly
p2 a2

(Meerut 2010B; Avadh 13; Kumaun 13)

%+ 2 (1)
a

Solution : The equation ofthe curve is Y
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The co-ordinates (x,y) of any point P on (1) may be taken as x= acost,
y= bsint.

%= — asint, j;= bcost
. d bcost
hes diiz " asint
Hence the equation of the tangent to the ellipse at the point ¢’ is
Y- bsint= — bCQSt(X— acost)
asint
or ab— bcost.X— asint.Y= 0. ...(2)
Therefore p = the length of perpendicular from (0, 0) to (2)
_ ab
B \/(a2 sin 1+ b2 cos?t)
2 «in2 2 2
e, izz a“ sin t;—? cos“ ¢ 03)
p ab
Also 2= x4+ yz= a?cos?t+ brsin?r= a?(1- sin?¢)+ b% (1 - cos?t)
= a?+ b?— a?sin?t— b2 cos?t. .(4)

Eliminating¢between (3) and (4), we obtain the pedal equation ofthe given curve.
From (4), we get asin?t+ b*cos?t= (a®+ b3 — i
2 2y _
Hence (3) gives iz= W or 1
p a“b p
which is the required pedal equation of the ellipse.
Example 2: Show that the pedal equation of the parabola y* = 4a (x+ a) is

1 2

1
= —(—+ —
2 a2 b2 a2 b2

El

2:

p ar. (Meerut 2010; Lucknow 05, 11)
Solution : Differentiating the equation of the curve, we get
dy _ &_ 2a
2y e 4a, or &y

Therefore the equation of the tangent at (x, y) is
Y- y= (2a/y) (X - )
or 2a/y) X—- Y+ y— (2a/y) x= 0.
v— (2ax/y) V2 — 2ax

P20+ 420~ NP+ 4ad)

4a (x+ a)— 2ax _ 2ax+ 4q?
B \/[4a (x+ a)+ 4a2] A [4a (x+ 2a)]
2a (x+ 2a)

= m= \/[a (x+ 2a)]

Also 2= x4+ yz=x2+ 4a (x+ a)= (x+ 2a)%
: r= (x+ 2a).
p*= a(x+ 2a)or p*= ar,
which is the required pedal equation of the given curve.
Example 3 : Form the pedal equation of the sine spiral ¥ = a" sin n 6.
Solution : The curve is 7" = a" sinn 6. (D)
Taking logarithm of both sides, we get n logr= nloga+ logsinn 6.
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Differentiating with respect to 6, we obtain
ndr_ cosn® _

P n Sinnd n cot no.

cotd = Lar_ cot n6.

rde
or 0 = no.
Now  p= rsind.
p = rsinnb. ...(2)

Eliminating 0 between (1) and (2), we obtain the required pedal equation of the
given curve.

From (2), we have sinn 6= p/r.

Putting this value in (1), we obtain

M= a"(p/) or pat= "t

which is the required pedal equation.

@mprehen sive [ xercise 4

1. Find the polar subtangent of the ellipse //r= 1+ ecos®.
For the parabola 2a/r= 1 - cos0, prove that

- -1
(ii)) p=a cosec% 0,
(iii) p2 = ar,
(iv) the polar subtangent = 2a cosec9. (Lucknow 2006; Purvanchal 14)
3. For the cardioid r= a (1 — cos0), prove that

(i) ¢= %e, (Meerut 2001; Lucknow 11)
(ii) p= 2asin’ % 0,
(iii) the pedal equation is 2ap? = 73, (Meerut 2001; Rohilkhand 12B)
(iv) the polar subtangent = 2a sin? (6/2) tan (6/2).

4. Showthat the pedal equation
(i) of the lemniscate 2= a%cos20is 3= a?p,
(ii) of the hyperbola #2 cos 2 0= a2 is pr= a2,
(iii) of the cosine spiral 7" = a" cosn Ois pa" = r"* 1, (Lucknow 2005)
(iv) of the curve r= a 0is p?> = r*/(P + a?) .

5. Showthat the pedal equation of the conic £= 1+ ecosHOis

Lot )
p- F\r

6. Showthat the pedal equation of the spiral = a sech n 0is of the form
1 4

-+ B
P
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Show that the pedal equation of the cardioid r= a (1 + cos®) is > = 2ap>.
8. Show that the pedal equation of the astroid x2/3 + 23 = 423 is 2= a? - 3p2.
9. Show that the locus of the extremity of the polar subnormal of the curve

. , 1
r=f(0)isr=f"10- ST (Gorakhpur 2006)

Hence show that the locus of the extremity of the polar subnormal of the

mo ;

equiangular spiral r= ae™" is another equiangular spiral. (Lucknow 2011)

10.  Prove that the normal at any point (#, 0) to the curve " = a” cosn © makes an
angle (n+ 1) O with the initial line. (Kumaun 2010)

i

’ "
| Answers 4
NS

1. [/esin®6.

14 | Differential Coefficient of Arc Length (Cartesian Formula)

Let s denote the length of the arc 4P of the curve ¥
y= f(x) measured from some fixed point 4 on it to any other
point P (x,y). Then s is obviously some function of x and we
want to find ds/dx.

Take a point Q (x+ Ox,y+ 8)) on the curve in the
neighbourhood of P such that arc AQ = s+ 9s.

Then arc PQ = 0s. )

Also 0x —0as QO —>P.

From the right angled triangle PSQ, we have chord

(PO)2= PS%+ SQ?= (8x)2+ (8y)% (1)
Dividing (1) throughout by (8x)2, we get

chord PO 2_ L+ dy ? or chord PQ 2 arc PQ 2_ L+ dy ?
Sx B Sx arcPQ ) | &x B Sx
or chord PQ 2 ds 2_ L+ dy ?
arcPQ ) | &x) dx )
Taking limit of both sides as O — P, we get
lim (chordP0) lim (&) lim 52
0—P| arcPo dx—>0| 5| T x—0 1+ Sx
2 2
ds| _ dy| .. lim chord PO _
or (dx] =1+ (dx] |: Q=P arcPQ ~ 1]
ds dy\?
— = 4+ — B
Thus I _\/{1+(dx)}

where plus or minus sign is to be taken before the radical sign according as s increases
as x increases or decreases.
Hence if s increases as x increases, we have

W
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-} (4]

Corollary 1: If x= f(y) be the equation of the curve, then ‘s’ is obviously a
function of y. In this case dividing (1) throughout by (8y)2 and proceeding to limits, we

get
ds \/ { (dx)z}
— = + _
dy 1+ dy ’

where plus or minus sign is to be taken before the radical sign according as s increases
as y increases or decreases.

Corollary 2 : If the equations of the curve be given in the parametric form
x= f1(t)and y= f, (t), then ‘s’ is evidently a function of . In this case dividing (1)

throughout by (8¢ )% and proceeding to limits, we have

ds \/ {( dx)2 ( dy)l} .
==+ = =
a-t it + a) (Parametric formula)

where plus or minus sign is to be taken before the radical sign according as s increases
as t increases or decreases.

1S | cosy= Z)Scand siny= Z':

We know that tan y= dy/dx.
If s increases as x increases, we have

ds _ ay? _ 2 ) =
o \/{1+ (dx)}_ V(1 + tan YY) = sec .

dx_ cos
ds v

Again if s increases as y increases, we have

ds _ dx 2}_ 2 ) =
Ay~ \/{1+ (dy) =1+ cot ) = cosec V.

dy _ %
ds sin . ar
Important : We can remember these results very easily hd
with the help of the adjoining hypothetical figure. tx

16 | Differential Coefficient of Arc Length (Polar Formula)

ds dr)2
To prove that 20 \/{rz+ (de) }
forthe curve r= f(0).

Let s denote the length of the arc AP measured from
some fixed point 4 on the curve r= f(0) to any other point
P (r,0). Then s is a function of 6.




D-178 Kriséwas DIFFERENTIAL CALCULUS

Take a point Q (r+ dr, 0+ 06) on the curve in the neighbourhood of P such that
arcAQ = s+ Os.

Then arc PQ = 0s.
Also 66 —0 and ér —>0as QO —P.
From the triangle OPQ, we have

(chord PO)?= OP?+ 0Q?%- 20P.0Q cos £ QOP

or (chord PO)2= P+ (r+ 89%— 2r(r+ &) cos &0
or (chord PO)2 = (8% + 2r8r(1 — cosd0) + 22 (1 — cos 86)
or (chord PO)2 = (812 + 2/8r (1 — cosd0) + 272 (1 — cosd9).

Dividing by (86)2, we get
2 50 2

.00 .
chordPQ2 §2_ Q2+ s1n2 . sm2
arcPQ ) " 06) ~ | 86 N T 30
2
Taking limits of both sides as Q — P, we get

2 2
ds\"_(ar o lim 86 /80
(de) ‘(de) +r.1.04 r2.1.|:.89_>0(s1n2/ 2)— L,
lm & _ dr o lim chordPQ _ |
80080~ go2"¢ 0 —pP arcPQ

as\'_ L (@)
ae| do
ds dr \* . .
Thus 0 + P+ 0 | where plus or minus sign is to be taken before the

radical sign according as s increases or decreases as 0 increases. Hence if s increases as
0 increases, we have

ds dr |2
&o- \/{’“ (de) J
Corollary: If0= f(r) be the equation ofthe curve, then s’ is a function of rand
we have
ds_ ds do_ do {,2+ (drﬂ
dr dodr dr do

o ()

17 | cos O = Z:andsin(b: ng

We know that tan ¢ = »(d0/dr).
1 1 1

cos¢ = \/(sec2¢)= \/(1+ tanzq))= \/{1_'_ rz(de)z}

dr
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1 dr/de  dr

: (Ze)\/{r% (3@)2} = R

s being measured in such a waythat s increases as 0 increases.

dr
Thus  cos¢ = ds
. de dr do
Also s1n¢—tan¢cos¢—ra~$_ ra-
. _do
Hence sin¢ = s

Important : We can remember these results very easily
with the help of the adjoining hypothetical figure.

Itluslrative Examl;)]es

Example 1: Forthe curvey= alogsec(x/a), prove that % = sec g .

Solution : We have y= alogsec (x/a).
Differentiating with respect to x, we get

@—a-¥sec *ltan| © L
dx sec (x/a) a al a
= tan| *|.
a

o =\ (2]
N (@)= se( 2]

Example 2 :  Forthe ellipse x= a cost,y= bsint, prove that
ds/dt= a (1 — €% cos? t)V/2,

Solution : Here @= — asintand @= b cost.
dt dt

ds_ [ J(ax) @2}
Now 4= \/ {(dt) * (dt)
= \/(azsin2t+ b%cos? t)

= \/{a2 sin? t+ a? (1 - €%) cos? 1}
2

a\/(sin2t+ cos?t— €2 costt)

a\/(l — 2 cos?t).

Example 3 : Show that for the curve ¥" = a™ cos m®, s _

(Lucknow 2011)

[ b2 = 42 (1- 62)]

o~ ym—1

Solution : We have r™ = & cos m®6.
Differentiating logarithmically, we obtain
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mdr _ msinm0

rdo cosm0 ’

dr
o= rtan mo.

o Sl

= \/(r2+ 2 tan? mO) = rsecm®

m m

_ ro_ ra™ _rd" _  a
cosmO®  gMmcosm@ M pm— 1

@mprehen sive [ xercise 5

Calculate ds/dx for the following curves:

(i) y* = 4ax; (Lucknow 2009)
(ii) y= acosh (x/a);

(iii) 23+ ¥ = a?3.

Calculate ds/dt for the following curves :
(i) y=a(l—- cost),x= a(t+ sint).
(ii) x= acos’t,y= asin3t.

(iii) x= 2sint, y= cos2t.

Calculate ds/d0 for the following curves :
(i) r= logsin 36;

(ii)) = a (1 — cos9).

For the curve r= ae®°t® prove that s/r= constant, s being measured from the
p g
pole. (Lucknow 2008)

In any curve, prove that

i B
e p (Lucknow 2007, 10)
ds r

W %= 3= 2

dr
For the curve 7" = a” cosnb, prove that a*” 4 + 2= 1= 0.
s

For the cycloid x= a (1 — cos?), y= a (t+ sin ), find
. ds

@

... ds

(i1) I

(iii) Z—;-
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r '\.

. Answers 5

Mo
1. (1) (1+ a/x)l? (ii) cosh (x/a) (iii) (a/x)'3.
2. (i) 2acos(t/2) (i1) 3acostsint

(iii) 2 coszV (1+ 4sin?¢).

3. (i) VO2+ 9cot?230) (i) 2asin (6/2).
. t .. t t
7. (i) 2a cosE (i1) cosecE (i) secE-

—
.,

i Objective lType QQuestions
R

Fill in the Blanks:

Fill in the blanks “... ... ", so that the following statements are complete and correct.

1. If ¢ is the angle between the radius vector and the tangent of a curve then
tano = ...... .

ds
2. Forthe curve r= f(0), o= .
2a
3. Forthe parabola7= 1—-cosO, ¢=...... .

4. Forthecycloidx= a(l— cost), y= a(t+ sinf), we have@ ...... .

dt
5. For the curve 2 = a? cos 20, the value of % IS ...... .
6. If§= %’at a point on the curve r= f(0), then at that point polar subnormal
s ...... . (Meerut 2001)

Multiple Choice Questions:

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).
7. For the cardioid »= a (1 — cos0), the value of ¢ is
)
(a) 0 ® 5
© -3 (@ -

8. Two curves cut orthogonallyiftan ¢, .tan ¢, is equal to

(a) 1 (b) 0
(c) -1 (d) None ofthese



D-182 Kriséwas DIFFERENTIAL CALCULUS

9. Forthe curve r= f(0), the value ofcos ¢ is
do ds
(a) s (b) T
ds dr
(©) dr (@) ds
ds .
10. For anycurve r= f(0), the value of 7o 8
2 p
p
a) — b) —
@ ()
r p
© (d) -
True or False:
Write T’ for true and ‘F’ for false statement.
11. Ifpbethe length of perpendicular drawn from the pole O to tangent at any point
P (r,0) on the curve r= f(0), then
111 (dr)z
— = 4 — =
p2 2 4\de
12. The relation between p and r for a given curve is called its polar equation.
2 2
dr do
13. For the curve r= f(0), we have (ds) + (r ds) = 1.
14. p= rsin0isthe pedal equation of some curve.
P
L Answers
N
46 \/ ar\ 1
av. 2, | 4r| b _ L
1. " 2. {r+(de)} 3. 26.
1 a? 3
4. 2acoszt. 5. o 6. 7
7. (b). 8. (¢). 9. (d).
10. (a). 11. T. 12. F.
13. T 14. F.
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Curvature

- Meaning of Curvature

In the adjoining figure we see that the curve bends more
sharply at the point P than at the point Q. We express this feeling ¥
by saying that the curve has a greater curvature at P than at Q.
However, in order to get a quantitative estimate of curvature, we
should give a mathematical definition of curvature which should be o
in agreement with our intuitive notion of curvature.

- Definition of Curvature (Purvanchal 2010)

Let Pand O be two neighbouringpointson a curve, yand y+ dythe angles which
the tangents at P and O make with the x-axis. ¥4

Let 4 be any fixed point on the curve.

Letarc AP= s,arc AQ = s+ 0s, so that arc PQ = 0s.

The symbol, dy denotes the angle through which the
tangent turns as a point moves along the curve from P to QO
through a distance ds. The angle Sy is called the contingence
of the arc PQ. Obviously, dy will be large or small, as
compared with ds, depending on the degree of sharpness of
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the bend of the arc PQ. This suggests us to make the following definitions :
(i) Owis defined to be total curvature of the arc PQ ;
(ii) theratio oy is defined to be the average curvature of the arc PQ ;

ds

. lim Oy . dy
(iii) the curvature of the curve at P is defined to be 0 —P g 0 g

d
Thus 7;” is a mathematical measure for the curvature of curve at any point P.

3 | Radius of Curvature (Meerut 2010)

Let P be a given point on a given curve, and O any
other point on it in the neighbourhood of P. Let N be the
point of intersection of the normals at P and Q. Suppose N
tends to definite position C as Q tends to P, whether from
the right or from the left.

Then C is called the centre of curvature of the curve
at P.

The distance CP is called the radius of curvature of
the curve at P and is usually denoted by the Greek letter p. ¢

The circle with its centre at C and radius CP is called
the circle of curvature at P. Any chord drawn through P, ofthe circle of curvature at P,
is called a chord of curvature at P.

4 | Intrinsic Formula for the Radius of Curvature (Kashi 2011)

The relation between s and y for any curve is y 4
called its intrinsic equation. Let P be a given point on
the curve s= f(y), and Q a point on it in the
neighbourhood of P. Let y and y+ Oy be the angles
which tangents at P and O make with the x-axis. Let 4
be any fixed point on the curve. Let

arc AP= s,arc AQ = s+ s, so that arc PQ = Js.

Let R be the point of intersection ofthe tangents
at P and O and N be the point of intersection of the N
normals at these two points. Suppose N -C as T T X

QO —P.
Then the radius of curvature at P= p= 1Q1m_>P PN.

We have £ PNQ= £ TRT’ = dv.
Now from the triangle PNQ, we have

PN~ chordPQ chordPQ
sinNOP  sinPNQ ~ sindy
_ chord PQ chord PQ  &s Sy

sin Oy sinNOP= s "8y sin Sy

Nowas Q —P, we have dy —0, 8s -0, chord PQ —tangent at P,
T
5

sin NOP.

ON —normal at P and consequently Z NOP —
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Therefore p= QL:nP PN

| Lim_ chord PQ Lim 8s Lim dy
T 22P arcpo || W20 8y | W0 gin sy

. (QLi_nfp sinNQP)

Hence, = —-
Corollary: The curvature of the curve at any point P is by definition, equal to

d o . ;
di‘l’_ Hence the curvature of the curve at any point is equal to the reciprocal of the radius
s

o 1
of curvature at that point i.e., curvature = —-

p
Example : Find the radius of curvature for the curve whose intrinsic equation is
- T v
s= alogtan 4 + )
. _ds 1 v) 1
Solution: We have p= ay- t v sec? ( + 2) )

N
o
=
~a
+
[\®)

a a

a
= = = = asecV.
T I T. v . s cos Y
2sm[4+ 2)cos[4+ 2) s1n[2+ w)

S | Cartesian Formula for Radius of Curvature (Gorakhpur 2005)

Let the equation ofthe curve be y= f(x).
We know that @= tan .

dx
Differentiating with respect to x, we get
dzy_ d1|!_ dy ds
2 sec - I sec2y—+ s de
d?y ds
dy 2 . ds—(1+tan ) - -
- . - = 2
ds seczw@ ay y
dx dx?
ds _ dy\?
But we havea— \/{1+ (dx) }
372
e (2]
" ~ Q_ dx ~ (1+ y12)3/2
enee P gy &y = » ' (Bundelkhand 2008)
dx?

Note 1: The radius of curvature p can come out to be positive or negative. If in
the relation
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SN (2}

we take the positive sign before the radical, the value of p is positive or negative

, dy. .. , . .
according as E Vs positive or negative. However, if we define the radius of curvature

dx?
in such a way that it is to be always positive, then we should ignore the sign whenever
we get a negative value for p.
Note 2: Since the radius of curvature is a length therefore its value is
independent of the choice of x-axis and y-axis. Hence interchanging x and y, we obtain

e

&x

dy?
This formula is specially useful when (dy/dx) is infinite i.e., when the tangent is
perpendicular to x-axis.

p:

Itluslrative Examl;)]es

Example 1: Find the curvature at the point (3a/2,3a/2) of the curve

¥+ 3= 3axy. (Meerut 2010; Agra 05; Kumaun 12; Kashi 14; Avadh 14)
Solution : The curve is x> + )3 = 3axy. (1)
Differentiating with respect to x, we get

3x2 + 3)/2%= 3ay+ 3ax@

dx
dy _ @
or X+ yzdx_ ay+ ax e .(2)
@_ - ay . |:dy} -1
dx ax—yz h dx (} éa) ’
2772

Again, differentiating (2), with respect to x, we get

dy} >y _ dy dy &y
2x+ 2 +y——=a—+ + ax
y[d 7 dx? dx dx?
2
or (ax— yz) = 2x+ 2y(j§) - 2a%- ..(3)

Putting x= 3a 3a and|:dy = — lin (3), we get

[dzy} _ 21
dx’ (3a/2,3a/2) 3 4

Hence the radius of curvature p at

)3
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@)

B e+ ¥ 3a
) dy S 1 82
2 3 °qa
d® (3a’2,3a/2)
3a 3a 1 82
Curvature at( 5> 2)— 0= 34
3a 3a 82

If we ignore the negative sign, the value of curvature at 50 T 3,
Example 2 : [If a curve is defined by the equations x= f(t) and y= ¢ (t), prove
(X,2+ y'2)3/2
5, 5, *Whereaccents (i.e., dashes) denote
x'y"—-y'x
differentiation with respect to t. (Kumaun 2007)
Lo dy _dy/dt _ o' (t) _y’
Solution : We have A= dvdt- (1) X

dy_d|y|_Ld(y\l dr
Also a2 dx(x')_ {dt(x' dx

that the radius of curvature p is equal to

_y//x/_x//y/.i ix_ , ﬂ_i
=T 2y |: i anddx— x’
B y//x/_ x//y/.
x’3
213/2 r2(3/2
{1+ dy } 1+ Y
dx x’2 (x"24 y2)3/2
Hence p= ) = 7y 7 7 = 7y s 77 7
ay yixT=x"yt o yUxt = x"y
> x’3

Example 3: In the cycloid x= a(t+ sint), y= a(l— cost), prove that
1
p=4acos;t (Lucknow 2005, 09, 10; Bundelkhand 07, 12, 14; Kumaun 07, 10)

Solution : Here@= a(l+ cost) andaLy= a sin t.

dt dt
dy dy/dt asint  2sint/2cost/2 _ tan L.
dx dx/dt— a(l1+ cost)  2cos2t/2 2
dy_d(dy)_df. r]_1 t o dt

Also = 5= dx(dx = ol ]= g sy
g2t L L ot 1 N S
2 2 a(l+ cost) 2 2 2acostt/2  4a 2

; 372
2L
{1 + tan 2} 4a sec3§

1
Hence p= = = 4acos;t-
4l 4l 2
2

S€C
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Example 4: [f CP, CD be a pair of conjugate semi-diameters of an ellipse, prove

that the radius of curvature at P is CD3/ab, a and b being the lengths of the semi-axes of
the ellipse. (Meerut 2001, 05B; Rohilkhand 11)
Solution : (Note. Two perpendicular diameters are called conjugate diameters)

2o

Let CP and CD be a pair of conjugate semi-diameters of the ellipse % + ﬁ =
a

the centre C is origin.
Let ¢’ be the eccentric angle of the point P. Then the co-ordinates of P are

X= acost,y= bsint.
The eccentric angle of D will be 7+ %n, so that the co-ordinates of D are
[acos(;n+ t},bsin(;n+ t)] ie., (— asint,bcost).
Now for the point P we have x= a costand y= bsint.

L
dx:—asint,@;=bcost. f+2 s

" dt d o F¥
Hence @= — écott. K

dx a C

dzy_ d|dy _ d b \_/
Also 2 dx(dx)_ dx(_ acott)

- {i = Dot } dt

" at a dx

= (bCOSQCzl‘)' (— 1COSCCZ‘)= - %COSCC%l"
a a a

b‘ﬂ\l‘

Radius of curvature of the point ¢’

3/2
b2 cos? ¢t
1+ 5 7.
o a“ sin“t B (a2 sin2 t+ b2 COS2 l)3/2
P b ab
— — cosec ¢
a2

(a?sin? t+ b? coszt)3/2.
ab

Now cD=+ {(— asint- 0)2+ (bcost— 0)2} = (a%sin? 1+ b%cos?)l/2.
CD?  (a*sin®t+ b?cos?t)’?
ab ab B

Neglecting the negative sign, we have p =

p.

ax .. . . .
Example 5: For the curve y= o if p is the radius of curvature at any point
a+ x

(x,9), show that (2p/a)2/3 = (y/x)2 + (x/y)z.
(Kumaun 2008, 09; Rohilkhand 10B, 13, 14; Avadh 10, 13)

N _ ax
Solution: We have y= 0t x ..(D)
_ 2
d_,etn-x__ a =a’(a+ %~ 2

dx (a+ 0%  (a+ x?
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2 _ 2 _ 2
2y d(dy)=—2a2(a+x)_3= 202 _ - 24 _ 28

and

dxz dx\ dx (a+ x)3 B (ax/y)3 a’d
Now 1+(dy)2=1+a4= + a* - ﬁzu.
dx (a+ x4 (ax/ y)4 x4 x4
[1+ (dy/dx)2]3/2 [(x4+ y4)/x4]3/2
T Ryad Qad)
(negative sign being neglected)
a (x*+ yH32 (ot + 32 )

_a
2:80 (383 2 B3y

DAk R AN S LY

Henee (2) e Um

6 | Radius of Curvature at the Origin (Another Method)

Radius of curvature at the origin can be found by substituting x= 0, y= 0 in the
value of p obtained from the formula of article 5. Here we shall give an alternative
method.

Since the curve passes through the origin, therefore ()= 0 i.e., the value of y at

x= 01is0.

d d>
Let (dﬁ) = (y)o=p and Txg} = (Moo= ¢ -
0,0) 0,0)

1+ 24372
d+ pH7e (D)
q
To get the values of p and ¢, we know by Maclaurin’s theorem that

Then p (at origin) =

(»)
y= o+t (ox+ #xz+ ...(2)

Since the curve passes through origin, therefore (2) becomes
y= px+ % g+ ...

Thus to get the values of p and ¢, we should get from the equation of the curve an
expansion for y in ascending powers of x by algebraic or trigonometric methods. The

coefficient of x in this expansion will be equal to p and the coefficient of x2 will be equal

to %q. Putting the values of p and ¢ in (1), we shall get p at origin.

7 | Newton’s Method for Radius of Curvature at the Origin

Suppose a curve passes through the origin and the x-axis is tangent to the curve
at origin.
dy .
Then (y)g= 0and (d] i.e, (y1)o= 0.
(0,0
Therefore in this case by Maclaurin’s expansion, we have
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(»3)
y= 0+ 0.x+%.x2+ 33'0x3+ (1)
where (o= 9q-
o 2 2 2
Multiplying (1) by;’we get ;y= q+ §(y3)0x+ ..(2)
Taking limit as x =0 of both sides of (2), we get xLl_% %= q.
N . (1+ 032 1 Lim ¥
Also in this case p at origin= ~———= — = —
P g q q x—0 2y
Therefore when x-axis is tangent to the curve at the origin,
Lim |

p (at origin = x50 5. |

Similarly it can be shown that if y-axis is tangent to the curve at the origin, then

Lim y2

p (atorigin) = 59 P

These two formulae are known as Newton’s formulae.

Itluslrative Examl;)]es

Example 1 : Find the radius of curvature at origin for the curve
B+ P - 2%+ 6y= 0.
Solution : The curve passes through origin. Equating to zero the lowest degree
terms we get y= 0, i.e, x-axis as tangent to the curve at origin

. By Newton’s method p (at origin) = }Clgo )26;

Dividing by 2y, the equation of the curve can be written as

21 K2
x- 2y+ 2)»2— 2. 2y+ 3=0.

Taking limit as x >0, y >0 and };go ;i= p, we get

Op+ 0-2p+ 3=0 ie, p=3/2.
Example 2 :  Show that the radii of curvature of the curve y* = x* (a + x)/(a — x)
at the origin are + a V2. (Gorakhpur 2006; Kumaun 13)
Solution : The curve passes through the origin and the tangents at origin are
2= x% ie, y= * x. Thus neither of the coordinate axes is tangent at the origin.
Therefore we cannot apply Newton’s method. But the equation of the curve can be

written as
* x(a+ x)l/2

L\172 L) 172
B (a— x)1/2 o y=ix(1+a) (l_a)

or y=

I+

=
—N—
+
| —
| =
+
—
—N—
+
=
Q=
+
N

expanding by Binomial Theorem

or y=

I+
=
| —
+
\
+
;J
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Comparing this equation with the equation

= px+ é+ we get p=1 -2 or =-1 —
y_p q2 LERE) g p_ 5q_a p_ 5q_ a
243/2
But p at origin = (1++) :
3/2
Whenp=1,¢9= %’ p at origin = %= av2.
a
(1+ 1)%72

Also whenp= - 1,9g= — %’pat origin = = — a\2.

- 2/a
Example 3 : Find the radii of curvature at the origin for the curve
Y- 3wy— 42+ 2+ Fy+ =0
Solution : The curve passes through the origin and the tangents at origin are
32— 3xy— 4x2= 0. Thus neither of the co-ordinate axes is tangent at the origin.
Therefore Newton’s method cannot be applied. Also we cannot put the equation of the
g

curve in the form y= px+ 7+ ......

X2
Hence substituting px+ L+ ... for y in the equation of the curve, we get the

2
[px+ %+ ...... ) - 3x[px+ %+ ...... )

—4x2+x3+x4(px+ ﬁ+ ...... ]+...=0.

identity,

Equating to zero the coefficients of x2 and x°, we get

p*P—3p—4=0 and pq—%+l=0.

Solving these we get p= 4,— 1.

Whenp=4,g= — 2/5and whenp= - 1,q= 2/5.
243/2

Now p (at origin) = (1++)

(1+16)%2 85717
-2/5 2

3/2
a+ D77 +2/15) = 5V2.

@mprehensive Exercise 1

When p= 4,g= 2/5, patorigin =

and whenp= — 1,q= 2/5, p at origin =

1. Find the radius of curvature at the point (s, ) on the following curves :
(i) s= ctany(Catenary)

(ii) s= 8a sin? é v (Cardioid)
(iii) s = 4a sin y (Cycloid) (Bundelkhand 2001; Rohilkhand 08; Kashi 11)
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10.

11.

12.

(iv) s= clogsecy ( Tractrix). (Kashi 2012)
Find the radius of curvature at the point (x, y) on the following curves :

(i) a’y=x-d° (il)  y*= dax

(iii) xy= 2 (iv) a?=x

_1 x/a — x/a
(V) y=ja(e”+ e 9 (Agra 2007)

(vi) y= clogsec(x/c) (Kanpur 2007; Purvanchal 09)
(vii) 172 4 y1/2= al’2

(viii) x¥3 + y*3 = 423 (Rohilkhand 2009B; Kashi 12)
(ix) x4+ ym=1.

(i) Find the radius of curvature of the curve y= e¥, at the point where it crosses

the y-axis. (Agra 2014)
(ii) Find the radius of curvature of the curve Vx + \/y= 1 at the point %,i .
, , 1 , , 5Vs
(i) Prove that at the point x= ST ofthe curve y= 4sinx— sin2x,p= e
(ii) Prove that for the curve s= a logcot (Z - 12‘!) + asinysec?y, p= 2asec3 y;
2
and hence that 4y = 1.
d  2a (Lucknow 2008)
In the curve y= ae*?, prove that

p= asec?Ocosech, where 0= tan™ ! (1/a).

Show that the radius of curvature at a point (a cos® 8, a sin® 0) on the curve

23+ 3273 = 4273 is 3a sin O cos 6. (Meerut 2000, 05; Kashi 13)
Prove that for the ellipse x2/a% + y2/b*= 1,
a* b?

p="3p being the perpendicular from the centre upon the tangent at (x, ).
P (Meerut 2002, 04B, 07; Avadh 05, 09)

In the ellipse x2/a? + y*/b* = 1, show that the radius of curvature at an end of the

major axis is equal to the semi-latus rectum of the ellipse.

If p and p” be the radii of curvature at the extremities of two conjugate diameters

of an ellipse, prove that (p2/3+ p’2/3) (ab)?3 = a2+ b~

(Meerut 2001, 03, 04, 06, 11; Bundelkhand 06; Kanpur 11;
Lucknow 07; Rohilkhand 13B; Kashi 14)

Prove that if p be the radius of curvature at any point P on the parabola

32 = 4ax and S be its focus, then p? varies as (SP)3.

Ifthe co-ordinates of a point on a curve be given by the equations
x=csin20(l+ cos20),y= ccos20(l— cos20),

show that the radius of curvature at the point is 4c cos 3 6.

Ifthe co-ordinates of a point on a curve be given by the equations

x= asint— bsin(at/b),y= acost— bcos(at/b),

. .. 4ab . a-b
show that the radius of curvature at the point is af p SIS .
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13. Prove that for the curve s = ae™, ap=s (s = a®)V2,

Show that for the curve s?= 8ay, p= 4a \/ 1- ;;) : (Kanpur 2009)
14. Find the radius of curvature at the origin of the following curves :

(i) y= x*— 43 — 182, (ii) y= X3+ 522+ 6x.
15. Show that the radii of curvature of the curve a ()# — x%) = x° at the origin are

+ 2aV2.

P

- - | Answers 1

1. () csec2y (i) gasin%w (iii) 4acosy (iv) ctany.
. (a*+ 9xh3? (2 /9 L (P42
2. (i) 76a4x (i1) NP (x+ a) (iii) Y-
(iv) 6—161(4a+ m)32x12 (v) ya (vi) csec(x/c)
2 (x+ y)3/2 3 /3 1/3 ) (x2m— 2+ y2m— 2)3/2
(vii) e (viii) 3a'° x'"°y (ix) (1= )= 2ym=2 .

3. (i)Vs. (ii)%~ 14. (i) 1736, (i) 37V@37)/10.

8 | Pedal Formula for Radius of Curvature

We have the relation y= 0+ ¢, (1)
as is obvious from the adjoining figure.
Differentiating (1) w.r.t. s, we get

dy_do_do dy_do do dr
ds_ds+ ds ot ds_ds+ dr ds
1_ 1. do
or 0= rs1n¢+ cosd ar
.o ds . do _dr
|:. p= dy sin ¢ = " and cos ¢ = ds}
1_11 ap|_1d ey Lap. e s
or 0= r(sm¢+ rcosd dr)_ rdr(rsmq))— - dr [ p= rsind]
Hence = rﬂ-
p= dp (Meerut 2003, 07B)

9 | Polar Formula for Radius of Curvature

2
1 1 1| dr
We knowthat?— ;+ r“(d@) . ..(D)
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Differentiating (1) with respect to r, we get

2dp__2_4fa), 1]a(ay
pPdr- A S\de) T A lar\de
__2_afa), 1]a(ayl ao
T B3 slae) T 4 laelae dr
__2_4fa) 1 (dr) &1 ae
T3 Sl ae A ae ) ge2 dr
__2_afa), 2@
PP \de) A e
Ldp_ 1 dar@ _ dr
p3dr P{’ZJr 2(619) 6>
1
d s
Therefore p= P = P :
dp L 2+ 2 dry? r@
P d6 de?
372
: 1|1, 1(ar) 1 dr 2|32
But from (i), ;_ {rz+r4(d9)} _rﬁ{,Z+ (de)}

Hence p=

Therefore, p= (Kumaun 2011)

5 .
dr d*r
P+ 2((16) - rd92

Corollary : If we put u = %or r= i, then

2
dr_Vduo o lr_2fdu) 1l
de 2 de de? w3\ d8)  u? de?
Putting these values in the polar formula for p, we get
1, 2232

o urut P+ w2

L+ 2u’? _ 2u’? + u’’ w(u+ u’)’

u? u u u?

where dashes denote differentiation with respect to 6.

Note : We see that the pedal formula for p is simpler than the polar formula.
Therefore in case the equation ofthe curve is given in polar form, it is often convenient
to change it first to pedal equation and then to find p with the help ofthe pedal formula.
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Itluslrative Examl;)]es

Example 1 : Show that for the cardioid r= a (1 + cos0),p = %\/(2ar).

(Purvanchal 2006, 11; Rohilkhand 09B, 10; Agra 14)
Solution : The curveis r= a (1 + cos9).
dr & r

e asin® and d62= — acos®o.
Now p= (P + (dr/dB)*}3?
P2+ 2 (dr/de)? — r(d* r/de?)
B {a® (1+ cos0)2+ a?sin?0}3/2
a?(1+ cos0)2+ 2(— asin0)2— a(1+ cos0) (— acosH)
372
(4412 cos* Lo+ 4a? coszlesinzle)
2 2 2
a2+ 242 (cos? B+ sinZ 0) + 3a%cosH
(4a> c0s2%6)3/2 [c0s2%6+ sin2%9]3/2 8a3 c0s3%6 4a .
= 3 = =3 cos- 0
3a“ (1+ cos0) 6a> COSZES 3 2
But r=a(l+ cosB) = 2ac0s2%9.

cos% 0= \/(r/2a).

Hence p= 4?“ [é} = 2/3)VQ2an.

Note : We could have solved this problem more easily by changing the equation
of'the curve to pedal form.
Example 2 :  Show that in the rectangular hyperbola 1* cos 2 0= a%,p= r/a>.

Solution : The curve is 2 cos2 0= a2. ..(D)
Taking logarithm of both sides of (1), we get 2 logr+ logcos20= 2loga.
Differentiating with respect to 6, we get
2dr 1
rdo cos20

1 dr
LB cotd = tan20= c0t|:

T
0=5-26.

(- 2sin20)= 0

or

. 29}_

2
Now  p=rsind = rsin|:n— 26} = rcos260. But cos20= %-

[

2

Hence the pedal equation ofthe curve is
a2 2
p=r.— or p=-—-:

72

dp  d?

ar 2



D-196 Kaisfras DIFFERENTIAL CALCULUS

dr
Hence p= rd—p -2

Neglecting the negative sign, we have p = — -
a

Example 3 : Find the radius of curvature at the point (p, r) on the ellipse

LI S N
p2 a? b2 a2 b2
Solution : Differentiating the given equation with respect to r, we get
_2d__ 2 LA
3 dr a2b2 o dr_ a2b2
dr a’?b? a2 p?
Hence p=r—r—=r- 3= 3
dp rp p

10 | Tangential Polar Formula for Radius of Curvature

A relation between p and \y holding for every point of a curve, is called tangential
polar equation of the curve. Thus the tangential polar equation of the curve is of the

form p = f(y).

dp _ dp dr ds _ dp
We have d\If_ dr ds dy” dr cosd .p
_ dr Ldr_ _ ds _ dr
= drcosq) 'rdp |: S s cosd andp= dy~ rdp}
= rcosd
Also p= rsin .
)’ )’
2 2, || _
pe+ (dllfj P2 (sin? ¢ + cos?0) or p*+ (dllfj . (1)
Differentiating (1) with respect to p, we get
dp| &*p dy dr dr &p
2p+ 2 Ce= 2r or r—=p+—5-
? (dw) a? dp 7 dp =P ay
2
Hence p=p+ d127
dy
I[Iuslrative Examl;)]es
Example 1: Show that for the epi-cycloid p = a sin by, p varies as p.
2
Solution: We haved—= abcosby and L§= — ab?sin by= — b?p.
dy dvy
42
p=p+ " B=p-b2p=(1-b)p.
dy

Hence p varies as p.
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'@nnprehensive Exercise 2 -

1. Find the radius of curvature at the point (p, r) on the following curves :
(i) p?= ar (parabola). (ii) 2ap*= P (cardioid).
4
2,- 3 L iscat ; 2 _ ..
iil) a emniscate). iv
(iii) a?p ( ) ) P=
2. Prove that for any curve £= sin ¢ (1 + Zqé) , where p is the radius of curvature
and tan¢ = r?- (Gorakhpur 2005; Lucknow 10)
r
3. In the curve p= r"* 1/a4", show that the radius of curvature varies inversely as
the (n— 1) power of the radius vector.
4. Find the radius of curvature at the point (7, 0) on each of the following curves :
(i) 7= acos®. (Kanpur 2006)
(i1)) 7(1+ cos0) = 2a.
(iii) "= a" cosn 6. (Rohilkhand 2005; Kumaun 15)
(iv) "= d"sinn 6 (Agra 2006; Rohilkhand 12; Avadh 12)
(v) r=a(l—- cosH). (Avadh 2010; Kumaun 14)
(vi) ? = a® cos26.
5. Formingthe pedal equation of the curve
0=a ' (P - a®)V2 - cos” 1(%), show that p = V2 = d?).
(Meerut 2006B, 08; Rohilkhand 06; Kashi 11)
6. For the rectangular hyperbola xy= ¢, prove that p= %r3/c2, rbeing the central
radius vector of the point considered.
7. Show that at any point on the equiangular spiral r= ae®°t% p= rcoseco,
and that it subtends a right angle at the pole.
8. If p;, p, be radii of curvature at the extremities of any chord of the cardioid
r= a (1 + cos0), which passes through the pole, then show that
P2+ Pyt = 16a2/9. (Kanpur 2008)
9. Showthat theradius ofcurvature at anypoint on the curve 7= a (1 = cos 0) varies
as square root of the radius vector.
10. Find the radius of curvature of the cardioid r= a (1 — cos 0) at the pole (origin).
P
L Answers 2
N
3
1. @) 2% (i) 2(ar) (i) /37
a 3
a? b?
(iv) (P + a2/ (P + 243). 2. .
P
. .. a”
4. (i) a2 (i) 2V(P/a) (iii)

(n+ D)r"~ 1
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n 2

. a 2 . a
(IV) m (V) g \/(Zar) (Vl) ? .
10. 0.
11 | Co-ordinates of Centre of Curvature (Meerut 2008)

Let the equation ofthe curve be y= f(x).

Let P be the given point (x, y) on this curve and Q the point (x+ &x, y+ 9y) in the
neighbourhood of P. (See the fig. of article 11.3). Let N be the point of intersection of
the normals at Pand 0. As Q — P, suppose N - C. Then C is the centre of curvature of
P.

Suppose co-ordinates of C are (0, ).

From the equation of the curve, we have —=f"(x)= ¢ (x), say.

The equation ofnormal at P is

Y-»o(+ X-x=0. (D)
The equation ofnormal at Q is
(Y= (y+ )} o (x+ )+ {X— (x+ dx)} = 0. ...(2)

Subtracting (1) from (2), we get
(Y= {0 (x+ 6x)— 6 ()} — & (x+ dx) dy— dx= 0
Dividing by dx, we get

0 (x+ 80— ¢ (%) Sy
(Y- y){ 5 }— 0 (x+ 80 5~ 1= 0. .(3)

The value of Y obtained from this equation will give us the y co-ordinate of the
point of intersection of (1) and (2).

Nowas Q — P, 6x —0 and Y obtained from (3)—f.
Therefore taking limit of (3) as dx —0, we get

e ]
00t 8. 5B - 1= 0
or B-»Low-ow L1=0
o (B- )(dy) %~%—1=0. [ ¢(x)=jﬂ
dv)2
or (B;%M ﬂ5)+*=a
2
()

dx2
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Also (o, B) lies on (1). Therefore, we get

(B- y) + (0= x) =

ie., (a—x)=—- (B- I d2y
a2
dy (dy)z
dx{1+ dx
o= x— 2y .
dx2

12 | Evolute of a Curve

The locus of the centre of curvature of a curve is called its evolute.

13 | Equation of the Circle of Curvature

If (o, B) be the co-ordinates ofthe centre of curvature and p the radius of curvature
at any point (x, y) on a curve, then the equation of the circle of curvature at that point

is (X - )2+ (Y- B)2= p%

Itluslrative Examl;)]es

Example 1 : Find the co-ordinates of the centre of curvature for the point (x,y) on
the parabola y* = 4ax. (Lucknow 2008)
Also find the equation of the evolute of the parabola.
Solution : Here 2y— dy = 4a, ie., @= 2—a= a2 122 \/ (a).
dx dx y x
&Py _ L1232
dx? 2
If (0, B) be the centre of curvature for the point (x, ), then

ol (@ Nfio

o= x— 5 = x- =x+ 2x(1+ a/x)-
&y . 11\/(a]
dx? 2 x X
o= 3x+ 2a, (1)
@ 2
1+ (dx) 1+

and B=y+
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= 2a172xV2_ 24 1/2)c3/2(1+ a/x)
— 2a1/2x1/2_ 2a 1/2x3/2_ 2a1/2x1/_2

B — 2x\/(2) (2)
ser - (2]

Evolute of the parabola: Let us eliminate x between (1) and (2). From (2),
we get

Therefore the required centre of curvature is

4x° ap?
2_ - )
B .o x 4
. o— 2a
From (i), we get x= 3

3 2
o= 2a) _al 7= 4 (a- 2a)%.
3 4
Hence the locus of (o, B) is 27 ay2 = 4 (x— 2a)3, which is the evolute of parabola.
Example2 : Provethat the co-ordinates (o, B) of the centre of curvature at anypoint
(x, ) can be expressed in the form

:lilyu andB= y+ &y

Solution: Let C(o,P) be the centre of
curvature of the point P (x,y) on the curve y= f(x).
The line TP is tangent to the curve at P and obviously
PC is normal at P to the curve, since the centre of
curvature is a point on the normal.

p = radius of curvature at P= PC and CN is the
ordinate of C. Draw PM perpendicular to CN.
Obviously

dx.

o= x—

ZCPM= Jm- .
Then o=x— PM=x— psiny

dy ds
o
d
- 2
Also B=y+ CM= y+ pcosy
dx ds dx
= y+ %KV |: cosy= ds}
dx
= y+ KV

14 | Chord of Curvature through the Origin (Pole)

Let C be the centre of curvature at the point P on any given curve.
Then CP= p = radius of curvature at P. O is the pole. Join OP to meet the circle
of curvature in E. Then PE is the chord of curvature through the origin.
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PD is the diameter of the circle of curvature.
We have PD = 2p

and Z PED = 90° being an angle in a semi-circle.
Also PD is normal to the curve at P.

ZEPD=1m- ¢.

Hence from the right-angled triangle PED, we
have

PE = PDcos(;n— ¢)= 2p sin ¢.

chord of curvature through pole = 2p sin ¢.

Corollary: Chord of curvature perpendicular to the Radius Vector :

Suppose a line through P, perpendicular to the radius vector OP, meets the circle
of curvature in F.

Then PF is the chord of curvature perpendicular to the radius vector.

We have PF= ED = 2psin %n— 0 |= 2pcoso.

Chord of curvature perpendicular to the radius vector = 2p cos 0.

15 Chord of Curvature Parallel to the Axes

(i) Chord of Curvature Parallel to the x-axis :
Let C be the centre of curvature at the point Pon ¥ 4
any given curve. Suppose a line through P, drawn
parallel to the axis of x, meets the circle of curvature in
E. Then PE is the chord of curvature parallel to x-axis.
PD is the diameter of the circle of curvature. We

have PC = 2p and £ PED = 90°.
Obviously Z EPD= 1 - .

L4
Hence from the right angled triangle PED, we

have
PE = 2pcos %n— V| = 2psiny.

. Chord of curvature parallel to x-axis = 2p sin y.

(ii) Chord of Curvature Parallel to y-axis :

Draw a line through P, parallel to y-axis, to meet the circle of curvature in F.
Then PF = chord of curvature parallel to y-axis

= ED= 2psin(g— w)= 2p cos .

Illuslrative Examl;)]es

Example 1: Show that the chord of curvature through the pole of the curve

r"= a"cosnOis2r/(n+ 1). (Lucknow 2005; Purvanchal 14)
Solution : The curve is 7" = a” cosn 6. (D)
Taking logarithm of both sides, we get n logr= nloga+ logcosn 6.
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. . . n dr n .
Differentiating with respect to 6, we get — — - = — sinn 0
& p & r do cosnb
ie., cotg=— tann 0= cot(ln+ ne]-

(2 )
¢=%n+ n®.

Now p= rsin¢ = rsin{%n+ ne] = rcosn 0.

Therefore the pedal equation of the given curve isp= r"* /4",

dp_ (n+ D"
dr - a’
n
Also p a

=-yr——- —
dp (n+ 1)rn=1
Hence the chord of curvature through the pole

= 2psind = 2psin(;n+ n9)= 2pcosn O

R UL S —
(n+ 1) rn=1 a" (n+ 1)
Example 2 : [n the curve y= alogsec(x/a), prove that the chord of curvature
parallel to the axis of y is of constant length. (Rohilkhand 2009; Lucknow 11)

Solution : Differentiating the equation of the curve with respect to x, we get

@= a L .sec(x/a) tan (x/a) (1/a) = tan (x/a).

dx “sec (x/a)

d?y

== (1/a) sec? (x/a).

P (1/a) (x/a)
Chord of curvature parallel to y-axis

2p 2p

Zpeosy= oy \/{1+(:2:)2}
Rt
IR RN 3

&y
2

(1 + tan2£
a

=2- 7x= 2a, which is constant.
= sec? ()

=2.

=2.
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@mprehensive Fxercise 3

1. In the parabola x> = 4ay, prove that the co-ordinates of the centre of curvature
are| — ——’2a+ ﬁ
44> 4a
2. In the catenary y= ccosh (x/c), show that the centre of curvature (o, ) is given
by o= x— y {()?/) ~ D}V B= 2.
3. Forthe curve ¢ y= x3, show that the centre of curvature (o, B) is given by
4 2
S Ul i a
2 a4 6x
4. Showthat the centre of curvature ((x, B) at the point determined by ¢ on the ellipse
2_ p2 2_ p2
X= acost,y= bsint,is given by o= a cos’t,p= — b b sin’ 1.
(Lucknow 2007, 10)
Also show that the evolute of the ellipse is (ax)?3 + (by)2/3 = (a® - bH)?/3.
5.  Prove that the centre of curvature (o, B) for the curve x= 3t,y= t2- 6
o= - 43 g 3,2 3.
is o= — 2t ,B= 3t 5
6. Show that in any curve the chord of curvature perpendicular to the radius vector
is 2p N (2 - pA/r.
7. Show that the chord of curvature through the pole of the equiangular spiral
r= ae™%is 2r.
8. Showthat the chord of curvature, through the pole, for the cardioid
. 4
r=a(l+ cosB) is 37
9. Show that the circle of curvature at the point (am2 2am) of the parabola
y2 = 4ax has for its equation
¥+ Y2 — 6am?x— dax+ 4am3y— 3aZm*= 0.
10. IfC and Cybe the chords of curvature parallel to the axes at anypoint ofthe curve
1 1 1
— x/a T .
y= ae¥ 4, prove that Cx + C 7= 2aC,
(Agra 2007; Rohilkhand 07; Purvanchal 07)
—
Objective Type QQuestions
R
Fill in the Blanks:
Fill in the blanks “... ... ", so that the following statements are complete and correct.
1. The relation between s and y for any curve is called its ...... equation.
2. Bydefinition the curvature of the curve at anypoint Pis equalto ...... .
3. Foracurvey= f(x),we havep= ......
4. Intrinsic formula for the radius ofcurvature 1S ...... .
5. The radius of curvature at any point of the cycloid
x=a(t+ sint),y= a(l - cost)is...... .
6. Foracurve defined bythe equationsx= f(¢) and y= ¢ (¢) the radius of curvature

IS ...... .
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Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

7. Ify-axisisthe tangent to the given curve at the origin, then radius of curvature at
the origin is equal to
x2 y2 x2 y2
(a) Lim —— (b) Lim —— (¢) Lim — (d) Lim —
x—0 2y x—0 2x x>0 Y x—0 X
(Kumaun 2013)
8. Pedal formula for radius of curvature is
1dr dr 1dp dp
(a rdp (b) rdp (c rdr (@) "ar
9. Chord of curvature parallel to y-axis is
(a) 2psin¢d (b) 2pcos¢ (c) 2psiny (d) 2pcosy
10. Radius of curvature of the curve p= ar is:
(a) p*/a? (b) 2p/a? (c) 2p3/a3 (d) p3/24>
(Kumaun 2015)
True or False:
Write T’ for true and ‘F’ for false statement.
11. There is no difference between curvature of the circle and circle of curvature.
(Meerut 2003)
12. The curvature of the curve at any point is equal to the reciprocal of the radius of
curvature at that point.
21372
il
re+ %
13. The polar formula for radius of curvature is: p = 2 PP
2 J] _
e+ 2(516 r 16
d*p
14. The tangential polar formula for radius of curvature isp= p + T
s
15. Pedal formula for radius of curvature is p= r;%~ (Agra 2006)
P
L Answers
N
27372
(2]
i
dx
1. intrinsic. 2. 4V 3 4. 95
ds d?y dvy
dx?
5. 4a 0052 t. 6. Xy =y x > where x”" y y'x""# 0.
7. (b). 8. (b). 9. (d). 10. (¢) 11. F.
12. T. 13. T. 14. T. 15. T.
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Asymptotes

1 | Asymptote

Suppose a curve is not limited in extent i.e. it has some branch or branches which
extend to infinity. Parabola and Hyperbola are familiar curves ofthis type. Take a point
on an infinite branch of such a curve and draw a tangent to the curve at this point. If
the distance of the point of contact from the origin tends to infinity, the tangent itself,
may or may not tend to a definite straight line. In case the tangent tends to a definite
straight line, at a finite distance from the origin, it is called an asymptote of the curve.
Thus we can define the asymptote of a curve as follows.

Definition : A straight line at a finite distance from the origin to which a tangent
to a curve tends, as the distance from the origin of the point of contact tends to infinity, is
called an asymptote of the curve. (Kanpur 2005, 07, 14; Lucknow 06, 09; Kashi 11)

The curve approaches the asymptote :

Roughlyspeakingan asymptote is a tangent with its point ¥}
of contact at a great distance from the origin. Therefore, when
apoint Pon a curve tends to infinity, its perpendicular distance
from the corresponding asymptote tends to zero. This property )
of an asymptote enables us to draw more accurately those
curves which have asymptotes. We draw the asymptotes first, !
and then the curve, making its branches approach the / .
corresponding asymptotes. £ ¥




D-206 Ksiséwas DIFFERENTIAL CALCULUS

Branch of a Curve : Suppose the equation of the curve is such that y has two or
more values for every value ofx. Corresponding to these distinct values of y we shall get
different branches of the curve. It is just possible, that each branch may have its own
separate asymptote. Therefore a curve may have more than one asymptote.

2 | Determination of Asymptotes

Let the equation of the curve be f(x,y) = 0. (1)

We shall here consider the case of only those asymptotes which are not parallel
to y-axis. We know that the equation of a straight line which is not parallel to y-axis is
of the form

y=mx+ c ...(2)

The abscissa, x, must tend to infinity as the point P (x, y) on the curve (1) tends to
infinity along the line (2).

The equation of'the tangent to the curve (1) at the point P (x, y) is

I _ Ay _ L.

Y- y= dx(X x), or Y= dxX+ (y X ...(3)
3 dy _ Y

As x , Iy and y X

must both tend to finite limits, in order that an asymptote might exist.
Suppose the tangent (3) tends to the straight line (2) as x —co. Then (2) is an
asymptote of the curve (1). Also we have

_ Limdy . __ Lim (y— xdy)_

M= x>0 gy X e dx
dy
. y— X
Since c is finite, therefore xL_‘E; fdx: 0
) Lim (y dy ) Lim Y  Lim dy
ie., x_>°°(x_dx =0 ie., x_><x,;=x_>(x, Ec=m
Lim y_ Lim dy
Theref == —=
erefore y o0\ = x oo
Lim dy Lim . Lim dy
Also C= y S0 (y— xdx)= X —o0 (y— mXx), since X oo g = M
Hence, if y= mx+ cis an asymptote to the curve f(x,y) = 0,

_ Lim )y _ Lim
m= x_>(x,;andc— X =00 (¥— mXx).

3 | The Asymptotes of the General Rational Algebraic Curve

Let the equation to the curve be
{agy" + ay"~ Ix+ a,y"~ 224+ 4 a,_ yx"~ Ty a,x"}
+ {byy"~ Ty byy"~ Zx+ .+ b,_yx"~ 24 b,x"~ Iy

+ {ey" 24 L3+ =0, (1)
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or x"0, (y/x)+ x"~ 1(1)”_ 1 (/%) + x"~ 2(1)”_ (VX)) + ...
ot x¢1(§)+ ¢0(§)= 0, ..(2)
where q),(i) is a polynomial in f of degree 7.
Dividing (2) by x”, we get

0, (3/x) + iq)n_ LO/%) + é%- z(y)+ ......

X

dinl)raal)o o

Excluding at present the case of asymptotes parallel to the y-axis (i.e. excluding

the case in which )Iglgl(x, (1/x) is equal to o), (3) gives, on taking limits as x —oo, the

equation
¢, (m)=0, .(4)
where m= xL_lglo G) = slope of an asymptote.

The equation (4) is, in general, of degree n in m. Solving this equation, we shall
get the slopes ofthe asymptotes. This equation will give us n values of m, corresponding
to the n branches of the curve (1). However, some of the values of m maybe equal, and
this will be the case of parallel asymptotes. Since we are concerned only with real
asymptotes, therefore we shall reject the imaginaryroots of (4) if there are any.

Now if y= mx+ cis an asymptote of (1), then we know that corresponding to a
specified value of m, we have

Lim
C= x 300 (y— mx).

Therefore to determine the value of ¢ corresponding to the value of m, we put
y— mx= pin the equation ofthe curve, where p is a variable which —c as x —co.

So puttingy= mx+ pi.e.,

y_ p.
= m + L in (2), we get

x”¢n(m+ i)+ x"- 1(1)”_ 1(m+ i)+ x"- 2(1)”_ 2(m+ i)+

et x¢1(m+i)+ ¢0(m+i)= 0- ..(5)

Expanding each term of (5) by Taylor’s theorem, we get

2
x”{¢n(m)+ %q)n' (m) + xzpz!q)n" (m) + }

p

+ x"- l[q)n_ | (m) + ;q)’n_ | (m) + ]

+xn- Z[q)n_ L (m) + ’iq)'n_ L (m) + ]+ ...... = 0. ..(6)
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Arranging terms in (6) according to descending powers of x, we get
X", (m) + x"~ L [po,” (m)+ ¢, (m)]
2
+xn—2|:129!¢n” (m) + % ’n_l(m)+ ¢n_2(m):|+ ...... =0. ..(7)
Putting ¢, (m) = 0in (7) and then dividing by x" ~ I we get

[po, (m)+ ¢,_(m)]

e, P,
+x[2! n (m)+ﬁ a1 (m)y+ 0, _,m)|+ ...= 0. ..(8)
Taking limit as x -0 and remembering that xh_I>nm p= c, we get
ch,/ (m+ ¢, ;(m=0, .(9)

which determines one value of ¢ for each value of m found from (4).

The asymptotes are then given by y= mx+ ¢, where m is a root of (4) and the
corresponding c is obtained from (9).

Important : The polynomial ¢, (m) is easily obtained by putting y= m and

x= 1linx" ¢, (3/x) i.e. the nt" degree terms in the equation of the curve. Similarly to

obtain ¢, _ ; (m), we should put y= m and x= 1 in the (n - 1) degree terms in the

equation ofthe curve. In general, to obtain ¢,.(m), we should puty= m andx= 1in the

7" degree terms in the equation of the curve.

I[Iuslrative Examl;)]es

2 2
. a b
Example 1 : Find the asymptotes of the curve 2- ? =1
(Bundelkhand 2006; Agra 07, 08; Lucknow 09; Kashi 14)
Solution : The equation of the curve can be written as

PR- 2R2= 2P or RF-alP+ PR=0.
Since the curve is of degree 4, therefore it cannot have more than four asymptotes.
Equating to zero the coefficient of the highest power of y (i.e. of J?), the

asymptotes parallel to y-axis are given byx2 — a?= 0ie x= * a.

Also equating to zero the coefficient of the highest power of x (i.e. of x2), the

asymptotes parallel to x-axis are given by y*+ b%= 0, which gives two imaginary
asymptotes.

Thus all the four possible asymptotes of the curve have been found and the only
real asymptotes are x= £ a.

Example 2 :  Find the asymptotes of the curve y* (a* — x%) = x*. (Meerut 2010)

Solution : The equation of the curve is )2 x2 + x*— a2)2= 0.

Since the curve is of degree 4, therefore it cannot have more than four asymptotes.

Equating to zero the coefficient of the highest power of y (i.e., of )?) the
asymptotes parallel to y-axis are given byx2 — a?= 0ie x= * a.

The coefficient of the highest power x* of x is merely a constant. Hence there is
no asymptote parallel to x-axis.
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To find the remaining oblique asymptotes, we put y= m and x= 1 in the highest

i.e. four degree terms and we get ¢, (m) = m2+ 1.

The roots of the equation ¢, (m)= 0 are imaginary and consequently the

corresponding asymptotes are imaginary.

© N kW N

I = Y R N N

Hence the onlyreal asymptotes of the curve are x= £ a.

@mprehensivc Exercise 1

Find all the asymptotes of the following curves:

a2/ + b2/ = 1. (Meerut 2007B; Purvanchal 14)
Y (2-a?)=x (Rohilkhand 2014)
xyz = 4a% 2a - x).
¥y = a? (2 + HA). (Bundelkhand 2001, 05, 08)
P (2— a?) = 2 (2 - 4d?). (Meerut 2003, 06; Agra 05; Rohilkhand 05, 06)
x2/a* - /b2 = 1. (Gorakhpur 2005; Bundelkhand 11)
¥y—x2y—xF+ x+ y+ 1= 0. (Meerut 2007)
Find the asymptotes parallel to the axes of the curve

PP —x2- - x—y+ 1= 0. (Bundelkhand 2001)
Find the asymptotes of the curve

xzy2 - a? 2+ yz) - ad (x+ »+ a*= 0. (Meerut 2001)

. Answers 1

x==*a,y b

x=*a,y=0

x= 0.

x=*a,y=1%a.

x=*a,y=1=%x

Yo X

b a

y=0,y= 1,x=0,x=1

x=x 1, y==%1 9. x==*a,y==2a

Asymptotes Might Not Exist

®,” (m)= 0, but do not make ¢

If one or more values of m obtained from ¢, (m)= 0 are such that they make

a— 1 (m) zero, then the equation for determining the

corresponding values of ¢ becomes

0.ct ¢,_1(m)=0.

From this equation we get c= + oo or — oo and this corresponds to the case when

the tangent goes farther and farther away from the origin as x —oo. Corresponding to
such values of m, we shall get no asymptotes.
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S | Two Parallel Asymptotes

Suppose the equation (iv) ie. ¢, (m) = 0 of § 3 gives us two equal values of m.
This repeated value of m will make ¢,” (m)= 0. In case it does not make ¢, _ | (m)

equal to zero, the asymptotes corresponding to it will not exist. If it also makes
¢, _ | (m) equal to zero, the equation from which cis usuallydetermined reduces to the

identity 0.c+ 0=0,

and we cannot find the value of ¢ in this way. To derermine c in this case, we put
0’y (m)=9,_,1(m)=0

in equation (7) of article 3 and we get

2

3 2
xn- 3[%4)””’ (m) + % Y (m)+ %q)’n_ y(m)y+ 0, _ 3(m):|+ ...... = 0.

Dividing by x”~ 2, taking limits as x —eo and remembering that XL_‘IT; p=c

we get

2
%q)”n (m) + ﬁq)’n_ L(m)+ 0, 5 (m)= 0.

This equation is quadratic in c. It will give us two values of ¢, say ¢; and ¢,

corresponding to that repeated value of m. The two corresponding asymptotes will be
y= mx+ cyand y= mx+ c,, which are obviously parallel.

6 | Three Parallel Asymptotes

If the equation ¢, (m)= 0 gives us three equal values of m, then this repeated

value of m will make ¢’, (m) and ¢”’, (m) equal to zero. For the existence of
corresponding asymptotes it must make ¢, _ ; (m) equal to zero. If it also makes
¢’,_ 1 (m)and ¢, _ , (m) equal to zero, then the equation to determine c reduces to
the identity
0.c2+ 0.c+ 0= 0,

and we shall not be able to find the value of ¢ in this way.

So putting each of ¢, (m),¢", (m), 9", (m), ¢,_(m), ¢’,_ (m) and
¢, _ » (m) equal to zero in equation (vii) of § 3 and dividing by x" ~ 3 and taking limit
as x —oo, we get

S . Ve

31007 )+ 07, )+ S0,y (m)+ 0, 3 (m)= 0.

This equation will give us three values of ¢ corresponding to that repeated value
ofm and accordingly we shall get three parallel asymptotes.

In a similar way we can discuss the case of more than three parallel asymptotes.
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7 | Asymptotes Parallel to the Co-ordinate Axes

(i) Asymptotes parallel to y-axis :
Letx= kbe an asymptote parallel to y-axis of the curve . 4
f(x,») = 0. In this case, y, alone tends to infinity as a point
P (x,y) on the curve tends to infinityalong the line x= k. Also iy
k= yh_r)noo x, where (x, y) lies on the curve.

Therefore to find the asymptotes parallel to y-axis, we
find the definite value or values k, k, etc. to which x tends as

ok

4
ytends to infinity.
Then the linesx= k|, x= k,, etc. are the required asymptotes.

Asymptotes parallel to y-axis of a rational algebraic curve. Let the equation of
the curve, when arranged in descending powers of y, be

YTO@+ YT Lo )+ Yy 20,0+ .= 0, (1)
where ¢ (%), 0; (), ¢, (x) etc. are polynomials in x.

Dividing the equation (1) by ™, we obtain
1 1
¢ (x)+ ;4)1 M+ 50,0+ ...= 0. ..(2)

yZ
Ifx= kisanasymptote parallel to y-axisof(1),thenk = ;m_lm x. Therefore taking

limit of (2) as y = and remembering that x >k as y —oo, we get ¢ (k) = 0.
Therefore k is a root of the equation ¢ (x) = 0.
If k|, k, etc., be the roots of ¢ (x) = 0, then the asymptotes of (1) parallel to y-axis

are x= ky,x= k,, etc.
From algebra, we knowthat ifk| isaroot of ¢ (x) = 0,thenx— k; must be a factor

of ¢ (x). Also ¢ (x) is the coefficient of the highest power of yi.e. y in the equation of
the curve. Hence we have the following simple rule :

The asymptotes parallel to the axis of y are obtained by equatingto zero the coefficient
of the highest power of y in the equation of the curve. In case the coefficient of the highest
power of y, is a constant or if its linear factors are all imaginary, there will be no
asymptotes parallel to y-axis.

(ii) Asymptotes parallel to x-axis : Proceeding as above, we have the following
rule for finding asymptotes parallel to x-axis of a rational algebraic curve :

The asymptotes parallel to the axis of x are obtained by equating to zero the
co-efficient of the highest power of x, in the equation of the curve. In case the coefficient
of highest power of x, is a constant or if its factors are all imaginary, there will be no
asymptotes parallel to x-axis.

8 | Total Number of Asymptotes of a Curve

The number of asymptotes, real or imaginary, of an algebraic curve of the n'* degree
cannot exceed n.

The slopes ofthe asymptotes which are not parallel to y-axis are given as the roots
ofthe equation ¢, (m) = 0 which is of degree n at the most. If the equation of the curve
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possesses some asymptotes parallel to y-axis, then we can easily see that the degree of
¢, (m) = 0 will be smaller than n by at least the same number. In general one value of

m gives only one value of c. In case the equation for determining c is a quadratic, the
equation ¢, (m)= 0has two equal roots. Similarly if the equation for determining c is

cubic, the equation ¢, (m) = 0 has three equal roots.

Hence a curve of degree n cannot have more than n asymptotes. But the number of
real asymptotes can be less than n. Some roots of the equation ¢, (m) = 0 may come

out to be imaginary or even corresponding to a real value of m the value of c may come
out to be infinite.

9 | Working Rule for Finding the Asymptotes of Rational
Algebraic Curves

(i) A curve of degree n cannot have more than n asymptotes real or imaginary.

(ii)) Equating to zero the coefficient of the highest power ofy in the equation of
the curve, we get asymptotes parallel to y-axis. Similarlyequatingto zero the coefficient
of the highest power of x in the equation of the curve, we get asymptotes parallel to
X-axis.

Ify= mx+ cisan asymptote not parallel to y-axis, then the values of m and c are
found as follows :

(iii)) Puttingy= m and x= 1 in the highest i.e. nth degree terms in the equation
of the curve, we get ¢, (m). Solving the equation ¢, (m) = 0, we get the slopes of the

asymptotes. If some values of m are imaginary, we reject them.
(iv) Corresponding to a value of m, the value of ¢ is given by the equation
o’y (m)+ ¢,_(m)=0,
where ¢, _ | (m) is obtained by puttingy= m and x= 1in the (n - 1) degree terms in
the equation ofthe curve. The asymptotes corresponding to m = 0 are already found in
(ii). So we need not find the value of ¢ corresponding to m = 0.
(v) Ifcorresponding to two equal values of m, the equation for determining c,
given in (iv) reduces to the identity 0. c+ 0= 0, then the values of ¢ are given by
072 ’7’ L ’ — 0
107 )+ 50N, )+ 0,5 (m)= 0.
(vi) Similarly, ifthree values of m are equal and the equation for determiningc,
given in (v), reduces to the identity0.c¢2+ 0.c+ 0= 0, then the corresponding values
of c are given by

3 2
%q)”’n (m) + % v (m)+ ﬁq)’n_ ,(m)+ &, 5(m)= 0.

I[Iuslrative Examl;)]es

Example 1: Find the asymptotes of the curve y* = 4x.
(Meerut 2010B; Kumaun 08)

Solution : The equation of the curve is )2 — 4x= 0.

Putting y= m and x= 1 in the highest i.e. 2nd degree terms, we get ¢, (m) = m2.
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Solving the equation ¢, (m) = Oi.e. m?= 0, we getm=0,0.

Also putting y= m and x= 1 in the first degree terms, we get ¢, (m)= — 4.
Now c is given by the equation c¢’, (m) + ¢ (m)= 0ie 2mc— 4= 0.

If we put m = 0in this equation, we get c= oo. Hence no asymptote exists.

Example 2 : Find the asymptotes of the curve x> + y* — 3axy= 0. (Agra 2005;
Lucknow 05; Bundelkhand 09; Meerut 12; Kashi 12; Avadh 13; Rohilkhand 14)

Solution : Obviouslythere are no asymptotes parallel to the co-ordinate axes.

Putting y= m and x= 1 in the highest i.e. third degree terms in the equation of
the curve, we get o5 (m) = 1+ m3.

Solving the equation ¢ (m) = 0,
ie. (1+ m)=0, ie (m+ )(m* =m+ 1)=0,
we get m = — 1 asthe onlyreal root.

The other two roots are imaginary.

Again putting y= m and x= 1 in the second degree terms in the equation of the
curve, we get ¢, (m) = — 3am.

Now c is given by c ¢'5 (m) + ¢, (m) = 0, i.e. ¢ (3m?) = 3am = 0.

Puttingm = — 1, we get c= — a.

Hence the onlyreal asymptote of the curve is

y=—x—a or y+x+a=0.

Example 3 : Find all the asymptotes of the curve

33+ 22 y— T2+ 28— lday+ 72+ 4x+ Sp= 0. (Lucknow 2007)

Solution : Obviouslythere are no asymptotes parallel to the coordinate axes.
Putting y= m and x= 1 in the highest i.e. third degree terms in the equation of
the curve, we get

O3 (m)= 3+ 2m— Tm? + 2m3.
The slopes of the asymptotes are given by
O3 (m)=2m3— Tm?+ 2m+ 3= 0, or (m— 1)(2m+ 1) (m - 3)= 0.
- _ L
m=1,3, 5
Again putting y= m and x= 1 in the next highest i.e. second degree terms in the
equation of the curve, we get ¢, (m) = — 14m + Tm?.
Now c is given by ¢ ¢ (m) + ¢, (m) = 0,
ie., c(6m?— 14m + 2) + (7m?— 14m) = 0.

Whenm= 1,¢c= — 7/6; whenm = 3,¢c= — 3/2and when m = — c=— 5/6.

la
2

. The required asymptotes are y= x— 7/6;y= 3x— 3/2and y= — %x— 5/6
ie., 6y— 6x+ 7= 0;2y— 6x+ 3= 0and2y+ x+ 5/3= 0.

Example 4 :  Find all the asymptotes of the curve

JE I S I S S S T
Solution : Putting y= m and x= 1 in the highest ie. third degree terms of the

3

equation of the curve, we get 05 (m)= m> - m2—m+ 1.
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The slopes of the asymptotes are given by
Oy(m)y=m3—m?>=m+ 1=0 or (m- 1)>(m+ 1)=0.
m=1,1,—- 1.
Now putting y= m and x= 1 in the next highest i.e. second degree terms, we get
0y (m)=1- m?.
To determine ¢, we have ¢ ¢’5 (m) + ¢, (m) = 0,
ie. cBm?=2m—- 1+ (1- m?)=0. e
When m = — 1, we have c= 0 and the corresponding asymptote isy= — x+ 0
ie. y+ x= 0.
When m = 1, the equation (1) reduces to the identityc.0+ 0= 0and we cannot

determine c from it. In this case c is to be determined from the equation
A c .,
271073 (m)+ 07 (m) + ¢y (m)= 0.
Putting y= m and x= 1 in the first degree terms in the equation of the curve, we
get 0 (m) = 0, since there are no first degree terms.

Hence for m = 1, c is to be given by,
2
%(6m— D+ c(-=2m)=0 ie Bm— 1)c*— 2me= 0.

For m = 1, this becomes 2¢2— 2¢= 0ie c= 0and 1.

Hence y= x+ 1 and y= x+ 0 are two parallel asymptotes corresponding to the
slope m = 1.

.. The required asymptotes are y+ x= 0,y— x= 0,y— x— 1= 0.

Example S : Find all the asymptotes of the curve

(x+ P> (x+ 29+ 2) = x+ 9+ 2. (Meerut 2011)
Solution : The equation of the curve can be written as

(x+ V2 (x+ 2)+ 2(x+ 12— (x+ 9)— 2= 0.
Here O3 (m)= (1+ m)?(1+ 2m).
The slopes of the asymptotes are given by
0y (m)= (1+ m)>(1+ 2m)= 0.
m==1,-1,- >
Also 0, (m)=2(1+ m)>.

To determine ¢, we have ¢ ¢’5 (m) + ¢, (m) = 0,

ie. {20+ m)(1+ 2m)+ 2(1+ m)?} + 2(1+ m)?= 0. e
When m = — %,we have ¢c= — 1 and the corresponding asymptote is
y= - %x— 1 ie. 2y+ x+ 2= 0.
Whenm = — 1,the equation (i) reducesto the identityc.0+ 0= 0and we cannot

determine c from it. In this case c is to be determined from the equation

2
271073(m)+ 0% (m) + 0y (m)= 0.
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Now ¢y (m)=— (1+ 9m).
Hence for m = — 1, ¢ is given by

2
%{2(1+ 2m)+ 4(1+ m)+ 4(1+ m)

+c{4(l+ m)}— (1+9m)=20
ie. (6m+ 5) 2+ 4(1+ m)c— (1+ 9m) = 0.
For m = — 1, this becomes — A+ 8= 0, ie.c= =% 242.
Hence y= - x+ 2V2 and y=—x- 22 are two parallel asymptotes
corresponding to the slopem = — 1.
. The required asymptotes are 2y+ x+ 2= Oand x+ y=* 2V2=0.

Example 6 :  Find the asymptotes of the curve x> + 2x2 y+ x2 — x2— xp+ 2= 0.
(Meerut 2002; Kashi 12)

Solution : The given curve is of degree 3. So it cannot have more than three
asymptotes.

Equating to zero the coefficient of the highest power of y (i.e., of y%), we get
x= 0 as an asymptote parallel to y-axis. Also there is no asymptote parallel to x-axis
because the coefficient of x? is merely a constant.

Now we proceed to find the remaining oblique asymptotes.

Putting y= m and x= 1 in the third degree and second degree terms separately,
we get

0y (m)= 1+ 2m+ m% and ¢, (m)= - 1— m.
The slopes of the asymptotes are given by the equation
O3 (m)=0ie, 1+ 2m+ m?= 0ie, (1+ m)2= 0.

. m=—1,— 1.
To determine ¢, we have the equation

chy (m)+ ¢, (m)=0 ie, c(2+2m)y—1-m=0. (D)
Form = — 1,the equation (1) reduces to the identityc.0+ 0= 0and thus it fails

to give c. In this case c is to be determined by the equation

C2 ’7’ c ’
5 037 )+ 70" (m)+ 6y (m) = 0.
Nowd;”" (m)= 2,0," (m)= - 1,and ¢, (m) = Obecause there are no first degree
terms in the equation of the curve. So for m = — 1, cis to be given by
%cz. QD+ c.(-1D+0=0 ie, 2=c=0 ie, c(c— 1)=0.
c=0,1.
Hence y= — x4+ 0Oand y= — x+ 1 are two parallel asymptotes corresponding to

the slope m = — 1.
the required asymptotes are x= 0,x+ y= Oandx+ y— 1= 0.

'@nnprehensive Exercise 2 -

Find all the asymptotes of the following curves :
1. 3+ 22y— 02— 2%+ 42+ 20p+ y— 1= 0.
2. 28— Xy— 207+ )P — 4x2+ 8xy— 4x+ 1= 0. (Kumaun 2014)
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3. 2+ 2%y 0f- 2P+ - - 1=0. (Bundelkhand 2006)
4. Py+ 0%+ w+ P+ 3x= 0. (Purvanchal 2006; Kashi 11)
5. - 502+ 8x%y— 4xX3— 3%+ Oxp— 62+ 2y— 2x+ 1= 0.

6. 2x(y— 3)%2=3y(x- D%

7. Y (x- 2a)= X - a’. (Bundelkhand 2008)

8. ¥ —2%x— wZ+ 283+ 12— 6+ S5x2— 2p+ 2x+ 1= 0.

9. (- yz)z— 4yz+ y= 0. (Kanpur 2007)
10. B+ 2y- 02— PP - 3x—y— 1= 0. (Meerut 2001, 04, 06B; Gorakhpur 06)
11. Y+ 2y+ 2x)?— y+ 1= 0. (Lucknow 2011)
12. 2y + 3y2= 23+ )5 (Rohilkhand 2007; Kumaun 10)
13. - 22 y+ x2+ ¥ — xy+ 2= 0. (Kanpur 2014)
14. 32— 52y+ 802 — 43+ x2— 3ay+ 22— 1= 0.

15. (2x—- 3y+ D2 (x+ )= 88— 2y+ 9.
L Answers 2
N

1. y=x+ l,y= - x+ landx+ 2y= 0.

2. y=—x+ 2,y=x+ 2,y= 2x— 4.

3. 2y+x=Ly=xy+x+ 1=0.

4. x=-1,y=0,x+ y= 0.

5. y=xy=2x+ 2,y= 2x+ 1.

6. x=0,y=0,2y= 3x+ 6.

7. x=2a,y=x+ a,y= — x— a.

8. y=xy=2x+ l,y= - x— 2.

9. x+y== landx— y= =% 1.

10. y=xy=-x+ l,y=—-x— L.
11. y=0, y= - x+ 1ly=—-x—-1.
12. y== l,x==% l,y= - x
13. x=0,y=x,y=x+ L.
14. y— x=0,2y— x=0,2y— x— 1= 0.
+ x=0,3y— 2x— 3=0,3y— 2x+ 1= 0.
Asymptotes by Expansion (Kumaun 2008)
To show that y= mx+ cis an asymptote of the curve
y= mx+ c+ 4+ B,C,
= 2t At
Let the equation ofthe curve be y= mx+ c+ 4+ £+ £+ (D
Tt st
A B C . .
where the series *+ ;+ ;+ ...... is convergent for sufficiently large values of x.

Differentiating (1), we have

dy 4 2B

- " 2T 3
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.. The equation of the tangent to (1) at (x, y) is

Y- y= [m— %— 2§B— ...)(X— X)
or Y= [m—:z— 2§B— ...)X+ y— [m—:z— 2?3— )x
or Y= [m—fz—zxf )X+ c+ 27A+ 3?3+ ...(2)

substituting the value of y from (i). Suppose nowx —oo. The equation (2) then tends to
the equation Y= mX + c.
Hence y= mx+ cis the asymptote of the curve

= mx+ c+ é+ B,C,
y 2t at
. 2y
Example :  Find the asymptotes of the hyperbola — — ?= 1
a

Solution : The equation of the hyperbola can be written as

—1, or yz— 2(xz—a

ol

T[T

b? a? b a? 172
or yz= 72 [ 72 ax[l— 2)
or - o lad 1dt |
y= = a 2 2 8x4

S

Hence by article 10, the asymptotes of the curve are y= = —x.

S

11 | Alternative Methods of Finding Asymptotes of Algebraic
Curves

Theorem : The asymptotes of an algebraic curve are parallel to the lines obtained
by equating to zero the linear factors of the highest degree terms in its equation.
Let the equation of the curve be of degree n. Let y— m | x be a factor of the nth

degree terms in the equation of the curve. Then obviously (m — m) is a factor of
¢, (m). Therefore m, is a root of the equation ¢, (m) = 0 and there is an asymptote
parallel to the line y— m;x= 0.

Conversely let m; be a root of the equation ¢, (m)= 0, so that there is an
asymptote parallel to the line y— m,;x= 0. In this case m — m; must be a factor of
¢, (m). Therefore (y/x— m) must be a factor of ¢, (3/x). Hence (y— m x) must be a
factor of x” ¢, ()/x) i.e. the highest degree terms in the equation of the curve.

Ifthe highest degree terms contain, x, as a factor, then after a little consideration
it will be obvious that the curve will possess asymptotes parallel to x= 0 i.e. y-axis.
Hence the theorem.
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We know that if y= mx+ cis an oblique asymptote of the curve f(x,y) = 0, then
m= )I;gl(x, % and c= )I;glm’y/x%m (y— mx). These facts together with the above
theorem enable us to find the asymptotes of algebraic curves very easily. The first step
for this purpose is that we should collect the highest degree terms in the equation of
the curve and resolve them into real linear factors. Then the following different cases
may arise :

Casel: Lety— mxbeanon-repeated factor ofthe highest ie. nth degree terms
in the equation of the curve. Then the equation to the curve can be written as

(y—-mx)F,_1+P,_1=0, ..(D)
where F, _ | contains only terms of degree n— 1, and P, _ | contains terms of various

degrees, none of which is of a degree higher than n — 1.
Obviously y— m | x= c,wherecistobe determined, is an asymptote ofthe curve.

Lim
Now c= x>0, y/x —m, (y— mx) where (x,y) lies on (1).
. Pn— 1
But when (x,y) lieson (1), y— m x= — :
Fn— 1

Li}n _Pn—l
C= x>, Vx—m,| -~ |-
4 ! Fn—l
Lim _Pn—l
Hence y— mx= x o, y/x—>m, F,_
n—1

J is an asymptote of the curve.

Thus dividing (1) by F,, _ | and taking limit as x —<0,y/x —m; we shall get an
asymptote of(1). Similarlywe can find asymptotes correspondingto other non-repeated
linear factors.

Example :  Find all the asymptotes of the curve

(2= ) (x+ 29+ D+ x+ y+ 1= 0.

Solution : The equation of the curve can be written as

P-PAx+ 20+ (2= P+ x+y+ 1=0
or (=) (+p) @+ )= (- D) - x-y- L

The slope of the asymptote corresponding to the factor x— y is 1. Hence the

asymptote corresponding to this factor is
_ Lim (- -x—y-1
X y‘x—)m,y/x—)l (X+ y) (X+ 2y)

[ﬁ_q_l_yl_l
B Lin/l lxz X x x 2
T X0,/ x>
oS0
X X

on dividing the numerator and denominator by x2

__a-np _o_,
T+ DHA+2 6 7
i.,e, x— y= 0isone asymptote ofthe curve.

Second asymptote corresponding to the factor x+ yis
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B Lim (-2 —x—y-1
X+ y= x—)m,y/x—)— 1 (X— y) (X+ 2y)

L S SIS R
Lim X2 X x x 2
= x>0, y/x—>— 1 [ :|[ X:|
— %z 0,
1+ 1H@a-2)
i.,e. x+ y= 0Oisanother asymptote ofthe curve.
The third asymptote of the curve is
5 Lim (yz— xz) + termsofdegree lower than 2
X+ = oo -1
V= X oo, y/x — (x= ) (x+ )
Lim (*/x* = 1) + termswhich —0
= oo _ 1
X oo, y/x o= (1= /%) (1+ y/x)
1
(=)
- -4
- 1 - 3 ‘
I+ (] 1- 5 "

Therefore x+ 2y+ 1= 0is the third asymptote of the curve.

Important : It should be noted that while taking limit we should reject all the
terms in the numerator whose degree is lower than the degree ofdenominator. All such
terms will tend to zero as x —co.

Casell: If(y— m, x)? is a factor of the n” degree terms but (y— m x) isnot a

factor of the (n— 1) degree terms, then ¢,” (m;)= 0 and ¢ (mq)# 0. Therefore

n—1
as in article 4, the asymptotes corresponding to the factor (y— m; x)% will not exist.
Therefore there will be no asymptotes with slope m| if (y— m, x)2 is a factor of the nth

degree terms andy— m | xis not a factor of the (n — 1) degree terms. In case the equation

of the curve does not contain terms of degree n— 1, we can add them with zero
coefficient and obviouslyy — my xcan be taken as a factor ofthe (n — 1)”’ degree terms.

Case Il : Let the equation of the curve be of the form

(y— mlx) F,_ o+ (y-mx)G,_,+ P,_,=0, ..(D)
where F, _ , and G, _ , contain only terms of degree n— 2, and P, _ , contains terms
of various degrees, none of which is of a degree higher than n — 2.

Dividing (1) by F, _ , and taking limit as x —c and y/x —m, we get an equation
ofthe form 2+ Ac+ B= 0, giving the values of ¢ corresponding to the slope mq. If
c; and ¢, are the roots of this equation, theny— m | x= c¢;and y— m,;x= c, will be the
corresponding asymptotes. After a little consideration it will be obvious that the
asymptotes corresponding to the factor (y— mlx)2 will be obtained by solving the
quadratic

(y- mlx)2+ A(y—m;x)+ B= 0.
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In a similar way we can discuss the case if the n”" degree terms contain
(y— mlx)3 or a higher power of y— m | xas a factor.

Example : Find the asymptotes of the curve

2= -+ 23 (x-y- 4P=0.
Solution : The equation of the curve can be written as

Rx- 2@+ Y+ 23 (x— - HP=0.
The asymptotes corresponding to the factor (x— y)? are given by

2 Lim 23
X - + (x— oo —_—
(X= )7+ (¥~ 1) x 500, p/x > 1 2x+ )
Lim
et g = 0

Lim 2

—_ )2 _ [ A
or (= D7+ (=) e x5 1 (15
4 Lim %_
- x—>oo,y/x—>1 (1+ y/x)_
or (x—y)2+1.(x—y)—%-4=0 or (x—y)2+(x—y)—2=0
-1+
ie. (_x- y): w ie. x— y= — 2and x— y= 1.

The asymptote corresponding to the factor x+ yis
Lim 4’ — 20 (x— y)

X+ = oo _
(M= x50, y/x 5 1 2 (- )2
3
) 10
Lim X X X
= x>0, y/x—>— 1 2
(-
X

=—-4/4=-1 ie, x+y+ 1=0.
Moreover the curve hastwo asymptotes parallel to y-axis and theycan be obtained

by equating to zero the coefficient of highest power of yi.e.)? in the equation of the
curve.

So theyare x> — 4= 0 ie. x= * 2.

Case IV: Let the equation ofthe curve be ofthe form
(ax+ by+ o) P,_ 1+ Q,_ 1= 0, (1)
where P,_ ;and Q,_ | contain terms none of which is of a higher degree than

n— 1,and P, _ | contains at least one term of degree n— 1 so as to ensure that the

equation (1) is of degree n. Obviously ax+ bywill be a factor of the n” degree terms in
the equation of the curve. Now (1) can be written as
(ax+ by P,_ + cP,_ + Q,_ 1= 0.
The asymptote of (1) corresponding to the factor ax+ by (if it occurs as a
non-repeated factor of the highest degree terms) is
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Lim 9Q,_ 1
(ax+ DY)+ y 5o ,Y/xX —— a/b{c+ P” }: 0

n—1

Lim Qn— 1
or (ax+ by+ )+ y 500 ,VW/x—— a/b =0

n -1

Thus if the equation of a curve is given in the form (1), then there is no necessity
of collecting separately the n* degree terms. A similar modification can be made in
case III.

Case V: Asymptotes by Inspection : [f the equation of a curve of the n'™ degree
can be put in the form F, + P= 0, where F, is of degree n (i.e., contains terms of degree n
and may also contain terms of lower degrees), and P is of degree n — 2, or lower, and if

= 0 can be broken up into n linear factors which represent n straight lines no two of

which are parallel or coincident then all the asymptotes of the curve are given by equating
to zero the linear factors of F,,.

Letax+ by+ c¢= Obeanon-repeated factor of F,. Then the equation ofthe curve
can be written as (ax+ by+ ¢) F, _ |+ P= 0, where F, _ |is of degree n— 1.

The asymptote of the given curve parallel to the line ax+ by+ c= 0is

lim P
ax+ by+ c+ y 500 /X —— a/b[ 1): 0- (1)
F,_

Since F), _ ; contains at least one term of degree n— 1 and P is of degree n — 2,
or lower, therefore we shall have
X —oo yl/lyin—> a/b [PJ =0
’ Fn -1

Thus ax+ by+ c= 0is an asymptote of the given curve.

Itluslrative Examl;)]es

Example 1 : Find all the asymptotes of the curve
(x—y= D22+ P+ 2+ 6(x—y— D) (xy+ 7)— 82— 2x— 1= 0.

Solution : The asymptotes parallel to the linex— y— 1= 0are
lim xy+ 7
x—y— DZ+ 6(x— y— 1 o e
(x=y=1 x=y=1 x> y/x—>1x2+yz+2
lim - 82— 2x— 1
+ x_>°°’y/x_>1x2+—yz+2= 0,
-
or (= y= D2+ 6= y= 1) x 500 y/x1 —
I+ (y) + =
x) T2
_g_ 2_
lim X -0

T x =, p/x—1
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or (x—y— D%+ 3(x—y-1)— 4= 0,
-3+
or (= y— 1= —oF V2(9+ 10 _ 1 _4

Thus x— y— 2= 0 and x— y+ 3= 0 are two parallel asymptotes of the given
curve. Since the remaining linear factors of the fourth degree terms in the equation of
the curve are imaginary, therefore the other two asymptotes are imaginary.

Example 2 :  Find all the asymptotes of the curve

(2= 1) (x+ 2y+ D+ x+ y+ 1= 0.
Solution : The equation of the curve can be written as
x=»E+»E+ 2+ D+ x+ y+ 1=0.
Since no two of the straight lines x— y= 0,x+ y= 0 and x+ 2y+ 1= 0 are

parallel and x+ y+ lisofdegree 1, therefore all the asymptotes ofthe curve are given
by x=»x+y(x+ 2+ H=0.

{_omprehensive [ xercise 3

Find all the asymptotes of the following curves :
1. (2= ) (P-4 - 65+ 5%+ 397 — 2 — 2+ 3wy— 1= 0.
x(y— X2 - 3y(y— x)+ 2x= 0.

3. (yv—x» (- 2x)2 + (y+ 3x) (y— 2x) + 2x+ 2y— 1= 0. (Kanpur 2010;
Meerut 12B; Bundelkhand 14; Purvanchal 14)

4. (x- 2y)2 x=—»—4x-2p»- (8&+ Ty)= 0.
(Meerut 2005B; Bundelkhand 07)

5. (y- a)2 (xz— a2)= *+ at

6. x(y— 3)3 = 4y (x— 1)2.

7. (x-— y)2 (2 + yz)— 10 (x— y)x2+ 12yz+ 2x+ y= 0. (Kumaun 2013)
8. X(x+ ) (x— y)2+ ax® (x— ) - a2y3= 0. (Kumaun 2011)
9.

x—y+ DHEx—y—2)(x+ y= 8- 1.
10. x(2-— 1) - 4D+ w2 - P+ 2+ - 7= 0.

o

E "

L nswers 5

S
y=xy=2xy+ x+ 1=0,y+ 2x+ 1=0. 2. x=3,y—x=1,y— x= 2.
y=2x— 2,y=2x— 3,y— x= 4. 4. y=x+ 4,x— 2p= 2+ 373,
x=*a,y=x+a,y=—- x+ a.

x=0,y= 0,y= 2x+ %, 2y+ 4x= 15.
x—y—2=0,x—y—3=0.

x=*a,y=x+a,y==% x— %a.

y+ x=0,y=x— 3and y= x+ 2.
10. x=0,y=0,x— y= 0, x4+ y= 0,x— 2y= 0Oandx+ 2y= 0.

I A
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12 | Intersection of a Curve and its Asymptotes

Let y=mx+ c ..(D)
be an asymptote of the curve
X0, (W + X o, /X" 20, , ()
which is of degree n.

To find the points of intersection of (1) and (2), we should solve the two equations
simultaneously. So eliminating y between (1) and (2), we get

x"¢,(m+ c/x)+ x"7 1(1)”_ 1(m+ c/x)+ x"~ 2(1)”_ y(m+ ce/x)+ ...= 0.

0, ..(2)

Expanding each term by Taylor’s theorem and arranging the terms in descending
powers of x, we get

X", (m)+ [cd’, (m)+ ¢, (m)]x"~!

< C -2, _
0 a0, )+ 6,5 (m) | x +...=0. ...(3)

Since y= mx+ c is an asymptote of (2), therefore the coefficients of x” and

x"~ lare both zero in (3).
Hence (3) reduces to

02 ’ C , n— 2
57 O M+ 07, m) 0,y (m)px"T 2= 0, (4

in which the coefficient of x” ~ % will be non-zero provided there is no other asymptote

of'the given curve parallel to y= mx+ c.

Now (4) gives us the abscissae of the points of intersection of (1) and (2). Since
equation (4) is of degree n — 2 in x, therefore it will give n — 2 values of x.

Hence, in general, any asymptote of a curve of the n'* degree cuts the curve in
(n— 2) points.

Corollary 1: Thenasymptotes ofa curve ofthe n' degree cutitinn (n — 2) points.

Corollary 2: If the equation of a curve of degree n can be put in the form
F,+ P= 0,where Pis of degreen — 2 at the most and F, consists of n non-repeated linear

factors, then the n (n — 2) points of intersection of the curve with its asymptotes lie on the
curve P= 0.
The asymptotes of the curve F, + P= 0, are given by the equation F, = 0.

We know that if S= 0 and S’ = 0 represent two curves, then S— AS"= 0
represents some curve through the points of intersection of S = 0 and " = 0.
If we take A= 1, then we see that (F,+ P)— F,= 0ie P= 0isa curve passing

through the points of intersection of /, + P= Oand F, = 0.

Thus, a curve of degree n — 2, or less, can be made to pass through the n (n — 2)
points of intersection of a curve of degree n with its n asymptotes.

Particular Cases :

(i) Ifthe given curve is ofdegree 3, then the 3 (3 — 2)i.e.,3 points ofintersection
ofthe curve and its asymptotes lie on a curve of degree 3 — 2= 1i.e, on a straight line.

(ii) Ifthe curve is of degree 4 then the 4 (4 — 2) i.e., 8 points of intersection of
the curve and its asymptotes lie on a curve of degree 4 — 2= 2i.e. on a conic.
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Itluslrative Examl;)]es

Example 1: Show that the asymptotes of the curve
A0+ P - 1722 - Ax(BP - D+ 2(2-2)=0

cut the curve in eight points which lie on the ellipse x> + 4* = 4. (Purvanchal 2007)
Solution : The equation of the curve can be written as
@x*+ = 1727 - 4 (P x— )+ 22— 4= 0. (D)
Here 04 (m)= 4+ 4m*— 17m2.

The slopes of the asymptotes are given by the equation
Oq(m)=dm*— 1Tm>+ 4=0  ie, (4m?>- 1)(m*>- 4= 0.

Therefore m = * %,i 2.

Also 03 (m)=— 4(4m% - 1)and ¢’, (m)= 16m>— 34m.
Now c is given by c¢’, (m) + ¢4 (m)= 0

ie. c(16m3— 34m)— 4 (4m? - 1)= 0.
When m = %ac= 0; when m = — %ac= 0; when m = 2,c¢= 1;and when
m=—2,c=— 1.

Therefore the asymptotes are

y= %x,y= - %x,y= 2x+ land y= — 2x— 1

ie., 2y— x= 0,2y+ x= 0,y— 2x— 1= 0andy+ 2x+ 1= 0.
The combined equation of the asymptotes is
2y—x) 2+ x)(y— 2x— 1) (y+ 2x+ )= 0

or 4= D) (- 4P — 4x—1}=0
or 42— ) (P-4 - dx (P - D) - 42+ ¥2=0
or W~ 172 P+ AP - 4P x— D) - 47+ P = 0. ..(2)

Now each asymptote of (1) will cut it in 4 — 2 i.e. 2 points. Therefore the four
asymptotes will cut it in 4 X 2 i.e. 8§ points.

Subtracting (2) from (1), we get 2x* — 4+ 42 — x> = 0 ie x>+ 4% = 4, which is
the equation of an ellipse. Hence the eight points of intersection of (1) and (2) lie on
the ellipse x2 + 4)? = 4.

Example 2: Findthe equation of the cubic which has the same asymptotes as the
curve

B 6x2y+ 12— 6P+ x+ y+ 1=0
and which passes through the points (0, 0), (1, 0) and (0, 1).
Solution : The equation of the given curve can be written as
x=»Ex=—2» -3+ x+y+ 1= 0. ..(D)
Byinspection, we findthatx— y= 0,x— 2y= 0,andx— 3y= Oarethe asymptotes
of (1).
The combined equation of the asymptotes of (1) is
Fy=(x—» -2 (x-3»)=0.



ASYMPTOTES D-225

Since the points of intersection of a cubic curve with its asymptotes lie on a
straight line, therefore the most general equation of the curve having F3= 0 as its

asymptotes is
x=» (=2 x-3»+ ax+ by+ c=0
or ¥ 6x2y+ 1lx2— 62+ ax+ by+ c= 0. .(2)
If(2) passes through the points (0, 0), (1, 0) and (0, 1), then
c=0,1+ a=0ie,a=— land— 6+ b= 0ie b= 6.
Hence the required curve is x> — 6x2 y+ 11p?— 6)° — x+ 6y= 0.

@mprehen sive [ xercise 4

1. Find the asymptotes of the curve x> y— x)? + xp+ »*+ x— y= 0 and show that
they cut the curve again in three points which lie on the straight line x+ y= 0.

2. Show that the asymptotes of the cubic x¥* — 2)° + xy(2x— )+ y(x— Y+ 1= 0

cut the curve in three points which lie on the straight linex— y+ 1= 0.
(Kumaun 2007; Kanpur 09; Avadh 10)

3. Find the equation of'the straight line on which lie the three points ofintersection
ofthe curve (x+ @) y>= (y+ b) x? and its asymptotes.

4. Show that the eight points of intersection of the curve

xy (2 - )+ 2+ Y= d?
and its asymptotes lie on a circle whose centre is at the origin.
5. Showthat the four asymptotes of the curve
= AOP- D)+ 65— 5%y 302+ 20— P+ 3xy- 1= 0
cut the curve in eight points which lie on the circle x2 + )2 = 1.
6. Show that the eight points of intersection of the curve
- 522+ A - P x+y+ 1= 0
and its asymptotes lie on a rectangular hyperbola.

7. Find the equation of the quartic curve which has x= 0, y= 0, y= xand y= — x
for asymptotes and which passes through (a, b) and which cuts its asymptotes
again in eight points that lie on a circle whose centre is origin and radius a.

8. Find the equation of the cubic which has the same asymptotes as the curve
¥ - 6x2y+ 1lg?— 6°+ x+ y+ 1= 0, and which touches the axis of y at the
origin and passes through the point (3, 2). (Agra 2007)

T

” "
. Answers 4
NS

1. y=0,x=L,x—y+ 2=0. 3. az(y+ b) = b% (x+ a).
bxy (x> = )+ a(b®>— a®) (*+ y>— a®) = 0.
X-6x2y+ 12— 6> — x= 0.
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13 | Asymptotes to Non-Algebraic Curves

The definition of the asymptotes helps us in finding the asymptotes of
non-algebraic curves as is clear from the following example.

Example : Find the asymptotes of the curve y= sec x.

Solution : Here dy/dx= secxtan x.

Therefore the tangent at (x, y) to the given curve is Y — secx= secxtanx (X — x)

ie., Y cos*x— cosx= (X — x)sinx. ..(D)
Now as x —>n/2,y —eo and the distance of (x, y) from the origin tends to infinity.
Therefore taking limit of (1) as x ->®/2, we get

_xo 1yl : _ 1
Y.0- 0—\X 275}.1 ie., X—ZTE.
This is one asymptote. The other asymptotes are X = — %n, + %n, .......

14 | Polar Curves

Lemma : The polar equation of anylineis p= rcos (06— o), where, p is the length
of the perpendicular from the pole to the line and o is the angle which the perpendicular
makes with the initial line.

Let O be the pole and OX the initial line. Let OM be the perpendicular from O
to the given line.

Then it is given that OM=p and ZXOM = o.

Let P be any point (7, 8) on the given line.

Then OP= r,Z XOP= 6 and L MOP= 06— 0.

From the right angled triangle OMP, we have
OM = OP cos £ POM
ie., p= rcos(0— ),
which is the required equation of the line.
Asymptotes of Polar Curves : If o be a root of the equation f(0) = 0, then
rsin(0— o) = 1/f (o) is an asymptote of the curve 1/r= f(0).
Take any point P (r, 0) on the curve
1/r= £(6). (1)
Drawaline through the pole O perpendicular to the radius vector OP and meeting
the tangent at Pin 7.

Then OT = polar subtangent of the curve at P = P %
P
1 dr , !
But from (1), — EV S (0). l..'
do 1 '
o= e o /

Now suppose 0 tends to o. Since f(o) = 0, b
therefore from (1), —<c i.e. the distance of P from the e

pole tends to infinity. Also PT tends to the asymptote f.;lvg'(g]/__ L
1 T -
and OT —>[— ~ ] T
f (6) 0= o

. |
le. OT —»— m, lff (o) # 0.
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Also OP and PT will tend to become parallel as is obvious from the dotted lines
in the figure. Therefore the angle OTP will tend to a right angle and OT will tend to
1

I (o)

OM where OM is perpendicular to the asymptote. Hence OM = —

When 6= o, suppose OP tendsto OP’.
Then ZXOP’'= o.

v LMOX = — (%— (x)’ negative sign indicating that it has been measured
clockwise.

The equation of the asymptote is

rcos[e— {— (g— (X)H= — Iz 100 ie., rcos(6+ g— (x)= — Iz 100

1 . . _ 1
7@ ie., rsin (06— o) = fi’ )

ie., — rsin(0— o) = —

15 | Working Rule for Finding the Asymptotes of Polar Curves

(i) Putthe equation of curve in the form %= £(0).

(ii) Solve the equation f(8) = 0. Let o, B, ... be its roots.
(iii) The asymptote corresponding to 6= o is

> where f7 (o) = [f' (e)]6= o

rsin (06— o)

R S
/(o)
I[Iuslrative Examl;)]es

Example 1 : Find the asymptotes of the curve r= 2a/(1 — 2 cos 0).
(Lucknow 2006)
Solution : The equation to the curve can be written as

1 1
L= Z(l_ 2 cos 0) = f(0), say.

Now  f(0)= 0if1— 2cos6= 0ie2cosb= 1i.e.c0s9=%
ie. 0= 2nn * g’where n is any integer
= 0, say.

Also [/ (0) = i (2sin0) = é(sin 0).

1 n 1 . =& V3
’ = —si + S |l=+ ~sino=+ —
(o as1n(2nn_ 3) _asm3 5,
;=i2a.
IRk

Hence the asymptotes are given by rsin {6— (2nn + g)} == %

. T . T
+ == + ==+ ==
or rsmecos(2nn_ 3) rc0s6s1n(2nn_ 3) SR
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or (rsin 0) cos s ¥ rcosOsint= + 2a
3 37 743
. . i . T 2a
ie. rsin 0 cos 3 7cos 0 sin 3= V3
and sinecos£+ cosSsinE— - 2a
d 377 3 V3
ie rsin| 60— T and rsin 6+ 2a
" V3 T3

or

Example 2 : Find the asymptotes of the curve r= a cosec9+ b.
Solution : The equation of the curve can be written as

1 1 sin O

7 acosecO+ b a+ bsing (95

Now f(0) = 0,ifsin@= 0 ie. 0= nn, where n is anyinteger

= q, say.
cos 0. (a+ bsin0) — sinS.bcosS.

(a+ bsin0)2

cosnm. (a+ bsinnm)— sinnm.bcosnm

Also [/ (0) =

J (o) = f7 (nm) =

(a+ bsinnm)?
a cos nm
1 a
/(o) cosnm

Hence the as totes are given by rsin (60— nm) =
ymp g y ( ) COS AT

(rsin ® cosnm — rcosOsinnm) cosnmt= a

rsin@cos? nm= a or rsin 0= a.

Circular Asymptotes

Definition : Let the equation of a curve be r= f(9).

r=f(9).

If ell_n:m f(0)= [, then the circle r= lis called the circular asymptote of the curve
; . 0
Example 1 : Find the circular asymptote of the curve r= a - o- 1

Solution : The circular asymptote is given by
_ lim )
r=a 0 oo 0_ 1

= a.

Thus = a is the circular asymptote.

1.

@mprehen sive [ xercise 5

Ifois aroot ofthe equation f(6) = 0, then write the equation of asymptote ofthe

polar curve %= f(0) corresponding to the root o.

(Meerut 2001)
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Find the asymptotes of the following curves :

2. y=tanx.
3. rsinm@= a. (Meerut 2000)
4. r0= a. (Meerut 2008, 12B)
5. 2/r= 1+ 2sin6.
6. (i) rsinB= 2cos26. (ii) »sin 6= a cos26.
7. (i) rcosO= asinb. (Meerut 2004B; Lucknow 05)
(ii) rsin®= 2 cos®6.
8. r= 4(secO+ tan9). 9. rsin20= a.
10. rcos®= 4sin? 6. (Meerut 2005)
11. r6cosB= acos?26. 12. 7%= )= a(e®+ 1).
20
13 7= Gne
Find the circular asymptotes of the following curves :
2
4. (= D= a(P+ 1). 15, p= 20 T 20F 1
202+ 6+ 1
.’f‘_‘_\w\-l‘“I
]
. Answers 5
S
. 1
1. rsin(0— )= ——— 2. x=xmn/2,£3n/2,...... .
L/ (®)]o= o
. km a . .
3. rsin (6— . )— oSk where k is any integer.
4. rsin@= a. 5. rsin[ei %n]= 2/43.
6. (i) rsin®= 2. (i) rsinb= a.
7. (i) rcosb= =t a. (ii)) rsin®= £ 2.
rcos9= 8. 9. rsinb= £ %a,rcose= + % .
10. rcos6= 4. 11. rsin®= a,rcosf= | > k is any integer.
[ 3)s 2)
12. rsin®= 2a. 13. rsin®= 2km, k=% 1,% 2,..
14. r= a. 15. r= 2.
— 2
.
Objective Type QQuestions
R
Fill in the Blanks:
Fill in the blanks “... ... ", so that the following statements are complete and correct.
1. The asymptotes parallel to the axis of y are obtained by equating to zero the
coefficients of the ...... power of yin the equation of the curve.
2. A curve of degree n cannot have more than ...... asymptotes. (Agra 2008)

The only asymptote of the curve x>+ 3 — 3axy= 0Ois ...... .
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4. Ifobe aroot ofthe equation f(6) = 0, then an asymptote of the curve %= f(0)
is...... .
5. Circular asymptote of the curve r(6? + 1)= a®®— 1is...... . (Meerut 2001)
Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (¢) and (d).
a> b? .
6. The number of asymptotes of the curve ; - y7 =1lis
(a) 2 (b) 3 (c) 4 (d) 1 (Bundelkhand 2006)
7. The asymptotes of the curve y2 (x2 — a%) = x, which are parallel to the x-axis are
(a) x=xa (b)y=xa(c) y=0,y=0(d) x=0
8. The number of oblique asymptotes of the curve y% (x2 — a%) = x2 (x% - 4d?) is
(a) 4 (b)3 (c) 2 (d) None ofthese
9. The curve y%= 4ax has how many real asymptotes
(a) 1 (b) 2 () O (d) None ofthese (Kumaun 2008)
10. A closed curve has
(a) no asymptotes (b) one asymptote
(c) infinitely many asymptotes (d) n asymptotes
(Kumaun 2007, 09, 15)
11. The curve x5% = a2 (x2+ »® has at most asymptotes
(a) four (b) two (c) one (d) no (Kumaun 2010)
True or False:
Write T’ for true and ‘F’ for false statement.
12.  The number of asymptotes, real or imaginary, of an algebraic curve of the n”
degree cannot exceed 7.
13. The curve x2 (x— )%+ a® (x*— y?) — a®>xy= 0 has no asymptotes parallel to
y-axis.
14. The curve r= ﬁ has no asymptotes.
15. An asymptote is a tangent of the curve at infinity. (Kumaun 2013)
16. An asymptote touch the curve at finite point. (Agra 2007)
Pl
L Answers
1. highest. 2. n. 3. x+y+a=0.
4. rsin(0— o) = ﬁ,f'(ooi 0. 5. r= a. 6. (c).
7. (¢). 8. (¢). 9. (¢). 10. (a). 11. (a).
12. T. 13. F. 14. T. 15. T. 16. F.



Singular Points : Curve Tracing

- Concavity and Convexity (Meerut 2009)

Let Pbe a given point on a curve and 4 B a given straight line which does not pass
through P. Then the curve is said to be concave or convex at P with respect to 4B,
according as a sufficiently small arc of the curve containing P lies entirely within or
without the acute angle formed by the tangent at Pto the curve with the line 4B. Thus
in the figure 1 the curve at P is convexto AB, and in figure 2 it is concave to AB.

L T4

i 1

A il

il £}

-

g

b 1 Fig 2

The property of concavity or convexity of a curve at any point is not an inherent
property of the curve. At a given point a curve may be concave with respect to some
line, while at the same point it may be convex with respect to some other line.
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Concavity upwards and Concavity downwards :
The curve shown in the Fig. 1 below is concave upwards and the curve shown in
the Fig. 2 below is concave downwards.

1.7 fl\
& fl =)
rl 3 Fi
Fig. 1 Fig. 2
2 | Point of Inflexion (Avadh 2014)

A point P on a curve is said to be a point of inflexion, if the curve is concave on one
side and convex on the other side of P with respect to any line AB. Thus at a point of
inflexion the curve changes its direction of bending from concavity to convexity or
vice-versa. The two portions of the curve on the two sides of P lie on different sides of
the tangent at P, i.e., the curve crosses the tangent at P.

Thus a point where the curve crosses the tangent is a ¥
point of inflexion. Therefore the position of a point of
inflexion of a curve will in no way depend on the choice
of coordinate axes. In particular, the positions of x and
y axes may be interchanged without affecting the
positions of the points of inflexion on the curve.

Inflexional tangent. The tangent at a point of A
inflexion of a curve is called inflexional tangent. o

R

3 | Test of Concavity or Convexity

We shall consider concavity and convexity with respect to the axis of x.
Let the equation ofthe curve be y= f(x) and let Pbe the point (x, y) on this curve.
Suppose the tangent at P is not parallel to y-axis so that at Pthe value of //(x) is finite.

¥ Vi Q’
# N
1 )
iy G
s :
|
@ |
| |
| |
| |
(J ! o i 1 L
NoOoM O ON X N M NoX

Fig. 1 Fig. 2
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Let O be the point (x+ 4,y + k)onthe curve in the neighbourhood of P. The point
0O may be taken on either side of P. Suppose the ordinate ON of O meets the tangent to
the curve at Pin Q’.
The equation ofthe tangent at P is
Y—y=f"(x) (X- x), (1)
where (X, Y) are the current coordinates.
Putting X = x+ hin (1), we get
NQ’ = y=f"(®) {x+ h— x}
or NQ" = f(x)+ hf"(x). (2
[ y=/]
Also from the equation of the curve, we get

NQO= f(x+ h)

_ , "o, R SR RV
=f(x)+ hf(x)+2!f X+ ...+ (n— 1)!}1 f (%)
+ %h”f”(x+ 0h), ...(3)
on expanding by Taylor’s theorem, where 0 < 6< 1.
From (2) and (3), by subtraction, we get
h? n n"
NO - NQ’ = ;f”(x)+ ;f”’(x)+ et Ff(”) (x+ Oh). (D)

Iff”’(x) # 0, then by taking & sufficiently small, the second degree terms in 4 on
the R.H.S. of (4) can be made to govern its sign. Therefore (NQ — NQ’) will be of the

h2
same sign as ff”(x).

2
Obviously %f”(x) will be of invariable sign whether % is positive or negative

i.e., whether QO lies to the right or the left of P.

The curve at P will be convex with respect to the axis of x if NO — NQ’ is positive
[See Fig. 1] and it will be concave at P with respect to the axis of x if NOQ— NQ’ is
negative [See Fig. 2].

Hence, the curve is convex at P to the axis of x if /*/(x) is positive, and concave if
[ (x) is negative.

We have drawn the above figures for the case when the curve is above the axis of
x. If, however, the curve is below the axis ofx, then NQ and NQ" are both negative, and
NQ- NQ’= - {|NQ| - |NO'| }.

Hence, in this case the curve at Pis convex with ¥
respect to the axis of x if | NQ| — | NQ’| is positive
ie.,if NO— NQ’ isnegative ie., if f’(x) is negative.

Similarly the curve at P will be concave with
respect to the axis of x if /"’ (x) is positive.

From the above discussion we observe that
whether the curve lies below or above the axis ofx, we
have the following criterion for concavity or convexity ¥
at P with respect to the axis of x.
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dZ
A curve is convex or concave at P to the axis of x according as y— 12 is positive or

negative at P.
Test for concavity upwards or Concavity downwards :
The curve y= f(x) is concave upwards in [a,b] i.e., when a< x< b, if
S (x) > 0¥ xe [a,b] and is concave downwards in [a, bl if f”'(x) < 0¥ x€ [a, b].
Concavity and Convexity with respect to the axis of y :
By considering y as the independent variable, we can easily show that a curve

x= f(y), at a given point P on it, is convex or concave to the axis of y according as
2
X. . .
X — is positive or negative at P.

dy?

I[Iuslrative Examl;)]es

Example 1: Show that the curve y= e* is everywhere concave upwards and the
curve y= logx is everywhere concave downwards.

Solution : First consider the curve y= e™.

dy_ Py _ ox
We have i and 2 ev.
Obviously 7> 0,V xe R, where Ris the set of real numbers.

A2

Hence , the curve y= e*is everywhere concave upwards.
Now consider the curve y= logx, 0 < x< co.

2
dy 1 dﬂz 1

We have EC:; an 2 —;
. d?y
Obviously, —=< 0, Vxe ]0,].
Y2 10, o[

Hence, the curve y= logxis everywhere concave downwards.

Example 2 :  Find the intervals in which the curve y= e~ (cosx+ sin x) is concave
upwards or downwards, x varying in the interval 10,2 w[.

Solution : The given curve is y= e¢* (cosx+ sinx).

We have%= e*(cosx+ sinx)+ e*(— sinx+ cosx) = 2e*cosx.
d2y 2e¥*cosx— 2e*sinx= 2e*(cosx— sinx)
a2
=22 .e* (cosxcosg— sin x sin )— 2V2 e cos(x+ )
4 4 4
2
When x € }O,E[ or when x € }515 ’2n[’we have M> 0.
4 4 dx’
. . . T St
Hence, the given curve is concave upwards in }O,Z[ and} 4 ’215[-
Again when x € }*’ [ we have @< 0.
. 4’4 2
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. . . T ST
Hence, the given curve is concave downwards in 4 a4l

Example 3 : Show that the sine curve y= sin x is everywhere concave with respect
to the axis of x excluding the points where it meets the axis of x.
Solution : The given curve is y= sin x.
2

We have %= cosx and Q= — sinx.

dx’
The function sin x is a periodic function with period 2w. Hence, it is sufficient to
consider the given curve in the interval [0, 27].
In the interval [0,2 7], we have y= O whenx= 0 orx= morx= 2m.
2

When x € ]0, x[, we have y> 0 and %< 0.

d2y
So y—=< 0 when xe ]0, t[.
yd2 ] [

Hence, the curve y= sin x is concave to the axis of x in the interval ]0, rt[.

2
When x € r, 2x[, we have y< Oand%> 0.
dzy
So y—=< 0 whenxe ]Ir, 2x|.
Y 2 ] [

Hence, the curve y= sinxis concave to the axis of x in the interval |x, 2 [.
Thus the curve y= sinx is everywhere concave with respect to the axis of x
excluding the points where it meets the axis of x.

4 | Test for Point of Inflexion (Avadh 2014)

Let the equation of the curve be y= f(x) and let P
be the point (x,)) on this curve. Suppose the tangent at I}
Pis not parallel to y-axis so that at P the value of /’ (x) is
finite. Let Q be the point (x+ %, y+ k) onthe curve in the
neighbourhood of P. The point O may be taken on either
side of P. Suppose the ordinate ON of O meets the
tangent to the curve at Pin Q’.
The equation ofthe tangent at P is
Y—y=f"(x) (X- x), (D)
where (X, Y) are the current coordinates.
Putting X = x+ hin (1), we get NQ' — y=f" (x) {x+ h— x}
or NQ' = f(x)+ hf” (%), [ y=/ ™ ..(2)
Also from the equation of the curve, we get NQ= f(x+ h)
2
=f(x)+ hf (x)+ %f" )+ ...
Lo
(n—1)!
on expanding by Taylor’s theorem, if 0 < 6< 1.
From (2) and (3), by subtraction, we get

P o= () + %h”f(’” (x+ 0h), ..(3)

, h2 ., h3 . X -
NQ - NQ=Zf (%) + ;f X+ ...+ ﬁf (x+ 6h). ..(4)
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Iff”” (x) # 0, then by taking 4 sufficiently small, the second degree terms in / on
the R.H.S. of (iv) can be made to govern its sign. Therefore (NQ — NQ’) will be of the
same sign as (h2/21) f”" (x). But (h2/21) f”’ (x) will be of invariable sign whether £ is
positive or negative i.e., whether Q lies to the right or the left of P. Therefore on both
sides of P the curve will be either concave or convex. Hence the necessary condition for
the existence of a point of inflexion at P is that

fx=0.

Now if /"’ (x) = 0, we have from (iv)
3 o h"
NO- NQ' = ;f"' (x) + ﬁfw(x)+ et Fﬂ") (x+ Oh). (5

Iff””” (x) # 0,then for sufficiently small values of 4 the sign of the right hand side
of (5) is the same as that of (#3/3 1) f””” (x), which changes sign when 4 changes sign.
Thus with respect to x-axis, the curve will be concave on one side of P and convex on
the other side of P. So there will be a point of inflexion at P.

Hence, there will be a point of inflexion at P, if d® y/dx® = 0 but d y/dx® # 0.

Generalisation: If 7 () =f"(x)=/"®=.. =f""Dx=0, and
7 (x) # 0, it is easy to see from the value of NQ — NO’, that there will be a point of
inflexion if n is odd. If, however, n is even, the curve does not cross the tangent and so
there will not be a point of inflexion at P. Such a point (if n is greater than 2) is called
a point of undulation. To the eye a point of undulation appears just like an ordinary
point.

Corollary: The position of a point of inflexion is independent of the choice of
coordinate axes. Therefore on interchanging x and y in the above results, we can say
that, there will be a point of inflexion at P, if d* x/dy* = 0, but d°> x/dy> # 0.

(Bundelkhand 2007)

It will become necessary for us to use this criterion if the tangent at P is parallel
to y-axis i.e., if dy/dx is infinite at P. It will also be useful where the equation of the
curve is of the form x= f(y).

S | Concavity and Convexity for Polar Curves (Lucknow 2010)

From the following figures it is obvious that if at any point P on the curve the
perpendicular p drawn from the pole on the tangent increases as » increases, then the
curve is concave at P to the pole. Thus, a curve is concave at P to the pole if dp/dr is
positive there.

Similarly, a curve is convex at P to the pole if dp/dris negative there.

Ifdp/dris zero at P, positive for points on one side of Pand negative for the points
on the other side of P, there must be a point of inflexion at P.

Curve  wrfivave al FF Lrve werves ab M Foml ot widlesine w0 F
kr the pole O o the pole O
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d .
But rl = radius of curvature at P

dp 213/2
o (2]}

dr |2 &2r
P+ 2(519) - rdez

d ’ d>
r r
dp_ r{r2+ 2(519) - rdez}

dr— {r2+ (dr)z}z/z
do

2 2
Hence, if 12 + 2 (Zg) -r 39; = 0 at P, there is, in general, a point of inflexion

at P.

Itluslrative Examl;)]es

Example 1: Find the points of inflexion of the curve y= 3x*— 4> + 1.
(Rohilkhand 2010, 11B; Avadh 10; Meerut 12)
Solution : Differentiating the equation of the curve with respect to x, we get
dy/dx= 12x3 — 12x2 and &2 y/dx® = 36x%2 — 24x.
For the points of inflexion, we must have d? y/dx* = 0

ie., 36x2— 24x= 0, ie, 12x(3x—2)=0,
ie., x=0 or % for the points of inflexion.
Now  dy/d¥= 72x— 24.

When x= 0, d y/dx> # 0, therefore x= 0 gives a point of inflexion.
Similarly, when x = % d3 y/d3 # 0;thereforex= %also gives a point of inflexion.

From the equation of the curve, we have

y=1,whenx= 0and y= %’whenx=

w N

Hence (0, 1) and (%a ;] are the required points of inflexion.

Important : Instead of finding > y/dx3, we can use another criterion for points
of inflexion. If 2 y/dx>= 0 at x= a and the sign of d2y/dx* changes while x passes
through a, then there will be a point of inflexion at x= a.

Example 2 :  Find the points of inflexion of the curve x= log( y/x) .

(Purvanchal 2011; Rohilkhand 14)

Solution : The given curve isx= log(y/x) or y/x= e*
or y= xeX (1)

Differentiating (1), we get

dy/dx= xe*+ e*= (x+ 1) e*

and dzy/dx2= e*+ (x+ 1) e¥=e*(x+ 2).



D-238 Ksiséwas DIFFERENTIAL CALCULUS

For points of inflexion d? y/dx® = 0.

. e*(x+2)=0 ie, x=-2, [ e*# 0]
Now d3y/dx3=ex+ (x+ 2)e*=e*(x+ 3)# 0atx= — 2.
there is a point of inflexion at x= — 2.

From (1), whenx= — 2,y= — 2¢” 2= — 2/¢%
Hence the point of inflexion is (- 2, — 2/%).
Example 3 : Find the points of inflexion on the curve
x=a (20— sin0),y= a(2— cos0). (Avadh 2013)
Solution : Differentiating w.r.t. 0, we have
dx/d0= a(2— cos®) and dy/dO= asinb.
dy dy/d6 _ sin@

dx  dx/d8 2- cos©
d*y d( sin 0 ) de

And

dx2= dol2— cos®) dx
_ (2~ cos6) cosO— sin 6 (sin 0) 1
- (2 - cos )2 " a(2- cosH)
_ 2cosO— (cos?O+ sin?0)  2cosO-— 1
B a(2- cos0)3 B a2- cose)3.

Now for the points of inflexion, we must have d2 y/dx2 = 0

ie., 2cos®— 1=0 or cosO= %= cos%n.

0= 2nmt %n,where n is any integer.

Substituting the value of 0 in the given equation of the curve we get the points of
inflexion as

[a(4nni 2315:\/23)3241] [ sin(2nni §)= (- D" sin(i §)= + \/23]

Example 4 :  Find the ranges of values of x for which the curve

y=xt— 63+ 1222+ 5x+ 7
is concave upwards or downwards.

Also determine the points of inflexion. (Purvanchal 2008)
Solution : We have %: 43— 18x% + 24x+ 5,
2y _ 12x2 = 36x+ 24= 12(x— 1) (x— 2)
d’
d3y
and —== 24x— 36.
a3
dzy
We have —=> 0, Vxe |- =, 1],
dx? ] [
2 2
LY 0 xe 1.2 and 4> 0,V xe T2, 00,

dx* dx*

Hence, the curve is concave upwards in the intervals ]— oo, 1[ and ]2, e[ and
concave downwards in the interval |1, 2[.
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d2
Now 2= 0= @(x- 1)(x-2)=0=x=1 or x= 2.
I ( ) ( )=
dy d*y
At x=1, CY_ _12# 0and at x= 2, CY_ 122 0. Thus, there are points of
i Cdd

inflexion at x= land at x= 2.

When x= 1, we have y= 19 and when x= 2, we have y= 33.

Hence, (1, 19) and (2, 33) are the two points of inflexion on the curve.

Example 5: Examine the curve y= sinx for concavity upwards, concavity
downwards and for points of inflexion in the interval [- 27,2 n].

Solution : The given curve is y= sinx.

dy d?y . By

We have —~= ¢coSXx, —5 = — sinx and —5 = — cosx.
dx dx® a3
dzy

We have, —=< 0, Vxe - 2mn,— 7,
dx? ] [
d?y d?y
7>0J\7‘xe - m 0, —=<0,Vxe ]0,n
dx? ] [ dx? 10.7]
Ly, o,

and <y 0,V xe Irn,2x[.

dx? ] [

Hence, the curve is concave downwards in the intervals |- 2w, — ©[ and ]0, [ and
concave upwards in the intervals - «, 0[ and |, 2 x[.

dzy
Now 0 =>sinx=0=x=-2nwmorx=—-mor x=0
e
or X=T or x= 2T.
At each of the points x= — 2w, x= — w,x= 0,x= 7w and x= 2n, we have
d3
¢ 0.
a3

Thus there are points of inflexion at each of these points.

Also, y= 0 at each of these points.

Hence, the curve has points of inflexion at (- 2=, 0), (— =, 0), (0,0), (n, 0) and
2w, 0).

Example 6 :  Find the points of inflexion on the curve r (6> — 1) = a6?.

(Meerut 2013)
Solution : We have r= a®2/(6*— 1).

Zg al[(8®— 1) 20— 62.201/(62— 1)2= — 2a0/(6*— 1),
2
and %: —2a[(6*— 21— 0.2(0%- 1) .201/(8% - 1)*

= 2a (362 + 1)/(6* - 1)3.
We know that at the point of inflexion, the radius of curvature is infinite. Hence
at the point of inflexion, we have

2+ 2(dr/de)? - r(d?r/de?*) = 0
a’ et N 826>  2a°67 (30 + 1) _
(- N2 (¥- D* (62— 14

or
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a? 0% (6% — 3) (6% + 2) _

or @ 1)} 0
or 02 (02— 3)(0%+ 2)= 0
6°=10,3,- 2.
Rejecting the values 82 = — 2 and 0 we see that the points of inflexion are given

by6?= 3ie,0=+ V3.

' @mprehensive Exercise 1

1. Show that the points of inflexion upon the curve x2y= a2 (x— y) are given by
x= 0,x=+ aV3. (Meerut 2013B)

2. Find the points of inflexion of the curve y (a? + x2) = x°.
(Lucknow 2008; Purvanchal 10)

Find the points of inflexion of the curve xy= a2 log (y/a).
Find the points of inflexion of the curve x = (logy)3. (Purvanchal 2009)

Investigate the points of inflexion of the curve y= (x— D* (x— 2)3. (Agra 2014)

AL

Show that every point in which the sine curve y= c sin (x/a) meets the axis of x is
a point of inflexion.

7. Showthat points of inflexion of the curve y2 = (x— a)? (x— b) lie on the line
3x+ a= 4b; (Agra 2006; Avadh 11; Kashi 12)

8. Find the points of inflexion on the curve y*= x(x+ 1)? and also obtain the
equations of the inflexional tangents.

9. Show that origin is a point of inflexion of the curve a” ~ .

greater than 2.

y= x"if m is odd and

10.  Show that the abscissae ofthe points ofinflexion on the curve )? = f(x) satisfy the
equation [ (0)]*= 2/ (x) .f" (x).

11. Show that the line joining the points of inflexion of the curve
y2 (x— a) = 22 (x+ a) subtends an angle of ©/3 at the origin.

- X

+ 22

12. Prove that the curve y= 11 > has three points of inflexion which lie in a

straight line.

2
13. Show that the points of inflexion on the curve y= be 7D are given by

x=+ a/N2. (Agra 2005)

14. Show that the points of inflexion of the curve »= b0" are given by
r=b{-nmn+ 1)}"2.

P

| Answers 1

L

S

2. (0,0),(%351,31341)’(— V3a,”~ 34““).
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3. {%ae_ 3/2, aeS/z]~
4. (0,1),(8,¢%).
5. Points of inflexion at x= 2, (11 % \/2)/7; point ofundulation at x= 1.
8. Points of inflexion are (1/3,+ 4/3\/3) . Inflexional tangents are
9x+ 3\3y+ 1= 0.
6 | Multiple Points (Meerut 2003)

A point through which more than one branches of a curve pass is called a multiple
point on the curve. A point on the curve is called a double point if two branches of the
curve pass through it, a triple point if three branches pass through it. In general, if »

branches pass through a point, it is called a multiple point of the »* order.

7 | Singular Points

An unusual point on a curve is called a singular point. For example, at any point
the tangent does not usually cross the curve. But at a point of inflexion the tangent
crosses the curve and therefore it is a singular point. Similarly, through one point,
usually one branch of the curve passes. But through a multiple point, more than one
branches of the curve pass. Therefore multiple points are also singular points.

8 | Classification of Double Points

(i) Node: Ifthe two branches through a double point ¥#
on a curve are real and have different tangents there, then the
double point is called a node. (Kumaun 2008; Kashi 11)

f >
X
(ii) Cusp: Ifthe two branches through a double point ¥ #
on a curve are real and have coincident tangents there, then the
double point is called a cusp. (Kashi 2011)
7 >
X

(iii) Conjugate Point : If there are no real points on y
the curve in the neighbourhood of a point P on the curve, then
P is called a conjugate point (or an isolated point). The process oy K
of finding the tangents usually gives imaginary tangents at such
a point.

EUR
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Since through a double point two branches of the curve pass, therefore in the
process of finding tangents at a double point we must get two tangents there, one for
each branch. If the two tangents are real and distinct, the double point will be a node.
Ifthe two tangents are imaginary, the double point will be a conjugate point. Ifthe two
tangents are real and coincident, the double point may be a cusp or a conjugate point.
The possibility of the point being a conjugate point in this case arises on account of
the fact that sometimes imaginary expressions 4 = iB become real by chance when
B = 0.1In such cases the double point will be a cusp if there are other real points of the
curve in its neighbourhood, otherwise it will be a conjugate point.

9 | Species of Cusps

We know that two branches of a curve have a common tangent at a cusp. A cusp
is said to be single or double according as the curve lies entirely on one side of the
common normal or on both sides. Also it is of the first or second species according as
the two branches lie on opposite sides or on the same side ofthe common tangents. We
have the following five different types of cusps :

¥ ¥ ¥

£} £ 0
X X

Ig. 3 Fig. 4 Fig. &

Single cusp of the first species as shown in Fig. 1.

Single cusp of the second species as shown in Fig. 2.

Double cusp of the first species as shown in Fig. 3.

Double cusp ofthe second species as shown in Fig. 4.

Double cusp with change of species as shown in Fig. 5. Here the two branches lie
on both the sides of the common normal but on one side theylie on the same and on the
other on opposite sides of the common tangent. Such a point is called a point of
oscul-inflexion.

10 | Tangents at Origin

In order to know the nature of a double point it is necessary to find the tangent
or tangents there. Now we shall find a simple rule for writing down the tangent or
tangents at the origin to rational algebraic curves.
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If a curve passes through the origin and is given by a rational integral, algebraic
equation, the equation to the tangent or tangents at the origin is obtained by equating to
zero the lowest degree terms in the equation of the curve.

Let the equation of the curve when arranged according to ascending powers of x
and y be

(ajx+ ayy) + (b1x2+ by xy+ b3yz) ik
5
+ (P + X y+ L)+ =0, (D) /f

where the constant term is absent since the curve ;’x
passes through the origin. i 7

Let P (x,y) be any point on the curve. The slope /
of the chord OP is y/x. Therefore the equation to OP /
is Y= (y/x) X ,where (X, V) are current coordinates.

As P—O0O ie.,asx—0 and y—0, the chord OP i i‘
tends to the tangent at O.
Excluding for the present the case when the tangent is the y-axis i.e., when

im |V
xlglo <= t oo, we have the equation of the tangent at O as

im [
Y= {xlflo [XJ} X. (2

Casel: Leta,# 0.Dividing (1) byxand taking limit as x—=0, we get

im [V
a,+ a, {xlflo [J}: 0. (3)

Eliminating xlglo (i}) between (2) and (3), we get a; X+ a, Y= 0, as the

equation of tangent at the origin to the curve (1).
Replacing the current coordinates X, Y by x, ythis equation becomes

ajx+ a,y= 0, ~(4)

which is obviously the equation obtained by equating to zero the lowest degree terms
in (1).

Ifa, = 0, then a; is also zero from (3), and we get the next case.

Casell: Leta;= 0,a,= 0,but b, and b5 are not both zero. Dividing (1) by x?
and taking limit as x—0, we get

lim (Y lim ()?
by+ by x—>0( )"’ by x—)O( ) =0,

X X

or by+ bym+ bym?>= 0, (5)
lim (Y
where x—=0 ()= m

Equation (5) isa quadratic in m , showing that there are two tangents at the origin
in this case. Eliminating m between (2) and (5), we get

byx*+ byxy+ by»*= 0, .(6)
as the equation ofthe tangents at the origin to (1) in this case. In equation (6), we have

taken x, yas current coordinates. Obviously the equation (6) is obtained by equating to
zero the lowest degree terms in the equation of the curve (1), where
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a;=a,=0.
If by= by= 0,then by(v), b= 0.
Caselll: Ifa; = a,= b= b= by= 0, we can show by the same process that

the rule still holds; and so on.

If tangent at the origin is the y-axis, we can easily show by supposing the axes of
x and yto be interchanged for a moment, that the rule is still true.

Hence the equation of the tangent or tangents at the origin is obtained by equating to
zero the lowest degree terms in the equation of the curve.

Corollary : If the origin is a double point on a curve, then the curve has two
tangents at the origin. Therefore the equation of the curve should not contain the
constant and the first degree terms and the second degree terms should be the lowest
degree terms in the equation of the curve.

Example 1 : Show that the origin is a node on the curve x> + y* — 3axy= 0.

(Meerut 2003; Purvanchal 14)

Solution : The curve passes through the origin as its equation does not contain
the constant term. Also equating to zero the lowest degree terms in the equation ofthe
curve, we get the equation to the tangents at origin as — 3axy= 0, i.e. xy= 0, ie.
x= 0, y= 0are two real and distinct tangents at the origin. Therefore origin is a node.

Example 2 : Show that the origin is a conjugate point on the curve

P2+ RR= (2 P2,

Solution : Obviously the curve passes through the origin. The equation to the

tangent at origin is

a2+ b2y*= 0, ie, ax* iby= 0.
Thus there are two imaginary tangents at the origin. Therefore origin is a
conjugate point.

11 | Change of Origin

Let (x, y) be the coordinates of a point P with

reference to Oxand Oy as coordinate axes. " }T TP&’ »

Referred to Ox and Oy as coordinate axes, let :

(h, k) be the coordinates of a point O’. Draw a line (&, k‘}], ﬂlf >

O’X parallel to Ox and a line O’Y parallel to X

Oy.Let (X,Y) be the coordinates of P with

reference to O’X and OY as coordinate axes. 0 5
X

Obviously, we have
x=X+h and y=7Y+ k.

Thus to obtain the equation ofthe curve referred to the point (4, k) as origin, the
coordinate axes remaining parallel to their original directions, we should put X + 4 in
place of xand Y+ kin place ofyin the equation ofthe curve, where X, Y are the current
coordinates in the new equation.

Ifin the new equation also we take x, y as the current coordinates, then in order
to shift the origin to the point (4, k) , we should replace xbyx+ s and ybyy+ k in the
given equation of the curve.
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12 | Tangents at the Point (4, k) to a Curve

Ifwe are to find the tangents at the point (4, k) to a curve, we should first shift the
origin to the point (4, k) in the equation ofthe curve. Then the equation ofthe tangents
at the new origin will be obtained by equating to zero the lowest degree terms in the
new equation of the curve.

Example : Show that the point (2, 1) is a node on the curve (x — 2)2= yv(y— 2.

Solution : Shifting the origin to the point (2, 1), the equation of the curve
becomes

{(x+2) - 2}2= (y+ D {(y+ - 1}?
ie. =)y (y+ 1). (1)

Equating to zero the lowest degree terms in (1), the equation of the tangents at
the new origin is

x2=yz, ie. y=1=x.

Thus there are two real and distinct tangents at the new origin. Therefore the new
origin is a node.
Hence there is a node at the point (2, 1) on the given curve.

13 Position and Character of Double Points

Let f(x,y) = Obe anycurve and Pbe anypoint (x, y) on it. The slope ofthe tangent
at Pis equal to dy/dx and it is given by the equation

dy_ _ofox o Of of dy_ (1)
dx df/dy ox ay dx
At amultiple point of a curve, the curve has at least two tangents and accordingly
dy/dxmust have at least two values at a multiple point. The equation (1) isoffirst degree
in dy/dx. It can be satisfied for more than one value of dy/dx, if and only if,
) )
kel
Therefore the necessary and sufficient conditions for any point (x,y) of the curve
f(x,9) = 0to bea multiple point are that
) )
kel
Hence in order to find the multiple points of the curve f(x,y) = 0, we should
simultaneously solve the equations,

of _ o of_
P 0, "y 0,f(xy) =

Differentiating (1) with respect to x again, we get

d(of), d]ofdyl_
dx(8x)+ dx{aydx}_

d (o, d(U) dv o &y_
or dx(ax)+ dx(ay)' dx * v Al
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2(), (3 (ar)) &
o [8x(8x)+ ay(ax) d

LG BN E) & 5w

f, Of dy, S dy. azf(czy)z+ o dy_

or

0x2  oxdy dx Oxdy dx o2 \dx W Al
RS, Pf Ay P
or ox? t2 oxdy dx’ 02 (dx) ’

since at a multiple point df/dy= 0.

Therefore at the multiple point, the values of@ are given by the quadratic

dx
. dy
in-
(A, , S (dv), *f_
9? (dx) 2 ay(dx) a2 2
2 2 2
If%r aiz{ gy{ are not all zero, the equation (2) will be a quadratic in dy/dx

and the multiple point will be a double point.
The two tangents will be real and distinct, coincident, or imaginary according as

4[ aijz_ PfAS

5 ,>,= o0r< 0

ox dy 9% 0x2
i.e., in general, the double point will be a node, cusp or conjugate point according as
ox dy AL P oy? (Meerut 2003)
f_ Pf _Pf_
If 0, then the point (x,») will be a multiple point of order

higher than the second.

14 | Nature of a Cusp at the Origin

Suppose the origin is a cusp. Then the curve will have two coincident tangents at
the origin. Therefore the equation ofthe curve must be of the form

(ax+ by?+ terms of third and higher degrees = 0. (1)

The common tangent at the origin to the two branches of the curve is

ax+ by= 0. ..(2)

Let Pbe the perpendicular to (2) from anypoint (x, y) on (1) in the neighbourhood
of'the origin. Then

__ax+ by

" V(@ + b?)

p= ax+ by. ..(3)

Eliminate x or y (whichever is convenient) between (1) and (3). Suppose we

eliminate y. Then we shall get a relation between p and x. Since p is small and also there

> which is proportional to ax+ by. Let us put
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are only two branches of the curve (2) through the origin, therefore terms involving
powers of p above the second will be neglected. Thus we shall get a quadratic in p of the
form

Ap*+ Bp+ C= 0, ~(4)
where 4, B and C are some functions of x. Solving (4), we get
p={— B+ V(B2- 44C)}/24. ..(3)
Also if pq, p, are the roots of (4), we get

The following different cases arise :

(i) Ifforallvaluesofx,positive or negative, provided theyare numericallysmall,
the values of p given by (5) are imaginary, the origin will be a conjugate point.

(i) If for all numerically small values of x, positive or negative, the values of p
given by (5) are real, there will be a double cusp at the origin.

(iii) Ifthe reality of the values of p given by (5) depends on the sign of x, there
will be a single cusp at the origin.

(iv) If for numerically small values of x for which p is real, the sign of p; p, is

positive, then p, and p, will be of the same sign. Therefore the two perpendiculars lie

on the same side of the common tangent and there will be a cusp ofthe second species.
If, on the other hand, the sign of p; p, is negative, then p;and p, are of opposite signs.

Therefore the two perpendiculars lie on opposite sides of the common tangent and
there will be a cusp of the first species.

Note : While investigating the sign of an expression for sufficiently small values
of x, we should keep in mind only those terms which involve the lowest power of x.

15 | Nature of a Cusp at any Point

If there is a cusp at the point (4, k), we should first shift the origin to (4, k) and
then apply the methods given in article 14.

I[Iuslrative Examl;)]es

Example 1 : Examine the nature of the origin on the curve
(2x+ y)2— 6xy (2x+ y) — 3= 0.

Solution : The tangents at the origin are (2x+ »)2= 0. Thus there are two
coincident tangents at the origin. Therefore the origin may be a cusp or a conjugate
point.

Letp= 2x+ y.

Putting y= p— 2xin the equation ofthe curve, we get

PP—6xp(p—2x)— 7= 0
or Pr(l—6x)+ 122 p— 7x3= 0. (1)
Let p(, p, be the roots of (1). Then

=122 V{144t + 2883 (1 - 6x)}
p= 2(1= 6%)
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-2t NI - e
B (1- 6%)

7%

(2)

ie.,

From (2), we see that for sufficiently small positive values of x, p is real and for
numerically small negative values of x, p is imaginary. Therefore, there is a single cusp
at the origin.

Also when x is +ive and very small, then from (3) we notice that p; p, is —ive.

Therefore p; and p, are ofopposite signs. Hence there is a single cusp ofthe first species

at the origin.
Example 2 : Determine the existence and nature of the double points on the curve

Y= (x-22x-1). (Meerut 2003; Kumaun 10)
Solution : The equation of the given curve is
fxy= Y- (x-2?(x- 1)=0. (1)

We have df/ox= — 2 (x— 2) (x— 1) — (x— 2)2
=—-—(x-2)2x-DD+ (x—2)}=—- (x—2)(3x— 4)

and af/dy= 2y.

For double points, df/dx= 0, df/dy= 0and f(x,y) = 0.

Here  df/dx= 0gives (x— 2) B3x— 4)= Oie,x= 2,4/3
and df/dy= 0 gives y= 0.

. the possible double points are (2, 0), (4/3,0).

Out ofthese only (2, 0) satisfies the equation of the curve. Therefore (2, 0) is the
only double point on the given curve.

Nature of the double point at (2,0): Shifting the origin to the point (2, 0), the
equation ofthe curve becomes

Y= (x+2-22x+2-1) ie, Y*=x2(x+ 1) (2)
Equating to zero the lowest degree terms in (2), the tangents at the new origin
are V-x2=0 ie, Y¥=x ie, y=+x.

Thus there are two real and distinct tangents at the new origin. Therefore the new
origin is a node.

Hence there is a node at the point (2, 0) on the given curve.

Example 3 : Examine the nature of the double points of the curve

203+ 1) - 3032+ 1)+ 12x= 4.
Solution : The equation of the given curve is

=20+ 1) - 3062+ 1)+ 12x— 4= 0. (1)

/S /-
We have o = 6x2— 18x+ 12 and - 6y — 6y.

For the double points, Bf 0, Bf 0and f(x,y) =

Here 3—{?: 0 gives 6x2 — 18x+ 12= 0

ie., P=3x+2=0 ie, (x—= D(x=2)=0ie,x=1,2
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and §§= 0gives 62— 6y= 0 ie, y(@y—-1)=0 ie, y=0,1.

.. the possible double points are (1,0), (1, 1),(2,0) and (2, 1).
Out of these only (1, 1) and (2, 0) satisfy the equation of the curve. Therefore
(1, 1) and (2, 0) are the only double points on the given curve.

2 2 2
af—12)c 18ﬂ—08f—12y 6.

ox2 axdy g2
P PSP

Now

a2 oxdy QP

azfj f Pf_
- at the point (1, 1), [8 5 Oandaxz- ayz_ — 36.

2 2 2
Thus at the point (1, 1), [af) > gx{ gy{

Therefore there is a node at the point (1, 1).
yf 2f yf
6,=—==0, - 6.
o~ axoyT gy
*f ) f S
- at the point (2, 0), [8 PN >8x2.8yz.
Thus there is a node at the point (2, 0).

Example 4 :  Find the nature of the origin on the curve a* y* = x* (x* — 42).
(Meerut 2006B)

Solution : The given curve is a* y? = x* (¥ = 4?). (1)
Equating to zero the lowest degree terms in the equation ofthe curve, we get the

tangents at the origin as a* > = 0i.e,y= 0,y= 0are two real and coincident tangents
at the origin.

Thus the origin may be a cusp or a conjugate point.

From (1), y=% (Z/a) V02— d?).

For small values of x# 0, + ive or —ive, (x2 — a?) is —ive i.e., yis imaginary. Hence
no portion of the curve lies in the neighbourhood of the origin. Hence origin is a
conjugate point and not a cusp.

Example S:  Show that the origin is a conjugate point on the curve

H—axy+ axyP+ d? = 0. (Kumaun 2012)

Solution : Equating to zero, the lowest degree terms in the given curve, the

tangents at the origin are given by

a*y?=0 ie, *=0ie, y= 0,y= 0.

Thus there are two real and coincident tangents at the origin

origin is either a cusp or a conjugate point.
Now the equation of the given curve is

a? (x+ a)— a2 y+ x*= 0.
Solving it for y, we have
ax®+ \/{a — 4ax* (x+ a)} ax®+ xz\/(— dax— 3a?)
- 2a (x+ a) - 2a (x+ a) .

At the point (1, 1),

At the point (2, 0),
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Now for small values of x# 0, (— 4ax— 3a?) is — ive. Thus yis imaginary in the

neighbourhood of origin.

s w

10.

11.

Hence origin is a conjugate point.

'@nnprehensive Exercise 2 -

Write down the equations to the tangents at the origin for the following curves :
(i) ¥ (a— x)= 2 (a+ x), (i) x*+ 33 y+ 2xy- »*= 0,

(iii) (2 + %) (2a— x) = b*x.

For the curve y2 (a®+ ) = 2 (a* - x?), show that the origin is a node.

Show that the origin is a conjugate point on the curve 2 = 2x2y+ x*y— 2x%
Show that the curve x> + x2y= a)? has a cusp at the origin.

Show that the curve y° = (x— a)? (2x— a) has a single cusp of the first species at
the point (a, 0).
Find the position and nature of double points of the following curves :

(i) ¥ =+ ax? (Meerut 2013B)
(ii) 2+ 3ax2+ x¥*= 0
(iii) ¥ + 1? = 3axy. (Agra 2006; Rohilkhand 07;
Kumaun 08, 09; Lucknow 11; Meerut 12B, 13)
(iv) ¥ + 13 = 3xy. (Meerut 2001, 05; Agra 14)
(v) a4y2 =¥ (2x2 - 3a2) . (Meerut 2007B)
(vi)x*— 203 - 3)2 - 252+ 1= 0. (Kumaun 2011)
(vil) x*+ 3+ 222+ 32 = 0. (Bundelkhand 2001; Meerut 07; Avadh 13)

Show that the curve y? = bxtan (x/a) has a node or a conjugate point at the origin
according as a and b have like on unlike signs.

Prove that the curve ay>= (x— a)? (x— b) has at x= a, a conjugate point if
a< b,anodeifa> b,and acuspifa= b.

Examine the curve x> + 2x2+ 2xy— >+ 5x— 2y= Oforsingular points and show
that it has a cusp of the first kind at the point (- 1,— 2).

Determine the position and character of the double points on :
(i) y(y— 6)= x> (x— 2)3- 9. (Rohilkhand 2008, 09)
(ii) y(y— 1)?= (x— 2)2 (Meerut 2000, 02; Gorakhpur 05; Rohilkhand 12)
(iii) ¥ — 12— 722+ 4y+ 15x— 13= 0.
(iv) yz— x(x— a)2=0,(a> 0).
(V) - x¥=0.
(vi) a4y2 =x*(a?- 1.
(vii) = 22 (9- x).
Find the position and nature of the double points on the curve
2y = (a+ y)* (B2 )P if
(i) b> a, (i) b= a, (i) b< a.
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12. Discuss the nature of double points of the curve (x+ y)3 — \/2(x— v+ 2)2= 0.

13. Show that the curve (xy+ D2+ (x— 1) (x— 2)=Ohasa single cusp of the first
species at the point (1,— 1).

T

” b
[ Answers 2
Ml

1. (i) y= = x, (ii)) y= 0,y= 2x, (iii) x= 0.
6. (i) A cusp at the origin. (ii) A conjugate point at the origin.
(iii) A node at the origin. (iv) A node at the origin.

(v) A conjugate point at the origin.
(vi) Nodes at the points (0,— 1), (1,0) and (— 1,0).
(vii) A conjugate point at the origin.
10. (i) (0,3)isaconjugate pointand at (2, 3) thereisa single cusp ofthe first species.
(i) (2, 1) isanode.
(iii) Node at (3,2).
(iv) Node at (a, 0).
(v) Single cusp of the first kind at (0, 0).
(vi) Double cusp of the first species at (0, 0).
(vii) Node at (0, 0).
11. (i) When b> a, the point (0,— a) is a node.
(ii)) When b= a, the point (0,— a) is a single cusp of first kind.
(iii) When b < a, the point (0,— a) is a conjugate point.
12. There is a single cusp of the first species at (— 1, 1).

16 | Curve Tracing (Cartesian Equations)

To find the approximate shape of a curve whose cartesian equation is given, we
should adopt the following procedure :

1. Symmetry: First we should find if the curve is symmetrical about any line.
In this connection the following rules are helpful :

(i) If in the equation of a curve the powers of y are all even, the curve is
symmetrical about the axis of x i.e., the shape of the curve above and below the axis of
x is symmetrical. The obvious reason is that the equation of the curve in this case

remains unchanged if we replace y by — y. Thus the parabola y? = 4ax is symmetrical
about the axis of x.

(ii)) If in the equation of a curve the powers of x are all even, the curve is
symmetrical about the axis of y. For example, the parabolax? = 4byis symmetrical about
the axis ofy.

(iii) If the equation of a curve remains unchanged when x is replaced by — x and
v isreplaced by — y, then the curve is symmetrical in opposite quadrants. For example,
the curve xy= ¢? is symmetrical in opposite quadrants.

(iv) If the equation of a curve remains unchanged when x and yare interchanged,
the curve is symmetrical about the line y= x, (i.e., the straight line passing through the
origin and makingan angle 45° with the positive direction of the axis ofx). For example,
the curve x> + ) = 3axyis symmetrical about the line y= x.



D-252 Ksiséwas DIFFERENTIAL CALCULUS

2. Nature of the Origin on the Curve : We should see whether the curve passes
through the origin or not. Ifthe point (0, 0) satisfies the equation ofthe curve, it passes
through the origin. In order to know the shape of a curve at any point, we should draw
the tangent or tangents to the curve at that point. Therefore if the curve passes
through the origin, we should find the equation to the tangents at origin by equating to
zero the lowest degree terms in the equation of the curve. If there are two tangents at
the origin, then the origin will be a double point on the curve. We should also observe
the nature of the double point.

3. Points of intersection of the curve with the co-ordinate axes :

We should find the points where the curve cuts the co-ordinate axes. To find the
points where the curve cuts the x-axis we should put y= 0 in the equation of the curve
and solve the resulting equation for x. Similarlythe points of intersection with the y-axis
are obtained by putting x= 0 and solving the resulting equation for y. We should also
obtain the tangents to the curve at the points where it meets the co-ordinate axes. In
order to find the tangent at the point (4, k), we should shift the origin to (%, k) and then
the tangent or tangents at thisneworigin will be obtained byequatingto zero the lowest
degree terms. The value of dy/dx at the point (4, k) can also be used to find the slope of
the tangent at that point.

4. We should solve the equation of the curve for y or x whichever is convenient.
Suppose we solve for y. Starting from x= 0, we should see the nature of yas xincreases
and then tends to + oo . Similarly we should see the nature of y as x decreases and then
tends to — oo . We should pay special attention to those values of x for which y= 0 or
— infinity.

If we solve the equation of the curve for y and the curve is symmetrical about y-axis,
then we should consider only positive values of x. The curve for negative values of x can be
drawn from symmetry and there is no necessity of considering them afresh.

However, if we solve the equation for y and there is symmetry only about x-axis,
then we are to consider both positive as well as negative values of x. If the curve is
symmetrical in opposite quadrants, or if there is symmetry about the x-axis, then only
positive values of yneed be considered.

If y — infinity as x —>a, then the line x= a will be an asymptote of the curve.
Similarly if x = infinity as y > b, then the line y= b will be an asymptote of the curve.

5. Regions where the curve does not exist : We should find out if there is any
region of the plane such that no part of the curve lies in it. Such a region is easily
obtained on solving the equation for one variable in terms of the other. The curve will
not exist for those values of one variable which make the other imaginary. For example,
in the curve

a2yz= 2 (x— a) Ra- x),
we find that for 0< x< a,)? is negative, i.e.,y is imaginary. Therefore the curve does
not exist in the region bounded bythe linesx= 0andx= a.Fora < x< 2a,)?ispositive
i.e.,yis real. Therefore the curve exists in the region bounded by the lines x= a and
x= 2a. Thus if y is imaginary when x lies between a and b, the curve does not exist in
the region bounded by the linesx= aand x= b.

6. Asymptotes : We should find all the asymptotes of the curve. If an infinte
branch of the curve has an asymptote, then ultimately it must be drawn parallel to the
asymptote. The asymptotes parallel to the x-axis can be obtained by equating to zero
the coefficient of the highest power of x in the equation of the curve. Similarly the

asymptotes parallel to the y-axis can be obtained by equating to zero the coefficient of
the highest power of yin the equation of the curve.
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7. Thesignof dy/dx: We should calculate the value ofdy/dxfrom the equation
ofthe curve. Then we shall find the points at which dy/dx vanishes or becomes infinite.
These will give us the points where the tangent is parallel or perpendicular to the x-axis.

Ifin anyregion a < x< b, dy/dxremains throughout positive, then in this region
y increases continuously as x increases. If in any region a < x< b, dy/dx remains
throughout negative, then in this region y decreases continuously as x increases.

8. Special Points : Ifnecessary, we should find the co-ordinates of a few points
on the curve.

9. Points of inflexion : While drawing the curve if it appears that the curve
possesses some points of inflexion, then their positions can be accurately located by
putting @® y/dx? or d? x/dy* equal to zero and solving the resulting equation.

Taking all the above isolated facts into consideration, we can draw the
approximate shape of the curve.

Illuslrative Examl;)]es

Example 1 (a) : Trace the curve ay* = x>.  (semi-cubical parabola).

Solution : We note the following facts about this curve :

(i) Since in the equation of the curve the powers of y are all even, therefore the
curve is symmetrical about the axis of x.

(ii)) The curve passes through the origin.

(iii) Equating to zero the lowest degree terms in the equation of the curve, we
get the tangents at the origin. Therefore the tangents at origin are

a?=0 e, y=0,y=0. ¥4
Thus the origin is a double point and it may be a

cusp since there are two coincident tangents at the origin.
(iv) The curve does not intersect the coordinate

axes anywhere except the origin. —

(v) Solvingthe equation ofthe curve fory, we get ~ &° X
b r

a

When x= 0,)2= 0. v

When x> 0,)? is positive i.e.,y is real. Therefore
the curve exists in the region x> 0.

As x increases, y* also increases and when x —>o0 ,)? —oo .

When x< 0,)? is negative i.e., y is imaginary.

Therefore the curve does not exist in the region x < 0.

(vi) Obviously the curve has no asymptotes.

(vii)) The curve exists in the neighbourhood of origin where x> 0. Also x-axis is
acommon tangent to the two branches ofthe curve passingthrough origin. Hence origin
is a cusp.

Taking all these facts into consideration, the shape ofthe curve is as shown in the
adjoining figure.

Example 1 (b) : Trace the curve y* = x°. (Bundelkhand 2006)
Solution : Proceed as in part (a).

Example 2 : Trace the curve y* (2a — x) = x>. (Cissoid)

(Meerut 2001, 11; Agra 06; Rohilkhand 06; Bundelkhand 08;
Avadh 12; Kashi 12, 14)
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Solution : We note the following particulars about the curve :

(i) It is symmetrical about the axis of x, since the powers of ythat occur are all
even.

(ii)) The curve passes through the origin and the tangents at the origin are
2ay*= Oie,y= 0,y= Oare two coincident tangents at the origin. Therefore the origin
may be a cusp.

(iii) The curve meets the coordinate axes only at the origin.

(iv) Solving the equation of the curve for y, we get 2 = x°/(2a — x).

When x= 0,)*= 0. When x —2a,)? —oo . Therefore x= 2a is an asymptote of
the curve.

When 0< x< 2a,)? is positive i.e., y is real. Therefore the curve exists in this
region.

When x> 2a,)? is negative i.e., y is imaginary. P
Therefore the curve does not exist in the region
x> 2a.Whenx< 0,)?isnegative. Therefore the curve
does not exist in the region x< 0. Since the curve
exists in the neighbourhood of origin where x> 0,
therefore there is a single cusp at the origin.

(v) Puttingy= m and x= 1in the third degree
terms in the equation of the curve, we get
05 (m)= m?+ 1. The roots of the equation

£}

=
l

m?+ 1= 0are imaginary, therefore x= 2a is the only o

real asymptote of the curve.
: , , /2
(vi) For the branch of the curve lying above the x-axis, we have y= Voa- 2

cdy  (Ba-x) Vx

Cdx (2a - x)2/3

But x= 3aisoutside the range of admissible values ofx. Therefore dy/dxvanishes
at no admissible value of x except x= 0.

When 0< x< 2a,dy/dx is positive. Therefore in this region y increases
continuously as x increases.

Combining all these facts, we see that the shape of the curve is as shown in the
adjoining figure.

> which vanishes when x= 0, or 3a.

Example 3 (a) : Trace the curvey2 (a+ x)= x*(a— x). (Kumaun 2009;
Meerut 2000, 13; Kanpur 10; Lucknow 09, 11; Bundelkhand 11; Avadh 13)

Solution : (i) The curve is symmetrical about x-axis.
(ii) The curve passes through the origin. The

tangents at origin are a )2 — x%) = 0 ie,y= * x. Since | ¥
there are two real and distinct tangents at the origin, =,
therefore the origin is a node on the curve. e ot
(iii) The curve intersects the x-axis where ',L: - e
y= 0ie,x*(a— x)= 0. .0 ' 3
Therefore the curve intersects the x-axis at Lo " :ﬂ X
(0,0),(a,0). L S
The curve intersects the y-axis only at origin. I .
(iv) Tangent at (a,0). Shifting the origin to |
1

(a, 0) the equation of the curve becomes
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VQ2a+ x)= (x+ a)* {a- (x+ a)}
or yz(2a+ X =— x(x2+ 2ax+ a?).

Equating to zero the lowest degree terms, we get x= 0 (i.e., the new y-axis) as the
tangent at the new origin. Thus the tangent at (a, 0) is perpendicular to x-axis.

(v) Solving the equation of the curve for y, we get

yz= 2 (a— x/(x+ a).

When x= 0,)?= 0and whenx= a, y*= 0.

When 0 < x< a,)? is positive. Therefore the curve exists in this region.

When x> a,)? is negative. Therefore the curve does not exist in the region
x> a.

When x —— a,)? —oo . Therefore x= — a is an asymptote of the curve.

When — a < x< 0,)? is positive. Therefore the curve exists in this region.

When x< — a,)? is negative. Therefore the curve does not exist in the region
X< — a.

(vi) Puttingy= mandx= 1in the highesti.e,third degree termsinthe equation
of the curve, we get ¢ (m) = m2+ 1. The roots of the equation ¢5(m)= 0 are
imaginary. Therefore x= — a is the onlyreal asymptote of the curve.

(vii)) For the portion of the curve lying in the first quadrant, we have

_ \/{(a—x)}_ (1- x/a)l/?
y=X =x .
(a+ x) (1+ x/a)V/2
When 0 < x< a,yislessthan x. Therefore the curve liesbelowthe line y= xwhich
is tangent at the origin.
For the portion of the curve lying in the second quadrant, we have
(1- x/a)l/? ,
(1+ x/a)V/?
When — a< x< 0, yis greater than the numerical value ofx. Therefore the curve

lies above the tangent y= — x.
Hence the shape ofthe curve is as shown in the figure.

Example 3 : (b) Trace the curvey2 (a+ x)= ¥ Ba—- x).
(Lucknow 2010; Purvanchal 11)

y=—-Xx x< 0.

Solution : Proceed as in part (a).

Example 4 :  Trace the curve y* (x> + 12) + a% (x2— ) = 0.
Solution : (i) The curve is symmetrical about both the axes.
(ii) It passes through the origin and a (x*— )?) = 0 i, y= * x are the two
tangents at the origin. Therefore the origin is a node.
(iii) The curve intersects the x-axis only at origin. It intersects the y-axis at
(05 0) s (05 a) and (05 - a) .
(iv) Shifting the origin to (0, @), the equation of the curve becomes
b+ @ P+ v+ P+ P = (y+ @)y =0
or (2 + 2ay+ a?) {2+ ¥+ 2ap+ a®} + a* (2 — y* - 2ay— a?) = 0.
Equating to zero the lowest degree terms, we get
2a3 y+ 2a% y— 2a%y= 0ie,y= 0
as the tangent at the new origin. Thus the new x-axis is tangent at the new origin.
We need not find the tangent at (0, — a) as the curve is symmetrical about x-axis.
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(v) Solving the equation of the curve for x, we get
=y (= D@+ ).

When y= 0,x2= 0and when y= a,x%= 0.

When 0< y< a,x* is positive. Therefore the curve exists in the region
0< y< a.

When y> a,x? is negative. Therefore the curve does not exist in the region
y> a.

We need not consider the negative values of y as the curve is symmetrical about
X-axis.

(vi) The asymptotes parallel to x-axis are given bya? + 12 = 0ie.,y= * ia.Also
Oy (m) = m2(1+ m2) . Itsrootsare m = 0,0,i,— i. The asymptotes corresponding to
m = 0 are imaginary. Hence all the four asymptotes are imaginary.

(vii) In the positive quadrant, we have

x=y(@® = A2+ )2 >0

172 -
P
Clz .
or X= y71/2. »

a2

When 0< y< a, we see that x is less than y. -
Therefore the curve lies above the line y= x which is
tangent at the origin. -

Combining all these facts, we see that the shape of
the curve is as shown in the adjoining figure.

Example S: Trace the curve x2 (x2 — 4a?) = y2 (2 - a?).

Solution : (i) Symmetry about both the axes.

(ii) The curve passes through the origin and ¢ y?> — 4a?x2= O ie.,y= + 2x
are the tangents at the origin. Therefore origin is a node on the curve.

(iii) The curve cuts the x-axis at (0, 0), (2a,0), (= 2a, 0). It cuts the y-axis only
at the origin.

(iv) Shifting the origin to (2a, 0), the equation of the curve becomes

(x+ 2a)% (2 + 4ax) = y2 (% + dax+ 3d?).

The equation to the tangent at the new origin is 164> x= 0 i.e., x= 0. Thus the

new y-axis is tangent at the new origin.

(v) Solving the equation of the curve for y, we get )2 = w-

- a

When x= 0,)>= 0.

When x —a,)? —oo ie., x= aisan asymptote of the curve.

When 0 < x< a,)? is positive ie., the curve exists in this region.

When x= 2a,)*= 0.

When a < x< 2a,)? is negative i.e., the curve does not exist in this region.

When x> 2a, ? is positive i.e., the curve exists in this region.

When x —eo , )2 —oco . We need not consider the negative values of x as the curve
is symmetrical about the y-axis.

(vi) The asymptotes ofthe curve parallel to y-axis are given byx? — a*= 0. Thus
x= 1 a are two asymptotes of the curve.
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Also the equation of the curve can be written as

2P P)— P+ 42 R= 0.

Oy (m) = m2— 1= 0givesm=+ 1.
Also ¢5 (m) = 0.
For m= £ 1,cis givenby c ¢’y (m)+ ¢5(m)= 0.
Whenm= 1,c= 0. Alsowhenm=— 1,¢c= 0.
Therefore y= * xare two oblique asymptotes of the curve.
(vii) In the positive quadrant, we have

B C )
F= T

1/2 1/2
or y= 2x[1— 4);?2) /[1— 222) .

When 0< x< a,y is greater than 2x. Therefore the curve lies above the line
y= 2x which is tangent at the origin.

0< x< a

Combining all these facts we see that the shape of the curve is as shown in the
above figure.

Example 6 : Trace the curve ¥ + y> = 3axy.  (Folium of Descartes)

(Meerut 2007, 08, 10B, 13B; Rohilkhand 08; Purvanchal 07)

Solution : (i) The curve is symmetrical about the line y= x, since its equation
remains unchanged on interchanging x and y.

(ii) The curve passes through the origin and the tangents at origin are
3axy= 0ie,x= 0,y= 0. Since there are two real and distinct tangents at the origin,
therefore the origin is a node on the curve.

(iii)) The curve intersects the coordinate axes onlyat (0, 0).

(iv) From the equation of the curve we see that x and ycannot be both negative
because then the left hand side ofthe equation of the curve becomes negative while the
right hand side becomes positive. Therefore the curve does not exist in the third
quadrant.

(v) The curve meets the line y= xat the point (3a/2,3a/2). From the equation
of the curve, we have

dy _ B 32— 3ay.
dx 3y2 — 3ax
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3a 3a) dy_ _
At( ) 2) e 1.Therefore the tangent at

this point makes an angle of 135° with the positive
direction of x-axis.
(vi) Asymptotes : ¢5 (m)= m3+ 1.

The onlyreal root of the equation ¢4 (m)= 0

ie., m3+ 1=0,ism=— 1.
Also ¢, (m)=— 3am. o
A
Form= — 1,cisgiven byc (3m2) — 3am = 0. )
when m= - 1,¢c= — a.
Hence y= — x— ais the onlyreal asymptote of the curve.

Combining all these facts we see that the shape of the curve is as shown in the
figure.

Example 7: Trace the curve y’ + x> = a® x.
(Meerut 2006, 10; Kanpur 08; Kashi 13)

Solution : (i) Ifwe change the signs of x and yboth, the equation ofthe curve
does not change. Therefore the curve is symmetrical in opposite quadrants.

(ii)) The curve passes through the origin and the tangent at origin is x= 0 i.e.,
y-axis.

(iii) The curve cuts the x-axis where y= 0 i.e., x (x2— a?) = 0. Thus the curve
cuts the x-axis at (0,0), (a,0), (- a,0).

The curve intersects the y-axis only at the origin.
dy _ a? - 3x°

dx 3y2

At (a,0), %= oo i.e., the tangent is perpendicular to x-axis.

(iv) From the equation of the curve, we have

Also at (= a,0), %= — oo j.e., the tangent is perpendicular to x-axis.

dy a .
— = = + .
(v) Iy Oatx= £ 73 Therefore the tangents at these points are parallel to

the x-axis.
(vi) Solving the equation of the curve for y, we get )? = x(a? - x2).
When x= 0,)°= 0and whenx= a,)’ = 0.
When 0 < x< a,)? is positive i.e., yis positive in this region.
When x> a,)? is negative i.e., yis negative in this region.
When x —eo, )3 —— oo ie,y—— oo,
We need not consider the negative values of x
as there is symmetry in opposite quadrants.
Asymptotes : 05 (m) = m3 + 1,0, (m)=0.
The only real root of m3+ 1= 0ism= — 1.
Also ¢ is given by ¢ 3m?) + 0= 0.
Whenm=—-1,c= 0.
Hence y= — xisthe onlyreal asymptote ofthe
curve.
Combining all these facts the shape of the
curve is as shown in the figure.

=
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Trace the following curves :
Py=x+ 1.

x=(y= D=2 (y=3).

y= x(x@-1).

V2 = dax. (parabola)

xy?= 4a® (2a — x).(Witch of Agnesi)
2y =a’ (x+ ).

y(2- 1= 2+ 1),

y(x2+ 4a%) = 8a3.
P(1-2)=2(1+ 2.

() a?y?= 2 (- ).
a2yz= X (2a- x).
Y@+ )= 2@ - 1.
yzx= az(x— a.

9ayz= x(x— 3a)2.

yz(x+ a)= (x— a)3.

2= (1+ 97 (4= ).
yz(x+ 3a)= x(x— a) (x— 2a).
a3yz= (x— a)* (x— b),a> b.
P @2- 1= x

x(x— 2a)y*= a*> (x— a) (x— 3a).
yz= (x—a)(x— b)(x— ¢),a> b> c.

}':‘

3

@mprehensive Fxercise 3

(Kanpur 2009; Purvanchal 06)

(Gorakhpur 2006)

(Bundelkhand 2001; Kashi 11)

(Agra 2008)

(Meerut 2007B; Bundelkhand 07, 10)

(i) ay*= x*(a— x).

(Kumaun 2007)

(Meerut 2001, 03, 12; Kumaun 08, 14)

-’f‘_‘_\ﬂl\-wI
. Answers 3
M

(Meerut 2004, 06B)

(Meerut 2005B)

X



Kaiséras DIFFERENTIAL CALCULUS

D-260

{2a; 0)

b

A

0

'l

i

0

Mo
| =
i =1
= i1
| ]
i ([ |
i i
Sl B
lllllll _l..l. .Iw - o
o = x | L
i I
T P |
I | ety |
||||||| it
i I
i i
i I
| I
i I
| 1]
i |
W=
e

¥

«
v

£x.

A=

W'

|
T

(4]
p (O ]=1n
r[

Ex.



D-261

SINGULAR POINTS : CURVE TRACING

h 5

o=
o
-_— e -_—
o+ e
2 %
L gl -
Ui h..v
e |
iy 3
, o
. \ &
# By
& L
¢ ~
- £ -
=
=
—
Ao
5
=
<
. 2

Ex.

Il.

Ex.

F

A ¥

W

14.

Ex.

13.

XL



Kaiséras DIFFERENTIAL CALCULUS

o=
L A
/ﬂ = -
=
; o T F ~
o6 iy
o CIR O T B O o »
# | =% 123
E - - -
z S s
||||||||||||||| h )
[ =-=%
| F R I
9 __
A= L | | Vi
% | I
=i =,
llllll i lln_nllnnl
o I

17

;

D-262

21.

Ex.

2.

Ex.



SINGULAR POINTS : CURVE TRACING D-263

17 | Polar Equations : Procedure for Tracing

1. Symmetry:

(i) Ifthe equation of the curve does not change by changing the sign of 0, then
the curve is symmetrical about the initial line.

(ii)) Ifthe equation ofthe curve remains unchanged by changing rinto — r,then
the curve is symmetrical about the pole and the pole is the centre of the curve.

2. Some Special points on the Curve : The curve will pass through the pole if
for some value of O the value of » comes out to be zero. Also if r= 0 when 6= o, then
usually the line 6= o will be a tangent to the curve at the pole.

We should find the values of 6 for which = 0, or ris maximum, or »is minimum,
or ¥ —oo .

3. Solve the equation of the curve for » and consider how r varies as 0 increases
from 0 to + oo, and also as @ decreases from 0 to — o . We should pay special attention
to the values of © found in the paragraph 2.

We should form a table of corresponding values of »and 6 which would give us a
number ofpoints on the curve. Plotting these points we shall find the shape ofthe curve.

In the polar equations in which only periodic functions (sin 0, cos 6, tan 0 etc.)
occur, the values of 6 from 0 to 2m (or sometimes some multiple or sub-multiple of
2n) need be considered, as the remaining values of 6 do not give any new branch ofthe
curve.

4. Regions where the curve does not exist: If r is imaginary when
o< < B, then the curve does not exist in the region bounded by the lines 6= o and
0= .

5. Asymptotes : Find the asymptotes if the curve possesses an infinite branch.
Ifr > as® -0, we shouldnot assume that 6 = oisan asymptote. The asymptote might
be parallel to the line 6= o or even might not exist at all. The asymptotes should be
found by the method given in the chapter on Asymptotes.

6. Find tan ¢ i.e., rd0/drwhich will indicate the direction of the tangent at any
point. If for 6= o, ¢ comes out to be zero, then the line 6= o will be a tangent to the
curve at the point 6= a. If for 6= o, comes out to be /2, then at the point 6= «.,
the tangent will be perpendicular to the radius vector 6= o.

7. Important: It is sometimes convenient to change the equation from the
polar form to the cartesian form. Remember that the relations between the cartesian
and polar coordinates are x= rcos 0, y= rsin0.

Illuslrative Examl;)]es

Example 1: Trace the curver= a (1 + cos0). (Cardioid)
(Meerut 2009B; Bundelkhand 05; Rohilkhand 07; Lucknow 08, 10; Kumaun 10)

Solution : (i) The curve is symmetrical about the initial line since its equation
remains unchanged by writing — 0 in place of 6.

(ii)) »r= 0,when cosO= —1lie,0= T,
ris maximum when cos®= 1,ie.,0= 0. Then r= 2a.
Also ris minimum when cos0= — lie,0= m.Then r= 0.
... dr .
(iit) o= asin 9.

When 0 < 6< =, (dr/db) is throughout negative.
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Therefore rdecreases continuously as 0 increases from 0 to w.
. _ d8_ a(l+ cosb) 0
(iv) Alsotan¢ = r o= asine - cot 5

0= 0when 6= n.Thenr= 0.
Therefore the line 6= m is tangent to the curve at the pole.

0 = 90°when 6= 0. Then r= 2a.Therefore the tangent at 6= 0 is perpendicular

to the radius vector 6= 0.
(v) Since risnever greater than 2a,therefore the curve will have no asymptotes.

(vi) The following table gives the corresponding values of 6 and .

T
0 0 T T | 2n T

3 2 3 ( |
r 2a 3 a a 0 ! = 2
Ea 2 il Ha ¥

|

The portion of the curve lying in the region l

T < 0< 2w can be drawn by symmetry. Hence the

shape of the curve is as shown in the figure.

Example 2 :  Trace the curve r= a cos 26.
Solution : (i) The curve is symmetrical about the initial line.
(ii) r= 0,when cos20= 0,ie.,20=* n/2ie,0= % n/4.
Therefore the lines 6= + w/4 are tangents to the curve at the pole.
ris maximum when cos20= 1. Then 6= Oandr= a.

do 1
(iii)) tan¢ = roe=a cos 26 - 94 sin 20

= - %cot26.

0 = 90° when 20= 0 i.e., 6= 0. Therefore at the point 6= 0, the tangent is

perpendicular to the radius vector 6= 0.
(iv) The following table gives the corresponding values of O and r:

0 0 n n n n 2n 3n 5 -
- — -7
6 4 3 2 3 4 6
a 1 0 _1 —a | _1 0 1
r a a 54 5 a a
. . ‘F’a‘\
The variation of 6 from 7 to 2w need not be 1
c'onsidered because of symmetryabout the initial b= 'T 2 Hf= }
line. . 0 -7
Hence the curve is as shown in the figure. . S
The curve consists of four similar loops, all lying 0=n o a H=0.
within a circle of radius a and centre at the pole. . . | X
Important: The above curve is a o i \\\ '
particular case of the curves of the type 27 T -
r= a cosn®which have nloops when n isodd and U= T o= i & iy
=5

2n loops when 7 is even.
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Example 3 : Trace the curve r= a sin 30. (Meerut 2003; Rohilkhand 12)
Solution : (i) The curve is not symmetrical about the initial line.

(ii) r= Owhensin36= 0ie.,30=0,m,ie,0=0,1/3.

Therefore the lines = 0 and 6= 1n/3 are tangents to the curve at the pole.
Also ris maximum when sin 30= 1i.e.,30= nw/2ie,0= ®/6.

The maximum value of ris a.

(iii)) tan¢ = r%= %tan 30.

0 = 90° when 36= nt/2ie,0= m/6.

Therefore at the point 6= ©/6, tangent is perpendicular to the radius vector

6= m/6.
(iv) The following table gives the corresponding values of 0 and r:
39 | O U n | 3x | 2 | 5S¢ | 3t | Tm | 4n | 9% | Sm | 1lm | om
2 2 2 2 2 2
o |0 | m | T T om |5t m |7t 4n | 3m Su|llm| 2n
6 3 |2 6 6 | 3 ]2 3 16
r 0 a 0 |—-a] O a 0 |—-a] O a 0 |—-a] O

T

3

2
3

branches of the curve are repeated and we do not get
any new branch. Hence the complete curve is as
shown in the adjoining figure.

particular case of the curves of the type »= a sin n0
which have n loops when n is odd and 2n loops when

<< 0< 2n and one loop lies in the region

<

o . T L .
Here one loop ofthe curve liesin theregion 0 < 6< 5 one loop lies in the region

3

0< m.If Oincreases beyond &t to 2r, the same

Important Note: The above curve is a

n is even.

Example 4 : Trace the curve r= a+ bcos 0, whena< b. (Limacon)
(Kumaun 2012)

Solution : (i) The curve is symmetrical about the initial line.

(i) r= Owhena+ hcos®= Oie,0= cos 1(— Z)

Since %< 1, therefore cos™ ! (— Z) is real.

. ay.
Therefore the radius vector 6= cos™ ! (— ) is tangent to the curve at the pole.

b
ris maximum when cos®= 1,ie.,0= 0. Thenr= a+ b.
Also ris minimum when cos0= — 1,ie.,0= 7.
Then r= a— b, which is negative, ((a< b).
... dr .
(iit) o= bsin 6.

_ d9_ (a+ bcosO)
tano=r, = bsin ©
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0 = 90° when 6= 0 and . Therefore at the points 6= 0 and 6= 7, the tangent
is perpendicular to the radius vector.
(iv) The following table gives the corresponding values of rand 6.

0 0 /2 cos~ (— Z) cos~ 1(— Z)< O< T
r a+ b a 0 ris negative a—b
¥
%

The variation of 0 from & to 2w need not (f ?\ .
be considered because of the symmetry about T | I :
the initial line. Hence the curve is as shown in E A st b. O
the adjoining figure. X

Example 5: Trace the curve r= ae™®, (Equiangular Spiral)

Solution : (i) The curve is not symmetrical about the initial line.
(ii)) As @ —oo ,r—oo and as 6 >— oo, 7r—0. Also r is always positive. When
0= 0,r= a.

L.oodr mo
(iit) Jo= ame™.

When — < 0< m,% is throughout

nel g

positive. Therefore r increases continuously as 0
increases from — oo to oo .

. o ae™® 1
(iv) tan¢ = e mem® " m

1
0 = tan™ ! (m)= constant.

Thus in this curve the angle between the radius vector and the tangent always
remains constant.
Hence the shape ofthe curve is as shown in the adjoining diagram.

@mprehen sive [ xercise 4

Trace the following curves :

1. r= 2acosB. (Circle)

2. r=a(l- cosB). (Cardioid) (Meerut 2001; Lucknow 09)
3. r=a+ bcosO,whena> b. (Limacon) (Meerut 2000)
4. = a%cos26. (Lemniscate of Bernouli) (Meerut 2002, 08; Agra 07;

Lucknow 05, 11; Kumaun 13)
5. 2= a?sin20. (Lemniscate)
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6. r= asin20. (Four leaved rose)
7. r= acos30. (Threeleaved rose)
8. 2a/r= 1+ cos0. (Parabola)

9. r= %+ co0s26.

10. (i) r= a(secO+ cosH).

(Bundelkhand 2009)

(Avadh 2010; Karshi 13)

[Hint. Changing to cartesian form, the equation becomes

V¥ (x— a)= x*Qa— x)].

(Meerut 2004B)

(Lucknow 2007)

(ii) rcos®= 2asin? 0. (Cissoid. For figure, see Example 2 after article 16)

i

’ "
| Answers 4
NS

AF

bW

i
o/

;o G=nld

B=n4

(.
1

' I'H_f!__h_
1 X
1

.

“

8=—nid
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Vo F
#=m2 =
1
|
I
8= 25[' i "1 1 )
o [
\.\ .a, \ i
N ’ ] |
o 32 g=0 _ & L ; 5
- o) I =il ’
: ¥ . : X
(" 5 I I
b [
.
e A= —qid :
= T |
[t} £ § = g 3T I
Ex 0O Ex: 10.

18 | Parametric Equations

If the equation to a curve is given in a parametric form, x= f(¢#),y= ¢ (), then
in some cases the curve can be easily traced by eliminating the parameter. But if it is
not convenient to eliminate 7, a series of values are given to ¢ and the corresponding
values of x, y and (dy/dx) are found. Then we plot the different points and observe the
slopes of the tangents at these points given by the values of (dy/dx) .

ltlustrative Examl;)ies

Example 1: Trace the curve x= a(t+ sint), y= a(l— cost), when

-n< < T, (Cycloid)
ion : dx _ dy _
Solution : Here 5= (1+ cost)and 5= sin .
dy _ dy/dt _ asint t
Therefore ) = 4/di™ a(1+ cosp) ~ "2

(i) y= 0,whencost= lie,t= 0.

When = 0,x= 0, (dy/dx)= tan0= 0.

Therefore the curve passes through the origin and the axis of x is tangent at the
origin.

(ii) yis maximum when cost= — 1,ie,t= ® and — n. When ¢t= n,x= arm,
y= 2a and (dy/dx) = oo.
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Therefore at the point = m, whose cartesian coordinates are (am,2a), the

tangent is perpendicular to the x-axis. When t= - n,x= - an, y= 2a,
(dy/dx)= — oo.
(iii)) In this curve y cannot be negative. Therefore the curve lies entirely above

the axis of x. Also no portion of the curve lies in the region y> 2a.

(iv) Corresponding values of x, y and (dy/dx) for different values of ¢ are given
in the following table :

t -n —1q 0 1. T
x Tam o aGme+ 1) 0 a(Gm+ 1) am
y 2a a 0 a 2a
dy/ dx — oo -1 0 1 oo
¥
If we put — zin place of#in the equation of r = -1 t=m
the curve, we get x=— a(f+ sinf), and 25" P
y= a (1l — cost?). Thus for every value of y, there
are two equal and opposite values ofx. Therefore
the curve is symmetrical about the y-axis. Hence
the shape ofthe curve is as shown in the diagram. ;
Example 2 :  Trace the curve x¥/3 + y*/3 = 42/3.  (Astroid)
(Kumaun 2011; Rohilkhand 13B)
Solution: The parametric equations of the curve are

Xx=acost,y= asin’t.
d dy/dt 3a sin? f cos t
We have &= @740 2d 5, . = — tant.
dx dx/dt 3a cos® ¢ sin ¢

Also the equation of the curve can be written as

[;)1/34_ [;/22)1/3= N

We observe the following facts about the curve.
(i) The curve is symmetrical about both the axes.
It is also symmetrical about the line y= x.

(ii)) The curve does not pass through the origin.
(iii)) The curve cuts the x-axis, where y= 0

ie.,

bl
22

1/3
=1 ie.,

2

a2

1

ie.,

xX=

Thus the curve cuts the x-axis at (a, 0) and (- a, 0).
Similarly the curve crosses the y-axis at (0, @) and (0,— a).
(iv) At the point (a,0), we have x= a.
Therefore cos’ 7= 1 and thus¢= 0.

When t= 0,

_y.

dx

+

a.
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Hence at the point (a, 0), the x-axis is tangent to the curve.
Again at the point (0,a), we have y= a.

Therefore sin® 1= 1 and thusz= g ¥ 4

_mdy_
When ¢ = 2
Hence at the point (0, a), the y-axis is tangent to
the curve.
(v) The values of sint and cos? cannot
numericallyexceed 1. Therefore in this curve the values

of x and y cannot numerically exceed a. Therefore the
entire curve lies in the region bounded by the lines
X=a,x=—a,y=aandy= — a.

Hence the shape ofthe curve is as shown in the diagram.

@mprehen sive [ xercise 5

Trace the following curves :
1. x=a(t+ sint),y= a(l+ cost),— n< t< w. (Cycloid)
x=a(t— sint),y= a(l— cost).

3. x= acost+ %alogtanz(t/2),y= asint. (Tractrix)

(Meerut 2005)

-’f‘_‘_\ﬂl\-wI
. Answers 5
M

Fx. 1. Ex. Z

Ny
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—
.,

10.

11.

12.

13.

i Objective lType QQuestions

R

Fill in the Blanks:
Fill in the blanks “... ... ", so that the following statements are complete and correct.
At the point of inflexion

d*y d3y

ﬁ = 0and ﬁ ...... . (Agra 2007)
Ifthe two branches through a double point on a curve are real and have different
tangents there, the double point is called a ...... . (Kumaun 2008, 11)

The double point on the curve x> + y3 = 3axy is ...... .
The curve y2 (1-x3)=x2(1+ x?)is symmetrical about ...... .

If the equation of the curve r= f(6) does not change by changing the sign of 6,
then the curve is symmetrical about the ...... .

The curve x3 + y3 = 3axy is symmetrical about ...... . (Bundelkhand 2006)

Multiple Choice Questions:
Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (¢) and (d).

The tangents at origin to the curve x> + y> = 3axyare

() x=0,y=0 (b) x=0,y=1

(¢) x=1,y=0 (d) x=1,y=1

The curve y= x> is symmetrical about the

(a) x-axis (b) y-axis

(c) both the axes (d) opposite quadrants

(Bundelkhand 2008; Kumaun 13)
The number of loops in the curve r= a cos20is

(a) 1 (b) 2 (o 3 (d) 4

The curve r= a sin 30 is symmetrical about the

(a) initial line (b) pole

(¢) theline 6= g (d) there is no symmetry
d? d3

At the point of inflexion of the curve x= f(), — = 0 and — is not equal to
dx? dx3

(a) 1 (b)y 0

(¢) -1 (d) 2 (Bundelkhand 2007)

Equation of Lemniscate is

(a) r= acosH (b) r= asin6

(c) r’= a’cos20 (d) none (Rohilkhand 2008)

Number of loops in the curve 2= a% cos20 is :

(a) 2 (b) 3

(c) 4 (d) 6 (Kumaun 2015)
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14. A point is called point of inflexion if :
dy_ dy_
(a) =0 ® =
d2y d2y
C r—— 0 d — = oo
© dx? (d) dx? (Kumaun 2009)
15. The double point on X+ y3 = 3axy shall be :
(a) (a,0) (b) (0,0)
(¢c) both (a) and (b) (d) none ofthese (Kumaun 2010)
16. The point (2, 0) on the curve yz= (x— 2)2(x—= 1) shall be
(a) cusp (b) conjugate
(¢) node (d) none ofthese (Kumaun 2012)
17. The number of loopsin »= a cos 56 shall be
(a) 5 (b) 10
() 3 (d) (Kumaun 2013)
True or False:
Write T’ for true and ‘F’ for false statement.
18. Ifthetwo branchesthrough a double point on a curve are real and have coincident
tangents there, then the double point is called a node.
19. Ifthe equation ofthe curve r= f(0) remains unchanged on changing the signs of
rand 0 both, the curve is symmetrical about the line 6 = g (Meerut 2001, 09)
20. Ifthe equation ofa curve remains unchanged even when xand yare interchanged,
the curve is symmetrical about the line y= x.
21. A point of inflexion is a point at which a curve is changing concave upward to
concave downward, or vice-versa.
P
. Answers
N
1. # 0. 2. node. 3. (0,0). 4. both the axes. 5. initial line.
6. y=x 7. (a). 8. (d). 9. (d). 10. (¢).
11. (b). 12. (¢). 13. (a). 14. (¢). 15. (b).
16. (¢). 17. (a). 18. F. 19. T. 20. T.
21. T.

[]



	Differential Calculus (Kumuan)
	Dedication
	Preface
	Syllabus
	Brief Contents
	Section : Differential Calculus
	Chapter-1: Limits and Continuity
	Chapter-2: Differentiability
	Chapter-3: Differentiation
	Chapter-4: Successive Differentiation
	Chapter-5: Expansions of Functions
	Chapter-6: Indeterminate Forms
	Chapter-7: Tangents and Normals
	Chapter-8: Curvature
	Chapter-9: Asymptotes
	Chapter-10: Singular Points: Curve Tracing

		2021-05-27T16:39:31+0000
	Preflight Ticket Signature




